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Abstract

In this work we study the embedded cluster mass function (ECMF), meaning the mass distribution
function of embedded clusters. Embedded clusters are fully or partially enclosed in interstellar gas,
dust and molecular clouds and represent the earliest stage in the life-time of a formed star cluster. They
may be the forerunners to the open clusters and are therefore valuable probes for cluster formation.
It has been observed that while the ECMF locally has the form of a power-law, the galaxy-wide

ECMF has a Schechter-like turn down. This work looks into possible explanations for the difference
between the local ECMF and the galaxy-wide ECMF. The main assumption in this work is that the
local star formation rate creates an upper mass limit on the ECMF. As the star formation rate varies
over the galaxy the upper mass limit would also vary. This would naturally cause turn down similar to
a Schechter turn down.
In this work we apply different models for the radial distribution of the star formation rate in a

galaxy and how it effects the ECMF. Like a simple Kennicutt-Schmidt power-law relation between
the gas surface density and star formation surface density while assuming a thin radially symmetric
exponential gas disk. We also make a theoretical derivation of a Kennicutt-Schmidt-like relation from
the free-fall time of the gas in a galaxy and thus getting a more detailed star formation rate profile of
the galaxy. Finally we also look into the disruptive force created by the gradient of angular velocity
caused by a galaxy’s flat rotation curve: the shear effect. This effect can further limit the areas of a
galaxy in which star formation is possible and could also cause indirectly a size and mass limit on
embedded star clusters. In the last we chapter we look whether the ECMF proposed in the second
chapter can be applied to the Andromeda galaxy.
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CHAPTER 1

Introduction

1.1 A brief look back into the past

The night sky has fascinated mankind since time immemorial. Ancient cultures saw in stellar
formations either the workings of gods or gods themselves.

The earliest known civilization who observed astronomical objects in detail were the Babylonians
around 1800 B.C. who noticed the periodicity of several astronomical events and were able to
mathematically predict them. One of the oldest remaining works from this time would be the “Enuma
Anu Enlil” (Koch-Westenholz, 1995), which mathematically describes the cycles of the moon, methods
to calculate lunar and solar eclipses, and visibilities of Venus. While the intention of these models was
to make predictions about fortunes based on the belief that what happens in the skies is a reflection of
what happens on earth, the math and astronomical predictions made are still quite accurate given the
technological limitations of the time.

Over the next thousand years Babylonian astronomers would improve their models to the extent that
they were able to describe the motions of Jupiter in such detail that would not be rediscovered for the
next two millennia (Ossendrijver, 2016). One of the key reasons why the Babylonians were able to
make so accurate astronomical predictions in contrast to e.g. their Greek contemporaries was that
dogmatic philosophical ideas were having less influence on their interpretation of observations. While
Greek astronomers were convinced of uniform circular motions being a requirement for planetary
orbits the Babylonians lacked this bias in their models (Pingree 1992; Koch-Westenholz 1995). This
even allowed the Babylonians to make the discovery that the sun was not moving uniformly along the
ecliptic, although they apparently were unable to understand why this was the case. But it is assumed
that this discovery influenced other classical astronomers like Hipparchus and Ptolemy (Leverington,
2003).
After the hellenisation of the Babylonian area the geocentric model, claiming the sun and the

planets to be rotating around earth, became the dominant model until Copernicus published his “De
Revolutionibus Orbium Coelestium” in 1543 (Westman, 2011). Although Copernicus’ theories were
in the beginning controversial and nearly universally doubted the continued work of others like Kepler
helped them to regain more credibility. With Kepler’s three laws (which overcame the ancient Greek
bias of orbits having perfect circles) it was possible to improve the heliocentric model to be more
accurate than a geocentric one. Kepler’s three laws of planetary motion are:

1. The orbit of a planet is an ellipse with the Sun at one of the two foci. (Kepler, 1609)

1



Chapter 1 Introduction

2. A line segment joining a planet and the Sun sweeps out equal areas during equal intervals of
time. (Kepler 1621; Kepler 1609)

3. The square of a planet’s orbital period is proportional to the cube of the length of the semi-major
axis of its orbit. (Kepler, 1619)

Another problem for the geocentric model was discovered by Galileo Galilei in 1610. He discovered
four moons of Jupiter. As the geocentric model of the time stipulated that all celestial objects are in an
orbit around earth this was a clear contradiction. Further he discovered craters on the moon, sunspots
and the phases of Venus. As the celestial objects were supposed to be perfect they should not have
craters or sunspots. Also the phases of Venus were in contradiction to the notion that earth was in the
center of the solar system (Lawson 2004; Finnocchiaro 1989). Although Galileo later under pressure
of the Roman Inquisition withdrew his findings they remained in the world and helped establishing the
heliocentric model.
In 1687 Isaac Newton published “Philosophiæ Naturalis Principia Mathematica” in which he

described what is today known as “Newton’s law of universal gravitation” and as Newtonian dynamics.
His gravitational law has the form (Newton, 1687):

� = �
<1<2

A
2 (1.1)

Using these discoveries Newton was able to derive Kepler’s laws from first principles thus creating
a theoretical foundation for modern astronomy and physics. Newton’s discoveries remain relevant
even today. Even though Einstein’s theory of general relativity has been superseding Newton’s law of
universal gravitation its applicability as a good approximation leads to it remaining used well into
modern astrophysics. In fact general relativity only becomes relevant when looking at objects in a
strong gravitational field, e.g. a black hole.
Over the next centuries observational capabilities and methods to estimate distances improved

allowing for a more detailed view of the universe outside the solar system. This led to questions about
the nature of the “spiral nebulae” (today known to be spiral galaxies) such as Andromeda. Opinions
differed whether these “spiral nebulae” were part of our galaxy (making our galaxy to be equivalent
to the universe) or if they were galaxies on their own (Trimble, 1995). Curiously, from our modern
perspective, the proponents of the idea of the existence of several galaxies believed that the sun was in
the center of our galaxy, while the proponents of the idea that the “spiral nebulae” were part of our
galaxy believed our sun to be much closer to the position it is determined to be nowadays (Trimble
1995; Curtis 1917). The main arguments of the single-galaxy idea camp were that if Andromeda
would be its own galaxy the distance would be of the order 108 pc. A distance unimaginable at the
time. Also Adriaan van Maanen claimed to have seen the rotation of the Pinwheel galaxy - which
would be impossible, if it was outside of our galaxy. The main arguments of the several galaxies
camp were that more novae were found in Andromeda than in the Milky Way and that the structure of
Andromeda closely resembles what we know about the structure of our galaxy (Curtis, 1917). This
debate was finally resolved by Hubble by observing cepheids and determining distances using them,
therefore finding that our galaxy is only one of many in the universe (e.g. Hubble 1926). This in turn
necessitated research into the dynamics of galaxies.

2



1.2 Dark Matter and MoND

1.2 Dark Matter and MoND

1.2.1 Historical overview

In 1933 Fritz Zwicky applied the virial theorem to the Coma Cluster to get an estimate on the mass
of the cluster. He realized that the mass he got from the virial theorem was different than the mass
estimate he got from the brightness of the cluster and its galaxies. From this observation Zwicky
assumed that there had to be some unseen (dark) matter within the cluster and that this non-luminous
mass is what held the galaxy cluster gravitationally together (Zwicky 1933; Zwicky 1937).
Shortly after that other discrepancies between the determined mass using classical theories and

mass determined from luminosities were discovered. So was the rotation curve of Andromeda deemed
to be abnormal (the suggested reason was light absorption Babcock 1939) and NGC 3115 was found
to have a sort of invisible halo (Oort, 1940).

In 1970 Vera Rubin and Kent Ford observed the rotation curve of the Andromeda galaxy in greater
detail, which again confirmed that the determined rotation curve did not fit the observed mass profile
when using Newtonian dynamics (Rubin and Ford, 1970). The determined rotation curve and mass
profile needed to cause this profile can be seen in Fig. 1.1. By 1980 these observations of an
apparent contradiction between the observed mass distribution and the determined rotation curve were
confirmed for many more galaxies (e.g. Rubin, Ford and Thonnard 1980). This led to the general
acceptance of dark matter as an yet undetermined particle responsible for the invisible extra mass.

At first there was the idea that an already known particle within the limits of the standard model of
particle physics could be responsible for the observed effects: the neutrino. But it was soon calculated
that the upper bound for the neutrino density is too low to cause the observed effects (Bertone, Hooper
and Silk, 2005). Therefore the search for the dark matter particle went to non-standard model particles
like the neutralino. As a consequence the theory of an unknown cold dark matter particle emerged
in the 1980s (Peebles 1982; Bond, Szalay and Turner 1982; Blumenthal, Pagels and Primack 1982;
Blumenthal, Faber et al. 1984).

Following the discovery of the cosmic microwave background anisotropy by the Cosmic Background
Explorer in 1992 (Smoot et al. 1992; Bennett et al. 1996) the credibility of cold dark matter models
became strengthened. And after the observations indicating an accelerating universe were made in
1998 (Riess et al., 1998) the ΛCDM cosmology became the leading theory.

However already in the 1980s an alternative theory was created. Given the observational constraints
detailed above there are currently only two known possible explanations:

• There is an huge amount of hidden mass we cannot detect

• Newton’s laws do not work on the scales of galaxies or higher

ΛCDM cosmology (and other cold dark matter theories) assume the first option to be true. But if one
argues that there is no cold dark matter then Newton’s laws have to be modified on the scale of galaxies.
The most known example is modified Newtonian dynamics (MOND) developed by Mordehai Milgrom
(Milgrom 1983d; Milgrom 1983a; Milgrom 1983b).

1.2.2 �CDM Cosmology

The Lambda cold dark matter (ΛCDM) model is a Big Bang cosmological model with implications
down to the current behaviour of galaxies. In short it postulates that the universe contains three major

3



Chapter 1 Introduction

Figure 1.1: fig. 10 from Rubin and Ford (1970) with original caption

components. In order of abundance: a cosmological constant (Λ) often argued to be dark energy,
cold dark matter and baryonic matter (see also Fig 1.2). Like most modern cosmological models it
assumes the cosmological principle to be true: that our position within the universe is neither unusual
or special and therefore most observations made from earth would be the same if made from another
point in the universe. From this follows the claim that the universe looks the same in all directions
(isotropy) and from every location (homogeneity). Further it assumes Einstein’s general relativity to
be the correct theory of gravity for large and cosmological scales.

The main component of the universe, according to the ΛCDM model, is the cosmological constant
Λ seen as responsible for the accelerating expansion of the universe. The cosmological constant is
assumed to have a negative pressure which, according to general relativity, would cause an accelerating
expansion. Current estimates assumes the cosmological constant contributes around 67% of the total
energy density of the universe (Abbott et al. 2019; Planck Collaboration et al. 2020).
The ΛCDM postulates the existence of cold dark matter and assumes it is responsible various

observed anomalies, e.g. the flattening of rotation curves of galaxies and gravitational lensing of

4



1.2 Dark Matter and MoND

Figure 1.2: The current composition of the universe according to the ΛCDM model.
Source: NASA and WMAP Science Team (2013)

galaxy clusters. The ΛCDM model proposes the following characteristics for the unknown cold dark
matter:

• CDM-particles are non-baryonic

• CDM is cold meaning its velocity is significantly lower than the speed of light

• CDM-particles only interact gravitationally and weakly

• CDM-particles are stable

According to current estimates dark matter contributes around 26.5% and baryonic matter around 5%
of the total energy density of the universe (Planck Collaboration et al., 2020).

Applying the �CDM model to the rotation curves of spiral galaxies

A relatively simple way to calculate the rotation curve + ('), at galactocentric distance ', of a galaxy
is by calculating separate rotation velocities for the distinct components of the galaxy (Sofue, 2013).
Note that this is a simplification as in reality these components cannot be strictly separated. If one
assumes theΛCDMmodel and a standard spiral galaxy, one has three main components: the spheroidal
bulge in the center (which causes the rotational velocity +b(')), the thin disk (which produces the
rotational velocity +d(')) and the dark matter halo (which causes the rotational velocity +h(')). The
total velocity+ (') is then given by the square root of the sum of the square of the individual rotational
velocities:

+ (') =
√
+b(')

2 ++d(')
2 ++h(')

2
. (1.2)

5



Chapter 1 Introduction

If the rotation curve close to the center of the galaxy is of interest it might be necessary to add as
another component the rotation curve caused by an eventual central black hole.

Regarding the bulge: the luminosity profile of the bulge component of galaxies has been found to
follow a de Vaucouleurs law (de Vaucouleurs 1953; de Vaucouleurs 1958; Sofue 2013). From this one
can determine the surface mass density profile of the bulge (Σb(')):

Σb(') = Σbeexp
[
−^

((
'

'b

)1/4
− 1

)]
, (1.3)

with ^ = 7.6695 being a constant, 'b being the half-mass radius (meaning half the projected mass is
inside a cylinder of radius 'b) and Σbe being the surface mass density at radius 'b. By definition Σbe is
Σb(0)/^. The total bulge mass within galactocentric radius ' ("b(')) can therefore be calculated by:

"b(') = 2c
∫ '

0
AΣb(A) 3A . (1.4)

As the mass distribution is assumed to be spherical the resulting rotational velocity +b(') is:

+b(') =
√
�"b(')

'
. (1.5)

The galactic disk can be assumed to be an exponential disk (Freeman 1970; Sofue 2013) resulting
in a surface mass density profile Σd(') of

Σd(') = Σdcexp
(
−'/'d

)
, (1.6)

with Σdc being the surface mass density in the center of the disk and 'd being the scale radius of the
disk. Note that Eq. (1.6) describes a perfect symmetric exponential disk without any perturbations or
distortions. If one wants to include such disturbances as an additional mass terms Δ then Eq. (1.6)
becomes

Σd(') = Σdcexp
(
−'/'d

)
+ Δ , (1.7)

but continuing this thesis will assume perfect exponential disks. The rotational velocity+d(') resulting
from Eq. (1.6) is (Freeman 1970; Binney and Tremaine 2008; Sofue 2013)

+d(') =
√

4cΣdc'dH
2 [
�0(H) 0(H) − �1(H) 1(H)

]
, (1.8)

with H = '/(2'd) and �8 and  8 being the modified Bessel functions.

Regarding the rotation curve caused by the dark matter halo is is important to note that there are
several different models describing the density distribution of the halo, which therefore vary slightly
in their proposed rotational velocity caused by the dark matter halo. One of the most simple models
would be an isothermal spherical distribution of the dark matter halo (Kent 1986; Begeman, Broeils
and Sanders 1991; Sofue 2013) causing the density profile diso(') to be

diso(') =
d

0
iso

1 + ('/ℎ)2
, (1.9)
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1.2 Dark Matter and MoND

where d0
iso is central mass density of the dark matter halo and ℎ its scale radius. Neither of these

parameters are directly observable but they are linked to the rotation curve at an infinite distance (or in
more practical terms the observable velocity when the rotation curve becomes flat) +∞

+∞ =

√
4c�d0

isoℎ
2
, (1.10)

leaving this model with one remaining free parameter. From this follows the rotation curve caused by
the dark matter halo to be

+h(') = +∞

√
1 −

(
ℎ

'

)
tan−1

(
'

ℎ

)
. (1.11)

As mentioned the above model is on eof the most simple ones and several others fitting more closely
to the observed rotation curves have been found. Two examples are the NFW model by Navarro, Frenk
and White (1996) and the Burkert model by Burkert (1995). Both models assume a slightly different
density profile. The NFW model assumes a density profile dNFW(') of

dNFW(') =
d

0
NFW

('/ℎ) [1 + ('/ℎ)]2
, (1.12)

and the Burkert model assumes a density profile dbur(') of

dbur(') =
d

0
bur

[1 + ('/ℎ)]
[
1 + ('/ℎ)2

] . (1.13)

As both models assume sphericity the resulting mass of the dark matter halo ("h(')) within
galactocentric distance ' is

"h(') = 4c
∫ '

0
dNFW / bur(A)A

2
3A , (1.14)

and therefore the rotation curve follows as

+h(') =
√
�"h(')

'
. (1.15)

Using these methods several accurate descriptions of rotation curves were made, e.g. Corbelli et al.
(2014).

1.2.3 Modified Newtonian Dynamics

Please note that this section is the same as section 3.1.1.
Milgromian Dynamics (MOND, Milgrom, 1983c) is as an alternative to a dark matter dominated

universe deduced from the flattening of observed rotation curves, which are in contrast to classical
Newtonian models without dark matter. MOND is a space-time invariance symmetry of the equations
of motion (Milgrom 1983c; see also Wu and Kroupa 2015) and may be an effect of the physical
quantum vacuum (Milgrom 1999; Smolin 2017).
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Chapter 1 Introduction

MOND as derived from a classical Lagrangian (Bekenstein and Milgrom, 1984) introduces the
natural constant 00 = 1.2 × 10−10 m/s2 and states that if the Newtonian gravitational acceleration
6N � 00, the Newtonian gravitational description should be used but if 6N � 00, the gravitational
acceleration 6 becomes in spherical symmetry

6 =

√
�"00

'
. (1.16)

In other words, if the distance to an object is much larger than its MOND radius 'M, which follows
from Eq. (1.16) for 6 = 00:

'M =

√
�"

00
, (1.17)

then the gravitational acceleration will be given by Eq. 1.16.

Milgrom (1983c) developed an algebraic approximation for the gravitational acceleration 6:

6 = 6Na

(
6N
00

)
, (1.18)

with a(G) being the so-called interpolation function (shown to be derivable from the quantum vacuum,
seeMilgrom 1999) fulfilling the following conditions: (G � 1 | a(G) = 1) and

(
G � 1 | a(G) =

√
1/G

)
.

So, for example, in the case of a single point mass (6N = �"/'
2) Eq. (1.18) would become

6 =
�"

'
2 a

(
�"

00'
2

)
. (1.19)

There are three well-defined extreme cases of MOND. Firstly, if 6N � 00, we have the Newtonian
case, where a becomes 1 and the gravitational acceleration 6N becomes according to Eq. 1.19

6(6N � 00) = 6N =
�"

'
2 , (1.20)

which is the classical Newtonian description. Secondly, an isolated point mass with 6N � 00
constitutes the isolated deep-MOND limit, where a(G) =

√
1/G and the gravitational acceleration

(6idM) becomes, according to Eq. 1.19,

6idM =
√
006N =

√
�"00

'
. (1.21)

Finally, if the point mass is not isolated and the gravitational acceleration of an external field
(6ext,N) is much larger than the internal gravitational field (6int,N) but still much smaller than 00, so
6int,N � 6ext,N � 00, then the quasi-Newtonian regime results. The quasi-Newtonian regime needs a
different algebraic interpolation function (Banik and Zhao, 2018b):

6 = 6Na

(
6N
00

) (
1 +  

3

)
, (1.22)
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1.2 Dark Matter and MoND

with
 =

3 log a(G)
3 log G

����
G=6# /00

. (1.23)

In the extreme case of the Quasi-Newtonian regime, a =
√
00/6ext,N and  = − 1

2 , accordingly(
1 +  3

)
= 5

6 and the gravitational acceleration (6QN) therefore becomes:

6QN =
5
6

√
00
6ext,N

6int,N =
5
6

√
00
6ext,N

�"

'
2 (1.24)

To summarize: Eq. 1.18 is valid for isolated objects while Eq. 1.22 should be used if the external
gravitational field is much stronger than the internal one.

Note that if either 6ext,N or 6int,N or the combined Newtonian acceleration 6N =
√
6

2
int,N + 6

2
ext,N is

much larger than 00, then the system is in the Newtonian regime (for a summary, see Fig. 1.3).

Using MoND to calculate the rotation curves of spiral galaxies

Using MoND calculating the rotation curve of galaxies at great galactocentric distances is easily done.
If the distance is large enough one can assume the galaxy to be a point-mass and can use Eq. (1.19).
A slight modification leads to:

6idM' = +
2
=

√
�"00 , (1.25)

which directly gives us the rotational velocity of

+ =
(
�"00

)1/4
. (1.26)

This is just the relation known as Tully-Fisher relation (Tully and Fisher, 1977), which is an empirical
relationship between the luminosity (and thus the baryonic mass) of a galaxy and its asymptotic
rotation velocity. This empirical relationship is therefore derivable using MoND.
If one wants to calculate a more detailed rotation curve this is also quit simple. One can use an

approach like in section 1.2.2, sans the contributions of the dark matter halo to the rotation curves. One
then has the rotational velocity according to Newton +# ('). Further one can calculate the Newtonian
acceleration 0# (')

0# (') =
+# (')

2

'
. (1.27)

Using this one can then calculate the acceleration according to MoND:

0(') = 0# (')a
(
0# (')
00

)
, (1.28)

and finally use this to calculate the rotational velocity according to MoND:

+ (') =
√
0(')' . (1.29)

This is a solution assuming ideal circumstances and ignores the possibility of e.g. the external field of
other galaxies influencing the rotational velocity.
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Chapter 1 Introduction

Figure 1.3: A schematic, where the G-axis represents the relative strength of the external gravitational acceleration
6ext,N compared to the initial internal gravitational acceleration 6int,N and the H-axis shows the initial distance
in units of MOND radii 'M. The dark grey area shows the deep-MOND regime in which the interpolation
function of Eq. 1.19 is valid for calculating the gravitational acceleration. The hatched part on the bottom of the
schematic is completely in the Newtonian regime and therefore the gravitational acceleration can be calculated
using Eq. 1.20. Finally, the hatched area on the right side is external-field dominated and can therefore be
calculated using the interpolation function from Eq. 1.22. There is no analytic solution for the upper middle
(white) part of the schematic, for which numerical methods are needed.
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1.3 The mass functions of stars and clusters

1.3 The mass functions of stars and clusters

At its core the initial mass function (IMF, b (<)) is an empirical function describing the initial mass
distribution of a population of stars born from the same event (Kroupa, Weidner, Pflamm-Altenburg
et al., 2013b). In this case “event” describes a gravitationally driven process of transforming gaseous
matter into stars over a time scale of about 1 Myr and a spatial scale of about 1 pc or, in other words,
the star formation process within an embedded cluster.

Over time several descriptions of the IMF have emerged. The oldest and most simple was determined
by Salpeter (1955) and took the form of power-law:

b (<) = :<−2.35
, (1.30)

with < being the stellar mass and : being a constant. Newer observations showed that a single
power-law was insufficient to accurately describe the low-mass end of the IMF. Kroupa (2001) found a
broken power-law to be better fit and describing both the low-mass and high-mass end of the IMF
(also known as the canonical IMF):

b (<) = :
{
<
−1.3±0.3

, 0.07"� < < ≤ 0.5"�,
0.5<−2.3±0.3

, 0.5"� < < ≤ 150"� .
(1.31)

An alternative to the canonical IMF was described by Chabrier (2003) in the the form of the log-normal
canonical IMF:

b (<) = :


1
<

exp
[
− (log10 </"�−log10 <2/"�)

2

2f2
;<

]
, 0.07"� < < ≤ 1"�,

�<
−2.3±0.3

, 1"� < < ≤ 150"�,
(1.32)

with <2 = 0.079−0.016
+0.021 "�, f;< = 0.69−0.01

+0.05 and � = 0.2791 according to Chabrier (2003). A
comparison between the canonical IMF and the log-normal canonical IMF can be seen in Fig. 1.4,
which is fig. 24 from Kroupa, Weidner, Pflamm-Altenburg et al. (2013b).

In order to quantitatively apply the above IMF-descriptions one needs additional information about
the constant : and the upper mass limit of the equations. The upper mass limit can be expressed
as the heaviest observed star within an embedded cluster <max. One obvious upper limit for <max
would be the general upper mass limit for stars <max*. The exact value of <max* has been grounds
for discussions but in general a value of around 150 "� was found to be fitting (Kroupa, Weidner,
Pflamm-Altenburg et al., 2013b). Another observation is that <max seems also to correlate to the mass
of the embedded cluster "ecl (see e.g. Weidner, Kroupa and Bonnell 2010 and Kirk and Myers 2011).
A graphical representation of the correlation between <max and "ecl can be seen in Fig. 1.5 (fig. 5
from Kroupa, Weidner, Pflamm-Altenburg et al. 2013b).

Therefore a quantitative description of the IMF needs to include the underlying "ecl, or more
general a description of the mass function of embedded star clusters, the embedded cluster mass
function (ECMF, becl). Similar to the IMF, the ECMF is often described as having the form of a
power-law (C. J. Lada and E. A. Lada, 2003b)

becl("ecl) =  "
−V
ecl , (1.33)
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Chapter 1 Introduction

Figure 1.4: fig. 24 from Kroupa, Weidner, Pflamm-Altenburg et al. (2013b). It is shown that the different
portrayed IMF descriptions are indistinguishable from each other over the whole mass interval.

with  being a constant and V the power-law index. Observationally V has been found to be between
1.5 and 2.5 (Weidner, Kroupa and Larsen, 2004a).

Again similar to the IMF, to describe the ECMF quantitatively one needs to constrain its upper mass
limit. Observationally it has been found that the local maximum cluster mass "ecl,max depends on the
local star formation rate SFR (see e.g. Weidner, Kroupa and Larsen 2004a and Weidner and Kroupa
2005). As the SFR of galaxy varies over its surface area, the observed "ecl,max would also vary over
the galaxy. This would result in the observed effect that while the ECMF locally has the form of a
power-law, the galaxy-wide ECMF has a Schechter-like turn down (Gieles et al., 2006a). This gets
discussed in more detail and with a mathematical description of the galaxy-wide ECMF in chapter 2.

1.4 The star formation rate in a galaxy

As described in Sec. 1.3 the exact form of the embedded cluster mass function depends on the
underlying star formation rate, or to be more accurate the star formation surface density (ΣSFR). There
are several ways to model the star formation rate of galaxy. One of the earliest models was created by
citetSchmidt, who examined the Milky Way and found a relation between the star formation surface

12



1.4 The star formation rate in a galaxy

Figure 1.5: fig. 5 from Kroupa, Weidner, Pflamm-Altenburg et al. (2013b) showing the <max-"ecl relation.
The solid dots are observed clusters from Weidner, Kroupa and Bonnell (2010), while the open circles are
observations from Kirk and Myers (2011). The blue and red line show a calculated <max-"ecl relation using eq.
12 from Kroupa, Weidner, Pflamm-Altenburg et al. (2013b). The red lines assumes <max* = 150 "� and the
blue line <max* = 300 "�. The green lines show the result of randomly sampling <max from a population of
stars, with the solid green line being the median and the dashed green lines showing are the boundaries of 2/3 of
all sampled data points.
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density and the gas surface density Σgas) in the form of a power-law (then known as the Schmidt-law)

ΣSFR ∝ Σ
=
gas , (1.34)

with = ≈ 2. Years later Kennicutt (1989) determined = ≈ 1.4 from HU observations of 7 galaxies,
which resulted in the relation to be known as the Kennicutt-Schmidt law. Since then, a value of
= ≈ 1.5 has become accepted and also supported by observations (see e.g. Heyer et al. 2004; A. Leroy
et al. 2005; Kennicutt et al. 2007), forming the basis for both theoretical and simulation work (see e.g.
Schaye and Dalla Vecchia 2008).

On the other hand, ultraviolet observations (Boissier et al., 2007) find a value of = = 0.99. Ultraviolet
observations are less sensitive to the presence of young, very massive stars and are therefore more
likely to derive a value of = close to the true one. Furthermore Pflamm-Altenburg and Kroupa
(2008a) support = = 1 through the radially changing initial mass function of stars expected in the
integrated galactic initial mass function (IGIMF) theory (Kroupa and Weidner 2003; Kroupa, Weidner,
Pflamm-Altenburg et al. 2013a). This form of the Kennicutt-Schmidt law, together with the assumption
of a thin exponential gas disk, was assumed for determining ΣSFR in chapter 2 and chapter 4.
In chapter 3 the Kennicutt-Schmidt gets derived theoretically and it is shown while overall a

power-law is a good approximation for the relation between star formation and gas surface density, a
more detailed description was found as well.

Another big influence on the relation on star formation is whether star formation is possible in the
observed region of the galaxy. One possible quantity which can be used to determine the possibility of
star formation is the shear effect Hunter, Elmegreen and Baker (1998), A. Leroy et al. (2005) and Dib
et al. (2012). Because the rotation curve of a galaxy is approximately constant rather than increasing
linearly with galactocentric distance ', the angular velocity of orbiting gas decreases with increasing
'. The gradient of angular velocity gives rise to a disruptive force, the shear effect. If an object in
the galaxy (e.g. a molecular cloud) grows so large that the shear effect becomes stronger than the
self-gravity of the object, then the shear effect would destroy or reduce the size of the object. The
influence of the shear effect on the upper mass limit of an embedded cluster in a given region of the
galaxy is discussed in chapter 5.
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CHAPTER 2

On the Origin of the Schechter-Like Mass
Function of Young Clusters in Disk Galaxies

This chapter is based on the publication Lieberz and Kroupa (2017a) with the same title "On the
Origin of the Schechter-Like Mass Function of Young Clusters in Disk Galaxies". Only minor changes
concerning formatting were made in order to present it as a chapter in the thesis.

Abstract The mass function of freshly formed star clusters is empirically often described as a power
law. However the cluster mass function of populations of young clusters over the scale of a galaxy
has been found to be described by a Schechter-function. Here we adress this apparent discrepancy.
We assume that in an annulus of an isolated self-regulated radially-exponential axially-symmetric
disk galaxy, the local mass function of very young (embedded) clusters is a power law with an upper
mass limit which depends on the local star formation rate density. Radial integration of this mass
function yields a galaxy-wide embedded cluster mass function. This integrated embedded cluster
mass function has a Schechter-type form, which results from the addition of many low mass clusters
forming at all galactocentric distances and rarer massive clusters only forming close to the center of the
galaxy. In this chapter we present for the first time an analytical approach to the integrated embedded
cluster mass function making the assumption of the upper mass limit decreasing exponentially with
the galactocentric distance. We show that a Schechter-like function obtained this way is in accordance
with observational data.

2.1 Introduction

The freshly-formed stellar mass of a galaxy resides in its embedded star clusters (C. J. Lada and
E. A. Lada 2003b; Megeath et al. 2016a; Meingast et al. 2016b), which can synonymously be referred
to as (about 1 pc extended, 1 Myr duration) space-time correlated star-formation events. i.e. essentially
in molecular cloud clumps. The investigation of embedded clusters helps us to understand the buildup
of the stellar populations in galaxies.

Embedded clusters are fully or partially enclosed in interstellar gas, dust and molecular clouds and
represent the earliest stage in the life-time of a formed star cluster. They may be the forerunners to
the open clusters and are therefore valuable probes for cluster formation (C. J. Lada and E. A. Lada,
2003b).
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Chapter 2 On the Origin of the Schechter-Like Mass Function of Young Clusters in Disk Galaxies

Observations indicate that the masses of the embedded star clusters in galaxies follow a particular
distribution function, the embedded cluster mass function (ECMF). Locally it is typically found to be
a power-law, while galaxy-wide observation reveal a Schechter-like turn-down (Gieles et al., 2006a).
This has also been observed for old, massive globular clusters (see e.g. Jordán et al. 2007; Burkert and
Smith 2000; Parmentier and Gilmore 2007). Massive clusters do not experience much dynamical
evolution and are therefore still a reasonable indicator for the initial cluster mass function (Baumgardt
and Makino, 2003).

The focus of this chapter is on embedded clusters in the disks of isolated late-type galaxies. Ideally
the disk can be seen as a purely self-regulated axis-symmetric system, such that it is possible to
investigate the ECMF only radially over the area of the disk galaxy to explain the difference between
the local and integrated distribution.

In this chapter we present for the first time analytical approaches to the galaxy wide ECMF and also
rewrite the dependency on the galactocentric distance into a mass dependency so that we arrive at a
new relation between the number and the mass of star clusters. Hereby we follow the ansatz that the
galaxy-wide ECMF is the sum of all local ECMFs.
We constrain these models with observational data and show that the models account for the data

quite well.

2.2 The local embedded cluster mass function

The local ECMF (LECMF or blecl) describes the surface number density of star clusters in the stellar
mass interval

[
"ecl, "ecl + d"ecl

]
in an infinitesimally small surface area (d�) at a distance A from

the center of the star-forming disk galaxy

blecl("ecl; A) d"ecl d� = d#ecl , (2.1)

where d#ecl is the number of embedded clusters in d"ecl and d�.
In general the LECMF has the form of a power law, as derived from observations (C. J. Lada and

E. A. Lada, 2003b)

blecl("ecl; A) =  (A)"
−V
ecl , (2.2)

where "ecl is the stellar mass of the embedded cluster at birth and  (A) the normalization constant
and V the power law index. By observation V was found to be between V = 1.5 and V = 2.5 (Weidner,
Kroupa and Larsen 2004a and references therein).  (A) has to be estimated using normalization
conditions.

The normalization condition is that the entire freshly formed stellar mass of a galactic region has to
be in embedded clusters. So integrating the mass over all clusters (from the lower mass limit "ecl,min
to the locally upper mass limit "U,loc(A)) obtains the freshly formed stellar mass. In the case of an
infinitesimally small surface area d� this obtains the embedded cluster mass surface density. This
embedded cluster mass surface density is defined as the star formation rate density ΣSFR(A) multiplied
with the time-scale (XC), the time over which a population of embedded clusters forms. ΣSFR(A) is
defined as

ΣSFR(A) =
dSFR
d�

, (2.3)
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2.3 The Galaxy-Wide Embedded Cluster Mass Function

with SFR being the star formation rate in the whole galaxy.
The total embedded cluster mass density is obtained by multiplying ΣSFR(A) with XC (Schulz,

Pflamm-Altenburg and Kroupa 2015; Weidner, Kroupa and Larsen 2004a):

ΣSFR(A) XC =
∫ "U,loc (A )

"ecl,min

"
′
eclblecl("

′
ecl; A)d"

′
ecl . (2.4)

"ecl,min is assumed to be about 5"�, corresponding to the smallest groups of embedded stars observed
(Kroupa and Bouvier 2003, Kirk and Myers 2012), and is here assumed to be a constant. XC is roughly
10 Myr, as deduced by Egusa, Sofue and Nakanishi (2004). This is the time it takes for the interstellar
medium to transform into a new population of stars and is essentially the lifetime of molecular clouds
(Fukui et al. 1999; Yamaguchi et al. 2001; Tamburro et al. 2008). It is essentially the lifetime over
which the embedded cluster mass function is fully populated (see the discussion in Kroupa, Weidner,
Pflamm-Altenburg et al. 2013b and Schulz, Pflamm-Altenburg and Kroupa 2015).
It is noteworthy that to calculate the LECMF Eq. (2.4) is sufficient once "U,loc(A) is known. The

values for  (A) are uniquely defined for different V. For V ≠ 2,

 (A) =
ΣSFR(A) XC (2 − V)
"

2−V
U,loc(A) − "

2−V
ecl,min

. (2.5)

For the special case of V = 2,

 (A) =
ΣSFR(A) XC

ln
(
"U,loc(A)/"ecl,min

) . (2.6)

A visual verification that a LECMF calculated by this method is in agreement with a LECMF that was
obtained by randomly drawing star clusters according to Eq. (2.2) is shown in Fig. 2.1.
The only uncertainty left is the exact form of "U,loc(A). At the moment we can only state that

the local upper mass limit has to be smaller than the total upper mass limit of the galaxy "U:
"U,loc(A) ≤ "U. Therefore additional research into this subject is necessary (see Sec. 2.3.1).
The LECMF with an observable non-infinitesimal surface area Δ� is discussed in Appendix A.1.

2.3 The Galaxy-Wide Embedded Cluster Mass Function

In this section the scope of our analysis is to describe the form of the ECMF after integrating over
the axis-symmetric galactic disk surface area. The previous formulae allow the normalisation of the
LECMF at a fixed distance to the center of a galaxy.
The galaxy wide or integrated ECMF (IECMF or biecl, not to be confused with the LECMF blecl

above) is defined as the number of star clusters in the stellar mass interval "ecl to "ecl + d"ecl

biecl("ecl) d"ecl = d#ecl , (2.7)

or
biecl("ecl) =

∫ 2c
0

∫ '′ ("ecl)
0 blecl("ecl; A) A dAdq

=
∫ 2c
0

∫ '′ ("ecl)
0  (A)"−Vecl A dAdq .

(2.8)
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Figure 2.1: An exemplary LECMF. Shown here is a LECMF from the distribution function given by Eq. (2.2)
for a galactic region with 108

"� of stellar mass. Further we assumed a "ecl,min of 5 "� and a "U,loc (A) of
108

"�. The solid line shows the LECMF calculated analytically, whereas the points are the binned results of
stochastic sampling.

with '′("ecl) being the maximal galactocentric distance at which an embedded cluster of mass
"ecl can form, assuming the maximum cluster mass decreases monotonically with increasing radial
distance.

Is the IECMF still similar to a power-law function of the cluster mass? And if yes, does the
power-law parameter V differ from the local one? To answer these questions one first has to look at the
available information.

The galaxy wide star formation rate (SFR)

SFR =
∫ 2c

0

∫ 'gal

0
ΣSFR A dAdq , (2.9)

with 'gal being the radius of the star forming area of the the galaxy. In order to obtain biecl one can
insert Eq. (2.4) into Eq. (2.9). The resulting equation (see also Kroupa, Weidner, Pflamm-Altenburg
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2.3 The Galaxy-Wide Embedded Cluster Mass Function

et al. 2013b) is:

SFR XC =
∫ 2c
0

∫ 'gal
0

∫ "U,loc (A )
"ecl,min

"eclblecl("ecl; A)d"eclAdAdq

=
∫ 2c
0

∫ 'gal
0

∫ "U,loc (A )
"ecl,min

 (A)"1−V
ecl A d"ecldAdq .

(2.10)

Eq. (2.10) is first an integration over the mass of the clusters and then over the area. It is possible to
exchange the mass intgral with the integral over the galactocentric distance by noting that in a given
annulus the theoretical most massive cluster "U,loc(A) depends on A , that is, we can invert this function
to obtain the galactocentric distance '′("ecl) at which the annulus contains a particular theoretical
most massive cluster. In other words to exchange the positions of the A- and"ecl-integration. Assuming
that the mass of the theoretical most massive cluster possible, "U(A), decreases with the galactocentric
distance A then the integration needs only to extend over the distances 0 to '′("ecl) ≤ 'gal. Therewith
at the low mass end the IECMF is an integral over 0 to 'gal, while at the high mass end large radii do
not contribute:

SFR XC =
∫ "U

"ecl,min

∫ 2c

0

∫ '
′ ("ecl)

0
 (A)"1−V

ecl A dAdqd"ecl . (2.11)

Both  (A) and "U,loc(A) are not known for a specific A .  (A) depends on ΣSFR, see Eq. (2.4).
A direct relation between ΣSFR and the position within the galaxy, assumed to be valid for a galaxy

in self-regulated equilibrium, is taken from Pflamm-Altenburg and Kroupa (2008b):

ΣSFR(G, H) = SFR 4
'gal/A3

2cA2
3

(
4
'gal/A3−

'gal
A3
−1

) 4−A/A3
≈ SFR

2cA2
3

4
−A/A3 .

(2.12)

In this case A3 is the disc scale length. The equation is normalised in such a way that an integral over
the whole area results in the total SFR. Therefore both sides of Eq. (2.12) can be multiplied with XC so
that it is equal to Eq. (2.4) (in the following we will write SFR XC as "tot, the total stellar mass formed
galaxy wide in time XC): ∫ "U,loc (A )

"ecl,min

"
′
eclblecl("

′
ecl)d"

′
ecl =

"tot

2cA2
3

4
−A/A3 . (2.13)

This gives a relation between  (A) and "U,loc(A). For V ≠ 2:

 (A) =
(2 − V) "tot

2cA2
3

(
"

2−V
U,loc(A) − "

2−V
ecl,min

) 4−A/A3 . (2.14)

For V = 2:

 (A) =
"tot

2cA2
3 ln

(
"U,loc(A)/"ecl,min

) 4−A/A3 . (2.15)

To get an unambiguous expression for  (A) and "U,loc(A) more constraints are needed. For this
purpose we are going to use a model (henceforth called the exponential model) based on an ansatz

19



Chapter 2 On the Origin of the Schechter-Like Mass Function of Young Clusters in Disk Galaxies

from Pflamm-Altenburg and Kroupa (2008b). Other possible models, found to be not working as well
as this one, are dicussed in the Appendix A.3.

2.3.1 Exponential Model

Pflamm-Altenburg and Kroupa (2008b) propose the ansatz that the radial dependence of "ecl,max,loc(A)
should have the same form, as the radial dependence of the gas surface density Σgas(A):

Σgas(A) = Σgas,0 4
− A
A3 , (2.16)

with Σgas,0 being the gas surface density at the center of the galactic disk. Thus

"ecl,max,loc(A) = "ecl,max 4
− A
A3 . (2.17)

With this ansatz they were able to show that the HU radial cutoff in disk galaxies is naturally explained,
given that star formation extends well beyond this cutoff radius.

As our model uses "U,loc instead of "ecl,max, we modify Eq. (2.17) to

"U,loc(A) = "U4
− A
A3 . (2.18)

Inserting Eq. (2.18) into Eq. (2.13) with V ≠ 2 results in a definite  (A):

 (A) =
(2 − V) "tot

2cA2
3

[(
"U4

− A
A3

)2−V
− "2−V

ecl,min

] 4−A/A3 , (2.19)

and for V = 2 in

 (A) =
"tot

2cA2
3 ln

[(
"U4

− A
A3

)
/"ecl,min

] 4−A/A3 . (2.20)

For each A in the axis-symmetric disk galaxy there is a theoretical maximal cluster mass "U,loc(A).
Regarding the entire galaxy, each "U,loc(A) is a theoretical possible cluster mass "ecl. And in this
relation A is the maximal galactocentric distance '′("ecl), at which a cluster of mass "ecl can still
be found. This is true for every "ecl, '

′("ecl) being the reverse function of "U,loc(A). '
′("ecl) is

needed for Eq. (2.11),

'
′("ecl) = −A3 ln

(
"ecl
"U

)
. (2.21)

Now biecl("ecl) can be calculated:

biecl("ecl) =
∫ 2c

0

∫ '
′ ("ecl)

0
 (A)"−Vecl A dAdq . (2.22)

This integration can only be solved numerically (because of the A-dependence in  (A)). The remaining
free parameters (V and "U) can be fixed using empirical data. Weidner, Kroupa and Larsen (2004a)
derived a fitting function for the mass of the most massive very young cluster in a galaxy ("vyc,max)
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depending on the SFR of the host galaxy:

"vyc,max = :ML · SFR
0.75(±0.03) · 106.77(±0.02)

, (2.23)

with :ML being the mass-to-light ratio, which can be assumed to be 0.0144 for young (< 6 Myr)
clusters. "vyc,max is a good approximation for the mass of the most massive embedded star cluster of
a galaxy, "ecl,max.
To determine "ecl,max we use two conditions: first there is only one most massive cluster. Second

the mass of the most massive cluster is "ecl,max.
To implement the first condition we choose a mass interval between the upper mass limit "U and

"ecl,t, with "ecl,t chosen in such a way that there is only one cluster between these limits:

1 =
∫ "U

"ecl,t

biecl("
′
ecl)d"

′
ecl . (2.24)

The second condition implies that the mass between these limits is "ecl,max:

"ecl,max =

∫ "U

"ecl,t

"
′
eclbiecl("

′
ecl)d"

′
ecl . (2.25)

As "ecl,max depends on SFR it therewith follows that also "U depends on SFR. Note that these
conditions differ from those employed on previous occasions, as explained in Appendix A.2.
Using these we can find for every V a SFR-"ecl,max-curve that aligns with Eq. (2.23). In order to

narrow V down, a fitting "U is needed. "U is supposed to be larger than any observed cluster mass
but not so large that there would be unrealistic gaps between the mass of the most massive clusters and
"U. With that we find for V = 2.3 ± 0.1 and XC = 10 Myr a SFR-"ecl,max-curve that aligns with Eq.
(2.23) and resulting "U that fulfils the above criteria (see also Fig. 2.2).

2.4 Comparison to Empirical Data

We already used empirical data in Sec. 2.3.1 to align the SFR-"ecl,max-curve of the exponential model
with the empirical fit by Weidner, Kroupa and Larsen (2004a) (Eq. 2.23) and in doing so constrained
the free parameters of the model. In the following we want to determine whether the model, using
said constraints, is also in reasonable agreement with other observations.
Empirical data has been indicating that the galaxy-wide ECMF should be a Schechter-function

(Gieles et al., 2006a), i.e.

biecl, Schechter("ecl) =  
′
4
−"ecl/"c"

−V′
ecl . (2.26)

1 In order to calculate "vyc,max from the observed absolute magnitude ("V) the following formula has been used (Abdullah
private communication):

"V = 4.79 − 2.5 log10
"ecl,max
:ML

,

with :ML being the mass to light ratio.
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Figure 2.2: The observational data was taken fromWeidner, Kroupa and Larsen (2004a) for"vyc,max < 2·105
"�

and Randriamanakoto et al. (2013)1 for "vyc,max > 2 · 105
"� and shows the observed galaxy-wide most

massive very young clusters "vyc,max (which are a good approximation for "ecl,max) in dependence of SFR.
Also plotted here is "ecl,max and "U, as calculated using the model from Sec. 2.3.1 for V = 2.3 against the
galaxy-wide SFR. All observed clusters should be below the "U-line, which is mostly the case given the
uncertainties.
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Figure 2.3: A comparison between the ECMF acquired from the exponential model (the solid line) and the
ECMF from the Schechter form (Eq. 2.26, the dashed line) for SFR = 1 "�/yr and a XC = 10 Myr. For the
exponential model V = 2.3, while for the biecl, Schechter model V = 2.24.

In this case "c is the turn-down mass,at which the ECMF turns down. Our formalism results in a
similar form for the ECMF as the Schechter form. This is shown in Fig. 2.3.

Up until now no theoretical formulation existed which allowed "c to be predicted from properties of
the galaxy. Wth our formulation we can derive the turn-down mass in dependence of the exponential
density profile of the galaxy.
Fitting the Schechter-function to the exponential model allows us to determine a relation between

"c and the SFR:
"c = (85000 ± 5000) SFR(0.73±0.02)

. (2.27)

Comparing this to Eq. (2.23) shows that these two equations are the same within the uncertainties.
Therefore "c = "ecl,max is at least a good approximation.

While V has roughly the same effect in the Schechter formalism as it has for the LECMF (Eq.
(2.2)), meaning that V describes the slope of the curve if viewed logarithmically, this is not true for the
theoretically calculated IECMFs.

This means that for a specific V the slope of the LECMF (which is just V in the logarithmic case) is
not equal to the slope of the IECMF. Thus the slope changes when viewing areas of different sizes
(c'2("ecl)) in the same galaxy. This could be one of the reasons why it was not possible to get a
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Figure 2.4: Combined binned young cluster mass function for two galaxies (NGC 5236 and NGC 6946, data
taken from Larsen 1999 and Larsen private communication). Also shown is the exponential model. For the
single galaxies see Figs. 2.5 and 2.6.

unique value for V.
Next we compare the exponential model to actual empirical data. For this we confront the model

with galaxy-wide observations of NGC 5236 and NGC 6946 (data taken from Larsen 1999 and Larsen
private communication). The empirical data consists of a list of cluster masses, which were binned.
To compare these data to the models we need the SFRs of the galaxies. Dopita et al. (2010) calculated
a SFR of 2.76 "�/yr for NGC 5236, whereas Hong et al. (2013) determined SFRs of 1.52 and 0.18
"�/yr, depending on the method used. For NGC 6946 Heesen et al. (2014) measured, depending
on the method, a SFR of 4.635 ± 0.232 and 3.497 ± 0.175 "�/yr. For our models we are therefore
assuming SFR = 1.5 "�/yr for NGC 5236 and SFR = 4 "�/yr for NGC 6946. A comparison of
the data to the combined biecl calculated using the exponential model is shown in Fig. 2.4. The
only difference between the IECMF models that has been applied here are the differing galaxy-wide
SFRs. As blecl ∝  ∝ XC a change in XC does not change the overall behaviour of the function. All
other parameters are identical to the fit from Fig. 2.2. The exponential model fits reasonably well
to the data. We can also compare the model to the individual galaxies (Figs. 2.5 and 2.6) but this
has the disadvantage of having higher uncertainties. Nonetheless the model fits quite well, given the
uncertainties.
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Figure 2.5: Binned young cluster mass function for NGC 5236 (data taken from Larsen 1999 and Larsen private
communication). Also shown is the exponential model for SFR = 1.5 "�/yr. See text for further details.

The A-dependency of "U,loc(A) is also a crucial part to the usability of the exponential model. We
compare the theoretical "U,loc-A dependence with the observed very young star clusters in M33 (data
taken from Pflamm-Altenburg, González-Lópezlira and Kroupa 2013b) in Fig. 2.7. Fig. 2.7 shows
the A-dependence of "U,loc for the model compared to observed very young star clusters. As "U,loc
is the upper mass limit for star clusters at a given galactocentric distance we would expect that no
observed cluster is heavier than it. But several observed ones are. Also using the observed SFR (0.16
"�/yr, Skibba et al. 2011) in the empirical fit by Weidner (Eq. 2.23) results in a "vyc,max much
smaller than several observed clusters. But taking into account that individual cluster masses have
large uncertainties it becomes apparent that the exponential model fits quite well to the observed
decreasing upper masses.

2.5 Conclusion

In this chapter we calculated for the first time the galaxy-wide integrated embedded cluster mass
function for galaxies, which we assumed to be axis-symmetric exponential disks, and showed that it
has the form of a Schechter-like function, although locally the ECMF is a pure power-law.
To do that we first described an analytical solution of the LECMF. It was assumed there that the
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Figure 2.6: Binned young cluster mass function for NGC 6946 (data taken from Larsen 1999 and Larsen private
communication). Also shown is the exponential model for SFR = 4 "�/yr. See text for further details.

theoretical local upper cluster mass limit, "U,loc(A), depends on the galactocentric distance A .
Integrating the LECMF over the area of the star forming disk yields the galaxy-wide or integrated

embedded cluster mass function (IECMF or biecl). For this purpose a model describing the A-
dependence of "U,loc(A) was needed. The exponential model, introduced by Pflamm-Altenburg and
Kroupa (2008b), is found to be in agreement with observational data.

Even though the LECMF is a power law, the IECMF resembles a Schechter-like function, the reason
being that the upper mass limit of the local power law is defined by "U,loc(A), which decreases with
an increasing galactocentric distance.

Additionally given a locally estimated power-law index V for an ensemble of embedded clusters in a
region in a galaxy, we have shown here that other regions elsewhere are expected to have different
logarithmic ECMF, depending on the size and position of the region in the galaxy, and that the size of
the region implies a Schechter-type turn-down of the embedded cluster mass function. Even more
importantly, the logarithmic slope of the observed ECMF depends on the size of the observed region
and is not equal to V. This could be one of the reasons for the spread of observationally determined V.
The galaxy-wide ECMF, the integrated ECMF, IECMF, thus becomes a Schechter-type form.

All of this opens further possibilities for new research. As has been stated, the exponential model
depends on the theoretical upper limit for the mass of clusters in a galaxy of a specific stellar mass. At
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Figure 2.7: Comparison of the dependence on the galactocentric distance of "U,loc for the exponential model
with observed very young clusters in M33 (Pflamm-Altenburg, González-Lópezlira and Kroupa, 2013b). M33
has a SFR of about 0.16 "�/yr (Skibba et al., 2011). Therefore the model uses SFR = 0.16 "�/yr, XC = 10
Myr and V = 2.31. These values have been chosen so that the model fits the experimental data from the
SFR-"ecl,max relation (Fig. 2.2).

the moment we can only give a lower limit to these values, which could underestimate them. Further
research in the context of star and cluster formation should be able to give improved insights on the
theoretical upper mass limits.
Another step, which has to be done, would be to combine the stellar initial mass function (IMF)

and the ECMF into the integrated galactic initial mass function (IGIMF) (Weidner, Kroupa, Pflamm-
Altenburg et al. 2013, Recchi and Kroupa 2015), which is the galaxy-wide stellar initial mass
function.
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CHAPTER 3

The Kennicutt-Schmidt law and the main
sequence of galaxies in Newtonian and
Milgromian Dynamics

This chapter is based on an upcoming publication with the same title "The Kennicutt-Schmidt law
and the main sequence of galaxies in Newtonian and Milgromian Dynamics". Only minor changes
concerning formatting were made in order to present it as a chapter in the thesis.

Abstract The Kennicutt-Schmidt law is an empirical relation between the star formation rate surface
density (ΣSFR) and the gas surface density (Σgas) in disk galaxies. According to this law, the relation
has the form of a power law ΣSFR ∝ Σ

=
gas. Assuming that star formation results from the gravitational

collapse of the interstellar medium, ΣSFR can be determined by dividing Σgas by the local free-fall
time Cff. The formulation of Cff yields the relation between ΣSFR and Σgas, assuming that a fraction
(YSFE) of gas is converted into stars every Cff. This is done here for the first time using Milgromian
Dynamics (MOND). Using linear stability analysis of a uniformly rotating thin disk, it is possible
to determine the size of a collapsing perturbation within a galactic disk. Therefore, it is possible to
evaluate the size and mass of clouds (and free-fall time Cff) in dependence of Σgas. This allows us to
identify the relation between ΣSFR and Σgas.
We analytically derive the relation ΣSFR ∝ Σ

=
gas both in Newtonian and Milgromian dynamics,

finding that = = 1. The differences between the two cases are only a change to the constant pre-factor,
resulting in increased ΣSFR of up to 25% using MOND. A near exact representation of the present-day
main sequence of galaxies is obtained if nSFE = constant ≈ 1.3% We also show that empirically
found correction terms to the Kennicutt-Schmidt law are included in the here presented relation.
Furthermore, we determine that if star formation is possible, the temperature only affects ΣSFR by up
to a factor of

√
2.

3.1 Introduction

The relation between the star formation rate surface density (ΣSFR) and the gas surface density (Σgas)
was first proposed by Schmidt (1959), who examined the Milky Way and found this relation (then
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known as the Schmidt-law) to be a power-law of the form

ΣSFR ∝ Σ
=
gas , (3.1)

with = ≈ 2. Kennicutt (1989) determined = ≈ 1.4 from HU observations of 7 galaxies. This relation
became known as the Kennicutt-Schmidt law. Further, Kennicutt (1989) found that star formation
appears to cease where the Toomre stability criterion for a gas disk (Toomre, 1964) indicates star
formation to be impossible.
Since then, a value of = ≈ 1.5 has become accepted and also supported by observations (see e.g.

Heyer et al. 2004; A. Leroy et al. 2005; Kennicutt et al. 2007), forming the basis for both theoretical
and simulation work (see e.g. Schaye and Dalla Vecchia 2008).

On the other hand, ultraviolet observations (Boissier et al., 2007) find a value of = = 0.99. Ultraviolet
observations are less sensitive to the presence of young, very massive stars and are therefore more
likely to derive a value of = close to the true one. Furthermore Pflamm-Altenburg and Kroupa
(2008a) support = = 1 through the radially changing initial mass function of stars expected in the
integrated galactic initial mass function (IGIMF) theory (Kroupa and Weidner 2003; Kroupa, Weidner,
Pflamm-Altenburg et al. 2013a). In view of the discrepancy between = = 1.5 and = = 1, we readdress
this problem within the basics of star formation in a galactic disk.
The aim of this chapter is to derive the Kennicutt-Schmidt law from a basic description using the

free-fall time as an approximation for the time the gas needs to collapse into stars. This principal
idea has already been explored by e.g. Krumholz and McKee (2005). In contrast to their work, our
approach is completely two-dimensional − we do not mix a two-dimensional surface density and a
three dimensional free-fall time. This is achieved by assuming that the collapsing area of the disk can
be calculated using a thin disk stability analysis. Furthermore, our chapter will for the first time derive
the Kennicutt-Schmidt law using Milgromian Dynamics.

3.1.1 Milgromian Dynamics

Milgromian Dynamics (MOND, Milgrom, 1983c) is as an alternative to a dark matter dominated
universe deduced from the flattening of observed rotation curves, which are in contrast to classical
Newtonian models without dark matter. MOND is a space-time invariance symmetry of the equations
of motion (Milgrom 1983c; see also Wu and Kroupa 2015) and may be an effect of the physical
quantum vacuum (Milgrom 1999; Smolin 2017).
MOND as derived from a classical Lagrangian (Bekenstein and Milgrom, 1984) introduces the

natural constant 00 = 1.2 × 10−10 m/s2 and states that if the Newtonian gravitational acceleration
6N � 00, the Newtonian gravitational description should be used but if 6N � 00, the gravitational
acceleration 6 becomes in spherical symmetry

6 =

√
�"00

'
. (3.2)

In other words, if the distance to an object is much larger than its MOND radius 'M, which follows
from Eq. (3.2) for 6 = 00:

'M =

√
�"

00
, (3.3)
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then the gravitational acceleration will be given by Eq. 3.2.
Milgrom (1983c) developed an algebraic approximation for the gravitational acceleration 6:

6 = 6Na

(
6N
00

)
, (3.4)

with a(G) being the so-called interpolation function (shown to be derivable from the quantum vacuum,
seeMilgrom 1999) fulfilling the following conditions: (G � 1 | a(G) = 1) and

(
G � 1 | a(G) =

√
1/G

)
.

So, for example, in the case of a single point mass (6N = �"/'
2) Eq. (3.4) would become

6 =
�"

'
2 a

(
�"

00'
2

)
. (3.5)

There are three well-defined extreme cases of MOND. Firstly, if 6N � 00, we have the Newtonian
case, where a becomes 1 and the gravitational acceleration 6N becomes according to Eq. 3.5

6(6N � 00) = 6N =
�"

'
2 , (3.6)

which is the classical Newtonian description. Secondly, an isolated point mass with 6N � 00
constitutes the isolated deep-MOND limit, where a(G) =

√
1/G and the gravitational acceleration

(6idM) becomes, according to Eq. 3.5,

6idM =
√
006N =

√
�"00

'
. (3.7)

Finally, if the point mass is not isolated and the gravitational acceleration of an external field
(6ext,N) is much larger than the internal gravitational field (6int,N) but still much smaller than 00, so
6int,N � 6ext,N � 00, then the quasi-Newtonian regime results. The quasi-Newtonian regime needs a
different algebraic interpolation function (Banik and Zhao, 2018b):

6 = 6Na

(
6N
00

) (
1 +  

3

)
, (3.8)

with
 =

3 log a(G)
3 log G

����
G=6# /00

. (3.9)

In the extreme case of the Quasi-Newtonian regime, a =
√
00/6ext,N and  = −1

2 , accordingly(
1 +  3

)
= 5

6 and the gravitational acceleration (6QN) therefore becomes:

6QN =
5
6

√
00
6ext,N

6int,N =
5
6

√
00
6ext,N

�"

'
2 (3.10)

To summarize: Eq. 3.4 is valid for isolated objects while Eq. 3.8 should be used if the external
gravitational field is much stronger than the internal one.

Note that if either 6ext,N or 6int,N or the combined Newtonian acceleration 6N =
√
6

2
int,N + 6

2
ext,N is
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Figure 3.1: A schematic, where the G-axis represents the relative strength of the external gravitational acceleration
6ext,N compared to the initial internal gravitational acceleration 6int,N and the H-axis shows the initial distance
in units of MOND radii 'M. The dark grey area shows the deep-MOND regime in which the interpolation
function of Eq. 3.5 is valid for calculating the gravitational acceleration. The hatched part on the bottom of the
schematic is completely in the Newtonian regime and therefore the gravitational acceleration can be calculated
using Eq. 3.6. Finally, the hatched area on the right side is external-field dominated and can therefore be
calculated using the interpolation function from Eq. 3.8. There is no analytic solution for the upper middle
(white) part of the schematic, for which numerical methods are needed.

much larger than 00, then the system is in the Newtonian regime (for a summary, see Fig. 3.1).

3.2 Method

3.2.1 Calculating the star formation rate surface density using Newtonian Dynamics

Assuming that star formation results from the collapse of the interstellar medium via giant molecular
clouds (GMCs), the star formation rate surface density (ΣSFR) can be expressed as

ΣSFR =
Σgas

Cff
YSFE , (3.11)
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where Σgas is the gas surface density, Cff,N is the free-fall time (the time needed for gravitational
collapse) assuming Newtonian Dynamics and YSFE is the star formation efficiency (the fraction of the
cloud transformed into stars). It is well established (see e.g Zuckerman and Evans 1974; Beuther et al.
2014) that YSFE can be assumed to be a few percent for a GMC.

The Newtonian free-fall time Cff,N of a spherical cloud is (see e.g. Binney and Tremaine 2008)

Cff,N =
c

2
'

3/2
cloud√

2�"cloud
, (3.12)

with 'cloud being the radius and "cloud the mass of the cloud. Since Σgas is known, "cloud can be
expressed as

"cloud = Σgasc'
2
cloud . (3.13)

Therefore,

Cff,N =

√
c

2

√
'cloud

2�Σgas
. (3.14)

Inserting this into Eq. 3.11, the Newtonian star formation surface density ΣSFR,N follows:

ΣSFR,N =
2
√
c
Σ

3/2
gas

√
2�
'cloud

YSFE . (3.15)

The only remaining unknown is the radius of the cloud 'cloud. We determine 'cloud using a stability
criterion.

Linear stability analysis of a uniformly rotating thin gas disk yields the following dispersion relation
(Binney and Tremaine 2008; Escala and Larson 2008)

l
2
= ^

2 − 2c�Σgas |: | + �
2
B :

2
, (3.16)

Here, ^ is the epicyclic frequency, �B the sound speed and : the wave number defined as : = 2c
_
,

with _ being the wavelength of the perturbation. As long as l2
> 0, the region under study is stable

against collapse. We thus set l2
= 0 (the limit for stability/instability). By approximating 'cloud to be

half of _, we get that

'cloud =
_

2
=
c

2
�Σgas

^
2 +

√
c

4
�

2
Σ

2
gas

^
4 −

c
2
�

2
B

^
2 . (3.17)

Inserting 'cloud into Eq. 3.15, the Newtonian ΣSFR,N becomes

ΣSFR,N = YSFE
2
c

3/2 ^Σgas

√√√√√ 2

1 +
√

1 − ^
2
�

2
B

c
2
�

2
Σ

2
gas

. (3.18)

3.2.2 Calculating the star formation rate surface density using MOND

Given that MOND is a non-Newtonian classical theory of gravitation, the free-fall time must also be
modified. As pointed out above, the algebraic approximation of the MOND force law needs to be
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Figure 3.2: The numerical datasets from Banik and Zhao (2018b) compared to the algebraic approximation
(see Eq. 3.19). The H-axis is the gravitational acceleration calculated using MOND relative to the Newtonian
gravitational acceleration. The G-axis is the separation in MOND-radii. The numerical dataset and algebraic
approximation 1 refer to an external field roughly as a strong as the Solar System is experiencing from the Milky
Way. Dataset and approximation 2 (3) are for an external field 0.7 (1.4) times stronger than in dataset 1.

corrected in the case of a dominating external gravitational field by a factor of (1 +  3 ). So the first
step in calculating a general Milgromian free-fall time is to derive a general algebraic description for
the MOND force law. For this, we use the data from Banik and Zhao (2018b).

A general correction factor of
(
1 + tanh

(
0.8256ext,N

6int,N

)3.7
 
3

)
manages to reproduce the numerical

results from Banik and Zhao (2018b) sufficiently well (see Fig. 3.2). It becomes (1+  3 ) if the external
field is much stronger than the internal field and yields a correction factor of 1 in the Newtonian
regime or if the external field is much weaker than the internal field. It is therefore able to reproduce
every part in the schematic of Fig 3.1. Thus, the general algebraic approximation of the MOND force
law takes the form:

6 = 6int,Na

(
6N
00

) (
1 + tanh

(
0.825

6ext,N

6int,N

)3.7
 

3

)
. (3.19)

It is not possible to write down a closed algebraic description of the general free-fall time (Cff) inMOND
valid for any state between the Newtonian regime, isolated MOND regime and quasi-Newtonian
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regime. But an approximate algebraic description is possible (see Appendix B.1 for the derivation):

Cff =
c

2
'

3/2√
2�"a

(
6N/00

) (
1 + tanh

(
0.8256ext,N

6int,N

)3.7
 
3

) # , (3.20)

with # being a numerical correction that becomes 2√
c
in the isolated deepMOND case and 1 otherwise:

# = 1 +

(
1 − 1

a(6N/00)
) (

2√
c
− 1

)
6ext,N
6int,N
+ 1

. (3.21)

Note that in the Newtonian regime (6N � 00 | a
(
6N/00

)
→ 1 ∧ tanh

(
0.8256ext,N

6int,N

)3.7
 → 0), Cff

becomes equal to Cff,N and therefore to Eq. (3.12). In the isolated deep-MOND regime (6N,ext �

6N,int � 00 | a
(
6N/00

)
→

√
00
6N
∧ tanh

(
0.8256ext,N

6int,N

)3.7
 → 0), Cff simplifies to

Cff,idM =

√
c

2
'cloud

4
√
�"cloud00

= 4

√
c

�Σgas00

√
'cloud

2
, (3.22)

which is the same as Eq. (24) from Banik and Zhao (2018a), as expected. In the Quasi-Newtonian

regime (6N,int � 6N,ext � 00 | a
(
6N/00

)
→

√
00
6N,ext
∧ tanh

(
0.8256ext,N

6int,N

)3.7
 → −1/2), Cff simplifies

to

Cff,QN =

√
3
5
c

2
'

3/2
cloud

4
√

00
6N,ext

√
�"cloud

=
1
2

√
3c
5

√√√ 'cloud√
00
6N,ext

�Σgas

=
1
2

√
3c
5

√
'cloud+√
00'gal�Σgas

, (3.23)

assuming 6N,ext = +
2/'gal as the Newtonian external field in the last part of the equation. + is the

rotational velocity (according to Newtonian models) of the disk and 'gal the distance to the galactic
centre.

For the intermediate states, there is a divergence with the numerically determined results of only up
to 3% (see Fig. 3.3).

In MOND, the stability of the thin gas disk changes to (Banik, Milgrom and Zhao, 2018)

l
2
= ^

2 − 2c�a
(
6N,disk/00

) (
1 +  

2

)
Σgas |: | + �

2
B :

2
, (3.24)

with 6N,disk being the disk’s Newtonian gravitational acceleration just above the disk (see e.g. Brada
and Milgrom 1995; Banik, Milgrom and Zhao 2018):

6N,disk =

√
6

2
N,r + 6

2
N,z =

√(
+

2/'gal
)2
+

(
2c�Σgas

)2
, (3.25)

while 6N,r is the radial gravitational acceleration and 6N,z the vertical one orthogonal to the galactic
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Figure 3.3: The relative error of the approximation (Eq. 3.20) for the free-fall time. The H-axis is the starting
distance in MOND-radii and the G-axis is the initial ratio of the external and internal gravitational fields. As can
be seen, the maximal error of the approximation is only about 3%.

disk.Note that in Eq. (3.24),  is without the tanh
(
0.8256ext,N

6int,N

)3.7
pre-factor. As the initial perturbation

to the disk is always external field dominated (see Banik, Milgrom and Zhao 2018), the pre-factor is
not needed.

The equations above result in a radial extent to the collapsing region of
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In general, the MOND star formation surface density ΣSFR,M therefore becomes

ΣSFR,M = YSFE
2
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2
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(3.27)
In the Newtonian limit, this is the same as Eq. 3.18. In the isolated-deep MOND limit (which
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incidentally also requires 6N,r � 6N,z to avoid external field domination), one gets:

ΣSFR,idM = YSFE
2
c

4√2
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3
^Σgas

√√√√√ 2

1 +
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1 − 32^2
�

2
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9c�Σgas

. (3.28)

In the external-field dominated case (which incidentally also requires 6N,r � 6N,z), one obtains

ΣSFR,QN = YSFE
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3.3 Results

There are now two extreme solutions to Eq. 3.27. First, if �B = 0, then Eq. (3.27) simplifies to1

ΣSFR,M = YSFE
2
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(
6N,disk/00

) (
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) , (3.30)

which in the different cases becomes:

ΣSFR,N = YSFE
2
c

3/2 ^Σgas (Newtonian), (3.31)

ΣSFR,idM = YSFE
2
c

4√2
√

3
^Σgas (isolated deep-MOND), (3.32)

ΣSFR,QN = YSFE
2
√

10
3c3/2 ^Σgas (external-field dominated). (3.33)

The other extreme case is obtained if �B =
c�a(6N,disk/00) (1+ 2 )Σgas

^
.

ΣSFR,M = YSFE
2
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2
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(
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) , (3.34)

1 as�2
B ∝ ) , with ) being the temperature, this would require a temperature of 0 K, making this extreme solution unphysical.

Nonetheless it shows one of the extreme solutions of Eq. (3.18).
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which becomes

ΣSFR,N = YSFE
2
√

2
c

3/2 ^Σgas (Newtonian), (3.35)

ΣSFR,idM = YSFE
2
c

23/2
√

3
^Σgas (isolated deep-MOND), (3.36)

ΣSFR,QN = YSFE
2
√

20
3c3/2 ^Σgas (external field-dominated). (3.37)

If �B >
c�a(6N,disk/00) (1+ 2 )Σgas

^
, then Eq. (3.27) becomes imaginary and therefore ΣSFR,M drops to 0.

This happens at high temperatures as �2
B ∝ ) . In the following, except if otherwise stated, we assume

that star formation is possible. Therefore ΣSFR must lie between these two extreme solutions to Eq.
(3.27), which only differ by a factor of

√
2:
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and
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)
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)
. (3.39)

Eq. (3.27) can therefore be simplified to

ΣSFR,M = YSFE
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with
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3.4 Discussion

As shown in Eq. (3.39), the two extremes only differ by a factor of
√

2 (factor, from Eq. (3.40)).
Furthermore , is the only part of Eq. (3.40) depending on the sound speed �B, which is the only
part of the equation depending on the temperature. Therefore, as long as star formation is possible
(Equation 3.27 has real solutions), the temperature only influences the star formation by up to a factor
of
√

2.
As is evident from the extreme solution (see Eqs. 3.31-3.33 and Eqs. 3.35-3.37), the general

dependence of ΣSFR on Σgas does not change when going from the Newtonian to the MONDian regime
or the external field dominated regime. Only the numerical pre-factors vary slightly. Eqs. 3.30 and
3.34 show why − the MONDian factor a contributes to both the free-fall time and the disk stability,
leading to it cancelling out. As 26int,N = 6N,z and 6ext,N = 6N,r, only constant numerical contributions
of order unity remain from the division of the a parameters. The general numerical deviation between
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Figure 3.4: The relative deviation of ΣSFR,M from ΣSFR,N, as calculated in Eqs. 3.27 and 3.18. The H-axis is the
initial gravitational acceleration from the internal field in units of 00, while the G-axis is the initial ratio of the
external and internal gravitational fields. As can be seen, the maximal deviation arises in the deep-MOND limit
and is about 25%.

the Newtonian and Milgromian formulations is up to 25%, as can be seen in Fig. 3.4.

Of further interest, Prantzos and Aubert (1995) found a radial dependence to the Kennicutt-Schmidt
law (testing both for # = 1 and # = 2) of 1/'gal (Eq. 6 from Prantzos and Aubert 1995; variable
names changed to be in agreement with the ones used in this chapter)

ΣSFR = 0.3Σgas('gal/'�)
−1 M� pc

−2 Gyr−1
. (3.42)

In their dynamical model, Boissier et al. (2007) described an additional dependence on the galactic
rotation curve of + ('gal)/'gal (eq. 6 from Boissier et al. 2007; variable names changed to be in
agreement with the ones used in this chapter)

ΣSFR = UΣ
=
gas
+ ('gal)
'gal

, (3.43)

where + ('gal) is the rotation speed and U is a constant. Thus, the additional factor of Boissier et al.
(2007) is equal to the one found by Prantzos and Aubert (1995) when the rotation curve becomes flat.

According to Eq. 3.39, we can write

ΣSFR ∝ ^Σgas , (3.44)
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and as the epicyclic frequency ^ is (see e.g. A. K. Leroy et al. 2008)

^ =
√

2
+ ('gal)
'gal

√
1 +

3 log+ ('gal)
3 log 'gal

, (3.45)

we get that ^ ∝ + ('gal)/'gal ∝ 1/'gal for a flat rotation curve. So our relation between ΣSFR and Σgas
is in agreement with the empirically found additional factors to the Kennicutt-Schmidt law.

3.4.1 Comparison with data

Lelli, McGaugh and Schombert (2016) published the ‘Spitzer Photometry and Accurate Rotation
Curves’ (SPARC) galaxy sample: 175 galaxies with surface photometry at 3.6 `m and extended
HI-rotation curves. SPARC contains disk galaxies with a broad range of luminosities, surface
brightness, rotation velocities and Hubble types. It therefore forms a representative sample of the
nearby universe. Two main results from the SPARC data are used in the following section. Firstly,
Lelli, McGaugh and Schombert (2016) found scaling relations between several characteristics of a
disk galaxy, e.g a relation between the stellar and HI-mass. Secondly, analyzing the SPARC data,
Lelli, McGaugh, Schombert and Pawlowski (2017) discovered the ‘radial acceleration relation’ (RAR)
of galaxies, which gives the possibility to determine the rotation curves of galaxies from only their
observed baryonic matter. The RAR relates the observed acceleration to the Newtonian acceleration
of the baryons alone, so we use it to calculate rotation curves + ('gal).

Assuming the scaling relations from SPARC (Lelli, McGaugh and Schombert, 2016) and the RAR
(Lelli, McGaugh, Schombert and Pawlowski, 2017), one can use the here developed star formation law
to make further predictions. For simplicity, the following assumptions and approximations are made:

• The mass-to-light ratio of the stellar population is 0.5 "�/!�

• The total gas mass is 1.33 times the HI-mass ("HI)

• Both the stellar and the gas disk are single exponential disks with scale length '3 taken from
the SPARC scaling relations.

• The scatter of the SPARC scaling relations is ignored (for the present).

With these simplifications we obtain (eq. 4 from Lelli, McGaugh and Schombert 2016)

log10("HI) = 0.54 log10("() + 3.74 , (3.46)

with "( being the stellar mass. Combining eqs. 3 and 6 from Lelli, McGaugh and Schombert (2016)
yields the second scaling relation we use:

log10('3) = 0.62 log10("HI) − 5.40 . (3.47)

To calculate+ ('gal), wefirst determine theNewtonian rotation curves of the stellar disk (+disk,stellar('gal))
and the gas disk (+disk,gas('gal)). We combine them in quadrature to get the total Newtonian rotation
curve +N('gal)

+N('gal) =
√
+

2
disk,stellar('gal) ++

2
disk,gas('gal) . (3.48)
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Figure 3.5: The relative deviation of ΣSFR,M from ΣSFR,N, as calculated by Eqs. 3.27 and 3.18 assuming that the
SPARC scaling relations (Lelli, McGaugh and Schombert, 2016) hold true and neglecting scatter. The H-axis
shows the stellar mass "( of the galaxy in Solar masses while the G-axis shows galactocentric distance in units
of the scale length '3 . As can be seen, the centre of every galaxy is in the deep-MONDian regime. Further,
low-mass galaxies go directly from the deep-MOND limit to the Quasi-Newtonian limit, whereas high-mass
galaxies go first into the Newtonian limit. Therefore, MOND gives low-mass galaxies a bigger boost to their
star formation rate than high-mass galaxies.

We then use the RAR to convert this into + ('gal). With the above two scaling relations and + ('gal)
determined via the RAR, we can calculate ΣSFR in both Newtonian and MONDian disk galaxies.2 In
particular, it is possible to show how much star formation is boosted in different regions in different
galaxies by comparing MONDian to Newtonian dynamics (Fig. 3.5). See Appendix B.2 for a
discussion of this including scatter.
We use Fig. 3.6 to show an example calculation of ΣSFR,M and ΣSFR,N in comparison to Σgas for

two galaxies with "( = 108
"� and "( = 1012

"�.
The only remaining free parameter is the star formation efficiency YSFE, typically assumed to be

a few percent (Zuckerman and Evans, 1974; Beuther et al., 2014)). Assuming a constant YSFE, it is
therefore possible to radially integrate the here developed star formation law (Eq. 3.27) to get the total
star formation rate (SFR). There have also been several studies exploring the relation between the
stellar mass ("() of a galaxy and its corresponding SFR, the so-called main sequence of galaxies (e.g.
Speagle et al., 2014). It is therefore possible to compare the results of the here developed theory to the
observed main sequence of galaxies. A comparison with the here calculated main sequence and the
one from Speagle et al. (2014) can be seen in Fig. 3.7.
Bigiel et al. (2008) compared many observations between ΣSFR in comparison to Σgas. As can be

2 The Newtonian disks are not self-gravitating, unlike the MONDian galaxies.
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graph also shows that the difference between the models is much more noticeable in the low-mass galaxy. Note
that although the low-mass galaxy has locally a higher ΣSFR than the more massive galaxy, the total SFR is still
much lower, as can be seen in Fig. 3.7.

seen in Fig. 3.8, the theory presented in this chapter follows the observations nicely.

3.5 Conclusion

It is possible to determine the MONDian Kennicutt-Schmidt law using well-established physical
properties. The so found relation is

ΣSFR,M = YSFE
2
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(3.49)
Furthermore the following was established

42



3.5 Conclusion

−2

−1.5

−1

−0.5

0

0.5

1

7 8 9 10 11 12

SF
R
/[
"
�
yr
−1
]

log10("(/"�)

model MoND
model Newton

Speagle et al. (2014)
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fit to observations by Speagle et al. (2014) using an age of the universe of 13.77 Gyr. The green curve is a
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and Schombert, 2016) including the RAR (Lelli, McGaugh, Schombert and Pawlowski, 2017) and ignoring
scatter. Therefore, the green line represents the total SFR, if Newtonian dynamics is correct. The purple line
is the same for MOND (Eq. 3.27). For both the Newtonian and MONDian cases, a constant star formation
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• The above equation can be simplified to

ΣSFR,M = YSFE
2
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with, =

[
1,
√

2
]
.

• If star formation is possible, then the influence of the gas temperature is only up to a factor of√
2.

• The general dependence on the variables Σgas and ^ does not differ between the Newtonian and
MONDian approach. MOND can boost the local ΣSFR in a galaxy by at most 25%.

• The empirically determined correction factors to the general Kennicutt-Schmidt law found by
Prantzos and Aubert (1995) and Boissier et al. (2007) are explained here through the epicyclic
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frequency ^.

• The observed main sequence of galaxies is consistent with the here derived star formation law
ΣSFR ∝ Σgas for YSFE = 1.33%.

• Additionally, we found an algebraic approximation for the free-fall time in MOND (Eq. 3.20).

45





CHAPTER 4

Applying the integrated embedded cluster mass
function to the Andromeda-Galaxy

This chapter is a demonstration of the applicability of the IECMF discussed in chapter 2.

Abstract A mathematical description of the galaxy-wide mass function of freshly formed star
clusters was derived in Lieberz and Kroupa (2017a), assuming an axis-symmetric exponential gas disk.
It is important to test this model for disk galaxies not following these assumptions perfectly, like the
Andromeda galaxy (M31). For M31 the standard model by Lieberz and Kroupa (2017a) would expect
more and heavier star clusters in the centre region of M31. This is not supported by observations. The
necessary changes to the model to reflect this are discussed. Application of our model to Andromeda
implies that this galaxy has a suppressed star formation rate density in its inner 10 kpc region. In
general the model is found to be in accordance to observational data by Johnson et al. (2016), even
though M31 has a star-forming ring, which is contradictory to an exponential disk.

4.1 Introduction

The freshly-formed stellar mass of a galaxy resides in its embedded star clusters (C. J. Lada and
E. A. Lada 2003b; Megeath et al. 2016a), which can synonymously be referred to as (about 1 pc
extended, 1 Myr duration) space-time correlated star-formation events, i.e. essentially in molecular
cloud clumps. The investigation of embedded clusters helps us to understand the build up of the stellar
populations in galaxies. Embedded clusters are still fully or partially enshrouded in gas and dust, and
represent the earliest stage in the life-time of a formed star cluster. They may be the forerunners to
the open clusters and are therefore valuable probes for cluster formation (C. J. Lada and E. A. Lada,
2003b).

Observations indicate that the masses of the embedded star clusters in galaxies follow a particular
distribution function, the embedded cluster mass function (ECMF). Lieberz and Kroupa (2017a),
hereafter LK17, derive a mathematical formulation for the galaxy-wide or integrated embedded cluster
mass function (IECMF). The IECMF has a Schechter-type form and results from adding all power-law
ECMFs, formed at each location in a galaxy, over the the whole galaxy.
The focus of this chapter is to determine whether the “exponential model” from LK17 fits the

observed data from the Andromeda galaxy (M31) (data taken from Johnson et al. 2016). M31 is a
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very interesting case-study, because firstly there are many observed star clusters and secondly the
gas disk of M31 is not exactly an axis-symmetric, exponential gas disk. The assumption made by
LK17 was that the radial distribution of the upper mass limit of embedded clusters follows the radial
distribution of the gas density, which was taken to be exponential. Here we test if this assumption
leads to consistency with data in M31, which cannot be described by an exponential disk.

4.2 Method

Johnson et al. (2016) contains a catalogue of observed star clusters in the Andromeda galaxy (M31),
including the region in which the star cluster was observed, and the mass and age estimates of the star
clusters. The masses of these star clusters are the mass they had while still in the embedded phase.
Under the assumption that the catalogue has a sufficient completeness we compare it to the “exponential
model” described in LK17. The “exponential model” assumes a purely self-regulated axis-symmetric
system with an exponential gas disk and a local embedded cluster mass function (LECMF) in the
form of a power law. The power laws have different maximum cluster masses depending on the
star formation rate density, which depends on the position within the galaxy. The maximum cluster
masses result from the constraint that the locally available star-forming gas is distributed over a
fully-sampled ECMF. An integration over the entire galaxy thus leads to a Schechter-like turn down of
the galaxy-wide ECMF. The condition of an exponential gas disk is not completely given for M31, as
M31 has a denser star-forming ring. Nonetheless it is interesting to check whether the “exponential
model” is still valid for M31.
For that purpose the binned data of Johnson et al. (2016) are compared here to the integrated

embedded cluster mass function (IECMF or biecl), calculated with the “exponential model”.

4.3 Analysis

The calculation of the IECMF requires an integration over the surface area of the galactic disk. Hereby
it is important to note that the catalogue by Johnson et al. (2016) does not go over the entirety of M31.
Only a third of the galaxy has been observed (Johnson et al., 2016). Therefore the angular integral
used by the “exponential model” does not go from 0 to 2c but rather from from 0 to 2

3c.
Further, the inner and outer parts of the galaxy have been cut off (Johnson et al., 2016). As a

consequence the radial integral is not going idealized from 0 kpc to Infinity, but rather roughly1 from
3 kpc to 18 kpc.

Also some parts of this were not included in the analysis by Johnson et al. (2016), only the regions
1, 2 and 3 in fig. 1 of Johnson et al. (2016). To give a rough idea how the regions were simplified and
used for computational purposes (and which parts were cut-off and not used in the analysis) a direct
view of the regions is given in Fig. 4.1.

The “exponential model” gives an IECMF for a galaxy only dependent on the star formation rate
(SFR) and the disk scale length (A3) of the galaxy. For M31 we assume SFR = 0.35 "�/yr (Rahmani,
Lianou and Barmby, 2016) and A3 = 5.3 kpc (Courteau et al., 2011).

1 The parts that were cut off are not circular regions, therefore the limits for the radial integration are rough estimates based
on Johnson et al. (2016)
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Figure 4.1: Showing the regions from a frontal view of the galaxy. Region 1 goes roughly from 3 to 10 kpc,
Region 2 from 10 to 13 kpc and Region 3 from 13 to 18 kpc. The hatched parts are not included in Johnson
et al. (2016).

With these we obtain (LK17):

biecl("ecl) =
∫ '

′ ("ecl)

3 kpc

∫ q
′ (A )

0
 (A)"−Vecl A dqdA , (4.1)

with
 (A) = (2 − V) SFR XC

2cA2
3

[(
"U4

− A
A3

)2−V
− "2−V

ecl,min

] 4−A/A3 , (4.2)

being the normalization constant of the LECMF, V = 2.3 ± 0.1 being the power law index of the
LECMF, q′(A) being the observed angle in the galaxy (2c for the whole galaxy and 2

3c for a third
of the galaxy). In this case (as shown in Fig. 4.1) the observed angle q′(A) is dependent on the
galactocentric radius. '′("ecl) being the maximum galactocentric distance at which a cluster of mass
"ecl can be formed. XC is the time over which a population of embedded clusters forms, which we
assume to be roughly 10 Myr, as deduced by Egusa, Sofue and Nakanishi (2004). "U is the upper
mass limit of the galaxy for embedded clusters and according to LK17 a SFR of 0.35 "�/yr results in
"U = 2 · 105

"�. "ecl,min is the lower mass limit and is assumed to be 5 "�, corresponding to the
smallest groups of embedded stars observed (Kroupa and Bouvier 2003, Kirk and Myers 2012).
We also compare our model with the data obtained from the single regions, including the “star

49



Chapter 4 Applying the integrated embedded cluster mass function to the Andromeda-Galaxy

forming ring” (region 2 in Johnson et al. 2016). For this the lower limit of the radial integration in Eq.
(4.1) changes to 10 kpc (for region 2) and 13 kpc (region 3). Also '′("ecl) can’t be larger than the
galactocentric distance of the outer borders of the regions.

It is noteworthy that

ΣSFR(A) =
SFR
2cA2

3

4
−A/A3 , (4.3)

is just the star formation surface density and

"U,loc(A) = "U4
− A
A3 , (4.4)

is the upper limit for the mass of star clusters at a specific galactocentric radius. With that Eq. (4.2)
can be rewritten as

 (A) =
(2 − V) ΣSFR(A) XC[ (

"U,loc(A)
)2−V − "2−V

ecl,min

] . (4.5)

This will become important in Sec. 4.3.4.

4.3.1 Region 1

As the star cluster data from Johnson et al. (2016) contains star clusters in the age range of 10 to 300
Myr, our model, explained above, is calculated for 29 generations assuming XC = 10 Myr. In this
section we only consider region 1 (see Fig. 4.1) and ignore the outer regions. The model expectations
for region 1 is a later cut-off point of the mass function (due to the smaller galactocentric distance)
compared to the other regions. The comparison between the binned star cluster data and the model
expectations are shown in Fig. 4.2. The model overestimates the number of star clusters in the center
region and also overestimates the cut-off mass. This means that the model is apparently in this form
not compatible with the central region of M31. The reason being that M31 has not a exponential
structure for the star formation rate density but rather a “star-forming ring” (region 2) with a higher
star formation rate density than the rest of the galaxy.

This is also supported by gas surface densities measured by Johnson et al. (2016): region has a gas
surface density of 4.47 "�/pc

2, while the gas surface densities for region 2 is 10.54 "�/pc
2 and for

region 3 5.34 "�/pc
2. Both region 2 and 3 have a higher gas surface density than region 1, which is

not compatible with an exponential gas disk.

4.3.2 Region 2

For region 2 we proceed similar to Section 4.3.1 to analyse the “star-forming ring”. The results can be
seen in Fig. 4.3. Region 3 seems to be in reasonable agreement to the model expectations.

4.3.3 Region 3

For region 3 we proceed similar to Sections 4.3.1 and 4.3.2 to analyse the outer parts of M31. Region
3 has a much smaller angular extension than the other regions, as large parts of the the outer area of the
galaxy were not included in the catalogue (see Fig. 4.1 and Johnson et al. 2016). The model expectation
for region 3 is a lower number of star clusters (due to the smaller area and greater galactocentric
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Figure 4.2: Binned young cluster mass function for region 1 (see Fig. 4.1) of M31 (data taken from Johnson
et al. 2016). Also shown are the model expectations for region 1 of M31 according to the exponential model .
See text for further details.

distance) and an earlier cut-off point of the mass function (due to the greater galactocentric distance)
compared to the other regions. The results can be seen in Fig. 4.4. Region 3 seems to be in reasonable
agreement to the model expectations.

4.3.4 All regions

Next is the comparison of the entire catalogue of star clusters younger than 300 Myr with model
expectations. The results can be seen in Fig. 4.5. Given that region 1 does not fit the model
expectations (see section 4.3.1) all regions combined reasonably well. Only in the high mass range
does the model diverge from the observational data. This difference is there because according to
model expectations region 1 is the only region with embedded star clusters in the high mass range and
the exponential model does not fit the observational data for region 1 well. For lower mass ranges
region 1 becomes less important and thus the model fits again with the data. All in all one can say that
the exponential model is good approximation to the observed M31 in the galaxy-wide case and also in
the local case for regions with a galactocentric distance larger than 10 kpc.

4.3.5 Modification to the exponential model

As region 1 does not fit to the exponential model but region 2 and 3 do, another assumption can
be made: in region 2 is the peak for the star formation surface density (ΣSFR(A)) and it decreases
exponentially both inward and outward. Also one has to ensure that the total SFR remains unchanged
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Figure 4.3: Binned young cluster mass function for the “star forming ring” (region 2) of M31 (data taken from
Johnson et al. 2016). Also shown are the model expectations for region 2 of M31 according to the exponential
model . See text for further details.

by this modification. Therefore Eq. (4.3) changes for region 1 to

ΣSFR(A) =
SFR

2cA3
(
2'124

'12/A3 + A3
) 4A/A3 , (4.6)

and for region 2 and 3

ΣSFR(A) =
SFR

2cA3
(
2'124

'12/A3 + A3
) 4(−A+2'12)/A3 , (4.7)

with '12 being the galactocentric distance of the border between region 1 and 2, so '12 = 10 kpc. The
distribution of this modified ΣSFR(A) can be seen in Fig. 4.6. The corresponding upper limit for the
mass of star clusters (Eq. 4.4) changes for region 1 to

"U,loc(A) = "U4
A−2'12
A3 , (4.8)

while "U,loc(A) does not change for region 2 and 3. This change ensures that ΣSFR(A) and the
corresponding "U,loc(A) decrease exponentially inwards and outwards from region 2. Thus ensuring
that the peak is in region 2 and that there is no break in the radial distribution of ΣSFR(A) and "U,loc(A),
while also ensuring that the galaxy-wide SFR remains unchanged. The effects on region 2 and 3 are
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Figure 4.4: Binned young cluster mass function for the “star forming ring” (region 2) of M31 (data taken from
Johnson et al. 2016). Also shown are the model expectations for region 2 of M31 according to the exponential
model . See text for further details.

very small by this change. All results for all regions for this assumption can be seen in Fig. 4.7. The
model seems to fit quite well. Although more tests are needed to determine if the assumption reflects
reality sufficiently well, it seems to work in this context.

4.4 Conclusion

The model expectations assumed an exponential gas disc, where the number of star clusters and their
maximum masses decrease outwards. As M31 does not have a strictly exponential disk (because of
the “star-forming ring”) it was a good test to see if the exponential model still provided a good fit or
needed to be adapted.
There is no significant discrepancy between the galaxy-wide star cluster masses from Johnson

et al. (2016) and the integrated embedded cluster mass function theory. Even the local cases are in
reasonable agreement with the data, except the area between the galactic centre and the “star-forming
ring”. This means that, as far as current data are concerned, the IECMF is applicable to the Andromeda
galaxy as a whole and to the single, outer parts of it. The discrepancies for the inner region can be
explained as the gas disk of the Andromeda galaxy does not follow a perfect exponential form (as
assumed by the exponential model). But the assumption of an exponential disk seems to work for the
“star-forming ring” and the outer regions. The results of this chapter also suggest that the exponential
model works for all regions if one moves the peak of the exponential disc into the “star forming ring”.
The modification requires a galactocentric radial dependency of the star-formation rate surface density
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Figure 4.5: Binned young cluster mass function for the observed regions of M31 from Johnson et al. 2016. Also
shown are the model expectations for them according to the exponential model . See text for further details.
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Figure 4.6: Modified radial distribution of ΣSFR (A) according to the modified model discussed in Section 4.3.5.
The peak of ΣSFR (A) is at 10 kpc, in the “star-forming ring” (region 2).
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Figure 4.7: Binned young cluster mass function for the observed regions of M31 from Johnson et al. 2016.
Also shown are the model expectations for a exponential model with a peak star formation surface density in the
“star forming ring” (region 2). On the top left are the results for region 1, on the top right for region 2, on the
bottom left for region 3 and on the bottom right for all regions. See text for further details.

as shown in Fig 4.6. We note that the Andromeda galaxy has a deficit of star formation in its inner 10
kpc region according to this model. This results in an decreasing amount of star clusters and their
maximum masses both outwards and inwards from the “star forming ring”, reflecting quite well the
observations.
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CHAPTER 5

Galactic shear: explanation for mass limits of
star clusters?

This chapter is based on a planned future publication. The work on this was also the motivation
for working on the research presented in chapter 3, as the need for a more theoretically developed
Kennicutt-Schmidt law arose.

Abstract In the galaxy M33 it has been shown that the mass of the heaviest observed young star
cluster at a given galactocentric distance decreases exponentially with increasing distance from the
galactic center. It is shown that the shear effect, assuming an exponential (or stepwise exponential)
galactic disk, gives an upper limit to the possible mass of gas clouds. Therefore the upper limit of the
mass of star clusters is also limited by the shear effect. The shear effect can be calculated knowing the
gas density and the rotation curve of a given galaxy. The radial size at which the self-gravity of a gas
cloud equals the disruptive shear effect is determined assuming spherical gas clouds. This radius is
assumed to be the maximal radius a gas cloud can have and is used to calculate the upper limit for
the mass of the gas cloud. As the shear effect varies with galactocentric distance, so does the upper
mass limit of gas clouds, resulting in a dependence on the galactocentric distance. Using a constant
conversion from cloud mass to corresponding star cluster mass, one can obtain a relation between the
upper mass limit of a star cluster and the galactocentric distance. Example calculations are made
for the galaxies M33 and M83. For both tested galaxies the upper limit of the mass of gas clouds is
found to decrease approximately exponentially with galactocentric distance, except for the central
region of the galaxy. The resulting mass limit of star clusters is very well described by the shear-effect.
The star cluster masses calculated with the here derived mass limit are in close agreement with
observations. It is important to note that all the assumptions and calculations here were made using
the classical, empirical and Newtonian Kennicutt-Schmidt law and not the theoretically discussed
Kennicutt-Schmidt law from chapter 3.

5.1 Introduction

The embedded cluster mass function (ECMF), the probability density function having an embedded
star cluster of a given mass in a local part of a disk galaxy, has been found to be a power-law (C. J. Lada
and E. A. Lada, 2003a; Megeath et al., 2016b; Meingast et al., 2016a).
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The integrated embedded cluster mass function (IECMF), the probability density function of having
an embedded star cluster of a given mass in the whole disk galaxy, has the form of a Schechter-like
power law (Gieles et al., 2006b). This has been explained by assuming that the ECMF is a power-law
with an upper mass limit of embedded clusters depending on the environmental conditions surrounding
the cluster and therefore on the position of the cluster within the galaxy. Integrating the ECMF over a
galaxy would thus lead to a Schechter-like function (Lieberz and Kroupa, 2017b).

Observations of the galaxyM33 showing that the maximum star cluster mass decreases exponentially
with galactocentric distance ' (Pflamm-Altenburg, González-Lópezlira and Kroupa, 2013a) support
this theory.

Here we study one possible explanation for this radial dependency, namely the galactic shear effect.
Because the rotation curve of a galaxy is approximately constant rather than increasing linearly with ',
the angular velocity of orbiting gas decreases with increasing '. The gradient of angular velocity gives
rise to a disruptive force, the shear effect. If an object in the galaxy (e.g. a molecular cloud) grows so
large that the shear effect becomes stronger than the self-gravity of the object, then the shear effect
would destroy or reduce the size of the object. Therefore the combination of shear and self-gravity
would impose a size limit, resulting, for a given density, in a mass limit, on gas clouds able to collapse
under self gravity in the galaxy. As the shear effect depends on the form of the rotation curve, which
varies with galactocentric distance, also the mass limit would depend on the galactocentric distance.

5.2 Method

5.2.1 Shear effect

As stated above, the competition between the self-gravity of the accumulated mass of the interstellar
medium and the locale galactic shear is assumed to restrict the extension and growth of gas overdensities.
This effect was quantified and calculated by Hunter, Elmegreen and Baker (1998), A. Leroy et al.
(2005) and Dib et al. (2012) and named shear-effect.

In short the shear-effect can be described as follows. The surface density of the gas (Σ) should
be sufficiently high for self-gravity to overcome the destructive action of locale shear. The minimal
needed surface density (Σsh) depends hence on the locale shear rate (described by the Oort’s constant
�) (see A. Leroy et al., 2005, chap. 2.2.2). Bellow this threshold the shear will disrupt the density
perturbations and self gravitating clouds cannot exist. For the resulting cloud to be stable, every part
of the cloud needs to have a surface density higher than Σsh and for every position within the cloud,

Σsh =
U��f

c�
, (5.1)

where � is Oort’s constant and depends on the distance ' to the galactic center of the token position
within the cloud and on the rotational velocity V which is a function of ':

� = −0.5'
3Ω

3'
= 0.5

(
+

'
− 3+
3'

)
. (5.2)

In Eq. (5.1) U� is a normalization constant for � assumed to be 2.5 (Hunter, Elmegreen and Baker,
1998). The velocity dispersion f is the statistical dispersion around the mean rotational velocity of
the cloud. A high gradient of rotational velocity within the cloud will increase the shear effect.
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In this context we assume virial equilibrium (i.e. an unperturbed disk galaxy) and that f is due to
self gravity and thus depends only on the cloud mass and the radius of the cloud:

f =

√
�"gas

A
. (5.3)

"gas is the mass of the gas cloud and A its radial size. For simplicity we assume the cloud to have a
spherical shape so that

"gas =

∫ A

0

∫ 2c

0
Σ(Σ0, '

′
, A
′
, Ad, q) A

′
3q 3A

′
. (5.4)

Σ is the density at a specific position within the cloud, '′ is the galactocentric distance of the center of
the cloud and A the radius of the cloud. Note that '′ is constant within a cloud, while ' varies. Σ0 is
the gas-surface-density at the center of the galaxy and Ad the scale length of the exponential gas-disc.

The surface density of the gas (Σ(')) has to be higher than Σsh and depends on the assumed form
of the gas disk.

This is known as the shear-criterion for gas perturbations (6 (Dib et al., 2012):

(6 =
Σsh
Σ
=
U��f

c�Σ
. (5.5)

If the condition (6 < 1 is fulfilled for the position ' then this position within the cloud is stable against
shear. The whole cloud is stable if every position within the cloud is stable against shear.

We are looking for the maximal cloud radius A for which (6 < 1 for every ' fulfilling the following
condition {

' ∈ R | '′ − A ≤ ' ≤ '′ + A
}
, (5.6)

in other words we are looking for the most extended cloud, which still fulfills at every position, within
the cloud, the shear criterion.

This process leads to a relation between the galactocentric distance and the maximum size and mass
of a gas cloud (see Eq. 5.4). So in order to quantify the shear effect at position ' only two parameters
are needed: the rotational velocity + (') and the gas surface density Σ(').

5.2.2 Evaluating the results

For simplicity we assume that a maximum of 5% of a gas clouds gets converted to embedded star
clusters. Without there being further constraints we set "U to be equal to the total mass converted into
star clusters. Therefore we estimate "U to be 5% of the mass limit for gas clouds. Even if this value is
off by a few percent it will not change the results drastically, given the uncertainties. Therefore we
can use the mass limit of gas clouds to determine the mass limit of star clusters ("U('

′)). Having
performed the steps from Section 5.2.1 it is thus possible to calculate the upper mass limit of clusters
("U('

′)) for every galactocentric distance '′, under the assumption that the shear-effect is the only
or primary limiting factor.
In order to estimate the significance of the results we use the upper mass limit of star clusters

("U('
′)) to predict the number and masses of the star clusters in the galaxy and compare them to

empirical data.
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We assume that locally the embedded star clusters are distributed according to the embedded star
cluster mass function (ECMF or becl)), which has the form of a power law (C. J. Lada and E. A. Lada,
2003a):

becl ∝ "
−V
ecl , (5.7)

where "42; is the stellar mass of the embedded star cluster, and V is the power-law parameter found
to be between 1.5 and 2.5 (C. J. Lada and E. A. Lada, 2003a; Kroupa and Weidner, 2003; Weidner,
Kroupa and Larsen, 2004b). In the following we will use V = 2 unless otherwise noted. Eq. (5.7) is
valid between the lower mass limit "min and the upper mass limit "U(') calculated above. Note
that 3#ecl = becl("ecl)3"ecl is the number density of embedded clusters with stellar mass in the range
"ecl to "ecl + 3"ecl.
So in order to determine whether the "U(') calculated with the shear-effect is in good agreement

with observed reality, we use the following two tests:
Observational data give us the number and masses of star clusters more massive than a certain mass

(the completeness limit) within a certain region of the galaxy. A first test is whether it is possible
to predict this number of clusters. An integral of Eq. (5.7) over the observed area (taken here to be
an annulus of width 'max − 'min) and observable mass range (completeness limit "comp to "U('))
results in the number of clusters #ecl:

#ecl =

∫ 'max

'min

∫ 2c

0

∫ "U (')

"comp

 (')"−Vecl A 3"ecl 3q 3A , (5.8)

which is valid while "comp < "U(').  (') is the proportionality constant from Eq. (5.7). A
description how one calculates  (') for every galactocentric distance is shown in Appendix C.1.

The second tests is whether it is possible to predict the masses of the star clusters with the previously
determined "U('). In order to ensure that the result of the first test does not influence the second test
the number of clusters will be taken from empirical data, instead of using the number determined in
the first test.

The following steps are used to predict the cluster masses:
First we assume that the Kennicutt-Schmidt law is valid, which states that the star formation rate

surface density ΣSFR('
′) is connected to the gas surface density Σ('′) by (Schmidt, 1959)

ΣSFR('
′) ∝ Σ= ('′) , (5.9)

with = being the Kennicutt-Schmidt parameter usually assumed to be 1.4 (Kennicutt, 1989). Following
this one can derive the number surface density distribution function of clusters in the galaxy. For
further information on the derivation see Appendix C.1. Now we randomly draw a galactocentric
distance from the radial extend of the sample (between 'min and 'max, which are the radial limits of
the data to be compared), according to the surface density distribution function. Appendix C.2 gives
information on random drawing. For each randomly selected galactocentric distance we randomly draw
a cluster mass between "comp and the corresponding "U according to the ECMF at that galactocentric
distance. See also Appendix C.2 for a more detailed description.
As the observable clusters already underwent the process of gas expulsion, meaning not being

embedded clusters anymore, which alters the mass of the clusters, we simulate the clusters undergoing
gas expulsion using the relation shown in figure 1 from Brinkmann et al. (2017), which related the
birth mass ("ecl) to the post-gas-expulsion revirialized mass "cl < "ecl. Here, "cl would be the

60



5.3 Results

theoretical mass of a cluster, when it becomes observable after it underwent residual gas expulsion
(e.g. the Pleiades). Brinkmann et al. (2017) relates the effect of gas expulsion to the half-mass radius
Ah of the star cluster. We determine the half-mass radius of the clusters by using the Marks-Kroupa
relation (Marks and Kroupa, 2012). The Marks-Kroupa-relation is a relation between the mass of a
star cluster and its half-mass radius (Marks and Kroupa, 2012):

Ah
pc
= 0.10+0.07

−0.04 ×
(
"ecl
"�

)0.13±0.04
, (5.10)

thus allowing to determine the effect of gas expulsion and to calculate the mass of the cluster "cl after
gas expulsion.

The random drawing process gets repeated until # (the number of clusters from the observational
data) clusters have been drawn to obtain a simulated sample of clusters. These clusters then get ranked
from most to least massive.

Repeating all of the above process steps sufficiently often enough, allows to estimate the mean and
median for every "8 (the mass of the 8-th heaviest cluster) and the corresponding standard deviation
and interquartile range. A comparison with the observational data can then be used to determine the
goodness of the model.

5.3 Results

We quantify and check the influence of the shear-effect for the galaxies M33 and M83, as for these
galaxies data exist on the galactocentric distances and masses of their star clusters (Pflamm-Altenburg,
González-Lópezlira and Kroupa, 2013a; Sun et al., 2016) and detailed rotation curves are available
(Corbelli et al., 2014; Lundgren et al., 2004). Sun et al. (2016) contains also star cluster data for M51,
which we omit as there have been problems with modelling the rotation curve (Oikawa and Sofue,
2014), which may be related to this galaxy interacting with another one meaning that M51 cannot be
described by an axis-symmetric virialized model.

5.3.1 Calculating the upper mass limit determined by the shear effect

For M83 we obtain the rotation curve + (') from Lundgren et al. (2004).In the case of M33 we get
both the rotation curve and the radial gas surface density distribution from Corbelli et al. (2014). The
baryonic disc is approximated with three overlapping exponential discs. For illustration a comparison
of the resulting rotation curve with the data from Corbelli et al. (2014) can be seen in Fig. 5.1.

For simplicity we assume that both galaxies have axis-symmetric exponential gas discs. Therefore
we can express the gas surface density as

Σ = Σ04
−'′/Ad , (5.11)

resulting in Eq. (5.4) to become

"gas =

∫ A

0

∫ 2c

0
Σ04

−
√
'
′2+A ′2+2'′A ′ sin(q)/AdA ′ 3q 3A ′ . (5.12)

From the literature we get Ad and the total gas mass "tot,gas for both M33 and M83. As the total gas
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Figure 5.1: Comparison between the rotation curve by Corbelli et al. (2014) and the approximated rotation
curve for M33. For details see text.

mass is the integral over the gas surface density we can use Eq. (5.11) to determine Σ0:

"tot,gas =

∫ ∞

0

∫ 2c

0
Σ04

−'′/Ad3q '′3'′ . (5.13)

For M83 we use a radial scale length Ad = 2.8 kpc and a total gas mass "tot,gas = 7.8 × 109
"�

given by Lundgren et al. (2004) resulting in Σ0 = 158 "� pc
−2, while M33 has Ad = 2.2 kpc and

"tot,gas = 1.83 × 109
"� (Corbelli et al., 2014) resulting in Σ0 = 60 "� pc

−2.
With this information one can use the shear-effect to calculate the resulting upper mass limit "U(')

for star clusters (see Section 5.2.1). This (including the empirical cluster masses for the galaxies) can
be seen in Fig. 5.2.

5.3.2 Evaluating the results

We perform two statistical tests to determine whether these results are statistically significant.
For the first test we calculate the number of expected star clusters for both M33 and M83 according

to the method described in Section 5.2.2 and compare them to the observed number of clusters,
according to Pflamm-Altenburg, González-Lópezlira and Kroupa (2013a) (for M33) and Sun et al.
(2016) (for M83).

In the second test we determine the masses of these clusters (as described in Section 5.2.2), rank
them according to their mass and compare them to the empirical cluster masses.
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Figure 5.2: The points are the cluster data taken from Pflamm-Altenburg, González-Lópezlira and Kroupa
(2013a) and Sun et al. (2016). The line is the determined upper mass limit "U according to the shear-effect. On
the left is the result for the galaxy M33 and on the right for M83.

With these tests the number of clusters and the masses of the clusters ("8) with their corresponding
interquartile ranges (IQR) can be determined. We compare these with the data from Pflamm-Altenburg,
González-Lópezlira and Kroupa (2013a) (for M33) and Sun et al. (2016) (for M83) and determine the
amount of clusters within the IQR. The model expectation would be that 50% of clusters fall within
the IQR. As no uncertainties for the cluster masses are given we assume an uncertainty of 10%.

In order to perform the first test one needs the star formation rates (SFR) of the two galaxies and the
time ΔC over which all star clusters within the sample formed, as shown in Appendix C.1. ΔC can be
determined by subtracting the age of the youngest cluster in the sample from the age of the oldest
cluster in the sample. As in our case the age of the youngest cluster is much smaller than the age of
the oldest cluster, the age of the oldest cluster is already a good approximation for ΔC. So we assume
for M33 a star formation rate (SFR) of 0.55 "�/yr (Sharma et al., 2011) and a ΔC of 107.4 yr, as the
oldest observed clusters in the inner region of M33 have this age according to fig. 7 from Sharma et al.
(2011). For M83 we assume a SFR of 3.8 "�/yr (Eya et al. 2013, Foyle et al. 2012) and a ΔC of 108

yr (Sun et al., 2016).
The results of the first test can be seen in Table 5.1 (for a comparison of the expected number

of clusters and the observed one) and the second test in Table 5.2 (for a comparison of the ranked
expected masses of the clusters). We further compare the following alternative models:

• what would be the result assuming no gas-expulsion?

• what if V = 2.2 instead of V = 2?

• what if the Kennicutt-Schmidt parameter is = = 1, as determined by Pflamm-Altenburg and
Kroupa (2008a), instead of = = 1.4?

• what would change if the upper mass limit were infinite ("U = ∞) and would not depend on
the environment or galactocentric distance?

• what if a constant half-mass radius of Ah = 0.3 pc is a better approximation of Ah then using the
Marks-Kroupa mass-radius relation? As according to Brinkmann et al. (2017) gas expulsion
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M33 M83
Observation # = 336 # = 179
standard # = 337 # = 2321
no gas-expulsion # = 1985 # = 5428
V = 2.2 # = 182 # = 1086
= = 1 # = 300 # = 1950
"U = ∞ # = 141 # = 1110
Marks-Kroupa # = 338 # = 2281

Table 5.1: Predicted number of clusters of the
models. Also shown is the observed number of
clusters according to Pflamm-Altenburg, González-
Lópezlira and Kroupa (2013a) (for M33) and Sun
et al. (2016) (for M83)

M33 M83
IQR IQR

standard 0.57 0.69
no gas-expulsion 0.32 0.81
V = 2.2 0.47 0.99
= = 1 0.59 0.79
"U = ∞ 0.24 0.34
Marks-Kroupa 0.57 0.84

Table 5.2: Statistical test comparing the masses
of the 8-th cluster to determine the reliability of
the models. IQR gives the relative number of
clusters from the empirical data which lie in the
interquartile range of the model. For a perfect
stochastic sample we expect that 50 % of clusters
would be in the interquartile range.

depends on the half-mass radius, a constant half-mass radius would change the impact of
gas-expulsion.

The results of these alternative models are also shown in Table 5.1 and 5.2
A visualization of the comparison of the ranked clusters with the empirical data for each model can

be seen in Figs. 5.3 and 5.4.
We also compare whether the model results in a good description of the the radial distribution of

the clusters. For that we divide each galaxy into radial bins of 1 kpc. For each bin we compare the five
heaviest clusters from the model (with their corresponding interquartile ranges) with the five heaviest
clusters from the observations. The results of the comparison can be seen in Fig. 5.5.

5.4 Discussion

It is possible to calculate an upper mass limit "U for clusters using the galactic shear-effect. This
upper mass limit varies with galactocentric distance (see Fig 5.2). For both galaxies it was found that
"U decreases roughly exponentially for a galactocentric distance larger than 3 (M33) or 2 (M83) kpc.
Therefore the assumption that the upper mass limit can be approximated as an exponential function
holds true, except for the very center of the galaxy. The fits of the exponential functions are shown in
Fig. 5.6.

Table 5.1 shows the predicted number of clusters according to the various models and the observed
number of clusters. In the case of M33 the standard model (a shear-induced upper mass limit, V = 2,
= = 1.4, gas-expulsion) is the closest to observed reality, with only one more expected cluster than
observed. In the case of M83 though no model was in good agreement to the number of observed
clusters. Possible explanations could be that the completeness limit was set too low. The problem
there is that a higher completeness limit would further reduce the number of observable clusters and
would make further statistical comparisons harder.
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Figure 5.3: A comparison with the calculated median and interquartile range (between Q1 and Q3) and the data
from Pflamm-Altenburg, González-Lópezlira and Kroupa (2013a) and Sun et al. (2016). The left panels are
for the data concerning M33 and the right panels for M83. The top panels show the model including the the
standard shear-effect (with gas-expulsion, V = 2 and = = 1.4). The central panels show the same but assuming
that no gas-expulsion has happened. And the bottom panels show the distribution for V = 2.2. Plotted is the
rank 8 of the cluster against the mass of the cluster "8 .
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Figure 5.4: A comparison with the calculated median and interquartile range (between Q1 and Q3) and the data
from Pflamm-Altenburg, González-Lópezlira and Kroupa (2013a) and Sun et al. (2016). The left panels are
for the data concerning M33 and the right panels for M83. The top panels show the model including the the
shear-effect assuming = = 1. The central panels show the stochastic distribution, assuming that the environment
has no influence on cluster formation and that the upper mass limit "U is infinite. And the bottom panels show
the distribution if instead of a constant half-mass radius the Marks-Kroupa-relation is assumed. Plotted is the
rank 8 of the cluster against the mass of the cluster "8 .
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Figure 5.5: A comparison of the calculated heaviest clusters for each radial bin and the data from Pflamm-
Altenburg, González-Lópezlira and Kroupa (2013a) and Sun et al. (2016). The left panels are for the data
concerning M33 and the right panels for M83. From top to bottom the most massive, 2nd most massive and 3rd
most massive cluster per radial bin. The green line presents the observational data, while the points show the
calculated median mass and its corresponding IQR.
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Figure 5.5: Continuation of Fig. 5.5.
A comparison of the calculated heaviest clusters for each radial bin and the data from Pflamm-Altenburg,
González-Lópezlira and Kroupa (2013a) and Sun et al. (2016). The left panels are for the data concerning M33
and the right panels for M83. From top to bottom the 4th most massive and 5th most massive cluster per radial
bin. The green line presents the observational data, while the points show the calculated median mass and its
corresponding IQR.
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Figure 5.6: Shown here is the calculated upper mass limit (the same as in Fig 5.2) and an exponential fit to the
upper mass limit. On the left is the result for the galaxy M33 and on the right M83.

68



5.5 Conclusion

Table 5.2 compares the ranked masses of the clusters and how good they are in agreement with the
empirical data, by looking at the interquartile-range (IQR) of the models. For M33 we can exclude the
model of no gas-expulsion happening and that the upper mass limit of embedded star clusters "U is
infinite. All the models which assume both a shear-induced upper mass limit and gas expulsion are in
the realm of the possible with only slight changes to the amount of observed clusters within the IQR.
In the case of M83 we can also exclude the model assuming "U to be infinite. Every other model
has more than 50% of clusters within the IQR. The model assuming V = 2.2 and the one using the
Marks-Kroupa relation haven even nearly 100% of clusters within the IQR.

In conclusion the model assuming V = 2, = = 1.4 and a half-mass radius following theMarks-Kroupa
relation is the best model fitting both galaxies satisfactory.
Looking at Figs. 5.3 and 5.4 allows to draw more conclusions. The observational data of M33

has a better mass-resolution for clusters with higher mass, allowing the conclusion that the higher
mass range is more secure. This supports the standard model, the model assuming = = 1 and the one
assuming the Marks-Kroupa relation. All these models fit better to the high-mass range than to the
low mass range. The model assuming V = 2.2 on the other hand fits worse to the high-mass range
and better to the low-mass clusters, making it a bit more unlikely. For M83 a comparison by eye
reveals that the model model assuming V = 2.2 and the one using the Marks-Kroupa relation follow
the closest the empirical data, supporting the result from Table 5.2.
Fig. 5.5 shows that overall the predicted radial distribution of the clusters fits observed reality.

The heaviest cluster is for both galaxies the one with the most deviations from the model, while the
2nd-5th heaviest cluster are more in agreement with the model. This resembles the results from
Pflamm-Altenburg, González-Lópezlira and Kroupa (2013a) who also found the heaviest cluster to be
the one with most deviation from expected models. While both models fit the overall trend, both also
have a region where the model fits the observations poorly. For M33 this is the central region within
the first kpc, where the model underestimates the masses of the heaviest clusters. For M83 this region
is between 3 and 4 kpc, again underestimating the masses of the clusters. Possible explanations for
this effect could be that the heaviest clusters from the neighboring regions (which have slightly less
massive clusters than expected) moved into the region. This could be the case for M83, which has
clusters with ages up to 108 yr in its sample. M33 on the other hand only has clusters up to 107.4 yr
in its sample, making this explanation less likely in the case of M33. But we always assumed virial
equilibrium which probably is not the case in the very center of galaxy, leading to deviating results.

As a summary we can conclude that the upper mass-limit obtained by calculating the shear-effect is
in agreement with empirical data. Also gas-expulsion is necessary to obtain distributions in agreement
with observations. Overall the model assuming V = 2, = = 1.4 and a half-mass radius following the
Marks-Kroupa relation is the best model fitting both galaxies satisfactory and therefore the one which
should be used for future predictions.

5.5 Conclusion

In this chapter it was shown that

• The upper mass limit for star clusters calculated using the shear-effect decreases exponentially
with galactocentric distance, except close to the center of the galaxy.

• Calculating the masses of the star clusters with an embedded cluster mass function using the
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upper mass limit yields more accurate results than a purely stochastic approach.

• Overall the radial distribution of clusters follows the one from observations.

• The Kennicutt-Schmidt parameter was not found to influence the results much. Both tested
parameters of = = 1.4 and = = 1 resulted in similar distributions.

• A model assuming V = 2, = = 1.4 and a half-mass radius following the Marks-Kroupa relation
is in acceptable agreement for both galaxies and is to be expected to work for other galaxies as
well.

• Again using the Kennicutt-Schmidt law from chapter 3 might modify the results and would
reduce the number of free parameters.
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APPENDIX A

Appendix of Chapter 2

A.1 The LECMF with a Non-Infinitesimal Surface Area

In this section we discuss what differences there are to Sec. 2.2 if one uses an observable non-
infinitesimal surface area Δ� instead of d�. First Eq. (2.1) becomes

blecl("ecl; A) d"ecl Δ� = d#ecl . (A.1)

For a given region Δ�, ΣSFR(A) becomes the local star formation rate LSFR:

LSFR(A) = ΔSFR
Δ�

, (A.2)

with ΔSFR being the star formation rate in the galactic region Δ�.
The total mass formed in stars is then obtained by multiplying LSFR(A) with XC (Weidner, Kroupa

and Larsen, 2004a):

LSFR(A) XC =
∫ "U,loc (A )

"ecl,min

"
′
eclblecl("

′
ecl; A)d"

′
ecl . (A.3)

For V ≠ 2 we obtain

 (A) = LSFR(A) XC (2 − V)
"

2−V
U,loc(A) − "

2−V
ecl,min

. (A.4)

For the special case of V = 2,

 (A) = LSFR(A) XC
ln

(
"U,loc(A)/"ecl,min

) . (A.5)

Using the LECMF it is now possible to calculate the mass of the most massive observable cluster in
the region Δ� ("ecl,max,loc(A)). To determine "ecl,max,loc(A) we use two conditions: first there is only
one most massive cluster. Second the mass of the most massive cluster is "ecl,max,loc(A).

To implement the first condition we choose a mass interval between the upper mass limit "U,loc(A)
and "ecl,t,loc(A), with "ecl,t,loc(A) chosen in such a way that there is only one cluster between these
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limits:

1 ≈
∫ "U,loc (A )

"ecl,t (A )
blecl("

′
ecl; A)d"

′
ecl Δ� , (A.6)

and the second condition implies that the mass between these limits is "ecl,max,loc(A):

"ecl,max,loc(A) ≈
∫ "U,loc (A )

"ecl,t (A )
"
′
eclblecl("

′
ecl; A)d"

′
ecl Δ� . (A.7)

The reason for the equation being approximated is that blecl("
′
ecl; A) depends on A . One would have to

perform an integration over Δ� to get the exact value (see also Sect. 2.3). But for small Δ� the above
equation is a good approximation.

Using Eqs. (A.6) and (A.7) "ecl,max,loc(A) becomes for V ≠ 2:

"ecl,t(A) ≈
(
"

1−V
U,loc(A) −

1 − V
 (A)Δ�

) 1
1−V

, (A.8)

"ecl,max,loc(A) ≈
 (A)
2 − V

[
"

2−V
U,loc(A) − "

2−V
ecl,t (A)

]
Δ� . (A.9)

And for V = 2:

"ecl,max,loc(A) ≈  (A)
[
ln

(
1 +

"U,loc(A)
 (A)Δ�

)]
Δ� . (A.10)

This is a simple method to determine "ecl,max,loc(A) without having to perform an integration over the
area, as long as Δ� is small enough.

A.2 Comparison to Weidner-Normalization

Weidner, Kroupa and Larsen (2004a) defined Eq. (2.4) slightly differently:

ΣSFR(A) XC =
∫ "ecl,max,loc (A )

"ecl,min

"
′
eclblecl("

′
ecl; A)d"

′
ecl . (A.11)

Instead of using a theoretical most massive cluster "U,loc(A) as an upper mass limit, "ecl,max,loc(A)
was used. This "ecl,max,loc(A) was defined by claiming that there was exactly one cluster in the mass
intervall

[
"ecl,max,loc(A), "U,loc(A)

]
:

1 ≈
∫ "U,loc(r)

"ecl,max,loc (A )
blecl("

′
ecl; A)d"

′
ecl Δ� . (A.12)

A criticism of this LECMF formulation is the claim that Eq. (A.12) would result in one most
massive cluster with mass "ecl,max,loc(A). In fact it only ensures that there is a most massive cluster
without guaranteeing that this most massive cluster has the mass "ecl,max,loc(A). For this another
equation is needed:
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"ecl,max,loc(A) ≈
∫ "U

"ecl,max,loc (A )
"
′
eclblecl("

′
ecl; A)d"

′
ecl Δ� . (A.13)

Now it is ensured that there is a mass "ecl,max,loc(A) between "ecl,max,loc(A) and "U. But in general
an equation system

1 =
∫ 1
0
5 (G) dG ,

0 =
∫ 1
0
G 5 (G) dG ,

(A.14)

does not have a real, non-imaginary, solution for power laws. If 5 (G) is a distribution function this set
of equations requests that the mean of G over the interval [0, 1] has the same value as the minimal
value of G. This can only be possible if 0 = 1.

A.3 Other models

Alternatives to the exponential model described in Sec. 2.3.1:

A.3.1 Phantom Cluster Model

In the past Eq. (A.12) had been used to calculate the LECMF. It had been assumed that "U is a very
large mass, often approximated as infinity. In order to get similar results to the previous method we use
a slightly modified form of that equation (introduced in Schulz, Pflamm-Altenburg and Kroupa 2015):

1 ≈
∫ "∞

"U,loc (A )
blecl("

′
ecl; A)d"

′
ecl Δ� , (A.15)

with "∞ going towards infinity.
This resulting model, the phantom cluster model, makes the claim that if there would not be an

upper mass limit, then there would be one more cluster in the mass range between the upper mass
limit and an infinite mass. A phantom cluster, so to speak.
We have to mention that there is no physical reason for claiming that there is exactly one cluster

between the upper mass limit and infinity (Schulz, Pflamm-Altenburg and Kroupa, 2015).
The resulting relation between  (A) and "U,loc is:

 (A) ≈ (V − 1) "V−1
U,loc(A)/Δ� . (A.16)

If one inserts Eq. (A.16) into Eq. (2.13) , so inserting  (A) as a function of "U,loc(A), a direct relation
between "U,loc(A) and A is obtained:∫ "U,loc (A )

"ecl,min

(V − 1)
"

1−V
ecl

"
1−V
U,loc(A)Δ�

d"ecl ≈
"tot

2cA2
3

4
−A/A3 . (A.17)

This equation is not analytically solvable for "U,loc. But numerically it is possible to calculate for
every A a corresponding "U,loc(A) and  (A). The only remaining free parameters are V and Δ�.
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We can use these two last equations to calculate a '′("ecl) for every "ecl, as in the exponential
model.
Δ� has to be sufficiently small, so that Eq. (A.15) is still a good approximation, but has to be large

enough to ensure that a complete LECMF can be found in the area. In the following we make the
assumption of Δ� being constant, for simplicity reasons.

The free parameters (V and Δ�) can be fixed by comparing the model to the empirical SFR-"ecl,max
by Weidner, Kroupa and Larsen (2004a) (see Eq. (2.23))
Similar to the local case (see Eqs. (A.6) and (A.7)) the mass of the heaviest cluster in the entire

galaxy ("ecl,max) is determined by

1 =
∫ "U

"ecl,t

biecl("
′
ecl)d"

′
ecl (A.18)

and

"ecl,max =

∫ "U

"ecl,t

"
′
eclbiecl("

′
ecl)d"

′
ecl . (A.19)

Using the above Eqs. (A.18) and (A.19) it is possible to calculate for any V a corresponding
SFR-"ecl,max-relation. These relations can be compared with the empirical found relation from Eq.
(2.23) to constraint V. For V = 1.73 ± 0.01 and Δ� = (2.9 ± 0.1) kpc2 the SFR-"ecl,max-curve aligns
best to the fit from Weidner, Kroupa and Larsen (2004a). "U should be larger than any observed
cluster. Given the error bars from the observation this requirement is reasonably fulfilled by the chosen
parameters, as can be seen in Fig. A.1.
Another concern is whether the chosen Δ� is still small enough that Eq. A.15 is still a good

approximation for an integration over the area Δ�. Numerical tests show that using Δ� = 2.9 kpc2

results in a deviation of up to 3%, compared to an integration over Δ�, which is still quite accurate.
Also observations of the LECMF often use a bigger observation area, e.g. C. J. Lada and E. A. Lada
(2003b) use an area of roughly 12.6 kpc2.

A.3.2 Constant Q Model

The following is an ansatz that tries to be as simple as possible while being consistent with the
observational data. If we assume that  does not depend on the galactocentric distance A, then Eq.
(2.13) should also be valid for A = 0. Hence  has for V ≠ 2 the form (with "U,loc(0) = "U):

 =
(2 − V)"tot

2cA2
3

(
"

2−V
U − "2−V

ecl,min

) (A.20)

and for V = 2:

 =
"tot

2cA2
3 ln

(
"U

"ecl,min

) . (A.21)

The corresponding "U,loc as obtained from Eq. (2.13), using the above form for  , is for V ≠ 2:
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Figure A.1: The observational data are as in Fig. 2.2. Plotted here is "ecl,max and "U against the SFR as
calculated using the phantom cluster model for V = 1.73 and Δ� = 2.9 kpc2. All observed clusters should be
below the "U-line within their error-bars, which is not the case here but the data might be consistent with this
requirement given the uncertainties. See also Schulz, Pflamm-Altenburg and Kroupa (2015) for a discussion of
the outlying data points.

"U,loc(A) =
[
4
− A
A3

(
"

2−V
U − "2−V

ecl,min

)
+ "2−V

ecl,min

] 1
2−V

, (A.22)

and for V = 2:

"U,loc(A) = "ecl,min

(
"U

"ecl,min

)4− AA3
. (A.23)

We can use these two last equations to calculate '′("ecl), as in the exponential model. For V ≠ 2:

'
′("ecl) = −A3 ln

[
"

2−V
ecl − "

2−V
ecl,min

"
2−V
U − "2−V

ecl,min

]
(A.24)

and for V = 2:
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'
′("ecl) = −A3 ln


ln

(
"ecl
"ecl,min

)
ln

(
"U

"ecl,min

)  . (A.25)

Consequently biecl("ecl) takes the form

biecl("ecl) =  
∫ 2c

0

∫ '
′ ("ecl)

0
"
−V
ecl A dAdq . (A.26)

It is now possible to solve this integral analytically to get an IECMF, which depends only on "ecl:

biecl("ecl) =  c'
′2("ecl)"

−V
ecl . (A.27)

This model has two remaining free parameters (V and "U). As in the other models we want to
calculate "ecl,max in order to compare it to the empirical SFR-"ecl,max by Weidner, Kroupa and Larsen
(2004a) (see Eq. (2.23)) and constrain these parameters. Similar to the local case (see Eqs. (A.6) and
(A.7)) the mass of the heaviest cluster in the entire galaxy ("ecl,max) is determined by

1 =
∫ "U

"ecl,t

biecl("
′
ecl)d"

′
ecl (A.28)

and

"ecl,max =

∫ "U

"ecl,t

"
′
eclbiecl("

′
ecl)d"

′
ecl . (A.29)

Therefore we can find for every V a SFR-"ecl,max-curve that aligns with Eq. (2.23). Doing so we can
find for every V a corresponding "U:

"U =
74138
2 − V SFR0.91−0.15V

. (A.30)

In order to be realistic this "U has to be heavier than any relevant observed cluster for this specific
SFR, but also not so much larger than the mass of the heaviest observed cluster that there would be an
unrealistic gap between them. As can be seen in Fig. A.2, V = 1.83 ± 0.1 fulfils these observational
constraints well.

A.3.3 Comparison of the three models

All the models can be written as

biecl("ecl) = 5 ("ecl, V)"
−V
ecl , (A.31)

with 5 ("ecl, V) varying from model to model. All three models use a different 5 ("ecl, V) and also
different values for V in order to be in agreement to the empirical fit by Weidner, Kroupa and Larsen
(2004a) (Eq. 2.23). Eq. (A.31) shows that biecl is not a pure power-law, so V is not the logarithmic
slope of biecl. For a comparison of ECMFs resulting from the best fits of the models, see Fig. A.3.
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Figure A.2: The observational data are as in Fig. 2.2. Plotted here is "ecl,max and "U, as calculated using the
constant  model for V = 1.83 against the SFR. All observed clusters within their uncertainties should be below
the "U-line, which is fulfilled here well.

One can see that the exponential (Sec. 2.3.1) and the constant  (Sec. A.3.2) model look very
similar, although they have different values for V. This is because in these models V is no longer the
logarithmic slope. In contrast to the exponential and the constant  model, the phantom cluster model
looks different: its logarithmic slope is less steep.

The models also result in different dependencies on the distance to the the galactic center in the case
of the LECMF. This is illustrated in Fig. A.4 with parameters chosen in such a way that the models
result in the same LECMF for A = 0 kpc.
An important difference between the phantom cluster model (Sec. A.3.1) and the other models is

that the phantom cluster model has the free parameters V and Δ�, in comparison to the other two
which have instead of Δ� a direct dependence on the parameter "U. Therefore the exponential and
the constant  model allow for a "U which is larger than the masses of the observed clusters (see
Figs. 2.2 and A.2).

Another difference is that the constant  model can be solved analytically, whereas the other models
need to be solved numerically.

Summarizing, overall the exponential model, which is physically motivated (Pflamm-Altenburg and
Kroupa, 2008b), works best, as the phantom cluster model depends on a rather arbitrary Δ� and the
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Figure A.3: Comparison of the three models for a galaxy-wide SFR of 1 "�/yr and for XC = 10 Myr. For the
phantom cluster model V = 1.73 was used, for the exponential model V = 2.31 and for the constant  model
V = 1.83. These values have been chosen so that the models fit the observational data shown in Figs. 2.2, A.1
and A.2.

constant  model does not reproduce well local data. But one may still apply these models, e.g. if one
needs an IECMF without numerical modelling, one can use the constant  model.

A.4 Summary of Variables
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Table A.1: List of variables that were introduced.
Variable Definition Reason for Introduction
#ecl number of embedded star clusters see definition of blecl
"ecl mass of an embedded star cluster see definition of blecl
� surface area see definition of blecl
A galactocentric distance see definition of blecl
blecl local embedded cluster mass function: d#

d"ecld�
at A parameter studied in chapter 2

 normalization constant the normalization constant for blecl
V power law index power law index and logarithmic slope

of blecl
"ecl,min minimal embedded cluster mass the smallest cluster mass
"ecl,max the largest cluster mass in a given galaxy used to compare theory with observations
"ecl,max,loc local "ecl,max used to compare theory with observations
XC star formation time-scale proportional to  
SFR star formation rate used to calculate the normalization

constant  
LSFR local star formation rate proportional to  in the local case
ΣSFR start formation rate surface density proportional to  in the local, infinitesimal case
"U theoretical most massive cluster physically possible upper limit for "ecl in a galaxy
"U,loc local "U upper limit for "ecl at A
"ecl,t auxiliary variable needed together with "U,loc to calculate

"ecl,max,loc: there is exactly one cluster of
mass "ecl,max,loc between "ecl,t and "U,loc

biecl integrated embedded cluster mass function : d#
d"ecl

parameter studied in chapter 2
' radius of the star forming area upper limit for A
'
′ maximal theoretical galactocentric distance for a necessary to change the A-dependence into a

cluster mass dependence
"vyc,max observationally derived maximal very young a good approximation for "ecl,max

cluster mass
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Figure A.4: Comparison of the dependence on the galactocentric distance of the three models. All models are
shown with V = 1.73, "U = 400000 "�, SFR = 1 "�/yr, XC = 10 Myr and A3 = 2.15 kpc. These values are
not the previous fit values but were chosen so that all models produce the same LECMF for a galactocentric
distance of 0 kpc. Note that the constant  model leads to a significantly smaller "U,loc (A), for A = 5 kpc, than
the other models.
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B.1 The free-fall time in MOND

In Newtonian dynamics, there are two ways to calculate the free-fall time. The first is to start from the
equation of motion in free fall

3
2
A

3C
2 = −

�"

A (C)2
, (B.1)

and solve the differential equation in time C. Another possibility without referring to differential
equations would be Kepler’s Third Law. Assuming that one has two objects orbiting each other with a
semi-minor axis of 0 and a semi-major axis of '/2 with ' being the initial distance of the two masses,
we would get the same result since the free-fall time would be half the orbital period.

In MOND, there are two things to keep in mind: the first approach, using the equation of motion,
can only be done for the extreme cases, as the differential equation is not algebraically solvable in the
general case:

3
2
A

3C
2 = −

�"

A (C)2
a

(
6N(C)
00

) ©­«1 + tanh

(
0.825

6ext,NA (C)
2

�"

)3.7
 (C)

3
ª®¬ , (B.2)

here with added emphasis on the parts of the equation of motion which depend on C. Secondly, the
approach using Kepler’s third law leads to a different result compared to the first approach. In the
case of the isolated deep-MOND limit, the numerical difference of the two approaches reaches its
maximum of 2√

c
. The reason for this is that MOND is not axi-symmetric and therefore the approach

using Kepler’s Third Law yields an offset to the correct value. Note that this offset disappears in the
external-field dominated or Newtonian case.

The important point is that the approach using Kepler’s Third Law can be used for any intermediate
case, whereas the approach using a differential equation can only be used for the extreme cases. Using
Kepler’s Third Law gives the correct dependencies and is only off by a numerical factor of order unity.
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Therefore, one can use this approach to write the free-fall time in MOND as:

Cff =
c

2
'

3/2√
2�"a

(
6N/00

) (
1 + tanh

(
0.8256ext,N

6int,N

)3.7
 
3

) # , (B.3)

with # being a numerical factor between 1 and 2√
c
. # is therefore an interpolating function with the

following characteristics: # = 1 in the Newtonian and external field-dominated cases and # = 2√
c
in

the deep-MOND limit. As a compromise between accuracy and simplicity, we found the following
function:

# = 1 +

(
1 − 1

a(6N/00)
) (

2√
c
− 1

)
6ext,N
6int,N
+ 1

, (B.4)

which gives a maximum error of 3%. It is possible to find even more accurate interpolating functions,
albeit more complicated ones. For example,

# = 1 +

(
1 − 1

a(6N/00)
) (

2√
c
− 1

)
(
6ext,N
6int,N

)0.6
ln

(
6ext,N
6int,N
+ 1

)
+ 1

(B.5)

would reduce the maximum error to only 1.2%.

B.2 Comparison with the main sequence including scatter

In this section we discuss whether and how the scatter of the SPARC scaling relations (Lelli, McGaugh
and Schombert, 2016) influences the results. In order to quantify this, we assume a maximum
possible scatter of 3f. Firstly we determine how the deviation of the results assuming Newtonian or
Milgromian depends on the scatter. As is illustrated in Fig. B.1, more extended or less dense galaxies
deviate stronger from the Newtonian models than more concentrated galaxies.
Secondly we consider the effect of the observational scatter on the calculated main sequence of

galaxies using the model presented in chapter 3. For this we are using Eq. (3.46), the dependence
of the HI-gas-mass on the stellar mass, and Eq. (3.47), the dependence of the scale length on the
HI-gas-mass. Using the SPARC data we first determine a correlation between the scatter of two
equations:

f'3
= −0.34f"HI

+ 0.14 ± 0.214 , (B.6)

with fA3 being the scatter of the scale length '3 from Eq. (3.47) and f"HI
being the scatter of the

HI-mass from Eq. (3.46). For f"HI
we use the value from Lelli, McGaugh and Schombert (2016) of a

1f-scatter of 0.35.
Assuming that the scatter normal distributed we can now determine the corresponding scatter of

the SFR-"(-relation of the here presented theory. The result is a a 1f-scatter of about 0.35, mostly
due to the uncertainty in the "HI-"(-relation. A comparison with main sequence of galaxies from
Speagle et al. (2014), which has a 1f-scatter of about 0.2, can be seen Fig B.2. Overall the derived
main sequence in chapter 3 is in in agreement with the main sequence by Speagle et al. (2014). Note
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Figure B.1: The same as Fig. 3.4 just with assuming a 3f-scatter for the scale length. The upper plot shows the
relative divergence to a pure Newtonian model for very extended or low-surface brightness galaxies. The lower
plot is the same for very dense galaxies. As can be seen the low-surface brightness galaxies always diverge from
the Newtonian model and go directly from the deep-MOND limit to the Quasi-Newtonian limit. On th other
hand the very dense galaxy is very well approximated using the Newtonian model over its whole range.
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Figure B.2: The star formation rate (SFR) in comparison to the stellar mass of a galaxy. The green area is a fit
to observations by Speagle et al. (2014) using an age of the universe of 13.77 Gyr and a scatter of 0.2. The
purple area is a numerical integration over the whole galaxy of Eq. 3.18 using the SPARC scaling relations
(Lelli, McGaugh and Schombert, 2016) including the RAR (Lelli, McGaugh, Schombert and Pawlowski, 2017)
and assuming a star formation efficiency (YSFE) of 1.33%. For details of the used scatter scatter see the text. As
can be seen, the two areas overlap each other over the whole considered mass range.

that here we assumed that the entire scatter is due to natural scatter and not due to uncertainties in
observations. Section 3.4.1 can be interpreted as the other extreme, where all of the scatter is due to
observational uncertainties and none of it due to a natural scatter.
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C.1 Determining Q(X′
) and dT/dG

First we assume the Kennicutt-Schmidt-relation (Eq. 5.9) is valid, according to which the star
formation rate surface density ΣSFR('

′) follows the gas surface density Σ('′) (Schmidt, 1959):

ΣSFR('
′) ∝ Σ= ('′) , (C.1)

with = being the Kennicutt-Schmidt parameter usually assumed to be 1.4 (Kennicutt, 1989). As we
assume the gas disk to be an axis-symmetric exponential disk, we can thus write the star formation
rate surface density ΣSFR('

′) as
ΣSFR('

′) = �4−
='
′

Ad , (C.2)

with � being a constant and Ad being the scale length. We know that an integral over the entire disk
should give the star formation rate (SFR):

SFR =
∫ ∞

0

∫ 2c

0
�4
− ='

′
Ad A 3q 3A . (C.3)

Solving this for � allows to rewrite Eq. (C.2) as (Pflamm-Altenburg and Kroupa, 2008a)

ΣSFR('
′) = SFR =2

2cA2
d
4
− ='

′
Ad . (C.4)

Multiplying ΣSFR('
′) with the time ΔC should result in the mass surface density for stellar mass

formed during the time ΔC. Multiplying the ECMF (Eq. 5.7) with embedded cluster mass "ecl and
solving the mass integral also results in the expected value of the mass surface density. Therefore we
can write

XC
SFR XC =2

2cA2
d

4
− ='

′
Ad =

∫ "U ('
′)

"min

 ('′)"1−V
ecl 3"ecl . (C.5)
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This allows us to determine  ('′). For V = 2

 ('′) = SFR =2

ln
(
"U('

′)/"min
)
2cA2

d
4
− ='

′
Ad , (C.6)

and for V ≠ 2

 ('′) = SFR XC =2 (2 − V)(
"

2−V
U ('′) − "2−V

min

)
2cA2

d

4
− ='

′
Ad . (C.7)

From Eq. (5.7) follows directly

3#obs
3�

=

∫ "U ('
′)

"comp

 ('′)"−Vecl 3"ecl , (C.8)

where #obs is the number of observed clusters (therefore 3#obs/3� is the surface density of observed
clusters) and "comp is the minimum mass for which all clusters can be detected. Inserting the
previously calculated  ('′) and solving the integral determines 3#/3�. For V = 2

3#obs
3�

=

(
"
−1
comp − "

−1
U ('

′)
)
SFR XC =2

ln
(
"U('

′)/"min
)
2cA2

d
4
− ='

′
Ad , (C.9)

and for V ≠ 2 and V ≠ 1

3#obs
3�

=

(
"

1−V
U ('′) − "1−V

comp

)
SFR XC =2 (2 − V)(

"
2−V
U ('′) − "2−V

min

)
2cA2

d (1 − V)
4
− ='

′
Ad , (C.10)

thus giving the number surface density of clusters formed during the time XC at galactocentric distance
'
′.

C.2 Drawing random numbers

The method used is inspired by Kroupa (2002), used there as the generating function for the initial
mass function.

Lets assume one has the probability density function � ?(G), where � is a constant. The indefinite
integral of ?(G) is ∫

?(G)3G = %(G) . (C.11)

Further let G0 be the lower limit of ?(G) and G1 the upper limit. Then one obtains the normalization of
� ?(G): ∫ G1

G0

� ?(G)3G = � (%(G1) − %(G0)) = 1 , (C.12)

which leads to
� =

1
%(G1) − %(G0)

. (C.13)
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Now let H be a uniformly distributed random variable on [0,1]:∫ G

G0

� ?(G ′)3G ′ = � (%(G) − %(G0)) =
%(G) − %(G0)
%(G1) − %(G0)

= H . (C.14)

And therefore solving Eq. (C.14) for G gives you random variable between G0 and G1 distributed
according to ?(G).

C.2.1 Drawing a random galactocentric distance

In the case of drawing a random galactocentric distance our � ?(G) is for V = 2 (see Eq. C.9)

3#/3� = 2c'′3#/3'′ = � ?('′) = �

(
"
−1
comp − "

−1
U ('

′)
)

ln
(
"U('

′)/"min
) 4− ='′Ad '′ , (C.15)

and for V ≠ 2

� ?('′) = �

(
"

1−V
U ('′) − "1−V

comp

)(
"

2−V
U ('′) − "2−V

min

) 4− ='′Ad '′ . (C.16)

Although this is not analytically solvable anymore, the process described in Section C.2 can still be
done:

%('′) =
∫

?('′)3'′ . (C.17)

Solving the integral numerically for G0 = '0 and G1 = '1 we get

� =
1

%('1) − %('0)
. (C.18)

With that Eq. (C.14) becomes
%(G) − %('0)
%('1) − %('0)

= H . (C.19)

Solving this equation numerically for G gives the relation to draw the correctly distributed random
number.

C.2.2 Drawing a random mass

If we want to draw a random mass our � ?(G) is the ECMF

b (") = � ?(") = �"−V , (C.20)

and therefore
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∫

?(")3" =
"

1−V

1 − V . (C.21)
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With G0 = "comp and G1 = "U we get
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"
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, (C.22)

in the extreme case of "U = ∞ this simplifies to � = V−1
"

1−V
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. So Eq. (C.14) becomes
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and solving for G gives
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