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Summary

In this thesis we compute the homology of mapping class groups of
orientable and non-orientable surfaces. The surfaces we consider are
of genus g, have one boundary curve and m permutable punctures.
The corresponding moduli spaces 7"y in the orientable and M7
in the non-orientable case are classifying spaces for the mapping
class groups.

We are able to compute the integral homology of the moduli spaces
Yy for h = 2g+m < 6 and of N, for h = g+m+1 < 5 (Note that
we give a non-orientable surface the genus g if it is the connected
sum of g + 1 projective planes). For h = 6 in the orientable case
and h = 5 in the non-orientable case (these are the cases i)ﬁg’l,
9)1%71 and 93?‘1171 resp. ‘ﬁg,l, ‘J‘Kil, ‘R%J and ‘R‘rfl) we can compute
some p-torsion in the homology and the mod-p Betti numbers for
several primes. But this is enough evidence to conjecture that we
have indeed the entire integral homology in these cases, too.

The computations are based on a cell structure of the moduli spaces.
This cell structure is bi-simplicial and the associated chain complex
Qee(h,m) resp. NQgq(h, m) can be described by parts of the classi-
fying spaces of symmetric groups ©s, ..., Sy resp. by parts of the
classifying space of a category of pairings.

Motivated by B. Visy’s Dissertation, we investigate ways to simplify
the homology computation for M7 and 97 . On the one hand, we
extend the notion of factorable groups to factorable categories and
study the homology of the norm complex associated to a factorable
category; moreover, similar to the fact that a symmetric group is
factorable, we prove that the category of pairings is a factorable cat-
egory. On the other hand, from the cell structures of M7"; and N7y
with their orientation systems, we construct the double complexes
@..(h, m) and NQ,e(h, m) and study their homology.

For the actual computations, we implemented the new algorithms
in a C4++ program.
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Introduction

The main aim of this thesis is to do new computations on the homology of moduli
spaces of surfaces, or equivalently, of mapping class groups of surfaces.

We consider the moduli space 7" of conformal equivalence classes of Riemann
surfaces F' = F"} of genus g > 0 Wlth one boundary curve and m > 0 permutable
punctures. Denote by I''"; the corresponding mapping class group, i.e. the isotropy
classes of orientation-preserving diffeomorphisms fixing the boundary point-wise and
permuting the punctures. Since the diffeomorphisms are required to fix the boundary
curve, I'l"y is torsion free. Therefore I'l"; acts freely on the contractible Teichmiiller

space ‘Zetchml and the manifold MY = Teichy" /Y is a classifying space of T'Y

A non-orientable surface together with a dianalytic (i.e. the coordinate changes
are holomorphic or antiholomorphic) structure is called a Kleinian surface. Analo-
gously to the case of a Riemann surface, let 917" be the moduli space of dianalytic
equivalence classes of Kleinian surfaces NF = NI} of genus g > 0 1 with one
boundary curve and m > 0 permutable punctures. Let NT'JY denote the corre-
sponding mapping class group. Again, N 'y 1s torsion free acts freely on the
contractible Teichmiiller space MTeichy"; and the manifold N = NTeichy’y /NTPY
is the classifying space of NI'("

In order to compute the homology groups, it is helpful to find a suitable cell structure
of these moduli spaces. In [B1], Bodigheimer first introduced an affine vector bundle
$Harmg!y over MY . The fiber of Harmy’ over a point F € M consists of harmonic
functions on F Wlth certain prescribed singularities. He then analysed the gradient
flow of a point u in $army’; and associated to u a so called stable critical graph K.
The graph K in turn produces a parallel slit domain, which is the complex plane
with h = 2m + ¢ pairs of parallel horizontal slits. This method is called Hilbert
uniformization. In this way, Bodigheimer obtained the space of parallel slit domains
Pary, = Par(h,m) \ Par’(h,m), which is a manifold. Here Par(h,m) is a finite
cell complex and Par(h,m)’ is a subcomplex (consisting of “degenerate” surfaces).
The main result in [B1] is that Pary’ is homeomorphic to Harmy’. On the other
hand, $armg!; is a flat fiber bundle with contractible fiber over MM, and therefore
homotopy equivalent to 7", thus Pary’; has the some homotopy type as M

Harmyl %‘Bat Par(h,m) \ Par’(h,m)

g1~

!The genus of a non-orientable surface is g, if it is a connected sum of g+ 1 real projective planes;
thus we differ from the usual convention by one.



The cell structure on Par(h, m) is bi-simplicial, therefore the cellular chain complex
Qee(h, m) of the relative manifold (Par(h, m), Par’(h,m)) is a double chain complex.
Qee(h,m) also has a more combinatorial description using symmetric groups. We
will only sketch this approach here, more details can be found in section 2.1.

Denote by P, 4(h) the free abelian group generated by all (¢ + 1)-tuples ¥ =
(04,...,00) with o; in the symmetric group &, such that

N(X):= N(Uqaqill) + -+ N(ooy ') < h.

Here N(«) is the word length norm of o with respect to the generating set of &,41
which consists of all transpositions.

Define a double complex Peo(h) := @P,4(h), 0 < p < 2h, ¢ < h, whose ver-
tical and horizontal face operators are 9;(X) = (oy,...,0i,...,00) and 97(%) =
(Dj(oq),...,Dj(00)) respectively, where D; is defined on page 30. The subcomplex
P, (h,m) of Pee(h) is generated by those cells of Pee(h) which violate one of the
conditions on page 30, for example

(1) N(X)=h

(2) 04 has m + 1 cycles

(3) o0¢ is the rotation (0 1...p)

Then Qee(h, m) = Pee(h) /P, (h,m) is the double complex we are looking for.

The Hilbert uniformization method can also be applied to moduli spaces of Kleinian
surfaces, see [Z1] and [E] for more details. Like in the orientable case, there is
an affine vector bundle 9tharmy’; over 7" whose fiber over a point NF € 9"
consists of dianalytic functions on NF' with certain prescribed singularities. Again
by analysing the gradient flows of the points in 9harm’;, the space of parallel slits
domains MParyy = NPar(h,m) \ NPar’(h,m), which is also a manifold, can be
obtained. Here NPar(h,m) is a finite cell complex and NPar(h,m)’ is a subcomplex
(consisting of “degenerate” surfaces). The main result in [E] is that DPary’ is
homeomorphic to 9harmg’. Moreover, since Mharmy’; is a flat fiber bundle with
contractible fiber over 97", and therefore homotopy equivalent to 917", NPary has
the some homotopy type as 97";.

The cell structure on NPar(h, m) is bi-simplicial, therefore the cellular chain complex
NQqo(h,m) of the relative manifold (NPar(h,m),NPar’(h,m)) is a double chain
complex. Again there is a more combinatorial description of NQ,.(h,m), using
pairings. We will give a brief review of this here, more details can be found in
section 3.1.

Denote by A, C &g, the set of fixed-point free involutions — so-called pairings — on
2p letters. Let NP, ,(h) be the free abelian group generated by all (¢ + 1)-tuples
A= (Ag, ..., Ao) with \; € A, such that

1 _ _

where Ng, (a) is the word length norm of o with respect to the generating set of
Sy, which consists of all transpositions.



Define a double complex NPqq(h) := NP, 4(h), 0 < p < 2h, ¢ < h, whose ver-
tical and horizontal face operators are 9(A) = ()\q,...,/):i,...,)\o) and 97(A) =
(Dj(Ag)s---,Dj(Xo)) respectively, where D; is defined on page 51. The subcomplex
NP,,(h,m) of NPee(h) is generated by the cells of NPee(h) which violate any of
conditions listed on page 51. Some of these conditions are:

(1) Na,(A) =h

(2) AgoJ has 2(m + 1) cycles, where the special element J € A, is defined in (3.1.5)
(3) Ao is given by (3.1.6)

Then NQ,q(h, m) =2 NP,o(h)/NP,,(h,m) is the desired double complex.

Computations on the homology of 97" already have been done using the spectral

sequences of the double complexes Qqe (h, m) and Que (h, m) — which will be described
later — in the series of works [Eh], [A] and [ABE]. In [ABE], the results up to
h =5 for M7 are obtained; this article gives also a good overview of the homology
computations that have been done by other authors at this time. A special feature
of the computational results in [ABE] is that they do not lie in the stable range,
and very little information is known in this situation as h becomes bigger. In the
non-orientable situation, in [Z2], mod-2 homology of 9y’ was computed for h = 2,3
via the double complex NQ,q,(h, m).

During the computations using the double complex Qee(h,m), Ehrenfried, Abhau
and Bodigheimer realized that the spectral sequence of Qee(h,m) has the property
that its E'-term concentrates on the top degree and thus it converges at E2. This
phenomenon later was fully explained by Visy in [V]. He introduced the concept
of factorable groups while studying the norm complex N, (G)[h| of a normed group
G and proved the important result that the homology of N,(G)[h] concentrates on
the top degree h. The behavior of the spectral sequence of Qee(h, m) can then
be explained from the facts that every symmetric group &, is factorable and that
Qp,«(h,m) is isomorphic to a direct summand of N, (&,)[h].

The theory developed by Visy also allows one to construct the E'-term of the spec-
tral sequence of Qg (h,m) directly. The E'-term is equivalent to a chain complex
(Wi (h,m),d). This motivated us to do more homology computations. For example,
theoretically the homology of T) ; and 'y ; can be computed using (Wi (h,m),d),
since the spaces 931271 and 9)?;71 are orientable.

In the present work, we have extended the theory of factorable groups in two aspects
to make full use of the idea of factorability.

The first one is, in order to simplify the homology computation about 9" in the
same manner as that of 97", we generalize the notion of a factorable group to a
factorable category. We do this, because the categories of pairings are involved in

the double complex NQ,gq(h,m) in the same way as symmetric groups are involved
in Qee(h,m).

The other aspect is, since the double complexes Qqe(h,m) and NQ,,(h,m) are the
cell structure of relative manifolds, Poincaré duality is needed to connect their co-



homology to the homology of the moduli spaces M7 and "y

H*(Par(h,m),Par’(h,m); O) = Hsj, *(93?917 Z),
H*(NPar(h,m), NPar’(h,m); O) = Haj,_.(0M}"; Z).

Hence when the moduli space is non-orientable (which is the case for 97", when
m > 2 and for M for all m) the orientation system O on the relative manifold
is involved in the Computatlon of its integral homology. Therefore, we construct
the double complexes Q..(h m) and NQ,,(h,m), which are the cell complexes of
the relative manifolds with orientation system. They have the same Z-modules as
Qee(h,m) and NQ,q4(h,m), but different boundary operators. These double com-
plexes also turn out to have the properties that the E'-terms of their spectral se-
quences concentrate on the top degree and converge at E?. We obtain these results
by arguments very similar to those used in proving the corresponding properties of
factorable groups.

After these theoretical preparations, we were able to do the homology computations
for the mapping class groups I'7y with A < 6 and for NT'("; with h < 5. The
computations were carried out with the help of a computer program written in
C++ But for I'l"y with h = 6 and m = 0,2,4, and for NI'("; when h = 5 and

=0,1,2,3, we only get partial information about their homology groups, because
some of matrices involved were so huge, that it was not possible to compute the
Smith normal form on standard computers. However, we conjecture that we have
actually obtained the full information.

Among the mapping class groups we considered, Pg,1 is a particularly interesting
example. Based on our computation, we conjecture:

Z n=>0
0 n=1
7 ® ZLs n =2
Z@ZQ@Zg@Z4@Z7 n=3
730 73 n=4
Hy(MS ) =4 Z® Ly ®Zs n=>5
7373 n==6
ZQ n=717
0 n=3~8
Z n=29
0 n > 10

Forn=0,1,4,7,8,9 and n > 10 in this list, the homology groups have been verified
by the computational results and the universal coefficient theorem. It is known that
H; (Fg,1) lies in the stable range and should be 0 according to the theory of the stable
homology of mapping class groups, which is consistent with our result. Moreover,
H,(T'§ }) recently was computed with completely different methods by Sakasai ([S])
to be Z & Zo, which is also consistent with our conjecture. If we take this result into
consideration, then Hg(I’gl) =7Z® 2Ly ® L3 DB Zy® Zy is also verified. Thus only
Hj (I‘gl) and H6(I‘g71) are not completely determined and remain as conjecture.

Apart from this, our computational results for A < 5 coincide with the results in
[ABE]. Comparing the mod-2 homology computations of NI'}" in [Z2] for h = 2,3



with our computations, we find that most of the results are consistent, but there is
a discrepancy for Nl‘il.

The contents and structure of this thesis are as follows:

In chapter 1, the notion of factorable groups is generalized to factorable categories
and the homology of the norm complex N, (%)[h] associated to a factorable category
% is studied parallel to that of a factorable group. This chapter owes a lot to [V].
The main result in this chapter is:

Theorem 1.2.11. If € is a factorable small category with respect to the
norm N, then the homology of the complex N.(€)[h] is concentrated in the
top degree h:

Hy(N.(€)[h]) =0, if q<h.

Moreover, the generators of the homology group H(N.(€)[h]) can be found sys-
tematically by introducing a homomorphism of modules « : V,,(¢) — Hp(N«(€)[h]),
where V3, (%) is a direct summand of the module N (€)[h].

Theorem 1.3.3. Let € be a factorable normed category. If € satisfies
the right cancellation property and has finitely many morphisms with norm
one, then k : Vi,(€) — Hp(N.(€)[h]) is an isomorphism.

This is a generalization of Theorem 5.4.1 in [V], where Visy proved that  is an
isomorphism for symmetric groups in the framework of factorable groups.
In the beginning of chapter 2 the relation between moduli spaces mah imd Sym-

metric groups is presented. Then the construction of the double complex Qe (h,m)
of the relative manifold (Par(h,m),Par’(h,m)) with the orientation system O is
given and its homology is studied. The main result of this part is:

Theorem 2.3.15. The homology of the complex @p,*(h,m) is concen-
trated in the top degree h:

Hy(Qp(h,m)) =0, if q<h

This leads to the simplification of the homology computation of I'};.

In chapter 3 first the relation between moduli spaces 0y and the category of
pairings is recalled. Then the fact that the category of pairings is a factorable
category is proved:

Theorem 3.2.2. A, is a factorable category.

In the end, we construct the double complex N@,,(h,m) of the relative manifold
(NPar(h,m), NPar’(h,m)) with the orientation system O and study its homology.
We have the following result:



Theorem 3.3.13. The homology of the complex I/\T@p,*(h, m) is concen-
trated in the top degree h:

Hy(NQ,,(h,m)) =0,  if q<h

This allows a simplified computation of the homology of NI'(";.

In chapter 4, we list the results of the homology computations and state the Con-
jecture 4.2.1. The main part of this conjecture concerns Pg,1 and was discussed
above.

In the appendix we give an overview of the computer program, with which the
homology computations have been performed.
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Chapter 1

Factorable Normed Categories

In this chapter we will generalize the notion of normed and factorable groups intro-
duced in [V] to the case of small categories. This generalization is very straightfor-
ward; and the known methods for factorable groups remain almost unchanged, when
we study the homology properties of the norm complex associated to a factorable
category.

Note that because all the categories considered in this thesis are small categories,
we will call them categories for short.

1.1 Norm Filtration

First we define the notion of a norm on a category. Let € be a category, and denote
its set of morphisms Mor(%’) by .#. For simplicity of notation, we will write a
morphism g : X — Y € .# as g, without mentioning the source X and target Y
explicitely.

Definition 1.1.1. A norm on % is a function N : .# — N satisfying the following

properties:

(1) N(g) =0« g =idx for some object X of €.

(2) N(g2091) < N(g1)+ N(g2), if g1 and g2 are composable.

The simplest example of a norm is the following:

Example 1.1.2. The constant norm. The constant norm N, on a category %
assigns to each morphism g € .# which is not an identity morphism, a fixed value
ceNT.

Example 1.1.3. Normed Groups. To a group G, one can associate two categories.

One is &G, whose set of object is the set of group elements of G and for any two
objects g1, g2, there is exactly one morphism from g; to go, i.e. Mor(g1,g2) =
{(929f1,g1)}. The composition of morphisms in &G is (ggggl,gz) ) (92gf1,gl) =
(9391 "+ 91)-



The other one is G, which has one object, and the set of morphisms is the set of
group elements. The composition of morphisms in G is the group multiplication.

Assume that G has a norm N, that is, N : G — N is a function satisfying
(1) N(g) =0=g=1
(2) N(g291) < N(g1) + N(g2)-

Then N induces a norm N€ on &G by Ne((gggfl),gl) = N(gggfl) as well as a
norm N° on 4G by N°(g) := N(g).

Let m : §G — ZABG be the functor which sends every object of &G to the unique
object of G and sends a morphism (9291_1,91) € &G to 9291_1 € BG. 1t is easy to
see that the functor 7 preserve the norms, i.e. N°(7((g297 ", 91))) = N¢((g29; ", 91))-

A broad class of norms, which also provide a way to construct norms on categories,
are:

Example 1.1.4. The word length norm. A set of morphisms S = {g; | i € I} C .#
is a generating set, if any morphism g € .# can be written as a composition of finitely
many elements in S. The word length norm on ¥ with respect to the generating
set S of € is defined for each g € .# to be the minimal number of generators (with
multiplicity) from the set S needed to present g.

A norm N on % induces a filtration on the set of morphisms .Z:
Foll CF M C...C Fpl C...

by defining
Fntl -={ge€ H|N(g) <h}

Now we introduce more notations for the sake of the discussions later. First,
Th( M) = Fptl ~Fn_1.M4 and T( M) := T, (), where m is the smallest non-zero
value of the norm. Furthermore, the set of composable n-tuples of morphisms is

.///(n) = {(9n7---g1) \ gn ©...0 gy exists }

In particular, .#(0) is the set of all identity morphisms and .Z (1) = ..
The norm N on % now induces a norm (still denoted by N) on .Z (n):

N((gna s agl)) = ZN(gl)a for (gna s 791) € %(n)
=1
This in turn induces a norm filtration on .# (n):
FolM(n) € Fr( M) € ... C Ful () C ...
by defining

Fn( A (n)) = {(gn,--- 1) € A () | N((gn;---,91)) < h}.



Consider the normalized bar complex (B.(%€),d) of ¢

L Bui(€) L By(%) S Bpa(6) S -

Here By(%) is the free Z-module generated by all (gq,...,91) € #(q) in which g; is
not an identity morphism for i =1,...,q. We use the notation (g4|...|g1) for such
a generator, also call it a ¢g-simplex. The boundary d of a generator (gq]...[g1) is

defined to be d = Y"1 (—1)"d;, where

(9ql - - - 192) i=0
di((9q]---191)) = (gql---1giv100il...|91) 0<i<yq
(9g-1]---191) i=q

As with .#(n), the norm N induces a norm (still denoted by N) on the set of
simplices of B, (%) for each ¢ > 0

q
N(ggl.--1g1) =D N(gi), for (ggl ... |g1) € By(%).
i=1
N can in turn induce a filtration on B, (%)

fO(Bq(Cg)) - fl(Bq(Cg)) c...C -Fh(Bq(Cg)) c...

where Fj, By(%) is the submodule of B,(%¢’) generated by the simplices with norm at
most h. Due to the inequality (2) in the definition of a norm on ¢, d : F, B,(¢) —
Fyp,By—1(%), hence Fj,B.(€) is a subcomplex of B,(%¢) and there is an increasing
filtration of B, (%).

FoB.(€) CFIB.(€) C ... C FaB.(%) C ...

Finally, the norm complex (N.(%€)[h],d) is defined to be quotient complex:
N (C)[h] := FyBi(€)/ Fn-1B«(%), (1.1.1)

where d is the induced boundary. As in the case of factorable groups, (Ni(€)[h],d)
is our main object of interest, when we study factorable categories in the following
sections.

Following is a more concrete description of the i-th face operator of (N, (%)[h],d).

di((gq]---191)) = (9ql---1giv10gil.--1g1) if N(giy109) = N(gi+1) + N(g:)
i((9q] - o1 0 if N(gi+109i) < N(gi+1) + N(gi)

Note that dy and d, are always zero in the (N, (%)[h],d), because they lower the
norm as in the second line of formula above.



10

1.2 Factorability and Homology of the Norm Complex

In this section we will define factorable categories and prove the theorem that the
homology of the norm complex N, (%)[h] concentrates on the top degree for a fac-
torable category %. Although the way to develop the theory is almost the same as
in [V], we choose to write it down in detail for the completeness of the text.

Without loss of generality, from now on we always assume that m, the smallest
non-zero value of the norm, is 1, unless otherwise specified.

First we introduce the notion of a graded object, which later helps to make the
definition of factorability in a concise form. Let S be a filtered set

SoCS5HC---CSHC..., S:USh,
h>0

the graded object Gr.(S) associated to S is defined as the wedge sum of the filtration
quotients

Gri(S \/Sh/Sh 1—{+}L||_|Sh\5h 1,

h>0 h>0

where + is an extra basepoint and S_1 is the empty set. If amap ¢ : S — S’ between
filtered sets is filtration-preserving, i.e., ¢(Sy) C S} for every h, then ¢ induces a
graded map ¢, : Gri(S) — Gr.(S’) between the associated graded objects. More
precisely, ¢« (+) := +; and for s € S, \Sp,_1, if p(s) € S} NS} _1, then ¢, (s) := p(s),
otherwise p.(s) := +.

Recall that we have the following filtration of .Z (n) for a normed category %
Fo(A (n)) C Fi(M(n) C...C Fp(A(n))C ...,
the associated graded object is then:
Gro( M (n)) = \] Fu(t (n)))Fn-r((n)) = {+} U | | Fn(dt (n)) \ Fu1 (M (n)).
h>0 h>0
In particular, when n = 1, the graded object is:

Gri (A \/]:h )/ Frn1( M) ={+}U |_|Th(///

h>0 h>0

Since composition of morphisms p : #(n) — .# is filtration-preserving, it in-
duces a graded map u, : Gro(#(n)) — Gr.(#). That is, if N(ghbo...0¢1)) =
N(p((gns---,91))) = N((gns---»91)) = N(gn) +- ..+ N(g1), then p1.((gn, ..., g1)) =
gn © ...o g1; otherwise pi((gn,.-.,91)) = +.

Definition 1.2.1. A map n : .# — .#(2) sending g € .# to a composable pair
(7(9), 7' (9)) € #(2) is called a factorization map on €, if it satisfies the following
properties:

(1) 7(g)on'(g) =g g
2) N(a(g) + N07(9)) = N(g) SN

(3) n'(g) € T(A) for any g # id. g Z g
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In particular, it follows from property (2) that n(id) = (id, id) and n(t) = (id,t) for
any t € T'(A).

We call 1/(g) the prefiz of g and 7j(g) the remainder of g. The prefix of g will also
be denoted by ¢’ and the remainder of g by g in the following text.

Definition 1.2.2. A normed category % with norm N is called factorable, or norm-
factorable if it admits a factorization map n such that the following diagram of
graded objects and graded maps commutes:

(nxid)«
Gro( A (2)) —>Gr. (A (3))
(2dX 1)« l
(idxn)«
o Gro(AM(2)) ——>Gr. (A (3))
[ (xid)«
Gr.(4) - Gr.(#(2))

By using the language of graded objects and graded maps, Definition 1.2.2 is for-
mulated in a concise way. However, to see more clearly what the commutativity
of diagram 1.2.2 means, we would like to translate the requirements into the un-
graded, thus a more concrete version. Consider the two filtration-preserving maps
Qy, a7, which induce the upper composition and lower composition in the diagram
respectively. That is,

ay = (uxid)o(id xn)o(id x p)o (n xid) : M (2) — M (2)

ay: (g,h) = (9,9, h) = (§.g' o h) = (g9 o h,(g' o h)') = (gog oh, (¢ oh))

and

ap=nop: M2 — M (2)
ar:(g,h) = gohw (goh,(goh)).

Then the commutativity of the diagram in Definition 1.2.2 is equivalent to the
following requirements:

(A) The map «,, is norm-preserving if and only if the map «; is norm-preserving.

That is, for (g,h) € .#(2)

N(aw((g, 1)) = N(g) + N(h) <= N(u((g,h))) = N(g) + N(h).

(B) i N(au((g,h)) = N(g) + N(h) (and hence N(ay((g,h))) = N(g) + N(k) due
to (A)), then ay,((g,h)) = ay((g,h)) holds. That is, for (g,h) € #(2)

N(ai((g,h))) = N(g) + N(h) = (9o h) = (¢’ oh) and gog oh =goh.
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To verify whether a normed category ¥ is factorable with the factorization map
7, one needs to check if the requirements (A) and (B) are satisfied by all pairs
(9,h) € #(2). However, it will turn out that it is sufficient to check all pairs
(g9,t) € A (2) with t € T(A).

Proposition 1.2.3. Assume that n: # — #(2) is a factorization map on €. If
conditions (A) and (B) are satisfied by all pairs (g,t) € M (2) with t € T(MA), then
they are satisfied by all pairs (g,h) € M (2).

For the proof, it is useful to introduce the following

Definition 1.2.4. Assume that (¢, N) is a normed category. A tuple (an,...,a1)
of composable morphisms in € is called a geodesic tuple if N(ano...0a1) = N(ay)+
...+ N(ay). We write ay,// ...//a; to denote that (ay,...,a1) is a geodesic tuple. In
particular, a geodesic tuple (ag,aq) is called a geodesic pair.

Note that by definition (g, ¢’) is a geodesic pair. Moreover, one can observe that
ay((g,h)) is norm-preserving if and only if (¢’,h) and (g, ¢’ o h) are geodesic pairs
and that «;((g,h)) is norm-preserving if and only if (g, h) is a geodesic pair.

We will make frequent use of the following

Lemma 1.2.5.

c//blla <= (b//a and c//boa) <= (c//b and cob//a). (1.2.1)

Proof. We will prove only the first equivalence, because the equivalence
c//blla <= (c//b and co b//a)
can be proved in the same way.
Let ¢//b//a. 1If (b,a) or (c,bo a) is not a geodesic pair, we get the contradiction
N(coboa) < N(a)+ N(b) + N(c).
From c¢//bo a and a//b, it follows that
N(coboa)=N(c)+ N(boa) = N(a)+ N(b) + N(c),
hence c//b//a. O

Proof of Proposition 1.2.3. We use induction on the norm of h.

When N(h) =0, i.e., h =1id,

ay((g,h)) = (?],g/) = ay((g, 1)),
so (A) and (B) are satisfied.
When N(h) =1, ie. heT(#), (A) and (B) are satisfied by assumption.

Now assume that (A) and (B) are satisfied by all pairs (g, h) € .#(2) with N(h) <n
(n > 2), we want to show that (A) and (B) are satisfied by each pair (g, h) € . (2
with N(h) = n.

First we show this for (A).
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(I) If g//h, then by (1.2.1), we conclude
g//d and g/h = gl//lg//h = ¢ //h and g//g'oh
and (¢’ oh//(d oh) and g//g’oh) = gllg oh//(d/h) = Gl/lgoh.
Thus we have proved ¢'//h and g//¢’ o h.

(IT) If ¢’'//h and g//¢' o h, we want to show that g//h. The proof will be in three
steps. The first step is to show that g/h. By (1.2.1), we have

h//h' and ¢'//h = ¢'//h//W = ¢'//h and ¢ o h//K.

Since h/ € T(.#), applying the assumption of the proposition to the pair (¢’ o h, '),
it follows from condition (A) that ¢’ o h//(g’ o h)’ o b/, and from condition (B) that

g/OFLO(g/OFL)/Oh/:g/OFLOh/:g/Oh.

By (1.2.1), we have that

g ohl/(¢oh) oh/ and g//g'oh == g//g’ o h//(g' oh) oh! = g//g o h.

Since we have shown ¢'//h and g//g’ o h, it follows by induction (because N(h) < n)
from condition (A) that g/h.

The second step is to show goh//h'. Since g//h, it follows by induction from condition
(B) that (¢’ oh) = (goh) and go g oh = go h. Recall that we have shown in the
first step g//g’ o h//(g' o h)' o I/, therefore

gog ohl/l(¢oh) oh!, ie goh//(goh)oh (%)

By (1.2.1)

gohl/(gd oh) and ¢ oh//W = g ohl(gdoh)/N = (¢ oh) /N,

that is (g o h)'//l’. This together with (x) and b’ € T(.#), and applying the as-
sumption of the proposition to the pair (goh, '), it follows from condition (A) that
goh//h.

The third step is to show g//h. This again follows from (1.2.1):

g//h and g o h//h = g//h//W = g//h.

Next we show that (B) is satisfied by each pair (g,h) € #(2) with N(h) = n. If
a;((g,h)) is norm-preserving, i.e, if g//h, then condition (B) is satisfied by (g, h),
which can be shown by the following equations:

(*1) (x2)

(gony = (gohoty D (gohy ohy @ (g oh) ol'Y
W (g ohol) = (g oh)
goh = goﬁoh/(g)goﬁo(goﬁ)/oh/(g)gog’oﬁo(goﬁ)’oh/

(2) gog’oﬁoh’:gog’oh
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The reasons why the labeled equalities hold are explained in the following.

(%1): By (1.2.1)
h//W and g//h = g//h//h = g//h and g o h//}’.

Applying the assumption of the proposition to the pair (g o h,h’), the equalities
follow from condition (B).

(%2): Since g//h, using induction (N(h) < n) on the pair (g, h), the equalities follow
from condition (B).

(x3): By (1.2.1), we have

g//g’ and g//h = g/lg'/1h => ¢'//h
hiE and ¢'//h = ¢ /IRJIK =5 g o hJIL!.

Applying the assumption of the proposition to the pair (¢’ o h,h'), the equalities
follow from condition (B).

O

Now we will see some examples of factorable categories. The category of pairings,
which is the motivating and the most important new example in this thesis because
of its role in moduli spaces of Kleinian surfaces, will be shown in Chapter 3.

Example 1.2.6. The constant norm. Assume N is a constant norm on the category
¢: N(f) =m >0, for any f € .# which is not an identity morphism. Define a
map 17 : M — M x A by n(f):= (id, f). Then 7 is a factorization map and % is a
factorable category with norm N and the factorization map 7.

Example 1.2.7. Factorable groups. Suppose G is a factorable group (see [V])
with norm N and factorization map 7. In Example 1.1.3, we have introduced two
categories &G and AG associated to G with the respective norms N¢ and N°. The
map 7 defines a factorization map 7 on &G by

1°((9297 " 91)) := ((0(g297 1), 7 (9291 Dgn), (0 (9291 1), 1))

as well as a factorization map 1° on ZG by 1n°(g) := (7(g),7'(9))-

It is easy to see that &G is a factorable category with norm N€ and the factorization
map 7°; and that ZG is a factorable category with norm N? and the factorization
map 7°. Moreover, the functor @ commutes with the factorable structures, i.e.
mon® = nb oT.

Example 1.2.8. Free category generated by a quiver. A quiver Q = (V,A) is a
directed graph with V' the set of vertices and A the set of arrows, where loops and
multiple arrows between two vertices are allowed. The free category F(Q) generated
by @ is defined in the following way: The set of objects of F(Q) is V. The set
of morphisms of F(Q) consists of finite sequences of arrows in A, that fit together
head-to-tail. And the composition in F(Q) is the concatenation of sequences that
fit together head-to-tail. The identity morphisms are the empty sequence.
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A is a generating set of the category F(Q). Let N be the word length norm on F(Q)
with respect to A. A morphism f # id in F(Q) is of the form f = ayo0a,_10...0a1,
where a; € A are arrows. Define a map 7 on F(Q) as follows:

n(f):=(apoapn—10...0a2,a1)

for f=apo0ap—10...0a1 and n(id) = (id,id). Then F(Q) is a factorable category
with 1 as the factorization map.

Example 1.2.9. Free groupoid generated by a quiver. The free groupoid G(Q)
generated by @ is defined by: The set of objects of G(Q) is V. The set of morphisms
of G(Q) consists of finite reduced sequences of arrows and their (formal) inverses in A,
that fit together head-to-tail. Here by a reduced sequence, we mean that there exists
no arrow a, such that a is next to its inverse a~! in the sequence. The composition
in G(Q) is the concatenation of sequences that fit together head-to-tail, and if an
arrow a is next to its inverse a~! in a sequence, they are omitted.

Let A~! denote the set of (formal) inverses of the arrows in A, then AU A~ ! is a
generating set of the category G(Q). Let N be the word length norm on G(Q) with
respect to AUA™L. A morphism f # id in F(Q) is of the form f = foa, where a is
an arrow or the inverse of an arrow and f is a reduced sequence. Define a map 7 on
G(Q) by n(f) = (f,a) for f = foa and n(id) = (id,id). Then G(Q) is a factorable
category with 7 as the factorization map.

In particular, if @ has one vertex, then G(Q) is a free group with generating set A.
The definitions of the norm N and factorization map 1 on G(Q) here then coincide
with those defined for free groups in [V].

A first property of factorability is the existence of a mormal form on a factorable
category %.

Definition 1.2.10. Let g € .#. If N(g) = n > 0, then ¢ has the decomposition
g = gno...og with g; € T(.#), which is determined by the following iterative
process:

Y =9

91=% M=

Gkt = Vi Vht1 = Tk

In = Vo1 Yo = Tn-1
We call the tuple nF(g) := (gn,...,91) the normal form of g. In particular, since
9i € T( M), T(M) is a generating set for . .
The most important property of factorability studied in this thesis is its impact

on the homology of the norm complex N, (%)[h] defined by (1.1.1). We have the
following
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Theorem 1.2.11. If € is a factorable small category with respect to the norm N,
then the homology of the complex Ni(€)[h] is concentrated in the top degree h:

The proof of this theorem will be given at the end of this section. Before that, we
will make some preparation for the proof. First the partition-type filtration will be
introduced.

The partition-type of a generator ¥ = (gq|...|g1) € Ni(€)[h] is defined to be the
tuple of positive integers pt(X) := (N(gq),...,N(g1)). The set of ordered, positive
partitions of A with length ¢ is denoted by

q
Part(h) = {L = (i, .. ,zl)( > 6= h, L € N* for all i}
i=1
Let Part(h) be the set of all ordered positive partitions of h, i.e.
h
Part(h) = |_| Part;(h).
j=1

Part(h) has 27! elements and there is a total ordering, namely the lexicographic
ordering on Part(h): For any two elements L = (I,,...,l;) and L' = (I],...,1}) of
Part(h), we define L <1 L’ if there exists an index j > 0, such that l,_; = I _, for
i=20,1,...,5—1and l;_; > l;_j. The relation induces a total order on the set
Part(h) and we call this order the partition-type order of Part(h). Note that in this
ordering (h) is the minimal element and (1,1,...,1) is the maximal element.

For example, the partition-type order of Part(4) is:

(4)<(3,1)<(2,2) <(2,1,1) < (1,3) <(1,2,1) < (1,1,2) < (1,1,1,1)

For L € Part(h), let Ni(%)[L] denote the submodule of N, (%)[h] generated by all
tuples ¥ with the partition type pt(X) = L. We number the partition-types in
Part(h) as Ly << Lo < ... < Lyn—1 and define

PiNL(G)[h] = P N(F)[Ly]
j=1
The partition-type filtration is then the following increasing filtration of the complex
N (€)[h] of length 2/~

0C PINL(E)[h] C -+ C Py s Nu(€)[h] = N ()R]

We summarize some useful properties concerning partition-type in the following
Lemma. A consequence of Lemma 1.2.12 (7) is that the boundary operator d strictly
lowers the filtration degree, thus d : PiN(€)[h] — Pi—iNi—1(%)[h]. In particular,
this shows that the partition-type filtration is well-defined.
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Lemma 1.2.12.
(i) Let Y be a generator of Niu(€)[h]. Assume that for some 1 <i < j<q—1, the
two faces d;i(X) and d;(X) are non-zero, then pt(d;(X)) < pt(d;(X)) < pt(X).

(it) Let ¥ and X' be two generators of Ny(€)[h]. Assume that pt(X') < pt(X)
and pt(X) = (lg,..., 0, 1,...,1). If di(¥') and d;(X) are non-zero for some
1<i<qg—1,1<j<r—1, then pt(d;(¥')) < pt(d;(X)).

Proof. (i) follows from the definition of partition-type.

(i1) Assume that pt(X') = (I, ...,1}). Since pt(X') < pt(X), there exists k > 0, such
that [,_; = l;fi fori=1,....,k—1andl,_; < l;fk.

Now we claim that ¢ — k > r. If this is not the case, i.e., ¢ — k < r, we have then
lg—i=1ly; fori=1,... k-1
log—i <ly 4,
Li=1<Il for1<i<qg—k—-1<r—1.
It follows that N(X) < N(X'), a contradiction to N(X) = N(¥') = h.
Since ¢ — k > r, we have
pt(di(X)) < pt(d; (%)) ifd,j <r -1
This together with (7) of this Lemma shows that

pt(d;(X) < pt(d;(X)) if1<i<qg-—1,j<r-1 O

By conditions (2) and (3) from Definition 1.2.1, n induces maps
N = 77;1 I.N’q((g)[lq,. .. ,li, . ,ll] —>Nq+1((5)[lq,. .. ,li — 1, 1,. .. ,ll]
by acting on the the i-th entry for any ¢ < h and all ¢ with I; > 2. More precisely,
7; is defined as
it (gql---1gil - 191) = (gql - 17(g0) 7 (g0)] - - - 1g1)

for a generator (gq|...|gi|...lg1) of Ny(€)llg- .- li,..., 1] with N(g;) > 2 and
extended linearly to a map of modules.

Furthermore, we define maps
Ji=nidi - Ng(E)[lg, - liv1, by ] = Ng(E)lgy -yl + 1L — 1,1, ..., 1]

forl1 <i<gq-—1.

We need the following properties of the maps f;.

Lemma 1.2.13.

1) difi=d;

2)d;f; = fidj—1 fori+2<j<gq

3)d;fi = ficidj for1 <j<i—2

4) div1 fifir1 = fid;

1.2.2a
1.2.2b
1.2.2¢

(
(
(
( 1.2.2d

N~ N~
~— — — ~—
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Proof. We have the following equalities

din; = id (1.2.3a)
dini =midj_y for i +2 < j <gq (1.2.3b)
djni = ni—1dj for 1 < j <i —2 (1.2.3¢c)
dit1midini+1 = nid; (1.2.3d)

Here (1.2.3a) follows from property (1) of the definition 1.2.1 of factorization maps.
(1.2.3b) and (1.2.3c) are immediate from the definitions. (1.2.3d) follows from the
definition of factorable categories, or equivalently, from conditions (A) and (B) on
page 11. More precisely, d;t1m:d;ini+1(X) = 0 if and only if n;d;(3) = 0 for ¥ €
N (@)[h]; and if 9;d;(X) # 0, dip1nidinip1(X) = midi(X).

The above equalities (1.2.3a)-(1.2.3d) of the map 7; together with the simplicial
equalities d;d; = dj_1d; for i < j give rise to the equalities (1)-(4) in the Lemma
respectively. O

Now we introduce the map
Fo o Ny(E)lg, - 1y 1,01 = Nga (6)[lg, - - - 1 — 1,1, .00, 1]
defined as the composition

(1) (id=fror+ -+ (=0 fifipr o foor o+ (S0 T e froa) g

and the signed sum of the first r face operators

i=1
The following properties involving I and d;,) will be essential in the proof of The-
orem 1.2.11.
Lemma 1.2.14.
(Z) d(r)Fr =id —Frfld(r_l)

(’i’i} der = Frdj_l fOT'T-i-Q S] S q

Proof. For (i), we will compute the terms of d,)F, by computing d;F, for each
j < r. There are two different cases.

(1) When j = r, we have
(1.2.3a)

demr - = 7 id
and for ¢ <r —1,
(1.2.2b) (1.2.2b)
drfifi—i—l o fr—lnr = cee = fifi—i—l cee fr—erfr—lnr
(1.2.3d)

=" fifix1-. fr—ampr_1dia

(2) When j < r with j fixed, we have:
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Ifi > j+ 2, then

(1.2.2¢) (1.2.2¢)

dififiv1 .- fr—mr = fict... fradjny,

1.2.3c
(25 fic1.- - fr—omr—1d;

Fori = jandi = j+1, by (1.2.2a) the terms d; fj41 ... fr—1nr and d; f fi+1 ... fr—1nyr
are equal, so they cancel each other in the sum d;F}, because they have opposite
signs.

If i <j—1, we have

1.2.2b 1.2.2b
djfifiJrl---frflnr( zz0) ) fifivr-- fi—2difjafj-.. fr—1mr
1.2.2d
(1224 fi- o fimafisidi—ifjsr - fr—1mp
(1.2.2¢) (1.2.2¢)

=" fi-.. froompr_1di

Building the signed sum d,y F;., we obtain the formula (3).

For (ii), since j > r + 2, we have

(1.2.2b) (1.2.2b)
dififiv1-- frmame = o = fifig1... frm1dny
1.2.3b
(235 fiooo freamr—1dj 1
Building the signed sum d;F,., we obtain the formula (7). O

Proof of Theorem 1.2.11.

We use the spectral sequence associated to the partition-type filtration of N, (€)[h]
for the proof. The E%-terms of this spectral sequence are

EY = PNy (B)[h]/Ppo1Ny(€)]h].

In other words, EJ  is the free Z-module generated by all ¥ € Ny(%)[h] with
pt(X) = L,, where L, is the p-th partition-type in the total order of Part(h). Because
L, determines the degree ¢ = q(L,), ¢ is a function of p. So in each column of the

spectral sequence, there is at most one non-zero term Eg a(p)’ Moreover, the spectral

sequence has finite terms since £, , = 0 for p > 2"=1 or g > h.

Theorem 1.2.11 follows if we show that

B = Zya/ (221 .+ Byy) =0, if g<h. ()

Here

Zpg ={c e PoN(€)[A] | d(c) = 0}
and By, ={c € P,N(E)[h] | c € Im(d : Nyy1(€)[h] — Ny(€)[h])}.
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Now we prove (). Assume that ¢ < hand ¢ € Z5, C PN (%) [h] = @F_, Ny(€)[L],
where L; is the i-th partition in Part(h) according to the partition-type order. ¢ has

a unique decomposition
c=c1+...+¢, ¢ €NY(F)[Li].
Our aim is to show that c € (Z;°, , + Bp%). If ¢, =0, this is true since c € Z7°; .

If ¢, # 0, assume Ly, = (lg, ..., 1, 1,...,1) with [, > 2. First we claim that d;(c,) =0
for all j <r — 1. This is because on the one hand

d(Cp) = d(C — (Cl + ...+ Cp_l)) = —d(Cl + ...+ Cp_l);

on the other hand, all terms in d(c; + ...+ ¢p—1) have smaller partition-types than
that of d;(cp), j <7 —1, since Lemma 1.2.12 (%) implies that

pt(di(ck)) < pt(dj(cp)), fork<p1<i<k—1,j<r-1L

Since dj(cp) = 0 for all j < r —1, we have d(,_1)(c,) = 0. It follows from Lemma
1.2.14(ii) that dgFy(cp) = ¢p — Fro1d_1)cp = ¢p, from this and the fact that
pt(Fr(cp)) = (lg, ..., lr—1,1,...,1) € Partyq1(h) we have

q

dF(cp) —¢p = Z (‘Uidi(Fr(cp)) € Pp—1Ny(€)[h].

i=r+1

Since d(c—dF,(¢p)) = 0 and ¢ —dF,(¢p) = (c—¢p) — (dF,(cp) — ¢p) € Pp_1Ny(€)[R],
by definition,
c—dF.(cp) € 224 (1.2.4)

Moreover, since dF.(c,) = (dFy(cp) —cp) +cp € PpNy(€)[h], we have dF;.(c,) € By,
Therefore, ¢ = (¢ — dF;(cp)) + dFy(cp) € Z°4 , + By O

1.3 Homology Classes

A natural question in view of Theorem 1.2.11 is: How can we find a set of generators
for the free Z-module Hp(N.(%)[Rh])? In this section we will describe generators for
the homology of the norm complex. The method used here is again taken from [V];
however, we will prove the stronger result Theorem 1.3.3, which answers the question
above completely if € satisfies the right cancellation property and has finitely many
norm-one morphisms.

We begin by dividing N,(%)[h] into a direct sum of two submodules with special
properties. Let Q4(%)[h] be the set of g-tuples in Ny (%€)[h] which are in the image
of some n; : Ny—1(€)[h] = Ny(€)[h],1 <i < g—1. From property (1) of Definition
1.2.1 of factorization maps, a g-tuple X € Ny(%)[h] is in Qq4(€)[h] if and only if
fi(¥) =% for some 1 <i<g—1,1ie.

Qq()[h] = {3 = (94 -- - |g1) € Ny(€)[A] | fi(%) = % for some 1 <i < g —1}.
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Let Ry(%)[h] be the set of g-tuples in N,y (€)[h] which are not in Q4(%)[h]. That is,

Ry(®)[W] = {S = (g, |91) € No(@)[I] | fi(£) £ 5 for all 1< < q— 1},

Denote by Q,(%)[h] and R, (€)[h] the submodules of N, (%) [h] generated by Q,(€)[h]
and R,(%)[h] respectively, then we have

Ny(€)[h] = Qq(€)[h] & Ry(€)[h].

Theorem 1.2.11 says that if ¢ € Ny (%)[h] is a cycle and ¢ < h, then ¢ is a boundary,
i.e., ¢ =d(b) for some b € Nyy1(%)[h]. In fact, we can require more for b.

Lemma 1.3.1. If ¢ is a cycle in Ny(€)[h] and ¢ < h, then ¢ = d(b) for some
be Quir()Ih.

Proof. Assume that ¢ € PNy (%€)[h]. Decompose ¢ as ¢ = ¢; + ... + ¢p, where
¢ € Ny(€)[L;]. We will use induction on the filtration degree p.

If L, is the smallest partition in Part,(h) according to the partition-type order of
Part(h), i.e. L, = (h—q+1,1,...,1). Then ¢ = ¢,. It follows from d(c) = 0 and
Lemma 1.2.12 (i) that d;(c) =0,i=1,...,p — 1. By Lemma 1.2.14(7i), we have

qu(C) = d(q)Fq(C) =C— Fq—ld(q_l)(c) = C.

By definition, Fy(c) € Qq+1(%)[h], hence the Lemma is proved in this case.

Now let p be arbitrary. Following the proof of Theorem 1.2.11, we see from (1.2.4)
that ¢ — dF,(¢cp) is a cycle in Pp_1Ny(%)[h|, where r is determined by L,. Using
induction, there exists b € Qg,41(%€)[h], such that ¢ — dF,(c,) = d(b). Hence ¢ =
d(F(cp) + d) with Fy.(cp) +d € Qui1(%)[h]. O

The inductive procedure shown in the proof above leads to an algorithm, which
finds for each cycle ¢ a chain b € Qg41(%)[h], such that ¢ = d(b). Before describing
this algorithm, we will take a closer look at the decomposition of ¢. Assume that
c € PpNy(€)[h], let Ly < Lg, < ... be the subsequence of all partition-types in
Part,(h) C Part(h). Suppose that L, is the biggest partition-type in this sequence
with the property that ¢, < p. Then ¢ € P,Ny(%)[h] has the unique decomposition

C=cq .t Cq Cq €NG(E)[Lg,] (1.3.1)
The algorithm consists of n steps:

Algorithm 1.3.2.
e Set b0 =0.

o Forl<i<nm:

D i=c—d®)y =)+ 4D ) e N(B)[Lg,);
i) . 7 i—1
o) = F, (c{) ) +007Y,

where r; is determined by L as in the proof of Theorem 1.2.11.

dn—i+1
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o Since ¢tV .= ¢ — d(b™) = 0, the result is given by b := b,

In the following we will denote by V3 (%) the free Z-module generated by Ry (%)[h],
i.e. Vi(%) is isomorphic to Ry (%)[h] as Z-modules. Now we construct a homomor-
phism

k2 Vi(€) = Hp(NA(€)[h])

which hence provides a way to find homology classes in Hp,(N,(%€)[h]) systemati-
cally. k is first defined on Ry (%)[h], and then extended linearly to a homomorphism
between free Z-modules. For X € Ry (%)[h], d(X) is a cycle in Nj_1(€)[h]; hence
we can find b € Qp(%)[h]| by the algorithm above such that d(X) = d(b). (X) is
then defined to be the cycle X — b.

To get a explicit formula for x(X), we examine the algorithm in the case ¢ = d(X)
more closely. As the initial cycle, d(X) decomposes into n = h — 1 terms, hence
there will be h — 1 steps to find b. For the i-th step, there is an explicit formula for
C((]Zn)fiJrl = C((]Zh)fi’ ‘ ) )

o) = (~1)id;(X —0Y)
This is because ¢ = d(X — b~1) and every non-zero term in X — b~V has
partition-type Lon—1 = (1,...,1). Moreover r; =i in the i-th step. It follows that

X —b0D =X -0 —F (¢ )y =X — b)) — (1) F; 0 d;(X —b07Y)

qh—i

= (id _(_1)iFi od)(X — b(i_l)). (1.3.2)

Since b = b("~1) by definition x(X) = X —b = X — b1, Hence the following
formula for x(X) can be derived from (1.3.2):

k(X)) = (id—(=1)"" F,_10dy_) ...
. ({d=(=1)'F;od;) ... (id —F5 o do)(id +Fy 0 d1)(X)

or equivalently

K(X) = (1= fo1+ fo—afn1-- .+ (=D 1f o fry)
o (1 _.fi + ficifioo A+ (1) 1 f)

o (1— fot fife)
o (1— fi)(X).

We can see that x(X) in this formula has h! terms, but some can cancel out in the
sum.

The following theorem shows that x is an isomorphism under certain assumptions
on ¢ . As a consequence, the set {x(X) | X € Ry(€)[h]} is a set of generators for
Hp(N.(€)[h]) in this case.

Recall that a category % is said to satisfy the right cancellation property if for any
morphisms a,b,c of €, boa = coa implies b = c.
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Theorem 1.3.3. Let € be a factorable normed category. If € satisfies the right
cancellation property and has finitely many morphisms with norm one, then K :

Vi(€) — Hp(N.(€)[h]) is an isomorphism.

Proof. First we show that k is injective. Define a map m : Hy,(N.(€)[h]) — Vi(¥)
as follows: For [c] € Hy(N«(%)[h]), where ¢ € N,(€)[h] is a cycle with the unique
decomposition: ¢ = ¢, + ¢4, where ¢, € Vi, (%), ¢q € Qn(%)[h], we define 7([c]) = c,.
7 is well defined, because if [¢] = [¢/] € Hp(N«(€)[h], then ¢ = ¢. Tt is easy to check
that o k = idy;, (4), thus £ is injective.

Next we show the surjectivity of k. For simplicity, we denote Ni(€)[h], R«(€)[h]
and Q.(%)[h] by N, R. and Q. respectively from now on. Let r; be the number
of elements in Rj,. Because k is injective, to prove that k is surjective, it is enough
to show that r, = rank(H}(N,)). Since € has finitely many morphisms with norm
one, N, has finitely many tuples. We know that H;(N,) = 0, for i < h, so x(Ni) =
(—1)"rank(Hp(N5)), where x(Ni) is the Euler-characteristic of the complex M.
Therefore it is enough to show that (—1)"r, = x(N).

Let X = (gq|.--|91) be a tuple in Ny,¢ < h. As in Definition 1.2.10, each g;
(¢ =1,...,q) has a normal form nF(g;) = (gin,,---,9i2,9i1), where n; = N(g;).
Then ®(X) is defined as the tuple of concatenated normal forms

®(X) : = (nF(gq),...,nF(g1))
= (gqmq\ T ’gq,1’ ce \gl,nl\ e !91,1) € N

Two tuples in N, will be called related, if they are mapped to the same image by ®.
Denote by [X] the equivalence class, which contains the tuple X € N.

We call a tuple of norm-one morphisms (g,|...|g1) a stable string, if

7' (gjy1095) =g; forevery j<mn.
Because % is factorable with the factorization map 7 and satisfies the right cancella-
tion property, (g,| ... |g1) is a stable string if and only if nF(g,0...091) = (gn,---,91).

For any tuple X in N, we want to describe the equivalence class [X]. Since ®(X) €

[X] and ®(X) € N}, it is enough to consider [I'] with tuple I' in N}. From the

definition of ®, if T, T are tuples in N}, and T" # I, then [I'] # [I']. Any tuple

I'=(gn|...lg1) € N}, can be considered as a sequence of concatenated stable strings
9h g1

Il 1
I'= (gq,nq |--' |9q,1| cee |gi,n¢| cee |9z‘,1| cee |91,n1| <o | 91,1) € Nh-

Here for each 4, (¢in,|-.-|gi1) is a stable string and n'(gi41,1 © in;) 7# Ging-

Now we show that the class [['] is the set of tuples in N, which are obtained from T
by composing any neighboured morphisms within stable strings of I':

e Due to the property of a stable string, a tuple obtained in this way is in [['].

e Any X € [I'] can be obtained from I'" by composing certain neighboured mor-
phisms within stable strings, because ®(X) =T.
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e Different ways of composing give rise to different tuples in N,. This can be
shown by looking at the partition type (i.e. the norm of each morphism) of
the tuples.

There are h — g pairs of neighbours in I' that can be composed, and composing j
(with 0 < j < h — q) of them will produce a tuple in Nj_;. So when ¢ = h, ie.,
when T' € Ry, we have [I'] = {T'}. For a tuple X € N (ie. X € R; UQ,), let
sign(X) := (—=1)". When ¢ < h

>

> sign(X) =Y (GO0 = ()" () (-1 =0,

Xe[r] J

i
T
<

Il
o
.

Il
o

Finally,

XWNy) = Z sign(X) = Z sign(X) + Z Z sign(X)
]

XER.UQx X€ERy, Xe[r)
re@n
= > sign(X) = (-1)'ry,.

XeRy

Remark 1.3.4.

1) Because groupoids satisfy the right cancellation property, x is an isomorphism
for any factorable groupoid that has finitely many norm-one morphisms. Hence
for symmetric groups and the category of pairings, which are the main subjects
of interest in this thesis, x is an isomorphism.

2) The free category F'(Q) generated by a quiver @ also satisfies the right cancella-
tion property. Therefore if () has finitely many arrows, k is an isomorphism for
F(Q), whose factorable structure is described in Example 1.2.8.



Chapter 2

Application to Moduli Spaces of
Riemann Surfaces

In this chapter we present the connection between symmetric groups and moduli
spaces of Riemann surfaces. It is shown in [V] that symmetric groups are factorable
groups with respect to a certain word length norm; we discuss the application of
this fact to the computation of homology groups of these moduli spaces. When
an orientation system is needed for the computation, although the factorability of
symmetric groups is not directly applicable, the methods developed for the theory
of factorable groups can be adapted to this case.

2.1 Moduli Spaces of Riemann Surfaces

Let F} denote a Riemann surface of genus g > 0 with one boundary curve and m >
0 permutable punctures and 7Y denote the moduli space of conformal equivalence
classes of all such surfaces. Let I')y be the mapping class group of F, ie., the
isotropy classes of orientation-preserving diffeomorphism fixing the boundary point-
wise and permuting the punctures. M7 is the classifying space of L'y, because I'Y
acts freely on the contractible Teichmiiller space Teichg'; and mey = Teichy" / 'y

Using the Hilbert uniformization method, Bédigheimer found a finite cell complex
Par(h, m) with a subcomplex Par’(h, m) such that Par(h,m)\ Par’(h,m) is an open
manifold of dimension 3h and homotopy equivalent to 917";. Here the new parameter
h is determined as h = 2g +m. Par(h, m) is the space of parallel slit domains and
Par’(h,m) is the subspace of Par(h,m) consisting of degenerate slit configurations.

We will recall some main facts about parallel slit domains first. More detailed
material can be found in [B2], [Eh] and [B3]. There is also a more combinatorial
description of Par(h,m) using symmetric groups, which we will give later. The de-
scription of Par(h, m) through slit configurations provides geometric pictures, which
is important for the construction of an orientation system in section 2.3.

Definition 2.1.1. A slit is a subset of the complex plane C, which is of the form
{z = (2,y) € Clz < 20,y = yo}

25
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for a point zg = (z9,yo) € C. Zp is called the endpoint of this slit.

Definition 2.1.2. A slit configuration L = (Lq,..., Lop|\) consists of the following
data

(1) 2h slits Ly, ..., Lo, with endpoints z; = (z1,%1),...,22n = (Ton,Y2n), respec-
tively

(2) a pairing (fixed point free involution) A € Gy,

such that y1 < ... <wyop and zp = Ty for k=1,...,2h.

L = (L1, La, Ls, La | \) L = (L1, La,Ls, La | \)
A= (13)(24) A=(12)(34)

Figure 2.1: Examples of slit configurations

In many situations, it would be helpful for the intuition if one draws pictures for slit
configurations as in Figure 2.1. Note that if two slits L;, L; in a slit configuration L
have the same y-level and i > j (resp. ¢ < j), then L; is put “above” (resp. “below”)
L; in the picture.

To each slit configuration L, one can associate a two-dimensional space F(L).
Namely, one first cuts the complex plane C along each slit L;, i = 1,...,2h; then
glues the upper (resp. lower) bank of the slit L; to the lower (resp. upper) bank of
the slit L)\(i)’ 1= 1, ce ,Qh.

Definition 2.1.3. A slit configuration L is called non-degenerate, if the associated
space F'(L) is a smooth surface; otherwise L is called degenerate.

If L is non-degenerate, F'(L) can be compactified by adding a point @) at infinity to
the complex plane C and m > 0 points Py, ..., P, at the end of the “tubes” created
by the gluing. Each point P; is called a puncture of F(L). There is an obvious com-
plex structure on F(L) such that C \ (U?2,L;) < F(L) is a holomorphic inclusion.
Moreover, specifying a point with a tangent direction is equivalent to specifying a
boundary curve, thus F(L) is a Riemann surface with one boundary curve (Q, X)
and m punctures Pi,..., P,, where X corresponds to the horizontal direction on
C. By computing the Euler characteristic, the genus of F(L) is determined to be
g=g(h—m).
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Definition 2.1.4. The puncture-number of a non-degenerate slit configuration L is
defined to be m, if the associated surface F'(L) has m punctures.

Remark 2.1.5.  Assume the puncture-number of L = (Ly,..., Lop|A) is m. Let
wop = (1 2...2h) € Ggp. Then the number of cycles of A owsyy, is m + 1. o

There is an equivalence relation between slit configurations which is defined by Rauzy
jumps. Before going to the definition, we fix a notation about permutation first. For
a,b € {1,...,2h}, a < b, let s, denote the cycle (a a4+ 1...b), the inverse of s,
is then the cycle s;}) =(bb—1...a).

Definition 2.1.6. If a slit configuration L = (Ly,..., Lop|\) contains a slit L;,
i € {1,...,2h}, such that L; C L;y; or L; C L;_;. Define a permutation o € Ggp,
in the following four possible cases:

(1)

(2) a:=s)(ip1)41,00 if Li © Liv1, A(i+1) <.
(3) a:= s;;(i_l)_l, if L; € Li_1, (i — 1) > 4.
(4)

Define a new slit configuration L = (L1, .., Loy |)\) as follows:

ffa(j) - Ljaj € {17 v 72h}\{2}
and .
Loy = {(z,y) € Clz <24,y = yxit1)}
2),

in the cases (1) and (2), and

Loy = {(z,y) € Clz <2,y = yri-1)}
in the cases (3) and (4).
The pairing X is defined by .
A=aoloa !

We say that L is obtained from L via a Rauzy jump of the slit L; over the slit pair
Lit1, Lyi4+1y (in the cases (1) and (2)) or L;—1, L1y (in the cases (3) and (4)).

ol W @ B
Figure 2.2: Rauzy jumps

Rauzy jumps generate an equivalence relation: two slit configurations are equivalent,
if they can transform into each other by Rauzy jumps. We denote the equivalence
class of a slit configuration L by [L].
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Remark 2.1.7.  If two slit configurations L, L’ are equivalent under Rauzy jumps
and L is non-degenerate, then the associated surfaces F(L) and F(L') are confor-
mally equivalent. %

Let L = (Ly,...,Lop|\) be a slit configuration. Assume that the slits of L lie at
p-distinct y-levels
—00 < v < V... <V <00, (2.1.1)

and that a; is the number of slits lying on level y = v;. Then
P
0<a;<2h, Y a;=2h, 2<p<2h (2.1.2)
i=1

Further assume that the endpoints of L lie at ¢-distinct z-levels
—00 < Uy < ... <up < up <00, (2.1.3)
Denote the set of indices of the slits over = u; by B; C {1,...,2h}. Then
BiUByU...UB;={1,...,2h}, 1<¢g<h. (2.1.4)
We summarize all these data into a symbol E
E = (a1,...,ap|\|By,...,By).

Let

f:R—(0,1), fo(x):w—i—l::i

f is a strictly monotonically increasing homeomorphism between R and (0, 1).

Set so = 1 — 11, 8 = Uj — Ui+ for 1 <7 < ¢ —1and s; = @4 for the x-coordinate
and tg = 01,t; = bj11 — b; for 1 < j < p — 1 for the y-coordinate. Then

q P
S; = 1= Z tl'.
i=0 =0
Therefore (sg, s1,...,5q) and (to,t1,...,tp) are barycentric coordinates in the open

bi-simplex A? x AP. By varying the coordinates s; and t; in A7 and AP respectively,
we get all the slit configurations with the same symbol F.

The notions degenerate, Rauzy jump and puncture-number can also be defined for
symbols. Denote the equivalence class of a symbol E under Rauzy jumps by [E].

Let Par(h,m) := {[L] = [L1,..., Lop|A]|L is non-degenerate and has puncture-
number m}. It turns out that Pac(h,m) is a manifold of dimension 3h and there is
a homotopy equivalence

Pac(h, m) ~ MY with h = 2g + m.
Let Par(h,m) be the closure of Par(h, m) and define

Par’(h,m) := Par(h,m) ~ Bar(h, m).
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The relative manifold (Par(h,m),Par’(h,m)) is a bi-simplicial cell complex; the
associated chain complex Qee(h,m) is therefore a double complex. Every (p, q)-cell
of Qee(h,m) is an equivalence class of symbols [E] = [a1, ..., ap|A|B1, ..., By, where
E is non-degenerate, has puncture-number m and satisfies (2.1.2), (2.1.4).

The i-th vertical face operator on E and hence the i-th vertical face operator on [E]

are given by

8’(E) = (al,...,ap|)\|Bo,...,BjUBjJrl,...,Bq),i: 1,...,g—1

)

6{([E]) = [OQ(E)] = [al,... ,ap|)\|B0,... ,Bj UBj+1,... ,Bq], 1=1,...,qg—1

and the j-th horizontal face operator on E and hence the j-th horizontal face oper-
ator on [E] are

aél(E) = (a1,...,a; + ait1,...,ap|\|Bo,...,Bg),j=1,...,p—1
a_;/([E]) = [6_;/(E)] = [0/17... y g +ai+17--- 7ap‘)“307"' 7Bq]7 j - 17 P — 17

in which a face is defined to be zero, if it is not a cell in Qqe(h, m). Let

q—1

I([E)) = _(~1)'0,([E])
=1
p—1

9"([E)) = (~1) 9] ([E)),
j=1

then the boundary operator J of the complex Qee(h,m) is given by
o([E]) := I'([E]) + (—1)70"([E]).

Description of Q.(h, m) via Symmetric Groups

Every symbol E = (ai,...,ap|\|Bi, ..., By) can be characterized by a grid picture,
whose grid is given by the horizontals of the slits and the verticals at the slit ends.
We number the columns 0, 1, ..., q from right to left and rows 0, 1, ..., p from bottom
to top. Let R;; denote the j-th rectangle in the i-th column.

For the i-th column let o; € &,41 denote the permutation describing the re-gluing
of the slit plane: the upper edge of the rectangle R;; is glued to the lower edge of
R (), for i = 0,1,...,¢;5 = 0,1,...,p — 1. Furthermore, set 0;(p) = 0. Denote
by ncyc(o,) the number of cycles of o,. Since o, € &p41 has the same number of
cycles as the permutation A o wygy, € G99y, in Remark 2.1, the puncture-number m of
E is ncyc(oq) — 1. These observations lead to the following description of the double
complex Qqe(h, m) via symmetric groups.

Let P, 4(h) be the free abelian group generated by all (¢+ 1)-tuples ¥ = (o, ...,00)
with 0; € &p41 = 6(0,...,p)-the symmetric group on the letters 0,1,...,p, such
that

N(X):= N(Jqo*qill) +--+ N(o10y 1) < h.

Here N(«) denotes the word length norm of o with respect to the generating set of
Sp41 which consists of all transpositions. In other words, N(a) = p+ 1 — ncyc(w).
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Ry Ry Ros R Ry3 Ros3
Ro3 Ry3 ““‘-.:R03 Ry Ry Roo
R Ry ’,,:":Ro2 -
Ry Ru  Eo Roy R R
Rao Rio Roo Rao Rio Roo
02 01 00 02 o1 o)

oo =(01234) o0 =(0123)

o1 = (014)(23) o1 = (023)(1)

o2 = (03214) 72 = (0 3)(1)(2)

Figure 2.3: Grid pictures

Define a double complex Peo(h) := @ P, 4(h), 0 < p < 2h, g < h. The vertical and
horizontal boundary operators on the double complex Pqq(h) are:

q
9= (-1, with () = (04,8 --,00)
=0
p -
o' = Z(—wa;/ with 9}(2) = (Dj(oy), - ., Dj(00)),
j=0

and 0 = 0’ + (—1)70" is the boundary operator on Pee(h). Here D; : §p11 — 6, is
defined as:

Dy(a) = 555 (a(j) f) oo d;
where d; : [p — 1] — [p] is the simplicial degeneracy function which avoids the value
J, and s; : [p] = [p — 1] is the simplicial face function which repeats the value i.

In other words, to get D;(a), one deletes the letter j from the cycle of o where it
occurs in and renormalizes the indices.

The subcomplex P, ,(h,m) of Pee(h) is generated by the degenerate cells of Pee(h),
these are the cells which violate any of the following conditions:

1) N(2) =h

2) ncyc(og) =m+1

w

oi(p) =0, fori=0,...q

W

0o is the rotation wp;1 = (0 1...p)

t

oiv1#o;fori=0,...q—1

)
)
)
)
)
6)

There is no 0 < k < p— 1, such that o;(k) =k + 1 for alli =0,...q.

Finally Qee(h,m) = Pee(h)/P,e(h,m) is the desired double complex. In particular,
the face operators 0y, 0, 0y and J, are always zero on Qp 4(h, m).
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From above, a cell ¥ in Qqq(h,m) is represented by a (g + 1)-tuple ¥ = (o, ..., 00)
with o; € 6,41. This is called the homogeneous notation. The inhomogeneous nota-
tion, which we will define now, is more important for later use. Let 7; := 0;00,_ 11 €
S, = 6(1,...,p),i = 1,...,q, then ¥ = (7,4]...|m1) is called the inhomogeneous
notation. It follows from definition that o; = 7;--- 7 o wpy1. The conditions and
boundary operators on 3 can then be translated into the language using ;.

The equivalence of the two ways to define Qqe(h, m)-namely by equivalence classes
of symbols and by tuples of permutations-was given on page 21 of [Eh]. We give
some remarks about the bijection here.

Remark 2.1.8.

1) Equivalent symbols E and E’ in Q, 4(h,m) give rise to the same permutations
0; € 6,,1=0,1,...,q, since they determine the same way of gluing.

2) Given a tuple ¥ = (14]...|71) € Qp4(h,m) in inhomogeneous notation, we can
construct a slit configuration L as follows. Choose real numbers 1 > x9 >
..>zgand y; < y2 < ... <y, Starting from 7 = 1, we do the following for
i=1,...,q in sequence. Write 7; into a product of N(7;) transpositions.

T = (aN(n.) bN(T,')) cee (a1 bl)

Then for j = 1,...,N(7;) in sequence, we put two paired slits with endpoints
(Zi,Ya;) and (x4, yp;) on the complex plain C; and if slits with the same y-level
Ya,, Yb; already exist, then put the new one above all the existing ones.

In the end, there will be N(r;) + --- + N(71) = h pairs of slits. We name the

slits Ly, ..., Loy from bottom to top respectively and let A records how the slits
are paired. Then L = (Ly,...,Lox|)\) is a slit configuration, whose symbol E
corresponds to ¥ = (74| ...|71) in the sense described before.

o

2.2 Symmetric Groups

We have seen that symmetric groups play an important role in the cell structure
of moduli spaces of Riemann surfaces. Besides, they are also the main examples of
factorable groups as shown in [V]. The properties of symmetric groups presented in
this section are taken from [V], chapter 5.

Think of the symmetric group &, to be the group of permutations of the set I, =
{1,2,...,p}. Let T =T, ={(4,5) | 1 <i < j <p} be the set of transpositions. The
norm N = Ng, on &, is taken to be the word length norm with respect to T'. It
turns out that, for o € &,, N(0) = p —ncyc(o), where ncyc(o) denotes the number
of cycles of o.

Let H : &, — I, be a function, which assigns to a permutation o the largest element
of the set I, which is not a fixed point of o, i.e. H(c) = max{j € I, | o(j) # j}.
Define a function n = ne, : 6, — &, x &, as follows. For 1 # 0 € &, n(o) =
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(7(e),n (o), whereas the two factors are given by:

with i = H (o). It can then be proved that &, is a factorable group, n being the
factorization map.

Denote Ry, (&,)[h] simply by R,(h). For any h-tuple of transpositions 7 = (73, ...,71),
we have
T € Ry(h) <= H(m,) > --- > H(y)

Hence an h-tuple in R, (h) is also called a monotone tuple. Let r,(h) be the number
of elements in R,(h), then r,(h) satisfies the following recursive formula:

p—Drp(h—=1)+rp,—1(h) p>3,h>1
rp(h) =<1 p=2
1 h=0

Visy pointed out in [V] that the bi-sequences of this form are actually re-indexed
Stirling numbers of the second kind. He used this fact to prove that & is an isomor-
phism for &, by showing that the bi-sequence of the absolute values of the Euler
characteristics satisfies the same formula.

Since &, is a factorable normed group, we know from the general theory in [V] that
the homology of the norm complex (N, (&,)[h],d) concentrates on the top degree h,
and a basis of Hy,(N.(S,)[h],d) can also be constructed.

Recall that Qee(h,m) is a double complex with vertical boundary operator 9’ =
S22 '(~1)'8! and horizontal boundary operator 8" = S-?_1(~1)id!. For a fixed p,
the following Lemma shows the relation between the chain complex (Qp «(h,m),d")
and the norm complex (N.(S,)[h],d). This thus provides an application of the
theory of factorable normed groups to the study of homology of moduli spaces of
Riemann surfaces.

Lemma 2.2.1. The p-th vertical complex Qp .(h, m) with differential &' is a direct
summand of Ni.(6p)[h] with differential d.

Proof. We define a homomorphism ¢ : Qp, 4(h, m) — N.(Sp)[h] by letting

-1 —1
1((0g,---,00)) = (g0, 4| |o10G ")
for each ¥ = (04,...,00) € Qp4(h,m) and extending linearly to a homomorphism
between Z-modules. Since any tuple ¥ = (0y,...,00) € Qp4(h, m) satisfies ;(p) = 0
for i =0,...,q and oy is the rotation wp41 = (0 1...p), ¢ is an injective homomor-

phism.
The statement that (Qp «(h,m),d’) is a direct summand of (N, (S,)[h],d) is then
equivalent to: For any 0 < i < ¢, the following properties 1) and 2) hold.

1) dior =100, ie. (Qp«(h,m),d') is a subcomplex of (N,(S,)[h],d).
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2) (2 € Nu(Sp)[h] ~1(Qps—1(h,m)) and d;(X) € +(Qp—1(h,m))) = di(X) = 0.

This can be checked directly using the definition of Qee(h,m) on page 30, hence we
leave out the details here. O

Remark 2.2.2.  The maps ¢ : Qp.(h,m) — N, (S,)[h] for different m together
induce the injective homomorphism

v P Qualhm) = NS, [A].

0<m<h

h—m even
However, this map is not surjective for p > 2, because any tuple X = (0y,...,00) €
Qp,q(h,m) must satisfy the extra condition that there exists no 0 < k < p — 1 such
that k is fixed by ; for alli =1,...q. o

Let {E}, ,,dr}» be the spectral sequence associated to the double complex Qee(h,m).
Then we have {Equ = Qpq(h,m)} and dy = &' : Qp4(h,m) = Qp 4—1(h,m). More-
over, B} , = Hy(Qp«(h,m)) and the differential d; : E} , — E}_; , is induced by
0.

An immediate consequence from Theorem 1.2.11 and Lemma 2.2.1 is the following
Corollary 2.2.3. The vertical homology Ej, , = Hy(Qp,«(h,m),d') is concentrated

in the top degree ¢ = h. Thus the E'-term is a chain complex with differential
induced by 8", and the spectral sequence collapses with E? = E*.

We define a complex (Wi (h,m),d) by Wy(h,m) := k=1 (Hp(Qp«(h,m))) C Vi(&,)
and d := k100" o k. It is equivalent to the E'-term of the spectral sequence. A
closer examination shows that W, (h,m) is generated by those tuples (75,|...|m1) €
Ry, (6,)[h], which satisfy the following extra conditions:

1) There exists no 1 < k < p, such that k is fixed by 7; for all : = 1,... h.

2) The number of cycles of 7, 0... 07 owp is m + 1, where w, = (1 2...p).

It is proved in [M] that 97", is orientable if and only if m = 0 or m = 1. The double
complex Qee(h,m) and hence the complex (W, (h,m),d) can be used to compute
the integral homology of 9)?271 and S)ﬁ;l due to the Poincaré duality

H*(Qee(h,m)) = H*(Par(h,m), Par’(h,m); Z) = Hzp,_ (M5 Z), m =0, 1.

For arbitrary m, one can compute the Zy-homology of M7 using the mod-2 version
of (Wi(h,m),d) and the Poincaré duality

H*(Qee(h,m), Zy) = H*(Par(h,m), Par’(h,m); Zy) = Hsp (MG Za).
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2.3 Orientation System

Since the manifold M7 is non-orientable for m > 2, to compute the integral ho-
mology of MY when m > 2, we need to consider the orientation system O on the
relative manifold (Par(h, m), Par’(h,m)) and use the Poincaré duality

H*(Qaa(h,m)) = H*(Par(h,m), Par’(h,m); O) 2 Hyj,_, (M7 Z).

Here @..(h,m) is the chain complex of the relative manifold with the orientation
system O. In this section, we will give the construction of Q 4(h,m) and study its
homology, which turns out to have analogous properties to that of Qee(h, ).

@pﬂ(h, m) has the same generators as Q, 4(h, m), but the boundary operators differ.
In Qee(h,m), the vertical and horizontal face operators on a cell e € Q, 4(h,m) are
of the form

Oi(e) = €i(e) die), i=1,...,q—1 (2.3.1)
A'(e)=€"(e)d'e), i=1,...,p—1 (2.3.2)

where the sign €(e), €/(e) € {£1} depends on e and ¢, not only on i.
: ;'
Qp,q(h,m), we need to study the cells of Qee(h,m) in more detail. The main refer-

Before going to the definition of €(e), €/(e) and hence of the double complex

ence for the construction of of Qee(h, m) is [A].

Recall that a cell e € Qp 4(h, m) can be considered as an equivalence class of symbols
under Rauzy jumps or as a tuple of permutations e = (7, ... |m) with 7; € &,,. For
a top-dimensional cell e € Qap, ,(h,m), i.e. p = 2h, ¢ = h, there is a unique symbol
E which is a representative of e = [E]. We call the cells in Qg j(h,m) generic.
If e is not a generic cell, there can be more than one representative for e, and by
definition, any two of them can be transformed into each other by Rauzy jumps.

We need some terminology to go further with the discussion.

Definition 2.3.1. Let D = {iy,...,i,} C N with i; < ... <4,. We define

/.9 / /. qll /!

In the following discussion, D and Dy always satisfy
D1 - {1,...,h—1} and D2 - {1,...,2h—1}.

Definition 2.3.2. We call (¢, D1, Dy) a generification of the cell e, if € is a cell in
Qap,n(h, m) and 8}’)26})1@) =e.

Denote the set of top-dimensional cells which have e as a face by
H(e) = {é | é is a generic cell and 9,0, (é) = e for some sets Dy, Do}

We know that e can have more than one symbol as representatives and for each
representative E, there exists a cell é € H(e) and sets Dy, Do, such that

0h,0p, (é) = E. (2.3.3)
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Here we note that since the symbol E appears at the right-hand side of the equation
(2.3.3), the boundary operators are meant to be in the sense of symbols, not in
the sense of equivalence classes of symbols. In the rest of this section, the boundary
operators are often meant for symbols, but this will always be clear from the context.

The following definition plays an central role in the determination of the face op-
erators on Qee(h,m). It comes from the idea that we want to choose a “standard”
representative for each equivalence class of symbol [E].

Definition 2.3.3. The normal form of a cell e = (14]...|11) € Qpq4(h,m) is the
generification (NF(e), Dy, D2) of e which is determined by the following procedure:

1) For each i, assume the normal form of 7; is nF(7;) = (7 n(r),- -+, 7Ti,1), Where
N(7;) is the norm of 7;. Define a cell e in Qp,p(h,m) as

0 0
e® = (1, Nl -+ 1Tl - TN - IT) = G

and Dy :={1,...,h =1}~ {30_ N(m) |i=1,...,¢ - 1}.

2) First we define a map S; : 6, — G, for each j = 1,...,p, which sends a
permutation a € &, to the permutation S;(a) € &, defined as follows:

Sj()(F) = {4”“”]‘(’“) A

J if k=yj

To get NF(e) and Dj, we perform the following algorithm on e(®):

Algorithm 2.3.4.
° Déo) = 0.
o Forl1<n<h-—p:
Let k be the lowest index such that there are more than one transposition of
e(r—1) = (T,&n_l)\ e \Tl(n_l)) which do not fiz k and assume ig = min{l <
i <h| 7"V (k) # k}. Define

e = (7" 7"y € Qprnn(h,m)  and DSV = DS U {k}.

where

w _ S @) i i=io
STy it

e NF(e) := e P) and D, := Déhip).

Remark 2.3.5.

1) It follows from the procedure that NF(e) € Qap n(h, m) and 0,0, (NF(e)) = e,
so (NF(e), D1, Ds) is a generification of e as claimed in the definition.
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2) For any generification (é, D1, D9) of e, Dy is uniquely determined by the partition-
type of e (hence uniquely determined by e).

3) The second step can be understood more intuitively from the perspective of slit
configurations: Let E(©) be the symbol which is the representative of e(®) chosen
as in 2) of Remark 2.1. Whenever two slits touch each other in E(® we will
add a stripe between them, so that in the end E(© is transformed into a top
dimensional cell NF(e).

o
Now we will explain two kinds of operators-namely swaps and Rauzy jumps-on a
generification (&, D1, Ds) of e. We fix the assumption that
e = (Th| ... |7’1) € 7‘[(6),
where 7; is a transposition for 1 < i < h.

Definition 2.3.6. If i € D;, the swap of (é, D1, D) at i is defined to be the
generification (swap;(é), D1, D2)), where

swap,(€) := (1| ... |Tipe|Ti|Tis1|Tio1] - - - |71)-

Remark 2.3.7.  Clearly swap,(é) € H(e) and 97,0}, (swap;(€)) = Jp,0p, (€) as
symbols, hence (swap;(é), D1, D) is a generification of e as claimed in the defini-
tion. o

For a fixed representative E of e, there can be more than one é satisfying (2.3.3).
However, from the definition of the face operators, Dy is uniquely determined by e
(hence also by E) and D5 is uniquely determined by E. Moreover, ¢ is determined
by E up to swaps as shown in the following Lemma.

Lemma 2.3.8. Suppose (é,D1,D3) and (&, D1, Dy) are generifications of e such
that
0,0y (€) = I = 0y, 0, ©),

where E is a symbol representing e. Then (é,D1,Ds) can be transformed into
(e, D1, D) by swaps.

Proof. From the definition of the horizontal face operators we have
Op, (&) = 0p, (¢) =: € € Qapq(h,m).

Assume that é = (73|...|71), € = (T4|...|71) and € = (7| ...|71). Let np =1 and
i

ni:ZN(%k) i=1,...,q.

Then we have
Ty =Tp;©...0Tp, 141 =Tp; 0...0Tp, 1 41-
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Since é and ¢ have vertical dimension 2h, the indices not fixed by 7; (i = 1,...,h) are
pairwise distinct and the indices not fixed by 7; (i = 1,...,h) are pairwise distinct.
Therefore the tuple (7y,|. .. |7n, ,+1) is obtained from (7,,]... T, ,+1) by permut-
ing its transpositions. Hence é = (7|...|71) is obtained from é = (7|...|m1) by
permuting its transpositions.

Because a swap exchanges two neighbored transpositions and any permutation o €

Sy, is a composition of elements in {(i i+1) |i=1,...,h—1}, é can be transformed
into é by swaps. O

Before defining Rauzy jumps for the generification (é, Dy, D) of e, we fix some
notations first. For each i € Ds, there exist unique k,l € {1,...,h}, such that
Tk(i) # i, 7(i + 1) # i + 1. Furthermore k # [, since otherwise e € P,,(h,m).

Definition 2.3.9. The Rauzy jump of (é,D1,D5) at i € Dy is defined to be the
generification (Rauzy;(é), D1, D2), where Rauzy,(é) and Dy are defined as follows.
First define

57—1(@‘_’_1)4_172‘ if <k and Tl(’L' + 1) <1

e Si_,rll(i+1) if I<k and 7(i+1)>i+1
S7(i)it+1 if >k and (i) <i
s;w(i)_l if 1>k and 7,(i) >i+1
and
S7(i41),i if <k and 7(G+1)<i
S Simgan1 U<k and m(i+1)>i+1
: 87 (i)i if I>k and 7(i) <i
Sipo1 i U>k and m(i) > i+ 1,
then
Tj:=aorjoa for 1<j5j<h
D2 L= OZD2 (DQ)
Rauzy;(é) : = (Tp]...|71)-
i+l ———— ————}——Zk E iHl—— "m0 T
i : 7(i+1) —:— z—:— smmnoe-
; I
et , iH—L 5 i i+1 '
71 (i41) ————— i—1 ¥ i

Figure 2.4: Rauzy jumps

Remark 2.3.10. It turns out that Rauzy;(é) € H(e) and 8})2 b, (Rauzy;(é)) =

h,0p, (€) = e, hence (Rauzy,(é), D1, Dy) is a generification of e as claimed in the

definition. Moreover, as symbols, 8%2 b, (Rauzy;(é)) and 0}, 0, (é) are different
from each other by a Rauzy jump in the sense of slit configurations as defined in
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Definition 2.1.6. This is why here we call the operator Rauzy; on a generification
also Rauzy jump. o

The following Lemma contains the essential idea and technique for the determination
of the face operators on Qee(h,m)

Lemma 2.3.11. If (¢, Dy, Dy) and (¢, Dy, Ds) are generifications of e, then there
exists a series of swaps and Rauzy jumps, by which (é, Dy, D) can be transformed
mnto (é, Dl, DQ)

Proof. Suppose 99,9}, (é) = E, 3%2 b, (€) = E, where E and E are symbols repre-
senting e. Then E and E’ are different from each other by Rauzy jumps.

We will first prove that if E # E, then there exists a generification (¢, Dy, pg) of
e, such that 8%2(92)1(6) = E and (¢, Dy, Dy) can be transformed into (&, D1, Do) by
Rauzy jumps and swaps.

We name the slits of F by Lq,..., Lo, from the bottom up as in Definition 2.1.2 and
write é = (13| ...|m1).

First assume that E can be obtained from F by one Rauzy jump. Then there
exists some ¢ € Do, such that the Rauzy jump is either that L; jumps over L;iq
or that L;q jumps over L;. Let k,l € {1,...,h} be the unique indices satisfying
Tk(i) # i, 1(i + 1) # i + 1. There are two possible cases:

(1) If (L; jumps over L;i1 and I < k) or (Li41 jumps over L; and [ > k). Then take
(é, D1, D2) to be the Rauzy jump of (é, Dy, Ds) at i.

(2) If (L; jumps over L;1; and [ > k) or (L4 jumps over L; and | < k). Then
first transform (€, D1, D2) into (¢, D1, Do) with é = (rp|...[7g|...|7i| ... |71) by
swaps; and then take (€, D1, Ds) to be the Rauzy jump of (¢, D1, D) at i.

If E is transformed into E by a series of Rauzy jumps, then for each Rauzy jump
in sequence, the step above is performed and in the end we get a generification
(e, Dl,DQ) of e with 9’ 8b (é) =F.

Do 1

Finally,~since 8%28231(6) = F = 3%28231 (vé), we know from Lemma 2.3.8 that
(é, D1, Ds) can be transformed into (¢, Dy, D2) by swaps. O

As a special case of Lemma 2.3.11, any generification (é, D1, D2) of e can be trans-
formed into the normal form of e by swaps and Rauzy jumps.

Now we are ready to define the face operators 52’ and 5;’ of @.,(h, m), which reduces
to defining €}(e) and €7 (e) as in (2.3.1) and (2.3.2).

First we consider the case of a vertical face operator. Assume that e is a cell in
Qp,q(h,m). We only need to consider the case when 9;(e) is not degenerate, since

otherwise 0.(e) = 0 by definition. Denote 9. (e) by é for simplicity of notation. There
are three steps to determine €(e).
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Algorithm 2.3.12.

1) Let (NF(e), D¢, DS) be the normal form of e. Let i be the index which satisfies
i=i+#{jeD|j<i}.
Define Dy := Dy U {i}, then (NF(e), D1, Ds) is a generification of e.

2) (NF(e), D1, D3) can be transformed into the normal form (NF(e), DS, DS) of e
by swaps and Rauzy jumps. This gives rise to a sequence of generifications
{(e", D}, D)}y of € such that (°, DY, D) = (NF(e), D1, D), (e, D}, Dy) =
(NF(e), D¢, DS) and (e”l,Diﬂ,DHl) is obtained from (', D%, D%) by a swap
or a Rauzy jump for 0 <i<n—1.

3) For 0 <i<n—1: Denote €' = (T4,...,71).

o If (e
€(i) ==
o If (e’+1,D§+1, D;H) is obtained from (e, D%, Di) by a Rauzy jump, assume
at j, then define e(i) := (—=1)***1 where s,t are determined as follows: Let
k,l be the unique indices satisfying 7(j) # J, (j + 1) # j + 1, then define

i+l DZJrl DHI) is obtained from (e', D%, Di) by a swap, then define

(J,m@G+1)) if 1<k, n(j+1)<j
(5,1) = GnG+1) =1 if 1<k n(@G+1)>j+1
’ (3, 7 (4)) if 1>k m(j) <J
(J,7(5) = 1) if 1>k, m(j)>7+1

Finally €,(e) =[]}~y €(3).

In the case of a horizontal face operator, the algorithm is very similar. Assume
that e is a cell in @, 4(h, m) and that 9] (e) is not degenerate. Denote 97 (e) by e.
The definition of €7(e) follows the same three steps as that of €;(e), only with some
modification in the first step:

1) Let (NF(e), D¢, DS) be the normal form of e. Let j be the index which satisfies

j=j+#{i€Dy|i<j}

Define Dy := Do U {j}, then (NF(e), D1, D2) is a generification of e.

Steps 2) and 3) remain the same as in Algorithm 2.3.12; one only needs to adapt
the notations when necessary.

In the following we will explain why the face operators 51{, 5}’ are well defined in
this way. There are two points to show:

(a) The definition of €/(e) and €}(e) does not depend on the specific swaps and
Rauzy jumps chosen in the second step.
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(b) The simplicial identities hold:

9,05 = 0;_,0; if i<j
0] =10 if i<j
0,0 = 0]0; Vo, g

The validity of these two points is due to the same reason. Before going to that, we
want to characterize ¢;(e) and €] (e) in another perspective.

Suppose S = {(e?, D, Dé)}:l:(‘g) is a sequence of generifications of a cell ¢ € Qqq such
that (e'*!, D?Ll, D;H) is obtained from (e, D’i? D}) by a swap or a Rauzy jump for
0 <i < n(S)— 1. For each i, if (¢!, D! DiF1) is obtained from (e, D}, D) by
a swap at 4o, the we have 0] (¢') = 9] (e"t1); if (e"t?, D DIty is obtained from
(¢f, Di, DY) by a Rauzy jump at j, we have 9”(e!) = 9/ (e*1), where s and t are
determined as in step 3). In both cases, the cells e’ and e'*! has a common face of
dimension 3h — 1, which we denote by e+,

Denote the barycenter of a cell o € Qee by c(0). Let 7; be the segment (considered
as a path) from c(e?) to c(e?*t!) which crosses the common face e***1 for each 0 <
i <n(S) —1, then v := v,_1...7971 is a path from ¢(e?) to ¢(e™®)). Furthermore,
for each i define

(0 (_1)io+io+1 ——_1 if al{o (ei) — ebitl — 82(0 (e”l)
€(1) := . . .
(_1)s+t+1 if 3;/(62) = ebitl — 8£I(ez+1)

and finally define €(S) := H?:(“f)fl €(i).

Since the path + lies in the manifold Bar(h, m), we consider the two-sheeted covering
of Par(h, m), which is defined as in Page 234 of [H]:

‘ft;c(h,m) := {uz | x € Par(h,m) and z is a local orientation of Par(h, m) at x}.

For each 0 < i < n, let [e!] € H3p(AP x A, (AP x A?)) be the orientation of the
simplex AP x AY representing e’ which is determined by the ordering of the vertices,
[¢!] is then a local orientation of ‘Bar(h,m) at c(e’). The path + has a unique lift ¥
in ‘i’.'(\c?c(h, m) with fixed starting point 5(0) = [€°], and it follows from the definition
of €(S) that (1) = ¢(S)[e"].

By definition €(e) (resp. €/(e)) is the same as €(S), where S is a sequence of
generifications of the cell J;(e) (resp. 97 (e)) chosen in Algorithm 2.3.12. Thus we
have given a characterization of €(e) and €/(e) from the geometric perspective, and
this also explains why Qee(h,m) is the double complex of (Par(h,m),Par’(h,m))
under the orientation system O.

Using the geometric meaning of ¢(S), we will show that €(S) defined above de-
pends only on the initial generification (e, DY, DY) and the terminal generification
(e(9), D?(S), D;(S)) of the sequence S. For each 0 < i < n(S), let w; be the segment
(considered as a path) from c(e?) to c((?}’)é (92)i (¢%)) in the simplex AP x AY represent-

ing e’. Since e, e'T! and e»**1 all have (9&8&(6’) as a face, the path le%w;l is
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null-homotopic. Therefore the path wy,(g)viwy 1 as a composition of null-homotopic
paths is also null-homotopic. Suppose S’ is another sequence of generifications with
the same initial and terminal triples as S, we get another path v from c(e%) to
c(e”(s)) in the same manner as v. Moreover, wn(S)'y;wO_ ! is null-homotopic due to
the same reasoning as for w,v;wy . Therefore 4/ is homotopic to 7. Let 7' be the
lift of v/ in Pac(h, m) with 7(0) = [°] = F(0). It follows from the homotopy lifting
property that 3/(1) = 5(1) and hence €(S") = €(S).

Now we come to the validation of (a) and (b). (a) follows from the fact that any
choice of S for €(e) (resp. €/(e)) in Algorithm 2.3.12 has the same initial triple
(NF(e), D1, D2) and the same terminal triple (NF(e), D¢, D).

Since the simplicial identities hold for the face operators 0 and 97, (b) is equivalent
to

€;(0;(e))€j(e) = €;_1((e))ei(e) it i<y (2.3.4)
(D ()€l e) = €1y (D (e))el () i i<j (235)
€i(0] (e))ej (e) = €](9i(e))ei(e) Vo (2.3.6)

provided that the cells involved are not degenerate. We will show that (2.3.4) is true.
(2.3.5) and (2.3.6) can be verified by the same argument with minor modifications.
Assume that e € Qp4(h,m), denote d5(e) by € and 0;0i(e) by o. Suppose S =
{(e*, D¥, D’;)}Z(:SO) is a sequence of generifications of € chosen in Algorithm 2.3.12 to
compute €;(e) and S = {(e*, D%, D% )}Z(SO) is a sequence of generifications of p chosen
in Algorlthm 2.3.12 to compute €;(e). We can construct a sequence of generlﬁcamons

= {(eF, le7D§)}k:o of g out of S, where D} is defined as follows: Let 7 be the
index which satisfies

i=i+#{jeDy|j<i},

then Df = DF U {i}, In particular, the terminal triple of S is the same as the
initial triple of S, hence S and S can be joined together at this position to form a
sequence of generifications T' of g. It follows from definition that e(T) = €(S)e(S) =
€;(0;(e))ej(e).
The above procedure applying to 9;(e) (instead of 9}(e)) and 9;-10;(e) = o will
produce another sequence of generifications 7" of ¢ with €(7") = €;_,(9;(e))e}(e).

(2
Direct checking shows that 7' and 7" have the same initial and terminal triples,

hence €(T") = €(T') and (2.3.4) holds.

Now we will study the homology of the double complex @..(h,m). The methods
and results are very similar with that in [V], and hence are also very similar to the
contents in the first chapter of this thesis. Therefore we will not provide every detail
here.

For a fixed p, consider the complex @p7*(h, m). Asa Z-module, @p,q(h, m) is the same
as Qp 4(h,m), a direct summand of N, (&,), hence Q, (h, m) inherits a partition-
type filtration from N, (S,), which is defined by

PiQyp . (h,m) @@p, (h,m)[L;],
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where @p7*(h,m)[L] denote the submodule of @p7*(h,m) generated by all tuples X
with the partition type pt(2) = L.

Since the face operators of @p,*(h,m) differ from that of N,(S,) only by a sign,
Lemma 1.2.12 is still applicable here; and in particular, the partition-type filtration
of Qp«(h,m) is well defined.

Define the map n; = n! : @p,q(h,m) — @p7q+1(h,m) to be the restriction of the
map n; =1 : Ny(Sp) — Ng11(6,) on Qp 4(h, m). Furthermore, define

fi =00, Qua(hym)[lg, - lig1slis o 1] = Qug(hym)ly, - b1 +1i— 1,1, 1]
for1 <i<gq-—1.

We have the following Lemma concerning ﬁ, which has the same structure as Lemma
1.2.13.

Lemma 2.3.13.

(1) 8if; =, (2.3.7a)
(2) 0 fi = fidi_y fori+2<j<q (2.3.7b)
(3) 0 fi = fio10, for 1 < j <i—2 (2.3.7¢)
(4) Opy, fifisr = fi0, (2.3.7d)

Proof. First we want to prove the following equalities concerning the map 7;:

i = id (2.3.8a
A =mid_y fori+2<j<gq (2.3.8b
5}% = 77%15} for1<j<i-2 (2.3.8¢
5Z{+177i51{77i+1 = 0, (2.3.8d
Because of the equalities (1.2.3a) - (1.2.3d) in the proof of Lemma 1.2.13, we only

need to show the following equalities, provided that the cells involved are non-
degenerate.

ei(ni(e)) =1 (2.3.92)
ej(mi(e)) = €j_1(e) for i +2<j<gq (2.3.9b)
ei(nie)) = €j(e) for 1 < j <i—2 (2.3.9¢)
€ir1(i0mi+1(e))e;(nir1(e)) = €i(e) (2.3.9d)

In the following proof, we always assume that e € @p7q(h,m). To (2.3.9a): Assume
the normal form of 7;(e) is (NF(n;(e)), D1, D2). Let D be the set constructed from
Dy and the index i as in step 1) of Algorithm 2.3.12. Then it follows from definition
that (NF(n;(e)), D1, D2) is the normal form of 8/ (n;(e)). Thus the sequence S in step
2) of Algorithm 2.3.12 can be chosen to have only one element (NF(n;(e)), Dy, Ds),
hence €(n;(e)) = 1.

To (2.3.9b): Let S = {ei,le,Dlg}?:(ﬁ) be a sequence chosen in Algorithm 2.3.12
for computing €(n;(e)). We can construct out of S a sequence of generifications
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S = {(*, Dk, D)) of 9,

: ' _1(e), where D¥ is defined as follows: Let i be the index

which satisfies

i=i+#{jeDy|j<il,
then D¥ := D¥ U {i}. By definition of normal forms, a direct checking shows that
the initial and terminal triples of S satisfy the conditions in Algorithm 2.3.12 for

computing €;_;(e). Hence it follows from €(S) = €(S) that €}(ni(e)) = €;_;(e).
To (2.3.9¢): The proof is similar to that of (2.3.9b).

To (2.3.9d): Since 9;0;m;11(e) = 9,0 mi+1(e), we have

i (Omir1(e))e;(niv1(e)) = € (Diy1mivi(e))eiyr (niri(e)).

The right-hand side of this equality can be simplified to €j(e) since 0, mi11(e) = e
and € (n;i+1(e)) = 1. Moreover, an argument like in the proof of (2.3.9b) shows
that €;(9ini1(e)) = €;,1(M:0ini+1(e)). Therefore (2.3.9d) holds.

The equalities (2.3.8a) - (2.3.8d) together with the simplicial equalities 52’5; = 5}_15;
for i < j give rise to the equalities (2.3.7a) - (2.3.7d). O

Now we introduce the map

Fr:Qpo(hym)lgs -y by 1, 1] = Qpgir(hym)[lg, .ol — 1,1, 1]

defined as the composition
(1) (d=Foa b+ (O fifea e foa 4 GO o Fot ) e

and the signed sum of the first r face operators
T

Ty = Y _(—1)'0.

i=1
Applying the methods in Section 1.2, we have the following results.

Lemma 2.3.14.
(i) O Fr =id=F,19,_,,

(i) OF, = F,0,_) forr+2<j<q

Proof. With adaption of notations, the proof is the same as that of Lemma 1.2.14.
O

Theorem 2.3.15. The homology of the complex @p7*(h,m) is concentrated in the
top degree h:

Hy(Qpa(hym)) =0,  if q<h.

Proof. With adaption of notations, the proof is the same as that of Theorem 1.2.11.
O
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Furthermore, like in Section 1.3, we can construct a homomorphism
K Vh(Gp) n @Zhh(h?m) - Hh(@l?,*(hvm))

by

R(E) = (id—(=1)"""Fy_108,_ ;) ...
C(id=(=1)'F;0d) ... (id—Fy 0 8y)(id+F, 0 8})(%)

and have the following

Proposition 2.3.16. k is an isomorphism.

Proof. Considering tuples in @p7*(h, m) instead of in N,(&,), the proof follows the
same way as that of Theorem 1.3.3. O

Let {E; @ d, }, be the spectral sequence associated to the double complex @pﬂ(h, m).
Then {E), = Qpq(h,m)} and dy = & : Qpg(h,m) = Qpq_1(h,m). Theorem
2.3.15 says that, the vertical homology Ej , = Hq(@n*(h,m),g’) is concentrated
in the top degree ¢ = h. Thus the E'-term is a chain complex with differential
di : E;q — E;;—l,q induced by 0" and the spectral sequence collapses with E? = E>.

We can define a complex (W*(h, m),d) in the same manner as the (W, (h,m),d) by
letting . B

Wy(h,m) == & (Hy(Qp,«(h,m))) C Vi(Sp)

and d := R_Nl 08" o%. This complex is equivalent to the E'-term of the spectral
sequence of Q, 4(h,m) and will be used to compute the homology groups of M.

From the definition of £ and &, it is not difficult to see that Wp(h, m) and Wp(h, m)
are generated by the same subset of tuples in Rj(S,)[h], hence they are the same
Z-modules.



Chapter 3

Application to Moduli Spaces of
Kleinian Surfaces

In this chapter we introduce the category of pairings as a new example of factorable
categories and discuss the application of it to the homology computation of moduli
spaces of Kleinian surfaces. Since an orientation system is needed for the computa-
tion of the integral homology groups of these moduli spaces, the factorability of the
category of pairings is not directly applicable in this case. However, the methods
developed for the theory of factorable categories apply to this case.

3.1 Moduli Space of Kleinian Surfaces

Let NF7" denote a Kleinian surface of genus g > 0 with one boundary curve and m >
0 permutable punctures and ‘ﬁ;’f denote the moduli space of dianalytic equivalence
classes of such surfaces. Here we note that the genus of a non-orientable surface is g,
ifitisa connected sum of g+1 real projective planes. Let N F;’fl be the mapping class
group of NF'", i.e., the isotropy classes of orientation-preserving diffeomorphism
fixing the boundary pomt wise and permuting the punctures. 917" is the classifying
space of NI'J", because NI'J" acts freely on the Contractlble Teichmiiller space

‘nzeltf) 1 and ‘ﬁg 1= mTeleg’l/Nr g,1

Using the Hilbert uniformization method, Bédigheimer found a finite cell complex
NPar(h,m) with a subcomplex NPar’(h,m) such that NPar(h,m) \ NPar’(h,m)
is an open manifold of dimension 3h and homotopy equivalent to 97";. Here the
parameter h is determined as h = g+ m+ 1. NPar(h, m) is the space of parallel slit
domains and NPar’(h, m) is the subspace of NPar(h, m) consisting of degenerate slit
configurations.

As with the case of moduli spaces of Riemann surfaces, we recall some main facts on
parallel slit domains first. More detailed information can be found in [Z1] and [E].
There is also a more combinatorial description of NPar(h,m) using pairings, which
will be given later.

The definition of a slit remains the same as in Definition 2.1.1, but a slit configuration
will contain more information than in the case of Riemann surfaces.
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Definition 3.1.1. A slit configuration L = (L1, ..., Lop|A\|T) consists of the follow-
ing data

(1) 2h slits Ly, ..., Loy with endpoints z1 = (z1,41),. .., 22n = (T2, Y2n), such that
y1 < ... <yop and xp = T)\}) for K =1,...,2h,

(2) a pairing (fixed point free involution) A € Gy,

(3) the type sequence T' = (t1,...,t2p), with t; = L or IL, #; = t(;).

T
‘ I
A I
L= (L1,La,Ls,La | \|T) L= (L1,La, L3, La | \| T)
A= (13)(24) A=(12)(34)
T = (L11,1,1I) T = (IL 1L, 11, 11)

Figure 3.1: Examples of slit configurations

To each slit configuration L, one can associate a two dimensional space F(L) as
follow: First one cuts the complex plane C along each slit L;, ¢ = 1,...,2h; then
fori =1,...,2h, if t; = I, the upper (resp. lower) bank of the slit L; is glued to
the lower (resp. upper) bank of the slit Ly and if ¢; = II, the upper (resp. lower)
bank of L; is glued to upper (resp. lower) bank of L;.

Definition 3.1.2. A slit configuration L is called non-degenerate, if the associated
space F'(L) is a smooth surface; otherwise L is called degenerate.

A slit pair L; and Ly is said to be of type 1 (resp. type II) if t; = T (resp.
t; = II). For a non-degenerate slit configuration L, the associated space F(L) is
non-orientable if and only if L contains a slit pair of type II. In this case, we call
L non-orientable. We will only consider non-orientable slit configurations in this
chapter.

F(L) can be compactified by adding a point @) at infinity to the complex plane C and
m > 0 points Py, ..., P, at the end of the “tubes” created by the gluing. Each point
P; is called a puncture of F(L). There exists a dianalytic structure on F'(L) such
that C ~ (U?!,L;) — F(L) is a dianalytic inclusion. Moreover, specifying a point
with a tangent direction is equivalent to specifying a boundary curve, thus F'(L) is
a Kleinian surface with one boundary curve (@, X) and m punctures Pi,..., Py,
where X corresponds to the horizontal direction on C. By computing the Euler
characteristic, the genus of F'(L) is determined to be g = h —m — 1.
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Definition 3.1.3. The puncture-number of a non-degenerate slit configuration L is
defined to be m, if the associated surface F'(L) has m punctures.

Remark 3.1.4. Assume the puncture-number of L =

a permutation o on 4h indices i*,i7,i =1,...
U(Z+) — {()‘(l + 1))+

(A +1))"

iy Ja=1)

i {(A(z’ 1)t

Then the number of cycles of o is 2(m + 1).

(L1,...,Lap|N) is m. Define
2h by
lf ti+1 - I
ift;p1 =11
lf ti+1 - I
ift;p1 =11

<

There is an equivalence relation between slit configurations which is defined by Rauzy
jumps. Recall that for a, b € {1,...,2h}, a <, sqp denotes the cycle (a a+1...b)
and its inverse s, is (bb—1...a).

Definition 3.1.5. If a slit configuration L = (Ly,..., Lop|A|T) contains a slit L;,

i€ {1,...,2h}, such that L; C L;1; or L; C L;_;. Define a permutation o € Sy,
in the following eight possible cases:

(1) Q= Sii,){(i—l—l) if Lz - LZ'+1, )\(Z + 1) >+ 1, ti+1 =1L

(2) Q= 5A(z’+1)+1,i if Lz - LZ'+1, )\(Z + 1) < ’L', ti+1 =1L

3)  a=syupy  HLiCLia,  Ai—1)>4 tioy =

(4) Q1= S)(i—-1),i if L; € L;_q, )\(Z — 1) <1 —1, ti—1 =

(5)  a=syuyy HLiCLiga, MA@+ >i+l, tg =11

(6) Q= S\(i41),i if L; C L1, )\(Z + 1) <1, tiv1 =11

(7 a:= s;;(i_l) if L € Li—y,  Ai—1)>1, ti_q = IL

(8) Q= S)\(i—1)+1,i fL; CLiy, ANi—1)<i—-1, t1=IL
Define a new slit configuration L = (L1,.. ., Loy |\|T) as follows:
and .

Loy = {(z,y) € Clz <24,y = yxit1)}
in the cases (1),(2),(5),(6) and
Loy ={(z,y) €Clz < 2,y = yrg-1)}
in the cases (3),(4),(7),(8).
The pairing X is defined by 3
A=aoloa L.

T = (fl, ..., top) is defined as follows: In the cases (1)-(4), to(j) = t; for j €
{1,...,2h}. In the cases (5)—(8), bo(j) =t if j € {1,...,2h}\{a(') a(\(i))} and
t () = L ta( (Z)) =1 (resp () = II t a(X\(4)) = II) if t; = 11 (resp I)
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We say that L is obtained from L via a Rauzy jump of the slit L; over the slit pair
Liy1, Lygi+1) (in the cases (1),(2),(5),(6)) or L;_1, Lx(;—1) (in the cases (3),(4),(7),(8)).

/11

/11 R "
I P /11 I

11/1

mi~ I . I~ I

"(5) (6) (7) (8)

Figure 3.2: Rauzy jumps

Rauzy jumps generate an equivalence relation: two slit configurations are equivalent,
if they can transform into each other by Rauzy jumps. We denote the equivalence
class of a slit configuration L by [L].

Remark 3.1.6.  If two slit configurations L, L’ are equivalent under Rauzy jumps
and L is non-degenerate, then the associated surfaces F'(L) and F(L') are dianalyt-
ically equivalent. o

Let L = (L1,...,Lop|A\) be a slit configuration. Assume that the slits of L lie at
p-distinct y-levels

—00 < v < V... < Uy <00, (3.1.1)

and that a; is the number of slits lying on level y = v;. Then
P
0<a; <2h, Y a;=2h, 2<p<2h (3.1.2)
i=1

Further assume that the endpoints of L lie at ¢-distinct z-levels
—00 < Ug < ... <up <up <00, (3.1.3)
Denote the set of indices of the slits over = u; by B; C {1,...,2h}. Then

BiUByU...UB;={1,...,2h}, 1<qg<h. (3.1.4)

We summarize all these data into a symbol E

E :=(a1,...,ap|A\|By,...,B|T).

Recall the strictly monotonically increasing homeomorphism f from R to (0,1):

t 1
f:%Harcan(azc)_i__::glc
s 2
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Set sg = 1 — 11, 8 = Uj — Ui+ for 1 <i¢ < g—1and s; = 14 for the z-coordinate
and tg = 01,t; = bj41 — b; for 1 < j < p — 1 for the y-coordinate. Then

q p
Zsizlzzti-

i=0 §=0

Therefore (80, S1,. - ., 8q) and (to,t1,...,tp) are barycentric coordinates in the open
bi-simplex A7 x AP, By varying the coordinates s; and t; in A7 and AP respectively,
we get all the slit configurations with the same symbol E

The notions degenerate, Rauzy jump, puncture-number and non-orientable can also
be defined for symbols. Denote the equivalence class of a symbol E under Rauzy

jumps by [F].

Let MPar(h,m) := {[L] = [L1, ..., Lap|\|T]|L is non-degenerate, non-orientable and
has puncture-number m}. It turns out that 9Par(h, m) is a manifold of dimension
3h and there is a homotopy equivalence

NPar(h, m) ~ N with h =g +m + 1.
Let NPar(h,m) be the closure of 9¥Bat(h, m) and define
NPar’(h,m) := NPar(h,m) ~ 9%Bar(h, m).

The relative manifold (NPar(h, m), NPar’(h,m)) is a bi-simplicial cell complex, thus
the associated chain complex NQ,,(h,m) is a double complex. Every (p,q)-cell
of NQgq(h,m) is an equivalence class of symbols [E] = [a1,...,ap|A|Bi, ..., Bg|T],
where F is non-degenerate, non-orientable, has puncture-number m and satisfies
(3.1.2), (3.1.4).

The i-th vertical face operator on E and hence the i-th vertical face operator on [E]
are given by

6;(E) = (al,...,ap\)\\Bo,...,BjUBjH,...,Bq]T), 1=1,...,q—1
Oi([E]) == [0i(E)] = a1, ..,ap|A\|Bo,...,BjUBjt1,...,Bg|T],i=1,...,q—1

and the j-th horizontal face operator on E and hence the j-th horizontal face oper-
ator on [E] are

B;I(E) = (al,... ,Q; + Qig1, .- ,ap’)\’Bo,... ,Bq‘T), j=1....,.p—1
3;’([E]) = [8;’(E)] =lai,...,a; + ajiy1,...,ap|\|Bo,...,Bg|T], j=1,...,p—1
in which a face is defined to be zero, if it is not a cell in NQ,,(h, m). Let

q—1

O ([E]) =) (~1)'Oi([E])
=1
p—1

al/ al/
j:l

then the boundary operator 0 of the complex NQ,,(h, m) is given by

o((E]) := ' ([E]) + (=1)*0"([E)).
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Description of NQ,,(h, m) via pairings
Let

A, = {pairings of 2p points}
=~ {)\ €6y =6(1",17,...,p7,p") | X is fixed point free and 2\ = id}

A, is a subset of G2, and forms a conjugation class. We give notations to two special
elements in A,, namely

J=00"27) (kT (k+1)7)---(pT 17) (3.1.5)
Moo= (17 1F) (k7 KT)-(pm pT)

Every symbol E = (a1, ...,ap|\|Bi,. .., By|T) can be characterized by a grid picture,
whose grid is given by the horizontals of the slits and the verticals at the slit ends.
We number the columns 0, 1,. .., g from right to left and rows 0, 1, ..., p from bottom
to top. Let R; ; denote the j-th rectangle in the i-th column.

Ry Ris  Roa Ra3 Rz Ros
4t 3+
- o
o Ro3 Ry i “.:R03 Ry 1II Ry Roo
o Lk +
; Ry py Riz /Roz 3
2 Ry /Ry R 1+ ft fin H for
1- 1-
Rao Rio  Roo Rao Rio  Roo
)\2 >\1 )\0 )\2 )\1 )\0
Xo= (1712 2")(3 3")(4™ 4h) o= (1" 1M)(2” 2")(3™ 3)
M= (17172 47)(@2T47)(37 3% A= (17 27)(1t 2M)(37 3)
A= (17 3N)(1" 37)(27 47) (27 41) A= (17 27)(11 37)(2" 3)

Figure 3.3: Grid pictures

For the i-th column, denote the upper (resp. lower) bank of the common edge of
R;_ijand R;j by j* (vesp. j7),j=1,....p. Let \; € 9 =S(17,1",...,p7,p")
be the pairing which describes the re-gluing of the slit plane in the i-th column: the
banks x and A(x) are glued together. Note that A\;o.J € Sy, has the same number of
cycles as the permutation o € Gy, defined in Remark 3.1, thus the puncture-number
m of F is % ncyc(Ag 0 J) — 1. These observations lead to the following description of
the double complex NQ,,(h, m) via pairings.

Let NP, 4(h) be the free abelian group generated by all (g+1)-tuples A = (Aq, ..., o)
with A\; € A, such that

1 _ _

where Ng, (a) is the word length norm of o with respect to the generating set of
Sy, which consists of all transpositions.
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Define a double complex NPgo(h) := @ NP, 4(h), 0 < p < 2h, ¢ < h. The vertical
and horizontal boundary operators on the double complex NP4 (h) are:

q

o =>(-1)0 with A = Aoy Ais -5 Aa)
=0
p .
9 = Z(—wa;/ with 9 (A) = (Dj(Ay),-- -, Dj(N)).
7=0

and 0 = 0’ + (—1)90" is the boundary operator on NPPee(h). Here D; : A, — Ap—y
is defined as:

Dj(A) = si1)- 085+ 0 (AGT) (G+1)7) o (MG +1)7) j7) 0 Aod(jir)- o djx

where d, : [2p — 1] — [2p] is the simplicial degeneracy function which avoids the
letter *, and s, : [2p] — [2p — 1] is the simplicial face function which repeats the
letter x. Note that here [2p] and [2p — 1] denote the strings of ordinal indices
1= =1t —= ... - p — ptand 1= — 17 — ... — p~ respectively. In other
words, to get the pairing D;()), one deletes the letters j*, (j + 1)~ in A; and if
A(GT) # (j+1)7, then D;(A) maps A(j1) and A((j + 1)) to each other; finally one
renormalizes the indices.

The subcomplex NP, (h,m) of NPee(h) is generated by the degenerate cells of
NP, (), these are the cells which violate any of the following conditions:

1) Na,(A)=h

\V)

ncyc(Ago J) =2(m+1)

w

Ao is as defined in (3.1.6)

W

Aiv1 #F N fori=0,...q.

ot

There is no 1 < k < p, such that \;(k~) = kT for alli =0,...q.

)
)
)
)
)
)

6) there exists 1 < j, k <p, 0 <i < ¢ such that \;(1) = N\ (k)

Here the last condition guarantees that the slit configuration is non-orientable.

Finally NQ,q(h,m) = NPye(h)/NP,,(h,m) is the desired double complex. In par-
ticular, the face operators dy, J;, Jy and J, are always zero in NQ,q(h,m).

From above, a cell A in NQ,,(h,m) is represented by a (g+1)-tuple A = (Ag, ..., \o)
with A; € A,. This is called the homogeneous notation. The inhomogeneous notation,
which we will define now, is more important for later use. Let 7; := )\i)\;ll =
Aidi—1,4 =1,...,q, then A = (7y|...|m) is called the inhomogeneous notation. It
follows from definition that A\; = 7; - - - 7y0\g. The conditions and boundary operators
on A can then be translated into the language using 7;.

The equivalence of the two ways to define NQ,,(h, m)-namely by equivalence classes
of symbols and by tuples of pairings-was given in [E]. We give some remarks about
the bijection here.
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Remark 3.1.7.

1) Equivalent symbols E and E’ in NQ,, ,(h,m) give rise to the same pairings \; €
Ay, 1=0,1,...,q, since they determine the same way of gluing.

2) Given a tuple A = (7,|...|r1) € NQ,,(h,m) in inhomogeneous notation, we
can construct a slit configuration L as follows. Choose real numbers x1 > x9 >
..>zgand y; < y2 < ... < yp. Starting from 7 = 1, we do the following for
1=1,...,q in sequence.

It will be proved in the next section that the cycles of 7; appear in pairs. Choose
one cycle from each pair to form a permutation (; € &,. Write (; into a product
of n; = Np, (1) = %NGQP (1) transpositions.

G = (ani bnz) s (al bl)

where a;,b; € {17,17,...,p~,pT} for 1 < j < n;. Then for j =1,...,n; in
sequence, we put two paired slits on the complex plain C: One slit has endpoint
(zi,yr), if aj = kT (resp. a; = k7); and if slits with the same y-level y, already
exist, then put the new one above (resp. below) all the existing ones. The other
slit has (z;,y;) as endpoint, if b; = I (resp. bj = 17); and if slits with the same
y-level y; already exist, then put the new one above (resp. below) all the existing
ones.

In the end, there will be Ny (74) + --- 4+ Na,(71) = h pairs of slits. We name
the slits L1, ..., Ly, from bottom to top respectively. Let A be the pairing which
records how the slits are paired and T' = (t1,...,to;) is defined as follows: For
1 < i < 2h, suppose (a b) is the transposition, with which the slit pair L;
and L)) are added, then ¢; = ¢y := I if a and b have the same superscripts
+ or —, t; = tyy) = Il if the superscripts of a and b are different. Then
L = (Ly,...,Lop|A|T) is a slit configuration, whose symbol E corresponds to
A = (14| ... |m1) in the sense described before.

3.2 The Category of Pairings

We have seen that, like symmetric groups in moduli spaces of Riemann surfaces,
pairings play an important role in the cell structure of moduli spaces of Kleinian
surfaces. Besides, the categories of pairings are also the main examples of factorable
categories as we will explain in this section.

The category of pairings A, has all the pairings of the set Iy, = {1,2,...,2p} as its
set of objects; and for any two objects A1, A2 € A, the set of morphisms

Mor(A1, A2) := {(MaAT 1 A1)} = {(Mads, M) )

Since there is a unique morphism from A; to Aa, A, is a groupoid. In the following
we will denote the set of morphisms of the category A, by .#(A,) and the set of
composable n-tuples of morphisms by #(A,)(n). Assume ((Tn,An), ..., (71, 1))
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is an element in .#(A,)(n), then it follows from the definition of .#(Ay)(n) that
TiAi = Ajy1 for ¢ = 1,...,n — 1. Thus without loss of information, we will denote
((Tna )‘n)a ey (T17 )\1)) Slmply by (Tn7 e, T, )‘1)

The norm N = Ny, on A, is defined as follows: For any morphism (7,\) € .Z(A,),

ie. TA, A € Ay,
1
N((1,\)) == N(r) = §N62p(7'). (3.2.1)
This is to say, the norm of (7, \) in the category A, is defined to be half of the norm
of 7 as an element in the symmetric group &g, where the norm on Gg, is taken to

be the word length norm with respects to its set of transpositions.

In the remaining part of this chapter, unless otherwise specified, the notation N(7)
is always meant to be as in (3.2.1), not Neg,, (7).

The set of morphisms in A, with norm one is denoted as usual by T'(.#Z (A,)). We will
see more clearly about how these morphisms look like, after the following Lemma.

Lemma 3.2.1. Let (7,\) be a morphism in A,, i.e. TA, A € A,. Assume that
(a1,...,an) is a cycle of T, then (Ai(an),...,A1(a1)) is also a cycle of T which is
different from (a1, ..., ay).

Proof. First we have 7(a) = b = 7(A\(b)) = A(a). It remains to prove that for any
a, a and Aj(a) are not in the same cycle of 7. If this is not true, let k& > 0 be the
smallest non-negative integer, such that there exists an element a with 7%(a) = \(a).
Then k # 0, since a # A(a). Moreover k # 1, since otherwise k = 1 = 7A(A\(a)) =
7A2(a) = 7(a) = A(a), a contradiction to that 7\ has no fixed points. Therefore
k > 2. however, since TAT(a) = A(a), we have 7%(a) = \a) = 7%(a) = TA7(a) =
™"=1(a) = A7 (a), i.e. 7F72(7(a)) = A\(7(a)), which is a contradiction to the choice
of k. O

A consequence of this Lemma is that for any morphism (7, \) in A, the cycles of 7
appear “canonically” in pairs.

In particular, let A € A, be a pairing and (i j) € Gg, a transposition. Then
if A(i) # j, we have i, j, A(i), A(j) are pairwise different and (i j)(A(7) A(j)) A is
a pairing; moreover, ((i j)(A(Z) A(j)),\) is the unique norm-one morphism which
starts from A and has 4, j in the same cycle (in fact, taking the norm-one condition
and Lemma 3.2.1 into consideration, this cycle must be (i j)). If A(i) = j, by Lemma
3.2.1, there exists no norm-one morphism staring from A and with 4, j in the same
cycle. At this point we can also see that, if (¢,\) € T'(.#(Ap)), then ¢ -t = id.

Recall that H : Gy, — Iy, is a function which assigns to a permutation o the largest
element of the set Iy, that is not a fixed point of o: H (o) = max{j € I, | o(j) # j}.
Define a function n = na, : A4 (Ay) — A (Ay)(2) as follows. For (1,\) € .4 (Ay),
ie, \,7TA € A, if 7 #id, then
(7, 2) = (0(7), 7 (1), A) (3:2:2)

where the n/(7) and 7j(7) are given by:

(7)== (A(@) AMH(@)) - (@ 77(0)

i) =71 (7)
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where i = H (7). Because i, 7~ 1(i) are in the same cycle of 7, it follows from Lemma
3.2.1 that A(i) # 771(i). Hence as we have noted before i,771(i), (i), \7~1(¥)
are pairwise different and ((A(i) A7=1(3)) - (i 771(i)), A) is the unique norm-one
morphism from A which has i, 771(i) in the same cycle.

For (id,\) € 4 (A,), we define n((id, X)) = (id, id, X).
Note that (3.2.2) is equivalent to the more explicit form:

7 (1, A) = (' (7),A) and 7((7,\)) = (7(7),7' (1))

Lemma 3.2.2. 7 is a factorization map.

Proof. We need to show that 7 satisfies the conditions (1), (2) and (3) in Definition
1.2.1. If 7 = id, all the conditions are fulfilled. And that n satisfies (3) follows from
the definition. If 7 # id, let i = H (7).

Because 4,77 1(i),A(i) and A\r~!(i) are pairwise different, n'(7)n’(7) = id, hence
0(r)n'(r) = 0'(r)y'(r) = 7, which implies 7((,A)) o 7'((7,A)) = (7,A), hence
condition (1) holds.

It remains to show condition (2). Multiplying 7 with the transposition (7,7 '(i)) will
affect only the cycle ¢; = (..., 771(i),4,7(),...) of 7. More precisely, in 7(i,71(4)),
the cycle ¢; decomposes into the cycles (..., 771(i),i,7(i),...) and (i), while all other
cycles of 7 remain the same. In the same way, multiplying 7 with the transposi-
tion (A(i), Ar~1(4)) will affect only the cycle ey = (..., A7(i), A1), A7 (4),...) of
7, which decompose ¢,(;) into the cycles (..., A7(i), At~ 1(i),...) and (A(4)), while
all other cycles of 7 remain the same. Since i,7 (i), A\(i), \7~1(i) are pairwise
different, these two multiplication will not affect each other. As a result, 7j(7) =
7(A(3), A771(4)) (i, 771 (7)) has two more cycles than 7. Hence N (7(7)) = N(7)—1
N((1,\)) — 1, which implies N(7((7,\))) = N((1,\)) — 1.

Ol

Theorem 3.2.3. A, is a factorable category.

Proof. More precisely, we will prove that A, is a factorable category with the norm
defined in (3.2.1) and the factorization map 7.

Due to Proposition 1.2.3, we only need to prove that conditions (A) and (B) in
section 1.2 are satisfied by all pairs (7,t,\) € 4 (A,)(2) with (¢, \) € T(A4(Ap)).

If 7 =1id, it can be checked easily that the conditions are fulfilled.

If 7 # id, from the analysis about elements in T'(.# (A,)) before, we can assume that
t = (i j)(A(@) A(j)), where i = max{i,j, A(i), A(j)} and n'(T) = (k 1)(tA(k) tA(D)),
where k = H(7) = max{k, [, tA(k),tA(])}.

First we consider the special case n'(7) = t. The two compositions in question are
then:

ay (7,0 (1), \) = (0(7), 0 (7), 0 (7), \) = (0(7),id, A) = (7(7),id, id, A) = (7 (7),id, A)

and
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while N(aw((r,7'(7),A))) = N((77(7),id,A)) = N(7) — 1 and N(ai((r,7'(7),))) =
N((7(1),A)) = N(7) — 1. Hence the conditions are satisfied in this case.

Now consider the case when 1/(7) # t. We have the following
Lemma 3.2.4. If /(1) #t, then 0/ (7-t) =10 (n'(7) - t).

Proof. If k = H(7) > H(t) = i, then the fixed points of 7 larger than k are also fixed
points of 7-¢ and 7/(7)-t. Moreover, (7-t)" (k) =t~ 771 (k) =t~1- (/' (7)) "L (k) =
t=1(l) # k, since if t(k) = I, it would follow that t = /(7). Hence H(r - t) =
H(n'(r) - t) = H(r) = k and /(7 - t) = /(i () - t) = (k t~1(1)) - (A(k) M1 (1)) =
(k £(1)) - (A(R) At(D)).
Similarly, if k = H(7) < H(t) = i, then H(r -t) = H(n/(r) - t) = H(t) = i and
(r-)71i) = (' (1) - )" (3) = t~1(i) = j, since i is a fixed point of 7 and 7/(7).
Hence 1/(7 - t) = 0'(n/(7) - 1) = (i j) - (A7) A(4)) = t.

U

Now we finish the proof of the Theorem. If 1/(7) # ¢, from the Lemma above we
have

ay (1,1, A)) = (70 (0 (7)£), 0" (0 (7) 1), A) = (7t (7)1 (7-£), A) = eu((7, £, ).

Hence a,((7,t,\)) = a;((7,t,A)) holds regardless of whether o, and «; are norm-
preserving or not, which implies that conditions (A) and (B) are fulfilled. O

Therefore the general results on factorable categories can be applied to the category
of pairings. Hence we obtain that the homology of the norm complex N'(A,)[h] is con-
centrated on the top degree h, and & : Vj,(Ap) — Hp(Ny(Ap)[R]) is an isomorphism.
Furthermore, we have that for any h-tuple of norm-one morphisms 7 = (73,...,71),

T € Ry(Ap)(h) <= H(r) > -+ > H(m1)

Hence we also call an element in Ry (A,)(h) a monotone tuple.

Recall that NQ,q(h,m) is a double complex with vertical boundary operator ' =
Zg;ll(—l)i(% and horizontal boundary operator 9" = Zf;ll(—l)iﬁg’. For a fixed p,
the following Lemma shows the relation between the chain complex (NQ,, ,(h,m),d")
and the norm complex (N.(Ap)[h],d). This thus provides an application of the
theory of factorable categories to the study of homology of moduli spaces of Kleinian
surfaces.

Lemma 3.2.5. The p-th vertical complex NQ, ,(h, m) with differential &' is a direct
summand of Ni(Ap)[h] with differential d.

Proof. We define a homomorphism ¢ : NQ,, ,(h,m) — Ny (Ap)[h] by letting

U(Ags -5 20)) = ((AgAg-1, A=)l - [(A1 Ao, Ao))

for each A = (Xg,..., o) € NQ, ,(h,m) and extending linearly to a homomorphism
between Z-modules. Note that here we consider the objects of A, to be pairings of
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the set {17,1%,...,p~,pT} instead of {1,2,...,2p}. Since Ay is the fixed pairing
defined in (3.1.6) for any tuple A = (Ag,...,Ao) € NQ, ,(h,m), 2 is an injective
homomorphism.

The statement that (NQ,, . (h,m),d’') is a direct summand of (Nx(Ap)[h],d) is then
equivalent to: For any 0 < i < ¢, the following properties 1) and 2) hold.

1) dior =100, ie. (NQy.(h,m),0) is a subcomplex of (Ny(Ap)[h],d).
2) (A € No(Ap)[A]\u(NQ, 1 (h,m)) and d;(A) € 1(NQ, ._1(h,m))) = d;i(X) = 0.

This can be checked directly using the definition of NQ,e(h,m) on page 51, hence
we leave out the details here. O

Remark 3.2.6.  The maps 2 : NQ, ,(h,m) — N,(Ap)[h] for different m together
induce the injective homomorphism

i P NQ,.(h,m) < No(Ay)[h].

0<m<h—1
However, this map is not surjective, because any tuple A = (g, ..., Ao) € NQ, ,(h,m)
must satisfy the extra condition 5) and 6) on page 51. o

Because \g € A, is fixed, we will use some simplified notation in the remaining part
of the thesis. A tuple (A\gAg—1, Aq—1)|-- - [(A1 X0, Ag)) in the image of 2 will be denoted
simply by (74| ...|71), where 7, = A\jA;i—1 € Gg,. This is the inhomogeneous notation
already introduced on page 51. And we will abbreviate the morphism (7, A;_1) to
7; in this case.

Let {E} ,,dr}, be the spectral sequence of the double complex NQ,q (5, m). Then we
have {E) , = NQ, ,(h,m)} and dy = &' : NQ,, ,(h,m) = NQ, ,_1(h,m). Moreover,

{E}, = HyNQ, .(h,m))} and the differential d; : E} , — E} ;  is induced by 9"

An immediate consequence of Theorem 1.2.11 and Lemma 3.2.5 is the following

Corollary 3.2.7. The vertical homology E} , = Hy(NQ, .(h,m), &) is concentrated
in the top degree ¢ = h. Thus the E'-term is a chain complex with differential
induced by 0", and the spectral sequence collapses with E* = E>.

The complex (WX (h,m),d) is defined by szv(h, m) = k™ (Hp(NQ, . (h,m),d")) C
Vih(Ap) and d == k71 09" o k. It is equivalent to the E'-term of the spectral
sequence. A closer examine shows that WIfV (h,m) is generated by those tuples
(T ... |11) € Rp(Ap)[h], which satisfy the following extra conditions:

1) There exists no k € {17,1%,... . p~,pT}, such that k is fixed by 7; for all i =
1,...h.

2) The number of cycles of 7, 0...071 0 AgoJ is 2(m + 1).

3) There exists 1 < j, k <p, 0 <i < h such that \;(1) = N\ (k™).
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It is proved in [Z1] that 97" is always non-orientable. As a result, the double com-
plex NQ,, (2, m) and hence the complex (W2 (h,m),d) cannot be used to compute
the integral homology of NQ,,(h,m). However, one can compute the Zs-homology
of M" using the mod-2 version of the complex (WX (h,m),d) and the Poincaré
duality

H*(NQqq(h,m), Zs) = H*(NPar(h, m), NPar'(h, m); Zy) = Haj,_.(My"; Zo).

3.3 Orientation System

Since the manifold 97" is non-orientable, to compute the integral homology of 917,
we need to consider the orientation system O on the relative manifold and use the

Poincaré duality
H*(NQu4(h,m)) = H*(NPar(h, m), NPar'(h,m); O) = Hzj,_.(Ny; Z).

Here I/\T@,.(h, m) is the chain complex of the relative manifold with the orientation
system 0. In this section we will give the construction of I/\T@,.(h, m) and study its
homology, which turns out to have analogous properties to that of NQ,,(h,m). The
discussion here will follow the same line as in Section 2.3.

/N@p,q(h,m) has the same generators as NQ, ,(h,m), but the boundary opera-

tors differ. In I/\I@.,(h,m), the vertical and horizontal face operators on a cell
e € NQ,, ,(h,m) are of the form

di(e) = €i(e) di(e), i=1,...,q—1 (3.3.1)
ey =¢€'(e) '), i=1,...,p—1 (3.3.2)
where the sign €(e), €/(e) € {£1} depends on e and ¢, not only on 1.
e 9’
NQ, ,(h,m), we need to study the cells of NQgq(h,m) in more detail.

Before going to the definition of €(e), €/(e) and hence of the double complex

Recall that a cell e € NQ, ,(h,m) can be considered as an equivalence class of
symbols under Rauzy jumps or as a tuple of pairings e = (74| ...|m) with 7 € A,.
For a top-dimensional cell e € NQyy, 5,(h,m), i.e. p = 2h, ¢ = h, there is a unique
symbol E, which is a representative of e = [E]. We call the cells in Qg p,(h, m)
generic. If e is not a generic cell, there can be more than one representative for e,
and by definition, any two of them can be transformed into each other by Rauzy
jumps.

We need some terminology from Section 2.3. The notion of 82’)2 and (92)1 and the
definition of a generification remain the same here. Recall that (é, Dy, Ds) is a
generification of the cell e, if € is a cell in Qop 1, (h, m) and 0}, 0}, (€) = e. Moreover,
the set of top-dimensional cells which have e as a face is still denoted by

H(e) = {é | é is a generic cell and 89,9p, (€) = e for some sets Dy, Da}.

We know that e can have more than one symbols as representatives and for each
representative E, there exists a cell é € H(e) and sets Dy, Do, such that

3,9, (é) = E. (3.3.3)
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Note that the boundary operators are meant to be in the sense of symbols, not
in the sense of equivalence classes of symbols, since the symbol E appears at the
right-hand side of the equation (3.3.3).

The definition of normal form plays an central role in defining the face operators
on NQ,.(h,m). It comes from the idea that one would like to choose a “standard”
representative for each class of symbol [E]. Before giving this definition, we need to
introduce some terminologies concerning A,, first.

We will use set of indices {17,17,...,p7,p"} instead of {1,...,2p} for A,, whose
geometric meaning is shown in Section 3.1. Moreover, on {17,17, ... p~,p"} the
order 17 < 17 < ... < p~ < p* is assumed. For a index kT (resp. k™), we call k
the number part of k™ (resp. k~) and denote it by |k*| = k (resp. |k~| = k). To
denote the superscript, we define sgn(k*) := + and sgn(k~) := —. Furthermore,
define |7| := {|i] | (i) # i} for T € Gyp.

It’s known from last section that if N(7) =1, (7,\) € .#(A,), then 7 is a compo-
sition of two transpositions; write 7 = (i1 j1) (42 j2), then iy, j1,i2, jo are pair-wise
different. We define 7(#) to be the transposition of 7, which contains the biggest
non-fixed index H(7) according to the order above; and define 7(%) to be the other
transposition.

For (1,\) € .#(A,), the cycles of 7 appear in pairs; and if A as well as one cycle
from each such pair are known, we can then determine 7. Therefore for a cell

e = (14]...|m1) € NQ, ,(h,m), each 7; (i = 1,...,q) can be recovered from partial
information in the above sense, we call this process complete. For example, for
e = (n|...|m1) € NQqgpp(h,m), if a transposition from each 7; is given, we can

complete the given tuple of transpositions to get e.

Definition 3.3.1. The normal form of a cell e = (74| ...|11) € NQ, ,(h,m) is the
generification (NF(e), D1, D2) of e which is determined by the following procedure:

1) For each i, assume the normal form of the morphism 7; in the category A, is
(H)

nF(7;) = (Tipng,---»Ti1), where n; = N(7;). Pick out the transposition 7;

i from
each 7; ; and arrange them into a tuple of transpositions

H H H 0 0

@ = (D r eI Dy = 0
and define Dy := {1""ah_1}\{2§9:1nk li=1,...,q—1}.

2) First we define a map S; : Gy, — Sy(pt1) for each j = 1,...,p, which sends a

permutation a € &g, to the permutation Sj(a) € Sy(py1y as follows:

dji-odj+oaos;-os;+ if |kl #j
k it |k|=j
0)

To get NF(e) and Dy, we perform the following algorithm on el

Algorithm 3.3.2.
° Déo) = 0.
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o For1<n<h-—p:
Let k be the lowest index such that there are more than one transposition of
e(r=1) = (T,Enil)\ . \7'1("71)) which do not fix k and set

o fmin{1<i<h|r"Vk) £k} if sen(k) =+
T \max{l <i<h | 7"Vk) £K) i sga(k) = —

Define
e =" 7™y and DY = DS U {|K|}.
where (1)
) _ S (") if i=ig
' S|k\(7—z‘(n71)) if 1 #o

o Complete e(h*p), we obtain NF(e) and Dy := Déh_p)_

Remark 3.3.3.

1) It follows from the procedure that NF(e) € Qap n(h, m) and 0, 0p, (NF(e)) = e,
so (NF(e), D1, Ds) is a generification of e as claimed in the definition.

2) For any generification (é, D1, D9) of e, Dy is uniquely determined by the partition-
type of e (hence uniquely determined by e).

3) The second step can be understood more intuitively from the perspective of slit
configurations: Let E(©) be the symbol which is the representative of

e = (Tyny |-l T 1)

chosen as in 2) of Remark 3.1. Whenever two slits touch each other in E(©) we
will add a stripe between them, so that in the end E(© is transformed into a top
dimensional cell NF(e).

<&

Now we will explain two kinds of operators-namely swaps and Rauzy jumps-on a
generification (é, D1, D) of e. We fix the assumption that

e = (Th| e |7’1) S 7‘[(6)
Definition 3.3.4. If i € Dy, the swap of (é, Dy, Ds) at i is defined to be the

generification (swap;(é), D1, D2), where

swapi(é) = (Th‘ e ‘Ti+2’Ti‘Ti+1’Ti—1’ . ‘Tl).

Remark 3.3.5.  Since é is a top-dimensional cell, it is easy to check that swap,(é) €
H(e) and 97,0, (swap;(é)) = Jp,0p, (€) as symbols, hence (swap,(€), D1, Do) is a
generification of e as claimed in the definition. o

For a fixed representative E of e, there can be more than one é satisfying (2.3.3).
However, from the definition of the face operators, Dy is uniquely determined by e
(hence also by E) and Ds is uniquely determined by E. Moreover, ¢ is determined
by F up to swaps as shown in the following Lemma.
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Lemma 3.3.6. Suppose (é,D1,D3) and (é,D1, Ds) are generifications of e such
that

0,0, (&) = E = 0y, 0, (2),
where E is a symbol representing e. Then (é,D1, D) can be transformed into
(é, D1, Ds) by swaps.

Proof. From the definition of the horizontal face operators we have

8b1 (é) = 8b1 (é) = é G NQ2h,q(h7m)'

First we have an observation for any cell (75|...[r1) € NQgy, p,(h,m): If 7; = t( ) (1)

where t( ,t;”) are permutations, then |t | and they both contain two ele—
ments. This is due to Ao = (p* p~)... (1T 17) and U™, |%| = {1,...,2h}.

Now assume that € = (73| ...|71), € = (7|...|71) and € = (7,4|...|71). Let ng =1

and 4
(2
=> N(#%) i=1,....q
k=1

Then we have
T3 =Tp;©...0Tp, 141 =Tn; ©-..0Tn;_1+1-

Because ¢ and é are top-dimensional cells, the indices not fixed by 7; (i = 1,...,h)
are pairwise distinct and the indices not ﬁxed by 7; (i = 1,...,h) are pairwise dis-
tinct. Therefore the tuple (Tn ]T \ ]T 2 +1‘Tnf)

g
(S|SB ‘Tnz 1 +1]T£ZL)1 +1) by permuting its transpositions. Using the observa-

tion above, we can see that é = (73]...|71) is obtained from é = (73|...|m) by
permuting its entries.

) +1) is obtained from the tuple

Because a swap exchanges two neighbored transpositions and any permutation o €
Sy, is a composition of elements in {(i i+1) |i =1,...,h—1}, é can be transformed
into é by swaps. O

Before going to define the Rauzy jumps, we give some more notations first. Assume
that (71, A) with 7 = (i 7)(A(4) A(j)) is a morphism in A,, then (72, \) with 7 =
(¢ A(4))(J A(2)) is also a morphism in A,. We call (12, A) (resp. (71, \)) the alternate
of (11, A) (resp. (72, A)) and denote this by alt((71,\)) = (72, A) (resp. alt((m2, A)) =
(11,A)). For a,b e {1,...,2h}, a <b, let B, denote the permutation

(at (a+ D" ...07)(a (a+1)"...b7),

then 37}, the inverse of Ba,b, is the permutation

a,b’
btb-D"...a™)b (b-1)"...a").
Now consider the generification (é

k,1 € {1,...,h}, such that |7 (i")
since othervvlse e € NP, (h,m).

Dy, Dy) of e. For each i € Dy, there exist unique
| #i,|m((i +1)7)| # i + 1. Furthermore k # [,
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Definition 3.3.7. The Rauzy jump of (é,D1,D5) at i € Dy is defined to be the
generification (Rauzy;(é), D1, D2), where Rauzy,(é) and Dy are defined as follows.
First define

S| ((i4+1) =) ,i if <k and |Tl((’i + 1)_)| <1

S Im((i41)-)—1 if <k and |7((i+1)7)>i+1

(6% =
P2 ) it 1>k and |m(t)| <i
Siwlrk(m\—l if 1>k and |7(iT)] >i+1,
then B
D2 = Aap, (DQ)

The definition of Rauzy,(é) falls into two types:
e The first type. Let

Bin(+n e i L<k [n((@+1)7)] <4, sen(n((@i+1)7)) = -
Bimiiny U<k @+ 1)7)] > i+ 1, sgn(n((i+1)7)) = -

B = . . . .
Bir(i1))i+1 if 1>k, |mp(it)] <, sgn(m,(i*)) = +
;L11,|rk(i+)|71 if 1>k, |7G")| >i+1, sgn(ri(i™)) = +,
then

Tj:=pforjoff for 1<j<h
Rauzy;(é) : = (Tp|. .. |T1)-

e The second type. Let

ﬂm((zqu)—)‘,i if 1<k, ’Tl((i + 1)7)‘ < 1, sgn(n((i + 1)7)) =+
B;Jil((i+1)—)|—1 if l<k, [m(GE+1)7)]>i+1, sgn(n((i+1)7)) =+

B . : : .
B 4141 i 1>k, |me(ih)] <, sgn(mi(it)) = —
LI ) if 1>k, |m(")]>i+1, sgn(rp(it)) = —,
then
- Botjop if 1<j<h,j+#max{k, [}
T =
’ alt(Borjof) if j=max{k, I}

Rauzy;(é) : = (Tn] ... |T1)-

Remark 3.3.8. It turns out that Rauzy,(é) € H(e) and 8%2(92)1 (Rauzy,(é)) =
0h,0p, (€) = e, hence (Rauzy,(é), D1, D) is a generification of e as claimed in the
definition. Moreover, as symbols, 3%282)1(Rauzyi(é)) and 07, 0p (é) are different
from each other by a Rauzy jump in the sense of slit configurations as defined in
Definition 3.1.5. This is why here we call the operator Rauzy,; on a generification
also Rauzy jump. o

As in Section 2.3, the following Lemma contains the essential idea and technique to
determine the face operators on NQ,,(h, m).
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Figure 3.5: Rauzy jumps — the second type

Lemma 3.3.9. If (¢, D1, Ds) and (&, D1, Do) are generifications of e, then there
exists a series of swaps and Rauzy jumps, by which (é, Dy, D) can be transformed
mnto (é, Dl, DQ)

The proof of Lemma 3.3.9 is similar to that of Lemma 2.3.11, hence we will leave it
out here. As a special case of Lemma 3.3.9, any generification (é, D1, Ds) of e can
be transformed into the normal form of e by swaps and Rauzy jumps.

Now we are ready to define the face operators 51’ and 5;’ of NNQ.,(h, m), which reduces
to defining €}(e) and €7 (e) as in (3.3.1) and (3.3.2).

First we consider the case of a vertical face operator. Assume that e is a cell in
NQ,, ,(h,m). We only need to consider the case when 9;(e) is not degenerate, since

otherwise 52{(6) = 0 by definition. Denote 9.(e) by € for simplicity of notation. There
are three steps to determine €(e).

Algorithm 3.3.10.
1) Let (NF(e), DS, DS) be the normal form of e. Let i be the index which satisfies
i=i+#{je D |j<i}
Define D1 := Dy U {i}, then (NF(e), D1, D2) is a generification of é.

2) (NF(e), D1, D3) can be transformed into the normal form (NF(e), DS, D§) of €
by swaps and Rauzy jumps. This gives rise to a sequence of generifications
{(¢!, DY, D)™y of & such that (€%, DY, DY) = (NF(e), Dy, D), (¢", DY, D§) =
(NF(e), DS, D§) and (e't!, DIt DIty is obtained from (e, D}, Db) by a swap
or a Rauzy jump for 0 <i<n—1.

3) For 0 <i<n—1: Denote ¢ = (1p,...,71).

o If (e“‘l,Dll'H,D;H) is obtained from (e', D%, Di) by a swap, then define
(i) == —1.



63

o If (T1, DI DI s obtained from (éf, Di, D}) by a Rauzy jump, assume
at j, then define e(i) := (—1)*t*1 where s,t are determined as follows: Let
k,1 be the unique indices satisfying |76 (j7)| # 4, |m((G+1)7)| # j+1, then

define
U, Im((G+1)7)D) if U<k, In((G+1)7) <
) UGImG+D) =1 i I<k n((G+D)7)>5+1
(5,1) = i | A
(U 16 (G)N) if 1>k, ()<
(Gl (G ) = 1) if 1>k |m(Gh)>7+1

Finally é(e) := [~y €(i).

In the case of a horizontal face operator, the algorithm is very similar. Assume
that e is a cell in NQ, ,(h,m) and that 97 (e) is not degenerate. Denote 97 (e) by e.
The definition of €7(e) follows the same three steps as that of €;(e), only with some
modification in the first step:

1) Let (NF(e), D¢, DS) be the normal form of e. Let j be the index which satisfies
j=j+#{i€Dy]i<j}

Define Dy := Dy U {j}, then (NF(e), D1, D2) is a generification of e.

Steps 2) and 3) remain the same as in Algorithm 3.3.10; one only needs to adapt
the notations when necessary.

Following the same argument as in Section 2.3, it can be shown that the face oper-
ators 0;, 07 are well defined and NQ,4(h,m) is the double complex of the relative
manifold (NPar(h, m), NPar’(h, m)) under the orientation system O.

Now we will study the homology of the double complex @..(h,m). The methods
and results are parallel to that in Section 2.3, so we will provide even less details
here. In particular, all the results will be stated without proof, since each of them
can be proved similarly as in Section 2.3.

For a fixed p, consider the complex I/\T@p’*(h,m). As a Z-module, /N@p,q(h,m) is

the same as NQ, ,(h,m), a direct summand of Ny(&,), hence /N@p,*(h, m) inherits
a partition-type filtration from N, (A,), which is defined by

PiNQ, . (h,m) = @N@p*hmﬂ]
7j=1

where N@p,*(h, m)[L] denote the submodule of ﬁ@p7*(h, m) generated by all tuples
Y. with the partition type pt(X) = L.

Since the face operators of I/\T@pv*(h, m) differ from that of N,(S,) only by a sign,
Lemma 1.2.12 is still applicable here; and in particular, the partition-type filtration
of NQ,, .(h,m) is well defined.
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Define the map n; = ] : I/\T@p,q(h, m) — I/\T@p,qﬂ(h, m) to be the restriction of the
map 7; = 1] : Ng(Ap) — Nyy1(Ap) on NQ,, ,(h,m). Furthermore, define

fi =m0 NQy o (hym)lgs -+ s List, liy -, 1]

— NQ, o (hym)lg, - b1 + 1 — 1,1, 1)
forl1 <i<gq-—1.
We have the following Lemma concerning ﬁ

Lemma 3.3.11.

(1) 9.f; = 5‘ (3.3.4a)
(2) 0 fi = fidj_y fori+2<j<q (3.3.4D)
(3) 9;fi = f@ 18 for1<j<i-—2 (3.3.4c)
(4) 01 fifir = Fid} (3.3.4d)

Now we introduce the map
Fr i NQy o (hym)llgy by 1y, 1] = NQy gaq (e m) gy -y b — 1,1, 1]
defined as the composition
(0 (0= Fomr -+ (U Tt Froa b+ (O fo - o)

and the signed sum of the first r face operators

We have the following results.
Lemma 3.3.12.
(i) & Fr =id=F, 19,y
(ii) 8’F F@ L forr+2<j<gq
Theorem 3.3.13. The homology of the complex N@p7*(h,m) is concentrated in the
top degree h:

Hy(NQyu(hom) =0, if q<h
Furthermore, we can construct a homomorphism
R : Va(Ap) NNQ, (0, m) = Hp(NQ, . (h,m))
by
R(A) = (id—(-D" 1 Fy_1 00, ) ...
 (d—(—=1)'F08)) ... (id —Fy 0 &) (id +F; 0 ;)(A)

and have the following
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Proposition 3.3.14. k is an isomorphism.

Let { £} ,, dr }» be the spectral sequence associated to the double complex I/\T@pg(h, m).
Then {Ez()],q = NQ, ,(h,m)} and dy = d NQ, ,(h,m) = NQ, ,_1(h,m). Theorem
3.3.13 says that, the vertical homology E;,q = Hq(ﬁ@p,*(h,m), 5’) is concentrated

in the top degree ¢ = h. Thus the E'-term is a chain complex with differential

di: E;q — E;;—l,q induced by 0" and the spectral sequence collapses with E? = E>,

We can define a complex (/W\va(h, m),d) by letting
W, (hym) i= & (Ha(NQ,. (h,m))) € Va(Ap)
and d := 108" o%. This complex is equivalent to the El-term of the spectral

sequence of N@pg(h, m) and will be used to compute the homology groups of ‘Rgfl.

From the definition of x and &, it is not difficult to see that vasz (h,m) and W} (h,m)
are generated by the same subset of tuples in Rj(Ap)[h], hence they are the same
Z-modules.
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Chapter 4

Computational Results

In this chapter we will present the results of the homology computations. The
theoretical background for this computation has been already presented in the first
three chapters and the computation is done using computer programs.

4.1 The Riemann Surface Case

Integral homology of M for h < 5 was computed by Ehrenfried and Abhau (see [Eh],
[A] or [ABE]), where the double complexes Qee(h,m) and Qee(h, m) were used.

The complexes (W, (h,m),d) and (W*(h,m),cj) introduced in chapter 2 can make
the computation easier, because it reduces the procedure from two main steps — i.e.,
the Ey- and E;-terms — to one step; and the construction of generators in W, (h,m)
is also more direct than in the Fj-term. This enables us to compute the homology
groups for the next cases when h = 6. However, W,,(h,m) still has a large number
of cells for some p unless m = 6, hence the incidence matrices are huge in this case,
which makes the computation of the integral Smith normal form a heavy task for
the computer. As a result, we cannot compute the integral homology of 9t for h = 6
under reasonable condition and in reasonable time.

However, we are able to get partial information on the homology. Namely, we
compute the Z;. torsion parts of the homology groups, when [ is a small prime and
k a small integer. This is done by computing the Smith normal form (SNF) over
the ring Z;x.

The following table shows the number of generators for Wp(h,m), when h = 6,
m = 0,2,4,6 respectively.

m\P|0,1/2| 3| 4 5 6 7 8 9 10 11 12
0 0 |1|82]1221| 7640 |26150 | 54756 | 73582 | 63976 | 34905 | 10890 | 1485
2 0 |0(42]1302|12180 |54390 138348 |216342 212772 | 128730 | 43890 | 6468
4 0 (0j0] O 420 | 4410 | 18060 | 38850 | 48300 | 35070 | 13860 |2310
6 0 (0j0] O 0 0 132 660 1320 | 1320 | 660 | 132
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For the case h =6,m =6 (9)18’1), we can determine the homology group completely:

Z n=0
Z n=1
Zo n=2
6 \ _ 2
Hp, (M) = Zy m=3
Zg n=4
0 n>5
In the following, we list the partial information we get for h = 6, m = 0,2,4

respectively. In the tables, “torsion” contains the complete list of torsion summands
of the forms Zor (1 < k < 6), Zax(1 < k <4), Zsx(k = 1,2), Z7, Z11 and Z;3 in the
n-th homology group. 3, (1) denotes the n-th mod-I Betti numbers and * < 23 is any
prime number, which is bigger than the [ in the previous line in the corresponding
table.

The case h = 6,m =0 (I3 ,):

n=101] 2 3 4 5 6 | 7 |181]9
Torsion ZQ ZQ, Z4, Zg, Z7 Z%, Z% ZQ, Zg Z% ZQ
B.(2) [1]0] 2 4 4 4 54 1)1
Bn(3) 110 1 2 3 4 2,001
Bu(5) | 1]0] 1 1 0 1 10 0]1
Bn(7) 110 1 2 1 1 170101
Ba(x) |1]0] 1 1 0 1 10 0]1

The case h = 6,m = 2 (M3, ):

n=1]0] 1 2 |3 4 5 718
Torsion 73,75 | 73| 73 | 73,73 | 73,73 | 7 | Zo

B.(2) 1] 2 519 10 11 9 [ 41
Ba(3) |1 0 1|3 4 6 31010
Ba(5) |1 1 2 |3 1 2 21010
Ba(¥) |1 0 13 1 2 2010

The case h = 6,m =4 (M7 ,):

n=[0]1]2[3]4]5]6
Torsion Zo | 73 | 73 | 73 | Zs
B2 |1]2]4]8]8]5
Ba(¥) 1] 1] 0] 2]3]2]1
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4.2 The Kleinian Surface Case

In [Z1], the mod-2 homology of 7Y was computed for h = g +m +1 = 2,3, where
the double complex NQ,q(h, m) was used. Here we note again that the genus of a
non-orientable surface is g, if it is a connected sum of g 4+ 1 real projective planes.

The complex (/VIV/*N (h,m),c?) allows us to compute the integral homology of these
moduli spaces and more-namely when h = 4,5. In the cases h = 5, m < 4, szv(h, m)
has again a large number of generators, hence we will compute the Z;. torsion parts

of the homology groups, when [ is a small prime and k£ a small integer.

The following table shows the number of generators for Wlfv (h,m), when 2 < h < 4.

p=1]01]21] 3 4 5 6 7 8
m=0] 0 | 2| 6 4 - - - -
h=21021 0|1 6 5 - - - -
m=0| 0 | 5 48 | 122 | 120 | 41 - -
h=3 m=1| 0 | 2|30 | 9 | 110 | 42 . .
m=20 10| 6 | 34 | 50 | 22 - -
m=0| 0 |10 222 | 1228 | 2940 | 3522 | 2086 | 488
L4 m=10 |5 1741208 | 3320 | 4377 | 2786 | 690
m=2| 0 | 0| 24 | 280 | 1000 | 1560 | 1120 | 304
m=3 010 0| 29 | 180 | 366 | 308 | 93

For all the cases with 2 < h < 4, we can compute the integral homology groups
completely.

The case h = 2,m =0 (N} ,):

Z n=20
H, (M) =% Z&Zy n=1
0 n>2
The case h=2,m =1 (mal):
Z n=0
H,(Mg) =4 Z n=1
0 n>2
The case h = 3,m =0 (N, ):
Z n=0
73 n=
Hy(N9)) =14 Zy n=2
Z n=

0 n>4
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The case h = 3,m =1 (M ,):

Z n=20
875 n=1
1y _ 2
Hn(ml,l) - ZQ n =2
0 n>3
The case h = 3,m =2 (9 ,):
Z n=>0
Hy(0MG5,) =X Z&Zy n=1
0 n>2

Here we want to point out that, the above results for A = 2,3 are consistent with the
mod-2 homology computation in [Z1], except for the homology groups H 1(‘)?%71, Zs)
and Hg(‘ﬁil,Zg). According to our computation, Hl(‘ﬁil,Zg) = HQ(mil,ZQ) =
Z3, whereas the result in [Z1] is Hy (M} |, Zo) = Ho(MN} 1, Zo) = Z3.

The case h = 4,m =0 (N3 ;):

Z n=20
z3 n=1
73 n=2
Hy(M§ ) =4 Z*’0Z3®Z; n=3
7 ® 73 n=4
7 ® ZLs n=2>
L 0 n>06
The case h = 4,m =1 (M3 ;):
(7 n=
73 n =
Zs5 n=
1y _ 2
Hn(mQ,l) - 73 @ Z% n=3
Z?®ZLy n=
L 0 n>>5
The case h = 4,m =2 (N7 ,):
Z n=
ZoZ3 n=1
Zs5 n=
72 n=
L 0 n>>5
The caseh:4,m:3(‘ﬁg71):
Z n=20
Z@ZQ n=1
3 —
Hn(mo,l)— ZQ n 2



The following table gives the number of generators for Wlfv (h,m), when h = 5.

m\P

0,112] 3

4

5

6

7

8

9

10

0
1
2
3
4

1008
726
0| 126
0] 0
0] 0

o O O O OoOf

10284
9172
2676
188
0

44880
45880
17360
2110
130

104334
117630
52350
8430
906

140112
170310
84910
16380
2324

109452
141336
76736
16840
2836

46320

62892

36516
8838
1674

8229

11660
7150

1870
386
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For the case h =5,m =4 (‘ﬁé,l), we can determine its homology group completely:

Z n=>0
7&®7Zyg n=1
Ho,(Mg1) =1 73 n =2
Z4 n=3
0 n>4

In the following, we list the partial information we get for h = 5, m = 0,1,2,3
respectively. As in the last section, “torsion” contains the complete list of torsion
summands of the forms Zox (1 < k < 6), Zsx (1 < k < 4), Zgr(k = 1,2), Z7, Z11 and
Z13 in the n-th homology group. And f,(l) denotes the n-th mod-/ Betti numbers;
* < 23 is any prime number, which is bigger than the [ in the previous line in the
corresponding table.

The case h = 5,m =0 (N} ,):

n=|0] 1] 2 3 4 ) 6 |7
Torsion 73| 75 | 75,73, Zs | 78,774,723 | 78,73 | 73
Bn(2) 1] 2 6 12 17 17 10 | 3
B3 |1, 00 1 2 2 11
Ba(3) |11 0] 0 2 2 0 01
Ba(¥) |10 0 1 1 0 0 1
The case h=5,m =1 (91:1,)71):
n=|0| 1] 2 3 4 5 6 |7
Torsion Z% Zg Z%, Zi Z%l, Ty Zg Zo
Ba(2) |1] 4 |12] 23 20 [ 23] 9 |1
Bu(¥) |11 0] 0 4 6 37010
The case h = 5,m =2 (N3 ;):
n=|0| 1] 2 3 415 |6
Torsion 74 | 7Y | 73,7, | 2 | 73
Ba(2) 1] 4 |11 20 |21]11 2
B (%) 11010 5 6 1210
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The case h = 5,m =3 (N} ,):

n=101]2 |3 415
Torsion 73|75 | 73 | Zy
Bn(2) 1148 10| 7
B (%) 11,03 4|1

From the last line of each table for the homology groups, we see that when * is bigger
than a certain prime, /3, (*) remains the same until * = 23—the biggest prime we
have tested. This “stabilization” phenomenon leads us to the conjecture that the
torsion terms we have listed for MM, when h = 6,m = 0,2,4 and for M7"; when
h=5,m=0,1,2,3 are all the torsion terms in the respective homology groups, and
therefore /3, () denotes the dimension of the n-th rational homology groups. Besides,
some of the homology groups can be determined from the computation with the help
of the universal coefficient theorem. We summarize these in the following:

Conjecture 4.2.1.

(

Z n=>0
0 n=1
7 ® ZLs n=2
Z@ZQ@Zg@Z4@Z7 n=3
VAREWA n=4
Hy(M ) =4 Z®Z®Zs n=>5
7373 n==6
ZQ n=717
0 n=2_§
Z n=29
0 n > 10

When n =0,1,4,7,8,9 or n > 10, the above results for Hn(i)ﬁgl) are verified. And
if we take the result Ho(IN3 1) = Z ® Zy from [S], then H3(9M3 ;) is also confirmed.

Z n=>0

72 D Zs n=1

yAEYA; n =2

73975 n=3

Hy(M3 )= Z®Z3®Z] n=4
7’07507 n=>5

7’73 n==6

ZQ n="17

L 0 n>8

Whenn =0,1,7 or n > 8, the above results for Hn(?mgl) are verified.
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(7 n=>0
7 &® Zo n=1
Z% n =2
) 7?87} n=3
T ) 22973 n=4
Z>® 7y n=>5
Z n==~6
L 0 n>"7T

When n = 0,1,2 orn > 17, the above results for Hn(f)ﬁ‘il) are verified.

Hn(mg,l) =

Whenn=0,1,2,5,6,7 orn > 8, the above results for Hn(‘ﬁg,l) are verified.

Z n=>0
73 n=1
73 n=2

ZOLyDLSZLs n=3
ZOIE®ZLsDZ3 n=4

78 ® 73 n=>5
Z% n==~06
7 n="17
0 n>8

(Z n=0
73 n=1
78 n=2

Z* o787 n=3
2897V ©Zy n=4

7278 n=>5
ZQ n==~6
0 n>"7

Whenn=0,1,2,6 orn > 7, the above results for Hn(‘ﬁél) are verified.

Y/ n=>0
73 n=1
A n=2
ZPOLi®Zs n=3
ARV n=4
7’273 n=>5
L 0 n>6

When n = 0,1,2 or n > 6, the above results for Hn(‘ﬁgl) are verified.

73
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(7 n=20
ZoZ3 n=1
73 n=2
H,(0M3 ) =S Z3°®7Z3 n=3
7 ® 7y n=4
Z n=>5
0 n>6

When n = 0,1 orn > 6, the above results for H, (M3 ) are verified.



Appendix: The computer
program

In this appendix we explain the structure and some important functions of the
computer program, with which the homology computations are done. The program
is written in C4++. It is attached on a CD to this dissertation.

The chain complexes

The files chain_complex Z.h and chain_complex Z.cpp provide the implementation
of the complex (W, (h,m),d), while the files chain_complexnon_Z.h and chain-
_complex. non_Z.cpp provide the implementation of (/VIZN(h, m),d). And as the basis
for both complexes, transpositions are implemented in the file transposition.h and
transposition.cpp.

The files transposition.h and transposition.cpp contain the class transposi-
tion, which gives the construction of and functions on transpositions. A transpo-
sition ¢ is constructed as an ordered pair of numbers (h,l), where h > [; and the
functions on a transposition ¢ include: to check whether a given number s is not
fixed by ¢ (contain(s)); to find the image of s, if s is not fixed by ¢ (partner(s)).

First we give an overview of the classes in the program files chain_complex Z.h and
chain_complex_Z.cpp.

e (Class htupel implements a tuple of transpositions. A g¢-tuple of transpositions
ht is represented by a vector (to, ...,tq—1), where t;,1 < i < ¢—1is the represen-
tation of a transposition according to the class transposition. The important
functions on an htupel ht include:

- type(): To check if ht is a monotone tuple.

- £(i): Computes ﬁ-(ht) defined in Section 2.3. Or equivalently, to get f;(ht),
which is defined in Section 1.2 and to give the sign €(ht) defined in 2.3 simul-
taneously. If the return value is -1, 9}(ht) is degenerate; if the return value is
0, the sign €,(ht) is 1. If the return value is 1, €;(ht) is -1.

- hboundary (k): Computes 9} (ht). Or equivalently, to get 8} (ht) and give the
sign €}/ (ht) defined in 2.3 simultaneously. If the return value is -1, 9} (ht) is

degenerate; if the return value is 0, the sign €}/ (ht) is 1. If the return value is
1, €/(ht) is -1.
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- puncture(p): Counts the number of punctures of ht, under the assumption
that every transposition in ht is in &,,.

- operator==(ht2) and operator<=(ht2): Implements an ordering of tuples.

Asides from these, the function height (k,i) is used in the functions £ (i) and
hboundary (k) during the computation of the orientation system O.

Class generator_list gives the construction of- and functions on-the complete
lists of generators of the complex (W,.(h,m),d). These generators are tuples
of transpositions described in Section 2.2. A list is represented by a vector of
htupels. Functions in the class generator_1list include:

- generator 1list(int h, int p): This constructs the list of generators of

@(Wp(h7 m), g)a

m

where the direct sum isover m = 0,2,...,hif hisevenand over m = 1,3,...,h
if A is odd.

- search(ht): Finding a tuple At in the list.

Class htupel withmultiplicity is a subclass of htupel. A htupel with-
multiplicity htp is a htupel ht with an additional datum mp, which is an
integer standing for “multiplicity”. This is meant to represent the elements of
the free abelian group generated by ht. Functions in htupel with multiplicity
include:

- sum(htm): If htm has the same htupel ht as htp, then add the multiplicity
of htm to the multiplicity of htp. This is the addition operation in the free
abelian group generated by ht.

- negative(): Change the mp of hip to —mp. This is the inverse operation in
the free abelian group generated by ht.

Class linear_combination Z is the implementation of linear combinations of
htupels with coefficients in Z. This is meant to represent the elements of the
free abelian group generated by htupels. A linear_combination Z is realized
as a set of htupel with multiplicitys. The important functions on a lin-
ear_combination Z lc include:

- add(p): Add another linear combination Z p to lc. This is the sum operator
in the free abelian group generated by htupels.
- hboundary(p): To compute the horizontal operator on lc:

p—1

§'(1e) = Y (1))

i=1

- f_combined(r): To compute (id —f, + fr_1fr...+ (=1)"f1 -+ f,)(lc). This is
the r-th inductive step in computing &, which is defined in Section 2.3.
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- matrix_construction (h,p,c): To compute the incidence matrix for the

— d —
boundary operator: Wy(h,c) = Wy_1(h,c). The matrix is written to a file
named matrix Z h p_c.txt.

Now we are going to describe the classes in chain_complex non_Z.h and chain_com-
plexnon_Z.cpp.

e (Class transposition pair rf implements norm-one morphisms in the category
of pairings. As discussed in Section 3.2, such a morphism ¢ from the pairing A is
of the form ¢ = (hg,l2)(h1,l1), where hy > Iy, hy > Iy are four disjoint numbers
and hy = max{hy,l1,hs,l2}. The transposition_pair_rf ¢ is constructed as
a ordered pair of transpositions (¢r,ty) and a logical data CR, where ty =
(h1,01), tr, = (h2,l2); and CR =true if A(hy) = he, CR =false if A(h1) = ls.
The important functions on transposition pair_rf ¢ include:

- contain(s): To check whether a given number s is not fixed by t.

- partner(s): to find the image of number s, if s is not fixed by t.

e (Class htupel non implements a tuple of norm-one morphisms in the category
of pairings. A g¢-tuple of of norm-one morphisms ht is represented by a vector
(to,...,tg—1), wheret;,1 <1i < g—11is the representation of a norm-one morphism
according to the class transposition pair rf.

- type(): To check if ht is a monotone tuple.
- non_orientable(): To check if the surface associated to ht is non-orientable.

- £(i): To compute ﬁ-(ht) defined in Section 3.3. Or equivalently, to get f;(ht),
which is defined in 1.2 and to give the sign €(ht) defined in Section 3.3 simul-
taneously. If the return value is -1, 9/(ht) is degenerate; If the return value is
0, the sign €,(ht) is 1; If the return value is 1, €;(ht) is -1.

- hboundary (k): To compute 5;9/ (ht) defined in Section 3.3. Or equivalently, to
get 0y (ht) and give the sign €] (ht) defined in Section 3.3 simultaneously. If
the return value is -1, 9}/ (ht) is degenerate; If the return value is 0, the sign
ey (ht) is 1; If the return value is 1, €] (ht) is -1.

- puncture(p): To compute the number of punctures of ht, under the assump-
tion that every norm-one morphism in At is in A,,.

- operator==(ht2) and operator<=(ht2): Implements an ordering of tuples.

Aside from these, there are functions, which serve as technically intermediate
steps in computing the orientation system O in the functions in £ (i) and hbound-
ary (k). Such functions include complete(i, t), height(i, a, b, c) and al-
ternate(i, c¢). Among these, complete(i, t) implements the process “com-
plete” and alternate(i, c) implements the operation “alternate”; both con-
cepts are defined in Section 3.3.

o Class generator_list non gives the construction of and functions on the com-
plete lists of generators of the complex (WY (h,m),d). These generators are
tuples of norm-one morphisms in the category of pairings described in Section
3.2. A list is represented by a vector of htupel nons.
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- generator_listmon(int h, int p): This constructs the list of generators

of
h—1

P WY (h,m). d).

m=0

- search(ht): To search a tuple At in the list.

Class htupel non with multiplicity is a subclass of htupel non. A htupel-
mon_withmultiplicity htp is a htupel non ht with an additional datum mp,
which is an integer standing for “multiplicity”. This is meant to represent the
elements of the free abelian group generated by ht. The important functions on
an htupel non with multiplicity Atp include:

- sum(htm): If htm has the same htupel non ht as htp, then add the multiplicity
of htm to the multiplicity of htp. This is the sum operation in the free abelian
group generated by ht.

- negative(): Change the mp of hip to —mp. This is the inverse operation in
the free abelian group generated by ht.

Class linear_combination non Z is the implementation of linear combinations
of htupel nons with coefficients in Z. This is meant to represent the elements of
the free abelian group generated by htupel nons. A linear_combination non_Z
is realized as a set of htupel non with multiplicitys. The important functions
on a linear_combination non_Z [c include:

- add(p): Add another linear combination non Z p to lc. This is the sum
operator in the free abelian group generated by htupel nons.
- hboundary(p): To compute the horizontal operator on [c:

p—1

'(le) =y (1)} (lc)

i=1
- f_combined(r): To compute (id —fr + fr_1fr...+ (=1)"f1--- f,)(lc). This is
the r-th inductive step in computing &, which is defined in Section 3.3.
- matrix_construction (h,p,c): To compute the incidence matrix for the

—~ d —~
boundary operator: szv(h, c) = W;f\il(h’ ¢). The matrix is written to a file
named matrix non_Z h p_c.txt.

In addition, we also have the files chain_complex_Z_2.h, chain_complex_Z_2.cpp,
chain complex non Z.2.h and chain complex non.Z_2.cpp, which are implement-
ing the mod-2 version of the complex (W, (h,m),d) and (W} (h,m),d) respectively.
Since in the mod-2 case one does not need to compute the coefficient system, some
important functions in these files are simpler and faster. However, to obtain the
incidence matrices is not the most demanding part in the homology computation;

thus these files are not necessary for the computations done in this thesis, but are

added on the accompanying CD for completeness.
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About the matrix computations

To determine the integral homology groups of (W*(h, m),d) and /I/I\va(h, m),d), one
needs to compute the Smith normal form (SNF) of each incidence matrix. There are
many programs available to compute SNF, if a matrix is not too large. For example,
we have applied the computer program by Abhau ([A]) for SNF computation. It
took only a few hours on a standard 64-bit machine to confirm the computations
Abhau had done before.

However, it is still not possible to compute the SNF of a very large matrix in rea-
sonable time on standard workstations; this is the computationally most demanding
part for our homology computation. In the computations we have made, it was not
possible to obtain the SNF for some incidence matrices from (W, (h,m),d), when
h=6,m=0,2,4 and from (va,fV(h,m), c?), when h =5,m =0,1,2,3,4. At present,
the limitation seems to be mostly due to available memory. For example, the ma-
trix matrix non_Z 6_7_0.txt required more than 8GB of RAM after a few hours of

computation, though the initial matrix needs less than 10 MB.

Because we wanted to use deterministic algorithms only, we have written programs
to compute the Smith normal form over Z;., where [ is a prime and k an integer. In
this way, torsion terms of the form Z;:,i =1,...,k — 1 of the homology groups can
be computed.

The files sparsematrix.h, sparsematrix.cpp, ppower matrix.h and ppower-
matrix.cpp deal with the computation of SNF over Z;.. Now we give a brief
overview of these, and in particular, some methods behind making the computation
less demanding with respect to memory consumption and running time.

Because the incidence matrices involved are sparse matrices, we use a sparse form to
represent a mod-P matrix, with P > 1 an integer. This is implemented in the files
sparsematrix.h and sparsematrix.cpp. Suppose a matrix M has r non-zero
rows, then the data of M has r arrays, one for each row; and each array records the
non-zero entries and their corresponding column indices in pairs (value, index), in
increasing order by the index-entry. Moreover, we pack every pair of data (value,
index) into a single machine integer to save memory.

The files ppower matrix.h and ppower_ matrix.cpp contain the class ppower matrix,
which is a subclass of sparse matrix. The important functions here are:

matrix_read(s,int P): This function reads the contents of the file named s into a
mod-P ppower matrix. The file s should be in the same format as a incidence matrix
matrix Z h p_c.txt constructed by matrix_construction (h,p,c). Examples for
matrix files can be found on the CD.

SR_Rank(): This computes the SNF over the ring Z;x, where, with [ a prime and
k a positive integer. The result is a k-vector v, where v[0] is the mod-/ rank of
the matrix, and each v[i],1 < i < k — 1 is the number of [’ terms in the SNF.
The reference for the algorithm is [DSV]. Moreover, we adopt also the “reordering”
technique described in [DV] to save memory and computation time, thus making
the computation possible for the large matrices occurring in this thesis.

In addition, the files fp_matrix.h and fp_matrix.cpp are about the class fp-matrix,
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also a subclass of sparse matrix. It deals with the matrices over Z;, with [ a prime,
a special case of the ppower matrix. The function SR_Rank() here computes the
mod-/ rank of a matrix. Though this is already covered in the corresponding function
in ppower_matrix, the algorithm here is more direct and faster.

The files sparse_f2 matrix.h, sparse_f2 matrix.cpp, f2matrix.h, f2 matrix.cpp
are especially written for the computation over Zo. That is to say, for computing the
mod-2 rank of matrices and hence mod-2 Betti numbers. Because of the simplicity
of Zs, the algorithms in these files are more efficient both in memory and running
time than the general case described above.
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