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Abstract

The nature of gravity as we know is that it pulls. Issac Newton’s Principia generalised this gravity
as a universal attractive force which weakens with distance. However in the late 1990s it was found
that our Universe is undergoing an accelerated expansion, which has since then been confirmed by
numerous independent cosmological probes. Thus on the scale of the Universe, we need a repulsive
force. This acceleration is an unsolved puzzle which is one of the most exciting topics in cosmology.
The accelerated expansion could be due to an unknown exotic component, which has been christened
as the ‘dark energy’, or it could be that on the large scales there is a breakdown of our understanding
of the gravitational theory. One of the observational methods through which we can test the theory
of gravity at those scales is known as ‘redshift-space distortions’ (RSD), which is the main topic of
this thesis. To probe the three-dimensional distribution of galaxies in the Universe, we require the
redshift as the radial distance indicator in addition to the two-dimensional angular position in the sky.
The recession velocity of any galaxy is proportional to the distance from us according to the Hubble
expansion law. However the observed velocity has an additional contribution from peculiar velocities.
These are generated due to the clustering dynamics and thus contaminate the distance information.
Thus RSD causes a change in the clustering pattern as compared to the actual galaxy distribution.

The main aim of this thesis is to model the n-point spatial clustering statistics in redshift-space
faithfully. The main motivation factor in undertaking this task is that the future redshift surveys will
offer us an influx of (big) data as never seen before. For example LSST is poised to produce about 20
terabytes of raw data per night and about 60 petabytes of data during its operation period. However to
take advantage of this plethora of data, we need accurate theoretical models.

In chapter 2, we focus on the two-point clustering information. The state-of-the-art constraints on
the gravitational theory based on RSD come from the so called ‘Gaussian streaming model’ (GSM).
We find that the success of the GSM appears to be fortuitous. We improve upon this by introducing the
‘generalised hyperbolic streaming model’, which we showcase to work extremely well at non-linear
scales and does not have to rely on any fortuitous cancellations. The future redshift surveys will be
able to measure higher-order correlation functions precisely. In light of this we develop the exact
n-point streaming model in chapter 3. We also introduce a phenomenological model based on the
GSM tailored for three-point clustering information in redshift space, in which all the ingredients were
taken from the linear perturbation theory. This paves way for extracting the cosmological information
from higher-order clustering statistics in a precise manner.
We also look at the effect of RSD on pairwise velocity statistics measured from the kinetic

Sunyaev-Zeldovich effect in chapter 4, which will be measured precisely in future cosmic microwave
background (CMB) experiments. We see that the mean pairwise velocity in redshift space undergoes
a sign inversion and this comes about from the ‘Finger-of-God’ (FoG) effect. We also explore the
effects of RSD on the three-point velocity statistics and further construct an estimator which is ideal to
extract the cosmological parameters.
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CHAPTER 1

Introduction

Cosmology is the scientific study of the origin, evolution, and fate of the Universe. Based on several
observational evidences, the current standard cosmological model is the ΛCDM model. The name
indicates its two main components: CDM stands for cold dark matter and Λ refers to the cosmological
constant, which is a description of the dark energy (DE) that is used to explain the accelerated
expansion of the Universe. According to the current consensus, the Universe is made up of 68% DE,
and 27% dark matter. All the (baryonic) matter (such as atoms, chemical elements, plasma, gas, etc)
we understand only accounts for about 5%. Thus we have an incomplete knowledge in many facets of
the Universe, wherein what we understand is largely dwarfed by what is unknown to us. The ΛCDM
model describes a dynamic universe with a flat spatial geometry. In this scenario, the Universe is
thought to have undergone an early phase of exponential expansion known as inflation (Guth, 1981).
One of the current objectives of ongoing and future cosmological surveys is to obtain a better

understanding of these components, especially the nature of DE and DM. However, one of the main
things that sets the field of cosmology apart from other scientific fields is the fact that we only have
one Universe that we can observe. This implies that what we deduce from our Universe can neither be
repeated nor tested in another universe.
This chapter is divided into six different sections, in which we try introduce various concepts in

the field of cosmology. In section 1.1, we begin with the description of our Universe by considering
it in the isotropic and homogeneous limit. Starting from Friedmann-Lemaître-Robertson-Walker
metric, we introduce the Friedmann equations and describe the time dependence for a given density
component. We also introduce the concept of redshift which will be needed further on. Section 1.2
deals with a brief review about the thermal history of the Universe starting from the phase of big
bang till the epoch of recombination. Furthermore we introduce the kinetic Sunyaev-Zeldovich effect
which is a secondary anisotropy of the cosmic microwave background which we will discuss further
in chapter 4. We introduce perturbations to the expanding background in section 1.3 and describe
it using linear perturbation theory. However as the perturbations become highly non-linear, the
analytical prescription is insufficient to describe it faithfully and hence the need ofN -body simulations
arises which we discuss in section 1.4. To describe these perturbations in a statistical manner, we
introduce the two-point and three-point correlation function as well its Fourier pairs in section 1.5. We
have mentioned that our Universe is isotropic, however the observed correlation function and power
spectrum showcase anisotropy. The nature and the origin of this anisotropy in the observed field,
which has matured into a useful probe the right theory of gravity, is further discussed in section 1.6.
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Chapter 1 Introduction

1.1 The Homogeneous Universe

There has been considerable effort to understand the large-scale structure in our Universe. We believe
that the gravitational force is the underlying force that governs the cosmic evolution, as the Universe is
immense in size and neutral in charge. One of the fundamental assumptions in modern cosmology is
that the Universe is isotropic and homogeneous on large scales. Isotropy implies that there are no
special directions, and homogeneous means that there are no special places. This central tenet is known
as the ‘cosmological principle’. In other words, the Universe on average looks the same from any point.
This is motivated from the Copernican argument that the Earth is neither a central nor a preferred
position. The universe on small scales however is characterised by inhomogeneities, only when
averaged over large scales the distribution of galaxies appears to be nearly homogeneous. Evidences
for the isotropy and homogeneity can be seen in the early Universe as observed in measurements from
the cosmic microwave background radiation (CMB) surveys and in the late Universe from galaxy
redshift surveys like the ‘Sloan Digital Sky Survey’ (SDSS) which showed that the Universe is indeed
homogeneous on scales larger than 70 h−1 Mpc (Yadav et al., 2005; P. Sarkar et al., 2009; Pandey
and S. Sarkar, 2015). This motivates us to consider a homogeneous and isotropic model. This model
gives the simplest solution of equations to the general relativity (GR) and lead to what is now known
as the Friedmann-Lemaître-Robertson-Walker (FLRW) model which we explain in the below section.

1.1.1 Friedmann-Lemaître-Robertson-Walker metric

Einstein’s field equations describe the gravitational effects produced by a given mass in general
relativity and is given as

Gµν + Λgµν =
8πG

c4 Tµν , (1.1)

where c is the speed of light, Gµν is the Einstein tensor, Λ is the cosmological constant which is
proportional to the vacuum energy density, gµν is the metric tensor, G is Newton’s gravitational
constant, and Tµν is the stress-energy tensor. The expression on the left hand side represents the
curvature of spacetime as determined by the metric and the expression on the right hand side represents
the matter/energy content of spacetime. The cosmological constant is of interest as it could provide a
possible explanation for the dark energy.

As a result of the cosmological principle, we assume that there exists a set of ‘fundamental observers’
who follow the mean motion of matter and radiation in the universe. For such an idealised universe,
as shown by Alexander Friedmann, Georges Lemaître, Howard P. Robertson and Arthur G. Walker
independently, it is possible to define a metric as

ds2 = c2dt2 − a(t)2
[
dχ2 + f2

k (χ)
(

dθ2 + sin2 θ dφ2
)]

, (1.2)

where t is the cosmic time, θ and φ are the angular coordinates on a unit sphere, and a(t) is the cosmic
scale factor. The scale factor describes how distances expand or contract with time. This factor is
normalized to a(t0) = 1 for the present-day. Given that χ is the comoving radial coordinate, fk(χ) is
the comoving angular diameter distance that depends on the curvature parameter, k, given as

2



1.1 The Homogeneous Universe

fk(χ) =





sin(
√
kχ)/

√
k (k > 0)

χ (k = 0)

sinh(
√
−kχ)/

√
−k (k < 0)

. (1.3)

From the cosmological observations we believe that k = 0, which corresponds to a flat universe and
hence fk(χ) = χ.

1.1.2 Friedmann equations

The FLRW metric is an exact solution of the Einstein’s field equations. Assuming the cosmic fluid to
be a perfect fluid and inserting the FLRW metric as given in equation (1.2) and into Einstein’s field
equations one obtains the so called Friedmann equations

ä

a
= −4πG

3

(
ρ+

3p

c2

)
+

Λ

3
, (1.4)

(
ȧ

a

)2

=
8πGρ

3
− kc2

a2 +
Λ

3
, (1.5)

where ρ is the mass density, p is the pressure, and a ≡ a(t). The Hubble parameter, or expansion rate
is given by

H(t) =
ȧ

a
. (1.6)

The symbol H0 refers to the present rate of expansion and is often parameterised as H0 =
100h km s−1 Mpc−1, where h is a dimensionless factor of order unity.

There are three main components in the universe: pressure-less matter, radiation and vacuum energy.
The different species among matter and radiation in the early Universe are

photons (γ) neutrinos (ν)︸ ︷︷ ︸
radiation (r)

baryons (b)︷ ︸︸ ︷
electrons (e) photons (p) cold dark matter (cdm)︸ ︷︷ ︸

matter (m)

.

Dark matter (DM) is the most dominant matter component. It is a hypothetical form of matter,
thought to be non-baryonic in nature as can be seen from the classification above. There are two
main supporting evidences to believe they are non-baryonic. Firstly that the CMB would have looked
completely different if DM was composed of baryons (Peebles, 1982). Secondly the abundance of
elements created during big-bang nucleosynthesis depends strongly on the baryon-to-photon ratio. In
the standard model, DM moves at non-relativistic speed (v � c) and hence named as ‘cold’. DM
is considered dark because it weakly interacts, if at all, with electromagnetic radiation and is thus
invisible to the entire electromagnetic spectrum. This renders the direct detection of DM extremely
difficult. However there are various ongoing experiments to have a direct detection of DM (Schumann,
2019). Currently the evidences supporting the DM paradigm come from indirect indications based
on the observation of gravitational effects. The pioneering work from Zwicky, 1933 measured the
velocity dispersion of galaxies in the Coma cluster and found that they exceeded the expectation
from considering only luminous matter. This was further substantiated by measuring the rotational
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Chapter 1 Introduction

curves of spiral galaxies, where the observed rotational velocity, vr, did not follow the Keplerian law
vr ∝ r−

1
2 (e.g. Babcock, 1939; Rubin and Ford, 1970; Rubin, Ford and Thonnard, 1980). Further

empirical evidence comes from the X-ray (A. D. Lewis, Buote and Stocke, 2003), gravitational lensing
observations (Tyson, Kochanski and Dell’Antonio, 1998; Refregier, 2003), and the bullet cluster being
an iconic example (Clowe et al., 2006). For more details on gravitational probes of DM, we refer the
reader to Peter, 2012, and Buckley and Peter, 2018.

As mentioned earlier, from the CMB and the big bang nucleosynthesis we know that the baryonic
matter constitutes about 5% of the total content in the Universe. However from the global baryon
consensus at low redshift Universe, it is evident that there is a deficit of baryons (Fukugita, Hogan and
Peebles, 1998). Galaxy surveys have shown that only about 10% of these baryons are in collapsed
objects (Fukugita and Peebles, 2004) and roughly 50% have been accounted for in the intergalactic
medium (Danforth and Shull, 2008). According to the latest picture, roughly 30% of the baryons
are missing (Shull, B. D. Smith and Danforth, 2012), which is now known as the ‘missing baryon
problem’.
The accelerated expansion of the Universe has been one of the fascinating discoveries in the

recent times. The interpretation of accelerated expansion was first facilitated by the measurement of
supernova luminosity as a function of redshift (Riess, Filippenko et al., 1998; Perlmutter et al., 1999).
This picture of accelerated expansion is strengthened by a plethora of other observations including
CMB anisotropies (Larson et al., 2011; Planck Collaboration, Akrami et al., 2018), galaxy surveys
(Alam, Albareti et al., 2015), and weak gravitational lensing (Schneider, 2005) among others. Dark
energy is an unknown form of energy which could explain the accelerated expansion of the Universe.
It mimics a negative and replusive pressure, which behaves opposite to gravity. The cosmological
constant provides the simplest possible explanation for dark energy phenomena. One of the main
objectives of future redshift surveys is to address the nature of dark energy (Weinberg et al., 2013).

To determine the time dependence of the density of these components, one employs the first law of
thermodynamics which is given in the present context as

d(ρc2a3) = −pda3 . (1.7)

In the case of pressureless matter, p = 0, equation (1.7) gives

ρm(t) = ρm0a
−3(t) , (1.8)

where the subscript ‘0’ indicates the value at the present time. Similarly for the case of radiation, one
would get ρr(t) = ρr0a

−4(t) and for vacuum energy it is given as ρΛ = ρΛ0. The total density and
pressure are given as the sum of these three components

ρ(t) = ρm(t) + ρr(t) + ρΛ(t) ,

p =
ρrc

2

3
− ρΛc

2 . (1.9)

The matter content of the Universe can be expressed in terms of the critical density

ρcrit =
3H2

0

8πG
≈ 1.88× 10−29 h2 g/cm3 . (1.10)

4



1.2 Thermal history of the Universe

A universe with density above this critical value will have k > 0, whereas a lower density one will
have k < 0. This characteristic density is used to scale the matter densities by defining the density
parameters

Ωm =
ρm

ρcrit
; Ωr =

ρr

ρcrit
; ΩΛ =

ρΛ

ρcrit
. (1.11)

Making use of equations (1.9) and (1.11), the expansion equation (1.5) can be written as

H2 = H2
0

[
Ωr0

a4 +
Ωm0

a3 +
(1− Ωtot)

a2 + ΩΛ0

]
, (1.12)

where the subscript ‘0’ indicates the density parameter value at present time and Ωtot = Ωr0 + Ωm0 +
ΩΛ0 is defined as the total density parameter of the present-day universe. If we are able to measure
the density parameters, we can describe the past, present, and future evolution of the universe.

1.1.3 Cosmological redshift

Light rays follow null geodesics, implying that for them ds2 = 0. For radial light rays (dθ = dφ = 0),
we find that c2dt2 = a(t)2dχ2 and for radial rays which arrive at the observer at the origin of the
coordinate system we find

cdt = −a(t) dχ , (1.13)

which can be integrated to yield the radial coordinate as a function of cosmic time, with χ(t0) = 0,

χ(t) =

∫ t0

t

c dt′

a(t′)
. (1.14)

As a result of the expansion of the universe, the photons are redshifted. We can define the redshift z as

1 + z =
νem

νobs
=
a(t0)

a(t)
, (1.15)

where νem is the frequency of the photon at the time of emission and νobs is the frequency of the
photon at the time of observation. Thus redshift is directly related to the expansion factor of the
Universe. The photons we observe coming from a comoving source are all redshifted, provided that
the scale factor was smaller than unity in the past. In the nearby Universe (z < 0.1), however the
effects of expansion are minimal and the observed redshifts are dominated by peculiar motions of the
galaxies.

1.2 Thermal history of the Universe

The origin of the Universe is an intriguing question which we often like to ask. This curiosity has found
its way in many facets of philosophy, theology, and science. In our current scientific understanding,
the Universe started with a ‘big bang’, a term which has become synonymous with the standard model
of modern cosmology. Although the term implies that the Universe originated with a giant explosion,
it is a misnomer. The big bang theory suggests that space itself expanded, rather than something
exploding originating from a point in space. The origin of the term big bang also has an interesting
history. In the late 1940s, there were two major schools of thought regarding the evolution of the
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Chapter 1 Introduction

Universe. One school prescribed to the fact that the Universe originated and expanded from a very
high-density and high-temperature state which is what we know as the ‘big bang’ model. The other
school supported the idea that the Universe is always expanding but maintains a constant average
density, in which it has no beginning or end. This is commonly known as the ‘steady state’ model.
Some of the most influential cosmologists of that period including Hermann Bondi, Thomas Gold,
and Fred Hoyle worked on steady state model and are accredited as the founders of this model (Bondi
and Gold, 1948; Hoyle, 1948). Ironically, the term ‘big bang’ was coined by Fred Hoyle as pejorative
term to make fun of an exploding Universe during a BBC radio show in 1949. While catchy, the term
did not take off right away. It was revived again in late 1960s by Jim Peebles and cemented in the
early 70s with two notable cosmology textbooks: Peebles’ Physical Cosmology and Dennis Sciama’s
Modern Cosmology. For a more detailed history, the reader may refer to Kragh, 2013.

To give a brief thermal history of the Universe according to the standard model of cosmology,
everything started from a high-density and high-temperature state around 13.8 billion years ago. We
know that the CMB photons we observe today have been redshifted and should have been more
energetic in the past. Its temperature at any epoch can be written down as T (z) = T0(1 + z), where
T0 is the present temperature and is equal to 2.73 K. To understand the thermal history, the comparison
between the interaction rate Γ with which particles interact and the expansion rate H is important.
When the rate of interaction is greater than rate of expansion, thermal equilibrium is attained. As
the Universe expands and cools, it might deviate from the thermal equilibrium and the particles will
decouple from the thermal bath. Different species of particles may have different interaction and hence
decouple at different epochs. If the equilibrium had been maintained until today, the Universe would
have been mostly photons. Thus it is important to understand the deviations from equilibrium that led
to freeze-out (after the epoch when Γ = H , the interactions become very unlikely and they cease to
be in contact with other species). Neutrino is one of the first particle species to freeze-out when the
Universe was about 1 second old (z = 6 · 109), which corresponds to a decoupling temperature of
about 1 MeV1. Shortly after this, as the Universe cools further, electrons and positrons annihilate

e+ + e− → γ + γ . (1.16)

This happens when the age of the Universe was about 6 seconds (z = 2 · 109) and correspondingly
the decoupling temperature was about 500 keV. The energy from the annihilation was injected to the
photons and not to neutrinos as they had decoupled from the thermal bath already. This is the reason
why the neutrino temperature we observe today is less than of the photons. The relation between the
two temperatures is

Tγ = 1.4Tν , (1.17)

where Tγ is the photon temperature and Tν is the neutrino temperature. The present cosmic neutrino
background has therefore a temperature, Tν0 = 1.95 K = 0.17 meV. Neutrino oscillation experiments
have shown that it has a non-zero mass, hence they are non-relativistic today. Thus they behave
as matter-like particles in the late Universe and radiation-like in the early epochs. As the Universe
expanded and when it was around 3 minutes old (z = 4 · 108), light atomic nuclei like hydrogen,
helium and lithium were formed. This epoch is known as the ‘big bang nucleosynthesis’ (BBN, for
a more detailed review see Steigman, 2007; Cyburt et al., 2016; Mathews, Kusakabe and Kajino,
2017). Finally as the Universe cooled down to temperature around 0.3 eV, which corresponds to

1 1 MeV ≈ 10
10 K
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1.2 Thermal history of the Universe

Figure 1.1: The leftover glow from the big bang, depicts the Universe when it was roughly 380,000 years old. A
full sky map of the CMB as obtained from the Planck survey (Planck Collaboration, Akrami et al., 2018).

an epoch when the Universe was 380,000 years old and z ∼ 1100, the atomic nuclei and electrons
combined to form the neutral atoms. This epoch is commonly referred to as ‘recombination’. Prior
to recombination, the photons were coupled to the rest of the plasma through Thomson scattering
(e− + γ → e− + γ), which implies that the Universe was optically thick before this phase and we
cannot observe the Universe prior to this as the information (photon) was not able to escape. However
the sudden decrease in the free electron density as a result of the recombination implies that the
scattering process turns out to be inefficient and the photons decouple at z ∼ 1100. Today these
photons are the CMB, which can be seen from experiments like WMAP (Larson et al., 2011) and
Planck (Planck Collaboration, Akrami et al., 2018). Thus they provide us with a picture of how our
Universe looked like when it was 380,000 years old2. The temperature fluctuation anisotropy as seen
by Planck is shown in figure 1.1.

The fluctuations which originated at the epoch of recombination (at the surface of last scattering) are
called ‘primary anisotropies’. These CMB photons are again affected by a number of distortions along
their way to us and are called ‘secondary anisotropies’. In other words, all temperature fluctuations in
the CMB generated since the epoch of matter-radiation decoupling at z ∼ 1100. On small angular
separation scales, these secondary effects are the dominant source of anisotropy and have the potential

2 Light travels roughly 30 cm per nanosecond. So if you are reading this (on a screen or paper) 30 cm away from your face,
you are seeing the screen/paper as it was about a nanosecond (10

−9 s) ago. Everything we see, in essence, is in the past.
We are seeing the moon as it was about one second ago. Light from our Sun takes about eight minutes to reach us and
thus we are seeing it as it was eight minutes ago. We see the center of our own Galaxy as it was 26,000 years ago and
the nearest galaxy to us, the Andromeda galaxy, as it was 2.5 million years ago. Thus when we look further out in the
Universe, we are probing the shells of cosmic time. The CMB provides us with the farthest shell of cosmic time we can
observe with electromagnetic waves.
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to reveal intricate details about the history of our universe between the present and recombination
epochs. Among the various secondary anisotropies that exist, we will focus on one of them, the so
called kinetic Sunyaev-Zeldovich effect in this thesis and explain it below.

1.2.1 Sunyaev-Zeldovich effect

One of the best studied secondary CMB anisotropies is the Sunyaev-Zeldovich (SZ) effect (Sunyaev
and Zeldovich, 1970; Sunyaev and Zeldovich, 1972; Sunyaev and Zeldovich, 1980). CMB photons
interact with the free electrons of a hot ionised gas along the line-of-sight and causes a change in the
apparent temperature of the CMB. This happens as a result of the inverse Compton scattering, in which
if an electron has a significantly higher kinetic energy than photons, then the energy is transferred from
electrons to resulting scattered photons. An important result is that the intensity change caused by the
SZ effect is redshift-independent, depending only on intrinsic properties of the scattering medium and
is therefore a remarkably robust indicator of gas properties at a wide range of redshifts. In this work,
we focus on a secondary effect to this known as the kinetic Sunyaev-Zeldovich (kSZ) which arises
if the scattering medium is moving relative to the Hubble flow. Galaxy clusters provide localised
concentrations of free electrons and thus kSZ allows us to measure the cluster velocity directly. The
fractional temperature fluctuation caused due to kSZ is

∆T (n̂)

Tcmb

∣∣∣∣
kSZ

= −
∫

dl σT

(
ve · n̂
c

)
ne ,

= −τ
(
ve · n̂
c

)
, (1.18)

where σT is the Thomson scattering cross-section, Tcmb is the CMB temperature, c is the speed of
light, ve is the peculiar velocity of free electrons, and ne is the physical free electron number density.
The integral

∫
dl is computed along the line-of-sight (los) which is given by n̂. The optical depth is

defined as τ =
∫

dl σT ne, i.e. the integrated electron density. The optical depth depends on various
properties of the DM halo hosting the galaxy cluster, such as it concentration and mass. In addition it
is affected by astrophysical effects such as star formation, and feedback from active galactic nuclei
(AGNs) and supernova. Its effect on the optical depth - halo mass scaling relation was studied in
Battaglia, 2016 using three different hydrodynamic simulations with varying input astrophysics.
The los velocity greater than zero corresponds to a cloud of free electrons moving away from the

observer. Thus kSZ effect shifts the CMB temperature slightly while preserving the CMB power
spectrum. Using the kSZ as a cosmological probe requires a strong detection of the kSZ signal for
a large number of clusters. Currently the only direct kSZ detection is in a merging cluster systems
with particularly large velocities (Sayers et al., 2013; Adam et al., 2017). The kSZ signal detection is
challenging because of its small amplitude and its spectrum being identical to that of primary CMB
temperature fluctuations. This difficulty has motivated for alternative methods. A different approach
to detect the kSZ signal is to combine data from CMB and galaxy redshift survey, and employ a
pairwise statistic (e.g. Hand et al., 2012; Planck Collaboration, P. A. R. Ade et al., 2016; Schaan
et al., 2016; Soergel et al., 2016; De Bernardis et al., 2017; Y.-C. Li et al., 2017) which will be further
described in section 1.5.
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1.3 The Inhomogeneous Universe

1.3 The Inhomogeneous Universe

The fundamental assumption of homogeneity of the universe is violated at small scales as the observed
universe is far from homogeneous on these scales. There is a richness of structure in the universe,
ranging from dwarf galaxies on the small scale to galaxy clusters on large scale. The theory of structure
formation assumes that the structure grows due to gravitational instability. Primordial fluctuations, as
a result of inflation, are amplified through gravity. These gravitational perturbations induce cosmic
flows of matter; ultimately the over-dense regions decouple from the Hubble flow (expansion of the
Universe) and collapse to form bound structures. Low density regions on the contrary become more
and more empty, turning into even more under-dense regions. Gradually, through this gravitational
instability scenario, cosmic structures emerge to form the universe as we know it. Furthermore, other
effects like pressure, free-streaming of particles, etc. also affect the evolution of the structures in the
universe.

1.3.1 Linear perturbation theory

A topic of great interest in cosmology is the growth of the density perturbations. When the fluctuations
are small, the equations describing the structure growth can be linearised. The fluctuations can be
parameterised using the density contrast which is defined as

δ(x) =
ρ(x)− ρ̄

ρ̄
, (1.19)

where ρ̄ is the mean density in the Universe. As long as the density contrast is small, one can use linear
perturbation theory. An assumption which is used here is that the dark matter particle distribution
can be described as a fluid. This assumption will indeed break down on small scales. In general
there is no well defined velocity field u(r) and multi-streams do occur as a result of the inter-particle
crossings of collisionless dark matter particles. On large scales however, considering a non-relativistic,
collisionless dark matter medium characterised by negligible thermal motions and using the fluid
approximation, one gets the so called fluid equations for pressureless dust

∂ρ̂(r, t)

∂t
+∇r · [ρ̂(r, t)u(r, t)] = 0 , (Continuity equation) (1.20)

∂u(r, t)

∂t
+ [u(r, t) · ∇r]u(r, t) = −∇rφ(r, t) , (Euler equation) (1.21)

∇2
rφ(r, t) = 4πGρ̂(r, t)− Λ . (Poisson equation) (1.22)

The continuity equation describes the conservation of matter. Euler equation is the equation of motion
for the fluid elements. The Poisson equation relates the gravitational potential, φ, to the matter
density as well as the cosmological constant. The fluid equations written in proper coordinates can be
transformed to comoving coordinates defined by

x =
r

a(t)
. (1.23)
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The density and velocity fields are written in comoving coordinates as

ρ̂(r, t) = ρ(x, t) , (1.24)
u(r, t) = ȧx + v(x, t) . (1.25)

The velocity field has been decomposed into the Hubble expansion of the homogeneous universe
as given by the first term and peculiar velocity. Transforming from proper coordinates to comoving
coordinates, the fluid equations become

∂δ(x, t)

∂t
+

1

a
∇x · (1 + δ(x, t))v(x, t) = 0 , (Continuity equation)

(1.26)
∂v(x, t)

∂t
+

1

a
(v(x, t) · ∇x)v(x, t) +

ȧ

a
v(x, t) = −1

a
∇xφ(x, t) , (Euler equation) (1.27)

∇2
xφ(x, t) =

3H2
0 Ωm

2a
δ(x, t) . (Poisson equation) (1.28)

Considering small perturbations in the density and small peculiar velocities, we can linearise equations
(1.26) and (1.27) as

∂δ(x, t)

∂t
+

1

a
∇x · v(x, t) = 0 , (1.29)

∂v(x, t)

∂t
+
ȧ

a
v(x, t) = −1

a
∇xφ(x, t) . (1.30)

The Poisson equation (1.28) is already linear. We can combine these equations by taking the time
derivative of equation (1.29) and the divergence of equation (1.30), to obtain

∂2δ(x, t)

∂2t
+ 2H(t)

∂δ(x, t)

∂t
− 3H2

0 Ωm

2a3 δ(x, t) = 0 . (1.31)

This equation does not contain derivatives with respect to x nor does it contain a term proportional
to x. Therefore the solution factorises and can be written as a product of functions of x and t. The
general solution is given as

δ(x, t) = D+(t)∆+(x) +D−(t)∆−(x) . (1.32)

where D± are two linearly independent solutions of equation (1.31).

1.3.2 The peculiar velocity field

In linear perturbation theory, the velocity field can be described by a gradient field [as vorticity decays
as factor of a−1(t)]. One can define a velocity potential ψ(x, t) in terms of the peculiar velocity
which can be written as

v(x, t) = ∇xψ(x, t) . (1.33)

Employing the linearised continuity equation and using the linear evolution of the density contrast
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1.4 Numerical simulations

δ(x, t) = D+(t)∆+(x), which implies δ̇(x, t) = (Ḋ+(t)/D+(t))δ(x, t), then the Laplacian of the
velocity potential is given as

∇2
xψ(x, t) = ∇ · v(x, t) = −aḊ+(t)

D+(t)
δ(x, t) = −aHfδ(x, t) , (1.34)

where
f = d lnD+/d ln a ≈ Ωγ

m(z) . (1.35)

where γ ' 0.545 (Linder, 2005). Combining equations (1.33) and (1.34), one can obtain the linear
peculiar velocity field as

v(x, t) =
aHf

4π

∫
d3y δ(y, t)

y − x

|y − x|3
. (1.36)

Thus knowledge of the density contrast δ(x) in the linear regime enables one to calculate the velocity
field v(x).

1.4 Numerical simulations

The last fifty years have seen huge progress in our understanding of the cosmic structure. Much of this
has come from well motivated simple analytic arguments and insights. The analytical description of
the Universe based on linear and higher-order perturbation theory however is inaccurate and starts to
break down as the density becomes highly non-linear (|δ| > 0). In general, it is extremely difficult to
analytically describe the gravitational dynamics in detail. Thus numerical simulations have become
one of the mainstay in the field of cosmology to explore and understand the properties of non-linear
structure. N -body simulations treat all matter as collisionless DM. These simulations consists of N
particles in a comoving volume V tracing the underlying matter distribution based on a specified
cosmological model. Current state-of-the-art numerical simulations follow the dynamics of about
1012 particles 3. In this work we make use of Gadget-2 (Springel, Yoshida and S. D. M. White,
2001; Springel, 2005), a publicly available and highly parallel code for numerical simulation of
collision-less dark matter particles. Newtonian gravity is used to calculate the interaction between the
DM particles, instead of GR, which is a valid approximation when the volume of the simulation boxes
are small (Chisari and Zaldarriaga, 2011). Gadget-2 employs a hybrid algorithm to calculate the
forces between particles. On the large scales, it uses particle-mesh (PM) technique to calculate the
potential quickly. PM method constructs the density field on a grid, often using the cloud-in-cells
(CIC) interpolation algorithm. This grid interpolation technique replaces constituent particles with
a density value defined within a voxel. From the value in each voxel, the gravitational potential is
calculated by solving the Poisson equation (1.22) in Fourier space. For scales below one to two mesh
cells, the force is heavily suppressed. This technique is thus not well suited for numerical simulations
which require high spatial resolution. To achieve this, Gadget-2 makes use of a hierarchical tree
algorithm to compute the short-range gravitational force. In this method, particles are arranged in a
hierarchy of cells in an oct-tree, which is a tree data structure in which each node has exactly eight
children. It is ensured at the smallest level that no cell contains more than one particle, as the volume
of simulation is divided into smaller cells. The gravitational force acting on each particle is then

3
https://www.euclid-ec.org/?page_id=4133
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Chapter 1 Introduction

Figure 1.2: A slice taken from the EAGLE simulation (Schaller et al., 2015) which shows the intricately
connected cosmic web. The high density regions are marked by orange/red color and the underdense regions
which makes up the cosmic voids are shown in black.

calculated by summing the partial forces from neighbouring tree nodes. To first approximation, it
treats the particles in an individual node as a single particle which is positioned at the center of mass.
An image from a simulation snapshot is shown in figure 1.2, which shows some striking features

in the matter distribution of the Universe. This spatial organisation of tracers (DM, galaxies) forms
an intricately connected network which is known as the cosmic web (Bond, Kofman and Pogosyan,
1996). The high-density regions which are gravitationally collapsed along the three principal axes
(denoted by orange spots in the above figure) are known as knots/clusters. A prominent feature is
the filament (collapsed along two principal axes) which act as the connecting structure between high
density components (like clusters) in the cosmic web (e.g. Colberg, Krughoff and Connolly, 2005;
Aragón-Calvo et al., 2010; Libeskind et al., 2018). They also appear to be the channels through which
mass gets transported to higher dense regions. Length of the filaments may vary from few to 100 Mpc
(e.g. Cautun et al., 2014). Regions of the Universe where matter has collapsed only along one principal
axis constitute the sheets. Another prominent feature in the cosmic web are the voids. They are the
most underdense region in the Universe and largely devoid of any matter, usually spherical in shape
and occupying most of the volume in the Universe. Even though they are largely devoid of material,
they contain a considerable amount of information about the underlying cosmological scenario. These
complex patterns in the density field emerge as the growth of gravitational perturbation goes beyond a
linear phase. They showcase the anisotropic nature of the gravitational collapse process which can be
directly seen from the numerical simulations.

Future redshift surveys like Euclid (Amendola et al., 2013), Dark Energy Spectroscopic Instrument
(DESI, Levi et al., 2013) and Large Synoptic Survey Telescope (LSST, LSST Science Collaboration
et al., 2009) will cover large volumes. Numerical simulations will play a vital role in generating the
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covariance matrix required for precise cosmological parameter estimation. For this purpose, it is
essential that the simulations cover similar volumes as those surveys. It also requires the mass and
force resolution to fully capture the non-linear clustering to obtain the desired percent level accuracy
from future surveys.

1.5 Statistical approach

While the numerical simulations take care of the cosmological evolution of the underlying matter and
velocity fields, one needs to characterise and quantify the information embedded in these systems.
For this one can make use of statistical properties of the field. One of the main reason is that
the cosmological evolution takes place over a timescale which is much longer than we can make
observations. It is thus not possible to follow the evolution of single systems and must be done
statistically.

1.5.1 Spatial clustering

The observable universe can be modelled as a random realisation out of many possibilities. This
follows the assumption that the part of the universe we observe is a fair sample of the whole universe
(‘fair sample hypothesis’). The statistical approach within the context of galaxy distribution can be
seen as early as 1930s where Edwin Hubble studied the frequency distribution of count N of galaxies
in the field of a telescope 4. The statistical approach to galaxy clustering developed considerably
during the 1970s and autocorrelation function emerged as one of the favoured summary statistics. The
physical interpretation of two-point correlation function, ξ, is that it measures the excess probability,
compared with that expected for a random distribution, of finding a pair of particles at volume elements
dV1 and dV2 which are separated by a distance r as shown in the left panel of figure 1.3.

dP = n̄2 [1 + ξ(r)] dV1dV2 , (1.37)

where n̄ is the mean density. If the particles are unclustered, then ξ = 0; which implies that it is
randomly distributed. For clustered particles, ξ > 0 and if they are anticorrelated, ξ < 0. Similarly
clustering analysis with regards to correlation function can be generalised to higher-orders. If the
random field was to be Gaussian, all the information will be captured by the two-point clustering
signal. Under the inflation paradigm, the observational evidences point towards the fact that the initial
conditions of our Universe resemble a Gaussian random field Planck Collaboration, Akrami et al.,
2018. The subsequent evolution of perturbations in both temporal (time) and spatial scales makes the
present Universe far from a Gaussian random field. Thus there is additional cosmological information
in the higher-order correlation function with respect to two-point statistics.

In the case of three-point correlation function, we consider three particles in triangular configuration
(where r12, r23 and r31 are the sides of the triangle) with volume elements dV1, dV2 and dV3 as
shown in the right panel of figure 1.3. The excess probability to find a triplet, compared with that
expected for a random distribution, can be written down as

dP123 = n̄3 [1 + ξ(r12) + ξ(r23) + ξ(r31) + ζ(r12, r23, r31)] dV1dV2dV3 , (1.38)

4 For a more concise history, we refer the reader to Peebles, 1980; Peebles, 2001
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Figure 1.3: Left panel shows two particles in volume elements dV1 and dV2 separated by a distance r. Right
hand panel shows three particles in volume elements dV1, dV2 and dV3 separated by distances r12, r23 and r31
in a triangular configuration.

where ζ(r12, r23, r31) is the connected three-point correlation function. It is also possible to define
these correlation functions as statistical properties of a cosmic density field (δ), which is a random
field. The Universe is assumed to be statistically isotropic and homogeneous, as we have mentioned
before. These properties are thus followed by the density field also. We can define the two-point
correlation function as the joint ensemble average of densities at two different points separated by a
distance r,

ξ(r) = 〈δ(x)δ(x+ r)〉 , (1.39)

which depends on the separation r as the density field is assumed to be homogeneous (invariant under
translations) and depends on the norm of this separation vector due to the fact that the field is isotropic
(invariant under rotation). The density contrast can be written in term of its Fourier components

δ̃(k) =

∫
d3x δ(x) exp(−ik · x) , (1.40)

We can define power spectrum5, which is the Fourier pair of the correlation function, as

〈δ̃(k)δ̃(k′)〉 = (2π)3δD(k + k′)P (k) . (1.41)

The Dirac delta δD(k+k′) expresses the statistical homogeneity (translational invariance) of clustering.
The statistical isotropy is showed from the fact that the power spectrum depends only on the norm of
the wavevector k. For homogeneous and isotropic fields, they are related to each other as

P (k) = 4π

∫ ∞

0
dr r2 sin(kr)

kr
ξ(r) , (1.42)

ξ(r) =
1

2π2

∫ ∞

0
dk k2 sin(kr)

kr
P (k) . (1.43)

5 It is also valid to define the power spectrum as the covariance where one of the mode is taken to be a complex conjugate.
In such a case, 〈δ̃(k)δ̃

∗
(k
′
)〉 = (2π)

3
δD(k − k

′
)P (k)
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Figure 1.4: Left panel shows the linear matter power spectrum for three different cosmological parameters
within the ΛCDM scenario at z=0. Right panel shows the corresponding Fourier transform pair, i.e. the linear
correlation function.

Table 1.1: Cosmological parameters used for computing the power spectrum and correlation function in figure 1.4
Name H0 Ωm Ωb ΩΛ ns σ8

Planck 67.74 0.3089 0.0486 0.6911 0.9667 0.8159
WMAP-5 70.10 0.2790 0.0462 0.7210 0.9600 0.8170
WMAP-3 73.00 0.2400 0.0420 0.7600 0.9500 0.7600

The clustering statistics depends on the underlying cosmological model and an example of this is
shown in figure 1.4. The power spectrum and correlation function are computed at redshift, z = 0,
where the input linear power spectrum for three different scenarios is obtained from the camb software
and their respective correlation functions are numerically computed as per equation (1.43). The
different cosmologies are summarised in the table 1.1, they were chosen based on the results from
WMAP (third and fifth year data release, D. N. Spergel et al., 2007; Komatsu et al., 2009) and Planck
(2018 data release, Planck Collaboration, Akrami et al., 2018) survey. The connected three-point
correlation function in configuration space can be defined as

ζ(r12, r23, r31) = 〈δ(x1)δ(x2)δ(x3)〉 , (1.44)

where r12 = x2 − x1, r23 = x3 − x2 and r31 = x1 − x3 and ζ only depends on the norm of the
triplet separation due to homogeneity and isotropy as mentioned before. We can also define the third
order clustering statistics in Fourier space known as the bispectrum, which is the Fourier transform
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pair of connected correlation function ζ.

〈δ̃(k1)δ̃(k2)δ̃(k3)〉 = (2π)3δD(k1 + k2 + k3)B(k1, k2, k3) . (1.45)

1.5.2 Velocity statistics

In addition to (particle) clustering statistics, studying the peculiar velocity field of the LSS is a powerful
tool to probe the Universe. We have already seen that on large scales the peculiar velocity field is
directly related to the underlying matter perturbation, it can thus be used to test the growth of structure.
There have been various approaches in studying the velocity field including reconstruction of the
linear velocity field from the density field and compare it with the measured velocity field. In this
work we take a different approach and study few summary statistics based on the velocity field namely
the pairwise and triple-wise velocities, and its moments. Los pairwise velocity is the relative los
velocity difference between two particles and is defined as

w12‖ = (v2 − v1) · n̂ , (1.46)

where n̂ is the unit vector along the los. The convention follows that if the particles are moving
towards each other (infalling), the pairwise velocity will be negative and if they are moving away
from each other, it will be positive. Similarly, the relative velocity differences can be obtained for
higher-order, namely triple-wise velocity which refers to the third-order velocity statistics. In the case
of triple-wise velocity difference, is possible to have three components of it

w12‖ = (v2 − v1) · n̂ , (1.47)
w23‖ = (v3 − v2) · n̂ , (1.48)
w31‖ = (v1 − v3) · n̂ . (1.49)

Pairwise and triple-wise velocities will be covered in detail in the coming chapters. Combining these
velocity statistics with clustering information will help us in further constraining the cosmological
model from future surveys.

1.6 Observational effect: redshift-space distortions

In a homogeneous Universe, we can use redshift directly as a distance indicator. However there is also
a peculiar velocity component in addition to the Hubble flow. The observed redshift zobs is thus a
superposition of the cosmic expansion and the peculiar velocity of an object along the los (Harrison,
1974),

1 + zobs ≈ (1 + zcos)
(

1 +
v‖
c

)
, (1.50)

where zcos is the cosmological redshift induced due to Hubble expansion, v‖ is the los component of
the peculiar velocity and c is the speed of light. The position of an object in redshift-space xs, which
is the observed reference frame, can be written as

xs = x +
v‖
H n̂ , (1.51)
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Figure 1.5: Slice of DM particles from a cosmological simulation in real-space on the left panel. The right
panel shows the same slice in which the particle positions have been perturbed according to each particles’
peculiar velocity along the los. This is the observed reference frame in which some spurious features including
elongation of the structure along the los (Z-direction) can be seen.

where x is its true position in real space and H = aH is the conformal Hubble parameter. In
figure 1.5, the left panel shows the particle position in real-space from a thin slice in a cosmological
simulation and the right panel showcases the perturbed position of the particle distribution due to its
peculiar velocity in redshift space or the observed reference frame. These distortions are referred to as
redshift-space distortions (RSD).

These lead to two main effects which are shown in figure 1.6. Consider a spherical overdensity on
which four galaxies are placed. The arrows denote the peculiar velocity of the object along the los, in
which only galaxies 1 and 3 have a non-zero los velocity. On large scales or linear regimes, it results
in an apparent squashing of structure along the los and this is known as the ‘Kaiser effect’ (Kaiser,
1987). In the non-linear regime, the overdensity appears to be elongated along the los as a result of the
velocity dispersion inside collapsed structures like clusters of galaxies. This is commonly referred
to as the ‘Finger-of-God’ (FoG) effect (Jackson, 1972; Sargent and Turner, 1977). An important
consequence of RSD is that the correlation function (or its Fourier transform power spectrum) is
no longer isotropic as RSD breaks the rotational invariance along the los. However the degree of
anisotropy can be leveraged to measure the growth rate of structure.
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Figure 1.6: Illustration of effects of RSD. In linear regime, coherent flow towards overdense region causes the
structures to appear squashed along the los. Collapsed structures in non-linear regions appear elongated along
the los due to the velocity dispersion. Only objects having a peculiar velocity component along the los will be
affected by RSD, which can be seen from the fact that objects 2 and 4 remain unchanged in real and redshift
space.
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CHAPTER 2

Two-point redshift-space correlation function

Galaxy redshift surveys provide us with three-dimensional maps of the Universe. However, the resulting
charts are twisted by the fact that we convert redshifts into distances by assuming a homogeneous
model of cosmic expansion. It is well known that the measured redshift is not a perfect distance
indicator in the presence of density perturbations. Peculiar galaxy motions along the line of sight
(los) generate the leading corrections and give rise to the so-called ‘redshift-space distortions’ (RSD)
between the reconstructed configuration (in ‘redshift space’) and the actual galaxy distribution (in
‘real’ space).

The clustering pattern in redshift space predominantly showcases two spurious features. Collapsed
structures appear highly elongated along the los due to the velocity dispersion of their constituent
galaxies, a phenomenon known as the ‘Finger-of-God’ (FoG) effect (Jackson, 1972; Sargent and Turner,
1977). At the same time, large-scale flows towards overdense regions (or away from underdense
regions) coherently deform the inferred galaxy distribution (Kaiser, 1987). Overall, RSD break
the rotational invariance of galaxy N -point statistics which are anisotropic functions of the galaxy
separations (in redshift space) along the los and in the plane of the sky. On large scales, the degree of
anisotropy reflects the growth rate of cosmic structure and can thus be used to probe dark energy and
gravity theories see Hamilton, 1998, for a comprehensive review.

RSD are clearly detected in measurements of galaxy clustering (e.g. Davis and Peebles, 1983; Fisher
et al., 1994; Peacock, Cole et al., 2001; Guzzo, Pierleoni et al., 2008) and forthcoming surveys have the
potential to extract valuable cosmological information from them (M. White, Song and Percival, 2009;
Giannantonio, Porciani et al., 2012; Borzyszkowski, Bertacca and Porciani, 2017). The main limiting
factor is modeling galaxy statistics in redshift space to the required accuracy for the widest possible
range of scales. This is a formidable problem involving four non-linear quantities: the density and the
velocity fields, galaxy biasing and the mapping from real to redshift space. Several lines of research
have been pursued over the last decades with the aim of improving our understanding of RSD, including
perturbative approaches for the largest scales (e.g Matsubara, 2008; Taruya, Nishimichi, Saito et al.,
2009; Taruya, Nishimichi and Bernardeau, 2013; Senatore and Zaldarriaga, 2014), phenomenological
models (e.g. Peacock and Dodds, 1994), and combinations of the two (e.g. B. A. Reid and M. White,
2011).

In this paper, we focus on the phenomenological approach introduced by Peebles, 1980 to model the
galaxy two-point correlation function in redshift space and subsequently generalised by Fisher, 1995,
who dubbed it the ‘streaming model’. In this framework, the mapping from real to redshift space is
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Chapter 2 Two-point redshift-space correlation function

discussed in terms of the pairwise velocity distribution function. Basically, (one plus) the anisotropic
correlation function in redshift space is written as an integral of (one plus) the spherically-symmetric
correlation function in real space times the probability density of the relative los peculiar velocity.
This model is exact in the distant-observer limit. Its properties in Fourier space have been thoroughly
investigated by Scoccimarro, 2004.

The history of the streaming model is rich and varied. In its early applications, it was used to model
the small-scale clustering of galaxies from the CfA survey (Davis and Peebles, 1983). The pairwise
velocity distribution was assumed to be exponential1. The (scale-dependent) mean pairwise (or
streaming) velocity along the los was determined by requiring the conservation of galaxy pairs under
the stable-clustering hypothesis while the corresponding velocity dispersion (assumed to be scale
independent to first approximation) was treated as a free parameter and measured from the suppression
of the redshift-space correlations along the los at fixed transverse separation (e.g. Davis and Peebles,
1983; Bean et al., 1983; C. Li, Jing, Kauffmann, Börner, S. D. M. White et al., 2006). Later on, Fisher,
1995, see also Fisher et al. 1994 demonstrated that the streaming model with a Gaussian velocity
distribution and a scale-dependent velocity dispersion is compatible with linear (Eulerian) perturbation
theory on large scales. Therefore, it became clear that the character of the velocity PDF must change
substantially with the galaxy separation, which makes the development of accurate theoretical models
difficult. For this reason, hybrid models that combine linear perturbative predictions in redshift space
with a (scale-independent) streaming term for the incoherent small-scale motions were introduced in
order to describe galaxy clustering on a wider range of separations (Peacock and West, 1992; Park
et al., 1994; Peacock and Dodds, 1994). These ‘dispersion models’ continue to be very popular (e.g.
Hawkins et al., 2003; Guzzo, Pierleoni et al., 2008; Beutler et al., 2012; Chuang and Y. Wang, 2013)
although they correspond to a streaming model with a discontinous velocity PDF (Scoccimarro, 2004)
and may lead to biased estimates of the cosmological parameters (Kwan, G. F. Lewis and Linder,
2012).

Over time, the ‘Gaussian streaming model’ (GSM) has become the workhorse of RSD studies (B. A.
Reid, Samushia et al., 2012; Samushia et al., 2014; Alam, Ho et al., 2015; Chuang, Pellejero-Ibanez
et al., 2017; Satpathy et al., 2017). It requires three inputs: the real-space correlation function plus
the mean and the dispersion of the los relative velocity distribution both as a function of the spatial
separation and the orientation of the pairs. Several flavours of perturbation theory have been used
to model these basic ingredients obtaining satisfactory agreement with N -body simulations at least
for certain redshifts, tracers and scales (B. A. Reid and M. White, 2011; B. A. Reid, Samushia et al.,
2012; Carlson, B. Reid and M. White, 2013; L. Wang, B. Reid and M. White, 2014; M. White, 2014;
Vlah, Castorina and M. White, 2016; Kopp, Uhlemann and Achitouv, 2016).

Analytical considerations and numerical simulations show that the los pairwise velocity distribution
is strongly non-Gaussian at all scales, being characterized by a net skewness and approximately
exponential tails (Efstathiou, Frenk et al., 1988; Fisher et al., 1994; Juszkiewicz, Fisher and Szapudi,
1998; Scoccimarro, 2004). Different strategies have been employed to explain this shape ranging
from the halo model (Sheth, 1996; Sheth and Diaferio, 2001; Tinker, 2007) to the superposition of
environment-dependent Gaussian or quasi-Gaussian distributions (Bianchi, Chiesa and Guzzo, 2015;
Bianchi, Percival and Bel, 2016). Given the non-Gaussian nature of the velocity PDF, the GSM
corresponds to a cumulant expansion truncated at second order (B. A. Reid and M. White, 2011).
An approximate extension to the third cumulant has been presented using the Edgeworth expansion

1 Other analytical forms have also been considered but the exponential provided the best fit to the observational data.
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2.1 N -Body simulations

Table 2.1: Cosmological parameters characterizing our N -body simulations.
Name fNL h σ8 ns Ωm Ωb ΩΛ

W0 0 0.7010 0.8170 0.9600 0.2790 0.0462 0.7210
WfNL ±27,±80 0.7010 0.8170 0.9600 0.2790 0.0462 0.7210
P0 0 0.6774 0.8159 0.9667 0.3089 0.0486 0.6911

around a Gaussian at first order (Uhlemann, Kopp and Haugg, 2015).
After discussing the limitations of the GSM, we introduce a new parameterization for the pairwise

velocity PDF and show that it accurately reproduces the ouptut of N -body simulations both at the
level of particles and haloes as well as for their 2-point correlation functions in redshift space. There
is a growing interest in extending RSD studies to smaller scales as a test of modified gravity and
interacting dark energy models (e.g. Jennings et al., 2012; Marulli, Baldi and Moscardini, 2012;
Hellwing et al., 2014; Taruya, Nishimichi, Bernardeau et al., 2014; Zu, Weinberg et al., 2014; Xu,
2015; Barreira, Sánchez and Schmidt, 2016; Sabiu et al., 2016; Arnalte-Mur, Hellwing and Norberg,
2017). These future developments provide the main motivation for our work.
The paper is organized as follows. In Sections 2.1 and 2.2, we introduce the suite of N -body

simulations used for our study and the basic principles of redshift-space distortions respectively. In
Section 2.3, we present an original derivation of the streaming model starting from the 2-particle
distribution function in phase space. We show that the model is regulated by different equations
depending on whether one is considering ordered or unordered pairs. Here, we also review the
applications of the streaming model to galaxy redshift surveys and test the basic assumptions of the
GSM against N -body simulations. In Section 2.4, we illustrate how the relative los velocity and its
cumulants are connected to the (isotropic) radial and tangential components of the pairwise velocity
vector. We then characterise the scale dependence of the first 4 cumulants for dark-matter (DM)
particles and haloes extracted from our numerical simulations. This allows us to discuss the pairwise
velocity bias for the haloes. Further, we use theN -body simulations to decompose the matter pairwise
velocity distribution into the contributions generated by DM haloes of different masses. In Section 2.5,
we introduce the generalized hyperbolic distribution to model the PDF of the los pairwise velocity and
show that it vastly improves upon previous approximations for both DM particles and haloes. Finally,
in Section 2.6, we summarise our main achievements and conclude.

2.1 N -Body simulations

Our study combines analytical and numerical work. For the latter, we consider sixN -body simulations
run with the code gadget-2 (Springel, Yoshida and S. D. M. White, 2001; Springel, 2005). As a
reference, we use the zero-redshift output of the simulation that was labelled 1.0 in Pillepich, Porciani
and Hahn, 2010 and we now dub W0. This run follows the formation of the large-scale structure from
Gaussian initial conditions within a periodic cubic box with a side of 1200 h−1Mpc. It assumes a flat
ΛCDM cosmology with the best-fitting parameters determined by the 5-yr analysis of the WMAP
mission (Komatsu et al., 2009) and considers 10243 particles with a mass of 1.246× 1011h−1M� (see
Pillepich et al. 2010 for further details). To study the redshift evolution of our results, we consider other
snapshots extracted from the same run. Furthermore, in order to explore the sensitivity of our findings
to the underlying cosmological model and to the properties of the linear density perturbations, we use
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Chapter 2 Two-point redshift-space correlation function

other five simulations. Four of them (W-80, W-27, W+27, W+80) are also presented in Pillepich,
Porciani and Hahn, 2010. Their only difference with respect to our reference run is the presence
of non-Gaussian initial conditions of the local type with fNL = −80,−27,+27 and +80. The
remaining simulation (P0), instead, has been run specifically for this work and assumes the best-fitting
cosmological parameters from the Planck mission (Planck Collaboration, Adam et al., 2016). In all
cases, we use the same box and softening lengths as well as the same number of particles and initial
redshift. This implies that the P0 run has a slightly higher particle mass, 1.379 × 1011h−1M�. A
comparison of the cosmological parameters used in the simulations is given in Table. 2.1.

We identify DM haloes using the rockstar halo finder (Behroozi, Wechsler and Wu, 2013) in the
default configuration and only consider bound objects containing at least 100 particles within the
virial radius.

2.2 Redshift-space distortions

We generally use redshift as a distance indicator assuming a homogeneous model of cosmic expansion
with instantaneous scale factor a and Hubble parameter H . However, in the presence of peculiar
velocities, we need to distinguish between the redshift-inferred distance of a generic tracer of the
large-scale structure of the Universe (e.g. a galaxy or a galaxy cluster) xs and its true comoving
distance x. In the distant-observer (or plane-parallel) approximation (Hamilton, 1998),

xs = x + (v · ẑ) ẑ , (2.1)

where v denotes the peculiar velocity divided by the factor aH and ẑ denotes the los direction. The
spurious displacement along the los distorts the clustering pattern of the tracers in redshift space
from its actual configuration in real space. Let us consider two tracers with real-space separation
r = x2 − x1. The los component of their separation in redshift space is then

s‖ = (xs2
− xs1

) · ẑ = r‖ + w‖ , (2.2)

where r‖ = r · ẑ and w‖ = (v2 − v1) · ẑ, while the transverse separation remains unchanged, i.e.

s⊥ = r⊥ . (2.3)

If the spatial distribution of the tracers is statistically homogeneous in real space and their two-point
correlation function ξ(r) is invariant under rotations of the separation vector r, it follows that the
correlation function in redshift space ξs(s⊥, s‖) is anisotropic between the parallel and transverse
components and does not depend on s = (s2

‖ + s2
⊥)1/2. An illustrative example is shown in Fig. 2.1

where we compare ξ and ξs for the DM particles in our N -body simulation (we have used one of the
box axes as the los direction). Note that the iso-correlation contours for ξs are elongated along s‖ at
small transverse separations as a manifestation of the FoG effect and are squashed towards the bottom
at large s⊥ because of coherent infall motions as described in Kaiser, 1987.
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Figure 2.1: Two-point correlation function in real (left) and redshift space (right) for the DM particles in the W0
simulation at z = 0. The contour levels correspond to values of ξ and ξs ranging from 0.08 (outermost) to 2.56
(innermost) and differing by a factor of 2 between two consecutive levels. To facilitate comparisons, the same
levels are used in all figures showing correlation functions.

2.3 The streaming model

The streaming model has been introduced to map ξ(r) on to ξs(s) (Peebles, 1980; Fisher, 1995;
Scoccimarro, 2004). Its basic equation is generally written as

1 + ξs(s⊥, s‖) =

∫ +∞

−∞
[1 + ξ (r)] Pw‖(s‖ − r‖ | r) dr‖ , (2.4)

where r2 = s2
⊥ + r2

‖ and Pw‖ denotes the distribution function of the pairwise los velocity at fixed
real-space separation vector r = (s⊥, r‖) (i.e. a PDF which is differential in w‖). In the remainder of
this section, we will show that this classic result is exact provided that ordered pairs are used to define
the correlation function and the correct definition of the velocity PDF is employed.

2.3.1 Ordered and unordered pairs

Two-point correlation functions are statistics of tracer pairs. A pair is a set composed of two elements.
Still, we can define two kinds of pairs. If the order in which the elements appear in the pair is important
(i.e. it makes sense to define a first element and a second element), we speak of an ordered pair (or
2-tuple). On the other hand, if the order does not matter, we speak of an unordered pair (or pair set).
Ordered pairs can be represented by directed graphs (and vice versa), e.g. A→ B 6= B → A, and
unordered pairs by undirected graphs, e.g. A— B = B — A. From a set of N discrete objects, we
can form N (N − 1) ordered pairs and N (N − 1)/2 unordered pairs.
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Figure 2.2: PDF of the relative los velocity for ordered pairs with fixed real-space separation (as indicated by
the top labels in units of h−1Mpc). The left- and right-hand side panels correspond to a particle exchange and
show the symmetry Pw‖

(w‖ | r⊥, r‖) = Pw‖
(−w‖ | r⊥,−r‖).

If the two-point correlation function is built out of ordered pairs, the spatial separations r‖ and s‖
must be signed numbers (while s⊥ = r⊥ ≥ 0 as they give the magnitude of the two-dimensional
vector s⊥ = r⊥). On the other hand, for unordered pairs, r‖ and s‖ are unsigned numbers.

2.3.2 The streaming model for ordered pairs

Let us consider a system ofN particles with instantaneous comoving positions xi and rescaled peculiar
velocities vi (where the subscript i identifies the different particles). Following a standard procedure
in classical statistical mechanics, we introduce the one- and two-particle phase-space densities Yvon,
1935

f1(x,v) = 〈f̂1(x,v)〉 = 〈
N∑

i=1

δ
(3)
D (x− xi) δ

(3)
D (v − vi)〉 , (2.5)

f2(xA,xB,vA,vB) = 〈
N∑

i=1

∑

j 6=i
δ

(3)
D (xA − xi) δ

(3)
D (xB − xj)

δ
(3)
D (vA − vi) δ

(3)
D (vB − vj)〉 , (2.6)

where f̂1(x,v) is the discrete one-particle phase density (also known as the Klimontovich or the
microscopic density), the brackets denote averaging over an ensemble of realisations and δ(n)

D (x) is
the Dirac delta distribution in Rn. Note that f1 is normalised to the total number of particles, i.e.∫
f1 d3x d3v = N and f2 to the total number of ordered pairs, i.e.

∫
f2 d3xA d3xB d3vA d3vB =
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2.3 The streaming model

N (N − 1). By definition, the spatial two-point correlation function of the particles is

1 + ξ(xA,xB) =

∫
f2 d3vA d3vB(∫
f1 d3v

)2 . (2.7)

Assuming statistical isotropy (i.e. the invariance under rotations of the expectations over the ensemble)
implies that f1 can only depend on x

2, v2 and x ·v. Requiring that ensemble averages are also invariant
under translations (statistical homogeneity) fixes the dependence of the one-particle distribution
function to f1 = n̄ F (v2) where the constant n̄ =

∫
f1 d3v gives the mean particle number density

per unit volume and F is an arbitrary function such that 4π
∫
F (v2) v2 dv = 1. Under the same

assumptions and for N � 1,
∫
f2 d3vA d3vB = n̄2 [1 + ξ(r)].

Our goal is to introduce a new set of distribution functions which are defined in ‘redshift phase
space’. This can be easily achieved by performing the change of coordinates given in equations (2.1),
(2.2) and (2.3):

g1(xs,v) = f1(x⊥, xs‖ − v‖,v) = n̄ F (v2) , (2.8)
g2(s⊥, s‖,vA,vB) = f2(s⊥, s‖ − vB‖ + vA‖,vA,vB) . (2.9)

The spatial two-point correlation function in redshift-space is then

1 + ξs(s⊥, s‖) =

∫
g2 d3vA d3vB(∫
g1 d3v

)2 =

∫
g2 d3vA d3vB

n̄2 . (2.10)

We now rewrite the rhs of equation (2.9) as
∫ +∞

−∞
f2(s⊥, s‖ − w‖,vA,vB) δ

(1)
D (w‖ − vB‖ + vA‖) dw‖ , (2.11)

and we substitute it in equation (2.10). After multiplying the rhs of the resulting equation by the ratio

n̄2

[
1 + ξ

(√
s2
⊥ + (s‖ − w‖)2

)]

∫
f2(s⊥, s‖ − w‖,vA,vB) d3vA d3vB

, (2.12)

(which is identically equal to one), we re-arrange the terms to define the relative line-of-sight velocity
PDF for ordered pairs with real-space separation r = (s⊥, s‖ − w‖) as

Pw‖(w‖ | r) =

∫
f2 (r,vA,vB) δ

(1)
D (w‖ − vB‖ + vA‖) d3vA d3vB∫

f2 (r,vA,vB) d3vA d3vB

=

∫
f2 (r,vA,vB) δ

(1)
D (w‖ − vB‖ + vA‖) d3vA d3vB

n̄2 [1 + ξ(r)]
, (2.13)
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and finally obtain

1 + ξs(s⊥, s‖) =

∫ +∞

−∞
[1 + ξ (r)] Pw‖(w‖ | r) dw‖

=

∫ +∞

−∞
[1 + ξ (r)]Pw‖(s‖ − r‖ | r) dr‖ , (2.14)

which coincides with equation (2.4). The moment-generating function of the random variable w‖ is

Mw‖(t) =

∫
et(vB‖−vA‖) f2 (r,vA,vB) d3vA d3vB

n̄2 [1 + ξ(r)]
. (2.15)

Let us recap what we have done and achieved so far. Following a particle-based description
and making use of the reduced distribution functions in phase-space, we have demonstrated that
the streaming model is exact in the distant-observer approximation (and under the assumption of
statistical homogeneity and isotropy in real space) provided that equation (2.13) is used to define
Pw‖ or, equivalently, equation (2.15) is used to calculate the moment-generating function. It is worth
stressing that our particle-based approach is completely rigorous also in multi-stream regions (where
particles with different velocities are present at the same spatial location x) and fully accounts for
density-velocity correlations.
Alternative derivations of the streaming equation have been presented by other authors adopting

more restrictive assumptions. They are generally based on a macroscopic description obtained
by coarse graining f̂1(x,v) either in space (over patches of intermediate size between the typical
inter-particle separation and the cosmological scales of interest) or in time so that to erase discreteness
effects and deal with a smooth function. Formally, a perfectly smooth distribution function, f̄1(x,v),
is obtained by taking the Rostoker-Rosenbluth fluid limit (Rostoker and Rosenbluth, 1960), i.e. by
simultaneously letting N →∞ and the particle massm→ 0 so that Nm = constant. This provides
an approximated description of the system which is accurate until discreteness effects (particle
collisions and correlations) cannot be neglected any longer. In fact, the microscopic, n-particle, and
macroscopic densities are distinct quantities that evolve very differently: f̂1 is exact and satisfies the
Klimontovic equation, the n-particle densities, fn, (which are exact ensemble averages) are solutions
of the BBGKY hierarchy, while f̄1 is an approximation and fulfills the Vlasov equation. Equipped
with these definitions, we are now ready to compare our results with previous derivations of the
streaming equation. Scoccimarro, 2004 used the language of statistical field theory and characterized
the matter content of the universe (in the single-stream regime) in terms of two continuous fields
describing the density contrast δ(x) and the peculiar velocity u(x). In our notation, this is equivalent
to assuming that f̄1(x,v) = n̄ [1 + δ(x)] δ

(3)
D [v − u(x)]. Correlation functions were then computed

by taking ensemble averages of the product of fields evaluated at different spatial locations. This
method has been generalised to multi-streaming by Uhlemann, Kopp and Haugg, 2015 and Agrawal
et al., 2017 see also Seljak and P. McDonald, 2011, who wrote n̄ [1 + δ(x)] =

∫
f̄1(x,v) d3v before

computing the correlation function. In all cases, the authors were able to derive equation (2.4).
However, since they rely on the collisionless fluid limit, all these approaches give a different velocity
PDF and moment-generating function than our equations (2.13) and (2.15). In fact, our f2 (r,vA,vB)
is replaced by the product f̄1(xA,vA) f̄1(xB,vB) which completely neglects velocity correlations.
While this is certainly an extremely good approximation for particle dark matter, it does not hold true

26



2.3 The streaming model

in general. Note that our derivation is exact and applies to any system of particles (e.g. galaxies or
their host haloes) without making assumptions regarding their interactions.

Symmetry under particle exchange

By construction, the velocity PDF in equation (2.13) is symmetric under particle exchange (A↔B) or
parity transformations, i.e.

Pw‖(w‖ | r) = Pw‖(−w‖ | −r) . (2.16)

In fact, the ordered pairs that can be formed with two particles equally contribute to (w‖, r) and
(−w‖,−r).

In order to visualise the velocity PDF for the DM particles of our N -body simulation, we build
an estimator for Pw‖ by replacing the ensemble average in the definition of f2 with an average over
the simulation box (accounting for periodic boundary conditions). To speed the calculation up,
we randomly sample 2563 particles and consider all the ordered pairs between them. Each pair is
classified in 1× 1 (h−1 Mpc)2 bins based on the values for r‖ and r⊥. Finally, we build an histogram
for w‖ in each bin. An example is shown in Fig. 2.2 where we examine real-space separations of
±r‖ ∈ [7, 8)h−1 Mpc and r⊥ ∈ [0, 1)h−1 Mpc. In each branch, the distribution clearly shows
strongly asymmetric exponential tails. For r‖ > 0, it has a negative skew meaning that the particles in
the pairs tend to approach each other. The mean and rms values are −2.4h−1 Mpc and 5.2h−1 Mpc,
respectively, while the mode is very close to zero.

2.3.3 The streaming model for unordered pairs

Before moving to the main goal of our work, we briefly discuss an alternative formulation of the
streaming equation which highlights an interesting feature of RSD.
N -body simulations provide valuable insights about the pairwise-velocity PDF. In this branch of

the literature (Efstathiou, Frenk et al., 1988; Zurek et al., 1994; Fisher et al., 1994; Scoccimarro, 2004;
Tinker, Weinberg and Zheng, 2006; B. A. Reid and M. White, 2011; Zu and Weinberg, 2013; Bianchi,
Chiesa and Guzzo, 2015), it is customary to use the pairwise los velocity for unordered pairs,

wlos = w‖
r‖
|r‖|

= w‖ sgn
(
r‖
)
, (2.17)

whose sign encodes physical information about the relative projected motion. If the elements of a pair
approach (recede from) each other along the los, then wlos is negative (positive).

It is worth stressing that the PDF of wlos can not be inserted into equation (2.4) without first making
some changes. In this section, we clarify the issue and derive the basic equation of the streaming
model for unordered pairs. By construction, wlos does not depend on the order of the galaxy/particle
pairs and

Pwlos
(wlos|r) = Pwlos

(wlos| − r) = Pwlos
(wlos|r⊥, |r‖|) . (2.18)

For a generic x,

Pw‖(x | r) =

{
Pwlos

( x | r⊥, |r‖|) if r‖ ≥ 0 ,

Pwlos
(−x | r⊥, |r‖|) if r‖ < 0 ,

(2.19)
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Figure 2.3: Schematic diagram illustrating how large relative infall velocities can reverse the order of a pair
between real and redshift space (left-hand panel). The vertical arrows represent the los component of the
individual velocities (assumed equal for simplicity). For comparison, the right-hand panel, shows a pair that
preserves its order.

i.e. Pwlos
coincides with the positive r‖ branch of Pw‖ . Substituting in equation (2.4) and breaking

the integral into two parts running over the positive and negative values of r‖ respectively, we obtain

1 + ξs(s⊥, s‖) =

∫ +∞

0
[1 + ξ (r)] g(s‖, |r‖|, r⊥) d|r‖| , (2.20)

with
g(s‖, |r‖|, r⊥) = Pwlos

(−s‖ − |r‖||r⊥, |r‖|) + Pwlos
(s‖ − |r‖||r⊥, |r‖|) . (2.21)

This is the correct equation of the streaming model for unordered pairs. It can be re-written in compact
form using the signed r‖,

1 + ξs(s⊥, s‖) =

∫ +∞

−∞
[1 + ξr(r)]Pwlos

[(s‖ − r‖) sgn(r‖) | r] dr‖ , (2.22)

which allows a direct comparison with equation (2.14) for the ordered pairs. As we illustrate in Fig.
2.3, the first term on the right-hand side of equation (2.21) and the region with r‖ < 0 in equation
(2.22) refer to pairs that reverse their order between real and redshift space (i.e. having separation
s‖ > 0 in redshift space and −|r‖| < 0 in real space). On the other hand, the remaining terms are
connected with pairs that preserve their ordering (i.e. both s‖ and r‖ are positive).

Pair reversal takes place more frequently at smaller real-space separations. The reason is twofold: i)
smaller pairwise velocities are needed to swap the order of a pair when r‖ is small; ii) the distribution
of wlos shows a larger mean infall velocity and is more negatively skewed at small r. A detailed
discussion on the impact of pair reversal on ξs is presented in Appendix 2.A.1.
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2.3 The streaming model

2.3.4 Applications of the streaming model

Pairwise velocities: mean infall and dispersion

Most of the discussion on pairwise velocities focus on their low-order statistical moments. In our
notation, the mean pairwise velocity is defined as

v12(r) =

∫
(vB − vA) f2 (r,vA,vB) d3vA d3vB

n̄2 [1 + ξ(r)]
, (2.23)

which, in the literature, is often written in the single-stream fluid approximation as (e.g. Juszkiewicz,
Fisher and Szapudi, 1998; B. A. Reid and M. White, 2011)

v12(r) =
〈(vB − vA) [1 + δ(xA)] [1 + δ(xB)]〉

1 + ξ(r)
. (2.24)

By symmetry, v12(r) = v12(r) r/r and the sign of v12(r) indicates whether the elements of a pair,
on average, approach each other or not. For a set of self-gravitating particles, v12(r) regulates the
growth of the 2-point correlation function through the pair-conservation equation that derives from
the BBGKY hierarchy (Davis and Peebles, 1977).

Similarly, the second moment of the pairwise velocities defines a tensor of components,

Σij(r) =

∫
∆i ∆jf2 (r,vA,vB) d3vA d3vB

n̄2 [1 + ξ(r)]
, (2.25)

where ∆i = (vB − vA) · x̂i denotes the Cartesian components of the pairwise velocity vectors with
respect to a right-handed orthonormal basis x̂i. By symmetry, Σij can be expressed in terms of a few
scalar functions

Σij(r) =

[
Ξ(r) + 2

3σ
2
v

]
δij +

[
Π(r)− Ξ(r)

]
ri rj

r
2

1 + ξ(r)
, (2.26)

where σ2
v =

∫
v2 f1 d3v/

∫
f1 d3v denotes the mean square value of the peculiar particle velocity

while Π(r) and Ξ(r) represent the contributions of correlations for the velocity components along r̂
and in the transverse directions, respectively (Davis and Peebles, 1977). The second moment of the
pairwise-velocity component along the separation vector is

Σij(r) r̂i r̂j =
(2/3)σ2

v + Π(r)

1 + ξ(r)
, (2.27)

while along any direction perpendicular to it (t̂ · r̂ = 0)

Σij(r) t̂i t̂j =
(2/3)σ2

v + Ξ(r)

1 + ξ(r)
. (2.28)

The second moment tensor is isotropic if Π(r) = Ξ(r). When this is not the case, the velocity
dispersion along the line of sight depends on the pair orientation with respect to it (see Section 2.4.2
for further details).
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Chapter 2 Two-point redshift-space correlation function

Some historical remarks

Since the advent of galaxy redshift surveys, the streaming model has been a key tool to interpret
clustering data. As we briefly mentioned in the introduction, in its early applications, it was used to
make inferences about galaxy motions which are otherwise difficult to probe. The anisotropies in
ξs(s⊥, s‖) at small s⊥ were translated into a typical pairwise velocity dispersion, σ12, by assuming
that (Peebles, 1976; Peebles, 1979)

Pw‖(w‖ | r) =
1√

2σ12

exp

(
−
√

2 |w‖|
σ12

)
, (2.29)

independently on the real-space separation. Quoting Peebles, 1976, the expression above was ‘meant
only as a simple fitting function with one free parameter’. It was actually motivated by theoretical
considerations and early N -body simulations showing that, on the spatial separations of interest: (i)
the velocity PDF should be only weakly scale dependent, (ii) the second-moment tensor should be
approximately isotropic and (iii) the pairwise velocity dispersion should be significantly larger than
the mean. The small data sets available at the time (containing a few hundred galaxy redshifts) were
found to be consistent with these assumptions.
As samples grew bigger and the analysis was extended to larger s⊥, it was no longer possible to

neglect the so-called ‘streaming motions’ i.e. the fact that the average relative velocity between galaxy
pairs at fixed spatial separation does not vanish. If clustering is stable on small scales (i.e. galaxy
groups are in virial equilibrium), then v12(r) = −H r. On the other hand, for large separations, it is
expected that v12(r)→ 0. In between these asymptotic regimes, v12(r) < 0 and a net gravitational
infall should be observed. As a natural generalization of equation (2.29), several authors then assumed
that

Pw‖(w‖ | r) =
1√

2σ12

exp

[
−
√

2 |w‖ − w̄‖(r)|
σ12

]
, (2.30)

where w̄‖(r) = v12(r) · ẑ = v12(r) r̂ · ẑ denotes the line-of-sight component of the mean pairwise
velocity and v12(r) is written as a function of ξ(r) using approximate solutions to the pair-conservation
equation calibrated against N -body simulations (Davis and Peebles, 1983; Bean et al., 1983; Hale-
Sutton et al., 1989; Mo, Jing and Borner, 1993; Fisher et al., 1994; Zurek et al., 1994; Marzke et al.,
1995; Loveday et al., 1996; Shepherd et al., 1997; Guzzo, Strauss et al., 1997; Jing, Börner and Suto,
2002; Zehavi et al., 2002; C. Li, Jing, Kauffmann, Börner, Kang et al., 2007).

The larger volumes covered by the current generation of redshift surveys lead to much more accurate
measurements of galaxy clustering thus providing strong motivation for better models. Building upon
the work by Fisher, 1995, B. A. Reid and M. White, 2011 proposed a Gaussian approximation for
Pw‖(w‖ | r) where the mean v12(r) r̂ · ẑ and the scale-dependent dispersion σ12(r) are computed
using standard perturbation theory by assuming that haloes are linearly biased tracers of the matter.
At the same time, the real-space correlation function of the galaxies is evaluated using Lagrangian
perturbation theory and also including higher-order bias terms. Finally, in order to account for the
incoherent motion of galaxies within their host haloes (and also to mitigate the imperfections of
perturbative calculations), the actual variance of the Gaussian PDF is written as σ2(r) = σ2

12(r)+σ2
FoG

with σ2
FoG a nuisance parameter over which one needs to marginalize. The GSM has been later

extended to use velocity statistics for biased tracers computed within the Convolution Lagrangian
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Figure 2.4: The integrand on the rhs of equation (2.4) is plotted as a function of r‖ − s‖ for three redshift-space
separation vectors (whose radial and transverse components are given in units of h−1Mpc). The bottom panel
refers to scales that are usually treated perturbatively, the middle panel to intermediate scales, while the top panel
considers separations in the fully non-perturbative regime. In each case, we show three curves corresponding to
different assumptions for the PDF of pairwise velocities. The solid curve corresponds to the actual data for
the DM-particle pairs in the W0 simulation at z = 0. The other curves are obtained by assuming a Gaussian
PDF. For the dotted curve (GAM), the scale-dependent mean and variance are measured from the simulation
while, for the dashed curve (GCLPT), they are estimated using CLPT. In all cases, we use the same real-space
correlation function, ξ(r), which has been measured from the N -body simulation.

Perturbation Theory (CLPT, L. Wang, B. Reid and M. White, 2014) and the Convolution Lagrangian
Effective Field Theory (CLEFT, Vlah, Castorina and M. White, 2016). In its different versions, the
GSM has been extensively applied to redshift surveys (B. A. Reid, Samushia et al., 2012; Samushia
et al., 2014; Alam, Ho et al., 2015; Chuang, Pellejero-Ibanez et al., 2017; Satpathy et al., 2017).

Limitations of the Gaussian approximation

The GSM represents the state of the art in modelling RSD at the 2-point level. Considering DM haloes
with masses between 1012 and 1013 h−1 M� at low redshift, L. Wang, B. Reid and M. White, 2014
showed that the two-point correlation ξs(s) predicted by the CLPT-based GSM agrees with N -body
simulations to better than a few per cent for redshift-space separations larger than∼ 20h−1 Mpc which
are not too closely aligned with the line of sight (similar results are obtained for the CLEFT-based GSM,
Vlah, Castorina and M. White, 2016). The accuracy of the model degrades rapidly on smaller scales.
We find similar trends when we study the correlation of DM particles, although, in this case, the model
already departs from the simulations on substantially larger scales (see below for more quantitative
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Chapter 2 Two-point redshift-space correlation function

information). It is instructive to investigate the origin of such behaviour and clarify the implications
of the Gaussian ansatz for the pairwise-velocity PDF. To this goal, we focus on the DM particles in
the W0 simulation at z = 0 as they form a much larger sample than the DM haloes and are thus less
affected by statistical noise. In Fig. 2.4, we plot the integrand appearing in the rhs of equation (2.4) as
a function of r‖ − s‖ for three redshift-space separation vectors and using three different ‘models’ for
Pw‖(w‖ | r). The solid line is obtained by measuring the velocity PDF at different pair separation
vectors directly from the simulation. The dotted line (GAM) corresponds to assuming a Gaussian PDF
with the actual scale-dependent mean and variance measured in the simulation. Finally, the dashed
line (GCLPT) uses CLPT to predict the mean and variance (up to an additive constant calibrated using
simulations, see Section 2.4 and L. Wang, B. Reid and M. White, 2014 for further details) of the
Gaussian PDF. In all cases, we do not compute ξ(r) perturbatively but we measure it directly from the
simulation. The top panel shows that both the Gaussian ansatz for Pw‖ and the CLPT calculations are
very inaccurate at small scales. Integrating the different curves gives ξs = 0.64 for the N -body based
PDF while we obtain ξs = 0.70 and 0.44 for the GAM and GCLPT models, respectively. The middle
panel refers to a separation vector with components s‖ = s⊥ ' 20.5h−1Mpc. In this case, pairs
with 5 . r‖ . 35h−1Mpc contribute to ξs and those with r‖ ' 20h−1Mpc give the largest signal.
Both Gaussian approximations, however, reach their maximum for slightly larger values of r‖ and
give rise to less sharply peaked integrands in the streaming equation. Although the two curves based
on the Gaussian approximations seem to be rather similar, once integrated, give rise to significantly
different values of ξs. We find ξs = 0.049 when the actual moments are used and ξs = 0.063 for the
CLPT predictions. This difference mainly originates from the regions on the lhs from the peak, i.e.
for r‖ < s‖ where perturbative calculations become less reliable. Note that the actual value of the
redshift-space correlation is ξs = 0.048 which nearly coincides with the best Gaussian approximation
in spite of the fact that the corresponding integrals in Fig. 2.4 appear to be quite different. Even though
we provided only one specific example here, we find that this serendipitous coincidence holds true for
a broad range of redshift-space separation vectors s. This result provides motivation for improving
the GSM by combining it with enhanced estimates for the pairwise-velocity moments. However,
the success of the GSM on these intermediate scales appears to be fortuitous as the model does not
reproduce the correct shape of the integrand in the streaming equation. The bottom panel shows that
the situation improves only slightly when we consider larger redshift-space separations. In this case,
the CLPT calculations can be calibrated to accurately reproduce the first two moments of the pairwise
velocities and no obvious difference can be noted between the GAM and GCLPT approximations.
However, even at a separation of s ' 70h−1Mpc, the Gaussian models for the velocity PDF cannot
accurately reproduce the shape of the function d(1 + ξs)/dr‖ measured in the simulation. In spite of
this, once the integral over r‖ is performed, they give values for ξs which are accurate at the few per
cent level.

The aim of this paper is to introduce a more general fitting function for the pairwise-velocity PDF
that, once inserted in the streaming model, provides more accurate results for the redshift-space
correlation function than the GSM. The advantage is twofold: first, on large scales and in the era of
precision cosmology, we would be able to make predictions that do not rely on fortuitous cancellations
and, second, extending the accuracy of the streaming model to smaller spatial separations would allow
us to probe modified gravity and interacting dark-energy models as mentioned in the introduction.
Related work has been presented by Uhlemann, Kopp and Haugg, 2015; Bianchi, Chiesa and Guzzo,
2015 and Bianchi, Percival and Bel, 2016 who accounted for skewness in the PDF by using the
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Figure 2.5: Normalised cumulants of the pairwise los velocity for ordered pairs of DM particles in the W0
simulation.

Edgeworth expansion around a Gaussian probability density and by superposing multiple Gaussian
(or quasi-Gaussian) distributions, respectively.

2.4 Statistics of pairwise velocities

The streaming model is formulated in terms of w‖ or wlos while analytical calculations (perturbative
or not) generally deal with the radial and transverse components of the pairwise velocities. In this
section, we derive the relation between the cumulants of these different components. In order to
provide some illustrative examples, we compute several velocity statistics for the DM particles and the
haloes in the W0 simulation at redshift z = 0.

2.4.1 Cumulants

In Fig. 2.5, we investigate how the first four normalised cumulants of Pw‖ for the DM particles, depend
on the real-space separation vector r. Specifically, we consider the mean µ‖ = 〈w‖〉c, the variance
σ2
‖ = 〈w2

‖〉c, the skewness γ‖ = 〈w3
‖〉c/σ3

‖ and the kurtosis k‖ = 〈w4
‖〉c/σ4

‖ . As expected, the odd
cumulants undergo parity inversion as the sign of r‖ changes while the even cumulants are parity
invariant. Note that the cumulants of Pwlos

can also be read from Fig. 2.5 by looking at the region
with r‖ > 0. In this case, the mean velocity and the skewness are always negative meaning that Pwlos

is asymmetric as it is more likely to find infalling pairs at the scales we consider see also Scoccimarro,
2004. The velocity PDF is leptokurtic (i.e. k > 3) meaning that it has a sharper peak and heavier tails
compared to a Gaussian distribution. Although both |γ| and k decrease with increasing r‖ and r⊥,
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Chapter 2 Two-point redshift-space correlation function

Pwlos
always differs substantially from a Gaussian probability density.

2.4.2 Radial, transverse and los pairwise velocities

The peculiar shape of the contour levels in Fig. 2.5 is mainly regulated by the angle that the pair
separation forms with the los. This can be shown as follows. The pairwise velocity of an ordered
pair, v2 − v1, can be decomposed into radial (i.e. along the pair-separation vector) and transverse
components:

wr = (v2 − v1) · r̂ , (2.31)
wt = (v2 − v1)− wr r̂ . (2.32)

In a homogenous and isotropic universe, the statistical properties of wr and wt only depend on r.
Introducing a preferential los direction, however, breaks the rotational invariance so that Pw‖ depends
on both r‖ and r⊥. Let us consider the normal vector to the plane defined by the pair separation and
the los,

n = r̂ × ẑ , (2.33)

and form a right-handed orthonormal basis using r̂, n̂ and the additional unit vector ê. Only the
component of wt perpendicular to n (and thus parallel to ê),

we = (wt · ê) ê = (v2 − v1)− wr r̂ − (wt · n̂) n̂ , (2.34)

contributes to w‖. By defining the angle θ so that cos θ = r̂ · ẑ = r‖/r, it follows that ê · ẑ = ± sin θ
depending on the relative orientation of the pair separation and the los. Eventually, we can write

w‖ = wr cos θ + wp sin θ , (2.35)

with
wp = sgn(ê · ẑ)we . (2.36)

The cumulants of w‖ at fixed r and θ can then be expressed in terms of the cumulants and cross-
cumulants of wr and wp at fixed r. It follows from equation (2.35) that

〈wn‖ 〉c =

2∑

i1=1

2∑

i2=1

· · ·
2∑

in=1

〈wi1wi2 . . . win〉c , (2.37)

where w1 ≡ wr cos θ and w2 ≡ wp sin θ. Terms involving odd powers of wp vanish due to statistical
isotropy (i.e. the probability distribution of wp is symmetric with respect to zero, reflecting the fact
that all orientations of r̂ with respect to ẑ are equally likely). For the normalised cumulants shown in
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Figure 2.6: Cumulants and cross-cumulants of the radial and tangential pairwise velocities contributing to the
first 4 normalised cumulants ofw‖, see equations (2.38) - (2.41). The solid, dotted and dashed lines represent the
radial, tangential and cross components, respectively. In the left column, all quantities have been measured from
the velocities of DM particles in the W0 simulation at z = 0. One-loop (and linear, for µr) CLPT predictions are
also shown in the two topmost panels. A constant has been added to the CLPT results for σ2

r and σ2
p in order to

match the simulation output at r = 100h−1 Mpc. The middle column, shows the results for the bulk velocities
of the DM haloes identified in the same simulation snapshot. Finally, the dependence of the results on the halo
mass is investigated in the right column using different mass intervals indicated in units of 1013h−1 M�.
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Fig. 2.5, we obtain:

µ‖ = µr cos θ , (2.38)

σ2
‖ = σ2

r cos2 θ + σ2
p sin2 θ , (2.39)

γ‖ = σ−3
‖
[
〈w3

r 〉c cos2 θ + 3 〈wrw
2
p〉c sin2 θ

]
cos θ , (2.40)

k‖ = σ−4
‖
{
〈w4

r 〉c cos4 θ + 〈w4
p〉c sin4 θ+

6
[
〈w2

r w
2
p〉c − 2µr 〈wrw

2
p〉c
]

cos2 θ sin2 θ
}
. (2.41)

DM particles

In the left column of Fig. 2.6, we show the radial dependence of the different isotropic terms appearing
in the equations above for the particles in the final snapshot (z = 0) of the W0 simulation. In the
top row, we compare µr measured in our simulation with the predictions of linear and one-loop
Convolution Lagrangian Perturbation Theory (CLPT Carlson, B. Reid and M. White, 2013; L. Wang,
B. Reid and M. White, 2014). In the second row, we plot σ2

r and σ2
p for the N -body particles and

contrast them with the corresponding CLPT results at one loop (after shifting them vertically in
order to match the simulation output at r = 100h−1 Mpc). The figures indicate that state-of-the-art
perturbative approaches qualitatively reproduce the scale dependence of the lowest-order cumulants
for r > 20− 30h−1 Mpc. However, they provide accurate predictions only on much larger scales.
Finally, the third and fourth rows present the various contributions to the skewness and kurtosis of w‖.
Note that the cross-cumulants of the correlated random variables wr and wp are sub-dominant but
non-negligible.

DM haloes and pairwise velocity bias

We now contrast the previous results with the isotropic velocity statistics for the DM haloes identified
at z = 0 in the W0 simulation. In the middle column of Fig. 2.6, we show the cumulants and cross-
cumulants for the radial and tangential pairwise velocities measured using the halo bulk velocities.
It is evident that halo pairs (that trace peaks in the density field) tend to approach each other at a
slightly greater velocity than particle pairs (that also populate underdense regions where the velocity
divergence is positive). Haloes have also smaller velocity dispersions, i.e. they trace a colder velocity
field than the DM (see also Carlberg and Couchman, 1989; Couchman and Carlberg, 1992; Cen and
Ostriker, 1992; Gelb and Bertschinger, 1994; Evrard, Summers and Davis, 1994; Summers, Davis
and Evrard, 1995; Colıén, Klypin and Kravtsov, 2000). Following Carlberg, 1994, we introduce the
pairwise velocity bias as the ratio between the halo and DM rms pairwise velocities. Its variation
with the pair separation is shown in Fig. 2.7 for the radial and the tangential components of the
velocity. In both cases, the ‘antibias’ assumes values ∼ 0.8 on large scales and becomes very strong
for r < 15h−1 Mpc. Fig. 2.6 shows that also the higher-order cumulants for the haloes depart from
those for the DM, especially at small separations. This reflects the fact that the shape of the pairwise
velocity PDF is different for DM particles and haloes.

In the right column of Fig. 2.6, we investigate the dependence of the velocity cumulants on halo mass.
More massive objects show larger mean infall velocities, dispersions, and fourth-order cumulants.
On the other hand, we could not detect any mass dependence for the third-order cumulant. The
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Figure 2.7: Pairwise-velocity bias for radial (solid) and tangential (dashed) motion.

latter, however, is always negative indicating the the halo velocity PDF is asymmetric (and thus non
Gaussian) for all the separations and masses considered here. The amplitude of the fourth cumulant
(invariably larger than 3) also shows that the PDF is leptokurtic with heavy tails.

2.4.3 Dissecting the pairwise-velocity distribution

The pairwise-velocity distribution of DM particles is shaped by the highly non-linear physics of
gravitational instability and, for this reason, is very difficult to model analytically starting from first
principles. A simplified approach relies on a phenomenological description that exploits the internal
dynamics of DM haloes (e.g Sheth, 1996; Sheth and Diaferio, 2001; Tinker, 2007). To provide further
insight into the importance of virialised structures, we investigate the halo contribution to Pwlos

. We
first classify the DM particles in our simulation according to whether they belong to haloes or to
the field. We then partition Pwlos

into the contributions of halo-halo, halo-field and field-field pairs.
Note that the concept of ‘field particle’ is not absolute as it depends on the mass resolution of the
simulation and the minimum halo mass which is considered. In the W0 simulation, we classify 69.3
per cent of the particles as belonging to the field at z = 0. If we were resolving haloes with a mass
M < 1.2 × 1013 h−1M�, then the fraction of field particles would decrease. Basically, our ‘halo
particles’ account for the matter content of galaxy groups and clusters of galaxies. We show a few
examples in Fig. 2.8. For real-space separations that are smaller than the typical halo size, r < 1h−1

Mpc, halo-halo pairs give the dominant contribution toPwlos
(wlos|r) for allwlos whereas the field-field

pairs only matter at very low wlos. For r > 1h−1 Mpc, instead, the wings of Pwlos
are regulated by

the halo-halo pairs while the core of the PDF is determined by the field-field pairs. Halo-field pairs
are always subdominant. The field-field term peaks at wlos ' 0, is negatively skewed (although it
becomes practically symmetric for r‖ < 1h−1 Mpc) and shows rapidly decaying exponential wings.
Halo-halo pairs are characterized by larger mean infall velocities and velocity dispersions with respect
to their field-field counterparts. The exponential tails of their negatively skewed distribution are also
much fatter. In ξs, halo-halo pairs produce the FoG enhancement at small s⊥, while field-field pairs
completely dominate the signal at large s.
In Fig. 2.9, we further partition the halo-halo pairs into subsamples based on the halo mass (for

simplicity, cross pairs formed by particles in different halo-mass bins are not considered here). This
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Figure 2.8: The los pairwise-velocity distribution of the particles in the W0 simulation at z = 0 is decomposed
into simpler elements. The figure shows the contributions of halo-halo, field-halo and field-field pairs for six
different real-space separation vectors (expressed in h−1Mpc).

procedure reveals that haloes of different masses2 are characterized by very different pairwise-velocity
distributions. Not only the velocity dispersion increases with the halo mass but also the mean infall
velocity grows in magnitude. The skewness can even reverse sign for cluster-sized haloes. All this
shows the complexity behind the overall distribution of wlos and clarifies why the PDF is so difficult
to model accurately.

2.5 A new fitting function

It has been proposed that Pwlos
(wlos|r) can be more easily described as a superposition of simpler

elementary functions. The pairwise peculiar velocity dispersion depends on the (suitably defined)
local density of the pairs (Kepner, Summers and Strauss, 1997) and its PDF can be modelled as a
weighted sum of basic Gaussian terms evaluated at fixed halo masses and environment densities (Sheth,
1996; Sheth and Diaferio, 2001; Tinker, Weinberg and Zheng, 2006; Tinker, 2007). Integrating out
the degrees of freedom due to the haloes, Pwlos

(wlos|r) can be approximated as the superposition of
univariate Gaussian (Bianchi, Chiesa and Guzzo, 2015) or quasi-Gaussian (Bianchi, Percival and Bel,
2016) distributions whose cumulants are drawn from a multivariate Gaussian distribution.
Although relatively new in the field of cosmology, similar techniques have actually been in use

for over a century in statistics, finance and the theory of turbulence. The basic idea is to suitably
2 We also considered additional variables as the halo spin parameter and triaxiality but their impact on Pwlos

was too small
to be isolated.
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Figure 2.9: The los pairwise-velocity distribution of the halo-halo term is further partitioned into the contributions
of various halo log-mass bins (the bin boundaries in log10[Mvir/(h

−1M�)] are indicated in the labels) for
different real-space separation vectors (expressed in h−1Mpc). For simplicity, only ‘diagonal’ terms in which
both particles reside in haloes of the same bin are shown.

combine uncountably many elements of a parametric family of PDFs to model heavy tailed and
skewed distributions. In statistics, an (uncountable) ‘mixture’ or ‘compound’ probability distribution
is defined by the relation

Px(x|τ) =

∫
Px(x|f)Pf (f |τ) dnf = Px ◦ Pf , (2.42)

where x denotes the random variable of interest (subject to the condition τ ) and f is a n-dimensional
array containing the factors (or latent variables) that influence the distribution of x. The function
Px(x|f) gives the conditional probability density of x in a subpopulation with given f while the
‘mixing distribution’ Pf is the joint probability density (or the statistical measure) of the factors. If
Px(x|f) is a Gaussian distribution, Nx(x;µ, σ2), then the variable x is called a mixture of Gaussians
(or normals). Scale mixtures of normals (where mixing only involves σ2) are widely used to model
symmetric distributions with heavy tails. Location mixtures of normals (where mixing only involves
µ) are commonly used to model skewed3 distributions. Joint location and scale mixing gives rise to
skewed distributions with heavy tails.
The above-mentioned models for Pwlos

(wlos|r) can be phrased in this language. For instance,
Bianchi, Chiesa and Guzzo, 2015 assume that wlos is a joint location and scale mixture of Gaussians
with a bivariate Gaussian mixing distribution. In this case, the scatter in µ and σ is meant to represent

3 Note, however, that a location mixture with Gaussian mixing distribution yields another Gaussian.
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Chapter 2 Two-point redshift-space correlation function

physical variability due to some latent (but not-so-well-specified) environmental density. This method
compresses the information contained in Pwlos

(wlos|r) into five parameters (the mean values for µ
and σ and the three elements of their covariance matrix) that change smoothly with r. Although
the model matches well the outcome of numerical simulations on large scales, it has two drawbacks:
i) by definition, σ is non negative and thus cannot follow a Gaussian distribution4; ii) the resulting
Pwlos

(wlos|r) cannot reproduce the large skewness measured at small separations (r < 5− 10h−1

Mpc depending on the redshift) for particles and haloes in N -body simulations (Bianchi, Percival and
Bel, 2016). For this reason, Bianchi, Percival and Bel, 2016 replace the mixture of Gaussians with
a mixture of skewed quasi-Gaussians obtained by applying the Edgeworth expansion to first order.
However, in order to limit the number of degrees of freedom of the model, the skewness of Px(x|f) is
not used as a third factor over which the mixing is performed but is deterministically linked to the
variances of σ and µ by means of an ansatz that introduces an additional free parameter.

While these recent efforts have led to the development of tools that can closely approximate
Pwlos

(wlos|r) on a wide range of scales, they are based on to a phenomenological description that
provides little insight into the underlying physics. At the current stage of development, the models
do not have predictive power. They essentially offer a language and a convenient class of fitting
functions that can be used to describe the output of simulations with different gravity models and
retrieve information on the cosmological parameters and the law of gravity from the observed ξs

(assuming a functional form for the scale dependence of the model parameters). Their complexity,
however, is growing rapidly and, as we discussed above, ad hoc assumptions are required to limit
their degrees of freedom while extending their range of validity. Given this premise, we follow here a
pragmatic and complementary approach by proposing a fitting function for Pwlos

(wlos|r) that closely
reproduces the features seen in N -body simulations and provides an excellent fit to them at all scales.
For this purpose, we search the statistics literature for a family of analytic PDFs with the following
characteristics: i) unimodality; ii) presence of quasi-exponential tails; iii) highly tunable low-order
cumulants (in particular skewness); iv) possibility of reducing to the Gaussian distribution in some
limit. We end up selecting the generalised hyperbolic distribution (GHD) which will be precisely
defined in the next section. As in Peebles, 1976 and B. A. Reid and M. White, 2011, we do not give
any physical motivation in support of our choice but we note that, interestingly enough, the GHD
describes a particular mixture of normals.

2.5.1 The generalised hyperbolic distribution

The inverse Gaussian distribution

Let us consider a one-dimensional standardWiener process with drift ν ∈ R>0 and diffusion coefficient
σ ∈ R>0. At time t, the position x of a Brownian particle follows the distributionNx(x; νt, σ2t). The
first-passage time of the level ` > 0 by a Brownian walker is distributed as5 Schrödinger, 1915

ft(t; `, ν, σ) =
`√
2πσ

t−3/2 exp

[
−(`− νt)2

2σ2t

]
. (2.43)

4 To address this issue, Bianchi, Percival and Bel, 2016 truncate the σ distribution at zero and renormalise it to account for
the probability in the Gaussian tail with negative support.

5 In cosmology, this PDF has been used by Bond, Cole et al., 1991 to solve the cloud-in-cloud problem in the excursion-set
model for the halo mass function.
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When expressed in terms of the parameters µ = `/ν and γ = `2/σ2, this equation defines the ‘inverse
Gaussian distribution’ (see e.g. Chhikara and Folks, 1989; Seshadri, 1999, for a comprehensive review
of its properties),

It(t;µ, γ) =
( γ

2π

)1/2
t−3/2 exp

[
−γ (t− µ)2

2µ2t

]
. (2.44)

This PDF provides a classic model for non-negative, unimodal and positively skewed data and is
widely employed to perform lifetime and survival studies in ecology, engineering, finance, law and
medicine. The mean of the distribution coincides with the location parameter µ, while the variance
(µ3/γ), skewness (3

√
µ/γ) and kurtosis (15µ/γ) also depend on the scale parameter γ. The name

inverse Gaussian was coined by Tweedie, 1956 and only refers to the fact that, while the Gaussian
distribution describes the distribution of x at fixed t, It gives the PDF of the time at which the particles
first cross a fixed position.

Generalised inverse Gaussian distribution

In the 1940s and 1950s, a larger family of unimodal PDFs with positive support was introduced. Since
this class includes the inverse Gaussian distribution as a special case, it now goes under the name of
the ‘generalised inverse Gaussian distribution’ (Jørgensen, 1982). The corresponding PDF for the
random variable t > 0 is

Gt(t;λ, χ, ψ) =
(ψ/χ)λ/2

2Kλ(
√
ψχ)

tλ−1 exp

[
−1

2

(
ψt+

χ

t

)]
, (2.45)

where λ ∈ R, χ ∈ R>0, ψ ∈ R>0 and Kλ is the modified Bessel function of the second kind with
order λ (Abramowitz and Stegun, 1972). For λ = −1/2, ψ = γ/µ2 and χ = γ, equation (2.45)
reduces to the inverse Gaussian distribution given in equation (2.44). The generalised inverse Gaussian
distribution can be interpreted as the distribution of the first passage time or, depending on the sign
of λ, the last exit time of more complicated diffusion processes than Brownian motion (Vallois,
1991). Note that, for large values of t, Gt has a thin tail ∝ tλ−1 exp(−ψt/2). Another interesting
property is that, if t follows Gt(t;λ, χ, ψ), then t−1 follows G

t
−1(t−1;−λ, ψ, χ). In analogy with It,

the generalised inverse Gaussian distribution finds many direct applications in risk assessment and
queue modelling. Moreover, it is commonly used as a mixing distribution whenever there is the need
for skewed weighting. This practice was initiated by Sichel, 1974 who used mixtures of Poisson
distributions to model the distribution of sentence lengths and word frequencies.

Normal variance-mean mixtures

Let us return to the Wiener process with drift we introduced in Section 2.5.1. This time, however,
we assume that the Brownian particles start from x = α ∈ R at t = 0. At a given time t > 0, the
position of a random Brownian walker is then x = α+ νt+ σ

√
t g where g is a Gaussian random

variable with zero mean and unit variance. Let us now introduce a second random variable p > 0
which is independent of g and follows a generic distribution Pp. We use p to pick random times
at which we sample the positions of the Brownian particles. This leads us to consider the random
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Figure 2.10: The los pairwise velocity distribution for the DM particles in the W0 simulation at z = 0 (solid) is
compared with the best-fitting GH (dashed), exponential (dot-dashed) and Gaussian (dotted) approximations for
three different pair-separation distances in real space.
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Figure 2.11: KL divergence for the GHD (left), exponential (middle) and Gaussian (right) best-fitting functions
with respect to the los pairwise velocity distribution measured in the simulation. The reported values are
expressed in natural units of information. Note that the color bar in the left panel is compressed by a factor of
10 compared with the middle and right panel.

variable x = α+ βp+ σ
√
p g which is a non-linear combination of g and p. Its PDF,

Px(x) = Nx(x;α+ β p, σ2 p) ◦ Pp(p) , (2.46)

is called a normal variance-mean mixture (Barndorff-Nielsen, Kent and Sorensen, 1982). A theorem
shows that if p is unimodal then so is x (Yu, 2011).

The generalised hyperbolic distribution

A Gaussian PDF plotted on a semi-logarithmic graph describes a parabola. Although the frequency
distribution of many empirical phenomena shows this property, there exist cases in which an hyperbola
provides a much better description than a parabola due to the presence of exponential tails. A classic
example is the log-size distribution of sand grains in natural aeolian deposits (Bagnold, 1941) and
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2.5 A new fitting function

many others arise particularly in finance. The name ‘hyperbolic distributions’ has been coined to
designate this class of probability densities. The very first analytical example of such a PDF was
derived in physics by calculating the distribution of particle velocities in an ideal relativistic gas
(Jüttner, 1911).

The GHD is a larger family of PDFs that includes the hyperbolic distributions as a particular case.
It was introduced by Barndorff-Nielsen, 1977 in order to model the log-size distribution of sand grains
and is defined as a normal variance-mean mixture in which σ = 1 and Pp(p) = Gp(p;λ, δ2, α2 − β2).
Its PDF takes the form (Prause, 1999)

Hx(x;α, β, δ, λ, µ) = Nx(x;µ+ β p, p) ◦ Gp(p;λ, δ2,

√
α2 − β2) =

C
[
δ2 + (x− µ)2

]λ−1/2
2

eβ(x−µ)Kλ− 1
2

(
α

√
δ2 + (x− µ)2

)
, (2.47)

with normalisation constant

C =

(
α2 − β2

)λ
2

√
2π αλ−1/2 δλKλ

[
δ

√
α2 − β2

] . (2.48)

The domain of variation of the parameters is

δ ≥ 0, |β| < α, if λ > 0 ,

δ > 0, |β| < α, if λ = 0 , (2.49)
δ > 0, |β| ≤ α, if λ < 0 .

It is not easy to isolate the impact of each of them and several alternative parameterizations of the
GHD have been introduced to alleviate this problem. Broadly speaking, λ defines various subclasses
and influences the tails, α modifies the shape (i.e. variance and kurtosis), β the skewness, δ the scale
and µ shifts the mean value. A convenient property of the GHD is that it reduces to several named
distributions in the appropriate limit. For example, it gives the hyperbolic distribution for λ = 1 and
becomes a Gaussian distribution with variance δ/α when both α and δ tend to infinity (Hammerstein,
2011).

The GHD shows semi-heavy tails (Barndorff-Nielsen and Blaesild, 1981),

Hx ∼ |x|λ−1 exp(−α|x|+ βx) as x→ ±∞ , (2.50)

and all its moments exist. The moment generating function is

M(x) = eµx
[

α2 − β2

α2 − (β + x)2

]λ/2 Kλ

(
δ

√
α2 − (β + x)2

)

Kλ

(
δ

√
α2 − β2

) , (2.51)

with |β + x| < α which follows from equation (2.49). Explicit expressions for the first four moments
and cumulants are given in Barndorff-Nielsen and Blaesild, 1981.
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Figure 2.12: The redshift-space correlation function ξs for the particles in our N -body simulations (solid) is
compared with the outcome of the streaming model obtained by fitting either a GHD (dashed), a Gaussian
distribution (dotted) or an exponential (dash-dotted) to Pwlos

(wlos|r).

0 10 20 30 40
r  [h−1Mpc]

0

10

20

30

40

r
 [ h

−
1
M

p
c]

0 10 20 30 40
r  [h−1Mpc]

0 10 20 30 40
r  [h−1Mpc]

2.4 1.6 0.8 0.0 0.8
λ

0.16 0.24 0.32 0.40
α [hMpc−1]

0.12 0.09 0.06 0.03 0.00
β [hMpc−1]

0 10 20 30 40
r  [h−1Mpc]

0

10

20

30

40

r
 [ h

−
1
M

p
c]

0 10 20 30 40
r  [h−1Mpc]

0.0 2.5 5.0 7.5 10.0
δ [h−1Mpc]

1.0 0.5 0.0 0.5 1.0
µ [h−1Mpc]

Figure 2.13: Best-fitting parameters of the GHD as a function of r‖ and r⊥.
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2.5.2 Application to pairwise velocities

DM particles

In Fig. 2.10, we show that the GHD (dashed line) provides a very good fit to the histogram of wlos

extracted from the W0 simulation (solid line). The optimal values for the parameters have been
determined assuming (symmetrised) Poisson errors (Gehrels, 1986) and using least-squares fitting
with a Markov Chain Monte Carlo sampler (we have checked for a few separations that this method
gives consistent results with a maximum-likelihood analysis which is time consuming given the huge
number of particle pairs). Our results show that the GHD accurately describes Pwlos

around the mode
and in the negative tail while it slightly underestimates the PDF in the positive tail. The improvement
with respect to Gaussian fits (dotted lines) is dramatic as the normal distribution cannot match the
exponential tails seen in the simulation. For very small spatial separations, the exponential distribution
given in equation (2.30) also provides a very good fit (dot-dashed lines). However, the agreement with
the simulation data rapidly decreases with increasing r as the model has the wrong shape around the
mode of the distribution. A more quantitative analysis is performed in Fig. 2.11 where we compare
the information loss associated with the GHD, exponential and Gaussian approximations. Shown is
the Kullback-Leibler (KL) divergence between the actual PDF measured in the simulations and the
three approximations as a function of the real-space separation of the pairs. This quantity provides a
measure of goodness of fit. For the range of separation vectors shown in Fig. 2.11, the information loss
associated with the Gaussian approximation is always at least one order of magnitude larger than for
the GHD. This property persists also on larger scales. Similar conclusions can be drawn comparing
the exponential and the GHD approximations, although, in this case, the fits are of similar quality at
very small separations (r‖ < 1h−1 Mpc and r⊥ < 15h−1 Mpc). Note that the GHD compression is
nearly lossless at all scales.
Finally, in Fig. 2.12 we show the redshift-space correlation function obtained with the streaming

model by inserting the best-fitting GHD in equation (2.22) together with the real-space correlation
function extracted from the simulation. Our results (dashed lines) provide an excellent description
of the redshift-space correlation measured in the simulation (solid lines). For s > 5h−1 Mpc,
deviations are comparable with the Poisson error for ξs which is always between one and a few per cent.
On smaller scales, where the Poisson error becomes substantially sub per cent, one starts noticing
statistically significant deviations at a few per cent level (not visible in the plot). For comparison, we
also show the results obtained using the Gaussian and exponential fits for Pwlos

. The Gaussian model
(dotted lines) shows large systematic deviations on small scales and matches the simulations (at the
level of the Poisson errors) only for s‖ > 20h−1 Mpc and s⊥ > 5h−1 Mpc. The exponential model6

(dot-dashed lines), on the other hand, is accurate only at small s⊥.
The high fidelity of the GHD fit comes at the price of using five free parameters. Their marked scale

dependence (see Fig. 2.13) represents a severe limitation for future practical applications that aim to
interpret observational data. We note, however, that the best-fitting parameters at different r tightly
cluster along a flattened sequence in five-dimensional space. By applying a principal component
analysis to the standardised variables, we find that the first three components account for 99.8 per
cent of the variance. We thus fit again the distribution of wlos in the simulation using only three free

6 The features that are noticeable in the contour map of ξs at s‖ ' s⊥ are caused by discontinuities in w̄‖ and σ12 as a
function of r‖ and r⊥. In fact, the posterior probability density of these parameters is bimodal for a range of real-space
separations and we selected the peak with the highest integrated probability to draw the dot-dashed lines in Fig. 2.12.
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Figure 2.14: As in Figs. 2.10, 2.11 and 2.12 but for a GHD with only 3 degrees of freedom that identify the
position of the model parameters within the volume spanned by the first 3 principal components.

parameters that denote the position of α, β, δ, λ and µ within the space spanned by the first three
principal components. In Fig. 2.14, we show the quality of the best-fitting functions as well as the
corresponding ξs obtained by inserting them into equation (2.22). The three-parameter GHD still
outperforms the Gaussian approximation at all scales. This requirement can be relaxed at larger
scales where Pwlos

assumes a simpler shape. Fig. 2.15 shows that a two-parameter GHD obtained
through PCA for larger scales provides an excellent fit that better describes the tails of the distribution
with respect to the Gaussian approximation at all spatial separations. Note that even the integrand of
the streaming equation is impeccably reproduced in this case.

DM haloes

DM haloes are biased tracers of the matter distributions and, as discussed in Section 2.4.2, are also
characterized by a different pairwise-velocity PDF which presents less prominent tails than for the
matter. In fact, haloes are not subject to the Finger-of-God effect and have a substantially smaller
pairwise velocity dispersion, especially at small separations. In Fig. 2.16, we show that the GHD
provides an excellent fit to the halo pairwise velocity distribution and, also in this case, outperforms
the Gaussian approximation.
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Figure 2.15: A simplified GHD model for Pwlos
in which the number of free parameters is reduced to 2 through

PCA (2PC GHD, dashed) provides an excellent description of the N -body data (solid) on large scales and
vastly outperforms the Gaussian approximation (dotted). In the top panel, we directly compare data and best-fit
models for the pairwise-velocity PDF (as in Fig. 2.10 but for larger pair separations given in units of h−1 Mpc).
In the bottom panel, we show the corresponding integrand of the streaming equation, as in Fig. 2.4.
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Figure 2.16: The los pairwise velocity distribution for the DM haloes identified in the W0 simulation at
z = 0 (solid line with shaded error) is compared with the best-fitting GH (dashed) and Gaussian (dotted)
approximations for diffferent real-space pair separations expressed in h−1Mpc.
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2.5.3 Discussion

Comparison with previous work

The GHD is a mixture of Gaussians analogous to that introduced in Bianchi, Chiesa and Guzzo, 2015,
although with a very different mixing distribution. It is thus interesting to highlight similarities and
differences between the two approaches. In both cases, skewness is generated by the correlation
between the mean and the variance of the constituent Gaussian distributions. However, the two models
achieve this differently. In Bianchi, Chiesa and Guzzo, 2015, µ and σ are Gaussian random variables
and their correlation is a free parameter. The GHD instead originates from the deterministic relation
µ = α+ βσ2. Additional skewness appears in the GHD because the mixing distribution G is itself
skewed. This illustrates why the GHD can accommodate the large skewness measured in N -body
simulations at small r while the model by Bianchi, Chiesa and Guzzo, 2015 cannot (see Bianchi,
Percival and Bel, 2016).
Another difference between the two approaches lies in the support of the mixing distribution.

Although the rms value σ is by definition non-negative, Bianchi, Chiesa and Guzzo, 2015 use a mixing
function with support on R2 for µ and σ. The mixing integral therefore extends over unphysical
regions where σ < 0. A convenient fix is to truncate the Gaussian mixing distribution at σ = 0 (and
renormalise it) as proposed in Bianchi, Percival and Bel, 2016. On the other hand, the GHD is based
on a non-Gaussian mixing distribution with positive support for σ2. In brief, while Bianchi, Percival
and Bel, 2016 use a mixture of (slightly) non-Gaussian distributions with (truncated) Gaussian mixing,
we use a mixture of normals with a strongly non-Gaussian mixing distribution.

Our approach offers multiple benefits: i) the GHD has long been studied and its mathematical
properties are well known; ii) it has an analytical expression with several different parameterisations;
iii) its moment generating function is analytical and expressions are available for its first four cumulants;
iv) it reduces to the Gaussian distribution in some limit; v) optimised techniques have been developed
for estimating its parameters given a set of data; vi) packages in the most popular computer languages
are available for its efficient evaluation and also for the estimation of its parameters.

Cosmology dependence

Current cosmic-microwave-background experiments and large-scale-structure studies have set tight
constraints on the cosmological parameters of the ΛCDM model. One open question is whether the
pairwise velocity PDF changes significantly when the underlying cosmological model is varied within
the currently allowed region of parameter space. We investigate this issue in Fig. 2.17 where we
compare the pairwise velocity PDFs at z = 0 for the DM particles extracted from the 6 simulations
introduced in Section 2.1. Switching from the WMAP to the Planck cosmology or considering
non-Gaussian initial fluctuations (even at a level that violates current observational limits) only
introduces minimal changes in Pwlos

at all separation vectors. Minute differences are noticeable only
in the high-velocity tails. This is good news as it means that it should be possible to parameterize
the scale-dependence of the PDF in a cosmology-independent way so that to facilitate practical
applications of the GHD model.
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Figure 2.17: The los pairwise velocity distribution measured at z = 0 for the DM particles in the six cosmological
models introduced in Table 2.1. Spatial separations are given in units of h−1Mpc.
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Redshift evolution

The pairwise-velocity PDF for the DM particles reflects the non-linear growth of the large-scale
structure of the Universe and, therefore, evolves with time. This is shown in Fig. 2.18, where we use
the W0 simulation to plot Pwlos

for various real-space separations at four different epochs. At z = 2,
the PDF already exhibits non-Gaussian features including asymmetry around the mode. However,
the PDF is much more strongly peaked and presents less prominent exponential tails than at z = 0.
In fact, only rare massive haloes are resolved at early times and the velocity PDF is dominated by
field-field pairs. As time goes by, more and more haloes above the mass-resolution limit form and the
velocity PDF develops fatter tails. It is worth stressing that almost no evolution is noticeable between
z = 0.5 and z = 0. This is a consequence of the fact that the energy budget of the universe becomes
dominated by the cosmological constant and further development of structure is inhibited. Combined
with the results of Section 2.5.3, this finding implies that, for z . 0.5, it should be possible to define a
cosmology- and redshift-independent parameterization of the pairwise-velocity PDF, at least for the
DM particles.

DM vs galaxies

The ultimate application of the streaming model is the interpretation of the clustering signal extracted
for galaxy redshift surveys. However, our study (like many others before) focusses on the analysis
of simulated DM particles and haloes. The advantage of using the simulation particles is that they
offer a huge statistical sample. On the other hand, the PDF of their pairwise velocities shows stronger
exponential tails with respect to haloes due to the broadening generated by virial motions and spikier
peaks due to diffuse matter (see Fig. 2.8). In a sense, a galaxy sample is expected to show intermediate
properties between halo and particle datasets. A pure sample of central galaxies will closely look
like a halo sample while adding more and more satellites will progressively drive the PDF towards
the results for simulation particles. It is long known that galaxy clustering in redshift space is well
described by the streaming model assuming an exponential Pwlos

on very small scales and a Gaussian
one on very large scales. Since the GHD is of very general form and reduces to these limits for
particular combinations of its parameters, we are confident that our analysis can be straightforwardly
generalised to galaxies. We will investigate this issue in our future work.

2.6 Summary

The galaxy 2-point correlation function in redshift space depends on the orientation of the pair-
separation vector with respect to the los. This anisotropy encodes information about the velocities
arising from gravitational instability. On large scales, where linear perturbation theory applies, RSD
allow for a measurement of the growth rate of structure. Combining estimates at different redshifts
help differentiate dark energy models based on General Relativity from modified gravity as the cause
of the accelerating Universe.
Modifications to the theory of gravity generally introduce extra degrees of freedom whose effect

(the so-called fifth force) must be suppressed by some screening mechanism on scales where General
Relativity is well tested. Such constraint implies that characteristic signatures will be imprinted on
intermediate cosmological scales. In fact, the screening mechanism is expected to affect the non-linear
clustering and the velocities of tracers of the large-scale structure. Testing these predictions provides a
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strong motivation to extend the analysis of galaxy clustering to smaller scales than currently done in
cosmological studies.
Realising this program in practice requires, however, a number of tools. Among them, robust

theoretical predictions for the modified theories of gravity together with an accurate (and, possibly,
non-perturbative) description of RSD. In this paper, we focussed on the latter issue. In particular, we
discussed the classical streaming model for RSD and how its implementation can be improved to get
accurate predictions at non-linear scales. Our main results can be summarised as follows.
In Section 2.3, starting from the one- and two-particle phase-space densities, we derived the

governing equations of the model. For ordered pairs, we obtained equation (2.14) which coincides
with the standard equation discussed in the literature. Our result is exact and holds true also in the
case of multi streaming thanks to our particle-based approach. The correct solution for unordered
pairs has been given in equation (2.22). The modifications with respect to equation (2.14) account
for the pairs that reverse their los ordering between real and redshift space. These swaps occur more
frequently for pairs with small spatial separations.
After briefly reviewing the history of the streaming model and of its applications, we investigated

the limitations of using the Gaussian ansatz for the pairwise-velocity PDF. In agreement with previous
studies, we showed that this approximation fails to reproduce the outcome of N -body simulations
for redshift-space separations s . 20h−1Mpc while it achieves percent level accuracy on ξs on
substantially larger scales. Our analysis revealed, however, that a Gaussian PDF never manages to
reproduce the integrand of the streaming equation to the same level of accuracy. The success of the
GSM on large scales, therefore, originates from fortuitous cancellations between the contributions of
the peak and the wings in the integrand of the streaming equation (see Fig. 2.4).
In Section 2.4, we used a high-resolution N -body simulation to investigate how the PDF of the

los component of the pairwise-velocity, w‖, depends on the pair separation vector for both DM
particles and haloes. The first four cumulants of the PDF show a complex pattern (Fig. 2.5) that can
be understood in terms of a few isotropic components and the angle that the pair separation forms
with the los. We derived a general relation between the cumulants of w‖ and those of the radial and
transverse pairwise velocities, equation (2.37). We then studied the scale-dependence of the isotropic
components in the simulation (Fig. 2.6) and measured the pairwise-velocity bias of the DM haloes
(Fig. 2.7). Additionally, we dissected the pairwise-velocity PDF for the DM and showed that the tails
are generated by particles in massive haloes while the region around the mode is dominated by field
particles (Figs. 2.8 and 2.9).

Finally, in Section 2.5, we proposed an analytical fitting function for the pairwise-velocity distribution
and demonstrated that it provides an excellent description of numerical data. We first introduced the
mathematical background of mixtures and then described the properties of the GHD, a unimodal
PDF with exponential tails. Comparing with N -body simulations, we showed that the GHD is able to
approximate the PDF of the los pairwise velocity at all scales (for both DM particles and haloes) with
minimal information loss compared to the common exponential and Gaussian fits (Figs. 2.10, 2.11,
and 2.12). The main drawback to using the GHD in future practical applications is that it depends on 5
tunable parameters. In fact, fixing their values to best fit theN -body data gives rise to non-trivial scale
dependencies (Fig. 2.13). However, the best-fitting values are strongly correlated and tend to populate
a lower-dimensional sequence in 5-dimensional parameter space. Using principal-component analysis
to exploit the correlations, we managed to reduce the complexity of the model while still providing a
remarkable fit to ξs. We found that 2 parameters are enough on large scales (s > 70h−1 Mpc) while
at least 3 are needed on smaller scales. In this case, even the integrand of the streaming equation is
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accurately reproduced by the model (Fig. 2.15).
Intriguingly, we found that the pairwise-velocity PDF for the DM at z = 0 shows only minimal

changes when the underlying cosmological parameters are varied within the current constraints for
the ΛCDM model (Fig. 2.17). Moreover, it does not show any noticeable time evolution for redshifts
z . 0.5 (Fig. 2.18). All this suggests that, for low-redshift tracers, it should be possible to find a
cosmology- and redshift-independent parameterization for the PDF of their pairwise velocities as a
function of the separation vector. This would greatly simplify the implementation of the GHD model
for studying anisotropic galaxy clustering. We will investigate the applicability of these findings to
forthcoming data in our future work.

2.A Appendix

2.A.1 Reversed pairs

In Fig. 2.19, we quantify the importance of pair reversals for the two-point correlation function in
redshift space. After measuring ξ(r) and Pwlos

in our simulation, we apply equation (2.22) and
obtain the solid contour levels for ξs that nicely match those shown in the right-hand panel of Fig. 2.1.
The dashed contours, instead, are computed integrating over the positive values of r‖ only, which
corresponds to neglecting the reversed pairs. Not only this incomplete model underestimates ξs by a
factor of two in the FoG regime (s⊥ < 2h−1 Mpc and s‖ � s⊥ where reversed pairs are as many as
the preserved ones), but also severely suppresses the redshift-space correlation whenever s‖ � s⊥.
The reversed pairs thus give an important contribution on a vast range of redshift-space separations
that extend well beyond the typical size of DM haloes.
It is also interesting to explore what would happen if one would naively replace Pw‖ with Pwlos

in equation (2.14) or, equivalently, drop the sgn function in equation (2.22). The corresponding
result for ξs is shown with dotted lines in Fig. 2.19 and it underestimates the actual correlation
function on many scales although less severely than in the previous case. To further investigate the
origin of the differences, in the top panel of Fig. 2.20, we consider a narrow range of redshift-space
separations (s‖ ∈ [5, 6)h−1Mpc and s⊥ ∈ [2, 3)h−1Mpc) and plot the integrand of equation (2.22)
as a function of r‖ (solid line). For comparison, we also indicate with a dashed line the integrand
obtained neglecting the sgn function in the argument of Pwlos

for r‖ < 0. Although the reversed pairs
are taken into account in the latter case, they are miscounted which leads to the underestimation of ξs.

Note that the correct function d(1 + ξs)/ dr‖ is discontinous at r‖ = 0. This feature originates from
the function Pwlos

[(s‖ − r‖) sgn(r‖) | r] which is plotted in the middle panel of Fig. 2.20: the factor
sgn(r‖) makes sure that the (continuous but asymmetric) velocity PDF is sampled at wlos = s‖ − r‖
for r‖ → 0+ and at wlos = r‖ − s‖ for r‖ → 0−. Also note that Pwlos

presents a prominent peak
around r‖ ' s‖ corresponding to pairs with relatively small relative los velocity. The enhancement
of the region around r‖ ∼ 0 in the full integrand is due to the term 1 + ξ(r) which is plotted in the
bottom panel of the figure. In simple words, real-space clustering boosts the contribution from close
pairs with large pairwise los velocity.
It is worth mentioning that, for much larger redshift-space separations (e.g. s‖ � 20h−1Mpc

and s⊥ � 20h−1Mpc), the peak around r‖ ≈ 0 is suppressed and the impact of the reversed pairs
becomes much less important. In this case, neglecting the sgn function in equation (2.22) or using
Pwlos

in equation (2.14) generates only small errors.
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Figure 2.19: Impact of the reversed pairs on ξs. The solid lines show the contour levels obtained using
equation (2.22) which is exact for ordered pairs. In this case, the correlation function nicely matches the
measurements presented in Fig. 2.1. This result is compared with two approximations that do not properly
account for the reversed pairs. The dashed lines only considers the region with r‖ > 0 in equation (2.22) and
thus completely disregards the swapped pairs. The dotted lines, on the other hand, are obtained by replacing
Pw‖

with Pwlos
in equation (2.14) which improperly weighs the reversed pairs.
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CHAPTER 3

Three-point redshift-space correlation function

Maps of the large-scale structure of the Universe obtained from galaxy redshift surveys suffer from the
so-called redshift-space distortions (RSD) generated by galaxy peculiar velocities (Jackson, 1972;
Sargent and Turner, 1977). RSD break the isotropy of galaxy N -point statistics by introducing an
angular dependence with respect to the direction of the line of sight (los) (Kaiser, 1987; Hamilton,
1998). The degree of anisotropy depends on the growth rate of cosmic structure and can thus be
used to probe dark energy and test gravity theories. Achieving this goal, however, requires modelling
daunting non-linear and non-perturbative physics as motions within virialised galaxy clusters alter
galaxy statistics on significantly large scales.
The introduction of the streaming model for the 2-point correlation function (Peebles, 1980)

represents a key milestone in this development. The basic idea is to compute the distorted anisotropic
two-point correlation function (in ‘redshift space’) by an integral transformation of the underlying
isotropic correlation function (in ‘real space’) combined with the distribution function of the relative
los velocities of galaxy pairs. However, since the moments of this ‘pairwise velocity distribution
function’ (PVD) are strongly scale dependent and difficult to predict from first principles, the streaming
model has been often considered as a rather impractical tool to use for cosmological inferences
(although it is exact in the distant-observer approximation). Assuming that the PVD is Gaussian
for large spatial separations and that its mean and variance can be evaluated using perturbation
theory formed a successful step forward in this direction (Fisher, 1995; B. A. Reid and M. White,
2011; Carlson, B. Reid and M. White, 2013; M. White, B. Reid et al., 2015; Vlah, Castorina and
M. White, 2016). This ‘Gaussian streaming model’ has been successfully applied to galaxy redshift
surveys (B. A. Reid, Samushia et al., 2012; Samushia et al., 2014; Alam, Ho et al., 2015; Chuang,
Pellejero-Ibanez et al., 2017; Satpathy et al., 2017). In a parallel line of research, several authors have
discussed how to go beyond the Gaussian approximation by incorporating higher-order cumulants of
the PVD (Bianchi, Chiesa and Guzzo, 2015; Uhlemann, Kopp and Haugg, 2015; Bianchi, Percival
and Bel, 2016; Kuruvilla and Porciani, 2018).

In this paper, we derive an exact streaming model for generic n-point correlation functions (nPCFs)
with n ≥ 2. In full analogy with the 2-point case, we find that the n-point correlation in redshift
space is given by an integral transformation of its real-space counterpart multiplied by the multivariate
distribution of the relative los velocities between n− 1 galaxy pairs in a n-tuple. After studying the
properties of this distribution for triplets of dark-matter particles in a large N -body simulation, we
formulate a Gaussian streaming model for the 3PCF and test its performance against the simulation.
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Measurements of the 3PCF have a long history that reflects the development of galaxy surveys.
Pioneering studies, dating back to the 1970s, were based on a few thousand galaxy positions on the sky
(Peebles and Groth, 1975; Groth and Peebles, 1977; Peebles, 1981). Early redshift surveys provided
samples containing a few hundred objects (Bean et al., 1983; Efstathiou and Jedrzejewski, 1984;
Hale-Sutton et al., 1989). A measurement with much larger signal-to-noise ratio was performed using
nearly 20,000 galaxies from the Las Campanas Redshift Survey (Jing and Börner, 1998). Eventually,
in the early 2000s, the advent of multi-fiber spectrographs provided homogeneous samples with 105−6

galaxies at low redshift. The 3PCF was measured from the Two-Degree Field Galaxy Redshift Survey
(Jing and Börner, 2004; Y. Wang et al., 2004; Gaztañaga, Norberg et al., 2005), different generations
of the Sloan Digital Sky Survey (Kayo et al., 2004; Nichol et al., 2006; Ross, Brunner and Myers,
2006; Kulkarni et al., 2007; Gaztañaga, Cabré et al., 2009; McBride et al., 2011; F. Marıén, 2011;
Guo, C. Li et al., 2014; Guo, Zheng et al., 2015; Slepian, Eisenstein et al., 2017), and the WiggleZ
Dark Energy Survey (F. A. Marıén et al., 2013). Recently, it was also possible to extend the analysis at
redshifts 0.5 < z < 1 by using nearly 50,000 galaxies from the VIMOS Public Extragalactic Redshift
Survey (Moresco, Marulli, Moscardini et al., 2017).
In spite of this impressive progress, estimates of 3-point statistics on large scales still suffer from

systematic shifts generated by rare statistical fluctuations, meaning that substantially larger volumes
need to be covered in order to obtain unbiased measurements, e.g. (Nichol et al., 2006). Fortunately,
dark-energy science is providing a strong motivation for building such unprecedentedly large samples.
This led the community to develop and build dedicated facilities like the Dark Energy Spectroscopic
Instrument (Desi, Levi et al., 2013), the Euclid mission (Amendola et al., 2013), the Wide-Field
Infrared Survey Telescope (Wfirst, D. Spergel et al., 2013), the Prime Focus Spectrograph (Pfs,
Takada et al., 2014), the Large Synoptic Survey Telescope (Lsst, LSST Science Collaboration et al.,
2009) and the Spectro-Photometer for the History of the Universe, Epoch of Reionization, and Ices
Explorer (SPHEREx, Dore et al., 2014).

Several authors have recently highlighted that combining two- and three-point clustering statistics
with data of this calibre will ultimately lead to a sizeable information gain about the cosmological
parameters (Sefusatti, Crocce et al., 2006; Gil-Marıén, Noreña et al., 2015; Gil-Marıén, Percival et al.,
2017; Karagiannis et al., 2018; Yankelevich and Porciani, 2019; Chudaykin and Ivanov, 2019). In
particular, 3-point clustering statistics (either in configuration or Fourier space) are expected to: i)
remove the degeneracy between the amplitude of dark-matter perturbations and the galaxy linear
bias coefficient that plagues 2-point statistics (Fry, 1994; Frieman and Gaztanaga, 1994; Matarrese,
Verde and Heavens, 1997) and constrain the linear growth rate of matter fluctuations (Hoffmann, Bel
et al., 2015); ii) provide an accurate determination of galaxy biasing (Gil-Marıén, Noreña et al., 2015;
Yankelevich and Porciani, 2019); iii) constrain the level of primordial non Gaussianity (Scoccimarro,
Sefusatti and Zaldarriaga, 2004; Sefusatti and Komatsu, 2007; Giannantonio and Porciani, 2010;
Tellarini et al., 2016; Karagiannis et al., 2018); iv) help distinguish between alternative models like
coupled dark-energy cosmologies (Moresco, Marulli, Baldi et al., 2014); v) constrain neutrino masses.
In order to keep these promises and fully exploit the forthcoming data, it is essential to make fast

progress from the theoretical point of view as well. Historically, most models of the 3PCF were based
on the basic ‘hierarchical clustering’ ansatz (Peebles, 1980) or on the phenomenological halo model
(Y. Wang et al., 2004; Guo, Zheng et al., 2015). It is only recently that more quantitative techniques
have received increased attention. For instance, perturbation theory has been used to compute a model
for the 3PCF in redshift space (Slepian and Eisenstein, 2017) in analogy with previous results obtained
in Fourier space (Scoccimarro, Couchman and Frieman, 1999). Our work provides a framework
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for further developing this line of research along a path that was already very successful for 2-point
statistics.

The paper is organised as follows. In section 3.1, we review the basic concepts of RSD and derive
the fundamental equations of the generalised streaming model for the nPCF. This first part is very
general and technical. We then focus on applications of the theory to the 3PCF. With this goal in mind,
in section 3.2, we use an N -body simulation and perturbation theory to study the properties of the
bivariate distribution of the relative los velocities between particle pairs in a triplet. Motivated by
the resuls, in section 3.3, we formulate the 3-point Gaussian streaming model and test it against the
simulation. Finally, we summarise our results in section 3.4.

3.1 The streaming model

We start with a note. Busy readers who want to focus on applications of the theory to the 3PCF may
want to skip large parts of this section on first reading but will want to read sections 3.2, 3.3 and
3.4 in their entirety. To help them scan for desired information and skip those parts that are more
conceptual, we recommend familiarising themselves with section 3.1.1, equation (3.14), the short
sentence following equation (3.16) that provides a definition in words of the functions we denote by
P(n)
w‖ , and the beginning of section 3.1.4 until equation (3.21).

3.1.1 Redshift-space distortions

The distance to a galaxy, quasar or galaxy cluster is generally estimated starting from the observed
redshift of spectral lines in its electromagnetic spectrum. This conversion assumes an unperturbed
Friedmann model of the Universe with instantaneous expansion factor a and thus a perfect Hubble
flow with instantaneous Hubble parameterH . Therefore, this distance estimate is never exact with
actual data due to the presence of peculiar velocities. In the distant-observer (or plane-parallel)
approximation (Hamilton, 1998), a single los direction ŝ can be defined for all objects. Hence, the
actual comoving distance x and the redshift-based estimate xs satisfy the relation

xs = x + (v · ŝ) ŝ . (3.1)

where v denotes the peculiar velocity u divided by the factor aH . The locations described by the
coordinates xs and x are commonly referred to as the ‘redshift space’ and the ‘real space’ position,
respectively. Consider two tracers of the large-scale structure with real-space separation r12 = x2−x1.
Their redshift-space separation along the los is then

s12‖ = (xs2
− xs1

) · ŝ = r12‖ + w12‖ , (3.2)

where r12‖ = r12 · ŝ and w12‖ = (v2 − v1) · ŝ. On the other hand, in the perpendicular plane, the
real- and redshift-space separations coincide, i.e. s12⊥ = r12⊥.

3.1.2 Phase-space densities and correlation functions

Let us consider a system consisting of N particles in 3-dimensional space. At any instant of time,
each particle is characterised by its comoving position xi and the (rescaled) peculiar velocity vi (with
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1 ≤ i ≤ N). We introduce the n-particle phase-space densities (Yvon, 1935; Huang, 1987; Kardar,
2007)

fn(xA1
, . . . ,xAn

,vA1
, . . . ,vAn

) =
N∑

i1=1

∑

i2 6=i1
. . .

∑

in 6=i1,...,in−1〈
δ

(3)
D (xA1

− xi1) . . . δ
(3)
D (xAn

− xin) δ
(3)
D (vA1

− vi1) . . . δ
(3)
D (vAn

− vin)
〉
, (3.3)

where δ(n)
D is the Dirac delta distribution in Rn and the brackets denote averaging over an ensemble of

realisations. Before we proceed, let us clarify our notation. The symbols xAi
∈ R3 and vAi

∈ R3

denote the independent variables of the fn functions. On the other hand, as we have already
mentioned, xij and vij indicate the position and velocity of the ithj particle. The indices {i1, . . . , in}
specify a set of n different particles and the sums run over all possible n-tuples that can be formed
with N particles. Note that fn is normalised to the total number of ordered n-tuples of particles:∫
fn dxA1

. . . dxAn
dvA1

. . . dvAn
= N !/(N −n)!. Assuming statistical isotropy and homogeneity

as well as thatN →∞, it follows that f1 = n̄P(1)
v where n̄ denotes the mean particle number density

per unit volume and P(1)
v is the probability density function (PDF) of peculiar velocities that can only

depend on v2 and is normalised such that 4π
∫
P(1)
v v2 dv = 1 (Kuruvilla and Porciani, 2018). Under

the same assumptions, the n-point spatial correlation function of the particles in configuration space
(n ≥ 2) can be expressed as

Fn =

∫
fn dvA1

. . . dvAn
(∫

f1 dv

)n =
1

n̄n

∫
fn dvA1

. . . dvAn
, (3.4)

where we did not write explicitly the arguments of the correlation functions to simplify notation. The
irreducible (or connected) spatial n-point correlation functions can be expressed in terms of the Fn.
For instance, F2 and the 2-point connected function ξ satisfy the relation

F2(r) = 1 + ξ(r) , (3.5)

where r = |xA2
− xA1

| denotes the comoving separation between the points at which the functions
are evaluated. Similarly, F3 is related to the 3-point connected function ζ by

F3(r12, r23, r31) = 1 + ξ(r12) + ξ(r23) + ξ(r31) + ζ(r12, r23, r31) , (3.6)

where the different rij = |xAj − xAi| indicate the comoving separations between pairs of points in a
triplet.

Analogous considerations apply in redshift space, where we can introduce the n-particle phase-space
densities gn and the n-point spatial correlation functions
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Gn =

∫
gn dvA1

. . . dvAn
(∫

g1 dv

)n =
1

n̄n

∫
gn dvA1

. . . dvAn
. (3.7)

Since redshift-space distortions appear along the line of sight, these functions are not isotropic.
However, due to the invariance under rotations along the los, G2 and ξs only depend on the modulus of
s⊥:

G2(s‖, s⊥) = 1 + ξs(s‖, s⊥) . (3.8)

Similarly, we can write

G3(4123) = 1 + ξs(s12‖, s12⊥) + ξs(s23‖, s23⊥) + ξs(s31‖, s31⊥) + ζs(4123) , (3.9)

although the compact notation above needs further explanation. First of all, there are multiple ways to
parameterize the triangle4123 ≡ {s12, s23, s31}. Since, by definition, s12 + s23 + s31 = 0, picking
two of the legs automatically determines the third one. For instance, we could write

G3(s12, s23) = 1 + ξs(s12‖, s12⊥) + ξs(s23‖, s23⊥) + ξs(s31‖, s31⊥) + ζs(s12, s23) , (3.10)

even though also this notation does not reflect the full picture. In fact, G3 and ζs only depend on
s12‖, s12⊥, s23‖, s23⊥ and cos θ⊥ = ŝ12⊥ · ŝ23⊥. Since, s2

31⊥ = s2
12⊥ + s2

23⊥ + 2s12⊥s23⊥ cos θ⊥
and s31‖ = −(s12‖ + s23‖), we can equivalently express the functional dependence of ζs in
terms of five separations: s12⊥, s12‖, s23⊥, s23‖ and s31⊥ (as we will do in sections 3.2.3 and
3.3). However, the 3PCFs G3 and ζs do not depend on the labelling of the vertices of 4123, e.g.
ζs(s12, s23) = ζs(s13, s32) = ζs(s21, s13) = ζs(s23, s31) = ζs(s31, s12) = ζs(s32, s21), whereas
using s12⊥, s12‖, s23⊥, s23‖ and s31⊥ associates different parameter sets to different labellings. For
instance, in a measurement, a single triplet of points would contribute to six different triangular
configurations thus introducing unnecessary covariances and repetitions. Fixing the labelling so that
s12 ≥ s23 ≥ s31 provides a simple solution to this issue (Yankelevich and Porciani, 2019) but we will
not adopt this convention in this work.

3.1.3 The streaming model for the 2-point correlation function

In this section, we outline the original derivation of the streaming model for the 2PCF presented in
Kuruvilla and Porciani, 2018. By definition, the phase-space distributions f2 and g2 differ only by the
coordinate change in equation (3.2). We can thus combine equations (3.7) and (3.8) and write1

1 + ξs(s‖, s⊥) =
1

n̄2

∫
f2(s‖ − w‖, s⊥,vA,vB) δ

(1)
D (w‖ − vB‖ + vA‖) dw‖ dvA dvB . (3.11)

1 To avoid the proliferation of subscripts, whenever possible (i.e. when we discuss explicit examples for the 2 and 3PCFs
instead of the generic n-point case), we use the indices A, B, . . . instead of A1,A2, . . . .
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We now multiply the integrand in the right-hand side (rhs) of the last equation by the quantity

n̄2

[
1 + ξ

(√
(s‖ − w‖)2 + s2

⊥

)]

∫
f2(s‖ − w‖, s⊥,vA,vB) dvA dvB

=
n̄2 {1 + ξ[r(s‖, s⊥, w‖)]

}
∫
f2[r‖(s‖, w‖), r⊥(s⊥),vA,vB] dvA dvB

, (3.12)

(which is identically one) and define the pairwise-velocity PDF at fixed real-space separations
r‖ = s‖ − w‖ and r⊥ = s⊥ as

P(2)
w‖

[
w‖|r

(
s‖, s⊥, w‖

)]
=

∫
f2(s‖ − w‖, s⊥,vA,vB) δ

(1)
D (w‖ − vB‖ + vA‖) dvA dvB

∫
f2(s‖ − w‖, s⊥,vA,vB) dvA dvB

=

∫
f2(s‖ − w‖, s⊥,vA,vB) δ

(1)
D (w‖ − vB‖ + vA‖) dvA dvB

n̄2

[
1 + ξ

(√
(s‖ − w‖)2 + s2

⊥

)] . (3.13)

Equation (3.11) thus reduces to the fundamental equation of the streaming model

1 + ξs(s‖, s⊥) =

∫ [
1 + ξ

(√
(s‖ − w‖)2 + s2

⊥

)]
P(2)
w‖

[
w‖|r

(
s‖, s⊥, w‖

)]
dw‖

=

∫
[1 + ξ(ř)] P(2)

w‖ (s‖ − r‖|ř) dr‖ . (3.14)

where a descending wedge symbol highlights variables that are derived and not independent.

3.1.4 The streaming model for the n-point correlation function

The reasoning above can be generalised to derive a streaming model for the nPCF. An ordered n-tuple
of points is fully described by the position of one of them together with n− 1 independent separation
vectors.2 Then, the n-point analogue of equation (3.11) is

Gn =
1

n̄n

∫
fn(s12‖ − w12‖, . . . , smn‖ − wmn‖, s12⊥, . . . , smn⊥,vA1

, . . . ,vAn
) (3.15)

δ
(1)
D (w12‖ − vA2‖ + vA1‖) . . . δ

(1)
D (wmn‖ − vAn‖ + vAm‖) dw12‖ . . . dwmn‖ dvA1

. . . dvAn
,

where the subscriptm is a short for the index n− 1. We now multiply and divide the integrand in the
rhs of equation (3.15) by n̄nFn/

∫
fn dvA1

. . . dvAn
(which is identically one) and define

P(n)
w‖ =

∫
fn δ

(1)
D (w12‖ − vA2‖ + vA1‖) . . . δ

(1)
D (wmn‖ − vAn‖ + vAm‖) dvA1

. . . dvAn

n̄nFn
, (3.16)

2 Convenient choices could be either the ‘star rays’ r12, r13, . . . , r1n computed with respect to one of the points or the
‘polygon sides’ r12, r23, . . . , r(n−1)n computed between points with consecutive labels. We adopt this second option.
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3.1 The streaming model

where fn has the same functional dependencies as in equation (3.15). This is the joint PDF of the
n − 1 relative pairwise (i.e. for unordered 2-subsets of points) los velocities that fully determine
the redshift-space distortions for a fixed n-tuple configuration in real space (bear in mind that
wn1‖ = −w12‖ − · · · − wmn‖). It follows immediately from the definition above that P(n)

w‖ is
symmetric under particle exchange and parity transformations. By combining equations (3.15) and
(3.16) we obtain the streaming model for n-point statistics

Gn =

∫
Fn P(n)

w‖ dw12‖ . . . dwmn‖ , (3.17)

which is one of the central results of this paper. Note that equation (3.17) is exact under the distant-
observer approximation and the assumption of statistical homogeneity and isotropy in real space. For
dark matter, our particle-based approach holds true even in multi-stream regions and fully accounts for
density-velocity correlations. At the same time, the n-point streaming model obtained above applies
to any population of tracers of the large-scale structure (e.g. galaxies or their host dark-matter halos)
without making any assumptions regarding their interactions.

Application to the 3-point correlation function

The main focus of this paper is 3-point statistics. We therefore give a closer look at the streaming
model for the 3PCF. After setting n = 3, equation (3.17) gives

1 + ξs(s12‖, s12⊥) + ξs(s23‖, s23⊥) + ξs(š31‖, s31⊥) + ζs(s12, s23)

=

∫
[1 + ξ(ř12) + ξ(ř23) + ξ(ř31) + ζ(ř12, ř23, ř31)]

P(3)
w‖

[
w12‖, w23‖| ř12(s12, w12‖), ř23(s23, w23‖)

]
dw12‖ dw23‖ (3.18)

=

∫
[1 + ξ(ř12) + ξ(ř23) + ξ(ř31) + ζ(ř12, ř23, ř31)]

P(3)
w‖

(
s12‖ − r12‖, s23‖ − r23‖| ř12, ř23

)
dr12‖ dr23‖ . (3.19)

where s31‖ and s31⊥ have been defined in the text following equation (3.9) and for the derived variables
we have ř12 = [(s12‖ −w12‖)

2 + s2
12⊥]1/2 = (r2

12‖ + s2
12⊥)1/2, ř23 = [(s23‖ −w23‖)

2 + s2
23⊥]1/2 =

(r2
23‖+s

2
23⊥)1/2 and ř31 = [(−s12‖−s23‖+w12‖+w23‖)

2 +s2
31⊥]1/2 = [(−r12‖−r23‖)

2 +s2
31⊥]1/2.

We can now use the streaming model for the 2PCF to replace all appearances of ξs and write an
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Chapter 3 Three-point redshift-space correlation function

equation for the connected 3PCF in redshift space:

−2 + ζs(s12, s23) = −
∫

[1 + ξ(ř12)] P(2)
w12‖(w12‖|ř12) dw12‖

−
∫

[1 + ξ(ř23)] P(2)
w23‖(w23‖|ř23) dw23‖ −

∫
[1 + ξ(ř31)] P(2)

w31‖(w31‖|ř31) dw31‖ (3.20)

+

∫
[1 + ξ(ř12) + ξ(ř23) + ξ(ř31) + ζ(ř12, ř23, ř31)] P(3)

w‖(w12‖, w23‖|ř12, ř23) dw12‖ dw23‖

= −
∫

[1 + ξ(ř12)]P(2)
w12‖(s12‖ − r12‖| ř12) dr12‖ −

∫
[1 + ξ(ř23)]P(2)

w23‖(s23‖ − r23‖| ř23) dr23‖

−
∫

[1 + ξ(ř31)]P(2)
w31‖(s31‖ − r31‖| ř31) dr31‖ +

∫
[1 + ξ(ř12) + ξ(ř23) + ξ(ř31)

+ζ(ř12, ř23, ř31)]P(3)
w‖

(
s12‖ − r12‖, s23‖ − r23‖| ř12, ř23

)
dr12‖ dr23‖ . (3.21)

Since ξ(ř12) does not depend on w23‖, ξ(ř23) does not depend on w12‖, and the term ξ(ř31) in the
last row is a function of t‖ = −w12 − w23 but does not depend on p‖ = w12‖ − w23‖, we can write

−2 + ζs(s12, s23) =∫
[−2 + ζ(ř12, ř23, ř31)] P(3)

w‖(w12‖, w23‖|ř12, ř23) dw12‖ dw23‖

+

∫
[1 + ξ(ř12)]

[∫
P(3)
w‖(w12‖, w23‖|ř12, ř23) dw23‖ − P(2)

w12‖(w12‖|ř12)

]
dw12‖

+

∫
[1 + ξ(ř23)]

[∫
P(3)
w‖(w12‖, w23‖|ř12, ř23) dw12‖ − P(2)

w23‖(w23‖|ř23)

]
dw23‖ (3.22)

+

∫
[1 + ξ(ř31)]

[
1

2

∫
P(3)
w‖

(−t‖ + p‖
2

,
−t‖ − p‖

2
|ř12, ř23

)
dp‖ − P(2)

t‖
(t‖|ř31)

]
dt‖ ,

where we have changed the integration variables from w12‖ and w23‖ to t‖ and p‖ in the last line.
The asymmetry of this term reflects the fact that we have picked w12‖ and w23‖ as the independent
variables for P(3)

w‖ .

3.1.5 The streaming model for the connected correlation functions

The procedure discussed above can be iterated to write down the streaming model for the connected
nPCFs. The course of action consists of three basic steps: (i) start by writing down equation (3.17);
(ii) express Gn and Fn in terms of the connected functions of order 2 to n; (iii) recursively apply the
streaming model for the connected functions of order n− 1 to 2.

We now derive an alternative formulation of the streaming model that only involves connected
correlation functions. In order to facilitate understanding, we first discuss 2-point statistics and then
generalise the derivation to n-point correlations.
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3.1 The streaming model

2-point statistics

Our starting point is the introduction of the connected 2-point phase-space density f (c)
2 = f2 − f1f1.

The corresponding quantity in redshift-space is

g
(c)
2 =

∫
f

(c)
2 δ

(1)
D (w‖ − vB‖ + vA‖) dw‖ , (3.23)

so that the 2PCF

ξs(s‖, s⊥) =
1

n̄2

∫
g

(c)
2 dvA dvB =

1

n̄2

∫
f

(c)
2 δ

(1)
D (w‖ − vB‖ + vA‖) dvA dvB . (3.24)

We then multiply the integrand on the rhs by n̄2ξ/
∫
f

(c)
2 dvA dvB which is always identical to one.

By rearranging the terms, we obtain

ξs(s‖, s⊥) =

∫
ξ

[√
(s‖ − w‖)2 + s2

⊥

]
C(2)
w‖

[
w‖|ř

(
s‖, s⊥, w‖

)]
dw‖ , (3.25)

with

C(2) =

∫
f

(c)
2 δ

(1)
D (w‖ − vB‖ + vA‖) dvA dvB

∫
f

(c)
2 dvA dvB

=

∫
f

(c)
2 δ

(1)
D (w‖ − vB‖ + vA‖) dvA dvB

n̄2 ξ
.

(3.26)
Equation (3.25) embodies the streaming model for the connected part of the 2PCF. Here C(2) accounts
for the relative los velocity between particles forming ‘correlated pairs’. In order to better grasp its
meaning, we replace f (c)

2 = f2 − f1 f1 in equation (3.26) and express C(2) in terms of P(2)
w‖ to obtain

C(2) =
(1 + ξ)P(2)

w‖ −R
(2)
w‖

ξ
, (3.27)

with

R(2)
w‖ =

∫
f1 f1 δ

(1)
D (w‖ − vB‖ + vA‖) dvA dvB

n̄2

=

∫
P(1)
vA
P(1)
vB
δ

(1)
D (w‖ − vB‖ + vA‖) dvA dvB . (3.28)

As discussed in section 3.1.2, due to statistical homogeneity, P(1)
vA

and P(1)
vB

assume the same functional
form. Let us denote by P(1)

v‖ the PDF of the los velocity obtained marginalising P(1)
v over the two
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perpendicular directions.3 Then, equation (3.28) reduces to

R(2)
w‖ (w‖) =

∫
P(1)
v‖ (vA‖)P(1)

v‖ (w‖ + vA‖) dvA‖ . (3.29)

While P(2)
w‖ gives the PDF of the relative los velocity between particles in all pairs with a given

real-space separation,R(2)
w‖ is the distribution of w‖ generated by sampling (allowing repetitions) two

particles at random irrespective of their separation. This provides an operational way to compute C(2)

from simulations. Note that, although
∫
C(2) dw‖ = 1, C(2) is not a PDF (this is why we do not write

the subscript w‖ for it) and can assume negative values. In brief, this function quantifies the excess (or
defect) probability to get pairs with a given w‖ with respect to random.

By substituting equation (3.27) into equation (3.25) we get

ξs(s‖, s⊥) =

∫
[1 + ξ(ř)]P(2)

w‖ (w‖|ř) dw‖ −
∫
R(2)
w‖ (w‖) dw‖ , (3.30)

and, after integrating over w‖, it is obvious that the second term is identically equal to one and that
equation (3.25) is equivalent to the classic streaming model.

3-point statistics

The reasoning above can be generalised to n-point statistics. After repeating the same basic steps, we
obtain

G(c)
n =

∫
F (c)
n C(n)(w12‖, . . . , wmn‖) dw12‖ . . . dwmn‖ , (3.31)

where

C(n) =

∫
f (c)
n δ

(1)
D (w12‖ − vA2‖ + vA1‖) . . . δ

(1)
D (wmn‖ − vAn‖ + vAm‖) dvA1

. . . dvAn

n̄nF (c)
n

. (3.32)

In particular, for n = 3, we have

ζs(s12, s23) =

∫
ζ(ř12, ř23, ř31) C(3)(w12‖, w23‖|ř12, ř23) dw12‖ dw23‖ , (3.33)

where

C(3) =

∫
f

(c)
3 δ

(1)
D (w12‖ − vB‖ + vA‖) δ

(1)
D (w23‖ − vC‖ + vB‖) dvA dvB dvC

n̄3 ζ
. (3.34)

3 Because of statistical isotropy, the PDF of the velocity components parallel to any axis must assume the same form.
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Since f (c)
3 = f3 − (f

(c)
2 f1 + symm.) − f1 f1 f1 and f (c)

2 = f2 − f1 f1, it follows that f (c)
3 =

f3 − (f2 f1 + symm.) + 2 f1 f1 f1. It is thus convenient to re-write C(3) as

C(3) =
[1 + ξ12 + ξ23 + ξ31 + ζ] P(3)

w‖ −
[
(1 + ξ12)Q(3AB)

w‖ + symm.
]

+ 2R(3)
w‖

ζ
. (3.35)

where we have used ξij as a short for ξ(rij) and the PDFs Q(3AB)
w‖ andRw‖ are defined as:

Q(3AB)
w‖ =

∫
f2(A,B) f1(C) δ

(1)
D (w12‖ − vB‖ + vA‖) δ

(1)
D (w23‖ − vC‖ + vB‖) dvA dvB dvC

n̄3 ξ12

=

∫
G(vA‖, vA‖ + w12|r12)P(1)

v‖ (vA‖ + w12‖ + w23‖) dvA‖ , (3.36)

(the function G is defined such that P(2)
w‖ (w12|r12) =

∫
G(vA‖, vA‖ + w12|r12) dvA‖) and

R(3)
w‖ =

∫
f1(A) f1(B) f1(C) δ

(1)
D (w12‖ − vB‖ + vA‖) δ

(1)
D (w23‖ − vC‖ + vB‖) dvA dvB dvC

n̄3

=

∫
P(1)
vA
P(1)
vB
P(1)
vC
δ

(1)
D (w12‖ − vB‖ + vA‖) δ

(1)
D (w23‖ − vC‖ + vB‖) dvA dvB dvC

=

∫
P(1)
v‖ (vA‖)P(1)

v‖ (vA‖ + w12‖)P(1)
v‖ (vA‖ + w12‖ + w23‖) dvA‖ . (3.37)

In full analogy with the 2-point case, equation (3.34) provides an operational way to compute C(3) in
practice. The first term on the rhs is proportional to P(3)

w‖ and thus represents the (rescaled) bivariate
distribution of the relative los velocities in actual triplets of particles. The next three terms are
proportional to Q(3ij)

w‖ i.e. to the bivariate distribution of the relative los velocities in triplets that are
formed by an actual pair of particles with a fixed separation rij and a third particle which is randomly
selected (irrespective from its actual position). Finally, the last term accounts for the contribution
of fully random triplets. Note that, by definition,

∫
C(3)(w12‖, w23‖|r12, r23) dw12‖ dw23‖ = 1.

Substituting equation (3.35) into (3.33) and taking into account that
∫
R(3)

w‖ dw12‖ dw23‖ = 1 gives
back equation (3.20)

3.1.6 Collisionless systems

So far we have considered the most general and complete description of an N -body system and our
equations are exact. However, great simplifications are possible in particular cases. For instance,
systems composed by very many particles interacting exclusively through long-range forces are
conveniently described by kinetic equations of the Jeans-Vlasov type. This corresponds to neglecting
two-body and higher-order velocity correlations, i.e. to assuming that

fn(xA1
, . . . ,xAn

,vA1
, . . . ,vAn

) ∝ 〈
n∏

j=1

f̄(xAj
,vAj

)〉 , (3.38)
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where f̄ denotes the macroscopic coarse-grained phase-space density that satisfies Vlasov equation.
The approximation holds true for time scales comparable to the collision time. Since dark-matter
particles form a collisionless system for the entire life of the Universe, equation (3.38) is often
implicitly assumed in the cosmological literature. In order to compare our results with previous
work, we recast our equations in terms of f̄ . After introducing the mass density contrast δ(x), in
the single-stream regime, we can write f̄(x,v) = n̄ [1 + δ(x)] δ

(3)
D [v − v(x)] (where v(x) denotes

the continuous velocity field), while f̄(x,v) = n̄ [1 + δ(x)]Fv(x,v) with
∫
Fv(x,v) dv = 1 in the

multi-stream case. Therefore,4

P(2)
w‖ (w12‖|x2 − x1) =

〈[1 + δ(x1)] [1 + δ(x2)]K(2)(w12‖,x1,x2)〉
1 + ξ(r)

, (3.39)

where5

K(2)(w12‖,x1,x2) =

∫
Fv1

(x1,v1)Fv2
(x2,v2) δ

(1)
D (w12‖ − v2‖ + v1‖) dv1 dv2 . (3.40)

which, in the single-stream regime, reduces to K(2)(w12‖,x1,x2) = δ
(1)
D [w12‖ − v‖(x2) + v‖(x1)].

By Fourier transforming K(2), we obtain the characteristic function

P̃(2)
w‖ (k|x2 − x1) =

〈[1 + δ(x1)] [1 + δ(x2)] K̃(2)(k,x1,x2)〉
1 + ξ(r)

, (3.41)

with
K̃(2)(k,x1,x2) =

∫
Fv1

(x1,v1)Fv2
(x2,v2) eik(vA2‖+vA1‖) dv1 dv2 . (3.42)

The pairwise-velocity distribution is therefore fully determined by the so-called6 ‘moment generating
function’ (which is actually a characteristic function)

1 +M(J,x2 − x1) = 〈[1 + δ(x1)] [1 + δ(x2)] K̃(2)(J,x1,x2)〉 . (3.43)

The streaming model for the 2PCF can be derived by applying a cumulant expansion to it, i.e. by
expanding ln[1+M(J,x2−x1)] in J (Scoccimarro, 2004; Vlah and M.White, 2019). This approach
has been generalised to 3-point statistics in Vlah and M. White, 2019. Their equation 7.7 provides the
Fourier-space version of the streaming model. Compared to our equation (3.20) in real space, their
expression is missing several terms. This difference stems from the incorrect assumption that the
Fourier transform of 〈[1 + δ(x1)] [1 + δ(x2)] [1 + δ(x3)]〉 gives the bispectrum, i.e. the full 3PCF

4 To simplify the notation, from now on we use the symbols xi and vi to indicate generic positions and velocities. This
differs from section 3.1.2 where we used the same symbols to indicate the location and velocity of the ith particle.

5 In the full solution, the term Fv1
Fv2

should be replaced with Fv1
Fv2

+Gv1,v2
where the functionGv1,v2

accounts for
velocity correlations.

6 With an abuse of notation due to the fact that it was originally derived assuming a single-stream fluid (Scoccimarro,
2004), equation (3.43) is usually written as 1 +M(J,x2 − x1) = 〈[1 + δ(x1)] [1 + δ(x2)] e

iJv21‖〉 (e.g. Vlah and
M. White, 2019).
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3.2 The joint distribution of pairwise velocities in a triplet

has been replaced with its connected part in Vlah and M. White, 2019. Note that,

P(3)
w‖(w12‖, w23‖|r12, r23) =

〈[1 + δ(x1)] [1 + δ(x2)] [1 + δ(x3)]K(3)(w12‖, w23‖,x1,x2,x3)〉
1 + ξ(r12) + ξ(r23) + ξ(r31) + ζ(r12, r23, r31)

,

(3.44)

where

K(3)(w12‖, w23‖,x1,x2,x3) =

∫
Fv1

(x1,v1)Fv2
(x2,v2)Fv3

(x3,v3) δ
(1)
D (w12‖ − v2‖ + v1‖)

δ
(1)
D (w23‖ − v3‖ + v2‖) dv1 dv2 dv3 . (3.45)

By direct integration, we find that
∫
K(3)(w12‖, w23‖,x1,x2,x3) dw12‖ dv3 = K(2)(w12‖,x1,x2) , (3.46)

and
∫
P(3)
w‖(w‖, q‖|r12, r23) dq‖ − P(2)

w‖ (w‖|r12) = (3.47)
〈{

[1 + δ(x1)] [1 + δ(x2)] [1 + δ(x3)]

1 + ξ(r12) + ξ(r23) + ξ(r31) + ζ(r12, r23, r31)
− [1 + δ(x1)] [1 + δ(x2)]

1 + ξ(r12)

}
K(2)(w12‖,x1,x2)

〉
,

which gives the difference between the triplet weighted and the pair weighted averages of the function
K(2)(w12‖,x1,x2) and does not necessarily vanish.

3.2 The joint distribution of pairwise velocities in a triplet

The joint distribution of pairwise los velocities for a given triangle in configuration space,P(3)
w‖(w12‖, w23‖|r12, r23) ≡

P(3)
w‖(w12‖, w23‖|4123), is a central quantity in the streaming model for the 3PCF. In this section, we

use a large N -body simulation and perturbative techniques to study its properties.

3.2.1 N -body simulation

We use the public code Gadget-2 (Springel, 2005) to simulate the formation of the large-scale
structure of the Universe within a periodic cubic box with a side of 1.2 h−1Gpc. We assume the base
ΛCDM model that provides the best fit to the 2015 power spectra determined by the Planck satellite
in combination with lensing reconstruction and external data (Planck Collaboration, Adam et al.,
2016). In brief, the flat background is characterised by the density parameters Ωm = 0.3089 (total
matter), ΩΛ = 0.6911 (cosmological constant), Ωb = 0.0486 (baryonic matter) and by the present-day
value of the Hubble parameter of H0 ≡ H(z = 0) = 100h km s−1Mpc−1 with h = 0.6774. The
primordial spectral index of the density perturbations is ns = 0.9667 and the linear rms fluctuation
measured in spheres of 8 h−1Mpc is σ8 = 0.8159. The matter content of the simulation box is
discretised into 10243 identical particles, each with a mass ofMpart = 1.379× 1011 h−1M�. The
input linear power spectrum of the matter perturbations is obtained using the Code for Anisotropies
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Figure 3.1: Contour levels for the joint probability distribution of the relative los velocities w12‖ and w23‖
extracted from our N -body simulation. The mean is indicated with a cross. The four panels corres-
pond to different triangular configurations with {r12‖, r12⊥, r23‖, r23⊥, r31⊥} lying within (5h−1Mpc wide)
bins centred at {7.5, 7.5, 7.5, 7.5, 7.5}(a), {27.5, 17.5, 17.5, 17.5, 27.5}(b), {22.5, 32.5, 42.5, 32.5, 27.5}(c),
{52.5, 47.5, 57.5, 42.5, 62.5}(d) in units of h−1 Mpc.

in the Microwave Background (camb7, A. Lewis, Challinor and Lasenby, 2000). Gaussian initial
conditions are generated at redshift z = 50 according to second-order Lagrangian perturbation theory
using the Music code (Hahn and Abel, 2011).

3.2.2 Basic properties of P(3)
w‖

(w12‖, w23‖|4123)

We measure P(3)
w‖(w12‖, w23‖|4123) from the final output of our N -body simulation at z = 0. This

is a demanding task as it requires identifying all particle triplets with a given r12‖, r12⊥, r23‖, r23⊥

7 camb.info
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Figure 3.2: Contour levels for the function C(3)(w12‖, w23‖|4123) extracted from our N -body simulation by
combining several PDFs as in equation (3.35). The side lengths that define the specific triangular configuration
we consider are listed on top of the figure in units of h−1Mpc.

and r31⊥. herefore, we consider a subsample of 1003 randomly selected simulation particles. Four
examples are shown in figure 3.1. Note that the distribution is always unimodal with a mode which is
close to (w12‖, w23‖) = (0, 0). On the other hand, the mean los pairwise velocities (indicated with
a cross in the plot) are negative. In general, contour levels are not symmetric but tend to become
elliptical for large separations. The pairwise velocities w12‖ and w23‖ anti-correlate on these scales
due to the opposite sign of v2‖ in their definition.

In figure 3.2, we show one example of the function C(3)(w12‖, w23‖|4123) for the same triangular
configuration considered in the bottom-right panel of figure 3.1. As expected, C(3)(w12‖, w23‖|4123)

is more complex than the corresponding P(3)
w‖(w12‖, w23‖|4123). The function C(3) shows a typical

quadrupolar structure with correlated steps inw12‖ andw23‖ giving a positive signal and anti-correlated
ones producing a negative output value. Figures 3.1 and 3.2 suggest thatP(3)

w‖(w12‖, w23‖|4123) is best
suited for simple approximations in terms of analytical PDFs. We will pursue this phenomenological
approach in section 3.3.

3.2.3 Moments of P(3)
w‖

(w12‖, w23‖|4123): perturbative predictions at leading order

In this section, we compute the first two moments of the joint distribution of w12‖ and w23‖ using
standard perturbation theory at leading order (LO) and compare the results against our simulation.
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Chapter 3 Three-point redshift-space correlation function

Mean relative velocities between particle pairs in a triplet

Standard perturbation theory assumes that the matter content of the Universe is in the single-stream
regime and, at any given time, describes it in terms of two continuous fields: the mass density contrast
δ(x) and the peculiar velocity u(x). Linear perturbations in δ grow proportionally to the growth
factor D while those in u grow proportionally to aHfD with f = d logD/d log a. The Fourier
transforms of the linear terms are related as

ũ(k) = aHf
ik

k2 δ̃(k) . (3.48)

To make equations shorter, we follow the notation introduced in sections 3.1.1 and 3.1.6 and describe
peculiar velocities in terms of the vector field v(x) = u(x)/(aH), i.e. in terms of the comoving
separation vector that gives rise to a Hubble velocity u. However, we continue referring to v as a
velocity.

Let us consider the mean pairwise (relative) velocity

〈w12|r12〉p =

∫
w12 P(2)

w12
(w12|r12) dw12 , (3.49)

where the subscript p indicates a pair-weighted average, i.e. an average taken over all particle pairs
with separation r12, and P(2)

w12
generalises equation (3.39) to the full vector w12. In the single-stream

regime, since the number of particles at one location is proportional to 1 + δ (see section 3.1.6), we
can write

〈w12|r12〉p =
〈(1 + δ1)(1 + δ2)(v2 − v1)〉

〈(1 + δ1)(1 + δ2)〉 , (3.50)

where δi and vi are short for δ(xi) and v(xi). At LO in the perturbations, 〈w12|r12〉p ' 〈δ1v2〉 −
〈δ2v1〉 and, making use of equation (3.48), it is straightforward to show that

〈δ1v2〉 = − f

2π2 r̂12

∫ ∞

0
k j1(k r12)P (k) dk , (3.51)

where j1(x) = sin(x)/x2 − cos(x)/x, and P (k) denotes the linear matter power spectrum. Putting
everything together, one obtains (Fisher, 1995)

〈w12|r12〉p ' −
f

π2 r̂12

∫ ∞

0
k j1(k r12)P (k) dk = w̄(r12) r̂12 , (3.52)

where the symbol ' indicates that the expression has been truncated to LO. Note that, because of
gravity, the particles in a pair approach each other on average, i.e. w̄(r12) < 0.

Wenowwant to generalise this calculation to particle tripletswith separations4123 = (r12, r23, r31).
In this case, there are three mean relative velocities to consider: 〈w12|4123〉t, 〈w23|4123〉t, and
〈w31|4123〉t (the subscript t, here, denotes that averages are taken over all particle triplets with
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3.2 The joint distribution of pairwise velocities in a triplet

separations4123). For instance, to LO in the perturbations,

〈w12|4123〉t =
〈(1 + δ1)(1 + δ2)(1 + δ3)(v2 − v1)〉

〈(1 + δ1)(1 + δ2)(1 + δ3)〉
' 〈δ1v2〉 − 〈δ2v1〉+ 〈δ3v2〉 − 〈δ3v1〉
= w̄(r12) r̂12 − 1

2 [w̄(r23) r̂23 + w̄(r31) r̂31] . (3.53)

Note that the mean relative velocity between a particle pair in a triplet is not purely radial but has
also a transverse component in the plane of the triangle defined by the particles. This is generated
by the gravitational influence of the third particle on the pair. In order to separate the radial and
transverse components, let us first denote by χ = arccos(r̂12 · r̂23) the (shortest) rotation angle from
r̂12 to r̂23 around the normal vector n = r̂12 × r̂23 = n̂ sinχ (with 0 ≤ χ < π and sinχ ≥ 0).
We then build a right-handed Cartesian coordinate system with unit axes {r̂12, t̂, n̂} such that
t̂ = n̂× r̂12 = (r̂23− cosχ r̂12)/ sinχ (see also appendix A in Yankelevich and Porciani, 2019). By
construction, t̂ lies in the plane of4123, is orthogonal to r̂12, and always points towards the half-plane
that contains point 3 with respect to the r̂12 direction. Since r12 + r23 + r31 = 0, it follows that
r31 · r̂12 = −(r12 + r23 cosχ) and r31 · t̂ = −r23 sinχ. We can thus decompose the mean relative
velocity between a particle pair in a triplet into its radial and transverse components (by symmetry,
there cannot be any component along n̂ as motions in the two vertical directions are equally likely)

〈w12|4123〉t = 〈w12 · r̂12|4123〉t r̂12 + 〈w12 · t̂|4123〉t t̂
= R12(4123) r̂12 + T12(4123) t̂ , (3.54)

obtaining

R12(4123) = w̄(r12)− 1

2


w̄(r23) cosχ− w̄(r31)

r12 + r23 cosχ√
r2

12 + r2
23 + 2r12r23 cosχ


 , (3.55)

T12(4123) = −1

2


w̄(r23)− w̄(r31)

r23√
r2

12 + r2
23 + 2r12r23 cosχ


 sinχ , (3.56)

where we have parameterized the shape of4123 in terms of r12, r23 and χ (since r2
31 = r2

12 + r2
23 +

2r12r23 cosχ and sinχ =

√
1− cos2 χ it is straightforward to use the three side lengths instead).

Equations (3.55) and (3.56) describe how the presence of the third particle influences the mean radial
velocity in a pair and gives rise to a transverse component. Depending on the exact geometrical
configuration, R12(4123) can be larger or smaller than w̄(r12) and T12(4123) positive or negative.
If r12 is the base of an isosceles triangle, for instance, then R12 = w̄(r12) + w̄(r23)(r12/r31)/2
and T12 = 0. This reflects the fact that the ‘gravitational pulls’ due to the third particle add up to
generate a larger relative velocity in the radial direction but exactly cancel out in the transverse one.
For equilateral triangles, this reduces to R12 = 3w̄(r12)/2 and T12 = 0. Considering a degenerate
triangle with χ = 0 gives R12 = w̄(r12) − [w̄(r23) − w̄(r31)]/2 and T12 = 0. A note is in order
here. Triangles with the same shape can have opposite orientations (intended as winding orders, i.e.
signed areas of opposite signs) and both t̂ and n̂ flip sign if the winding order of4123 is switched
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Chapter 3 Three-point redshift-space correlation function

(e.g. by reflecting the triangle with respect to r12). It follows that, if one disregards orientation and
takes the average among all triangles with given side lenghts, then the transverse part of the mean
relative velocity between a particle pair in a triplet is a null vector as triangles with opposite winding
orders give identical contributions in opposite directions. As stated in equation (3.54), with the term
‘transverse component’ we always refer to the projection along t̂ which does not vanish even when the
average is taken irrespective of orientation.
The steps above can be repeated to decompose 〈w23|4123〉t in its radial and transverse parts. In

this case, we use a right-handed coordinate system with unit axes {r̂23, t̂
′
, n̂} where t̂′ = n̂× r̂23 =

(−r̂12 + cosχ r̂23)/ sinχ) and write 〈w23|4123〉t = R23(4123) r̂23 + T23(4123) t̂
′. The resulting

radial and transverse components are, respectively,

R23(4123) = w̄(r23)− 1

2


w̄(r12) cosχ− w̄(r31)

r23 + r12 cosχ√
r2

12 + r2
23 + 2r12r23 cosχ


 , (3.57)

T23(4123) =
1

2


w̄(r12)− w̄(r31)

r12√
r2

12 + r2
23 + 2r12r23 cosχ


 sinχ . (3.58)

In figures 3.3 and 3.4, we compare the perturbative results at LO for R12, R23, T12 and T23 against
measurements from the simulation introduced in section 3.2.1. We consider triangular configurations
4123 with different shapes and sizes (but we always average over winding order). In the top set of
panels, we look at triangles with relatively large values of r12 and r23. Here, r12 ∈ [80, 85)h−1Mpc
and each sub panel corresponds to a different narrow range for r23 as indicated by the labels. Results
are plotted as a function of r31 (i.e. by varying χ). It is remarkable to see that the theoretical
predictions match very well the measurements from the simulation for these large triangles. In the
bottom set of panels, we consider smaller triangles with r12 ∈ [20, 25)h−1Mpc and also smaller
values for r23. Also in this case, the LO predictions are quite accurate although to a lesser degree than
in the top panel. We conclude that the perturbative calculations are a reliable tool to compute the
mean relative velocity for triangular configurations with scales r & 20h−1Mpc).

Dispersion of relative velocities between particle pairs in a triplet

The second moment of the pairwise velocity

〈w12 w12|r12〉p =
〈(1 + δ1)(1 + δ2)(v2 − v1)(v2 − v1)〉

〈(1 + δ1)(1 + δ2)〉 (3.59)

is a dyadic tensor which, to LO in the perturbations, reduces to

〈w12 w12|r12〉p ' 〈v2v2〉 − 〈v2v1〉 − 〈v1v2〉+ 〈v1v1〉 . (3.60)

Two-point correlations between linear velocity fields are conveniently written as (Gorski, 1988)

〈v1i v2j〉 ' ψp(r12) δij + [ψr(r12)− ψp(r12)] r̂12i r̂12j , (3.61)
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Figure 3.3: The radial component of the mean relative velocity between particle pairs in a triplet for different
triangular configurations. Symbols with error bars denote measurements from our N -body simulation while
the smooth curves show the predictions from the perturbative calculations at LO derived in section 3.2.3. The
labels give the particle separations r12 and r23 in units of h−1Mpc.
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Figure 3.4: As in figure 3.3 but for the transverse component.
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where the indices i and j denote the Cartesian components of the velocities (i.e. they run from 1 to 3),
δij is the Kronecker symbol, and ψr and ψp are the radial and transverse correlation functions defined
as

ψr(r12) =
f2

2π2

∫ ∞

0

[
j0(k r12)− 2

j1(k r12)

k r12

]
P (k) dk , (3.62)

ψp(r12) =
f2

2π2

∫ ∞

0

j1(k r12)

k r12
P (k) dk , (3.63)

with j0(x) = sin(x)/x. Note that, when r12 → 0, ψp → σ2
v and ψr → σ2

v where

σ2
v =

f2

6π2

∫ ∞

0
P (k) dk (3.64)

is the one-dimensional linear velocity dispersion, i.e. σ2
v = 〈v2

i 〉. Therefore, the velocity dispersion
tensor at zero lag is isotropic

〈v1i v1j〉 = 〈v2i v2j〉 = σ2
v δij . (3.65)

It follows that

〈w12iw12j |r12〉p ' 2
[
σ2
v − ψp(r12)

]
δij − 2

[
ψr(r12)− ψp(r12)

]
r̂12i r̂12j . (3.66)

In other words, the second moments of the radial component is

〈(w12 · r̂12)2|r12〉p = 2
[
σ2
v − ψr(r12)

]
, (3.67)

while for each of the perpendicular components (e.g. those along the unit vectors n̂ and t̂ introduced
in section 3.2.3) we have

1

2
〈[w12 − (w12 · r̂12)r̂12]2|r12〉p = 2

[
σ2
v − ψp(r12)

]
. (3.68)

Moreover, the different Cartesian components are uncorrelated.

The calculations above can be easily extended to particle pairs in a triplet. In this case, we are
interested in two types of combinations, e.g.

〈w12 w12|4123〉t =
〈(1 + δ1)(1 + δ2)(1 + δ3)(v2 − v1)(v2 − v1)〉

〈(1 + δ1)(1 + δ2)(1 + δ3)〉 , (3.69)

and

〈w12 w23|4123〉t =
〈(1 + δ1)(1 + δ2)(1 + δ3)(v2 − v1)(v3 − v2)〉

〈(1 + δ1)(1 + δ2)(1 + δ3)〉 . (3.70)

To LO in the perturbations, they reduce to

〈w12 w12|4123〉t '〈v2v2〉 − 〈v2v1〉 − 〈v1v2〉+ 〈v1v1〉 , (3.71)
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and

〈w12 w23|4123〉t '〈v2v3〉 − 〈v2v2〉 − 〈v1v3〉+ 〈v1v2〉 . (3.72)

that have exactly the same structure as equation (3.61). Therefore, we conclude that

〈w12iw12j |4123〉t ' 2
[
σ2
v − ψp(r12)

]
δij − 2

[
ψr(r12)− ψp(r12)

]
r̂12i r̂12j , (3.73)

and

〈w12iw23j |4123〉t '
[
ψp(r12) + ψp(r23)− ψp(r31)− σ2

v

]
δij

+
[
ψr(r12)− ψp(r12)

]
r̂12i r̂12j

+
[
ψr(r23)− ψp(r23)

]
r̂23i r̂23j

−
[
ψr(r31)− ψp(r31)

]
r̂31i r̂31j . (3.74)

In figure 3.5, we compare some of these perturbative results to measurements performed in our
numerical simulation. Shown are the second moments of the radial (top panel) and transverse (bottom
panel) components of the relative velocity between particle pairs in a triplet. Symbols with error bars
display the N -body measurements while the constant lines indicate the theoretical results to LO, i.e,

S12(4123) = 〈(w12 · r̂12)2|4123〉t = 2
[
σ2
v − ψr(r12)

]
, (3.75)

E12(4123) = 〈(w12 · t̂)2|4123〉t = 2
[
σ2
v − ψp(r12)

]
, (3.76)

and the corresponding results for w23. The first thing worth mentioning is that the second moments
are generally much larger than the mean values shown in figures. 3.3 and 3.4. The model, however,
does not account for all the dispersion around the mean. In fact, as previously noted in the literature
(B. A. Reid and M. White, 2011; L. Wang, B. Reid and M. White, 2014; Uhlemann, Kopp and Haugg,
2015), the prediction for σ2

v given in equation (3.64) is not very accurate. Being a zero-lag correlation,
σ2
v is influenced by small-scale, non-perturbative physics. Adding a constant offset to equations (3.75)

and (3.76) is a common fix that has been found to reproduce simulations well. We follow this approach
and add a constant C to σ2

v so that to match the measurements for the largest triangles we consider
(i.e. the rightmost points in the bottom-right sub panels). This way, we find consistent offset values
(C ' 4.8h−2Mpc2 within 1%) for the dispersions in the radial and transverse components as well as
in the pairwise velocity. Keeping this shift fixed, we find that the theoretical predictions are able to
reproduce the measurements from the simulation quite well for the largest triangles. However, the
level of agreement drops off rapidly when lower separation scales are considered.

Projection along the line of sight

The los component of the relative velocities between particle pairs in a triplet depends on the relative
orientation of 4123 with respect to the los (see Appendix A in Yankelevich and Porciani, 2019
for a detailed discussion). We set up a spherical coordinate system with r̂12 as the polar axis and
use θ = arccos(r̂12 · ŝ) as the polar angle (0 ≤ θ < π). We also define the azimuthal angle φ
(0 ≤ φ < 2π) as the angle between n̂ and the projection of ŝ on to the plane perpendicular to r̂12
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Figure 3.5: As in the top panel of figure 3.3 but for the second moment of the radial (top) and transverse (bottom)
components of the relative velocity between particle pairs in a triplet. Note that a constant offset has been added
to the theoretical predctions as described at the end of section 3.2.3.
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Chapter 3 Three-point redshift-space correlation function

so that cosφ = 0 whenever ŝ lies in the plane of the triangle. It follows that t̂ · ŝ = sin θ sinφ,
n̂ · ŝ = sin θ cosφ, and t̂′ · ŝ = − cos θ sinχ+ sin θ sinφ cosχ. For the scalar products between the
different pairwise separation vectors and the los direction, one thus finds (Scoccimarro, Couchman
and Frieman, 1999; Yankelevich and Porciani, 2019),

µ12 = r̂12 · ŝ =
r12‖
r12

= cos θ , (3.77)

µ23 = r̂23 · ŝ =
r23‖
r23

= cos θ cosχ+ sin θ sinφ sinχ , (3.78)

µ31 = r̂31 · ŝ =
−(r12‖ + r23‖)

r31
= −r12

r31
µ12 −

r23

r31
µ23 . (3.79)

Note that by flipping the winding order of4123 for a fixed los direction, cos θ stays the same while
both sinφ and cosφ change sign (i.e. φ→ π + φ mod 2π) as t̂ and n̂ flip.

Combining equations (3.77), (3.78) and (3.79) with the results obtained in section 3.2.3, we can
eventually write the first and second moments for the projections of the relative velocities along the
los, w12‖ and w23‖. In particular, equation (3.53) gives

〈w12‖|4123〉t ' w̄(r12)µ12 −
1

2
[w̄(r23)µ23 + w̄(r31)µ31] . (3.80)

The very same expression can be derived from equation (3.54) and written as

〈w12‖|4123〉t ' R12(4123) cos θ + T12(4123) sin θ sinφ . (3.81)

Similarly, we have

〈w23‖|4123〉t ' w̄(r23)µ23 −
1

2
[w̄(r12)µ12 + w̄(r31)µ31] , (3.82)

and

〈w23‖|4123〉t ' R23(4123)µ23 + T23(4123) (− cos θ sinχ+ sin θ sinφ cosχ) . (3.83)

Moreover, from equation (3.73) we derive

〈w2
12‖|4123〉t ' 2

[
σ2
v − ψp(r12)

]
− 2

[
ψr(r12)− ψp(r12)

]
µ2

12

= 2
[
σ2
v − ψ‖(r12)

]
, (3.84)

with ψ‖(r12) = µ2
12 ψr(r12) + (1− µ2

12)ψp(r12). The corresponding expression for 〈w2
23‖|4123〉t is
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Figure 3.6: Moments of the relative los velocities between particle pairs in a triplet, w12‖ and w23‖. The
mean values (top left), the second moments (top right), the second cross moment (bottom left), and the linear
correlation coefficient (bottom right) are plotted for different triangular configurations4123. Symbols with
error bars denote measurements from our N -body simulation while the smooth curves show the predictions
from the perturbative calculations at LO derived in section 3.2.3. The labels give the particle separations in
units of h−1Mpc.

obtained by replacing r12 with r23 in equation (3.84). Finally, equation (3.74) implies

〈w12‖w23‖|4123〉t '
[
ψp(r12) + ψp(r23)− ψp(r31)− σ2

v

]

+
[
ψr(r12)− ψp(r12)

]
µ2

12

+
[
ψr(r23)− ψp(r23)

]
µ2

23

−
[
ψr(r31)− ψp(r31)

]
µ2

31

= ψ‖(r12) + ψ‖(r23)− ψ‖(r31)− σ2
v . (3.85)

We compare these results with measurements from the simulation in figure 3.6. In this case, we bin
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our data based on the variables:

r12‖ = r12 cos θ ,

r12⊥ = r12 | sin θ| ,
r23‖ = r23 (cos θ cosχ+ sin θ sinφ sinχ) , (3.86)

r23⊥ = r23 [1− (cos θ cosχ+ sin θ sinφ sinχ)2]1/2 ,

r31⊥ =
{
r2

12 + r2
23 + 2r12r23 cosχ− [r12 cos θ + r23 (cos θ cosχ+ sin θ sinφ sinχ)]2

}1/2
,

(note that triangles with the same shape but opposite winding orders correspond to different sets of
these variables). Results are plotted as a function of r31⊥ by keeping the remaining four variables
that define a triangular configuration fixed. The top-left panel shows 〈w12‖|4123〉t and 〈w23‖|4123〉t.
Here, the theoretical predictions are in very good agreement with the numerical data confirming the
results presented in figures 3.3 and 3.4. The top-right panel displays 〈w2

12‖|4123〉t and 〈w2
23‖|4123〉t

while the bottom-left panel shows 〈w12‖w23‖|4123〉t. Once adjusted for the offset discussed in
section 3.2.3, the predictions for the second moments are excellent for r31⊥ & 50h−1 Mpc but tend to
slightly underestimate theN -body results by a few percent at smaller separations. Likewise, the model
for the cross second moment always agrees to better than 3% with the simulation and gives better
predictions when r31⊥ is large. Note that the linear correlation coefficient between w12‖ and w23‖
(bottom-right panel) is always close to −1/2 as expected from drawing independent los velocities
from P(1)

v‖ at every vertex of4123 (see also figure 3.1 and the detailed discussion in section 3.3.4).

3.3 The 3-point Gaussian streaming model

3.3.1 Definitions

The streaming model for the 3PCF given in equation (3.18) is exact within the distant-observer approx-
imation. However, it requires knowledge of the function P(3)

w‖(w12‖, w23‖|4123) which is challenging
to derive from first principles. In analogy to the literature on the 2-point correlation function, we
propose the use of a scale-dependent bivariate Gaussian distribution to model P(3)

w‖(w12‖, w23‖|4123).
This choice is motivated by a number of considerations: i) For large inter-particle separations, the
function P(3)

w‖(w12‖, w23‖|4123) extracted from our simulation appears to be approximately Gaussian
close to its peak (e.g. see the bottom right panel in figure 3.1); ii) Simplicity, as the Gaussian is the
only probability density function that only requires two cumulants to be fully specified; iii) As shown
in section 3.2.3, on large scales, we can accurately model the scale dependence of these cumulants by
using perturbation theory at LO.
In the resulting phenomenological model, which we dub the ‘3-point Gaussian streaming model’

(3ptGSM in short), the joint probability density function of w12‖ and w23‖ is given by a bivariate
Gaussian distribution with mean values m1 = 〈w12‖|4123〉t, m2 = 〈w23‖|4123〉t and covariance
matrix with elements C11 = 〈w2

12‖|4123〉t − 〈w12‖|4123〉2t , C12 = C21 = 〈w12‖w23‖|4123〉t −
〈w12‖|4123〉t〈w23‖|4123〉t, C22 = 〈w2

23‖|4123〉t − 〈w23‖|4123〉2t .
In what follows, we investigate the simplest possible implementation of the 3ptGSM based on the

perturbative predictions at LO given in equations (3.80), (3.82), (3.84), and (3.85). In figure 3.7,
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Figure 3.7: Contour levels of the joint PDF P(3)
w‖

(w12‖, w23‖|4123) extracted from our N -body simulation
(dashed) are compared with those of the Gaussian model (solid) with cumulants predicted from perturbation
theory at LO. The triangular configuration we consider is specified in the label on top of the figure in units of
h−1Mpc. Contours correspond to the levels {6, 3, 1, 0.4} × 10−3 with the values decreasing from inside to
outside.

we compare the resulting PDF with that extracted from our simulation for a particular triangular
configuration which is specified on top of the figure. To first approximation, the Gaussian model
provides a very good description of the PDF. Looking into more details reveals that it slightly
underestimates the probability density around the peak. The Kullback-Leibler (KL) and the Jensen-
Shannon (JS) divergences8 are 0.028 and 0.005 nats, respectively, indicating that the information loss
associated with using the Gaussian approximation in place of the actual PDF is minimal. Similar
values are obtained for different triangular configurations on large scales. However, the approximation
clearly fails at smaller separations as is evident visually from figure 3.1. In this case, for the triangular
configuration considered in the top-left panel, we find KL and JS divergences of 1.31 nats and 0.39
nats (the upper bound being ln(2) ' 0.69 nats), respectively.

8 The KL divergence is the expectation of the logarithmic difference between the actual distributionP and the approximating
Gaussian G: DKL(P ‖ G) =

∫
R2 P(x) ln[P(x)/G(x)] dx. Since this statistic is not symmetric and is unbounded, it

cannot be used to define the distance between two PDFs. However, starting from the KL divergence, a similarity measure
between two PDFs which is symmetric was introduced in (Rao, 1987) and generalised in (Lin, 1991). This is known as
the JS divergence (JSD) which is given as JS(P ‖ G) = [DKL(P ‖ G) +DKL(G ‖ M)] /2 whereM = (P + G)/2.
The JS divergence is bounded, 0 ≤ JS ≤ ln 2, which makes the interpretation of its values easier. Additionally, the
square root of the JS divergence is a pairwise distance metric.
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3.3.2 3-point correlations in the N -body simulation

Our plan is to test the predictions of the 3ptGSM against our N -body simulation. In order to measure
G3, we first generate catalogs of ‘random’ particles with uniform density within the simulation
box and then use the ‘natural’ estimator DDD/RRR where the symbols DDD and RRR denote
the normalised data-data-data and random-random-random triplet counts in a bin of triangular
configurations, respectively (Peebles and Groth, 1975; Peebles, 1980). We characterize the shape
and orientation of each triplet using the five-dimensional space (s12⊥, s12‖, s23⊥, s23‖, s31⊥) and,
for all separations, we use bins that are 5h−1 Mpc wide. To speed the calculation up, we analyse
ten subsamples of 1003 particles each randomly selected from the simulation. For each subsample,
we employ five random catalogs containing 1.5 × 1003 objects each to measure RRR. Our final
estimates for G3 are obtained by averaging the partial results from the ten subsamples. Error bars are
computed by resampling the measurements from the different subsamples with the bootstrap method.
Since measuring the 3PCFs is very time consuming and perturbation theory is only expected to be
accurate on large-enough scales, we consider a limited number of triangular configurations with fixed
s12⊥ ∈ [50, 55)h−1 Mpc and s23⊥ ∈ [40, 45)h−1 Mpc. We vary s12‖, s23‖ in the range [15, 65)h−1

Mpc and s31⊥ between 25 and 80h−1 Mpc. We present some examples of our results in figure 3.8
and discuss them in detail in section 3.3.3.
We also measure the connected 3PCF using the Szapudi-Szalay estimator that we schematically

write as (D −R)(D −R)(D −R)/RRR (Szapudi and Szalay, 1998; Slepian and Eisenstein, 2015).
We implement three versions of the estimator for the 3PCF obtained by binning the triplet counts in
different ways.

1. To begin with, we consider the same binning scheme in five dimensions we have used to measure
G3. This accounts for all the degrees of freedom in ζs but also provides relatively noisy estimates
as the triplet counts are partitioned between many bins. We use the same data subsamples,
random catalogs and separation ranges that have been described above for the full 3PCF. Results
with their bootstrap standard errors are presented in figure 3.8 and discussed in section 3.3.3.
We anticipate here that the final uncertainty of the individual estimates is comparable with the
signal.

2. In order to measure the connected 3PCF in redshift space with a much higher signal-to-noise
ratio, we average ζs over the orientation of 4123 with respect to the line of sight (and the
winding order) while keeping the shape of the triangle fixed. The resulting correlation function,
ζ̄s(s12, s23, s31), only depends on three variables. While the averaging procedure does not lead
to any information loss in real space (as ζ is isotropic and ζ̄ = ζ), it obviously gives a lossy
compression in redshift space. We use the Szapudi-Szalay method to measure ζ̄s and ζ in our
simulation after binning the triplet counts in terms of the leg lengths of4123 (once again we
use bins that are 5h−1 Mpc wide). We apply the estimator to five of the subsamples introduced
above. We eventually average the resulting 3PCF over the subsamples and compute bootstrap
standard errors. These results are shown in figure 3.9 and discussed in section 3.3.3.

3. Finally, as an intermediate step between those discussed above, we combine narrow (5h−1 Mpc
wide) bins in s12, s23, and s31 with a few broad (0.5 wide) bins in µ12 and µ23. This is similar
to the ‘clustering wedges’ that have been used to characterize the 2PCF in redshift space (Kazin,
Sánchez and Blanton, 2012; Sánchez et al., 2013). Note that changing sign to both µ12 and µ23 at
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the same time does not affect the 3PCF as it is equivalent to reversing the sign of all the separation
vectors that form the triangle4123 (see also section 3.2.2 in Yankelevich and Porciani, 2019).
After summing up the triplet counts from pairs of corresponding bins under the transformation
(µ12, µ23) → (−µ12,−µ23), we end up considering eight wedges for each triangular shape.
We denote the resulting correlation function with the symbol ζ(ij)

s (s12, s23, s31) where the
index i ∈ {1, 2} refers to the bins in µ12 ≥ 0 and the index j ∈ {1, 2, 3, 4} maps to the bins
in −1 ≤ µ23 ≤ 1. We apply the estimator to five of the data subsamples described above.
Examples of our results are shown in figure 3.10 and discussed in section 3.3.3.

3.3.3 Results for the 3-point correlation function

Full correlation function

We now solve equation (3.19) for the 3ptGSM. As input, we first use the real-space F3 evaluated at LO
in perturbation theory. This means that we Fourier transform the linear matter spectrum to get ξ and
neglect ζ (case A). In order to estimate the influence of higher-order terms, we repeat the calculation by
also considering the LO expression for ζ as in Jing and Börner, 1997 (case B) although this is not fully
consistent with the approximation we use for ξ as we do not consider one-loop corrections.9 Finally,
we account for non-linear evolution in the 2PCF by Fourier transforming the matter power spectrum
given by the halo model (Mead et al., 2016) and also calculate ζ at LO (case C). As output, we obtain
the redshift-space G3. In the left panels of figure 3.8, we compare the outcome of the 3ptGSM for
different triangular configurations against measurements from our numerical simulation. Results
are plotted as a function of s31⊥ by keeping the remaining four variables that define a triangular
configuration fixed. In the top panel, we consider a nearly isosceles triangle with s12 ' s23 ' 71h−1

Mpc, s12‖ ' 47.5h−1 Mpc (i.e. µ1 ' 0.67) and s23‖ ' −57.5h−1 Mpc (i.e. µ2 ' −0.80) which
corresponds to s31‖ ' 10h−1 Mpc. By increasing s31⊥, we change the shape of the triangle (i.e.
increase s31 from 29 to 78h−1 Mpc or, equivalently, cosχ from −0.92 to −0.4) and simultaneously
reduce µ3 from 0.34 to 0.13. For s31⊥ ' 70h−1 Mpc, we obtain an equilateral configuration. On the
other hand, in the bottom panel, we consider a scalene triangle with s12 ' 55h−1 Mpc (µ1 ' 0.32)
and s23‖ ' 67.5h−1 Mpc (µ2 ' −0.78). In this case, we vary s31 from 44.5 to 85h−1 Mpc and µ3

from 0.62 to 0.4. For s31⊥ ' 42 and 58h−1 Mpc, we obtain isosceles triangles. Overall, the model
and the measurements show the same trends: the general agreement is rather good. The three different
implementations of the model give very similar results and it is impossible to prefer one over the
others based on our measurements.

Connected correlation function

We obtain predictions for the connected 3PCF ζs using equation (3.21). We model the PDF of
the pairwise velocities, P(2)

w‖ (w‖|r) with a Gaussian distribution whose moments are derived from
equations (3.52) and (3.68) as well as (3.77), (3.78) and (3.79) for the los projections: 〈wij‖|rij〉p =

w̄(rij)µij and 〈w2
ij‖|rij〉p = 2[σ2

v − ψ‖(rij)]. In the right panel of figure 3.8, we compare the results
for ζs with the data extracted from our simulation. Note that ζs is very small on the scales we consider
9 Since ζ is given by the ensemble average of the product of two mass overdensities evaluated at linear order and one at
second order, we make sure that the final expression for ζ is properly symmetrized in the coordinates of the three points.
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Figure 3.8: Left: Predictions from the 3ptGSM (lines) for the full redshift-space 3PCF G3 are compared
with measurements from our N -body simulation (symbols with error bars). Three versions of the model are
considered: case A uses as input the full 3PCF in real space F3 evaluated at LO in perturbation theory (dashed),
case B also includes LO terms for ζ (solid), and case C combines the halo model for ξ with the perturbative
model for ζ at LO. The redshift-space separations listed on top of the figures are given in units of h−1Mpc.
Right: As in the left panel, but for the connected 3PCF in redshift space.

(remember that, in perturbation theory, ζ ∼ ξ2) and our measurements are rather noisy due to the fact
that estimating ζs requires binning the triplet counts in five dimensions. Anyway, the N -body results
are in very good agreement with the predictions of the 3ptGSM for cases B and C and show the same
behaviour as a function of s31⊥.

Connected correlation function in real space

Feeding the 3ptGSM with an accurate input for ζ is a necessary prerequisite in order to properly test
its capacity to model RSD. Therefore, in the left-panel of figure 3.9, we compare the real-space 3PCF
obtained from the perturbative model at LO against the measurements in the simulation. We consider
two narrow bins centred around r12 = 37.5h−1 Mpc and r23 = 62.5h−1 Mpc and vary r31 within
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Figure 3.9: Left: The 3PCF in real space measured in the N -body simulation (symbols with error bars) is
compared with the predictions from PT at LO (solid line) for a set of triangular configurations obtained by
varying r31 while keeping r12 and r23 fixed (as indicated by the top labels that give separations in units of
h−1Mpc). Right: As in the left panel but for the spherically-averaged 3PCF in redshift space, ζ̄s. In this case,
the solid line indicates the predictions of the 3ptGSM.

the full range. Although the agreement is not perfect, we find that the model at LO is in the same
ballpark as the simulation results. Overall, the model shows the same shape dependence of the data
but relative deviations range typically between 20 and 50% and, obviously, become larger around the
zero-crossing points. For larger triangles with sides r12 ' 50h−1 Mpc and r23 ' 100h−1 Mpc, the
model appears to work better (see e.g. figure 11 in Fosalba et al., 2015) but ζ becomes very small
and requires large simulated volumes for an accurate measurement. All these findings are consistent
with other studies on the matter 3PCF (Jing and Börner, 1997; Barriga and Gaztañaga, 2002) and
bispectrum (Scoccimarro and Couchman, 2001; Gil-Marıén, Wagner et al., 2012; McCullagh, Jeong
and Szalay, 2016; Hoffmann, Gaztañaga et al., 2018; Takahashi et al., 2019).

Connected correlation function averaged over all orientations

In order to compute a theoretical prediction for the spherically-averaged ζ̄s, we use equation (3.21) to
evaluate ζs with the 3ptGSM and calculate

ζ̄s(s12, s23, s31) =

∫
ζs(s12, s23) δ

(1)
D

(
s31 −

√
s2

12 + s2
23 + 2s12s23 ŝ12 · ŝ23

)
dŝ12 dŝ23

∫
δ

(1)
D

(
s31 −

√
s2

12 + s2
23 + 2s12s23 ŝ12 · ŝ23

)
dŝ12 dŝ23

,

(3.87)
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where the integrals are performed by independently varying ŝ12 and ŝ23 over the unit sphere. Note
that10

ζ̄s(s12, s23, s31) =

∫
ζs(s12, s23) δ

(1)
D (s31 −

√
s2

12 + s2
23 + 2s12s23 ŝ12 · ŝ23) dŝ12 dŝ23

8π2
∫ +1

−1
δ

(1)
D (s31 −

√
s2

12 + s2
23 + 2s12s23 cosχ) d cosχ

=

∫
ζs(s12, s23) δ

(1)
D (s31 −

√
s2

12 + s2
23 + 2s12s23 ŝ12 · ŝ23) dŝ12 dŝ23

8π2 s31

s12 s23
[Θ(s31 − |s12 − s23|)−Θ(s31 − s12 − s23)]

, (3.88)

where Θ(x) denotes the Heaviside step function. In practice, we use the Monte Carlo method to
integrate the numerator and the denominator of equation (3.87) and average over 1h−1 Mpc wide bins
for s31 at fixed s12 and s23.

In the right panel of figure 3.9, we plot ζ̄s as a function of s31 for the same triangular configurations
we considered in real space. Shown are both the measurements from the simulation and the model
predictions (excluding case C as it practically coincides with case B). Comparing the left and right
panels reveals that RSD markedly enhance the clustering signal in the simulation, particularly for
small r31. The 3ptGSM nicely captures this trend. The agreement of our case B implementation with
the simulation is rather good: the model nicely reproduces the dependence of ζ̄s on s31 with typical
systematic deviations at the 20% level.

Connected correlation function averaged over wedges

Model predictions for the wedge-averaged 3PCF are obtained using equation (3.21) in combination
with

ζ̄(ij)
s (s12, s23, s31) =

∫
ζs(s12, s23)W (ij)(ŝ12 · ŝ, ŝ23 · ŝ) dŝ12 dŝ23

∫
W (ij)(ŝ12 · ŝ, ŝ23 · ŝ) dŝ12 dŝ23

, (3.89)

where

W (ij)(µ12, µ23) = Π i−1
2
, i
2
(µ12) Π j−3

2
, j−2

2
(µ23) , (3.90)

and Πa,b(x) = Θ(x−a)−Θ(x− b) denotes the boxcar function. Once again we perform the integrals
with the Monte Carlo method.

In figure 3.10, we compare the wedge-averaged correlation function ζ(ij)
s obtained from the 3ptGSM

(case B) and from the simulation for the same triangular configurations considered in figure 3.9.
The eight panels are organised as follows. The left and right columns correspond to i = 1 (i.e.
0 ≤ µ12 < 0.5) and i = 2 (i.e. 0.5 ≤ µ12 ≤ 1), respectively. Rows, from top to bottom, refer to j = 1

10 The scalar product ŝ12 · ŝ23 gives the component of ŝ23 along the direction of ŝ12. Since the two vectors are independent
and uniformly distributed on the unit sphere, ŝ12 · ŝ23 is distributed as any projection along the coordinate axes, i.e.
uniformly between −1 and 1.
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Figure 3.10: The wedge-averaged 3PCF measured in the simulation (symbols with error bars) is compared with
the predictions of the 3ptGSM (solid lines). As a reference to help comparing the different panels, we also
plot the real-space 3PCF extracted from the simulation (light × marks) and already shown in the left panel of
figure 3.9. The side lengths of s12 and s23 are listed on top of the figure in units of h−1Mpc.
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Chapter 3 Three-point redshift-space correlation function

(−1 ≤ µ23 < −0.5), j = 2 (−0.5 ≤ µ23 < 0), j = 3 (0 ≤ µ23 < 0.5) and j = 4 (0.5 ≤ µ23 ≤ 1).
As a reference, in each panel we also show the real-space 3PCF measured in the simulation. The
figure shows that RSD can enhance the 3PCF by a factor of a few (see, for instance, ζ(14)

s , ζ(21)
s , and

ζ(23)
s ) as well as change its sign (as in ζ(12)

s and ζ(13)
s ). Independently of s31, the 3ptGSM provides an

excellent description of the numerical results for ζ(24)
s , ζ(23)

s and ζ(22)
s . In other cases, it works well

only for large values of s31 (see ζ
(21)
s , ζ(11)

s , ζ(12)
s and ζ(14)

s ). On the other hand, the model tends to
underestimate the effect of RSD for ζ(13)

s even for large opening angles.
The main conclusion emerging from the analysis of figures 3.8, 3.9, and 3.10 is that our implement-

ation of the 3ptGSM, although very simple, is already able to reproduce many features measured in
the simulations. This very encouraging result motivates further work into building novel tools based
on the 3ptGSM for modelling ζs on large scales and analyse data from galaxy redshift surveys. As a
first step in this direction, in the remainder of this paper, we analyse some key aspects of the 3ptGSM
and discuss how the current implementation could be improved.

3.3.4 Discussion

Dissecting the 3ptGSM

Based on equations (3.20) and (3.22), whenever
∫
P(3)
w‖(w‖, q‖|r12, r23) dq‖ 6= P(2)

w‖ (w‖|r12), RSD
generate a non-vanishing connected 3PCF ζs even when ζ = 0. In the 3ptGSM, the marginalised
distribution gives a Gaussian PDF with mean m1 and variance C11. On the other hand, P(2)

w‖ is a
Gaussian with mean 〈wij‖|rij〉p and variance 〈w2

ij‖|rij〉p − 〈wij‖|rij〉2p. Note that the mean values
are slightly shifted and so are also the variances (although by an even smaller amount). It follows that
the difference between the two PDFs does not identically vanish. In practice, however, the effect is
very small. By considering, for example, the triangular configuration analysed in figure 3.7, we find
that the mean w12‖ is −0.36 and −0.25 h−1Mpc for the marginalised P(3)

w‖ and for P(2)
w‖ , respectively,

while the standard deviation in ' 4.67h−1Mpc for both. It follows that the term that multiplies
1 + ξ(r12) in equation (3.22) is at best of the order of 10−3 and switches sign as w12 grows past
the mean value. This is shown in figure 3.11 where we also plot the difference between the PDFs
estimated from the simulation. The 3ptGSM provides a reasonable approximation to the numerical
results. The total contribution of terms like this one to ζs is shown in the right panels of figures 3.8
and 3.9 as the result of our case A model. Note that it is always subdominant with respect to the
contribution generated by ζ, at least for the configurations considered here. There is some evidence
that the terms proportional to 1 + ξ in equation (3.22) might become more relevant at small scales
where the mean relative velocities are not so small compared to the dispersion. For instance, they
appear to give a ∼ 25% contribution to ζ̄s for the smallest values of s31 shown in figure 3.9. However,
it is unclear whether such small scales can be robustly analysed with the 3ptGSM.
In figure 3.12, we plot the different terms that appear in the rhs of equation (3.20) using the same

triangular configurations as in figure 3.8. The first thing to notice is that ζs is obtained by subtracting
two much larger numbers. This evidences the need for modelling P(2)

w‖ and P(3)
w‖ in a consistent

way. Also note that the integral
∫
P(3)
w‖ dw‖ dq‖ appearing in the last row of equation (3.20) is not

identically equal to one as the conditional PDF needs to be evaluated considering different triangular
configurations that reflect the running of the real-space parallel separations in the integral.

Although the Gaussian approximation forP(2)
w‖ is not perfect, the Gaussian streaming model provides
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bars represent measurements from the N -body simulation while the dashed line shows the predictions of the
3ptGSM.
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Figure 3.12: Partial contributions to the rhs of equation (3.21) in the 3ptGSM for the same triangular
configurations displayed in the top row of figure 3.8 (particle separations are given on top of the figure in units
of h−1Mpc). The solid curve represents the integral containing the full 3PCF in real space. The dash double
dotted line (hardly distinguishable from the solid one) displays the sum of the three integrals containing the
two-point correlation function. The connected 3PCF in redshift space is derived by subtracting the second
contribution from the first. Note that the value of ζs is a small number obtained by subtracting two much larger
numbers. The dashed, dash-dotted and dotted lines isolate the three sub-components of the solid curve. Namely,
they show the part proportional to 1, ξ and ζ, respectively.

89



Chapter 3 Three-point redshift-space correlation function

35 40 45 50 55 60

r12‖
[
h−1Mpc

]

−70

−65

−60

−55

−50

−45

r 2
3
‖
[ h
−

1
M

p
c]

s12⊥ ∈ [50, 55), s12‖ ∈ [45, 50), s23⊥ ∈ [40, 45), s23‖ ∈ [−55,−60), s31⊥ ∈ [60, 65)

N -body

3ptGSM

Figure 3.13: Contour levels of the integrand appearing in the rhs of equation (3.19) for one of the triangular
configuration shown in figures 3.8 and 3.12 (particle separations are given on top of the figure in units of
h−1Mpc). Solid and dashed lines correspond to the 3ptGSM and theN -body simulation, respectively. Contours
correspond to the levels {8, 6, 4, 2, 1} × 10−3 with the values decreasing from inside to outside. Note that the
predictions of the GSM do not reach the value 8× 10−3.

a very good description of ξs on large scales (e.g. B. A. Reid and M. White, 2011). This success
originates from fortuitous cancellations between the contributions of the peak and the wings in the
integrand of equation (3.14) (see figure 4 in Kuruvilla and Porciani, 2018). In figure 3.13, we show
that the same phenomenon takes place in the 3ptGSM. Shown with solid lines are contour levels
of the integrand appearing in the rhs of equation (3.21) for a configuration in which the 3ptGSM
accurately reproduces the full 3PCF measured in the simulation. We extract the same quantity from
the simulation by creating a bivariate histogram of sij‖ − wij‖ for the particle triplets that form the
same triangular configuration and making sure that its integral gives G3. The corresponding contour
levels are plotted with dashed lines. From the figure, it is evident that the peak of the integrand in the
3ptGSM is underestimated and the tails are overestimated when compared to the numerical results.
This provides motivation for improving the modelling of P(3)

w‖ along the lines that have been already
used for the 2PCF (e.g. Bianchi, Chiesa and Guzzo, 2015; Uhlemann, Kopp and Haugg, 2015; Bianchi,
Percival and Bel, 2016; Kuruvilla and Porciani, 2018).
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3.3 The 3-point Gaussian streaming model

Directions for future improvements

Overall, the simple version of the 3ptGSM we have implemented captures the main trends that can be
observed in the simulation. However, there are some discrepancies. We identify a number of reasons
for this partial agreement. First of all, the model we use for ζ needs to be substantially improved. As
discussed above (left panel of figure 3.9) perturbation theory at LO only provides a sketchy description
of the simulation data for the corresponding triangular configuration in real space (i.e. using r12 = s12

and r23 = s23). However, the situation is worse than that. In fact, the integral that gives ζs(4123) in
the streaming model receives contributions from triangles with pairwise separations rij‖ and rij⊥ that
differ by up to 40-50 h−1 Mpc from those that define 4123. For some of them, the model for ζ at
LO does not perform very well. Moreover, the second moments of the pairwise velocities predicted
with standard perturbation theory at LO become progressively less accurate for squeezed triangles.
One can notice this trend in some capacity already in the rightmost panels of figure 3.5 and in the
top-right panel of figure 3.6: the model increasingly departs from the simulation results as r31 and r31⊥
decrease. Since the double integral in equation (3.21) runs over all sorts of triangular configurations
including some squeezed ones, this generates inaccuracies. As we have seen in section 3.3.4, the
3ptGSM prediction for ζs, which is of the order of ξ

2, is obtained from the subtraction of two much
larger numbers of order ξ (this can also be noticed by comparing the left and right panels in figure 3.8).
Therefore, relatively small errors in the terms that need to be subtracted can shift ζs substantially. We
thus expect that the 3ptGSM will considerably benefit from more sophisticated input models for ξ, ζ
and the moments of the pairwise velocities as it has already happened at the 2-point level (Carlson,
B. Reid and M. White, 2013; L. Wang, B. Reid and M. White, 2014; Vlah, Castorina and M. White,
2016). Implementing these improvements, however, clearly goes beyond the scope of this paper.

Connection with dispersion models for the bispectrum

Fourier transforming equation (3.14) provides an expression for the anisotropic power spectrum
in redshift space, Ps(k‖, k⊥). If one is ready to assume, for simplicity, that P(2)

w‖ (w‖|r) does not
depend on r, the convolution theorem then gives Ps(k‖, k⊥) = S(2)(k‖)P (k‖, k⊥) with S(2)(k‖) the
Fourier transform of P(2)

w‖ . This situation occurs if P
(2)
w‖ (w‖|r) is replaced by the scale-independent

function R(2)
w‖ (w‖) we have introduced in equation (3.29). This defines the so-called ‘dispersion

model’. The basic underlying idea (originally proposed in Peacock, 1992) is to imagine that, due to
highly non-linear physics taking place on small scales, the los velocity at each spatial location has a
random component which is independently drawn from a distribution with variance σ2

v and the los
relative velocities between two locations have thus a variance of σ2

p = 2σ2
v . Assuming that P(1)

v‖

is well approximated by a zero-mean Gaussian with variance σ2
v gives S

(2)(k‖) = exp(−k2
‖ σ

2
p/2)

which reduces to S(2)(k‖) ' 1 − k2
‖ σ

2
p/2 on large scales.11 This expression is commonly used to

analyse survey and simulation data (e.g. Peacock and West, 1992; Park et al., 1994; Peacock and
Dodds, 1994; Hawkins et al., 2003; Guzzo, Pierleoni et al., 2008; Beutler et al., 2012; Chuang and
Y. Wang, 2013) and σ2

p is treated as a free parameter.12 The ‘damping factor’ S(2)(k‖) thus accounts

11 Note that, at quadratic order in the wavenumbers, Gaussian and Lorentzian damping functions coincide.
12 For dark matter, the LO perturbative contribution to σ2

v is given in equation (3.64) but, as we have shown at the end of
section 3.2.3, this does not accurately describe N -body data.
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Chapter 3 Three-point redshift-space correlation function

for the suppression of the clustering amplitude in redshift space due to incoherent relative motions
along the los generated within collapsed structures (e.g. the ‘finger-of-god’ effect Jackson, 1972;
Sargent and Turner, 1977).

We now use equation (3.21) to generalise the dispersion model to 3-point statistics. The 3PCF and
the bispectrum B(p, q,k) form a Fourier pair, i.e.

ζ(4123) = 〈δ(x2) δ(x2 + r21) δ(x2 + r23)〉

=

∫
B(p, q,−p− q) e−i(p·r21+q·r23) d3pd3q

(2π)6 , (3.91)

(note that the correlation function is defined in terms of the ‘star ray’ separation r21 introduced in
footnote 2 while we have always used r12 so far). Let us now consider the simplest possible case
in which: (i) P(3)

w‖ does not depend on r21 and r23, (ii) the PDF of the pairwise velocities can be
approximated by a Gaussian distribution with covariance matrix Σ, and (iii) the contribution from the
two-point terms in the rhs of equation (3.20) is subdominant (as discussed above). In this case, the
convolution theorem gives

Bs(p, q,−p− q) = S(3)(p‖, q‖)B(p, q,−p− q) , (3.92)

with

S(3)(p‖, q‖) =

∫
P(3)
w‖(w21‖, w23‖|4123) ei(p‖w21‖+q‖w23‖) dw21‖ dw23‖

= exp

[
−1

2
(Σ11 p

2
‖ + 2 Σ12 p‖ q‖ + Σ22 q

2
‖)
]
. (3.93)

However, the result must be invariant with respect to changing the pair of wavevectors we use to
evaluate the damping factor, i.e. S(3)(p‖, q‖) = S(3)(p‖,−p‖ − q‖) = S(3)(−p‖ − q‖, q‖). It follows
that the covariance matrix must have the form

Σ = σ2

(
1 1/2

1/2 1

)
, (3.94)

with σ2 a free parameter. For convenience, in this calculation we have used the variable w21‖ while in
the remainder of the paper we always dealt with w12‖ = −w21‖. Therefore, equation (3.94) can be
re-written in terms of the covariance matrix C we have introduced in section 3.3.1 as

C = σ2

(
1 −1/2
−1/2 1

)
. (3.95)

It is reassuring to see that this result provides a zeroth-order approximation to the velocity statistics we
measure in the N -body simulation as shown in the bottom-right panel of figure 3.1 and in figure 3.6.
On large scales, the mean pairwise velocities are much smaller than their dispersions which are nearly
scale independent. Moreover, the linear correlation coefficient between w12‖ and w23‖ is always close
to −1/2.

Equation (3.95) has a simple and straightforward interpretation within the context of the dispersion
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model: if the los velocity at each location is independently drawn from a distribution with variance
σ2
v , then C is the covariance matrix of the velocity differences w12‖ and w23‖. The non-vanishing

off-diagonal term comes from the fact that location number 2 appears in both pairs as evidenced in
equation (3.72). Therefore, we can write that σ2 = σ2

p = 2σ2
v . In other words, in full analogy with

the 2-point case, the dispersion model is obtained by replacing P(3)
w‖ with the functionR

(3)
w‖ introduced

in equation (3.37). While completing this work, we became aware that this line of reasoning was
first pursued in Matsubara, 1994 to model the galaxy 3PCF on small scales. This publication also
introduces a very rudimentary form of our equation (3.17) in whichR(3)

w‖ appears instead of P(3)
w‖ . In

figure 3.14, we show that a Gaussian PDF provides an excellent approximation toR(3)
w‖ .

In the literature on the bispectrum, the damping factor is generally written as a symmetric function
of three wavenumbers, F(p‖, q‖, k‖) with the condition p‖+ q‖+ k‖ = 0. Equations (3.93) and (3.95)
say thatF(p‖, q‖,−p‖−q‖) = S(3)(p‖, q‖). There are multiple functional forms forF that satisfy this
condition. For instance, we could obtain a valid F by applying a symmetrization method either to the
function S(3) (i.e. F(p‖, q‖, k‖) = [S(3)(p‖, q‖) + S(3)(p‖, k‖) + S(3)(k‖, q‖)]/3) or to the argument
of the exponential function that appears in S(3) (i.e. F(p‖, q‖, k‖) = exp[−(2p2

‖ + 2q2
‖ + 2k2

‖ + pq +

kp+ kq)σ2/6]). A simpler solution is found by further requiring that F only depends on the square of
the wavenumbers which gives13 F(p‖, q‖, k‖) = exp[−(p2

‖+q
2
‖+k

2
‖)σ

2
p/4] ' 1−(p2

‖+q
2
‖+k

2
‖)σ

2
p/4.

13 This is the most commonly used ansatz and provides a reasonable fit to numerical simulations (e.g. Scoccimarro,
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In brief, providing an expression for F is somewhat arbitrary. All what matters in practice is the
function S(3).

3.4 Summary

We have derived, from first principles, the equations that relate the n-point correlation functions in real
and redshift space. We have followed a particle-based approach using statistical-mechanics techniques
based on the n-particle phase-space densities.14 Our results are exact (within the distant-observer
approximation) and completely independent of the nature of the tracers we consider and of their
interactions. They generalise the so-called streaming model to n-point statistics. The theory is
formulated more naturally in terms of the full n-point correlations. In this case, the redshift-space
correlation function is obtained as an integral of its real-space counterpart times the joint PDF of n− 1
relative los peculiar velocities. Equation (3.17) expresses this relation succinctly and the velocity PDF
is defined in equation (3.16).

We have shown that it is possible to re-formulate the theory entirely in terms of connected correlation
functions although the price to pay is a velocity term that is not a PDF (and can be negative) as well as
a higher degree of abstractness. This result is expressed by equations (3.31) and (3.32).
In the second part of the paper, we have focused on 3-point statistics. First of all, by combining

the streaming model for the 2PCF and the 3PCF, we have derived equation (3.21) which provides a
computationally-friendly framework to calculate connected 3-point correlations in redshift space. A
key ingredient appearing in this equation is the bivariate PDF for the los relative velocities between
particles pairs in a triplet, P(3)

w‖(w12‖, w23‖|4123). Making use of a largeN -body simulation, we have
characterised the properties of this function for unbiased tracers of the matter-density field. Figures 3.1
and 3.7 show that the PDF is unimodal and, for large triangles, has a quasi-Gaussian peak. The
dispersion of w12‖ and w23‖ is always much larger than the mean. Moreover, w12‖ and w23‖ tend to
be anti-correlated, especially on large scales.
In section 3.2.3, we have derived theoretical predictions for the first two moments of w12 and

w23 using standard perturbation theory at LO. Equation (3.53) shows that the mean relative velocity
between a particle pair in a triplet is not purely radial but has also a transverse component in the plane
of the triangle defined by the particles. Individual expressions for the different components are given in
equations (3.54), (3.55) and (3.56). Figures 3.3 and 3.4 show that the LO predictions accurately match
the simulation results from quasi-linear scales onward (rij & 20h−1Mpc). Perturbative expressions
for the second moments are given in equations (3.73) and (3.74). In this case, a constant offset
needs to be added to the theoretical results (that neglect small-scale physics) in order to reproduce
the simulations on large scales. Figure 3.5 shows that, after applying the correction, the model is
accurate to better than a few per cent for separations rij & 50h−1Mpc. In section 3.2.3, we have
discussed the projection of the relative velocities along the los. Figure 3.6 shows that the perturbative
predictions agree well with the simulation for triangles with legs rij & 50h−1Mpc. Our results lay the
groundwork for investigating 3-point statistics of the los pairwise velocities with future experiments
based on the kinetic Sunyaev-Zel’dovich effect like the Simons Observatory (SO, P. Ade et al., 2019),
CMB-S4 (Abazajian et al., 2016), CMB-HD (Sehgal, Aiola et al., 2019; Sehgal, Nguyen et al., 2019);

Couchman and Frieman, 1999; Hashimoto, Rasera and Taruya, 2017).
14 In section 3.1.6, we have provided a dictionary to translate our formalism into the language used by many previous papers
that discuss collisionless systems.
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as well as with other peculiar-velocity surveys like the Taipan galaxy survey (Taipan, da Cunha et al.,
2017) and the Widefield ASKAP L-band Legacy All-sky Blind Survey (WALLABY).
In section 3.3, we have introduced the 3ptGSM that brings together several elements of our

study. This model is based on the exact equation (3.21) but phenomenologically approximates
P(3)
w‖(w12‖, w23‖|4123) with a bivariate Gaussian distribution whose moments are computed using

perturbative techniques (and offsetting the velocity dispersion with a constant so that to match its direct
measurement in the simulation). We have then presented a simple practical implementation of the
3ptGSM by deriving all its ingredients (real-space clustering amplitudes and velocity statistics) from
standard perturbation theory at LO. The comparison of the model predictions against the correlation
function from the simulation performed in figures 3.8, 3.9 and 3.10 is very encouraging, in particular
considering that the model has no free parameters.

The forthcoming generation of galaxy surveys will cover large-enough volumes to permit accurate
measurements of the 3PCF on large scales. This achievement will inform us about galaxy formation,
cosmology, neutrino masses, the nature of primordial perturbations, dark energy, and the gravity law.
It is thus timely to create new theoretical tools that facilitate this endeavour. In this paper, we have
developed a general framework for the analysis of RSDs in the n-point correlation functions. This
pilot work sets the foundation for future developments including: (i) considering biased tracers of the
matter-density field, (ii) extending our calculations to different flavours of PT (e.g. B. A. Reid and
M. White, 2011; Carlson, B. Reid and M. White, 2013; Vlah, Castorina and M. White, 2016) for both
real-space clustering and velocity statistics, and (iii) going beyond the Gaussian approximation for the
PDF of the relative los velocities by introducing multivariate distributions with non-zero skewness
and that are leptokurtic (e.g. Bianchi, Chiesa and Guzzo, 2015; Uhlemann, Kopp and Haugg, 2015;
Bianchi, Percival and Bel, 2016; Kuruvilla and Porciani, 2018).
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CHAPTER 4

Kinetic Sunyaev-Zeldovich effect

Current understanding of the cosmological model comes about from large-scale structure (LSS) probes
using cosmic microwave background, galaxy distribution and gravitiational lensing surveys. Another
probe which could enhance our understanding comes in the form of measuring peculiar velocity of the
galaxies or galaxy clusters. For example, surveys focusing on peculiar velocities provide us with a
complementary tool to test the current paradigm through measurements of the growth rate, f , which
is given as the logarithmic derivative of the growth factor with respect to the scale factor. Different
models of gravity predict different f , thus it becomes a tool to test the validity of general relativity
(GR) as the correct theory of gravity on large scales.

Peculiar velocity measurement in redshift space can be done through two prominent ways. Firstly,
direct measurements of the peculiar velocity can be done through redshifts and distances determined
using scaling relations like the Tully-Fisher or the fundamental plane relation. These direct peculiar
velocity surveys however lead to shallow surveys, thus offering an opportunity to probe the peculiar
velocities of the nearby universe. Upcoming direct peculiar velocity measurement surveys like
TAIPAN and WALLABY+WNSHS promises to be competitive as a cosmological probe for very
low redshifts with the respect to current galaxy clustering surveys (e.g. Koda et al., 2014; Howlett,
Staveley-Smith and Blake, 2017).

Another method to measure the peculiar velocity is through the kinematic Sunyaev-Zeldovich (kSZ)
effect (Sunyaev and Zeldovich, 1970; Sunyaev and Zeldovich, 1972; Sunyaev and Zeldovich, 1980), in
which CMB photons get scattered off free electrons which are in motion. This results in a Doppler
shift, thus preserving the blackbody spectrum of the CMB. It is also one of the only known techniques
through which we can measure the peculiar velocities of objects at cosmological distances. However
the signal from kSZ effect is very weak, hence detection for individual objects has proven to be
cumbersome. Current evidence of kSZ depends on the mean pairwise velocity quantity as it allows for
stacking procedure which increases the statistical constraining power. First evidence of the kSZ effect
through the pairwise mean velocity was detected by Hand et al., 2012 using the pairwise velocity
estimator developed by Ferreira et al., 1999. Further evidence for the kSZ using pairwise velocities
were shown in Planck Collaboration, P. A. R. Ade et al., 2016; Schaan et al., 2016; Soergel et al., 2016;
De Bernardis et al., 2017; Y.-C. Li et al., 2017. One of the arguments for using the mean pairwise
velocity is that on average the pairs would seem to move towards each other, rendering the mean
pairwise velocity to be negative. This would be true only in the case when one considers the pairwise
velocity distribution in real space, which is one of the main ingredient in modelling the redshift-space
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distortions (e.g. Peebles, 1980; Fisher, 1995; Scoccimarro, 2004; Kuruvilla and Porciani, 2018).
However in reality we probe the pairwise velocity in the redshift space. In the recent years, more focus
has been placed on redshift-space peculiar velocity in the configuration space (Okumura et al., 2014;
Sugiyama, Okumura and D. N. Spergel, 2016).
In this chapter, it is our aim to showcase the behaviour of pairwise and triple-wise velocity

distribution in redshift space. Mean pairwise kSZ signal has been shown to have the potential to
constrain neutrino masses (Mueller et al., 2015b), which could act as a complementary probe to the
existing techniques. Pairwise velocities measured through kSZ can also be used to constrain dark
energy and modified gravity, and would be competitive with the measurements from galaxy clustering
surveys in future (see Bhattacharya and Kosowsky, 2008; Ma and Zhao, 2014; Mueller et al., 2015a;
Alonso et al., 2016). This provides us the motivation that understanding the pairwise and triple-wise
velocity distribution in redshift space is timely and necessary. The chapter is structured as follows.
In section 4.1, we elaborate about the N -body simulation used in this work. In section 4.2, we
introduce the pairwise velocity distribution in real space and redshift space. Further in section 4.2.1,
we take a look into how the first four moments of the pairwise velocity distribution would look like in
redshift space. An exploration of the redshift evolution of the pairwise velocity distribution is done in
section 4.2.2 . We introduce the triple-wise velocity distribution in section 4.3, and its moments in
section 4.3.1. We mitigate the optical depth degeneracy and introduce an bias-independent estimator
in section 4.4. Finally in section 4.5 we provide our conclusions.

4.1 N-Body simulations

In our analysis, we make use of a N -body simulation ran using a lean version of gadget-2 (Springel,
Yoshida and S. D. M. White, 2001; Springel, 2005) that was labelled 1.0 in Pillepich, Porciani and
Hahn, 2010. In brief, the simulation follows the formation of the large-scale structure from Gaussian
initial conditions within a periodic cubic box with a side of 1.2 h−1Gpc. It assumes a flat ΛCDM
cosmology with the best-fitting parameters determined by the five year analysis of the WMAP mission
(Komatsu et al., 2009) and considers 10243 particles with a mass of 1.246×1011h−1M� (see Pillepich
et al. 2010 for further details).

4.2 Pairwise velocity distribution in redshift space

The distance of a cosmological object is simultaneously affected by both the homogeneous cosmic
expansion with instantaneous scale factor a and Hubble parameter H , and its peculiar velocity. Thus
we need to distinguish between the redshift-inferred distance of a galaxy s and its true comoving
distance x. In the distant-observer (or plane-parallel) approximation,

s = x + (v · ẑ) ẑ , (4.1)

where v denotes the peculiar velocity divided by the factor aH and ẑ denotes the los direction. The
spurious displacement along the los distorts the clustering pattern of galaxies in redshift space from
its actual configuration in real space.

s‖ = (s2 − s1) · ẑ = r‖ + w‖ , (4.2)
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Figure 4.1: Line-of-sight pairwise velocity distribution in redshift space (solid lines) and real space (dashed
lines). The pairwise velocity PDF in redshift space exhibits bimodal feature and deviates from the one in real
space pairwise at the scales shown here. The units of the separations are given in h−1Mpc.

where r‖ = r · ẑ and w‖ = (v2 − v1) · ẑ, while the transverse separation remains unchanged, i.e.

s⊥ = r⊥ . (4.3)

The pairwise velocity distribution function in redshift space, Ps(w‖ | s⊥, s‖), can be written as

Ps(w‖ | s⊥, s‖) =

∫ +∞

−∞
Pr(w‖ | s⊥, r‖) P(r‖ | s⊥, s‖) dr‖ , (4.4)

where Pr(w‖ | s⊥, r‖) is the real space pairwise velocity distribution and P(r‖ | s⊥, s‖) is the real
space separation distribution for a given redshift space separation. P(r‖ | s⊥, s‖) is what encompasses
the RSD effect into the pairwise velocity distribution in redshift space and which we christen as the
‘RSD transformation’ distribution function. It tells us for pairs at given a redshift space separation,
how they will be distributed in real space which is affected by the pairwise velocity as can be seen
from equation (4.2). For pairs in redshift space with s⊥, s‖ ∈ R≥0, r‖ < 0 implies pairs which have
reversed their order in real space. As expected, it is more likely to find reversed pairs at smaller
separations.

A bimodal feature for Ps(w‖ | s⊥, s‖) (denoted by orange solid line) at small s⊥ ∈ [0, 1)h−1Mpc
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Figure 4.2: The RSD transformation distribution funciton which shows the real space separation distribution for
pairs at a given redshift space separation. The pairs which have r‖ < 0 are the ones which have reversed their
order compared to their redshift space counterpart. The RSD transformation distribution has the symmetry
P(r‖ | s⊥, s‖) = P(−r‖ | s⊥,−s‖) .

and s‖ > 1h−1Mpc pair separations can be clearly seen in Figure. 4.1. On first glance, we can
see that the distributions are mostly different at the scales we have considered. However, in the left
column which are for pairs having very minimal los separation but considerable transverse separation,
they are similar. More interesting are the pairs which have a very small transverse pair separation
but considerable los separation, the distribution in redshift space breaks the property of unimodality
which is seen in the real space pairwise velocity distribution. This comes about from the bimodal
behaviour of the ‘RSD transformation’ distribution function, P(r‖ | s⊥, s‖), at those scales as shown
in figure 4.2. This feature comes about as a mixture of pairs having both high relative los velocity and
low relative los velocities. The peak around r‖ ' 0 is generally formed by the pairs which have high
pairwise velocity (resulting from the highly non-linear density field in which these pairs are embedded
in). This peak contains mostly the pairs which partake in elongation of the structure along the los
leading to the Finger-of-God (FoG) effect. The effect is maximal, unsurprisingly, for pairs having very
low s⊥ separation.
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Figure 4.3: Line-of-sight pairwise velocity distribution in redshift space (solid lines) and real space (dashed
lines). The pairwise velocity PDF in redshift space and the one in real space pairwise are essentially the same in
large enough separations.

The distributions are symmetric under particle exchange or parity transformations

Pr(w‖ | s⊥, r‖) = Pr(−w‖ | s⊥,−r‖) (4.5)
Ps(w‖ | s⊥, s‖) = Ps(−w‖ | s⊥,−s‖) (4.6)
P(r‖ | s⊥, s‖) = P(−r‖ | s⊥,−s‖) . (4.7)

In figure 4.3, we see that on large enough (≥ 30h−1Mpc) pair separation in both los and transverse
scale, the velocity distributions are the same. This could be interpreted as the effect of RSD on
pairwise velocity in redshift space as large on small scale pair separations and while being minuscule
on quasi-linear scales and above.

4.2.1 Pairwise moments

One of the ways to quantify the distribution is by measuring its moments. As mentioned before,
evidence for the kSZ effect is from measuring the first moment, i.e the mean. Figure 4.4 shows the 1D
moments of the los pairwise velocity distribution. We show the first moment which is the 1D mean
pairwise velocity (which is the quantity which is measured in pairwise kSZ). Here we compare with
real space moments also. The mean pairwise velocity on redshift space undergoes sign inversion
∼ 25h−1Mpc. This sign inversion of mean velocity in redshift space was first shown in Okumura
et al., 2014. It is clear that for the higher moments, they are different from the real space moments
for pair separations < 40h−1Mpc. Strikingly it can be seen that both the real space and redshift
space distributions shows a leptkurtic behavior (i.e, kurtosis greater than that of a normal distribution
which is 3). On very large scales, the even moments are the same. However the distribution depends
on both the los and transverse pair separation. In figure 4.5, we illustrate the 2D scale dependence
of the first four moments of the pairwise velocity in redshift space. On the left most panel, we
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Figure 4.4: Moments of the relative line-of-sight velocity distribution in real space (solid lines) and redshift
space (dash dotted lines) measured from the N -body simulation. The top row shows the mean (left) and the
variance (right), while the bottom row illustrates the scale dependence of normalised higher order moments,
namely the skewness (left) and the kurtosis (right).

show the mean pairwise velocity as function of parallel and perpendicular separation in redshift
space. It is clear at very small scales, s⊥, s‖ . 8h−1Mpc, the mean velocity is positive. This is
not surprising considering the fact that the distribution at most of these scales show some degree of
bimodality as shown in the earlier section, thus pushing the mean velocity to positive. This behaviour
is different from the real space counterpart which at these scales are negative, implying on average
the pairs are moving towards each other. The dispersion (second from left) shows that for very small
s⊥ . 3h−1Mpc as one moves from low to higher los separation the dispersion increases. On the
second from right panel we see how the skewness behaves in redshift space. On account of the
bimodality at small transverse separation, the distribution inherits a positive skewness at these scales.
The kurtosis (right most) shows a valley feature at very small s⊥ separations. This feature was also
seen manifesting in the 1D kurtosis in figure 4.4. For comparison with the real space moments in 2D,
we refer the reader to Kuruvilla and Porciani, 2018 which discusses about it in detail.

We consider the mean radial velocity in redshift space, 〈ws
r〉, and analytically predict it using linear
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the right most panel respectively. The behaviour is markedly different from the real space counterparts.

theory

〈ws
r(s)〉 =

〈(1 + δs
1)(1 + δs

2)(v2 − v1)〉
1 + ξs(s)

=

∫ 1

0
dµ‖ (1 + fµ2

‖) 〈wr
r(s)〉
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2π2
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(
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5
f2

)
ξr(s)

, (4.8)

where δs is the density perturbation in redshift space, 〈wr
r〉 is the linear mean radial velocity in real
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Figure 4.6: The mean radial pairwise velocity in redshift space measured from the DM simulation (blue dots).
The analytical prediction from linear theory is shown in solid (orange) line.

space and µ‖ = k‖/k. In figure 4.6, we show the radial mean pairwise velocity measured from the
simulation by solid (blue) points. The fidelity of linear theory prediction, equation (4.8), seems to
hold only at s & 80 h−1 Mpc. This could partially stem from the fact that the linear theory prediction
for redshift space correlation function does not model the monopole accurately.

4.2.2 Redshift evolution

With the future planned surveys like the Simons Observatory (SO, P. Ade et al., 2019), CMB-S4
type survey (Abazajian et al., 2016), and the proposed CMB-HD (Sehgal, Aiola et al., 2019; Sehgal,
Nguyen et al., 2019), there will be precise measurements of kSZ effect over a range of redshift. This
motivates us to take a look into how the velocity distribution evolves with redshift. It is shown in
figure 4.7. It is clear as the redshift increases, the effect of RSD on the distribution decreases. At
z = 3 given by dashed lines in the figure, the level of bimodality is very minimal compared to the
lower redshift case. It should also be noted that the dispersion increases as function of the redshift,
with minimal dispersion seen at z = 3 while the maximum dispersion at z = 0. Unsurprisingly even
at different redshifts, it is clearly visible that the effect of RSD on the pairwise velocity is maximal for
pairs which have minimal perpendicular separation between them.

4.3 Triple-wise velocity distribution in redshift space

In Chapter 3 we introduced the los triple-wise velocity distribution in real space and characterised
several statistical properties of it. The underlying distribution which we can probe is however the one
in redshift space. Thus we need to understand how RSD affects the three-point velocity statistics. The
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Figure 4.7: Line-of-sight pairwise velocity distribution in redshift space for different redshifts. The bimodality
features (resulting from RSD) are prominent for lower redshifts.

corresponding los triple-wise PDF in redshift space T s(w12‖, w23‖) can be written as

T s(w12‖, w23‖ | s12, s23, s31⊥) =

∫ +∞

−∞
T r(w12‖, w23‖ | s12⊥, r12‖, s23⊥, r23‖, s31⊥)

P(r12‖, r23‖ | s12⊥, s12‖, s23⊥, s23‖, s31⊥) dr12‖ dr23‖ ,
(4.9)

where the superscript r and s denote the real- and redshift-space quantities respectively, T r(w12‖, w23‖)
is the los triple-wise velocity distribution in real space and P(r12‖, r23‖ | s12⊥, s12‖, s23⊥, s23‖, s31⊥)
is the three-point RSD transformation distribution function which details the effect of RSD on the
triplet separation. In other words, it is the distribution of (unobserved) triplet separations in real space
conditional on the observed triangular configuration in redshift space. Figure 4.8 shows this PDF
for four such triplet configuration in redshift space which was directly measured from the simulation.
To speed up the calculation, we randomly sample 1003 DM particles and consider all the ordered
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Figure 4.8: The RSD transformation distribution function in the case of three-point velocity statistics. We
consider four triplet configuration, where we have kept the perpendicular separation in redshift-space fixed as
mentioned on the very top of the figure. We let the parallel separation of 12 and 23 vary in each panel.

triplets between them. Each triplet is classified in 5 h−1 Mpc bin based on the values in five redshift
space separation components of the triangular configuration. Ultimately, we build a two-dimensional
histogram for r12‖ and r23‖ for each separation bin. One of the main features we see is the bimodal
nature of this distribution function at these small scales. We chose these small triplet separations,
with fixed perpendicular components (s12⊥ ∈ [5, 10), s23⊥ ∈ [5, 10) and s31⊥ ∈ [0, 5) in units of
h−1 Mpc), to highlight the effect of RSD. The different panels show the configuration where s12‖
and s23‖ are varied. In these panels, the bimodal peaks can be seen at r12‖ = r23‖ ≈ 0h−1 Mpc and
r12‖ ≈ s12‖ and r23‖ ≈ s23‖. The peak around 0h−1 Mpc is the byproduct of the FoG effect, where
r12‖, r23‖ ∈ R<0 implies that they have flipped their position with respect to that in redshift space. In
the top right panel, the contour lines around the peak at zero is skewed towards lower r12‖. This can
be understood from the fact that s12‖ < s23‖ in that triangular configuration and it is more probable
for the 12 component to have flipped their position in redshift space compared to that of the 23 pair.
This behaviour is reversed in lower left panel where s23‖ < s12‖, where the contour lines around zero
is skewed towards lower r23‖. The contour lines around the peak at r12‖ ≈ s12‖ and r23‖ ≈ s23‖
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Figure 4.9: Schematic diagram illustrating how the relative infall velocities can change the triangular configuration
of a triplet between real and redshift space. The vertical arrows represent the los component of the individual
velocities. First three columns indicate the scenarios in which atleast one side of triangular configuration has
reversed their order and the last column shows the scenario in which the triangular shape is preserved in going
from real to redshift space.

corresponds to triplets having triplewise velocities close to zero, implying that these might be part of
the large-scale coherent flow and can be seen as the linear effect of RSD on the triple-wise velocity.
On the smallest triplet separation considered (top left panel), these effects are mixed together in such a
way that it is difficult to isolate. However as the separations increase, this mixing and the effect from
FoG (peak around 0) decreases. It is visually evident that the global maxima of the RSD distribution
PDF, which corresponds to one of the mode, changes for each panel. In the top left panel the global
maxima is at r12‖ ∈ [−1, 0) h−1 Mpc and r23‖ ∈ [0, 1) h−1 Mpc. On the top right, the global maxima
are located at r12‖ ∈ [3, 4) h−1 Mpc and r23‖ ∈ [7, 8) h−1 Mpc. Similarly the modes are located
close to the mean value of the redshift separation bin in the bottom left and right panel.

We show an illustration of the complex shape transformation a triplet can undergo going from real
to redshift space in figure 4.9. The vertical arrows represent the los component of the individual
velocities. We keep the triangular configuration fixed in the observed reference frame (redshift space)
with s12‖ > 0 and s23‖ > 0. The first column from left corresponds to the case where both sides
have reversed (flipped) their order in real space. The second and third column indicates the mapping
where only one side has reversed their order. In these two scenario to get the triplet configuration
in redshift space, it appears that in real space the triplets were in a configuration where one side
is much larger than the other two sides. On larger separations, the fraction of triplets undergoing
these transformations, as indicated in first three columns, would be low as they would require large
triple-wise velocities. The fourth column indicates the situation in which shape is preserved in going
from real to redshift space. At large separations, this would be the most probable transformation as
indicated in figure 4.8 also.
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Figure 4.10: The matter triple-wise velocity distribution in redshift space. The perpendicular components are
fixed for all the four panels. The peak around s12‖ ≈ w12‖ and s23‖ ≈ w23‖ denote the triplets which are
affected by FoG.

Understanding how the triangular configurations can transform going from real to redshift space we
can grasp the triple-wise PDF in redshift space which we show in figure 4.10. The configurations are
shown to be same as in figure 4.8. We measure this bivariate PDF directly from the simulations, using
velocity of the dark matter particles. The procedure is similar as for the RSD transformation PDF,
where triplets are first binned in the five separation scales in redshift with a bin width of 5 h−1 Mpc
and then we build a two-dimensional histogram of w12‖ and w23‖, with bin-width of 1 h−1 Mpc, for
each separation bin. An important feature that can be seen is the bimodality of the PDF, barring for
the configuration when s12‖, s23‖ ∈ [0, 5)h−1 Mpc. The peak around s12‖ ≈ w12‖ and s23‖ ≈ w23‖
denotes the triplets which are affected by FoG and which might have flipped their positions in
comparison to the real space configuration. As in the case of three-point RSD transformation PDF,
the effect of FoG fades away as the triplet los separation increases and thus the amplitude of the
second peak (around s12‖ ≈ w12‖ and s23‖ ≈ w23‖) decreases. This is expected as the non-linear RSD
effects are most dominant at the small scale separations. We find that the global maxima is located
between [-1,1) h−1 Mpc for both w12‖ and w23‖ in all the four panels. These PDFs are symmetric
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Figure 4.11: The mean three-point radial velocities in redshift space for different triangular configurations. For
side 12, the measured mean velocity is shown using the circle (blue) points and the linear theory prediction
is shown using the dot-dashed (blue) lines. In the case of side 23, the measured is denoted using diamonds
(oranges), while the linear theory prediction using dashed (oranges) lines. The separations are given in units of
h−1Mpc.

under particle exchange or parity transformations,

T r(w12‖, w23‖ | s12, s23, s31⊥) = T r(−w12‖,−w23‖ | −s12,−s23, s31⊥) , (4.10)

P(r12‖, r23‖ | s12, s23, s31⊥) = P(−r12‖,−r23‖ | −s12,−s23, s31⊥) , (4.11)

T s(w12‖, w23‖ | s12, s23, s31⊥) = T s(−w12‖,−w23‖ | −s12,−s23, s31⊥) . (4.12)

4.3.1 Triple-wise moments

In this section, we try to predict the three-point velocity statistics using linear perturbation theory.
We have already introduced the analytical prediction of real space mean triple-wise velocity in
equations (3.55) and (3.57). We can define the linear theory prediction for redshift space mean
velocities (denoted by superscript s),

〈ws
12(s12|4123)〉 = 〈ws

12(s12|4123)〉ŝ12 =
〈(1 + δs

1)(1 + δs
2)(1 + δs

3)(v2 − v1)〉
〈(1 + δs

1)(1 + δs
2)(1 + δs

3)〉
lin
=
〈δs

1v2〉 − 〈δs
2v1〉+ 〈δs

3v2〉 − 〈δs
3v1〉

1 + ξs(s12) + ξs(s23) + ξs(s31)
. (4.13)
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Figure 4.12: Same as figure 4.11 but for different and smaller triangular configurations in redshift space. For side
12, the measured mean velocity is shown using the (blue) circle points. In the case of side 23, the measurement
from simulation is denoted using (orange) diamonds.

where4123 denotes the triangle with sides of length s12, s23 and s31 in redshift space. The numerator
in equation (4.13) can be written as

〈δs
1v2〉 − 〈δs

2v1〉+ 〈δs
3v2〉 − 〈δs

3v1〉 = −aHf(f + 3)

3π2

[
ŝ12

∫ ∞

0
dk kPm(k)j1(ks12)

+
1

2

(
ŝ23

∫ ∞

0
dk kPm(k)j1(ks23) + ŝ31

∫ ∞

0
dk kPm(k)j1(ks31)

)]
. (4.14)

Projecting ŝ23 and ŝ31 along ŝ12, we get

〈δs
1v2〉 − 〈δs

2v1〉+ 〈δs
3v2〉 − 〈δs

3v1〉 = −aHf(f + 3)

3π2 ŝ12

[∫ ∞

0
dk kPm(k)j1(ks12)

−1

2

(
cosβ

∫ ∞

0
dk kPm(k)j1(ks23) + cosα

∫ ∞

0
dk kPm(k)j1(ks31)

)]
, (4.15)

where β is the angle between the sides 12 and 23, where α is the angle between the sides 12 and 31.
The angles α and β can be computed using the law of cosines. The linear mean radial triple-wise
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velocity can then be written by substituting equation (4.15) into equation (4.13) as

〈ws
12(s12|4123)〉ŝ12

lin
=

−aHf(f + 3)

3π2 ŝ12

[∫ ∞

0
dk kPm(k)j1(ks12)+

1

2

(
cosβ

∫ ∞

0
dk kPm(k)j1(ks23) + cosα

∫ ∞

0
dk kPm(k)j1(ks31)

)]

1 + ξs(s12) + ξs(s23) + ξs(s31)
.(4.16)

Similarly the linear mean radial velocity of the second component is

〈ws
23(s23|4123)〉 =

〈(1 + δs
1)(1 + δs

2)(1 + δs
3)(v3 − v2)〉

〈(1 + δs
1)(1 + δs

2)(1 + δs
3)〉

lin
=

−aHf(f + 3)

3π2 ŝ23

[∫ ∞

0
dk kPm(k)j1(ks23)+

1

2

(
cosβ

∫ ∞

0
dk kPm(k)j1(ks12) + cos γ

∫ ∞

0
dk kPm(k)j1(ks31)

)]

1 + ξs(s12) + ξs(s23) + ξs(s31)
,

(4.17)

where β is the angle between the sides 12 and 23, and γ is the angle between the sides 23 and 31.
Thus from equations (4.16) and (4.17), it is evident that, similar to the case of real space triple-wise
velocities, in redshift space also the mean triple-wise velocity are affected by the presence of the third
point.

Figure 4.11 shows the comparison between the mean velocity measured from the simulations to
that predicted from linear theory. In this figure, we fix s12 to have a magnitude ∈ [80, 85)h−1Mpc.
In each subplot we however vary the length of side 23 and see in every subplot how the mean radial
velocities varies as a function of the triangle’s third leg. We can see that the predictions from linear
theory fairs relatively well to that measured from the simulations at these quasi-linear scales. However
the fidelity of the analytical prediction is not as good as in the case of real space prediction. When
further compared to the real space counterpart in figure 3.3, the shape of the signal remains similar
while the amplitude of the signal has changed. We probe even smaller separation scales in figure 4.12,
where we see that at quasi-linear separations (s & 30h−1Mpc) fidelity of the linear theory prediction
decreases. Overall we see that mean radial velocity prediction from linear theory has an acceptable
degree of accuracy when compared to the measured mean from the simulations at separations greater
than∼ 40h−1Mpc. It was also measured and verified that the mean velocity of transverse components
vanish due to statistical isotropy. It is also possible to predict the variance of triple-wise velocity in
redshift space using linear theory,

〈w2,s
12,r(s12|4123)〉 lin

=
2[σ2

v −Ψ12,r]

1 + ξs(s12) + ξs(s23) + ξs(s31)
, (4.18)

where σ2
v is the one-dimensional velocity dispersion and Ψ12,r is the radial component of the velocity

correlation function for the pair 12. The only difference from its real space counterpart is the
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Figure 4.13: The three-point radial dispersion for different triangular configurations in redshift space, where
σ2 ≡ 〈w2〉. For side 12, the measured dispersion is shown using the circle points and the linear theory prediction
is shown using the dot-dashed lines (both in blue color). In the case of side 23, the measured is denoted using
diamonds, while the linear theory prediction using dashed lines (both in orange color). The separations are
given in units of h−1Mpc. An offset of 9.59 h−2Mpc2 was added to the linear theory prediction to match the
measurement.

normalisation factor. Similarly the variance for the pair 23 can be written as

〈w2,s
23,r(s23|4123)〉 lin

=
2[σ2

v −Ψ23,r]

1 + ξs(s12) + ξs(s23) + ξs(s31)
. (4.19)

Figure 4.13 showcases the radial triple-wise velocity dispersion in the redshift space. On large
separation scales on all three edges of the configuration, the linear theory is able to reproduce the
measurement from simulations quite well. One of the caveat is that there is an offset error which needs
to be accounted for. However the offset calibration is same as in the case of real space quantity. This is
not surprising as the offset is introduced to account for the inaccurate modeling of the one-dimensional
velocity dispersion.

4.4 Breaking optical depth degeneracy: bias-independent estimator

The cosmological growth rate measured from pairwise kSZ is perfectly degenerate with the optical
depth of galaxies or clusters (Keisler and Schmidt, 2013; Sugiyama, Okumura and D. N. Spergel,
2018)

〈w12‖〉kSZ ∝ bτfσ2
8 , (4.20)
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where 〈w12‖〉kSZ = (bτTcmb/c)〈w12‖〉. The linear bias being scale and mass dependent, and treating
optical depth as an effective quantity are few of the assumption going into this formulation. The
degeneracy leads to an overall uncertainty in the growth rate measurement and is the limiting systematic
for constraining cosmology from kSZ. In principle, it is possible to obtain external constraints on
biasing term b from clustering measurements and optical depth τ from X-ray observation to obtain
fσ2

8 . From a cosmological information perspective this is interesting as dynamical probes like RSD
constrain fσ8 which could be leveraged to break the degeneracy between f and σ8.

Madhavacheril et al., 2019 proposes a mechanism to break the optical-depth degeneracy by using
‘fast radio bursts sources’ (FRBs) to measure the optical depth directly by cross correlating the
dispersion measures from FRBs with the galaxy sample used in kSZ measurement. FRBs are radio
transient events that are (possibly) generated from some high energy astrophysical process. The exact
nature of its origin is still not yet understood. Dispersion measure gives the integrated electron column
density of free electrons between the observer and FRB.

In this section, we introduce an estimator to break this degeneracy and to be independent of biasing
factor by using velocity information only. The basic idea is to take the ratio of velocity components of
the mean triple-wise velocity and the new estimator is independent of b, τ , f and σ8. There have been
similar ratio tests in galaxy clustering analysis already wherein the growth rate was measured using
the ratio of multipoles of correlation function (and also of power spectrum) (Hamilton, 1998). For
simplicity we ignore the RSD effects on the triple-wise velocity in this section. The bias independent
estimator (in real space) EkSZ can be written as

EkSZ,i(4123) =
〈w12,i|4123〉kSZ

〈w23,i|4123〉kSZ
, (4.21)

where i could stand for the radial or the line-of-sight component. We can write down the estimator
explicitly for the radial component as

EkSZ,r(4123) =
〈w12,r|4123〉kSZ

〈w23,r|4123〉kSZ
=
−aHfτb I12(4123)

−aHfτb I23(4123)
=
I12(4123)

I23(4123)
, (4.22)

where

I12(4123) =

∫ ∞

0
dk kPm(k)j1(kr12)− 0.5

[
cosβ

∫ ∞

0
dk kPm(k)j1(kr23)

+ cosα

∫ ∞

0
dk kPm(k)j1(kr31)

]
, (4.23)

and

I23(4123) =

∫ ∞

0
dk kPm(k)j1(kr23)− 0.5

[
cosβ

∫ ∞

0
dk kPm(k)j1(kr12)

+ cos γ

∫ ∞

0
dk kPm(k)j1(kr31)

]
. (4.24)

The estimator depends on the integral of the matter power spectrum. We have also verified from
numerical simulations that the estimator is independent of bias and optical depth. For this we measured
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the necessary velocity statistics for DM particles as outlined in chapter 3. To generate mock kSZ
triple-wise velocity statistics, we first generated a DM halo catalogue using Rockstar (Behroozi,
Wechsler and Wu, 2013). We used the empirical optical depth - halo mass scaling relation obtained
from Battaglia, 2016, to associate the optical depth to each DM halo, which is given as

ln(τ |M) = ln τ0 +m ln(M/M0) , (4.25)

where m is the power law slope, τ0 is the intercept for the given normalization ofM0 = 1014 M�.
Battaglia, 2016 used different hydrodynamical simulations with various input cluster astrophysics
and showed how the scaling relation depended on each of these input criteria. We make use of their
‘AGN feedback’ model (which is a model with radioactive cooling, star formation, galactic winds,
supernova feedback, cosmic ray physics and AGN feedback) for the scaling relation and used the
values: τ0 = −6.83 andm = 0.60, taken from Table 1 in Battaglia, 2016. In our analysis, we only
used halos with mass,M500 > 2 · 1014 M�. M500 was taken as the halo mass proxy to be consistent
with Battaglia, 2016. It should be stressed that halo masses are not a direct observable quantity in
any observation, however in numerical simulations we can access it directly. We have verified (using
quantities measured from simulations) that the ratio between EDM,r

1 and EkSZ,r is equal to one, thus
confirming numerically also that the new estimator is bias and optical depth independent. Being a
three-point velocity statistics, the estimator has an added advantage that it is utilising the underlying
(triangular configuration) shape information which is not present in the pairwise quantities.

We want to explore how the estimator in equation (4.22) is affected by the cosmological parameters.
For this purpose, we make use of the analytical prediction of the mean triple-wise velocities from
linear perturbation which was introduced in chapter (3). In figure 4.14, we check the estimator for
three varying cosmologies, which are given in table (1.1). The solid (blue), dashed (orange) and
dot-dashed (green) line corresponds to Planck, five year result from WMAP and three year result
from WMAP respectively. In each panel we fix r12 and r23, and let the side r31 vary. We chose to
plot the triangular configurations in which the estimator has significant difference at large separation
scales where linear theory modeling works well. Among the three cosmologies considered here,
the amplitude of EkSZ,r is maximum in the case of Planck. We believe that the estimator is affected
the most by the matter density and it is highest in the case of Planck cosmology when compared to
WMAP-3 and WMAP-5 cosmology.

In figure 4.15, we want to test this hypothesis and explore the effect of matter density on the
estimator EkSZ,r by varying Ωm in a flat Universe and keeping all the other cosmological parameters
fixed (where we have used the Planck cosmology as the reference). The solid (blue) line corresponds
to the matter density of the reference cosmology. We increase and decrease the matter density value
by 0.05 and see its effect given by dot-dashed (green) and dashed (orange) lines respectively. It is
evident that for the configurations considered here, amplitude of the estimator increases along with
the matter density. It is encouraging that the difference is maximum (for these configurations) at the
largest r31 separation where analytical modeling is well captured by linear theory.

We are at an epoch in cosmology where there is a discrepancy in the Hubble constantH0 measured
from the early- (Planck Collaboration, Akrami et al., 2018; Planck Collaboration, Aghanim et al.,
2018; Abbott et al., 2018) and late-time Universe (Riess, L. M. Macri et al., 2016; Riess, Casertano,
Yuan, L. Macri et al., 2018; Riess, Casertano, Yuan, L. M. Macri et al., 2019; K. C. Wong et al.,

1 EDM,r(4123) =
〈w12,r|4123〉DM

〈w23,r|4123〉DM

=
−aHfI12(4123)

−aHfI23(4123)
=
I12(4123)

I23(4123)
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Figure 4.14: Impact of varying cosmology on the estimator EkSZ,r. Planck is used as the reference cosmology
and is shown by solid (blue) line. The three-year and five-year results fromWMAP is denoted by dot-dashed
(green) and dashed (orange) lines respectively. The length of the side 12 is fixed while allowing separation of
side 23 to vary in each panel.

2019). Currently three independent approaches in measuring H0 from the late-time Universe have a
tension of 4.0σ to 5.8σ with that measured from the early Universe (see Verde, Treu and Riess, 2019
for an overview of the current status on the tension). One of the ways to explain the tension could
be that an unknown systematic error is affecting the measurement. Another explanation would be to
introduce new physics and go beyond our six parameter ΛCDM model, which would result in a major
paradigm shift in cosmology. We would like to know if the estimator EkSZ,r could help in alleviating
the tensions and provide an independent probe of measuring the Hubble parameter from the velocity
field. We check the sensitivity of EkSZ,r to H0 in figure 4.16. However its visually evident that the
dependence seems weak. The higher H0 seems to prefer lower amplitude of EkSZ,r at the large r31

separation in those configurations.
The structure formation in the Universe is affected by the presence of massive neutrinos, leaving

imprint on cosmological observables such as galaxy clustering signal, weak lensing, etc (e.g.
Lesgourgues and Pastor, 2006; Y. Y. Y. Wong, 2011; Roncarelli, Carbone and Moscardini, 2015;
Zennaro et al., 2018). Neutrinos having sub-eV mass behave as a hot component of the DM. They free
stream out of high dense regions into low dense regions. This results in the damping of small-scale
density perturbations, which in turn suppresses the power spectrum on small scales. Neutrino
oscillation experiments have shown that neutrinos have a non-zero mass (Fukuda et al., 1998; Ahn
et al., 2006; Ahmad et al., 2001). Cosmological probes are sensitive primarily to the sum of three
neutrino masses. Assuming a six-parameter flat ΛCDM cosmology plus the neutrino mass sum
as a free parameter, measurement from Planck in combination with lensing and baryon acoustic
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Figure 4.15: The impact of varying matter density in a flat Universe on the estimator EkSZ,r where the other
cosmological parameters are kept fixed. Planck is used as the reference cosmology which corresponds to the
solid (blue) line. Triangular configurations are same as figure 4.14.

oscillation (BAO) information currently yields an upper limit on the neutrino mass sum of 0.12
eV, i.eMν < 0.12 eV at 95% confidence level (Planck Collaboration, Aghanim et al., 2018). This
is in agreement with the upper limit obtained from combining BOSS Lyα data with Planck CMB
(Palanque-Delabrouille et al., 2015). At early epoch massive neutrinos are relativistic and act as
radiation. Later they become non-relativistic and behave as an additional matter component. The
energy density of the neutrino is given as

Ων =
ρν
ρcrit

=
16ζ(3)T 3

cmb

11πH2
0

Mν '
Mν

93.14 h2 eV
, (4.26)

where ζ is the Riemann zeta function and ζ(3) ' 1.202,Mν = Σmν is the sum of neutrino masses
and Ωm = Ωcdm + Ωb + Ων . The impact of varying the sum of neutrino masses on the estimator
EkSZ,r is shown in figure 4.17, which turns out to be quite subtle. We considered three cases, where
Mν to be 0.06, 0.12 and 0.30 eV. A caveat is that in the case of changing the sum of neutrino mass, we
let σ8 value to vary, ensuring that the desired damping feature on small scales of the power spectrum
is obtained. Among the two cases which are within current constraints (Mν < 0.12 eV), difference in
the amplitude of the estimator prediction is minimal and hence it indicates that EkSZ may not be able
to provide strong constraints on neutrino mass sum.

From figures 4.18 and 4.19 we can conclude that the estimator is insensitive to the equation-of-state
parameter w and σ8, in addition to f , b and optical depth τ . Thus this estimator is mostly sensitive
to Ωm and could provide competitive constraints from future CMB surveys like SO, CMB-S4 and
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kept fixed. Planck is used as the reference cosmology which corresponds to the solid (blue) line. Triangular
configurations are same as figure 4.14.

CMB-HD.

4.4.1 Measuring optical depth

kSZ provides a direct way to address the ‘missing baryon problem’ (which we have introduced in
section 1.1.2) by being able to measure the mass dependent optical depth (Hernández-Monteagudo
et al., 2015). We explore how triple-wise velocities might be able to tackle this problem. It can
be shown that the mean triple-wise velocity from kSZ can be separated into astrophysics- and
cosmology-dependent quantities

〈wij,r(M,4123)〉kSZ ∝ τ(M) b(M)︸ ︷︷ ︸
astrophysics

Hf Iij(4123)
︸ ︷︷ ︸

cosmology

, (4.27)

where we have relaxed the assumption that the optical depth and biasing factor are independent of
mass. The advantage of EkSZ,r is that it is only affected by the cosmology-dependent quantity. So for
the purpose of constraining cosmological information, this is an ideal way to go about it. Assuming
we know the cosmological parameters from other probes like CMB, galaxy clustering among others,
we can now pose the question of constraining the astrophysical information. Consider the case where
we measure the mean triple-wise velocities in n mass bins, going fromM1 being the lowest mass bin
toMn being the highest mass bin. In such a scenario we can propose a new estimator to measure
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Figure 4.17: The impact of varying sum of neutrino masses on the estimator EkSZ,r. Planck is used as
the reference cosmology which corresponds to the solid (blue) line. Triangular configurations are same as
figure 4.14.
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Figure 4.18: The impact of varying equation-of-state w on the estimator EkSZ,r. Planck is used as the reference
cosmology which corresponds to the solid (blue) line. Triangular configurations are same as figure 4.14.
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Figure 4.19: The impact of varying σ8 on the estimator EkSZ,r. Planck is used as the reference cosmology
which corresponds to the solid (blue) line. Triangular configurations are same as figure 4.14.

mass-dependent optical depth as

RkSZ,r

(
Mi

Mn
,4123

)
=

b(Mi) τ(Mi)

b(Mn) τ(Mn)
EkSZ,r(4123) , (4.28)

whereMi stands for the i
th mass bin. The choice of having the mean triple-wise velocity for the pair 23

belonging to the highest mass bin in the denominator is specifically chosen because the optical depth
and the biasing factor for the most massive galaxy clusters can be constrained independently from
X-ray observations (e.g. Flender, Nagai and M. McDonald, 2017) and galaxy clustering respectively.
Thus in the ideal case where we know the cosmological parameters perfectly (thus EkSZ,r is known),
we can map out the normalised optical depth as a function of the mass which will help in directly
measuring the baryon content around the outskirts of galaxies or clusters and update the cosmic
baryonic budget accordingly, which could address the ‘missing baryon problem’ atleast partially.. A
caveat is that the normalised optical depth is completely degenerate with the mass-dependent bias
factor.

4.5 Conclusions

Mean line-of-sight pairwise velocity has been used in recent times to provide evidence for the kinematic
Sunyaev-Zeldovich (kSZ) effect. However since what is measured is in the redshift space, this implies
that we need to study the pairwise distribution in the redshift space. Okumura et al., 2014 was among
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one of the first to take a look into the mean pairwise velocity in the observed frame and showed that
there is a sign inversion as one goes to the small scale. This was clearly detected in De Bernardis
et al., 2017. To avoid the effects from RSD, Y.-C. Li et al., 2017 restricted their analysis to scales
> 20h−1Mpc. In this chapter, we looked at the pairwise velocity distribution in redshift space from
which the observed mean pairwise velocity quantity is derived. We show how on large scales, there is
an equivalence between the real space and redshift space pairwise velocity distribution. However at
the small scales, this no longer holds as the redshift space pairwise velocity is obtained as the integral
of product real space pairwise velocity distribution with the ‘RSD transformation’ function. The
‘RSD transformation’ function at the small scales shows prominent bimodal features, which as a result
propagates into the pairwise velocity in redshift space.
We also show the first four moments of this distribution for both 1D and 2D scale dependence

in figures 4.4 and 4.5 respectively. At scales < 40h−1Mpc, the moments in general suggests a
marked departure from their counterparts in real space. The linear theory formulation of the radial
component of the mean pairwise velocity is given in equation (4.8). The analytical prediction shows
good agreement with that measured from simulation only on scales above ∼ 80 h−1 Mpc. We also
checked how the redshift space pairwise PDF evolves with time. At earlier epochs, the amplitude of
the second peak decreases signifying that the FoG effect and large relative velocities becomes more
prominent at late times.
Furthermore, we introduce the redshift-space triple-wise velocity PDF in section 4.3. We express

how one can obtain it as mixture PDF of triple-wise PDF in real space and the three-point RSD
transformation function in equation (4.9). Similar to the case of pairwise PDF, one of the prominent
feature on smaller triplet separations is the bimodality in the case of both the three-point RSD
transformation and the redshift-space triple-wise PDF.
In section 4.4, we introduced a new estimator EkSZ. It is defined by equation (4.22), which is not

affected by the optical depth degeneracy that plagues the current pairwise kSZ measurements. Being
a purely cosmology dependent estimator, we checked how it is affected by various cosmological
parameters in figures 4.14 - 4.19. It seems to be mostly affected by the matter density in the
Universe, while being completely independent of biasing factor b, effective optical depth τ , σ8 and
equation-of-state w. This is very advantageous as firstly we get rid of the need for modeling τ and b
which are complex in nature, and secondly that the linear theory modeling of EkSZ works well at the
scales we have checked.

In future work, we would like to quantify the informational gain from combining the two-point and
three-point velocity statistics in redshift-space. This could help us in constraining dark energy and
modified theories of gravity using the kSZ effect. Thus providing complementary constraints to the
galaxy clustering or gravitational lensing probes. Another avenue would be to undertake a forecasting
analysis to determine if the future measurements of EkSZ would be precise enough to give competitive
constraints on the cosmological model when compared to other probes.
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Summary and outlook

Redshift-space distortions encode key clues about the formation of cosmological structure and the
growth rate offers a key discriminant between cosmological models. For example, dark energy models
(with general relativity as the theory of gravity) predict different large-scale structure formation
compared to modified gravity models (e.g. Dvali, Gabadadze and Porrati, 2000; Carroll et al., 2004;
Joyce, Lombriser and Schmidt, 2016). We have investigated the effects of redshift-space distortion on
spatial clustering and velocity statistics in this thesis. It is clearly evident that the analytical modeling
of correlation functions and velocity statistics in the redshift space accounting for non-linear effects is
a challenging and complex task. We will now summarise our results and provide a short outlook on
these topics.

Two-point correlation function

The two-point streaming model describes the mapping between real and redshift space for 2-point
clustering statistics. Its key element is the probability density function (PDF) of line-of-sight pairwise
peculiar velocities. Following a kinetic-theory approach, we derived the fundamental equations of the
streaming model for ordered and unordered pairs as given in equations (2.14) and (2.22) respectively.
In the first case, we recovered the classic equation while we demonstrated that modifications were
necessary for unordered pairs. We then discussed several statistical properties of the pairwise velocities
for DM particles and haloes by using a suite of high-resolution N -body simulations (see section 2.4).
We tested the often used Gaussian ansatz for the PDF of pairwise velocities and discussed its limitations
in section 2.3.4. Finally, we introduced a mixture of Gaussians which is known in statistics as the
generalised hyperbolic distribution and show that it provides an accurate fit to the PDF (see figure 2.10).
Once inserted in the streaming equation, the fit yielded an excellent description of redshift-space
correlations at all scales that vastly outperformed the Gaussian and exponential approximations (see
figure 2.12). Using a principal-component analysis, we reduced the complexity of our model for
large redshift-space separations. Our results increase the robustness of studies of anisotropic galaxy
clustering and are useful for extending them towards smaller scales in order to test theories of gravity
and interacting dark-energy models.
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Three-point correlation function

In chapter 3, we presented a generalised streaming model which describes the mapping between
real and redshift space in configuration space for n-point clustering statistics using a kinetic-theory
approach. One of the important quantities entering the n-point streaming model is the n-tuple wise
velocity distribution. In particular we focused on the case where n = 3, to present the three-point
streaming model and the triple-wise velocity distribution. We developed an analytical prediction
for three-point velocity statistics from linear theory and showed that it achieves high fidelity when
compared to N -body simulations. We also introduced the three-point Gaussian streaming model
(3pt-GSM) which parameterised the triple-wise velocity distribution using a bivariate Gaussian where
its mean and covariance matrix was predicted using the linear theory. We saw that the 3pt-GSM
achieved high fidelity in modeling both complete and connected matter redshift-space correlation
function at quasi-linear (& 30h−1Mpc) scales onwards. With the phenomenological model we have
introduced, it paves a way in which the higher order redshift-space correlation functions could be
utilised to precisely test theories of gravity and interacting dark-energy models for future galaxy
surveys like Euclid.

Pairwise and triple-wise velocity

Future CMB experiments like SO, CMB-S4, and CMB-HD would offer to be a competitive large-scale
data by precisely characterising secondary anisotropies like kinetic Sunyaev-Zeldovich effect (K. M.
Smith et al., 2018). The current evidence for the kSZ comes from the mean pairwise velocity in
redshift space (e.g. Hand et al., 2012; Planck Collaboration, P. A. R. Ade et al., 2016; Schaan et al.,
2016; Soergel et al., 2016; De Bernardis et al., 2017; Y.-C. Li et al., 2017). We studied the pairwise
velocity distribution in the observer’s frame and saw how it is affected by the redshift-space distortion
effect. We explored how the bimodality of this pairwise distribution in small scales comes about from
the two-point ‘RSD transformation’ distribution function. Further we computed the first four moments
of this distribution in both one- and two-dimensions, and showed the stark difference they incur due to
RSD at the small scales in comparison to the real space pairwise moments. The triple-wise velocity
distribution in redshift space was introduced in section 4.3. Similar to the case of pairwise velocity
PDF in redshift space, the triple-wise PDF also showcased bimodality. The linear theory prediction of
mean and dispersion of triple-wise velocity was shown in section 4.3.1. The kSZ pairwise velocity
measurements are plagued with the optical depth degeneracy. We developed an estimator which is
devoid of this degeneracy and independent of astrophysical factors, thus has the potential to be a
competitive cosmological probe. The estimator is well predicted by linear perturbation theory at triplet
separations above 40 h−1 Mpc. We hope this would help us to constrain dark energy and modified
gravity models from future CMB surveys using kSZ.

Outlook

In the next few years several redshift surveys like Euclid, DESI, LSST, andWFIRST will begin their
operations. These surveys belonging to the ‘stage IV’ dark energy experiments are expected to
bring atleast an order of magnitude in precision over existing surveys like SDSS. The modeling of
redshift-space correlation function using the ‘streaming model’ framework for three-point statistics,
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which we have developed in this thesis, could prove to be the basis for modeling configuration space
clustering information and constraining cosmology from third order RSD statistics. We have tested
this model on clustering information of dark matter particles. However to apply this model to galaxy
redshift survey data, we require to incorporate biasing schemes. For three-point streaming model,
our analytical prescriptions were developed from linear perturbation theory. For the cosmological
inference, it will be advantageous to extend the streaming model towards non-linear scale by employing
higher-order perturbation theories. In the distant future, it is expected that the proposed ‘stage V’
experiments like DESI-2 and ‘Billion Object Apparatus’ (BOA) could improve the cosmological
constraints by a factor of three over the ‘stage IV’ experiments (Dodelson et al., 2016). Thus, in the
future, higher-order statistics will be able to play an important role in scientifically exploiting the
forthcoming data from stage V surveys, in which the n-point streaming model could lead to be a prime
framework for these clustering analyses.
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