
Mathematical theory for
multi-dimensional coagulation models

Dissertation
zur

Erlangung des Doktorgrades (Dr. rer. nat.)
der

Mathematisch-Naturwissenschaftlichen Fakultät
der

Rheinischen Friedrich-Wilhelms-Universität Bonn

vorgelegt von

IULIA CRISTIAN
aus

Galaţi, Rumänien

Bonn 2024



Angefertigt mit Genehmigung der Mathematisch-Naturwissenschaftlichen Fakultät
der Rheinischen Friedrich-Wilhelms-Universität Bonn

Gutachter / Betreuer: Prof. Dr. Juan José López Velázquez
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SUMMARY

In this thesis, we consider problems that appear in the study of coagulation models. Coagulation

equations describe the evolution in time of a system of particles that are characterized by their volume.

They are a set of non-linear, integro-differential equations and are used predominantly in the study

of blood coagulation, polymerization, and aerosol physics. A general introduction on coagulation

equations can be found in Chapter 1 of this manuscript. The objective of this thesis consists in the

analysis of models which incorporate additional information about the system of particles, as well as

the observation of the new physical phenomena which may arise due to the modifications of the model.

A first approach is the addition of variables which give information about the shape of the particles.

We thus study the long-time asymptotics of a coagulation model which describes the evolution of a

system of particles characterized by their volume and surface area. The aggregation mechanism takes

place in two stages: collision and fusion of particles. During the collision stage, the two particles merge

at a contact point. After collision, the fusion phase begins and during it the geometry of the interacting

particles is modified in such a way that the volume of the total system is preserved and the surface area

is reduced. We prove existence of self-similar profiles for some choices of the functions describing the

fusion rate for which the particles have a shape that is close to spherical. On the other hand, for other

fusion mechanisms and suitable choices of initial data, we show that the particle distribution describes a

system of ramified-like particles. The result has been obtained together with J. J. L. Velázquez [CV23]

(arXiv preprint). Chapter 2 of this thesis contains general aspects about the model and presents the

main results. Appendix A is the actual paper.

The long-time behavior of the model introduced in [CV23] depends strongly on the competition

between fusion and collision. We further study this competition with the aim of finding connections

between the solutions of our two-dimensional model in [CV23] and the standard coagulation equation.

On one hand, if the fusion process occurs at a faster rate than the collision of particles, the interacting

particles become spheres almost immediately. As such, we prove that we can reduce our model to
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the standard one-dimensional model in this case. On the other hand, if the fusion term is negligible

compared to the collision term, the total area and the volume stay conserved in the process and the

particles attach to each other at a contact point. As such, we recover a two-dimensional coagulation

model in which fusion does not occur. More details can be found in Chapter 3 and Appendix B.

Chapter 3 introduces the results of Appendix B. The contents of Appendix B can be found in [CV24]

and were published in Journal de Mathématiques Pures et Appliquées. The results were obtained in

collaboration with J. J. L. Velázquez.

Another possibility to incorporate more information about the system of particles is the addition

of a term which represents an external source that injects particles into the system. For this model,

only the regime where the transport of mass toward infinity is due to the collision between particles

of comparable sizes has been studied. We study the long-time behavior of solutions for a range of

exponents for which the transport of mass toward infinity is driven by collisions between particles of

different sizes. This leads to an additional transport term in the coagulation equation that approximates

the solution of the original coagulation equation with injection for large times. The paper is available

online [CFFV23] and was published in Archive for Rational Mechanics and Analysis. A short over-

view of the paper can be found in Chapter 4, while the paper is contained in Appendix C. This is a joint

work with M. A. Ferreira, E. Franco, and J. J. L. Velázquez.

Additional variables to the standard coagulation models can also be used to describe the position

in space of the particles. In [CNV24b], we study a two-dimensional coagulation equation which is in-

homogeneous in the spatial variable and contains a transport term in space modeling the sedimentation

of clusters. We prove local existence of mass-conserving solutions for a class of coagulation kernels

for which in the space homogeneous case instantaneous loss of mass occurs. Our result holds true in

particular for sum-type kernels of homogeneity greater than one, for which solutions do not exist at

all in the spatially homogeneous case. Moreover, our result covers kernels that in addition vanish on

the diagonal, which have been used to describe the onset of rain and the behavior of air bubbles in

water. Instantaneous loss of mass for the latter type of kernel has been proven in [CNV24a], but this

paper is not included in the thesis. The paper [CNV24b] (arXiv preprint) is contained in Appendix D

and an overview of the results can be found in Chapter 5. The results were obtained together with B.

Niethammer and J. J. L. Velázquez.

Lastly, we discuss in more detail the methods needed to prove our results and present possible

future research directions. This is the content of Chapter 6.
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NOTATION

Chapter 1

☞ Let d ∈ N. We denote by Rd
≥0 := [0,∞)d and by Rd

>0 =: Rd
≥0 \ {O}, where O := {(0, . . . , 0)} ∈ Rd.

☞ For n ∈ N, we use the notation i = 1, n to mean i ∈ N, 1 ≤ i ≤ n.

☞ For I ⊆ Rd
≥0, for some d ∈ N, M+(I) will denote the space of non-negative Radon measures,

while L1
+(I) will be the space of non-negative Lebesgue functions.

☞ For a function f : (0,∞)→ [0,∞), we use the notation Ml( f ) :=
∫

(0,∞) vl f (v)dv, for some l ∈ R.

We call Ml( f ) the l-th order moment of the function f .

Chapter 2 and Chapter 3

☞ We denote Rd
>0 := (0,∞)d, for d ∈ N. We use the notation η := (a, v). We will use interchange-

ably both notations for convenience.

☞ We keep the notation f (a, v)dvda or f (η)dη for Radon measures, independently of the fact that

the measure may not be absolutely continuous with respect to the Lebesgue measure.

☞ Mk,l( f ) :=
∫

(0,∞)2 akvl f (a, v)dvda, for some k, l ∈ R.

☞ We use f ≈ g to mean that there exists a constant C > 1 such that 1
C ≤

f
g ≤ C.

Chapter 4

☞ We use the notation f ∼ g as x→ x0 to indicate that limx→x0
f (x)
g(x) = 1, while we use the notation

f ≈ g to say that there exists a constant M > 1 such that 1
M ≤

f
g ≤ M.
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☞ We use the notation x ≫ 1 for large cluster sizes x. Additionally, for cluster sizes x, y, we denote

x ≫ y or y ≪ x to mean that x is much larger than y.

☞ We keep the notation f (v)dv for Radon measures, independently of the fact that the measure may

not be absolutely continuous with respect to the Lebesgue measure.

Chapter 5

☞ We use the notation f ≲ g, for two functions f , g, to mean that there exists a constant C > 0 such

that f ≤ Cg and we keep the notation f ≈ g as in the previous chapters.

Chapter 6

☞ We keep the notation from the previous chapters. Moreover, for two terms, A and B, we use the

notation A ≃ B to mean informally that A can be approximated in terms of B in the region under

consideration in the respective formula.
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CHAPTER 1

INTRODUCTION

Coagulation (or more generally coagulation-fragmentation) models are used to describe the evol-

ution in time of the size distribution of a system of particles. They play a fundamental role in a vast

variety of applications such as aerosol physics, polymerization, blood agglomeration or phytoplankton

aggregation. As such, the equations have received increasing interest in the last two decades, but the

first work dates back to Marian von Smoluchowski in 1916, see [Smo16], in which he introduced an

infinite set of ordinary differential equations to describe the evolution of a system of particles which

allows interactions as a consequence of Brownian motion.

Modifications to the equation have been made depending on the described underlying process. The

most predominant models used in the mathematical literature are the discrete and continuous models

which we explain in more detail below.

Continuous version - coagulation equations

We denote by f (v, t) the number of particles of volume v at time t and wish to describe the evolution

in time of f keeping in mind the following assumptions

☞ only binary collisions are allowed, i.e., only two particles can interact with each other;

☞ the process does not depend on the order of interaction between particles;

☞ once two particles collide, they form a new particle with volume equal to the sum of the volumes

of the two interacting particles.

The continuous version of the coagulation equation dates back to [Mü28] and is a non-linear, integro-
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CHAPTER 1. INTRODUCTION

differential equation with the form

density
of particles
↓

∂t f (v, t) =
1
2

∫
(0,v)

K(v − v′, v′) f (v′, t) f (v − v′, t)dv′︸                                            ︷︷                                            ︸
gain mass
↑

(v−v′)+(v′)=(v)

−

∫
(0,∞)

collision operator︷  ︸︸  ︷
K(v, v′) f (v, t) f (v′, t)dv′︸                                         ︷︷                                         ︸

lose mass
↑

collision with other particles

(1.0.1)

=: K[ f ](v, t),

where K(v, v′), for v, v′ ∈ (0,∞), represents the collision speed between a particle of volume v and a

particle of volume v′. The derivation of this equation can be understood as follows. On one side, if two

particles of smaller volume interact, such that the sum of their volumes equals v, then the total number

of particles of volume v increases. The first term in (1.0.1) keeps track of this type of interactions and

will be termed as the gain term. On the other side, if the particle of volume v interacts with a particle

of any given volume, then its volume increases and the total number of particles of volume v decreases.

The second term in (1.0.1) is used to count this type of interactions and will be termed from now on as

the loss term.

From the physical assumptions that the model needs to satisfy, we can derive conditions for f and

K as follows

☞ f represents the number of particles and as such f ≥ 0;

☞ the order of interactions does not matter, so K is a symmetric function.

Discrete version - coagulation equations
We assume that we are interested in clusters that are composed of identical fundamental units,

which we call monomers. This implies that the mass of a cluster is a multiple of the mass of the

fundamental unit and, as a direct consequence, it suffices to analyze only discrete values of the mass. It

is worthwhile to mention here that the mass can be replaced by equivalent quantities such as polymer

length. This leads us to the following discrete model for the function fn at time t

∂t fn(t) =
1
2

n−1∑
i=1

K(n − i, i) fi(t) fn−i(t) −
∞∑

i=1

K(n, i) fn(t) fi(t) =: K[ f ](n, t), n ≥ 2, (1.0.2)

where K(i, j), for i, j ∈ N, is the collision speed between a cluster of size i and a cluster of size j. The

assumptions and conditions made for the continuous version are the same for the discrete case, the

only difference is that our functions f and K now take discrete values.

The model in (1.0.2) gives a straightforward interpretation of how the model is derived. The gain

term is obtained by counting the number of all the possible interactions that can occur between clusters

of size smaller than n that lead to the formation of a cluster of size n. The 1
2 in front of the gain term

2



1.1. ASSUMPTIONS ON THE COAGULATION KERNEL

appears in order to avoid the double counting of interactions. In the same manner, the loss term is

obtained by counting all possible interactions between clusters of size n and clusters of any different

size, only in this case double counting cannot happen.

A first observation to the discrete model however is related to the interaction between clusters of

the same size as it does not respect the counting rule described above. In [Col04] the following model

is discussed

∂t fn(t) =
1
2

n−1∑
i=1,i, n

2

K(n − i, i) fi(t) fn−i(t) + K
(n
2
,

n
2

)(
f n

2
(t)

)2

−

∞∑
i=1,i,n

K(n, i) fn(t) fi(t) − 2K(n, n)( fn(t))2,

for when n is even, and

∂t fn(t) =
1
2

n−1∑
i=1

K(n − i, i) fi(t) fn−i(t) −
∞∑

i=1,i,n

K(n, i) fn(t) fi(t) − 2K(n, n)( fn(t))2,

for n odd, as in this case terms of the form K(i, i), for i ∈ N, cannot appear in the gain term. However,

the simplified form in (1.0.2) is the standard discrete version which is analyzed in both the physical

and mathematical literature as it offers a sufficiently good approximation for applications.

1.1 Assumptions on the coagulation kernel

We gather here some standard assumptions for the coagulation kernel in (1.0.1) and offer some

examples that will be of importance later on. As mentioned before, because of the underlying physical

setting, K needs to be a symmetric, non-negative function. Thus, we assume that

K(v, v′) ≥ 0, for all v, v′ ∈ (0,∞), (1.1.1)

and that

K(v, v′) = K(v′, v), for all v, v′ ∈ (0,∞). (1.1.2)

The most common examples of coagulation kernels found in applications have the form of power laws.

The existing results for coagulation processes treat kernels which can be estimated from above by such

power laws, namely

K(v, v′) ≤ K1
(
vαv′β + vβv′α

)
, (1.1.3)

for some α, β ∈ R and some constant K1 > 0. Sometimes a similar bound from below is also necessary.

We will mention this condition explicitly when we encounter such cases.

We now offer some specific examples of coagulation kernels that can be found in applications.
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CHAPTER 1. INTRODUCTION

The constant kernel

The most standard example of collision rate is the case when the interaction of particles does not

depend on the cluster size, i.e., we work with a constant coagulation kernel. While a simple example,

this type of kernel is rather rich in features and was used as a motivation for many of the existing con-

jectures in coagulation equations, such as the long-time behavior of solutions, which will be explained

in more detail in Subsection 1.5. It is thus understandable that particular attention should be assigned to

the analysis of solutions in this case. We first present some general properties of coagulation equations

that would make this analysis easier to follow. Thus, we only mention the constant kernel here and will

further discuss its properties in Subsection 1.5.

Example of coagulation kernels used in the study of polymers

We work here with the discrete-sized version of the model as it is more often encountered in the

study of polymerization. The following assumptions are taken from [BLL19a, Section 2.2.3], which

follows the discussion in [vDE84]. We suppose that

1 Each polymer in the system is composed of identical monomers, with an n-mer comprising of n

monomers.

2 Each monomer carries an identical number of fundamental groups, some of which can form

chemical bonds with fundamental groups carried by monomers in other polymers.

3 Intramolecular reactions leading to cyclic structures do not occur.

We consider the case when a monomer is formed of m ∈ N identical fundamental A groups and thus

we can only have chemical bonds of the form A − A. The coagulation rate K(n, j) is proportional to

the number of bonds that can occur between an n-mer and a j-mer. For this setting, an n-mer will have

2(n− 1) reacted A groups and n(m− 2)+ 2 unreacted A groups. We refer to Figure 1.1 for more details.

Thus, we can deduce that

K(n, j) is proportional to [n(m − 2) + 2] × [ j(m − 2) + 2].

Since m is a constant which represents the number of fundamental groups forming a monomer, the

resulting kernel is of order n j up to multiplication by some constant. As such, product kernels K(n, j) =

n j play an important role in the study of polymerization. Similar computations can be made for more

complicated structures, also leading to product-type kernels. We refer to [BLL19a, Section 2.2.3] and

[vDE84] for further details.
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Figure 1.1: Derivation of the kernel when monomers carry identical fundamental A groups

Example of coagulation kernels used to describe rain formation

We consider the continuous version of the coagulation model and follow the discussion in [HNS07].

This choice of kernel is motivated as follows. We assume that spherical particles can move on the

vertical line (due to gravitation or buoyancy) and merge upon touching. The cross-section of interaction

between two particles of radii r and r′, and volume v and v′, respectively, that merged upon touching

is given by then π(r + r′)2, which can be described in terms of volume as (v
1
3 + v′

1
3 )2. We omit the

constants here as the relevant contribution is given by the dependence on the volume of the coagulation

rate.

Additionally, the velocity is taken to be approximately v
2
3 , which represents the Stokes velocity of

a rigid sphere with no slip boundary condition, and the collision rate between two particles is taken to

be proportional to their relative velocities |v
2
3 − v′

2
3 |.

This leads to a sum-type kernel which vanishes on the diagonal, also referred to as a differential

sedimentation kernel in the physics literature, which has the following form

K(v, v′) = |v
2
3 − v′

2
3 |(v

1
3 + v′

1
3 )2. (1.1.4)

The model is used to describe the behavior of air bubbles in water which move due to buoyancy and it

is also valid for water droplets. We refer to [CGW78, FSV06, PK97] for more details. However, the

assumption that the particles move in space requires a different model than the one in (1.0.1), namely

an additional variable to the system. We omit further details here as this will be the subject of study of

Subsection 1.6.2.
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1.2 Coagulation-fragmentation models

For completeness, we also present some versions of coagulation-fragmentation models. However,

the focus of this thesis will be on pure coagulation processes. It is useful to remark that in the case

of coagulation, only binary collisions are allowed and multiple collisions lead to significantly more

complicated models. In the case of fragmentation however, particles can breakup into two or multiple

smaller particles. We term the former process as binary fragmentation, while the latter is called multiple

fragmentation.

Discrete coagulation-fragmentation

When we work with discrete values and in the case of multiple fragmentation, we arrive to the

following model, which has been studied for example in [BT45, Lau02, Zif92],

∂t fn(t) = K[ f ](n, t) − an fn(t) +
∞∑

i=n+1

aibn,i fi(t), for n ≥ 2. (1.2.1)

The term K[ f ](n, t) is the coagulation operator introduced in (1.0.2). The new terms appearing in the

model (1.2.1) compared to the model (1.0.2) can be interpreted as follows

☞ an is the fragmentation rate of an n-mer.

☞ bn,i is known as the daughter distribution function and should be thought of as the number of

n-mers produced by the fragmentation of an i-mer.

Since monomers cannot fragment further and cannot be created by the interaction of smaller entities,

the discrete version of the coagulation-fragmentation equation for n = 1 can be written as

∂t f1(t) =
∞∑

i=2

aib1,i fi(t) −
∞∑

i=1

K(1, i) f1(t) fi(t). (1.2.2)

Further assumptions can be made when considering the physical interpretation of the daughter dis-

tribution function bn,i. For example, since smaller polymers cannot produce larger polymers upon

fragmentation, it holds that

b j,i = 0 when j ≥ i. (1.2.3)

Moreover, assuming that no mass loss should occur in the system upon fragmentation, then the daugh-

ter distribution function should satisfy an equality of the form

n−1∑
j=1

jb j,n = n, for all n ≥ 2. (1.2.4)

6



1.2. COAGULATION-FRAGMENTATION MODELS

Discrete binary fragmentation has also been considered for example in [BC90], or in [BD35], for a

type of kernel which allows only single monomers to interact with clusters. We will discuss more de-

tails about the connection between binary and multiple fragmentation when we present the continuous

version of the model (1.2.1).

Continuous coagulation-fragmentation

The continuous version of (1.2.1) can be found in [MZ87, VZ89] and takes the following form

∂t f (v, t) = K[ f ](v, t) − a(v) f (v, t) +
∫

(v,∞)
a(v′)b(v, v′) f (v′, t)dv′, (1.2.5)

whereK is the coagulation operator introduced in (1.0.1). We remind that we are in the case of multiple

fragmentation. The terms a and b in (1.2.5) are the continuous counterpart of the same terms in (1.2.1)

and have the same physical interpretation. As such, the daughter distribution function b satisfies the

same properties as in the discrete case, namely

b(v′, v) = 0 when v′ > v and
∫

(0,v)
v′b(v′, v)dv′ = v. (1.2.6)

There exist other equivalent [Mel57] or closely related [Fil61] formulations of (1.2.5) in the mathemat-

ical literature. For example, the following coagulation-fragmentation model is used to describe binary

fragmentation, cf. [Ste89, Ste90],

∂t f (v, t) = K[ f ](v, t) −
1
2

∫
(0,v)

F(v′, v − v′) f (v, t)dv′ +
∫

(v,∞)
F(v, v′ − v) f (v′, t)dv′ (1.2.7)

= K[ f ](v, t) −
1
2

∫
(0,v)

F(v′, v − v′) f (v, t)dv′ +
∫

(0,∞)
F(v, v′) f (v + v′, t)dv′.

The terms appearing due to fragmentation in (1.2.7) can be understood as follows

☞ F(v′, v) represents the fragmentation rate of a particle of volume v + v′ into a particle of volume

v′ and a particle of volume v. Since a particle can only decompose into two particles, F needs to

be symmetric.

☞
∫

(v,∞) F(v, v′ − v) f (v′, t)dv′ represents the production of particles of volume v, due to the frag-

mentation of larger particles.

☞ − 1
2

∫
(0,v) F(v′, v − v′) f (v, t)dv′ represents the loss of particles of volume v, due to their fragment-

ation into a particle of volume v′ and a particle of volume v − v′, with v′ < v.

Equation (1.2.7) is equivalent to equation (1.2.5) in the case when particles can only fragment into two

smaller particles. Indeed, assuming in the model (1.2.5) that only binary fragmentation can occur and

7



CHAPTER 1. INTRODUCTION

remembering that the daughter distribution function b(v′, v) represents the expected number of particles

of volume v′ produced by a particle of volume v, then b satisfies the following conditions∫
(0,v)

b(v′, v)dv′ = 2 and b(v′, v) = b(v − v′, v) with v′ < v. (1.2.8)

Define now the fragmentation rate F to be

F(v, v′) := a(v + v′)b(v, v + v′).

Notice that F is indeed symmetric since due to (1.2.8) it holds that

F(v, v′) = a(v + v′)b(v, v + v′) = a(v + v′)b(v′, v + v′) = F(v′, v).

With this definition of F, we arrive to equation (1.2.7) by noticing that due to (1.2.8) we have that

1
2

∫
(0,v)

F(v′, v − v′) f (v, t)dv′ =
a(v) f (v, t)

2

∫
(0,v)

b(v′, v)dv′ = a(v) f (v, t).

Conversely, we can obtain (1.2.5) with a daughter distribution function satisfying (1.2.8) from (1.2.7)

by choosing the functions a and b in an appropriate manner. We refer to [BLL19a, Subsection 2.2.2]

for more details.

1.3 The weak formulation of the coagulation model

Most of the results discussed in this thesis hold for weak solutions of some coagulation models. As

such, we show now how one can derive the weak formulation of (1.0.1). We test (1.0.1) with a suitable

test function φ(v) and arrive to the equation

∂t

∫
(0,∞)

f (v, t)φ(v)dv =
1
2

∫
(0,∞)

∫
(0,v)

K(v − v′, v′) f (v′, t) f (v − v′, t)φ(v)dv′dv

−

∫
(0,∞)

∫
(0,∞)

K(v, v′) f (v, t) f (v′, t)φ(v)dv′dv. (1.3.1)

For the gain term, we use Fubini’s theorem and then make the change of variable z = v − v′ in order to

deduce that ∫
(0,∞)

∫
(0,v)

K(v − v′, v′) f (v′, t) f (v − v′, t)φ(v)dv′dv

=

∫
(0,∞)

∫
(v′,∞)

K(v − v′, v′) f (v′, t) f (v − v′, t)φ(v)dvdv′

=

∫
(0,∞)

∫
(0,∞)

K(z, v′) f (v′, t) f (z, t)φ(z + v′)dzdv′. (1.3.2)

8



1.4. MASS-CONSERVING SOLUTIONS AND GELATION IN COAGULATION EQUATIONS

From (1.3.2) and then using the symmetry of the coagulation kernel in the loss term, we can rewrite

(1.3.1) as

∂t

∫
(0,∞)

f (v, t)φ(v)dv =
1
2

∫
(0,∞)

∫
(0,∞)

K(v, v′) f (v, t) f (v′, t)χφ(v, v′)dv′dv, (1.3.3)

where we denoted by

χφ(v, v′) := φ(v + v′) − φ(v) − φ(v′). (1.3.4)

Equation (1.3.3) is known as the weak formulation of the coagulation equation. Intuitively, the under-

lying coagulation process is now incorporated within the test function φ. More precisely, the term χφ

in (1.3.4) is understood as follows: for the formation of a particle of volume v+v′, a particle of volume

v and a particle of volume v′ are needed.

1.4 Mass-conserving solutions and gelation in coagulation equations

Since the volume of a new particle is always the sum of the volumes of other two interacting

particles, the solutions of (1.3.3) should in principle conserve the total mass of the system. This can be

noticed at a formal level by testing in (1.3.3) with φ ≡ v, from which we deduce that

∂t

∫
(0,∞)

f (v, t)φ(v)dv = 0 and thus
∫

(0,∞)
f (v, t)φ(v)dv =

∫
(0,∞)

f (v, 0)φ(v)dv, for all t ≥ 0. (1.4.1)

However, φ ≡ v is not a valid test function when looking for example for solutions f of (1.3.3) which

belong to C([0,∞); L1
+(0,∞)) or C([0,∞); M+(0,∞)) and significant research has been conducted to-

ward finding the exact conditions under which solutions of coagulation equations conserve mass.

More precisely, when the coagulation rate K has the form of a power law of homogeneity γ (or is

bounded from above by such a kernel), it is known that global in time existence of mass-conserving

solutions can be proven when γ < 1. This is relevant as most of the kernels used in applications are

power laws or similar kernels, as seen in Subsection 1.1. For the continuous version of the coagula-

tion equation, existence results can be traced back to [Gal77], while for the continuous coagulation-

fragmentation equation for unbounded kernels, the first existence result was due to [Ste89].

However, one can consider for example the case of polymerization. Polymers can form links

between them which leads to larger polymers. If we deal with fast interactions, the linking of larger

polymers will lead to the formation of a macroscopic molecule, point in which the viscosity of the

system will increase. This phenomenon is known as gelation (or gel formation) and it can be also

explained mathematically.

When the coagulation kernel is a power law (or bounded from above and below by a power law)

of homogeneity γ > 1, solutions to (1.3.3) do not conserve mass. A general proof of this can be found
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in [EMP02]. As in the case of polymerization, this can be explained as follows. Fast interactions for

large particles will lead to the formation of a molecule with infinite mass. However, our equation does

not take infinity into account and mathematically this can be observed by a loss of mass. The mass that

was lost is termed as the gel part and can be thought as the part of the solution that has become a gel,

while the leftover mass is the part that has not yet been converted. In order to explain in more detail

the different situations that can occur, we define Tgel as the point in time when the mass loss occurs,

namely

Tgel := sup
{
t ≥ 0 :

∫
(0,∞)

v f (v, t)dv =
∫

(0,∞)
v f (v, 0)dv

}
. (1.4.2)

Tgel will be termed from now on as the gel point. The following tables are taken from [BLL19b, Section

9] and portray the existing results for two of the main types of coagulation rates.

K(v, v′) = (vv′)
γ
2

γ ∈ [0, 1] mass-conserving solutions
γ ∈ (1, 2] gelation in finite time
γ > 2 instantaneous gelation

K(v, v′) = vγ + v′γ

γ ∈ [0, 1] mass-conserving solutions
γ > 1 non-existence in L1

For product-type kernels, i.e., K(v, v′) = (vv′)
γ
2 , it has been proven that gelation happens in finite

time when γ ∈ (1, 2] and that Tgel = 0 when γ > 2, phenomenon also known as instantaneous gelation.

For sum-type kernels, i.e., K(v, v′) = vγ + v′γ, solutions of (1.3.3) belonging to L1 do not exist. This

follows by contradiction from the following properties of solutions in this case. More precisely, due to

the form of the coagulation kernel, it has been proven in [BC90] in the discrete case that, if solutions

exist, they must be mass-conserving solutions. On the other hand, for this type of kernels and in the

discrete case, instantaneous gelation has been proven in [CdC92]. Thus, if solutions exist, they need

to lose mass in zero time, as well as to conserve the mass, from where the needed contradiction is

deduced. Adaptations of this proof to the continuous case can be found in [BLL19b].

It is worthwhile to mention that it is rather straightforward to notice that gelation occurs in the

particular case when K(v, v′) = vv′. We test in (1.3.3) with φ(v) ≡ 1 and consider t ≤ Tgel, where Tgel

is as in (1.4.2). It follows that∫
(0,∞)

f (v, t)dv −
∫

(0,∞)
f (v, 0)dv = −

1
2

∫ t

0

( ∫
(0,∞)

v f (v, s)dv
)2

ds

t≤Tgel
= −

1
2

( ∫
(0,∞)

v f (v, 0)dv
)2

t.

Moreover, by the non-negativity of f , we further deduce that

0 ≤
∫

(0,∞)
f (v, t)dv =

∫
(0,∞)

f (v, 0)dv −
1
2

( ∫
(0,∞)

v f (v, 0)dv
)2

t
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and thus we obtain that

t ≤

∫
(0,∞) f (v, 0)dv

1
2

( ∫
(0,∞) v f (v, 0)dv

)2 < ∞,

for all t ≤ Tgel. In other words, Tgel < ∞.

While the proof is short, similar computations can be adapted to hold for more general classes

of kernels. Moreover, the product kernel plays a significant role in applications to polymerization, as

explained in Subsection 1.1. The fact that gelation occurs in the case of the product kernel can be traced

back to [LT81] in the case of coagulation equations and to [Lau00] for coagulation-fragmentation

models.

1.5 Self-similar profiles

As explained before, since the constant kernel was used as a basis for the intuition behind self-

similar profiles, we first show some formal computations describing solutions for the constant kernel.

The constant kernel revised

For computational considerations, let us choose K(v, v′) ≡ 2, for all v, v′ ∈ (0,∞), and we consider

an initial condition of the form f (v, 0) = e−v. We test with φ(v) ≡ 1 in (1.3.3) and (1.3.3) becomes in

this case

∂t M0( f (t)) = −M2
0( f (t)), (1.5.1)

which leads us to

M0( f (t)) =
M0( f (0))

tM0( f (0)) + 1
=

1
t + 1

. (1.5.2)

We remember that due to mass conservation, see (1.4.1), we also have

M1( f (t)) = M1( f (0)) = 1. (1.5.3)

Using now the form of the zero-th order moment (1.5.2) in (1.0.1), we obtain that in the case of the

constant kernel our solution f solves the equation

∂t f (v, t) +
2 f (v, t)

t + 1
=

∫
(0,v)

f (v − v′, t) f (v′, t)dv′. (1.5.4)

Equivalently, by multiplying with (1 + t)2 in (1.5.4), we obtain the following formulation

∂t
(
(t + 1)2 f (v, t)

)
= (t + 1)2

∫
(0,v)

f (v − v′, t) f (v′, t)dv′. (1.5.5)
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Thus, by taking

h(v, τ) := (t + 1)2 f (v, t), where τ =
1

t + 1
, (1.5.6)

we arrive to a simplified form of equation (1.5.5) for h, namely

∂τh(v, τ) = −
∫

(0,v)
h(v − v′, τ)h(v′, τ)dv′, with h(v, 1) = f (v, 0), (1.5.7)

where τ ∈ [0, 1). In 1940, Schumann [Sch40] noticed that a solution to (1.5.7) in this case is given by

h(v, τ) = e−vτ, which by (1.5.6) leads us to a solution of (1.5.4)

f (v, t) =
1

(t + 1)2 e−
v

t+1 . (1.5.8)

For more general initial conditions, Melzak [Mel53] used Laplace transform methods in order

to compute solutions to (1.5.7). For simplicity of notation, we restrict ourselves to the case when

f (v, 0) = e−v and we will obtain the same solution as above. This is since our focus is to show the

underlying methods which can be used to obtain solutions to the coagulation equations in this case,

rather than to find explicit formulas given various initial data.

For a function H, let us denote the Laplace transform of H by

Ĥ(ξ) :=
∫

(0,∞)
e−vξH(v)dv. (1.5.9)

Then, by performing in (1.5.7) similar computations with the ones in (1.3.2), we arrive to the following

equation for the Laplace transform of h, which was defined in (1.5.6),

∂τĥ(ξ, τ) = −[ĥ(ξ, τ)]2. (1.5.10)

We further deduce that

ĥ(ξ, τ) =
1

τ − 1 + 1
f̂ (ξ,0)

. (1.5.11)

In the particular case when f (v, 0) = e−v, direct computations show that ĥ(ξ, 1) = f̂ (ξ, 0) = 1
ξ+1 .

This implies by (1.5.11) that ĥ(ξ, τ) = 1
τ+ξ . We can then conclude by noticing that this is the Laplace

transform of h(v, τ) = e−vτ.

For more general initial conditions, since ĥ(ξ, τ) = (t+1)2 f̂ (ξ, t) and τ = 1
t+1 , we obtain by (1.5.11)

that

f̂ (ξ, t) =
f̂ (ξ, 0)

(t + 1)2

(
1 −

t f̂ (ξ, 0)
t + 1

)−1
. (1.5.12)
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By using the power series decomposition 1
1−x =

∑∞
n=0 xn, for x = t f̂ (ξ,0)

t+1 , and applying the inverse

Laplace transform, which we denote by L−1, term by term, we obtain that

f (v, t) =
1

(t + 1)2

∞∑
n=0

( t
t + 1

)n
L−1

(
f̂ (ξ, 0)n+1

)
(v, t). (1.5.13)

We can apply the formula (1.5.13) when f (v, 0) = e−v. Since f̂ (ξ, 0)n+1 = 1
(ξ+1)n+1 and L−1

(
1

(ξ+1)n+1

)
=

vne−v

n! , it follows that

f (v, t) =
1

(t + 1)2

∞∑
n=0

( vt
t + 1

)n e−v

n!
=

1
(t + 1)2 e−

v
t+1 . (1.5.14)

We notice that the solution in (1.5.14) corresponds to the one in (1.5.8), while keeping in mind that

the methods using the Laplace transform have the advantage that they can be used to obtain solutions

of (1.5.4) for more general initial data.

Self-similar profiles for general types of kernels

One can ask what is the expected long-time behavior of solutions to (1.0.1). Since the particles

coagulate and form larger particles, it is expected that, for pure coagulation processes, all the particles

have merged after sufficiently long time has passed. It was proven rigorously in [BLL19b, Section

10.2] that

lim
t→∞

M0( f (t)) := lim
t→∞

∫
(0,∞)

f (v, t)dv = 0 (1.5.15)

by only requiring some positivity assumption for the coagulation kernel K. However, this result does

not offer much information about the qualitative behavior of solutions and other methods for the ana-

lysis of the behavior of solutions to (1.0.1) are expected.

Further intuition on this matter can be derived from explicitly solvable kernels, such as the case of

the constant kernel K ≡ 2. As noticed in (1.5.8), the system (1.0.1) with K ≡ 2 and f (v, 0) = e−v has

an explicit solution of the form

f (v, t) =
1

(t + 1)2 f
( v
t + 1

, 0
)
, for t ∈ [0,∞), v ∈ (0,∞). (1.5.16)

We denote by σ(t) := 1+ t and direct computations show that the zero-th order moment in this case

is given by M0( f (t)) = 1
t+1 , where M0( f (t)) is as in (1.5.15), while the first order moment M1( f (t)) :=∫

(0,∞) v f (v, t)dv = 1. Thus, it holds that

σ(t) =
M1( f (t))
M0( f (t))

(1.5.17)

and as such σ(t) can be regarded as the average particle size at time t.
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For the initial condition f (v, 0) = δ(v − 1) in the case of the constant kernel K ≡ 2, it was shown

in [Sch40] that the solution to (1.0.1) approaches the solution in (1.5.16). It was also proven in [KP94]

that the solution in (1.5.16) attracts all solutions with M1( f (0)) = 1 which decay exponentially fast as

v→ ∞.

Following the approach performed in the case of the constant kernel, the so-called scaling hy-

pothesis suggests that the long-time behavior of solutions is described by self-similar profiles of the

form

f (v, t) =
1

σ(t)d g
( v
σ(t)

)
, for some d ∈ R. (1.5.18)

Furthermore, we deduce from (1.5.15) and (1.5.17) thatσ(t) should go to infinity as t → ∞. We assume

without loss of generality that σ(0) = 1.

Available results about self-similar profiles assume that the coagulation kernels are homogeneous.

Thus, we work with kernels which satisfy the property that

K(λv, λv′) = λγK(v, v′), (1.5.19)

for any λ ∈ (0,∞), v, v′ ∈ (0,∞), and for some γ ∈ R. This includes most of the coagulation kernels

used in applications, as discussed in Subsection 1.1. We restrict our analysis to the case of mass-

conserving solutions. More precisely, we need to choose γ < 1 in (1.5.19), as shown in Subsection

1.4. Direct computations show that we need to take d = 2 in (1.5.18) in order to have mass-conserving

solutions since∫
(0,∞)

vg(v)dv =
∫

(0,∞)
v f (v, 0)dv =

∫
(0,∞)

v f (v, t)dv =
∫

(0,∞)

v
σ(t)d g

( v
σ(t)

)
dv =

1
σ(t)d−2

∫
(0,∞)

ṽg(ṽ)dṽ.

Plugging (1.5.18) for d = 2 into (1.0.1), we find that g solves the equation:

σ(t)−γ∂tσ(t)
(
− v∂vg(v) − 2g(v)

)
= K[g](v). (1.5.20)

Separating the variables, we obtain that

σ(t)−γ∂tσ(t) = c, (1.5.21)

for some c > 0 and that

c
(
− v∂vg(v) − 2g(v)

)
= K[g](v). (1.5.22)

Solving (1.5.21) under the condition that γ < 1 and that σ(0) = 1, we obtain that

σ(t) =
(
1 + c(1 − γ)t

) 1
1−γ
, (1.5.23)
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which is in accordance with the fact that we expect σ(t)→ ∞ as t → ∞.

We notice that if g is a solution to (1.5.22) with parameter c > 0 and mass M := M1(g), then

G := kg(lv) is a solution to (1.5.22) with parameter ckl−γ−1 and mass M1(G) = kl−2M. Since γ < 1, we

can use this rescaling argument to find appropriate k and l in order to assume without loss of generality

that

M1(g) = 1 and c =
1

1 − γ
, (1.5.24)

so that σ in (1.5.23) becomes

σ(t) = (1 + t)
1

1−γ . (1.5.25)

We thus arrive to the following equation for self-similar profiles

−v∂vg(v) − 2g(v) = (1 − γ)K[g](v) with M1(g) = 1. (1.5.26)

The first step into the study of self-similar profiles is to rigorously prove the existence of solutions

to (1.5.26). This has been proven for example in [FL05] for finite mass solutions or in [NV12] for

solutions with infinite mass. However, there exist very few rigorous results proving that self-similar

profiles describe the long-time behavior of solutions to (1.0.1) in the literature. We refer here to [MP04]

for a detailed analysis of the long-time behavior of solutions to (1.0.1) for explicitly solvable kernels.

In order to prove existence of solutions to (1.5.26) in the case of homogeneous kernels for which

solutions cannot be explicitly computed, the standard approach is to use fixed point methods. More

precisely, we look at time-dependent problem

∂tg(v, t) = v∂vg(v, t) + 2g(v, t) + (1 − γ)K[g](v, t) (1.5.27)

and notice that a solution to (1.5.26) is a stationary solution in time of (1.5.27). Moreover, we can

correlate solutions to (1.0.1) with solutions to (1.5.27) via

g(v, t) := e2t f (vet, e(1−γ)t − 1), (1.5.28)

or conversely

f (v, t) = (1 + t)−
2

1−γ g
( v

(1 + t)
1

1−γ

,
ln(1 + t)

1 − γ

)
, (1.5.29)

for all v ∈ (0,∞) and t ∈ [0,∞). Existence of solutions to (1.5.27) thus follows directly from the

existence of solutions to (1.0.1).
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1.6 Modified coagulation models

While the models in (1.0.1), (1.0.2) offer sufficient information for application purposes, it is often

challenging to incorporate additional information about the system about quantities which cannot be

expressed in terms of the volume. In recent years, a multitude of works about modified models of

(1.0.1) has emerged. This can be achieved for example by adding additional terms to the equation and

here we refer to the addition of an external source term which injects particles into the system. Another

approach is the addition of other variables which can play an important role in the description of the

system such as information about the chemical structure of the monomers, about their shape or about

their position in space. We discuss these examples below as they will be the main focus of this thesis.

We present coagulation models with an added source term in Subsection 1.6.1 and multi-dimensional

coagulation equations in Subsection 1.6.2.

1.6.1 Coagulation equations with source

In addition to allowing coagulation of particles, we can assume that there exists a source term that

injects particles into the system, which we can incorporate into the model (1.0.1) as follows

∂t f (v, t) =
1
2

∫
(0,v)

K(v − v′, v′) f (v′, t) f (v − v′, t)dv′ −
∫

(0,∞)
K(v, v′) f (v, t) f (v′, t)dv′ + η(v)

↑
source

. (1.6.1)

In addition to self-similar profiles, stationary solutions provide another set of solutions which may

describe the long-time behavior of solutions to (1.6.1). The physical interpretation of this type of

solutions is that the source term can inject particles into the system at the same rate at which particles

coagulate to form larger clusters. More precisely, one looks for functions f (v) which satisfy

0 = K[ f ](v) + η(v). (1.6.2)

The well-posedness of stationary solutions in the case of bounded kernels has been obtained in

[Dub94]. The existence of solutions of the time-dependent problem (1.6.1) in the case when the portion

of mass contained in the zero size particles is positive and under certain conditions for the coagulation

kernel has been obtained in [EM06]. More recently, precise conditions for the existence and non-

existence of stationary solutions in the case of a compactly supported source term for a general class

of coagulation kernels have been obtained in [FLNV21b].

Flux of mass

In the rest of this subsection we discuss some properties of the stationary solutions for the coagu-

lation equation with source as in (1.6.2) in relation to the transport of mass from smaller clusters to
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1.6. MODIFIED COAGULATION MODELS

clusters of larger size. Multiplying in (1.0.1) with φ(v) = v1(0,z], we obtain that

∂t

∫
(0,z]

v f (v, t)dv = −J(z; f ), (1.6.3)

where

J(z; f ) :=
∫

(0,z]

∫
[z−v,∞)

vK(v, v′) f (v, t) f (v′, t)dv′dv. (1.6.4)

J(z; f ) is termed in the literature as the flux of mass from sizes smaller than z to sizes larger than z.

Solutions for the standard coagulation equation (1.0.1) which have in addition the property that J(z; f )

is constant are known as constant flux solutions.

It is clear that in the case of coagulation equations with source one does not have mass-conservation

due to the presence of the source term. However, as in (1.6.3), we can rewrite (1.6.1) by means of the

flux of mass and thus we obtain that

∂t

∫
(0,z]

v f (v, t)dv = −J(z; f ) +
∫

(0,z]
vη(v)dv. (1.6.5)

If
∫

(0,∞) vη(v)dv < ∞ and we can pass to the limit as z → ∞ in (1.6.5), this would imply that the total

mass of particles increases linearly in time.

Similarly with (1.6.3), by multiplying with v in equation (1.6.2), we deduce that in the case of

stationary solutions of coagulation equations with source it holds that

∂vJ(v; f ) = vη(v).

In the case of a compactly supported source term η, this implies that J(v; f ) is constant for large

particles and thus stationary solutions of equation (1.6.1) are constant flux solutions for large particles.

We conclude this subsection by mentioning that J(v; f ) also plays a role in the study of self-similar

profiles introduced in Subsection 1.5. Another representation of equation (1.5.26) is more convenient

for some particular choices of coagulation kernels. More precisely, we multiply formally in (1.5.26)

with vφ(v) and then use the symmetry of the coagulation kernel to deduce that∫
(0,∞)

φ(v)∂v
(
v2g(v)

)
dv = − (1 − γ)

∫
(0,∞)

∫
(0,∞)

vK(v, v′)g(v)g(v′)[φ(v + v′) − φ(v)]dv′dv

= −(1 − γ)
∫

(0,∞)

∫
(0,∞)

vK(v, v′)g(v)g(v′)
∫

[v,v+v′]
∂zφ(z)dzdv′dv.

Applying Fubini’s theorem, we further obtain that∫
(0,∞)

v2g(v)∂vφ(v)dv = (1 − γ)
∫

(0,∞)
∂zφ(z)

∫
(0,z]

∫
[z−v,∞)

vK(v, v′)g(v)g(v′)dv′dvdz,

which leads to the following reformulation of (1.5.26) assuming a suitable behavior of the function

v2g(v)

v2g(v) = (1 − γ)
∫

(0,v]

∫
[v−v′,∞)

v′K(z, v′)g(z)g(v′)dzdv′ = J(v; g). (1.6.6)
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1.6.2 Multi-dimensional coagulation equations

Multicomponent coagulation systems used to describe the chemical structure of monomers

Allowing the situation in which the clusters are formed of different types of monomers and keeping

track of the composition of clusters plays a significant role in atmospheric science. For example, the

resulting effects on the composition of clusters when the interacting particles are sulfuric acid and

ammonia (acid-base interactions) are discussed in [OKMO+13].

Figure 1.2: Clusters of different chemical composition

In the mathematical literature, existence of solutions for these types of models was discussed in

[FLNV23]. More precisely, for some d ∈ N, we now consider v ∈ Rd
+ \ {O} with components v =

(v1, . . . , vd). For two elements v, v′ ∈ Rd
+ \ {O}, we say that v′ < v if v′i ≤ vi, for all i = 1, d and

v′ , v. Following the logic behind the derivation of its one-dimensional counterpart, we are lead to the

following model

∂t f (v, t) =
1
2

∫
{0<v′<v}

K(v − v′, v′) f (v − v′, t) f (v′, t)dv′

−

∫
Rd
+\{O}

K(v, v′) f (v, t) f (v′, t)dv′ + η(v), (1.6.7)

where η represents the source term as described in Subsection 1.6.1 and we allow η ≡ 0 in the case of

pure coagulation processes.

For pure coagulation processes (i.e., η ≡ 0), we have conservation of the total mass of each

monomer type. More precisely, if we denote by |v| :=
∑d

i=1 vi, one can obtain formally that

∂t

( ∫
Rd
+\{O}

v f (v, t)dv
)
= 0 and ∂t

( ∫
Rd
+\{O}
|v| f (v, t)dv

)
= 0, (1.6.8)

where the first equality in (1.6.8) is to be understood as a vector equality.

An interesting property of solutions to (1.6.7) in the case of η ≡ 0 that does not occur in the case of

one-dimensional coagulation models is the localization property. In other words, large particles tend
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1.6. MODIFIED COAGULATION MODELS

to concentrate along a line whose orientation is uniquely determined by the cluster composition of the

initial data. The same feature arises in the case of stationary solutions for non-trivial source terms

and the direction in this case depends on the first order moment of the source term. The localization

property has been proven for a general class of kernels in [FLNV21a, FLNV22].

A consequence of the localization property is that it can be used to compute self-similar profiles of

(1.6.7) in the case when η ≡ 0 in terms of self-similar profiles of the one-dimensional model (1.0.1),

thus establishing a clear connection between standard one-dimensional models and their multicompon-

ent counterpart.

Multi-dimensional coagulation models describing particles with different geometrical shapes

Assume that at initial time we have a system of spherical particles. We deal with a coagulation

model describing the evolution of this particle system in which we characterize the particles by their

volume and surface area, namely

density of particles
↓

∂t f (a, v, t) +

finite fusion time⇒ changes in the area︷                                                ︸︸                                                ︷
∂a

(
r(a, v)
↑

fusion kernel

( c0v
2
3

↑

area of the sphere

− a) f (a, v, t)
)
= K[ f ](a, v, t)︸        ︷︷        ︸

collision operator

, (1.6.9)

where c0 := (36π)
1
3 represents the surface area of a sphere of volume one and where K is the two-

dimensional counterpart of the one-dimensional coagulation operator introduced in (1.0.1), namely

K[ f ](a, v, t) :=
1
2

∫
(0,a)×(0,v)

K(a − a′, v − v′, a′, v′) f (a′, v′, t) f (a − a′, v − v′, t)dv′da′

−

∫
(0,∞)2

K(a, v, a′, v′) f (a, v, t) f (a′, v′, t)dv′da′. (1.6.10)

Compared to the standard one-dimensional models, this model incorporates information about the geo-

metry of the particles in addition to information about their volume and has been used in the physical

literature in the study of aerosol flame reactors, see [Fri00]. We describe the coagulation process as a

combination between collision (moment in time in which the particles attach each other at a contact

point) and fusion (the process that begins after the collision of particles up until the newly-formed

particle becomes a sphere). We allow the fusion time to be positive, i.e., the two interacting particles

do not become a sphere immediately after collision. Thus, the operator K in (1.6.10) is now used to

describe the collision of particles. The two-dimensionality of the model together with the second term

on the left-hand side of (1.6.9) offer information about the changes in shape of the particles during the

fusion process and hence we call this term the fusion term. We omit further details here as we will

discuss this model in a different section.
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Multi-dimensional coagulation models describing rain formation

A space-dependent coagulation equation has been used to model rain formation or the behavior

of air bubbles in water, cf. [Bur83, CD95, CD97, Dub90a, Dub90b, Gal77, Gal85, Gal87, HNS07].

Here spherical particles of volume v move in space vertically, for example due to gravitation, and

merge when their trajectories cross. This leads to the following spatially inhomogeneous coagulation

equation for the density f of particles of size v at the point x:

∂t f (x, v, t) + vα∂x f (x, v, t) =
1
2

∫
(0,v)

K(v − v′, v′) f (x, v − v′, t) f (x, v′, t)dv′

−

∫
(0,∞)

K(v, v′) f (x, v, t) f (x, v′, t)dv′, (1.6.11)

where α ∈ (0, 1), with a so called differential sedimentation kernel (sum kernel which vanishes on the

diagonal), namely

K(v, v′) = |v
2
3 − v′

2
3 |(v

1
3 + v′

1
3 )2. (1.6.12)

The derivation of the coagulation kernel (1.6.12) was discussed in Subsection 1.1. We only present the

model here as we will discuss further details in a different section.

1.7 Overview of the results

In this section we give an overview of the results that will be presented in this thesis.

Multi-dimensional coagulation models describing particles with different geometrical shapes

We wish to study the long-time behavior of the model introduced in (1.6.9). More precisely, we

study the existence of self-similar profiles for the model (1.6.9). The rescaling properties of the self-

similar profiles are chosen in a manner such that the spherical geometry of the particles is preserved

during the coagulation process. We remember that coagulation is considered a combination of collision

and fusion in this case, as explained in Subsection 1.6.2.

We notice that the long-time asymptotics of the model depend quite heavily on the competition

between the collision term and the fusion term. On one hand, we prove existence of self-similar

profiles if the fusion of particles occurs at a faster rate than the collision process for particles of large

size. Moreover, we formulate precise conditions that determine when the fusion process occurs faster

than collision. On the other hand, if the fusion term is negligible compared to the collision term, we

show that particles attach each other at a contact point, forming a fractal-like system in time. This

is since the total volume and area of the system are conserved, while the total number of particles

decreases in time. We refer to Chapter 2 for more details.
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We then further study this competition with the aim of finding connections between the solutions

of our two-dimensional model (1.6.9) and the standard coagulation equation (1.0.1). More precisely,

we analyze the model

∂t fϵ(a, v, t) +
1
ϵ
∂a[r(a, v)(c0v

2
3 − a) fϵ(a, v, t)] = K[ fϵ](a, v, t)

as ϵ → 0 and as ϵ → ∞, where c0 and K[ f ] are as in (1.6.9).

We first prove that as ϵ → 0 solutions concentrate their mass around the isoperimetric line {a =

c0v
2
3 } and tend in an appropriate sense to a measure which can be computed by solving a suitable one-

dimensional coagulation equation. This is since the fusion process takes place much faster as ϵ → 0

than the collision process. We then study the model as ϵ → ∞. In this case, the effect of the fusion

term becomes negligible and thus only the collision term contributes to the formation of particles. As

such, we recover a two-dimensional coagulation model in which fusion does not occur as ϵ → ∞. We

refer to Chapter 3 for the precise results.

Coagulation equations with source

As mentioned in Subsection 1.6.1, the precise conditions for existence and non-existence of sta-

tionary solutions as in (1.6.2) in the case of a compactly supported source term have been obtained in

[FLNV21b]. The main idea in order to prove that solutions do not exist is based on the fact that the

transfer of clusters of size of order one toward very large cluster sizes is so fast that the concentration

of clusters with size of order one would become zero. In the case when stationary solutions do not

exist, we cannot expect them to describe the long-time behavior of solutions to (1.6.1).

As such, we derive a new coagulation model in the case when the main contribution to the long-time

behavior of solutions is given by the interaction of particles of different sizes using formal arguments.

This leads to an additional transport term in the coagulation equation that approximates the solution of

the original coagulation equation with injection for large times.

We establish exact conditions for existence and non-existence of self-similar profiles for the newly-

derived model. In addition, if self-similar profiles exist, they exhibit an interesting property, namely

they vanish on an interval near the origin that we can compute explicitly. This vanishing property of

solutions is a remarkable feature that, to our knowledge, has not been observed in the literature on

self-similar solutions for the coagulation equations. For an overview of the results we refer to Chapter

4.

Multi-dimensional coagulation models describing rain formation

We prove local in time existence of mass-conserving solutions for the model (1.6.11) for a class of

coagulation kernels for which instantaneous gelation would otherwise occur. As observed in Section
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1.4, for coagulation kernels of homogeneity γ > 1, solutions do not conserve mass. The kernels that

constitute our main object of study for the model (1.6.11) are sum-type kernels of homogeneity γ > 1,

i.e., K(v, v′) = vγ + v′γ, and the differential sedimentation kernel introduced in (1.1.4).

As mentioned in Section 1.4, solutions in L1 of the standard one-dimensional coagulation equation

do not exist at all for sum-type kernels of homogeneity γ > 1. This is to our knowledge the first

result of existence of solutions involving sum kernels of homogeneity γ > 1, regardless of whether one

considers one-dimensional or multi-dimensional coagulation models.

On the other hand, the differential sedimentation kernel, K(v, v′) = |v
2
3 − v′

2
3 |(v

1
3 + v′

1
3 )2, whose

derivation was explained in Section 1.1, is relevant due to its physical applications. The model in

(5.1.1) with α = 2
3 and with a differential sedimentation kernel is used in the physical literature in

order to describe the behavior of air bubbles in water that move due to buoyancy and it is also a valid

model for the description of the onset of rain. In addition, it was proven in [CNV24a] that instantaneous

gelation occurs for this type of kernel in the case of the standard one-dimensional coagulation model

(1.0.1). For further details on the matter, we refer to Chapter 5.

For possible future research directions in relation to all the models presented in this section we

refer to Chapter 6.

22



CHAPTER 2

INTRODUCTION TO COAGULATION EQUATIONS FOR
NON-SPHERICAL CLUSTERS

Description

In this chapter we will give an overview of the results of Appendix A. The paper is
available online [CV23] and is a joint work with J. J. L. Velázquez.

In this part we study the possible long-time behavior of the solutions to the multi-
dimensional coagulation model introduced in (1.6.9). We notice that the long-time
asymptotics of the model depend quite heavily on the competition between the colli-
sion term and the fusion term.

2.1 Physical motivation of the model

We wish to analyze a coagulation model which offers information about both the volume and the

shape of the interacting particles. Thus, we deal with a two-dimensional coagulation model which is

used to describe the evolution in time of the number of particles f (a, v, t), where a represents the total

surface area of the cluster while v represents the volume. Such a model was introduced in [Fri00, KF90]

in order to study aerosol flame reactors. Indeed, in aerosols, changes of the temperature or the addition

of impurities to the system lead to changes in the interaction speed of the particles.

We assume the underlying interaction process to be as follows. At initial time we have a finite

system of spherical particles. Two particles first attach each other at a contact point and we term this

phenomenon as collision of particles. Particles then start to merge into one another until they become

a bigger spherical particle, with volume equal to the sum of the two interacting particles. We call this

process the fusion of particles.

It is worthwhile to notice that the collision process describes the same interaction of particles as the
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one-dimensional coagulation model (1.0.1). Thus, it is expected that the collision operator K[ f ](a, v, t)

will be very similar to its one-dimensional counterpart. However, as soon as the particles start to

merge, depending on the temperature of the system, the fusion process can take place at a slower or

faster rate and the shape of the particles starts playing an important role. If fusion happens very fast,

the interacting particles become a new sphere almost immediately. On the other hand, fusion can

take place slowly leading to dumbbell-shaped particles. We refer to Figure 2.1 for an analysis of the

resulting shapes of the particles depending on the fusion time.

Figure 2.1: Possible outcomes depending on the fusion time

More precisely, we look at the following model

∂t f (a, v, t) + ∂a[r(a, v)(c0v
2
3 − a) f (a, v, t)] = K[ f ](a, v, t), c0 := (36π)

1
3 , (2.1.1)

where K is the two-dimensional counterpart of the one-dimensional coagulation operator, namely

K[ f ](a, v, t) :=
1
2

∫
(0,a)×(0,v)

K(a − a′, v − v′, a′, v′) f (a′, v′, t) f (a − a′, v − v′, t)dv′da′

−

∫
(0,∞)2

K(a, v, a′, v′) f (a, v, t) f (a′, v′, t)dv′da′. (2.1.2)

As most of our results hold for the weak formulation of the problem, we mention here that by using

similar computations as in Section 1.3, we obtain the following weak formulation of (2.1.1) for a

suitable test function φ

∂t

∫
(0,∞)2

f (η, t)φ(η)dη =
∫

(0,∞)2
r(a, v)(c0v

2
3 − a) f (η, t)∂aφ(η)dη (2.1.3)

+
1
2

∫
(0,∞)2

∫
(0,∞)2

K(η, η′) f (η, t) f (η′, t)[φ(η + η′) − φ(η) − φ(η′)]dη′dη,
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where we used the notation

η = (a, v), η′ = (a′, v′), η + η′ = (a + a′, v + v′).

2.1.1 Setting and assumptions on the kernels

As discussed in Section 1.5, the long-time behavior of solutions of coagulation equations is often

associated with the existence of self-similar profiles. As such, we focus on studying the existence of

self-similar profiles for the equation (2.1.1).

Moreover, we wish that the underlying process preserves the geometry of the particles. In other

words, if the particle volume is scaled by a factor λ, then the diameter is scaled by a factor λ
1
3 and the

area scales like λ
2
3 . It thus becomes natural to look for self-similar profiles of the form

f (a, v, t) =
1

(1 + t)
8
3 ξ

g
( a

(1 + t)
2
3 ξ
,

v
(1 + t)ξ

)
for ξ =

1
1 − γ

, (2.1.4)

where γ < 1. The choice of γ is consistent with scaling used in the study of existence of mass-

conserving self-similar solutions for one-dimensional coagulation models as explained in Section 1.4.

Assumptions on the collision kernel

As mentioned above, the collision kernel describes how fast two particles attach to each other at a

contact point. During the collision process, the total area and volume of particles are conserved. This

can also be seen at the level of the equation. In the case when fusion does not occur in (2.1.3) (i.e.,

r ≡ 0), we obtain the following version of the equation

∂t

∫
(0,∞)2

f (η, t)φ(η)dη = ⟨K[ f ](t), φ⟩. (2.1.5)

We test formally with φ ≡ a and φ ≡ v in (2.1.5) and notice that in this case

∂t

∫
(0,∞)2

a f (η, t)dη = 0 and ∂t

∫
(0,∞)2

v f (η, t)dη = 0. (2.1.6)

Our collision kernel K satisfies the expected assumptions arising from the physical interpretation of

the model. As such, K is a symmetric function which preserves the spherical geometry of the particles.

Moreover, our kernel also satisfies the technical conditions that appear in the study of one-dimensional

models and which remain valid in the multi-dimensional case, such as homogeneity and conditions

needed for mass-conservation. We gather below the main assumptions on the collision kernel together

with a short explanation of the conditions.
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K(a, v, a′, v′) = K(a′, v′, a, v) ⇝ symmetry of interactions

K(λ
2
3 a, λv, λ

2
3 a′, λv′) = λγK(a, v, a′, v′), λ > 0 ⇝ similar aggregation properties for

particles with the same
geometry but different size

K1(v−αv′β + v′−αvβ) ≤ K(a, v, a′, v′) ≤ K0(v−αv′β + v′−αvβ) ⇝ area has small effect on the
collision mechanism

γ := β − α, γ ∈ (0, 1), α ∈ (0, 1), β ∈ (0, 1) ⇝ gelation does not occur
(i.e., solutions conserve mass)

Table 2.1: Assumptions on the collision kernel

We notice that, while the area has little effect on the collision kernel, the collision kernel may

depend on the surface area of the particles. However, it will be worth to study models involving a

more explicit dependence on the area of the collision kernel. We will discuss more details about this in

Chapter 6. Moreover, the condition γ > 0 implies that the collision rate increases with the particle size.

While our paper [CV23] contains some results for the cases when γ = 0 or α = 0, we restrict ourselves

here to positive values of α and γ in order to better focus on the physical intuition behind our results

rather than the technicalities appearing when dealing with different values for the parameters α and γ.

We leave a more detailed analysis of the coefficients α and γ to Chapter 6, as well as to the actual paper

that is contained in Appendix A.

Assumptions on the fusion kernel

The fusion term ∂a[r(a, v)(c0v
2
3 −a) f (a, v, t)] describes an evolution of the particles toward a spher-

ical shape, while the fusion kernel r(a, v) keeps track of the speed of the fusion process. For example,

if r ≡ 0 then fusion does not occur and particles attach each other at a contact point. On the other hand,

for sufficiently large values of r, the newly-formed particles become spherical almost immediately,

cf. Figure 2.2. A distinction between these two cases is not possible when dealing with the standard

one-dimensional coagulation model.

Figure 2.2: Absence of fusion (left). Instantaneous fusion (right)

In addition, since we work with physically relevant particles described by both area and volume, it

is natural to assume that particles satisfy the isoperimetric inequality, i.e., {a ≥ c0v
2
3 }. Thus, we work
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with Radon measures which vanish in the region where {a < c0v
2
3 }. More precisely, f (·, ·, t) in (2.1.1)

belongs to the space

M I
+(R2

>0) := {h ∈M+(R2
>0) | h({a < c0v

2
3 }) = 0}. (2.1.7)

While it is straightforward to notice that the evolution generated by the fusion term preserves the

total number of particles and the total volume of the system, the total surface area of the system is

however decreasing under these assumptions. Indeed, by testing formally with φ ≡ a in (2.1.3), we

obtain that

∂t

∫
(0,∞)2

a f (η, t)dη =
∫

(0,∞)2
r(a, v)[c0v

2
3 − a] f (η, t)dη ≤ 0

since f is supported outside the region where {a < c0v
2
3 }.

While looking for self-similar profiles of the form (2.1.4) for (2.1.1) and assuming the fusion kernel

has a power law behavior as often found in applications (see [KF90]), we need to impose additional

assumptions in order for the fusion term and the collision term in (2.1.1) to rescale in a similar manner.

We gather these conditions below.

R0aµvσ ≤ r(a, v) ≤ R1aµvσ ⇝ power law behavior

r(λ
2
3 a, λv) = λγ−1r(a, v), λ > 0 ⇝ keeps self-similar structure

2
3µ + σ = γ − 1 ⇝ keeps self-similar structure

Table 2.2: Assumptions on the fusion kernel

There is one additional technical assumption that appears when trying to prove the existence of

such profiles, namely[∂ar(a, v) − µa−1r(a, v)](a − c0v
2
3 ) + r(a, v) ≥ 0, and ∂ar(a, v) ≤ Ba−1r(a, v), if µ > 0;

∂ar(a, v)(a − c0v
2
3 ) + r(a, v) ≥ 0, and ∂ar(a, v) ≤ Ba−1r(a, v), if µ ≤ 0,

(2.1.8)

for all (a, v) ∈ (0,∞)2, with a ≥ c0v
2
3 and for some constant B > 0.

In the established context, self-similar profiles g of the form (2.1.4) for the equation (2.1.1) need

to satisfy the following equation

0 =
8
3

g(η) +
2
3

a∂ag(η) + v∂vg(η) + (1 − γ)∂a[r(η)(a − c0v
2
3 )g(η)] + (1 − γ)K[g](η). (2.1.9)

Moreover, we prove existence for such profiles in the context of Radon measures and for physically

relevant particles, i.e., g ∈ M I
+(R2

>0), where M I
+(R2

>0) was defined in (2.1.7). A precise definition of

self-similar profiles is then as follows.
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CHAPTER 2. INTRODUCTION TO COAGULATION EQUATIONS FOR NON-SPHERICAL CLUSTERS

Definition 2.1.1 (Definition A.2.2). Assume α > 0. We will say that a measure g ∈ M I
+(R2

>0) is a

self-similar profile for the two-dimensional coagulation equation (2.1.1) if∫
(0,∞)2

(v−α + vβ)g(a, v)dvda < ∞ (2.1.10)

and for every φ ∈ C1
c(R2

>0) the following equality is satisfied:∫
(0,∞)2

g(η)φ(η)dη −
2
3

∫
(0,∞)2

g(η)a∂aφ(η)dη −
∫

(0,∞)2
g(η)v∂vφ(η)dη

+(1 − γ)⟨K[g], φ⟩ + (1 − γ)
∫

(0,∞)2
r(η)(c0v

2
3 − a)g(η)∂aφ(η)dη = 0. (2.1.11)

As explained in Section 1.5, we can think of self-similar profiles as fixed points in time for the

time-dependent formulation of (2.1.11), cf. (1.5.27)-(1.5.29). As many of the properties of self-similar

profiles are a result of the analysis of this time-dependent version, it is useful to mention its form here.

Definition 2.1.2 (Definition A.2.1). Assume α > 0. Let g ∈ C([0,∞); M I
+(R2

>0)). We say that g is a

self-similar solution for the weak version of the time-dependent two-dimensional coagulation equation

(2.1.1) if, for every T > 0,

sup
t∈[0,T ]

∫
(0,∞)2

(v−α + vβ)g(a, v, t)dvda < ∞

and, for all φ ∈ C1
c([0,∞); C1

c(R2
>0)) and t ∈ [0,∞)∫

(0,∞)2
g(η, t)φ(η, t)dη −

∫
(0,∞)2

g(η, 0)φ(η, 0)dη −
∫ t

0

∫
(0,∞)2

g(η, s)∂sφ(η, s)dηds =∫ t

0

∫
(0,∞)2

g(η, s)φ(η, s)dηds −
2
3

∫ t

0

∫
(0,∞)2

g(η, s)a∂aφ(η, s)dηds −
∫ t

0

∫
(0,∞)2

g(η, s)v∂vφ(η, s)dηds

+(1 − γ)
∫ t

0
⟨K[g](s), φ(s)⟩ds + (1 − γ)

∫ t

0

∫
(0,∞)2

r(η)(c0v
2
3 − a)g(η, s)∂aφ(η, s)dηds.

(2.1.12)

2.2 Main results and their physical interpretation

In all the following we will assume that K is a continuous, non-negative kernel satisfying the

assumptions presented in Table 2.1 and that r ∈ C1(R2
>0) satisfies the assumptions presented in Table

2.2 and (2.1.8). Moreover, in order to explain the physical interpretation of our results, it is useful to

introduce the following notation. Given H = H(a, v), we write

⟨H⟩(t) =

∫
(0,∞)2 H(a, v) f (a, v, t)dvda∫

(0,∞)2 f (a, v, t)dvda
, for any time t ≥ 0,
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where f is as in (2.1.1). As noticed in Figure 2.1, the long-time behavior of solutions depends on

the competition between the fusion term and the collision term in (2.1.1). More precisely, if the fusion

term is comparable to the collision term for large particles, then the particles stay close to spherical and

we can expect self-similar profiles to exist in this case. For power-law fusion kernels r as in Table 2.2,

the fusion kernel overtakes the collision kernel for large particles when µ > 0. Thus, in this situation

we have that

⟨a⟩(t)

(⟨v⟩(t))
2
3

≈ 1 as t → ∞

and we can prove existence of self-similar profiles since we are in a similar situation to the one-

dimensional case. More precisely, we prove that

Theorem 2.2.1 (Theorem A.2.3). Let µ, α > 0 and v0 > 0. Then there exists a self-similar profile for the

two-dimensional coagulation equation (2.1.1) in the sense of Definition 2.1.1 with
∫

(0,∞)2 vg(a, v)dvda

= v0. In addition, g satisfies Mn,k(g) < ∞, for all n, k ∈ R.

In the case when µ < 0, the fusion term is negligible compared to the collision term and the first

expected result is that particles attach each other at a contact point since fusion takes place at a slow

rate for large particles. We term this phenomenon the ramification of particles. This can be observed

at an intuitive level since in the case when the fusion is absent from our model, as in (2.1.5), the total

volume and area of the system are conserved, see (2.1.6).

More precisely, for µ < 0, we prove that if we start with an initial distribution for which particles

differ from spheres, namely if there exists a sufficiently large λ0 > 0 such that

⟨a⟩(0)

(⟨v⟩(0))
2
3

≥ λ0,

then we obtain the following behavior of particles

⟨a⟩(t)

(⟨v⟩(t))
2
3

→ ∞ as t → ∞. (2.2.1)

We will actually prove that there exists some constant c > 0 such that

c
⟨v⟩(0)

≤
⟨a⟩(t)
⟨v⟩(t)

≤
⟨a⟩(0)
⟨v⟩(0)

(2.2.2)

and (2.2.2) implies (2.2.1) since ⟨v⟩(t) → ∞ as t → ∞. Thus, we are in a situation where the total

surface area is comparable to the total volume of particles and the total number of particles decreases

in time. It is thus expected that the resulting particles will differ significantly from spherical particles

and will have a fractal-like aspect.

A precise mathematical formulation of the ramification phenomenon is as follows. For clarity of

the presentation, we omit some technical assumptions which appear due to the fact that we want to test

29
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in (2.1.12) with functions which are not necessarily compactly supported. The content of the theorem

below can also be found in Theorem A.2.12 and we refer to it for the exact conditions under which our

result is valid.

Theorem 2.2.2. Assume α > 0 and µ < 0. Let g ∈ C([0,∞); M I
+(R2

>0)) be a self-similar solution of the

time-dependent two-dimensional coagulation equation (2.1.1) as in Definition 2.1.2 with total volume

of particles equal to v0 and satisfying some sufficiently strong moment estimates as presented later in

(A.2.17) and (A.2.18). Then the following holds: there exists a constant C2(v0) > 0 such that, if

R1 ≤ v0 (2.2.3)

and ∫
(0,∞)2

agin(a, v)dvda ≥ C2(v0), (2.2.4)

then ∫
(0,∞)2

g(a, v, t)advda ≥ CµC2(v0)e
1
3 t, (2.2.5)

for some Cµ depending on µ.

Due to the assumed rescaling properties, cf. (2.1.4), it holds that (2.2.5) together with the fact that

the total volume of particles stays constant implies (2.2.2).

However, if the fusion kernel r is sufficiently large when a and v are of order one, a regime similar

to the one where fusion overtakes coagulation occurs and thus self-similar profiles exist in this case

too. In other words, in the case when µ < 0, the solutions can exhibit different behaviors depending

on the initial data and fusion speed. For fusion kernels of order one when a and v are of order one

and sufficiently large initial surface area, ramification occurs as presented in Theorem 2.2.2. However,

there exist fusion kernels for which we have existence of self-similar profiles also in the case µ < 0.

More precisely, the following holds.

Theorem 2.2.3 (Theorem A.2.7). Let µ ≤ 0 and α > 0. Then, there exists λ > 1, depending only on

K0,K1 and γ, such that for any v0 > 0, if

R0 ≥ λv0, (2.2.6)

then there exists a self-similar profile g for the two-dimensional coagulation equation (2.1.1), in the

sense of Definition 2.1.1, with total volume
∫

(0,∞)2 vg(a, v)dvda = v0.
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2.3. MULTI-DIMENSIONAL COAGULATION EQUATIONS IN THE MATHEMATICAL LITERATURE

2.3 Multi-dimensional coagulation equations in the mathematical liter-
ature

Coagulation equations including also transport terms have been considered in the mathematical

literature in relation to different contexts. For instance, in [AD03], the well-posedness of a model

for the evolution of the cluster size of phytoplankton, which has been introduced in [AF97], has been

studied. A model including also fragmentation effects of the phythoplakton clusters has been analyzed

in [BL09], where results on existence and uniqueness of solutions for some classes of kernels have

been discussed.

In these papers the transport term is related to the growth of the cluster due to cell division within

it, while in the model (2.1.1) the transport term describes the fusion of particles. This allows the

observation of the changes in the geometry of the particles with no changes to the volume.

Multi-dimensional coagulation equations have not been as extensively studied in the mathematical

literature as the one-dimensional coagulation model. Several discrete multi-component coagulation

problems which are relevant in aerosol physics have been mentioned in [Wat06b]. A discrete version

of the model in (2.1.1) has been studied in [Wat06a]. The model considered in there includes coagu-

lation of particles and an effect similar to the fusion of particles in (2.1.1), which has been termed

compaction. The diameter of the particles is restricted by the total number of monomers as well as by

the isoperimetric inequality. The coagulation and the fusion rates are assumed to be constant. Due to

this, the model considered in [Wat06a] is explicitly solvable using generating functions. The long-time

behavior of the solutions which depends on the ratio between the fusion and coagulation kernels has

been then analyzed using the explicit formulas of the solutions.

In [FLNV21a, FLNV22, FLNV23], the mathematical properties of some classes of coagulation

equations describing clusters that are composed of several types of monomers with different chemical

composition are analyzed.

The main differences between the models studied in these papers and our model are the following:

☞ The two variables used to describe the particles in our model rescale in a different manner.

Additionally, we consider coagulation kernels that do not have a strong dependence on the area

variable. As a consequence, the variables describing the clusters appear in a less symmetric

manner.

☞ The proof in [FLNV21a, FLNV22, FLNV23] relies on the conservation of mass of each

monomer type. Due to the presence of the fusion term, the solutions of (2.1.1) do not have two

conserved quantities, but only the volume is conserved.
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Contribution by the author of the thesis

All the results presented in this chapter were obtained in collaboration with J. J. L. Velázquez.
The physical understanding of the model (2.1.1) has started during the master’s thesis of the
author of this thesis and the natural continuation of looking at self-similar profiles of the model
began when the author started her Ph.D. studies. All the results are obtained and shared equally
between the authors.
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CHAPTER 3

INTRODUCTION TO FAST FUSION IN A TWO-DIMENSIONAL
MODEL

Description

In this chapter we present the results of Appendix B. The results were obtained in
collaboration with J. J. L. Velázquez. The contents of Appendix B can be found in
[CV24] and were published in

Journal de Mathématiques Pures et Appliquées, 184:91–117, 2024.

As we have seen in Chapter 2, the long-time behavior of the model introduced in
(2.1.1) depends strongly on the competition between the fusion term and the collision
term. In this chapter we further study this competition with the aim of finding con-
nections between the solutions of our two-dimensional model (2.1.1) and the standard
coagulation equation (1.0.1).

3.1 The model

As explained in Chapter 2, if we let r ≡ 0 in (2.1.1), then particles attach each other at a contact

point forming a ramified-like system. On the other hand, if the fusion of particles occurs at a faster rate

than the collision of particles, the interacting particles become spheres almost immediately. Therefore,

it should be possible in this case to approximate the solutions of (2.1.1) by means of solutions of a

coagulation model in only one variable.

More precisely, we analyze the following model as ϵ → 0 and as ϵ → ∞:

∂t fϵ(a, v, t) +
1
ϵ
∂a[r(a, v)(c0v

2
3 − a) fϵ(a, v, t)] = K[ fϵ](a, v, t). (3.1.1)

The setting for equation (3.1.1) follows the assumptions on the collision and the fusion kernel
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CHAPTER 3. INTRODUCTION TO FAST FUSION IN A TWO-DIMENSIONAL MODEL

mentioned in Chapter 2. However, since in this case we are not interested in the long-time behavior of

solutions, we do not assume the kernels to be homogeneous. Moreover, in Chapter 2, we focused on

kernels yielding similar aggregation properties for particles with the same geometry but different size.

In this work, the focus lies on the analysis of the competition between the two interaction rates, namely

the fusion and collision of particles, independently of the rescaling properties of the kernels. Thus, our

results hold for more general classes of kernels. We gather below the precise conditions needed for our

study.

K(a, v, a′, v′) = K(a′, v′, a, v) ⇝ symmetry of interactions

K1(vαv′β + v′−αvβ) ≤ K(a, v, a′, v′) ≤ K0(vαv′β + v′−αvβ) ⇝ area has small effect on the
collision mechanism

γ := β − α, γ ∈ (0, 1), α ∈ (0, 1), β ∈ (0, 1) ⇝ gelation does not occur
(i.e., solutions conserve mass)

Table 3.1: Assumptions on the collision kernel

For the fusion kernel, we only assume that r ∈ C1(R2
>0) has a power law behavior. More precisely,

there exist two constants R0,R1 > 0 such that

R0aµvσ ≤ r(a, v) ≤ R1aµvσ, (3.1.2)

for some σ, µ ∈ R. In addition, in order to control the mass of the solutions when |a − c0v
2
3 | > 0 in

(3.1.1) if ϵ is small, we require the following technical assumptions on the fusion kernel r:∂ar(a, v) − µa−1r(a, v) ≥ 0, and ∂ar(a, v) ≤ Ba−1r(a, v), if µ > 0;
∂ar(a, v)(a − c0v

2
3 ) + r(a, v) ≥ 0, and ∂ar(a, v) ≤ Ba−1r(a, v), if µ ≤ 0,

(3.1.3)

for all (a, v) ∈ (0,∞)2, with a ≥ c0v
2
3 , and for some constant B > 0.

Our results are valid for solutions of the weak formulation of (3.1.1) and so we state the exact

definition of solutions here.

Definition 3.1.1 (Definition B.1.1). Fix ϵ > 0. Let K : (0,∞)4 → [0,∞) be a continuous kernel

satisfying the assumptions in Table 3.1. Assume the fusion kernel r ∈ C1(R2
>0) satisfies (3.1.2) and

(3.1.3). Let fϵ ∈ C([0,∞); M I
+(R2

>0)), with M I
+(R2

>0) defined in (2.1.7). We say that fϵ is a solution for

the weak version of the time-dependent ϵ-fusion (3.1.1) problem if, for every T > 0,

sup
t∈[0,T ]

∫
(0,∞)2

(v−α + vβ) fϵ(a, v, t)dvda < ∞
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and, for all φ ∈ C1
c([0,∞); C1

c(R2
>0)) and t ∈ [0,∞)∫

(0,∞)2
fϵ(η, t)φ(η, t)dη −

∫
(0,∞)2

fin(η)φ(η, 0)dη −
∫ t

0

∫
(0,∞)2

fϵ(η, s)∂sφ(η, s)dηds

=

∫ t

0
⟨K[ fϵ(s)], φ(s)⟩ds +

1
ϵ

∫ t

0

∫
(0,∞)2

r(η)(c0v
2
3 − a) fϵ(η, s)∂aφ(η, s)dηds. (3.1.4)

3.2 The case of fast fusion

We will assume in all the following that K : (0,∞)4 → [0,∞) is a continuous kernel satisfying the

assumptions in Table 3.1 and that the fusion kernel r ∈ C1(R2
>0) satisfies (3.1.2) and (3.1.3). Moreover,

our results hold for general µ ∈ R. However, since the required moment estimates differ depending on

the choice of µ, we restrict ourselves to the case when µ > 0 for simplicity of notation. We refer to

Appendix B for the precise setting and results.

Our main goal is to prove that all solutions of equation (3.1.1) which satisfy some very general

moment estimates concentrate their mass around the isoperimetric line {a = c0v
2
3 } as ϵ → 0 and tend

in an appropriate sense to a measure which can be computed by solving a suitable one-dimensional co-

agulation equation. The reason we can reduce the evolution equation for the two-dimensional system

to a one-dimensional one is that, as ϵ → 0, the fusion process takes place much faster than the colli-

sion process. As such, the particles are transported close to the isoperimetric line {a = c0v
2
3 } almost

instantaneously. We state the exact conditions and results below.

Theorem 3.2.1 (Theorem B.1.4). Let µ > 0. Assume in addition that
∫

(0,∞)2(v−µ−3 + vµ+3 + vσ(µ+3) +

aµ+3) fin(a, v)dvda < ∞. Let T > 0. Then we can construct fϵ as in Definition 3.1.1, for every ϵ ∈ (0, 1).

For this sequence, we have that there exists a constant C(T ) > 0, which is independent of ϵ ∈ (0, 1),

such that

sup
t∈[0,T ]

∫
(0,∞)2

(v−µ−3 + vµ+3 + vσ(µ+3) + aµ+3) fϵ(a, v, t)dvda ≤ C(T ). (3.2.1)

Moreover, there exists a subsequence (which we do not relabel) and f ∈ C((0,T ]; M I
+(R2

>0)) such that

fϵ(t)→ f (t) as ϵ → 0 in the sense of measures, for every t ∈ [σ,T ] and every σ > 0.

Theorem B.1.4 states in principle that a limit exists for any positive time. We then show that,

independently of the initial condition, the limit behaves like a Dirac measure in the area variable.

More precisely, the limit has the form f (a, v, t) = F(v, t)δ(a − c0v
2
3 ), with F satisfying the standard

one-dimensional coagulation equation for a suitably chosen collision kernel.

Lemma 3.2.2 (Lemma B.1.7). Let T > 0. Let fϵ and f as in Theorem 3.2.1. Then f has the form

f (a, v, t) = F(v, t)δ(a − c0v
2
3 ) (3.2.2)
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in the sense of measures. More precisely, there exists F ∈ C((0,T ]; M+(R>0)) such that∫
(0,∞)2

f (a, v, t)φ(a, v)dvda =
∫

(0,∞)2
F(v, t)φ(a, v)δ(a − c0v

2
3 )dadv,

for every φ ∈ C0(R2
>0).

Theorem 3.2.3 (Theorem B.1.10). Let F as in (3.2.2). We set the following initial value∫
(0,∞)

F(v, 0)φ(v)dv :=
∫

(0,∞)2
fin(a, v)φ(v)dadv, (3.2.3)

for every φ ∈ C0(R>0). If F has the initial value as in (3.2.3), then F ∈ C([0,T ]; M+(R>0)) and F

satisfies the standard one-dimensional coagulation equation, namely, for every t ∈ [0,T ] and every

φ ∈ Cc(R>0), the following holds∫
(0,∞)

F(v, t)φ(v)dv −
∫

(0,∞)
F(v, 0)φ(v)dv

=

∫ t

0

∫
(0,∞)

∫
(0,∞)

K(c0v
2
3 , v, c0v′

2
3 , v′)F(v, s)F(v′, s)[φ(v + v′) − φ(v) − φ(v′)]dv′dvds.

Lemma 3.2.2 states that there exists a subsequence of the solutions of (3.1.4) which converges in

the case of fast fusion in a suitable sense to a measure that can be computed by solving the stand-

ard one-dimensional coagulation equation. However, uniqueness of solutions for standard coagulation

equations is not known with the exception of some choices of kernels. As a consequence, there are mul-

tiple possibilities for this measure as the only information we have is that it solves a one-dimensional

coagulation equation. Uniqueness results for the one-dimensional coagulation equation would imply

that the limit whose existence has been proven in Theorem 3.2.1 is uniquely determined and therefore

the convergence would be independent of the subsequence. As such, the limit for the sequence { fϵ} as

ϵ → 0 would exist.

Another observation is the connection with the localization property introduced in Subsection 1.6.2

for the multicomponent model (1.6.7) which was studied in [FLNV21a, FLNV22, FLNV23]. The solu-

tions in [FLNV21a, FLNV22, FLNV23] concentrate along a line with the orientation fixed by the initial

distribution of the cluster composition or the source term. Thus, the solutions in [FLNV21a, FLNV22,

FLNV23] can concentrate along different lines depending on the initial distribution of particles. On

the contrary, in our case, the solutions concentrate always near the isoperimetric line, independently

of the initial data. This is since when ϵ → 0 in (3.1.1), we have that the collision operator trans-

ports particles away from the isoperimetric line but these are transported extremely fast toward the

isoperimetric region due to the fusion term.
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3.3 The case of negligible fusion

As ϵ → ∞ in (3.1.1), the effect of the fusion term becomes negligible and thus only the colli-

sion term contributes to the formation of particles. However, the underlying process described by the

collision term for two particles characterized by the values (a, v) and (a′, v′) is that of addition, namely

(a′, v′) + (a, v) −→ (a + a′, v + v′). (3.3.1)

Thus, the total area and the volume stay conserved in the process and the particles attach to each other

at a contact point, forming a ramified-like system in time. As such, the natural result is that if we let

ϵ → ∞ in equation (3.1.1), we recover a two-dimensional coagulation model in which fusion does not

occur as in (2.1.5).

Theorem 3.3.1 (Theorem B.1.12). Let µ > 0. Assume in addition that
∫

(0,∞)2(v−2+v2+a2) fin(a, v)dvda

< ∞. Let T > 0. Then we can construct fϵ as in Definition 3.1.1 satisfying equation (3.1.4), for every

ϵ > 1. For this sequence, we have that there exists a constant C(T ) > 0, which is independent of ϵ > 1,

such that

sup
t∈[0,T ]

∫
(0,∞)2

(v−2 + v2 + a2) fϵ(a, v, t)dvda ≤ C(T ) (3.3.2)

and that there exists a subsequence (which we do not relabel) and f ∈ C([0,T ]; M I
+(R2

>0)) such that∫
(0,∞)2

fϵ(η, t)φ(η)dη→
∫

(0,∞)2
f (η, t)φ(η)dη,

as ϵ → ∞, for every t ∈ [0,T ] and every φ ∈ C0(R2
>0). Additionally, we have that f satisfies a

standard two-dimensional coagulation equation, namely, for every t ∈ [0,T ] and every φ ∈ Cc(R2
>0),

the following holds∫
(0,∞)2

f (η, t)φ(η)dη −
∫

(0,∞)2
fin(η)φ(η)dη

=

∫ t

0

∫
(0,∞)2

∫
(0,∞)2

K(η, η′) f (η, s) f (η′, s)[φ(η + η′) − φ(η) − φ(η′)]dη′dηds. (3.3.3)

The advantage of the two-dimensional system in (3.3.3) is that unlike in the standard one-

dimensional case (1.0.1), we have additional information on the geometry of the particles in this case.

More exactly, we know that a newly-formed particle has area and volume as in (3.3.1) and thus the

resulting particle is formed by two particles attaching to each other at a contact point as in Figure

3.1. We are not able to obtain this information by only observing the evolution of the volume of the

interacting particles.
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Figure 3.1: Particles attach each other at a contact point

Contribution by the author of the thesis
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The discussions about the project began as a natural continuation of the results presented in
Chapter 2. They were originally intended to be included within one paper together with the
results of Chapter 2. However, the project was later separated into two papers as one of the
papers deals with the long-time behavior of solutions of (2.1.1), while the other focuses on the
analysis of the competition between the fusion term and the collision term. All the results are
obtained and shared equally between the authors.
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CHAPTER 4

INTRODUCTION TO LONG-TIME ASYMPTOTICS FOR
COAGULATION EQUATIONS WITH INJECTION THAT DO NOT HAVE

STATIONARY SOLUTIONS

Description

In this chapter we will give an overview of the results of Appendix C. This is a joint
work with M. A. Ferreira, E. Franco, and J. J. L. Velázquez. The paper is available
online [CFFV23] and was published in

Archive for Rational Mechanics and Analysis, 247(6), 2023.

In this part we study a class of coagulation equations including a source term that in-
jects in the system clusters of size of order one as introduced in Subsection 1.6.1. We
restrict the analysis to a range of exponents for which the transport of mass toward
infinity is driven by collisions between particles of different sizes. This is different
from other cases studied in literature such as [FLNV21b] where the transport of mass
toward infinity is due to the collision between particles of comparable sizes. In our
case, the interaction between particles of different sizes leads to an additional trans-
port term in the coagulation equation that approximates the solution of the original
coagulation equation with injection for large times.

4.1 Derivation of the model

Our goal is to study the long-time asymptotics of the coagulation equation with injection which

was introduced in Subsection 1.6.1

∂t f (v, t) = K[ f ](v, t) + η (v) , (4.1.1)
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where

K[ f ](v, t) :=
1
2

∫ v

0
K

(
v − v′, v′

)
f
(
v − v′, t

)
f
(
v′, t

)
dv′ −

∫ ∞

0
K

(
v, v′

)
f (v, t) f

(
v′, t

)
dv′ (4.1.2)

for some suitably chosen η ≥ 0. More precisely, η(v) . 0 will be either compactly supported or it

will decay sufficiently fast as v → ∞ and we work with a coagulation kernel which satisfies standard

assumptions used in the study of coagulation equations such as continuity, symmetry, homogeneity,

and which has a power law form

c2
[
vγ+λv′−λ + v′γ+λv−λ

]
≤ K

(
v, v′

)
≤ c1

[
vγ+λv′−λ + v′γ+λv−λ

]
, with γ + 2λ ≥ 0. (4.1.3)

Kernels of this form appear in atmospheric science applications, cf. [Fri00].

Due to the presence of the source we can expect the long-time behavior of solutions to (4.1.1) to

be given by a stationary non-equilibrium solution, i.e., by a solution of

K[ f ](v) + η(v) = 0. (4.1.4)

In the case of general power law kernels and source terms η decreasing sufficiently fast, it has

been proven in [FLNV21b] that the solutions of (4.1.4) exist if and only if γ + 2λ < 1. Moreover,

the solutions of (4.1.4) behave like v−
3+γ

2 for large values of v. The main idea in order to prove that

solutions do not exist when γ+2λ ≥ 1 is based on the fact that the transfer of clusters of size v of order

one toward very large cluster sizes is so fast that the concentration of clusters with size of order one

would become zero.

Since in the case γ + 2λ ≥ 1 stationary solutions do not exist, we cannot expect the solutions to

(4.1.1) to behave as a stationary solution as t → ∞ for v of order one. It is then natural to ask what is

the long-time asymptotic behavior of the solutions to (4.1.1). Using formal arguments, we arrive to a

new coagulation model with a transport term, namely

Coagulation equation with source: ∂t f (v, t) = K[ f ](v, t) + η (v)

New model for v ≫ 1: ∂t f (v, t) +
∂v

(
vγ+λ f (v, t)

)∫ ∞
0 zγ+λ f (z, t) dz︸                ︷︷                ︸

v≈1→ new transport term

=

v≫1︷      ︸︸      ︷
K

[
f
]
(v, t) .

γ+2λ>1
γ+2λ>1

We explain here briefly the motivation behind the derivation of this model and we refer to Appendix C

for a more detailed analysis. We derive the long-time behavior of f (v, t) separately for v of order one

and for large values of v. In order to make a clear distinction, we denote our solution by finner when

we work with particles of size of order one and by fouter when we work with particles of size v ≫ 1.

40



4.1. DERIVATION OF THE MODEL

In other words, we write f (v, t) as

f (v, t) = finner(v, t) + fouter(v, t), (4.1.5)

where finner(v, t) := f (v, t)1v≈1 and fouter(v, t) := f (v, t)1v≫1. We mention here that strictly speaking

there should be a region in between particles of order one and very large particles. However, for our

purpose of analyzing the long-time behavior of solutions, the decomposition (4.1.5) offers a sufficiently

good approximation since we expect injected particles to be instantaneously transferred to large cluster

sizes.

We start by deriving an equation for finner(v, t) and thus we assume that v is of order one. When

the order of v′ is much larger than the one of v, due to the form of our coagulation kernel in (4.1.2), we

have that the kernel K behaves like

K
(
v, v′

)
≈ v′γ+λv−λ. (4.1.6)

As such, for v of order one and since we expect that the gain term of the coagulation term in (4.1.1)

converges to zero as t → ∞ since f (v, t) → 0 as t → ∞, we obtain the following approximation of the

coagulation model with injection (4.1.1) for large times and particles of order one

∂t finner (v, t) = −v−λ finner (v, t)
∫ ∞

0
v′γ+λ fouter

(
v′, t

)
dv′ + η (v) . (4.1.7)

For γ+ 2λ > 1, we expect to have f (v, t)→ 0 as t → ∞ and Mγ+λ :=
∫ ∞

0 vγ+λ f (v, t)dv→ ∞ as t → ∞.

Thus, by using (4.1.7), we further deduce that

finner (v, t) ∼
vλη (v)∫ ∞

0 v′γ+λ fouter (v′, t) dv′
as t → ∞. (4.1.8)

We now derive an equation for fouter. In order to analyze the long-time behavior of solutions for large

particles v ≫ 1, we divide the coagulation operator into two parts. The first part offers information

about the interaction of particles of different size and the second part provides insight about the inter-

action of particles of similar size. More precisely, we take L ≪ v and we consider which interactions

of particles create particles of order v ≫ 1. Using the decomposition (4.1.5) and the fact that v ≫ L,

we obtain that the contribution of the coagulation operator which creates particles of large size is[∫ L

0
K

(
v − v′, v′

)
fouter

(
v − v′, t

)
finner

(
v′, t

)
dv′ −

∫ L

0
K

(
v, v′

)
fouter (v, t) finner

(
v′, t

)
dv′

]
+

[
1
2

∫ v−L

L
K

(
v − v′, v′

)
fouter

(
v − v′, t

)
fouter

(
v′, t

)
dv′ −

∫ ∞

L
K

(
v, v′

)
fouter (v, t) fouter

(
v′, t

)
dv′

]
.

We are interested in the part of the coagulation operator which offers information about the interaction

of particles of different size, as this is what we expect will give the main contribution to the long-time
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behavior of our solutions. Using the approximation in (4.1.6) together with the fact that∫ ∞

0
v1−λ finner (v, t) dv ∼

∫ ∞
0 vη (v) dv∫ ∞

0 v′γ+λ fouter (v′, t) dv′
as t → ∞, (4.1.9)

we arrive to the following formula∫ L

0
[K

(
v − v′, v′

)
fouter

(
v − v′, t

)
− K

(
v, v′

)
fouter (v, t)] finner

(
v′, t

)
dv′

= −

∫ ∞
0 v′η (v′) dv′∫ ∞

0 v′γ+λ fouter (v′, t) dv′
∂

∂v

[
vγ+λ fouter (v, t)

]
.

This leads us to the following model for particles of volume v ≫ 1

∂t fouter (v, t) +

∫ ∞
0 v′η (v′) dv′∫ ∞

0 v′γ+λ fouter (v′, t) dv′
∂

∂v

[
vγ+λ fouter (v, t)

]
= K

[
fouter

]
(v, t) . (4.1.10)

For completeness, it is worth to remark that the long-time behavior of large particles in the case

when γ + 2λ = 1 is described by the same model as in (4.1.10). However, different methods need to be

employed in order to derive the model in this case. This is since in the case γ+2λ = 1 it is expected that

the Mγ+λ moment will stay constant in time instead of converging to infinity as in the case γ + 2λ > 1.

We refer to the actual paper in Appendix C and to Chapter 6 for more details about the derivation of

the model in the case when γ + 2λ = 1.

We also observe that the transport term on the left-hand side of (4.1.10) offers information about

the way in which the injection of particles of size v of order one affects the outer distribution of clusters

fouter. Indeed, multiplying (4.1.10) by v and integrating we obtain

∂t

(∫ ∞

0
v fouter (v, t) dv

)
=

∫ ∞
0 v′η (v′) dv′∫ ∞

0 v′γ+λ fouter (v′, t) dv′

∫ ∞

0
vγ+λ fouter (v, t) dv =

∫ ∞

0
v′η

(
v′
)

dv′. (4.1.11)

The identity (4.1.11) states that the total mass of the clusters in the outer region is equal to the injection

rate, which is self-consistent with our assumption that the injected particles are transferred instantan-

eously to large cluster sizes.

4.2 Existence and non-existence of self-similar profiles

As the assumptions on the coagulation kernel are the standard conditions used in the study of

coagulation equations, we do not refer to them in order to avoid technicalities. We remember that we

work with kernels of the form (4.1.3) and that we are in the case when γ + 2λ ≥ 1. As a natural

continuation of the derivation of the model (4.1.10), which describes the behavior of particles of large

size for the coagulation equation with injection, we are interested in the exact conditions for existence
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and non-existence of self-similar profiles of the model in (4.1.10). This is also motivated by the fact

that, as previously mentioned, when γ + 2λ ≥ 1, stationary solutions as in (4.1.4) do not exist and as

such we cannot expect these type of solutions to give the long-time behavior of solutions to (4.1.1).

The scaling hypothesis which was discussed in Section 1.5 suggests that the mass of the particle

distribution f (v, t) is concentrated in cluster sizes v of order tp for a suitable exponent p that would

be determined from dimensional considerations, which take into account the way in which the mass

rescales in time. For our framework, it was suggested in [DKW99] that the long-time behavior of the

solutions of (4.1.1) is given by self-similar solutions Φ of the form

f (v, t) =
1

t
3+γ
1−γ

Φ (ξ) , ξ =
v

t
2

1−γ

, (4.2.1)

scaling which is compatible with our model in (4.1.10). Plugging (4.2.1) into (4.1.10), we obtain the

following formulation for self-similar profiles for the coagulation equation with injection in the case

when the interaction of particles of different size gives the main contribution to the long-time behavior

of our solutions.

Definition 4.2.1 (Definition C.3.1). Let γ < 1, γ + λ < 1, and γ + 2λ ≥ 1. A self-similar profile of

equation (4.1.10) with respect to the kernel K is a measure Φ ∈M+((0,∞)) such that

0 <
∫ ∞

0
ξγ+λΦ(ξ)dξ < ∞ and

∫ 1

0
ξ1−λΦ(ξ)dξ < ∞ (4.2.2)

and such that it satisfies the following equation∫ ∞

0
φ′(ξ)

 2
1 − γ

ξ −
ξγ+λ∫ ∞

0 zγ+λΦ(z)dz

Φ(ξ)dξ −
1 + γ
1 − γ

∫ ∞

0
φ(ξ)Φ(ξ)dξ (4.2.3)

=
1
2

∫ ∞

0

∫ ∞

0
K(ξ, ξ′)

[
φ(ξ + ξ′) − φ(ξ) − φ(ξ′)

]
Φ(ξ)Φ(ξ′)dξ′dξ

for every test function φ ∈ C1
c ((0,∞)).

The conditions γ+ λ < 1 and γ < 1 are standard assumptions in the study of coagulation equations

in order to avoid the loss of mass of solutions as explained in Section 1.4. In the following, we present

the main results in the case when γ + 2λ > 1. While the case γ + 2λ = 1 is similar, the results are less

precise and we only present here the case γ + 2λ > 1 for a clearer overview. We refer to Appendix C

for the exact statements in the case γ + 2λ = 1. The following theorem is a compilation of Theorem

C.3.3 and Theorem C.3.5 for the case γ + 2λ > 1.

Theorem 4.2.2. Let γ < 1, γ + λ < 1, and γ + 2λ > 1.

✍ If γ > −1, there exists at least one self-similar profile as in Definition 4.2.1.
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✍ If γ ≤ −1, no self-similar profiles as in Definition 4.2.1 exist.

If self-similar profiles exist, they exhibit an interesting property, namely they vanish on an interval

near the origin that we can compute explicitly. More precisely, they vanish identically for 0 < ξ <

ρ(Mγ+λ) :=
(

1−γ
2Mγ+λ

) 1
1−γ−λ

, where

Mγ+λ :=
∫ ∞

0
ξγ+λΦ(ξ)dξ.

This vanishing property of solutions Φ of (4.2.3) on an interval (0, ρ(Mγ+λ)) is transferred to solutions

of the equation (4.1.10) via the scaling (4.2.1). It means that for large times t, the injected particles

are transferred almost instantaneously to clusters with sizes v ≥ ρ(Mγ+λ)t
2

1−γ . Moreover, the fraction

of clusters with sizes v < ρ(Mγ+λ)t
2

1−γ becomes negligible for very long times. The existence of this

“minimal” cluster size for large times is a remarkable feature that, to our knowledge, has not been

observed in the literature on self-similar solutions for the coagulation equations.

Theorem 4.2.3 (Properties of the self-similar profiles, Theorem C.3.3). Let γ < 1 and γ + λ < 1 such

that

−1 < γ, γ + 2λ > 1.

Then there exists a self-similar profileΦ as in Definition 4.2.1. Moreover,Φ is such thatΦ((0, ρ(Mγ+λ)))

= 0 for

ρ(Mγ+λ) :=

 1 − γ

2
∫ ∞

0 ξγ+λΦ(ξ)dξ


1

1−γ−λ

. (4.2.4)

Since we do not claim uniqueness of the self-similar profiles, the question of whether the vanishing

property from Theorem 4.2.3 holds for each self-similar profile arises. In the case when γ+2λ > 1, we

proved that this property indeed holds for all self-similar profiles as in Definition 4.2.1. The situation

in the case γ + 2λ = 1 is however different and we refer to Appendix C for the full picture.
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CHAPTER 5

INTRODUCTION TO AN INHOMOGENEOUS COAGULATION
MODEL WITH A DIFFERENTIAL SEDIMENTATION KERNEL

Description

In this chapter we will give an overview of the results of Appendix D. The paper
is available online [CNV24b] and is a joint work with B. Niethammer and J. J. L.
Velázquez.

In this part we study a multi-dimensional coagulation model that allows particles
to move in space on the vertical line as introduced in (1.6.11). The model (1.6.11)
was introduced in [HNS07] in order to describe rain formation or the behavior of air
bubbles in water which move due to buoyancy. It is an inhomogeneous model in the
spatial variable with a transport term.

5.1 The model in comparison with standard coagulation models

We work with a coagulation model that is inhomogeneous in the spatial variable and contains a

transport term in space as introduced in Subsection 1.6.2, namely

∂t f (x, v, t) + vα∂x f (x, v, t) =
1
2

∫
(0,v)

K(v − v′, v′) f (x, v − v′, t) f (x, v′, t)dv′

−

∫
(0,∞)

K(v, v′) f (x, v, t) f (x, v′, t)dv′. (5.1.1)

Our main goal is to prove local in time existence of mass-conserving solutions for a class of coagulation

kernels for which instantaneous gelation would otherwise occur. As discussed in Section 1.4, for

coagulation kernels of homogeneity γ > 1, some of the mass is lost in finite time. For these types of

kernels, depending on the behavior of the kernel near the origin, mass loss can happen at a positive
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time or at time zero. The latter phenomenon is known as instantaneous gelation. The kernels that

constitute our main object of study for the model (5.1.1) are sum-type kernels of homogeneity γ > 1

and the differential sedimentation kernel introduced in (1.1.4).

The sum-type kernels we work with are further restricted by an upper bound on the homogeneity

which appears so that the transport term controls the contribution given by the non-linear coagulation

term. More precisely, we work with coagulation kernels of the form

K(v, v′) = vγ + v′γ, with γ ∈ (1, 1 + α). (5.1.2)

General theory of existence for the standard coagulation equations states that mass-conserving

solutions exist for kernels that behave like power laws of homogeneity γ < 1. In addition, solutions

(which may not conserve the mass) exist for product-type kernels, i.e., K(v, v′) = (vv′)
γ
2 , independently

of their homogeneity. On the other hand, solutions in L1 of the standard one-dimensional coagulation

equation do not exist at all for kernels as in (5.1.2), see [BC90, BLL19b, CdC92, vD87]. This is to

our knowledge the first result of existence of solutions involving sum kernels of homogeneity γ > 1,

regardless of whether one considers one-dimensional or multi-dimensional coagulation models.

On the other hand, the differential sedimentation kernel, K(v, v′) = |v
2
3 − v′

2
3 |(v

1
3 + v′

1
3 )2, whose

derivation was explained in Section 1.1, is relevant due to its physical applications. The model in

(5.1.1) with α = 2
3 and with a differential sedimentation kernel is used in the physical literature in

order to describe the behavior of air bubbles in water that move due to buoyancy. It is also a valid

model for the description of the onset of rain. However, slip-flow corrections for water droplets are

discussed in [HNS07] and it is mentioned that changes in the power of the volume for the velocity may

be needed. This motivates our choice of values of α ∈ (0, 1) in (5.1.1).

5.2 Free merging versus forced locality regime

Once the model (5.1.1) is derived, a first step is to determine whether the model allows stationary

power law solutions of non-zero flux. We first verify whether solutions of the form f (x, v, t) ≡ vi, for

some i ∈ R, satisfy (5.1.1). We then determine in Subsection 5.2.1 if these solutions are “admissible”

in the sense that the coagulation operator in (5.1.1) is finite.

Let K be a coagulation kernel of homogeneity γ > 1 and let α ∈ (0, 1). We follow the analysis
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made in [HNS07] and work with the following reformulation of (5.1.1).

∂t f (x, v, t) + vα∂x f (x, v, t)

=
1
2

∫
(0,∞)

dv1

∫
(0,∞)

dv2K(v1, v2) f (x, v1, t) f (x, v2, t)δ(v − v1 − v2)

−
1
2

∫
(0,∞)

dv1

∫
(0,∞)

dv2K(v, v2) f (x, v, t) f (x, v2, t)δ(v1 − v − v2)

−
1
2

∫
(0,∞)

dv1

∫
(0,∞)

dv2K(v, v1) f (x, v, t) f (x, v1, t)δ(v2 − v − v1)

= I1 − I2 − I3. (5.2.1)

We thus look for steady states (i.e., time and space independent) solutions of the form f (x, v, t) ≡

vi. This is in accordance with standard theory of coagulation equations as, for example, stationary

solutions for coagulation models with source behave like power laws. We refer to Chapter 4 for more

details. One of the techniques available to find this type of solutions is the so-called Zakharov transform

which we will use below. For the first term, we make the change of variables v1 = vv′1 and v2 = vv′2 in

order to obtain

I1 =
vγ+2i+1

2

∫
(0,∞)

dv′1

∫
(0,∞)

dv′2K(v′1, v
′
2)v′i1 v′i2δ(1 − v′1 − v′2).

For the remaining two terms, I2 and I3, we first make the change of variables (v1, v2) = (vv′1, vv′2),

followed by the Zakharov transform

v′1 =
1
v1

and v′2 =
v2

v1
for I2 and v′2 =

1
v2

and v′1 =
v1

v2
for I3.

Thus, we can rewrite the terms I2 and I3 as follows

I2 =
vγ+2i+1v−γ−2i−2

1

2

∫
(0,∞)

dv1

∫
(0,∞)

dv2K(v1, v2)vi
1vi

2δ(1 − v1 − v2)

and

I3 =
vγ+2i+1v−γ−2i−2

2

2

∫
(0,∞)

dv1

∫
(0,∞)

dv2K(v1, v2)vi
1vi

2δ(1 − v1 − v2).

In other words, it holds that

I1 − I2 − I3 =
vγ+2i+1

2

∫
(0,∞)

dv1

∫
(0,∞)

dv2K(v1, v2)vi
1vi

2

(
1 − v−γ−2i−2

1 − v−γ−2i−2
2

)
δ(1 − v1 − v2).

Thus, we have that I1 − I2 − I3 = 0 if v−γ−2i−2
j = v j, for j ∈ {1, 2}, so if i = −γ+3

2 . It follows that

f (x, v, t) = v−
γ+3

2 solves (5.2.1). It however remains to check if the coagulation term is finite in this case.

As we will see in Section 5.2.1, this is not the case and hence f (x, v, t) = v−
γ+3

2 is not an “admissible”
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solution of our model. This further motivates us to look at functions with more complicated structure

when searching for solutions, such as solutions that incorporate information about the spatial variable.

Another approach in order for the integral containing the coagulation kernel to converge is to

introduce a cut-off in the kernel. The model in (5.2.1) is referred to as the free merging regime in

[HNS07], since particles merge when their trajectories cross. The forced locality regime in which only

particles of similar sizes can interact with one another was also studied in [HNS07]. More precisely, for

the forced locality regime a cut-off in the coagulation kernel is introduced that makes the kernel vanish

outside the region where 1
q <

v′
v < q, for some q > 1. In this case, stationary solutions of non-zero flux

for the model can be rigorously found due to the fact that the integral containing the coagulation kernel

converges when f = v−
γ+3

2 . However, as mentioned above, for the free merging regime a more detailed

analysis is required when searching for solutions.

5.2.1 Convergence of the coagulation term

We now check whether we can rigorously prove that f (x, v, t) = v−
γ+3

2 is a solution for the model

in (5.2.1). This means that we need to check whether the coagulation term in (5.2.1) is finite in the

case when f (x, v, t) = v−
γ+3

2 . If this holds true, this means that the evolution of particles is dominated

by interactions of similar size and this is known as locality. Conversely, if the interactions between

particles of very different sizes dominate, this is known as non-locality. We follow the computations in

[HNS07] in order to determine which power-law solutions of the form f (x, v, t) = vi are “admissible”

solutions.

Let K(v, v′) = vγ + v′γ, for γ > 1. We can rewrite the model in (5.2.1) in the following manner

∂t f (x, v, t) + vα∂x f (x, v, t) =
∫

(0, v
2 )

[K(v − v′, v′) f (x, v − v′, t) − K(v, v′) f (x, v, t)] f (x, v′, t)dv′

−

∫
[ v

2 ,∞)
K(v, v′) f (x, v, t) f (x, v′, t)dv′. (5.2.2)

We approximate the two terms appearing on the right-hand side of (5.2.2) as

T1 :=
∫

[ v
2 ,∞)

K(v, v′) f (x, v, t) f (x, v′, t)dv ≈ f (x, v, t)
∫

[ v
2 ,∞)

v′γ f (x, v′, t)dv′

and

T2 :=
∫

(0, v
2 )

[K(v − v′, v′) f (x, v − v′, t) − K(v, v′) f (x, v, t)] f (x, v′, t)dv′

≈

∫
(0, v

2 )
v′ f (x, v′, t)dv′∂v

(
vγ f (x, v, t)

)
.

Assuming our solution is of the form f (x, v, t) = vi, we need to check if the integrals
∫

(0, v
2 ) v′1+idv′ and∫

[ v
2 ,∞) v′γ+idv′ are finite. We obtain the following cases.
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i < −γ − 1 −γ − 1 ≤ i ≤ −2 −2 < i

T1 Local Non-local Non-local
T2 Non-local Non-local Local

Table 5.1: Locality of interactions

From Table 5.1, it immediately follows that neither T1 nor T2 is finite when f (x, v, t) = v−
γ+3

2 if

γ > 1. It is also worth mentioning that similar computations can be performed to prove that Table 5.1

also holds in the case of the differential sedimentation kernel (1.1.4).

5.3 Local in time existence

We now state the precise setting under which our result holds true. As we discuss these conditions

in Section 5.4 below, we only state our result here without additional mentions to it.

Assumption 5.3.1 (Assumption D.1.1). We assume that K : [0,∞) × [0,∞) → [0,∞) is a symmetric

and continuous function that satisfies

0 ≤ K(v, v′) ≤ K1(vγ + v′γ), with γ ∈ [0, 1 + α) (5.3.1)

for some constant K1 > 0 and

K(v − v′, v′) ≤ K(v, v′), when v′ ∈
[
0, v

2
]
. (5.3.2)

We assume from now on that the coagulation kernel K satisfies Assumption 5.3.1 and define the

type of solutions we work with.

Definition 5.3.2 (Mild solutions, Definition D.1.2). Let α ∈ (0, 1), γ ∈ [0, 1 + α) and m >
γ+1
α . Let

T > 0. We say that a non-negative function f ∈ C([0,T ] × R × (0,∞)) such that

sup
t∈[0,T ]

∫
(0,∞)

(1 + vγ) f (x, v, t)dv ≤
CT

max
{
1, |x|m−

γ+1
α

} , for x ∈ R, (5.3.3)

is a mild solution of equation (5.1.1) if

f (x, v, t) − f (x − vαt, v, 0)S [ f ](x, v, 0, t) = (5.3.4)

1
2

∫ t

0

∫
(0,v)

S [ f ](x, v, s, t)K(v − v′, v′) f (x − (t − s)vα, v − v′, s) f (x − (t − s)vα, v′, s)ds,

for all t ∈ [0,T ], v ∈ (0,∞) and x ∈ R, where

S [ f ](x, v, s, t) := e−
∫ t

s a[ f ](x−vα(t−τ),v,τ)dτ, (5.3.5)

with

a[ f ](x, v, t) :=
∫

(0,∞)
K(v, v′) f (x, v′, t)dv′. (5.3.6)
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In order to obtain existence of strong solutions for the model (5.1.1) we would need better regularity

of solutions. However, our main goal is to obtain existence of solutions for our model, rather than

studying properties of the obtained solutions. Thus, for our purpose it suffices to work with mild

solutions as in Definition 5.3.2. We mention that we call f ∈ C([0,T ] ×R × (0,∞)) a mass-conserving

solution of equation (5.1.1) if f is as in Definition 5.3.2 and in addition conserves the total volume of

particles. Our result is as follows.

Theorem 5.3.3 (Local existence of solutions, Theorem D.1.4). Let α ∈ (0, 1), γ ∈ [0, 1 + α), m ∈ N

even, and p = αm with m > max{2γ+1
α , 2

α + 3}. Let T > 0 be sufficiently small. Let fin ∈ C1(R × (0,∞))

such that

fin(x, v) ≤
C0

1 + |x|m + vp ,

for some C0 > 0 and all x ∈ R, v ∈ (0,∞). Then there exists a mass-conserving solution f of (5.1.1)

that satisfies

f (x, v, t) ≤
C

1 + |x|m + vp , (5.3.7)

for all t ∈ [0,T ], for some C > 0.

5.4 Approximation of the model and discussion on the conditions for
existence

Our approach to prove local in time existence of a solution to (5.1.1) is based on constructing a

suitable supersolution by approximating the coagulation term for large particles by a transport term.

We present this approximation here in order to provide more insight into the conditions imposed in

Section 5.3. We refer to Appendix D and to [HNS07, Section 4 and Appendix 1] for more details. It is

worthwhile to mention that the following computations are not rigorous and their purpose is to provide

some insight into the type of solutions we are searching for.

We start with the model in (5.1.1). Since our strategy relies on finding a suitable supersolution, it

suffices to find a lower bound for (5.1.1). It follows that

−

∫
(0, v

2 )
K(v − v′, v′) f (x, v − v′, t) f (x, v′, t)dv′ +

∫
(0,∞)

K(v, v′) f (x, v, t) f (x, v′, t)dv′

≥ −

∫
(0, v

2 )
[K(v − v′, v′) f (x, v − v′, t) − K(v, v′) f (x, v, t)] f (x, v′, t)dv′

+

∫
[ v

2 ,∞)
K(v, v′) f (x, v, t) f (x, v′, t)dv′

≥ −

∫
(0, v

2 )
[K(v − v′, v′) f (x, v − v′, t) − K(v, v′) f (x, v, t)] f (x, v′, t)dv′. (5.4.1)
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We now use the condition that K(v − v′, v′) ≤ K(v, v′) when v′ ∈ [0, v
2 ] in (5.3.2) and obtain that

∂t f (x, v, t) + vα∂x f (x, v, t)

−

∫
(0, v

2 )
[K(v − v′, v′) f (x, v − v′, t) − K(v, v′) f (x, v, t)] f (x, v′, t)dv′

≥ ∂t f (x, v, t) + vα∂x f (x, v, t) −
∫

(0, v
2 )

K(v, v′)[ f (x, v − v′, t) − f (x, v, t)] f (x, v′, t)dv′. (5.4.2)

Condition (5.3.2) is a rather standard assumption in the study of coagulation equations, see for example

[LM02], and most of the kernels used in applications satisfy this condition, in particular, kernels of the

form K(v, v′) = vγ + v′γ or (1.1.4).

We further make use of the fact that the coagulation kernel K is bounded from above by v′γ + vγ

in condition (5.3.1) and, since v′ ∈ [0, v
2 ], we further deduce by making abstraction of some constants

that

∂t f (x, v, t) + vα∂x f (x, v, t) −
∫

(0, v
2 )

K(v, v′)[ f (x, v − v′, t) − f (x, v, t)] f (x, v′, t)dv′

≳ ∂t f (x, v, t) + vα∂x f (x, v, t) −
∫

(0, v
2 )

vγ[ f (x, v − v′, t) − f (x, v, t)] f (x, v′, t)dv′

= ∂t f (x, v, t) + vα∂x f (x, v, t) − vγ
∫

(0, v
2 )

∫ v

v−v′
∂w f (x,w, t)dw f (x, v′, t)dv′. (5.4.3)

Assume that ∂w f (x,w, t) behaves similarly for w ∈ [ v
2 , v]. In order to prove this rigorously, we will

make use of the fact that we chose the time to be sufficiently small in Theorem 5.3.3 and of the decay

for f in (5.3.7). Thus we arrive to the following formula

∂t f (x, v, t) + vα∂x f (x, v, t) + vγ∂v f (x, v, t)
∫

(0, v
2 )

v′ f (x, v′, t)dv′. (5.4.4)

We denote by M1(x, t) :=
∫

(0,∞) v′ f (x, v′, t)dv′ the first moment in v of f . We consider only large values

of v so that we can safely assume that
∫

(0, v
2 ) v′ f (x, v′, t)dv′ contains most of the mass. In this manner,

we can further approximate (5.4.4) by

∂t f (x, v, t) + vα∂x f (x, v, t) + vγ∂v f (x, v, t)M1(x, t). (5.4.5)

Suppose now that M1(x, t) decays sufficiently fast for large values of x as assumed in Definition

(5.3.3). Actually, this will follow from the decay of our solution f in (5.3.7). That is, assume there is a

sufficiently large m and a constant L > 0 such that

M1(x, t) ≤
L

1 + |x|m
. (5.4.6)
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Combining (5.4.6) with (5.4.5), we obtain that f should behave formally like the solution of the equa-

tion

∂t f (x, v, t) + vα∂x f (x, v, t) +
Lvγ∂v f (x, v, t)

1 + |x|m
= 0. (5.4.7)

The analysis of the equation (5.4.7) will play an important role in our proof of local existence.
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CHAPTER 6

SUMMARY AND OUTLOOK

Description

In this chapter we give an overview of the results presented so far and dive further
into the methods used to obtain them. Moreover, we discuss possible further research
directions in relation to each of the papers that stem from the properties of the models
or from the methods used to tackle them.

6.1 Coagulation equations for non-spherical clusters - Future directions

In Chapter 2, we studied the model

∂t f (a, v, t) + ∂a[r(a, v)(c0v
2
3 − a) f (a, v, t)] = K[ f ](a, v, t) (6.1.1)

and presented the results obtained under the assumptions that both the collision K and the fusion kernel

r behave like power laws. We refer to Table 2.1 for the exact conditions used for the collision kernel and

to Table 2.2 together with (2.1.8) for the exact conditions used for the fusion kernel. More precisely,

we assumed that the collision kernel is bounded from below and above by

K1(v−αv′β + v′−αvβ) ≤ K(a, v, a′, v′) ≤ K0(v−αv′β + v′−αvβ), for some constants K0,K1 > 0, (6.1.2)

and that the fusion kernel has the form

R0aµvσ ≤ r(a, v) ≤ R1aµvσ, for some constants R0,R1 > 0. (6.1.3)

In this section, we will discuss open problems which appear when dealing with different values of

the parameters α and µ. For the clarity of the presentation of Chapter 2, we only stated our results for

collision kernels of the form (6.1.2) in the case when α > 0. As the case α = 0 is interesting in itself,
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we summarize in Subsection 6.1.1 the existing results for α = 0 and present some possible extensions.

Concerning the fusion kernel, most of the results presented in Chapter 2 hold for values of µ , 0 in

(6.1.3). This is since it is not clear in the case µ = 0 if the fusion term is comparable to the collision

term in (6.1.1). In Subsection 6.1.2, we explain the difficulty of dealing with the case µ = 0 and state

some conjectures in this case.

6.1.1 Discussion on the choice of coefficients for the collision kernel

In [CV23], we proved the existence of self-similar profiles for the model (6.1.1) when the coeffi-

cients in (6.1.2) satisfy

α = 0 and γ = β ∈
(
0;

2
3

)
. (6.1.4)

We will use the following definition of self-similar profiles for collision kernels satisfying (6.1.4).

Definition 6.1.1 (Definition A.2.4). Assume α = 0. We will say that a measure g ∈ M I
+(R2

>0) is a

self-similar profile for the model (6.1.1) if∫
(0,∞)2

(a + vβ+1 + vβ)g(a, v)dvda < ∞ (6.1.5)

and for every φ ∈ C1
c(R2

>0) the following equality is satisfied:

2
3

∫
(0,∞)2

g(η)av∂aφ(η)dη +
∫

(0,∞)2
g(η)v2∂vφ(η)dη − (1 − γ)

∫
(0,∞)2

vr(η)(c0v
2
3 − a)g(η)∂aφ(η)dη

= (1 − γ)
∫

(0,∞)2

∫
(0,∞)2

K(η, η′)g(η)g(η′)v[φ(η + η′) − φ(η)]dη′dη. (6.1.6)

Notice that we obtain equation (6.1.6) by replacing the test function φ with a test function of the

form vφ in the equation satisfied by the self-similar profile in the case when α > 0, namely in (2.1.11).

The new form of the equation is chosen since in the case α = 0 we expect the self-similar profiles to

be singular for values of v near zero and for this reason not all the terms in Definition 2.1.1 are well-

defined. Under this new formulation of the definition of self-similar profiles, we obtain the following

result.

Theorem 6.1.2 (Theorem A.2.5). Let α = 0. Assume K is a continuous, non-negative kernel satisfying

the conditions in Table 2.1 with coefficients as in (6.1.4). Suppose that r ∈ C1(R2
>0) satisfies the

conditions in Table 2.2 and (2.1.8). If µ > 0, there exists a self-similar profile for the model (6.1.1), in

the sense of Definition 6.1.1, satisfying Mn,k(g) < ∞, for all n ≥ 0 and k ≥ γ.

Theorem 6.1.2 above and the existence of self-similar profiles for the model (6.1.1) in the case

when α > 0 presented in Theorem 2.2.1, Chapter 2, illustrate that a similar situation to the stand-

ard one-dimensional coagulation equation occurs. More precisely, for the standard one-dimensional
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coagulation model

∂t f (v, t) =
1
2

∫
(0,v)

K(v − v′, v′) f (v′, t) f (v − v′, t)dv′ −
∫

(0,∞)
K(v, v′) f (v, t) f (v′, t)dv′ (6.1.7)

with a coagulation kernel of the form

K(v, v′) ≈ v′−αvβ + v′βv−α, (6.1.8)

it is known that there exist self-similar profiles for which all the moments with negative powers of v

are bounded if α > 0. On the contrary, for the one-dimensional coagulation equation (6.1.7) with a

coagulation kernel of the form K(v, v′) ≈ vγ + v′γ, i.e., α = 0 in (6.1.8), the self-similar profiles can be

singular for small values of v and we can expect to have boundedness only for the moments containing

powers of the form vd, with d ≥ γ.

We present below the precise statement of this result in the one-dimensional case and we refer to

[BLL19b, Chapter 10.2.4, Theorem 10.2.17] and [FL05] for more details. For m ∈ R, we denote by

Xm := L1((0,∞); vmdv).

Moreover, let

1. k1(v, v′) := (vb + v′b)(v−a + v′−a), for some b ∈ [0, 1) and a ∈ (0,∞), and as such γ := b − a < 1.

2. k2(v, v′) := (va + v′a)b, for some a ∈ (0,∞) and b ∈ (0, 1
a ), and as such γ := b + a ∈ (0, 1).

Theorem 6.1.3 ([BLL19b], Chapter 10.2.4, Theorem 10.2.17). Assume that there is i ∈ {1, 2} such that

the coagulation kernel k is given by k = ki. Then there exists at least one mass-conserving self-similar

profile φ to the standard one-dimensional coagulation equation (6.1.7) which satisfies the following

additional properties.

1. If k = k1, then φ ∈ L∞(0,∞) and φ ∈ Xm for all m ∈ R.

2. If k = k2, then φ ∈ Lp((0,∞); vγ−1+2pdv) for all p ∈ (1, γ) and φ ∈ Xm for all m ≥ γ.

Theorem 2.2.1 (case α > 0 in (6.1.2)) is analogous to Case 1 of Theorem 6.1.3. In this case, we have

that since the coagulation rate is very large for small particles, we can expect self-similar profiles to be

bounded (and small) for small values of v. In particular, for the self-similar profile of the model (6.1.1)

obtained when α > 0, we have M0,d(g) :=
∫

(0,∞)2 vdg(a, v)dadv < ∞, for all d ∈ R.

On the other hand, Theorem 6.1.2 is the two-dimensional equivalent of Case 2 of Theorem 6.1.3.

The difference is that Theorem 6.1.2 is only stated for values of γ ∈
(
0, 2

3
)
, while Case 2 of Theorem

6.1.3 holds for all values of γ ∈ (0, 1). This is since the competition between the fusion term and the

collision term in (6.1.1) might lead to significantly different results from the one-dimensional case for

this range of parameters.
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We thus study the possible scenarios that can occur in the case when α = 0 and γ ≥ 2
3 . As such, let

us consider a collision kernel of the form

K(a, v, a′, v′) = vγ + v′γ, with γ ≥
2
3
.

There are two possibilities.

Case 1. If fusion overtakes collision and self-similar profiles of the model (6.1.1) exist, then the

total surface area of such a profile is bounded. The isoperimetric inequality would imply that we have

moments of order smaller than γ of the self-similar profile which are bounded. More precisely, it holds

that

c0

∫
(0,∞)2

v
2
3 g(a, v)dvda ≤

∫
(0,∞)2

ag(a, v)dvda < ∞.

If γ > 2
3 , then this would imply that all the moments M0,d, with d ∈

[2
3 , γ

]
, are bounded. This situation

does not happen in the one-dimensional case for this choice of coefficients. As presented in Theorem

6.1.3, Case 2, only moments of self-similar profiles of order greater or equal than γ are bounded in the

one-dimensional case.

Case 2. Alternatively, we do not exclude the possibility that collision can overtake fusion and

particles attach at a contact point as in Theorem 2.2.2.

Independently, both results would imply that we are in a very different situation compared to what

happens in the one-dimensional case.

6.1.2 Discussion on the choice of coefficients for the fusion kernel

In Chapter 2, we noticed that our results depend strongly on the competition between the fusion

and the collision term in (6.1.1) and that this competition is influenced by the value of µ in (6.1.3). In

the following, we explain the idea behind the proof of the results in Chapter 2 if we work with fusion

kernels as in (6.1.3) in the cases when µ > 0 and µ < 0 in order to illustrate the difficulties which

appear when dealing with the case µ = 0.

The case of µ > 0

In the case when µ > 0 in (6.1.3) we have that the fusion term overtakes the collision term and we

are able to prove existence of self-similar profiles. Due to our choice of collision speed that has little

dependence on the area variable, we adapt existing estimates used in the study of one-dimensional

coagulation models in order to bound moments involving only powers of the volume. As such, the

main new ingredient in this case is the control of the total surface area, which is done by making use

of the presence of the fusion term. We refer to Theorem 2.2.1 for the precise framework and statement

of the result.
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In order to better understand the stated results, we give some heuristic arguments. Assume for

simplicity that r(a, v) = aµ and that µ > 0. As mentioned above, the most important part is to estimate

the total surface area. This is since the moments in the v variable can be bounded using standard

arguments used in the study of coagulation equations. For the same reason, we can assume without

loss of generality that a ≥ 2c0v
2
3 since the region {c0v

2
3 ≤ a ≤ 2c0v

2
3 } can be bounded using uniform

moment estimates in the v variable. The rigorous proof of Theorem 2.2.1 will be a generalization of

the following idea.

Denote by A(t) :=
∫

(0,∞)2 ag(η, t)dη. We test formally in (2.1.12) with φ ≡ a. Since a ≥ 2c0v
2
3 ,

equation (2.1.12) becomes

∂tA(t) =
1
3

A(t) +
∫

(0,∞)2
aµ(c0v

2
3 − a)g(η, t)dη

≤
1
3

A(t) −
1
2

∫
(0,∞)2

aµ+1g(η, t)dη. (6.1.9)

Since µ > 0, by Young’s inequality, we have that there exists some sufficiently large constant C > 0

such that

4
3

a ≤
aµ+1

2
+C. (6.1.10)

Assuming
∫

(0,∞)2 g(η, t)dη ≤ C, (6.1.9) then becomes

∂tA(t) ≤ −A(t) +C. (6.1.11)

Inequality (6.1.11) implies that the region
{ ∫

(0,∞)2 ag(η, t)dη ≤ C
}

is invariant in time and as such

we obtain the desired estimate for the total surface area.

The case of µ < 0

In the case when µ < 0 in (6.1.3) we discover that we can have two different types of behaviors

depending on the choice of initial data and on the value of the fusion speed when the area and volume

are of order one. In particular, for some suitable choice of initial data, the fusion term plays a negligible

role compared to the collision operator and we can prove that the total surface area and the total volume

of solutions f to (6.1.1) remain almost constant in time, phenomenon which we term ramification. Due

to the choice of scaling of self-similar profiles in (2.1.4), this is equivalent to saying that the total surface

area of a self-similar profile behaves like e
1
3 t. We refer to Theorem 2.2.2 for more details.

Theorem 2.2.2 can be understood in the following manner. We can assume without loss of general-

ity that the total volume of particles is one by means of a rescaling argument. We refer to Appendix A

for more details about this. With this rescaling, Theorem 2.2.2 states that if we have R1 ≤ 1 in (6.1.3)

and
∫

(0,∞)2 agin(a, v)dvda ≥ C, for some sufficiently large constant C > 0, then ramification occurs.
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We now provide some heuristic explanation in order to justify the validity of Theorem 2.2.2. We

explain below the motivation behind the condition of large initial datum.

Assume for simplicity that r(a, v) = aµ and that µ ≤ −1. In other words, in order to be consist-

ent with the condition that the fusion kernel keeps the self-similar structure from Table 2.2, we have

r(a, v) = a
3(γ−1)

2 . Test formally in (2.1.12) with φ ≡ a. We have ⟨K[g], φ⟩ = 0. Denote by A(t) :=∫
(0,∞)2 ag(η, t)dη. Equation (2.1.12) becomes

∂tA(t) =
1
3

A(t) +
∫

(0,∞)2
aµ(c0v

2
3 − a)g(η, t)dη

≥
1
3

A(t) −
∫

(0,∞)2
aµ+1g(η, t)dη. (6.1.12)

Since µ ≤ −1 and since our measures are supported in the region where {c0v
2
3 ≤ a} due to the isoperi-

metric inequality, (6.1.12) then becomes

∂tA(t) ≥
1
3

A(t) − cµ+1
0

∫
(0,∞)2

vγ−
1
3 g(η, t)dη. (6.1.13)

It turns out that we can prove∫
(0,∞)2

vγ−
1
3 g(η, t)dη ≤ max

{ ∫
(0,∞)2

vγ−
1
3 gin(η)dη,C

}
, (6.1.14)

for some fixed constant C > 0. The proof of this result is made in a similar manner as the proof of the

analogous estimate for the one-dimensional coagulation equations. Thus, (6.1.13) becomes

∂tA(t) ≥
1
3

A(t) −C, (6.1.15)

for some constant C > 0 depending only on gin. From (6.1.15), we deduce that if A(0) is sufficiently

large, then A(t) behaves like e
1
3 t. This is the content of the ramification result of Theorem 2.2.2.

If r(a, v) = aµ with µ ∈ (−1, 0), by Young’s inequality, for every ϵ ∈ (0, 1), we have that there exists

some sufficiently large constant Cϵ > 0, which depends on ϵ, such that

aµ+1 ≤ ϵa +Cϵ . (6.1.16)

(6.1.12) then becomes

∂tA(t) ≥
(1
3
− ϵ

)
A(t) −Cϵ . (6.1.17)

(6.1.17) gives a lower bound of order e
(

1
3−ϵ

)
t if we start with sufficiently large total surface area. We

can improve this bound to one of order e
1
3 t by letting ϵ decrease to zero as t → ∞. However, we only

focus here on illustrating the main steps of the proof and omit further technical details as our goal in

this subsection is to illustrate the discrepancy of the results when µ < 0 and µ > 0.
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The case of µ = 0

The intriguing case is thus when the collision term and the fusion term are comparable - which

corresponds to the case when µ = 0 in (6.1.3) - and this provides a future research direction. We notice

that in the case µ = 0 the characteristic equations associated to the fusion term can be explicitly solved.

More precisely, we can look at the system∂tA(a0, v0, t) = c0V
2
3 (a0, v0, t) − A(a0, v0, t);

∂tV(a0, v0, t) = V(a0, v0, t),
(6.1.18)

with initial conditions A(a0, v0, 0) = a0;

V(a0, v0, 0) = v0.
(6.1.19)

Then A(a0, v0, t) = e−t(a0 − c0v
2
3
0 ) + c0v

2
3
0 is a solution of this system and we can use this form in order

to obtain more information about the solutions to (6.1.1). Existence of self-similar profiles if the fusion

kernel is sufficiently large when the area and the volume are of order one has been obtained in the case

when µ = 0 as stated in Theorem 2.2.3. However, a complete picture of this case is yet to be obtained.

Final remark

As a final mention, our main interest in Chapter 2 was to discover how much of the mathematical

theory for the one-dimensional coagulation equation can be carried on to the two-dimensional case

and to observe the new mathematical phenomena that this model leads us to. As such, all the results

presented so far involve a collision kernel similar to the one used in the study of one-dimensional

coagulation models, cf. (6.1.2). It would be interesting to understand the behavior of the solutions of

(6.1.1) when the collision kernel K contains an explicit dependence on the area.

The main issue in trying to tackle this problem is the lack of examples coming from physical

literature of such kernels. A first step in dealing with this problem is thus to find both the shape and

the interaction speed of particles that could give physically interesting models, as well as models for

which existence of self-similar profiles can be proven.

6.2 Long-time asymptotics for coagulation equations with injection that
do not have stationary solutions - Future directions

In Chapter 4, we discussed the long-time asymptotics of the model

∂t f (v, t) = K[ f ](v, t) + η (v) (6.2.1)

for coagulation kernels of the form

c2
[
vγ+λv′−λ + v′γ+λv−λ

]
≤ K

(
v, v′

)
≤ c1

[
vγ+λv′−λ + v′γ+λv−λ

]
, with γ + 2λ ≥ 1. (6.2.2)
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Starting from the assumption that the injected particles are transferred instantaneously to large cluster

sizes, we arrived to a new coagulation model for particles of large size using formal asymptotics,

namely

∂t fouter (v, t) +

∫ ∞
0 v′η (v′) dv′∫ ∞

0 v′γ+λ fouter (v′, t) dv′
∂

∂v

[
vγ+λ fouter (v, t)

]
= K

[
fouter

]
(v, t) , (6.2.3)

where we denoted by fouter(v, t) := f (v, t)1v≫1.

As mentioned in Chapter 4, we arrive to the model (6.2.3) in the case when γ + 2λ > 1, as well as

when γ+2λ = 1. However, the derivation in the two cases differs, despite leading to the same equation.

In Chapter 4, we focused on the case when γ + 2λ > 1 for the clarity of the presentation. We switch

our attention in Subsection 6.2.1 to the situation when γ + 2λ = 1 as the results obtained are more

rudimentary in this case, opening many directions of study.

In addition, when γ + 2λ > 1, we proved existence of self-similar profiles for the newly-derived

model in (6.2.3) if and only if γ > −1. We present the current available results about the long-time

asymptotics of coagulation equations with injection (6.2.1) in Subsection 6.2.2 together with some

open problems.

6.2.1 The case γ + 2λ = 1

The difference between the case γ + 2λ > 1 and γ + 2λ = 1 lies in the approximation of the

concentrations of clusters f (v, t) in the region where v is of order one. The reason is that when γ+2λ =

1, we cannot expect the moment Mγ+λ :=
∫ ∞

0 vγ+λ f (v, t)dv to converge to infinity as t → ∞. In

[FLNV21b], it has been proven that when γ + 2λ < 1, stationary solutions to (6.2.1) behave like v−
3+γ

2

for large values of v. Assuming this behavior for γ + 2λ = 1, it would imply that the Mγ+λ moment is

constant.

Indeed, suppose that most of the mass of the monomers is distributed in a characteristic length L(t)

that increases as t → ∞. Then, if we denote as M0 and M1 the moments of f of order zero and one

(i.e.,
∫ ∞

0 f (v, t)dv and
∫ ∞

0 v f (v, t)dv, respectively), we have that M1 = M0L(t) and Mγ+λ = M0L(t)γ+λ.

Assuming that
∫ ∞

0 vη(v)dv = 1 and hence that M1 ≃ t as t → ∞, we deduce that M0L(t) = t.

The rescaling properties of the model (6.2.1) suggest that M0
t ≃ (M0)2 L(t)γ. Therefore, plugging the

identity M0 =
t

L(t) in this formula we obtain L(t) = t
2

1−γ . Hence

Mγ+λ = M0L(t)γ+λ = tL(t)γ+λ−1 = t1+ 2
1−γ (γ+λ−1)

= 1. (6.2.4)

A first consequence of (6.2.4) is that we cannot approximate the model (6.2.1) for clusters of order

one by means of (4.1.8). Instead, we analyze in more detail the evolution equation for finner(v, t) :=

f (v, t)1v≈1. Remembering the decomposition used in (4.1.5), it holds that

∂t finner(v, t) = K
[
finner

]
(v, t) − finner(v, t)

∫ ∞

0
K(v, v′) fouter(v′, t)dv′ + η(v). (6.2.5)
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As in (4.1.6), when v ≈ 1 and v′ ≫ 1, the coagulation kernel behaves like

K(v, v′) ≈ v′γ+λv−λ

and (6.2.5) becomes

∂t finner(v, t) = K
[
finner

]
(v, t) − finner(v, t)v−λ

∫ ∞

0
v′γ+λ fouter(v′, t)dv′ + η(v). (6.2.6)

(6.2.4) suggests that
∫ ∞

0 v′γ+λ fouter(v′, t)dv′ approaches to a positive constant as t → ∞when γ+2λ = 1.

Taking Mγ+λ to be a constant, we can write (6.2.6) as

∂t finner(v, t) = K
[
finner

]
(v, t) − Mγ+λ finner(v, t)v−λ + η(v). (6.2.7)

Assuming then that the function finner approaches a stationary solution for large times, we then obtain

the following equation which would be expected to describe the long-time behavior of solutions to

(6.2.1) for values of v of order one

K
[
finner

]
(v) − Mγ+λ finner(v)v−λ + η(v) = 0. (6.2.8)

We also notice that by multiplying (6.2.8) by v and integrating in (0,∞), we obtain that

Mγ+λ

∫ ∞

0
v1−λ finner(v)dv =

∫ ∞

0
vη(v)dv.

Notice that the above equality is the same as in (4.1.9), which was the condition needed when γ+2λ > 1

in order to derive the evolution equation in time of fouter. As such, we can reproduce the computations

made in Chapter 4 to arrive to the same equation for fouter in this case too, namely equation (4.1.10).

The whole asymptotic behavior derived here relies on the existence of solutions for the equation

(6.2.8). Equation (6.2.8) can then be interpreted as a stationary point in time for a coagulation equation

with source η and a removal term −Mγ+λ finner(v, t)v−λ, cf. (6.2.7). We know from [FLNV21b] that no

solutions of (6.2.8) exist if Mγ+λ = 0 and γ + 2λ = 1. However, when Mγ+λ > 0, the non-existence

result may change due to the presence of the removal term. As such, the existence/non-existence of

stationary solutions for equation (6.2.8) remains an open problem.

6.2.2 The case γ ≤ −1

We remember that our goal is to completely understand the long-time asymptotics of solutions to

(6.2.1) for coagulation kernels of the form

c2
[
vγ+λv′−λ + v′γ+λv−λ

]
≤ K

(
v, v′

)
≤ c1

[
vγ+λv′−λ + v′γ+λv−λ

]
.

Table 6.1 contains a summary of the results present in the literature.
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Model Assumptions Parameters Results
[FLNV21b] - |γ + 2λ| < 1 Existence if and only if
[CFFV23] γ + 2λ > 1, γ < 1, γ + λ < 1 γ > −1 Existence if and only if
[FFL+23] γ + 2λ > 1, γ + λ < 1 γ ≤ −1 Scaling determined

Table 6.1: Results so far

More precisely, the following situation holds.

Case |γ + 2λ| < 1.

The expected long-time behavior of solutions to (6.2.1) is given by stationary solutions of the form

K[ f ](v) + η (v) = 0 and |γ + 2λ| < 1 is a necessary and sufficient condition for the existence of such

stationary solutions.

Case γ + 2λ > 1, γ > −1.

Since stationary solutions of (6.2.1) do not exist in this case, we derived a new model describing

the behavior of the concentration of clusters, cf. (6.2.3). The natural assumptions γ + λ < 1 and γ < 1

assure mass-conservation. The expected long-time behavior in this case is given by self-similar profiles

of the form (4.2.1) and γ > −1 is a necessary and sufficient condition for their existence.

Case γ + 2λ > 1, γ ≤ −1.

In order to better understand the behavior of coagulation equations with source, the scaling of the

self-similar profiles in the case when γ + 2λ > 1, γ + λ < 1 and γ ≤ −1 has been studied in [FFL+23]

using dimensional analysis and formal arguments. A rigorous analysis for this case is yet to be made.

The difficulty comes from the fact that, as shown in [FFL+23], there is a rich range of different possible

long-time behaviors in this case.

6.3 On an inhomogeneous coagulation model with a differential sedi-
mentation kernel - Future directions

As mentioned in Chapter 5, we proved existence of solutions for short times for the model

∂t f (x, v, t) + vα∂x f (x, v, t) =
1
2

∫
(0,v)

K(v − v′, v′) f (x, v − v′, t) f (x, v′, t)dv′

−

∫
(0,∞)

K(v, v′) f (x, v, t) f (x, v′, t)dv′ (6.3.1)

when the coagulation kernel has the form of a differential sedimentation kernel as in (1.1.4), as well as

for sum kernels of homogeneity greater than one, as in (5.1.2).

Other multi-dimensional coagulation models [CV23, FLNV21a] and in particular inhomogeneous

coagulation models [AB79, CDF08, CDF10, LM02] have already been the subject of study in the

mathematical literature. In addition to the physical relevance of the model in (6.3.1), the main novelty

62
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in our paper [CNV24b] is the existence of solutions for sum kernels of homogeneity greater than one.

For the homogeneous case, such solutions do not exist.

Our aim is to verify if the strategy used for the local existence result can be extended to hold for

larger times. This will be the content of Section 6.4. As such, it is useful to first emphasize the steps

of the proof of Theorem 5.3.3 (i.e., the theorem which states local existence of solutions). The idea in

order to prove existence is as follows. We work with a linear version of the model obtained by defining

an inductive sequence of solutions. For this linear version, we are able to find a suitable supersolution.

This offers us sufficiently nice upper bounds for the solutions of the linear problem that allow us to

pass in the limit back to our original model. We explain below this strategy in more detail. We omit

some technicalities and only focus on the heuristic ideas behind our result. From now on, we assume

that we work with a coagulation kernel of the form

K(v, v′) ≈ vγ + v′γ, for some γ > 1. (6.3.2)

Strategy:

Step 1 (The contribution of the sedimentation term)

We assume that the contribution of the coagulation operator is negligible for small times and try

to obtain a supersolution by only using the sedimentation term. Towards this goal, we notice that the

solution to

∂t f0(x, v, t) + vα∂x f0(x, v, t) = 0 with f0(x, v, 0) =
C0

1 + |x|m + vp , for some C0 > 0, (6.3.3)

is given by f0(x, v, t) = C0
1+|x−vαt|m+vp .

Step 2 (The approximated model)

We make use of the approximation in (5.4.7) derived in Section 5.4 and analyze the properties of

the solution to

∂tG(x, v, t) + vα∂xG(x, v, t) +
Lvγ

1 + |x|m−d ∂vG(x, v, t) = 0, (6.3.4)

for some suitably chosen d ∈ R and some sufficiently large constant L > 0. We assume the initial

condition has sufficiently fast decay for large values of x and v, namely G(x, v, 0) = C0
1+|x|m+vp , for some

constant C0 > 0. We look at the system
∂tX(x, v, t) = −Vα(x, v, t), X(x, v, 0) = x ,

∂tV(x, v, t) = −
LVγ(x, v, t)

1 + |X|m−d(x, v, t)
, V(x, v, 0) = v.

(6.3.5)

Step 1 offers intuition on how we would like our solutions to (6.3.1) to behave. Thus, we study the

system (6.3.5) and prove that G(x, v, t) = C0
1+|X|m+V p , where X(x, v, t) − x behaves like vαt and V(x, v, t)

behaves like v.
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Step 3 (Inductive sequence)

We work with a linear version of the model (6.3.1) as follows.

∂t fn(x, v, t) + vα∂x fn(x, v, t) = K[ fn−1, fn](x, v, t) and fn(x, v, 0) = f (x, v, 0) ≤
C0

1 + |x|m + vp , (6.3.6)

where we denoted by

K[ fn−1, fn](x, v, t) :=
∫

(0, v
2 )

K(v − v′, v′) fn(x, v − v′, t) fn−1(x, v′, t)dv′

−

∫
(0,∞)

K(v, v′) fn(x, v, t) fn−1(x, v′, t)dv′. (6.3.7)

By Step 2, we assume that G defined in (6.3.4) behaves like C0
1+|x−vαt|m+vp and try to prove that G (up to

modifications) is a supersolution for the model (6.3.6). More precisely, we would like to prove that

∂tG(x, v, t) + vα∂xG(x, v, t) − K[ fn−1,G](x, v, t) ≥ 0. (6.3.8)

This will offer sufficiently nice upper estimates for the solutions fn of (6.3.6) that will allow us to pass

to the limit as n→ ∞. As an immediate observation, the function C0
1+|x−vαt|m+vp attains a local maximum

at (vmax)
2
3 ≈ xt

1
m−1 if t ∈ [0, 1] and is increasing for v ≤ vmax. As such, we make the following

modification to the function G.

H(x, v, t) =
{

G(x, v, t), if ∂vG(x, v, t) ≤ 0;
G(x, vmax, t), otherwise.

(6.3.9)

By its definition, the function H is decreasing in the v variable.

Step 4 (H is a supersolution of the linear model)

We now try to prove that (6.3.8) holds for H. We assume by induction that fn−1 ≤ H and wish to

prove that

(∗) := ∂tH(x, v, t) + vα∂xH(x, v, t) −
∫ v

2

0
vγ[H(x, v − v′, t) − H(x, v, t)]H(x, v′, t)dv′ ≥ 0. (6.3.10)

We do this by proving that

(∗) ≥ ∂tH(x, v, t) + vα∂xH(x, v, t) +
Lvγ

1 + |x|m−d ∂vH(x, v, t) (6.3.11)

and that

∂tH(x, v, t) + vα∂xH(x, v, t) +
Lvγ

1 + |x|m−d ∂vH(x, v, t) ≥ 0. (6.3.12)

(6.3.12) will follow from (6.3.4) and (6.3.9) and as such we focus on proving that (6.3.11) holds.

We analyze the term H(x, v − v′, t) − H(x, v, t). Since v′ ∈ [0, v
2 ], it holds that v − v′ ∈ [ v

2 , v]. From

the definition of H in (6.3.9), we then notice we have three cases depending on the value of v, namely
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{v ≤ vmax}, {vmax ≤ v ≤ 2vmax}, and {v ≥ 2vmax}. In the case {vmax ≤ v ≤ 2vmax}, we need to

further split the integral in (6.3.10) into the region where v′ < v − vmax and v′ ≥ v − vmax since

H(x, v − v′, t) = H(x, vmax, t) in the latter region.

We then prove suitable estimates for H in order to conclude that H satisfies (6.3.11). We remember

here that we omit some technicalities for the sake of clarity. More precisely, the function H requires

further modifications in this case in order for (6.3.11) to hold.

Conclusion

As noticed above, the main ingredient of the proof of existence of solutions for the inhomogeneous

coagulation model (6.3.1) relies on the fact that the contribution given by the coagulation operator

is negligible for small times. Thus, it is worth to study the behavior of solutions for the following

modified model

∂t fϵ(x, v, t) + vα∂x fϵ(x, v, t) = ϵK[ fϵ](x, v, t), (6.3.13)

for some sufficiently small ϵ ∈ (0, 1). We expect that this modification of our model (6.3.1) will offer

clues on how to prove global existence of solutions. Alternatively, a small contribution coming from

the coagulation term is equivalent to a large contribution from the sedimentation term. Indeed, assume

fϵ satisfies (6.3.13) and take

Fϵ(x, v, t) = fϵ
(
x, v,

t
ϵ

)
.

Then Fϵ satisfies the following model

∂tFϵ(x, v, t) +
1
ϵ

vα∂xFϵ(x, v, t) = K[Fϵ](x, v, t). (6.3.14)

In the rest of this chapter, we discuss possible ways which could be used to prove the existence of

solutions of the models (6.3.13) and (6.3.14). It will turn out that the steps explained above to tackle

local in time existence cannot be reproduced in order to prove global existence of solutions (or even

existence for times of order one) for the models (6.3.13) and (6.3.14). This will be the content of

Section 6.4. In a desire to derive more information about possible solutions to (6.3.13) and (6.3.14),

we derive estimates for the coagulation operator in (6.3.13) assuming different behaviors of solutions

(Section 6.5). We then conclude this chapter by presenting an alternative model (Section 6.6), whose

analysis might prove useful to tackle equations such as (6.3.13) and (6.3.14).

6.4 Discussion on global in time existence

We begin by checking if the strategy presented in Section 6.3 (and we refer here also to [CNV24b])

can be adapted to prove the existence of solutions for the model

∂tF(x, v, t) + λv
2
3 ∂xF(x, v, t) = K[F](x, v, t), (6.4.1)
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for some λ > 1 sufficiently large, with a coagulation kernel of the form

K(v, v′) ≈ v
4
3 + v′

4
3 .

We try to prove a similar result as the one in Theorem 5.3.3. More precisely, we examine if by extending

the techniques in [CNV24b] we can prove a result of the following form. There exists some sufficiently

large λ0 > 0 such that if F(x, v, 0) ≤ C
1+|x|m+vp , for some constant C > 0, then there exists a global in

time solution to (6.4.1) if λ ≥ λ0.

Notice that the model (6.4.1) is the same as the one in (6.3.14), where we used the notation with λ

instead of 1
ϵ and where we restricted our attention to the case α = 2

3 for simplicity of notation in later

computations. This implies in particular that in this case p = 2
3 m in order to be able to reproduce the

computations needed to prove Theorem 5.3.3.

As in the proof of local existence, the plan is to find a suitable supersolution to a linear version of

the model (6.4.1). We check if we can reproduce the steps discussed in Section 6.3. We omit certain

constants in the following as our goal is only to discuss possible approaches to extend the existence

result to larger times rather than to show rigorous computations.

Step 1 & 2 (The contribution of the sedimentation term & The approximated model)

If we assume that the contribution of the coagulation operator in (6.4.1) is negligible for all times,

as in Step 1 from Section 6.3, then our solution has the form G(x, v, t) = 1

1+|x−λv
2
3 t|m+vp

and this will be

our first candidate when trying to find a supersolution for (6.4.1).

Step 3 (Inductive sequence)

As in Step 3 from Section 6.3, we check the zero points of ∂vG(x, v, t). We have that ∂vG(x, v, t) =

−
∂v
[
1+(x−λv

2
3 t)m+vp

]
(1+|x−λv

2
3 t|m+vp)2

. Remembering that m is even and that p = 2
3 m, we obtain that

∂v
[
1 + (x − λv

2
3 t)m + vp] = −p(λt)v−

1
3 (x − λv

2
3 t)m−1 + pvp−1.

We then have that

∂v
[
1 + (x − λv

2
3 t)m + vp] = 0 if and only if v

2
3 =

(λt)
1

m−1 x

1 + (λt)
m

m−1
.

It is worthwhile to notice that vmax :=
(

(λt)
1

m−1 x

1+(λt)
m

m−1

) 3
2

is bounded and converges to zero as λt → 0 and as

λt → ∞. Moreover, for large values of λt, we have that (vmax)
2
3 ≈ x

λt . We then define as before

H(x, v, t) =
{

G(x, v, t), if ∂vG(x, v, t) ≤ 0;
G(x, vmax, t), otherwise.

(6.4.2)

Our aim is to prove that H is a supersolution for the iterated version of the model (6.4.1), namely

∂tFn(x, v, t) + λv
2
3 ∂xFn(x, v, t) = K[Fn−1, Fn](x, v, t), (6.4.3)

Fn(x, v, 0) = F(x, v, 0) ≤
C

1 + |x|m + vp , for some λ sufficiently large, (6.4.4)
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where K[Fn−1, Fn](x, v, t) is as in (6.3.7) and where we assume that Fn−1 ≤
1

1+|x−λv
2
3 t|m+vp

. We denote

by

τ := λt and σ :=
τ

1
m−1

1 + τ
m

m−1
such that (vmax)

2
3 = σx ≈

x
τ

for large values of τ.

Step 4 (H is a supersolution of the linear model)

Following Step 4 from Section 6.3, we wish to analyze the term

T :=
∫ v

2

0
v

4
3 [H(x, v − v′, t) − H(x, v, t)]H(x, v′, t)dv′, (6.4.5)

for H as in (6.4.2). We separate the regions {v ≤ vmax}, {vmax ≤ v ≤ 2vmax}, and {v ≥ 2vmax}, where

(vmax)
2
3 ≈ x

τ in this case. It holds that T = 0 in the region where {v ≤ vmax}. We continue by analyzing

the region {vmax ≤ v ≤ 2vmax}. We have that

T =v
4
3 H(x, vmax, t)

∫ v−vmax

0
[H(x, v − v′, t) − H(x, v, t)]dv′

+ v
4
3 H(x, vmax, t)

∫ v
2

v−vmax

[H(x, vmax, t) − H(x, v, t)]dv′. (6.4.6)

We are interested in estimating the term T for large values of τ. Let us assume for the moment that

H(x, vmax, t) ≈ H(x, v, t) and proceed with estimating T . This can be motivated by the fact that we are

in the region {vmax ≤ v ≤ 2vmax}. We use the rather rough approximations

v
2
3 ≈ v

2
3
max ≈

x
τ
, H(x, vmax, t) ≲

1
1 + ( x

τ )m and H(x, v, t) ≈
1

1 + ( x
τ )m + (τv

2
3 − x)m

. (6.4.7)

By the way we defined H in (6.4.2), it holds that H(x, vmax, t) ≥ H(x, v, t), when v ≥ vmax. Using

(6.4.7), the last term in (6.4.6) becomes

v
4
3 H(x, vmax, t)

∫ v
2

v−vmax

[H(x, vmax, t) − H(x, v, t)]dv′ ≲
( x
τ

)2+ 3
2
H(x, vmax, t)[H(x, vmax, t) − H(x, v, t)]

≲

( x
τ

)2+ 3
2

1 +
( x
τ

)m [H(x, vmax, t) − H(x, v, t)].

We further obtain that

( x
τ

)2+ 3
2

1 +
( x
τ

)m [H(x, vmax, t) − H(x, v, t)] ≲
( x
τ

)2+ 3
2 (τv

2
3 − x)m[

1 +
( x
τ

)m]2 H(x, v, t) ≈
τm( x

τ

)2+ 3
2+m[

1 +
( x
τ

)m]2 H(x, v, t). (6.4.8)

Following the proof for small values of t, we wish to bound (6.4.8) from above by a term of order

−
v

4
3 ∂vH(x,v,t)
1+|x|m−d as in (6.3.11). We thus check the order of the contribution of − v

4
3 ∂vH(x,v,t)
1+|x|m−d in the region

67



CHAPTER 6. SUMMARY AND OUTLOOK

{vmax ≤ v ≤ 2vmax}. Since v ≈ vmax ≈
( x
τ

) 3
2 , we have that

−∂vH(x, v, t) ≈
τv−

1
3 (τv

2
3 − x)m−1

[1 +
( x
τ

)m
+ (τv

2
3 − x)m]2

≈
τm( x

τ

)m−1− 1
2

1 +
( x
τ

)m
+ |x|m

H(x, v, t)

and as such it holds that

−
v

4
3 ∂vH(x, v, t)
1 + |x|m−d ≈

τm( x
τ

)m−1+ 3
2

1 +
( x
τ

)m
+ |x|m

H(x, v, t)
1 + |x|m−d . (6.4.9)

We compare the boxed term in (6.4.8) with the one in (6.4.9), namely

τm( x
τ

)2+ 3
2+m[

1 +
( x
τ

)m]2 H(x, v, t)
τm( x

τ

)m−1+ 3
2

1 +
( x
τ

)m
+ |x|m

H(x, v, t)
1 + |x|m−d .

This is equivalent to comparing the terms

I1 :=
( x
τ

)3[
1 +

( x
τ

)m]2 I2 :=
1(

1 +
( x
τ

)m
+ |x|m

)(
1 + |x|m−d) .

However, for large values of τ and x, the term I2 may become smaller than I1 and as such this approach

may not lead us to the desired result.

While the approximations in (6.4.8) and (6.4.9) are not necessarily optimal, the computations show

that the proof of existence for the model (6.4.1) for larger values of t may prove more complex than

expected.

6.5 Dirac measure solutions

We have seen in Section 6.4 that the techniques from Section 6.3 cannot be reproduced in order to

extend the existence result to hold for larger times. We now try to obtain further insight into the matter

by assuming different behavior of solutions such as Dirac measures.

6.5.1 Some computations for when the solution has the form of a Dirac measure

Using the time scale τ = λt in (6.4.1), we can analyze instead the equation

∂τF(x, v, τ) + v
2
3 ∂xF(x, v, τ) =

1
λ
K[F](x, v, τ), (6.5.1)

for some sufficiently large λ > 1. Assume now that the solutions behave like

F(x, v, τ) = δ(x − τv
2
3 ) =

3
2τ

( x
τ

) 1
2
δ
(
v −

( x
τ

) 3
2
)
.
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Our main goal is to estimate the contribution coming from the coagulation operator in (6.5.1). We thus

omit constants from the computations and try to approximate separately the gain term and the loss term

of the coagulation operator in (6.5.1). It is thus useful to establish the following notation which will be

used throughout this section.

We denote by F ⇝ solutions to equation (6.5.1), (6.5.2)

by FG ⇝ solutions to ∂τFG(x, v, τ) + v
2
3 ∂xFG(x, v, τ) = KG[FG](x, v, τ), (6.5.3)

and by FL ⇝ solutions to ∂τFL(x, v, τ) + v
2
3 ∂xFL(x, v, τ) = KL[FL](x, v, τ), (6.5.4)

where

KG[FG](x, v, τ) :=
1
λ

∫ v
2

0
K(v − v′, v′)FG(x, v − v′, τ)FG(x, v′, τ)dv′;

KL[FL](x, v, τ) := −
1
λ

∫
(0,∞)

K(v, v′)FL(x, v, τ)FL(x, v′, τ)dv′.

We assume that F ≈ FG ≈ FL. Since K(v, v′) ≈ v
4
3 + v′

4
3 , it follows that

λKG[FG](x, v, τ) ≈
v

4
3

τ2

x
τ

∫ v
2

0
δ
(
v − v′ −

( x
τ

) 3
2
)
δ
(
v′ −

( x
τ

) 3
2
)
dv′ =

v
4
3

τ2

x
τ
δ
(
v − 2

( x
τ

) 3
2
)
.

We examine if we can estimate directly the contribution due to the gain term, ignoring for the

moment the loss term in the coagulation operator. We thus look at the equation

∂τFG(x, v, τ) + ∂x
(
v

2
3 FG(x, v, τ)

)
=

v
4
3

λτ2

x
τ
δ
(
v − 2

( x
τ

) 3
2
)
. (6.5.5)

We integrate (6.5.5) along characteristics and obtain that

FG(x, v, τ) =
v2

λ

∫ τ

1

1
s2 δ

(
v − 2

( x − v
2
3 (τ − s)
s

) 3
2
)
ds.

We have that v = 2
(

x−v
2
3 (τ−s)
s

) 3
2

if and only if s = τv
2
3 −x

(1−2−
2
3 )v

2
3

. Since we look at values of s between

1 ≤ s ≤ τ, this implies that we obtain a non-trivial contribution if 2−
2
3 v

2
3 τ ≤ x ≤ v

2
3 [τ − (1 − 2−

2
3 )].

6.5.2 Some computations for when the solution has the form of a Dirac measure and
decays for large values of the volume

In order to obtain a measure more similar to the initial one, it seems convenient to allow some

decay for large values of v. We thus look for solutions with initial condition F(x, v, 0) = 1
1+vm δ(x)

and then by solving only the transport equation we obtain a behavior of the solutions of the form

F(x, v, τ) = 1
1+vm δ(x − v

2
3 τ). Let us thus assume in the following that

FG(x, v, τ) ≈ FL(x, v, τ) ≈ F(x, v, τ) =
1

1 + vm δ(x − v
2
3 τ), (6.5.6)

with F, FG, and FL as in (6.5.2) - (6.5.4). We analyze separately the contribution of the gain term and

of the loss term in the coagulation operator.
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The contribution of the gain term

We start with the gain term. We thus look at the equation

∂τFG(x, v, τ) + v
2
3 ∂xFG(x, v, τ) = KG[FG](x, v, τ), (6.5.7)

or, alternatively, we have that

FG(x, v, τ) =
1

1 + vm δ(x − v
2
3 τ) +

∫ τ

0

v
4
3

λ

∫ v
2

0
FG(x − v

2
3 (τ − s), v − v′, s)FG(x − v

2
3 (τ − s), v′, s)dv′ds.

We can try to obtain a space of invariant measures under this operator. We thus look to estimate from

above the term∫ τ

0

v
4
3

λ

∫ v
2

0

1
1 + (v − v′)m

1
1 + v′m

δ(x − v
2
3 (τ − s) − (v − v′)s)δ(x − v

2
3 (τ − s) − v′s)dv′ds

≈
v

4
3

λ(1 + vm)

∫ v
2

0

1
1 + v′m

∫ τ

0
δ(x − v

2
3 (τ − s) − (v − v′)

2
3 s)δ(x − v

2
3 (τ − s) − v′

2
3 s)dv′ds. (6.5.8)

It holds that

δ(x − v
2
3 (τ − s) − v′

2
3 s) = δ(x − v

2
3 τ + [v

2
3 − v′

2
3 ]s) =

1

v
2
3 − v′

2
3

δ
(
s −

v
2
3 τ − x

v
2
3 − v′

2
3

)
. (6.5.9)

Since 0 ≤ s ≤ τ, (6.5.9) gives a non-trivial contribution when v′
2
3 τ ≤ x ≤ v

2
3 τ. Then, using that v′ ≤ v

2

and (6.5.9), (6.5.8) becomes

v
2
3

λ(1 + vm)

∫ v
2

0

1
1 + v′m

δ
(
x − v

2
3 τ −

v
2
3 − (v − v′)

2
3

v
2
3 − v′

2
3

(x − v
2
3 τ)

)
dv′

=
v

2
3

λ(1 + vm)

∫ v
2

0

1
1 + v′m

δ
(
(x − v

2
3 τ)

[
1 −

v
2
3 − (v − v′)

2
3

v
2
3 − v′

2
3

])
dv′

=
v

2
3

λ(1 + vm)

∫ v
2

0

1
1 + v′m

δ
(
(x − v

2
3 τ)

(v − v′)
2
3 − v′

2
3

v
2
3 − v′

2
3

)
dv′.

The contribution to the Dirac measure is due to v′ = v
2 that belongs to the region of integration. Then,

we can estimate the solution of (6.5.7) from above up to some constants by

FG(x, v, τ) ≲
v

5
3

λ(1 + vm)2

1

|x − v
2
3 τ|

in the region {2−
2
3 v

2
3 τ ≤ x ≤ v

2
3 τ}.

As such, we obtain a faster decay for the solution of (6.5.7). This is related however to the Dirac mass

structure.
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The contribution of the loss term

We continue by estimating the contribution of the loss term in the coagulation operator. As before,

we assume FL to behave like in (6.5.6) and look at the equation

∂τFL(x, v, τ) + v
2
3 ∂xFL(x, v, τ) = KL[FL](x, v, τ). (6.5.10)

We try to obtain estimates for the right-hand side of (6.5.10). We have that∫ ∞

0
(v

4
3 + v′

4
3 )FL(x, v′, τ)dv′ ≈

∫ ∞

0

v
4
3 + v′

4
3

1 + v′m
δ(x − v′

2
3 τ)dv′ =

∫ ∞

0

3(v
4
3 + v′

4
3 )v′

1
3

2(1 + v′m)τ
δ
(
v′ −

( x
τ

) 3
2
)
dv′

≈
(v

4
3 +

( x
τ

)2)
( x
τ

) 1
2(

1 +
( x
τ

) 3m
2
)
τ
.

We remember that FL(x, v, τ) behaves like 1
1+vm δ(x − v

2
3 τ) and as such equation (6.5.10) becomes

∂τFL(x, v, τ) + v
2
3 ∂xFL(x, v, τ) ≈ −

1
λ

(v
4
3 +

( x
τ

)2)
( x
τ

) 1
2(

1 +
( x
τ

) 3m
2
)
τ

FL(x, v, τ) ≈ −
1
λ

v
5
3

1 + vm
FL(x, v, τ)

τ
.

This indicates that FL → 0 as τ → ∞. The next natural step is thus to look for self-similar profiles of

the form

F(x, v, τ) =
1
t

S (y, v) with y =
x
t
, (6.5.11)

where F solves

∂τF(x, v, τ) + v
2
3 ∂xF(x, v, τ) =

1
λ
K[F](x, v, τ). (6.5.12)

If F solves (6.5.12) and we take S as in (6.5.11), then S satisfies the equation

∂y
(
(y − v

2
3 )S (y, v)

)
=

1
λ
K[S ](y, v). (6.5.13)

It is thus worthwhile to study in more detail the time-dependent version of equation (6.5.13), namely

∂tS (y, v, t) + ∂y
(
(y − v

2
3 )S (y, v, t)

)
=

1
λ
K[S ](y, v, t) (6.5.14)

and we will observe in the following some rather intriguing properties of this model.

6.6 Derivation of the diagonal kernel

In a current work [CNV24c], we further analyzed the model (6.5.14) in order to obtain some insight

into how we could extend the existence result for the equation (6.3.1). We noticed that for the model

∂thϵ(x, v, t) +
1
ϵ
∂x[(vα − x)hϵ(x, v, t)] = K[hϵ](x, v, t), (6.6.1)
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we can formally obtain as ϵ → 0 a coagulation equation in which only particles of the same size

interact (i.e., a coagulation equation with a diagonal kernel). More precisely, if we denote the limit

(in an appropriate sense) of the sequence {hϵ} as ϵ → 0 by h, then h should have the form h(x, v, t) =

h(v, t)δ(x − vα), with h satisfying the equation

∂th(v, t) =
1
α

[1
4

K
( v
2
,

v
2

)( v
2

)1−α(
h
( v
2
, t
))2
− K(v, v)v1−α(h(v, t))2

]
. (6.6.2)

Despite the fact that one-dimensional coagulation equations with a diagonal collision kernel have

already been the subject of study in the mathematical literature (see [Ley06, LNV18, NV11]), a rigor-

ous motivation of how this type of kernels could appear has not yet been made.

6.6.1 Connection with the case of fast fusion

We already proved in [CV24] (we also refer here to Chapter 3) that for the model

∂tPϵ(a, v, t) +
1
ϵ
∂a[r(a, v)(c0v

2
3 − a)Pϵ(a, v, t)] = K[Pϵ](a, v, t) (6.6.3)

we have that as ϵ → 0, the limit of the sequence {Pϵ} is of the form P = P(v, t)δ(a − c0v
2
3 ), with P

satisfying the weak formulation of the standard one-dimensional coagulation equation∫
(0,∞)

P(v, t)φ(v)dv −
∫

(0,∞)
P(v, 0)φ(v)dv

=

∫ t

0

∫
(0,∞)

∫
(0,∞)

K(c0v
2
3 , v, c0v′

2
3 , v′)P(v, s)P(v′, s)[φ(v + v′) − φ(v) − φ(v′)]dv′dvds, (6.6.4)

for all appropriately chosen test functions φ.

A clear similarity can be noticed between the model in (6.6.3) and the equation (6.6.1). The pres-

ence of the diagonal kernel in (6.6.2), as opposed to the model in (6.6.4), can be explained as follows.

Assume that the limit h of the sequence {hϵ} in (6.6.1) behaves indeed like a Dirac measure in the space

variable. This means that as we pass to the limit as ϵ → 0 in (6.6.1), only particles having the same

size can interact due to the space inhomogeneity of the model (we remember here that in the deriva-

tion of the model (5.1.1) we assumed that particles on the same vertical line interact with each other).

Moreover, while there exist some similarities between the models in (6.6.3) and (6.6.1), since in the

latter case we deal with a spatially inhomogeneous model, the same methods as in [CV24] cannot be

reproduced. One issue stems from the fact that our results in relation to the model (6.6.3) are valid for

Radon measure solutions. However, in order to rigorously arrive the the equation (6.6.2), we need h
2

to be well-defined.

6.6.2 Motivation behind existence of solutions for equation (6.6.1)

We remember that one relevant aspect of the existence result in Theorem 5.3.3, Chapter 5, is that

it holds true for sum-type kernels of homogeneity γ > 1. Our main goal is to show rigorously that
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if hϵ → h in some sense, where hϵ solves (6.6.1), then h can be computed by solving a suitable one-

dimensional coagulation equation. However, solutions do not exist for the standard one-dimensional

coagulation equation for sum-type kernels of homogeneity γ > 1, as seen in Section 1.4.

Moreover, let fϵ be the solutions of (6.3.13). We know from Theorem 5.3.3, Chapter 5, that there

exists a sufficiently small time T > 0 such that fϵ exists. Then we can pass from equation (6.3.13) to

(6.6.1) via the change of variables

hϵ(x, v, t) = e
t
ϵ fϵ(e

t
ϵ x, v, e

t
ϵ − 1)

or alternatively

fϵ(x, v, t) =
1

t + 1
hϵ

( x
t + 1

, v, ϵ ln(t + 1)
)
.

As such, we have the following existence time for the function hϵ .

fϵ satisfying (6.3.13) hϵ satisfying (6.6.1)
existence in [0,T ], with T ≪ 1 existence in [0, ϵ ln(T + 1)], with T ≪ 1

Table 6.2: Connection between equation (6.3.13) and (6.6.1)

From Table 6.2, we notice that the existence time for equation (6.6.1) goes to zero as ϵ → 0. As

such, we do not have a uniform existence time for the sequence {hϵ} which is independent of ϵ > 0. It

is thus important to understand which role the fact that we arrive to a diagonal coagulation kernel in

the limit equation plays for the existence of solutions. Assume thus that our kernel is of the form

K(v, v′) = vγ + v′γ, for 1 < γ < 1 + α,

and that the limit h of the sequence {hϵ} in (6.6.1) behaves like a Dirac measure in the space variable,

i.e.,

h(x, v, t) = h(v, t)δ(x − vα). (6.6.5)

We assume (6.6.5) and we integrate the coagulation operator in the x variable. For the loss term, we

have∫
R

∫
(0,∞)

K(v, v′)h(v, t)δ(x − vα)h(v′, t)δ(x − v′α)dv′dx =
∫

(0,∞)
K(v, v′)h(v, t)h(v′, t)δ(v′α − vα)dv′

=
v1−α

α

∫
(0,∞)

K(v, v′)h(v, t)h(v′, t)δ(v′ − v)dv′

=
1
α

K(v, v)v1−α(h(v, t))2.
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For the gain term, it holds that

1
2

∫
R

∫
(0,v)

K(v − v′, v′)h(v − v′, t)δ(x − (v − v′)α)h(v′, t)δ(x − v′α)dv′dx

=
1
2

∫
(0,v)

K(v − v′, v′)h(v − v′, t)h(v′, t)δ((v − v′)α − v′α)dv′

=
1

4α

( v
2

)1−α ∫
(0,v)

K(v − v′, v′)h(v − v′, t)h(v′, t)δ
(
v′ −

v
2

)
dv′ =

1
4α

K
( v
2
,

v
2

)( v
2

)1−α(
h
( v
2
, t
))2
.

Thus, h satisfies indeed the equation (6.6.2). Since K(v, v′) = vγ+v′γ, for 1 < γ < 1+α, then h satisfies

a one-dimensional coagulation equation in which the coagulation kernel is a diagonal kernel of the

form vγ+1−αδ(v − v′) multiplied by some constant. Notice that this means the kernel has homogeneity

γ − α < 1. Existence of solutions to coagulation equations with a diagonal kernel of homogeneity

smaller than one has been proven in [Ley06, NV11]. For small values of ϵ we expect that hϵ behaves

like a product between a Dirac measure in the space variable and a function which solves the equation

(6.6.2). This motivates a possible extension of the existence result for equation (6.6.1) to larger times

than the ones from Table 6.2. Moreover, let us assume we are able to rigorously prove existence of

solutions hϵ to (6.6.1) up to times of order one. From Table 6.2, we conclude that solutions fϵ to

(6.3.13) exist up to times of order e
1
ϵ − 1→ ∞ as ϵ → 0.
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APPENDIX A

COAGULATION EQUATIONS FOR NON-SPHERICAL CLUSTERS

ABSTRACT. In this work, we study the long time asymptotics of a coagulation model
which describes the evolution of a system of particles characterized by their volume and
surface area. The aggregation mechanism takes place in two stages: collision and fusion of
particles. During the collision stage, the two particles merge at a contact point. The newly
formed particle has volume and area equal to the sum of the respective quantities of the
two colliding particles. After collision, the fusion phase begins and during it the geometry
of the interacting particles is modified in such a way that the volume of the total system is
preserved and the surface area is reduced. During their evolution, the particles must satisfy
the isoperimetric inequality. Therefore, the distribution of particles in the volume and area
space is supported in the region where {a ≥ (36π)

1
3 v

2
3 }. We assume the coagulation kernel

has a weak dependence on the area variable. We prove existence of self-similar profiles
for some choices of the functions describing the fusion rate for which the particles have a
shape that is close to spherical. On the other hand, for other fusion mechanisms and suitable
choices of initial data, we show that the particle distribution describes a system of ramified-
like particles.

A.1 Introduction

Most of the works on coagulation equations assume that the particles are characterized by a single

variable, usually the particle volume (or equivalent quantities like polymer length), see for instance

[ELMP03, Nor99, Smo16, Ste89]. Nevertheless, other parameters that might provide insight about the

geometry or other features of the particle are usually omitted. In this paper, we study the mathematical

properties of a class of coagulation equations in which the aggregating particles are characterized

by two degrees of freedom, namely the volume v and the surface area a. This type of models was

introduced in [KF90] (see also [Fri00] for a detailed discussion about its properties). More precisely,
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the model that we consider in this paper is the following:

∂t f (a, v, t) + ∂a[r(a, v)(c0v
2
3 − a) f (a, v, t)] = K[ f ](a, v, t), c0 := (36π)

1
3 , (A.1.1)

where

K[ f ](a, v, t) :=
1
2

∫
(0,a)×(0,v)

K(a − a′, v − v′, a′, v′) f (a′, v′, t) f (a − a′, v − v′, t)dv′da′

−

∫
(0,∞)2

K(a, v, a′, v′) f (a, v, t) f (a′, v′, t)dv′da′.

In this model, f is the density of the particles in the space of area and volume for any given

time t ≥ 0. The coagulation operator K[ f ] is the classical coagulation operator that was introduced

by Smoluchowski (see [Smo16]). However, a difference is the fact that this operator now describes

the evolution of particles characterized by both volume and surface area. Notice that the coagulation

operator gives the coagulation rate of particles which evolve according to the following mechanism:

(a1, v1) + (a2, v2) −→ (a1 + a2, v1 + v2).

It is assumed that the particles attach to each other at their contact point and therefore in this way both

the total area and volume of the particles involved in the process are preserved (see Figure A.1).

The main difference between (A.1.1) and the standard one-dimensional coagulation model is the

presence of the term ∂a[r(a, v)(c0v
2
3 − a) f (a, v, t)]. We call ∂a[r(a, v)(c0v

2
3 − a) f (a, v, t)] the ”fusion

term”. This describes an evolution of the particles towards a spherical shape (see Figure A.1). The

dynamics generated by this term preserves the total number and volume of the particles. The term

c0v
2
3 − a indicates that the area of the particles tends to be reduced as long as it is larger than that of

a sphere c0v
2
3 . In particular, spherical particles remain spherical and they do not evolve at all due to

the fusion term. This fusion mechanism holds, for example, for the merging of droplets consisting of

highly viscous fluids (see [KF90]).

Figure A.1: Coagulation mechanism (left). Fusion mechanism (right)

Additionally, r(a, v) will indicate the fusion rate and describes how quickly the particles evolve

towards the spherical shape and thus has units of the inverse of the fusion time. In the particular case

when r ≡ 0, fusion does not occur and particles attach at contact points forming a ramified-like system
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in time. On the contrary, if the fusion rate is much faster than the coagulation rate, the particles tend to

become spherical immediately after colliding (see Figure A.2). A distinction between these two cases

is not possible in the standard one-dimensional model.

Figure A.2: Absence of fusion (left). Instantaneous fusion (right)

As stated in [KF90], in aerosols, changes of temperature or adding impurities to the system can lead

to different fusion rates, showing that the non-spherical shape of the particles plays a significant role.

The main goal of this paper is to see how much of the mathematical theory for the one-dimensional co-

agulation equation can be carried on to the two-dimensional case and to observe the new mathematical

phenomena that this model leads us to.

We remark that the particles must satisfy the isoperimetric inequality, therefore the density f should

be supported in the region where {a ≥ c0v
2
3 }. Moreover, the evolution generated by (A.1.1) has the

property that it preserves the set of measures supported in this region. For simplicity, we define the set

S̃ := {(a, v) ∈ (0,∞)2, a ≥ c0v
2
3 }. (A.1.2)

To obtain a better understanding of how fusion affects interactions between particles, we can check

that it gives a decrease in the total surface area. We multiply by a in (A.1.1) and integrate formally,

obtaining

∂t

∫
(0,∞)2

a f (a, v, t)dadv =
∫

(0,∞)2
r(a, v)[c0v

2
3 − a] f (a, v, t)dadv ≤ 0, (A.1.3)

since f is supported in the region where the isoperimetric inequality is satisfied.

We assume r(a, v) behaves like a power law of a and v. This covers the case of coalescence of vis-

cous liquid spheres (see [KF90]), where the fusion time depends on the diameter. For the coagulation

kernel K, we assume that it has a weak dependence on the surface area of the interacting particles, but

it can have a power law behaviour in the volume of the coalescing particles.

It is well-known that the solutions of coagulation equations behave often as self-similar solutions.

Using the fact that the solutions of (A.1.1) preserve the total volume of the particles, it is natural to

look for solutions of (A.1.1) of the form:

f (a, v, t) =
1

(1 + t)
8
3 ξ

g
( a

(1 + t)
2
3 ξ
,

v
(1 + t)ξ

)
for ξ =

1
1 − γ

. (A.1.4)

Notice that the total surface area of solutions of the form (A.1.4) is not preserved, as it can be expected

due to the presence of the fusion term in (A.1.1).
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Assumptions on the coagulation kernel

The reason for the self-similar behavior in the case of the one-dimensional coagulation equation

is that the coagulation rate scales like a power law of the particle size. In the case of particles char-

acterized by volume and area, if the particle volume is scaled by a factor λ (without modifying the

geometry), then the diameter is scaled with a factor λ
1
3 and the area scales like λ

2
3 . This suggests the

following assumptions for the coagulation kernel:

K(λ
2
3 a, λv, λ

2
3 a′, λv′) = λγK(a, v, a′, v′), (A.1.5)

for all (a, v, a′, v′) ∈ (0,∞)4, λ ∈ (0,∞) and γ ∈ [0, 1). We assume γ < 1 in order to avoid gelation

and to obtain volume-conserving solutions. γ > 0 means physically that the coagulation rate increases

with the particle size.

Since collision does not change if we permute the colliding particles, i.e. (a, v) ↔ (a′, v′), the

coagulation kernel must satisfy the following symmetry property:

K(a, v, a′, v′) = K(a′, v′, a, v), (A.1.6)

for all (a, v, a′, v′) ∈ (0,∞)4.

We work with non-negative continuous kernels on (0,∞)4 that, in addition to the properties already

stated, i.e. (A.1.5) and (A.1.6), have the following bounds:

K1(v−αv′β + v′−αvβ) ≤ K(a, v, a′, v′) ≤ K0(v−αv′β + v′−αvβ), (A.1.7)

for some K1,K0 > 0, for all a, v, a′, v′ and for the following coefficients:

α > 0 and γ = β − α ∈ [0, 1) and β ∈ (0, 1). (A.1.8)

Notice that condition (A.1.7) implies that the kernel has a weak dependence on the area variable,

but K is not necessarily independent of the area variable.

Most of the results of the paper are obtained for coagulation kernels K with bounds (A.1.7) with

α > 0. In that case, since the coagulation rate is very large for small particles, we can expect g (defined

in (A.1.4)) to be bounded (and small) for small values of v. In particular, for the self-similar profiles g

obtained when α > 0, we have M0,d(g) :=
∫

(0,∞)2 vdg(a, v)dadv < ∞, for all d ∈ R. This is analogous

to what happens in the one-dimensional case for the standard coagulation model, where it is known

that there exists self-similar profiles for which all the moments with negative powers of v are bounded

if α > 0. For details, see, for example [BLL19b, Chapter 10.2.4, Theorem 10.2.17] or [FL05]. On

the contrary, for the one-dimensional coagulation equation, for coagulation kernels satisfying (A.1.7)

with α = 0, the self-similar profiles can be singular for small values of v and we can expect to have

boundedness only for the moments containing powers of the form vd, with d ≥ γ, cf. the previously
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stated result in [BLL19b]. An analogous situation takes place for the two-dimensional coagulation

model considered in this paper. To illustrate this situation, we show some results concerning self-

similar profiles of (A.1.1) for coagulation kernels K satisfying (A.1.7) with α = 0. Specifically, we

restrict ourselves to the case when

α = 0 and γ = β ∈ (0;
2
3

). (A.1.9)

The reason to restrict ourselves to the case when γ < 2
3 is because for this range of values it will be

easier to obtain estimates for M1,0(g) :=
∫

(0,∞)2 ag(a, v)dadv. Due to the isoperimetric inequality, this

estimate implies an estimate for the moment M0, 2
3
. Since we expect to have estimates only for moments

M0,d, with d ≥ γ, it is natural to assume γ < 2
3 .

Assumptions on the fusion kernel

Concerning the fusion kernel r, we assume that r ∈ C1(R2
>0) and that there exist constants R0,R1 >

0 such that:

R0aµvσ ≤ r(a, v) ≤ R1aµvσ, (A.1.10)

for all (a, v) ∈ (0,∞)2 and some coefficients µ, σ ∈ R.

In order to keep the self-similar structure, in other words, to have solutions of (A.1.1) with the

particular form (A.1.4), we require in addition:

r(λ
2
3 a, λv) = λγ−1r(a, v), (A.1.11)

for all λ ∈ (0,∞) and

2
3
µ + σ = γ − 1. (A.1.12)

The condition (A.1.12) means that the fusion term and the coagulation term in (A.1.1) rescale in a

similar manner as the particle sizes are rescaled (keeping the geometry property).

The following technical assumption on the kernel r is needed for the existence of self-similar

profiles:[∂ar(a, v) − µa−1r(a, v)](a − c0v
2
3 ) + r(a, v) ≥ 0, and ∂ar(a, v) ≤ Ba−1r(a, v), if µ > 0;

∂ar(a, v)(a − c0v
2
3 ) + r(a, v) ≥ 0, and ∂ar(a, v) ≤ Ba−1r(a, v), if µ ≤ 0,

(A.1.13)

for all (a, v) ∈ (0,∞)2, with a ≥ c0v
2
3 and for some constant B > 0. A particular case used in

applications that satisfies the above mentioned properties is when r(a, v) = aµvσ, with µ ≥ −1 and σ

satisfying (A.1.12).
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Physical interpretation of the results

The main result that we prove in this article is that depending on the choice of the exponents µ and

σ, we can have different behaviors for the solutions of the described model.

For µ > 0, there exist volume-conserving self-similar solutions with the form (A.1.4). For these

solutions, the fusion term is comparable to the coagulation term for particles of large sizes. On the

other hand, we will obtain in the case when µ < 0 that we can have two different behaviors depending

on the choice of initial data, see Figure A.4. In particular, for some suitable initial data, the fusion

term plays a negligible role compared to the coagulation operator K[ f ] in (A.1.1). We will term the

long-time behavior of the particle distribution f in this case as ramification.

In order to explain why we use this terminology, it is convenient to introduce the following notation.

Given H = H(a, v), we write

⟨H⟩(t) :=

∫
(0,∞)2 H(a, v) f (a, v, t)dvda∫

(0,∞)2 f (a, v, t)dvda
, for any time t ≥ 0.

More precisely, for µ < 0 and keeping in mind that the fusion does not change the total volume, if we

start with a distribution of particles for which

⟨a⟩(0)(
⟨v⟩(0)

) 2
3

≥ λ0,

for λ0 sufficiently large, then we obtain the following behavior

⟨a⟩(t)(
⟨v⟩(t)

) 2
3

→ ∞ as t → ∞. (A.1.14)

Notice that (A.1.14) implies that for most of the particles the surface area is much larger than the

area of a sphere with the same volume. It is relevant to notice that in the case of self-similar solutions

of (A.1.1) with the form (A.1.4), we have

⟨a⟩(t)(
⟨v⟩(t)

) 2
3

≈ 1 as t → ∞.

Actually, we will obtain a result stronger than (A.1.14). Namely, in the case µ < 0, we obtain in

addition

c
⟨v⟩(0)

≤
⟨a⟩(t)
⟨v⟩(t)

≤
⟨a⟩(0)
⟨v⟩(0)

, (A.1.15)

for some constant c > 0. Notice that (A.1.15) implies immediately (A.1.14) since, due to the

coagulation of the particles, ⟨v⟩(t) → ∞ as t → ∞. We remark that (A.1.15) suggests that for most of

the particles the surface area is comparable to the volume a ≈ v, while (A.1.14) suggests that a >> v
2
3

as t → ∞. In particular, particles satisfying a >> v
2
3 differ very much from spherical particles and they
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Figure A.3: Ramification

R0 ≈ 1
large initial surface area

ramification

µ < 0

R0 ≫ 1 existence of self-similar profiles

Figure A.4: Different scenarios in the case µ < 0

have a fractal-like, ramified aspect, see Figure A.3.

However, if the fusion kernel r is sufficiently large when a and v are of order one, we can obtain

existence of self-similar profiles in the case µ < 0. Actually, the proof covers in addition the case when

µ = 0, which corresponds to the case of fusion kernels considered in [KF90]. Thus, in the case µ < 0

we find two possible scenarios, see Figure A.4.

Multi-dimensional coagulation equations in the mathematical literature

One can imagine situations in which the collision kernel K and the fusion kernel r do not rescale

in the same manner as the particle size. In such situations we can expect to have one of the terms

(fusion or coagulation) to be dominant for small size particles, and the other term to be the dominant

one for large particles. The analysis of such type of models is also interesting from the point of view

of applications to material science, (see [Fri00]).

If the fusion kernel r is very large compared with the coagulation rate, we expect that the particles

become spherical in very short times. Therefore, it is possible to approximate the solutions of (A.1.1)

by means of solutions of a coagulation model depending only on the variable v, i.e. an one-dimensional

coagulation equation. The rigorous proof of this result is presented in [CV24].

Coagulation equations for particle distributions characterized by a single variable have been ex-

tensively studied. In particular, the long-time behavior for coagulation equations for which solutions

can be explicitly computed has been studied in detail in [MP04, MP06, MP08]. The existence of
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self-similar solutions for general classes of kernels has been obtained in [EMR05, FL05]. Coagula-

tion models including drift terms have been studied in several contexts. One example is the classical

Lifshitz-Slyozov-Wagner equation with encounters that was introduced in [LS61]. A rigorous analysis

of the self-similar profiles for this model was studied in [HLN09, HNV09, Lau01]. Models combining

the effect of coagulation and particle growth have been studied extensively in the physical literature,

cf. [Fri00, Chapter 11] and [LK00]. Rigorous mathematical results for these models can be found in

[Gaj83].

Multi-dimensional coagulation equations have not been as extensively studied in the mathematical

literature as the one-dimensional coagulation model. Several discrete multi-component coagulation

problems which are relevant in aerosol physics have been mentioned in [Wat06b]. A discrete version

of the model in (A.1.1) has been studied in [Wat06a]. The model considered in there includes coagu-

lation of particles and an effect similar to the fusion of particles in (A.1.1), which has been termed

compaction. The diameter of the particles is restricted by the total number of monomers as well as by

the isoperimetric inequality. The coagulation and the fusion rates are assumed to be constant. Due to

this, the model considered in [Wat06a] is explicitly solvable using generating functions. The long-time

behavior of the solutions which depends on the ratio between the fusion and coagulation kernels has

been then analysed using the explicit formulas of the solutions.

In [FLNV21a, FLNV22, FLNV23], the mathematical properties of some classes of coagulation

equations describing clusters that are composed of several types of monomers with different chem-

ical composition are analysed. More recently, uniqueness of the solutions for the models of multi-

component coagulation equations considered in [FLNV21a, FLNV22, FLNV23] has been studied in

[Thr23].

The main differences between the models studied in these papers and our model are the following:

• The two variables used to describe the particles in this paper rescale in a different manner. Ad-

ditionally, we consider coagulation kernels that do not have a strong dependence on the area

variable. As a consequence, the variables describing the clusters appear in a less symmetric

manner;

• The proof in [FLNV21a, FLNV22, FLNV23] relies on the conservation of mass for each of the

types of monomers. Due to the presence of the fusion term, the solutions of (A.1.1) do not have

two conserved quantities, but only the volume is conserved.

A.1.1 Notations and plan of the paper

For I ⊂ [0,∞)2, we denote by Cc(I) and C0(I) the space of continuous functions on I with com-

pact support and the space of continuous functions on I which vanish at infinity, respectively, both

endowed with the supremum norm. M+(I) will denote the space of non-negative Radon measures,
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while M+,b(I) will be the space of non-negative, bounded Radon measures, which we endow with the

weak-∗ topology. We denote R2
>0 := (0,∞)2.

We make in addition the following simplifications:

• We use the notation η := (a, v). We will use interchangeably both notations for convenience.

• We keep the notation f (a, v)dvda or f (η)dη for Radon measures, independently of the fact the

measure may not be absolutely continuous with respect to the Lebesgue measure.

• Mk,l( f ) :=
∫

(0,∞)2 akvl f (a, v)dvda, for some k, l ∈ R.

• For a suitably chosen φ : R2
>0 → R and for (a, v, a′, v′) ∈ (0,∞)4, we will denote:

χφ(a, v, a′, v′) := φ(a + a′, v + v′) − φ(a, v) − φ(a′, v′);

⟨K[ f ], φ⟩ :=
1
2

∫
(0,∞)2

∫
(0,∞)2

K(a, v, a′, v′)χφ(a, v, a′, v′) f (a′, v′) f (a, v)dv′da′dvda.

• We use C to denote a generic constant which may differ from line to line and depends only on

the parameters characterizing the kernels K and r.

• We use the symbols ≲ and ≳ when the inequalities hold up to a constant, i.e. f ≲ g if and only if

f ≤ Cg. In addition, for some N ∈ N, we use the notation i = 1,N to mean i ∈ N, 1 ≤ i ≤ N.

Structure of the paper

The structure of the paper is as follows. In Section A.2, we establish the setting and state the main

definitions and results.

In Section A.3, we prove the existence of a self-similar solution when µ > 0. To this end, we

first need to prove well-posedness for the time-dependent problem with a truncated kernel. It turns out

that it does not seem feasible to obtain uniform estimates for large values of a for the distribution f

if we use approximations of solutions that are compactly supported. In order to avoid this difficulty,

we work with a space where large values of the area a are controlled. Since in this space the fusion

term will not be well defined, we work with a truncated version of the fusion term which increases

linearly at infinity. In order to prove existence of a self-similar solution for the original problem, we

need to obtain moment estimates that are uniform in the truncation parameters. The relevant moments

to be estimated contain powers of v and a. The moments containing only powers of v can be estimated

following the ideas in [EMR05, EM06] due to the fact that the fusion term does not affect the volume

of particles. Nevertheless, the adaptation of the estimates in these papers is possible in spite of the fact

that we have a coagulation model with two variables due to the choice of the space of functions non-

compactly supported in the variable a described before. The total area can be controlled making use of
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the contribution given by the fusion. This will prove to be enough to obtain existence of a self-similar

profile. In Section A.3, we derive in addition estimates for higher order moments using an iterative

argument.

In Section A.4, we show that we can have different behaviors for the solutions in the case when

µ < 0, namely the existence of self-similar profiles as well as ramification. Ramification will be

obtained by deriving estimates for the moments of the solutions of the time-dependent problem. On

the other hand, in order to prove the existence of self-similar profiles in this case we cannot use the

methods described in Section A.3. This is because of the fact that the estimates for large values of a

for positive µ are a consequence of the fast growth of the fusion ratio r(η), which does not take place

now. We will be able in this case to replace the fast growth of r(η) with the presence of a sufficiently

large constant in front of the fusion term.

A.2 Setting and main results

From the scaling (A.1.4), self-similar profiles with fusion satisfy formally the equation

0 =
8
3

g(η) +
2
3

a∂ag(η) + v∂vg(η) + (1 − γ)∂a[r(η)(a − c0v
2
3 )g(η)] + (1 − γ)K[g](η). (A.2.1)

In particular, if g solves (A.2.1) and f satisfies (A.1.4), then f solves (A.1.1).

Since we work with physically relevant particles, i.e. the particles for which the isoperimetric

inequality is satisfied, it is helpful to define the following space

M I
+(R2

>0) := {h ∈M+(R2
>0) | h({a < c0v

2
3 }) = 0}. (A.2.2)

The superscript I stands for isoperimetric. We endow the newly-defined space with the weak-∗ topology

on M+(R2
>0). Similarly, we denote

M I
+,b(R2

>0) := {h ∈M+,b(R2
>0) | h({a < c0v

2
3 }) = 0}. (A.2.3)

In order to study the long-time behavior for the equation (A.1.1), we analyse the time-dependent ver-

sion of equation (A.2.1). We will use the following concept of weak solutions for the time-dependent

problem.

Definition A.2.1. Assume α > 0. Let g ∈ C([0,∞); M I
+(R2

>0)). We say that g is a solution for the weak

version of the time-dependent fusion problem in self-similar variables if, for every T > 0,

sup
t∈[0,T ]

∫
(0,∞)2

(v−α + vβ)g(a, v, t)dvda < ∞
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and, for all φ ∈ C1
c([0,∞); C1

c(R2
>0)) and t ∈ [0,∞)∫

(0,∞)2
g(η, t)φ(η, t)dη −

∫
(0,∞)2

g(η, 0)φ(η, 0)dη −
∫ t

0

∫
(0,∞)2

g(η, s)∂sφ(η, s)dηds =∫ t

0

∫
(0,∞)2

g(η, s)φ(η, s)dηds −
2
3

∫ t

0

∫
(0,∞)2

g(η, s)a∂aφ(η, s)dηds −
∫ t

0

∫
(0,∞)2

g(η, s)v∂vφ(η, s)dηds

+(1 − γ)
∫ t

0
⟨K[g](s), φ(s)⟩ds + (1 − γ)

∫ t

0

∫
(0,∞)2

r(η)(c0v
2
3 − a)g(η, s)∂aφ(η, s)dηds.

(A.2.4)

Well-posedness of solutions of the form (A.2.4) has been studied in [Cri21]. In this paper, we

focus on proving the existence of self-similar profiles and long-time behavior for solutions of equation

(A.1.1). We now give a precise meaning for (A.2.1).

Definition A.2.2. Assume α > 0. We will say that a measure g ∈M I
+(R2

>0) is a self-similar profile for

the two-dimensional coagulation-equation if∫
(0,∞)2

(v−α + vβ)g(a, v)dvda < ∞ (A.2.5)

and for every φ ∈ C1
c(R2

>0) the following equality is satisfied:∫
(0,∞)2

g(η)φ(η)dη −
2
3

∫
(0,∞)2

g(η)a∂aφ(η)dη −
∫

(0,∞)2
g(η)v∂vφ(η)dη

+(1 − γ)⟨K[g], φ⟩ + (1 − γ)
∫

(0,∞)2
r(η)(c0v

2
3 − a)g(η)∂aφ(η)dη = 0. (A.2.6)

A.2.1 The case µ > 0

The following result states the existence of self-similar profiles in the case when α > 0.

Theorem A.2.3. Let µ, α > 0 and v0 > 0. Assume K is a continuous, non-negative kernel satisfying

(A.1.5), (A.1.6), (A.1.7) and (A.1.8) and suppose that r(a, v) satisfies (A.1.10), (A.1.11), (A.1.12) and

(A.1.13). Then there exists a self-similar profile for the two-dimensional coagulation-equation in the

sense of Definition A.2.2 with
∫

(0,∞)2 vg(a, v)dvda = v0. In addition, g satisfies Mn,k(g) < ∞, for all

n, k ∈ R.

The existence of self-similar profiles in the case µ > 0 can be explained since, in this regime, fusion

overtakes coagulation for large values of a. Therefore, the fusion term keeps the particles with a shape

that does not differ too much from that of spheres, and thus we can expect a not to be too far away

from c0v
2
3 .

We will use the following definition for self-similar profiles for coagulation kernels satisfying

(A.1.9)
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Definition A.2.4. Assume α = 0. We will say that a measure g ∈M I
+(R2

>0) is a self-similar profile for

the two-dimensional coagulation-equation if∫
(0,∞)2

(a + vβ+1 + vβ)g(a, v)dvda < ∞ (A.2.7)

and for every φ ∈ C1
c(R2

>0) the following equality is satisfied:

2
3

∫
(0,∞)2

g(η)av∂aφ(η)dη +
∫

(0,∞)2
g(η)v2∂vφ(η)dη − (1 − γ)

∫
(0,∞)2

vr(η)(c0v
2
3 − a)g(η)∂aφ(η)dη

= (1 − γ)
∫

(0,∞)2

∫
(0,∞)2

K(η, η′)g(η)g(η′)v[φ(η + η′) − φ(η)]dη′dη. (A.2.8)

Notice that we obtain equation (A.2.8) by replacing in (A.2.6) the test function φwith a test function

of the form vφ. The new form of the equation is chosen since in the case α = 0 we expect the self-

similar profiles to be singular for values of v near zero and for that reason not all the terms in Definition

A.2.2 are well-defined. This also justifies why we are assuming condition (A.2.7) instead of (A.2.5).

Theorem A.2.5. Let α = 0. Assume K is a continuous, non-negative kernel satisfying (A.1.5), (A.1.6),

(A.1.7) and (A.1.9). Suppose that r(a, v) satisfies (A.1.10), (A.1.11), (A.1.12) and (A.1.13). If µ > 0,

there exists a self-similar profile for the two-dimensional coagulation-equation, in the sense of Defini-

tion A.2.4, satisfying Mn,k(g) < ∞, for all n ≥ 0 and k ≥ γ.

Remark A.2.6. We observe that the moment estimates obtained in Theorem A.2.5 imply estimates

for additional moments due to the fact that the self-similar profiles are supported in the isoperimetric

region {a ≥ c0v
2
3 }, namely M−n,γ+ 2

3 n(g) ≤ c−n
0 M0,γ(g) < ∞.

A.2.2 The case µ ≤ 0

When µ is negative, fusion takes place at a slower pace for particles with large area. We have two

different behaviors depending on the fusion rate.

If we start with a sufficiently large fusion rate, a regime similar to the one where fusion overtakes

coagulation occurs and thus self-similar profiles exist in this case too.

Theorem A.2.7 (Self-similarity in the case of slow fusion). Let µ ≤ 0 and α > 0. Assume K is a

continuous, non-negative kernel satisfying (A.1.5), (A.1.6), (A.1.7) and (A.1.8). Suppose that r(a, v)

satisfies (A.1.10), (A.1.11), (A.1.12) and (A.1.13). Then, there exists λ > 1, depending only on K0,K1

and γ, such that for any v0 > 0, if r(a, v) satisfies (A.1.10) with R0 ≥ λv0, then there exists a self-

similar profile g for the two-dimensional coagulation-equation, in the sense of Definition A.2.2, with

total volume
∫

(0,∞)2 vg(a, v)dvda = v0.

Remark A.2.8. Notice that Theorem A.2.7 applies also in the case when µ = 0, which corresponds to

the type of fusion kernels considered in [KF90].
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In order to better understand the stated results, we give some heuristic arguments. We can explain

the condition needed for Theorem A.2.7, namely that R0 in (A.1.10) needs to be sufficiently large, in

the following manner stated below.

First we can assume without loss of generality that v0 = 1 by means of a rescaling argument (see

Appendix A.5). With this rescaling, the theorem states that if R0 ≥ λ, for some sufficiently large

constant λ > 0, then there exists a self-similar profile.

Assume for simplicity that r(a, v) = R0aµ and that µ < 0. In other words r(a, v) = R0a
3(γ−1)

2 in order

to be consistent with condition (A.1.10). Additionally, we work with a coagulation kernel K ≡ 1. The

most important part is to estimate the total surface area. This is since the moments in the v variable can

be bounded using standard arguments used in the study of coagulation equations.

Assume without loss of generality that a ≥ 2c0v
2
3 since the region {c0v

2
3 ≤ a ≤ 2c0v

2
3 } is bounded

using uniform moment estimates in the v variable. The rigorous proof of Theorem A.2.7 will be a

generalization of the following idea.

Denote by A(t) :=
∫

(0,∞)2 ag(η, t)dη. We test formally in (A.2.4) with φ ≡ a. Equation (A.2.4)

becomes

∂tA(t) =
1
3

A(t) + R0

∫
(0,∞)2

aµ(c0v
2
3 − a)g(η, t)dη

≤
1
3

A(t) −
R0

2

∫
(0,∞)2

aµ+1g(η, t)dη. (A.2.9)

Fix ϵ ∈ (0, 1). Since µ < 0, by Young’s inequality, we have that there exists some λϵ > 0, depending

on ϵ, sufficiently large such that

4
3

a ≤ λϵaµ+1 + ϵa2. (A.2.10)

Choosing R0 ≥ 2λϵ , (A.2.9) becomes

∂tA(t) ≤ −A(t) + ϵ
∫

(0,∞)2
a2g(η, t)dη. (A.2.11)

We then analyse the moment M2,0. To this end, we test (A.2.9) with φ ≡ a2. Since K ≡ 1 and the

fusion term is non-positive, we deduce

∂t

∫
(0,∞)2

a2g(η, t)dη ≤ −
1
3

∫
(0,∞)2

a2g(η, t)dη + (1 − γ)
( ∫

(0,∞)2
ag(η, t)dη

)2
. (A.2.12)

Combining (A.2.11) and (A.2.12) and choosing ϵ to be sufficiently small, it follows that

∂t

(
A(t) +

∫
(0,∞)2

a2g(η, t)dη
)
≤ −

1
6

∫
(0,∞)2

a2g(η, t)dη − A(t) + (1 − γ)
(
A(t)

)2. (A.2.13)
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In other words, using the notation D(t) :=
∫

(0,∞)2 a2g(η, t)dη + A(t), we obtain

∂tD(t) ≤ −
1
6

D(t) + (1 − γ)
(
D(t)

)2. (A.2.14)

If we take an initial condition gin such that D(0) ≤ 1
12(1−γ) , we will have by (A.2.14) that D(t) ≤ 1

12(1−γ)

is an invariant region in time. This enables us to use standard methods used in the study of coagulation

equations to conclude that there exists a self-similar profile.

Notice that we use in the argument that R0 is large enough.

In order to prove the ramification result, we first prove the existence of a weak solution for the time-

dependent fusion problem in self-similar variables which satisfies some suitable moment estimates.

Proposition A.2.9. Assume α > 0 and µ < 0. Assume K is a continuous, non-negative kernel satisfying

(A.1.5), (A.1.6), (A.1.7) and (A.1.8). Suppose that r(a, v) satisfies (A.1.10), (A.1.11), (A.1.12) and

(A.1.13). Assume gin ∈ M I
+(R2

>0) with
∫

(0,∞)2 vgindvda = v0. There exists a constant C1(v0) > 0,

depending on v0, K0, K1, and γ, cf. (A.1.5) and (A.1.7), such that, if∫
(0,∞)2

vx1gin(a, v)dvda ≤ C1(v0), (A.2.15)

where x1 ∈ {
σ
|µ| , γ −

1
3 } and∫

(0,∞)2
(aµ + a2)(v−α−1 + vmax{1+ϵ̃,σ+ 2

3 })gin(a, v)dvda < ∞, (A.2.16)

for some ϵ̃ ∈ (0, 1), then there exists a weak solution of the time-dependent fusion problem g as in

Definition A.2.1 with g ∈ C([0,∞); M I
+(R2

>0)), which in addition satisfies the following moment estim-

ates.

sup
t∈[0,∞)

∫
(0,∞)2

vx1g(a, v, t)dvda ≤ C1(v0) (A.2.17)

and, for every T > 0,

sup
t∈[0,T ]

∫
(0,∞)2

(aµ + a2)(v−α−1 + vmax{1+ϵ̃,σ+ 2
3 })g(a, v, t)dvda < ∞. (A.2.18)

Remark A.2.10. We have that C1(v0) = C1vξ(x1−γ)
0 , where C1 > 0 depends only on K0, K1, and γ, cf.

(A.1.5) and (A.1.7), and ξ is as in (A.1.4). For more details explaining the rescaling properties of g,

see Appendix A.5.

Remark A.2.11. The moment estimates in (A.2.18) are needed in order to prove that we are able to

test the equation (A.2.4) with φ ≡ a. Actually, we do not need estimates for moments of the form M2,0

in order to prove this, but we keep the form (A.2.18) in order to emphasize that more general moment

estimates can be obtained.
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If µ < 0 and we start with sufficiently large surface area, we can expect a fast growth in the area

in self-similar variables since coagulation overtakes fusion for large particles. Notice that, in equation

(A.1.1), if we ignore the fusion term, we obtain a particle distribution f for which the area stays

constant in time. The exponential growth stated in the next theorem is equivalent to a lower estimate

for the total area associated to the distribution f , cf. (A.1.15).

Theorem A.2.12. Assume α > 0 and µ < 0. Assume K is a continuous, non-negative kernel satisfy-

ing (A.1.5), (A.1.6), (A.1.7) and (A.1.8). Suppose that r(a, v) satisfies (A.1.10), (A.1.11), (A.1.12) and

(A.1.13). Let g ∈ C([0,∞); M I
+(R2

>0)) be a solution of the time-dependent fusion problem as in Defin-

ition A.2.1 with total volume of particles equal to v0 and satisfying (A.2.17) and (A.2.18). Then the

following holds: there exists a constant C2(v0) > 0, depending on v0, K0, K1, γ, µ and σ , cf. (A.1.5),

(A.1.7) and (A.1.10), such that, if

R1 ≤ v0, (A.2.19)

where R1 is as in (A.1.10) and ∫
(0,∞)2

agin(a, v)dvda ≥ C2(v0), (A.2.20)

then ∫
(0,∞)2

g(a, v, t)advda ≥ CµC2(v0)e
1
3 t, (A.2.21)

for some Cµ depending on µ.

Remark A.2.13. We have that C2(v0) = C2v
ξ( 2

3−γ)
0 , for ξ as in (A.1.4), where C2 > 0 depends only on

K0, K1, γ, µ and σ , cf. (A.1.5), (A.1.7) and (A.1.10). For more details about the rescaling properties

of g, see Appendix A.5.

Notice that Theorem A.2.12 holds for any weak solution in the sense of Definition A.2.1 that

satisfies in addition (A.2.17), (A.2.18) and (A.2.20). On the other hand, combining Proposition A.2.9

and Theorem A.2.12, we obtain the following

Corollary A.2.14. Suppose that gin ∈M I
+(R2

>0) and satisfies (A.2.15), (A.2.16), (A.2.19) and (A.2.20),

with C1(v0) and C2(v0) as in Proposition A.2.9 and Theorem A.2.12, respectively. Then there exists

a weak solution for the time-dependent fusion problem in the sense of Definition A.2.1 which satisfies

(A.2.21).

Theorem A.2.12 can be understood in the following manner. Identically as before, we can assume

without loss of generality that v0 = 1 by means of a rescaling argument (see Appendix A.5). With this

89



APPENDIX A. COAGULATION EQUATIONS FOR NON-SPHERICAL CLUSTERS

rescaling, is we have R1 ≤ 1 and
∫

(0,∞)2 agin(a, v)dvda ≥ C, for some sufficiently large constant C > 0,

then ramification occurs.

We now provide some heuristic explanation in order to justify the validity of Theorem A.2.12. We

explain below the condition needed for Theorem A.2.12, namely condition (A.2.20).

Assume for simplicity that r(a, v) = aµ and that µ ≤ −1. In other words, in order to be consist-

ent with the condition (A.1.10), r(a, v) = a
3(γ−1)

2 . The rigorous proof of Theorem A.2.12 will be a

generalization of the following idea.

Test formally in (A.2.4) with φ ≡ a. We have ⟨K[g], φ⟩ = 0. Denote by A(t) :=
∫

(0,∞)2 ag(η, t)dη.

Equation (A.2.4) becomes

∂tA(t) =
1
3

A(t) +
∫

(0,∞)2
aµ(c0v

2
3 − a)g(η, t)dη

≥
1
3

A(t) −
∫

(0,∞)2
aµ+1g(η, t)dη

≥
1
3

A(t) − cµ+1
0

∫
(0,∞)2

vγ−
1
3 g(η, t)dη. (A.2.22)

It turns out that we can prove∫
(0,∞)2

vγ−
1
3 g(η, t)dη ≤ max{

∫
(0,∞)2

vγ−
1
3 gin(η)dη,C}, (A.2.23)

for some fixed constant C > 0. The proof of this result is made in a similar manner as the proof of the

analogous estimate for the one-dimensional coagulation equations. Thus, (A.2.22) becomes

∂tA(t) ≥
1
3

A(t) −C, (A.2.24)

for some constant C > 0 depending only on gin.

From (A.2.24), we deduce that if A(0) is sufficiently large, then A(t) behaves like e
1
3 t. This is the

content of the ramification result in Theorem A.2.12.

A.3 Existence of self-similar solutions when µ > 0

The strategy for the proof of Theorem A.2.3 (and Theorem A.2.5) follows the approach of obtaining

self-similar profiles as a fixed point of a truncated version of the time-dependent problem by showing

invariance in time of a compact set. It is convenient to work with truncated versions of the coagulation

kernel, as well as a modified fusion rate. This is done in order to avoid singular behavior and unbounded

terms. Notice that, since g is supported in the region {a ≥ c0v
2
3 }, information about one of the variables

implies some information over the other. Estimates for moments depending only on v follow then in

the same manner as for the one-dimensional coagulation equation, due to the particular form of the

coagulation kernel.
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In order to define the truncated problem, we introduce the following functions. For ϵ ∈ (0, 1) and

R > 1, we define a truncation Kϵ,R : (0,∞)4 → [0,∞) for the coagulation kernel to be a continuous

function such that:

Kϵ,R(a, v, a′, v′) = min{K(a, v, a′, v′), 21+βK0ϵ
−αRβ}, (A.3.1)

where K satisfies (A.1.7) and take ξR : R>0 → [0, 1] to be continuous and defined in the following

manner:

ξR(v) = 0, when v ≥ 2R, (A.3.2)

ξR(v) = 1, on (0,R]. (A.3.3)

We first discuss on how the existence of strong solutions for the truncated version of (A.2.1) will be

proven. We take a truncation for the linear transport terms, namely we take Θϵ : (0,∞) → R to be a

smooth monotonically increasing function such that:

Θϵ(v) =

1, v > 2ϵ,
0, v ≤ ϵ.

(A.3.4)

The main issue is to find a suitable subset of M I
+(R2

>0) in which we can obtain uniform estimates in

time. Thus, we first take a cut-off near the origin and show that the support of g remains in this region.

As mentioned before, information about the behavior of v near the origin is enough to control a near

the origin. However, this is not the case for large values of a and thus we have to deal with the fusion

rate.

We replace the fusion term by terms linearly increasing in the area variable in order to avoid the

characteristics to arrive from infinity in finite time. The linear growth in a will enable us to test with

functions that are not compactly supported in the area variable. So, for φ ∈ C1
0(R2

>0), we analyse the

following regularized version of (A.2.1):∫
(0,∞)2

g(η, t)Θϵ(v)φ(η)dη −
2
3

∫
(0,∞)2

g(η, t)Θϵ(v)a∂aφ(η)dη −
∫

(0,∞)2
g(η, t)Θϵ(v)v∂vφ(η)dη

+(1 − γ)⟨Kϵ,R[g], φ⟩ + (1 − γ)
∫

(0,∞)2
rδ(η)(c0v

2
3 − a)g(η, t)∂aφ(η)dη = ∂t

∫
(0,∞)2

g(η, t)φ(η)dη,

(A.3.5)

where

⟨Kϵ,R[g], φ⟩ :=
1
2

∫
(0,∞)2

∫
(0,∞)2

Kϵ,R(a, v, a′, v′)ξR(v + v′)χφ(η, η′)dη′dη. (A.3.6)

We have replaced the fusion term r(a, v) by

rδ(a, v) :=
r(η) max{vσ, Lδ}

vσ(1 + δaµ)
, (A.3.7)
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for δ ∈ (0, 1) and where we denoted

L :=
12

R0(1 − γ)
, (A.3.8)

where R0 is as in (A.1.10). Notice that rδ(η) → r(η) for fixed η as δ → 0. L was chosen in such a way

to derive uniform estimates for the total area of solutions. This means it has to be sufficiently large in

order to compensate for the linear transport term appearing due to the coagulation kernel.

For some g̃ ∈M I
+(R2

>0) such that∫
(0,∞)2

(1 + a)g̃(a, v)dvda < ∞, (A.3.9)

we define the space

Uϵ,R := {g̃ ∈M I
+(R2

>0), g̃
(
R2
>0 \ [c0ϵ

2
3 ,∞) × [ϵ, 2R)

)
= 0, g̃ satisfies (A.3.9)}. (A.3.10)

In this section we will prove the following technical results.

Proposition A.3.1. Take Kϵ,R as above, i.e. (A.3.1) holds, and assume it satisfies (A.1.6). Let gin,R ∈

M I
+,b(R2

>0) ∩ Uϵ,R. There exists a unique solution gϵ,R,δ ∈ C1([0,∞); M I
+(R2

>0)), gϵ,R,δ(t) ∈ Uϵ,R, that

satisfies

sup
t∈[0,T ]

∫
(0,∞)2

(1 + a)gϵ,R,δ(a, v, t)dvda < ∞,

for all times T ∈ [0,∞), for the weak formulation of the coagulation equation (A.3.5) with initial datum

gin,R.

The proof of this proposition will be the content of Subsection A.3.1.

Let Kϵ,R defined as in (A.3.1) and assume K and r satisfy the conditions stated in Theorem A.2.3

or in Theorem A.2.5. Let T > 0. We define the map S (t) : Uϵ,R → Uϵ,R in the following way:

S (t)gin,R = gϵ,R,δ(·, ·, t), (A.3.11)

for all t ∈ [0,T ], where gϵ,R,δ is the unique solution of the weak formulation of the coagulation equation

with coagulation kernel Kϵ,R found Proposition A.3.1.

In order to prove Theorem A.2.3 (and Theorem A.2.5), the next lemma will be useful:

Proposition A.3.2. Let ϵ ∈ (0, 1),R > 1, δ ∈ (0, 1). Let Kϵ,R defined as in (A.3.1) and rδ as in (A.3.7).

Assume K and r satisfy the conditions stated in Theorem A.2.3 or in Theorem A.2.5. Let T > 0 and

S (t) : Uϵ,R → Uϵ,R as in (A.3.11), for t ∈ [0,T ].
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Let µ > 0 in (A.1.10). Then there exist constants c0,−α−ϵ̃ , c0,m̃, c1,0 > 0, where ϵ̃ ∈ (0, 1) and

m̃ > max{1, |σ|µ }, with the property that the set ω(ϵ,R, δ), defined as

ω(ϵ,R, δ) :={M0,1(gϵ,R,δ) = 1; M0,−α−ϵ̃(gϵ,R,δ) ≤ c0,−α−ϵ̃ ; M0,m̃(gϵ,R,δ) ≤ c0,m̃; M1,0(gϵ,R,δ) ≤ c1,0}

(A.3.12)

if α > 0 and

ω(ϵ,R, δ) :={M0,1(gϵ,R,δ) = 1; M0,γ(gϵ,R,δ) ≤ c0,γ; M0,m̃(gϵ,R,δ) ≤ c0,m̃; M1,0(gϵ,R,δ) ≤ c1,0} (A.3.13)

if α = 0,

is preserved in time uniformly in ϵ,R, δ under equation (A.3.5), i.e. S (t)ω(ϵ,R, δ) ⊆ ω(ϵ,R, δ), for all

t ∈ [0,T ].

The proof of this proposition will be given in Subsection A.3.2.

To get volume-conserving solutions, we need to control the total area. In order to obtain this, we

need to assume that an additional moment is bounded and this is why the moment M0, |σ|µ
appears in

Proposition A.3.2.

A.3.1 Existence of solutions for the truncated time-dependent problem

We define the functions A,V : R2
>0 × R≥0 → R in the following manner, by looking at the charac-

teristic equations: ∂tA(a0, v0, t) = (1 − γ)rδ(A,V)(c0V
2
3 − A) −

2
3
Θϵ(V)A;

∂tV(a0, v0, t) = −Θϵ(V)V,
(A.3.14)

with initial conditions A(a0, v0, 0) = a0;

V(a0, v0, 0) = v0.
(A.3.15)

By (A.1.13), we have the following inequality, that we write for future reference

∂A[rδ(A,V)(A − c0V
2
3 )] = max{Vσ, Lδ}

[∂Ar(A,V) − µδAµ−1

1+δAµ r(A,V)](A − c0V
2
3 ) + r(A,V)

Vσ(1 + δAµ)

≥ max{Vσ, Lδ}
[∂Ar(A,V) − µA−1r(A,V)](A − c0V

2
3 ) + r(A,V)

Vσ(1 + δAµ)
≥ 0.

Fix t ≥ 0. We denote the pair (A(a0, v0, t),V(a0, v0, t)) =: ϕt(a0, v0). Observe that, due to the form

of the equations in (A.3.14), the function V is independent of a0. In particular, there exists a family of

functions {yt}t≥0 : R>0 → R>0 such that yt(v0) := V(a0, v0, t). In the same manner, we fix v0 and we

define xt,v0 : R>0 → R by xt,v0(a0) := A(a0, v0, t).

We gather in the following proposition a list of properties for the solutions of the system (A.3.14)

that will be used throughout the paper.
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Proposition A.3.3 (Properties of the characteristics). Let A,V be as in (A.3.14) with initial conditions

(A.3.15). Then

(1) V(a0, v0, t) ≡ v0, when V ≤ ϵ;

(2) V(a0, v0, t) = v0e−t, when V > 2ϵ.

We have in addition that

(3) Let P(v0, t), with (v0, t) ∈ (0,∞)× [0,∞) be a solution of ∂tP = −Θϵ(P)P. Define then H = c0P
2
3 ,

for all t ≥ 0 and all v0 ∈ (0,∞). Then H solves the first equation in (A.3.14). In particular, we

have that, if (a0, v0) ∈ ∂S̃, then (A,V) ∈ ∂S̃, where S̃ was defined in (A.1.2);

(4) The mapping ϕt sends S̃ to S̃, i.e. ϕt(S̃) ⊆ S̃, where S̃ was defined in (A.1.2);

(5) If (a0, v0) ∈ S̃, we have that ∂a0 xt,v0 ≥ 0 and ∂v0yt ≥ 0.

Proof. The fact that A(a0, v0, t) and V(a0, v0, t) are well-defined for (a0, v0) ∈ S̃, with S̃ as in (A.1.2),

and for t ≥ 0 follows from standard ODE theory, as well as the choice of truncation rδ in (A.3.7),

which avoids blow-up in finite time. Statement (1) follows from the fact that Θϵ(v) = 0, when v ≤ ϵ.

Statement (2) follows from the fact that Θϵ(v) = 1, when v ≥ 2ϵ.

In order to prove Statement (3), take H = c0P
2
3 . Notice on one hand that

∂tH = ∂t

(
c0P

2
3

)
=

2c0

3
P−

1
3 ∂tP = −

2c0

3
Θϵ(P)P

2
3 .

On the other hand, it follows that

(1 − γ)rδ(H, P)(c0P
2
3 − H) −

2
3
Θϵ(P)H = −

2
3
Θϵ(P)H = −

2c0

3
Θϵ(P)P

2
3 .

Thus, H = c0P
2
3 solves the first equation in (A.3.14). The statement then follows from the uniqueness

theory of ODE’s.

Statement (4) is a consequence of Statement (3) and also of uniqueness theory of ODE’s.

Finally, for Statement (5), we will only prove that ∂v0yt ≥ 0 since the proof of the fact that ∂a0 xt,v0 ≥

0 follows using a similar argument. We have that∂t∂v0V(a0, v0, t) = −∂V
(
Θϵ(V)V

)
∂v0V;

∂v0V(a0, v0, t) = 1.

Thus

∂v0V(a0, v0, t) = e−
∫ t

0 ∂V
(
Θϵ (V(s))V(s)

)
ds
≥ 0.

□
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Definition A.3.4. We define the pair (l1, l2) ∈ S̃, with S̃ defined in (A.1.2), to be the solution ofyt(l2(v0, v′0, t)) =yt(v0) + yt(v′0);

xt,l2(v0,v′0,t)(l1(a0, a′0, l2(v0, v′0, t), t)) =xt,v0(a0) + xt,v′0(a′0),
(A.3.16)

where (a0, v0) ∈ S̃, (a′0, v
′
0) ∈ S̃ and t ∈ [0,∞).

We make the following notation: ϕ−1
t (A,V) := (x−1

t,y−1
t (V)

(A), y−1
t (V)).

For further use, we define

hϵ(v0, t) =
∫ t

0
Θϵ(ys(v0))ds. (A.3.17)

Most of the results in this subsection hold true if, instead of working with Kϵ,R defined in (A.3.1),

we work with a function KR : (0,∞)4 → [0,∞), which is defined in the following manner:

KR(a, v, a′, v′) = min{K(a, v, a′, v′),R}, (A.3.18)

where K is as in (A.1.7). Thus, in order to simplify computations (and without loss of generality), we

will interchange between KR and Kϵ,R throughout this subsection. We will also writeKR instead ofKϵ,R
(which was defined in (A.3.6)) when we work with KR. The same notation will be used in Subsection

A.3.3 and Appendix A.6. Notice that we will need to work with Kϵ,R in Subsection A.3.2 in order to

obtain suitable moment estimates.

We first start by proving there exists G ∈ C([0,∞); M I
+(R2

>0)) which satisfies the following equa-

tion:

∂t

∫
R2
>0

G(A,V, t)φ(A,V)dVdA =
1 − γ

2

∫
R2
>0

∫
R2
>0

KR(ϕt(A,V), ϕt(A′,V ′))ξR(yt(V) + yt(V ′))G(A′,V ′, t)

G(A,V, t)[φ(ϕ−1
t (ϕt(A,V) + ϕt(A′,V ′)))Φ(V,V ′, t) − φ(A,V)ehϵ (V′,t) − φ(A′,V ′)ehϵ (V,t)]dV ′dA′dVdA,

(A.3.19)

for every φ ∈ Cc(R2
>0) and

Φ(V,V ′, t) := e−hϵ (l2(V,V′,t),t)+hϵ (V,t)+hϵ (V′,t).

Notice that the operator KR on the right-hand side of equation (A.3.19) encodes information about

the fusion process and not only about coagulation through the function ϕt(A,V) and that (A.3.19) is a

reformulation of (A.3.5) using characteristics.

Let T > 0. Take M = 2
∫

(0,∞)2(1 + a)gin,R(a, v)dvda + 1, for some gin,R as in Proposition A.3.1.

Choose τ < T such that

(M + 2(1 − γ)M + 1)||KR||∞(eτ − 1) <
1
2

; (A.3.20)

2(1 − γ)M2||KR||∞τ < 1 and τ ≤ ln 2. (A.3.21)
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We will use the following auxiliary metric space

Yϵ,τ ={G ∈ C([0, τ]; M I
+,b(R2

>0)) : ||G|| = sup
0≤t≤τ

∣∣∣∣∣ ∫
(0,∞)2

ehϵ (V,t)(1 + xt,V (A))G(A,V, t)dVdA
∣∣∣∣∣ ≤ 2M;

G
(
R2
>0 \ [c0ϵ

2
3 ,∞) × [ϵ, 2Ret), t

)
= 0, for every t ∈ [0, τ]}. (A.3.22)

Given G ∈ Yϵ,τ, we define

a[G](A,V, t) :=
∫
{A′≥V′

2
3 }

KR(ϕt(A,V), ϕt(A′,V ′))ξR(yt(V) + yt(V ′))G(A′,V ′, t)ehϵ (V,t)dV ′dA′,

which is well-defined since KR is bounded. For gin,R as in Proposition A.3.1, we analyse the properties

of the map J : Yϵ,τ → C([0, τ]; M (R2
>0)), defined by∫

R2
>0

J[G](A,V, t)φ(A,V)dVdA = J1(G, t) + J2(G, t), (A.3.23)

where:

J1(G, t) :=
∫
R2
>0

gin,R(A,V)e−
∫ t

0 a[G](A,V,ξ)dξφ(A,V)dVdA

and

J2(G, t) :=
1 − γ

2

∫ t

0

∫
R2
>0

∫
R2
>0

e−
∫ t

s a[G](A,V,ξ)dξKR(ϕs(A,V), ϕs(A′,V ′))ξR(ys(V) + ys(V ′))×

G(A,V, s)G(A′,V ′, s)φ(ϕ−1
s (ϕs(A,V) + ϕs(A′,V ′)))Φ(V,V ′, s)dV ′dA′dVdAds,

for every φ ∈ Cc(R2
>0).

Since G is non-negative, then J[G] ∈ C([0, τ]; M+(R2
>0)). Our plan is to use Banach fixed-point

theorem for the map J. The reason is that, as explained below, a fixed point of the operator J will give

the desired solution. In other words, we use a similar approach as the one used to prove well-posedness

for pure coagulation equations with bounded kernels, which has been repeatedly used in literature (see,

for example, [BLL19b]).

Proposition A.3.5. Assume gin,R is as in Proposition A.3.1 and KR as in (A.3.18). Assume G ∈ Yϵ,τ.

Then J[G] is supported in the same domain as the measures in Yϵ,τ, namely J[G] ∈ C([0, τ]; M I
+(R2

>0))

and J[G]
(
R2
>0 \ [c0ϵ

2
3 ,∞) × [ϵ, 2Ret), t

)
= 0, for every t ∈ [0, τ].

Proof. Let φ ∈ C0(R2
>0) such that suppφ ⊆ {A < c0V

2
3 }. Since gin,R ∈ Yϵ,τ, then the term J1(G, t)

defined in (A.3.23) vanishes. Due to the support of G, we have A ≥ c0V
2
3 and A′ ≥ c0V ′

2
3 . By

Proposition A.3.3, Statement (4), xt,V (A) ≥ c0yt(V)
2
3 and xt,V′(A′) ≥ c0yt(V ′)

2
3 . This implies:

xt,V (A) + xt,V′(A′) ≥ c0yt(V)
2
3 + c0yt(V ′)

2
3 ≥ c0(yt(V) + yt(V ′))

2
3 ,
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which implies that l1(A, A′, l2(V,V ′, t)) ≥ c0l2(V,V ′, t)
2
3 by Proposition A.3.3 and using the notation

from Definition A.3.4. Thus the term J2(G, t) in (A.3.23) vanishes as the support of φ gives that we

have to work in the set where l1(A, A′, l2(V,V ′, t)) < c0l2(V,V ′, t)
2
3 .

For the sets (0,∞)2 \ (0,∞) × (0, 2Ret] and (0,∞)2 \ [c0ϵ
2
3 ,∞) × [ϵ,∞), the proof is done in the

same manner taking note of the fact that the kernel is chosen to vanish on these sets. For example, if

l2(V,V ′, t) > 2Ret, then yt(V) + yt(V ′) ≥ 2R and ξR(yt(V) + yt(V ′)) vanishes on this set. If l2(V,V ′, t) <

ϵ, then yt(V) + yt(V ′) < ϵ, meaning V,V ′ < ϵ and G vanishes on these sets. Lastly, we deal with

the set (0,∞)2 \ [c0ϵ
2
3 ,∞) × (0,∞) by making use of the isoperimetric inequality c0l2(V,V ′, t)

2
3 ≤

x−1
t,l2(V,V′,t)(xt,V (A) + xt,V′(A′)) < c0ϵ

2
3 . Thus, l2(V,V ′, t) < ϵ and we proceed as before. □

Proposition A.3.6. Let gin,R as stated in Proposition A.3.1 and KR as in (A.3.18). Assume F,G ∈ Yϵ,τ

with τ as in (A.3.20) and (A.3.21). Then

1. ||J[G]|| ≤ 2M;

2. The map J is contractive, more explicitly, ||J[F] − J[G]|| ≤ 1
2 ||F −G||.

In particular, Proposition A.3.5 and Proposition A.3.6 imply that J[G] ∈ Yϵ,τ.

The proof consists in a combination of standard methods used in the study of coagulation equations

and some of the properties proven in Proposition A.3.3. A detailed proof is given in Appendix A.6.

Later on, we will prove moment estimates for higher order powers of a. For this, it is useful to

keep in mind that the above computations can be done in a more general case.

We now use Banach fixed point theorem to conclude that there exists a fixed point in the space Yϵ,τ

for the map J, which we will denote by Gϵ,R,δ. We will extend the solution to arbitrary times. To do so,

we show that the previous computations can be done if we replace gin,R with Gϵ,R,δ(·, ·, τ) and then use

induction.

Proposition A.3.7. Let Gϵ,R,δ be the found fixed point for (A.3.23) up to time τ defined as in (A.3.20),

(A.3.21) and with initial datum gin,R taken as in Proposition A.3.1. For any T > 0, there exists a unique

solution, for which we keep the notation Gϵ,R,δ ∈ C1([0,T ]; M I
+,b(R2

>0)) that satisfies (A.3.19).

As before, the proof consists in a combination of standard methods used in the study of coagulation

equations and some of the properties proven in Proposition A.3.3. A detailed proof of this proposition

is given in Appendix A.6.

Passage to the initial equation and properties of the semigroup

Definition A.3.8. Let T > 0. Let Gϵ,R,δ be as in Proposition A.3.7, that is Gϵ,R,δ ∈ C1([0,T ]; M I
+(R2

>0))

with Gϵ,R,δ
(
R2
>0 \ [c0ϵ

2
3 ,∞) × [ϵ, 2Ret), t

)
= 0, for every t ∈ [0,T ]. We define gϵ,R,δ ∈
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C1([0,T ]; M+(R2
>0)) in the following manner:∫

(0,∞)2
gϵ,R,δ(a, v, t)φ(a, v)dvda =

∫
(0,∞)2

ehϵ (V,t)Gϵ,R,δ(A,V, t)φ(ϕt(A,V))dVdA, (A.3.24)

for every φ ∈ C0(R2
>0) and every t ∈ [0,T ].

Proof of Proposition A.3.1. Let gϵ,R,δ as in Definition A.3.8. We will prove that gϵ,R,δ ∈ C1([0,T ];

M I
+(R2

>0)) and gϵ,R,δ satisfies equation (A.3.5) with coagulation kernel KR and initial value gin,R.

Moreover, gϵ,R,δ
(
R2
>0 \ [c0ϵ

2
3 ,∞) × [ϵ, 2R), t

)
= 0, for every t ∈ [0,T ].

Firstly, we prove that gϵ,R,δ has the stated support. Assume φ ∈ C0(R2
>0) is supported in {a < c0v

2
3 }.

The right-hand side of (A.3.24) implies xt,V (A) < c0yt(V)
2
3 . By Proposition A.3.3, we have A < c0V

2
3 .

Since Gϵ,R,δ(t) ∈M I
+(R2

>0), then: ∫
(0,∞)2

gϵ,R,δ(a, v, t)φ(a, v)dvda = 0.

A similar argument can be used to prove gϵ,R,δ
(
R2
>0 \ [c0ϵ

2
3 ,∞) × [ϵ, 2R), t

)
= 0, for every t ∈ [0,T ].

We now prove that gϵ,R,δ satisfies (A.3.5). We make use of (A.3.14) and (A.3.24).

d
dt

∫
(0,∞)2

gϵ,R,δ(a, v, t)φ(a, v, t)dvda =
d
dt

∫
(0,∞)2

∫
(0,∞)2

ehϵ (V,t)Gϵ,R,δ(A,V, t)φ(ϕt(A,V))dVdA

=

∫
(0,∞)2

d
dt

(
ehϵ (V,t)φ(ϕt(A,V))

)
Gϵ,R,δ(A,V, t)dVdA +

∫
(0,∞)2

ehϵ (V,t)φ(ϕt(A,V))
d
dt

Gϵ,R,δ(A,V, t)dVdA.

The first term becomes:∫
(0,∞)2

d
dt

(
ehϵ (V,t)φ(ϕt(A,V))

)
Gϵ,R,δ(A,V, t)dVdA

=

∫
(0,∞)2

(
(1 − γ)rδ(ϕt(A,V))(c0yt(V)

2
3 − xt,V (A))∂1φ(ϕt(A,V))

−
2
3
Θϵ(yt(V))xt,V (A)∂1φ(ϕt(A,V)) − Θϵ(yt(V))yt(V)∂2φ(ϕt(A,V))

+ Θϵ(yt(V))φ(ϕt(A,V))
)
ehϵ (V,t)Gϵ,R,δ(A,V, t)dVdA,

where we used (A.3.17). For the second term, we have:∫
(0,∞)2

ehϵ (V,t)φ(ϕt(A,V))
d
dt

Gϵ,R,δ(A,V, t)dVdA =

1 − γ
2

∫
(0,∞)2

∫
(0,∞)2

KR(ϕt(A,V), ϕt(A′,V ′))ξR(yt(V) + yt(V ′))Gϵ,R,δ(A′,V ′, t)Gϵ,R,δ(A,V, t)

ehϵ (V,t)+hϵ (V′,t)[φ(ϕt(A,V) + ϕt(A′,V ′)) − φ(ϕt(A,V)) − φ(ϕt(A′,V ′))]dV ′dA′dVdA.

Using now the definition in (A.3.24), we see that gϵ,R,δ satisfies (A.3.5). □
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We now focus on proving the continuity in the weak topology of the semigroup defined in (A.3.11).

This will be useful in order to show that there exists a fixed point in time for equation (A.3.5). In order

to prove Propositions A.3.10 - A.3.13, we need better regularity for the coagulation kernel. We solve

the adjoint problem for a mollified version of the coagulation kernel. A similar approach can be found

in [NV12]. We then show that the difference between the terms containing the two coagulation kernels

can be made small due to the uniform estimates for the total surface area.

We first define the rectangles

Vϵ,R := (c0

(
ϵ

2

) 2
3
,∞) × (

ϵ

2
, 4R) ⊂ R2

>0 and Ṽϵ,R := [c0

(
ϵ

4

) 2
3
,∞) × [

ϵ

4
, 8R] ⊂ R2

>0.

Assumption A.3.9. Let then Kn
ϵ,R ∈ C1(Vϵ,R ×Vϵ,R) be a mollified version of Kϵ,R1Ṽϵ,R×Ṽϵ,R(η, η′) chosen

in such a way that

sup
(η,η′)∈K

|Kϵ,R(η, η′) − Kn
ϵ,R(η, η′)| ≤

1
n
,

for some n ∈ N sufficiently large, to be fixed later, and some fixed compact set K ⊂ Vϵ,R × Vϵ,R.

Proposition A.3.10. Let Kn
ϵ,R be as in Assumption A.3.9. Let g1, g2 be two solutions of (A.3.5) with

initial values gin,1, gin,2, respectively. Assume both initial conditions satisfy the assumptions in Propos-

ition A.3.1. Let T > 0. We work with functions on the space

WT := {φ ∈ C1([0,T ],C1
b(S̃)) | φ(η, t) = 0 if v < [

ϵ

2
, 4R], for every t ≤ T },

where S̃ was defined in (A.1.2). Let χ(η) be an arbitrary function in C1
b(S̃ ) that is zero when v < [ ϵ2 , 4R].

Then, for every T > 0, there exists a unique solution φ ∈ WT , with φ(·,T ) = χ(·), which solves the

following equation:

∂tφ(η, t) + Θϵ(v)
(
φ(η, t) − v∂vφ(η, t) −

2
3

a∂aφ(η, t)
)
+ (1 − γ)rδ(a, v)(c0v

2
3 − a)∂aφ(η, t) + L(φ)(η, t) = 0,

where

L(φ(η, t))(η, t) :=
1 − γ

2

∫
(0,∞)2

Kn
ϵ,R(η, η′)ξR(v + v′)χφ(η, η′, t)(g1(η′, t) + g2(η′, t))dη′.

Proof. Let us start by integrating along the characteristics. This means that it is enough to prove that

there exists a function φ̃ that satisfies the equation:

∂tφ̃(η, t) + Θϵ(yt(v))φ̃(η, t) + L(φ̃(η, t))(ϕt(η), t) = 0,

where ϕt(η) is defined as in (A.3.14).

We consider a modified version of the operator L(φ), which is possible due to the way the kernel

was truncated, as well as the support of g1, g2. Let χϵ,R(v) be a continuous function which is equal to
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zero when v ≤ ϵ
2 and when v ≥ 4R and is equal to 1, when v ∈ [ϵ, 2R). Instead of working with L(φ),

we work with:

L(φ(η, t))(η, t) := χϵ,R(v)L(φ(η, t))(η, t).

We observe that, if φ is continuous and compactly supported in the v variable, then L(φ)(η, t) is con-

tinuous and compactly supported in the v variable. We emphasize the fact that, since g1 and g2 are

supported in the region where {a ≥ c0v
2
3 }, the space of functions in C([0,T ],C1

b(S̃)) will be enough to

prove continuity of the semigroup in the weak-∗ topology later on. We thus prove that there exists a φ̃

that satisfies the equation

∂tφ̃(η, t) + Θϵ(yt(v))φ̃(η, t) + L(φ̃(η, t))(ϕt(η), t) = 0. (A.3.25)

This will impose no problems when we prove the continuity in the weak-∗ topology of the semigroup,

since g1 and g2 are supported outside the region where L(φ) , L(φ). We prove the existence of a φ̃ that

satisfies (A.3.25) via a fixed-point argument in the space

W̃T := {φ̃ ∈ C1([0,T ],C1
b(S̃))|φ̃(η, t) = 0 if v ≤

ϵ

2
or v ≥ 4Ret, for every t ≤ T }.

We use the fact that the kernel is bounded and that∫
(0,∞)2

[g1(η′, t) + g2(η′, t)]dη′ ≤
∫

(0,∞)2
[gin,1(η′) + gin,2(η′)]dη′

in order to prove contractivity. To prove that φ(·, t) ∈ C1
b(S̃), for t ∈ [0,T ], we first prove that there

exists a constant C(t) > 0 such that

C(t) ≤ ∂axt,v(a) ≤ 1. (A.3.26)

This is since

0 ≤ ∂a[rδ(a, v)(a − c0v
2
3 )] = ∂arδ(a, v)(a − c0v

2
3 ) + rδ(a, v). (A.3.27)

By (A.1.10) and (A.1.13), there exists a constant Cϵ,R,δ > 0 such that

∂arδ(a, v)(a − c0v
2
3 ) =

[∂ar(a, v)
1 + δaµ

−
r(a, v)µδa

µ−1

1+δaµ

1 + δaµ
]max{vσ, Lδ}

vσ
(a − c0v

2
3 )

≤
∂ar(a, v)
1 + δaµ

max{vσ, Lδ}
vσ

(a − c0v
2
3 )

≤
[Ba−1r(a, v)

1 + δaµ
(a − c0v

2
3 )
]max{vσ, Lδ}

vσ

≤
[BR1aµ−1vσ

1 + δaµ
(a − c0v

2
3 )
]max{vσ, Lδ}

vσ

≤
BR1aµvσ

1 + δaµ
max{vσ, Lδ}

vσ
≤

BR1

δ
max{vσ, Lδ} ≤ Cϵ,R,δ (A.3.28)
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and

rδ(a, v) =
r(a, v)

1 + δaµ
max{vσ, Lδ}

vσ
≤

R1aµvσ

1 + δaµ
max{vσ, Lδ}

vσ
≤ Cϵ,R,δ. (A.3.29)

Combining (A.3.27)-(A.3.29) and making use of (A.3.14), we obtain (A.3.26). Using (A.3.25) and

(A.3.26), we prove the desired bound for the derivative of φ. □

Remark A.3.11. Let g1, g2 be two solutions of (A.3.5) with initial values gin,1, gin,2 ∈ Uϵ,R, respectively.

Let T > 0. Let φ ∈ C1([0,T ],C1(S̃)) such that φ(η,T ) = χ(η) be the function found in Proposition

A.3.10. Assume, in addition, that supη∈S̃ |χ(η)| ≤ 1. Then there exists a constant Cϵ,R(T ), which is

independent of the choice of n ∈ N in Assumption A.3.9 and depends only on the norm of g1 and g2,

T, ϵ and R, such that

sup
s∈[0,T ]

sup
η∈S̃
|φ(η, s)| ≤ Cϵ,R(T ). (A.3.30)

We now prove that the solution φ that we have found in Proposition A.3.10 is Lipschitz continu-

ous. This will provide a suitable compactness property that will allow us to prove the desired weak

continuity of the mapping S (t) : Uϵ,R → Uϵ,R defined in (A.3.11).

Proposition A.3.12. Let g1, g2 be two solutions of (A.3.5) with initial values gin,1, gin,2 ∈ Uϵ,R, re-

spectively. Let T > 0. Let φ ∈ C1([0,T ],C1(S̃)) such that φ(η,T ) = χ(η) be the function found in

Proposition A.3.10. Assume, in addition, that supη∈S̃ |χ(η)| ≤ 1 and that χ(η) is Lipschitz. Then φ is

Lipschitz continuous, in the sense that, for every t ∈ [0,T ], there exists C(t) > 0 such that

sup
s∈[0,t]

|φ(η, s) − φ(η̃, s)| ≤ C(t)|η − η̃|,

for every η, η̃ ∈ S̃. Moreover, C(t) may depend on the norm of g1 and g2, but is otherwise independent

of the choice of g1 and g2.

Proof. Notice first that, since supη∈S̃ |χ(η)| ≤ 1, then sups∈[0,t],η∈S̃ |φ(η, s)| ≤ Cϵ,R(T ) by (A.3.30). We

use Grönwall in (A.3.25):

|φ̃(η, t) − φ̃(η̃, t)| ≤ |χ(η) − χ(η̃)| + sup
z∈[0,t],η∈S̃

|φ̃(η, z)|
∫ T

t
|Θϵ(ys(v)) − Θϵ(ys(ṽ))|ds

+

∫ T

t
|φ̃(η, s) − φ̃(η̃, s)|ds +

∫ T

t
|L(φ̃(η, s) − φ̃(η̃, s))(ϕs(η), s)|ds

+

∫ T

t
|L(φ̃(η, s))(ϕs(η) − ϕs(η̃), s)|ds.

By the definition of Kn
ϵ,R in Assumption A.3.9, we have its first order derivatives are bounded from

above. Moreover, ϕs(η) is Lipschitz continuous. Thus, there exists a constant C > 0, which can depend
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on ϵ, R, δ and the norms of g1 and g2 such that

|φ̃(η, t) − φ̃(η̃, t)| ≤ C
∫ T

t
|φ̃(η, s) − φ̃(η̃, s)| +C|η − η̃|.

We use Grönwall and obtain |φ̃(η, t)− φ̃(η̃, t)| ≤ C(t)|η− η̃|. Combining this with (A.3.26), we conclude

that |φ(η, t) − φ(η̃, t)| ≤ C(t)|η − η̃|. □

This is enough to enable us to prove that the semigroup defined in (A.3.11) is continuous in the

weak-∗ topology.

Proposition A.3.13. Let Kn
ϵ,R be as in Assumption A.3.9. Let t ≥ 0 and S (t) : Uϵ,R → Uϵ,R be the

mapping defined in (A.3.11). Then, we have that S (t) is continuous in the weak-∗ topology.

Proof. As before, assume that g1, g2 are two solutions of (A.3.5) with initial conditions gin,1, gin,2 ∈

Uϵ,R, respectively. Assume furthermore that there exists a constant C > 0 such that∫
(0,∞)2

(1 + a)(gin,1(η) + gin,2(η))dη ≤ C.

Let ϕ ∈ C1
0(R2

>0) with ϕ(η) = 0 if (a, v) < [c0
( ϵ

2
) 2

3 , L] × [ ϵ2 , 4R], where ϵ,R are as in Proposition A.3.1

and for some L > 0. Assume in addition that ||ϕ||∞ ≤ 1. Let δ̃ < 1. Our goal is to prove that, if for

every χ ∈ C0(R2
>0), with ||χ||∞ ≤ 1,∫

(0,∞)2
[gin,2(η) − gin,1(η)]χ(η)dη is sufficiently small,

then for every χ ∈ C0(R2
>0), with ||χ||∞ ≤ 1,∫

(0,∞)2
[g2(η, t) − g1(η, t)]χ(η)dη < δ̃.

We make the following notation:

Cnorm := sup
s∈[0,t]

∫
(0,∞)2

(1 + a)(g1(η, s) + g2(η, s))dη < ∞.

Notice that Cnorm may depend on the time t, but is independent of the choice of g1(η, s), g2(η, s),

for s ∈ [0, t]. This is since we can bound

sup
s∈[0,t]

∫
(0,∞)2

(1 + a)(g1(η, s) + g2(η, s))dη ≤ C(t)
∫

(0,∞)2
(1 + a)(gin,1(η) + gin,2(η))dη

by using similar arguments to the ones used in Proposition A.3.7.

We fix n ∈ N in Assumption A.3.9 such that 3tCϵ,R(t)C2
norm

n ≤ δ̃
4 ,where Cϵ,R(t) is defined as in (A.3.30).

Let φ be the function found in Proposition A.3.10 associated to the coagulation kernel Kn
ϵ,R, for

n ∈ N as above, and with φ(η, t) = ϕ(η). Since ϕ ∈ C1
c(R2

>0), then by Proposition A.3.12 the function
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φ is Lipschitz continuous. Then there exists C̃(ϵ,R, δ, t,Cnorm) > 0 such that |φ(η, s) − φ(η̃, s)| ≤

C̃(ϵ,R, δ, t,Cnorm)|η − η̃|, for every η, η̃ ∈ S̃ and s ∈ [0, t].

Assume M > 1 is a fixed constant whose value will be determined later. We take χM : R>0 → [0, 1],

continuous, to be

χM(a) =

1, when a ∈ [c0ϵ
2
3 ,M],

0, when a < [c0( ϵ2 )
2
3 , 2M].

(A.3.31)

Then there exists C(ϵ,R, δ, t,Cnorm) > 0 such that |φ(η, s)χM(a)−φ(η̃, s)χM(ã)| ≤C(ϵ,R, δ, t,Cnorm)

|η − η̃|, for every η, η̃ ∈ S̃ and s ∈ [0, t].

We look at the set

K = {φ̃ ∈ C(S̃ )| φ̃(η) = 0 if η < [c0(
ϵ

2
)

2
3 , 2M] × [

ϵ

2
, 4R]; |φ̃(η) − φ̃(η′)| ≤ C(ϵ,R, δ, t,Cnorm)|η − η′|,

for all η, η′ ∈ S̃ }.

As the set is totally bounded, there exist N ∈ N and ψ1, . . . , ψN ∈ K with the property that K ⊆

∪N
i=1B(ψi,

δ̃
4Cnorm

). As φ(·, 0)χM ∈ K, then mini=1,N supη∈S̃ |φ(η, 0)χM(a) − ψi(η)| ≤ δ̃
4Cnorm

. Assume that,

for every χ ∈ C0(R2
>0), with ||χ||∞ ≤ 1,

∫
(0,∞)2

[gin,2(η) − gin,1(η)]χ(η)dη <
δ̃

8N
.

We then have∫
(0,∞)2

[g2 − g1](η, t)ϕ(η)dη =
∫

(0,∞)2
[g2 − g1](η, t)φ(η, t)dη

=

∫
(0,∞)2

[g2,in − g1,in](η)φ(η, 0)dη +
1 − γ

2

∫ t

0

∫
(0,∞)2

∫
(0,∞)2

(Kϵ,R(η, η′) − Kn
ϵ,R(η, η′))ξR(v + v′)

χφ(η, η′, s)(g1(η′, s) + g2(η′, s))(g1(η′, s) − g2(η′, s))dη′dηds

≤

∫
(0,∞)2

[g2,in − g1,in](η)φ(η, 0)dη +
∫ t

0

∫
Vϵ,R,M

∫
Vϵ,R,M

|(Kϵ,R(η, η′) − Kn
ϵ,R(η, η′))ξR(v + v′)

χφ(η, η′, s)(g1(η′, s) + g2(η′, s))(g1(η′, s) − g2(η′, s))|dη′dηds

+

∫ t

0

∫
(M,∞)×[ϵ,2R]

∫
(0,∞)2

|(Kϵ,R(η, η′) − Kn
ϵ,R(η, η′))ξR(v + v′)χφ(η, η′, s)(g1(η′, s) + g2(η′, s))

(g1(η′, s) − g2(η′, s))|dη′dηds

= I1 + I2 + I3, (A.3.32)

where Vϵ,R,M := [c0ϵ
2
3 ,M] × [ϵ, 2R], for some sufficiently large M as in (A.3.31).
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We bound the term I1 in (A.3.32) by:∫
(0,∞)2

[g2,in − g1,in](η)φ(η, 0)dη

=

∫
(0,∞)2

[g2,in − g1,in](η)φ(η, 0)χM(a)dη +
∫

(0,∞)2
[g2,in − g1,in](η)φ(η, 0)[1 − χM(a)]dη

≤

∫
(0,∞)2

[g2,in − g1,in](η)φ(η, 0)χM(a)dη + 2||φ(η, 0)||∞

∫
a>M

[g2,in + g1,in](η)dη

≤ mini=1,N

∫
(0,∞)2

|[g2,in − g1,in](η)||φ(η, 0)χM(a) − ψi(η)|dη

+maxi=1,N

∫
(0,∞)2

[g2,in − g1,in](η)ψi(η)dη + 2M−1Cnorm||φ(η, 0)||∞. (A.3.33)

Notice that K was chosen independently of g1, g2 since it depends only on C(ϵ,R, δ, t,Cnorm). Thus

we can bound maxi=1,N

∫
(0,∞)2[g2,in − g1,in](η)ψi(η)dη in (A.3.33) by δ̃

8 independently of the choice of

g1, g2, as ψi ∈ K, i = 1,N. As ||ϕ(η)||∞ ≤ 1, then sups∈[0,t] ||φ(·, s)||∞ ≤ Cϵ,R(t). We can then choose

M >
16CnormCϵ,R(t)

δ̃
in order to bound 2M−1Cnorm||φ(η, 0)||∞. This means that∫

(0,∞)2
[g2,in − g1,in](η)φ(η, 0)dη ≤

δ̃

4Cnorm

∫
(0,∞)2

[g2,in + g1,in](η)dη +
δ̃

4
≤
δ̃

2
. (A.3.34)

In order to bound I2 in (A.3.32), we have that on ([c0ϵ
2
3 ,M] × [ϵ, 2R])2

sup
(η,η′)∈([c0ϵ

2
3 ,M]×[ϵ,2R])2

|Kn
ϵ,R(η, η′) − Kϵ,R(η, η′)| ≤

1
n

by Assumption A.3.9. Thus I2 ≤
3t||φ||∞C2

norm
n ≤ δ̃

4 .

For I3 in (A.3.32), we take M ≥ 6Cϵ,R(t)C2
normt||Kϵ,R||∞

4
δ̃
. This is because I3 can be estimated from

above by

M−13tCϵ,R(t)(||Kn
ϵ,R||∞ + ||Kϵ,R||∞) sup

s∈[0,t]

∫
{a≥M}

a(g1(η, s) + g2(η, s))dη
∫

(0,∞)2
(g1(η, s) + g2(η, s))dη′.

We then combine this with (A.3.34) and our choice of n ∈ N in (A.3.32) in order to conclude the

argument.

To extend this argument to all functions ϕ ∈ C0(R2
>0) we use again that (M0,1+M0,0)(g1(s)+g2(s)) <

∞, for all s ∈ [0, t]. □

For g ∈ Uϵ,R, it is worthwhile to observe that the map S (·)g : [0,T ] → Uϵ,R defined in (A.3.11) is

also continuous in time.

Proposition A.3.14. Let g ∈ Uϵ,R, with Uϵ,R defined in (A.3.10) and T > 0. Let S (·)g : [0,T ] → Uϵ,R

be as in (A.3.11). Then S (·)g is continuous in time.

The proof consists of standard methods used in the study of coagulation equations. A proof of it

can be found in Appendix A.7.
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A.3.2 Existence of self-similar profiles

Assume µ > 0. We focus on proving Proposition A.3.2. The following moment estimates involving

the v variable (Propositions A.3.16-A.3.18) are an adaptation to the two-dimensional case of [EM06,

Lemma 3.3, Lemma 3.4]. There was an additional need to control the escape to infinity of the area,

which has been dealt with by choosing an appropriate norm in Yϵ,τ defined in (A.3.22), as well as a

specific truncation for the coagulation kernel and fusion term. We then continue with proving an addi-

tional uniform moment estimate involving the area which will be needed for removing the truncation

in (A.3.5).

Remark A.3.15. Assume Kϵ,R satisfies (A.3.1). Then Kϵ,R(a, v, a′, v′) ≥ K1(vβv′−α + v−αv′β) if v, v′ > ϵ

and v + v′ < 2R, for all (a, a′) ∈ (0,∞)2.

We first mention that due to the choice of Yϵ,τ and rδ, we can test (A.3.5) with functions that do not

necessarily have compact support. More precisely, we can test with functions of the form acvd, d ∈ R,

as long as c ≤ 1.

As previously mentioned, the proof of Propositions A.3.16-A.3.18 is an adaptation of methods

used in [EM06] to our setting. We thus only state the estimates here and move their proof to Appendix

A.7.

Proposition A.3.16. Let gin,R ∈ M I
+(R2

>0) ∩ ω(ϵ,R, δ). Let gϵ,R,δ be the solution found in Proposition

A.3.1 with kernel Kϵ,R as in (A.3.1). Then

sup
t≥0

M0,1(gϵ,R,δ(·, ·, t)) = M0,1(gin,R). (A.3.35)

Moreover, there exists a constant C0,γ > 0 such that:

sup
t≥0

M0,γ(gϵ,R,δ(·, ·, t)) ≤ max{M0,γ(gin,R); C0,γ}, (A.3.36)

uniformly in ϵ,R and δ.

Proposition A.3.17. Let gin,R and gϵ,R,δ (which we will denote by gin and g, respectively) be as in

Proposition A.3.16. Then, for any m > 1, there exists a constant C0,m > 0, independent of ϵ,R and δ,

such that:

sup
t≥0

M0,m(gϵ,R,δ(·, ·, t)) ≤ max{M0,m(gin),C0,m}. (A.3.37)

We can also obtain bounds independent of time for moments of the form M0,−l, with l > 0, if we

require in addition that α > 0.
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Proposition A.3.18. Let gin,R and gϵ,R,δ (which we will denote by gin and g, respectively) be as in

Proposition A.3.16. Assume α > 0. Let l > 0. Then there exists a constant C0,−l > 0 for which the

following estimate holds:

sup
t≥0

M0,−l(gϵ,R,δ(t)) ≤ max{M0,−l(gin),C0,−l}, (A.3.38)

uniformly in ϵ,R and δ.

We now find uniform estimates for the total surface area of gϵ,R,δ. The uniform estimates for

the surface area are a consequence of the fusion term overtaking the coagulation operator in the case

µ > 0. We prove a more general statement which will be needed later on for the improvement of

moment estimates.

Proposition A.3.19. Let gin,R and gϵ,R,δ (which we will denote by gin and g, respectively) be as in

Proposition A.3.16. Then

sup
t≥0

M1,0(g(·, ·, t)) ≤ max{M1,0(gin),C1,0}. (A.3.39)

Moreover, if (A.1.8) holds and if M1,−α(gin) < ∞, there exists C1,−α > 0 such that:

sup
t≥0

M1,−α(g(·, ·, t)) ≤ max{M1,−α(gin),C1,−α}. (A.3.40)

If (A.1.9) holds, there exists δ1 > 0, for which γ ≤ 2
3 − δ1, and there exists C1,−δ1 > 0 such that:

sup
t≥0

M1,−δ1(g(·, ·, t)) ≤ max{M1,−δ1(gin),C1,−δ1}. (A.3.41)

Proof. We test equation (A.3.5) with φ(a, v) = avl, with l ≤ 0. This is possible due to our choice of the

space Yϵ,τ, which allows us to test with functions that do not have compact support if they are bounded

from above by a function of the form acvd, with c ≤ 1 and d ∈ R. Since l ≤ 0, we have:

Kϵ,R(a, v, a′, v′)[(a + a′)(v + v′)l − avl − a′v′l] ≤ 0.

Equation (A.3.5) thus becomes:

d
dt

M1,l(g(t)) ≤ (
1
3
+ |l|)M1,l(g(t)) + (1 − γ)R0

∫
(0,∞)2

aµ max{vσ, Lδ}
1 + δaµ

(c0v
2
3 − a)g(a, v, t)vldvda.

(A.3.42)

We need some control over the drift term:∫
{a≥c0v

2
3 }

aµ max{vσ, Lδ}
1 + δaµ

(c0v
2
3 − a)g(η, t)vldη ≤

∫
{a≥2c0v

2
3 }

aµ max{vσ, Lδ}
1 + δaµ

(c0v
2
3 − a)g(η, t)vldη

≤ −
1
2

∫
{a≥2c0v

2
3 }

aµ max{vσ, Lδ}
1 + δaµ

av−|l|g(η, t)dη.

(A.3.43)
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This integral can now be estimated as follows:

−
1
2

∫
{a≥2c0v

2
3 ,aµ≥ 1

δ }

aµ max{vσ, Lδ}
1 + δaµ

av−|l|g(η, t)dη −
1
2

∫
{a≥2c0v

2
3 ,aµ< 1

δ }

aµ max{vσ, Lδ}
1 + δaµ

av−|l|g(η, t)dη

≤ −
1
4δ

∫
{a≥2c0v

2
3 ,aµ≥ 1

δ }

max{vσ, Lδ}av−|l|g(a, v, t)dvda −
1
4

∫
{a≥2c0v

2
3 ,aµ< 1

δ }

aµ+1vσ−|l|g(a, v, t)dvda

≤ −
L
4

∫
{a≥2c0v

2
3 ,aµ≥ 1

δ }

av−|l|g(a, v, t)dvda −
1
4

∫
{a≥2c0v

2
3 ,aµ< 1

δ }

aµ+1vσ−|l|g(a, v, t)dvda. (A.3.44)

In order to estimate the second term on the right-hand side of (A.3.44), we apply Young’s inequality.

This is possible since µ + 1 > 1. Thus, we obtain:

avl = av
σ−|l|
µ+1 vl−σ−|l|µ+1 ≤

ϵ

p
(av

σ−|l|
µ+1 )µ+1 +

ϵ−
q
p

q
v(l−σ−|l|µ+1 )q,

where p = µ + 1 and 1
p +

1
q = 1. Thus, there exists a constant Cϵ > 0 depending on ϵ for which

avl ≲ ϵaµ+1vσ−|l| + ϵCϵv
l−σµ , or equivalently:

−aµ+1vσ−|l| ≲ −
1
ϵ

avl +Cϵv
l−σµ

and this implies:

−

∫
{a≥2c0v

2
3 ,aµ< 1

δ }

aµ+1vσ−|l|g(a, v, t)dvda ≲ −
1
ϵ

∫
{a≥2c0v

2
3 ,aµ< 1

δ }

avlg(a, v, t)dvda +CϵM0,l−σµ (g(t)).

(A.3.45)

From Propositions A.3.16-A.3.18, we have that M0,l−σµ (g(t)) is uniformly bounded from above. We

combine (A.3.43), (A.3.44) and (A.3.45) and then we choose ϵ sufficiently small in order to obtain that∫
{a≥c0v

2
3 }

aµ max{vσ, Lδ}
1 + δaµ

(c0v
2
3 − a)g(η, t)vldη ≲ −

L
4

∫
{a≥2c0v

2
3 }

av−|l|g(a, v, t)dvda +Cϵ . (A.3.46)

Moreover, in order to pass back to the region {a ≥ c0v
2
3 } in the integral term on the right-hand side of

(A.3.46), we notice that:

−

∫
{a≥2c0v

2
3 }

avlg(a, v, t)dvda = −
∫
{a≥c0v

2
3 }

avlg(a, v, t)dvda +
∫
{c0v

2
3 ≤a<2c0v

2
3 }

avlg(a, v, t)dvda

≤ −

∫
{a≥c0v

2
3 }

avlg(a, v, t)dvda + 2c0

∫
(0,∞)2

v
2
3+lg(a, v, t)dvda. (A.3.47)

Combining (A.3.42), (A.3.46) and (A.3.47), we deduce that

d
dt

M1,l(g(t)) ≲ (
1
3
+ |l|)M1,l(g(t)) − (1 − γ)R0

L
4

M1,l(g(t)) +Cϵ . (A.3.48)

Assume α > 0. If l = 0 we conclude using a comparison argument since (1 − γ)R0
L
4 = 3 cf. (A.3.8).

The proof remains valid if we choose l = −α.

If (A.1.9) holds and we choose l = −δ1 to be such that 2
3 − δ1 ≥ γ, we have that M0, 2

3+l and M0, |σ|µ +l

are uniformly bounded from above and we can conclude in a similar manner. □
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Proof of Proposition A.3.2. Let T > 0. Let S (t) : Uϵ,R → Uϵ,R, for t ∈ [0,T ], be as in (A.3.11).

Proposition A.3.1 guarantees that the semigroup is well-defined. Proposition A.3.14 gives us continuity

in time of the mapping S (·)g : [0,T ] → Uϵ,R, for g ∈ Uϵ,R. Propositions A.3.16 - A.3.19 prove that

S (t)ω(ϵ,R, δ) ⊆ ω(ϵ,R, δ) if we choose the constants c0,−α−ϵ̃ , c0,m̃, c1,0 > 0 in Proposition A.3.2 to

correspond to the constants found in Propositions A.3.16 - A.3.19. □

We are now in a position to prove Theorem A.2.3.

Proof of Theorem A.2.3, case α > 0. Existence of self-similar profiles. Assume first α > 0. Let T > 0.

Let S (t) : Uϵ,R → Uϵ,R, for t ∈ [0,T ], be as in (A.3.11). For fixed t ∈ [0,T ], Proposition A.3.13 assures

that the mapping S (t) : Uϵ,R → Uϵ,R is continuous in the weak-∗ topology. Proposition A.3.2 gives us

that S (t)ω(ϵ,R, δ) ⊆ ω(ϵ,R, δ).

Using a variant of Tykonov’s fixed point theorem (see, for instance, [EMR05, Theorem 1.2]), we

can find a stationary solution in time, which we denote by g̃ϵ,R,δ(η). As g̃ϵ,R,δ ∈ ω(ϵ,R, δ), we can find

a subsequence (g̃ϵk ,Rk ,δk )k≥1 that converges to some g in the weak-∗ topology as k → ∞. This argument

has been used extensively to prove the existence of self-similar profiles for coagulation equations and

therefore we do not give more details.

We need to prove that this g satisfies (A.2.6). Fix φ ∈ C1
c(R2

>0).

As g̃ϵk ,Rk ,δk ⇀ g, as k → ∞, the linear terms containing g̃ϵk ,Rk ,δk will converge to the linear terms in

(A.2.6). We deal with the fusion term in the following manner:∣∣∣∣∣ ∫
(0,∞)2

rδ(η)(c0v
2
3 − a)∂aφ(η)g̃ϵk ,Rk ,δk (dη) −

∫
(0,∞)2

r(η)(c0v
2
3 − a)∂aφ(η)g(dη)

∣∣∣∣∣
≤ C

∫
(0,∞)2

|rδ(η) − r(η)||∂aφ(η)|g̃ϵk ,Rk ,δk (dη) +
∣∣∣∣∣ ∫

(0,∞)2
r(η)(c0v

2
3 − a)∂aφ(η)[g − g̃ϵk ,Rk ,δk ](dη)

∣∣∣∣∣
(A.3.49)

As stated before, rδ(η) → r(η) for fixed η as δ → 0. Due to the compact support of φ and since

g̃ϵk ,Rk ,δk ∈ ω(ϵ,R, δ), the first term in (A.3.49) goes to zero as k → ∞. The second term in (A.3.49) goes

to zero as k → ∞ since g̃ϵk ,Rk ,δk ⇀ g as k → ∞.

We now examine the coagulation term∫
(0,∞)2

∫
(0,∞)2

Kϵ,R(η, η′)ξR(v + v′)[φ(η + η′) − φ(η) − φ(η′)]g̃ϵk ,Rk ,δk (η)g̃ϵk ,Rk ,δk (η
′)dη′dη. (A.3.50)

Notice first that the support of g̃ϵk ,Rk ,δk is contained in the strip v ∈ [ϵ, 2R). We can then replace

Kϵ,R(η, η′) by K(η, η′). On the other hand,∫
(0,∞)2

∫
(0,∞)2

K(η, η′)|ξR(v + v′) − 1|[φ(η + η′) − φ(η) − φ(η′)]g̃ϵk ,Rk ,δk (η)g̃ϵk ,Rk ,δk (η
′)dη′dη

will go uniformly to zero as R → ∞ using only the uniform moment estimates in v, namely M0,1 and

M0,−α. Take a continuous function p : R+ → [0, 1] such that p(x) = 1, when x ≤ 1 and p(x) = 0, when
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x ≥ 2. Define then pM(a, v, a′, v′) = p( a
M )p( v

M )p( a′
M )p( v′

M )p( 1
aM )p( 1

vM )p( 1
a′M )p( 1

v′M ), for M > 1 large

enough. We have that∫
(0,∞)2

∫
(0,∞)2

K(η, η′)[φ(η + η′) − φ(η) − φ(η′)]pM(η, η′)g̃ϵk ,Rk ,δk (η)g̃ϵk ,Rk ,δk (η
′)dη′dη

converges to ∫
(0,∞)2

∫
(0,∞)2

K(η, η′)[φ(η + η′) − φ(η) − φ(η′)]pM(η, η′)g(η)g(η′)dη′dη,

as k → ∞ since the support of the integral is now on a compact set. An argument closely related can

be found in [FLNV21b, Proof of Theorem 2.3]. It remains to estimate the contribution outside the set

[ 1
M ,M]4. When v < 1

M or v > M, the estimates are similar to the one-dimensional case as the kernel is

bounded by functions depending only on v. We can prove that the integral converges to zero as M → ∞

in the region {v < 1
M }, using the uniform estimates for M0,−α−ϵ̃ and M0,β. When v > M, we use that

M0,−α and M0,1 are uniformly bounded to obtain the desired convergence. The regions where {v′ < M}

and {v′ > 1
M } are treated in the same manner by symmetry. We can treat the region where {a < 1

M } in

the same manner as the region where {v <
( 1

c0 M
) 3

2 } due to the isoperimetric inequality a ≥ c0v
2
3 . For

a > M, the main point is to control ∫
(0,∞)2∩{a>M}

(v−α + vβ)g̃ϵ,R,δ(η).

We split the region into three parts and use the fact that for large and small values of v, we can control

this region using only moments in v as before. More precisely, let C̃ > 1 large, then∫
{a>M}

(v−α + vβ)g̃ϵ,R,δ(η)dη ≤ 2
∫

(0,∞)2∩{v< 1
C̃
}

v−αg̃ϵ,R,δ(η)dη +
∫
{a>M,v∈[ 1

C̃
,C̃]}

(v−α + vβ)g̃ϵ,R,δ(η)dη

+ 2
∫

(0,∞)2∩{v>C̃}
vβg̃ϵ,R,δ(η)dη

≤ 2C̃−ϵ̃
∫

(0,∞)2∩{v< 1
C̃
}

v−α−ϵ̃ g̃ϵ,R,δ(η)dη + 2C̃M−1
∫
{a>M,v∈[ 1

C̃
,C̃]}

ag̃ϵ,R,δ(η)dη

+ 2C̃β−1
∫

(0,∞)2∩{v>C̃}
vg̃ϵ,R,δ(η)dη

≤ 2C̃−ϵ̃c0,−α−ϵ̃ + 2C̃M−1c1,0 + 2C̃β−1, (A.3.51)

where ϵ̃ is chosen as in Proposition A.3.2 and c1,0, c0,−α−ϵ̃ are the constants found in Proposition A.3.2.

For given δ̃ ∈ (0, 1), we first take C̃ to be such that 2C̃−ϵ̃c0,−α−ϵ̃ + 2C̃β−1 ≤ δ̃
2 and then M such that

2C̃M−1c1,0 ≤
δ̃
2 . This proves our desired convergence of

∫
(0,∞)2∩{a>M}(v

−α + vβ)g̃ϵ,R,δ(η) to zero as

M → ∞, thus concluding our proof. □

Proof of Theorem A.2.5, case α = 0. Existence of self-similar profiles. We keep the notation used in

the Proof of Theorem A.2.3, case α > 0. The proof is done in the same manner as in the case α > 0.
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The difference is that we derived uniform bounds for moments of the form M0,c, with c ≥ γ and for the

moment M1,0, but we have no information about moments of the form M0,c, with c < γ. This implies

that we now have to control the contribution of the regions {v ≤ 1
M } and {v′ ≤ 1

M }, for a sufficiently

large M, in the term containing the coagulation kernel∫
(0,∞)2

∫
(0,∞)2

Kϵ,R(η, η′)ξR(v + v′)v[φ(η + η′) − φ(η)]g̃ϵk ,Rk ,δk (η)g̃ϵk ,Rk ,δk (η
′)dη′dη. (A.3.52)

For the region {v < 1
M }, we have that:∣∣∣∣∣ ∫

{v< 1
M }

∫
(0,∞)2

Kϵ,R(η, η′)ξR(v + v′)v[φ(η + η′) − φ(η)]g̃ϵk ,Rk ,δk (η)g̃ϵk ,Rk ,δk (η
′)dη′dη

∣∣∣∣∣ (A.3.53)

≲

∫
{v< 1

M }

∫
(0,∞)2

(vβ+1 + vv′β)|φ(η + η′) − φ(η)|g̃ϵk ,Rk ,δk (η)g̃ϵk ,Rk ,δk (η
′)dη′dη

≲ 2||φ||∞Mβ−1M0,β(g̃ϵk ,Rk ,δk )
2 + M−β

∫
{v< 1

M }

∫
(0,∞)2

v|φ(η + η′) − φ(η)|g̃ϵk ,Rk ,δk (η)g̃ϵk ,Rk ,δk (η
′)dη′dη.

Thus, in order to show that the term in (A.3.53) goes to zero as M → ∞, it suffices to show that the

integral above is bounded.∫
{v< 1

M }

∫
(0,∞)2

v|φ(η + η′) − φ(η)|g̃ϵk ,Rk ,δk (η)g̃ϵk ,Rk ,δk (η
′)dη′dη

≤ ||∇φ||∞M0,1(g̃ϵk ,Rk ,δk )
∫

(0,∞)2
|η′|g̃ϵk ,Rk ,δk (η

′)dη′ ≤ C.

We now deal with the region where {v′ < 1
M }:∣∣∣∣∣ ∫

(0,∞)2

∫
{v′< 1

M }

Kϵ,R(η, η′)ξR(v + v′)v[φ(η + η′) − φ(η)]g̃ϵk ,Rk ,δk (η)g̃ϵk ,Rk ,δk (η
′)dη′dη

∣∣∣∣∣
≲

∫
(0,∞)2

∫
{v′< 1

M }

(vβ+1 + vv′β)|φ(η + η′) − φ(η)|g̃ϵk ,Rk ,δk (η)g̃ϵk ,Rk ,δk (η
′)dη′dη. (A.3.54)

For the first term in (A.3.54), we have:∫
(0,∞)2

∫
{v′< 1

M }

vβ+1|φ(η + η′) − φ(η)|g̃ϵk ,Rk ,δk (η)g̃ϵk ,Rk ,δk (η
′)dη′dη

≤ ||∇φ||∞

∫
(0,∞)2

∫
{v′< 1

M }

vβ+1(a′ + v′)g̃ϵk ,Rk ,δk (η)g̃ϵk ,Rk ,δk (η
′)dη′dη

≤ Mβ−1||∇φ||∞M0,β+1(g̃ϵk ,Rk ,δk )M0,β(g̃ϵk ,Rk ,δk ) + M−δ1 ||∇φ||∞M0,β+1(g̃ϵk ,Rk ,δk )M1,−δ1(g̃ϵk ,Rk ,δk ).

For the second term in (A.3.54), we have:∫
(0,∞)2

∫
{v′< 1

M }

vv′β|φ(η + η′) − φ(η)|g̃ϵk ,Rk ,δk (η)g̃ϵk ,Rk ,δk (η
′)dη′dη

≤ M−β
∫

(0,∞)2

∫
{v′< 1

M }

v|φ(η + η′) − φ(η)|g̃ϵk ,Rk ,δk (η)g̃ϵk ,Rk ,δk (η
′)dη′dη

≤ M−β||∇φ||∞[M2
0,1(g̃ϵk ,Rk ,δk ) + M0,1(g̃ϵk ,Rk ,δk )M1,0(g̃ϵk ,Rk ,δk )].
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We prove that the term in (A.3.52) converges to zero as M → ∞ in the regions {v > M}, {v′ > M},

{a < 1
M } and {a′ < 1

M } in a similar manner. We deal with the regions where {a > M} and {a′ > M} as in

(A.3.51). This concludes the proof. □

A.3.3 Moment estimates for arbitrary powers of area and volume

We construct a self-similar profile g̃ which satisfies Mn,k(g̃) < ∞, for n, k ∈ R, if (A.1.8) holds, and

Mn,k(g̃) < ∞, for n ∈ N, k ≥ γ, if (A.1.9) holds. In order to do so, we apply the strategy used to find a

self-similar profile in Theorem A.2.3. In order to estimate the moments Mn,0(g̃), n ∈ N, we notice that

we can improve the estimates found in Proposition A.3.19, while to derive bounds for M−n,0(g̃), n ∈ N,

we use the fact that they can be estimated in terms of M0,− 2
3 n(g̃).

Remark A.3.20. Let n > 0 and k ∈ R. In order to bound M−n,k(g̃), it is enough to use a ≥ c0v
2
3 to obtain∫

{a≥c0v
2
3 }

a−nvkg̃(a, v)dvda ≤ c−n
0

∫
(0,∞)2 vk− 2

3 ng̃(a, v)dvda if M0,k− 2
3 n(g̃) < ∞.

In order to find uniform bounds for the moments Mn,0(g̃), we need to be able to test (A.3.5) with

higher powers of a.

Let N ∈ N,N ≥ 2. For some g̃ ∈M I
+(R2

>0) such that∫
(0,∞)2

(1 + aN)g̃(a, v)dvda < ∞, (A.3.55)

we define the space

Uϵ,R,N := {g̃ ∈M I
+(R2

>0), g̃
(
R2
>0 \ [c0ϵ

2
3 ,∞) × [ϵ, 2R)

)
= 0, g̃ satisfies (A.3.55)}. (A.3.56)

Proposition A.3.21. Let Kϵ,R be the kernel defined in (A.3.1). Let N ∈ N, N ≥ 2. Let gin,R ∈

M I
+,b(R2

>0) ∩ Uϵ,R,N . There exists a unique solution gϵ,R,δ ∈ C1([0,∞); M I
+,b(R2

>0)), gϵ,R,δ(t) ∈ Uϵ,R,N ,

that satisfies

sup
t∈[0,T ]

∫
(0,∞)2

(1 + aN)gϵ,R,δ(a, v, t)dvda < ∞,

for every T > 0, for the weak formulation of the coagulation equation (A.3.5) with initial datum gin,R.

Proof. The proof is done via a standard fixed-point argument as in the proof of Proposition A.3.1. The

space Uϵ,R,N was chosen since we would like to later test with higher powers of the area a and we need

to control the escape to infinity of a. We prove existence in the same manner as in Proposition A.3.1

with the aid of Propositions A.3.22 and A.3.24, which will be stated below. □

Proposition A.3.21 states that we can obtain better moment estimates if we assume moment estim-

ates for higher order powers for the initial datum, namely with (A.3.55) instead of (A.3.9).

As before, we use KR, see (A.3.18), and Kϵ,R, see (A.3.1), interchangeably.
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We define the space

YN ={G ∈ C([0, τN]; M I
+,b(R2

>0)) : ||G||N = sup
0≤t≤τN

∣∣∣∣∣ ∫
(0,∞)2

ehϵ (V,t)(1 + xN
t,V (A))G(A,V, t)dVdA

∣∣∣∣∣ ≤ 2MN ;

G(R2
>0 \ [c0ϵ

2
3 ,∞) × [ϵ, 2Ret), t) = 0, t ∈ [0, τN]}

instead of Yϵ,τ in (A.3.22), where MN = 2
∫

(0,∞)2(1 + aN)gin,R(a, v)dvda + 1, gin,R is as in Proposition

A.3.21 and we fix a time τN instead of τ such that

(2N(1 − γ)MN + MN + 1)||KR||∞(eτN − 1) <
1
2

; (A.3.57)

2N(1 − γ)M2
N ||KR||∞τN < 1 and τN ≤ ln 2. (A.3.58)

Proposition A.3.22. Let N ∈ N,N ≥ 2. Let Kϵ,R defined as in (A.3.1) and assume K and r satisfy the

conditions stated in Theorem A.2.3 or in Theorem A.2.5. Let gin,R as stated in Proposition A.3.21. Let

J be as in (A.3.23). Assume F,G ∈ YN with τN as in (A.3.57) and (A.3.58). Then

1. ||J[G]|| ≤ 2MN;

2. The map J is contractive, more explicitly, ||J[F] − J[G]||N ≤ 1
2 ||F −G||N .

Proof. We follow the proof of Proposition A.3.6, working with YN , MN and τN instead of Yϵ,τ, M and

τ, respectively. We make use in addition of the inequality

1 + (xt,V (A) + xt,V′(A′))N ≤ 2N−1(1 + xN
t,V (A))(1 + xN

t,V′(A
′)).

For more details, see Proof of Proposition A.3.6 in Appendix A.6, where similar arguments were

used. □

We make use in addition of the following inequality provided in [BGP04, Lemma 2].

Lemma A.3.23. Assume that p > 1 and let kp :=
[ p+1

2
]
. Then, for all x, y > 0, the following inequalities

hold:

kp−1∑
k=1

(
p
k

)
(xkyp−k + xp−kyk) ≤ (x + y)p − xp − yp ≤

kp∑
k=1

(
p
k

)
(xkyp−k + xp−kyk).

Proposition A.3.24. Let N ∈ N, N ≥ 2, N fixed. Let Gϵ,R,δ be the found fixed point for (A.3.23) up to

time τN defined as in (A.3.57), (A.3.58) and with initial datum gin,R taken as in Proposition A.3.21. For

any T > 0, there exists a unique solution, for which we keep the notation Gϵ,R,δ ∈ C1([0,T ]; M I
+,b(R2

>0))

that satisfies (A.3.19).
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The proof of this proposition is based on an iterative argument and is given in Appendix A.6.

Let Kϵ,R defined as in (A.3.1) and assume K and r satisfy the conditions stated in Theorem A.2.3

or in Theorem A.2.5. Let T > 0. Define S (t) : Uϵ,R,N → Uϵ,R,N in the following way:

S (t)gin,R = gϵ,R,δ(·, ·, t) (A.3.59)

for all t ∈ [0,T ], where gϵ,R,δ is the unique solution of the weak formulation of the coagulation equation

with coagulation kernel Kϵ,R found Proposition A.3.21.

Proposition A.3.25. Assume gϵ,R,δ is the solution found in Proposition A.3.21 for some N ∈ N, N ≥ 2,

fixed, with kernel Kϵ,R taken as in (A.3.1). Let µ > 0.

If we are in the case (A.1.8), for k ∈ R, n ∈ [1,N], there exist constants c0,k, c1,−α, c1,1, cn,0 > 0 for

which the set

ω = {M0,1(gϵ,R,δ(t)) = 1,M0,k(gϵ,R,δ(t)) ≤ c0,k,M1,−α(gϵ,R,δ(t)) ≤ c1,−α,M1,1(gϵ,R,δ(t)) ≤ c1,1,

Mn,0(gϵ,R,δ(t)) ≤ cn,0}

is preserved for all t ∈ [0,T ], that means S (t)ω ⊆ ω.

If we are in the case (A.1.9), for k ≥ γ, n ∈ [1,N], there exist constants c0,k, c1,1, cn,0 > 0 for which

the set

ω = {M0,1(gϵ,R,δ(t)) = 1,M0,k(gϵ,R,δ(t)) ≤ c0,k,M1,1(gϵ,R,δ(t)) ≤ c1,1,Mn,0(gϵ,R,δ(t)) ≤ cn,0}

is preserved for all t ∈ [0,T ], that means S (t)ω ⊆ ω.

We prove this proposition after proving first some uniform moment estimates. To bound moments

of the form M0,c, c ∈ R and M1,−α, we use the same method that we used in Section A.3.2, namely

Propositions A.3.16 - A.3.19. In the next propositions we prove uniform bounds for M1,1 and Mn,0, for

n ∈ [2,N].

We prove uniform bounds for M1,m(gϵ,R,δ), m ≥ 1, instead of only proving uniform bounds for the

moment M1,1 as the proof is done in a similar manner.

Proposition A.3.26. Let gin,R ∈ ω and gϵ,R,δ (which we will denote by gin and g, respectively) be as

in Proposition A.3.21. Let m ≥ 1. Assume in addition that
∫

(0,∞)2 avmgin,R(a, v)dvda < ∞. Then there

exists C1,m > 0, which does not depend on ϵ,R, δ, such that:

sup
t≥0

M1,m(g(·, ·, t)) ≤ max{M1,m(gin),C1,m}. (A.3.60)

Proof. The proof relies on the fact that the coagulation operator does not contribute with too fast

interactions, using in addition the uniform estimate for the total surface area, which we were able to

derive making use of the fusion term.
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We use

−

∫
(0,∞)2

avmg(a, v, t)Θϵ(v)dvda ≤ −M1,m(g(t)) + 2m
∫

(0,∞)2
ag(a, v, t)dvda

and, as M1,0(g) is uniformly bounded from above, equation (A.3.5) becomes:

d
dt

M1,m(g(t)) ≤ (1 −
2
3
− m)M1,m(g(t)) +C + (1 − γ)R0

∫
(0,∞)2

aµ max{vσ, Lδ}
1 + δaµ

(c0v
2
3 − a)g(a, v, t)vmdη

+
1 − γ

2

∫
(0,∞)2

∫
(0,∞)2

K(a, v, a′, v′)[(a + a′)(v + v′)m − avm − a′v′m]g(a, v, t)g(a′, v′, t)dη′dη.

The term with the fusion kernel is non-positive and can be omitted. For the term with the coagulation

kernel, we combine

(a + a′)(v + v′)m − avm − a′v′m = a[(v + v′)m − vm] + a′[(v + v′)m − v′m]

with the inequality:

(v + v′)m − vm = m
∫ v+v′

v
sm−1ds ≤ m(v + v′)m−1v′ ≤ Cm(v′m + vm−1v′),

and obtain

K(η, η′)[(a + a′)(v + v′)m − avm − a′v′m] ≲ CmK(a, v, a′, v′)(avm−1v′ + av′m + a′v′m−1v + a′vm)

≲ K0Cm(v−αv′β + v′−αvβ)(avm−1v′ + av′m + a′v′m−1v + a′vm).

The moments M0,c, c ≥ γ, are bounded from above. The term M1,−α is uniformly bounded from above.

This was proven in Proposition A.3.19. If m > 1, then m + β − 1, β,m − α − 1 ∈ (−α,m) and we use

Hölder’s inequality and conclude using a comparison argument. If m = 1, we only have to bound avβ.

As β ∈ (−α,m), we conclude in the same manner as before. □

Proposition A.3.27. Let gin,R ∈ ω and gϵ,R,δ (which we will denote by gin and g, respectively) be as

in Proposition A.3.21, for N ∈ N, N ≥ 2, fixed. Then, for any n ∈ [2,N], there exists Cn,0 > 0,

independent of ϵ,R, δ,N, but dependent on n, such that:

sup
t≥0

Mn,0(g(·, ·, t)) ≤ max{Mn,0(gin),Cn,0}. (A.3.61)

Proof. This estimate follows from the fact that fusion overtakes coagulation in the case µ > 0.

Notice first that due to the choice of the space YN , we can test equation (A.3.5) with an, for

n ∈ [2,N]. We have that there exists Cn > 0 such that:

Kϵ,R(a, v, a′, v′)[(a + a′)n − an − a′n] ≤ K(a, v, a′, v′)
kn∑

k=1

(
n
k

)
(aka′n−k + an−ka′k)

≤ Cn(v−αv′β + vβv′−α)(an−1a′ + aa′n−1),
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where kn is taken as in Lemma A.3.23. We have a uniform upper bound for
∫

(0,∞)2(av−α + avβ)g(η, t)dη

due to Proposition A.3.26.

If α > 0, we use the fact that there exists Cn,ϵ1 > 0 for which:∫
(0,∞)2

an−1v−αg(a, v, t)dvda ≤ ϵ1

∫
(0,∞)2

ang(a, v, t)dvda +Cn,ϵ1

∫
(0,∞)2

v−nαg(a, v, t)dvda

and ∫
(0,∞)2

an−1vβg(a, v, t)dvda ≤ ϵ1

∫
(0,∞)2

ang(a, v, t)dvda +Cn,ϵ1

∫
(0,∞)2

vnβg(a, v, t)dvda.

If α = 0 and n = 2, we use that M1,0 and M1,β are uniformly bounded from above. If α = 0 and

n ≥ 3, then∫
(0,∞)2

an−1g(a, v, t)dvda ≤ ϵ1

∫
(0,∞)2

ang(a, v, t)dvda +Cn,ϵ1

∫
(0,∞)2

ag(a, v, t)dvda.

As the linear term is non-positive, equation (A.3.5) becomes:

d
dt

Mn,0(g(t)) ≤ (1 − γ)nR0

∫
(0,∞)2

aµ max{vσ, Lδ}
1 + δaµ

(c0v
2
3 − a)g(η, t)an−1dη

+C(−α,n,β)ϵ1Mn,0(g(t)) +C(−α,n,β).

We now use the same argument as in Proposition A.3.19, modifying the Young’s inequality part.

As µ + n > n, we can apply Young’s inequality to obtain:

an = anv
nσ
µ+n v−

nσ
µ+n ≤

ϵ2

p
(av

σ
µ+n )µ+n +

ϵ
−

q
p

2

q
v−

nσ
µ+n q,

where p = µ+n
n and 1

p +
1
q = 1. So there exists a constant Cϵ2 > 0, depending on ϵ2, for which:

an ≲ ϵ2aµ+nvσ +Cϵ2v−nσ
µ

and this implies:

−

∫
{a≥2c0v

2
3 }

aµ+nvσg(a, v, t)dvda ≲ −
1
ϵ2

∫
{a≥2c0v

2
3 }

ang(a, v, t)dvda +Cϵ2

∫
(0,∞)2

v−nσ
µ g(a, v, t)dvda.

As moments of the form M0,c are bounded from above, we choose ϵ2 sufficiently small in order to be

able to repeat the argument in (A.3.46) and then we recover the region where {a ≥ c0v
2
3 } :

−

∫
{a≥2c0v

2
3 }

ang(a, v, t)dvda = −
∫
{a≥c0v

2
3 }

ang(a, v, t)dvda +
∫
{c0v

2
3 ≤a<2c0v

2
3 }

ang(a, v, t)dvda

≤ −

∫
{a≥c0v

2
3 }

ang(a, v, t)dvda + (2c0)n
∫

(0,∞)2
v

2
3 ng(a, v, t)dvda.

We can choose ϵ1 > 0 sufficiently small so that equation (A.3.5) becomes:

d
dt

Mn,0(g(t)) ≲ −n
L(1 − γ)

4
R0Mn,0(g(t)) + 3Mn,0(g(t)) +Cϵ1,ϵ2,n ≤ −Mn,0(g(t)) +Cϵ1,ϵ2,n

and we conclude using a comparison argument. □
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Proof of Proposition A.3.25. Let T > 0. Let N ∈ N, N ≥ 2, fixed. Let S (t) : Uϵ,R,N → Uϵ,R,N ,

for t ∈ [0,T ], be as in (A.3.59). Proposition A.3.21 guarantees that the semigroup is well-defined.

Propositions A.3.26 - A.3.27 together with Propositions A.3.16 - A.3.19 prove that S (t)ω ⊆ ω if we

choose the constants c0,k, c1,−α, c1,1, cn,0 > 0 in Proposition A.3.25 to correspond to the constants found

in Propositions A.3.26 - A.3.27. □

We now prove the stated moment bounds for the self-similar profiles found in Theorem A.2.3 and

Theorem A.2.5.

Proof of Theorem A.2.3 and Theorem A.2.5. Moment bounds. The main point is to control positive

powers of the area. Following the proof of Theorem A.2.3 and with the help of Proposition A.3.21 and

Proposition A.3.25, we can prove that there exists a self-similar profile gN for the two-dimensional

coagulation equation satisfying ∫
(0,∞)2

(1 + an)gN(a, v)dvda ≤ cn,0, (A.3.62)

for every n ∈ [1,N]. Moreover, if α > 0, we have that
∫

(0,∞)2(v−α−ϵ̃ + v + a)gN(a, v)dvda is bounded

uniformly independently of N, for ϵ̃ as in Proposition A.3.2. If α = 0, we have that
∫

(0,∞)2(vγ + vγ+1 +

a)gN(a, v)dvda is bounded uniformly independently of N. We can thus find a subsequence of {gN}N≥2

that converges to some g̃ in the weak-∗ topology and g̃ is a self-similar profile for the two-dimensional

coagulation equation. This is since these are the moment estimates needed to prove the existence of a

self-similar profile.

As the constants cn,0 in (A.3.62) are independent of N, for n ≤ N, we can conclude that there exist

some constants cd > 0 such that
∫

(0,∞)2 adg̃(a, v)dvda < cd, for all d ∈ [1,∞).

To control negative powers of a, we use Remark A.3.20. For combinations of positive powers of

a and powers of v, we use Young’s inequality. Take d > 0 and k ∈ R. Then:∫
(0,∞)2

advkg̃(a, v)dvda ≤
d

d + 1

∫
(0,∞)2

ad+1g̃(a, v)dvda +
1

d + 1

∫
(0,∞)2

vk(d+1)g̃(a, v)dvda.

□

A.4 Different asymptotic behaviors for µ < 0

A.4.1 Ramification theory

First, we prove existence of a weak solution for the time-dependent fusion problem as in Definition

A.2.1 that satisfies the moment bounds (A.2.17) and (A.2.18) and with initial value gin ∈ M I
+(R2

>0).

We initially prove well-posedness for a truncated version of the time-dependent problem. Since µ is
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negative, we can prove well-posedness using the truncation for the coagulation kernel, while the cut-off

in the fusion rate is not needed. So we look at the equation:∫
(0,∞)2

g(η, t)Θϵ(v)φ(η)dη −
2
3

∫
(0,∞)2

g(η, t)Θϵ(v)a∂aφ(η)dη −
∫

(0,∞)2
g(η, t)Θϵ(v)v∂vφ(η)dη

+(1 − γ)⟨KR[g], φ⟩ + (1 − γ)
∫

(0,∞)2
r(η)(c0v

2
3 − a)g(η, t)∂aφ(η)dη = ∂t

∫
(0,∞)2

g(η, t)φ(η)dη (A.4.1)

and assume the initial value is gin,R = gin1
{[c0ϵ

2
3 ,∞)×[ϵ,2R)}

. For this form of the equation, we make use

of Proposition A.3.21 for the case N = 2 and obtain a sequence of solutions {gϵ,R}{ϵ∈(0,1),R>1}. Denote

by α1 = min{−α − ϵ̃, γ − 1
3 } and let m̃ as in Proposition A.3.2. Using the same proof as for Proposition

A.3.2, we can prove that the set

ω = ω(ϵ,R) := {
1
2
≤ M0,1(gϵ,R) ≤ 1; M0,α1(gϵ,R) ≤ c0,α1 ; M0,m̃(gϵ,R) ≤ c0,m̃,M0, σ

|µ|
(gϵ,R) ≤ c0, σ

|µ|
}

(A.4.2)

stays preserved in time uniformly in ϵ,R.

In order to prove uniform moment bounds for negative powers of v, i.e. in order to prove M0,c, with

c ≤ 0, we need a lower bound for the M0,1 moment. Thus, we need to prove that the lower bound on

M0,1 is preserved in time, independently of ϵ,R and of the initial condition gin,R.

To do this, we test equation (A.4.1) with φ(a, v) = v and make use of the following technical

proposition.

Proposition A.4.1. Let gϵ,R be the solution of equation (A.4.1) with initial value gin,R(a, v) =

gin1
{[c0ϵ

2
3 ,∞)×[ϵ,2R)}

and assume in addition that gin,R ∈ ω, where ω is as in (A.4.2). Then there exists

M > 0 such that:

M0,1(gin)
2

≤ M0,1(gϵ,R(·, ·, t)) ≤ M0,1(gin), (A.4.3)

for every t ≥ 0 and uniformly in ϵ < 1
M ,R > M.

Proof. Fix M > 0, sufficiently large, such that

Mγ−1
∫

(0,∞)2
vγgin(a, v)dvda + M1−m̃

∫
(0,∞)2

vm̃gin(a, v)dvda + M−
2
3

∫
(0,∞)2

v
1
3 gin(a, v)dvda ≤

M0,1(gin)
2

,

where m̃ is as in Proposition A.3.2 and β as in (A.1.7).

Testing in (A.4.1) with φ(a, v) = v, we obtain that∫
(0,∞)2

vgϵ,R(a, v, t)dvda =
∫

(0,∞)2
vgin,R(a, v)dvda. (A.4.4)
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Take ϵ < 1
M and R > M. Since a ≥ c0v

2
3 , we have that∫

(0,∞)2
vgin,R(a, v)dvda ≥

∫
(c0 M−

2
3 ,∞)×( 1

M ,M)
vgin(a, v)dvda

≥ M0,1(gin) − Mγ−1
∫

(0,∞)2
vγgin(a, v)dvda − M1−m̃

∫
(0,∞)2

vm̃gin(a, v)dvda

− M−
2
3

∫
(0,∞)2

v
1
3 gin(a, v)dvda ≥

M0,1(gin)
2

. (A.4.5)

We combine (A.4.4) and (A.4.5) in order to conclude our proof. □

The estimates for the remaining moments follow as in the proof of Proposition A.3.2. In particular,

we obtain that there exists a function g ∈ C([0,∞); M+(R2
>0))∩ω and a subsequence of {gϵ,R} such that

gϵ,R(t) converges to g(t) in the weak-∗ topology, for every t ≥ 0. We now want to prove that g satisfies

equation (A.4.1). For this, we follow the steps used in the proof of Theorem A.2.3. The difference is

that now we work with an equation that depends on time instead of trying to prove the existence of a

self-similar profile. Therefore, unlike Theorem A.2.3, we do not need to obtain an estimate for M1,0

independent of time, but it is enough to derive an estimate of the form M1,0(t) ≤ m(T ), for 0 ≤ t ≤ T ,

for some function m : R+ → R+, increasing, but finite for any fixed time. Notice that we can expect to

have M1,0 growing as t → ∞ since this is the predicted behavior for M1,0 in Theorem A.2.12.

Proposition A.4.2. Let µ < 0. There exists a solution for the weak version of the time-dependent fusion

problem as in Definition A.2.1.

Proof. We test equation (A.4.1) with φ(η) = a. The fusion term is non-positive due to the isoperimetric

inequality and we have that ⟨KR[gϵ,R], a⟩ = 0. Thus, we obtain:∫
(0,∞)2

gϵ,R(η, t)adη ≤
∫

(0,∞)2
gin(η)adη +

1
3

∫ t

0

∫
(0,∞)2

gϵ,R(η, s)adηds.

By Grönwall’s inequality, this implies that M1,0(gϵ,R(t)) is bounded for every t ≥ 0. Thus, we can redo

the argument used in Theorem A.2.3 to prove that g satisfies equation (A.2.4). □

We now wish to prove that g satisfies the estimates in (A.2.18) in order to prove Proposition A.2.9.

Proposition A.4.3. The solutions gϵ,R of the truncated version of the time-dependent fusion problem

(A.4.1) satisfy (A.2.18) uniformly in ϵ,R.

Proof. In order to prove the bounds in (A.2.18), we prove that the estimates hold uniformly in ϵ,R for

gϵ,R and then pass to the limit. As the ideas for different moment estimates are similar, we focus on

proving M2,0 is uniformly bounded. Since it may not be possible to prove bounds for M2,0 which are

independent of time, we restrict ourselves to proving that, for some fixed T > 0, we have that M2,0(t)

is bounded for all t ≤ T.
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Let T > 0, t ≤ T . Due to Proposition A.3.21 in the case N = 2, we are able to test (A.4.1) with

φ(a, v) = a2. Since the fusion term is non-positive due to the isoperimetric inequality, the equation

becomes:∫
(0,∞)2

gϵ,R(η, t)a2dη ≤
∫

(0,∞)2
gin(η)a2dη + (1 −

4
3

)
∫ t

0

∫
(0,∞)2

gϵ,R(η, s)Θϵ(v)a2dηds

+C
∫ t

0

∫
(0,∞)2

av−αgϵ,R(η, s)dη
∫

(0,∞)2
a′v′βgϵ,R(η′, s)dη′ds

≤

∫
(0,∞)2

gin(η)a2dη +C
∫ t

0

∫
(0,∞)2

av−αgϵ,R(η, s)dη
∫

(0,∞)2
a′v′βgϵ,R(η′, s)dη′ds

Thus, if M1,−α and M1,β are bounded, we obtain that:∫
(0,∞)2

gϵ,R(η, t)a2dη ≤
∫

(0,∞)2
gin(η)a2dη +C(t) ≤

∫
(0,∞)2

gin(η)a2dη +C(T )

and we can conclude using Grönwall’s inequality.

M1,−α is bounded in the same manner as M1,0 in Proposition A.4.2.

We now estimate M1,β. The contribution of the fusion term is non-positive. We estimate the term

containing the coagulation kernel using:∫
(0,∞)2

Kϵ,R(a, v, a′, v′)[(a + a′)(v + v′)β − avβ − a′v′β]gϵ,R(η, t)gϵ,R(η′, t′)dη′dη

≤

∫
(0,∞)2

Kϵ,R(a, v, a′, v′)[av′β + a′vβ]gϵ,R(η, t)gϵ,R(η′, t′)dη′dη

≤ C
∫

(0,∞)2
avβg(η, t)dη

∫
(0,∞)2

v′β−αg(η′, t′)dη′ +C
∫

(0,∞)2
av−αg(η, t)dη

∫
(0,∞)2

v′2βg(η′, t′)dη′.

Since we can bound from above the moment estimates of the form M0,d, with d = 2β or d = β − α,

when testing (A.4.1) with avβ, the equation becomes

∂t M1,β(gϵ,R(t)) ≤ (1 −
2
3
− β)

∫
(0,∞)2

gϵ,R(η, t)Θϵ(v)avβdη +C1M1,β(gϵ,R(t)) +C2M1,−α(gϵ,R(t))

≤ C1M1,β(gϵ,R(t)) +C2(t),

for some constants C1,C2,C1,C2(t) > 0, where C2 is a function C2 : R+ → R+, increasing, but finite

for any fixed time. Thus, for t ∈ [0,T ], we have

∂t M1,β(gϵ,R(t)) ≤ C1M1,β(gϵ,R(t)) +C2(T ).

We can conclude again using Grönwall’s inequality.

The rest of the moments in (A.2.18) are estimated using the same methods. The main idea is to use

an iterative argument that allows to reduce the exponents of the powers of a and v to lower order terms,

for which we already obtained uniform bounds.

119



APPENDIX A. COAGULATION EQUATIONS FOR NON-SPHERICAL CLUSTERS

For example, we analyse the moment M2,m, when m > 1. The fusion term is non-positive and the

linear terms in (A.4.1) satisfy (1 − 4
3 − m)

∫
(0,∞)2 gϵ,R(η, t)Θϵ(v)a2vmdη ≤ 0. We thus obtain:

∂t M2,m(gϵ,R(t)) ≲
∫

(0,∞)2

∫
(0,∞)2

Kϵ,R(η, η′)[(a + a′)2(v + v′)m − a2vm − a′2v′m]gϵ,R(η, t)gϵ,R(η′, t)dη′dη

≤

∫
(0,∞)2

∫
(0,∞)2

K(η, η′)[(a + a′)2(v + v′)m − a2vm − a′2v′m]gϵ,R(η, t)gϵ,R(η′, t)dη′dη

(A.4.6)

and use the fact that

(a + a′)2(v + v′)m − a2vm − a′2v′m ≤ [(a + a′)2 − a2 − a′2](v + v′)m + (a2 + a′2)(v + v′)m − a2vm − a′2v′m

≤ 2aa′(v + v′)m + (a2 + a′2)[(v + v′)m − vm − v′m]

+ (a2 + a′2)(vm + v′m) − a2vm − a′2v′m

≤ 2aa′(v + v′)m +

km∑
k=1

(
m
k

)
(a2 + a′2)(vkv′m−k + vm−kv′k)

+ a2v′m + a′2vm.

The terms containing powers of a of lower order, such as avk, k ∈ [0,m], are bounded iteratively.

The rest of the terms are of the form a2vb, with b − α, b + β ∈ (−α,m) or with b − α = −α. For

b − α, b + β ∈ (−α,m), we can use Hölder’s inequality for the integral containing the coagulation

kernel:∫
(0,∞)2

gϵ,R(η, t)a2vb+βdη ≤
( ∫

(0,∞)2
gϵ,R(η, t)a2vmdη

)θ( ∫
(0,∞)2

gϵ,R(η, t)a2v−αdη
)1−θ

, (A.4.7)

for some θ ∈ (0, 1). We can estimate M2,−α in a completely analogous manner as M2,0. The moments

containing only powers of v are bounded from above.

Thus, we combine (A.4.6) and (A.4.7) to deduce that

∂t M2,m(gϵ,R(t)) ≲ C1(t)
( ∫

(0,∞)2
gϵ,R(η, t)a2vmdη

)θ
+C2(t)

≤ C1(T )
( ∫

(0,∞)2
gϵ,R(η, t)a2vmdη

)θ
+C2(T ),

for some C1,C2 : R+ → R+, increasing, but finite for any fixed time. We conclude using Grönwall’s

inequality. □

In Proposition A.4.3, we derived uniform estimates in ϵ,R for the moments in (A.2.18) of gϵ,R.

This means that the limit g will satisfy the same moment estimates.

Remark A.4.4. g satisfies the estimates in (A.2.18).
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Proof of Proposition A.2.9. Proposition A.2.9 follows by combining Propositions A.4.1 - A.4.3 and

Remark A.4.4. □

We now prove a technical proposition which shows that we can test (A.2.4) with φ ≡ a.

Proposition A.4.5. Let T > 0. Let µ < 0. Then equation (A.2.4) holds for every φ ∈ C1(R2
>0) with

supη∈R2
>0
|φ(η) + a∂aφ(η)| ≤ Ca and supη∈R2

>0
|∂vφ(η, t)| ≤ C if (A.2.18) holds.

Proof. Let T > 0, t ∈ [0,T ]. We construct a sequence of functions {ζn}n∈N ⊂ C1
c(R2

>0) such that

ζn(η) = 1 when η ∈ [ 1
n , n]2 and ζn(η) = 0 when η < [ 1

2n , 2n]2. The idea is to use Lebesgue’s dominated

convergence theorem in (A.2.4) for the functions φn = ζnφ. We thus show below only the needed

estimates for the proof. The term with the coagulation kernel in (A.2.4) can be bounded directly by∣∣∣⟨K[g](t), φn⟩
∣∣∣ ≤ C sup

s∈[0,T ]
M1,−α(g(s)) sup

s∈[0,T ]
M0,β(g(s)) +C sup

s∈[0,T ]
M0,−α(g(s)) sup

s∈[0,T ]
M1,β(g(s)) ≤ C(T ).

We now wish to control the fusion term in (A.2.4), namely∫
(0,∞)2

|r(η)(c0v
2
3 − a)∂aφn(η)|g(η, s)dη.

Notice that we can construct ζn such that |a∂aζn(η)| ≤ C, for some constant independent of n ∈ N.

Moreover, we know that the fusion kernel satisfies (A.1.10) and that a ≥ c0v
2
3 . Thus

|r(a, v)(c0v
2
3 − a)| ≲ aµ+1vσ + aµvσ+

2
3 ≤ 2aµ+1vσ ≤ 2cµ0avγ−1. (A.4.8)

Using the above inequality, we find that the following upper bound holds

|r(η)(c0v
2
3 − a)∂aφn(η)| ≲ avγ−1|∂aφ(η)| + avγ−1|φ(η)∂aζn(η)|

up to a multiplicative constant. We then use Young’s inequality to deduce that

avγ−1|∂aφ(η)| ≲ avβ + av−α−1

and

avγ−1|φ(η)∂aζn(η)| ≤ Cavγ−1 ≲ avβ + av−α−1.

Since we have that∫
(0,∞)2

(avβ + av−α−1)g(η, s)dη ≤ sup
s∈[0,T ]

M1,β(g(s)) + sup
s∈[0,T ]

M1,−α−1(g(s)) < ∞,

the moment estimates in (A.2.18) suffice in order to conclude our proof. □
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We now have all the necessary parts in order to prove Theorem A.2.12. We first prove that the total

area goes to infinity as t → ∞. More precisely, we will obtain a lower bound for the total surface area

that increases exponentially in time.

Proof of Theorem A.2.12. From Proposition A.4.5, we notice that the estimates (A.2.18) on g allow us

to test with φ(a, v, t) = a.

Since ⟨K[g], a⟩ = 0 and using (A.1.10), equation (A.2.4) becomes

∂t

∫
(0,∞)2

g(η, t)adη =
∫

(0,∞)2
g(η, t)adη −

2
3

∫
(0,∞)2

g(η, t)adη + (1 − γ)
∫

(0,∞)2
r(η)(c0v

2
3 − a)g(η, t)dη

≥
1
3

∫
(0,∞)2

g(η, t)adη − (1 − γ)R1

∫
(0,∞)2

a−|µ|+1vσg(η, t)dη.

We distinguish now two cases:

• Case 1:

If µ ∈ (−1, 0), we can apply Young’s inequality to obtain:

a1+µvσ ≤
ϵ

p
a +

ϵ−
q
p

q
v
σ
|µ| , (A.4.9)

where p = 1
1−|µ| and q = 1

|µ| . Thus, there exists a constant Cϵ > 0 for which:

−

∫
(0,∞)2

aµ+1vσg(a, v, t)dvda ≳ −
ϵ

p

∫
(0,∞)2

ag(a, v, t)dvda −Cϵ

∫
(0,∞)2

v−
σ
µ g(a, v, t)dvda.

Choose ϵ(R1) such that (1−γ)R1
ϵ(R1)

p < δ̃, for some δ̃ ∈ (0, 1
3 ). Then, condition (A.2.17) implies:

∂t

∫
R2
>0

g(η, t)adη ≥(
1
3
− δ̃)

∫
R2
>0

g(η, t)adη − C̃ϵ , (A.4.10)

where C̃ϵ = (1 − γ)R1
ϵ(R1)−

q
p

q supt≥0 M0, σ
|µ|

(g(t)).

• Case 2:

If µ ≤ −1, using (A.1.12), we have that a1+µvσ ≤ c1+µ
0 vγ−

1
3 and the equation for g becomes:

∂t

∫
R2
>0

g(η, t)adη ≥
1
3

∫
R2
>0

g(η, t)adη −C
∫

(0,∞)2
vγ−

1
3 g(η, t)dη.

The moment M0,γ− 1
3

is bounded from above, cf. (A.4.2), so we are in the same situation as in

Case 1.
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We define C(R1) := (1−γ)R1
1
3−δ̃

ϵ(R1)−
q
p

q supt≥0 M0, σ
|µ|

(g(t)), where δ̃ is as in (A.4.10), when µ ∈ (−1, 0)

and C(R1) := 3(1 − γ)R1c1+µ
0 supt≥0 M0,γ− 1

3
(g(t)), when µ ≤ −1.

We have that, if µ ∈ (−1, 0),

∂t

∫
R2
>0

g(η, t)adη ≥(
1
3
− δ̃)

∫
R2
>0

g(η, t)adη − (
1
3
− δ̃)C(R1).

If µ ≤ −1, we have

∂t

∫
R2
>0

g(η, t)adη ≥
1
3

∫
R2
>0

g(η, t)adη −
1
3

C(R1).

Thus, if we choose an initial condition such that∫
(0,∞)2

agin(a, v)dvda ≥ 2C(R1)

then ∫
(0,∞)2

ag(a, v, t)dvda ≥ e( 1
3−δ̃)tC(R1), (A.4.11)

if µ ∈ (−1, 0) and ∫
(0,∞)2

ag(a, v, t)dvda ≥ e
1
3 tC(R1),

when µ ≤ −1.

We now prove that we can improve the lower bound found in (A.4.11) by removing the δ̃ in the

exponential. This will conclude the proof of Theorem A.2.12.

In the following, we do not write explicitly the constants that are not necessarily relevant for the

proof. We want to improve the lower bound in (A.4.9) in the case when µ ∈ (−1, 0). For µ ∈ (−1, 0),

we let ϵ to decrease to 0 as t → ∞ in (A.4.9).

More precisely, we take a function ϵ(t) := ϵ1e−ϵ1
|µ|

1−|µ| t ∈ (0, ϵ1], for some constant

ϵ1 ∈ (0,
1

12
). (A.4.12)

This means that ϵ(t)−
q
p = ϵ

−
q
p

1 eϵ1t in (A.4.9) and thus:

a1+µvσ ≤
ϵ(t)
p

a +Cϵ1,µ
eϵ1t

q
v
σ
|µ| ,

where Cϵ1,µ is a constant depending on ϵ1 and µ. We denote A(t) :=
∫
R2
>0

g(η, t)adη and equation (A.2.4)

then becomes:

∂tA(t) ≥
(1
3
− ϵ(t)

)
A(t) − C̃eϵ1t, (A.4.13)
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where C̃ is a constant depending on ϵ1, µ and M0, σ
|µ|

(g(t)). We note that
∫ t

0 ϵ(s)ds = 1−|µ|
|µ|

(
1 − e−ϵ1

|µ|
1−|µ| t

)
.

Since ϵ(t) ≤ ϵ1, for every t ≥ 0, we have that
∫ t

0 ϵ(s)ds ≤ ϵ1t. Multiplying (A.4.13) with

e−
1
3 t+

∫ t
0 ϵ(s)ds, we obtain:

e−
1
3 t+

∫ t
0 ϵ(s)ds

[
∂tA(t) − (

1
3
− ϵ(t))A(t)

]
≥ −C̃eϵ1te−

1
3 t+

∫ t
0 ϵ(s)ds

≥ −C̃e2ϵ1te−
1
3 t ≥ −C̃e−

1
6 t, (A.4.14)

since ϵ1 satisfies (A.4.12). Then we integrate in time from 0 to t:

e−
1
3 t+

∫ t
0 ϵ(s)dsA(t) − A(0) ≥ 6C̃e−

1
6 t − 6C̃

and thus

A(t) ≥ A(0)e
1
3 t−

∫ t
0 ϵ(s)ds

− 6C̃e
1
3 t−

∫ t
0 ϵ(s)ds + 6C̃e

1
6 t−

∫ t
0 ϵ(s)ds

≥ A(0)e
1
3 t−

∫ t
0 ϵ(s)ds

− 6C̃e
1
3 t−

∫ t
0 ϵ(s)ds.

Using the definition of A(t), this can be written as∫
R2
>0

g(η, t)adη ≥
( ∫
R2
>0

g(η, 0)adη − 6C̃
)
e

1
3 t−

∫ t
0 ϵ(s)ds.

This implies that, if we start with sufficiently large total surface area,
∫
R2
>0

g(η, 0)adη ≥ 12C̃, we have:∫
R2
>0

g(η, t)adη ≥ 6C̃e
1
3 t−

∫ t
0 ϵ(s)ds ≳ Ce

1
3 t,

where we used that 1 − e−ϵ1
|µ|

1−|µ| t ∈ [0, 1] and thus e−
∫ t

0 ϵ(s)ds
≥ e−

1−|µ|
|µ| .

This concludes the proof of Theorem A.2.12. □

A.4.2 Self-similarity in the case of fast fusion

In this subsection we prove Theorem A.2.7.

We look at the following truncated version of equation (A.2.4):∫
(0,∞)2

g(η, t)Θϵ(v)φ(η)dη −
2
3

∫
(0,∞)2

g(η, t)Θ̃ϵ(a, v)a∂aφ(η)dη −
∫

(0,∞)2
g(η, t)Θϵ(v)v∂vφ(η)dη

+(1 − γ)⟨Kϵ,R[g], φ⟩ + (1 − γ)
∫

(0,∞)2
r(η)(c0v

2
3 − a)g(η, t)∂aφ(η)dη = ∂t

∫
(0,∞)2

g(η, t)φ(η)dη,

(A.4.15)

where Kϵ,R is the term in (A.3.6) with coagulation kernel Kϵ,R defined in (A.3.1), Θϵ was defined in

(A.3.4) and φ ∈ C1
c(R2

>0). We define a continuous function Θ̃ϵ : R2
>0 → [0, 1] such that:

Θ̃ϵ(a, v) =


0 a ≤ 1 − ϵ and v ≤ ϵ;
Θϵ(v) a = c0v

2
3 ;

1 a > 1 or v ≥ 2ϵ,

(A.4.16)
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which satisfies Θ̃ϵ(a, v) ≥ Θϵ(v). The choice in (A.4.16) was made in order for (A.4.15) to preserve

the isoperimetric inequality in time. This means that if g solves (A.4.15) and g(0) ∈ M I
+(R2

>0), then

g(t) ∈M I
+(R2

>0), for any t ≥ 0. Additionally, Θ̃ϵ does not vanish in the region {a > 1}. This form will

simplify the proof of the moment estimates.

Notice that, differently from Section A.3, we do not truncate the fusion rate r(η) since r(η)(c0v
2
3 −a)

grows at most linearly.

The statement of Proposition A.3.21 holds if we replace equation (A.3.5) with (A.4.15). This is

obtained using the same proof and the growth rate of r(η)(c0v
2
3 − a) in (A.4.15). Thus, we prove the

existence of solutions of (A.4.15) as in Proposition A.3.21 with N = 2, which we will denote by gϵ,R.

The choice N = 2 was made since we want to test equation (A.4.15) with a2 in order to obtain uniform

moment bounds later in the proof.

To prove Theorem A.2.7 we will follow the strategy of Theorem A.2.3. The main point is to find an

invariant set that allows us to pass to the limit as ϵ → 0 and R→ ∞ in the two-dimensional coagulation

equation. In this case, it will be harder to estimate the moment M1,0 than in the case when µ > 0. This

is because of the fact that, in the case of (A.3.5), the moment estimates are a consequence of the fast

growth of the fusion ratio r(η). This fast growth does not take place in (A.4.15). We will be able to

replace the fast growth of r(η) with the choice of a sufficiently large constant λ.

We first prove some elementary inequalities that will be useful for the proof of Theorem A.2.7.

Proposition A.4.6. Let µ ≤ 0. For δ1 ∈ (0, 1), there exist λ sufficiently large (depending on δ1) and

some constants m1 = α(µ − 2) − σ, m2 = β(2 − µ) − σ such that:

av−α ≤
1 − γ

6
λaµ+1vσ−α + δ1a2 + vm1 ; (A.4.17)

avβ ≤
1 − γ

2(K0c0,β−α + 2)
λaµ+1vσ+β + δ1a2 + vm2 , (A.4.18)

where c0,β−α is a constant that will be fixed in Lemma A.4.7 and K0 is as in (A.1.7).

Proof. We prove (A.4.17) in detail. The strategy to prove (A.4.17) and (A.4.18) is the same. The proof

is as follows.

For any δ2, δ3 ∈ (0, 1), there exist Cδ2 > 0 and Cδ3 > 0 such that

av−α ≤ Cδ2a
µ+1

2 v−α
3−µ

2 + δ2a2

and

a
µ+1

2 v−α
3−µ

2 ≤ Cδ3aµ+1vσ−α + δ3vm1 ,

with m1 = α(µ − 2) − σ. Combining the two inequalities, we obtain

av−α ≤ Cδ2Cδ3aµ+1vσ−α +Cδ2δ3vm1 + δ2a2.

125



APPENDIX A. COAGULATION EQUATIONS FOR NON-SPHERICAL CLUSTERS

To conclude the argument, we choose λ sufficiently large such that 1−γ
6 λ ≥ Cδ2Cδ3 and choose δ3 such

that Cδ2δ3 ≤ 1. □

We now make use of Proposition A.4.6 to prove that we have uniform bounds in ϵ and R for the

solutions of equation (A.4.15).

Lemma A.4.7. Let Kϵ,R be as in (A.3.1) and assume r satisfies the assumptions of Theorem A.2.7. Let

T > 0. We define a semigroup S (t) : Uϵ,R,2 → Uϵ,R,2 in the following way: S (t)gin,R = gϵ,R(·, ·, t), for

all t ∈ [0,T ] and with Uϵ,R,2 defined as in (A.3.56) with N = 2. Take µ ≤ 0, fix ϵ̃ ∈ (0, 1), let mi ∈ R,

i = 1, 2, to be the coefficients found in Proposition A.4.6 and denote α̃ := α + ϵ̃. Then there exist

constants c0,−α̃, c0,mi , c2,0, c1,−α, c1,β > 0, i ∈ {1, 2}, for which the set

ω̃ ={M0,1(gϵ,R) = 1; M0,−α̃(gϵ,R) ≤ c0,−α̃; M0,2(gϵ,R) ≤ c0,2; M0,mi(gϵ,R) ≤ c0,mi ;

M2,0(gϵ,R) ≤ c2,0; M1,−α(gϵ,R) ≤ c1,−α; M1,β(gϵ,R) ≤ c1,β},

i ∈ {1, 2}, is preserved in time uniformly in ϵ,R under equation (A.4.15), or equivalently S (t)ω̃ ⊆ ω̃,

for all t ∈ [0,T ].

Proof. Uniform bounds for moments of the form M0,d, with d ∈ R, are derived as in Propositions

A.3.16 - A.3.18. We now find uniform bounds for M2,0(g), M1,−α(g) and M1,β(g). For φ ∈ C1(R2
>0),

whose growth in a is of order 1 + a2 and with ∂aφ(a, v) ≥ 0, we have that:

∂t

∫
(0,∞)2

g(η, t)φ(η)dη ≤
∫

(0,∞)2
g(η, t)Θϵ(v)φ(η)dη −

2
3

∫
(0,∞)2

g(η, t)Θ̃ϵ(a, v)a∂aφ(η)dη

−

∫
(0,∞)2

g(η, t)Θϵ(v)v∂vφ(η)dη + (1 − γ)⟨Kϵ,R[g], φ⟩ + λ(1 − γ)
∫

(0,∞)2
aµvσ(c0v

2
3 − a)g(η, t)∂aφ(η)dη.

Thus we obtain:

∂t M2,0(g(t)) ≤ −
1
3

∫
(0,∞)2

g(η, t)a2dη +
4
3

∫
{a≤1}

g(η, t)a2dη

+ 2K0(1 − γ)
∫

(0,∞)2
g(η, t)av−αdη

∫
(0,∞)2

g(η′, t)a′v′βdη′.

∂t M1,−α(g(t)) ≤ (
1
3
+ α)

∫
(0,∞)2

g(η, t)Θϵ(v)av−αdη + (1 − γ)λ
∫

(0,∞)2
aµvσ−α(c0v

2
3 − a)g(η, t)dη.

∂t M1,β(g(t)) ≤ (
1
3
− β)

∫
(0,∞)2

g(η, t)Θϵ(v)avβdη + (1 − γ)λ
∫

(0,∞)2
aµvσ+β(c0v

2
3 − a)g(η, t)dη

+ K0(1 − γ)
∫

(0,∞)2
g(η, t)avβdη

∫
(0,∞)2

g(η′, t)v′β−αdη′

+ K0(1 − γ)
∫

(0,∞)2
g(η, t)av−αdη

∫
(0,∞)2

g(η′, t)v′2βdη′. (A.4.19)
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Notice that in (A.4.19) the truncation on the kernel does not create problems: for M1,−α the term with

the coagulation kernel is non-positive and for M2,0,M1,β we used Kϵ,R ≤ K.

Making use of (A.4.17) and (A.4.18), (A.4.19) becomes:

∂t M2,0(g(t)) ≤ −
1
3

M2,0(g(t)) +
4
3

M0,0(g(t)) + 2K0(1 − γ)M1,−α(g(t))M1,β(g(t)).

∂t M1,−α(g(t)) ≤ (
1
3
+ α)M1,−α(g(t)) −

(1 − γ)λ
2

∫
{a≥2c0v

2
3 }

aµ+1vσ−αg(η, t)dη

≤ −M1,−α(g(t)) + 6c0M0, 2
3−α

(g(t))

+ 3
∫
{a≥2c0v

2
3 }

av−αg(η, t)dη −
(1 − γ)λ

2

∫
{a≥2c0v

2
3 }

aµ+1vσ−αg(η, t)dη

≤ −M1,−α(g(t)) + 3δ1M2,0(g(t)) + 3M0,m1(g(t)) + 6c0M0, 2
3−α

(g(t)), (A.4.20)

where we have used that α < 1 (see (A.1.8)) and thus 2c0(α + 4
3 ) ≤ 6c0 and α + 4

3 ≤ 3, and

∂t M1,β(g(t)) ≤ −M1,β(g(t)) + 2M1,β(g(t)) −
(1 − γ)λ

2

∫
{a≥2c0v

2
3 }

aµ+1vσ+βg(η, t)dη

+ K0(1 − γ)c0,β−α

∫
(0,∞)2

g(η, t)avβdη + K0(1 − γ)c0,2β

∫
(0,∞)2

g(η, t)av−αdη

≤ −M1,β(g(t)) −
(1 − γ)λ

2

∫
{a≥2c0v

2
3 }

aµ+1vσ+βg(η, t)dη + K0c0,2βM1,−α(g(t))

+ (K0c0,β−α + 2)M1,β(g(t))

≤ −M1,β(g(t)) + K0c0,2βM1,−α(g(t)) + 2C(c0,β−α)c0M0, 2
3+β

(g(t)) +C(c0,β−α)δ1M2,0(g(t))

+C(c0,β−α)M0,m2(g(t)), (A.4.21)

where C(c0,β−α) = K0c0,β−α + 2. As we have that M0,0, M0, 2
3−α

, M0,m1 , M0,m2 , M0, 2
3+β

are uniformly

bounded from above, (A.4.20) and (A.4.21) become:

∂t M2,0(g(t)) ≤ −
1
3

M2,0(g(t)) + 2K0(1 − γ)M1,−α(g(t))M1,β(g(t)) +C;

∂t M1,−α(g(t)) ≤ −M1,−α(g(t)) + 3δ1M2,0(g(t)) +C;

∂t M1,β(g(t)) ≤ −M1,β(g(t)) + K0c0,2βM1,−α(g(t)) +C(c0,β−α)δ1M2,0(g(t)) +C, (A.4.22)

where C > 0 is a constant depending only on γ, c0 and the upper bound of some moments of the form

M0,d, with d ∈ R. Using (A.4.22) we are able to find a region that stays invariant in time.

In order to give some insight about the proof, we consider first the case δ1 = 0, since the result for

δ1 > 0, sufficiently small, follows by a perturbative argument. (A.4.22) becomes

∂t M2,0(g(t)) ≤ −
1
3

M2,0(g(t)) + 2K0(1 − γ)M1,−α(g(t))M1,β(g(t)) +C;

∂t M1,−α(g(t)) ≤ −M1,−α(g(t)) +C;

∂t M1,β(g(t)) ≤ −M1,β(g(t)) + K0c0,2βM1,−α(g(t)) +C. (A.4.23)

127



APPENDIX A. COAGULATION EQUATIONS FOR NON-SPHERICAL CLUSTERS

Notice that from (A.4.23) we deduce that the set {M1,−α(g) ≤ C, M1,β(g) ≤ C(K0c0,2β+1), M2,0(g) ≤

3[C + 2(1 − γ)K0C2(K0c0,2β + 1)]} stays invariant in time.

Let δ1 > 0. We prove that the region defined by {M1,−α(g) ≤ 2C, M1,β(g) ≤ 2C(K0c0,2β + 1),

M2,0(g) ≤ 3[C + 32(1 − γ)K0C2(K0c0,2β + 1)]} is invariant in time.

Assume that M1,−α(g(0)) ≤ 2C, M1,β(g(0)) ≤ 2C(K0c0,2β + 1) and M2,0(g(0)) ≤ 3[C + 32(1 −

γ)K0C2(K0c0,2β + 1)]. By continuity in time, for all s sufficiently small, we obtain that M1,−α(g(s)) ≤

4C, M1,β(g(s)) ≤ 4C(K0c0,2β + 1). Plugging this in (A.4.22), we obtain that

∂sM2,0(g(s)) ≤ −
1
3

M2,0(g(s)) + 32K0(1 − γ)C2(K0c0,2β + 1) +C, (A.4.24)

for all times s small enough. Thus, the region M2,0(g(s)) ≤ 3[C + 32(1 − γ)K0C2(K0c0,2β + 1)] is

invariant for small enough times. We now make use again of (A.4.22) and the newly obtained bound

for M2,0, to deduce that

∂sM1,−α(g(s)) ≤ −M1,−α(g(s)) + 9δ1[C + 32(1 − γ)K0C2(K0c0,2β + 1)] +C;

∂sM1,β(g(s)) ≤ −M1,β(g(s)) + K0c0,2βM1,−α(g(s))

+ 3C(c0,β−α)δ1[C + 32(1 − γ)K0C2(K0c0,2β + 1)] +C, (A.4.25)

for sufficiently small times. Choosing δ1 sufficiently small so that 9δ1[C+32(1−γ)K0C2(K0c0,2β+1)] ≤

C and 3C(c0,β−α)δ1[C + 32(1− γ)K0C2(K0c0,2β + 1)] ≤ C, we obtain that the regions M1,−α(g(s)) ≤ 2C

and M1,β(g(s)) ≤ 2C(K0c0,2β + 1) are invariant in time for all s sufficiently small. We are now able to

iterate the argument, extending it to all times. These bounds are independent of ϵ,R. □

We now have all the necessary parts to conclude the proof of Theorem A.2.7.

Proof of Theorem A.2.7. We can uniformly bound M1,0(gϵ,R(t)) ≤ M1,−α(gϵ,R(t)) + M1,β(gϵ,R(t)), since

M1,−α(gϵ,R(t)) and M1,β(gϵ,R(t)) are bounded. This is enough to enable us to follow the steps of the

proof of Theorem A.2.3 to conclude that there exists a self-similar profile for the two-dimensional

coagulation equation in this case. This finishes the proof of Theorem A.2.7. □

A.5 Formal rescaling properties

It is worthwhile to mention that the equation (A.1.1) has some useful rescaling properties. More

explicitly, if f satisfies (A.1.1) and
∫

(0,∞)2 v f (a, v, t)dvda = v0, then we can define a set of functions f̃k

f (a, v, t) =
v0

k
8
3

f̃k(
a

k
2
3

,
v
k
, kγ−1v0t). (A.5.1)

The rescaling (A.5.1) can be used to remove the dependence on v0, the problem being reduced to one

where the total volume of particles is equal to 1. We have that f̃k solves (A.1.1) with the fusion kernel
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r replaced by r
v0

and ∫
(0,∞)2

v f̃k(a, v, t)dvda = 1.

Notice that, if f satisfies (A.1.1) and g is defined as

f (a, v, t) =
1

t
8
3 ξ

g(
a

t
2
3 ξ
,

v
tξ
, ξ log(t)), (A.5.2)

up to a translation in time, then g satisfies (A.2.1). Combining (A.5.1) and (A.5.2), we obtain that g̃k,

which can be expressed in terms of g in the following manner

g̃k(Ã, Ṽ , τ̃) = v
8
3 ξ−1
0 g(v

2
3 ξ

0 Ã, vξ0Ṽ , τ), (A.5.3)

where τ = ξ log(t) and τ̃ = ξ log(kγ−1v0t), satisfies (A.2.1) with total volume equal to 1. In particular,

if we choose k = vξ0, we have τ̃ = τ.

We obtain the following rescaling property for g̃k in terms of g:

My1,y2(g̃k(τ̃)) = v
γ− 2

3 y1−y2
1−γ

0 My1,y2(g(τ)), (A.5.4)

for y1, y2 ∈ R, which we make use of in Proposition A.2.9 and Theorem A.2.12. Notice that in the

relation between the moments of g and the moments of g̃k the dependence on the variable k vanishes

and the reason we choose to fix k = vξ0 is in order to avoid the time translation.

The existence of a function gin which satisfies (A.2.15), (A.2.20) and has volume v0 is equivalent

by means of the scaling (A.5.3) to finding a function g̃in(Ã, Ṽ) such that all these inequalities hold with

v0 = 1. The existence of such a function can be easily seen if we choose its support in an appropriate

region contained in Ṽ ∈ [ 1
2 , 1] and with Ã sufficiently large.

Thus, we can assume without loss of generality that the total volume of the particles is equal to 1,

keeping in mind that the constants R0 and R1 in (A.1.10) change by a factor v0.

A.6 Proof of some results used to obtain the existence of solutions for
the truncated time-dependent problem

Proof of Proposition A.3.6. The following remark is used in order to prove the stated properties:

Φ(V,V ′, t)ehϵ (l2(V,V′,t),t) = ehϵ (V,t)+hϵ (V′,t). (A.6.1)

We make use of (A.3.20), (A.3.21), the kernel bound and the inequality |e−x1 − e−x2 | ≤ |x1 − x2|, for

x1, x2 ≥ 0.

We first prove that the map stays in the ball of radius 2M. In order to bound J1[G] in (A.3.23), we

use that xt,V (A) ≤ A, for every t ∈ [0, τ] and the assumption τ ≤ ln 2. For the term J2[G], we notice
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that 1 + xt,V (A) + xt,V′(A′) ≤ (1 + xt,V (A))(1 + xt,V′(A′)). Thus, for every φ ∈ Cc(R2
>0) with ||φ||∞ ≤ 1,

we have:∫
(0,∞)2

ehϵ (V,t)(1 + xt,V (A))J[G](A,V, t)φ(A,V)dVdA ≤ 2||φ||∞

∫
(0,∞)2

(1 + a)gin,R(a, v)dvda

+
1 − γ

2
||KR||∞||G||2||φ||∞τ

≤ M + (1 − γ)2M2||KR||∞τ ≤ M + 1 ≤ 2M.

We now prove that the map J, which was defined in (A.3.23), is contractive:∣∣∣∣∣ ∫
(0,∞)2

ehϵ (V,t)(1 + xt,V (A))[J[F](A,V, t) − J[G](A,V, t)]φ(A,V)dVdA
∣∣∣∣∣

≤ 2
∫

(0,∞)2
(1 + a)gin,R(a, v)dvda||KR||∞||φ||∞||F −G||(eτ − 1)

+
1 − γ

2
||KR||∞(||F|| + ||G||)||φ||∞||F −G||τ +

1 − γ
2
||KR||

2
∞||G||

2||φ||∞||F −G||τ(eτ − 1)

≤ (M||KR||∞ + 2M(1 − γ)||KR||∞ + ||KR||∞)(eτ − 1)||F −G|| <
1
2
||F −G||.

□

Proof of Proposition A.3.7. By testing with ehϵ (V,t)xt,v, for t ∈ [0, τ], and using (A.6.1), we obtain that:∫
R2
>0

Gϵ,R,δ(η, t)ehϵ (V,t)xt,V (A)dη ≤ 2
∫
R2
>0

gin,R(η)Adη +
1 − γ

2

∫ t

0

∫
R2
>0

∫
R2
>0

KR(ϕs(η), ϕs(η′))Gϵ,R,δ(dη, s)

Gϵ,R,δ(dη′, s)ehϵ (V,s)+hϵ (V′,s)[(xs,V (A) + xs,V′(A′)) − xs,V (A) − xs,V′(A′)]ds.

Thus: ∫
R2
>0

Gϵ,R,δ(A,V, t)ehϵ (V,t)xt,V (A)dVdA ≤ 2
∫
R2
>0

gin,R(A,V)AdVdA,

which is bounded by assumption. Similarly, testing with ehϵ (V,t), we get:∫
R2
>0

Gϵ,R,δ(A,V, t)ehϵ (V,t)dVdA ≤ 2
∫
R2
>0

gin,R(A,V)dVdA.

The condition imposed on gin,R in order to prove Proposition A.3.6 was 2
∫

(0,∞)2(1+a)gin,R(a, v)dvda ≤

M. Thus, we can replace gin,R by Gϵ,R,δ(·, ·, τ) and then iterate the argument to extend the solution to

all times. □

Proof of Proposition A.3.14. Let s, t ∈ [0,T ]. We denote by g(·, t) := S (t)g(·). Let n ∈ N be sufficiently
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large. Let φ ∈ Cc(R2
>0) and φn ∈ C1

c(R2
>0) be such that sup(a,v)∈R2

>0
|φn(a, v) − φ(a, v)| ≤ 1

n . Then∣∣∣∣∣ ∫
(0,∞)2

[S (t)g(η) − S (s)g(η)]φ(η)dη
∣∣∣∣∣ ≤

≤

∣∣∣∣∣ ∫
(0,∞)2

[g(η, t) − g(η, s)]φn(η)dη
∣∣∣∣∣ + ∣∣∣∣∣ ∫

(0,∞)2
[g(η, t) − g(η, s)][φn(η) − φ(η)]dη

∣∣∣∣∣
≤

∣∣∣∣∣ ∫
(0,∞)2

[g(η, t) − g(η, s)]φn(η)dη
∣∣∣∣∣ + 2

n
sup

r∈[0,T ]

∫
(0,∞)2

g(η, r)dη

≤

∣∣∣∣∣ ∫
(0,∞)2

[g(η, t) − g(η, s)]φn(η)dη
∣∣∣∣∣ + C

n
, (A.6.2)

where we used that we can bound supr∈[0,T ]

∫
(0,∞)2 g(η, r)dη from above. On the other hand,∣∣∣∣∣ ∫

(0,∞)2
[g(η, t) − g(η, s)]φn(η)dη

∣∣∣∣∣ ≤ ∫ t

s

∫
(0,∞)2

|g(η, r)φn(η)|dηdr +
2
3

∫ t

s

∫
(0,∞)2

|g(η, r)a∂aφn(η)|dηdr

+

∫ t

s

∫
(0,∞)2

|g(η, r)v∂vφn(η)|dηdr + (1 − γ)
∫ t

s
|⟨Kϵ,R[g](r), φn⟩|dr

+ (1 − γ)
∫ t

s

∫
(0,∞)2

rδ(η)|c0v
2
3 − a|g(η, r)|∂aφn(η)|dηdr.

As Kϵ,R is bounded and gϵ,R,δ has compact support in the v variable, we can find a constant C(ϵ,R, δ),

which depends on ϵ,R, δ such that∣∣∣∣∣ ∫
(0,∞)2

[g(η, t) − g(η, s)]φn(η)dη
∣∣∣∣∣ ≤ 2

3

∫ t

s

∫
(0,∞)2

|g(η, r)a∂aφn(η)|dηdr +C(ϵ,R, δ)|t − s|

+
1
δ

C(ϵ,R, δ)
∫ t

s

∫
(0,∞)2

|1 + a|g(η, r)|∂aφn(η)|dηdr.

As supr∈[0,T ]

∫
(0,∞)2(1 + a)gϵ,R,δ(η, r)dη is bounded from above, we find that there exists C(ϵ,R, δ) de-

pending on the written parameters, such that∣∣∣∣∣ ∫
(0,∞)2

[g(η, t) − g(η, s)]φn(η)dη
∣∣∣∣∣ ≤ C(ϵ,R, δ)|t − s|. (A.6.3)

Combining (A.6.3) with (A.6.2), we obtain the continuity in time of the map t →
∫

(0,∞)2 g(η, t)φ(η)dη,

if φ ∈ Cc(R2
>0). We now extend the argument to all functions φ ∈ C0(R2

>0). Let φ ∈ C0(R2
>0), with

||φ||∞ ≤ 1. Due to the support of g ∈ Uϵ,R, it is enough to cut the function φ for large values of a in

order to make it compactly supported. Let χM(a) be as in (A.3.31). Then∣∣∣∣∣ ∫
(0,∞)2

[g(η, t) − g(η, s)]φ(η)dη
∣∣∣∣∣ ≤

≤

∣∣∣∣∣ ∫
(0,∞)2

[g(η, t) − g(η, s)]φ(η)χM(a)dη
∣∣∣∣∣ + 2

∫
(M,∞)×[ϵ,2R]

∣∣∣[g(η, t) − g(η, s)]φ(η)
∣∣∣dη

≤ C|t − s| + 2M−1
∫

(M,∞)×[ϵ,2R]
a[g(η, t) + g(η, s)]dη

≤ C|t − s| + c(t)M−1.
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We conclude the argument by taking M sufficiently large. □

Proof of Proposition A.3.24. Let n ∈ N. By Lemma A.3.23, we have that:

∫
R2
>0

Gϵ,R,δ(η, t)ehϵ (V,t)xt,V (A)ndη ≤

≤2
∫
R2
>0

gin,R(η)Andη +
1 − γ

2

∫ t

0

∫
R2
>0

∫
R2
>0

KR(ϕs(A,V), ϕs(A′,V ′))Gϵ,R,δ(η′, s)Gϵ,R,δ(η, s)

ehϵ (V,s)+hϵ (V′,s)[(xs,V (A) + xs,V′(A′))n − xs,V (A)n − xs,V′(A′)n]dη′dηds

≤2
∫
R2
>0

gin,R(η)Andη + (1 − γ)||KR||∞

kn∑
k=1

(
n
k

) ∫ t

0

∫
R2
>0

ehϵ (V,s)xk
s,V (A)Gϵ,R,δ(η, s)dη∫

R2
>0

ehϵ (V′,s)xn−k
s,V′(A

′)Gϵ,R,δ(η′, s)dη′ds,

where kn is taken as in Lemma A.3.23. The above computations show that, in order to find an up-

per bound for
∫
R2
>0

Gϵ,R,δ(η, t)ehϵ (V,t)xt,V (A)ndη, it is enough to estimate
∫
R2
>0

Gϵ,R,δ(η, t)ehϵ (V,t)xt,V (A)kdη,

where k ∈ [1, n − 1]. As such, we can use an iteration argument for the exponents of xt,V (A). We then

use that ∫
(0,∞)2

Gϵ,R,δ(A,V, t, )ehϵ (V,t)xt,V (A)dVdA ≤ 2
∫

(0,∞)2
agin,R(a, v)dvda

as in the proof of Proposition A.3.7, which can be found in this appendix. In this manner, we derive

suitable moment estimates which allow to extend the obtained solution to all times by iterating the

argument. □

A.7 Some technical results used to prove the existence of self-similar
profiles

Remark A.7.1. In order to simplify the notation we will write g and gin instead of gϵ,R,δ and gin,R, re-

spectively, in the following computations. It is relevant to take into account that gϵ,R,δ := g is supported

in the region (a, v) ∈ [c0ϵ
2
3 ,∞) × [ϵ, 2R).

Proof of Proposition A.3.16. We obtain (A.3.35) by testing (A.3.5) with φ(a, v) = v. In order to derive

(A.3.36), we test (A.3.5) with φ(a, v) = vγ.

By Remark A.3.15 and since g is supported in the region (a, v) ∈ [c0ϵ
2
3 ,∞)× [ϵ, 2R), we can ignore
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the dependence of Kϵ,R on R:

(1 − γ)
2

∫
(0,∞)2

∫
(0,∞)2

Kϵ,R(a, v, a′, v′)ξR(v + v′)g(a, v, t)g(a′, v′, t)[(v + v′)γ − vγ − v′γ]dv′da′dvda

≤
K1(1 − γ)

2

∫
(0,∞)2

∫
(0,∞)2

(v−αv′β + vβv′−α)ξR(v + v′)g(a, v, t)g(a′, v′, t)[(v + v′)γ − vγ − v′γ]dv′da′dvda

≤
K1(1 − γ)

2

∫
{v< R

2 }

∫
{v′< R

2 }

(v−αv′β + vβv′−α)g(a, v, t)g(a′, v′, t)[(v + v′)γ − vγ − v′γ]dv′da′dvda.

Suppose v ≥ v′ and take z := v′
v ∈ (0, 1]. We have:

(v−αv′β + vβv′−α)((v + v′)γ − vγ − v′γ) ≤ vγ(zβ + z−α)vγ((1 + z)γ − 1 − zγ)

≤ −(1 − γ)v2γzγ = −(1 − γ)vγv′γ,

since (1 + z)γ − 1 − zγ ≤ 0 and z−α ≥ 1. We also used that:

(1 + z)γ − 1 = γ
∫ 1+z

1
sγ−1ds ≤ γz ≤ γzγ.

Equation (A.3.5) now becomes:

d
dt

M0,γ(g(t)) ≤ (1 − γ)
∫

(0,∞)2
vγΘϵ(v)g(a, v, t)dvda −

(1 − γ)2K1

2

( ∫
{v< R

2 }

vγg(a, v, t)dvda
)2

≤ (1 − γ)M0,γ(g(t)) −
(1 − γ)2K1

4
M0,γ(g(t))2 +

(1 − γ)2K1

2

( ∫
{v> R

2 }

vγg(a, v, t)dvda
)2
.

We can control the region where v > R
2 using (A.3.35), namely:∫

{v> R
2 }

vγg(a, v, t)dvda ≤
(R

2

)γ−1 ∫
(0,∞)2

vg(a, v, t)dvda ≤
(R

2

)γ−1
M0,1(gin),

thus finding a constant C > 0, independent of ϵ ∈ (0, 1),R > 1 and δ ∈ (0, 1), for which

d
dt

M0,γ(g(t)) ≤ (1 − γ)M0,γ(g(t)) −
(1 − γ)2K1

4
M0,γ(g(t))2 +C.

We then conclude that there exists a constant C0,γ, independent of ϵ,R and δ, for which the region

M0,γ(g(t)) ≤ C0,γ is invariant in time. □

Proof of Proposition A.3.17. We want to bound

K(a, v, a′, v′)[(v + v′)m − vm − v′m].

Assume v ≥ v′. Denote z := v′
v ∈ (0, 1] and observe that:

K(a, v, a′, v′)[(v + v′)m − vm − v′m] ≤K(a, v, a′, v′)vm[(1 + z)m − 1 − zm] ≤ 2CmK(a, v, a′, v′)vmz

≤2CmK0vγ(zβ + z−α)vmz ≤ 4CmK0vγ+mz−α+1

≤4CmK0(vβ+m−1v′−α+1 + v′β+m−1v−α+1), (A.7.1)
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where we used that

(1 + z)m − 1 = m
∫ 1+z

1
sm−1ds ≤ m(1 + z)m−1z ≤ Cm(1 + zm−1)z,

since m > 1 and z ∈ (0, 1]. By symmetry, (A.7.1) holds for all (v, v′) ∈ (0,∞)2.

Equation (A.3.5) becomes:

d
dt

M0,m(g(t)) ≤ −(m − 1)M0,m(g(t))

+ (m − 1)
∫
{v≤2ϵ}

vmg(η, t)dη + 2(1 − γ)CmK0M0,β+m−1(g)M0,−α+1(g)

≤ −(m − 1)M0,m(g(t)) + (m − 1)2m−1M0,1(gin) +CM0,β+m−1(g(t))M0,−α+1(g(t)). (A.7.2)

By (A.3.35) and (A.3.36), we obtain that M0,−α+1(g(t)) is uniformly bounded as −α + 1 ∈ (γ, 1].

Additionally, we have that m+β−1 ∈ (γ,m). Let C0,γ be the constant found in Proposition A.3.16,

then there exists θ ∈ (0, 1) such that:

M0,m+β−1(g(t)) ≤ M0,γ(g(t))1−θM0,m(g(t))θ ≤ C1−θ
0,γ M0,m(g(t))θ. (A.7.3)

Hence, combining (A.7.2) and (A.7.3), we find an invariant region in time for the moment M0,m. □

Proof of Proposition A.3.18. Let C0,m̃ be the constant found in (A.3.37), with m̃ > 1 as in Proposition

A.3.2, and let β < 1 as in (A.1.7). For all t ≥ 0 :

1 = M0,1(g(t)) ≤ N1−β
∫

(0,∞)×(0,N)
vβg(a, v, t)dvda + N1−m̃

∫
(0,∞)×(N,∞)

vm̃g(a, v, t)dvda

≤ N1−βM0,β(g(t)) + N1−m̃ max{M0,m̃(gin),C0,m̃}. (A.7.4)

Thus, for N > 0 sufficiently large, we obtain

M0,β(g(t)) ≥
1

2N1−β . (A.7.5)

We analyse the term∫
(0,∞)2

∫
(0,∞)2

Kϵ,R(a, v, a′, v′)ξR(v + v′)g(a, v, t)g(a′, v′, t)[(v + v′)−l − v−l − v′−l]dv′da′dvda.

We make use of Remark A.3.15: From the definition of Kϵ,R in (A.3.1) and the support of g, we have

that Kϵ,R = K when v, v′ ∈ [ϵ, 2R)2. Since (v + v′)−l − v−l − v′−l ≤ 0, we can use the lower bound for K

in (A.1.7). We obtain:∫
(0,∞)2

∫
(0,∞)2

Kϵ,R(a, v, a′, v′)ξR(v + v′)g(a, v, t)g(a′, v′, t)[(v + v′)−l − v−l − v′−l]dv′da′dvda

≤K1

∫
{v< R

2 }

∫
{v′< R

2 }

(v−αv′β + vβv′−α)g(a, v, t)g(a′, v′, t)[(v + v′)−l − v−l − v′−l]dv′da′dvda

≤K1

∫
{v< R

2 }

∫
{v′< R

2 }

(−v−α−lv′β − v′−α−lvβ)g(a, v, t)g(a′, v′, t)dv′da′dvda
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and (A.3.5) thus becomes:

d
dt

M0,−l(g(t)) ≤ (1 + l)M0,−l(g(t)) − (1 − γ)K1

∫
{v< R

2 }

v−α−lg(a, v, t)dvda
∫
{v< R

2 }

vβg(a, v, t)dvda.

(A.7.6)

By (A.7.5) ∫
{v< R

2 }

vβg(a, v, t)dvda ≥
1

2N1−β −

(R
2

)β−1
≥

1
4N1−β , (A.7.7)

for all R > 1 that are sufficiently large.

As −l ∈ (−α − l, 1), there exists θ ∈ (0, 1) for which M0,−l(g(t)) ≤ M0,1(g(t))1−θM0,−α−l(g(t))θ ≤

M0,1(gin)1−θM0,−α−l(g(t))θ. Combining this with (A.7.6) and (A.7.7), there exists a constant C > 0 such

that:
d
dt

M0,−l(g(t)) ≤ (1 + l)M0,−l(g(t)) −C
( ∫
{v< R

2 }

v−lg(a, v, t)dvda
) 1
θ

.

We use x
1
θ ≥ 21− 1

θ (x + y)
1
θ − y

1
θ with x =

∫
{v< R

2 }
v−lg(a, v, t)dvda and y =

∫
{v> R

2 }
v−lg(a, v, t)dvda.

We can bound
∫
{v> R

2 }
v−lg(a, v, t)dvda from above because R > 1 and M0,1(g(t)) is uniformly bounded.

Thus

d
dt

M0,−l(g(t)) ≤ (1 + l)M0,−l(g(t)) −C1M0,−l(g(t))
1
θ + 2l+1CM0,1(gin)

and we conclude using the uniform bound on M0,1 and then a comparison argument. □
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APPENDIX B

FAST FUSION IN A TWO-DIMENSIONAL COAGULATION MODEL

ABSTRACT. In this work, we study a particular system of coagulation equations char-
acterized by two values, namely volume v and surface area a. Compared to the standard
one-dimensional models, this model incorporates additional information about the geometry
of the particles. We describe the coagulation process as a combination between collision and
fusion of particles. We prove that we are able to recover the standard one-dimensional co-
agulation model when fusion happens quickly and that we are able to recover an equation in
which particles interact and form a ramified like system in time when fusion happens slowly.

B.1 Introduction

Most of the works on coagulation equations assume that the particles are characterized by a single

variable, usually the particle volume (or equivalent quantities like polymer length), see for instance

[Nor99, NV12, Smo16, Ste89]. Nevertheless, other parameters that might provide insight about the

geometry or other features of the particles are usually omitted. In a previous work (see [CV23]), we

study the mathematical properties of a class of coagulation equations in which the aggregating particles

are characterized by two degrees of freedom, namely the volume v and the surface area a. This type of

models was introduced in [Fri00, KF90]. More precisely, the model considered is the following:

∂t f (a, v, t) + ∂a[r(a, v)(c0v
2
3 − a) f (a, v, t)] = K[ f ](a, v, t), c0 := (36π)

1
3 , (B.1.1)

where

K[ f ](a, v, t) :=
1
2

∫
(0,a)×(0,v)

K(a − a′, v − v′, a′, v′) f (a′, v′, t) f (a − a′, v − v′, t)dv′da′

−

∫
(0,∞)2

K(a, v, a′, v′) f (a, v, t) f (a′, v′, t)dv′da′.

In this model, f is the density of particles in the space of area and volume for any given time

t ≥ 0. The coagulation operator K[ f ] is the classical coagulation operator that was introduced by
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Smoluchowski (see [Smo16]) and gives the coagulation rate of particles which evolve according to the

following mechanism:

(a1, v1) + (a2, v2) −→ (a1 + a2, v1 + v2).

It is assumed that the particles attach to each other at their contact point and therefore in this way both

the total area and volume of the particles involved in the process are preserved.

On the other hand, the fusion term ∂a[r(a, v)(c0v
2
3 − a) f (a, v, t)] describes an evolution of the

particles towards a spherical shape. The dynamics generated by this term preserves the total num-

ber and volume of the particles. The term c0v
2
3 − a indicates that the area of the particles tends to

be reduced as long as it is larger than that of a sphere c0v
2
3 (see Figure B.1 for a description of the

complete coagulation process assumed in (B.1.1)).

Figure B.1: Coagulation process: collision of particles followed by fusion

In addition, r(a, v) will indicate the fusion rate and describes how quickly the particles evolve

towards the spherical shape and thus has units of the inverse of the fusion time. If the fusion kernel r is

very large compared to the coagulation rate, we expect that the particles become spherical in very short

times. On the contrary, in the particular case when r ≡ 0, fusion does not occur and particles attach at

contact points forming a ramified-like system in time.

The main advantage of this model is that the distribution f contains more information about the

geometry of the particles than a standard coagulation model, where only information about the volume

of the particles is taken into account. In particular, this allows to include in the coagulation rate in-

formation about the particle shape, which enables us to distinguish between the case when two particles

attach at a contact point and the case when they merge upon collision as explained above. This dis-

tinction is not possible in the case where only volume is of importance. We refer to [Fri00, KF90] for

details about the derivation of the model, and to [CV23] for additional information about the mathem-

atical properties of this model.

Therefore, it should be possible to approximate the solutions of (B.1.1) by means of solutions of

a coagulation model depending on only the variable v, i.e. an one-dimensional coagulation equation,

in the case when fusion overtakes coagulation. On the other hand, when r is very small compared
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with the coagulation rate, we can approximate the solutions of (B.1.1) by means of solutions of a

two-dimensional coagulation model without fusion depending on two variables, a and v.

More precisely, we analyse the following model as Λ→ 0 and as Λ→ ∞:

∂t fΛ(a, v, t) +
1
Λ
∂a[r(a, v)(c0v

2
3 − a) fΛ(a, v, t)] = K[ fΛ](a, v, t). (B.1.2)

We remark that the particles must satisfy the isoperimetric inequality, therefore the density fΛ
should be supported in the region where {a ≥ c0v

2
3 }. Moreover, the evolution generated by (B.1.1) (or

by (B.1.2)) has the property that it preserves the set of measures supported in this region.

We assume r(a, v) behaves like a power law of a and v. For the coagulation kernel K, we assume

that it has a weak dependence on the surface area of the interacting particles, but it can have a power

law behavior in the volume of the coalescing particles.

Since collision does not change if we permute the colliding particles, i.e. (a, v) ↔ (a′, v′), the

coagulation kernel must satisfy the following symmetry property:

K(a, v, a′, v′) = K(a′, v′, a, v), (B.1.3)

for all (a, v, a′, v′) ∈ (0,∞)4.

Concerning the fusion kernel r, we assume that r ∈ C1(R2
>0) and that there exist constants R0,R1 >

0 such that:

R0aµvσ ≤ r(a, v) ≤ R1aµvσ, (B.1.4)

for all (a, v) ∈ (0,∞)2 and some coefficients µ, σ ∈ R.

In order to control the mass of the solutions when |a− c0v
2
3 | > 0 in (B.1.2) if Λ is small, we require

the following technical assumptions on the fusion kernel r:∂ar(a, v) − µa−1r(a, v) ≥ 0, and ∂ar(a, v) ≤ Ba−1r(a, v), if µ > 0;
∂ar(a, v)(a − c0v

2
3 ) + r(a, v) ≥ 0, and ∂ar(a, v) ≤ Ba−1r(a, v), if µ ≤ 0,

(B.1.5)

for all (a, v) ∈ (0,∞)2, with a ≥ c0v
2
3 , and for some constant B > 0. A particular case used in

applications that satisfies the above mentioned properties is when r(a, v) = Raµvσ, with µ ≥ −1 and

R ∈ [R0,R1]. The condition (B.1.5) is not optimal and it would be possible to impose weaker conditions

on the fusion kernel. However, this would require more involved arguments in the proofs later on. We

impose the stronger condition (B.1.5) as our main goal is that the statements of our theorems hold for

fusion kernels that behave as power laws, a case which is included in condition (B.1.5).

In comparison to [CV23], since in this paper we are not interested in the long-time behavior of

solutions, we do not assume homogeneity of neither the fusion nor coagulation kernel and we simply

assume that they behave like power laws, see (B.1.4) and (B.1.6). In [CV23], we restricted the analysis
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to coagulation and fusion kernels which rescale in a similar manner when the size of the particles is

changed without modifying their geometry. This was needed for the study of the long-time behavior

of particles as the fusion term was chosen in a desire for particles to form a spherical shape in time. In

particular, it meant that, if the particle volume is scaled by a factor λ, then the diameter is scaled with

a factor λ
1
3 and the area scales like λ

2
3 and that we needed to impose the additional assumption that

2
3µ + σ = γ − 1, where γ is the homogeneity of the coagulation kernel and µ, σ are as in (B.1.4). In

this work, we treat the more general case of arbitrary µ, σ ∈ R. In order to deal with this case, we will

need to obtain additional moment estimates.

Our main goal for this paper is to prove that all solutions of equation (B.1.2) which satisfy some

very general moment estimates concentrate their mass around the isoperimetric line {a = c0v
2
3 } as

Λ → 0 and tend in an appropriate sense to a measure which can be computed by solving a suitable

one-dimensional coagulation equation. Moreover, we prove that solutions of (B.1.2) satisfying these

moment estimates do exist. The limit measure f of the sequence { fΛ} acts like a Dirac-like measure in

the area variable, namely f (v, t) = δ(a − c0v
2
3 )F(v, t), with F satisfying the standard one-dimensional

coagulation equation. We can then use the known results for the one-dimensional coagulation equa-

tions (for example, it was proven mathematically in [BLL19b, Proposition 10.2.1] for solutions in

C([0,∞); L1(R>0))) to prove that the average volume of the particles increases in time.

The reason we can reduce the evolution equation for the two-dimensional system to a one-

dimensional one is that, as Λ → 0, the fusion process takes place much faster than the collision

process and then the particles are transported close to the isoperimetric line {a = c0v
2
3 } almost

instantaneously. Equivalently, fusion happens immediately after collision.

On the other hand, if we let Λ→ ∞ in equation (B.1.2), we recover a two-dimensional coagulation

model, in which particles attach to each other at a contact point, forming a ramified-like system in time.

A physical interpretation of this is that, as Λ → ∞, the effect of the fusion term becomes negligible

(see Figure B.2).

Figure B.2: System of particles under different fusion times
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The evolution of a system of coagulation equations which can be described by area and volume

and where the particles undergo a fusion process after they come in contact has been described in

[Fri00, Chapter 12]. The specific problem under consideration was the study of aerosol flame reactors.

A heuristic analysis of the shapes for the resulting particles for different values of the ratio between

the average fusion time and the average collision time can be found in there. This ratio is given by the

parameterΛ in our model in (B.1.2). In the types of models considered in [Fri00, Chapter 12], it is seen

that, for small particles or high temperatures, the parameter Λ is small. On the contrary, for sufficiently

large particles or after the gas has been cooled, we must assume that Λ is very large. The results in this

paper provide a precise mathematical formulation of the behavior that has been suggested in [Fri00,

Chapter 12]. The results in this work are complementary to those in [CV23], in which we consider a

particular form of the fusion term for which Λ ≈ 1 for arbitrary times.

Coagulation equations for particle distributions characterized by a single variable have been ex-

tensively studied. In particular, the long-time behavior for coagulation equations for which solutions

can be explicitly computed has been studied in [MP04]. The existence of self-similar solutions for

general classes of kernels has been obtained in [EMR05, FL05].

Coagulation equations including also transport terms have been considered in the mathematical

literature in relation to different contexts. For instance, in [AD03], the well-posedness of a model

for the evolution of the cluster size of phytoplankton, which has been introduced in [AF97], has been

studied. A model including also fragmentation effects of the phythoplakton clusters has been analysed

in [BL09], where results on existence and uniqueness of solutions for some classes of kernels has been

studied.

In these papers the transport term is related to growth of the particles, while in the model (B.1.1),

(B.1.2) the transport term describes the fusion of particles. This allows the observation of the changes

in the geometry of the particles with no changes to the volume. Due to the multi-dimensionality of

our model, the techniques required to tackle the two problems vary, with the difficulty coming from

the fact that we need to control large values of the additional variable, we refer to [CV23] for more

details. The main focus of this paper consists in finding connections between the two-dimensional and

the one-dimensional model.

Other coagulation models combining the effect of coagulation and particle growth have been stud-

ied in the physical literature, cf. [Fri00, Chapter 11] and [LK00], with rigorous mathematical results

for the last paper obtained in [Gaj83]. Moreover, coagulation equations including drift terms have been

studied in several contexts. A relevant example is the Lifshitz-Slyozov-Wagner equation with encoun-

ters that was introduced in [LS61]. A rigorous analysis of the self-similar profiles for this model was

done in [HLN09, HNV09, Lau01].

Multi-dimensional coagulation equations have not been studied as much in the mathematical lit-

erature as their one-dimensional counterpart. Several discrete multi-component coagulation problems
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which are relevant in aerosol physics have been mentioned in [Wat06b]. A discrete version of the

model in (B.1.1) has been studied in [Wat06a]. The model considered in there includes coagulation of

particles and an effect similar to the fusion of particles in (B.1.1), which has been termed compaction.

The diameter of the particles is restricted by the total number of monomers as well as by the isoperi-

metric inequality. The coagulation and the fusion rates are assumed to be constant. Due to this, the

model considered in [Wat06a] is explicitly solvable using generating functions. The long-time beha-

vior of the solutions which depends on the ratio between the fusion and coagulation kernels has been

then analysed using the explicit formulas of the solutions.

In [FLNV21a, FLNV22, FLNV23], the mathematical properties of some classes of coagulation

equations describing clusters that are composed of several types of monomers with different chem-

ical composition are analysed. More recently, uniqueness of the solutions for the models of multi-

component coagulation equations considered in [FLNV21a, FLNV22, FLNV23] has been studied in

[Thr23].

More precisely, it has been proven in [FLNV21a, FLNV22] that time-dependent solutions for the

multi-dimensional coagulation equation concentrate along a line in the space of cluster concentrations

for long times for coagulation kernels for which the scaling properties of each of the components are

the same for all the species that compose the system. However, as the surface area and volume appear

in a less symmetric manner in our model, it does not seem feasible to adapt the proof in [FLNV21a,

FLNV22] to obtain our result, even in the absence of the fusion term.

Another difference between our model and the one in [FLNV21a, FLNV22] is that the proof in

the latter relies on the conservation of mass for each of the types of monomers. Due to the fu-

sion term, we do not have two conserved quantities for (B.1.2), but only the volume is conserved.

In addition, the fusion term in (B.1.1), (B.1.2) yields a non-trivial evolution of the distribution of

particles. The solutions in [FLNV21a, FLNV22, FLNV23] concentrate along a line with the orient-

ation fixed by the initial distribution of cluster compositions or the source term. Thus, the solutions

in [FLNV21a, FLNV22, FLNV23] can concentrate along different lines depending on the initial dis-

tribution of particles. On the contrary, in one of the situations considered in this paper, the solutions

concentrate always near the isoperimetric line, independently of the initial data. When Λ → 0 in

(B.1.2), we have that the coagulation operator transports particles away from the isoperimetric line but

these are transported extremely fast towards the isoperimetric region due to the fusion term.

B.1.1 Notations and plan of the paper

For I ⊂ [0,∞)2, we denote by Cc(I) and C0(I) the space of continuous functions on I with com-

pact support and the space of continuous functions on I which vanish at infinity, respectively, both

endowed with the supremum norm. M+(I) will denote the space of non-negative Radon measures,

while M+,b(I) will be the space of non-negative, bounded Radon measures, which we endow with the
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weak-∗ topology.

We make in addition the following simplifications:

• We use the notation η := (a, v). We will use interchangeably both notations for convenience.

• We will use the notation f (a, v)dvda or f (η)dη for Radon measures, independently of the fact

the measure may not be absolutely continuous with respect to the Lebesgue measure.

• Mk,l( f ) :=
∫

(0,∞)2 akvl f (a, v)dvda, for some k, l ∈ R.

• For a suitably chosen φ : R2
>0 → R and for (a, v, a′, v′) ∈ (0,∞)4, we will denote:

χφ(a, v, a′, v′) := φ(a + a′, v + v′) − φ(a, v) − φ(a′, v′);

⟨K[ f ], φ⟩ :=
1
2

∫
(0,∞)2

∫
(0,∞)2

K(η, η′)χφ(η, η′) f (η′) f (η)dη′dη.

• We use C to denote a generic constant which may differ from line to line and depends only on

the parameters characterizing the kernels K and r.

• We use the symbols ≲ and ≳ when the inequalities hold up to a constant, i.e. f ≲ g if and only if

f ≤ Cg, for some C > 0.

The structure of the paper is as follows. In the rest of this section, we establish the setting and state

the main definitions and results.

In Section B.2, we prove that there exists a limit for the sequence of solutions of equation (B.1.2) as

Λ→ 0. To this end, we first prove that the mass of solutions concentrates around the isoperimetric line.

This is done by looking at the adjoint equation of (B.1.2). The fact that the measures take small values

if we are at a positive distance from the line {a = c0v
2
3 } together with the fact that we can control large

values of the area a suffices to prove the equicontinuity in time of solutions and conclude that a limit of

the sequence exists. We then prove that the found limit is a solution for the standard one-dimensional

coagulation equation. This is since now the a variable acts like c0v
2
3 and we can omit the fusion term

by testing (B.1.2) with functions only depending on the v variable.

In Section B.3, we deal with the case whenΛ→ ∞ in equation (B.1.2). We prove that a limit exists

as Λ→ ∞ and that the limit satisfies a two-dimensional coagulation equation where the interaction of

particles consists of particles which attach at a contact point. The proof of this result is straightforward

after obtaining suitable moment estimates for the solutions, which are independent of the value of Λ.

B.1.2 Setting and main results

We work with non-negative continuous kernels on (0,∞)4 that, in addition to the properties already

stated, i.e. (B.1.3), have the following bounds:

K1(v−αv′β + v′−αvβ) ≤ K(a, v, a′, v′) ≤ K0(v−αv′β + v′−αvβ), (B.1.6)
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for some K1,K0 > 0, for all a, v, a′, v′ and for the following coefficients:

α > 0 and β ∈ (0, 1) such that β − α ∈ (0, 1). (B.1.7)

Notice that condition (B.1.6) implies that the kernel has a weak dependence on the area variable,

although K is not necessarily independent of the area variable. Moreover, we focus on the study of

kernels for which gelation (i.e., solutions do not preserve mass) does not take place. For more details

on gelation theory, we refer to [CdC92, EMP02, Lau00, vD87] and [BLL19b, Section 9]. It would

be interesting to check if the results of this paper can be extended to some classes of kernels which

exhibit gelation. Notice that this opens several questions. For instance, in the gelation case there might

be several continuations of solutions depending on how is the interaction between particles with finite

size and the gel part. It would be relevant to know if the limit as Λ→ 0 of { fΛ} in (B.1.2) selects some

particular solution.

Since we work with physically relevant particles, i.e. the particles for which the isoperimetric

inequality is satisfied, it is helpful to define the following space

M I
+(R2

>0) := {h ∈M+(R2
>0) | h({a < c0v

2
3 }) = 0}. (B.1.8)

The superscript I stands for isoperimetric. We endow the newly-defined space with the weak-∗ topology

on M+(R2
>0). Similarly, we denote

M I
+,b(R2

>0) := {h ∈M+,b(R2
>0) | h({a < c0v

2
3 }) = 0}. (B.1.9)

Definition B.1.1. Fix Λ > 0. Let K : (0,∞)4 → [0,∞) be a continuous kernel satisfying (B.1.3),

(B.1.6) and (B.1.7). Assume the fusion kernel r ∈ C1(R2
>0) satisfies (B.1.4) and (B.1.5). Let fΛ ∈

C([0,∞); M I
+(R2

>0)). We say that fΛ is a solution for the weak version of the time-dependent Λ-fusion

problem if, for every T > 0,

sup
t∈[0,T ]

∫
(0,∞)2

(v−α + vβ) fΛ(a, v, t)dvda < ∞

and, for all φ ∈ C1
c([0,∞); C1

c(R2
>0)) and t ∈ [0,∞)∫

(0,∞)2
fΛ(η, t)φ(η, t)dη −

∫
(0,∞)2

fin(η)φ(η, 0)dη −
∫ t

0

∫
(0,∞)2

fΛ(η, s)∂sφ(η, s)dηds

=

∫ t

0
⟨K[ fΛ(s)], φ(s)⟩ds +

1
Λ

∫ t

0

∫
(0,∞)2

r(η)(c0v
2
3 − a) fΛ(η, s)∂aφ(η, s)dηds. (B.1.10)

Remark B.1.2. Functions fΛ as in Definition B.1.1 exist and the methods to prove their existence are

similar to the ones used to prove existence of self-similar solutions in [CV23] (in order to derive some

moment estimates in [CV23], ideas from the one-dimensional case in [EMR05, EM06] were adapted).

A sketch for proving their existence will be shown in Proposition B.2.1.
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The case of fast fusion

Remark B.1.3. From now on, in order to simplify the notation, we replace Λ by ϵ in (B.1.2) when we

consider the case Λ→ 0 and we replace Λ by 1
ϵ in (B.1.2) when we consider the case Λ→ ∞.

Theorem B.1.4. Let K : (0,∞)4 → [0,∞) be a continuous kernel satisfying (B.1.3), (B.1.6) and

(B.1.7). Assume the fusion kernel r ∈ C1(R2
>0) satisfies (B.1.4) and (B.1.5) with µ > 0. Assume in

addition that
∫

(0,∞)2(v−µ−3 + vµ+3 + vσ(µ+3) + aµ+3) fin(a, v)dvda < ∞. Let T > 0. Then we can construct

fϵ as in Definition B.1.1, for every ϵ ∈ (0, 1). For this sequence, we have that there exists a constant

C(T ) > 0, which is independent of ϵ ∈ (0, 1), such that

sup
t∈[0,T ]

∫
(0,∞)2

(v−µ−3 + vµ+3 + vσ(µ+3) + aµ+3) fϵ(a, v, t)dvda ≤ C(T ). (B.1.11)

Moreover, there exists a subsequence (which we do not relabel) and f ∈ C((0,T ]; M I
+(R2

>0)) such that

fϵ(t)→ f (t) as ϵ → 0 in the sense of measures, for every t ∈ [σ,T ] and every σ > 0.

Remark B.1.5. Theorem B.1.4 holds true also in the case µ ≤ 0 if we assume instead that
∫

(0,∞)2(v−1 +

v2 + a) fin(a, v)dvda < ∞ (plus some additional moment bound of the form M0,d, with d depending

on σ, which does not offer much qualitative information), which in turn will imply that there exists a

constant C(T ) > 0, which is independent of ϵ ∈ (0, 1), such that

sup
t∈[0,T ]

∫
(0,∞)2

(v−1 + v2 + a) fϵ(a, v, t)dvda ≤ C(T ).

The methods to prove the two cases, µ > 0 and µ ≤ 0, are similar up to minor technicalities and thus

we restrict our attention to the case µ > 0 for simplicity of notation.

Remark B.1.6. The reason we want (B.1.11) to hold is mostly technical, namely because we will

have to test in (B.1.10) with functions that do not necessarily have compact support and we will use

these estimates in order to prove that (B.1.10) also holds when testing with functions in C1
b using

Lebesgue’s dominated convergence theorem. While the extension to functions that do not necessarily

have compact support would require less assumptions in the case of the standard one-dimensional

coagulation equation, in our case we need the assumption (B.1.11) in order to control the contribution

coming from fusion term.

Lemma B.1.7. Let K : (0,∞)4 → [0,∞) be a continuous kernel satisfying (B.1.3), (B.1.6) and (B.1.7).

Assume the fusion kernel r ∈ C1(R2
>0) satisfies (B.1.4) and (B.1.5). Let T > 0. Let fϵ and f as in

Theorem B.1.4. Then f has the form

f (a, v, t) = F(v, t)δ(a − c0v
2
3 ) (B.1.12)
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in the sense of measures. More precisely, there exists F ∈ C((0,T ]; M+(R>0)) such that∫
(0,∞)2

f (a, v, t)φ(a, v)dvda =
∫

(0,∞)2
F(v, t)φ(a, v)δ(a − c0v

2
3 )dadv,

for every φ ∈ C0(R2
>0).

Definition B.1.8. Let F be as in (B.1.12) and fin as in Theorem B.1.4. We define the following initial

value ∫
(0,∞)

F(v, 0)φ(v)dv :=
∫

(0,∞)2
fin(a, v)φ(v)dadv, (B.1.13)

for every φ ∈ C0(R>0).

Definition B.1.9. Let ϵ ∈ (0, 1), fix T > 0 and let fϵ be as in Theorem B.1.4. Define Fϵ ∈ C([0,T ];

M+(R>0)) as ∫
(0,∞)

Fϵ(v, t)φ(v)dv :=
∫

(0,∞)2
fϵ(a, v, t)χϵ(a)φ(v)dvda, (B.1.14)

for every t ∈ [0,T ] and φ ∈ C0(R>0) and where χϵ : (0,∞) → [0, 1] is a continuous function such that

χ(a) = 1 on (0, 1
ϵ2 ] and χ(a) = 0 on [ 2

ϵ2 ,∞).

Theorem B.1.10. Let {Fϵ}ϵ∈(0,1) be as in Definition B.1.9 and F as in (B.1.12) with initial value as in

Definition B.1.8. We then have that there exists a subsequence (which we do not relabel) such that∫
(0,∞)

Fϵ(v, t)φ(v)dv→
∫

(0,∞)
F(v, t)φ(v)dv,

as ϵ → 0, for every t ∈ [0,T ] and every φ ∈ C0(R>0). Moreover, F ∈ C([0,T ]; M+(R>0)) and F

satisfies the standard one-dimensional coagulation equation, namely, for every t ∈ [0,T ] and every

φ ∈ Cc(R>0), the following holds∫
(0,∞)

F(v, t)φ(v)dv −
∫

(0,∞)
F(v, 0)φ(v)dv

=

∫ t

0

∫
(0,∞)

∫
(0,∞)

K(c0v
2
3 , v, c0v′

2
3 , v′)F(v, s)F(v′, s)[φ(v + v′) − φ(v) − φ(v′)]dv′dvds.

The case of negligible fusion

Remark B.1.11. In order to simplify the notation, in the case when Λ → ∞, we replace Λ by 1
ϵ , for

ϵ > 0. Thus, for T > 0 and t ∈ [0,T ], we look at the equation∫
(0,∞)2

fϵ(η, t)φ(η, t)dη −
∫

(0,∞)2
fin(η)φ(η, 0)dη −

∫ t

0

∫
(0,∞)2

fϵ(η, s)∂sφ(η, s)dηds

=

∫ t

0
⟨K[ fϵ(s)], φ(s)⟩ds + ϵ

∫ t

0

∫
(0,∞)2

r(η)(c0v
2
3 − a) fϵ(η, s)∂aφ(η, s)dηds, (B.1.15)

for ϵ ∈ (0, 1), φ ∈ C1
0(R2

>0) and with fin ∈M I
+(R2

>0).
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Theorem B.1.12. Let K : (0,∞)4 → [0,∞) be a continuous kernel satisfying (B.1.3), (B.1.6) and

(B.1.7). Assume the fusion kernel r ∈ C1(R2
>0) satisfies (B.1.4) and (B.1.5) with µ > 0. Assume in

addition that
∫

(0,∞)2(v−2 + v2 + a2) fin(a, v)dvda < ∞. Let T > 0. Then we can construct fϵ as in

Definition B.1.1 satisfying equation (B.1.15), for every ϵ ∈ (0, 1). For this sequence, we have that there

exists a constant C(T ) > 0, which is independent of ϵ ∈ (0, 1), such that

sup
t∈[0,T ]

∫
(0,∞)2

(v−2 + v2 + a2) fϵ(a, v, t)dvda ≤ C(T ) (B.1.16)

and that there exists a subsequence (which we do not relabel) and f ∈ C([0,T ]; M I
+(R2

>0)) such that∫
(0,∞)2

fϵ(η, t)φ(η)dη→
∫

(0,∞)2
f (η, t)φ(η)dη,

as ϵ → 0, for every t ∈ [0,T ] and every φ ∈ C0(R2
>0). Additionally, we have that f satisfies a

standard two-dimensional coagulation equation, namely, for every t ∈ [0,T ] and every φ ∈ Cc(R2
>0),

the following holds∫
(0,∞)2

f (η, t)φ(η)dη −
∫

(0,∞)2
fin(η)φ(η)dη

=

∫ t

0

∫
(0,∞)2

∫
(0,∞)2

K(η, η′) f (η, s) f (η′, s)[φ(η + η′) − φ(η) − φ(η′)]dη′dηds. (B.1.17)

Remark B.1.13. The function f found in Theorem B.1.12 satisfies∫
(0,∞)2

a f (η, t)dη =
∫

(0,∞)2
a fin(η)dη and

∫
(0,∞)2

v f (η, t)dη =
∫

(0,∞)2
v fin(η)dη

for every t ∈ [0,T ].

Remark B.1.14. The reason Theorem B.1.12 holds under the weaker condition (B.1.16) instead of

(B.1.11) as in Theorem B.1.4 is due to the fact that the proof in this case involves more straightforward

arguments. We will still require some moment estimates in order to prove that we can test with φ(η) = a

or φ(η) = v in (B.1.17) so that Remark B.1.13 holds true. However, (B.1.17) does not contain the fusion

term, so weaker moment estimates suffice in this case.

B.1.3 Short discussion on uniqueness of solutions

Remark B.1.15. Theorem B.1.4 says that we can construct a sequence of functions { fϵ}ϵ∈(0,1) such that

a limit exists. However, Theorem B.1.4 is valid for any sequence of functions { fϵ}ϵ∈(0,1) for which

(B.1.11) holds. The same holds for all the other results stated in this paper, with the mention that

the case of negligible fusion (Theorem B.1.12) holds with its associated moment estimates, namely

(B.1.16). Note that uniqueness of coagulation equations is, with the exception of some particular
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choices of coagulation kernels, still an open problem. Condition (B.1.11) is however a rather strong

condition and an upper bound for the moments for the initial condition is a sufficient condition to

construct a sequence for which (B.1.11) is true. We expect (B.1.11) to hold under weaker assumptions

than the ones stated. This will be considered in a future work.

Lemma B.1.7 states that there exists a subsequence of the solutions of (B.1.10) which converges

in the case of fast fusion in a suitable sense to a measure that can be computed by solving the standard

one-dimensional coagulation equation. However, without uniqueness, there would be multiple possib-

ilities of this measure as the only information we have is that it solves a one-dimensional coagulation

equation.

Nevertheless, uniqueness results for the one-dimensional coagulation equation would imply that

the limit whose existence has been proven in Theorem B.1.4 is uniquely determined and therefore the

convergence would be independent of the subsequence. As such, the limit for the sequence { fϵ} as

ϵ → 0 would exist.

Thus, it is worthwhile to mention that uniqueness of one-dimensional coagulation equations has

been proven for some classes of kernels. We refer to [Mel57, McL64] for pioneering works on this

matter for the constant and product coagulation kernel, [FL06b, MP04, Nor99] for additional classes

of kernels in the Radon measures context, and to [Ste90] for other classes of kernels in the L1 context.

The same situation is valid for Theorem B.1.12, which states that the limit is a solution of a standard

two-dimensional coagulation equation in the case of negligible fusion. In the case of multi-dimensional

coagulation equations, uniqueness results for some classes of kernels can be found in [Thr23].

B.2 The case of fast fusion

B.2.1 Existence of a limit of solutions of coagulation equations with fast fusion

This subsection is dedicated to proving Theorem B.1.4 and Lemma B.1.7. We first prove that if we

are at a positive distance from the line a = c0v
2
3 , the measures fϵ take values close to zero (Proposition

B.2.7). We then make use of this property to show that the sequence { fϵ}ϵ∈(0,1) is equicontinuous in time

for positive times (Proposition B.2.9). We are then able to conclude that there exists a subsequence of

{ fϵ} such that a limit exists. Moreover, we will need to make use of some properties of the solution of a

simplified form for the adjoint problem of (B.1.10) for the proof of Proposition B.2.7 (see Proposition

B.2.3 and Proposition B.2.4).

Let T > 0 and t ∈ [0,T ]. We consider the equation∫
(0,∞)2

fϵ(η, t)φ(η, t)dη −
∫

(0,∞)2
fin(η)φ(η, 0)dη −

∫ t

0

∫
(0,∞)2

fϵ(η, s)∂sφ(η, s)dηds

=

∫ t

0
⟨K[ fϵ(s)], φ(s)⟩ds +

1
ϵ

∫ t

0

∫
(0,∞)2

r(η)(c0v
2
3 − a) fϵ(η, s)∂aφ(η, s)dηds, (B.2.1)
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for ϵ ∈ (0, 1), φ ∈ C1
0(R2

>0) and with fin ∈M I
+(R2

>0).

For completeness, we have to prove that solutions of (B.2.1) as in Definition B.1.1 exist. We begin

by remembering the truncated functions used to prove the existence of solutions for truncated versions

of coagulation equations allowing fusion of particles, which is done using a fixed point argument. More

details can be found in [CV23].

We define KR : (0,∞)4 → [0,∞) to be a continuous function such that:

KR(a, v, a′, v′) = min{K(a, v, a′, v′),R}, (B.2.2)

where K satisfies the upper bound in (B.1.6) and take ξR : R>0 → [0,∞) to be continuous and defined

in the following manner:

ξR(v) = 0, when v ≥ 2R, (B.2.3)

ξR(v) = 1, on (0,R]. (B.2.4)

Then, for φ ∈ C1
0(R2

>0), we denote by

⟨KR[ f ], φ⟩ :=
1
2

∫
(0,∞)2

∫
(0,∞)2

KR(η, η′)ξR(v + v′)[φ(η + η′) − φ(η) − φ(η′)] f (dη) f (dη′). (B.2.5)

For the fusion term, we use the following truncation:

rδ(a, v) :=
r(η) max{vσ, Lδ}

vσ(1 + δaµ)
, (B.2.6)

for δ ∈ (0, 1) and some fixed L > 0. L was chosen in [CV23] to be L := 12
R0(1−γ) , where R0 is as in

(B.1.4), in order to obtain existence of self-similar profiles for equation (B.1.1).

For functions f satisfying f ∈ C1([0,∞); M I
+(R2

>0)) with

f
(
R2
>0 \ [c0ϵ

2
3 ,∞) × [ϵ, 2R), t

)
= 0 (B.2.7)

and such that

sup
t∈[0,T ]

∫
(0,∞)2

(1 + a) fϵ,R,δ(a, v, t)dvda < ∞, (B.2.8)

for all times T ∈ [0,∞), we define the space

Uϵ,R := { f ∈ C1([0,∞); M I
+(R2

>0)), f satisfies (B.2.7) and (B.2.8)}. (B.2.9)

We now prove the following result.

Proposition B.2.1 (Existence of solutions). Assume fin ∈M I
+(R2

>0) and∫
(0,∞)2

(v−1 + v2 + a) fin(η)dη < ∞. (B.2.10)
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Let T > 0 and fix ϵ ∈ (0, 1). Then there exists an fϵ ∈ C([0,T ]; M I
+(R2

>0)) as in Definition B.1.1 with

sup
t∈[0,T ]

∫
(0,∞)2

(v−1 + v2 + a) fϵ(η, t)dη ≤ C(T ). (B.2.11)

Proof. We study the following truncated version of equation (B.2.1):

∂t

∫
(0,∞)2

fϵ,R(η, t)φ(η)dη = ⟨KR[ fϵ,R(t)], φ⟩ +
1
ϵ

∫
(0,∞)2

r̃(η)(c0v
2
3 − a) fϵ,R(η, t)∂aφ(η)dη, (B.2.12)

with

r̃(η) =

rδ(η), µ > 0,
r(η), µ ≤ 0,

where rδ is as in (B.2.6) and KR as in (B.2.5).

We prove existence and uniqueness of fϵ,R in the space Uϵ̃,R defined as in (B.2.9), for some ϵ̃ ∈

(0, 1). We keep the notation fϵ,R for convenience. Notice however that fϵ,R depends on ϵ,R, ϵ̃, δ when

µ > 0 and on ϵ,R, ϵ̃ when µ ≤ 0.

We look at the system of characteristic equations:
∂tA(a0, v0, t) =

1
ϵ

r̃(A,V)(c0V
2
3 − A), A(a0, v0, 0) = a0;

∂tV(a0, v0, t) = 0, V(a0, v0, 0) = v0;

∂tc(a0, v0, t) =
1
ϵ
∂A[r̃(A,V)(A − c0V

2
3 )]c(a0, v0, t), c(a0, v0, 0) = 1.

(B.2.13)

Remark B.2.2. We remark that V(a0, v0, t) ≡ v0. Fix t ≥ 0, we denote the pair (A(a0, v0, t), V(a0, v0, t))

=: ϕt,ϵ(a0, v0). We fix v0, we define xϵt,v0
: R>0 → R by xϵt,v0

(a0) := A(a0, v0, t).

We first prove the existence and uniqueness of functions Fϵ,R ∈ C([0,T ]; M I
+,b(R2

>0)) satisfying

∂t

∫
R2
>0

Fϵ,R(η, t)φ(η)dη =
1
2

∫
R2
>0

∫
R2
>0

KR(xϵt,V (A),V, xϵt,V′(A
′),V ′)ξR(V + V ′)Fϵ,R(A′,V ′, t)

Fϵ,R(A,V, t)[φ(ϕ−1
t,ϵ (ϕt,ϵ(A,V) + ϕt,ϵ(A′,V ′))) − φ(A,V) − φ(A′,V ′)]dV ′dA′dVdA,

for every φ ∈ Cc(R2
>0). For this, we repeat the arguments used in [CV23, Proposition 3.1].

We then define fϵ,R ∈ C1([0,∞); M I
+(R2

>0)) as∫
(0,∞)2

fϵ,R(a, v, t)φ(a, v)dη =
∫

(0,∞)2
Fϵ,R(a, v, t)φ(ϕt,ϵ(a, v))dη, (B.2.14)

for every φ ∈ C0(R2
>0). Notice that the functions fϵ,R defined in this manner will satisfy equation

(B.2.12). For more details, see [CV23, Proposition 3.1].
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We are now left to prove uniform estimates for fϵ,R in order to finish the proof. Due to the choice

of the space Uϵ̃,R, we can test (B.2.12) with φ(a, v) = a and φ(a, v) = vd, with d ∈ R. When d ≤ 1, we

obtain: ∫
(0,∞)2

(vd + a) fϵ,R(η, t)dη ≤
∫

(0,∞)2
(vd + a) fin(η)dη.

For d = 2, since M0,1−α( fϵ,R) is now uniformly bounded, we have∫
(0,∞)2

v2 fϵ,R(η, t)dη ≤
∫

(0,∞)2
v2 fin(η)dη +C

∫ t

0
M0,1−α( fϵ,R(s))M0,1+β( fϵ,R(s))ds

≤

∫
(0,∞)2

v2 fin(η)dη +C
∫ t

0
M0,2( fϵ,R(s))ds +C.

Thus, there exists C(t) > 0 such that∫
(0,∞)2

v2 fϵ,R(η, t)dη ≤ C(t)
∫

(0,∞)2
v2 fin(η)dη.

Equicontinuity

Fix φ ∈ C1
c(R2

>0). Let s, t ∈ [0,T ]. Assume without loss of generality s ≤ t. Then∣∣∣∣∣ ∫
(0,∞)2

[ fϵ,R(η, t) − fϵ,R(η, s)]φ(η)dη
∣∣∣∣∣

≲ ||φ||∞

∫ t

s
M0,−α( fϵ,R(z))M0,β( fϵ,R(z))dz +

1
ϵ

∫ t

s

∫
(0,∞)2

aµvσ(a + c0v
2
3 ) fϵ,R(η, z)|∂aφ(η)|dηdz

≤ ||φ||∞

∫ t

s
M0,−α( fϵ,R(z))M0,β( fϵ,R(z))dz +C||∂aφ||∞

∫ t

s

∫
(0,∞)2

fϵ,R(η, z)dηdz

≤ C|t − s|. (B.2.15)

Using the fact that fϵ,R ∈ Uϵ̃,R, we can extend (B.2.15) to hold for functions φ ∈ Cc(R2
>0) and then

for all φ ∈ C0(R2
>0). For details, see [CV23, Proposition 3.14].

Combining the found equicontinuity in (B.2.15) with the uniform moment estimates, which are

independent of ϵ̃,R and δ, we conclude using Arzelà–Ascoli theorem that there exists a subsequence

of { fϵ,R}, which we do not relabel, and an fϵ ∈ C([0,T ]; M I
+(R2

>0)), such that fϵ,R(t) converge to fϵ(t) in

the weak-∗ topology as ϵ̃ → 0, R→ ∞ and δ→ 0, for every t ∈ [0,T ].

Thus, we can use standard arguments found in the study of coagulation equations in order to pass

to the limit as ϵ̃ → 0 and R→ ∞ (and δ→ 0 if µ > 0) in (B.2.12). □

In order to understand the reasoning behind the statement that our measures will concentrate along

the line {a = c0v
2
3 }, it is helpful to study some properties of the solution of the characteristic ODE

associated with (B.2.1). This is the content of the following proposition.
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Proposition B.2.3. Let µ > 0. We look at the system

∂t xϵA,V (t) =
1
ϵ

r(xϵA,V (t),V)(c0V
2
3 − xϵA,V (t)), xϵA,V (0) = A.

For any (A,V) ∈ (0,∞)2, fixed, and t > 0, we have that limϵ→0 xϵA,V (t) = c0V
2
3 . The statement holds

true for compact sets K of the form (A,V, t) ∈ K ⊂ (0,∞)3.

Proof. Define x̃A,V (t) := xϵA,V (ϵt). Then x̃A,V (0) = A and

∂t x̃A,V (t) = ∂t xϵA,V (ϵt) = ϵ∂ϵt xϵA,V (ϵt) = r(x̃A,V ,V)(c0V
2
3 − x̃A,V ) =: f (x̃A,V (t)). (B.2.16)

This implies that limϵ→0 xϵA,V (t) = limϵ→0 x̃A,V ( t
ϵ ) = limt→∞ x̃A,V (t). In (B.2.16) notice that

x̃A,V (t) = c0V
2
3 ⇒ f (x̃A,V (t)) = 0,

x̃A,V (t) < c0V
2
3 ⇒ f (x̃A,V (t)) > 0,

x̃A,V (t) > c0V
2
3 ⇒ f (x̃A,V (t)) < 0.

This implies that limt→∞ x̃A,V (t) = c0V
2
3 . □

In order to prove that the measures fϵ take values close to zero if we are at a positive distance from

the line {a = c0v
2
3 }, we notice that, at least for small times, the coagulation term in (B.1.10) gives a

small contribution in this region. We thus look to control the contribution coming from the fusion term.

For this, it is helpful to look at a simplified form for the adjoint problem of (B.1.10) and to study the

properties of its solution. This will be the content of Proposition B.2.4.

For simplicity of notation, we denote by

S := {(a, v) ∈ R2
>0, a ≥ c0v

2
3 }. (B.2.17)

Proposition B.2.4 (Dual equation, case µ > 0). Let T > 0. Let ϵ ∈ (0, 1), R > 1 and µ > 0. Let T > 0.

Let χ(η) be an arbitrary function in C1
b(S), where S is as in (B.2.17), such that χ(η) = 0, when v <

[ 1
R ,R]. Then there exists a solution φϵ ∈WT , with φϵ(T, ·) = χ(·), which solves the following equation:

∂tφϵ(t, η) +
1
ϵ

rϵ(a, v)(c0v
2
3 − a)∂aφϵ(t, η) = 0, (B.2.18)

where

WT := {φ ∈ C1([0,T ],C1
b(S))|φ(t, η) = 0, when v < [

1
R
,R], for every t ∈ [0,T ]}

and

rϵ(a, v) =
r(a, v)

1 + ϵ2µ+2aµ
.

Assume in addition that there exists δ1 > 0 such that χ(η) = 0 when a ≤ c0v
2
3 + δ1. Then the following

statements hold:
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1. For every M > 1 and σ > 0, there exists ϵM,σ,δ1 ∈ (0, 1) such that for every ϵ ≤ ϵM,σ,δ1 , we have

that suppφϵ(t) ⊆ {(a, v) ∈ (0,∞)2|a ≥ M}, for every t ∈ [0,T − σ].

2. There exists a constant C(T ), which can depend on time, but is independent on ϵ, such that

supt∈[0,T ]
(
||φϵ(t)||∞ + ||∂aφϵ ||∞

)
≤ C(T ). Moreover, the constant C(T ) is independent of the initial

datum χ if we assume ||χ||∞ + ||∂aχ||∞ ≤ 1.

3. If we assume ||χ||∞ + ||∂aχ||∞ ≤ 1 and that ϵ is sufficiently small, then there exists a constant

C > 0, which is independent of ϵ > 0, but can depend on R > 1, such that ||∂aφϵ(t)||∞ ≤ e−
C(T−t)

ϵ .

Proof. For Statement 1 we use Proposition B.2.3, the fact that we can find an explicit solution for

equation (B.2.18) and then we let ϵ → 0.

Statement 2 follows directly from the fact that at time T we have φϵ(T, ·) = χ(·) ∈ C1
b(S) and by

integrating along the characteristics in equation (B.2.18).

For Statement 3, we notice that, for a ≥ c0v
2
3 , we have that

∂a
[ r(a, v)
1 + ϵ2µ+2aµ

(a − c0v
2
3 )
]
= ∂a

[ r(a, v)
1 + ϵ2µ+2aµ

]
(a − c0v

2
3 ) +

r(a, v)
1 + ϵ2µ+2aµ

=
∂ar(a, v) − µϵ2µ+2aµ−1r(a,v)

1+ϵ2µ+2aµ

1 + ϵ2µ+2aµ
(a − c0v

2
3 ) +

r(a, v)
1 + ϵ2µ+2aµ

=
∂ar(a, v) − µa−1r(a, v) ϵ2µ+2aµ

1+ϵ2µ+2aµ

1 + ϵ2µ+2aµ
(a − c0v

2
3 ) +

r(a, v)
1 + ϵ2µ+2aµ

≥
∂ar(a, v) − µa−1r(a, v)

1 + ϵ2µ+2aµ
(a − c0v

2
3 ) +

r(a, v)
1 + ϵ2µ+2aµ

≥
r(a, v)

1 + ϵ2µ+2aµ
, (B.2.19)

where for the last inequality in (B.2.19), we used (B.1.5).

We then analyse the cases ϵ2µ+2aµ ≤ 1 and ϵ2µ+2aµ ≥ 1 in order to deduce that r(a,v)
1+ϵ2µ+2aµ ≥

C(R) min{ a
µ

2 ,
1

2ϵ2µ+2 }. By taking ϵ to be sufficiently small, we deduce from (B.2.19) that

∂a
[ r(a, v)
1 + ϵ2µ+2aµ

(a − c0v
2
3 )
]
≥ C(R). (B.2.20)

We now look at the ODE

∂t x(η, t) =
1
ϵ

rϵ(x, v)(c0v
2
3 − x) with x(η,T ) = a,

which, by taking s = T−t
ϵ , reduces to solving

∂sx(η, s) = rϵ(x, v)(x − c0v
2
3 ) with x(η, 0) = a.

Using (B.2.20), we obtain that

∂ax(η, s) ≥ eC(R)s

and Statement 3 follows using in addition the fact that ||∂aχ||∞ ≤ 1. □
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Remark B.2.5. In the case µ ≤ 0, the condition (B.1.5) is more general due to the fact that we will not

modify the fusion term r in Proposition B.2.4.

The following is just a technical proposition that shows we can test the equation (B.1.10) with

continuous bounded functions. This will be needed for the proof of the fact that the measure fϵ takes

values close to zero when we are at a positive distance from the isoperimetric line. This is since we

would like to test in (B.1.10) with the function obtained in (B.2.18), which is bounded by the Statement

2 of Proposition B.2.4.

Proposition B.2.6. Let ϵ > 0, fixed and µ > 0. Then equation (B.2.1) holds for every φ ∈ C1([0,T ];

C1(R2
>0)) with sups∈[0,T ];η∈R2

>0
|∂tφ(η, t) + φ(η, t) + ∂aφ(η, t)| ≤ C if

sup
t∈[0,T ]

∫
(0,∞)2

(aµ+2 + vmax{σ(µ+2),2} + vmin{σ(µ+2),−1}) fϵ(a, v, t) ≤ C(T ). (B.2.21)

Proof. Assume for simplicity that φ ∈ C1
b(R2

>0). We construct a sequence of functions {ζn}n∈N ⊂

C1
c(R2

>0) such that ζn(η) = 1 when η ∈ [ 1
n , n]2 and ζn(η) = 0 when η < [ 1

2n , 2n]2. The idea is to use

Lebegue’s dominated convergence theorem in (B.1.10) for the functions φn = ζnφ. We thus show

below only the needed estimates for the proof. The term with the coagulation kernel in (B.1.10) can be

bounded directly by ∣∣∣⟨K[ fϵ], φn⟩
∣∣∣ ≤ 3C sup

s∈[0,T ]
M0,−α( fϵ(s)) sup

s∈[0,T ]
M0,β( fϵ(s)) ≤ C.

In order to control the fusion term in (B.1.10), notice that we can construct ζn such that |a∂aζn(η)| ≤ C,

for some constant independent of n ∈ N. Moreover, we know that the fusion kernel satisfies (B.1.4)

and that a ≥ c0v
2
3 . Thus

|r(a, v)(c0v
2
3 − a)| ≲ aµ+1vσ + aµvσ+

2
3 ≤ 2aµ+1vσ.

Using the above inequality, we can estimate from above the fusion term

1
ϵ

∣∣∣ ∫
(0,∞)2

r(η)(c0v
2
3 − a) fϵ(η, s)∂aφn(η)dη

∣∣∣
by

1
ϵ

∣∣∣ ∫
(0,∞)2

aµ+1vσ fϵ(η, s)∂aφ(η)dη
∣∣∣ + 1

ϵ

∣∣∣ ∫
(0,∞)2

aµ+1vσ fϵ(η, s)φ(η)∂aζn(η)dη
∣∣∣

up to a multiplicity constant. We then use Young’s inequality to deduce that∣∣∣ ∫
(0,∞)2

aµ+1vσ fϵ(η, s)∂aφ(η)dη
∣∣∣ ≲ sup

s∈[0,T ]
Mµ+2,0( fϵ(s)) + sup

s∈[0,T ]
M0,σ(µ+2)( fϵ(s))
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and ∣∣∣ ∫
(0,∞)2

aµ+1vσ fϵ(η, s)φ(η)∂aζn(η)dη
∣∣∣ ≲ Mµ,σ( fϵ(s))

≲ sup
s∈[0,T ]

Mµ+1,0( fϵ(s)) + sup
s∈[0,T ]

M0,σ(µ+2)( fϵ(s)) + 1.

Thus, the moment estimates in (B.2.21) suffice to conclude our proof for φ ∈ C1
b(R2

>0). To prove

that equation (B.2.1) holds for every φ ∈ C1([0,T ]; C1(R2
>0)) with sups∈[0,T ];η∈R2

>0
|∂tφ(η, t) + φ(η, t) +

∂aφ(η, t)| ≤ C, we argue in a similar manner as before using the bound on the time derivative too. □

We now make use of Proposition B.2.4 and Proposition B.2.6 to prove that fϵ is small in sets that

are at a positive distance from the isoperimetric line. This is the main ingredient needed for the proof

of Theorem B.1.4.

Proposition B.2.7. Let T > 0 and µ > 0. Suppose { fϵ}ϵ∈(0,1) is a sequence of solutions as in Definition

B.1.1 that satisfy the estimates (B.1.11). For every σ > 0 and for every δ1, δ2 ∈ (0, 1), there exists

ϵδ1,δ2 ∈ (0, 1), which is independent of σ, such that∣∣∣∣∣ ∫
(0,∞)2

fϵ(a, v, t)φ(a, v)dvda
∣∣∣∣∣ ≤ δ2, (B.2.22)

for every t ≥ σ, for all ϵ ≤ ϵδ1,δ2 and for all φ ∈ C0(R2
>0) with ||φ||∞ ≤ 1 such that φ(a, v) = 0, when

a ≤ c0v
2
3 + δ1.

Remark B.2.8. In order to prove Proposition B.2.7, we will have to require other moment estimates in

addition to the ones in (B.2.11). Namely, we impose that

sup
t∈[0,T ]

∫
(0,∞)2

aµ+3 fϵ(dη, t) ≤ C(T ). (B.2.23)

While the estimates in (B.2.10) suffice for the existence of solutions as in Definition B.1.1, in order

to obtain an upper bound for moments involving higher powers of the area, we need the additional

assumption that

sup
t∈[0,T ]

∫
(0,∞)2

(v−µ−3 + vµ+3) fϵ(dη, t) ≤ C(T ),

which justifies the condition on the initial data in Theorem B.1.4. The proof of (B.2.23) relies then on

the fact that the terms of the form aµ+2vβ, which appear due to the form of the coagulation kernel, can

be bounded by

aµ+2vβ ≲ aµ+3 + vβ(µ+3).

For more details, we refer to [CV23, Subsection 3.3].
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Proof of Proposition B.2.7. Let σ > 0 and δ1, δ2 ∈ (0, 1). Assume Φ ∈ C1
b(R2

>0), with ||Φ||∞ ≤ 1.

Assume there exists R > 1 such that Φ(η) = 0 if v < [ 1
R ,R]. The extension of the result from functions

compactly supported in the v variable to functions that do not necessarily have compact support is

straightforward using moment estimates, and thus we omit the details. Suppose in addition that Φ

is such that Φ(η) = 0 when a < c0v
2
3 + δ1. Let, in addition, t1, t2, with t2 ≥ σ, and t1 such that

t2 − t1 = τ > 0. Notice that τ = τ(δ2) depends on δ2, but we will not write this dependence explicitly

in order to simplify our notation. Let M > 0, sufficiently large (and also depending on δ2), to be fixed

later, and let φϵ be the solution found in Proposition B.2.4, if µ > 0, associated to the measure fϵ such

that φϵ(η, t2) = Φ(η). We want to prove (B.2.22).

Notice first that, from Proposition B.2.4, Statement 2, there exists a constant independent of ϵ, such

that sups∈[t1,t2],η∈S |φ(η, s)| ≤ C. Then, for t1, t2 ∈ (0,T ] such that t2 − t1 = τ, we have

∣∣∣ ∫ t2

t1

∫
(0,∞)2

∫
(0,∞)2

K(η, η′) fϵ(η, s) fϵ(η′, s)[φϵ(η + η′, s) − φϵ(η, s) − φϵ(η′, s)]dη′dηds
∣∣∣

≤ Cτ sup
s∈[0,T ]

[M0,−α( fϵ(s))M0,β( fϵ(s))] ≤ Cτ, (B.2.24)

where we made use of the fact that [M0,1+M0,−1]( fϵ) is uniformly bounded from above, independently

of ϵ ∈ (0, 1).

In order to estimate the term with the fusion kernel, we notice that

1
ϵ

∣∣∣ ∫ t2

t1

∫
(0,∞)2

[r(a, v) − rϵ(a, v)](c0v
2
3 − a) fϵ(η, s)∂aφϵ(η, s)dηds

∣∣∣
≤

1
ϵ

∣∣∣ ∫ t2

t1

∫
{a≤ 1

ϵ }

[r(a, v) − rϵ(a, v)](c0v
2
3 − a) fϵ(η, s)∂aφϵ(η, s)dηds

∣∣∣
+

2
ϵ

∫ t2

t1

∫
{a> 1

ϵ }

r(a, v)(c0v
2
3 + a) fϵ(η, s)|∂aφϵ(η, s)|dηds. (B.2.25)

For the first term in (B.2.25), we make use of the exponential decay of φϵ proven in Statement 3 of

Proposition B.2.4 in order to obtain

1
ϵ

∣∣∣ ∫ t2

t1

∫
{a≤ 1

ϵ }

[r(a, v) − rϵ(a, v)](c0v
2
3 − a) fϵ(η, s)∂aφϵ(η, s)dηds

∣∣∣
≲

∫ t2

t1

∫
{a≤ 1

ϵ }

|r(a, v) − rϵ(a, v)|(c0v
2
3 + a) fϵ(η, s)

e−
C(t2−s)

ϵ

ϵ
dηds

≲ 2R1

∫ t2

t1

∫
{a≤ 1

ϵ }

ϵ2µ+2a2µ+1vσ fϵ(η, s)
e−

C(t2−s)
ϵ

ϵ
dηds

≤ 2R1ϵ

∫ t2

t1
sup

s∈[0,T ]
M0,σ( fϵ(t))

e−
C(t2−s)

ϵ

ϵ
ds ≤ 2R1ϵC(T )

∫ t2

t1

e−
C(t2−s)

ϵ

ϵ
ds

≤ Cϵ. (B.2.26)
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We can then use Statement 2 of Proposition B.2.4, the upper bound (B.1.4) and (B.1.11) in order

to control the region containing large values of a, namely

2
ϵ

∫ t2

t1

∫
{a> 1

ϵ }

r(a, v)(c0v
2
3 + a) fϵ(η, s)|∂aφϵ(η, s)|dηds

≤
4R1

ϵ

∫ t2

t1

∫
{a> 1

ϵ }

aµ+1vσ fϵ(η, s)dηds ≤
4R1ϵ

ϵ

∫ t2

t1

∫
{a> 1

ϵ }

aµ+2vσ fϵ(η, s)dηds

≤ 4R1τ sup
t∈[0,T ]

[Mµ+3,0( fϵ(t)) + M0,σ(µ+3)( fϵ(t))]. (B.2.27)

Combining the estimates (B.2.25), (B.2.26) and (B.2.27), we deduce that

1
ϵ

∣∣∣ ∫ t2

t1

∫
(0,∞)2

[r(a, v) − rϵ(a, v)](c0v
2
3 − a) fϵ(η, s)∂aφϵ(η, s)dηds

∣∣∣ ≤ Cϵ +Cτ. (B.2.28)

Proposition B.2.6 gives us that we can test (B.1.10) with continuous functions that are not neces-

sarily compactly supported in the a variable, as long as we work with functions in C1
b(R2

>0). We then

make use of the fact that φϵ satisfies (B.2.18) and then use the estimates in (B.2.24) and (B.2.28) in

order to deduce that, for every ϵ ≤ ϵδ1,δ2 , with ϵδ1,δ2 (notice here that M and τ depend on δ2) as in

Proposition B.2.4, Statement 1, we have∣∣∣ ∫
(0,∞)2

fϵ(η, t2)Φ(a, v)dη
∣∣∣ = ∣∣∣ ∫

(0,∞)2
fϵ(η, t2)φϵ(η, t2)dη

∣∣∣ ≤ ∣∣∣ ∫
(0,∞)2

fϵ(η, t1)φϵ(η, t1)dη
∣∣∣ +Cτ

=
∣∣∣ ∫
{a≥M}

fϵ(η, t1)φϵ(η, t1)dη
∣∣∣ +Cτ

≤ CM−1
∫
{a≥M}

a fϵ(η, t1)dη +Cτ, (B.2.29)

where we used that suppφϵ ⊆ {a ≥ M} from Statement 1 of Proposition B.2.4 and the fact that

supt∈[0,T ] M1,0( fϵ(t)) ≤ C(T ), with C(T ) being independent of ϵ. We choose M such that C(T )CM−1 +

Cτ ≤ δ2.

Thus, we obtain that ∣∣∣ ∫
(0,∞)2

fϵ(η, t2)Φ(η)dη
∣∣∣ ≤ δ2, (B.2.30)

for every t2 ≥ σ since we can choose τ to be sufficiently small.

□

We are now able to prove the equicontinuity in time of the sequence { fϵ}ϵ∈(0,1). We proved in

Proposition B.2.7 that if we are at a positive distance from the line a = c0v
2
3 , the measure fϵ takes

values close to zero. Near the line a = c0v
2
3 , we use the fact that a function of the form φ(a, v) can be

approximated in terms of a function depending only on v, making negligible the contribution coming

from the fusion term.
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Proposition B.2.9 (Equicontinuity for positive times). Let σ > 0. Suppose { fϵ}ϵ∈(0,1) is a sequence of

solutions as in Proposition B.2.7. Let φ ∈ C0(R2
>0) with ||φ||∞ ≤ 1. For every ϵ ∈ (0, 1), there exists

δ ∈ (0, σ) such that ∣∣∣ ∫
(0,∞)2

φ(η) fϵ(dη, t) −
∫

(0,∞)2
φ(η) fϵ(dη, s)

∣∣∣ ≤ ϵ,
for all t, s ≥ σ such that |t − s| ≤ δ and for all ϵ sufficiently small.

Proof. Fix σ > 0. Let δ1, δ2 > 0 as in Proposition B.2.7. We define a continuous function χδ1 : R2
>0 →

[0, 1] to be equal to one in the region where {c0v
2
3 ≤ a ≤ c0v

2
3 + δ1} and zero when a > c0v

2
3 + 2δ1.

Fix φ ∈ C1
c(R2

>0). It suffices to prove the statement for fixed φ ∈ C1
c(R2

>0). The passage from functions

φ ∈ C1
c(R2

>0) to functions in C0(R2
>0) is then straightforward using moment estimates and the fact that

we can approximate a function in Cc(R2
>0) with a C1

c(R2
>0) function on a compact set. From Proposition

B.2.7, we deduce that there exists ϵδ1,δ2 ∈ (0, 1) such that for all ϵ ≤ ϵδ1,δ2 , the following holds

∣∣∣ ∫
(0,∞)2

φ(η) fϵ(dη, t) −
∫

(0,∞)2
φ(η) fϵ(dη, s)

∣∣∣
≤

∣∣∣ ∫
(0,∞)2

φ(η)χδ1(η)[ fϵ(dη, t) − fϵ(dη, s)]
∣∣∣ + ∣∣∣ ∫

(0,∞)2
φ(η)(1 − χδ1(η))[ fϵ(dη, t) − fϵ(dη, s)]

∣∣∣
≤

∣∣∣ ∫
(0,∞)2

φ(η)χδ1(η)[ fϵ(dη, t) − fϵ(dη, s)]
∣∣∣ + δ2. (B.2.31)

From the support of χδ1 , the fact that the measure fϵ is supported in the region {a ≥ c0v
2
3 } and the

continuity of φ, we can find a function φ : R>0 → R depending only on v, φ ∈ C1
b(R>0), such that

|φ(a, v) − φ(v)| ≤ δ3, for δ3 sufficiently small, and for any (a, v) ∈ K ⊂ R2
>0, where K is a compact set.

Let K = [ 1
M ,M]2 for some fixed M > 1. We have that

∣∣∣ ∫
(0,∞)2

φ(η)χδ1(η)[ fϵ(dη, t) − fϵ(dη, s)]
∣∣∣∣∣

≤

∫
(0,∞)2

|φ(η) − φ(v)|χδ1(η)| fϵ(dη, t) − fϵ(dη, s)| +
∣∣∣ ∫

(0,∞)2
φ(v)χδ1(η)[ fϵ(dη, t) − fϵ(dη, s)]

∣∣∣
≤

∫
K
|φ(η) − φ(v)|χδ1(η)| fϵ(dη, t) − fϵ(dη, s)|

+

∫
R2
>0\K
|φ(η) − φ(v)|χδ1(η)| fϵ(dη, t) − fϵ(dη, s)| +

∣∣∣ ∫
(0,∞)2

φ(v)χδ1(η)[ fϵ(dη, t) − fϵ(dη, s)]
∣∣∣.

In order to control the contribution of the region R2
>0 \ K, we use moment estimates. For example, for

the region {a > M}, we obtain that∫
{a>M}

|φ(η) − φ(v)|χδ1(η)| fϵ(dη, t) − fϵ(dη, s)| ≲ 2M−1 sup
s∈[0,T ]

M1,0( fϵ(s)).
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We can use the same argument for the region {v > M} ∪ {v < 1
M } ∪ {a <

1
M }. Thus

∣∣∣ ∫
(0,∞)2

φ(η)χδ1(η)[ fϵ(dη, t) − fϵ(dη, s)]
∣∣∣∣∣

≲ 2δ3 sup
s∈[0,T ]

M0,0( fϵ(s)) + 2M−1 sup
s∈[0,T ]

M1,0( fϵ(s)) +
∣∣∣ ∫

(0,∞)2
φ(v)χδ1(η)[ fϵ(dη, t) − fϵ(dη, s)]

∣∣∣
≤ C(T )δ3 +

∣∣∣ ∫
(0,∞)2

φ(v)χδ1(η)[ fϵ(dη, t) − fϵ(dη, s)]
∣∣∣, (B.2.32)

since the term M−1 sups∈[0,T ] M1,0( fϵ(s)) can be made sufficiently small by taking M sufficiently large.

We can write the remaining term as φ(v)χδ1(η) = φ(v) − φ(v)(1 − χδ1(η)). For φ(v)(1 − χδ1(η)) we can

make use again of Proposition B.2.7 in order to prove that
∣∣∣ ∫

(0,∞)2 φ(v)(1−χδ1(η))[ fϵ(dη, t)− fϵ(dη, s)]
∣∣∣

is small. On the other hand, we deduce from Proposition B.2.6 that we can test equation (B.2.1) with

φ(v) and obtain, as the fusion term disappears when testing with functions depending only on v that

∣∣∣ ∫
(0,∞)2

φ(v)[ fϵ(dη, t) − fϵ(dη, s)]
∣∣∣ ≤ 3||φ||∞

∫ t

s
M0,−α( fϵ(z))M0,β( fϵ(z))dz ≤ C|t − s|. (B.2.33)

From (B.2.31), (B.2.32) and (B.2.33) the equicontinuity in time of the sequence follows for every

s, t ∈ [σ,T ]. □

We are finally in a position to prove Theorem B.1.4 and Lemma B.1.7.

Proof of Theorem B.1.4. Let σ > 0. Using Proposition B.2.1 together with Proposition B.2.9, we

deduce from Arzelà–Ascoli theorem that there exists a subsequence of { fϵ}, which we do not relabel,

and an f ∈ C([σ,T ]; M I
+(R2

>0)), such that fϵ(t) converges to f (t) in the weak-∗ as ϵ → 0, for every

t ∈ [σ,T ]. □

Proof of Lemma B.1.7. We pass to the limit in Proposition B.2.7. □

B.2.2 Reduction to the one-dimensional coagulation model in the case of fast fusion

We now consider the behavior of the solutions of (B.1.2) as Λ → 0. More specifically, we focus

in this subsection on proving Theorem B.1.10. We remember that our result holds independently of

the chosen initial data (see Definition B.1.8), with the exception of requiring the initial data to satisfy

some moment estimates (as specified in Theorem B.1.4).

We first show that we can extend F in Lemma B.1.7 to be continuous at time t = 0 as mentioned

in Theorem B.1.10.

Proposition B.2.10. Let T > 0. Let Fϵ ∈ C([0,T ]; M+(R>0)) be as in Definition B.1.9. Then the

sequence {Fϵ}ϵ∈(0,1) is equicontinuous in time, and thus we can deduce that there exists a limit F ∈

C([0,T ]; M+(R>0)) as ϵ → 0 for a subsequence of {Fϵ}ϵ∈(0,1), which we do not relabel.
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Proof. Let s, t ∈ [0,T ], with t > s. Fix φ ∈ C0(R>0). We then have that∣∣∣ ∫
(0,∞)

φ(v)Fϵ(dv, t) −
∫

(0,∞)
φ(v)Fϵ(dv, s)

∣∣∣
=

∣∣∣ ∫
(0,∞)2

fϵ(a, v, t)χϵ(a)φ(v)dvda −
∫

(0,∞)2
fϵ(a, v, s)χϵ(a)φ(v)dvda

∣∣∣
≤

∫ t

s
⟨K[ fϵ(z)], χϵφ⟩dz +

1
ϵ

∫ t

s

∫
(0,∞)2

r(a, v)|a + c0v
2
3 ||∂aχϵ(a)φ(v)| fϵ(η, z)dηdz

≲ |t − s|[ sup
z∈[0,T ]

M0,−α( fϵ(z)) sup
z∈[0,T ]

M0,β( fϵ(z)) + ϵ
(

sup
z∈[0,T ]

Mµ+1,σ( fϵ(z)) + sup
z∈[0,T ]

Mµ,σ+ 2
3
( fϵ(z))

)
]

≤ |t − s|[C(T ) +Cϵ
(

sup
z∈[0,T ]

Mµ+2,0( fϵ(z)) + sup
z∈[0,T ]

M0,σ(µ+2)( fϵ(z))
)
] ≲ |t − s|.

□

We continue by proving that F satisfies the standard one-dimensional coagulation equation for all

positive times t > 0.

Lemma B.2.11. Let σ > 0. Let F as in Theorem B.1.10. We then have that F satisfies the standard

coagulation equation, namely, for every t ∈ [σ,T ] and every φ ∈ Cc(R>0), the following holds∫
(0,∞)

F(v, t)φ(v)dv −
∫

(0,∞)
F(v, σ)φ(v)dv

=

∫ t

σ

∫
(0,∞)

K(c0v
2
3 , v, c0v′

2
3 , v′)F(v, s)F(v′, s)[φ(v + v′) − φ(v) − φ(v′)]dv′dvds. (B.2.34)

Proof. Let δ1, δ2 ∈ (0, 1). By Proposition B.2.7, we have that there exists ϵδ1,δ2 ∈ (0, 1), such that∫
{a′>c0v′

2
3 +δ1}

Φ(η′) fϵ(η′, t)dη′ ≤ Cδ2, (B.2.35)

for every t ≥ σ > 0, every ϵ ≤ ϵδ1,δ2 and for every Φ ∈ C0(R2
>0) such that ||Φ||∞ ≤ 1.

Due to Proposition B.2.6, we can test (B.2.1) with φ(a, v) = φ̃(v), where φ̃ ∈ C1
0(R>0). Let δ1 as in

(B.2.35). Denoting by χφ̃(v, v′) := φ̃(v + v′) − φ̃(v) − φ̃(v′), we have that∫
(0,∞)2

fϵ(η, t)φ̃(v)dη −
∫

(0,∞)2
fϵ(η, σ)φ̃(v)dη

=
1
2

∫ t

σ

∫
(0,∞)2

∫
(0,∞)2

K(η, η′)[φ̃(v + v′) − φ̃(v) − φ̃(v′)] fϵ(η, s) fϵ(η′, s)dηdη′ds

=
1
2

∫ t

σ

∫
{a∈T(v)}

∫
{a′∈T(v′)}

K(η, η′)χφ̃(v, v′) fϵ(η, s) fϵ(η′, s)dηdη′ds

+

∫ t

σ

∫
{a∈T(v)}

∫
{a′>c0v′

2
3 +δ1}

K(η, η′)χφ̃(v, v′) fϵ(η, s) fϵ(η′, s)dηdη′ds

+
1
2

∫ t

σ

∫
{a>c0v

2
3 +δ1}

∫
{a′>c0v′

2
3 +δ1}

K(η, η′)χφ̃(v, v′) fϵ(η, s) fϵ(η′, s)dηdη′ds, (B.2.36)
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where we denoted T(v) := [c0v
2
3 ; c0v

2
3 + δ1].

Step 1. We first prove that, for every t ≥ σ, we have that

1
2

∫
{a∈T(v)}

∫
{a′∈T(v′)}

K(a, v, a′, v′)[φ̃(v + v′) − φ̃(v) − φ̃(v′)] fϵ(η, t) fϵ(η′, t)dηdη′

tends to

1
2

∫
(0,∞)2

K(c0v
2
3 , v, c0v′

2
3 , v′)[φ̃(v + v′) − φ̃(v) − φ̃(v′)]F(v, t)F(v′, t)dv′dv

as ϵ → 0.

Step 1. a) We begin by proving that we are able to approximate the coagulation kernel near the

isoperimetric line with a function only depending on the v variable, due to its continuity. In other

words,

3||φ||∞

∫
{a∈T(v)}

∫
{a′∈T(v′)}

|K(a, v, a′, v′) − K(c0v
2
3 , v, c0v′

2
3 , v′)| fϵ(η, t) fϵ(η′, t)dηdη′

≤ C
∫
{a∈T(v);v∈[ 1

M ;M]}

∫
{a′∈T(v′);v′∈[ 1

M ;M]}
|K(a, v, a′, v′) − K(c0v

2
3 , v, c0v′

2
3 , v′)| fϵ(η, t) fϵ(η′, t)dηdη′

+C
∫
{v>M}

∫
|K(a, v, a′, v′) − K(c0v

2
3 , v, c0v′

2
3 , v′)| fϵ(η, t) fϵ(η′, t)dηdη′

+C
∫
{v< 1

M }

∫
|K(a, v, a′, v′) − K(c0v

2
3 , v, c0v′

2
3 , v′)| fϵ(η, t) fϵ(η′, t)dηdη′ =: I1 + I2 + I3.

We can prove that I2 + I3 gives a small contribution due to moment estimates. For I1, we use the fact

that |a − c0v
2
3 | ≤ δ1, the continuity of K and that we work on a compact set, to deduce

I1 ≤ Cϵ sup
t∈[0,T ]

M0,0( fϵ(t))2, (B.2.37)

where ϵ was chosen small but arbitrary and M0,0( fϵ) is uniformly bounded independently of ϵ ∈ (0, 1).

Notice that δ1 was chosen to be sufficiently small to satisfy both (B.2.35) and (B.2.37).

Step 1. b) Let f , F be as in Lemma B.1.7. We prove now that∫
{a∈T(v)}

∫
{a′∈T(v′)}

K(c0v
2
3 , v, c0v′

2
3 , v′) fϵ(η, t) fϵ(η′, t)dη′dη (B.2.38)

converges to ∫
(0,∞)

∫
(0,∞)

K(c0v
2
3 , v, c0v′

2
3 , v′)F(v, t)F(v′, t)dv′dv (B.2.39)

as ϵ → 0.

This is done again by splitting the interval (0,∞)2 into three regions, namely {v ≤ 1
M }, {v ≥ M} and

{v ∈ [ 1
M ,M]}. For the regions {v ≤ 1

M } and {v ≥ M}, we can use moment estimates to prove that the
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terms (B.2.38) and (B.2.39) approach zero as M → ∞. In the region {(v, v′) ∈ [ 1
M ,M]2}, we use that

fϵ fϵ ⇀ f f as ϵ → 0.

Step 2. We continue by proving that the remaining integrals in (B.2.36) converge to zero as ϵ → 0,

for every t ≥ σ. We first prove that∫
{a∈T(v)}

∫
{a′>c0v′

2
3 +δ1}

K(a, v, a′, v′) fϵ(η, t) fϵ(η′, t)dηdη′ → 0 as ϵ → 0.

We have that there exists a constant C > 0, independent of ϵ ∈ (0, 1) such that M0,−α( fϵ)+M0,β( fϵ) ≤ C.

Combining these moment bounds with Proposition B.2.7, we obtain that∫
{a∈T(v)}

∫
{a′>c0v′

2
3 +δ1}

K(a, v, a′, v′)|φ̃(v + v′) − φ̃(v) − φ̃(v′)| fϵ(η, t) fϵ(η′, t)dηdη′

≲ 3||φ̃||∞

∫
{a∈T(v)}

vβ fϵ(η, t)dη
∫
{a′>c0v′

2
3 +δ1}

v′−α fϵ(η′, t)dη′

+ 3||φ̃||∞

∫
{a∈T(v)}

v−α fϵ(η, t)dη
∫
{a′>c0v′

2
3 +δ1}

v′β fϵ(η′, t)dη′ ≤ Cδ2,

where δ2 was taken as in (B.2.35). More precisely, in order to prove that∫
{a′>c0v′

2
3 +δ1}

(v′β + v′−α) fϵ(η′, t)dη′ ≤ Cδ2, (B.2.40)

we notice that for the region {a′ > c0v′
2
3 + δ1} ∩ [ 1

M ,M]2, for some sufficiently large M > 1, we can use

Proposition B.2.7 to deduce that the integral gives a sufficiently small contribution and then control the

regions {a > M} ∪ {a < 1
M } ∪ {v > M} ∪ {v < 1

M } using moment estimates.

Step 3. Lastly, we prove that, for every t ≥ σ, we have that∫
{a>c0v

2
3 +δ1}

∫
{a′>c0v′

2
3 +δ1}

K(a, v, a′, v′) fϵ(η, t) fϵ(η′, t)dηdη′ → 0 as ϵ → 0.

As before, we obtain that∫
{a>c0v

2
3 +δ1}

∫
{a′>c0v′

2
3 +δ1}

K(a, v, a′, v′) fϵ(η, t) fϵ(η′, t)dηdη′

≲ 2
∫
{a>c0v

2
3 +δ1}

∫
{a′>c0v′

2
3 +δ1}

v−αv′β fϵ(η, t) fϵ(η′, t)dηdη′

≤ 2
∫
{a>c0v

2
3 +δ1}

v−α fϵ(η, t)dη
∫
{a′>c0v′

2
3 +δ1}

v′β fϵ(η′, t)dη′ ≲ δ2
2,

where for the last inequality we used the same argument as in (B.2.40). This concludes our proof. □

Using Lemma B.2.11, it suffices to let σ→ 0 in (B.2.34) in order to conclude the proof of Theorem

B.1.10.
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Proof of Theorem B.1.10. Due to Proposition B.2.10, we can let σ → 0 in (B.2.34) using the fact that

there exists C(T ) > 0 such that

sup
t∈[0,T ]

∫
(0,∞)

(v−1 + v2)F(v, t)dv ≤ C(T )

due to the way F was constructed (see (B.1.12), (B.1.13)). □

B.3 The case of negligible fusion

We now consider the form of solutions of (B.1.2) if we assume that Λ → ∞. We first prove that

there exists a limit for a subsequence of { fϵ}ϵ∈(0,1), where fϵ is a solution of (B.1.15) .

Proposition B.3.1. Let K : (0,∞)4 → [0,∞) be a continuous kernel satisfying (B.1.3), (B.1.6) and

(B.1.7). Assume the fusion kernel r ∈ C1(R2
>0) satisfies (B.1.4) and (B.1.5) with µ > 0. Assume in

addition that
∫

(0,∞)2(v−1 + v2 + a) fin(a, v)dvda < ∞. Let T > 0. Then we can construct fϵ as in

Definition B.1.1 for equation (B.1.15), for every ϵ ∈ (0, 1). For this sequence, we have that there exists

a constant C(T ) > 0, which is independent of ϵ ∈ (0, 1), such that

sup
t∈[0,T ]

∫
(0,∞)2

(v−1 + v2 + a) fϵ(a, v, t)dvda ≤ C(T ) (B.3.1)

and that there exists a subsequence (which we do not relabel) and f ∈ C([0,T ]; M I
+(R2

>0)) such that

fϵ(t)→ f (t) as ϵ → 0 in the sense of measures, for every t ∈ [0,T ].

Proof. Existence of solutions fϵ which satisfy (B.3.1) was proven in Proposition B.2.1. We are left to

prove equicontinuity in time in order to conclude our proof.

Let M > 1. It suffices to prove equicontinuity for a fixed function φ ∈ C1
c(R2

>0) such that suppφ ∈

[ 1
M ,M]2. In order to pass to functions φ ∈ Cc(R2

>0) such that suppφ ∈ [ 1
M ,M]2, we can use that there

exists φn ∈ C1
c(R2

>0) such that ||φ− φn||∞ ≤
1
n . In order to extend to functions φ ∈ C0(R2

>0), we can then

use moment estimates by letting M become sufficiently large.

Fix φ ∈ C1
c(R2

>0). Let s, t ∈ [0,T ]. Assume without loss of generality s ≤ t. Then∣∣∣∣∣ ∫
(0,∞)2

[ fϵ(η, t) − fϵ(η, s)]φ(η)dη
∣∣∣∣∣ ≤

≲ 3||φ||∞

∫ t

s
M0,−α( fϵ(z))M0,β( fϵ(z))dz + ϵ

∫ t

s

∫
(0,∞)2

aµvσ(a + c0v
2
3 ) fϵ(η, z)|∂aφ(η)|dηdz

≤ 3||φ||∞

∫ t

s
M0,−α( fϵ(z))M0,β( fϵ(z))dz +C||∂aφ||∞

∫ t

s
M0,0( fϵ(z))dz

≤ C|t − s|. (B.3.2)

We deduce then from Arzelà–Ascoli theorem that there exists a subsequence of { fϵ}, which we do not

relabel, and an f ∈ C([0,T ]; M I
+(R2

>0)), such that fϵ(t) converge to f (t) in the weak-∗ topology as

ϵ → 0, for every t ∈ [0,T ]. □
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We continue by proving that the measure f found in Proposition B.3.1 solves a standard two-

dimensional coagulation equation, which concludes the proof of Theorem B.1.12.

Proof of Theorem B.1.12. Let φ ∈ C1
c(R2

>0), fixed. In order to estimate the fusion term, notice that

ϵ

∣∣∣∣∣ ∫
(0,∞)2

r(η)(c0v
2
3 − a) fϵ(η, s)∂aφ(η, s)dη

∣∣∣∣∣ ≲ Cϵ ||∂aφ||∞ sup
t∈[0,T ]

M0,0( fϵ(t))

≤ ϵC(T )→ 0 as ϵ → 0.

To prove that, for fixed φ ∈ C1
c(R2

>0), the term with the coagulation kernel in (B.1.15) converges to

the term with the coagulation kernel in (B.1.17), standard methods used in the study of coagulation

equation are used and hence we omit the rest of the proof. □

We conclude by proving that the coagulation equation satisfied by the measure f found in Proposi-

tion B.3.1 describes a process in which the particles attach each other at a contact point. More precisely,

we will prove that the total surface area and total volume of particles stay constant in time, see Remark

B.1.13. We first prove that we can test with φ(η) = a and φ(η) = v in (B.1.17), see Proposition B.3.2.

Remark B.1.13 is then a straightforward exercise.

Proposition B.3.2. Let µ > 0. Then we can test equation (B.1.17) with φ(η) ≡ a or φ(η) ≡ v if

sup
t∈[0,T ]

∫
(0,∞)2

(a2 + v−2 + v2) f (a, v, t) ≤ C(T ). (B.3.3)

Proof. The proof is analogous with the proof of Proposition B.2.6 using the moment estimates (B.3.3).

□

Proof of Remark B.1.13. From Proposition B.3.2 we can test equation (B.1.17) with φ(η) ≡ a or φ(η) ≡

v and so the desired quantities are preserved since

⟨K[ f ], a⟩ = 0 and ⟨K[ f ], v⟩ = 0.

□
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APPENDIX C

LONG-TIME ASYMPTOTICS FOR COAGULATION EQUATIONS
WITH INJECTION THAT DO NOT HAVE STATIONARY SOLUTIONS

ABSTRACT. In this paper we study a class of coagulation equations including a source
term that injects in the system clusters of size of order one. The coagulation kernel is ho-
mogeneous, of homogeneity γ < 1, such that K(x, y) is approximately xγ+λy−λ, when x is
larger than y. We restrict the analysis to the case γ + 2λ ≥ 1. In this range of exponents, the
transport of mass toward infinity is driven by collisions between particles of different sizes.
This is in contrast with the case considered in [FFV23] where γ + 2λ < 1. In that case,
the transport of mass toward infinity is due to the collision between particles of comparable
sizes. In the case γ + 2λ ≥ 1, the interaction between particles of different sizes leads to an
additional transport term in the coagulation equation that approximates the solution of the
original coagulation equation with injection for large times. We prove the existence of a class
of self-similar solutions for suitable choices of γ and λ for this class of coagulation equations
with transport. We prove that for the complementary case such self-similar solutions do not
exist.

C.1 Introduction

C.1.1 Aim of the paper

In this paper we study the long-time behavior of the coagulation equation with injection:

∂t f (t, x) = K[ f ](t, x) + η (x) , (C.1.1)

where

K[ f ](t, x) :=
1
2

∫ x

0
K (x − y, y) f (t, x − y) f (t, y) dy −

∫ ∞

0
K (x, y) f (t, x) f (t, y) dy (C.1.2)

and where η ≥ 0. We will assume in all the following that η(x) . 0 and that it is either compactly

supported or it decays fast enough with the cluster size.
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The study of problems with this form arises naturally in problems of aerosols and atmospheric

science ([Fri00, OKMO+13, VR12]). In this context, the function f (t, x) denotes the density of clusters

with size x at time t.

The collision operator K[ f ](t, x) in (C.1.2) was introduced by Smoluchowski (see [Smo16]). The

kernel K(x, y) encodes information about the mechanism driving the coagulation of clusters. In this

paper we are interested in kernels arising in atmospheric science applications. A common feature of

these kernels is the homogeneity property. Indeed, in many cases the rate of aggregation scales like a

power law with the cluster size. This means that the coagulation kernel K(x, y) satisfies

K(ax, ay) = aγK(x, y) for a > 0 and (x, y) ∈ (0,∞)2, (C.1.3)

for some γ ∈ R.

On the other hand, since the coagulation process does not depend on the order in which the clusters

of size x and y are chosen, we have the symmetry property

K(x, y) = K(y, x) for (x, y) ∈ (0,∞)2. (C.1.4)

We will assume that the coagulation kernel K satisfies

c2

[
xγ+λ

yλ
+

yγ+λ

xλ

]
≤ K (x, y) ≤ c1

[
xγ+λ

yλ
+

yγ+λ

xλ

]
and γ + 2λ ≥ 0, (C.1.5)

with 0 < c2 ≤ c1 < ∞, where γ is the homogeneity parameter introduced in (C.1.3) and λ ∈ R.

The polynomial bounds (C.1.5) are satisfied by many of the most relevant collision kernels arising in

aerosol and atmospheric science, such as the diffusive coagulation kernel and the free molecular kernel

(see for instance [Fri00]).

Notice that the condition γ + 2λ ≥ 0 in (C.1.5) does not imply any loss of generality. This can be

seen from the fact that the function xαyβ + xβyα can be written as
[

xγ+λ
yλ +

yγ+λ

xλ

]
with γ + λ = max{α, β}

and −λ = min{α, β}.

Since we will consider solutions of (C.1.1), (C.1.2) in which f (t, ·) is a Radon measure, it is con-

venient to impose the following condition on the kernel K:

K ∈ C((0,∞)2). (C.1.6)

It is well known that part or all the mass of the solutions of (C.1.1), (C.1.2) can escape towards

x = ∞ in finite, or even zero time. This phenomenon is known as gelation. For a more detailed

analysis on this matter, see for example [BLL19b, da 98]. In order to guarantee that gelation does not

take place, we will assume in all the following that

γ < 1 and γ + λ < 1. (C.1.7)
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See [DKW99] for a more detailed discussion on the gelation regimes.

We expect that gelation does not take place under the weaker assumptions γ ≤ 1, γ + λ ≤ 1 (see

[BLL19b]). However, in the critical cases γ = 1 or γ + λ = 1, the self-similar solutions are not defined

using power laws to scale the particle sizes but most likely using exponential functions. Given that the

analysis of these solutions would require arguments different from the ones in this paper, we will not

consider this case here.

The existence of solutions for equation (C.1.1), (C.1.2) has been considered in [Dub94, EM06]. In

this paper we study the long time behavior of the solutions of equation (C.1.1). Due to the presence of

the source we can expect the solutions to (C.1.1), (C.1.2) to converge to a stationary non-equilibrium

solution f = f (x) as t → ∞, i.e. to a solution of

K[ f ](x) + η(x) = 0. (C.1.8)

However, it turns out that if η . 0 and γ + 2λ ≥ 1, a solution for (C.1.8) does not exist. In [Hay87], the

discrete stationary coagulation model

n−1∑
k=1

Kk,n−k fk fn−k −

∞∑
k=1

Kk,n fk fn + δk,n = 0, k ≥ 1, (C.1.9)

has been studied for the explicit coagulation kernel

Kk,n = kγ+λn−λ + k−λnγ+λ, k, n ∈ N (C.1.10)

when |γ + λ| < 1, |λ| < 1, |γ| < 1. Formal asymptotics for the large size behavior of the solutions fk of

(C.1.9) has been obtained in [Hay87]. The results in that paper indicate that a solution of (C.1.9) exists

if and only if γ + 2λ < 1.

In the case of general kernels satisfying the assumptions (C.1.4), (C.1.5), (C.1.6), and source terms

η decreasing fast enough, it has been proven in [FLNV21b] that the solutions of (C.1.8) (as well as its

discrete counterpart) exist, if and only if γ + 2λ < 1.

It is worth to remark that it has been proven in [FLNV21b] that the solutions of (C.1.8) can be

estimated, up to a multiplicative constant, from above and below by the power law x−
3+γ

2 for large

values of x.

Since in the case γ + 2λ ≥ 1 a stationary solution of (C.1.8) does not exist, we cannot expect

the solutions to (C.1.1), (C.1.2) to behave as the stationary solution f of (C.1.8) as t → ∞ for x

of order one. It is then natural to ask what is the long time asymptotics of the solutions to (C.1.1),

(C.1.2) for large values of t and x. The scaling hypothesis that has been extensively used in the study

of coagulation equations suggests that the mass of the particle distributions f (t, x) is concentrated

in cluster sizes x of order tp for a suitable exponent p that would be determined from dimensional

considerations, which take into account the way in which the mass rescales in time. In the case of
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kernels K (x, y) = xγ+λy−λ + y−λxγ+λ, −1 < λ < 0 with 0 ≤ γ + λ < 1 and γ < 1, it was suggested in

[DKW99], using a combination of matched asymptotics and numerical simulations, that the long time

behavior of the solutions of (C.1.1), (C.1.2) is given by self-similar solutions with the form

fs (t, x) =
1

t
3+γ
1−γ

Φ (ξ) , ξ =
x

t
2

1−γ

. (C.1.11)

The approximation (C.1.11) can be expected to be valid for large cluster sizes, i.e. x ≫ 1. We

will use from now the notation with x ≫ 1 to indicate large cluster sizes x. In the case considered in

[DKW99] we have that γ + 2λ < 1 and therefore stationary solutions fs solving (C.1.8) exist. In this

case, (C.1.8) and (C.1.11) suggest that Φ (ξ) behaves for small values of ξ as Kξ−
3+γ

2 , for a suitable

constant K > 0. More precisely, plugging (C.1.11) in (C.1.1), (C.1.2), it follows that Φ solves

−
2

1 − γ
ξΦξ −

3 + γ
1 − γ

Φ = K [Φ] , (C.1.12)

where Φ satisfies the following boundary condition at ξ → 0 that guarantees that there is a constant

flux of particles from the origin:

lim
R→0

∫ R

0
dξ

∫
R−ξ

dηK (ξ, η) ξΦ (ξ)Φ (η) = J, (C.1.13)

with J =
∫ ∞

0 xη (x) dx. The existence of solutions of equation (C.1.12) satisfying the constant flux

solution condition at ξ = 0, (C.1.13), has been rigorously proven in [FFV23] for kernels K satisfying

(C.1.4), (C.1.5), (C.1.6), (C.1.7) with γ + 2λ < 1.

The picture described above, which combines the stationary behavior f , (cf. (C.1.8)) for cluster

sizes x of order one, and the self-similar behavior (C.1.11) for large cluster sizes, provides a rather

complete description of the long time behavior of the solutions to (C.1.1), (C.1.2) in the case γ+2λ < 1.

However, the same scenario cannot yield a description of the long time asymptotics of the solutions to

(C.1.1), (C.1.2) if γ + 2λ ≥ 1, because, as explained above, in this case a solution of (C.1.8) does not

exist.

Notice that the existence/non-existence of solutions to (C.1.8) is related to the existence of sta-

tionary solutions of (C.1.8) yielding a constant flux of particles with the form of a power law, i.e.

f (x) = cx−
γ+3

2 . These solutions exist for γ + 2λ < 1 and they do not exist for γ + 2λ ≥ 1. In the

framework of the wave turbulence it would be stated that the kernels K with γ + 2λ < 1 satisfy the

locality property, while the kernels K with γ + 2λ ≥ 1 do not have the locality property, see [ZLF92].

In this paper we are interested in the study of the long-time behavior of the solutions to (C.1.1),

(C.1.2) in the case γ + 2λ ≥ 1 (and the non-gelling regime γ < 1 and γ + λ < 1) that is described using

formal asymptotics arguments. The kernel we work with is homogeneous, hence it can be expressed

as

K (x, y) = (x + y)γ F
(

x
x + y

)
, F (s) = F (1 − s) for s ∈ (0, 1) . (C.1.14)
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Notice that (C.1.5) implies that c1 ≤ F(s) ≤ c2 for some c1, c2 > 0. We will assume in the following a

condition that is more restrictive than (C.1.5), namely

lim
s→0+

[
sλF (s)

]
= 1. (C.1.15)

In order to prove that in the case γ + 2λ ≥ 1 there are no solutions of (C.1.8), the main idea used in

[FLNV21b] is based on the fact that, for this range of exponents, the transfer of clusters of size x of

order one towards very large cluster sizes is so fast that the concentration of clusters with size of order

one would become zero.

In the case of time dependent solutions having initially finite mass, this increases linearly due to

the fact that

∂t

(∫ ∞

0
x f (t, x)dx

)
=

∫ ∞

0
xη(x)dx.

For large times, due to the increase of the average cluster size, we might expect that, if γ + 2λ ≥ 1,

there should be a fast transport of the newly injected clusters of order one towards much larger cluster

sizes. This almost instantaneous transport results in small concentrations of clusters of order one for

large times.

We now remark that the part of the coagulation operator which describes the coagulation between

particles of different sizes can be approximated by means of a transport operator in the space of cluster

sizes. These arguments, that will be described in detail using formal asymptotics in Section C.2,

show that the solutions of (C.1.1), (C.1.2) for large cluster sizes can be approximated by means of the

following equation if γ + 2λ ≥ 1

∂t f (t, x) +
∂x

(
xγ+λ f (t, x)

)∫ ∞
0 zγ+λ f (t, z) dz

= K
[
f
]
(t, x), for x ≫ 1. (C.1.16)

We emphasize that the non-local transport term ∂x(xγ+λ f (t,x))∫ ∞
0 zγ+λ f (t,z)dz

is a consequence of the presence of the

source η (x) in (C.1.1). The fact that the contributions of the coagulation operator K
[
f
]

which are due

to the aggregation of particles with very different sizes can be approximated by a differential operator

has been extensively used in the literature of coagulation equations (cf. [Fri00]). The resulting first

order terms are often referred to represent heterogeneous condensation (cf. [Fri00]). On the other side,

the term K
[
f
]

in (C.1.16) describes the aggregation of clusters of comparable sizes.

The solutions of (C.1.16) are expected to describe the asymptotic behavior of the solution of equa-

tion (C.1.1) both when γ+2λ > 1 and when γ+2λ = 1, even if in these two cases we have two slightly

different scenarios. Namely, when γ + 2λ > 1, we will have that if x is of order 1, then f (t, x) → 0

as t → ∞, while when γ + 2λ = 1 we will have that if x is of order 1, then f (t, x) → fs(x) as t → ∞,

where fs is a solution of

K[ f ](x) + η(x) − x−λ f (x) = 0, (C.1.17)
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(compare with (C.1.8)). Due to the presence of the term x−λ f (x), equation (C.1.17) might have solu-

tions when γ + 2λ = 1.

The scaling properties of (C.1.16) suggest that this equation is compatible with the existence of

self-similar solutions for equation (C.1.16) with the form

fs (t, x) =
1

t
3+γ
1−γ

Φ

(
x

t
2

1−γ

)
. (C.1.18)

Here the self-similar profile Φ satisfies the following equation, obtained by substituting equality

(C.1.18) in equation (C.1.16) and using the self-similar change of variables ξ = x

t
2

1−γ
,

−
3 + γ
1 − γ

Φ (ξ) −
2

1 − γ
ξ∂ξΦ (ξ) +

1∫ ∞
0 ηγ+λΦ (η) dη

∂

∂ξ

(
ξγ+λΦ (ξ)

)
= K [Φ] (ξ) , ξ > 0. (C.1.19)

The main result of this paper is to determine the range of exponents γ and λ satisfying γ+2λ ≥ 1 and

the non-gelation conditions (C.1.7) for which self-similar solutions of (C.1.16) with the form (C.1.18)

exist (see Figure C.1 for a classification of these exponents). Specifically, we will prove the following.

Suppose that γ + 2λ ≥ 1 and that (C.1.7) holds. Then

• If γ > −1, there exists at least one self-similar solution of (C.1.16) with the form (C.1.18).

• If γ ≤ −1 and γ+2λ > 1 , no solutions of (C.1.16) with the form (C.1.18) exist (See Figure C.1).

• If γ ≤ −1 and γ+2λ = 1, we prove that there are no self-similar solutions fs of the form (C.1.18)

such that
∫ 1

0 x−λΦ(x)dx < ∞.

The meaning of the condition
∫ 1

0 x−λΦ(x)dx < ∞ is that the number of clusters removed by the

coagulation process in any bounded time interval is finite. We therefore do not exclude the existence

of a self-similar solution of equation (C.1.16) with
∫ 1

0 x−λΦ(x)dx = ∞.

A remarkable property of the self-similar solutions of (C.1.16), that we constructed in this paper,

is that they vanish identically for 0 < ξ < ρ(Mγ+λ) :=
(

1−γ
2Mγ+λ

) 1
1−γ−λ

, where

Mγ+λ :=
∫

(0,∞)
ξγ+λΦ(ξ)dξ.

The fact solutions Φ of (C.1.19) vanish in an interval (0, ρ(Mγ+λ)) means that, for large times t, the in-

jected particles are transferred almost instantaneously to clusters with sizes x ≥ ρ(Mγ+λ)t
2

1−γ .Moreover,

the fraction of clusters with sizes x < ρ(Mγ+λ)t
2

1−γ becomes negligible for very long times. The exist-

ence of this ”minimal” cluster size for large times is a remarkable feature that, to our knowledge, has

not been observed in the literature on self-similar solutions for the coagulation equation (see for in-

stance [EM06, EMR05, FL06a, MP04, TV19]). In particular, it is worth to notice that this behavior of
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the self-similar solutions is very different from the one exhibited by the self-similar solutions obtained

in the case γ + 2λ < 1 in [FFV23].

The results that we obtain in this paper in the critical case γ + 2λ = 1 are more fragmentary than

those obtained for γ + 2λ > 1. In the case γ + 2λ = 1, we only prove the existence of a solution Φ of

(C.1.19) for γ > −1 with Φ = 0 on (0, ρ(Mγ+λ)), but we do not prove that any solution vanishes in the

interval (0, ρ(Mγ+λ)).

On the other hand, we will prove in this paper that the function Φ which describes the self-similar

profile in (C.1.18) decreases exponentially as ξ → ∞ in the same manner as the self-similar solutions

constructed in [FFV23] and as it usually happens for the self-similar solutions of coagulation equations

in problems without injection, see [EM06, FL06a].

As indicated above, if γ ≤ −1 and γ + 2λ > 1, there are no self-similar solutions of (C.1.16) with

the form (C.1.18) and, if γ ≤ −1 and γ + 2λ = 1, there are no self-similar solutions of (C.1.16) with

the form (C.1.18) satisfying
∫ 1

0 x−λΦ(x)dx < ∞. It is natural to ask what is the long time asymptotics

of the solutions of (C.1.1), (C.1.2) in this case. This question will be the subject of study of a future

work.

In both cases the coagulation term K
[
f
]

in (C.1.16) which describes the aggregation of particles

with comparable sizes is negligible for large times, and the long time behavior of the distribution of

clusters is determined by the coagulation of particles of size x of order one with large particles. The

main difference between the cases γ+λ ≥ 0 and γ+λ < 0 arises from the fact that in the second case the

transfer of clusters (not monomers) from the region where x is of order one to x ≫ 1, heterogeneous

condensation, is relevant.

There are several results in the physical literature which are related, and are consistent with the ones

in this paper, see for instance [BCJ+12, KC12, KMR98, KMR99]. In [BCJ+12] a coagulation model

with kernels satisfying (C.1.5) with parameters γ, λ such that γ + 2λ ≥ 1 and including also a source

term and a removal of particles term has been studied. In that problem, the cluster concentrations as

t → ∞ are determined by the coalescence of particles of very different sizes. It is then possible to

approximate the coagulation-removal model for large clusters by means of the equation

∂t f (t, x) = −∂x
(
xγ+λ f (t, x)

)
+

∫ x/2

1
y1−λ f (t, y)dy − f (t, x)

∫ K

x
yγ+λ f (t, y)dy,

where K is the maximum particle size in the system. The numerical simulations in [BCJ+12] show that

the concentration of cluster sizes of order one approach to a stationary solution that converges to zero

if K is sent to infinity.

In [KC12] a coagulation model with injection and with kernels satisfying (C.1.5) with γ = 0 and

λ ∈ (1/2, 1] has been considered. Numerical simulations and formal computations in [KC12] suggest

that the cluster concentration for clusters of order one tends to zero as t → ∞. In addition, it is

suggested that the concentration for large clusters are described by a self-similar solution.
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Figure C.1: Coefficients for existence and non-existence of self-similar
profiles in the case γ + 2λ > 1

In [KMR98, KMR99] coagulation equations with injection are considered with kernels satisfying

(C.1.5) with −λ = γ ≤ −1. It is seen there that for γ + 2λ ≥ 1, the solutions of the corresponding co-

agulation equation behave in a non self-similar manner and decay logarithmically. This is in agreement

with the non-existence of self-similar solutions that we obtained in this paper for γ ≤ −1.

C.1.2 Notation and plan of the paper

We use the notation R∗ := (0,∞) and R+ := [0,∞). Given an interval I ⊂ R+ we denote with Cc(I)

the Banach space of the functions on I that are continuous and compactly supported. We endow the

space Cc(R∗) with the supremum norm denoted with ∥ · ∥∞. For a function ϕ, if ϕ(x) = 0, for all x in

an interval I, we will denote it by ϕ(I) = 0. We keep the same notation to mean that the support of a

measure is outside the interval I. We denote with M+(I) the space of the non-negative Radon measures

on I. Given a measure µ ∈ M+(I) we denote with ∥µ∥TV the total variation norm of µ. For a compact
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interval I ⊆ R∗ and two bounded measures µ, ν, we denote the Wasserstein metric by W1, namely

W1(µ, ν) = sup
||φ||Lip≤1

∫
I
φ(x)(µ − ν)(dx), (C.1.20)

where the supremum is taken over the Lipschitz functions and where ∥ f ∥Lip = ∥ f ∥∞ + [ f ]Lip, with

[ f ]Lip = supx,y∈I
x,y

| f (x)− f (y)|
|x−y| .

To keep the notation lighter, we denote with C and c constants that might change from line to line

in the computations. In addition, we use the notation f ≲ g, for two functions f , g, to mean that there

exists a constant C > 0 such that f ≤ Cg.

Moreover, given a measure µ, we denote with Mα(µ) the α moment of µ, i.e.

Mα(µ) :=
∫
R∗

xαµ(dx).

To simplify the notation, in some cases, we write Mα instead Mα(µ) if the choice of the measure µ is

clear in the argument.

We use the notation f ∼ g as x → x0 to indicate that limx→x0
f (x)
g(x) = 1, while we use the notation

f ≈ g to say that there exists a constant M > 0 such that

1
M
≤

f
g
≤ M.

As previously mentioned, we use the notation x ≫ 1 for large cluster sizes x. Additionally, for

cluster sizes x, y, we denote x ≫ y or y ≪ x to mean that x is much larger than y. For two terms, A

and B, we use the notation A ≃ B to mean informally that A can be approximated in terms of B in the

region under consideration in the respective formula.

The paper is organized as follows. In Section C.2 we present a heuristic motivation to study the

existence of the self-similar solutions considered in this paper. In Section C.3 we present the main

results of the paper regarding the existence and non-existence of a self-similar profile and its properties.

In Section C.4 we explain the main ideas behind the proofs of existence and non-existence, skipping the

technical difficulties of the proofs. Section C.5 deals with the proof of the existence of a self-similar

solution for equation (C.1.19) when γ > −1. We also prove in this section that the solution decays

exponentially for large values. Section C.6 deals with the non-existence of self-similar solutions for

equation (C.1.19) when γ ≤ −1.

C.2 Asymptotic description of the long time behavior

C.2.1 The case γ + 2λ > 1

In this section we describe the long time asymptotics of the solutions of (C.1.1), (C.1.2) if γ+2λ > 1

using formal asymptotic arguments.
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As indicated in the Introduction, we expect f (t, x) to converge to zero as t → ∞ for x of order

one. Therefore, the contribution due to the term 1
2

∫ x
0 K (x − y, y) f (t, x − y) f (t, y) dy can be expected

to be negligible in this region since this term is quadratic in f and we can expect the linear term∫ ∞
0 K (x, y) f (t, y) dy f (t, x) to give a larger contribution. We will check that these assumptions are self-

consistent, in the sense that they will predict an asymptotic behavior for f for which the assumptions

made hold.

We examine the asymptotic behavior of the linear term
∫ ∞

0 K (x, y) f (t, y) dy f (t, x) when x is of

order one. Due to the effect of the coagulation, we expect the distribution f (t, y) to be concentrated

for long times in the larger cluster sizes y as t → ∞. Using the assumptions (C.1.14) and (C.1.15) we

obtain the following asymptotic behavior of K (x, y) for x ≪ y

K (x, y) ≃ yγ+λx−λ. (C.2.1)

We then expect to have the following asymptotics as t → ∞, due to the concentration of f in the

large cluster sizes ∫ ∞

0
K (x, y) f (t, y) dy ∼ x−λ

∫ ∞

0
yγ+λ f (t, y) dy as t → ∞

for x of order one. Then, considering the dominant terms in (C.1.1), (C.1.2) for x of order one, we

obtain the following equation

∂t f (t, x) = −x−λ f (t, x)
∫ ∞

0
yγ+λ f (t, y) dy + η (x) . (C.2.2)

As explained in the introduction, if γ + 2λ > 1, since steady states describing the cluster concen-

trations with x of order one do not exist, we expect to have f (t, x) → 0 as t → ∞. This suggest that

we should have Mγ+λ =
∫ ∞

0 yγ+λ f (t, y) dy → ∞ as t → ∞. Suppose that ∂t Mγ+λ ≪ Mγ+λ as t → ∞

(something that would happen if Mγ+λ behaves like a power law, as we will see to be the case). Then

(C.2.2) implies the following asymptotic behavior for f (t, x)

f (t, x) ∼
xλη (x)∫ ∞

0 yγ+λ f (t, y) dy
as t → ∞ (C.2.3)

for x of order one. We notice that the higher order contributions to (C.2.3) due to the contributions of

the term 1
2

∫ x
0 K (x − y, y) f (t, x − y) f (t, y) dy are of order 1

(Mγ+λ)2 or smaller. Therefore, these contri-

butions will be neglected in the following.

The equation (C.2.3) yields an approximate formula for the concentration of clusters with x of

order one. We now approximate the part of the coagulation operator which is due to the aggregation

of particles with size one with very large particles. To this end we introduce a characteristic length

L = L (t) ≫ 1 such that we can approximate f (t, y) by means of (C.2.3) for y ≤ L. We attempt to
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approximate the evolution of the distribution f (t, x) for x ≫ L. Then, the coagulation operator in

(C.1.2) can be approximated, using the symmetry properties of the first term on the right of (C.1.2), as

follows

K
[
f
]
(t, x) =

1
2

∫ x

0
K (x − y, y) f (t, x − y) f (t, y) dy −

∫ ∞

0
K (x, y) f (t, x) f (t, y) dy

=

[∫ L

0
K (x − y, y) f (t, x − y) f (t, y) dy −

∫ L

0
K (x, y) f (t, x) f (t, y) dy

]
+

[
1
2

∫ x−L

L
K (x − y, y) f (t, x − y) f (t, y) dy −

∫ ∞

L
K (x, y) f (t, x) f (t, y) dy

]
.

We can rewrite this formula as

K
[
f
]
(t, x) =

[∫ L

0

[
K (x − y, y) f (t, x − y) − K (x, y) f (t, x)

]
f (t, y) dy

]
+ K

[
fχ[L,∞)

]
(t, x) , (C.2.4)

where χ[L,∞) denotes the characteristic function of the interval [L,∞) . We now approximate K
[
f
]
(t, x)

for large values of x and t → ∞ and more precisely for x ≫ L. To this end we use (C.2.3) and we

assume also that K and f are sufficiently regular for large values of x. Then, using the fact that y ≪ x

we obtain the following approximation

K (x − y, y) f (t, x − y) − K (x, y) f (t, x) ≃ −y
∂

∂x
[
K (x, y) f (t, x)

]
. (C.2.5)

Moreover, (C.2.1) yields an approximation for K (x, y) if x ≪ y. Exchanging the roles of x and y

we obtain K (x, y) ∼ xγ+λy−λ as x
y → ∞ and plugging this formula into (C.2.5) we obtain

K (x − y, y) f (t, x − y) − K (x, y) f (t, x) ≃ −y1−λ ∂

∂x

[
xγ+λ f (t, x)

]
.

Using this approximation in (C.2.4) we then obtain

K
[
f
]
(t, x) = −

[∫ L

0
y1−λ f (t, y) dy

] [
∂

∂x

[
xγ+λ f (t, x)

]]
+ K

[
fχ[L,∞)

]
(t, x)

for x ≫ 1 and t → ∞. We can now use (C.2.3) to derive a formula for
∫ L

0 y1−λ f (t, y) dy. We then obtain

the approximation

K
[
f
]
(t, x) ≃ −

∫ ∞
0 yη (y) dy∫ ∞

0 yγ+λ f (t, y) dy

∂

∂x

[
xγ+λ f (t, x)

]
+ K

[
fχ[L,∞)

]
(t, x) . (C.2.6)

Notice that we use that
∫ L

0 yη (y) dy ≃
∫ ∞

0 yη (y) dy since by assumption η (y) decreases sufficiently

fast for large values of y.
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We will denote as fout the distribution of particles in the region where x ≫ 1. More precisely

we write fout = fχ[L,∞). Combining (C.1.1), (C.1.2) with (C.2.6) we obtain the following evolution

equation for fout

∂t fout (t, x) +

∫ ∞
0 yη (y) dy∫ ∞

0 yγ+λ fout (t, y) dy

∂

∂x

[
xγ+λ fout (t, x)

]
= K

[
fout

]
(t, x) . (C.2.7)

Notice that we use the approximation
∫ ∞

0 yγ+λ f (t, y) dy ≃
∫ ∞

0 yγ+λ fout (t, y) dy that might be expec-

ted because f (t, y)→ 0 for y ≤ L as t → ∞ (cf. (C.2.3)).

In the rest of the paper we will study the properties of the self-similar solutions associated to the

equation (C.2.7). It is worth to remark that the transport term on the left of (C.2.7) is the way in which

the injection of particles with size x of order one affects the outer distribution of clusters fout. Indeed,

multiplying (C.2.7) by x and integrating we obtain

∂t

(∫ ∞

0
x fout (t, x) dx

)
+

∫ ∞
0 yη (y) dy∫ ∞

0 yγ+λ fout (t, y) dy

∫ ∞

0
x
∂

∂x

[
xγ+λ fout (t, x)

]
dx

=

∫ ∞

0
xK

[
fout

]
(t, x) dx. (C.2.8)

The mass conservation property associated to the coagulation kernel yields∫ ∞

0
xK[ fout](t, x)dx = 0.

On the other hand, integrating by parts in the second term on the left of (C.2.8) we obtain
∫ ∞

0 x ∂
∂x

[
xγ+λ

fout(t, x)
]
dx = −

∫ ∞
0 xγ+λ fout(t, x)dx. Combining these results we obtain

∂t

(∫ ∞

0
x fout (t, x) dx

)
=

∫ ∞

0
xη (x) dx. (C.2.9)

The identity (C.2.9) states that the total mass of the clusters in the outer region is equal to the

injection rate. This result, that holds for long times, could be expected because in the regime described

in this section, the injected particles are transferred instantaneously to large cluster sizes. This is also

consistent with f (t, x)→ 0 as t → ∞ when x ≈ 1.

C.2.2 The case γ + 2λ = 1

In the case γ + 2λ = 1, the approximation of the concentrations of clusters f (t, ·) in the region

where x is of order one must be obtained in a different manner. The reason is that in this case we

cannot expect the moment Mγ+λ =
∫ ∞

0 xγ+λ f (t, x)dx to converge to infinity as t → ∞. Indeed, suppose

that most of the mass of the monomers is distributed in a characteristic length L(t) that increases as

t → ∞. Then, if we denote as M0 and M1 the moments of f of order zero and one, respectively, (i.e.∫ ∞
0 f (t, x) dx and

∫ ∞
0 x f (t, x) dx, respectively), we have that M1 = M0L(t) and Mγ+λ = M0L(t)γ+λ.
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Assuming that
∫ ∞

0 xη (x) dx = 1 and hence that M1 ≃ t as t → ∞, we deduce that M0L(t) = t. The

rescaling properties of (C.1.1), (C.1.2) suggest that M0
t ≃ (M0)2 L(t)γ. Therefore, plugging the identity

M0 =
t

L(t) in this formula we obtain L(t) = t
2

1−γ . Hence

Mγ+λ = M0L(t)γ+λ = tL(t)γ+λ−1 = t1+ 2
1−γ (γ+λ−1)

= 1. (C.2.10)

It then follows that the self-similar rescaling ansatz implies that Mγ+λ remains of order one for large

times. A consequence of this is that we cannot approximate (C.1.1), (C.1.2) for clusters of order one

by means of the equation (C.2.2). Instead of this we will use a different approximation by splitting f

in an outer part which describes the cluster distribution for x of order L and an inner part that describes

the cluster distribution for x of order one. More precisely, we write

f (t, x) = finner (t, x) + fouter (t, x) , (C.2.11)

where fouter = fχ[L,∞), while finner = fχ(0,L], for a constant L > 0.

Using (C.1.1), (C.1.2) we would then obtain the following evolution equation for finner

∂t finner (t, x) = K
[
finner

]
(t, x) − finner (t, x)

∫ ∞

0
K (x, y) fouter (t, y) dy + η (x) , (C.2.12)

where we have used the decomposition (C.2.11) in the loss term of the coagulation operator K
[
f
]
. We

use also the fact that in order to compute the gain term for x of order one we need to use only finner.

By assumption, the main contribution of fouter (t, y) is due to clusters with size L ≫ 1. On the other

hand, for x of order one, we have the approximation

K (x, y) fouter (t, y) ≃ yγ+λx−λ fouter (t, y)

and (C.2.12) becomes

∂t finner (t, x) = K
[
finner

]
(t, x) − finner (t, x) x−λ

∫ ∞

0
yγ+λ fouter (t, y) dy + η (x) . (C.2.13)

The scaling argument above, (C.2.10), suggests that
∫ ∞

0 yγ+λ fouter (t, y) dy approaches to a positive

constant as t → ∞ if fouter behaves in a self-similar manner and γ + 2λ = 1. We will write

Mγ+λ =

∫ ∞

0
yγ+λ fouter (t, y) dy. (C.2.14)

On the other hand, we will assume that the function finner, which is described by means of (C.2.13),

approaches to a stationary solution for large times. We then obtain the following equation which would

be expected to describe the behavior of the solutions of (C.2.13) for long times

K
[
finner

]
(x) − Mγ+λ finner (x) x−λ + η (x) = 0. (C.2.15)
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We can now derive an equation describing the evolution of fouter. To this end we argue as in the

case of γ + 2λ > 1 in order to approximate the effect in fouter due to the collisions of clusters with

size L with clusters with size of order one. Using approximations analogous to the ones used for the

derivation of (C.2.7) (cf. (C.2.4), (C.2.5)) we obtain the following approximation for K
[
f
]
(t, x)

K
[
f
]
(t, x) ≃ −

[∫ ∞

0
y1−λ finner (t, y) dy

] [
∂

∂x

[
xγ+λ fouter (t, x)

]]
+ K

[
fouter

]
(t, x) (C.2.16)

for x of order L.

On the other hand, multiplying (C.2.15) by x and integrating in (0,∞) we obtain, since finner is zero

for x > L, that

Mγ+λ

∫ ∞

0
y1−λ finner (y) dy =

∫ ∞

0
yη (y) dy.

Using this formula to eliminate
∫ ∞

0 y1−λ finner (y) dy in (C.2.16) we obtain

K
[
f
]
(t, x) ≃ −

∫ ∞
0 yη (y) dy

Mγ+λ

[
∂

∂x

[
xγ+λ fouter (t, x)

]]
+ K

[
fouter

]
(t, x) .

Therefore, we obtain that fouter satisfies the equation (C.2.7).

The whole asymptotic behavior derived here relies on the existence of solutions of the equation

(C.2.15). In this equation, the value of Mγ+λ is chosen as one associated to a self-similar solution

of (C.2.7). The equation (C.2.15) can then be interpreted as a stationary solution for a coagulation

equation with source η and a removal term −Mγ+λ finner (x) x−λ. The results in [FLNV21b] imply that

no solutions of (C.2.15) exist if Mγ+λ = 0 and γ + 2λ = 1, but when Mγ+λ > 0 the existence/non-

existence of stationary solutions for equation (C.2.15) is still an open problem.

C.3 Setting and main results

The main results of this paper concern the existence and the non-existence of solutions to the

following equation

−
3 + γ
1 − γ

Φ (ξ) −
2

1 − γ
ξΦξ (ξ) +

1∫ ∞
0 ηγ+λΦ (η) dη

∂

∂ξ

(
ξγ+λΦ (ξ)

)
= K [Φ] (ξ) , ξ > 0. (C.3.1)

We write now precisely what we mean by a solution of equation (C.3.1) and then we state the main

theorems on the existence of a self-similar profile under certain assumptions on the parameters γ and

λ (Theorem C.5.1), on its properties (Theorem C.6.1) and on the non-existence of the self-similar

solutions under different assumptions on the parameters γ and λ (Theorem C.3.5).

Definition C.3.1. Let K be a homogeneous symmetric coagulation kernel satisfying (C.1.5), (C.1.6),

with homogeneity γ < 1 and with γ + λ < 1 and γ + 2λ ≥ 1. A self-similar profile of equation (C.2.7)
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with respect to the kernel K, is a measure Φ ∈M+(R∗) such that

0 <
∫
R∗

xγ+λΦ(dx) < ∞ and
∫

(0,1)
x1−λΦ(dx) < ∞ (C.3.2)

and such that it satisfies the following equation∫
R∗

φ′(x)

 2
1 − γ

x −
xγ+λ∫

R∗
zγ+λΦ(dz)

Φ(dx) −
1 + γ
1 − γ

∫
R∗

φ(x)Φ(dx) (C.3.3)

=
1
2

∫
R∗

∫
R∗

K(x, y)
[
φ(x + y) − φ(x) − φ(y)

]
Φ(dx)Φ(dy)

for every test function φ ∈ C1
c (R∗).

Remark C.3.2. For every test function φ ∈ C1
c (R∗) (hence such that φ = 0 near zero) all the integrals in

equation (C.3.3) are finite. The integrals in the left-hand side of equation (C.3.3) are bounded due to

the fact that φ is compactly supported and that Φ is a Radon measure. We analyse now the right hand

side. Since γ + 2λ ≥ 0∫
R∗

∫
R∗

K(x, y) |φ(x + y) − φ(x) − φ(y)|Φ(dx)Φ(dy)

≤ 4c1

∫
R∗

∫
(0,y]

x−λyγ+λ |φ(x + y) − φ(x) − φ(y)|Φ(dx)Φ(dy)

≤ c
∫
R∗

∫
(0,y]

x−λyγ+λ (|φ(x + y) − φ(y)| + |φ(x)|)Φ(dx)Φ(dy)

≤ c||φ′||∞

∫
R∗

∫
(0,1)

x1−λyγ+λΦ(dx)Φ(dy)

+ c
∫
R∗

∫
[1,y]

x−λyγ+λ |φ(x + y) − φ(y)|Φ(dx)Φ(dy) + c
∫
R∗

yγ+λΦ(dy)
∫
R∗

x−λ|φ(x)|Φ(dx).

Using (C.3.2), the fact that −λ ≤ γ + λ, as well as the fact that φ is compactly supported the desired

conclusion follows.

Theorem C.3.3 (Existence of the self-similar profiles). Let K be a homogeneous symmetric coagula-

tion kernel, of homogeneity γ, satisfying (C.1.5), (C.1.6), with γ, λ such that (C.1.7) holds and such

that

−1 < γ, γ + 2λ ≥ 1.

Then there exists a self-similar profile Φ as in Definition C.3.1. Moreover, Φ is such that

Φ((0, ρ(Mγ+λ))) = 0 for

ρ(Mγ+λ) :=

 1 − γ
2
∫
R∗

xγ+λΦ(dx)


1

1−γ−λ

. (C.3.4)
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Additionally, Φ it is such that ∫
R∗

eLxΦ(dx) < ∞

for some L > 0 and it is absolutely continuous with respect to the Lebesgue measure. Then Φ(dx) =

ϕ(x)dx and the density ϕ is such that

lim sup
x∈R∗

ϕ(x)eMx < ∞

for a positive constant M.

Remark C.3.4. In this paper we do not prove the uniqueness of the self-similar profiles. Therefore, it

makes sense to understand if the proven properties for the self-similar profile constructed in Theorem

C.5.1 hold for each self-similar profile as in Definition C.3.1.

When γ + 2λ > 1 we prove that each self-similar profile as in Definition C.3.1 is zero in the set

(0, ρ(Mγ+λ)), where ρ(Mγ+λ) is given by (C.3.4), see Theorem C.6.1 for more details. In contrast, when

γ + 2λ = 1, we only prove that the self-similar profile constructed in the proof of Theorem C.3.3 is

such that Φ((0, ρ(Mγ+λ))) = 0. However, we do not know if this property holds for every self-similar

profile as in Definition C.3.1.

Theorem C.3.5 (Non-existence of the self-similar profiles). Let K be a homogeneous symmetric co-

agulation kernel, of homogeneity γ, satisfying (C.1.5), (C.1.6), with γ, λ such that (C.1.7) holds.

1. If γ ≤ −1, γ + 2λ > 1, then a self-similar profile Φ as in Definition C.3.1 does not exist.

2. If γ ≤ −1, γ + 2λ = 1, then a self-similar profile Φ as in Definition C.3.1 with the additional

property ∫
(0,1]

x−λΦ(dx) < ∞ (C.3.5)

does not exist.

Remark C.3.6. Notice that if γ + 2λ > 1 we prove that self-similar solutions as in Definition C.3.1 do

not exist when γ ≤ −1. Instead, when γ + 2λ = 1 and γ ≤ −1, we do not exclude the existence of a

self-similar solution Φ as in Definition C.3.1 with∫
(0,1]

x−λΦ(dx) = ∞.

C.4 Main ideas of the proofs

In this section we explain the main ideas for the proofs of existence/non-existence of self-similar

solutions. Both in the case γ + 2λ > 1 and γ + 2λ = 1, to prove that a self-similar solution exists,
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we find an invariant region for the evolution equation corresponding to (C.3.1), namely the following

equation

∂tΦ(t, ξ) −
3 + γ
1 − γ

Φ(t, ξ) −
2ξ

1 − γ
∂ξΦ(t, ξ) +

∂ξ
(
ξγ+λΦ(t, ξ)

)∫
R∗

xγ+λΦ(t, dx)
= K[Φ](t, ξ). (C.4.1)

By Tychonoff fixed point theorem the existence of an invariant region implies that there exists a solution

of equation (C.3.1).

We prove that the set

P =

H :

∫ ∞

0
xH(x)dx = 1,

1
C2
≤

∫ ∞

0
xγ+λH(x)dx ≤ C1,

H((0, ρ(C1))) = 0,
∫ ∞

0
x2−γ−λH(x)dx ≤ C2


is invariant when γ + 2λ ≥ 1 and γ > −1 for suitable constants C1,C2 > 0 and ρ(C1) given by

ρ(C1) :=
(
1 − γ
2C1

) 1
1−γ−λ

. (C.4.2)

To prove that the set P is invariant we proceed as follows.

1. We prove that
∫ ∞

0 xΦ0(x)dx = 1 implies
∫ ∞

0 xΦ(t, x)dx = 1, for every t > 0. This is done

multiplying by x equation (C.4.1), integrating from zero to infinity and then studying the ODE

for the first order moment obtained in this manner.

2. As a second step we prove that there exists an upper bound for Mγ+λ. To this end we multiply

both sides of equation (C.3.1) by xγ+λ and we integrate over x in (0,∞) to obtain an ODE for the

γ + λ moment. Using Grönwall’s lemma, the fact that γ + 2λ ≥ 1 and that γ > −1, the desired

conclusion follows.

3. As a third step we use the fact that Mγ+λ ≤ C1 to prove that Φ(t, (0, ρ(C1)) = 0. Indeed, the evol-

ution described by equation (C.4.1) is driven by two mechanisms: coagulation, which increases

the average size of the particles in the system, and the growth term,

ξγ+λ∫ ∞
0 xγ+λΦ(t, x)dx

−
2

1 − γ
ξ,

which is positive for every ξ < ρ(C1). Hence, if we start from an initial data Φ0 such that

Φ0((0, ρ(C1))) = 0, then we will have that Φ(t, (0, ρ(C1))) = 0, for every t > 0.

4. Using the fact that γ + λ < 1, γ > −1, Φ(t, (0, ρ(C1))) = 0, as well as the fact that∫ ∞
0 xγ+λΦ(t, dx) ≤ C1, we prove that

∫ ∞
0 x2−γ−λΦ(t, x)dx ≤ C2.
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5. Finally, from the upper bound for M2−γ−λ, we derive a lower bound for Mγ+λ. Indeed, Cauchy-

Schwarz inequality implies that

1 =
(∫
R∗

xΦ(t, x)dx
)2

≤

∫
R∗

xγ+λΦ(t, x)dx
∫
R∗

x2−γ−λΦ(t, x)dx. (C.4.3)

Hence 1
C2
≤ Mγ+λ.

In order to prove non-existence we proceed by contradiction. Due to the contribution of the co-

agulation operator in equation (C.1.16), we expect the zeroth moment of f to decay in time. However,

assuming the self-similar change of variable (C.1.18), we have that∫ ∞

0
f (t, x)dx = t−

1+γ
1−γ

∫ ∞

0
Φ(x)dx.

If γ ≤ −1, then
∫ ∞

0 f (t, x)dx is constant or increasing in time and this gives a contradiction. Hence we

cannot expect self-similar solutions to exist. To make the argument rigorous we will have to prove that

0 <
∫ ∞

0 Φ(dx) < ∞. When γ + 2λ > 1 we do this by proving that for each self-similar profile there

exists a δ > 0 such that Φ((0, δ)) = 0 and that Φ tends to zero sufficiently fast as x→ ∞. Instead, when

γ + 2λ = 1, the methods used in this paper do not allow to prove that Φ is equal to zero near the origin,

hence we use (C.3.5) as well as (C.3.2) to prove that 0 <
∫ ∞

0 Φ(dx) < ∞.

C.5 Existence of a self-similar profile

We aim to prove the existence of a solution of equation (C.4.1). Namely, we will prove the follow-

ing theorem, which is just a reformulation of Theorem C.3.3.

Theorem C.5.1. Let K be a homogeneous symmetric coagulation kernel, of homogeneity γ, satisfying

(C.1.5), (C.1.6), with γ, λ such that (C.1.7) holds and such that

−1 < γ, γ + 2λ ≥ 1.

Then there exists a self-similar profile Φ as in Definition C.3.1. Moreover, Φ is such that

Φ((0, ρ(Mγ+λ))) = 0 with ρ(Mγ+λ) given by (C.3.4).

To this end we prove the existence of a (time-dependent) solution for a suitably truncated and

regularized version of equation (C.4.1):

∂tΦ (t, ξ) −
3 + γ
1 − γ

Φ(t, ξ) −
2ξ

1 − γ
∂ξΦ(t, ξ) +

∂ξ
(
ξγ+λΦ(t, ξ)

)∫
R∗

xγ+λΦ(t, dx)
= KR[Φ](t, ξ). (C.5.1)
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The operator KR is the truncated operator of parameter R > 0 defined as

KR[Φ](t, x) :=
1
2

∫ x

0
KR (x − y, y)Φ (t, x − y)Φ (t, y) dy

−

∫ ∞

0
KR (x, y)Φ (t, x)Φ (t, y) dy, (C.5.2)

where the kernel KR is a truncated kernel, i.e. it is a continuously differentiable, bounded and symmet-

ric function KR : R2
∗ → R+, such that for every (x, y) ∈ R2

∗ we have that KR(x, y) ≤ K(x, y) andKR(x, y) = 0, if x > R or y > R;

|KR(x, y) − K(x, y)| ≤ e−R, if (x, y) ∈
[

1
2R ,

R
4

]2
.

(C.5.3)

Notice that the kernel KR can be obtained starting from the kernel K by means of standard truncations

and mollifying arguments.

Using Tychonoff fixed point theorem we prove the existence of a stationary solution ΦR for equa-

tion (C.5.1) and we will prove that there exists the limit Φ of {ΦR}R as R tends to infinity. To conclude

we will prove that the measure Φ satisfies equation (C.1.19).

C.5.1 Existence of a time dependent solution for the truncated equation

Since in this section we work only with the truncated equation, we omit the label R in ΦR. We will

reintroduce the label R in Section C.5.3. We start this section by introducing a definition of solutions

for equation (C.5.1).

Definition C.5.2. Let KR be the truncated kernel defined as in (C.5.3) as a function of the homogeneous

symmetric coagulation kernel K satisfying (C.1.5), (C.1.6), with homogeneity γ < 1 and with γ+λ < 1

and γ + 2λ ≥ 1. A function Φ ∈ C1([0,T ];M+,b(R∗)) is a solution of equation (C.5.1) if

0 < inf
t∈[0,T ]

∫
R∗

xγ+λΦ(t, dx) and sup
t∈[0,T ]

∫
R∗

xγ+λΦ(t, dx) < ∞

and if Φ satisfies∫
R∗

φ(x)Φ̇(t, dx) −
1 + γ
1 − γ

∫
R∗

φ(x)Φ(t, dx) +
2

1 − γ

∫
R∗

φ′(x)xΦ(t, dx) (C.5.4)

−
1∫

R∗
xγ+λΦ(t, dx)

∫
R∗

φ′(x)xγ+λΦ(t, dx)

=
1
2

∫
R∗

∫
R∗

KR(x, y)
[
φ(x + y) − φ(x) − φ(y)

]
Φ(t, dx)Φ(t, dy),

for every test function φ ∈ C1
c (R∗).
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Given the positive numbers k1, k2, ρ
∗, we define the subset S (k1, k2, ρ

∗) of M+(R∗) as

S (k1, k2, ρ
∗) :=

H ∈M+(R∗) :
H((0, ρ∗)) = 0,

∫
R∗

xH(dx) = 1,

k1 ≤

∫
R∗

xγ+λH(dx) ≤ k2

 . (C.5.5)

Theorem C.5.3. Assume KR to be a truncated kernel defined as in (C.5.3) as a function of a homo-

geneous symmetric kernel K satisfying (C.1.5), (C.1.6), with parameters γ, λ ∈ R such that (C.1.7)

holds and γ + 2λ ≥ 1 and γ > −1. Then for all k1, k2 > 0 and sufficiently large R0 > 0 such that

Φ0 ∈ S
(
2k1,

k2
2 , ρ(k2)

)
∩ {H ∈M+(R∗) : H((4R,∞)) = 0} for R > R0 and for ρ(k2) given by (C.4.2),

there exists a unique solution Φ ∈ C1([0,T ];M+(R∗)) of equation (C.5.1) in the sense of Definition

C.5.2, for T > 0 sufficiently small. For every t ∈ [0,T ], we have that Φ(t, ·) ∈ S (k1, k2, ρ(k2)) ∩

{H ∈M+(R∗) : H((4R,∞)) = 0} .

Lemma C.5.4. Let T > 0 and let R > 0. Assume γ < 1 and γ + λ < 1. Assume α ∈ C([0,T ]) satisfying

0 < k1 ≤ α(t) ≤ k2 < ∞, for all t ∈ [0,T ], (C.5.6)

for some positive constants k1 and k2. Consider the ODE

dx(t)
dt
= V(x(t), α(t)), x(0) = x0 > 0, (C.5.7)

with V(x, α) := xγ+λ
α −

2
1−γ x. If x0 ≥ ρ(k2) with ρ(k2) given by (C.4.2), then (C.5.7) has a unique solution

X(t, x0, α) ≥ ρ(k2). Let X(t, x0,1, α1) and X(t, x0,2, α2) be the solutions of equation (C.5.7) with respect

to the functions α1 and α2 satisfying (C.5.6) and x0,1, x0,2 ∈ [ρ(k2), 4R]. Then

|X(t, x0,1, α1) − X(t, x0,2, α2)| ≤ L1|x0,1 − x0,2| + T L2∥α1 − α2∥[0,T ], (C.5.8)

for every t ∈ [0,T ], where L1 = L1(T, γ, λ, k1, k2,R) > 0, and L2 = L2(T, γ, λ, k1, k2,R) > 0 and where

we denote by ∥ · ∥[0,T ] the norm ∥ f ∥[0,T ] := supt∈[0,T ] | f (t)|, for f ∈ C([0,T ]).

Proof. Since V(x, α) > 0, for every x ≤ ρ(k2), we deduce that the set {x ≥ ρ(k2)} is an invariant region

of (C.5.7). This also implies that a unique solution exists.

Equation (C.5.7) is a Bernoulli equation that can be reduced to the linear ODE

dy
dt
=

1 − (γ + λ)
α(t)

−
2(1 − (γ + λ))

1 − γ
y, y0 := x1−(γ+λ)

0

via the change of variable y = x1−(λ+γ). We deduce that

Y(t, x1−(γ+λ)
0 , α) = x1−(γ+λ)

0 e−
2(1−(γ+λ))

1−γ t
+

∫ t

0

(1 − γ − λ)
α(s)

e−
2(1−(γ+λ))

1−γ (t−s)ds.
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Since α1, α2 satisfy (C.5.6) and since x0,1, x0,2 ∈ [ρ(k2), 4R], the above formula implies that∣∣∣∣Y(t, x1−(γ+λ)
0,1 , α1) − Y(t, x1−(γ+λ)

0,2 , α2)
∣∣∣∣ ≤ ∣∣∣∣x1−(γ+λ)

0,1 − x1−(γ+λ)
0,2

∣∣∣∣
+C(T, γ, λ, k1)∥α1 − α2∥[0,T ].

Since the set {x ≥ ρ(k2)} is invariant for (C.5.7), the above inequality, together with the definition

of y as a function of x, implies (C.5.8). □

We will solve equation (C.5.1) using Lagrangian coordinates. To this end we introduce the notation

χαφ(x, y, t) := φ(ℓα(x, y, t)) − φ(x) − φ(y),

for φ ∈ Cc(R∗), where ℓα is defined for x > 0, y > 0 and t ≥ 0 as

X(t, ℓα(x, y, t), α) = X(t, x, α) + X(t, y, α). (C.5.9)

The function ℓα is well defined because for every fixed time t ≥ 0 the function x 7→ X(t, x, α) is

increasing.

Lemma C.5.5. Let KR be a truncated kernel defined as in (C.5.3) as a function of a homogeneous

symmetric kernel K satisfying (C.1.5), (C.1.6), with γ, λ ∈ R satisfying (C.1.7). Let k1, k2,R be three

positive constants. Assume that the initial condition Φ0 is such that 2k1 ≤
∫
R∗

xγ+λΦ0(dx) ≤ k2
2 and

that Φ0((0, ρ(k2)) ∪ (4R,∞)) = 0 for ρ(k2) given by (C.4.2).

For a sufficiently small time T > 0, depending on R, there exists a function F ∈ C([0,T ],M+(R∗)),

with F(0, ·) = Φ0, that satisfies∫
R∗

φ(x)F(t, dx) =
∫
R∗

φ(x)Φ0(dx) (C.5.10)

+
1
2

∫ t

0

∫
R∗

∫
R∗

KR(X(s, x, α), X(s, y, α))e
1+γ
1−γ sχαφ(x, y, s)F(s, dx)F(s, dy)ds,

for every φ ∈ Cc(R∗), with

α(t) := e
1+γ
1−γ t

∫
R∗

(X(t, x, α))γ+λ F(t, dx), ∀t ∈ [0,T ]. (C.5.11)

The function F is such that k1 ≤ α(t) ≤ k2 and such that

F(t, (0, ρ(k2)) ∪ (4R,∞)) = 0, ∀t ∈ [0,T ]. (C.5.12)

Proof. We define the set

X̃ := {H ∈M+(R∗) : H((0, ρ(k2)) ∪ (4R,∞)) = 0}
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and the set

XT :=

(F, α) ∈ C([0,T ];M+(R∗)) ×C([0,T ]) :
F(t, ·) ∈ X̃, k1 ≤ α(t) ≤ k2,∀t ∈ [0,T ],

sup
t∈[0,T ]

∫
R∗

F(t, dx) ≤ 1 +
∫
R∗

Φ0(dx)

 .
We endow the set M+(R∗) with the Wasserstein metric W1. The reason for this choice will become

clear in the proof of the contractivity of the evolution operator corresponding to (C.5.10), (C.5.11). We

endow the set C([0,T ],M+(R∗)) with the metric induced by the distance

dT (µ, ν) := sup
t∈[0,T ]

W1(µ(t, ·), ν(t, ·)).

Similarly, we endow C([0,T ]) with the norm ∥ f ∥[0,T ] := supt∈[0,T ] | f (t)|.

For every (F, α) ∈ XT , we define the operator T[F, α](t) : Cc(R∗) → R+ as T[F, α](t) :=

T1[F, α](t) + T2[F, α](t) with

⟨T1[F, α](t), φ⟩ =
∫
R∗

φ(x)e−
∫ t

0 a[F,α](s,x)dsΦ0(dx),

a[F, α](t, x) := e
γ+1
1−γ t

∫ ∞

0
KR(X(t, x, α), X(t, y, α))F(t, dy),

⟨T2[F, α](t), φ⟩ =
1
2

∫ t

0

∫
R∗

∫
R∗

e−
∫ t

s a[F](v,x)dvKR(X(s, x, α), X(s, y, α))e
1+γ
1−γ sφ(ℓα(x, y, s))·

· F(s, dx)F(s, dy)ds.

Moreover, given (F, α) ∈ XT , we define the operator A[F, α] : [0,T ]→ R∗ as

A[F, α](t) := e
1+γ
1−γ t

∫
R∗

(X(t, x, α))γ+λ F(t, dx), ∀t ∈ [0,T ].

We can now rewrite (C.5.10), (C.5.11) in a fixed point form, namely as (F, α) = F[F, α] where

F[F, α] := (T[F, α],A[T[F, α], α]).

We prove now that F : XT → XT . Since for every (F, α) ∈ XT , the operator T[F, α](t) is linear

and continuous, we deduce that it can be identified with an element of M+,b(R∗). Moreover, the op-

erator t 7→ T[F, α](t) is a continuous map from R+ to M+,b(R∗), hence T[F, α] ∈ C([0,T ],M+,b(R∗)).

Similarly, for every (F, α) ∈ XT , we have that A[F, α] ∈ C([0,T ]).

Consider a test function φ such that φ(x) = 0 for every x ∈ [ρ(k2),∞). Then, since Φ0((0, ρ(k2))) =

0, we deduce that

⟨T1[F, α](t), φ⟩ =
∫

[ρ(k2),∞)
φ(x)e−

∫ t
0 a[F,α](s,x)dsΦ0(dx) = 0.
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Similarly, since ℓα(s, x, y) ≥ x and since (F, α) ∈ XT , we deduce that

⟨T2[F, α](t), φ⟩ ≤
C(R)

2

∫ t

0

∫
[ρ(k2),∞)

∫
[ρ(k2),∞)

e
1+γ
1−γ sφ(ℓα(x, y, s))F(s, dx)F(s, dy)ds = 0.

Therefore, (T[F, α])(t, (0, ρ(k2))) = 0, for every t ∈ [0,T ].

Consider any test function φ such that φ(x) = 0 in [0, 4R]. Since Φ0((4R,∞)) = 0, we have that

⟨T1[F, α](t), φ⟩ ≤
∫

(0,4R]
φ(x)e−

∫ t
0 a[F,α](s,x)dsΦ0(dx) = 0.

Moreover, using the notation S 1(s) := {(x, y) ∈ R2
∗ : X(s, x, α) ≤ R, X(s, y, α) ≤ R}, S 2(s) := {(x, y) ∈

R2
∗ : X(s, x, α) > R, X(s, y, α) ≤ R} and S 3(s) := {(x, y) ∈ R2

∗ : X(s, x, α) > R, X(s, y, α) > R}, we have

⟨T2[F, α](t), φ⟩ ≤

≤
1
2

∫ t

0

"
S 1(s)

e
1+γ
1−γ sKR(X(s, x, α), X(s, y, α))φ(ℓα(x, y, s))F(s, dx)F(s, dy)ds

+
1
2

∫ t

0

"
S 2(s)

e
1+γ
1−γ sKR(X(s, x, α), X(s, y, α))φ(ℓα(x, y, s))F(s, dx)F(s, dy)ds

+
1
2

∫ t

0

"
S 3(s)

e
1+γ
1−γ sKR(X(s, x, α), X(s, y, α))φ(ℓα(x, y, s))F(s, dx)F(s, dy)ds.

For x, y such that X(s, x, α) ≥ R or X(s, y, α) ≥ R, we have that KR(X(s, x, α), X(s, y, α)) = 0. Thus, the

second and the third terms above are equal to zero.

To see that the first term is equal to zero, notice that X(t, x, α) ≥ xe−
2

1−γ t. We can thus select T

sufficiently small so that X(t, x, α) ≥ x
2 . This implies that 1

2ℓα(x, y, s) ≤ X(s, ℓα(x, y, s), α) = X(s, x, α)+

X(s, y, α) ≤ 2R. Hence ℓα(x, y, s) ≤ 4R. Since φ(x) = 0 for every x ≤ 4R, the desired conclusion

follows.

We now prove that k1 ≤ A[T[F, α], α](t) ≤ k2. To this end notice that∣∣∣∣∣∣A[T[F, α], α](t) −
∫
R∗

xγ+λΦ0(dx)

∣∣∣∣∣∣ ≤
∫
R∗

∣∣∣∣∣e 1+γ
1−γ t(X(t, x, α))γ+λ − xγ+λ

∣∣∣∣∣T[F, α](t, dx)

+

∫
R∗

xγ+λ |T[F, α](t, dx) − Φ0(dx)| .

Notice that ∣∣∣∣∣e 1+γ
1−γ t(X(t, x, α))γ+λ − xγ+λ

∣∣∣∣∣ ≤ e
1+γ
1−γ t ∣∣∣(X(t, x, α))γ+λ − xγ+λ

∣∣∣ + 1 + γ
1 − γ

T xγ+λ

≤ TC(T,R, k2).

Finally, we have that the term ∫
R∗

xγ+λ |T[F, α](t, dx) − Φ0(dx)|
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can be arbitrarily small by taking T small. This is due to the definition of the map T [F, α] and the

upper bound for F in the definition of the space XT .

We deduce that, for small time T , we have that
∣∣∣∣A[F, α](t) −

∫
R∗

xγ+λΦ0(dx)
∣∣∣∣ ≤ C(T ), for every

t ∈ [0,T ], where the constant C(T ) can be made arbitrarily small.

We now check that the map F is a contraction. To this end, we use the fact that |e−x1 − e−x2 | ≤

|x1 − x2|, for x1, x2 ≥ 0. Consider (F, α), (G, β) ∈ XT . Then, for every Lipschitz function φ with

||φ||Lip ≤ 1, we have that∣∣∣∣∣ ∫
R∗

φ(x)[T1[F, α] − T1[G, β]](t, dx)
∣∣∣∣∣ ≤ ∫

R∗

∫ t

0

∣∣∣φ(x)
[
a[F, α](s, x) − a[G, β](s, x)

]∣∣∣ dsΦ0(dx)

≤

∫
R∗

∫ t

0

∣∣∣∣∣∣φ(x)
[∫
R∗

KR(X(s, x, α), X(s, y, α))F(s, dy)

−

∫
R∗

KR(X(s, x, β), X(s, y, β))G(s, dy)
]

dsΦ0(dx)

∣∣∣∣∣∣
≤ I1[φ] + I2[φ],

where

I1[φ] :=
∫
R∗

∫ t

0

∣∣∣∣∣φ(x)
∫
R∗

[KR(X(s, x, α), X(s, y, α))

− KR(X(s, x, β), X(s, y, β))]F(s, dy)
∣∣∣∣∣dsΦ0(dx)

and

I2[φ] :=
∫
R∗

∫ t

0

∣∣∣∣∣∣φ(x)
∫
R∗

KR(X(s, x, β), X(s, y, β)) (F(s, dy) −G(s, dy)) dsΦ0(dx)

∣∣∣∣∣∣ .
Then, the differentiability of the kernel KR, together with inequality (C.5.8), implies that

sup
||φ||Lip≤1

I1[φ] ≤ C(R)T∥Φ0∥TV (1 + ∥Φ0∥TV )∥α − β∥[0,T ].

Similarly,

sup
||φ||Lip≤1

I2[φ] ≤ C(R)T∥Φ0∥TVdT (F,G).

Using again the differentiability of the kernel KR, inequality (C.5.8) and the definition of ℓα, we

obtain that

sup
||φ||Lip≤1

∣∣∣∣∣ ∫
R∗

φ(x)[T2[F, α](t, dx) − T2[G, β](t, dx)]
∣∣∣∣∣ ≤ C(T,R)(1 + ||Φ0||TV )2dT (F,G)

+C(T,R)(1 + ||Φ0||TV )2∥α − β∥[0,T ],

where T can be selected so that C(T,R)(1 + ||Φ0||TV )2 ≤ 1
4 .
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We remark that, in order to obtain this bound, we used the properties of the Wasserstain distance.

Similar estimates cannot be obtained by endowing M+(R∗) with the total variation norm.

To understand this better, let α, β ∈ C([0,T ]), with k1 ≤ α, β ≤ k2. Let s ∈ [0,T ]. Using the fact

that ||φ||Lip ≤ 1 and that we can assume we work on a sufficiently nice compact set due to the support

of the measures, we can derive the following estimate

|φ(ℓα(x, y, s)) − φ(ℓβ(x, y, s))| ≤ |ℓα(x, y, s) − ℓβ(x, y, s)|

≲ |X(s, ℓα(x, y, s), α) − X(s, ℓβ(x, y, s), α)|

≤ |X(s, ℓα(x, y, s), α) − X(s, ℓβ(x, y, s), β)|

+ |X(s, ℓβ(x, y, s), β) − X(s, ℓβ(x, y, s), α)|.

Using (C.5.8) and (C.5.9), we have

|X(s, ℓα(x, y, s), α) − X(s, ℓβ(x, y, s), β)| ≤ |X(s, x, α) − X(s, x, β)|

+ |X(s, y, α) − X(s, y, β)|

≤ 2T L2||α − β||[0,T ]

and thus

|φ(ℓα(x, y, s)) − φ(ℓβ(x, y, s))| ≲ T ||α − β||[0,T ]. (C.5.13)

More precisely, inequality (C.5.13) was needed to prove the contractivity of the map T2.

In order to prove the upper bound for the map T [F, α], we first observe that

⟨T1[F, α](t), 1⟩ =
∫

[ρ(k2),∞)
e−

∫ t
0 a[F,α](s,x)dsΦ0(dx) ≤ ||Φ0||TV

and then that

⟨T2[F, α](t), 1⟩ ≤
C(R)

2
e

1+γ
1−γ t

∫ t

0

∫
[ρ(k2),∞)

∫
[ρ(k2),∞)

F(s, dx)F(s, dy)ds

≤
C(R)

2
e

1+γ
1−γT T (1 + ||Φ0||TV )2 ≤ 1,

for T sufficiently small. Thus,

sup
t∈[0,T ]

⟨T[F, α](t), 1⟩ ≤ 1 + ||Φ0||TV .

Finally,

∥A[T[F, α], α] −A[T[G, β], β]∥[0,T ] ≤ C(R)dT ([T[F, α],T[G, β])

+C1(T,R)T (1 + ||Φ0||TV )∥α − β∥[0,T ]

≤ C(T,R)T (1 + ||Φ0||TV )2[dT (F,G) + ∥α − β∥[0,T ]],
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where the constant TC(T,R)(1 + ||Φ0||TV )2 can be made smaller than 1
4 by selecting T small. The

operator F is therefore a contraction and, by Banach fixed point theorem, we conclude that it has a

unique fixed point (F, α) ∈ XT . □

Proof of Theorem C.5.3. Assume T > 0 to be as in Lemma C.5.5. Let (F, α) ∈ C([0,T ],M+(R∗))

×C([0,T ]) be the solution of (C.5.10), (C.5.11). Let X(t, y, α) be the solution of equation (C.5.7). Let

Φ ∈ C1([0,T ],M+(R∗)) be the function defined by duality as∫
R∗

φ(x)Φ(t, dx) =
∫
R∗

φ(X(t, y, α))e
1+γ
1−γ tF(t, dy), (C.5.14)

for every φ ∈ Cc(R∗). We prove that the function Φ is such that

Φ(t, (0, ρ(k2)) ∪ (4R,∞)) = 0, ∀t ∈ [0,T ], (C.5.15)

for ρ(k2) defined as in (C.4.2). To this end notice that, since F(t, (0, ρ(k2)) = 0, for every t ∈ [0,T ], and

since X(t, y, α) ≥ ρ(k2), for every y ≥ ρ(k2), we have that∫
R∗

φ(x)Φ(t, dx) =
∫

[ρ(k2),∞)
φ(X(t, y, α))e

1+γ
1−γ tF(t, dy) = 0,

for every test function φ such that φ(x) = 0 if x ≥ ρ(k2). Similarly, since t 7→ X(t, x, α) is a decreasing

function for large values of x, we deduce that X(t, x, α) ≤ 4R, for every x ≤ 4R. Hence,∫
R∗

φ(x)Φ(t, dx) =
∫

[ρ(k2),4R]
φ(X(t, y, α))e

1+γ
1−γ tF(t, dy) = 0,

for every test function φ such that φ(x) = 0 if x ≤ 4R.

We now prove that Φ satisfies (C.5.4). By its definition as the fixed point of the operator F, we

deduce that F ∈ C1([0,T ],M+(R∗)). Differentiating both sides of the equality (C.5.14) in time, we

deduce that

d
dt

∫
R∗

φ(x)Φ(t, dx) =
∫
R∗

φ(X(t, y, α))e
1+γ
1−γ t∂tF(t, dy)

+

∫
R∗

φ′(X(t, y, α))
[ (X(t, y, α))γ+λ

α(t)
−

2
1 − γ

X(t, y, α)
]
e

1+γ
1−γ tF(t, dy)

+
1 + γ
1 − γ

∫
R∗

φ(X(t, y, α))e
1+γ
1−γ tF(t, dy).

Using the fact that F satisfies equation (C.5.10), we deduce that∫
R∗

φ(X(t, y, α))e
1+γ
1−γ t∂tF(t, dy)

=
1
2

∫
R∗

∫
R∗

e
2(1+γ)

1−γ tF(t, dx)F(t, dy)KR(X(t, x, α), X(t, y, α))

× [φ(X(t, x, α) + X(t, y, α)) − φ(X(t, y, α)) − φ(X(t, x, α))].
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Hence, using again the equality (C.5.14), we have that

d
dt

∫
R∗

φ(x)Φ(t, dx) =
∫
R∗

φ′(X(t, y, α))
[
(X(t, y, α))γ+λ

α(t)
−

2
1 − γ

X(t, y, α)
]

e
1+γ
1−γ tF(t, dy)

+
1 + γ
1 − γ

∫
R∗

φ(X(t, y, α))e
1+γ
1−γ tF(t, dy)

+
1
2

∫
R∗

∫
R∗

KR(X(t, x, α), X(t, y, α))e
2(1+γ)

1−γ tF(t, dx)F(t, dy)

·
[
φ(X(t, x, α) + X(t, y, α)) − φ(X(t, y, α)) − φ(X(t, x, α))

]
=

∫
R∗

φ′(y)
[

yγ+λ

Mγ+λ(Φ(t))
−

2
1 − γ

y
]
Φ(t, dy) +

1 + γ
1 − γ

∫
R∗

φ(y)Φ(t, dy)

+
1
2

∫
R∗

∫
R∗

KR(x, y)
[
φ(x + y) − φ(y) − φ(x)

]
Φ(t, dx)Φ(t, dy).

We conclude that Φ satisfies (C.5.4). □

C.5.2 Existence of a stationary solution for the truncated equation

Theorem C.5.6. Assume KR to be a truncated kernel as in (C.5.3) defined as a function of the homo-

geneous symmetric kernel K that satisfies (C.1.5), (C.1.6), for parameters γ, λ ∈ R such that (C.1.7)

holds and such that γ + 2λ ≥ 1, γ > −1. There exists R > 0 such that, for every truncation parameter

R > R, there exists a Φ ∈M+(R∗) satisfying the equation∫
R∗

φ′(x)

 2
1 − γ

x −
xγ+λ∫

R∗
zγ+λΦ(dz)

Φ(dx) −
1 + γ
1 − γ

∫
R∗

φ(x)Φ(dx) (C.5.16)

=
1
2

∫
R∗

∫
R∗

KR(x, y)
[
φ(x + y) − φ(x) − φ(y)

]
Φ(dx)Φ(dy),

for every φ ∈ C1
c (R∗). The solution is such that∫

R∗

xΦ(dx) = 1,
∫
R∗

xγ+λΦ(dx) ≤ C1 and
∫
R∗

x2−γ−λΦ(dx) ≤ C2, (C.5.17)

for some constants C1,C2 > 0 that do not depend on the truncation R. Additionally, Φ is such that

Φ((0, ρ(C1))) = 0 where ρ(C1) is given by (C.4.2).

To prove the theorem we introduce the semigroup {S (t)}{t≥0} defined as S (0)Φ0 = Φ0 and S (t)Φ0 =

Φ(t, ·), whereΦ is the solution of equation (C.5.4) constructed in the previous section. We want to apply

Tychonoff fixed point theorem to prove the existence of a stationary solution for equation (C.5.1). To

this end we need to find an invariant region for S (t) (Proposition C.5.7) and prove the continuity in the

weak-∗ topology of the map Φ 7→ S (t)Φ for every time t (Proposition C.5.12). In this way we prove

that for every time t there exists a fixed point Φ̂t such that S (t)Φ̂t = Φ̂t. We will then prove that S is

continuous (Proposition C.5.8) in time and conclude that the limit as t tends to zero of Φ̂t is a solution

191



APPENDIX C. LONG-TIME ASYMPTOTICS FOR COAGULATION EQUATIONS WITH INJECTION
THAT DO NOT HAVE STATIONARY SOLUTIONS

of equation (C.5.16). This is a standard method used in the study of coagulation equations to prove

existence of self-similar profiles. For more details, see [EMR05, Theorem 1.2].

Proposition C.5.7 (Invariant region). Assume KR to be a truncated kernel as in (C.5.3) defined as a

function of the homogeneous symmetric kernel K that satisfies (C.1.5), (C.1.6), for parameters γ, λ ∈ R

such that (C.1.7) holds and such that γ + 2λ ≥ 1, γ > −1. Then there exist some positive constants

C1,C2 that do not depend on the truncation R such that the set

P :=

H ∈M+(R∗) :
M1(H) = 1, H((0, ρ(C1)) ∪ (4R,∞)) = 0,
1

C2
≤ Mγ+λ(H) ≤ C1

 (C.5.18)

is invariant under the evolution operator S (t), where ρ(C1) was defined in (C.4.2).

Proof. Let Φ0 and KR be as in Lemma C.5.5. Let T be as in Lemma C.5.5. We prove that there exist

two constants C1,C2 > 0 that do not depend on the truncation parameter R such that the solution Φ

obtained in Theorem C.5.3 is such that for every time t ∈ [0,T ]

(1)
∫
R∗

xΦ(t, dx) = 1;

(2)
∫
R∗

xγ+λΦ(t, dx) ≤ max{C1,
∫
R∗

xγ+λΦ0(dx)};

(3)
∫
R∗

x2−γ−λΦ(t, dx) ≤ max{C2,
∫
R∗

x2−γ−λΦ0(dx)}.

Additionally, we prove that we can conclude from (2) that Φ(t, (0, ρ(C1)) = 0, for every t ∈ [0,T ].

We first notice that, since Φ(t, ·) has compact support, we can consider in equation (C.5.4) test

functions φ such that φ(x) = xk, for k ∈ R.

Let us prove (1). We consider in equation (C.5.4) a test function φ such that φ(x) = x. We deduce

that
d
dt

∫ ∞

0
ξΦ(t, dξ) = 1 −

∫ ∞

0
ξΦ(t, dξ).

Hence ∫ ∞

0
ξΦ(t, ξ)dξ = 1 +

(∫
R∗

ξΦ0(dξ) − 1
)

e−t

which since
∫
R∗
ξΦ0(dξ) = 1 implies ∫

R∗

ξΦ(t, dξ) = 1. (C.5.19)

We prove (2). We start by proving this for γ + 2λ > 1. Consider a test function φ such that

φ(x) = xγ+λ in equation (C.5.4). Then, we can see that the moment Mγ+λ satisfies the following

∂t Mγ+λ ≤ −
2λ + γ − 1

1 − γ
Mγ+λ +

(γ + λ)
Mγ+λ

M2(γ+λ)−1

+ c3

∫
[ρ(2C1), R

4 ]

∫
[ρ(2C1), R

4 ]
(xγ+λy−λ + x−λyγ+λ)[(x + y)γ+λ − xγ+λ − yγ+λ]Φ(t, dx)Φ(t, dy)
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since, due to the definition of KR in (C.5.3), we have that on the set [ρ(2C1), R
4 ]2, there exists a constant

C > 0 such that KR ≥
K
C .

We denote by z := y
x . Notice that since γ + λ > 0 when y ≤ x we have that[

xγ+λy−λ + x−λyγ+λ
] [

(x + y)γ+λ − xγ+λ − yγ+λ
]
≤ 2x2(γ+λ)y−λ[(1 + z)γ+λ − 1 − zγ+λ]

≤ 2x2(γ+λ)y−λ
(
(γ + λ) z − zγ+λ

)
≤ 2(γ + λ − 1)yγxγ+λ.

As a consequence, by symmetry, we deduce that

∂t Mγ+λ ≲ −
2λ + γ − 1

1 − γ
Mγ+λ +

(γ + λ)
Mγ+λ

M2(γ+λ)−1 − 2c3 (1 − γ − λ) MγMγ+λ

+ 2c3(1 − γ − λ)
∫

( R
4 ,∞)

xγΦ(dx)Mγ+λ + 2c3(1 − γ − λ)
∫

( R
4 ,∞)

xγ+λΦ(dx)Mγ

≤ −
2λ + γ − 1

1 − γ
Mγ+λ +

(γ + λ)
Mγ+λ

M2(γ+λ)−1 − 2c3 (1 − γ − λ) MγMγ+λ

+ 41−γRγ−12c3(1 − γ − λ)Mγ+λ + c4Mγ

= −
[2λ + γ − 1

1 − γ
− ε̃

]
Mγ+λ +

1
Mγ+λ

[(γ + λ)M2(γ+λ)−1 − 2c3 (1 − γ − λ) MγM2
γ+λ

+ c4Mγ+λMγ], (C.5.20)

with ε̃ := 41−γRγ−12c3(1 − γ − λ). Notice we can take R̃ sufficiently large so that − 2λ+γ−1
1−γ + ε̃ < 0, for

every R ≥ R̃.

Since γ < 2(γ + λ) − 1 ≤ 1 we deduce, by interpolation, using that M1(Φ(t)) = 1, for all t ∈ [0,T ],

that there exists two positive constants c5 and c6 such that

M2(γ+λ)−1 ≤ c5Mγ + c6.

Hence, since γ + λ > 0 then

∂t Mγ+λ ≤ −
[2λ + γ − 1

1 − γ
− ε̃

]
Mγ+λ +

1
Mγ+λ

[(γ + λ)
[
c5Mγ + c6

]
− 2c3 (1 − γ − λ) MγM2

γ+λ + c4Mγ+λMγ].

Multiplying by Mγ+λ the inequality we deduce that

Mγ+λ∂t Mγ+λ ≤ −
[2λ + γ − 1

1 − γ
− ε̃

]
M2
γ+λ + [(γ + λ)

[
c5Mγ + c6

]
− 2c3 (1 − γ − λ) MγM2

γ+λ + c4Mγ+λMγ]

which readjusting the constants implies

∂t M2
γ+λ ≤ −c3M2

γ+λ + Mγ

(
c4 + c5Mγ+λ − c6M2

γ+λ

)
+ c7 (C.5.21)
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for c3, c4, c5, c6, c7 > 0. This implies that the set

Φ ∈M+(R∗) : Mγ+λ ≤
c5+

√
c2

5+4c4c6

2c6

 is invariant

when γ + 2λ > 1.

We consider now the case γ + 2λ = 1. First of all notice that for every M < R we have∫
[M,∞)

xγ+λΦ(t, dx) ≤ Mγ+λ−1
∫

[M,∞)
xΦ(t, dx) ≤ Mγ+λ−1.

Notice that an upper bound is obvious for the points t ∈ [0,T ] for which Mγ+λ(Φ(t)) ≤ 1. If there

exist t1, t2 ∈ [0,T ], t1 < t2, such that Mγ+λ(Φ(t1)) < 1 and Mγ+λ(Φ(t2)) > 1, by the continuity in

time of Φ, we have that there exists t ∈ [t1, t2] such that Mγ+λ(Φ(t)) = 1 and ε1 ∈ (0, 1) such that

Mγ+λ(Φ(s)) ≥ 1 on [t, t + ε1].

On the interval [t, t + ε1], we can apply the following logic.

We select R large enough so that we can select M to be such that (1 − δ)
1

1−γ−λ < M < R, but

independent on R, and we deduce that there exists a δ > 0 such that∫
(0,M)

xγ+λΦ(t, dx) =
∫
R∗

xγ+λΦ(t, dx) −
∫

[M,∞)
xγ+λΦ(t, dx)

≥

∫
R∗

xγ+λΦ(t, dx) − Mγ+λ−1 ≥ 1 − Mγ+λ−1 ≥ δ.

As a consequence we deduce that

Mγ ≥

∫
(0,M)

xγΦ(t, dx) ≥ M−λ
∫

(0,M)
xγ+λΦ(t, dx) ≥ δM−λ. (C.5.22)

Substituting the test function φ(x) = xγ+λ in equation (C.5.4), we deduce that there exists a constant

c > 0 such that

∂t Mγ+λ ≤
γ + λ

Mγ+λ
M2(γ+λ)−1 − c(1 − γ − λ)Mγ+λMγ + ϵ̃Mγ+λ + cMγ,

for ε̃ ∈ (0, 1), which can be made sufficiently small as before. Hence, since for suitable constants

c3, c4 > 0 we have that M2(γ+λ)−1 ≤ c3Mγ + c4, similarly to (C.5.20), we deduce that

1
2
∂t M2

γ+λ ≤ c5Mγ(γ + λ) + (γ + λ)c6 − c7M2
γ+λMγ + ε̃M2

γ+λ + c8MγMγ+λ.

Using (C.5.22) we deduce that there exists a constant c9 > 0 such that

1
2
∂t M2

γ+λ ≤ Mγ

[
c5(γ + λ) + (γ + λ)c9 + c8Mγ+λ − (c7 − ε̃δ

−1Mλ)M2
γ+λ

]
.

Choosing now ε̃ sufficiently small such that −c7 + ε̃δ
−1Mλ < 0, we have that there exists a constant

C1 > 0 such that ∫
R∗

xγ+λΦ(t, dx) ≤ C1. (C.5.23)
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We now prove that (S (t)Φ0)((0, ρ(C1))) = 0. Notice that, by Lemma C.5.5, we know that (S (t)Φ0)

((0, ρ(2C1))) = 0, where we recall that ρ(2C1) ≤ ρ(C1). Consider now a sequence of test functions {φn}

such that, for every n ∈ N, φn is decreasing and supported in (0, ρ(C1)). Since φn is decreasing, we

deduce that the solution F of equation (C.5.10) satisfies∫
R∗

φn(x)F(t, dx) ≤
∫
R∗

φn(x)Φ0(dx) +C(R)
∫ t

0

∫
R∗

φn(x)F(s, dx)ds, for every n ∈ N,

where we used in addition that M1(F) is bounded. Using Grönwall’s inequality, we deduce that∫
R∗

φn(x)F(t, dx) = 0,

for every t ∈ [0,T ] and n ∈ N.

We then let φn converge pontwise to χ(0,ρ(C1)) and obtain that

F(t, (0, ρ(C1))) = 0,

for every t ∈ [0,T ].

Consider now a test function φ such that φ(x) = 0 for every x ≥ ρ(C1) in equality (C.5.14). Then∫
R∗

φ(x)Φ(t, dx) = e
1+γ
1−γ t

∫
[ρ(C1),∞)

φ(X(t, y, α))F(t, dy).

Using the fact that X(t, y, α) ≥ ρ(C1) for every y ≥ ρ(C1), we deduce that Φ(t, (0, ρ(C1))) = 0, for every

t ∈ [0,T ].

We conclude by proving (3). We consider a test function φ equal to x2−γ−λ in equation (C.5.4) and

deduce that

∂t

∫
R∗

ξ2−γ−λΦ(t, dξ) −
3 − 3γ − 2λ

1 − γ

∫
R∗

ξ2−γ−λΦ(t, dξ) −
2 − γ − λ

Mγ+λ(Φ(t))
M1(Φ(t)) (C.5.24)

=
1
2

∫
[ρ(C1),∞)

∫
[ρ(C1),∞)

KR(ξ, z)
[
(z + ξ)2−γ−λ − ξ2−γ−λ − z2−γ−λ

]
Φ(t, dξ)Φ(t, dz).

By Cauchy-Schwarz inequality it follows that

1∫
[ρ(C1),∞) ξ

γ+λΦ(t, dξ)
≤

∫
[ρ(C1),∞) ξ

2−γ−λΦ(t, dξ)(∫
[ρ(C1),∞) ξΦ(t, dξ)

)2 =

∫
[ρ(C1),∞)

ξ2−γ−λΦ(t, dξ). (C.5.25)

Plugging (C.5.25) into equation (C.5.24) and using the fact that the total mass is equal to 1 proven in

(C.5.19), we deduce that

∂t

∫
[ρ(C1),∞)

ξ2−γ−λΦ(t, dξ) ≤
(
3γ − 3 + 2λ

1 − γ
+ 2 − γ − λ

) ∫
[ρ(C1),∞)

ξ2−γ−λΦ(t, dξ)

+
1
2

∫
[ρ(C1),∞)

∫
[ρ(C1),∞)

KR(ξ, z)
[
(z + ξ)2−γ−λ − ξ2−γ−λ − z2−γ−λ

]
Φ(t, dξ)Φ(t, dz).
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Hence, since −1 < γ < 1 and 0 < γ + λ < 1, we have

3γ − 3 + 2λ
1 − γ

+ 2 − γ − λ = −
(γ + 1)(1 − γ − λ)

1 − γ
< 0.

By symmetry,

1
2

∫
[ρ(C1),∞)

∫
[ρ(C1),∞)

KR(ξ, z)
[
(z + ξ)2−γ−λ − ξ2−γ−λ − z2−γ−λ

]
Φ(t, dξ)Φ(t, dz)

≤

∫
[ρ(C1),∞)

∫
[ρ(C1),z]

KR(ξ, z)
[
(z + ξ)2−γ−λ − ξ2−γ−λ − z2−γ−λ

]
Φ(t, dξ)Φ(t, dz).

Assume ξ ≤ z. Denote η := ξ
z ∈ (0, 1] and observe

KR(ξ, z)[(ξ + z)2−γ−λ − ξ2−γ−λ − z2−γ−λ] ≤K(ξ, z)z2−γ−λ[(1 + η)2−γ−λ − 1 − η2−γ−λ]

≤CK(ξ, z)z2−γ−λη

≤Czγ(ηγ+λ + η−λ)z2−γ−λη ≤ 2Cz2−λη1−λ

≤4C(zξ1−λ + ξz1−λ). (C.5.26)

Since ρ(C1) ≤ ξ and ρ(C1) ≤ z, then z1−λ ≤ ρ(C1)−λz. Hence

d
dt

∫
R∗

ξ2−γ−λΦ(t, dξ) ≤ −c3

∫
R∗

ξ2−γ−λΦ(t, dξ) + c(ρ(C1)),

for suitable constants c3, c(ρ(C1)) > 0. Then, (3) follows. □

Proposition C.5.8 (Time-continuity of the semigroup). Assume KR to be a truncated kernel as in

(C.5.3) defined as a function of the homogeneous symmetric kernel K that satisfies (C.1.5), (C.1.6), for

parameters γ, λ ∈ R such that (C.1.7) holds and such that γ > −1 and γ + 2λ ≥ 1. Let Φ0 ∈ P. Let

T > 0 be as in Theorem C.5.3. The map S (·)Φ0 : [0,T ] → P is continuous in time, for every fixed Φ0,

where P was defined in (C.5.18).

Proof. Let T > 0. We want to estimate the value of |S (t)Φ0−S (s)Φ0|, for s, t ∈ [0,T ]. Assume without

loss of generality that s ≤ t. By the definition of the operator S we know that∫
R∗

φ(x)[Φ(t, dx) − Φ(s, dx)] −
1 + γ
1 − γ

∫ t

s

∫
R∗

φ(x)Φ(z, dx)dz

+
2

1 − γ

∫ t

s

∫
R∗

φ′(x)xΦ(z, dx)dz −
∫ t

s

1∫
R∗

xγ+λΦ(z, dx)

∫
R∗

φ′(x)xγ+λΦ(z, dx)dz

=
1
2

∫ t

s

∫
R∗

∫
R∗

KR(x, y)
[
φ(x + y) − φ(x) − φ(y)

]
Φ(z, dx)Φ(z, dy)dz.

We have that there exists a constant C2 > 0 such that Mγ+λ(Φ(r)) ≥ 1
C2

, for every r ∈ [0,T ].
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As Φ has compact support, we can conclude that the exists a constant C > 0, which may depend

on ρ(C1),R,T, γ, λ, but independent on s, t, such that∣∣∣∣∣ ∫
R∗

φ(x)[Φ(t, dx) − Φ(s, dx)]
∣∣∣∣∣ ≤ C|t − s|,

thus giving us the desired continuity of the semigroup. □

Lemma C.5.9 (Dual equation). Assume KR to be a truncated kernel as in (C.5.3) defined as a function

of a homogeneous symmetric kernel K that satisfies (C.1.5), (C.1.6), for parameters γ, λ ∈ R satisfying

(C.1.7) and with γ > −1 and γ + 2λ ≥ 1. Let Φ1,Φ2 ∈ P be two solutions of (C.5.4) with initial

conditions Φin,1,Φin,2 ∈ P, respectively, and T > 0 be as in Theorem C.5.3. Then there exists a

unique solution φ ∈ C1([0,T ],C1
c([ρ(C1),∞)), with φ(T, ·) = ψ(·), where ψ is an arbitrary function in

C1
c([ρ(C1),∞)), which solves the following equation:

∂tφ(t, ξ) +
1 + γ
1 − γ

φ(t, ξ) −
2ξ

1 − γ
∂ξφ(t, ξ) +

ξγ+λ

Mγ+λ(Φ1)
∂ξφ(t, ξ) + L(φ)(t, ξ) = 0, (C.5.27)

where

L(φ)(t, ξ) := −
ξγ+λ

Mγ+λ(Φ1)Mγ+λ(Φ2)

∫
R∗

∂zφ(t, z)zγ+λΦ2(t, dz)

+
1
2

∫
R∗

KR(ξ, η)[φ(t, ξ + η) − φ(t, ξ) − φ(t, η)](Φ1(t, dη) + Φ2(t, dη)).

Remark C.5.10. We prove the statement of the lemma for a modified operator L(φ) which preserves

the continuity in the variable ξ, is equal to zero when ξ ≥ 8R and L(φ) = L(φ) if ξ ∈ [ρ(C1), 4R]. Due

to the support of Φ1 and Φ2, when proving the continuity of the map S (t) in the weak-∗ topology, it

suffices to analyse the operator L(φ). Thus, it is enough to prove the statement of the lemma only for

the operator L(φ). Notice that, for example, the operator L(φ) does not preserve compactness because

of the presence of the term ξγ+λ

Mγ+λ(Φ1)Mγ+λ(Φ2)

∫
R∗
∂zφ(t, z)zγ+λΦ2(t, dz). We keep the notation L(φ) for

simplicity. We omit further details as the proof consists of standard methods used in the study of

coagulation equations, see, for example, [FLNV21b].

Proof of Lemma C.5.9. First, we use the method of characteristics. We define X(t, ξ) to be the solution

of the ODE

x′(t) = −
2

1 − γ
x +

1∫
R∗

zγ+λΦ1(t, dz)
xγ+λ

with initial condition x(0) = ξ.

In this way equation (C.5.27) can be rewritten in the following fixed point form:

φ(t, X(t, ξ)) = L[φ](t, ξ), (C.5.28)
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where

L[φ](t, ξ) := φ(T, X(T, ξ)) +
1 + γ
1 − γ

∫ T

t
φ(s, X(s, ξ))ds +

∫ T

t
L(φ)(s, X(s, ξ))ds.

Our strategy for proving the statement of the lemma is to apply Banach fixed point theorem. The

operator L maps C1([0,T ],C1
c([ρ(C1),∞))) in itself.

We prove that the operator L is a contraction if we endow Y := C([0,T ],C1
c ([ρ(C1),∞)) with the

norm ∥φ∥Y := supt∈[0,T ]

(
supx∈R∗ |φ(t, x)| + supx∈R∗ |∂xφ(t, x)|

)
.

To this end we notice that

L[φ1](t, ξ) − L[φ2](t, ξ) =
1 + γ
1 − γ

∫ T

t
(φ1(s, X(s, ξ)) − φ2(s, X(s, ξ))) ds

+

∫ T

t

[
L(φ1)(s, X(s, ξ)) − L(φ2)(s, X(s, ξ))

]
ds.

We notice that∫ T

t

[
L(φ1)(s, X(s, ξ)) − L(φ2)(s, X(s, ξ))

]
ds

= −

∫ T

t

1
Mγ+λ(Φ1)Mγ+λ(Φ2)

∫
R∗

(∂zφ1(s, z) − ∂zφ2(s, z)) zγ+λΦ2(s, dz)X(s, ξ)γ+λds

+
1
2

∫ T

t

∫
R∗

KR(X(s, ξ), η)[φ1(s, X(s, ξ) + η) − φ2(s, X(s, ξ) + η) − φ1(s, X(s, ξ))

+ φ2(s, X(s, ξ)) − φ1(s, η) + φ2(s, η)](Φ1(s, dη) + Φ2(s, dη))ds.

From this we deduce that

∥L[φ1] − L[φ2]∥Y ≤ Tc(ρ(C1),R,Φ1,Φ2)∥φ1 − φ2∥Y

and hence L is a contraction for sufficiently small times T. We can extend the solution to all possible

times noting that the contraction constant c(ρ(C1),Φ1,Φ2,R) does not depend on the final condition ψ.

We thus deduce that there exists a solution φ of the fixed point φ = L[φ]. □

We now prove that the found solution is Lipschitz continuous.

Proposition C.5.11. Assume KR to be a truncated kernel as in (C.5.3) defined as a function of a

homogeneous symmetric kernel K such that it satisfies (C.1.5), (C.1.6), for parameters γ, λ ∈ R sat-

isfying (C.1.7) and such that γ > −1 and γ + 2λ ≥ 1. Let T > 0 be as in Theorem C.5.3. Let

φ ∈ C1([0,T ],C1([ρ(C1), 8R])) with initial datum φ(T, ·) be the function found in Lemma C.5.9. As-

sume, in addition, that supξ∈[ρ(C1),8R] |φ(T, ξ)| ≤ 1 and that φ(T, ξ) is Lipschitz. Then φ is Lipschitz

continuous, in the sense that, for every t ∈ [0,T ], there exists C(t) > 0 such that

sup
s∈[0,t]

|φ(s, ξ) − φ(s, ξ̃)| ≤ C(t)|ξ − ξ̃|,
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for every ξ, ξ̃ ∈ [ρ(C1), 8R]. Moreover, C(t) may depend on the norm of Φ1 and Φ2, but is otherwise

independent of the choice of Φ1 and Φ2.

Proof. Notice first that, since supξ∈[ρ(C1),8R] |φ(T, ξ)| ≤ 1, there exists a constant C > 0, which depends

on the norm of Φ1 and Φ2 and the parameters ρ(C1), R and t, such that sups∈[0,t],ξ∈[ρ(C1),8R] |φ(s, ξ)| ≤ C.

This can be seen by looking at (C.5.28). We will use Grönwall’s inequality in (C.5.28) in order to prove

that φ is Lipschitz.

|φ(t, X(t, ξ)) − φ(t, X(t, ξ̃))| ≤ |φ(T, X(T, ξ)) − φ(T, X(T, ξ̃))|

+
1 + γ
1 − γ

∫ T

t
|φ(s, X(s, ξ)) − φ(s, X(s, ξ̃))|ds

+

∫ T

t
|L[φ](s, X(s, ξ)) − L[φ](s, X(s, ξ̃))|ds.

In order to bound the term∫ T

t
|L[φ](s, X(s, ξ)) − L[φ](s, X(s, ξ̃))|ds,

we need to estimate

I1 =

∣∣∣∣∣12
∫
R∗

KR(X(t, ξ), η)[φ(t, X(t, ξ) + η) − φ(t, X(t, ξ)) − φ(t, η)](Φ1(t, dη) + Φ2(t, dη))

−
1
2

∫
R∗

KR(X(t, ξ̃), η)[φ(t, X(t, ξ̃) + η) − φ(t, X(t, ξ̃)) − φ(t, η)](Φ1(t, dη) + Φ2(t, dη))
∣∣∣∣∣

and

I2 =
|X(t, ξ)γ+λ − X(t, ξ̃)γ+λ|

Mγ+λ(Φ1)Mγ+λ(Φ2)

∫
R∗

|∂zφ(t, z)|zγ+λΦ2(t, dz).

For I1, by the definition of KR in (C.5.3), we have KR is C1 and we can assume it has compact support

as we are only interested in the region [ρ(C1), 8R]2. Thus, we have that the first derivative of KR

is bounded from above. Moreover, there exist constants L1(t), L2(t) > 0 such that L1(t)|ξ − ξ̃| ≤

|X(t, ξ) − X(t, ξ̃)| ≤ L2(t)|ξ − ξ̃|.

For I2, we use

1
Mγ+λ(Φ1)Mγ+λ(Φ2)

∫
R∗

|∂zφ(t, z)|zγ+λΦ2(t, dz) ≤
C1

(C2)2 sup
z∈[ρ(C1),8R]

|∂zφ(t, z)|.

If we prove that there exists a constant C > 0, which can depend on ρ(C1),R, and the norms of Φ1, and

Φ2, but does not vary depending on the choice of Φ1,Φ2 such that

sup
z∈[ρ(C1),8R]

|∂zφ(t, z)| ≤ C, (C.5.29)
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then there exists a constant C > 0, which can depend on ρ(C1), R and the norms of Φ1 and Φ2 such that

|φ(t, X(t, ξ)) − φ(t, X(t, ξ̃))| ≤ C|X(t, ξ) − X(t, ξ̃)|

+C
∫ T

t
|φ(s, X(s, ξ)) − φ(s, X(s, ξ̃))|. (C.5.30)

Let us now prove (C.5.29). From equation (C.5.28) and the fact that KR is in C1 with compact support,

we obtain an upper bound for |∂2φ(t, X(t, ξ))|.

We then use that there exist some constants c(t), c(t) > 0 such that c(t)ξ ≤ X(t, ξ) ≤ c(t)ξ, with

ξ ∈ [ρ(C1), 8R] in order to obtain the desired bound for supz∈[ρ(C1),8R] |∂zφ(t, z)|.

We use Grönwall’s inequality in (C.5.30) and obtain that |φ(t, X(t, ξ))−φ(t, X(t, ξ̃))| ≤ C(t)|X(t, ξ)−

X(t, ξ̃)|. Thus, we can conclude that also |φ(t, ξ)−φ(t, ξ̃)| ≤ C(t)|ξ− ξ̃| since X(t, ξ) is Lipschitz continu-

ous in the ξ variable. □

Proposition C.5.12 (Continuity of the semigroup in the weak topology). Assume KR to be a truncated

kernel as in (C.5.3) defined as a function of a homogeneous symmetric kernel K such that it satisfies

(C.1.5), (C.1.6), for parameters γ, λ ∈ R satisfying (C.1.7) and such that γ > −1 and γ + 2λ ≥ 1. For

every time t > 0 the map

S (t) : P→ P

is continuous in the weak-∗ topology, where P was defined in (C.5.18).

Proof. Let δ > 0. In order to prove continuity in the weak-∗ topology of the semigroup and because of

the support of Φ1 and Φ2, it is enough to prove that, if for every ψ ∈ Cc([ρ(C1),∞)), with ||ψ||∞ ≤ 1,

we have that

∫
R∗

ψ(x)
(
Φin,1(dx) − Φin,2(dx)

)
is sufficiently small, (C.5.31)

then we have that for every ψ ∈ Cc([ρ(C1),∞)), with ||ψ||∞ ≤ 1,

∫
R∗

ψ(x) (Φ1(t, dx) − Φ2(t, dx)) ≤ δ,

where Φ1 and Φ2 are the solutions of equation (C.5.4) with initial conditions Φin,1 and Φin,2, respect-
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ively. To this end we notice that since Φ1 and Φ2 satisfy equation (C.5.4) then∫
R∗

φ(t, x)[Φ1(t, dx) − Φ2(t, dx)] −
∫
R∗

φ(0, x)[Φin,1(dx) − Φin,2(dx)]

−

∫ t

0

∫
R∗

∂sφ(s, x)[Φ1(s, dx) − Φ2(s, dx)]ds −
1 + γ
1 − γ

∫ t

0

∫
R∗

φ(s, x)[Φ1(s, dx) − Φ2(s, dx)]ds

+
2

1 − γ

∫ t

0

∫
R∗

∂xφ(s, x)x[Φ1(s, dx) − Φ2(s, dx)]ds

−

∫ t

0

1∫
R∗

zγ+λΦ1(s, dz)

∫
R∗

∂xφ(s, x)xγ+λΦ1(s, dx)ds

+

∫ t

0

1∫
R∗

zγ+λΦ2(s, dz)

∫
R∗

∂xφ(s, x)xγ+λΦ2(s, dx)ds

=
1
2

∫ t

0

∫
R∗

∫
R∗

KR(x, y)χφ(s, x, y)[Φ1(s, dy) + Φ2(s, dy)][Φ1(s, dx) − Φ2(s, dx)]ds,

where χφ(s, x, y) := φ(s, x + y) − φ(s, x) − φ(s, y), for every φ ∈ C([0, t],C1
c (R∗)). To simplify the

computations, we adopt the notation Φ̃ := Φ1−Φ2 and we notice that Φ̃ satisfies the following equation

for every φ ∈ C1([0, t],C1
c (R∗))∫

R∗

φ(t, x)Φ̃(t, dx) −
∫
R∗

φ(0, x)[Φin,1(dx) − Φin,2(dx)]

−

∫ t

0

∫
R∗

∂sφ(s, x)Φ̃(s, dx)ds −
1 + γ
1 − γ

∫ t

0

∫
R∗

φ(s, x)Φ̃(s, dx)ds

+
2

1 − γ

∫ t

0

∫
R∗

∂xφ(s, x)xΦ̃(s, dx)ds −
∫ t

0

1∫
R∗

zγ+λΦ1(s, dz)

∫
R∗

∂xφ(s, x)xγ+λΦ̃(s, dx)ds

+

∫ t

0

∫
R∗

L[φ](s, x)Φ̃(s, dx)ds.

First we make the following notation:

Cnorm := sup
s∈[0,t]

∫
R∗

[Φ1 + Φ2](s, dx) < ∞.

Notice that Cnorm can be bounded from above by

Cnorm = sup
s∈[0,t]

∫
R∗

[Φ1 + Φ2](s, dx) ≤ C(R, ρ(C1), t)
∫
R∗

[Φin,1 + Φin,2](dx).

Let now φ be the solution found in Lemma C.5.9 with coagulation kernel KR. By Proposition C.5.11,

we know that there exists a constant C(t,R,Φ1,Φ2), that depends only on the norm of Φ1 and Φ2, but

is otherwise independent of the choice of Φ1 and Φ2, such that |φ(s, ξ)−φ(s, ξ̃)| ≤ C(t,R,Φ1,Φ2)|ξ− ξ̃|,

for every ξ, ξ̃ ∈ [ρ(C1), 8R] and s ∈ [0, t]. We thus look at the set:

Kρ(C1),R :={χ ∈ C([ρ(C1), 8R])||χ(ξ) − χ(ξ̃)| ≤ C(t,R,Φ1,Φ2)|ξ − ξ̃|,

for all ξ, ξ̃ ∈ [ρ(C1), 8R]} ⊂ C([ρ(C1), 8R]).
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The set Kρ(C1),R is totally bounded, thus there exist N ∈ N and χ1, . . . , χN ∈ Kρ(C1),R such that

Kρ(C1),R ⊆ ∪
N
i=1B(χi,

δ
4NCnorm

).

Then we obtain that:∫
R∗

φ(t, x)Φ̃(t, dx) =
∫
R∗

φ(0, x)[Φin,1(dx) − Φin,2(dx)] =: T1. (C.5.32)

We can bound T1 by

T1 ≤ minN
i=1

∫
R∗

|[φ(0, x) − χi(x)][Φin,1(dx) − Φin,2(dx)]|

+maxN
i=1

( ∫
R∗

χi(x)[Φin,1(dx) − Φin,2(dx)]
)

≤
δ

4Cnorm

∫
R∗

[Φin,1(dx) + Φin,2(dx)] +maxN
i=1

∫
R∗

χi(x)[Φin,1(dx) − Φin,2(dx)] ≤ δ,

where in the last step we used (C.5.31). □

Proof of Theorem C.5.6. By Proposition C.5.12 we know that the operator Φ 7→ S (t)Φ is continuous

in the weak-∗ topology. Additionally, thanks to Proposition C.5.7, we know that P is an invariant

region for S (t). Since P is also convex and compact and since we have proven that the map t 7→ S (t) is

continuous, we apply Theorem 1.2 in [EMR05] to deduce that there exists aΦ such that S (t)Φ = Φ. □

C.5.3 Existence of the self-similar profile

To keep the notation lighter, in the previous sections we denoted withΦ the solution of the truncated

problem. In this section, since we pass to the limit as R tends to infinity, we add the label R to Φ and

we will denote with Φ the self-similar profile. For simplicity, we denote by ρ := ρ(C1), where ρ(C1)

was defined in (C.4.2).

Proof of Theorem C.5.1. For every R > 1, sufficiently large, there exist T > 0 and ΦR ∈ C1([0,T ];

M+(R∗)) such that∫
R∗

φ(x)Φ̇R(t, dx) −
1 + γ
1 − γ

∫
R∗

φ(x)ΦR(t, dx) +
2

1 − γ

∫
R∗

φ′(x)xΦR(t, dx)

−
1

Mγ+λ(ΦR(t))

∫
R∗

φ′(x)xγ+λΦR(t, dx)

=
1
2

∫
R∗

∫
R∗

KR(x, y)
[
φ(x + y) − φ(x) − φ(y)

]
ΦR(t, dx)ΦR(t, dy),

where KR is the coagulation kernel defined in (C.5.3). Notice that the bounds in Proposition C.5.7 are

independent of R > 1.
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Thanks to Theorem C.5.6 we know that a measure ΦR ∈ M+(R∗) satisfying equation (C.5.16) and

satisfying the bounds (C.5.17) exists. We notice also that, since γ + λ > 0,∫
(0,∞)
ΦR(dx) =

∫
[ρ,∞)
ΦR(dx) ≤ ρ−γ−λ

∫
[ρ,∞)

xγ+λΦR(dx) ≤ ρ−γ−λC1. (C.5.33)

Hence, Banach-Alaoglu Theorem implies that there exists Φ such that

ΦR ⇀ Φ as R→ ∞ (C.5.34)

in the weak-∗ topology.

We now prove that the measure Φ in (C.5.34) satisfies equation (C.3.3) by taking the limit as

R→ ∞. Fix φ ∈ Cc(R∗). We start with passing to the limit in the coagulation term.

Let ε ∈ (0, 1). We first show that∣∣∣∣∣ ∫
[ρ,∞)

∫
[ρ,∞)

(K(ξ, z) − KR(ξ, z))ΦR(dξ)ΦR(dz)[φ(z + ξ) − φ(z) − φ(ξ)]
∣∣∣∣∣ ≤ ε, (C.5.35)

for sufficiently large R. We then prove that∫
[ρ,∞)

∫
[ρ,∞)

K(ξ, z)ΦR(dξ)ΦR(dz)[φ(z + ξ) − φ(z) − φ(ξ)] (C.5.36)

converges to ∫
[ρ,∞)

∫
[ρ,∞)

K(ξ, z)Φ(dξ)Φ(dz)[φ(z + ξ) − φ(z) − φ(ξ)] (C.5.37)

as R→ ∞.

For (C.5.35), we have that:∣∣∣∣∣ ∫
[ρ,∞)

∫
[ρ,∞)

(K(ξ, z) − KR(ξ, z))ΦR(dξ)ΦR(dz)[φ(z + ξ) − φ(z) − φ(ξ)]
∣∣∣∣∣

≤

∫
[ρ, R

4 ]

∫
[ρ, R

4 ]

∣∣∣∣∣ (K(ξ, z) − KR(ξ, z))ΦR(dξ)ΦR(dz)[φ(z + ξ) − φ(z) − φ(ξ)]
∣∣∣∣∣

+ 2
∫

( R
4 ,∞)

∫
[ρ,∞)

∣∣∣∣∣ (K(ξ, z) − KR(ξ, z))ΦR(dξ)ΦR(dz)[φ(z + ξ) − φ(z) − φ(ξ)]
∣∣∣∣∣

= T1 + T2.

For the first term, we have

T1 ≤ e−R3||φ||∞ρ−2,

where we used the definition of KR in (C.5.3) and the fact that the total mass of the measures is equal

to 1.
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For the region ( R
4 ,∞) × [ρ,∞), we use KR ≤ K to prove that

T2 ≤ 12||φ||∞

∫
( R

4 ,∞)

∫
[ρ,∞)

K(ξ, z)ΦR(dz)ΦR(dξ)

≤ c
(
R−γ−2λM2

γ+λ(ΦR) + Rγ+λ−1ρ−γ−2λMγ+λ(ΦR)
)
,

which gives a small contribution due to the uniform estimates for ΦR if we make R sufficiently large.

We now analyse (C.5.36). We consider a continuous function g : R+ → [0, 1] such that g(x) = 1,

when x ≤ 1, and g(x) = 0, when x ≥ 2. We define the function pM as

pM(x, y) = g
( x

M

)
g
( y

M

)
, (C.5.38)

where M is a positive constant. By the construction of pM and given the fact that ΦR is supported in

the region [ρ,∞), for every R > 1, we have that, given any function φ ∈ Cc(R∗),∫
[ρ,∞)

∫
[ρ,∞)

K(ξ, z)pM(ξ, z)ΦR(dξ)ΦR(dz)[φ(z + ξ) − φ(z) − φ(ξ)] =∫
[ρ,2M]

∫
[ρ,2M]

K(ξ, z)pM(ξ, z)ΦR(dξ)ΦR(dz)[φ(z + ξ) − φ(z) − φ(ξ)].

Therefore, since ΦR ⇀ Φ in the weak-∗ topology, we can conclude that ΦRΦR ⇀ ΦΦ in the weak-∗

topology as R→ ∞ if we work on the set [ρ, 2M]2 and we deduce that∫
[ρ,∞)

∫
[ρ,∞)

K(ξ, z)pM(ξ, z)ΦR(dξ)ΦR(dz)[φ(z + ξ) − φ(z) − φ(ξ)]

converges to ∫
[ρ,∞)

∫
[ρ,∞)

K(ξ, z)pM(ξ, z)Φ(dξ)Φ(dz)[φ(z + ξ) − φ(z) − φ(ξ)]

as R tends to infinity.

To conclude that, for every test function φ ∈ Cc(R∗), we have that (C.5.36) converges to (C.5.37)

as R→ ∞, we have to prove that the reminder terms, namely∫
[ρ,∞)

∫
[M,∞)

K(ξ, z)[φ(z + ξ) − φ(z) − φ(ξ)]ΦR(dξ)ΦR(dz), (C.5.39)

∫
[M,∞)

∫
[ρ,∞)

K(ξ, z)[φ(z + ξ) − φ(z) − φ(ξ)]ΦR(dξ)ΦR(dz), (C.5.40)∫
[ρ,∞)

∫
[M,∞)

K(ξ, z)[φ(z + ξ) − φ(z) − φ(ξ)]Φ(dξ)Φ(dz), (C.5.41)∫
[M,∞)

∫
[ρ,∞)

K(ξ, z)[φ(z + ξ) − φ(z) − φ(ξ)]Φ(dξ)Φ(dz), (C.5.42)
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tend to zero as M → ∞.

Let us look at the term (C.5.39). In this case we are in the region where {ξ ≥ M}, hence ξγ+λ−1 ≤

Mγ+λ−1 as γ + λ < 1. Therefore, for every φ ∈ Cc(R>0)∫
[ρ,∞)

∫
[M,∞)

ξγ+λz−λΦR(dξ)ΦR(dz)|φ(z + ξ) − φ(z) − φ(ξ)| ≲ Mγ+λ−1ρ−γ−2λMγ+λ(ΦR),

where we remind that Mγ+λ(ΦR) is bounded uniformly in R > 1 and that the mass of ΦR is equal to

one. Similarly, the fact that ξ ≥ M implies that ξ−γ−2λ ≤ M−γ−2λ since γ + 2λ > 0. We then obtain that∫
[ρ,∞)

∫
[M,∞)

zγ+λξ−λΦR(dξ)ΦR(dz)|φ(z + ξ) − φ(z) − φ(ξ)| ≤ CM−γ−2λM2
γ+λ(ΦR).

From these two inequalities and the fact that γ+λ < 1 and γ+2λ > 0 we deduce that the term (C.5.39)

tends to zero as M → ∞. By a symmetric argument we prove that the term (C.5.40) tends to zero as

M → ∞. The fact that the two terms (C.5.41) and (C.5.42) tend to zero as M → ∞ follows similarly

by the fact that the γ + λ moment of Φ is bounded.

The linear terms for the self-similar profiles of the truncated problem will converge as R → ∞ to

the desired terms thanks to (C.5.34).

To conclude, we need to prove the convergence of the remainder term. We thus have to prove that

1∫
[ρ,∞) xγ+λΦR(dx)

∫
[ρ,∞)

∂xφ(x)xγ+λΦR(dx)

converges to

1∫
[ρ,∞) xγ+λΦ(dx)

∫
[ρ,∞)

∂xφ(x)xγ+λΦ(dx)

as R→ ∞. We have that∣∣∣∣∣ 1
Mγ+λ(ΦR)

∫
[ρ,∞)

∂xφ(x)xγ+λΦR(dx) −
1

Mγ+λ(Φ)

∫
[ρ,∞)

∂xφ(x)xγ+λΦ(dx)
∣∣∣∣∣

≤

∣∣∣∣∣ 1∫
[ρ,∞) xγ+λΦR(dx)

∣∣∣∣∣∣∣∣∣∣ ∫
[ρ,∞)

∂xφ(x)xγ+λΦR(dx) −
∫

[ρ,∞)
∂xφ(x)xγ+λΦ(dx)

∣∣∣∣∣
+

∣∣∣∣∣ 1∫
[ρ,∞) xγ+λΦR(dx)

−
1∫

[ρ,∞) xγ+λΦ(dx)

∣∣∣∣∣∣∣∣∣∣ ∫
[ρ,∞)

∂xφ(x)xγ+λΦ(dx)
∣∣∣∣∣.

We can analyse the two terms separately. For the first term, we know by (C.5.25) that the Mγ+λ(ΦR)

moment is uniformly bounded from below and thus∣∣∣∣∣ 1∫
[ρ,∞) xγ+λΦR(dx)

∣∣∣∣∣∣∣∣∣∣ ∫
[ρ,∞)

∂xφ(x)xγ+λΦR(dx) −
∫

[ρ,∞)
∂xφ(x)xγ+λΦ(dx)

∣∣∣∣∣
≤ M2−γ−λ(ΦR)

∣∣∣∣∣ ∫
[ρ,∞)

∂xφ(x)xγ+λΦR(dx) −
∫

[ρ,∞)
∂xφ(x)xγ+λΦ(dx)

∣∣∣∣∣
≤ C2

∣∣∣∣∣ ∫
[ρ,∞)

∂xφ(x)xγ+λΦR(dx) −
∫

[ρ,∞)
∂xφ(x)xγ+λΦ(dx)

∣∣∣∣∣
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and then we use that
∣∣∣∣∣ ∫[ρ,∞) ∂xφ(x)xγ+λΦR(dx) −

∫
[ρ,∞) ∂xφ(x)xγ+λΦ(dx)

∣∣∣∣∣→ 0 by (C.5.34).

For the second term, we split the integral into a region with compact support and the remainder

regions. More precisely,

∣∣∣∣∣
∫

[ρ,∞) xγ+λΦ(dx) −
∫

[ρ,∞) xγ+λΦR(dx)∫
[ρ,∞) xγ+λΦR(dx)

∫
[ρ,∞) xγ+λΦ(dx)

∣∣∣∣∣∣∣∣∣∣ ∫
[ρ,∞)

∂xφ(x)xγ+λΦ(dx)
∣∣∣∣∣

≤ C
∣∣∣∣∣ ∫

[ρ,∞)
xγ+λΦ(dx) −

∫
[ρ,∞)

xγ+λΦR(dx)
∣∣∣∣∣M2−γ−λ(ΦR)M2−γ−λ(Φ)Mγ+λ(Φ)

≲ C
∣∣∣∣∣ ∫

[ρ,∞)
g
( x

M

) [
xγ+λΦ(dx) − xγ+λΦR(dx)

] ∣∣∣∣∣ + 2C
∣∣∣∣∣ ∫

[M,∞)
xγ+λΦ(dx)

∣∣∣∣∣
+ 2C

∣∣∣∣∣ ∫
[M,∞)

xγ+λΦR(dx)
∣∣∣∣∣.

We have that
∣∣∣∣∣ ∫[ρ,∞) g( x

M )[xγ+λΦ(dx)− xγ+λΦR(dx)]
∣∣∣∣∣→ 0 as R→ ∞ by (C.5.34). For the regions close

to infinity, we use ∣∣∣∣∣ ∫
[M,∞)

xγ+λΦR(dx)
∣∣∣∣∣ ≤ Mγ+λ−1,

as the total mass is uniformly bounded. Since γ + λ < 1, the remaining term goes to zero as M → ∞.

As a last step we prove that, if Φ((0, δ)) = 0 for some δ > 0, then Φ((0, ρ(Mγ+λ))) = 0 for ρ(Mγ+λ)

given by (C.3.4). Since the proof is standard we only sketch it here. Consider x ∈ [ δ2 ,
1
2ρ(Mγ+λ)), then,

since Φ satisfies (C.3.1), we have

cΦ(x) ≤
(

xγ+λ

Mγ+λ
−

2
1 − γ

x
)
Φ(x)

≤
|1 + γ|
1 − γ

∫ x

δ
Φ(η)dη +

∫ x

δ

∫ y−δ

δ
K(y − η, η)Φ(y − η)Φ(η)dηdy

≤ c̃
∫ x

δ
Φ(η)dη,

for some positive constants c̃, c > 0. Using Grönwall’s lemma, this implies that Φ(x) ≤ e
c̃
c xΦ( δ2 ) = 0.

Hence Φ([δ, 1
2ρ(Mγ+λ))) = 0. Iterating this argument, we deduce that Φ((0, ρ(Mγ+λ))) = 0. The

argument can be made rigorous by working with the weak formulation of equation (C.3.1). □

C.5.4 Properties of the constructed self-similar profile

In this section we aim at proving Theorem C.3.3. In particular we prove that the self-similar profile,

whose existence has been proven in Theorem C.5.1, satisfies the properties stated in Theorem C.3.3.

In other words we have to prove the following theorem.
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Theorem C.5.13. Assume K to be a homogeneous symmetric coagulation kernel, of homogeneity γ,

satisfying (C.1.5), (C.1.6), with γ, λ such that (C.1.7) holds and such that

−1 < γ, γ + 2λ ≥ 1.

Let Φ be the self-similar profile constructed in Theorem C.5.1. Then∫
R∗

eLxΦ(dx) < ∞

for some L > 0 and Φ is absolutely continuous with respect to the Lebesgue measure. Then Φ(dx) =

ϕ(x)dx and ϕ is such that

lim sup
x→∞

eLxϕ(x) < ∞

for a constant L > 0.

To prove this theorem we start by proving that every self-similar profileΦ in the sense of Definition

C.3.1 and such thatΦ((0, δ)) = 0, for a positive δ, is absolutely continuous with respect to the Lebesgue

measure and satisfies some moment bounds.

Proposition C.5.14 (Regularity). Assume K to be a homogeneous symmetric coagulation kernel, of

homogeneity γ, satisfying (C.1.5), (C.1.6), with γ, λ such that (C.1.7) holds and such that γ+2λ ≥ 1. Let

Φ ∈M+(R∗) be a self-similar profile as in Definition C.3.1. Assume additionally that Φ((0, δ)) = 0 for

δ > 0. ThenΦ is absolutely continuous with respect to the Lebesgue measure. Its density ϕ ∈ L1([δ,∞))

satisfies the following equation∫ z

0
xϕ(x)dx −

2
1 − γ

z2ϕ(z) +
1

Mγ+λ(ϕ)
zγ+λ+1ϕ(z) −

1
Mγ+λ(ϕ)

∫ z

0
xγ+λϕ(x)dx (C.5.43)

= −Jϕ(z), a.e. z > δ

where

Jϕ(z) :=
∫ z

0

∫ ∞

z−x
xK(x, y)ϕ(x)ϕ(y)dydx. (C.5.44)

Proof. We just sketch the proof as similar arguments have been repeatedly used in the analysis of

coagulation equations, see for instance the proof of Lemma 4.9 in [FFV23]. An analogous proof will

be presented in the proof of Proposition C.6.2. Let Φ be a solution of (C.3.1), then

∂ξ

[(
ξγ+λ

Mγ+λ
−

2
1 − γ

ξ

)
Φ(ξ)

]
=

1 + γ
1 − γ

Φ(ξ) + K[Φ](ξ).

Using the fact that

K[Φ](ξ) ≤
∫ ξ−δ

δ
K(ξ − η, η)Φ(η)Φ(ξ − η)dη, ξ > δ
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and that
∫ ξ−δ

δ
K(ξ − η, η)Φ(η)Φ(ξ − η)dη is a bounded measure in every compact set, we deduce that

the measure (
ξγ+λ

Mγ+λ
−

2
1 − γ

ξ

)
Φ(ξ)

is absolutely continuous with respect to the Lebesgue measure on the set (δ,∞) if δ > ρ(Mγ+λ), while

it is absolutely continuous with respect to the Lebesgue measure in the set (δ, ρ(Mγ+λ))∪ (ρ(Mγ+λ),∞)

if δ ≤ ρ(Mγ+λ). In the latter case, we therefore have that Φ(dx) = ϕ(x)dx + c0δρ(Mγ+λ)(x) with density

ϕ ∈ L1(R∗) and with c0 ∈ R. To exclude that the self-similar solution Φ has a Dirac in ρ(Mγ+λ), we

notice that ∫ ξ−δ

δ
K(ξ − η, η)c0δρ(Mγ+λ)(η)c0δρ(Mγ+λ)(ξ − η)dη

= c2
0

∫ ξ−δ

δ
K(ξ − η, η)δρ(Mγ+λ)(η)δρ(Mγ+λ)(ξ − η)dη

is non-zero only if ξ = 2ρ(Mγ+λ). Hence the coagulation operator applied to measure c0δρ(Mγ+λ) pro-

duces a Dirac in 2ρ(Mγ+λ), contradicting the fact thatΦ|(ρ(Mγ+λ),∞) is absolutely continuous with respect

to the Lebesgue measure. As a consequence, we deduce that c0 = 0. □

Proposition C.5.15 (Moment bounds). Assume K to be a homogeneous symmetric coagulation kernel,

of homogeneity γ, satisfying (C.1.5), (C.1.6), with γ, λ such that (C.1.7) holds and such that γ+2λ ≥ 1.

LetΦ ∈M+(R∗) be a self-similar profile as in Definition C.3.1 and assume additionally thatΦ((0, δ)) =

0, where δ > 0. Then ∫
R∗

xµΦ(dx) =
∫

[δ,∞)
xµΦ(dx) < ∞, ∀µ ∈ R.

Proof. For µ ≤ γ + λ the statement follows by the fact that Φ((0, δ)) = 0 and that by definition of

self-similar profile we know that ∫
[δ,∞)

xγ+λΦ(dx) < ∞.

We want to prove the statement for µ > γ + λ. As a first step, we prove that there exists a δ > 0 such

that ∫
R∗

xγ+λ+δϕ(x)dx < ∞, (C.5.45)

where ϕ is the density of Φ. As a second step we will prove that∫
R∗

xγ+λ+nδϕ(x)dx < ∞ (C.5.46)

for n ≥ 1 implies that ∫
R∗

xγ+λ+(n+1)δϕ(x)dx < ∞. (C.5.47)

208



C.5. EXISTENCE OF A SELF-SIMILAR PROFILE

The desired conclusion then follows by induction.

Step 1
Consider an integrable function φ and integrate both sides of equation (C.5.43) against the function

ψ(x) =
∫ ∞

x φ(y)dy to deduce that

∫ ∞

0
ψ(z)zϕ(z)dz −

∫ ∞

0
ϕ(z)ψ′(z)

(
zγ+λ+1

Mγ+λ
−

2
1 − γ

z2
)

dz −
1

Mγ+λ

∫ ∞

0
ψ(z)zγ+λϕ(z)dz

=

∫ ∞

0

∫ ∞

0
xK(x, y) (ψ(x + y) − ψ(x)) ϕ(x)ϕ(y)dydx. (C.5.48)

We remark that the above formulation requires that ψ has to decay fast enough so that all the integrals

in (C.5.48) are finite.

Select δ > 0 such that max{0, 1 − 2(γ + λ)} < δ < 1 − γ − λ and consider ψR(x) = xγ+λ+δ−1

if x ≤ R while ψR(x) = Rδxγ+λ−1 if x > R. Using (C.5.48) and the fact that γ + 2λ ≥ 1 and that

ψR(x + y) − ψR(x) ≤ 0 we deduce that

0 <
γ + 2λ − 1 + 2δ

1 − γ

∫ R

0
zγ+λ+δϕ(z)dz ≤

1
Mγ+λ

∫ ∞

0
z2(γ+λ)+δ−1ϕ(z)dz < ∞,

where the moment M2(γ+λ)+δ−1 is bounded because, due to the choice of δ, we have that

2(γ + λ) + δ − 1 < γ + λ. Passing to the limit as R tends to infinity we deduce that (C.5.45)

holds.

Step 2
We assume that inequality (C.5.46) holds and we want to prove (C.5.47). Taking ψR(x) = xγ+λ+(n+1)δ−1

when x ≤ R and ψR(x) = Rδxγ+λ+nδ−1 when x > R in (C.5.48) we deduce that

0 <
γ + 2λ − 1 + 2δ(n + 1)

1 − γ

∫ R

0
zγ+λ+(n+1)δϕ(z)dz ≤

1
Mγ+λ

∫ ∞

0
z2(γ+λ)+(n+1)δ−1ϕ(z)dz

+

∫ ∞

δ

∫ ∞

δ
xK(x, y)

[
ψR(x + y) − ψR(x)

]
ϕ(x)ϕ(y)dydx +

∫ ∞

0
ϕ(z)ψ′R(z)zγ+λ+1ϕ(z)dz.

Thanks to the choice of δ, we have that 2(γ + λ)+ (n+ 1)δ− 1 ≤ γ + λ+ nδ and the desired conclusion

follows for n such that γ + λ + (n + 1)δ − 1 < 1 by the fact that in that case ψR is decreasing and hence

the coagulation term is negative as well as the term
∫ ∞

0 ϕ(z)ψ′R(z)zγ+λ+1ϕ(z). We examine now the case
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in which γ + λ + (n + 1)δ − 1 ≥ 1. In this case we have that∫ ∞

δ

∫ ∞

δ
xK(x, y)

[
ψR(x + y) − ψR(x)

]
ϕ(x)ϕ(y)dydx

≤ c
∫ ∞

δ

∫ ∞

δ
xK(x, y)

[
(x + y)γ+λ+(n+1)δ−1 − xγ+λ+(n+1)δ−1

]
ϕ(x)ϕ(y)dydx

≤ c
"
{(x,y)∈[δ,∞)2:x≤y}

x1−λyγ+λ
[
(x + y)γ+λ+(n+1)δ−1 − xγ+λ+(n+1)δ−1

]
ϕ(x)ϕ(y)dydx

+ c
"
{(x,y)∈[δ,∞)2:x≥y}

x1+γ+λy−λ
[
(x + y)γ+λ+(n+1)δ−1 − xγ+λ+(n+1)δ−1

]
ϕ(x)ϕ(y)dydx

≤ c
∫ ∞

δ
x1−λϕ(x)dx

∫ ∞

δ
y2(γ+λ)+(n+1)δ−1ϕ(y)dy < ∞.

Since we also have that∫ ∞

0
ϕ(z)ψ′R(z)zγ+λ+1ϕ(z)dz ≤ c(n)

∫ ∞

0
ϕ(z)z2(γ+λ)+(n+1)δ−1ϕ(z)dz < ∞

the desired conclusion follows. □

Lemma C.5.16 (Exponential bound). Assume K to be a homogeneous symmetric coagulation kernel,

of homogeneity γ, satisfying (C.1.5), (C.1.6), with γ, λ such that (C.1.7) holds and such that γ+2λ ≥ 1.

Let Φ ∈ M+(R) be as in Proposition C.5.14 and let ϕ be its density. Then there exist two positive

constants L and M such that ∫ ∞

M
ϕ(z)eLzdz < ∞. (C.5.49)

Proof. Adapting the approach used in [FL06a] we define the function Ψa as

Ψa(L) :=
∫ ∞

M

eL min{x,a}

min{x, a}
x2ϕ(x)dx

where M > δ. Hence, by its definition

Ψ′a(L) =
∫ ∞

M
eL min{x,a}x2ϕ(x)dx.

We consider a function ψ in (C.5.48) with ψ′(x) := eL min{x,a} to deduce that

2
1 − γ

Ψ′a(L) ≤
Mγ+λ−1

Mγ+λ

∫ ∞

M
eL min{x,a}x2ϕ(x)dx +

1
Mγ+λ

∫ M

δ
eL min{x,a}xγ+λ+1ϕ(x)dx

+

∫
R∗

∫
R∗

xK(x, y)
∫ x+y

y
eL min{w,a}dwϕ(x)ϕ(y)dxdy

+

∫ z

δ

(
1

Mγ+λ
xγ+λ − x

)
ψ(x)ϕ(x)dx,
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for z :=
(

1
Mγ+λ

) 1
1−γ−λ

, where we are assuming without loss of generality that z > δ and since for every

z ≥ z we have

z −
zγ+λ

Mγ+λ
> 0. (C.5.50)

Thus, there exists a c ≥ 0 such that

2
1 − γ

Ψ′a(L) ≤ Ψ′a(L)
Mγ+λ−1

Mγ+λ
+ c +

∫
R∗

∫
R∗

xK(x, y)
∫ x+y

y
eL min{w,a}dwϕ(x)ϕ(y)dxdy.

As in [FFV23, FL06a] we can deduce, using Jensen’s inequality together with the fact that γ+λ < 1

and that −λ < 1, that∫
R∗

∫
R∗

xK(x, y)
∫ x+y

y
eL min{w,a}dwϕ(x)ϕ(y)dxdy ≤ Ψa(L)1−γ−λΨ′a(L)γ+λ.

This, together with the fact that we can take M arbitrary large, implies that

c(γ, λ)Ψ′a(L) ≤ Ψa(L)1−γ−λΨ′a(L)γ+λ + c, (C.5.51)

for a positive constant c and for c(γ, λ) = 2
1−γ −

Mγ+λ−1

Mγ+λ
> 0.

By the definition of Ψa we have that

Ψa(0) ≤
2

1 − γ

(
1 +

c1

a

)
→

2
1 − γ

as a→ ∞.

If we prove that lim supa→∞Ψa(L) < ∞ for some L, then we can conclude. Indeed we would have

M
∫ ∞

M
eLxϕ(x)dx ≤

∫ ∞

M
eLxxϕ(x)dx < ∞.

Let us prove that lim supa→∞Ψa(L) < ∞ for some L. First of all notice that this is true if Ψ′a(L) ≤ 1 as

in this case Ψa(L) ≤ L + lima→∞Ψa(0) and the desired conclusion follows. If instead Ψ′a > 1, then

c(γ, λ)Ψ′a(L) ≤ Ψa(L)1−γ−λΨ′a(L)γ+λ + c ≤ αΨa(L)1−γ−λΨ′a(L) + c.

Without loss of generality we can assume α > 0 such that lima→∞Ψa(0) , α. This implies that a

solution of the ODE

Ψ′a

(
1 − αΨ1−γ−λ

a

)
= c

exists for small intervals around 0 and is such that lima→∞Ψa(L) < ∞ for L in that interval. □

Proposition C.5.17 (Exponential decay). Assume K to be a homogeneous symmetric coagulation ker-

nel, of homogeneity γ, satisfying (C.1.5), (C.1.6), with γ, λ such that (C.1.7) holds and such that

γ + 2λ ≥ 1. Let Φ ∈ M+(R) be as in Proposition C.5.14 and let ϕ be its density. Then there exists

a positive constant M̃ such that

lim sup
z→∞

ϕ(z)eM̃z < ∞. (C.5.52)
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Proof. From equation (C.5.43) we deduce that(
2

1 − γ
z2 −

zγ+λ+1

Mγ+λ(ϕ)

)
ϕ(z) ≤

∫ z

0
xϕ(x)dx −

1
Mγ+λ(ϕ)

∫ z

0
xγ+λϕ(x)dx + Jϕ(z).

We now show that Jϕ decays exponentially and that the term∫ z

0
xϕ(x)dx −

1∫ ∞
0 yγ+λϕ(y)dy

∫ z

0
xγ+λϕ(x)dx

decays exponentially too.

First of all, we prove that there exists a constant M1 > 0 such that Jϕ(z) ≤ e−M1z for large z. To this

end we notice that the bound (C.5.49) implies that

Jϕ(z) =
∫ z

0

∫ ∞

z−x
e−L(x+y)eL(x+y)xK(x, y)ϕ(x)ϕ(y)dydx

≤ e−Lz
∫ z

0

∫ ∞

z−x
eL(x+y)xK(x, y)ϕ(x)ϕ(y)dydx ≤ e−M1z.

On the other side, for large values of z we have that∫ z

0
xϕ(x)dx −

1∫ ∞
0 yγ+λϕ(y)dy

∫ z

0
xγ+λϕ(x)dx

=
1∫ ∞

0 yγ+λϕ(y)dy

(∫ z

0
xϕ(x)dx

∫ ∞

0
yγ+λϕ(y)dy −

∫ z

0
xγ+λϕ(x)dx

)
≤

1∫ ∞
0 yγ+λϕ(y)dy

(∫ ∞

0
yγ+λϕ(y)dy −

∫ z

0
xγ+λϕ(x)dx

)
≤

1∫ ∞
0 yγ+λϕ(y)dy

∫ ∞

z
yγ+λϕ(y)dy ≤ C(ρ(Mγ+λ))e−M2z,

where M2 > 0.

We deduce that for large values of z 2z2

1 − γ
−

zγ+λ+1∫ ∞
0 yγ+λϕ(y)dy

 ϕ(z) ≤ c max{e−zM1 , e−zM2}.

The conclusion follows since, for every z >
(

1−γ
2
∫ ∞

0 xγ+λΦ(dx)

) 1
1−γ−λ

, we have

2z2

1 − γ
−

zγ+λ+1∫ ∞
0 yγ+λϕ(y)dy

> 0.

□
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C.6 Non-existence results and properties of the self-similar profiles

To study the non-existence of the self-similar solutions we proceed by contradiction and start by

assuming that a self-similar solution exists. To find a contradiction we need to analyse the properties

of each self-similar profile. In the case γ + 2λ > 1 the fundamental properties that we prove to be true

are that Φ((0, δ)) = 0 for some positive δ > 0 and that Φ decays sufficiently fast for large sizes. When

γ + 2λ = 1, it is possible to prove that Φ decays fast for large sizes, but we have not been able to prove

that Φ((0, δ)) = 0 for some δ > 0. This is the reason why we require the additional condition (C.3.5) in

Theorem C.3.5.

C.6.1 Properties of the self-similar profiles

In this section we study the properties of each self-similar solution that do not rely on the existence

of the self-similar solution and hence do not rely on the assumption γ > −1.

Theorem C.6.1 (Properties of the self-similar profiles). Let K be a homogeneous symmetric coagula-

tion kernel, of homogeneity γ, satisfying (C.1.5), (C.1.6), with γ, λ such that (C.1.7) holds.

1. If γ+2λ > 1, then every self-similar profileΦ as in Definition C.3.1 is such thatΦ((0, ρ(Mγ+λ))) =

0 where ρ(Mγ+λ) is given by (C.3.4). Additionally, Φ is such that∫
R∗

eLxΦ(dx) < ∞ (C.6.1)

for L > 0 and it is absolutely continuous with respect to the Lebesgue measure. Its density ϕ is

such that

lim sup
x∈R∗

ϕ(x)eLx ≤ c (C.6.2)

for constants L, c > 0.

2. If γ + 2λ = 1 and if, in addition, Φ((0, δ)) = 0 for some δ > 0, then Φ([δ, ρ(Mγ+λ))) = 0 where

ρ(Mγ+λ) is given by (C.3.4). In addition, (C.6.1) and (C.6.2) hold.

First of all we prove, see Proposition C.6.2, that when γ+2λ > 1, each solution of equation (C.1.19)

in the sense of Definition C.3.1 is zero near the origin. The statement of Theorem C.6.1 then follows

by Proposition C.5.14 and Proposition C.5.17 and by the fact that when γ+λ = 1 we are assuming that

there exists a δ > 0 such that Φ((0, δ)) = 0 .

Proposition C.6.2 (Support of the self-similar solution). Let K be a homogeneous symmetric coagu-

lation kernel, of homogeneity γ, satisfying (C.1.5), (C.1.6), with γ, λ such that (C.1.7) holds and such

that γ + 2λ > 1. Let Φ ∈M+(R∗) be a self-similar profile as in Definition C.3.1. Then Φ((0, ξ)) = 0 for

ξ := min


(

1
Mγ+λ(Φ)

) 1
1−γ−λ

,

(
1 − γ

2Mγ+λ(Φ)

) 1
1−γ−λ

 .
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Proof. We start explaining the proof in a heuristic manner without entering in the technical details that

will be explained later. Equation (C.1.19) can be rewritten in the following flux form

∂x

(
JΦ(x) +

(
xγ+λ+1

Mγ+λ
−

2x2

1 − γ

)
Φ(x)

)
=

(
xγ+λ

Mγ+λ
− x

)
Φ(x), (C.6.3)

where Jϕ is given by (C.5.44). For x smaller than ξ we have that xγ+λ
Mγ+λ
− x ≥ 0 and hence the function

x 7→ JΦ(x) +
(

xγ+λ+1

Mγ+λ
−

2x2

1 − γ

)
Φ(x)

is increasing and right-continuous at x = 0. This implies that

lim
x→0+

(
JΦ(x) +

(
xγ+λ+1

Mγ+λ
−

2x2

1 − γ

)
Φ(x)

)
= L.

Since for every x ≤ ξ we also have that xγ+λ+1

Mγ+λ
− 2x2

1−γ ≥ 0 we deduce that L ≥ 0.

We make a scaling argument to identify the value of L. To this end we notice that the units of

the flux are given by [JΦ(x)] = [Φ]2[x]3+γ, where from now on we indicate with [·] the dimensional

properties of a quantity, hence

[Φ] = [x]−
(3+γ)

2 .

We deduce that

[xγ+λ+1Φ] = [xγ+λ+1][Φ] = [x
γ+2λ−1

2 ].

Since γ+2λ > 1 this implies that as x→ 0 the dominant term in equation (C.6.3) is JΦ, hence JΦ(x) ∼ L

as x → 0. Finally, we prove that L = 0, in agreement with the statement proven in [FLNV21b] that,

when γ + 2λ ≥ 1, there are no solutions to the constant flux equation. Integrating (C.6.3), we deduce

that

JΦ(x) +
(

xγ+λ+1

Mγ+λ
−

2x2

1 − γ

)
Φ(x) =

∫ x

0

(
zγ+λ

Mγ+λ
− z

)
Φ(z)dz.

A detailed analysis of this ODE for Φ implies that Φ = 0 on the interval
(
0,

(
1−γ

2Mγ+λ

) 1
1−γ−λ

)
, see Step 4.

We now explain the proof in detail. Testing (C.3.3) with a function of the form ψ(ξ) = ξφ(ξ), where

φ ∈ C1
c(R∗), we get to the following equation:∫

(0,∞)

(
ξ −

1
Mγ+λ

ξγ+λ
)
φ(ξ)Φ(dξ) =

∫
(0,∞)

φ′(ξ)W[Φ](dξ), (C.6.4)

where

W[Φ](dx) = JΦ(x)dx +
(

xγ+λ+1

Mγ+λ
−

2x2

1 − γ

)
Φ(dx). (C.6.5)

Step 1: Regularity of W[Φ] and an integral representation formula
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First of all we prove that, for every δ > 0, the restriction of the measure W[Φ] on the interval [δ, 1]

is absolutely continuous with respect to the Lebesgue measure. This follows from the fact that for

every function φ ∈ C1
c ([δ, ξ]) with 0 < δ < 1 we have that∫

R∗

φ′(ξ)W[Φ](dξ) ≤ c(Φ, δ, γ, λ)∥φ∥∞;

hence W[Φ], on the interval [δ, ξ], has a density Wϕ ∈ BV([δ, ξ]), see [AFP00]. Since δ is arbitrary we

deduce that W[Φ] has a density Wϕ ∈ L1
loc((0, ξ]). This implies that the measure Φ

|(0,ξ] is absolutely

continuous with respect to the Lebesgue measure, its density is ϕ.

We now prove that Wϕ is increasing on (0, ξ]. To this end we consider a sequence of functions

{φn}n ⊂ C1
c (R∗) such that φn → χ[ξ1,ξ2] pointwise, with 0 < ξ1, ξ2 < ξ, φ′n(ξ) ≥ 0 for ξ ∈

(
0, ξ1+ξ2

2

)
and

such that φ′n(ξ) ≤ 0 for ξ ∈
(
ξ1+ξ2

2 ,∞
)
. Substituting φn in (C.6.4) we deduce that for every n ≥ 1∫ ∞

0
ξφn(ξ)ϕ(ξ)dξ −

1
Mγ+λ

∫ ∞

0
φn(ξ)ξγ+λϕ(ξ)dξ =

∫ ∞

0
φ′n(ξ)Wϕ(ξ)dξ.

Notice that ∫ ∞

0
ξφn(ξ)ϕ(ξ)dξ →

∫
[ξ1,ξ2]

ξϕ(ξ)dξ as n→ ∞

and that ∫ ∞

0
ξγ+λφn(ξ)ϕ(ξ)dξ →

∫
[ξ1,ξ2]

ξγ+λϕ(ξ)dξ as n→ ∞.

Additionally, since Wϕ is in L1
loc((0, ξ)) and satisfies (C.6.4) we deduce that Wϕ ∈ W1

loc(0, ξ) and hence

is continuous in (0, ξ). Hence we have that∫
(0,∞)

φ′n(ξ)Wϕ(ξ)dξ → Wϕ(ξ1) −Wϕ(ξ2) as n→ ∞.

As a consequence, we deduce that

Wϕ(ξ2) −Wϕ(ξ1) =
∫

[ξ1,ξ2]

(
1

Mγ+λ
ξγ+λ − ξ

)
ϕ(ξ)dξ. (C.6.6)

Since if ξ ≤ ξ, then 1
Mγ+λ

ξγ+λ − ξ ≥ 0, we deduce that there exists a ξ such that Wϕ is increasing in

(0, ξ]. Hence, since Wϕ is bounded, we have that the following limit exists

0 ≤ L := lim
ξ→0+

Wϕ(ξ) < ∞.

Due to (C.3.2) we can take the limit as ξ1 → 0 in (C.6.6) and deduce that

Wϕ(ξ2) − L =
∫

(0,ξ2]

(
1

Mγ+λ
ξγ+λ − ξ

)
ϕ(ξ)dξ. (C.6.7)
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Step 2: we prove that
∫
R∗

Jϕ(εx)φ(x)dx→ L
∫
R∗
φ(x)dx

Since Wϕ is bounded in (0, ξ] and 1
Mγ+λ

ξγ+λ − 2
1−γξ ≥ 0 for every ξ ≤ ξ we have that Jϕ is also

bounded in (0, ξ]. Since

[2/3z, z] × [2/3z, z] ⊂
{
x ∈ R2

∗ : 0 < x ≤ z, z − x ≤ y < ∞
}
=: Ωz (C.6.8)

we deduce that for every z ∈ (0, ξ] we have that

zγ+1
(∫ z

2z/3
ϕ(x)dx

)2

≤ Jϕ(z) ≤ C

hence
1
z

∫ z

2z/3
ϕ(x)dx ≤

C

z
γ+3

2

z ∈ (0, ξ]. (C.6.9)

Equation (C.6.7) implies that∫
R∗

φ (x) Jϕ(εx)dx =
1
ε

∫
R∗

φ
( x
ε

)
Jϕ(x)dx = −

1
ε

∫
R∗

φ
( x
ε

) [ xγ+λ+1

Mγ+λ
−

2
1 − γ

x2
]
ϕ(x)dx (C.6.10)

+
1
ε

∫
R∗

φ
( x
ε

) ∫ x

0

[
zγ+λ

Mγ+λ
− z

]
ϕ(z)dzdx + L

∫
R∗

φ(x)dx

where φ ∈ Cc((0, ξ)) and where ε > 0.

Thanks to the bounds (C.3.2) for ϕ and to the fact that φ is compactly supported we can pass to the

limit as ε→ 0 in equation (C.6.10) and deduce that

lim
ε→0

∫
R∗

Jϕ(εξ)φ(ξ)dξ = L
∫
R∗

φ(x)dx.

for every φ ∈ C1
c ((0, ξ)).

Step 3: we prove that L = 0

We want to prove that for every φ ∈ C1
c ((0, ξ))

lim
ε→0

∫
R∗

Jϕ(εξ)φ(ξ)dξ = 0.

Using the formula for the fluxes we obtain that

1
ε

∫
R∗

Jϕ(ξ)φ
(
ξ

ε

)
dξ =

∫
R∗

φ(ξ)Jϕ(εξ)dξ

=

∫
R∗

∫
R∗

xK(x, y)
(
ψ

( x + y
ε

)
− ψ

( x
ε

))
Φ(dx)Φ(dy)

= I1 + I2
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where ψ(x) =
∫ x

0 φ(y)dy and where

I1 =

∫
R∗

∫
(y,∞)

xK(x, y)
(
ψ

( x + y
ε

)
− ψ

( x
ε

))
Φ(dx)Φ(dy)

and

I2 =

∫
R∗

∫
(0,y)

xK(x, y)
(
ψ

( x + y
ε

)
− ψ

( x
ε

))
Φ(dx)Φ(dy).

Since φ is compactly supported we have, by definition, that supp
[
ψ (x + y) − ψ (x)

]
⊂ {(x, y) ∈ R2

∗ :

x ≤ R, x + y ≥ δ > 0} for suitable δ > 0 and R > 0. As a consequence, using (C.3.2) we deduce that

|I1| ≤ c
∫

(0,εR)

∫
(δε/2,εR)

y−λx1+γ+λ
∣∣∣∣∣ψ ( x + y

ε

)
− ψ

( x
ε

)∣∣∣∣∣Φ(dx)Φ(dy)

≤ C(ψ)
1
ε

∫
(0,εR)

y1−λΦ(dy)
∫

(δε/2,εR)
x1+γ+λΦ(dx)→ 0 as ε→ 0.

Using again (C.3.2) we have

|I2| =

∫
R∗

∫
(0,y)

xK(x, y)
∣∣∣∣∣ψ ( x + y

ε

)
− ψ

( x
ε

)∣∣∣∣∣Φ(dx)Φ(dy)

≤ C(ψ)
∫

(εδ/2,∞)
yγ+λΦ(dy)

∫
(0,εR)

x1−λΦ(dx)→ 0 as ε→ 0.

Hence limε→0
∫
R∗

Jϕ(εξ)φ(ξ)dξ = 0 and therefore L = 0.

Step 4: Φ is zero near zero

Since L = 0 we deduce by (C.6.7) that

Wϕ(z) =
∫ z

0

(
1

Mγ+λ
ξγ+λ − ξ

)
ϕ(ξ)dξ for z ∈ (0, ξ). (C.6.11)

Or, equivalently, since Jϕ ∈ BV(R∗)

Jϕ(z) +
(
zγ+λ+1

Mγ+λ
−

2z2

1 − γ

)
ϕ(z) =

∫ z

0

(
1

Mγ+λ
ξγ+λ − ξ

)
ϕ(ξ)dξ for a.e.z ∈ (0, ξ). (C.6.12)

We now rewrite (C.6.12) in the following way∫ z

0

∫ z

z−x
xK(x, y)Φ(dy)Φ(dx) +

∫ z

0

∫ ∞

z
xK(x, y)Φ(dy)Φ(dx)

+

(
zγ+λ+1

Mγ+λ
−

2z2

1 − γ

)
ϕ(z) =

∫ z

0

(
1

Mγ+λ
ξγ+λ − ξ

)
ϕ(ξ)dξ.
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If Φ is different to zero near the origin, then∫ z

0

∫ ∞

z
xK(x, y)Φ(dx)Φ(dy) ≥ c1

∫ z

0
x1−λΦ(dx)

∫ ∞

z
yγ+λΦ(dy)

+ c1

∫ z

0
x1+γ+λΦ(dx)

∫ ∞

z
y−λΦ(dy) ≥ C+

∫ z

0
x1−λΦ(dx)

where we have used that for sufficiently small z we have that∫ ∞

z
yγ+λΦ(dy) ≥ C+

for a strictly positive constant C+.

This implies that for z small we have that

0 = Jϕ(z) +
(
zγ+λ+1

Mγ+λ
−

2z2

1 − γ

)
ϕ(z) −

∫ z

0

(
1

Mγ+λ
ξγ+λ − ξ

)
ϕ(ξ)dξ

≥ C+

∫ z

0
x1−λϕ(x)dx +

(
zγ+λ+1

Mγ+λ
−

2z2

1 − γ

)
ϕ(z) −

∫ z

0

(
1

Mγ+λ
ξγ+λ − ξ

)
ϕ(ξ)dξ

≥

(
zγ+λ+1

Mγ+λ
−

2z2

1 − γ

)
ϕ(z) +

∫ z

0

(
C+ξ1−λ −

1
Mγ+λ

ξγ+λ
)
ϕ(ξ)dξ.

Since we are assuming thatΦ is different from zero near the origin and since γ+2λ > 1, we deduce that∫ z
0

(
C+ξ1−λ − 1

Mγ+λ
ξγ+λ

)
ϕ(ξ)dξ > 0. This, together with the fact that for z ≤ ξ we have

(
zγ+λ+1

Mγ+λ
− 2z2

1−γ

)
≥

0 leads to a contradiction. Hence there exists a δ > 0 such that ϕ(x) = 0 for x ∈ (0, δ). We now prove

that ϕ(x) = 0 for every x < ξ. To this end we define the function H as

H(z) :=
∫ z

0

(
1

Mγ+λ
ξγ+λ − ξ

)
ϕ(ξ)dξ.

Due to (C.6.12) we have that H satisfies

d
dz

H(z) = H(z)Q(z) − Jϕ(z)Q(z), H(δ) = 0 for a.e. z ∈ (δ, ξ) (C.6.13)

where

Q(z) :=
(1 − γ)(zγ+λ − Mγ+λz)

(1 − γ)zγ+λ+1 − 2Mγ+λz2 > 0, z ∈ (δ, ξ). (C.6.14)

The solution of equation (C.6.13) is the function

H(z) = −
∫ z

δ

Jϕ(s)
Q(s)

e
∫ z

s Q(x)dxds. (C.6.15)

Expression (C.6.15) for H implies that H is negative for z ∈ (δ, ξ). On the other hand, if we assume

that ϕ is different from zero in (0, ξ) we deduce that H is positive on z ∈ (δ, ξ), by definition. This

contradiction implies that H(z) = 0 for z ∈ (δ, ξ). □
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Remark C.6.3. We remark that equation (C.6.11) is valid both for γ + 2λ > 1 and for γ + 2λ = 1, but

the same argument we used to prove that Φ((0, δ)) = 0 does not work in the case γ + 2λ = 1.

Proof of Theorem C.6.1. As in the proof of Theorem C.5.1 we prove that if Φ((0, δ)) = 0 for some

δ > 0 then Φ((0, ρ(Mγ+λ))) = 0 for ρ(Mγ+λ) given by (C.3.4). To conclude the proof combine this with

Proposition C.5.14 and Proposition C.5.17 with Proposition C.6.2. □

C.6.2 Non-existence results

Proof of Theorem C.3.5. We consider now the case γ + 2λ > 1 and γ ≤ −1 in which γ + λ could

be bigger than zero or smaller than zero, see Figure C.1. We will provide a proof that relies on the

technical proof of Proposition C.6.2. We proceed by contradiction. Assume that a self-similar solution

exists. Then thanks to Proposition C.6.2 we know that Φ((0, δ)) = 0 for some δ > 0. Additionally,

from Proposition C.5.17 we know that limx→∞Φ(x) = 0 exponentially.

We can therefore consider the test function φ ≡ 1 in equation (C.3.3). This implies

0 ≤ −
1 + γ
1 − γ

∫
R∗

Φ(dx) = −
1
2

∫
R∗

∫
R∗

K(x, y)Φ(dx)Φ(dy) < 0,

which is a contradiction.

Assume now that γ + 2λ = 1 and that γ ≤ −1. Notice that in this case we necessarily have that

γ + λ ≤ 0. Let us assume by contradiction that a self-similar solution exists and is such that∫
(0,1]

x−λΦ(dx) < ∞.

We show that ∫
R∗

Φ(dx) < ∞.

Notice that this is true by assumption when γ + λ = 0, therefore we restrict the attention to the case

γ + λ < 0. To this end we adapt the argument used in the proof of Proposition C.5.15, we refer there

for the technical aspects, and prove that∫
R∗

xγ+λΦ(dx) < ∞ implies
∫
R∗

xγ+λ+δΦ(dx) < ∞

when 0 < −γ − λ < δ < 1 − γ − λ. To see this we consider ψ(x) = xγ+λ+δ−1 in equation (C.5.48) to

deduce that

2δ
1 − γ

Mγ+λ+δ ≤
M2(γ+λ)+δ−1

Mγ+λ
.

Now we notice that our choice of δ implies that

−λ ≤ 2(γ + λ) + δ − 1 ≤ γ + λ.
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Hence M2(γ+λ)+δ−1 < ∞ and the desired conclusion follows.

Similarly, we can prove that∫
R∗

xγ+λ+nδΦ(dx) < ∞ implies
∫
R∗

xγ+λ+(n+1)δΦ(dx) < ∞.

As a consequence, taking n sufficiently large, we deduce that M0(Φ) < ∞. We can therefore consider

the test function φ ≡ 1 in equation (C.3.3). This implies

0 ≤ −
1 + γ
1 − γ

∫
R∗

Φ(dx) = −
1
2

∫
R∗

∫
R∗

K(x, y)Φ(dx)Φ(dy) < 0

which is a contradiction. □
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APPENDIX D

ON AN INHOMOGENEOUS COAGULATION MODEL WITH A
DIFFERENTIAL SEDIMENTATION KERNEL

ABSTRACT. We study an inhomogeneous coagulation equation that contains a transport
term in the spatial variable modeling the sedimentation of clusters. We prove local existence
of mass conserving solutions for a class of coagulation kernels for which in the space ho-
mogeneous case instantaneous gelation (i.e., instantaneous loss of mass) occurs. Our result
holds true in particular for sum-type kernels of homogeneity greater than one, for which
solutions do not exist at all in the spatially homogeneous case. Moreover, our result covers
kernels that in addition vanish on the diagonal, which have been used to describe the onset
of rain and the behavior of air bubbles in water.

D.1 Introduction

D.1.1 Background

In [HNS07] the authors suggest a space-dependent coagulation equation to model the onset of rain.

Here spherical particles of volume v move in space vertically, for example due to gravitation, and

merge when their trajectories cross. This leads to the following inhomogeneous coagulation equation

for the density f of particles of size v at the point x:

∂t f (x, v, t) + v
2
3 ∂x f (x, v, t) =

1
2

∫
(0,v)

K(v − v′, v′) f (x, v − v′, t) f (x, v′, t)dv′

−

∫
(0,∞)

K(v, v′) f (x, v, t) f (x, v′, t)dv′ (D.1.1)

with a so-called differential sedimentation kernel of the form

K(v, v′) = |v
2
3 − v′

2
3 |(v

1
3 + v′

1
3 )2. (D.1.2)
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This choice of kernel is motivated by the following consideration (see [HNS07]): the cross-section of

interaction between two particles of radii r and r′, and volume v and v′, respectively, that merged upon

touching is given by π(r + r′)2 ≈ (v
1
3 + v′

1
3 )2.

Additionally, the velocity is approximately v
2
3 , which represents the Stokes velocity of a rigid

sphere with no slip boundary condition, and the collision rate between two particles is taken to be

proportional to their relative velocities |v
2
3 − v′

2
3 |.

The model is used to describe the behavior of air bubbles in water which move due to buoyancy

and it is also valid for water droplets. We refer to [CGW78, FSV06, PK97] for more details. In

[HNS07], slip-flow corrections for water droplets are discussed and it is mentioned that this requires to

change the power of the volume for the velocity. More precisely, the left-hand side of (D.1.1) becomes

∂t f (x, v, t) + vα∂x f (x, v, t), for some α ∈ (0, 1), and the kernel in (D.1.2) has the form K(v, v′) =

|vα − v′α|(v
1
3 + v′

1
3 )2.

The model in (D.1.1) with kernel (D.1.2) is referred to as the free merging regime in [HNS07], since

it is assumed in its derivation that the particles merge when their trajectories cross. When studying

equations like (D.1.1), it is customary to look for stationary solutions of non-zero flux (cf. [TIN96])

of the form f ≈ vd, for some d ∈ R. One of the possible approaches is to compute them using the

so-called Zakharov transform (see [ZF67]) and using it we find the solution f (x, v, t) ≈ v−
13
6 . However,

this approach can be made rigorous only if the integral containing the coagulation kernel in (D.1.1)

is finite, which is not the case for the kernel (D.1.2). In order to be able to rigorously find a solution

for kernels with the same homogeneity, the so-called forced locality regime in which only particles

of similar sizes can merge is studied in [HNS07]. More precisely, for the forced locality regime a

cut-off in the coagulation kernel is introduced that makes the kernel vanish outside the region where
1
q <

v′
v < q, for some q > 1. With this cut-off, the integral containing the coagulation kernel converges

and thus the stationary solution f ≈ v−
13
6 is a valid solution.

Our main goal in this paper is to show that mass conserving solutions exist, at least for a short

time interval, for a class of inhomogeneous coagulation equations that includes example (D.1.1) with

(D.1.2). At a first glance this might look surprising since the homogeneity of the kernel in (D.1.2)

is greater than one. Indeed, it is well-known that gelation (mass loss) occurs for the standard one-

dimensional coagulation equation,

∂t f (v, t) =
1
2

∫
(0,v)

K(v − v′, v′) f (v − v′, t) f (v′, t)dv′ −
∫

(0,∞)
K(v, v′) f (v, t) f (v′, t)dv′, (D.1.3)

when the coagulation kernel behaves like a power law of homogeneity γ > 1 (see, for example [EMP02,

ELMP03, Lau00]). In particular, for sum kernels of the form

K(v, v′) = vγ + v′γ, (D.1.4)
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with γ > 1, gelation happens instantaneously. Actually, making use of this property, one can prove

that solutions which belong to L1 for the standard coagulation equation do not exist at all for kernels

as in (D.1.4) (see [BLL19b, BC90, CdC92, vD87]). In addition, it has been proven in [CNV24a] that

the instantaneous gelation phenomenon holds for Radon measure solutions of the standard coagula-

tion equation with sum kernels of homogeneity greater than one which vanish on the diagonal, i.e.

K(v, v′) = 0, such as the kernel in (D.1.2).

Our main goal is then to prove that, in contrast to the homogeneous case, there exist, at least for

short times, mass conserving solutions to the inhomogeneous model

∂t f (x, v, t) + vα∂x f (x, v, t) =
1
2

∫
(0,v)

K(v − v′, v′) f (x, v − v′, t) f (x, v′, t)dv′

−

∫
(0,∞)

K(v, v′) f (x, v, t) f (x, v′, t)dv′, (D.1.5)

where α ∈ (0, 1). Our proof holds for a rather general class of coagulation kernels (see Assumption

D.1.1), in particular kernels of the form (D.1.2) and (D.1.4). Thus, the model (D.1.5) provides a

coagulation model in which existence for kernels of the form (D.1.4) with γ > 1 holds, at least for

short times.

D.1.2 Main result

Short time existence of mass conserving solutions for the inhomogeneous model

Our goal is to prove short-time existence of mass conserving solutions for the inhomogeneous

model

∂t f (x, v, t) + vα∂x f (x, v, t) =
1
2

∫
(0,v)

K(v − v′, v′) f (x, v − v′, t) f (x, v′, t)dv′

−

∫
(0,∞)

K(v, v′) f (x, v, t) f (x, v′, t)dv′, (D.1.6)

where

α ∈ (0, 1). (D.1.7)

Assumption D.1.1. We assume that K : [0,∞) × [0,∞)→ [0,∞) is a symmetric and continuous func-

tion that satisfies

0 ≤ K(v, v′) ≤ K1(vγ + v′γ), with γ ∈ [0, 1 + α) (D.1.8)

for some constant K1 > 0 and

K(v − v′, v′) ≤ K(v, v′), when v′ ∈
[
0, v

2
]
. (D.1.9)
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Condition (D.1.9) is a rather standard assumption in the study of coagulation equations, see for

example [LM02], and most of the kernels used in applications satisfy this condition, in particular,

kernels of the form K(v, v′) = vγ + v′γ or (D.1.2). The condition γ < 1 + α in (D.1.8) is such that the

transport term will control the contribution coming from the coagulation term.

Definition D.1.2. [Mild solutions] Let α ∈ (0, 1), γ ∈ [0, 1 + α) and m >
γ+1
α . Let T > 0 and K satisfy

Assumption D.1.1. We say that a non-negative function f ∈ C([0,T ] × R × (0,∞)) such that

sup
t∈[0,T ]

∫
(0,∞)

(1 + vγ) f (x, v, t)dv ≤
CT

max
{
1, |x|m−

γ+1
α

} , for x ∈ R, (D.1.10)

is a mild solution of equation (D.1.6) if

f (x, v, t) − f (x − vαt, v, 0)S [ f ](x, v, 0, t) = (D.1.11)

1
2

∫ t

0

∫
(0,v)

S [ f ](x, v, s, t)K(v − v′, v′) f (x − (t − s)vα, v − v′, s) f (x − (t − s)vα, v′, s)ds,

for all t ∈ [0,T ], v ∈ (0,∞) and x ∈ R, where

S [ f ](x, v, s, t) := e−
∫ t

s a[ f ](x−vα(t−τ),v,τ)dτ, (D.1.12)

with

a[ f ](x, v, t) :=
∫

(0,∞)
K(v, v′) f (x, v′, t)dv′. (D.1.13)

Definition D.1.3. We call f ∈ C([0,T ]×R× (0,∞)) a mass-conserving solution of equation (D.1.6) if

f is as in Definition D.1.2 and satisfies in addition∫
R

∫
(0,∞)

v f (x, v, t)dvdx =
∫
R

∫
(0,∞)

v f (x, v, 0)dvdx

for all t ∈ [0,T ].

Theorem D.1.4 (Local existence of solutions). Let α ∈ (0, 1), γ ∈ [0, 1 + α), m ∈ N even, and p = αm

with m > max{ 2γ+1
α , 2

α + 3}. Let K satisfy Assumption D.1.1 and T > 0 be sufficiently small. Let

fin ∈ C1(R × (0,∞)) such that

fin(x, v) ≤
C0

1 + |x|m + vp ,

for some C0 > 0 and all x ∈ R, v ∈ (0,∞). Then there exists a mass-conserving solution f of (D.1.11)

as in Definition D.1.3 that satisfies

f (x, v, t) ≤
C

1 + |x|m + vp , (D.1.14)

for all t ∈ [0,T ], for some C > 0.
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Remark D.1.5. Theorem D.1.4 is valid for coagulation kernels K as in (D.1.2), as well as coagulation

kernels of the form K(v, v′) = vγ + v′γ.

Remark D.1.6. It is worthwhile to mention that mass conservation will follow due to the fact that our

solution will have sufficiently fast decay for large values of |x| and v, see (D.1.14). For more details,

see the proof of Theorem D.1.4 .

When γ < 1, our result could be expected according to the general theory of existence for one-

dimensional coagulation equations. This states that solutions exist for kernels that behave like power

laws of homogeneity γ < 1, see, for example, [Ste89] for existence of solutions and [FL05] for exist-

ence of self-similar profiles.

Some multi-dimensional coagulation models have been studied in the mathematical literature, see

[CV23, FLNV21a]. Moreover, several classes of coagulation models for the distribution of particles

with space dependence have also been considered. In particular, models in which in addition to co-

agulation there is space diffusion of the aggregating particles can be found in [AB79, CDF08, CDF10,

LM02]. Models that contain coagulation of particles as well as transport terms (that might include sed-

imentation terms) were studied in [Bur83, CD95, CD97, Dub90a, Dub90b, Gal85]. In all the models

mentioned above the homogeneity of the coagulation kernel is either γ < 1, case in which the solu-

tions are globally defined and preserve the total mass, or product-type kernels are discussed, for which

solutions preserve the mass up to a certain point in time.

To our knowledge, the only exception that considers the case γ > 1 for space-dependent models

is [Gal87]. Indeed, existence of solutions for the discrete version of the model in (D.1.1) has been

established for coagulation kernels of the form K(i, j) = σi j|νi − ν j|, i, j ∈ N. Here, νi is a non-

negative function of volume which represents the sedimentation velocity of the particles and σi j can

be estimated by a function of the form C(iγ + jγ) with γ < 1. Assuming that νi scales like a power

law iβ, we would obtain a coagulation kernel K(i, j) that behaves like a homogeneous function with

homogeneity β + γ that might be larger than one. As a matter of fact, the results in [Gal87] hold for

any choice of νi ≥ 0. In particular, the solutions constructed in [Gal87] have total mass of particles

that changes continuously in time. Nevertheless it has not been proven in [Gal87] that the mass of

solutions is conserved. By contrast, in the present paper we construct a theory of existence for mild

solutions which conserve mass in finite time. The class of kernels considered in [Gal87] has a non-

empty intersection with the class of kernels considered in this paper and this intersection includes the

coagulation kernel (D.1.2), which is relevant in the physical literature as explained above. However,

none of two classes of kernels is included in the other. In addition, the arguments in [Gal87] seem to

rely significantly on the discrete character of the coagulation process and it is not clear how difficult

would be to extend these results to the continuous case. On the other hand, the sedimentation νi can be

arbitrary in [Gal87]. This opens the question of whether we can extend our result to powers of α which
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are larger than one for the model in (D.1.6). However, a different approach of obtaining information

from the characteristics created by the transport term in (D.1.6) will be needed in this case.

Moreover, kernels of the form K(v, v′) = vγ + v′γ, with γ ∈ (1, 1 + α), also satisfy the conditions

(D.1.8), (D.1.9). Solutions of the standard one-dimensional coagulation equation do not exist for these

types of kernels, see [BLL19b, BC90, CdC92, vD87]. This is to our knowledge the first result of

existence of mass-conserving solutions involving sum kernels of homogeneity γ > 1, regardless of

whether one considers one-dimensional or multi-dimensional coagulation models.

It is worth mentioning that our results also include the cases γ = 0 and γ = 1, which are normally

studied separately in the literature due to their rich features, such as being able to predict the long-time

behavior of solutions, see [BNV19, CMM10, MP04, MP06, TV19], or prove uniqueness of self-similar

profiles, see [MP04, Thr21a, Thr21b], where the constant kernel and perturbations of the constant

kernel are discussed.

The strategy for proving existence of solutions is to consider an iterative scheme based on a linear

version of (D.1.6). For this equation, we are able to find a suitable supersolution, which in turn will

provide sufficiently good moment estimates. This will give us compactness of the iterated sequence and

enable us to pass to the limit in the equation. The idea of finding appropriate supersolutions was also

used in [NNTV19], in this case for finding self-similar solutions with fat tails. The idea of considering

a linear version of the model in order to better study properties of its solutions is common in the study

of coagulation equations, see for example [Thr21a] where this idea is used to study uniqueness of

solutions.

We present the proof of our main Theorem D.1.4 in the following Section D.2 with some technical

computations moved to the appendix.

D.2 Proof of the main theorem

D.2.1 Formal approximation and discussion on the assumptions

Our approach to prove existence of a solution to (D.1.6) is based on constructing a suitable super-

solution by approximating the coagulation term for large particles by a transport term. To motivate this

we present in this subsection this formal approximation of (D.1.6). Similar computations can be found

in [HNS07, Section 4 and Appendix 1].

Suppose now that f is a solution of (D.1.6). Since we are interested in the behavior for large values

of v, we can assume, due to the fast decay of f (x, v, t), that the term
∫

[ v
2 ,∞) K(v, v′) f (x, v, t) f (x, v′, t)dv′

gives a small contribution. This is consistent with the known results in coagulation equations. We can
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then approximate (D.1.6) via

∂t f (x, v, t) + vα∂x f (x, v, t)

=

∫
(0, v

2 )
K(v − v′, v′) f (x, v − v′, t) f (x, v′, t)dv′ −

∫
(0,∞)

K(v, v′) f (x, v, t) f (x, v′, t)dv′

=

∫
(0, v

2 )
[K(v − v′, v′) f (x, v − v′, t) − K(v, v′) f (x, v, t)] f (x, v′, t)dv′

−

∫
[ v

2 ,∞)
K(v, v′) f (x, v, t) f (x, v′, t)dv′

≈

∫
(0, v

2 )
[K(v − v′, v′) f (x, v − v′, t) − K(v, v′) f (x, v, t)] f (x, v′, t)dv′. (D.2.1)

Since our strategy relies on finding a suitable supersolution, it suffices to find a lower bound for

(D.2.1). This is where the assumption (D.1.9) is needed. We thus use that K(v− v′, v′) ≤ K(v, v′) when

v′ ∈ [0, v
2 ] and obtain that

∂t f (x, v, t) + vα∂x f (x, v, t)

−

∫
(0, v

2 )
[K(v − v′, v′) f (x, v − v′, t) − K(v, v′) f (x, v, t)] f (x, v′, t)dv′

≥ ∂t f (x, v, t) + vα∂x f (x, v, t) −
∫

(0, v
2 )

K(v, v′)[ f (x, v − v′, t) − f (x, v, t)] f (x, v′, t)dv′. (D.2.2)

Assuming now that the coagulation kernel K behaves like v′γ + vγ and since v′ ∈ [0, v
2 ], we further

deduce that

∂t f (x, v, t) + vα∂x f (x, v, t) ≈
∫

(0, v
2 )

vγ[ f (x, v − v′, t) − f (x, v, t)] f (x, v′, t)dv′

≈ −vγ
∫

(0, v
2 )

∫ v

v−v′
∂w f (x,w, t)dw f (x, v′, t)dv′. (D.2.3)

Assume that ∂w f (x,w, t) behaves similarly for w ∈ [ v
2 , v] and thus

∂t f (x, v, t) + vα∂x f (x, v, t) ≈ −vγ∂v f (x, v, t)
∫

(0, v
2 )

v′ f (x, v′, t)dv′. (D.2.4)

We denote by M1(x, t) :=
∫

(0,∞) v′ f (x, v′, t)dv′ the first moment in v of f . We consider only large values

of v so that we can safely assume that
∫

(0, v
2 ) v′ f (x, v′, t)dv′ contains most of the mass. In this manner,

we can further approximate (D.2.4) by

∂t f (x, v, t) + vα∂x f (x, v, t) ≈ −vγ∂v f (x, v, t)M1(x, t). (D.2.5)

Notice that in order for our approximation to hold, the assumption (D.1.9) was needed in (D.2.2).

Otherwise, an analogous approximation of the model could be obtained by replacing vγ∂v f (x, v, t) in
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(D.2.4) by ∂v
(
vγ f (x, v, t)

)
. The approximation containing the term ∂v

(
vγ f (x, v, t)

)
is the one actually

used in [HNS07]. However, due to (D.1.9), the approximation used in (D.2.5) suffices in order to

prove our desired result. Suppose now that M1(x, t) decays sufficiently fast for large values of x, that is

assume that

M1(x, t) ≤
L

1 + |x|m
, (D.2.6)

for some sufficiently large m and some L > 0. Combining (D.2.6) with (D.2.5), we obtain that f should

behave formally like the solution of the equation

∂t f (x, v, t) + vα∂x f (x, v, t) +
Lvγ∂v f (x, v, t)

1 + |x|m
= 0. (D.2.7)

This motivates the analysis of the equation (D.2.16) below when trying to find a supersolution for a

linear version of (D.1.6). In order to obtain a behavior of the form (D.2.6) for M1(x, t), we have to

work with functions f such that (D.1.14) holds.

D.2.2 Upper and lower bounds for the solution of the approximated model

To prove short time existence of a solution to (D.1.6) we will set up an iterative scheme and derive,

using (D.2.7), a uniform supersolution for the solutions of this scheme. More precisely, for n ∈ N, we

define inductively a sequence of functions { fn}n∈N as follows:

∂t fn+1(x, v, t) + vα∂x fn+1(x, v, t) =
1
2

∫
(0,v)

K(v − v′, v′) fn+1(x, v − v′, t) fn(x, v′, t)dv′

−

∫
(0,∞)

K(v, v′) fn+1(x, v, t) fn(x, v′, t)dv′, (D.2.8)

with α ∈ (0, 1), and

fn+1(x, v, 0) = fn(x, v, 0) = fin(x, v) ≤
C0

1 + |x|m + vp , for all n ∈ N. (D.2.9)

We take f0 to be a function such that

∂t f0(x, v, t) + vα∂x f0(x, v, t) = 0 (D.2.10)

with

f0(x, v, 0) = fin(x, v) ≤
C0

1 + |x|m + vp . (D.2.11)

Notice that, if we have equality in (D.2.11), the solution of (D.2.10) is f0(x, v, t) = C0
1+|x−vαt|m+vp .
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Remark D.2.1. In principle we have to prove that the sequence in (D.2.8) is well-defined. A rigorous

proof would work as follows. First we approximate K with a kernel KN which is such that

KN(v, v′) = K(v, v′)χN(v + v′), (D.2.12)

for N > 1 and where χN : [0,∞) → [0, 1] is a continuous functions such that χN(x) = 1, when x ≤ N
2 ,

and χN(x) = 0, when x ≥ N. Then we can establish with a standard fixed-point argument the existence

and uniqueness of fn,N . The key result is then that we obtain a uniform fast decaying bound for the

sequence of solutions which is in particular independent of N. Then one can pass to the limit N → ∞.

Since this procedure is standard once one has the bounds on the solution, we omit the details here and

work directly with K.

Notations and Assumptions: Let R > 0. In the following we will denote by

ξR ∈ C([0,∞)) , ξR : [0,∞)→ [0, 1] such that ξR(v) = 1 if v ≥ 2R and ξR(v) = 0 if v ≤ R. (D.2.13)

Furthermore we assume

α ∈ (0, 1) , γ ∈ [0, 1 + α) , m ∈ � , m even , p = αm , m > max
{2γ + 1

α
,

2
α
+ 3

}
, (D.2.14)

and define d via 
d =

[ 2
α

]
+ 1; if

[ 2
α

]
odd;

d =
[ 2
α

]
+ 2; if

[ 2
α

]
even,

(D.2.15)

where [·] denotes the floor function. Note that (D.2.14) and (D.2.15) in particular imply that m > d+1.

The main goal in this section will be to derive estimates for the solution of a transport equation that

approximates the coagulation equation. For L > 0 let GL be the solution of

∂tGL(x, v, t) + vα∂xGL(x, v, t) +
Lvγ

1 + |x|m−d ξR(v)∂vGL(x, v, t) = 0, (D.2.16)

GL(x, v, 0) =
C0

1 + |x|m + vp .

We first study the properties of the backward characteristics for equation (D.2.16). To this end, we

define X and V via 
∂tX(x, v, t) = −Vα, X(x, v, 0) = x ,

∂tV(x, v, t) = −
LVγξR(V)
1 + |X|m−d , V(x, v, 0) = v ,

(D.2.17)

where d was defined in (D.2.15) and L is as in (D.2.16).
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Proposition D.2.2 (Properties of the characteristics). Given L > 0 and δ ∈
(
0, 1

2
)

there exists a suffi-

ciently large R > 0 such that for all t ≥ 0 the following estimates hold:

(1 − δ)v ≤ V(x, v, t) ≤ (1 + δ)v; (D.2.18)

(1 − δ)vαt ≤ x − X(x, v, t) ≤ (1 + δ)vαt; (D.2.19)
α

18
vα−1t ≤ −∂vX(x, v, t) ≤ 18αvα−1t. (D.2.20)

Moreover, if x < [(1 − 2δ)vαt, (1 + 2δ)vαt], then

1
4
≤ ∂vV(x, v, t) ≤

9
4
. (D.2.21)

Otherwise, if x ∈ [(1 − 2δ)vαt, (1 + 2δ)vαt], then

|∂vV(x, v, t)| ≤ 36L max{1, vγ−1t}; (D.2.22)

∂vV(x, v, t) ≤ 2. (D.2.23)

Corollary D.2.3. As an immediate consequence of (D.2.19) we obtain the following estimates for all

t ≥ 0.

If x ≤ 0 then

|x| + (1 − δ)vαt = |x − (1 − δ)vαt| ≤ |X(x, v, t)| ≤ |x| + (1 + δ)vαt = |x − (1 + δ)vαt| . (D.2.24)

If x > 0 then

|x − (1 − δ)vαt| ≤ |X(x, v, t)| ≤ |x − (1 + δ)vαt| if t ≥
x

(1 − δ)vα
, (D.2.25)

|x − (1 + δ)vαt| ≤ |X(x, v, t)| ≤ |x − (1 − δ)vαt| if t ≤
x

(1 + δ)vα
, (D.2.26)

and

|X(x, v, t)| ≤ 3vαt if t ∈
( x
(1 + δ)vα

,
x

(1 − δ)vα
)
. (D.2.27)

Proof of Proposition D.2.2. Proof of (D.2.18): First, we see from (D.2.17) that X(x, v, t) ≤ x and

V(x, v, t) ≤ v for all t ≥ 0. Next, we define

ψ(x) :=
∫ x

−∞

L dξ
1 + |ξ|m−d (D.2.28)

and Φ : (0,∞)2 → R, (z, v)→ Φ(z, v) via

Φ(ψ(X(x, v, t)) − ψ(x), v) := V(x, v, t). (D.2.29)
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Then it follows from (D.2.17) that∂zΦ(·, v) = Φγ−αξR(Φ) , z > 0

Φ(0, v) = v .
(D.2.30)

By integrating the ODE in (D.2.30) we deduce that

Φ(z, v) = v for all z ≥ 0 , v ∈ [0,R] , (D.2.31)

Φ(z, v) = (v1−(γ−α) + (1 − (γ − α))z)
1

1−(γ−α) for all z ≥ 0 , v ≥ 2R , (D.2.32)

Φ(z, v) ≤ (v1−(γ−α) + (1 − (γ − α))z)
1

1−(γ−α) for all z ≥ 0 , v ≥ R , (D.2.33)

Φ(z, v) ≥ v for all z ≥ 0 , v ≥ R . (D.2.34)

Notice also that 0 ≤ ψ(x) ≤ CL, for some constant C > 0 which is independent of x. It thus suffices

to consider values of z in the interval [0,CL]. Taking in particular R sufficiently large, it follows that

(1 − δ)v ≤ Φ(z, v) ≤ (1 + δ)v for all z ∈ [0,CL] and v ≥ 0. Due to the definition of Φ in (D.2.29), the

estimate (D.2.18) follows.

Proof of (D.2.19): Estimate (D.2.19) follows then from (D.2.18) and the relation

X(x, v, t) − x = −
∫ t

0
Vα(x, v, τ)dτ (D.2.35)

together with the fact that (1 + δ)α ≤ 1 + δ and (1 − δ)α ≥ 1 − δ.

Proof of (D.2.20): In order to estimate the derivatives with respect to v of the characteristics we

first prove that

1
2
≤ ∂vΦ(z, v) ≤ 2. (D.2.36)

Estimate (D.2.36) is immediate if v ≤ R. If v ≥ R we have

d
dz

(dΦ
dv

)
=

[
(γ − α)Φγ−α−1ξR(Φ) + Φγ−αξ′R(Φ)

]dΦ
dv

,
dΦ
dv

(0) = 1

such that

dΦ
dv
= exp

(∫ z

0

[
(γ − α)Φγ−α−1ξR(Φ) + Φγ−αξ′R(Φ)

]
ds

)
≤ exp

(
CRγ−α−1

)
(D.2.37)

and the upper bound in (D.2.36) follows since γ < 1+ α and if R is sufficiently large. Analogously, we

obtain that

dΦ
dv
≥ exp

(
−CRγ−α−1

)
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and (D.2.36) follows. In order to proceed, we notice that∫ X

x

1
Φ(ψ(ξ) − ψ(x), v)α

dξ = −t. (D.2.38)

Differentiating in v we obtain

∂vX(x, v, t)
Φ(ψ(X(x, v, t)) − ψ(x), v)α

= α

∫ X

x

∂vΦ(ψ(ξ) − ψ(x), v)
Φ(ψ(ξ) − ψ(x), v)α+1 dξ. (D.2.39)

Since δ ∈ (0, 1
2 ), (D.2.18) and (D.2.19) imply that v

2 ≤ V(x, v, t) ≤ 3v
2 and that vαt

2 ≤ x−X(x, v, t) ≤ 3vαt
2 .

From this we deduce, using (D.2.19), the estimates for Φ, and the fact that α < 1, that

−∂vX(x, v, t) =α
∫ x

X

∂vΦ(ψ(ξ) − ψ(x), v)
Φ(ψ(ξ) − ψ(x), v)α+1 dξ × [Φ(ψ(X(x, v, t)) − ψ(x), v)]α

≤ 4α3α
∫ x

X

1
vα+1 dξvα ≤ 12αv−1[x − X(x, v, t)] ≤ 18αvα−1t. (D.2.40)

Analogously we obtain that

−∂vX ≥
α

2

∫ x

X

1
Φ(ψ(ξ) − ψ(x), v)α+1 dξ × [Φ(ψ(X(x, v, t)) − ψ(x), v)]α

≥
α

3α+1

∫ x

X

1
vα+1 dξvα ≤

α

9
v−1[x − X(x, v, t)] ≥

α

18
vα−1t,

which concludes the proof of (D.2.20).

Proof of (D.2.21): We now prove that (D.2.21) holds if x < [(1−2δ)vαt, (1+2δ)vαt]. From (D.2.29)

we deduce that

∂vV(x, v, t) = ∂vΦ(ψ(X) − ψ(x), v) + ∂zΦ(ψ(X) − ψ(x), v)ψ′(X)∂vX. (D.2.41)

Due to (D.2.36) it suffices to show that

|∂zΦ(ψ(X) − ψ(x), v)ψ′(X)∂vX| ≤
1
4

(D.2.42)

in order to conclude our proof. From (D.2.29), (D.2.30) and (D.2.18), we have that

0 ≤ ∂zΦ(z, v) ≤ 2vγ−α.

Indeed, by (D.2.28) and (D.2.18) it holds that

∂zΦ(z, v) ≤ Φ(z, v)γ−α ≤ max{2α−γ,
(3
2

)γ−α
}vγ−α ≤ 2vγ−α.

By (D.2.20), it thus follows that

|∂zΦ(ψ(X) − ψ(x), v)ψ′(X)∂vX| ≤
36αLvγ−α

1 + |X(t)|m−d vα−1t =
36αLvγ−1t

1 + |X(t)|m−d . (D.2.43)

We only analyze here the case when v ≥ R, since by (D.2.30) we have that ∂zΦ(z, v) = 0 when v ≤ R

and thus there is nothing to prove in this case.
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1) Assume x ≤ (1 − 2δ)vαt.

Then by (D.2.25) we have |X(x, v, t)| ≥ |x − (1 − δ)vαt| = (1 − δ)vαt − x ≥ δvαt and we obtain

|∂zΦ(ψ(X) − ψ(x), v)ψ′(X)∂vX| ≤ CL
vγ−1t

1 + (δvαt)m−d .

Now, if vγ−1t ≥ 1
4LC , then vαt ≥ 1

4LC since α > γ − 1 and we obtain

|∂zΦ(ψ(X) − ψ(x), v)ψ′(X)∂vX| ≤ CL
vγ−1t

1 + (δvαt)m−d ≤
CL
δ

vγ−α−1(δvαt)1+d−m

≤ C(L, δ)vγ−α−1 ≤
1
4

if R > 0 is sufficiently large. If vγ−1t ≤ 1
4LC , (D.2.43) becomes

|∂zΦ(ψ(X) − ψ(x), v)ψ′(X)∂vX| ≤
CLvγ−1t

1 + (δvαt)m−d ≤
1
4
. (D.2.44)

2) Assume x ≥ (1 + 2δ)vαt. Then |X(x, v, t)| ≥ |x − (1 + δ)vαt| = x − (1 + δ)vαt ≥ δvαt and we can

conclude as before.

Proof of (D.2.22) and (D.2.23): If x ∈ [(1− 2δ)vαt, (1+ 2δ)vαt], then from (D.2.43) it follows that

|∂zΦ(ψ(X) − ψ(x), v)ψ′(X)∂vX| ≤
36Lvγ−1t

1 + |X(t)|m−d ≤ 36Lvγ−1t

and (D.2.22) follows.

In order to prove that (D.2.23) holds, we notice that

∂zΦ(ψ(X) − ψ(x), v)ψ′(X)∂vX ≤ 0.

Combining this with (D.2.41) and (D.2.36), the conclusion follows. □

With the help of the characteristics, the solution GL of (D.2.16) can be written as

GL(x, v, t) =
C0

1 + |X(x, v, t)|m + V(x, v, t)p . (D.2.45)

Moreover, it holds that

∂vGL(x, v, t) = −C0
[m|X|m−2X∂vX + pV p−1∂vV]

(1 + |X|m + V p)2

(
x, v, t

)
. (D.2.46)

This function GL will be the main building block for constructing a uniform supersolution to the

sequence { fn}n∈� in Subsection D.2.3. We would like this supersolution to be decreasing in v for fixed

x. Unfortunately, for x > 0 the function GL is not decreasing in v. The next proposition characterizes a

local maximum of GL.
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Proposition D.2.4. a) Given L > 0 and δ ∈
(
0, 1

2
)

there exists a sufficiently large R > 0 such that for

all t ∈ [0, 1] the following holds. For every x ∈ R and t ∈ [0, 1] there exists at least one point vmax(x, t)

with the properties that

vmax(x, t)α <
[ x
(1 + 2δ)t

,
x

(1 − 2δ)t

]
(D.2.47)

and

∂vGL(x, vmax(x, t), t) = 0 . (D.2.48)

Moreover, there exists a constant Kmax > 0, which is independent of x, t, δ, R, and L, such that the

following holds:

1
Kmax

xt
1

m−1 ≤ vmax(x, t)α ≤ Kmaxxt
1

m−1 . (D.2.49)

b) Given L > 0 and δ ∈
(
0, 1

2
)

there exists a sufficiently large R > 0 such that for all t ∈ [0,T ], with T

sufficiently small, that is independent of L, δ, and R, there exists a unique point vmax with the properties

(D.2.47) and (D.2.48).

Proof. Let vα <
[

x
(1+2δ)t ,

x
(1−2δ)t

]
such that (D.2.48) holds. Notice that from (D.2.46), it follows that

m|X|m−2X∂vX + pV p−1∂vV = 0. If R is sufficiently large, then the estimates from Proposition D.2.2

hold. We have the following cases.

Case 1. x− (1+2δ)vαt ≥ 0. Then, by (D.2.19), it holds that 0 ≤ x− (1+δ)vαt ≤ X(x, v, t) ≤ x− (1−

δ)vαt and by (D.2.20), it follows that ∂vX ≤ 0. Thus, if (D.2.48) holds, we have that m|X|m−1|∂vX| =

pV p−1∂vV . By Proposition D.2.2 and since δ ∈ (0, 1
2 ), we have that there exists a constant C > 0, that

is independent of δ, L and R, such that

1
C
|x − (1 + δ)vαt|m−1vα−1t ≤ m|X|m−1|∂vX| = pV p−1∂vV ≤ Cvp−1.

This implies that 1
C |x− (1+ δ)vαt|m−1t ≤ vα(m−1). Since m− 1 is odd, δ < 1, and x− (1+ 2δ)vαt ≥ 0, we

further have that xt
1

m−1 ≤ Cvα + 2vαt
m

m−1 . Since t ≤ 1, we then obtain that xt
1

m−1 ≤ Cvα and the lower

bound in (D.2.49) follows. In order to obtain the upper bound in (D.2.49), we use similar computations

together with the fact that t ≥ 0 and that

C|x − (1 − δ)vαt|m−1vα−1t ≥ m|X|m−1|∂vX| = pV p−1∂vV ≥
1
C

vp−1.

Case 2. x−(1−2δ)vαt ≤ 0. Then, by (D.2.19), it holds that x−(1+δ)vαt ≤ X(x, v, t) ≤ x−(1−δ)vαt ≤

0 and thus m|X|m−2X∂vX + pV p−1∂vV = m|X|m−1|∂vX| + pV p−1∂vV > 0 in this region. Using this and

(D.2.46), it follows that ∂vGL(x, v, t) < 0.
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In Appendix D.3, Proposition D.3.1, we will prove that for a sufficiently small T > 0, which is

independent of L, δ, and R, we have that

∂2
vGL(x, v, t) < 0, (D.2.50)

for all v that satisfy the estimate in (D.2.49) and all t ∈ [0,T ] which implies the uniqueness of such a

point. This concludes our proof. □

The following lemma will also be needed in the construction of a supersolution in Section D.2.3.

Proposition D.2.5. Given L > 0 and δ ∈
(
0, 1

2
)

there exists a sufficiently large R > 0 such that for all

t ∈ [0,T ], with T sufficiently small, which is independent of L, δ, and R, it holds that

∂xGL(x, vmax(x, t), t) ≤ 0, (D.2.51)

where GL is the solution of (D.2.16) and vmax(x, t) was defined in (D.2.48).

Proof. If R is sufficiently large, then the estimates from Proposition D.2.2 hold. We first notice that

due to (D.2.19) and (D.2.49) we have

X(x, vmax(x, t), t) ≥ x − 2vmax(x, t)αt ≥ x − 2Kmaxxt1+ 1
m−1 > 0

if t ∈ [0,T ] and T is sufficiently small. Then we compute

∂xGL(x, v, t) = −C0
[m|X|m−2X∂xX + pV p−1∂xV]

(1 + |X|m + V p)2 (x, v, t) ,

and thus it suffices to prove that(
mXm−1∂xX + pV p−1∂xV

)
(x, vmax(x, t), t) ≥ 0 . (D.2.52)

Since V ≥ 0 we have to prove that ∂xX(x, vmax(x, t), t) ≥ 0 and ∂xV(x, vmax(x, t), t) ≥ 0. We start by

analyzing ∂xX.

We consider the case when v ≥ 2R, since the other cases work similarly. Differentiating (D.2.38)

with respect to x, keeping in mind that x > 0, we obtain

∂xX(x, v, t)
Φ(ψ(X(x, v, t)) − ψ(x), v)α

+ α

∫ X

x

∂zΦ∂xψ(x)dξ
Φ(ψ(ξ) − ψ(x), v)α+1 −

1
Φ(0, v)α

= 0. (D.2.53)

We have that ∂zΦ ≥ 0 due to (D.2.30). Since X(x, v, t) ≤ x and by (D.2.29) and (D.2.18) we obtain

∂xX(x, v, t) ≥
Φ(ψ(X(x, v, t)) − ψ(x), v)α

vα
≥

1
C
> 0 .

Thus, in order for (D.2.52) to hold, what is left to prove is that ∂xV(x, vmax(x, t), t) ≥ 0. Integrating

(D.2.17) over time and differentiating with respect to x, we obtain

V(x, v, t)−γ∂xV(x, v, t) =
∫ t

0

L(m − d)|X|m−d−2X∂xXdξ
(1 + X(ξ)m−d)2 . (D.2.54)

Since we have X(x, vmax(x, t), t) ≥ 0 and ∂xX(x, v, t) ≥ 0 we obtain ∂xV(x, vmax(x, t), t) ≥ 0. □
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D.2.3 Construction of a supersolution for a linear reformulation of the model

In this subsection we will prove that the solution GL of (D.2.16), after suitable modifications, is a

supersolution for problem (D.2.8).

Definition D.2.6. Let δ ∈
(
0, 1

2
)
, L > 0 and R, which depends on L and δ, as in Proposition D.2.2. Let

GL be the solution of (D.2.16) with given δ, L, and R. We define the function HL via

HL(x, v, t) =
{

GL(x, v, t), if ∂vGL(x, v, t) ≤ 0 or x ∈ [(1 − 2δ)vαt, (1 + 2δ)vαt];
GL(x, vmax(x, t), t), otherwise,

where vmax(x, t) was defined in (D.2.48).

By the choice of vmax in (D.2.48), if x < [(1 − 2δ)vαt, (1 + 2δ)vαt] and v ≤ vmax(x, t), then we have

that HL(x, v, t) = GL(x, vmax(x, t), t). Moreover, HL is decreasing in v for fixed x outside possibly a

critical region where x ∈ [(1 − 2δ)vαt, (1 + 2δ)vαt].

We first collect some properties of the function HL, which are independent of δ, L, and R.

Lemma D.2.7. Let δ ∈
(
0, 1

2
)
, L > 0, and R as in Proposition D.2.2. Let T > 0 be sufficiently small,

independent of δ, L, and R, and HL as in Definition D.2.6. Then there exists a constant K2 > 0, which

is independent of δ, L, and R, such that the following holds for t ∈ [0,T ].

If x > 0 then

HL(x, v − v′, t) ≤ K2HL(x, v, t) for all v′ ∈
(
0,

v
2

)
(D.2.55)

If x > 0 and for all v such that vα <
[ x

(1+2δ)t ,
x

(1−2δ)t
]

then there exists a sufficiently large constant

Cl > 0 such that

−∂vHL(x, v′, t) ≤ −K2∂vHL(x, v, t) for all v ≥ max{R,Clvmax(x, t)} , v′ ∈
(

v
2 , v

)
. (D.2.56)

If x ≤ 0 then

−∂vHL(x, v′, t) ≤ −K2∂vHL(x, v, t) for all v ≥ R , v′ ∈
( v

2 , v
)
. (D.2.57)

Proof. Proof of (D.2.55): We will prove that (D.2.55) holds by proving separately that there exists

K2 > 0, which is independent of δ, L, and R, such that:

If x > 0 and for all v such that vα <
[ x

(1+2δ)t ,
x

(1−2δ)t
]

then

HL(x, v − v′, t) ≤ K2HL(x, v, t) for all v′ ∈
(
0, v

2

)
and v, v − v′ ≥ vmax(x, t) , (D.2.58)

HL(x, vmax(x, t), t) ≤ K2HL(x, v, t) for all v ∈ (vmax(x, t), 2vmax(x, t)), (D.2.59)

If x > 0 and for all v such that vα ∈
[ x

(1+2δ)t ,
x

(1−2δ)t
]

then

HL(x, v − v′, t) ≤ K2HL(x, v, t) for all v′ ∈
(
0,

v
2

)
. (D.2.60)

236



D.2. PROOF OF THE MAIN THEOREM

Before beginning our proof, we make the following observation. Because the proof of each region

when vα <
[ x

(1+2δ)t ,
x

(1−2δ)t
]

differs, we have to distinguish between different cases.

If vα ≥ x
(1−2δ)t and w ∈ [ v

2 , v], we have the subcases

1. a) x > 0, vα ≥ x
(1−2δ)t , and wα ≥ x

(1−2δ)t . Notice that in this region x − (1 − δ)wαt ≤ 0;

1. b) x > 0, vα ≥ x
(1−2δ)t , and wα ∈

[
x

(1+2δ)t ,
x

(1−2δ)t

]
;

1. c) x > 0, vα ≥ x
(1−2δ)t , and wα ≤ x

(1+2δ)t . Notice that in this region x − (1 + δ)wαt ≥ 0.

The remaining case is

2. x > 0, vα ≤ x
(1+2δ)t and then wα ≤ x

(1+2δ)t .

Proof of (D.2.58): We will prove that there exists a constant C > 0, which is independent of δ, L,

and R, such that

1
C(1 + |x|m + vp)

≤ HL(x,w, t) ≤
C

1 + |x|m + vp , (D.2.61)

for all w ∈ [ v
2 , v].

Case 1. a) Notice that because of (D.2.19), we are in the region where X(x,w, t) ≤ 0. Because of

(D.2.25), it follows that |x− (1−δ)wαt| ≤ |X(x,w, t)| ≤ |x− (1+δ)wαt|. Thus, due to (D.2.45), it suffices

to show in this case that

|x − (1 + δ)wαt|m + wp ≤ C
(
|x|m + vp) ≤ C

(
|x − (1 − δ)wαt|m + wp

)
. (D.2.62)

To prove (D.2.62) we notice that is suffices to show that |x − (1 + δ)wαt|m + wp ≤ C
(
|x|m + wp) ≤

C
(
|x − (1 − δ)wαt|m + wp) since w ∈ [ v

2 , v]. Since x − (1 − δ)wαt ≤ 0 in this case, it holds that

|x − (1 − δ)wαt| ≤ wα. In this case, we have that |x| − (1 − δ)wαt ≤ |x − (1 − δ)wαt| ≤ wα. This implies

that |x| ≤ 2wα. Notice that since x ≥ 0 and x − (1 − δ)wαt ≤ 0, it immediately follows that 0 ≤ x ≤ wα.

However, we do a more general proof as a similar estimate will be needed in order to prove (D.2.57)

or when x − (1 + δ)wα ≥ 0 later on.

Since (|x| + (1 + δ)wαt)m ≤ Cm(|x|m + tmwp) and t is sufficiently small, we obtain

|x − (1 + δ)wαt|m + wp ≤ (|x| + (1 + δ)wαt)m + wp ≤ Cm(|x|m + tmwp) + wp

≤ C(|x|m + wp). (D.2.63)

Additionally, since |x| ≤ 2wα, it holds that

|x − (1 − δ)wαt|m + wp ≥ wp =
wp

2
+

wp

2
≥

1
C

(|x|m + wp) . (D.2.64)
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Case 1. b) From (D.2.19) and (D.2.27), it follows that X(x, v, t) ≤ 0 and |X(x,w, t)| ≤ Cwαt. Since

in this case vα ≥ x
(1−2δ)t , from (D.2.62) we know that there exists a constant C > 0, which is independent

of δ, L, and R, such that

1
C(1 + |x|m + vp)

≤ HL(x, v, t).

Thus, in order for (D.2.58) to hold in this case, we need to prove that there exists a constant C > 0,

which is independent of δ, L, and R, such that HL(x,w, t) ≤ C
1+|x|m+vp , for w ∈ [ v

2 , v]. More precisely,

due to (D.2.45), it suffices to prove that

1 + |X(x,w, t)|m + V(x,w, t)p ≥
1
C

(1 + |x|m + vp). (D.2.65)

Since t ≤ 1, we have that x ≤ (1 + 2δ)wαt ≤ 2wα in this case. Due to (D.2.18), it holds that

|X(x,w, t)|m + V(x,w, t)p ≥ V(x,w, t)p ≥ Cwp =
Cwp

2
+

Cwp

2
≥ C(|x|m + wp).

Case 1. c) From (D.2.19), it follows that X(x, v, t) ≤ 0 and X(x,w, t) ≥ 0. Since in this case

vα ≥ x
(1−2δ)t , from (D.2.62) we know that there exists a constant C > 0, independent of δ, L, and R, such

that 1
C(1+|x|m+vp) ≤ HL(x, v, t) and we need to prove that HL(x,w, t) ≤ C

1+|x|m+vp , for w ∈ [ v
2 , v]. More

precisely, due to (D.2.26) and (D.2.45), it suffices to prove as before that 1+ |X(x,w, t)|m+V(x,w, t)p ≥

C(1 + |x|m + vp). Actually, we prove here a more general estimate that will be used in Case 2., namely

|x − (1 − δ)wαt|m + wp ≤ C
(
|x|m + vp) ≤ C

(
|x − (1 + δ)wαt|m + wp

)
(D.2.66)

In order to prove (D.2.66), we distinguish between two cases:

i) |x − (1 + δ)wαt| ≥ wα. In this case, we have that wα ≤ |x − (1 + δ)wαt| ≤ |x| + (1 + δ)wαt, which

implies that 1
2 wα ≤ |x|. Thus |x| − (1 + δ)wαt ≥ |x| − wα

4 ≥
|x|
2 > 0 and (|x| − (1 + δ)wαt)m ≥

|x|m
2m .

Since |x| − (1 + δ)wαt > 0 and remembering that m is even, we also have that |x − (1 + δ)wαt|m ≥

(|x| − (1+ δ)wαt)m and thus |x− (1+ δ)wαt|m ≥ 2−m|x|m. Additionally , since t is sufficiently small

and 1
2 wα ≤ |x|, it holds that |x − (1 − δ)wαt| ≤ |x| + wαt ≤ 2|x|.

ii) |x − (1 + δ)wαt| ≤ wα. This case can be treated as in the proof of (D.2.62).

Case 2. From (D.2.19), it follows that X(x, v, t) ≥ 0 and X(x,w, t) ≥ 0. Thus, from (D.2.26) and

(D.2.66), the conclusion follows.

Proof of (D.2.59): Notice that due to (D.2.49) and since v ∈ (vmax(x, t), 2vmax(x, t)), we have that

x − (1 + 2δ)vαt ≥ 0 if we choose t to be sufficiently small. Moreover, since δ < 1
2 , t can be chosen

independently of δ. Since v > vmax(x, t), it holds by (D.2.66) that 1
C(1+|x|m+vp) ≤ HL(x, v, t). Thus, since
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v ∈ (vmax(x, t), 2vmax(x, t)), we further have that 1
C(1+|x|m+vmax(x,t)p) ≤ HL(x, v, t). From (D.2.45) and

(D.2.26), it suffices to prove that there exists a constant C > 1, independent of δ, L, and R, such that

|x|m + vmax(x, t)p ≤ C
(
|x − (1 + δ)vmax(x, t)αt|m + vmax(x, t)p

)
.

The inequality holds since due to (D.2.49) we can choose t sufficiently small such that |x − (1 +

δ)vmax(x, t)αt| = x − (1 + δ)vmax(x, t)αt ≥ x
2 .

Proof of (D.2.60): Due to (D.2.45) and since v − v′ ∈ ( v
2 , v) it holds on one side that

HL(x, v − v′, t) ≤
C

1 + (v − v′)p ≤
C

1 + vp ,

for some C > 0, independent of δ, L, and R. On the other side, similarly with (D.2.27) and from

(D.2.45), we have that

HL(x, v, t) ≥
C

1 + vptm + vp ≥
C

1 + vp ,

for some C > 0, independent of δ, L, and R. Combining the two inequalities, we can conclude that

(D.2.60) holds.

Proof of (D.2.56):

Case 1. a) We will prove that in this case it holds that

1
C

vp−1

(1 + |x|m + vp)2 ≤ −∂vHL(x,w, t) ≤ C
vp−1

(1 + |x|m + vp)2 , (D.2.67)

for some C > 0, independent of δ, L, and R, and for all w ∈ [ v
2 , v]. We remember we are in

the case when x − (1 + δ)wαt ≤ x − (1 − δ)wαt ≤ 0 and thus due to (D.2.19) it holds that

|X|m−2(x,w, t)X(x,w, t)∂vX(x,w, t)(x,w, t) = |X|m−1|∂vX(x,w, t)|. Due to (D.2.18)-(D.2.21) we thus

have in this region that

−
1
C

(x − (1 − δ)wαt)m−1wα−1t +
1
C

(1 − δ)wp−1 ≤ |X|m−2X∂vX(x,w, t) + V p−1∂vV(x,w, t)

≤ −C(x − (1 + δ)wαt)m−1wα−1t +C(1 + δ)wp−1.

Moreover, from (D.2.62), we have that

|x − (1 + δ)wαt|m + wp ≤ C
(
|x|m + vp) ≤ C

(
|x − (1 − δ)wαt|m + wp

)
. (D.2.68)

In order to prove (D.2.67), due to (D.2.46), it then suffices to show in this case that

|x − (1 + δ)wαt|m−1wα−1t + wp−1 ≤ Cvp−1 ≤ C
(
|x − (1 − δ)wαt|m−1wα−1t + wp−1

)
, (D.2.69)
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for all w ∈ [ v
2 , v]. We thus prove (D.2.69). We have

wα−1t|x − (1 + δ)wαt|m−1 + wp−1 = wα−1
(
|x − (1 + δ)wαt|m−1t + wα(m−1)

)
. (D.2.70)

Since w ∈ [ v
2 , v], it suffices to prove

J̃ := |x − (1 + δ)wαt|m−1t + wα(m−1) ≤ Cwα(m−1) (D.2.71)

and

|x − (1 − δ)wαt|m−1t + wα(m−1) ≥
1
C

wα(m−1).

We are in the case v ≥ Clvmax(x, t), for some sufficiently large Cl > 0 and x > 0. We know that

vmax(x, t)α ≥ 1
Kmax

xt
1

m−1 , for Kmax as in (D.2.49), and thus wα ≥ 1
C xt

1
m−1 ≥ 0 since w ≥ v

2 .

We have that |x − (1 − δ)wαt|m−1t + wα(m−1) ≥ wα(m−1). On the other hand, since 0 ≤ xt
1

m−1 ≤ Cwα

and t ≤ 1, it follows that

J̃(x,w, t) ≤ Cm(|x|m−1t + wα(m−1)tm) + wα(m−1) ≤ Cwα(m−1).

Remark D.2.8. Since vα ≥ x
(1−2δ)t , we know from (D.2.67) that 1

C
vp−1

(1+|x|m+vp)2 ≤ −∂vHL(x, v, t). Thus, for

Case 1. b) and Case 1. c) we need to prove that −∂vHL(x,w, t) ≤ Cvp−1

(1+|x|m+vp)2 , for some C > 0, which is

independent of δ, L, and R.

Case 1. b) As mentioned above, we need to prove that −∂vHL(x,w, t) ≤ Cvp−1

(1+|x|m+vp)2 when wα ∈[
x

(1+2δ)t ,
x

(1−2δ)t

]
, w ∈

[ v
2 , v

]
. More precisely, due to (D.2.46), it suffices to prove that

1 + |X(x,w, t)|m + V(x,w, t)p ≥ C(1 + |x|m + vp)

and that

X(x,w, t)m−1∂vX(x,w, t) + V(x,w, t)p−1∂vV(x,w, t) ≤ Cvp−1,

for all w ∈ [ v
2 , v] such that wα ∈

[ x
(1+2δ)t ,

x
(1−2δ)t

]
.

We know from (D.2.65) that the first inequality holds and thus we focus on proving the second

inequality. Due to (D.2.18) and (D.2.23), it follows that

X(x,w, t)m−1∂vX(x,w, t) + V(x,w, t)p−1∂vV(x,w, t) ≤ X(x,w, t)m−1∂vX(x,w, t) +Cwp−1,

where C > 0 is independent of δ, L, and R. We now analyze the term X(x,w, t)m−1∂vX(x,w, t). From

(D.2.27) and (D.2.20), it holds that

X(x,w, t)m−1∂vX(x,w, t) ≤ |X(x,w, t)|m−1|∂vX(x,w, t)| ≤ Cwα(m−1)wα−1tm ≤ Cwp−1,
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for some C > 0, which is independent of δ, L, and R, and we can conclude by using that w ∈
[ v

2 , v
]
.

Case 1. c) As before, by Remark D.2.8, we only need to prove that 1 + |X(x,w, t)|m + V(x,w, t)p ≥

C(1+ |x|m+vp) and that X(x,w, t)m−1∂vX(x,w, t)+V(x,w, t)p−1∂vV(x,w, t) ≤ Cvp−1 when wα ≤ x
(1+2δ)t ,

w ∈
[ v

2 , v
]
.

By (D.2.19) and (D.2.20) it holds that X(x,w, t) ≥ 0 and ∂vX(x,w, t) ≤ 0 in this region. Moreover,

due to (D.2.18) and (D.2.21), it follows that

X(x,w, t)m−1∂vX(x,w, t) + V(x,w, t)p−1∂vV(x,w, t) ≤ V(x,w, t)p−1∂vV(x,w, t) ≤ Cwp−1.

The fact that 1 + |X(x,w, t)|m + V(x,w, t)p ≥ C(1 + |x|m + vp) in this region follows from (D.2.66).

Case 2. We will prove that (D.2.67) holds in this case too. Due to (D.2.19), we have that X(x, v, t),

X(x,w, t) ≥ 0 in this region. Thus, from (D.2.26), it holds that |x − (1 + δ)wαt| ≤ |X(x,w, t)| ≤

|x−(1−δ)wαt|.We know from (D.2.66) that |x−(1−δ)wαt|m+wp ≤ C
(
|x|m+vp) ≤ C

(
|x−(1+δ)wαt|m+wp

)
,

for some constant C > 0, which is independent of δ, L, and R. Moreover, since X(x,w, t) ≥ 0 and

∂wX(x,w, t) ≤ 0, we have that X(x,w, t)∂wX(x,w, t) = −|X(x,w, t)||∂wX(x,w, t)|. Thus, due to (D.2.46),

it suffices to show in this case that there exists C > 0, independent of δ, L, and R such that

−|x − (1 + δ)wαt|m−1wα−1t + wp−1 ≤ Cvp−1 ≤ C
(
− |x − (1 − δ)wαt|m−1wα−1t + wp−1

)
, (D.2.72)

for all w ∈ [ v
2 , v].

We remember we are in the case when x− (1+δ)wαt ≥ 0. It is clear that −|x− (1+δ)wαt|m−1wα−1t+

wp−1 ≤ Cvp−1. For the other inequality, due to (D.2.70) it suffices to prove the statement for −|x − (1 −

δ)wαt|m−1t + wα(m−1). Since x − (1 − δ)wαt ≥ 0 and using that am−1 + bm−1 ≤ (a + b)m−1, for a, b ≥ 0,

we have that xm−1 − ((1 − δ)wαt)m−1 ≥ (x − (1 − δ)wαt)m−1. Thus, it holds that

−|x − (1 − δ)wαt|m−1t + wα(m−1) ≥ −|x|m−1t + (1 − δ)m−1wα(m−1)tm + wα(m−1). (D.2.73)

Since w ≥ v
2 ≥

Cl
2 vmax(x, t) in this case we have that xt

1
m−1 ≤

2αKmaxwα

Cα
l

, for a sufficiently large constant

Cl > 0. (D.2.73) thus becomes

−|x − (1 − δ)wαt|m−1t + wα(m−1) ≥ −
2p−αKm−1

max wα(m−1)

Cp−α
l

+ wα(m−1) ≥
wα(m−1)

2
,

for Cl sufficiently large, thus concluding our proof.

Proof of (D.2.57): In order to prove (D.2.57), it is useful to notice that if x ≤ 0, then (D.2.24)

holds. We will prove that there exists C > 0, which is independent of δ, L, and R, such that

1
C

vα−1|x|m−1t + vp−1

(1 + |x|m + vp)2 ≤ −∂vHL(x,w, t) ≤ C
vα−1|x|m−1t + vp−1

(1 + |x|m + vp)2 , (D.2.74)
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for all w ∈ [ v
2 , v]. Using similar computations as the ones for (D.2.66), we can prove that

(|x| + (1 + δ)wαt)m + wp ≤ C
(
|x|m + vp) ≤ C

(
(|x| + (1 − δ)wαt)m + wp

)
. (D.2.75)

Since X(x,w, t) ≤ 0 and ∂wX(x,w, t) ≤ 0 we have that X(x,w, t)∂wX(x,w, t) = |X(x,w, t)| |∂wX(x,w, t)|.

Due to (D.2.24) and (D.2.46), what is left to prove in order for (D.2.74) to hold is that

(|x| + (1 + δ)wαt)m−1wα−1t + wp−1 ≤ C(vα−1|x|m−1t + vp−1)

≤ C
(
(|x| + (1 − δ)wαt)m−1wα−1t + wp−1

)
, (D.2.76)

for some C > 0, independent of δ, L, and R, for all w ∈ [ v
2 , v].

Thus, we only need to prove (D.2.76). For x ≤ 0 and w ∈ [ v
2 , v], we have that (|x|+(1−δ)wαt)m−1t+

wα(m−1) ≥ |x|m−1t + wα(m−1). Furthermore, since t ≤ 1, it follows that

(|x| + (1 + δ)wαt)m−1t + wα(m−1) ≤ Cm|x|m−1t +Cmwα(m−1)tm + wα(m−1)

≤ C(|x|m−1t + wα(m−1)).

□

We also prove some moment bounds for the function HL, which are independent of δ, L, and R.

Lemma D.2.9 (Moment estimates). Let T > 0 be sufficiently small, independent of δ, L, and R. Then

there exists K3 > 0, which is independent of δ ∈
(
0, 1

2
)
, L, and R, such that for all t ∈ [0,T ] we have

M1,L(x, t) :=
∫

(0,∞)
vHL(x, v, t)dv ≤

K3C0

1 + |x|m−d for x ∈ R , t ≥ 0. (D.2.77)

In general, if p > max{2γ + 1, 2}, we have that

Mn,L(x, t) :=
∫

(0,∞)
vnHL(x, v, t)dv ≤

K3C0

1 + |x|m−
n+1
α

for x ∈ R , t ≥ 0 , (D.2.78)

for n ∈ [0,max{2γ, 1}].

Proof. We first recall that due to (D.2.18) we have GL(x, v, t) ≤ C
1+|X(x,v,t)|m+vp . We split the integral for

Mn,L as follows:

Mn,L(x, t) =
∫ vmax(x,t)

0
vnHL(x, v, t) dv +

∫ ∞

vmax(x,t)
vnHL(x, v, t) dv =: Mn,1(x, t) + Mn,2(x, t) ,

where vmax(x, t) = 0 if x ≤ 0. From (D.2.18) and since δ ∈ (0, 1
2 ), we have that v

2 ≤ V(x, v, t) ≤ 3v
2 . Due

to (D.2.19) and since δ ∈ (0, 1
2 ), it holds that X(x, v, t) ≥ x − (1 + δ)vαt ≥ x − 2vαt. Then, by (D.2.49),

we further deduce that

X(x, vmax(x, t), t) ≥ x − 2vmax(x, t)αt ≥ x − 2Kmaxxt
m

m−1 ≥
x
2
≥ 0, (D.2.79)
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for all t ≤ T if T is sufficiently small. Thus, by Definition D.2.6 and (D.2.45), we obtain that

Mn,1(x, t) =
∫ vmax

0
vnHL(x, v, t)dv =

∫ vmax

0
vnGL(x, vmax(x, t), t)dv

≤
Cvn+1

max

1 + |x|m + vp
max
≤

C

1 + |x|m−
n+1
α

,

for some constant C > 0 which is independent of δ, L, and R.

To estimate Mn,2 we note that for all x ∈ � we have that

Mn,2(x, t) ≤ C
∫ ∞

0

vn

1 + vp dv ≤ C

since p − n > 1 by assumption.

To obtain a decay for large |x| we consider first x > 1 and use (D.2.25)-(D.2.26) to obtain

Mn,2(x, t) ≤ C
( ∫ (

x
(1+2δ)t

) 1
α

0

vn

1 + (x − (1 + δ)vαt)m + vp dv +
∫ ∞(

x
(1+2δ)t

) 1
α

vn−p dv
)
.

Then, since δ < 1
2 , we have that

∫ ∞(
x

(1+2δ)t

) 1
α

vn−p dv ≤
1

p − n − 1

( (1 + 2δ)t
x

)m− n+1
α
≤

2m− n+1
α

p − n − 1

( t
x

)m− n+1
α .

For the other term, by using the change of variables v =
( x

t
) 1
α ξ, we find

∫ (
x

(1+2δ)t

) 1
α

0

vn

1 + (x − (1 + δ)vαt)m + vp dv ≤
( x

t
) 1
α

∫
(0,∞)

( x
t
) n
α ξn

1 + xm|1 − (1 + δ)ξα|m + ( x
t )

p
α ξp

dξ

≤
1

xm− 1
α

1

t
1
α

∫
(0,∞)

( x
t
) n
α ξn

|1 − (1 + δ)ξα|m + ( 1
t )mξp

dξ.

Since t ≤ 1 and m > 1 is even we have that the following holds

3m+1[|1 − (1 + δ)ξα|m +
1
tm ξ

p] ≥ 1 +
1
tm ξ

p, (D.2.80)

for ξ ≥ 0. Indeed, if |1 − (1 + δ)ξα| ≥ 1
2 , then (D.2.80) follows. Otherwise, if |1 − (1 + δ)ξα| ≤ 1

2 , then
1
2 ≤ (1 + δ)ξα ≤ 3

2 and since δ < 1
2 it holds that ξα ≥ 1

3 . Thus, if we use in addition that t ≤ 1, we have

that

|1 − (1 + δ)ξα|m +
1
tm ξ

p ≥
1

2tm ξ
p +

1
2tm ξ

p ≥
1

3m+1 +
1

2tm ξ
p
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and thus (D.2.80) holds. It then follows that

1

xm− 1
α t

1
α

∫
(0,∞)

( x
t
) n
α ξn

|1 − ξα|m + ( 1
t )mξp

dξ ≤
C

xm− 1
α t

1
α

∫
(0,∞)

( x
t
) n
α ξn

1 + ( 1
t )mξp

dξ

≤
C

xm− n+1
α

∫
(0,∞)

ηn

1 + ηp dη ≤
C

xm− n+1
α

,

for some constant C > 0 which is independent of δ ∈
(
0, 1

2 ), L, and R.

In the case x ≤ 0 we can use (D.2.24) to obtain the estimate similarly as above without the need

to split the integral. Estimate (D.2.77) follows from (D.2.78) by choosing n = 1 and the fact that d in

(D.2.15) satisfies d > 2
α . □

Remark D.2.10. Let T > 0 be sufficiently small. With similar computations as the ones used in Lemma

D.2.9, we can prove that ∫
(0,∞)

vn

1 + |x|m + vp dv ≤
K3

1 + |x|m−
n+1
α

, (D.2.81)

for all x ∈ R, t ∈ [0,T ], and for n ∈ [0,max{2γ, 1}].

We now define the function for which we will prove is a supersolution for the problem (D.2.8).

Definition D.2.11. Let δ ∈
(
0, 1

4
]

and L = 4K1K2K3C0, where C0 is as in (D.2.45), K1 is as in (D.1.8),

K2 is as in Lemma D.2.7, and K3 is as in Lemma D.2.9. Denote by H(x, v, t) := HL(x, v, t), where HL

is as in Definition D.2.6. Moreover, let Bt to be

Bt := eλt+λt
α+1−γ
α (D.2.82)

for some λ > 0. Then we define the function G via

G(x, v, t) = BtH(x, v, t). (D.2.83)

As mentioned before, with this construction G is decreasing in v for fixed x outside possibly a

critical region where x ∈ [(1 − 2δ)vαt, (1 + 2δ)vαt]. In the following we will have to deal with this

region separately.

Our key result is the following.

Proposition D.2.12. Let T > 0 be sufficiently small and δ ∈
(
0, 1

4
]
. There exists a sufficiently large

λ > 0, which depends only on C0 and the parameters m, γ, α such that if fn ≤ G, where the sequence

{ fn}n∈N was defined in (D.2.8), then fn+1 ≤ G, for all n ∈ � and all t ∈ [0,T ].

Remark D.2.13. Since the constants will play an important role in our proof, it is worthwhile to mention

for clarity which are the constants that the parameters in Proposition D.2.12 depend on. Let C0 be as
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in (D.2.45), K1 as in (D.1.8), K2 as in Lemma D.2.7, and K3 be as in Lemma D.2.9. Notice that these

constants do not depend on δ, L or R from Proposition D.2.2. In order to prove that G is a supersolution,

we take L = 4K1K2K3C0. We then take λ to be sufficiently large depending on C0,K1,K2, and K3. We

then take T to be such that max{T,T
α+1−γ
α } ≤

ln(2)
2λ , which implies that Bt ≤ 2, for all t ∈ [0,T ], where

Bt was defined in (D.2.82).

Before we begin with the proof of Proposition D.2.12, it is worthwhile to notice that we have some

moment bounds for the function G in Definition D.2.11 as a direct consequence of Lemma D.2.9.

Lemma D.2.14. Let T > 0 be sufficiently small with K3 as in Lemma D.2.9. Then for all t ∈ [0,T ] we

have

M1(x, t) :=
∫

(0,∞)
vG(x, v, t)dv ≤

K3C0Bt

1 + |x|m−d for x ∈ R, (D.2.84)

where Bt was defined in (D.2.82). In general, if p > max{2γ + 1, 2}, we have that

Mn(x, t) :=
∫

(0,∞)
vnG(x, v, t)dv ≤

K3C0Bt

1 + |x|m−
n+1
α

for x ∈ R , t ≥ 0 , (D.2.85)

for n ∈ [0,max{2γ, 1}].

We now focus on proving Proposition D.2.12.

Proof of Proposition D.2.12. We now prove that G is a supersolution of the problem (D.2.8), that is

we show

∂tG(x, v, t) + vα∂xG(x, v, t) −
∫ v

2

0
K(v − v′, v′)G(x, v − v′, t) fn(x, v′, t)dv′

+

∫ ∞

0
K(v, v′)G(x, v, t) fn(x, v′, t)dv′ ≥ 0. (D.2.86)

We prove (D.2.86) by showing first that

∂tG(x, v, t) + vα∂xG(x, v, t) +
Lvγ

1 + |x|m−d ξR(v)∂vG(x, v, t) ≥ 0, (D.2.87)

for any L > 0 and where d was defined in (D.2.15), and then that

∂tG(x, v, t) + vα∂xG(x, v, t) −
∫ v

2

0
K(v − v′, v′)G(x, v − v′, t) fn(x, v′, t)dv′

+

∫ ∞

0
K(v, v′)G(x, v, t) fn(x, v′, t)dv′

≥ ∂tG(x, v, t) + vα∂xG(x, v, t) +
Lvγ

1 + |x|m−d ξR(v)∂vG(x, v, t), (D.2.88)
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for L > 0 as in Definition D.2.11.

We now prove (D.2.87).

Assume x < [(1−2δ)vαt, (1+2δ)vαt] and ∂vGL ≤ 0 or x ∈ [(1−2δ)vαt, (1+2δ)vαt]. Then G = BtGL

and thus, using (D.2.16), it holds with cα := α+1−γ
α that

∂tG(x, v, t) + vα∂xG(x, v, t) +
Lvγ

1 + |x|m−d ξR(v)∂vG(x, v, t)

= Bt

(
∂tGL(x, v, t) + vα∂xGL(x, v, t) +

Lvγ

1 + |x|m−d ξR(v)∂vGL(x, v, t)
)

+ λ(1 + cαt
α+1−γ
α −1)BtGL ≥ λeλtGL(x, v, t) ≥ 0.

Notice that we did not use the contribution of the term t
α+1−γ
α in the computations. This term will be

needed later in the proof.

Assume now x < [(1 − 2δ)vαt, (1 + 2δ)vαt] and ∂vGL > 0 such that we have G(x, v, t) =

BtGL(x, vmax(x, t), t). Then

∂tG(x, v, t) + vα∂xG(x, v, t) +
Lvγ

1 + |x|m−d ξR(v)∂vG(x, v, t)

= Bt

(
∂tGL(x, vmax(x, t), t) + vα∂xGL(x, vmax(x, t), t)

)
(D.2.89)

+ λ(1 + cαt
α+1−γ
α −1)BtGL(x, vmax(x, t), t)

≥ Bt

(
∂tGL(x, vmax(x, t), t) + vα∂xGL(x, vmax(x, t), t)

)
. (D.2.90)

By the choice of vmax(x, t) we have that v ≤ vmax(x, t) in the region where ∂vGL(x, v, t) > 0. Moreover,

from Proposition D.2.5, we know that ∂xGL(x, vmax(x, t), t) ≤ 0. Thus, from (D.2.89) and (D.2.16), we

further obtain that

∂tG(x, v, t) + vα∂xG(x, v, t) +
Lvγ

1 + |x|m−d ξR(v)∂vG(x, v, t)

≥ Bt

(
∂tGL(x, vmax(x, t), t) + vαmax∂xGL(x, vmax(x, t), t)

)
= 0

and (D.2.87) follows.

We are thus left to prove that (D.2.88) holds. We analyze the cases when x ∈ [(1−2δ)vαt, (1+2δ)vαt]

and x < [(1 − 2δ)vαt, (1 + 2δ)vαt] separately.

Proof of (D.2.88) for x < [(1 − 2δ)vαt, (1 + 2δ)vαt].

246



D.2. PROOF OF THE MAIN THEOREM

We have that

−

∫ v
2

0
K(v − v′, v′)G(x, v − v′, t) fn(x, v′, t)dv′ +

∫ ∞

0
K(v, v′)G(x, v, t) fn(x, v′, t)dv′

≥ −

∫ v
2

0
K(v, v′)[G(x, v − v′, t) −G(x, v, t)] fn(x, v′, t)dv′

+

∫ v
2

0
[K(v, v′) − K(v − v′, v′)]G(x, v − v′, t) fn(x, v′, t)dv′. (D.2.91)

Since G, fn ≥ 0 and K(v − v′, v′) ≤ K(v, v′) when v′ ∈ [0, v
2 ) by (D.1.9), it holds that

∫ v
2

0
[K(v, v′) − K(v − v′, v′)]G(x, v − v′, t) fn(x, v′, t)dv′ ≥ 0. (D.2.92)

We know that K(v, v′) ≤ K1(vγ + v′γ), where K1 is as in (D.1.8). Thus, when v′ ≤ v
2 , it holds that

K(v, v′) ≤ 2K1vγ. Without loss of generality we assume in the following that K(v, v′) ≤ vγ when

v′ ≤ v
2 . This is in order to simplify the notation but we allow L in Definition D.2.11 to depend on K1.

Additionally, by (D.2.83), it holds that ∂vG ≤ 0 and thus G(x, v − v′, t) −G(x, v, t) ≥ 0, for v ∈ (0, v
2 ).

Since fn ≤ G and with (D.2.92) we deduce that

−

∫ v
2

0
vγ[G(x, v − v′, t) −G(x, v, t)] fn(x, v′, t)dv′

≥ −vγ
∫ v

2

0

(
G(x, v − v′, t) −G(x, v, t)

)
G(x, v′, t)dv′.

We use the following notation

I1 := vγ
∫ v

2

0

(
G(x, v − v′, t) −G(x, v, t)

)
G(x, v′, t)dv′ = ξR(v)I1 + (1 − ξR(v))I1

with ξR as in (D.2.13). Assume that H, as in Definition D.2.11, satisfies

ξR(v)vγ
∫ v

2

0

(
H(x, v − v′, t) − H(x, v, t)

)
G(x, v′, t)dv′ ≤ −

Lvγ

1 + |x|m−d ξR(v)∂vH(x, v, t)

+CBtH(x, v, t) (D.2.93)

and

(1 − ξR(v))vγ
∫ v

2

0

(
H(x, v − v′, t) − H(x, v, t)

)
G(x, v′, t)dv′ ≤ CBtH(x, v, t), (D.2.94)
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for L = 4K1K2K3C0 as in Definition D.2.11. Then

∂tG + vα∂xG − vγ
∫ v

2

0

(
G(x, v − v′, t) −G(x, v, t)

)
G(x, v′, t)dv′

≥ Bt
(
∂tH + vα∂xH − vγ

∫ v
2

0

(
H(x, v − v′, t) − H(x, v, t)

)
G(x, v′, t)dv′

)
+ λeλt+λt

α+1−γ
α H

≥ Bt
(
∂tH + vα∂xH +

Lvγ

1 + |x|m−d ξR(v)∂vH(x, v, t)
)

+ Bt
(
− 2CBt + λ

)
H ≥ ∂tG + vα∂xG +

Lvγ

1 + |x|m−d ξR(v)∂vG

if λ ≥ 2CBt, which holds true if λ = 4C and if max{t, t
α+1−γ
α } ≤

ln(2)
2λ . This proves (D.2.88).

Proof of (D.2.94):. We have the following cases

Case 1. a) x > 0 and v ≤ vmax(x, t): In this case H(x, v − v′, t) = H(x, v, t), for v′ ∈ (0, v
2 ]. Thus,

(D.2.94) holds.

Case 1. b) x > 0 and vmax(x, t) ≤ v ≤ 2vmax(x, t): The proof of this case is the same as for Case 1.

b) when proving that (D.2.93) holds. We thus postpone its proof.

Case 2. Either {x > 0 and 2vmax(x, t) ≤ v} or {x ≤ 0}: Since v ≤ 2R and γ ≥ 0, it follows, using

(D.2.58) and Lemma D.2.14, that

(1 − ξR(v))I1e−λt ≤ (2R)γ
∫ v

2

0

(
H(x, v − v′, t) − H(x, v, t)

)
G(x, v′, t)dv′

≤ (2R)γ
∫ v

2

0
H(x, v − v′, t)G(x, v′, t)dv′

≤ K2(2R)γH(x, v, t)
∫ v

2

0
G(x, v′, t)dv′

≤
C0K2K3(2R)γBtH(x, v, t)

1 + |x|m−
1
α

≤ CBtH(x, v, t). (D.2.95)

Remark D.2.15. Notice that the constant C in (D.2.95) depends on R from Proposition D.2.2, on the

constant K2 from (D.2.58), and on the constant K3 from Lemma D.2.14. However, since L is fixed in

Definition D.2.11, R depends only on K1,K2,K3 and C0.

Proof of (D.2.93): We have the following cases

Case 1. a): x > 0 and v ≤ vmax(x, t): Notice that in this case H(x, v − v′, t) = H(x, v, t), for

v′ ∈ (0, v
2 ], and ∂vH(x, v, t) = 0. Thus, (D.2.93) holds.
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Case 1. b): x > 0 and vmax(x, t) ≤ v ≤ 2vmax(x, t): We divide the integral on the left hand side of

(D.2.93) into the region v′ ∈ (0, v − vmax) and v′ ∈ (v − vmax,
v
2 ), respectively. For v′ ∈ (v − vmax,

v
2 ),

using v
2 ≤ vmax(x, t) and Lemma D.2.14 with n = 0, we obtain that∫ v

2

v−vmax(x,t)

(
H(x, v − v′, t) − H(x, v, t)

)
G(x, v′, t)dv′ ≤ H(x, vmax(x, t), t)

∫ vmax

0
G(x, v′, t)dv′

≤
C0K3BtH(x, vmax(x, t), t)

1 + |x|m−
1
α

. (D.2.96)

We have 0 ≤ vα ≤ 2vαmax(x, t) ≤ 2Kmaxxt
1

m−1 , with Kmax as in (D.2.49).

Moreover, using (D.2.59) it follows that

vγ
∫ v

2

v−vmax(x,t)

(
H(x, v − v′, t) − H(x, v, t)

)
G(x, v′, t)dv′ ≤

2γC0K2K3BtH(x, v, t)vmax(x, t)γ

1 + xm− 1
α

.

Since vmax(x, t)α ≤ 2Kmaxxt
1

m−1 , with Kmax as in (D.2.49), we further obtain that

H(x, v, t)vmax(x, t)γ

1 + xm− 1
α

≤
CH(x, v, t)x

γ
α t

γ
α(m−1)

1 + xm− 1
α

≤ Ct
γ

α(m−1) H(x, v, t),

since m >
γ+1
α . Thus

vγ
∫ v

2

v−vmax(x,t)

(
H(x, v − v′, t) − H(x, v, t)

)
G(x, v′, t)dv′ ≤ CBtt

γ
α(m−1) H(x, v, t). (D.2.97)

We now estimate the integral

J :=
∫ v−vmax(x,t)

0

(
H(x, v − v′, t) − H(x, v, t)

)
G(x, v′, t)dv′. (D.2.98)

As before, using (D.2.58) and Lemma D.2.14, we find

J ≤
∫ v−vmax(x,t)

0
H(x, v−v′, t)G(x, v′, t)dv′ ≤

∫ v−vmax(x,t)

0
K2H(x, v, t)G(x, v′, t)dv′

≤
C0K2K3BtH(x, v, t)

1 + xm− 1
α

and this implies, since v ≤ 2vmax(x, t), that

vγ
∫ v−vmax(x,t)

0

(
H(x, v−v′, t) − H(x, v, t)

)
G(x, v′, t)dv ≤ CBtH(x, v, t)

vmax(x, t)γ

1 + xm− 1
α

≤ CBtH(x, v, t)
x
γ
α t

γ
α(m−1)

1 + xm− 1
α

. (D.2.99)

Since m >
γ+1
α it follows that (D.2.93) holds in this case.
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Remark D.2.16. Notice that the constant C in (D.2.97) and (D.2.99) depends only on the constant K2

from (D.2.58) and on the constants C0,K3 from Lemma D.2.14.

Case 1. c): x > 0 and 2vmax(x, t) ≤ v or x < 0: Notice that the computations used in Case 1. b)

hold for any v ≤ Clvmax(x, t), for some fixed constant Cl > 0. We can thus assume without loss of

generality in this case that v > Clvmax(x, t) and that v ≥ R because of the presence of ξR(v) in (D.2.93).

We have that v − v′ ∈ ( v
2 , v), for v′ ∈ (0, v

2 ). It holds∫ v
2

0

(
H(x, v − v′, t) − H(x, v, t)

)
G(x, v′, t)dv′ = −

∫ v
2

0
G(x, v′, t)

∫ v

v−v′
∂vH(x, ṽ, t)dṽdv′.

We can then use (D.2.57), (D.2.56) and Lemma D.2.14 with n = 1 in order to deduce that

−vγξR(v)
∫ v

2

0
G(x, v′, t)

∫ v

v−v′
∂vH(x, ṽ, t)dṽdv′

≤ −K2vγξR(v)∂vH(x, v, t)
∫ v

2

0
v′G(x, v′, t) ≤ −

C0K2K3BtvγξR(v)∂vH(x, v, t)
1 + |x|m−d

≤ −
LvγξR(v)∂vH(x, v, t)

1 + |x|m−d , (D.2.100)

where in the last inequality we used the definition of L in Definition D.2.11 and that Bt ≤ 2 by Remark

D.2.13. Thus (D.2.93) holds in this case.

Proof of (D.2.88) for x ∈ [(1 − 2δ)vαt, (1 + 2δ)vαt] or, alternatively, vαt ∈ [ x
1+2δ ,

x
1−2δ ].

We will assume that v ≥ 1 and γ > 1, since the other cases are similar but easier to treat.

In order to prove (D.2.88) we will first show that∫ v
2

0
K(v, v′) fn(x, v′, t)|H(x, v − v′, t) − H(x, v, t)|dv′ ≤ CL(1 + t

α+1−γ
α −1)H(x, v, t) (D.2.101)

and then that
vγ

1 + |x|m−d |∂vH(x, v, t)| ≤ CLt
α+1−γ
α −1H(x, v, t), (D.2.102)

for H and L as in Definition D.2.11. If (D.2.101) and (D.2.102) hold, then (D.2.88) holds. Indeed,

arguing as in (D.2.91), (D.2.92) and using fn ≤ G, we find

(∗) := ∂tG + vα∂xG −
∫ v

2

0
K(v − v′, v′)G(x, v − v′, t) fn(x, v′, t) dv′

+

∫ ∞

0
K(v, v′)G(x, v, t) fn(x, v′, t) dv′

≥ Bt

(
∂tH + vα∂xH +

Lvγ

1 + |x|m−d ξR(v)∂vH(x, v, t)
)

− Bt
Lvγ

1 + |x|m−d |∂vH(x, v, t)| − Btvγ
∫ v

2

0
|H(x, v − v′, t) − H(x, v, t)| fn(x, v′, t)dv′

+ λ(cαt
α+1−γ
α −1 + 1)BtH.
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Using now (D.2.101) and (D.2.102), we can conclude that

(∗) ≥ Bt

(
∂tH + vα∂xH +

Lvγ

1 + |x|m−d ξR(v)∂vH(x, v, t)
)

+ Bt
[
−CL − 2LCt

α+1−γ
α −1 + λ(cαt

α+1−γ
α −1 + 1)

]
H

≥ ∂tG + vα∂xG +
Lvγ

1 + |x|m−d ξR(v)∂vG(x, v, t)

if λ is sufficiently large.

Remark D.2.17. It is worthwhile to mention that L depends only on K1 from (D.1.8), K2 from Lemma

D.2.7, and K3 from Lemma D.2.14, see Definition D.2.11.

We now prove that (D.2.101) holds. Let η ∈ (0, 1) be fixed and sufficiently small. We want to

bound the following terms.∫ v
2

ηv
K(v, v′) fn(x, v′, t)|H(x, v − v′, t) − H(x, v, t)|dv′

+

∫ ηv

0
K(v, v′) fn(x, v′, t)|H(x, v − v′, t) − H(x, v, t)|dv′ =: J1 + J2.

We analyze each term separately. We notice that, since δ < 1 and t is sufficiently small, we have that

vα ≥ x
(1+2δ)t ≥ 2Kmaxxt

1
m−1 ≥ 2vαmax in this region, where Kmax is as in (D.2.49). Thus we can assume in

all the following that

v ≥ 2vmax and v′ ≥ vmax, for all v′ ∈
[ v
2
, v

]
. (D.2.103)

Moreover, by (D.2.45), it holds that G(x, v, t) = C0Bt
1+|X|m+V p ≤

C0Bt
1+V p ≤

2pC0Bt
1+vp . Using (D.2.60) and the fact

that Bt ≤ 2, for t ≤ T , we have

J1 ≤ C
∫ v

2

ηv
vγ[H(x, v − v′, t) + H(x, v, t)]G(x, v′, t)dv′ ≤ CH(x, v, t)

∫ v
2

ηv

vγ

1 + v′p
dv′

≤ C(η)H(x, v, t)
∫ ∞

0

v′γ

1 + v′p
dv′ ≤ CH(x, v, t).

For the second term, it holds that

J2 ≤ Cvγ
∫ ηv

0
|H(x, v − v′, t) − H(x, v, t)|G(x, v′, t)dv′ .

We remember we are in the region where vαt ∈ [ x
1+2δ ,

x
1−2δ ] and thus v′α ≤ ηαvα ≤ ηαx

(1−2δ)t . Due to

(D.2.19), it follows that

X(x, v′, t) ≥ x − (1 + δ)v′αt ≥ x −
(1 + δ)ηαx

1 − 2δ
=

1 − 2δ − (1 + δ)ηα

1 − 2δ
x,
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for all v′ ∈ [0, ηv]. Since δ ≤ 1
4 it follows that we can choose η to be sufficiently small, but independent

of δ, such that 1 − 2δ − (1 + δ)ηα ≥ 1
4 and thus

X(x, v′, t) ≥ (1 − 2δ − (1 + δ)ηα)x ≥
x
4
,

for all v′ ∈ [0, ηv]. Thus, since vαt ∈ [ x
1+2δ ,

x
1−2δ ] and δ ≤ 1

4 , we have that X(x, v′, t) ≥ vαt
8 . It follows

that

J2 ≤ CBtvγ
∫ ηv

0

∫ v
v−v′ |∂ṽH(x, ṽ, t)|dṽdv′

1 + (vαt)m + v′p
≤ Cvγ

∫ ηv

0

∫ v
v−v′ |∂ṽH(x, ṽ, t)|dṽdv′

1 + (vαt)m + v′p

since Bt ≤ 2. Let now ṽ ∈ [v − v′, v], with v′ ∈ [0, ηv]. We have that

|∂ṽH(x, ṽ, t)| ≤ C0
|m|X|m−2X∂ṽX + V p−1∂ṽV |

(1 + |X|m + V p)2 (x, ṽ, t) ≤ C0
|m|X|m−2X∂ṽX + V p−1∂ṽV |

(1 + V p)2 (x, ṽ, t).

Assume vγ−1t ≥ 1 and remember we are in the case when γ > 1 and v ≥ 1. Since v′ ≤ ηv it holds

that v
2 ≤ ṽ ≤ v for ṽ ∈ [v − v′, v]. In addition, by (D.2.103), we have that ṽ ≥ vmax. If ṽ ≥ x

1+2δ , then

from (D.2.22), we have that

|m|X|m−2X∂ṽX + V p−1∂ṽV | ≤ CL
(
|X(x, ṽ, t)|m−1ṽα−1t + ṽp+γ−2t

)
. (D.2.104)

Otherwise, if ṽ < x
1+2δ , then (D.2.104) still holds since vγ−1t ≥ 1.

Moreover, since v
2 ≤ ṽ ≤ v for ṽ ∈ [v − v′, v], it holds that |X(x, ṽ, t)| ≤ Cvαt ≤ Cvα and thus

|X(x, ṽ, t)|m−1ṽα−1t ≤ Cvp−1t ≤ Cvp+γ−2t since γ > 1. Thus

|∂ṽH(x, ṽ, t)| ≤
CLvp+γ−2t
(1 + vp)2 (D.2.105)

and thus it holds that

J2 ≤ CLv2(γ−1) vpt
(1 + vp)2

∫ ηv

0

v′dv′

1 + (vαt)m + v′p
.

By making the change of variables v′ = (1 + vptm)
1
p ξ, we further obtain that

J2 ≤ CLv2(γ−1) vp

(1 + vp)2

t

(1 + vptm)1− 2
p

∫ ∞

0

ξ dξ
1 + ξp ≤ CLv2(γ−1) vp

(1 + vp)2

t

(1 + vptm)1− 2
p

.

Remembering the definition of H and since we have, due to (D.2.18), that

H(x, v, t) =
C0

1 + |X(x, v, t)|m + V(x, v, t)p ≥
C

1 + vp (D.2.106)

we deduce that

J2 ≤
CLv2(γ−1)t

(1 + vptm)1− 2
p

H(x, v, t). (D.2.107)
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We now analyze the term v2(γ−1)t

(1+vptm)1− 2
p

. It holds that

v2(γ−1)t

(1 + vptm)1− 2
p

=
(vαt)

2(γ−1)
α t1− 2(γ−1)

α

(1 + (vαt)m)1− 2
p

≤ t1− 2(γ−1)
α ≤ t−

γ−1
α . (D.2.108)

It holds that −γ−1
α > −1 since γ < α + 1 and thus we have that et1−

γ−1
α
≤ C. Then, (D.2.101) follows

from (D.2.107).

If vγ−1t ≤ 1, we use (D.2.22) and then (D.2.105) becomes

|∂ṽH(x, ṽ, t)| ≤
CLvp−1

(1 + vp)2 . (D.2.109)

We can conclude using the same computations as above and by noticing that − (γ−1)
α > −1.

Finally, we need to prove that (D.2.102) holds in the case when x ∈ [(1 − 2δ)vαt, (1 + 2δ)vαt].

Assume first that vγ−1t ≥ 1. We have that

vγ

1 + |x|m−d |∂vH(x, v, t)| ≤
Cvγ|∂vH(x, v, t)|

1 + (vαt)m−d .

Making use of (D.2.105) and (D.2.106), we further obtain as before that

vγ

1 + |x|m−d |∂vH(x, v, t)| ≤ CLv2(γ−1) vp

1 + vp
t

1 + (vαt)m−d H(x, v, t)

and we can then use similar arguments as in (D.2.108). The case when vγ−1t ≤ 1 can be proven

similarly using (D.2.109) instead of (D.2.105). This concludes our proof. □

D.2.4 Proof of Theorem D.1.4

In this subsection, we finish the proof of Theorem D.1.4 by establishing that there exists a limit

for the sequence { fn}n∈N defined in (D.2.8) and then passing to the limit in the equation. Our proof has

analogies with the methods used to solve symmetric hyperbolic systems, see for example [Maj12].

We first prove some bounds that are independent of t for the function G defined in Definition

D.2.11.

Lemma D.2.18. Let T > 0 be sufficiently small. Then it holds that

G(x, v, t) ≤
2mC0Bt

1 + |x|m + vp ≤
2m+1C0

1 + |x|m + vp ; (D.2.110)

G(x, v − v′, t) ≤
2m+1K2C0

1 + |x|m + vp for all v′ ∈
(
0,

v
2

)
, (D.2.111)

for all v > 0, x ∈ R, and all t ∈ [0,T ], where Bt was defined in (D.2.82), K2 is as in Lemma D.2.7, and

C0 is as in (D.2.45).
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Proof. To prove (D.2.110) we notice first that it holds that Bt ≤ 2 if we take t ≤ 1 to be sufficiently

small, where Bt was defined in (D.2.82).

We first consider the case x > 0 and v ≤ vmax, where vmax(x, t) was defined in (D.2.48).

From Definition D.2.11 and the fact that if v ≤ vmax(x, t) then we are in the region where t ≤
x

vα(1+2δ) , we can use the bound in (D.2.26) to deduce that

G(x, v, t) ≤
C0

1 + |x − (1 + δ)vmax(x, t)αt|m + (1 − δ)pvmax(x, t)p , (D.2.112)

when v ≤ vmax(x, t), where C0 is as in (D.2.45).

By (D.2.49), we have that 1
Kmax

xt
1

m−1 ≤ vmax(x, t) ≤ Kmaxxt
1

m−1 and thus x ≥ x− (1+ δ)vmax(x, t)αt ≥
x
2 > 0 when x > 0 if t is sufficiently small. Thus, using in addition that v ≤ vmax and that δ < 1

2 , it holds

that (1 − δ)pvp
max ≥

vp

2p . Thus,

G(x, v, t) = G(x, vmax(x, t), t) ≤
2mC0

1 + |x|m + vp . (D.2.113)

We now treat the case when t ∈ [ x
(1+2δ)vα ,

x
(1−2δ)vα ]. From (D.2.45) and then using the fact that

x ≤ 2vαt ≤ vα, it follows that

G(x, v, t) ≤
2pC0

1 + vp ≤
2p+1C0

1 + |x|m + vp .

If vαt ≤ x
1+2δ , from (D.2.26) it holds that

G(x, v, t) ≤
C0

1 + |x − (1 + δ)vαt|m + (1 − δ)pvp

and (D.2.110) follows from (D.2.66).

Finally, if vαt ≥ x
1−2δ , from (D.2.25) it holds that

G(x, v, t) ≤
C0

1 + |x − (1 − δ)vαt|m + (1 − δ)pvp

and (D.2.110) follows from (D.2.62).

If x ≤ 0, from (D.2.24) we have that |X(x, v, t)| ≥ |x− (1−δ)vαt| = |x|+ (1−δ)vαt and the conclusion

follows.

(D.2.111) follows from (D.2.110), (D.2.55), and (D.2.75). □

Using these bounds, we can now prove that there exists a limit for the sequence { fn}n∈N that was

defined in (D.2.8).

Proposition D.2.19. Let T > 0 be sufficiently small. For every ϵ > 0, there exists nϵ ∈ N such that, for

every n,m ≥ nϵ , it holds that || fn − fm||∞ := supt∈[0,T ],x∈R,v∈(0,∞) | fn(x, v, t) − fm(x, v, t)| ≤ ϵ.
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Proof. Step 1: (Set-up) Let t ≥ 0, x ∈ R and v > 0. Let { fn}n∈N be the sequence defined in (D.2.8).

For n ∈ N, we denote by

Rn(x, v, t) := fn+1(x, v, t) − fn(x, v, t). (D.2.114)

Moreover, for two functions f , g, we denote by

K1[ f , g] :=
∫ v

2

0
K(v − v′, v′) f (x, v′, t)g(x, v − v′, t)dv′, (D.2.115)

K2[ f , g] :=
∫ ∞

0
K(v, v′) f (x, v′, t)g(x, v, t)dv′, (D.2.116)

and

K[ f , g] := K1[ f , g] − K2[ f , g]. (D.2.117)

Using this notation, it holds that

∂tRn(x, v, t) + vα∂xRn(x, v, t) = K1[ fn, fn+1] − K1[ fn−1, fn] − K2[ fn, fn+1] + K2[ fn−1, fn]

= K1[ fn, fn+1] − K1[ fn, fn] + K1[ fn, fn] − K1[ fn−1, fn]

− K2[ fn, fn+1] + K2[ fn, fn] − K2[ fn, fn] + K2[ fn−1, fn]

= K[ fn,Rn] + K[Rn−1, fn]. (D.2.118)

Remark D.2.20. Notice that it suffices to analyze the term Rn in order to obtain the statement of Pro-

position D.2.19. This is since we can repeat the computations in (D.2.118) to obtain

∂t[ fm − fn] + vα∂x[ fm − fn] = K[ fm−1, fm − fn] + K[ fm−1 − fn−1, fn]. (D.2.119)

Since the estimates we will prove do not depend on n,m ∈ N, we can reduce the problem to analyzing

Rn in order to simplify the notation.

Notice the following. From (D.2.118) and (D.2.9), we have that Rn solves the following system∂tRn(x, v, t) + vα∂xRn(x, v, t) = K1[ fn,Rn] + K1[Rn−1, fn] − K2[ fn,Rn] − K2[Rn−1, fn];

Rn(x, v, 0) = 0.
(D.2.120)

Since the system is linear in Rn, by Duhamel’s principle, it suffices to derive estimates for∂tRs
n(x, v, t) + vα∂xRs

n(x, v, t) = K1[ fn,Rs
n] − K2[ fn,Rs

n], for t > s;

Rs
n(x, v, s) = K1[Rn−1, fn](x, v, s) − K2[Rn−1, fn](x, v, s).

(D.2.121)

We now prove suitable estimates for the inhomogeneous part in (D.2.120), which in turn will give

us suitable estimates for Rn.
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Step 2: (Induction basis) It holds

R1(x, v, t) ≤
CT (vγ + 1)

(1 + |x|m + vp)(1 + |x|m−d)
, (D.2.122)

for all t ∈ [0,T ], where d is as in (D.2.15).

We will prove (D.2.122) after (D.2.123) since the estimates are similar.

Step 3: (Induction step) It holds

Rn(x, v, t) ≤
(CT )n(vγ + 1)

(1 + |x|m + vp)(1 + |x|m−d)
, (D.2.123)

for all t ∈ [0,T ], where d is as in (D.2.15).

We assume by induction that there exists a constant C > 0 such that

Rn−1(x, v, t) ≤
(CT )n−1(vγ + 1)

(1 + |x|m + vp)(1 + |x|m−d)
. (D.2.124)

We estimate the inhomogeneous terms K1[Rn−1, fn] and K2[Rn−1, fn]. Assume that the following

inequality holds

|K1[Rn−1, fn] − K2[Rn−1, fn]| ≤
CnT n−1(vγ + 1)

(1 + |x|m + vp)(1 + |x|m−d)
. (D.2.125)

From (D.2.121), it follows that

Rs
n(x, v, t) ≤

CnT n−1(vγ + 1)
(1 + |x|m + vp)(1 + |x|m−d)

, (D.2.126)

for t ∈ [0,T ], if T is sufficiently small. Since from (D.2.120) and (D.2.121), we have that

Rn(x, v, t) =
∫ t

0
Rs

n(x, v, t)ds,

the conclusion (D.2.123) follows from (D.2.126).

We are thus left to prove that (D.2.125) holds. We start with K2[Rn−1, fn]. Using Proposition

D.2.12, (D.2.110) and the fact that K(v, v′) ≤ K1(vγ + v′γ) from (D.1.8), we have that

K2[Rn−1, fn] =
∫ ∞

0
K(v, v′)Rn−1(x, v′, t) fn(x, v, t)dv′ ≤

Cvγ

1 + |x|m + vp

∫ ∞

0
Rn−1(x, v′, t)dv′

+
C

1 + |x|m + vp

∫ ∞

0
v′γRn−1(x, v′, t)dv′. (D.2.127)

Using assumption (D.2.124) and then (D.2.81) for n = 0 and n = 2γ, we further obtain that∫ ∞

0
(1 + v′γ)Rn−1(x, v′, t)dv′ ≤

(CT )n−1

1 + |x|m−d

∫ ∞

0

(v′γ + 1)2

1 + |x|m + v′p
dv′

≤
CnT n−1(

1 + |x|m−d
)(

1 + |x|m−
2γ+1
α

) ≤ CnT n−1

1 + |x|m−d . (D.2.128)
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Plugging (D.2.128) into (D.2.127), we deduce that

K2[Rn−1, fn] ≤
CnT n−1(vγ + 1)

(1 + |x|m + vp)(1 + |x|m−d)
.

Similarly, we can bound the term K1[Rn−1, fn]. More precisely, since v′ ∈ (0, v
2 ), we make use of

Proposition D.2.12 and (D.2.111) and, as before, it holds that

K1[Rn−1, fn] =
∫ v

2

0
K(v − v′, v′)Rn−1(x, v′, t) fn(x, v − v′, t)dv′

≤
Cvγ

1 + |x|m + vp

∫ ∞

0
Rn−1(x, v′, t)dv′

≤
CnT n−1(vγ + 1)

(1 + |x|m + vp)(1 + |x|m−d)
.

This concludes the proof of (D.2.123).

Step 4: (Proof of (D.2.122)) Using the definition of f0 in (D.2.10), we obtain that

∂tR1(x, v, t) + vα∂xR1(x, v, t) = K[ f0,R1] + K[ f0, f0].

Following the steps of the proof of (D.2.123), we obtain that

K[ f0, f0] ≤
C(1 + vγ)

(1 + |x|m + vp)(1 + |x|m−d)

and the conclusion follows by Duhamel’s principle as before.

Step 5: (Conclusion) We combine Remark D.2.20 with (D.2.122) and (D.2.123) and choose the

time T in (D.2.123) to be sufficiently small, such that the right-hand side of (D.2.123) tends to zero as

n→ ∞.

□

We are now able to conclude the proof of Theorem D.1.4.

Proof of Theorem D.1.4. We first prove that if t ≤ T and T is sufficiently small, it holds that

f0(x, v, t) ≤
2C0

1 + |x|m + vp . (D.2.129)

From (D.2.10) and (D.2.11) it follows that f0(x, v, t) ≤ C0
1+|x−vαt|m+vp . We first consider x > 0. If vαt ≤

x
(
1 − 1

m√2

)
then x − vαt ≥ x

m√2
and thus

1
1 + |x − vαt|m + vp ≤

1
1 + xm

2 + vp
≤

2
1 + xm + vp .
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If vαt ≥ x
(
1 − 1

m√2

)
then t , 0 and since t ≤ 1 is sufficiently small we have that vp ≥ 2xm and thus

1
1 + |x − vαt|m + vp ≤

1
1 + vp =

1
1 + vp

2 +
vp

2

≤
1

1 + xm + vp

2

≤
2

1 + xm + vp .

If x ≤ 0, then, since m is even, we have (x − vαt)m = (|x| + vαt)m ≥ xm and the conclusion follows.

Then, by (D.2.129) and (D.2.81), we obtain that∫
(0,∞)

v f0(x, v, t)dv ≤
2K3C0

1 + |x|m−
2
α

. (D.2.130)

On the other hand, by Lemma D.2.14, it follows that we can find a constant K3 > 0 such that∫
(0,∞)

vG(x, v, t)dv ≤
K3C0Bt

1 + |x|m−d , (D.2.131)

where d was defined in (D.2.15), Bt was defined in (D.2.82), and G was defined in Definition D.2.11.

Moreover, we can choose t ≤ 1 to be sufficiently small (as in Remark D.2.13) such that Bt ≤ 2 and thus

it holds that
∫

(0,∞) vG(x, v, t)dv ≤ 2K3C0
1+|x|m−d .

We use induction in order to prove that fn ≤ G for all n ∈ N. By Proposition D.2.12, the induction

step holds true. For the induction basis, we need to prove that (D.2.86) holds true for n = 0. This

is done with the same estimates as in Proposition D.2.12 by using (D.2.130). Thus, if we take L in

(D.2.16) to be as in Definition D.2.11, namely L = 4K1K2K3C0, where K1 is as in (D.1.8), K2 is as in

Lemma D.2.7, and K3 is as in (D.2.131), we can conclude that

fn(x, v, t) ≤ G(x, v, t), (D.2.132)

for all n ∈ N.

From (D.2.132) and (D.2.110), it follows that there exists some C > 0 such that

fn(x, v, t) ≤
C

1 + |x|m + vp , (D.2.133)

for all n ∈ N, t ∈ [0,T ], x ∈ R, and v ∈ (0,∞).

By Proposition D.2.19 we have that the exists a limit of the sequence { fn}n∈N. It remains to show

that the limit of the sequence { fn}n∈N satisfies equation (D.1.11). With the bound on { fn} in (D.2.133)

and the bound on the kernel (D.1.8) it is completely standard to pass to the limit in the equation.

Mass-conservation of fn follows by testing with v in (D.2.8) and then integrating in v and x. Mass-

conservation of f then follows by passing to the limit as n → ∞ in
∫
R

∫
(0,∞) v fn(x, v, t)dvdx. We omit

the details here.

□
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D.3 Estimates for the second order derivative of GL

We will prove in this appendix that (D.2.50) holds true.

Proposition D.3.1. Given L > 0 and δ ∈
(
0, 1

2
)

there exists a sufficiently large R > 0 such that for all

t ∈ [0,T ], with T sufficiently small, which is independent of L, δ, and R, it holds that

∂2
vGL(x, v, t) < 0 (D.3.1)

if

1
Kmax

xt
1

m−1 ≤ vα ≤ Kmaxxt
1

m−1 , (D.3.2)

where Kmax is as in (D.2.49).

Proof. Let Q(x, v, t) = 1 + |X|m + V p. Since GL =
1
Q , we have that

∂vQ(x, v, t) = m|X|m−2X∂vX + pV p−1∂vV, (D.3.3)

∂2
v Q(x, v, t) = m(m − 1)|X|m−2|∂vX|2 + p(p − 1)V p−2(∂vV)2 + m|X|m−2X∂2

v X + pV p−1∂2
vV, (D.3.4)

and

∂2
vGL = 2

|∂vQ|2

Q3 −
∂2

v Q
Q2 =

2|∂vQ|2 − Q∂2
v Q

Q3 . (D.3.5)

It is worthwhile to notice that if v is as in (D.3.2), then x ≥ (1 + 2δ)vαt if t is sufficiently small and

thus (D.2.21) holds. We analyze first the term 2|∂vQ|2 in (D.3.5). Since vα ≤ Kmaxxt
1

m−1 , we have that

0 ≤ x− (1+ δ)vαt ≤ X ≤ x− (1− δ)vαt ≤ x and x > 0. Using Proposition D.2.2 and (D.3.2) we deduce

that

|∂vQ| ≤ C1xm−1vα−1t +C2vp−1 ≤
Cxm

v
t

m
m−1 ,

for some constants C1,C2,C > 0, and thus

2|∂vQ(x, v, t)|2 ≤
Cx2m

v2 t
2m

m−1 . (D.3.6)

We then analyze the terms in (D.3.4). We have |X|m−2|∂vX|2 ≥ 0 and from Proposition D.2.2 we know

V p−2(∂vV)2 ≥
1
C

vp−2. (D.3.7)

We are going to show that if t is sufficiently small and v as in (D.3.2) we have

∂2
v X(x, v, t) ≥ 0 (D.3.8)
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and that for any ϵ > 0 and v as in (D.3.2) we have

|V p−1∂2
vV | ≤ ϵvp−2 (D.3.9)

if R is sufficiently large and t is sufficiently small. Combining then (D.3.7)-(D.3.9) with (D.3.2) and

noticing that Q ≥ |X|m ≥ (x − (1 + δ)vαt)m ≥ xm

2m if t is sufficiently small, it follows that

Q∂2
v Q ≥

xm

C
vp−2 ≥

x2m

Cv2 t
m

m−1 . (D.3.10)

(D.3.5), (D.3.6) and (D.3.10) imply that we can find a sufficiently small T ∈ (0, 1) such that (D.3.1)

holds for all t ≤ T .

In all the following computations, we will assume for simplicity that v ≥ 2R, with R as in Proposi-

tion D.2.2. The rest of the cases can be proven using similar computations.

Auxiliary result: Given L > 0 and δ ∈
(
0, 1

2
)

there exists a sufficiently large R > 0 such that for all

t ∈ [0,T ], with T sufficiently small, which is independent of L, δ, and R, it holds that

|∂2
v X(x, v, t)| ≤ Cvα−2t (D.3.11)

if v is as in (D.3.2).

In order to show (D.3.11) we first prove that there exists C > 0 such that

|∂2
vΦ(z, v)| ≤ Cv−1, for v ≥ 2R, (D.3.12)

where Φ is as (D.2.30). We differentiate two times with respect to v in (D.2.32) in order to deduce that

∂2
vΦ(z, v) = (γ−α)

(
v1−(γ−α) + (1 − (γ−α))z

) 2(γ−α)−1
1−(γ−α)

v−2(γ−α)

− (γ−α)(v1−(γ−α) + (1 − (γ−α))z)
γ−α

1−(γ−α) v−(γ−α)−1.

Since 0 ≤ z ≤ C and we are in the case when v ≥ 2R, we can choose R > 0 sufficiently large such that

v1−(γ−α) ≤ v1−(γ−α) + (1 − (γ − α))z ≤ 2v1−(γ−α) and thus |∂2
vΦ(z, v)| ≤ Cv−1.

In order to prove (D.3.11) we differentiate (D.2.38) twice with respect to v and obtain

∂2
v X(x, v, t)

Φ(ψ(X(x, v, t)) − ψ(x), v)α
− α

∂vX(x, v, t)[∂vΦ + ∂zΦψ
′(X)∂vX]

Φ(ψ(X(x, v, t)) − ψ(x), v)α+1

= α

∫ X

x

∂2
vΦdξ

Φ(ψ(ξ) − ψ(x), v)α+1 + α(α + 1)
∫ x

X

(∂vΦ)2dξ
Φ(ψ(ξ) − ψ(x), v)α+2

+
α∂vΦ

Φ(ψ(X) − ψ(x), v)α+1 ∂vX. (D.3.13)

From (D.3.12), (D.2.19) and (D.2.18) we deduce that∣∣∣∣∣ ∫ X

x

∂2
vΦdξ

Φ(ψ(ξ) − ψ(x), v)α+1

∣∣∣∣∣ ≤ Cv−α−2[x − X] ≤ Cv−2t. (D.3.14)
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Furthermore, Proposition D.2.2 implies that

|∂vΦ∂vX|
Φ(ψ(X) − ψ(x), v)α+1 ≤ Cv−2t , (D.3.15)∫ x

X

(∂vΦ)2dξ
Φ(ψ(ξ) − ψ(x), v)α+2 ≤ Cv−α−2[x − X] ≤ Cv−2t (D.3.16)

and that 1
C vα ≤ Φ(ψ(X) − ψ(x), v)α ≤ Cvα.

We claim that if v satisfies (D.3.2) it holds

0 ≤
∂zΦψ

′(X)|∂vX|2

Φ(ψ(X) − ψ(x), v)α+1 ≤ Cv−2t. (D.3.17)

Indeed, Proposition D.2.2 implies that |∂vX| ≤ Cvα−1t and 1
Φ(ψ(X)−ψ(x),v)α+1 ≤ Cv−α−1.

We use (D.3.2) again to deduce that we are in the region where x − (1 + 2δ)vαt ≥ 0 for sufficiently

small t. From the estimate (D.2.42) we obtain that

0 ≤ ∂zΦψ
′(X)|∂vX| ≤ C. (D.3.18)

Thus, (D.3.17) follows.

Combining the estimates (D.3.14)-(D.3.17) and then making use of (D.3.13), we obtain (D.3.11).

Proof of (D.3.9):
We only look at the case when γ > 1. The case γ ∈ [0, 1] can be proven in a similar manner.

As before, we assume in the following for simplicity that the constant L in (D.2.17) is L = 1. If

γ ∈ (1, 1 + α), then by integrating in (D.2.17) it follows that

V(x, v, t)1−γ − v1−γ = (γ − 1)
∫ t

0

dξ
1 + |X(x, v, ξ)|m−d (D.3.19)

such that

V(x, v, t) =
v(

1 + (γ − 1)vγ−1
∫ t

0
dξ

1+|X|m−d

) 1
γ−1

. (D.3.20)

Differentiating in v, we obtain that

∂vV(x, v, t) =
1(

1 + (γ − 1)vγ−1
∫ t

0
dξ

1+|X|m−d

) 1
γ−1

−
(γ − 1)vvγ−2

∫ t
0

dξ
1+|X|m−d(

1 + (γ − 1)vγ−1
∫ t

0
dξ

1+|X|m−d

) γ
γ−1

(D.3.21)

+
vvγ−1

∫ t
0

(m−d)|X|m−d−2X∂vXdξ
(1+|X|m−d)2(

1 + (γ − 1)vγ−1
∫ t

0
dξ

1+|X|m−d

) γ
γ−1
=:

T1

T
γ
γ−1

2

,
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where

T1 := 1 + vγ
∫ t

0

(m − d)|X|m−d−2X∂vXdξ
(1 + |X|m−d)2

and

T2 := 1 + (γ − 1)vγ−1
∫ t

0

dξ
1 + |X|m−d .

Differentiating in v, we obtain that

∂2
vV(x, v, t) =

∂vT1

T
γ
γ−1

2

−
γ

γ − 1
T1∂vT2

T
2γ−1
γ−1

2

.

It holds that

∂vT1 = γvγ−1
∫ t

0

(m − d)|X|m−d−2X∂vXdξ
(1 + |X|m−d)2 − 2vγ

∫ t

0

∣∣∣(m − d)|X|m−d−2X∂vX
∣∣∣2dξ

(1 + |X|m−d)3

+ vγ
∫ t

0

(m − d)|X|m−d−2X∂2
v Xdξ

(1 + |X|m−d)2 + vγ
∫ t

0

(m − d)(m − d − 1)|X|m−d−2|∂vX|2dξ
(1 + |X|m−d)2 .

Moreover, we have that

∂vT2 = (γ − 1)2vγ−2
∫ t

0

dξ
1 + |X|m−d − (γ − 1)vγ−1

∫ t

0

(m − d)|X|m−d−2X∂vXdξ
(1 + |X|m−d)2 .

We first prove the following estimates:

0 ≤ vγ−1
∫ t

0

dξ
1 + |X(x, v, ξ)|m−d ≤

1
2

(D.3.22)

and

vγ
∣∣∣∣∣ ∫ t

0

(m − d)|X(x, v, ξ)|m−d−2X(x, v, ξ)∂vX(x, v, ξ)dξ
(1 + |X(x, v, ξ)|m−d)2

∣∣∣∣∣ ≤ 1
2
. (D.3.23)

We first prove that (D.3.22) holds. For sufficiently small t, we are in the case when x ≥ (1 + 2δ)vαt

since v is as in (D.3.2). We use (D.2.19) and the fact that x ≥ (1+ 2δ)vαt ≥ (1+ 2δ)vαs for all s ∈ [0, t].

Thus, |X(s)| ≥ |x − (1 + δ)vαs| when x ≥ (1 + 2δ)vαt, for all s ∈ [0, t]. It follows that

vγ−1
∫ t

0

dξ
1 + |X(x, v, ξ)|m−d ≤ Cvγ−1

∫ t

0

dξ
1 + |x − (1 + δ)vαξ|m−d

≤ Cvγ−α−1
∫ vαt

0

dz
1 + |x − (1 + δ)z|m−d ≤ Cvγ−α−1, (D.3.24)

which, since v ≥ R and γ < α + 1, implies (D.3.22) if R is sufficiently large.
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We now prove (D.3.23). As before, we consider the case when x ≥ (1+2δ)vαt since we can choose

t sufficiently small. It follows that

vγ
∣∣∣∣∣ ∫ t

0

(m − d)|X|m−d−2X∂vXdξ
(1 + |X|m−d)2

∣∣∣∣∣ ≤ Cvγ−1
∫ t

0

|x − (1 − δ)vαξ|m−d−1vαξdξ
(1 + |x − (1 + δ)vαξ|m−d)2 .

If v is as in (D.3.2), then x − (1 + δ)z ≥ x − 2z ≥ x
2 for sufficiently small t, for z ∈ [0, vαt]. By making

the change of variables z = vαξ and using the fact that x − (1 − δ)z ≤ x we further obtain that

vγ−1
∫ t

0

|x − (1 − δ)vαξ|m−d−1vαξdξ
(1 + |x − (1 + δ)vαξ|m−d)2 ≤ Cvγ−α−1

∫ vαt

0

|x − (1 − δ)z|m−d−1zdz
(1 + |x − (1 + δ)z|m−d)2

≤ Cvγ−α−1
∫ x

1+2δ

0

|x|m−ddz
(1 + |x|m−d)2 ≤

Cvγ−α−1|x|m−d+1

(1 + |x|m−d)2

≤ Cvγ−α−1,

and thus (D.3.23) follows if we take R sufficiently large since v ≥ R and γ < α + 1.

From (D.3.22) and (D.3.23), it holds that T1 ∈ [ 1
2 , 1] and T2 ∈ [ 1

2 ,
3
2 ]. From this we deduce that

|∂2
vV(x, v, t)| ≤ C

(
|∂vT1| + |∂vT2|

)
.

We analyze each term of ∂vT1 separately. Following the computations for (D.3.23), we deduce that

vγ−1
∣∣∣∣∣ ∫ t

0

(m − d)|X|m−d−2X∂vXdξ
(1 + |X|m−d)2

∣∣∣∣∣ ≤ Cvγ−α−1v−1. (D.3.25)

Similarly, by making the change of variables z = vαξ, it follows that

vγ
∫ t

0

∣∣∣|X|m−d−2X∂vX
∣∣∣2dξ

(1 + |X|m−d)3 ≤ Cvγ
∫ t

0

(
|x − (1 − δ)vαξ|m−d−1vα−1ξ

)2dξ
(1 + |x − (1 + δ)vαξ|m−d)3

≤ Cvγ−α−2
∫ vαt

0

(
|x − (1 − δ)z|m−d−1z

)2dz
(1 + |x − (1 + δ)z|m−d)3 ≤ Cvγ−α−1v−1. (D.3.26)

Moreover, (D.3.11) implies that

vγ
∣∣∣∣∣ ∫ t

0

(m − d)|X|m−d−2X∂2
v Xdξ

(1 + |X|m−d)2

∣∣∣∣∣ ≤ Cvα−2vγ
∫ t

0

(m − d)|X|m−d−1ξdξ
(1 + |X|m−d)2

≤ Cv−α−2vγ
∫ vαt

0

|x − (1 − δ)z|m−d−1zdz
(1 + |x − (1 + δ)z|m−d)2

≤ Cvγ−α−1v−1. (D.3.27)

We now analyze the last term in ∂vT1. We have that

vγ
∫ t

0

|X|m−d−2|∂vX|2dξ
(1 + |X|m−d)2 ≤ Cvγ−α−2

∫ vαt

0

|x − (1 − δ)z|m−d−2z2dz
(1 + |x − (1 + δ)z|m−d)2 ≤ Cvγ−α−1v−1. (D.3.28)
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We continue by finding upper bounds for each term in ∂vT2. From (D.3.24), it holds that

vγ−2
∫ t

0

dξ
1 + |X|m−d ≤ Cvγ−α−1v−1, (D.3.29)

which offers the right estimate in order to prove (D.3.9). Notice that the last term in ∂vT2, which is

vγ−1
∫ t

0
|X|m−d−2X∂vXdξ

(1+|X|m−d)2 , has already been analyzed in (D.3.25).

Combining (D.3.25)-(D.3.29) together with the fact that v ≥ R and that γ < α + 1, we obtain that

|vp−1∂2
vV(x, v, t)| ≤ Cvγ−α−2vp−1 ≤ ϵvp−2,

if v ≥ R is sufficiently large. This concludes the proof of (D.3.9).

Proof of (D.3.8):
From (D.2.17) it follows that

∂2
v X(x, v, t) = α(1 − α)

∫ t

0
Vα−2(∂vV)2ds − α

∫ t

0
Vα−1∂2

vVds. (D.3.30)

Now (D.3.9) implies that the second term on the right hand side can be absorbed into the first one and

thus (D.3.8) follows. □
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Dämpfen. Annalen der Physik, 416(8):719–752, 1935.

[BGP04] A. Bobylev, I. Gamba, and V. Panferov. Moment inequalities and high-energy tails

for Boltzmann equations with inelastic interactions. Journal of Statistical Physics,

116:1651–1682, 2004.

265



BIBLIOGRAPHY

[BL09] J. Banasiak and W. Lamb. Coagulation, fragmentation and growth processes in a

size structured population. Discrete and Continuous Dynamical Systems - Series B,

11(3):563–585, 2009.

[BLL19a] J. Banasiak, W. Lamb, and P. Laurençot. Analytic Methods for Coagulation-
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[Mü28] H. Müller. Zur allgemeinen Theorie ser raschen Koagulation. Kolloidchemische Bei-

hefte, 27:223–250, 1928.

[NNTV19] B. Niethammer, A. Nota, S. Throm, and J. J. L. Velázquez. Self-similar asymptotic beha-

vior for the solutions of a linear coagulation equation. Journal of Differential Equations,

266(1):653 – 715, 2019.

271



BIBLIOGRAPHY

[Nor99] J. R. Norris. Smoluchowski’s coagulation equation: uniqueness, nonuniqueness and

a hydrodynamic limit for the stochastic coalescent. Annals of Applied Probability,

9(1):78–109, 1999.

[NV11] B. Niethammer and J. J. L. Velázquez. Self-similar solutions with fat tails for a coagu-

lation equation with diagonal kernel. Comptes Rendus Mathematique, 349(9):559–562,

2011.

[NV12] B. Niethammer and J. J. L. Velázquez. Self-similar solutions with fat tails for

Smoluchowski’s coagulation equation with locally bounded kernels. Communications

in Mathematical Physics, 318(2):505–532, 2012.
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