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Introduction

In [16] the authors consider the hypergeometric series

00 r=nd
B B 4 T~ (nw + 1)
Flw,2) = Fnlw, ) = dgf L= ((w+ ) —wn)’

neN (1)

which is a deformation of the well-known hypergeometric series

Fla) = Fulz) = 3 ((Zf?n' 2, (2)

d=0 ’

coming from a certain family of Calabi-Yau manifolds. In that paper they
define the operator M : P — P by

Mr() = (1455 56

where P C 1+ Q(w)[[z]] is the subgroup of elements which are holomorphic
at w = 0. Surprisingly they show that F(w,z) is a fixed point of M", i.e.
M"F = F. Moreover they give some identities among [, = MPF(w, x)|y—o,
in particular the symmetry I, = I,,_,—1 (0 < p <n —1). These I,’s play an
important role in the formula given by Zinger in [17] to compute the reduced
genus one Gromov-Witten invariant of Calabi-Yau projective hypersurfaces.

The first observation of this thesis is that there is nothing special about
F(w,z). In fact let f(z) be a holomorphic function with f(0) = 1, satisfy-
ing L(D,x)y = 0, a homogeneous linear differential equation with maximal
unipotent monodromy, where D = x%. Then we take a special deformation

of f(z) given by the unique holomorphic solution of

Dy L(Dy, ) f(w,z) = w" f(w, x),

1il



where D, := D +w. We call this f(w,x) the Zinger deformation of f(x).

The first theorem in Chapter 1 says that f(w,z) is a fixed point of M".
We prove two identities for [,’s as in [16] and we give a necessary and sufficient
condition for the symmetry (I, = I,,_;_,,0 <p <n —1). Indeed if

L(D,x) => 2'Bi(D)
=0
then I,’s are symmetric if and only if B;(—D — i) = (—1)""'B;(D) for all i.

The next chapter we study the Calabi-Yau (CY) equations of order four.
We study the symmetry of I,,’s. Since n = 4, this symmetry makes only two
statements: [y = I3 and Iy = I;. We show that [; is always equal to I35 and
Iy/1, always satisfies a first order linear differential equation. This lets us
divide up the CY equations into three classes:

e Full symmetry: I; = I3 and Iy = I,.
e Near symmetry: [, = I3 and (Iy/14)? is a polynomial.

e Symmetry failure: Iy = I3 and I/ has the form CT[(1 — ;)% with
a; and ¢; algebraic.

Surprisingly, the exceptional looking case (full symmetry) happens most
of the time, and the general looking case (symmetry failure) is rare. We see
experimentally among the non-hypergeometric cases (there are only 14 cases,
#1 — 14 in the table given in [2] which are hypergeometric and all of them
are symmetric) if the leading coefficient of the differential equation reducible
in Q[z] then ([y/I,)? is a polynomial (near symmetry) and if it is irreducible
then (Iy/1;)? is not a polynomial (symmetry failure). In the continuation we
show that up to a constant the quotient I5/I; is the Yukawa coupling.

In Chapter 3 we study the behaviour of the Zinger deformation when
w — 0. In [16] the authors show that if F'(w,x) € P is a fixed point of M"

for some n then log F/(w, z) has a perturbative expansion. This means that

v



the asymptotic expansion of log F'(w, x) with respect to h = i has at most
a simple pole. We generalize this result and prove that log F'(w,z) has a
perturbative expansion if and only if each coefficient of log(M=£) is O, (1) for
some n > 1. We compute the residue and under some conditions inductively

we can find each coefficient of this expansion. In the continuation we study
the logarithmic derivative of the Zinger deformation. In particular we prove
the conjecture which is stated in the last section of [16]. We show
2 Py(n, L")

1+—£logffwx LZ

2 )

(nwL)s ’

where L = (1 — n"z)~'/" and P,(n, L")(s > 0) are polynomials of n and L".

The second part of this thesis is devoted to study polynomials Py(n, L")
(s > 0). In the first two chapters of this part we give an exact formula for
the first and the second top coefficient of Ps(n, L") with respect to n. Part
of these results was guessed by the authors in [16]. In the final chapter we
give a recursive formula to compute the ¢th top coefficient of Ps(n, L™) where
s varies and we show that these coefficients under a map (called the Euler
map which is defined in Chapter 6) belong to the image of the elementary
functions.
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Part 1

Structure properties of the
Zinger deformation






Chapter 1

Structure of the Zinger
deformation at w =0

In this chapter first we define the Zinger deformation for a class of functions
and we prove some interesting properties for this class.

1.1 Definitions

Let W, = W2 be a hypersurface in CP"' determined in terms of ho-
mogenous coordinates X; by the equation

X' 4 XD —nzXy - X, = 0.

This defines a family of Calabi-Yau manifolds. This can be viewed as a family
W — Al with W c P! x A! and z a coordinate on A'. We can projectivize
the A! and consider a family W — P! with

The group (Z/nZ)"™ acts on P! as follows. Take (ay,--- ,a,) € (Z/nZ)",
then it acts on P! by

(Xla e 7Xn) = <£a1X1> e 7£aan)a

where ¢ is a fixed nth root of unity. On the other hand the subgroup Z/nZ =
{(a,a, -+ ,a)la € Z} acts as the identity on P"~!, so in fact we have an action

3



of (Z/nZ)"/(Z/nZ) on P"~'. Now the subgroup G given by
{(al’ R 7an)|a1 +-ra, = ()}’
acts on W, for each z, so it makes sense to consider
M, =M"2 =W,/G.

This M, is quite singular. For z™ # 1,00 there exists a resolution of singu-
larities Mz — M, such that ]\7 is also a Calabi-Yau manifold, moreover it is
the mirror of W,, i.e. h%Y(W,) = hY2(M,) and h*2(W.,) = k(M) (cf. [6]).
Its periods satisfy the following Picard-Fuchs equation

L(D,x)y = (D”_l - nxnl:[(nD —f—j))y =0, (1.1)

J=1

where D = x- d and x = (nz)~". The unique holomorphic solution of this
differential equation with y(0) =1 is

o)

(1.2)

In [17] Zinger uses

T ) = 32 gt D100 1)

iz L2 ((w+r)m —wn)’

as a deformation of F(z) to compute the reduced genus one Gromov-Witten

for Calabi-Yau hypersurfaces. Our main task in this section is to generalize

this deformation for the larger class of functions such that they satisfy some

nice properties as in [16]. Since the differential equation (1.1) plays the key

role as in the proofs of the statements for F(w, x) (cf.[16]), it is natural that

our candidate might be in this space. In the following definition and lemma
we introduce our candidate.

(1.3)

Definition 1.1.1. Let L(D,x) € Clx, D] be an operator of degree n — 1 for
some n > 1. Then we say L has mazimal unipotent monodromy (MUM) if

L(D,0) = D" 1.



Lemma 1.1.1. The kernel of an operator L with MUM has a unique holo-
morphic element y with y(0) = 1.

Proof. Let y(z) = 1+ Y32, axx” be in the kernel of L. Then by assump-
tion we have
D"ty =al/(y),

for some L' € C[x, D]. Then the coefficient of z* in both side would be
k-1
k:"_lak = Z )\Z‘CLZ',
=0

for some \; € C. Therefore a; will be uniquely determined and the solution

is unique.[J

Remark. From now whenever we talk about f(x), the unique holomorphic

solution of a differential equation with MUM, we mean that f(0) = 1.
Now we want to define a suitable deformation for this unique holomorphic

solution.

Definition 1.1.2. Let L(D,x) be an operator of order n — 1 with MUM
and

L(Dy,z) = nf Ay(z)DE (1.4)
k=0
where Ag(z) € 2Ql[[z]], (0 <k <n—2) and D, = D +w. Then we call
(DypL(Dy,x) —w™)y =0, (1.5)
a generalized hypergeometric differential equation (GHD) of order n.

Now let P C 1+ zQ(w)[[z]] be the subgroup of power series in x with
constant term 1 whose coefficients are rational functions in w which are
holomorphic at w = 0.

Lemma 1.1.2. Let £ be a GHD of order n. Then £ has a unique solution
in P.

Proof. Let f(w,z) = Y3, ax(w)z* be the holomorphic solution of
L = 0. Then from definition 1.1.2 we find ao(w) = 1 and recursively

k-1

((k+w)" = w")ap(w) = > Ni(w)a;(w)

1=0



where by induction \;(w), a;(w) € Q(w) and holomorphic at w = 0. Hence
ar(w) is so and therefore f(w,z) € P. O

Definition 1.1.3. Let f(w,z) € P be the unique holomorphic solution of
GHD (1.4). Then we call f(w,x) the Zinger deformation of f(x) = f(0,x).

The first observation is that the coefficients of f(w,z) with respect to
w has information about the solution of the original differential equation of
f(z). We see this in the following proposition.

Proposition 1.1.1. Let
f(w,x) - ZfZ(x)wlv
i=0
be the Zinger deformation of f(x) = fo(x). Set

F(w,z) = 2" f(w,x).

Then the first n — 1 coefficients of F(w,z) consist a Frobenius basis for the
differential equation L(D,x)y = 0.

Proof. We have

Pluw.) = 2" f(un.2) = (3 w5 )0 e

log? z

2
We note that D(F(w,x)) = %D, f(w,x) , so by definition 1.1.3

= fo+ (fologz + fi)w + (f2 + filogz + fo Jw? + -+ O(w").

DL(D,z)F(w,x) = Dy L(Dy, ) f(w,x) = z¥w". f(w,z) = O(w").

Therefore
b (logz)s
But by definition we have f;(0) = d;0, hence

L(D,x)(ggfi%): 0, 0<k<n-—1.



1.2 Periodicity

In this section we prove the main property of the Zinger deformation.
Definition 1.2.1. Let M : P — P be the map defined by

1 F(w,x z o\ F(w,z
MF(w,2) = D ()= (L 250 Fa.

w

w Oz
We set Fy(w, x) := MPF(w,z) and I,(z) = F,(0, z).

Definition 1.2.2. We define M, to be the set of fized points of M", i.e., the
set of all F(w,x) € P such that F,, = F.

Theorem 1.2.1. Let f(w,x) be the Zinger deformation of some f(x). Then
feM, for somen.

Before giving the proof of Theorem 1.2.1 we look at some examples to
check this theorem.

Example 1. Let f(z) = X392, E%); x?. As we have seen before in (1.1),

f(x) satisfies in a hypergeometric differential equation. It is the case #1 in
database [2]. Then by computation one can find

Io(x)
Li(z)
Iy(x)

Ii(z) = Is(z) = f(x) = 14+ 1202 + 113400 2 + 168168000 2° + O(z*),
L(z) = 1+ 770 x + 1435650 2 + 3225308000 2° + O(x*),
1+ 13457 + 3296525 2% + 8940963625 2° + O(z*).

2~%
I

Example 2. Let f(z) = Y32, (3% x4, Tt satisfies the following hypergeo-
metric differential equation

(D4 — 3% (D + ;))2(1) + §)2)y =0.

It is the Picard -Fuchs equation for the mirror of the complete intersection
of two cubics in P:

XP+ X3+ X5 = 32X, X5 X,
X34+ X2+ X3 =32X, X, X3,



It is the case #4 in database [2]. Then by computation one can find

ILi(z) = Is(z) = f(x) = 14 362 + 8100 2% 4 2822400 2* 4 O(x*),
(:c) = I3(z) = 1+ 1802 + 79380 z* + 41920920 2* + O(z*),
1+ 297 2 + 168561 2° + 106224345 2° + O(x").

S
/-\
8
S~—
|

Example 3. Let f(x) =3, A,2", where
2, \ 2
n\ (n\ (k+1\[2n—k
A pu—
=26 G0

(90" = 3x(173D" + 340D* + 272D? 4 102D + 15)

— 20%(1129D* 4 5032D? + 7597D? + 4773D + 1083)
+ 22°(843D" + 2628 D* + 2353D* + 675D + 6)

— 2%(295D" + 608 D? + 478D* + 174D + 26) + 2°(D + 1)4)y —0.

which satisfies in

It is the Picard-Fuchs equation for the mirror of X (1,1,1,1,1,1,1) CGrass(2,7),
a complete intersection of hyperplanes. It is the case #27 in the database

2].

Then we have

Ip(z) = Is(z) = 1+ 52 4+ 1092% + 33172" 4+ 121501 2* + O(z°),
Li(z) = Is(x) = 1+ 14z + 574 2% + 26222 2° + 1294286 2" + O(a°),

56 2828 149408 8285228
Lz) =1+ +3 Tt 2% + 3 z* + 3 zt 4+ O(aP),
344 92602 3372103
I()—1+6x+?x2+ > z® + > z* + O(2%).

Now to prove Theorem 1.2.1 we need the following lemma:

Lemma 1.2.1. Suppose f(w,z) € P satisfies the mth order differential equa-

tion
m

(> Co(x) D) f(w, z) = A(w, ) (1.6)

r=0



for some power series Co(x), -+ ,Cpn(z) € Q[[z]] and A(w,z) € Q(w)][]]

with A(0,z) = 0. Then the function f = Mf satisfies the (m — 1)st order
differential equation

mz;) (2) D) f(w, z) = ;A(w x) (1.7)

where

Proof. See [16].00

Now we are ready to prove Theorem 1.2.1.

Proof. The idea is to use several times Lemma 1.2.1. But we need a
suitable function to apply this lemma for it. In order to do this, we construct
a new function F(w,x) from f(w,z) which has the extra property F'(0,x) =
1. To do this job we look at the effect of D,, on power series

Zpl w)az' € Q(w)][x]].
We see .
Duf(w,a) = Y+ ipi(w)e’

so D, has an inverse operator namely, D!

1 which replaces each p;(w) by
(w +14)"'p;(w). Therefore we can define

F(w,z) :=wD,' f(w,z).

It follows that F'(0,z) = 1 (recall that f(0) = 1). Multiplying both sides of
(1.5) by wD_' we find

(ifls(%)DZ)F(w,x) =w"F(w,z), (1.9)

where A, = A,_1(z) . Now we apply Lemma 1.2.1 for equation (1.9). We
note that MF(w,x) = f(w, x), hence we have

ZC’O) (w,z) = w" ' F(w,), (1.10)



CO(z) = En: ( " )Ar(x)Dr_l_sF(O,x) = A (z) = Ay(z).

r=s+1 S_+>1

Applying Lemma 1.2.1 for equation (1.10) repeatedly, we find

n—1—p
> CP(@)D;, fy(w,x) = w' P F(w,x), (1.11)

s=0

and C?) for p > 0 is given inductively by

n—p
CP(z)= > <511>C§P1>(a:)D”1[p1(x). (1.12)
r=s+1

In particular for s =n — 1 — p we find that

Clap(@) = G (@) - ()

n—1—p n—p

= OV 2 (2)Lpa(w, ) [,y (2)
(1.13)
=5Mwﬁhszawﬁhm.

On the other hand from equations (1.11) for p =n — 1 and s = 0 we have
Co" (@) for (w, 2) = F(w, ). (1.14)
This equation with (1.13) for p =n — 1 gives

A, q(2) nl:IO I(z). fo1(w,z) = Fw, ). (1.15)

Setting w = 0 in this relation and using F'(0,z) = 1 gives

n—1
I 1) = 471, (o). (1.16)
r=0
Then substituting back into (1.15) gives
fnfl/[nfl = F(’U},IE) (117)

10



Finally, applying w='D,, to both sides of (1.17) implies M"f = f,, = f. O

During the proof we found a relationship among ,’s (equation (1.16)).
We state it in the next theorem and we give another identity for I,,’s.

Theorem 1.2.2. Let f(w,z) € M,, be as in Theorem 1.2.1. Then we have

Io(z) - I, 1 (x) = A, 1 (z) 7, (1.18)
Io(z)" ' (2)" % Ly (2)° = @), (1.19)
where h(z) = — [§ Mdu.

Proof. We have already seen the first identity in equation (1.16). To
prove the second identity, p =n — 2 in (1.11) with w = 0, implies that

i (@)L, _s(z) + O (2) DI, _s(z) = 0. (1.20)

From (1.13) for p = n — 2 we get
n—3
O (@) = Apa(2) I L(2)

Substituting this in (1.20) we find

n— D]n =
C @) = —Ap_i(2) 2( H (1.21)

n 2 —

On the other hand from (1.12) for s =n —p —2

O () = O (@) i () + (n = )OI (@) DI, (2).

n—p—2 1-p\

From (1.13) we have C’np__p1 () = An_1(z)[1°=5 I.(2), substituting this in
above we obtain

szp)pf (z) = Cv(zp:llf)p(x)]p—l(x> +(n—p)An_i( H . (1.22)

I,- 1 =

11



Continuing this procedure we get

CP Ly (x) = (cgp_;” () Lp—a(x) 4+ (n — p+ 1) Ay () pr:[o Ir(x)DIp_g(x)> Iy (z)

+m—pmwmmifﬁfilnux

or

CP () = CL (@) L (x) L, (x)+

Qn—pf”““”+4n—p+1f”““@)AnxwiIA@»

I (2) Ip-2(2) 0
and finally
cP, (x) = (An_Q(x) + Ay () pz_jo(n - 1)11{2;";))1)[_[0 I(z). (1.23)

With p =n — 2 we find

(n—2) o N N n—3 o D[r(x) n—3 N
05 @) = (An-alo) 4 Arcse) D= - 0 EEEN T ). 20

r=0

Comparing equations (1.21) and (1.24) we find

tz—%)(n —r— k)fgg _ —xjnzl(é’z). (1.25)

Integrating this and exponentiating proves the second part.[]

1.3 Symmetry

If we look at again Examples 1 and 2 in Section 1.2 we see that
Io(.l’) = 14(1‘), Il(.l’) = Ig(l‘)

Or in other words we have (full) symmetry in these cases. But in Example
3, instead of full symmetry we have Iy = I3 and [y # I,. Hence it is natural
to ask under which conditions we have symmetry for an f € M,,. The two
identities in Theorem 1.2.2 constrain an obvious necessary condition which
we state in the following lemma.

12



Lemma 1.3.1. Let A; are as in Definition 1.1.2 and f(w,x) € M, satisfy the
conditions of Theorem 1.2.1. Then a necessary condition for the symmetry
of I,’s is
n—1
2

A, o(z) = D(A,_1(x)). (1.26)

Proof. If we have symmetry, namely I,(z) = I,,_,—1(x) for all 0 < p <
n — 1, then by Theorem 1.2.2

An- -
L

= Tt T ite

= (1 ( )" h(2)" "'In—l(iﬁ)o)2 (symmetry)
= e @ (from(1.16))

A,
where h(x) = [f — A 2(v) ————du, hence it is necessary

—1(u)

n 2(u)
Ap ()t = o~ (1.27)
or .
n—1 An,Q(U)
log A, = /—7d ,
2 0g 1(l‘> / UAn_l(U) u
so by differentiating both sides, it turns out
2 A, (x) rA,_1(x)’ '
which proves the lemma. []
For example from (1.1) for F(x) we have,
-1
An,1($) =1- nnxv Aan(x) = _1.77’(77’2)’ (129)

and satisfies the necessary condition. Indeed I,,’s are symmetric in this case
and we see later in Theorem 2.1.1, for Calabi-Yau equations this necessary
condition is sufficient. But for the moment we consider an arbitrary Zinger

13



deformation and we give a necessary and sufficient condition for symmetry.

Let W = Clz, D] be the Weyl algebra. Then the morphism
x: W =W
given on the basis by
(' DF)* = (=D)*az' = 2 (=D — i)*, (1.30)
is an anti-involution. In fact we have
(/D' 2’ D" = (&(D + i)' D*)* = & (=D — j)' (=D — i — j)*
= (-D)a™I (=D — j)' = (' Dy (29 D",

Furthermore

k

(@' DM = (a'(=D = i)")* = &' (=(~=D —i) —i) = 2’ D"

Definition 1.3.1. For an operator L € W we call

~

L= (—1)dear@) px
the conjugate of L, where * is the anti-involution as in (1.30)

We note that if L € W such that L(0) = D" ! for some n, then L*
by definition satisfies the same property. Therefore if f(x) is the unique
holomorphic solution of L(y) = 0, then it makes sense to speak about f(x)
the unique solution of L(y) = 0.

Theorem 1.3.1. Let £ be an operator of order n — 1 in the Weyl algebra W
with MUM and £ its conjugate. Suppose f(w,x) and f(w,x) are the Zinger
deformations of the holomorphic solution of L and L respectively. Then

I=I,,1, 0<p<n-—1 (1.31)

Conversely if for two Zinger deformations, identity (1.31) holds then the
corresponding operators are conjugate.

14



Corollary 1.3.1. Let £ as in Theorem 1.3.1. We write

L(D,x) = Z z'B;(D) = nzl Ay (x) D",

Then the following conditions

e Bi(D)=(-1)""'B;(—D —1), 0<i<r,
o Ax) =i (=) (B) DA, 0<s<n— 1.
are equivalent.

Proof of Corollary 1.3.1. From Theorem 1.31 immediately it follows
that the first and the second identity are equivalent and by definition we
see that the first and the third one are equivalent as well. Now if we set
Ap(r) = X0, ay;x?, then from the third identity we have

nfakipk = B;(D) = (-1)""'B;(—=D — i)

k=0

It follows that
—1
& k
Qg = Z(_l)n1+kak‘i< )iks’
k=s S

finally the sum over all aya' when 4 varies, gives the fourth identity. con-
versely the above equation gives the other side. We note that the fourth
identity for s = n — 2 gives the necessary condition ( cf. Lemma 1.3.1).

Proof of Theorem 1.3.1. We define f(w,z) € P as the unique holo-
morphic solution of
L(Dy, x) f(w,z) = w" . (1.32)

15



But on the other hand by assumption we have
DyL(Du, 7)(f(w,7))  (mod w") = w" + O(w"*™).

We have seen before the effect of D' on the coefficients of f(w,z). It turns
out that
L(Dy, ) (f(w,2))  (mod w") = w"" + O(u").

Therefore the uniqueness implies that f(w,z) = f(w,z) (mod w"). Hence
we have f,(0,z) = f,(0,x) = I,(z),(0 < p <n—1). Now applying Lemma
1.2.1 repeatedly for f(w,x) we find

—p—
Z CW(2) D, fp(w,x) =w" P71, 0<p<n—1,  (1.33)

where the coefficients C) () € Q[[z]] can be computed recursively. The top
one is given by

CP_(2) = Aur(@)Io(x) - Loy (2) = (Ty(x) -+ Loy ()70

Specializing to p = n — 1 we find C’én_l)(x) = I,,_1(z)~!. Plugging this into
(1.33) with p =n — 1 we find

fn_l(w,x) =TI, 1(x).

Now by downwards induction on p, using the equation fp = LwD,' fp+1,
we can reconstruct the all power series f,(w,z) (0 < p <n — 1), from their
special values I,(z) = f,(0,z) at w = 0. We obtain in particular the formula

w " f(w,z) = kDAL DY I oD,y (1.34)

To prove the theorem we write

r

L(Dy,z) =Y a'B;(Dy)

1=0

where B;’s are polynomials of degree at most n — 1. Then by definition we
have

*(Dy,z) = Zaz B (D —Z 7' Bi(—D,, — 1).

16



Let f(w,z) = X5, ba(w)z?, with by(w) = 1. By equation (1.32) we have

Z Bi((d —1))ba—i(w)z® = w™™  (bg_i(w) =0 for d—i<D0).

For d = 0 we get By(w) = w™ ™! and by a simple induction for d > 1

HS 1B (w+d—21——2])
b = —-1)° = )
alw) 19’1;7;39( ) (w+ d)nt H (w +d—i; — — i)t
i t-is=d

Claim 1.3.1. (—w — d)* "bg(—w — d) = (—w)*"bg(w).

Proof. The denominator of each subsum of w!'™"by(w) is

s—1
w" N w+d)" T [[(wHd =i — - —iy)"

J=1

and under w — —w — d it is transformed to

(’[U dnl an —il—"'—ij)n_l
=(~w—d)" !~ ”1]_[ (—w —d+ijpq + - +ig)"

s—1
_ (_1)(n—1)(s+1)(w + d)n—l(w>n—1 H(w +d— ij—i—l L is)n_l.
j=1

The numerator of each subsum of w~"by(w) is
—1)SHBZJ(UJ+d—Zl——Z]),
j=1

and under w — —w — d it is transformed to

—1) [ By (—w —ix — -+ — i)
j=1
= (=1 [I(-1)" VB (w + i1+ +1i5-1)
j=1
_ (_1)s(n—1)+8 H Eij (w+d—i;—--—i).
j=1

17
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Equations (1.36) and (1.37) imply that

(—w —d)" "bg(—w — d) =

~

(_1)7),71 Z (_1)3 ;:1 sz(w‘i_d_zj—-.._zs) .
1<iy,,is<r (w + d)rhl(w)nil Hj;% (U) +d— ij+1 — = Z'S)nfl
i14-is=d

Substituting i; with i,_;1 we find

(—w — d)"bg(—w — d)

= (_1)n_1 Z (—1)8 §:1 Eis,jﬂ(w +d—ip—-— Z‘s—j+1>

1<it s <r (w+ d)"=Hw)" 2 (w4 d — iy — - =gy
i1t-is=d

= (—w)' "ba(w),

which proves the claim.
Now by comparing the coefficients of 2¢ on both sides of (1.34), we find

wl—nbd<w) — Z aio<0) e ainfl(n - 1) :
Lio ey (WA i) (Wt da i) o (W o)

io+++in—1=d

for all d > 0, where a;(p) denotes the coefficient of * in I,,(x). Splitting up the
sum on the right into the subsum over n-tuples (ig, - - + ,4,—1) with max{i, } <
d — 1 and the sum over n-tuples which are permutations of (d,0,--- ,0), and
using ag(p) = 1 for all p, we can rewrite this equation as

n—1
a’d(p) o 1-n
S e S

S @iy (0) -+~ i,y (n — 1)
(w+i1+...+in_1)(w+12+...+Z'n_1)...(w_|_2'n_1)'

§0y+ yin—1>0

10t in—1=d
Now suppose by induction that a,.(p) = @,(n —p — 1) for all r < d and all
0 < p <n—1. The right hand side goes to its conjugate under the map
w — —w — d, as one sees for the second term by making the renumbering
iy — ty_p_1. 1t follows that the left-hand side has the same property, so

18



aq(p) = ag(n —p—1) for all 0 < p < n — 1, completing the inductive proof

o~

of Inflfp = [p'

Now for the other side if we follow the proof of the first part we see that
the identity I, = I,,_,—; and Claim 1.3.1 are equivalent. Now by induction

we show that
(=)™ ' Bi(-w —1) = Bi(w),
and therefore it implies that £ and £ are conjugate.

For i = 0 we have (—1)""'By(—w) = w"! = By(w). Now using equation
(1.35) for i = 1 we find

Bl (’LU)

bi(w) = w1yt

Bl(w) _ n—1, 1-n?
S (w Dl (F) w0 h(w)

By(—w —1)
oy w1

= (=1 —w)"""b(~w—1) = —

It follows that (—1)""'By(—w — 1) = By(w). Now for d > 1 we split the

equation (1.35) into two parts

Ba(w) -
= — nb
w1 (w + d)n! w a(w)
+ E (_1)8 jleij(w+d_i1_"'—ij)
r<iyiecd WA AP IS (0 d =iy = =)
i1+is=d

by induction and our assumption the right hand side goes to its conjugate
under w — —w —d, so the left hand side goes to its conjugate too. Therefore

we find (—=1)" ' By(—w — d) = By(w). O
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Chapter 2

Calabi-Yau equations

This chapter has two sections. In the first section, we define Calabi-Yau
equations which are linear differential equations of order 4 of MUM with
some extra properties. Consequently one can define the Zinger deformation
and I,’s (0 < p < 4) for these. Then we prove a statement about the
symmetry of I,’s.

In the next section first we explain how equation (1.2) for n = 3,4 has a
modular interpretation. For the case n = 5 which is the holomorphic solution
of the Calabi-Yau equation (1.1), such interpretation has not found yet. In
the continuation for Calabi-Yau equations we give a connection among I,,’s
and the Yukawa coupling.

2.1 Calabi-Yau equations and symmetry

In this section we study a special case, namely Calabi-Yau equations. These
are differential equation of order 4 with MUM which satisfy some extra
properties. According to [2] we list these properties in the following definition.

Definition 2.1.1. We call the differential equation
Ly® +as(2)y® + ax(2)y” + ar(2)y’ + ao(z)y = 0, (2.1)

of Calabi-Yau type or shortly C'Y -equation, if satisfies the following condi-
tions
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i) The singular point x = 0 is a point of mazimal unipotent monodromy,
i.e. the indicial equation at x = 0 should have O as its only solution. Or
equivalently if we write equation (2.1) as

ZAi(x)Diy =0, (2.2)

then A4(0) = 1 and A3(0) = A2(0) = A1(0) = Ap(0) = 0. We remind
that D = x-2-.

it) The coefficients a;(x) satisfy the following condition

alzlaga —lag—l—a' —§a a —la”
2 3 83 2 433 23'

iii) The solutions r1 < ro < r3 < 14 of the indicial equation at x = oo are
positive rational numbers satisfying r1+1ry = ro+13—5 for some s € Q.
We also suppose that the eigenvalues e*™ of the monodromy around
x = 00 are the zeroes of a product of cyclotomic polynomials, which can
be interpreted as the characteristic polynomial of the monodromy around
T = 00.

i) The power series solution near x = 0 has integral coefficients.

v) The genus zero instanton numbers computed by the standard recipe are
integral (up to multiplication by an overall positive integer).

In [2] the authors have collected more than 300 examples of C'Y-equations.

Theorem 2.1.1. Let £ be a CY -equation defined in (2.2). Then I; = I3
and 1y/1y satisfies the following first order linear differential equation

20 Al (z) — Az(x)

(Io/12)" = 2rAy(x)

(lo/14).
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Proof. By definition of C'Y-equations we have

a; = 1aga — 1a?’ + ay — §a ay — la”
2 P g g
From Proposition 1 in [1] this is equivalent to
d? d?
— =t— 2.3
dt2 (y3/Y0) dt2 (y2/Y0), (2.3)

where yo.41, ¥2, y3 are the Frobenius basis of (2.1) with MUM and ¢ = y; /yo.
On the other hand we have

I =Dy /yo), L2 = D(D(?JQ/yo)/[l), Is = D(Z/1y), (2.4)
where Z := D(D(yg/yo)/ll). On can see 4 f(z) = D(f)/I1, hence we have

d2

s D (D(yofy)/ 1) = I/,

dt

(y2/v0) =

and similarly
2

d (y3/vo0) = Z/ 1.

dt?
We have from (2.4)
Z DZ DI,
L=D(2)y="22 772 2.5
3 ([1) Il [22 ( )
But from (2.3) we have
il 2
yooIo I
or
7 =L
Yo
By differentiating we find
DI
DZ=nNLL+2Dl =11+ 252
Yo I

Plugging this into (2.5) we find I; = I3. For the second part from Theorem
1.2.2 and using the fact that I; = I3 we have

T

As(u)
!—wiwﬂu:bgﬁﬁ@ﬁﬁ)

= 2log(lo/1s) + 2log(lol1121314)
= 2log(lo/14) — 21log Ay(z).
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Differentiating both sides we get the result.[]

Thanks to Theorem 2.1.1 we can detect three classes among C'Y equa-
tions:

1) full symmetry: I, = I3 and [y = I4.
From Theorem 2.1.1 it happens when A3 = 2z A/. Indeed this identity
is the necessary condition for symmetry which have already seen it. It is
interesting because in this case this necessary condition is sufficient.

2) near symmetry: I} = I3 and (Iy/1;)? is a polynomial.
Experimentally by checking the first 50 C'Y-equation in the list of C'Y-
equations given in [2], this case happens when A4(x) is reducible in Q[z].

3) symmetry failure: I; = I3 and Iy/1, has the form CT[(1 — a;x)% with o
and ¢; algebraic.
Experimentally this case happens when A4(x) is irreducible in Q[z], but
we do not have any proof.

Despite of the generality of third case which one can expect this is the often
case, surprisingly this is rare (at least in the list of C'Yequations given in [2])
Table 2.1 shows the type of the first 50 C'Y-equations. In Table 2.2 for those
which are of the second type we show the decomposition of A4(x) and the
polynomial (Iy/I;)?. Table 2.3 gives the type of those CY-equations which
has been already known their Calabi-Yau manifolds (according to [13] ).

2.2 Modularity and the Yukawa coupling

It is a basic fact that the classic modular forms satisfy linear differential
equations respect to a modular function. More precisely, let f(z) € M;(T)
be a modular form of weight k, where I' is a subgroup of finite index in
SLy(Z), and t(z) a modular function. Then the many valued function F(t)
defined by F(t(z)) = f(z) satisfies a linear differential equation of order k+1
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Table 2.1: Types of C'Y-equations
type 1 type 2 type 3

41-14,15,16 | #17,20,21,22 | #19
18,24,25.26 | 23,27,31,32
28,29.30,34 | 33,35,37,39
36,38,41,42 | 40,43,44,49
45,46,47,48

with algebraic coefficients. This differential equation is the kth symmetric
power of the following second order differential equation.

PG 9,1 9G  g,9]
ot? gt? ot  2g*t?

G =0, (2.6)

where g := fY* G := FY* and [, ], is the nth Rankin-Cohen bracket,
defined by

ral= 3 (M (T roee. iz

r,s>0 S r
r4s=n

where P and () are modular forms of weight k& and ¢ respectively and ’ is d%.
The complete solution spanned by {f,zf,---,z%f} and the monodromy
group is the image of T" in sym*(T") (cf. [15]).

Since having "integral monodromy” group is a rare phenomena, one hopes
a differential equation with integral monodromy might have modular prop-
erty. One of the interesting question about the holomorphic solution of a
Picard-Fuchs equation (Our interest are C'Y-equations) is to find a 'modular
property’ for it. We see this in some examples.

First we look at (1.2) for n = 3. In this case we have

o) =3 et

d=0

and it satisfies
(D? = 32(3D + 1)(3D + 2)) f(w) = 0.
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Table 2.2: C'Y-equations of second type

Database Ay() (In/14)*
17 (92 — 5)%(27z — 1)(272% + 1) (92 — 5)°
20 (187 — 1)2(27z — 1)2(5dx — 1) (18z — 1)°
21 | (4o — 1)(dz + 1)(8z + 5)(32z — 1) (82 +5)°
22 (4z — 7)*(32z — 1)(2* — 11z — 1) (4z —7)°
23 (162 — 1)2(322 — 3)2(32z — 1) (322 — 3)8
27 (z — 3)%(2® — 28027 — 57z + 1) (z—3)°
31 (10247 — 1)? (10247 — 1)
32 (2722 + 270z — 1)? (2722 + 270z — 1)
33 (162 — 1)(128z — 1)(1024z — 1) (128z — 1)°
35 | (2887 — 1)2(4327 — 1)°(846z — 1) (2887 — 1)0
37 (2562 — 1)*(1024z — 1) (2562 — 1)7(1024z — 1)7
39 (647 — 1)%(2562 — 1)" (647 — 1)7(256 — 1)
40 (2562 — 1) (2562 — 1)°
13 (10247 — 1)° (10247 — 1)
44 (25622 — b4dx + 1)* (25622 — 544x + 1)7
19 (4327 — 1) (4327 —1)°

By Proposition 1.1.1 another solution is

g(x) = f(x) + fi(z)logz,

where
of (w, x)

f1($) = Ow ’w:U-

But

f(w.2) 5~ _ Ty +r) <3d 3y WV—W)d
ow _;Hle((w—l—l)3—w3) 1;13w+r ;3 T

and therefore

o) =3 > 2)et (2.7



Table 2.3: Geometric Calabi-Yau equations

Database Description Type

13 X(6,6) € P°(1,1,2,2,3,3) 1

p X(10) € P4(1,1,1,2,5) 1

9 X(2,12) € P5(1,1,1,1,4,6) 1

12 X(3,4) € P°(1,1,1,1,1,2) 1

7 X(8) € P5(1,1,1,1,4) 1

8,125 X(6) € P(1,1,1,1,2) 1,1

10 X(4,4) € P%(1,1,1,1,2,2) 1
14,85,86 X(2,6) € P5(1,1,1,1,1,3) 1,1,1
1,79,87,128 X(5) € P* 1,111

11,95 X(4,6) € P5(1,1,1,2,2,3) 1,1
6,75,76,96 X(2,4) € P9 1,1,1,2

4 X(3,3) € P5 1

51 Conj: X — Bs 1
5,90,91,93 X(2,2,3) € P 1,111

99 Conj:5 x 5-Pfaffian € PS 1

222 7 x 7-Pfaffian € PS 2

24 X(1,1,3) € Grass(2,5) 1
3,72,224 X(2,2,2,2) € P 1,1,3

25 X(1,2,2) € Grass(2,5) 1

29 Conj:X(1,1,1,1,1,1,2) € Xo 1

26 X(1,1,1,1,2) € Grass(2,6) 1

42 Conj:X(1,1,2) € LGrass(3,6) 1

184 Conj: X (1,2) € X5 1

27 X(1,1,1,1,1,1,1) €Grass(2,7) | 2

28 X(1,1,1,1,1,1) €Grass(3,6) 1

247 Tjgtta’s example 2
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We define

= ex M =zrex hi(z)
a(w) = exp( ) (G

=24+ 1527 + 279 2% + 5729 2* + 124554 2° + O(2°),

and the mirror map as the inverse function
z(q) = q—15¢° + 171 ¢* — 1679 ¢* + 15054 ¢° + O(¢%),

which is convergent for |¢| < 1. Let z = 5= log g and n(z) = ¢"/** [I;2,(1—¢")
the eta- function. Then one can see

n(z)"
X pum— pum—
B == e e
is a modular function for the congruence subgroup I'g(3). Let § = ;-4 =

qdiq. Then the derivative of a modular function is a modular form of weight
2. By definition we have I;(z) = 1 + z(22)) and

f(@)
1 fi 1 z(q)
dz(q) = q(x = z.exp(=). = ,
@ =00y =T @+ (By) ~ D)
is a modular form of weight 2 for I'y(3), or I1(z(q)) = (Sé((q;)) is a modular

form of weight —2. Thanks to Theorems 1.2.2 and 1.3.1 we have

1 1
L(x(q)) 1 —27x(q)’

is also a modular form of weight 2 for I'y(3). One can show that

[ (a(a)) =

Fe@) =146 3 (X (Da")e MTu(s), ().

n=1 d|n

Example (1.2) for n = 4 also has a modular property. Its differential equation
is the symmetric square of the following one:

(1 —4*2)D* —128zD — 122 = 0.
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But when n > 4 the story is different. Here we discuss the case n = 5.
First we see that the differential equation in this case is not a symmetric
power, moreover the monodromy group is not a subgroup of SLs(Z), therefore
the holomorphic solution can not be a modular form. But it is not the end
of the story. In this case the monodromy group is still arithmetic, indeed
the monodromy group is a arithmetic subgroup of Sp(4,7Z), and therefore
it might there is a modular interpretation of more than one variable, e.g.,
Siegel modular forms (cf.[4]). In this case the Frobenius basis {y;}3_,, of the
differential equation

£: (D' = 52(5D +1)(5D +2)(5D + 3)(5D + 4) )y = 0, (2.8)
is given by Proposition 1.1.1. The mirror map is
x(q) = ¢ — 770 ¢* + 171525 ¢* — 81623000 ¢* — 35423171250 ¢° + O(¢°),
and
f(z(q)) = 1+ 120 ¢ + 21000 ¢* 4 14115000 ¢° + 13414125000 ¢* + O(q°),

as we see the coefficients are too big for modularity and in fact the convergent
domain of f(x(g)) is not the disk |g| < 1 (cf.[18]). From Theorem 1.3.1, I,’s
are symmetric, hence from Theorem 1.2.2 we have

5x(q))3 1 Li(x)
z(q) /1 =5(q) ()

L5(x(q))
11(x(q))

B(x(q) = ( (2.9)

We will show that the quotient up to a constant is K(q) the

Yukawa coupling, defined by

K(q) = No-6*(y2/v0), (2.10)

where yo = f(z) and ys(x) = fo + filogx + f% and Ny = 5 in this case.
We have by definition

Fa

PR
F 1+ D(-£ £
11:1+D(—1, I, = ( I )

F) I
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On the other hand by chain rule

0(y2/y0) = q(x) (%2/90)" _ D(ya/y0)

q'(z) I(z)
_ D() +loga(D(R) +1) +
I
D(£ Fy
I
Therefore . ;
D(=2 + L1 T
6*(y2/y0) = I; ' D(log z + M) _ 12
Il [1
L(z(q) .
It follows that = - K(q). We can rewrite (2.9) as
Ie(g) ~* 9 (29)
] O
K(q) = Iy *(x : . 2.11
@ = L@@ (o) T3 (2.11)

Proposition 2.2.1. For the CY -equation given by (2.2), we have

L)
K@) = No- 7 @)

where K(q) is the Yukawa coupling and Ny is a constant.

Proof. See above.

Remark 2.2.1. The main property of the Yukawa coupling when the CY -
equation s the Picard-Fuchs of a family of Calabi-Yau threefold, is counting
the number of rational curves of fixed degree on the mirror. For example in
the quintic case, we write

= 5 + 2875 ¢ + 4876875 ¢*> + O(¢°).

o) n3q€
K(g)=5+) qu_
/=1

— 1

Then ny is the number of rational curves of degree £ on the mirror of a generic
quintic threefold (for example see [9)).
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Chapter 3

Structure of the Zinger
deformation at w = o

3.1 Introduction

In the previous chapter we have studied the structure of the Zinger deforma-
tion at w = 0. In this chapter we describe some of its structures at w = oo.
In [16] the authors have shown that for every f € P NM,, every coefficient
of the power series log f(w, z) € Q(w)[[z]] is O,(w) as w — oo. In the next
theorem we generalize this result.

Theorem 3.1.1. Let F(w,z) € P such that log™=F = O,(1), for some
n > 1. Then we have
log F(w,z) = O,(w),
and for every k > 0
MFE (w, x)
F(w, )
Remark 3.1.1. This theorem gives a criteria for the set PNM, where M =

Un>1M,,. Indeed if F € P and log lvll,ifng;")”) # 0,(1), then F ¢ M.

Corollary 3.1.1. Let f(w,z) € P satisfies in the GHD (1.5). Then every
coefficient of the power series log f(w,z) € Q(w)[[z]] is O(w) as w — oco.

Proof of Corollary 3.1.1. In this case M"f = f and obviously the
condition of theorem 3.1.1 holds.[]

log = 0,(1).
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Now we prove the theorem.
Proof. We set

H(w,z) :==log F(w,x) = ihr(w)xr,

and we have M(ef (W) = H"(w2) " where

DH(w,x) — DH(0, z)

w

H*(w,z) = H(w,z) — H(0,x) + log(1 +

). (3.1)

We have to show that h,.(w) = O(w) for all > 1. We suppose by induction,
hi,--- ,hs—1 are O(w) and we show that hs(w) = O(w).

DH(w,z)— DH(0,z) & h.(w)— h.(0)

. =y
- :o(uﬂ + Shw(w)x +O(z*). (3.2)
Hence from (3.1) and (3.2), _
H*(w,2) = H(w,z) + Ou(1) + > hsz)xs +O(a* ). (3.3)

Iterating, we find that for every k > 1

ks hg
log(M*F) = log F(w, ) + O.(1) + st + O(z*1), (3.4)
w
especially when k = n. But by assumption log(M-£) = O,(1), so it follows
that hs(w) = O(w), which proves the first part. The second part is obvious
from the first part and equation (3.4).00

3.2 Asymptotic expansion of the Zinger de-
formation

Now let f(w,z) be the Zinger deformation of some f(z). Then Theorem
3.1.1 implies that log f(w, ) has an asymptotic expansion }.°2 | u; (z)w™
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with p;(x) € xQJ[z]] for all j > —1 or equivalently,
flw,z) ~ "N @ ()w™ (w — 00) (3.5)
5=0

Thanks to this expansion, in [16], the authors have computed u(z) and ®g(z)
for F(w, z). With a slight modification this proof works for the general case.
We give it in the following proposition.

Proposition 3.2.1. In the ezpansion (3.5)

W) = /L(u)_ldu, (3.6)

u

where L(z) = A,_1(z)™Y", and A,_1(x) defined in (1.4). Moreover if I,’s
are symmetric, then ®o(z) = L(z).

Proof. From Theorem 3.1.1, each f,(w,z) = MP? f(w, z) has an asymp-
totic expansion

Folw,z) ~ S B, (2)u (w — o),
s=0

with the same p(z) in the exponent. The equation f,11 = Mf, gives

B 1+ (Pps—1/1,) ifs>1,
Pos = s Py = I, Pps + { 0 otherwise. (3.7)
The case s = 0 of (3.7) gives by induction
1 "p
o (1+41) Do . (3.8)

N
But f,, = f or &, 0 = ®g, hence we obtain from (3.8)
L+ =To- Iy = Apa(2)7,

which proves the first equation in (3.6) because p(z) is a power series in x
with no constant term.
For the second part, from Theorem 1.2.2 and the symmetry we have

n(n+1)
2

Io(a)" L (2)" - Iy (2) = L(2) (3.9)
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Now we define

Hp(x) = I (p Z 0)7
then we have

Hy=1, H,/H,,=1,/L, HHy---H,=1, H,.,=H, H,,= H;l.

(3.10)
In above the first two equations follow from definition and the third one
follows from (3.9). The last two equations follow from Theorem 1.2.1 and
the symmetry. We can rewrite equation (3.8) as

Q,0(x) = Hy(x)Po(z) p>0.

Now substituting this into the case s =1 of (3.7) we find inductively

o L Dy I H
) »

L +L H, 0

By () = Hy(a) (®1(2) +p
r=1
Setting p = n and using the third and fourth equations (3.10) and f,, = f,
we deduce that &y = L. [

Now by applying (1.5) to equation (3.5) one can compute step by step
each coefficient of expresion (3.5). In [16] the authors have found a recursive
differential equation for the coefficients of F(w, z) (equation (1.3)), and also
they have computed explicitly the first four terms. Here first we do the same
for general case and then we go to the main theorem of this chapter.

Let f(w,z) € M, be the Zinger deformation of f(z) and A,,_;1(z) be the
leading coefficient of its differential equation. We write

p
=J](1 — i)

=1

for some a; € C. Then for L(z) := A,_1(2)"'/" we have

P —1
N Day= (e — 1) (3.11)
i=1
where z; = (1—a;z) ' and D = :17 . It turns out that the ring Q[z4, - - - , z,)
is a differential ring with D = % This property helps us to compute
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inductively the higher derivatives of L. For simplicity we denote

X = (21, ,1p), Y = Z (3.12)

We have D,et" = e’“"ﬁw where Bw = D + Lw. By induction on k&

— ko /N —
D=3 ( )D;?u)pkm = D"+ kLwD* ' 4 - .. (3.13)
m=0 m
where .
Dy (1) = 3 Hop(n, X)(Lw)™ ¥, (3.14)
k=0

with H,x(n, X) € Q[xy,--- ,x,], inductively given by Ho = dpx and for
m > 1

P d
Hopg = Hpo1 + (Z zi(x; — 1)
i—1

d{L’i + (m — k)Y> g{m—l,k—l- (315)

For example, for k£ =0, 1,2 we find

P gz — 1 1
Hoo = 1, %mJ:(Z‘)Y, :}cm@:(?)ZWm(mI )YQ.

i=1 n
(3.16)
In the following lemma in the case p = 1 we give a formula for J(,, , whose
reqursive part is independent of m.

Lemma 3.2.1. Let H,, 1 (m,k > 0) be as in (3.15). Then for p =1, fized
k > 1 and varying m, we have

ol om
H, o X) =5 [ (n, X), 3.17
) =3 ()7 Joustn ) 3.17)
with Qk; € ZIn™t, X] defined inductively by

JQr—1,;+ (k+Jj—1)Qk—1,-1
n

k> 1.
(3.18)

Qo,j = 50,]'7 Qk,j = (X_1)<XQ;C—1,J'+
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Proof. For k = 1, from definition we have

1/m m
S ) T P

n

Now let us assume the identity is true for all £’ < k. By definition we have

d m-—k
AJ_Cm = g{m,k - \{}Cm—l,k = (X - 1) (Xd)( + n >g{m—1,k—1

= (X — 1)<Xdc)l( + = k)% <kn_11_ij>Qk1,j(”,X)-

no )3

Then from (3.18) we have

Mlom—1 JQr-15+ (k+7 —1)Qr-1,-1
Mm_;& 1+J><Q’” n )

k—1

+(X-1)) ﬂl;k(kjn_l . 1j>Qk1,j'

J=1

MLm= Ml —1

m—j—k{ m-—
8T (me Yo,

n

but (m —j — k) (,ﬁ_lj) =(k+j) (Z’;:;), so we find

k—1 B
AH,, = Z (km )ij 2kn ! <2k’ . 11> (X = 1)Qr—14-1,

=1

but by definition (3.18) we have Q. = 2kn—_l(X — 1)Qk—1,-1. Therefore

J'Cm,k; - g{m—l,k‘ = Z <] 1 + k)Qk]

() (k)



which completes the induction step. [J

The function f(w,z) = e M@ f(w, x), satisfies the differential equation
LF = 0, where
n—1
L =L"(DyL(Dy,x) —w") = Dl + L" > (Ay_1 + DA;)DE,
k=0

with A—l = —w".
Using (3.13) and (3.14) we can expand £ as £ = 37, (Lw)" %Ly, with
" Eji(n, X)

Li=%

=0

D', (3.19)

ki

where

Eyi(n, x) = <7Z> Homioi(n, X) 0"

k—i [ ~ 4

- L" Z (n . r) Anfr (x)j{nfifr,kfifT (n> X) nkila (320)
r=1 v

where A, = A, | + DA, (0 <k <n—1). We have included the factor n'=*

in (3.19), because then in our main example (equation (1.1)), Ej;(n, X) are

polynomials of n and X. Finally from the differential equation £3F = 0 and

the asymptotic expansion of F for large w we obtain the following first order

ODEs for ®,:

1 1
ﬁ[;g(q)s_Q) + e 4 7,(:”((1)3_”4_1) = 0, S Z 0,

1
L1(D,) + —Lo(Pyy) + pr=
(3.21)

L

with the initial condition ®4(0) = dg s.

For F(w, x) given by equation (1.3), p = 1 (the number of linear factors
of A,_i(x)). In this case we have L = (1 — n"z)~"/™ and with the abuse of
notation we set X = x; = L™. We obtain from the differential equation (1.1)
and equation (3.20)

n

Ek,i(”v X) = <Z>j_cnz,kl (n7 X) nkii

N

Xy <" N ’”) (1) Fonsrpsr(n, X) 0P, (3.22)

1 1

ﬂ
I
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where S,.(n) denotes the rth elementary symmetric function of 1,2,--- n.
The table below shows few terms of Ej ;.

k ‘ Ek,o Ek’l Ek,?
0 1 0 0
1 —n(X —1) n 0
2| n(n— 1)(%)&' - 1) (X-1) =3n’(n—-1)(X-1) n(n2—1)

In this case for s = 1 we have £1(®1) + 7L2(Po) = 0. From (3.19) and
(3.20) we have

Ly=nD— (X —1) (3.23)
L, = <Z>D2 _ 3("2_1)()( 1D+ ”; 1(<n = 2)2(5 Wy 1)(X - 1),
(3.24)

It turns out

Similarly

(n—2)*(n+1)°
2(24n)?

and in general one can show that ®4(z) for fixed s and n varying is an element

of Qn,n™', L, L7" X], where X = L™ (See.[16]).

Oy (z) = (L —2L" + L[>,

3.3 Logarithmic derivative of the Zinger de-
formation

In this section we study the structure of logarithmic derivative of the Zinger
deformation in special cases. The reason is the following. As we have seen
in the previous section, for the asymptotic expansion of F(w,z), we have
®,(x) € Q[n,n~t, L, L', X] and this polynomial is too complicated. Part
of this difficulty goes back to the recursive equation of ®, which is in fact a
differential equation and it is not useful in practice. But the advantage of the
logarithmic derivative as we will see in the next theorem is that its coefficients
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up to a simple factor just depend on n, X and its recursive equation is not
in the differential equation form.
Let

n—1
L,=> Ay(n,z)D5, (3.25)
k=0
where Ag(n,z) € Q[n,z], (0 <k <n—1) be a family of MUM differential

operators with parameter n and
Ly (DyLy —w™)y =0, (3.26)

be the corresponding GHD differential equations. Then we recall that for
each n, f,(w,z) the holomorphic solutions with f,(0,0) = 1 is the Zinger
deformation of f,,(0,2). When n varies these functions form a family. In the
continuation we would like to study this family.

Theorem 3.3.1. Let £,, be the family of GHD as in (3.26), with

P Aus(a) = DAL(), (3.27)
Api(z) 1 .
1) € EQ[n,X], 1<i<n. (3.28)

where X as in (3.12).
Suppose f(w,x) = [y(w,x) is the family of Zinger deformations correspond-
ing to £, and set f(w,z) = e M@ f(w, x), where p(z) is detremined as in
(3.6). Then there is a power series P(n, X, T) € Qln, X|[[T]] such that the
function x% log f(w, x) has the asymptotic expansion
0 ~ 1 1

x%log flw,z) ~ ET(H’X7 m) w — 00,
where L = A,_1(x)~Y™. The power series P is characterized uniquely by the
recursive equation

; &(n,X,T) (fP(n, X, T)+ Too nYTaT> (1) =1, (3.29)

where -
8i<n7X7 T) = Z Ek,i(naX)TSa (330)

k=0

with Ey;(n, X) as in (3.20).
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Remark. If I,’s are symmetric then only half of A;’s need satisfy the
condition (3.28). More preciesly if A, o1 € 7 Q[n, X], then by Corol-
lary 1.3.1 it turns out that A,_j, € —=Q[n, X].

Corollary 3.3.1. For F(w,x) as in (1.3) we have

xglogﬁ-'wa: lz

ox n‘ nwL (3.31)

where X = (1 —n"z)~", L = XY™ and each Ps(n,X) € Q[n, X] is a polyno-
mial of degree s +1 in X and 2s + 1 in n.

Before giving the proofs of Theorem 3.3.1 and Corollary 3.3.1, we will
show how the recursive power series uniquely works. If we write P(n, X, T')
as

P(n, X, T) ZPnX

then we will show that each Ps(n, X) € Q[n, X]. We set

Pi(n, X,T) : ZPSZnX)T :<1P(nXT)+xa—nYTa)>i(1)

= Ox or
(3.32)
We note that 22 = Y7 (z; — 1)9516%1_, and from the above definition we see
that Pso(n, X) = 550, P;1(nX) = Py(n,X) and
P 0
Piy1(n, X) = (n > (z— 1):10,(9 snY> P i(n, X)
i=1 Li
+3 Pi(n, X)Po_p(n, X), i=123,.. (3.33)
r=0
Also from (3.29) we have
Z Z E.;(n,X)Ps;(n,X)=0, s=1,2,3,... (3.34)

r=11:=0

From the condition (3.28) it follows that A,_;(z) € —-Q[n, X], hence
Ei(n,z) is a polynomial of n and zy,---,x,. It means it is an elemnt of
Q[n, X]. Now for each s > 1 with equation (3.34) and given all Py ;(n, X)
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with s < s — 1 we find P;_;(n,X). since E,;(n,X) and Py ,;(n,X) are
polynomials, therefore P;_;(n, X) which is uniquely determined in this way
will be a polynomial. With this information and equation (3.33) we find
P,_;,(n,X) for all i > 1. We show this procedure in some examples. From
equation (3.34) we have

PO - _EI,O'
Now with equation (3.33)
P d P d
P072 = nZ(wZ — ].)ZL'ZiP() + P02, P073 = Z(ZEZ — ].)ZEZ‘iPOQ + P()PO’Q.
i=1 dxz i=1 dl‘l
Now equation (3.34) for s = 2 says
P = —(Ey0+ Ey1 Py + B 2Py 9),
so we can find P;. Now using equation (3.33) for s = 1,
P d
Py = TL(Z(% — 1), g Y)P, + 2P, P,.
i=1 i

Finally for s = 3:

Py=—(E30+ Es1 Py + B3P0+ E33P 3
+E51 P + E2,2P1,2),

and we can find P,. Applying this computation to our main example, i.e.
F(w, x) shows that

PO(”aX) :X_17

Py(n, X) _(n—l— 1)(n2—41)(n— 2) (X — )X,

PQ(TL,X) =0.

Proof of Corollary 3.3.1. To show equation (3.31) we just need to check
the two conditions (3.27) and (3.28). Since in this case we have full symmetry
for I,’s, the first condition which is in fact the necessary condition for the
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symmetry of I,’s (cf. Lemma 1.3.1) holds. For the second one we have by
definition

Sr(n)

nr

(1—1_}”), 1<r<n.

Hence iZ:Ei; = £215,(n) € LQ[n, X] and (3.31) follows from Theorem
3.3.1.

For the degree of X, we see from the recursive equation of H,, ; by a simple
induction that in this case the degree of X for Hy ; is j, so the degree of
Eji(n,X) will be k — ¢ and from the recursive equation (3.33), the result
follows.

For the degree of n from (3.17) and (3.18) one can easily check that the
degree of n in Ej;(n,X) is 2k — 4. From this and the recursive equation
(3.34) we find the result.]

Proof of Theorem 3.3.1. We define

A, =—an""S,(n) =

> *, D@ (n,z)T*
U, i(n, o) T° = =222 ’ 3.35
2 esr ) 20,0 T 339
where D = x%. We notice that
o0 B o0 B a -
S V=) U w = log F(w,z).
s=0 s=0 O
By differentiating from equation (3.35) we have
iqu s _ x o DT 2o DZYIDSTS. oo Do, T"
o 20T 20T T, 8T
or o oo o0 o0
> U T = DUT + (YU, T°) (> 0, T°). (3.36)
s=0 s=0 s=0 s=0
We have
Y L B -0 s—123.. (3.37)
== nr—i[r—1 ) )

For the moment let us assume this is true and we show by induction on s,that

PSJ'(TL, X)

T (3.38)

qjs,i =
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where P ;(n,X) € Q[n, X] given by the recursive equations (3.33),(3.34).
For s = 0,7 =1 we have

D@Q DL P T — 1 PQ
S = L 2

i=1

o

n n

Now if (3.37) is true for s’ < s and ¢’ < i+ 1, from equation (3.36) for Wy,
we have

\Ijs,i—‘rl = D\Ijs,i + Z \Pr,iqjs—r,l
r=0
Psi(nax) - Prz(n7X) Psfri(n7X)
= D(—~—2 —— . —
( ns+st ) + 7;) nr+zL7‘ nsfrJrlLsfr
o nDPs,i - S Zi:l(‘rk - ]->Ps,i 2 Pr,i<n7 X)Ps—'r,i(nu X)
o nstitl[s + Z nstitl[s

r=0

but D =24 =3P | ay(z, — l)ﬁ, hence it follows from equation (3.33)

Ps,i+1(n, X)

W1 = ,
8,141 ns—i—z—‘rlLs

Now coming back to equation(3.37) we get

_1 S T
\Ijsfl = 7_<Es,0 + Z Z Er,ipsfr‘,i)a (339)
ne Lot r=2i=1
therefore from (3.34) we find
Ps_l(n, X)
U, 4= —71"—=
1 nsLs—l

and this completes the induction step. The only thing is to prove the identity
(3.37). We show this identity by induction on s.
For s =1 we have to check that

1
—E10+ BV =0,
n
but Ey g = —nY, Ey; = n. Therefore we have to show

\IJOZY.

43



But by definition (3.35) for i = 1 we have

(e, oo D@ TS
VT8 =Z50" " =Y 4+ 0O(T). (3.40)
2_: oo PsT

Hence the identity is true for s = 1. Now suppose that the identity is
true for all s < s, then for s from definition (3.35)

s s—1
DO, =3 00, ;= LU, + YD, + 3 0,0, ;.
=0 =1
From (3.23) we have
1.1 -
But
s+1 1 s+l 7 .
L (I)s = - 7'5 s r = D' (I)sfr .
1( ) 7; [r—1 +1- 72% nri— lLr 1 ( +1)
Plugging this into (3.41) we find
s+1 r 1 s—1
Z Z nr— i r s r+1 - Z D, \Ijs
r=2i= O L Lj 1 ’ o

Using the induction step for ¥,_;;, 1 < j < s — 1, in the last equation we
find

s+l 7

S I IE
_i_jz:isillzr; D, En:I/iLjr-l-l—r,i . Sz: m (3.42)
_ _iézln D@, ) - f:llg’s (3.43)
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For fixed 2 <r < s+1and 1 < i <r, from the definition of ¥, ,. (equation
(3.35)) we have

1 . s—r+1
Vs ri1i = Z<D (Ps—rt1) — Z O Wsjr1ri)-

j=1

It follows

s+1
Er,i \IjsfrJrl,i

U, — Es+1,0

S | _Z —iTr—1 7
n Ls ; nr er

r=

which completes the induction step.
O
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Part 11

Coefficients of P(n, X) with
respect to n

47






In the last chapter we proved that there exist polynomials { Ps(n, X) }s>0,
such that

o - 1 & Py(n, X)
“los F ~oy .
5 log (w,x) - Sz:;) (nwL) w — 00

We can consider P;(n, X) as a function of n and we can write
Py(n, X) = po(X)n** 4+ p(X)n* 4 - - - . (3.45)

This part has four chapters. In the first two chapters we compute the first
and the second top coefficients of Ps(n, X), namely, ps(X) and ps(X). In
Chapter 6 we give some preliminaries which is necessary for Chapter 7. We
define the Euler multiplication and the Euler map and give some identities for
Stirling numbers. Finally in Chapter 7 we show that the generating function
of the ¢th top coefficient of P,(n, X) where s varies belongs to the image of
elementary functions under the Euler map.
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Chapter 4

The leading coefficient of
Ps(n, X)

In this chapter we study the generating function of {ps(X)}s>0, the lead-
ing coefficient of Ps(n, X)), and we give a complete description for it. By
experiment we find

and
p(X) = DHX? - X),
24
p3(X) = 57760(6)(4 —12X° +7X?% - X)),
ps(X) = —96§é80(120)(6 —360X° + 390X — 180X° 4+ 31X* — X).

These results motivated the authors in [16] to guess that ps(X) = as1e541(X),
where a4, is the coefficient of t* in

S oyt t/2 Lo T a3,
(0% = = _ —
M7 sinht/2 24" T 5760 967680

k>0

O (4.1)
and ex(X) is an Euler polynomial. The Euler polynomials are defined induc-
tively by

(X)) =X -1, ep(X)=X(X - 1) £{ek(X), k> 1. (4.2)
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For example we have e5(X) = X?— X, e3(X) = 2X?—3X?+ X, and generally

:Z(_1)kl(1_1)!{]l€}xl e Z[X], (4.3)

=1

where {ll“} is a Stirling number of the second kind. For our purpose it is

convenient to set ey(X) = log X which is compatible with inductive definition
(4.2). The main task of this chapter is to prove the above guess.

Remark 4.0.1. Let U :=1— +, then U% = X(X — 1) 5% . Therefore we
have ex(X) = Ex(U), where

U 9
= Bua(U)=U=E(U) k=1

Ey(U) = i

The rational function Ey(U) has the power series expansion
= i d"tue. (4.4)
Here also by extending this definition to k = 0, we have
= i —log(1 —=U).

One of the interesting properties of Euler polynomials is that Eisenstein
series can be written as a sum of Euler polynomials. Indeed if gp(T) =
> ons10k-1(n)q" is the Eisenstein series of weight k up to a constant, then we
have by definition

:ngil q—zmklgm_ZEk

n>1 m>1 >1

2miT

where T € H in the upper half plane and ¢ = e

4.1 Statement and proof

Theorem 4.1.1. Let

— 3 (T,

s=—1

o2



be the generating function of polynomials {ps(X)}s>0, with an extra term
p—1(X) =log X, where ps(X) for s > 0, is the leading coefficient of Ps(n, X).

Then we have )

o0 an—2

PX,T)=-Y ———,
( ) n; 1— Uq”_%
where ¢ =€l , U =1 — % Furthermore for each s > —1
ps(X) = as+1es+1(X)v (4'5)

with oy, as defined in (4.1).

We give the proof in some steps. First we have to find a recursive equa-
tion for p,;(X), the leading coefficient of P;;(n,X),i.e. the coefficient of
n?*T%. This can be done by using the recursive equations (3.34) and (3.33)
for Ps(n, X) . But we can not use it directly, because the original definition
of H,,x, i.e. equation (3.15) is not good for our porpouse. We need to free
m from the recursive equation which we have done this in Lemma 3.2.1.
Now let ay;(X) and ps;(X) be the leading coefficients of FEj;(n,X) and
P, i(n, X)) respectively. From recursive equations (3.34) and (3.33) we have

ZS: Z ri(X)ps—ri(X) =1, (4.6)

r=11i=0

ps,i—l—l(X) = Dps,z(X> + zj: pr,i(X)ps—T(X)' (47)

The next problem is that in the first recursive equation we have a Hadamard
product of two sequences {a,;(X)}i>o and {ps—r:(X)}iso. In this form we
can not separate them by means of generating function. The following lemma
resolves this problem.

Lemma 4.1.1. Let k > 1> 0,

E ANES)
ar:(X) = lim Lii(n, 7)

n—oo  p2k—i

: (4.8)

be the leading term of Ey ;(n, X). Then

1
a;m-(X) = Eak_LO(X)'
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Proof. Let g ;(X) and hiy(X) be the leading coeflicients of Q) ;(n, X)
and J(, x(n, X) respectively (here k and j are fixed with n — 00).

Qri(n, X) = ¢ j(X) n 4+ O(n’j’l).
The first few terms are

Q1,1(X) =X -1,
Q2,1(X) = X(X - 1)» Q2,2(X> = 3(X - 1)2>
G1(X) = X(X — 12X ~ 1), g32(X) = 10X (z — 1), g55(X) = 15(X —

From Lemma 3.2.1 we have

Ny 4k
j=1 j=1 (k4 )™
Hence L
Gk, (X)
hi (X)) = ) 4.9
We note that ]
= 2r 2r—1
Sp(n) = il +O0(n"),
Hence from equation (3.20) we find
hi—i(X) i (X)
ara(X) = === = (X - ”; Tl
:lg Qk—i,j(X) (X -1 IikiT Qk—i— T‘j(X)
itk —i+ ) o 2nrtil (b —i—r+j)!
1
= aak—z’,O(X>
O
We set -
Ao(X,T) == apo(X)TF, (4.10)
k=0
and . p
R(X,T,Z) ::Z?i(X’T)F’ (4.11)
i=0 :



where -
=Y psi(X)T? (4.12)
s=0

(note that Py = P(X,T) = Y50 ps(X)T%).
Hence we can rewrite equation (4.6) in the following compact form

Ao(X, T)R(X,T,T) = 1. (4.13)

Also from (4.7) we have

PAX,T)=(D+P)(1) i>0, (4.14)
where D = (X — 1)X % = U2 Hence from equation (4.14) we have
00 Zz 0 Zz
R(X,T,Z)=> Pi(X Z Z(D+9>)()Z'
=0 : 1=0 :
- i—1 ZZ
= exp(Y_ DIP(X, T) 5 )
i=1
— exp(P(Ue?,T) — :T><U, 7)), (4.15)
where P(U,T) = [V P, T)&

The next step is to find a closed form for Ay(X,T) and R(X,T, Z).

Proposition 4.1.1. Let

TH-kzj
H(X,T,2) Z qr.j (X

Py (; o (4.16)

be the generating function of {qy ;(X)}x >0, where qi ;(X) is the leading co-
efficient of Qy ;(n, X).

i) We have
H(X,T,Z) =exp(Zh(X,T)),
where
) Th+1
MX,T) = ex(X) G Liy(U) — Liy(Ue™) + Tlog(1 — U),
k=1 :
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wz’thU=1—% and

z
n

Liy(2) = /—1Og<1u_u)du = f: %

0 n=1

is the dilogarithm function.

it) We have
Ao(X,T) = H(X, T, 771 (1= (X = 1)(e"* = 1)).

Proof. From (3.18) in Lemma 3.2.1 we find

Qk,j(X) = (X - 1)XQ;¢71,J‘(X) + (X - 1)(j +k— 1)%—1,]'71()()- (4-17)

Hence we have

8 0 Qk . _ .
7[_] J T]+k‘ 1zj
oT ];1 j + k - 1)
— - 1)XQk 13<X) Tj+k71Zj
— qk—Lj—l(X) k1
+(X -1 TV A
( )jg:l(]-i—k‘—Q)!
0
=X(X -1 H+ZT(X —-1)H.
(X~ 1) H + 2T(X ~ 1)

So H(X, T, Z) satisfies the following homogenous linear differential equation
[E—X(X—l)i—ZT(X—l)]H—O (4.18)
oT 0X e '

so H = exp(ho(X,T, Z)) for some hg, which satisfies

(i—X(X )5+ )ho = ZT(X —1).
or 0X

It follows that ho(X,T,Z) = Zhy(X,T) and hy(X,T) satisfies

(i —X(X -

o hy = T(X —1). (4.19)

Dax)
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Now let hy (X, T) = X2, ep(X) T2 o> then it follows from (4.19)
(X) = X 1, alX) = X(X 1) alX) k=2
which is exactly the definition of e (X), and therefore hy(X,T) = h(X,T).
The function h(X,T") is obtained from
00 Tk—l

9(X,T) =3 ek(X)m,

k=1
by two times integrating respect to 7. But by Remark 4.0.1
Tk—l

ZEk’ 1)|

- (4.20)

Therefore

where

T Tt
B _ U _ L g T
= O/g(X,t)dt = 0/ - Uetdt =log(1 —U) —log(1 —Ue").

Finally

WX, T) = /log(l —Ue)dt + /log(l —U)

= Liy(U) — Liy(Ue") + T'log(1 — U). (4.21)
For the second part we have
00 koo
AQ(X,T): Z Qk](X)'T] Z (‘]k T’](X> Tk’
o U+ K)! rljk ~ 20t (G +k—r)!
o qh,i(X) ko — I" & (X
= T - 1)
=0 o % G
= H(X,T, T —1)(e"? - 1)).
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O

Lemma 4.1.2. Let S(X,T) € Q[X][[T]], such that
Ti

- i—1 _
> DTIS(X,T) o =0, (4.22)

=1

where D = X(X —1)-%. Then S(X,T) is identically zero.

) Proof. We have D = U% = dlodgV where U = ¢V = 1 — % We set

S(U,T) = S(X,T). Differentiating once more from equation (4.22), we get
T?

0=> D'S(X, T)F

=1

- i(UdC[l])ig(U, T)Z = S(Ue",T) - S(U,T).

It follows that S(Ue”,T) = S(U,T). Now let S(U,T) = $°,5,(U)T*, and
k be the smallest indice such that s;(U) # 0. We have

0=SUe,T) - S(U,T) =TF5,(Ue") — 5,(U)] + TFO(T) + O(T*+?)
= TF[5(U)T + O(T?)] + O(T**?) = T"'5,(U) + O(T"*?).

Hence this implies that 5;(U) is constant. Substituting this into (4.22) we
get

2
B(U)T* + O(T* )T + O(T“l)j;' b0

Hence 5,(U) = 0, and consequently S(X,7T) =0. O
Now we are ready to proof Theorem 4.1.1.

Proof of Theorem 4.1.1. From (4.13) we have
log Ag(X,T) +log R(X,T,T) = 0.
Hence by the second part of Proposition 4.1.1

log H(X,T,T") +log(1 — (X — 1)(e™? = 1))+ log R(X,T,T) = 0. (4.23)
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We have
log(l — (X —1)("? - 1)) = log(X — (X - 1)€T/2)
=log X + log(l _ <XX_1>6T/2>
=—log(1-U)+ log(l — UeT/2>.

Plugging this in to (4.23) and using the first part of Proposition 4.1.1 and
equation (4.15) we find

P(U,T) — PU", T) = log(1 - UeT/2)+;(Li2(U) — Liy(UeT)).  (4.24)
Let

S(U,T) = —P(U,T) + ;Lig(U) + i log(1 — Uel*=2)T), (4.25)

k=1

It follows from (4.24), S(Ue™, T) = S(U,T). Hence by Lemma 4.1.2, we have
S(U,T) = 0, therefore

~ 1 s 1
PU,T) = Lia(U) + Y log(1 — Uet=2)T). (4.26)
k=1

But by definition

PU,T) =

Hence Theorem 4.1.1 follows from (4.26) by derivative with respect to U
and the fact that P =P — L log(1 —U).
The only thing is to show that p; = asy1e5.1. From the first part we have

PXT) == 3 (X o

m=1 \n>0
odd

1 & 1 m
B 5 1(SinhmT/2>U

= f: (Z o (mT)*~ 1) um = f: ap By (U)TF 1.

m=1 \k=

29



4.2 Elliptic property

The interesting point about Theorem 4.1.1 is that up to an elementary func-
tion and a shift z — z + 7/2, P(X, T) is quite similar to "half” of
((1,2) = Llogb(r, z) + n(1)z where

_4 B B
0(r.2) = S (—)q" Py = %y L= a1 = g1 — gy ),
nez n=1

2miz

is a theta function with ¢ = €*™7, y = €2™* and 1 : A, — C the quasi-period
homomorphism associated to A, = Z + 7Z.
If we Aand § ¢ A, then

n(w) = 2¢(Gwi7). (427
Hence we have
n—1, -1
23@4(7’2):;+21m” ;(1—q "y 1zq”y1y1>'
Using the above equation and (4.27) we find
1
(27r7,)277(1 + r; 1—q")

Now by extending the recursive equation to s > —1 we can define

R(X,T,Z) =3 PiX Z, (4.28)

=0

where P;(X,T) = £ | psi(X)T*. Then using equations (4.15) and (4.26)
we find

R(X.T.2) = exp(P(U”,T) - P(U.T))
= exp(Z log(1 — UeZeth=2)T) — Z log(1 — Ue(kié)TD

n>1 n>1
HnZl(l - Ue(kié)T) (Uq%la q)oo , .
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where ¢ = e’ and (2;¢)oo = [I,>1(1 — 2¢™). We notice that by (4.28) and
(4.29)

1

8?2 qu_2
PX,T) = lpmo= =Y ——t.

We have also

0 ~ Uezqk’% Uqgi—2
U—(logR) = — T+ . 4.30
aU( 0 kz;ll—Uezqk2 ,;1—qu2 ( )

Hence up to a constant, at Zy5 = —2log U,

. 1 T 1 1
U—(logR)|z=2, = —=— = .
< (l0g )| 72,
Naturally one could ask whether the remaining coefficients of Py(n, X)
have a similar property or not. In the next chapter we try to answer this

question by computing the second coefficient.
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Chapter 5

The second top coeflicient of
Ps(n, X)

In this chapter we continue our computation. We follow the same idea as
before to compute the second coefficient of P,(n, X).

5.1 Statement and steps of the proof

Theorem 5.1.1. Let us(X) be the second top coefficient of Ps(n, X) with
respect to n, t.e.

PS(na X) = pS(X)n28+1 + :US(X)nQS + o
Then we have the formula

(1 - 3)ase1(X) if s is even,

p(X) =13 % Brnei(X)en(X) + apy (=5 — =) if s s odd,
i, h>1
j—ih:s—i—l

(5.1)

where Y2 aT° = sinz};/;/Q =: S(T) is as in (4.1)and B;,(j,h > 0) are given
by

N BiaTiZh = ;S(T)S(Z)S(T + 7) Cosh(T;Z) =5(T,2), (52)

J,h20
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Before starting the proof of Theorem 5.1.1, we give some examples to
check it. From the recursive equations (3.34),(3.33) we find

,u()(X) =X — ]_,
X(X —1)
X)="22 2
lu’1< ) 12 Y
//’2<X) = 07
183 398 267 52
X)=—— X+ — X3 - X244 X
Ha(X) 5760 + 5760 5760 + 5760
7
pa(X) = — (24 X° — 60 X* =50 X° — 15 X% — X). (5.3)
5760
We have ag =1, a0 = —i,ou = ?760, and
> B; th:—ETZ+4§fTZ?+Jlﬂﬁz+flT%¢+~-
e 6 1440 1440 640
Therefore we find
po(X) =e(X) =X —1,
1 1 1 XX -1
p(X) = 6 er(X)? + 162()() - 661(X) = (12)7
M2(X> =0,
(X) = Tz (X)es(X) + oo ealX) — - ea(X) + 7 es(X)
Hol) = g0 )% 640 2 96 “* 144 %
1 398 267 52
=— 83X4+ X3 X% X,
5760 5760 5760 5760
7 7
X)=———e5(X) = - (24 X° - 60 X" + 50 X — 15 X* + X
HalX) = =575 (%) = ~ 5755 * +X),
which coincide with (5.3).
To prove this theorem we use the same idea as Chapter 4.
Step 1. Let
s=0

(for simplicity set M = My and ps(X) = ps1(X)). Set
Zz'
al

M(X,T,Z) =3 My(X,T)

i=1

(5.5)
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The following proposition determines M (X, T, Z) in terms of P and M, where
P is as in (4.12).

Lemma 5.1.1. We have

M(X,T,2) =G(X,T,Z2)R(X,T, Z)

where
0 i Zz
GX,T,7) = ZD M(X, T)
=1
< (il (i1 o Zi
-2 Z o )eXDTIRAD) ) (56)
i=1 \j=1 :

where R(X, T, Z) is defined as in (4.11).
Step 2. Let 7, ;(X) be the second coefficient of @y j(n, X), it means
Qri(n, X) = qu;(X)n ™ + 71 (X)n 77+ O(n772).

Set also

Tk (X) ik i
J(X,T,7) = itk 7 (5.7)
j,%::O (7 +Fk)!

Lemma 5.1.2. We have

Tk—i—l

J(X,T,2) = ZH(X,T, Z ioj z::l (k;1>ej(x)ek T

where H s determined as in Proposition 4.1.1
Step 3. We write
Epi(n, X) = ap(X)n** 1 4 by (X)) n® 2 4 O(n® 3. (5.8)
Lemma 5.1.3. For fized i > 0, we have

ibkﬂ'(X = Bo(X, T)Ti + B (X,T)(ifil)! + A
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where
Bo(X,T) = H(X,TVI(X, T, 77 — ATV HY(XT,2) |,
~ h(X, TV H(X,T,T) + f(X, DH(X,T,2) | __, (5.9)

By(X,T) = —A(X, DH (X, T,2) | ,___, +f(X, THX,T,T7), (5.10)

7=

Bo(X,T) = —;fl(X, TYH(X,T,T™), (5.11)

where is 2 and f1(X,T) = X—(X—=1)e’/?, fo(X,T) = (X—l)(%—%)eT/z,
and f3(X,T) = (X —1)ZeT/2.

Now we prove these steps.
Proof of Lemma 5.1.1. From the recursive equations (3.33) we have for
i >1

s (X) = (X = DXt (X) = (X = 1)puslX)
F X X (X) + X (X (X). (512

It is equivalent to

M (X,T) = (X = XS M(X,T) — (X — )T-29,(X, T)

dX dT
+Pi(X, T)M(X,T) + P(X, T)M;(X, T), (5.13)
or with (5.5)
0
M(X.T,2) = M(X.T)
— X(X — 1)£{M(X, T,2) + M(X, T)(R(X,T, Z) — 1)
FPX, T)M(X, T, Z) — (X — 1)T08TR(X, T.7), (5.14)
o ) B )
(ﬁ — U@ —PIM = (M — (X — 1)T8—T)R. (5.15)
We write

M(X,T,Z) = G*(X,T, Z)R(X,T, Z),
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for some G*. We would like to show that G = G*. Plugging this into the
differential equation (5.15) and using the fact that R = exp(332, D'PZ) we

find
0 °° 7
* * Dz 1
RazG +G(Z§1 ?(Z_l) )R
— RDG* — G*( E DiPZ )JR—P.G*R

— MR - ey(X)( DH?'W)R
2 ,

After cancelling R from both sides we have

a * * i—1 le
—G" +G ZD :P(Z_l)

07z
- DG" - G" ; DZiPW - P.G"

[e%¢] ) /Zi
= M — el(X) ZDZ_ljD j
1 !

It turns out

a * * 1— /
576"~ DG =M—ex(X ZD P

This equation implies that

Z" Zi
G*(X,T,7) = Zgz X, T)= +ZDZ IM(X, T)

=1

with ¢y =0 and for ¢z > 1
Jgi+1 — Dgz = —61(X)Di_lg)/.

By a simple induction one can show
i—1
Z < ) )D’L J— lﬂ)/

Jj=1

Hence G* = G. O
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Proof of Lemma 5.1.2. From (3.18) we have

d

T (X) = (X—l)XCTXT‘k:—l,j(

X>+<X—1>(<j+k—1>m_1,j_1<X>+jqk_1,j<X>).

(5.20)
Hence J(X,T,Z) satisfies the following non homogenous linear differential
equation

0 i, d
(a—T — X(X = 1) = ZT(X - 1)J = (X - 12~ H. (5.21)
Ansatz.

J(X,T,2)=Zf(X,T)H(X,T, Z),

for some f.
From (5.21) we have

0 0

Zf(X, T)(a—T ~ X(X =T — ZT(X - 1))H
0 0
+ZH((8—T —X(X — 1)87)f(x, T)=(X - 1)ZhX,T)H.  (5.22)
But from (4.18)
0 0
[8—T - X(X — 1)a—X —ZT(X —1)]H =0,
after cancelling this identity from equation (5.22) and using the fact that
00 Tk+1
H<X’T7 Z) = eXp<Zkz::lek(X)M)7
we find that
0 0 > Th+
a—Tf—X(X—1)8—Xf+(X—1)];ek(X)(k+l)!. (5.23)
We write
00 Tk+1
X, T)= X )

From (5.23) we have €3(X) = 0, and

err1(X) = X (X — 1)£{ek(X) +e1(X)ep(X), k>2.
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By a simple induction one can show that for £ > 2

eor (X g( ) (X)er_s (X). (5.24)

This completes the proof.[]
Proof of Lemma 5.1.3. First from the definition of Ej;, we find by .

From equation (3.20), up to the second coefficient we have

Ikt — S (k45 — 1)nktiT!

(k—1i+ 7))l

k—i—r nk+j—r . ] -
— — r T -J . . —J= . .
(X 1) ]z:; (k _ Z —r _'_ j)' Z‘ (0-7' n + TT n )(n qk*’t*’f‘,] + n rk*l*"‘:j)

k—i—r pk+j—1 ZI;;HI P

k‘

Eipi(n,x) = (niijfi,j + nij*lrk,i’j)

+(X -1 (k—i—7r+ )i (orn" + 70" D) Gy + 07 i),
Jj=1 o
where
Sy(n) = 0y 0% + 7,021 4 O(n?2), (5.25)
with
1 _r-2r)
Or = oryl’ Tr= 3.2mr!
Hence we have
k—i k—i
Thk—i Sl k +] B 1)
bri(X) = % — i j (X
k:,( ) j:l“(k_l—i_] ]:17,' —z-{—j)[Qk 73( )
k—i—r —i—
Op Tk—i— Tj Tr Qk—i— TJ(X)
— (X -1
( )<]2:1 z’!(k—z—?‘-i—j ]2:: (k—i—7+7)

Now we write

(k+j—i)(k—i4+j—1) i(i—1)
B 2 M
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Similarly
_‘_ - _'_ '_1
S e
i(i— 1)
2

+ +ik—i—r+j)+r(k—i—r+4j)+ir

(5.28)
The lemma follows by substituting equations (5.27) and (5.28) into (5.26)

1 1 1
and collecting the terms with the factors and .0

G-y M =)

Now we are ready to prove Theorem 5.1.1.

5.2 Proof and further discussion

Proof of Theorem 5.1.1. From equation (3.34) we have

XS: Zr:aTvi(X)Msfrz "’ Z Zbrz ,Os ri X) =0. (529)

r=11i=1 r=11i=0

Applying Lemma 5.1.3 we have

AXTX:J\/[XT)T+230XTX:1PZ T
i=1 =0
o) Tz 00 Tz
+ B (X, T) Z‘Pl (X T)i—i—Bg(X,T)ZiPZ-(X,T) : =0.
i=1 ( ]') i=2 (2 — 2)'
(5.30)
But by definition
Ti _ LOR(X,T,Z)
ZD’ 1(P ) DR(X,T.T), (5.31)
and
> T OPR(X,T,Z)
X, T =T
2T -7 azr 1
— ( 3 D 1fP )i +(ZDHCP(, T1)|)2>R(X,T,T). (5.32)
! = 1 —1)!
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Substituting these two in equation (5.30) and using Lemma 5.1.1 we find

Ao X, T)G(X,T,T)R(X,T,T)
= —Bo(X,T)R(X,T,T) — B(X, T)( ZDZ 1:P( Tzl)')R(X,T,T)

=1

— Bo(X,T) (ZDZ Lp ZD’ 1fP _1) ) )R(X,T,T).

i=1 (

We recall that by the second part of Proposition 4.1.1
Ao(X,T) = (X, T)H(X,T.T™),
using this fact and Lemma 5.1.3 we find
AX,TH(X, T, T"HYG(X,T,T) =
— A(X,T)J(X,T,T7") - ; AXTH'(X,T.2)|
+ R(XCTHX, T, T - f5(X, TH'(X,T,2) ||

(fl(X, TH'(X,T,Z) | — (X, TVH(X,T, T~ )ZDZ 1p__

Z=T-1 — )
+;f1(X,T)H(X,T,T—1)<;DZ 1(]3( T;)! +(i§°:1 Di- 193 )
(5.33)
Finally applying Lemma 5.1.2 we find
ZD’ e ii( ) X)pip
i=1j=1
0o k=1 ’ . - i
L ’ (Jiil)fek—_}g!X) 2(/<;T+ " ;% er(X )CZ!)Q
. A )
Ry g R
! g:lek ?_7)2131 R Tzl)!
i ;EDH?(@' le)! * ;(2 DHT(Z- Tl)!)Za (5.34)
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and

s (X=DFe? T ULl _i o T*
fi X —(X—-1el2 21-Uel/2 2k (k — 1)

k=1

(5.35)

X — 1)(L = T%)T/2 o0 Tk oo Tk+1
é:( )(3 6;/2 =Y (X))o - -3 en(X Vaor T
fi X —(X—-1)e = 26k -1)! = 3.2k(k —1)!

(5.36)
Now by Theorem 4.1.1 we have
CP<X7 T) = Z Oék+1€k+1(X)Tka
k=0
hence

S D S5> & (5.7
D" 'P(X,T) apr16(X) . 5.37

i—1 ( ) j=1k=1 B (]_k_l)!

Applying this equation into (5.34), implies that the coefficient of 7 in both
sides is

];) s—k)!
szlshd s—k—1\ei(X)e,;i(X
o e
k=0 j=1 J (s —k)!
+1§ g1 e5(X) +131j_15_§1 ak+1@z+1eJ(X)@s ](X)
2= (s—k—2) 242 = J—k—-1Dl(s—j—i—1)
15— j—1

N S0 k=) (3 —J—1)!

1320 e(X) e (X) 2 e(X) e j(X)
gP ey +2j§ (s —j) _;2S—jj!(s—j—1)!
1, es(X) es1(X
5-1) 3.2 1(s—2)

(5.38)

Ansatz.

Ms(X) - Z B;,s ej(X)es—H—j(X) + Vs es-i—l(X) + 55 es(X)a

i=1
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where 5]’-“,5,73 and dg are values which have to be determined. For ~, and J,

we have from (5.38)

— s—1 6k B

< . >_k:0 Gt )

13 k1 es(X) es(X) 65—1<X)
Ez%s—k—m'+%@—1ﬂ_3-%4@—2ﬂ

It turns out
o0 Tz TS

k“ _ p—
ZMT;L 23%1 1)

hence

Zéw__WmJﬂ__JWn
T (T =) T sinh(T/2)

We have also
k oo TZ (o) k (e.) T’L o0 TS
ZV’“T 2 ZO"“T DI s VTP Db Tyt
hence

T/2 T,T +TeT/z

Tk sinh(7/2) 2
Z Tk ol _ 1

T4 ( T/2
~ sinh(7/2) \sinh(7/2)
For fixed r and s the coefficient of e, (X)es_,.(X) of both sides is

Sy ;’“<,;‘ )_

k=0j5=111=0

eT/2+1).

Opy1 041

S—1 s—k—1
Zlkakﬂ( . >

(r—k—=—1!(s—r—i—1)!

+,§)(r—k—%;( I _ZQST(r—k)!’Es—r—l)!
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where d = min{r —1,s — k — 1} and i + j = r. For each term we write a
generating function. We start with the simplest one:

iSZ (e iTT 3 Z = (e = 1)(e” — ). (5.43)

327'1 (S r=1

0o s—1 5;1 S T—l—Z)s 1_ sl

3 ()!TZ ZZ =

(e —(T+Z)—1 e —7Z—1

_ ( e - ) (5.44)

oo s—1 r an Tr 75—
222257‘ _k

§=2r=1 k=0 )< —r—1)
Z,& < 7
E S o

T2 7 N2
= (smh(/T/Z)e - 1)56 2 (5.45)

Similarly

T e’ (e” - 1). (5.46)



We have

Z Z Z k s 'TT‘ZS—T
s=1r=1 k=0 ( k)
oo s—1s—k—1 (S k= 1)
=32 Y kawn T
s=1k=0 r=1 '

= T+Z)s‘k‘1 —z
_ ko Zk-f—l(

szzlkzo k+1 (S—k)'

. T+ZJ R Y
=S (k-1) oszk(Z -2 ),

1
= =1 j=1 VE

but
o0 . o, Z/2 Z/2
k;(k —Dap 2" = 7(Smh (Z]2) ) sinh(Z/2) -1
=1 (§)2M
N 27 (sinh(Z/2))%’
hence

oo s—1s—r—1 (Sik71>

ZZ Z kak’“r].

= (G T )

s=1r=1 k=0 — k)! (sinh(Z/2)2/\ T+Z  Z
(5.47)
iirzls r—1 Oék—&-l (){l‘+1 Trzsfr
s=271=1k=0 i=0 k_l)!(s_r_i_lﬂ
_ZakaZ Zakzkzi
=0 J !
_ T/2 B Z/2 o T+2Z
_ (Sinh<T/2) 1)( 1)6 ) (5.48)

sinh(Z/2)
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and finally with ¢ + 7 = r we have
s—1s—1 r s

SO D

s=2r=1k=1j=1 i=0
o s—1 k (T+Z)sk1
ZBijszrl]
s=2k=1j=1 ’ ( _k)

oo 00 s—1
ﬁ T]zk+l ]Z T+Z)

k

<.
Il
-

=1

00 Bl T+Z -1
T]Z —J

IR e

M]3

= ( ). (5.49)

1

<.
Il
X

We conclude from (5.43)-(5.49)
_ Z Z . T]zk-i—l J
j: k=1

(eT—l)(eZ—l)—Z<€T+Z_(T+Z)—1_eZ—Z—1>
)

1
2 (T + 2)? 72

T/2 Z 212 T/2 T Z
sinh(T/2)° 1) 2" . (sinh(T/Q) a 1>6 (7 =1)

|

_< ( T+Z Z

+§1(§)Q cosh Z/2 )(e ~1 e _1>
2

2/ (sinh(2/2))?)\ T+Z Z

One can check directly

1 1 1 1,

~T* ' 7 (=)
(s1nhT/2> 2 <sinhZ/2>

1
S:(T. Z) = 5 (S*(2,1)+ S(T, Z))
It means that

MS(X) = Z Bj,h ej(X)eh(X) + 0 GS(X) + s es—l-l(X)
jﬁi’zhzzslﬂ

From (5.41), (5.42) with a direct calculation and the fact that Sy(Z,T) is an
even function one can verify the statement. [
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We conclude this section by relating the function G(X, T, T) wich is given
in Lemma 5.1.1 to the "top coefficient”, namely ﬂA’(X, T) as calculated in
Theorem 4.1.1. Our motivation is to check a similar elliptic property for the
second top coefficient. Unfortunately this attempt is failed .

Let (x(U) = Ug 2 (k>0)and g = e’. Set

1_qu+ 1/29
U)=> G(U

k>0

Then by Theorem 4.1.1 we have P(X,T) = —2(q, U). With this notation we
have the following corollary.

Corollary 5.2.1. WithU =1 — % and ¢ = €T as usual we have

0 T T2
2@ U)+ (5 + ).

(5 50)

2
G(X,T,T) = —Z(Z(q, U)+;c0) +-— T2CO——U

M(X7T7Z)_ le(XT) 4!

wh€7“6 G(X7 T7 Z) = R(X, T, Z) - i:1 TZ(X’ T)%

as in (5.1.1) .

Proof. From Lemma 5.1.1we have

GX,T,T)=->_> e;(X)D"7'P(X,T)~ L +ZD@ 'M(X, T)TZ

=1 j5=1

Z (e :P)—JreOZDHT’ JFZDz 1MT

=1

. Tt .
— Z DZ_I(M — €y :P/)i' + €0 Z Dz_lﬂ)/%'.
— 7! = 7!
We show that

M(X T) — €p 9)/ X T Z ,us TS + Z B075+1 GQ(X) 68+1(X) T

s>0

By Theorems 4.1.1 and 5.1.1 it is enough to show that

23 foir (MTPU™ = ~F =3 sy (mT) U™,

s>0 s>0
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equivalently

2260’5 ¥ = Z(s — Das t?,

s>0 s>0
or
2 8
S(t)° cosh(t/2) = aS(t) — S(t),
where s(t) = Smfl/ﬁ and one can check easily the above identity.

Now in the continuation first we note that if we have a function like
f(x) =3 ,50an 2™, then

Y anen(X)T" =3 a, d"'UT =" f( dT

n>0 n>0d>1 d>1
Hence by
fXY,T)= > Bije(X)e;(Y)T!
4,720
1 mT/2 nT/2 (m+n)/2 (m—n)T U™V
=5 T T 7 cosh( )——
2sinh 5~ sinh %5~ sinh % 2 m n
T2 th(mT/2) coth(nT/2 T? myn
TR T2 coth(nT ) TR Y
16 sinh((m +n)7T/2) 8 sinh((m +n)7T/2)
0 0 (¢ + 1)(q" + 1)g""
U—+V umvn
v Vor) 2, - Dl - D - 1)
T 0 9 ¢
U— V— —UmV" 5.51
where g = e, U =1— &+ and V =1 — <. The main part which we have to

consider is

_ (¢" + D)@+ Dg™
o(U,V,q) = m%l (" — 1)(q" — 1)(gm+n — 1)U V.
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We write this ¢ as a sum of three terms as follows. Let

m+n

b= 3 UV,

m,n>1 qm+n —1

m+n

q 2
= UmV"™ + (m < n),
2= 2 D) (m )

m+n
2

— q m n
%= 2 e DDl

m,n>1

then ¢ = ¢1 + 2¢5 + 4¢3. Now we have

di=3 Y g Ty

m,n>1k>0

B qu—i- 1/2 qu+1/2
= 2 1— qu+1/2 1— qu+1/2

= G(U)G(V),

k>0

Similarly one can check that

qu’+k+1/2 vqk—i-l/Q

(bQ = /
k,kz’;o 1 — Ugh+kt1/21 — gkt 1/2

= 2(q, U") G (V) + Z(q, V") G (U).

+ (U V)

Finally for ¢3 we have

03 = 2(q,Uq")2(q, V).

Hence it follows

o(U,V,q) = 3 (22(,Uq") + (1)) (22(g, V") + G(V)),

k>0
and therefore

FXXT) = U S 2 U (V) + 60)
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Similarly one can see that

S 1
g(X,T)=>[(1- S)as + Zas_l}esﬂTs (5.54)
s>0
T2 o mq3m/2 T o qm/2
= —U— — U+ —U— —yU™ 5.55
2 (9Umz>:1(qm—1)2 +2 8Umz>:1qm—1 ’ ( )

and

m/2

1 T 9
WX, T) =Y —cacie " = —Use 3 a

m o __
$>0 m>14 1

U, (5.56)

Hence we have
G(X,T,T) = f(Uq) — f(U) + §(Uq) — §(U) + h(Uq) — h(U).

where U%f = f, etc. Therefore using equations (5.53),(5.55) and (5.56) we
find

GOX T T) = =T (2200, 004620, 1)) - U2 (200, 0) -G+ D)o
(5.57)

Using the identity U %Ck = (? + (. the result follows immediately.[]
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Chapter 6

The algebra of Euler
polynomials and Stirling
numbers

So far we have computed the first two coefficients of Ps(n, X). The method
which has been used, theoretically can be applied to the rest of the coeffi-
cients, but practically it is impossible because each time the computations
become more and more complicated. But if we look again at the first two
coefficients we see that

S a Vi € Q"3

s=1

ST BinViVE € Q(Vi, Vi, €¥1/2 e"2/2),

jh=1

which means that they are elementary functions. The aim of the rest of
this thesis is to prove such statement for the ¢th top coefficient of Py(n, X),
without giving a closed form for it. This will be done in Chapter 7. In this
chapter we introduce some algebraic formalism concerning Euler polynomials
and Stirling numbers which will be needed later and which seems of interest
in itself.
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6.1 On products of Euler Polynomials

If A is an algebra over Q and xq,x,--- is an additive basis of A, then
each product z;x; can be written uniquely as a finite linear combination
Y1 Ciji T for certain numbers ¢;;; € Q and the algebra structure on A is
completely determined by specifying the "structure constants” c;;. If we
apply this to the algebra A = Q[X] and the standard basis z; = X*, then
the structure constants are completely trivial, being simply 1 if ¢ + 5 = k
and 0 otherwise. But the Euler polynomials defined in (4.3) with 1 also
form a basis of Q[X] and we can ask what the structure constants defined
by e;(X)e;j(X) = Yp cijrex(X) are. The surprising fact is that, up to an
elementary factor, ¢;j; is equal simply to the rth Bernoulli number.

Proposition 6.1.1. For r,s > 1 we have

o)) = T e

+T+S_lfil(_1)”< sl >+(—1)“< Tl )]emi(X),

] r+s—1—1 r+s—1—1
where B; is the i-th Bernoulli number.

Remark We remark that a similar result for the Bernoulli polynomials
and the usual Euler polynomials ( which are slightly different from our defi-
nition) is given by L. Carlitz and N. Nielsen (for example cf.[3]), but I only
learned of this recently and decided to retain my original proofs in this the-
sis. According to this if B, (z) = B%(x), where B, (x) is the usual Bernoulli
polynomial, then we have

e

N AR 6

0<e<td

We give two proofs for this proposition.
First Proof. Without loss of generality we can assume r > 1, because the
statement is correct for r = s = 1 and in this case we have e;(7)* = ey(X) —
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e1(X). Now by using the alternative definition for the Euler polynomials we
have

b
=
IS
=
I
hE

00
Cr—luc' Z ds—lud
d=1

Q
I
—

3
L

dr—l(m . d)s—lum

I
3
i[]2
S o
Lo
i

—1 . .
s )(_1)1dzms—1—zdr—lum

I
hE
]

)
s—1
)

1 ) —1 .
1y ( - ) ( . )Bjmfﬂ-ﬂ—lum.
r+1\ )

s—1 .
(rys) ;1 fr+i\[(s—1
\78) 1 :
R I )rﬂ'( j )( i )

r+s—2

E,(u).Es(u) = Z ”Yg('m)BjErJrsfj(u)-
=0

||
no
i
—_
|
= O

3

L

[V

|
/N N

I
hE

) (_1)idi+r—1ms—1—ium

I
[N}
TR
==
%@
T
|O
N

I
hE

I
—
-
Il
o
)
Il
o

Now if

then we have

We see from (4.3)

er(X) = (k — D)IXF + O(XF ),

therefore A\"*) = =D 1)

0  (r4s—1) ,
Now for 7 > 0, er’s) = a§r,s) - “ZL(;:D, where

We set




differentiating both sides

=
S
I

sf( v ()

—(4ay (1= (1 +2) = (—ap A2y

r—
s 1 <T’ l+s 1
=

Now by integrate we find

. (T,S): _1 8—1 T_l
e ]

() ()

But » > 1 and B; =0 for odd 5 > 1, so we find

A(}ns):% _1)s—1 r—1 1yr—1 s—1
Bjv; ; [( 1) <j_s>+( 1) (j_rﬂ,

and it completes the proof.

Second Proof. Set ¢,(X) =
r

finally

ZGTTT 1 1 - ueT = —%(U + T), (61)

where B(z) = eme_ T = 721(=1)/ — 277! and u = €”. Rewriting Proposi-

tion 6.1.1 in a new form we find

r+s—1 =
Bj Cris—j

grévs:gﬂrs"i_(_l)ril Z j(r_l)[(j_r)[—i_(_l)Sil ; ](8—1)'(

j=r
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Hence we have

E(T)E(Z) = Z>1 e ( X)e(X)T 1 z5 7t = il Erps(X)T 12571
r—1 BjTT_le_T > q—1
+j§;l(—1) Y] (q; &,(X)Z >+(T A
- 2 5n(X)TnT — ?
+E(2)] (_1);; Sy rem) Y (_1§; Bi(g —py
(1) - &(2) AW 1
== 7 <%(T —7) - H)e(Z) - (%(z ~T)— T_Z>8(T)

— B(T — 2)(Z) + B(Z — T)E(T).

But B(z) = 3(1 + coth(z/2)), and B(—z) = 1 — B(z). Therefore to prove
the proposition one has to verify the following identity

1 T+ Z+v
~(1 h(——) (1 h -
4< + coth( 5 ))( + coth( 5 ))

1 T-2 A
_ _4<1 + Coth(2)> (1 + coth(Z1Y

which is straightforward. [J

)>+(T = 7),

6.2 The Euler multiplication

Theorem 6.2.1. There is a commutative and associative action * on Q[V],
which is defined by any of the following three properties:

eaV—I—B _ ea—i—ﬁV
° eaV * GBV —

e — ef _
(Here we have to consider ¢V = >, ‘Z/—, and * acts on each monomial
and comparing the coefficient of o'/37 in both sides gives the definition
for VixVi,)
e The map

¢:Q[V] = (X — 1)Q[X] = Qley, ez, - - -,
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sending V' — e;41 (i > 0) is a ring isomorphism.

e The map * is the composite map Mo, where 1) defines the isomorphism
QV)®Q(V) ~Q(V4,Va) and the map

M :Q[V1,Va] — Q[V]
is defiend by

M(P(V1,V2)) =

— 2P(0,0) + /P(t, Votdi-Y lP(—k, V4 k) + PV +k —k)|.

’ (6.3)

Here the infinite summation in (6.3) is in the sense of "zeta summation’,

i.e.
—Bn n > 2,
o =z

ik”‘l =¢(1—n) :{ (6.4)
k=1

1 _
-5 n = 1.

In the following table we give the value of V% V7, for 0 <i < j < 3 (the
values for ¢ > j are ommited since * is commutative):

* 1 Vv V2 V3

1| V-1 V22—V V3—1V24iV LV — V3412

13 _ 1 dly4_ 1y 1y 1y 1
V 6v GV 12V 12V 120V 12V + SOV
2 1y5 1 176 _ 17172
V 30V 3OV GOV 60V
3 A7 ly3 1
V 140V GOV 42V
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Proof. From the first definition the commutativity turns out from the
fact that the right hand side of (6.2.1) is symmetric respect to «, 3, which
proves the commutativity. For asscociativity we have

(e x V) x eV

B
(& (&
— (eocV " e'yV) _
e —ef e — e
65 eV+y 6a+'yV @ 65V+’y _ 6ﬁ+7V

e
:ea_eﬂ< o _ o >_ea_@5< B _ v )
= S(a,8,7) +S(B,7,) + S(v, a, )

(%

CAETUS

where

1 (04
S(a, B,7y) = (7 D) = 1)6 v

This proves the associativity.

Remark. Using the identity

ZH(@%—@%) 1, n>2,

=1 j#i

we find in general

ealV* ZH(@% P )eaiV,

i=1 j#i

Now for equivalency by definition of M, for r + s > 1 we have
v
M(vvlrfl‘/;fl) — /trfl(v _ t)sfl dt

+Z ”V+k51+z BNV 4 k)t

k=1
_(7”—1)( [) LR
 (r+s—1) v
+ Z 7 f; (]) VeI (r s s),
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which exactly by Proposition 6.1.1 equals the inverse image of ¢ *(e,e,).
Finally from the above equation we have

(@)t (BVa) ™\ g VIR
M((r—l)! (3—1)!)_0‘ Y T

et (o1 L (By)
- J _N\r—1pj—r o
+j§ j!(r—1>( ) h (s+r—j—1)!+(a B
(6.5)
Summing over all ;s > 1 we find
oV BV > B. ] > B. )
M (e = S S VS a) T eV Y S (o - gy
a—p3 = ! o !
eV — ef 1 1 1 1
— 1% o aV _
a—pf e (65*Q—1 B—a)+e (ea*ﬁ—l a—ﬂ)
aV+p a+pBV
= ¢ = %PV
e — e

6.3 The Euler map
We define the Euler map

©q: QVA, -+, Va] — QIX] [T]
on the basis {V;* ---V;*} by

e (X) e, (X)Tt i if iy, yig > 1,

0 otherwise,

(Vi - Vje) = { (6.6)

where ¢;(X)’s are Euler polynomials and this map is extended by linearity.
We notice that &, is not injective for d > 1. We recall from Chapter 4 that
Euler polynomials have an alternative definition given by

4 1
61<X):Ez(U): ZmlilUm, Uzl—y
m2>1
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Hence for every h € Q[V4, -+, V4] we can represent @, as follows:

%(‘G“'th(‘ﬁ,m ,Vd))z S hmT, - m T)TUU™ ™ (6.7)

mi,,mg>1

Proposition 6.3.1. Let E; = Vi ---V,Q[V4, -+ ,Vy|. Then there is an as-
sociative and commutative multiplication x on Eq such that For d > 1, the
map ®4 on Ey is the composite of

E,~ E® % B 2% QX][T).

Proof. Since multiplication by V' gives an isomorphism VQ[V] ~ Q[V],
hence we can define x on VQ[V] as V' % V7 = V. (Vi1 % VI71) where * is

already constructed in Theorem 6.2.1. The statement follows.[]

Now by linearity one can extend the map ®4 to Q[[V4,--- , V4], the com-
pletion of Q[V1, -+, Vy]. We have the following lemma.

Lemma 6.3.1. Let E; = Vi - V,Q[[V4, -+, V4]]. Then the following two
diagrams are commutative:

Eq — QX][[T]]
(V1+---+vd)l lTX(X—l)a‘}
Eq —% Q[X][[T]]

and
Eq —* QIX][[T]]

Vlfvl+--~+vd3€dl lTBf’T
Eq —% Q[X][[T]]

Proof. We recall that D = X(X — 1);% and D(e;) = €41, so the map
o, : V1Q[[V1]] — Q[X][[T]] satisfies

O, (Vif (V1)) = TD®:1(f(V1)),

for any function f(V;) € V1Q[[V4]]. Now by extending to d variables we find
that

Ba((Vi + -+ + Va) f(V))= TDR4(f(V)),
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for any function f(V) € Vi ---V4Q[[V]], where V = (Vi,--- |, Vq).
One can also see this from (6.7). We have

TD(I)d(‘/l T ‘/dh(v)) = Z(ml + .- md)h(ml‘/l, e ’mdvd)Urer---md
= @((Vi -+ Va)Va - Vah(V)).

The commutativity of the second diagram is obvious by definition. [J

6.4 Review of Stirling Numbers

The number of permutations of n symbols which have exactly m cycles is

called a Stirling number of the first kind and equals m}, where Lﬂ given by
the following generating functions:
r(z—1)---(r—n+1) = Z(—l)"‘m[n]xm, (6.8)
m=0 m
log(1+y)" & ||y
= ) —. 6.9
m! n;n( ) m| n! (6.9)

In the following table we see the values of [m for 0 < m,n <5.

n\m|0 1 2 3 4 5
o (1.0 0 O 0 O
1 0o 1 0 0 0 0
2 0o 1 1 0 0 0
3 0o 2 3 1 0 0
4 0 6 11 6 1 0
5 |0 24 50 35 10 1

With special values

W [y s as s

G L) L6




The number of ways of partitioning a set of n elements into m non-empty
subsets is called a Stirling number of the second kind and denoted by {::L}

We have the following generating functions for them:

e s
SRS 8

(6.10)
(6.11)

(6.12)

where (), = z(x — 1)---(x — m + 1) is the Pochhammer symbol. In the

following table we see the value of {;:L for 0 <m,n <5.

n\m |0 1 2 3 4 5
0O |10 0 0 0 O
1 01 0 0 0 O
2 01 1 0 0 O
3 01 3 1 0 O
4 101 7 6 1 0
) 0 1 15 25 10 1

With the special values

{T}ﬂ, {g}=2“—1_1, {g}:;@”‘lﬂ)—f‘l-

U= =)

n _(n 3n2 —11n + 10
n—21 \2 12 '

Equations (6.8) and (6.10) say that Stirling numbers are the matrix base
change of the two bases of Q[z], namely, {2"},>0 and {(x),}n>0. Hence we

find

g fi-s
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Remark 6.4.1. Stirling numbers, like binomial coefficients, can be defined
by recursive equations:

R I (614)

R o N o

One of the advantage of these definitions is that they hold for all integers
n,m, and we have the following duality law discovered by D. Knuth

HNE)

6.5 Identities for Stirling numbers

In this section we give some identities which we need later in the proof of the
main theorem of Chapter 7.

Let S,(r,n) (where r is omitted if it equals 0), be the pth elementary sym-
metric function of r,7 + 1,--- ,n. For r = 0, from equation (6.8) we have
Sp(n—1) = {nﬁp} The following lemma gives a formula for S,(r, m) in terms
of Stirling numbers.

Lemma 6.5.1. We have for all p,r > 0,

Sp(r,n—l):i(—l)”{vjizl}[ 5 1 (6.17)

v=0

Proof. From (6.8) follows

(@)@ —7) (& —n+1) = i (—1)”’”[72]1:’”.

m=0
Now by definition of S,(r,n) and from (6.12) we find

n—1

S (=1)PSy(r,n—1)2" P =(x—r)---(x—n+1)

R ! Lo o S o
Sl



Setting m = n — p + v in the right hand side of the above equation we get
the result.

Lemma 6.5.2. We have

i) When m varies, for fized p, [ m } is a polynomial of degree 2p of m.

m—p
More precisely we have

m 2P
= cpk (M), p=>0, 6.18
[m_p] 3 e s (6.18)

for some rational numbers c, . given by the formula

:z“”[ o (619

]:1]'(k_j)' j_p

erl} . O-P(r)

ii) when v, m vary, for fived p, the coefficient of m* =P in {m—i—l—r oyl
7l

where o,(r) is a polynomial of degree 2p.

iti) We have for all p,r,i,t,t', " >0

m 2 _¢! t
I . 11 ) L 60
2'(m —Tr — Z)' t=p /=0 t/'—0 (Z — t”)! (m — 3 —1r—t + t + t//)!’
Proof. We set
[ " ] > o (m)
= Cp,k \T )k,
m=Ppr k>0
for unknown ¢, and first we want to show that ¢, is zero for k ¢ {p,--- ,2p}.

We set C(z,y) = e ¥(1 + 2y)"/* and we claim that the coefficient of 2Py* in
C(z,y) is (—1)Pcp k. To show this From (6.8), (6.9) we have

_ xmy™ m | 2Py™
L+ ay)* =3 (27 )m = —1p[ ]
D Ve S DG I
= > (—1)pk!<m>cp,kacmpy‘
RS0 k m)!
ym
= > (—1)Pepra? >
p,k>0 : mzk( _k)'
— Y Z (_1)1?0 kxpy ,
k>0

93



hence we get

ay? [ —zy2\ " ulzy)?
Clo) = X0 (1Pt = e =33 (Z00) MO oy

p,k>0 d=0 2

where

u(z) = —;(log(z+1) —z)=1- §z+i22—§zg+---
Since the power of y in the right hand side of (6.21) is strictly bigger than
the power of x (except d = 0), hence the left hand side is so and therefore
k > p+ 1. Moreover a general term in the right hand side, is of the form
2724 50 we conclude in the left hand side 2p > k.
Now the coefficient of 2Py* in C(z,y) in one hand is (—1)Pc,; and on the

_1)kfj ,
ther hand by definition i ’?_(74] hich gives the fi la f
other hand by definition is .7, j!(k;—j)!Lp}’ which gives the formula for

Cp,k~
For the second part we write

1 1 2r—1
L] = T e

m—r+1 2rr!l =

and we want to show that for fixed p, o,(r) is a polynomial of degree 2¢.
Using the recursive equation (6.14)

[mnij}r 1] a [mnz r] - m[m _ﬂz+ 117 (6.22)

the coefficient of m? =P in both sides gives us the following identity

o (r) = kg;(_npkak(r) @T__ :) + 2r§(—1)ﬁk10k(r _ 1) (2]:__ 5__ 1’“)
(6.23)

or

2rop 1 (r—1)—2r—p+1)o,_1(r) = Zz:(_l)l’kak(r) (i:::)

R Y P (?:;:f).

k=0
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For p = 1 we find o¢(r) = 1 and by induction we find the result.

For the third part using the identity
14+2)" =1 +2)"(1+z2)(1+z)™"",

the power of z' in both sides gives the following equation

()= )6 ()

This equation, together with the first part gives the result. [J
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Chapter 7

The higher coefficients of
Ps(n, X)

In this chapter we prove our main theorem. It says that for each fixed £ > 0
the ¢th top coefficient of P;(n, X') with respect to n is a finite sum of the image
of some elementary functions under the Euler map &4 : Q[[V4,--- ,V4]] —
Q[X][[T]] defined in Chapter 6.

7.1 Statement of the main theorem

To state the theorem we introduce some notations. Let Ky be the following
ring
Kd = @(‘/17 e 7VYd7 €V1/27 e aGVd/Q) N Q[[va e 7‘/&“ <71)
Then we define
Ky = 0g(Ky) © QIT, T C QIX]|[T,T]]
and we set K = ;51 Kq.

Lemma 7.1.1. The space X C Q[X][[T]] is closed under multiplication and
differentiation.

Proof. The multiplication follows from
Sa(F(Vi,- - V)@ (GVA, - Vi) TV )=
= (I)der’ (Fa/la T Vd)G(Vd+1, SN Vd+d/)Ti+j).
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The differentiation with respect to T follows from the second diagram of
Lemma 6.3.1 and the fact that K, is closed under }; Vi%. U

Corollary 7.1.1. Suppose a,b € Q[X][[T]], such that the functions § and
(log b) = ; are elements of K. Then "( Lex forall k > 0.

Proof. This follows by induction on k, since
a1 a® a®

J— / .
2 —(b)+ b.beﬂc.

O
Theorem 7.1.1. Denote by p)(X) the coefficient of n**'=* in P,(n, X)

and -
S AT
s=0

the corresponding generating function. Then we have

2
POXT)e XKy, POXT)e Y Ky (£>1).
d=1
Remark. The proof is constructive. Indeed we show that there exist
effectively computable functions

DV, -V, T) € Ky @ Q[T, T,

such that Ny
POX,T) = Y &y(11Y). (7.2)
d=1
Examples. The case ¢ = 0 is essentially the content of Chapter 4.
Indeed,from Theorem 4.1.1 we have

POX,T)=P(X,T) = i e (X5 = T—1c1>1( V/2 )) € X,.

sinh(V//2

Similarly the case ¢ = 1 (the second top coefficient) follws from what we did
in Chapter 5. Specifically, from Theorem 5.1.1 we have

POX,T) =3 pa(X)T* = Dp(TI)) + By (D),

s>0
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where

N2 = T8, (V1, Va),

V2 V2 \%
(1»1) P — 717 ! -
I TV + 1 )S(v)-T 55 (V) = 55(V).
(Recall that So(Vi, Vo) = S(V1)S(V2)S(Vy + V3) cosh(L;V?), and S(V) =
V/2
sinh(/V/Q))'

7.2 Statements of auxiliary results

To prove Theorem 7.1.1 we will need some propositions and a theorem that
we state in this section. The proofs will be given in the next section. Recall
the definition of P;;(n, X) from (3.32). We can write

2s5+1
P, i(n,X) = Z:psZ I (s >0,40 > 1).

For ¢ > 1 we set

PO(X pr (7:3)

and fPée) = 0g¢. We define

) Zz
R(X,T,2) =Y POX,T)=, (>0 (7.4)
i=0 &
Then we have the following statements.

Proposition 7.2.1. For ¢ > 1 we have

i 20
ZD’ 'PO(X,T) I ZJCd

2!
1=1 .

Proposition 7.2.2. Let

%(XaTaZaW Qk
j%:o 7 (J+k)!
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1
n

where Qy, ;(n, X) is defined as in (3.18) and W = —. Then H = exp(Zh(X,T,W)),

where

T U w
WX, T,W) = — / 1| dt. 75
( W / l(l - Uet> ] (7.5)
Remark 7.2.1. Define coefficients q,(cz (X) by the expansions
Qrj(n, X) Zq I (n = 00). (7.6)

and let Hy(X,T,Z) be the coefficient of W in H. Then by definition of H

we have

© Tj+kZ]'
H(X, T, 7) = G (X )— . 7.7
We note that in the notation of the previous chapters Hy = H and Hy = J.
Now let { 1}
> Up(T) vj:i; .
Ap(T) = ; L, pv20 (7.8)

where 021,(7”') is the coefficient of m?" 77 in { TTF}FJ (see Lemma 6.5.2).
’I"/r. m—-r

For example we have

TT’
oo(T) = Z oo — I 1,
r>1 :
r(r—1) % ;)
/\071(T) = TT = —€ / s
; 2rtlpl 8
r(5—2r) T T2 5,
Mo(T) =Y T = (5 — —)e'”.
7; 3-2mr! 2 6

We notice that for p+v > 1, e7/2), ,(T) is a polynomial of degree 2(p+v). In
fact for p > 1 0,(r) € rQ[r] of degree 2p and {”J“T 1} € Q|[r] is a polynomial
of degree 2v (see Lemma 6.5.2, equation (6.23), Remark 6.4.1 and Knuth
duality formula (6.16)). Therefore we can write

ptv

MAoo(T) =" a;D'(e7/?) € 72Q[T), a; € Q.

i=1
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Now set

T 7
AT, W) = 3 (1) Ao (YW = (772 — 1) + (5 — ﬂTQ)eT/?W e
p,v>0
(7.9)
Then we have the following theorem, in which @) is considered as known and

we are trying to find fR.

Theorem 7.2.1. Let R(X,T,Z,W) 1= Y02, Ry(X, T, Z)W*, with Ry as in
(7.4). Set

QX T, Z,W) =H(X,T,2,W)(1 - (X = YA(T,W)).

Then

cow. -2 (m(X, 70, T, W)Q(X, T, Zs, W)) —1,  (7.10)

aT Z1 :T7 Z2:T71
where
y? vy

C@Uay)Ze_y(1+$y)w:1—$5+$2(§+§)+ € Q[[z,y]]
(see (6.21)).

Remark. In applynig the formula we have to consider (7:2)* as Tk%.

From Proposition 7.2.2 and Theorem 7.2.1 one can compute inductively
all Ry(X,T,Z) only on the diagonal Z = T. We explain later how from this
we can obtain P (X, T). In Chapters 4 and 5 we did this for £ = 0,1. We
illustrate the theorem by verifying these cases again.

Example. For ¢ = 0 the constant term with respect to W in the left
hand side of (7.10) is R(X, T, T)H(X,T,T~*)(X — (X — 1)e’/2?) (recall that
R = Ry, H = Hy), hence from Theorem 7.2.1 we have

RX, T, T)H(X,T, T~ (X — (X — 1)) =1,

which is exactly equation (4.23) for computing the leading coefficient.
Now for ¢ = 1 we need to find the coefficient of W in the left hand side
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of (7.10). Because at the end we want to compare our result with equation
(5.33), it is necessary to write A,, (0 < p,v,< 1), in terms of fi, fo and f;,
which have been introduced in Lemma 5.1.3. We have

HXT)=1— (X = DXoo(T), fo(X,T) = (X = 1Ao(T).

We set also fo(X,T) = (X —1)Xo1(T), so by Theorem 7.2.1 we have

Il
\.H

2 2
(1—2W86T2) (leR+(fl(HR1+RH1)+(f0—fg)HR>W)

Z1=T, Z2=T_1

where = means the equality is valid up to O(W?).
Therefore it turns out that

le(Xa Ta T71>R1(X7 T7 T) =

T2 o2
= [FARH A+ (B~ P HR+ 5 e (RHR))|
T2 T?
= [(“hH 4 foH + 5 fH — foH + T*f{H + - fiH")R

)

Z=T-1

+ (T fH + T*f{H)R' + T; hHR|

d

where " denotes . Comparing this equation with (5.33) (note that in our

old notation H; = J and M = R;), and using the fact that

T2
RIIM:RG7 Tf{:_ffi? ) 7 {/:f07

we find that the two coincide.

7.3 Proof of the main theorem

In this section we prove the propositions and main theorem of the last sec-
tions. It has been organized as follows. First we assume Proposition 7.2.1
and we prove Theorem 7.1.1. Next we prove Proposition 7.2.1 using Propo-
sition 7.2.2 and Theorem 7.2.1 . Finally we prove Proposition 7.2.2. In the
next section we give a proof for Theorem 7.2.1.
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Proof of Theorem 7.1.1. Proposition 7.2.1 says that

z 20
ZDZ W Zcbd DV, Vg, 7)), £>1

i=1

where 149 € K, @ Q[T,T].
T 1

Now we set [I¢D(V, T) = THIGD(V, T)—Yt=4Va_and we claim that

oxp(Vit V) -1

20 20
POX,T) = @, (V- Vy, T)) € 3 Ky

d=1

First of all from Lemma 6.3.1, we have the following comutative diagram:

TeXP(‘elt:j/‘;d)ll l i TZ.—!Z'DZ"1
®
Ky — Q[X][[T]]
This diagram implies that for Q(X,T) := ¥ ®4(I1*9), we have

o) . Tz o] i Tz
S D IQ(X,T)? =Y DPO(X,T)~.

i=1 !
From Lemma 4.1.2 we conclude P(X,T) = Q(X,T) and the proof of the
theorem is complete. [

Proof of Proposition 7.2.1. To prove the statement, we prove (assum-
ing Theorem 7.2.1 and Proposition 7.2.2) the following two statements:

X, T.T 20
A. We show that R(X, T,T) e > Ky

R(X,T,T) = iz
B. We prove

20—1

€ Y XK
d=1

Rg(XTZ s i1 VA
(R(X,T,Z -2 DTS )

These together imply the statement.
Now we start with Statement A. First we show that the left hand side belongs
to K and then we give the upper bound.

Z=T
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From Theorem 7.2.1 and by expanding the compact form of equation (7.10),
for £ > 1 and looking for the coefficient of W* in both sides, we find

(X = (X = De"HH(X, T, T"YR(X,T,T) =

ot
=(X - (X=X cptTf (RZ-(X, 7, TVH;(X, T, ZQ)>
t,p,i,j>0 7,+jz<§ D Z?::TTJl
at
- (X - ]‘)Z Z Cp—u,t TtW<RZ(X7 ZlaT)Hj<X7 T7 ZQ)AkJ;U(T)> )
it jrk=l—p ZZ ek
i<l
(7. 11)

where the first sum runs over t, p,v, i, j,k > 0.

From Lemma 7.1.1, K is a ring, hence from the above equation to show that
Re(X,T,T
R(XT.T) € X, it is enough to prove that for : < £ and j,¢t,k > 0

R(X,T,T)
RO(X,Z,T) H;"(X. T, Z) (X = DA
RX.ZT) |,., HXT.Z) |, .. X—(X—1)P
(7.12)
To verify (7.12), we see that %, %l and % are elements of K; C K.
In fact from (4.15) we have
R/(X, Z, T) 00 1 Tz 1 o0 Ts+z 1
YR DZ Q511 Csti
RXZT) |, 57 TG0 e
VS+Z
=T 1(I) Z Ost1 ) S T71®1(K1> C j(:l.

i,5>1 <Z 1)

From the first part of Proposition 4.1.1 we have

H'(X,T,Z) )
H(X,T,Z) |, 1. (X, 1)
B Tk B Vk
=T 1Z€k(X)ﬁ:T 1@1(2 F)Gle,
k>1 k>1

and finally % = Y1 ek(X)zk(/,C i € Ki. Hence from Corollary

7.1.1 it is enough to verify (7.12) only for ¢ = 0. But in that case, the first
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part of (7.12) is true by induction (since i < ¢) and the last one follows from

X — DApo(T
the fact that \,(T) € Q[T]e?/?, hence )E — (X)_ki)(eTaz €X.

H.
For —Z from Proposition 7.2.2 we have

H.(X,T,Z) G eXP(Zﬁ(X,T, W) — Zh(X,T))
H(X,T,Z) lz=r-1 = oW ‘W:O,Z:T—l ‘

(recall that by Proposition 4.21, H(X, T, Z) = exp(Zh(X,T)), or h(X,T) =
R(X,T,0)). But we have

7 exp(R(W) — h)

aWj |\ € QO &R, 7] |

w=0’
where 0 denotes . From Theorem 7.2.2
s j+1
EfleZ|W 0= /IOgJ+1 <11—_UUet>dt: 0/(};:1%()();)] "
r phatokygn

- O/klﬁ_“%ﬂx Gt T dt
— TP |4 ‘/j’:{ikl
) jH(’“"“%ﬂﬂ il Kl (ka4 Ky + 1))

But

k1 kjy1
‘/1 e V;-i-l

Z kile ki (ki 4+ kja + 1)

i, kip1>1
1 (Va) ~ 1
exp(Vs) —
/ VT _ 6V+1T )dT:Z%EKjH’
0 s s
where s runs over all subsets of {1,---,j 4+ 1} and V5 = >, V). As a
Hj(X7 Ta Z) ‘ c K ies]
consequence ————"—= or more precies
b H(X,T,2) lz=r-1="" PIECIesyY
H,(X,T,Z) = .
— X > 1. 7.13
H(X,T,Z) g € dZ::l & = (7.13)
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Denote r, the upper bound for the sum of the right hand side of Claim A.
We look at the equation (7.11). This maximum is obtained in the right hand
side of (7.11), when p = 0 and for j > 1 we find that

re=max{r_;+j+1j=1,--- (},

which implise that r, = 2¢ and the proof of the Statement A is complete.
Now we prove Statement B. From the recursive equation (3.33) we have

¢ ¢ (e~
() = D) ~ (X - D00 + 30 3 pB ()P (). (714
k=07r=0
By (7.3) this is equivalent to

PLUX,T) = DPO(X,T) - (X — 1)OP (X, T)

l
+Y 2P, 1)P (X, T),. (7.15)
=0

where © = T2 Then by (7.4) we find

o

d d
— X, T,7Z DR(X.T.Z)— (X —1YT—R, (X, T.Z7
dZRe( ) =DRy(X,T,Z) — ( )dTRZ (X, T, Z)

¢
+ Y PER(X, T)Ry(X, T, Z).
k=0

Hence if we set P(X, T, W) := 2, PO(X, T)W* we have

(ddZ —D—(X- 1)W@> R(X, T, Z,W) =P(X, T,W)R(X,T, Z,W). (7.16)

Therefore R = exp(F’) for some F' which satisfies

(jZ —-D— (X — 1)W@> F(X,T,Z,W)=9(X,T,W),

with the right hand side indepent of Z. We write

F(X,T,Z,W)=> F(X,T,Z)W*.
k=0
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Then we have

(77— D)Fo = PO) = P, (7.17)
<ddZ — D)F, = P® 4 (X ~1)0F,; (k> 1). (7.18)

Equation (7.17) can easily be solved. We note that (X, 7,0,0) = 1, so
Fyo(X,T,0) =0, and we have
R(X,T.Z) =Y D'P(X,T) ", (7.19)
= i!
and for (7.18) using the identity

) 1— 1 1—1 1—1
) =1 . B SRR ol ) . +1{ . s
Jis 5 s jl_]-,j2,"' y Js Ji, 7]8—17js_1 Ji, 5 s

one can check directly that the solution of (7.18) is given by

00 ] Z@
F(X,T,Z) =Y D 'PW(X, )55
=1 :

1( 1—-1 e L
+ZZ Z ( .)ejl---ejsD’“@ Pk )W’ (7.20)

5!
i=1 s=1j1, 15 ]17 “ s

WhereJ:]1+~~~—|—jS.
Since k < ¢ we have by induction

PE(X, T, T) Z(I) )y ned ¢ K, @ QIT,T7Y. (7.21)

From Lemma 6.3.1 and (7.21) we have
e, DITIEPPI (X T) T =
2(k—s) &

= > > q)d+s< g4l Vd+s (Vl +-- 4 Vd)i_j_l (Vaav + @) 1= s’d)>7

d=1 s=1

where V% = Vlaivl + .- Vg&. Hence from (7.20) and the definition of ®,4
we have

Fu(X,T,T) =Y D" 1Pt Z
=1
k 2(k—s)
exp(Vi+ -+ Vi) =1/, 0 s k_d>
+T Dats Vo +0) k4 ).
2 X e (U Vvt
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Hence it follows for k < ¢, that Fi(X,T,T) € KX and the upper bound is
2k — 1 and consequently by Lemma 7.1.1, Q[F}, -+, F,_1] C K.
For k = ¢, the same argument gives

[e%¢) . Zz
[F(X,T,2) = 3 D" 1PO(X, T)

=1

e X. (7.22)

zZ=T

with the upper bound d = 2¢ — 1. Hence Claim B is equivalent to

}m — Fy(X,T,T) e X
with the upper bound 2¢ — 1. But we have
R/(X,T,T) _ O'R/R _ O exp(F — Fp) ‘ _R4G
R(X,T,T)  oW* |,_, oW W0 ’

where G € Q[F}, -+, F;_1] C X with upper bound 2¢ — 1. This completes
the proof of Proposition 7.2.1. [J

Proof of Proposition 7.2.2. From equation (3.18), H satisfies the
following homogenous linear differential equation

0 0 9
XX =) os = ZT(X — 1) = W(X — 1)2621% —0. (7.23)

It follows that H(X, T, Z, W) = exp(Zh(X,T,W)), for some h which satisfies
the following differential equation

i) i
Gph = X(X = 1)oh = W(X — 1)h = T(X - 1).

Then we write A(X,T, W) = >, hi(X, W)% But by definition of H we
have H =1+ %TQZ + - -+ which follows hg = h; = 0 and from the above
equation it turns out

ho=X—-1=e€1, hip1=(D+We)hi—1, i>2,
or h; = (D + Wey)i(1), for i > 1. Finally we have

B — Vlvi(D n Wel>i(1)7; - Vlv [exp (Wiei)—l]
() ) (.24
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Therefore (7.5) follows. O

7.4 Proof of Theorem 7.2.1

In this final section we prove Theorem 7.2.1. The recursive equation (3.34),
which we repeat for convenience, says

XS: Xk:Ekﬂ'(n7X)Psfk,i(naX> = O, (725)

k=11=0

where Ej ;(n, X) is defined as in (3.22).

We define coefficients a,,(g y - (X) by the expansion

U—i—1
Epi(n,X) = Z a,(ff_g)(X) n? =t (n = o),
=0

The coefficient of n?*~¢ in the left hand side of (7.25) is

53 S Al (X)) ) (7.26)

k=1 p=0i=0

Hence by definiton of ’Pz@ we have

zzz( ot X>Tk)n>5p><x, -1 (727)

£=0 p=0 =0

We show that for fixed ¢

aﬁ”wﬁmﬂ:mWTa

P éWmO—MAUMTWD%?>

]

Z=T-1
(7.28)

Note that one can consider this case as an special case of Theorem 7.2.1 when

all p) =1 (s,4,£ > 0).

To do this we need to write a,(ff P as a sum of terms which depend on k — i

and 7. The function Ej;(n, X) in equation (3.22) depends on n through the
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quantities (";7"), Sr(n) and H,—iypp—i—r(n, X) (0 <7 < k —1i). We expand
the first of these by

where coefficients can be expresed in terms of Stirling numbers of the first
and second kind by (6.17). Using 3.17 and equation (7.6) we expand H,, »
in terms of ¢ ;(X). Finally S,(n) by the second part of Lemma 6.5.2 have
the following expansion

2r—1

Sp(n)= > Lmnz’"_p r>1.

|
=0 2r!

Therefore from (3.22) we have

—i . {—
ko Sk — g P(X)

ot i'(k—i+7)!
k—i k—i—r -
op(r) Sp(rk+j5—1)

- (X -1 2 (=17 QPTT‘ 2! (pk —i—7+ ')'qlgpi)T’j(X)

r=1 j=1 p+p/'+p'=L T J):
—i . {—
O uE i)
im0 k+j—plil(k—1+7)!

k—i k—i—r P O.p/(r>{v+rzl} [k k+j } .

— (X -1) ()P gl (),
o W%,,:h; 2rr! i'k—i—1r+j)! 7

(7.29)

k+j

A JﬂJ by (6.20) and forming a generating function we can

Expanding [
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write this as
Z a(2k é _

2 <—1)’”<t>. Cptqu’?@)ﬂ

kgt =0 )i —t)V(k+j—i—t+t)l

t ¢ ,
— (X —-1) Z (—1)? t Cp—u,t )\](D/,L(T) q](<; ij P )(X)Tk”
kP bt 120 ") (i =t (k+j—i—t -+t + ")

T1+t t
Y Y- (LﬂﬁﬁuTm

p=0£,t/>0 (1 —t)!

Z=T-1

1 e Ny -0 oy T
) Z Z ( ) Cp—u,t p’,v( ) {—p—p’ ( D) >Z

/ 1!
pHp'=Cutt t"">0 t't

where \,, and Hy are as in (7.8), (7.7) respectively.

Now multiplying by W* and summing over ¢ > 0 and using the Leibniz rule
we find

iiazk Y(x) T Wt

{=0 k=0
co ¢ 2p at T o
=3 S (1) o7 (Hip(X, T, 2)~ )W T
£=0 p=0 t=0 Z=T-1
o £ p 2p at Tz o
SICER1) 9 30 35 DI CR LAY (ANVETE ) IWARE LS [
=0 p=0v=0 t=0 Z=T-1
(7.30)

We note that except the term :ZF—, the other terms are independent of <. From
definitions of H and A we get

[e%} t i
> )W = 33 S 1w (e

£,k=0 (=0 p=0t=0 aTt Z=T-1
co £ 2p ¢ 7
T
- (DY Y1 T (A T
£=0 p=0 t=0 oT" Z=T-1

111



Hence equation (7.28) follows from the definition of C'(z,y).

Now in order to prove the statement of the theorem we multiply equation
(7.27) by W* and sum over all £ > 0. For fixed i we replace inside the
parentesis of (7.27) with the right hand side of (7.28) . Also replacing T" by
Zy in P;(X,T) and passing through the parenthesis and then summing over
all © > 0 the statement of theorem immediatly follows from the definition of
R. O

112



Bibliography

1]

[4]

[7]

8]

[9]

[10]

G. Almkvist, W. Zudilin, Differential equations, Mirror maps and Zeta
values, Mirror symmetry. V, 481-515, AMS/IP Stud. Adv. Math., 38,
Amer. Math. Soc., Providence, RI, 2006.

G. Almkvist, C. van Enckevort, D. Van Straten, W. Zudilin, Tables of
Calabi-Yau equations, Preprint (July 2005).

L. Carlitz, The product of two Eulerian polynomials, Mathematics Mag-
azine, Vol. 36, No.1 (Jan, 1963), pp. 37-41.

Y. Chen, Y. Yang, N. Yui, Monodromy of Picard-Fuchs differential
equations for Calabi-Yau threefolds, J. Reine Angew. Math. 616 (2008),
167-203.

B. Green, D. Morrison, M. Plesser, Mirror Manifolds in higher Dimen-
sion, Commun. Math. Phys. 173 (1995), 559-597.

M. Gross, D. Huybrechts, D. Joyce, Calabi- Yau manifolds and related
geometry, Springer, Universitext series, (2003) 123-140.

S. Katz, FEnumerative Geometry and String theory, Student Mathemat-
ical Library,Vol.32, AMS, 2000.

D. Knuth, Two notes on notation, Amer. Math. Monthly 99 (1992), n.5,
403-422.

D. Morrison,  Picard-Fuchs equations and mirror maps for hypersur-
faces, Essay on mirror manifolds,, Int. Press, Hong Kong, 1992, 241-264

D. Morrison, Mirror symmetry and rational curves on quintic threefolds:
A guide for mathematicians, J.Amer.Math. 6:1.(1993), 223-247.

113



[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

J.H. Silverman, Advanced Topics in the Arithmetic of Elliptic Curves,
GTM 151,1994.

R. Stanley,  FEnumerative Combinatorics, Cambridge studies in Ad-
vanced Mathematics, Vol.62,1999.

C. Van Enckevort, D. Van Straten, Monodromy calculation of fourth
order equations of Calabi-Yau type, Mirror symmetry. V, 539-559,
AMS/IP Stud. Adv. Math., 38, Amer. Math. Soc., Providence, RI, 2006..

D. Zagier, Unusual identities for the Bernoulli numbers, unpublished.

D. Zagier, FElliptic modular forms and its applications, The 1-2-3 of
modular forms, 1-103, Universitext, Springer, Berlin, 2008.

D. Zagier, A. Zinger, Some properties of hypergeometric series associ-
ated with mirror symmetry, Modular forms and string duality, 163-177,
Fields Inst. Commun., 54, Amer. Math. Soc., Providence, RI, 2008.

A. Zinger, The reduced genus one Gromov-Witten invariants of Calabi-
Yau hypersurfaces, J. Amer. Math. Soc. 22 (2009), no. 3, 691-737.

W. Zudilin, Number Theory casting a look at the mirror, NT.0008237v2

114



