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Abstract

The omnipresence of sexual reproduction in a highly competitive world is a fascinating
phenomenon. Its evolution and maintenance is up to now not completely understood since
it is known that sexual reproduction require from organisms a lot more costs and energy
than asexual reproduction would do.

In this thesis we show mathematically that sexual reproduction provides populations an
evolutionary advantage because they can better adapt to a changing ecological system. To
this end, we study a stochastic individual based model which describes the genetic evolu-
tion of a diploid hermaphroditic population reproducing sexually according to Mendelian
laws. This single locus model describes a population of interacting individuals that incor-
porate the canonical genetic mechanisms of birth, death, mutation, and competition.

In the first part of this thesis the genetic evolution of the population with two alleles is
studied under the assumption that a dominant allele is also the fittest one. It is shown that
after the invasion of a dominant allele in a resident population of homozygous recessive
genotypes, the recessive allele survives in heterozygous individuals for a time of order at
least K''/2=%, where K is the carrying capacity and o > 0. This time of survival of the
unfit allele is much longer than it would be in a population reproducing asexually. There-
fore, a suitable rescaling of the mutation rate made the appearance of a new advantageous
mutation possible before the extinction of the recessive allele.

In the second part of this thesis, we study the fate of the recessive allele after the occur-
rence of a further mutation to a more dominant allele. It is proven that resulting changes
in the composition of the population indeed opens the possibility that individuals of ho-
mozygous recessive genotype can reinvade and that coexistence of different genotypes is
possible. This leads to genetic variability and can be seen as a statement of genetic ro-
bustness exhibited by diploid populations performing sexual reproduction as well as an
indicator for the overwhelming biodiversity in nature.
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I. Introduction

In nature, sexual reproduction is the favoured kind of propagation in higher plants and ani-
mals. Most organisms belong to diploid populations which reproduce sexually. However, a
comparison of the reproduction types shows that asexual reproduction is more effective for
the survival of a population and less costly as the energy-sapping and inefficient partner-
dependent sexual reproduction. Up to now, many more or less convincing hypotheses exist
why sexual reproduction nevertheless evolved and is maintained in nature and evolutionary
advantageous. Yet for a universally valid explanation which is able to outweigh the many
costs of sex, biologists are still searching.

In this context, the mathematical endeavour is to construct models which mirror the real
life processes or the actual facts in demand as well as possible to get some interesting
conclusions on how evolution acts. The unpredictability and complexity of the biological
world turns this into a big challenge. The task is to reduce the high amount of natural
acting mechanisms and phenomena to the essential ones such that it is possible to build
up a mathematical tractable model which gives relevant and realistic implications for the
biological questions in demand. For this new methods had to and have to be developed.
Such models of populations give insight into the evolutionary population process and an
understanding of the acting mechanisms and give biologists a tool to find and to prove new
hypothesis.

In this thesis, we use mathematical modelling to show that sexual reproduction enables
competitive populations to react and adapt better to changes in the ecological system.
To be more precisely, we consider a stochastic population model consisting of diploid,
hermaphroditic individuals which reproduce sexually according to Mendelian laws and
prove that a subpopulation, carrying a recessive allele, which is forced to extinction by the
whole population can resurrect when the genetic composition of the population changes.

The study of Mendelian diploid models started at the beginning of 1900 by Yule, Fisher,
Wright and Haldane, the founding fathers of population genetics. But the models in this
context typically deal with finite population sizes and models inheritance at the expense
of competitive interaction of populations among themselves and their environment. In our
approach, we take these factors into account and consider a competitive population model,
described by a stochastic system of interacting individuals, which include the genetic re-
sults of reproduction, as well as ecological dynamics. Since individuals are competing
for resources, the environment of an individual it lives in and interacts with, is defined by
the composition of the population. This kind of model belongs to the theory of adaptive
dynamics, developed in the 90’ies, which is a variant of population genetics and models
the phenotypic evolution of a population in a varying environment. It allows variable pop-
ulation sizes controlled by the competitive interaction of the population. However, most of
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the results in the context of adaptive dynamics are based on haploid asexual reproducing
population since, unfortunately, especially the Mendelian reproduction and the interac-
tion of genotypically and phenotypically different individuals makes the modelling of sex-
ual reproducing populations quite complicated. Therefore, the consideration of stochastic
models on the individual level in a genetic setting just started in 2012.

In this thesis we pick up this line of research and show that in a Mendelian diploid model,
under a dominance-recessivity assumption, there can appear a hitchhiking phenomenon of
recessive alleles in heterozygous individuals which leads to their prolonged survival in the
population and, moreover, after changes in the population composition and under fairly
natural assumptions, to genetic variability as well as biodiversity.

The remainder of the introduction is organised as follows. First a simplified overview
of the genetics needed to understand the biological background is presented followed by
an introduction of the Mendelian laws. We then discuss some historical facts which lead
to the theories of population genetics and adaptive dynamics and review the already ex-
isting research of diploid models. The first section ceases with the many costs of sexual
reproduction and theories why it is maintained in nature nonetheless. The second section
concerns the mathematical modelling approaches of the evolution of sexually reproducing
populations in the context of population genetics and adaptive dynamics. In Section 3 the
stochastic individual-based Mendelian diploid model studied in Chapter [[I|and [l is intro-
duced. The contributions of this thesis, presented in detail in Chapter [[Tland [[TI} are shortly
summarised in the last section of the introduction.

In Chapter [Ill we examine the genetic evolution of the three genotypes aa, aA and AA
of the Mendelian diploid model, introduced in Section 2 of this introduction, in the large
population and rare mutation limit. The main results are, that under a dominant-recessivity
assumption on the alleles, the recessive a allele can survive in the population long enough
such that under a suitable rescaling of the mutation rate a new advantageous mutation
can appear before its extinction. This chapter is published in the Journal of Mathematical
Biology [[84]. The content of Chapter [[II]is the preprint [10] available on arXiv. It builds
on Chapter [[I] and studies the population in the large population limit, when still enough
recessive a alleles are present and a mutation to a more beneficial B allele has appeared.
Therein, a six dimensional deterministic system is analytically studied and under rather
natural assumptions, the coexistence of the two homozygous subpopulations of genotype
aa and BB is proven. Both chapters together show that sexual reproduction gives to
populations an advantage because they can better adapt to a changing ecological system.
It could be an indication for the overwhelming biodiversity in nature.

1. Biological background and motivation

The simplest reason why it is important to study sexual reproduction is certainly its over-
whelming occurrence in nature. The vast majority of organisms in nature reproduce this
way. In this section we take a closer look at this kind of reproduction from a biological
viewpoint.



1. Biological background and motivation

1.1. Genetic background

We start by introducing the minimum genetics that is needed to understand the basic mech-
anisms of reproduction and Mendelian inheritance. For further readings and more details
we refer to Lodish [[70] and Barton et al. [4].

An organism or individual is built up by one to many cells. Each of these cells has a cell
membrane which separate it from the others and encloses the cytoplasm and other cell or-
ganelles. The genetic material, called genome, is contained in the cytoplasm and consist of
Deoxyribonucleic acid (DNA). In procaryotes (cells without nucleus) the DNA is located
free in the cytoplasm whereas most of the genome of eukaryotes (cells with nucleus) is
located in its nucleus and is organised linearly in chromosomes whose number is charac-
teristic of each specie. A particular region of the DNA is called a gene. Each chromosome
consists of many genes and the position of a gene is called a locus. For example the hu-
man genome is composed of 23 chromosomes and 20000-25000 genes (Human Genome
Project, 2001 [[65]). The set of genes defines the genotype of the organisms where the vari-
ant forms of a given gene are called alleles. Different alleles result in different phenotypes
which are the expressions of the genotype. Consequently, the phenotype of an individual
is the sum of all morphological and physiological traits plus behavioural features which
are determined by the alleles (e.g. body size, hair colour, intelligence). Individuals with
a single set of chromosomes are called haploid, and with more than two copies polyploid.
In this thesis we consider sexually reproducing diploid individuals, meaning organisms
whose cells have two homologous copies of each chromosome, usually one of the mother
and one of the father. Thus, for each gene the individual can carry two variant forms. If the
alleles of the two genes at a particular locus in a diploid individual are the same it is called
homozygous, otherwise heterozygous. An allele is called recessive if it is only expressed in
the homozygotes otherwise it is called dominant. As a consequence heterozygotes which
consist of one dominant and one recessive alleles always express the dominant character
in their phenotypes. If an organism reproduces asexually, like every prokaryote, then the
offspring’s genome is an exact copy of the individual’s one unless mutations alter alleles.
This is why it is also termed clonal reproduction. In contrast, during the sexual repro-
duction the diploid organism first creates gametes (sperm or egg) by a mechanism of cell
devision, called meiosis, which are haploid cells and contain a single set of the individual
chromosomes. During fertilisation two gametes of two different individuals fuse together
to a zygote, from which the offspring develops. The zygote is diploid again and contains
one set of chromosomes of each parent.

Therefore, the genome is the base for heredity and the basic laws how genes from the
parents are transmitted to the offsprings were first studied by the Austrian monk Gregor
Mendel during seven years (1857-1863) of hybridisation experiments with peas plants.

1.2. The contribution of Mendel to evolution

Gregor Mendel published his work, Versuche iiber Pflanzen-Hybride [73]], 1866 just seven
years after Charles Darwin’s publication of The origin of species [25] where he argued
that natural selection would be the driving force of evolution. Darwin defined natural
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selection as the process of unavoidable selection favouring individuals best adapted to their
environment. His work was the starting point of a big, controversially discussion about
evolution under biologists (see [32]). In contrast, Mendel’s results found less attention
and its importance for inheritance was unregarded and forgotten [77]. Only after his death
in January 1884, Mendel’s work was rediscovered in 1900 by Hugo de Vries [26]], Carl
Correns [22] and Erich von Tschermak [94]]. The Mendelian laws known today were not
originally stated by Mendel but named in his honour:

1. Law of independent segregation
During meiosis, the two alleles for each gene segregate from each other and are dis-
tributed to different gametes. Therefore, the gametes only contain one of the two
alleles for each trait. At fertilisation, two gametes of two different individuals fuse
together and define the genotype of the offspring. Consequently, the offspring is
diploid again and receives a pair of alleles for each trait one from each parent (see

Figure [[.1| (left)).

2. Law of independent assortment
During meiosis, the segregation of the two alleles of one allelic pair is independent
of the segregation of the two alleles of another allelic pair. (see Figure [I.1{ (right)).

3. Law of dominance
The phenotypic trait is always defined by the dominant allele (in Figure [[.] (left) the
allele "g" and alleles "C" and "T" (right)).

These laws are only presented as hypotheses in Mendel’s paper [73]]. De Vries was the first
who mentioned the expression "Mendel’s law" and it was rigorously defined by Correns
[22] in acknowledgment of Mendel’s work. But both did not distinguish between different
laws. Morgan first explicitly talked about the law of independent segregation and the law of
independent assortment [78] and integrated it with the Boveri-Sutton chromosome theory
of 1915 in the book "The Mechanism of Mendelian Heredity" [79]. It was Sir Ronald
Aylmer Fisher, in 1930, who worked out that Darwin’s theory of natural selection does not
stand in contradiction with Mendelian inheritance and how the two theories needs to be
combined [34,35]]. He considered evolution in a mathematical framework and is one of
the founding-fathers of population genetics.

1.3. Sexual reproduction - a biological puzzle

The evolution of sexual reproduction, precisely its origin and its maintenance in a highly
competitive world, is still a major problem in biology. Sexual reproduction compared to
asexual reproduction seems to be very costly (e.g. [23,/69,93]). For a start, there are the
cellular-mechanical costs [68] which correspond to the large amount of cellular mecha-
nisms (meiosis, fusion of gametes (syngamy) and of nuclei (karyogamy)) which sexual
reproduction requires and which take a long time and energy. Furthermore, during meio-
sis, genetic recombination can destroy advantageous allele combinations which can result
in a decrease of the individual’s fitness and selection can act again [83]. Also noteworthy
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Figure I.1.: Left: Law of independent segregation (grey colour is dominant, white
colour is recessive).
Right: Law of independent assortment (grey colour and long tail are
dominant, white colour and short tail are recessive).

are the costs for searching for potential partners, and the possibility of spreading diseases
between the partners [86]. Additionally, in sexually reproducing populations there is the
famous rwofold cost of sex ( [93]], see Figure [[.2)) for producing males. To make this con-
crete, in asexually reproducing population there is only one sex, precisely each individual
owns the female function, i.e. it gives birth to offsprings which again own the female
function. By contrast, in sexually reproducing populations there are both sexes present, fe-
males and males, at the same fraction. But only females give birth to offsprings of these 50
percent are males and 50 percent are females. Therefore, asexual females invest their full
energy in producing offsprings owning the female function whereas sexual females invest
50 percent of their resources in producing males which for their part cannot give birth to
offsprings. To be more precisely, assuming two offsprings per female by reproduction, an
asexual population double the size of individuals owning the female function whereas in a
sexual population the amount of females stay constant (see Figure [[.2). In this thesis, we
consider a hermaphrodite sexual population (organisms with both sexes), where each indi-
vidual can undertake the male or the female function by reproduction. Nevertheless, also
such population grow more slowly compared to asexual ones due to the needed partner for
reproduction. To be more precisely, assuming an asexual and a sexual population of the
same size and that one reproduction event results in the same amount of offsprings in both
populations. Then, the asexual one has double the amount of offsprings compared to the
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sexual one because therein each individual produces descendants whereas in the sexually
reproducing population two individuals are needed for the same amount of descendants.

Figure 1.2.: Twofold cost of sex: asexual reproduction (left), sexual reproduction
(right)

Since sexual reproduction is such a costly endeavour one would suggest that it is rare
in nature. But quite to the contrary, the vast majority of eukaryotic organisms reproduce
sexually and only 0.1% reproduce exclusively asexually [99]. Consequently, there must
be advantages for sexual populations which can outweigh the costs. Many models and
theories were developed to ensure the evolution and maintenance of sexual reproduction
(e.g. [6,/13,87]). We will summarise briefly the most popular and respected ones.

1. Fisher-Muller hypothesis [35.,80]
Sexual reproduction accelerates the process of fixation of advantageous mutations
by combining beneficial mutations which initially appeared in different individuals
into the same genome. Comparatively, in asexual populations a second beneficial
mutation will only fixate if it appears by reproduction of an individual carrying al-
ready the first beneficial mutation.

2. Muller’s ratchet [|33,/81]]

This hypothesis states that there is an accumulation of deleterious mutations in small
asexual populations. Ignoring backward or compensatory mutations, in each gener-
ation there is a probability that the class of individuals with the least number of
deleterious mutation will disappear due to mutation at the same time or due to the
stop of reproduction. Thus, in future generations there will be no individuals with
fewer deleterious mutations. In this way, the number of mutations in the population
increases. Comparatively, in sexual population, due to recombination, these classes
of individuals with the least number of deleterious mutations can be recreated.

3. Red-Queen hypothesis [5,98]]
This is an environmental hypothesis describing that sexual reproduction enables in-
dividuals to adapt and evolve constantly to survive in coevolved interaction with
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other organisms in a deterministically changing environment. Thereby, recombi-
nation can create genotypes which are better adapted and have a competition ad-
vance. In coevolution of established populations, this leads to sustained oscillations
between genotype frequencies. The best-known application is the host-parasite, co-
evolution, showing that sexual reproduction implies the ability for hosts to resist
parasitic infection. Parasites may thus be the driving force for the maintenance of
sexual reproduction in their host (47,48, 53].

4. Mutational deterministic hypothesis [62,64]
Under the assumption that each additional deleterious mutation decreases the fitness,
sexually reproducing individuals have a short-term advantage because the amount
of mutations passed to the offsprings has a big variance. Since offsprings with a
majority number of deleterious mutations have also low fitness they will die out and
with them a vast number of mutations is eliminated.

Under strict assumptions all these theories give reasons for the evolution and maintenance
of sexual reproduction but one generally valid theory is not found so far. It is reasonable
to take a pluralistic approach [50,/102] to explain the omnipresence of sexual reproduction
in nature. But up to now it remains a big puzzle and further work and rigorous studies of
population models are needed.

2. Modelling of sexual reproduction

Our contribution in this direction is to show in a rigorous mathematical framework advan-
tages of sexual compared to asexual reproduction by incorporating ecological dynamics
and the random elements of evolution in a population model with Mendelian reproduction.
To be more precise, we show that in such a population, the time until a recessive allele at
one locus becomes extinct is prolonged since it survives in the fitter heterozygous individ-
uals. If the genetic composition of the population changes, the population of homozygous
individuals carrying this recessive allele can recover and can probably live in coexistence
with other genetic different subpopulations. In this way, sexually reproducing populations
can better adapt to changes in the ecological system because recessive alleles, which can
be more advantageous in the changed environment, survive in heterozygotes. Under fairly
natural assumptions, this can also lead to genetic diversity, as we will show.

2.1. The evolutionary process

To understand the evolution of a population it is necessary to take a closer look at this
process of high complexity. The main acting mechanisms driving the evolutionary process
are:

e heredity - transmits the parental characteristics (morphological and physiological
properties) to the offspring,
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e variation - changes the characteristics of an individual (e.g. due to mutations, ge-
netic recombinations),

e selection - acts onto the different reproduction and survival ability (fitness) of the
individuals, a consequence of competition between individuals.

As already said, each individual is characterised by its genotype which is expressed in
its phenotype. The different phenotypes of a population compete for resources (e.g. wa-
ter, space, food), or with other species (e.g. predator, prey, parasites). This competition
process changes the mortality and fertility of each individual and affects the selection pro-
cess acting onto the viability of the different phenotypes. Consequently, the adaptation of a
phenotype depends on its environment which in turn is influenced by the phenotypes of the
present population. Therefore, the population dynamics is in interaction with the environ-
ment and also influences the genotypes through mutations in the genome and additionally
in sexually reproducing populations through meioses and recombination. Moreover, the
environment has an effect on the translation of the genotype into the phenotype (e.g during
its lifetime). This mapping is up to now not completely understood [89].

Consequently, the variable environment of a population plays a crucial role for its evolu-
tion and it is unavoidable to include it in a mathematical population model to be as realistic
as possible. Unfortunately, the whole complexity of the evolutionary process is not math-
ematically feasible and for modelling there are some simplifications needed at the expense
of realistic factors. The rest of this section is concerned with approaches in this direction
with a focus on Mendelian diploid populations.

2.2. Population genetics

A first attempt for modelling Mendelian inheritance was done by Fisher, Haldane and
Wright who are the founding fathers of the population genetics theory developed in the
1920’s and 1930’s [24,32]. The theory integrates Mendel’s inheritance theory into Dar-
win’s theory of natural selection for modelling evolution. Population genetics does not
focus on individuals but rather deals with the changes of allele frequencies in the whole
population over time [82]]. In this approach, the selection advantage of an individual, called
fitness, depend on its genotype. It is defined a priori and is equal to the expected number
of progeny [82]. Consequently, selection is directly acting on genotypes instead of pheno-
types and changes allele frequencies in accordance with their different fitnesses. The inter-
action of individuals with their environment is mostly omitted. Therefore, in these models
the adaptive landscape, first introduced by Wright in 1932 [104], is fixed and selection
drives the population in this fitness landscape upwards to a local maximum [[103,/105,/106].
In this way, population genetics reduces the complexity of the real world and gives insight
into the complex patterns of genetic variation. It includes observational, experimental and
theoretical components [30,32] and studies the dynamics and statics of evolution: first
arrived by changes in gene frequency under selection, latter by indicating factors which
maintain the population in an approximate equilibrium [24].

One milestone in this context and the traditional starting point of population genetics is
the Hardy-Weinberg-law, published in 1908 by Hardy [49]] and Weinberg [101]. It states
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that, in the absence of gene frequency changing factors (mutation, selection, migration,
random drift), in an infinite population which has non-overlapping generations and mates
randomly, the genetic variation is conserved. To be more precisely, the gene frequencies
stay constant from one generation to the next from the second generation on [24,32].
With the newly discovered molecular understanding of inheritance and the availability of
genomic data in the 60’ies, a new theory based on population genetics to treat evolution,
especially on the molecular level, arose. In 1968 Kimura [54,55]], independently from King
and Jukes (1969, see [57]), developed the neutral theory of molecular evolution which
states that most of the variation within and between populations on a molecular level is
achieved by genetic drift (change in allele frequency due to random sampling) of neutral
mutations which do not affect the fitness of the organism such that natural selection is
not acting on them. It was extended to nearly neutral mutations which are only slightly
deleterious in 1973 by Ohta [[85]]. The theory is not in contradiction with Darwins theory
of natural selection as driving force for adaption, as Kimura pointed out [54,82]]. It only
considers evolution on the molecular level and states that phenotypic evolution is still
controlled by natural selection [[54-56].

Despite this extensive knowledge about the genome structure and its evolution, achieved
by population genetics, the formation of new species in this context is not well understood
[75].

Nevertheless, the genetic aspect of the models in population genetics provides a good
tool to give insights for the overwhelming occurrence of sexual reproduction in nature.
These models are used, among others, to examine the genetic processes of segregation
and recombination, arrived by meiotic crossover, which are only present in sexually repro-
ducing populations and therefore have to be advantageous. For example Kirkpatrick and
Jenkins [58]] use this theory to show that segregation could be one reason for the mainte-
nance of sex. They argue that in sexually reproducing diploid populations the substitution
of an advantageous mutation happen faster since it needs only the beneficial mutation of
one allele in individuals whereas in an asexual diploid population it needs this mutation two
times in the same lineage (the second mutation in a descendant of the particular individual
where the first took place). Further examples like a critical analysis of the contribution of
recombination to the maintenance of sex and of Mueller’s ratchet as well as the mainte-
nance of sex due to synergistic epistasis (the interaction of alleles at different loci), can be
found in [24,42,/63]]. For more insights on population dynamics, we refer to [24,32,82].

2.3. Adaptive dynamics

One weakness of the models of population genetics is that they mostly neglect the impor-
tant aspect of ecology for evolution and the coevolution and interaction of the individuals
with their environment. Moreover, mostly constant population sizes are assumed but a real
biological population should be able to regulate its size dependent on the environment it
lives in.

At the beginning of the 90ies, the theory of adaptive dynamics was developed (e.g.
[52,72,/76]). This theory is a stochastic approach and studies the effects of ecological
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aspects of populations on evolution and mostly omit the genetics. It highlights the coevo-
lution of the environment with the population due to ecological interaction by a density-
dependent selection, that models the survival and reproduction ability of one individual
in relation to the whole population. Since genetics is omitted the only source of variation
are mutations acting directly on the phenotypes. Only phenotypic evolution is considered
whereas the genotypic background of the individuals is ignored. The main difference to
earlier approaches of population genetics is that the adaptive landscape is replaced by an
invasion fitness landscape which is not fixed anymore and measures the selective advan-
tage of an appearing mutant depending on the environment.

Starting points for the theory of adaptive dynamics are mostly asexually reproducing
populations consisting in the same phenotypic trait. These populations are called resident,
monomorphic population. Furthermore, it is assumed that the population size is large and
mutations are rare [29,75] resulting in a separation of the evolutionary timescale from the
ecological one in such a way that the phase of competitive interaction is small compared
to the evolutionary one driven by mutations. This allows to define the invasion fitness of
an appearing mutant which is defined by the initial growth of the mutant under the en-
vironmental conditions set by the resident populations. Invasion fitness is related to the
probability of whether the mutant gets extinct or can fixate, i.e. grows from one individual
to a notable size, in the resident population [75,/76]. Thus compared to the fixed fitness
landscape, the invasion fitness landscape of adaptive dynamics coevolves with the popu-
lation since it defines the environment and describes the evolution by successive mutation
invasions [74}75,/100]. Since the trait space is assumed to be continuous these models have
the advantage to represent the whole evolutionary process compared to earlier modelling
approaches [3[]. Thus each new mutation has never appeared before and evolution does not
have to stop at the asymptotic evolutionary state [28,(39,59].

The strength of this approach is that the techniques can be used to understand evolution-
ary phenomena in various ecological system especially the possibility of phenotypic diver-
sification. This interesting phenomenon of evolutionary branching where a phenotypic trait
splits into two coexisting lineages which evolve in different directions was first investigated
by Metz et al. in [75] and further studied in [28],39,40]]. For example, in [75]] and [39] it is
shown that the occurrence of evolutionary branching depends on the derivative of the fit-
ness function at so called evolutionary singularities. However, outside a neighbourhood of
such an evolutionary singularity and under the additional assumption that the invasion of a
mutant implies the extinction of the resident phenotype the population stays monomorphic
over time. This major concept is the trait substitution sequence (TSS) modelling evolution
as a continuous time Markov process jumping from one monomorphic population to an-
other according to higher fitness. It was introduced by Metz et al. [[76]] (see also [28,75])
and mathematically studied in [14,(15,/17, 18]]. It can be extended to the polymorphic case,
polymorphic evolution sequence (PSE), where the mutant invades a polymorphic popula-
tion at the expense of one or more resident populations [28,|75]]. The canonical equation
of adaptive dynamics (CEAD), introduced by Dieckmann and Law [28]], is a deterministic
approximation of the monomorphic TSS, under the assumption that the difference between
the mutant and resident phenotypes is small. It models evolution as a gradual process due
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to small phenotypic changes. In other words it is a sequence of successfully established
mutations.

Adaptive dynamics and sexual reproduction

The theory of adaptive dynamics deals with the phenotypic long-term evolution of an ini-
tial haploid and asexual monomorphic population. The techniques can be applied to many
interesting evolutionary issues like virulence, seed size and cyclic evolution, parasite co-
existence and predator-prey systems [41,/61,71,91].

The phenomenon of evolutionary branching is one of the most important results of these
techniques since in biological implications it can be interpreted in the asexual case as
morphological speciation and as a driving force for the biodiversity. But as mentioned
above most individuals in nature reproduce sexually and, accordingly, the most interest-
ing phenomenon is the speciation in sexual populations, where one population splits into
two different lineages which are reproductively isolated. Consequently, to get a realistic
insight into evolution, including ecological dynamics and genetics, it is necessary to apply
the techniques of adaptive dynamics to sexually reproducing populations. If one wants
to adapt the concept of evolutionary branching to sexually reproducing populations one is
confronted with several problems. The first is to model the reproduction event. It is now
not only a cloning anymore but rather depends on mating success and fecundity of two
individuals. Moreover, it is subject to the Mendelian rules and mutations change alleles.
Consequently, the genotype of an individual is to take into account and a rule for map-
ping the genotype to the phenotype has to be assumed since selection acts on phenotypes.
Recall that in an asexual model, the genotype is identified with the phenotype and is thus
omitted in the evolutionary process. This way, mutations alter the phenotype instead of the
genotype. One solution to model the long-term evolution is to go back and consider evo-
lution in the allele space rather than in the phenotypic trait space [27,38,/60,95]. But even
if we get the branching phenomenon in the allele space, when translating back to the phe-
notype level we have to deal with the presence of the heterozygotes. Thus, for speciation
there are additional assumptions needed such as assortative mating (i.e. like individuals
mate more preferentially) [27,38] or spatial segregation, called allopatric speciation [60).

The consideration of Mendelian diploid models just started in 1999 with a paper of
Kisdi and Geritz [59] followed by a number of works [38,60,90.,95-97]. All this papers
consider special models with Mendelian reproduction on a heuristic level. Most of them,
[381160195,97], as also the one of Kisdi and Geritz [[59]], use a continuous diploid version
of Levene’s soft selection model ( [67]], see Figure [[.3)) because of its relative simplicity
and its well-known population genetics. A haploid clonal counterpart of this model was
already studied in 1998 by Kisdi and Geritz [39] which makes a comparison of this model
with the Mendelian diploid model versions possible.

In [59], the authors consider one locus with a continuum of possible alleles and an
environment which consists of two habitats, 1 and 2, each having an optimal phenotype,
my and msy. They assume that the population size is constant in each generation and that
the habitats are of relative size ¢; = c and ¢ = 1 — ¢ (see Figure[L.3)). In these ecological
settings they model evolution of the population in allele space under frequency-dependent
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selection.

They assume rare mutations with small phenotypic effects, such that there is enough
time for a mutant to invade or extinct and for the population to reach its genetic equilibrium
before a further mutation occurs. In this way and since a continuum of possible alleles is
assumed in contrast to earlier aporaches, long-term evolution is studied as a sequence of
mutation invasions.

In the model, all individuals have the same fecundity and discrete, non-overlapping
generations. At the start of each generation, individuals are distributed randomly in the
two habitats. There is first a phase of viability selection within each habitat, where the
survival probability of an individual depends on its phenotype, x, and is given by the
Gaussian function,

file) = azexp (550 (1)

for ¢ € {1,2}, with variance o% and «; the maximal survival probability. Then follows a
second phase of nonselective contest competition during which the available living space
is allocated at random among the survivors. In this way, a fixed number of individuals is
recruited in each habitat (a fraction c in the first habitat und the remaining fraction 1 — ¢
in the second habitat, soft selection, see Figure [[.3). These individuals form a population
where mating occurs randomly and offsprings are produced accordingly to Mendelian rules
at the end of each generation. It is assumed that alleles, x and y, act additively on the
phenotype, precisely, the heterozygote is exactly in between the two homozygotes (the
phenotype of an xy individual is given by Z1¥). The invasion fitness of a rare mutant allele

2
y in a resident monomorphic population of allele z is given by

COINNACD

S:(y) =c () +(1—2¢) OB (I.2)
Kisdi and Geritz [59] show that in the diploid model evolutionary branching in a monomor-
phic population occurs under exactly the same ecological circumstances as in the haploid
model but the further evolution is completely different. In the diploid sexual model, resp.
haploid clonal model, the invasion of a mutant allele, resp. trait, implies substitution of the
resident allele, resp. trait, as long as the population is away from an evolutionary singular
point. If the haploid clonal population reaches an evolutionary singular point it converges
to an evolutionary stable dimorphism. Thus there is only one evolutionary outcome. On
the contrary, in the diploid sexual model there are up to three different possible outcomes
depending on the difference between the optimal phenotypes in the habitats and the habi-
tats’ sizes:

(i) a single evolutionary stable (which cannot be invaded by any further mutant allele)
genetic dimorphism (both homozygotes are habitat specialists),

(i) two convergence and evolutionary stable genetic dimorphism (at each one the het-
erozygote and one of the homozygote are habitat specialists),

12
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Figure [.3.: Levene’s two habitat soft-selection model

(ii1) three convergence and evolutionary stable genetic dimorphism (the ones of (i) and
(i1)).

In [59], Kisdi and Geritz also discuss the probability for reaching these polymorphisms.
However, observe that this branching phenomenon is completely different from the asex-
ual case since we achieve only genetic variability in the allele space which does not leads
automatically to speciation. To be more precisely, we end up in a protected genetic poly-
morphism but do not automatically get phenotypically distinct lineages. In their following
work [38]], Kisdi and Geritz show that there could be indeed sympatric speciation (specia-
tion in the same geographic region). To be more precisely, they consider the polymorphic
population after the branching and show that there would be evolution of assortative mat-
ing and hence partial reproductive isolation. For this, they extend the single locus model
by a second locus with two possible alleles (one dominant over the other) which decodes
the mating group the individual belongs to and does not affect the individual fitness. Indi-
viduals mate with probability p within its mating group and with 1 — p mating is random.
In [38], it is discussed that the first locus (which undergoes branching) and the second
(controlling mating) have to be in linkage disequilibrium (the nonrandom association of
the alleles at the two different loci). The development of such a linkage disequilibrium
is only possible if the difference between the two habitats is large enough, such that we
get the possible evolutionary outcomes (ii) and (iii) of the one locus model, and selection
against heterozygotes is strong. Then there is evolution of assortative mating and there
always exists only one evolutionary outcome where the two homozygotes are habitat spe-
cialists as in the clonal model. Nevertheless, the evolution of assortative mating is not the
only possibility for speciation as van Dooren [95]] shows. For a similar version of Levene’s
soft selection model, as studied by Kisdi and Geritz [38,59]], he demonstrates that the evo-
lution of dominance can lead to elimination of the phenotypic intermediate heterozygote.
In [97], van Doorn and Dieckmann study the long-term evolution in a multi-locus version
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of Levene’s soft selection model under the ecological settings in [59]]. By simulations
they get that frequency-dependent selection does not maintained genetic polymorphism
at a large number of loci. Only one locus with large phenotypic effect retained genetic
variation.

2.4. The stochastic individual based model of adaptive
dynamics

Starting in the mid-90ies, stochastic individual based models were introduced and investi-
gated that allow for a rigorous derivation of many of the predictions of adaptive dynamics
on the basis of convincing models for populations of interacting individuals that incor-
porate the canonical genetic mechanisms of birth, death, mutation, and competition (see,
e.g., [14417,28,36] and [3]]). To be more precise, in these models finite populations of non-
constant size are considered consisting of individuals each owning a birth rate, a natural
death rate and an additional death rate due to competition with the other present individ-
uals. Moreover, there is a probability for mutation at each birth event. The population
dynamics in these approaches are density-dependent which keeps the population from ex-
ploding and allows for variable population size. The aim of these models, first introduced
by [8] and [66], is to study the macroscopic phenotypic long-term evolution of a population
by tracing it back to the microscopic individual level [[14].

In the context of stochastic individual-based models, so far, the biological approach of
adaptive dynamics has been put on a rigorous mathematical footing almost exclusively
for haploid and asexually reproducing populations. In this framework an important and
interesting feature of these models is that the TSS, PES and the CEAD appear as limiting
processes on different time-scales as the population size tends to infinity while mutation
rates and mutation step-sizes tend to zero. In [[14], Champagnat proves convergence to the
trait substitution sequence (TSS) in the simultaneous limit of large population and small
mutation and in [15], Champagnat, Ferriere and Ben Arous show that this process con-
verges in the limit of small mutation steps to the canonical equation of adaptive dynamics
(CEAD). Recently, Baar, Bovier, and Champagnat [2]] prove the convergence to the CEAD
in the simultaneously combined limits of large population, rare mutations and small muta-
tion steps. The phenomenon of evolutionary branching was rigorously derived by Cham-
pagnat and Méléard. In [[17]], they obtained the convergence to the polymorphic evolution
sequence (PES), where jumps occur between equilibria that may include populations that
have multiple coexisting phenotypes.

Mendelian diploid model

In the context of individual-based models, the study of diploid sexual reproducing popu-
lation started recently. The first work in this direction is the one of Collet, Méléard and
Metz [18]. Therein they consider a Mendelian diploid model, a single locus model of a
finite, diploid population with sexual reproduction following the Mendelian rules, under
the assumption that alleles act additively on the phenotype, they are co-dominant. For this
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model they derived, in the limit of large population and rare mutations, the convergence of
the suitably time-rescaled process to the TSS model of adaptive dynamics, essentially as
shown by Champagnat [14] in the haploid case. This paper was the starting point followed
by a series of works by Coron [19,20] and Coron, Méléard, Porcher, and Robert [21]] which
all consider single locus models. In the first work finite populations are considered. Coron
studies the fixation probability of one allele in the absence of mutations in the neutral case
(all individuals have the same birth, natural death and competition death rates) and in the
non-neutral case (the death rate of one allele slightly deviate from the neutral case). She
derived the TSS on the genotype space for the successive fixations of mutations by adding
rare mutations and rescaling properly the time. Moreover, if all mutations are deleterious,
in [19] it is shown that, after each fixation of a deleterious mutation the natural death rate of
the individuals increases. In this way, the existence of an extinction vortex is shown where
the increasing frequency of fixation of deleterious mutations is observed and the extinction
of the population is inevitable. This mutational meltdown for a model of a finite population
similar to the one of [19] is numerically studied in [21]]. Therein, the impact of deleterious
mutation accumulations on the population size is analysed. Furthermore, the dependence
of the strength of the mutational meltdown on demographic parameters is considered. In
the last cited work on a Mendelian diploid model [20]], Coron proves the convergence to
a slow-fast stochastic diffusion dynamic in the large population limit where mutations are
accelerated as a consequence of acceleration of the birth and death events and under a
fine-tuning of competition. In a second step she shows that this diffusion, conditioned
on non-extinction, permits a unique quasi-stationary distribution. Finally, the long-time
coexistence of two alleles in three cases (pure neutral competition, over-dominance and
separate niches) are numerically studied.

The results so far do not give indications for genetic variation and speciation such that
one can suggest an advantage of sexual reproduction in adaptive dynamics (except under
some special fine-tuning of parameters). As in the haploid case, also in the diploid case
[18]], normally the time for fixation of mutant traits in a monomorphic resident population
is of the same order as the time for extinction of the residual trait. Thus as soon as a new
mutation appears the resident population is already monomorphic again.

One exception in the framework of individual based models is the work of Dieckmann
and Doebli [27]. They show that in a multi locus model with only two possible alleles
per locus (4 and —) speciation is possible. They assume that mating probabilities of in-
dividuals are expressed in an additional quantitative trait depending on the ecological trait
or a marker trait which is ecologically neutral. In the first case they show that evolution-
ary branching happens under slightly more restrictive conditions as in the corresponding
clonal model. However, in the latter case, the development of a linkage disequilibrium
between the ecological and the marker trait is needed which can be obtained by genetic
drift due to stochastic demographics effects. But in this case the parameter requirements
for evolutionary branching are more restrictive than those in the asexual case. However,
all these results based only on simulations.

In this thesis, we discuss the dramatic impact on genetic evolution in a Mendelian diploid
single locus model if we replace the assumption of co-dominance in [[18]] by assuming that
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the mutant allele is dominant. We will see that the time for extinction of the residual
recessive allele is extremely enlarged such that a further more advantageous mutation can
appear which paves the way for the appearance of a richer limiting process.

3. The Mendelian diploid model on base

In this section we present the Mendelian diploid model, which is studied in this thesis. It
is an extended version of the single locus model introduced in [18]] and includes mating
groups.

At any time ¢ > 0, the population under consideration consists of a finite number of
individuals /N; on which the three basic mechanisms of evolution, Mendelian heredity,
mutation and selection, are acting. The genotype of each individual ¢ is determined by
two alleles u}u} at a single locus, taken from some allele space U C R. We suppress
parental effects, which means that we identify individuals with genotypes ujus and usu;.
Each individual can act as father or mother, i.e. it is hermaphroditic. As explained above
the genotype defines the phenotype. In Chapters ] and [[T]| we make a complete dominant-
recessivity assumption on the phenotype, i.e. the dominant allele defines the phenotype.
Heterozygous individuals thus exhibit the phenotype of the dominant allele which is the
same as the phenotype of the individuals which are homozygous for this allele. We con-
struct a Markov process modelling the Mendelian reproduction and the death of each in-
dividual without any assumption on the genotype-phenotype mapping. To this end, we
introduce the following parameters where we omit the dependence on the phenotype to
shorten the notation:

Suius € Ry the per capita birth rate (fertility) of an individual with
genotype ujus,

Dy, € Ry the per capita natural death rate of an individual with
genotype ujua,

K eN the carrying capacity, a parameter which scales the pop-
ulation size,

0“1“2% e Ry the competition effect felt by an individual with genotype

u1us from an individual of genotype vyv,,
Ry u,(v109) € {0,1}  the reproductive compatibility of the genotype viv, with
genotype u;us,

tr € Ry the mutation probability per birth event. It is in-
dependent of the genotype,
m(u, dh) the mutation law of a mutant allelic trait uw + h € U, born

from an individual with allelic trait w.

Individuals are living in an environment which provides them an amount of resources,
called the carrying capacity of the environment and denoted by the scaling parameter
K € N . Thus the competition is rescaled by % which amounts to scaling the population
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size to order K. This way the population size is controlled by the amount of resources
the environment offers and we count individuals weighted with % We are interested in
asymptotic results when /K is large and mutations are rare.

We denote by ul (t)ul(t), ..., ult (t)ud"* (t) the genotypes present at time ¢ and the whole
population, /X, at time ¢ is represented by the rescaled sum of Dirac measures on U2,

Nt
1
K
o T Z 6u”i(t)u§(t)‘ (1.3)
i=1

Formally, v/ takes values in the set of re-scaled point measures

1>

on U?, equipped with the vague topology. Define (v, g) as the integral of the measurable
function g : U* — R with respect to the measure v € MX. Then (1, 1) = &t = n,
and for any u;uy € U? the positive number (v, 1,,,4,) is called the density at time ¢ of the
genotype ujus.

The dynamics of the process are as follows (see [36], [18]): We start at time ¢ = 0 with
a (possibly random) distribution vy € M*. Each individual with genotype u;u5 has three

independent exponential clocks:

n > 0,ujuy, ..., uluy € Z/{Q} : (L.4)

@ a reproduction without mutation Exp (fu,.,(1 — i))-clock: When it rings then the
individual chooses at random an individual v;v5 as partner and reproduces with it at

rate fu,q, %W. The offspring’s genotype is a pair of two alleles, each one

chosen randomly of each parent.

@ a reproduction with mutation Ezp ( f,,,1t)-clock: When it rings then the individual
chooses at random an individual v;v- as partner and reproduces with it at the same
rate as before but the offspring gets a genotype where one of the parental alleles
changes from u to u + h with h chosen randomly according to the mutation law
m(u,dh). Since we assume rare mutations, i.e. pux < 1, only one parental allele
changes.

@ a death Exp(Dy,u, + + Zjvztl Culug,u{u%)_ClOCk: When it rings then the individual
dies. Observe that this parameter depends on the natural death rate and on an addi-
tional death rate due to ecological competition with the other individuals present in
the population.

Once one of the clocks rings all clocks are reset to zero.
Let us now construct the generator of this process (v );>0. As in [[18]] we first define,
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for the genotypes u;usy, v1v2 and a point measure v, the Mendelian reproduction operator

(Auyuz,000, 1) (V)
_ 1 5U1U1 5U1U2 5u2111 5u2v2
—Z{F(V—l— K)—l—F( K)—FF(V—F? + F V—i-? F(v),
(L.5)
and the Mendelian reproduction-cum-mutation operator
1 5u1 ,U1 5u1 V2
(MopiaonsF)0) =5 [ (F( n T) ; F( ; T)) m(un, h)
u2+h vy 6u2+h71}2
( ( )+F(V+—K ))m(m,h)
u1,v 5u U1
+ (F<V+ = 1+h> —1—F(1/—|— Z’KM)) m(vy, h)
u1,v2+h 5u2 vo+h
+(F(y+ >+F(1/+ K ))m(vg,h) dh—F(v)
(1.6)

The process (v/*);> is then a M¥-valued Markov process with generator L™, given for
any bounded measurable function F' : M¥ — R by:

(LEF)(v)

= /m <Du1u2 + /M2 Cu1u2,v1vzy(d(vlv2))) (F (V - 5”%) - F(V)) Kv(d(uius))

fv1v2 Ru1u2 (UlUQ)
b [ G [ e, P ) Kv(dn)

fU1v2 Ru1u2 (UlUQ)
b [ o ([ L O (0 Y0100 Ku<d<u1uz>>(.1 7)

The first non-linear term is density-dependent and describes the competition between indi-
viduals. It makes selection frequency-dependent, i.e. the fitness of an individual depends
on the frequencies of the different individuals present in the population. The second and
last non-linear terms describe birth with and without mutation. Note that R, ,,(v1v2) can
be interpreted as a mating ability and models whether an individual with genotype u;us
can reproduce with an individual with genotype v;v2. Thus v R,,,, is the population re-
stricted to the pool of potential partners of an individual of genotype uus.

For fixed K and all u,uy, v1v, € U?, under the following assumptions

o E((",00)) < o0,
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e The functions f, D and c are measurable and bounded, which means that there exists

f, D, ¢ < oo such that

0< furus < fo 0< Dy, <D and 0 < Cypugnes < G, (1.8)

e There exists a function, m : R — R, such that [ m(h)dh < oo and m(u,h) <
m(h) forany v € Y and h € R,

the existence and uniqueness in law of such a process, in the space D(R,, M%) of cadlag
functions from R to Mg, with infinitesimal generator L% can be derived from Fournier
and Méléard [36]]. The construction of the process given in [36] as solution of a stochas-
tic differential equation driven by Poisson point measures describing each jump can be
adapted to our settings.

We are interested in the large population limit. In this case, under mild restrictive as-
sumptions, the process converges to a deterministic process, which is the solution to a
non-linear integro-differential equation. The proof of this can be deduced from Fournier
and Méléard [36] as well. We state here only the case where the mutation rate is zero
which can be interpreted as the short time evolution of an initial population.

Theorem 1.1 (Theorem 3.1 in [18]). When K tends to infinity in law and if v

converges in law to a deterministic measure vy, then, for any measurable, symmet-

ric function g : U?> — R, the process (vE) converges in law to the deterministic

continuous measure-valued function (v¢)i>o solving

t 1 Ns
(,9) =(v0,9) - / <us,g<u1u2> (D 5 2 Cunuaadud | ) 45
j=1

t f’lLl’U,Qf’Ul’l}Q
+ /0 <u5 ® Vs, —4<Vs, ) (g(urv1) + g(uve) + glugvy) + g(u2v2))> d::. |
1.9

We take a closer look at the three cases of initial populations which are of greatest
interest for this thesis:

(1) the one allele case where U/ = { A} and hence all individuals are homozygotes with
genotype AA,

(2) the two allele case where U/ = {a, A} and the population consists of the three geno-
types aa,aA and AA,

(3) the three allele case where / = {a, A, B} and the population consists of the six
genotypes aa,aA, AA,aB, AB and BB.

Already on these three simplest cases the problems of modelling a sexual diploid pop-
ulation become clear. An allele space U/ of n alleles provides a genotype space G of
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Yok = "(";1) genotypes. One new appearing allele, due to mutation, in the allele
space U blows up the genotype space G by n + 1 genotypes through the inevitable occur-
rence of heterozygotes, whereas in a haploid clonal population it increases only by one.
Moreover, the birth rates of the different genotypes are completely different and rather
more complicated compared to the clonal case. In a sexual population the birth rate of
an individual carrying a certain genotype depends on the whole state of the population or
of several subpopulations and not only on the population carrying this genotype as in the

clonal case. In the following we make this more precise in the three special cases.

(1) In the first case let us assume that the initial population consists of n{{d 4 4 individuals
with nf{ — ny, for K — oco. By Theorem [L.1] the process (n;):>o converges in law,
when K — oo, to the solution of the classical logistic equation

n(t) = n(t)(fAA - DAA - cAA’AAn(t)) and n(O) = Ny. <110)

The unique stable fixed point of this equation is the equilibrium size of a monomor-
phic AA population and is equal to the carrying capacity:

figq = 24— A4 (I11)

The birth rates ba4(n(t)), can be derived by computing the reproduction rates with
the Mendelian rules as described in (II1.5)). In this case it is simply baa(n(t)) =
faanaa(t) and comparable to birth rates in the clonal case.

(2)+(3) In the last two cases (compare Proposition 3.2 in [18]) let us assume that the initial
condition n{ = (144(0), 744(0),n44(0)), resp.
nE = (n44(0),144(0),144(0),n,5(0),n45(0),np5(0)) converges to a determinis-
tic vector (xo, Yo, 20), resp. (uo, Vo, Wo, To, Yo, 20), for K — oo. Then the process

(n¢)¢>0 converges in law, for ' — oo, to the solution of
n(t) = b(n(t)) — d(n(t)), (1.12)
with  n,;(t) = bi(n(t)) — ni(t) (Dl- + Z ci,jnj(t)> , Vied. (I.13)

=Y

The calculation of the birth rates b;(n(t)), ¢ € G, in these cases becomes quite
complicated. We will illustrate it by computing the birth rate of an aa individual.

In the thesis we consider the case where the fertility is neutral, that means that f; =
f, for all i« € G, and that the B allele is the most dominant and the a allele the
least dominant one. Consequently, the ascending order of dominance is given by
a < A < B. Furthermore, we make the dominant-recessivity assumption, that
the most dominant allele defines the phenotype and consider the case where the
a phenotype (consequently only expressed by individuals of genotype aa) is not
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3. The Mendelian diploid model on base

capable of reproducing with individuals of B phenotype (which are the ones with
genotypes aB, AB and BB). In mathematical terms,

fori, j € {aa,aA, AA},

fori,j € {aA, AA,aB, AB, BB},
fori = aaand j € {aB, AB, BB},
, fori € {aB,AB, BB} and j = aa.

Ri(j) = (1.14)

S O =

In case (2) possible matings which results in an aa individual are (see Figure
(left)):

e aa X aa, with probability 1,
e aa x aA, with probability £,
e aA X aA, with probability ;.

Since all individuals can reproduce with each other in this case, the whole population
acts as pool of possible partners when an individual chooses a partner. In this way
the birth rate of an individual of genotype aa is given by:

J(Naa(t) + %naA(t)>2

Pealt0) = 20+ raa(t) + maa)

(I.15)

In case (3) we have to bear in mind that aa individuals are not capable of reproducing
with individuals of phenotype B. Consequently, the possible matings which result
in an aa individual in this case are (see Figure |[.4| (right)):

e aa X aa, with probability 1,

e aa X aA, with probability %,
e aA x aA, with probability }1,
e aA x aB, with probability %1,
e aB X aB, with probability ;.

The pool of possible partners for an aa individual consists, as in the case before, of
all individuals with genotypes aa, aA, and AA. In contrast, the whole population
acts as pool of possible partners for phenotypic A individuals and for phenotypic B
individuals the pool consist only of aA, AA,aB, AB and BB individuals. There-
fore, in this case the birth rate of an individual of genotype aa is given by:

Naa(t) (Naa(t) + 3104(1))
naa(t) + naA(t) + nAA(t)
%naA( ) (naa(t)
T el & unlD) + 1ian
37a5(t) (57aa(t
naA(t) + nAA( ) + naB(t)

baa(n(t)) =1

+f
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aA \' aA ij
\ az aA aA AB aA AB
AA aB aB
AA AA BB AA BB

Figure 1.4.: Birth rate of an aa individual in Case (2) (left) and Case (3) (right).

One important result (see [[18,36]) is that on finite time intervals the behaviour of a
large population can be approximated by the solution of the deterministic system ({[.12]).
Consequently, the knowledge about the deterministic system is a good starting point for
understanding the behaviour of the stochastic system. However, this is not as easy as it
seems since the result holds only on finite time intervals and, as we will see in Chapter
we have to control the behaviour of a stochastic process over a time horizon that di-
verges like a power of /. This precludes, in particular, the use of functional laws of large
numbers, or the like which justifies that the stochastic system behaves like the determin-
istic system [31},36]. Moreover, analysing the behaviour of high dimensional systems like
(I.12]) is a considerable challenge. For the 3-dimensional system this is done by Collet,
Me¢éléard and Metz in [18]. In Chapter [lII| a rigorous analytic study of the 6-dimensional
deterministic system is provided.

4. Outline of Chapter [II and [II

Chapters [[lland [[TT| present the main results of this thesis. In Chapter[[Tl we study the genetic
time evolution of the stochastic individual-based model introduced in Section [3] which
describes a diploid hermaphroditic population reproducing according to Mendelian laws.
The aim is to show that under a complete dominance-recessivity assumption the recessive
allele has a prolonged survival time compared to the previous result in [18]] under the co-
dominance assumption. Chapter |lII| picks up the result of Chapter [lIj and considers the
fate of the recessive allele in the population after a further mutation to a more dominant
allele in the large population limit. Although both chapters are related they can be read
independently from each other. The following two subsections outline these chapters.
Therein we will call an ujus population a population containing only individuals with
genotype u;uy, which we name 1,1y individuals or more briefly u; us.
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4.1. Outline: Survival of a recessive allele in a Mendelian
diploid model

In the second chapter the evolution of a recessive allele in a Mendelian diploid model under
a complete dominance-recessivity assumption is studied. The results appeared as a joint
work with Prof. Dr. Anton Bovier in the Journal of Mathematical Biology [84):

R. Neukirch and A. Bovier, Survival of a recessive allele in a Mendelian diploid
model, Journal of Mathematical Biology (2016), pp. 1-54.

Chapter (I} contains this article mostly as it has been published, only a straightforward
improvement of the lower bound on the survival time of the recessive allele to /2~ and
modifications in formatting are made.

We start with a monomorphic population of aa individuals with one additional mutant
with genotype aA. That means our allelic trait space consists of the recessive a allele and
the dominant A allele, U/ = {a, A}, which generates a genotype space G = {aa,aA, AA}.
In the model, an individual chooses a partner uniformly at random for reproduction, thus
R;(j) = 1, for all 7,5 € G, and all individuals can reproduce with each other. For the
mutant to be able to invade the resident aa population, it needs to have a higher fitness,
which we obtain by assuming that its natural death rate is slightly reduced, namely for
some A > 0:

Dw=D+A and D,y =D. (L.17)

We assume that all the other parameters, f,, and ¢y, u, v,v,, are neutral which means that
they are the same for each phenotype.

In the article [18], Collet, Méléard and Metz studied this Mendelian diploid model under
the assumption that the two alleles are co-dominant and that the allele A is slightly fitter
than the allele a, namely:

D.,. =D+ A, DaA:D—l-%A and Daq=D. (118)

In these settings they show that, after the invasion of the mutant AA (which takes time of
order In K), the genotypes containing the «a allele, aa and a A, die out exponentially fast
in time of order In K, as already derived in [14]] for the haploid asexual model. Therefore,
the time scales for the fixation of a new trait and the extinction of the resident trait are the
same and the population is monomorphic again before a new mutation occurs.

Thus, as known from the haploid asexual case [14], the suitably time-rescaled process
converges to the TSS model of adaptive dynamics in the large population and rare mutation
limit. In other words, the population jumps from one homozygote to another homozygote
population according to higher fitness and no genetic variability is obtained. Therefore,
to get genetic variability it is necessary to ensure, that the recessive allele survives in the
population long enough such that a new advantageous mutation can appear before its ex-
tinction. For this reason we make the complete dominant-recessivity assumption, precisely
we assume that the a allele is recessive and the A allele is dominant. Consequently, indi-
viduals with genotype aA and genotype AA have both the same phenotype A, according
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to the third Mendelian law and since the parameters, introduced in Section |3} depend on
the phenotype we get for the natural death rates:

Dy=D+A and Dg,4 = D4 =D. (119)

Through the dependence of the parameters on the phenotype, this yields that the AA in-
dividuals are as fit as the a A individuals and both are fitter than the aa individuals. This
assumption has a dramatic effect on the evolution of the population. The resulting different
behaviour under the two assumptions can be traced back to the deterministic system that
arises in the large population limit. The linear stability analysis of the unique stable fixed
point n 44, corresponding to a monomorphic AA population, yields that it is degenerated
i.e. has a zero eigenvalue under the dominant-recessivity assumption. This leads to a dif-
ferent long-term behaviour towards the stable fixed point n 44 compared to the model with
the co-dominance assumption. To be more precisely, it implies that in the deterministic
system, the aa and a A populations decay in time only polynomially fast to zero, namely
like t% and %, respectively, in contrast to the exponential decay in the co-dominant sce-
nario, corresponding to only strictly negative eigenvalues (see Figure [[.5). This type of
decay of a recessive allele has been observed earlier in the context of population genetic
models (see, e.g., [82], Chapter 4). The main result of Chapter |ll|is that this behaviour of

15 15

1.0 =Naa 104
Nea ':“ﬂ
=Naa _n:';

05 0.5

0 20 40 60 80 time o 20 40 60 80 time

Figure 1.5.: Evolution of the model from a resident aa population at equilibrium
with a small amount of mutant aA, and when the alleles a and A are
co-dominant (left) or when the mutant phenotype A is dominant (right).

the deterministic system translates in the stochastic model into survival of the genotypes
carrying the recessive allele for a time of order almost K/2=¢, for o > 0. This allows for
a reasonable scaling of the mutation rate yx such that a new mutant will occur with high
probability in the AA population before the a allele is extinct. To be more precisely, we
scale the mutation rate by

1
In(K) < —— < K'Y as K — oo. (1.20)
Kk
This scaling can be motivated as follows: The mutation probability for an individual with
genotype uus is given by u . Hence, the time until the next mutation in the whole pop-

ulation is of order K+LK Since the time a mutant population needs to invade a resident
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4. Outline of C’hapter and

population is of order In(K’) (which can be adapted from [14}/18]]) we set the mutation
time K##K > In(K) to ensure that the mutant invades before a new mutation appears. The

right hand side of ([.20]), K 1/2=a_iq the time until which the recessive a allele survives in
the population, shown in Chapter and corresponds to the decay time of a function of %
The exponent can be explained as follows: since the population carrying the recessive a
allele can get directly extinct when it decreases to the size of order of the natural fluctua-
tion, we can ensure its survival only until a slightly higher size, namely K ~/?**_ Notice,
that the extinction of the a allele depends on the a A population which decays although it
is as fit as the AA population but it is disadvantaged in reproduction. The aa population
behaves like the square of the a A population and thus can already die out, due to natural
fluctuations, but will always be reproduced by the a A population.

Under this scaling it is shown in Chapter [[I] that the survival time of the a population,
consisting of all aa- and a A individuals, is of order K 1/2=a and that there will be a further
mutation before the a allele get extinct. The main step is to show that the behaviour of the
deterministic system translate into the stochastic model. The difficulty thereby is, com-
pared to earlier works [[14}18]], to control the behaviour of the stochastic system, since now
time diverges like a power of K after the invasion of the AA population. This precludes to
adapt the techniques used in [[14] and [18]], in particular the use of functional laws of large
numbers, or the like. Instead, our proof relies on the stochastic Euler scheme developed
by Baar, Bovier and Champagnat [2]. This scheme combines coupling methods with dis-
crete time Markov chains and standard potential theoretic approaches for the exit from an
attractive domain and uses results from the theory of branching processes. Since we con-
sider a diploid sexual model instead of a haploid asexual one as in [2] we have to handle
three subpopulations rather than only two which all influences each other. Thus to apply
the Euler scheme to the present model a main task is to find the right order to control the
subpopulations over small steps such that we can show that the stochastic system follows
the deterministic system. The scaling of the mutation rate ({[.20]) allows the fitter AA pop-
ulation to invade the resident population but ensures that there will be a further mutation
before the a population is extinct. Consequently, unfit alleles can survive in heterozygotes
and there could appear a new mutant allele, call it 3, which has strong competition with
the A A population but weak competition with the aa population and can coexists with the
recessive aa population. In this way a resurgence of the aa population at the expense of
the AA population and coexistence of the types aa and BB may be observed. This would
increase the genetic variability of the population and could be a first step in the direction
of speciation. These suggestions are the motivation for the following work of Chapter [I1

4.2. Outline: The recovery of a recessive allele in a Mendelian
diploid model

In the third chapter we study the further evolution of the stochastic individual based model

of Chapter [[|in the large population limit. We show that after environmental changes the

aa population can recover and that coexistence of homozygous genotypes is possible. The
results are a joint work with Dr. Loren Coquille from the Institute Fourier (University of
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Grenoble Alpes) and Prof. Dr. Anton Bovier and are available as research paper on the
online-portal arXiv:

A. Bovier, L. Coquille and R. Neukirch, The recovery of a recessive allele in a
Mendelian diploid model, arXiv e-print 1703.02459, March 2017

Chapter [ITI] contains this article mostly as it has been published subject to minor modifi-
cations in formatting. The starting point is the scenario of Chapter [II| after the invasion
of the mutant AA. To understand the behaviour of the stochastic system, it is important
to study first the deterministic system, corresponding to the large population limit of the
stochastic counterpart, which should be a good approximation if the a population is not
killed by the typical fluctuations (see Figure [.6). To be more concrete, we start with the
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Figure 1.6.: time vs. individuals plot: deterministic model (left) stochastic model (right)

following initial conditions for the deterministic system which correspond to the situation
of the stochastic model after invasion of AA: the AA population is large and close to its
equilibrium (see ([.11])), the aA population is of size € and consequently the aa population
is of order €2. Moreover we assume that there occurs a further mutation to a most dominant
B allele such that individuals exhibiting the B phenotype are the fittest in the population
and we start with AB individuals of size 3. Notice, that after this next mutation, we have
six possible genotypes, aa,aA, AA,aB, AB and BB present in the population, three of
phenotype B (aB, AB and BB), two of phenotype A (a¢A and AA) and only one of phe-
notype a (aa). Therefore, we have to deal with a six-dimensional deterministic system.
The high complexity of this system, composed of six interacting subpopulations, makes
the analysis intricate. To be able to identify fixed points of the system, we assume that
there is no reproduction and no competition between individuals of phenotype a and phe-
notype B. Observe that this assumption lets aa individuals and B individuals belong to
different species since they are reproductively isolated. In this way, we can show analyt-
ically the existence of a fixed point, p,p, where the two subpopulations aa and BB can
coexist. However, the linear stability analysis fails since the system has at p,p two zero
eigenvalues. Nevertheless, using the Center Manifold Theorem (asserting that the qualita-
tive behaviour of the dynamical system in a neighbourhood of the non-hyperbolic critical
point p, g is determined by its behaviour on the center manifold near p, 3, [44,51]), we can
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indeed prove the stability of this fixed point and the convergence of the system towards
it. This can be translated in an evolution of biodiversity. Notice, that in the stochastic
system the population bearing the a allele can die out due to the natural fluctuations if it is
too small. Therefore, we prove that also in the deterministic model the a population stays
above a certain level which corresponds to the order of natural fluctuation in the stochastic
model. Another possibility to avoid the extinction of the a allele is to ensure that the aa
population only grows after the mutation. For that reason we introduce an additional pa-
rameter ) which lowers the competition of BB with a A compared to the one of BB with
AA. This way, competition does not depend only on phenotypes anymore. Instead it can
be interpreted as a refinement of a phenotypic competition for resources with genotypic
influences: the strength (or ability to get resources) of an individual not only depends on
its phenotype but also on the degree of dominance of its genotype. To be more precise, the
AA individuals have one more dominant allele compared to the aA individuals, namely
a second A allele instead of the a allele. Consequently, they compete more strongly for
resources with the BB individuals than the a A individuals do. This lack in competition
accelerates the evolution of the system since 7 allows a A to decrease more slowly in such
a way that the AA and a A population get faster to the same order which is important for
the aa population to get exponential growth and thus to recover. In particular, the birth rate
of an aa individual (see ([.16)) has a term

(naa + %naA)

a )
Naa + Naa +Naa

fng (I.21)
describing the reproduction of aa individuals with aa- and a A individuals out of the pool
of potential partners, which yields the exponential growth as soon as aA and AA are on
the same order.

An interesting feature of adding the system controlling parameter 7 is that there arises
a bifurcation phenomenon for 7 larger than some threshold. In particular, for these val-
ues of 7 the coexistence fixed point p,p becomes unstable and the system converges to
another fixed point where all six subpopulations coexist. We discussed this by numerical
simulations (see Figure[L.7).

The reason for this different limiting behaviour lies in the fact that if 7 is chosen large
enough the competition felt by a A from BB is not strong enough to force its extinction.
Therefore, a fraction of a A individuals survives in the population and through Mendelian
reproduction all other subpopulations are reproduced. To sum up, the main result of Chap-
ter [Tl is:

Theorem 1.2. Consider the dynamical system (1.12) started with the initial condi-
tions mentioned above. Suppose the following assumptions on the parameters hold:

(C1) A sufficiently small,
(C2) f sufficiently large,
(C3) 0 <n<c/2.
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Figure 1.7.: 6-population fixed point: n = 0.6

Then the system converges to the fized point p,g. More precisely, for any fixed § > 0,
as € — 0, it reaches a 6-neighbourhood of p,p in a time of order ©(e~1/(1+Mms=A)),
Moreover, it holds:

1. for n = 0, the amount of allele a in the population decays to ©(e'+4/01+4)
before reaching (1),

2. forn > %, the amount of allele a in the population is bounded below by ©(e)
for all t > 0,

where © = O(y) whenever x = O(y) and y = O(x) as ¢ — 0. The proof of this
theorem is divided into four phases.

In the first phase we show that the mutant B population grows up to a level ¢, expo-
nentially fast, with a rate corresponding to the invasion fitness of an AB individual in a
resident AA population, without perturbing the 3-system (aa, aA, AA).

The second phase ends when the aA population and the AA population are of the
same order. By a comparison result we show that in this phase the effective 3-system
(AA, AB, BB) is almost unperturbed and behaves like the 3-system (aa, aA, AA) anal-
ysed in Chapter [l We show that in this time BB approaches its equilibrium npp.

In Phase 3 we ensure the exponential growth of the aa population until an €j-neighbour-
hood of its equilibrium 7n,,. Notice that the growth rate of aa, which corresponds to the
invasion fitness, Sy, 55, of an aa individual in a resident BB population is given by

Saa,BB = f - D — Aa (122)

is much larger than the one of the B population in a resident AA population in Phase 1,
given by

SAB,AA:f—D—l-A—CﬁAA:A. (123)
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This follows from Assumption (C2) and that there is no competition between aa and BB
individuals.

Using the Center Manifold Theorem [44,51]] we prove in the last phase that the stable
fixed point is approached with speed %

Finally we relax the assumption on the parameters and discuss the different limits of the
resulting models by numerical simulations. A rigorous analytic analysis is not possible
here since we are already unable to calculate all the fixed points.

The main requirement for the recovery of the aa population is that it has a positive inva-
sion fitness in a resident BB population. Consequently, we can relax the no competition
assumption between aa and the B phenotype and add small competition between them,
denoted ¢, 3. Therefore, also under this assumptions, we can end up with two or six coex-
isting populations depending on the parameters choices (see Figure [[.§).
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Figure [.8.: Model without reproduction between a and B: ¢,p = 0.1 and n = 0
(left), cop = 0.1 and n = 0.6 (right)

If we instead remove the no reproduction assumption, that means we set R;(j) = 1, for all
1,7 € G, such that aa also reproduces with phenotype B, the 2- population fixed point, p,z,
cannot be observed anymore. The reason for this is that as soon as the aa population could
recover the coexisting B B- and aa population will instantly give birth to a B individuals.
Consequently, we observe a 3-population fixed point (see Figure [[.9). The BB population
cannot increase to its monomorphic equilibrium, 755, anymore due to competition with
aB. Adding competition ¢, and the factor 7 yields similar results as before, this time
with three or six coexisting populations (see Figure [[.9). Based on reproduction among
all phenotypes this model is named all-with-all model. Notice, compared to the previous
models in this model the fecundity has to be much bigger to observe the recovery of the
aa population since all individuals act as possible partners and thus the birth rate of aa
individuals is smaller.

Finally, let us mention that if we set in both models (in the model without reproduction
between a and B and the all-with-all model) the competition between each phenotype neu-
tral, that means c,p = ¢, and add a certain value 7, we naturally end up in a 6-population
fixed point, since as argued above the reduced competition ensures the survival of a frac-
tion of a A individuals such that all subpopulations will be produced.
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Figure 1.9.: All-with-all model: ¢, = 0 and n = 0 (top), ¢,z = 0.1 and n = 0
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II. Chapter

Survival of a recessive allele in a
Mendelian diploid model

Anton Bovier and Rebecca Neukirch

Abstract 1In this paper we analyse the genetic evolution of a diploid
hermaphroditic population, which is modelled by a three-type nonlinear birth-and-
death process with competition and Mendelian reproduction. In a recent paper, Col-
let, Méléard and Metz [18]] have shown that, on the mutation time-scale, the process
converges to the Trait-Substitution Sequence of adaptive dynamics, stepping from
one homozygotic state to another with higher fitness. We prove that, under the as-
sumption that a dominant allele is also the fittest one, the recessive allele survives
for a time of order at least K/2~%, where K is the size of the population and @ > 0.

We acknowledge financial support from the German Research Foundation (DFG) through the Hausdorff
Center for Mathematics, the Cluster of Excellence ImmunoSensation, and the Priority Programme SPP1590
Probabilistic Structures in Evolution. We thank Loren Coquille for help with the numerical simulations and
for fruitful discussions.

1. Introduction

Mendelian diploid models have been studied for over a century in the context of population genetics
(see, e.g., [107], [34], [103], [45], and [46]]). Text book expositions of population genetics are
given in, e.g., [24], [82]], [32], and [[12]]. While population genetics typically deals with models of
fixed population size, adaptive dynamics, a variant that has been developed in the 90ies (e.g., [52],
[72]], and [[76]]), allows for variable population sizes that are controlled by competition kernels that
rule the competitive interaction of populations with different phenotypes or geographic locations.
Diploid models have been considered in adaptive dynamics already by Kisdi and Geritz [59]].
Starting in the mid-90ies, stochastic individual based models were introduced and investigated
that allow for a rigorous derivation of many of the predictions of adaptive dynamics on the basis
of convincing models for populations of interacting individuals that incorporate the canonical ge-
netic mechanisms of birth, death, mutation, and competition (see, e.g., [28], [15]], [14], [36], [16],
and [17]). An important and interesting feature of these models is that various scaling limits when
the carrying capacity tends to infinity while mutation rates and mutation step-size tend to zero

31



I1. Chapter: Survival of a recessive allele in a Mendelian diploid model

yield different limit processes on different time-scales. In this way, Champagnat [[14] proves con-
vergence to the Trait Substitution Sequence (TSS) (see, e.g., [28]], and [75]]) and to the Canonical
Equation of Adaptive Dynamics (CEAD). Champagnat and Méléard [17]] also rigorously derive the
phenomenon of evolutionary branching under the assumption of coexistence. In a recent paper [2]
the convergence to the CEAD is shown in the simultaneously combined limits of large population,
rare mutations and small mutation steps.

In the context of individual based models, so far almost exclusively haploid populations with
asexual reproduction were studied. Exceptions are the paper by Collet, Méléard and Metz [[18]]
where the TSS is derived in a Mendelian diploid model under certain assumptions (that we will
discuss below) and, more recently, some papers by Coron, Méléard, Porcher, and Robert [21]
and Coron [19,20]. In the present paper we pick up this line of research and study a diploid
population with Mendelian reproduction similar to the one of Collet, Méléard and Metz [18]], but
with one notable difference in the assumptions. Each individual is characterised by a reproduction
and death rates which depend on a phenotypic trait (e.g., body size, hair colour, rate of food intake,
age of maturity) determined by its genotype, for which there exist two alleles A and a on one
single locus. We examine the evolution of the trait distribution of the three genotypes aa,aA
and AA under the three basic mechanisms: heredity, mutation and selection. Heredity transmits
traits to new offsprings and thus ensures the continued existence of the trait distribution. Mutation
produces variation in the trait values in the population on which selection is acting. Selection
is a consequence of competition for resources or area between individual. Collet, Méléard and
Metz [18] have shown that in the limit of large population and rare mutations, and under a co-
dominance assumption of alleles, the suitably time-rescaled process, converges to the TSS model
of adaptive dynamics, essentially as shown by Champagnat [[14] in the haploid case. We now
reverse the assumption made by Collet, Méléard and Metz [[18]] that the alleles @ and A are co-
dominant and assume instead that A is the fittest and dominant allele, i.e., the genotypes a A and
AA have the same phenotype. We show that this has a dramatic effect on the evolution of the
population and, in particular, leads to a much prolonged survival of the "unfit" phenotype aa in the
population. More precisely, we prove that the mixed type aA decays like 1/¢, in contrast to the
exponential decay observed by Collet, Méléard and Metz [18]]. This type of behaviour has been
observed earlier in the context of population genetic models (see, e.g., [82], Chapter 4). The main
result of the present paper is to show that this fact translated in the stochastic model into survival
of the less fit a allele for a time of order almost K /2, when K is the carrying capacity (i.e. the
order of the total population size). Let us emphasise that the main difficulty in our analysis is to
control the behaviour of the stochastic system over a time horizon that diverges like a power of K.
This precludes in particular the use of functional laws of large numbers, or the like. Instead, our
proof relies on the stochastic Euler scheme developed by Baar, Bovier and Champagnat [2]]. One
could probably give a heuristic derivation of this fact in the context of the diffusion approximation
in the one locus two alleles model of population genetics (see, e.g., [32]]), but we are not aware of
a reference where this has actually been carried out.

Sexual reproduction in a diploid population amounts for each parent to transmit one of its two
alleles to the genotype of the newborn. Hence, unfit alleles can survive in individuals with mixed
genotype and individuals with a pure genotype are potentially able to reinvade in the population
under certain circumstances, i.e. a new mutant allele B that appears before the extinction of the
a allele that has strong competition with the AA population but weak competition with the aa
population may lead to a resurgence of the aa population at the expense of the AA population and
coexistence of the types aa and BB. This would increase the genetic variability of the population.
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In other words, if we choose the mutation time scale in such a way that there remain enough a
alleles in the population when a new mutation occurs and if the new mutant can coexist with the
unfit aa individuals, then the aa population can recover. Numerical simulations show that this can
happen but requires subtle tuning of parameters. This effect will be analysed in a forthcoming
publication. Related questions have recently been addressed in haploid models by Billiard and
Smadi [7].

2. Model setup and goals

2.1. Introduction of the model

We consider a Mendelian diploid model introduced by Collet, Méléard and Metz [[18]]. It models
a population of a finite number of individuals with sexual reproduction, where each individual ¢
is characterised by two alleles, uiu}, from some allele space i € R. These two alleles define
the genotype of individual i, which in turn defines its phenotype, ¢(uju}), through a function
¢ : U?> — R. We suppress parental effects, thus ¢(uiu) = ¢(ubut). The individual-based
microscopic Mendelian diploid model is a non-linear stochastic birth-and-death process. Each
individual has a Mendelian reproduction rate with mutation and a natural death rate. Moreover,
there is an additional death rate due to ecological competition with the other individuals in the
population. The following demographic parameters depend all on the phenotype, but we suppress
this from the notation. Let us define

Sfuius € Ry the rate of birth (fertility) of an individual with genotype u;us,
Dyju, € Ry the rate of natural death of an individual with genotype w1 u2,
KeN the parameter which scales the population size,

0“1”2% € R, the competition effect felt by an individual with genotype w1 us
from an individual with genotype vy vs,

pr € Ry the mutation probability per birth event. Here it is independent of
the genotype,

oc>0 the parameter scaling the mutation amplitude,

m(u, dh) mutation law of a mutant allelic trait v 4+ h € U, born from an

individual with allelic trait u.

Scaling the competition function ¢ down by a factor 1/K amounts to scaling the population size
to order K. K is called the carrying capacity. We are interested in asymptotic results when K is
very large. We assume rare mutations, i.e. ux << 1. Hence, if a mutation occurs at a birth event,
only one allele changes from u to u + oh where h is a random variable with law m(u, dh) and
o€ [0,1].

At any time ¢, there is a finite number, Ny, of individuals, each with genotype in /2. We denote
by uiud, ..., u{vtuévt the genotypes of the population at time ¢. The population, v, at time ¢ is
represented by the rescaled sum of Dirac measures on /2,

1
1=
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v; takes values in

1 n

where M denotes the set of finite, nonnegative measures on I/ equipped with the vague topology.
Define (v, g) as the integral of the measurable function g : %2 — R with respect to the measure
v € MK, Then (14, 1) = 2t and for any ujus € U2, the positive number (14, 1, ,) is called
the density at time ¢ of the genotype ujus. The generator of the process is defined as by Collet,
Me¢éléard and Metz [18]]: First we define, for the genotypes ujus,v1v2 and a point measure v, the
Mendelian reproduction operator:

n > 0,uiud, ... uful € Z/{2} , (I1.2)

(Au1u2,v1v2F)(V) (H.?))

= i [F <y+ 51}?”) +F <u+5“;{”) +F (u+51}2{“) +F (u+ 51}2{”2)} — F(v),
and the Mendelian reproduction-cum-mutation operator:
Moy o100 F) () :é /R <F <y “1+h”1) +F ( “1+h”2>> e (ur, )
N <F (V+ u2+hv1> < u2+hv2>) (3, 1)
) (e
) o o+ St

The process (v¢)i>0 is then a M _valued Markov process with generator LX, given for any
bounded measurable function F' : M% — R and v € M¥ by:

dh—F(v).

(I1.4)

(LEF)(v)

- /M 2 <DW + /u 2 culwmmu(d(vlvz))) (F <u — 51};‘) — F(v)) Kv(d(uyuz))

+ /u2(1 — i) furus (/u2 3,1;2) (Aulu?,vvaF)(y)y(d(mw))) Kv(d(uiuz))

+ / 1 furus (/ Jorvy (Muluz,vlsz)(V)V(d(vlv2))> Kv(d(uiuz)). (IL.5)
u? w2 (s f)
The first non-linear term describes the competition between individuals. The second and last non-
linear terms describe the birth without and with mutation. There, f, 4, []; w f) is the reproduction
rate of an individual with genotype ujus with an individual with genotype viv2. Note that we
assume random mating with multiplicative fertility (i.e. that birth rate is proportional to the product
of the fertilities of the mates).
For all ujug, vivs € U?, we make the following Assumptions (A):

34



2. Model setup and goals

(A1) The functions f, D and c are measurable and bounded, which means that there exist f, D, ¢ <
oo such that

0< fugus < f, 0< Dy, <D and 0 < cypupvgw < (11.6)
(A2) fuyus — Duju, > 0 and there exists ¢ > 0 such that ¢ < ¢y, uy,0100-

(A3) For any o > 0, there exists a function, m, : R — R, such that [ m,(h)dh < oo and
Mo (u, h) < my(h) forany u € U and h € R.

For fixed K, under the Assumptions (A1) + (A3) and assuming that E((vp, 1)) < oo, Fournier and
Meéléard [36] have shown existence and uniqueness in law of a process with infinitesimal generator
L¥ . For K — oo, under more restrictive assumptions, and assuming the convergence of the initial
condition, they prove the convergence in D(R, , MX) of the process v** to a deterministic process,
which is the solution to a non-linear integro-differential equation. Assumption (A2) ensures that
the population does not explode or becomes extinct too fast.

2.2. Goal

We start the process with a monomorphic aa population, where one mutation to an A allele has
already occurred. That means, the initial population consists only of individuals with genotype aa
except one individual with genotype aA. The mutation probability for an individual with genotype
ujug is given by px. Hence, the time until the next mutation in the whole population is of order

%M. Since the time a mutant population needs to invade a resident population is of order In K

(see, e.g., [14]]), we set the mutation rate ﬁ > In(K) in order to be able to consider the fate of

the mutant and the resident population without the occurrence of a new mutation. In this setting,
the allele space U = {a, A} consists only of two alleles. Our results will imply that if the mutation
rate is bigger than m a > 0, then a mutation will occur while the resident phenotypic
a population is small, but still alive, in contrast to the setting of Collet, Méléard and Metz [18]],
where the a allele dies out by time In K. This different behaviour can be traced to the deterministic
system that arises in the large K limit. Figure (A allele fittest and dominant) and Figure
(a and A alleles co-dominant) show simulations of the deterministic systems of the two different
models. We see that in the settings of Collet, Méléard and Metz [18]] the mixed type a A dies out
exponentially fast, whereas in the model where A is the dominant allele, the mixed type decays
much slowly. We will show below that this is due to the fact that, under our hypothesis, the stable
fixed point of the deterministic system is degenerate, leading to an algebraic rather than exponential
approach to the fixed point. The main task is to prove that this translates into a survival of the unfit
allele in the stochastic model for a time of order K?. We show that this is indeed the case, with
B = 1/2 — «. This implies that for mutation rates of order 1/K In K, a further mutant will occur
in the AA population before the aa allele is extinct.

2.3. Assumptions on the model

Let Ny, (t) be the number of individuals with genotype uv € {aa,aA, AA} in the population at
time ¢ and set 1y, (t) = % Nuw(t).
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Definition II.1. The equilibrium size of a monomorphic uu population, u € {a, A}, is the
fized point of a 1-dim Lotka-Volterra equation and is given by

iy = Jwu = Dun (IL7)

Cuu,uu

Definition I1.2. For any u,v € {a, A},
Suv,uu = fuv - Duv - cuv,uuﬁm (118)

is called the invasion fitness of a mutant uv in a resident uu population, where i, is given

by (L)

We assume that the dominant A allele defines the phenotype of an individual, i.e. AA and Aa
individuals have the same phenotype. In particular, the fertility and the natural death rates are the
same for a A and A A individuals. For simplicity, we assume that the competition rates are the same
for all the three different genotypes. To sum up, we make the following Assumptions (B) on the
rates:

(Bl) faa:faAEfAA = f,
B2) Dyja=Doy=:D but D, =D+ A,

B3) Cujus,vive =1 ¢,  Vujug,vive € {aa,aA, AA}.

Remark II.1. We choose constant fertilities and constant competition rates for simplicity.
What is really needed, is that the fitness of the aA and AA types are equal and higher than
that of the aa type.

Observe that, under Assumptions (B),

f—D-A

SaA,aa:SAA,aa:f_D—Cﬁaa:f—D—C :A,
f-D

Saa,aA:Saa,AA:f_D—A—CﬁAA:f—D—A—C

—— = -A. (IL.9)

Therefore, the a A individuals are as fit as the A A individuals and both are fitter than the aa individ-
uals. In our model, an individual chooses a partner uniformly at random for reproduction, and, ac-
cording the Mendelian laws, each individual transmits one allele, chosen uniformly at random from
its genotype, to the offspring’s genotype. For example, if we want to produce an individual with
genotype aa, there are four possible combinations for the parents: aa <> aa,aa < aA,aA < aa
and a A < aA. The first combination results in an aa individual with probability 1, the second and
third one with probability % and the last one with probability %. Therefore we have the following
birth rates:

F (Naa(t) + Naa(1))”
Naa(t) + Naa(t) + Naa(t)’
2f (Naa(t) + $Naa(t)) (Naa(t) + $Naa(t))
Naa(t) + Naa(t) + Naa(t) ’
f(Naa(t) + %NaA(t))Q
Naa(t) + Noa(t) + Naa(t)

baa(Naa(t)a NaA(t)v NAA(t)) =

baA(Naa(t)a NaA(t)v NAA(t)) =

bAA(Naa(t)aNaA(t),NAA(t)) = (HlO)
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The death rates are the sum of the natural death and the competition:

a( a(t), Naa(t), Naa(t)) = ( ) (D + A+ c(naa(t) + naa(t) + naa(t))),
aA(Naa(t), Naa(t), Naa(t)) = Naa(t) (D + c(naa(t) + naa(t) + naa(t))),
dAA(Naa(t) Naa(t), Naa(t)) = NAA( ) (D + c(naa(t) + naalt) + naa(t))).  (IL11)

In the sequel, the sum process, %(t), defined by
B(t) = naa(t) +nqalt) +naa(t), (11.12)

plays an important role. A simple calculation shows that the sum process jumps up to 1/K (resp.
down) with rate by (resp. dx;) given by

bE(Naa(t)aNaA(t)vNAA(t)) = fKZ(t), (1113)
d5:(Naa (), Noa(t), Naa(t) = (D + cS()KE(8) + ANa(0). (IT.14)

3. Main theorems

In the sequel we denote by 7,,, n > 1, the ordered sequence of times when a mutation occurs in the
population. We assume 79 = 0 and make the following Assumption (C) on the mutation rate i :

(C) In(K) < —— L« K1, (I1.15)

Kug
We recall one result from Collet, Méléard and Metz [18]] (Proposition D.2) which carries over to our
setting: it is shown that if the resident population 7, (¢) is in a §-neighbourhood of its equilibrium
T, then nge(t) stays in this neighbourhood for an exponentially long time, as long as the mutant
population is smaller than §. The proof of this result is based on large deviation estimates (see [37]]).

Proposition II.1 (Proposition D.2 in [18]). Let supp(vf) = {aa} and let 7 denote the
first mutation time. For any sufficiently small § > 0, if (Ul 144) belongs to the 6/2-
neighbourhood of f, then the time of exit of (U, 144) from the &-neighbourhood of R, is
bigger than VS A1y, for V> 0, with probability converging to 1. Moreover, there exists a
constant M, such that, for any sufficiently small § > 0, this remains true, if the death rate
of an individual with genotype aa,

D + cK (Wi 14,), (I1.16)
is perturbed by an additional random process that is uniformly bounded by M.

We start the population process when ng,, is in a § /2-neighbourhood of its equilibrium, 7., and
there is one individual with genotype aA. The first theorem says that there is a positive probabil-
ity that the mutant population fixates in the resident aa population and the second theorem gives
the time for the invasion of the mutant population and a lower bound on the survival time of the
recessive a allele. Define

T = inf{t > 0: 2na4(t) + nea(t) > 0}, (I1.17)
T = inf{t > 0: 2na4(t) + nea(t) = 0}. (I1.18)
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Theorem II.1 (Proposition D.4 in [18]). Let (2x) be a sequence of integers such that
converges to ng, for K — co. Then

A

(Tt < ity = = (I1.19)
f

where we recall that A is the invasion fitness of a mutant aA in a resident aa population

(cf. [IL17).

We now state the main results of this paper:

lim lim P

ZK 1
550 K—oo Kk Vaatgdaa

Theorem I1.2. Consider the model verifying Assumptions A and B. Let § > ¢, a > 0 and
T,,}Znt = inf{t > 77" : nea(t) < n}. (I1.20)

Define Tgyr = Tlh("fl/gw — T€hit. Then, conditional on survival of the mutant, i.e., on the

event {Tngt < 7MY with probability converging to one as K 1 0o, the following statements

hold:
(i) tPt=0(nK), and
(i) Towr = O(K'/27).

Remark I1.2. As long as there are aA individuals in the population, the smaller aa pop-
ulation does not die out, since the aA population always gives birth to aa individuals. For
smaller values of the power % —« in (i), the natural fluctuations of the big AA population
are too high: the death rate of nga(t) can be too large due to the competition felt by naa(t)

and could induce the death of the aA population and hence also of the aa population.

The next theorem states that if the mutation rate satisfies Assumption C, then a new mutation to a
(possibly fitter) allele, B, occurs while some a alleles are still alive. This mutation will happen after
the invasion of the mutant population and when the mixed type a A population already decreased to
a small level again. More precisely,

Theorem I1.3. Assume that Assumption C is satisfied. Then, with probability converging
to one,

A =1 and T AT = 7. (IL.21)

The interest in this result lies in the fact that a new mutant allele B that appears before the
extinction of the a allele that has strong competition with the AA population but weak competition
with the aa population may lead to a resurgence of the aa population at the expense of the AA
population and coexistence of the types aa and B B. Numerical simulations, which are objects of a
following publication, show that this can happen but requires subtle tuning of parameters. Since the
proofs of the main theorems (Theorem [[I.1} [[L.2] and [IT.3) have several parts and are quite technical,
we first give an outline of them before we turn to the details (Section [5.2).
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3.1. Outline of the proofs

Heuristics leading to the main theorems

The basis of the main theorems is the observation of the different behaviour of the limiting deter-
ministic system, when A is the fittest and dominant one and when the alleles are co-dominant [[18]].
More precisely, they have dissimilar long term behaviour (cf. Figure[[.T|and [I.2).

By analysing the systems one gets that both have the same fixed points n,, = (74,0,0) and
nga = (0,0,724). The computation of the eigenvalues of the Jacobian matrix at the fixed point
N4, yields in both models two negatives and one positive eigenvalues. Hence in both systems the
fixed point n,, is unstable. In contrast, the eigenvalues at the fixed point n 44 are all negative in the
system of Collet, Méléard and Metz [ 18] whereas in this model there is one zero eigenvalue. This
leads to the different long term behaviour towards the stable fixed point n44. In Collet, Méléard
and Metz’s [18]] model the a A population dies out exponentially fast whereas in this model the
degenerated eigenvalue corresponds to a decay of n,4(t) like a function f(t) = % The goal is to
show that the stochastic system behaves like the deterministic system.

rescaled number of individuals rescaled number of individuals

—ny, — Ny
J— — Na
Nop / . _n;
1.2 —n -~
aa

. / k
20 40 60 80
3 2

0 20 t 40 80 80
1 time 2

time

Figure II.1.: Our Model: A fittest type Figure I1.2.: Collet et al. Model: a and A

and dominant co-dominant

Organisation of the proofs

The main theorems describe the invasion of a mutant in the resident population, and the survival of
the recessive allele. This invasion can be divided into three phases, in a similar way as in [[14], [18]],
or [2] (cf. Figure (the general idea that an invasion can be divided in these phases is much
older, see, e.g., [92]]):

Phase 1: Fixation of the mutant population,
Phase 2: Invasion of the mutant population,

Phase 3: Survival of the recessive allele.

The first two phases are similar to the ones in Collet, Méléard and Metz [|18]], whereas the last phase
will be analysed in eight steps. Technically, the analysis uses tools developed by Baar, Bovier and
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number of individuals

1.Phase| 2.Phase i 3.Phase
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Figure I1.3.: The three phases of the proof
Champagnat [2]] and classical potential methods (see, e.g., [11]]).

Settings for the steps

Step 1: Upper bound on X(¢),

Step 2: Upper bound on n,4(t),

Step 3: Lower bound on X(%),

Step 4: Upper and lower bound on n.44 (%),
Step 5: Decay of nga(t),

Step 6: Decay time of n,4 (%),

Step 7: Decay and decay time of n,,(t),
Step 8: Growth and growth time of 3(t),

Total decay time of n,4(t).

Phase 1: Fixation of the mutant population. In the first phase we show that there
is a positive probability that the fitter mutant population A(t) = ng,a(t) + 2na4(t) fixates in the
resident population. More precisely, as long as the mutant population size is smaller than a fixed
0, the resident aa population stays close to its equilibrium 7, (Proposition and its dynamics
are nearly the same as before since the influence of the mutant population is negligible. We can
approximate the dynamics of the mutant population A(¢) by a rescaled birth and death process and
can show that the probability that this branching process increases to a §-level is close to its survival
probability and hence also the probability that the mutant population A(t) = nga(t) + 2na4(t)
grows up to a size 9. This is the content of Theorem [[I.1
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Phase 2: Invasion of the mutant population. The fixation (Phase 1) ends with a
macroscopic mutant population of size . In the second phase the mutant population invades the res-
ident population and suppresses it. By the Large Population Approximation (Theorem [[I.TT] [36])
the behaviour of the process is now close to the solution of the deterministic system with
the same initial condition on any finite time interval, when K tends to infinity. Thus, we get from
the analysis of the dynamical system in Section [4|that any solution starting in a J-neighbourhood
of (714, 0,0) converges to an e-neighbourhood of (0,0, 7.4) in finite time (¢ in Figure [[.3). Since
we see in the dynamical system that as soon as the AA population is close to its equilibrium, the
aA population decays like % we only proceed until n,4 decreases to an e-level to ensure that the
duration of this phase is still finite.

In [14], it is shown that the duration of the first phase is of order O(In K') and that the time for
the second phase is bounded. Thus the time needed by the a A population to reach again the e-level
after the fixation is of order O(In K) (cf. Theorem[IL.2](i)). From Proposition [I.1| we get that the
resident aa population stays in a d-neighbourhood of its equilibrium 72, an exponentially long time
exp(V K) as long as the mutant population is smaller than §. Thus we can approximate the rate
of mutation until this exit time by px f K7n,. Hence the waiting time for mutation to occur is of
order K—iK Champagnat [|14f] proved that there is also no accumulation of mutations in the second
phase. More precisely, he shows that, for any initial condition, the probability of a mutation on any
bounded time interval is very small:

Lemma II.1 (Lemma 2 (a) in |14]). Assume that the initial condition of v, satisfies
supg E((vg,1)) < 0o. Then, for any n > 0, there exists an € > 0 such that, for any t > 0,

t t+e
lim sup PX <3n>o:<T <) <, 11.22
Ksoa, 0 - Kupx — " T Kpg 7 ( )

where T, are the ordered sequence of times when a mutation occurs, defined in the beginning
of Section 3.

Using Lemma[[L.T] we get that, for fixed 7 > 0, there exists a constant, 7 > p > 0, such that, for
sufficiently large K,

1%
P%5aa+%5aA (T]_ < KM{) < 6, (1123)

where 71 is the time of the next mutation. Thus, the next mutation occurs with high probability not
before a time K—ZK. Hence, under the assumption that

1
In(K) €< —, I1.24
(K) < o (11.24)
(cf. left inequality of (II.15))) there appears no mutation before the first and second phase are
completed.

Phase 3: Survival of the recessive allele. The last phase starts as soon as 7,4 (t) has
decreased to an e-level. This phase is different from the one in [[14] and [[18]], since the analysis of
the deterministic system in Section @ reveals that nq4(t) decreases only like a function f(t) = 1,
in contrast to the exponential decay in [18]]. Thus, we may expect that the time to extinction will
not be O(In K') anymore, and the recessive allele a will survive in the population for a much longer
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time. This is a situation similar to the one encountered by Baar, Bovier and Champagnat [2]], where
it was necessary to show that the stochastic system remains close to a deterministic one over times
of order K due to the fact that the evolutionary advantage of the mutant population vanishes like
a negative power of K. Just as in that case, we cannot use the Law of Large Numbers, but we
adopt the stochastic Euler scheme from [2]] to show that the behaviour of the deterministic and the
stochastic systems remain close for a time of order K /2=,

Let us put this scheme on a mathematically footing:

~humber of individuals

J— NE
- Naa

3. Phase

— Nan Step1

— Nan K W|_:! ,: ! At

Step 3

150

Stepd2

Step 4.1
100

il

HEKA —
Step 2
000 "l:annl 1.:;]\ '-5;'-0" "llig:q - time
o(1k)
Figure 11.4.: Steps of the proof
Settings for the steps. Let
f [+50-9) f+3%
= J =1"2°"" 7 ad =2 11.25
T Gna(fr Ay AP na(rra) M AT dma(f+A) (I1.25)

We define stopping times depending on 7, 4 () in such a way that we can control the other processes
Naa(t),maa(t), and 3(t) on the resulting time intervals. Fix € > 0 and 9 > 0 such that ¢ < % <
¥ < A. We set

[+

om (1) 120
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and, for0 < i < L%J —1=:0—1, with a > 0, we define the stopping times on n,4 ()

by

i— Tehitv for: = 0, o7
Tad = jpt {t > Téi‘_l)_ tngalt) < xie} . else, (11.27)
Téz = inf {t > TZL; nga(t) > zle + K—1/2+3/4Oé} ) (I1.28)

During the time intervals ¢ € [7‘22, A Téijl)_}, nga(t) € [z7le, ale + K~Y/2+3/4a] The
upper bound on ¢ is chosen in such a way that

e > KTY2He, (I1.29)

The following eight steps will be iterated from¢ =0toi =0 — 1 = {%J -1
Remark I1.3. Since in Phase 3 the biggest contribution to the birth rate of n.q(t) is given by
the combination of two aA individuals, n., behaves like ngA. We let nga decrease only until
KVt Afterwards it would be of smaller order than K—Y2 and the natural fluctuations
of the big AA population, of order K—Y2, would induce its death.

Step 1: Upper bound on X(t). We show that, on the time interval ¢ € [TéZ,Téj A
Téfl)_ A eVKa/Q], there exists a constant, My, > 0, such that the sum process X (¢) does not
exceed the level 714 + Ms; K —1/279/2_ with high probability:

Proposition I1.2. For all M >0 and 0 < i < L%J —1, let

78\ = inf {t > 7 N(t) — g > MK*W*“/?} . (I1.30)
Then there exists a constant Mys, > 0 such that
P [Tg,ME < it /\T&H), /\eVKa/Q} — o(KY). (I1.31)

To prove Proposition we define the difference process between 3(¢) K and 7.4 K and couple
it with a birth-death process. We show that this process jumps up with probability less than % and
show that the probability that the process reaches the level My K/2t2/2 pefore going to zero, is
very small. Then we show that the process returns many times to zero until it reaches the level
MsK 1/2+0/2 gnd calculate the time for one such return.

Remark I1.4. This is only a coarse bound on the sum process Y(t) but with our initial
conditions we are not able to get a finer one. After Step 7 we have enough information to
refine it but for the iteration this upper bound suffices.

Step 2: Upper bound on n,,(t). An upper bound on n,,(t) is obtained similarly as in

Step 1. We show that, on the time interval ¢ € [7';;‘, A Téf:_l)_ AeVE® 2} , there exists a con-

stant, M, > 0, such that the aa population does not exceed the level yax?'e? + M, (2%?)1 T,
with high probability:
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Proposition I1.3. For all M > 0 and 0 < i < L%J —1, let

Tg‘a,M = inf {t > T;Z Mg (t) — yaxtie? > M(x2i£2)1+°‘} . (11.32)

Then there exists a constant, My, > 0, such that
P [Tga’Maa < TZ+ A T(Z—H) A eVKCW} = o(K_l). (I1.33)

The proof is similar to the one of Proposition |I1.2,

Step 3: Lower bound on X(¢). With Proposition [[.2]and [[.3] we can bound (¢) from

below. We show that on the time interval ¢ € {T AT, Z+ A T(Z—H) AeVEY } the sum process does

not drop below n 4 — A+’9’yx e2 — My K—1/2+e/ 2, w1th high probability:

Proposition TL.4. For all M > 0 and 0 < i < L%J 1, let

. A+
78 = inf {t > i N(t) — (nA _ar ryx%2> < —MKWM/?} : (I1.34)
’ cNn A
Then there exists a constant, My, > 0, such that
P |:7'§7ME < THA T(Z—H) A eVKa/Q} =o(K1). (11.35)

The proof is similar to those of Proposition [[I.2]and [[I.3]

Step 4: Lower and upper bound on n4(t). Since we now have bounded the
processes nqq(t), nqa(t) and X(t) from above and below (for ng,(t) it suffices to set the lower
bound to zero), it is easy to get a lower and an upper bound on n44(t) on the time interval

t e {Té;, ;jg A T(Z—H) AeVEY ] Precisely, there exists a constant, M4 4 > 0, such that with

high probability n 4 4(t) does not drop below 724 — e — Maa (x2’£ + K~1/2+3/4a (Proposition
, and does not exceed the level 14 — 2"tV e + My 4 K —1/21/2 (Proposition i

Proposition I1.5. For all M > 0 and 0 < i < L%J —1, let

TfﬁLLM = inf {t > T inaa(t) — (na — acie) < —M (2% + K_1/2+3/4°‘)} . (11.36)
Then there exists a constant My > 0 such that

P |:7_1%{’47MAA < TH- AT (H—l) /\eVK“/Z} — o(KY). (IL.37)

Proposition I1.6. For all M > 0 and 0 < i < L%J —1, let

Thay = inf {t > 7 inaa(t) — (Ra —2'tle) > MK_1/2+°‘/2} . (I1.38)
Then there exists a constant, Maa > 0, such that

P [T%A,MAA < Ter A T(Z—H) A eVKa/2} _ O(K_l)- (1139)
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3. Main theorems

Step 5: Decay of n,4(t). We now have upper and lower bounds for all the single processes,

fort € [7’22, TZ;Z A Téf:rl)_ AeVE a/z} . Using these bounds, we prove that n, 4 (¢) has the tendency

to decrease on a given time interval. We show that, with high probability, n,(t), restarted at z'c
(i.e. we set 7', = 0), hits the level 2/ ¢ before it reaches the level z'c + K —1/2+3/4a
In(z)

Proposition I1.7. There exists a constant C' > 0 such that, for all0<i < LMJ -1

P < TC(LZrl)7|naA(O) = xia] < K234 oxp <—CK7/4Q> : (I1.40)

For the proof we couple n,4(t) with majorising and minorising birth-death processes and show
that these processes jump up with probability less than % This way we prove that with high proba-

bility 144 (t) reaches ' before going back to z'e + K ~1/2+3/4

Step 6: Decay time of n,4(t). This is the step where we see that n,4(t) decays like a
function f(t) = % Precisely, it is shown that the time which the a A population needs to decrease
from ¢ to 2*e is of order -}

Proposition I1.8. Let

0i(aA) = inf {t > 0: nea(t) < :c”la‘naA(O) =a'e}, (IL.41)

be the decay time of nga(t) on the time interval t € [TéZ,Téz A ngl)f /\eVKa/Z}, Then

there exist positive constants, C;,Cy, and a constant M > 0, such that for all 0 < i <

S

Cy, C 2
P [m > 0;(aA) > xJ >1—exp(—MK?*). (11.42)

To prove this proposition we calculate an upper and a lower bound on the decay time of the
majorising resp. minorising processes obtained in Step 5 which are of the same order. Precisely,
we estimate the number of jumps the processes make until they reach z**1¢, and the time of one
jump.

Step 7: Decay and decay time of n,,(t). To carry out the iteration, we have to ensure
that, on a given time interval, the aa population decreases below the upper bound needed for the
next iteration step. Precisely, we show that ng,(t) decreases from yaz?e? 4+ M, (2%€?)1% to
YA /2x2’+252, and stays smaller than ya 2222 when n, 4 (t) reaches z'+1e:

i (1) \ QVE/2

Proposition IL.9. Fort € |1, Téz AT, 4

. ], the process nqa decreases from

zie to ' le and naq(t) decreases from yax?e? + Myq(2%€2)14 below yax?+2e2.

The proof of this proposition has three parts: First, as in Step 5, we show that n4, () has the ten-
dency to decrease and that it reaches y jo2%"T2¢? before going back to YAz e? + Myq (22'e?) 1.
The second part is similar to Step 6, where we estimate the number of jumps and the duration of one
jump of the process. In the last part we show, as in Step 2, that the process stays below ya 22122
until 1,4 (t) hits the level 2/ !¢ and the next iteration step starts.
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Step 8: Growth and growth time of X(¢). Similarly to Step 7, we also have to

ensure that the sum process increases from the level n 4 — %ﬁ—t:?v:p%g — MsK —1/24a/2 o A —

A:Tli{/?'y:c%“g on a given time interval and is greater than n4 — %73:2”252 when the a A
: 3 . . . _ 1/4—a/4
population reaches the level 1. Observe that this step is only needed for i < L%J ,

afterwards z%'e? < K—1/2+2/2 gnd the bound 7i4 — Mx K ~1/2+t2/2 guffices for the iteration.

" . _ 1/4—a/4 , , A
Proposition I1.10. For 0 < < L%J , while nga decreases from x'e to x'Hle,

the sum process X(t) increases from i — % 2%e? — Ms K—1/2%0/2 oy — A%Z/vazi"rgz—:z

A
and stays above N4 — %ﬁ—ﬁvxm”g until the aA population hits the x* T e-level.

The proof uses the same three parts as described in the proof of Proposition

Final Step: Total decay time of n,(t). We iterate Step 1 to 8 until Z:L%J ,

the value for which n,(¢) is of order K —1/2+e_ Finally, we sum up the decay time of the a A
population in each iteration step and get the desired result (Theorem (i1)).

Moreover, we ensure that the upper bound on the mutation probability px in Assumption (C)
(L1.15) is satisfied.

4. The deterministic system

4.1. The large population approximation

The main ingredient for the second phase is the deterministic system, since we know from [36]
or [18]] that, for large populations, the behaviour of the stochastic process is close to the solution of
a deterministic equation. Thus we analyse it here.

Proposition II.11 (Proposition 3.2 in [18]). Let T > 0 and C C RY be compact. Assume
that the initial condition %(Nga, NO,, NY,) converges almost surely to a deterministic vector
(x0,Y0,20) € C when K goes to infinity. Let (x(t),y(t),z(t)) = é(t; (zo, Yo, 20)) denote the
solution to

o (t; (20,90, 20)) = | baa((t), y(t), 2(t)) —

(I1.43)
where
1 2
hela0:40,50) = Y e
daa(x(t),y(t), 2(t)) = 2(t)(Daa + Caa,aa®(t) + Caa,aay(t) + Caa,n42(1)),
and similar expression for the aA and AA types. Then, for all T > 0,
lim  sup [nuw(t) — duv(t; (20, %0, 20)) =0, a.s., (11.44)

K—00tel0,1]

for all wv € {aa,aA, AA}.
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4. The deterministic system

Thus, to understand the behaviour of the process we have to analyse the deterministic system
(I1.43)) above. The vector field (I1.43]) of the model we consider is given by

(z+39)
[ (D+A+clz+y+2)x
1 1
X(I,y,Z) :XA(I,y,Z) = Qf%#—(D‘FC(.Iﬁ—y-’-Z))y y (1145)
Py 2
FEE — (D + cla+y+2))2

which has some particular properties:
Theorem I1.4. Assume (A)+(B) and let € > 0, then

(i) the vector field (I1.45) has the unstable fized point ngg = (g, 0,0) and the stable fized
point naa = (0,0,74),

(ii) the Jacobian matriz at the unstable fized point ng,, DXA (M), has two negative and
one positive etgenvalues,

(iii) the Jacobian matriz at the stable fived point naa, DXa(naa), has two negative and
one zero eigenvalues,

(iv) for 0 < o< fA, and as soon as the aA population decreased to an e-level, then

2nA(f + A 2nA(f + A
al zﬁA)(erA) < naa(t) < al QﬁA)(f+A) ’
(fA+ o)t + == (fA = ot + =

(11.46)

There is also a biological explanation for the behaviour of n, 4 (t) described in Theorem (@iv).
Since the A allele is the fittest and dominant one and because of the phenotypic viewpoint the a A
population is as fit as the AA population and both die with the same rate. The a A population only
decreases because of the disadvantage in reproduction due to the less fit, decreasing aa population.
Observe that Theorem (1)+(ii) also holds in the model of Collet, Méléard and Metz [18]] (cf.
Proposition 3.3 therein) but the Jacobian matrix of their fixed point n4 4 has three negative eigen-
values and thus they get the exponential decay of n44(t).

The behaviour of solutions of the deterministic system can be analysed using the following result
of Collet, Méléard and Metz [[18]]:

Theorem II.5 (Theorem C.2 in [18|). Let ( = uag — uq be the variation of the allelic trait.

Suppose it is non zero and of small enough modulus. If Cds‘zlé’“‘Z (0) > 0 then the fized point

Mg @5 unstable and we have fixation for the macroscopic dynamics.

More precisely, there exists an invariant stable curve I'c which joins ngq to naa. Moreover
there exists an invariant tubular neighbourhood V of I'¢ such that the orbit of any initial
condition in YV converges to Nga.

[deS‘;l‘z’“" (0) < 0 the fixed point ng, is stable and the mutant disappears in the macroscopic
dynamacs.

Their proof works as follows. First they consider the unperturbed version X of the vector field
(I1.43)) in the case of neutrality between the alleles A and a. That is fy,u, = f, Duyju, = D
and Cy, g w0y = G for ujug, vive € {aa,aA, AA}. They get that this system has a line of fixed
points I'g which is transversally hyperbolic. Afterwards they consider the system X with small
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perturbations (. From Theorem 4.1 in Hirsch, Pugh and Shub [51] they deduce that there exists
an attractive and invariant curve I'¢, converging to I'g, as ¢ — 0. Hence, there is a small enough
tubular neighbourhood V of I'y such that I'¢ is contained in V' and attracts all orbits with initial
conditions in V (cf. Figure . To show that the orbit of any initial condition on I'; converges to
one of the two fixed points ng, or n4 4, one have to ensure that the vector field does not vanish on
I'¢, except for these two fixed points. Since the curve I'¢ is attractive, it is equivalent to look for the
fixed points in the tubular V. For finding the zero points in V, Collet, Méléard and Metz [18]] use
linear combinations of the left eigenvectors of DX (Io(v))’, with the perturbed vector field X.
First they quote to zero the two linear combinations with the eigenvectors which span the stable
affine subspace. By the implicit function Theorem, they get a curve which contains all possible
zeros in V (cf. Proposition B.2 in [18]]). Then they consider the last linear combination and look
for the points on the received curve where it vanish. Under the conditions that the derivative of
the third linear combination at the point 724 is non zero and does not vanishes between the fixed
points &7 4 they get that X has only two zeros in a tabular neighbourhood of I'y (cf. Theorem B.4
in [[18]).

We have to do some extra work to get the same result for the model with dominant A allele since
the derivative of the third linear combination in our model, described above, is zero at the point
n4. But by an easy calculation (see (I1.77)) and (II.78])) we can indeed prove that this point is
an isolated zero and we can deduce from Theorem the following corollary, which is the main
result we need about the dynamical system.

Corollary I1.1. Let A #£ 0 small enough.

(i) The attracting and invariant curve I'a of the perturbed vector field X a (11.43|) contained
in the positive quadrant, is the piece of unstable manifold between the equilibrium
POINLS Ngq and Naa.

(ii) There exists an invariant tubular neighbourhood V of T'an such that the orbit of any
initial condition in V' converges to the equilibrium point naa.

Hence, if we start the process in a neighbourhood of the unstable fixed point n,,, it will leave
this neighbourhood in finite time and converge to a neighbourhood of the stable fixed point n 4 4.

5. Proofs of Theorem and the main theorems

5.1. Analysis of the deterministic system

Because of Proposition [II.11| we have to analyse the deterministic system ([I.43)) (a simulation is
shown in Figure [IL.T).

Proof of Theorem[IIJ In the following we consider the differential equations of n,4(t),
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Figure I1.5.: The curves I'y, I'a and the tube V in the perturbed vector field X

nqA(t) and naa(t), given by (I1.45)):

(Naa(t) + 3naa ()

haa(t) =f Z(t) aa(t)(D +A+ Cz(t))’ (1147>
faa(t) = 2f (teall) * y1es t);((?AA *araa®) naa(t)(D +cX(t),  (IL48)
. _ (naa(t) + znaa(t )2

nAA(t) =f —TLAA( )(D+c2(t)). (11.49)

E(lt)

The Fixed Points: By summing ([1.47) to ([I.49) first, and two times (II.49) and

(11.48[), we see that the vector field (II1.45) vanishes for the points n,, and nga. The
Jacobian matrix at the fixed point ng, is given by

—f+D+A —f+D+A —2f+D+A
DXA((Ra,0,0)) = 0 A 2f . (11.50)
0 0 —f+A

The matrix has the three eigenvalues \j = —(f — D — A), Ada = A and A3 = —(f — A).
For A small enough and from Assumption (A2) we know that A\j, A3 < 0, whereas Ay > 0.
Thus the fixed point n,, is unstable.

The Jacobian matrix at the fixed point ng4 is given by

—f—A 0 0
DXA((0,0,714)) = 2f 0 0 , (IL.51)
-2f+D —f+D —f+D

it has the three eigenvalues \y = —f — A < 0, Ay = 0 and \3 = —(f — D) < 0, from
Assumption (A2). The fact that one of the eigenvalues is zero is the main novel feature of
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this system compared to that count in |18]|. Because of the zero eigenvalue, ng4 is a non-
hyperbolic equilibrium point of the system and linearization fails to determine its stability
properties. Instead, we use the result of the center manifold theory [51}88] that asserts that
the qualitative behaviour of the dynamical system in a neighbourhood of the non-hyperbolic
critical point ng4 is determined by its behaviour on the center manifold near n4.

Theorem II.6 (The Local Center Manifold Theorem 2.12.1 in [88]). Let f € C"(E), where
E is an open subset of R™ containing the origin and r > 1. Suppose that f(0) = 0 and
Df(0) has c eigenvalues with zero real parts and s eigenvalues with negative real parts,
where ¢ + s = n. Then the system Z = f(z) can be written in diagonal form

&t =Cz+ F(x,y)
y = Py+G(z,y), (IL52)

where z = (x,y) € RE X R®, C is a ¢ X c-matriz with ¢ eigenvalues having zero real parts, P
is a s x s-matriz with s eigenvalues with negative real parts, and F(0) = G(0) = 0, DF(0) =
DG(0) = 0. Furthermore, there exists § > 0 and a function, h € C"(Ns(0)), where Ns(0) is
the d-neighbourhood of 0, that defines the local center manifold and satisfies:

Dh(z)[Cz + F(x,h(z))] — Ph(z) — G(z,h(z)) =0, (IL.53)

for |x| < . The flow on the center manifold W€(0) is defined by the system of differential
equations

&= Cx+ F(x,h(z)), (I1.54)

for all x € R with |z| < 0.

The fact that the center manifold of our system near ns4 has dimension one, simplifies
the problem of determining the stability and the qualitative behaviour of the flow on it
near the non-hyperbolic critical point. The Local Center Manifold Theorem shows that
the non-hyperbolic critical point ng4 is indeed a stable fixed point and that the flow on
the center manifold near the critical point behaves like a function % This can be seen as
follows: Assume that n,4(t) has decreased to a level €. Let naa(t) = z(t),nqaa(t) = y(t)
and ng,(t) = x(t). By the affine transformation nq4 — naa — 14 we get a translated

system

_ 1,12
JETAZ (Dt ez +y+ 2+ 1)) (2 + )
7 1 1
Y(zya) = | 2f EAENELY (D cz by e tan)y | (IL.55)
(@+39)° _
for 2l — (D+ At clz+y+3+7a))z

which has a critical point at the origin. The Jacobian matrix of Y at the fixed point (0,0, 0)
is given by

—(f-D) —=(f-D) —(2f-D)

DY ((0,0,0)) = 0 0 2f : (11.56)
0 0 —(f+4)
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5. Proofs of Theorem |I1.4 and the main theorems

which has the eigenvalues \y = —(f — D), A2 = 0 and A3 = —(f + A) with corresponding
eigenvectors

1 1 fD+A(2f-D)
- (f+A)(D+A)
EVi=1|0], EV,=111], and FEV3= _% (I1.57)
0 0 1

We perform a new change of variable to work in the basis of eigenvectors of Y (z,y, x)

D

1 +
1 2 (I1.58)
0

3
[

—

T =

o O =
|

— +
>

The change of variables

(11.59)

ISTENSSIR Y
Il
~

8 < N

casts the system into the form

=i (IL.60)

Let h(7) be the local center manifold. We approximate h(g) = (Z;)QQ—I—O(Q?’) and substitute
the series expansions into the center manifold equation ([11.304))

2h19\ - 2 - ~9 z(h1g2ag7h2§2)
M, g hot?) = (= 7 ). I1.61
<2h2g>y( 179> hair’) z(hig?, 9, hay?) oy

To determine hy and hy we compare the coefficients of the same powers of §j. We first
consider gj(hlgf, 7, hoy?) and get that the coefficient of 7 is zero. The first coefficients which
are not zero at the right hand side are the ones of §2. Thus we have to compare these with the
coefficient of §2 on the left hand side which is zero. Hence, the coefficient of :%(hl 7%, 7, hat?)

of ??2, which is —hﬂf—&—A)—l—ﬁ, equals zero:xr;ﬁ WAe get hy = m. FZOQH[l)t}Z% coefficient
of Z(h19?%, , ho@?) of 42, which is Dhy — m, we get hy = 4ﬁA{7(;+A—;([))+A). Thus
the local center manifold is given by
— fAZ
h(y) = (4“””?’“3*“) 7+ O0@). (11.62)
ana(f+A4)
Substitution of this result into § yields the flow on the local center manifold
- fA -3
==y +0 . I1.63
e T EYNL (7°) (11.63)
We can bound the solution of this equation with initial condition y(0) = & by
20 A 20 A
nal/ +4) - < () < nal/ +4) (I1.64)

(fA+Q)t+2ﬁA(# (fA_Q)t‘Fw’

for 0 < o < fA. Thus we see that ng4 is a stable fixed point and ng4(t) approaches this

fixed point like a function % O
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In contrast to the model of Collet, Méléard and Metz [18], we see in the proof that n, 4 () does
not dies out exponentially fast. Instead it decays like a function f(t) = %, as soon as Nga +nag ~
n4 and thus survives a longer time in the population (cf. Figure and [[1.2). Up to now, we
know how the deterministic system evolves near its fixed points. Namely: if we start the process
in a neighbourhood of the unstable fixed point n,,, it will leave this neighbourhood in finite time.
Whereas, if the process is in a neighbourhood of the stable fixed point n44, it converges to this
point n 4 4, but the convergence is slower than in the model of Collet, Méléard and Metz [18]).

We now turn to the analysis of the behaviour between these points.

Behaviour between the Fixed Points: = We show that the deterministic system (II.43)
moves from a neighbourhood of the unstable fixed point n,, to a neighbourhood of the stable fixed

point n 4 4 (Corollary [IL.T).

Proof of Corollary[II.]. The proof is similar to the proof of Theorem C.2 in [18|. It only
differs in the last step. The general unperturbed vector field Xy in the case of neutrality
between the a and A alleles is given by

z+1y)2
fEE — (Dt ea+y+2)a

1 1
Xo= | 27820 (Dt c(w+y+2))y | - (IL.65)
2 La)2
FEE — (D + cla+y +2))2

The content of Theorem B.1 in [18] is that X (II.65)) has a line of fixed points given by,

(v—74)?
c
To(v) = —UQ;ZA , VE[-Nna,n4l, (11.66)
(v4ig)?
4n 5

and that the differential of the vector field Xy at each point of the curve I'g, DXy (Ig(v)),
has the three eigenvectors

('U_ﬁA)2 v—NA
na_, 2na 1 1
€1 (’U) = _UQ,;LnA ) 62(1)) = _% ) 63('[)) = 2% -2 ) (1167)
(v+71.4)? vy "\ 1
D 2na

with respective eigenvalues —(f — D) < 0, 0 and —f < 0. DXy(To(v))" has the three
eigenvalues, —f + D, 0, and — f, with corresponding eigenvectors

v+ng M
e -t 7,
Prv)=— 1], Bl)=| —a; | Bl)=| FZ2 | (11.68)
nA A 271,4
1 _v—na (v—n4)>
nA 2n A

which satisfy, for any 7,5 € {1,2,3} and any v,

(Bi(v),ej(v)) = 04,5 (11.69)
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Next we analyse the asymptotics of the flow associated to the perturbed vector field, Xa
, as t — oo. From Theorem B.1 in |18] we know that the curve of fixed points, I'y,
is transversally hyperbolic and invariant for the vector field Xy. Thus, Theorem 4.1 in [51]
implies that, for small enough A, there is an attractive curve, I'a that is invariant under
XA. Moreover, I'a is regular and converges to I'g, as A — 0. Hence, there is a small
tubular neighbourhood, V, of I'g such that I'a is contained in V and attracts all orbits with
initial conditions in V (cf. Figure (ILF))).

We want to study the flow associated to the vector field Xa. From the remarks above we
know that the curve I'a is attractive for this flow. Thus, it suffices to analyse the flow on
the curve. Precisely, we want to show that the vector field does not vanish on I'a except for
the two fixed points, ng, and ng4. Thus the orbit of any initial condition on I'a converges
to one of the two fixed points. It is easier to look for the fixed points in the tube V', which
is equivalent to looking for fixed points on I'a because of the attractiveness of this curve.
Since Hirsch, Pugh and Shub [51] gives us only a local statement, we consider V in local
frames. A point (z,y,z) € V is represented by the parametrisation

d’T'o(v)
dv?

M(v,r,s) =To(v) +rei(v) + sez(v) = (1 +r)Io(v) + s (I1.70)
with v € [-n4 — 0,n4 + d] and r,s € [=6,6], with 6 > O chosen small enough. The
determinant of the Jacobian matrix of the transformation (v,r,s) — (z,y, z) = M(v,r, s) is
—’"JQF—I and thus invertible and does not vanish if 0 < § < 1. Moreover, it is a diffeomorphism
which maps [~714 — §,714 + 6] x [-6, ] to a closed neighbourhood of V.

For finding the zero points in V, we use linear combinations of the left eigenvectors §;,7 €
{1,2,3}, with the perturbed vector field Xa. First we look for zeros of the two linear
combinations of XA with the eigenvectors 51 and 83 which spans the stable affine subspace.
By the implicit function Theorem, we obtain a curve which contains all possible zeros in
V. Then we consider the last linear combination of XA with 89 and zeros of this linear
combination on the curve above.

Proposition I1.12 (Proposition B.2 in [18|). For any 6 > 0 small enough, there is a
number Ay = Ag(d) such that, for any A € [—Ag, Ao|, there is a smooth curve Zp =
(ra(v),sa(v)) C R2, depending smoothly on A and converging to 0 when A tends to zero
such that, for any v € [—ng — §,n4 + 9], we have

(B1(v), Xa(M(v,7a(v), sa(v)))) = (B3(v), Xa(M(v,7a(v), sa(v)))) = 0. (IL71)

Moreover, if a point (v,r,s) with v € [—ng — d, 4 + 0], and s small enough is such that
(Bi(v), Xa(M(v,r,5))) = (B3(v), Xa(M(v,1,5))) =0, (IL.72)

then (r,s) = (ra(v), sa(v)).

Next, we look for the points of the resulting curve (obtained from Proposition [I1.12)
where the third linear combination of the components vanishes. Since

(B2(v), X (0, M (v,70(v), s0(v)))) = (B2(v), X (0, M (v,0,0))) = (B2(v), X (0, To(v))) =0

:(11’.73)
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I1. Chapter: Survival of a recessive allele in a Mendelian diploid model

this function vanishes for A = 0 in v and we apply the Malgrange preparation Theorem [43],
which provides a representation for the linear combination near A = 0:

(Ba(v), X (A, M(v,7A(v),sA(v)))) = Azh(A,v) + Ag(v), (11.74)

where h, g are two smooth functions. To show that the third linear combination indeed
vanishes only in small neighbourhoods of the points +74, Collet, Méléard and Metz [18|
use a representation for the function g which is independent of the perturbation A.

Lemma I1.2 (Lemma B.3 in [18|). The function g in (I1.74)) is given by

9(v) = (B2(v), daXo(To(v)))- (IL.75)

Then they ensure that this function has only two zeros, which implies, because of the
representation ([I1.74]), for |A| # 0 small enough, that the perturbed vector field XA has
only the two known fixed points n,, and nga.

Theorem I1.7 (Theorem B.4 in [18]). Assume the function
g(v) = (B2(v),9a Xo(To(v))), (11.76)

satisfies %(:I:T“LA) # 0 and does not vanish in (—na,na). Then, for |A| # 0 small enough,
the wvector field XA has only two zeros in a tubular neighbourhood of I'g. These zeros
are (ngq(A),0,0) and (0,0,n44(A)), with nea(A) and naa(A) regular near A = 0 and
naa(O) = TLAA(O) =TN4.

While the hypothesis %(iﬁ 4) # 0 does not hold here, the conclusion of Theorem [I[1.7
remains true. Namely, we have from that

—x
OnXa(z,y,2)=1| 0 |, (11.77)
0
and thus
—utnal [ (w—na)? ,
n;; dn g (U + T_LA)(’U — ’FLA)
9(v) = (B2(v), daXo(To(v))) = < “ha | 0 > — s ‘
_v—na 0 y\
A
(IL.78)
Obviously, g(+n4) = 0 and g has no other zeros, in particular, it does not vanish in

(—na,n4). Hence, it follows from the representation (II.74) that there is a 6 > 0 such
that, for A small enough, (82(v), XA(M(v,7a(v),sa(v)))) has only two zeros in v € [—0 —
na,A + ¢]. From Theorem we get the existence of these two fixed points, which have

to be the points ng, and ng4. Finally, we need the following lemma, which is analogous to
Theorem C.1 in Collet, Méléard and Metz [18].

Lemma II.3.

(a) The local stable manifold of the unstable fized point ngg = (Na,0,0) intersects the
closed positive quadrant only along the line y = z = 0.
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5. Proofs of Theorem |I1.4 and the main theorems

(b) The local unstable manifold is contained in the curve I'a.

Proof. We start by proving (a). From Theorem we get the hyperbolicity, thus we can
apply Theorem 4.1 in Hirsch, Pugh and Shub [51]. The Jacobian matrix DX ((74,0,0))
(cf. (IL50)) has the three eigenvalues Ay = —(f — D — A), Xy = A and A3 = —(f — A) with
corresponding eigenvectors

1
EV()\l) =|0] = 61(—ﬁA> (11.79)
0
-1 A 1
(! A L )

Let £,(A) the two dimensional affine stable subspace spanned by the eigenvectors EV (A1)
and EV()\3) with origin in ngg:

E5 (A) = {z € R®z = (714,0,0)! + sEV (A1) + tEV()\3),Vs,t € R}. (I1.82)

Again, by the lamination and permanence condition in Theorem 4.1 in [51], we get the
existence of a stable manifold W;&loc and an unstable manifold Wfdloc of the fixed point
flaa. The local stable manifold WS is a piece of regular manifold tangent in ng, to the
subspace £5,(A). We see that the z-axis is invariant for XA and is contained in walee,
From ([1.82), we get that £,(A) intersects the closed positive quadrant only along the line
y = z = 0. Hence, the same is true for W;&loc since it is a piece of the subspace £, (A). This
shows (a). To show (b), we show that the local unstable manifold W25 is contained in
the closed positive quadrant. This follows because W(Z{loc is tangent to the linear unstable
direction in EV'(Ag2) in ng,, which points into the positive quadrant. From Theorem 4.1
in [51] we get that the invariant curve, Ta, is unique, thus Wes'® C Ta and (b) follows by

the invariance of the positive quadrant under the flow. O

The preceding steps conclude the proof of Corollary [[I.1] O

5.2. Proof of the main theorems in Section [3

We carry out the proofs of the main theorems (Section [3) in full detail.
The mutant process A(t) = 2n44(t) + nga(t) jumps up (resp. down) by rate by (resp. d4) given
by:

ba = QEf(g ((nAA(t) + 1naa(®)) + (naa(t) + 1naa(®) (naalt) + %naA(t)))
— PR @nan(t) + noa(t)) = AWKS, (11.83)
da = 204a(DK (D + cS(1) + naa() K (D + c£(t)) = AOK(D + (1)) (IL84)
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Phase 1: Fixation of the mutant population

Recall the stopping times (II.28) and (II.27]), when the mutant population A(t) increased to a
d-level and its stopping time of extinction. We show Theorem [II. T

Proof of Theorem [II_1]. We start the population process with a monomorphic aa population
which stays in a 0 /2 K-neighbourhood of its equilibrium 72, K and one mutant with genotype
aA, ie. 19 = 0. Because of , there will be no further mutation in the process as we
will show.

Proposition m states that if the resident population ng, is in a §/2-neighbourhood of its
equilibrium 7n, then ng,, will stay in a d-neighbourhood for an exponentially long time as
long as the mutant population is less than 6. Hence we get that, as long as the mutant
population is smaller than §, the time the process nq,(t) needs to exit from its domain 7,
is bigger than exp(V K) with probability converging to 1, for some V > 0 (cf. [14,/18]) and
the dynamics of the mutant population are negligible for n4(¢).

With this knowledge we analyse the fate of the mutants for ¢ < 7J™ A 75" A VK. We
use the comparison results of birth and death processes (Theorem 2 in |14]) to bound the
mutant process from below and above. We denote by < the following stochastic dominant
relation: if Py and Po are the laws of R-valued processes, we will write P; < P2 if we can
construct on the same probability space (€2, F, P) two processes X! and X? such that the
law of the processes is £(X?) = P;, i € {1,2} and for all t > 0,w € Q: X} (w) < X} (w).
First we construct a process A;(t) < A(t) which is the minorising process of the mutant
process. This process has the birth and death rates:

bi(t) =Ai(t)K f, di(t) = Aj(t)K[D + c(ng + 20)]. (I1.85)
A(t) < Ay(t) is the majorising process with rates:
bu(t) = Au(t) K, dy(t) = Au(t)K[D + c¢(ng — 0)]. (I1.86)
We define the stopping times
T! i = inf {t >0 A(t) = %} , TY =inf {t >0 Ay(t) = %} (IL.87)
O, =inf {t > 0: |nge(t) — g| > 0}, (I1.88)

which are the first times that the processes A;, resp. A, reach the level 2 and the exit time
of ngqe(t) from the domain [n, — J, 7, + ).

Note that both processes A4;(t) and A, (t) are super-critical. In the following we use the
results for super-critical branching processes proven by Champagnat [14]:

Lemma II.4 (Theorem 4 (b) in [14]). Let b,d > 0. For any K > 1 and any z € N/K,
let PX the law of the N/K -valued Markov linear birth and death process (wy,t > 0) with
birth and death rates b and d and initial state z. Define, for any p € R, on D(R4,R), the
stopping time

T, =inf{t > 0:w; = p}. (I1.89)
Let (tx)k>1 be a sequence of positive numbers such thatIn K < tg. Ifb > d, for anye > 0,
d

. K

(a) Kh—I>I<1>o ]P)% (TO <tg A T]'EK'\/K) = b’ (11.90)
d

. K

(b) Kl;néop% (Trexx <tr) =1- e (11.91)
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5. Proofs of Theorem |I1.4 and the main theorems

With respect to Theorem [[1.3] we prove the theorem for arbitrary pg. From (11.23]) we

know that the next mutation occurs with high probability not before a time £—. Then
l l t
<P [T[(;KVK <T§ A g A B4l (I1.92)

Using Proposition there exists V' > 0 such that, for sufficiently large K,
Py[rAe™ <6, >1-4. (11.93)

With ([1.93)) and for K large enough we can estimate,

]P%[TEMVK < Ty A 5o /\@a} >Py :TféKWK < Ty A 5o /\eVK} —6
=Py [Ty < To A | =6
> Py { T < Thn g f 0 {1 > 222} -6
=Py [{Thsicyync < = } 0 {T0 = =i }] -0
> Py T < 2| — Py [To < 7| — 0 (1199)

The extinction time for a binary branching process when b # d is given by (cf. page 109
in [1])

d(1 — e~ 0=ty \"
P, (Th <t)= (b—de—(b—d)t , (11.95)
for any t > 0 and n € N. Under our condition on pg ([I.15) in Theorem this implies
that

lim P, [Tg < KL;K} —0. (I1.96)

K—oo

Together with Lemma [[T.4] we get

A M1
lim Pl[ m“t<75”“tAK+;KA@a} >1—‘le—5_f—<c(]f)+1>5. (1L.97)

If we next consider the upper bound of ([1.92]), we see that

P%[T%KVK<T5‘/\K—ZK/\@Q} gIP’%[Tﬁ;KVK<T5‘/\K—ZK]. (I1.98)
Similar as in (I1.97)
A cMé6
mut mut P
Klgnoopl[ <A A@a} =S+ (11.99)
Now, we let 6 — 0 and get the desired result. O
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Phase 2: Invasion of the mutant

If the mutant invades in the resident aa population then the first phase ends with a macroscopic
mutant population. Especially, we know that the a A population is of order § due to its advantage
in recombination in contrast to the AA population. Applying the Large Population Approximation
(Theorem [36]) with this initial condition, we get that the behaviour of the process is close
to the solution of the deterministic system , when K tends to infinity. We approximate the
population process by the solution of the dynamical system . Result in Proposition
is known (see [[17] or [18]]). We use this result only until the a A population decreases to an
e-level.

Phase 3: Survival of the recessive ¢ allele

This phase starts as soon as the aA population hits the ¢ value. At this time we restart the
population-process, that means we set the time to zero. The analysis of the deterministic dynamical
system up to this point shows that we get the following initial conditions:

naa(0) = e, (11.100)
f 2 24«
< — .
Naq(0) < a(ft A)€ + Maae™™, (I1.101)
n44(0) — (g —&)| < Maae?, (I11.102)
)2(0) - (ﬁA - %752)’ < Mse?*e, (11.103)

where M;, i € {aa, AA, ¥} are constants.

In the following stopping times denoted by 7 are always stopping times on rescaled processes,
whereas stopping times denoted by 7' are the stopping times of the corresponding non-rescaled
processes.

We transform the birth and death rates of the processes Noq (), Noa(t), Naa(t) and the sum pro-
cess X(¢) K in such a way that we can consider them as the birth and death rates of linear birth-death
processes:

b(t) = [E(HK,
ds;(t) = DY) K + ¢X2(8) K + ANgq(t), (I1.104)
boot) = o) (1= "800 )+ T2
daa(t) = Nao(t)(D + A + eX(t)), (I1.105)
baa(t) = FNaa(t) <1 - ’”;“5‘(%)) + 2 Nunlt) "0
daa(t) = Naa(t)(D + cX(t)), (11.106)
baa(t) = fNaa(?t) (1 - n;?i?) + 4’;@)”&@):
daa(t) = Naa(t)(D + cX(t)). (I1.107)

We proceed as described in the outline. Recall the settings for the steps (II.26)), (IL.27)), (II.28)) and

(29).
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5. Proofs of Theorem |I1.4 and the main theorems

Step 1: We prove the upper bound of the sum process (Proposition|I.2)). For this we construct a
process, the difference process, which records the drift from the sum process away from the upper
bound n4 K.

Proof of Proposition ([1.2). The difference process X;** between ¥(¢) K and iz K is a branch-
ing process with the same rates as X(¢)K. Set

X = B()K — gk,
T, = inf{t >0: X =0},
Toin = f{t>0: X% > MyK'/?te/?), (I1.108)

This is a process in continuous time. For the following we need the discrete process Y%
associated to Xt“E. To obtain this process we introduce a sequence of stopping times 9,
which records the times, when X/* makes a jump. Formally, ¥, is the smallest time ¢
such that X** # X for all 9,1 < s < t. We set ng = Y,**. This discretisation has

probability less than % to make an upward jump:

Lemma II.5. For n € N such that ¥, € [Té;,Té;/\Téfjl)i/\ eVKa/Z} and 1 < k <
MsKY/2+2/2 there exists a constant Coy > 0 such that

n

1
PY“5 =k +1|Y," = k] < 5 CokK ™! = ps (k). (I1.109)

Proof. With the rates ([1.104)), we get by some straightforward computations

by

P[Yai1 =k 1Yo = b = 3 —= -

_ (naK +k)f
" (AAK +E)[f + D+ c(fia + kK 1)] + ANy (t)

1 1 1. .- 1 -1 1 ANga(t)
jf_jD_Ean_§CkK — 5

<1 n 2 iaAK+k
= _ , ANaa(?)
2 f+D+eclia+ kK™Y + 5547
1 —1 _ 1 _Anaa()
S —3CkK — S R
T2 of 4 kKl + 7&;{1:@ + O((zie)tt)
< 1 %ckK‘l
T2 2f 4 ckK 4 Anﬁ“ijm + O((zte)tte)
1
=5- CokK L. (I1.110)
0
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To obtain a Markov chain we couple the process Y#E with a process Z}{E via:

(1) 2§~ =Yg Vo, ( )
(2) PIZiT =k + 1Y < 23 = k] = ps(k), ( )
(3) PZ'% =k -1V < Z" = k] =1 - px(k), (I1.113)
(4) PZ'% =k+1] n+1_k+1 YUE = 7 = k] =1, ( )
(5) ( )

px (k) —PY, 5 =k+1]Y, > =k]

1-P[Y5 =k+1|Y,¥¥=k]

5) PZM¥ =k + 1YV =k - 1LY =2 =k =

> s 2 px (k) —P[Y 1 H =k+1|Y > =k]
(6) P[Zz—&-l — 1|y n+1 =k-1LY,"=Zy"=kl=1- 1 P[Ki‘flfk+1\Y,;‘E=k]

(11.116)

Observe that by construction Z%* = Y,**, a.s. and that P [Z#El =1|Z"> = O] = 1. The
marginal distribution of Z"* is the desired Markov chain with transition probabilities

P[Z% =k + 122> = k]

= pu(k)P Y22 < Z05| 205 = k] + P[Y,5 = k+ 1Y, = k] P [V = 20| 22 = k]
| Pe(k) P =k LY k]

v oo P = 2012 = ) (- PV = ke 1y = k)
= px(k) (P [V® < 20|25 = k] + P [V = 22522 = k]) = pu(k), (IL117)
P(Zyh =k =127 = k] =1 - ps(k), (IL.118)

and invariant measure

—1 _
k=1 % — CokK™!
ITioi 5 + CokK—1'

pu(n) = (IL.119)

with ¢(0) =1 and p(1) = % We want to calculate the probability that the Markov
2

chain Z'*, starting at a point 0 < zK < %MgKl/Ha/Q, reaches first My KY/2t2/2 hefore
going to zero, which is the equilibrium potential of a one dimensional chain (see |9]). Using
Equation 7.1.57 in the book by Bovier and den Hollander [11], Chapter 7.1.4, we get (for
K large enough)

zK 1 1
2on=1 T=ps () i)

ZSMZ(m%EQ)l-&-aK 1 1

P.x[TZ ), < TY] =

n=1 1-px(n) p(n)
ZZK Hn—l 14+2CokK 1
k=1 1-2CokK 1
ZMEKUQ‘H"/Q HTL 1 142CokK 1
k=1 172COkK_1

iy exp (Shoh n (F554 )
S ST v (i (FEET))
52K exp (Ro] ACoRK )
T exp (SR ACORK T - O (RK1)?))

n=1
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5. Proofs of Theorem |I1.4 and the main theorems

. 52K exp (2Con?K ! — 2Con k)

T MR o (2C0gn2 K1 — 20K ! — O (n(nK1)2)

< 2K exp (2C2°K)

= ~MgK/2+e/2 1 ) 5
2ons 1/2Myx K1/2+0/2 ©XP (2Con* K~ = 2ConK~1 — O (n(nK—1)?))

< QZK—l/Q—Oé/2 exp (20022[{)

~ My exp (%CoMgKa — 200 My K—1/2+a/2 _ O (K*1/2+3/204))

< exp (—2C0K" (1ME - 22K17°) ) (I1.120)

We denote by R the number of times that the process Z#Z returns to zero before it reaches
My K'Y/2+2/2 Let RE =P,k [R = k] be the probability that this number is k when starting
in zK. We define the times of the n-th returns to zero:

Ty =inf{t >0:Z/* =0}, Ty =inf{t >T7 ' 7 =0}. (I1.121)
We then have

RF =P [Tg < Tj’ﬁz} (1 _ B [ 2 < TODk_l]P’ [TZME < TO} < (1- A4,
(11.122)

where

A=P, [TQME <To} > p(0,4) { e <T0} — p(0, P, [TQME <T0}
i>1

< exp (—éoMgKa) , (IL.123)

for some finite positive constant Cy and p(0,7) = P [Z4> = 01247, =i]. Then
N N '
P[R < N] < Z <> a-4lA=1-(01-4N (11.124)

We choose, e.g., N ~ ﬁ, so that P[R < N] =0 (K™!). Let Iy = Ty and I,, = T Tyt
the time the process needs for return to zero. The (I;) en are i.i.d. random variables and

it holds:
R+1

R
Z <TZp < L. (11.125)
n=1 n=1
The underlying process, the sum process ¥(t) ([I.12)), of Z"* jumps with a rate
Ay = fE()K + DE(H)K + cX(1)?K + ANy (t) < C\K. (11.126)

Since the Markov chain Zﬁz has to jump at least one time, it holds that, for all j € N, I; >
W, a.s., where W ~ exp(Cy\K). Thus

PlI; < y] <PW <y] =1—exp(—CrKy). (I1.127)
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We have
P[TO{HMEE < Téz A T(Ei;rl)f A eVKa/Q} <P [Tiﬁz < eVKa/Q}
_p [Tj“MEE <K AR > N}] +P [TC{“MZE <K A IR < N}}

T < VK AR>S N}] +P[R < NJ. (IL.128)

a, My,

First we estimate P [Taz’ﬁz < eVE 2 {R > N}} Since TaZj;E > SR I, it holds that if

a/2 u a/2
5 of the [; are greater than %eVK , then TO{ME > VKT

Nk

P [Tjj(g <eVE (R > N}} <Y p [Tﬁg < VK N IR =n}

i
=

INA
WE
==

i~
I
Z

n
VK/?
Z Ij <e
j=1

[ n
n
2 ez} 7 5

IA
NE
=

(11.129)

i
=

We have p, = P [Ij < %eVKQ/Q} <P [W < %eVKa/Z} =1-—exp <—w+KeVKa/2). The

2 VKO:/2
ne

number of random variables I; that are greater than is binomial distributed with

parameters py, n.

o0 n n oo n n
>R [t eamenny > 5[ = 2 3 ()@ mr
n=N |j=1 " = 2

n=N m=n/
o0 N N/2
n 16
<Y ampi < ( pN)1/2 , (I1.130)
n=N 1—4dpy

where we used that, in the range of summation, p, < pn. Then, for K large enough,
4}7]1\;2 < 1/2, and

i (101 () < (o))
= <16 (QCAAK3eVKa/2> ) N (I1.131)

Recalling that A = e ©E®) one sees that ([I.130)) is bounded by o (e_Ka). Hence we get

P T < i AT T e K <P T < VK 0 {R > N} + PR < V]
1
=0 <K> : (I11.132)
This concludes the proof of Proposition [[T.2} O
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5. Proofs of Theorem |I1.4 and the main theorems

Step 2: We derive a rough upper bound on the process n,, (Proposition |II.3). Recall that
YA = 71? il %
~dna(f+A)

Proof of Proposition[II.3. The proof is similar to the one of Proposition Again, we
define the difference process X2 between Ny, and yaz?c2K. This is a branching process
with the same rates as nq,. Set

(I1.133)

X = Ngo(t) — yar¥e?K, (I1.134)
T, = inf{t >0: X =0}, (11.135)
T = inf{t >0 X[ > Mg (2%e?) T K}, (11.136)

Let Y,%* be the discretisation of X*, obtained as described in Step 1.

Lemma I11.6. Forn € N such that 9,, € [ az’ ;Jg A 7_(z+1) A eVKa/z} und
1 <k < My (2%e)1 79K, there exists a constant Co > 0 such that

1
P[Vify =k + 1Y =] < 5~ Co = Paa. (I1.137)

Proof. In the following we use Proposition for the first iteration step, since the mu-
tant population n 44 increased to an e-neighbourhood of its equilibrium 74 and the other
two populations decreased to an € order. Thus the influence of the small aA- and aa
populations is negligible for the dynamics of n44 and the AA population will stay in the
na-neighbourhood an exponentially long time. Now for the " iteration-step we use the
finer bounds of na4(t) (Proposition and and X(t) (Proposition |II.4) estimated in
the (i — 1)™ iteration-step before. By (IL.105), we have

PV =k + 1Y = k]
(yaz? e’ K + k) f <1 — ”g‘(“t()t)> + 4};[(1) n2 ,(t)

e O () 5]+ B

n? (¢
_1, 57 — sgnan®) + o ey — 30 — 34— 3e5(0) (IL.138)
T2 4a(t) K 2a(0) ' '
f (1 H0) + D+ A+ eS(0) + G i

Using Propositions[[1.6} [[T.4], and [IT.2] and ([T.25)), one sees that the numerator in the second
summand of ([I.138]) is bounded from above by

f f(ia—ai—le) faietK—1/2+3/4a)2 D+A+cn '

57 Q(T—LAH\/};K—UHQ/Q) + 8yaz?ie?(fig— A+19,Yx21 224 My K-1/2+a/2) 54+ O(a'e)
f+A  f - Alf+4) :

< — O(z'e) = ———7— + O(z'e). I1.139

- 2 + 8nAYA +0('e) 22f + A) +0('e) ( )

For ¢ small enough, there exists a constant Cy > 0 such that
Py, =k + 1Y, = k] < = — Cy = Paa- (I1.140)

O
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As in Step 1 we couple Y, with a process Z%* via:

(1) Z§*=Yvg*vo, (I1.141)
(2) Pz n+1 =k+ 1Y, < Z% = k| = paa, (I1.142)
(3) Pzt n+1 — 1Y, < Z9 = k] = 1 — paa, (I1.143)
(4) PZY =k+ 1YY =k+ 1,V =Z% = k] = (11.144)
aa aa P[Yaa =k+1|Y,=k]|
(5) PZY =k+ 1V =k - 1Y, =27 =k] = ”f e et (I1.145)
aa aa aa aa po—PY i =k+1|Y3=kK]
6) PZit =k -1V =k—1,Y! =2 =k]=1- 75 P[Ya%l:m'yaa - (IL146)

Observe that by construction Z3* = Y%, a.s.. The marginal distribution of Z3* is the
desired Markov chain with transition probabilities

PZp%y =k + 1 Z3" = k| = paa = 1 = P[Z3% = k — 1|23 = k], (11.147)
and invariant measure

(-G (3-C0)"
Hk:l (2 + CO) (% + CO)n

The remainder of the proof is a complete re-run of the proof of Proposition and we skip
the details. O

u(n) = (I1.148)

Step 3: We estimate the lower bound on X(t), for t € |:7' TN T(H_l) A VKO/Q}

Proof of Proposition[II.J. The proof is similar to those of Proposition [[I.2] and [[I.3] We
only perform the crucial steps This time the difference process is given by the difference
of ¥(t) and ng — A“?VA:U 2. Let

XE = (K - (m A2 52) K, (11.149)
.Y = inf{t >0: X" =0}, (I1.150)
TN = inf{t>0: X[ < —MpKY*e?) (I1.151)

As described in Step 1 we construct the discrete process Y, associated to X!*. We show
that V' jumps down with a probability less than %:

a

My KY/2+2/2 there exists a constant Cy > 0 such that

Lemma IL7. For n € N such that 9, € |7i3, 7 A" neVE] and 1 < & <

1 .
PYpp1 =~k —1[Yy = =k < 5 - Cor?e® — C1kK ™1 = py. (I1.152)

Proof. Using the rates of the sum process ([1.104)) and the upper bound on n,, (Proposition
11.3]), this is a simple computation and we skip the details. ]
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As in Step 1, to obtain a Markov chain we couple the process Y,F with a process qulz via

(1) Zo=YyVO0, (I1.153)

(2) PZI%, = —k+1YV=> 2% =k =1-ps, (I1.154)

(3) Pz, =—k- 1|YlZ > 7% = —k] = ps, (I1.155)

(4) PZY%, = —k-1VE = —k-1,YV> =25 =k =1, (I1.156)
5 > PPV} =—k-1|Y > =—k]

(5> ]P)[Z’I’L-i-l - 1|YTL+1 = _k + 1 Y Z _k] = 12 ]p[ylE *—k—1|Y7€E:—kJ] )

n+1—

(I1.157)
| PoBIVAR =k 1yl
T PYE =k Y E=—k]

6) PZI2,=—k+1|VF = —k+1,Y* =25 = k=
n+1—
(I1.158)

Observe that by construction Z!* < Y, a.s.. The marginal distribution of Z'* is the
desired Markov chain with transition probabilities

n

P [Z S = k412 = k:} = ps,, (I1.159)
P [Zfﬁl = k17 = k} =1-ps, (I1.160)

and invariant measure

o 11(*—0.%226 — ChkK~ )
Hk:l (2 + Cox%ie? + C1kK~ )

u(n) = (I1.161)

The remainder of the proof follows along the lines of the proof given in Step 1. We prove
that the process returns to zero many times before it hits My K/2t2/2 and calculate the
duration of one zero-return to get the desired result. O

Step 4: With Propositions [[I.2 and the settings we are able to calculate a lower (Step 4.1)

and an upper bound (Step 4.2) for na4(t), fort € [7’ 1 TaA A T(Z+1) AeVE?

Step 4.1: We now prove Proposmon | the lower bound on n 4 4.

Proof of Proposition[II.J. From Proposition we know that X(t) > g — M'yx g2

Mys K1/2+a/2 With the upper bound in Proposition for ng, and the settings for the
steps used for the aA population, we get

nAA(t) = E(t) - ntlA(t) - naa(t)
>ng— zle — 2%e (AW’Y + 7A) Maa($2i52)1+a -0 (K_1/2+3/4a>

cna

> fig — zie — O (x% + K‘1/2+3/4°‘> . (I1.162)

O]
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Step 4.2: We prove Proposition the upper bound on 1.4 4.

Proof of Proposition[II.f. From Proposition we know that X(t) < g + My K ~1/2+e/2,
With the lower bound on n,4(t) defined in the settings we get

’I’LAA(t) = E(t) - naA(t) - naa(t)
< fip 4 My K~Y2He/2 _ gitle
<fig—atle + O(K~1/2e/?), (11.163)

O

Step 5: Up to now we have estimated upper and lower bounds for all single processes: X(t),
Naa(t), naa(t) andnaa(t), fort € {’T 1 TaA A Téi:_l) AeVE? ] Now, we prove that n, 4 () has
the tendency to decrease on the time intervals defined in the settings. For this we restart n,4 when
the process hits z’c and show that with high probability the a.A- population decreases to z'*'e
before it exceeds again the z'c + K —1/243/4a_yalue (Proposition . For this we couple n,4(t)
with a process which minorises it and on one which majorises it and show that these processes

decrease to '+ before going back to z'e + K —1/2+3/4a

Proof of Proposition[TL]. As before let Y,%4 (cf. Step 1) be the associated discrete process
to Nga(t). We start by coupling Y,%4 with a Markov chain Z,, such that Z% = V%4, as..

Lemma I1.8. For n € N such that 9, € [Té;, TANT, (ZH) AeVE?| there erists a con-
stant Cy > 0 such that

PV =k+ 1Yt = k] <

n

— Cox'le = pYy. (11.164)

Proof. For t < 7‘“L A T(Z—H) A eVKa/2, we have

7 (1= 55T ) + 2 Naa (1) 880
fk (1 - ’;fg(t;) + 2f Naa(t) 58 + K[D + (1)
Lf— kK4 s N ) — 1D — Les)

P Y,

A=k 1Y =k =

< 1+ =0 ES(t)
20 5 (1-4) + 20 4 D 4 ox(1))
(I1.165)

As in the previous steps, we bound the nominator of the second summand in ([1.165)) using
Propositions [[T.2] [[T.4] and [[T.6] from above by

1y f(nA a:i+16+0( —1/2+a/2>) 2 9
§f ka + K71<’I_ZA A+19’y:1?27‘€2 M K- 1/2+a/2) ’YAJ; <

_1p-1lc <ﬁ %;Aﬁ 2 MEK71/2+a/2) o) ((xi5)1+2a>
- F(0-3) ) ((J:ig)l“a + K—1/2+a/2> (I1.166)
= dna(f+9) ' ‘
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This term is negative since & < . Hence, we get

1

PYH, =k + 1Y =k] < 5 Coz'* (I1.167)
O

To obtain a Markov chain we couple the process Yn“A with a process Z via:
(1) Z¥ =y, (I1.168)
(2) PlZi, = k+ 1Y < 28 = k] = pla, (IL.169)
(3) P[ZYy=k—-1Y2 < Z' = k] =1 - ply, (I1.170)
(4) PZY,=k+1Y, =k+ 1,74 = Z“:k]_l (IL.171)

U, —PY,2A =k+1|V,2 4=k
(5) Pz =k+ 1Y =k - 1Y = Zh = k] = 724 P[Ygfikﬂ\yw =K (I1.172)
oA~ PVt =k41[V A =k]

6) PZy =k—-1V2 =k-1Y =Z" =k =1~ 1A P[Ygfimnw“‘:k} . (I1.173)

Observe that by construction Z% 3= V%4, a.s.. The marginal distribution of Z is the desired
Markov chain with transition probabilities

PlZy 1 =k +1Z; = k] = paa; (I1.174)
PlZy =k —1Z; = k] =1 —pga, (11.175)

and invariant measure

n—1 i+1 1 i+1_\n—1
p(n) = 2= (5= Corme) (21 Con™e) . (I1.176)
[Ti=1 (2 + Coz'tle ) (§ + Coxz+15)

We define the stopping times

TZ = inf {ﬁn >0: 7, > aieK + K1/2+3/40‘} , (11.177)
Ty =inf{d, >0: 7, <a'teK}. (I1.178)

For ztle < z < z'e, we get as before the following bound on the harmonic function

ZZK ] 142Coz e n-l
n=x'tle K+1 \ T—2C z"T1e

rie K+ K max{z2ic2 K—1/2} 142Coxit1e n-l
n=xttle K+1 1-2Cpxtt1le

< K1/2-3/4a oy (_@K7/4a) . (I1.179)

Now we couple Y,%4 with a Markov chain Z), such that Z! < Y94, as

Lemma I1.9. For n € N such that ¥, € [7’;:‘,7';; A TélAH) AeVE? } there exists a con-
stant C7 > 0 such that

P[Voi1 =k + 1Y = k] > = — Cra'e = pl . (I1.180)

N =
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Proof. The proof is completely analogous to the proof of Lemma [[T.§] and we skip the
details. -

To obtain a Markov chain we couple the process Y;*4 with a process Z!, via:

(1) zb =Y, (I1.181)
(2) P[Zh1 =k + 1Y > Z = K] = pha, (11.182)
(3) PZpyr =k — 1Y > Z, = k| =1 —pl, (11.183)
(4) PZ =k 1Yo =k- 1Y =2 =k =1, (11.184)
P[Yn+1=k+1|Y,24=k]—p!
(5) PlZh, =k—1|Vp =k+1,Y4 =7, =k = [P@H;LHY%L;}?M, (11.185)
P[Yyp41=k+1|Y,2A=k]—p'
(6) P[Zhyy=h+1[Yosr = h+1,Y04 = 2, = ] = 1 - Bl md b - (11.186)

Observe that by construction Z., < V%4, a.s.. The marginal distribution of Z}, is the desired
Markov chain with transition probabilities

PZ}, 1 =k + 1|2}, = k] = pha, (11.187)

n

P(Zyy =k —11Z, = k] = 1 —pl4. (IL.188)

Similar to the upper process, we can show that the lower process reaches xz'T'cK before
returning to z’eK + K'/2t3/4¢ with high probability. This concludes the proof of the
proposition. L]

Step 6: In this step we calculate the time which n,4(t) needs to decrease from x'c to z'*1e

(Proposition [IT.§)).

Proof of Proposition[II.8, Let ZL Y% < Z¥ be defined as in the step before and Yy =
Zb = Z¢ = 2eK.

Recalling (II.106)), we get

haalt) = FVaa(0) (1= ) ) 20 Mas 0 A 4 Naa(OID + e50)
> 2fr' e K + O(2%2K) = Cha'leK = AL 4, (I1.189)
haalt) = FNaa(®) (1= "0 ) 20 Nos ) A 4 Naa(OID + e50)
<2fr'eK + O(2%?K) = Cha'le K = \Yy. (I1.190)

Let n, :=inf{n >0: Y, — Y#4 < —(1 — z)2’eK } be the random variable which counts
the number of jumps Y% — Y#4 makes until it is smaller than —(1 — x)z’¢K. The time
between two jumps of n,4(t) is given by 7, — Tpu—1. It holds that J* < 7, — Typ1 < JL,
where J!, (resp. J%) are i.i.d. exponential distributed random variables with parameter
)\é 4 (resp. A%,). We want to estimate bounds for the times that the processes Z}, resp.

no
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5. Proofs of Theorem |I1.4 and the main theorems

Zﬁl, need to decrease from z’c K to z*t'e K. Thus we show, for constants C,,, C; > 0, that

C)\.%H'l&“

l
Z I 20,\11)z

We start by showing ([1.191]). We need to find N such that, with high probability, n, < N.
To do this, we use the majorising process Z“. Let W}’ be i.i.d. random variables with

[Z JU > Cu ] < exp(—MK?), (I1.191)

< exp(—MK?%). (I1.192)

1 : 1 4 .
PWy =1] = 5 Cox™e, PWY = —1] = 3 + Cox'e and E[WY] = —2Ca't!
(I1.193)
W} records a birth or a death event of the process Z. From Lemma we get
Pln, < N] > P [Eln SN Wp<—|(1- x)xieKJ]
k=1
N
Z Wy, < —[(1—2)a'eK|
N . .
>1-P [Z(Wk —EWy) > 2NCoz' e — [(1 - x)xZgKJ] : (11.194)
k=1

By Hoeffding’s inequality and choosing N = C oK = Oy K, we get

Co (mis)Q Kz(1l —x)
2

Pin, < C,K] > 1—exp (— ) > 1—exp (—K2a00(1 —z)z/2),

(IL.195)
where we used that zie > K~1/2t® Thus

[Z I > CAm’ils Z Im > Ci z”l

By applying the exponential Chebyshev inequality we get

[Z Im > C,\ﬂlfzji1

Next we show ([1.192)). For this we need to find N such that P[n, < N] is very small. For
this we use the process Z!. Let W,i be i.i.d. random variables which record a birth or a
death event of the process Z.. They satisfy

+ exp(=K?*Coz(1 — x)/2). (I1.196)

<exp (—C,K/2). (I1.197)

1 . 1 . 4
PW.=1] = 5~ Cia'e, PW} = —1] = 5 +Ciz'e and E[W]] = —2C 2. (11.198)
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Note that from Lemma [T.9]
Pln, < N] <P [inf {n >0:7 -7z <—|(1- x)xisKJ} < N] (11.199)

=P [Eln < N : Z(Wk —EWy) < 2nChxle — L(l — x)xlaKJ]
k=1

N n
< ZIP’ Z(Wk — EW}) < 2nCha'e — L(l - m)xleKJ] ) (I1.200)
n=0 k=1

If we choose N = ﬁK =: (1K, using Hoeffding’s inequality, we get, for all n < N,

P [Z(Wk —EWy) > [(1 — 2)2'eK] - %(1 - x)gﬂ'eK] < exp(—K2Ci(1 —x)/2).
. (I1.201)

Thus

[Z Jl 20}@‘6

It holds that

O K
l
[Z J 20)\:132

+ C K exp (—K**C1(1 — 2)/2) . (11.202)

<[>« ol

O K
l
[Z J 20)\371

=1- JL >
| S
(I1.203)
A simple use of the exponential Chebyshev inequality shows that

1K
l
P30

Thus we have that P {Z J!

C;
mlm 2C\xte

< exp (—C1K/2). (11.204)

} < exp ( MKQO‘), for some constant M > 0. [

Step 7: Inthis step it is shown that n,,(t) decreases under the upper bound ya 2% +2¢2, which
we need to proceed the next iteration step, in at least the time n,4(t) needs to decrease from
z'e to ' 'e (Proposition [IL9). We set the time to zero when n,4(t) hits xic. Hence n4,(0) <

222 4 Myq(2%£2)1+ . Remember. & and let
A aa . 2 VA2 = Taa(Fra) @
0 (aa) = inf {t > 0 : nge(t) > yaz?e? + 3Myq(2¥?) 7}, (I1.205)
0; (aa) = inf {t > 0 : neq(t) < ’yA/2x2i+2£2} . (I1.206)

For the proof we proceed in three parts. First we show that n,,(t) has the tendency to decrease.
For this we construct a majorising process for n4,(t) and show that this process decreases on the
given time interval. This process is used in the second part to estimate an upper bound on the time
which the aa population needs for the decay from yaz?'e? + Moo (27€%)1T% t0 yp o2 2%, As
result we will get that n, () reaches the next upper bound before the a A population decreases to
2" le. Thus in the third part we ensure that n,,(t) stays below the bound ya 2?22 until n,4(t)
reaches 2/t 1e.
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5. Proofs of Theorem |I1.4 and the main theorems

Part 1: We show

Proposition 11.13. Fort € Tf;l, /\T(H_l) /\eVKa/Q} there are constants C,C > 0
such that

P [6;f (aa) < 0; (aa)[nea(0) < yaz™e” + Maq(2%€%) ] < exp(=CK®). (I1.207)

In this part the same strategy as in Step 5 is used. We couple n4,(t) with a process which
majorises it and show that this process decreases from yaz?'e? + Moq(22'e?) 1% t0 75 2?22
with high probability.

Proof. As before, let Y,%* be the discretisation of Ny, (t). We start with the construction of
the upper process.

Lemma I1.10. For n € N such that 9, € [TZZ,TQA/\ (i41)= /\eVK“/Q] there erists a
constant C,, > 0 such that

1
PV =k+ 1Y = k] < 5 - Cu=pu. (11.208)

\)

Proof. We know that, for ¢ € [ aZa ;Z AT (ZH) /\eVKa/Q}, nqa(t) € [wi+15,xi€+
K_1/2+3/40‘]. Again with (II.105)) we have

n K
fe (1= 2080 + fen2 (1)

7E (1~ ”g/gt(f)) 2 (1) + KID + A+ cX(1)

PV =k+1]Y, = k| =

n2,(t
L1, 2 mnaal) + s w® _1p_lex(n) - 1A
=9 ’VL2 .
2" (1 - 2gal)) 1 L6500 1 D+ A+ ex(0)]
(11.209)

Using Proposition [IT.2] [[T.4] and [IT.6], we bound the numerator in the second summand from
above by
A
2 8iayajer?

+0 (aﬂ'a + K*l/‘*a) . (IL210)
Smce < 9 there exists a constant C,, > 0 such that

PYppr =k + 1Y, =k] < = — Cy = pu. (I1.211)

N =
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By replacing pgq by pu, we couple Y% in the same way with a process Z as it was done
in Step 2. Observe that by construction Z = Y%, a.s.. The marginal distribution of Z is
the desired Markov chain with transition probabilities

PZy, =k+1|Zy = k] = pu, (I1.212)
PlZy,  =k—-1|Zy =k] =1—py, (I1.213)

and invariant measure

n— n—1
IS (5-Cu) _ (3-Cu)

puln) = == = — (I1.214)
i G+0)  G+C)
We define the stopping times
Tt (aa) = inf {t > 0: Z¥ > yaa®e® K + 3My,(z%e?) T K}, (I1.215)
T (aa) =inf {t > 0: Z} < VA/QQ:QH%QK} . (I1.216)

Again with the formula of the equilibrium potential we estimate for ya /2502”252]( <zK <
’7A£I)2i€2K 4 Maa(x2i€2)l+aK

S (26
- n=ya,20% 22 K+1 \ 1-2Cy ~
Pux [T (aa) < Ty (aa)] = — a2 2K )
Z'yAaz 1e2 K+3Maa(z?'e2)1T2K (1120,
n=ya /22222 K41 1-2Cy

(11.217)
0

Part 2: Similary to Step 6, we calculate an upper bound on the time which n,,(t) needs at most
to decrease from yaz?'e? + My, (2%e%)1 7% to 7A/2362H2€2-

Proposition I1.14. Let
0;(aa) = inf {t > 0: ng,(t) < P;/A/ngi”ez\naa(()) = yaz?ie? + Maa(x2i£2)1+°‘} , (I1.218)

be the decay time of nga(t), fort € TéZ,Téz A T(EZH)_ A eVKa/Z] Then there exist finite,

ey ) _ /2
positive constants C5* and M, such that for all 0 < i < ln(l#l)z)

P [0;(aa) > C2%] < exp (—MK>*). (11.219)

-1

Proof. The proof works like the one of Proposition We calculate an upper bound on
the decay time of the majorising process Z}. Let Y,** and Z! be defined as in the step
before and let W* be i.i.d. random variables with

1
PW"=1]==--C,, PW"'=-1]= 5 +C, and E[W}]|=-2C,. (11.220)
The W™’s record a birth or a death event of Z¢. Similar as in Step 6, we choose

.2 i N2a . _ ) _ .
N =28"7 M/QCJ,;M‘”(:E T it (%xmgQK and show that P[n, < C%xmsQK] >1-
exp(—K?*C(C,/2). Tt holds

Naa(t) = fNaa(t) (1 _ n%w) + H5n2A(1) + Naa(t)[D + A + e5(0)]
< Ozz? 222K = )\, (I1.221)
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Again, let 7,,, — T,,—1 be the time between two jumps of ng,(t) and let J%* be i.i.d. exponen-
tial random variables with parameter )\fw. As in Step 6, using the exponential Chebyshev
inequality, we get that

C/Curie? K oC )
aa < __C r2a .
P mZ::l T et | S exp( S K ) (11.222)

and hence

- aa 26 a
[Z T > o | Se (-MK*). (11.223)

m=1

Part 3: We see that ngq(t) reaches v o222 before nqa(t) decreases to 2't1e. Similar
to Step 2 we can show that once ngq(t) hits ’YA/21'21+2 2 it will stay close to it an expo-
nentially long time and will not exceed ya2?*2¢? again. Thus we can ensure that Naa(t) is
below yaz?*2c2 when n,4(t) reaches ' +!e. O

Step 8: For the iteration we have to ensure that the sum process increases on the given time
interval from the value 14 — A*f*ya; g2 MgK —1/2+0/2 o 4 — A*’gvxm” 2 and stays there
until the next iteration-step (Proposmon LI0). We set the time to zero when the aA population
hits 2’c. Hence $(0) > n4 A+’9'yx £2 — My, K~1/2t2/2 QObserve that we have to carry out

. g *1“(5K1/4 o 2 2 —1/24a/2
this step only until ¢ < — e since afterwards z'¢* < K and thus 3(t) >

fig — My K~1/2+/2 which is enough for the further iteration. As in the proof of Proposition [IL.9]
we divide the proof into three parts.

Part 1: Similarly to Part 1 in Step 7, we show that with high probability Y(¢) increases to
g — Aﬂgfy:c2Z+2 2 before going back to ny — Aﬁﬁ/gvx%eQ — 3MyK~Y2t2/2  We define

cnA
stopping tlmes on X(t):

o inf{t > 0:5(t) < g — APy 3Myp Ko 2= U(E_)_3M2K—1/2+a/2} ’
(11.224)
it = mf{t >0:X(t) > na — AL0/2 204202 = U(E+)} , (I1.225)

cnA

where My, > 0.

oy =~ A . —ln(5K1/4*°‘/4)
Proposition I1.15. There are constants C,C > 0 such that for all 0 < i < B T

Plrs < 7o [2(0) > g — 280ya%e? 4 My (2%e?) 1) < exp (—C’KO‘). (I1.226)

cna

21+2 2

Proof. From the step before we know that ng,(t) decreases under the value yax in a

time of order 1 and does not exceed this bound once it hits it. Thus, with the knowledge
of Step 3, we show that, for t € |7., + 6;(aa), éz A Téfjl)_} the sum process has the

a
tendency to increase and exceed the lower bound n4 — A+19’71‘21+262 before ng4(t) hits
+le. As before, let Y,>* be the associated discrete process to Y(t).

73



I1. Chapter: Survival of a recessive allele in a Mendelian diploid model

Lemma II.11. For n € N such that ¥, € [7’524—@-(&&), ;z/\T(H_l) AeVE L there

ln(€K1/4 O‘/4)

exists a constant Co > 0 such that for all 0 < i < — (@)

P[V2, =k— 1Y =k] < - — Cox*2? = py(D). (11.227)

1
2

Proof. To show the lemma we use the results of the steps before. It holds:

1 D)+ ickK—1 + &N,
PV =k—1Y" =k <=+ —3(f = D)+ 5¢ X a(t) (I1.228)
2 f+D+CkK1+?Naa()
We estimate the nominator
-D 1 A )
< —fT - 5ckK—l - 5%9521“5%—11(. (11.229)

This term assumes its maximum at k=v(X4). If we insert this bound, 74— A+W 2fyx2’+2€2,

we can estimate

< _fiDJFE Af§/27x21+252+ é YAzt 4 Ot
2 2 214 2n 4
ﬁf — AZ 2z+2 2 4
— Oz 1eh). 11.230
s () © o) (I1.230)

Thus, there exists a constant Cy > 0 such that

PV, =k—1Y"=k] < % — Cox? 22, (11.231)
O

Again we couple Y,>* with Z! via:
(1) zh=YZ, (11.232)
(2) PZL =k+1Y2 > Z =k =1-p(¥), (I1.233)
(3) PZLy=Fk— mfE > 7L = k] = po(), (11.234)
4) P2 =k—1Y2 =k-1Y, =2, =k =1, (11.235)

(E) P[ n =k— I‘YZ k]
(5) Pzl =k-1Yy, =k+1Y, =Z, =k =27 - +1+_1k el (11.236)
— > _

6) PIZL =k 1S, =k +1,YE =70 = k] =1 RO PEE=RAW =k gy 937

1-PY,2  =k—1[Y,S=K]|

Observe that by construction Z!, < Y”, a.s.. The marginal distribution of Z!, is the desired
Markov chain with transition probabilities

P [ZZH —k+ 1|7, = k] =1 po(), (I1.238)

P [ZZH —k—1|Z. = k:] = po(2), (I1.239)
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and invariant measure
Z;i (% +Cox2i+2€2) B (% +C’0$2i+252)"_1
T, (% _ Cox2i+252> o (% _ CO$21‘+252)”

A+9 2i .2 —1/24a/2
cnA MEK / / S

p(n) =

(I1.240)

A+9/2 20422

z2<ng— A Nz ,

ZKU(E+) ( 1—2C 21122 ) n-l

o . —2K+1 \ 1120 z2 22 -
P, [Té < Téﬂ — M o ¢ 7 <exp (—C'KO‘>.
ZKU(ZJr) 1-2Ca%+2e2\ "™
n=Kv(S_)—-3MgK/2+a/241 \ 1+2Cpz?i12e2
(I1.241)
O

Part 2: Asin Step 6, to calculate an upper bound on the time which X(¢) need to increase from
g — 20 Cyale? — My K —1/240/2 46 74 Aw/ 27952”252, we estimate the number of jumps of
the sum process and the duration of one single j Jump from above on a given time interval.

Proposition I1.16. Let

Hi(z)zinf{t>0 N(t) > fig— Aﬁﬁ/%xzmgz‘

cna

2(0) = 7 MEK*W*“/Q}, (11.242)

be the growth time of ¥(t) on the time interval t € [TZL; + 0;(aa), T4 A T(2+1) } . Then there

; ; s > . —ln(sKl/‘l’o‘/‘l)
exist finite, positive constants, C;* and M, such that for all 0 <i < (@)
P [6:(2) > CF] < exp (-MK*). (I1.243)

Proof. Let Y, be defined as in the step before and let W} be i.i.d. random variables with

1 v 1 . .
FWy = 1] = 5 + Cor® e, PWi, = —1] =  — Coa®2e® and E[W1) = 262> +¢%,
(I1.244)
which record a birth or a death event of the lower process Z,. We choose N = %, with

C = A—H9x—(A+19/2)7 and show that P[n, < N] > 1 —exp ( — KaCOC'mz/Q). We estimate

cn A
from above the time the process X(t) needs to make one jump:

Ax(t) = FE()K + () K[D + A 4 e¢X(t)] + ANy (t) > CAK = AL (11.245)

As before let 7,,, — T —1 the time between two jumps of ¥(¢) and let J;; > are i.i.d. exponential
random variables with parameter )\l As in Step 6, by applymg the exponential Chebyshev

inequality, we get that P {ZCK Jn% 20052 N } < exp ( Qcoxg K ) and hence

E
[Z J 2001‘20)\

<exp(—MK®). (I1.246)

O
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Part 3: For the iteration we have to ensure that once X(¢) hits the upper bound

= A+79/ 2, p2i+2.2

nA— Yy it will stay close to it for an exponential time on the given time interval. This

ensures that the sum process is larger than 4 — 19+A 'yx%”e?

iteration step can start.

when 1,4 (¢) hits 2°1¢ and the next

Proposition I1.17. Assume that $(0) = fig — 229245214222 [

cna

78 = inf {t >0:2(t) —na+ AL0)2 20422 < _%,ﬂzwzgz} . (I1.247)

cna —

In 1/4—a/4
Then, for all 0 < i < %

Plrg < 7t A U7 A VK = (). (11.248)

Proof. The proof is similar to Step 3. Again we define the difference process X, between
Y(t)K and naK — A%?fyﬂ:”“ﬁ[(, which is a branching process with the same rates as
X(t):

Xy = DMK —iaK + 822222 (11.249)
T = inf{t>0:X, =0}, (I1.250)
Ty = {t20: X, < —2ya® 8K} (I1.251)

Let Y;, be the discrete process associated to Xt, obtained as described in Step 1.

Lemma II.12. For n € N such that ¥,, € [Té; + 0;(aa), T /\Téi;rl)_ AeVES there

— ln(sK1/4_a/4)

exists a constant C’o > 0 such that for all 0 <14 < n(z)

P[Vpi1 = —k —1]Y;, = —k] < = — Coz?*2e? = py. (I1.252)

NN

The proof is a re-run of Step 3 by using the rates (I1.104]). The rest of the proof of
Proposition [[T.17] is similar to Step 3. O

Final Step:

Calculation of the Decay Time of n,4: The following proves Theorem [1.2](ii). Set

— ln(sKl/z’o‘)
In(x)

Observe that z7¢ > K ~'/2+% s just the value until which we can control the decay of 7, A(t).
Thus, to calculate the time of the controlled decay of the aA population we iterate the system,
described above, until i = o — 1. Observe that 5271 S = fﬁﬁ (K12 =1y > %(KUQ—O‘ —

j=0 zie =

(11.253)

Q
Il
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5. Proofs of Theorem |I1.4 and the main theorems

eh = > = (} S and that the 6, i(aA) = C(Lf:l) = T]Z are independent random variables. Thus,
for some constant M > M > 0, we get

Cux 1/2—a _ _—1 o 0+ Cix 1/2—a _ _—1
— > — > — .
}P’[l_x(K )z e (K =) (I1.254)
Cux g (j+1)— Cix
_ u 1/2—a _ —1) > Jj+1 ity s M 1/2—a _ _—1
P —1_x<K e )_;0(% aA)_l_:E(K =) n2ss)
> P [ > 01(ad) > 2, L > 0,(ad) > — - ] (11.256)
Xe xe xr-e xr-e
> 1 —oexp(—MK?®) >1—exp(—MK>®). (I1.257)

Remark II.5. A function f(t) = % needs a time t, — tg = K1/2=* — % to decrease from
f(to) = e to f(t1) = K12t Compared to the decay-time of naa we see that it is of the
same order. Thus the stochastic process behaves as the dynamical system.

Survival until Mutation: Now we prove Theorem 3] We already know that there is
no mutation before a time of order W (cf. Lemma and m) Since we have seen that
the duration of the first step is O(In K') and the time needed for the second step is bounded, the
left hand side of ensures that the first two phases are ended before the occurrence of a new
mutation. Thus we get the first statement of ([L.21]).
To justify the second statement of , we have to calculate an upper bound on the mutation time
such that there are still enough a A individuals in the population, when the next mutation to a new
allele occurs. We saw that we can control the process only until the a A population has decreased
to K~1/2 Thus we have to verify that the mutation time is smaller than O (K'/2-%), the time
the process n, 4 needs to decrease to K —1/2+a
The mutation rate of the whole population is the sum of the mutation rates of each subpopulation.
Fort € [ oA>To i | with high probability, the new mutation occurs in the AA population, because
Naq(t) and ng 4 (t) are very small.
Let

nAA(t) + %naA(t)
Naa(t) + nga(t) +naa(t)
be the relative frequency of A alleles in the population at time . The mutation rate of the AA
population is given by

(I1.258)

pa(t) =

Pt = prc fpatnaa(t)K. (I1.259)

For t € [r04, 79, ] we know from the results before that 144 is in an e-neighbourhood of its
equilibrium, 7 4, and ng 4, nge < €. We can estimate u‘;‘(A:

W > i f (7 — O(E)K. (11.260)

From ([[1.259) we get that the time of a new mutation is smaller or equal to m. Thus
- K
to ensure that we still have a alleles in the population, we have to choose px in such a way that

1
< K\/2e 11.261
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I1. Chapter: Survival of a recessive allele in a Mendelian diploid model

since we can ensure the survival of 7n,4(¢) until the time 10_—“; (K1/2_"‘ — a_l) (cf. (I1.254)).
Hence, the right hand side of ([1.15]) gives us that a new mutation occurs before the a A population
died out. This finishes the proof of Theorem [II.
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III. Chapter

The recovery of a recessive allele
in a Mendelian diploid model

Anton Bovier, Loren Coquille and Rebecca Neukirch

Abstract We study the large population limit of a stochastic individual-based
model which describes the time evolution of a diploid hermaphroditic population
reproducing according to Mendelian rules. In [84] it is proved that sexual reproduc-
tion allows unfit alleles to survive in individuals with mixed genotype much longer
than they would in populations reproducing asexually. In the present paper we prove
that this indeed opens the possibility that individuals with a pure genotype can rein-
vade in the population after the appearance of further mutations. We thus expose a
rigorous description of a mechanism by which a recessive allele can re-emerge in
a population. This can be seen as a statement of genetic robustness exhibited by
diploid populations performing sexual reproduction.

We acknowledge financial support from the German Research Foundation (DFG) through the Hausdorff
Center for Mathematics, the Cluster of Excellence ImmunoSensation, and the Priority Programme SPP1590
Probabilistic Structures in Evolution. L.C. has been partially supported by the LabEx PERSYVAL-Lab
(ANR-11-LABX-0025-01) through the Exploratory Project CanDyPop and by the Swiss National Science
Foundation through the grant No. P300P2_161031.

We would like to thank Pierre Collet and Vincent Beffara for their help on the theory of dynamical systems
and fruitful discussions.

1. Introduction

In population genetics, the study of Mendelian diploid models of fixed population size began more
than a century ago (see e.g. [[121[231[32134}45//46/,/82,103L{107]]), while their counterparts of variable
population size models were studied in the context of adaptive dynamics from 1999 onwards [59].
The approach of adaptive dynamics is to introduce competition kernels to regulate the population
size instead of maintaining it constant, see [52,[/2L(76].

Stochastic individual-based versions of these models appeared in the 1990s, see [[14H17,128L36].
They assume single events of reproduction, mutation, natural death, and death by competition
happen at random times to each individual in the population. An important and interesting fea-
ture of these models is that different limiting processes on different time-scales appear as the
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II1. Chapter: The recovery of a recessive allele in a Mendelian diploid model

carrying capacity tends to infinity while mutation rates and mutation step-size tend to zero (see
[24/14,/17,128./75]). One of the major results in this context is the convergence of a properly rescaled
process to the so called Trait Substitution Sequence (TSS) process, which describes the evolution
of a monomorphic population as a jump process between monomorphic equilibria. More generally,
Champagnat and Méléard [[17]] obtained the convergence to a Polymorphic Evolution Sequence
(PES), where jumps occur between equilibria that may include populations that have multiple co-
existing phenotypes. The appearance of co-existing phenotypes is, however, exceptional and hap-
pens only at so-called evolutionary singularities. From a biological point of view, this is somewhat
unsatisfactory, as it apparently fails to explain the biodiversity seen in real biological systems.

Most of the models considered in this context assume haploid populations with a-sexual repro-
duction. Exceptions are the paper [18] by Collet, Méléard and Metz from 2013 and a series of
papers by Coron and co-authors [19-21] following it. In [18]], the Trait Substitution Sequence is
derived in a Mendelian diploid model under the assumption that the fitter mutant allele and the
resident allele are co-dominant.

The main reason why both in haploid models and in the model considered in [18]] the evolution
along monomorphic populations is typical is that the time scales for the fixation of a new trait
and the extinction of the resident trait are the same (both of order In K') (unless some very special
fine-tuning of parameters occurs that allows for co-existence). This precludes (at least in the rare
mutation scenarios considered) that an initially less fit trait survives long enough until after possibly
several new mutations occurred that might create a situation where this trait may become fit again
and recover.

In a follow-up paper to [[18]], two of the present authors [84], it was shown that, if instead one
assumes that the resident allele is recessive, the time to extinction of this allele is dramatically
increased. This will be discussed in detail in Section[I.2]and paves the way for the appearance of a
richer limiting process.

The general framework in [[18]] and [84] is the following. Each individual is characterised by
a reproduction and death rate which depend on a phenotypic trait determined by its genotype,
which here is determined by two alleles (e.g. A and a) on one single locus. The evolution of the
trait distribution of the three genotypes aa,aA and AA is studied under the action of (1) heredity,
which transmits traits to new offsprings according to Mendelian rules, (2) mutation, which produces
variations in the trait values in the population onto which selection is acting, and (3) of competition
for resources between individuals.

The paper [84] proves that sexual reproduction allows unfit alleles to survive in individuals with
mixed genotype much longer than they would in populations reproducing asexually. This opens
the possibility that while this allele is still alive in the population, the appearance of new mutants
alters the fitness landscape in such a way that is favourable for this allele and allow it to reinvade
in the population, leading to a new equilibrium with co-existing phenotypes. The goal of this
paper is to rigorously prove that such a scenario indeed occurs under fairly natural assumptions.
Recently, Billiard and Smadi [[7]] considered related questions for haploid individuals (performing
clonal reproduction). The authors show that a deleterious allele can reinvade after a new mutation,
but the range of parameters allowing this behaviour is though very small.

1.1. The stochastic model

The individual-based microscopic Mendelian diploid model is a non-linear birth-and-death pro-
cess. We consider a model for a population of a finite number of hermaphroditic individuals which
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1. Introduction

reproduce sexually. Each individual i is characterised by two alleles, u}u}, taken from some allele
space U C R. These two alleles define the genotype of the individual i. We suppress parental ef-
fects, which means that we identify individuals with genotype u1u2 and usu. Each individual has
a Mendelian reproduction rate with possible mutations and a natural death rate. Moreover, there is
an additional death rate due to ecological competition with the other individuals in the population.
Let

Surus € Ry the per capita birth rate (fertility) of an individual with genotype ujus,
Dyju, € Ry the per capita natural death rate of an individual with genotype u;ua,
KeN the carrying capacity, a parameter which scales the population size,
C””"’% e Ry the competition effect felt by an individual with genotype uqus from

an individual of genotype viv2,
Ryyuy (v1v2) € {0,1}  the reproductive compatibility of the genotype vj vy with ujus,

tr € Ry the mutation probability per birth event. Here it is independent of the
genotype,
m(u, dh) mutation law of a mutant allelic trait w + h € U, born from an

individual with allelic trait w.

Scaling the competition function ¢ down by a factor 1/ K amounts to scaling the population size to
order K. We are interested in asymptotic results when K is large. We assume rare mutation, i.e.
pr < 1. If a mutation occurs at a birth event, only one allele changes from u to u + h where h is
a random variable with law m(u, dh).

At any time ¢, there is a finite number, IV, of individuals, each with genotype in /2. We denote
by ut(t)ud(t), ..., ul (t)ud(t) the genotypes of the population at time ¢. The population, v;, at
time ¢ is represented by the rescaled sum of Dirac measures on /2,

Ny

1
=1

Formally, v, takes values in the set of re-scaled point measures

1 n

on U2, equipped with the vague topology. Define (v, g) as the integral of the measurable function
g: U? — R with respect to the measure v € MK Then (v, 1) = % and for any ujus € U?, the
positive number (v, 1,,,,,) is called the density at time ¢ of the genotype ujug. The generator of
the process is defined as in [18]]: first we define, for the genotypes ujus2, v1v2 and a point measure

v, the Mendelian reproduction operator:

n>0,ujud, ..., uful € U2} , (I11.2)

(Auwz,v1v2 F)(v)

1 Ous vy Ousvp Ouzvy Ousvp
—4[F<1/+ K)+F<V—|— I7a +F v+ % +F v+ i% F(v),
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II1. Chapter: The recovery of a recessive allele in a Mendelian diploid model

and the Mendelian reproduction-cum-mutation operator:

1
(Mu1u27v1112F)(1/) :8/
R

m(va, h ]dh — F(v).
(IIL.4)

The process (v4);>0 is then a M -valued Markov process with generator L, given for any
bounded measurable function F' : MX — R by:

D) = [ (Daa+ [ cunmmavtaton)) (F (o= 222 ) - F0) Kv(dlunus)

fv1v2 Ru1u2 (UIUQ)
b [ 0 ) s [ T a0 K dan0n)

+ /L{2 NKfu1u2 < 2 fleZ];Zizz,(i}lfﬁ (Mu1u2,v1sz)(V)V(d(UIUQ))> KV<d(U1U2)()- )
I11.5

The first non-linear term describes the competition between individuals. The second and last

fv1u2Ru1u2(Ulv2) .
. . . . . . . . . . K<VRu1u2’f> ls the
reproduction rate of an individual with genotype u;uo with an individual with genotype v;v2. Note

that v R,,, 4, 18 the population restricted to the pool of potential partners of an individual of genotype
uiLu.

non-linear terms describe the birth with and without mutation. There, f, v,

For all uqus, v1ve € U2, we make the following Assumptions (A):

(A1) The functions f, D and ¢ are measurable and bounded, which means that there exists f, D, ¢ <
0o such that

0< furus < f, 0< Dyuy <D and 0 < Cupup gy < 6 (I11.6)

(A2) fuyus — Dujus, > 0 and there exists ¢ > 0 such that ¢ < ¢y uy,010s-

(A3) There exists a function, m : R — Ry, such that [ m(h)dh < oo and m(u, h) < m(h) for
any v € U and h € R.

For fixed K, under the Assumptions (A1)+(A3) and assuming that E({1, 1)) < oo, Fournier and
Meéléard [36] have shown existence and uniqueness in law of a process with infinitesimal generator
LY. For K — oo, under mild restrictive assumptions, they prove the convergence of the process

K in the space D(R,, MX) of cadlag functions from R* to My, to a deterministic process,
which is the solution to a non-linear integro-differential equation. Assumption (A2) ensures that
the population does not tend to infinity in finite time or becomes extinct too fast.
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1.2. Previous works

Consider the process starting with a monomorphic aa population, with one additional mutant indi-
vidual of genotype a A. Assume that the phenotype difference between the mutant and the resident
population is small. The phenotype difference is assumed to be a slightly smaller death rate com-
pared to the resident population, namely:

Dya =D, Dga=D—A. (111.7)

for some small enough A > 0. The mutation probability for an individual with genotype ujus is
given by px. Hence, the time until the next mutation in the whole population is of order ﬁ
Now assume that the demographic parameters introduced in Section [I.1] depend continuously on
the phenotype. In particular, they are the same for individuals bearing the same phenotype.

In [[18]] it is proved that if the two alleles a and A are co-dominant and if the allele A is slightly

fitter than the allele a, namely
Doy =D, Dga=D—-A, Dya=D—2A, (I11.8)

then in the limit of large population and rare mutations (In K < ﬁ < "X for some V > 0),
the suitably time-rescaled process converges to the TSS model of adaptive dynamics, essentially as
shown in [14] in the haploid case. In particular, the genotypes containing the unfit allele a decay
exponentially fast after the invasion of AA (see Figure [[ILT]).
If in place of co-dominance we assume, as in [84]], that the fittest phenotype A is dominant,
namely
Dyo =D, Dga=D—-A, Dya=D-A, (I11.9)

then this has a dramatic effect on the evolution of the population and, in particular, leads to a much
prolonged survival of the unfit phenotype aa. Indeed, it was know for some time (see e.g. [82]) that
in this case the unique stable fixpoint (0, 0,74 4) corresponding to a monomorphic AA population
is degenerate, i.e. its Jacobian matrix has zero-eigenvalue. This implies that in the deterministic
system, the aa and a A populations decay in time only polynomially fast to zero, namely like 1/t
and 1/t, respectively. This is in contrast to the exponential decay in the co-dominant scenario (see
Figure [[ILT)). In [84] it was shown that the deterministic system remains a good approximation
of the stochastic system as long as the size of the aA population remains much larger than K'/2
and therefore that the @ allele survives for a time of order at least K1/2-%, for any a > Note
that this statement is a non trivial fact, since it is not a consequence of the law of large numbers,
because the time window diverges as K grows. In summary, the unfit recessive a allele survives in
the population much longer due to the slow decay of the a A population.

It is argued in [84] that if we choose the mutation time scale in such a way that there remain
enough a alleles in the population when a new mutation occurs, i.e.

1
K < —— < K'/?7* asK — oo, for some o > 0, (II1.10)
pr K

and if the new mutant can coexist with the unfit aa individuals, then the aa population can poten-
tially recover. This is the starting point of the present paper.

Tn [84] only state that survival occurs up to time K'/4~%. However, taking into account that it is
really only the survival of the aA population that needs to be ensured, one can easily improve
this to K1/2~«
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L5 15
10 ~Naa 104
Naa ~Nea
—Naa Maa
=Naa
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Figure III.1.: Evolution of the model from a resident aa population at equilibrium
with a small amount of mutant aA, and when the alleles a and A
are co-dominant (left) or when the mutant phenotype A is dominant

(right).

1.3. Goal of the paper

The goal of this paper is to show that under reasonable hypothesis, the prolonged survival of the
a allele after the invasion of the A allele can indeed lead to a recovery of the aa-type. To do this,
we assume that there will occur a new mutant allele, B, that on the one hand has a higher fitness
than the A A-phenotype but that (for simplicity) has no competition with the aa-type. The possible
genotypes after this mutation are aa, aA, AA,aB, AB, and BB, so that even for the deterministic
system we have now to deal with a 6-dimensional dynamical system whose analysis if far from
simple.

Under the assumption of dominance of the fittest phenotype, and mutation rate satisfying ,
we consider the model described in Section [1.1|starting at the time of the second mutation, that is
(with probability converging to 1 as K — o0) the AA population being close to its equilibrium
and the a A population having decreased to a size of order K 5, while the aa population is of the
order of the square of the a A population. We assume that there just occurred a mutation to a fitter
(and most dominant) allele B: we thus start with a quantity % of genotype AB. We will start with
a population where A A is close to its equilibrium, the populations of aa and a A are already small
(of order €2 and ¢), and by mutation a single individual of genotype AB appears.

By using well known techniques [14}[17,|18]], we know that the AB population behaves as a
super-critical branching process and reaches the level € with positive probability in a time of order
In K, without perturbing the 3-system (aa,aA, AA).

We see in numerical solutions to the deterministic system that a reduced fertility together with a
reduced competition between a and B phenotypes constitutes a sufficient condition for the recovery
of the aa population. For simplicity and in order to prove rigorous results, we suppose that there can
be no reproduction between individuals of phenotypes a and B, nor competition between them, and
we reduce the number of remaining parameters as much as possible (see Section [2). We study the
deterministic system which corresponds to the large population limit of the stochastic counterpart,
and we show that (for an initial quantity € of aA, £2 of aa and 3 of AB) the system converges to a
fixed point denoted by p, 5 consisting of the two coexisting populations aa and BB. If no further
assumptions are made, we will show that the number of individuals bearing an a allele decreases to
level e'+4/(1=2) (where A is defined in (TIL.7))) before aa grows and stabilises at order 1.
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If A < 15, this control on the a allele is in principle sufficient in order for the stochastic
system to exhibit the recovery of aa with positive probability in the large population limit. Indeed,
if the mutation time is of order K %70‘, then the initial amount of aa and aA genotypes is close
to the typical fluctuations of those populations. Following the heuristics of [[84] (although the six-
dimensional stochastic process is surely much more tedious to study), the deterministic system
should constitute a good approximation of the process if the typical fluctuations of populations
containing an ¢ allele do not bring them to extinction. If A < 1—Oé2a this ensures that the population
containing an a allele is not falling below order & —'/2 at any time.

In order to go deeper and control the speed of recovery of the aa population, we look for a param-
eter regime which ensures that the aa population always grows after the invasion of B. Ensuring
this lower bound on aa is not trivial at all, and the solution we found is to introduce an additional
parameter 7, which lowers the competition between the a A and BB populations, compared to the
one between AA and BB. Note that the competition does not depend only on the phenotype, and
can be interpreted as a refinement of a phenotypic competition for resources: the strength (or ability
to get resources) of an individual not only depends on its phenotype but also on the dominance of
its genotype. We show that for 7 larger than some positive value (of order A), the aa population
always grows after the invasion of B. The time of convergence to the coexistence fixed point is
thus lowered, see Figure Moreover, we point out the existence of a bifurcation: for n larger
than some threshold, the co-existence fixed point p,p becomes unstable and the system converges
to another fixed point where all populations coexist.

Our contribution is a rigorous description of a mechanism by which a recessive allele can re-
emerge in a population. This can be seen as a statement of genetic robustness exhibited by diploid
populations performing sexual reproduction.

The structure of the paper is the following. In Section [2] we describe our assumptions on the
parameters of the model, and compute the large population limit; in Section |3| we present our
results on the evolution of the deterministic system towards the co-existence fixed point p, 5, and
we give a heuristic of the proof. Section |4|is dedicated to the proof of these results. The closing
Section [3] contain a heuristic considerations and numerical simulations of the model with relaxed
assumption on the parameters.

Notation. We write z = ©(y) whenever = O(y) and y = O(z) as ¢ — 0.

2. Model setup

Let G = {aa,aA, AA,aB, AB, BB} be the genotype space. Let n;(t) be the number of individu-
als with genotype i € G in the population at time ¢ and set nX (t) = +n;(2).

Definition III.1. The equilibrium size of a monomorphic uu population, u € {a, A, B}, is
the fixzed point of a 1-dimensional Lotka-Volterra equation and is given by

Ty = Juu = Duu, (I11.11)
Cuu,uu
Definition III.2. For u,v € {a, A, B}, we call
Suv,uu = fuv — Dy — Couv,uuTu (11112)

the invasion fitness of a mutant uv in a resident uu population.
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Figure II1.2.: Simulation of the stochastic system for f = 6,D = 0.7, A = 0.1,
c=1,71=0.02, ¢ = 0.014 and K = 7000.

We take the phenotypic viewpoint and assume that the B allele is the most dominant one. That
means the ascending order of dominance (in the Mendelian sense) is given by a < A < B, i.e.

1. phenotype a consists of the genotype aa,
2. phenotype A consists of the genotypes a A, AA,

3. phenotype B consists of the genotypes aB, AB, BB.

For simplicity, we assume that the fertilities are the same for all genotypes, and that natural death
rates are the same within the three different phenotypes. Moreover, we assume that there can be no
reproduction between a and B phenotypes.

To sumarize, we make the following Assumptions (B) on the rates:

(B1) Fertilities. For all 7 € G, and some f > 0

fi= T, (I11.13)

(B2) Natural death rates. The difference in fitness of the three phenotypes is realised by choosing
a slightly higher natural death-rate of the a-phenotype and a slightly lower death-rate for the
B-phenotype. For some 0 < A < D,

Dag =D+ A, (I11.14)
DAA = DaA = D7 (11115)
DaBEDABEDBB:D—A. (IHl6)
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(B3) Competition rates. We require that phenotypes a and B do not compete with each other.
Moreover, we introduce a parameter 77 > 0 which lowers the competition between BB and
aA. Forsome 0 < n < ¢,

aa | aA AA |aB AB BB
aa | c c c 0 0 O
aA | ¢ c c c ¢ c—n
(Cid){z’,j}egxg = AA| ¢ c c c ¢ ¢
aB | 0O c c c c c
AB | O c c c ¢ c
BB| 0 |c—n c c ¢ ¢

A biological interpretation for this kind of competition could be that it is coded in the alleles
which food an individual with a given genotype prefers. Since an AB individual shares one
B allele with a BB individual, they compete stronger for the same food than AA with BB
since those have completely different alleles.

(B4) Reproductive compatibility. We require that phenotypes a and B do not reproduce with each

other,
aa | aA AA|aB AB BB

aa | 1 11 0 0 0

aAd | 1 1 1 1 1 1

(Ri))jijregng= AA | 1] 1 1 11 1

aB | 0 1 1 1 1 1

AB | 0 1 1 1 1 1

BB | 0 1 1 1 11

Observe that, under Assumptions (B),
_ f—D
Sapaa=f—(D—-A)—cnaa=f-D+A-c = A, (IT1.17)
c

Saa,BB =Ff —D — A. (IT1.18)

Therefore, the mutant AB has a positive invasion fitness in the population A A, as well as aa in the
BB population (due to the absence of competition between them).

2.1. Birth rates

We assume that there is no recombination between phenotypes a and B. Thus,

1. the pool of possible partners for the phenotype a consists of phenotypes a and A; the total
population of this pool is denoted by

23 1= Ngg + NagA + N aa, (IT1.19)

2. the pool of possible partners for the phenotype A consists of the three phenotypes a, A, and
B; the total population of this pool is denoted by

Y6 = Ngg + NgA +Naa +NeB +NAB + NBB, (111.20)
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3. the pool of possible partners for the phenotype B consists of phenotypes A and B; the total
population of this pool is denoted by

Y5 :=nga +naa+nep +naB + nBB. (I11.21)

Computing the reproduction rates with the Mendelian rules as described in (II1.5) leads to the
following (time-dependant) birth-rates b; = b;(n(t)):

b _fnaa (naa + %naA) + énaB ( NgA + naB)
“ Naa T Nad T+ NAA NgA +NAA + NeB +NAB + NBB
1 1 1
5N, Naa T 5NgA + 5N
iy 5MaA ( aa T 5TagA T 5 aB) ’ (11122)
Nga + NaA +NAaA +NgB +NAB +NBB
" fnaa (3nq4 4+ naa) N 3104 (3naB + 3naB) + 3nap (nRaa +nap)
A p—
¢ Nag 4 Naa + Naa NaA +Naa + Nap +nap + nBp
1 1 1
5NgA + 1N Ngg + Nad + 5N + INgAN
+ f (2 aA AA) ( aa aA D) aB) 1MaANMAB (11123)

Naa T NagA T NAA +NeB +NAB +NBB

nAB ( NgA +naa + nAB) n (%naA + nAA) (%naA +naa+ %nAB)

baa =f

NaA +NAA + NaB +1aB +NMBB  ° Nag + Naa +Naa + nap +nap +npB’
(I11.24)
bop —f (%naA + naB) (%naB + %nAB + nBB) %naA (%%B + %nAB + nBB)
a - )
NgA +NAA+ NgB +NAB +NBB Naa + NaA +NAA +NeB +NAB + BB
(I11.25)
bas —f (3144 + naa+nap) (3naB + 5148 + nBB)
AB =
NgA +NAA+ NegB +NAB +NBB
Ly (3naa +naa) (3naB + 3148 +nBB) (I11.26)
Naa + Naa +NaA + Nep +nap +npp’ '
1 2
1 (Mg +nap+2n
bpp =f A ("B FnaB BB) (IT1.27)
NgA +NAA+NegB +NaB +NBB
2.2. Death rates
The death rates are the sum of the natural death and the competition:
doa = naa(D + A+ C(naa + Nnga + nAA))a (11128)
daa = 1gA(D + ¢(Naa + Maa + 144 + naB +naB) + (¢ — n)nBB), (IIL.29)
daa =naa(D + c(ngq + nga +naa+nep +nap +npp)), (I11.30)
daB = neB(D — A+ c(nga + naa + nep +nap +npa)), (I11.31)
dap =nap(D — A+ c(nga + naa + nep + nap +npp)), (I11.32)
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2. Model setup

dpg =npp(D — A+ (¢ —n)nga + c(naa + nep +nap +nBB))- (IT1.33)

2.3. Large population limit

By [36] or [18]], for large populations, the behaviour of the stochastic process is close to the solution
of a deterministic equation.

Proposition ITI.1 (Generalisation of Proposition 3.2 in [18]).

Let T > 0 and C C RS be a compact set. Assume that the initial condition n'(0) =

%(nm(O),naA(O),nAA(O),naB(O),nAB(O),nBB(O)) converges almost surely to a determin-

istic vector 20 = (x?,xg,xg,xg,xg,ﬂzg) e, as K — .

Let 7u(t,2°) denote the solution to

n(t) = b(n(t)) — d(n(t)) = F(n(t)), (I11.34)
rmi.e. n;(t) =bi(n(t)) — | Di + Zci,jnj(t) ni(t), forallieg, (II1.35)
Jj€g

with initial condition x°, where (b;)icg and (d;)icg are given in (IL22)-([I1.27) and (TIL.28)-

(II1.33)). Then, for all T > 0,

lim sup |[nf(t) —7i(t,2°)] =0, a.s., (111.36)
K—=00tel0,1]

forallieg.

2.4. Initial condition

Fix £ > 0 sufficiently small. For the results below, we will consider the dynamical system ({[I1.34))
starting with the initial condition:

fig > naa(0) >na—0(c), (111.37)
na4(0) = ¢, (I11.38)
Naa(0) = O(e?), (I11.39)
nap(0) = &, (I11.40)

npp(0) =0, (II1.41)
na5(0) = 0. (111.42)

Remark IIL.1. In all the figures below, the choice of parameters is the following:
f=6, D=07 A=01, c¢=1, £=0.01,

and the parameter n is specified on each picture.
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Figure I11.3.: General qualitative behaviour of {n;(t),7 € G} and projection of the
dynamical system on the coordinates aa, AA and BB. The re-invasion
of the aa population happens sooner and sooner as 7 grows (n = 0.02
for both pictures).

3. Results

We are working with a 6-dimensional dynamical system, and computing all the fixed points an-
alytically is impossible for a general choice of the parameters. We can, however, compute those
which are relevant for our study. We will call p4 (resp. pp) the fixed points corresponding to the
monomorphic AA (resp. BB) population at equilibrium, and p, g the fixed point corresponding to
the coexisting aa and BB populations. Setting the relevant populations to 0 and solving 7n(¢) = 0,
we get:

pa = (0,0,74,0,0,0), (111.43)
pe =(0,0,0,0,0,np), (I11.44)
PaB = (ﬁavoaoaoa O,ﬁB), (III45>

f-D-A

where n, = ,NA = JLTD, and np = #. Note that the BB equilibrium population is

the same in pp and p,p. This is due to the non-interaction between phenotypes a and B.

Our general result is that starting with initial conditions (II1.37)-([IL.42), that is close to pa
(with small coordinates in directions aa, aA and AB), and under minimal assumptions on the
parameters, the system gets very close to pp before finally converging to p, s, see Figure[[IL.3]

Theorem III.1. Consider the dynamical system ([11.34)) started with initial conditions
(LII1.37)-(II1.42)). Suppose the following Assumptions (C) on the parameters hold:

(C1) A sufficiently small,
(C2) f sufficiently large,
(C3) 0<n<c/2.
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3. Results

Then the system converges to the fixed point pog. More precisely, for any fivred § > 0, as
€ — 0, it reaches a d-neighbourhood of p.p in a time of order @(5_1/(1+"ﬁB_A)).
Moreover, it holds:

LHA/(14+4))

1. for n = 0, the amount of allele a in the population decays to ©(e before

reaching (1),

2. forn > %, the amount of a allele in the population is bounded below by O(e) for all
t > 0.

Remark III.2. For n large, we prove that the fized point p,p is unstable. We observe
numerically that the system is attracted to a fized point where all the 6 populations coezist,
but we do not prove this.

Let us now briefly discuss the linear stability of the relevant fixed points and give an heuristics
of the proof of Theorem [[II.

3.1. Linear stability analysis

The Jacobian matrix Jp := (0F;/0n;);; of the map F defined in (II1.34) can be explicitly com-
puted at p4 and p,p and the situation is as follows:

e The eigenvalues of Jp(pa) are 0,A > 0 and —(f — D),—(f + A),—(f — A) (double)
which are all strictly negative under Assumptions (C). The fixed point p 4 is thus unstable.

e The eigenvalues of Jr(p,p) are 0 (double), and —(2f — D), —(f — D+ A),—(f — D —
A),—((f = D)(5f —4D) + fA)/(4(f — D) + nnp) which are strictly negative under
Assumptions (C). The linear analysis thus does not imply the stability of p,p but the Phase
4 of the proof does (see Section[4.5) .

It turns out that Jz(pp) is singular but as the invasion fitness of aa is positive, i.e. Sgq 55 > 0
(see (III.17])), this implies that a small perturbation in the first coordinate will be amplified, and
thus implies the instability of the fixed point pp.

3.2. Heuristics of the proof
Recall we start the dynamical system ([[I11.34)) with initial conditions ([II.37])-(III.42)). A numerical

solution of the system is provided on Figure |[I1.4

Remark IIL.3. Assumption C1 of Theorem is needed throughout the proof in order
to be able to use the results of (84 which rely on the Center Manifold Theorem (a line of
fized points becomes an invariant line under small enough perturbation).

Phase 1. Time period: until nsg = &g.
The mutant population, consisting of all individuals of phenotype B, first grows up to €¢ ex-
ponentially fast with rate A without perturbing the behaviour of the 3-system (aa, aA, AA).
The rate of growth corresponds to the invasion fitness of AB in the resident population AA,
see ([11.17). Following [|84]], AA stays close to 724, while a A and aa continue to decay like
1/t and 1/t? respectively. The duration T} of this phase is such that ©(%)e!® = O(1) &
T) = O(|logel).
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Phase 2. Time period: until n,4 = ©(n44).

The evolution is a perturbation of an effective 3-system (AA, AB, BB) which behaves ex-
actly the same as in [84]], since the parameters satisfy the same hypotheses (slightly lower
death rate for phenotype B than for phenotype A, and constant competition parameters). A
comparison result (following Theorem [[I.2]below) shows that this 3-system is almost unper-
turbed until n,4 = ©(n44). If that happens in a time 7% diverging with £ (which we ensure
throughout the calculation), we thus know that BB approaches 7, while n4p o 1/t and
naq x 1/ 2.

The important fact in this phase is that the amount of allele a in the population decays
for n small while it increases for large enough 1. Indeed, let us derive some bounds on
YaAaB = Mga + ngp. The population ¥, 4 .5 reproduces by taking the dominant al-
lele in a population of order ©(1) and the allele a in itself. Thus its birth rate satisfy
bEaA,aB ~ fXa4,aB. We can compute its death rate exactly and use that npp ~ X5 ~ np:

A5y o5 = BaaaB(D — A+ cX5) — mmaanpp + Anga

~ [YaAaB — Naea(nip — A), (I11.46)
Z':aA,aB ~ naA(T/ﬁB - A)
= 0(Zaa,aB - naB) (N — A). (I11.47)

The last equality comes from the fact that a A newborns have mainly their ¢ allele coming
from 3,4 o5 and their A allele coming from AB. Using the 1/t decay of AB we get:

@(ZaA,aB)

YaAaB = m(m@g —A). (I11.48)

As Yua.45(T1) = O(e) we deduce that X, 4 45 (t) = O(e)(O(1) + O(1)t)®m5~=2) and
thus 744 = O(nap - Laaup) = O()(O(1) + O(1)1)2m5=2) /(O(1) + O(1)t). By solv-
ing ng4 = ©(naa) = O(n?5) we get the order of magnitude of 7o = O (e~1/(1+nms=A)),
Note that for n = 0, Xqa,45(T2) = O (sHA/(l_A)). Moreover, implies that for
n > A/np, we have Za A,aB > 0, which proves points andof Theoremm

Phase 3. Time period: until aa reaches equilibrium.
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The fact that n,4 = ©(n44) has a crucial effect on the birth rate of aa (see ) since
the term (nqq + %naA)/(naa + nga + naa) becomes of order ©(1). As long as AA stays
smaller than ©(e), we get a lower bound on n,, which grows exponentially fast since f is
chosen large enough (Assumption C2):

baa > f1aa®(1), (111.49)
daa < nga(D + A+ O(e)), (I11.50)
Naa > Naa(fO(1) — D — A — O(g)). (IT1.51)

As aa grows, it makes ¥, 4 ,p grow, and thus AA and AB as well. We have to show that this
could not prevent aa from reaching equilibrium. We do not give a detailed argument here,
but essentially, the presence of the macroscopic BB population prevents all the non-aa pop-
ulations to grow too much. Note that if 7 is too large, then a A could get a positive fitness
and grow to a macroscopic level. That is why we have to impose Assumption C3, which



3. Results
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Figure III.4.: Numerical solution of the deterministic system for n = 0.02, logplot.

will become clearer heuristically in the next phase. We recall that aa does not compete with
BB and thus it grows exponentially fast with rate f — (D + A) until an ey-neighbourhood
of the fixed point where aa and B B coexist. The rate of growth corresponds to the invasion
fitness of aa in the resident population BB, see . Note that, due to Assumption C2,
this rate is much larger than the invasion rate of BB into AA. That is why the fourth phase
looks very steep on Figure see the stretched version on Figure This phase lasts a
time 75 = O(|loge|).

Phase 4. The Jacobian matrix of the field at the fixed point p,p has two zero, and 4
negative eigenvalues. p,p is thus a non-hyperbolic equilibrium point of the system and
linearisation fails to determine its stability properties. Instead, we use the result of center
manifold theory [|51,[88]] that asserts that the qualitative behaviour of the dynamical system
in a neighbourhood of the non-hyperbolic critical point p,p is determined by its behaviour
on the center manifold near p, g. Using the Center Manifold Theorem, we show that asymp-
totically as f — oo, the field is attractive for < ¢ - e Where Tme, =~ 0.593644 is
the maximum of the rational function . Thus p,p is a stable fixed point which is
approached with speed % as long as 1 < ¢ ryqz. For higher values of 1, numerical solutions
show that the system converges to a fixed point where the 6 populations co-exist, but we do
not prove this.
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4. Proof

Definition III.3. Let z,y, z € {aa,aA, AA,aB,AB, BB} and h € R. We define

T*7Y =1inf{t > 0: n,(t) = ny(t)}, (I11.52)
T2 = inf{t > 0: n.(t) = ony(t)}, (IT1.53)
Ty = inf{t > 0 : ny(t) > h}, (I11.54)
TP = inf{t > 0 : ng(t) + ny(t) > h}, (I11.55)
TP = inf{t > 0: ng(t) + ny(t) + ns(t) > h}. (II1.56)
Moreover, let
A>egp>e>0. (I11.57)

The value ¢ is the small order 1 level in the Phase 1, see the proof heuristics (Section [3.2). We
consider A fixed and sufficiently small, and will first send € — 0 and then g9 — 0.

4.1. Preliminaries
We first prove general facts which will be useful through the proof.
Lemma III.1. Let ¢ > 0 and n(t) be such that
o n(t) < g(t)—c-n(t) forallt € T CRT,
e c-n(0) < g(0),
if c-n(t) =g(t) = c-n(t) < g(t) for allt € T then c¢-n(t) < g(t) for allt € T.
Proof. This is an easy analysis exercise. O
Proposition II1.2. If n,p(0) < nap(0) then nep(t) < nap(t).

Proof. Intuitively this inequality comes from the fact that phenotype a individuals cannot
reproduce with phenotype B. Indeed, if we consider the couples that could give rise to an
AB (resp. aB) individual, they are of the form (Agi, Bg2) (resp. (agi1, Bg2)), with g1, g2 €
{a, A, B} and the combination (AA, Bgs) is possible whereas (aa, Bgy) is impossible. Here
is the rigorous derivation of the result: We compare the birth- and the death-rates of nap
and n.p

d d
9B — D — A+ c(nea+naa+ nep +nap +npp) = —2, (I11.58)
NaB NAB
1 1
5NgB + 5NAB +NBB
bag = [0 2 27 2 + I3, I11.59
aB = fTiab NgA + NAA +NeB +NAB +NBB B ( )
1 1
5NeB + 5NAB + N
bap = fnar g B3 AP T PBB + IaB. (I11.60)

NgA +NAA +NeB +NAB +N1BB

We see that the death-rates of the two populations are the same, whereas the birth-rates
differ only in a factor which comes from the reproduction of the other populations. If we
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take a closer look to these factors I,g, Iap under the assumption that n,g = nap we see
that

1 1 1 1
5MaB + 5NAB +NBB n 5NeB + 3NAB + nBB)

Ing = f (3104 +144) ( > .

1 1 1 1
5NeB + 5NAB + 1 5NaB + 5NAB + 1
— I+ anA 5aB 5INAB BB + 5aB 5INAB BB ' (11161)
25 E6
Thus Iap > I,p. Hence, nap > nyp and nap(t) stays above n,p(t) for all £ > 0. O

4.2. Phase 1: Perturbation of the 3-system (aa,aA, AA) until
AB reaches O(1)

We start with initial conditions given by ([I11.37))-(II1.42)). We will show that the mutant popula-
tion, consisting of all individuals of phenotype B, grows up to some £g > € without perturbing the
behaviour of the 3-system (aa, aA, AA) in this time. Let

Ty = TABTABTEE, (I11.62)

Proposition I11.3. With the initial conditions (I11.37))-(I11.42)), for all t € [0,T}], it holds,
1. nap(t) grows exponentially with rate A. It reaches the level gy in a time at most of
1
order © (log ((50/53)A*@<€0)>).
1=6(0)gg), nga(t) < O(e'9C0), ng(t) < O(e290)) and iy —
) < 7ia + O(e0).
3. TLBB(t) =06 (niB(t))

Proof. Until T} the perturbation of the dynamics of the 3-system (aa,aA, AA) is at most
of order gg. Thus we have iy — O(g9) < naa(t) < na+ O(eg), as well as ngq, nga < O(go).
With this rough bounds we will find finer bounds.

2. ngp(t) < O(e
@( ) < nAA(t

1. The A reduced death rate of the mutant AB gives it a positive fitness, and the
growth is exponential until it reaches a macroscopic level. For an upper bound on the
time T;‘()BJFAB*BB , we have to construct a minorising process for n4p. Indeed, let us
compare the birth and death rates:

bap > %nABTmi{fgzéo) =nap(f — O(eo)), (I11.63)
dap <nap(D—A+cng+06(eo)) =nap(f — A+ 0O(ep)). (I11.64)

Hence, we get for the minorising process

nAB > nAB(A - @(Eo)), (11165)
nap(t) > e3e(A=OC))t (I11.66)
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Figure II1.5.: Log-plots of {n;(t),i € G} for n = 0 (top), n = 0.003 (center) and
n = 0.014 (bottom).
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1
and the time 77 is at most of order © (log((so/e?’)ﬂfe(so)). For an lower bound on

the time 77, we have to construct a majorising process for n4p. We compare the
birth and death rates:

bap < nan(f +0(c0)), (ITL.67)
dap > nap(D — A+ cia —O(e)) = nap(f — A —6O(e0)). (111.68)

Hence, we get for the majorising process

nap < nAB(A—i-@(Eo)), (HI.69)

nap(t) < e’elAFOE) (I11.70)

and the time 77 is at least of order © <log((50/53)A*@1’(50) )

. Heuristically, the newborns of genotype aA are still in majority produced by re-
combination of AA and aA, because the mutant population is not large enough to
contribute. The newborns of genotype aB are in majority produced by reproduction
of the aA population with the B population. Finally, the newborns of genotype aa
are in majority produced by recombination of aA and aA, because the only mutant
which could perturb it is a B which is of smaller order.

a) We show that ng, < ng 4 or according to Lemma [II1.1} 744 — 2144144 < 0 when
Nga = ”(21,4' Observe that ngq — 2M04MaA = baa — 2Naabas — daa +2ngadea. The
biggest contributing terms of byq — 2ng4ba4 and dgq — 2ngadea at nge = ng A

are
baa — 2naaban = gnip — Enaanla, (IIL.71)
daa — 2ngadan = —n24(f — A+ O(ep)). (I11.72)

Thus we get, as long as ngp < nga, that
Naa — 2MaANaA = baa — 2nqAbaa — daa + 2ngadaa
<2 (f—Enaa—A+6(=0)) + ghndp <0 (ILT3)
b) We show that n,p really stays smaller than n,4, precisely we show that n,p <

NeANAB or equivalently according to Lemma NgB — NaATAB — N ABNaA < 0

at NgB = NgANAB-
The biggest contributing terms are

bap — naBbaa — Naabap =naanap (&Jr& —naa — 5Enaa - ﬁmm)

+ neAnBB (ﬁ + ﬁ - ELSTLAA - ZLGTLAA> ,
(IT1.74)
dop — napdas — ngadap = — nganap(D + ¢X¢ — nnpp). (II1.75)
Thus we get

MaB — MaANAB — MABNGA <NaANAB (—f +5E + 9(€o)>

 NeAnBE (2f ~ 4 - @(50)) <0.  (IL76)
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c) We show that n,4 < © (51_50).
We construct a majorising process on aA. The biggest contributing terms are

baa < sEnaanaa +naa0(e0), (IT1.77)
daa = naa(f — O(e0)), (ITL.78)
and we get that
Naa < O(g0)Naa, (I11.79)
naa(t) < ee®C0)t, (I11.80)

what shows that until time 17, n,q < © (51_60).

d) We show g —e < X5 < g + 2Aey.
We construct a minorising and a majorising processes on Xs:

by, < 854 O(nga), (II1.81)
by, > fE5 — O(nd ), (111.82)
dy, > X5(D + ¢Xs5) — (A + 2nnga)(nep + nap + nBB), (I11.83)
dy, < X5(D + X5 + cngq), (I11.84)
S5 < S5(f — D — ¢55) + (A + 20n44) (nap + nap + n55), (I11.85)
35 > B5(f — D — ¢S5 — chag)- (I11.86)

At the upper bound we have Y5 < 0 and at the lower bound X5 > 0, which
ensure the claimed bounds by Lemma [[TI.T]

3. The newborns of genotype BB are in majority produced by recombination of AB
with itself. Indeed, by comparison of the birth- and death-rates,
NgB + NAB + NBB /

NgA +NAA +NgB +NAB +NBB  NgA +NAA+ NegB +NAB +NBB

< fnpeO(s) + Lnlip + O(c)), 111.87

bpp < fnpp nhp
(I11.87)
bep > frepO(e0) + -1k, (I11.88)
dpp > npp(D — A+ cnyg —O(eg)) =npp(f — A —0(g)), (T1I. 89)
dpp < npp(D — A+ cip + 0O(c0)) = nps(f + O(e0)). (I11.90)

We get the upper bound for the process
npp < —npp(f(1 - O(2)) — A = O(=0)) + Lnkp, (II1.91)

and the lower bound

s > —npp(f + O(c0)) + g-nlp. (111.92)

By applying Lemma [III.1| to n = npp and g = n% g (with constants in front), as
npp(0) = 0 < nap(0) = & and by Proposition [[I11.3| (2) nap > 0 for all t € [0,T1] ,
we deduce that npp(t) < ©(n%5(t)), for all t € [0, Ty].

O
Note that Proposition [[IL.3]implies that
1
Ty = TEPHABBE _ 748 < (log ((o/c®) 50 ) ). (ITL93)
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4.3. Phase 2: Perturbation of the 3-system (AA, AB, BB) until
Naa = O(n44)

Let § > 0 (to be chosen sufficiently small in the sequel). Let
T2 — TaA:5AA A TaB:(SAB A Taa:aA/\aB. (11194)

We will show that for ¢ € [T, T3] the system behaves as a main 3-system (AA, AB, BB) plus
perturbations of order 0. The 3-system (AA, AB, BB) behaves exactly the same as in [84] since
the parameters satisfy the same hypotheses (slightly lower death rate for phenotype B than for
phenotype A individuals, and constant competition parameters).

Moreover, the crucial role of the parameter 7 is that the population containing an allele a only
continues to grow in this phase when 7 is large enough. This is due to the smaller competition that
aA feels from BB, the a A population is thus higher and induces the growth of a B.

We start by considering how the growth of aA- and aB populations can perturb the 3-system
(AA, AB,BB).

Lemma II1.2. Let n“P(t) be the population of the unperturbed 3- system (AA, AB, BB).
The 3-system (AA, AB, BB) satisfies

1 2

. . flsnap+nes

BB > n%,pB — (Nga + naB) ((”£j+”AB+nB]>3)2 + anB> , (II1.95)
1 1

. . TNgB + 5NAB + N

pp< 1 + (naa + nap) (f (i 225 B+ ngB) | anB), (I11.96)

. . f(nap +mnaa) (3n48 +npB)

nAB > 1 — (Naa + Naa + 1 2 +cn , 111.97

nap < n%j? + %na/x (%HQB + %TLAB + nBB) + Eig,naB (%nAB + nAA) , (II1.98)
1 1 2

. . f{3naat3naB+tnaa

naa > 1wy — (Naa + Naa + NaB) ( <(nAA+nAB+nBB)2> + anA> , (I11.99)

naa < gy + ﬁnm (3104 + nap +naa) - (I11.100)

Proof. We consider the rates of AA, AB and BB under the perturbation of aa,aA and aB:

f 2 fnaB ({naB + 3naB + BB
bep :E—5 (%nAB—l-nBB) + = (4 = 252 )

1 2
f ((ﬁnAB +npp)” (naa + naB)) N fras (3nep + 3148 + nBB)

e . (111101
BB Y5(naa +nap +npp) X5 ( )
dpp =dyy + cnpp(nes + Naa) — MaANBE. (I11.102)
Thus,
npp <npg + E%naB (%HQB + %HAB + nBB) + nMneanBB, (111.103)
2
NgA + N nap+n
hpp >nth — f(raa + 11ap) (3148 + n35) — cnpp(nes + naB).- (IT1.104)

Y5(naa +nap +npp)
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For the AB population we get:

2f (3nap +npp) (Gnap +n4aa)  fraanaa (3nas + 3048 +188) | frapnaa

b pr—
AB s S5%6 25

n JnaB(naa +nap) N fraa(3nas + 3nap + npp) N fraa(3nes + inap +npp)

25 25 25
NaBNAB
=0+ naa (3005 + Snan +npp) (5 + 5 ) + nasnas (o + o) + fm)

B fraanaa(3nes + dnap +npp) B 2f(3nap +naa) (3148 + n55) (Raa + nup)

Y56 Y5(naa +mnap +npp)

(IIL.105)
daB ZdeB + CTLAB(naB + naA) (I11.106)
nap <ny + 4 naA (3nap + 3nap +npp) + E%naBnAA + ﬁnaBnAB, (ITL.107)

2f (3nap +mnaa) (3nap +nps)
nag >n4b, — NgA + NaB II1.108
AB Y5(naa +nap + npp) (na B) ( )
f (Anap + inap +npp
BPACUTRS )naanAA — cnAB(NaB + Naa).
Y56
And finally for the AA population:
2
b [ (3naB +naa) n fnaanap n fraa (3naa +naa+ 3n48)
Ad= Y5 4% 2%
NgaT NgA +Naa + n
_ fnaanaa (3104 + 1224 AB) (111.109)
Y5dg
1 2 1 1
oy f(3maB +naa)” (naa +naB) . fraanas N fnaa (3104 + naa + snap)
Z5(”AA+”AB+”BB) 435 2336
NaagN NgA + N + n
_ fnaanaa (3104 + 124 AB) ’ (111.110)
Y5dg
daa :d%jAﬁ-anA(naa-l-naA-i-naB) (HI.lll)
n NgA +Naa + n
hoan <A, + fnaanas N fraa (3na4 +naa AB) | (I1L112)
A3 2%

2
f (%naA + %nAB + nAA) (naa + NaA + NaB)
Y5(naa +mnap + npp)

. .U
naA >0y — — cnaa(Nag + Naa + NaB).

(111.113)
0

As solutions of a dynamical system are continuous with respect to its parameters (in particular
with respect to ¢), the latter theorem shows that until 75, the 3-system (AA, AB, BB) is at most
perturbed by ©(6). We will show that 75 diverges with e. Thus, for small enough §, AB will have
time to reach the small fixed value /€9 > 0 in this phase, and we can use the asymptotic decay
of the AB and A A populations which is proved in [84]. We now start to analyse the growth of the
small aa-, aA- and a B populations. The sum-process 35 plays a crucial role for the behaviour of
the system in this phase and we need finer bounds on it:
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Proposition III.4. The sum-process X5 = Nga +naa + nep +nap + npp satisfies for all
te [Tl, TQ] :
A A? A A?
np— —naa — —naa < X5 <N — ——naa + ——naa. (II1.114)
cnp cnp cnp cnp
Proof. We estimate a minorising process and a majorising process on X5:

(naa+mnag +npa)(Nea +naa +nep +nap +nps)

by, <f
NgA +NAA +NaB +NAB +N1BB
NgA + N 304 +naa+ 3nep +nap+n
+f( aA +1aB)(§NaA +naa + NaB + NAB BB)+@(5)§fE5+®(5),
NgA +NAA +NeB +NAB +NBB
(IIL.115)
(naa+nag +npp)(nga +naa+neg +nap +npp)
by, >f

NgA + NAA +NeB +NAB + NBB
(nga + 1aB)(3naa + naa + 2nep + nap +npp) 6

+f NgA +NAA +NeB +N4aB + NBB (0) 2 155 = ©(0),
(II1.116)
dy, <35(D — A+ cX5) + A(naa + nga) — 2nnganps + 6(9), (TI1.117)
dy, >X5(D — A+ cX5) + A(naa + nga) — 2nmgaanps. (II1.118)
We get
Y5 < —cXE 4 5(f — D+ A) — Anaa + 0(9), (I11.119)
Y5> —cX2 + U5(f — D+ A) — Angg — O(5). (I11.120)

We start with the proof of the upper bound. We use Lemma and show that when
Y5 reaches the upper-bound, it decays faster than the latter. Using ([I1.119)) we compute

25 at the bound. Note that if X5 < ng — CT_?BnAA + C%ZnAA, then Eg < ﬁ2B — %nAA +
2 2
CQATQBn%A + 2? naa + O(AY)n? 4, thus
N5 < —A%naa — 25n%, +0(5) < 0. (II1.121)
B

It is left to show that 2']5 < —%T‘lAA + C%Z na4. Since we already know (cf. Lemma [[11.2

that (AA, AB, BB) behaves like a 3-system with ©(0) perturbations, then AA is decreasing,
naa < 0, this finishes the proof of the upper bound.
Now we check the lower bound. If X5 > ng— CSB TAA— CAﬁ

2 2A

na4 then Z% > ﬁQB—TnAA—

B

%nfm - 2%2 naa. Using ([11.120]), the derivative of Y5 at the lower bound is thus lower
B
bounded by

25 > A2”AA — C%%HAA —0(9) > AQTLAA (1 - ) —0(9) > 0. (111.122)
B

cnp

By Lemma [[TI.1} it is enough to show that at the lower bound 25 > _C"_?B na4. For this we
calculate a majorising process on AA:

baa < E%HAA(TLAA +mnap) + &niB +0(9), (I11.123)
daa > fnaa, (I11.124)
naa < —%571,4,4?233 + &H%B + ©(9). (II1.125)
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cnp — cnpna

Hence we have to show that AZn 4 (1 -1 )—@(5) > _Af (nAAnBB — iniB) —-0(0A),

in the case ngangp > ini‘B. This is equivalent to show that y := naangp — iniB <
% (cng — 1)na4. For this we use once again Lemma [[I1.1] and estimate the derivative
of x from above with the help of minorising processes on AA and BB and a majorising
process on AB:

f

baa > dnaa(naa +nap) + {-nip — 0(3), (I11.126)
daa < (f +A)naa +0(0), (1I1.127)
NAA = _EisnAAnBB — Anaa + &n?ﬁm — ©(9). (I11.128)
bpp > s=npp(nap +npg) + fenip — (), (IT1.129)
dpp < fnps, (I11.130)
nBp > _ELSNAATLBB + &n?w + ©(0). (I11.131)
bap < ELJZAB (naa+ inap +npp) + %];HAAHBB +©(6), (1I1.132)
dap > (f —A)nas, (I11.133)
fap < Enaanps — Hnlip + Anap +0(0). (I11.134)
The derivative is given by:
X = RAANBB + NAATBB — 1ABNARB
< —fx +0(9). (IIL.135)
At the upper bound we get:
X < —Analcip — )naa+ 0(8) < 0. (I11.136)

It is left to show that y < %(cﬁB —1)na4. Using the minorising process n44 > —Anga—
%X — ©(0) we show that

0< (f—2A)x — 2% (chg — 1)y — 2224 (cig — 1)naa — O(6). (I11.137)

np f
An easy calculation proves this fact and finishes the proof of the lower bound.
O

Lemma II1.3. Fort € [T1,T5] and for A sufficiently small it holds,
Seaan > —O(A)Sea45. (II1.138)
Proof. Using Propositions we have the following bound on the process:

1 1
NaA(5MaA+naA+NeB+NAB+NBE) +NaB(NAA+ 5B +NAB+NBB)

Peran 21 NaA+NAA+NaB+NAB+NBE ~O(0naa)

> [Yaaa8 — O(0nqa), (I11.139)
dsopnop = DaraB(D — A+ cX5) —qnaangp + Anga + cnganaa

< fXaa,aB — Naa(mnpp — A) + @(AznAA)EzA,aB, (I11.140)
2‘]aA,aB > nga(mmpep — A — @(6))@(A2nAA)EgA,aB

> nga(—A —0(8)) — O(6A%n44)0aaB

> Yaaas(—A = 0(0)). (I11.141)

]

102



4. Proof

Lemma II1.4. For allt € [Ty, Ts] the aa population is bounded by

O S
4T_LB(f—|—A) aAaB— aa__ (D—l—A) aA,aB

TaA:(SAA A TaB:dAB

(111.142)

Observe that this implies T3 =

Proof. First observe that the inequality is satisfied at ¢ = T;. We start with the upper
bound and show that n,, would decrease at this bound. For this we estimate a majorising
process on aa:

baa < mnaa (%naA + naa) + &EEA@B + ﬁnmnaa, (I11.143)
daa > Naa(D + A), (I11.144)

f 2 f

S G S I S
Naa = Naatnaatnaa Mg + Naatnaa+tnaa

NaaMaA + 73 Seaan — Naa(D +A). (I11145)

We calculate the slope of this process at the upper bound:

haa = EoLA aB 2214 aB + @( aA,aBnaA) < - 3f 9(6) E2A aB < 0. (111146)
By Lemma m, to ensure that (I1I.142)) stays an upper bound it is enough to show that
©
3f4nA( )ZaA aB = nA(Df-i-A) aA, a,BZaA aB- (111.147)

This is a consequence of Lemma [[T.3]
For the lower bound we proceed similarly. This time, with the knowledge of the upper
bound, we estimate a minorising process on aa:

baa 2 EaA aB S (EgA,aB) ) (111148)
daa < Naa(f +A), (I11.149)
Naa = %E?LA,CLB - naa(f + A) -0 (EiA,aB) . (111150)

At the lower bound the process increases:

Naa 2 (% - %) EaA aB — @(EzA,aB) 4:;3 EaA aB S} (EiA,aB) > 0. (111151)

By Lemma [[II.1} it is left to show that 74, > mzmwzmw. Thus we have to

calculate a majorising process on ;4 ¢B:

b2unen < Fanan + O (Biaan) (I11.152)
dZaA aB = (f - A) aAaB + naA(A - UTLBB)

( ) aA,aB — (f D) aA,aB
= (D - A)XaaaB; (I11.153)
SaaaB < (f = D+ A)Seaap + 0O (Z24.08) - (I11.154)

Thus we get
—D+A —D+A
%ZZA@B 4?13 22A ,aB + @(ZiA,aB) = _QﬁfB ECLA aB <§ - ff+£ ) +0 (EaA aB)
D+A
= _%EZA@B% + © (EaA aB) <0.

(I11.155)
This finishes the proof of the lower bound. O
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Let
T= = inf{t > T : nga(t) = nap(t)}. (II1.156)
Proposition II1.5. For all t € [T1,T-] it holds
nap < nga = O(e). (II1.157)

Proof. In this time interval the newborns of genotype aA are in majority produced by re-
productions of a population of order one, namely AB or AA, with the population aA. Since
nq4 feels competition from a macroscopic population (AA, AB or BB) the aA population
stays of order ©(g). We make this more rigorous. To show this we consider a majorising
process on aA and use Proposition [[TT.4] and Lemma [[TT.4}

baa < fnaa — EisnaA(nBB + snap) + ﬁnw(?nm +14B)+ 0 (Siaun) (I11.158)
daa ZnaA(f—l-A—%nAA—nTLBB—@(AZ’rLAA)), (IH.159)

NaA < —NgA (nBB ffgnfs + ﬁnAB-i-A (1 - T%“) —G(AznAA)) +Zi5naB (Anap+naa+96(9)
< —Naa (nBB DAy Lnap+A (1 - 7%;‘) *@(AQHAA)) +s-nap(3na8+naa + O(0))

<—Nga (%5 (D%AHBB-F %nAB>+A (1 - %)—@ (AznAA)>+ EiSnaB (Anap+naa+0O(9)).
(I11.160)

By Proposition [[I1.2{ and [84] there exists a time tp = O(1) such that the expression in the
first bracket becomes bigger than the expression in the second bracket. Thus n,4 decreases
after to and since aA does not exceed O(e) until ¢y it will stay smaller or equal to O(e) until
T_. O

We show that as soon as aB crosses a A the BB population is already bigger than or equal to the
AA population. First we estimate a upper bound for a B:

Lemma III.5. For allt € [Ty, Ts] the aB population is upper bounded by

nap + 2npp + %
NAB + 2na4

Proof. First observe that the bound is fulfilled at ¢ = 737. Similarly to the proof of Lemma
[[IT.4] we estimate a majorising process on aB given by:

ngB <

Naa = C(t)nga- (II1.161)

NeB < —NgB (ﬁ(mg +2n44) — £n4a — @(A2nAA)) + naAﬁ(nAB +2npp + ©6(0)).
(I11.162)

By Lemma we have to show that as soon as aB reaches the upper bound it decreases
faster than the bound, thus we calculate the slope of the majorising process at this value:

; _ I 2A 2 A(nap+2np+24/c)
fap < = 5z (naB + 2npe + %5 — O(A%n4a)) naa + 54T HE =S naanaA

+ 5 (nap + 2nBB)Naa

_ 2
< — 808 naa) ec(g: naakp, 4 4 2% (3n48 + nBB + L) Naa
2
B
<— %:nm (D —2A) nga < 0. (II1.163)
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We have to show that n,p < C(t)n.a + C(t)na A. Since the 3-system converges towards
(0,0,7p), C(t) is a monotone increasing function and hence C(t) > 0. Thus if we can show
that nyp < C(t)n,4 we are done. For this we have to calculate the slope of the minorising
process on aA when aB would reach the upper bound. This process is given by:

NaA = —NaA (% +A —nnpp + ﬁ(nBB —naa)+ @(5)> + naBﬁ(nAB +2n44).
(I11.164)

The slope at the upper bound is:
NgA > —NgA (% + A —nnpp + ﬁ(nBB —naa) — ﬁ (nap +2npp + 22 + @(5)))
> —NgA (A —nnpp — 5L+ 9(5)>

> naa (AZS2 4 nnpp — 0(5)) > 0. (IT1.165)

Since C(t) > 0 this finishes the proof. O
Lemma II1.6. We have T— < T5. Moreover it holds,
naa(T=) < npp(T=) + O(A). (I11.166)

Proof. We first show that T— < T5. Using Proposition [[T.4] we construct two processes that
provide an upper bound and a lower bound on n,p, respectively:

bop > frap — %naB(%nAB +naa) + g%)naA(%nAB +ngp —6(6%)), (I11.167)
baB < friap — Eisnas(%nAB +naa)+ EisnaA(%nAB +npp + 6(9)), (I11.168)
doB < napf, (I11.169)
duB > naB(f — %nAA — @(AQTLAA)), (I11.170)
1 1
5 5 CIE)
NeB < —NaB fgnap +nas) _ Bnga—0O(A%Maa) | + naAf(2nAB +npp + O )),
X5 "B 25
(IIL.171)
1 1 2
1 1 — 0
o > —napll2tAE T Ras) | F(Gnas +nps — O07) (I11.172)

25 25

We first show that 7 < oco. We know that the 3-system (AA, AB,BB) converges to
(0,0,75) and that nep < nea = O(e) (Proposition [[ILF), for ¢ < T—. We consider the
worst case and assume that n,g < nea then we get from that at some time g,
where nap + 2npp is already macroscopic,

figp > O(), nap > O(e)t. (I11.173)

Thus the time aB needs to reach n,a = O(e) is of order ©(1). This time is shorter than
Toa=s44. Indeed, suppose the contrary, then by Proposition nqa does not exceed
O(¢) before Ty, and thus T*4=044 > Tgé/é) = O ((6/)?) which diverges with . A similar
reasoning shows that 7_ < T¢B=0AB_ Hence T_ < Tb.
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It is left to show that naa(7=) < npp(1=) + ©(A). From Lemma [III.5| we deduce that at
T_ it holds

$NAB + 1A < snap+npp+ 2
naa < npp+ O(A). (I11.174)

O]

Lemma III.7. For allt € [T1,Ts] the AB population is bounded by

1. nap > 2\/npnaa — 2naa <1 + CT%);

2. nap < 2\/ﬁBnAA (1 + %) —2n44.

Proof. 1. The proof works like the one of Lemma [[II.4] First observe that the bound
holds at t = T7. Then we calculate a minorising process on AB:

bap > f(2naa+nap) — & (2naa + nap)(naa+ snap + 6(6?)), (I11.175)
dap < fnasg, (I11.176)
NAB > —TLAB%S (nap +naa+0(6%) +2fnaa — %J;HAA (3nap +naa+0(5?)).

(111.177)

We use Proposition [[II.4]and show that this minorising process would increase quicker
than the lower-bound if AB reaches it:

naAB > — %]; (\/ﬁBnAA —nAA (1 + c,%)) (\/ﬁBnAA - CﬁB naa + @(52)>

+2fnaa — %J;HAA (vﬁBnAA - %mm)
>3 Bnaa(2vnEnas —naa) — O(A?) > 0. (I11.178)

nB

It is left to show that at the lower bound,

g > ;% — 2hA4 (1 + n%) . (I11.179)
For this we calculate a majorising process on AA:
baa < denaa(naa +nap) + nip +0(5), (1I1.180)
daa > fnaa, (I11.181)
naa < —naa (f — L (naa+ nAB)) + 4&-nhp + 0(9). (1I1.182)

If we now insert the lower bound and use Proposition [[IT.4] we get

fiaa < —<L B naa(vVipnaa —naa) +O(A%) <. (IT1.183)

Y5 cnp

Thus (I11.179)) is fulfilled.
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2. First, observe that the upper bound is fullfiled at ¢t = T7;. We then have to estimate
a majorising process on AB:

naaA + %HAB
b

dap > nap(D — A+ cnp — %nAA — O(A%n44))
> nap(f — %HAA — O(A%n4,)),

hap < —5L-nip — napi=Snaa + 2fnaa — 2Lnd, + 6(A%nan).

2np n

bap < f(2naa+naB) — f(2na4a +n4aB) +0(9), 111.184

I11.186

)
I11.185)
)
I11.187)

(
(
(
(

As before we calculate the slope of this majorising process if it would reach the upper
bound:
nap < =207, + 6(A%naa) < 0. (II1.188)

By Lemma [[TI.T] we have to show that
: <7 _ ns(+A/f) o) 1.1
AR = had ( Rnaa(1+/]) (T1.189)
For this we calculate the slope of a minorising process on AA given by

NAA = —NAA (f - Eis(nAA +mnap) + A+ @(52)) + &7&3. (111.190)

At the upper bound AA would start to increases:

A > Fnfa —0(8%) > 0. (I11.191)
Thus we get
. ng(14+A/f) —92) —7 > AQ+A/f) 2 A2
Haa < npnaa(1+A/f) > MAB = mmaa(4asn) A4 O(A"na4a) > 0.
(I11.192)
This finishes the proof.
O

The following Proposition is a statement for the 3-system (AA, AB, BB) but it holds also true
until 75 in the 6-system (aa, aA, AA,aB, AB, BB) for 6 < A.

Proposition III.6. The mazimal value n'}E* of nap in [T1,Ts] is bounded by

"B _g(A) < e < "B L g(A), (IT1.193)

Moreover, let TS be the time when nap takes on its mazimum, then naa and npp are
bounded by

’”’f —O(A) < naa(TTe) < %B +O(A), (111.194)
=2 —6(8) < npp(TRE") < %B +O(A). (I11.195)
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Proof. From Lemma [[11.7) (1) we get that

nap > 2v/ipnas —2naa (1+2), (IT1.196)

We look for the value of AA where the expression on the right hand side takes on its
minimum, thus we have to derivate n44 and set it to zero:

T_LZZ — - (2 i cﬁg) —0 (I11.197)
A% = (4 —4A @(AQ)) ABnAA (I11.198)
%B _O(A) = naa. (I111.199)
If we insert this in nap we get the lower bound:
nap > "2+ O(A). (I11.200)
For the upper bound on n4p we proceed similarly. Form Lemma (2) we get
nap < 2\/ﬁBnAA (1 + %) — 2nua. (I11.201)
Setting the derivation of the rhs to zero gives:
0= () 2 (111.202)
npnaa(1+7)
nar="2 +0(A). (I11.203)
Finally we get
nap <22 —0O(A) and nga="E —0(A). (I11.204)
O

Remark II1.4. Note that nys = npp £ O(A) = %3 + ©(A) as soon as nap reaches its
maximal value.

Proposition II1.7. For allt € [T}, T3],
naa < O(e) V ngp. (II1.205)

Proof. For t < T— this follows from Proposition For t > T— we show this by con-
structing a majorising process on ng4(t):

(nga +naB)(2naa +nap + ©(9))

baA gf 225

f(naa —npB) (

2ﬁA NgA —+ naB)v (111206)

< f+(;)(6) (naA + naB) +

daA >NaA (D +cnp — %HAA — NMBB — @(A2nAA)>
>nqA(f —1mBB), (II1.207)
flaa < — Taa (% R N @(5)) + N (% + f<”AA*”BB+@(‘”)) . (II1.208)

2N A 2N A
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By Lemma [[IT-T] it is left to show that nga < n,p whenever nga = ngp. At this upper

bound we have n44 < naB(i(nAA —npg)+nnpp+0(5)). We now calculate a minorising

nA
process on ngg:
baB > 5= (naa + naB)(nap + nap + 2npp), (111.209)
dop < naB(D — A+ C7_”LB) = fngp, (111.210)

NaB > ﬁnaA(naB +nap+2npp) — ﬁnw@nfm + 2n44 — ngp —nap).  (111.211)

Thus n.,p > Eisnag(nBB — naa + nap) whenever nga = ngp, and hence ngp — Nga >
%na3(2n33 —2na4+mmpp—0O(A)) > 0 by Proposition |[II1.6{ This finishes the proof. [

Now we show that the time T%4=044 s finite and prove that it is smaller than or equal to

ToB=0BB  Tg estimate the order of magnitude of the time 75 we need bounds on n,4 which
depends on ¥4 B.

Lemma III.8. For allt € [Ty, Ts] the aA population is bounded by

f(nap +2na4) f(nap +2n44)
by < Nga <
dnp(f+4A) —edeB =Ted =00 (D - 24)

SadaB- (I11.212)

Proof.

1. We start with the upper bound. First observe that it holds at ¢ = T}. By Lemma
it is enough to show that if n,4 would reach the upper bound it would decrease faster than
the bound. Using Proposition and that n < ¢ a majorising process on aA is given by

baa < 3t Yaaas(nap +2naa + 0(0)), (I11.213)

daa > NgA (D +cnp — %TLAA — BB — @(AQTLAA)> > nga(D — ZA), (IH.214)

s < L2144 +2”2AB +609)) SedaB — Naa(D — 24). (I11.215)
5

We calculate the slope of the majorising process at the upper bound:

faa < f(2naa +nap)Xaaan (ﬁ -+ @((5)) < =5 (2na4 + nap + 0(6))Zanan.

(I11.216)
We have to show that at the upper bound,

han < L E_ZA(%JFQ; K)A)EQA@B +f ;ZA(BDjLz; AA)A)EGA,GB. (I11.217)

To do this we calculate minorising processes on nap and na4:
bap > 2%7“3 (%nAB +naa+npp) + %—J;nAA(nBB — 0(8?)), (111.218)
dap < napf, (I11.219)
nap > —g=ndp + Enaa(nps — 6(8), (I11.220)
baa > %HAA (nas +naa— O(6%)) + &n%B, (II1.221)
daa < naa(f+A+6(6%)), (I11.222)
NAA 2 —NAA (E%?%BB +A+ @(62)> + &n?w. (II1.223)
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Hence we get that

AAB + 2044 > Nad (;—J;nBB — Unpp—2A - @(52)) — 2(A+0(0%))naa. (II1.224)

5

By Lemma [[I1.3] we know that EaA,aB > —A¥44,4B- Thus the right-hand side minus the
left-hand side of (I1I1.217]) is bounded from below by

2f(A+0(0*)naaZeaan  fAMAB +2n44)Y0a0B n f(naB +2naa + ©(0))Sa4,08

na(D — 2A) na(D —2A) 24
frnaaXoa.n 4A fnapXaaan 2A o(52
> y ‘G T — —|— 2 _ + . .
= nA =5 2n4 =P oA (6°) > 0. (I11.225)

This finishes the proof of the upper bound.

2. For the lower bound we proceed similarly (using Lemma [[II.1)). This time we show that
if ng4 would reach the lower bound it would start to increase faster than the bound. Using
Proposition [[IT.4] a minorising process on ng4 is given by

baa > ﬁEaA,aB(ZnAA +mnap — 06(9)), (II1.226)

dan < naal(f + A +06(5?)), (I11.227)

s > 12144 +273AB —O0) s s naa(f 4+ A). (I11.228)
nB

We calculate the slope of the minorising process at the lower bound:

f(2naa +nap —06(9)) f(2naa+nap)

NgA > — EaA7aB - — EaA,aB
2np dnp
2 —0(s
_ f(naa +47EAB ( ))EGA,QB > 0. (111.229)
np

Thus the minorising process on n,4 would increase when the aA population would reach
the lower bound. To ensure this lower bound we have to show

f(nap +2n44) f(nap +2n44)

g A S by by . 111.230
NagA = 4ﬁB(f n A) aA,aB + 4ﬁB(f T A) aA,aB ( )

For this we consider a majorising process on ¥,4 ,p given by:
SaaB < %HAAEaA,aB — naa(A —nnpp) + O(A%n44). (I11.231)

Using that 1 < ¢, the slope of this process if n,4 reaches the lower bound is estimated by

f(2na4 +naB)

YaaaB < DnaaXasan — (A —1mmpB)Tasas + O(A%naa)

"o dnp(f + A)
f(2naa +nap) f—D A )
= dnp f+ A ZadaB T 7y 1A4ZaaaB + O(A%44). (111.232)
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Moreover we need majorising processes on AA and AB:
2f

bap < %571,43 (inap +naa+npp) + sonaanpp + 0(6), (II1.233)
dap > nap (f - A(%A)nAA> : (IT1.234)
nap < —ﬁnigﬁ-%*anAnBB—FMnAAnAB*'@((s), (111.235)
baa < g naa(nap +naa) + 4£ n%p + ©(3), (I11.236)
dan > na (f FA- %nm‘) : (I11.237)
Fiaa > —naa < Lnpp+ A - A0, A) + ondp + 0(6). (I11.238)
Thus we have

iap + 2an € —Angg (2 - Zaatnan) 4 © (A%as) < © (A%nax) . (111239)

It is enough to show that
NaA > f@nas+ nap) Yoaan + O (A44) Saaub, (I11.240)

— dnp(f+A)
using that 1 < ¢ we have
f(2naa+nap - ©(9)), f2(nap +2n4a)* f — D,
— aA,aB — ) aA aB
dnp 16ngy(f+4) f+A
f(nap +2n44) A

B —naad — O (A? D
dnp(f+ A) ﬁBnAA aA,aB (A%naa) Xoaan

f(2naa+nap — 0(9)) f(2naa + naB) 2A(1+ A)naa
> — ZaA aB — — EaA a 1 T = . AN
4np ’ 8np nB(f + A)
— 0 (A%n44) Soaun
> 0. (I11.241)
This concludes the proof. ]

Proposition II1.8. For allt € [11,T5] the process Xq4.q5 is bounded by

AnABJr@(AnAA)) )

1. Za,A,a,B < NgA (nnBB NABF2NAL

2. 2aA7aB > naA(nnBB - A - @(5))

Proof.
1. We construct a majorising process on ¥,4 o5 and use Proposition @ and Lemma @:

1 1
f(gnaA+nAA+naB+nAB+nBB) f(nAA+§naB+nAB+nBB)

BSaan < Naa oA + naB > +6 (X3 4u8)

< [Zaaan + 0 (S2408) (I11.242)
ds, 405 = BaraB(D — A+ cXs) + Anga — nmaanBs

> YaaaB(f - A(%A)HAA) + Anga — NMaAnBB; (I11.243)
YadaB < A(%A)HAA%B — naa(A — M”AA —nnpp) + 0 (Z2a.p) - (I11.244)
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To bound n,p we use Lemma [[TL.5}

EaA,aB < Nga

: A(1+ A)nag nap + 2npp + 22
nAB + 2naa np "B

A+ A nmap + @(5)>

Amaa(nap+2npp)+tnaa(nap+2naa)—np(nap+2na4))+0(A%na4
< NaA (nnBB + ( )

nap(nap+2naa)

O(A
< nga <77nBB — AM4B +O( nAA)) .

111.245
nAB +2na4 ( )

2. This time we construct a minorising process on Y445 by using Proposition and
Lemma [1T.4

1 1
NgA (§naA+nAA+naB +n4B +nBB) +NaB (nAA+ 5MaB+NAB +nBB)

Peran 21 NaA +NAA + NeB +NAB + NBB —0 (%)
> fSanan — O (67), (111.246)
A5ynan < Saaas(D — A+ cSs5) — nnaanss + (A + O (6%)) naa
< [2aaaB —naa (Mpp — A — 6 (67)), (I11.247)
SadaB > naa(mmes — A — 6(3)). (111.248)
OJ

From this Proposition we can deduce

Corollary II1.1. There ezists at* € [11, T3], such that for allt € [t*,T>] and n > % =: 7",
it holds

Yaaan(t) > 0. (111.249)

Proof. A fine calculation will show that the competition ¢ — n felt by an aA individual
from a BB individual allow the sum Y,4 4,5 to grow when 7 is large enough, whereas it
decreases when 1 = 0. Note that we consider here the sum ¥,4 o5 because the influence of n
cannot be seen in the rates of the aB population alone. Heuristically, the growth of the aB
population happens due to the indirect influence (source of a allele) of the less decaying a A
population. We prove that the minorising process on ¥,4 o5 estimated in the Proposition
[[IL8l starts to increase:

YaA,aB = Naa(nmmep — A — O(0)). (I11.250)

As soon as ngp > A/n, the sum-process Y44 45 starts to in_crease. From Lemma [[I1I.6[ and
Proposition [II1.6{ we know that, for t > T_, we have npp > £ —©(A). Hence, if we choose
n> % the sum-process Y, 4,45 increases. ]

Now we calculate the time T9A=044 A TaB=0AB gn4 we will see that T@A=0AA A TaB=0AB
TaA:éAA.

Theorem IIL.2. The time Ty = ©(¢~1/(IHnms=4)),
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Proof. From Proposition [[11.8| (2) we have a lower bound on SaA,aBa and with Lemma [[T1.8
(2) we can bound this further from below by:

Yaran = Naa(mmps — A — O(65))
> (nnBB(t) ~A— @(6))f(nAB(t) + QRAA(t))

dnp(f +A)
> WEaA,aB(t)y (111'251)

EaA,aB (t)

where the last estimation on ngp and on ngp comes from Proposition [II1.6{ and from [84]
since we know from there that the time until nap = ©(\/na4), starts to decrease like 1/t
is of order ©(1). As Xq445(T1) = ©(e), the solution of the ODE that gives a lower bound

Saaan(t) = O(e)(O(1) + O(1)1)ms/1=4), (I11.252)

By using Proposition [II1.§ (1), we get the same kind of solution as an upper bound on
Yaa,ap (note on the last step we can upper bound npp by npg):

Sanan(t) < O()(O(1) + ©(1))O0ms=4), (I11.253)

Using ([11.252f) and Lemma [[I1.8 we get a minorising process on aA:
naa(t) = O(napSoaan) > O()(O(1) + ©(1)1)Pms/4=2) /(©(1) + ©(1)t).  (IT1.254)

The corresponding majorising process has an np instead of ng/4. By solving nga = dnaa =
O(n?% ) we get the order of magnitude of Tpu—s44:

Note that 14+ nng — A > 0 for A small enough, and thus T,,—s544 diverges with ¢ and the
order calculations above are justified.

It is left to ensure that aB does not exceed dn 4 in this time. It follows from Lemma[[TL.§]
that during the time interval [T1, T3], we have ¥4 o = ©(nyp). Thus, solving n,p = dnap
amounts to solving ©(X,4,.5) = ©(1)/(0(1) + ©(1)t) which gives the very same order of
magnitude as for Ty a—544. Thus the two times are of the same order.

Note that for n = 0, Xqa,45(T2) = O (EHA/(I_A)). This proves point (1| of Theorem

L1
O

Proposition II1.9. T, = T@A=0A4,
Proof. This follows from Theorem [[1I.2] and Lemma [[T1.4] O

Proposition I11.10. At time t = Ty and if f is taken sufficiently large (Assumption C2),
Ngqg Starts to grow out of itself: there exists some positive constant ¢y, > 0 such that

Naa = CTy - Naa- (111256)
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Proof. We have naa(Th) = © (52/(1+’7ﬁ3_A)). Thus, at the end of the second phase,

L6naa ofn
baa > aa 2 — aa 5 II1.257
2 fn naa(l+0()) 2(1+06(0)) ( )
daa < Naa(D + A +naa(1+ O0(6))) = nua(D + A+ O (52/ <1+nﬁB*A>) (L1258
fraa > Naa (% ~D-A-0 (52/ (1+’7ﬁB—A>)) , (I11.259)
the right-hand side is positive for f large enough. O

4.4. Phase 3: Exponential growth of aa until co-equilibrium
with BB

Since aa is growing now also out of itself it will influence the sum-process X5 = ng4 + n44 +
neB + nap + npp and we need new lower bounds on Y5 in the following steps, the proof of this
works similar to the one of Proposition by taking into account all contributing populations.
Let us compute the ODE to which X5 is the solution:

Proposition IT1.11. The sum-process X5 is the solution to

Y5 =Y5(f =D — A —c%5) — A (nga +144) — Cag (Naa +naa) + 20maanpp

+ gignaa (%naA + nAA) - &naB(naA + naB) - ﬁnaA (2naa + NgA + naB) .
(I11.260)

Proof. We calculate the birth- and the death-rate of Y5 under consideration of the aa

y
time
4 508 5 / 512 514
“Nea
Naa )
3 -Naa Naa
Nes Nea
Nag Naa
=Ngs Nag.
= £
2 Nas
-Nss
—
1 -6 / S
J/ /T-HA A oA
504 506 508 510 512 time =~ — 8]

Figure II1.6.: Zoom-in when aa recovers, general qualitative behaviour of {n; (¢),i €
G} (lhs) and log-plot (rhs).
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population:
bs, Zz%naa (3104 +naa) + %5 ((naB +nap +npB) S5 — tnap (Raa + nan))

+ i ((naA +n44) X6 — Naa (%naa + inaA + %naB))

26
:f25 + EiSnaa (%naA + nAA) - &naB (naA + naB) - &naA (Qnaa + Nga + naB) ’
(I11.261)
d25 225 (D — A+ 025) + (cn,m + A) (naA + TLAA) — 277naAnBB, (111.262)
Y5 =Y5(f — D — A —cX5) — (g + A) (naa +naa) + 20maanpp (I11.263)
+ Ei:inaa (%naA + nAA) - &naB(naA +naB) — %GnaA (2100 + 1A + NaB) -
(I11.264)
O

We introduce some notation for the order of magnitude of n.44(7%). We write na4(T2) = O(g?)
with
v:=2/(1+nnp—A). (I11.265)
Let
Ty:= T _, = inf {t > Tyt Naa(t) = Mg — s"f/?} . (111.266)
We have to ensure that the aa population grows until a neighbourhood of its equilibrium. At the
end of the second Phase it holds true that n, 4,744, NeB < nap < A. We start to bound X5:
Lemma II1.9. The sum-process ¥5 is bounded from above and below by

_ 2(f+A _ 3(f+A

ip— 2B, <35 <+ 2Ry (I11.267)
Proof. We use Lemma and construct minorising and majorising processes on X5 and
nap. First observe that the bounds are satisfy at t = Ty by Proposition [[T1.4]

fE5 — fnap <bs, < f¥5+2fnas, (I11.268)
E5(D — A+ 025) + Q(f + A)nAB > dgs > E5(D — A+ 625) — (f + A)NAB,
(I11.269)
S5(f =D+ A —cX5) — (2f + A)nap < U5 < S5(f — D+ A —¢X5) + (3f + A)nap.
(I11.270)

At the lower bound we get that the sum-process would increase:
S5 > Anap — O (n%p) > 0, (I11.271)

and at the upper bound it would decrease:

N5 < —2Anap + O (nfp) <O. (I11.272)
It is left to show that
—Q(QBAMAB <3y < ?’(foBA)nAB. (111.273)
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For this we construct a minorising process on AB:

bap > fnap — %n?@g, (II1.274)
daB §TIAB(D—A+CE5), (111.275)
iap = nap (f=D+A =X - {endp). (I11.276)

At the lower bound we have nap > —f;liAniB + © (”?43) and the lhs of ([I1.273)

<
W 2 g+ 6("?43) < Anyap — @(niB). At the upper bound we get nap >

QCnB
%7@13 C] ("?43) and that the rhs of ([I1.273]) is larger or equal to
(erAz;)(EZ;fHA) nip — O (nip) > —2Anap — © (nfp). m

The following lemma ensure that the a A- and the AA populations stay smaller than © (ni B):

Lemma II1.10. 1. For allt € [Ty, T3], the AA population is bounded from above by

naa < 7=nip, (I11.277)

2. Forallt € [T3, T3] andn < § (1 = (DA+)A> the aA population is bounded from above
by
naa < 7=t an: (I11.278)

Proof. The proof uses again Lemma [[I1.1] First observe that by Lemma [[11.7) (1) and since
Naa(T2) = 0naa(T) the bounds are satisfy at t = Tb.

1. We construct a majorising process on AA:

baa < f nAA(naA +naa+nap)+ 4£5 (nga —|—nAB) , (II1.279)
daa > nAA(f —0(4)), (I11.280)
ian < —naa (& nap +nap) - 0(A)) + Endp (IIL.281)

This process decreases at the upper bound: n44 < —%n%B +0 (AnzAB) < 0. Itis
left to show that

14 < F=NABNAB. (I11.282)
For this we construct a minorising process on AB, given by nap > _ytei) ;S;A) ni B

Thus the rhs of ([I1.282) is larger or equal to —%S(A)nilg > —%H?L‘B—i—@ (AniB).

2. Similarly to (1) we construct a majorising process on aA:

baa < gd-Naanan + 5inlip + sEnaanaa + O(Ank ), (I11.283)
daa > naga (f + A —nivp + cnga — @(nAB)) (I11.284)
flaa < —Naa (i — g + A5, ) + b n?p + 6(An%p), (IT1.285)
frga < —ngal=5me 4 OB 2 (I11.286)
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At the upper bound we get: N4 < niB (9f+9(A) — 10{0(f7277ﬁ3)). It is to show that

27p 2np(D-A)
. 2 .
For this we construct a minorising process on AB, given by nap > _W;ﬁi@B(A)n% B

Thus the rhs of ([I1.287)) is larger or equal to 90f+7@(A) Thus we have to ensure

np(D—A) " p-
that <9f ;%(A) - 1%2‘&)21;7};)) < %A This yields the condition on 7:
f=D-©(A) _ ¢ oA
n< I500) g (1- R (ITL.288)
O

Remark II1.5. Observe that the condition n < § (1 — f?éﬁ-)A) i Lemma |[11.10} prevent

aA to grow exponentially fast. Inequality (I11.285)) shows that for larger values for n, ngqa

would start to grow out of itself and thus the system would converge towards the 6-point

equiltbrium as we checked numerically. Hence, the assumption n < = (1 — ff)](jAJr)A> 18

2
essential in this phase and propagates to the following lemmata since we need therein the

niB—dependent bound on aA.
Using Lemma [[I.T0| we can also compute a lower bound for AA:
Lemma III.11. Forn < § — O(A), the AA population is bounded from below by
%nzw < naa. (I11.289)

Proof. By Lemma we construct a minorising process on AA. The bound is satisfy by
Lemma [[I[.7] 2. at t = Tb.

baa > wEnhp, (I11.290)

daa < naa(D + X5 4 cngg), (111.291)

x> nas (f pA UL, Cnaa> + ondp. (I11.292)

At the lower bound this process increases 144 > %ﬁ%rﬁm > 0. It is left to show that
NAA = ﬁnABﬁAB- (111.293)
We construct a majorising process on AB, given by nap < %S(Amnim 4+ fnga, using
LemmalllIl.10[we get that the rhs of (I11.293)) is smaller or equal to ﬁnABnaA—l—@ (ni‘B) <
O (”?43 . O

With all these lemmata we are now able to show that n 4 g stays of order © (57/ 2) until 75 when
Naq reaches the neighbourhood of its equilibrium.

Lemma II1.12. For the time TAB | until AB exceed the order £V/2, it holds

ev/2’

T4% > 0 (5 W/2) (I11.204)
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Proof. We construct a majorising process on AB:

bag < frnag +© (n4p), (I11.295)
dap >nap (f -0 (n%p)), (I11.296)
nap <O (np) . (I11.297)

With the initial condition nsp(T2) = © (6’7/2), this ODE has the solution

o(1)
o)t -0 (e7/2)

nap(t) < (T11.298)

Thus 745 > © (77/2). O

Observe, it follows that TA4 = ©(e~7/2).
To ensure the exponential growth of aa we need that the a A population reaches the order ©(e”)
and stays there for a long enough time.

Lemma II1.13. Forn < §—O(A) and for allt <T> + O (6*7/2), if Naga < Nga < npg or
NaA < Nga < Naa, it holds

nga > 0O (0n%pg) . (II1.299)

Proof. We construct a minorising process on aA in a very rough way. The death rate can
be estimate by:

doa < naalf + A+ 0O(nap)). (111.300)

At time T5 we know that ngq = dnga = © (5n?43). Thus, using Lemma [[I1.12} at T5, n,a
is given by:

o)

naall) < 5y o)

(111.301)

This process would need time of order © (de™7~%), for @ > 0, to decrease under order
© (0€”) which is larger than the time n4p needs to leave order © (67/ ?). This way we can
ensure that ng,4 does not decrease under order © (5n?4 B) in time © (6_7/ 2). ]

Now we show that n,, increases to a neighbourhood of its equilibrium before time Tg%.

Lemma III.14. For n < § — O(A) and all t € [Ty, T3] the aa population increases to a

TAB

s
€2 -neighbourhood of its equilibrium ng, exponentially fast and it holds Ty < e

Proof. We construct a minorising process on aa and distinguishe some cases. First observe
that by Lemma |I[II.10]it holds that dyq < ngq (D + A+ cngg + © (ni‘B))

L. If ngq < mnga <naa or nga < Naa < NAA

In that case the birth-rate is given by basq > fnaa 6’;:*‘/4 . With Lemma [[II.10{and [[TI.13
we get bag > O(0) frge and Ngq > Ngq (@(5)f —-D-A-06 (”1243))- Hence the time

T4 = © (In(e™7)) until aa reaches O(g7).
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2. If Naa, MAA < NgA
In that case, by LemmallIl.10|we get by, > %naa and Ngq = Naa (% -D-A-06 (niB)) .

Hence the time 7% = © (In (¢77)) until aa reaches © (7).

3. If nga <naa < nga < nap
In that case, by Lemmal|lIl.10} by, > énaa and Ngq = Naa (% —D—A—cnaa—G(niB))
Hence the time 7%, = © (ln (5_7/2)) until aa reaches © (57/2).
g

4. Ifnaa < nga < naa < nap
In that case, by Lemmal(lIl.10}, by, > inaa and Ngq > Naa (% —D—-A—cng,—© (ni3)>.
Hence the time T, = (C] (ln (6 7/2)) until aa reaches © (57/2).

5. If ngg > nap
In that case, by Lemma [[I1.10} by > ngq (f e (nAB) and Ngq > Naa (f - D -

A —cngg — © (@) > Hence the time T3 = O(e7 In(e77)) < T45.

Naa ev/2”

O]

4.5. Phase 4: Convergence to p,p = (74,0,0,0,0,72p)

The Jacobian matrix of the field at the fixed point p, p has the 6 eigenvalues: 0 (double), and
—(2f=D), ~(f=D+A), ~(f—~D—A), ~((f~D)(5/—4D)+ fA)/(4(f — D)+n ) which are
strictly negative under Assumptions (C). Because of the zero eigenvalues, p, g is a non-hyperbolic
equilibrium point of the system and linearisation fails to determine its stability properties. Instead,
we use the result of the center manifold theory (51,88) that asserts that the qualitative behaviour of
the dynamical system in a neighbourhood of the non-hyperbolic critical point p, g is determined by
its behaviour on the center manifold near p, 5.

Theorem IIL.3 (The Local Center Manifold Theorem 2.12.1 in |88)). Let f € C"(E), where
E is an open subset of R™ containing the origin and r > 1. Suppose that f(0) = 0 and
Df(0) has c eigenvalues with zero real parts and s eigenvalues with negative real parts,
where ¢ + s = n. Then the system 2 = f(z) can be written in diagonal form

&= Cx+ F(x,y), (I11.302)
y = Py + G(z,y), (I11.303)

where z = (x,y) € R x R®, C' is a ¢ X c-matriz with ¢ eigenvalues having zero real parts, P
is a s X s-matriz with s eigenvalues with negative real parts, and F(0) = G(0) = 0, DF(0) =
DG(0) = 0. Furthermore, there exists § > 0 and a function, h € C"(Ns(0)), where Ns(0) is
the -neighbourhood of 0, that defines the local center manifold and satisfies:

Dh(z)[Cx + F(z, h(z))] — Ph(z) — G(z, h(z)) = 0, (I11.304)

for |x| < . The flow on the center manifold W€(0) is defined by the system of differential
equations

& = Cx + F(z, h(z)), (I11.305)

for all x € R® with |z| < 6.
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The Local Center Manifold Theorem shows that the non-hyperbolic critical point p,p is indeed
a stable fixed point and that the flow on the center manifold near the critical point approaches p,p
with speed % This can be seen as follows:

By the affine transformation (nqq, ngg) — (Naa — Ta, nBB — ) We get a translated system
F (n) which has a critical point at the origin. The two eigenvectors corresponding to 0 eigenvalues
of the Jacobian matrix of F at the fixed point (0,0, 0,0, 0,0) are

EVi = (0,0,0,0,1,0,—1) and EV,=(0,0,0,0,—1,1,0). (111.306)

We perform a new change of variable to work in the basis of eigenvectors of F(n) Let us call the
new coordinates x1, ..., zg. Let h(x1,x2) be the local center manifold. We shall look at its local
shape near (0, 0) and expand it up to second order:

)\39:% + v3x129 + ng%
)\41’% + vax129 + M4x% 3

O . I11.307
)\5x% + vsx129 + u5x% t (m ) ( )
A6T? + Vo172 + fi6T3

h(l‘l,l‘g) =

We then substitute the series expansions into the center manifold equation (I11.304) which gives us

12 equations for the 12 unknowns As, . . ., ug. Substitution of the explicit second order approxima-
tion of the center manifold equation into (I11.305)) yields the flow on the local center manifold:
A C E
g1 = ﬁxm + 171“2 + ?ixf +0 (%), (I11.308)
A C E
iy = glexg + D—z@? + Fj$12 +0 (%), (111.309)
where
A; =32Df? — AAf? - 3213, (I11.310)
By =(D—A—f)(4eD* = 9¢Df + cAf + 5cf? — AD*n + ADAn +8Dnf — 4Anf — dnf?),
(I11.311)

C1 =12 D3 f? — 4c*D2Af? — 39¢* D2 f3 + 122 DA + 422D f* — A2 f3 — 82 Af4
— 1525 +12¢D3nf? — 16¢D?*Anf? — 36cD?*nf? + 4cDAnf% + 32¢DAnf?

+ 36¢Dnf* — 4eA%nf3 — 16cAnf* — 12enf°, (IT1.312)
Dy =8(D—2f)(D— f)(D—A— f)x

x (4¢D* — 9cDf + cAf + 5¢f? — 4D*n + 4DAn + 8Dnf — AAnf — Anf?), (I11.313)
Ey=cf, F1=2(-D+A+f), (II1.314)

and

Ay =22D?*f — 32D f? + 2 f2 — 2¢D?*nf + 2cDAnf + 4cDnf? — 2cAnf? — 2enf3,  (111.315)
By = (D — A — f) (4¢D* = 9cDf + cAf + 5cf? — AD* + ADAn + 8Dnf — 4Anf — 4nf?),

(I11.316)
Co = —3c¢Dnf? + cAnf? + 3enf3, (I11.317)
Dy =2(D —2f) (4¢D* — 9¢Df + ¢Af + 5¢f* — 4D’ + 4DAn + 8Dnf — 4Anf — 4nf?),

(I11.318)
Fy=0, F,=1. (I11.319)
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4. Proof

It is left to show that the above system flows toward the origin, at least for 17 smaller than a certain

constant. To do that, we perform another change of variables which allows us to work in the
positive quadrant. We call the new coordinates (on the center manifold) y; and s, and the new
field F. Observe that it is sufficient to prove that the scalar product of the field with the position is
negative. We thus consider the function

s(y1,y2) = <F(y1, y2), (y1, y2)> ; (I11.320)

which is a quadratic form in y; and ys. As the field Fis homogeneous of degree 2 in its
variables, it is enough to consider any direction given by y2 = Ayi, and prove that s(y1, Ay1) < 0
forall A > 0. As the expressions are so ugly, we work perturbatively in f and consider it as large as
needed. Observe that the numerator and the denominator of s(y;, Ay1) are polynomials of degree
5in f. We thus look at the coefficients in front of f°:

3 (e (16X3 +7A2 + 16X\ +40) — 4n (5A3 + 8)\2 + 81 + 8
cyr® (e (16A° + 72 + 64+ _) 7 (527 + 8\ + 8A + ))f5+6)(f4).
n — 80c

(111.321)

S(yh )\yl) =

Observe that the denominator is always negative (because by the assumption that n < ¢). The
minimal value of the ratio

o) 163 + 7A% + 16X + 40
r(A):=

4 (5A3 4+ 8X2 + 8\ +38)’
iS Tmar =~ 0.593644, thus, asymptotically as f — oo, the field is attractive for < ¢ - rpq,. Thus
we see that p, g is a stable fixed point which is approached with speed % aslongasn < ¢ Tmaz-

(111.322)
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Figure II1.7.: Flow of the dynamical system in the center manifold of the fixed point
Pap, for n = 0.02 (left) and n = 0.6 (right).
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5. Discussion

In the rigorous results we have presented in this paper, we made some particular assumptions on
the parameters of our model in order to simplify the analysis of the (already difficult) dynamical
system. In this section we discuss which of these assumptions can be relaxed, based on heuristic
considerations and numerical simulations.

The no-reproduction-small-competition model. Inthe model considered so far, we
assume that the mutation to the B allele produces a new species different to the one of phenotype
a. This is done by the no reproduction assumption between individuals of phenotype a and of
phenotype B.

These requirements are not needed to observe the recovery of the aa population. In fact, what
we require is that the invasion fitness of the aa population into a resident B B population is positive.
Therefore, we can ease the no-competition assumption in our model and can add a small competi-
tion, ¢, B, between aa individuals and BB individuals. This additional competition increases the
time until aa can reinvade and also affects the two-population fixed point p,p such that the two co-
existing populations aa and B B will not reach their monomorphic equilibrium 7, and i g anymore
(see Figure [[IL.§).

1 ;I(

N\
RN
AN

107¢ /
—Naa
NaA

107 =NAA
NaB
]

BB

i0 100 1000 10* 10° time

Figure II1.8.: Numerical solution of the deterministic process, loglogplot for n = 0
and c,g = 0.1.

Adding the factor 7 results in accelerating the process of recovery and consequently, allows to
increase the competition ¢, (see Figure[[IL.9).

For small 17 we end up in a aa-B B equilibrium but by accelerating (increasing 7 or decreasing
cqeB) the process enough we can also end up in a 6-point equilibrium (all six population coexist)
(see Figure [[1I.10).

If we have competition between individuals of phenotype a and of phenotype B (¢, > 0)
the aa and BB populations have smaller equilibria as the no-competition equilibria n, and np,
obtained when ¢, = 0. Thus the competition felt from a A by aa and BB is lower and a smaller
7 is enough to observe the 6-point equilibrium.

The all-with-all model. The assumption of no reproduction between individuals of pheno-
type a and of phenotype B is not really necessary in order to get the recovery of the aa population.
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10 100 1000 10* 10° time 10 100 1000 10 10° time

Figure I11.9.: Numerical solution of the deterministic process, loglog-plot (left) for
n = 0.01 and ¢, = 0.1, (right) for n = 0.01 and ¢, = 0.2.
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Figure I11.10.: Numerical solution of the deterministic process, loglog-plot (left) for
n = 0.56 and ¢, = 0, (right) for n = 0.17 and ¢, = 0.2.

Let us discuss the all-with-all model where all phenotypes can reproduce among themselves, that
is where the reproductive compatibility is R;(j) = 1, for all 4,j € G. From numerical simula-
tions we find that most of the results for the previous models also hold for this model but one main
difference is that the 2-point equilibrium is replaced by a 3-point-equilibrium. The reason for this
is that the reproduction between a and B individuals will always give birth to a B individuals and
thus also an a B population survives (see Figure [[ILTI)). Also in the all-with-all model we can add
small competition between individuals of phenotype a and individuals of phenotype B and get the
3-point equilibrium (see Figure[[ILTI)). As in the no-reproduction model, adding the factor 7 results
in accelerating the process (see Figure m (left)). Notice, compared to the previous models the
fecundity f in the all-with-all model has to be much bigger to get the recovery of the aa population
due to reproduction of all individuals among each other (see Figure [[Il.12] (right)). Since in this
case the whole population acts as potential partner for each individual the birth rate of aa scales
with Yg and thus f have to be big enough to compensate its death rate and to get a positive in-
vasion fitness. With reasonable choices for ) and c,p, we end up in a 6-point-equilibrium where
all populations coexists (see Figure [IL13). Observe, the aB population can be bigger than the
AB population, because it gets an additional birth factor from the reproduction of individuals of
genotype aa with individuals of phenotype B which outcompetes the birth of AB individuals by
reproduction of individuals of genotype AA and of phenotype B.
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Figure II1.11.: Numerical solution of the
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Figure II1.12.: Numerical solution of the all-with-all deterministic process, loglog-plot
(left) for n = 0.02 and ¢, = 0, (right) for n =0, ¢, = 0 and f = 3.
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