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Abstract

We investigate variational properties of integral functionals defined on spaces of measures satisfying
a general PDE constraint. The study of these properties is motivated by the following three problems:
existence of solutions, optimality conditions of variational solutions, and regularity of optimal design
problems. After the introduction, each chapter of this dissertation corresponds to one of the topics
listed above.

The first chapter is introductory, we state the main results of this work and discuss how their
different subjects relate to each other. In this chapter we also discuss the historical background in
which our work originated.

The second chapter, on the study of existence, focuses in providing sufficient and necessary con-
ditions for the weak™* lower semicontinuity of a general class of integral functionals defined for PDE
constrained spaces of measures. We provide a characterization based on recent developments on the
structure of PDE-constrained measures and their relation to a convexity class (quasiconvexity); our
methods rely on blow-up techniques, rigidity arguments, and the study of generalized Young mea-
sures.

The second chapter is dedicated to the analysis and derivation of saddle-point conditions of mini-
mizers of convex integral functionals defined on spaces of PDE-constrained measures (even in higher
generality than in the first chapter). The analysis is carried out by means of convex analysis and
duality methods.

Lastly, the fourth chapter discusses the regularity properties of a general model in optimal design.
Our variational model involves a Dirichlet energy term (defined for a general class of elliptic opera-
tors) and a perimeter term (often associated to the design). In this work, we use Gamma-convergence
techniques and derive a monotonicity formula to show a standard lower bound on the density of the
perimeter of optimal designs. The conclusion of the results then follows from standard geometric

measure theory arguments.
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1 Introduction

Three of the Hilbert’s famous “Mathematische Probleme”, problems 19, 20" and 23", discuss
the study of existence, uniqueness, and regularity properties of solutions to variational problemsE]
Hilbert’s questions cemented the foundations of the modern variational theory of integral functionals
which was widely developed throughout the 20™ century and continue to raise interest until today.
While the better part of the research conducted in this period has been devoted to integrals defined
on gradients — this comprises the pioneering work of Morrey [56] on the theory of existence, and
the methods of De Giorgi [27]] and Nash [64] which constitute a beautiful answer to Hilbert’s 20t
problem on the regularity of solutions, the evident variety of applications in different areas of physics,
mathematics, economy, biology and other engineering-related sciences have provided continual mo-
tivation to study differential structures other than the gradient structure. In this general setting, Murat
and Tartar [59-61} 73} 74]] introduced the theory of compensated compactness which develops in the
context of &7 -free fields.

This dissertation focuses in a similar setting, the variational theory of integral functionals defined
on functions (or measures) satisfying a general PDE constraint; here, of course, by variational theory

we mean existence, conditions of optimality, and regularity of variational solutions.

Due to the amount of material to be presented in this work, we shall postpone precise definitions

and complete versions of the results to the next chapters.

1.1 Calculus of Variations in the </-free setting

Since its inception, a good part of the variational theory of the calculus of variations has focused in

the understanding of functionals of the the form
u— / f(x,Vu(x)) dx, where u belongs to a class of functions % .
Q

The systematic study of variational integrals defined on gradients, with a few exceptions, has been
successfully developed over the past centuries. Nowadays we have established methods and charac-
terizations — depending on the behavior of integrand f and the class % — which predict the exis-
tence of a minimizers, which frequently possess higher regularity properties than the ones originally
prescribed by % .

In spite of the seemingly well-developed integral theory defined on gradients, we know less when

!Originally, presented by D. Hilbert in the International Congress of Mathematicians which took place in Paris, 1900.
Later translated and published in the english language in [40]



1 Introduction

it comes to understanding the integral theory for more general PDE structures. We briefly recall that

for a sufficiently regular vector field v: Q ¢ R — R?,
curlv =0 & v=Vu forsome u:Q —R,

where

v N
lv = — =0, 1<i,j<d.
curlv <8x,~ 8xj> s LS

ij

The need for a well-established variational theory in a more general setting is motivated by the wide
variety of physical models arising from more general linear PDE constraints than curlv = 0. This is
the case in continuum mechanics, electromagnetism, linear elasticity, linear plate theory models, and

various low-volume fraction optimal design problems, just to name a few.

From a variational viewpoint, a sufficiently general and physically relevant problem is the mini-

mization of integral functionals of the form

vis Iy = / f(x,v(x)) dx, defined in a class of functions %, (1.1)
Q

whose elements v : Q@ € RY — RV satisfy a PDE constraint of the type

o v = Z Aqd% =0, in the sense of distributions. (1.2)

la|<k

Here, we assume that o7 satisfies Murat’s constant rank property — its principal symbol has constant

rank as a linear operator when evaluated in S?~.

In this thesis we address the questions of existence, optimality and regularity in the setting (1.1))-

(T.2) as follows:

Chapter 1. We gather and discuss new developments on the existence theory of the minimization
of (I.1)) under the PDE constraint (1.2)) for the unsolved case when f : Q — [0, o) has uniform
linear growth. We focus on the lower semicontinuity properties of I and provide a characteri-

zation of its relaxation on a subspace of measures where (I.1)-(I.2)) is a well-posed problem.

Chapter 2. We study the sufficient and necessary optimality conditions for minimizers of (I.I)-(L.2))
when f has linear-growth and is convex in its second argument. Our techniques involve convex

analysis and duality methods.

Chapter 3. We study a general class of optimal design problems — including a perimeter penaliza-
tion — which are related to the minimization of (I.I)-(T.2) when f is a “double-well energy”
with quadratic growth. Our results extend well-known partial regularity results for the optimal

structures of linear conductivity models to models involving general elliptic systems.



1.2 Theory of existence

1.2 Theory of existence

Let Q C R? be an open set and let f : Q@ — [0,%0) be a continuous integrand with linear growth at
infinity, that is, there exists a positive real number M such that M~!|A| < f(x,A) < M(1+ |A]) for all
(x,A) € Q x RN. We focus on the following variational problem:

Minimize /; in the space ker.«/ := {v € L'(QRY) : @/v=0 }.

This minimization problem is, in general, not well-posed in the sense that minimizers might fail
to exist. Concretely, existence by the direct method relies on finding a suitable topology on ker.o/
for which minimizing sequences are compact and the functional /5 is lower semicontinuousﬂ Ina
nutshell, one aims to find a minimizing sequence (v;) C ker.</ which converges (in some topology
T) to a limit v, € ker.oZ, to subsequently apply the lower semicontinuity of /; (also with respect to 7)

from which it follows that v., is a minimizer.

The task of choosing the aforementioned topology can be thought of as a competition between the
compactness and continuity properties. The vital point is that, in our setting, ker.2Z might fail to be
closed for the relevant pre-compact topologies, which in the content of the discussion above means
that the candidate minimizer v., might not belong to the admissible class ker.c7. To better portray the
difficulties arising from the application of the direct method over L! spaces, let us take a minimizing

sequence (v;), i.e., such that
I¢[vj] —>inf{/f(x,v(x))dx : veker,szf}.
Q

Compactness by relaxation: Under standard coercivity conditions on the integrand (e.g., f(A) >
M~YA|), it is easy to check that sup ilvillLi@) < eo. However, since L! spaces are not reflexive,
the sequence (v;) might fail to be pre-compact for the weak L! topology — unless, of course, the se-
quence (|v;|) is equi-integrable. For this reason we cannot expect that v; — v for some v € L! (Q; RY).
The usual solution is to extend I to a (lower semicontinuous) functional Zf defined on a larger class
7 where minimizing sequences are compact — thus, minimizers can be extracted from minimiz-
ing sequences. This procedure is known as relaxation. A priori, and in this general setting, there
might not be a unique way to relax the problem. In this case it suffices to ignore the differential con-
straint. We observe that minimizing sequences (v;) are compact when considering each v; as a signed
vector-valued measure via the embedding L' (Q; RV) < .27 (Q;RV) = (Co(RV)) 1y v. 29 Q.

Henceforth, the relaxed minimization problem reads

Minimize 7, among Radon measures in ker , .o/ = {u € #(RY) : u=0}.

2While the classical theory concerned mostly the discrimination of (already existing) extremal solutions, the so-called
direct methods introduced by Hilbert, Lebesgue, and Tonelli provided a new way to study the coveted existence of
solutions.
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It turns out, as will be motivated in the next subsection, that the extended functional / r takes the form

i) = [ 1(xa0) vt [ (5w ael, wekens o

where, here and in what follows,

/ /
) X' tA —
7 (x,A) = lim M, xeQ,AcRY,

X —x t

A'—A

t—roo
is the strong recession function of f, and where for a Radon measure u, we write g = pu*.%? +
u* to denote its Lebesgue—Radon-Nikodym decomposition with respect to .2¢, the d-dimensional

Lebesgue measure.

Lower semicontinuity: If 17 is lower semicontinuous on weak* convergent .«7-free sequences of
measures, then 7 7[pt] <1lim;_e I [v; d-£?] =inf I for every weak* limit 4t of a minimizing sequence
(v;), whence it follows that u is a solution of the relaxed minimization problem. This will, however,
fail for general integrands; we shall dedicate the rest of this section to further analysis on the lower

semicontinuity properties of /.

While the lack of weak-compactness on L!'-bounded sets corresponds to the concentration of mea-
sure, the lower semicontinuity of 1 extends to the scenarios where both concentration and oscillation

effects might occur.

Problem 1. Is there a generic characterization of the integrand f : Q x RN — [0,00), that depends
solely on the operator <f, and which is equivalent to the sequential weak* lower semicontinuity of
I when restricted to of -free sequences of measures? That is, can we characterize those integrands
f: QxRN = R for which

lim T[] > 7,1,

Jre

forall wj,u € 4 (QRY) such that puj = u and o p; = 0.

1.2.1 The relaxation and the Young measure approach

In several minimization problems it has been observed that optimal designs tend to develop fine oscil-
lations. With the aim of quantifying oscillation effects of weakly convergent sequences in L” spaces,
L. C. Young introduced the so-called Young measures [76—78] In this framework one speaks about
Young measures generated by weakly convergent sequences. Later, the theory of Young measures
was extended to the framework of generalized Young measures [3, 32]], which was introduced to

capture both oscillation and concentration effects.

Basically, a (generalized) Young measure generated by a uniformly bounded sequence (v;) C

3Young measures were first introduced under the name of generalized curves.

10



1.2 Theory of existence

L'(Q;RN) is a triple v = (vy, Ay, Vy"), . Where for each x € Q,

v, € Z(RV)is a probability measure on R,
Ay € 47 (Q)is apositive Radon measure on Q,

oo

1%

> ¢ P2(S¥!) is a probability measure on S¥ !,

and for which the limit representation (in the form a pairing)

/fxvj dx — (f,v)) = /(/ Flx,A) dvy( )) der/Q( SNlf"“(x,A)olv;°(A)> dAy (x),

vV
oscillatory effects concentration of measure

holds for all continuous f : Q x RY — R such that the strong recession function £ exists and is also
continuous.
Moreover, there is a natural way to identify a Radon measure with an elementary Young measure

by letting

oo 8l = (B 10 )

Formal derivation of /7. It turns out, as one could already deduce in the form of an ansatz, that the
weak* lower semicontinuity of the relaxation of 5 is directly related to the weak™* lower semiconti-

nuity properties of the functional

Iylp] = (f,8ul)
= [1(xgga) avt [ 7 (n o B) i, perengar

Let us turn back once again to a weak* convergent sequence (v;) C ker.a/, v j.i”d LQ > u. Byan
additional compactness argument on the space of Young measures, we may further assume without
loss of generality that (v;) generates a Young measure v € Y(Q;RY). In particular I¢[v;] — (f,v)),

so that Problem [I| reduces to following problem:

Problem 2. Characterize those continuous integrands f : Q x RN — [0,0), with continuous reces-

sion function f*, for which the inequality
(£v) = (f:8ul)
holds for all (generalized) Young measures v satisfying the following properties:
1. there exists a sequence (v;) C ker.o/ which generates the Young measure v, and
2. the barycenter of v, defined as [V] == w*-lim; v}, coincides with the measure | € .4 (Q;R").

Actually, since lower semicontinuity is a local property, it is possible to further split the inequality

above into a more precise form by requiring the following Jensen-type inequalities to hold:

11
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1. at regular points,

PG+ (0 V) ) ) < () + (700 0) 5 (e 01D

d
=qga®

2. and, at singular points,

£ (Gdgy, vi) ) < (7 (x,0),v7)- (1.4)

for all Young measures v which are generated by 7 -free sequences.

1.2.2 A weak notion of convexity

The formal derivation carried out in the lines above tells us that the lower semicontinuity of integral
functionals in the <7-free setting, where both oscillation and concentration of measure is allowed,

entails a weak form of convexity on the integrand f(x,.).

By Jensen’s definition of convexity, which states that a function 4 : RN — R is convex if
[ ) dxa) = rlao
Q

for all probability measures k € 2 (Q;RY) with center of mass [, A dk = Ay, it would seem reason-
able to expect Tf to be weak* lower semicontinuous (in the sense of measures, on ker , <) if and
only if

f(x,+) is convex for all x € Q.

However, this first guess is somehow misleading. The subtlety here is the additional differential
rigidity which «/-free sequences possess. Such questions were first considered by Murat and Tar-
tar [[59H61, |73, [74]] in their Compensated compactness treatise, which, a grosso modo, states that
oscillation effects may be significantly amortized by the rigidity of a differential constraint. In some
sense, one expects f(x,+) to be convex along directions where .o/ -free sequences may oscillate and/or
concentrate, and remain non-convex along all other directions. Therefore, the characterization of the
functionals 7 which are weak* lower semicontinuous passes through a certain weaker notion of “.7-

quasiconvexity” of f(x,.) and f*(x,.) (compare Jensen’s classical definition of convexity with the

less restrictive inequalities (1.3)-(1.4)).

In the next lines we briefly discuss the notion 2-quasiconvexity, its origins, and its role as the

natural answer to Problems [Tl and 21

12



1.2 Theory of existence

The case of gradients

Almost 70 years ago, due to the great success of the direct method, mathematicians dedicated their

efforts to investigate certain integrals of the form
u— / f(Vu) dx, where u : Q — R™ is a Lipschitz function,
Q

and their lower semicontinuity properties under the uniform convergence of Lipschitz functions
(weak* convergence in W!**(Q;R™)). The first successful attempt to establish necessary and suf-
ficient conditions for the lower semicontinuity of such functionals was proposed by Morrey [56]
through what he defined as a “quasi-convexity” condition on the behavior of f. Specifically, under

standard p-growth assumptions, Morrey showed that f is guasiconvex if and only if

/ f(Vu) dx < liminf/ f(Vu;) dx
Q J7 Ja
for all weakly convergent sequences
uj—u in WHP(Q;R™), such that (|Vu;|?) is equi—integrableﬁﬂ
Here, we say that a function f : RN — R is quasiconvex if for every A € M"*¢,

fi4) < /Q F(A+Vo()dy forall p € Wh™(0:R"),

where Q stands for the d-dimensional unit cubeE]

This characterization covers the theory of existence for integrals defined on gradients under stan-
dard p-growth (with p > 1); see also [[12]] for the case of higher-order gradients. However, as we have
already discussed, it is far from satisfactory for a number of applications which involve the space
BV(Q;R™) of functions with bounded variation[] Understanding the concentration effects of L!-
bounded sequences of gradients took a considerably longer time. It was not until the early 90’s that
Ambrosio & Dal Maso [5]], and Fonseca & Miiller [38]] showed that Morrey’s quasiconvexity con-

dition would remain a necessary and sufficient condition for the lower semicontinuity of the relaxed

“The sequence (|Vu;|P); is said to be equi-integrable if for every & > 0 there exists § > 0 such that

sup (/ |Vuj|P dx) <e, forall EC Q Borel with £ (E) < §;
i \JanE

this is, in turn, a way to prevent concentration of measure in weak* limits of (|Vu;|?).

3 Acerbi and Fusco [1] showed that the equi-integrability of (|Vu;|?) can be dropped from the assumptions.

Kinderlehrer and Pedregal [41]] would show, almost 40 years after Morrey’s pioneering work, that the quasiconvexity of
f(x,), in the super-linear case p > 1, is equivalent to the Jensen inequality (T.3) on gradient Young measures (Young
measures generated by sequences of gradients).

"The space of functions with bounded variation BV(Q;R™) is the space of integrable functions whose distributional
derivative is an M¢*"N-valued Radon measure, i.e., BV(Q:;R™) := {u € L{(Q;R™) : Du € .4/ (Q;M**™) }.

13



1 Introduction

functional

ui—)/fVu dx+/f“<d(?g: )) d[D%u|(x),

surface energy

with respect to the weak* convergence in BV(Q;R™); see also [51] for the case of unsigned inte-

grands.

The </-free setting

The study of L”-weak lower semicontinuity of /; in the .7-free framework (I.1)-(I.2), which corre-
sponds to the absence of concentration effects, is in and of itself a mathematically interesting subject
that requires a deeper understanding of the oscillatory behavior of L”-weakly convergent .« -free se-
quences. It was mostly developed in [39]], where the decisive quasiconvexity would be replaced by its
natural generalization to o7 -free fields, the so-called &7 -quasiconvexity.

Let us recall from [25,39] that a Borel function f: RN — Ris called .o/ -quasiconvex if the Jensen
type inequality

)< /Q F(A+w(y)) dy (15)

holds for all A € R" and every Q-periodic w € C*(Q;R") with
gdw=0 and /w(y)dy:O.
0

Specifically, Theorems 3.6 and 3.7 in [39] provide the following characterization:

Theorem 1.1 (Fonseca & Miiller ’99). Let 1 < p <coandlet f: QxRN — [0,) be a Carathéodory
function. Further assume that f has p-growth at infinity. Then,

/fx v(x)) dx <11m1nf/ fx,vj(x)) dx

J—ree

for every sequence (v,) C LP(Q;RY) such that v; — v in LP(Q;RN) and o/ v; — 0 in WP (Q;RV),
if and only if f(x,.) is /*-quasiconvex for every x € QEI

In a similar fashion to the case of gradients, the above characterization renders a complete answer
to the existence problem of (I.I)-(I.2) in the case 1 < p < oo (a similar but not identical charac-
terization holds for p = o). Regarding the case when p = 1 (with respect to the weak* topology
of measures), substantial advances in the lower semicontinuity and relaxation theory were achieved

under the additional assumption that 7 is a first-order partial differential operator:

Theorem 1.2 (Baia, Chermisi, Matias & Santos *13). Let o7 be a first-order and homogeneous

partial differential operator and let f : RN — R be an o/ -quasiconvex and Lipschitz continuous
integrand. Let (1;) C A (Q:RN) be such that u; = p € A (QRY), o u; — 0 in Wl;iq(Q) for

$Here, «7/* = Yja|<kAad? is the principal part of o/

14



1.2 Theory of existence

some q € (1,d/(d—1)) and |p;| > A € A (Q) with A(OQ) = 0. Then

¥ < . . - 1.
Tylu] < liminf/y{u;}
Unfortunately, it is not clear whether similar techniques the ones applied in the proof of the theorem

above can be extended to operators of higher order.

New ideas: The case of symmetric gradients

Since the late seventies, there has been a lot of attention paid to linear elasticity models, which involve

the minimization of functionals of the form
u»—>/f(x,éau(x))dx, ue wh(Q), (1.6)
Q

where

1
&= 5(VHVMT)

is the symmetrized gradient (or deformation tensor) of u.

The space BD(Q) of functions of bounded deformation, introduced by Pierre-Marie Suquet [[70]
(see also [53} [71]), is the space containing the integrable R?-fields whose distributional symmetrized
derivative

1
Eu:= E(Du—FDMT)

is a finite Radon measure, that is,

BD(Q) = {u e L'(&RY) : Eue .# (ML)}

sym
Since Eu is a Radon measure, we may split Eu as

dEu

Bu=gzd

+E’u,

corresponding to its Lebesgue—Radon—Nikodym decomposition.

In particular, attention was given to the study of lower semicontinuity and relaxation properties of
functionals defined on BD(Q). As opposed to gradients, symmetrized gradients are associated to a
double curl constraint, that is,

p e AQMY)  with  curlcurly =0 & Fu=p forsomeu € BD(Q) (locally),

sym
where curlcurl is defined as the distributional second-order partial differential operator
d
curlcurl p == | Y Oltij + OijMix — Ojebii — e | 1< j,k<d.
jk

i=1

Since curl curl is a second-order operator, neither the lower semicontinuity nor the relaxation results

for functionals of the form (I.6) could be addressed by means of Theorem [I.2]or similar techniques.
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However, through recent developments in the use of rigidity properties and the setting of generalized

Young measures, Rindler [67]] was able to give the following characterization:

Theorem 1.3 (Rindler *11). Let f: Q x M4¢*¢ — [0,00) be a Carathéodory and symmetric qua-

sym
siconvex integrand.ﬂ Further assume that |f(x,A)| < M(1+ |A|) for some M > 0 and all x € Q,

A€ Mfyxnﬁi, and that the strong recession function f=(x,A) exists for all x € Q,A € Mg’yqu and is
dxd

(jointly) continuous in Q x Mgym -

Then, the functional

10 = /Qf<x,$(x)> dx+/gf°°<x,;§z;’|<x)> dlE*|(x), ueBD(Q),

is sequentially lower semicontinuous with respect to the weak* convergence in BD(Q).

1.2.3 The characterization for operators of arbitrary order

Our results concern PDE constraints <7 4t = 0 where o7 satisfies Murat’s constant rank condition (see
[[61]]), which as seen in the previous discussion, is a long standing assumption in lower semicontinuity

results. More precisely, we assume that the principal symbol of 7,

AG) =}, £%Aa,

o=k

has constant rank as a linear operator in Lin(RY;R"), for all & € SY~!. Associated to the principal

symbol, we also define the wave cone of o7 as

Ay = |J kerA(&).
Eesd-1

With these considerations in mind, we are able to show a lower semicontinuity result and a relax-

ation result of integral functionals with linear growth assumptions in the o7 -free setting:

Theorem 1.4 (A.-R., De Philippis & Rindler ’17). Let f: Q x RY — [0,0) be a continuous inte-
grand. Assume that f has linear growth at infinity and is Lipschitz in its second argument, uniformly

in x. Further assume that there exists a modulus of continuity ® such that
F(,A) = f0.A)| < o(x—y) (1 +]A])  forallxyeQ AcRY, (1.7)
and that the strong recession function

7 (x,A)  exists for all (x,A) € Q X span A .

?In our setting, (curl curl)-quasiconvex.
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1.2 Theory of existence

Then, the functional

= [ 5 (v ggato) act [ (v g ) abeico

is sequentially weak* lower semicontinuous for measures on the space ker 4 </ if and only if f(x,+)

is o/*-quasiconvex for every x € Q.

Moreover, we are able to show the following relaxation result on asymptotically of -free sequences

under the additional assumption that .o is a homogeneous partial differential operator:

Theorem 1.5 (A.-R., De Philippis & Rindler ’17). Let f: Q x RY — [0,0) be a continuous inte-
grand. Assume that f has linear growth at infinity, that is uniformly Lipschitz in its second argument,
and is such that there exists a modulus of continuity ® as in (L.7). Further we assume that <7 is a

homogeneous partial differential operator and that the strong recession function
f7(x,A) exists forall (x,A) € QX spanAy .

Then, for the functional

— [ st weLl@rY)
Q
the (sequentially) weak™ lower semicontinuous envelope

Glu): 1nf{hm1nf€4[u1] s u; LS pwand o up— 0in W kq}

Jj—reo

for some q € (1,d/(d—1)), is given by

T = [ s (ngtn) ot [[(0un (v 2500 ) alwo

where Q. f(x,+) denotes the <f -quasiconvex envelope of f(x,.) with respect to the second argument
and (Q., f)* is the upper recession function of Q. fm

10T spite that f*° may be defined only in the product space € x span A, the functional jf remains to be well-defined.
This owes to a recent development in the structure of .7 -free measures by De Philippis & Rindler [29] which states that

du
dlu|

whenever & i = 0 in Q; in the case of gradients («# = curl) this result was first shown by Alberti [2] and is commonly
known as the Rank-one Theorem which essentially states that the singular part of the distributional derivative of a
function of bounded variation has rank equal to one.

I For a continuous integrand /& : RN — R, the .o7-quasiconvex envelope of & at A € RY is defined as

(x) €Ay for |pfl-ae. x €Q,

O h(A) = inf{/Qf(A—l—w(y) dy : weC‘f,‘;r(Q;RN),lssz:O,/dey:O};

which, for homogeneous operators .27, turns out to be the largest .7 -quasiconvex function below 4.
12For a Borel integrand g : Q x RY — R with linear growth at infinity, one may consider a notion of recession function that
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Remark 1.6 (Pure constraint). The asymptotically /-free constraint /'v; — 0 appears as the
natural convergence associated to the constraint 7% u = 0. This follows by observing that the range
q € (1,d/(d —1)) corresponds to the embedding ker , &7 < W—*4(Q;RY). However, it is possible

reach a similar characterization of the relaxation of I with respect to the pure constraint
g u=0

by requiring Q to be a strictly star-shaped domain (see, e.g., [58|], where such a geometrical assump-

tion on the domain was made to address a homogenization problem).

The next table summarizes some of the most substantial advances (some of which have been already

discussed) in the study of lower semicontinuity properties of non-convex integrals in the .o7-free

setting:
Operator Growth | Author(s) Characterization
- Morrey ’66; f(x,+) quasiconvex
o = curl (gradients) P Acerbi & Fusco *84 f(x,+) quasiconvex
N £ 1 Ambrosio & Dal Maso ’92; f(+) quasiconvex
P= Fonseca & Miiller "93 f(x,+) quasiconvex
&/ homogeneous, s k :
of constant rank p>1 | Fonseca & Miiller 99 f(x,+) @7"-quasiconvex
o/ = curlcurl 1 Barroso, Fonseca & Toader *00 F(x,+) sym. quasiconvex
(symmetric gradients) pP= (SBD) *) Sym-q
&/ homogeneous, =1 Fonseca, Leoni & Miiller 04 F(x,) o-quasiconvex

of constant rank
of = curlcurl
(symmetric gradients)

(lower bound on abs. cont. part)

p=1 | Rindler’11 (BD) f(x,+) sym. quasiconvex

Baia, Cherimisi, Matias

& Santos *13 (7 hom. first-order)
Arroyo-Rabasa, De Philippis

& Rindler *17 (arbitrary order)

f(+) o/-quasiconvex
o/ of constant rank p=1

f(x,) «/*-quasiconvex

An immediate consequence of the theorem above is the following relaxation in BD which does not

impose any additional condition on the symmetric-quasiconvex envelope of the integrand (compare
with Theorem [1.3)):

Corollary 1.7 (BD-relaxation). Let f: Q x M%*¢ — [0,00) be a continuous integrand that has

sym

linear growth at infinity and is such that there exists a modulus of continuity ® as in (1.7). Further

is weaker in the sense that it always exists. One such weaker form, the upper recession function, is defined by

/ tAl
g"(x,A) == limsup 8, 1A’) . (x,A) e QxRN
X —x
A'—A
t—roo
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1.3 Optimality conditions

assume that the strong recession function

£ (x,A) exists forall (x,A) € Qx M¢*4,

sym
Let us consider the functional

dEu
o= [ 1(n S
defined foru € LD(Q) :={u € BD(Q) : E‘u=0}.
Then, the lower semicontinuous envelope of 9[u] with respect to weak*-convergence in BD(Q), is

given by the functional

9= [ s0r(x G ) avt [ (500" (x E () dEul), weBD@)

where SQf denotes the symmetric-quasiconvex envelope of f with respect to the second argument.

1.3 Optimality conditions

We continue the analysis of variational properties of PDE constrained integrals with linear growth,
in Chapter 3] we focus on the necessary and sufficient conditions for solutions of (I.I)-(T.2)) under
additional convexity assumptions.

To motivate our discussion, let us briefly recall some well-known facts about the minimization
of convex integrals with superlinear growth defined on gradients (we refer the reader to [33]] and

references therein for an introduction to convex analysis methods).

Let p > 1 and let f € C2(M“*™) be a convex integrand with standard p-growth assumptions
MY 14+]APP) < |f(A)] <M(1+]A]P), |Df(A) <M|AP~Y,  forall A€ M9,
The minimization of the functional

i / f(Vu)dx, ueWyP(Q;R™) (1.8)
Q

is a well-posed problem in the sense that there exists at least one minimizer u € W(l)’p (Q;R™). Fur-
thermore, due to the growth conditions, it is possible to show that a necessary and sufficient condition

for ii to be a minimizer of is that & (weakly) solves the correspondent Euler—Lagrange equation
—div(Df(Vu)) =01in Q,

that is,
/Df(VIZ)'V(pdx:O forall(pEW(l)’pl(Q;Rm). (1.9)
Q

Using standard convex analysis methods and duality arguments one may further derive the so-called
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saddle-point condition
FVa)+ f7(T) = (8, Vi) 1 (1.10)

which holds for every div-free maximizer T € LY (Q; M?N) of the dual functional

Tr—>—/f*(f)dx, divr—O (1.11)
Q

Similarly to (1.9), (I.10) is also a necessary and sufficient condition for the extremality of i (and
7). For similar reasons to the ones discussed in earlier sections, the case p = 1 presents two main
difficulties:

1. In general, the existence of a minimizer ii € W(l)’1 (Q;R™) of (1.8) is not guaranteed.

2. The relaxation in BV(Q;R™) of (1.8), which is defined by the functional

= oo [ (8t [ s

boundary term

is a well-posed minimization problem in BV (). However, the derivation of saddle-point con-
ditions as in (I.T0), in this case, is directly linked to the duality pairing (-,+)gy+ gy. The lack of
reflexivity of BV spaces and the complexity of the dual of BV(Q) presents several difficulties
in establishing saddle-point conditions.

In spite of these difficulties, Beck and Schmidt [[15] were able to characterize the saddle-point
conditions in terms of a generalized duality paring [-,-]w-11 gy (introduced earlier in [7]). The

following theorem is a version of their main result.

Theorem 1.8 (Beck & Schmidt *15). Let f : Q x M?*™ — [0, 0) be a continuous integrand. Assume
that f has linear growth at infinity and assume that the strong recession function f= : M4 — R
exists and that f(x,.) : M*™ — R is a convex function for all x € Q. Then, for u € BV(Q,R™) and
TE LZﬁV(Q,M" *NY we have the following equivalence: u is a generalized minimizer of (I.8) and T a
solution of (I.11), if and only if the relation

F(x,Vu(x)) + f*(x,7(x)) = 7(x) - Vu(x)  holds for £“-a.e. x € Q,

and, simultaneously, Du (the distributional derivative of u) satisfies

dD’ D —
e (x, d\D"‘Z! (x)> = H§|’DSZ]\] (x) for |D’ul-a.e. xin Q,

13The Fenchel transform of a function /: RN — R is the lower semicontinuous and convex function #* : RY — R defined
by the rule

h*(z*) = sup {z"-z—h(z)}.
ZERN

For an integrand f : @ x RY — R, and in a possible abuse of notation, we shall simply write f* : Q x RV to denote its
Fenchel transform with respect to the second argument, this is f*(x,A) = (f(x,+))*(A).
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1.3 Optimality conditions

where [T, Du] is the uniquely determined Radon measure on Q such that

/ o d[t,Du] = —/ T-(u®Ve)dx, holds forall ¢ € C7(R™).
Q Q

1.3.1 Duality for more general PDE constraints

Motivated by the ansatz that similar saddle-point conditions to the ones established in Theorem [I.§]
should hold for minimization problems concerning PDE constraints </ v = 0 more general than

curlv = 0. We investigate the natural extension of saddle-point conditions to the <7 -free setting in a
slightly different setting than (1.1)-(1.2).

Throughout Chapterwe shall assume that f : Q x RN — R is convex in the second argument. We

consider the minimization problem (also termed as the primal problem):
minimize /;[u] among functions in the affine space uy + ker.o7. P)
Instead of W'!, we shall work with the .<7-Sobolev space of Q defined as
W7 li=lu e LNQRY) : uecL(QR")}.
Since W1 (Q) is a dense subspace of L' (Q;R"), we may consider the (possibly unbounded) linear

operator o7 : W1 C L'(@;RV) — L(Q;R") and its dual .o7* : D(27*) C L*(Q;R") — L=(Q;RN).

With these considerations in mind, we also define the dual problem:

maximize w / w* - o uy dx—/ ff(x,w*)dx, among fields w* in D(&™). (P")
Q Q

The derivation of the optimality conditions (or saddle-point conditions) of problems (P) and (P7) is
based on the introduction of the set-valued pairing [.,.] : ker 4 o/ xD(o/™) — .# (Q) defined as

[w, o w'] = {/1 e M(Q) ¢ (uy) CL(QRY ) ker o,

U, — W area-strictly in Q, and (u,-.o7*w*) L% 2 L in .4 (Q) }

Here, we say that a sequence of measures area-strictly converges to a measure y € . (Q;RY) if
o = and (i) (Q) = (1) (Q) where

w@= [ (14 () acs o)

Remark 1.9 (BV-generalized pairing). For ./ = curl, our notion of (set-valued) generalized pair-

ing can be identified with the well-defined Radon measure defined by [-, «]w-1.1 gy, introduced in [7].
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Generalized saddle-point conditions

By means of this generalized pairing we show the intrinsic relation between generalized minimizers

of (P) and maximizers of (P*) also known as the saddle-point conditions:

Theorem 1.10 (A.-R. ’16). Let f: Q x RN — [0,%0) be a continuous integrand with linear growth
at infinity such that f(x,.) is convex for all x € Q. Further assume that there exists a modulus of

continuity @ such that
‘f(X,Z) _f(yvz)‘ < (D(‘X—y‘)(l + ’Z|) foralli € Q: kS RN-

Then the following conditions are equivalent:

(i) W is a generalized solution of problem (P) and w* is a solution of (P7),

(ii) The generalized pairing 1L, </ * w*] is the singleton containing the measure

d“ * ok d = d.u
= . Q . S
* (dfd"%w)gL +f<’dw\>|u|’

and in particular

dA o0( du )
x) =7 x, for |U¥|-a.e. x € Q.
™ aw) 7
Moreover,
dA du -

d
— 1 (a0 ) 575t w0
for L% -a.e. inx € Q.

Corollary 1.11 (Interior saddle-point conditions in BD). Ler f: Q x Méx! — R be as in the
assumptions of Theorem Then the (interior) saddle-point conditions associated to the mini-

mization problem

o [ rméutact [ (5 ) dE, e BD@RY)

are given by the equations

dA

fx,Eulx))+ f (x,0%(x)) = Eu(x)- o™ (x) = T.iﬂd(x)’ for Z%-ae xeQ,
and dE* dA
00 u N
f (x’d\ESu](x)> = ] (x), for|u’|-a.e. x € Q.
Here, 0" € LM(Q;Mfﬁnd ) is a div-free symmetric tensor with Tr(c* - vo) = 0 that maximizes the
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1.4 Regularity: Optimal design problems with a perimeter term

functional
wh —/Qf*(x,w*) dx, w'e LE?V(Q;Mfyfj),

and A is the uniquely defined Radon measure in # (Q) such that
1
/Q(p dA = _Z/QG* (u@Ve+Ve®u) dx holds for all ¢ € CJ(Q).
Remark 1.12 (Saddle-point conditions in BV). By setting &/ = curl, Theorem re-proves a
variant of Theorem L8]
1.4 Regularity: Optimal design problems with a perimeter term

In mathematics and materials science the notion of optimal design refers to a subarea of optimal con-
trol where the set of controls describe the geometries or possible compositions of a body or structure.
We focus on the following general setting of the rwo-material optimal design problems for linear

models: we look for local saddle-points of the variational problem

minsupJ(A,u). (odp)
Ay
Here,
J(A,u) :—/Fudx— o1 u-of udx— 0y u- o udx+y.L(ANQ) +Per(A; Q),
Q QNA QNAC —_—— —\—
volume term surface term

=D(Au) “bulk energy”

defined on pairs (A,u) where the design A C RY is prescribed by a Borel set, u: Q C R? — RV is
the potential function, o7 is an elliptic operator whose properties will be specified later together with
some examples, the design materials are represented by symmetric positive definite tensors Gy, 02,
and F : Q — RY is the source field associated to the Optimal Design problem.

The perimeter term Per(A; Q) — equivalent to #¢~!(dANQ) on smooth sets A C R? — prevents
highly oscillating pattern formations of designs. To highlight the role of the perimeter let us recall the
ideas of Kohn and Strang [45-47|] which link the notions of optimal design to the ones of relaxation.
In the absence of a surface term, one can reformulate as an integral minimization which absorbs

the designs A into a double-well potential (see Fig. [1.1)
T /QW(T) dx, W(t)=min{W;(1)=0;'T-1+7, Wa(1) =0, 't 1},
where the candidate fields 7 : Q@ C R? — RN satisfy the affine PDE constraint
A*1T=F,
for some linear PDE operator .27* — that represents the L? adjoint of «7. As was emphasized in

earlier sections, minimizers might develop fine patterns due to the non-convexity of W which lead to
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Figure 1.1: The dotted line sketches the graph of the relaxed integrand Q +W in the regions where it
does not coincide with the non-convex integrand W = min{W;, W, }.

the study of the relaxed functional

TI—)/Q%*W(’L')dx, A T =F.
Q

However, since the surface term is present, relaxation is unnecessary due to the high energy cost

imposed on fine mixtures of the design.

The lower semicontinuity of perimeter functional (see [0} 34]) and the theory of compensated com-
pactness developed by Murat and Tartar (see |62} |63[]) provide the necessary compactness and lower
semicontinuity properties to show existence of solutions via the direct method. A more interesting
and non-trivial problem is to establish the regularity of saddle-points of to which we will devote

our attention:

Problem 3. Let (A,u) be a saddle-point of (odp). Does the pair (A,u) possesses higher regularity
properties than the ones prescribed by being an admissible design? Here, we shall understand the
regularity of A as the differentiability properties of dA when it is seen as a (d — 1)-dimensional
manifold, and the regularity of u as its integrability and differentiability properties.

1.4.1 The role of almost perimeter minimizers

The variational properties of a set A C R?, which belongs to a minimizing pair (A,u) of (odp), can
be reformulated in a way that resembles those of perimeter minimizers (described below). Indeed, a

simple comparison argument and rearrangement of the energy terms yield

Per(A; Q) < Per(E; Q) + (supD(E,-) - supD(A,-)) + y‘fd(EﬁQ) —2YANQ)

)
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1.4 Regularity: Optimal design problems with a perimeter term

for all measurable E C R" such that EAA CC Q. Thus, the set A weakly minimizes the perimeter
functional Per(.;Q) in the sense that for every x € K CC Q there exists a modulus of continuity

ok : [0,00) — [0,00) for which
Per(ANB,(x); Q) < Per(UNB,(x); Q) + wk(r).

Moreover, wg can be explicitly defined (up to a term of order ) as

g (r) = inf{ supJ(A,.) —supJ(E,.)| : (EAA) CC B.(x) andx € K}.

Having hitherto taken for granted the notion of perimeter, let us now discuss it in more detail along

with the attendant regularity properties associated to minimization of perimeter.

The area of an open d-dimensional C'-hypersurface M C R? in Q is defined as
Areao (M) :—/ 1+ o2 dx = 4 (M Q),
Une='(Q)

where ¢ : U € R? — M is the C!-chart that parametrizes it. Stationary “points” of the area functional

are called minimal surfaces, which in particular are solutions of the area Euler-Lagrange Equation

: Vo
—div| ————= ] =0. 1.12
1v< ﬁﬂpr) (1.12)

If M is a minimal surface parametrized by a Lipschitz map ¢, it is not hard to see that equation (I.12))
is an elliptic PDE to which we can apply standard regularity methods which show that M is an analytic

hypersurface.

The topological boundary of a sufficiently regular set A C R? can be (locally) regarded as an open
hypersurface. Hence, by the divergence theorem,

/ (p‘v,;Ad{%ﬂdl:/ diV(pdx:—/(p‘d(V]lA), for all ¢ € CL(Q;RY),
JANQ QNA Q

where V1, is the distributional derivative of the indicator function 1,4. On sufficiently regular sets

A C RY, the area functional over the manifold M = dA has the alternative representation

Areag(dA) = D14 |(Q) == sup{/ divodr : @ € CL(QRY), ||lo]l. <1 },
A

ne

which coincides with the norm of V14 in (Cp(£2))* — the total variation of the distributional deriva-

tive of 14 in Q. This motivates the definition of the perimeter of a set:
Per(A;Q) := [D14|(Q), A C R? Borel set.

Of course, every Lipschitz surface M is locally the topological boundary of a set A of finite perimeter
and, in this case, Areag(M) = Areag(dA) = Per(A;Q). However, the geometry of a set of finite
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perimeter might be rather complicated. For instance, the boundary of a set of finite perimeter might
not admit local parametrizations of any kind. In this case, the equality Areag(dA) = Per(A;Q) is
more likely to fail. For this reason De Giorgi introduced the notion of reduced boundary of a set, a

(d — 1)-dimensional Hausdorff subset d*A of the topological boundary with the property that
Per(A;Q) = 71 (QNo*A). (1.13)

In spite of the increase in the complexity of admissible geometries, one can still study certain

partial regularity properties of sets with minimal perimeter, that is, sets A C R? such that
Per(A; Q) < Per(E;Q), for all E C RY such that (EAA) CC Q.

De Giorgi showed in [28]] that being a perimeter minimizer is a sufficiently rigid property to guarantee
d*ANQ to be an analytic hypersurface. Miranda [55]], on the other hand, showed that the difference
between topological and reduced boundaries — also known as singular set — of perimeter minimizers
is small, namely that

AHQN(0A\ 9*A)) = 0.

Further developments due to Simon and Federer refined this result to the extent that 72 (Q N (dA \
d*A)) = 0 for all s < 8. Thus, establishing that in low dimensions perimeter minimizers are analytic.

A simple scaling argument dictates that perimeter minimizers are stable under blow-up methods.
This fact further suggests that the aforementioned regularity results should extend to weaker min-
imality assumptions, which was later shown by Tamanini [72] in the setting of almost perimeter
minimizers. A set A C R? is an almost perimeter minimizer in Q if there exist o € (0, 1/2] and a local

positive constant ¢ such that

Per(A§Q) < Per(E;Q) + crd—1+2a :
——

vanishing term
after blow-up

for all E C RY with EAA CC B,(x) C Q. He showed that if A C R is an almost perimeter minimizer,
then
(QNJ*A)is a Cl%hypersurface and 7% (QN(JA\J*A)) =0 for all s > 8.

This raises the following question:

Problem 4. [f (A,u) is a minimizer pair of with A C RY, is A an almost perimeter minimizer?
Observe that it is enough to show that @k (r) = o(ri=1%2%) for some o € (0,1/2].

1.4.2 Regularity of optimal designs: history of the problem

Optimal design problems in linear electrical conductivity models have been considered by Kohn and
Strang [45-47]], and Murat and Tartar [63]]; the success of homogenization and relaxation techniques
led to groundbreaking advances in the understanding of pattern formations of optimal structures.

However, optimal design problems with a perimeter penalization, like the one we shall consider, were
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1.4 Regularity: Optimal design problems with a perimeter term

first developed by Ambrosio and Buttazzo [4]] and Lin [52]. An exposition of their model and its

regularity properties is provided below.

The linear conductivity equations

An open and bounded set Q C R? represents a container that is occupied by two materials with
uniform conductivities 0 < B < @ < oo. The material with conductivity « is distributed along a
measurable set A C Q with a prescribed volume fraction 0 < A < .2(Q); the remaining part (Q\ A)
is occupied by a material with conductivity 3. The overall conductivity in the container can be written

as
oa(x) =Ta(x)o+ (1 —1a(x))B

The materials are assumed to be linear and perfectly bonded, meaning that both the electric potential
and the normal electrical current are continuous across the interface. The model is completed by
adding a source term F' € L*(Q) and assuming (for simplicity) Dirichlet boundary conditions on dQ.

The state equation associated to the model reads

—div(cpVuy) = F inQ
uya = 0 ondQ,

where the function u4 : Q — R models the electrical potential associated to the design A. The energy

dissipated in Q is captured by the functional

/FuA dx.
Q

The optimal design consists of finding designs with minimal combined dissipated and surface energies
(among designs with prescribed volume A). The precise mathematical variational principle being the
minimization

inf{ J(A) : A C Qis ameasurable set and 2 (A) = A },

where
J(A) —/qu dx+Per(A; Q).
Q

In order to handle the volume constraint one considers the introduction of a Lagrange multiplier y € R

giving rise to the following final variant:
inf{ J(A)+yZL9(A) : Ais a measurable subset of Q } (1.14)

Theorem 1.13 (Ambrosio & Buttazzo ’93). Let A C Q be an optimal design of the minimization

problem (1.14). Then, A is essentially relatively open in the sense that there exists an optimal set
A C Q which is relatively open in Q, satisfies that £*(AAA) = 0, and is such that dA = J*A.

Up to minor considerations regarding the boundary conditions, the regularity is due to Lin [52]:
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Theorem 1.14 (Lin ’93). Let A C Q be an optimal and relatively open profile of the minimization
problem (1.14). Then the singular set ¥ := (dA\ *A) NQ is a relatively closed subset of dA with
A4~V (X) = 0. Moreover; there exists B € (0,1) depending solely on the dimension d such that

9*A is an open C'P-hypersurface in Q,

and uy is Lipschitz in Q\ ¥.

To see how this model fits in our setting simply set the tensors 6] = otidge, 02 = Bidga, and the
operator 7 u = Vu to be the gradient operator on scalar valued functions (accordingly the adjoint
a/* © = —div 7 is the divergence operator on R?-valued fields). Since the dissipated energy fg Fuy is
equivalent to

max{/ZFudx—/GAVu-Vudx : uGWé’z(Q)},
Q Q

the minimization of A — J(A) is indeed a min-max problem by considering over the additional vari-
able u € W(l)’Z(Q).

Given a minimizer A of (I.14)), Theorem [I.14] provides an answer to Problem [3] by establishing
that, up to modifying A in a set of vanishing /¢~ !-measure, the reduced boundary d*A is an open
C!B-hypersurface in Q and Vuy = 7 € L (Q\ X).

loc

1.4.3 General elliptic systems

There are similar models following more complicated systems of elliptic equations than the conduc-
tivity equations, for example, linear plate theory and linear elasticity models among their respective
equivalent formulations. The task of extending the (partial) regularity results from the conductivity
setting to more general systems of equations is not trivial. Mainly because the aforementioned results
rely on a monotonicity decay property of harmonic maps (essentially, it is possible to reduce the con-
ductivity equations to the Dirichlet equations). This monotonicity, however, fails for general elliptic

systems.

Example 1.15 (Linear plate theory). Let ® :=Q x [—h, h| be the reference configuration of a (thin)
plate with cross section Q C R? and thickness 24. Here, Q is a C!' open and bounded set with outer

normal n(x). The elastic properties of the plate are described by the two-phase fourth-order tensor

oa(x) =T1a(x)o1+ (1 =1a(x))o2, 01,00 € Mf;ﬁ%xez.
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Figure 1.2: The design of a thin plate 2 made up of two materials with elastic moduli 67, 0; is deter-
mined by a design-set A. The vertical deflection u4 is as a consequence of subjecting the
plate to the vertical load F.

The equations which describe the vertical displacement u4 : Q — R of ® under a load F € L*(Q)

are given by the fourth-order system

div(div(caV?us)) = F inQ
uA:<9nuA =0 Ona.Q,

where V2u, is the Hessian matrix of u,.

Example 1.16 (Linear elasticity). Let Q C R? be an elastic body with deformation properties de-

fined by a two-phase design tensor

0A(x) =14(x)01 + (1 =14 (x))02, ©},00 € MEX3*3x3,

sym
The linear equations associated to the deformation of Q by an external force-field F € L*(Q;R?) read

—diV(GAéDuA) = f in Q
ugy = 0 ondQ,

where uy : Q — R? is the resulting deformation potential and &us == (Vu+ (Vu)") /2 is the sym-

metrized gradient of uy.

Operators of gradient form

Our results concern the setting of general elliptic systems among which linear plate theory and linear
elasticity models are included. The role of the operators u — Vu,u — VXu, or u — &u in different
models is reduced to a single model by introducing a class of operators <7, the class of operators of
gradient form.

The defining properties of this class are the following:

Ellipticity. We say that a kth-order homogeneous operator .7 is elliptic if its principal symbol is
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injective for all frequencies in Fourier space, i.e., its principal symbol A has the property that

kerA(E) = {0} CRY, forall & €S (1.15)

Compactness. We shall work within a class of operators .« where a Poincaré-type inequality holds.

In other words, we assume that there exists cq > 0 such that

lull2() < call  ull2q) forall u € W5 (Q:RY). (1.16)

Exactness. We will further assume that there exists an homogeneous partial differential operator %
such that
du=v & HRBv=0, 1.17)

for all v € C°(w;R") and every simply connected & C RY.

We term the class of operators for which (1.15)-(1.17)) hold, operators of gradient form.

It turns out that, restricted to square-integrable functions, operators in this class inherit similar
properties to those of gradients, hence the name. For instance, classical Cacciopolli inequalities can
be extended to general Cacciopolli inequalities for elliptic operators. Thus, one might systematically
develop a similar regularity theory than the one available for gradients: higher integrability estimates,

reverse Holder estimates, etc.

Partial regularity for models prescribed by operators of gradient form
Let Q C R be a Lipschitz bounded set. Let

=Y Agd* Aq€Lin(RY;R"),

o=k

be a kth-order operator of gradient form. Let 01,0, € Sym(]Rde ® RN k) be two (possibly non-
ordered) tensors with the property that

1
PP < oP-P<M|P forall Pe RN =12,

We consider the Optimal Design problem of finding the (locally) minimizing configurations A C R?
of the energy

J(A):/FuA dx+Per(A;Q), (1.18)
Q
where uy € Wg’k(Q;]RN ) is the unique solution to the elliptic system

g*(op/u)=F inQ, in the sense of distributions, (1.19)
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for some F € L”(Q;Rde). In this context we show, under mild assumptions on the regularizing

properties of local solutions of the related relaxed problem:
minimize u — / Oz f(<f u)dx, defined on a subclass of L?(Q;RY),
Q

that a local minimizer A is, up to a lower dimensional closed set, a C!-hypersurface:

Theorem 1.17 (A.-R. ’16). Let A be a local (minimizer) point of (1.18)-(1.19) in Q. Then there
exists a positive constant 1 € (0, 1] depending only on the dimension d such that, for the singular set
Y =0Q\J*A,

AN ENQ) =0, and 0*A isan open C"V 2 hypersurface in Q.

Moreover if of is a first-order partial differential operator, then of uy € C?(;?/ 8 (Q\X), the trace of
o ua exists on either side of d*A.
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2 Lower semicontinuity and relaxation of

linear-growth integral functionals

This chapter contains the results obtained in the research paper:

Lower semicontinuity and relaxation of linear-growth integral
functionals under PDE constraints

Abstract

We show general lower semicontinuity and relaxation theorems for linear-growth integral func-
tionals defined on vector measures that satisfy linear PDE side constraints (of arbitrary order).
These results generalize several known lower semicontinuity and relaxation theorems for BV,
BD, and for more general first-order linear PDE side constrains. Our proofs are based on recent
progress in the understanding of singularities of measure solutions to linear PDE’s and of the

generalized convexity notions corresponding to these PDE constraints.

See:

A. Arroyo-Rabasa, G. De Philippis, F. Rindler, Lower semicontinuity and relaxation of linear-growth
integral functionals under PDE constraints, ArXiv e-prints: 1701.02230 (2017)

2.1 Introduction

The theory of linear-growth integral functionals defined on vector-valued measures satisfying PDE
constraints is central to many questions of the calculus of variations. In particular, their relaxation and
lower semicontinuity properties have attracted a lot of attention, see for instance [2,|5,/14+16, |20L 28]].
In the present work we unify and extend a large number of these results by proving general lower
semicontinuity and relaxation theorems for such functionals. Our proofs are based on recent advances
in the understanding of the singularities that may occur in measures satisfying (under-determined)
linear PDEs.
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

Concretely, let  C R? be an open and bounded subset with .#?(dQ) = 0 and consider for a finite

vector Radon measure p € .7 (Q;RY) on Q with values in RY the functional

Fuli [ (v aw) o [ (5w ) awieo, e

Here, f: Q x RY — R is a Borel integrand that has linear growth at infinity, i.e.,
|f(x,A)| <M(1+|A])  forall (x,A) € Q xR",

whereby the (generalized) recession function

/ tA/ .
f*(x,A) == limsup M, (x,A) € QxRY,
X —x t
A'—A
t—ro0
takes only finite values. Furthermore, on the candidate measures u € .#(Q;RY) we impose the

k’th-order linear PDE side constraint

= Z Agd%u=0 in the sense of distributions.

|| <k

The coefficient matrices Ay € R™N are assumed to be constant and we write 9% = 810‘1 ...8;“’ for
every multi-index o = (e, ...,0y) € (NU{0})? with o] := |a; |+ -+ || < k. We call measures
u € 4 (Q;RN) with o7 = 0 in the sense of distributions <7 -free.

We will also assume that o7 satisfies Murat’s constant rank condition (see [16], 26])), that is, there
exists r € N such that

rank(ker AF(E))=r  forall £ € S9!, (2.2)
where
Ak 27r1 Z E%Aq, E% = 1061... ;‘d’
|ot|=k

is the principal symbol of o/. We also recall the notion of wave cone associated to ./, which plays
a fundamental role in the study of 7-free fields and first originated in the theory of compensated
compactness [12, 2426, 30, [31]].

Definition 2.1. Let o/ be k’th-order linear PDE operator as above. The wave cone associated to <f
is the set
= kerAK(E)  CRYN.
&1=1

Note that the wave cone contains those amplitudes along which it is possible to construct highly
oscillating .«7-free fields. More precisely if <7 is homogeneous, i.e., & =Y 4| Aqd?, then Py € Ay
if and only if there exists & # 0 such that

o (Poh(x-E))=0  forall h € CK(R).
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2.1 Introduction

Our first main theorem concerns the case when f is .27*-quasiconvex in its second argument, where

= Z Agd”

o=k

is the principal part of <7 . Recall from [16] that a Borel function : RY — R is called .«7 k -quasiconvex
if
) < [ ha+w) dy
Q

for all A € RN and all Q-periodic w € C*(Q;R") such that .o/ kw =0 and / oW dy =0, where Q :=
(—1/2,1/2)¢ is the unit cube in R,

In order to state our first result, we shall first introduce the notion of strong recession function of
£, which for (x,A) € Q x R" is defined as

/ tA/ .
f(x,A) = lim M, (x,A) € Q xR, (2.3)
X —x t
A'—A
[—ro0

provided the limit exists.

Theorem 2.2 (lower semicontinuity). Let f: QxRN — [0,00) be a continuous integrand. Assume
that f has linear growth at infinity and is Lipschitz in its second argument and that f(x,.) is </ k.

quasiconvex for all x € Q. Further assume that either
(i) = existsin Q x RN, or

(i) f* exists in Q X span A, and there exists a modulus of continuity ®: [0,e0) — [0, ) (increas-

ing, continuous, ®(0) = 0) such that

|f(x,A) = f(1,A)] < o(|x—y|)(1+|A]) forallx,y e Q, A eR". 2.4)

Then, the functional

Flul= [ 1(x g0 act [ b5 00) alel

is sequentially weakly* lower semicontinuous on the space

MRV ) Nkere :={pe#(URY) : =0}

Note that according to (2.6) below, .#[u] is well defined for u € .# (Q;RY) Nker</ since the
strong recession function is computed only at amplitudes that belong to span A, .

The «7*-quasiconvexity of f(x,.) is not only a sufficient, but also a necessary condition for the
sequential weak* lower semicontinuity of .% on .# (Q;RY) Nker.«7. In the case of first-order partial
differential operator, the proof of the necessity can be found in [16]; the proof in the general case

follows by verbatim repeating the same arguments.
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

Remark 2.3 (asymptotic <7 -free sequences). The conclusion of Theorem [2.2]extends to sequences
that are only asymptotically .o/ -free, that is,

ZFu] <liminf.Z[u;]

J—ee

for all sequences (u;) C .4 (Q;RY) such that
pi = pin Z(QRY)  and o/ pj — 0in WRI(Q;R")
for some 1 < g < d/(d —1) if f(x,-) is «/*-quasiconvex for all x € Q.

Notice that £ in (2.3)) is a limit and, contrary to f*, it may fail to exist for A € (spanA./)\ A
(for A € A, the existence of f~(x,A) follows from the .o/ k—quasiconvexity, see Corollary . If
we remove the assumption that f* exists for points in the subspace generated by the wave cone A/,

we still have the following partial lower semicontinuity result (cf. [[14]]).

Theorem 2.4 (partial lower semicontinuity). Let f: Q x RN — [0,00) be a continuous integrand
such that f(x,.) is < k_quasiconvex for all x € Q. Assume that f has linear growth at infinity and
is Lipschitz in its second argument, uniformly in x. Further, suppose that there exists a modulus of

continuity @ as in (3.2). Then,

du #
< o
/Qf<x, s )) dr < liminf. 7%}

for all sequences ;= p in A (Q;RN) such that <7 w; — 0 in W59(Q;RY). Here,

F= [ 1(x 5 0) ot [ (5 g0) aleio

and 1 < qg<d/(d—1).

Remark 2.5. As special cases of Theorem we get, among others, the following well-known

results:

(i) For o/ = curl, one obtains BV-lower semicontinuity results in the spirit of Ambrosio—Dal
Maso [2] and Fonseca—Miiller [|15]].

(ii) For .« = curlcurl, where
d . .
curlcurl it := <Z 8,7411.] + a,J,lJlk — 8jku} — 8”/4;‘)
i=1 Jk=1,....d

is the second order operator expressing the Saint-Venant compatibility conditions (see [[16, Ex-
ample 3.10(e)]), we re-prove the lower semicontinuity and relaxation theorem in the space of
functions of bounded deformation (BD) from [28]].

(iii) For first-order operators .<7, a similar result was proved in [J5]].
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(iv) Earlier work in this direction is in [[14} [16], but there the singular (concentration) part of the

functional was not considered.

If we dispense with the assumption of .&*-quasiconvexity on the integrand, we have the following

two relaxation results:

Theorem 2.6 (relaxation). Ler f: Q x RN — [0,00) be a continuous integrand that is Lipschitz in
its second argument, uniformly in x. Assume also that f has linear growth at infinity (in its second
argument) and is such that there exists a modulus of continuity ® as in (3.2)). Further, suppose that

o7 is a homogeneous PDE operator and that the strong recession function
F7(x,A) exists for all (x,A) € Q x spanA,.
Then, for the functional
G [u] ::/Qf(x,u(x))dx, ue LY (QRY),
the (sequentially) weakly* lower semicontinuous envelope of 4, defined to be

Gu] :=infd liminf<[u;] : (u;) C LYQRY), u; 2 = win 4 (Q;RY
J J J

Jre°

and /' uj — 0 in W_k’q},

where L € .4 (Q;RN)Nkero/ and 1 < g <d/(d—1), is given by

Tl = [ 0t () ) axt [ (@ur (v g ) a

Here, Q. f(x,+) denotes the <7 -quasiconvex envelope of f(x,.) with respect to the second argument

(see Definition below).

If we want to relax in the space . (Q;RY) Nker.</ we need to assume that L' (Q; RY) Nker.«7 is
dense in .# (Q;R") Nker.o/ with respect to a finer topology than the natural weak* topology (in this

context also see [4]).

Theorem 2.7. Let f: Q x RN — [0,00) be a continuous integrand that is Lipschitz in its second
argument, uniformly in x. Assume also that f has linear growth at infinity (in its second argument)
and is such that there exists a modulus of continuity ® as in (3.2). Further, suppose that <f is a

homogeneous PDE operator, that the strong recession function
7 (x,A) exists forall (x,A) € Q x spanA,
and that for all u € .# (Q;RY) Nker o there exists a sequence (u;) C L' (Q;RN) Nker.o/ such that

w;p LS in A(QRY) and  (u; L7)(Q) — (p)(Q), (2.5)
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

where (+) is the area functional defined in (2.8). Then, for the functional
G [u] ::/f(x,u(x))dx7 uec LY(Q;RY) Nker.o,
Q
the weakly* lower semicontinuous envelope of 4, defined to be

Glu) = inf{ liminf@[u;] : (u;) C LYQ:RY) Nkero?, u; £ = win . (QRY) }

jreo

is given by

9= [ 0t (gt axs [ (@ (x 350 ) o,

Remark 2.8 (density assumptions). Condition (2.5)) is automatically fulfilled in the following

cases:

(i) For & = curl, the approximation property (for general domains) is proved in the appendix
of [19] (also see Lemma B.1 of [8]] for Lipschitz domains). The same argument further shows
the area-strict approximation property in the BD-case (also see Lemma 2.2 in [/] for a result

which covers the strict convergence).

(ii) If Qis a strictly star-shaped domain, i.e., there exists xg € € such that
(Q—xp) Ct(Q—xp) forallz > 1,

then (2.3) holds for every homogeneous operator <7. Indeed, for r > 1 we can consider the
dilation of pu defined on #(Q — x¢) and then mollify it at a sufficiently small scale. We refer for

instance to [23]] for details.

As a consequence of Theorem [2.7 and of Remark [2.8] we explicitly state the following corollary,
which extends the lower semicontinuity result of [28]] into a full relaxation result. The only other
relaxation result in this direction, albeit for special functions of bounded deformation, seems to be

in [[7]], other results in this area are discussed in [|28]] and the references therein.

Corollary 2.9. Let f: Q X Rfyﬁ‘f — [0,00) be a continuous integrand, uniformly Lipschitz in the

second argument, with linear growth at infinity, and such that there exists a modulus of continuity ®

as in (3.2). Further, suppose that the strong recession function
7 (x,A) exists forall (x,A) € Q x ngxnﬁl.

Consider the functional

Sl = /Q F(x, Eu(x)) dx,

defined for u € LD(Q) := {u € BD(Q) : E’u=0}, where Eu:= (Du+Du")/2 € .4 (Q;RLY) is

sym
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the symmetrized distributional derivative of u € BD(Q) and where

dE*u

Eu=&us’LQ
H=el + d|ESu|

|E*ul

is its Radon—Nikodym decomposition with respect to £°.
Then, the lower semicontinuous envelope of 4 with respect to weak*-convergence in BD(Q) is

given by the functional

dE*u
"d|ESul

9= [ sortx.sut) v+ [ (507 (x SEE ) Ao

where SQf denotes the symmetric-quasiconvex envelope of f with respect to the second argument
(i.e., the curlcurl-quasiconvex envelope of f(x,-) in the sense of Definition .

Our proofs are based on new tools to study singularities in PDE-constrained measures. Concretely,
we exploit the recent developments on the structure of o/ -free measures obtained in [[11]]. We remark
that the study of the singular part — up to now the most complicated argument in the proof — now only
requires a fairly straightforward (classical) convexity argument. More precisely, the main theorem
of [18] establishes that the restriction of f* to the linear space spanned by the wave cone is in fact

convex at all points of A, (in the sense that a supporting hyperplane exists). Moreover, by [11],

du®

——(x) Ay for |uf|-a.e. x € Q. (2.6)
) n

Thus, combining these two assertions, we gain classical convexity for f# at singular points, which

can be exploited via the theory of generalized Young measures developed in []1}, |13} |19]].

Remark 2.10 (different notions of recession function). Note that both in Theorem and The-
orem [2.6] the existence of the strong recession function f* is assumed, in contrast with the results

in 2, |5, 15] where this is not imposed.

The need for this assumption comes from the use of Young measure techniques which seem to
be better suited to deal with the singular part of the measure, as we already discussed above. In the
aforementioned references a direct blow up approach is instead performed and this allows to deal
directly with the functional in (2.1)). The blow-up techniques, however, rely strongly on the fact that
&/ is a homogeneous first-order operator. Indeed, it is not hard to check that for all “elementary”

of -free measures of the form
U =PyA, where PyEAy, AT (RY,

the scalar measure A is necessarily translation invariant along orthogonal directions to the character-

istic set

E(Ry)={EeR! : ByckerA(E)},

which turns out to be a subspace of R? whenever o7 is a first-order operator. The subspace structure
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

and the aforementioned translation invariance is then used to perform homogenization-type argu-

ments. Due to the lack of linearity of the map
E— AKE) fork>1,

the structure of elementary .o/ -free measures for general operators is more complicated and not yet
fully understood (see however [10] 28] for the case .«# = curlcurl). This prevents, at the moment,
the use of a “pure” blow-up techniques and forces us to pass through the combination of the results

of [11} (18] with the Young measure approach.

This paper is organized as follows: First, in Section[2.2] we introduce all the necessary notation and
prove auxiliary results. Then, in Section [2.3] we establish the central Jensen-type inequalities, which
immediately yield the proof of Theorems and [2.4] in Section The proofs of Theorems

and[2.7]are given in Section [2.5]
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2.2 Notation and preliminaries

We write . (Q;RY) and .#oc(Q;RY) to denote the spaces of bounded Radon measures and Radon
measures on Q C RV, which are the duals of Co(Q;R") and C.(Q;R") respectively. Here, Co(€2; R")
is the completion of C.(Q;R") with respect to the ||| norm, and, in the second case, C.(;R") is
understood as the nested union of Banach spaces of the form Cy(K,,) where K,, /* Q and each K,
is a compact subset of R?. The set of probability measures over a locally compact space X shall be
denoted by

MN(X) = {/,L € ./ (X) : uisapositive measure, and |u|(X) =1 }

We will often make use of the following metrizability principles:

1. Bounded sets of . (;RY) are metrizable in the sense that there exists a metric d which

induces the weak* topology, that is,

sup|u;|(Q) <eo and  d(pju) -0 & w;—pin A (QRY).
jeN

2. There exists a complete and separable metric d on //ZIOC(Q;RN ). Moreover, convergence with

respect to this metric coincides with the weak™* convergence of Radon measures (see Remark
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2.2 Notation and preliminaries

14.15 in [21])).
We write the Radon-Nikodym decomposition of a measure p € .# (Q;R") as

_di'u' d s
= Tog 2Lt 2.7)

where % e LY(Q;RN) and u* € .# (;RN) is singular with respect to £,

2.2.1 Integrands and Young measures

For f € C(Q x RY) define the transformation

A

A

) (x,A) e QxBY,
1—|A|

(57)(A) = (1 A (x
where BY denotes the open unit ball in RY. Then, Sf € C(Q x BY). We set
E(QRY):={f€C(QxRY) : Sfextends to C(Q xBN) }.

In particular, all f € E(Q;R"Y) have linear growth at infinity, i.e., there exists a positive constant M
such that | f(x,A)| < M(1+ |A]) for all x € Q and all A € RY. With the norm

£ le@iry) = [1Sf]l f € E(Q;RY),

the space E(Q;RY) turns out to be a Banach space. Also, by definition, for each f € E(Q;R") the

limit o
t _
f7(x,A) := lim M, (x,A) € Q xRV,
X' —x t
A=A
[—ro0

exists and defines a positively 1-homogeneous function called the strong recession function of f.
Even if one drops the dependence on x, the recession function 42 might not exist for 4 € C(RV).
Instead, one can always define the upper and lower recession functions
/ /
. X' tA
f#(x,A) := limsup M,
X —=x !

A=A
[—o0

/ !
- X, tA
fu(x,A) ;= liminf M,

X —x t

A'—A

f—o0
which again turn out to be positively 1-homogeneous. If f is x-uniformly Lipschitz continuous in the
A-variable and there exists a modulus of continuity @: [0,00) — [0,00) (increasing, continuous, and

®(0) = 0) such that

‘f(X,A) _f(y7A)‘ < (D(|X—y|)(1 + ’AD? X,y € QvA € RNv
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

then the definitions of £, f*, and fs simplify to

£ (.4) = tim 7]
f#(x,A) := limsup f(x;tA)’

fu(x,A) = liminf f<x;”‘>.

—3o0

A natural action of E(Q;R") on the space .2 (Q;R") is given by

o [ (gt ) o [ (x gig ) awtco

In particular, for f(x,A) = \/1+ |A|? € E(Q;RY), for which f~(A) = |A|, we define the area func-

tional
:/\/H—‘ au 2dx+\us|(£2) u < . #(QRY) (2.8)
o d.¥N ’ ’ ' )

In addition to the well-known weak* convergence of measures, we say that a sequence (U;) con-

verges area-strictly to p in ./ (Q;RN) if
WS pin Z(@RY)  and (@) - (0)(Q).

This notion of convergence turns out to be stronger than the conventional strict convergence of

measures, which means that
W inZ(@RY) and  [l(Q) — ul(Q).

Indeed, the area-strict convergence, as opposed to the usual strict convergence, prohibits one-dimensional
oscillations. The meaning of area-strict convergence becomes clear when considering the following
version of Reshetnyak’s continuity theorem, which entails that the topology generated by area-strict
convergence is the coarsest topology under which the natural action of E(Q;RY) on . (Q;R") is

continuous.

Theorem 2.11 (Theorem 5 in [20]). For every integrand f € E(Q;RY), the functional

w1 (n i) e [ (5 2 0) oo,

is area-strictly continuous on . (Q;RN).

Remark 2.12. Notice that if u € .#(R?;R"), then . — u area-strictly, where i is the mollifi-
cation of y with a family of standard convolution kernels, te := u % pe and pe(x) := £~p(x/€) for
p € C(By) positive and even function satisfying [ p dx = 1.

Generalized Young measures form a set of dual objects to the integrands in E(Q;RY). We recall
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2.2 Notation and preliminaries

briefly some aspects of this theory, which was introduced by DiPerna and Majda in [[13]] and later
extended in [1} [19].

Definition 2.13 (generalized Young measure). A generalized Young measure, parameterized by an

open set Q C R?, and with values in RN, is a triple v = (Ve, Ay, vi°

%), where

(i) (V)req C A" (RN) is a parameterized family of probability measures on RN,
(ii) Ay € M (Q) is a positive finite Radon measure on Q, and

(iii) (V{)ieqm C AV (SNTY) is a parametrized family of probability measures on the unit sphere
SN,

Additionally, we require that
(iv) the map x — V, is weakly* measurable with respect to £,
(v) the map x — Vv is weakly* measurable with respect to Ay, and
(vi) x+— <H,vx> cLY(Q).

The set of all such Young measures is denoted by Y (Q;RY).
Similarly we say that v € Yioc (4 RY) if v € Y(E;RY) for all E € Q.

Here, weak* measurability means that the functions x — ( f(x, ), Vx) (respectively x — { f=(x,+), V"
are Lebesgue measurable (respectively A,-measurable) for all Carathéodory integrands f: Q x RN —
R (measurable in their first argument and continuous in their second argument).

For an integrand f € E(Q;R") and a Young measure v € Y(Q;R"), we define the duality paring

between f and v as follows:

(V) = /Q (F(xe), v doxt /Q (F= (6,0, V) dAy (x).

In many cases it will be sufficient to work with functions f € E(Q;R") that are Lipschitz continu-

ous. The following density lemma can be found in |19, Lemma 3].

Lemma 2.14. There exists a countable set of functions {fn} = {@n @ hy, € C(Q) x C(RY) :m €
N} € E(Q;RY) such that for two Young measures vy, v, € Y(Q;RN) the implication

<<fm,V]>> = <<fm7v2>> VmeN — Vi=W
holds. Moreover, all the h,, can be chosen to be Lipschitz continuous.

Since Y(Q;R") is contained in the dual space of E(Q;R") via the duality pairing {(-,-)), we say
that a sequence of Young measures (v;) C Y(Q;RY) converges weakly*to v € Y(Q;RY), in symbols
Vi S v, if

{f,vi) = (f,v) for all f € E(Q;RY).
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

Fundamental for all Young measure theory is the following compactness result, see [[19, Section

3.1] for a proof.

Lemma 2.15 (compactness). Let (v;) C Y(Q:;RN) be a sequence of Young measures satisfying
(i) the functions x — (|-|,v;) are uniformly bounded in L' (%),
(ii) sup; Ay, (Q) < oo.

Then, there exists a subsequence (not relabeled) and v € Y (Q;RN) such that v; — v in Y(Q; RN).

The Radon-Nikodym decomposition (2.7) induces a natural embedding of .2 (Q;R") into Y (Q; RY)
via the identification u — S[u], where

OluDe=8u o Asw =1, (ST =8 .

dzd

In this sense, we say that the sequence of measures (i) generates the Young measure v if 8[u;] = v
in Y(Q;RV); we write
Y
nj—v.

The barycenter of a Young measure v € Y(Q;RY) is defined as the measure
V] = (id, v,) L2/ Q+ (id, v7') Ay € 4 (G RY).

Using the notation above it is clear that for (;) C . (€;RV) it holds that y; = [v], as measures on
Q,if y; Y.

Remark 2.16. For a sequence (i) C .4 (©;RY) that area-strictly converges to some limit g €
M (Q;RVN), it is relatively easy to characterize the (unique) Young measure it generates. Indeed, an
immediate consequence of the Separation Lemma and Theorem [2.11|is that

Mj — U area-strictly in Q = Ui X 8[u] € Y(RY).

Young measures generated by means of periodic homogenization can be easily computed, see
Lemma A.1 in [6].

Lemma 2.17 (oscillation measures). Let 1 < p < o and let w € LI (R%;RN) be a Q-periodic

loc

function and let m € N. Define the (Q/m)-periodic functions wy,(x) := w(mx). Then,

inL (R%GRN).
In particular, the sequence (w,,) C L]

loc(Rd;RN ) generates the homogeneous (local) Young mea-

sure Vv = (E,O, 2) € Yioe (REGRY) (since Ay is the zero measure, the V2 component can be occupied
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by any parameterized family of probability measures in .4 (S¥")), where
(h,0y) == / h(w(y)) dy forall h € C(RY) with linear growth at infinity.
Q
In some cases it will be necessary to determine the smallest linear space containing the support of
a Young measure. With this aim in mind, we state the following version of Theorem 2.5 in [[1]:

Lemma 2.18. Let (u;) be a sequence in L' (Q;RY) generating a Young measure v € Y(Q;RY) and
let V be a subspace of RN such that u;(x) € V for £?-a.e. x € Q. Then,

(i) supp vy C V for L%-a.e. x € Q,
(ii) suppve C VNSV~! for Ay-a.e. x € Q.
Finally, we have the following approximation lemma, see [1, Lemma 2.3] for a proof.

Lemma 2.19. Let f: Q x RN — R be an upper semicontinuous integrand with linear growth at

infinity. Then, there exists a decreasing sequence (f,,) C E(Q;RN) such that

inf f,, = lim f,, = f, inf = lim /> = f*  (pointwise).

meN m—»oo meN m—yoo
Furthermore, the linear growth constants of the f,,’s can be chosen to be bounded by the linear growth
constant of f.

By approximation, we thus get:

Corollary 2.20. Let f: Q x RN — R be an upper semicontinuous Borel integrand. Then the func-

tional

v»—>/ ), Vi dx+/Q<f#(x,.),v;°> dAy (x)

is sequentially weakly* upper semicontinuous on 'Y (Q;RN).

Similarly, if f: QxRN — R is a lower semicontinuous Borel integrand, then the functional
v [ v et [ s v0) dha(o
is sequentially weakly* lower semicontinuous on Y (€;RN).

2.2.2 Tangent measures

In this section we recall the notion of tangent measures, as introduced by Preiss [27] (with the excep-
tion that we always include the zero measure as a tangent measure).

Let u € . (Q;RN) and consider the map T ") (x) := (x —xo) /r, which blows up B,(x,), the open
ball around xq € Q with radius r > 0, into the open unit ball B;. The push-forward of 1 under T *0-")

is given by the measure

T#(xo’r)u(B) := p(xo +rB), BC r*I(Q—xO) a Borel set.
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

We say that v is a tangent measure to | at a point xo € R? if there exist sequences 7, > 0, ¢,; > 0
with r,,, | O such that
cmT#(xo"r”Ju v in M (REGRY).

The set of all such tangent measures is denoted by Tan(,xo) and the sequence cmT#(xO"r’") U is called a
blow-up sequence. Using the canonical zero extension that maps the space .# (Q;R") into the space
M (R?;RN) we may use most of the results contained in the general theory for tangent measures

when dealing with tangent measures defined on smaller domains.

Since we will frequently restrict tangent measures to the d-dimensional unit cube Q := (—1/2,1/2)4,

we set
Tang (@, x0) :={ oL Q : o € Tan(l,xo) }.

One can show (see Remark 14.4 in [21]]) that for any non-zero ¢ € Tan(l,xp) it is always possible

to choose the scaling constants ¢,, > 0 in the blow-up sequence to be
Cm i= cl(xo+ rmU)’1

for any open and bounded set U C R? containing the origin and with the property that 6 (U) > 0, for

some positive constant ¢ = ¢(U) (this may involve passing to a subsequence).
A special property of tangent measures is that at | |-almost every xo € R? it holds that
o =wk lim ¢, T, n < |o] =w*- lim ¢, T |ul, 2.9)
m—yoo m—yoo

where the (local*) weak* limits are to be understood in the spaces joc(R?;RY) and .2} (RY),

respectively. A proof of this fact can be found in Theorem 2.44 of [3[]. In particular, this implies

d
Tan(,x0) = d|ﬁ|<xo> “Tan(|],x)-

Ifu,A c.

loc

(R9) are two Radon measures with the property that u < A, i.e., that u is absolutely

continuous with respect to A4, then (see Lemma 14.6 of [21]])

Tan(u,x0) = Tan(A,xp) for p-almost every xg € RY, (2.10)
and in particular if f € LL (R A;RY), i.e., f is is A-integrable,

Tan(f2,x0) = f(x0) - Tan(A4,x0) for A-a.e. xo € R%.
On the other hand, at every x¢ € supp i such that

Jim “Br00)NE)

rlo W(By(xo))
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for some Borel set E C RY, it holds that
Tan(p,x0) = Tan(uL_E, xp).

A simple consequence of (2.10) is

d
Tan(|u|,x0) = Tan (.,?d,xo) for dJ;Jifd-a.e- xo €RY.
This implies
du d d d
Tan(u,x) = a@(xo),? : € [0,00) » for Z%ae. xp€ R (2.11)

We shall refer to such points as regular points of u (as any blow-up measure is a multiple of the
d-dimensional Lebesgue measure). Furthermore, for every regular point xq there exists a sequence

rm 4 0 and a positive constant ¢ such that

du

dgd(x(’)gd in Moe(RYGRY).

m

crid(T#(xO’M)N) =

2.2.3 Rigidity results
As discussed in the introduction, for a linear operator &7 := }| 4| < Ay 0%, the wave cone

Ay = | kerA*() cRY
1&1=1

contains those amplitudes along which is possible to have “one-directional” oscillations or concen-

trations, or equivalently, it contains the amplitudes along which the system loses its ellipticity.

The main result of [[11]] asserts that the polar vector of the singular part of an o/-free measure u

necessarily has to lie in A/:

Theorem 2.21. Let Q C RY be an open set and let i € # (Q;RY) be an <7 -free Radon measure on
Q with values in RV, i.e.,

o/ =0 in the sense of distributions.

Then,
du

—(x) e Ay for |U¥|-a.e. x € Q.
hr) m

Remark 2.22. The proof of this result does not require 7 to satisfy Murat’s constant rank condi-
tion (2.2). However, for the present work, this requirement cannot be dispensed with in the following
decomposition by Fonseca and Miiller [16, Lemma 2.14], where it is needed for the Fourier projection

arguments.

Lemma 2.23 (projection). Let </ be a homogeneous differential operator satisfying the constant
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

rank property (2.2). Then, for every 1 < p < oo, there exists a linear projection operator
P L QRY) = LE, (Q:RY)

per per

and a positive constant c, > 0 such that

o (Pu) =0, /Q@u dy =0, lu— PullLrg) < Cp”od””wge/;_p(Q),

for every u € L (Q;RY) with fQ udy=0.

Remark 2.24. Here, ng’e’;(Q) (1 < p < ) denotes the space of W*?(Q)-maps, which can be Q-
periodically extended to a W? (RY)-map; the space W;el?q(Q) with 1/p+1/g = 1 is its dual. Note

loc
H"@ e

where #(&), & € Z4, denotes the Fourier coefficients on torus and .% ~! is the inverse Fourier trans-

that the dual norm is equivalent to

I

L1(Q)

form. In the case |, ot dx =0 (hence (0) = 0), this norm is also equivalent to the norm

I [

L9(Q)

since the Fourier multipliers (14 |& ]2)_k/ 2 and |€| ¥ are comparable (by the Mihlin multiplier theo-
rem) for all & with |&] > 1.

Proof. The proof given in [16] technically applies only to first-order differential operators. However,
the result can be extended to operators of any degree, as long as they are homogeneous. We shortly

recall how this is done in the next lines.

By definition,
rank A% (&) = rank A(E) =7 forall £ € S71. (2.12)

For each £ € R we write P(§) : RV — RY to denote the orthogonal projection onto ker A (), and
by Q(&) we denote the left inverse of A(§).

It follows from the positive homogeneity of A that P : RV \ {0} — RN @ R" is 0-homogeneous.
Moreover, (idgy —P(&)) = Q(AE)A(AE) = A*Q(AE)A(E) and hence Q : RN\ {0} — RN @ RV is
homogeneous of degree —k. In light of (2.12)), both maps are smooth (see Proposition 2.7 in [16]).

Since the map & +— P(&) os homogeneous of degree 0 and is infinitely differentiable in S¥~!, by
Proposition 2.13 in [[16], the map defined on C.(Q;RY) by

per

Pu(w) =Y, P(E);(E)em,
Eez\{0}

where {#i(&)} 4 are the Fourier coefficients of u € L?(Q;RY), extends to a (p, p)-Fourier multiplier

48



2.2 Notation and preliminaries

P onLP(Q;RN) forall 1 < p < oo.

Since P(§) is a projection, so it is Z:

(PoPhu= Y, (B(E)oP(&))i(&)ee™
§ez\{0}
= Y PEa(E)e = 2.
&ezd\{0}

Moreover,

o — —

(o (2u))(§) = AG)(Fu)(§) = A(S)[P(S)a(S)] =0

for all & € Z4\ {0}. Since (2u)(0) = 0, we get

/@udy:O, and @/(Pu) =0.
Q

Finally, let u € C,

per

respectivel, to show that

(Q;RN). We use that A and Q are k-homogeneous and (—k)-homogeneous,

(&) — Pu(€) = (idgv —P(E))a(&)

— QUE)AE)i(E) = @(é) FRAE),

for all £ € Z¢ \ {0}, and therefore, via the Mihlin multiplier theorem and Remark [2.24} that

= Pulig o) < pll  ully-1og,

forallu € C2

per

(Q;RY) with /. ot dy = 0; the general case follows by approximation. O

Lemma implies that every Q-periodic u € L?(Q;R") with 1 < p < c and mean value zero can
be decomposed as the sum

u=v+w, v=Pu,

where
dv=0 and [lw]

Lp(Q) S CPH Mu”W;J?"(Q)‘

A crucial issue in lower semicontinuity problems is the understanding of oscillation and concentra-
tion effects in weakly (weakly*) convergent sequences. In our setting, we are interested in sequences
of asymptotically .o/ -free measures generating what we naturally term .o/ -free Young measures. The
study of general ./-free Young measures can be reduced to understanding oscillations in the class
of periodic of -free fields. This is expressed in the next lemma, which is a variant of Proposition 3.1

in [14]] for higher-order operators (see also Lemma 2.20 in [5])).

Lemma 2.25 (periodic generators). Let .o/ be an homogeneous linear partial differential operator
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

satisfying the constant rank property 2.2). Let (u;),(v;) C L'(Q;RY) be sequences such that
uj—v; >0 inM(Q;RY) and uj|+vj| > A in.#*(Q)

with A(dQ) = 0 and
A (uj—vj)) =0 inWr I(QRY)  forsomel <q<d/(d—1).

Let f: RN — R be a Lipschitz function and assume that the sequence (u i) generates the Young
measure v € Y(Q;R"). Then, there exists another sequence (z;) C Cr.(Q:RY) such that

JZijZO, /Z.,'ZO, Zji\() in///(Q;RN),
Q

and (up to taking a subsequence of the v;’s) the sequence (v;+z;) also generates the Young measure
v, iLe.,
(vi+zj) YXv in Y(Q:RM).
Moreover,
lim [ f(u;)dx=lim /f(Vj+Zj)dx.
iz Jo

J=7° JQ

Note that the sequence (z;) may depend on the choice of f (since 15 ® f is not necessarily in
E(Q;RV)).

Proof. Consider a family of cut-off functions v, € C(Q;[0, 1]) with g, = 1 in the set

{yeQ : dist(y,d0) > 1/m}

and define
wi = (Uj—v)W¥m € CC(Q;RN).

Since y,, € CZ(Q), it also holds that
w 50 in#Z(Q;RY) asj— oo, foreverymeN.
Furthermore,
AW = (Uj—=vj) ¥+ Y, CaﬁAa8a*ﬁ(uj—vj)8Bl//m (2.13)

|or| =k,
1<|BI<k

where ¢, 5 € N. The convergence u; —v; 0 and the compact embedding .# (O;:RM) S wole (Q;RM)
entail, via (2.13)), the strong convergence

AW =0 in W (Q;RY)  as j - eo. (2.14)

Let, for € > 0, pe := p(x/€) where p € C°(By) is an even mollifier. For every m € N, let (&(j,m));
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2.2 Notation and preliminaries

be a sequence with £(j,m) | 0 as j — co such that for WY’ := W' * pe(; ) it holds that

p—

Wi =7 L) < =

K..

Fix ¢ € Wh4(Q; R")NC.(Q;R") and fix m € N. Then, for j € N sufficiently large, it holds that

(W} @) = (W', @ % Pe(jm))|
< || Wi lw-ca(o) |9 * Pe(jm llwra(o)
<[ MWTHW*’W(Q)|’¢HW’f=‘1(Q)

The case when ¢ belongs to Wg’q(Q;R”) follows by approximation. Hence, from (2.14)) we obtain
that
| 7 W} |lwragy =0 asj—oo, foreveryméeN. (2.15)

The second step consists of applying the projection of Lemma@te the mollified functions W'

Define W' := W' — J 0 W' dx (by a slight abuse of notation, we also denote by W' its Q-periodic

extension to R?) and z;” = L@W’}l. It follows from Lemma [2.23|that

i 16 ) < i 177~ g0+ i | [ 7 )

(9]
<ec, - li v | i n
< g Jim || 5 ’WPMQ)*}E&‘/QW’ “ ‘

=0, (2.16)

where in the first inequality we have exploited that .#¢(Q) = 1, and for the last inequality we have

used the equality of the norms

eyt ) = lellw-o(0):

which holds for functions u € C;"er(Q;]Rd) withu =0o0ndQ and all 1 < p < oo, together with (2.13).

Fix ¢ ® g € C(Q) x WH=(RY) with ¢ ® g € E(Q;RV). Using the Lipschitz continuity of g, we
have that

/(Pg(”j) dy:/fpg(uj—Vj+Vj) dy
0 0
2/Q<Pg(fv§"’+v]') dy—||<P||oo'Lip(g)‘/Q|1—Wm\(!uj|+!vj\)dy

~ll@lle-Lip(g)- [ —# lio
/(pgz ) dy— [ @ll-Lip(g </|1—wm (g + 1) dy

I = Lo+ 19—l )
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

By taking the limit as j — o in the previous inequality we obtain, by (2.16)), the lower bound

hm ©g(uj) dy>11msup/(pg i +vj)d
0

Jj—reo

— ||l - Lip(g) - A (Q\ Qm—1)/m) forallmeN, (2.17)

where Q, := rQ for r > (. By the same argument one gets

1im/<Pg(uj) dy Sliminf/ @g(2} +v;) dy
J7Jo J= Jo

+||@]l-o - Lip(g) - A (Q\ Qu—1yjm) forallmeN. (2.18)

Combining (2.17)), (2.18) and using that A(dQ) = 0, we first let j — oo and then m — oo to obtain

limsup limsup/ g(Z} +v;)dy < 1im/ og(uj)dy
o i=7=Jo

m—»oo J—roo
m—»o0  j—oo

§1iminf1iminf/ pg(Zj +v;)dy
0

Let {gx}}_, where go := 1o ® f and {@, @ gp } nen is the family of integrands appearing in Lemma
By a diagonalization argument on z' we may find a sequence (zj) C Cher(0s RV) Nker.« such that

/Zjdy:() forall jeN, z; >0 in.Z(Q;R"),
Qo

and, for all & € Ny,
lim fphgh(uj)dyZ}gn/(Phgh(Zj+Vj) dy. (2.19)
*JQ

jreo

Since (z; + v;) is uniformly bounded in L'(Q;R"), by Lemma we may find a subsequence
(zj) +Vvia) Yye Y(Q;RY). In particular, since g, € E(Q;R") forall h € N,

lim <phgh(z,()+v ={(on®gn, V).
By combining with (2.19) we obtain

lim [ f(u;) dy = fim f () Vi) v,

i=eJo

and

(On@em V) = (on©gm V),

where V is the Young measure generated by u;. Lemma now gives v = V.
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2.2.4 Scaling properties of </-free measures

If o7 is a homogeneous operator, then
(1,°"1) =0 on (x)—Q)/r,

for all <7 -free measures p € . (Q;RY). In general, the re-scaled measure T#(x"’r)[.t isa (T of)-free

measure in (xo — Q) /r, where 7, o7 is the operator defined by
k
T o =Y F*hat
h=0

where k is the degree of the operator .7 and

a":=Y Agd% forh=0,... k.

|ot|=h

Notice that, with this convention, (7 27 ) = o7*.
In the sequel it will be often convenient to work with weak* convergent sequences whose elements
are (T o )-free measures; mostly due to a blow-up techniques. The following two results will be

useful.

Proposition 2.26 (high-order oscillations I). Let r,, | 0 be a sequence of positive numbers and let
(W) be a sequence of </ -free measures in . (;RN) with the following property: there are positive
constants c,, such that
— (X0rm) \ * d.pN
Y = CmTy Um — Y in Mo (RYRY). (2.20)

Then,
A enT ) 0 inWHRI(Q) forall 1 <q<d)(d—1).

Proof. Fix r > 0. The (T </ )-freeness of each T#(xo’r) W, yields
k (7 (x0,r) kilhkh(xr)
AT == ), (T ), (221)
h=0

both sides interpreted in the sense of distributions. This implies that

rk_hcmTéxO’r’")um X0 in .//AOC(Rd;RN), forevery h=0,...,k—1;

m

in turn, the compact embedding .#Zjoc(R%; RY) < Wl;i’q(Rd ;R) entails the strong convergence

rfn_hcmTifxo’r’”)um —0 in W_l’q(Rd;RN) forevery h=0,...,k—1.

loc

Hence,
A" (e, T ) — 0 locally in W4(RY;RY) (2.22)

for every h =0,...,k— 1. The assertion then follows from (2.21)) and (2.22). O
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

Corollary 2.27 (high-order oscillations II). Let (7,) be any blow-up sequence of an <f -free mea-
sure L € M (Q;RN), i.e.,

Y = CmT#(onnz)‘u N y in %oc(Rd;RN%
for some xy € Q, 1,y 1 0, ¢y >0, and y € Tan(W,xo). Then,

A Y =0 locally in W4 (R RY).

2.2.5 Fourier coefficients of <7*-free sequences
We shall denote the subspace generated by the wave cone A by
Ve i:=spanAgy C RN,

Using Fourier series, it is relatively easy to understand the rigidity of .«7*-free periodic fields. To

2
per

i(0) = 0). Applying the Fourier transform to <% u = 0, we find that

fix ideas, let u be a Q-periodic field in L2, (RY;RV) Nker .o/ ¥ with mean value zero (or equivalently

0=7(*u)(&) = AKE)a()  forall & € 29

Hence, ii(&) € kerc A¥() for every & € Z¢ (here, A*() is understood as a complex-valued tensor).

In particular,
{a(g) : E€Z?} C CAy.

Since u is a real vector-valued function, it immediately follows that

1€ Lo, (Q:Viy). (2.23)

Using a density argument one can show that, up to a constant term, also functions in Léer(Q;RN )N

ker.«7* take values only in V.. The relevance of this observation will be used later in conjunction
with Lemma [2.25]in Lemma [2.38]

2.2.6 @/-quasiconvexity

We state some well-known and some more recent results regarding the properties of .o7-quasiconvex
integrands. This notion was first introduced by Morrey [22] in the case of curl-free vector fields,
where it is known as quasiconvexity, and later extended by Dacorogna [9] and Fonseca—Miiller [[16]

to general linear PDE-constraints.

A Borel function #: RY — R is called <7 -quasiconvex if

hA) < /Q h(A+w()) dy
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for all A € R" and all Q-periodic w € C*(RY; R") such that

dw=0 and /wdsz.
0

For functions % that are not <7-quasiconvex one may define the largest .<7-quasiconvex function
below #.

Definition 2.28 (<7 -quasiconvex envelope). Given a Borel function h: RN — R we define the < -

quasiconvex envelope of h at A € RN as
(Qh)(A) = inf{ / h(A+w(y))dy : w€ Co(Q:RY) Nker 7, / wdy = 0}.
0 0

Foramap f: QxRN — R we write Qs f(x,A) for (Q.7 f(x,+))(A) by a slight abuse of notation.

We recall from [16] that the <7-quasiconvex envelope of an upper semicontinuous function is <7-

quasiconvex and that it is actually the largest <7 -quasiconvex function below h.

Lemma 2.29. Ifh: RN — [0,0) is upper semicontinuous, then Q ./h is upper semi-continuous and

A -quasiconvex. Furthermore, Q/h is the largest </ -quasiconvex function below h.

2.2.7 Z-convexity

Let 2 be a balanced cone in RY, i.e., we assume that tA € 2 for all A € 2 and everyt € R. A
real-valued function #: RY — R is said to be Z-convex provided its restrictions to all line segments
in RV with directions in 2 are convex. Here, 2 will always be the wave cone A for the linear PDE

operator &7 .

Lemma 2.30. Let h: RN — [0,00) be an integrand with linear growth at infinity. Further, suppose

that his &/ k-quasiconvex. Then, his A -convex.
Proof. Let& € S9! and let A;,A; € R? with P:= A — A, € ker A¥(§). We claim that
h(6A; + (1 —0)Ay) < Oh(A))+ (1 —6)h(A2), forall 6 € (0,1).
Fix such a 0 and consider the one-dimensional 1-periodic function
2(s) = (1-0)Lje)(s) — 0L 1)(s), sER,

which has zero mean value. Fix € € min{6/2,(1 —0)/2} so that the mollified function y, = x * pe

has the following properties:

H{s:2e=1-0}>0-2¢, |{s:xe=-0}>(1-6)—2e.

55



2 Lower semicontinuity and relaxation of linear-growth integral functionals

Define the sequence of Q-periodic functions

ue :=Pye(y-&).

By construction, this is a C;’er(Q;RN ) function, it has zero mean value in Q, and since P € ker A (&),

it is easy to check that

d*xe
dsk

*u = (y-&) AF(E)P=0 in the sense of distributions.

Hence, by the definition of 7' k -quasiconvexity and our choice of €, we have

B(OAV+ (1= 0)A2) < [ h(OA1+(1-8)As-+1e) &
0

< (0—26)h(A1) + ((1— 0) —26)h(4s)
+M(1+]A1]+|Az| +|P|)4e

Letting € | 0 in the previous inequality yields the claim. O

The following is an immediate consequence of Lemmas[2.29|and [2.30]

Corollary 2.31. If h: RN — [0,0) is upper semicontinuous, then (Q h)* is an o/ k_quasiconvex

and A /-convex function.

To continue our discussion we define the notion of convexity at a point. Let h : RV — R be a Borel

function. We recall that Jensen’s definition of convexity states that & is convex if and only if

([awva) < [ hwavia 021

for all probability measures v € .2 (RV).
A Borel function 4 : RY — R is said to be convex at a point Ay € RV if holds for for all
probability measures v with barycenter Ay, that is, every v € .# ' (RV) with fRNA dv = Ap.
Returning to the convexity properties of <7 k—quasiconvex functions, it was recently shown by
Kirchheim and Kristensen [17, [18] that .«7*-quasiconvex and positively 1-homogeneous integrands

are actually convex at points of A, as long as
spanA, =RV, (2.25)

In fact, their result is valid in the more general framework of Z-convexity:

Theorem 2.32 (Theorem 1.1 of [18]). Let 2 be a balanced cone of directions in RN such that 9
spans RN, If h: RN — R is P-convex and positively 1-homogeneous, then h is convex at each point

of 9.

Condition (2.23)) holds in several applications, for example in the space of gradients (<7 = curl) or
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2.2 Notation and preliminaries

the space of divergence-free fields (&7 = div). However, it does not necessarily hold in our framework
as is evidenced by the operator
d
o =A)A =) Aody,
i=1
where A € Lin(RY;R") with kerAg # RV.
Nevertheless, for our purposes it will be sufficient to use the convexity of *|y_(x,+) in A/, which
is a direct consequence of Theorem[2.32]

Remark 2.33 (automatic convexity). Summing up, in the following we will often make use of the
implications from Lemma 2.29, Corollary and Theorem If f: QxRN — Ris an integrand

with linear growth at infinity, then

f(x,+) is A/-convex in RN and
f(x,) is @/*-quasiconvex and u.s.c. — ,
v, (x,+) is convex in A

Q i f(x,+) is Ay-convex in R" and
f upper semicontinuous —

(0 f)*|v,, (x,+) is convex in A

2.2.8 Localization principles for Young measures

We state two general localization principles for Young measures, one at regular points and another
one at singular points. These are <7 -free versions of the localization principles developed for gradient

Young measures and BD-Young measures in [28] 29].

Definition 2.34 (<7 -free Young measure). We say that a Young measure v € Y(Q;RN ) is an < -
free Young measure in Q, in symbols v € Y o, (Q;RN), if and only if there exists a sequence (1) C
M (Q:RN) with o 11; — 0 in W4 for some 1 < q < d/(d — 1), and such that ;> v in Y(Q;RV),

Proposition 2.35. Let v € Y/ (Q;R") be an o7 -free Young measure. Then for £“-a.e. xo € Q there
exists a regular tangent <f' k-free Young measure ¢ € Yﬂk(Q;RN ) to Vv at xo, that is, © is generated

by a sequence of asymptotically </ k_free measures and

[0] € Tang([V],x0), oy = Vy, a.e.,
dAy

Ao = g

x0) Z! € Tang(Ay,x0), O = Vi As-a.e.

Moreover, there exists a sequence (w;) C Cl‘;"er(Q;RN) Nker/ such that w; £? Y oin Y(Q;RY).

Proposition 2.36. Let v € Y/ (Q;RY) be an <7 -free Young measure. Then there exists a set S C Q
with A3 (Q\ S) = 0 such that for all xo € S there exists a non-zero singular tangent </*-free Young
measure ¢ €' Y Mk(Q;RN ) to Vv at xy, that is,  is generated by a sequence of asymptotically </ k-free
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

measures and

[o] € Tang([V],x0), oy, =& a.e.,
Ao € Tang(A;,x0), As(Q) =1, As(d0)=0, 0y = Vy, Ac-a.e.

Proof sketches for the last two results can be found in the appendix.

2.3 Jensen’s inequalities

In this section we establish generalized Jensen inequalities, which can be understood as a local man-
ifestation of lower semicontinuity. The proof of Theorem[2.2] under Assumption (i), which reads
tA
£2(x,A) = lim f(x; )

t—ro0

exists forall (x,A) € Q xR,

will easily follow from Propositions and [2.39] by the very same argument used in the proof
of (2.32) below.

On the other hand, to prove the Theorem [2.2]under the weaker Assumption (ii),

7(x,A) = lim f(x;“‘)

t—ro0

exists for all (x,A) € Q X spanA,

requires to perform a direct blow-up argument for what concerns the regular part of u and only

Proposition [2.39|is used in the proof.

2.3.1 Jensen’s inequality at regular points
We first consider regular points.

Proposition 2.37. Let v € Y /(Q;R") be an o/ -free Young measure. Then, for £?-almost every
xo € Q it holds that

da dA
h ((id, Vo) + (id, vy dgvd(xo)> < <h,vxo>+<h#’v;;>dfvd (x0),

for all upper semicontinuous and </*-quasiconvex h: RN — [0,00) with linear growth at infinity.

Proof. We make use of Lemma to get a collection {h,,} C E(;RY) such that h,, | h, k5 | h*
pointwise in Q and Q respectively, all 4, are Lipschitz continuous and have uniformly bounded linear
growth constants. Fix xo €  such that there exists a regular tangent measure 6 € Y _«(Q; RV) of v at
Xp as in Proposition which is possible for .#?-a.e. xg € Q. The localization principle for regular
points tells us that [6] = Ag.Z¢ with

) o dA
A= <1d7 on> + <1d’ Vxo dé/d (xo) € RN’
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2.3 Jensen’s inequalities

and that we might find a sequence z; € C;"er(Q;RN ) Nker.o7* with | 0%j dy =0 and satisfying
(Ao+2) 2! S 6 inY(Q:RY). (2.26)

Fix m € N. We use the fact that | 0% dy = 0, (2.70) and the .«7*-quasiconvexity of &, to get for
every m € N that

o da 1
(s Vag )+ (B Vi) g (¥0) = @«%@hm’o’»

= lim + hyu(Ao+z;(y)) dy
i==Jo

> limsup ][Q h(Ao+2;(y)) dy

j=oe

> h(Ay).

The result follows by letting m — o in the previous inequality and using the monotone convergence

theorem. O

2.3.2 Jensen’s inequality at singular points

The strategy for singular points differs from the regular case as one cannot simply use the definition
of .o7*-quasiconvexity. The latter difficulty arises because the tangent measure at a singular point may
not be a multiple of the d-dimensional Lebesgue measure.

In order to circumvent this obstacle, we will first show that the support of the singular part of
the Young measures v at singular points is contained in the subspace V., of RY (see Lemma
below). Based on this, we invoke Theorem which states that an .«7*-quasiconvex and positively
1-homogeneous function is actually convex at points in A, when restricted to V. Then, the Jensen

inequality for o7-free Young measures at singular points follows.

Lemma 2.38. Let 6 €Y _(Q;RY) be an o *-free Young measure with As(9Q) = 0. Assume also
that

(0] € A (Q;V.y).
Then,

suppo, C Vy nsh-! for Ag-a.e. x € Q.

Proof. By definition, we may find a sequence (i;) C .#(Q;R") with o u; — 0 in W=*4(Q) for
some g € (1,d/(d — 1)), and such that (u;) generates the Young measure o. Notice that, since .o7*
is a homogeneous operator and Q is a strictly star-shaped domain, we may re-scale and mollify each
u; into some u; € L2(Q; RY) with the following property: the sequence (u;) also generates ¢ and
o uj — 0in W54(Q). In particular,

u;p 2 > o] in.#(Q;RY).
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

On the other hand, 27*([6]) = 0 and for every 0 < r < 1 the measure T#(O’r) (o] is still an o7*-free

measure on Q. Thus, letting 7 1 and mollifying the measure T#(O’r) [o] on a sufficiently small scale

(with respect to 1 — r) we might find a sequence (v;) C L?(Q;V./) Nker.o7* such that
v;Z? 5 o] in . (Q;RY).

Hence,
wp L v, 2 50 in A (QRY),  |up L+ v LY D Ain 4 T(Q)

and A(dQ) = 0. Here, we have used that A5(dQ) = 0.

We are now in position to apply Lemma to the sequences (u;), (v;). There exists (possibly
passing to a subsequence in the v;’s) a sequence z; € C;"er(Q;RN ) Nker o/ * with z L 4 % 0 and such
that

v L7, 20 Y6 in M (Q;RM).

Recall from observation that z; € Lger(Q; V) for every j € N. Therefore,
(vj+z;) €L*(Q;Vy) forall jeN.
We conclude with an application of Lemma (ii) to the sequence (v, +z;), which yields
suppo, CVyN sh-1 for Ag-a.e. x € 0.
This finishes the proof. O

Proposition 2.39. Let v € Y (Q;RY) be an < -free Young measure. Then for AS-almost every
xo € Q it holds that

g ((id,viy)) < (& vig)

for all A/-convex and positively 1-homogeneous functions g : RN — R.

Proof. Step 1: Characterization of the support of </ -free Young measures. Let S be the set given by
Proposition [2.36] which has full A;-measure. Further, also the set

§={xeQ: (idvy)eAy} CQ
has full A;-measure: Observe first that
V]’ = (id, v¢") A, (dx).

Since [v] is o7 -free, we thus infer from Theorem that (id, v{°) € A, for |[v]*|-a.e. x € Q. On the
other hand, (id, v{") =0 € A for A;-a.e. x € Q, where A is the singular part of A, with respect to
|[v]*]. This shows that §" has full A;-measure.

Fix xo € SN S’ (which remains of full Aj-measure in Q). Let o € Y(Q/k(Q;RN ) be the non-zero

singular tangent Young measure to v at xy given by Proposition [2.36] which according to the same
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2.3 Jensen’s inequalities

proposition verifies that A;(Q) = 1 and A(dQ) = 0. On the one hand, since xo € S, it holds that
oy, =0 2 ae. and oy =V As-a.e.
On the other hand, we use the fact that xy € ' to get
(id,ve)eAy  and  [o]=(id,vp)As € A (Q;V.r). (2.27)
Note that, by (2.27), all the hypotheses of Lemma [2.38]are satisfied for . Thus,
supp vy, = suppoy’ C Vy for As-a.e.y € Q.

This equality and the fact that A5(Q) > 0 (recall that ¢ is a non-zero singular measure) yield

supp V,. C Vy for A,-a.e. xp € Q. (2.28)

Step 2: Convexity of g on A. The Kirchheim—Kristensen Theorem states that the restriction
v, : Voo CRY — R is a convex function at points Ag € A In other words, for every probability

8
measure k € Z(RV) with (id, k) € A, and supp k C V., the Jensen inequality

¢ (/RNA dK(A)) < /RNg(A) dic(A)

holds. Hence, because of (2.27) and (2.28), it follows that

g((id,vy)) < (g, vip)-

This proves the assertion. O

The following simple corollary will be important in the proof of Theorem [2.6]

Corollary 2.40. Let h: RY — R be an upper semicontinuous integrand with linear growth at infinity
and let v € Y ;7 (Q;RN) be an o7 -free Young measure. Then for £?-almost every xo € Q it holds that

| LA L dh
0_h <<1d, Vi) + (id, vxo>d$g<x0)> < (v + (V) S ().

Moreover, for A;-a.e. xo € Q it holds that
(0" ({id,vir)) < (', vie)
Proof. The proof follows by combining Propositions and[2.39] Lemma|2.29] Corollary and

the trivial inequalities Q «h < h, (Q «h)* <h*.
O
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

2.4 Proof of Theorems 2.2 and 2.4

Proof of Theorem2.2]  We will prove Theorem [2.2]in full generality, which means that we consider
asymptotically .« -free sequences in the W—*<-norm for some ¢ € (1,d/(d —1)); see Remark

Proof under Assumption (i). Let p; be a sequence in .2 (Q;RY) weakly* converging to a limit p
and assume furthermore that & p; — 0 in W54(Q; R") for some ¢ € (1,d/(d —1)). Up to passing

to a subsequence, we might also assume that

liminf. 7 [u;] = lim 7 u;]

Jj—roo

and that u; % v for some .o/ -free Young measure v € Y, (€;RY). Using the continuity of f and
representation of Corollary [2.20| we get

Flu] = (f.8lwl) = (fov)) asj—ee.

The positivity of f further lets us discard possible concentration of mass on d<,

lim 7 {p] = /Q (Fx,e) V) drt /Q (f(,),v7) diy (x)
/ <<f )W)+ (700, V5 >>dx (2.29)
+/Q<f°°(x,.),v;°> dAy (x)

By assumption, f(x,.) € C(RY) has linear growth at infinity. Hence we might apply Proposi-

tion to get

fx, )<<1d Vi) + (id, vy i;vd( )> <{(flxe), V) +{(f(x,+) >;§d( )

for #?-a.e. x € Q. Likewise, we apply Proposition to the functions f(x,-)* to obtain (recall that

under the present assumptions f> = f*)

fx )= ((id,vy)) < (f(x,0)”

at Aj-a.e. x € Q. Plugging these two Jensen-type inequalities into (2.29) yields

tim ] > / fx <<id,vx> <1dv>i;d()>dx

(2.30)
/ I, ) ((idgw, vi)) A (x).

Finally, since u; X v, it must hold that

dAy du

dZd( x) = dgd(x) for Z9-ae.xe Q, and

(id, ve) + (id, v{)
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2.4 Proof of Theorems and

. oo S __ 48 d‘us _ <idRN’v;o> K
(idgv, VO)Ay =p* = d] (x) = 7|<idRN, Vo)) for A,-a.e. x € Q.

We can use this representation and the fact that f*(x, -) is positively 1-homogeneous in the right hand
side of (2.30) to conclude

tim Flul > [ 15 >)dx
w7 (g 0 ) a(l ) 400
:/f<x,£?‘fd(x)>dx
s [ (gt ) del) = 1

This proves the claim under Assumption (i). O

Proof under Assumption (ii). For a measure i € .4 (Q;R"), consider the functional

s = [ (o ggate) ace (1 g ) awico

defined for any Borel subset B C Q.

Let u; be a sequence in .# (Q;RN) weakly* converging to a limit y and assume furthermore that
o W — 0in Wk4(Q;RN) for some g € (1,d/(d — 1)). Define A; € .4 (Q) via

2;(B) := F*[u;; B] for every Borel B C Q.
We may find a (not relabeled) subsequence and positive measures A, A € .Z, (Q) such that
M5l B A inat(Q).

We claim that

da d
< aw) = f(xo, d,;d(x())) for #?-ae. xo € Q, 2.31)
dA du®

> =B for |u’|-a.e. xo € Q. 2.32
dyw\(’“‘)) —f#<x°’dywy("0)> or |p'|-a.e. xo € (2.32)

Notice that, if (2.31) and (2.32) hold, then the assertion of the theorem immediately follows. Indeed,

there exists a positive Radon measure A* € . " (Q) (singular to the measure .4 + |u*|) such that

A
A=+ |S||u|+A*
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

Using the Radon-Nikodym theorem, we then obtain that

liminf #*[u;] = liminf 1;(Q)

jree Jjree
> A(Q)
dA dA
> — dx dju’
_/ngd +/d, 7 4l (2.33)
> dx dlu’
> [ 1) ast [ 1 (o) aw
= 7 [u).
With (2.31)), (2.32)), which are proved below, the result under Assumption (ii) follows. O
This completes the proof of Theorem[2.2] O

The following lemma will be used in the proof of (2.31).

Lemma 2.41. Let xo € Q and R > 0 be such that Q,g(xo) C Q. Then, for every h € N, there exists a
sequence (uﬁ’) C Lz(Rd ‘RN ) such that

u? — u; area-strictly in . (Qr(xo);R") as h— oo, and

o . (2.34)
| 2" uj — 7 il wra(op(xo)) = O-

Proof. Let {pe }e~0 be a family of standard smooth mollifiers. The sequence defined by

) = (1L Qsr/2(x0)) *p1/n € C™(Qor(x0): RY)

satisfies all the conclusion properties as a consequence of the properties of mollification and Re-

mark O

Proof of (2.31). We employ the classical blow-up method to organize the proof. We know from
Lebesgue’s differentiation theorem and (2.11) that the following properties hold for .#¢-almost every

Xo in Q:
a (Qr(xo)) _|10(Qr(x0))
dgd@) La%l A S e
_du _
lﬂigrd/ ‘d.i”d d.i”d( )| dv=0,
and
Tan(t,x0) = 4 -2 (v). 27+ a e RTU{0} b, (2.35)
’ R
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2.4 Proof of Theorems and

Let xo € Q be a point where the properties above are satisfied. Since € is an open set, there exists a

positive number R such that Qsg(,) C Q. From Lemma , we infer that for almost every r € (0,R),
it holds that

wh-lim w-lim [/ (xo + ry) £7] = w*-lim w*-lim r*dT#(xO’r) [u" 2]
joseo oo & Y j—3eo  hesoo J
= w*-lim r*dT(XO r),uj
J—eo

— Ty, (2.36)

where the weak* convergence is to be understood in . (Q;R"). Thus, choosing a sequence r | 0
with 4;(dQ,(x0)) = 0 and A(dQ,(x9)) = 0, we get that

dA T )Lj(Qr(XO»
da o) = lim lim ===
T#[y .-
— llm hm ’j [nu]7 Qr(XO)]
F—0 j—re0 rd

> lim lim limsup (5.2 0 (x0)]

r—=0j—e0 p Fd

= lim lim lim sup/ f(xo +ry, u’} (x0+ ry)) dy,

r—0j—0  p oo

where we used Corollary and Remark for the “>” estimate.

We may use a suitable diagonalization procedure to find
N L0/0 o —dp(xo.r) d
Uy =1 and % =r T, [u, £

verifying the following properties:

1. sincey — ui’ (x0 + ry) is the density of the measure r‘dT#(xo’r) [u7$ ] with respect to .£4,

dA . dy,
@(XO) > }gl(l)/gf<xo+’”y> djd(y)> dy
: dy,
2t [ (oaget) o e

-ty o0 (101+ |0, )]

2. Through a diagonalization argument we may select j = j(r) and h = h(j) in (2.36) to guarantee
that

Y= r T 50 in Moo (RERY). (2.38)
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

Recall from Section that (at regular points) there exists a positive constant ¢ such that

« du

Cr—dT#(xo,r)‘ué dgd(xo)‘iﬂd in%oe(Rd;RN),

In fact, since

X, d r d
Q) - g )| = [
du du
S][Qr(xo) azi® ™ ggao)| &
(0.

= 0,(1),

where 0,(1) — 0 as r | 0. Therefore, the constant ¢ must be equal to 1.

Therefore, up to taking a further subsequence r | 0, we may assume that r_dT#(XO’r)u is a blow-up

sequence of ( and

du

L= ﬁ(xo)gd in Mo (REGRY).

wh-limy, = wlim 470"
rl0 rl0

The next step is to verify that 7. is asymptotically o7*-free, or equivalently that «7*y, — 0 in
W~%4(Q). This is a simple consequence of Proposition applied to the sequence

du

Y= ch#(xO’r) u, 9] = ﬁ(xo).i”d in Moe(RGRY),
with coefficients ¢, == r 4.
In particular
Y — au (x0)£? >0 in.#(Q;RY), and
d.z4 ’

Xi
%k _ dIJ“ gd O : W*k,q . RN
Y d.zd (-XO) - In (Q, )

We are now in a position to apply Lemma to the sequence 7, and the Lipschitz function f(x, ),

whence there exists a sequence (z,) C C,.(Q; RY) such that

per
o 7, =0, /z,_o, =0 in.Z(Q;RY),
Q
and (up to taking a subsequence)
. dy, . du
i [ (0.0 av = tim [ 70, 4200 .

Returning to the calculations in (2.37), we use the properties of the sequence (z,) and the 7 k.
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2.4 Proof of Theorems and

quasiconvexity of f(xp,) to obtain the desired lower bound:

da d
7 (x0) = lim /Qf<xo,d’;d(x0)+zr(>’)>

. du
o 1+ o5

o)

>f (xo, (S;d(xo))- (2.39)

This proves (2.31). O

Remark 2.42. If the assumption that f(x,.) is &7 k_quasiconvex is dropped, one can still show that

da )
L ¥0) = wa(xoj (L;d(xo))

Indeed, the <7 k—quasiconvexity of f(x,-) has only been used in the last inequality of (2.39) where one
can first use the inequality f(x,+) > Q  f(x,+) to get

[ r(s0 g0 +2) = [ 0,08 (0 Tzl +50) ).

The assertion then follows by using the .27*-quasiconvexity of Q s« f(x, ).

Proof of (2.32). Passing to a subsequence if necessary, we may assume that
Y N
uj — v forsomeveY,(Q;RY).

For each j € N set v; := §[u;] € Y(Q;RY), the elementary Young measure corresponding to it;, so
that v; = v in Y(Q;RY). Define the functional

Fy[oB] = /B<f(x,-),6x>dx+/B<f#(x,-),6;°> (), o €Y(QRY),

where B C Q is an open set. Observe that, as a functional defined on Y(Q;RN ), Z4 is sequentially
weakly* lower semicontinuous (see Corollary [2.20). We use Assumption (ii), which is equivalent to

f#(x7') Ef#()C,-) on VJ%,
and the fact, proved in (2.28)), that

suppVvy C Vy for Aj-ae. x € Q,
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

to get (recall f > 0)

liminf #*[u;; B] > liminf F4[v;; B
Joreo joe

> y#[V;B}
dAy

> [ () + (560 S0 )
T / (), V) dA3 ()
> /B (£ (), V) dAS (). (2.40)

Recall that, for every x € Q, the function f(x,.) is «7*-quasiconvex and hence the function f*(x,.)
is A -convex and positively 1-homogeneous. An application of the Jensen-type inequality from
Proposition to the last line yields

liminf.% [u;; B] /f# (id,vy)) dA) (x).

,] —>00

Thus, also taking into account |u*| = |(id, v¢*)| AS and f*(x, (id, v{*)) = f#(x,0) = 0 for A;-a.e. x € Q,

where A is the singular part of A with respect to |u*|, we get

B)> [ (5o ahelo,

for all open sets B C Q with A;(dB) = 0. Therefore, by the Besicovitch differentiation theorem and

using the modulus of continuity of f in its first argument we get
dA
dfu]

This proves (2.32). O

d S
(x0) > f#<xo,d|zs|(xo)> for |u’|-a.e. xo € Q.

Remark 2.43 (recession functions). The only part of the proof where we use the existence of
f(x,A), forx € Qand A € V,, is in showing that

i)z [ (o) + (5l 0) S50 )
n / (P (06,0, V) 423 (%)

The need of such an estimate comes from the fact that, in general, we do not know if fy is a Ag-

convex function.

Remark 2.44. If we drop the assumption that f(x,.) is <7 k_quasiconvex for every x € Q, we can
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still show that

[ 0s(x b))

du’ .
# s
—_— d <liminf.%[u;
@) (x gl 0)) alael(o) < timine 71
for every sequence p; — g in . (Q;RN) such that &7 u; — 0 in W%4(Q). The proof of this fact
follows directly from Remark [2.42] the last line of (2.40) together with the modulus of continuity of
f in its first argument (for the Besicovitch differentiation arguments), and Corollary Observe

that one does not require the existence of (Q_«f)” in Q x spanA .

Proof of Theorem Note that in the proof of (2.31)) we did not use that f exists in X spanA .
By the very same argument as in (2.33), is easy to check that Theorem [2.4]is an immediate conse-

quence of (2.31).
O

2.5 Proof of Theorems and 2.7

We use standard machinery to show the relaxation theorems. Recall that, for Theorems 2.6 and

we assume that <7 is a homogeneous partial differential operator.

2.5.1 Proof of Theorem

We divide the proof of Theorem into three steps. First, we prove that any .o/ -free measure may
be area-strictly approximated by .o7-free absolutely continuous measures. Next, we prove the upper
bound on absolutely continuous measures, from which the general upper bound follows by approxi-
mation. We conclude by observing that the proposed upper bound is weakly* lower semicontinuous
as a corollary of Theorem[2.2]

Step 1. The lower bound. The lower bound ¢4 > %, where

9= [ 0t (v gg) ot [[(@u (x50 )

is a direct consequence of Remark and the fact that o/ is a homogeneous partial differential
operator (&7 = a").

Step 2. An area-strictly converging recovery sequence. Let u € . (Q;RY) Nker.o/. We will show
that there exists a sequence (u;) C L!(Q;RY) for which

w ! = pin A (QRY),  (4;29)(Q) = (1) (Q),
and o/ u; —0in Wr9(Q).
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

Let {@;}ieny C CZ(Q) be a locally finite partition of unity of Q. Set
) = pe; € A (QRY),

and
e A T Ty T
where, as usual,
ua _ d“ gd and 'u — ‘LL _ ‘LL
d.zd '

Note that, with a slight abuse of notation,

J

Y ub —pe —0 as j— oo

i=1 L(Q)
Furthermore, for fixed i,

(i) *pe) L4 = 1, |y * Pel () < |1 () = /pri dlul, (2.41)
and
Wiy *pe = pfy  in L'(Q) ase—0.

Moreover,

A (Wi * Pe) — < W) in W4(Q) ase— 0.

Fix j € N. From (2.41) and the convergence above we might find a sequence &(j) J O such that
the measures L j := L) * Pg,(j) and [’; == ‘LL( ) * Pe,() verify

Iy = 1y @) < T
([1ij =ty llw-ra(o) < 277

where d is the metric inducing the weak* convergence on bounded sets of . (Q;R") (the existence

of the metric d is a standard result for the duals of separable Banach spaces). Define the integrable

W=y Wi, o oui=)ypl.
i=1 =1

functions

We get

oo

s |
(ujgdnu) < Zi (‘uwgd,u Z{T

[

J
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2.5 Proof of Theorems and

and in a similar way

I =1L < =,

| Wjllwra(q) <

where we use that u is <7-free in the second inequality. Observe that (2.41)) and that fact that {¢; };en

is a partition of unity imply
Jula<¥ [ pdul<lul@).
Q i=1/Q

Therefore [|uj|L1(q) is uniformly bounded and hence

w L S in o (QRY),
e *“aHLl(Q) —0,

| uj|lw-ra) = 0,

as j — oo. Moreover, the convexity of z — |z| and (2.:42)) imply the strict convergence

juj 2(Q) — |u(L)-

Thanks to (2.43) and (2.43)), to conclude it suffices to show that

lim (1;.24)(Q) = (1)(Q).

J=re°

Exploiting (2.43), (2.44)), (2.46), we get

/|uj—u7~|dx—> IW)(Q)  as j— oo,
Q

By the inequality \/1+[z]2 < v/1+ |z —w|2+ |w| (for z,w € RY), we get
(:21)(@) < (62 (@) + [ =16

Hence, again by (2.44)) and (2.48)

limsup (1, 29)(2) < (1) (Q).

j=oe

(2.42)

(2.43)
(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

On the other hand, by the weak* convergence u j.i”d X\ and the convexity of z /1 + |z]2,

liminf (u; 2)(Q) > (u)(Q).

Jore

Thus, together with (2.49), (2.47) follows, concluding the proof of the claim.
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

Step 3.a. Upper bound on absolutely continuous fields. Let us now turn to the derivation of the
upper bound for ¥ [u] = ¥ [u.£“] where u € L' (Q;RY) Nker.«7. For now let us assume additionally
the following strengthening of (3.2)):

F,A) — f(0,A) <o(lx—y))(1+ f(y,A)) forall x,y € Q,A € RV, (2.50)
It holds that Q .« f(x,) is still uniformly Lipschitz in the second variable and

Quf(x,A) < 0 f(y,A) + @(|]x —y[)(1+A]) (2.51)

for every x,y € Q and A € R" with a new modulus of continuity (still denoted by ®), which incor-
porates another multiplicative constant in comparison to the original w. Indeed, fix x,y € Q, € > 0,
and A € RY. Let w € C3,.(Q;RY) Nker«/ be a function with zero mean in Q such that (recall that

per

Qu f(x,A) = Qo f(x,:)(A))
/Q FOA () dz < Qu f(A) +e.

By assumption, we get
/ fe,A+w(z))dz < / fA+w(z)) dz
0 o

+w<|x—y|>(1+ /Q f(y,A+W(z))dz>
<Q0uf(A)+e

+o(x—y)(1+ Q0w f(,A) +¢).

Thus,
Qs f(x,A) <0y f(x,A)+e+o(x—y))(1+ 0, f(y,A)+e).

The linear growth at infinity of f, which is inherited by Q. f, gives

Qs f(x,A) < Qu f(3,A) + 0(jx = y)(1+M(1+|A])) + (1 + o(|x - y]))-

We may now let € | 0 in the previous inequality to obtain
Quwf(x,A) < 0w f(»,A) + o(|x —y[)(M + 1)(1 +|A]).

This proves (2.51)) provided that (2.50) holds.

Fix m € N and consider a partition of R? of cubes of side length 1 /m. Let {QZ"}IL:(T) be the maximal
collection of those cubes with centers {x;"}lL:("f) that are compactly contained in Q. By a version of

Besicovitch’s Covering Theorem we have
L(m)

2(Q) =Y, 20 +ou(1),

i=1
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2.5 Proof of Theorems|2.6 and

where 0,,(1) — 0 as m — oo.

We may approximate u strongly in L! by functions z”* € L!(€;R") that are piecewise constant on
the mesh {Q} }lL:(T) (as m — o). More specifically, we may find functions z” € L' (Q;R") such that

" =00nQ\;0",
"=7"cRY onQ" and llu—2"l|L1(@) = Om(1). (2.52)

1

Additionally, for every m € N, we may find functions w}" € C‘;’er(Q;RN ) Nker .o/ with the following

properties
1
e eron <o [ a=o @.53)
Q

Fix m € N and let ¢,, € C°(Q;[0, 1]) be a function such that

(m) 1

2 1= gnlluiglwllig) = — (2.54)

i=1 m

We define the functions

L(m)
V= Y @ulmx—x) Wl (mlx—x)  xeQ, jEN.

i=1

By Lemma , the sequence (v;") generates the Young measure
v =(v",0,.) € Y(Q;RY),
where for each x € Q, v/ is the probability measure defined by duality trough

Zﬂgm / (= 2") W () dy,

on functions 2 € C(RY) with linear growth.

The central point of this construction is that w/" has zero mean value, that is, [, w oWi' dy =0, whence
it follows that

Vigd S / O (m(x—x")wW(y)dy = 0 in.#(Q:RY), (2.55)

as j — oo. Recall that by construction, </ w/" = 0 on Q, Hence, using that </ is homogeneous we get

W' (jm(-—x7"))] =0 in the sense of distributions on Q7.
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

Thus, for some coefficients ¢4 g € N, using the short-hand notation Y, (y) := @, (my) yields

L(m)

v = X (o im =yl

i=1

. caﬁAaa“ﬁ[w;"um(-—x?f))]aﬁ[wm(-—x:-"ﬂ)

‘O{‘:k,
1<|B|<k

L(m)
= ) (Z Caﬁ9a_ﬁ[w§"(jm(-—X?"))Wﬁ[ll/m(-—)cﬁ”)]),

in the sense of distributions on Q. Applying Lemma to the sequence (w/"(jm(. —x{"))); on each

cube Q" we get

Hence, (2.53)) and the compact embedding L! (Q; RY) < W—14(Q; RV) yield

L(m)
avi= Y ( Y capd® ! [WQ”(jm(-—XT))]aﬁ[wm(-—xT)O -0
=k, \i=1

e

strongly in W*k’q(Q;RN), as j — oo,

For later use we record:

Remark 2.45. By construction, for every m, j € N, the function v/} is compactly supported in Q. Up
to re-scaling, we may thus assume without loss of generality that Q C Q and subsequently make use
of Lemma on the j-indexed sequence (¥]') with m fixed, where 7! is the zero extension of v/} to
0, to find another sequence (V") C L'(Q;RY)Nker.o/ generating the same Young measure v (as
Jj—> o).

In the next calculation we use the Lipschitz continuity of Q. f(x,-) in the second variable, equa-
tion (2.52) and the fact that the sequence (V') generates the Young measure v as j goes to infinity,
to get

lim & [u+v}] = lim G[Z" +V}'] +0,(1)

J—ree J—ree

L(m)
- Z/ /f(x,z§"+(pm(m(x—x§"))-w§"(y)) dy dx -+ op(1). (2.56)
i=1J/0"JQ

By a change of variables we can estimate the integrand times m? = .i”d(Q;")*l on the last line on
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2.5 Proof of Theorems|2.6 and

each cube of the mesh:
Jo et e ) ) dv
- / / FO 4 m 2,2 4 () WP (y)) dy dx
0J0
< /Q /Q O£ w () dy e+ Lip(A)1]1 = ol o) 19 0

= [ s ewron avas s~ gullo o1 luo

=1 (2.57)
Using the modulus of continuity of f from @30, @-33) (twice), and Q. f < f, we get
"< ][/f (" 2+ wi'(y)) dy dx+ @(m (H—/f Xz wi ())dy>
< Qu f (62" +o(m™ ") (1+ f(",2") +om(L). (2.58)

Additionally, by (2.54)
Z LM = 0,(1). (2.59)

Returning to (2.56), we can employ (2.51), (2.57), (2.58) and (2.59) to further estimate

lim & [u+v7]
Jj—reo
L(m)
<Y { Qu (", Z") dx+o(m ") (/ 1+ f(x",z )dX>}+0m(1)
= o "
L(m)
< { Qs f(x',2]") dx+Car(m™") (/ 1+|z§"|dx>}+om(1)
i=1 or K
L(m

| A

Z,{ Q. f(x,7]") dx+Cao( )</an + |27 )}+ (1)
S/mef(x,zm)dx+C~‘a)(m_1)(H1+|z’”]||L1(Q))+0m(1)
Q

= / Q. f(x,u) dx+0,(1),
Q

where 0,,(1) may change from line to line. Here, we have used the (inherited) Lipschitz continuity of
Q. f(x,+) in the second variable and the fact that |lu —z"||.1() = 0, (1) to pass to the last equality.

Hence
G[u] < inf hmgzﬁ—v /Q%fxu (2.60)

m>0 j—oo

Step 3.b. The upper bound. Fix u € .#(Q;RY)Nkere/. By Step 2 we may find a sequence
(u;) € LY(Q;RY) that area-strictly converges to u € .4 (Q;RY) with &/ u; — 0 in W4, Hence,
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

by (2.60), Remark [2.16/and Corollary 2.20]
9[u] <liminf Zu;]
Jroe

<limsup {Qu £ (x,-), 8[u;2]))

jo

< / (Qu f05,-), B[], dr + / ((Qur (5, )", (117 g ()
Q Q

- /Q Qﬂf()c,(i;i(x)) de+ /Q (Qdﬁ#(x,jﬁj(x)) d|u’|(x)
=Y. [u].

Step 4. General continuity condition. It remains to show the upper bound in the case where we only
have (3.2) instead of (2.50). As in the previous step, it suffices to show the upper bound on absolutely
continuous fields. We let, for fixed € > 0,

fe(va) = f(X,A) +8|A|>

which is an integrand satisfying (2.50). Denote the corresponding functionals with f¢ in place of f
by ¥¢,%¢ %¢. Then, by the argument in Steps 1-3,

GE=9E.

‘We claim that
Q. ifé1Q.nf  pointwise in Q x RV, (2.61)

To see this first notice that € — Q .« f€(x,A) is monotone decreasing for all x € Q, A € R, and
Qdkf+8|'| < Q&ykfg < f+8"|7

which is a simple consequence of Jensen’s classical inequality for |.|. It follows that the limit
g(x,A) = inf Q_uf(x,A) =1imQ s f¢(x,A)
e>0 el0
defines an upper semicontinuous function g : Q x RV — R with bounds

O f<g</f.

Furthermore, by the monotone convergence theorem, it is easy to check that g is .7*-quasiconvex,
whereby g = QO « f (see Corollary [2.29).

Let us now return to the proof of the upper bound on absolutely continuous fields. By construction,

G <GE =9~ (2.62)
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2.6 Apendix

The monotone convergence theorem and (2.61) yield
Gu) <G [ugL for all u € L' (Q;RY) Nker o7,

after letting € | 0 in (2.62)).

The general upper bound then follows in a similar way to the proof under the assumtion (2.50).
This finishes the proof. ]

2.5.2 Proof of Theorem 2.7

The proof works the same as the proof of Theorem [2.6] with the following additional comments:
Step 1. The lower bound. Since restricting to <7 -free sequences is a particular case of the more

general convergence .27 u, — 0 in the space W%4(Q;RV), we can still apply Step 2 in the proof of
Theorem [2.6|to prove that &, < ¢, where for u € . (Q;RY) Nker <7,

= [ s (v gbw) vt [(@un (vt ) alwo

Step 2. An o/ -free strictly convergent recovery sequence. In this case, this forms part of the

assumptions.

Step 3.a. Upper bound on absolutely continuous <7 -free fields. An immediate consequence of
Remark [2.43]is that one may assume, without loss of generality, that the recovery sequence for the
upper bound lies in ker.o/. Thus, the upper bound on absolutely continuous fields in the constrained
setting also holds.

Step 3.b. The upper bound (assuming (2.50)). The proof is the same as in the proof of Theorem[2.2]

Step 4. General continuity condition. Since assumption (2.50) is a structural property (coercivity)
of the integrand and the arguments do not depend on the underlying space of measures, the argument

remains the same as in the proof of Theorem[2.6] O

2.6 Apendix

2.6.1 Proof sketches of the localization principles

Sketch of the proof of Proposition 2.35 In the following we adapt the main steps in proof of the
localization principle at regular points which is contained in Proposition 1 of [29]. The statement on
the existence of a o7 -free and periodic generating sequence is proved in detail.

Let uj € #(Q; RV) be the sequence of asymptotically .7 -free measures which generates v. In the
following steps, for an open Q' C RY, we will often identify a measure y € .# (Q';RY) with its zero
extension in .. (RY;RY), and the same for a Young measure ¢ € Y(Q';R") and its zero extension
in Yoo (R4 RV).

1. The first step consists on showing that, for every r > 0, there exists a subsequence of j’s (the
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2 Lower semicontinuity and relaxation of linear-growth integral functionals
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choice of subsequence might depend on r) such that
rT 1 Y 60 in Yo (RGRY), (2.63)
Moreover, for .Z%-a.e. xy € Q, one can show that a uniform bound

sup (1x @ |-, o) ) < oo forevery K € R (2.64)

holds; thus, by Lemma [2.15] there exists a sequence of positive numbers r,,, | 0 and a Young
measure ¢ for which
6 2 6 in Yiee (RGRY).

. The second step concerns the quantitative properties of the Young measures o) with re-

spect to the Young measure v: for an arbitrary measure measure y € . (Q;R"), the Radon-

Nykodym differentiation theorem yields

dy
d.d

d‘ X0.F S
(o472 2+~ (g 4+ r) 4T |,

SN ar

Consider 6(") as an element of Y(Q;RY). Fix g ®@h € C(Q) x W'=*(RN). Using simple change

of variables, we get

<<(p®h6 —JlgIgo(/(p (d.,%d x0+ry>dy
+/(p(y)-h°°( S xo—l-ry>
0 d|us|
=r 4 lim </ @oT7) (x <
I\ J 0, (%)
+/‘ 0o T0) (x). < di;
Qr(x())

= r7d<<(p o T @ p, V>>

1))
) (2.65)

x ) djpg|(x >

. In the third step we let r = ry, in and quantify its values as m — oo. This will allow us to

characterize o in terms of v.

Let {g; = @@} C C(Q) x WI(RN) be the dense subset of E(Q; R") provided by Lemma
[2.14) and further assume that x verifies the following properties: xg is a Lebesgue point of the

functions il
x5 (b, ve) + (7, ve) dg}d x),  foralll €N, (2.66)
and x is a regular point of the measure A,, that is,
day A3(Qr(x0))
17 (x0) l}j})l - = 0. (2.67)



2.6 Apendix

Consider o as an element of Y(Q;R"). Setting r = r,, in (2.63) and letting m — oo we get

{g1,0) = lim r4{@oT™™) @ p,v))

m—yoo

L X — X0 o e dAy
- ”1'11& <]érm (x0) (pl < I'm ) |:<hl, Vx> - <hl Ve >d°g(X)] @
(20 ) v oo

= [0 va) e+ [ (5700095 5 0) 40

L
rd

Qrm (XO)

Here, we have used (2.66) and the Dominated Convergence Theorem to pass to the limit in the
first summand, and with the help of (2.67)), we used that

o (55 ) v 450 < ol Lih) - 5@, (a0) = o)

to neglect the second summand in the limiting process.

Since the set {g;} separates Y(Q;R"), Lemma tells us that 0y = vy, 00 = Vo, Ag =

y Xo?

iévd (x0)-Z for £?a-e. y € Q, and that A% is the zero measure in . (Q); as desired.

4. We use a diagonalization principle (where j is the fast index with respect to m) to find a subse-

quence (L;(,)) such that

Y = r;ldTéxO’r'")Hj(m) L 0 in Yioc (RdQRN)- (2.68)

5. Up to this point, the localization principle presented in Proposition 1 of [29] has been adapted

to Young measures without imposing any differential constraint.

Here we additionally require o to be an .&7*-free Young measure; this is achieved by showing
that (7,) is asymptotically .o/ k_free (on bounded subsets of R¥): it follows from (2.68) and
Theorem that for every open @ € RY there exists a positive constant ¢4, such that

Pl T | [(0) < Cop

m

whenever m is sufficiently large. Therefore, the assertion
k 1 7k’
A Yy — 0 inW, 7,

is an immediate consequence of Proposition [2.26] applied to the sequence of measures with

elements i, = [, and the constants c,, ‘= rnd.

6. So far we have shown that [6] = A¢.Z? with

) o dA
A= <1d7 VXO> + <ld’ Vxo dog)/d (xo) € ]RN’
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

and that ¢ is generated by a sequence (i;) C . (Q;R") satsifying </ ki ; — 0. Note that
without loss of generality we may assume that the u;’s are of the form u; . ¢ where u i €
L!'(Q;RY). Indeed, since

Y= T#(O’r) M — uj  area strictly in Ao (RY;RY),
Hﬂk(%’_:ul)le;éq(Rd) _>O (aS rTl),

and

Y% Pe — 7, area strictly in .o (R RY),
Hdk(%’_Yr*ps)”wl;?q(Rd) _>0 (aSSi,O),

we might use a diagonalization argument (relying on the weak*-metrizability of bounded sub-
sets of E(Q;RY)*, and Remarks and[2.16), where € appears as the faster index with respect
to r, to find a sequence with elements u; := ¥;, * Pe,, such that

u,. 2% 6 € Vi (RERY) and  o/*u; — 0 in W M(RY). (2.69)

loc

Using (2.9), we get
il 24 > |[o]| = |AolZ? in Mie(RY).

Hence, |u;|.Z? = Ain .4 (Q) with A(dQ) = 0. We are un position to apply Lemma to the
sequences (u;) and (v; := Ay) to find a sequence z; € CI‘;"er(Q;RN) Nker.o7* with fQ zjdy=0

and such that (up to taking a subsequence)
wi L= (Ao+2) L B o in Y(Q;RY). (2.70)

Since the properties of xq that were involved in Steps 1-3 are valid at #?-a.e. xy € Q, the sought

localization principle at regular points is proved. 0

Sketch of the proof of Proposition[2.36] The proof of the localization at singular points resembles
the one for regular points, with a few exceptions:

1. In this step, we chose c,(xo) := |u*|(Q,(x0)) " (instead of r—9) so that
(xo.r) ,, Y _(r) d. N
cr(x0) Ty uj—o in Yoo (R4 RY).
Moreover, at A;-a.e. xo € Q, it is possible to show that

sup (1x ® H,G(’)» <oo forevery K € RY, (2.71)

r>0

By compactness of Yo (RY;RY), see Lemma[2.15] there exists a sequence of positive numbers
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2.6 Apendix

rm 4 0 and a Young measure ¢ for which
o 2 6 in Yiee (R RY).

Moreover, by Preiss’ existence result for non-zero tangent measures [27], we may assume that

o and hence A, are non-zero.

. The calculations of the second step, for the constant ¢, (xp), is

(CEIRCE 1in°1°</q) (cr (o) dzd xo-l-ry)
+ Lot (oo {| o+ ) a6 ) )
— i RSt el ) ax

du;

o (XOJ') K™ d ] )

" /Q per g (cr<xo>r duj.|(x)> d!u,\(X))

=r Qo T™" @ h(c,(x0)r?.), V). (2.72)

. The assumptions of the third step are substituted by assuming that xj is a A;-Lebesgue point of
the functions

(v, {xv—> <h7°,v;°>} for all / € N. (2.73)
We further require that

AR a_
lrlio m = 1}\{51 cr(xo)r =0 (274)

and we define S == {xo € Q : [2.73) and hold } which is a set of full Aj-measure in Q.
Fix xo € S. Setting r = r,, in (2.72) and letting m — oo in this case gives

(1p®]-],0) = lim (1o®||, olm) )

m—yoo
d)/\/
= lim cm(xo)</ [ o[, vie) 4 (-], v (x)} dx
m—yoo Qrm(xo) < > < >d$

s ) dw(x))
Qrm(x())

- <y.y,v;;>nlii§:°</Qd(cm(xo)Tf”'”) /13)(y)>

/<| l, xo> ¥(y), for some y € Tan(A;,xo),

where, in passing to the third equality we have used that xy € S. From the equality above we
deduce that 6, = & for #?-ae. y € Q.
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2 Lower semicontinuity and relaxation of linear-growth integral functionals

Testing, this time with g;, we obtain by (2.73) and a similar argument to one above, that

(g1,0) = /Q o) (7, v dy(y),

from which we deduce that 0}° = vy and A, € Tan(4;,x).

4. The arguments of Step 4 remain unchanged except that this time one gets

Y = CmT#(XOJm) Hj(m) X> o in Y<Q7RN);

5. and similarly for Step 5.

(6’) Differently from the case at regular points, we want to additionally show A5(Q) = 1 and
As(dQ) = 0. There exists 0 < € < 1 such that A5(dQ;). Up to taking r' = er (as well as
/

rﬂ’l =

As(dQ) =0and A(Q) = 1.

rm€ in the arguments of Steps 1-4 above we may assume without loss of generality that

This proves the localization principle at singular points. O
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3 Relaxation and optimization of convex
integrands with linear growth

This chapter contains the results obtained in the research paper:

Relaxation and optimization for linear-growth convex integral
functionals under PDE constraints

Abstract

We give necessary and sufficient conditions for the minimality of generalized minimizers of

linear-growth integral functionals of the form
Flu] = / Fou)dy, u:QCRISRY
Q

where u is an integrable function satisfying a general PDE constraint. Our analysis is based on
two ideas: a relaxation argument into a subspace of the space of bounded vector-valued Radon
measures . (Q;RY), and the introduction of a set-valued pairing in . (Q;RY) x L=(Q;RN).
By these means we are able to show an intrinsic relation between minimizers of the relaxed
problem and maximizers of its dual formulation also known as the saddle-point conditions. In
particular, our results can be applied to relaxation and minimization problems in BV, BD and

divergence-free spaces.

See:

A. Arroyo-Rabasa, Relaxation and optimization for linear-growth convex integral functionals under

PDE constraints, to appear in J. Funct. Anal., 2017 (pre-print: https://arxiv.org/abs/1603.01310)

3.1 Introduction

Let Q be an open and bounded subset of RY with .2¢(dQ) = 0. The aim of this work is to establish

sufficient and necessary conditions, in the sense of convex duality, for a vector-valued Radon measure
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3 Relaxation and optimization of convex integrands with linear growth

U to be a generalized minimizer of an integral functional of the form
Fu] == / O u(x))dx,
Q
defined on functions u : Q — R" satisfying a linear PDE constraint of the form

du=r, in the sense of distributions on Q.

Here, o : . (Q;RY) — 2'(Q;R") is a continuous linear partial differential operator defined on the

space of bounded vector-valued Radon measures.

As part of our main assumptions, f : Q x RN — [0, ) is a continuous and convex integrand, that
is, f(x,.) is convex for every x € Q. We further assume that f satisfies the following standard linear

growth assumptions: there exists a positive constant M such that

1f(x,2)| <M(1+]z]), forall (x,z) € QxRY. (3.1)

Throughout the paper, we shall consider the linear partial differential operator <7 as a linear (pos-
sibly unbounded) operator .27 : W1 (Q) ¢ L' (Q;RY) — L' (Q;R"), where

WP(Q) ::{ueLP(Q;]RN) : %ueLP(Q;Rn)}, 1< p<oo,

is the .o7-Sobolev space of p-integrable functions on Q. In this way, .7 is densely defined and closed
(in the sense of the graph) on L!(Q;RY). Whenever we write ker.</ (and Im <7), we will refer to the
kernel (and image) of &7 : W°1(Q) c L'(Q;RY) — L!(Q;R"). In a possible abuse of notation, we
will still denote by i — .7 u the operator which is originally defined for measures u € .Z (Q;R").

The following examples comprise a general class of linear partial differential operators of the form
o o M (Q;RY) — 2'(Q;R") which are continuous:

Example 3.1 (Operators in divergence form). Let k be a positive integer. Consider the operator in
divergence-form which assigns, for every u € . (Q;R"), the distribution

du=Y 0%Aq), where Ay € C(Q;M™N),

|| <k
Here, we have defined 0% := 9/ --- 9/ and |&t| = |ou|+ -+ |0y| for every multi-index o =
(o,...,0q) € (NU{0}). Since the coefficients A(x) are continuous in Q, each term Aq u is again

a Radon measure and hence the linear operator &7 : . (Q;RY) — 2'(Q;R") is well-defined and

continuous.

Example 3.2. Alternatively, one might consider operators of the form

du=Y Aqd®u, AqeClQRY),

o<k
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3.1 Introduction

where each “d*u” is the a-partial distributional derivative of p. Observe that, even though this is
not an operator in divergence form, the regularity of the coefficients guarantees that each summand

Agd* U is again a distribution.

3.1.1 Main results

Let ug € W¥+1(Q). In this paper we deal with the affine PDE constraint
To = o uy = o u.

Let us consider the z-variable Fenchel conjugate f* : Q x R¥ — R of f, which is given by the

formula

fH(x,2") = sup {"-z— f(x,2) }, Z*G]RN

zERN

One way to derive optimality conditions for our constrained problem is to study the relations between

the primal problem
minimize {u — /Qg(x, u) dx} in the affine space ug + ker .o/, ()
and the dual problem
maximize {w* — W] = (W ug) — /Qf*(x,w*) dx} in (ker.o?)=*. (%)

Here, (ker«/)* = {w* € L"(Q;RY) : (w*,u) =0 forall u € ker«/ }. Using the duality of </ and
/™ it is elementary to check that

Flu+uo) > 2w, for every u € ker./ and w* € (kero?)*,

An immediate observation is that the infimum in is greater or equal than the supremum in (Z77).
Convex duality is particularly useful when these two extremal quantities agree since it leads to a
saddle-point condition between minimizers of the primal problem and maximizers of the dual prob-
lem (we refer the reader to [14] for an extensive introduction on this topic). Actually, a simple
consequence of the Fenchel-Rockafellar Theorem (see, e.g., [8, Thm. 1.12]) asserts there is in fact

no gap between these two problems:

Theorem 3.3.  The problems and are dual of each other and the infimum in problem (Z))
agrees with the supremum in problem (%), i.e.,

inf Flul= sup Zw.
A u=Tp w*e(ker o/ )+

Moreover, the supremum in the right hand side is in fact a maximum, which is equivalent to problem
having at least one solution.

! For the sake of simplicity, we depart from the standard notation (f(x,))* for the z-variable Fenchel transform
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3 Relaxation and optimization of convex integrands with linear growth

If a classical minimizer u € L' (Q; RV) of exists and w* is a solution of (Z77), then the pairing
(w*, u) is a saddle-point of these two variational problems. This constitutive relation between u and w*

can be derived by variational methods and is expressed by the following pointwise characterization:
Flxu(x) + f*(x,w(x)) = u(x) -w*(x) for L%-ae. xe Q.

Under standard coercivity assumptions (for example if M~!(|z] — 1) < f(x,z) for all (x,z) € Q x
RY), the infimum of problem is finite and minimizing sequences are L!-uniformly bounded. It
is also well-known (see [} 7,14} |15, 25])) that if f is sufficiently regular, the convexity of f(x,.) is a
sufficient condition to ensure the L!-weak sequential lower semicontinuity of .7, i.e.,

liminf #[u;] > F[u], whenever u; — uin L'(Q;R").
Jreo
However, due to the lack of weak-compactness of L!-bounded sets, we can only hope for compactness

in a space of measures, that is,
u;p L5 pe (RN,

This entails the need to relax the functional .% in the space of measures.

We say that y € .#(Q;RYN) is an o7 -free measure if </ L = 0 in the sense of distributions on Q,
the space of «7-free measures will be denoted by ker , <7

In order to prove the main relaxation result (see Theorem [3.4]below), we will restrict our analysis to
operators for which ker.e# C ker , 7 is densely contained with respect to the area-strict convergence

of measures (see Definition [3.9):

Assumption Al. Let u € .#(Q;RY) be an «7-free measure. Then, there exists a sequence (u#;) C
L'(Q;RY) Nker.« such that u;.#? area-strict converges to y in Q.

Theorem 3.4 (Relaxation). Let f: Q x RV — [0,00) be a continuous integrand with linear growth
at infinity as in (3.1), and such that f(x,.) is convex for all x € Q. Further assume that Assumption
Al holds and that there exists a modulus of continuity @ such that

f(r,2) = f(2)] So(x—y)(1+[]) forallxyeQ zeRY. (3.2)
Then the weak* lower semicontinuous envelope

Fu] ::{liminfﬁ[uj] tuj€ug+kers/ and ujgdi‘u}’

J oo

of the functional
Flu] = / f(xu(x))dx, u€uy+keres,
Q

is given by the functional

u%/gf(m d§d<x>> aer [ 1 (x,

N

du s
) e,
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defined for measures in the affine space ug+Xer 4 o/. Here, U = diﬁd L4 u? is the Radon—Nikodym

decomposition of | with respect to £ and

f7(x,2) == lim (x,2) €EQ xRN
x:%x
77—z
f—voo

f(¥,t2)
t

is the recession function of f.

Extending the differential constraint to .# (Q;R"), the relaxed functional .7 gives rise to the re-

laxed problem

minimize .Z in the affine space ug +ker , 7, ()

for which is possible to guarantee the existence of minimizers.

Since a (generalized) minimizer [ may not be absolutely continuous with respect to .2, it is not
clear in which sense can “i - w*” be considered a saddle-point of (7)) and (Z7%). To circumvent the

lack of a duality relation in (ker 4 .7, (ker.<7)') we introduce a set-valued pairing as follows:

[u,w'] = {A €MD) & (1)) Cup+kerd,

uj — W area-strictly in Q, and (u;-w*).Z¢ > A in 4 (Q) }

We stress that, though our notion of generalized paring is that of a set-valued pairing, it reduces to
a set containing a single Radon measure if stronger regularity assumptions are posed on its arguments
u or w*. It should also be noticed that the earlier definitions by Anzellotti [2] for the (BV,L! N
div-free) duality, and Kohn and Temam [17,|18] in BD with respect to its dual space, both exploit the
potential structure of gradients and deformation tensors; this structure is in general not available for

the constraint u € ker o7

As we will see, it turns out that every A € [u,w*] is absolutely continuous with respect to |t|. Even
more, its absolutely continuous part with respect to .#¢ is fully determined by u and w* through the
relation

dil;d (x) = d(j;d (x) - w*(x) for Z?-ae. x € Q.

This means that, at least formally, elements A in i, w*] can be regarded as classical pairings up to

a defect singular measure A | .#“. In fact, A* carries the (generalized) saddle-point conditions as

illustrated in our main result:

Theorem 3.5 (Conditions for optimality). Let f: Q x RY — [0,0) be a continuous integrand with
linear growth at infinity as in (3.1) and that f(x,.) is convex for all x € Q. Further suppose that
Assumption Al|holds and that there exists a modulus of continuity ® such that

[f(x,2) = f(,2)] S o(x=y)(1+[z) forallxyeQ zeR".

Then the following conditions are equivalent:
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3 Relaxation and optimization of convex integrands with linear growth

(i) W is a generalized solution of problem (Z), and w* is a solution of (Z77).

(ii) The generalized pairing [, w*] is the singleton containing the measure

— d,LL * d oo dﬂ s,
l.—(dzd W>$ LQ + f (.,d|.us|>|‘u],

in particular

-a.e. x € Q.

dA e du s
=7 < dlwl) for

Moreover, the classical saddle-point conditions

dA du .
i) = ()W ()

1 (5 ga)) 7 (0

hold at £“-a.e. in x € Q.

The paper is organized as follows: Firstly, in Section[3.2)we give a short account of the properties of
integral functionals defined on measures and their relation to area-strict convergence. The remainder
of the Section recalls some facts of convex duality and the commutativity of the supremum on integral
functionals for PCU-stable families of measurable functions. In Section [3.3] we rigorously derive the
dual variational formulation of by means of classical convex analysis arguments. Section [3.4]is
devoted to the characterization of the relaxed problem . In Section we study the properties
of pairing [, w*], from which the proof of Theoremeasily follows; applications of our results to
BV, BD and other spaces are further discussed throughout the paper. Lastly, in Section[3.6] we apply

our results to derive the saddle-point relations of a low-volume fraction model in optimal design.

Acknowledgments

The support of the Hausdorff Center of Mathematics and the Bonn International Graduate School
is gratefully acknowledged. The results here presented form part of the author’s Ph.D. thesis at the
University of Bonn. The author wishes to extend many thanks to the referee for her/his careful review

which led to the substantial improvement of the final version of this paper.

3.2 Preliminaries

3.2.1 Notation

We shall work in Q C R¢, an open and bounded domain.

By L (€;R") we denote the subset of L, (Q; R") of p1-measurable functions on Q with values in
RY which are p-integrable with respect to a given positive measure u; we will simply write LZ (Q)
instead of L} (€;R), and L”(Q;RY) instead of LY. (€; RM)), where .#¢ stands for the d-dimensional

Lebesgue measure.
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3.2 Preliminaries

In the course of this work we confine ourselves to the use of bounded Radon measures, therefore we
will use the notation . (Q;RY) = (Cy(Q;RY))* to denote the space of RY-valued Radon measures
on Q with finite mass. Similarly to L”, we will simply write .# (Q) instead of .# (Q;R). For an

arbitrary measure u € . (Q;RY) we will often write d‘}l’fd 2?4 u* to denote its Radon-Nikodym

decomposition with respect to .2,
We shall write x - y to denote the inner product between two vectors x,y € RY. For function and
measure spaces, we reserve the notation (., .) to represent the standard pairing between the space and

its dual; where no confusion can arise, we shall not emphasize the position of its arguments.

3.2.2 Integrands, lower semicontinuity, and area-strict convergence

We recall some well-known and other recent results concerning integrands and recession functions.
Following [[1] and more recently [20], we define E(Q;RN ) as the class of continuous functions
f:Q xRN — RN such that the transformation

(Sf)(x,2) :==(1—|z|)f <x,lzz|> for (x,z) € Q x BY,

where BV is unit open ball in R", can be extended to the space C(Q x @) by some continuous

function f. In particular, for every f € E(Q;R"), there exists a positive constant M > 0 such that

1f(x,2)] <M(1+]z]) forall (x,z) € QxRY,

and
fn LD il <1
[Pz ifld =1
where the limit ,
t
ﬁ@@:ymﬂ?@ (x,2) € Q xRV,
pae
[—>o0

exists and defines a positively 1-homogeneous function.

Lemma 3.6 (Recession functions I). If f : Q x RY — R is a continuous convex integrand with
linear growth at infinity with a modulus of continuity @ as in (3.2)), then f € E(Q;RYN). Moreover; the

recession function > exists, is continuous and has the simplified representation

f(x,12)
t

£ (x,z) = lim ., forall (x,z) € Q xRN,

t—>o0

Proof. First, we show that f(x, ) is Lipschitz with Lip(f(x,.)) < M (independently of x). Fix x € Q,
by the convexity assumption we know that f(x,.) € WI’M(RN ). Therefore,

loc

V.f(x,z) € d.f(x,z) for Z"-almost every z € R".

Again, by convexity, p* € d,f(x,z) if and only if f*(p*) =z- p* — f(z) € R. Thus, f*(V_f(x,z)) €R
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3 Relaxation and optimization of convex integrands with linear growth

for #N-almost every z € RV It is easy to check — using the linear growth assumption on f — that
{p* eRN : f(p*) < oo} C M -BY, whence we deduce that

IVef (x, )L < M.

The arbitrariness in the choice of x and the continuity of f imply that f(x,.) is x-uniformly Lipschitz.
Together with (3.2)), this implies that

t

£7(x,2) = lim f(xtz) for all (x,z) € Q x RV,
—»00

whenever any of the these limits exist. To see that the right hand side above exists in Q x RY we

simply observe that

f(xvtz) _ f(xvtz) _f(x70)

p p +O(™ Y =1L )+ 0@, (3.3)

where, by the convexity of f, the functions I .() < M are monotone (in ) for all (x,z) € Q x R".

Finally, to prove that f € E(Q;R"), we are left to show that f is continuous at all (x,z) € Q x dBY
(this, because f € C(Q x R")). Using the modulus of continuity in it is easy to show that f* is
continuous on Q x dBY, therefore it suffices to show that

lim f(xX,7)=f(x,z) forallxe€ Q.

_>
4 \Tl 7>z

Using (3.2) and setting #(z') := = ‘ 77 (which tends to e as |Z| 1 1) in the definition of Sf, the argument
boils down to the uniqueness of the limit in (3.3) on sequences (¢;) such that #; — co. O

We collect some continuity properties of the class E(Q;R") and recession functions in the follow-
ing lemmas. The first one is a lower semicontinuity result for convex integrands from [/1]] (see also [[15]]
for the case f(x,z) = f(z)). The second is a continuity result, originally proved by ReSetnjak in the
case of 1-homogeneous functions [24]], but generalized to lower semicontinuous integrands with lin-

ear growth.

Lemma 3.7. Let Q C RY be an open and bounded set with £*(dQ) = 0. Let f(x,z) : Q x RY —

(—oo, 00| be a lower semicontinuous integrand, convex with respect to z, and verifying:
exists M > 0 such that f(x,z) > —M(|z] +1).

Then, for every sequence (uj) C L' (Q;RY) such that u; £ = p in 4 (Q;RN), one has that

liminf/gf(x, uj(x)) dx >

Ji7 (oot ast o1 (n i) awo

Before embarking on the proof, let us show by an easy example that the boundary term is necessary
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due to possible concentration of measure at JQ.

Example 3.8. Letd =N =n=1, set Q= (0, 1) and consider the integrand f(x,z) = z (accordingly

f(x,z) = z). Consider the uniformly L!-bounded sequence of functions (u;) where

uj(x) = —jxo0,1/)x), JjeEN.

It is easy to check that u;. ' = 0 in . (Q), however, since Jo f(uj) =—1forall j € N it follows
that

—1zliminf/gf(uj)</gf(0)dx:0.

Jore

Hence, the lower semicontinuity fails.

Proof of Lemma[3.7} The proof of this lemma should, in practice, follow from the theory developed
in [1]]. However, due to small imprecisions in their presentation, we have decided to slightly modify

the presentation of the proof.

First, let us recall that under the established assumptions, the conclusions of Theorem 5.1 and
Remark 5.2 in [1]] yield

liminf/gf(x, uj(x)) dx >

- Lr(vgat) ot [ (nghow) awio.

Their conclusion is correct as long as there is no concentration of measure at the boundary dQ, or,

(3.4)

as long as f > 0 (since then only loss of energy can be accounted on the right hand side limit); see
Example|3.8|above. In general, lower semicontinuity might fail for integrands which are unbounded
from below (in fact, if f is not x-dependent, the conclusion of Lemma 3.7 holds if and only if /> 0,
see e.g., Theorem 5.21 in [[15]).

In spite of this imprecision, (3.4) holds as long as (|u;|) does not concentrate on the boundary dQ.

Our proof will follow from this argument.

Up to taking a subsequence, we may assume without loss of generality that

Ao = liminf / flxuj(x))dx=lim [ f(x,u;(x))dx.
J=ee Q J= Jo

Let By be a ball containing Q. For a measure u (or function) defined on a smaller domain than Bg,

we denote by fl its natural extension by the zero measure into .# (Bg;RY). In this way i L Ny

on Bg. Set also f = xa(x)f(x,2) — XpaoM(1 + [2]). Notice that since & is bounded and f(x,z) >

—M(1+|z|), the assumptions of the lemma still hold for f and Bg. Also, since Q C B, the sequence
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|ii;|-£? does not concentrate on dBg. Hence, (3.4) gives

Ao =liminf [ f(x,ii;(x))

J= g

f,7 (s d$d~) 7 (s j’:‘;(x)) Ao
2 [ (s ,,; )dH/f( ) ARl
Z/Qf< gzl >dx+/f<d,u‘))!s\)

Here, we have used that f = f and > = £, on Q and Q respectively (the latter follows directly from
the definition of recession function and the fact that f(x,z) > —M(1+ |z|)). We have also used that

£(Q) =0 to ensure that
- du _
/an<x, dgd(x)> dx=0.

We introduce the following short notation for the (generalized) area functional

_ du |
—/B l+‘d$d(x)

3.5

defined on Borel sets B C R4,

Definition 3.9 (Area-strict convergence). We say that a sequence of vector-valued Radon measures

W; area-strict converges to a measure [ (in Q) if and only if

(i) W= u weak* in A (Q;RY), and
(i) () Q) = (1)(Q),

for () the (generalized) area functional defined in (3.5).

Let us recall from [20] that the notion of area-strict convergence is stronger than the strict conver-

gence of measures which is obtained by replacing (ii) above with the total-variation continuity
i) [p[(€) = [](€).

This notion of convergence turns out to be stronger than the usual strict convergence as the latter
allows one-dimensional oscillations. The motivation behind the definition of area-strict convergence
is that one can formulate the following generalized version of ReSetnjak’s Continuity Theorem (see,
e.g., [20, Theorem 5]):
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Theorem 3.10. The functional

i [ (xgga) ave [ (s g ) awlon

is area-strict continuous in # (Q;RN) for every integrand f € E(Q;RN).

Remark 3.11. It can be easily seen that area-strict convergence is a sharp condition for the con-
tinuity of integral functionals defined on measures by taking f(x,z) := /1 +[z]> € E(;RY) and
observing that f*(x,z) = |z].

The push-forward of a measure with respect to a Borel function ¢ is defined as follows. Let
¢ : Q — Q' be a Borel function, we define the push-forward measure @, through the assignment

Q.1 == po @ ' This translates into the following change of variables formula: for a map g : Q' —

RY, it holds that
/gd(%u):/goq?du,
Q Q

provided these integrals are well-defined.

Remark 3.12 (Density assumption). There are some operators for which the density Assumption
Alllholds:

(i) The minimization and relaxation on BV-spaces or when /' = curl (for simply connected do-
mains) is proved in Lemma 1 of [19] where no regularity assumption is imposed on JQ.
The same argument further shows the area-strict approximation property in the BD-case (or

&/ = curlcurl); see also Lemma 2.2 in [J3]] for a result which covers the strict convergence.

(i) Let & : A (;R") — 9'(Q;R") be a kth-order homogeneous partial differential operator with
constant coefficients
A=Y Agd*u, AgeMV

la| =k

Further assume that Q is a strictly star-shaped domain, i.e., there exists xo € Q such that

(.Q*)C())CZ‘(Q*)CO), V> 1.

To prove that All| holds let ¢’ : Q — {r(Q —x0) +x0} : x — #(x —xo) +xo and consider the
parametrized family of push-forward measures (@’ ), 1. First, notice that Q C #(Q — xp) + xo.
Hence, due to the homogeneity of <7, each ¢! is an <7-free measure on an open set containing
Q. Second, it is relatively easy to check that ¢’ area-strictly converges to g as ¢ | 1. The
last step consists on mollifying each ¢.u by a sufficiently small parameter §(¢) | O with the
property that

(Pl ps)(Q) = (@i )(Q)+0(1—1), and (@;u*ps)=0 onQ.

Here, ps(x) := p(x/8)8 ¢ where p € C*(By) is a standard mollifier.

97



3 Relaxation and optimization of convex integrands with linear growth

The conclusion follows by letting ¢ | 1 in the estimate above.

We refer the reader to [21] where such a geometrical assumption is made to address a homog-

enization problem in the case 2/ = curl.

3.2.3 PCU-stability

Next, we recall some facts on the commutativity of the supremum of integral functionals valued on
a certain family .# of measurable functions. The definitions and results gathered here can be found
in [[7, Theorem 1] and [26| Proposition 1.14].

Definition 3.13. Let LO(Q;RN) be the space of RN-valued measurable functions. A set F of
LO(Q;RN) is said to be PCU-stable if for any continuous partition of unity (&, ..., 04y) such that

m

o, ...,0p € Co(Q), for every uy,...,uy in F, the sum Y' | ou; belongs to 7.

Theorem 3.14. For any subset .7 of LO(Q;RN) there exists a smallest closed-valued measurable

multifunction I such that for allu € .7, u(x) € I'(x) u-a.e. (as smallest refers to inclusion). Moreover,

there exists a sequence (u;) in F such that T(x) = {u;(x) : j€N} for p-a.e. x € Q.
We say that I is the essential infimum of the multifunctions
x> {ulx) rueF},

in symbols
I'(-)=esssup{u(:) : ue .7}

Theorem 3.15. Let j: Q x RN — (—oo, 0] be a normal convex integrand.E] Denote by J the functional

u— / J(x,u(x)) dx, forallu e LO(Q,RN)
Q

Let .F be a PCU-stable family in L°(Q,RY). Assume furthermore that J is proper within .7, i.e.,
there exists uy € .F such that J(ug) € R. Then,

inf Ju)= | inf j(x,2)dx,
ulgﬂ (M) Lzé?(x) ](X Z)

and

irrl(f)j(-,z) =esssup{ j(+,u) : u€.FZ,J(u) <o }.
zel(x

3.3 The dual problem

We recall some facts of the theory of convex functions. We follow closely those ideas from [14} Ch.

III]. Along this chapter, X and Y will be two topological vector spaces placed in duality with their

2 A normal integrand f : Q x RY — (—oo, 0] is a measurable function which is also lower semicontinuous in its second
variable
3 As usual we define [, j(x,u(x)) dx = oo, as soon as [, (j(x,u(x)))" = oo.
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3.3 The dual problem

duals X* and Y* by the pairing (-,)x+xx (analogously for ¥ and Y*). The subscript notation will be
dropped as it is understood that the correspondent pairing apply only on their respective domains. For
a continuous function F : X — (—oo, 0|, we define a lower semi-continuous, and convex function by
letting

F*(u") :zsgp{(u,u*)—F(u)}, ut e X

This function is known as the conjugate function of F. We will be concerned with the minimization
problem

minimize F in X, (p)

which we term as the primal problem.

The dual problem
Let ®* : X* — R be the conjugate of ®. We define the dual problem of (p) as
maximize {p* +— —®*(p*)} in X*. (")

Some of the results of this section are stated under weaker assumptions than the ones previously
established in the introduction; however, the results in subsequent sections do require stronger these
properties (for a discussion on the sharpness of our assumptions on the integrand f we refer the reader

to [I1,|7, [15]] and references therein).

In this section we study the dual formulation of in the duality (L*,L!). Our main goal is
to prove Theorem [3.3| which states not only that and are in duality but that there is no gap
between them. The idea is to gather the concepts of the last section to characterize the dual problem
as an integral functional in L*(Q;R").

For an (measurable) integrand g : Q x RV — (—oo, o0], we will write /, to denote the functional that

assigns
U / g(x,u(x)) dx, ue€L(RY).
Q

Following standard notation we denote, for a Banach space X and a subset U C X, the U-indicator
function xy : X — R defined by the functional

0 ifuelU
XU(M) = . )
o ifxeX\U

which is lower semicontinuous on

x-closed subsets U C X. If V is a linear subspace of X, the

Fenchel transform of the indicator function yy is given by another indicator function, namely

(XV)* =Xvi,

where V= = {x* ex” <x*,x> =0vxeV } is the orthogonal space to 'V .
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3 Relaxation and optimization of convex integrands with linear growth

It will often be convenient to re-write the minimization problem as
minimize {u > I (u+ 10) + Xier %(u)} in L' (Q;RY). (P)

Lemma 3.16. Let f: QxRN — R be a continuous and convex integrand with linear growth at
infinity. Then the Fenchel conjugate of the functional Iy : L' (Q;RN) — R, is given by the integral
functional

u' = Ipe (W),

defined on functions w* € L=(Q;RN). In particular,
(Ip(uo++))" (W) =Ip(w*) — <w*,uo>.

Proof. We argue as follows.

Step 1. We point out that L! (Q;R") is a PCU-stable family.

Step 2. Since f has linear growth, I — (w*,.) is proper in L' (Q; RY).

Step 3. We fix w* € L=(Q;RY) (here, w* € L*(Q;RY) is the representative such that w*(x) € R" for
all x € RY) and apply Theorem [3.15]to % = L' (Q;RY) and to

J2) = fx2) —w'(x) 2,

which remains a convex normal integrand, to find out that

(If)*(w")=— inf /Qj(x,u(x)) dx = —/Q inf j(x,z) dx,

ucL! (Q;RN) z€l(x)

where I'(.) = esssup{u(-) : u € L'(RY)} =RN. Since inf,cw j(x,z) is nothing else than
—f*(x,w*(x)) for a.e. x € Q, it follows that

(Ir)* (W) = I (") [
The last observation follows from the translation property of the Fenchel transform:

(F(xo++)"(x") = F*(x") = (x",x0).

Proof of Theorem We want to show that if f: Q x RN — R is a continuous and convex integrand
with linear growth at infinity. Then, the dual problem of reads:

maximize Z in the space L™ (Q;R"), (%)

“Due to the linear-growth assumptions on f, its Fenchel transform is bounded from below. More specifically, f*(x,z*) >
—f(x,0) > —M for all (x,z*) € Q@ x R, whence the integral I+ is well-defined.

100



3.3 The dual problem

where % : L°(Q;R") — R is the functional defined as

*, — I (W) ifw* € (ker )t
B ) 4 O70) I ) i€ (hera)
—o0 otherwise

To show this, we recall the useful well-known duality characterization due to Fenchel and Rock-

afellar (see, e.g., 8, Theorem 1.12 and Example 4]):

Theorem 3.17 (Fenchel & Rockafellar). Ler X be a Banach space and let @, ¥ : X — (—o0, 00| be
two convex functions. Assume that there is some ug € {u € X : |®(x)|,|¥(x)| < oo} such that ® is
continuous at ug. Then
inf{®(u) +¥(u)} = sup {—P*(—w") —¥*(w")}
uckE w*cE*
= max {—®*(—w") —¥*(w")}.
w*eE*

The functional I : L' (Q;RY) — R is convex and continuous (recall that f is x-uniformly Lipschitz
in its second argument). On the other hand, the indicator function Yyer.s : L' (Q,RY) — (—o0,09] is
also a convex functional (ker.c7 is a closed linear subspace of L!(Q;R")). Hence, we may apply the
results from the theorem above to @ = I (ug+-) and ¥ = Yyer.r to get

inf Ir(u)=  max —(Ir(up+ ) (—w*) — *(w)}.
A0 Iy(u) L {=r(uo+ )" (=w") = Hherar )" (W)}
By Lemma we might further use that — (I (uo ++))*(W*) = (w*,ug) — I+ (w*), whence we obtain
the sought equality

inf I;= max Z[wl= max (wu)—Ip.
uckero w*eL>=(Q;RN) w*e(ker o)+ ’
Notice that the existence of at least one solution of is guaranteed by Theorem O

Corollary 3.18 (Operators with closed range). Let f : Q x RY — R as in the assumptions of The-
orem Assume furthermore that Im o/ is closed with respect to the L! topology — or equivalently,
that Im «7* is closed with respect to the L™ topology. P| Then, the dual problem reads

maximize Z in Im.o7*.
Proof. The proof is an immediate consequence of the identity (see, e. g., [8, Remark 17])
(kero/)* =TIma/*.
O

Example 3.19. The next examples (of operators with closed range) are related to low-volume frac-

5See, e.g., Remark 17 and Theorem 2.19 in [§]]
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3 Relaxation and optimization of convex integrands with linear growth

tion optimal design problems in linear conductivity, linear elasticity, and linear plate theory models.

Let Q C RY be a simply connected Lipschitz domain.

1. Divergence-free fields. Let &7 = div : . (Q;M¥™) — 2'(Q;R?) be the divergence operator

(diVM),' = Zajuij, 1 Sl,]ﬁd
J

It is fairly straightforward that the adjoint of & : W3%:1(Q) — L!(Q;R") is the gradient opera-
tor &/ : W(l)’w(Q; R™) — L*(Q; R4*™M) : w* s Vw*. Furthermore, due to Poincaré’s inequality,
Ima* ={Vv : ve Wé’m(Q;R’”)} is closed with respect to the L™ topology and hence
Im&* = (Ima/)*.

2. Double divergence-free fields. Consider o = div® : . (Q;M%¢) — 2'(Q) defined as

sym

d
diVZU = Z 31']' Uij.
ij=1
In this case, the adjoint of 7 : W"1(Q) — L1(Q;R) is the operator &7 : W(z)"”(Q) — L(Q; Mfyff) :
U* — V2U*, where V2U* is the Hessian of U* given by

°U*
V2U*);; = (> . 1<i,j<d.
( )l] 8)6,‘an i J

Due to a similar argument as in (1), In* = { V?v : v e Wg’m(Q) } is closed with respect to
the L™ topology.

3. Symmetric divergence-free fields. Let < = div : . (Q; M%) — 2'(Q;R?). This time the ad-

sym

joint of o7 : W1 (Q) — L!(Q; R?) is the symmetric gradient .7 * : W(l)’w(Q;]Rd) —L=(Q; Mfyxnf) :

w* = (Vw* + (Vw*)T) /2 whose range Im .7 * is closed with respect to the L™ topology — this

follows from Korn’s inequality and the classical Sobolev embedding.

Corollary 3.20 (Operators with a potential structure). Let f: QxRN — R as in the assumptions
of Theorem Further assume that ker of = Im 9B, for some densely defined and closed linear
partial differential operator % : D(%*) C L'(Q;R!) — LY(Q;RN). Then, the dual problem
reads

maximize Z in ker #*.

Proof. Since % is densely defined and closed (in the sense of the graph), it holds that ker " =
(Im%’)l (see, e.g., [8]). Hence, using the exactness of Im.%Z = ker .o/,

ker #* = (ImB)* = (ker.or )t

The sought assertion then follows from Theorem[3.3] O
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3.3 The dual problem

Example 3.21 (Gradients). Assume that Q is a simply connected Lipschitz domain with outer
normal vector Vg (y) defined at /¢ !-ae. y € dQ. The results of Corollary apply to the mini-

mization of problems of the form

Vi / flx,Vv(x)) dx, veW'H(Q).
Q
Consider the curl and gradient operators defined on measures by
o p=curlpy = (Gptij — djla)ijk, 1< jk<d,1<i<m, pe.M(QR"™),

and
Py =graduy = (ju');j, 1<i<m1<j<d, pe.#(QR").

Since € is simply connected, it holds that

kere/ = {ue L'(Q;M™?) : curlu=0}
={V :veW" (@R}
=Im%.

Since Q is a Lipschitz domain it is easy to show that

1=
&
g*
N\_/
AN
AN
3

Bw* = —divw" = —(
i—1

in the sense of distributions for any w* € D(Z%"), where

D(#") = W, ™(Q)
={w" e L"(QM"™) : divw* € L"(Q;R"),Tw* =0},

Here, T : WiV=(Q) — L™(dQ;R™) is the unique continuous linear map such that

Tw* = (W"-vq)|sq forallw* e Cl(ﬁ;med).

It follows from Corollary [3.20] that

inf  ZF[Vv]= max Z[w'].
veWh!(Q:R™) wr WS (Q)

See [4] where a generalized pairing in BV(Q) x W4V(Q) from [2] is used to derive the correspon-
dent saddle-point conditions.

In a similar fashion one may treat the minimization of integral functionals defined on higher-order
gradients, Vv = 9%y with || = k, by considering a generalized “curl operator” (see, e.g., Example
3.10 (d) in [[16]).
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3 Relaxation and optimization of convex integrands with linear growth

Example 3.22 (Linear elasticity). Similarly to the case of gradients, one can deal with the relax-

ation and optimization in BD(Q) of problems of the form

Vi / f(x,Ev(x)) dx, veLD(Q),
Q
where, for v € L' (Q;R?), Ev = (Dv+ (Dv)T)/2 is the distributional symmetric derivative of v, and

sym

LD(Q) == {veLl(Q;Rd) : EveLl(Q;MdXd)}.

In this case, for u € .# (Q;M%xd),

sym
d
427/.1 = curlcurl,u = (Z 6,-kul~j + 8l~jul-k — 8jkul~,- — 8l~,-ujk> s 1<i< d,
i=1 j

is a second-order partial differential operator expressing the St. Venant compatibility conditions and
for u € 4 (Q;RY),
1 ;
%’u:Eu:E(ajumLaiuf), 1<i,j<d.

Once again, using that Q is simply connected,

kero/ ={uc L' QM) ¢ curlcurlu = 0}

sym
={Ev : velD(Q)}
=Im4A.

As direct consequence of Corollary [3.20] we get

inf F[Ev|]= max Z[w'],
veLD(Q) wreH "™ (Q)

where

HYV™(Q) = {w" e LML) : divw* =0in 2'(R?), and Tw* =0}

See [17}|18]] where saddle-point conditions in BD are established for Hencky plasticity models.

Remark 3.23 (Assumptions I). The results in the present section do not make use of Assumption
A

3.4 The relaxed problem

So far we have not discussed the optimality conditions for problem (Z). In part, this owes to the
fact that may not necessarily be well-posed. More precisely, due to the lack of compactness
of L!-bounded sets one must look into the so-called relaxation of the energy .%. The latter has a

meaning by extending the basis space to a subspace of the bounded vector-valued Radon measures
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3.4 The relaxed problem

A (Q;RN). Tt is well-known that the largest (below %) lower semicontinuous functional with respect

to the weak*-convergence of measures is given by
Fu] = inf{liminfﬁ[uj] up S pu; € mﬁ—ker;zi}.

Under Assumption Al it is relatively easy to verify that .% is again an integral functional:

Proof of Theorem Let 1 € up+ker 4 .o/. We divide the proof into three parts:

1. Lower bound. Let (u;) be a sequence in ug + ker .o/ with the property that
wp 4 S, in o (QRY).
We want to show that
du du’
imint 1] > [ £ (v 0) av [ 7 (v apelon

for all sequences (u;) C ker.o/ +ug such that u;. 2% = w in .4 (Q;RY).

Up to passing to a subsequence, we may assume that

Ao :=liminf.% [u;] = lim .F [u;],

j—oe J=eo

and u; A in . (Q:RY) for some measure I in Q with L Q = p.
A simple consequence of Lemma applied to (u;), is that

toz [ 1 (ngaw) ot [ (s ghm ) amieo,

Using that it = u on Q, we further obtain
>) o)

w2 Jo (agat) o (i
> [ 1 (ngBat) o [ (gt ) dwlo

where in the last inequality we have used strongly the fact that “f > 0” to neglect the possible con-

centration of measure at the boundary JdQ.

Thus, taking the infimum over all such sequences u; =u we get

7 2 (1 (v gga) acr [ (v

This proves the lower bound.

0) dlo).

2. Upper bound. We show that there exists a sequence (u;) C ug+ker.o/ with u;.& d X 11 and such
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3 Relaxation and optimization of convex integrands with linear growth

that

imsup 7l < [ £ () vt [ 7 (o) o

This time we will make use of All|and Theorem Indeed, since u —ugp € ker 4 o7, we may find a
sequence (v;) C ker./ that area-strict converges to [ —ug. Moreover, since area-strict convergence

is stable under translations, the sequence u; := ug -+ v; also area-strict converges to L.

A direct consequence of Theorem [3.10]is that

tim 7l = [ 7 (50 ) ar [ (no) delo

Therefore, plugging the sequence (u;) in the definition of .# yields

9{u]§/gf< e )dx+/f<

This proves the upper bound.

0) o).

3. Conclusion. A combination of the lower and upper bounds yields that

Fl= [ (v L) act [ 1 (vt w) awei

forall u € up+ker 4, <. O

Example 3.24 (Relaxation in BV). The space BV(Q;R™) of functions of bounded deformation is
the subspace of v € L!(Q; R™) of functions whose distributional derivative Dv is (can be represented)

a finite Radon measure. That is,
BV(Q;R™) == {ve L"(QR™) : Dve.#(QM™)}.

On simply connected and Lipschitz domains Q C R?, we may apply this relaxation result to mini-

mization of problems of the form
vy (V] = /Qf(x, V() dx, ve W' (QR").
Indeed, since Q is simply connected then Remark [3.12] guarantees that
ker s o/ ={Dv : veBV(&R")},
and therefore Assumption All|is automatically fulfilled for &7 = curl and hence Theorem 4 yields that

the lower semicontinuous envelope of .7 with respect to weak* convergence in BV(Q;R"™) is given
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3.4 The relaxed problem

by
o FIDY] = / £, Vv (x)) dx
/f ( i ’( )> dDV|(x), veBV(QRM.

Here,
Dv = D%+ D' =Vv.Z? + D%

is the Lebesgue—Radon—Nykodym decomposition of Dv.

Example 3.25 (Relaxation in BD). In the context of linear elasticity and the minimization of linear-
growth integral functionals, it is relevant to understand the space BD(Q) of functions of bounded de-
formation which is conformed by functions v € L!(Q;RY) whose distributional symmetrized deriva-
tive

1
3 (Dv+Dv")

is (or can be represented) a finite Radon measure. In other words,

Ev .=
BD(Q) :={veL'(%RY) : Eve.# (ML) };
and similarly to the case of gradients, we split
Ev=EY+EY = &v.? + Edv.
On simply connected domains Q C R it further holds (see Remark that
ker 4 (curlcurl) = { Ev : v € BD(Q) },

where curlcurl is the second-order operator defined in Example [3.22] Moreover, by Remark
Assumption All|is fulfilled for 27 = curlcurl and therefore the lower semicontinuous envelope of the
functional

Vi /Qf(x, &v(x))dx, veLD(Q),

with respect to weak* convergence in BD(Q) is given by
v l—>/ f(x,&v(x))dx

/f ( i |( )> dEY|(x), veBD(Q).

We conclude this section with a few remarks on the possible concentration of measure at the bound-
ary.

Remark 3.26 (Concentration of measure at the boundary). (i) If one assumes that 3"(89) =

0 then, only concentration of measure at dQ might undermine the lower semicontinuity. Indeed,
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3 Relaxation and optimization of convex integrands with linear growth

in proving the lower bound we have used the positivity of f to disregard positive concentration of
measure at dQ. For an arbitrary (</-free) sequence (u;) with u; — y in . (Q;RY), it might not hold
that |u|(dQ) = 0. Therefore, using the positivity of f (as in the proof of the lower bound) it may
occur that the limes inferior inequality is strict, namely that
liminf Z[u;] > Z[u].
J=re
(ii) However, in terms of the relaxation, Assumption Al — which can be understood as a density
assumption — guarantees that the space of .<7-free integrable sequences is sufficiently large to ensure
the equality in the limes inferior above is reached for some other sequence. In a way, AlT|tells us that
for every i € ker , </ there exists an <7 -free recovery sequence (u;) which does not concentrate on
0Q, this is,
ujl ! > A, in#(Q) and  A(9Q)=0.

Notice also that the proof of the upper bound does not rely on the positivity of f.

(ii1) If the positivity of f is dispensed with from in the assumptions, or equivalently if we consider
a general signed integrand f : Q x RY — R, there is no hope for lower semicontinuity to hold. The
underlying idea is that while f is positive (or bounded from below) only mass can be gained at dQ,
which in turn does not affect the lower bound. On the contrary, if f is unbounded from below,

the appearance of negative energy at dQ might not be carried by the limit measure (compare with

Example 3.8).

Remark 3.27 (Existence of solutions). Under standard coercivity of the integrand, namely that
1 N
M(\z[ —1) < f(x,z) forall (x,2) € Q x RY.
It is relatively easy to check by a diagonal argument that .% is actually weak* lower semicontinuous
in ug +ker 4 o

Let pj, 14 € ug+ker 4 o/ be o/ -free measures such that p; = . For each j € N let (), ) C

up +ker o7 be a sequence of functions which area-strict converges (as measures) to 1, so that

w0 > M(Z(Q) +liminf |i1;|(Q)) > liminf Z[u;] = liminf ( lim Z[u jm]) .
J —veo j—reo

Jj—roo m—yoo

It follows from the bound :
d
> M(HL‘HL‘(Q) —-24Q)),

that sup; , [[uj, [|[L1(q) < e Hence, we might extract a diagonal sequence verifying the following

properties:
Un(j) = Uj, S u€ugtker,, o/ and F (5] +00()) = F ],

where O(j) — 0 as j — oo. The sought lower semicontinuity is then an easy consequence of the lower
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bound inequality in the proof of Theorem [3.4]

liminf.Z [u;] = liminf (% [u,, ;] +O(j)) > F|u].

Jreo J=ree

Notice that the coercivity assumption on the integrand is crucial for the diagonal argument to work;
otherwise, we might not be able to guarantee the weak*-compactness of arbitrary diagonal sequences.

As soon as weak* lower semicontinuity of .7 is established, we observe (again by coercivity) that
minimizing sequences are weak*-bounded (and thus weak* pre-compact). The direct method can be
then applied to prove existence of solutions of .

3.5 The pairing [u,w*] and the optimality conditions

The pointwise product (i - v*) of two functions, it € ug +ker .o/ and v* € (ker.eZ)*, may be regarded
as the bounded Radon that takes the values

B (U,v")(B) := w(x)-v*(x)dx, BcC R" Borel set.
BNQ

In general, if y € up+ker 4 .o/ is only assumed to be vector-valued Radon measure, one cannot
simply give a notion to the inner product of ¢ and v* (even in the sense of distributions). However,
following the interests of our minimization problem, one may define the following generalized pairing

by setting
T, v = {l €#(Q) : 3 (uj) Cug+kera/ such that
(uj .24 5 ) and (u ;27 area-strict converges to i }

In this way, the set [, w*] contains information on the concentration effects of sequences of the form
(j - w").

The next lines are dedicated to derive the basic properties [u, w*].
Theorem 3.28. Let u € ug +ker 4 .o/ and let w* € (kero/)*. Then
IA(@) < |u|(@)||w*||L=(@) for every Borel set @ C €,

forall A € [u,w*].

Proof. Let A € [u,w*]. By definition, there exists a sequence of functions (u;) C L'(Q;RN) for

which the measures (u;.#%) area-strict converge to y and are such that (1, -w*).Z¢ > A. Hence,
liminf|(u;,w")|(®) > |A|(®w), forevery open set ® C Q. (3.6)
Jree

On the other hand, by Holder’s inequality, we get the upper bound

|(uj,w)|(®) < |uj|(w)||w|lL= (@), forevery open set @ C €, 3.7
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3 Relaxation and optimization of convex integrands with linear growth

and every j € N. Plugging (3.6) into ( and taking the limit as j — oo we get, by Theorem [3.10
(applied to f(z) = |z|), that

IA|(w) < |u|(@)||w||L=(@), forevery open set @ C Q with |u|(d®) =0.
The assertion for general Borel sets follows by a density argument. O

Corollary 3.29. Let u € ug+ker 4 o/ and let w* € (ker/)*. If A € [u,w*], then the Radon
measures A and |A| are absolutely continuous with respect to the measure ||| in Q. Moreover, an

application of the Radon-Nikodym differentiation theorem yields

WL

H dA|
L7, dlu|

H dlu| Le

The following proposition plays a crucial role on proving the generalized saddle-point conditions;
it characterizes the absolutely continuous part of elements in [i,w*] and gives an upper bound for

the density of its singular part.

Theorem 3.30. Let 1 € ug+ker 4 o/ and w* € (ker/ ). If A € [u,w*] and Zw*] > —o, then

dA d
W(x) <f7 (x, (m‘ljs(x)) , for|u'|-a.e x€Q, (3.8)
and dA d
Nz (x) = d;d (x)-w*(x), for ZL%ae xeQ. (3.9)

Proof. Let A € [u,w*]. By definition we may find sequence (u;) C L!(Q;R") that area-strict con-

verges to U in the sense of Radon measures, i.e., such that
up L= pe M QRY), (1, L4)(Q) = (1)(Q),

for which
(uj-w*). 24 50, in (QRY).

Let xo € (supp A*) NQ be a point with the following properties:

du’ du . U(Br(x0))
_ ) oo 3.10
Al ) = g ) = U B, o)) @10
T eIRE: 92 (x)dx
lim i |07 (x)‘ =0, lim Jo, ) dza0) 9 G.11)
1B, 0) (B, (o)
ax A (B,(x0))
— lim < 3.12
A ) = W5, o)) @12

Using the principle
foxz) >sup{z-z" : 2 €RY, f*(x,2") < 4o }
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3.5 The pairing [, w*] and the optimality conditions

and the assumption that | f*(x,w*(x))| is essentially bounded by for .#% a.e. x € Q (here we use that
R|w*| > —o0), we deduce the simple inequality

7)) dx > / o d, 3.13)

By (X()) By (XO)

for every s € (0,dist(xo,dQ)). We let j — oo on both sides of the inequality to get

lim I (x,uj(x))dx > A(By(xo)), for Z'-ae. s € (0,dist(xo,dQ)).

J= J By(x0)

Recall that u; & d area-strict converges to i and by construction f* is positively 1-homogeneous in
its second argument. Hence, we may apply Theorem [3.10] to the limit in the left hand side of the

inequality to obtain

__ | x du X X
1B o)) /Bsm)f ( ] >) Alul(x)

A (Bs(x0))
~ [w[(Bs(x0))’

Using properties (3.10)-(3.12) we may let s | 0 on the right hand side to deduce that

for Z'-ae. s € (0,dist(xp,9Q)).

- ! - du ) i
I B0 T d > : 3.14
B B (512 C0) ) = i o) G.14)

Moreover, the modulus of continuity of f conveys a similar modulus of continuity for f*, namely
that
|£°(x,2) — 2 (0,2)| <o(lx—y|)M|z|, forall x,y € Q and every z € RV,

Thus, the limit in the left hand side of (3.14) is bounded from above by

. (Yl B()
Bt (ruw(Bs(xo)) /Wf ( " gl >> Al )+ o(s) M|w|<Bs<xo>>>'

Using (3.10)-(3.12) and that f* is Lipschitz on its second argument (which follows from the respec-
tive Lipschitz continuity of f) we infer from the bound above and (3.14) that

du dA
150 59) > G

The sought statement follows by observing that (3.10)-(3.12) hold simultaneously in Q for |u*|-a.e.
Xp € Q.

For the equality on Lebesgue points, let xo € Q be such that

o 1B, ()

im i =0, (3.15)
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3 Relaxation and optimization of convex integrands with linear growth

1

du du
and aw
d( d.zd W ) dnu *
W(XO) = @(}CO) W (XO). (317)
Set q
U
o= ggato)

Then, by definition, for a.e. r € (0,dist(xo, dQ)) it holds that

'A(Br(xo))— /B (xo)Po-w*dx‘

/ u]wdx/ Powdx‘
on xO

< ”W HL°° . hm/ —P()‘ dx

SW%W(/
B, (x0)

+uﬂmvw)=mﬂ,

= lim
n—oo

du

azd D

dx

where in the last step we have used that (u; — Py).Z d area-strict converges to i — Py.#?. This follows
from Theorem and the fact that (f(- —Py))™ = f~(+).

Essentially, this means that computing the Radon-Nikodym derivative of A at x( is equivalent to
calculate the correspondent derivative of the measure ( ddg‘fd -w*).Z4 at xo. Under this reasoning we
use (3.17) to calculate

da du .
Nz (x0) = @(XO) W (x0).
Properties (3.13)-(3.17) hold simultaneously for .#“-a.e. xo € Q from where (3.9) follows. O

Remark 3.31. If w* is |u*|-measurable, then one can prove (by a similar argument to the one used
in the proof of (3.9)) that

da du
————(x0) = ——(x0) -w*(x0), for|u’|-a.e. xo € Q.
] 0 = gy o) ek

For a sequence (u;) C L(Q;RY) that area-strict converges to some [ € ker 4 ./ it is automatic to
verify, by means of Theorem|3.10] that

\ d . du’ .
f(-,u,-wdéf(-, dg‘fd> 2 Q+f ( d\ﬁﬂ) dj’| (3.18)

in . *(Q). If one dispenses the assumption that (u;) area-strict converges 1 and only assumes that
uj L4 S win A (Q;RRY) (or even the stronger strict convergence) the convergence (3.18) may not

hold as already observed in Remark [3.11] However, as the next proposition asserts, it does hold for
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3.5 The pairing [, w*] and the optimality conditions

minimizing sequences if one assumes that the integrand is coercive.

Theorem 3.32 (Uniqueness and improved convergence). Let f: Q x RY — R satisfy the assump-

tions of Theorem|3.4|and further assume that it is coercive , i.e.,

1
I (1—|z)) < f(x,2) forallxcQ,zeR".

Let (uj) C ug+ker.o/ be a minimizing sequence of problem withu; L4 win 4 (Q;RN). Then
W is a generalized minimizer of and the sequence of real-valued radon measures (f(-,u;) L1 Q)

weak™ converges on L, in the sense of Radon measures, to the measure

dﬂ d 0 duus s

Even more, if f(x,) and f~(x,.) are strictly convex for all x € Q, then [ is the unique minimizer of
(P) and u; £? area-strict converges to w in 4 (Q;RY).

Remark 3.33. Recall that strict convexity for a positively 1-homogeneous function g : RV — R —

also called strictly convex on norms — is equivalent to the convexity of its unit ball, that is,

g(z1) = g(z2) = g(z1 + 22), for |z1| = |z =1

implies

21 —<12-

In general, strict convexity of a function g does not imply strict convexity of g (see Remark 5.4
in [1])).

Proof. Set Aj € .4 () to be the real-valued Radon measure defined as
Aj(B) := /Bf(x, uj(x))dx, forany openset B C Q.
Since (u;) is a minimizing sequence, it is also L!-uniformly bounded (see Remark and hence
sup |A](Q) < oo
jeN

We may assume, up to taking a subsequence (not re-labeled), that there exist positive Radon measures
A,0 € 4" (Q) for which

A5 A, and |u|2?" B0 inAT(Q).

We do the following observation: the conclusion of Lemma also holds any arbitrary open set

113



3 Relaxation and optimization of convex integrands with linear growth

B C Q with 2% (9dB) = 0. Hence,

J—ree

for every open subset B of Q with A(dB) = 6(dB) = 0, and where we have set .% (u,.) to be the

Radon measure that takes the values

Fus)= [ 1 (xgga0) avt [ (n b ) i

on open sets B C Q. Using a density argument of the class of open sets B with (£ + |o|)(dB) =
in the Borel c-algebra % (), we conclude that

A>Z(u,.), in the sense of real-valued Radon measures. (3.19)

So far we have not used the fact that (u;) is a minimizing sequence. Recall that, by definition, this is
equivalent to

Ai(Q) =5 AQ)=Z(u.Q)= inf Z.
i(Q) = A(Q) (1n,Q) inf

The mass convergence above and (3.19) are sufficient conditions for A and .Z (u,-) to represent the

same Radon measure in .7 (Q), i.e.,
A=F(u,.), in.Z(Q).

Since the passing to a convergent subsequence was arbitrary, this proves

* du du .
d * d ) +
feap 2t () e (b awl @)
To see that for strictly convex integrands U is the unique minimizer of , one simply uses the strict
convexity of f and f*, and the fact that ker , </ is a convex space.

The improvement of convergence to area-strict relies on the theory of generalized Young measures.

Its proof is a direct consequence of Theorem 2.5 and Lemma in [1]], and Definition [3.9] O

Remark 3.34. The conclusions of Theorem do not rely on Assumption In return, it estab-
lishes that coercivity of the integrand is a sufficient condition to ensure the existence of at least one

minimizing sequence (u;) of and at least one generalized solution p (generated by (u;)) of ().

Remark 3.35. The improved convergence for minimizing sequences of strictly convex integrands
plays no role in our characterization of the extremality conditions of problems and (Z7)). Never-

theless, we have decided to include as it is a standard result for applications in calculus of variations.

We prove our main result:

Proof of Theorem
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3.5 The pairing [, w*] and the optimality conditions

Step 1. [, w*] #0. Let u € ug+ker, , o7 be a generalized solution of problem (). Let (ii;) to be
the sequence provided by Assumption for which i jfd area-strict converges to i — uo.Z?. Notice
that the sequence (u;) := (ii; + up) is a minimizing sequence of which area-strict converges to i

so that [u,w*] is not the empty set.

Step 2. Necessity. Fix A € [u,w*]. Let (uj) C up +ker.oZ be a sequence that area-strict converges
to u and such that u; - w* 24 generates A. By Theorem and the minimality of u it also holds that

(u) is a minimizing sequence for problem (Z).
In return, Theorem implies that the sequence of measures (f(-,u;) £?1_Q) weak* converges

to the Radon measure d d
nu d oo nu K
L Q .
(v %a) b (g )

in .Z"(Q). Since f is convex (in its second argument) and lower semicontinuous, it must hold that

7 (x,e) = flx,.), for #-a.e. every x € Q.

Hence,

(f(,u) 24)(B) > /

uj-w*dx—/f*(x,w*)dx, (3.20)
B B

for every Borel subset B C Q. Therefore, by Theorem [3.32)and (3.20) we get (by letting j — oo) that

du ) d w< du ) s
. L Q+ .
f( d.z4 / d|us| o (3.21)

>A—f(x,w)2.Q,

in the sense of measures. Also, by the equality in Proposition [3.3| we know that .% [u] = Z[w*] so
that

where in the last equality we used that A(Q) = (w*,up) for any A € [u,w*] with u € ug +ker 4 &7
and v* € (ker.«/)t. The inequality, as measures, in (3.21)) and the equality of their total mass in the
last formula tells us that the measures in question must be agree as elements of .#(Q). In other

words,

d‘u d . d,u S| 9 gx * d
f('? d$d>$ LQ—i_f <'7 d‘us|) “,L ’_)’ f('vw )"g’ﬂ LQ?
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3 Relaxation and optimization of convex integrands with linear growth

as measures in . (Q). Finally, we recall the characterization from Theorem so that

£ (g ) e 0) = ) o),

for Z?-ae. x € Q, whence it follows that

da - [ du >
= for |ul-a.e. x € Q.
a0 =7 (Gl @) orwacs

The latter equalities fully characterize [u,w*] by means of Corollary and the Radon-Nikodym

Decomposition Theorem. In particular, [, w*] is the singleton

d[,L * d d/.L s
{<d$d'w>g LQ“M(" d|w|> I }

This proves that (i) implies (ii).

Step 3. Sufficiency. To show that (ii) implies (i) note that we always have inf.7 > supZ (on their

respective domains). Hence, it suffices to show that
Fu] < Zw"]. (3.22)

Indeed, the inequality above implies that y solves problem and w* solves (the relaxation of)
problem (Z7%). To prove (3.22)) let (u;) C up+ker.o/ be the (area-strict convergent) recovery sequence
for u in the proof Theorem [3.4]so that

N od EX du d 00 du s
fleuj)2LQ f(-, Nz LULQ+ 7., aw] |1’

By assumption

g vopd g Al d oo du s
R e R EAE Sl O

in .#(Q), and therefore using that 4;(Q) = (w*,ug) for all j € N, we get that 1 (Q) = (w*,up). The

pointwise identities from (ii) then yield

Ew) :—/Qf*(x,w*)dx+)L(Q)

=— f*(x,w*)dx—i—/Q du (x)-w*(x) dx

o d.z4
- du >
+ X, x) | d|pf|(x
[ 7 (v gt ) ael
=7y
This proves (3.22)). O

Remark 3.36 (Optimality conditions II). In the case that there exists a solution w* of with
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3.5 The pairing [, w*] and the optimality conditions

substantially better regularity than the one originally posed by being admissible to its variational

problem, say, for example, w* € C(;RY) or w* € L| | (Q;R"). Then, it is easy to verify (cf. Remark

[3.31) that

o du’ du
f <x, X ) = x)-w*(x) for|u’|-ae. xe€Q,

and

S <x, dﬁl_;d (x)) + M (x,w*(x) = dﬁl_;d (x)-w*(x) for Z%ae.inQ,

are also equivalent to (i) and (ii) in Theorem 3.3]

Corollary 3.37 (BD(Q)-optimization). Let Q C R¢ be an open, bounded, and simply connected set
and let f: Q x RV — R satisfy the assumptions of Theorem Then the following conditions are

equivalent:

(i) vV € BD(Q) is a minimizer of the functional
v »—>/ f(x,&v(x))dx

# [ 7 (v i) BV, veBD@)

and 6* € L*(Q; Mfyxnﬁl ) is a symmetric div-free tensor with Tr(c™ - vo) = 0 that maximizes the

functional
W' _/ Fow () dy,  w* e HYV™(QRY).
Q

(ii) The measure
dE*V
EV-0) 2O e, ——— ) |EP
(67-0%) +f<’dES\7|)‘ v

coincides with A € 4 (Q), the measure uniquely determined by the property

/(p ) dA(x / (u@Ve+VoRu)dx, forall € Cq(Q).

In particular,

d)., o d S"; 3
W(x) =/ (x’d|ES\7|> for |[E*V]-a.e. x € Q.

Moreover,

for L% -a.e. inx € Q.

A similar characterization holds for o/ = curl associated with the minimization on the space BV.
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3 Relaxation and optimization of convex integrands with linear growth

3.6 An application to low-volume fraction optimal design

The model

Consider the physical problem of thermal or electrical conductivity in a given (simply connected)
medium Q C R?. The conductivity is represented by a positive definite matrix o4 (x) oscillating be-
tween two constituent media depending on an indicator set A, in this case with different conductivities

o and B with & > B > 0. More precisely, for a given set A C R? we let

GA()C) =XA (x)aidszz + (1 — XA (x))B idpaxa .

If we let T € L*(Q) be the derivative of the charge of the body, and we impose zero boundary condi-

tions (for simplicity), the model of the conductivity reads

—div(cpVws) = 1 inQ
u = 0 indQ,

where wy is the electric potential or temperature associated to the conductivity o4. The dissipated

/TWAdX
Q

provides a measure of the global conductivity in Q. A common problem in optimal design is to

thermal energy

find the best conductive material at a low cost in the following sense: production costs or volume

constraints are handled by introucing a Lagrange multiplier y > 0 on the expensive material o,

1
J(x,B,y(A) = 5 </QTWA dx+Y/QXA dx> .

How can one mathematically treat the degenerate problem as ¢&¢ = oo (loss of uniform boundedness)?
In other words, what happens as we let & — oo and naturally its cost v — oo. This can be considered
as an attempt to model perfect isolators. A first step is to understand the meaningful scaling between
the parameters o and y. An easy calculation (see [6]) shows that the only meaningful scaling, up to
multiplicative constants, occurs when y ~ o. Without loss of generality letus fix f =1l and y=a —1.

We consider the problem
minimize Jq = Jy,1,¢—1 among the class of Borel sets A C Q. (Pa)

In general this problem is not well-posed due to the highly oscillatory behavior of minimizing se-
quences (and the non-convex nature of the energy). However, according to Murat and Tartar 22, [23]],
the optimality conditions of the relaxation can also be interpreted as the Euler equations corre-

sponding to the minimization problem:

minimize Fy in the affine space {u €L?(Q;R?) : —divu=1inQ }
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3.6 An application to low-volume fraction optimal design

Here,
&M%/TWM»M
Q
where, for a € [1,00],
if |z <1
Yal(z) =1 [z| -4 if1<|zl<a.

el rg <

The limit problem and its connection to the elasto-plastic torsion problem

In general the proposed model can be considered for an arbitrary dimension Q@ C R?. The rigorous
mathematical tool to understand the governing behavior of the limit problem is I'-convergence (we
refer the reader to [13]] for a complete introduction to this topic). The I'-limit of F, under the side
constraint “—divu = 77 (with respect to the weak* convergence of measures), as (@, 7y) — (oo,0)
with & ~ v, is given by F : . (Q;R?) — R defined as

du > : .
_ Y — | de+ |p*|(Q) if—divu=rt
Flu) = /sz (déf" ) ,
o0 otherwise
where ¥ := V... We define the problem
minimize .Z in .# (Q;R?). P)

Using the elements of Section [3.3]and Corollary [3.18] one can easily verify that the dual formulation
of (p) reads:
maximize Z in W(l)’m(Q), (p*)

where

1
<‘c,w*>—/ IVw*|? dx, if |[Vw*|le < 1
Rw*] = 2 /o :

otherwise

The previous problem, also known as the elasto-plastic torsion problem, arises when a long elastic

bar with cross section € is twisted by an angle proportional to f. For a solution w*, the set
E = {xe Q: |V (x)| < 1}

is the set of points where the cross section still remains elastic, and the set
E = {x cQ 1 |V (x)| = 1}

is the set of points where the material has become plastic due to torsion. We refer to E as the elastic

set and to E’ as the plastic set.
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3 Relaxation and optimization of convex integrands with linear growth

Saddle-point optimality conditions

The main reason to compute the I'-limit for the dual problem lies in the relations given by Theo-
rem Indeed, ¥ € E(Q;R?) and ¥ = |z|. Moreover, Theorem (see also Example [3.19) states
that (p) and (p¥) are dual of each other and

inf % = max %.
A (Q:RY) Wy (Q)

It has been shown by Brezis and Stampacchia [9] (see also [[10-12]) that for a source term T € L?,
there exists a unique solution w € W27 (Q) of problem (p).

Thence, a solution w* of (p¥) is such that Vw* is |it|-measurable for any u € .2 (Q;R¢) — indeed,
this follows from the Sobolev embedding. In particular, Remark and Theorem state that
every solution u of (p)) verifies the following properties:

1. The classical saddle-point optimality conditions

1 (x)[* 4 [Vw* (x)]? if [u? <1

27 (x) - V' (x) = . e o )
2[p(x)] = 1+ [Vw* (x))| if e > 1

at Z?-a.e. x € Q (here, we have used the short-hand notation ut = %),

2. and, the singular optimality conditions

du’ ’ du’ \
1= x)| = x) - Vw™(x),
| <] = ) 70

which hold at |u|-a.e. x € Q.

These equations are equivalent to the relations

n=vVw (x).21.Q onE,
p=vwxul, [u>1 onkE.

If we set A € .1 (Q) to be the positive measure such that A L_E =0 and

)LLE/: ‘:u’_gda

then the characterization of y and Vw* given above and the equation divu = —7 yield (in the sense
of distributions)
. . Vw*
—Aw™ —div (l Vw*) =f. (3.23)

Conversely, if we can find a positive measure A € .#*(Q) which vanishes on E and satisfies (3.23),
we may define
L=Vw (L1 Q+2).
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3.6 An application to low-volume fraction optimal design

Clearly 1 satisfies the optimality conditions (1) and (2), and by Theorem [3.3]it must be a solution of

@@.

Remark 3.38. The analysis of saddle-point conditions for the elasto-plastic torsion problem, and
in particular the derivation of (3.23)), can also be found in [[14, Section 3.4] under the additional
assumption that p € L2(Q;R?). Notice, however, that (p) is not coercive in L2(Q;R¢) and therefore

an square-integrable solution might not exist.
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4 Optimal design problems for elliptic
operators

This chapter contains the results obtained in the research paper:

Regularity for free interface variational problems in a general class of
gradients

Abstract

We present a way to study a wide class of optimal design problems with a perimeter penalization.
More precisely, we address existence and regularity properties of saddle points of energies of the

form

(u,A) — /qudx— o1 u-of udx — 0y A u- o u dx + Per(A;Q),
Q QnA Q\A

where Q is a bounded Lipschitz domain, A C R? is aBorel set, u: Q C R - R™, o isan operator
of gradient form, and &7, 0> are two not necessarily well-ordered symmetric tensors. The class of
operators of gradient form includes scalar- and vector-valued gradients, symmetrized gradients,
and higher order gradients. Therefore, our results may be applied to a wide range of problems in
elasticity, conductivity or plasticity models.

In this context and under mild assumptions on f, we show for a solution (w,A), that the topo-

logical boundary of AN Q is locally a C'-hypersurface up to a closed set of zero .#“~!-measure.

See:

A. Arroyo-Rabasa, Regularity for free interface variational problems in a general class of gradients,
Calc. Var. Partial Differential Equations, vol. 55(6), 154-197, 2017

Disclaimer. The notation of certain mathematical objects employed in this chapter might not agree
with the original notation presented in the published version. This, however, does not represent an

alteration of the intellectual presentation of the research paper cited above.
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4 Optimal design problems for elliptic operators

4.1 Introduction

The problem of finding optimal designs involving two materials goes back to the work of Hashin and
Shtrikman. In [20]], the authors made the first successful attempt to derive the optimal bounds of a
composite material. It was later on, in the series of papers [22-24]], that Kohn and Strang described the
connection between composite materials, the method of relaxation, and the homogenization theory
developed by Murat and Tartar [29, |30]]. In the context of homogenization, better designs tend to
develop finer and finer geometries; a process which results in the creation of non-classical designs.
One way to avoid the mathematical abstract of infinitely fine mixtures is to add a cost on the interfacial
energy. In this regard, there is a large amount of optimal design problems that involve an interfacial
energy and a Dirichlet energy. The study of regularity properties in this setting has been mostly
devoted to problems where the Dirichlet energy is related to a scalar elliptic equation; see [0, |14,
18, [21, 25, 26], where partial C'-regularity on the interface is shown for an optimization problem
oriented to find dielectric materials of maximal conductivity. We shall study regularity properties
of similar problems in a rather general framework. Our results extend the aforementioned results to

linear elasticity and linear plate theory models.

Before turning to a precise mathematical statement of the problem let us first present the model in
linear plate theory that motivated our results. Let Q = ® X [—h, h] be the reference configuration of a
plate of thickness 2/ and cross section @ C R%. The linear equations governing a clamped plate Q as
h tends to zero for the Kirchhoff model are

V-V (cV)= f ino,

“4.1)
oyu=u= 0 indo,

where u : @ — R represents the displacement of the plate with respect to a vertical load f € L*(w),
and the design of the plate is described by a symmetric positive definite fourth-order tensor ¢ (up to

a cubic dependence on the constant /). Here, we denote the second gradient by

2%u
Viu = L j=1,2.
. (3xi8xj>l..’ hI=
J

Consider the physical problem of a thin plate £ made-up of two elastic materials. More precisely, for

a given set A C @ C R? we define the symmetric positive tensor
GA(X) =140+ (1 — ]lA)GQ,

where 61,0, € Sym(R?*2, R?>*2). In this way, to each Borel subset A C @, there corresponds a
displacement u4 : @ — R solving equation (4.1) with 0 = 64. One measure of the rigidity of the
plate is the so-called compliance, i.e., the work done by the loading. The smaller the compliance,

the stiffer the plate is. A reasonable optimal design model consists in finding the most rigid design A
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4.1 Introduction

under the aforementioned costs. One seeks to minimize an energy of the form
A / 6aV2uy - Vuy dx + Per(A;m), among Borel subsets A of R
(0]

Optimality conditions for a stiffest plate can be derived by taking local variations on the design. For
such analysis to be meaningful, one has to ensure first that the variational equations of optimality have
a suitable meaning in the interface. Hence, it is natural to ask for the maximal possible regularity of
dA and VZuy.

We will introduce a more general setting where one can replace the second gradient V2 by an
operator <7 of gradient type (see Definition 4.6|and the subsequent examples in the next section for a

precise description of this class).

4.1.1 Statement of the problem

Let d > 2, and let m, k be positive integers. We shall work in Q@ C R¢; a nonempty, open, and bounded

Lipschitz domain. We also fix a function f € L*(Q;R") and let 6, and 0> be two positive definite

. (mxd*)x (mxd*) N . . o 1 . oo . .
tensors in Mgym satisfying a strong pointwise Garding inequality: there exists a positive

constant M such that
%\PF <o P-P<M|P? forallPe M™?, ie{l1,2}. 4.2)
For a fixed Borel set A C R?, define the two-point valued tensor
04 (x) == 1401 +1(q\4)02. 4.3)

We consider an operator .7 : L2 (Q;R™) — Wk2(Q; M4 of gradient form (see Definition
in Section .2)). As a consequence of the definition of operators of gradient form, the following
equation

A (oadu)=f inZ' (LR, uecW{(Q)C Wy (QR"), (4.4)

has a unique solution (cf. Theorem [d.1)). We will refer to equation (.4)) as the state constraint and
we will denote by wy its unique solution.
It is a physically relevant question to ask which designs have the least dissipated energy. To this

end, consider the energy defined as
A — E(A) = / fwa dx + Per(A; Q) among Borel subsets A of Rd
Q

We will be interested in the optimal design problem with Dirichlet boundary conditions on sets:

minimize { E(A) : AC R? is a Borel set, ANQC =AyNQ° } 4.5)

Here, Per(A4; Q) = |ua|(Q), where 4 is the Gauss-Green measure of A; see Section
ZDue to the nature of the problem, we cannot replace Per(A; Q) with Per(A; Q) in E(A) because it possible that minimizing
sequences tend to accumulate perimeter in dQ.
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4 Optimal design problems for elliptic operators

where Ag C R is a set of locally finite perimeter.

Most attention has been drawn to the case where designs are mixtures of two well-ordered ma-
terials. The presentation given here places no comparability hypotheses on ¢ and o,. Instead, we
introduce a weaker condition on the decay of generalized minimizers of a double-well problem. Our
technique also holds under various constraints other than Dirichlet boundary conditions; in particular,
any additional cost that scales as O(r¢~!'*€). For example, a constraint on the volume occupied by a
particular material (cf. [[11} |14} 26]). Lastly, we remark that our technique is robust enough to treat

models involving the maximization of dissipated energy.

4.1.2 Main results and background of the problem

Existence of a minimizer of {.3)) can be established by standard methods. We are interested in prov-
ing that a solution pair (w4,A) enjoys better regularity properties than the ones needed for existence.
The notion of regularity for a set A will be understood as the local regularity of dA seen as a subman-
ifold of R?, whereas the notion of regularity for w4 will refer to its differentiability and integrability
properties.

It can be seen from the energy, that the deviation from being a perimeter minimizer for a solution A
of problem (.5) is bounded by the dissipated energy. Therefore, one may not expect better regularity
properties for A than the ones for perimeter minimizers; and thus, one may only expect regularity up
to singular set (we refer the reader to [5, |13]] for classic results, see also [14] for a partial regularity
result in a similar setting to ours).

Since a constrained problem may be difficult to treat, we will instead consider an equivalent vari-
ational unconstrained problem by introducing a multiplier as follows. Consider the saddle point
problem

inf  sup Io(u,A), (P)
ACR ewg (@)
where
Io(u,A) = / 2fu dx — / ox u- o/ udx + Per(A; Q).
Q Q

Our first result shows the equivalence between problem (P) and the minimization problem (&.5)) under
the state constraint (4.4):

Theorem 4.1 (existence). There exists a solution (w,A) of problem (P). Furthermore, there is a one
10 one correspondence
(WvA) = (WAvA)

between solutions to problem ([P) and the minimization problem (#.5)) under the state constraint ({4.4).

We now turn to the question of regularity. Let us depict an outline of the key steps and results
obtained in this regard. The Morrey space L”*(Q;R™) is the subspace of L”(Q;R™) for which the

semi-norm

1
{u]ip,x(g) = SuP{r’l/B( )‘u’p dy: B,(x) CQ}, 0< A <d,
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is finite.

The first step in proving regularity for solutions (w,A) consists in proving a critical L>“~! lo-
cal estimate for </ w. This estimate arises naturally since we expect a kind of balance between
f B,(x) OA o/ w-.o/ w dy and the perimeter part Per(A; B,(x)) that scales as ¢~ in balls of radius r.

To do so, let us recall a related relaxed problem. As part of the assumptions on .2/ there must
exist a constant rank, /th-order differential operator % : L>(;Z) — W—"2(Q;R") with Ker(%) =
2/ [W (Q)]. P| It has been shown by Fonseca and Miiller [17], that a necessary and sufficient condi-
tion for the lower semi-continuity of integral energies with superlinear growth under a constant rank
differential constraint Zv = 0 is the Z-quasiconvexity of the integrand. In this context, the %-free
quasiconvex envelope of the double-well W(P) := min{c; P-P, 6, P- P}, atapoint P € Z C Mmxd"

is given by

QzW(P) = inf{ o W(P+v(y))dy :
0,14

v € Crp([0,1)%:2),2v=0 and/
[0,1]4

v(y) dy:O}.

The idea is to get an L24~!

estimate by transferring the regularizing effects from generalized mini-
mizers of the energy u — |, B, W (< u) onto our original problem. In order to achieve this, we use a
I'-convergence argument with respect to a perturbation in the interfacial energy from which the next

result follows:

Theorem 4.2 (upper bound). Ler (w,A) be a variational solution of problem (P). Assume that the
higher integrability condition

[of Lﬂiw,g ) <c| dﬁHiz(&), for some & € [0,1) and some positive constant c, (Reg)

(B

holds for local minimizers of the energy u — fBl QzW (o u), where u € W (Q). Then, for every

compactly contained set K CC Q, there exists a positive constant Ak such that
/ opdw-o/w dy + Per(A;B.(x)) < Agri™!, (4.6)
B, (x)

forall x € K and every r € (0,dist(K,0Q)).

Remark 4.3 (well-ordering assumption). If 01,0, are well-ordered, say 6, — o) is positive defi-
nite, then Q 2W is precisely the quadratic form o, P - P. Due to standard elliptic regularity results (cf.
Lemma , estimate holds for 8 = 0; therefore, assuming that the materials are well-ordered
is a sufficient condition for the higher integrability assumption to hold.

Remark 4.4 (non-comparable materials). In dimensions d = 2,3 and restricted to the setting .o¥' =
V, m =1, condition is strictly weaker than assuming the materials to be well-ordered. Indeed,

one can argue by a Moser type iteration as in [[12]] to lift the regularity of minimizers. For higher-order

3Here, W (Q) = {u € L2 (Q;R™): S u € L2(Q; M™<4*)} is the o/-Sobolev space of Q.
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4 Optimal design problems for elliptic operators

gradients or in the case of systems it is not clear to us whether assumption is equivalent to the

well-ordering of the materials.

The second step, consists of proving a discrete monotonicity for the excess of the Dirichlet energy

on balls under a low perimeter density assumption. More precisely, on the function that assigns

1

dl/ | o/ w|? dx, x€dA, r>0.
r B, (x)

The discrete monotonicity of the map above, together with the upper bound estimate ({.6)), will allow
us to prove a local lower bound Ak on the density of the perimeter:

Per(A;B,(x))

- > Ak for every x € (KN dA), and every 0 < r < rg. (LB)
-

As usual, the lower bound on the density of the perimeter is the cornerstone to prove regularity of
almost perimeter minimizers. In fact, once the estimate (LB) is proved we simply apply the excess

improvement results of [26, Sections 4 and 5] to obtain our main result:

Theorem 4.5 (partial regularity). Let (w,A) be a saddle point of problem (P)) in Q. Assume that
the operator Pyu = /™ (0 </ u) is hypoelliptic and regularizing for the half-space problem (see

properties (4.60)-(@.61)), and that the higher integrability holds. Then there exists a positive
constant N € (0,1] depending only on N such that

A (QA\I*A)YNQ) =0, and 9*A is an open C'"V2-hypersurface in Q.

Moreover if of is a first-order partial differential operator, then o/ w € o/ 8(Q\ (dA\ 9*A)); and

loc
hence, the trace of </ w exists on either side of d*A.

Let us make a quick account of previous results. To our knowledge, only optimal design problems
modeling the maximal dissipation of energy have been treated.

In 6] Ambrosio and Buttazzo considered the case where <7 =V is the gradient operator for scalar-
valued (m = 1) functions and where 0, > 07 in the sense of quadratic forms. The authors proved
existence of solutions and showed that, up to choosing a good representative, the topological boundary
is the closure of the reduced boundary and .7¢~!(dA\ d*A) = 0. Soon after, Lin [26], and Kohn and
Lin [21] proved, in the same case, that d*A is an open C'-hypersurface. From this point on, there have
been several contributions aiming to discuss the optimal regularity of the interface for this particular
case. In this regard and in dimension d = 2, Larsen [25]] proved that connected components of A are
C! away from the boundary. In arbitrary dimensions, Larsen’s argument cannot be further generalized
because it relies on the fact that convexity and positive curvature are equivalent in dimension d = 2.
During the time this project was developed, we have learned that Fusco and Julin [[18] found a different
proof for the same results as stated in [[26]; besides this, De Philippis and Figalli [[14]] recently obtained
an improvement on the dimension of the singular set (9*A \ dA).

The paper is organized as follows. In the beginning of Section4.2|we fix notation and discuss some

facts of linear operators, Young measures and sets of finite perimeter. We also give the precise defini-
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4.2 Notation and preliminaries

tion of gradient type operators and include a compensated compactness result that will be employed
throughout the paper. In Section .3] we show the equivalence of the constrained problem (4.4)-{@.3)
and the unconstrained problem (P) (Theorem [4.1)). In the first part of Section .4 we shortly discuss
how the higher integrability assumption holds for various operators of gradient form. The rest
of the section is devoted to the proof of the upper bound (@.6). Sectiond.3]is devoted to the proof of
the lower bound estimate (LB]. Finally, in Section[d4.6] we recall the flatness excess improvement [26]
from which Theorem |4.5|easily follows.

4.2 Notation and preliminaries

We will write Q to represent a non-empty, open, bounded subset of R? with Lipschitz boundary 9Q.
The use of capital letters A, B, ..., will be reserved to denote Borel subsets of R? and we will write
B(Q) to denote the Borel o-algebra in Q.

The letters x,y will denote points in Q; while z € R™ and P € M™<d" will be reserved for R"-
vectors and (m x d*)-matrices in Euclidean space. The Greek letters €,5,p and 7 shall be used for
general smallness or scaling constants. We follow Lin’s convention in [26], bounding constants will
be generally denoted by ¢; > ¢, > ..., while smallness and decay constants will be usually denoted
by & > & > ...,and 6; > 6, > ..., respectively. Let us mention that in proving regularity results
one may often find it impractical to keep track of numerical constants due to the large amount of
parameters; to illustrate better their uses and dependencies we have included a glossary of constants
at the end of the paper.

It will often be useful to write a point x € RY = RY~! x R as x = (x,x4), in the same fashion we
will also write V = (V’,d,) to decompose the gradient operator. The bilinear form R? x R? — R :
(x,y) — x-y, where ¢ is some positive integer, will stand for the standard inner product between two
points while we will use the notation |x| := y/x - x to represent the standard g-dimensional Euclidean
norm. To denote open balls centered at a point x with radius r we will simply write B, (x).

We keep the standard notation for L” and W’ spaces. We write CL(Q;R) to denote the space of
functions with values in R? and with continuous /th-order derivative, and its subspace of functions
compact support respectively. Similar notation stands for .# (Q;R?), the space of bounded Radon
measures in Q; and Z(Q;RY), the space of smooth functions in Q with compact support. For X
and Y Banach spaces, the standard pairing between X and Y will be denoted by (-,-) : X XY — R:
(u,v) — (u,v).

4.2.1 Operators of gradient form

We introduce an abstract class of linear differential operators <7 : L?(Q;R™) — W‘k’Z(Q;Mdek).
This class contains scalar- and vector-valued gradients, higher gradients, and symmetrized gradients
among its elements. The motivation behind it is that we may treat different models by employing a
general and neat abstract setting. At a first glance this framework may appear too sterile; however, this
definition is only meant to capture some of the essential regularity and rigidity properties of gradients.

Let o7 : L2(Q;R?) — W %2(Q;RY) be a k-th order homogeneous partial differential operator of
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the form

o =Y Agd% (4.7)
|at|=k

where Ay € Lin(RP;R?), and 9% = 9" ... 9 for every multi-index & = (0ou1,...,01) € (NU{0})¢
with |a| = |a;|+...|oy|. We define the .7-Sobolev of Q as

W (Q) = {u eLX(QR?) : Fue Lz(Q?Rq)}

2
W (Q

with zero boundary values in dQ by letting

endowed with the norm ||u|| )= [Jull?, o || o ul|?, (- We also define the </-Sobolev space

W (@) =t C@RL -y .
The principal symbol of < is the positively k-homogeneous map defined as

E AE):= ) E%A4 €Lin(R?,RY), E eRY,

|ot|=k
where £ = 1“‘ ;‘". One says that o7 has the constant rank property if there exists a positive
integer r such that
rank (A(E))=r  forall & € R?\ {0}. ()

Definition 4.6 (Operators of gradient form). Let o/ a homogeneous partial differential operator
as in @) with p = m and q = m x d*. We say that </ is an operator of gradient form if the following
properties hold:

1. Compactness: There exists a positive constant C(Q) for which

Pl <19 10+ 17 91 @8
for all @ € C*(Q;R™). Even more, for every u € W7 (Q) the following Poincaré inequality
holds:

inf{ [lu—v[§ueiq) : vE W7(Q), o/ v=0} <C(Q)|  ulfxq- (4.9)

2. Exactness: There exists an I-th homogeneous partial differential operator

B =Y By’ (4.10)

with coefficients By, € Lin(Z;R") for some positive integer n and a subspace Z of M such

that for every open and simply connected subset ® C Q we have the property

{Au:u GW‘Z{((D)} ={ve L*(@;Z): Bv=0in 7'(o;R")}.
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We write o/ * to denote the L*-adjoint of </, which is given by
o= (-1 Y ALo“.
|o|=k

Remark 4.7 (constant rank). Let .o/ and % be two linear differential operators satisfying an ex-
actness property as in Definition Then both operators 2/ and 2 have the constant rank property
(F)-. This follows from the lower semi-continuity of the rank in any subspace of matrices.

Remark 4.8 (rigidity). The wave cone of an operator <7 of the form (4.7) which is defined as
Ay = | ker(A(&)) CR?,
1&|=1

contains the admissible amplitudes in Fourier space for which concentration and oscillation behavior
is allowed under the constraint <7 u = 0. As in the case of gradients, it can be seen from the compact-
ness assumption in Definition 4.6| that the wave cone A, of a gradient operator .27 is the zero space.

In particular, there exists a positive constant A (depending only on the coefficients of ) such that
IA(E)z]> > A|E|*|z)>  forall £ € RY\ {0} and all z € R”. (4.11)

Remark 4.9 (Poincaré inequality IT). Tt follows from the definition of W’ (Q) and the com-
pactness assumption of &7 that W§’ (Q) C Wg’z(Q;Rm). In particular, ker(«/) NW§ (Q) = {0} C
L2(Q;R™) and o/ [Wg (Q)] is closed in the L? norm. Thus, by [10, Theorem 2.21], there exists a
constanﬂ c(Q)

lllf2) < CQ)| A ullfzq)  forallue W5 (Q). (4.12)

Elliptic regularity

k k
Let o7 be an operator of gradient form as in Definition and let c € L™ (Q;Mg;"r: &) (mxd )) be a
tensor of variable coefficients satisfying the strong pointwise Garding inequality (see (4.2)))

1 :
—|P?<o(x)P-P<M|P]? for almost every x € Q and every P € M"™<¢" (4.13)
M ry y

If we define
Aga ::( (X)iﬁ,j f0r|a|:‘ﬁ’:k,and1§l7]§da

then we may write
o 9 =AVke  forevery ¢ € CH(Q;R™). (4.14)

It is easy to verify, using the compactness assumption of .7, that C := (AT o A) satisfies the weak

Garding inequality

1 1
€ Vo.v0) > (e ) I'elia ~ (57 ) 191 @.15)

4Possibly abusing the notation, we will denote by C(Q) the Poincaré constants from Deﬁnitionand Remark
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where C = C(Q) the constant in the compactness assumption of Definition for all smooth, R?-

valued functions ¢ in Q.

(mxd*)x (mxd*)

Lemma 4.10 (Caccioppoli inequality). Let o € L™ (Q;Msy ) satisfy the strong point-

wise Gdrding inequality and let w € W (Q) be a solution of the state equation
g (oA u)=0 in 7' (Q;R™).
Then there exists a positive constant C depending only on M,N,c and </ such that
k. 12 ¢ 2
Viw|"dx < —2 |w|~ dx for every B,(x) C Br(x) C Q.
B,(x (R—=7)* Jpp)
Proof. We may re-write o7 (0 </ u) as the elliptic operator in divergence form
k Z a B l] a(x u ]

for coefficients C = (AT 6 A) satisfying a weak Garding inequality as in (#.15). The assertion then
follows from Corollary 22 in [9].
O

Using Lemma [4.10| one can show, by classical methods, the following lemma on the regularizing

properties of elliptic operators with constant coefficients:
. (mxd*)x (mxd*)
Lemma 4.11 (constant coefficients). Let <7 be an operator of gradient form and let 6y € Mgy

be a tensor satisfying the strong Gdarding inequality (4.13)). Then the operator
Loyu = /" (0o o/ u)
is hypoelliptic in the sense that if Q is open and connected, and w € 12(Q;R™), then
Low=0 = weCp (%R").

Furthermore, there exists a constant ¢ = c¢(M,d) > 2% such that

1
— |VFu)? dx < Cd/ V> dx  forall0 < p < g,
P™ JB,(x) " JB,(x)

1/ 2 C/ 2 r
— S ulrdx < — o ul” dx forall0<p < -,
o7 Juy = Sy P22

for every B,(x) C Q.

(x

Examples

Next, we gather some well-known differential structures that fit into the definition of operators of

gradient form.
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®

(ii)

Gradients. Let o/ : L?(Q;R™) — W~ L2(Q;M™*9) : y— (dju') for 1 <i<mand 1 < j<d.
In this case

Ajz=z®e; foreveryzecR"™

Hence, W (Q) = W!2(Q;R") and the compactness property is a consequence of the classical

Poincaré inequality on Q.

The exactness assumption is the result of the characterization of gradients via curl-free vector
fields.

Let 2 : L2(Q;M"™*4) — W~ 1.2(Q; M"*(4%4)) pe the curl operator

By = (Curl(vi))[ = (dvir — dviy) 1<i<m, 1<lIl,r<d,

ilr
then condition li is fulfilled for # = Z?:l B;d; with coefficients
(Bj)ilr,pq = 6ip(5j16rq - 5jralq) 1< lmq < d7 1< in <m.

Observe that Zv = 0 if and only if curl v/ = 0, for every 1 < i < m; or equivalently, v/ = Vu/
for some function u’ : @ C R? — R, for every 1 <i < m (as long as Q is simply connected).
Hence,

{Vu:ue Wl’z(a);]Rm)} ={ve L2 (0;M™ ) : By = 0},

textfor all Lipschitz, and simply connected @ CC Q.

Higher gradients. Let <7 : L>(Q) — W*k’z(Q;de) be the linear operator given by
ur— 0%, where |ot| = k.

Compactness is similar to the case of gradients.

We focus on the exactness condition: Let
B :LZ(Q;Sym(]de)) — W*I’Z(Q;Rdm)

be the curl operator on symmetric functions defined by the coefficients

k k
(BIJC')Pqﬁz---ﬁkval---ak = (511760‘1‘1 H 50%[3/1 — 8400 p H 60%[3;,) )
h=2 h=2

Wherelgp,q,ﬁh,ahgd, h€{277k}
We write

d
By = ZBl;ajv, v:QCRd%Sym(de).
i=1

It easy to verify that v =0 if and only if

curl((vper)p) =0 forall || =k—1.
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If Q is simply connected, then there exists a function u® : Q — R such that Vpa! = 8[,140" for
every |&'| = k— 1. Using the symmetry of v under the permutation of its coordinates one can

further deduce the existence of a function uy : Q — Sym(RdH) with

!/

v=Vu and (u)y =u®.
Moreover, ' u; = 0. By induction one obtains that

y= Vkuo for some function ug : Q C R — R.

(iii) Symmetrized gradients. Let & : L2(Q;RY) — W~12(Q; Sym(R¢")) be the linear operator given
by
1 . .
ur— Eu = 5(8ju’+8,-u1),-j, for 1 <i,j<d.
The compactness property is a direct consequence of Korn’s inequality. Consider the second-

order homogeneous differential operator 2 : L2(Q; Sym(R4")) — W~22(Q; R?") defined in the

following way

%v;; %v; A%vj; 2%v
— 1 1 — L] 2 . u_- ] 5
Ay cur (Cur (v)) <8x,~8xl + 8x,-8xj 8xj8xl 8x,~8x,-> 1<i,ji<d

Then % v = 0, if and only if v = &u for some u € W'2(Q;R?) = W* (Q).

Remark 4.12. In the previous examples, we have omitted the characterization of higher gradients

of vector-valued functions; however, the ideas remain the same as in the examples (i) and (ii).

Remark 4.13 (two-dimensional elasticity). In dimension d = 2 and provided that Q is simply

connected, the fourth-order equation for pure bending of a thin plate given by
V.-V (D(x)V?u(x)) =0 for u € W>?(Q)
is equivalent to the in-plane elasticity equation
V- (S(x)&w(x)) =0 where w € W2 (Q;R?),

for some tensor S such that D = (R IS7IR 1), and where R is the fourth-order tensor whose action

is to rotate a second-order tensor by 90° (see, e.g., [28, Chapter 2.3]). Furthermore,
S(x)éw(x) =R V?u(x) and V-V-(R_ &Ew(x))=0.

For this reason, when working with the linear equations for pure bending of a thin plate we may in-

distinctly use regularizing properties of any of the equations above in the portions where D is regular.

SHere, 4 is a second order operator expressing the Saint-Venant compatibility conditions.
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4.2.2 Compensated compactness

The following theorem is a generalized version of the well-known div-curl Lemma.

Lemma 4.14. Let o/ be a k-th order operator of gradient form and let {o,} C LZ(Q;Mdek ®
M’"Xdk) be a sequence of symmetric, strongly elliptic tensors as in @.13). Assume also that {u;} C
W (Q) and {f,} C W*2(Q;R™) are sequences for which

A (opd uy) = f in D' (QR"™), foreveryh e N.

Further assume there exist a symmetric tensor ¢ € Lz(Q;M’”Xdk ®Mdek), a function u € W (Q),
and f € W52(Q;R™) for which
Auy—du inLAQM™Y), fy f in WRH(QR™),
and 0, — 0 in L2(Q;M" @ Mmxd).

Then,

g (ocdu)=f in 2 (Q;R"),
on uy-Fu, —ocdu-du in Q).

In particular,
A up, — A uin LIZOC(Q;Mdek).

Proof. For simplicity we denote 1, := 05, .97 uy, T := ¢ <7 u. It suffices to observe that 7, — 7 in L% to

prove that
Fd*t=f in 2 (QR").

The strong convergence on compact subsets of Q requires a little bit more effort. Considering that
4/ is a k-th order linear differential operator, we may find constants c,g with |a|+[B| < k,|B| > 1
such that

A (up@) = (Zup)@+ Y coqpd®undf o eL2QR™)  Voe2(Q),VheN,
(X7ﬁ

Hence,

(T, @) = (fi, 1 @) — (T, Y, Capd“utnd” ).
a.B

By the compactness assumption on ./ we may assume without loss of generality that u; — u in
WH2(Q;R™). Thus, passing to the limit we obtain

lim (1, wy, @) = (f,u@) — (7.} capd®ud’ @) = (v~ u,¢),
a7ﬁ
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for every ¢ € Z(Q2). One concludes that
ond A u,—oFu-du in72'(Q). (4.16)
Fix o CC Qandlet0 < ¢ € 2(Q) with ¢ = 1 on . Using the convergence in and the uniform
ellipticity (4.2) of {o},}, one gets
i [.of s — 7 ull 2y < M- lim (03 (1 — ) - (1, — ) )

<M- <lim<6hduh~duh,(p>
h—yoo

h—yo0

— lim 2<Ghb<zfuhw<27u,q))+<Gh%u'%u,q)>>

=0.

4.2.3 Young measures and lower semi-continuity of integral energies

In this section % : L?*(Q;Z) — W~'2(Q;R") is assumed to be a an /-th order homogeneous partial

differential operator of the form

ZBO,BO‘, Bq € Lin(Z;R"), with Z a linear subspace of M’"Xdk,
o

satisfying the constant rank condition ().

Next, we recall some facts about Z-quasiconvexity, lower semi-continuity and Young measures.
The results in this section hold for differential operators with coefficients B, in arbitrary spaces
Lin(R?;R?) for p,q a pair of positive integers; however, we only present versions where the dimen-
sions match our current setting. We start by stating a version of the Fundamental theorem for Young

measures due to Ball [8]].

Theorem 4.15 (Fundamental theorem for Young measures). Let Q C R? be a measurable set
with finite measure and let {v;} be a sequence of measurable functions v;: Q — Z. Then there exists

a subsequence {vyj } and a weak” measurable map |1 : Q — ./ (Z) with the following properties:

1. We denote i := |1(x) for simplicity, then |1, > 0 in the sense of measures and ||L,|(Z) < 1 for
a.e. x € Q.

2. If one additionally assumes that {vy ;) } is uniformly bounded in L' (€ Z), then |11|(Z) = 1 for
a.e. x c Q.

k . . ; . ;
3. If F: M™% — R is a Borel and lower semi-continuous function, and is also bounded from

below, then
/<‘LLX,F> dx < lil’l’linf/ F(Vh(j)) dx.
Q Q

j—
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4. If {vy(j} is uniformly bounded in L' (Q;Z) and F : M™*d" _ R is a continuous function, and

bounded from below, then

/<“x7F> dx:Iiminf/ F(vh(j)) dx
Q Q

je
if and only if {F ovy;)} is equi-integrable. In this case,

Fovh(j) — <HX,F> in LI(Q)

In the sense of Theorem we say that the sequence {vh( j)} generates the Young measure U.

The following proposition tells us that a uniformly bounded sequence in the L” norm, which is
also sufficiently close to ker(%), may be approximated by a p-equi-integrable sequence in ker(%) in
a weaker L? norm. We remark that this rigidity result is the only one where Murat’s constant rank

condition () is used.

Proposition 4.16 ([17, Lemma 2.15]). Let 1 < p <oo. Let {v,} be a bounded sequence in L? (Q;Z)
generating a Young measure [, with v, — v in LP(Q;Z) and Bvj, — 0 in WP (Q;R"). Then there
exists a p-equi-integrable sequence {uy} in L (Q;Z) Nker(A) that generates the same Young mea-

sure W and is such that
/ vy dx = / up dx,  ||vi —upllLo@) — 0, forall1 <q<p.
Q Q

Let F : M™*" 5 R be a lower semi-continuous function with 0 < F(P) < C(1 +|P|) for some

positive constant C. The Z-quasiconvex envelope of F at P € Z C M™*4" is defined as

Q»F(P) ::inf{/ dF(P+v(y)) dy :
o1 4.17)

vEC;oer<[0,1]d;Z),<%’v:() and/ de:o}_
[0,1]¢

The most relevant feature of QzF is that, for p > 1, the lower semi-continuous envelope with respect

to the weak-L? topology of the functional
Vi /QF(V) dx, where v € L?(Q;Z) and Av =0, (4.18)
is given by the functional
Vi /QQggF(v)dx, where v € L?(Q;Z) and v = 0.

If i is a Young measure generated by a sequence {v,} in L?(Q;Z) such that v, = 0 for every
h € N, then we say that U is a A-free Young measure.

We recall the following Jensen inequality for Z-free Young measures [[17, Theorem 4.1]:
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Theorem 4.17. Let 1 < p < oo, Let U be a B-free Young measure in Q. Then for a.e. x € Q and all
lower semi-continuous functions that satisfy |F (P)| < C(1+ |P|P) for some positive constant C and

all P € M’”Xdk, one has that
(B F) > Q. F (bt id)).

4.2.4 Geometric measure theory and sets of finite perimeter

Most of the facts collected in this section can be found in [27]] and [[7]]; however, some notions as the
slicing of sets of finite perimeter are presented there only in a formal way. For a better understanding
of such topics we refer the reader to [|16].

Let A C R be a Borel set. The Gauss-Green measure s of A is the derivative of the characteristic
function of A in the sense of distributions, i.e., us := V(14). We say that A is a set of locally finite
perimeter if and only if [u| is a vector-valued Radon measure in R?. We write A € BV},.(R%) to
express that A is a set of locally finite perimeter in R,

Let @ CC R? be a Borel set. The perimeter in  of a set A with locally finite perimeter is defined
as

Per(A,®) := |ual(m).

The Radon-Nikodym differentiation theorem states that the set of points

. Per(A;B.(x))
J*A = R lim —
{x < 15 Vol(B))- a1

d[.LA
d|pal

=1,

and (x) exists and belongs to S~ }
has full |4 |-measure in RY; this set is commonly known as the reduced boundary of A. We will also

use the notation

d
Va(x) := d]ﬁi| (x) x € d*A;

the measure theoretic normal of A.
In general, for s > 0, we will denote by #* the s-dimensional Hausdorff measure in R?. The
following well-known theorem captures the structure of sets with finite perimeter in terms of the

measure 741

Theorem 4.18 (De Giorgi’s Structure Theorem). Let A be a set of locally finite perimeter. Then
9*A=JK;UN,
j=1

where
al(N) =0,
and K is a compact subset of a C'-hypersurface S jfor every j € N. Furthermore, V|, is normal to
S; and
Ha = V4 %dﬁlLa*A.
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From De Giorgi’s Structure Theorem it is clear that spt iy = d*A. Actually, up to modifying A on
a set of zero measure, one has that dA = 9*A (see [27, Proposition 12.19]). From this point on, each

time we deal with a set A of finite perimeter, we will assume without loss of generality that
A =supp Ly = J*A. (4.19)

For a set of locally finite perimeter A, the deviation from being a perimeter minimizer in Q at a

given scale r is quantified by the monotone function
Devq(A,r) := sup{ Per(A;B,(x)) —Per(E;B,(x)) : EAA CC B,(x) C Q}.

The next result, due to Tamanini [33]], states that a set of locally finite perimeter with small deviation

Devg at every scale is actually a C!-hypersurface up to a lower dimensional set.

Theorem 4.19. Let A C R? be a set of locally finite perimeter and let ¢(x) be a locally bounded

Sfunction for which
Devg(A,r) < c(x)r’™ 121 for some n € (0,1/2].

Then the reduced boundary in Q, (3*ANQ), is an open C'M-hypersurface and the singular set
QN (dA\ 0*A) has at most Hausdorff dimension (d —8).

Slicing sets of finite perimeter

Given a Borel set E C R? and a Lipschitz function g : RY — R, we shall consider the level set slices
E=En{g=t}, teR

For a set A C R? of finite perimeter in Q, the level set slice of the reduced boundary (9*A); is
A~ 2-rectifiable for almost every t € R. Furthermore, by the co-area formula,  — J#¢~2((9*A),) €
LL(R).

If the set {g =t} is a C'-manifold and 7 is such that 7#?~2((9*A),) < o, we shall define the slice
of Aing~'{t} as

(A,g,t) = A2 (9" A);.

It turns out that, for g(x) = |x|, the level set slice A; is locally diffeomorphic to a set of finite

perimeter in R?~!. Even more,

A2 L0%A, = (A,g,t) forae.t>0,and (4.20)
TeVa i= (idpa —Vg@Vg)va #0 for #9 %-ae. x € (9*A),. (4.21)

Here, 0*A; is understood as the image, under local diffeomorphisms, of the reduced boundary of a
set of finite perimeter. These properties can be inferred from the classical slicing by hyperplanes, see
e.g., [27, Chapter 18.3].
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We also define the cone extension of a set E C R containing {0} by letting
Dg = {leRd:l >0, er}.

For a.e. t > 0 and g(x) = |/, the cone extension of 4, is a set of locally finite perimeter in RY with

1 d—1
0*Da, =D(g-4), and  Per(Dy;B,) = (d_1> ’t’dj-,%ﬂd—z((am)t). (4.22)

In order to attend different variational problems involving the minimization of perimeter, a well-
known technique is to modify a set A within balls B, without modifying its Gauss-Green measure in
(B)".

For almost every ¢ > 0, where (A, g,¢ ) is well-defined and (#.20)-(@.21) hold, we construct a cone-

like comparison set of A by setting
A=1pDy + 1o pA. (4.23)
Exploiting the basic properties of reduced boundaries, it follows by (#.20) that
i = Up, LB, + UaL(B)S; (4.24)
and, in particular,
Per(A; B,) = Per(Dy: 4,; B;) + Per(A; (B;)° N B,) forall r > t.
On the other hand, again by the co-area formula,

4! ((0*A),N{g=t})=0 for almost every 7 > 0.

Using the monotonicity of r — Per(A;B,) and the general version of the co-area formula (see [16,
Theorem 3.2.22]) one can show that the derivative of r — Per(A;B,) exists at almost every ¢ > 0;

even more, up to a further null set it is given by

?d Per(A;B,) = |mva| ' 72 ((9*A);) > (A, g,1)(RY). (4.25)

r=t

The previous estimate will play a crucial role in proving the lower bound (LB)).

4.3 Existence of solutions: proof of Theorem 4.1

We show an equivalence between the constrained problem (#.5)) and the unconstrained problem (P)
for which existence of solutions and regularity properties for minimizers are discussed in the present
and subsequent sections. We fix .7 : L2(Q; R™) — W*2(Q; M"*") an operator of gradient from as
in Definition We also fix Ag C R?, a set of locally finite perimeter.
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Recall that, the minimization problem under the state constraint reads:
minimize { /waA + Per(A;Q) : A € BV (RY), ANQC = A, ﬁQC} H
where w, is the unique distributional solution to the state equation
d*(oadu)=f, ucWg(Q).

On the other hand, the associated saddle point problem (P) reads:
inf{ sup Io(u,A):A€BV.(RY), ANQ =40NQ° 5, (P)
UeEWy (Q)

where
Io(u,A) ;:/2fudx—/0'Asziu-ﬂudx + Per(A; Q).
Q Q

Theorem [4.1] (existence). There exists a solution (w,A) of problem (P). Furthermore, there is a one

to one correspondence
(WvA) = (WAvA)

between solutions to problem (P) and the minimization problem ({4.5)) under the constraint (#-4).

Proof. We employ the direct method. We begin by proving existence of solutions to problem (P). To

do so, we will first prove the following:

Claim: /. For any set A C R as in the assumptions, there exists ws € W¢’ (Q) such that

0<Io(ws,A)= sup Iq(u,A) <oo.
UeWg (Q)

The tensor oy is a positive definite tensor and therefore the mapping
u—Io(u,A) = / 2fu—ox .9 u- o udx+ Per(A; Q)
Q

is strictly concave. Observe that sup, ey (q) Io(u,A) > Per(A;Q); indeed, we may take u =0 €
W (Q). Hence,
sup Io(u,A) > Per(A;Q) > 0. (4.26)
ueWg (Q)

Because of this, we may find a maximizing sequence {w,} in W’ (Q), i.e.,

Io(wp,A) — sup Ig(u,A), ashtends to infinity.
ueWg (Q)

6As stated in Section , we write A € BVIOC(]Rd) to express that A is a Borel set of locally finite perimeter in RY.
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Even more, one has from (4.2)) that
1 2
_MH'Q{WhH]}(Q)Z_ o o wy - o wydx
Q

and consequently from and (.12) one infers that

1y 1 . 1 ,
c(Q) l-llmsupMHwhHiz(g)ShmsupMHJwahHiz(Q)§ZHfHLz(Q)-llmsuprhHLz(Q). (4.27)

h—soo h—oo h—soo

A fast calculation shows that [|wy || 2(q) < 2MC(Q)]|f||L>(q); in return, (4.27) also implies that

limsup || MW;,H%Z(Q) < 4C(9)M2||f||iz(9)'

h—roo

Hence, using again the compactness property of o7, we may pass to a subsequence (which we will
not relabel) and find wy € W§ (Q) with

wp —wa  inL2(QR™),  wy— A wy in L2(QM™),

The concavity of —04z-z is a well-known sufficient condition for the upper semi-continuity of the

functional <7 u — — [, 4 <7 u- </ u. Therefore,

sup IQ(M,A) = lim IQ(Wh,A) < IQ(WA,A).
UEW (Q) h—reo

This proves the claim.

Now, we use Claim I to find a minimizing sequence {A;} for A — Io(wa,A). Since the uniform
bound does not depend on A, we may again assume (up to a subsequence) that there exists
W € W (Q) such that

wa, — W in L*(Q;R™), A wa, — AW inLZ(Q;Mdek), and (04, A wa,) = f.

Even more, since {A;} is minimizing, it must be that sup,{Per(Aj; Bg)} < oo, for some ball Bg prop-
erly containing Q, and thus (for a further subsequence) there exists a set A C R? of locally finite
perimeter with A N Q¢ = AgNQC and such that

14, — 15 in L'(Bg), |zl (Br) < liginf g, |(Br).

Therefore

Per(A: Q) = 1141 (Br) — 1tao) (Be \ ©)

_ — 4.28
< lilfninf“,LAh |(Br) — |14, | (BR\ Q) = li}{ninf Per(A;; Q) (425)
—>00 —»00
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A consequence of Lemma |4.14|is that
W*(GAWW):][ in .@/(Q;Rm), and / GAhJZfWAhquWAh—)/ GAWW'JZ/W (4.29)
Q Q
By taking the limit as / goes to infinity we get from (4.28)) and the convergence above that

min sup IQ(M,A) = lim IQ(WAh,Ah) > IQ(W,A) = IQ(WA’,A),
UEW (Q) h—ree
where the last equality is a consequence of the identity w = wj; which can be easily derived by using
the equation and the strict concavity of Iq in the first variable. Thus, the pair (wjz,A) is a solution to
problem (P).
The equivalence of problem (P) and problem (4.5) under the state constraint ([.4)) follows easily
from , the strict concavity of Io(-,A), and a simple integration by parts argument. O

4.4 The energy bound: proof of Theorem [4.2]

Throughout this section and for the rest of the manuscript we fix & : L2(Q;R™) — W%2(Q; me‘lk)
in the class of operators of gradient form. Accordingly, the notations Z and % shall denote the
subspace of M™*4" and the homogeneous operator associated to .o (see Definition . We will also
write (w,A) to denote a particular solution of problem (P).

Consider the energy Jj, : L?(Q;Z) x B(Q) — R defined as

Jo(WE) = / ogv-vdy + Per(E;m), for @ C Q an open set.
(0]

The goal of this section is to prove a local bound for the map x > Jp (1) (7 w,A). More precisely,
we aim to prove that for every compactly contained subset K of Q there exists a positive number Ag
such that

Jp, ) (Z w,A) < Agr” ! forall x € K and every r € (0,dist(K,0%)). (4.30)

Our strategy will be the following. We first define a one-parameter family J¢ of perturbations of Jp, in
the perimeter term. In Theorem4.21|we show that, as the perimeter term vanishes, these perturbations

I"-converge (with respect to the L2-weak topology) to the relaxation of the energy
W / W (o w)dx,
Q

for which we will assume certain regularity properties (cf. property (Reg))). Then, using a com-
pensated compactness argument, we prove Theorem [4.2] (upper bound) by transferring the regularity

properties of the relaxed problem to our original problem.

"The convergence of the total energy is not covered by Lemma , however, this can be deduced using integration by
parts and the fact that wy, has zero boundary values for every h € N.
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Before moving forward, let us shortly discuss how the higher integrability property stands

next to the standard assumption that the materials 6 and o, are well-ordered.

4.4.1 A digression on the regularization assumption

As commented beforehand in the introduction, a key assumption in the proof of the upper bound

(4.30) is that generalized local minimizers of the energy

u— [ W( u)dy, where u € W< (B),
B
possess improved decay estimates. More precisely, we require that local minimizers i of the func-

tional

u— | QzW (o u)dy, where u € W (B)), (4.31)
B

possess a higher integrability estimate of the form

[;z%ﬁ]iz_d,g ) <c| %ﬁHiz(Bl) for some 6 € [0,1). (Reg)

(B2
Only then, we will be able to transfer a decay estimate of order p¢~! to solutions of our original

problem.

Remark 4.20 (the case of gradients). In the case < =V, condition boils down to regularity

above the critical C%!/2 local regularity. More specifically,

1
rd‘m/B ) ‘W— (W),’x|2 dy § [VW]%Q‘,{,(;(BI/Z) S CHVWH%,Z(Bl) for all Br(X) C Bl/Z'

By Poincaré’s inequality and Campanato’s Theorem one can easily deduce (cf. [21]) that

1
0,1+e

w e Cloc (BI/Z)

Let us give a short account of some cases where one may find to be a natural assumption.

The well-ordered case

The notion of well-ordering in Materials Science is not only justified as the comparability of two
materials, one being at least betfer than the other. It has also been a consistent assumption when
dealing with optimization problems because it allows explicit calculations. See for example [3 4} 20],
where the authors discuss how the well-ordering assumption plays a role in proving the optimal lower
bounds of an effective tensor made-up by two materials. If 67 and o, are well-ordered, say 0, > o7 as
quadratic forms, then W (P) = 6,P - P. Hence, by Lemma[4.11] the desired higher integrability
holds with 6 = 0.
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The non-ordered case

Applications for this setting are mostly reserved for the scalar case (m = 1). In this particular case
one can ensure that QzW = W**, where W** is the convex envelope of W. For example, one may
consider an optimal design problem involving the linear conductivity equations for two dielectric
materials which happen to be incomparable as quadratic forms. In this setting, it is not hard to see
that indeed QW = W** and even that W** € C""!(R? R). In dimensions d = 2,3, one can employ a

Moser-iteration technique for the dual problem as the one developed in [[12] to show better regularity

of minimizers of (4.31).

Regarding the case of systems, if no well-ordering of the materials is assumed, it is not clear to us
that necessary holds (compare to [15}[32]).

4.4.2 Proof of Theorem

We define an e-perturbation of v — |, p, OAV -V as follows. Consider the functional

(v,A) = JE(1,A) ::/ cav-vdy + €’Per(A;B;), forec[0,1]; J:=J" (4.32)
B

By a scaling argument one can easily check that
e2J(v,A) = J¢(ev,A). (4.33)
Furthermore,
v is a local minimizer of J(-,A) if and only if €v is a local minimizer of J%(-,A). (4.34)
We also consider the following one-parameter family of functionals:

min J¢(v,A) if veLl?(Q;Z)and Bv=0,
Ve GE(v) = S ASBBY (4.35)
o0 otherwise.

The next result characterizes the I'-limit of these functionals as € tends to zero.

Theorem 4.21.  The I'-limit of the functionals G¢, as € tends to zero, and with respect to the weak-1?

topology is given by the functional
0zW (v)dy if vel*(Q;Z)and #v =0,
Gv):=<( /B (4.36)

oo else.

Proof. We divide the proof into three steps. First, we will prove the following auxiliary lemma.

Lemma 4.22. Let ® C RY be an open and bounded domain. Let p > 1 and let F : Mmxd [0,00)
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be a continuous integrand with p-growth, i.e.,
0<F(P)<C(1+|P|P), PeM™?.

IfveLP(w;Z) and B v = 0, then there exists a p-equi-integrable recovery sequence {v;,} C L (0;Z)
for v such that
PBv,=0 and F(vy) = Q%F(v) inLY ().

Proof. Since v — [, QzF(v) is the lower semi-continuous envelope of v — [ F(v) (see @.17)-
(#@.18))) with respect to the weak-L? topology, we may find a sequence {v,} with the following prop-

erties:
L?
B, =0, Vi —

and
1

/Q)Q%F(V)dx>/1’(vh)dx—h,

w
Passing to a subsequence if necessary, we may assume that the sequence {v;} generates a %B-free
Young measure which we denote by tt. We then apply (17, Lemma 2.15] to find a p-equi-integrable
sequence {v} } (with Zv;, = 0) generating the same Young measure it. On the one hand, the Funda-
mental Theorem for Young measures (Theorem and the fact that {v;,} generates u yield

liminf/ F(vh)de/(,ux,F)dx.
w

h—c0 ®

On the other hand, due to the same theorem and the equi-integrability of the sequence {|v}|’} one

gets the convergence F(v},) — (li,, F) € L!. In other words,

lim F(v;l)de/wa,F}dx.

h—o [

The three relations above yield

/Q@F(v)deIimsup/F(vh)2/(/,LX,F>dx: lim/F(v;l)de/Q%F(v)dx. (4.37)

h—oo h—ro0

We summon the characterization for Z-free Young measures from Theorem to observe that
(U, F) > QzF ({Uy,id)) = Q»F (v(x)) ae.x€ @.
This inequality and imply
(W, F) = 0xF(v(x)) ae.x€ .

We conclude by recalling that F(v},) — (i, F) in L (o). O

The lower bound. Let v € L?>(B;;Z) and let {v¢} be a sequence in L?>(B;;Z) such that ve — v in
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L?(By;Z). We want to prove that
liminf G®(ve) > G(v).
el0

Notice that, we may reduce the proof to the case where Zv, = 0 for every €. From the inequality

oy > W > Q4zW (as quadratic forms), we infer that

JE(ve) > . QW (ve)dy.

Next, we recall that v — [, 5, @2W(v) is lower semi-continuous in {v € L2(;Z) : v = 0} with
respect to the weak-L? topology. Hence,

liminf G (ve) > [ QxW(v)dy.
8],0 B

This proves the lower bound inequality.

The upper bound. We fix v € L?(By; Z), we want to show that there exists a sequence {ve } in L?(B);Z)
with ve — v in L?(By;Z) and such that

limsup G®(ve) < G(v).
€l0

We may assume that v = 0, for otherwise the inequality occurs trivially. Lemma [4.22] guarantees

the existence of a 2-equi-integrable sequence {v;};_, for which
Bvy=0, v,—v inL*B;Z), and W(v;) = QzW(v) inL!(By). (4.38)

Next, we define an h-parametrized sequence of subsets of B; in the following way:

Ay = {xeBl ((o1 =0y < 0}-

Using the fact that smooth sets are dense in the broader class of subsets with respect to measure
convergence, we may take a smooth set A; C B such that the following estimates hold for some

strictly monotone function L : N — N (with limj,_,e. L(h) = o0):
|(A,AA)NBi| = O(h™"),  Per(A};B;) < L(h). (4.39)
Observe that, by the 2-equi-integrability of { v, }, one gets that
[(0a, — G4 )vi-villLos,) < M”VhH%Z(Sh) =0, where S, := A} AA),. (4.40)
The next step relies, essentially, on stretching the sequence {vj }. Define the €-sequence

Ve 1= VK(8)7 &€ S m,

149



4 Optimal design problems for elliptic operators

where K : R, — N is the piecewise constant decreasing function defined as

> 1 1
K= Z h-lg,, Ry:= (L(}H—I)L(h)]

h=1
Claim:
1. LoK(e) <e 1 ife € (0,L(1)71].
2. K(&) = h, where h is such that € € Rj,.

Proof. To prove (1), observe from the strict monotonicity of L that U, R, = (0,L(1)"']. A simple

calculation gives

(4.41)

™=

Zh Lr, (& i )L, (&) = L(ho) -, (€) <

where hy is such that € € Rp,. The proof of (2) is an easy consequence of the definition of K and the
fact that {Rj, } is a disjoint family of sets. Indeed, if € € R;, then K(€) = h-1g, (&) = h. O

Since K is a decreasing function and K (R ) = NU{0}, it remains true that
- a1 2(n . nmxdr
Vk(e) — vin LY(Bi;M™*4), as e — 0.

We are now in position to calculate the lim sup inequality:

_ : 2 . 2 .
GS(VK(S)) = AEH%I(I};I)/BI GAVK(S) “VK(e) + € PCT(A,Bl) < Al O-A;(<€)VK(£) “VK(e) + € PCI(A/K(S),Bl)

S/B GAK(S)VK(E).VK(S)+0(K(8)71)+82L(K(8)) < 5 W(VK(S))+0(8)+8
I I

Hence, by (4.38)

limsup G (ve) < limsup [ W(vge)) = lim [ W(v,)= [ QzW(v).
€10 el0 JB h—eo /g, B
This proves the upper bound inequality. 0

Corollary 4.23. Let {w:} C W (B1) be a sequence of almost local minimizers of the sequence of

functionals

{u— G*(Au)}.

Assume that {o/ we} is 2-equi-integrable in B for every s < 1. Assume also that there exists w €
W+ (By) such that

Awe —=dw inL2(B ;M™Y.
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4.4 The energy bound: proof of Theorem

Then,
QW (o we) = Qz(/w)  inLi(By).
Moreover, w is a local minimizer of u — G(.o/ u).
Proof. The first step is to check that
QW (A we) — Qp(A w) in L!(By), for every s < 1. (4.42)

The sequence .o/ w, generates (up to taking a subsequence) a #A-free Young measure (L : By — Z so
that by Theorem [4.15] Theorem [4.17]and the local 2-equi-integrability assumption,

W (e wh) = (e, W) > QW (/' w) inL].(B). (4.43)

Fix s € (0, 1) and consider the rescaled functions

S . WE(Sy) S . W(Sy)
We == kf% s . kf% .

S

It is not hard to see that, because of the (almost) minimization properties of {w¢ }, the rescaled se-
quence {wi} is also a sequence of almost local minimizers of the sequence of functionals {u
G(o u)}ﬂMoreover, A wi — o win L*(By;Z).

From the proof of the lower bound in Theorem [4.21] we may find a 2-equi-integrable recovery
sequence {v;} for v, i.e., such that v, = </ w* and

lim G*(v}) = G(o w*).
el0

Recall that, by the exactness assumption of .7 and %, there are functions wl, € W (B) such that
ve = w,  forevery € >0.

A recovery sequence with the same boundary values. The next step is to show that one may assume,
without loss of generality, that supp(w}, —w?) CC Bj.

We may further assume (without loss of generality) that {w%} and {w/.} are W*2-uniformly bounded,
and that w$ —wl, — 0 in W52(B;R™).

Define
()
e = (@we + (1 — @n)w) = @ W+ (1 — @n) o g + Y capd®we—wi)dP o
\a\‘[ﬁﬁ‘l\:k

where, for every h € N, ¢, € C*(By;[0,1]) with ¢, = 1 in By_y . Since |[g(h)|| 25, — 0as € — 0,

8This scaling has the property that s~1J (& w*,A%) = Ip, () (& W,A).
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4 Optimal design problems for elliptic operators

we infer that

limsup ||V, ¢ — safwaHLz(Bl) < limsup || WW{aHLZ(BI\BI,l/h) + limsup || QQ%WEHLz(BI\BH/h).
el0 el0 €l0

We now let i — oo and use the 2-equi-integrability of {7 wi} and {&/ w}} to get

limsup limsup |7, — & Wel|12(5,) = 0.
h—yoo €l0

Thus, we may find a diagonal sequence ¥z = V,(¢) o = &7 Wi which is 2-equi-integrable, supp(wz —
We) CC By, and such that

lim || .o/ w), — A We |12, = O(€).

el0 N

In particular, the (almost) local minimizing property of {.&7 wi} gives

limsup [ W (o wi) <limsupG® (& wi) < limsup G (& Wwe) <1limG* (o w,) = G(o'w*).
el JB €10 €l0 €l0

Rescaling back, the inequality above yields

timsup [ W(etwe) < [ QuW(tw),
S\LO BS Bs

which together with (@.43)) proves (.42).

Local minimizer of G. The second step is to show that w is a local minimizer of u — G(<7 u). We
argue by contradiction: assume that w is not a local minimizer of u — G(.</ u), then we would find
s € (0,1) and n € CZ7(By;R™) for which

G w)>G(AIw+An).
Again, using a re-scaling argument, this would imply that
G W) >G(IwW +A 7).

Similarly to the previous step, we can find a 2-equi-integrable recovery sequence {7 (@s +n*)} of
(o w* + o7 n°) with the property that supp(¢@; —wi) CC By, for every € > 0. On the other hand, the
(almost) minimizing property of o7 w} and (4.42)) yield

G/ W'+ ") < G(o/ W) = lim G (o w}) <HmG(of 2+ /") = G/ W'+ /),
E I

which is a contradiction. This shows that w is a local minimizer of u — G(< u).

Let us recall, for the proof of the next proposition, that the higher integrability assumption (Reg)
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4.4 The energy bound: proof of Theorem

on local minimizers i of u — G(</ u) reads:
[%’Z]izﬁd*‘*(&/z) <c||iil;.(By), forsome € [0,1). (Reg)

Proposition 4.24. Let (w,A) be a saddle-point of problem (P). Assume that the higher integrability
condition holds for local minimizers of u — G(</ u). Then, for every K CC Q there exists
a positive constant C(K) > 1 and a smallness constant p € (0,1/2) such that at least one of the

following properties
1. Jg (o w,A) <C(K)r' 1,
2. JBpr(x) (o w,A) < Pd7(1+5)/2.]3r(x)($27w,14),
holds for all x € K and every r € (0,dist(K,dQ)). Here,
‘]B,(x)(@{uaA) =/ oru-/u dy + Per(A;B,(x)),

B, (x)

Proof. Let (w,A) be a saddle-point of (P) and fix p € (0,1) (to be specified later in the proof). We
argue by contradiction through a blow-up technique: Negation of the statement would allow us to find

a sequence { (xp, )} of points x; € K and positive radii r;, | 0 for which

Js, (o) (A w,A) > hr !, and (4.44)
Tgy, () (A W, A) > pt=UFO gy (o w,A). (4.45)

An equivalent variational problem. It will be convenient to work with a similar variational problem:

Consider the saddle-point problem

inf{ sup Io(o/u,A):ACRYBorel set, ANQ=A4oNQ° ¢, P)
ueWg (Q)

where
Io( u,A) :_/2@\"527“(1’“_/GAdu-dudx—i—Per(A;Q)_
Q Q

Here we recall the notation T4 = 04 2/ ws, Where wy € ng (Q) is the unique maximizer of u —

Io(u,A). It follows immediately from the identity
/‘L‘A&fudx:/fudx ue Wy (Q),
Q Q

that saddle-points (w,A) of problem (P) are also saddle-points of and vice versa; hence, in the
following we will make no distinction between saddle-points of (P) and . A special property of [
is that, locally, it is always positive on saddle-points (w,A) of (P). Indeed, in this case w = w4 and

therefore

T o (7 w,A) = / Op o wa + Per(A:B, (X)) = Iy (S wA),  B(x) Q. (446)
B, (x)
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4 Optimal design problems for elliptic operators

A re-scaling argument. We re-scale and translate B,(x) into B by letting

A —
A=k ) = AT fry—x) 5 0inL7(By), and  w(y) = ery )
p -

72

(4.47)

A further normalization on the sequence takes place by setting
e(h)? =r"" Uy, (A wA) =0,
and defining
Agny =AM fegy =€) "7 wegpy = €(h)-w™™, and T = Oy D We(h)-

It is easy to check that the scaling rule (4.33)), and the relations (4.45)) and (#.46)) imply

JEW (o ey, Aeny) =1, and (4.48)

/ Opyy @ We(ny A We(ny + €(h) Per(Ag(y: Bp) > pt =102, (4.49)
P

In particular, due to the coercivity of ; and 6, the norms || &7 we ||, (8,) are h-uniformly bounded

by M.

Local almost-minimizers of G5}, The next step is to show that {wem} is O(g)-close in L? to a

sequence { ¢} of almost minimizers of {u — G&") (o7 u)}. Observe that We(n) is the unique solution

to the equation
(0, A u) = fey,  u€Wi (By).

We(h)
Let g, be the unique minimizer of u +— J¢ ") (ot u,Ag(py) —see (#.32)) - in the affine space vaf(h) (By).
Thus, in particular, Wy is the unique solution of the equation

A (O Su) =0,  ue Wy (Br).
A simple integration by parts, considering that W (h) —we (k) € W§ (By), gives the estimate
|| ng{W.e(h) - %We(h)HiZ(Bl) < C(Bl) 'M2||fs(h)||i2(31) = 0(h71)> (4.50)

where C(B) is the Poincaré constant from (#.12); and therefore ||wg () —We(n) Hwk,Q(Bl) =0(h™").
0
Lastly, we use strongly the fact that (w,A) is a saddle-point of (P) to see that { (we(s),A¢(ny) } is also

a local saddle-point of the energy

(u,E) — IEW (o u,E) == /

ZTE'%udy—/ or o/ u-o/ udy + £(h)*Per(E;B).
B

B

Moreover, by (4.33), (#.46) and (#.50) one has that

W (ot weny, Aey) = T (o Wy, Aeny) = I (A Wy, Aegny) + O(h ). (4.51)
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4.4 The energy bound: proof of Theorem

An immediate consequence of the two facts above is that {Wy } is a sequence of local almost min-
imizers of the sequence of functionals {u — GZ") (7 u)}. The local (almost) minimizing properties
of the sequence {W(p) } — with respect to the functionals {u — G* (") (o7 u)} — are not affected by sub-
tracting <7 -free fields; hence, using the compactness assumption of ./ once more, we may assume
without loss of generality that supy, [|[We(s)|lwk2(p,) < o. Upon passing to a further subsequence, we

may also assume that there exists w € W5?(By;R™) such that
~ ~ k,2 . Tom
Wemy =W in Wo5(B;R™).

Equi-integrability of {.o7 W ;) }. The last but one step is to show that {.o7 ¢} is a 2-equi-integrable

sequence in By, for every s < 1.

. . . . ~ k .
Since oy, is uniformly bounded, there exists % € L?(By; M"™*¢") such that (upon passing to a further

subsequence)
- - - . k .~ . =
Oty @ We(n) = Tey = T inL2(BM™ ), o " Ty = /" £ =0. (4.52)
Let ¢ € 2(B;) and fix € > 0, integration by parts yields

(Bery- D Wen), @) =— Y, cop(Fen), 0 Weny0P @) cap €R.

|B>1
o[ +[B|=k

Since the term in the right hand side of the equality depends only on Vk_lwe(h), the strong conver-

gence We — w in WA=12(B; R™) gives

Um (B - ey, @) = — Y, cop(F,0%W0P @) = (8- o/, ).
e—0 1BI>1
||+[B|=k

Therefore,
OAe(n) %Wg(h) . %"Ds(h) = %s(h) . Mws(,1) St gwell (B1) weakly* in %+(Bl).

The positivity of cy,.o7 We - %/ W, the Dunford-Pettis Theorem and the convergence above imply that
the sequence

{Ou, A VWe - I Ve } is equi-integrable in By; for every s < 1.

In turn, due to the uniform coerciveness and boundedness of {oy, }, both sequences {.o7W, } and {7;}

are 2-equi-integrable in By; for every s < 1.
The contradiction. We are in position to apply Proposition to the sequence {W,}, which in
particular implies

g(h)? Per(Ag(ny;Bp) — 0,

_ (4.53)
O,y & Weh) - We(ny = QW (o W) < M|/ W[*, inLjy(B),
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and that w is a local minimizer of u — G (.27 u). On the other hand, the higher integrability assumption

tells us that

[ W s s, ,) < el WliEas,): (4.54)

(By)

We set the value of p € (0,1/2) to be such that 2cM?p(!~9)/2 < 1. Taking the limit in and
(#.49), using Fatou’s Lemma, (4.50), @.51), (4.53) and (@.54), we get

1 . -
MH%MEQ(BI) < l}g?ojs(h)(%wg(h),Ag(h)) =1

MpU-92N
a5 )1l

< aMp( =D of s

1 ~
= <pd(1+8)/2> QW (7 W)||Lis,) < (
<Mp" VP Wi,
1 2 ‘
< ﬁ”dWHLz(Bl)a

a contradiction. O

Theorem (upper bound). Let (w,A) be a variational solution of problem (P). Assume that the
higher integrability condition

[ ﬁ]il"*‘s(Bl/z) <c| ﬂ/ﬂ”iz(&), for some & € [0, 1) and some positive constant c,

holds for local minimizers of the energy u — fBl QW (o u), where u € W”(Bl ). Then, for every

compactly contained set K CC Q, there exists a positive constant Ak such that
/ opdw-o/w dy + Per(A;B(x)) < Agr?! VxeK,Vre (0,dist(K,dQ)). (4.55)
B, (x)
Proof. Letx € K, and set

(p(r,x) = JB,(x)(fQ{W7A)7

where we recall that

JB, (v (T W,A) =/ ordw-o/w dy + Per(A;B,(x))
B, (x)

Proposition tells us that there exists a positive constant p € (0,1/2) such that if B,(x) C Q, then
o(prx) < p 1020 (rx) + C(K)r.

An application of the Iteration Lemma [19, Lem. 2.1, Ch. III] (stated below) to r € (0,min{ 1, dist(K,dQ}),
and oy :=d —(146)/2 > op :=d — 1 yields the existence of positive constants ¢ = ¢(x), and r = r(K)
such that

@(s,x) < es?! Vs e (0,R(K)).

Notice that the constants ¢ and r depend continuously on x € Q. Hence, for any K CC Q we may find

156



4.5 The Lower Bound: proof of estimate

Ak > 0 for which
I, (FwA) <A™l VxeK, Vre (0,dist(K,0Q)).
m

Lemma 4.25 (Iteration Lemma). Assume that ¢(p) is a non-negative, real-valued, non-decreasing
function defined on the (0,1) interval. Assume further that there exists a number t € (0, 1) such that
for all r < 1 we have

o(tr) <t¥o(r)+Cr*®

for some non-negative constant C, and positive exponents o > 0. Then there exists a positive

constant ¢ = ¢(T, 0, 0p) such that for all 0 < p < r < R we have

P(p) < c(g)azw(rHCpaz.

Corollary 4.26 (compactness of blow-up sequences). Let (w,A) be a variational solution of prob-
lem (P). Under the assumptions of the upper bound Theorem[{.2] there exists a positive constant Ck
such that

[/ W]t 2a1 () < Ck- (4.56)

Proof. The assertion follows directly from the Upper Bound Theorem and the coercivity of o7 and
0y. O

4.5 The Lower Bound: proof of estimate (LB|)

During this section we will write (w,A) to denote a solution of problem (P} under the assumptions of
Theorem {.2] In light of the results obtained in the previous section we will assume, throughout the
rest of the paper, that for every compact set K CC € there exist positive constants Cx, and Ag such
that

Per(A;B,(x)) < Agr® !,
I w|[E2(B1) < [dw]iz,d—l(m < Ck,

for all x € K and every r € (0,dist(K,0Q)).
The main result of this section is a lower bound on the density of the perimeter in d*A. In other

words, there exists a positive constant Ax = Ax(d, M) such that
Per(A;B,(x)) > Axr™!  for every 0 < r < dist(x,dQ). (LB)

There are two major consequences from estimate (LB). The first one (cf. Corollary 4.34) is that
the difference between the topological boundary of A and the reduced boundary of A is at most a set
of zero s#¢~!-measure. In other words, (dA \ d*A) = £ where J#¢~!(X) = 0 (cf. [6, Theorem 2.2]).
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The second implication is that is a necessary assumption for the Height bound Lemma and the
Lipschitz approximation Lemma, which are essential tools to prove the flatness excess improvement
in the next section.

Throughout this section and the rest of the manuscript we will constantly use the following nota-

tions:

The scaled Dirichlet energy
1 2
D(w;x,r) == —— |/ w|~dy,
r B (x)

and the excess for y-weighted energy

v

E A’ ’ =D X “d—1
y(w,Asx,7) (Wx”)+rd,1

Per(A,B,(x)).

Granted that the spatial-, radius-, or (w,A)- dependence is clear, we will shorten the notations to the
only relevant variables, e.g., D(r) and E,(r). Recall that, up to translation and re-scaling, we may
assume

0cd*ANK, and By CK-+ByCQ.

Bear also in mind that all the constants in this section are universal up to their dependence on Ag and
Ck.

We will proceed as follows. First we prove in Lemma that if the density of the perimeter is
sufficiently small, one may regard the regularity properties of solutions as those ones for an elliptic
equation with constant coefficients. Then, in Lemma 4.28] we prove a lower bound on the decay of
the density of the perimeter in terms of D. Combining these results, we are able to show a discrete
monotonicity formula on the decay of E,.

The proof of the lower density bound follows easily from this discrete monotonicity formula,
De Giorgi’s Structure Theorem, and the upper bound Theorem of the previous section. Finally, we
prove that the difference between dA and 9*A is 7#¢~!-negligible (Theorem as a corollary of
the estimate (LB).

Lemma 4.27 (approximative solutions of the constant coefficient problem). For every 6, €
(0,1/2), there exist positive constants|c1(6y,d,M) and € (61,d, M) such that either

/B [/ wl? dy < e1p || f 12 5.
o

or

/ |/ w|? dy < ZCpN/ |/w|*dy for every p € [61,1),
B, By
where ¢ = c(d,M) is the constant from Lemma{.11} whenever

Per(A;B;) < €.

9 As it can be seen from the proof of Lemma the constant ¢ does not depend on K.
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Proof. Since ¢ > 24 the result holds if we assume p > 1/2, therefore we focus only on the case
where p € (6;,1/2). Fix 6; € (0,1/2]. We argue by contradiction: We would find a sequence of pairs
(wn,Ap) (locally solving (P) in B; for a source function f) and constants p;, € [1/2, 6], such that

52 ::/ |/ wy|*dy > 2cp;j/ .o/ wy|? dy, (4.57)
Bp, B,
and simultaneously
£l 1 1
d (B1) .
p/’l . T S %, and Per(Ah,Bl> S z

The estimate above yields §, ' f, — 01in L?(By;R™). Also, since Per(A;; B ) — 0, the isoperimetric
inequality yields that either 64, — 07 or 04, — 02 in L? as h tends to infinity. Let us assume that the
former convergence 0y, — o7 holds.

Let uy, .= 5h_1 wy,, for which

81]1p | unlli2(5,) < o
n

We use that wy, is a (local) solution to (P) for Aj as indicator set and f}, as source term, to see that
ﬂ*(GAhﬂuh):5}l_lﬁl in Bj.

Up to passing to a further subsequence, we may assume that u;, — u in W5?(B1;R™). We may then

apply the compensated compactness result from Lemma §.14]to obtain that
*(014/u)=0 1inBy,

and
D(up;s) — D(u;s) where p, — s € [01,1/2].

Hence, by and Fatou’s Lemma one gets
2¢s'D(u; 1) < lim epD(up; 1) < 1= lim D(uy; pp) = lim D(uy;5) = D(uss).
h—o0 h—yeo h—oo

This is a contradiction to Lemma [.11] because u is a solution for the problem with constant coeffi-

cients o1. The case when 64, — 05 can be solved by similar arguments. O

The next lemma is the principal ingredient in proving the (LBJ) estimate. It relies on a cone-like
comparison to show that the decay of the perimeter density is controlled by D(r)/r: The perimeter

density cannot blow-up at smaller scales, while for a fixed scale, the perimeter density is small.

Lemma 4.28 (universal comparison decay). There exists a positive constanm ¢y = c(d,M) such

that Per(A; B D
<erd,1p)> Z_Qﬂ fora.e.r € (0,1].
p=r \ P '

d

dr

10The constant ¢, is independent of the compact set K; indeed, this is the result of universal comparison estimates in €.
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Proof. For ae. r € (0,1) the slice (A, g, r), where g(x) = |x], is well defined (see Section4.2.4). Fix
one such r and let A be the cone-like comparison set to A as in (#23). By minimality of (w,A) and a

duality argument, we get

/GX’TA'fAdy+Per(A;Br)</ ;' Ta - T4 dy+Per(4;B,)
B, B,

for 14 = o4 &/ w. Hence,

Per(A;B,) < Per(A;B,) +M/ \szwA\zdy
B, (4.58)

r
d—1

< (A, g,r) (Rd) —|—M3rd71D(r).

To reach the inequality in the last row we have used that the cone extension A is precisely built (cf.
[@.24)) so that the Green-Gauss measures (7 and (4 agree in (B,); where, by (4.22)),

d—1 d—1
Per(A;B,) — (dil) <€d_2>%d2(8*Aﬂ{g:r}) < (dil) <’:d_2) (A, g, r) (R

forall 0 < p < r. We know from (@.23) that d% | Per(A;By) > (A,g,r)(R?) fora.e. r> 0. Since (#.58)
and the previous inequality are valid almost everywhere in (0, 1), a combination of these arguments

yields
d Per(A;B D
— <er(dlp)> 2—M3(d—1)ﬂ fora.e. r€ (0,1).
dr p=r P r
The result follows for ¢; 1= M3(d —1). O

The following result is a discrete monotonicity for the weighted excess energy Ey. We remark that,

in general, a monotonicity formula may not be expected in the case of systems.

Theorem 4.29 (Discrete monotonicity). There exist positive constants Y =y(d,M), & = &(y,d) <
vol(B))-v/2, and 6, = 6,(d,M) € (0,1/2) such that

Ey(6,) < Ey(1) +cl(92)||f||iw(3,)7 whenever Ey(1) < &. (4.59)
Proof. We fix y and 6, such that
1 1
yep max{c,c;(6;)} < 7 where 20;c < X

Set 6, := 6. Recall that ¢, is the constant from Lemma[4.28] and c is the constant of Lemma[4.11

Let also & = &(7, &) be a positive constant with & < min{ye;(6,),y-vol(B})/2}. This implies

Per(A;By) < €(6,),
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which in turn gives for ¢; = ¢1(6,) (see Lemma 4.27)

E/(6) < BTCPer(A;Bgz) +260:D(1) + €163 25,
2

Now, we apply Lemma.27)and Lemma[4.28]to s € (6>, 1) to get

Ey(6r) < i Per(A: Bo,) +2¢0:D(1) + 162/ -3,
2

d

dr

D(s)

1

1

< yPer(A:By) +7cz/ P 5.4 2(1) +163] I,
0

Per(A,B,) 1
(P 4 S0+ el iR,

1
< yPer(A;Bl)er/ —
0, 2

1
< yPer(A; By) +2yccaD(1) + yeac || f Iz, + 5D +a 62 fIIE(s,)

< yPer(A;B1)+D(1) +CleH%”(Bl)
:EY(1)+01||f||i°°(Bl)'

This proves the desired result. O

Lemma4.30. Forevery € > 0, there exist positive constants 6y(d,M,K,€) € (0,1/2) and x(d,M,K, €) >
0 such that
2
Ey(60) < &+ cifllL-(s,);

whenever
Per(A;B;) < k.

Proof. The result follows by taking 6y such that 2c¢6)Cx < €/2 (recall that, D(s) < Ck for every
e d—1

s € (0,1)) and ¥ < min { %, € (60)} and then simply applying Lemma 4.27 O

Lemma 4.31. Let (w,A) be a saddle-point of (P) and let x € K CC Q. Then, for every € > 0 there
exists a positive radius ro = ro(d,M, K, || f||L=(s,), €) for which

Ey(w,A;x,r) < 2¢;
whenever r < ry and Per (A;Be(;lr) < k(e)- (g)d_l.

Proof. Let ry be a positive constant such that cirg< || f H%m( B < 83"t 'e and let us set s := 6, 'r.
Since
Per(A™;B;) = s~ "V Per(A; B,) < x(e),

it follows from the previous lemma and a rescaling argument that

Ey(w,A;r) = Ey(w,A; 605) < £+ 1] f*|[E=(,) = €+ 1™ f]17(5,) < 26
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4 Optimal design problems for elliptic operators

Theorem 4.32 (lower bound). Let (w,A) be a solution of problem (P) in Q. Let K CC Q be a
compact subset. Then, there exist positive constants Ax and rg depending only on K, the dimension
N, the constant M in the assumption (4.2), and f such that

Per(A;B,(x)) > Agr? !, (LB)
for every r € (0,rg) and every x € d*ANK.

Proof. Let p(6,) =Y, 92(2k+])h € R and define r; € (0,1) to be a positive constant for which

&

)
r%kHCl(92)p(9)||f||im(31) < 4

We argue by contradiction. If the assertion does not hold, we would be able to find a point x € 9*A

and a radius r < min{rg, r; } for which

r

Per(A;B%(x)) < <%>d_lk(£), e=

After translation, we may assume that x = 0. The fact that » < ryp and Lemma[4.31]yield the estimate

&
Ey(w,A;r) <2e < 52;

in return, Lemma and a rescaling argument give (recall that f"(y) = Ptaf (ry))

&
Ey(w,A;60r) < Ey(W, A" 1) 1| [z, < > +ar £l e, < &

A recursion of the same argument gives the estimate
J
j 2k+1)h
Ey(w.A:6Jr) < Ey(w,Air) + iV £ ( Y oY ) < e
h=0
Taking the limit as j — oo we get

Per(A;B,; ) Eo(w.A: 6/ e
limsup &7 < limsup v, i 27) < 2/
joe VOI(B))-(8§r)d-1 = jse VOI(BY)-y T vol(Bj)-y

1
< —.
-2

This a contradiction to the fact that x = 0 € d*A (cf. Section [4.2.4))

O

Corollary 4.33. Let (w,A) be a solution for problem (P)) in Q. Let K CC Q be a compact subset.

Then, there exist positive constants Ag and ri depending only on K, the dimension d, and f such that
Per(A;B,(x)) > Agr? !,

for every r € (0,rg) and for every x € dANK.
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4.6 Proof of Theorem

Proof. The property (LB) from the Lower Bound Theorem is a topologically closed property, i.e., it
extends to d*A = supp uy = JA (cf. @19)). O

Corollary 4.34. Under the same assumptions of Theorem the following characterization for
the topological boundary of A holds:

0A = 0*AUYL, where #1(Z)=0.

Proof. Animmediate consequence of the previous corollary is that /#¢~'_dA < |u,| as measures in

Q. The assertion follows by De Giorgi’s Structure Theorem. O

4.6 Proof of Theorem

As we have established in the past section, we will assume that for every K CC Q there exist positive
constants Ag,Cxk such that D(w;x,r) < Ck and

Per(A,B,(x)) > Axr'™!,  Vxe€ (dANK),Y re (0,dist(K,0Q)). (LB)

Half-space regularity. Throughout this section we shall work with the additional assumption for
solutions of the half-space problem: let H := { x € R? : x; >0} and let 6 be the two-point valued
tensor defined in (4.3)) for Q = B, (so that 6y = 0} in H N By), then the operator

Pyu = o/ (o o u)
is hypoelliptic in By \ dH in the sense that, if w € L?(B;;R™), then
Pow=0 = we¢ C”(E; R™) UC”(E;R’") for every 0 < r < 1 (4.60)

Furthermore, there exists a positive constant ¢* = ¢*(d, M, /) such that

1 1

— |ka|2dx§c*/ VEw[?dx  forall0<p < -,

P JB, B 2

1 1
o /. | w|? dx < ¢* B]szwlzdx fora110<p§§, (4.61)

I 1

1

sup |[VEFIw|? < c*/ wl?dxe  forall0<p < .

BJUB, By 2

Remark 4.35 (half-space regularity in applications). For 1-st order operators of gradient form it
is relatively simple to show that such estimates as in (4.61)) hold. This case includes gradients and
symmetrized gradients; while the linear plate equations may be also reduced to this case (cf. Remark
B.13).

A sketch of the proof is as follows: The first step is to observe that the tangential derivatives (i # d)

'I'The notation B" stands for the upper and lower half ball of radius r: B, N H and B, N —H respectively.
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4 Optimal design problems for elliptic operators

d;w of a solution w of Pyu = 0 are also solutions of Pyu = 0. The second step is to repeat recursively

the previous step and use the Caccioppoli inequality from Lemma[4.10]to estimate

/ |0%w|*dx < C(Jat|]) [ |w|*> dx  for arbitrary o with oty < 1. (4.62)
B By

The third step consists in using the ellipticity of Ay = A(ed)m (cf. Remark and the equation to
express dggw in terms of the rest of derivatives: The tensor (A} 6 A,) is invertible, this can be seen
from the inequality |A(e;)z|> > A(</)|z|? for every z € R? (cf. and the fact that oy satisfies
Garding’s strong inequality with M~!. Hence, using that Pyw = 0, we may write

diaw = —(AyonAs)™" Y (Al 61A))d;w in B, (4.63)
ij#dd
from which estimates for d;yw of the form (4.62)) in the upper half ball easily follow (similarly for
the lower half ball). Further d; differentiation of the equation in Bli and iteration of this procedure
together with the Sobolev embedding yield bounds as in (.61).

For arbitrary higher-order gradients and other general elliptic systems one cannot rely on the same
method. However, the Schauder and L” boundary regularity of such systems has been systematically
developed in [1, 2] through the so called complementing condition. In the case of strongly elliptic
systems (cf. (4.2) and (4.11))) this complementing condition is fulfilled, see [2, pp 43-44]; see also

[31]] where a closely related natural notion of hypoellipticity of the half-space problem is assumed.

Flatness excess. Given a set A C R? of locally finite perimeter, the flatness excess of A at x for scale

r and with respect to the direction v € S?~!, is defined as

1 Ve(y) — v[? d—1
A; =— _ .
e( X, T V) rd_l /C(x.’nv)ma*A ) d% (y)

Here, C(x,r,v) denotes for the cylinder centered at x with height 2, that is parallel to v, of radius r.
Intuitively, the flatness excess expresses for a set A, the deviation from being a hyperplane H at
a given scale r. Again, up to re-scaling, translating and rotating, it will be enough to work the case
x=0,v =ey, and r = 1. In this case, we will simply write e(A). The hyper-plane energy excess is
defined as
Hex (W,A;x,1,v) = e(A;x,1,V) + D(w,A;x,r),

and as long as its dependencies are understood we will simply write Hex (1) = e(r) + D(r).
The following result relies on the (LBJ) property, a proof can be found in |16, §5.3] or [27, Theorem
22.8].

Lemma 4.36 (Height bound). There exist positive constants ¢ = c{(d) and € = €] (d) with the
following property. If A C R? is a set of locally finite perimeter with the property,

0€dA and e(9)<g,

12Recall that, for a 1-st order operator as in (@.7)), the coefficients A, can be simply denoted by A; withi=1,...,d.
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4.6 Proof of Theorem

then
1

sup{lydlryeB’lx[—l,l]naA}gcf.e(4)zdz_ (HB)

The next decay lemma is the half-space problem analog of Lemma The proof is similar
except that it relies on the half-space regularity assumptions (@.60)-(@.61) (instead of the ones given
by Lemma[4.11])), and the Height bound Lemma stated above.

Lemma 4.37 (approximative solutions of the half-space problem). Ler (w,A) be a solution of
problem (P) in By. Then, for every 0 € (0,1/2) there exist positive constants c5(0;,d,M) and
£(6;,d,M) such that either

: [/ w|* dx < P fF-(a,):
]

or

|w|?dx <2c*p" | |/w|* dx  for every p € [61,1),
B, B,

where ¢* = c*(d,M) is the constant from the regularity condition (4.61)); whenever
Per(A;B)) < &;.

Remark 4.38. Let 0 € (0,1). Then there exists k* = k*(d,M,§) such that if e(1) < k*, and
if one further assumes that the excess function r — e(r) is monotone increasing, then the scaling
w(ry)/ r*=2) and the Tteration Lemma imply that

1 *
VM/B | w* <Cs (| W25 + SIS (s, P4H0)  forevery r e (0,1/2),

for some positive constant Cg = Cs(d,M).

The next crucial result can be found in [26, Section 5]. We have decided not to include a proof be-
cause because the ideas remain the same: the estimate (LB)), the Height bound Lemma, the Lipschitz
approximation Theorem, the estimates from Lemma[4.37]and the higher integrability for solutions to
elliptic equationsPE]

Lemma 4.39 (flatness excess improvement). Let (w,A) be a saddle point of problem (P) in Q.
There exist positive constants 1 € (0, 1], ¢§, and €3 depending only on K, the dimension d, the constant
M in @.2), and ||f||L~ with the following properties: If (w,A) is a saddle point of problem (P)) in B,
and

Hex(9) < &5,

then, for every r € (0,9), there exists a direction v(r) € S*! for which

[V(r) —eq] <c3Hex(9) and Hex(r,v(r)) < c3r'MHex(9).

Bz (Q)-integrability of .2/ w, for some exponent 2* > 2, can be established by standard methods through the use of the
Caccioppoli inequality in Lemma(4.10}
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4 Optimal design problems for elliptic operators

Theorem[d.5|(partial regularity). Let (w,A) be a saddle point of problem (P) in Q. Assume that the
operator Pyu = o/* (6 &/ u) is hypoelliptic and regularizing as in (4.60)-(@.61)), and that the higher

integrability condition

[dﬁ]izidﬂ; ) <c| szfﬁ”iz(Bl), for some 6 €[0,1),

(B1)2

holds for every local minimizer i of the energy u — fBl QW (o u), where u € W (By). Then there

exists a positive constant 1 € (0, 1] depending only on d such that
AN (AN I*AYNQ) =0, and 3*A is an open C'"V2-hypersurface in Q.

Moreover if < is a first-order differential operator, then </ w € Co’n/g(Q\ (dA\ 0*A)); and hence,

loc
the trace of </ w exists on either side of 0*A.

Proof. The reduced boundary is an open hypersurface. The first assertion 791 ((dA\ 9*A)NQ) =0
is a direct consequence of Corollary [4.34]

To see that d*A is relatively open in dA we argue as follows: De Giorgi’s Structure Theorem

guarantees that for every x € d*A there exist r > 0 (sufficiently small) and v € S9! such that
Hex (W,A;1,x,v) < %8§, and us(9dB,(x)) =0.

The map y — p4(B,(y)) = 0 is continuous at x, therefore we may find §(x) € (0,1) such that
Hex(w,A;ry,v) < & forevery y € Bg(x) N JA.

We may then apply Lemma[4.39to get an estimate of the form

5€ir§1df—1 Hex(w,A;y,0,&) < 3pHex(W,Azy, 1, v)  forall y € Bg(x), and all p € (0,r).

This and the first assertion of Lemma imply that y € d*A for every y € Bg(x) N dA. Therefore,
the reduced boundary d*A is a relatively open subset of the topological boundary dA.

We proceed to prove the regularity for d*A. It follows from the last equation that
D(wsy,p) < : inf Hex(w,Asy,p,¢) < c3e5p? <Cp" (4.64)
€Sd—
for every y € Bs(x), and every p € (0,r), for some constant C = C(Cp,(y), Ag;(x),d,M).

Through a simple comparison, we observe from (4.64)) and the property that (w,A) is a local saddle
point of problem (P) in Bg(x), that

Devg; () (A,p) < 2Mpa~'D(wsy,p) < 2MCp?~' forall p € (0,r) and every y € Bs(x).
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4.6 Proof of Theorem

We conclude with an application of Tamanini’s Theorem [4.19
dA = 9*A is a C1/ 2 hypersurface in By (x).

The assertion follows by observing that the regularity of d*A is a local property.

Jump conditions for the hyper-space problem. Let T € L2 (B1;Z)N (C”(E; Z)U C”(g; Z)) for

loc

every p € (0, 1), assume furthermore that 7 is a solution of the equation
A*T=0 in By.

Let n € C7(B|;R™) be an arbitrary test function and choose a function ¢ € C?(B;;R") with the
following property:

Ya

= nG") in a neighborhood of B.

oY ,ya) =

Then, integration by parts and Green’s Theorem yield that

0=/ f-mfrpdyz/ [Aeq)" 7] m dy,
B JHNB,

where [A(es)T - 7] = A(es)T - (t7 —17). Here, 7" and 7~ are the traces of 7 in dH from B and B}

respectively. Since 1) is arbitrary, a density argument shows that

[A(e,)"-7]=0 indHNB,,  andhence A(es)” -7 € W.2(B;R™). (4.65)

loc

Regularity of o7 w. From this point and until the end of the proof we further assume that .7 is a first-
order differential operator of gradient form; we may as well assume that d*A is locally parametrized
by C!1/2 functions.

Due to Campanato’s Theorem (C%1/8 ~ 1.2:4+(1/4) on Lipschitz domains), our goal is to show local

boundedness of the map

1 %
msup{w / r(x)m|ww—<ww>3,(xm|2dy} XE(Q\(9A\'A));  (466)

r<l1
and a similar result for A€ instead of A.

Also, since Campanato estimates in the interior are a simple consequence of Lemma4.T1] we may
restrict our analysis to show only local boundedness at points x € d*A. We first prove the following

decay for solutions of the half-space:

Lemma 4.40. Let w € W< (B)) be such that

o *(oy W) =0 inBj. (4.67)
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4 Optimal design problems for elliptic operators

Then W satisfies an estimate of the form

1
p[m/ |RyW — (RyW)p|* dy < ¢(N,01,02) [ [Ryw— (Ryw)|*dy  forall0<p <1, (4.68)
B, By

where we have defined
Rau = (V'u,Ag(GA%u)), A C By Borel.

Proof. Since for p > 1/2 one can use ¢ := 2-(@+2) " we only focus on proving the estimate for p €
(0,1/2). Tt is easy to verify that &7*(oy &/ (dw —A)) =0 in 2'(B;R™) for all A € R™, and every
i=1,...,d—1. In particular, by (4.61)) we know that

d%z / |90 — (Aw), > dy < % / VoW dy <" C [ |9 — (9[> dy, (4.69)
P By P B, By

forevery p € (0,1/2), and every i = 1,...,d — 1. Here, C = C(d) is the standard scaled Poincaré
constant for balls. Summation over i € {1,...,d — 1} yields an estimate of the form (#.68) for V'w.
We are left to calculate the decay estimate for gy (W) == AL (oy &/ W) = A(ey) - (o o v’(z) By the

hypoellipticity assumption (4.60) and the jump condition (4.63)), we infer that g5 (W) € WlOC (B;R™).
Even more, by the same Poincaré’s inequality

pd+2/ 1g(W) — (g(W))p|* dy < / Ww))[? dy (4.70)

for every p € (0,1/2). On the other hand, it follows from the equation in (B; \ dH) and (4.63) that
one may write Vg(w) in terms of V(V'Ww) for almost every x € (B, \ dH). We may then find a constant
C' =C(C'(01,0,,47) such that

IVe(w(x))|* <C'|V(V'W)(x)|*  forevery x € (B, \ dH).

Using the same calculation as in the derivation of (4.69)), it follows from (4.70)) that

M/ 120%) — (g(W)), 2 dy < c* cc’/ V' — (Vo) P dy
p B
<c*cC' [ |Ryw— (Ryw)i|* dy,
B
for every p € (0,1/2). The assertion follows by letting ¢(N, 01, 62) == ¢*Cmax{1,C’}. O

The next corollary can be inferred from (.68)) by following the strategy of Lin in [26, pp 166-167]:

Corollary 4.41. Let w € W (By) solve the equation
M*(GAJZ{M) =f inBy, with HW”LZ(BZ) <1and ||f||L°°(Bz) <1, “4.71)

where A= {x € By xR : xg > @(¥') } for some function ¢ € C'"1/2(B}) with ¢(0) = |[V¢|(0) =
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4.6 Proof of Theorem

and ||@||cinr gy < 1. Then there exist positive constants 8(d,01,02) € (0,1/2), and C(d,01,02)
such that either

1
edﬂ/ [Raw — (Raw)o? dyS/ [Raw — (Raw)1|* dy, (4.72)
Bg B
or
[ s~ @amol? &<l ety +11Rmy ) @73)
2]

We are now in the position to prove (@.66). Let § € (0,77/2) and let (w,A) be solution of problem
(P). Since local regularity properties of the pair (w,A) are inherited to any (possibly rotated and
translated) re-scaled pair (w*",A*") — as defined in (4.47)), where in particular the source f*" tends
to zero — with r < dist(x, dQ), we may do the following assumptions without any loss of generality:
By C Qand x =0 € 9*A, JA* is parametrized in B, by a function ¢ € C""1/2(B}) such that ¢(0) =
[Ve(0)] =0, and HQD”CL"/Z(B/Z)v [l fllL=8,) < min{l,x"} where k* = k*(5,d,M) is the constant of
Remark [4.38] Additionally, since (w,A) is a solution of problem (P), we know that

A (Grdw)=f  inBa, (4.74)
and
1
rH/B |b<z{w|2 dy < C5(|]dw|]fz(32) +|If ||iN(BI)) for every r € (0, 1), (4.75)

where Cs(d, M) is the constant from Remark

Notice that the rescaled function w(y) == (w(ry) —v,(ry))/r'=0/2) and @’ (y) == @(ry)/r still

solve @74) for f"(y) := r'+(8/2) f(ry) and A" :== A /r with ||@" ||C1.n/2(312),
I l[L=(8,) < min{1,x}. In particular, by and Poincaré’s inequality

w1225,y < CBVIL W llia(,) < €= C(B)Cs (|| 7 WllEa(z, +1)-

Thus Recall also that [|@"[|c1.n/2() scales as r/2(|@]|c1a/2 gy and, in view of its definition, Hf’Hzm(Bl)

scales as r27%_ In view of these properties, we are in position to apply Corollary tow”/max{1, fl/ 2}:
We infer that either

1
gd+1/ [Rarw” — (Rarw")g[> dy < [ [Rarw” — (Rarw' )1 | dy, (4.76)
Bg B

or

[Rarw” — (Rarw")g|* dy < max{1,C}-C(d, 01,0,) (MP’Han/z(Bg) + r“‘s) : (4.77)
By

where 6 = 6(d,01,0) € (0,1/2) is the constant from Corollary {4.41]

It is not difficult to verify, with the aid of the Iteration Lemma that re-scaling in (4.76]) and

14Here, Vv, is the «7 -free corrector function for w in B, see Deﬁnition
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4 Optimal design problems for elliptic operators

(@.77) conveys a decay of the form
1
s [ R~ Raw ) Py < foralire (01), @9

and some constant ¢’ = ¢'(8,d, 01,02, || & w||12(5,))-

The last step of the proof consists in showing that R4 (w — v,) dominates V(w — v,.). By the defini-
tion of Ry, it is clear that |V/(w —v,) (x) — (V/(w—V,))p,na|> <|Ra(w—V,)(x) — (Ra(w—V;))p,ral?
for all x € B; and every r € (0,1). We show a similar estimate for d;(w — v,):

The pointwise Gérding inequality (#.2)) and (#.TT)) imply, in particular, that the tensor (A (e;)” o1 A(ey)) =
(A'61A4) € Lin(R™; R™) is invertible (use, e.g., Lax-Milgram in R™). Hence,

8d(w—v,) :(AZ;G]Ad)il (g(W—Vr) — Z(AZ;G] Aj)8j(w—v,)> in By ﬂA, (479)
J#d
from where we deduce that

! 2
rd+n/2)-8 /B,mA 10a(w — V) = (a(w — Vi) B,nal” dy <

C//

2
FA+(n/2)-8 /Brm [Ra(w—V;) = (Ra(w —Vy))p,nal” dy

for some constant ¢/ = ¢”’(67) > 1 bounding the right hand side of (.79) in terms of V'w and g(w).

By and the estimate above we obtain

_ gdw— (o (w dy =
1
s =)= (o= vaal by

() 2
= rd+(n/2)5/Bm|V(W_V’)_(V(W—Vr))3,m\ dy

g E(da 01,02, || %WHLZ(Bz)) = C(’Qf) ' C/ 'C”7

for every r € (0,1). The assertion follows by taking 6 = /4.

Notice that the dependence on || &/ w||;2(g,) is local since we assumed By C €; this means that in
general we may not expect a uniform boundedness of the decay. Similar bounds for A replaced by A€

can be derived by the same method.

O]

Remark 4.42 (regularity I). In general, for a k-th order operator .of of gradient form, the only
feature required to prove the regularity of V¥w up to the boundary 9*A by the same methods as for
first-order operators of gradient form is to obtain an analog of Lemma (and its Corollary {4.41)

for higher-order operators.
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4.6 Proof of Theorem

More specifically, if w € W< (B)) is a solution of the equation
" (og/u)=0 1in By,
then W satisfies an estimate of the form

1
pm/ IRy — (Ruw)p|* dy < ¢(d,01,02) | |Ryw— (Rgw)1|*dy  forall0<p <1, (4.80)
By By
where
Rju = (V’M,A(ed)T(GAJZfM)), A CBjy.

Unfortunately, for 2k-order systems of elliptic equations (with k > 1) it is not clear to us whether
one can prove such decay estimates by standard methods. While a decay estimate for VA~ (Vu) can
be shown by the very same method as the one in the proof of Theorem [.5] the main problem centers
in proving a decay estimate for the term A(e;)” (697 u) € W'2(B;) — cf. (#.63)). Technically, the

issue is that one cannot use the equation on half-balls to describe 90y in terms of V¥~ (V'u).

Remark 4.43 (regularity II - linear plate theory). In the particular case of models in linear plate
theory (&7 = V?,d = 2, and m = 1) it is possible to show a decay estimate as in @380) for solutions
we WS’Z(BZ) of the equation

V-V(oyV?u) = 0.

By Remark [4.13] there exists a field w € W!?(B,;R?) which turns out to be a solution of the
equation
\ (SH & W) = 0,

where S is a positive fourth-order symmetric tensor such that oy (x) = R, S,!(x)R ; furthermore,
R, &w = oy V?u. Since of = V2, it is easy to verify that Ay = Aijy =e®e;fori,je{l1,2},a
simple calculation shows that

gH(u) = A(ed)T(GHﬂM) = (GHVZM)ZZ = (ngw)zz = 81w1;

and thus, since & is an operator of gradient form of order one, it follows form the proof of Theorem
[4.5]that an estimate of the form (#.80) indeed holds for gx (u).
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4.7 Glossary of constants

d spatial dimension
M coercivity and bounding constant for the tensors ¢; and &, (as quadratic forms)
K an arbitrary compact set in Q

Ak local upper bound constant

Other constants: groups of constants are numbered in non-increasing order, e.g., ¢j > c¢5 > ¢3. The

following constants play an important role in our calculations:

Constant Dependence Description
0, arbitrary in (0,1/2) ratio constant
c1 0,,d,M universal constant
£ 0,,d,M, 6, smallness of perimeter density
c M universal constant
Y a,mM universal constant
0, d,M universal constant
& a,mM smallness of excess energy
c; Ak, d constant in the Height bound Lemma
0y arbitrary in (0,1/2) ratio constant
e 0/.d,M universal constant
& 0/,d,M smallness of flatness excess
a3 K.d M, f flatness excess improvement scaling constant
& K,d,M,f smallness of flatness excess
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