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Abstract

This work is about link invariants arising from enhanced Yang-Baxter opera-
tors. For each enhanced Yang-Baxter operator R = (R, D, A, 3) and any braid
Br(n) Turaev defined a link invariant T (¢) = A=< g~ "trace(br(£) o D®™),
where w : Br(n) — Z is a homomorphism and bg is the representation of the
Artin braid group Br(n) arising from the solution of the Yang-Baxter equati-
on R. Therefore, we first introduce new solutions of the Yang-Baxter equation
BY :V®2 V92 BY(a®b) = abp(a)~! @ ¢(a), for V = K[G], ¢ € Aut(G),
where G is any group. We call these solutions twisted conjugation braidings.
Then we give sufficient and necessary conditions for a map D to decide whe-
ther the quadruple (B¥, D, A, 3) is an EYB-operator. Moreover, we prove that
the twisted conjugation braidings B¥ can be enhanced using character theory.
These enhancements are called character enhancements. It turns out that for
every character enhancement D of the twisted conjugation brading B¥ the link
invariant is constantly 1, i.e., Tg(§) = 1 for all £ € Br(n). In general, we prove
that the link invariant for all £ € Br(n) and for every enhancement D of the
twisted conjugation braiding B¥ is a map Tp(¢) = S~ "trace(bgs) o D®™ .
Our main result is the following theorem.
Let v be a fized invertible element of K and let D denote a linear map. Asumme
that D @ D commutes with the twisted conjugation braiding B¥. Then

1. Spa((B¥)* o (D® D)) =D = D? =+D

2. Spa(B¥ o (D ® D)) =D <= Sp2((B?)"lo(D®D))=~D
In the last part of this work, we prove that for finite groups G the twisted conju-

gation braiding B¥ satisfies (B?)! (a®b) = a®b, with [ = 2-lem(ord(a), ord(b).
From this follows that the link invariant is Tg(§) = (%) , for braids £ in Br(n),
with § = 05! ...07!, and with e1,...,¢ = 0 mod I, where my = trace(D). We
call such braids mod-I braids. Furthermore, it follows that the link invariant is

n—1
T = (%) for braids ¢ € Br(n) such that £ = of, with e = 0 mod I. We
call these braids single-power braids. Moreover, we wrote a program in JAVA
programming language which computes the link invariants for the enhancement
D = ~I, (v € K*) for braids ¢ € Br(p), (p prime) with § = (o102...0p-1)9,
and with (p,q) = 1 for the cases G = 3, and G = Z/nZ. In the cases were we
have computed the link invariants Tz “the polynomial is constant,” i.e., Tg € K,

since the only braidings we consider are permutations of the basis K[G]®?.
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Introduction

In the 1988’s [14] Turaev defined a criteria called an enhancement. If satisfied, would produce a
Markov trace and hence lead to a link invariant. To describe his criteria let K be a commutative
ring with 1 and let V be a K— free module of finite rank m > 0. A solution of the Yang-
Baxter equation R is an invertible linear map R : V ® V — R ® R which satisfies the equation
(Re1D(1®R)(R®1)=(1® R)(R®1)(1® R) in Aut(V®3). This equation first has appeared in
independent papers of C. N. Yang and R. J. Baxter in the late 1960’s and early 1970’s, respectively.
This equation and its solutions play a fundamental role in statistical mechanics ([18]) and in knot
theory ([7], [9], [10]). For example, a relationship between the Yang-Baxter equation and polynomial
invariants of links can be found in [6]. In this paper, Jones introduced his famous polynomial of
links via the study of certain finite dimensional von Neumann algebras. A remark of D. Evans
mentioned in [6] points out that these algebras were earlier discovered by physicists who used them
to study the Potts model of statistical mechanics.

For describing Turaev’s criteria we need to recall as well his definition of an enhanced Yang-Baxter
operator. An enhanced Yang-Baxter operator (EYB) is a quadruple R = (R,D : V — VX €
K*, 8 € K*), where R is a solution of the Yang-Baxter equation and D is an endomorphism of V'
which satisfies

(T1) D® D commutes with R,
(T2a) Spa(Ro (D ® D)) = AT1BD,

(T2b) Spe(R~'o (D ® D)) = A*'3D, where Spy : V — V denotes the partial trace on the second
factor. For the definition and properties of partial trace we refer the reader to Definition
2.1.1, Lemma 2.1.2 and Lemma 2.1.3.

In chapter 1 we use group rings V = K]|G| and automorphisms of the group G to introduce new
solutions of the Yang-Baxter equation B? : V®? — V®2 We define B?(a®b) = abp(a) ! ®@p(a), for
any group G and for V' = K|[G], and ¢ € Aut(G). Throughout this work B¥ will be called twisted
conjugation braiding and by a link we will understand a finite family of disjoint, smooth oriented or
unoriented, closed curves in R3, or equivalently S3. An example of a solution B¥ is the following.
Set G to be an abelian group. Then the twisted conjugation braiding B¥(a ® b) = aba™! ® a.
Moreover, observe that if G is commutative then B¥ is the twist map.



In Theorem 2.2.6 we completely characterize EYB-operators by a set of three equations. This
allows us to show that the twisted conjugation braiding B¥ is an enhanced Yang-Baxter operator.
(We refer the reader to Theorem 2.2.6 for a precise formulation).

As a corollary of Theorem 2.2.6, we have:

Corollary 2.2.7 Let G be any finite group, V = K[G], and D = qlId, where q is an invertible
element of K. Then, B’ = (B¥,D,\ =1, = q) is an EYB-operator.

Moreover, in Chapter 3 we prove in terms of characters of the group G x G that the twisted
conjugation braiding B¥ is an enhanced Yang-Baxter operator. Indeed we have

Theorem 3.2.1 Let x be a character defined from G x G into K*. Define the K-linear map
D : K[G] — K[G], via its action on the basis elements a € G,

D(a) = 3" x(a.c)e,
ceG

then the following three conditions are satisfied:
1. The quadruple B = (B¥,D,\ = 1,3 = trace(D)) is an EYB-operator,
2. B*o(D®D)=D®D,

3. Spa(BY¥ o (D ® D)) = trace(D) D

Coming back to the description of Turaev’s criteria. For each EYB operator R, Turaev defines in
[14] a map T : [[ Br(n) — K, as follows.
For a braid £ € Br(n),

Tr(€) = A" trace(br(€) o D),

where w is the homomorphism from Br(n) to the additive group of integers Z which sends o1, ..., 0,1
into 1, and bg is the representation of the Artin braid group Br(n), arising from the Yang-Baxter
solution R : V®2 — V&2 Namely, bg sends o; into id®(~V @ R @ id™~i=1).

The most important properties of the map Tk are given by the following theorem.

Theorem ((3.1.2), [14]) For any &,n, € Br(n)

Tr(n'&n) = Tr(éon) = Tr(So, ') = Tr(S).

Due to a theorem of J.W. Alexander (first part) and A. A. Markov, any oriented link is isotopic to
the closure of some braid. The closures of two braids are isotopic (in the category of oriented links)
if and only if these braids are equivalent with respect to the equivalence relation in [[, Br(n)
generated by the Markov moves & +— n~1¢n, & — ol where &, € Br(n). Turaev’s theorem

n



(Theorem 2.3.1) shows that for any enhanced Yang-Baxter operator R = (R, D, A, 3), the mapping
Tr : 11, Br(n) — K induces a mapping of the set of oriented isotopy classes of links into K.

Motivated by Turaev’s work (mentioned above), we prove in Chapter 2 (Corollary 2.5.3) that the
link invariant Tg of any EYB-operator B = (B¥, D, \, 3) of the twisted conjugation braiding B¥ is
given by the formula

Ts(&) = B~ trace(bpe (€) o D®™)

for any braid £ € Br(n).

Moreover, in Chapter 3 we prove that the link invariant associated to any character enhancement
D, of the twisted conjugation braiding B¥ is constantly 1, i.e., Tg(§) =1 for all £ € Br(n). (We
refer the reader to Theorem 3.3.2 for a precise formulation).

Remark Theorem 3.3.2 shows that new link invariants will only arise from enhancements D of
the twisted conjugation braiding B¥ that do not arise from a character xy : G x G — K.

The main result in this work is that any enhancement D of the twisted conjugation braiding B¥ is
idempotent. Indeed we have the following theorem.

Theorem 4.1.1 (Idempotence) Let~y be fized invertible element of K, and let D denote a linear

map. Assume that D ® D commutes with the twisted conjugation braiding B¥.
1. If Spe(B¥ o (D ® D)) =~ - D, then D*> =~ D.
2. If Spa((B¥) "t o (D® D)) =~ - D, then D*> =~ D.
3. The following two statements are equivalent.

(a) Spa(B¥ o (D® D))=~ D,
(b) Spa((B¥)'o (D ® D))=~ D.

Other important properties of the map T’z are given by the following result of Turaev (see [14]).
For the trivial knot () we have
Tr(Q) = p~ Htrace(D).
If a link L = Ly Ll Ly is the disjoint union of two links L; and Lo then
Tr(L) = Tr(L1) Tr(L2),

i.e., the map Tk is multiplicative.

In particular, if L is the trivial n-component link, then

Tr(L) = " "trace(D)".



In this work, we compute the link invariants Tp for enhancements of the twisted conjugation
braiding B¥, for braids £ in Br(n), with £ = afll...afl‘, and with e1,...,¢ = 0 mod [. Such
braids are called mod-/ braids. We also compute the link invariants Tg for enhancements of the
twisted conjugation braiding B¥ for braids { € Br(n) such that { = of, with € = 1 mod [. We call
these braids single-power braids. In Chapter 6, by using the program “Bhi_orders” we compute
the link invariants for the enhancement D = ~I, (y € K*) for braids £ € Br(p), (p prime) with

§ = (0102. --Up_1)q, and with (p,q) = 1.

Our results are the following.

Remark In the cases were we have computed the link invariants Tp, “the polynomial is constant”,
i.e, Tg € K as we see in the following table (Table 6.13), since the only braidings we consider are
permutations of the basis of K[G]®2.

Table 1: Link invariants for G = X5, ¢(s) = s9ss5 * and D = 4T

Knot Name (p,q) T3
Hop link (2,2) | 840

3, Trefoil knot (2,3) | 600
51 Solomon’s seal knot | (2,5) | 720
71 7 crossing torus knot | (2, 7) | 120
819 | 8 crossing torus knot | (3,4) | 1200
9; 9 crossing torus knot | (2,9) | 600
10124 | 10 crossing torus knot | (3, 5) | 600
11 crossing torus knot | (2, 11) | 120

Proposition 5.1.1 Asumme that D is an enhancement of the twisted conjugation braiding B®.
Moreover, assume that (B?)! o (D ® D) =D ® D for some | € N. Then

1. Tp(§) = (%)n, for all mod-lbraids & € Br(n), where my = rank (D).

n—1
2. T(&) = (%) , for all single-power braids £ = of € Br(n), withe =1 mod [.

In particular, for the enhancement D = ql, with q € K (invertible)
1. Tg(&) = |d|™, for all mod-l braids & € Br(n), where,d = |G]|
2. Tg(&) = |d|™Y, for all single-power braids & = of € Br(n), withe=1 mod .

Examples of enhancements D of the twisted conjugation braiding B¥, satisfying the hypothesis
(B®)! o (D ® D) = D ® D, occur for example in the following situations.

Examples



1. Let G be commutative group and set ¢ = ¢d. Then the twisted conjugation braiding B¥ is
the twist map, i.e. B¥(a ® b) = b ® a. Therefore, (B¥)? =id (see Proposition 5.1.3).

Let G = Z/37 = {1, 2,22}, with 23 = 1 and assume that ¢ is the automorphims which sends
x> 22,22+ . Then, (B¥)3 =id (see Proposition 5.1.5).

Another example of enhancements D of the twisted conjugation braiding B¥, satisfying the condi-
tion (B¥) o (D ® D) = D ® D of previous Lemma is given by the following theorem.

Theorem 5.1.9 Let D : K[G] — K[G], defined as D(a) = > Aqc(a,c)c. Assume that (D ® D)
commutes with the twisted conjugation braiding B¥. Moreover, assume that there is no pair of

elements a and ¢ € G such that A(a,c) and A(p(a),(c)) vanish at the same time. Then
BYo(D®D)oB?=D®D

In particular,
(B*)?®(D®D)=D®D = (D® D)o (B%)?>

Our work is organized as follows:

In Chapter 1, we introduce the twisted conjugation braiding (solution of the Yang-Baxter equa-
tion) B¥. Moreover, motivated by the work of Sarah Schardt, (see [11]), we define an action of
the Braid group Br(n) on K[G]®". With the help of this action, we give a slight generalization
of Schardt’s Hopf algebra H(G). Namely, we define two Hopf algebra structures, (1%, A, €,n) and
(1, A, €,m), on the tensor algebra H¥ := @,>oV®", compare with [11] Moreover, we prove that
these Hopf algebras have invertible antipode maps S} and S§,, respectively.

In Chapter 2, we recall the definition of the partial trace (Definition 2.1.1, Definition 2.1.4, see
[3, 8]), and we prove that the partial trace does not depend on the choice of the basis (Lemma
2.1.2). Moreover, we recall Turaev’s work (see [14]) and we give the proof of Theorem 2.2.6 and
Corollary 2.2.7.

In Chapter 3, we prove in terms of characters of the group G x G that the twisted conjugation
braiding B¥ is an enhanced Yang-Baxter operator. Namely, we prove that if the map D : K[G] —
K[G] is defined as D(a) = Y ..o X(a,c)c, for all a € G, with x a character from G x G into a field K.
Then D is an enhancement of the twisted braiding B¥. Such enhancements will be called character
enhancements and will be denoted by D, . Moreover, we prove that character enhancements D, of
the twisted conjugation braiding B¥ satisfy the property

BYo(D®D)=D®D.

At the end of this chapter we give the proof of Theorem 3.3.2.



In Chapter 4, we prove that any enhancement D of the twisted conjugation braiding B¥ satisifies
D? =~ - D, where v is a fixed invertible element in K. In particular, if D is invertible then D = ~I,
i.e. we recover the enhancement D given by Corollary 2.2.7.

In Chapter 5, we give the proof of Proposition 5.1.1 and give some examples of enhancements D
of the twisted conjugation braiding B¥, satisfying the hypothesis (B?)! o (D ® D) = D ® D. At the
end of this chapter we give the proof of Theorem 5.1.9.

In Chapter 6, we prove that ord(B¥) = ord(B™) for all ¢ € Inn(G). Moreover, we prove that if
the least common mutiple m of the order of all elements a € G exists, then the order of the twisted
conjugation braiding B¥ is smaller than or equal to 2m. With the help of he computer program
“Bphi_orders,” which is written in JAVA programming language, we compute at the end of this
chapter the link invariants T for the enhancement D = vI (y € K*) for braids £ € Br(p) (p prime)
with £ = (01...0p-1)¢, and with (p,q) =1 for the cases G = %,, and G = Z/n’Z.

In Appendix A, we prove that the Hopf algebras (H?(G), uy, A, n,€,S7) and (H?(G), uh, A, n,€,SF)
are neither quasi-commutative nor quasi-cocommutative, therefore they are not quantum groups.

In Appendix B, using Whitehouse and Worocnicz’s (see [15] and [17]) solutions of the YB-
equation, we prove that the Hopf algebras (H?(G), 7, A, n,€,57) and (H?(G), mu, A,n,€,57)
are not braided Hopf algebras.

In Appendix C, we recall the main properties of the tensor product of matrices.

In Appendix D, we explain how to use the program ”Bphi orders” which is written in JAVA
programming language.
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Chapter 1

The twisted shuffle Hopf algebra of a
group

In the first section of this chapter we recall Schardt’s Hopf algebra H(G), (see[11]). In the second
section, we define the twisted conjugation braiding B¥ (solution of the Yang-Baxter equation),
which will play an important role throughout this work, since it will help us to describe some link
invariants for some finite groups, as we will see in the next chapter of this thesis. In section 3,
we give a slight generalization of Schardt’s Hopf algebra HG. The main part of this chapter is
based on her work. We define two Hopf algebra structures on the tensor algebra H?(G). First,
we define the two products pf and %, respectively. We then define the twist maps twj and tw,
respectively, and a coproduct A. Secondly, we prove that the coproduct A is compatible with both
products, and finally we show that the Hopf algebras (H?(G), u¥, A, n,€) and (H?(G), ufy, A, n, €)
have antipode maps Sf and sz, respectively. Moreover, in Apendix A and Appendix B, we prove
that these Hopf algebras are neither quasi-commutative nor quasi-cocommutative; therefore they
are not quantum groups. We will show as well using Whitehouse and Woroniwicz’s solutions of the
YBE U, U'; respectively @, ®’. (See [15], [17]), that they are not braided Hopf algebras.

1.1 Schardt’s Hopf algebra H(G)

In this section, we recall Schardt’s Hopf algebra, which has been introduced in [11], for two reasons.
First, because the main part of this chapter is based on her work and second, because it is an
example of the Hopf algebra H?(G), which will be introduced later in this chapter. Thus, using
her definition of the shuffle product on H(G), we compute the shuffle-products, coproduct and
antipode maps, when we set G to be the trivial group.

In [11], Schardt introduced the Hopf algebra H(G), associated to a group as follows: Let K be any
commutative ring with unit 1, and denote V' = K[G] the ring group of G. Set H(G) = P,,>o V"

8



If we use the usual concatenation product
(1@ Q@un) (Y1 @ OYm) = (31 Q- QLn @Y Q- A Ym)

on H(G) we called it the tensor algebra, but Schardt defined a shuffle-product p, as:

(Z1® - Q) (T1y1 @+ D Tp) = > sgn(o)(zf ® - @ 27)
o€(l,n—1)—shuffle
with
To1(j) if o7(j), € {I+1,...,n}
ac‘; = (xff*l(j))ﬂﬁz-s-bniﬁl-s-r if Uﬁl{j)’ e{l,....1}

ando(l+7r)<j<o(l+r+1)

and x, = Yy lay.
Moreover, she defined a coproduct A and an antipode map S, which are given as:

A1 @ ®xy) = dolzn, ..., z) @ (z141,...,20)
(1.1.1)

S(r1®...xn) = (=DEn(,, @a1)ens - (22)2s..00s (21)2g...a,)

Furthermore, she proved that H(G)

1. is a graded differential algebra with the differential given by

with
8i(131 & ®l‘n) = (1‘1,. R P T SR ,xn).

2. S has finite order if the order of all elements of the group G have finite smallest common
multiple. In particular, S is invertible for all finite groups.

3. 'H is neither commutative nor cocommutative.

Example

Set G = {e}. Recall that K[G] = K and that Aut(G) = {id}.

Denote by ¢, = 1®---®1 (k times) and ¢ = 1®---®1 (I-times) the generators of Hj, = K[G]"
and H; = K[G]', respectively. If k = | = 1 the shuffle product ¢; ® €; = €3 — €3 vanishes. For any k
and [ = 1, the shuffle product is given by:

0 for k odd <1+(—1)k>
=|(——— &

k
€. ®€] =€ —€py1+ -+ (—1)% =
RS SRl T SR (=1 ekt { €x+1 for k even 2

Recursively, one can deduce that the shuffle product of €, and ¢; is given by:



otherwise

€k+1
€p o€ = Z sgn(o) epq = Cry - €pr1 = { 0
oeSh(k,l)

where

for k+ i even

B B o 1+(71)k+i—1
Cro=1 Cop=1 Copo=1 and ————— for k+iodd

’ 2

Il
——
_ O

The antipode and the coproduct maps are given by:

Aler) = Xipjmr€i®¢
= R€L+€1R€p_1+ -+ € Xe€o

where by convention we set ¢y € (K[G])*? =K, ¢g = 1 in K

k

S(er) = (=1)'zle

1.2 The twisted conjugation braiding BY

if k=0o0rl=0

(1.1.2)

In this section, we give a slight generalization of Schardt’s conjugation braiding, which has been
introduced in [11]. More precisely, for a a group G (not necessarily commutative) she defines

B :K[G]®? — K[G]®*? as a ® b +— aba! ® a.

Before we give the generalization of Schardt’s conjugation braiding B, we need to recall the following

definition.

Definition 1.2.1. A solution of the Yang-Baxter equation is a linear map R : V®2 — V%2 which

satisfies

(R®idy)(idy ® R)(R®idy) = (idy ® R)(R ®idy)(idy ® R)

in Aut(V®3), where V is a finitely generated K-module of rank m > 0.
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Definition 1.2.2. Let G be a group, and let ¢ : G — G be an automorphism. Define the twisted
conjugation braidng B¥ : V&% — V&2 where V = K[G] by:

B?(a®b) := abp(a) ™! @ ¢(a).
It is easy to see that B¥ is invertible. Its inverse (B¥)~! : K[G]®? — K[G]®? is given by
a®@b— o () @ p 1 (b) tab

for all a®b generator of K[G]®2. Figure 1.1 gives a graphic representation of the twisted conjugation

brading B¥.
a b a b
BX (B90)1\/
abp(a)™! p(a) e 1)t o 1(b)"tab

Figure 1.1: The braiding B¥ and its inverse (B¥)~!.

Proposition 1.2.3. B¥ satisfies the braiding equation in Aut(V®3), i.e.,
B12Bo3B12 = Ba3B12Bags,

where B1s = B¥ ® 1 and By = 1 ® B¥.

Proof Let a®b® c be a generator of V®3 then:

Bia(a®b®c) = abp(a) ! @ p(a) ®@c

and
Boz(a®@b®c) = a®bep(d) ! @ p(b).

Therefore,

Blng3Blg(a RO® C) = B12B23(ab<p(a)’1 & SO(G & C)

= Blngg(a & ngO(b)
= DBy3Bi12B23(a ®b® c)

From this follows that B¥ satisfies the braid equation.
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Remark 1.2.4.

1. Here, unless mentioned otherwise, we will understand by a braiding a solution of the Yang-

Baaxter equation.

2. Let ¥, : G — G be homomorphism of the group G. Define BY, BY : K[G]®? — K[G]®? as
above. Consider B = BY o B¥, which is

a®br— abp(a) P(ab) ™ @ P(ab) Yp(a) "

It is easy to see that B does not satisfy the Yang Baxter equation. But, up to an isomorphism
C it is

Cy(ap) (BY?(a®b)) = BY(B?(a®))
with Cp(a ® b) := az~! ® zb.

Therefore, in general composition of the Yang-Baxter equation is not a solution of the Yang-

Baater equation.

Lemma 1.2.5. Let V = K[G]®, let ¢ = o1 X 03 X - -- X @1, with @; inAut(G) for alli € {1,...,1}.
Define B: V@V -V®V as:

a®b— arbipi(a1) ! @ agbapa(az) ' @ - @ abipi(ar) Tt @ p1(ar) ® pa(az) ® - - @ pilar),
for a® b generator of V@ V. (a=(ai,...,a;),b=(b1,ba,...,b;)). Then B is a braiding on V.

Proof It is similar to the proof of Proposition 1.2.3.

1.3 Action of the braid group Br(k) on TG

In this section, we define two actions of the braid group on K[G]®*.

Let G denote a group G (not necessarily commutative). Let ¢ be an automorphism of the group G.
The following proposition gives two actions of the braid group Br(k) on TG, where TG = K[G]®*.
In the next section, we will use these actions to describe the two algebras and coalgebras structures
on the tensor algebra H?(G) = @~ TxG. Moreover, with the help of these actions we define
twists maps and the antipode maps of the corresponding Hopf algebras.
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Definition 1.3.1. For each k > 0 the braid group Br(k) is defined as:

B’I”(k‘) = <by,...,bp_1 | V1<eji<k—1: bibj:bjbi fOT‘ |’L—j| >1
and bibi—f—lbi = bi+1bibi+1 >

Proposition 1.3.2. For all k > 0, the braid group Br(k) acts on TG, this action is given by:

bi . (917 s 90 941, - - 7gk) = (glu cee 7gigi+1g0(gi)717 Qo(gl)v s 7gk)

and
(12 GisGit1s -5 9) b= (g1, 0 (Gig1), 0" (Git1) " 9iGiv1,0(Gi), - k)

for all tuple (g1,92,---,9x) € TG and each generator b; of Br(k).

Proof The action of b; € Br(k) is an automorphism of T G; an inverse is given by:

TkG I TkG
(G1see s Gis Git1seesGk) — (G1seees 0 (gix1)s 0 (git1) T GiGit1s - - -, GE)-

Now, it remains to prove the compatibility with the relations on the braid group.

Let b;,b; € Bry, with i < j, |i — j| > 1. Then:

bzbj : (gl <590y Gitls -5 95, 95+15 - - - 7gk)
= (915, 9i9i+190(9:) "1, 0(9i)s - - -, 95954190(95) "L 0(95), - 9i)

=b;b; - (g1, Gis Git1r-- 95> Gjt1s- -+ 9k)
Now, if i < j, i —j| =1 and j =i + 1, then

bibis1bi - (g1, 0k) = bibiv1- (915, GiGir10(9:) L 0(9i), - - - s gK)
= bi (915, 9i9i412(9:) 7L 0(9:)gir20%(9:) 71, 0(9i), - - - 9k)

= (91,92 -+ 9iGi+19i+20(9i9i+1) " (9 gi+19%(9:) "1 ©*(9i)s - - -, 9)
On the other hand:

bis1bibit1 - (915 gk) = bix1bi (914 Gis Git19i+290(git1) "L (Git1s - -+ 5 k)

= bip1-(915-- -, 9i9i+19i120(9i9i41) " 0(9:), (Git 15 - - -+ Gk

From this follows that bibir1b; = bi+1b;bi41.
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g1 9i Gi+1

RN

g 9i9i+19(g:) 7! ©(gi)
Figure 1.2: Left braid action.
g1 i Ji+1
2 © 1 (git1) 0 (gi+1) ' gigit

Figure 1.3: Right braid action.

1.4 Algebra structure on H?(G).

gk

9k

gk

9k

With the help of proposition 1.3.2 we define in this section two algebra structures p7 respectively
py on HP(G).

Definition 1.4.1. (Left Product) We define a left product: pf : T)G @ TG — T},G:

for a € T;G and for b € Ty,_G.

14

pi(a®b) = (Z ) sgn(0) (bo(k) - - - bk—2bk—1) - - - (bo(142) - - - bibiy1) * (bog1y - - - bi—1by) - (a,b)
oe(lk—1
—shuffle ::Sf(a,b;a)l’k_l



We define a unit:
n:K— H?(G)

1—1eTyG=K

Remark In view of the definition of the action of the braid group Br(n) on T,V (see Proposition
1.3.2), we can describe p¥ as in Figure 1.4.

Definition 1.4.2. (Right product) We define a right product: p%, : T,G ® TG — T;,G

pp:(a®Db) = > sgn(o)(a @ b) - (bbr11 -+ b1y - (bi—1br - by—1)-1) - - (b1b2 ... by1)_1)
o€ (l,k—1)—shuffle

=:SE(a,b;0)1 k1

for a € T)G and for b € Ty,_G.

We define a unit:
n:K— H?(G)

1+— 1€ TG,

Note, that each of these products together with the unit 7 give a structure of graded algebra to
H? (G).

Remark The algebra H?(G) is not commutative. Indeed we have that he following diagram

ny
TG @ TG e
TG TG

does not commute in general, where T' denotes the twist map, Tj,(a ® b) = (=1)?b® a for a € T,G
and b € T;G and p+ q = k.

Notation Let a = (g1,...,91) € TiG and let b = (giy1,- - -, gk) € Tr1G. Denote by ST (a,b) :=
Sf(a, b, U)l,k:fl-
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1.5 Coalgebra structure on H?(G)

In this section, we describe a coalgebra structure on (H¥(G), u¥, 1), and on (H¥(G), uf , n), respec-
tively. Moreover, we define right and twist maps tw}%, twf and we prove that the coproduct is
compatible with both products.

Definition 1.5.1. We define

k
A:T.G — (TG ® TG)k = (TZG & Tk,lG)
=0

k
Algr,---96) =) (91,---,91) ® (G141, -+ 9k)
=0

l
=:Ay(91,--.9k)

Define a counit € : H?(G) - Kas TpG > 1+——1 (g1,...,9k) — 0 for all & > 0.

The above definition of A together with the definition of the counit € give a graded coalgebra
structure to H?(G).

Remark H?(G) is not cocommutative. Indeed we have that the following diagram

A

PBF(T1G @ Ty 1G) T.G
T
B (TG T,G)

does not commute in general, where T" denotes the twist map.

Definition 1.5.2. (Right twist map) Leta = (g1,...,q) € TG and let b = (gT)_1G. We
define the rigth twist map:

twﬁ TIGR TG — T, 1GRT,G

twhla®b) = (=)D A 1((a,b) - (bibrgy - bp—1) - (b—1by- . bp—2) ... (biba...by_y))

t%(a,b)i, k-1
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Definition 1.5.3. (Left Twist map) Let a = (g1,...,q1) € T)G and let b = (g141,.--,9k) €
Tp_1G. We define the left twist map:

tw? : T,G ® TG — Ty G @ T,G

twf(a®b): = (=)D Ap((bp—y- . bp—a2bp—1) ... (ba...bibis1) - (b1...b_1by) - (a,b))

7 (a,b)i k-1

Using the action of the braid group Br(k) on TpG, we see that the left twist map and the right
twist map respectively, can be defined as

twf(a ®b) = (—1)l(k_l) (agirrp(a)™, p(a)girop®(a) ™, . .. aﬁpk_l_2(91 e G1-1)9k)
® ("7 2g1)s - @ 2 (gim1), " N ar))

This is graphically represented in Figure 1.5.

twh(a@b) = (=)D (o= (g11), 0D (giya), .., o~ FD(gr)
@ (@D (g, )0 gk ) T a1 G G190, 07 g b))

This is graphically represented in Figure 1.6.

Remark 1.5.4. twfz o twf = twf o twﬁ = id.

17



bo(141)

bi1

ba(l+2)

g

9=0rir - 9111 P(Griyr - 91)

9k

g1 .91—1 ;gl Ql+1 gi+2
L //
/
/
g1 g g k—I—1
' wk_l_z(gslo_l) (91)
_ ‘Pk_r_z(gm) . -90k_l_2(91) gksok*’”*l(grk, )71

-1

Figure 1.4: Graphic representation of the left-shuffle product.
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by

bi—1

b1

by

br—1

g1 gir1(g1 - -gl)fl 2
(g1 - g)g129%(g1 - q1)

91 . ' g1

Figure 1.5: Graphic representation of the left twist map.

léflfQ(
—1

gi gi+1 9gi+2 _

g1-- -9171)%

19

/\/

9k

k—1-2

12

14

(9171)

k—l—l(

qr)



g1 _ 91 gt Gi+1 Ji2 _ 9k
by

\ bi+1

.

by

e~ 2 (g111) o gk gir1) rgm1e gk - 91)
Vf(lﬂ) (9142) o g gr)

Figure 1.6: Graphic representation of the right twist map.
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Proposition 1.5.5. A is an algebra homomorphism for ug and for u7; i.e

Aopf = (uf @ pf)o(id® twf @id)o (A® A)

Aopb = (uh®ph) o (id®twh ®id) o (A®A),
respectively.

Proof We only will prove the first equality, because the proof for the second equality is similar.

Let a = (a1,...,as) € TsG and b = (by,...,b) € T}G. Let s’ € {0,...s} and ¢’ € {0,...,t}. Let oy
and o2 denote a fixed (s,t') and (s — §', ¢t — t’)- shuffles respectively. We have:

(1 @ pf) o (id @ tw} ®@id) o (A @ A)(a @ D))y t,01,00: =

= (SEDL, 1) ® SEDL, 02)) o (id @ tw¥ ® id)(Ag(ar,. .., as) @ Ay(by, ..., b))

— (Sf,ﬂ'l ® Sf’o?)((—l)(sfs’)t/((al’ e 7a5/) ® tf(a7 b)S—S/,t/) ® (bt/+17 e ,bt)
= (_1)(8—3/)t’5f(a, b7 0'1)31715/ X Sf(a7 b, UQ)S—S’,t—t’

Now, consider the permutation og € ¥44; which is given by:

{1,...,s+t} —{1,...,s+1}

7 if1<i<g

. i+t ifsf+1<i<s

i— < ] .
i—(s—¢) ifs+1<i<s+t
i fs+t/+1<i<s+t

Clearly, sgn(og) = (=1)®=%)"_ On the other hand, let ¢} € Xy, denote the permutation that
coincides with o7 in the first £ 4 [ positions, and the identity in the remained positions. Let
o € Y4yt denote the permutation that coincides with o9 in the last s +t — (k + [) positions,
and the identity in the remained positions. It is not difficult to see that ¢’ := o} . 05 . 09 1is a
(s,t)-shuffle.

We have:
(Aopp)stvo(a®b) = AgyipoSi(ab,a’)
= () Ay (SF(a,b,010h))

= (=165 (a,b,01) @ S¥(a,b,02)),
supp(a}) C{1,...,s +t'} and supp(ch) C{s' +t'+1,...,s+t}.
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1.6 The antipode maps S} and S7}.

Before we define the antipode maps, we need to recall the definition of a convolution product.

Definition 1.6.1. Given an algebra (A, i, m) and a coalgebra (C, A, €), and given f,g € Hom(C, A),

then its convolution product x, is defined by the following commutative diagram:

c—2cewcl®% An4

o
I*g l
A

Definition 1.6.2. Let (H,u,n,A,€) be a Hopf algebra. An endomorphism S of H is called an
antipode for H if
Sxidg =idg*S =noe.

Therefore, to define an antipode SY for (H?(G), 7, A, n,€) we must have the following equalities:

pio(id®Sy)oA=noe=puio(Sy®id)oA,

and for defining an antipode for (H?(G), uf,, A, 1, €) we have to have the following equalities:

pro(id® Sp)oA=noe=pho(Sh®id) oA.

Theorem 1.6.3. For (H¥G, u7,A,n,€) and (H¥G, uh, A,n,€) there are unique antipodes
Sf :1.G — TG and Sﬁ :1.G — 11,.G

defined as:

k
S¥(g1,-- k) = (D)2 by L (bp_obp1) ... (b1 bp—2br_1) - (91,- - 98),

SE(gr, ) = (—D)T5 (g1, gk) - (ba- o bra) .. (baba) .
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These antipodes are given by using de definition of the action of the braid group (Lemma 1.3.2),
as: (see Figure 1.7 and 1.8).

k
Sf(gh cesGk) = (—1)(51 (91 grp(gn - ~gk—1)_17 e(g1 ... 9k—1)%02(91 ce gk;—2)_17 S

and

k
Sﬁ(gh s 7gk) = (_1) ’—51 (SO_(k_l) (gk)a SO_(k_l) (gk—l)_lgo_(k_m (gkgk—1)7 ER)

© (g3 gk)e g2 gr)s (g2 gE)GL - GK))

Proof of Theorem 1.6.3 We only do the proof the theorem for S¥, because the proof for S}ﬁ is
similar.

Induction on the lenght k.

For k=0
120 (id® S o A(L) = i o(S?®id)o Al)
= SP(1)=1=70c(l)
For k=1,
pr o (id®S7)oA(gi,g2) = po(id® ST ® (g1,92) + 91 ® g2 + (91, 92) ® 1]

= pi1®(91,92) — 91 © g2 — (q1920(g1) ", (1)) @ 1]
= (91,92) — (91,92) + (9192¢(g1) "1, 0(91)) — (9192¢(91), (91))
= 0

The last equality follows by definition 7 o e = 0 for all k > 0.

Induction step:

Let (g1,-..,9k) € TxG. Then
py o (id® SY) o Algu, .-+, gk) =
= pf o (id ® ST) (X091, - 91) @ (Gi41,- - 1))

1 (o1 91) @ SE(Gts - -5 1))

k—
= Sf(glv cee 7gk) —|—,Uf( l:ll(glv cee agl) & Sf(glJrlv cee >gk)) + (917 cee agk)

k-1

= S7(g1s- - gi) 15 (i G g)@(= D2 g o grplar - g1) el - 91> (g g8) ™
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v D2 (g 2 (g1 ) T @ ) + (915 -0 g8)

By induction step and analyzing the above formula one can easily see that the last shuffle product
on the sum will cancel the element (g1,...,gx) and that all the other elements will cancel each
other up to the tuple

Therefore, we must have
SE(gr - ge) + (DD g geap(gr )T @ T ) = 0.
From this follows puf o (id®@ S¥) o A =noe.
Now Sf is unique, because if there is another S’f such that
S¥ xid =id* S¥ =noe

then
5% = S % (ne) = S¥ * (idx 5¥) = (5% % id) * S¥ = (ne) x §¥ = 5¥.

A similar argument will prove that S}, is an antipode for (H?(G), pi, A, 1, €).

The above theorem proves that (H¥(G),u7,A,S7,n,€) and (H?(G), u%, A, S§,n,€) are graded

Hopf algebras with an antipode map.

Lemma 1.6.4. The antipode maps Sf and S}g are invertible. Namely we have
S7oSh=S85087 =id.

Proof Induction on the lenght k.
For k=0

(57 0 SH)(1) = SH(1) = 1

For k =2, let (g1,92) € ToG then

(ST 0 SE)(91,92) = =Ste(g2) "0 (9201)9192)) = (91, 92)
Now assume the result for k — 1, i.e. for all (g1,...,9x_1) € Tx_1G we have
Sf © S]fi(gla s 7gk—1) = (917 .. 7g]€—1)'
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So, let (g1,...,9%) € TxG then:
k
(S¥080)(g1,---v01) = SP(=D)ET (oD (gr), ... 07 (g2, 91)g1 - - - 1)

= (91,---,9x)
The last equality follows by the induction step k — 1.

Proposition 1.6.5. Let u?, S%, A be defined as before. Then
o ®1)o(lesS?®1l)o(A®1)ocA=1.
Proof By definition of S¥ we have:
pfo(S¥®@1)ocA=pufo(l®S¥) cA=noe (1.6.1)

From it follows that:

p¥ o (ufR1) o (18S¥®1) o (ARL) 0o A = pf@[(noe)®ljoA
= o [mB1)o (ea1)] 0 A

Let (z1,...,2zr) =: x be generator of TG, then:

case 1: If x = 1, then:

pe o (prel) o (105¥@1) o (A1) 0o A(l) = p? @ [(noe)@1)(181)

Case 2: If || > 0, then:

(€@1) 0 Azy,...,2x) = (B[ (1@ @2)@(wps1 ® -+ ® )]
= 1®($1®"'®1‘k)
The last equality holds by definition e(z1 ® --- ® 2;) = 0 for all [ > 0. Therefore, we get:
pfom)(1I@(r1 @ - - ®@xp) = pfl(r1®(r1 ® - @ xp)
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91 92 9k—2 9k—1 9k
br—1 \/
br—2 /

/
bo / /
b3
be_1 /

b3

g1 g1 gr-1)"" ©
(g1 ge-1)*(g1 - - go—2)

Figure 1.7: Graphic respresentation of the left antipode map.
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gL 92 93 Jk—2 9k—1 Ik
4 :

ba
N

N

b1

o~ =D (gg) 0 (g3 g6)p g2 gk)

e~ D (g 1) oD (grgr1) 9N g2 )91 0
Figure 1.8: Graphic representation of the right antipode map.
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Chapter 2

The Yang-Baxter Equation and knot
invariants

In this chapter we recall the definition of enhanced Yang Baxter operator introduced in [14]. Just
like in the case when we have solutions of the Yang-Baxter equation, we give a lemma that allows
to construct new enhancements from old ones. We give a survey about Turaev’s work ([14], Thm.
2.3.1, Thm. 3.1.2). Based on Turaev’s work, we prove that the twisted conjugation braiding B¥
introduced in chapter 2, is an enhanced Yang-Baxter operator for any finite group G. In the last
section, we prove that for the twisted conjugation braiding B¥, the link invariant Tp is

T5(&) = B~ trace(bpe (£) o D®™), for all braid & € Br(n).

2.1 Traces and partial traces

In this section, we recall the definition of trace of a homomorphism f : V' — V. Moreover, we recall
the definition of partial trace and its properties.

Notation and agreements

Here K denotes a fixed commutative ring with 1, and V' denotes a fixed finitely generated free K-
module of rank m > 1. For n > 0 the n-fold tensor product V @k V ®k - - - ®x V is denoted by V&,
Each basis vy, ..., v, in V gives rise to a basis in V®" which consists of vectors v;; ®---®v;, , with
i1,---,in € {1,2,...,m}. In this basis, each endomorphism f of V®" determines the multindexed
matrix (f7177"), 1<y, j1,...,4n, jn < m defined by the equation
fop®-@u,)= Y flri, e e,
1<G15-,0n<m
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Definition 2.1.1. For each homomorphism f : V& — V& jts partial trace (on the k-th factor)
Spi(f) is the homomorphism V=1 — V&= yhere k € {1,...,n} is given as follows.
For any iy,...,in—1 € {1,2,...,m}

m
Spr(f)(vi, @ -+ @y, ) = > (Y flrmdeedn Ny @ @05, ® - @ vj,,

L<G1,eflepeenfn<m JR=1
Lemma 2.1.2. The partial trace Spi(f) does not depend on the choice of a basis of V.

Proof We do the proof for n = 2, i.e. when f: V®2 — V®2_ A similar argument will prove the
result in the case when we consider homomorphisms f : V& — V&7,

We have to prove

Spa((A® A)o fo(A®A)™") = Ao Spy(f)o A7,
where A = [aj;]
Notation

1. Fix a basis B = {v1,...,v,} of V then we get a basis B’ = {v1 @ v1,v1 @ V2, ...,V @ Uy }.
Notice that this basis comes with a given order, namely the lexicographic order.

2. On the basis B, the homomorphism f has the following matrix representation (by blocks),

f(,1) ... f(1,m)
[f(i,7)] =
flm,1) ... f(m,m)
where each f(i,j) is a square m xm matrix .Notice that [f (i, )] isam
by m? matrices of size m x m.

2 xm? matrix composed

3. On the basis B, the partial trace Spa(f) : V' — V has an associated m x m matrix S = [5; ;]
with the entry D; ; = trace (f(,7)).

4. If A = [aij], then A Q@ A = [aijA]
5. If A is invertible, then (A® A)" ' = A"l A~}

Parts (2) and (3) of previous Remark imply that

AoSpy(f)o A~ = lay] [trace (f(4,k))] [bri]

= D2k aij trace (f(4,k)) bri]
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(A@A)ofo(A@A)™ = layAl [f(5,k)] b A™']
= [Xa(ai A F(G, k) A7) )

Using part (4) and (5) of previous remark we get :

Spa(A® A)ofo(AgA)T) = [race(; (0 A f(.k) A7) bi)
= [0, xaijtraceA f(j, k) A1 by
= [>2,;x aijtrace (f(j,k)) bri]

= AoSpy(f)o At

The last equality follows from the fact that trace is invariant under change of basis.

Remark In general, we have

Sp1(f) # Spa(f)

Because, let dimV = 2, then with the above notations we have:

R A B G

a1 G2 ba1  bao

C11 C12 dll d12
2, 1) := s 2’ 2) =
f21) ( C21 €22 > 122) ( da1  da2 >
From it follows that the f: V®? — V®2 has the following matrix representation:

a1 a2 bir bio
A(f) = as1 azz bay  bao
cii ci2 din di2
Co1 €2 do1 dao

Moreover, we have:

ajr +dip aiz +diz > ( ai +ax b+ b ) = Spa(f)

S =
p1(f) < as1 + doy  ags + doo c11 +c22  dip +doo

Lemma 2.1.3. If f, g, h are endomorphisms of VOt1) y@n v/ &k (n > k) respectively then,

1. trace(Spk(g)) = trace(g), where trace is the ordinary trace of a homomorphism.
2. Spny1((g®@ Idv) o [)) = g © Spnta(f),

30



3. Spny1(fo(g@ldy)) = Spntr(f) o g,

4o Spup(1d" ™ @ h) = 17" @ Sp,_i(h)

Proof We do the proof for (2), since (3) and (4) will hold by a similar argument. First of all, we
have that:

(f@Idog) = > fOIAG T v )

J1ye- 7]n+1

— ]17 )J" Zlv 7Z7l+1
- Z Z kl, ,kngjlv sJn+1 k17 wkn,Jnt1:

k1,eeskn g1, 0n+1

Notice that all summands in above equation range from 1 to n. Now, by the definition of partial
trace on the n 4 1 factor, we get:

. . 01, nin,Knt1
Spn1((f ®@id) o g)(viy, ..y vi,) = Z Z((f®ld) Og)kla---uknaknJrl Vk1,..kn
k1yeonkn kngt

= ]1’ )Jn i1, -Zn7l€n+1
= Z Z Z k1,.. 7kng]1, 7]n7kn+1vk17'”7kn
kl’ 7kn kn+1 ]17 7.777.
E E f i1,0e0in,k n+1 )
Jl7 wJnsknat Uj1sesdin
.717 7]77. kn+1

= (f®Spns1) Wiy, in)

There is an equivalent definition of partial trace Spi on the k-th factor, for an endomorphism
f:Venr - ven ke {l,...,n}, which sometimes will be useful for avoiding nasty computations.

Recall that End(V®") = End(V)®*~! @ End(V) ® End(V)®"*) | where End(V) denotes the
group of endomorphisms of V. Denote this isomorphism by A.

Definition 2.1.4. The partial trace on the k—th-factor Spy, is defined by the following commutative

diagram
®n Sk ®(n—1)
End(V®™) End(V )
| -
End(V)®¢:=1) @ End(V) @ End(V)®M—F) Z End(V)®*+=D @ K @ End(V)"k)

with ® := id®*V @ trace @ id®"*).
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As an example we have the following:

Example If f(v; ®@v;) =370, ff]’-lvk ® vy, then

Spa(f)(vi) = Z ff}jvk and Sp1(f)(vj) = Z fii,}l'vl-
g.k=1 i,l=1

Moreover, Sp1(Sp1(f)) = Sp1(Sp2(f)) = trace(f).

2.2 Enhanced Yang-Baxter operator

In this section, we recall the notion (due to Turaev, [14]) of an Enhanced Yang-Baxter operator.
For simplicity, we will write EYB-operator. Moreover, we give some examples of EYB-operators
and a lemma which allows to construct new EYB-operators from old ones, just like in the case when
we have a solution of the Yang-Baxter equation. At the end of this section, we recall a theorem due
to Turaev ([14], Thm. ), which restates conditions (7'1), (72) of the definition of a EYB-operator
such that a solution of the Yang-Baxter equation R : V®2 — V®2 is a EYB-operator, when the
map D : V — V, is defined as D(v;) = a;v;, with v; element of the basis of the vector space V' and
a; € K* foralli € {1,...,m}.

Definition 2.2.1. Let V' be a free module of finite rank over a commutative ring K. An enhanced
(quantum) Yang-Bazxter Operator on V ® V is a quadruple (R, D, \, 3) consisting of an invertible
solution R € End(V ® V') of the Yang-Bazter equation and a map D € End(V'), such that

(T1) (D® D)oR=Ro(D® D)
(T2a) Spa(Ro (D ® D)) =M\3 D, and
(T2b) Spa(R~'o(D® D)) =A"18D

where X\, B are invertible elements of the ring K

Remark 2.2.2. 1. If D is an invertible map, condition (T2a), and (T2b) of Definition 2.2.1

are equivalent to

Spa(R* o (1@ D)) = A1 p5Idy,

because we can write (D ® D) = (1® D) (D ® 1), and thus, the claim follows from Lemma
2.1.5.
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2. It is not loss of generality to assume that A\, 3 =1 in the above definition, for (R,D,\, u) is
an enhanced Yang-Baater operator, (\"'R, 371D, 1,1) is one too. However, it is not always

covenient to make this normalization.

Example 1. 1. Let 'V be a vector space of dimension 1. For each solution R = (o), a € K*

of the Yang-Baxter equation and D = (), v € K*. Then, the quadruple R = (R, D, \, 3)
1s an enhanced Yang-Bazter operator.

2. Consider the following solution of the Yang-Baxter equation

with ¢ € C an invertible element.

The quadruple R = (R, D,\ = +1,3 = £1), is a EYB-operator, where D is given as follows:
10
0 ¢

The following lemma gives a method how to construct new enhanced Yang-Baxter operators from
old ones.

Lemma 2.2.3.

1. Let R = (R,D,\, ) be an enhanced Yang-Baxter operator. Then R = (pR,qD, p, qB) with
p,q € K*, is an enhanced Yang-Bazter operator.

2. If R =(R,D,\, ) is an enhanced Yang-Baxter operator. Then the quadruples (R, D!, \, 3)
and (R=Y, D, A1, B) are enhanced Yang-Bazter operators.

3. If R = (R, D, \,3) is an enhanced Yang-Bazter operator and if A € Aut(V'). Then (R', D', \, 3),
where

R=(A®A)oRo(A®A)™', D'=A0DoA™},

1s an enhanced Yang-Bazter operator.
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Proof Notice that D'® D' = (A® A)o (D ® D)o (A® A)~L. Therefore, last part of the theorem
follows by Lemma 2.1.2 i.e by the invariance of the partial trace Sps on the second factor under
conjugation.

Now, if we consider the case when D is an isomorphism presented by a diagonal matrix with
respect to some basis of V. The following theorem restates conditions (T1), (T2a) and (T2b) in
the Definition of a EYB-operator (Definition 2.2.1) such that a solution R : V®2 — V®2 is an
EYB-operator.

Theorem 2.2.4. (Turaev, [14]) Let R: V®% — V2 be a solution of the YBE. Let vy, ..., vy, be

basis of the m-dimensional vector space V and D be an isomorphism V — V given by
D(UZ) = a;V;

with ay,...,am € K*. The collection (R, D, \ € K*, 3 € K*) is an EYB-operator if and only if the

following two conditions are satisfied:
1. For anyi,j,k,l € {1,...,m}

k,l
(aiaj — apar) R;; = 0.

2. For any i,k € {1,2,...,m}

m m
>R =807, D (RT)ia; = A7 86
j=1 j=1
(here 6% denotes the Kronecker symbol.)
Proof Under the conditions of Theorem we have that, for all i,i1,i2 € {1,...,m}
R(vi, @ v;,) = Z Rfllf;vjl ®vjy,  D(v;) = a;v;,  and the tensor product D ® D is

1<71,j2<m

(D & D)(UZ & Uj) = a;a; (Ui & Uj)

Now, it is easy to see that

(Ro(D®D))(v; ®v;) = Y aia; R} (v @ w) (2.2.1)
k.l
and that
(D®D)oR)(v; ®v;) = Y _ aga R} (v, @) (2.2.2)
k,l
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Moreover, we have that

(Ro(D®D))(v; ® vj) Z a;a;(R Z’J Vg @ V) (2.2.3)

Therefore, R commutes with D ® D if and only if aiaij’; = akalRf’;. Moreover, from equations
2.2.1 and 2.2.3 we can compute Spa(R*! o (D o D)), by summing over all the terms with j = [; i.e

Spa(Ro (D@ D))(vi) = Zg 1 R aJv
(2.2.4)
Spy(R™ o (D@ D))(vi) = YLy (R7)ia;
From equation 2.2.4, we get then that Spo(R¥! o (D ® D)) = A*'8D if and only
Z Ria; = 6F\3

and .

Z R:I:l a] =\~ lﬂ(sk

7j=1

1

Remarks Clearly, D ® D commutes with R if and only if D ® D commutes with R~!. Therefore,
any of the conditions (1), (2) in Theorem 2.2.4 implies that for arbitrary i, j, k, [

(aia; — agay) (R~ HEE_ .

2y

The condition (2) of Theorem 2.2.4 implies that

AB
Ra = : ,
AB
R is the m x m-matrix R, with R] —R and a = (a1, ..., am).

The same is true for the matrix R~! if we replace A\ by A~!. Therefore, if at least one of the
matrices R or R~! is invertible over K then there exist at most one sequence ay,...,a,, which
satisfy (2) for given A, §.

In the general case aq,...,a,, (if exist) are not uniquely determined by R, \, 3. Because of the
following Lemma.

Lemma 2.2.5. For any homomorphism D : V. — V the collection (Idye2, D,A = 1,8 = Sp(D))
1s a EYB-operator.
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Proof Denote by R = Idys2. Then, on the respectively basis of V and V ® V', we have.

k,l
R(v; ® Uj) = Zk,l Ri,j Vg ® Yy
with

RRl — 1 if i=k, andj=1
tJ 0 otherwise

Moreover, we have

D(UZ) = Zk Di,k (%
trace(D(v;)) = > Diiv
(D® D)(vi ®v;) =3 Dik Djjvr ® vy

From it follows:

(Ro(D@D))(v; ®v;) = SpyeqDis Diy By vs ® vy

with
ot — 1 if k=s, andl=t
kL™ 1 0 otherwise

Hence, (Ro (D ® D))(vi ® vj) = >, Dis Dji vs @ vy
On the other hand,

(D@ D)oR)(vi®@v;) = Y DiyDj; R¥} v, @y

k,l,s,t
with
Rk’l_ 1 ifs:k,andt:l
st 71 0 otherwise
Hence,
(D®D)oR)(vi®v;) =Y _ DisDjs v ® vy (2.2.5)

s,t

Thus, (T'1), holds. To finish the proof, rest to prove, conditions (72a) and (7°2b) of the Definition
2.2.1. To do it, we need to compute Sps of (R*'o(D® D). But, it can be computed, from equation
2.2.5, just by summing over the terms which satisfy j = ¢; i.e

Spa(R* o (D@ D))= Dis Djjv;
j

Notation Here G will denote a finite group and unless that is is specified K will denote a
commutative ring with 1.
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Consider the twisted conjugation braiding B? : K[G]®? — K[G]®2.(See Definition 1.1). Can the
twisted conjugation braiding B¥ be enhanced ? i.e., is there a homomorphism D : K[G] — K[G],
such that satisfies Turaev’s conditions (T1), (T2a) and (T2b) of Definition 2.2.1.

In this part we give an answer to question A. Moreover we give some explicit examples for such a
D.

It is very well known that a basis for K is given by the elements of G; which here we will denote
by g1,92,---,9|c|- So, we get a basis {g; ® g} with 4,5 € {1,2,...,|G|}, for K[G] ® K[G]. On the
basis of K[G], the map D is given as

|G|
D(g:) =Y Dij g
j=1

Moreover, on the basis for K[G]®?, we have:

|G
(D ® D)(gj & gk) = Z Dm,an,kgm X gn
m,n=1
and
B?(gm @ gn) = 0(m,n) @ ©(gm)
with §(m,n) = gmgncp(gm)_l.

Notice that ¢(g;) € G, so there is an index ®(j) ! such that ¢(g;) = ga(;)- for the same reason,
there is an index O(j, k) 2 such that 0(j,k) = ge(jk)- From it follows that B¥ has the following
matrix representation.

1 ifp=06(m,n)and g = ®(n)
0 otherwise

[B@]p,q;m,n = {

Since the twisted conjugation braiding B¥ is invertible (Remark 1.2.4, (4)) , we have that for
every indexes (p,q) there is a second pair (m,n) such that p = ©(m,n) and ¢ = ®(m). Thus the
commutativity of D ® D and BY is granted under the following condition:

Din.j D = Do (m,n),0(,k) Dao(m),a(;) (2.2.6)

Moreover, Spa2((D ® D) o B¥) can be calculated from 2.2.6 by adding all the terms whose (second)
indices satisfy k = ®(m). In order to simplify notation, we fix p = O(m,n).

|G|

AB Dy, = Z Dy e3.k) Dr,a() (2.2.7)
k=1

'Notice that ® € Yig
2Notice that © : |G| x |G| — |G|.
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Therefore, now, the inverse (B¥)~! is given by:

(B®) g0 p.q) © 9om)) = p @ 9q-

So, we have that (B¥)~! has the following matrix representation.

pel [ 1 if m=0(p.g)andn = (p)
D,q;m,n 0 otherwise

Notice that D ® D commutes with the inverse of the twisted conjugation braiding (B¥)~!, because
it does with the twisted conjugation braiding B¥. Again, we can compute Sps(B¥)~! ® (D ® D)),
by summing over all terms whose (second) indices satisfy k = ¢,

|G|

A8 Dy = Dewpa)i Daw)a (2:2.8)
q=1

Hence, we have proved the following Theorem.

Theorem 2.2.6. The collection B = (B¥, D, \,3) is a EYB-operator if and only if the conditions
(2.2.6), (2.2.7), (2.2.8) are satisfied.

The following Corollaries are an easy consequence of Theorem 2.2.6.

Corollary 2.2.7. Define D : KG — KG as g; — qg; , for alli € {1,...,|G]}, q € K* i.e its matrix

representation 1s:

q 0 0

0 g¢q 0
[D] = .

00 ... g¢q

The quadruple B = (B¥,D,\ = 1,3 = q) is an enhanced Yang- Baxter operator.

Proof we have that al
G

D(gz) = Z Dm,i 9m;
m=1
with
g it m=i
Dmi = { 0 otherwise

Its tensor product is
€]

(D ®D)(gl ®gj) = Z Dm,i Dn,j Im @ gn
ij=1
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with
2 . . .
g if m=iandn=j
DD, . —

L { 0 otherwise

From, it follows

G
(DeD)(gi®g)=>_ ¢ gy (2.2.9)
t,j=1
Now,
6]
(B*o(D®D))(g: ®9;) = Y ¢ (gigielgi) " ® elgi)
,j=1

On the other hand:

(D®D)oB¥)(g; ®g;) = (Dé? D)(gig;¢(9:) ' @ ©(g:)
Zln,‘nzl D@(m,n),s D@(m),t 9s @ gt

with , ( ) )
| ¢ if ©(m,n)=sand ®(m) =
Dem.n),sDa(m).r = { 0 otherwise
Therefore,
¥ . N — 2
(D@ D)o B?)(g:®9;) =Y 4" go(mm) © Ja(m) (2.2.10)

Thus, (T1), follows from equations (2.2.9), and (2.2.10) and Theorem 2.2.6.

Thus, it remains to prove that the equations (2.2.7) and (2.2.8) are satisifed. But, they follows
from (2.2.9) and (2.2.10), just by summing over the terms n = j and ®(m) = t.

Corollary 2.2.8. Define D as D(g) = gN, for all g € G, and with N = g1 + -+ + g, the norm
element in V = K[G]; i.e.

D)=

q q ... q
The collection (B%,D,\ = 1,3 = traceD) is an EYB-operator.
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2.3 Invariants of braids and links

Recall that every Yang-Baxter operator R : V® — V®? gives rise to a finite dimensional represen-
tation of Artin’s braid group

Br(n) = <o1,...,06-1 | V1<4,j<k—1: 0i0; =0j0; for |i—j|>1
and 0;0;110; = 0;410;0;41 >

(here n > 1, See [2]). Namely, put B; = R;(n) : V®" — V®" and notice that R;R; = R;R; for
|i —j| > 2 and (in view of the Yang Baxter equality) R;R;11R; = Rit1R;Riy1 fori=1,...,n—1.
Therefore there is a unique homomorphism Br(n) — Aut(V®") which transforms o; into R; for all
i. Denote this homomorphism by br. We shall also use the homomorphism w from Br(n) to the
additive group of integers which sends o1,...,0,_1 into 1.

Every EYB-operator R = (R, D, A, 3) determines a mapping Tr : [[,,»; Br(n) — K as follows. For
n > 1 denote the homomorphism D ® --- ®@ D : V& — V& by D®" For a braid £ € Br(n) put

Tr(€) = A™*®) 37" trace(bp(€) o D" - VO — VO, (2.3.1)

The most important porperties of Tz are given by the following theorem.
Theorem 2.3.1. (Turaev, [14]) For any &,n € Br(n)

Tr(n~'¢n) = Tr(éon) = Tr(f0, ") = Tr($).

Proof of Theorem 2.3.1 It follows from the definition of EYB-operator that
(D®" o b(n)) = (b(n) o D®"), for any n € Br(n),where b= bg : Br(n) — Aut(V").
Thus

trace(b(n~1&n) o DO = trace(b(n1)b(£)b(n) o D®M)
— trace(b(n~)b(€) o DE"b(n))

By properties of the usual trace (Lemma C.2.1), the last equality is equal to:
trace(b(£) o D®™)

Also,
w(n=tén) = w(€), since w: Br(n) — Z is a homomorphism.

Therefore

Tr(n™ ' &n) = A—w( e g=n trace[br(n~1€n) o D¥M . VE _, Y ON]
= \w(© gn trace[bR(f) o D®n . y®n _, V®n]
= Tr(&)
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Now, we want to prove that
Tr(Eon) = Tr(E)

Notice,
b(lopn) = (b(§) @ Idy)o R, : yemtl) _, yemtl)
Thus,
trace[b(£oy,) o DE )Y = trace[(b(€) ® Idy) o R,) o D H1)]
= trace[(b(§) ® Idy) o R, o (Id%?("_l) ® D ® D)o (D21 g [d92)]
= trace( (b(&) ® Idv) o (Idy" ™" @ R) o (Idy"" ™" © D ® D)
o (D®(n71) ® Id%Q) )

trace{ (b(¢) ® Idy) ® (1dS" Y @ (Ro (D ® D)}) o (D@D @ 1d52))
= trace{Spp1+1( (b(¢) ® Idy) o (Idf?(nfl) ®(Ro(D®D))
o (D% Ve Ia)])

By properties of the partial trace (Lemma 2.1.3) , the last equality is equal to
b(&) o {Id®™ Y @ Spy(Ro (D @ D))} o (D™ o Idy).
thus, by definition of EYB-operator ( Definition 2.2.1), this is equal to A 3 (b(¢) ® D®™). Hence
trace(b(€oy) o DEMHDY = X 3 trace(b(€) o DZM).

Clearly, w(é0y,) = w(&) 4+ 1. These equalities imply that

Tr(&on) = Tr(§)-
to finish the proof, one notice that the equality

Tr(éo™) = Tr(€)
is proved similarly.

|

Remark Due to a theorem of J. Alexander (first part) and A. Markov [2]. Any oriented link is
isotopic to the clousure of some braid (Figure 2.1). The closures of two braids are isotopic (in the
category of oriented links) if and only if these braids are equivalent with respect to the equivalence
relation in [], Br(n) generated by Markov moves & — n~¢n, & — €0l where €, n, € Br(n).

Tuaev’s theorem (Theorem 2.3.1) shows that for any EYB-operator R = (R, D, A, 3) the mapping
Tr : 11, Br(n) — K induces a mapping of the set of oriented isotopy classes of links into K.
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A
\

Figure 2.1: Closure of a braid.

N

=

2.4 Elementary properties of 7.
In this section, we recall the properties of the link invariant T7.

Theorem 2.4.1. 1. For the trivial knot () we have
Tr(O) = 57'Sp(D)

2. Tr is multiplicative, i.e. if L = Ly Ll Lo is the disjoint union of two links L1 and Lo then

Tr(L) =Tr(L1) - Tr(L2).

Corollary 2.4.2. If L is the trivial n-component link then

Tr(L) = B"Sp(D)".

Proof of Theorem 2.4.1

1. Consider the generator o; of Br(2), then

At 372 trace(Ro (D ® D)
= M ! B2 trace(Spa(Ro (D ® D))
= B! trace(D)

T=(O)
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2. Let 01 € Br(ny) and (33 € Br(ng) two braids which closures are the links L; and Lo respec-
tively. It follows from Figure 2.2 that §; LI Bs € Brmy + ng) is a braid which clousure is
Ly U Ly. Therefore

bR,nl +no (ﬂl/BQ) = bR,n1 +no (/81) o bR,n1 +no (/82)
= bR,n1 (ﬁl) X bRJZQ (62)

Now, by part (6) of Lemma C.2.1

T’R(bR,m—l—m (ﬁlﬁQ)) = traee(bR,n1 (ﬁl) ® bR,nQ (62))
= trace(brn, (1)) trace(br,n,(52))

From it follows:

TR(LI L Lg) — )\*w(ﬁl+52)ﬁ*(n1+n2)5p(bﬂc,nl+n2 (B182))
Aw(B1) N\ =P BT 72 trace(brn, (1)) - trace(brn, (82))

1
Proof of Corollary 2.4.2 It follows from Theorem 2.4.1, that for the trivial link (),
Tr(O) = 57" trace(D),
and that T’z is multiplicative. Thus,
TR(O") = " trace(D)"
1

b L B2

Figure 2.2:
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The following proposition, gives the link invariants associated to the new EYB-operators con-
structed on Lemma 2.2.3.

Proposition 2.4.3. Let TR be the associated link invariant to an enhanced Yang-Baxter operator
R = (R,D,\,3). Then:

1. [f R/ = (pR7 qup)VQﬁ)v then TR/ =q T'Rv
2. If R = (R!, D', \, B), then Tg = T,

3. IfA€ Aut(V), and R=(A® A)o Ro (A A)™ and D= A® D® A~Y, then Tx = T,
where R’ is the enhanced Yang-Baxter operator (ﬁ, ﬁ,ﬁ, A).

Proof First of all notice that, by properties of the tensor product (See [5]).
br(oy)! = (id®™D @ R ®id®" ="Vt = id®~D @ R @ id®" =1,

Thus, the second part of proposition holds.

For the third part, we have
(D)®" = A®" o D¥ o A®T™,

Moreover, we have: id®~) ® R @ id®"—1=1) = A®" o (d®0~1 @ R @ id®" 1)) 0 A®—™,

Therefore, TR = T, holds from the invariance of the trace (Lemma C.2.1).

2.5 The link invariants for the twisted conjugation braiding

Notation Here G denotes a finite group, ¢ € Aut(G),K denotes a fixed commutative ring with
1; unless it is mentioned K will denote the field of complex numbers C. Recall that given a basis
{g}gec for K[G], we get a basis {a @ b}, pec for K[G]®2.

In this section we prove that for any enhancement D of the twisted conjugation braiding B¥, A = 1;
i.e. the link invariant Ty associated to any enhancement of the twisted conjugation braiding B¥ is
given by

Ts(&) = B~ ™ trace(bge o D®™),

for any braid £ € Br(n) and 8 € K*.
Notice that for any EYB-operator R = (R, D, A, 3), it is not always true that A = 1.
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Remark 2.5.1. Since the twisted conjugation braiding B¥ is invertible, we have that for every
basis element ¢ ® d € K[G] there is a second basis element a @b € K[G]®? sucht that ¢ = abp(a)™?
and d = p(a).

Now, let D be the linear map from K[G] into K[G]. We may characterise D via its action on the
basic elements a € G. Thus, we have a collection of coefficients A(a,c) € K such that

D(a) = Z Ala,c) ¢ (2.5.1)
ceG
DY~ Baa) =Y B D(a) = Y fBuAla,c) c.
a€eqG a€eqG a,ceG

the tensor product D ® D is also defined via its action on the basis elements a ® b of K[G]®?

(D@ D)(a@b) = Y Ala,)A(b,d)c@d (2.5.2)
c,deG

Using the definition of the twisted conjugation braiding B¥ ( Definition 1.1), and equation (2.5.2),
is easy to see that:

(BYo(D@D)@eb) = YogeeAlae) Abd) Dic®d) -
2.5.3
= Y cdecDla,c) A(b,d) (cd o(e)™t @ p(c))

and that:

(D®D)oB?)(a®b) = (D& D)abpla)!® pla))
(2.5.4)
Zs,tEG A(a’b cp(a)_l, 8) A(@(a)a t)S (7

Now, by Remark 2.5.1 , for every basic element s ®t there is a second basis element ¢® d such that
s=cd ¢(c)~! and t = ¢(c). Therefore D ® D commutes with the twisted onjugation braiding B¥
if and only if

Ala,)A(b,d) = Alab p(a) ", ed w(c) ™) Alpla), ¢(e)) (2.5.5)

In particular,

(a,¢)A(b,p(c)) - A(abso(a)*l_,f)A(so(a),@(C)) (2.5.6)
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Theorem 2.5.2. Assume that D is a non-zero linear map. Moreover, assume that D®D commutes

with B? and that there exist a pair of elements (1, Fo € K* (invertible elements) such that:

Spa(B? 0 (D®D))=f - D and Sps(B?) ' o(D&D)=f - D (257)

Then,
p1 = Bo.

Proof First of all notice that by Remark 2.5.1, the equation

(D ® D)(a ZAac (b,d) c®d
c,deG

is equivalent to the following equation:

(D @ D)( = Y Aa,ed p(c)™") Ab,p(c) (ed p(c) ™ @ p(c) (2.5.8)
c,deG

Now, it is very easy to see that:

(B¥ o (D ® D))( =Y Alaby .¢) Ap(a),d) c@d (2.5.9)
c,deG
and
(B¥) 1o (D® D)) Z Ala,cd p(c) DA, p(c) c® d (2.5.10)
c,deG

Thus from the equations (2.5.9) and (2.5.10), we can calculate the partial traces on the second
factor of (B¥ o (D ® D)) and of (B¥)~! o (D ® D) respectively.

Spa(B? o (D@ D))(a) =Y (D Alad p(a) ", ¢) Alp(a),d) ) c (2.5.11)
ceG deG
and
Spa((B¥) ' o (D@ D))(a) => (D Ala,cd p(c) ") A(d, g(c) ) ) ¢ (2.5.12)
ceG deG

A direct application of equations (2.5.11) and (2.5.12) yields that equations (2.5.7) holds if and
only if the following equations are satisfied:

c) =Y Alad ¢(a)™",c) Alp(a),d) (2.5.13)
deG
and
¢) = Ala,cd p(c)™") Ald, p(c)) (2.5.14)
deG
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Multiplying equations (2.5.13) and (4.1.6) by A(a, ¢) respectively and using equations 2.5.6, we get
the desired result 51 = 2, because there is at least one entry A(a,c) # 0. i.e

B Ala,e)? = Y Aladp(a)™ 0)Ala, cd () 1) Ap(a), (c))

- 52 : A(auc)2’

Corollary 2.5.3. If B = (B¥,D,\,[3) is an enhanced Yang-Baxter operator of the twisted conju-

gation braiding B¥. Then its associated link invariant T is

Ts(€) = B trace(bpe (€) o D®™).

Proof By definition B = (B%¥, D, \, 3) is an EYB-operator, i.e.
(T1) D® D commutes with B?,

(T2a) Sp2((B¥)o (D® D))= XD, and

(T2b) Spa((B?)~' o (D@ D)) = A~ 8D.

Thus, Theorem 2.5.2 implies A3 = A~!3, the last equality implies that A = 1, because \, 3 € K*
are invertible elements. Thus by the definition of T we get that

Ts(§) = B "Sp(bpe () ® D).
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Chapter 3

Character enhancements

In this chapter, we prove in terms of characters of the group G x G that the twisted conjugation
braiding B¥ is an enhanced Yang-Baxter operator. Indeed we prove that if D : K[G] — KI[G]
is defined as D(a) = Y ..o X(a,c)c, with x a character from G x G into a field K, then D is an
enhancement of the twisted conjugation braiding B¥; such enhancements will be called character
enhancements and will be denoted by D, . Moreover, we prove that character enhancements satisfy
the following property B¥ o (D ® D) = D ® D. This condition implies that the link invariant
Tp(€) =1 for all braid £ € Br(n).

3.1 Character y

In this section, we recall the definition of character and give some examples.

Definition 3.1.1. If G is group and K is a field. A character is a group homomorphism x from
G into K*. See [1].

If G is an abelian group, then the set Ch(G) of these characters forms a group under the operation

(x1 - x2)(a) = xa(a) xa(a).

It is called, the character group. Sometimes only unitary characteres are considered (so that the
image is in the unit circle); other such homomorphisms are then called quasi-characteres.
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3.2 Character enhancements D,

In this section we prove in terms of character theory of G x G that the twisted conjugation braiding
B¥? is an enhanced Yang-Baxter operator.

Given a character x : G x G — K*. Define the K- linear map D : K[G] — K][G] via its action on
the basis elements a € G,

D(a) = Zx(a, c)c, (3.2.1)

ceG

therefore,

D(Z Baa) = Z x(a, c)Bqc.

aceG ceG

The tensor product D ® D is also defined via its action on the basic elements a ® b of K[G]®?,

(DED)a8b) = Yomex(ad) x(bd)ced
= D ewa X(ab,cd) (c® d).

We have that:

(Bfo(D®D))(a®b) = B?(3 .94 x(a,c) cx(b,d) c®d)
= Y epax(ab,cd) (cd p(c)™' @ p(c))

On the other hand,

(D® D)o (B?)(a®b) = (D® D) (abp(a)™t @ p(a))
= Zc@d X(abgo(a)_l @(a)v Cd) c®d
= D ewaX(ab,cd) (c®d)

Since B¥ is invertible for each basis element ¢ ® d, there exists a basis element s ® ¢ such that
s = cd p(c)™! and t = p(c). Hence, commutativity of D ® D with B¥ holds if and only if the
following equation holds for all a,b,¢,d € G,

x(ab, cd ()™ ¢(c)) = x(ab, cd).

From it follows, then:

(D®@D)=B%0(D®D)=(D®D)oB¥=(B*)'o(D®D)=(D®D)o(B?)"'. (3.22)
It implies:

Spa(B¥ o (D ® D)) = Spa((Bf) ™' o (D ® D)) = Spy(D ® D) = trace(D) . D

Hence, we have proved the following theorem.
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Theorem 3.2.1. Define D : KG — KG as in 3.2.1.  Then, the following three statements hold:
1. B=(B?,D,\=1,0 = trace(D) is an enhanced Yang-Baxter operator.
2. BP(D® D)= (D® D)= (D® D)o BY =(D® D)(B¥)"*.

3. Spa(B¥ o (D ® D)) = trace(D) . D

Remark 3.2.2. 1. The definition of D does not depend on the automorphism ¢ of G.

2. Enhancements D of the twisted braiding B¥, arising from a character x will be denoted by

D, and will be called character enhancements.

Given a character x : G x G — K*. Define D : K[G] — K[G], as

D(a) =) x(a,c)e (3.2.3)

with ¢ = v¥(c), with ¢ a homomorphism from G into G. The tensor product D ® D, is given as

(D®D)(a®b) = Z x(a,c) x(b,d) (¢®d)
c®d

Thus,

(Bf o (D@ D))(a@b) = B?(Y.paxlac)x(bd) (c®d)
= Yepax(a;c) x(e,d) (ed o(e) ' ® o(c)) (3.2.4)

= Y x(a,0) x(b,d) (W()P(d)p(c)™") @ p(¥(c)))
On the other hand,

(D®D)oB?))(a®b) = (D®D)(abp(a)™" @¢p(a))

= e X(abp(a) ™, 5) x(p(@), (5 © ) 329
= Yeae X(abp(a)™!,s) x(p(a), 1) (¥(s) @ 9(t))

Notice, that 1(s),1(t) € G. Hence, by the invertibiliy of B¥, for each basis element ¢ ® d, there

exist a basis element 1(s) ® ¥(t), such that, 1(s) = ¥ (cd)p(¥(c)) L, and ¥ (t) = ¢(1(c)). From it

follows, that D ® D commutes with B¥ if and only if the following equation holds

x(a,c)x(b,d) = x(abp(a)~", s)x(¢(a), t) (3.2.6)

for all a,b € G. However, if we assume 1) to be an automorphism, then equation 3.2.6 is equivalent
to have:

x(a,c)x (b, d) = x(abp(a) ", cde(c) M )x(e(a), ¢(c)) (3.2.7)
and it will imply that
(D® D)o B¥ =D D.
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3.3 Constancy of the link invariant Tz(¢)

We have seen that B = (B¥, D, \, 3), where D(a) = > .~ x(a,c)c, is an enhanced Yang-Baxter
operator, (Theorem 3.2.1). Moreover we have proved that

(D® D)= (D®D)oB?=(D®D)(B*)"".

In this section we prove that all for any group G, all the link invariants arising from these enhance-
ments are constantly 1.

Recall from chapter Yang-Baxter solution R gives rise to a representation br of the braid group
Br(n) on n-strands.

Remark 3.3.1. Let D, denote any character enhnacement of the twisted conjugation braiding B?.
Forn >0,

(B)* o (D® D)=D®D, (B?)2=1 o p&n = p&n,

The above remark, follows from equation (3.2.2).

Theorem 3.3.2. Let B be the enhanced Yang-Baxter operator of Theorem 3.2.1. Let £ € Br(n)
denote a braid, and bp the corresponding braid representation of B¥. Then, the link invariant

associated to any character enhancement D, is trivial; i.e., for all £ € Br(n)

1p(§) =1

Proof

Let £ € Br(n). Then [ can be written as the product of the o}s and their inverses, i.e., £ =
0,61...(7;: with 1 <idy,...,ix <n—1,¢ € {£l} for 1 <i<k, keN.

11

Furthemore, notice that

B = (id®7!' @ B? @ id®" )™ = id®! @ (B?)™ @ id®"

7

(3.3.1)
Bf"oD¥" = D%l B?gD¥ "1

Moreover, it follows from Remark 3.3.1 that

B o D¥" = D®"
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Thus,

TE) = " trace(bpe (€ ) o D®m)
= ~" trace (bBw( .. 6:) o D®")
= ~" trace((Bj] .. Bek) o D®")
“‘"'i“ = trace((BY ... BE) o (D¥171 @ (B#)F @ DEn—i-1))
B31 —n trace((B61 6’“ 1) Dem)
= B~ trace(B;] ® D)
= B~ trace(D®"™)
(3.2.1)

1

Example 3.3.3. 1. Consider the character x : G — K*. Defined as xo, = 1, Let q be a fixed
element in K*. Then, qx, is the map D of Corollary 2.2.8.

2. The following function

0 otherwise

X(a®b):{ 1 z'fa:‘l

1s not a character. But, it is invariant under B¥; i.e.
X(a,b)x(c,d) = x(acp(a) ™", b)x(w(a), )
and it is the type of invariance that one needs to prove the three conditions of theorem 3.2.1.
3. If we replace the linear map D in Theorem 3.2.1, by the following map
D(a) = x(a,c) c,

where x is a character and ¢ = (c), with ¥ : G — G a homomorphism. Then, we do not

change the invariant Tg, of Theorem 3.5.2, because it is easy to see that

D®D=B?0(D®D).

4. GivenZ/3Z = {1,z,22} and p = exp(2mi3), the character x(x7 @x*) = pI=* yields the matriz

L p~ p
Dl=| p 1 p°
P op 1
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Chapter 4

The projection enhancements

In this chapter, we prove that any enhancement D of the twisted conjugation braiding B¥ satisfies
D? = ~ D, with ~ a fixed invertible element in K. In particular, if D is invertible then, D = v I,
i.e., we recover the enhancement D of Corollary 2.2.7.

4.1 The idempotence Theorem

Theorem 4.1.1. (Idempotence)
Let ~y be a fized invertible element in K. Let D denote an endomorphism of K[G]. Assume that
D ® D commutes with the twisted conjugation braiding BY¥.

1. If Spa(B¥ o (D ® D)) =~ D, then D2 — ~ D.
2. If Spa((B¥) Yo (D ® D)) =~ D, then D*> =~ D.
3. The following two statements are equivalent.

(a) Sp2(B¥ o (D ® D)) =~ D,
(b) Spa((B?)"*o(D® D))=~ D.

Proof It is not loss of generality to assume that D is a non zero, because the above three
statements are obviously equivalent if D the zero map.

Let D(a) =) c € GA(a,c)c for all a € G. First of all, notice that

(Bfo (D@ D))(a®b) =Y Alabep(a)™',c) Alp(a),d) c@d (4.1.1)
c,deG
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and

(B¥) o (D ® D)) Z Aa,ed o(c) A, ¢(c) c@ d (4.1.2)
c,deG

Thus from 4.1.1 and 4.1.2, we can calculate the partial traces on the second factor of (B¥o(D® D))
and of (B¥)~!o (D ® D):

Spe(B¥ o (D ® D)) Z Z Alad p(a)™t ¢) A(p(a),d) ) c (4.1.3)
ceG deG
and
Spa((B¥) ' o (D@ D))(a) => (D Ala,cd p(c) ") A(d, g(c) ) ) ¢ (4.1.4)
ceG deG

A direct application of equations 4.1.3 and 4.1.4 yields that equations
Spa(B¥ o (D® D))=~ D and Spa((B¥) to(D® D))=~ D

holds if and only if the following equations are satisfied:

v - Aa,e) =) Aad (a) ", ¢) A(p(a), d) (4.1.5)
deG
and
v - Ala,e) =Y Ala,ed p(e) ") A(d, ¢(c)) (4.1.6)
deG

for all a,c € G. Multiplying, both sides of the last two equations by A(y(a), ¢(c), we get

7 Alp(a),p(c) Ala,e) = YgeqAladp(a)™,¢) Alp(a), d) Alp(a), ¢(c))

7 Ala,e) Alp(a), @(0) = Fgeq Ala,cdp(c)™h) Ald, ¢(c) Alp(a), ¢(c))

But, by hypothesis there is a least one entry A(a,c) # 0 ,thus Sps(B¥ o (D ® D)) = v D and
Spa((B?)~L o (D ® D)) =~ D, if and only if the following equations holds

(4.1.7)

v Alpa),0(@) = S A(adp(a)~'c) A(?;(Z)),d) A(p(a)p(c))
(4.1.8)
B SPINE O RUINCAR )
and
v A(),0(@) = Yaee A(a,cdp(c)™h) AA(?(;S";()C)) Alp(a),p(c)
- (4.1.9)

= Dgec Alpla),d) Ad, ¢(c))
for some a,c € G.

Now, is easy to deduce that Spa((B¥)* o(D® D)) =~ D implies D? = v D, because ¢ is bijective
and the last part of equations 4.1.8 and 4.1.9 are indeed

(DoD)(a) = > 4cqAla,c)Alc,d)d (4.1.10)
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Two finish the proof of theorem rest to prove the equivalence between statements (a) and (b), but
it holds from a direct application of Theorem 2.5.2.

The following corollary is an easy consequence of Theorem 4.1.1.

Corollary 4.1.2. Let v be a fixed invertible element in K. Then, any enhancement D, of the twisted
conjugation braiding B¥ satisifies D?> = vD.
In particular, if D is invertible then D = ~I, with v € K*

Remark 4.1.3. Asumme that D in an enhancement of the twisted braiding B, and let v € K

(fixed and invertible). Set D" = %D; it is easy to see that D’ is an idempotent. Moreover,
1 p\—1 1 /
?Sm((B ) e(D®D)) = ;D

and by Lemma C.2.1,
(D/®D/)2 — (D/ ®D,),

i.e., its tensor product is an idempotent, too.

Remark 4.1.4. Let D be an enhancement of the twisted conjugation braiding B¥. Then, V =
K[G] = Vi @ Vi, with Vi = Im(D) and Vi = Ker(D). The map D has the matrix representation

Dy 0
0 Dy |’

where D7 : V43 — V7 and D5 : Vo — V5. Notice that in some basis of V' the matrix representation of

(V)

where ~ is the fixed invertible element in K of the idempotent Theorem 4.1.3. Moreover, we have
that trace(D) =~ dim Im(D).

D is given as follows

Indeed we have, that for all (o,vs) € Ker(D),

OZD(O,W)t:(% 1())2 )(1}02>Z<D20”2>

The last equation implies that Dy vo = 0 for all v9 € V5, thus Dy = 0. Now, it follows from the
idempotent theorem (Theorem 4.1.3) that D? = ~ Dy, for a fixed invertible element in K. Moreover,
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since Dy acts on Im(D), then Ker(D;) =0, i.e., D; is invertible. Therefore D; = v I, where [ is
the my x my matrix, with m; = dim Im(D).

The last part of the remark follows, because D? = v D (Theorem 4.1.3), and it says that there
exist an invertible d x d matrix P such that

PoDoP1:<PyOI 8)

where I is the my x my identity matrix. From it follows,

trace(D) = trace(P o D o P~1) =~ dim Im(D).

Lemma 4.1.5. 1. Let B, C denote matrices and let A denote a non-singular matriz. The matriz
AT1BA commutes with the matriz C if and only if the matrizx B commutes with the matric
ACA™L,

2. Let D be an enhancement of the twisted conjugation braiding B¥. The tensor product D ® D

commutes with the twisted conjugation braiding B¥ if and only its Jordan form J commutes

with A®2B?A®(=2) (Ao Jo A~ = D.)

3. For the twisted conjugation braiding the following holds

<31 0 > —(A®A)oB¥o(A® A)!

0 B
where By is a diagonal matriz m3 x m3.

4.2 Examples of projection enhancements

Consider the twisted conjugation braiding BY¥, and define D : K[G] — K[G] as D(g) = ¥(g), with
U =K(¢), with ¢ € End(G). Assume that ¢ and ) commute.

Claim The map D ® D commutes with the twisted conjugation braiding B¥.

Proof Let a ® b denote a basis element of K[G]. Then,

(B o (D® D))(a®b) = B(¢(a) @9 (b)) = ¢(ab)p(y(a)) ™ @ p(¢(a) (4.2.1)
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On the other hand

(D@ D)o B*)(a®b) = (D@ D)(abp(a)~! @ p(a) = P(ab)(p(a)~" @ Y(p(a)) (4.2.2)

Now, claim follows from equations (4.2.1), (4.2.2) and the commutativity of ¢) and .

Set F' := B¥ o (D ® D), lets compute the partial trace Spy of F. First of all, we observe that
Fla®b) = y(ab)y(p(a)) " @ ¥(p(a)) -
———

=c =d

Notice that c is a function which depends on a and on b, while d is a function which depends on a.
Now, write F'(a ®b) = 3. jec f;:’g ¢ ® d, where

Fod — { 1 if c=1(ab)ip(p(a)™" and d = ¥(p(a))

0 else

Observe that for each a ® b there is exactly one ¢ ® D such that f;’g # 0, and that from equation
(4.2.1) we can compute the partial trace Sps of F, by summing over all terms with the property
b=d,ie.,

Spa(F)(a) =Y fope (4.2.3)
beG

But, now notice that for a given a, there is for each b exactly one f(f’g # (0. Namely

Z f¢ (ab) w(sa a)~!(p(a))
a,(p(a )

Therefore last equation is equal to have the following equation
1
Spa(F)(a) = > fLUOEO VD yab)p(p(a) ™ = o) (w(p(a))b(p(a) ™ (424)

Hence, the condition (T2a) of the definition of EYB-operator (Definition 2.2.1) holds if and only if

D(a)p(W(p(a)v(p(a) ™ = 5 ¥(a)

Properties
1. If ¥ =id, then Spa(F) = id.
2. If (g7 He(g) € Ker(y) for all g. Then, 9? = 1

Remark 4.2.1. Note that the last property (Property (2) 2), shows that D = [¢/] is an enhancement
of the twisted conjugation braiding if and only if 1¢(g71)p(g) € Ker(z)) for all g.
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Chapter 5

Link invariants for EYB-operators of
the twisted conjugation braiding

In this chapter we compute the associated link invariants Tz, for any EYB-operator B of the twisted
conjugation braiding B?, for the case when we assume that (B¥) o (D ® D) = D ® D, and for
all braids £ € Br(n), with £ = Jfll...afll with €1,...,¢, = 0 mod [ and for all braids £ = of,
with € = 1 mod [. As a particular case, we get the link invariants for the case when we consider
commutative groups G and we set ¢ to be the identity automorphism. In particular, we get the
associated link invariants of the EYB-operator given by Corollary 2.2.7; i.e. when D = ¢ld, ¢ € K*.
At the end of this section, we compute T, for any EYB-operator B of the twisted braiding B, for
the cyclic group Z/3Z, when we consider ¢ # id. In particular, the invariants for the EYB-operator
given by Corollary 2.2.7.

5.1 Computations of link invariants for some braids ¢ € Br(n)

First of all we fix our notation.
1. A braid £ € Br(n), with §{ = 07! .. o, and €1,...,¢ = 0mod [, will be called a mod-I braid.

-04

2. A braid § € Br(n), with £ = of (for some ¢ =1,...,n —1), will be called single-power braid.

Proposition 5.1.1. Asumme that D is an enhancement of the twisted conjugation braiding B®.
Moreover, assume that (B?)! o (D ® D) = D ® D for some | € N. Then

1. Tp(§) = (%)n, for all mod-1 braids £ € Br(n), where my = trace(D) = dim Im(D),
n—1
2. Tg(&) = (%) , for all single-power braids § = of € Br(n), withe =1 mod .
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Proof

1. First of all, notice that

Bm = (id®0Y) @ BY @ id®(" =71 = id®(- @ (BY)™ @ id®(" 1)

2

(5.1.1)
B o D®" = D&-D) g (BP)ym @ DO(n—i-1)

for all m > 0 and for all s € {1,...,n —1}.

Now, observe that the hypothesis (B¥) o (D ® D) = D ® D, together with the last equation
imply that B o D®" = D®"  for all m =0 mod I.

Therefore, if £ is a mod-1 braid in Br(n), then

trace(bpe (£) o D) = trace(bpe (07, ... 0j!) o D)
= trace((B; ... Bj/) o D¥")
CLY frace((BE ... BE) o D) g (B#) @ DIn=i=D))
= trace((Bj] ... Bl.ell;l) o D®™)
= trace(B;! o D®")
= trace(D®")
(2 trace(D)™
L)

Now, proof of part (1) of Lemma, follows by the definition of Tj.

2. Part (2) follows from equation 5.1.1, the fact that (B¥)® = B¥, properties of the partial
trace trace(B¥ o (D ® D)) = trace(Sp2(B¥ o (D ® D)) and part (T2a) of the Definition of an
enhanced Yang-Baxter operator.

Corollary 5.1.2. Assume that the twisted conjugation braiding B¥ satisifies the following equation
(B®)!'o (D® D) = D ® D, for some l > 0. If D = qD, with q € K (invertible)

1. Tg(&) = |G|", for all mod-l braids & € Br(n), where,

2. Tg(&) = |G|™1, for all single-power braids ¢ = o€ € Br(n), withe=1 modl.

Example Consider the braid ¢ given as in Figure 5.1, which closure is the trefoil knot.

We have ¢ = b3 and that the braid representation p : Br(2) — Aut(K[G]®?) associated to by, where
by denotes the generator of the braid group in 2 strings Br(2) is B¥. Hence,
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N
N

Figure 5.1: Braid with 3 crossings.

T(b3) = q ! trace(b(o}) o D®?)
= 2

Examples of enhancements D of the twisted conjugation braiding B¥, satisfying the hypothesis
(B¥)! o (D ® D) = D® D, of Lemma 5.1.1 occur for example in the following situations.

Proposition 5.1.3. Let B denote a EYB-operator of the twisted conjugation braiding B¥. Assume

that G is commutative and that o is the identity automorphism. Then,

1. Tp(¢) = (%)n, for all mod-1 braids £ € Br(n), where d = trace(D),

n—1
2. T(&) = (%) , for all single-power braids £ = of € Br(n), withe =1 modI.

Proof of Proposition 5.1.3 Since, GG is assumed to be a commutative, B¥ is the twist map, i.e.,
Bf(a®b) =b® a.

Therefore, (B¥)? = id. Hence, proof follows by Lemma 5.1.1

Remark 5.1.4. Observe, that if in Lemma 5.1.1 we assume that the EYB-operator B of the twisted
conjugation braiding B¥ is given as B = (B¥, D, A = 1, 8 = traceD). Then, Tg(¢) = 1 for all mod-I
braids £ € Br(n) and for all single-power braids £ = ¢f, with e = 1 mod [.
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Proposition 5.1.5. Let B denote a EYB-operator of the twisted conjugation braiding B¥. Set

G =7/37 =< x > . Let ¢ denote the automorphism which sends x — 22, 2% — .

1. Tp(¢) = (%)n, for all mod-3 braids & € Br(n), where d = trace(D),

n—1
2. Tg(&) = (%) , for all single-power braids §€ = of € Br(n), withe =1 mod 3.

3. Tg(&) = pnt d for all single-power braids & = of € Br(n), with € =2 mod 3, where

d = trace((B¥)? o (D @ D)).

Proof Notice, that a basis for K[G]®? is:
C={1ol,1ez,1 s, z0zr,r0s%,*®1,22 ® z,2° @ 2%}
On the basis C the braiding B¥ has the following matrix representation:

1

1
Now, it is not difficult to prove that for all m > 0,

Id if m=3k, keN
(BY™ ={ B¥ ifm=3k+1,k=0,1,...
(B¥)? ifm=3k+2 k=0,1,...

Hence, proof of proposition follows by Lemma 5.1.1.

As a consequence of previous Proposition, we get the following Corollary.

Corollary 5.1.6. Consider B to be the EYB-operator given by Corollary 2.2.7; i.e. D = ql, with
q € K invertible.

1. Tg(&) =1, for all mod-3 braids & € Br(n), where d = trace(D),

2. Tr(&) =3, for all single-power braids £ = of € Br(n), withe =1 mod 3.
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3. Tp(&) =2 for all single-power braids & = of € Br(n), with €= 2 mod 3,

Another examples where the hypothesis (B¥)! o (D ® D) = D ® D of Lemma 5.1.1 is satisified are
given by the following theorems.

Definition 5.1.7. Consider the K-linear D, given as in 2.5.1. We say that D satisfies the weak
hypothesis with respect to ¢ if and only if A(a,c) # 0 whenever A(p(a), ¢(c)) = 0.

Theorem 5.1.8. Assume that the twisted conjugation braiding B¥ commutes with D ® D, and that
D satisfies the weak hypothesis with respect to w. Then

(D' @D oB?o(D®D)=(B?)""! (5.1.2)

In particular,
(B¥)?0(D® D) =D®D.

Proof Using the definition of the twisted conjugation braiding B¥ (Definition 1.1), and formula
2.5.3, we get

(B¥ o (Do D)o B%)(a = Y Alabp(a) ™", c)A(p(a),d)(cdp(c) " @ p(c))
c,deG

On the other hand we have seen that D ® D is given by the formula

(D®D)(a®b)= Y Aa,s)A(b,1)s @t
s,teG

Therefore, using again the fact that for every basis element s ® t, there is a second element ¢ ® d
such that s = cdyp(c)™! and t = ¢(c), equality 5.1.2 will hold if and only if

A(ab p(a)™h, ) A(p(a), d) = Aa, ed p(c)HA(b, @(c)).

Now, assume that A(¢(a),p(c)) # 0, then equation 2.5.6 implies

A(abp(a)™t, ) A(p(a),d) = = A(a, cdp(c) ™) A(b, p(c))

On the other hand, if A(¢(a), ¢(p(c)) # 0, then by the given hypothesis A(a,b) # 0. So, equation
2.5.6 implies that A(b, (c)) and A(p(a),d) both will vanish and therefore
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Alabp(a)™, )A(p(a),d) = 0 = A(a, cdip(c) ) A(b, ¢(c)).

Remark We can write Theorem 5.1.2 a little bit more general as follows:

Theorem 5.1.9. Suppose that D, D ® D and B¥ are defined as in Theorem 5.1.2. Moreover,
assume that (D ® D) and B% commute and that there is no pair of elements a and ¢ € G such that
Al(a,c) and A(p(a),(c)) vanish at the same time. Then

B?o(D®D)oB*=D®D (5.1.3)

In particular
(B*)?o(D®D)=D®D = (D® D)o (B¥)>

Proof It is similar to proof of Theorem 5.1.2. Because equation 5.1.3 holds if and only if

A(ab p(a)™", c)A(p(a),d) = A(a, cd ()" )A(b, @(c))

Now, if A(a,c) # 0, equation 2.5.6 implies

al a)"le a c Qa,Ci c)~ 1 —
Aab ¢(a) 71, ) A(p(a), d) = Sebell 0 SEglele) 2ol ) — A(a,ed p(c) ) A(D, p(c)

On the other hand, if A(p(a),¢(c)) # 0, equation 2.5.6 implies

A, p(c)) Ala, ¢) Alp(a), d)

= A(a, cdp(c) ™ c)).
Ap(a), o(c)) = A(a, cdp(c) ) A(b, ¢(c))

A(abp(a) ™, c)A(p(a),d) =
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Chapter 6

Specific computations

In the first section of this chapter, we prove that ord(B¥) = ord(B?) for all ¢ € Inn(G). Moreover,
we prove that for finite groups G the twisted conjugation braiding B¥ satisifies (B¥)!(a®b) = a®b),
for [ = 2 - lem(ord(a),ord(b)). From this and Proposition 5.1.1 follows that the link invariant is

-1
Ty (€) = (%)" for all mod-1 braids € € Br(n), where m; = trace(D) and Ty(€) = (%)" for
all single power braids £ = of € Br(n), with ¢ = 1 mod [. With the help of he computer program
“Bphi_orders,” which is written in JAVA programming language, we compute at the end of this
chapter the link invariants T for the enhancement D = vI (y € K*) for braids £ € Br(p) (p prime)

with £ = (01...0p-1)¢, and with (p,q) =1 for the cases G = %,, and G = Z/n’Z.

6.1 Orders of B” for symmetric groups

In this section, we prove that ord(B¥¢) = ord(B™), where p(c) = cgc™!. Moreover, we prove
that for finite groups G the twisted conjugation braiding BY satisfies (B®)!(a ® b) = a ® b for
I =2-lem(ord(a),ord(b)). We give a table of the orders of the twisted conjugation braiding B¥, for
the case when we consider the symmetric group X, with n = 3,4,5,7. For the case we consider G
to be the symmetric group g, we compute the orders of the twisted conjugation braiding only for
the case when the automorphism ¢ is an inner automorphism.

Proposition 6.1.1. Let G be any group and let p(g) := cgc™' be an inner automorphism of G.
There exists an invertible map T : K[G]®? — K[G]®2, such that BY =T o B o1,

In particular, ord(B¥) = ord(B'?) for all ¢ € Inn(G).
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Proof Define the map T : K[G]*? — K[G]®? as:
Pla®b) = (L) (a) ® (Re) 7 (b),

where (L)™' and (R.)~! denote the inverse maps of the left and right translation maps, respectively.
It is easy to see that I' is invertible; an inverse is:

(T) Y(a®b) = Le(a) ® Re(b).

Now, it is left to prove that B =T o B4 o1,
On the one hand we have:

loBa®b) = T'(aba™'®a)=c(aba™!)®ac!

On the other hand:

B%oT(a®B) = Bf(cla®@bc™t) = (clabc  pc(c7ta)™t @ pe(cta)
ctabc e tac )t @ ecetact
= claba ! ® ac™!

Now, it follows from the bijectivity of I' that:
B?=ToB"“ol

In particular, ord(B¥) = ord(B™) for all ¢ € Inn(G).
|

Remark 6.1.2. 1. For the symmetric group %,, (n # 6) we have ord(B¥) = ord(B?), for all
€ Aut(%,).

2. If 3¢, then ord(B¥) = ord(B™), for all ¢ € Inn(Xg).

3. trace((B?)™) = trace((B)™) for all ¢ € Inn(G).

Notation Let a,b € G. Denote by b, := aba™!
Lemma 6.1.3. Let G be any group and a,b € G, and let k € N.
(a) If k=2l + 1 is odd, then (B*)?*+1(a ®b) = (0a) (ab)t ® Q(qp):

(b) If k = 2l is even, then (B¥)*(a @ b) = A(ab)t @ b(ap)
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Proof Follows by an easy computation.

Proposition 6.1.4. Let G denote a finite group and let a,b € G. Assume that ¢ € Inn(G) then

(Bcp)Z-lcm(ord(a),ord(b)) (a ® b) —a®b

Proof Note that, since G is finite there exists lem(ord(a), ord(b)). From Lemma 6.1.1, we saw that
there exists an invertible map I' : K[G]®? — K[G]®? such that B? = TB¥I'~! for all ¢ € Inn(G).
Thus, it is enough to prove the proposition for B,

From Lemma 6.1.3 follows that:

(Bzd)Zlcm(ord(a),ord(b)) (a & b) - a(ab)lcm(ord(a),o'rd(b)) & b(ab)lcm(o'rd(a),ord(b)) =a® b

Remark The above proposition shows that if the least common mutiple m of the order of all
elements a € G exists, then the order of the twisted conjugation braiding B¥ is smaller than or
equal to 2m. From Proposition 5.1.1 and the above proposition follows that the link invariant is

n n—1
Tp(€) = (%) for all mod-1 braids ¢ € Br(n), where m; = trace(D) and Tp(€) = (%> for all

single power braids £ = of € Br(n), with e = 1 mod [.

Proposition 6.1.5. Consider the symmetric group ¥,. Let ¢ € Inn(G), and let a,b € G. Then
(Bid)2-lcm(1,2,...,n)(a ® b) —a®b
Moreover, the order ' of the twisted conjugation braiding B¥ is equal to 2 - lem(1,2,...,n).

Proof It is enough to prove the proposition for the case ¢ = id, because according to Proposition
6.1.1 there exists an invertible map T' : K[G]®? — K[G]®? such that B¥ = I'BYT~! for all
€ Inn(G).

Now, from Lemma 6.1.3 follows that
(Bid)2-lcm(1,2,...,n) (a ® b) = a(ab)lcm(l,Q ,,,,, n) ® b(ab)lcm(l,Q ..... n)

Note that the permutation ab decomposes into a product of disjoint cycles ¢y, ..., ¢, of length
ll, [P ,lm, with Z;il ll =n.

We have ord(¢;) =1; for all i = 1,...,m. Thus, ord(ab) = ord(c; ...cp) =lem(ly, ..., Ly).
Observe that lem(ly,...,1y,) | lem(1,2,...,n). Therefore, (B*)21em(L.2m) (g @ b) = a @ b
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Now, it is left to prove that the order I’ of the twisted conjugation braiding B¥ is equal to 2 -
lem(1,2,...,n). To prove it, we have to show that for all m € {1,2,...,n} there exist g € K[%,]®?
such that (B¥)?"(g) = g and (B?)"(g) # g for all » < 2m.

Choose m € {1,2,...,n} and define g := (1,2)(2,3)--- (s — 1,8) @ (s,s + 1)--- (m — 1,m)
Observe that ((1,2)(2,3)--- (m —1,m))™ =1 = (23...m1)™. Therefore, (B¥)*"(g) = g.
For all s € {1,...,m — 1} it holds:

(8)(23..m1yk @ (8 + 1) 23 ik = 8+ k (mod m) ® s + 1+ k (mod m) # s @ (s + 1) for k <m

Therefore, (B?)*(g) # g for k < m.

Moreover, it holds:

(8)(12)(s=1,5) @ (8 + D)(12)(s—1,5) = (8)(23...51) @ (5 + 1) (23..61) = 1 @ (s + 1)

and

(D23...m1)k @ (s + 1)(23.m1yr = 1+ k (mod m) @ r +1 (mod m) # s® (s + 1) for k <m

Therefore, (B¥)?*1(g) # ¢ for k < 2m. Thus, for all » < 2m the twisted conjugation braiding B¢
satisifies (B¥(g))" # g.

Examples

The table below (Table (6.1)) shows the order of the twisted conjugation braiding for the symmetric
groups >, (for n =3,4,5,6,7).

Table 6.1: Orders of BY for X,

Automorphism ¢ | Group ¥, | Order of the B¥
©(s) = sgs5, " 33 12
©(s) = sgs5, " DI 24
©(s) = s9s5, " Y5 120
©(s) = s9s5, " PO 120
o(s) = sgss, " X7 840

Remark For g we consider only inner automorphisms.
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6.2 Orders of B? for cyclic groups C,

In this section, we give tables of the values of the orders of the twisted conjugation braiding B¥ for
7 cyclic groups Z/nZ =< z,2™ =1 > . To compute the orders of the twisted conjugation braiding
B?, we used the fact that if ¢ € Aut(Z/nZ), then p(z) = 2! for some [ with ged(n,l) = 1.

Proposition 6.2.1. Let G = Z/nZ =< x,2" = 1 > . Let ¢ € Aut(G), i.e p(x) = ' for some
l € Z with gcd(n,l) = 1. For the twisted conjugation braiding B¥ it holds:
(B*)k(a®b) = a®Db,

p—1 ; _
ged(k1, p—1) if n=p
k =
Py (pi—1) S o
lem <gcd(li,p?i1(pi—1))> if m=pi"...p;

where ki € Z with (=) = a* mod p and with a a primitive root of unity mod p. And where l; € Z

(¢%)

foralli=1,...,r with (=1) = a mod pit, and with a; a primitive root of unity mod p;* for all

)

1=1,...,7

Proof For every generator a®b € K[G]®? we write the twisted conjugation braiding B¥ additively:

B¥(a,b) = (a+b—la,la).

(")

It is not difficult to see that the above matrix is similar to the following matrix:

1 0
1 =1
Moreover, it is not difficult to see that :

< 1 El >k N ( Ck—ll(_l) (—Ol)k >

where cj_1(=1) =1 =141+ 4 (=1)k k-1,

As a matrix it is:

To finish the proof, we have to find the minimun &k such that the following congruences hold:
(i) Cx_1(=1) = 2-mod n and
(ii) (=) —1= 2-mod n
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Casel [=—-1,thenk=n

Case 2 [ # —I, then k = ord(—!) in (Z/nZ)*

-1

m, where k; € Z, with (=) = @' mod p, and with a

If n = p, (p prime) then ord(—1) =
a primitive root of the unity mod p.

(SN2

For n = p{'py? ...pyr, it is known that:

L (Z/nZ)" = (Z/p7") X (Z/p7)
2. (Z2)2°7)* 2 7J27 x 7.]2%2 for a > 2

3. (Z/p°L) = Z/p*(p—1)

From this follows, that ord(—{) = lem Py 18).1_11) . where (=) = a% mod p®, and with a;
ged(ls, ;' (pi—1) ’ ‘
a primitive root of unity mod p;* for all i =1,...,r.

Examples

The following tables contain the orders of the twisted conjugation braiding B¥ for the case when
we consider G = Z/nZ, where n = 3,5,7,8,10,11,13,17 and all its automorphisms.

Table 6.2: Orders of the B¥ for (s

Automorphism ¢

Order of the B¥

p(r) ==z

2

o(z) = 2

3

Table 6.3: Orders of the B¥ for (5

Automorphism ¢ | Order of the B¥
o(z) = $ 2
plr) = 4
p(r) = 3 4
p(z) =2t b




Table 6.4: Orders of the B¥ for C7

Automorphism ¢

Order of the B¥

plr) == 2
p(z) = 2° 6
p(z) =2° 3
o(z) = 2? 6
o(z) = ° 3
o(x) =2 7

Table 6.5: Orders of the B¥ for C11

Automorphism ¢

Order of the B¥

olz)=x 2
o(x) = 2 5
o(z) =23 10
o(x) = 2* 10
o(z) = 2° 10
o(z) = 2° 5
o(z) =27 5
o(z) = 2° 5
o(z) =2° 10
o(x) =21 11

Table 6.6: Orders of the B? for (i3

Automorphism ¢

Order of the B¥

p(r) == 2
o(r) = 22 12
o(z) =23 6
o(z) = 2* 3
o(x) = a° 4
o(x) =" 12
o(x) =27 12
o(x) =8 4
o(z) =27 6
o(x) =21 3
o(z) =zt 12
o(z) = 22 13
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The following tables contain the orders of the twisted conjugation braiding B¥ for the cyclic group

Table 6.7: Orders of the B? for Ci7

Automorphism ¢

Order of the B¥

o)==z 2
o(z) = 22 8
o(z) =23 16
o(x) = 2* 4
o(z) = ° 16
o(x) =2 16
o(z) =27 16
o(z) = 2° 8
o(z) =2° 8
o(z) = 21 16
o(z) = 2! 16
o(z) = 22 16
o(z) = 213 4
o(x) =z 16
o(r) = 2P 8
o(z) = 210 17

7./87 and for the cyclic group Z/10Z.

Remark All orders of the twisted conjugation braiding B¥ were computed using the program
“Bphi_orders”.

Table 6.8: Orders of the B¥ for Z/8Z

Automorphism ¢

Order of the B¥

o(z) = a: 2
p(z) = 8
p(z) == > 4
p(a) =z’ 8

Table 6.9: Orders of the B¥ for Z/10Z

Automorphism ¢

Order of the B¥

o(z) = a: 2
p(z) = 4
p(z) == 7 4
p(z) = a” 10
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6.3 Consideration of the matrix sizes

The size of the matrices B; of the tensor product id®(—1) @ B? @ id®P—i=1) is @ x dP, where
d = |G|. Therefore, to compute the traces for the word braid (o102...0p-1)9, when we consider
the enhancement D = ~I, where v € K* of the twisted conjugation braiding B¥, turns out to be a
very complicated computation by using the program “Bphi_orders” , as we can see in the following
tables for the case when we set the group G to be either the symmetric group ¥, (n=3, ..., 7) or
to be the cyclic group.

Notation Denote by a = dP, where d = |G| and p as above. The following tables show the values
of a for the case when we consider the symmetric group 3, and the cyclic group Z/nZ.

Table 6.10: Symmetric group and the values of a = (n!)?

p:=2 3 4 5 6 7 8 9 10
n:=2 4 8 16 32 64 128 256 512 1024
3 36 216 1296 7776 46656 279936 1679616 10077696 | 60466176
4 576 13824 331776 7962624 19 x 107 45 x 108 11 x 1010 | 26 x 1017 | 63 x 1012
5 14400 1728000 207 x 10° 24 x 10° 29 x 1017 | 35 x 1073 | 42 x 1015
6 518400 | 373 x 10° [ 26 x 10™T | 19 x 1013
7 25 x 10° | 12 x 1010 | 64 x 101°
Table 6.11: Cyclic group and the values of a = n”
p=2] 3 4 5 6 7 8 9 10
n:=2 4 8 16 32 64 128 256 512 1024
3 9 27 81 243 729 2187 6561 19683 59049
4 16 64 256 | 1024 | 4096 16384 65536 262144 1048576
5 25 125 | 625 | 3125 | 15625 | 78125 | 390625 1953125 | 9765625
6 36 216 | 1296 | 7776 | 46656 | 279936 | 1679616 | 10077696

Remark The program computes the trace of (o;...0,-1)? for bigger cyclic groups, but never-
theless

Table 6.12: Cyclic group a x a matrix

p=06 7 8

n=11 | 1771561 | 19 x 10° | 21 x 10°
12 2925924 | 35 x 10% | 42 x 107
13 | 4226209 | 62 x 10° | 752 x 107

Remark By using the above tables (Tables (6.9), (6.10) and (6.11) we can compute the amount of
required RAM memory for the computation: multiply the value of a with 4-bytes and then divide
it by 1 GB (Giga-byte). For example, if a = (n!), then a x 4/(1024) = number of GB you need
for computing the trace of the map bpe(§), where £ = (01 ...0p-1)%.
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6.4 Link invariants of torus knots

Notation Here, K denotes the field of the complex numbers C. Let D denote the enhancement
D = qI, where ¢ is an invertible element of the field C. Let (p, q) denote a pair of coprime integers.

In this section, we give a table of the values of the link invariants of a (p, ¢)-torus knot, for the cases
when we consider the enhancement D = « ; I, where ¢ € K* of the twisted conjugation braiding
B?. These values have been calculated by using the computer program “Bphi_orders”.

Recall that any (p, ¢)-torus knot can be made from a closed braid with p strands. The appropiate
braid word is
(o102...0p-1)7

Notice that torus knots are trivial if and only if either p or ¢ is equal to 1. The simplest nontrivial
example is the (2, 3)-torus knot, also known as the trefoil knot (see following Figure ).

Remark 6.4.1. If D is an invertible enhancement of the twisted conjugation braiding B¥, then

Ts(&) = trace(b()),

for any braid £ € Br(n). Thus, if £ € Br(p), with £ = (0102 ...0p-1)9, and with (p,q) = 1, then

T5(&) = trace(b(oq...0p-1)7).
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Indeed we proved that the link invariant Ty associated to any enhancement of twisted conjugation
braiding B¥ is given by the following formula

Tp(§) = B "trace (b(€) o D)

for any braid £ € Br(n). (See Corollary 2.5.3). Moreover, we proved that any enhancement D of
the twisted conjugation braiding B¥ satisfies D? =~ - D. (Idempotent Theorem 4.1.3).

Notation In the programm we used the following notation for the elements of the symmetric group
S0 = 17 S1y---58nl-1-

Now, recall that if G is a finite group, then trace((B¥)™) = trace((B)™) for all ¢ € Inn(G)
(see Remark 6.1.2). By using the program “Bphi_-orders” we get the following values for the
link invariants Tp of the torus knot for the case when we set G to be the symmetric group s,
©o(s) = s2855 ! for all s € X5 and with sy € X5, and for the case that we consider the enhancement
D = ~I of the twisted conjugation braiding B¥.

Table 6.13: Link invariants for G = X5, (s) = sgss5* and D = 4T

~—

Knot Name (p,q) T3
Hopf link (2,2) | 840

3 Trefoil knot (2,3) | 600
51 Solomon’s seal knot | (2,5) | 720
71 7 crossing torus knot | (2, 7) | 120
819 | 8 crossing torus knot | (3,4) | 1200
9; 9 crossing torus knot | (2,9) | 600
10124 | 10 crossing torus knot | (3, 5) | 600
11 crossing torus knot | (2, 11) | 120

Remark From the previous table (Table (6.13)) we can see that the trefoil knot o3, the 9 crossing
torus knot and the 10 crossing knot have the same link invariant T3 associated to the enhancement
D = ~I (v invertible).

By using the program Bphiorders we get the following link invariants 7 (see Table 6.16) of
the enhancement D = ~I of the twisted conjugation braiding B¥. For the case that we consider
torus knots and for the case that we set the group G to be the symmetric group ¥4. We set the
automorphism to be ¢(s) = s3ss3 ! for all s € 3.
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Table 6.14: Link invariants for G' = %4, p(s) = s3ss3 ' and D =4I

Knot Name (p,q) | In
Hopf link (2,2) | 120

31 Trefoil knot (2,3) | 96
51 Solomon’s seal knot (2,5) | 24
71 7 crossing torus knot | (2,7) | 24
819 | 8 crossing torus knot | (3,4) | 144
9 9 crossing torus knot | (2,9) | 96
10194 | 10 crossing torus knot | (3,5) | 24
11 crossing torus knot | (2, 11) | 24

By using the program “Bphi_orders” we get the following link invariants T (see Table 6.15) of the
enhancement D = I of the twisted conjugation braiding B%, for the case when we consider torus
knots.

Table 6.15: Link invariants for G = X7, ¢(s) = s9ss5 * and D = I

Knot Name (p,q) 15
Hopf link (2,2) | 7920
31 Trefoil knot (2,3) | 6480
51 Solomon’s seal knot | (2,5) | 11520
7 7 crossing torus knot | (2, 7) 720
9 9 crossing torus knot | (2,9) | 6480
11 crossing torus knot | (2, 11) | 720

Remark By looking at the above tables (see Tables 6.13, 6.16 and 6.15), we can see that our
results are almost of the kind “the polynomial is constant,” i.e., Tg € K. Since the only braidings
we consider are permutations of the basis of K[G]®?.

Table 6.16: Link invariants for G = Z/10Z, p(z) = 2° and D = ~vI
Knot Name (p,q) | In
Hopf link (2,2) | 20
31 Trefoil knot (2,3) | 10
51 Solomon’s seal knot (2,5) | 50
71 7 crossing torus knot | (2, 7) | 10
819 8 crossing torus knot | (3,4) | 10
9; 9 crossing torus knot | (2,9) | 10
10124 | 10 crossing torus knot | (3,5) | 10
11 crossing torus knot | (2, 11) | 10
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Table 6.17: Link invariants for G = Z/20Z, p(z) = 27 and D = vI
Knot Name (p,q) | In
Hopf link (2,2) | 40
31 Trefoil knot (2,3) | 20
51 Solomon’s seal knot | (2,5) | 20
71 7 crossing torus knot | (2, 7) | 20
819 8 crossing torus knot | (3,4) | 20
9; 9 crossing torus knot | (2,9) | 20
10124 | 10 crossing torus knot | (3, 5) | 20
11 crossing torus knot | (2, 11) | 20
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Appendix A

A.1 Connection to quasi-cocommutative Hopf algebras.

In Chapter 1, we defined the Hopf algebras (H¥(G), u7,n,A €, S7),and(H?(G), pnl,n, A, €, S5).
Moreover, we saw that these are neither commutative nor cocommutative Hopf algebras. So, our
next task is to prove whether these Hopf algebras are quasi-cocommutative or quasi-commutative.
The answer is given by the following lemma:

Lemma A.1.1. The Hopf algebras (H¥,pu7,n,A€,S7), (H?, uin,n, A€, Sy,) are neither quasi-

cocommutative nor quasicocommutative. Therefore they are not quantum groups.

Before proving the previous lemma, we recall the definition and some properties about quasi-
cocommutative and quasi-commutative Hopf algebras.

Definition A.1.2. A bialgebra (H,p,n,A,€,S) is called quasi-cocommutative if there exists an
invertible element R € H ® H such that: ¥V x € H : THH © Alx) = RAR™, where T,u s the

twist map on H.

An element R with above property is called Universal R— matrix.

Definition A.1.3. A Hopf algebra (H, j1,m, A€, S) is called quasi-triangular or quantum group if

18 18 a quasi-cocommutative and the R satisifies the following two properties

1. (A®1id)(R) = Ri3R23

2. (id ® A)(R) = RysRia
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Theorem A.1.4. Let (H,pu,n,A,¢,S,S™ 1 R) be a quasi-cocommutative Hopf algebra with an in-

vertible antipode. Then there exists an element uw € H such that:

VoeH: S*r)=uru?

Proof See [8].

Definition A.1.5. A bialgebra (H, u,n, A, €,S) is called quasi-commutative if there exists a linear
formr in H® H such that

1. There is a linear form 7 in H @ H, such that rx7T =T x71 = ¢,

2. WOTHH =T*U*T
where 7y f is the twist map in H ® H and  is the convolution product. (See Definition 1.6.1.)

An element r with these properties is called universal R—form.

Definition A.1.6. A quasi-commutative Hopf algebra (H, pu,n, A€, S,r) is called quasi-triangular

or quantum group if v satisfies the following property:

r(u @ idg) = 113 * 193 and r(idg @ ) = 113 * 12

Theorem A.1.7. Let (H, u,n, A€, S,S™1,r) be a quasi-commutative Hopf algebra with an invert-

ible antipode. Then there is an invertible element u € H* such that

S? = uxidyg * .

Proof See [8].

Proof of lemma A.1.1 : Every invertible element u in H¥(G) has to be of the form

u:1H¢(G)—|—

degree>0

And every invetible linear form in H¥(G)* has to send 1y to 1z.
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Assume that (H¥G, u7,n,A,e,S7) is a quasi-cocommutative Hopf algebra. Then, by Theorem
A.1.4, there exists an invertible element u € H¥(G) such that

(SE)*(9) = ulgr,- -, gi)u" (g1, gk) + <

degree>0
v g = (glv"'agk) € H*G

The last equation does not hold in general. Indeed set ¢ = id, then we get Schardt’s Hopf algebra
H(G). And it has been proved in [11] that it is not a quasi-cocommutative Hopf algebra.

By a similar argument, we can porve that H?(G) is not a quasi-commutative Hopf algebra.
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Appendix B

B.1 Connection to braided Hopf algebras

In the previous section, we saw that the Hopf algebras (HYG,u7,A €, n, Sf),
(H*G, i}, A €,n,Sy) are neither quasi-commutative nor quasi-cocommutative Hopf algebras with
an invertible antipode Sf, S}ﬁ respectively . Therefore by Whitehouse’s work [15] we have solutions
of the YBE U, ¥ respectively. In the same way, by Worocnocz’s work [17] we have that there exist
solutions of the Yang Baxter equation @, ®’.

Hence, the next question to be asked is whether they are braided Hopf algebras. The answer is
given by the following proposition:

Proposition B.1.1. The Hopf algebras (H¥G, 7, A, e,n,Sy,S7), (H?G, 5, A e,n, S5,), S5,) are
not braided algebras with respect to Whitehouse’s solutions of the YB equation ¥,V respectively

with the Woronocwicz solutions of the Yang-Baxter equation ®,®’.

To prove Lemma B.1.1 we first need to recall Whitehouse and Woronowicz’s work. Moreover we
need to recall the definition of braided Hopf algebra.

B.1.1 Whitehouse’s solutions of the Yang-Baxter-equation

In this section, we briefly recall Whitehouse’s work on the Yang-Baxter equation. See [15].

In [15], Whitehouse described two different actions of the braid group Brn) on H®", where H is a
Hopf algebra with multiplication u, diagonal A and an invertible antipode .S. Namely, she proved
the following:
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Theorem B.1.2. ([15], Theo 2.1] Let H be as above. Then ¥ : H®? — H®? defined by
UV=pu®l)o(pelel)c(l1®S®@1®1)o(243)c (A®1®1)o(Aol)

s a solution of the Yang-Baxter equation. Since S is invertible its inverse is given by:

T l=(1@wo(l®louo(1423)c(1®S101®1)o(1®1QA)o(1®A).

Proof: Under Sweedler’s notations, we have that the map W is given by

V(z®y) = Z e S (23)y @ 22

Now, we would like to prove that the following equation

(T1H1IW(¥el)=(1¥)(¥Yx1)(1e W)
holds in Aut(H®3).
It is easy to compute that the left hand side of the formula is given by

Z 2t S (%)Yt S(y?)z @ x2S (21)y? ® 3
To obtain the same formula for the right hand side of equation, use first coassociativity repeatedly,

that the comultiplication is an algebra map, that S is an anti-algebra homomorphism; that S is an
anti-coalgebra homomorphism (twice), the formula po(S®1)oA = ne and unit (counit) properties.

We recall that the dual H* = Hom(H, K) of a finite dimensional Hopf algebra is also a Hopf algebra,
H* = (H*, A% e*, u*,n*, S*). The following Yang-Baxter solution is dual to that of theorem B.1.2.

Theorem B.1.3. ([15], Theo 2.2] Let (H,u,n, A€, S) be a Hopf algebra over K. Define
UV :HOH—HH by
V=pol)onpowl®wl)o(234)o(1@S®1@1)o(A®1®1)o(A®1)

Then V' is a solution of the Yang-Bazter equation. Moreover if the antipode S of H is invertible

then U is invertible.

Lemma B.1.4. 1. If H is cocommutative then U is the twist map.

2. If H is commutative, then V' is the twist map.
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Proof: Use cossasociative, then associativity. The fact that H is a cocommutative (respectively
commutative) Hopf algebra. Again, use coassociativity and associativity and the formula

po(l®S)oA=noe.

Proposition B.1.5. Let H be a Hopf algebra and consider Whitehouse’s solutions W, W' respectively
of the Yang-Baxter equation. If D is an isomorphism of the Hopf algebra H, then D ® D commutes
with ¥ and V', i.e.

1. (D®D)oV =Vo(D®D),

2. (D®D)oW =V o(D® D).

Proof of Proposition B.1.5: The proof follows by the commutativity of the following dia-
gram:

HoH—222 . HeH
A®1 A®1
HoH®H HoHoH
AR1R1 AR1IR1
HoHoHoH—~HoHOH®H
(234) (234)

HHRHQH —HQHH®H

1®S®1I®1 1®S®1I®1
HIHRHRH—HRKHXHKH
P11 pR11
H®H®H H®QH®H
pe1 p®1
HeH DeD HeH

Note, that the composition of the maps on the left and right vertical arrows is W'. A similar
commutative diagram will prove the proposition for W.

82



B.1.2 Woronowicz’s solutions of the Yang-Baxter equation

In this section, the two Woronowicz solutions ®, ®’ of the Yang-Baxter equation defined in [17] are
recalled.

Let H be a Hopf algebra with multiplication u, comultiplication A, counit 7, unit € and an invertible
antipode S. Here, we use the notation of Sweedler [13].

A(b) = Z(b) v @ b2
(1@ A)AD) = (A DAD) = 34 0D @b 6.

Theorem B.1.6. [17] Let ®, 9’ be linear operators acting on H @ H introduced by the formula

a®b)=> b as®dM)p?),
(0)

Y(aab)=> bbb,
(0)

for any a,b € H. But, S is invertible thus both maps are invertible with inverses given by:
>l a®b) = Z bS5~ (a®)aM @ a?,
(b)

o awb) =Y a®b57(a®)®aV,
(b)
for any a,b € H. These operators satisfy the Yang-Baxter equation.

Remark B.1.7. 1. ®((a®1)A(b)) = (1 ® a)A(b)

2. If H is either cocommutative or commutative , then ® is the twist map.

Proof of Remark B.1.7. First of all, note that since H is cocommutative, we have

Z b @@ = Z b2 & pM)

(0) (0)

and
o=(a®b)=> b @aS®H® =bxa.
(b)

Similarly, if H is commutative, then

a®b)=> b ®ast@)H® =b@a.
(b)
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Proof of Theorem B.1.6: For any b € H set ad(a) = }_ b? @ S, Is easy to verify that

P(a®b) = (1®a)ad(b), (B.1.1)
(ad ® 1)ad(b) = (1 ® A)ad(b), (B.1.2)
P((a®@b)A(c)) = (1 ®a) ad(b) Alc). (B.1.3)
Using equation B.1.2, we get
(P®1)(1®?) (¢g®c)=(1®q) (1®A) ad(c). (B.1.4)

For any a,b,c € H and g € H ® H. Let a,b,c € H. Using B.1.4 and B.1.3, we get

190) (@2®1) (108) (a®b®c)=(1®1®a) (18 add)) (1®A) ad(c).

On the other hand, using B.1.2 and B.1.4, we obtain

@e1) (120 (1) (a®b®c)=(11®a) (1®add) (1®A) ad(c).

From these equations follows that ® is a solution of the Yang-Baxter equation.

The second proof follows by duality.

In analogy to Proposition B.1.5, we get the following Proposition, when we consider Worocnicz’s
solutions of the Yang-Baxter equation.

Proposition B.1.8. Let ®,®’ denote the Woronocwiz solutions of the Yang-Baxter equation. Let
D and H be given as in Proposition B.1.5. Then, D ® D commutes with ® and @', i.e.

1. (D®D)o®=do(D®D),
2. (D®D)od =& o(D®D)

Proof: We will not prove this Proposition, since it follows by a similar commutative diagram used in
the proof of Proposition B.1.5.
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B.1.3 Braided Hopf algebras

Let C be a monoidal category, for instance, the category of vector spaces over a field K. We write

® and [ for the tensor product and the unit of C, respectively. Let V, W be objects in C and let
c: VW — W ®V be amorphism in C. The following definition was taken from [4].

Definition B.1.9. A braided bialgebra in C is an object H of C endowed with an algebra structure,

a coalgebra structure and a solution of the Yang Bazter equation cy such that:
1. ¢ is compatible with the algebra and coalgebra structures of H; i.e

(a) cgo(n®1)=1®n and cgo(pu®1l)=(1®u)o(cg®1)o(1®c).
(b)) 1®e)ocgy=e®1 and (1®@A)ocg=(cg®@1)o(1®cy)o(A®1).
2. m is a coalgebra morphism and € is an algebra morphism and

3. Aop=(pupuo(l®cy®1)o(A®A).

Moreover, if the antipode S of H is invertible we say that H is a braided Hopf algebra. To read
more about braided Hopf algebras and its connection to knot invariants see [12].

Before giving the proof of Proposition B.1.1, we need the following Lemma.

Let V(r,n) = @, 4...qn,—r Hny ® -+ ® Hp, be the finite dimensional subspaces of (H¥(G))*",
where H,, = K[G]®™.

Lemma B.1.10. Let ¥,V be Whitehouse’s solutions of the Yang-Baxter equation. The finite
dimensional subspaces V (r,n) of (H?(G))®™ are invariant under W, V',

Proof: We do the proof for ¥, because by a similar argument the proof will hold for ¥’. Consider
a,be H¥(G), witha= (a1 ®---®ap) and b= (01 ®@---®by). Let m' € {1,...m},n" € {1,... ,n}.
Let S, = S7(a) denote the left antipode map. Fix o1 to be the (m’,n’) shuffle, and o to be the
(n —n/,n' + m')-shuffle. Then,

(T(@a®@b)m' /o100 = (R0 (p®1®1)o0(1@5®1®1)0(243) 0 (A®1®1)
o (Ao 1)) o901 (a®D)

= (S7,®1)0 (ST, ®1el)ec(1@Se1®1)(Al, ®AL)(a®b)
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= (Sf,,®1)o(Sf, ©@1e)((as,...,a,) @ (by,..., b))

® (bpaty-ybn) @ (Amra1y - am))

= (S7,,@1)(S,, ®@1@1)((a1,. ., am) @S,

® (g1, --5b0) @ (Apygas- - -5 am))

= (S7,, ®@1)(S(a, Sy > 0)miw @ (brrtts - - bn) @ (@it - - - Am))
= ST(ST 5, (@Sw), ), b,09)nnt s pms © (@mrg1y - 5 am)

We observe that (ap/41,...,am) € Hm—n and we observe that Sw®),, € Huw, because for each
g € G ¢(g9) € G. Now, it is not difficult to see that Sf(Sfm(a, Sw).,):b,02)n—n’ ni4m’ € Hpgm?-

Thus, (\Ij(a & b))m’,n’,o‘1,a2 - V(T7 n)

Lemma B.1.11. Let ¥,V be Whitehouse’s solutions of the Yang Baxter equation. Let G be any

commutative group. Asumme that, p = id, and let a1, as be generators of Hy. Then:
1. ¥(a1®az) = as®ay
U'(a1®az) = as®a; — 2(ag ® a1)®1 + 2(a1 ® ag)®1
2. ¥(a1®1) = 1®a;
U (a;®1) = 1®a; — 2(1 ® a1)®1 + 2(a; ® 1)®1
3. U(1®1) = ¥'(181) = 1®1
4. V(1®az) = a®1 — 2(az ® 1)®@1 4+ 2(1 ® a2)®1

5. Let a1, (az ® a3) be generators of H1 and Ha, respectively. Then,
\Il(a1®(a2 X ag)) = ((12 X a3)®a1

U(a1®(az2 ® az)) = (a2 ® a3z)®a; — (az ® ag ® a1)®1 + (a1 ® ag ® a3)®1

Proof: Follows by the definition of ¥, A, 7 and S7.

In analogy to Lemmas B.1.10 and B.1.11, we get the following Lemmas.
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Lemma B.1.12. Woronowicz solutions of the Yang-Baxter equation ®, ®', leave invariant the

finite dimensional subspaces V (r,n).

Lemma B.1.13. Let ®,®', denote Worocnowicz’s solutions of the Yang-Baxter equation. Assume
that G is commutative. Moreover, assume that ¢ is the identity automorphism. Let ai,as be

generators of H1, then:
1. ®(a1®as) = as®ay
P’ (a1®az) = as®a; + 2(1@(a1 @ az)) — 2(1&(az ® ay)
2. o(1®1) = 181 = ?'(1®1)
3. P(a1®1) = —1®a1 + a1®1
P’ (a1®1) = 1®ay

4. Let ay, (ag ® ag) be generators of Hy1 and Ha, repectively. Then

P(a1®(a2 ®az)) = a®(a; ®az) — a®(ag @ a1) + (a2 ® az)@a; — az®(a; & ag)

+ a3®(a2 ®@a1) +2(1@(a2 ® a1 ® a3z)) — 2(1Q(az @ a1 ® az))

+ 1@((11 ® az X CLQ) — 1@((11 X a2 ® (13)

<I>’(a1®(a2 X ag)) = (CLQ X (13)@(11 — 2((12@((13 X al)) + 2(@2@(@1 X (13))
— 1®(az®a2 ®a1) + 1®(ag ® a1 @ az) — 2(1R(az ® a1 ® a3))

+ 2(1@((11 & a2 X (13))

Lemma B.1.14. Let G be a group and V' = K[G]. Define the coproduct structure by A(g) =
1® g+ g®1 and the coproduct structure p given by the product on G and antipode map S given
by S(g) =g~ %, for all g € G.

1. Consider Whithouse’s solution of the Yang-Baxter equation W. Then

(pRu)o(le¥el)o(A®RA)=Aou+id+ V.
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2. If we consider the solution B¥ of the Yang-Bazter equation, then it is compatible with the

algebra and coalgebra structure of V', but
Aop#(peop)o(l®B?®1)o(A®A).

Proof: Let v, w generators of V', then by the definition of the coproduct ,product and the antipode
map, we have:

AA)(veow) = 10vR1Quw+1®uvduwel+rlluw+r®luwel
U(v®w) = vlwel+twevt+owel
(Aop)vew) = 1Ruw+rw®l
U(l®w) = w®l
U(v®1) = 1®v
Thus,
() o(le¥®l)oc(ARA) vew) = PRuo(1le¥lel)(l®veldw+l®vowel

+ 111w+l uw®l)

= popleltvel)euw+le ¥ (vew) el
+ 1V(1I)euw+rvV(lw)®1)

= 1@wtwel+rvewtrwel+vlvel
+ w®o

= (Aop)(v@w)+idlvew)+ ¥(vew)

Using Lemma B.1.11 and B.1.13, respectively, we get the following remarks.

Remark B.1.15. 1. The above lemma implies that K[G] is not a braided Hopf algebra, neither
with respect to Whitehouse’s solution of the Yang-Bazter equation ¥ nor with respect to the

solution of the Yang-Bazter solution B¥.

2. Consider Whitehouse’s solutions of the Yang-Baxter equation W,V respectively. For any

group G.
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(a) ¥,V are not compatible with the algebra and coalgebra structures of H?(G). Moreover,
we have

(b)) (p@p)eo(leVel)o(A®A)#Aopu
(¢) (pop)o(leV l)o(A®A)# Aoy

3. Consider Woronowicz’s solutions of the Yang-Baxter equation ®,® respectively. For any
group G.

(a’) In general, is not true that ®,®" are compatible with the algebra and coalgebra structures
of H?(G). Moreover, we have

(b)) (p@p)o(1®P@1)o(A®A)#Aopu
() (P o(l®d®l)o(A®A)# Aoy

Proof of Proposition B.1.1. Follows from Remark B.1.15.

89



Appendix C

C.1 Tensor product of matrices

In this appendix we recalled the tensor product of matrices. In analysis or linear algebra it is
named Kronecker product after Leopold Kronecker, even though there is a little evidence that he
was the first to define and use it. Indeed, in the past the tensor product of matrcies was sometimes
called the Zehfuss matrix, after Johann Georg Zehfuss. All the material of this Appendix has been
taken from the book of Horn, (see [5]).

Definition C.1.1. If A is an n X n matriz and B is a p X ¢ matriz, then the tensor product A®Q B

s the mp ® nq block matriz.

More explicity, we have

a11b11

an1b21

A®B = a11bp1

Qm1b11

Qym1bo1

amlbpl

A® B =

a11b12

a11b12

a11bp2

am1b12

am1b12

amlpr

a11B

amlB

a11b1q

anblq

allbpq

amlblq

amlblq

am1bpg

90

alnB

AmnB

alnbln

a1nb21

alnbpl

Cerm,bll

Cerm,bll

amnbpl

a1nbi2

a1nb22

alnpr

amnb12

amnb12

amnpr

alnblq

alanq

alnbpq

Amn bpq

Amn bpq

amnbpq




Remark C.1.2. The tensor product of matrices, corresponds to the tensor product of linear maps.
Specifically, if the vector spaces, V,W, X andY have bases {v1,...,vm}, {wi,...,wn}, {z1,...,24}
and {y1,...,y1}, respectively, and if the matrices A and B represent the linear transfromations
S:V - X and T : W — Y, respectively in the corresponding bases, then the matric A ® B
represents the tensor product of the two maps ST : VW — X ®Y with respect to the basis
{v1 ® w1,v1 @ W, ..., Ve Q@W1,..., 0y, Qwyp}t of VW and the similarly basis of X ® Y.

C.2 Properties

In the following is assumed that A, B,C and D take values in a field K, and that o € K. Some
identities only hold for appropriately dimensional matrices.

Lemma C.2.1. 1. The tensor product of matrices is bilinear:

A®(aB) = a(A® B)
(tAd)® B = «a(A® B).

2. It distributes over addition:

(A+B)@C = (A®C)+(Be0)
A9 (B+C) = (A®B)+(A®0)

8. It is associtive, and in general it is not commutative:

(A®B)®C =A@ (B®C)

(A® B)(C ® D) = AC ® BD,

this property is called the mixed-product property, because it mixes the ordinary matriz product
and the tensor product of matrices. It follows that A ® B is invertible if and only if A and B

are invertible, in which case the inverse is given by

(AoB)l=4A"1te B!

det(Apxn ® Bixm) = det(A)™ . det(B)"
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trace(A ® B) = trace(A) . trace(B).

Proof We only prove part (6) of the Lemma. Because the other proofs are similar.

It follows from Remark C.1.2, that the tensor product of matrices corresponds to the tensor product
of linear maps. Therefore, it is enough to prove that, if U,V are finite dimensional vector spaces,
and if f (respectively g) is a an endomorphism of U (respectively V.) Then

trace(f ® g) = trace(f) trace(g).

Let ui,uo,...,u, and vy, v, ...,v,, be basis of U resp. V. Then:

n
(u;) = Zf;uj and
j=1

m .
(v;) = Z g;-’Uj
j=1

for the map f ® g then we have:

(f ® g)(uiy @ viy) Z Z Zlggujl @ vj,

J1 Jj2=1

From it we get:

trace(f ® g) = 37 Y0, filgi2
= (Cho D2 e

— trace(f) trace(g)
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Appendix D

D.1 The computer program

In this Appendix, we explain how to use the program “Bhi_orders” which has been written in Java
programming language.

This program calculates the orders of the twisted conjugation braiding B¥ introduced in Chapter 1
of this thesis. (see 1.2.3). It also computes the trace of the following composition of maps bge 0 D®P
for the case when we consider the enhancement D = v I (7 € C*) of the twisted conjugation braiding
B¥, and when we consider braids & € Br(p), with £ = (0102...0,-1)%, and with (p,q) = 1.

1. Compute the order of the twisted conjugation braiding B¥ for the symmetric group ¥,, (n=3,
.., 7) and for the cyclic group Z/nZ.
Input:
java Bphi_orders <argl> <arg2>
<argl> of type String declares which group will be considered.
“sym” for symmetric group
“cyc” for cyclic group
<arg2> of type int defines the level of the chosen group (G = %,, or G = Z/nZ)

2. Compute the trace of the link invariant Tz
Input:
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java Bphi_orders <arg0> <argl> <arg2> <arg3> <argd>

<arg0> of type String, declares the trace of the group which will be considered
“trsym” for computing the trace of the composition of the torus knot (o103 ...0,-1)q.
<argl> of type int defines the level of the chosen group G = %,

<arg2> of type int defines the inner automorphism

<arg3> of type int defines the value of p

<argd> of type int defines the value of ¢

Remark In case of the computation of the trace the user should give integers p and ¢ sucht that
(p,q) =1 as an input.

Output:

e Bphi_orders calculates the order of the twisted conjugation braiding B¥, where
G is either the symmetric group ¥, with n = 3,4,5,7 or G is the cyclic group Z/nZ.

e If G = g, then it computes the orders of the twisted conjugation braiding B¥ for the inner
automorphims, i.e., ¢ € Inn(G).

o IfG =13, (n=3, 4, 5,6, 7), (or G =7Z/nZ) then it calculates the trace of the map
bpe (&) o D®P, for the case that we consider the enhancement D = ~I (v invertible) of the twisted
congation braiding B¥. For braids £ € Br(p), with £ = (01...0p—1)? with p and ¢ integers sucht
that (p,q) = 1.

Using Bphi_orders:

To run the program, the folder Bphi_orders should contain the following three classes:
1. Bphi_orders.class
2. CyclicGroup.class

3. SymmetricGroup.class

94



Set the path of the shell command line to the directory “../Bphi_orders”. For the symmetric
group use the command line:

java Bphi_orders sym 4

For the cyclic group use the command line:
java Bphi_orders cyc 11

For computing the trace use the command line:
java Bphi_orders trsym 5 2 3 4

or the command line: java Bphi_orders trcyc 52 3 7

Compiling:
Set the path of the shell to the folder where the source code “Bphi_orders.java” is located (here
“../Bphi_orders”).

Compile with the command
javac Bphi_orders.java

The compiler generates the classes into the same folder of the source code file “Bphi_orders.java”.

After compiling, the folder will contain the following files:

1. Bphi_orders.java
2. Bphi_orders.class
3. CyclicGroup.class

4. SymmetricGroup.class

Now the folder contains the executable classes.
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