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SUMMARY

In this thesis, we consider problems that appear in the study of coagulation models. Coagulation
equations describe the evolution in time of a system of particles that are characterized by their volume.
They are a set of non-linear, integro-differential equations and are used predominantly in the study
of blood coagulation, polymerization, and aerosol physics. A general introduction on coagulation
equations can be found in Chapter 1 of this manuscript. The objective of this thesis consists in the
analysis of models which incorporate additional information about the system of particles, as well as
the observation of the new physical phenomena which may arise due to the modifications of the model.

A first approach is the addition of variables which give information about the shape of the particles.
We thus study the long-time asymptotics of a coagulation model which describes the evolution of a
system of particles characterized by their volume and surface area. The aggregation mechanism takes
place in two stages: collision and fusion of particles. During the collision stage, the two particles merge
at a contact point. After collision, the fusion phase begins and during it the geometry of the interacting
particles is modified in such a way that the volume of the total system is preserved and the surface area
is reduced. We prove existence of self-similar profiles for some choices of the functions describing the
fusion rate for which the particles have a shape that is close to spherical. On the other hand, for other
fusion mechanisms and suitable choices of initial data, we show that the particle distribution describes a
system of ramified-like particles. The result has been obtained together with J. J. L. Veldzquez [CV23]
(arXiv preprint). Chapter 2 of this thesis contains general aspects about the model and presents the
main results. Appendix A is the actual paper.

The long-time behavior of the model introduced in [CV23] depends strongly on the competition
between fusion and collision. We further study this competition with the aim of finding connections
between the solutions of our two-dimensional model in [CV23] and the standard coagulation equation.
On one hand, if the fusion process occurs at a faster rate than the collision of particles, the interacting

particles become spheres almost immediately. As such, we prove that we can reduce our model to
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the standard one-dimensional model in this case. On the other hand, if the fusion term is negligible
compared to the collision term, the total area and the volume stay conserved in the process and the
particles attach to each other at a contact point. As such, we recover a two-dimensional coagulation
model in which fusion does not occur. More details can be found in Chapter 3 and Appendix B.
Chapter 3 introduces the results of Appendix B. The contents of Appendix B can be found in [CV24]
and were published in Journal de Mathématiques Pures et Appliquées. The results were obtained in
collaboration with J. J. L. Veldzquez.

Another possibility to incorporate more information about the system of particles is the addition
of a term which represents an external source that injects particles into the system. For this model,
only the regime where the transport of mass toward infinity is due to the collision between particles
of comparable sizes has been studied. We study the long-time behavior of solutions for a range of
exponents for which the transport of mass toward infinity is driven by collisions between particles of
different sizes. This leads to an additional transport term in the coagulation equation that approximates
the solution of the original coagulation equation with injection for large times. The paper is available
online [CFFV23] and was published in Archive for Rational Mechanics and Analysis. A short over-
view of the paper can be found in Chapter 4, while the paper is contained in Appendix C. This is a joint
work with M. A. Ferreira, E. Franco, and J. J. L. Velazquez.

Additional variables to the standard coagulation models can also be used to describe the position
in space of the particles. In [CN'V24b], we study a two-dimensional coagulation equation which is in-
homogeneous in the spatial variable and contains a transport term in space modeling the sedimentation
of clusters. We prove local existence of mass-conserving solutions for a class of coagulation kernels
for which in the space homogeneous case instantaneous loss of mass occurs. Our result holds true in
particular for sum-type kernels of homogeneity greater than one, for which solutions do not exist at
all in the spatially homogeneous case. Moreover, our result covers Kernels that in addition vanish on
the diagonal, which have been used to describe the onset of rain and the behavior of air bubbles in
water. Instantaneous loss of mass for the latter type of kernel has been proven in [CNV24a], but this
paper is not included in the thesis. The paper [CNV24b] (arXiv preprint) is contained in Appendix D
and an overview of the results can be found in Chapter 5. The results were obtained together with B.
Niethammer and J. J. L. Velazquez.

Lastly, we discuss in more detail the methods needed to prove our results and present possible

future research directions. This is the content of Chapter 6.
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NOTATION

Chapter 1
w Letd € N. We denote by R := [0, 00)? and by R =: RY\ {0}, where O := {(0,...,0)} € R
1= For n € N, we use the notationi = |,ntomeani € N, 1 <i < n.

= For | C R‘ZIO,

while L! (1) will be the space of non-negative Lebesgue functions.

for some d € N, .#,(I) will denote the space of non-negative Radon measures,

= For a function f : (0, c0) — [0, 00), we use the notation M;(f) := f(o 00) v’f(v)dv, for some [/ € R.
We call M;(f) the [-th order moment of the function f.

Chapter 2 and Chapter 3

= We denote R‘i o = (0, c0)?, for d € N. We use the notation 17 := (a,v). We will use interchange-

ably both notations for convenience.

= We keep the notation f(a,v)dvda or f(17)dn for Radon measures, independently of the fact that

the measure may not be absolutely continuous with respect to the Lebesgue measure.

w M (f) = f(o o2 a*v! f(a, v)dvda, for some k, [ € R.

= We use f =~ g to mean that there exists a constant C > 1 such that é < ]é <C.
Chapter 4
1= We use the notation f ~ g as x — x to indicate that lim,_, , % = 1, while we use the notation

~ ' 1/
S =~ g to say that there exists a constant M > 1 such that 5; < ¢ <M.
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1 We use the notation x > 1 for large cluster sizes x. Additionally, for cluster sizes x, y, we denote

X > yory < x to mean that x is much larger than y.

= We keep the notation f(v)dv for Radon measures, independently of the fact that the measure may

not be absolutely continuous with respect to the Lebesgue measure.

Chapter 5

= We use the notation f < g, for two functions f, g, to mean that there exists a constant C > 0 such

that f < Cg and we keep the notation f ~ g as in the previous chapters.

Chapter 6

= We keep the notation from the previous chapters. Moreover, for two terms, A and B, we use the
notation A ~ B to mean informally that A can be approximated in terms of B in the region under

consideration in the respective formula.



CHAPTER 1

INTRODUCTION

Coagulation (or more generally coagulation-fragmentation) models are used to describe the evol-
ution in time of the size distribution of a system of particles. They play a fundamental role in a vast
variety of applications such as aerosol physics, polymerization, blood agglomeration or phytoplankton
aggregation. As such, the equations have received increasing interest in the last two decades, but the
first work dates back to Marian von Smoluchowski in 1916, see [Smo16], in which he introduced an
infinite set of ordinary differential equations to describe the evolution of a system of particles which
allows interactions as a consequence of Brownian motion.

Modifications to the equation have been made depending on the described underlying process. The
most predominant models used in the mathematical literature are the discrete and continuous models

which we explain in more detail below.

Continuous version - coagulation equations

We denote by f(v, f) the number of particles of volume v at time ¢ and wish to describe the evolution

in time of f keeping in mind the following assumptions

== only binary collisions are allowed, i.e., only two particles can interact with each other;

1= the process does not depend on the order of interaction between particles;

= once two particles collide, they form a new particle with volume equal to the sum of the volumes

of the two interacting particles.

The continuous version of the coagulation equation dates back to [Mii28] and is a non-linear, integro-
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differential equation with the form

density
of particles collision operator

l 1 —_—
0 fv, 1) = 3 f K=V V)0, 0f6v =V, ndv' - f Kw,v)  fu,nf0,ndv  (1.0.1)
O,v) (0,00)

gain mass lose mass

T T
v=v)+()=(v) collision with other particles

=: K[f1(v, 1),

where K(v,V"), for v,v" € (0, o), represents the collision speed between a particle of volume v and a
particle of volume v'. The derivation of this equation can be understood as follows. On one side, if two
particles of smaller volume interact, such that the sum of their volumes equals v, then the total number
of particles of volume v increases. The first term in (1.0.1) keeps track of this type of interactions and
will be termed as the gain term. On the other side, if the particle of volume v interacts with a particle
of any given volume, then its volume increases and the total number of particles of volume v decreases.
The second term in (1.0.1) is used to count this type of interactions and will be termed from now on as
the loss term.

From the physical assumptions that the model needs to satisfy, we can derive conditions for f and

K as follows
= f represents the number of particles and as such f > 0O;
= the order of interactions does not matter, so K is a symmetric function.

Discrete version - coagulation equations

We assume that we are interested in clusters that are composed of identical fundamental units,
which we call monomers. This implies that the mass of a cluster is a multiple of the mass of the
fundamental unit and, as a direct consequence, it suffices to analyze only discrete values of the mass. It
is worthwhile to mention here that the mass can be replaced by equivalent quantities such as polymer

length. This leads us to the following discrete model for the function f;, at time ¢

—_

n—

01 fa(0) = K(n = i, 1) fi(0) fu-i(1) = Z K(n, ) fu(0) fi() = K[fl(n,1), n=2, (1.0.2)
i=1

N —

1

Il
—

where K(i, j), for i, j € N, is the collision speed between a cluster of size i and a cluster of size j. The
assumptions and conditions made for the continuous version are the same for the discrete case, the
only difference is that our functions f and K now take discrete values.

The model in (1.0.2) gives a straightforward interpretation of how the model is derived. The gain
term is obtained by counting the number of all the possible interactions that can occur between clusters

of size smaller than » that lead to the formation of a cluster of size n. The % in front of the gain term

2



1.1. ASSUMPTIONS ON THE COAGULATION KERNEL

appears in order to avoid the double counting of interactions. In the same manner, the loss term is
obtained by counting all possible interactions between clusters of size n and clusters of any different
size, only in this case double counting cannot happen.

A first observation to the discrete model however is related to the interaction between clusters of
the same size as it does not respect the counting rule described above. In [Col04] the following model
is discussed

n—1

0h0 =2 Y K- g0 + k(5 2)(r0)

i=1,i#%
= DL Ko DAMOF) = 2K, m)(f(0)?,
i=1,i#n
for when n is even, and

(9]

1 n—1
Oufilt) = 5 D K= Dfi0fui0) = ) K DMfu(0fiCt) = 2K n. m)(fy(0)°,
i=1

i=1,i#n
for n odd, as in this case terms of the form K(i, i), for i € N, cannot appear in the gain term. However,
the simplified form in (1.0.2) is the standard discrete version which is analyzed in both the physical

and mathematical literature as it offers a sufficiently good approximation for applications.

1.1 Assumptions on the coagulation kernel

We gather here some standard assumptions for the coagulation kernel in (1.0.1) and offer some
examples that will be of importance later on. As mentioned before, because of the underlying physical

setting, K needs to be a symmetric, non-negative function. Thus, we assume that
Kw,v') >0, for all v,v" € (0, 0), (1.1.1)
and that
Kw,v') =KW, v), forall v,v" € (0, o). (1.1.2)

The most common examples of coagulation kernels found in applications have the form of power laws.
The existing results for coagulation processes treat kernels which can be estimated from above by such

power laws, namely
Kv,V') < Kj(vVE +809), (1.1.3)

for some @, 8 € R and some constant K| > 0. Sometimes a similar bound from below is also necessary.
We will mention this condition explicitly when we encounter such cases.

We now offer some specific examples of coagulation kernels that can be found in applications.
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The constant kernel

The most standard example of collision rate is the case when the interaction of particles does not
depend on the cluster size, i.e., we work with a constant coagulation kernel. While a simple example,
this type of kernel is rather rich in features and was used as a motivation for many of the existing con-
jectures in coagulation equations, such as the long-time behavior of solutions, which will be explained
in more detail in Subsection 1.5. It is thus understandable that particular attention should be assigned to
the analysis of solutions in this case. We first present some general properties of coagulation equations
that would make this analysis easier to follow. Thus, we only mention the constant kernel here and will

further discuss its properties in Subsection 1.5.

Example of coagulation kernels used in the study of polymers

We work here with the discrete-sized version of the model as it is more often encountered in the
study of polymerization. The following assumptions are taken from [BLL19a, Section 2.2.3], which

follows the discussion in [VDE84]. We suppose that

Each polymer in the system is composed of identical monomers, with an n-mer comprising of n

monomers.

Each monomer carries an identical number of fundamental groups, some of which can form

chemical bonds with fundamental groups carried by monomers in other polymers.
Intramolecular reactions leading to cyclic structures do not occur.

We consider the case when a monomer is formed of m € N identical fundamental A groups and thus
we can only have chemical bonds of the form A — A. The coagulation rate K(n, j) is proportional to
the number of bonds that can occur between an n-mer and a j-mer. For this setting, an n-mer will have
2(n— 1) reacted A groups and n(m — 2) + 2 unreacted A groups. We refer to Figure 1.1 for more details.

Thus, we can deduce that
K(n, j) is proportional to [n(m — 2) + 2] X [j(m — 2) + 2].

Since m is a constant which represents the number of fundamental groups forming a monomer, the
resulting kernel is of order n j up to multiplication by some constant. As such, product kernels K(n, j) =
nj play an important role in the study of polymerization. Similar computations can be made for more
complicated structures, also leading to product-type kernels. We refer to [BLL19a, Section 2.2.3] and
[VDES4] for further details.
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A, monomer AAL I — | AA — | AN — k,j=2

n x A e nm free A groups

"’ n-1 chemical bounds
A, monomer Am n-mer
- ™~ — 2(n-1) reacted A groups
Am Am nm-2(n-1) = n(m-2)+2 free A groups
& > » Koy = Om(N) X Om(j)
A AL
» s Om(n) = n(mM-2)+2
n-mer j-mer

Figure 1.1: Derivation of the kernel when monomers carry identical fundamental A groups

Example of coagulation kernels used to describe rain formation

We consider the continuous version of the coagulation model and follow the discussion in [HNSO7].
This choice of kernel is motivated as follows. We assume that spherical particles can move on the
vertical line (due to gravitation or buoyancy) and merge upon touching. The cross-section of interaction
between two particles of radii » and r’, and volume v and V', respectively, that merged upon touching
is given by then 7(r + /)2, which can be described in terms of volume as (v% + v’%)z. We omit the
constants here as the relevant contribution is given by the dependence on the volume of the coagulation
rate.

Additionally, the velocity is taken to be approximately v%, which represents the Stokes velocity of
a rigid sphere with no slip boundary condition, and the collision rate between two particles is taken to
be proportional to their relative velocities IV% —V'3 |

This leads to a sum-type kernel which vanishes on the diagonal, also referred to as a differential

sedimentation kernel in the physics literature, which has the following form
, 2 21 1o
Kwv,v) =13 =v3|(v3 +V'3)". (1.1.4)

The model is used to describe the behavior of air bubbles in water which move due to buoyancy and it
is also valid for water droplets. We refer to [CGW78, FSV06, PK97] for more details. However, the
assumption that the particles move in space requires a different model than the one in (1.0.1), namely
an additional variable to the system. We omit further details here as this will be the subject of study of

Subsection 1.6.2.
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1.2 Coagulation-fragmentation models

For completeness, we also present some versions of coagulation-fragmentation models. However,
the focus of this thesis will be on pure coagulation processes. It is useful to remark that in the case
of coagulation, only binary collisions are allowed and multiple collisions lead to significantly more
complicated models. In the case of fragmentation however, particles can breakup into two or multiple
smaller particles. We term the former process as binary fragmentation, while the latter is called multiple

fragmentation.

Discrete coagulation-fragmentation

When we work with discrete values and in the case of multiple fragmentation, we arrive to the
following model, which has been studied for example in [BT45, Lau02, Zif92],

[ee)

Ofo(®) = KLF10,0) = anfo®) + )" aibuifi(0), forn > 2. (1.2.1)

i=n+1

The term K[ f](n, t) is the coagulation operator introduced in (1.0.2). The new terms appearing in the

model (1.2.1) compared to the model (1.0.2) can be interpreted as follows
= g, is the fragmentation rate of an n-mer.

= b, ; is known as the daughter distribution function and should be thought of as the number of

n-mers produced by the fragmentation of an i-mer.

Since monomers cannot fragment further and cannot be created by the interaction of smaller entities,

the discrete version of the coagulation-fragmentation equation for n = 1 can be written as

(o)

afi)) =Y aibrifi) = Y KALDfOAO). (122)

=2 i=1
Further assumptions can be made when considering the physical interpretation of the daughter dis-

tribution function b,;. For example, since smaller polymers cannot produce larger polymers upon

fragmentation, it holds that
b;i =0 when j>i. (1.2.3)

Moreover, assuming that no mass loss should occur in the system upon fragmentation, then the daugh-

ter distribution function should satisfy an equality of the form

n—1
D jbjn=n, foralln>2. (1.2.4)
=1



1.2. COAGULATION-FRAGMENTATION MODELS

Discrete binary fragmentation has also been considered for example in [BC90], or in [BD35], for a
type of kernel which allows only single monomers to interact with clusters. We will discuss more de-
tails about the connection between binary and multiple fragmentation when we present the continuous

version of the model (1.2.1).

Continuous coagulation-fragmentation

The continuous version of (1.2.1) can be found in [MZ87, VZ89] and takes the following form

0 f(v,t) = K[f1(v, 1) —a() f(v, 1) + f a(WVb(w, V) f(V/,HdV, (1.2.5)

(v,00)

where K is the coagulation operator introduced in (1.0.1). We remind that we are in the case of multiple
fragmentation. The terms a and b in (1.2.5) are the continuous counterpart of the same terms in (1.2.1)
and have the same physical interpretation. As such, the daughter distribution function b satisfies the

same properties as in the discrete case, namely

b(v',v) = 0 whenv' > v and f VvVb(V ,v)dv =v. (1.2.6)
©Ov)

There exist other equivalent [Mel57] or closely related [Fil61] formulations of (1.2.5) in the mathemat-
ical literature. For example, the following coagulation-fragmentation model is used to describe binary
fragmentation, cf. [Ste89, Ste90],

1
0./ .0) = KIf100 ~ 3 f

(0]

FO'\,v-=v)flv,ndv + f Flv,vV = v)f(/,nHdv' (1.2.7)

(v,00)

=K[f](v,1) — % f FO',v=V)f,ndv' + f Fo V) f(v+Vv,ndv'.
O.v) ©

,00)
The terms appearing due to fragmentation in (1.2.7) can be understood as follows
i F(v',v) represents the fragmentation rate of a particle of volume v + v’ into a particle of volume

V" and a particle of volume v. Since a particle can only decompose into two particles, F' needs to

be symmetric.

=y f(v’oo) F,v —v)f(v',1)dv’ represents the production of particles of volume v, due to the frag-

mentation of larger particles.

< —% J;o " F(Q/,v—=V)f(v,t)dv represents the loss of particles of volume v, due to their fragment-

ation into a particle of volume v’ and a particle of volume v — v/, with v/ < v.

Equation (1.2.7) is equivalent to equation (1.2.5) in the case when particles can only fragment into two

smaller particles. Indeed, assuming in the model (1.2.5) that only binary fragmentation can occur and
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remembering that the daughter distribution function b(v’, v) represents the expected number of particles

of volume V" produced by a particle of volume v, then b satisfies the following conditions
L} )b(v’, v)dv' =2 and b(v',v) = b(v — V', v) with v/ < v. (1.2.8)
v
Define now the fragmentation rate F to be
F,v) :=alv+v)bv,v+V).
Notice that F' is indeed symmetric since due to (1.2.8) it holds that
Fw,v)=a( +v)bv,v+V) =alv+V)b(',v+Vv) = FQO,v).

With this definition of F, we arrive to equation (1.2.7) by noticing that due to (1.2.8) we have that

1 aW)f(v, 1)
2

- f FO',v=V)fv,ndv' =
©O,v)

5 bV, v)dv' = a(v)f(v,1).

©O,v)

Conversely, we can obtain (1.2.5) with a daughter distribution function satisfying (1.2.8) from (1.2.7)
by choosing the functions a and b in an appropriate manner. We refer to [BLL19a, Subsection 2.2.2]

for more details.

1.3 The weak formulation of the coagulation model

Most of the results discussed in this thesis hold for weak solutions of some coagulation models. As
such, we show now how one can derive the weak formulation of (1.0.1). We test (1.0.1) with a suitable

test function ¢(v) and arrive to the equation

o [ fo.nemdv =1 f f K=/ )07 00 = V. g0 dy
(0,00) 2 J(0.00) J(O)
- f K@ V), f (v, He()dv'dv. (1.3.1)
(0,00) J(0,00)

For the gain term, we use Fubini’s theorem and then make the change of variable z = v — v in order to
deduce that

f f K-V V)V, 0f(v =V, e )dv'dv
(0,00) J(0,v)
= f K=V V)0, 0fv =V, He(v)dvdy’
(0,00) J(V',0)

= f f K@ V)V, 0 f(z, Dz +v')dzdV'. (1.3.2)
(0,00) J(0,00)



1.4. MASS-CONSERVING SOLUTIONS AND GELATION IN COAGULATION EQUATIONS

From (1.3.2) and then using the symmetry of the coagulation kernel in the loss term, we can rewrite
(1.3.1) as

1
0, F, Hp()dy = = f f K@ V) fw, ) f(V, O)xe(v,v)dv'dv, (1.3.3)
(0,00) 2 J(0,00) J(0,00)
where we denoted by

YoV, V) 1= (v +V') — p(v) — (V). (1.3.4)

Equation (1.3.3) is known as the weak formulation of the coagulation equation. Intuitively, the under-
lying coagulation process is now incorporated within the test function ¢. More precisely, the term y,,
in (1.3.4) is understood as follows: for the formation of a particle of volume v +1’, a particle of volume

v and a particle of volume V" are needed.

1.4 Mass-conserving solutions and gelation in coagulation equations

Since the volume of a new particle is always the sum of the volumes of other two interacting
particles, the solutions of (1.3.3) should in principle conserve the total mass of the system. This can be

noticed at a formal level by testing in (1.3.3) with ¢ = v, from which we deduce that

0y fv,He()dv = 0 and thus f,He)dv = f f,0)p)dv, forallr >0. (1.4.1)
(0,00) (0,0) (0,00)

However, ¢ = v is not a valid test function when looking for example for solutions f of (1.3.3) which
belong to C([0, o0); LL (0, ) or C([0, 00); .#+(0, o0)) and significant research has been conducted to-
ward finding the exact conditions under which solutions of coagulation equations conserve mass.

More precisely, when the coagulation rate K has the form of a power law of homogeneity y (or is
bounded from above by such a kernel), it is known that global in time existence of mass-conserving
solutions can be proven when y < 1. This is relevant as most of the kernels used in applications are
power laws or similar kernels, as seen in Subsection 1.1. For the continuous version of the coagula-
tion equation, existence results can be traced back to [Gal77], while for the continuous coagulation-
fragmentation equation for unbounded kernels, the first existence result was due to [Ste89].

However, one can consider for example the case of polymerization. Polymers can form links
between them which leads to larger polymers. If we deal with fast interactions, the linking of larger
polymers will lead to the formation of a macroscopic molecule, point in which the viscosity of the
system will increase. This phenomenon is known as gelation (or gel formation) and it can be also
explained mathematically.

When the coagulation kernel is a power law (or bounded from above and below by a power law)

of homogeneity y > 1, solutions to (1.3.3) do not conserve mass. A general proof of this can be found
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in [EMPO2]. As in the case of polymerization, this can be explained as follows. Fast interactions for
large particles will lead to the formation of a molecule with infinite mass. However, our equation does
not take infinity into account and mathematically this can be observed by a loss of mass. The mass that
was lost is termed as the gel part and can be thought as the part of the solution that has become a gel,
while the leftover mass is the part that has not yet been converted. In order to explain in more detail
the different situations that can occur, we define T as the point in time when the mass loss occurs,

namely

Tge) := sup {t >0: f vi(v,Hdv = f vy, O)dv}. (1.4.2)
(0,00) (0,00)

Tge will be termed from now on as the gel point. The following tables are taken from [BLL19b, Section

9] and portray the existing results for two of the main types of coagulation rates.

’ K(v,v') = ()2 ‘ ’ KW, v') =vY +v"7 ‘
v €[0,1] | mass-conserving solutions v €[0,1] | mass-conserving solutions
ve(l,2] gelation in finite time v>1 non-existence in L'

y>2 instantaneous gelation

For product-type kernels, i.e., K(v,v") = (vv’)%, it has been proven that gelation happens in finite
time when y € (1,2] and that T = O when y > 2, phenomenon also known as instantaneous gelation.
For sum-type kernels, i.e., K(v,1") = v¥ + "7, solutions of (1.3.3) belonging to L' do not exist. This
follows by contradiction from the following properties of solutions in this case. More precisely, due to
the form of the coagulation kernel, it has been proven in [BC90] in the discrete case that, if solutions
exist, they must be mass-conserving solutions. On the other hand, for this type of kernels and in the
discrete case, instantaneous gelation has been proven in [CdC92]. Thus, if solutions exist, they need
to lose mass in zero time, as well as to conserve the mass, from where the needed contradiction is
deduced. Adaptations of this proof to the continuous case can be found in [BLL19b].

It is worthwhile to mention that it is rather straightforward to notice that gelation occurs in the
particular case when K(v,v") = vv'. We test in (1.3.3) with ¢(v) = 1 and consider # < Ty, where T
is as in (1.4.2). It follows that

t 2
F(v, dv — Fv.0)dv = —— f ( f vf v, s)dv) ds
(0,00) (0,00) 2 0 (0,00)

1<Tga 1 2
d __( f vf(v,O)dv) :
20 J(0.00)

Moreover, by the non-negativity of f, we further deduce that

2
0< f,Hdv = S, 0)dv — l(f vy, O)dv) t
20 J(0.00)

(0,00) (0,00)

10
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and thus we obtain that

Jio.0oy £V 02y

) %(f(o,oo) v, O)dv)2

for all < Tgey. In other words, Tgej < 0.

< 00,

While the proof is short, similar computations can be adapted to hold for more general classes
of kernels. Moreover, the product kernel plays a significant role in applications to polymerization, as
explained in Subsection 1.1. The fact that gelation occurs in the case of the product kernel can be traced
back to [LT81] in the case of coagulation equations and to [Lau0O] for coagulation-fragmentation

models.

1.5 Self-similar profiles

As explained before, since the constant kernel was used as a basis for the intuition behind self-

similar profiles, we first show some formal computations describing solutions for the constant kernel.

The constant kernel revised

For computational considerations, let us choose K(v,v") = 2, for all v,v" € (0, c0), and we consider
an initial condition of the form f(v,0) = e™". We test with ¢(v) = 1 in (1.3.3) and (1.3.3) becomes in

this case

8 Mo(f(t)) = —~M3(f (1)), (1.5.1)

which leads us to

Mo(f(0)) 1
IMo(FO) +1  t+1°

My(f (1) = (1.5.2)

We remember that due to mass conservation, see (1.4.1), we also have

My (f(0) = Mi(f(0)) = 1. (1.5.3)

Using now the form of the zero-th order moment (1.5.2) in (1.0.1), we obtain that in the case of the

constant kernel our solution f solves the equation

2f(,0)
TR

atf(va t) +
+1 0,v)

f =V, 0f(/,ndv'. (1.5.4)
Equivalently, by multiplying with (1 + #)? in (1.5.4), we obtain the following formulation

ot + D f(v.0) = (¢ + 1) f fo =V, 0f0, Hdv. (1.5.5)
©O,v)

11
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Thus, by taking
) 1
h(v,7) = (t+ 1)°f(v, 1), where T = =T (1.5.6)
we arrive to a simplified form of equation (1.5.5) for A, namely
0:h(v,7) = —f h(v =V, 0)h(V',)dV', with h(v, 1) = f(v,0), (1.5.7)
(AY)

where 7 € [0, 1). In 1940, Schumann [Sch40] noticed that a solution to (1.5.7) in this case is given by
h(v,T) = e "7, which by (1.5.6) leads us to a solution of (1.5.4)

v

f, 0 TR, (1.5.8)

R

For more general initial conditions, Melzak [Mel53] used Laplace transform methods in order
to compute solutions to (1.5.7). For simplicity of notation, we restrict ourselves to the case when
f(v,0) = ¢7V and we will obtain the same solution as above. This is since our focus is to show the
underlying methods which can be used to obtain solutions to the coagulation equations in this case,
rather than to find explicit formulas given various initial data.

For a function H, let us denote the Laplace transform of H by
HE) = f e H(v)dv. (1.5.9)
(0,00)

Then, by performing in (1.5.7) similar computations with the ones in (1.3.2), we arrive to the following

equation for the Laplace transform of /, which was defined in (1.5.6),

d:h(g, 7) = —[h(, 7)) (1.5.10)
We further deduce that
. 1
hé, 1) = PR (1.5.11)
= Teo

In the particular case when f(v,0) = e, direct computations show that fz(f, 1) = f(f, 0) =

&+l
This implies by (1.5.11) that h(&,7) = ;15 We can then conclude by noticing that this is the Laplace
transform of h(v, 1) = e7'7.
For more general initial conditions, since fl(f, ) = (t+1)? f ¢, Hand 1 = ﬁ we obtain by (1.5.11)
that
; /&0 ( 1f(£.0) )-1
1) = 1- . 1.5.12
J&n (t+1)? t+1 ( )

12
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tf(£0)

+1 2

By using the power series decomposition ﬁ = 22X, for x = and applying the inverse

Laplace transform, which we denote by £~!, term by term, we obtain that

fonty = — i( t )nﬁ‘l(f(g 0)"+1)(v 1) (15.13)
’ t+ 1> &+ 1 ’ e -
— : £ 1 _ 1 -1 1 —
We can apply the formula (1.5.13) when f(v,0) = e7". Since f(£,0)"" = Gy and £ ((§+1)”+') =
e it follows that
1 [ vt VeV 1 v
B — = ————¢ B, 1.5.14
fn0) (”1)2;0(’”) G+ 12t (1.5.14)

We notice that the solution in (1.5.14) corresponds to the one in (1.5.8), while keeping in mind that
the methods using the Laplace transform have the advantage that they can be used to obtain solutions

of (1.5.4) for more general initial data.

Self-similar profiles for general types of kernels

One can ask what is the expected long-time behavior of solutions to (1.0.1). Since the particles
coagulate and form larger particles, it is expected that, for pure coagulation processes, all the particles
have merged after sufficiently long time has passed. It was proven rigorously in [BLL19b, Section
10.2] that

lim My(f(¢)) := lim f fv,Bdv =0 (1.5.15)
t—00 t—o00 (0,00)

by only requiring some positivity assumption for the coagulation kernel K. However, this result does
not offer much information about the qualitative behavior of solutions and other methods for the ana-
lysis of the behavior of solutions to (1.0.1) are expected.

Further intuition on this matter can be derived from explicitly solvable kernels, such as the case of
the constant kernel K = 2. As noticed in (1.5.8), the system (1.0.1) with K = 2 and f(v,0) = 7" has
an explicit solution of the form

1 %
fv, 1) = mf(m,O), for t € [0, ), v € (0, c0). (1.5.16)

We denote by o(¢) := 1 +¢ and direct computations show that the zero-th order moment in this case
is given by My(f(?)) = %, where My(f(?)) is as in (1.5.15), while the first order moment M (f(¢)) :=
Jo.ey (v, )dv = 1. Thus, it holds that

_ M)
Mo(f©))

and as such o(¢) can be regarded as the average particle size at time ¢.

o(f) (1.5.17)

13
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For the initial condition f(v,0) = (v — 1) in the case of the constant kernel K = 2, it was shown
in [Sch40] that the solution to (1.0.1) approaches the solution in (1.5.16). It was also proven in [KP94]
that the solution in (1.5.16) attracts all solutions with M;(f(0)) = 1 which decay exponentially fast as
v — oo,

Following the approach performed in the case of the constant kernel, the so-called scaling hy-
pothesis suggests that the long-time behavior of solutions is described by self-similar profiles of the
form

1 1
fv, 1) = Wg(m), for some d € R. (1.5.18)

Furthermore, we deduce from (1.5.15) and (1.5.17) that o(¢) should go to infinity as ¢ — co. We assume
without loss of generality that o-(0) = 1.
Available results about self-similar profiles assume that the coagulation kernels are homogeneous.

Thus, we work with kernels which satisfy the property that
KQv, V') = YK(,V), (1.5.19)

for any A € (0, ), v,V € (0, ), and for some y € R. This includes most of the coagulation kernels
used in applications, as discussed in Subsection 1.1. We restrict our analysis to the case of mass-
conserving solutions. More precisely, we need to choose y < 1 in (1.5.19), as shown in Subsection
1.4. Direct computations show that we need to take d = 2 in (1.5.18) in order to have mass-conserving

solutions since

% % 1 o
j(;)’oo) vg(v)dv = f(o’w) vi(v,0)dv = j(;)’oo) vi(,Hdv = j(;’w) o-(t)dg(U(t))dv_ g j(;)’oo) vg(P)dp.

Plugging (1.5.18) for d = 2 into (1.0.1), we find that g solves the equation:

() 7900 — vDig(v) - 280) = Klgl0), (15.20)
Separating the variables, we obtain that
()70, (t) = c, (1.5.21)
for some ¢ > 0 and that
c( — v,g(v) — 2g(v)) = K[g](v). (1.5.22)

Solving (1.5.21) under the condition that y < 1 and that o(0) = 1, we obtain that

1

o(t) = (1 +e(l - y)t)m, (1.5.23)

14
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which is in accordance with the fact that we expect o7(f) — oo as t — oo.

We notice that if g is a solution to (1.5.22) with parameter ¢ > 0 and mass M := M;(g), then
G := kg(lv) is a solution to (1.5.22) with parameter ckl™’~! and mass M,(G) = kI"2M. Since vy <1,we
can use this rescaling argument to find appropriate k and [ in order to assume without loss of generality

that

1
Mi(g)=1andc = 1= (1.5.24)
-y

so that o in (1.5.23) becomes
o) =(1+0T. (1.5.25)
We thus arrive to the following equation for self-similar profiles
—v0,g(v) — 2g(v) = (1 — y)K[g](v) with M;(g) = 1. (1.5.26)

The first step into the study of self-similar profiles is to rigorously prove the existence of solutions
to (1.5.26). This has been proven for example in [FLOS5] for finite mass solutions or in [NV12] for
solutions with infinite mass. However, there exist very few rigorous results proving that self-similar
profiles describe the long-time behavior of solutions to (1.0.1) in the literature. We refer here to [MP04]
for a detailed analysis of the long-time behavior of solutions to (1.0.1) for explicitly solvable kernels.
In order to prove existence of solutions to (1.5.26) in the case of homogeneous kernels for which
solutions cannot be explicitly computed, the standard approach is to use fixed point methods. More

precisely, we look at time-dependent problem
9:8(v, 1) = vO,g(v, 1) + 2g(v, 1) + (1 = )K[g](v, 1) (1.5.27)

and notice that a solution to (1.5.26) is a stationary solution in time of (1.5.27). Moreover, we can

correlate solutions to (1.0.1) with solutions to (1.5.27) via
g, 1) = ¥ f(ve!, eV — 1), (1.5.28)

or conversely

f(V,t)=(1+t)‘%g( v l’ln(1+t))’

PR 1=y (1.5.29)

for all v € (0,00) and ¢ € [0, o). Existence of solutions to (1.5.27) thus follows directly from the

existence of solutions to (1.0.1).

15
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1.6 Modified coagulation models

While the models in (1.0.1), (1.0.2) offer sufficient information for application purposes, it is often
challenging to incorporate additional information about the system about quantities which cannot be
expressed in terms of the volume. In recent years, a multitude of works about modified models of
(1.0.1) has emerged. This can be achieved for example by adding additional terms to the equation and
here we refer to the addition of an external source term which injects particles into the system. Another
approach is the addition of other variables which can play an important role in the description of the
system such as information about the chemical structure of the monomers, about their shape or about
their position in space. We discuss these examples below as they will be the main focus of this thesis.
We present coagulation models with an added source term in Subsection 1.6.1 and multi-dimensional

coagulation equations in Subsection 1.6.2.

1.6.1 Coagulation equations with source

In addition to allowing coagulation of particles, we can assume that there exists a source term that

injects particles into the system, which we can incorporate into the model (1.0.1) as follows

0, f(v, 1) :%f(;) )K(v—v',v’)f(v’,t)f(v—v’,t)dv’—f

0,0

Kw, V)Y v, f(V',nDdv' + n(v). (1.6.1)
) SOLII‘CC
In addition to self-similar profiles, stationary solutions provide another set of solutions which may
describe the long-time behavior of solutions to (1.6.1). The physical interpretation of this type of
solutions is that the source term can inject particles into the system at the same rate at which particles

coagulate to form larger clusters. More precisely, one looks for functions f(v) which satisfy
0 = K[f1W) + n(v). (1.6.2)

The well-posedness of stationary solutions in the case of bounded kernels has been obtained in
[Dub94]. The existence of solutions of the time-dependent problem (1.6.1) in the case when the portion
of mass contained in the zero size particles is positive and under certain conditions for the coagulation
kernel has been obtained in [EMO06]. More recently, precise conditions for the existence and non-
existence of stationary solutions in the case of a compactly supported source term for a general class

of coagulation kernels have been obtained in [FLNV21b].

Flux of mass

In the rest of this subsection we discuss some properties of the stationary solutions for the coagu-

lation equation with source as in (1.6.2) in relation to the transport of mass from smaller clusters to

16
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clusters of larger size. Multiplying in (1.0.1) with ¢(v) = v1 o], we obtain that

azf v, ndv = -J(z; f), (1.6.3)
(0,2]
where
J(z f) = f f VKW, V) v, f(V, Hdv dv. (1.6.4)
(0,z] J[z=v,00)

J(z; f) is termed in the literature as the flux of mass from sizes smaller than z to sizes larger than z.
Solutions for the standard coagulation equation (1.0.1) which have in addition the property that J(z; f)
is constant are known as constant flux solutions.

It is clear that in the case of coagulation equations with source one does not have mass-conservation
due to the presence of the source term. However, as in (1.6.3), we can rewrite (1.6.1) by means of the
flux of mass and thus we obtain that

(9tf vi(v,ndv = =J(z; f) + f vp(v)dv. (1.6.5)
0.2] (0.2]
If j;o’w) vnp(v)dv < oo and we can pass to the limit as z — oo in (1.6.5), this would imply that the total
mass of particles increases linearly in time.
Similarly with (1.6.3), by multiplying with v in equation (1.6.2), we deduce that in the case of

stationary solutions of coagulation equations with source it holds that

0J(v; f) = vp(v).

In the case of a compactly supported source term 7, this implies that J(v; f) is constant for large
particles and thus stationary solutions of equation (1.6.1) are constant flux solutions for large particles.

We conclude this subsection by mentioning that J(v; f) also plays a role in the study of self-similar
profiles introduced in Subsection 1.5. Another representation of equation (1.5.26) is more convenient
for some particular choices of coagulation kernels. More precisely, we multiply formally in (1.5.26)

with vp(v) and then use the symmetry of the coagulation kernel to deduce that

f ()3, (Pgm)dv = — (1 — ) f f VK,V )g)g()p(v + V) — e(n)]dv/dv
(0,00) (0,00) J(0,00)

=—(1-v) f f vK(v,v)g(v)g(v") 0,¢(z)dzdv'dv.
(0,00) J(0,00) [viv+v']

Applying Fubini’s theorem, we further obtain that

f V2 g(dyp()dv = (1 - ) 0.9(2) f f vK(v,v)g()g(v")dv' dvdz,
(0,00) (0,00) (0,2] J[z—=v,00)

which leads to the following reformulation of (1.5.26) assuming a suitable behavior of the function

v2g(v)

V) =( - 7)[ f V K(z,v)g(2)g(v)dzdv' = J(v; g). (1.6.6)
O,v] J[v—v",00)

17
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1.6.2 Multi-dimensional coagulation equations

Multicomponent coagulation systems used to describe the chemical structure of monomers

Allowing the situation in which the clusters are formed of different types of monomers and keeping
track of the composition of clusters plays a significant role in atmospheric science. For example, the
resulting effects on the composition of clusters when the interacting particles are sulfuric acid and

ammonia (acid-base interactions) are discussed in [OKMO™13].

- &~

O Type A O Type B

Figure 1.2: Clusters of different chemical composition

In the mathematical literature, existence of solutions for these types of models was discussed in
[FLNV23]. More precisely, for some d € N, we now consider v € Rﬁf \ {O} with components v =
v1,...,vq). For two elements v,V € Rﬁ \ {0}, we say that v/ < vif v < v;, forall i = 1,d and
v' # v. Following the logic behind the derivation of its one-dimensional counterpart, we are lead to the

following model

0, f(v, 1) :%L / }K(v—v',v’)f(v—v',t)f(v',t)dv’

fRd\{

K@ V) f,0f(, Hdv" +n(v), (1.6.7)
$\0)
where 7 represents the source term as described in Subsection 1.6.1 and we allow n7 = 0 in the case of
pure coagulation processes.

For pure coagulation processes (i.e., n = 0), we have conservation of the total mass of each

monomer type. More precisely, if we denote by |v| := Zl‘.lzl v;, one can obtain formally that

at(f vi(v, t)dv) =0and 8,(f [vIf(v, t)dv) =0, (1.6.8)
R4\{0) R{\(O)

where the first equality in (1.6.8) is to be understood as a vector equality.
An interesting property of solutions to (1.6.7) in the case of 7 = 0 that does not occur in the case of

one-dimensional coagulation models is the localization property. In other words, large particles tend
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1.6. MODIFIED COAGULATION MODELS

to concentrate along a line whose orientation is uniquely determined by the cluster composition of the
initial data. The same feature arises in the case of stationary solutions for non-trivial source terms
and the direction in this case depends on the first order moment of the source term. The localization
property has been proven for a general class of kernels in [FLNV21a, FLNV22].

A consequence of the localization property is that it can be used to compute self-similar profiles of
(1.6.7) in the case when 7 = 0 in terms of self-similar profiles of the one-dimensional model (1.0.1),
thus establishing a clear connection between standard one-dimensional models and their multicompon-

ent counterpart.

Multi-dimensional coagulation models describing particles with different geometrical shapes

Assume that at initial time we have a system of spherical particles. We deal with a coagulation
model describing the evolution of this particle system in which we characterize the particles by their

volume and surface area, namely

. . finite fusion time = changes in the area
density of particles

! 2
of@v +a @y (@l -af@nn)= Efl@rn, (169
7 1 —
fusion kernel area of the sphere collision operator

where cg := (3671)% represents the surface area of a sphere of volume one and where K is the two-

dimensional counterpart of the one-dimensional coagulation operator introduced in (1.0.1), namely

1
K[f(a,v,1) =3 f K@a—-d.,v—v,d V)f,vV,0)f(a-d,v-V, 5Hdvdd
(0,a)x(0,v)

—f K(@a,v,d' V)f(a,v,0)f(@,Vv,0dv'da'. (1.6.10)
(0,00

Compared to the standard one-dimensional models, this model incorporates information about the geo-
metry of the particles in addition to information about their volume and has been used in the physical
literature in the study of aerosol flame reactors, see [Fri00]. We describe the coagulation process as a
combination between collision (moment in time in which the particles attach each other at a contact
point) and fusion (the process that begins after the collision of particles up until the newly-formed
particle becomes a sphere). We allow the fusion time to be positive, i.e., the two interacting particles
do not become a sphere immediately after collision. Thus, the operator K in (1.6.10) is now used to
describe the collision of particles. The two-dimensionality of the model together with the second term
on the left-hand side of (1.6.9) offer information about the changes in shape of the particles during the
fusion process and hence we call this term the fusion term. We omit further details here as we will

discuss this model in a different section.
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Multi-dimensional coagulation models describing rain formation

A space-dependent coagulation equation has been used to model rain formation or the behavior
of air bubbles in water, cf. [Bur83, CD95, CD97, Dub90a, Dub90b, Gal77, Gal85, Gal87, HNSO07].
Here spherical particles of volume v move in space vertically, for example due to gravitation, and
merge when their trajectories cross. This leads to the following spatially inhomogeneous coagulation

equation for the density f of particles of size v at the point x:

1
O f(x,v, 1) + V9O, f(x,v, 1) = 3 f K@=V V) f(x,v=V,0f(x, v, Hdv
O,v)

—f K@ V) f(x,v,0)f(x,v', H)dV', (1.6.11)
(0,00)

where a € (0, 1), with a so called differential sedimentation kernel (sum kernel which vanishes on the

diagonal), namely
K, V') = v3 = v/3|(v3 +v/3)2. (1.6.12)

The derivation of the coagulation kernel (1.6.12) was discussed in Subsection 1.1. We only present the

model here as we will discuss further details in a different section.

1.7 Overview of the results

In this section we give an overview of the results that will be presented in this thesis.

Multi-dimensional coagulation models describing particles with different geometrical shapes

We wish to study the long-time behavior of the model introduced in (1.6.9). More precisely, we
study the existence of self-similar profiles for the model (1.6.9). The rescaling properties of the self-
similar profiles are chosen in a manner such that the spherical geometry of the particles is preserved
during the coagulation process. We remember that coagulation is considered a combination of collision
and fusion in this case, as explained in Subsection 1.6.2.

We notice that the long-time asymptotics of the model depend quite heavily on the competition
between the collision term and the fusion term. On one hand, we prove existence of self-similar
profiles if the fusion of particles occurs at a faster rate than the collision process for particles of large
size. Moreover, we formulate precise conditions that determine when the fusion process occurs faster
than collision. On the other hand, if the fusion term is negligible compared to the collision term, we
show that particles attach each other at a contact point, forming a fractal-like system in time. This
is since the total volume and area of the system are conserved, while the total number of particles

decreases in time. We refer to Chapter 2 for more details.
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1.7. OVERVIEW OF THE RESULTS

We then further study this competition with the aim of finding connections between the solutions
of our two-dimensional model (1.6.9) and the standard coagulation equation (1.0.1). More precisely,

we analyze the model

ka1 + dlr(a et — a)fula,v, 01 = KLfa, v,

as € — 0 and as € — co, where ¢y and K[ f] are as in (1.6.9).

We first prove that as € — 0 solutions concentrate their mass around the isoperimetric line {a =
cov%} and tend in an appropriate sense to a measure which can be computed by solving a suitable one-
dimensional coagulation equation. This is since the fusion process takes place much faster as € — 0
than the collision process. We then study the model as € — oo. In this case, the effect of the fusion
term becomes negligible and thus only the collision term contributes to the formation of particles. As
such, we recover a two-dimensional coagulation model in which fusion does not occur as € — co. We

refer to Chapter 3 for the precise results.

Coagulation equations with source

As mentioned in Subsection 1.6.1, the precise conditions for existence and non-existence of sta-
tionary solutions as in (1.6.2) in the case of a compactly supported source term have been obtained in
[FLNV21b]. The main idea in order to prove that solutions do not exist is based on the fact that the
transfer of clusters of size of order one toward very large cluster sizes is so fast that the concentration
of clusters with size of order one would become zero. In the case when stationary solutions do not
exist, we cannot expect them to describe the long-time behavior of solutions to (1.6.1).

As such, we derive a new coagulation model in the case when the main contribution to the long-time
behavior of solutions is given by the interaction of particles of different sizes using formal arguments.
This leads to an additional transport term in the coagulation equation that approximates the solution of
the original coagulation equation with injection for large times.

We establish exact conditions for existence and non-existence of self-similar profiles for the newly-
derived model. In addition, if self-similar profiles exist, they exhibit an interesting property, namely
they vanish on an interval near the origin that we can compute explicitly. This vanishing property of
solutions is a remarkable feature that, to our knowledge, has not been observed in the literature on
self-similar solutions for the coagulation equations. For an overview of the results we refer to Chapter
4.

Multi-dimensional coagulation models describing rain formation

We prove local in time existence of mass-conserving solutions for the model (1.6.11) for a class of

coagulation kernels for which instantaneous gelation would otherwise occur. As observed in Section
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1.4, for coagulation kernels of homogeneity y > 1, solutions do not conserve mass. The kernels that
constitute our main object of study for the model (1.6.11) are sum-type kernels of homogeneity y > 1,
ie., K(v,v') =V + V"7, and the differential sedimentation kernel introduced in (1.1.4).

As mentioned in Section 1.4, solutions in L! of the standard one-dimensional coagulation equation
do not exist at all for sum-type kernels of homogeneity ¥ > 1. This is to our knowledge the first
result of existence of solutions involving sum kernels of homogeneity y > 1, regardless of whether one
considers one-dimensional or multi-dimensional coagulation models.

On the other hand, the differential sedimentation kernel, K(v,Vv’) = |V% - v’%l(v% + v/%)z, whose
derivation was explained in Section 1.1, is relevant due to its physical applications. The model in
(5.1.1) with @ = % and with a differential sedimentation kernel is used in the physical literature in
order to describe the behavior of air bubbles in water that move due to buoyancy and it is also a valid
model for the description of the onset of rain. In addition, it was proven in [CNV24a] that instantaneous
gelation occurs for this type of kernel in the case of the standard one-dimensional coagulation model
(1.0.1). For further details on the matter, we refer to Chapter 5.

For possible future research directions in relation to all the models presented in this section we

refer to Chapter 6.
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CHAPTER 2

INTRODUCTION TO COAGULATION EQUATIONS FOR
NON-SPHERICAL CLUSTERS

Description

In this chapter we will give an overview of the results of Appendix A. The paper is
available online [CV23] and is a joint work with J. J. L. Veldzquez.

In this part we study the possible long-time behavior of the solutions to the multi-
dimensional coagulation model introduced in (1.6.9). We notice that the long-time
asymptotics of the model depend quite heavily on the competition between the colli-
sion term and the fusion term.

2.1 Physical motivation of the model

We wish to analyze a coagulation model which offers information about both the volume and the
shape of the interacting particles. Thus, we deal with a two-dimensional coagulation model which is
used to describe the evolution in time of the number of particles f(a, v, t), where a represents the total
surface area of the cluster while v represents the volume. Such a model was introduced in [Fri00, KF90]
in order to study aerosol flame reactors. Indeed, in aerosols, changes of the temperature or the addition
of impurities to the system lead to changes in the interaction speed of the particles.

We assume the underlying interaction process to be as follows. At initial time we have a finite
system of spherical particles. Two particles first attach each other at a contact point and we term this
phenomenon as collision of particles. Particles then start to merge into one another until they become
a bigger spherical particle, with volume equal to the sum of the two interacting particles. We call this
process the fusion of particles.

It is worthwhile to notice that the collision process describes the same interaction of particles as the
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CHAPTER 2. INTRODUCTION TO COAGULATION EQUATIONS FOR NON-SPHERICAL CLUSTERS

one-dimensional coagulation model (1.0.1). Thus, it is expected that the collision operator K[ f](a, v, t)
will be very similar to its one-dimensional counterpart. However, as soon as the particles start to
merge, depending on the temperature of the system, the fusion process can take place at a slower or
faster rate and the shape of the particles starts playing an important role. If fusion happens very fast,
the interacting particles become a new sphere almost immediately. On the other hand, fusion can
take place slowly leading to dumbbell-shaped particles. We refer to Figure 2.1 for an analysis of the

resulting shapes of the particles depending on the fusion time.

2 \

fast fusion negligible fusion
intermediate cases

Figure 2.1: Possible outcomes depending on the fusion time

More precisely, we look at the following model
8:f(@,v,1) + dulr(a, v)(covs = a)f(a,v, 0] = K[f)(a,v,0), co := (36m)3, .1.1)
where K is the two-dimensional counterpart of the one-dimensional coagulation operator, namely

1
K[f1(a,v,1) :== f Ka-d.,v—v,d V)f,vV,0)f(a-d,v-Vv, Hdvdd
(0,a)x(0,v)

—f K(a,v,a' V) f(a,v,t)f(a@,V,)dv'da’. (2.1.2)
(0,00

As most of our results hold for the weak formulation of the problem, we mention here that by using
similar computations as in Section 1.3, we obtain the following weak formulation of (2.1.1) for a

suitable test function ¢

0 LS. Delmdn = f 1 v)(covi = a) . D)y (2.1.3)

(0,00) (0,00)

1
5 [ Kausnrer ot s ) - o - gt ndy an,
(0,00)2 J(0,00)2
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2.1. PHYSICAL MOTIVATION OF THE MODEL

where we used the notation

n=(a,v),n =@, V), n+n =@+d,v+V).

2.1.1 Setting and assumptions on the kernels

As discussed in Section 1.5, the long-time behavior of solutions of coagulation equations is often
associated with the existence of self-similar profiles. As such, we focus on studying the existence of
self-similar profiles for the equation (2.1.1).

Moreover, we wish that the underlying process preserves the geometry of the particles. In other
words, if the particle volume is scaled by a factor A, then the diameter is scaled by a factor A5 and the

area scales like A3. It thus becomes natural to look for self-similar profiles of the form

g( : ’
(1L+03% N1+ 03 (L+0f

fla,v,1) = —_— (2.1.4)

)f0r§= =y

where ¥ < 1. The choice of y is consistent with scaling used in the study of existence of mass-

conserving self-similar solutions for one-dimensional coagulation models as explained in Section 1.4.

Assumptions on the collision kernel

As mentioned above, the collision kernel describes how fast two particles attach to each other at a
contact point. During the collision process, the total area and volume of particles are conserved. This
can also be seen at the level of the equation. In the case when fusion does not occur in (2.1.3) (i.e.,

r = 0), we obtain the following version of the equation

0y o )zf(n,t)tp(n)dn=<K[f](t),<p>- (2.1.5)

We test formally with ¢ = a and ¢ = v in (2.1.5) and notice that in this case

ﬁ,f af(n,t)dn = 0 and 6tf vf(n,Hydn = 0. (2.1.6)
(0,00)? (0,00)?

Our collision kernel K satisfies the expected assumptions arising from the physical interpretation of
the model. As such, K is a symmetric function which preserves the spherical geometry of the particles.
Moreover, our kernel also satisfies the technical conditions that appear in the study of one-dimensional
models and which remain valid in the multi-dimensional case, such as homogeneity and conditions
needed for mass-conservation. We gather below the main assumptions on the collision kernel together

with a short explanation of the conditions.
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CHAPTER 2. INTRODUCTION TO COAGULATION EQUATIONS FOR NON-SPHERICAL CLUSTERS

K(a,v,d’',v') =K',V ,a,v) > symmetry of interactions

K(/l%a, A3, ) =AK(a,v,a’,v'),A>0 ~» similar aggregation properties for
particles with the same
geometry but different size

Ki(v VB + v~ < K(a,v,a’,V') < Ko VP +vV=8) ~» area has small effect on the
collision mechanism

y=B-a,y€(0,1),ac(0,1),8€(0,1) > gelation does not occur
(i.e., solutions conserve mass)

Table 2.1: Assumptions on the collision kernel

We notice that, while the area has little effect on the collision kernel, the collision kernel may
depend on the surface area of the particles. However, it will be worth to study models involving a
more explicit dependence on the area of the collision kernel. We will discuss more details about this in
Chapter 6. Moreover, the condition y > 0 implies that the collision rate increases with the particle size.
While our paper [CV23] contains some results for the cases when y = 0 or @ = 0, we restrict ourselves
here to positive values of @ and 7y in order to better focus on the physical intuition behind our results
rather than the technicalities appearing when dealing with different values for the parameters « and y.
We leave a more detailed analysis of the coefficients @ and y to Chapter 6, as well as to the actual paper

that is contained in Appendix A.

Assumptions on the fusion kernel

The fusion term 0,[r(a, v)(cov% —a)f(a,v,t)] describes an evolution of the particles toward a spher-
ical shape, while the fusion kernel r(a, v) keeps track of the speed of the fusion process. For example,
if » = 0 then fusion does not occur and particles attach each other at a contact point. On the other hand,
for sufficiently large values of r, the newly-formed particles become spherical almost immediately,
cf. Figure 2.2. A distinction between these two cases is not possible when dealing with the standard

one-dimensional coagulation model.

0 0-g® oo-

Figure 2.2: Absence of fusion (left). Instantaneous fusion (right)

In addition, since we work with physically relevant particles described by both area and volume, it

is natural to assume that particles satisfy the isoperimetric inequality, i.e., {a > cov3}. Thus, we work
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2.1. PHYSICAL MOTIVATION OF THE MODEL

with Radon measures which vanish in the region where {a < cov% }. More precisely, f(-,-, %) in (2.1.1)

belongs to the space
MR = th € M (R2) | h({a < covi}) = O}, 2.1.7)

While it is straightforward to notice that the evolution generated by the fusion term preserves the
total number of particles and the total volume of the system, the total surface area of the system is
however decreasing under these assumptions. Indeed, by testing formally with ¢ = a in (2.1.3), we
obtain that

2
o [ afmoan= [ raviewt -asonni <o
(0,00)

(0,00)?

since f is supported outside the region where {a < cov%}.

While looking for self-similar profiles of the form (2.1.4) for (2.1.1) and assuming the fusion kernel
has a power law behavior as often found in applications (see [KF90]), we need to impose additional
assumptions in order for the fusion term and the collision term in (2.1.1) to rescale in a similar manner.

We gather these conditions below.

Roa"v? < r(a,v) < Ridv?  ~» power law behavior

r(A%a, ) = 2 (@, v),1>0 ~» keeps self-similar structure

%,u +o=y-1 ~»  keeps self-similar structure

Table 2.2: Assumptions on the fusion kernel

There is one additional technical assumption that appears when trying to prove the existence of

such profiles, namely

{[8ar(a, V) — pa~'r(a,v))(a - cov%) +r(a,v) >0, and d,r(a,v) < Ba 'r(a,v), ifu>0; (2.1.8)

Oqr(a,v)(a — cov%) +r(a,v) >0, and d,r(a,v) < Ba~'r(a,v), if u <0,

for all (a,v) € (0, )2, with a > cov% and for some constant B > 0.
In the established context, self-similar profiles g of the form (2.1.4) for the equation (2.1.1) need

to satisfy the following equation

8 2 2
0= gg(n) + gaaag(n) +v0,g(m) + (1 = y)0ulr(m(a — cov3)gip] + (1 = YK[glm). (2.1.9)

Moreover, we prove existence for such profiles in the context of Radon measures and for physically
relevant particles, i.e., g € A J{(Rio), where .4 f(RiO) was defined in (2.1.7). A precise definition of

self-similar profiles is then as follows.
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Definition 2.1.1 (Definition A.2.2). Assume a > 0. We will say that a measure g € . Jf(]Rio) is a

self-similar profile for the two-dimensional coagulation equation (2.1.1) if
f (v +V)g(a, v)dvda < oo (2.1.10)
(0,00)?
and for every ¢ € C! (Rio) the following equality is satisfied:

2
f gme(mdn — 3 f gmad p(m)dn - f gmvo,p(n)dn
(0,002 (0,00)? (0,00)2

+(1 = y){Klgl,p) + (1 =) o )zr(n)(cw% —a)g(mdap(n)dn = 0. (2.1.11)

As explained in Section 1.5, we can think of self-similar profiles as fixed points in time for the
time-dependent formulation of (2.1.11), cf. (1.5.27)-(1.5.29). As many of the properties of self-similar

profiles are a result of the analysis of this time-dependent version, it is useful to mention its form here.

Definition 2.1.2 (Definition A.2.1). Assume > 0. Let g € C([0, 00); #[(R%))). We say that g is a

>

self-similar solution for the weak version of the time-dependent two-dimensional coagulation equation
(2.1.1) if, for every T > 0,

sup f v +)g(a, v, Hdvda <
1€[0,T] J(0,00)?

and, for all ¢ € CL([0, c0); Cé(RZO)) and ¢ € [0, c0)

>

1
f g, (., 1)dn - f 8, 0)p(n, 0)dn - f f 8@, $)d5(n, s)dnds =
(0,00 (0,00 0 J(O.00p

! 2 ! !
f f g(m, )¢(n, s)dnds — — f f g, s)adqp(n, s)dnds — f f g(m, $)vo,e(n, s)dnds
0 Jo.02 3 Jo Jo.op 0 Jo.op2

+(1-7v) fo (K[gl(s), p(s))ds + (1 —y) fo f(o - r(n)(c‘ov% — a)g(n, $)0ap(n, s)dnds.
’ 2.1.12)

2.2 Main results and their physical interpretation

In all the following we will assume that K is a continuous, non-negative kernel satisfying the
assumptions presented in Table 2.1 and that r € Cl(RiO) satisfies the assumptions presented in Table
2.2 and (2.1.8). Moreover, in order to explain the physical interpretation of our results, it is useful to

introduce the following notation. Given H = H(a, v), we write

Jiooop He@. V) f(@. v, nydvda

H =
. f(o’m)z f(a,v,)dvda

, for any time ¢t > 0,
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where f is as in (2.1.1). As noticed in Figure 2.1, the long-time behavior of solutions depends on
the competition between the fusion term and the collision term in (2.1.1). More precisely, if the fusion
term is comparable to the collision term for large particles, then the particles stay close to spherical and
we can expect self-similar profiles to exist in this case. For power-law fusion kernels » as in Table 2.2,
the fusion kernel overtakes the collision kernel for large particles when u > 0. Thus, in this situation

we have that
(a)()
()(0)3

and we can prove existence of self-similar profiles since we are in a similar situation to the one-

~last— o

dimensional case. More precisely, we prove that

Theorem 2.2.1 (Theorem A.2.3). Let u, @ > 0 and vy > 0. Then there exists a self-similar profile for the
two-dimensional coagulation equation (2.1.1) in the sense of Definition 2.1.1 with f(o co)? vg(a,v)dvda
= v. In addition, g satisfies M, ;(g) < oo, for all n,k € R.

In the case when u < 0, the fusion term is negligible compared to the collision term and the first
expected result is that particles attach each other at a contact point since fusion takes place at a slow
rate for large particles. We term this phenomenon the ramification of particles. This can be observed
at an intuitive level since in the case when the fusion is absent from our model, as in (2.1.5), the total
volume and area of the system are conserved, see (2.1.6).

More precisely, for u < 0, we prove that if we start with an initial distribution for which particles

differ from spheres, namely if there exists a sufficiently large 1o > 0 such that
0
(a)( )2 > o,
((m(0))3
then we obtain the following behavior of particles
(a)(®)
2
((M(®)3
We will actually prove that there exists some constant ¢ > 0 such that
¢ @0 _ @O
WO) — (@) — (v)0)

and (2.2.2) implies (2.2.1) since (v)(f) — oo as t — oo. Thus, we are in a situation where the total

— ocoast — oo, 2.2.1)

(2.2.2)

surface area is comparable to the total volume of particles and the total number of particles decreases
in time. It is thus expected that the resulting particles will differ significantly from spherical particles
and will have a fractal-like aspect.

A precise mathematical formulation of the ramification phenomenon is as follows. For clarity of

the presentation, we omit some technical assumptions which appear due to the fact that we want to test
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in (2.1.12) with functions which are not necessarily compactly supported. The content of the theorem
below can also be found in Theorem A.2.12 and we refer to it for the exact conditions under which our

result is valid.

Theorem 2.2.2. Assume a > 0 and u < 0. Let g € C([0, c0); ///Jf(RiO)) be a self-similar solution of the
time-dependent two-dimensional coagulation equation (2.1.1) as in Definition 2.1.2 with total volume
of particles equal to vy and satisfying some sufficiently strong moment estimates as presented later in
(A.2.17) and (A.2.18). Then the following holds: there exists a constant C(vg) > 0 such that, if

Ry < v (2.2.3)

and
L - agin(a,v)dvda > Cy(vp), 2.24)

then
f(o . g(a,v, advda > C,Co(vp)e’, (2.2.5)

for some C,, depending on p.

Due to the assumed rescaling properties, cf. (2.1.4), it holds that (2.2.5) together with the fact that
the total volume of particles stays constant implies (2.2.2).

However, if the fusion kernel r is sufficiently large when @ and v are of order one, a regime similar
to the one where fusion overtakes coagulation occurs and thus self-similar profiles exist in this case
too. In other words, in the case when u < 0, the solutions can exhibit different behaviors depending
on the initial data and fusion speed. For fusion kernels of order one when a and v are of order one
and sufficiently large initial surface area, ramification occurs as presented in Theorem 2.2.2. However,
there exist fusion kernels for which we have existence of self-similar profiles also in the case u < 0.

More precisely, the following holds.

Theorem 2.2.3 (Theorem A.2.7). Let u < 0 and a > 0. Then, there exists A > 1, depending only on
Ko, K1 and vy, such that for any vy > 0, if

Ry = Avy, (2.2.6)

then there exists a self-similar profile g for the two-dimensional coagulation equation (2.1.1), in the

sense of Definition 2.1.1, with total volume f(O wo)? vg(a,v)dvda = vy.
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2.3 Multi-dimensional coagulation equations in the mathematical liter-
ature

Coagulation equations including also transport terms have been considered in the mathematical
literature in relation to different contexts. For instance, in [ADO3], the well-posedness of a model
for the evolution of the cluster size of phytoplankton, which has been introduced in [AF97], has been
studied. A model including also fragmentation effects of the phythoplakton clusters has been analyzed
in [BLO9], where results on existence and uniqueness of solutions for some classes of kernels have

been discussed.

In these papers the transport term is related to the growth of the cluster due to cell division within
it, while in the model (2.1.1) the transport term describes the fusion of particles. This allows the

observation of the changes in the geometry of the particles with no changes to the volume.

Multi-dimensional coagulation equations have not been as extensively studied in the mathematical
literature as the one-dimensional coagulation model. Several discrete multi-component coagulation
problems which are relevant in aerosol physics have been mentioned in [Wat06b]. A discrete version
of the model in (2.1.1) has been studied in [WatO6a]. The model considered in there includes coagu-
lation of particles and an effect similar to the fusion of particles in (2.1.1), which has been termed
compaction. The diameter of the particles is restricted by the total number of monomers as well as by
the isoperimetric inequality. The coagulation and the fusion rates are assumed to be constant. Due to
this, the model considered in [Wat06a] is explicitly solvable using generating functions. The long-time
behavior of the solutions which depends on the ratio between the fusion and coagulation kernels has

been then analyzed using the explicit formulas of the solutions.

In [FLNV21a, FLNV22, FLNV23], the mathematical properties of some classes of coagulation
equations describing clusters that are composed of several types of monomers with different chemical

composition are analyzed.

The main differences between the models studied in these papers and our model are the following:

= The two variables used to describe the particles in our model rescale in a different manner.
Additionally, we consider coagulation kernels that do not have a strong dependence on the area
variable. As a consequence, the variables describing the clusters appear in a less symmetric

manner.

= The proof in [FLNV2la, FLNV22, FLNV23] relies on the conservation of mass of each
monomer type. Due to the presence of the fusion term, the solutions of (2.1.1) do not have two

conserved quantities, but only the volume is conserved.
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Contribution by the author of the thesis

All the results presented in this chapter were obtained in collaboration with J. J. L. Veldzquez.
The physical understanding of the model (2.1.1) has started during the master’s thesis of the
author of this thesis and the natural continuation of looking at self-similar profiles of the model
began when the author started her Ph.D. studies. All the results are obtained and shared equally
between the authors.
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CHAPTER 3

‘_INTRODUCTION TO FAST FUSION IN A TWO-DIMENSIONAL
MODEL

In this chapter we present the results of Appendix B. The results were obtained in
collaboration with J. J. L. Velazquez. The contents of Appendix B can be found in
[CV24] and were published in

Journal de Mathématiques Pures et Appliquées, 184:91-117, 2024.

As we have seen in Chapter 2, the long-time behavior of the model introduced in
(2.1.1) depends strongly on the competition between the fusion term and the collision
term. In this chapter we further study this competition with the aim of finding con-
nections between the solutions of our two-dimensional model (2.1.1) and the standard
coagulation equation (1.0.1).

3.1 The model

As explained in Chapter 2, if we let r = 0 in (2.1.1), then particles attach each other at a contact
point forming a ramified-like system. On the other hand, if the fusion of particles occurs at a faster rate
than the collision of particles, the interacting particles become spheres almost immediately. Therefore,
it should be possible in this case to approximate the solutions of (2.1.1) by means of solutions of a
coagulation model in only one variable.

More precisely, we analyze the following model as € — 0 and as € — oo:

1 2
Oife(a, v, 1) + Eé‘a[r(a, v)(cov3 — a)fe(a,v,n)] = K[ fel(a, v, 1). (3.1.1)
The setting for equation (3.1.1) follows the assumptions on the collision and the fusion kernel
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mentioned in Chapter 2. However, since in this case we are not interested in the long-time behavior of
solutions, we do not assume the kernels to be homogeneous. Moreover, in Chapter 2, we focused on
kernels yielding similar aggregation properties for particles with the same geometry but different size.
In this work, the focus lies on the analysis of the competition between the two interaction rates, namely
the fusion and collision of particles, independently of the rescaling properties of the kernels. Thus, our
results hold for more general classes of kernels. We gather below the precise conditions needed for our

study.

K(a,v,d',v') =K',V ,a,v) > symmetry of interactions

Ki(vVE +v~08) < K(a,v,d’,v') < Kg(¥P +v~%P) ~s  area has small effect on the
collision mechanism

y=B-a,y€(0,1),ac(0,1),8€(0,1) > gelation does not occur
(i.e., solutions conserve mass)

Table 3.1: Assumptions on the collision kernel

For the fusion kernel, we only assume that r € C! (Rio) has a power law behavior. More precisely,

there exist two constants Ry, Ry > 0 such that
Road"v’ < r(a,v) < Ria", (3.1.2)

e . 2 .
for some o, u € R. In addition, in order to control the mass of the solutions when |a — cgv3| > 0 in

(3.1.1) if € is small, we require the following technical assumptions on the fusion kernel r:

{(9ar(a, V) — ,ua‘lr(a, v) > 0, and d,r(a,v) < Ba~'r(a,v), if u > 0; (3.1.3)

Oqr(a,v)(a — cov%) +r(a,v) >0, and 0,r(a,v) < Ba 'r(a,v), ifu<0,

for all (a,v) € (0, )2, with a > cov%, and for some constant B > 0.
Our results are valid for solutions of the weak formulation of (3.1.1) and so we state the exact

definition of solutions here.

Definition 3.1.1 (Definition B.1.1). Fix € > 0. Let K : (0, )* — [0, ) be a continuous kernel
satisfying the assumptions in Table 3.1. Assume the fusion kernel r € Cl(RiO) satisfies (3.1.2) and
(3.1.3). Let f. € C([0, 00); A (R2,)), with .#!(R?)) defined in (2.1.7). We say that f, is a solution for
the weak version of the time-dependent e-fusion (3.1.1) problem if, for every T > 0,

sup f v + V) fu(a, v, H)dvda < oo
(0,00)2

te[0,T]
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and, for all ¢ € C{([0, 00); C{(R2,))) and 1 € [0, )

>

- Sfe(m, D, H)dn — f(o . Sin(me(n, 0)dn — fo fe(m, $)05¢0(n, s)dnds

(0,00)?

(©,
! I 2
= [Jatonewass ¢ [ et -ofmgoemoms 614

3.2 The case of fast fusion

We will assume in all the following that K : (0, c0)* = [0, o) is a continuous kernel satisfying the
assumptions in Table 3.1 and that the fusion kernel r € Cl(RiO) satisfies (3.1.2) and (3.1.3). Moreover,
our results hold for general 4 € R. However, since the required moment estimates differ depending on
the choice of u, we restrict ourselves to the case when y > 0 for simplicity of notation. We refer to
Appendix B for the precise setting and results.

Our main goal is to prove that all solutions of equation (3.1.1) which satisfy some very general
moment estimates concentrate their mass around the isoperimetric line {a = cov%} as € — 0 and tend
in an appropriate sense to a measure which can be computed by solving a suitable one-dimensional co-
agulation equation. The reason we can reduce the evolution equation for the two-dimensional system
to a one-dimensional one is that, as € — 0, the fusion process takes place much faster than the colli-
sion process. As such, the particles are transported close to the isoperimetric line {a = cov%} almost

instantaneously. We state the exact conditions and results below.

Theorem 3.2.1 (Theorem B.1.4). Let u > 0. Assume in addition that f(()’m)z(v_“_3 S o)
a"*3) fin(a, v)dvda < co. Let T > 0. Then we can construct f. as in Definition 3.1.1, for every € € (0, 1).
For this sequence, we have that there exists a constant C(T) > 0, which is independent of € € (0, 1),
such that

sup f (VTHT3 4 3 WD L gk £ (a, v, Hdvda < C(T). (3.2.1)
t€[0,T] J(0,00)2

Moreover, there exists a subsequence (which we do not relabel) and 7 e C((0,T]; A i(Rio)) such that

fe(®) — ?(t) as € — 0 in the sense of measures, for every t € [0, T] and every o > 0.

Theorem B.1.4 states in principle that a limit exists for any positive time. We then show that,
independently of the initial condition, the limit behaves like a Dirac measure in the area variable.
More precisely, the limit has the form ?(a, v,t) = F(v,H)é(a — cov%), with F satisfying the standard

one-dimensional coagulation equation for a suitably chosen collision kernel.

Lemma 3.2.2 (Lemma B.1.7). Let T > 0. Let f. and f as in Theorem 3.2.1. Then f has the form

Fla,v,1) = F(v,08(a — cov?) (3.2.2)
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in the sense of measures. More precisely, there exists F € C((0, T]; 4. (Rxg)) such that

]_”(a, v, He(a,v)dvda = f F@, He(a,v)d(a - cov%)dadv,

(0,00)? (0,00)?

for every ¢ € CO(RiO).

Theorem 3.2.3 (Theorem B.1.10). Let F as in (3.2.2). We set the following initial value
f F(,0)p(v)dv := f fin(a, v)e(v)dadyv, (3.2.3)
(0,00) (0,00)2

for every ¢ € Co(Rsg). If F has the initial value as in (3.2.3), then F € C([0,T]; #.(Rsg)) and F
satisfies the standard one-dimensional coagulation equation, namely, for every t € [0,T] and every
¢ € C.(Rsy), the following holds

f F,He)dv — f F@,0)p(v)dv
(0,00) (0,00)

Tt
= f f f K(cov%, v, cov'%, VYE(, )F(V, s)[e(v + V') — o(v) — o(v")]dV'dvds.
0 J(0,00) J(0,00)

Lemma 3.2.2 states that there exists a subsequence of the solutions of (3.1.4) which converges in
the case of fast fusion in a suitable sense to a measure that can be computed by solving the stand-
ard one-dimensional coagulation equation. However, uniqueness of solutions for standard coagulation
equations is not known with the exception of some choices of kernels. As a consequence, there are mul-
tiple possibilities for this measure as the only information we have is that it solves a one-dimensional
coagulation equation. Uniqueness results for the one-dimensional coagulation equation would imply
that the limit whose existence has been proven in Theorem 3.2.1 is uniquely determined and therefore
the convergence would be independent of the subsequence. As such, the limit for the sequence {f¢} as
€ — 0 would exist.

Another observation is the connection with the localization property introduced in Subsection 1.6.2
for the multicomponent model (1.6.7) which was studied in [FLNV21a, FLNV22, FLNV23]. The solu-
tions in [FLNV21a, FLNV22, FLNV23] concentrate along a line with the orientation fixed by the initial
distribution of the cluster composition or the source term. Thus, the solutions in [FLNV21a, FLNV22,
FLNV23] can concentrate along different lines depending on the initial distribution of particles. On
the contrary, in our case, the solutions concentrate always near the isoperimetric line, independently
of the initial data. This is since when € — 0 in (3.1.1), we have that the collision operator trans-
ports particles away from the isoperimetric line but these are transported extremely fast toward the

isoperimetric region due to the fusion term.
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3.3 The case of negligible fusion

As € — oo in (3.1.1), the effect of the fusion term becomes negligible and thus only the colli-
sion term contributes to the formation of particles. However, the underlying process described by the

collision term for two particles characterized by the values (a, v) and (a’, V") is that of addition, namely
@, v+ (a,v) — (a+a,v+V). (3.3.1)

Thus, the total area and the volume stay conserved in the process and the particles attach to each other
at a contact point, forming a ramified-like system in time. As such, the natural result is that if we let
€ — oo in equation (3.1.1), we recover a two-dimensional coagulation model in which fusion does not

occur as in (2.1.5).

Theorem 3.3.1 (Theorem B.1.12). Let u > 0. Assume in addition that f(o wo)? v 2+v2+a?) fin(a, v)dvda
< oo. Let T > 0. Then we can construct f¢ as in Definition 3.1.1 satisfying equation (3.1.4), for every
€ > 1. For this sequence, we have that there exists a constant C(T) > 0, which is independent of € > 1,

such that

sup f 02+ + a®)fo(a,v,n)dvda < C(T) (3.3.2)
1t€[0,T] J(0,00)2

and that there exists a subsequence (which we do not relabel) and [ e C([0,TY; . f(Rz o)) such that

f Jfe(m, He(mdn — f S, De(mdn,
(0,002 (0,002~

as € — oo, for every t € [0,T] and every ¢ € Co(Rio). Additionally, we have that f satisfies a
standard two-dimensional coagulation equation, namely, for every t € [0,T] and every ¢ € CC(RiO),
the following holds

S, De(mdn - fin(me()dn
(0002 = (0,002
= fo f(o . L} . Km.n")f, )£, 9)lem +n") — o) — ¢()]dy’ dnds. (3.3.3)

The advantage of the two-dimensional system in (3.3.3) is that unlike in the standard one-
dimensional case (1.0.1), we have additional information on the geometry of the particles in this case.
More exactly, we know that a newly-formed particle has area and volume as in (3.3.1) and thus the
resulting particle is formed by two particles attaching to each other at a contact point as in Figure
3.1. We are not able to obtain this information by only observing the evolution of the volume of the

interacting particles.
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Figure 3.1: Particles attach each other at a contact point

Contribution by the author of the thesis

All the results presented in this chapter were obtained in collaboration with J. J. L. Veldzquez.
The discussions about the project began as a natural continuation of the results presented in
Chapter 2. They were originally intended to be included within one paper together with the
results of Chapter 2. However, the project was later separated into two papers as one of the
papers deals with the long-time behavior of solutions of (2.1.1), while the other focuses on the
analysis of the competition between the fusion term and the collision term. All the results are
obtained and shared equally between the authors.
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cHAPTER 4

INTRODUCTION TO LONG-TIME ASYMPTOTICS FOR
COAGULATION EQUATIONS WITH INJECTION THAT DO NOT HAVE
STATIONARY SOLUTIONS

Description

In this chapter we will give an overview of the results of Appendix C. This is a joint
work with M. A. Ferreira, E. Franco, and J. J. L. Veldzquez. The paper is available
online [CFFV23] and was published in

Archive for Rational Mechanics and Analysis, 247(6), 2023.

In this part we study a class of coagulation equations including a source term that in-
jects in the system clusters of size of order one as introduced in Subsection 1.6.1. We
restrict the analysis to a range of exponents for which the transport of mass toward
infinity is driven by collisions between particles of different sizes. This is different
from other cases studied in literature such as [FLNV21b] where the transport of mass
toward infinity is due to the collision between particles of comparable sizes. In our
case, the interaction between particles of different sizes leads to an additional trans-
port term in the coagulation equation that approximates the solution of the original
coagulation equation with injection for large times.

4.1 Derivation of the model

Our goal is to study the long-time asymptotics of the coagulation equation with injection which

was introduced in Subsection 1.6.1

of v, 0) =K[f1v, ) + n(v), 4.1.1)
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where

K[f1(v, 1) := %fOVK(v -V V)=V, )0, nHd - fom KWV)Yfo,nf(,nd'  (4.1.2)

for some suitably chosen > 0. More precisely, n(v) £ 0 will be either compactly supported or it
will decay sufficiently fast as v — oo and we work with a coagulation kernel which satisfies standard
assumptions used in the study of coagulation equations such as continuity, symmetry, homogeneity,

and which has a power law form
¢ [\)7+/l\/'_’1 + V'VMV_/I] <KWwV)<c [vw’lv'_/l + v'”’lv_’l] , withy +21 > 0. (4.1.3)

Kernels of this form appear in atmospheric science applications, cf. [Fri00].
Due to the presence of the source we can expect the long-time behavior of solutions to (4.1.1) to

be given by a stationary non-equilibrium solution, i.e., by a solution of

K[f1(wv) + n(v) = 0. (4.1.4)

In the case of general power law kernels and source terms 7 decreasing sufficiently fast, it has
been proven in [FLNV21b] that the solutions of (4.1.4) exist if and only if ¥y + 21 < 1. Moreover,
the solutions of (4.1.4) behave like = for large values of v. The main idea in order to prove that
solutions do not exist when y +24 > 1 is based on the fact that the transfer of clusters of size v of order
one toward very large cluster sizes is so fast that the concentration of clusters with size of order one
would become zero.

Since in the case y + 24 > 1 stationary solutions do not exist, we cannot expect the solutions to
(4.1.1) to behave as a stationary solution as t — oo for v of order one. It is then natural to ask what is
the long-time asymptotic behavior of the solutions to (4.1.1). Using formal arguments, we arrive to a

new coagulation model with a transport term, namely

Coagulation equation with source: ——— > 9,1 (v,1) = K[f](v,1) + n(v)

§y+2/l>l
y+21>1

0, (V7+/1 I, t))
fooo D f (z,1)dz

v~1— new transport term

v>1

——
New model forv> 1: ———— 9,/ (v, 1) + =K[f],1).

We explain here briefly the motivation behind the derivation of this model and we refer to Appendix C
for a more detailed analysis. We derive the long-time behavior of f(v, f) separately for v of order one
and for large values of v. In order to make a clear distinction, we denote our solution by fi;.., when

we work with particles of size of order one and by f,,;., when we work with particles of size v > 1.
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In other words, we write f(v,t) as

0,0 = finner(, ) + fouter(v, 1), (4.1.5)

where finner(v, 1) = f(v,)1,x1 and fouer(v, 1) = f(v,H)1,»1. We mention here that strictly speaking
there should be a region in between particles of order one and very large particles. However, for our
purpose of analyzing the long-time behavior of solutions, the decomposition (4.1.5) offers a sufficiently
good approximation since we expect injected particles to be instantaneously transferred to large cluster
sizes.

We start by deriving an equation for fi...(v, t) and thus we assume that v is of order one. When
the order of v" is much larger than the one of v, due to the form of our coagulation kernel in (4.1.2), we
have that the kernel K behaves like

K, V) = vV, (4.1.6)

As such, for v of order one and since we expect that the gain term of the coagulation term in (4.1.1)
converges to zero as t — oo since f(v,1) — 0 as t — oo, we obtain the following approximation of the

coagulation model with injection (4.1.1) for large times and particles of order one
01 finner (v, 1) = _V_/lﬁnner (v, 1) f Vrer/lfouter (V/a t) dv’ + n). 4.1.7)
0

For y + 24 > 1, we expect to have f(v,7) —» 0ast — coand M, := fooo VHF(, H)dv — oo as t — co.
Thus, by using (4.1.7), we further deduce that

A
Sinner (v, 1) ~ () as t — oo. (4.1.8)

00
j(; V,y+ﬂf0uter o, Hdv

We now derive an equation for f,,.,. In order to analyze the long-time behavior of solutions for large
particles v > 1, we divide the coagulation operator into two parts. The first part offers information
about the interaction of particles of different size and the second part provides insight about the inter-
action of particles of similar size. More precisely, we take L < v and we consider which interactions
of particles create particles of order v > 1. Using the decomposition (4.1.5) and the fact that v > L,

we obtain that the contribution of the coagulation operator which creates particles of large size is

L

L
f K(v- v, V,) Souter (v = v, 1) finner (V,’ 1) dv' - f
0 0

K (v, V,) Jouter (Vs 1) finner (V,, 1) dv’]

1

v—L 00
= f K (V - V/a V/) Jouter (V - V/’ t) Jouter (V/, t) dv' - f K (V, V/) Jouter W 1) fouter (Vly t) dv’] .
L L

12

We are interested in the part of the coagulation operator which offers information about the interaction

of particles of different size, as this is what we expect will give the main contribution to the long-time

41



CHAPTER 4. INTRODUCTION TO LONG-TIME ASYMPTOTICS FOR COAGULATION EQUATIONS
WITH INJECTION THAT DO NOT HAVE STATIONARY SOLUTIONS

behavior of our solutions. Using the approximation in (4.1.6) together with the fact that

fooo v (v) dv

(o]
j(; V,y+/lf0uter o, ndv

f Vl_/lfinner v,)dv ~ as t — oo, 4.1.9)
0

we arrive to the following formula

L
f; [K (V - V/, vl) f()uler (V - V/, t) -K (V, V’) fouter (Va t)]finner (Vla t) dv/

fom Vinp(v')dv’ o

= —— —
f() vr+d outer V', 1) AV’ v

[Vy+/1fouter (v, t)] .

This leads us to the following model for particles of volume v > 1

> Vinp(v')dv o
atfouter (V, t) + foo £+ﬂf ( , t) d , 5 [V)H—/zf()uter (Va t)] = K [f()uter] (Va [) . (4110)
o V outer \V'» %

For completeness, it is worth to remark that the long-time behavior of large particles in the case
when y + 24 = 1 is described by the same model as in (4.1.10). However, different methods need to be
employed in order to derive the model in this case. This is since in the case y+24 = 1 it is expected that
the M, ;) moment will stay constant in time instead of converging to infinity as in the case y + 24 > 1.
We refer to the actual paper in Appendix C and to Chapter 6 for more details about the derivation of
the model in the case when y + 24 = 1.

We also observe that the transport term on the left-hand side of (4.1.10) offers information about
the way in which the injection of particles of size v of order one affects the outer distribution of clusters

Souter- Indeed, multiplying (4.1.10) by v and integrating we obtain

00 fooo vin(v)dv ® o 00
0y (f V fouter (v, 1) dV) = T f v’ Jouter (v, 1) dv = f V’U (V,) dv’. 4.1.11)
0 J(‘) V/y+/1f0uter O, ndv Jo 0

The identity (4.1.11) states that the total mass of the clusters in the outer region is equal to the injection

rate, which is self-consistent with our assumption that the injected particles are transferred instantan-

eously to large cluster sizes.

4.2 Existence and non-existence of self-similar profiles

As the assumptions on the coagulation kernel are the standard conditions used in the study of
coagulation equations, we do not refer to them in order to avoid technicalities. We remember that we
work with kernels of the form (4.1.3) and that we are in the case when y + 24 > 1. As a natural
continuation of the derivation of the model (4.1.10), which describes the behavior of particles of large

size for the coagulation equation with injection, we are interested in the exact conditions for existence
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and non-existence of self-similar profiles of the model in (4.1.10). This is also motivated by the fact
that, as previously mentioned, when y + 24 > 1, stationary solutions as in (4.1.4) do not exist and as
such we cannot expect these type of solutions to give the long-time behavior of solutions to (4.1.1).
The scaling hypothesis which was discussed in Section 1.5 suggests that the mass of the particle
distribution f(v,t) is concentrated in cluster sizes v of order ” for a suitable exponent p that would
be determined from dimensional considerations, which take into account the way in which the mass
rescales in time. For our framework, it was suggested in [DKW99] that the long-time behavior of the

solutions of (4.1.1) is given by self-similar solutions ® of the form

1 %

fo) = 50 @), £=

t-

4.2.1)

2
-y
scaling which is compatible with our model in (4.1.10). Plugging (4.2.1) into (4.1.10), we obtain the
following formulation for self-similar profiles for the coagulation equation with injection in the case

when the interaction of particles of different size gives the main contribution to the long-time behavior

of our solutions.

Definition 4.2.1 (Definition C.3.1). Lety < 1,y + 1 < 1, and ¥ + 24 > 1. A self-similar profile of
equation (4.1.10) with respect to the kernel K is a measure ® € M, ((0, o0)) such that

00 1
0< f & PD(£)dé < oo and f 1 PE)de < (4.2.2)
0 0

and such that it satisfies the following equation
é_/y+/l

[ e T T oeon

(Bl
=3 fo fo K& [plé + &) — pé) - p(€)] DODE e dé

1
D)~ 7

-y

fo e(&)D(&)ds (4.2.3)

for every test function ¢ € C 2,((0, 0)).

The conditions y + A < 1 and y < 1 are standard assumptions in the study of coagulation equations
in order to avoid the loss of mass of solutions as explained in Section 1.4. In the following, we present
the main results in the case when y + 24 > 1. While the case y + 24 = 1 is similar, the results are less
precise and we only present here the case v + 24 > 1 for a clearer overview. We refer to Appendix C
for the exact statements in the case y + 24 = 1. The following theorem is a compilation of Theorem
C.3.3 and Theorem C.3.5 for the case y + 214 > 1.

Theorem 4.2.2. Lety <1, y+ A< 1,andy+21> 1.
& [fy > —1, there exists at least one self-similar profile as in Definition 4.2.1.
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& Ify < -1, no self-similar profiles as in Definition 4.2.1 exist.

If self-similar profiles exist, they exhibit an interesting property, namely they vanish on an interval

near the origin that we can compute explicitly. More precisely, they vanish identically for 0 < & <

—y \To 1
p(My.p) = (2]1‘4—;;) " where

My = fo 2D E.

This vanishing property of solutions ® of (4.2.3) on an interval (0, p(M,,)) is transferred to solutions
of the equation (4.1.10) via the scaling (4.2.1). It means that for large times ¢, the injected particles
are transferred almost instantaneously to clusters with sizes v > p(MYM)t%. Moreover, the fraction
of clusters with sizes v < p(MyM)t% becomes negligible for very long times. The existence of this
“minimal” cluster size for large times is a remarkable feature that, to our knowledge, has not been

observed in the literature on self-similar solutions for the coagulation equations.

Theorem 4.2.3 (Properties of the self-similar profiles, Theorem C.3.3). Lety < 1 andy + A < 1 such
that
-l<vy, vy+21>1.

Then there exists a self-similar profile ® as in Definition 4.2.1. Moreover, @ is such that ®((0, p(M,+,)))
= 0 for

-y =2
o(Mya) = | —= . (4.2.4)
i [2 h W@@df)

Since we do not claim uniqueness of the self-similar profiles, the question of whether the vanishing
property from Theorem 4.2.3 holds for each self-similar profile arises. In the case wheny +21 > 1, we
proved that this property indeed holds for all self-similar profiles as in Definition 4.2.1. The situation

in the case y + 24 = 1 is however different and we refer to Appendix C for the full picture.
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contained in this paper.

44



CHAPTER D

‘—INTRODUCTION TO AN INHOMOGENEOUS COAGULATION
MODEL WITH A DIFFERENTIAL SEDIMENTATION KERNEL

In this chapter we will give an overview of the results of Appendix D. The paper
is available online [CNV24b] and is a joint work with B. Niethammer and J. J. L.
Veldzquez.

In this part we study a multi-dimensional coagulation model that allows particles
to move in space on the vertical line as introduced in (1.6.11). The model (1.6.11)
was introduced in [HNSO7] in order to describe rain formation or the behavior of air
bubbles in water which move due to buoyancy. It is an inhomogeneous model in the
spatial variable with a transport term.

5.1 The model in comparison with standard coagulation models

We work with a coagulation model that is inhomogeneous in the spatial variable and contains a

transport term in space as introduced in Subsection 1.6.2, namely
1
O f (x, v, 1) + V90, f(x,v,1) = 3 f KW=V V) f(x,v =V, 0)f(x, v, 0dv
0,

—f K@ V) f(x,v,0)f(x,v',D)dV'. (5.1.1)
(0,00)

Our main goal is to prove local in time existence of mass-conserving solutions for a class of coagulation
kernels for which instantaneous gelation would otherwise occur. As discussed in Section 1.4, for
coagulation kernels of homogeneity v > 1, some of the mass is lost in finite time. For these types of

kernels, depending on the behavior of the kernel near the origin, mass loss can happen at a positive

45



CHAPTER 5. INTRODUCTION TO AN INHOMOGENEOUS COAGULATION MODEL WITH A
DIFFERENTIAL SEDIMENTATION KERNEL

time or at time zero. The latter phenomenon is known as instantaneous gelation. The kernels that
constitute our main object of study for the model (5.1.1) are sum-type kernels of homogeneity y > 1

and the differential sedimentation kernel introduced in (1.1.4).

The sum-type kernels we work with are further restricted by an upper bound on the homogeneity
which appears so that the transport term controls the contribution given by the non-linear coagulation

term. More precisely, we work with coagulation kernels of the form

Kw,v) =V +V7, withy € (1,1 + a). (5.1.2)

General theory of existence for the standard coagulation equations states that mass-conserving
solutions exist for kernels that behave like power laws of homogeneity y < 1. In addition, solutions
(which may not conserve the mass) exist for product-type kernels, i.e., K(v,V") = (vv’)% , independently
of their homogeneity. On the other hand, solutions in L' of the standard one-dimensional coagulation
equation do not exist at all for kernels as in (5.1.2), see [BC90, BLL19b, CdC92, vD87]. This is to
our knowledge the first result of existence of solutions involving sum kernels of homogeneity y > 1,

regardless of whether one considers one-dimensional or multi-dimensional coagulation models.

On the other hand, the differential sedimentation kernel, K(v,v’) = |V% - v’%l(v% + v/%)z, whose
derivation was explained in Section 1.1, is relevant due to its physical applications. The model in
(5.1.1) with @ = % and with a differential sedimentation kernel is used in the physical literature in
order to describe the behavior of air bubbles in water that move due to buoyancy. It is also a valid
model for the description of the onset of rain. However, slip-flow corrections for water droplets are
discussed in [HNSO7] and it is mentioned that changes in the power of the volume for the velocity may

be needed. This motivates our choice of values of @ € (0, 1) in (5.1.1).

5.2 Free merging versus forced locality regime

Once the model (5.1.1) is derived, a first step is to determine whether the model allows stationary
power law solutions of non-zero flux. We first verify whether solutions of the form f(x,v,7) = Vi, for
some i € R, satisfy (5.1.1). We then determine in Subsection 5.2.1 if these solutions are “admissible”

in the sense that the coagulation operator in (5.1.1) is finite.

Let K be a coagulation kernel of homogeneity v > 1 and let @ € (0, 1). We follow the analysis
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made in [HNSO7] and work with the following reformulation of (5.1.1).

O f(x, v, 1) + V¥, f(x,v, 1)
1

-1 f v, f Ay K (01, v2) f(x, v1. 1) e, v, D30 = vt = v2)
2 Ji0,00) (0,00)

1
- = f dvy f dva K(v, v2) f(x, v, ) f(x,v2,)0(vi — v = V2)
2 J(0.00) (0,00)

1
- = f dvy f dva K, v) f(x, v, 1) f(x,v1,)0(v2 — v — 1)
2 J(0.00) (0.00)

=L -5L-1. (5.2.1)

We thus look for steady states (i.e., time and space independent) solutions of the form f(x,v,f) =
vi. This is in accordance with standard theory of coagulation equations as, for example, stationary
solutions for coagulation models with source behave like power laws. We refer to Chapter 4 for more
details. One of the techniques available to find this type of solutions is the so-called Zakharov transform
which we will use below. For the first term, we make the change of variables v; = vv’1 and v, = vv’2 in

order to obtain

py+2i+l o
I = 5 f dv] f AV KV}, vivivys(l — vy = v)).
(0,00) (0,00)

For the remaining two terms, I, and /3, we first make the change of variables (vi,v;) = (vv'l,vv'z),
followed by the Zakharov transform
1 v 1 v
vi = —and v} = = for I, and vy = —and V| = L for Is.
Vi V] V2 V2
Thus, we can rewrite the terms I and I3 as follows
y+2i+ 1 ==y —2i—
v v,

2
h=——F— f dv, f A K (1, v)vi 7561 = vy = ¥a)
(0,00) (0,00)

and

PYH2itlTy=2im2 o
L = + f(;) )dvl L )deK(Vl,Vz)VI\_}é(S(l -V —Wm).

In other words, it holds that

IRARAE - 22 —y2i-2
L-L-15= 7 f dv; f dv,K(vq, vz)vllvlz(l - vly - vzy )6(1 -V — ).
(0,00) (0,00)
—y—2i-2
y+3 j
f(x,v,t) = v~ 7 solves (5.2.1). It however remains to check if the coagulation term is finite in this case.

= v, for j € {1,2}, so if i = =222 It follows that

Thus, we have that I} — I, — I3 = 0 if v >

+3 ..
As we will see in Section 5.2.1, this is not the case and hence f(x,v,t) = v='7 is not an “admissible”
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solution of our model. This further motivates us to look at functions with more complicated structure
when searching for solutions, such as solutions that incorporate information about the spatial variable.

Another approach in order for the integral containing the coagulation kernel to converge is to
introduce a cut-off in the kernel. The model in (5.2.1) is referred to as the free merging regime in
[HNSO7], since particles merge when their trajectories cross. The forced locality regime in which only
particles of similar sizes can interact with one another was also studied in [HNSO7]. More precisely, for
the forced locality regime a cut-off in the coagulation kernel is introduced that makes the kernel vanish
outside the region where é < V; < g, for some g > 1. In this case, stationary solutions of non-zero flux
for the model can be rigorously found due to the fact that the integral containing the coagulation kernel
converges when f = o However, as mentioned above, for the free merging regime a more detailed

analysis is required when searching for solutions.

5.2.1 Convergence of the coagulation term

We now check whether we can rigorously prove that f(x,v,t) = v=5" is a solution for the model
in (5.2.1). This means that we need to check whether the coagulation term in (5.2.1) is finite in the
case when f(x,v,t) = v‘§. If this holds true, this means that the evolution of particles is dominated
by interactions of similar size and this is known as locality. Conversely, if the interactions between
particles of very different sizes dominate, this is known as non-locality. We follow the computations in
[HNSO7] in order to determine which power-law solutions of the form f(x,v,7) = vl are “admissible”
solutions.

Let K(v,v") = vY + V7, for y > 1. We can rewrite the model in (5.2.1) in the following manner

01 f(x,v, 1) + v¥0,f(x,v,1) =f [K(v =V V) f(x,v=V,0) = KW, V) f(x, v, )1 f(x, V', HdV
©0,%)

—f K@ V) f(x,v, ) f(x,v', H)dV'. (5.2.2)
[5.%0)
We approximate the two terms appearing on the right-hand side of (5.2.2) as
T, := K@ V) fx,v, ) f(x,v', 0)dv = f(x,v,1) V7 f(x, vV, Hdy
[5,%) [5,00)

and
T, = f [KOv =V V) f(x,v=V,0) = KW, V) f(x,v, )] f(x, V', HdV
©0.3)
~ f V f(x, V', dv' 0,V f(x, v, 1)).
©,%)

Assuming our solution is of the form f(x, v, ) = v/, we need to check if the integrals f(o 5 v1*+dy’ and
°2

f[E o0) VY*dy are finite. We obtain the following cases.
5,
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[ li<—y-1 —y-1<i<-2 -2<i |

T, Local Non-local Non-local
T, | Non-local Non-local Local

Table 5.1: Locality of interactions

From Table 5.1, it immediately follows that neither 7'} nor T3 is finite when f(x,v,f) = v‘VT+3 if
v > 1. It is also worth mentioning that similar computations can be performed to prove that Table 5.1

also holds in the case of the differential sedimentation kernel (1.1.4).

5.3 Local in time existence
We now state the precise setting under which our result holds true. As we discuss these conditions
in Section 5.4 below, we only state our result here without additional mentions to it.

Assumption 5.3.1 (Assumption D.1.1). We assume that K : [0, 00) X [0, 00) — [0, o) is a symmetric

and continuous function that satisfies
0<KO,V) < Ki(v" +Vv7), withy € [0,1 + @) (5.3.1)
for some constant K| > 0 and
K@ —v,v) < K(v,v), whenV' € [0, 5]. (5.3.2)

We assume from now on that the coagulation kernel K satisfies Assumption 5.3.1 and define the

type of solutions we work with.

Definition 5.3.2 (Mild solutions, Definition D.1.2). Let @ € (0,1), ¥y € [0,1 + @) and m > 7(—? Let
T > 0. We say that a non-negative function f € C([0, T] X R X (0, o)) such that

(&
sup f A+v)f(x,v,0)dv < —Tw, for x € R, (5.3.3)
1€[0.77 J(0,00) max {1, |x/"~" }

is a mild solution of equation (5.1.1) if
fO,v, )= f(x =V v, 0S8 [f1(x,v,0,0) = (5.3.4)
% fo‘t L’v) S[A1(x, v, s, DK =V V) f(x = (£ = s)v*, v =V, 8) f(x — (t — s)v*, V', s)ds,
forallt € [0,T], v € (0,) and x € R, where
S[fIx v, 5,0) = e~ kA Enrndr (5.3.5)
with

alfl(x,v, 1) := f KW, V) f(x,v',0)dv'. (5.3.6)
(0,00)

49



CHAPTER 5. INTRODUCTION TO AN INHOMOGENEOUS COAGULATION MODEL WITH A
DIFFERENTIAL SEDIMENTATION KERNEL

In order to obtain existence of strong solutions for the model (5.1.1) we would need better regularity
of solutions. However, our main goal is to obtain existence of solutions for our model, rather than
studying properties of the obtained solutions. Thus, for our purpose it suffices to work with mild
solutions as in Definition 5.3.2. We mention that we call f € C([0,T] X R x (0, c0)) a mass-conserving
solution of equation (5.1.1) if f is as in Definition 5.3.2 and in addition conserves the total volume of

particles. Our result is as follows.

Theorem 5.3.3 (Local existence of solutions, Theorem D.1.4). Let @ € (0,1), y € [0,1 + @), m € N

even, and p = am with m > max{zygl, % + 3}. Let T > 0 be sufficiently small. Let fi, € C'(R x (0, 0))

such that

Co

in(x,v) L —m8 M,
Jin(x-v) 1+ [x|™ + P

for some Cy > 0 and all x € R, v € (0,00). Then there exists a mass-conserving solution f of (5.1.1)

that satisfies

C
fxv,n < T (5.3.7)

+ P’

forallt € 10, T], for some C > 0.

5.4 Approximation of the model and discussion on the conditions for
existence

Our approach to prove local in time existence of a solution to (5.1.1) is based on constructing a
suitable supersolution by approximating the coagulation term for large particles by a transport term.
We present this approximation here in order to provide more insight into the conditions imposed in
Section 5.3. We refer to Appendix D and to [HNSO7, Section 4 and Appendix 1] for more details. It is
worthwhile to mention that the following computations are not rigorous and their purpose is to provide
some insight into the type of solutions we are searching for.

We start with the model in (5.1.1). Since our strategy relies on finding a suitable supersolution, it
suffices to find a lower bound for (5.1.1). It follows that

- K=V V)f(x,v =V, 0 f(x,V,Hdv +f Kw, V) f(x,v,0)f(x,v, HdV

©,%) (0,00)
> — f [K(v =V V) f(x,v=V,0) = KW, V) f(x, v, )1 f(x, V', HdV
©0,%)
+ f K@ V) f(x,v,0)f(x,v', 0)dV'
[5,00)

> —f [K(v =V V) f(x,v=V,0) = KW, V)f(x,v, )] f(x,V,H)dV . (5.4.1)
0,3)

50
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We now use the condition that K(v —V',v") < K(v,v") when V' € [0, 5] in (5.3.2) and obtain that

0 f(x,v, 1) + V¥, f(x,v,1)
- f [KGv =V V) f(x,v=V,0) - KW, V) f(x,v,D]f(x,V, D)dV
©0,3)

> 0 f(x, v, 1) + VPO f(x,v, 1) — o K@, )[f(x,v =V, 1) — f(x,v, )] f(x,V, 0)dV'. (54.2)
3
Condition (5.3.2) is a rather standard assumption in the study of coagulation equations, see for example
[LMO2], and most of the kernels used in applications satisfy this condition, in particular, kernels of the
form K(v,v') = v’ +v7 or (1.1.4).
We further make use of the fact that the coagulation kernel K is bounded from above by v'7 + v”
in condition (5.3.1) and, since v’ € [0, %], we further deduce by making abstraction of some constants

that
01 f(x,v, 1) +v¥0,f(x,v,1) — f Ku, V) f(C,v=V,0 - f(x,v,D]f(x,V,)dV
0,3)

20, f(x,v, 1) +v¥O, f(x,v,1) — f VI, v =V, 0 = f(x,v,D]f(x, v, )dV
)

©.3

=0, f(x,v, 1) + V¥ 0 f(x,v, 1) =V f Owf(x,w,dw f(x,V', H)dv'. (5.4.3)
(O,%) y—y’

Assume that d,,f(x, w, t) behaves similarly for w € [5,v]. In order to prove this rigorously, we will
make use of the fact that we chose the time to be sufficiently small in Theorem 5.3.3 and of the decay

for f in (5.3.7). Thus we arrive to the following formula
O f(x, v, 1) + VOO f(x,v, 1) + VYD, f(x,v,1) f vV F(x, v, Hdy. (5.4.4)
0,3)

We denote by M(x, 1) := f(o o) V' f(x,V', 1)dV’ the first moment in v of f. We consider only large values
of v so that we can safely assume that f(o 5 V' f(x,V',)dv’ contains most of the mass. In this manner,
°2

we can further approximate (5.4.4) by
O f(x, v, 1) + V¥, f(x, v, 1) + V'O, f(x, v, )M (x, 1). (5.4.5)

Suppose now that M| (x,f) decays sufficiently fast for large values of x as assumed in Definition
(5.3.3). Actually, this will follow from the decay of our solution f in (5.3.7). That is, assume there is a

sufficiently large m and a constant L > 0 such that

Mi(x, 1) <

—. 54.6
1+ |x|™ ( )
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Combining (5.4.6) with (5.4.5), we obtain that f should behave formally like the solution of the equa-
tion
LvYo, f(x,v,1) B

0 f(x,v,0) + V¥O, f(x,v, 1) + —
1+ [x™

0. (5.4.7)

The analysis of the equation (5.4.7) will play an important role in our proof of local existence.
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CHAPTER O

SUMMARY AND OUTLOOK

Description

In this chapter we give an overview of the results presented so far and dive further
into the methods used to obtain them. Moreover, we discuss possible further research
directions in relation to each of the papers that stem from the properties of the models
or from the methods used to tackle them.

6.1 Coagulation equations for non-spherical clusters - Future directions
In Chapter 2, we studied the model
o f(a,v,t) + d,lr(a, v)(cov% —a)f(a,v,0)] = K[fl(a,v, ) (6.1.1)

and presented the results obtained under the assumptions that both the collision K and the fusion kernel
r behave like power laws. We refer to Table 2.1 for the exact conditions used for the collision kernel and
to Table 2.2 together with (2.1.8) for the exact conditions used for the fusion kernel. More precisely,

we assumed that the collision kernel is bounded from below and above by
K +v=P) < K(a,v,d’,V') < Ko VP +v~%P), for some constants Ko, K; >0, (6.1.2)
and that the fusion kernel has the form
Road*v? < r(a,v) < Ria?v’, for some constants Ry, Ry > 0. (6.1.3)

In this section, we will discuss open problems which appear when dealing with different values of
the parameters « and u. For the clarity of the presentation of Chapter 2, we only stated our results for

collision kernels of the form (6.1.2) in the case when a > 0. As the case @ = 0 is interesting in itself,
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we summarize in Subsection 6.1.1 the existing results for @ = 0 and present some possible extensions.
Concerning the fusion kernel, most of the results presented in Chapter 2 hold for values of u # 0 in
(6.1.3). This is since it is not clear in the case u = 0 if the fusion term is comparable to the collision
term in (6.1.1). In Subsection 6.1.2, we explain the difficulty of dealing with the case u = 0 and state

some conjectures in this case.

6.1.1 Discussion on the choice of coefficients for the collision kernel

In [CV23], we proved the existence of self-similar profiles for the model (6.1.1) when the coeffi-
cients in (6.1.2) satisfy

a/=0andy=ﬂ€(0;§). (6.1.4)

We will use the following definition of self-similar profiles for collision kernels satisfying (6.1.4).

Definition 6.1.1 (Definition A.2.4). Assume a = 0. We will say that a measure g € .#. Jf(Rio) is a
self-similar profile for the model (6.1.1) if

f (a+ V" +P)g(a, v)dvda < o (6.1.5)
(0,00)?
and for every ¢ € Ci (Rzo) the following equality is satisfied:
2 2
3 f g(mavdap(n)dn + f gV dyp(mdn — (1 - ) f vr(m)(cov3 — a)g(mdagp(mdn
(0,00)? (0,00)? (0,00)?

==y [ KOs ety ) - eianan 6.16)

Notice that we obtain equation (6.1.6) by replacing the test function ¢ with a test function of the
form vy in the equation satisfied by the self-similar profile in the case when a > 0, namely in (2.1.11).
The new form of the equation is chosen since in the case @ = 0 we expect the self-similar profiles to
be singular for values of v near zero and for this reason not all the terms in Definition 2.1.1 are well-
defined. Under this new formulation of the definition of self-similar profiles, we obtain the following

result.

Theorem 6.1.2 (Theorem A.2.5). Let a = 0. Assume K is a continuous, non-negative kernel satisfying
the conditions in Table 2.1 with coefficients as in (6.1.4). Suppose that r € Cl(Rio) satisfies the
conditions in Table 2.2 and (2.1.8). If u > 0, there exists a self-similar profile for the model (6.1.1), in
the sense of Definition 6.1.1, satisfying M, x(g) < oo, foralln >0 and k > .

Theorem 6.1.2 above and the existence of self-similar profiles for the model (6.1.1) in the case
when @ > 0 presented in Theorem 2.2.1, Chapter 2, illustrate that a similar situation to the stand-

ard one-dimensional coagulation equation occurs. More precisely, for the standard one-dimensional
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coagulation model

8,f(v,t)=%j(;) )K(v—v',v’)f(v',t)f(v—v',t)dv’—f(o )K(v,v')f(v,t)f(v',t)dv' (6.1.7)

with a coagulation kernel of the form
K,V = V"% + By, (6.1.8)

it is known that there exist self-similar profiles for which all the moments with negative powers of v
are bounded if @ > 0. On the contrary, for the one-dimensional coagulation equation (6.1.7) with a
coagulation kernel of the form K(v,v") = v¥ +v'7, i.e., @ = 0 in (6.1.8), the self-similar profiles can be
singular for small values of v and we can expect to have boundedness only for the moments containing
powers of the form v/, with d > 7.

We present below the precise statement of this result in the one-dimensional case and we refer to
[BLL19b, Chapter 10.2.4, Theorem 10.2.17] and [FLOS5] for more details. For m € R, we denote by

X := L1((0, 00); v"dv).
Moreover, let
1. ki(v,v') := (W + D)™ +1/7%), for some b € [0, 1) and a € (0, 00), and as suchy :=b—a < 1.
2. ko(n,v') 1= (v* + V%), for some a € (0, o) and b € (0, é), and assuchy :=b+a€(0,1).

Theorem 6.1.3 ([BLL19b], Chapter 10.2.4, Theorem 10.2.17). Assume that there is i € {1,2} such that
the coagulation kernel k is given by k = k;. Then there exists at least one mass-conserving self-similar
profile ¢ to the standard one-dimensional coagulation equation (6.1.7) which satisfies the following

additional properties.
1. Ifk =ky, then ¢ € L*(0, 00) and ¢ € X, for allm € R.
2. Ifk = ky, then ¢ € LP((0, 00); v’ ~1*2Pdv) for all p € (1,y) and ¢ € X,, for all m > 7.

Theorem 2.2.1 (case @ > 0 in (6.1.2)) is analogous to Case 1 of Theorem 6.1.3. In this case, we have
that since the coagulation rate is very large for small particles, we can expect self-similar profiles to be
bounded (and small) for small values of v. In particular, for the self-similar profile of the model (6.1.1)
obtained when « > 0, we have My 4(g) := f(o,w)z vlg(a,v)dady < oo, for all d € R.

On the other hand, Theorem 6.1.2 is the two-dimensional equivalent of Case 2 of Theorem 6.1.3.
The difference is that Theorem 6.1.2 is only stated for values of y € (0, Z), while Case 2 of Theorem
6.1.3 holds for all values of y € (0, 1). This is since the competition between the fusion term and the
collision term in (6.1.1) might lead to significantly different results from the one-dimensional case for

this range of parameters.
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We thus study the possible scenarios that can occur in the case when @ = 0 and y > % As such, let

us consider a collision kernel of the form

SN S

K(a,v,a’,v') =v’ +v7, withy >

There are two possibilities.

If fusion overtakes collision and self-similar profiles of the model (6.1.1) exist, then the
total surface area of such a profile is bounded. The isoperimetric inequality would imply that we have
moments of order smaller than y of the self-similar profile which are bounded. More precisely, it holds

that

co f v% g(a,v)dvda < f ag(a,v)dvda < co.
(0,00)? (0,00)?

Ify> %, then this would imply that all the moments My 4, with d € [%, v], are bounded. This situation
does not happen in the one-dimensional case for this choice of coefficients. As presented in Theorem
6.1.3, Case 2, only moments of self-similar profiles of order greater or equal than y are bounded in the
one-dimensional case.

Alternatively, we do not exclude the possibility that collision can overtake fusion and
particles attach at a contact point as in Theorem 2.2.2.

Independently, both results would imply that we are in a very different situation compared to what

happens in the one-dimensional case.

6.1.2 Discussion on the choice of coefficients for the fusion kernel

In Chapter 2, we noticed that our results depend strongly on the competition between the fusion
and the collision term in (6.1.1) and that this competition is influenced by the value of u in (6.1.3). In
the following, we explain the idea behind the proof of the results in Chapter 2 if we work with fusion
kernels as in (6.1.3) in the cases when u > 0 and u < 0 in order to illustrate the difficulties which

appear when dealing with the case y = 0.

The case of u > 0

In the case when u > 0 in (6.1.3) we have that the fusion term overtakes the collision term and we
are able to prove existence of self-similar profiles. Due to our choice of collision speed that has little
dependence on the area variable, we adapt existing estimates used in the study of one-dimensional
coagulation models in order to bound moments involving only powers of the volume. As such, the
main new ingredient in this case is the control of the total surface area, which is done by making use
of the presence of the fusion term. We refer to Theorem 2.2.1 for the precise framework and statement

of the result.
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In order to better understand the stated results, we give some heuristic arguments. Assume for
simplicity that r(a, v) = ¢* and that u > 0. As mentioned above, the most important part is to estimate
the total surface area. This is since the moments in the v variable can be bounded using standard
arguments used in the study of coagulation equations. For the same reason, we can assume without
loss of generality that a > 200\/% since the region {cov% <a< 2cov%} can be bounded using uniform
moment estimates in the v variable. The rigorous proof of Theorem 2.2.1 will be a generalization of
the following idea.

Denote by A(?) := f(o,oo)2 ag(n,t)dn. We test formally in (2.1.12) with ¢ = a. Since a > 2COV%,

equation (2.1.12) becomes

1 2
GAD) = A0+ f @ (cov’ — a)gn, 1)dn

(0,00)?
1 1 +1
<A - = a** g(n, Hdn. (6.1.9)
3 2 (0’00)2
Since u > 0, by Young’s inequality, we have that there exists some sufficiently large constant C > 0
such that
4 a'+!
za < +C. 6.1.10
345 ( )

Assuming f(o oo)? g(n,nHdn < C, (6.1.9) then becomes
0A(r) < -A@®) + C. (6.1.11)

Inequality (6.1.11) implies that the region { f(o wo)? ag(n,t)dn < C} is invariant in time and as such

we obtain the desired estimate for the total surface area.

The case of u < 0

In the case when u < 0 in (6.1.3) we discover that we can have two different types of behaviors
depending on the choice of initial data and on the value of the fusion speed when the area and volume
are of order one. In particular, for some suitable choice of initial data, the fusion term plays a negligible
role compared to the collision operator and we can prove that the total surface area and the total volume
of solutions f to (6.1.1) remain almost constant in time, phenomenon which we term ramification. Due
to the choice of scaling of self-similar profiles in (2.1.4), this is equivalent to saying that the total surface
area of a self-similar profile behaves like e3'. We refer to Theorem 2.2.2 for more details.

Theorem 2.2.2 can be understood in the following manner. We can assume without loss of general-
ity that the total volume of particles is one by means of a rescaling argument. We refer to Appendix A
for more details about this. With this rescaling, Theorem 2.2.2 states that if we have R| < 1 in (6.1.3)

and f(o o)’ agin(a,v)dvda > C, for some sufficiently large constant C > 0, then ramification occurs.
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We now provide some heuristic explanation in order to justify the validity of Theorem 2.2.2. We
explain below the motivation behind the condition of large initial datum.

Assume for simplicity that r(a,v) = a" and that u < —1. In other words, in order to be consist-

ent with the condition that the fusion kernel keeps the self-similar structure from Table 2.2, we have
r(a,v) = a@. Test formally in (2.1.12) with ¢ = a. We have (K[g],¢) = 0. Denote by A(¢) :=
f(o wo)? ag(n, t)dn. Equation (2.1.12) becomes
1 2
040 =240+ [ aew’ - g nan
3 (0’00)2

=

W | =

A(t) - f g, dn. (6.1.12)
(0,00)2

. . . . 2 . .
Since i < —1 and since our measures are supported in the region where {cov3 < a} due to the isoperi-

metric inequality, (6.1.12) then becomes

G,A(t)Z%A(t)—c‘g“ f W3 g(n, H)dn. (6.1.13)
(0,00)?

It turns out that we can prove

f 2v7_%g(n,t)dn3ma><{ f ZVY_%gin(U)dTLC}, (6.1.14)
(0,00) (0,00)

for some fixed constant C > 0. The proof of this result is made in a similar manner as the proof of the

analogous estimate for the one-dimensional coagulation equations. Thus, (6.1.13) becomes
1
0:A(t) = §A(t) -C, (6.1.15)

for some constant C > 0 depending only on gj,. From (6.1.15), we deduce that if A(0) is sufficiently
large, then A(¢) behaves like e3'. This is the content of the ramification result of Theorem 2.2.2.

If r(a,v) = a* with u € (—1,0), by Young’s inequality, for every € € (0, 1), we have that there exists

some sufficiently large constant C. > 0, which depends on €, such that
a'*! < ea+Ce. (6.1.16)
(6.1.12) then becomes

0,A() > (% - E)A(l‘) _C.. 6.1.17)

(6.1.17) gives a lower bound of order e(3-9)" if we start with sufficiently large total surface area. We
can improve this bound to one of order es! by letting € decrease to zero as t — oo. However, we only
focus here on illustrating the main steps of the proof and omit further technical details as our goal in

this subsection is to illustrate the discrepancy of the results when u < 0 and u > 0.
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NOT HAVE STATIONARY SOLUTIONS - FUTURE DIRECTIONS

The case of u = 0

The intriguing case is thus when the collision term and the fusion term are comparable - which
corresponds to the case when u = 0 in (6.1.3) - and this provides a future research direction. We notice
that in the case u = 0 the characteristic equations associated to the fusion term can be explicitly solved.

More precisely, we can look at the system

A (ao, vo. 1) = coV3 (ag, vo. £) — Alag, vo, D);

(6.1.18)
a[V(a(), VO’ t) = V(aO, V(), t)?
with initial conditions
{A(ao, vo,0) = ap;
(6.1.19)
V(ag,vo,0) = .

2 2
Then A(ag, vo,t) = e '(ag — c()vg) + cové is a solution of this system and we can use this form in order

to obtain more information about the solutions to (6.1.1). Existence of self-similar profiles if the fusion
kernel is sufficiently large when the area and the volume are of order one has been obtained in the case

when u = 0 as stated in Theorem 2.2.3. However, a complete picture of this case is yet to be obtained.

Final remark

As a final mention, our main interest in Chapter 2 was to discover how much of the mathematical
theory for the one-dimensional coagulation equation can be carried on to the two-dimensional case
and to observe the new mathematical phenomena that this model leads us to. As such, all the results
presented so far involve a collision kernel similar to the one used in the study of one-dimensional
coagulation models, cf. (6.1.2). It would be interesting to understand the behavior of the solutions of
(6.1.1) when the collision kernel K contains an explicit dependence on the area.

The main issue in trying to tackle this problem is the lack of examples coming from physical
literature of such kernels. A first step in dealing with this problem is thus to find both the shape and
the interaction speed of particles that could give physically interesting models, as well as models for

which existence of self-similar profiles can be proven.

6.2 Long-time asymptotics for coagulation equations with injection that
do not have stationary solutions - Future directions

In Chapter 4, we discussed the long-time asymptotics of the model

O f 0, 1) = K[f1(v,) + n (v) (6.2.1)
for coagulation kernels of the form

1) [v"*’lv'_’l + v’y”v_/l] <KWV)<c [v”’lv’_A + v’y”v_’l] , withy + 22> 1. (6.2.2)
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Starting from the assumption that the injected particles are transferred instantaneously to large cluster
sizes, we arrived to a new coagulation model for particles of large size using formal asymptotics,
namely

fooo vn(v)dv' 0

O fouter (v,1) + ©0 - vy+/1fau er W, D | = K| fouter] 0, 1), (6.2.3)
o fo V,)H—/lfouter o, Hd ov [ : ] [ 1 ]

where we denoted by fouer(v, 1) := f(v, )15 1.

As mentioned in Chapter 4, we arrive to the model (6.2.3) in the case when y + 24 > 1, as well as
when y+24 = 1. However, the derivation in the two cases differs, despite leading to the same equation.
In Chapter 4, we focused on the case when y + 24 > 1 for the clarity of the presentation. We switch
our attention in Subsection 6.2.1 to the situation when y + 24 = 1 as the results obtained are more
rudimentary in this case, opening many directions of study.

In addition, when v + 24 > 1, we proved existence of self-similar profiles for the newly-derived
model in (6.2.3) if and only if y > —1. We present the current available results about the long-time
asymptotics of coagulation equations with injection (6.2.1) in Subsection 6.2.2 together with some

open problems.

6.2.1 Thecasey+21=1

The difference between the case v + 24 > 1 and y + 24 = 1 lies in the approximation of the
concentrations of clusters f(v, t) in the region where v is of order one. The reason is that when y +21 =
1, we cannot expect the moment M,,, := fooo Vv f(v,f)dv to converge to infinity as t — oo. In
[FLNV21b], it has been proven that when y + 24 < 1, stationary solutions to (6.2.1) behave like -
for large values of v. Assuming this behavior for y + 24 = 1, it would imply that the M, , moment is
constant.

Indeed, suppose that most of the mass of the monomers is distributed in a characteristic length L(¢)
that increases as t — oo. Then, if we denote as My and M, the moments of f of order zero and one
(.e., fooo f(v, )dv and fooo vf(v, H)dv, respectively), we have that M| = MyL(t) and M,,, = MyL(t)"*.

Assuming that fooo vnp(v)dv = 1 and hence that M| =~ f as t — oo, we deduce that MyL(¢) = t.
The rescaling properties of the model (6.2.1) suggest that @ ~ (My)? L(1)?. Therefore, plugging the

2
identity My = ﬁ in this formula we obtain L(7) = t-v. Hence

Mooy = MLt = (Lt 4! = 4750740 2 (6.2.4)

A first consequence of (6.2.4) is that we cannot approximate the model (6.2.1) for clusters of order
one by means of (4.1.8). Instead, we analyze in more detail the evolution equation for fi,,e (v, 1) =

f(v,1,~;. Remembering the decomposition used in (4.1.5), it holds that

6tfinner(v, n=K [firmer] WV, 1) = finner(v, 1) fo K(v, V,)fouter(V,, t)dV, +n(). (6.2.5)
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NOT HAVE STATIONARY SOLUTIONS - FUTURE DIRECTIONS

Asin (4.1.6), when v ~ 1 and v/ > 1, the coagulation kernel behaves like
K(v, V,) ~ v/y+/lv—/l

and (6.2.5) becomes
8tfinner(v, n=K [finner] WV, 1) = finner(v, t)V_/l f V’y_'—/lfouter(v/a t)dv, +n(v). (6.2.6)
0

(6.2.4) suggests that fooo VYA e (V) DAV approaches to a positive constant as t — co when y+21 = 1.

Taking M, ., to be a constant, we can write (6.2.6) as

Ot finner @, 1) = K [ finner] (v, 1) = My fimner (v, OV + (). (6.2.7)

Assuming then that the function f;,,., approaches a stationary solution for large times, we then obtain
the following equation which would be expected to describe the long-time behavior of solutions to

(6.2.1) for values of v of order one

K [finner] ) - ]‘/I)/+/lfinner(V)V_/l +n() =0. (6.2.8)

We also notice that by multiplying (6.2.8) by v and integrating in (0, c0), we obtain that

e A
0 0

Notice that the above equality is the same as in (4.1.9), which was the condition needed when y+24 > 1
in order to derive the evolution equation in time of f,,..,. As such, we can reproduce the computations
made in Chapter 4 to arrive to the same equation for f,,., in this case too, namely equation (4.1.10).
The whole asymptotic behavior derived here relies on the existence of solutions for the equation
(6.2.8). Equation (6.2.8) can then be interpreted as a stationary point in time for a coagulation equation
with source 77 and a removal term —My ;) finner(Vv, v, cf. (6.2.7). We know from [FLNV21b] that no
solutions of (6.2.8) exist if M,,, = 0 and y + 24 = 1. However, when M,,; > 0, the non-existence
result may change due to the presence of the removal term. As such, the existence/non-existence of

stationary solutions for equation (6.2.8) remains an open problem.

6.2.2 Thecasey < -1

We remember that our goal is to completely understand the long-time asymptotics of solutions to

(6.2.1) for coagulation kernels of the form
c [v’“”lv'_’1 + v'7+’lv_/l] <KWV)<c [V””v’_’l + v'7+’lv_’l] .
Table 6.1 contains a summary of the results present in the literature.

61



CHAPTER 6. SUMMARY AND OUTLOOK

H Model \ Assumptions \ Parameters \ Results H
[FLNV21b] - ly +24] < 1 | Existence if and only if
[CFFV23] | v+2A>1,y<l,y+4a<1 y>-1 Existence if and only if
[FFL*23] y+21> 1L, y+A<1 y< -1 Scaling determined

Table 6.1: Results so far

More precisely, the following situation holds.
| Casely +24/ < 1. |

The expected long-time behavior of solutions to (6.2.1) is given by stationary solutions of the form

K[f1(v) + n(v) = 0 and |y + 24| < 1 is a necessary and sufficient condition for the existence of such

stationary solutions.

’ Casey+24>1,y>—1. ‘

Since stationary solutions of (6.2.1) do not exist in this case, we derived a new model describing
the behavior of the concentration of clusters, cf. (6.2.3). The natural assumptions y + 4 < 1 and y < 1
assure mass-conservation. The expected long-time behavior in this case is given by self-similar profiles

of the form (4.2.1) and y > —1 is a necessary and sufficient condition for their existence.

’ Casey+24>1,y<-1.

In order to better understand the behavior of coagulation equations with source, the scaling of the
self-similar profiles in the case when y + 24 > 1,v+ A < 1 and v < —1 has been studied in [FFL*23]
using dimensional analysis and formal arguments. A rigorous analysis for this case is yet to be made.
The difficulty comes from the fact that, as shown in [FFL*23], there is a rich range of different possible

long-time behaviors in this case.

6.3 On an inhomogeneous coagulation model with a differential sedi-
mentation kernel - Future directions

As mentioned in Chapter 5, we proved existence of solutions for short times for the model

1
01 f(x,v, 1) +v¥0,f(x,v, 1) = 3 K-V V) fG,v=Vv,0f(x, Vv, Hdv
O,v)

—f KW V) f(x,v,0)f(x,V', H)dV' (6.3.1)
(0,00)

when the coagulation kernel has the form of a differential sedimentation kernel as in (1.1.4), as well as
for sum kernels of homogeneity greater than one, as in (5.1.2).

Other multi-dimensional coagulation models [CV23, FLNV21a] and in particular inhomogeneous
coagulation models [AB79, CDF08, CDF10, LMO02] have already been the subject of study in the

mathematical literature. In addition to the physical relevance of the model in (6.3.1), the main novelty
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6.3. ON AN INHOMOGENEOUS COAGULATION MODEL WITH A DIFFERENTIAL SEDIMENTATION
KERNEL - FUTURE DIRECTIONS

in our paper [CN'V24b] is the existence of solutions for sum kernels of homogeneity greater than one.
For the homogeneous case, such solutions do not exist.

Our aim is to verify if the strategy used for the local existence result can be extended to hold for
larger times. This will be the content of Section 6.4. As such, it is useful to first emphasize the steps
of the proof of Theorem 5.3.3 (i.e., the theorem which states local existence of solutions). The idea in
order to prove existence is as follows. We work with a linear version of the model obtained by defining
an inductive sequence of solutions. For this linear version, we are able to find a suitable supersolution.
This offers us sufficiently nice upper bounds for the solutions of the linear problem that allow us to
pass in the limit back to our original model. We explain below this strategy in more detail. We omit
some technicalities and only focus on the heuristic ideas behind our result. From now on, we assume

that we work with a coagulation kernel of the form

Kw,v') = v’ +V'"7, for some y > 1. (6.3.2)

Strategy:

Step 1 | (The contribution of the sedimentation term)

We assume that the contribution of the coagulation operator is negligible for small times and try

to obtain a supersolution by only using the sedimentation term. Towards this goal, we notice that the
solution to

C
O fo(x,v, 1) + v¥0, fo(x, v, 1) = 0 with fy(x,v,0) = —0, for some Cy > 0, (6.3.3)
1+ |x|™ +vP

.. C
is given by fo(x,v,1) = s +|x—vﬂot|m -

Step 2 | (The approximated model)

We make use of the approximation in (5.4.7) derived in Section 5.4 and analyze the properties of

the solution to

VY

L
0,G(x,v,1) +v¥0,G(x,v,1) + ——————0,G(x,v,1) =0, (6.3.4)
1+ [xpmd

for some suitably chosen d € R and some sufficiently large constant L > 0. We assume the initial

condition has sufficiently fast decay for large values of x and v, namely G(x, v, 0) = %, for some
constant Cy > 0. We look at the system
9 X(x,v,1) = =V¥(x,v,1), X(x,v,0) = x,
LV7(x,v,t 6.3.5
0V(x,v,t) = — *x. 7. V(x,v,0) = v. ( )

1+ [X"=d(x, v, 1)

Step 1 offers intuition on how we would like our solutions to (6.3.1) to behave. Thus, we study the

Co

system (6.3.5) and prove that G(x, v, ) = IR V7 >

where X(x, v, t) — x behaves like v¥t and V(x, v, t)

behaves like v.
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Step 3 | (Inductive sequence)

We work with a linear version of the model (6.3.1) as follows.

Co

6tfn(x, v, t) + Vaaxfn(-x’ v, t) = K[fn—l 5 fn](x’ v, t) and fn(x, v, O) = f(-x’ v, 0) < T . (636)
1+ |x|™ + vP
where we denoted by
K[fn—l’ fl’l](-xa V, t) = f K(V - V,’ V’)fn(x’ V- V’, t)fl’l—l(x’ V,, t)dv’
0,3)
- [ ke D0, (6.37)
(0,00)

By Step 2, we assume that G defined in (6.3.4) behaves like W

+vP

and try to prove that G (up to

modifications) is a supersolution for the model (6.3.6). More precisely, we would like to prove that
0;,G(x,v, 1) +v¥0,G(x,v,1) — K[ f,_1,Gl(x, v, 1) = 0. (6.3.8)

This will offer sufficiently nice upper estimates for the solutions f, of (6.3.6) that will allow us to pass
to the limit as n — oo. As an immediate observation, the function HIX_VC% attains a local maximum
at (vmax)% ~ xtnd if t € [0,1] and is increasing for v < vpax. As such, we make the following
modification to the function G.

G(x,v,1), if 0,G(x,v,t) <0;

G(X, Vmax, 1), otherwise. (6.3.9)

H(x,v,t) = {

By its definition, the function H is decreasing in the v variable.

Step 4 | (H is a supersolution of the linear model)

We now try to prove that (6.3.8) holds for H. We assume by induction that f,_; < H and wish to

prove that

v

(*) := 0, H(x,v,t) + v¥O H(x,v,1) — fz VI[H(x,v =V, 1) — Hx,v,D]H(x,V,0)dv > 0.  (6.3.10)
0

We do this by proving that

L Y
(%) = 0,H(x, v, 1) + v, H(x, v, 1) + ————8,H(x, v, 1) (6.3.11)
1+ [xnd
and that
. LvY
8,H(x, v, t) +11 (9XH(x, v, t) + mavl‘l(x, v, t) > 0. (6312)
x|

(6.3.12) will follow from (6.3.4) and (6.3.9) and as such we focus on proving that (6.3.11) holds.
We analyze the term H(x,v —V',t) — H(x,v,t). Since v' € [0, 5], it holds that v — V" € [5,v]. From

the definition of H in (6.3.9), we then notice we have three cases depending on the value of v, namely
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v < vinax}, (Vmax < Vv < 2vmax}, and {v > 2vmax). In the case {vimax < v < 2vmax), We need to
further split the integral in (6.3.10) into the region where v/ < v — vpax and v/ > v — vy, since
H(x,v =V, t) = H(x, vmax, t) in the latter region.

We then prove suitable estimates for H in order to conclude that H satisfies (6.3.11). We remember
here that we omit some technicalities for the sake of clarity. More precisely, the function H requires

further modifications in this case in order for (6.3.11) to hold.

Conclusion

As noticed above, the main ingredient of the proof of existence of solutions for the inhomogeneous
coagulation model (6.3.1) relies on the fact that the contribution given by the coagulation operator
is negligible for small times. Thus, it is worth to study the behavior of solutions for the following

modified model
Orfe(x,v, 1) + V90, fe(x, v, 1) = eK[ fel(x, v, 1), (6.3.13)

for some sufficiently small € € (0, 1). We expect that this modification of our model (6.3.1) will offer
clues on how to prove global existence of solutions. Alternatively, a small contribution coming from
the coagulation term is equivalent to a large contribution from the sedimentation term. Indeed, assume
fe satisfies (6.3.13) and take

t
F(x,v,t) = ff(x, v, —).
€
Then F¢ satisfies the following model
1
OFc(x,v, 1) + —V¥0, Fe(x,v,1) = K[Fel(x, v, 7). (6.3.14)
€

In the rest of this chapter, we discuss possible ways which could be used to prove the existence of
solutions of the models (6.3.13) and (6.3.14). It will turn out that the steps explained above to tackle
local in time existence cannot be reproduced in order to prove global existence of solutions (or even
existence for times of order one) for the models (6.3.13) and (6.3.14). This will be the content of
Section 6.4. In a desire to derive more information about possible solutions to (6.3.13) and (6.3.14),
we derive estimates for the coagulation operator in (6.3.13) assuming different behaviors of solutions
(Section 6.5). We then conclude this chapter by presenting an alternative model (Section 6.6), whose

analysis might prove useful to tackle equations such as (6.3.13) and (6.3.14).

6.4 Discussion on global in time existence

We begin by checking if the strategy presented in Section 6.3 (and we refer here also to [CNV24b])

can be adapted to prove the existence of solutions for the model

0 F(x,v, 1) + /lv%(?xF(x, v, t) = K[F](x,v,1), (6.4.1)
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for some A > 1 sufficiently large, with a coagulation kernel of the form
, 4,4
Kwv,v)=v3 +v'3,

We try to prove a similar result as the one in Theorem 5.3.3. More precisely, we examine if by extending
the techniques in [CN'V24b] we can prove a result of the following form. There exists some sufficiently
large Agp > O such that if F(x,v,0) < m, for some constant C > 0, then there exists a global in
time solution to (6.4.1) if A > Ay.

Notice that the model (6.4.1) is the same as the one in (6.3.14), where we used the notation with A4
instead of % and where we restricted our attention to the case @ = % for simplicity of notation in later
computations. This implies in particular that in this case p = %m in order to be able to reproduce the
computations needed to prove Theorem 5.3.3.

As in the proof of local existence, the plan is to find a suitable supersolution to a linear version of
the model (6.4.1). We check if we can reproduce the steps discussed in Section 6.3. We omit certain
constants in the following as our goal is only to discuss possible approaches to extend the existence

result to larger times rather than to show rigorous computations.

Step 1 & 2 | (The contribution of the sedimentation term & The approximated model)

If we assume that the contribution of the coagulation operator in (6.4.1) is negligible for all times,

as in Step 1 from Section 6.3, then our solution has the form G(x, v, ) = + and this will be
1+|x—Av 3t +vP
our first candidate when trying to find a supersolution for (6.4.1).

Step 3 | (Inductive sequence)
As in Step 3 from Section 6.3, we check the zero points of 9,G(x, v, ). We have that 9,G(x, v, ) =
R [1 -3 tym? |

2
(1+]x=Av 3 t|m+vP)?

. Remembering that m is even and that p = %m, we obtain that

o[l + (x— /lv%t)m +P] = —p(/lt)v_%(x - /lv%t)m_1 + pvPl

We then have that

1
At)m-1
O[1+ (x— /lv%t)’" +vP] = 0 if and only if v = Lui
1+ (At)m-1
N
It is worthwhile to notice that vy = (%)2 is bounded and converges to zero as At — 0 and as
+(At) m—
At — oo. Moreover, for large values of A¢, we have that (vmax)% ~ % We then define as before
_ | G(x,v,1), if 0,G(x,v,t) <0;
Hx,v.0) = { G(X,Vmax, 1), otherwise. 6.4.2)
Our aim is to prove that H is a supersolution for the iterated version of the model (6.4.1), namely
OF (e, v.1) + W3F (6, v,1) = KIFoy, Fol(x, v, ), (64.3)
C

F,(x,v,0) = F(x,v,0) < 1+|x|—’"+v!” for some A sufficiently large, (6.4.4)
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1

where K[F,_1, F,,](x,v, ) is as in (6.3.7) and where we assume that F,,_; < 5 . We denote
I+|x=Av 3t 4P
by
e
Tm—1 2 X
T:=Atand o := — such that (vnax)3 = ox = — for large values of .
1+ 7m1 T
Step 4 | (H is a supersolution of the linear model)
Following Step 4 from Section 6.3, we wish to analyze the term
%
T = f VI[H(x,v =V, 1) — H(x,v, D]H(x, V', HdV, (6.4.5)
0

for H as in (6.4.2). We separate the regions {v < vpax}, {Vmax < V < 2vmax}, and {v > 2vpax}, where
(vmax)% ~ f in this case. It holds that 7 = 0 in the region where {v < vyp,c}. We continue by analyzing

the region {vipax < v < 2vpmax}. We have that

V—Vmax
T =v} HCx, Vs ) f [H(x,v V', ) = H(x, v, D]V
0

2
+ V3 HX, Vinans 1) [H(X, Vi, 1) — H(x, v, )]dV . (6.4.6)

V=Vmax

We are interested in estimating the term 7 for large values of 7. Let us assume for the moment that
H(x, vinax, 1) = H(x, v, t) and proceed with estimating 7. This can be motivated by the fact that we are

in the region {vimax < v < 2vmax}. We use the rather rough approximations

1

1+ (Eym 4+ (ovd - xym

2
3

1%

2
~ Vr3nax ~ 27 H(x’ Vmax t) s m and H(x’ v, t) =~ (647)

1
I+ (5
By the way we defined H in (6.4.2), it holds that H(x, vimax,?) = H(x,v,t), when v > vp.. Using
(6.4.7), the last term in (6.4.6) becomes

2 x\2+3
v H(X, Vinaxs ) LH (X, Ymax, £) — H(x, v, D]V (—) * H %, Vs DUH(X, Vs 1) — H(x, v, 1)]
V—Vmax T
(£)2+%
x
~ —[H(-x’ Vmax» t) - H(X, v, t)]
m
1+(3)

We further obtain that

Tm(§)2+%+m

[1+ )"

(2 O GARE
—— [H(X, Vmax, 1) — H(x, v, )] <
T oy HOs a0 = HG v, ) O

H(x,v,t) ~ H(x,v,1).| (6.4.8)

Following the proof for small values of ¢, we wish to bound (6.4.8) from above by a term of order

4 4
_V36,H(x,v,1) v3d,H(xv,t)
1+|x|’"’d 1+|x|””d

as in (6.3.11). We thus check the order of the contribution of — in the region
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3
{Vmax <V < 2Viax}. Since v % vimax ~ (7)?, we have that

_1 2 -1 m(x m—1-1
v 3(Tv3 — x)™ T (T) :

[+ ()" + @ - T+ )+

-0,H(x,v,1) ~ H(x,v,1)

and as such it holds that

143
v%(?VH(x,v,t)N Tm(f)m 1+ H(x,v,1)
L fam=d 7)1 ()" o+ a1+ [

(6.4.9)

We compare the boxed term in (6.4.8) with the one in (6.4.9), namely
o (§)2+%+m
[1+ )"
This is equivalent to comparing the terms

_ W L 1
NTINETE P @ (1 i)

However, for large values of 7 and x, the term /; may become smaller than /; and as such this approach

3
T’"();‘)m_1+§ H(x,v,1)
14+ (2)" + [xm 1+ [xm=d”

H(x,v,1)

may not lead us to the desired result.
While the approximations in (6.4.8) and (6.4.9) are not necessarily optimal, the computations show
that the proof of existence for the model (6.4.1) for larger values of t may prove more complex than

expected.

6.5 Dirac measure solutions

We have seen in Section 6.4 that the techniques from Section 6.3 cannot be reproduced in order to
extend the existence result to hold for larger times. We now try to obtain further insight into the matter

by assuming different behavior of solutions such as Dirac measures.

6.5.1 Some computations for when the solution has the form of a Dirac measure

Using the time scale 7 = Ar in (6.4.1), we can analyze instead the equation
1
0, F(x,v,T) + V39 F(x,v,T) = ~KIF]x,v.7), (6.5.1)

for some sufficiently large 4 > 1. Assume now that the solutions behave like

F(x,v,7) =06(x — TV%) = zi()—c)%é(v - (E);)

T\T T
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Our main goal is to estimate the contribution coming from the coagulation operator in (6.5.1). We thus
omit constants from the computations and try to approximate separately the gain term and the loss term
of the coagulation operator in (6.5.1). It is thus useful to establish the following notation which will be

used throughout this section.

We denote by F' ~»  solutions to equation (6.5.1), (6.5.2)
by Fg ~ solutions to 0. Fg(x, v, T) + V%GXF(;(x, v, 7) = KglFel(x, v, 1), (6.5.3)
and by F; ~» solutions to 9. Fr(x,v,T) + v%(')xFL(x, v,7) = K [Frl(x,v, 1), (6.54)

where
1 2
Kg[Fgl(x,v,7) = 1 f K -V V)Fg(x,v =V, 0)Fc(x,V, 1)dV;
0

1
Kr[Frl(x,v,7) = - f KW, V)FL(x, v, T)Fr(x, V', T)dV'.
(0,00)

. 4 4.
We assume that F ~ Fg ~ Fp. Since K(v,V') ~ v3 + V'3, it follows that

4 r 3 3 4 3
3 2 3 3 4 3
WalFelin. ) <5 [ oo v = (2 v - (5) o = 3ol -2(3)')
7T Jo T T T T T

We examine if we can estimate directly the contribution due to the gain term, ignoring for the

moment the loss term in the coagulation operator. We thus look at the equation

4 3
0:Fo(x,v.7)+ 0,(vF Fowv ) = ~52o(v=2( 2] ) 65.5)
T

We integrate (6.5.5) along characteristics and obtain that

Fo(x,v,7) = ﬁ ‘f: i5(\) - Z(M)g)ds.

A 52 s

2

) 3
— 3 — 2 . . 7_ .
We have that v = 2(%(75)) if and only if s = —2*__ Since we look at values of s between
(1-273 )3

Co . .. L 22
1 < s < 7, this implies that we obtain a non-trivial contribution if 2733

[t—(1-279)].

T x < V3

6.5.2 Some computations for when the solution has the form of a Dirac measure and
decays for large values of the volume

In order to obtain a measure more similar to the initial one, it seems convenient to allow some
decay for large values of v. We thus look for solutions with initial condition F(x,v,0) = ﬁé(x)
and then by solving only the transport equation we obtain a behavior of the solutions of the form

2 . .
F(x,v,7) = %6(x —v37). Let us thus assume in the following that
1+v

§(x —v31), (6.5.6)

Fex,v,T) =~ Fr.(x,v,T) =~ F(x,v,7T) =
GOy T~ Filnv.n) x 1) = s

with F, F, and F as in (6.5.2) - (6.5.4). We analyze separately the contribution of the gain term and

of the loss term in the coagulation operator.
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The contribution of the gain term

We start with the gain term. We thus look at the equation
0:Fo(x, v, 7) + V3 0cF g (x, v, 7) = KGlFl(x, v, 7), (65.7)

or, alternatively, we have that

Fg(x,v,7) =

1 T it
6(x—v§‘r)+f v_f Fg(x—v%(‘r—s),v—v',s)FG(x—v%(T—s),v’,s)dv’ds.
1+ 0 A 0

We can try to obtain a space of invariant measures under this operator. We thus look to estimate from

above the term

p3 1
f f 1+(v—v’)”’1+ ,mé(x—w(r—s) (v =V)$)0(x = V(T = 5) = V' 5)dv'ds

4 5 -
> /1(1‘: o )y T f(; o(x — v3(T —s)—(v—v )§ $)0(x — vf(T —5)—vV §s)dv ds. (6.5.8)
It holds that
1 3
2 2 2 2 2 vitT—Xx
S(x=vi(T—9)—V3s)=6(x —vit+[v3 —V'3]s) = 2(5(s— > 2). (6.5.9)
v —V'3 v —V'3

Since 0 < s < 71, (6.5.9) gives a non-trivial contribution when v’ Sr<x<vit, Then, using that V' < 5

and (6.5.9), (6.5.8) becomes

2
3

0=

2
V3 1 2 v3—(v—v’)%
5( VATVl )d
W Jy Trom X—VviT— T (x VT) v
2 v 2 2
3 2 1 3 —-(v=V")3
: e e |
/1(1 + V") 1 +vm vi —y'3
2

(V_V,)S_V‘) ’
i T TV gy
/l(1+vm)f 1+ m (( vin) NN v

The contribution to the Dirac measure is due to v' = 5 that belongs to the region of integration. Then,

we can estimate the solution of (6.5.7) from above up to some constants by

Sl

% 1 2
Fo(x,v,7) < in the region {2733
AT+ 13— ] 8

2
5

2
3T<x<vith

As such, we obtain a faster decay for the solution of (6.5.7). This is related however to the Dirac mass

structure.
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The contribution of the loss term

We continue by estimating the contribution of the loss term in the coagulation operator. As before,

we assume F, to behave like in (6.5.6) and look at the equation
O:Fi(x,v,7) + v%a'?xFL(x, v, 7) = K [Frl(x, v, 7). (6.5.10)

We try to obtain estimates for the right-hand side of (6.5.10). We have that

- SR PG ~ 303 + v :
4 4 V3 +1': 2 Vi VIV T\
f (V3 +V3)F(x, v, 1)dv %f S(x—V3indV = f —5(‘/ B (_) )dv’
0 0 "

1+ ym 2(1 +v™yt T
4 1
05+ (HH3)?
(1+®)r
We remember that F;(x, v, ) behaves like ﬁé(x - V-%T) and as such equation (6.5.10) becomes
) 1O + (B 1 v Fraon
FeFLCe v D) +VIGF L6V T) & =9 =y e F (061, T) & — o el
(1 + (’;‘) 2 )T v T
This indicates that F;, — 0 as T — co. The next natural step is thus to look for self-similar profiles of
the form
1 . x
F(x,v,7) = ;S(y,v) with y = 7 (6.5.11)
where F solves
1
0 F(x,v,7) + V%BXF(X, Vv, T) = zK[F](x, v, T). (6.5.12)

If F solves (6.5.12) and we take S as in (6.5.11), then § satisfies the equation

) 1
Ay =v)S(y,v) = JKISI0v). (6.5.13)

It is thus worthwhile to study in more detail the time-dependent version of equation (6.5.13), namely
1
S (y, v, 1) + 0y((y — v%)S (y,v, 1) = zK[S](y, v, 1) (6.5.14)
and we will observe in the following some rather intriguing properties of this model.
6.6 Derivation of the diagonal kernel

In a current work [CN'V24c], we further analyzed the model (6.5.14) in order to obtain some insight

into how we could extend the existence result for the equation (6.3.1). We noticed that for the model

Othe(x, v, 1) + éﬁx[(v" — Xhe(x, v, )] = K[he](x, v, 1), (6.6.1)
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we can formally obtain as e — 0 a coagulation equation in which only particles of the same size

interact (i.e., a coagulation equation with a diagonal kernel). More precisely, if we denote the limit

(in an appropriate sense) of the sequence {/.} as € — 0 by A, then & should have the form h(x, v, ) =
E(v, Ho(x —v¥), with h satisfying the equation

Oh(v, 1) = é[%K(g g)(g)l a(ﬁ(%, r))2 — Ko, v (i, 1)) (6.6.2)

Despite the fact that one-dimensional coagulation equations with a diagonal collision kernel have

already been the subject of study in the mathematical literature (see [Ley06, LNV18, NV11]), a rigor-

ous motivation of how this type of kernels could appear has not yet been made.

6.6.1 Connection with the case of fast fusion

We already proved in [CV24] (we also refer here to Chapter 3) that for the model
1
9Pe(a,v.1) + =du[r(@,v)(cov — a)Pe(a,v.1)] = KIP.)(a, v, 1) (6.6.3)
€

we have that as € — 0, the limit of the sequence {P¢} is of the form P = P(v, 1o(a — cov%), with P
satisfying the weak formulation of the standard one-dimensional coagulation equation

f P(v, e(v)dy — f P(v,0)p(v)dv
(0,00)

(0,00)
!
= f f f K(cov%, v, cov’% V)P, POV, 9)le(v + V') — o(v) — o(v)]dv'dvds, (6.6.4)
0 J0,00) J(0,00)

for all appropriately chosen test functions ¢.

A clear similarity can be noticed between the model in (6.6.3) and the equation (6.6.1). The pres-
ence of the diagonal kernel in (6.6.2), as opposed to the model in (6.6.4), can be explained as follows.
Assume that the limit / of the sequence {A.} in (6.6.1) behaves indeed like a Dirac measure in the space
variable. This means that as we pass to the limit as € — 0 in (6.6.1), only particles having the same
size can interact due to the space inhomogeneity of the model (we remember here that in the deriva-
tion of the model (5.1.1) we assumed that particles on the same vertical line interact with each other).
Moreover, while there exist some similarities between the models in (6.6.3) and (6.6.1), since in the
latter case we deal with a spatially inhomogeneous model, the same methods as in [CV24] cannot be
reproduced. One issue stems from the fact that our results in relation to the model (6.6.3) are valid for
Radon measure solutions. However, in order to rigorously arrive the the equation (6.6.2), we need Ez
to be well-defined.

6.6.2 Motivation behind existence of solutions for equation (6.6.1)

We remember that one relevant aspect of the existence result in Theorem 5.3.3, Chapter 5, is that

it holds true for sum-type kernels of homogeneity ¥ > 1. Our main goal is to show rigorously that
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if he — h in some sense, where A, solves (6.6.1), then /& can be computed by solving a suitable one-
dimensional coagulation equation. However, solutions do not exist for the standard one-dimensional
coagulation equation for sum-type kernels of homogeneity y > 1, as seen in Section 1.4.

Moreover, let f be the solutions of (6.3.13). We know from Theorem 5.3.3, Chapter 5, that there
exists a sufficiently small time 7' > 0 such that f, exists. Then we can pass from equation (6.3.13) to

(6.6.1) via the change of variables
he(x,v,1) = eéfe(eéx, v,eé -1
or alternatively
1
t+1 \r+1

fe(x,v, 1) = —hg(i,v, eln(r + 1)).

As such, we have the following existence time for the function #..

fe satisfying (6.3.13) h satisfying (6.6.1)
existence in [0, T'], with T < 1 | existence in [0, €eIn(T + 1)], with T <« 1

Table 6.2: Connection between equation (6.3.13) and (6.6.1)

From Table 6.2, we notice that the existence time for equation (6.6.1) goes to zero as € — 0. As
such, we do not have a uniform existence time for the sequence {4} which is independent of € > 0. It
is thus important to understand which role the fact that we arrive to a diagonal coagulation kernel in

the limit equation plays for the existence of solutions. Assume thus that our kernel is of the form
K V)=v'+v7, forl <y <1+a,

and that the limit % of the sequence {/.} in (6.6.1) behaves like a Dirac measure in the space variable,

1.€.,
h(x, v, 1) = h(v, )S(x — V). (6.6.5)

We assume (6.6.5) and we integrate the coagulation operator in the x variable. For the loss term, we

have

f f KW, vV)h(v, N6(x = v, D)8(x = vV¥)dv'dx = f K, vV)h(v, Dh(V', H6(V* = vO)dV
R J(0,00) (0,00)

vl—a

= f KW, V)h(v, Dh(V, 6/ = v)dV
(0,00)

a

= l[{(V, V)Vl_a/(%(v, t))z
04
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For the gain term, it holds that

1 — _
- f f K=V V(v =V ,0)6(x — (v = V)HRO, )6(x — v *)dv'dx
2 Jr Jow

1

= - f K@ =V V(v =V, Dh(V, )6((v — V') = v')dV’
2 Jow

1 (v\l~@ - — 1% 1 VERTAWAVAN LR 2
S K=V VY — V. D) ’,td(’——)d’:—K(—,—)(—) (h —,t).
4a(2) f(o’v) (= vkt =V RO 00 = 3 Jv = K55 )5) (W(50)

Thus, £ satisfies indeed the equation (6.6.2). Since K(v,v") = v’ +v7, for 1 <y < 1+a, then h satisfies
a one-dimensional coagulation equation in which the coagulation kernel is a diagonal kernel of the
form v**1=?§(v — V') multiplied by some constant. Notice that this means the kernel has homogeneity
v —a < 1. Existence of solutions to coagulation equations with a diagonal kernel of homogeneity
smaller than one has been proven in [Ley06, NV11]. For small values of € we expect that s, behaves
like a product between a Dirac measure in the space variable and a function which solves the equation
(6.6.2). This motivates a possible extension of the existence result for equation (6.6.1) to larger times
than the ones from Table 6.2. Moreover, let us assume we are able to rigorously prove existence of
solutions A, to (6.6.1) up to times of order one. From Table 6.2, we conclude that solutions fe to

(6.3.13) exist up to times of order et —1— case— 0.
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APPENDIX A

L COAGULATION EQUATIONS FOR NON-SPHERICAL CLUSTERS

ABSTRACT. | In this work, we study the long time asymptotics of a coagulation model
which describes the evolution of a system of particles characterized by their volume and

surface area. The aggregation mechanism takes place in two stages: collision and fusion of
particles. During the collision stage, the two particles merge at a contact point. The newly
formed particle has volume and area equal to the sum of the respective quantities of the
two colliding particles. After collision, the fusion phase begins and during it the geometry
of the interacting particles is modified in such a way that the volume of the total system is
preserved and the surface area is reduced. During their evolution, the particles must satisfy
the isoperimetric inequality. Therefore, the distribution of particles in the volume and area
space is supported in the region where {a > (367r)%v%}. We assume the coagulation kernel
has a weak dependence on the area variable. We prove existence of self-similar profiles
for some choices of the functions describing the fusion rate for which the particles have a
shape that is close to spherical. On the other hand, for other fusion mechanisms and suitable
choices of initial data, we show that the particle distribution describes a system of ramified-
like particles.

A.1 Introduction

Most of the works on coagulation equations assume that the particles are characterized by a single
variable, usually the particle volume (or equivalent quantities like polymer length), see for instance
[ELMPO03, Nor99, Smo16, Ste89]. Nevertheless, other parameters that might provide insight about the
geometry or other features of the particle are usually omitted. In this paper, we study the mathematical
properties of a class of coagulation equations in which the aggregating particles are characterized
by two degrees of freedom, namely the volume v and the surface area a. This type of models was

introduced in [KF90] (see also [FriO0] for a detailed discussion about its properties). More precisely,
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the model that we consider in this paper is the following:
0:f(@,v,1) + dalr(a, v)(cov = a)f(a,v, 0] = K[fl(a,v,0), co := (36m)3, (A1)

where

1
K[ f1(a,v,1) :25 L om Ka-d,v-Vv,dVfa,vV,0fta-d,v-Vv,Hdv'dad
,a)x(0,v

— f K(a,v,a' V)f(a,v,0)f(@,V,Hdv'dd’.
(0,00)?

In this model, f is the density of the particles in the space of area and volume for any given
time ¢ > 0. The coagulation operator K[ f] is the classical coagulation operator that was introduced
by Smoluchowski (see [Smo16]). However, a difference is the fact that this operator now describes
the evolution of particles characterized by both volume and surface area. Notice that the coagulation

operator gives the coagulation rate of particles which evolve according to the following mechanism:
(ar,v1) + (az,v2) — (a1 + az, v + ).

It is assumed that the particles attach to each other at their contact point and therefore in this way both
the total area and volume of the particles involved in the process are preserved (see Figure A.1).

The main difference between (A.1.1) and the standard one-dimensional coagulation model is the
presence of the term d,[r(a, v)(cov% —-a)f(a,v,t)]. We call 9,[r(a, v)(cov% —a)f(a,v,t)] the "fusion
term”. This describes an evolution of the particles towards a spherical shape (see Figure A.1). The
dynamics generated by this term preserves the total number and volume of the particles. The term
cov% — a indicates that the area of the particles tends to be reduced as long as it is larger than that of
a sphere cov%. In particular, spherical particles remain spherical and they do not evolve at all due to
the fusion term. This fusion mechanism holds, for example, for the merging of droplets consisting of
highly viscous fluids (see [KF90]).

O+-O @ ~

Figure A.1: Coagulation mechanism (left). Fusion mechanism (right)

Additionally, r(a,v) will indicate the fusion rate and describes how quickly the particles evolve
towards the spherical shape and thus has units of the inverse of the fusion time. In the particular case

when r = 0, fusion does not occur and particles attach at contact points forming a ramified-like system
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in time. On the contrary, if the fusion rate is much faster than the coagulation rate, the particles tend to
become spherical immediately after colliding (see Figure A.2). A distinction between these two cases

is not possible in the standard one-dimensional model.

©0-g® oo-

Figure A.2: Absence of fusion (left). Instantaneous fusion (right)

As stated in [KF90], in aerosols, changes of temperature or adding impurities to the system can lead
to different fusion rates, showing that the non-spherical shape of the particles plays a significant role.
The main goal of this paper is to see how much of the mathematical theory for the one-dimensional co-
agulation equation can be carried on to the two-dimensional case and to observe the new mathematical
phenomena that this model leads us to.

We remark that the particles must satisfy the isoperimetric inequality, therefore the density f should
be supported in the region where {a > cov%}. Moreover, the evolution generated by (A.1.1) has the

property that it preserves the set of measures supported in this region. For simplicity, we define the set
§:={(a,v) € (0,002, a > cov3). (A.1.2)

To obtain a better understanding of how fusion affects interactions between particles, we can check
that it gives a decrease in the total surface area. We multiply by a in (A.1.1) and integrate formally,
obtaining

8,f . af(a,v,t)dadv = f X r(a, v)[cov% —alf(a,v,t)dadv < 0, (A.1.3)
(0,00) (0,00)
since f is supported in the region where the isoperimetric inequality is satisfied.

We assume r(a, v) behaves like a power law of a and v. This covers the case of coalescence of vis-
cous liquid spheres (see [KF90]), where the fusion time depends on the diameter. For the coagulation
kernel K, we assume that it has a weak dependence on the surface area of the interacting particles, but
it can have a power law behaviour in the volume of the coalescing particles.

It is well-known that the solutions of coagulation equations behave often as self-similar solutions.
Using the fact that the solutions of (A.1.1) preserve the total volume of the particles, it is natural to
look for solutions of (A.1.1) of the form:

fla,v,t) =

a v 1
, foré = —. A.14
(1+;)§fg((1+t)§.f (1+t)‘f) T (A 1D

Notice that the total surface area of solutions of the form (A.1.4) is not preserved, as it can be expected

due to the presence of the fusion term in (A.1.1).
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Assumptions on the coagulation kernel

The reason for the self-similar behavior in the case of the one-dimensional coagulation equation
is that the coagulation rate scales like a power law of the particle size. In the case of particles char-
acterized by volume and area, if the particle volume is scaled by a factor A4 (without modifying the
geometry), then the diameter is scaled with a factor A5 and the area scales like 3. This suggests the

following assumptions for the coagulation kernel:
K(/I%a, /lv,/l%a’,/lv') =A1"K(a,v,d’,V"), (A.1.5)

for all (a,v,d’,V') € (0,0)*, A € (0,0) and v € [0,1). We assume y < 1 in order to avoid gelation
and to obtain volume-conserving solutions. y > 0 means physically that the coagulation rate increases
with the particle size.

Since collision does not change if we permute the colliding particles, i.e. (a,v) < (a’,V), the

coagulation kernel must satisfy the following symmetry property:
K(@a,v,a’ V)= K(d',V, a,v), (A.1.6)

for all (a,v,d’,V") € (0, 0)*.
We work with non-negative continuous kernels on (0, c0)* that, in addition to the properties already
stated, i.e. (A.1.5) and (A.1.6), have the following bounds:

K (v + vy < K(a,v,d’, V') < Ko(v VP +170F), (A.1.7)
for some K, Ky > 0, for all a,v,a’,v" and for the following coefficients:
a>0andy=B8-a€[0,1)and B € (0, 1). (A.1.8)

Notice that condition (A.1.7) implies that the kernel has a weak dependence on the area variable,
but K is not necessarily independent of the area variable.

Most of the results of the paper are obtained for coagulation kernels K with bounds (A.1.7) with
a > 0. In that case, since the coagulation rate is very large for small particles, we can expect g (defined
in (A.1.4)) to be bounded (and small) for small values of v. In particular, for the self-similar profiles g
obtained when a > 0, we have My 4(g) := f(o,oo)Z vdg(a, v)dadv < oo, for all d € R. This is analogous
to what happens in the one-dimensional case for the standard coagulation model, where it is known
that there exists self-similar profiles for which all the moments with negative powers of v are bounded
if @ > 0. For details, see, for example [BLL19b, Chapter 10.2.4, Theorem 10.2.17] or [FL05]. On
the contrary, for the one-dimensional coagulation equation, for coagulation kernels satisfying (A.1.7)
with @ = 0, the self-similar profiles can be singular for small values of v and we can expect to have

boundedness only for the moments containing powers of the form v¢, with d > v, cf. the previously
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stated result in [BLL19b]. An analogous situation takes place for the two-dimensional coagulation
model considered in this paper. To illustrate this situation, we show some results concerning self-
similar profiles of (A.1.1) for coagulation kernels K satisfying (A.1.7) with @ = 0. Specifically, we

restrict ourselves to the case when
2
a/:Oandy:,Be(O;g). (A.1.9)

The reason to restrict ourselves to the case when y < % is because for this range of values it will be
easier to obtain estimates for M o(g) := f(o wo)? ag(a,v)dadv. Due to the isoperimetric inequality, this
estimate implies an estimate for the moment M, 2 Since we expect to have estimates only for moments

My 4, with d > 1y, it is natural to assume y < %

Assumptions on the fusion kernel

Concerning the fusion kernel r, we assume that r € Cl(RiO) and that there exist constants Ry, Ry >
0 such that:

Road"Vv" < r(a,v) < Ria"v, (A.1.10)

for all (a,v) € (0, )? and some coefficients yu, o € R.
In order to keep the self-similar structure, in other words, to have solutions of (A.1.1) with the

particular form (A.1.4), we require in addition:

r(a, v) = ¥ ra, v), (A.1.11)
for all A € (0, o0) and
2
§u+0'=y—l. (A.1.12)

The condition (A.1.12) means that the fusion term and the coagulation term in (A.1.1) rescale in a
similar manner as the particle sizes are rescaled (keeping the geometry property).
The following technical assumption on the kernel r is needed for the existence of self-similar

profiles:

{[8ar(a, V) —,ua_lr(a, W(a — cov%) +r(a,v) >0, and d,r(a,v) < Ba~'r(a,v), if u > 0; (A.1.13)

O0qr(a,v)(a — cov%) +r(a,v) >0, and d,r(a,v) < Ba~'r(a,v), ifu<o,

for all (a,v) € (0,c0)?, with a > cov% and for some constant B > (. A particular case used in
applications that satisfies the above mentioned properties is when r(a,v) = @v’, with u > —1 and o
satisfying (A.1.12).
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Physical interpretation of the results

The main result that we prove in this article is that depending on the choice of the exponents y and
o, we can have different behaviors for the solutions of the described model.

For y > 0, there exist volume-conserving self-similar solutions with the form (A.1.4). For these
solutions, the fusion term is comparable to the coagulation term for particles of large sizes. On the
other hand, we will obtain in the case when p < 0 that we can have two different behaviors depending
on the choice of initial data, see Figure A.4. In particular, for some suitable initial data, the fusion
term plays a negligible role compared to the coagulation operator K[f] in (A.1.1). We will term the
long-time behavior of the particle distribution f in this case as ramification.

In order to explain why we use this terminology, it is convenient to introduce the following notation.

Given H = H(a,v), we write

f(O 00)2 H(a,v)f(a,v,)dvda
~f(0,oo)2 f(a, v, t)dVda

(H)(1) :=

, for any time ¢t > 0.

More precisely, for 4 < 0 and keeping in mind that the fusion does not change the total volume, if we

start with a distribution of particles for which
(a)(0)

S

for Ay sufficiently large, then we obtain the following behavior

@)

()

Notice that (A.1.14) implies that for most of the particles the surface area is much larger than the

> Ao,

— oo ast — oo, (A.1.14)

area of a sphere with the same volume. It is relevant to notice that in the case of self-similar solutions
of (A.1.1) with the form (A.1.4), we have

(@)
()}

Actually, we will obtain a result stronger than (A.1.14). Namely, in the case u < 0, we obtain in

~last— oo.

addition

¢ _ @0 _ @O
MO~ W@~ O’

for some constant ¢ > 0. Notice that (A.1.15) implies immediately (A.1.14) since, due to the

(A.1.15)

coagulation of the particles, (v)(f) — oo as t — co. We remark that (A.1.15) suggests that for most of
the particles the surface area is comparable to the volume a = v, while (A.1.14) suggests that a >> V3

as t — oo. In particular, particles satisfying a >> V3 differ very much from spherical particles and they
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Figure A.3: Ramification

Ry~1 > ramification
large initial surface area

u<0
Ry > 1 —— existence of self-similar profiles

Figure A.4: Different scenarios in the case u < 0
have a fractal-like, ramified aspect, see Figure A.3.

However, if the fusion kernel r is sufficiently large when a and v are of order one, we can obtain
existence of self-similar profiles in the case u < 0. Actually, the proof covers in addition the case when
u = 0, which corresponds to the case of fusion kernels considered in [KF90]. Thus, in the case u < 0

we find two possible scenarios, see Figure A .4.

Multi-dimensional coagulation equations in the mathematical literature

One can imagine situations in which the collision kernel K and the fusion kernel r do not rescale
in the same manner as the particle size. In such situations we can expect to have one of the terms
(fusion or coagulation) to be dominant for small size particles, and the other term to be the dominant
one for large particles. The analysis of such type of models is also interesting from the point of view
of applications to material science, (see [Fri00]).

If the fusion kernel r is very large compared with the coagulation rate, we expect that the particles
become spherical in very short times. Therefore, it is possible to approximate the solutions of (A.1.1)
by means of solutions of a coagulation model depending only on the variable v, i.e. an one-dimensional
coagulation equation. The rigorous proof of this result is presented in [CV24].

Coagulation equations for particle distributions characterized by a single variable have been ex-
tensively studied. In particular, the long-time behavior for coagulation equations for which solutions
can be explicitly computed has been studied in detail in [MP04, MP06, MPOS]. The existence of
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self-similar solutions for general classes of kernels has been obtained in [EMRO5, FLO5]. Coagula-
tion models including drift terms have been studied in several contexts. One example is the classical
Lifshitz-Slyozov-Wagner equation with encounters that was introduced in [LS61]. A rigorous analysis
of the self-similar profiles for this model was studied in [HLN09, HNV09, Lau01]. Models combining
the effect of coagulation and particle growth have been studied extensively in the physical literature,
cf. [Fri00, Chapter 11] and [LKOO]. Rigorous mathematical results for these models can be found in
[Gaj83].

Multi-dimensional coagulation equations have not been as extensively studied in the mathematical
literature as the one-dimensional coagulation model. Several discrete multi-component coagulation
problems which are relevant in aerosol physics have been mentioned in [WatO6b]. A discrete version
of the model in (A.1.1) has been studied in [Wat0O6a]. The model considered in there includes coagu-
lation of particles and an effect similar to the fusion of particles in (A.1.1), which has been termed
compaction. The diameter of the particles is restricted by the total number of monomers as well as by
the isoperimetric inequality. The coagulation and the fusion rates are assumed to be constant. Due to
this, the model considered in [Wat06a] is explicitly solvable using generating functions. The long-time
behavior of the solutions which depends on the ratio between the fusion and coagulation kernels has
been then analysed using the explicit formulas of the solutions.

In [FLNV21a, FLNV22, FLNV23], the mathematical properties of some classes of coagulation
equations describing clusters that are composed of several types of monomers with different chem-
ical composition are analysed. More recently, uniqueness of the solutions for the models of multi-
component coagulation equations considered in [FLNV21a, FLNV22, FLNV23] has been studied in
[Thr23].

The main differences between the models studied in these papers and our model are the following:

e The two variables used to describe the particles in this paper rescale in a different manner. Ad-
ditionally, we consider coagulation kernels that do not have a strong dependence on the area
variable. As a consequence, the variables describing the clusters appear in a less symmetric

manner;

e The proof in [FLNV21a, FLNV22, FLNV23] relies on the conservation of mass for each of the
types of monomers. Due to the presence of the fusion term, the solutions of (A.1.1) do not have

two conserved quantities, but only the volume is conserved.

A.1.1 Notations and plan of the paper

For I c [0, )2, we denote by C.(I) and Cy(/) the space of continuous functions on / with com-
pact support and the space of continuous functions on / which vanish at infinity, respectively, both

endowed with the supremum norm. ., (I) will denote the space of non-negative Radon measures,
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while .#, 1, (I) will be the space of non-negative, bounded Radon measures, which we endow with the
weak-" topology. We denote Rio := (0, ).

We make in addition the following simplifications:
e We use the notation n := (a,v). We will use interchangeably both notations for convenience.

o We keep the notation f(a,v)dvda or f(n)dn for Radon measures, independently of the fact the

measure may not be absolutely continuous with respect to the Lebesgue measure.
o My (f) = f(o o2 a*v! f(a, v)dvda, for some k, [ € R.

e For a suitably chosen ¢ : Rio — R and for (a,v,a’,V") € (0, 00)4, we will denote:

xola,v,d' V') :=pla+d,v+V)—elav)—ed,Vv);

1
K[fle) =3 f f K(a,v,d' V)xu(a,v,a' V) f(d ,V)f(a,v)dv'da dvda.
2 Jo,00p2 J0,0072

e We use C to denote a generic constant which may differ from line to line and depends only on

the parameters characterizing the kernels K and r.

e We use the symbols < and > when the inequalities hold up to a constant, i.e. f < g if and only if

f < Cg. In addition, for some N € N, we use the notationi = 1,Ntomeani e N, 1 <i < N.

Structure of the paper

The structure of the paper is as follows. In Section A.2, we establish the setting and state the main
definitions and results.

In Section A.3, we prove the existence of a self-similar solution when u > 0. To this end, we
first need to prove well-posedness for the time-dependent problem with a truncated kernel. It turns out
that it does not seem feasible to obtain uniform estimates for large values of a for the distribution f
if we use approximations of solutions that are compactly supported. In order to avoid this difficulty,
we work with a space where large values of the area a are controlled. Since in this space the fusion
term will not be well defined, we work with a truncated version of the fusion term which increases
linearly at infinity. In order to prove existence of a self-similar solution for the original problem, we
need to obtain moment estimates that are uniform in the truncation parameters. The relevant moments
to be estimated contain powers of v and a. The moments containing only powers of v can be estimated
following the ideas in [EMRO05, EMO06] due to the fact that the fusion term does not affect the volume
of particles. Nevertheless, the adaptation of the estimates in these papers is possible in spite of the fact
that we have a coagulation model with two variables due to the choice of the space of functions non-

compactly supported in the variable a described before. The total area can be controlled making use of
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the contribution given by the fusion. This will prove to be enough to obtain existence of a self-similar
profile. In Section A.3, we derive in addition estimates for higher order moments using an iterative
argument.

In Section A.4, we show that we can have different behaviors for the solutions in the case when
u < 0, namely the existence of self-similar profiles as well as ramification. Ramification will be
obtained by deriving estimates for the moments of the solutions of the time-dependent problem. On
the other hand, in order to prove the existence of self-similar profiles in this case we cannot use the
methods described in Section A.3. This is because of the fact that the estimates for large values of a
for positive u are a consequence of the fast growth of the fusion ratio r(17), which does not take place
now. We will be able in this case to replace the fast growth of r(17) with the presence of a sufficiently

large constant in front of the fusion term.

A.2 Setting and main results

From the scaling (A.1.4), self-similar profiles with fusion satisfy formally the equation

8 2 2
0= gg(n) + gaﬁag(n) +v0,8(n) + (1 = y),[r(m)(a — cov3)gm] + (1 — K[glmn). (A2.1)

In particular, if g solves (A.2.1) and f satisfies (A.1.4), then f solves (A.1.1).
Since we work with physically relevant particles, i.e. the particles for which the isoperimetric

inequality is satisfied, it is helpful to define the following space

MIR2) = th € M(R2) | h(la < covi}) = O}, (A22)

>

The superscript I stands for isoperimetric. We endow the newly-defined space with the weak-* topology

on ./, (R% ). Similarly, we denote
ML YBg) = h € M p(®g) | hila < cov3)) = O). (A23)

In order to study the long-time behavior for the equation (A.1.1), we analyse the time-dependent ver-
sion of equation (A.2.1). We will use the following concept of weak solutions for the time-dependent

problem.

Definition A.2.1. Assume a > 0. Let g € C([0, 0); .# f(RZ o))- We say that g is a solution for the weak

>
version of the time-dependent fusion problem in self-similar variables if, for every 7' > 0,

sup f v +¥)g(a, v, Hdvda <
1€[0,T] J(0,00)2
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and, for all ¢ € C{([0, 00); C{(R2,))) and 1 € [0, )

fo g(m, He(n, )dn — f g1, 0)¢p(n,0)dn - f fo )g(n, $)05¢(n, s)dnds =

f fo - g(m, )¢(n, s)dnds — — f fo - g(m, )ad,p(n, s)dnds — f fo . g(m, $)vo,e(n, s)dnds

1=y [t enas+a =y [ [ s’ - s 9.9
| (A2.4)

Well-posedness of solutions of the form (A.2.4) has been studied in [Cri21]. In this paper, we
focus on proving the existence of self-similar profiles and long-time behavior for solutions of equation

(A.1.1). We now give a precise meaning for (A.2.1).

Definition A.2.2. Assume o > 0. We will say that a measure g € .#/ (RZO) is a self-similar profile for

the two-dimensional coagulation-equation if
f (v +)g(a, v)dvda < oo (A.2.5)
(0,00)?
and for every ¢ € C! (Rio) the following equality is satisfied:

2
f gme(n)dn — 3 f g(madp(m)dn — f gmvo,p(n)dn
(0,002 (0,00)? (0,00)?

+H(L —yXKlgl.g) + (1 =) - r)(covs — a)g(mdap(ndn = 0. (A.2.6)

A.2.1 Thecaseu >0
The following result states the existence of self-similar profiles in the case when a > 0.

Theorem A.2.3. Let u,a > 0 and vg > 0. Assume K is a continuous, non-negative kernel satisfying
(A.1.5), (A.1.6), (A.1.7) and (A.1.8) and suppose that r(a,v) satisfies (A.1.10), (A.1.11), (A.1.12) and
(A.1.13). Then there exists a self-similar profile for the two-dimensional coagulation-equation in the
sense of Definition A.2.2 with f(o,oo)Z vg(a,v)dvda = vy. In addition, g satisfies M, x(g) < oo, for all
n,keR.

The existence of self-similar profiles in the case u > 0 can be explained since, in this regime, fusion
overtakes coagulation for large values of a. Therefore, the fusion term keeps the particles with a shape
that does not differ too much from that of spheres, and thus we can expect a not to be too far away
from cov%

We will use the following definition for self-similar profiles for coagulation kernels satisfying

(A.1.9)
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Definition A.2.4. Assume @ = 0. We will say that a measure g € .# {(Rio) is a self-similar profile for

the two-dimensional coagulation-equation if

f (a+ V! +1P)g(a, v)dvda < (A2.7)
(0,002
and for every ¢ € C! (Rio) the following equality is satisfied:
2 2
3 f g(mavdap(mdn + f gV*du(mdn — (1 - y) vr(n)(cov’ — a)g(mdap(n)dn
(0,002 (0,002 (0,002
~a=y [ [ K egar s+ o) - ey an (A28)
(0,002 J(0,00)

Notice that we obtain equation (A.2.8) by replacing in (A.2.6) the test function ¢ with a test function
of the form vy. The new form of the equation is chosen since in the case @ = 0 we expect the self-
similar profiles to be singular for values of v near zero and for that reason not all the terms in Definition

A.2.2 are well-defined. This also justifies why we are assuming condition (A.2.7) instead of (A.2.5).

Theorem A.2.5. Let @ = 0. Assume K is a continuous, non-negative kernel satisfying (A.1.5), (A.1.6),
(A.1.7) and (A.1.9). Suppose that r(a,v) satisfies (A.1.10), (A.1.11), (A.1.12) and (A.1.13). If u > 0,
there exists a self-similar profile for the two-dimensional coagulation-equation, in the sense of Defini-

tion A.2.4, satisfying M, x(g) < oo, foralln > 0 and k > .

Remark A.2.6. We observe that the moment estimates obtained in Theorem A.2.5 imply estimates
for additional moments due to the fact that the self-similar profiles are supported in the isoperimetric

region {a > cov%}, namely M_n’y%n(g) < ¢y"Mo,y(8) < 0.

A.2.2 Thecaseu <0

When u is negative, fusion takes place at a slower pace for particles with large area. We have two
different behaviors depending on the fusion rate.
If we start with a sufficiently large fusion rate, a regime similar to the one where fusion overtakes

coagulation occurs and thus self-similar profiles exist in this case too.

Theorem A.2.7 (Self-similarity in the case of slow fusion). Let u < 0 and @ > 0. Assume K is a
continuous, non-negative kernel satisfying (A.1.5), (A.1.6), (A.1.7) and (A.1.8). Suppose that r(a,v)
satisfies (A.1.10), (A.1.11), (A.1.12) and (A.1.13). Then, there exists A > 1, depending only on Ky, K
and vy, such that for any vo > 0, if r(a,v) satisfies (A.1.10) with Ry > Avo, then there exists a self-
similar profile g for the two-dimensional coagulation-equation, in the sense of Definition A.2.2, with

total volume f(o wo)? vg(a,v)dvda = vy.

Remark A.2.8. Notice that Theorem A.2.7 applies also in the case when y = 0, which corresponds to
the type of fusion kernels considered in [KF90].
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In order to better understand the stated results, we give some heuristic arguments. We can explain
the condition needed for Theorem A.2.7, namely that Ry in (A.1.10) needs to be sufficiently large, in
the following manner stated below.

First we can assume without loss of generality that vog = 1 by means of a rescaling argument (see
Appendix A.5). With this rescaling, the theorem states that if Ry > A, for some sufficiently large
constant A > 0, then there exists a self-similar profile.

Assume for simplicity that r(a, v) = Roa* and that u < 0. In other words r(a, v) = Roaw in order
to be consistent with condition (A.1.10). Additionally, we work with a coagulation kernel K = 1. The
most important part is to estimate the total surface area. This is since the moments in the v variable can
be bounded using standard arguments used in the study of coagulation equations.

Assume without loss of generality that a > 200\/% since the region {cov% <a< 2cov%} is bounded
using uniform moment estimates in the v variable. The rigorous proof of Theorem A.2.7 will be a
generalization of the following idea.

Denote by A(?) := f(o’w)z ag(n,t)dn. We test formally in (A.2.4) with ¢ = a. Equation (A.2.4)

becomes

1 2
GAW) = 5AD) + Ro f @ (cov’ — a)gn. 1)dn

(0,00)?
1 R
< —A(t) - =2 f Lo, Hdn. (A.2.9)
3 2 (0’00)2

Fix € € (0,1). Since u < 0, by Young’s inequality, we have that there exists some A, > 0, depending

on ¢, sufficiently large such that

a < A" + ed. (A.2.10)

W~

Choosing Ry > 2., (A.2.9) becomes

QAN < —-A@t) + € f a*g(n, H)dn. (A2.11)
(0,00

We then analyse the moment M, . To this end, we test (A.2.9) with ¢ = a?. Since K = 1 and the

fusion term is non-positive, we deduce

1 2
9, f a2y, Hdn < —~ f a2g<n,t>dn+(1—y>( f ag (. t)dn)- (A2.12)
(0,002 3 Jo.op2 (0,002

Combining (A.2.11) and (A.2.12) and choosing € to be sufficiently small, it follows that

1
a,(A<r>+ f a2g(n,r>dn)s—— f a’g(n, ndy = A + (1 = )(AW)’. (A2.13)
(0,002 6 Jo.op
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In other words, using the notation D(¢) := f(o wo)? azg(n, t)dn + A(t), we obtain

aans—éDay+a—nymf. (A.2.14)

If we take an initial condition g;, such that D(0) < 12(1 =y We will have by (A.2.14) that D(¢) < SEIeE=Y) 1 =
is an invariant region in time. This enables us to use standard methods used in the study of coagulation
equations to conclude that there exists a self-similar profile.

Notice that we use in the argument that Ry is large enough.

In order to prove the ramification result, we first prove the existence of a weak solution for the time-

dependent fusion problem in self-similar variables which satisfies some suitable moment estimates.

Proposition A.2.9. Assume a > 0 and u < 0. Assume K is a continuous, non-negative kernel satisfying
(A.1.5), (A.1.6), (A.1.7) and (A.1.8). Suppose that r(a,v) satisfies (A.1.10), (A.1.11), (A.1.12) and
(A.1.13). Assume gy, € M (Rzo) with f 0.00)2 vgindvda = vg. There exists a constant C1(vg) > O,
depending on vy, Ko, K1, and vy, cf. (A.1.5) and (A.1.7), such that, if

L) . v gin(a, v)dvda < Ci(vp), (A.2.15)
where x| € {ﬁ,y— %} and
f‘(¢+fwﬂ*ﬂmm*“)%mwMM<w (A.2.16)
0,00)2

for some € € (0, 1), then there exists a weak solution of the time-dependent fusion problem g as in

Definition A.2.1 with g € C([0, o0); A I(R2 Z0)), which in addition satisfies the following moment estim-

ates.
sup f v¥g(a, v, f)dvda < Ci(vp) (A2.17)
1€[0,00) J(0,00)2
and, for every T > 0,
sup f (@ + a>)(v 0! 4 ymaxli+E o+3 Ne(a, v, Hdvda < . (A.2.18)
1€[0,T7 J(0,00)2

Remark A.2.10. We have that C|(vg) = avg(x'_y), where 61 > 0 depends only on Ky, K1, and vy, cf.
(A.1.5) and (A.1.7), and € is as in (A.1.4). For more details explaining the rescaling properties of g,
see Appendix A.5.

Remark A.2.11. The moment estimates in (A.2.18) are needed in order to prove that we are able to
test the equation (A.2.4) with ¢ = a. Actually, we do not need estimates for moments of the form M> ¢
in order to prove this, but we keep the form (A.2.18) in order to emphasize that more general moment

estimates can be obtained.
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If 4 < 0 and we start with sufficiently large surface area, we can expect a fast growth in the area
in self-similar variables since coagulation overtakes fusion for large particles. Notice that, in equation
(A.1.1), if we ignore the fusion term, we obtain a particle distribution f for which the area stays
constant in time. The exponential growth stated in the next theorem is equivalent to a lower estimate
for the total area associated to the distribution f, cf. (A.1.15).

Theorem A.2.12. Assume a > 0 and u < 0. Assume K is a continuous, non-negative kernel satisfy-
ing (A.1.5), (A.1.6), (A.1.7) and (A.1.8). Suppose that r(a,v) satisfies (A.1.10), (A.1.11), (A.1.12) and
(A.1.13). Let g € C([0, c0); //i(]RiO)) be a solution of the time-dependent fusion problem as in Defin-
ition A.2.1 with total volume of particles equal to vy and satisfying (A.2.17) and (A.2.18). Then the
following holds: there exists a constant C>(vg) > 0, depending on vy, Ko, K1, y, u and o, cf. (A.1.5),

(A.1.7) and (A.1.10), such that, if

Ry < vy, (A.2.19)
where Ry is as in (A.1.10) and
L - agin(a,v)dvda > C»(vp), (A.2.20)
then
f(o . g(a, v, Hadvda > C,,Cz(vo)e%’, (A2.21)
for some C,, depending on p.
£G5-7)

Remark A.2.13. We have that C>(vg) = Ezvo , for £ as in (A.1.4), where C, >0 depends only on
Ko, K1, y, uand o, cf. (A.1.5), (A.1.7) and (A.1.10). For more details about the rescaling properties
of g, see Appendix A.S.

Notice that Theorem A.2.12 holds for any weak solution in the sense of Definition A.2.1 that
satisfies in addition (A.2.17), (A.2.18) and (A.2.20). On the other hand, combining Proposition A.2.9

and Theorem A.2.12, we obtain the following

Corollary A.2.14. Suppose that gi, € ///i(RiO) and satisfies (A.2.15), (A.2.16), (A.2.19) and (A.2.20),
with C1(vg) and Cy(vy) as in Proposition A.2.9 and Theorem A.2.12, respectively. Then there exists
a weak solution for the time-dependent fusion problem in the sense of Definition A.2.1 which satisfies

(A.2.21).

Theorem A.2.12 can be understood in the following manner. Identically as before, we can assume

without loss of generality that vog = 1 by means of a rescaling argument (see Appendix A.5). With this
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rescaling, is we have R; < 1 and f(o,oo)2 agin(a,v)dvda > C, for some sufficiently large constant C > 0,
then ramification occurs.

We now provide some heuristic explanation in order to justify the validity of Theorem A.2.12. We
explain below the condition needed for Theorem A.2.12, namely condition (A.2.20).

Assume for simplicity that r(a,v) = @ and that g < —1. In other words, in order to be consist-

3-D

ent with the condition (A.1.10), r(a,v) = a” = . The rigorous proof of Theorem A.2.12 will be a

generalization of the following idea.
Test formally in (A.2.4) with ¢ = a. We have (K[g], ¢) = 0. Denote by A(¥) := f(o wo)? ag(n, tydn.
Equation (A.2.4) becomes

1 2
GAD) = $AD + L ) & (cov} — a)g(n, D

1

> —A(1) - f a"*g(n, Hdn
3 (0’00)2
1

> —A@) - cﬁ“ f vy_%g(n, t)dn. (A.2.22)
3 (0700)2

It turns out that we can prove
f V™3 g(n, Hdy < max( f V73 gin()dy, C, (A.2.23)
(0,00)? (0,00)?

for some fixed constant C > 0. The proof of this result is made in a similar manner as the proof of the

analogous estimate for the one-dimensional coagulation equations. Thus, (A.2.22) becomes
1
0:A(t) > gA(t) -C, (A.2.24)

for some constant C > 0 depending only on gjj,.
From (A.2.24), we deduce that if A(0) is sufficiently large, then A(f) behaves like e3’. This is the

content of the ramification result in Theorem A.2.12.

A.3 Existence of self-similar solutions when u > 0

The strategy for the proof of Theorem A.2.3 (and Theorem A.2.5) follows the approach of obtaining
self-similar profiles as a fixed point of a truncated version of the time-dependent problem by showing
invariance in time of a compact set. It is convenient to work with truncated versions of the coagulation
kernel, as well as a modified fusion rate. This is done in order to avoid singular behavior and unbounded
terms. Notice that, since g is supported in the region {a > cov% }, information about one of the variables
implies some information over the other. Estimates for moments depending only on v follow then in
the same manner as for the one-dimensional coagulation equation, due to the particular form of the

coagulation kernel.
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In order to define the truncated problem, we introduce the following functions. For € € (0, 1) and
R > 1, we define a truncation K¢ g : (0, 00)* = [0, o) for the coagulation kernel to be a continuous

function such that:
Kegr(a,v,d’,v') = min{K(a,v,da’,V"), 2B K, *RPY, (A3.1)

where K satisfies (A.1.7) and take &g : R.g — [0, 1] to be continuous and defined in the following

manner:

Er(v) =0, when v > 2R, (A3.2)
&r(v) =1, on (0,R]. (A3.3)

We first discuss on how the existence of strong solutions for the truncated version of (A.2.1) will be
proven. We take a truncation for the linear transport terms, namely we take ®, : (0,00) — R to be a

smooth monotonically increasing function such that:

1, v>2e
O(v) = (A3.4)
0, v<e
The main issue is to find a suitable subset of .Z. {(Rio) in which we can obtain uniform estimates in
time. Thus, we first take a cut-off near the origin and show that the support of g remains in this region.
As mentioned before, information about the behavior of v near the origin is enough to control a near
the origin. However, this is not the case for large values of a and thus we have to deal with the fusion
rate.

We replace the fusion term by terms linearly increasing in the area variable in order to avoid the
characteristics to arrive from infinity in finite time. The linear growth in a will enable us to test with
functions that are not compactly supported in the area variable. So, for ¢ € C(l)(RiO), we analyse the
following regularized version of (A.2.1):

2
f g1, H®(V)p(n)dn — 3 f g, O(v)adp(m)dn — f g, O (v)vd,e(n)dn
(0,00)? (0,00)? (0,00)?

. g(m, H(n)dn,
(A.3.5)

+(1 = Y(Kerlgl, ) + (1 =) j(:) - ra(ﬂ)(COV% —a)g(n, Ho.p(m)dn = 0; f

(0,00)

where
1 ’ ’ ’ / ’
Kerlel o) = 5 f f Ker(a,v.d I+ Ve Guy)difdn. (A36)
(0,00)2 J(0,00)?

We have replaced the fusion term r(a, v) by

o, L
rs(a,v) == r('grl?lai{gaﬂ) ) (A3.7)
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for 6 € (0, 1) and where we denoted

12

Li=—r— A338
Ro(1 -7) ( .

where Ry is as in (A.1.10). Notice that rs(r7) — r(n) for fixed n as 6 — 0. L was chosen in such a way
to derive uniform estimates for the total area of solutions. This means it has to be sufficiently large in
order to compensate for the linear transport term appearing due to the coagulation kernel.

For some g € ./ (R? o) such that

>

f (1 + a)g(a, v)dvda < oo, (A3.9)
(0,00)?
we define the space

Uer = (g € A (R20). 3(R2) \ [co€?, 00) X [, 2R)) = 0, satisfies (A.3.9)}. (A.3.10)

In this section we will prove the following technical results.

Proposition A.3.1. Take K. as above, i.e. (A.3.1) holds, and assume it satisfies (A.1.6). Let gingr €
//ib(Rio) N Ueg. There exists a unique solution gegs € C([0, c0); //Jf(RZO)), 8ers(t) € Ucp, that

>

satisfies
sup f (1 +a)gers(a, v, t)dvda < oo,
(0,00)2

t€[0,T]

forall times T € [0, 00), for the weak formulation of the coagulation equation (A.3.5) with initial datum

8in,R-

The proof of this proposition will be the content of Subsection A.3.1.
Let K. g defined as in (A.3.1) and assume K and r satisfy the conditions stated in Theorem A.2.3
or in Theorem A.2.5. Let T > 0. We define the map S (¢) : Ucr — Ucr in the following way:

S(t)gin,R = gE,R,(S('v ) t)’ (A311)

forall t € [0, T], where g r s is the unique solution of the weak formulation of the coagulation equation
with coagulation kernel K, g found Proposition A.3.1.

In order to prove Theorem A.2.3 (and Theorem A.2.5), the next lemma will be useful:

Proposition A.3.2. Let e € (0,1),R > 1,6 € (0, 1). Let K g defined as in (A.3.1) and rs as in (A.3.7).
Assume K and r satisfy the conditions stated in Theorem A.2.3 or in Theorem A.2.5. Let T > 0 and
S@):Uegr = Uegasin(A.3.11), fort € [0,T].
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Let u > 0 in (A.1.10). Then there exist constants co.—_q—z, Com, 10 > 0, where € € (0,1) and

m > max{l1, %l}, with the property that the set w(e, R, 9), defined as

W(€,R,0) :={Mo1(gers) = 1; Mo —a—2(8ers) < Co—a—es Momn(8ers) < Coms M1,0(gers) < C10)

(A3.12)
if « > 0and
w(€,R,0) :={Mop1(gers) = 15 Moy (8ers) < Coys Momn(8ers) < Coms M1,0(8ers) < cr1o)  (A3.13)
ifa=0,

is preserved in time uniformly in €, R, 6 under equation (A.3.5), i.e. S(t)w(e, R, ) C w(e, R, ), for all
te[0,T]

The proof of this proposition will be given in Subsection A.3.2.
To get volume-conserving solutions, we need to control the total area. In order to obtain this, we
need to assume that an additional moment is bounded and this is why the moment M, || appears in
Y u

Proposition A.3.2.

A.3.1 Existence of solutions for the truncated time-dependent problem

We define the functions A, V : Rio X R>9 — R in the following manner, by looking at the charac-

teristic equations:

2 2
0:A(ap, vo, t) = (1 — A, V)(coV3 —A) — z0O(V)A;
iAlao, vo, 1) = (1 = y)rs(A, V)(co )= 30:(V) (A3.14)
9;V(ag,vo, 1) = —=OV)V,
with initial conditions
Alag, v0,0) = ao;
(A.3.15)
V(ap,vo,0) = vo.
By (A.1.13), we have the following inequality, that we write for future reference
SAH! 2
2. o [0aT(A V) = e (A, V(A = coV3) + (A, V)
0alrs(A, VYA — coV3)] = max{V7, L5} Vol + oAr)
—uA7! — V3
> max(V”, L6} [0ar(A, V) — pA™ r(A, V(A — coV3) + 1(A, V) 5 0.
Vo(1 + 0AH)

Fix t > 0. We denote the pair (A(ag, vo, t), V(aog, vo, 1)) =: ¢:(ag, vo). Observe that, due to the form
of the equations in (A.3.14), the function V is independent of ap. In particular, there exists a family of
functions {y;}>0 : Rs9 — R such that y,(vo) := V(ag, vy, t). In the same manner, we fix vy and we
define x;,, : Rso — R by x;,,(ao) := A(ap, vo, t).

We gather in the following proposition a list of properties for the solutions of the system (A.3.14)
that will be used throughout the paper.
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Proposition A.3.3 (Properties of the characteristics). Let A,V be as in (A.3.14) with initial conditions
(A.3.15). Then

(1) V(ag,vo,t) = vy, when'V < €;
(2) V(ag,vo,t) = voe™', when V > 2e.
We have in addition that

(3) Let P(vq, t), with (vo,t) € (0, 00) X [0, 00) be a solution of 0;P = —@.(P)P. Define then H = cOP%,
forallt > 0 and all vy € (0, 00). Then H solves the first equation in (A.3.14). In particular, we
have that, if (ag, vo) € 8S, then (A, V) € 8S, where S was defined in (A.1.2);

(4) The mapping ¢, sends S to S, i.e. $,(S) C S, where S was defined in (A.1.2);
(5) If (ao,vo) € S, we have that 04y, > 0 and 8,,y; > 0.

Proof. The fact that A(ag, vo,t) and V(ag, vo, t) are well-defined for (ag, vp) € S, with S as in (A.1.2),
and for ¢ > O follows from standard ODE theory, as well as the choice of truncation rs in (A.3.7),
which avoids blow-up in finite time. Statement (1) follows from the fact that @(v) = 0, when v < €.
Statement (2) follows from the fact that ®.(v) = 1, when v > 2e.

2 .
In order to prove Statement (3), take H = coP3. Notice on one hand that

2 2
8,H = (%(COP%) = %P‘%a,P - —%@6(1))1)%.

On the other hand, it follows that
2 2 2 2co 2
(1 = y)rs(H, P)(coP3 — H) — §®6(P)H = —§®6(P)H = —T®E(P)P3'

Thus, H = C()P% solves the first equation in (A.3.14). The statement then follows from the uniqueness
theory of ODE’s.

Statement (4) is a consequence of Statement (3) and also of uniqueness theory of ODE’s.

Finally, for Statement (5), we will only prove that d,,)y; > 0 since the proof of the fact that 9, x; ,, >

0 follows using a similar argument. We have that

atavo V(ag, vo, 1) = _aV(G)e(V)V)avU v,
avOV(ao, V0, t) =1.

Thus

Ay, V(ao,vo, 1) =€~ b ov(@«vesnV©)ds 5
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Definition A.3.4. We define the pair (/1,/») € S, with S defined in (A.1.2), to be the solution of

yi(la(vo, vy, 1) =y(vo) + yi(v);
, , , (A.3.16)
Xe o n(l1(a0, ag, (v, v, 1, 1)) =X1,y,(a0) + Xp1 (ag),
where (ag, vo) € S, (agy, vy) € Sand € [0, ).
We make the following notation: ¢5t‘1 (A,V):= (xt‘yl_, (V)(A), y,‘1 ).
For further use, we define
!
he(vo, 1) = f Oc(ys(vo))ds. (A.3.17)
0

Most of the results in this subsection hold true if, instead of working with K, r defined in (A.3.1),

we work with a function K : (0, 00)* — [0, c0), which is defined in the following manner:
Kr(a,v,a’,v') = min{K(a,v,a’,v'), R}, (A.3.18)

where K is as in (A.1.7). Thus, in order to simplify computations (and without loss of generality), we
will interchange between Ky and K, g throughout this subsection. We will also write Kg instead of K¢ r
(which was defined in (A.3.6)) when we work with K. The same notation will be used in Subsection
A.3.3 and Appendix A.6. Notice that we will need to work with K, r in Subsection A.3.2 in order to
obtain suitable moment estimates.

We first start by proving there exists G € C([0, o0); . (Rzo)) which satisfies the following equa-

tion:

1 _
) f G(A, V,))p(A, V)dVdA = —L f
R2 2 R

>0
G(A, V, [@(¢;  (9(A, V) + ¢i(A, V' I)DV, V', 1) = p(A, V)eheV' D — p(A”, V/)ee VD1V dA’dVdA,
(A.3.19)

fR2 Kr(¢(A, V), oA, VNER(V) + y(V')GA", V', 1)

2
>0

for every ¢ € CC(RiO) and

DV, V', 1) 1= e heb VWV DOhe(Varehe(V'0),

Notice that the operator Kz on the right-hand side of equation (A.3.19) encodes information about
the fusion process and not only about coagulation through the function ¢,(A, V) and that (A.3.19) is a
reformulation of (A.3.5) using characteristics.

LetT > 0. Take M = 2 f(o,oo)2(l + a)ginr(a,v)dvda + 1, for some giy r as in Proposition A.3.1.
Choose 7 < T such that

1
(M +2(1 = y)M + DIIKRlloo(e” = 1) < X (A.3.20)
2(1 = y)M?||Kglloor < 1 and 7 < In 2. (A3.21)
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We will use the following auxiliary metric space

Yer =(G € C([0, 7]; 4! ((R2))) : |Gl| = sup

O<t<t

G(Rzo \ [coe%, o) X [€, 2Re"), t) =0, forevery ¢ € [0, 7]}. (A.3.22)

f V(1 + x,y(A)G(A, V, ndVdA| < 2M;
(0,092

Given G € Y, we define
alGI(A, V,1) := f , Kr(@(A, V), (A", VNERV) + y (VDG V', e “0dVdA’,
{A'2V'3)
which is well-defined since K is bounded. For gi, r as in Proposition A.3.1, we analyse the properties

of the map J : Yer — C([0, 7]; #(R2,)), defined by

>

Lz JIG]A, V,t)p(A, V)AVdA = J1(G, 1) + J2(G, 1), (A.3.23)
g
where:
1Gi= [ | mah Vi BATE 4, viavan
,
and

— t t
1(G.1) :=1TV fo fR i fR | B ATATOE R (5 (AL V). 5(A" Y DERO(V) + 35V )X

G(A, V,)GA", V', 9)p(d; [ (95(A, V) + ¢ (A, V)V, V', 5)dV’'dA’dVdAds,

for every ¢ € CC(RZO).

Since G is non-negative, then J[G] € C([0, 7]; %+(R§O)). Our plan is to use Banach fixed-point
theorem for the map J. The reason is that, as explained below, a fixed point of the operator J will give
the desired solution. In other words, we use a similar approach as the one used to prove well-posedness
for pure coagulation equations with bounded kernels, which has been repeatedly used in literature (see,
for example, [BLL19b]).

Proposition A.3.5. Assume gin g is as in Proposition A.3.1 and Kg as in (A.3.18). Assume G € Y.
Then J[G] is supported in the same domain as the measures in Y -, namely J[G] € C([0, 7]; A +1 (Rio))
and J[G](Rio \ [C()E%, o) X [€,2Re!), t) =0, for every t € [0, T].

Proof. Let ¢ € CO(RZO) such that suppy C {A < C()V%}. Since ginr € Yer, then the term J1(G,¢)
defined in (A.3.23) vanishes. Due to the support of G, we have A > C()V% and A" > C()V,%. By
Proposition A.3.3, Statement (4), x,.y(A) > coy:(V)3 and x,.y/(A”) > coy,(V’)3. This implies:

’ 2 4 2 ’ 2
Xv(A) + Xy (A7) 2 coyi(V)3 + coyi(V')3 = co(y(V) + 31(V7))3,
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which implies that /1(A,A’, L(V, V', 1) = cob(V,V’, t)% by Proposition A.3.3 and using the notation
from Definition A.3.4. Thus the term J,(G,t) in (A.3.23) vanishes as the support of ¢ gives that we
have to work in the set where [;(A,A’, L(V,V’, 1)) < colo(V, V', t)%.

For the sets (0, 00)2 \ (0, ) X (0, 2Re’] and (0, )2 \ [c€3, 00) X [€, 00), the proof is done in the
same manner taking note of the fact that the kernel is chosen to vanish on these sets. For example, if
LV, V', 1) > 2Re', then y,(V) + y,(V’) > 2R and &r(y,(V) + y,(V")) vanishes on this set. If L(V, V', 1) <
€, then y,(V) + y,(V’) < €, meaning V,V’ < € and G vanishes on these sets. Lastly, we deal with
the set (0, 00)? \ [coe%,oo) X (0, c0) by making use of the isoperimetric inequality col(V, V’,t)% <

xz_zlz(vv' t)(x,,V(A) + x.v7(A")) < coe%. Thus, LL(V, V', 1) < € and we proceed as before. O

Proposition A.3.6. Let gi, r as stated in Proposition A.3.1 and Kg as in (A.3.18). Assume F,G € Y
with T as in (A.3.20) and (A.3.21). Then

L VIGII < 2M;
2. The map J is contractive, more explicitly, ||J[F] — J[G]|| < %IIF -Gl
In particular, Proposition A.3.5 and Proposition A.3.6 imply that J[G] € Y.

The proof consists in a combination of standard methods used in the study of coagulation equations
and some of the properties proven in Proposition A.3.3. A detailed proof is given in Appendix A.6.

Later on, we will prove moment estimates for higher order powers of a. For this, it is useful to
keep in mind that the above computations can be done in a more general case.

We now use Banach fixed point theorem to conclude that there exists a fixed point in the space Y -
for the map J, which we will denote by G r s. We will extend the solution to arbitrary times. To do so,
we show that the previous computations can be done if we replace gin g With Ge g 5(:, -, T) and then use

induction.

Proposition A.3.7. Let G.rs be the found fixed point for (A.3.23) up to time 7 defined as in (A.3.20),
(A.3.21) and with initial datum giy g taken as in Proposition A.3.1. For any T > 0, there exists a unique
solution, for which we keep the notation G¢r s € c'([0,T1; ///Jf b(Rio)) that satisfies (A.3.19).

As before, the proof consists in a combination of standard methods used in the study of coagulation
equations and some of the properties proven in Proposition A.3.3. A detailed proof of this proposition
is given in Appendix A.6.

Passage to the initial equation and properties of the semigroup
Definition A.3.8. Let T > 0. Let G g be as in Proposition A.3.7, that is Gegs € C'([0, T1; #L(R2,))
with GE,R,(;(RiO \ [coe% ,00) X [€,2ReY), t) = 0, for every t € [0,7]. We define gcrs €
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clqo,11; //A,(Rio)) in the following manner:

f 8erala, v, Dg(a, v)dvda = f MG rs(A V.0p(#i(A, V))AVdA, (A324)
(0,00) (0,00)

for every ¢ € CO(Rio) and every t € [0, T1].

Proof of Proposition A.3.1. Let grs as in Definition A.3.8. We will prove that gegs € cl(o, 11;
M f(RiO)) and g.prs satisfies equation (A.3.5) with coagulation kernel Kr and initial value g, g.
Moreover, gE’R,(g(RiO \ [coe%,oo) X [€,2R), t) =0, forevery t € [0, T].

Firstly, we prove that g. g 5 has the stated support. Assume ¢ € Co(Rio) is supported in {a < cov% 1
The right-hand side of (A.3.24) implies x;y(A) < coy,(V)%. By Proposition A.3.3, we have A < C()V%.

Since Gers(t) € ///f(Rio), then:
f gers(a,v,)p(a,v)dvda = 0.
(0,00)?

A similar argument can be used to prove gE’R,é(RiO \ [coe%, 00) X [€,2R), t) =0, forevery t € [0, T].
We now prove that g, r s satisfies (A.3.5). We make use of (A.3.14) and (A.3.24).

d d
— gero(a, v, yp(a, v, tydvda = — f f " VIG, g 5(A, V,)p(¢y(A, V))dVdA
dt (0’00)2 d[ (0’00)2 (0’00)2
d d
= f —(ehf“”mm, V)))GG,R,(s(A, V,)dVdA + f " VDp(dy(A, V) —Gers(A, V,)dVdA.
(0,00)2 dr (0,00)2 dr

The first term becomes:

S, a0 VD )Gersta, vnavas
= f«) - ((1 — (@A VY eoy(V)3 = xy(A)B1p(i(A, V)
- §®E<yz<V>)xt,v(A)al¢(¢I(A, V) = O (V)yi(V)02p(¢1(A, V)
+ OV A, V)G (4, V,AVAA,
where we used (A.3.17). For the second term, we have:
f@ ’w)zehf“’hp(@m, V)>C%GE,R,5<A, V.1)dVdA =
= f@ B f(o KRV B VR0V 53V NGV DGea(A, Vo)
VDA, V) + A, V1)) = @($i(A. V) = p((A", V'))]dV'dA’dVdA.
Using now the definition in (A.3.24), we see that g. g s satisfies (A.3.5). O
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We now focus on proving the continuity in the weak topology of the semigroup defined in (A.3.11).
This will be useful in order to show that there exists a fixed point in time for equation (A.3.5). In order
to prove Propositions A.3.10 - A.3.13, we need better regularity for the coagulation kernel. We solve
the adjoint problem for a mollified version of the coagulation kernel. A similar approach can be found
in [NV12]. We then show that the difference between the terms containing the two coagulation kernels
can be made small due to the uniform estimates for the total surface area.

We first define the rectangles
€\3 € €\3 €
Ver = (C()(E) ,00) X (5,4R) C Rio and Veg = [CO(Z) ,00) X [Z’SR] C Rio.

Assumption A.3.9. Letthen K] € CI(VE,R X Ve r) be a mollified version of Ke g1y v . (0, n’) chosen

in such a way that
4 n 4 1
sup |Ker(m,n') — K¢ g, 1)l < —,
(1.)eK n

for some n € N sufficiently large, to be fixed later, and some fixed compact set K C V¢ g X Ve g.

Proposition A.3.10. Let K? , be as in Assumption A.3.9. Let g1, g2 be two solutions of (A.3.5) with
initial values gin,1, gin2, respectively. Assume both initial conditions satisfy the assumptions in Propos-

ition A.3.1. Let T > 0. We work with functions on the space
Wr = {p e C'([0,T1,CLS)) | p(n,1) = 0if v ¢ [§,4R], for every t < T},

where S was defined in (A.1.2). Let x(17) be an arbitrary function in Ctl)(S) that is zero when v ¢ [5,4R].
Then, for every T > 0, there exists a unique solution ¢ € Wr, with ¢(-,T) = x(-), which solves the

following equation:

2 2
g 1) + ®e<v>(¢<n, ) = V0. 1) = Sadug r)) + (1= pyrs(av)cov — dupn. 1) + L)1) = 0,

where

1 -
L@, 0)(n,1) := Ty - K g, m)ér© +V )y, m', )(g1(7', 1) + g2(', 1))dny’.

Proof. Let us start by integrating along the characteristics. This means that it is enough to prove that

there exists a function @ that satisfies the equation:

0:%(11, 1) + Oc(y:(M)@(n, 1) + L(&(n, D) (@i (m), 1) = 0,

where ¢,(n) is defined as in (A.3.14).
We consider a modified version of the operator L(¢), which is possible due to the way the kernel

was truncated, as well as the support of gi, g2. Let y¢z(v) be a continuous function which is equal to

99



APPENDIX A. COAGULATION EQUATIONS FOR NON-SPHERICAL CLUSTERS

zero when v < § and when v > 4R and is equal to 1, when v € [¢, 2R). Instead of working with L(¢p),

we work with:

L@, )11, 1) = xerW)L(p(7, D)1, 1).

We observe that, if ¢ is continuous and compactly supported in the v variable, then L(¢)(1, f) is con-
tinuous and compactly supported in the v variable. We emphasize the fact that, since g; and g, are
supported in the region where {a > cov% }, the space of functions in C([0, T, Cé(S)) will be enough to
prove continuity of the semigroup in the weak-* topology later on. We thus prove that there exists a

that satisfies the equation

3, 1) + Oy (V)E(, 1) + L@, D)(:(m). 1) = 0. (A.3.25)

This will impose no problems when we prove the continuity in the weak-* topology of the semigroup,
since g1 and g; are supported outside the region where E(go) # L(¢). We prove the existence of a @ that

satisfies (A.3.25) via a fixed-point argument in the space
Wr := {¢p € C1([0, T1,CLSNI@(m, 1) = 0if v < g or v > 4Re', for every t < T}.
We use the fact that the kernel is bounded and that

f (g1, 1) + g2, ]dn" < f [8in,1 (") + &in2(17)]dn
(0,002 (0,002

in order to prove contractivity. To prove that ¢(-,f) € C%)(S), for ¢t € [0, T], we first prove that there

exists a constant C(¢) > 0 such that
C(t) < 0gxry(a) < 1. (A.3.26)
This is since
0 < Balrs(a, v)(a — cov¥)] = Bars(a, v)(a — cov3) + rs(a, v). (A3.27)

By (A.1.10) and (A.1.13), there exists a constant C¢ g s > O such that

-1
p 2 _ 0ar(a,v) r(a, V)% max{y’, Lo} 2
ars(a,v)(a —cov3) = [ 2 o0~ 13 oa" ] - (a—cov3)
a
< 3{;:(? 1;) max{v(f,LcS}(a ~ COV%)
a v
Ba'r(a,v) max{v’, Lo}
<[ S @ _COVS)] v
BRa* W7 max{v’, Lo}
| a- )] v
BRia*v" max{v’, L6} BR; o
1 + da™ po = S maX{V ’Lé} < CE,R,(S (A328)
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and

_ r(a,v) max{v’, L6} _ Rya"v’ max{y”, L6}
rs(a,v) = T+ o0 o < T+ o0 o < Cerys- (A.3.29)

Combining (A.3.27)-(A.3.29) and making use of (A.3.14), we obtain (A.3.26). Using (A.3.25) and
(A.3.26), we prove the desired bound for the derivative of ¢. O

Remark A.3.11. Let g1, g2 be two solutions of (A.3.5) with initial values gin 1, gin2 € Uer, respectively.
LetT > 0. Let ¢ € ([0, 77,C"(S)) such that o, T) = x(n) be the function found in Proposition
A.3.10. Assume, in addition, that SUP, s ()| < 1. Then there exists a constant C¢ r(7"), which is
independent of the choice of n € N in Assumption A.3.9 and depends only on the norm of g; and g,
T, € and R, such that

sup suple(m, s)| < Cer(T). (A.3.30)
s€[0.T] 5§

We now prove that the solution ¢ that we have found in Proposition A.3.10 is Lipschitz continu-
ous. This will provide a suitable compactness property that will allow us to prove the desired weak

continuity of the mapping S(¢) : Ucg — U, defined in (A.3.11).

Proposition A.3.12. Let g1, g2 be two solutions of (A.3.5) with initial values gin 1, 8in2 € Uecr, re-
spectively. Let T > 0. Let ¢ € CY([0,T],C"(S)) such that o(n, T) = x(n) be the function found in
Proposition A.3.10. Assume, in addition, that sup, g x(n)| < 1 and that x(n)) is Lipschitz. Then ¢ is
Lipschitz continuous, in the sense that, for every t € [0, T, there exists C(t) > 0 such that

sup |‘10(77’ S) - ‘p(ﬁe S)l < C(f)l]] - ﬁ|’
s€[0,1]

for every 0,7 € S. Moreover, C(t) may depend on the norm of g1 and g», but is otherwise independent
of the choice of g1 and g.

Proof. Notice first that, since sup,cg ()| < 1, then supcg e @17, $)| < Cer(T) by (A.3.30). We
use Gronwall in (A.3.25):

T
1@, 1) = &@, Ol < () —x @I+ sup @@, Z)lf ©c(ys(v)) — Oc(ys(V))lds
z€[0.1].neS ?

T T

+ f 801, 8) - 3G, $)lds + f L@, 5) — $(7, $)(@s(n), 5)lds
t t
T

" f @, )5 — 6507 $ds.

By the definition of K", in Assumption A.3.9, we have its first order derivatives are bounded from

above. Moreover, ¢ (1) is Lipschitz continuous. Thus, there exists a constant C > 0, which can depend
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on €, R, 6 and the norms of g and g, such that

T
6.0~ §01.01 < C [ 16009~ @90+ Clo -
t
We use Gronwall and obtain |p(1, £) — §(77, 1)| < C(#)|n —77|. Combining this with (A.3.26), we conclude
that (1, 7) = (@, )| < C(Oln = 7l. O
This is enough to enable us to prove that the semigroup defined in (A.3.11) is continuous in the

weak-* topology.

Proposition A.3.13. Let KQ’R be as in Assumption A.3.9. Lett > 0 and S(t) : Ucg — Ucr be the
mapping defined in (A.3.11). Then, we have that S (t) is continuous in the weak-* topology.

Proof. As before, assume that g;, g> are two solutions of (A.3.5) with initial conditions gin 1, &in2 €

Uer, respectively. Assume furthermore that there exists a constant C > 0 such that
f 2(1 +a)(gin,1(1) + gin2(m)dn < C.
(0,00)

Let ¢ € C(l)(RiO) with ¢(n) = 01if (a,v) ¢ [co(g)%, L] x [5,4R], where €, R are as in Proposition A.3.1
and for some L > 0. Assume in addition that [|¢|lc < 1. Let & < 1. Our goal is to prove that, if for
every y € Co(R%), with |lle < 1,

f [8in2() = &in1 (M ()dn is sufficiently small,
(0,00)
then for every y € Co(RiO), with |[ylle < 1,

f 18201.1) = g1 (. Oy (mdny < d.
(0,00)
We make the following notation:

Chorm := sup f (I +a)(g1(n, s) + g2(n, s))dn < co.
5€[0,¢] J(0,00)2

Notice that Cpory may depend on the time #, but is independent of the choice of g1(n, s), g2(7, $),
for s € [0, 7]. This is since we can bound

sup f (I +a)(gi(m, s) + g2(n, 5))dn < C(f)f (1 + a)(gin,1 (1) + gin2(m))dn
5€[0,1] J(0,00)? (0,00)2

by using similar arguments to the ones used in Proposition A.3.7.
2 ~
We fix n € N in Assumption A.3.9 such that 2C<t0%m < ¢ where C, z(7) is defined as in (A.3.30).
Let ¢ be the function found in Proposition A.3.10 associated to the coagulation kernel K7 ., for

n € N as above, and with ¢(n,t) = ¢(n). Since ¢ € Cé (Rio), then by Proposition A.3.12 the function
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¢ is Lipschitz continuous. Then there exists C(&,R, 6,1, Cporm) > O such that lo(ng, 8) — (77, 8)] <
C(e,R,6,t, Chorm)In — 7|, for every n, 7 € S and s € [0, 7].
Assume M > 1 is a fixed constant whose value will be determined later. We take y s : Ryo — [0, 1],

continuous, to be

1, whenace€ [coe%,M],

2 (A.3.31)
0, whena ¢ [co(5)3,2M].

xm(a) = {
Then there exists C(€, R, 6, t, Chorm) > 0 such that |o(n, s)yar(a) — @, s)xym(@)| < C(€, R, 6, t, Cporm)
|n — 7|, for every n, 7} € Sands € [0, z].
We look at the set

5 ~ ) € 2 € - ~r 7 ’
K={peC®l)lgm=0ifn¢ [CO(E)3,2M] X [5,4R]; @) — @)l < C(€, R, 6,t, Crorm)In — 17,
for all ,1 € §}.

As the set is totally bounded, there exist N € N and ¢,...,¢y € K with the property that K C

Uf\; B, ﬁ). As ¢(-,0)yp € K, then mini:L—N SUP,c§ lo(n, Oy m(a) — wi(n)] < 4Cfmm' Assume that,

for every y € Co(R2,), with [[ylle < 1,

)
L) o [gin2(17) — gin, 1 (MIx(m)dn < i

We then have
f (g2 — g11(m, HP(p)dn = f [g2 — g11(n, He(n, t)dn
(0,00)2 (0,00)2

1 - ! ’ , ’
= f [g2,in — &1,in](Me(n, 0)dn + =7 f f f (Ker(,m') = K g1, ' NER(Y + V)
(0,002 2 Jo J0.00) J0.0002 :
X', )81, ) + &', )N g1, 5) — g2(n7’, 5))dny’ dnds

< f [g2.in — 81.in](M¢(, 0)dn + f f f |(Ker(1,1') = KL (0, 7)ER(YV + V')
(0,00)? 0 JVerm YVerm
X', )81, 8) + &', (g1, ) — g2(n’, $))dny’ dnds

f
+ f f f |(Ker@, 1) = K¢ g, ' )ERGY +V )1, 1, $)(8107, 8) + 82017, )
0 J(M,00)x[€,2R] J(0,00)2

(&1, 5) = g2017', 8))|dny"dnds
=h+h+h, (A3.32)

where Ve gy = [coeg, M] x [€, 2R], for some sufficiently large M as in (A.3.31).
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We bound the term /; in (A.3.32) by:

fo 2[gz,m = g1in]l(me(n, 0)dn
(0,00)

= L) . [g2,in — &Linl(Me(, O)x M (a)dn + L . [g2,in — &Lin](Me(, O)[1 = xm(a)]dn

< f [g2,in — &1,in](Me(, 0)x m(@)dn + 2|le(17, 0)||oo f [£2,in + &1,in](m)dn
(0,00)2 a>M

< min,_7 L . I[g2.in = &1in](Mle(m, O)x (@) — ¥i(m)ldn

+max,_iy f 182in = g1inl(Mi(m)dn + 2M ! Coomlle(, 0)llco- (A.3.33)
(0.00)

Notice that K was chosen independently of g1, g» since it depends only on C(e, R, 6, t, Chorm). Thus
we can bound max;_iy f(o,oo)2 [g2.in — &1.in]l(MYi(m)dn in (A.3.33) by g independently of the choice of
g1,82,as ¢ € K, i = I,N. As [lg(mlleo < 1, then sup o 1l9(, 9)llo < Cer(?). We can then choose

M > 126omCet® iy order to bound 2M ™' Cuomlli(77, 0)llco- This means that
5 o
[82.in — &1inl(M¢(n, 0)dn < [g2in + grinl()dn + — < —. (A.3.34)
(0,00)2 4Chorm J(0,00)2 4 2

In order to bound I, in (A.3.32), we have that on ([coe%, M] x [€,2R])?

sup K2 r(, 1) — Ker(1,1)] <
2
(.7")e([co€3 ,M]X[€,2R])?

S|

2 ~
by Assumption A.3.9. Thus I, < % < %.
For I5 in (A.3.32), we take M > 6C€,R(t)C2 t||KE,R”00%~ This is because I3 can be estimated from

norm

above by

M713tCer(IKL glloo + 11Kerlloo) sUp f a(g1(n, 5) + &2(n, 8))dn f (g1(n, 5) + g2(n, $))dn'.
se[0,1] JHa=M) (0,00)?
We then combine this with (A.3.34) and our choice of n € N in (A.3.32) in order to conclude the
argument.
To extend this argument to all functions ¢ € CO(Rio) we use again that (Mo 1 +Mo0)(g1(s)+g2(s)) <

oo, for all s € [0, 7]. O

For g € Ucp, it is worthwhile to observe that the map S(-)g : [0,7] — U, defined in (A.3.11) is

also continuous in time.

Proposition A.3.14. Let g € Ucg, with U defined in (A.3.10) and T > 0. Let S(-)g : [0,T] = Ucr

be as in (A.3.11). Then S (-)g is continuous in time.

The proof consists of standard methods used in the study of coagulation equations. A proof of it

can be found in Appendix A.7.
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A.3.2 Existence of self-similar profiles

Assume u > 0. We focus on proving Proposition A.3.2. The following moment estimates involving
the v variable (Propositions A.3.16-A.3.18) are an adaptation to the two-dimensional case of [EMO6,
Lemma 3.3, Lemma 3.4]. There was an additional need to control the escape to infinity of the area,
which has been dealt with by choosing an appropriate norm in Y, defined in (A.3.22), as well as a
specific truncation for the coagulation kernel and fusion term. We then continue with proving an addi-
tional uniform moment estimate involving the area which will be needed for removing the truncation
in (A.3.9).

Remark A.3.15. Assume K, satisfies (A.3.1). Then K. g(a,v,a’,V') > K;(PV =@ + v-a/P)if v,v > €
and v + V' < 2R, for all (a,a’) € (0, 00)?.

We first mention that due to the choice of Y. r and r5, we can test (A.3.5) with functions that do not
necessarily have compact support. More precisely, we can test with functions of the form a“v¢, d € R,
aslongasc < 1.

As previously mentioned, the proof of Propositions A.3.16-A.3.18 is an adaptation of methods
used in [EMO06] to our setting. We thus only state the estimates here and move their proof to Appendix
AT

Proposition A.3.16. Let ging € A i(RZ o) NW(€, R, 06). Let ge g s be the solution found in Proposition

>

A.3.1 with kernel K. g as in (A.3.1). Then

sup Mo 1(8e.rs(s "> 1) = Mo,1(8in.R)- (A.3.35)

>0

Moreover, there exists a constant Cy,, > 0 such that:

sup MO,y(ge,R,(S(" 1) < maX{MO,y(gin,R); CO,)/}’ (A.3.36)

20
uniformly in €, R and 6.
Proposition A.3.17. Let ginr and gers (Which we will denote by gi, and g, respectively) be as in

Proposition A.3.16. Then, for any m > 1, there exists a constant Cy,, > 0, independent of €, R and 6,
such that:

sup MO,m(ge,R,é('s ) t)) < maX{MO,m(gin), CO,m}- (A337)

>0

We can also obtain bounds independent of time for moments of the form My _;, with [ > 0, if we

require in addition that @ > 0.
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Proposition A.3.18. Let ginr and gers (which we will denote by giy and g, respectively) be as in
Proposition A.3.16. Assume @ > 0. Let | > 0. Then there exists a constant Co_; > 0 for which the
following estimate holds:
sup Mo,-1(8ers(1)) < max{Mo,—i(gin), Co,-1}, (A.3.38)
120

uniformly in €, R and 6.

We now find uniform estimates for the total surface area of gcrs. The uniform estimates for
the surface area are a consequence of the fusion term overtaking the coagulation operator in the case
u > 0. We prove a more general statement which will be needed later on for the improvement of

moment estimates.

Proposition A.3.19. Let ginr and gers (Which we will denote by gi, and g, respectively) be as in
Proposition A.3.16. Then

sup M1 0(g(:, -, 1)) < max{M0(gin), C1,0}- (A.3.39)
>0
Moreover; if (A.1.8) holds and if M _(gin) < o0, there exists C1,_, > 0 such that:
Sup M a(g(-, -, 1)) < max{Mi —o(gin), Ci —a)- (A3.40)

>0

If (A.1.9) holds, there exists 5, > 0, for whichy < 2 — 61, and there exists Ci.-5, > O such that:

sup M1,_5,(g(:, -, 1)) < max{M; s, (gin), C1,-5, }- (A.3.41)

>0

Proof. We test equation (A.3.5) with ¢(a, v) = av!, with [ < 0. This is possible due to our choice of the
space Y., which allows us to test with functions that do not have compact support if they are bounded

from above by a function of the form a“v?, with ¢ < 1 and d € R. Since I < 0, we have:
Keg(a,v,a' V)[(a+d)v+v) —av' —a'v'] <0.

Equation (A.3.5) thus becomes:

a* max{v’, Lo}

d 1 2
SML0) < (5 + IDML0) + (1 =Ry f (cov} — )g(av. 'dvda,

dr (0,00)2 1+ dat
(A.3.42)
We need some control over the drift term:
a* max{v’, Lo} 2 / a* max{v’, Lo} 2 !
————————(cov3 —a)g(n,H)v'dn < ————(cov3 —a)g(n,Hv'd
LZCOV%} 1+ oat 841 n {a22c0v%} 1+ dat &1 n
1 a* max{v’, Lo} !
< —= —————av "g(n, ndn.
2 {(lZZC()V%} 1+ oat s n

(A.3.43)
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This integral can now be estimated as follows:

1 a* max{v’, Lo} _ 1 a*max{v’, Lo} _
h _f 2 —avg(n, dn - —f ) — v gy, ndn
{a>2cov3 ,aﬂzé} {a>2cov3 ,aﬂ<%}

2 1 + da* 2 1 + da*
1 o -l 1 +1, 0|l
<—-— R max{v’, Lé}av " g(a, v, t)dvda — — 5 a7 Me(a, v, dvda
46 {aZZCovj,a“Z%l {a2260v§,aﬂ<%}
L 1
< —= f , av"g(a, v, ydvda — - f , a7 Me(a, v, ydvda. (A.3.44)
4 {a22c0v§,a”2%} {a22cov§,a"<%}

In order to estimate the second term on the right-hand side of (A.3.44), we apply Young’s inequality.

This is possible since u + 1 > 1. Thus, we obtain:

_4
€ P - o—|l|

/ ol - o—|l| € o—|l| ( )q
vy u+l R

av! = avrTy' T < —(aven L 4

where p = pu + 1 and % + }I = 1. Thus, there exists a constant C. > 0 depending on e for which
av' < ea* vl 4 €Cov' i, or equivalently:

o

_ 1 -
—athyr T < _Zat + c o
€

and this implies:
1
—f s a"“v(r—'l'g(a, v,t)dvda < —— f ) avlg(a, v, t)dvda + CeMy -2 (g(2)).
{a=2cov3 ' <5} € J{a>2cov3 ’a,4<%} I
(A.3.45)
From Propositions A.3.16-A.3.18, we have that MOJ_%(g(t)) is uniformly bounded from above. We
combine (A.3.43), (A.3.44) and (A.3.45) and then we choose € sufficiently small in order to obtain that
H 7, Lo 2 L
f - Hll—a"{; ; b cov = a)g(n, vy < -7 f , av'g(a,v,Ddvda + Cc.  (A.3.46)
{a=cov3} +oa {a>2cov3}

2
3

Moreover, in order to pass back to the region {a > cov3} in the integral term on the right-hand side of

(A.3.46), we notice that:

- f ) avlg(a, v,H)dvda = — f s avlg(a, v, H)dvda + f s ) avlg(a, v, H)dvda
{a>2cov3}) {a>cov3} {cov3 <a<2cov3)

< —f ) avlg(a,v, t)dvda+200f v%”g(a,v, tHdvda. (A.3.47)
{a>cov3} (0,00)?

Combining (A.3.42), (A.3.46) and (A.3.47), we deduce that

d 1 L
EML/(g(t)) < (§ +IDM1(g(0) — (1 - V)ROZMl,l(g(t)) +Ce. (A.3.48)

Assume a > 0. If [ = 0 we conclude using a comparison argument since (1 — y)Ro% = 3 cf. (A.3.8).
The proof remains valid if we choose / = —a.
If (A.1.9) holds and we choose [ = —¢; to be such that % — 01 > 7y, we have that M, 24 and M, i ,,
’ T H

are uniformly bounded from above and we can conclude in a similar manner. O
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Proof of Proposition A.3.2. Let T > 0. Let S(¢t) : Ucg — Uepg, fort € [0,T], be as in (A.3.11).
Proposition A.3.1 guarantees that the semigroup is well-defined. Proposition A.3.14 gives us continuity
in time of the mapping S(-)g : [0,T] — Ucg, for g € Ucg. Propositions A.3.16 - A.3.19 prove that
S(Hw(e, R, 8) € w(e, R, ) if we choose the constants co—q—¢, Com, 10 > 0 in Proposition A.3.2 to

correspond to the constants found in Propositions A.3.16 - A.3.19. O
We are now in a position to prove Theorem A.2.3.

Proof of Theorem A.2.3, case a > 0. Existence of self-similar profiles. Assume firsta > 0. Let T > 0.
LetS(#) : Ueg — Ucp, fort € [0,T], be as in (A.3.11). For fixed ¢ € [0, T'], Proposition A.3.13 assures
that the mapping S (f) : Ucg — Uep is continuous in the weak-" topology. Proposition A.3.2 gives us
that S (f)w(e, R, 6) C w(e, R, ).

Using a variant of Tykonov’s fixed point theorem (see, for instance, [EMROS5, Theorem 1.2]), we
can find a stationary solution in time, which we denote by g rs(17). As gcrs € w(€, R, ), we can find
a subsequence (¢ r, .5, )k>1 that converges to some g in the weak-" topology as k — co. This argument
has been used extensively to prove the existence of self-similar profiles for coagulation equations and
therefore we do not give more details.

We need to prove that this g satisfies (A.2.6). Fix ¢ € Cé (Rio).

AS 8e Ri5. — & as k — oo, the linear terms containing g, r,.s5, Will converge to the linear terms in

(A.2.6). We deal with the fusion term in the following manner:

‘ j(;) . }‘6(77)(001)% = a)0ap(M8e.ri5, (A1) — fo r(n)(cov% - a)aaQD(T])g(dn)‘

(0,00)

<C L . lrs(m) — F(U)Haa‘P(n)lgek,Rk,ék(dl]) + ‘ r(n)(cov% —a)d.0()[g — gék,Rk,ék](dn)‘

(A.3.49)

(0,00)2

As stated before, rs(7) — r(n) for fixed n as 6 — 0. Due to the compact support of ¢ and since
Ze.Ruo, € wW(€, R, ), the first term in (A.3.49) goes to zero as k — co. The second term in (A.3.49) goes
to zero as k — oo since g, r, .5, — g as k — oo,

We now examine the coagulation term

[ Kk e+ e+ 1) = ) = 0 e OB W . (A3.50)
(0,00)% J(0,00)

Notice first that the support of g, r, s, is contained in the strip v € [€,2R). We can then replace
Ker(n,1') by K(1,1"). On the other hand,

f 2 f KO ER(w ) = i + 1) = 90m) = 0B D
(0,00)* J(0,00)

will go uniformly to zero as R — oo using only the uniform moment estimates in v, namely Mo and

My _,. Take a continuous function p : R, — [0, 1] such that p(x) = 1, when x < 1 and p(x) = 0, when
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x > 2. Define then py(a,v,d’,v'") = p(£)p()p(L)p(a)p()p()p()p(h), for M > 1 large
enough. We have that

L . L . K, e +1") — o) — e )Npm,1)8 e k0. (86 k5,1 )dn'dn

converges to
fo i fo K@, Mlem +1") = em) — e pm(n,n)gmegn )dn dn,
(0,002 J(0,00)

as k — oo since the support of the integral is now on a compact set. An argument closely related can
be found in [FLNV21b, Proof of Theorem 2.3]. It remains to estimate the contribution outside the set

[ﬁ, M1]*. When v < ﬁ or v > M, the estimates are similar to the one-dimensional case as the kernel is

bounded by functions depending only on v. We can prove that the integral converges to zero as M — oo
1
M
My _, and My are uniformly bounded to obtain the desired convergence. The regions where {v' < M}

and {V' > ﬁ} are treated in the same manner by symmetry. We can treat the region where {a < %} in

. El . . .. . 2
the same manner as the region where {v < (COLM)z} due to the isoperimetric inequality a > cov3. For

in the region {v < 7:}, using the uniform estimates for Mo _,—¢ and Mpg. When v > M, we use that

a > M, the main point is to control

f O™ + V)8 r 5.
(0,00)2N{a>M}

We split the region into three parts and use the fact that for large and small values of v, we can control

this region using only moments in v as before. More precisely, let C > 1 large, then

f " +VP)gers(m)dn < 2 f v Zers(mdn + f T+ P)zersmdn
{a>M} (0,00)20{\/<%} {a>M,v€[%,C]}
+2 f ) Vg rs(ndn
(0,0020{v>C)
<2C° f Vg rs(ndy + 2CM ! _agers(mdn
(0.002n{v< L} {a>Mvel £,C1)
+2CF! f VEers(mdn
(0,00)2n{v>C}
<2C %o gz +2CM e +2CP71, (A.3.51)

where € is chosen as in Proposition A.3.2 and c| o, cp,—o—¢ are the constants found in Proposition A.3.2.
For given 6 € (0,1), we first take C to be such that 2C~¥co_q—¢ + 2C#~! < £ and then M such that

ZC‘M‘lcl,o < g. This proves our desired convergence of f(o o) v+ vﬁ)ge,Rﬁ(n) to zero as

a>M}
M — oo, thus concluding our proof. O

Proof of Theorem A.2.5, case a = 0. Existence of self-similar profiles. We keep the notation used in

the Proof of Theorem A.2.3, case @ > 0. The proof is done in the same manner as in the case @ > 0.
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The difference is that we derived uniform bounds for moments of the form M ., with ¢ > y and for the

moment M| o, but we have no information about moments of the form Mo, with ¢ < . This implies

that we now have to control the contribution of the regions {v < -} and { < L}, for a sufficiently

large M, in the term containing the coagulation kernel ! !
S o R Mt )~ D B DR 1A (A5
For the region {v < %}, we have that:
I B R R N LY (A35%)

< f f O+ WP + 1) — DG e Res (D8 res, (7 )i dip
<z} J(0,0002

< 2llplloo MP Mo p (e, r5.)* + M_ﬁf
{

1
v<y;}

[ v = e D 0 .
(0,00)

Thus, in order to show that the term in (A.3.53) goes to zero as M — oo, it suffices to show that the

integral above is bounded.

f f W00+ 1) = SN e DB s (7 )l
{V<ﬁ} (0,00)2

< ||V90||ooMO,1(§ek,Rk,6k) 5 |77/|§ek,Rk,6k(77/)d77/ <C.
(0,00)

We now deal with the region where {V' < %}:

‘ f f Ker(n. 1 )ér(r + v/ Wlom + 1) = o))Ze 50 (Mew e ()l d
(0,002 J{v'< 4}
< f f O+ wWh)o( + 1) — DG e Re5 (D8 Res (7 )iy dnp. (A3.54)
(0,00 J{v' <47}
For the first term in (A.3.54), we have:

f f B + 1) = GDIBee ko (Do, O 7
00op Jiv< )

< I9¢le f PG VB R (DB ks, (7)) A
(0,002 J{y'< 4}

< Mﬁ_l”V‘P“ooMO,ﬁH(gek,Rk,ék)MO,ﬁ(gek,Rk,ék) + M HV‘)D”WMO»ﬁ”(gfk’Rk,‘sk)Ml’_‘sl (gek’Rk’ék)'

For the second term in (A.3.54), we have:

Sy o o o)~ g DR
,00 V<3

<M f f W+ 1) = 0D e e (D, (7 )
(0,002 J{v'< 4}

< M|Vl [ MG | (B res) + Mot (B k) M10(Ee Res)]-
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We prove that the term in (A.3.52) converges to zero as M — oo in the regions {v > M}, {y' > M},
{a < %} and {d’ < ﬁ} in a similar manner. We deal with the regions where {¢ > M} and {a’ > M} as in

(A.3.51). This concludes the proof. O

A.3.3 Moment estimates for arbitrary powers of area and volume

We construct a self-similar profile g which satisfies M, x(g) < oo, for n, k € R, if (A.1.8) holds, and
M, 1 (8) < oo, forn € N, k > v, if (A.1.9) holds. In order to do so, we apply the strategy used to find a
self-similar profile in Theorem A.2.3. In order to estimate the moments M, (), n € N, we notice that
we can improve the estimates found in Proposition A.3.19, while to derive bounds for M_, o(8), n € N,

we use the fact that they can be estimated in terms of M, 2 2.

Remark A.3.20. Letn > 0 and k € R. In order to bound M_, x(g), it is enough to use a > cov% to obtain
f 2 a‘”vkg’(a, v)dvda < ¢;" f(o,oo)z vk_%"g(a, v)dvda if My, 2 2(8) < oo,

{a=cov3}
In order to find uniform bounds for the moments M, o(g), we need to be able to test (A.3.5) with
higher powers of a.
Let N e N,N > 2. For some g € ///Jf(]R%) such that

>

f (1 + a™)g(a, v)dvda < o, (A.3.55)
(0,00)?
we define the space

Uern =18 € ALR2), (B2 \ [co€?, 00) X [€,2R)) = 0, 7 satisfies (4.3.55)}. (A.3.56)

Proposition A.3.21. Let K. be the kernel defined in (A.3.1). Let N € N, N > 2. Let gingr €
///ib(Rio) N UcrnN- There exists a unique solution gcps € Cl([O, oo);///i’b(RiO)), 8ers(®) € Uern,
that satisfies

sup f (1 + a¥)gers(a,v,Hdvda < oo,
1€[0,T] J(0,00)?

for every T > 0, for the weak formulation of the coagulation equation (A.3.5) with initial datum gin g.

Proof. The proof is done via a standard fixed-point argument as in the proof of Proposition A.3.1. The
space U, gy was chosen since we would like to later test with higher powers of the area a and we need
to control the escape to infinity of a. We prove existence in the same manner as in Proposition A.3.1
with the aid of Propositions A.3.22 and A.3.24, which will be stated below. |

Proposition A.3.21 states that we can obtain better moment estimates if we assume moment estim-
ates for higher order powers for the initial datum, namely with (A.3.55) instead of (A.3.9).
As before, we use Kg, see (A.3.18), and K, g, see (A.3.1), interchangeably.
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We define the space

Yy ={G € C([0, 7x): AL (R2) : IGlly = sup

0<t<ty

G(R2, \ [coe’, ) X [€,2Re’), 1) = 0, 1 € [0, 7y ]}

f 2 eheVn (1 4+ fo(A))G(A, V,)dVdA| < 2My;
(0,00)

instead of Y, ; in (A.3.22), where My = 2 f(o 00)2(1 +adV )gin.r(a,v)dvda + 1, gin g is as in Proposition

A.3.21 and we fix a time 7y instead of 7 such that

1
@N(1 = y)My + My + D|[Kgllw(e™ = 1) < 5 (A.3.57)
2V(1 - y)M%|IKRlloTn < 1 and 7y < In2. (A.3.58)

Proposition A.3.22. Let N € N,N > 2. Let K¢ g defined as in (A.3.1) and assume K and r satisfy the
conditions stated in Theorem A.2.3 or in Theorem A.2.5. Let gin g as stated in Proposition A.3.21. Let
Jbeasin(A.3.23). Assume F,G € Yy with Ty as in (A.3.57) and (A.3.58). Then

1. |J[G]ll < 2My;
2. The map J is contractive, more explicitly, ||J[F] — J[G]|ly < %IlF - Gl|n.

Proof. We follow the proof of Proposition A.3.6, working with Yy, My and 7y instead of Y., M and

7, respectively. We make use in addition of the inequality
1+ (v(A) + xp (AN <2871+ A + 20, (A)).

For more details, see Proof of Proposition A.3.6 in Appendix A.6, where similar arguments were

used. O

We make use in addition of the following inequality provided in [BGP04, Lemma 2].

Lemma A.3.23. Assume that p > 1 and let k), := [pTH] Then, for all x,y > 0, the following inequalities

hold:
kp—1 ky
Z (l;)(xkyp—k " xp—kyk) <4yl —xP—yP < Z (Z)(xkyp—k + xp_kyk),
k=1 k=1

Proposition A.3.24. Let N e N, N > 2, N fixed. Let G s be the found fixed point for (A.3.23) up to
time Ty defined as in (A.3.57), (A.3.58) and with initial datum gin g taken as in Proposition A.3.21. For
any T > 0, there exists a unique solution, for which we keep the notation Geg s € cl(o,11;.# ib(Rio))
that satisfies (A.3.19).
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The proof of this proposition is based on an iterative argument and is given in Appendix A.6.
Let K¢ r defined as in (A.3.1) and assume K and r satisfy the conditions stated in Theorem A.2.3
or in Theorem A.2.5. Let T > 0. Define S (¢) : Ucgn — Uery in the following way:

S(ging = gers(s 1) (A.3.59)

forall t € [0, T], where g¢ r s is the unique solution of the weak formulation of the coagulation equation

with coagulation kernel K, g found Proposition A.3.21.

Proposition A.3.25. Assume gcr s is the solution found in Proposition A.3.21 for some N e N, N > 2,
fixed, with kernel K. g taken as in (A.3.1). Let ;1 > Q.

If we are in the case (A.1.8), for k € R,n € [1, N], there exist constants co,C1.—a,C1,1,Cno > 0 for
which the set

w = {Mo1(gers®) = 1, Moi(gers(t) < coks M1-o(8er (1) < €1 —ay M1,1(8er (1) < €115
M, 0(gers(1) < cnpol

is preserved for all t € [0, T, that means S (t)w C w.
If we are in the case (A.1.9), for k > y,n € [1, N], there exist constants co, 1,1, Cno > 0 for which
the set

w ={Mo1(gers() =1, Mo (ger (1) < coxs M1,1(8e.r5(1) < 1,1, My 0(8ers(1)) < ol
is preserved for all t € [0, T, that means S (t)w C w.

We prove this proposition after proving first some uniform moment estimates. To bound moments
of the form My, ¢ € R and M, _,, we use the same method that we used in Section A.3.2, namely
Propositions A.3.16 - A.3.19. In the next propositions we prove uniform bounds for M; ; and M, o, for
ne[2,N].

We prove uniform bounds for My ,,(gcrs), m > 1, instead of only proving uniform bounds for the

moment M ; as the proof is done in a similar manner.

Proposition A.3.26. Let ginr € w and gers (Which we will denote by gin and g, respectively) be as
in Proposition A.3.21. Let m > 1. Assume in addition that f(o wo)? av"ginr(a,v)dvda < co. Then there
exists C1,, > 0, which does not depend on €, R, §, such that:

sup My m(8(, -, 1) < max{My u(gin), Cim}- (A.3.60)

>0

Proof. The proof relies on the fact that the coagulation operator does not contribute with too fast
interactions, using in addition the uniform estimate for the total surface area, which we were able to

derive making use of the fusion term.
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We use
- f av"g(a,v,)0(v)dvda < —M ,,(g(?)) + 2" f ag(a,v,t)dvda
(0,00 (0,00)?

and, as M o(g) is uniformly bounded from above, equation (A.3.5) becomes:

d 2 H LS 2
SM1n(8(0) < (1= 5 = mMiu(g@) + C + (1= )Ro f @ maxtv?. Lo} 3 _ ayeta v, ovdn

dr (0,00)2 1+ oat
1—
+—7 f f K(a,v,a' V)[(a+ad)v+V)"—av" —a'v™g(a,v, gl V', H)dn dn.
2 Jowoy Joeop

The term with the fusion kernel is non-positive and can be omitted. For the term with the coagulation

kernel, we combine
(a+ad)Yv+V)Y"—av" —a V" =a[(v + V)" = V" +d [(v +V)" =V

with the inequality:

V+y
v+ =" = mf " s < m(v + VYW < Cp (" + V),
1%

and obtain

K, m)l(a+d)w + V)" —av" —a'v'™ < CuK(a,v,d' V)@V + av™ + a'v™ v + a'v™)

< KoConV™ 0V 4 V=9 av™ W + av™ + V'™ v + V™).

The moments My, ¢ > 7y, are bounded from above. The term M| _, is uniformly bounded from above.
This was proven in Proposition A.3.19. If m > 1, thenm+ 8- 1,8,m —a — 1 € (—a,m) and we use
Holder’s inequality and conclude using a comparison argument. If m = 1, we only have to bound aV*.

As 8 € (—a, m), we conclude in the same manner as before. m|

Proposition A.3.27. Let ginr € w and gers (Which we will denote by gin and g, respectively) be as
in Proposition A.3.21, for N € N, N > 2, fixed. Then, for any n € [2,N], there exists C,p > 0,
independent of €, R, 6, N, but dependent on n, such that:
sup My 0(g(:, -, 1)) < max{M, 0(gin), Cpn0}. (A.3.61)
>0
Proof. This estimate follows from the fact that fusion overtakes coagulation in the case y > 0.
Notice first that due to the choice of the space Yy, we can test equation (A.3.5) with 4", for
€ [2, N]. We have that there exists C,, > 0 such that:

kn
n
Ker(a,v,d V)(a+d)' —d" —a™" < K(a,v,d’,V) Z (k)(aka’"_k +a"*a’®)
k=1
< C, (v VB + VPG + aa™ ),
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where k;, is taken as in Lemma A.3.23. We have a uniform upper bound for f(o wo)? (av ™ + avﬁ)g(n, t)dn

due to Proposition A.3.26.
If @ > 0, we use the fact that there exists C,, ¢, > 0 for which:

f a”_lv_“g(a, v, Hydvda < € f a"g(a,v,t)dvda + Cp.¢, f v " ga(a,v, t)dvda
(0,00)? (0,00)? (0,00)%

and
f d"""Ve(a, v, nydvda < € f a"g(a,v,ndvda + Cy¢ f vPg(a,v, dvda.
(0,002 (0,002 (0,002

If « = 0 and n = 2, we use that My and M, g are uniformly bounded from above. If @ = 0 and

n > 3, then

f d"g(a, v, f)dvda < € f a"g(a,v,t)ydvda + Cp ¢, f ag(a, v, t)dvda.
(0,00 (0,00)? (0,00

As the linear term is non-positive, equation (A.3.5) becomes:

d a* max{v“, Lo}
—M, 1) < —-vy)mR _—
= Myo(8(0) < (1= Y)nRo L e

(cov% —a)g(n, t)a”_ldn
+ Ccanp€1Muo(g() + C_anp)-

We now use the same argument as in Proposition A.3.19, modifying the Young’s inequality part.

As u + n > n, we can apply Young’s inequality to obtain:

Sl

o _ no € o € _ o
an = anvu+n \% Ht+n S _z(av/,&n )/1+n + 2_v /.H—nq’
+ . . .
where p = == and L 41 =1, So there exists a constant Ce, > 0, depending on e, for which:
n P q 2

n u+n. o -nZ
a’ sed™" +Cqv T

and this implies:

1 _nZ
—f , @™ g(a,v,dvda < —— , d"g(a,v,t)dvda + C,, f v "u g(a,v, H)dvda.
{a>2cov3} € Jax2cpv3) (0,002

As moments of the form My, are bounded from above, we choose e, sufficiently small in order to be

able to repeat the argument in (A.3.46) and then we recover the region where {a > cov%} :

—f , d"g(a,v,t)dvda = —f , a'g(a,v, t)dvda+f s , a"g(a,v,t)dvda
{a>2cov3}

{a>cov3} {cov3 <a<2cyv3}
< —f , a'g(a,v,H)dvda + (2co)" v%"g(a,v, f)dvda.
{a=cov3) (0,00)2
We can choose € > 0 sufficiently small so that equation (A.3.5) becomes:
d L1 —v)
& n,O(g(t)) b _nTROMn,O(g(t)) + 3Mn,0(g(t)) + Cel L€, < _Mn,O(g(t)) + Cq,ez,n
and we conclude using a comparison argument. O
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Proof of Proposition A.3.25. Let T > 0. Let N € N, N > 2, fixed. Let S(¢) : Uern — Uern.
for t € [0,T], be as in (A.3.59). Proposition A.3.21 guarantees that the semigroup is well-defined.
Propositions A.3.26 - A.3.27 together with Propositions A.3.16 - A.3.19 prove that S (f)w C w if we
choose the constants co t, ¢1,—q- 1.1, Cno > 0 in Proposition A.3.25 to correspond to the constants found
in Propositions A.3.26 - A.3.27. ]

We now prove the stated moment bounds for the self-similar profiles found in Theorem A.2.3 and
Theorem A.2.5.

Proof of Theorem A.2.3 and Theorem A.2.5. Moment bounds. The main point is to control positive
powers of the area. Following the proof of Theorem A.2.3 and with the help of Proposition A.3.21 and
Proposition A.3.25, we can prove that there exists a self-similar profile gy for the two-dimensional

coagulation equation satisfying
f (1 +d"gn(a,v)dvda < ¢, , (A.3.62)
(0,00)2

for every n € [1, N]. Moreover, if @ > 0, we have that f(o’m)z(v“"E + v + a)gn(a, v)dvda is bounded
uniformly independently of N, for € as in Proposition A.3.2. If @ = 0, we have that f(o,oo)Z v+ 4
a)gn(a,v)dvda is bounded uniformly independently of N. We can thus find a subsequence of {gy}n>2
that converges to some g in the weak-* topology and 2 is a self-similar profile for the two-dimensional
coagulation equation. This is since these are the moment estimates needed to prove the existence of a
self-similar profile.

As the constants ¢, o in (A.3.62) are independent of N, for n < N, we can conclude that there exist
some constants ¢; > 0 such that f(o,oo)Z a? 8(a,v)dvda < cg4, for all d € [1, c0).

To control negative powers of a, we use Remark A.3.20. For combinations of positive powers of

a and powers of v, we use Young’s inequality. Take d > 0 and k € R. Then:

d 1
dyks A+l ~ k(d+1)
vdvda < »v)dvda + ——— ,v)dvda.
,[(:),oo)za V*g(a, v)dvda T L)’oo)za g(a,v)dvda Y (O,cxa)zv #(a, v)dvda

A.4 Different asymptotic behaviors for u < 0

A.4.1 Ramification theory

First, we prove existence of a weak solution for the time-dependent fusion problem as in Definition
A.2.1 that satisfies the moment bounds (A.2.17) and (A.2.18) and with initial value g, € .4 J{(Rzo).

>
We initially prove well-posedness for a truncated version of the time-dependent problem. Since y is

116



A.4. DIFFERENT ASYMPTOTIC BEHAVIORS FOR 1 < 0

negative, we can prove well-posedness using the truncation for the coagulation kernel, while the cut-off

in the fusion rate is not needed. So we look at the equation:

2
f g, t)®e(v)<p(n)dn—§ f g, HO(v)ad p(m)dn — f g, HO(v)vd,(n)dn
(0,00)? (0,00)? (0,00)2

+(1 = y)Kglgl, o) + (1 —y) - r(n)(cw% —a)g(n, 0ap(n)dn = 0, L . g, De(mdn  (A4.1)

and assume the initial value is gin g = gin]l{ . For this form of the equation, we make use

2
[co€3 ,00)X[€,2R)}
of Proposition A.3.21 for the case N = 2 and obtain a sequence of solutions {g¢ r}ec(0,1),r>1)- Denote
by @1 = min{—a - &y — %} and let 772 as in Proposition A.3.2. Using the same proof as for Proposition

A.3.2, we can prove that the set

< Mo.1(8er) < 15 Mooy (8er) < Co.a15 Mon(8er) < Coms Mo,z (8er) < co,z}
(A42)

| =

w=w(eR):={

stays preserved in time uniformly in €, R.

In order to prove uniform moment bounds for negative powers of v, i.e. in order to prove My ., with
¢ < 0, we need a lower bound for the Mp; moment. Thus, we need to prove that the lower bound on
M, is preserved in time, independently of €, R and of the initial condition giy .

To do this, we test equation (A.4.1) with ¢(a,v) = v and make use of the following technical

proposition.

Proposition A.4.1. Let gcr be the solution of equation (A.4.1) with initial value ginr(a,v) =

gnl 2 and assume in addition that ging € w, where w is as in (A.4.2). Then there exists
{[co€3 ,00)X[€,2R)} >

M > 0 such that:

Mo,1(gin)

7 = Moa(8er(. 1) < Mo, (8in). (A.4.3)

for every t > 0 and uniformly in € < + R > M.

Proof. Fix M > 0, sufficiently large, such that

M1 vV gin(a, v)dvda + M f

i M ;
V" gin(a, v)dvda + M3 f v%gin(a, v)dvda < Mo.1(8in)
0,002 (0,002

(0’00)2 2 ’

where 77 is as in Proposition A.3.2 and 5 as in (A.1.7).

Testing in (A.4.1) with ¢(a, v) = v, we obtain that

f vger(a, v, )dvda = f vgingr(a, v)dvda. (A4.4)
(0,00)2 (0,00)?
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. 2
Take € < L and R > M. Since a > cov3, we have that

M
f vgin.r(a, v)dvda > f 5 vgin(a, v)dvda
(0,00)? (coM™3 ,00)X(77,M)
> Mo 1(gin) — M v gin(a, v)dvda — M f v’hgin(a, v)dvda
(0,00)? (0,00)2
M .
M3 f e (@ vydvda > 1018n) (A45)
(0’00)2 2
We combine (A.4.4) and (A.4.5) in order to conclude our proof. O

The estimates for the remaining moments follow as in the proof of Proposition A.3.2. In particular,
we obtain that there exists a function g € C([0, c0); .///J,(Rio)) Nw and a subsequence of {g g} such that
ger(t) converges to g(f) in the weak-* topology, for every r > 0. We now want to prove that g satisfies
equation (A.4.1). For this, we follow the steps used in the proof of Theorem A.2.3. The difference is
that now we work with an equation that depends on time instead of trying to prove the existence of a
self-similar profile. Therefore, unlike Theorem A.2.3, we do not need to obtain an estimate for M
independent of time, but it is enough to derive an estimate of the form M o(t) < m(T), for0 < ¢t < T,
for some function m : Ry — R, increasing, but finite for any fixed time. Notice that we can expect to

have M, o growing as t — oo since this is the predicted behavior for M| g in Theorem A.2.12.

Proposition A.4.2. Let u < 0. There exists a solution for the weak version of the time-dependent fusion

problem as in Definition A.2.1.

Proof. We test equation (A.4.1) with ¢(17) = a. The fusion term is non-positive due to the isoperimetric

inequality and we have that (Kr[gc r], @) = 0. Thus, we obtain:

1 !
f ger(n, Hadn < f gin(Madn + = f f 8er(n, s)adnds.
(0,00)2 (0,00)2 3 Jo Joeop

By Gronwall’s inequality, this implies that M o(gc r(¢)) is bounded for every ¢ > 0. Thus, we can redo
the argument used in Theorem A.2.3 to prove that g satisfies equation (A.2.4). O

We now wish to prove that g satisfies the estimates in (A.2.18) in order to prove Proposition A.2.9.

Proposition A.4.3. The solutions gegr of the truncated version of the time-dependent fusion problem
(A.4.1) satisfy (A.2.18) uniformly in €, R.

Proof. In order to prove the bounds in (A.2.18), we prove that the estimates hold uniformly in €, R for
ger and then pass to the limit. As the ideas for different moment estimates are similar, we focus on
proving M>  is uniformly bounded. Since it may not be possible to prove bounds for M, which are
independent of time, we restrict ourselves to proving that, for some fixed T > 0, we have that M o(?)

is bounded for all < T.
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LetT > 0, ¢ < T. Due to Proposition A.3.21 in the case N = 2, we are able to test (A.4.1) with
¢(a,v) = a*. Since the fusion term is non-positive due to the isoperimetric inequality, the equation

becomes:

4 !
f ger(n, Da*dn < f gn(ma*dn + (1 - 2) f f 8er(1, $)O(v)a*dnds
(O,oo)2 (0,oo)2 3 0 (0,00)2
!
+C f f av ger(n, s)dn f advPger(y, s)dn'ds
0 (0,o<>)2 (0,00)2

t
< f gin(ma’dn + C f f av g r(n, s)dn f adVvPge (', s)dn'ds
(0,00)2 0 J0,000 (0,002

Thus, if M; _, and M, g are bounded, we obtain that:

f ger(n, Hadn < f gin(ma*dn + C(1) < f gin(ma*dn + C(T)
(0,00)% (0,00)% (0,00)?

and we can conclude using Gronwall’s inequality.
M _, is bounded in the same manner as M o in Proposition A.4.2.
We now estimate M, g. The contribution of the fusion term is non-positive. We estimate the term

containing the coagulation kernel using:
f Kerl@v,d ,Vl(a+a)v+VY = a —a'vFigertn gerlr’ 1)dn'di
(0,00)
< f Ker(@,v,d',)[av? +aVFlger(n, Dger(r 1 )diy'diy
(0,00)

<C f a’g(n, Hdn f VP’ )dn’ + C f av~g(n, H)dn f V¥ 1))dn'.
(0,002 (00072 (00072 (00072

Since we can bound from above the moment estimates of the form My 4, withd = 28 ord = - «a,

when testing (A.4.1) with av?, the equation becomes

2
0:M p(8er(®) < (1= 3 = f) 0 8er(1, NOMaPdn + Ci M1 g(ger(1)) + CaMi _a(ge k(1))

< C1 M g(ger(1)) + Ca(D),

for some constants Cq, Cz,a,fz(t) > 0, where 62 is a function 62 : Ry — R,, increasing, but finite

for any fixed time. Thus, for ¢ € [0, T'], we have

M g(ger(1) < C1 M g(ger(0) + Co(T).

We can conclude again using Gronwall’s inequality.
The rest of the moments in (A.2.18) are estimated using the same methods. The main idea is to use
an iterative argument that allows to reduce the exponents of the powers of a and v to lower order terms,

for which we already obtained uniform bounds.
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For example, we analyse the moment M5 ,,, when m > 1. The fusion term is non-positive and the

linear terms in (A.4.1) satisfy (1 — % —m) j;O,oo)z ger(1, OL(a2v™dn < 0. We thus obtain:
OMon(ger® s | f Kerm)l@+ Y+ V)" = " —a®v™|ger . 08erlr . dy
(0,00)? J(0,00)
< f , f , K(TI, 77/)[((1 + a')Z(v + v’)m _ a2vm _ a/ZV/m]gE’R(n, t)ge,R(n,, l)d?],dl]
(0,00) (0,00)
(A.4.6)

and use the fact that

(a+d)V@+V)Y" —a V" —d2V" <[(a+d) —a® —d?* v+ V)" + (@ +d>)+ V)" = a>V" =™

<2ad v+ V)" + (@ + dD[+ V)" =V =™

+ (a2 + a/2)(vm + v/m) _ aZVm _ a/2v/m
ki m

<2ad (v+Vv)" + Z (k)(a2 + a VMK 4 ymkyrky
k=1

+ V" + ",

The terms containing powers of a of lower order, such as av, k € [0, m], are bounded iteratively.
The rest of the terms are of the form a®v?, with b — a, b + B € (—a,m) or with b — @ = —a. For
b—-a,b+p € (—a,m), we can use Holder’s inequality for the integral containing the coagulation

kernel:
9 1-6
f e 00 < ( f gernnav"dn) ( f ger@ D) L (A4)
(0,00) (0,00) (0,00)

for some 6 € (0, 1). We can estimate M> _, in a completely analogous manner as M, . The moments
containing only powers of v are bounded from above.
Thus, we combine (A.4.6) and (A.4.7) to deduce that

G
0:Mam(ger(1)) S C1(t)( f 8er(M, t)a2vmdn) +Ca(n)

(0,00)?

9
<o) fo el 0" dn) + Cx(T),
(0,00)

for some C,C; : Ry — R,, increasing, but finite for any fixed time. We conclude using Gronwall’s

inequality. O

In Proposition A.4.3, we derived uniform estimates in €, R for the moments in (A.2.18) of g¢r.

This means that the limit g will satisfy the same moment estimates.

Remark A.4.4. g satisfies the estimates in (A.2.18).
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Proof of Proposition A.2.9. Proposition A.2.9 follows by combining Propositions A.4.1 - A.4.3 and
Remark A.4.4. m|

We now prove a technical proposition which shows that we can test (A.2.4) with ¢ = a.

Proposition A.4.5. Let T > 0. Let u < 0. Then equation (A.2.4) holds for every ¢ € Cl(RzO) with
SUP,er2, lo(n) + adyp(n)| < Ca and SUPer2, |0,0(n, D] < Cif (A.2.18) holds.

Proof. Let T > 0, t € [0,T]. We construct a sequence of functions {{;},eny C Ci(Rio) such that
£,(n) =1 whenn e [%,n]2 and £,(n) = 0whenn ¢ [ L 21]2. The idea is to use Lebesgue’s dominated

2n°

convergence theorem in (A.2.4) for the functions ¢, = {,p. We thus show below only the needed

estimates for the proof. The term with the coagulation kernel in (A.2.4) can be bounded directly by

KKIg1(t), on)| < C sup My _o(g(s)) sup Mop(g(s)) +C sup Mo_a(g(s)) sup M;g(g(s)) < C(T).
s€[0,T] s€[0,T] s€[0,T] s€[0,T]

We now wish to control the fusion term in (A.2.4), namely

.. oo’ ~gumisn.san.

Notice that we can construct £, such that |ad,{, ()| < C, for some constant independent of n € N.

Moreover, we know that the fusion kernel satisfies (A.1.10) and that a > cov%. Thus
|r(a, v)(cov% —a) < dth + VTS <2 < 2c’5av"_1. (A4.8)
Using the above inequality, we find that the following upper bound holds

F)(covs = @)aenm)] < @ Ba0(] + v~ 1o()Baln ()|

up to a multiplicative constant. We then use Young’s inequality to deduce that

avy_llaacp(n)l <af +av !

and
av" Nomdulu() < Cav’™" < a® + av o,

Since we have that

f (@ +av™ Ng(n, s)dy < sup Mig(g(s)) + sup Mj_q—1(g(s)) < oo,
(0,00)2 s€[0,T] s€[0,T]

the moment estimates in (A.2.18) suffice in order to conclude our proof. O
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We now have all the necessary parts in order to prove Theorem A.2.12. We first prove that the total
area goes to infinity as ¢ — oo. More precisely, we will obtain a lower bound for the total surface area

that increases exponentially in time.

Proof of Theorem A.2.12. From Proposition A.4.5, we notice that the estimates (A.2.18) on g allow us
to test with ¢(a, v, t) = a.
Since (K[g],a) = 0 and using (A.1.10), equation (A.2.4) becomes

2 2
0, f g(n, Hadn = f g(m,Hadn — = f gm,Hadn + (1 -7y) f r(m)(cov3 —a)g(n, t)dn
(0,00)2 (0,00)2 3 Jo.eop (00002
1
> f g, Hadn — (1 - y)R f a Wy e(m, 1dn.
3 Jo.wop (0.00)2

We distinguish now two cases:

e Case 1:

If u € (—1,0), we can apply Young’s inequality to obtain:

q

€, (A.4.9)

€
a™ < Za+
P q

where p = 1+|,1| and g = Wll Thus, there exists a constant C¢ > 0 for which:

—f d*"Wg(a,v,ndvda 2 _£ f ag(a,v,)dvda — Cef V¥ g(a, v, dvda,
(0,00)2 P J0,0)2 (0,00)2

Choose €(R;) such that (1 —y)R, % < &, for some & € (0, 1). Then, condition (A.2.17) implies:
1 . 3
O f g, Hadn (5 —9) f g, Hadn - Ce, (A.4.10)
R, 3 R,

q
7

where C, = (1 - y)R, % sup;s Mo, (8(1)).
e Case 2:
If u < -1, using (A.1.12), we have that a' " < c(])+“ =3 and the equation for g becomes:

1 1
0, f g(m, Hadn = = f g, adn - C f v 7 3g(n, t)dn.
R2 3 R2, (0,00)?

>0

The moment M, y-1 is bounded from above, cf. (A.4.2), so we are in the same situation as in
Case 1.

122



A.4. DIFFERENT ASYMPTOTIC BEHAVIORS FOR 1 < 0

_4q
We define C(Ry) = S35 B2 qup, Mo,z (g(2)), where § is as in (A.4.10), when y € (=1,0)
- >

and C(R)) := 3(1 = y)Ric) ™ sup5 My, 1(g(0)), when < —1.
We have that, if u € (—1,0),

1 - 1 -
0 f g(n, Nadn (3 —6) f g(n, Hadn — (5 = 0)C(Ry).
R, S 3
If u < -1, we have
1 1
0 f g(n, Nadn = f g(n, Hadn — =C(Ry).
R, 3 2, 3
Thus, if we choose an initial condition such that
f agin(a,v)dvda = 2C(R;)
(0,00
then
f ag(a, v, Hydvda > €G'C(R)), (A4.11)
(0,00)
if u € (—1,0) and
f ag(a,v,t)dvda > e%’C(Rl),
(0,00

when u < —1.

We now prove that we can improve the lower bound found in (A.4.11) by removing the § in the
exponential. This will conclude the proof of Theorem A.2.12.

In the following, we do not write explicitly the constants that are not necessarily relevant for the
proof. We want to improve the lower bound in (A.4.9) in the case when u € (—1,0). For u € (-1,0),
we let € to decrease to 0 as t — oo in (A.4.9).

e
More precisely, we take a function () := eje” ' € (0, €], for some constant

1
@ (0, ). (A.4.12)

_4
This means that e(t)_% =€ Pe€! in (A.4.9) and thus:

e(t) efl! o
a™MT < g+ Cepy—VH,
p

where C, ,, is a constant depending on €| and u. We denote A(r) := fRZ g(n, Hadn and equation (A.2.4)
>0

then becomes:

3,A(1) z(% - e(t))A(t) — Ceo, (A.4.13)
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~ I
where C is a constant depending on €, p and Mo,‘%l(g(t)). We note that fot e(s)ds = %(1 —e I*LMI)

Since €(f) < €, for every t > 0, we have that fot €(s)ds < e t. Multiplying (A.4.13) with

e=31h €95 e obtain:
e 3l sl g A(r) — (% — ()A®W)| 2 —Cedtle 3T h €5 > _Geleite i > _Cem! (A4.14)
since € satisfies (A.4.12). Then we integrate in time from O to #:
e 3R € A1) — A(0) > 6CeH — 6C
and thus
Ar) > A0)e3 "=k <05 _ gCei=l s 4 gEeii—h e 5 g(0)edt—h € _ gEeir—k €

Using the definition of A(#), this can be written as
f 80n, Hadn 2 ( f g(1,0)adn — 6é)e%r—fo’ (s)ds,
RZ, RZ,

This implies that, if we start with sufficiently large total surface area, fRz g(m,0)adn > 12C, we have:
>0

RZ,

e T e _ 1=
where we used that 1 —e ' ™1’ € [0, 1] and thus e b €51 5 o=

This concludes the proof of Theorem A.2.12. O
A.4.2 Self-similarity in the case of fast fusion

In this subsection we prove Theorem A.2.7.

We look at the following truncated version of equation (A.2.4):

2 -
f g, HO(v)p(n)dn — 3 f 8(n, 1)O(a, v)ado(m)dn — f
(0,002 (0,000 (0,00

)zg(n, DO(v)va,p(n)dn
+(1 = y)(Kerlglo) + (1 =) oo r(n)(cw% —a)g(m, Ho.e(n)dn = 0; f(o - g(n, He(n)dn,
’ ’ (A4.15)

where K¢ g is the term in (A.3.6) with coagulation kernel K. g defined in (A.3.1), ®, was defined in
(A.3.4)and ¢ € CL(R2,). We define a continuous function © : R2;, — [0, 1] such that:

0 a<l-eandv <e¢
Oc(a,v) ={0.(v) a=cov3; (A.4.16)
1 a>1orv>2e,
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which satisfies @.(a, v) > O.(v). The choice in (A.4.16) was made in order for (A.4.15) to preserve
the isoperimetric inequality in time. This means that if g solves (A.4.15) and g(0) € .Z i(RiO), then
gty e M {(Rio), for any ¢ > 0. Additionally, @, does not vanish in the region {a > 1}. This form will
simplify the proof of the moment estimates.

Notice that, differently from Section A.3, we do not truncate the fusion rate r() since r(n)(cov% —a)
grows at most linearly.

The statement of Proposition A.3.21 holds if we replace equation (A.3.5) with (A.4.15). This is
obtained using the same proof and the growth rate of r(n)(cov% —a) in (A.4.15). Thus, we prove the
existence of solutions of (A.4.15) as in Proposition A.3.21 with N = 2, which we will denote by g¢r.
The choice N = 2 was made since we want to test equation (A.4.15) with a* in order to obtain uniform
moment bounds later in the proof.

To prove Theorem A.2.7 we will follow the strategy of Theorem A.2.3. The main point is to find an
invariant set that allows us to pass to the limit as € = 0 and R — oo in the two-dimensional coagulation
equation. In this case, it will be harder to estimate the moment M o than in the case when u > 0. This
is because of the fact that, in the case of (A.3.5), the moment estimates are a consequence of the fast
growth of the fusion ratio r(7). This fast growth does not take place in (A.4.15). We will be able to
replace the fast growth of r(r7) with the choice of a sufficiently large constant A.

We first prove some elementary inequalities that will be useful for the proof of Theorem A.2.7.

Proposition A.4.6. Let u < 0. For 6, € (0,1), there exist A sufficiently large (depending on 6,) and

some constants m; = a(u —2) — o, my = B(2 — u) — o such that:

1—
av < - 6 Y A1 1 5107 + v (A4.17)

1—y
af < ——F1 Ad**NWIB 4 51a7 + V™, (A.4.18)
2(Kocop—a *+2)

where cop_q is a constant that will be fixed in Lemma A.4.7 and Ky is as in (A.1.7).

Proof. We prove (A.4.17) in detail. The strategy to prove (A.4.17) and (A.4.18) is the same. The proof
is as follows.
For any 6, 63 € (0, 1), there exist Cs, > 0 and Cs, > 0 such that

3

- prl o 3-w
av® < Csa TV +62a”

and
el 3u -
azy®? < C53a“+1v‘r 4 53™,

with m; = a(u — 2) — 0. Combining the two inequalities, we obtain

av ? < C(52C53a“+1v”_“ + Cs,639™ + 6pa°.
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To conclude the argument, we choose A sufficiently large such that 1%ﬂ//l > C;s,Cs, and choose 63 such
that Cs,03 < 1. m]

We now make use of Proposition A.4.6 to prove that we have uniform bounds in € and R for the
solutions of equation (A.4.15).

Lemma A.4.7. Let K. g be as in (A.3.1) and assume r satisfies the assumptions of Theorem A.2.7. Let
T > 0. We define a semigroup S(t) : Ucro — Ucrya in the following way: S (t)ginr = 8er(,+, 1), for
all t € [0, T] and with U g2 defined as in (A.3.56) with N = 2. Take u < 0, fix € € (0,1), let m; € R,
i = 1,2, to be the coefficients found in Proposition A.4.6 and denote & = a + & Then there exist

constants co_g, Com;» €2,0> Cl,—a»> €18 > 0, 1 € {1, 2}, for which the set

@ ={Mo1(ger) = 1; Mo—5(ger) < co—as Mo2(8er) < 025 Mom,(8e.R) < Comis

M>0(ger) < €2,0: M1 —a(8eR) < Cl—as M18(8eR) < 18}

i € {1,2}, is preserved in time uniformly in €, R under equation (A.4.15), or equivalently S () C @,
forallt €[0,T].

Proof. Uniform bounds for moments of the form M4, with d € R, are derived as in Propositions
A.3.16 - A.3.18. We now find uniform bounds for M (g), M ,(g) and M;g(g). For ¢ € Cl(RiO),

whose growth in a is of order 1 + a* and with d,¢(a, v) > 0, we have that:

2 3
0y f g, He(ndn < f 2@, O ()p(m)dn — 3 f g1, 1)Bc(a, v)ad.p(n)dn
(0,002 (0,00)? (0,00)?

2
- f . g, HB® (W, (m)dn + (1 — y)(Kerlgl, @) + A1 —y) X a'v? (cov3 — a)g(n, H)0.p(m)dn.
(0,00) (0,00)
Thus we obtain:

1 4
0 Mro(g(1) < —= f g, Ha*dn + = f g(n, Ha*dn
3 Jo.cop 3 Jiast)

+2Ko(1 —) f g(n, Hav—*dn f gy, navPay .
(0,002 (0,002

1 2
OM —o(g(1) < (§ +a) . g, )®(v)av™dn + (1 — )4 f , a'v7" " (cov3 — a)g(n, Hdn.
(0,00) (0,00)

1 2
0Myp(g(1) < (5 -p) f(o . g, DB Ma’dn + (1 —y)A L . v (covs — a)g(n, t)ydn

+Ko(l - ) f o(n, D f ol OV dy
(0,00)2 (0,00)%

+ Ko(1 =) gm, Hav™"dn f g(y .oV Pdr . (A.4.19)
(0002 (0,002
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Notice that in (A.4.19) the truncation on the kernel does not create problems: for M; _, the term with
the coagulation kernel is non-positive and for M5, Mg we used K. g < K.
Making use of (A.4.17) and (A.4.18), (A.4.19) becomes:

1 4
0:M20(8(1)) < =3 M20(8(1)) + 2 Moo(8(1)) + 2Ko(1 = )M -a(8(1)) M15(8(1)).

1 1=y .
IM—a(2(®) < (2 + )My _a(g() — L204 f g, idn
3 2 {a>2cov3}

< —Mi-a(8(0) + 6coMy 2, (8(1)

1-y)4
+ 3f , av g(n,Hdn - ( 27) f ) a7 g(n, Hdn
{a {a

>2cov3} >2cov3}

< =M -a(8(1) + 361 M2,0(8(1)) + 3Mo,m, (8(1)) + 6c0Myy 2_,(8(1)), (A.4.20)

where we have used that @ < 1 (see (A.1.8)) and thus 2¢o(a + ‘3—‘) < 6¢p and a + ;—‘ < 3,and

(1= .
0iM15(3(0)) < =My 5(3(0)) + 2M15(8(0) ~ —7 f{ oty @V g 0
a>2cov3

Kol = Voga [ g naldn+ Kol = viozs [ gtnnavan
(0,00) (0,00)

(I-yAa
2

+ (Kocopg-a +2)M1 g(g(1))
< =M, 5(g() + Koco,5M1,-a(8(1) + 2C(cop-a)coMy 2, 5(8(1)) + Clco-a)01M2,0(8(1))
+ C(cop-a)Mo,m, (8(1)), (A.4.21)

< —M 5(g(t) - f , @ P, tdn + KocoopMi —a(8(1))
{a>2cov3}

where C(cop-o) = Kocop—o + 2. As we have that M, Mo, 2 g Mo, s Mo m,, Mo, 2,p are uniformly
bounded from above, (A.4.20) and (A.4.21) become:
1
0:M>0(g(1)) < —§Mz,o(g(t)) +2Ko(1 — y)Mi —o(8(0) M, 5(g(1) + C;
M- (8(1)) < =M —o(8(1)) + 361 M2,0(g(1)) + C;

M p(g(1)) < =M, 5(8(1) + KocopM1,-a(8(1)) + Clcop-a)01M20(g(1)) + C, (A.4.22)
where C > 0 is a constant depending only on vy, ¢y and the upper bound of some moments of the form
My 4, with d € R. Using (A.4.22) we are able to find a region that stays invariant in time.

In order to give some insight about the proof, we consider first the case ; = 0, since the result for

01 > 0, sufficiently small, follows by a perturbative argument. (A.4.22) becomes

1
0:M>o(g(1)) < —gMz,o(g(t)) + 2Ko(1 — y)M —o(g(0))M15(g(®)) + C;
0My —o(g(1)) < =M _o(g() + C;
0:M1p(g(1)) < —M p(g(1)) + KocopM1,—a(g(1)) + C. (A.4.23)
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Notice that from (A.4.23) we deduce that the set {M _,(g) < C, M1 5(g) < C(Kocop+1), M2o(g) <
3[C +2(1 - y)KOCZ(Koco,gﬁ + 1)]} stays invariant in time.

Let 61 > 0. We prove that the region defined by {M; _,(g) < 2C, M15(g) < 2C(Kocoop + 1),
Ma(g) < 3[C +32(1 — y)KoC?(Kocoap + 1)1} is invariant in time.

Assume that M _,(g(0)) < 2C, M;(g(0)) < 2C(Kpcoop + 1) and M>(g(0)) < 3[C + 32(1 -
v)KoC 2(Koco’zﬁ + 1)]. By continuity in time, for all s sufficiently small, we obtain that M _,(g(s)) <
4C, M, g(g(s)) < 4C(Kocpp + 1). Plugging this in (A.4.22), we obtain that

1
9sM>0(8(s)) < ~3M2.0(8(9)) + 32Ko(1 - Y)IC*(Kocoop+ 1) +C, (A.4.24)

for all times s small enough. Thus, the region M;0(g(s)) < 3[C + 32(1 — y)KoCz(Koco,zﬁ + 1)] is
invariant for small enough times. We now make use again of (A.4.22) and the newly obtained bound

for M3, to deduce that

OsM 1 —o(8(5)) S =M1 _o(g(5)) + 961[C + 32(1 = y)KoC*(Kocoz5 + 1] + C;

OsMy g(g(s)) < —M1p(g(s)) + KocoopM1,—o(g(s))
+3C(cop-a)01[C + 32(1 - )/)K()CZ(Koco,zﬁ + D] +C, (A.4.25)

for sufficiently small times. Choosing ¢; sufficiently small so that 96,[C+32(1 —y)KOCZ(K0c0,2ﬁ+ D] <
C and 3C(cop-a)01[C +32(1 - y)KoCZ(Koco,zﬁ +1)] < C, we obtain that the regions M _,(g(s)) < 2C
and M g(g(s)) < 2C(Kocoop + 1) are invariant in time for all s sufficiently small. We are now able to

iterate the argument, extending it to all times. These bounds are independent of €, R. O
We now have all the necessary parts to conclude the proof of Theorem A.2.7.

Proof of Theorem A.2.7. We can uniformly bound M o(ger(1)) < My _o(ger(?)) + My g(ger(1)), since
M __o(ger(1)) and M p(ger(1)) are bounded. This is enough to enable us to follow the steps of the
proof of Theorem A.2.3 to conclude that there exists a self-similar profile for the two-dimensional

coagulation equation in this case. This finishes the proof of Theorem A.2.7. O

A.5 Formal rescaling properties
It is worthwhile to mention that the equation (A.1.1) has some useful rescaling properties. More
explicitly, if f satisfies (A.1.1) and f(o ooy V. f(a, v, )dvda = vy, then we can define a set of functions f;

Vo ~ a4 Vv _
f@v,0) = = fel—. = K vop). (A5.1)
ks’ ki k

The rescaling (A.5.1) can be used to remove the dependence on vy, the problem being reduced to one

where the total volume of particles is equal to 1. We have that f; solves (A.1.1) with the fusion kernel
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r replaced by % and

f vfk(a, v,)dvda = 1.
(0,00)?

Notice that, if f satisfies (A.1.1) and g is defined as

1 a v
Eg(t%_f’ E,flog(f)), (A5.2)

f(a,v,t) =
t

up to a translation in time, then g satisfies (A.2.1). Combining (A.5.1) and (A.5.2), we obtain that g,

which can be expressed in terms of g in the following manner

O R VA U L B 1 S
8(A, V. T) = vy g(vy A, vV, 1), (A.5.3)

where 7 = £log(f) and T = ¢ log(ky‘lvot), satisfies (A.2.1) with total volume equal to 1. In particular,
if we choose k = vg, we have 7 = 7.
We obtain the following rescaling property for g in terms of g:

Y- %."1 -2

Myl,yz(gk(%)) = VQ = My|,y2(g(T))’ (A54)

for y;,y, € R, which we make use of in Proposition A.2.9 and Theorem A.2.12. Notice that in the
relation between the moments of g and the moments of g; the dependence on the variable k vanishes
and the reason we choose to fix k = vg is in order to avoid the time translation.

The existence of a function g, which satisfies (A.2.15), (A.2.20) and has volume vq is equivalent
by means of the scaling (A.5.3) to finding a function g;,(A, V) such that all these inequalities hold with
vo = 1. The existence of such a function can be easily seen if we choose its support in an appropriate
region contained in V € [%, 1] and with A sufficiently large.

Thus, we can assume without loss of generality that the total volume of the particles is equal to 1,

keeping in mind that the constants Ry and R, in (A.1.10) change by a factor vy.

A.6 Proof of some results used to obtain the existence of solutions for
the truncated time-dependent problem

Proof of Proposition A.3.6. The following remark is used in order to prove the stated properties:
oV, V', t)ehe(lz(V,V'J)J) = ehe(VD+he(V',1). (A.6.1)

We make use of (A.3.20), (A.3.21), the kernel bound and the inequality [e™™' — ™| < |x| — x|, for
x1,xp > 0.
We first prove that the map stays in the ball of radius 2M. In order to bound J;[G] in (A.3.23), we

use that x; y(A) < A, for every ¢ € [0, 7] and the assumption 7 < In2. For the term J;[G], we notice
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that 1 + x,y(A) + x.(A") < (1 + x,y(A))(1 + x,y7(A")). Thus, for every ¢ € Ce(R2) with [lglles < 1,

we have:

f 2 "Y1 + x, y(ANJIGI(A, V, )p(A, V)AVA < 2|l fo )2(1 +a)ginr(a,v)dvda
(0,00) (000

1 -
+ — LUKl lGIPligll
<M+ (1= y)2M*||KlleoT < M +1 < 2M.

We now prove that the map J, which was defined in (A.3.23), is contractive:
| f U0+ 1 (ADUIFIA, V1) = JIGIA, V. D]p(A, V)AVdA
(0,00)
< 2f |+ @)ginr(a, v)dvdal[Krlleollglle|lF = Gli(e™ ~ 1)
(0,00)

L IKRl(IF1] + GIDliglllIF = Gl + —

1
< (MIIKrlloo + 2M(1 = »)lIKlloo + IKRll)(e" = DIF = Gll < S1IF = Gl

+

L KrIPIGIP el F = Gllr(e™ = 1)

Proof of Proposition A.3.7. By testing with e"<"x, . for ¢ € [0, 7], and using (A.6.1), we obtain that:

1- ! ,
f Gero(m. )" x,y(A)dn < 2 f ginr(MAdy + —2 f f f Kr(ps(m), 5" )Gero(dn. s)
R2 2 0 Jr2, JRZ,

>0 IR>0 2
Gers(dy, s)e VITVI(x V(A + xp(A))) = x50(A) = x5y (A)]ds.

Thus:

f Gers(A, V, ey, y(A)dVdA < 2 f ginr(A, V)AdVdA,
R2 R?

>0 >0

which is bounded by assumption. Similarly, testing with eV we get:

f Gers(A, V,1)eedvdA < 2 f
RZ

gink(A, V)AVA.
R2

>0 >0

The condition imposed on giy r in order to prove Proposition A.3.6 was 2 f(o w)z(l +a)ginr(a,v)dvda <
M. Thus, we can replace gin g by G¢rs(-, -, 7) and then iterate the argument to extend the solution to

all times. =

Proof of Proposition A.3.14. Lets,t € [0,T]. We denote by g(-, 1) := S()g(-). Let n € N be sufficiently
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large. Let ¢ € CC(RiO) and ¢, € Cé (Rzo) be such that SUP(q,1)eR2, lon(a, v) — ¢(a,v)| < ,ll Then

>

<

' f( )Z[S(t)g(n)—S ($)gm]e(ndn

) f(o L8010 = gr. lga(mdn +] f@ L8010 = n. g = ¢l

2
< f [g(n, 1) — g(n, $)]@n(m)dn| + = sup f g(n, r)dn
(0,00)2 N 1¢[0,T] J(0,00)2
C
< f [g(n, 1) — g, ), (m)dn| + —, (A.6.2)
(0,002 n

where we used that we can bound sup,g 7 f(o co)? g(n, r)dn from above. On the other hand,

A 2 !
] f Lot 1) — g0, S)]son(n)dn‘ < f f lg(7, Den(mldndr + = f f (9. PYadaen(nldndr
(0,00)2 s J(0,00)2 3 s J(0,00)2

d !
+ f f( . lg(n, Vo, (m)ldndr + (1 —y) f (Ker[€1(r), @u)ldr

!
2
+ -y f fo 2r5(n)|60v? — alg(n, N|0.e,(n)|dndr.
s J(0,00)

As K¢ g is bounded and g, g s has compact support in the v variable, we can find a constant C(e, R, ),

which depends on €, R, ¢ such that

2 !
‘ f( )z[g(n,t)—g(n, len(mdn| < 3 f f(o - lg(n, r)ad.,(n)|dndr + C(€, R, 6)|t — s|

1 !
+LC(ER ) f f 11+ alg(r, Pldugn(pldndr.
s Joeop

AS SUp,¢(o.7] f(o oo)2(1 + a)ge.rs(m, r)dn is bounded from above, we find that there exists C(e, R, 0) de-

pending on the written parameters, such that

< C(e R, 0)|t - s|. (A.6.3)

f(o . [g(m, ) — g(n, $)lpn(n)dn

Combining (A.6.3) with (A.6.2), we obtain the continuity in time of the map ¢ — f(o )2 g(n, He(n)dn,
if ¢ € CC(RiO). We now extend the argument to all functions ¢ € CO(RiO). Let ¢ € Co(Rio), with
lolle < 1. Due to the support of g € Ugp, it is enough to cut the function ¢ for large values of a in

order to make it compactly supported. Let yas(a) be as in (A.3.31). Then

<

‘ L) )Z[g(n,t)—g(n, $)]e(n)dn

< f [8(m, 1) — g, $)le(mx m(a)dn| + 2 f |[g@. 1) — g, )le()|dn
(0,00)2 (M,0)x[€,2R]
<Clt—s|+2M7" alg(m,n) + g(n, $)1dy
(M,0)x[€,2R]

< Clt=s|+c()M™".
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We conclude the argument by taking M sufficiently large. O

Proof of Proposition A.3.24. Let n € N. By Lemma A.3.23, we have that:

[, Genstnne ¥, piayan <

R>()
1_ !
<2 f gin,R(n)A"dn+—y f f
R2, 2 Jo Jr,

eI (g y(A) + o (A))" = ey (A)" = x5 (A')'dn'dds

kn !
n
<2 fz ginrR(MA"dn + (1 = PIIKRlle § (k)f f2 eh‘(v’s)X§’V(A)GE,R,5(U, s)dn
R>O k=1 0 R>0

fR VI L (ANG g 57, 5)dny ds,

2
>0

jl; Kr(¢5(A, V), (A", V)Gers(n', $)Gero(m, 5)

2
>0

where k, is taken as in Lemma A.3.23. The above computations show that, in order to find an up-

per bound for fRZ Gers(m, t)ehf(V’t)x,’V(A)”dn, it is enough to estimate fRZ Gers(m, t)ehf(V”)xt,V(A)kdn,
>0 >0

where k € [1,n — 1]. As such, we can use an iteration argument for the exponents of x; y(A). We then

use that

f Gers(A, V,1,)e" i y(A)dVdA < 2 f agin,r(a, v)dvda
(0,00 (0,00

as in the proof of Proposition A.3.7, which can be found in this appendix. In this manner, we derive
suitable moment estimates which allow to extend the obtained solution to all times by iterating the

argument. m]

A.7 Some technical results used to prove the existence of self-similar
profiles

Remark A.7.1. In order to simplify the notation we will write g and gj, instead of g g s and gin r, re-
spectively, in the following computations. It is relevant to take into account that g. g s := g is supported

in the region (a,v) € [co€3, ) X [€, 2R).

Proof of Proposition A.3.16. We obtain (A.3.35) by testing (A.3.5) with ¢(a, v) = v. In order to derive
(A.3.36), we test (A.3.5) with ¢(a,v) = V.

By Remark A.3.15 and since g is supported in the region (a, v) € [coe% ,00) X [€,2R), we can ignore
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the dependence of K,z on R:

(I=7v)
2

Ki(1 -
<A 2 . f f VP AV + v )g(a, v, 0ga VOl + V) = v =V ]dvda’dvda
(0.0 J(0,00)2

f f Ker(a,v,d V)W +V)gla,v,0)g(d’, vV, D)[(v + V')’ —v' —v7]dv'da’dvda
(0,002 J(0,00)2

Ki(l-
SM f f VP PV Y g(a, v, Dg(d ,V, D[(v + V) =V =V ]dv dd’ dvda.
2 <8y Jiv<t)

Suppose v > V' and take z := V—V/ € (0, 1]. We have:

WVWE P+ V)Y = =) WP AW (1 + ) - 1-2)

< =(L=y72 = (1 =7,

since (1 +z)Y—1-2"<0and z7® > 1. We also used that:

1+z
(1+z)7—1:yf 77 lds < yz <y
1

Equation (A.3.5) now becomes:

2
Vg(a,v, t)dvda)

d K
g More) =1 =) f VO(v)g(a, v, dvda - w( f
dr (0002 > |

R
v<3}

(1 -y’Ki

< (1 =)Moy (8(0) - 1

1 —v)K 2
Mo,y(g(t))2 + —( 7) 1( f vg(a,v, t)dvda) .
2 v>£)

We can control the region where v > § using (A.3.35), namely:

R\»-! R\~!
f; 0 vVg(a,v,t)dvda < (5) L - vg(a, v, t)dvda < (5) Mo,1(gin),
V>3 ,00

thus finding a constant C > 0, independent of € € (0,1), R > 1 and ¢ € (0, 1), for which

d 1 - N2K
EMO,y(g(t)) < =y)Mp,(g®) - %

We then conclude that there exists a constant Co,, independent of €, R and 6, for which the region

Mo, (g(t))* + C.

My, (g(1) < Cop,y is invariant in time. O
Proof of Proposition A.3.17. We want to bound

K@a,v,a' , V[ + V)" =" —v"™].
Assume v > V'. Denote 7 := ‘; € (0, 1] and observe that:

K@a,v,d V(v +V)" =V" V"] <K(a,v,d’ , VW' [(1+2)" - 1-7"1<2C,K(a,v,a’ ,V)W"z
<2C KoV (2 + 790"z < 4C,, Kov? 77"

S4CmKO(V8+m_1V,_a+1 + v/ﬁ+m—1v—cy+1 )’ (A7 1)
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where we used that
1+z
1+2"-1= mf " s <m(1 + 2" 'z < Cp(1 + 2" M)z,
1

since m > 1 and z € (0, 1]. By symmetry, (A.7.1) holds for all (v,V’) € (0, 00)2.
Equation (A.3.5) becomes:

d
3 Mom(8(1)) < =(m = )Mo nm(8(1))

+(m—1) Vg(n, dn + 2(1 = y)CruKoMo gm-1(8) Mo —¢+1(8)

{v<2e}

< —(m = )Mou(g()) + (m = 12" M1 (gin) + CMo gem-1(8(1)Mo—a11(8(1). (A.7.2)

By (A.3.35) and (A.3.36), we obtain that My _,+1(g(?)) is uniformly bounded as —a + 1 € (y, 1].
Additionally, we have that m+ 8 —1 € (y,m). Let Co,, be the constant found in Proposition A.3.16,
then there exists 6 € (0, 1) such that:

Momsp-1(8(0)) < Mo, (8(1)' ™" Mou((0))’ < Cy2 Mom(g(®))’. (A.7.3)
Hence, combining (A.7.2) and (A.7.3), we find an invariant region in time for the moment My ,,. O

Proof of Proposition A.3.18. Let C; be the constant found in (A.3.37), with 7z > 1 as in Proposition
A32,andletf < 1lasin(A.1.7). Forallt > 0:

1 =Mp1(g®) < Nl_ﬁf vﬂg(a, v, H)dvda + Nl_’hf v’hg(a, v, t)dvda
(0,00)x(0,N) (0,00)X(V,0)
< N'"PMog(g(0) + N'™" max{Mo n(gin), Con}- (A7.4)

Thus, for N > O sufficiently large, we obtain

(A.7.5)

1
Mos(8(t) = 7.

We analyse the term
f f K g(a,v,da' ,V)ér(v +V)g(a, v, 0)g(@ v, D[(v +v) " =y —vdv'dd’ dvda.
(0,002 J(0,00)?

We make use of Remark A.3.15: From the definition of K. in (A.3.1) and the support of g, we have
that Kc g = K when v,V € [e, 2R)?. Since (v + V') = v —v'7' < 0, we can use the lower bound for K
in (A.1.7). We obtain:

f f Keg(a,v,d' ,v)Er( +V)gla, v, 0g(@ v, H[(v + ') = v = v'~dv'da’dvda
(0,002 J(0,00)?
—a /B VB r—a o A B B )
<K, VYT + vV T Ng(a, v, Hgla’, v, )y + V') v v'7']dv'da’dvda
<8y Ji<Ey

<K; f f (=" HB = Bye(a, v, g,V , £)dV da’ dvda
<8y Jir<Ey
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and (A.3.5) thus becomes:
d
— Mo—i(g(®) < (1 + DMo_i(g(0) — (1 = DK, f v lg(a,v,ndvda | VPg(a,v,ndvda.
dr {v<§} {V<§}
(A.7.6)
By (A.7.5)
R\#-1 1
{v<§}vﬂg(a,v, ndvda = = —(5) > N (A.7.7)

for all R > 1 that are sufficiently large.

As —1 € (—a — 1, 1), there exists 8 € (0, 1) for which Mo _/(g(t)) < Mo.1(g()' Mo _o—1(g(t))? <
Mo 1(gin) " Mo —a—i(g(1))?. Combining this with (A.7.6) and (A.7.7), there exists a constant C > 0 such
that:

d §
—My—i(g() < (1 +l)Mo,-z(g(t))—C( f v'e(a, v,t)dvda) .

dr {v<§}
We use x0 > 2170 (x + )7 — y7 with x = [ vg(a,v,ndvda and y = [, v7'g(a,v,Ndvda
y y - V<§} g s Vs y - {v>§} g s Vs .

- {
We can bound f v g(a, v, t)dvda from above because R > 1 and My 1(g(¢)) is uniformly bounded.

v>8}
Thus
%MO,_mg(r)) < (1 + DMo—i(8(1)) — C1Mo—i(g(1))? +2*'CMo,1(in)
and we conclude using the uniform bound on My ; and then a comparison argument. O
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APPENDIX B

LFAST FUSION IN A TWO-DIMENSIONAL COAGULATION MODEL

ABSTRACT. | In this work, we study a particular system of coagulation equations char-
acterized by two values, namely volume v and surface area a. Compared to the standard

one-dimensional models, this model incorporates additional information about the geometry
of the particles. We describe the coagulation process as a combination between collision and
fusion of particles. We prove that we are able to recover the standard one-dimensional co-
agulation model when fusion happens quickly and that we are able to recover an equation in
which particles interact and form a ramified like system in time when fusion happens slowly.

B.1 Introduction

Most of the works on coagulation equations assume that the particles are characterized by a single
variable, usually the particle volume (or equivalent quantities like polymer length), see for instance
[Nor99, NV12, Smol6, Ste89]. Nevertheless, other parameters that might provide insight about the
geometry or other features of the particles are usually omitted. In a previous work (see [CV23]), we
study the mathematical properties of a class of coagulation equations in which the aggregating particles
are characterized by two degrees of freedom, namely the volume v and the surface area a. This type of

models was introduced in [Fri00, KF90]. More precisely, the model considered is the following:
3 f(a,v,1) + dalr(a, v)(cov’ — a)f(a,v,0] = KIf1(a, v, 1), o = (36m)7, (B.1.1)
where

1
K[ fl(a,v,1) :== f Ka-d.,v—v,d V)fd,vV,0fa-ad,v-v, Hdvdd
2 J0.ax.v)

- f K(a,v,a' V)f(a,v,0)f(a@,V,Hdv'dd’.
(0,00)?

In this model, f is the density of particles in the space of area and volume for any given time

t > 0. The coagulation operator K[ f] is the classical coagulation operator that was introduced by
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Smoluchowski (see [Smo16]) and gives the coagulation rate of particles which evolve according to the

following mechanism:
(a1,v1) + (az,v2) — (a1 + az,vi +v2).

It is assumed that the particles attach to each other at their contact point and therefore in this way both
the total area and volume of the particles involved in the process are preserved.

On the other hand, the fusion term d,[r(a, v)(cov% — a)f(a,v, )] describes an evolution of the
particles towards a spherical shape. The dynamics generated by this term preserves the total num-
ber and volume of the particles. The term cov% — a indicates that the area of the particles tends to
be reduced as long as it is larger than that of a sphere cov% (see Figure B.1 for a description of the

complete coagulation process assumed in (B.1.1)).

Q@+ ~
@ i

Figure B.1: Coagulation process: collision of particles followed by fusion

In addition, r(a,v) will indicate the fusion rate and describes how quickly the particles evolve
towards the spherical shape and thus has units of the inverse of the fusion time. If the fusion kernel r is
very large compared to the coagulation rate, we expect that the particles become spherical in very short
times. On the contrary, in the particular case when r = 0, fusion does not occur and particles attach at
contact points forming a ramified-like system in time.

The main advantage of this model is that the distribution f contains more information about the
geometry of the particles than a standard coagulation model, where only information about the volume
of the particles is taken into account. In particular, this allows to include in the coagulation rate in-
formation about the particle shape, which enables us to distinguish between the case when two particles
attach at a contact point and the case when they merge upon collision as explained above. This dis-
tinction is not possible in the case where only volume is of importance. We refer to [Fri00, KF90] for
details about the derivation of the model, and to [CV23] for additional information about the mathem-
atical properties of this model.

Therefore, it should be possible to approximate the solutions of (B.1.1) by means of solutions of
a coagulation model depending on only the variable v, i.e. an one-dimensional coagulation equation,

in the case when fusion overtakes coagulation. On the other hand, when r is very small compared
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with the coagulation rate, we can approximate the solutions of (B.1.1) by means of solutions of a
two-dimensional coagulation model without fusion depending on two variables, a and v.

More precisely, we analyse the following model as A — 0 and as A — oo:

1 2
Oifala,v,t) + Xaa[r(a, V)(cov3 — a)fala,v, )] = K[ fal(a, v, 1). (B.1.2)

We remark that the particles must satisfy the isoperimetric inequality, therefore the density fa
should be supported in the region where {a > cov% }. Moreover, the evolution generated by (B.1.1) (or
by (B.1.2)) has the property that it preserves the set of measures supported in this region.

We assume r(a, v) behaves like a power law of a and v. For the coagulation kernel K, we assume
that it has a weak dependence on the surface area of the interacting particles, but it can have a power
law behavior in the volume of the coalescing particles.

Since collision does not change if we permute the colliding particles, i.e. (a,v) < (a’,V'), the

coagulation kernel must satisfy the following symmetry property:
K(@a,v,d' V) =K@,V a,v), (B.1.3)

for all (a,v,d’,V") € (0, 0)*.
Concerning the fusion kernel r, we assume that r € Cl(RiO) and that there exist constants Ry, Ry >

0 such that:
Rod"Vv" < r(a,v) < Ria"v’, (B.1.4)

for all (a, v) € (0, )? and some coefficients y, o € R.
In order to control the mass of the solutions when |a — cov%l > 0in (B.1.2) if A is small, we require

the following technical assumptions on the fusion kernel r:

(B.1.5)

dar(a,v) — pa~'r(a,v) > 0, and d,r(a,v) < Ba 'r(a,v), if u > 0;
Oqr(a,v)(a — cov%) +r(a,v) >0, and d,r(a,v) < Ba~'r(a,v), ifu<0,

for all (a,v) € (0,00)?, with a > cov%, and for some constant B > (0. A particular case used in
applications that satisfies the above mentioned properties is when r(a,v) = Ra*v’, with u > —1 and
R € [Ro, R{]. The condition (B.1.5) is not optimal and it would be possible to impose weaker conditions
on the fusion kernel. However, this would require more involved arguments in the proofs later on. We
impose the stronger condition (B.1.5) as our main goal is that the statements of our theorems hold for
fusion kernels that behave as power laws, a case which is included in condition (B.1.5).

In comparison to [CV23], since in this paper we are not interested in the long-time behavior of
solutions, we do not assume homogeneity of neither the fusion nor coagulation kernel and we simply

assume that they behave like power laws, see (B.1.4) and (B.1.6). In [CV23], we restricted the analysis
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to coagulation and fusion kernels which rescale in a similar manner when the size of the particles is
changed without modifying their geometry. This was needed for the study of the long-time behavior
of particles as the fusion term was chosen in a desire for particles to form a spherical shape in time. In
particular, it meant that, if the particle volume is scaled by a factor A, then the diameter is scaled with
a factor 13 and the area scales like A3 and that we needed to impose the additional assumption that
%u + 0 =y — 1, where vy is the homogeneity of the coagulation kernel and y, o are as in (B.1.4). In
this work, we treat the more general case of arbitrary u, o € R. In order to deal with this case, we will

need to obtain additional moment estimates.

Our main goal for this paper is to prove that all solutions of equation (B.1.2) which satisfy some
very general moment estimates concentrate their mass around the isoperimetric line {a = cov%} as
A — 0 and tend in an appropriate sense to a measure which can be computed by solving a suitable
one-dimensional coagulation equation. Moreover, we prove that solutions of (B.1.2) satisfying these
moment estimates do exist. The limit measure f of the sequence {f,} acts like a Dirac-like measure in
the area variable, namely f(v,) = d6(a — cov%)F (v, 1), with F satisfying the standard one-dimensional
coagulation equation. We can then use the known results for the one-dimensional coagulation equa-
tions (for example, it was proven mathematically in [BLL19b, Proposition 10.2.1] for solutions in
C([0, c0); L' (R5))) to prove that the average volume of the particles increases in time.

The reason we can reduce the evolution equation for the two-dimensional system to a one-
dimensional one is that, as A — 0, the fusion process takes place much faster than the collision
process and then the particles are transported close to the isoperimetric line {a = cov%} almost
instantaneously. Equivalently, fusion happens immediately after collision.

On the other hand, if we let A — oo in equation (B.1.2), we recover a two-dimensional coagulation
model, in which particles attach to each other at a contact point, forming a ramified-like system in time.
A physical interpretation of this is that, as A — oo, the effect of the fusion term becomes negligible

(see Figure B.2).

NA—0

N

N—00

Figure B.2: System of particles under different fusion times
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The evolution of a system of coagulation equations which can be described by area and volume
and where the particles undergo a fusion process after they come in contact has been described in
[Fri00, Chapter 12]. The specific problem under consideration was the study of aerosol flame reactors.
A heuristic analysis of the shapes for the resulting particles for different values of the ratio between
the average fusion time and the average collision time can be found in there. This ratio is given by the
parameter A in our model in (B.1.2). In the types of models considered in [Fri00, Chapter 12], it is seen
that, for small particles or high temperatures, the parameter A is small. On the contrary, for sufficiently
large particles or after the gas has been cooled, we must assume that A is very large. The results in this
paper provide a precise mathematical formulation of the behavior that has been suggested in [Fri00,
Chapter 12]. The results in this work are complementary to those in [CV23], in which we consider a
particular form of the fusion term for which A = 1 for arbitrary times.

Coagulation equations for particle distributions characterized by a single variable have been ex-
tensively studied. In particular, the long-time behavior for coagulation equations for which solutions
can be explicitly computed has been studied in [MP04]. The existence of self-similar solutions for
general classes of kernels has been obtained in [EMROS5, FLO5].

Coagulation equations including also transport terms have been considered in the mathematical
literature in relation to different contexts. For instance, in [ADO3], the well-posedness of a model
for the evolution of the cluster size of phytoplankton, which has been introduced in [AF97], has been
studied. A model including also fragmentation effects of the phythoplakton clusters has been analysed
in [BLO9], where results on existence and uniqueness of solutions for some classes of kernels has been
studied.

In these papers the transport term is related to growth of the particles, while in the model (B.1.1),
(B.1.2) the transport term describes the fusion of particles. This allows the observation of the changes
in the geometry of the particles with no changes to the volume. Due to the multi-dimensionality of
our model, the techniques required to tackle the two problems vary, with the difficulty coming from
the fact that we need to control large values of the additional variable, we refer to [CV23] for more
details. The main focus of this paper consists in finding connections between the two-dimensional and
the one-dimensional model.

Other coagulation models combining the effect of coagulation and particle growth have been stud-
ied in the physical literature, cf. [Fri00, Chapter 11] and [LLKOO], with rigorous mathematical results
for the last paper obtained in [Gaj83]. Moreover, coagulation equations including drift terms have been
studied in several contexts. A relevant example is the Lifshitz-Slyozov-Wagner equation with encoun-
ters that was introduced in [LS61]. A rigorous analysis of the self-similar profiles for this model was
done in [HLNO09, HNV09, Lau0O1].

Multi-dimensional coagulation equations have not been studied as much in the mathematical lit-

erature as their one-dimensional counterpart. Several discrete multi-component coagulation problems
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which are relevant in aerosol physics have been mentioned in [WatO6b]. A discrete version of the
model in (B.1.1) has been studied in [WatO6a]. The model considered in there includes coagulation of
particles and an effect similar to the fusion of particles in (B.1.1), which has been termed compaction.
The diameter of the particles is restricted by the total number of monomers as well as by the isoperi-
metric inequality. The coagulation and the fusion rates are assumed to be constant. Due to this, the
model considered in [Wat06a] is explicitly solvable using generating functions. The long-time beha-
vior of the solutions which depends on the ratio between the fusion and coagulation kernels has been
then analysed using the explicit formulas of the solutions.

In [FLNV21a, FLNV22, FLNV23], the mathematical properties of some classes of coagulation
equations describing clusters that are composed of several types of monomers with different chem-
ical composition are analysed. More recently, uniqueness of the solutions for the models of multi-
component coagulation equations considered in [FLNV21a, FLNV22, FLNV23] has been studied in
[Thr23].

More precisely, it has been proven in [FLNV21a, FLNV22] that time-dependent solutions for the
multi-dimensional coagulation equation concentrate along a line in the space of cluster concentrations
for long times for coagulation kernels for which the scaling properties of each of the components are
the same for all the species that compose the system. However, as the surface area and volume appear
in a less symmetric manner in our model, it does not seem feasible to adapt the proof in [FLNV21a,
FLNV22] to obtain our result, even in the absence of the fusion term.

Another difference between our model and the one in [FLNV21a, FLNV22] is that the proof in
the latter relies on the conservation of mass for each of the types of monomers. Due to the fu-
sion term, we do not have two conserved quantities for (B.1.2), but only the volume is conserved.
In addition, the fusion term in (B.1.1), (B.1.2) yields a non-trivial evolution of the distribution of
particles. The solutions in [FLNV21a, FLNV22, FLNV23] concentrate along a line with the orient-
ation fixed by the initial distribution of cluster compositions or the source term. Thus, the solutions
in [FLNV21a, FLNV22, FLNV23] can concentrate along different lines depending on the initial dis-
tribution of particles. On the contrary, in one of the situations considered in this paper, the solutions
concentrate always near the isoperimetric line, independently of the initial data. When A — 0 in
(B.1.2), we have that the coagulation operator transports particles away from the isoperimetric line but

these are transported extremely fast towards the isoperimetric region due to the fusion term.

B.1.1 Notations and plan of the paper

For I c [0, )2, we denote by C.(I) and Cy(/) the space of continuous functions on / with com-
pact support and the space of continuous functions on / which vanish at infinity, respectively, both
endowed with the supremum norm. ., (I) will denote the space of non-negative Radon measures,

while .#, ,(I) will be the space of non-negative, bounded Radon measures, which we endow with the
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weak-* topology.

We make in addition the following simplifications:

e We use the notation 7 := (a,v). We will use interchangeably both notations for convenience.

e We will use the notation f(a,v)dvda or f(n)dn for Radon measures, independently of the fact

the measure may not be absolutely continuous with respect to the Lebesgue measure.
o My (f) = f(o,m)z av! f(a, v)dvda, for some k, [ € R.
e For a suitably chosen ¢ : Rio — R and for (a, v,da’,V) € (0, 00)*, we will denote:
xola,v,d' V') =pla+d,v+V)—epla,v)—ed,V);

1
EIfLg) =5 f f K o, G ) f ()i iy,
(0,00)2 J(0,00)2

e We use C to denote a generic constant which may differ from line to line and depends only on

the parameters characterizing the kernels K and r.

e We use the symbols < and > when the inequalities hold up to a constant, i.e. f < g if and only if
f < Cg, for some C > 0.

The structure of the paper is as follows. In the rest of this section, we establish the setting and state
the main definitions and results.

In Section B.2, we prove that there exists a limit for the sequence of solutions of equation (B.1.2) as
A — 0. To this end, we first prove that the mass of solutions concentrates around the isoperimetric line.
This is done by looking at the adjoint equation of (B.1.2). The fact that the measures take small values
if we are at a positive distance from the line {a = cov%} together with the fact that we can control large
values of the area a suffices to prove the equicontinuity in time of solutions and conclude that a limit of
the sequence exists. We then prove that the found limit is a solution for the standard one-dimensional
coagulation equation. This is since now the a variable acts like cov% and we can omit the fusion term
by testing (B.1.2) with functions only depending on the v variable.

In Section B.3, we deal with the case when A — oo in equation (B.1.2). We prove that a limit exists
as A — oo and that the limit satisfies a two-dimensional coagulation equation where the interaction of
particles consists of particles which attach at a contact point. The proof of this result is straightforward

after obtaining suitable moment estimates for the solutions, which are independent of the value of A.

B.1.2 Setting and main results

We work with non-negative continuous kernels on (0, c0)* that, in addition to the properties already

stated, i.e. (B.1.3), have the following bounds:

Ki(v B+~ < K(a,v,d’,v") < Ko(v 0P +/~08), (B.1.6)
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for some K, Ky > 0, for all @, v,a’,v" and for the following coefficients:
a>0andB € (0,1)suchthat B —a € (0, 1). B.1.7)

Notice that condition (B.1.6) implies that the kernel has a weak dependence on the area variable,
although K is not necessarily independent of the area variable. Moreover, we focus on the study of
kernels for which gelation (i.e., solutions do not preserve mass) does not take place. For more details
on gelation theory, we refer to [CdC92, EMP02, Lau00, vD87] and [BLL19b, Section 9]. It would
be interesting to check if the results of this paper can be extended to some classes of kernels which
exhibit gelation. Notice that this opens several questions. For instance, in the gelation case there might
be several continuations of solutions depending on how is the interaction between particles with finite
size and the gel part. It would be relevant to know if the limit as A — 0 of {fx} in (B.1.2) selects some
particular solution.

Since we work with physically relevant particles, i.e. the particles for which the isoperimetric

inequality is satisfied, it is helpful to define the following space

MIR2) = th € M(R2) | h(la < covi}) = O}, (B.1.8)

>

The superscript I stands for isoperimetric. We endow the newly-defined space with the weak-* topology

on ., (Rio). Similarly, we denote
ML R2) = (h e Mep®2) | hfa < covi)) = 0). (B.1.9)

Definition B.1.1. Fix A > 0. Let K : (0,0)* — [0, o) be a continuous kernel satisfying (B.1.3),
(B.1.6) and (B.1.7). Assume the fusion kernel r € Cl(RiO) satisfies (B.1.4) and (B.1.5). Let fa €
C([0, o0); A J{(Rio)). We say that f, is a solution for the weak version of the time-dependent A-fusion
problem if, for every 7 > 0,

sup f v + V) fala, v, dvda < co
(0,00

t€[0,T]

and, for all ¢ € C{([0, 00); CL(R2,)) and 1 € [0, )

>

P 0p 0= [ g 0= [ [ i 90,00 inds

(0,00)? (0,00)?

! 1 ! 2
- [neneomss ¢ [ [ roent - s o s .1.10)
0 0 J(0,00)
Remark B.1.2. Functions fa as in Definition B.1.1 exist and the methods to prove their existence are
similar to the ones used to prove existence of self-similar solutions in [CV23] (in order to derive some

moment estimates in [CV23], ideas from the one-dimensional case in [EMRO05, EM06] were adapted).

A sketch for proving their existence will be shown in Proposition B.2.1.
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The case of fast fusion

Remark B.1.3. From now on, in order to simplify the notation, we replace A by € in (B.1.2) when we

consider the case A — 0 and we replace A by é in (B.1.2) when we consider the case A — 0.

Theorem B.1.4. Let K : (0,00)* — [0, ) be a continuous kernel satisfying (B.1.3), (B.1.6) and
(B.1.7). Assume the fusion kernel r € Cl(Rio) satisfies (B.1.4) and (B.1.5) with u > 0. Assume in
addition that f(o,oo)2 (VHT3 3y wtd) o g3 £ (a,v)dvda < co. Let T > 0. Then we can construct
fe as in Definition B.1.1, for every € € (0, 1). For this sequence, we have that there exists a constant
C(T) > 0, which is independent of € € (0, 1), such that

sup f (VHT3 3 o) gk £ (a, v, Hdvda < C(T). (B.1.11)
1€[0,T] J(0,00)2

Moreover, there exists a subsequence (which we do not relabel) and 7 e C((0,T]; A i(Rio)) such that

fo(t) > f(t) as € — 0 in the sense of measures, for every t € [0, T] and every & > 0.

Remark B.1.5. Theorem B.1.4 holds true also in the case u < 0 if we assume instead that f(o co)? v+
v + a) fin(a,v)dvda < oo (plus some additional moment bound of the form My 4, with d depending
on o, which does not offer much qualitative information), which in turn will imply that there exists a

constant C(T') > 0, which is independent of € € (0, 1), such that

sup f (v_1 +7 + a)fe(a,v,tydvda < C(T).
1€[0,T] J(0,00)2

The methods to prove the two cases, u > 0 and u < 0, are similar up to minor technicalities and thus

we restrict our attention to the case y > 0 for simplicity of notation.

Remark B.1.6. The reason we want (B.1.11) to hold is mostly technical, namely because we will
have to test in (B.1.10) with functions that do not necessarily have compact support and we will use
these estimates in order to prove that (B.1.10) also holds when testing with functions in Ctl) using
Lebesgue’s dominated convergence theorem. While the extension to functions that do not necessarily
have compact support would require less assumptions in the case of the standard one-dimensional
coagulation equation, in our case we need the assumption (B.1.11) in order to control the contribution

coming from fusion term.

Lemma B.1.7. Let K : (0, )* — [0, 00) be a continuous kernel satisfying (B.1.3), (B.1.6) and (B.1.7).
Assume the fusion kernel r € Cl(RiO) satisfies (B.1.4) and (B.1.5). Let T > 0. Let f. and f as in
Theorem B.1.4. Then f has the form

Fav. 1) = F(v,)(a — cov3) (B.1.12)
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in the sense of measures. More precisely, there exists F € C((0, T]; 4. (Rxg)) such that

?(a, v, H(a, v)dvda = f Fv,tH)e(a,v)é(a - cov%)dadv,
(0,00)?

(0,00)?
for every ¢ € CO(RiO).
Definition B.1.8. Let F be as in (B.1.12) and fi, as in Theorem B.1.4. We define the following initial
value

f F,0)p()dv = fin(a, v)e(v)dadv, (B.1.13)
(0,00) (0,00)2

for every ¢ € Co(R-0).

Definition B.1.9. Let € € (0,1), fix T > 0 and let f; be as in Theorem B.1.4. Define F. € C([0,T];
M+ (Rs0)) as

f Fc(v,t)p(w)dv := f fe(a,v, t)ye(a)p(v)dvda, (B.1.14)
(0,00) (0,00)2

for every ¢ € [0, T] and ¢ € Cyp(Rsp) and where y, : (0,00) — [0, 1] is a continuous function such that

x(a) =1o0n (0, %] and y(a) = 0 on [ %, ).

Theorem B.1.10. Let {Fc}ce(0,1) be as in Definition B.1.9 and F as in (B.1.12) with initial value as in

Definition B.1.8. We then have that there exists a subsequence (which we do not relabel) such that
f Fe(v,Dp(v)dv — f F(v,Dp(v)dv,
(0,00) (0,00)

as € = 0, for every t € [0,T] and every ¢ € Co(Rsg). Moreover, F € C([0,T]; #.(Rsg)) and F
satisfies the standard one-dimensional coagulation equation, namely, for every t € [0,T] and every
¢ € C.(Rsy), the following holds

f F(, He(v)dv — f F@,0)p(v)dv
(0,00)

(0,00)

!
= f f f K(cov%, v, cov'%, VYE(, )F(V, s)[e(v + V') — o(v) — o(v")]dV'dvds.
0 J(0,00) J(0,00)

The case of negligible fusion

Remark B.1.11. In order to simplify the notation, in the case when A — oo, we replace A by é, for

€ > 0. Thus, for T > 0 and ¢ € [0, T'], we look at the equation

L) o Je(n, Dp(n, Hdn - f(o o Jin(mep(1, 0)dn — fo [ - Je(n, 5)05¢(n, s)dnds

- [ RIF o()ds + ¢ | l f(o !~ 9ot s (B.1.15)
for e € (0, 1), p € C(R2,) and with fiy € AZL([R2).
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Theorem B.1.12. Let K : (0,00)* — [0, ) be a continuous kernel satisfying (B.1.3), (B.1.6) and
(B.1.7). Assume the fusion kernel r € Cl(RiO) satisfies (B.1.4) and (B.1.5) with u > 0. Assume in

2 + a2 fin(a,v)dvda < oco. Let T > 0. Then we can construct f as in

addition that f(o oo)z(v_2 + v
Definition B.1.1 satisfying equation (B.1.15), for every € € (0, 1). For this sequence, we have that there

exists a constant C(T) > 0, which is independent of € € (0, 1), such that

sup f 02+ + d®)foa, v, t)dvda < C(T) (B.1.16)
t€[0,T] J(0,00)2

and that there exists a subsequence (which we do not relabel) and i e C([0,TY; . f(Rz o)) such that

>

Je(m, He(mdn — f(m, He@mdn,
(0,002 (0,002~

as € — 0, for every t € [0,T] and every ¢ € CO(RiO). Additionally, we have that [ satisfies a
standard two-dimensional coagulation equation, namely, for every t € [0,T] and every ¢ € CC(RZ;O),
the following holds

f f(n, DeGndn ~ f Sinme(mdn
(0,002 ™ (0,00)?
= [ S Km0 St s ) g — o naands. @117

Remark B.1.13. The function f found in Theorem B.1.12 satisfies

f af (n, ) = f afin(n)dn and f v fp, 1)y = f  fudn
0,002 — (0,00)2 (0,002 — (0,00)2

for every ¢t € [0, T].

Remark B.1.14. The reason Theorem B.1.12 holds under the weaker condition (B.1.16) instead of
(B.1.11) as in Theorem B.1.4 is due to the fact that the proof in this case involves more straightforward
arguments. We will still require some moment estimates in order to prove that we can test with (7)) = a
or ¢(n7) = vin (B.1.17) so that Remark B.1.13 holds true. However, (B.1.17) does not contain the fusion

term, so weaker moment estimates suffice in this case.

B.1.3 Short discussion on uniqueness of solutions

Remark B.1.15. Theorem B.1.4 says that we can construct a sequence of functions {fe}ec(0,1) such that
a limit exists. However, Theorem B.1.4 is valid for any sequence of functions {fe}ec(0,1) for which
(B.1.11) holds. The same holds for all the other results stated in this paper, with the mention that
the case of negligible fusion (Theorem B.1.12) holds with its associated moment estimates, namely

(B.1.16). Note that uniqueness of coagulation equations is, with the exception of some particular
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choices of coagulation kernels, still an open problem. Condition (B.1.11) is however a rather strong
condition and an upper bound for the moments for the initial condition is a sufficient condition to
construct a sequence for which (B.1.11) is true. We expect (B.1.11) to hold under weaker assumptions

than the ones stated. This will be considered in a future work.

Lemma B.1.7 states that there exists a subsequence of the solutions of (B.1.10) which converges
in the case of fast fusion in a suitable sense to a measure that can be computed by solving the standard
one-dimensional coagulation equation. However, without uniqueness, there would be multiple possib-
ilities of this measure as the only information we have is that it solves a one-dimensional coagulation
equation.

Nevertheless, uniqueness results for the one-dimensional coagulation equation would imply that
the limit whose existence has been proven in Theorem B.1.4 is uniquely determined and therefore the
convergence would be independent of the subsequence. As such, the limit for the sequence {f} as
€ — 0 would exist.

Thus, it is worthwhile to mention that uniqueness of one-dimensional coagulation equations has
been proven for some classes of kernels. We refer to [Mel57, McL64] for pioneering works on this
matter for the constant and product coagulation kernel, [FLO6b, MP04, Nor99] for additional classes
of kernels in the Radon measures context, and to [Ste90] for other classes of kernels in the L' context.

The same situation is valid for Theorem B.1.12, which states that the limit is a solution of a standard
two-dimensional coagulation equation in the case of negligible fusion. In the case of multi-dimensional

coagulation equations, uniqueness results for some classes of kernels can be found in [Thr23].

B.2 The case of fast fusion

B.2.1 Existence of a limit of solutions of coagulation equations with fast fusion

This subsection is dedicated to proving Theorem B.1.4 and Lemma B.1.7. We first prove that if we
are at a positive distance from the line a = cov%, the measures f, take values close to zero (Proposition
B.2.7). We then make use of this property to show that the sequence { fc}ec(0,1) 1S equicontinuous in time
for positive times (Proposition B.2.9). We are then able to conclude that there exists a subsequence of
{f¢} such that a limit exists. Moreover, we will need to make use of some properties of the solution of a
simplified form for the adjoint problem of (B.1.10) for the proof of Proposition B.2.7 (see Proposition
B.2.3 and Proposition B.2.4).

Let T > 0 and ¢ € [0, T]. We consider the equation

!
Je(m, De(n, Hdn — Sin(me(n,0)dn — f Je@m, $)05¢(n, s)dnds
(0,00)? (0,00)? 0 J(0,000
! 1 [ >
= [t eoas L [ o - s 9o oamas. @20
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for € € (0,1), ¢ € Cy(R?,) and with fi, € ZL(R2)).

>
For completeness, we have to prove that solutions of (B.2.1) as in Definition B.1.1 exist. We begin

by remembering the truncated functions used to prove the existence of solutions for truncated versions
of coagulation equations allowing fusion of particles, which is done using a fixed point argument. More
details can be found in [CV23].

We define K : (0, 00)* — [0, o) to be a continuous function such that:
Kgr(a,v,a’,v') = min{K(a,v,a’,v'), R}, (B.2.2)

where K satisfies the upper bound in (B.1.6) and take & : R.g — [0, o0) to be continuous and defined

in the following manner:

&r(v) =0, when v > 2R, (B.2.3)
&r(v) = 1, on (0, R]. (B.2.4)

Then, for ¢ € Cé(Rio), we denote by

1
(Krlf1,¢) = 3 L . j;o . Kr(m,n)ér(v +V)em + 1) — o) — )1 f(dn) f(dny").  (B.2.5)

For the fusion term, we use the following truncation:

7 Lo
rs(a,v) = r(’i)UTlai{gaﬂ) 3 (B.2.6)

for 6 € (0,1) and some fixed L > 0. L was chosen in [CV23] to be L := #2_7), where Ry is as in

(B.1.4), in order to obtain existence of self-similar profiles for equation (B.1.1).
For functions f satisfying f € C'([0, c0); .. T(R2,)) with

>

F(R20\ [eoE?, 00) X [€,2R),1) = 0 (B.2.7)
and such that
sup f (1 +a)fersa,v,)dvda < oo, (B.2.8)
1€[0,T] J(0,00)2

for all times T € [0, ), we define the space
Uer i=1{f € Cl([O, 00); ///Jf(Rio)),f satisfies (B.2.7) and (B.2.8)}. (B.2.9)
We now prove the following result.

Proposition B.2.1 (Existence of solutions). Assume fi, € A f(RZO) and

L )z(v‘1 +v2 + a) fin(n)dn < oo (B.2.10)
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Let T > 0 and fix € € (0, 1). Then there exists an f. € C([0,T]; //lf(Rzo)) as in Definition B.1.1 with

>

sup f v+ +a) f(n, ndn < C(T). (B.2.11)
1t€[0,T] J(0,00)2

Proof. We study the following truncated version of equation (B.2.1):

1
) f £k D0y = Rrl for(®], @) + - f
(0,00)2 € J(

0,00)

RV = @) fer(n. DOup()dn.  (B.2.12)
with

- rs(m, pu>0,
F(n) =
r(m, p<0,
where r5 is as in (B.2.6) and Ky as in (B.2.5).
We prove existence and uniqueness of f¢ r in the space Ugg defined as in (B.2.9), for some € €
(0, 1). We keep the notation f, g for convenience. Notice however that f, g depends on €, R, €, when
pu>0andon €, R, € when u < 0.

We look at the system of characteristic equations:

1
8A(ag, vo, 1) = —F(A, V)(coV3 — A), A(ag, v0,0) = ag;
€
8,V (ag, vo, 1) = 0, V(ao, vo, 0) = vo; (B.2.13)

1
Bretan, vo.1) = —04TF(A, V(A - coVH)le(ag, vo, 1), cao, vo,0) = 1.

Remark B.2.2. We remark that V(ayg, vo, t) = vy. Fix t > 0, we denote the pair (A(ay, vo, t), V(ag, vo, 1))

=: ¢r.(ap, vo). We fix vo, we define xivO :R.p > Rby xivO(ao) := A(agp, vo, 1).

We first prove the existence and uniqueness of functions fe, r €C(0,T]; A Jf b(]Rio)) satisfying

ol 1 ’ / N ’ /
O f2 Fer(n, e(m)dn = 3 fRz fRz Kr(xyy(A), V, x5y (A7), VO)ER(V + V' )F (A", V', 1)
>0 >0

R>0

Fer(A, V,Dlp(¢r 2 ($1.(A, V) + ¢ (A", V') = (A, V) = p(A’, V))]dV'dA'dVdA,

for every ¢ € CC(RiO). For this, we repeat the arguments used in [CV23, Proposition 3.1].
We then define f. g € C'([0, 00); #ZL(R2 ) as

>

f€,R(a7 V7 t)SD(a’ V)dr] = f fE,R(as V, t)¢(¢l,€(a’ v))dn7 (Bz 14)

(0,00)? (0,00)?

for every ¢ € CO(Rio). Notice that the functions f g defined in this manner will satisfy equation
(B.2.12). For more details, see [CV23, Proposition 3.1].
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We are now left to prove uniform estimates for f g in order to finish the proof. Due to the choice
of the space Ugg, we can test (B.2.12) with ¢(a,v) = a and ¢(a,v) = vl withd € R. Whend < 1, we

obtain:
f 0+ a)fo(n, Dy < f !+ a) fn)dy,
(0,00)2 (0,00)?

For d = 2, since My 1-o(fe,r) is now uniformly bounded, we have
t
f , v fer(n, Hdy < f , V: fin(p)dn + C f Mo 1-a(ferR()Mo,11p(fe r(5))ds
(0,00) (0,00) 0

t
< f . V: fin()dn + C f Mo 2(fer(s))ds + C.
(0,00) 0
Thus, there exists C(¢) > 0 such that

f v fer(n, ydn < C(1) f v fin(m)dn.
(0.000? (0.000?

Equicontinuity

Fix ¢ € Cé (RZO). Let s, € [0, T]. Assume without loss of generality s < ¢. Then

>

[ ekt~ Festn gt
! I 2
Sliells | Mo-atfenMoptfew@des ¢ [ [ a7t cond) et louetniand:

< llelle f Mo —o(for(2) Mo fer(@)dz + Clldaglls f forr, 2dndz

(0,002
<Clt - s]. (B.2.15)

Using the fact that fe g € Ugg, we can extend (B.2.15) to hold for functions ¢ € CC(RiO) and then
forall ¢ € CO(REO). For details, see [CV23, Proposition 3.14].

Combining the found equicontinuity in (B.2.15) with the uniform moment estimates, which are
independent of €, R and ¢, we conclude using Arzela—Ascoli theorem that there exists a subsequence
of { fe.r}, which we do not relabel, and an f, € C([0, T']; A i(RiO)), such that f¢ g(#) converge to f.(¢) in
the weak-* topology as € —» 0, R — oo and 6 — 0, for every r € [0, T].

Thus, we can use standard arguments found in the study of coagulation equations in order to pass

to the limitas € > 0 and R — oo (and 6 — 0 if 4 > 0) in (B.2.12). O

In order to understand the reasoning behind the statement that our measures will concentrate along
the line {a = cov3}, it is helpful to study some properties of the solution of the characteristic ODE

associated with (B.2.1). This is the content of the following proposition.
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Proposition B.2.3. Let u > 0. We look at the system
€ 1 € 2 € €
atxA,v(t) = zr(xA,V(t)’ V)(coV3 - XA’V(Z)), XA’V(O) = A.
For any (A,V) € (0, 00)2, fixed, and t > 0, we have that lime_,o x5 |,(t) = CQV%. The statement holds
true for compact sets K of the form (A, V, 1) € K c (0, o0)3.
Proof. Define X v() := x§ | (e). Then %4 y(0) = A and
2 -

O Fav(t) = 0rxy (€t) = €0erxy (€)= r(Xav, V)(coV3 = Xay) =: f(Rav(1)). (B.2.16)

This implies that lime_, x§ ,(£) = lim._0 )?A,V(é) = limy_,00 X4,y (). In (B.2.16) notice that

Tav(t) = V3 = f(Rav(t) = 0,
Eav(t) < cV3 = f(Rav(t) > 0,
Eav(D) > Vi = f(Rav(®) < 0.

This implies that lim;—,c X4,v(¢) = COV%. -

In order to prove that the measures f; take values close to zero if we are at a positive distance from
the line {a = cov%}, we notice that, at least for small times, the coagulation term in (B.1.10) gives a
small contribution in this region. We thus look to control the contribution coming from the fusion term.
For this, it is helpful to look at a simplified form for the adjoint problem of (B.1.10) and to study the
properties of its solution. This will be the content of Proposition B.2.4.

For simplicity of notation, we denote by
S:={(a,v) € Rio,a > cov%}. (B.2.17)

Proposition B.2.4 (Dual equation, case y > 0). Let T > 0. Lete € (0,1), R> landu > 0. Let T > 0.
Let x(n) be an arbitrary function in Cé(S), where S is as in (B.2.17), such that y(n) = 0, whenv ¢
[%, R]. Then there exists a solution ¢ € W, with (T, ) = x(-), which solves the following equation:

1_ 2
0rpe(t,m) + Zre(a, V)(cov? — a)0,pe(t,n) = 0, (B.2.18)
where
1
Wri={pe Cl([O, T], Ctlj(S))lgo(t, n) =0, whenv ¢ [I_?’R]’ for every ¢ € [0, T]}

and

_ B r(a,v)

ré(a’ V) - 1 + 62ﬂ+2aﬂ .

Assume in addition that there exists 51 > 0 such that y(n) = 0 when a < cov% + 01. Then the following

statements hold:
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1. For every M > 1 and o > 0, there exists ey 75, € (0, 1) such that for every € < ey 7 5,, we have

that suppec(t) € {(a,v) € (0, 00)2la > M}, foreveryte [0, T — 7).

2. There exists a constant C(T), which can depend on time, but is independent on €, such that
SUPye(0.7] (lge®lloo + l10aelloo) < C(T). Moreover, the constant C(T) is independent of the initial
datum y if we assume ||y|lco + 10axlc0 < 1.

3. If we assume ||x|lo + 0uxllo < 1 and that € is sufficiently small, then there exists a constant

C > 0, which is independent of € > 0, but can depend on R > 1, such that ||0,0¢()|lc < €~ e

Proof. For Statement 1 we use Proposition B.2.3, the fact that we can find an explicit solution for
equation (B.2.18) and then we let € — 0.

Statement 2 follows directly from the fact that at time 7 we have ¢ (T, ) = x(-) € Ctl)(S) and by
integrating along the characteristics in equation (B.2.18).

. 2
For Statement 3, we notice that, for a > cgv3, we have that

r(a,v) 2.0 r(a,v) 2 r(a,v)
2u+2 —lr
B dqr(a,v) — % 3y r(a,v)
B 1 + e2u+2gm (a = covs) 1 + e2u+Zgu
2u+2
_ Bar(a,v) - pa”'r(a, V)% 2 r(a,v)
B 1 + e2#+2qn (@=covi) + 1 + e2#+2qgm
dar(a,v) — pa”'r(a,v) 2 r(a,v)
= 1 + e2u+Zgu (@ = covs)+ 1 + e2u+2gu
r(a,v)
2 m, (B.2.19)
where for the last inequality in (B.2.19), we used (B.1.5).
We then analyse the cases e#*2gt < 1 and €#*2g* > 1 in order to deduce that 1+r6(2‘fj2a” >
C(R) min{%, 262%}. By taking € to be sufficiently small, we deduce from (B.2.19) that
r(a,v) 2
6a[m(a - C()V3)] > C(R). (B.2.20)
‘We now look at the ODE
1
x(.1) = —Fe(x, V)(covt = x) with x(1.T) = a,
€
which, by taking s = %, reduces to solving
05x(m, 8) = re(x, v)(x — cov%) with x(n,0) = a.
Using (B.2.20), we obtain that
dax(n, s) > eCBS
and Statement 3 follows using in addition the fact that ||0, x|l < 1. O
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Remark B.2.5. In the case u < 0, the condition (B.1.5) is more general due to the fact that we will not

modify the fusion term r in Proposition B.2.4.

The following is just a technical proposition that shows we can test the equation (B.1.10) with
continuous bounded functions. This will be needed for the proof of the fact that the measure f, takes
values close to zero when we are at a positive distance from the isoperimetric line. This is since we
would like to test in (B.1.10) with the function obtained in (B.2.18), which is bounded by the Statement
2 of Proposition B.2.4.

Proposition B.2.6. Let € > 0, fixed and 1 > 0. Then equation (B.2.1) holds for every ¢ € C([0, T];
C'(R2)) with SUPcjq ryper2, |0rp (1, 1) + (1. 1) + Bap(, D] < C if

wpf‘(M”+Wmmmm+wmmﬂk%ﬂmwﬂsaﬂ. (B.2.21)
t€[0,T] J(0,00)2

Proof. Assume for simplicity that ¢ € Cé(Rio). We construct a sequence of functions {;},en C

Cé(Rio) such that £,(n) = 1 when 5 € [%,n]2 and £,(7) = 0 when n ¢ [ﬁ,Zn]z. The idea is to use

Lebegue’s dominated convergence theorem in (B.1.10) for the functions ¢, = {,¢. We thus show
below only the needed estimates for the proof. The term with the coagulation kernel in (B.1.10) can be

bounded directly by

KK[f.1. 0n)| <3C sup Mo_o(fu(s)) sup Mog(fu(s)) < C.
s€[0,T1] s€[0,7]

In order to control the fusion term in (B.1.10), notice that we can construct £, such that |ad,,(n)| < C,
for some constant independent of n € N. Moreover, we know that the fusion kernel satisfies (B.1.4)

and that a > cov%. Thus
|r(a, v)(cov% —a) <+ @S < 2aMTVY
Using the above inequality, we can estimate from above the fusion term
1 2
- r(m)(covs — a)fe(1, $)dapn()d|
€ (0,00)2
by
1 u+l o 1 ptlo o
| @V fon. )0up(mdn| + | @V fen, $)p)daln()d|
€ (0,00)2 € (0,00)2
up to a multiplicity constant. We then use Young’s inequality to deduce that

l f @V £, $)0ae()dn| S Sup Myaao(fe($)) + SUP Mo o) (fe(5))
(0,00)2 s€[0,T] s€[0,T]
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and

’ L - aﬂ+1vfffs(77’ S)¢(n)aa§n(n)dn| <$ My (fo(5))

< sup M,u+1,0(fe(s))+ sup MO,O'(/l+2)(f€(s))+ 1.
s€[0,T] s€[0,T]

Thus, the moment estimates in (B.2.21) suffice to conclude our proof for ¢ € Cé(Rio). To prove
that equation (B.2.1) holds for every ¢ € clqo,T1; Cl(Rio)) with SUP (0, T]eR2, [0,0(n, 1) + @(n, 1) +

d.0(n, )| < C, we argue in a similar manner as before using the bound on the time derivative too. O

We now make use of Proposition B.2.4 and Proposition B.2.6 to prove that f, is small in sets that
are at a positive distance from the isoperimetric line. This is the main ingredient needed for the proof
of Theorem B.1.4.

Proposition B.2.7. Let T > 0 and u > 0. Suppose { fe}ec(0,1) is a sequence of solutions as in Definition
B.1.1 that satisfy the estimates (B.1.11). For every o > 0 and for every 61,0, € (0, 1), there exists
€,0, € (0,1), which is independent of o, such that

‘ Sfela, v, He(a,v)dvda| < 0o, (B.2.22)
(0,00)?

or every t > o, for all € < €5, 5, and for all ¢ € Co(R2,) with llelloo < 1 such that ¢(a,v) = 0, when
1,02 >0

2
a < cov3 +01.

Remark B.2.8. In order to prove Proposition B.2.7, we will have to require other moment estimates in

addition to the ones in (B.2.11). Namely, we impose that

sup f a3 f.(dn, 1) < C(T). (B.2.23)
1t€[0,T] J(0,00)2

While the estimates in (B.2.10) suffice for the existence of solutions as in Definition B.1.1, in order
to obtain an upper bound for moments involving higher powers of the area, we need the additional

assumption that

sup f(o )z(v_“‘3+\f”+3)fe(dn, 1) < C(T),

te[0,T]

which justifies the condition on the initial data in Theorem B.1.4. The proof of (B.2.23) relies then on
the fact that the terms of the form a**>»#, which appear due to the form of the coagulation kernel, can
be bounded by

AP < gt 4 P,
For more details, we refer to [CV23, Subsection 3.3].
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Proof of Proposition B.2.7. Let ¢ > 0 and 61,6, € (0,1). Assume ® € Ctl)(]Rio), with [|®||lo < 1
Assume there exists R > 1 such that ®() = 0if v ¢ [%,R]. The extension of the result from functions
compactly supported in the v variable to functions that do not necessarily have compact support is
straightforward using moment estimates, and thus we omit the details. Suppose in addition that @
is such that ®(n) = 0 when a < cov% + 61. Let, in addition, t1, 1, with t» > o, and #; such that
tp —t; = 7 > 0. Notice that T = 7(d7) depends on d,, but we will not write this dependence explicitly
in order to simplify our notation. Let M > 0, sufficiently large (and also depending on 65), to be fixed
later, and let ¢, be the solution found in Proposition B.2.4, if u > 0, associated to the measure f. such
that (7, 1) = ©(17). We want to prove (B.2.22).

Notice first that, from Proposition B.2.4, Statement 2, there exists a constant independent of ¢, such

that SUD ety 12]meS lo(n, s)| < C. Then, for ¢, € (0, T] such that , — #; = 7, we have

15}
’ f \f(;) ) L ) K(T], n,)ff(n’ S)ff(n,a S)[<Pe(77 + 7],, S) — 906(777 s) — ‘pf(n,’ s)]dn/dnds|
1 ,00)2 ,00)2

<Cr S[l(l)pﬂ[Mo,—a(fe(S))Mo,ﬁ(fe(S))] <Cr, (B.2.24)

where we made use of the fact that [M( ; + Mo —1](fe) is uniformly bounded from above, independently
of e € (0, 1).

In order to estimate the term with the fusion kernel, we notice that

1 "2 _ 2

A [ @ =Tt - o .. i

€ Jn J0,002
_ 2

ﬁj‘j‘lN%W—QMNWWW—Mﬁmﬂ%%WJMM4
2
2T et + oo 1 iands. (8225)
141 {a>z}

For the first term in (B.2.25), we make use of the exponential decay of ¢, proven in Statement 3 of

Proposition B.2.4 in order to obtain

1 12 ,
Z| f f{ I}[r(a, V) = Te(a, v)](cov? — a) fe(n, )0ape(n, s)dnd s‘
151 as<

C(lQ 5)

jlf|mwrwwwwwmmn dnds
a<}

< 2lev f 2,11+2 2/1+1 (J'f (77, S)
1

C(tz 5) C(!2 s)
< 2R1€f sup M U(fe(t)) ds < 2R1€C(T)f
1 s€[0,T]

< Ce. (B.2.26)

C (/2 s)

dnds

ds
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We can then use Statement 2 of Proposition B.2.4, the upper bound (B.1.4) and (B.1.11) in order

to control the region containing large values of @, namely

2 [~ 2
- f f r(a, v)(cov3 + a) fe(n, $)|0ape(, s)ldnds
€ Jny {a>1}

4R, (™ 4R r
<=L f f @V f(n, s)dpds < T f f a7 fo(n, s)dnds
€ Jn Ja>1y € n Jia>1

<4RiT S{g}; ][Mu+3,0(fe(t)) + Moo (u+3)(fe(D)]- (B.2.27)

Combining the estimates (B.2.25), (B.2.26) and (B.2.27), we deduce that

1, (>
—| f f [r(a,v) —Te(a, v)](cov% —a)fe(n, $)0q0(n, s)dr]dsl <Ce+Cr. (B.2.28)
€ Jn J0p

Proposition B.2.6 gives us that we can test (B.1.10) with continuous functions that are not neces-
sarily compactly supported in the a variable, as long as we work with functions in Cé(Rio)- We then
make use of the fact that ¢, satisfies (B.2.18) and then use the estimates in (B.2.24) and (B.2.28) in
order to deduce that, for every € < €5, 5,, With €5, 5, (notice here that M and 7 depend on d>) as in

Proposition B.2.4, Statement 1, we have
| f fen,)®(a, v)dn| = | f fen.02)pe(n, 12)dn| < | f fem. t)pe(n, 1)dn| + Ct
(0,00)? (0,00)2 (0,00)2
- | f £ 1), 1)y + C
{a>M}
<cMm! af.(n,t1)dn + Cr, (B.2.29)

{a=M}

where we used that suppp. C {a > M} from Statement 1 of Proposition B.2.4 and the fact that
supepo.7] M1.0(fe()) < C(T), with C(T) being independent of €. We choose M such that cTHCcM™ +
Ct < 65.

Thus, we obtain that

| L L 1)®(n)dy| < 62, (B.2.30)

for every t, > o since we can choose 7 to be sufficiently small.

O

We are now able to prove the equicontinuity in time of the sequence {f¢}ec0,1). We proved in
Proposition B.2.7 that if we are at a positive distance from the line a = cov%, the measure f takes
values close to zero. Near the line a = cov%, we use the fact that a function of the form ¢(a, v) can be
approximated in terms of a function depending only on v, making negligible the contribution coming

from the fusion term.
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Proposition B.2.9 (Equicontinuity for positive times). Let o > 0. Suppose {fc}ec0,1) is a sequence of
solutions as in Proposition B.2.7. Let ¢ € Co(Rio) with ||¢lle < 1. For every € € (0, 1), there exists
6 € (0,0) such that

| f @) f(dn, 1) — f e fo(dn, 9)| <&,
(0,00)2 (0,00)2

forallt,s > such that |t — s| < 6 and for all € sufficiently small.

Proof. Fix o > 0. Let 61,2 > 0 as in Proposition B.2.7. We define a continuous function ys, : REO -
. . 2 2 2

[0, 1] to be equal to one in the region where {cov3 < a < cgv3 + 01} and zero when a > cov3 + 20;.

Fix ¢ € Cg (Rio). It suffices to prove the statement for fixed ¢ € Ci (Rio). The passage from functions

pe Cé (RZO) to functions in CO(RZO) is then straightforward using moment estimates and the fact that

we can approximate a function in CC(RiO) with a Cé (Rio) function on a compact set. From Proposition

B.2.7, we deduce that there exists €5, 5, € (0, 1) such that for all € < ¢, 5,, the following holds

| f () fe(dn, 1) - f o) fe(dn, 5)|
(0002 (0,002
<| [ e oo = g9+ | [ e - mignn - g9l

<| L) - em)xs, MLfe(dn, 1) = fe(dy, )]| + 62 (B.2.31)

From the support of ys,, the fact that the measure f is supported in the region {a > cov%} and the
continuity of ¢, we can find a function ¢ : R,y — R depending only on v, p € Cll)(R>o), such that
lp(a, v) — @(v)| < 83, for 3 sufficiently small, and for any (a,v) € K ¢ R? |, where K is a compact set.

>0’
Let K = [%, M)? for some fixed M > 1. We have that

| f(o o DX DLl ) = foldn, 9]

< o0 T oiran 0 - faan e | [ 70U - fian. o)
< [ betn =0 A = £t

o], b Tl I - dn e | [ F @ - A, 91

R>0\

In order to control the contribution of the region Rio \ K, we use moment estimates. For example, for

the region {a > M}, we obtain that

j; ” () = @O)lxs, (DI feldn, 1) = feldn, )l S 2M™" sup M o(fels)).

s€[0,T]
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We can use the same argument for the region {v > M} U {v < ﬁ} Ufa < %}. Thus

| f(o o £DX DLl 1) = feldn, 9]

<263 sup Moo(fe()) +2M™" sup Myo(fe(s)) + | f Bxs, (Lfeldn, 1) — fu(dn, 5)]|
s€[0,T] s€[0,T] (0,00)2

<cmm+] [ Gons @U@y - a9l (B.232)
(0,00)

since the term M~! sup sef0.7] M1,0(fe(s)) can be made sufficiently small by taking M sufficiently large.

We can write the remaining term as @(v)ys, (17) = @(v) — e(v)(1 — x5,(17)). For ¢(v)(1 — xs,(17)) we can

make use again of Proposition B.2.7 in order to prove that | f(o,oo)’l o) = x5, ) fe(dn, 1) — fe(dn, s)]|

is small. On the other hand, we deduce from Proposition B.2.6 that we can test equation (B.2.1) with

@(v) and obtain, as the fusion term disappears when testing with functions depending only on v that

| f(o )zs‘o(v)[fE(dn,r)—fe(dn,snls3||¢||oo f Mo-o(fUD)Mop(ful)dz < Cli— 5. (B.2.33)

From (B.2.31), (B.2.32) and (B.2.33) the equicontinuity in time of the sequence follows for every
s,t€lo,T]. O

We are finally in a position to prove Theorem B.1.4 and Lemma B.1.7.

Proof of Theorem B.1.4. Let ¢ > 0. Using Proposition B.2.1 together with Proposition B.2.9, we
deduce from Arzela—Ascoli theorem that there exists a subsequence of {f.}, which we do not relabel,
and an f e C([o, T, A i(Rio)), such that f(f) converges to f(¢) in the weak-* as € — 0, for every
telo,T]. O

Proof of Lemma B.1.7. We pass to the limit in Proposition B.2.7. O

B.2.2 Reduction to the one-dimensional coagulation model in the case of fast fusion

We now consider the behavior of the solutions of (B.1.2) as A — 0. More specifically, we focus
in this subsection on proving Theorem B.1.10. We remember that our result holds independently of
the chosen initial data (see Definition B.1.8), with the exception of requiring the initial data to satisfy
some moment estimates (as specified in Theorem B.1.4).

We first show that we can extend F in Lemma B.1.7 to be continuous at time ¢ = 0 as mentioned
in Theorem B.1.10.

Proposition B.2.10. Let T > 0. Let F. € C([0,T]; .#.(Rsq)) be as in Definition B.1.9. Then the
sequence {F¢clee(0,1) is equicontinuous in time, and thus we can deduce that there exists a limit F €
C([0,T]; #+(Rs0)) as € = 0 for a subsequence of {F¢}ee(0,1), which we do not relabel.
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Proof. Let s,t € [0,T], with £ > s. Fix ¢ € Co(R~p). We then have that

[ ewrdann- [ sordans)
(0,00) (0,00)

= ’ f(;) - Sfela, v, tyye(a)p(v)dvda — L . fe(a, v, s))(e(a)gp(v)dvda|

! 1 ! 2
< [@rnrcs [ [ ravias o a@polion i

St =sll sup Mo —o(fe2)) sup Mog(fe(2)) + €( sup M1 o(fe(2) + sup M, ;. 2(fe(2))]
(0,71 (0,71 (0,71 (0,71

<t =s$I[C(T) + Ce( sup My20(fe(2)) + sup Mo gue2)(fe(@))] < |t = 5.
z€[0,T] z€[0,T]

O

We continue by proving that F satisfies the standard one-dimensional coagulation equation for all

positive times ¢ > 0.

Lemma B.2.11. Let o > 0. Let F as in Theorem B.1.10. We then have that F satisfies the standard
coagulation equation, namely, for every t € [0, T] and every ¢ € C.(Rxq), the following holds

f F(,He(v)dv - f F(v,0)p(v)dv
(0,00)

(0,00)

!
= f f K(cov3, v, cov’3,VYE, )E(, $)lg(v +v') — o(v) — o(v')]dv'dvds. (B.2.34)
T J(0,00)
Proof. Let 61,92 € (0, 1). By Proposition B.2.7, we have that there exists €5, 5, € (0, 1), such that

f , O fe(y',ndy < Céy, (B.2.35)
{a'>cov' 3 +61)

for every t > o > 0, every € < €, 5, and for every @ € Co(Rio) such that ||®]| < 1.
Due to Proposition B.2.6, we can test (B.2.1) with ¢(a,v) = @(v), where @ € C(l)(R>0). Let 87 as in
(B.2.35). Denoting by xz(v,Vv") := @(v + V') — @(v) — @(v'), we have that

£, HF)dy - f

(0,00)

Je(n, 0)@(v)dn
(0,00)2 2

1 !
T2 f f f K@, )@ +v") = ¢0) = g0 fe, ) fe ', s)dndry'ds
o J(0,00)2 J(0,00)2

1 ! ’ 2 /7 ’
-1 f f f KGp, 1 g v ) foa, 5) £ s)ddy ds
o J{aeT)} J{a’eT()}

!
+ f f f ,2 K(?], 77/))(95(‘}’ V/)fe(n’ s)fe(n/, S)d]]d]]'ds
o J{aeT)} J{a’>cov 3 +61}

1 ) , , ,
t3 f f 2 f o K e V) fe(n, $)fe(n', s)dndn'ds, (B.2.36)
o J{a>cov3 +01} J{a'>cov 3 +01}
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where we denoted T(v) := [cov% ; cov% +01].

Step 1. We first prove that, for every ¢t > o, we have that
1 ’ 7 ~ ’ ~ ~ ’ ’ 7
3 f f K(a,v,a ,V)[gv +V') = gv) — g0 fe(n, ) fe(', )dndn
{aeT(v)} Ha’€T(v")}

tends to

1
5 f K(covs, v, cov’ 3, V)IB(v + 1) = 3(v) = @O0 F (v, HF (Y, AV dv
(0,002

ase — 0.
Step 1. a) We begin by proving that we are able to approximate the coagulation kernel near the
isoperimetric line with a function only depending on the v variable, due to its continuity. In other

words,
3l f f IK(@,v.d'v)  K(covi v cod v ful £ Dy
{aeTw)} JaeTo)
<C f f IK(a,v,a’,v') = K(cov3, v, cov' 3 W)Ife(n, )£, H)dndsy’
{aeT(v)vel 4:M1} Ha' €T )v el 47:M1)
+C f f K (a,v,d’,v') = K(cov3, v, cov'3 V)| fun, 1) £, Dy
{v>M}

+C f f IK(a,v,d’,v') — K(cov3, v, cov' 3 VI, 0 £.0 s 0)dndny =: 1y + I + 5.
{v<i}

M

We can prove that I, + I3 gives a small contribution due to moment estimates. For I;, we use the fact

2 . .
that |a — cov3| < 01, the continuity of K and that we work on a compact set, to deduce

I} < Ce sup Moo(f.(1))% (B.2.37)
t€[0,T]

where € was chosen small but arbitrary and My o(fe) is uniformly bounded independently of € € (0, 1).
Notice that §; was chosen to be sufficiently small to satisfy both (B.2.35) and (B.2.37).
Step 1. b) Let f, F be as in Lemma B.1.7. We prove now that

2 /2 7 /7 ’
f f K(cov3,v,cov'3,v) fe(n, D) fe(n7', )dn'dn (B.2.38)
{aeT(v)} J{a’€T(v')}
converges to
f f K(cov3, v, cov'3 ,VYEw, HF (Y, )dv'dv (B.2.39)
(0,00) J(0,00)

ase — 0.
This is done again by splitting the interval (0, c0)? into three regions, namely {v < %}, {v > M} and

{ve [1\]7’ M]}. For the regions {v < 1;17} and {v > M}, we can use moment estimates to prove that the
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terms (B.2.38) and (B.2.39) approach zero as M — oo. In the region {(v,V") € [%, M1?}, we use that
fefe—= T fase—0.

Step 2. We continue by proving that the remaining integrals in (B.2.36) converge to zero as € — 0,

for every ¢t > 0. We first prove that

f f ., K@a,v,d V)fm,Of(',0)dndy’ — 0as e — 0.
acT(v) a’>cov' 3461}

We have that there exists a constant C > 0, independent of € € (0, 1) such that Mo _,(fe)+Mog(fe) < C.

Combining these moment bounds with Proposition B.2.7, we obtain that
f f ,  K(a,v,d g +V') = e0v) = g0\ fe(n, ) fe(n', )dnda’
acT(v) a’>cov'3 +61)

< 311lloo f W f(n, ndn f L VTG ndy
{aeT(v)}

{@’>cov' 3 +61}

+ 3||@llo f v fe(n, )dn f , VPG ndy < Cos,
{aeT(v)} {

a’>cov' 3 +61)

where ¢, was taken as in (B.2.35). More precisely, in order to prove that

f L PV LG, ndy < Coy, (B.2.40)
{

a’>cov'3 +61)

. . 2 .
we notice that for the region {a@’ > coV'3 + 1} N [%, M]?, for some sufficiently large M > 1, we can use

Proposition B.2.7 to deduce that the integral gives a sufficiently small contribution and then control the

regions {a > M} U {a < —} Ufv>M}U{v < ﬁ} using moment estimates.

Step 3. Lastly, we prove that, for every ¢ > o, we have that

f 5 f . K@, a' V) fe(n, D fe(', H)dndy — 0as e — 0.
{a>cov3 +01} J{a’>cov 3 +01}
As before, we obtain that

f y f LK@y d V)L 0fr Ddndy

'>cov'3 +61)

<2 f f vV fo(n. 0 feloy  )dndey
a>cov3 +61} J{a'>cov’ ? +01}
<

- f 2 V ff(n’ t)dn f 2 v/ﬁfe(n/9 t)dn/ s 629
{a

>cov3 +01) (@' >cov' 3 +61)

where for the last inequality we used the same argument as in (B.2.40). This concludes our proof. O

Using Lemma B.2.11, it suffices to let ¢ — 0 in (B.2.34) in order to conclude the proof of Theorem
B.1.10.
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Proof of Theorem B.1.10. Due to Proposition B.2.10, we can let o — 0 in (B.2.34) using the fact that
there exists C(T) > 0 such that
sup f v V)F (v, ndv < C(T)
t€[0,T] J(0,00)

due to the way F' was constructed (see (B.1.12), (B.1.13)). O

B.3 The case of negligible fusion

We now consider the form of solutions of (B.1.2) if we assume that A — co. We first prove that

there exists a limit for a subsequence of {fc}ee(0,1), Where fc is a solution of (B.1.15) .

Proposition B.3.1. Let K : (0, 00)* = [0, 00) be a continuous kernel satisfying (B.1.3), (B.1.6) and
(B.1.7). Assume the fusion kernel r € Cl(RiO) satisfies (B.1.4) and (B.1.5) with u > 0. Assume in
addition that f(o,oo)Z(V_l +v2 +a) fin(a,v)dvda < oco. Let T > 0. Then we can construct fe as in
Definition B.1.1 for equation (B.1.15), for every € € (0, 1). For this sequence, we have that there exists
a constant C(T) > 0, which is independent of € € (0, 1), such that
sup f v+ + a)fula, v, Hdvda < C(T) (B.3.1)
1€[0,T] J(0,00)2

and that there exists a subsequence (which we do not relabel) and ]_‘ e C([0,TY; A f(RiO)) such that
fe(t) = f(t) as € = 0 in the sense of measures, for every t € [0, T].

Proof. Existence of solutions f, which satisfy (B.3.1) was proven in Proposition B.2.1. We are left to
prove equicontinuity in time in order to conclude our proof.

Let M > 1. It suffices to prove equicontinuity for a fixed function ¢ € C! (Rzo) such that suppy €

2

[ | M1?. In order to pass to functions ¢ € CC(RiO) such that suppy € [%, M]*, we can use that there

M’
exists ¢, € Cé (Rio) such that [|¢ — @yl < % In order to extend to functions ¢ € Co(RiO), we can then
use moment estimates by letting M become sufficiently large.

Fix ¢ € C! (RZ). Let 5,7 € [0, T]. Assume without loss of generality s < 7. Then

<

[ = s eonan

< 3l f Mo—o(£-(2)Mop(f()dz + € f f( (@ + cov) £, DlPugm)ldndz

0,00)2
< 3llplloo f Mo —o(fe(2))Mo (fe(2))dz + Cll0aepll f Mo,o(fe(2))dz
< Clt - s|. (B.3.2)

We deduce then from Arzela—Ascoli theorem that there exists a subsequence of {fc}, which we do not
relabel, and an ]_C e C(0,T]; .4 f(RiO)), such that f.(r) converge to ]_‘(t) in the weak-* topology as
€ — 0, forevery r € [0, T]. O
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We continue by proving that the measure f found in Proposition B.3.1 solves a standard two-

dimensional coagulation equation, which concludes the proof of Theorem B.1.12.

Proof of Theorem B.1.12. Let ¢ € Cé (Rio), fixed. In order to estimate the fusion term, notice that

€

fo . r(n)(mv% — a)fe(n, $)0a9(n, s)dn| S Céell0a¢lloo
(0,00)

<eC(T)—>0ase— 0.

sup Mo o(fe(1))
€[0,T]

S

To prove that, for fixed ¢ € C! (Rio), the term with the coagulation kernel in (B.1.15) converges to
the term with the coagulation kernel in (B.1.17), standard methods used in the study of coagulation

equation are used and hence we omit the rest of the proof. O

We conclude by proving that the coagulation equation satisfied by the measure f found in Proposi-
tion B.3.1 describes a process in which the particles attach each other at a contact poﬂlt. More precisely,
we will prove that the total surface area and total volume of particles stay constant in time, see Remark
B.1.13. We first prove that we can test with ¢(n7) = a and ¢(n7) = v in (B.1.17), see Proposition B.3.2.

Remark B.1.13 is then a straightforward exercise.

Proposition B.3.2. Let u > 0. Then we can test equation (B.1.17) with ¢(n7) = a or () = v if

sup f @ +v2 ) f(a,v,0) < C(T). (B.3.3)
1€[0,T] J(0,00)2 -

Proof. The proof is analogous with the proof of Proposition B.2.6 using the moment estimates (B.3.3).

O

Proof of Remark B.1.13. From Proposition B.3.2 we can test equation (B.1.17) with ¢(17) = a or (1) =

v and so the desired quantities are preserved since

(K[f],a) = 0 and (K[f],v) = 0.
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appenDIX G

‘_LONG—TIME ASYMPTOTICS FOR COAGULATION EQUATIONS
WITH INJECTION THAT DO NOT HAVE STATIONARY SOLUTIONS

ABSTRACT. | In this paper we study a class of coagulation equations including a source
term that injects in the system clusters of size of order one. The coagulation kernel is ho-

mogeneous, of homogeneity ¥ < 1, such that K(x, y) is approximately x?*4y~4 when x is
larger than y. We restrict the analysis to the case y + 24 > 1. In this range of exponents, the
transport of mass toward infinity is driven by collisions between particles of different sizes.
This is in contrast with the case considered in [FFV23] where ¥ + 21 < 1. In that case,
the transport of mass toward infinity is due to the collision between particles of comparable
sizes. In the case y + 21 > 1, the interaction between particles of different sizes leads to an
additional transport term in the coagulation equation that approximates the solution of the
original coagulation equation with injection for large times. We prove the existence of a class
of self-similar solutions for suitable choices of y and A for this class of coagulation equations
with transport. We prove that for the complementary case such self-similar solutions do not
exist.

C.1 Introduction

C.1.1 Aim of the paper

In this paper we study the long-time behavior of the coagulation equation with injection:

0f (t, %) = K[f1(t, %) + 1 (x), (C.L.D)

where

00

1 X
KLf1( x) == Ej; K(x—y,y)f(t,x—y)f(t,y)dy—fo K (x,y) f (1, %) f(z,y)dy (C.12)

and where n > 0. We will assume in all the following that n(x) # 0 and that it is either compactly

supported or it decays fast enough with the cluster size.
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The study of problems with this form arises naturally in problems of aerosols and atmospheric
science ([Fri00, OKMO™ 13, VR12]). In this context, the function f(z, x) denotes the density of clusters
with size x at time .

The collision operator K[ f](¢, x) in (C.1.2) was introduced by Smoluchowski (see [Smo16]). The
kernel K(x,y) encodes information about the mechanism driving the coagulation of clusters. In this
paper we are interested in kernels arising in atmospheric science applications. A common feature of
these kernels is the homogeneity property. Indeed, in many cases the rate of aggregation scales like a

power law with the cluster size. This means that the coagulation kernel K(x, y) satisfies
K(ax,ay) = a”K(x,y) for a > 0 and (x,y) € (0, 00)2, (C.1.3)

for some y € R.
On the other hand, since the coagulation process does not depend on the order in which the clusters

of size x and y are chosen, we have the symmetry property
K(x,y) = K(y, ) for (x,y) € (0, 0), (C.1.4)

We will assume that the coagulation kernel K satisfies

e yy+/l X y+4
02[ — + ]gK(x,y)gcl[ —t+t ]andy+2/120, (C.1.5)
y X Y X

with 0 < ¢ < ¢; < oo, where y is the homogeneity parameter introduced in (C.1.3) and 4 € R.
The polynomial bounds (C.1.5) are satisfied by many of the most relevant collision kernels arising in
aerosol and atmospheric science, such as the diffusive coagulation kernel and the free molecular kernel
(see for instance [Fri00]).

Notice that the condition y + 24 > 0 in (C.1.5) does not imply any loss of generality. This can be
seen from the fact that the function x%y® + x®y® can be written as
and —4 = min{e, 5}.

Since we will consider solutions of (C.1.1), (C.1.2) in which f(z,-) is a Radon measure, it is con-

A YA .
x;—: + )7] with y + 1 = max{a, 8}

venient to impose the following condition on the kernel K:
K € C((0, 00)?). (C.1.6)

It is well known that part or all the mass of the solutions of (C.1.1), (C.1.2) can escape towards
x = oo in finite, or even zero time. This phenomenon is known as gelation. For a more detailed
analysis on this matter, see for example [BLL19b, da 98]. In order to guarantee that gelation does not

take place, we will assume in all the following that
y<landy+A<1. (C.1.7)
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See [DKWO99] for a more detailed discussion on the gelation regimes.

We expect that gelation does not take place under the weaker assumptions y < 1,y + 4 < 1 (see
[BLL19b]). However, in the critical cases y = 1 or y + A = 1, the self-similar solutions are not defined
using power laws to scale the particle sizes but most likely using exponential functions. Given that the
analysis of these solutions would require arguments different from the ones in this paper, we will not
consider this case here.

The existence of solutions for equation (C.1.1), (C.1.2) has been considered in [Dub94, EM06]. In
this paper we study the long time behavior of the solutions of equation (C.1.1). Due to the presence of
the source we can expect the solutions to (C.1.1), (C.1.2) to converge to a stationary non-equilibrium

solution f = f(x) as t — o, i.e. to a solution of

K[f1¢x) + n(x) = 0. (C.1.8)

However, it turns out that if  # 0 and y + 21 > 1, a solution for (C.1.8) does not exist. In [Hay87], the

discrete stationary coagulation model

n—1 00
Z Kin-k fieSn—k — Z Kinffn + gk,n =0, k>1, (C.1.9)
k=1 k=1

has been studied for the explicit coagulation kernel
Kin =K't + k'™, k,n e N (C.1.10)

when |y + 4| < 1, |4| < 1, |y| < 1. Formal asymptotics for the large size behavior of the solutions fj of
(C.1.9) has been obtained in [Hay87]. The results in that paper indicate that a solution of (C.1.9) exists
ifand only if y + 24 < 1.

In the case of general kernels satisfying the assumptions (C.1.4), (C.1.5), (C.1.6), and source terms
n decreasing fast enough, it has been proven in [FLNV21b] that the solutions of (C.1.8) (as well as its
discrete counterpart) exist, if and only if y + 21 < 1.

It is worth to remark that it has been proven in [FLNV21b] that the solutions of (C.1.8) can be
estimated, up to a multiplicative constant, from above and below by the power law % for large
values of x.

Since in the case y + 24 > 1 a stationary solution of (C.1.8) does not exist, we cannot expect
the solutions to (C.1.1), (C.1.2) to behave as the stationary solution f of (C.1.8) ast — oo for x
of order one. It is then natural to ask what is the long time asymptotics of the solutions to (C.1.1),
(C.1.2) for large values of r and x. The scaling hypothesis that has been extensively used in the study
of coagulation equations suggests that the mass of the particle distributions f (z, x) is concentrated
in cluster sizes x of order ¢’ for a suitable exponent p that would be determined from dimensional

considerations, which take into account the way in which the mass rescales in time. In the case of
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kernels K (x,y) = 2y 1 4+ y™4xr* 1 < 1 < Owith0 <y + A < 1 and y < 1, it was suggested in
[DKW99], using a combination of matched asymptotics and numerical simulations, that the long time

behavior of the solutions of (C.1.1), (C.1.2) is given by self-similar solutions with the form

1
[t )= 5= @), £= . (C.1.11)

1T t

The approximation (C.1.11) can be expected to be valid for large cluster sizes, i.e. x > 1. We
will use from now the notation with x > 1 to indicate large cluster sizes x. In the case considered in
[DKW99] we have that y + 24 < 1 and therefore stationary solutions f; solving (C.1.8) exist. In this
case, (C.1.8) and (C.1.11) suggest that @ (£) behaves for small values of & as Kf‘a%, for a suitable
constant K > 0. More precisely, plugging (C.1.11) in (C.1.1), (C.1.2), it follows that @ solves

2 3+
= - L =K [D], (C.1.12)
-y 1=y
where @ satisfies the following boundary condition at & — 0 that guarantees that there is a constant

flux of particles from the origin:

R—0

R
lm(ﬁﬁﬁfﬁﬁmﬁﬁwmﬁl (C.1.13)

with J = fooo xn (x)dx. The existence of solutions of equation (C.1.12) satisfying the constant flux
solution condition at & = 0, (C.1.13), has been rigorously proven in [FFV23] for kernels K satisfying
(C.1.4), (C.1.5), (C.1.6), (C.1.7) with y + 24 < 1.

The picture described above, which combines the stationary behavior ?, (cf. (C.1.8)) for cluster
sizes x of order one, and the self-similar behavior (C.1.11) for large cluster sizes, provides a rather
complete description of the long time behavior of the solutions to (C.1.1), (C.1.2) in the case y+24 < 1.
However, the same scenario cannot yield a description of the long time asymptotics of the solutions to
(C.1.1), (C.1.2) if y + 24 > 1, because, as explained above, in this case a solution of (C.1.8) does not
exist.

Notice that the existence/non-existence of solutions to (C.1.8) is related to the existence of sta-
tionary solutions of (C.1.8) yielding a constant flux of particles with the form of a power law, i.e.
f(x) = cx~'3. These solutions exist for v+ 24 < 1 and they do not exist for y + 24 > 1. In the
framework of the wave turbulence it would be stated that the kernels K with y + 24 < 1 satisfy the
locality property, while the kernels K with y + 24 > 1 do not have the locality property, see [ZLF92].

In this paper we are interested in the study of the long-time behavior of the solutions to (C.1.1),
(C.1.2) in the case y + 24 > 1 (and the non-gelling regime y < 1 and y + A < 1) that is described using
formal asymptotics arguments. The kernel we work with is homogeneous, hence it can be expressed
as

K(x,y) = (x+y)7F(xL+y) , F(s)=F(1—5) forse(0,1). (C.1.14)
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Notice that (C.1.5) implies that ¢; < F(s) < ¢, for some ¢y, ¢y > 0. We will assume in the following a

condition that is more restrictive than (C.1.5), namely
lim [s'F (s)| = 1. (C.1.15)
s—0*

In order to prove that in the case v + 24 > 1 there are no solutions of (C.1.8), the main idea used in
[FLNV21b] is based on the fact that, for this range of exponents, the transfer of clusters of size x of
order one towards very large cluster sizes is so fast that the concentration of clusters with size of order
one would become zero.

In the case of time dependent solutions having initially finite mass, this increases linearly due to

the fact that . .
O, ( f xf(t, x)dx) = f xn(x)dx.
0 0

For large times, due to the increase of the average cluster size, we might expect that, if y + 24 > 1,
there should be a fast transport of the newly injected clusters of order one towards much larger cluster
sizes. This almost instantaneous transport results in small concentrations of clusters of order one for
large times.

We now remark that the part of the coagulation operator which describes the coagulation between
particles of different sizes can be approximated by means of a transport operator in the space of cluster
sizes. These arguments, that will be described in detail using formal asymptotics in Section C.2,
show that the solutions of (C.1.1), (C.1.2) for large cluster sizes can be approximated by means of the

following equation if y + 24 > 1

Ay (¥ (1, x))

o f (t, %)+ — =K[f](, x), forx> 1. (C.1.16)
Iy 2 f (1.2)dz
. (3x()c“/+/l f(t,x)) .
We emphasize that the non-local transport term T o oz is a consequence of the presence of the
A :

source i (x) in (C.1.1). The fact that the contributions of the coagulation operator K [ f] which are due
to the aggregation of particles with very different sizes can be approximated by a differential operator
has been extensively used in the literature of coagulation equations (cf. [FriO0]). The resulting first
order terms are often referred to represent heterogeneous condensation (cf. [Fri00]). On the other side,
the term K [ f] in (C.1.16) describes the aggregation of clusters of comparable sizes.

The solutions of (C.1.16) are expected to describe the asymptotic behavior of the solution of equa-
tion (C.1.1) both when y+ 24 > 1 and when y + 24 = 1, even if in these two cases we have two slightly
different scenarios. Namely, when y + 21 > 1, we will have that if x is of order 1, then f(t,x) — 0
as t — oo, while when y + 24 = 1 we will have that if x is of order 1, then f(z, x) — fs(x) ast — oo,
where f; is a solution of

K[f10x) + n(x) — xf(x) = 0, (C.1.17)
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(compare with (C.1.8)). Due to the presence of the term xA f(x), equation (C.1.17) might have solu-
tions when y + 24 = 1.
The scaling properties of (C.1.16) suggest that this equation is compatible with the existence of

self-similar solutions for equation (C.1.16) with the form

q)( a ) (C.1.18)

tT=

1
fs(t,x) = Tty
-y

t!
Here the self-similar profile ® satisfies the following equation, obtained by substituting equality

X

(C.1.18) in equation (C.1.16) and using the self-similar change of variables & = —5—

2
t=y
3+ 2 1 3

220 (@) - 0D () +
T A () dn 96

] (@0 ©)=K[@]©) . £>0. (C.1.19)
-y 1y

The main result of this paper is to determine the range of exponents y and A satisfying y+24 > 1 and
the non-gelation conditions (C.1.7) for which self-similar solutions of (C.1.16) with the form (C.1.18)
exist (see Figure C.1 for a classification of these exponents). Specifically, we will prove the following.
Suppose that y + 24 > 1 and that (C.1.7) holds. Then

e Ify > —1, there exists at least one self-similar solution of (C.1.16) with the form (C.1.18).
o [fy<-—Tandy+21> 1, no solutions of (C.1.16) with the form (C.1.18) exist (See Figure C.1).

e Ify < —1andy+24 =1, we prove that there are no self-similar solutions f; of the form (C.1.18)
such that fol xAD(x)dx < oo.

The meaning of the condition fol x~4®(x)dx < oo is that the number of clusters removed by the
coagulation process in any bounded time interval is finite. We therefore do not exclude the existence
of a self-similar solution of equation (C.1.16) with fol xAD(x)dx = oo.

A remarkable property of the self-similar solutions of (C.1.16), that we constructed in this paper,

is that they vanish identically for 0 < & < p(My,) := (ZIM_—L)W, where

M= [ oo
(0,00)

The fact solutions @ of (C.1.19) vanish in an interval (0, o(M,,)) means that, for large times ¢, the in-
jected particles are transferred almost instantaneously to clusters with sizes x > p(M, 4 /1)1’% . Moreover,
the fraction of clusters with sizes x < p(M, /l)t% becomes negligible for very long times. The exist-
ence of this "minimal” cluster size for large times is a remarkable feature that, to our knowledge, has
not been observed in the literature on self-similar solutions for the coagulation equation (see for in-
stance [EMO06, EMROS5, FL0O6a, MP04, TV19]). In particular, it is worth to notice that this behavior of
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the self-similar solutions is very different from the one exhibited by the self-similar solutions obtained
in the case y + 24 < 1 in [FFV23].

The results that we obtain in this paper in the critical case y + 24 = 1 are more fragmentary than
those obtained for y + 24 > 1. In the case y + 21 = 1, we only prove the existence of a solution ® of
(C.1.19) for y > —1 with ® = 0 on (0, p(M,+,)), but we do not prove that any solution vanishes in the
interval (0, o(M,1,)).

On the other hand, we will prove in this paper that the function ® which describes the self-similar
profile in (C.1.18) decreases exponentially as ¢ — oo in the same manner as the self-similar solutions
constructed in [FFV23] and as it usually happens for the self-similar solutions of coagulation equations
in problems without injection, see [EM06, FLO06a].

As indicated above, if y < —1 and y + 24 > 1, there are no self-similar solutions of (C.1.16) with
the form (C.1.18) and, if y < —1 and y + 24 = 1, there are no self-similar solutions of (C.1.16) with
the form (C.1.18) satisfying fol x*®(x)dx < 0. It is natural to ask what is the long time asymptotics
of the solutions of (C.1.1), (C.1.2) in this case. This question will be the subject of study of a future
work.

In both cases the coagulation term K[ f] in (C.1.16) which describes the aggregation of particles
with comparable sizes is negligible for large times, and the long time behavior of the distribution of
clusters is determined by the coagulation of particles of size x of order one with large particles. The
main difference between the cases y+4 > 0 and y+4 < 0 arises from the fact that in the second case the
transfer of clusters (not monomers) from the region where x is of order one to x > 1, heterogeneous
condensation, is relevant.

There are several results in the physical literature which are related, and are consistent with the ones
in this paper, see for instance [BCJ* 12, KC12, KMR98, KMR99]. In [BCJ*12] a coagulation model
with kernels satisfying (C.1.5) with parameters y, A such that y + 24 > 1 and including also a source
term and a removal of particles term has been studied. In that problem, the cluster concentrations as
t — oo are determined by the coalescence of particles of very different sizes. It is then possible to

approximate the coagulation-removal model for large clusters by means of the equation

x/2 K
0.0 = =0, (770, 0) + [y ey = s [y

where K is the maximum particle size in the system. The numerical simulations in [BCJ* 12] show that
the concentration of cluster sizes of order one approach to a stationary solution that converges to zero
if K is sent to infinity.

In [KC12] a coagulation model with injection and with kernels satisfying (C.1.5) with y = 0 and
A € (1/2,1] has been considered. Numerical simulations and formal computations in [KC12] suggest
that the cluster concentration for clusters of order one tends to zero as t — oo. In addition, it is

suggested that the concentration for large clusters are described by a self-similar solution.
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Existence of self-similar profiles
Non-existence of self-similar profiles

Figure C.1: Coefficients for existence and non-existence of self-similar
profiles in the case y + 24 > 1

In [KMR98, KMR99] coagulation equations with injection are considered with kernels satisfying
(C.1.5) with -1 = vy < —1. It is seen there that for y + 21 > 1, the solutions of the corresponding co-
agulation equation behave in a non self-similar manner and decay logarithmically. This is in agreement

with the non-existence of self-similar solutions that we obtained in this paper for y < —1.

C.1.2 Notation and plan of the paper

We use the notation R, := (0, c0) and R, := [0, o). Given an interval I C R, we denote with C.(])
the Banach space of the functions on / that are continuous and compactly supported. We endow the
space C.(R,) with the supremum norm denoted with || - ||. For a function ¢, if ¢(x) = 0, for all x in
an interval I, we will denote it by ¢(I) = 0. We keep the same notation to mean that the support of a
measure is outside the interval /. We denote with M, (/) the space of the non-negative Radon measures

on /. Given a measure u € M, (I) we denote with ||u||7y the total variation norm of u. For a compact
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interval I C R, and two bounded measures p, v, we denote the Wasserstein metric by Wy, namely

Wi(u,v) = sup fga(x)(,u —v)(dx), (C.1.20)

llellLip<1 JT

where the supremum is taken over the Lipschitz functions and where ||fllLip = [Ifllco + [fILip, With

[fILip = SUP, s w

XEY
To keep the notation lighter, we denote with C and ¢ constants that might change from line to line
in the computations. In addition, we use the notation f < g, for two functions f, g, to mean that there
exists a constant C > 0 such that f < Cg.

Moreover, given a measure u, we denote with M, (1) the @ moment of y, i.e.

M) = fR ().

To simplify the notation, in some cases, we write M,, instead M, (u) if the choice of the measure u is
clear in the argument.
(x)

We use the notation f ~ g as x — xp to indicate that lim,_,,, {g% = 1, while we use the notation

f ~ g to say that there exists a constant M > 0 such that

TR EL

As previously mentioned, we use the notation x > 1 for large cluster sizes x. Additionally, for
cluster sizes x,y, we denote x > y or y < x to mean that x is much larger than y. For two terms, A
and B, we use the notation A ~ B to mean informally that A can be approximated in terms of B in the
region under consideration in the respective formula.

The paper is organized as follows. In Section C.2 we present a heuristic motivation to study the
existence of the self-similar solutions considered in this paper. In Section C.3 we present the main
results of the paper regarding the existence and non-existence of a self-similar profile and its properties.
In Section C.4 we explain the main ideas behind the proofs of existence and non-existence, skipping the
technical difficulties of the proofs. Section C.5 deals with the proof of the existence of a self-similar
solution for equation (C.1.19) when vy > —1. We also prove in this section that the solution decays
exponentially for large values. Section C.6 deals with the non-existence of self-similar solutions for

equation (C.1.19) when y < —1.

C.2 Asymptotic description of the long time behavior

C.2.1 Thecasey+21>1

In this section we describe the long time asymptotics of the solutions of (C.1.1), (C.1.2) if y+21 > 1

using formal asymptotic arguments.

173



APPENDIX C. LONG-TIME ASYMPTOTICS FOR COAGULATION EQUATIONS WITH INJECTION
THAT DO NOT HAVE STATIONARY SOLUTIONS

As indicated in the Introduction, we expect f (f, x) to converge to zero as t — oo for x of order
one. Therefore, the contribution due to the term % fOx K(x—-y,y) f(t,x—y) f(t,y)dy can be expected
to be negligible in this region since this term is quadratic in f and we can expect the linear term
fooo K (x,y) f(t,y)dyf (¢, x) to give a larger contribution. We will check that these assumptions are self-
consistent, in the sense that they will predict an asymptotic behavior for f for which the assumptions
made hold.

We examine the asymptotic behavior of the linear term fooo K (x,y) f(t,y)dyf (t, x) when x is of
order one. Due to the effect of the coagulation, we expect the distribution f (z,y) to be concentrated
for long times in the larger cluster sizes y as ¢ — oco. Using the assumptions (C.1.14) and (C.1.15) we

obtain the following asymptotic behavior of K (x,y) for x <y
K (x,y) =y’ x4, (C.2.1)

We then expect to have the following asymptotics as ¢ — oo, due to the concentration of f in the

large cluster sizes

f K (x,y) f(t,y)dy ~x_lf Y (@ y)dy as 1 — oo
0 0

for x of order one. Then, considering the dominant terms in (C.1.1), (C.1.2) for x of order one, we

obtain the following equation

Of (1) = —xf (1, ) fo VHFGy) dy + (). (C2.2)

As explained in the introduction, if y + 24 > 1, since steady states describing the cluster concen-
trations with x of order one do not exist, we expect to have f (t,x) — 0 as ¢t — oco. This suggest that
we should have M., = fooo Y E(t,y)dy = oo ast — oo. Suppose that d;My,y < My, ast — oo
(something that would happen if M, ,, behaves like a power law, as we will see to be the case). Then

(C.2.2) implies the following asymptotic behavior for f (¢, x)

A
Flt) ~ ——1X as ¢ — oo (C.2.3)

o yAf @y dy

for x of order one. We notice that the higher order contributions to (C.2.3) due to the contributions of

the term % fox K(x-y,y) f{t,x—y) f(t,y)dy are of order ( L or smaller. Therefore, these contri-

M Y+

butions will be neglected in the following.

The equation (C.2.3) yields an approximate formula for the concentration of clusters with x of
order one. We now approximate the part of the coagulation operator which is due to the aggregation
of particles with size one with very large particles. To this end we introduce a characteristic length

L = L(t) > 1 such that we can approximate f (¢,y) by means of (C.2.3) for y < L. We attempt to
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approximate the evolution of the distribution f (¢, x) for x > L. Then, the coagulation operator in
(C.1.2) can be approximated, using the symmetry properties of the first term on the right of (C.1.2), as

follows
1 X 00
K[f](t,X)=§£ K(x—y,y)f(t,x—y)f(t,y)dy—j; K (x,y) f(t, x) f(t,y)dy

L L
= [fo K(x—y,y)f(l,x—y)f(t,y)dy—ﬁ K(x,y)f(t,X)f(t,y)dy]

(o0

1 x—L
+ Ef K(x—y,y)f(t,x—y)f(t,y)dy—f
I3 L

‘We can rewrite this formula as

L
K[f1@x) = fo [K(x=y.3) f(t.x=y) = K(xp) f(6.0]f @.y)dy| + K[fxiLe ] . x), (C.2.4)

where y[1.) denotes the characteristic function of the interval [L, co) . We now approximate K [ f] (¢, x)
for large values of x and ¢+ — oo and more precisely for x > L. To this end we use (C.2.3) and we
assume also that K and f are sufficiently regular for large values of x. Then, using the fact that y <« x

we obtain the following approximation

9
[K (x,y) f (1, %)]. (C.2.5)

K(x=y,y) ft,x—y)—K(x,y) ft,x) = Vox

Moreover, (C.2.1) yields an approximation for K (x,y) if x < y. Exchanging the roles of x and y

we obtain K (x,y) ~ x¥*4y~4 as ;—f — oo and plugging this formula into (C.2.5) we obtain

0
K=y ) f(tx=3) = K@y) f 0 = -y [0 ().

Using this approximation in (C.2.4) we then obtain

L
d
K[f]1@x) = - [ f Y @) dy} [a_ | 0] |+ K [fxise] (¢ 0)
0 X

for x > 1 and t — co. We can now use (C.2.3) to derive a formula for j(;L y!=4£ (¢, y) dy. We then obtain

the approximation

bom»dy 6 .,
K[f](t,%) = - T 77 (o B |74 0] + K [ fxine] (4,2 (C2.6)

Notice that we use that fOL yn(y)dy = fooo yn (y) dy since by assumption 1 (v) decreases sufficiently

fast for large values of y.
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We will denote as f,,; the distribution of particles in the region where x > 1. More precisely
we write four = fX[L,00)- Combining (C.1.1), (C.1.2) with (C.2.6) we obtain the following evolution

equation for f,,;

Iomomdy g
Or four (1, %) + T yg ST |2 foua (6, )| = K [ foua] (2, %) (C2.7)

Notice that we use the approximation fooo YHE (@, y)dy = fooo Yy £ (¢, y) dy that might be expec-
ted because f (¢,y) —» Ofory < L ast — oo (cf. (C.2.3)).

In the rest of the paper we will study the properties of the self-similar solutions associated to the
equation (C.2.7). It is worth to remark that the transport term on the left of (C.2.7) is the way in which
the injection of particles with size x of order one affects the outer distribution of clusters f,,,. Indeed,

multiplying (C.2.7) by x and integrating we obtain

w0 bhommdy e g
o (\f(; Xfom -0 dx) " j(?o yy+/lf0ut (t, y) dy L xa [x fom (- X)] &

= foo XK [ four] (£, x) dx. (C.2.8)
0

The mass conservation property associated to the coagulation kernel yields

foo XK fourl(t, x)dx = 0.
0

On the other hand, integrating by parts in the second term on the left of (C.2.8) we obtain fooo x% [x7*+4

Sour(t, x)]dx = — fooo KL, x)dx. Combining these results we obtain

0; (foo X four (2, X) dx) = foo xn (x) dx. (C.2.9)
0 0

The identity (C.2.9) states that the total mass of the clusters in the outer region is equal to the
injection rate. This result, that holds for long times, could be expected because in the regime described
in this section, the injected particles are transferred instantaneously to large cluster sizes. This is also

consistent with f(¢, x) — 0 as t — oo when x ~ 1.

C.2.2 Thecasey+21=1

In the case y + 24 = 1, the approximation of the concentrations of clusters f(z,-) in the region
where x is of order one must be obtained in a different manner. The reason is that in this case we
cannot expect the moment M, = fooo K7+ f(1, x)dx to converge to infinity as t — co. Indeed, suppose
that most of the mass of the monomers is distributed in a characteristic length L(¢) that increases as
t — oo, Then, if we denote as My and M, the moments of f of order zero and one, respectively, (i.e.
fooo f(,x)dx and fooo xf (¢, x) dx, respectively), we have that M| = MyL(t) and My, = MoL(t)"*.
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Assuming that fooo xn (x)dx = 1 and hence that M ~ r as t — oo, we deduce that MyL(t) = t. The
rescaling properties of (C.1.1), (C.1.2) suggest that @ ~ (My)? L(1)". Therefore, plugging the identity

2
My = ﬁ in this formula we obtain L(¢) = t7. Hence

My = MoL(t)™ = tL(py? 4! = (504D = (C.2.10)

It then follows that the self-similar rescaling ansatz implies that M, , ; remains of order one for large
times. A consequence of this is that we cannot approximate (C.1.1), (C.1.2) for clusters of order one
by means of the equation (C.2.2). Instead of this we will use a different approximation by splitting f
in an outer part which describes the cluster distribution for x of order L and an inner part that describes

the cluster distribution for x of order one. More precisely, we write

F (&%) = finner 8, X) + fouter (2, X) , (C.2.11)

where fouer = fX[L,00)» While finner = fX (0,11, fOr a constant L > 0.
Using (C.1.1), (C.1.2) we would then obtain the following evolution equation for fe,

O finner (1, x) = K [ﬁ'nner] (t, %) = finner (2, %) ‘f(; K (x,9) fouter (2,y) dy + n (x), (C.2.12)

where we have used the decomposition (C.2.11) in the loss term of the coagulation operator K [ f]. We
use also the fact that in order to compute the gain term for x of order one we need to use only fier-
By assumption, the main contribution of f,,., (¢, ) is due to clusters with size L > 1. On the other

hand, for x of order one, we have the approximation

K (x,9) fouter (,y) = y7+/]x_/lf0uter )

and (C.2.12) becomes
atﬁnner (t,x)=K [ﬁnner] (#, %) = finner (2, %) x_/l f()‘ y7+/1f0uter @y)dy+n(x). (C.2.13)

The scaling argument above, (C.2.10), suggests that fooo VY4 £ uer (1, ) dy approaches to a positive

constant as t — oo if f,,;,, behaves in a self-similar manner and y + 24 = 1. We will write

My+/l = f yw—/lfouter (t,y)dy. (C.2.14)
0

On the other hand, we will assume that the function f;,,.,, which is described by means of (C.2.13),
approaches to a stationary solution for large times. We then obtain the following equation which would

be expected to describe the behavior of the solutions of (C.2.13) for long times

K [finner] (x) = My+/lﬁnner (x) x n(x) =0. (C.2.15)
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We can now derive an equation describing the evolution of f,,r. To this end we argue as in the
case of ¥ + 24 > 1 in order to approximate the effect in f,,,., due to the collisions of clusters with
size L with clusters with size of order one. Using approximations analogous to the ones used for the
derivation of (C.2.7) (cf. (C.2.4), (C.2.5)) we obtain the following approximation for K[ f] (¢, x)

°° 0
K [f] (t,x) ~ - [fo' yl_/lfinner (,y) dy] [EC [xy-mfouter (t, )C)] +K [fouter] (t,x) (C.2.16)

for x of order L.
On the other hand, multiplying (C.2.15) by x and integrating in (0, co) we obtain, since fip., is zero
for x > L, that

mmfy“mmwwzfymwy
0 0

Using this formula to eliminate fooo yl"l Sinner ) dy in (C.2.16) we obtain

K [f] (t,x) = +K [fouter] (t,x).

b m®dyya
ox

M, ., - I:xw—/lfouter (, x)]
v+

Therefore, we obtain that f,,,., satisfies the equation (C.2.7).

The whole asymptotic behavior derived here relies on the existence of solutions of the equation
(C.2.15). In this equation, the value of M, ., is chosen as one associated to a self-similar solution
of (C.2.7). The equation (C.2.15) can then be interpreted as a stationary solution for a coagulation
equation with source 17 and a removal term —M,, 1) finner (X) x~*. The results in [FLNV21b] imply that
no solutions of (C.2.15) exist if M,,,; = 0 and y + 24 = 1, but when M,,, > 0O the existence/non-

existence of stationary solutions for equation (C.2.15) is still an open problem.

C.3 Setting and main results

The main results of this paper concern the existence and the non-existence of solutions to the

following equation

34y 2 1 9
2R ) - ——&d . ——

(@H®©) =K[@1©), £€>0.  (C3.0)

We write now precisely what we mean by a solution of equation (C.3.1) and then we state the main
theorems on the existence of a self-similar profile under certain assumptions on the parameters y and
A (Theorem C.5.1), on its properties (Theorem C.6.1) and on the non-existence of the self-similar

solutions under different assumptions on the parameters y and A (Theorem C.3.5).

Definition C.3.1. Let K be a homogeneous symmetric coagulation kernel satisfying (C.1.5), (C.1.6),
with homogeneity ¥ < 1 and withy + 4 < 1 and y + 24 > 1. A self-similar profile of equation (C.2.7)
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with respect to the kernel K, is a measure ® € M, (R,) such that
0< f ¥ d(dx) < o and f x'7D(dx) < 0 (C3.2)
" 0.1)

and such that it satisfies the following equation

f ¢'(x)

1
T2 f f K(x, ) [(x +3) = ¢(x) = ()] ©(dx)D(dy)
R. JR,

xy+/l

x —
-y fR* 27+AD(dz)

<I>(dx)—1% L o(X)D(dx) (C.3.3)

for every test function ¢ € C g R.).

Remark C.3.2. For every test function ¢ € C, L] (R,) (hence such that ¢ = 0 near zero) all the integrals in
equation (C.3.3) are finite. The integrals in the left-hand side of equation (C.3.3) are bounded due to
the fact that ¢ is compactly supported and that @ is a Radon measure. We analyse now the right hand
side. Since y + 24 > 0

fR fR K y) [p(x + ) — 9(x) — ¢(3)] DADD(dy)
< 4c, f L) ol ) = ) — )] D))
* Y

<c f f X (lp(x + ) — o) + lp(x)]) @(dx)D(dy)

R. J(0,y]
< cll¢lle f f AL OD(dy)

R, J(0,1)

o f f K o(x + ) — 0()] DADDy) + f VD (dy) f ¥ e(P().

R. J[1,y] R, R,

Using (C.3.2), the fact that —1 < y + A, as well as the fact that ¢ is compactly supported the desired

conclusion follows.

Theorem C.3.3 (Existence of the self-similar profiles). Let K be a homogeneous symmetric coagula-

tion kernel, of homogeneity vy, satisfying (C.1.5), (C.1.6), with y, A such that (C.1.7) holds and such
that

1<y, vy+24>1.

Then there exists a self-similar profile ® as in Definition C.3.1. Moreover, ® is such that
O((0, p(My+))) = 0 for

1 -
p(Myea) = [ u (C.3.4)

2 [ xr+Ad(dx)
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Additionally, ® it is such that
f e d(dx) < o0
R,

for some L > 0 and it is absolutely continuous with respect to the Lebesgue measure. Then ®(dx) =

¢(x)dx and the density ¢ is such that

lim sup ¢(x)e™* < co
xeR,

for a positive constant M.

Remark C.3.4. In this paper we do not prove the uniqueness of the self-similar profiles. Therefore, it
makes sense to understand if the proven properties for the self-similar profile constructed in Theorem
C.5.1 hold for each self-similar profile as in Definition C.3.1.

When y + 24 > 1 we prove that each self-similar profile as in Definition C.3.1 is zero in the set
(0, p(M,y42)), where p(M,,,) is given by (C.3.4), see Theorem C.6.1 for more details. In contrast, when
v + 24 = 1, we only prove that the self-similar profile constructed in the proof of Theorem C.3.3 is
such that ®((0, p(M,+,))) = 0. However, we do not know if this property holds for every self-similar
profile as in Definition C.3.1.

Theorem C.3.5 (Non-existence of the self-similar profiles). Let K be a homogeneous symmetric co-
agulation kernel, of homogeneity vy, satisfying (C.1.5), (C.1.6), with y, A such that (C.1.7) holds.

1. Ify £ =1,y + 24 > 1, then a self-similar profile ® as in Definition C.3.1 does not exist.

2. If y < =1,y + 24 = 1, then a self-similar profile ® as in Definition C.3.1 with the additional
property

f X ®(dx) < oo (C.3.5)
0,1]
does not exist.

Remark C.3.6. Notice that if y + 24 > 1 we prove that self-similar solutions as in Definition C.3.1 do
not exist when vy < —1. Instead, when vy + 24 = 1 and y < —1, we do not exclude the existence of a

self-similar solution @ as in Definition C.3.1 with

f x ' ®D(dx) = oo.
0,1]

C.4 Main ideas of the proofs

In this section we explain the main ideas for the proofs of existence/non-existence of self-similar

solutions. Both in the case y + 24 > 1 and y + 24 = 1, to prove that a self-similar solution exists,
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we find an invariant region for the evolution equation corresponding to (C.3.1), namely the following
equation
y|
3ty 2% d¢ (£710(1,8))
0:0(t, &) — —=O(t,&) — ——0:D(1,¢) + ——— = = K[D](1, §). (C4.1)
) = T, P = T 00 [ o+, dx) ¢
By Tychonoff fixed point theorem the existence of an invariant region implies that there exists a solution
of equation (C.3.1).
We prove that the set

00 1 00
f xH(x)dx =1, — < f X H(x)dx < Cy,
p={H: ° €2 Jo

H((0,p(C1)) = 0, f Y A (dx < €
0

is invariant when y + 24 > 1 and y > —1 for suitable constants C1, C» > 0 and p(C) given by

1
1 =\
7) . (C.42)

p(Cy) = ( 3¢,

To prove that the set P is invariant we proceed as follows.

1. We prove that fom x®p(x)dx = 1 implies fom x®(t, x)dx = 1, for every t > 0. This is done
multiplying by x equation (C.4.1), integrating from zero to infinity and then studying the ODE

for the first order moment obtained in this manner.

2. As a second step we prove that there exists an upper bound for M, ,. To this end we multiply
both sides of equation (C.3.1) by x**! and we integrate over x in (0, co) to obtain an ODE for the
v + A moment. Using Gronwall’s lemma, the fact that y + 24 > 1 and that y > —1, the desired

conclusion follows.

3. As athird step we use the fact that M,,, < C; to prove that ®(¢, (0, o(C1)) = 0. Indeed, the evol-
ution described by equation (C.4.1) is driven by two mechanisms: coagulation, which increases
the average size of the particles in the system, and the growth term,

§y+/l 2
fooo XYHO(t, x)dx C1- Y

&,

which is positive for every & < p(Cp). Hence, if we start from an initial data @y such that
Dy ((0, p(Cy))) = 0, then we will have that O(z, (0, p(Cy))) = 0, for every ¢t > 0.

4, Using the fact that vy + 4 < 1, y > -1, ®((0,0(C1))) = 0, as well as the fact that
i (2, dx) < €y, we prove that [~ x> 1d(t, x)dx < C,.
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5. Finally, from the upper bound for M,_,_,, we derive a lower bound for M, ,. Indeed, Cauchy-

Schwarz inequality implies that

2
1:( f x(D(t,x)dx) < f XD, x)dx f XA, x)dx. (C.4.3)
R, R. R,

1
Hence G S My .

In order to prove non-existence we proceed by contradiction. Due to the contribution of the co-
agulation operator in equation (C.1.16), we expect the zeroth moment of f to decay in time. However,

assuming the self-similar change of variable (C.1.18), we have that

f ) ft,x)dx = t‘i% f N ®(x)dx.
0 0

If y < -1, then fooo f(t, x)dx is constant or increasing in time and this gives a contradiction. Hence we
cannot expect self-similar solutions to exist. To make the argument rigorous we will have to prove that
0< fooo ®O(dx) < co. When y + 24 > 1 we do this by proving that for each self-similar profile there
exists a 0 > 0 such that ®((0, 6)) = 0 and that ® tends to zero sufficiently fast as x — oco. Instead, when
v+ 24 = 1, the methods used in this paper do not allow to prove that @ is equal to zero near the origin,
hence we use (C.3.5) as well as (C.3.2) to prove that 0 < fooo O(dx) < oo.

C.5 Existence of a self-similar profile

We aim to prove the existence of a solution of equation (C.4.1). Namely, we will prove the follow-

ing theorem, which is just a reformulation of Theorem C.3.3.

Theorem C.5.1. Let K be a homogeneous symmetric coagulation kernel, of homogeneity vy, satisfying
(C.1.5), (C.1.6), with vy, A such that (C.1.7) holds and such that

1<y, vy+24>1.

Then there exists a self-similar profile ® as in Definition C.3.1. Moreover, ® is such that
D((0, (M, 1)) = 0 with p(M, ) given by (C.3.4).

To this end we prove the existence of a (time-dependent) solution for a suitably truncated and

regularized version of equation (C.4.1):

3 2 0 (e7+10(1,0)
9D (1,8) - %@(u £~ %yascb(t, £+ % = Kx[®](1,£). (C5.1)
Ry ’
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The operator Ky, is the truncated operator of parameter R > O defined as

1 X
KAl @10, ) =5 fo Ke (= y,3) ® (1, x — ) ® (1, ) dy

- fo‘ Kr (x,y) D (2, x) D (t,y) dy, (C.5.2)

where the kernel Ky, is a truncated kernel, i.e. it is a continuously differentiable, bounded and symmet-

ric function Ky : RZ — R, such that for every (x,y) € R2 we have that Kz(x, y) < K(x,y) and

Kr(x,y) =0, if x>Rory>R,;
{ R(X, ) y (C.5.3)

. 2
|Kr(x,y) — K(x,y)| < e7®, if (x,y) € [2—1R %] .

Notice that the kernel Kz can be obtained starting from the kernel K by means of standard truncations
and mollifying arguments.

Using Tychonoff fixed point theorem we prove the existence of a stationary solution ® for equa-
tion (C.5.1) and we will prove that there exists the limit ® of {Dg}r as R tends to infinity. To conclude

we will prove that the measure O satisfies equation (C.1.19).

C.5.1 Existence of a time dependent solution for the truncated equation

Since in this section we work only with the truncated equation, we omit the label R in ®g. We will
reintroduce the label R in Section C.5.3. We start this section by introducing a definition of solutions

for equation (C.5.1).

Definition C.5.2. Let K be the truncated kernel defined as in (C.5.3) as a function of the homogeneous
symmetric coagulation kernel K satisfying (C.1.5), (C.1.6), with homogeneity y < 1 and with y+41 < 1
and y + 24 > 1. A function © € cl([0,T1; M, p(R,)) is a solution of equation (C.5.1) if

0 < inf f X" d(r,dx) and sup f X HD(r, dx) < o
1€[0,T] JR, 1€[0,T] JR,

and if ® satisfies

fgo(x)d)(t,dx)—l-’-—yf t,o(x)CI)(t,dx)+Lf ¢ (x)xD(t,dx) (C5.4)
R, 1=y Jr, L=y Jr,

1
L O
R. ; .
1
"2 fR fR Kr(x,y) [p(x + ) = ¢(x) = ()] D(t, d0)D(z, dy),

for every test function ¢ € CL(R.).
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Given the positive numbers k1, k, p*, we define the subset S (ki, k, p*) of M (R.) as

H((0,p") = O,f xH(dx) =1,
R.

S(ki, ko, p*) :=3H € My(R,) : (C5.9)

ki < f X HxX) < ks
R*

Theorem C.5.3. Assume Kg to be a truncated kernel defined as in (C.5.3) as a function of a homo-
geneous symmetric kernel K satisfying (C.1.5), (C.1.6), with parameters y,A € R such that (C.1.7)
holds and y + 24 > 1 and y > —1. Then for all ki,k, > 0 and sufficiently large Ry > 0 such that
Oy e S (2k1, %,p(kz)) N {H € M;+(R,) : H(4R, )) = 0} for R > Ry and for p(ky) given by (C.4.2),
there exists a unique solution ® € C([0, T]; M. (R,)) of equation (C.5.1) in the sense of Definition
C.5.2, for T > O sufficiently small. For every t € [0,T], we have that ®(t,-) € S (k1,ky,p(ky)) N
{H € M.(R,) : H(4R, 0)) = 0}.

Lemma C.5.4. Let T > 0andlet R > 0. Assumey < 1 andy+ A < 1. Assume a € C([0, T]) satisfying
0<ki<a(t) <k <oo, forall t€[0,T], (C.5.6)

for some positive constants k| and ky. Consider the ODE

dx(t

—ZE‘) = V(x(1),a(t)), x(0)=x9 >0, (C.5.7)
with V(x, @) = % - %x. If xo > p(ko) with p(ky) given by (C.4.2), then (C.5.7) has a unique solution
X(t, x0, @) = p(ka). Let X(t, x0.1,@1) and X(t, x02, @2) be the solutions of equation (C.5.7) with respect

to the functions a1 and a; satisfying (C.5.6) and xo1, x02 € [p(k2),4R]. Then
|X(2, x0,1, 1) — X(t, x02, @2)| < Ly|xo,;1 — x02| + T Lallay — a2lljo,r1s (C.5.8)

foreveryt € [0,T], where Ly = Li(T,y,A,k1,ky,R) >0, and Ly = Lo(T,y, A, ki, ko, R) > 0 and where
we denote by || - |ljo,r] the norm ||f|ljo,r] := SUP;[0.77] Lf (@), for f € C([0,T]).

Proof. Since V(x, @) > 0, for every x < p(ky), we deduce that the set {x > p(kp)} is an invariant region
of (C.5.7). This also implies that a unique solution exists.
Equation (C.5.7) is a Bernoulli equation that can be reduced to the linear ODE

dy 1-(y+A) 2(1-(y+2) R B C%))
- = - y’ J’O L x()
dt a(t) -y

via the change of variable y = x!~(**Y) We deduce that

t
_20-(y+A) 1—v—=—A) _20-g+),,
=t ( Y )6 5 (t—5) 1

1-(y+) I-(y+4)
Y, x ,a) =X e
0 0 0 a(s)
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Since a1, a satisfy (C.5.6) and since xp 1, Xo2 € [p(k2),4R], the above formula implies that

1-(y+4 1-(y+2 1-(y+2 1-(y+a
Y(t, xO,l(y ),a’l) - Y(t, XO’Z()/ ), C¥2)| < ’xoyl(y = xO,Z(y )

+C(T,y, A, kDllar — azlljo,)-

Since the set {x > p(kp)} is invariant for (C.5.7), the above inequality, together with the definition

of y as a function of x, implies (C.5.8). O
We will solve equation (C.5.1) using Lagrangian coordinates. To this end we introduce the notation
Xe(X,3,1) 1= @(Lo(x, 3, 1)) = @(x) — (),
for ¢ € C.(R,), where {, is defined for x > 0,y >0and t > 0 as
X(t, lo(x,y, 1), @) = X(t, x,@) + X(t,y, @). (C.5.9)

The function ¢, is well defined because for every fixed time ¢ > O the function x — X(z, x, @) is

increasing.

Lemma C.5.5. Let Kg be a truncated kernel defined as in (C.5.3) as a function of a homogeneous
symmetric kernel K satisfying (C.1.5), (C.1.6), with y, A € R satisfying (C.1.7). Let ki, ky, R be three
positive constants. Assume that the initial condition ®q is such that 2k; < fR* X Dy(dx) < % and
that @y((0, p(k2)) U (4R, o)) = 0 for p(ky) given by (C.4.2).

For a sufficiently small time T > 0, depending on R, there exists a function F € C([0, T], M+ (R,)),
with F(0,-) = @y, that satisfies

fR (X F(1,dx) = L @(x)Do(dx) (C.5.10)
+ % Lf f f Kr(X(s, x, @), X(s,y, oz))e}%s)(g(x,y, $)F(s,dx)F(s,dy)ds,
for every ¢ € C.(R,), with
a(t) = e%’ fR; (X(t, x,@)) " F(t,dx), Vtel[0,T]. (C.5.11)
The function F is such that k1 < a(t) < ko and such that
F(t,(0,p(k2)) U (4R, 0)) =0, Vre[0,T]. (C.5.12)
Proof. We define the set
X = {H € M4(R.) : H((0, p(k2)) U (4R, 20)) = 0}
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and the set

F(t,)e X, ki <a) <k,Vte[0,T],

Xr :={(F,a) € C([0, T]; M+(R.)) X C([0,T]) : sup f F(t dx)<1+f O (dx)
t€[0,T] " Ry

We endow the set M, (R,) with the Wasserstein metric W;. The reason for this choice will become
clear in the proof of the contractivity of the evolution operator corresponding to (C.5.10), (C.5.11). We
endow the set C([0, T'], M, (R,)) with the metric induced by the distance

dT(l’l’ V) ‘= Sup Wl (I’l(t’ ')’ V(t’ ))
t€[0,T]

Similarly, we endow C([0, 7']) with the norm || f||j0,r1 := supejo.ry [/ (DI
For every (F,a) € Xy, we define the operator TJ[F,a](t) : C.(R.,) — R, as TJ[F,a](¥) :=
T1LF, a](?) + TL[F, a](t) with

(TILF, (1), ¢} = f p(x)e b aFlD g (),
R.

alF, al(t, x) := eﬂ’f Kr(X(t, x, @), X(t,y,a)F(t,dy),
0

1 ! _ Ly g
(TalF, al(0), ¢) =3 fo fR f e L AFI00d g (% (s, x, @), X(5, @) T p(La(x, y, 5))-

- F(s,dx)F(s,dy)ds.
Moreover, given (F, @) € X, we define the operator A[F, «] : [0,T] — R, as

A[F, a]®) := e”tf (X(t, x,@)) ™ F(t,dx), Vre[0,T].

s

We can now rewrite (C.5.10), (C.5.11) in a fixed point form, namely as (F,a) = JF[F,a] where
FIF, a] := (T[F, al, A[TLF, a], a]).

We prove now that F : Xr — Xp. Since for every (F, @) € Xr, the operator TJ[F, @](¢) is linear
and continuous, we deduce that it can be identified with an element of M, ;(R.). Moreover, the op-
erator ¢ — TJ[F, a](?) is a continuous map from R, to M, ;(R,), hence T[F, ] € C([0, T], M, 5(R.)).
Similarly, for every (F, @) € Xy, we have that A[F, a] € C([0, T]).

Consider a test function ¢ such that ¢(x) = 0 for every x € [p(k;), 00). Then, since @y((0, p(k2))) =
0, we deduce that

(T1[F, a](t), ) = f o(x)e” b AR g (dy) = 0,
[p(k2),00)
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Similarly, since €, (s, x,y) > x and since (F, @) € X7, we deduce that

C(R ! Ly
DAF 0.9 < T2 f f f et oL, v, $)F (5, A0 F (s, dy)ds = 0.
0 Jp(kz),00) J[p(ks),c0)

Therefore, (T[F, al)(t, (0, p(ky))) = 0, for every ¢ € [0, T].
Consider any test function ¢ such that ¢(x) = 0 in [0,4R]. Since ®g((4R, 00)) = 0, we have that

(T1[F, a](2), @) < f o(x)e™ b APl = 0,
(0,4R]

Moreover, using the notation S ;(s) := {(x,y) € R2 : X(s,x,@) < R, X(s,y,@) <R}, Sa(s) := {(x,y) €
Rf : X(s,x, @) > R, X(s,y, @) < R}and S3(s) := {(x,y) € RE 1 X(s, x,) > R, X(s,y, @) > R}, we have

(T2[F, al(®), @) <

1 ! Ly
< Ef ff el_%KR(X(S, x, @), X(s,y,@))p(la(x,y, $))F(s,dx)F(s,dy)ds
0 S1(s)
1 ! Ly
+ Ef ff el_%KR(X(S, x, @), X(s,y,@))p(la(x,y, $))F(s,dx)F(s,dy)ds
0 Sa(s)

1 [ iy
+ 3 f f f el_ZSKR(X(S, x, @), X(s,y, @)e(lo(x,y, $))F(s,dx)F(s,dy)ds.
0 §3(s)

For x, y such that X(s, x,®) > R or X(s,y, @) > R, we have that Kg(X(s, x, @), X(s,y, @)) = 0. Thus, the
second and the third terms above are equal to zero.

To see that the first term is equal to zero, notice that X (¢, x, @) > xe_%’. We can thus select T
sufficiently small so that X(z, x, @) > 5. This implies that %fa(x, v, 8) < X(s, 6o (x,y, 8), @) = X(s, x, )+
X(s,y,@) < 2R. Hence {,(x,y,s) < 4R. Since ¢(x) = 0 for every x < 4R, the desired conclusion
follows.

We now prove that k; < A[T[F, a], a](¢) < k. To this end notice that

sf
R*

+ f K TYTF, a](t, dx) — Do(dx)] .
R,

T (X (1, %, @) — X7 T[F, a](r, dx)

‘A[‘J’[F, al, @](t) - f XDy (dx)

s

Notice that

Ty

Iy Lty 1
e (X1, x, )™ = X < e |(X(t, x, @) — x| ¢ l—Txy”L

<TC(T,R, k).
Finally, we have that the term

f X TYTF, a](t, dx) — @p(dx)|
R.
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can be arbitrarily small by taking 7" small. This is due to the definition of the map T[F, @] and the
upper bound for F' in the definition of the space X7.

We deduce that, for small time 7', we have that |A[F, a¢](t) — fR* X7 Do(dx)| < C(T), for every
t € [0, T], where the constant C(T) can be made arbitrarily small.

We now check that the map J is a contraction. To this end, we use the fact that |e™ — e™?| <
|x1 — x2|, for x1,x, > 0. Consider (F,a),(G,B) € Xr. Then, for every Lipschitz function ¢ with

llpllip < 1, we have that

fR e(O[T1[F, a] = T1[G, B11(z, dx)

< fR fo |o(x) [alF, @](s, x) — alG, BI(s, x)]| dsDo(dx)

L)L

_ fR Kr(X(s. x.B). X(s,y. BNG(s, dy)} dso(dx)

< Lile] + Lle],

@(x) [fR Kr(X(s, x, @), X(s,y, @) F(s,dy)

where

t
Il[so]::ff
R, JO

— Kr(X(s, x, 8), X(s,y, B)]F (s, dy)

@(x) fR [Kr(X(s, x, @), X(s,y, @)

dsDg(dx)

and

!
Llg] = f f
R, JO

Then, the differentiability of the kernel Kg, together with inequality (C.5.8), implies that

@(x) fR Kr(X(s, x,8), X(s,y,8) (F(s,dy) — G(s,dy)) ds®o(dx)| .

sup 1i[¢] < CR)T||Doll7v(1 + [|Pollzv)ller = Bllfo,77-

lllLip<1
Similarly,
sup DLl¢] < C(RT||Dollrvdr(F, G).
lellLip<1

Using again the differentiability of the kernel Kg, inequality (C.5.8) and the definition of £,, we
obtain that

sup
||90||Lipgl

j}; P(O[T2LF, al(z,dx) = T2[G, BI(¢, d0)]| < C(T, R)(1 + | Doliry) dr(F, G)
+ C(T, R)(1 + [|Doll7v)*llr = Blljo.11,

where T can be selected so that C(7, R)(1 + ||@oll7v)? < }f.
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We remark that, in order to obtain this bound, we used the properties of the Wasserstain distance.
Similar estimates cannot be obtained by endowing M (R..) with the total variation norm.

To understand this better, let @, 8 € C([0,T]), with k; < a,8 < k». Let s € [0, T]. Using the fact
that ||¢l|Lip < 1 and that we can assume we work on a sufficiently nice compact set due to the support

of the measures, we can derive the following estimate

lo(Ca(x, y, ) = @(Lp(x, y, )| < [la(x,y, 5) = Lp(x, y, 9)|
< 1X(s, ba(x, y, 5), @) = X(s, Lp(x, y, 5), @)
< X (s, balx, y, 5), @) — X(s, Lp(x, y, ), Bl
+ X (s, £p(x, y, 5), B) — X(s, {p(x, y, 5), @)|.

Using (C.5.8) and (C.5.9), we have

1X(s, Ca(x,y, 8), @) = X(s, {p(x, y, 5), B < |X(s, x, @) — X(s, x, B)|
+ |X(S, Y, CZ) - X(S, y?ﬂ)l
< 2T Llla = Bllo,r

and thus

le(la(x, y, $)) = @(Lp(x, y, )| < Tlla = Bllo.)- (C.5.13)

More precisely, inequality (C.5.13) was needed to prove the contractivity of the map 7.

In order to prove the upper bound for the map T[F, a], we first observe that

(T1[F, al(t), 1) = f e~ b ARG (dx) < (Dol
[p(k2),00)

and then that

C(R) !
(2[F, al(1),1) < Qe};t\f f f F(s,dx)F(s,dy)ds
2 0 Jlptkn),00) Jiptha),c0)
C(R) Lty

< Te‘%yTT(l + | ®ollry)® < 1,

for T sufficiently small. Thus,

sup (JIF, a](1), 1) < 1 +[|@ollzy.
€107}

Finally,
A[TTF, al, a] = A[T[G, B1, Bllljo,r) £ CRYAr([TIF, al, T[G,B])
+ C(T,R)T(1 + [|Doll7v)ll = Bllo, 7
< C(T,RT(1 + ||®|l7v)[dr(F, G) + llo = Blljo.71],
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where the constant TC(T, R)(1 + ||@o|l7v)? can be made smaller than i by selecting 7" small. The
operator JF is therefore a contraction and, by Banach fixed point theorem, we conclude that it has a

unique fixed point (F, @) € Xr. O

Proof of Theorem C.5.3. Assume T > 0 to be as in Lemma C.5.5. Let (F,a) € C([0,T], M.+(R,))
XC([0, T]) be the solution of (C.5.10), (C.5.11). Let X(¢, y, @) be the solution of equation (C.5.7). Let
® e C'([0, T], M, (R,)) be the function defined by duality as

1+
f P(x)D(t,dx) = f e(X(t,y, a/))e%IF(t, dy), (C5.14)
R. R.
for every ¢ € C.(R,). We prove that the function @ is such that
@(t,(0,p(kz)) U(4R,0)) =0, Vrel0,T], (C.5.15)

for p(k;) defined as in (C.4.2). To this end notice that, since F (¢, (0, p(k2)) = O, for every ¢ € [0, T], and
since X(t,y, @) = p(ky), for every y > p(k;), we have that

f (D (1, dx) = f o(X(t, v, a))e 3 F(t,dy) = 0,
R, [p(k2),00)

for every test function ¢ such that ¢(x) = 0 if x > p(ky). Similarly, since ¢ — X(¢, x, @) is a decreasing

function for large values of x, we deduce that X(z, x, @) < 4R, for every x < 4R. Hence,
1+
f (x)D(t,dx) = f e(X(t,y, a/))eﬁtF(t, dy) =0,
R, [o(k2),4R]

for every test function ¢ such that ¢(x) = 0 if x < 4R.

We now prove that @ satisfies (C.5.4). By its definition as the fixed point of the operator &, we
deduce that F € C'([0, T], M. (R.)). Differentiating both sides of the equality (C.5.14) in time, we
deduce that

d Ly,
T f e(x)D(t,dx) = f e(X(t,y,@)e™ 0,F(t,dy)
I IR, R,

+1 I+y
v [ ey TR - x| e
R, (1) I—-vy

1+ 1ay
+— 2| o(X(ty,a)e™ F (1, dy).

1=y Jr.
Using the fact that F' satisfies equation (C.5.10), we deduce that

f G(X(t, y, @))e T 0,F (1, dy)
R

1 2(1+
= 5 f f e%lF(l, dx)F(t,dy)Kp(X(t, x, @), X(t, v, @))
R. JR.

X [p(X(1, x, @) + X(2, y, @) = (X(2, y, @) = 9(X(2, x, @))].
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Hence, using again the equality (C.5.14), we have that

+/1 1+y
di f P()D(1, dx) = f so’(X(t,y,a))[(X(t’y’“))y =2 XGy.o)|ePFG,dy)
t Jg, R. a(?) -y

1 L4y
i f o(X(1,y, @)e T F(t, dy)
-y R,

1 2(1+
+3 f f Kr(X(t,x, @), X(1,y, )¢ ™ 'F(t, dx)F (1, dy)

: [QD(X(I’ X, O,’) + X(t’ Y, a)) - QO(X(I’ Y, CY)) - QD(X(I’ X, a’))]

+

, yr 2 ] L+y f
= - d(1,d (1, d
fR*sO(y)[Mm(@(t)) =y (r,dy) + =y R*so(y) (7, dy)
1
#5 [ ] Ketxon) e+ ) = g0) = (0] 001001 0.
We conclude that @ satisfies (C.5.4). O

C.5.2 Existence of a stationary solution for the truncated equation

Theorem C.5.6. Assume Kg to be a truncated kernel as in (C.5.3) defined as a function of the homo-
geneous symmetric kernel K that satisfies (C.1.5), (C.1.6), for parameters y, A € R such that (C.1.7)
holds and such that y + 21 > 1,y > —1. There exists R > 0 such that, for every truncation parameter

R > R, there exists a ® € M, (R,) satisfying the equation
xy+/1

fR* ¢ (%) 1 _yx_ fR* 2+ (dz)
1
= 5 jl; L Kr(x,y) [cp(x +y) — o(x) — (p(y)] O(dx)D(dy),

@(dx)—g fR o(X)D(dx) (C.5.16)

for every ¢ € CX(R,). The solution is such that
f x®(dx) = 1, f X d(dx) < C;  and f K7 Dd(dx) < Ca, (C.5.17)

for some constants C1,Cp > 0 that do not depend on the truncation R. Additionally, ® is such that
O((0, 0(C1))) = 0 where p(Cy) is given by (C.4.2).

To prove the theorem we introduce the semigroup {S (t)};>0; defined as S (0)®y = @y and S (#)Pg =
d(t, ), where @ is the solution of equation (C.5.4) constructed in the previous section. We want to apply
Tychonoff fixed point theorem to prove the existence of a stationary solution for equation (C.5.1). To
this end we need to find an invariant region for S (¢) (Proposition C.5.7) and prove the continuity in the
weak-* topology of the map ® — S(#)® for every time ¢ (Proposition C.5.12). In this way we prove
that for every time ¢ there exists a fixed point ®, such that S ()®, = ®,. We will then prove that S is

continuous (Proposition C.5.8) in time and conclude that the limit as ¢ tends to zero of ®, is a solution
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of equation (C.5.16). This is a standard method used in the study of coagulation equations to prove

existence of self-similar profiles. For more details, see [EMROS, Theorem 1.2].

Proposition C.5.7 (Invariant region). Assume Kg to be a truncated kernel as in (C.5.3) defined as a
function of the homogeneous symmetric kernel K that satisfies (C.1.5), (C.1.6), for parameters y, A € R
such that (C.1.7) holds and such that y + 24 > 1, v > —1. Then there exist some positive constants
C1, Cy that do not depend on the truncation R such that the set

Mi(H) =1, H((0,p(C)) U (4R, c0)) = 0,

P:={HeM,R,: 1 (C.5.18)
: o S Myt < €y

is invariant under the evolution operator S (t), where p(C1) was defined in (C.4.2).

Proof. Let @y and Ky be as in Lemma C.5.5. Let T be as in Lemma C.5.5. We prove that there exist
two constants Cq,C2 > 0 that do not depend on the truncation parameter R such that the solution ®

obtained in Theorem C.5.3 is such that for every time ¢ € [0, T]
(1) [ x®(,dx) = 1;
(2) j;{ K HD(t, dx) < max{Cl,J@* D))
3) jg x2VAD(r, dx) < max{CZ,fR* X277 Ay (d)).

Additionally, we prove that we can conclude from (2) that ®(z, (0, p(C1)) = 0, for every ¢ € [0, T].

We first notice that, since ®(¢,-) has compact support, we can consider in equation (C.5.4) test
functions ¢ such that ¢(x) = x, for k € R.

Let us prove (1). We consider in equation (C.5.4) a test function ¢ such that ¢(x) = x. We deduce
that

di f ED(t,d8) = 1 - f £D(t, dg).
tJo 0
Hence

fo §®(t,§)d§=1+( fR §<Do(d§)—1)e"
which since fR* EDo(d¢) = 1 implies

f ED(t,dé) = 1. (C.5.19)
R,

We prove (2). We start by proving this for y + 24 > 1. Consider a test function ¢ such that
@(x) = x¥** in equation (C.5.4). Then, we can see that the moment M, , satisfies the following
24+v -1 (y+2)

Y+

y+A,,—A -4, y+4 y+A _ y+d _ y+Aa
. f[p o f[p e T 0 000

M)’+/l +

OMy ) < - Ma(y1 )1
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since, due to the definition of K in (C.5.3), we have that on the set [0(2C}), {f]z, there exists a constant
C > O such that K > &
We denote by z := % Notice that since ¥ + 4 > 0 when y < x we have that

[xy+/1y—/1 + x—/lyy+/1:| [(X + y)7+/1 _ x)/+/1 )/+/l:| < 2x2(7+/1) [(1 + Z)y+/l 1 _ Zy+/l]
<220y ((y + D)z - 27
<2y + - Dy’

As a consequence, by symmetry, we deduce that

20+y -1 Y+

OMy. ) < _1—M7+/l + ——M>oyr -1 = 2c3(1 =y =D M,M,
_ el
+2c3(1—y—2A) X O(dx)My )+ 2c3(1 =y =) x”’lCD(dx)My
(§,00) (§,00)
24 +y -1 (y+ )

=y yid + Mo ———— Moy p-1 —2c3 (1 =y = ) MMy, 2

+ 4R 2e3(1 — y — DMyia + caM,

20+y-1 1
= —[? - 8]My+/l + My [(y + /I)MZ(}/+/1) 1 =231 -y~ /1)M y+/l
+caMy M, ], (C.5.20)
with & := 4!77R""12¢3(1 — y — A). Notice we can take R sufficiently large so that — Z’HV L+ & <0, for

every R > R.
Since y < 2(y + 1) — 1 < 1 we deduce, by interpolation, using that M{(®(¢)) = 1, for all r € [0, T],

that there exists two positive constants c¢5 and cg such that
Moy -1 < ¢sM,, + ce.

Hence, since y + 4 > 0 then

24+vy -1 EIM, . +
—_— =&
1_7 v My+/1

—2c3(1 =y = ) MyM;, ) + caMy 1M, ].

OMy 0 < —| [(y +) [CsMy + 06]

Multiplying by M, ., the inequality we deduce that
20+vy -1
l-vy
-2c3(1-y-H)MM +A+C4My+,1My]

MyiadiMysy < — | —EIMZ, ) + [y + D) [esMy + c
which readjusting the constants implies

oM —c3M? Yea T M, (04 +csMy ) — C6M§+/1) +c7 (C5.21)

y+/l =
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L . Cs+ [ c2+4cyce L i
for c¢3,c4,c5,c6,c7 > 0. This implies that the set {d) e MyRy) : Myyy < +CG} 1s invariant

when y + 24 > 1.

We consider now the case y + 24 = 1. First of all notice that for every M < R we have

f X1, dx) < M7H! f x®(1,dx) < ML
[M,e0)

[M,e0)

Notice that an upper bound is obvious for the points 7 € [0, T'] for which M, ,(®(?)) < 1. If there
exist 11,1 € [0,T], t; < 1z, such that M, (®(71)) < 1 and M, (®(r2)) > 1, by the continuity in
time of ®, we have that there exists € [f;, %] such that My, 2@@) = 1 and &1 € (0, 1) such that
My ) (®(s)) > 1on [t,1 + &].

On the interval [z, + £1], we can apply the following logic.

We select R large enough so that we can select M to be such that (1 — 6)ﬁ < M < R, but

independent on R, and we deduce that there exists a 6 > 0 such that

f XD, dx) = f K D(z, dx) — f X1, dx)
O,M) R. [M,00)

> f MO dx) - M > 1 - M > 6
R,
As a consequence we deduce that

M, > f K01, dx) > M~ XD, dx) > sMA. (C.5.22)
0,M) O,M)

Substituting the test function ¢(x) = X in equation (C.5.4), we deduce that there exists a constant

¢ > 0 such that
v+ A4 ~
8tMy+/1 < mMZ(y+ﬂ)—l —c(l-y- /l)My+/lMy + EMy+/1 +cM,,
v+

for & € (0,1), which can be made sufficiently small as before. Hence, since for suitable constants

c3, ¢4 > 0 we have that My(,40)-1 < c3M, + ¢4, similarly to (C.5.20), we deduce that

1
5(9,M§+ A S sMy(y + ) + (y + Ve — 1M,

My +EM., | + csMyMy ..
Using (C.5.22) we deduce that there exists a constant c¢g > 0 such that
1 5 =s—1 3 gA\ 702
SOMy < M, sty + ) + (v + Do + csMy.p = (c7 — 86 MYMZ, )|

Choosing now & sufficiently small such that —c; + &' M4 < 0, we have that there exists a constant
C1 > 0 such that

f X1, dx) < C. (C.5.23)
R*
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We now prove that (S (£)®o)((0, p(C1))) = 0. Notice that, by Lemma C.5.5, we know that (S (r)®¢)
((0, p(2C1))) = 0, where we recall that p(2C;) < p(Cy). Consider now a sequence of test functions {¢,}
such that, for every n € N, ¢, is decreasing and supported in (0, po(C;)). Since ¢, is decreasing, we
deduce that the solution F' of equation (C.5.10) satisfies

f en(X)F(t,dx) < f @n(x)Do(dx) + C(R) f f on(X)F(s,dx)ds, foreveryn e N,
R. . 0 JR,

where we used in addition that M/ (F) is bounded. Using Gronwall’s inequality, we deduce that

f en(X)F(t,dx) = 0,
R.

forevery t € [0,7] and n € N.

We then let ¢, converge pontwise to x(o,(c,) and obtain that
F(t,(0,p(C1))) =0,

for every ¢t € [0, T].
Consider now a test function ¢ such that ¢(x) = 0 for every x > p(C1) in equality (C.5.14). Then

f o(D)D(t, dx) = e’ f o(X(t, y, @))F (1, dy).
R, [0(C1),00)

Using the fact that X(z, y, @) > p(Cy) for every y > p(C), we deduce that O(¢, (0, o(C1))) = 0, for every
tel0,T].

We conclude by proving (3). We consider a test function ¢ equal to x>~?~* in equation (C.5.4) and
deduce that

| _3—3’}/—2/lf 2 v B 2—')/—/1
o, fR ¢ e K VA1, dg) —Mw(q)(t))Ml(@(z)) (C.5.24)

= % f f Kr(€.2)[(z+ &7 = &7 = 277 (1, d) D2, o).
[p(C1),00) J[p(C1),00)

By Cauchy-Schwarz inequality it follows that

E77A(t, d)
1 < f[P(Cl)JX’) :f é:Z—Y—/l(I)(t,d.f)_ (C.5.25)
[0(C1),00)

Jycpon €008 - (f[p«:l o) EPL dg))z

Plugging (C.5.25) into equation (C.5.24) and using the fact that the total mass is equal to 1 proven in
(C.5.19), we deduce that

— 2
o f £, de) < (w $2-y- A) f 2710, dé)
[(C1).00) -y [(C1).00)

e[ Keeaererrt - - 2o
2 Jip(cry.oo) Jip(cry.oo)
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Hence, since -1 <y <1land 0 <y + 4 < 1, we have

3y—-3+21 D1 -y-2
y-3+ +2—y—/1:—(’/+ A-y-b _
-y -y

0.

By symmetry,
1
3 f f Kr(&,2)|(z+ &7 = &7 = 277 d(r, do)D(¢, dz)
[p(C1),0) V[p(C1),0)

< f f Kr(€,9) |2+ &7 = €774 = 277 D, d)0(1, dz).
[p(C1),00) Vp(C1):2]
Assume ¢ < z. Denote 1 := % € (0, 1] and observe

Kr(&,D[E + 2> 7 = &7 - 27 <K&, 027 (1 +)? 7 =1 =7
<CK(£,2)22 77y
Sczy(ny+/l " n—/l)ZZ—y—/ln < 2CZ2—/1]71—A

<AC(zE'" + &7, (C.5.26)

Since p(Cy) < £ and p(C}) < z, then z!™* < p(C)~"z. Hence

d Y Y
- f E770(1, dé) < —c3 f E7770(t,dé) + c(p(C1)).,
t IR, R,
for suitable constants c3, c(o(C1)) > 0. Then, (3) follows. O

Proposition C.5.8 (Time-continuity of the semigroup). Assume Kg to be a truncated kernel as in
(C.5.3) defined as a function of the homogeneous symmetric kernel K that satisfies (C.1.5), (C.1.6), for
parameters y, A € R such that (C.1.7) holds and such that y > -1 and y + 21 > 1. Let ®y € P. Let
T > 0 be as in Theorem C.5.3. The map S(-)Dq : [0, T] — P is continuous in time, for every fixed @,
where P was defined in (C.5.18).

Proof. LetT > 0. We want to estimate the value of |S (£)Dy— S (s)®@y|, for s, ¢ € [0, T]. Assume without
loss of generality that s < ¢. By the definition of the operator S we know that

f (O, dx) — B(s, d)] — Y f f S()D(z, dx)dz
R 1_7 K R,

2 f ! f ! 1 2
+ ¢ (X)xD(z, dx)dz — f T —— f ¢ (X)x7D(z, dx)dz
=y Js Jr s Jo 0 AD(z,dx) Jr.

1 3
=3 f fR fR Kr(x,y) [¢(x +y) = ¢(x) = ()] D(z, dx)D(z, dy)dz.

We have that there exists a constant C, > 0 such that M, ,(®(r)) > Ciz for every r € [0, T].
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As @ has compact support, we can conclude that the exists a constant C > 0, which may depend

on p(C1),R, T, vy, A, but independent on s, ¢, such that

f e(O[D(t, dx) — O(s,dx0)]| < Clr — ],
R.
thus giving us the desired continuity of the semigroup. O

Lemma C.5.9 (Dual equation). Assume Kg to be a truncated kernel as in (C.5.3) defined as a function
of a homogeneous symmetric kernel K that satisfies (C.1.5), (C.1.6), for parameters y, A € R satisfying
(C.1.7) and with y > —1 and vy + 24 > 1. Let ®1,D, € P be two solutions of (C.5.4) with initial
conditions @i, 1, DPino € P, respectively, and T > 0 be as in Theorem C.5.3. Then there exists a
unique solution ¢ € c'(0, 11, C!.([p(Cl), 00)), with (T, ) = Y(-), where Y is an arbitrary function in
CL([p(C1), ), which solves the following equation:

+4

maﬁﬂ(h &) +Lp)(1,6) = 0, (C.5.27)

1 2,
Guptt,6) + L p(1,6) - 2 0p,0) 4
-y -y

where

§Iy+/l
My+/l(q)l )My+/1(q)2) R.

1
+3 fR K&, mle(t. & + 1) — @(1,£) = (6, (P 1(z, dnp) + Do, d)).

L(p)(t, &) = — 9.1, 2)77 Dy (t, dz)

Remark C.5.10. We prove the statement of the lemma for a modified operator L(p) which preserves
the continuity in the variable &, is equal to zero when & > 8R and L(¢) = L(¢) if £ € [p(C}),4R]. Due
to the support of ®; and ®,, when proving the continuity of the map S (¢) in the weak-* topology, it
suffices to analyse the operator L(¢). Thus, it is enough to prove the statement of the lemma only for
the operator L(¢). Notice that, for example, the operator L(g) does not preserve compactness because
W:‘W j& 0.¢(t, 2)2" 1Dy (1, dz). We keep the notation L(y) for
simplicity. We omit further details as the proof consists of standard methods used in the study of

of the presence of the term

coagulation equations, see, for example, [FLNV21b].

Proof of Lemma C.5.9. First, we use the method of characteristics. We define X(z, £) to be the solution
of the ODE

xy+/l

2 1
X)) =- X+
L=y [ 2%, d2)

with initial condition x(0) = £.

In this way equation (C.5.27) can be rewritten in the following fixed point form:
@1, X(1,8)) = Llel(t,6), (C.5.28)
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where

1+y T T
Llel(,&) == (T, X(T, ) + :/f ¢(S,X(S,§))d5+f L(p)(s, X(s,£))ds.

Our strategy for proving the statement of the lemma is to apply Banach fixed point theorem. The
operator £ maps C'([0, T, CL([o(C}), ©))) in itself.
We prove that the operator £ is a contraction if we endow Y := C([0,T], Cg([p(Cl), 00)) with the

norm ||¢lly := supo7) (supxeR* (2, 0)| + sup,cp, 10xp(t, x)l).
To this end we notice that

1+y T
L[‘Pl](l‘, f) - L[QDZ](t’ ‘f) = IT)/ f (QOI(S,X(S, ‘f)) - QOZ(S,X(S,é:))) ds

T
+f [Lp1)(s, X(s, ) = Lg2)(s, X(s, )] ds.

‘We notice that

T
f [Llp1)(s, X(s,8)) = Lig2)(s, X (5, )] ds

r 1
- 8.01(5,2) — 0,03(s,2)) 24Dy (5, d2) X (s, &)Y Hd
ft M, (@M, (@) f&( @1(5,2) = 0.02(5,2)) 277" Dy (s5,d2) X (s, £)""ds

1 T
T2 f fR Kr(X(s.£).1)le1(5, X(5,8) + 1) = ¢2(5. X(5.8) + 1) = 15, X(5,))
+¢0a(s, X(5,€)) — 0105, 1) + @2(s, PI(D1 (s, dn) + Do(s, dn))ds.

From this we deduce that

IL[e1] = Lle2]lly < Te(p(Cr), R, @1, Po)lle1 — eally

and hence £ is a contraction for sufficiently small times 7. We can extend the solution to all possible
times noting that the contraction constant c(o(C), @, @, R) does not depend on the final condition .

We thus deduce that there exists a solution ¢ of the fixed point ¢ = L[¢]. O

We now prove that the found solution is Lipschitz continuous.

Proposition C.5.11. Assume Kg to be a truncated kernel as in (C.5.3) defined as a function of a
homogeneous symmetric kernel K such that it satisfies (C.1.5), (C.1.6), for parameters y,A € R sat-
isfying (C.1.7) and such that vy > —1 and vy + 24 > 1. Let T > 0 be as in Theorem C.5.3. Let
p € c'(o, T],C]([p(Cl), 8RY))) with initial datum ¢(T,-) be the function found in Lemma C.5.9. As-
sume, in addition, that Supgei,c,)sr) l9(T,&)| < 1 and that ¢(T,&) is Lipschitz. Then ¢ is Lipschitz
continuous, in the sense that, for every t € [0, T], there exists C(t) > 0 such that

sup lp(s, €) — (s, )| < CO)I¢ ~ &,

s€[0,1]
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for every &,& € [p(C1),8R]. Moreover, C(t) may depend on the norm of ®| and ®,, but is otherwise
independent of the choice of ® and ©,.

Proof. Notice first that, since SUDge[p(Cy).8R] lo(T, &)| < 1, there exists a constant C > 0, which depends
on the norm of ®; and @, and the parameters p(C1), R and #, such that sup (o ;1 zefp(c)).88) 195, )1 < C.
This can be seen by looking at (C.5.28). We will use Gronwall’s inequality in (C.5.28) in order to prove
that ¢ is Lipschitz.

lp(1, X(2,€)) = (1, X(t, )| < lp(T, X(T, ) — (T, X(T, &)l

1 r _
L f o5, X(5.8)) — (s, X(s, DIds

T
+f ILL¢](s, X(5,€)) = Llgl(s, X (s, ))lds.

In order to bound the term

T
f ILL¢](s, X(5,€)) = LIg(s, X(5,))lds,

we need to estimate
1
I =‘5 L Kr(X(,8), mle(t, X(2, &) + 1) — ¢(t, X (¢, ) — ¢(t, )](P1 (£, dn) + D2 (2, dn))

1 . . _
-5 f Kr(X(t,6), mle(t, X(1,&) + ) — @(t, X(2,6)) — o(t, )P (2, dnp) + D2 (2, dn))

*

and

_ X = X, Er

14)
My (DM 2 (D)

f 920(t, DI Do (1, d2).
R,

For I, by the definition of K in (C.5.3), we have Ky is C 'and we can assume it has compact support
as we are only interested in the region [p(C)), 8R]%>. Thus, we have that the first derivative of Kz
is bounded from above. Moreover, there exist constants L;(f), Ly(f) > 0 such that L;(1)|¢ — & <
1X(1,6) = X(1,8)] < Ly(1)|€ - &l.

For I, we use

1 C
10.(t, )27 Dy (2, dz) < sup 10,01, 7).
My A (D)My 2 (D) Jg, ¥ ? (C2)? ze[p(Clr;,EéR] ¥

If we prove that there exists a constant C > 0, which can depend on p(C}), R, and the norms of @, and

@,, but does not vary depending on the choice of @, ®, such that

sup  |0,¢(t,2)| < C, (C.5.29)
z€lp(C)).8R]
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then there exists a constant C > 0, which can depend on p(C), R and the norms of ®; and ®, such that

lp(1, X(1,6)) — (1, X (2, E)| < CIX(1,€) ~ X(1,€)|
T
+Cf lp(s, X(5,€)) = (s, X(s, &) (C.5.30)

Let us now prove (C.5.29). From equation (C.5.28) and the fact that K is in C! with compact support,
we obtain an upper bound for |0,¢(t, X(¢, £))|.

We then use that there exist some constants E(t),g(t) > 0 such that c(r)¢ < X(1,¢) < 5(;)5, with
& € [p(Cy), 8R] in order to obtain the desired bound for sup_¢(,c,)sr) 190:¢(2, 2)I.

We use Gronwall’s inequality in (C.5.30) and obtain that |¢(t, X(¢, &) — @(t, X(t, &))| < C()IX(t, &) —
X(t,&)|. Thus, we can conclude that also |¢(1, &) — o(t, &)| < C(1)|€ — &| since X(t, ) is Lipschitz continu-

ous in the £ variable. O

Proposition C.5.12 (Continuity of the semigroup in the weak topology). Assume K to be a truncated
kernel as in (C.5.3) defined as a function of a homogeneous symmetric kernel K such that it satisfies
(C.1.5), (C.1.6), for parameters v, A € R satisfying (C.1.7) and such that y > —1 and y + 24 > 1. For

every time t > 0 the map

SH):P—P

is continuous in the weak-* topology, where P was defined in (C.5.18).

Proof. Let o > 0. In order to prove continuity in the weak-* topology of the semigroup and because of
the support of ®@; and @, it is enough to prove that, if for every ¥ € C.([p(C}), »)), with |[¢/]|c < 1,

we have that
f Y(x) (Din,1(dx) — Pin2(dx)) is sufficiently small, (C.5.31)
then we have that for every y € C.([p(C1), 00)), with Y]l < 1,

Y(x) (@1(z, dx) — Do(1,dx)) < 6,
R.

where @) and @, are the solutions of equation (C.5.4) with initial conditions @i, | and ®j, 2, respect-
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ively. To this end we notice that since @ and @, satisfy equation (C.5.4) then

II; @(t, x)[D1(t,dx) — Do(z,dx)] - jl; (0, x)[Din,1 (dx) — Djp2(dx)]
d IL+y (7
—ffBSSO(S,X)[(DM&CIX)—®2(S,dx)]ds——ff¢(S,x)[®1(s,dx)—(Dz(s,dx)]ds
0 Jr, L=y Jo Jr,

!
+Lf f 0xp(s, x)x[D1 (s, dx) — Dy(s,dx)]ds
L=y Jo Jr.

t 1 f
- Ar(s, X)x" D (s, dx)ds
fo fR* 2D (s,dz) Jr,

! 1 f
+ A, X)x" Dy (s, dx)ds
fo . 27+ia(s.dz) Jr.

1 f
-2 fo fR fR Kt Y05, %, [P (5, dy) + Da(s, dy)][D1 (s, d) — Ba(s, d)]ds,

where x,(s,x,y) = @(s,x +y) — ¢(s,x) — ¢(s,y), for every ¢ € C([0, t],Cj(R*)). To simplify the
computations, we adopt the notation ® := ®; — ®, and we notice that ® satisfies the following equation
for every ¢ € C'([0,1], C}(R.))

L (1, )D(1, dx) — jﬂ; @(0, )[Din,1 (dx) — Din2(dx)]

! - 1+y (" -
—f f 0s0(s, x)D(s, dx)ds — —f f ©(s, x)D(s, dx)ds
0 JRr. L=y Jo Jr.

2 ftf ~ ! 1 15
+ — 0@(s, x)xD(s, dx)ds —f f 0,(s, x)xY D (s, dx)ds
L=y Jo Jz. * 0 jg 2D (s,dz) Jr

!
+ffL[<p](s,x)<i>(s,dx)ds.
0 JR,

First we make the following notation:

Chorm = sup f [D1 + D2](s,dx) < o0.
s€[0,t] IR,

Notice that Cy,,,, can be bounded from above by
Coorm = 50 [ 104+ 021(5.40) < CR.PC.D) [ (B + D),
se[0,1] JR. R,
Let now ¢ be the solution found in Lemma C.5.9 with coagulation kernel Kg. By Proposition C.5.11,
we know that there exists a constant C(¢, R, @, @;), that depends only on the norm of @; and ®,, but
is otherwise independent of the choice of @ and ®,, such that |¢(s, &) — ¢(s, &)| < C(t, R, D, D,)|E - &,
for every £, &€ [p(Cy),8R] and s € [0, t]. We thus look at the set:

Kowcn.r :=tx € C([p(C1), 8RNI (&) — (O < C(t, R, D1, y)I€ — &,
for all £ & € [p(C1), 8R]} € C([p(C}), 8R).
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The set K, is totally bounded, thus there exist N € N and x1,...,.xn € Kyc,)r such that
Kok € UY Blxi, m)-

Then we obtain that:
II; | o(t, x)O(t, dx) = II; @(0, x)[Djn, 1 (dx) — Dipo(dx)] =: T7. (C5.32)
We can bound 7' by
Ty < minl | fR [¢(0, x) = xi(D][Pin,1(dx) — Din2(dx)]|

+ max?il (L Xi(0)[@in,1(dx) — Dy 2(dx)])

0

<
4Chorm

f [@in,1(dx) + Din2(dx)] + max?) | f Xi(X)[Din,1(dx) — Din2(dx)] < 6,
R. R,
where in the last step we used (C.5.31). O

Proof of Theorem C.5.6. By Proposition C.5.12 we know that the operator ® +— S ()@ is continuous
in the weak-* topology. Additionally, thanks to Proposition C.5.7, we know that P is an invariant
region for S (¢). Since P is also convex and compact and since we have proven that the map ¢t — S (?) is
continuous, we apply Theorem 1.2 in [EMRO5] to deduce that there exists a @ such that S ()® = ®. O

C.5.3 Existence of the self-similar profile

To keep the notation lighter, in the previous sections we denoted with ® the solution of the truncated
problem. In this section, since we pass to the limit as R tends to infinity, we add the label R to ® and
we will denote with @ the self-similar profile. For simplicity, we denote by p := p(C1), where p(C;)
was defined in (C.4.2).

Proof of Theorem C.5.1. For every R > 1, sufficiently large, there exist 7 > 0 and ®x € C'([0, T];
M. (R,)) such that

f w(X)éR(t,dX)—iﬂ f P(x)Dg(1, dx) +
R. =7 JRr.

: / +4
My (DR(1) fRf(x)xy Dr(t, dx)

1
=3 fR fR Kr(x, ) [9(x + ) = 0(x) — ¢(3)] D(t, d)Dr(2, dy),

f ¢ (x)xDg(t, dx)
1=y Jr,

where K, is the coagulation kernel defined in (C.5.3). Notice that the bounds in Proposition C.5.7 are
independent of R > 1.
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Thanks to Theorem C.5.6 we know that a measure ®r € M, (R.) satisfying equation (C.5.16) and
satisfying the bounds (C.5.17) exists. We notice also that, since y + 1 > 0,

f Op(dx) = f Op(dx) < pr™* f XM Dp(dx) < p7AC. (C.5.33)
(0,00) [p,00) [p,0)
Hence, Banach-Alaoglu Theorem implies that there exists @ such that

Or =~ DPasR > (C.5.34)

in the weak-* topology.

We now prove that the measure @ in (C.5.34) satisfies equation (C.3.3) by taking the limit as
R — o0. Fix ¢ € C.(R.). We start with passing to the limit in the coagulation term.

Let £ € (0,1). We first show that

Lﬁwhﬁmfmﬁﬁ‘Kﬂ&m@M%@M&MM+8—¢@—¢@Hsa (C.5.35)
for sufficiently large R. We then prove that
f[p . f[p K& QORI+ )~ ) ~ ) (C.5.36)
converges to
fLD - j[; - K(&, )P(dE)P(d2)[¢p(z + €) — ¢(2) — (€] (C.5.37)

as R — oo.
For (C.5.35), we have that:

U{; )f[p )(K(f, 2) — Kgr(&,2)) Dr(dE)Pr(d2)[@(z + &) — ¢(z) — t,o(f)]‘

<J ol
[0.21 JIp. %]

+2 j(; | j{; : ‘ (K(&,2) — Kr(&,2)) Or(dE)Dr(d2)[¢(z + &) — ¢(2) — (p(g)]‘

(K(£,2) = KRr(£,2)) Pr(AE)DR(d2)[p(z + &) — ¢(2) — 90(5)]‘

=T, +T>.
For the first term, we have
T1 < e ®3llglleop™,

where we used the definition of K in (C.5.3) and the fact that the total mass of the measures is equal

to 1.
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For the region (E, 00) X [p, 00), we use Kr < K to prove that

T2 < 12]|¢lle f f K(&, 2)Pr(dz)Dr(dE)
(§.00) Jlp.0)
< ¢ (R (@r) + R 07 2 My 0 (@p))
which gives a small contribution due to the uniform estimates for @y, if we make R sufficiently large.

We now analyse (C.5.36). We consider a continuous function g : R, — [0, 1] such that g(x) = 1,

when x < 1, and g(x) = 0, when x > 2. We define the function p,, as

pux,y) = g(%)g(%), (C.5.38)

where M is a positive constant. By the construction of p,,; and given the fact that @ is supported in

the region [p, o), for every R > 1, we have that, given any function ¢ € C.(R.),
|| Kot ovnameaote + 0 - e - 61 =
p,00) J[p,00
f f K(&, 2)pm(&, 2)Pr(AE)Pr(d2)[¢(z + &) — ¢(2) — e(&)].
[p.2M] J[p.2M]

Therefore, since ®p — @ in the weak-* topology, we can conclude that OrOr — DO in the weak-*

topology as R — oo if we work on the set [p, 2M]? and we deduce that

f[p Ju )K(f, Dpu(€, D) Pr(AE)DPR(AD)[p(z + &) — p(2) — ¢(§)]

converges to

f[p ) f[p : K (&, 2)pu(€, 2)P(dE)D(d2)[@(z + €) — ¢(2) — ¢(é)]

as R tends to infinity.
To conclude that, for every test function ¢ € C.(R,), we have that (C.5.36) converges to (C.5.37)

as R — oo, we have to prove that the reminder terms, namely

f[p - j[. o) K, Dlp(z + &) — ¢(2) — p(§)]PR(dE)DPR(d2), (C.5.39)
f[M’m) f[p’m) K, 2@z + €) = ¢(2) — p(€)]Pr(dE)DR(d2), (C.5.40)
f[p,m) fw’m) K(£ e + &) — 9(2) — p(&))D(d)D(dz), (C.5.41)
f[ Vo f - K(&, 2lp(z + &) — ¢(2) — p(&)]D(dE)D(dz), (C.5.42)
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tend to zero as M — oo.
Let us look at the term (C.5.39). In this case we are in the region where {¢ > M}, hence &7**"! <

M1 asy + 1 < 1. Therefore, for every ¢ € C.(Rs0)
f f T ORAOPR(ADIP( + ) = (@) — 9(E)] $ MY pT M1 (Rp),
[p,00) J[M,0)

where we remind that M, ,(®g) is bounded uniformly in R > 1 and that the mass of @ is equal to

one. Similarly, the fact that & > M implies that £7724 < M~Y24 since y + 24 > 0. We then obtain that
f f T DR(dE)DR(ADp(z + €) — 9(2) — 9(E) < CM M (D).
[p,00) V[M,00)

From these two inequalities and the fact that y + 4 < 1 and y + 24 > 0 we deduce that the term (C.5.39)
tends to zero as M — oco. By a symmetric argument we prove that the term (C.5.40) tends to zero as
M — oo. The fact that the two terms (C.5.41) and (C.5.42) tend to zero as M — oo follows similarly
by the fact that the y + 4 moment of @ is bounded.
The linear terms for the self-similar profiles of the truncated problem will converge as R — oo to
the desired terms thanks to (C.5.34).
To conclude, we need to prove the convergence of the remainder term. We thus have to prove that
1
Jiprooy X7 1 @R(d)

f 0 (V)X Dp(dx)
[0,00)

converges to
1

- 9.0(x)x" 1 Dd(dx)
f[p’oo) XY+ AD(dx) f[;),oo) 4

as R — oo. We have that

1 1
_ 0,0(xX)x" 1 dg(dx) - ——— f A,0(x)x" 1 Dd(dx
My, 2 (DPR) j[;),oo) # () R0 My a(@) Jjp,c0) o @9

1 f A A
< 3xp(x)x"" Dp(dx) — f 3xp(x)x"" D(dx)
Jiprooy ¥ F1@REAN) T Jip.00 [p.00)
1 1

f 8 ()" D(dx)
[p,00)

v ‘ -
oy X HORMER) [ a7+ D(d)
We can analyse the two terms separately. For the first term, we know by (C.5.25) that the M, ,,(®g)
moment is uniformly bounded from below and thus
1
Jiprooy X 1 @R(d)

f B2 () Dp(d) — f 8 (1) D(dx)
[0,00) [p,00)

< Moy 2(DR)

000X A D(d) ~ f 8 (0 D(dx)
[p,0) [p,0)

f aw(x)ﬂ”%(dx)—f Bxp(x) X" A D(dx)
[p,0) [p,00)

<y
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and then we use that ‘ Jiprooy xR A DR() = [ Dxp(x)x7 1 D(dix)| — 0 by (C.5.34).

For the second term, we split the integral into a region with compact support and the remainder

regions. More precisely,

A A
‘ f[p,w) X1 ®(dx) — f[p’w) X1 Pg(dx)
f[p’m) X+ ADR(dx) f[p’m) X +AD(dx)

sc‘ f X Hd(dx) — f XA Dg(dx)
,00) ,00)

<c‘ f xV”@(dx) xy”d)R(dx)]
00)

f Ap(x)x” A dD(dx)
[p,00)

My J(PR)M>—y ((PIM 11 (D)

+2c‘ f X ®(dx)
[M,00)

+2C‘ f K Dg(dx)|.
M,0)

We have that | [ g(3)[x"*®(dx) - 27" Dg(dx)]

to infinity, we use

— 0 as R — oo by (C.5.34). For the regions close

S My+/l—1 ,

‘ f K Dg(dx)
[M,00)

as the total mass is uniformly bounded. Since y + A4 < 1, the remaining term goes to zero as M — oo.
As a last step we prove that, if ®((0,0)) = 0 for some 6 > 0, then ®((0, p(M,+,))) = 0 for p(M, 1)
given by (C.3.4). Since the proof is standard we only sketch it here. Consider x € [%, %p(M«er ), then,

since @ satisfies (C.3.1), we have

xy+/l
c®P(x) < (My+/1 T= yx) O(x)
1+ ’y| X X y—6
< — j{; O@pdn + ‘f; j(; K@y —n,n)®(y — n)®@p)dndy

<¢ f ®(n)dn,
)

for some positive constants &, ¢ > 0. Using Gronwall’s lemma, this implies that ®(x) < engD(é) =0
Hence ®(]6, 2p( y+1))) = 0. Iterating this argument, we deduce that ®((0,p(M,,))) = 0. The

argument can be made rigorous by working with the weak formulation of equation (C.3.1). O

C.5.4 Properties of the constructed self-similar profile

In this section we aim at proving Theorem C.3.3. In particular we prove that the self-similar profile,
whose existence has been proven in Theorem C.5.1, satisfies the properties stated in Theorem C.3.3.

In other words we have to prove the following theorem.

206



C.5. EXISTENCE OF A SELF-SIMILAR PROFILE

Theorem C.5.13. Assume K to be a homogeneous symmetric coagulation kernel, of homogeneity vy,
satisfying (C.1.5), (C.1.6), with y, A such that (C.1.7) holds and such that

-l<vy, y+21=1.

Let @ be the self-similar profile constructed in Theorem C.5.1. Then

f e d(dx) < o0
R,

for some L > 0 and © is absolutely continuous with respect to the Lebesgue measure. Then ®(dx) =
d(x)dx and ¢ is such that

lim sup ezxgﬁ(x) < 00

X—00

for a constant L > 0.

To prove this theorem we start by proving that every self-similar profile ® in the sense of Definition
C.3.1 and such that ®((0, §)) = 0, for a positive ¢, is absolutely continuous with respect to the Lebesgue

measure and satisfies some moment bounds.

Proposition C.5.14 (Regularity). Assume K to be a homogeneous symmetric coagulation kernel, of
homogeneity vy, satisfying (C.1.5), (C.1.6), withy, A such that (C.1.7) holds and such that y+21 > 1. Let
® € M, (R,) be a self-similar profile as in Definition C.3.1. Assume additionally that ®((0, 8)) = 0 for
8 > 0. Then @ is absolutely continuous with respect to the Lebesgue measure. Its density ¢ € L'([8, 00))

satisfies the following equation

2 2 1 1 2
dx — 2 — g — f Y p(x)d C.5.43
fo xp(x)dx 1_72 #(2) + Mo ¢)z #(2) M@ Jo X" p(x)dx ( )

=-Jy(2), aez>0

where

Jy(2) = j; f xK(x, y)p(x)p(y)dydx. (C.5.44)

Proof. We just sketch the proof as similar arguments have been repeatedly used in the analysis of
coagulation equations, see for instance the proof of Lemma 4.9 in [FFV23]. An analogous proof will

be presented in the proof of Proposition C.6.2. Let @ be a solution of (C.3.1), then

é_/y+/l 2 B 1+ y
% [(Mm ) mf) ‘D@] = 7=, 0O + KIOKE).

Using the fact that

-5
K[®](¢) < f; K& —n,m@mPE -mdn, £>6
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and that ff_é K(& — n,n)®m)D(& — n)dn is a bounded measure in every compact set, we deduce that

the measure

é_fy+/l 2 )
)
( T

is absolutely continuous with respect to the Lebesgue measure on the set (6, o0) if 6 > p(M,,), while
it is absolutely continuous with respect to the Lebesgue measure in the set (6, p(My44)) U (0(M42), 0)
if 6 < p(My ). In the latter case, we therefore have that ®(dx) = ¢(x)dx + codp(,., ,)(x) with density
¢ € L'(R,) and with ¢y € R. To exclude that the self-similar solution ® has a Dirac in p(M,1,), we

notice that
=0
f: K(& = 1,1¢c00p(a,.)(MC00p(a,,,) (€ — 11

=6
= ¢} f; K(& — n,m)0p(,, ) (MSpm,, (& — mdn

is non-zero only if & = 2p(My.+,). Hence the coagulation operator applied to measure codp(m,,,) pro-
duces a Dirac in 2p(M,+,), contradicting the fact that @y, ,),c0) 18 absolutely continuous with respect

to the Lebesgue measure. As a consequence, we deduce that ¢y = 0. O

Proposition C.5.15 (Moment bounds). Assume K to be a homogeneous symmetric coagulation kernel,
of homogeneity vy, satisfying (C.1.5), (C.1.6), with y, A such that (C.1.7) holds and such that y+24 > 1.
Let ® € M, (R,) be a self-similar profile as in Definition C.3.1 and assume additionally that ®((0, 9)) =
0, where § > 0. Then
f XHO(dx) = A Dd(dx) < 0, Yu€eR.
R. [6,00)

Proof. For u < y + A the statement follows by the fact that ®((0,6)) = 0 and that by definition of

f X D(dx) < oo.
[6,00)

We want to prove the statement for 4 > y + A. As a first step, we prove that there exists a 6 > 0 such
that

self-similar profile we know that

f () dx < oo, (C.5.45)
R,

where ¢ is the density of ®@. As a second step we will prove that
f A g dx < 0o (C.5.46)
R*

for n > 1 implies that

f DS gy < oo (C.5.47)
R,
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The desired conclusion then follows by induction.

Step 1
Consider an integrable function ¢ and integrate both sides of equation (C.5.43) against the function
Y(x) = [ @(y)dy to deduce that

foo d_foo ’ Zy+/l+l_ 2 2) 4, — 1 foo Y+ 4(2)d
. Y(2)z¢(2)dz S (Y (2) Mo 1= )% M0 o Y(2)z" P(2)dz

= fo fo xK(x,y) (U(x +y) = (%)) p(x)¢(y)dydx. (C.5.48)

We remark that the above formulation requires that i has to decay fast enough so that all the integrals
in (C.5.48) are finite.

Select 5 > 0 such that max{0,1 — 2(y + A)} < 6 < 1 —y — A and consider yg(x) = x?*4+-1
if x < R while yg(x) = R°x***1if x > R. Using (C.5.48) and the fact that v + 214 > 1 and that
Wr(x +y) — yr(x) < 0 we deduce that

20-1+25 (R =
0<uf Pz <
0

f Zz(y+/1)+3—1 d(2)dz < oo,
-y

y+4 JO

where the moment M, , 1s bounded because, due to the choice of 6, we have that

(y+)+6—
20y +A) +6 -1 < y+ A Passing to the limit as R tends to infinity we deduce that (C.5.45)

holds.

Step 2
We assume that inequality (C.5.46) holds and we want to prove (C.5.47). Taking yg(x) = xyFAH e+ 1)5-1

when x < R and yg(x) = ROxY*4+15-1 when x > R in (C.5.48) we deduce that

0

+21-1+25(n+1) (X 5 " 0
B Y (n ) Zy+/l+(n+1)6¢(z)dZ < f 22(7+/U+(n+1)6_1¢(z)d2
1— y 0 y+A4 JO

. fé fé XK (x,y) [Wr(x + y) — wr(0)] $S()dydx + fo B (D)7 $(2)dz.

Thanks to the choice of &, we have that 2+ )+ (n+ 1)5 -1 <y+a+ né and the desired conclusion
follows for n such that y + 1 + (n + 1)6 — 1 < 1 by the fact that in that case ¥ is decreasing and hence

the coagulation term is negative as well as the term fow ¢(z)w;e(z)z7+’”l¢(z). We examine now the case
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in whichy + A+ (n + 1)6 — 1 > 1. In this case we have that

[ [ sk wntrs ) - vreol sovos

s Js

< Cf f XK(x.y) [(x+y)y+/l+(n+1)5—1 3 xy+/1+(n+1)5—1] H(OB()dydx

s Js

< Cff Kl ~AyrHe [(x +y)y+/l+(n+1)5—l _ xy+/l+(n+1)3—1] S0P dydx
{(x,y)€[6,00)%:x<y)

e f f ey [(x J )P AR DB-L _ ye (s 5= 1] H(0p(y)dydx
{(x.y)€[6,00)2:x2y}

Scf xl—A¢(x)dxf y2(7+/l)+(n+1)5—1¢(y)dy< 0.
5 5

Since we also have that

f PR P(2)dz < c(n) f PRV g2)dz < oo
0 0
the desired conclusion follows. O

Lemma C.5.16 (Exponential bound). Assume K to be a homogeneous symmetric coagulation kernel,
of homogeneity vy, satisfying (C.1.5), (C.1.6), with y, A such that (C.1.7) holds and such that y+24 > 1.
Let ® € M, (R) be as in Proposition C.5.14 and let ¢ be its density. Then there exist two positive

constants L and M such that

f ) p(2)e"dz < oo. (C.5.49)
M

Proof. Adapting the approach used in [FL06a] we define the function ¥, as
co L min{x,a}
Wol) = | ————x"p(x)dx
u min{x, a}
where M > 6. Hence, by its definition
V(L) = f elmintxal 2 xydx.

M

We consider a function i in (C.5.48) with ¢/ (x) := e min{x.al ¢ deduce that

y+A-1

) M
2 N (L) < f Lmln{xa X ¢(x)dx+ 1 f me{xa} y+/1+1¢(x)dx
I- Y y+/l My+/1

f f K (xy) f E 0% Gy (O p(y) dxdy

1 +A _
+ f5 ( My+/l x’ )Lb(x)rb(x)dx,
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1

- =y . . . — .
forz := ( Ml 4) ", where we are assuming without loss of generality that 7 > ¢ and since for every
Y+
z >z we have
Zy+A
Z- > 0. (C.5.50)
My+/l

Thus, there exists a ¢ > 0 such that

2 y+A
_,y\Pa(L) <W¥,(L) i

-1 xX+y )
+c+ f f xK(x,y) f eEmintal qyy b)) (y)dxdy.
R. JR. v

v+a

Asin [FFV23, FL06a] we can deduce, using Jensen’s inequality together with the fact that y+1 < 1
and that —1 < 1, that

x+y )
f f K (x,y) f E 0% g ()dedy < Wo(L) YW (LY
R, JR, y

This, together with the fact that we can take M arbitrary large, implies that

cly, W(L) < W, (L)W (LY + ¢, (C.5.51)
for a positive constant ¢ and for c(y, 1) = % - Aﬁx;l > 0.

By the definition of ¥, we have that

2 2
Y, (0) < (1 + C—l) - as a — oo,
1-y a -y
If we prove that lim sup,_, ., ¥,(L) < oo for some L, then we can conclude. Indeed we would have

Mfoo eHp(x)dx < f‘x’ eFxp(x)dx < 0.
M M

Let us prove that limsup,,_, ., W4(L) < oo for some L. First of all notice that this is true if ¥/(L) < 1 as

in this case W,(L) < L + lim,_,« ¥,(0) and the desired conclusion follows. If instead ¥/, > 1, then
c(y, DPI(L) < W (L)' 77~ (LY + ¢ < oW (L)' 7AW (L) +c.

Without loss of generality we can assume « > 0 such that lim,—,o ¥,(0) # @. This implies that a
solution of the ODE
’ 1-y-2
W, (1-a¥, ") =c

exists for small intervals around 0 and is such that lim,_,., ¥,(L) < oo for L in that interval. O

Proposition C.5.17 (Exponential decay). Assume K to be a homogeneous symmetric coagulation ker-
nel, of homogeneity vy, satisfying (C.1.5), (C.1.6), with y, A such that (C.1.7) holds and such that
v+21 > 1. Let ® € M, (R) be as in Proposition C.5.14 and let ¢ be its density. Then there exists
a positive constant M such that

lim sup ¢(z)e™* < oo. (C.5.52)

700
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Proof. From equation (C.5.43) we deduce that

1
A4y+ﬁ(¢)

( 2 Zy+/1+1

— )¢(z) < f x¢p(x)dx —
0

‘ +4
-y My () L FTHRE+ Jo(2).

We now show that J,; decays exponentially and that the term

Z 1 Z
xp(x)dx — ———— f X p(x)dx
fo Iy +e(ndy Jo

decays exponentially too.
First of all, we prove that there exists a constant M; > 0 such that J4(z) < e M1z for large z. To this
end we notice that the bound (C.5.49) implies that

Jo(2) = fo [ et ko
<elz fz f‘x’ P XK (x, y)p(x)p(y)dydx < e M7,
0 7-X

On the other side, for large values of z we have that

Z 1 Z
xp(x)dx - ———— f XM p(x)dx
fo Jo yr+iemdy Jo
B[ S
R DV x@(x)dx Yeydy - | A p(x)dx
Jo y’*%(y)dy( 0 0 0

1 0o .
ST Y+ p(yv)dy — f Y xd )
- 157y ¢(y)dy (fo Y0y — | AT g0d

1 00
= Ty o0dy f V' p)dy < Clo(My.))e ™,
0 Z

where M, > 0.

We deduce that for large values of z

( 272 At

- — #(z) < cmaxfe M M2y,
L=y [ y’*%(y)dy]

. . 1— I—y-1
The conclusion follows since, for every z > —— , we have
2 [ xr+id(dx)

2Z2 Zy+/l+1

— o~ >
L=y [y ()dy
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C.6 Non-existence results and properties of the self-similar profiles

To study the non-existence of the self-similar solutions we proceed by contradiction and start by
assuming that a self-similar solution exists. To find a contradiction we need to analyse the properties
of each self-similar profile. In the case y + 24 > 1 the fundamental properties that we prove to be true
are that ®((0, 6)) = 0 for some positive 6 > 0 and that @ decays sufficiently fast for large sizes. When
v+ 24 =1, it is possible to prove that ® decays fast for large sizes, but we have not been able to prove
that ®((0, 0)) = 0 for some ¢ > 0. This is the reason why we require the additional condition (C.3.5) in
Theorem C.3.5.

C.6.1 Properties of the self-similar profiles

In this section we study the properties of each self-similar solution that do not rely on the existence

of the self-similar solution and hence do not rely on the assumption y > —1.

Theorem C.6.1 (Properties of the self-similar profiles). Let K be a homogeneous symmetric coagula-
tion kernel, of homogeneity vy, satisfying (C.1.5), (C.1.6), with vy, A such that (C.1.7) holds.

1. If y+2A > 1, then every self-similar profile ® as in Definition C.3.1 is such that ®((0, p(M,1,))) =
0 where p(M,,) is given by (C.3.4). Additionally, ® is such that

f eHD(dx) < o (C.6.1)
R.
for L > 0 and it is absolutely continuous with respect to the Lebesgue measure. Its density ¢ is
such that
lim sup ¢(x)e" < ¢ (C.6.2)
xeR,

for constants L, ¢ > 0.

2. If y + 24 = 1 and if, in addition, ®((0,6)) = 0 for some 6 > 0, then ©([6, p(M,+,))) = 0 where
p(M,,1,) is given by (C.3.4). In addition, (C.6.1) and (C.6.2) hold.

First of all we prove, see Proposition C.6.2, that when y+21 > 1, each solution of equation (C.1.19)
in the sense of Definition C.3.1 is zero near the origin. The statement of Theorem C.6.1 then follows
by Proposition C.5.14 and Proposition C.5.17 and by the fact that when y + 4 = 1 we are assuming that
there exists a § > 0 such that ®((0,6)) =0 .

Proposition C.6.2 (Support of the self-similar solution). Let K be a homogeneous symmetric coagu-
lation kernel, of homogeneity vy, satisfying (C.1.5), (C.1.6), with vy, A such that (C.1.7) holds and such
thaty + 21 > 1. Let ® € M, (R,) be a self-similar profile as in Definition C.3.1. Then ®((0,)) = 0 for

E:zmin (—1 )I_H,(—l_y )1_H .
My+/l((D) 2My+/l(q))
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Proof. We start explaining the proof in a heuristic manner without entering in the technical details that

will be explained later. Equation (C.1.19) can be rewritten in the following flux form

xy+/l+1 2x2 ) ) ( xy+/1 )
o Jo(x) + - d(x)| = — x| D(x), C.6.3
x(q><) (MW )2 =3 () (C.63)
where Jy is given by (C.5.44). For x smaller than £ we have that A";y: — x > 0 and hence the function
xy+/l+l 2x2
xi—>J(x)+( - )CD(x)
® My+/l 1- Y

is increasing and right-continuous at x = 0. This implies that

xy+/l+1 2 xz

m (J(D(x) + (

i
x—0

xy+/l+ 1
My-hl

We make a scaling argument to identify the value of L. To this end we notice that the units of

. = 2
Since for every x < & we also have that - % > 0 we deduce that L > 0.

the flux are given by [Jo(x)] = [@®]?[x]**”, where from now on we indicate with [-] the dimensional
properties of a quantity, hence

B+y)

[@] =[x]""2".

We deduce that
[x7+/1+1 CD] — [x)/+/1+ 1 ] [q)] — [x7y+22,{—1 ]

Since y+2A4 > 1 this implies that as x — 0 the dominant term in equation (C.6.3) is Jo, hence Jp(x) ~ L
as x — 0. Finally, we prove that L = 0, in agreement with the statement proven in [FLNV21b] that,

when y + 21 > 1, there are no solutions to the constant flux equation. Integrating (C.6.3), we deduce

that y+A+1 2 2 X y+A4
X X Z
Jo(x) + - @x):f ( —z)(D(zdz.
o(%) ( My, 1 —y) ( o \ My, )

1

A detailed analysis of this ODE for ®@ implies that ® = 0 on the interval (0, (;M;L) o ), see Step 4.

We now explain the proof in detail. Testing (C.3.3) with a function of the form /(&) = £p(£), where
¢ € CL(R.), we get to the following equation:

1
[ (e yer)uenwn- [ gewois, (C64)
(0,00) y+A (0,00)
where
y+A+1 2x2
W[®](dx) = Jp(x)dx + ( - )CD(dx). (C.6.95)
My+/l 1- Y

Step 1: Regularity of W[®] and an integral representation formula
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First of all we prove that, for every 6 > 0, the restriction of the measure W[®] on the interval [6, 1]
is absolutely continuous with respect to the Lebesgue measure. This follows from the fact that for

every function ¢ € CL([6,£]) with 0 < § < 1 we have that
f ¢ (EOWIDP](dE) < (D, 6, ¥, Dllgllcos
R,

hence W[®], on the interval [, E], has a density Wy € BV([6, E]), see [AFP00]. Since 6 is arbitrary we
deduce that W[®] has a density Wy € L

loc

(0, E‘]). This implies that the measure (D\(O,?] is absolutely
continuous with respect to the Lebesgue measure, its density is ¢.

We now prove that W is increasing on (0,£]. To this end we consider a sequence of functions
{¢n}n € CL(R,) such that ¢, — X&1.6,) pointwise, with 0 < &1,& < £ ¢l (&) > 0foré e (O, @) and
such that ¢;,(£) <O foré e (#, oo). Substituting ¢, in (C.6.4) we deduce that for every n > 1

(o] ] 00 (o]
f Een(E)P(E)dE — i f Pn(©)EHP(&)de = f Pu(E)Wy(£)dé.
0 y+1 Jo 0
Notice that .
f Epn(§)p(£)dE —>f EHE)IE as n— o
0 [£1.62]
and that

f Fo@0Ede > [ EMeEde as n— .
0 [£1.62]

Additionally, since Wy is in L}oc((O, E)) and satisfies (C.6.4) we deduce that Wy € Wll()c(o’ E) and hence

is continuous in (0, E). Hence we have that

f(;) )¢2(§)W¢(§)d§ — Wy(é1) — Wy(&2) as  n— oo,

As a consequence, we deduce that

Wy (&) — Wy(&1) = f

1
(—W —,s) P(£)dE. (C.6.6)
[é1.62]

My+/1

Since if ¢ < &, then ﬁgy 1 _ & > 0, we deduce that there exists a & such that Wy is increasing in
Y

(0, E]. Hence, since W is bounded, we have that the following limit exists
0<L:= fh% Wy (€) < o0.

Due to (C.3.2) we can take the limit as &, — 0 in (C.6.6) and deduce that

1
Wy(&2) — L = f (M—fy” - f) P(&)dé. (€67
081 \My+a
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Step 2: we prove that ﬁ& Jy(ex)p(x)dx — L fR o(x)dx
et — 1%75 > 0 for every & < & we have that Jy is also
(C.6.8)

L

M y+A
Q

Since Wy is bounded in (0, £] and

bounded in (0, E]. Since
[2/32,7] X [2/32,7] € {x eER?:0<x<zz-x<y< oo}

we deduce that for every z € (0, £] we have that
z 2
! ( ¢(x)dx) <Jyx)<C
2z/3

hence
1 (¢ C
- p(x)dx < —  z€(0,€] (C.6.9)
Z 22/3 ZT
y+A+1 2
r 1 xz]qﬁ(x)dx (C.6.10)
-y

Equation (C.6.7) implies that
1 X X
x) Jg(ex)dx = — (—)J xdx:——f ()
fR*wu() ng*cpgqm G
Zy+ﬂ
—Z} ¢(z)dzdx + L f e(x)dx
R*

"3 L*SD(E)LX[MVH

&

where ¢ € C.((0, E)) and where £ > 0.
Thanks to the bounds (C.3.2) for ¢ and to the fact that ¢ is compactly supported we can pass to the

limit as & — 0 in equation (C.6.10) and deduce that

iy [ suteorpere =1 [ g
E— R* R*

for every ¢ € CL((0,&)).

Step 3: we prove that L =0

We want to prove that for every ¢ € C 3 ((0, E))
im [ JeEpe)te = 0.
E— R*

Using the formula for the fluxes we obtain that

> [ sse(E)ae= [ wonens
R, R.
_ fR | fR | wK ) (0(F22) - v (2)) otanoay

=L+
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where ¥(x) = fox ¢(y)dy and where

I = f | f(y . ke (0(F2) - v (5)) ecaveay

I= fR | L wa(x,y)(w(xT”)—w(g))@m@qxdy).

Since ¢ is compactly supported we have, by definition, that supp [¢ (x + ) — ¢ (x)] C {(x,y) € R? :

and

x <R, x+y>6> 0} for suitable § > 0 and R > 0. As a consequence, using (C.3.2) we deduce that

II” < Ckf‘ k’“ y—lx1+y+ﬂ
(0,eR) J(6¢/2,6R)

1
<CW)- y' T o(dy) K HP(dx) — 0 as £ — 0.
€ J(0.eR) (3e/2,eR)

o[22) o2 ovsom

Using again (C.3.2) we have

Il = fR | L J)xK(x,y)'w(xT”)—w(g)]eb(dx)@(dy)

<CW) Y Hd(dy) X' d(dx) - 0 as & — 0.
(£6/2,00) (0,eR)
Hence lim._,¢ fR Jp(£&)p(&)dé = 0 and therefore L = 0.

Step 4: O is zero near zero

Since L = 0 we deduce by (C.6.7) that

4 1 —
Wy(2) = f (M P g) #(&)dé  forz e (0,8). (C.6.11)
0 y+A4

Or, equivalently, since J4, € BV(R.)

Jy(2) + (ZW/Prl - 2 )¢(Z) = fz (;fﬁﬂ — §) p(&)d¢  fora.ez € (0,8). (C.6.12)
A4&+ﬂ 1 =Y 0 A47+A

We now rewrite (C.6.12) in the following way

f . f ) xK(x, y)®(dy)D(dx) + f ) f B xK(x, y)®(dy)®(dx)
0 Jz—x 0 Jz

(Zy+ﬁ+1 2Z2

|
_ — N~ 4 .
o 1o y)¢(z) fo ( T 5) B
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If @ is different to zero near the origin, then

f Z f ) XK (x, y)®(dx)D(dy) > ¢ f le‘%(dx) f Ooy””cb(dy)
0 z 0 z
+c f Zx”"”d)(dx) f " yAd(dy) > C, f le_’ld)(dx)
0 z 0

where we have used that for sufficiently small z we have that
f YHOdy) 2 Cs
Z

for a strictly positive constant C..

This implies that for z small we have that

Zy+/l+1 222 z 1
0=1J - 2
R e LC Rl W (e G L

y+A+1 2Z2

© o < _ ) ; +A _
>C, j; x ¢(x)dx+(My+/l 1_7)¢(Z) fo ( way §)¢(§)d§

y+A+1 2 2 Z 1
z(z < )¢(z)+ f (afl‘”—M—W)Qs@)dg.
0 y+4

My+/l 1- Y

Since we are assuming that @ is different from zero near the origin and since y+24 > 1, we deduce that

foz (C+§ -4 _ ﬁ{y ”) $(£)d¢ > 0. This, together with the fact that for z < &€ we have (Z;,;:: - 12%;) >

0 leads to a contradiction. Hence there exists a § > 0 such that ¢(x) = O for x € (0, ). We now prove

that ¢(x) = 0 for every x < &. To this end we define the function H as

“f 1
Hz) = | [—&* - dé.
@ fo ( T f) B(E)dE

Due to (C.6.12) we have that H satisfies

d%H(z) = H(2)0(z) = J4(2)Q(z), H() =0 for a.e.z€ (9, ) (C.6.13)
where N
(=)@ - M) .
0@2) = 0=~ oM, 2 >0, z€(¥&). (C.6.14)
The solution of equation (C.6.13) is the function
__ (T 7 000dx
H(z) = fs 00) els ds. (C.6.15)

Expression (C.6.15) for H implies that H is negative for z € (9, E). On the other hand, if we assume
that ¢ is different from zero in (0, &) we deduce that H is positive on z € (6,&), by definition. This
contradiction implies that H(z) = 0 for z € (9, E). O
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Remark C.6.3. We remark that equation (C.6.11) is valid both for y + 24 > 1 and for y + 24 = 1, but

the same argument we used to prove that ®((0, 6)) = 0 does not work in the case y + 24 = 1.

Proof of Theorem C.6.1. As in the proof of Theorem C.5.1 we prove that if ®((0,6)) = O for some
6 > 0 then ®((0, p(M,+,))) = 0 for p(M,,) given by (C.3.4). To conclude the proof combine this with
Proposition C.5.14 and Proposition C.5.17 with Proposition C.6.2. O

C.6.2 Non-existence results

Proof of Theorem C.3.5. We consider now the case y + 24 > 1 and y < -1 in which y + A could
be bigger than zero or smaller than zero, see Figure C.1. We will provide a proof that relies on the
technical proof of Proposition C.6.2. We proceed by contradiction. Assume that a self-similar solution
exists. Then thanks to Proposition C.6.2 we know that ®((0, 6)) = 0 for some ¢ > 0. Additionally,
from Proposition C.5.17 we know that lim,_,., ®(x) = 0 exponentially.

We can therefore consider the test function ¢ = 1 in equation (C.3.3). This implies

1 1
0< Y [ g = - f f K(x, y)(dx)(dy) < 0,
1 R, 2 Jr. Jr,

which is a contradiction.
Assume now that y + 24 = 1 and that y < —1. Notice that in this case we necessarily have that

v + 4 £ 0. Let us assume by contradiction that a self-similar solution exists and is such that

f x4 D(dx) < oo.
©,1]

f O(dx) < oo.
R,

Notice that this is true by assumption when y + 4 = 0, therefore we restrict the attention to the case

We show that

v + 4 < 0. To this end we adapt the argument used in the proof of Proposition C.5.15, we refer there

for the technical aspects, and prove that
f O O(dx) < o implies f O P(dy) < oo
R R.

when 0 < —y — 1 < 6 < 1 —y — A To see this we consider y(x) = oA T equation (C.5.48) to
deduce that

26 M 2(y+)+6-1
T M s 3
Y y+4a

Now we notice that our choice of & implies that
“A<2(y+ D) +6-1<y+A
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Hence MZ(y )45

Similarly, we can prove that

| <o and the desired conclusion follows.

f O D(dx) < oo implies f OB x) < oo,
R. R.

As a consequence, taking n sufficiently large, we deduce that My(®) < co. We can therefore consider

the test function ¢ = 1 in equation (C.3.3). This implies
1+vy 1
0<——— O(dx) = —= K(x, y)@(dx)@(dy) < 0
1=y Jr, 2 Jr, Jr.
which is a contradiction. O
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APPENDIX D

LON AN INHOMOGENEOUS COAGULATION MODEL WITH A
DIFFERENTIAL SEDIMENTATION KERNEL

ABSTRACT. | We study an inhomogeneous coagulation equation that contains a transport
term in the spatial variable modeling the sedimentation of clusters. We prove local existence

of mass conserving solutions for a class of coagulation kernels for which in the space ho-
mogeneous case instantaneous gelation (i.e., instantaneous loss of mass) occurs. Our result
holds true in particular for sum-type kernels of homogeneity greater than one, for which
solutions do not exist at all in the spatially homogeneous case. Moreover, our result covers
kernels that in addition vanish on the diagonal, which have been used to describe the onset
of rain and the behavior of air bubbles in water.

D.1 Introduction

D.1.1 Background

In [HNSO7] the authors suggest a space-dependent coagulation equation to model the onset of rain.
Here spherical particles of volume v move in space vertically, for example due to gravitation, and
merge when their trajectories cross. This leads to the following inhomogeneous coagulation equation

for the density f of particles of size v at the point x:

1
0 f(x,v, 1) + V%(')xf(x, v, 1) = 3 f K-V V) f(x,v=V,0f(x,V, HdV
O,v)
—f KW V) f(x,v,0)f(x,V', H)dV' (D.1.1)
(0,00)
with a so-called differential sedimentation kernel of the form

N2 42 L 1
Kw,v) =13 =v'3|(v3 +v'3)~. (D.1.2)
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This choice of kernel is motivated by the following consideration (see [HNSO7]): the cross-section of
interaction between two particles of radii r and 7/, and volume v and v/, respectively, that merged upon
touching is given by n(r + r')> ~ (v% + v’%)z.

Additionally, the velocity is approximately v%, which represents the Stokes velocity of a rigid
sphere with no slip boundary condition, and the collision rate between two particles is taken to be
proportional to their relative velocities |v% —y3 .

The model is used to describe the behavior of air bubbles in water which move due to buoyancy
and it is also valid for water droplets. We refer to [CGW78, FSV06, PK97] for more details. In
[HNSO7], slip-flow corrections for water droplets are discussed and it is mentioned that this requires to
change the power of the volume for the velocity. More precisely, the left-hand side of (D.1.1) becomes
0 f(x,v, 1) + v, f(x,v,1), for some a € (0,1), and the kernel in (D.1.2) has the form K(v,v") =
V¥ — v’“l(v% + v’%)z.

The model in (D.1.1) with kernel (D.1.2) is referred to as the free merging regime in [HNSO07], since
it is assumed in its derivation that the particles merge when their trajectories cross. When studying
equations like (D.1.1), it is customary to look for stationary solutions of non-zero flux (cf. [TIN96])
of the form f ~ v, for some d € R. One of the possible approaches is to compute them using the
so-called Zakharov transform (see [ZF67]) and using it we find the solution f(x,v,?) = Ve However,
this approach can be made rigorous only if the integral containing the coagulation kernel in (D.1.1)
is finite, which is not the case for the kernel (D.1.2). In order to be able to rigorously find a solution
for kernels with the same homogeneity, the so-called forced locality regime in which only particles
of similar sizes can merge is studied in [HNSO7]. More precisely, for the forced locality regime a

cut-off in the coagulation kernel is introduced that makes the kernel vanish outside the region where
1
a 13

and thus the stationary solution f ~ v~ is a valid solution.

< V—v’ < g, for some g > 1. With this cut-off, the integral containing the coagulation kernel converges

Our main goal in this paper is to show that mass conserving solutions exist, at least for a short
time interval, for a class of inhomogeneous coagulation equations that includes example (D.1.1) with
(D.1.2). At a first glance this might look surprising since the homogeneity of the kernel in (D.1.2)
is greater than one. Indeed, it is well-known that gelation (mass loss) occurs for the standard one-

dimensional coagulation equation,

0:f(v, 1) = %L )K(v -V, V)=V, f0, Ddv — f(;) )K(v, v, ) f (V' , Hdv, (D.1.3)

when the coagulation kernel behaves like a power law of homogeneity y > 1 (see, for example [EMP02,
ELMPO03, Lau00]). In particular, for sum kernels of the form

Kw,v)=v"+v7, (D.1.4)
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with v > 1, gelation happens instantaneously. Actually, making use of this property, one can prove
that solutions which belong to L' for the standard coagulation equation do not exist at all for kernels
as in (D.1.4) (see [BLL19b, BC90, CdC92, vD87]). In addition, it has been proven in [CNV24a] that
the instantaneous gelation phenomenon holds for Radon measure solutions of the standard coagula-
tion equation with sum kernels of homogeneity greater than one which vanish on the diagonal, i.e.
K(v,v") = 0, such as the kernel in (D.1.2).

Our main goal is then to prove that, in contrast to the homogeneous case, there exist, at least for

short times, mass conserving solutions to the inhomogeneous model

1
01 f(x,v, 1) +v¥0,f(x,v, 1) = 3 K-V V) fG,v=V,0f(x, Vv, Hdv
O,v)

—f KW V) f(x,v,0)f(x,V', 0)dV, (D.1.5)
(0,00)

where @ € (0,1). Our proof holds for a rather general class of coagulation kernels (see Assumption
D.1.1), in particular kernels of the form (D.1.2) and (D.1.4). Thus, the model (D.1.5) provides a
coagulation model in which existence for kernels of the form (D.1.4) with y > 1 holds, at least for

short times.
D.1.2 Main result

Short time existence of mass conserving solutions for the inhomogeneous model

Our goal is to prove short-time existence of mass conserving solutions for the inhomogeneous

model
O f(x, v, 1) + V3O, f(x,v,1) = % o) K=V V) f(x,v =V, 0 f(x,V,Ddv
- L )K(v, VY, v, ) f(x,V', HdV, (D.1.6)
where
a € (0,1). (D.1.7)

Assumption D.1.1. We assume that K : [0, c0) X [0, 00) — [0, 00) is a symmetric and continuous func-

tion that satisfies
0<Kiv,v) < Ki(vY +v7), withy € [0,1 + ) (D.1.8)
for some constant K| > 0 and
K@y —Vv',v') < K(v,V'), whenV' € [0, §]. (D.1.9)
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Condition (D.1.9) is a rather standard assumption in the study of coagulation equations, see for
example [LMO02], and most of the kernels used in applications satisfy this condition, in particular,
kernels of the form K(v,v") = v¥ +v'” or (D.1.2). The condition v < 1 + @ in (D.1.8) is such that the

transport term will control the contribution coming from the coagulation term.

Definition D.1.2. [Mild solutions] Let @ € (0,1),y € [0,1 + @) and m > VQLl Let T > 0 and K satisfy
Assumption D.1.1. We say that a non-negative function f € C([0, T] X R x (0, c0)) such that

sup f (I +v)f(x,v,)dv < —————, forx e R, (D.1.10)
1€[0,7] J(0,00) -t

is a mild solution of equation (D.1.6) if
JGv, ) = fx = vy, 008 [f1(x,v,0,0) = (D.1.11)
% fo‘t L’v) S[A1(x, v, s, DK =V V) f(x = (£ = s, v =V, 8) f(x — (t — s)v*,V, s)ds,
forallt € [0,T], v € (0,) and x € R, where
SLF1Cx, v, 5, 1) := e~ ds Aa=v @=nhnnrdr (D.1.12)
with
alf1(x, v, 1) = L) )K(v, VY f(x, V', Hdv'. (D.1.13)

Definition D.1.3. We call f € C([0, T] X R X (0, c0)) a mass-conserving solution of equation (D.1.6) if

f is as in Definition D.1.2 and satisfies in addition

ff vi(x,v,H)dvdx = ff vf(x,v,0)dvdx
R J(0,00) R J(0,00)

Theorem D.1.4 (Local existence of solutions). Let @ € (0,1), ¥ € [0,1 + @), m € N even, and p = am

forall r € [0, T].

with m > max{ 2+l 2 3}). Let K satisfy Assumption D.1.1 and T > 0 be sufficiently small. Let

fin € C'(R x (0, o:)) sZch that

fin(x,v) < Hljﬁ
for some Cy > 0 and all x € R, v € (0, ). Then there exists a mass-conserving solution f of (D.1.11)
as in Definition D.1.3 that satisfies
¢
1+ |xm +vp’

flx,v,1) < (D.1.14)
forallt €10,T], for some C > 0.
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Remark D.1.5. Theorem D.1.4 is valid for coagulation kernels K as in (D.1.2), as well as coagulation

kernels of the form K(v,Vv') = v¥ + V7.

Remark D.1.6. It is worthwhile to mention that mass conservation will follow due to the fact that our
solution will have sufficiently fast decay for large values of |x| and v, see (D.1.14). For more details,

see the proof of Theorem D.1.4 .

When y < 1, our result could be expected according to the general theory of existence for one-
dimensional coagulation equations. This states that solutions exist for kernels that behave like power
laws of homogeneity y < 1, see, for example, [Ste89] for existence of solutions and [FLO5] for exist-
ence of self-similar profiles.

Some multi-dimensional coagulation models have been studied in the mathematical literature, see
[CV23, FLNV21la]. Moreover, several classes of coagulation models for the distribution of particles
with space dependence have also been considered. In particular, models in which in addition to co-
agulation there is space diffusion of the aggregating particles can be found in [AB79, CDF08, CDF10,
LMO02]. Models that contain coagulation of particles as well as transport terms (that might include sed-
imentation terms) were studied in [Bur83, CD95, CD97, Dub90a, Dub90b, Gal85]. In all the models
mentioned above the homogeneity of the coagulation kernel is either v < 1, case in which the solu-
tions are globally defined and preserve the total mass, or product-type kernels are discussed, for which
solutions preserve the mass up to a certain point in time.

To our knowledge, the only exception that considers the case y > 1 for space-dependent models
is [Gal87]. Indeed, existence of solutions for the discrete version of the model in (D.1.1) has been
established for coagulation kernels of the form K(i, j) = oyjlv; — v, i,j € N. Here, v; is a non-
negative function of volume which represents the sedimentation velocity of the particles and o7;; can
be estimated by a function of the form C(i* + j¥) with ¥ < 1. Assuming that v; scales like a power
law i#, we would obtain a coagulation kernel K(i, j) that behaves like a homogeneous function with
homogeneity 8 + vy that might be larger than one. As a matter of fact, the results in [Gal87] hold for
any choice of v; > 0. In particular, the solutions constructed in [Gal87] have total mass of particles
that changes continuously in time. Nevertheless it has not been proven in [Gal87] that the mass of
solutions is conserved. By contrast, in the present paper we construct a theory of existence for mild
solutions which conserve mass in finite time. The class of kernels considered in [Gal87] has a non-
empty intersection with the class of kernels considered in this paper and this intersection includes the
coagulation kernel (D.1.2), which is relevant in the physical literature as explained above. However,
none of two classes of kernels is included in the other. In addition, the arguments in [Gal87] seem to
rely significantly on the discrete character of the coagulation process and it is not clear how difficult
would be to extend these results to the continuous case. On the other hand, the sedimentation v; can be

arbitrary in [Gal87]. This opens the question of whether we can extend our result to powers of @ which
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are larger than one for the model in (D.1.6). However, a different approach of obtaining information

from the characteristics created by the transport term in (D.1.6) will be needed in this case.

Moreover, kernels of the form K(v,v") = v + V'Y, with y € (1,1 + @), also satisfy the conditions
(D.1.8), (D.1.9). Solutions of the standard one-dimensional coagulation equation do not exist for these
types of kernels, see [BLL19b, BC90, CdC92, vD87]. This is to our knowledge the first result of
existence of mass-conserving solutions involving sum kernels of homogeneity y > 1, regardless of

whether one considers one-dimensional or multi-dimensional coagulation models.

It is worth mentioning that our results also include the cases y = 0 and y = 1, which are normally
studied separately in the literature due to their rich features, such as being able to predict the long-time
behavior of solutions, see [BNV19, CMM10, MP04, MP06, TV19], or prove uniqueness of self-similar
profiles, see [MP04, Thr21a, Thr21b], where the constant kernel and perturbations of the constant

kernel are discussed.

The strategy for proving existence of solutions is to consider an iterative scheme based on a linear
version of (D.1.6). For this equation, we are able to find a suitable supersolution, which in turn will
provide sufficiently good moment estimates. This will give us compactness of the iterated sequence and
enable us to pass to the limit in the equation. The idea of finding appropriate supersolutions was also
used in [NNTV19], in this case for finding self-similar solutions with fat tails. The idea of considering
a linear version of the model in order to better study properties of its solutions is common in the study
of coagulation equations, see for example [Thr21a] where this idea is used to study uniqueness of

solutions.

We present the proof of our main Theorem D.1.4 in the following Section D.2 with some technical

computations moved to the appendix.

D.2 Proof of the main theorem

D.2.1 Formal approximation and discussion on the assumptions

Our approach to prove existence of a solution to (D.1.6) is based on constructing a suitable super-
solution by approximating the coagulation term for large particles by a transport term. To motivate this
we present in this subsection this formal approximation of (D.1.6). Similar computations can be found
in [HNSO7, Section 4 and Appendix 1].

Suppose now that f is a solution of (D.1.6). Since we are interested in the behavior for large values
of v, we can assume, due to the fast decay of f(x, v, ), that the term f ¥ oo) Kw, V) f(x,v, ) f(x,v',Hdv
2 )

gives a small contribution. This is consistent with the known results in coagulation equations. We can
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then approximate (D.1.6) via
O f(x, v, 1) + V¥, f(x,v,1)
= f K@=V V) f(x,v=Vv,0f(x,V,Hdv —f K@ V) f(x,v, ) f(x,v', 0)dv
©0.3)

(0,00)

= f (KOG =V V) f(x,v=V,0) = Kw,V)f(x,v,D]f(x,V,D)dV
0,3)

- Kw, V) f(x,v,)f(x,V', Hdv

[5,0)
x f (Kb =V V) f(x,v=V,0) = KW, V)f(x,v,D]f(x,V,D)dV'. (D.2.1)
©.%)

Since our strategy relies on finding a suitable supersolution, it suffices to find a lower bound for
(D.2.1). This is where the assumption (D.1.9) is needed. We thus use that K(v —v",v") < K(v,v") when
V' € [0, 5] and obtain that

O f(x, v, ) + V30, f(x,v, 1)
- f [K(V - V,, V’)f(x’ vV — V” t) - K(V9 vl)f(x’ v, t)]f(x’ V’, [)dV’
0,3)

> 0. f(x,v,1) + v¥ O f(x,v, 1) — K@, ) f(x,v =V, 1) = f(x,v, )] f(x,V,D)dV. (D.2.2)
©,%)

Assuming now that the coagulation kernel K behaves like v'7 + 1 and since v' € [0, 5], we further

deduce that

0 f(x,v, ) + V0, f(x,v, 1) = f VG, v =V, 0 — f(x,v,)]f(x,V,)dV
)

©.%

VvV
~ —yY f f O fCx,w, )dw f(x,v', H)dv'. (D.2.3)
©0,3) Jv=v
Assume that 9,, f(x, w, t) behaves similarly for w € [%, v] and thus

01 f(x,v, 1) + V¥, f(x,v, 1) = =V 0, f(x, v, 1) VF(x, v, ndy. (D.2.4)
0.3)

We denote by M;(x, 1) := f(o o) v/ f(x,V', £)dV’ the first moment in v of f. We consider only large values
of v so that we can safely assume that f(o 5y vV f(x,v', f)dv’ contains most of the mass. In this manner,
°2

we can further approximate (D.2.4) by
alf(-x’ v, t) + vaaxf(x, v, t) ~ _Vyavf(-x, v, t)Ml (-x’ t) (D25)

Notice that in order for our approximation to hold, the assumption (D.1.9) was needed in (D.2.2).

Otherwise, an analogous approximation of the model could be obtained by replacing v?9, f(x, v, ) in
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(D.2.4) by 9,(v" f(x,v,1)). The approximation containing the term 9, (v f(x, v, 1)) is the one actually
used in [HNSO7]. However, due to (D.1.9), the approximation used in (D.2.5) suffices in order to
prove our desired result. Suppose now that M, (x, f) decays sufficiently fast for large values of x, that is

assume that

Mi(x, 1) < (D.2.6)

1+ |x™
for some sufficiently large m and some L > 0. Combining (D.2.6) with (D.2.5), we obtain that f should

behave formally like the solution of the equation

VYo, f(x,v,1) ~ 0

01 f(x,v, 1) +v¥0, f(x,v,1) + -
1+ |x™

(D.2.7)

This motivates the analysis of the equation (D.2.16) below when trying to find a supersolution for a
linear version of (D.1.6). In order to obtain a behavior of the form (D.2.6) for M (x, ), we have to
work with functions f such that (D.1.14) holds.

D.2.2 Upper and lower bounds for the solution of the approximated model

To prove short time existence of a solution to (D.1.6) we will set up an iterative scheme and derive,
using (D.2.7), a uniform supersolution for the solutions of this scheme. More precisely, for n € N, we

define inductively a sequence of functions { f;,},en as follows:

1 ’ 7 ’ ’ ’
atfﬂ+l(x9 V, t) + V(yaxan(x’ V, t) = 5 K(V -V 1) 14 )fl’l+1(xa V-V [} t)fn(x’ 14 ) t)dV

O,v)
_f K(V, v’)fl’l+1(xa v) t)fl’l('xv V’,t)dv’, (DZS)
(0,00)
with a € (0, 1), and
Fut (v, 0) = fulv,0) = fn(v) < —0 forall n € N (D.2.9)
X,V = X,V = Jin\X, Vv S ——— n . L.
n+1 s Vs n s Vs n B - 1+|)C|m+Vp’
We take fj to be a function such that
01 fo(x,v, 1) + V¥, fo(x,v, 1) = 0 (D.2.10)
with
Fox1,0) = finlxv) € —0 D211
0 s Vs - mn 9 —1+|x|m+vp ke

— G
T+[x—vat|m4vp

Notice that, if we have equality in (D.2.11), the solution of (D.2.10) is fy(x, v, ) =
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Remark D.2.1. In principle we have to prove that the sequence in (D.2.8) is well-defined. A rigorous

proof would work as follows. First we approximate K with a kernel K which is such that

Ky(w,v') = Kw,V)xyn(v +v), (D.2.12)

for N > 1 and where yn : [0,00) — [0, 1] is a continuous functions such that yx(x) = 1, when x < %,
and yn(x) = 0, when x > N. Then we can establish with a standard fixed-point argument the existence
and uniqueness of f;, y. The key result is then that we obtain a uniform fast decaying bound for the
sequence of solutions which is in particular independent of N. Then one can pass to the limit N — oo.
Since this procedure is standard once one has the bounds on the solution, we omit the details here and

work directly with K.

Notations and Assumptions: Let R > 0. In the following we will denote by
&r € C([0,00)), &g:[0,00) = [0, 1] such that ép(v) = 1if v = 2R and ép(v) = 0if v < R. (D.2.13)

Furthermore we assume

2y+1 2

@€(0.1), ye[0,1+a), meN, meven, p=am, m>max| =43}, (D2.14)
a

[0

and define d via
d= [z] 1; if [%] odd;
a a
d= [g] 2; if [%] even,
a a

where [-] denotes the floor function. Note that (D.2.14) and (D.2.15) in particular imply that m > d+ 1.

(D.2.15)

The main goal in this section will be to derive estimates for the solution of a transport equation that

approximates the coagulation equation. For L > 0 let G be the solution of

Vy

6,GL(x, Vv, l) + v“ﬁxGL(x, v, t) + W

Er()0,Gr(x,v,1) =0, (D.2.16)

Co

Gixv,0)= — 0
L6y 0) =

We first study the properties of the backward characteristics for equation (D.2.16). To this end, we
define X and V via

atX(xa v, t) = _Va/7 X(x’ v, 0) =X,
LV? D.2.17
oV v,n = 2D ) =, @217
1+ X4

where d was defined in (D.2.15) and L is as in (D.2.16).
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Proposition D.2.2 (Properties of the characteristics). Given L > 0 and 6 € (0, %) there exists a suffi-

ciently large R > 0 such that for all t > 0 the following estimates hold:

(1 =6 <V(x,v,t) <1 +6); (D.2.18)
1=-on"r<x—X(x,v,0) <1+, (D.2.19)
%va_lt < —0,X(x,v, 1) < 18007711, (D.2.20)

Moreover, if x & [(1 — 20)v®t, (1 + 20)v*t], then

1
1 <0, V(x,v, 1) < ; (D.2.21)
Otherwise, if x € [(1 —20)v®t, (1 + 20)v*t], then
10,V (x, v, )| < 36Lmax{l,v"'1}; (D.2.22)
o\V(x,v,t) < 2. (D.2.23)

Corollary D.2.3. As an immediate consequence of (D.2.19) we obtain the following estimates for all
t>0.

If x <0 then

x|+ (1 =t =|x—=(1 =% < I X(x,v,0)| < x| + (1 + vt = |x— (1 +5v%. (D.2.24)

If x > 0 then
e — (1= 6% < IXCov, 0l < e — (1 + 6% ift> —— (D.2.25)

(1 -0
lx— (1 + o < | X(x,v, D) < |x— (1 = 5)v¥| ift < m, (D.2.26)
and

X(rv. Dl <3 ifre(—— ~ ). (D.2.27)

(1+6)v* (1 —86)v

Proof of Proposition D.2.2. Proof of (D.2.18): First, we see from (D.2.17) that X(x,v,#) < x and
V(x,v,t) < vforall t > 0. Next, we define

Y(x) = f T L& (D.2.28)

o L+ |€md

and @: (0,0)? - R, (z,v) — (z,v) via

O (X(x,v, 1) —¥(x),v) := V(x,v,1). (D.2.29)
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Then it follows from (D.2.17) that

0, D(-,v) = DUER(D), z>0
(D.2.30)
O0,v) =v.
By integrating the ODE in (D.2.30) we deduce that

Dd(z,v) =v forallz > 0,v € [0,R], (D.2.31)
D(z,v) = VO 4 (1 = (y — a))7) o forallz>0,v > 2R, (D.2.32)
Dz, v) < (0D 4 (1 = (y — a))p) 7D forallz>0,v>R, (D.2.33)
O(z,v) > v forallz>0,v>R. (D.2.34)

Notice also that 0 < ¥(x) < CL, for some constant C > 0 which is independent of x. It thus suffices
to consider values of z in the interval [0, CL]. Taking in particular R sufficiently large, it follows that
(1-0w <D(z,v) < (1 +0)vforall z€[0,CL] and v > 0. Due to the definition of ®@ in (D.2.29), the
estimate (D.2.18) follows.

Proof of (D.2.19): Estimate (D.2.19) follows then from (D.2.18) and the relation
!
X(x,v,H)—x = —f Ve (x,v,7)dr (D.2.35)
0
together with the fact that (1 +9)* < 1+dand (1 -6)* >1-6.

Proof of (D.2.20): In order to estimate the derivatives with respect to v of the characteristics we

first prove that

<0,0(z,v) < 2. (D.2.36)

Y-

Estimate (D.2.36) is immediate if v < R. If v > R we have

AL PR @i 9

&(E)‘[W @)D (@) + Y fR(cb)] R SJORS

such that
e _ exp f ) [(y = )7 £p(D) + DY £(®)]ds) < exp (CR' ) (D.2.37)
dV 0

and the upper bound in (D.2.36) follows since y < 1 + @ and if R is sufficiently large. Analogously, we
obtain that

% > exp( - CR"“‘I)
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and (D.2.36) follows. In order to proceed, we notice that

X
1
=L D.2.38
fx G X (D.2.38)

Differentiating in v we obtain
6VX(-x$ v, t) -« fx 8V(I)('70(§) - lp(-x)’ V)
QW (X(x, v, 1) — Y(x), v)* x W€ — Y(x),v)*H!
Since 6 € (0, 1), (D.2.18) and (D.2.19) imply that ¥ < V(x,v,#) < ¥ and that 5! < x—X(x, v, 1) < .
From this we deduce, using (D.2.19), the estimates for @, and the fact that @ < 1, that

dé. (D.2.39)

[ AW — g,y -
-0.X(xwn =a [ ot e B e X [0 (.. = (). )

X
1
< 403" f ——dév” < 12av™"[x = X(x,v, 0] < 18av"'1. (D.2.40)
X V

Analogously we obtain that

a [ 1 @
X 25 [ G XWX () =B )

a o1 @ a 4 a4
Z3a+1£ vaﬂdfv ng [x—X(x,v,t)]Zl—Sv t,

which concludes the proof of (D.2.20).

Proof of (D.2.21): We now prove that (D.2.21) holds if x ¢ [(1-26)v*¢, (1+28)v*t]. From (D.2.29)

we deduce that

AV (x,v,1) = 0,PW(X) — Y(x),v) + 0, PW(X) — Y(x), ¥ (X)d, X. (D.2.41)
Due to (D.2.36) it suffices to show that

DWX) ~ (0, W (X)3,X] < | (D2.42)
in order to conclude our proof. From (D.2.29), (D.2.30) and (D.2.18), we have that
0<0,0(z,v) <2077,

Indeed, by (D.2.28) and (D.2.18) it holds that
8.0(z,v) < D(z,v)’~* < max(2°77, (%)M}vy—“ e

By (D.2.20), it thus follows that

36alv’™ 36aLv'~ 't
3, PW(X) = Y(x), VY (X)X € ————1* 1= —— D.2.43
000 — w0, W (X00,X| < T = e (D.2.43)
We only analyze here the case when v > R, since by (D.2.30) we have that 9,9(z,v) = 0 when v < R

and thus there is nothing to prove in this case.
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1) Assume x < (1 —20)vt.

Then by (D.2.25) we have |X(x,v, )| > |x = (1 — o)v¥] = (1 — §)v*t — x > 6v“t and we obtain

w1t

0B = (0, W XIOX] < CLa g

e y—1 1 « 1 o _ :
Now, if v7't > 4Lc,thenv 12 g7 since @ >y 1 and we obtain

’ Vy_lt CL —a—-1 a\1+d-m
|0:P(X) = (), v’ (X)d,X]| < CLW < 7v7 (6v'n)

1
< C(L,oW ™! < i

if R > 0 is sufficiently large. If v~ < ﬁ, (D.2.43) becomes

cLv!
0-D(X) = Y(x), v (X)D,X] < #ﬂ;d < (D.2.44)

2) Assume x > (1 + 26)v?*t. Then | X(x,v,1)| = |x — (1 + O)v%¥¢| = x — (1 + o)v*t = 6v*t and we can

conclude as before.

Proof of (D.2.22) and (D.2.23): If x € [(1 —20)v?t, (1 + 20)v?¢], then from (D.2.43) it follows that

36Lv'" 't
— / y—1
0-BWX) = Y0, VY (X)0X| < = (opd < 0L

and (D.2.22) follows.
In order to prove that (D.2.23) holds, we notice that

3. DW(X) — Y(x), Y (X)9, X < 0.
Combining this with (D.2.41) and (D.2.36), the conclusion follows. O

With the help of the characteristics, the solution G, of (D.2.16) can be written as

Co

Gr(x,v,1) = .
L e B s T 77y

(D.2.45)

Moreover, it holds that

[m|X|"2X0,X + pVP~19,V]

0,Gr(x,v,1) = -C
L) = = Com g s v

(x,v,1). (D.2.46)

This function G, will be the main building block for constructing a uniform supersolution to the
sequence {f,},en in Subsection D.2.3. We would like this supersolution to be decreasing in v for fixed
x. Unfortunately, for x > 0 the function G is not decreasing in v. The next proposition characterizes a

local maximum of Gy.

233



APPENDIX D. ON AN INHOMOGENEOUS COAGULATION MODEL WITH A DIFFERENTIAL
SEDIMENTATION KERNEL

Proposition D.2.4. a) Given L > 0 and § € (0, %) there exists a sufficiently large R > 0 such that for
all t € [0, 1] the following holds. For every x € R and t € [0, 1] there exists at least one point vix(x, t)
with the properties that

X

X
(1+20)" (1-20)t

Vmax (%, )" ¢ (D.2.47)

and
0,GL(x, Vmax(x,1),1) = 0. (D.2.48)

Moreover, there exists a constant K, > 0, which is independent of x, t, 0, R, and L, such that the
following holds:

1

xtﬁ < Vmax (X, )" < Kmaxxzﬁ- (D.2.49)
Kinax

b) Given L > 0 and 6 € (0, %) there exists a sufficiently large R > 0 such that for all t € [0, T), with T
sufficiently small, that is independent of L, 6, and R, there exists a unique point viax with the properties
(D.2.47) and (D.2.48).

Proof. Let v* ¢ | 555> =57 | such that (D.2.48) holds. Notice that from (D.2.46), it follows that
mX|"2X,X + pV”‘lavV = 0. If R is sufficiently large, then the estimates from Proposition D.2.2
hold. We have the following cases.

Case 1. x—(1+20)v*t > 0. Then, by (D.2.19), it holds that 0 < x— (1 +)v*t < X(x,v,1) < x—(1-
o)v*t and by (D.2.20), it follows that 9,X < 0. Thus, if (D.2.48) holds, we have that m|X "=116,X| =
pVP~19,V. By Proposition D.2.2 and since 6 € (0, %), we have that there exists a constant C > 0, that
is independent of 9, L and R, such that

1
E|x — (1 + o™ he ly < mxm19,X| = pvP1a,V < CvPl

This implies that &lx— (1+6)v#"~' < v*™=D_Since m — 1 is 0dd, 6 < 1, and x — (1 + 26)v7 > 0, we
further have that xtm1 < CVY + 219471, Since ¢ < 1, we then obtain that xtmT < Cv? and the lower
bound in (D.2.49) follows. In order to obtain the upper bound in (D.2.49), we use similar computations
together with the fact that ¢ > 0 and that

1
Clx — (1 = %™ Wl > m|X|"1169,X] = pVP~16,V > Evl’-l.
Case 2. x—(1-26)v*¢ < 0. Then, by (D.2.19), it holds that x—(1+6)%r < X(x, v, 1) < x—(1-6)¢ <

0 and thus m|X|"2X8,X + pVP1o,V = mX"10,X| + pvVP~19,V > 0 in this region. Using this and
(D.2.46), it follows that 0,G(x, v, ) < 0.
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In Appendix D.3, Proposition D.3.1, we will prove that for a sufficiently small 7 > 0, which is
independent of L, 6, and R, we have that

PGr(x,v,1) <0, (D.2.50)

for all v that satisfy the estimate in (D.2.49) and all ¢ € [0, T] which implies the uniqueness of such a

point. This concludes our proof. O

The following lemma will also be needed in the construction of a supersolution in Section D.2.3.

Proposition D.2.5. Given L > 0 and 6 € (0, %) there exists a sufficiently large R > 0 such that for all
t € [0, T], with T sufficiently small, which is independent of L, 5, and R, it holds that

0xGL(x, Vvimax (X, 1), 1) < 0, (D.2.51)
where G is the solution of (D.2.16) and viax(x, t) was defined in (D.2.48).

Proof. If R is sufficiently large, then the estimates from Proposition D.2.2 hold. We first notice that
due to (D.2.19) and (D.2.49) we have

1
X(x, Vimax (X, 1), 1) = X = 2Vmax (X, )% > x — 2K paxxt T 1 > 0

if + € [0,7T] and T is sufficiently small. Then we compute

[m|X|"2X0,X + pVP~14,V]

0,Gr(x,v,t) = -C
KGLE V1) = = Com T vy

(x, v, 1),
and thus it suffices to prove that
(mX"™ 10, X + pVP 0,V ) (X, Vinan (. 1), 1) 2 0. (D.2.52)

Since V > 0 we have to prove that 0, X(x, Vimax(x, 1), ) > 0 and 9, V(x, vimax (%, 1), 1) > 0. We start by
analyzing 0, X.
We consider the case when v > 2R, since the other cases work similarly. Differentiating (D.2.38)
with respect to x, keeping in mind that x > 0, we obtain
O X(x.v. 1) +a f T_0%ownde 1 __, (D.2.53)
QW (X(x, v, 1) — Y(x), v)* x W) —y(x), vt D0, v)
We have that 9,® > 0 due to (D.2.30). Since X(x, v, 1) < x and by (D.2.29) and (D.2.18) we obtain
QY X, v, 0) (), v 1
e - C

0, X(x,v,1) > >0.

Thus, in order for (D.2.52) to hold, what is left to prove is that 9,V (x, vax(x, 1), 1) > 0. Integrating

(D.2.17) over time and differentiating with respect to x, we obtain

" L(m — d)|X" 472X, X
Vv, 770,V (x, v, 1) = f (m — X~ X0, XdE (D.2.54)
0 (1 +X(&)m)
Since we have X(x, Vimax(x,1),1) > 0 and 0, X(x, v, t) > 0 we obtain 0, V(x, vinax(x, 1), 1) > 0. O
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D.2.3 Construction of a supersolution for a linear reformulation of the model

In this subsection we will prove that the solution G, of (D.2.16), after suitable modifications, is a

supersolution for problem (D.2.8).

Definition D.2.6. Let ¢ € (0, %), L > 0 and R, which depends on L and ¢, as in Proposition D.2.2. Let
G be the solution of (D.2.16) with given ¢, L, and R. We define the function Hy, via

Gr(x,v,1), if 0,Gr(x,v,1) <0 or x e [(1-250, (1 +25)v*1];
GL(x, vinax(x, 1), 1), otherwise,

Hi(x,v,1) = {
where viax(x, f) was defined in (D.2.48).

By the choice of v« in (D.2.48), if x ¢ [(1 — 20)v*t, (1 + 20)v¥t] and v < vax(x, 1), then we have
that Hy(x,v,t) = Gr(x, vmax(x, 1), 7). Moreover, Hy is decreasing in v for fixed x outside possibly a
critical region where x € [(1 — 20)v®¢, (1 + 20)v*¢].

We first collect some properties of the function Hy, which are independent of 9, L, and R.

Lemma D.2.7. Let § € (0, %) L > 0, and R as in Proposition D.2.2. Let T > 0 be sufficiently small,
independent of 6, L, and R, and Hy as in Definition D.2.6. Then there exists a constant K, > 0, which
is independent of 6, L, and R, such that the following holds for t € [0, T].

If x > 0 then

Hy(x,v — V', 1) < KoHy(x, v, 1) for all v/ € (o, %) (D.2.55)

If x > 0 and for all v such that v* ¢ |5~
C; > 0 such that

a +26>[ = 6)1] then there exists a sufficiently large constant

—0,HL(x,V',1) < —KpdH(x,v, 1) for all v 2 max{R, Cymax (x, D} V" € (3.V). (D.2.56)
If x <0 then
—0,H(x,V', 1) < —K>0,Hy(x,v,1) forallv>R,v € (3,v). (D.2.57)

Proof. Proof of (D.2.55): We will prove that (D.2.55) holds by proving separately that there exists
K5 > 0, which is independent of ¢, L, and R, such that:

If x > 0 and for all v such that v ¢ [ %5, =55y ] then
Hi(x,v =V, 1) < KxHi(x,v,1) forall v € (0, 5) and v,v = v/ = vmax(x, 1), (D.2.58)
Hp(x, vinax(x, 1), 1) < KoH(x, v, 1) for all v € (Vinax(x, 1), 2vmax (x, 1)), (D.2.59)
If x > 0 and for all v such that v* € [ 1755, 7=55y;] then
Hy(x,v =V, 1) < KoHy(x, v, 1) for all v/ € (0, g) (D.2.60)
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Before beginning our proof, we make the following observation. Because the proof of each region

when v* ¢ [(1+—2(5)t’ = 6)t] differs, we have to distinguish between different cases.
Ifv¥ > =~ T 2 5 andw € [ ,v], we have the subcases
1.a) x>0,v* > > T 26)[’ and w® > > T 2§)t Notice that in this region x — (1 — §)w®t < 0;
1.b) x>0,v* > = zé)t,andwae[m,m];
lI.c) x>0,v* > > T 26)[’ and w® < (1+26)t Notice that in this region x — (1 + §)w®t > 0.

The remaining case is

and then w® <

X
2X>OV _m.

= (1+26)t
Proof of (D.2.58): We will prove that there exists a constant C > 0, which is independent of d, L,
and R, such that

1 C
< H(wHE————— D.2.61
CQ+ I+ oy = LW < e (D-2.61)

forallw € [3,v].

Case 1. a) Notice that because of (D.2.19), we are in the region where X(x, w, ) < 0. Because of
(D.2.25), it follows that |[x — (1 = d)w®t| < | X(x,w, 1)| < |x—(1+6)w?|. Thus, due to (D.2.45), it suffices

to show in this case that
lx — (1 + W™ + wP < C(Ix" +VP) < C(Ix — (1 =&ow™ + w”). (D.2.62)

To prove (D.2.62) we notice that is suffices to show that [x — (1 + Hwe™ + w? < C(|x|" + wP) <
C(lx = (1 = owt|"™ + wP) since w € [3,v]. Since x — (1 — )w? < 0 in this case, it holds that
|x — (1 — o)w < w®. In this case, we have that |x| — (1 — ) w?t < |x — (1 — §)w?¢| < w®. This implies
that |x| < 2w®. Notice that since x > 0 and x — (1 — 9)w®¢t < 0, it immediately follows that 0 < x < w?.
However, we do a more general proof as a similar estimate will be needed in order to prove (D.2.57)
or when x — (1 + §)w? > 0 later on.

Since (Jx| + (1 + O)w*H)™ < Cp,,(|x|™ + "wP) and ¢ is sufficiently small, we obtain

lx = (1 + )W ™ + wP < (Ix] + (1 + W)™ + wP < Cp(Ix]™ + "wP) + WP

< C>x™ + wh). (D.2.63)

Additionally, since |x| < 2w?, it holds that

4 4
e = (1 = W™ + wP > wP = W? + W? > — (" + wP). (D.2.64)

al~
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Case 1. b) From (D.2.19) and (D.2.27), it follows that X(x, v, ) < 0 and |X(x, w, )] < Cw®t. Since

o o ¥
in this case v* > T2

of 6, L, and R, such that

from (D.2.62) we know that there exists a constant C > 0, which is independent

1
— < H(x,v0).
CO+ r omy = HL&v D

Thus, in order for (D.2.58) to hold in this case, we need to prove that there exists a constant C > 0,
which is independent of 9, L, and R, such that Hy(x,w,?) <
due to (D.2.45), it suffices to prove that

m, forw € [%, v]. More precisely,

1
1+ X, w, D)™ + V(,w, 1) > E(l + |x™ + vP). (D.2.65)

Since ¢ < 1, we have that x < (1 + 28)w®t < 2w in this case. Due to (D.2.18), it holds that

Cwr Cw
=+ =5 = C" + ).

X(x,w, )™ + V(x,w,Hf > V(x,w, )’ > Cw? =

Case 1. ¢) From (D.2.19), it follows that X(x,v,) < 0 and X(x,w,?) > 0. Since in this case

L= (l—éé)t’
1

that crsppmm <

precisely, due to (D.2.26) and (D.2.45), it suffices to prove as before that 1 +|X(x, w, )" + V(x, w, )P >

from (D.2.62) we know that there exists a constant C > 0, independent of ¢, L, and R, such

Hi(x,v,t) and we need to prove that Hp(x,w,t) < W

—5» for w € [%,v]. More

C(1 + |x|™ + vP). Actually, we prove here a more general estimate that will be used in Case 2., namely
lx — (1 = wr™ + wP < C(Ix™ +vP) < C(Ix = (1 +omw™ + w”) (D.2.66)
In order to prove (D.2.66), we distinguish between two cases:

1) |x — (1 + o)w®| = w?. In this case, we have that w* < |x — (1 + H)w?¢| < |x| + (1 + o)w?¢, which

implies that %w“ < |x]. Thus |[x| = (1 + O)wt > |x] — WTQ > % > 0 and (|x| — (1 + O)w*)™ > l;#
Since |x| — (1 + 0)w®t > 0 and remembering that m is even, we also have that [x — (1 + H)w*¢|" >
(Ixl— (A +6)w*t)™ and thus |x — (1 + O)w¢|™ > 27"|x|™. Additionally , since ¢ is sufficiently small

and %w‘l < |x|, it holds that |x — (1 — o)w?t| < |x| + w¥ < 2|x].

ii) |x — (1 + o)wt| < w®. This case can be treated as in the proof of (D.2.62).

Case 2. From (D.2.19), it follows that X(x,v,f) > 0 and X(x,w,t) > 0. Thus, from (D.2.26) and
(D.2.66), the conclusion follows.

Proof of (D.2.59): Notice that due to (D.2.49) and since v € (Vinax(X, 1), 2Vmax (X, 1)), we have that
x— (1 +26w% > 0 if we choose ¢ to be sufficiently small. Moreover, since 6 < % t can be chosen

independently of 6. Since v > vpax (%, 7), it holds by (D.2.66) that < Hy(x,v,t). Thus, since

1
C(1+|x|m+vP)
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Vv € (Vmax(X, 1), 2vmax(x, 1)), we further have that m < Hi(x,v,t). From (D.2.45) and

(D.2.26), it suffices to prove that there exists a constant C > 1, independent of 9, L, and R, such that
" im0 < €1 = (1 O v A" + i (5,17,

The inequality holds since due to (D.2.49) we can choose ¢ sufficiently small such that |x — (1 +
0)Vmax (X, 1] = x — (1 + 0)vmax(x, )71 > )jc
Proof of (D.2.60): Due to (D.2.45) and since v — V" € (3, V) it holds on one side that

C < C
I+(v—=v)P = 1+vP’

Hi(x,v—=v,1) <

for some C > 0, independent of ¢, L, and R. On the other side, similarly with (D.2.27) and from
(D.2.45), we have that

C S C
1+vepm yp — 1 4yP’

Hi(x,v,1) >

for some C > 0, independent of ¢, L, and R. Combining the two inequalities, we can conclude that
(D.2.60) holds.

Proof of (D.2.56):

Case 1. @) We will prove that in this case it holds that

1 Vp_l vp_l

Em < —-0,Hip(x,w, 1) < Cm, (D.2.67)

for some C > 0, independent of ¢,L, and R, and for all w € [%,v]. We remember we are in
the case when x — (1 + Ow* < x — (1 — o)w* < O and thus due to (D.2.19) it holds that
X2 (x, w, )X (x, w, DX (x, w, (x, w, 1) = X" 10, X(x,w,1). Due to (D.2.18)-(D.2.21) we thus

have in this region that

1 1
—E(x — (1 =W w4+ 5(1 — WP < IXI"2 X0, X (x, w, 1) + VP79,V (x, w, 1)

< —C(x =1 +owr ™ 'wlr+ (1 + owr.
Moreover, from (D.2.62), we have that
lx — (1 +)w™ + wP < C(Ix" +VP) < C(Ix — (1 =6w" + w"). (D.2.68)
In order to prove (D.2.67), due to (D.2.46), it then suffices to show in this case that

Ix— (1 +ow™ Wl 4wl <! < C(Ix — (1 =" w1 ¢ wp_l), (D.2.69)
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forallw € [%, v]. We thus prove (D.2.69). We have
Wl = (L Ot =t (= (L S D), (D.2.70)
Since w € [%, v], it suffices to prove
T = x = (1 + 8wt + wm=D < cpetn=b (D.2.71)
and
Ix — (1 = &)W 1 4+ =D > éw‘“’"—l).

We are in the case v > Cpvmax(x, 1), for some sufficiently large C; > 0 and x > 0. We know that
1 . 1 .
Vmax (X, )Y > K#xtm, for K4 as in (D.2.49), and thus w® > %xtﬁ > O since w > 3.
X . 1
We have that |x — (1 — &)W 't + w*=D > 2= On the other hand, since 0 < xtm-1 < Cw?

and ¢ < 1, it follows that
j(x’ w, l) < Cm(lxlm_lt + W(t(m—l)l.m) + W(l(m—l) < Cwa(m_l),

Remark D.2.8. Since v* > —X—, we know from (D.2.67) that 1w —0,H(x,v,t). Thus, for

= (=20 C (1+|xm+vPy> =
-1 D
Case 1. b) and Case 1. ¢) we need to prove that —0,Hp(x, w,t) < W, for some C > 0, which is

independent of ¢, L, and R.

Case 1. b) As mentioned above, we need to prove that —0,Hy(x, w, ) < (HCV’H when w? €

|X|m+vp )2

[m, (1_—’“26)[], w € [5,v]. More precisely, due to (D.2.46), it suffices to prove that
1+ X0,w, D" + V(x,w, 0)P = C( + |x|" + V)
and that

X, w, )"0, X(x, w, 1) + V(x, w, P10, V(x, w, 1) < CvP7!,

for all w € [5,v] such that w* € [ 555 55 )
We know from (D.2.65) that the first inequality holds and thus we focus on proving the second
inequality. Due to (D.2.18) and (D.2.23), it follows that

X, w, )"0, X, w, 1) + V(x, w, )P0, V(x, w, 1) < X(x, w, )" 10, X(x, w, 1) + CwP™!,

where C > 0 is independent of 9, L, and R. We now analyze the term X(x, w, t)’"‘l(')vX(x, w, t). From
(D.2.27) and (D.2.20), it holds that

X(x, w, )"0, X(x, w, 1) < |X(x, w, D" 10, X (x, w, )] < Cw@ = Dye=lpn < cyp=t)
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for some C > 0, which is independent of 6, L, and R, and we can conclude by using that w € [, v].

Case 1. ¢) As before, by Remark D.2.8, we only need to prove that 1 + |[X(x, w, )" + V(x,w, )P >
C(1 +|x™+vP) and that X(x, w, £)" 10, X (x, w, ) + V(x, w, )’ 13,V (x, w, 1) < Cv'~! when w® < T
w e [5,v].

By (D.2.19) and (D.2.20) it holds that X(x, w, ) > 0 and 9,X(x, w, t) < 0 in this region. Moreover,
due to (D.2.18) and (D.2.21), it follows that

X6, w, "0, X (x, wy ) + V0, w, P19,V (x, w, 1) < V(x, w, )P 710, V(x, w, 1) < CwP™L
The fact that 1 + [X(x, w, )" + V(x, w, )’ > C(1 + |x[™ + vP) in this region follows from (D.2.66).

Case 2. We will prove that (D.2.67) holds in this case too. Due to (D.2.19), we have that X(x, v, ?),
X(x,w,t) > 0 in this region. Thus, from (D.2.26), it holds that |x — (1 + H)w®t| < [X(x,w,1)| <
[x—(1-86)w®t]. We know from (D.2.66) that |x—(1-8)w*t|"+w? < C(|x|"+v") < C(Ix—(1+6)w“t|m+w1’),
for some constant C > 0, which is independent of ¢, L, and R. Moreover, since X(x,w,#) > 0 and
0y X(x,w,1) <0, we have that X(x, w, 1)0,,X(x, w, 1) = —|X(x, w, 1)|0,,X(x, w, t)|. Thus, due to (D.2.46),

it suffices to show in this case that there exists C > 0, independent of 6, L, and R such that
—lx = (1L + 8w et wP Tl <oVl < C( —|x = (1 = &)W w4 WPl ) (D.2.72)

forall w € [3,Vv].

We remember we are in the case when x— (1 +8)w®t > 0. It is clear that —|x— (1 + 8w lw* 1+
wP~! < CvP~!. For the other inequality, due to (D.2.70) it suffices to prove the statement for —|x — (1 —
W™t + wr™=D_ Since x — (1 — §)w? > 0 and using that a"~' + ™! < (a + b)""!, for a,b > 0,
we have that X1 = ((1 = H)w)™ ' > (x — (1 — §)w*ty""!. Thus, it holds that

—|x = (1 = W™+ WD > |yl 4 (1 = sy lwetn=Dym 4 yetm=h, (D.2.73)
. . . 1 @ a .
Since w > 3 > Sy ax(x, 1) in this case we have that xtmT < ZK’C’+$"W, for a sufficiently large constant
1

C; > 0. (D.2.73) thus becomes

wa(m—l)

- -1 -1
2P QKnnJax Wa(m ) + Wa(m—l) >

v _ a gm—1 a(m—1) _
[x—=(1=ow" t+w > Cf_a >

for C; sufficiently large, thus concluding our proof.

Proof of (D.2.57): In order to prove (D.2.57), it is useful to notice that if x < 0, then (D.2.24)
holds. We will prove that there exists C > 0, which is independent of ¢, L, and R, such that

1 v xm=te 4 yp1 Ve =1y 4 ypl
1y < —0,H,(xw,1) < C :
C (14 |x]"+vP)? (1 + |x™ + vP)?

(D.2.74)

241



APPENDIX D. ON AN INHOMOGENEOUS COAGULATION MODEL WITH A DIFFERENTIAL
SEDIMENTATION KERNEL

forallw € [%, v]. Using similar computations as the ones for (D.2.66), we can prove that
(xl + A +OWrD)™ + wP < C(Ix™ +P) < C((le + (1 =-5w*)™ + wp). (D.2.75)

Since X(x,w, t) < 0 and 9,,X(x, w, 1) < 0 we have that X(x, w, £)0,,X(x,w, ) = | X(x,w, 1)| |0, X(x, w, t)|.
Due to (D.2.24) and (D.2.46), what is left to prove in order for (D.2.74) to hold is that
(x] + (1 + W)™ w4 wP=t < O x4+ 027
< C((lxl T (= W w4 wl’-l), (D.2.76)
for some C > 0, independent of 6, L, and R, for all w € [%, v].
Thus, we only need to prove (D.2.76). For x < 0 and w € [3,v], we have that (|x|+(1 5w+
w1 > | xm=1¢ 4 =1 Fyrthermore, since ¢ < 1, it follows that
(Il + (1 + oWty e+ w0 < Cplx™ 't + Cpuw®™ D" 4 D

< C(ja™ 't + weim=by,

We also prove some moment bounds for the function H;, which are independent of ¢, L, and R.

Lemma D.2.9 (Moment estimates). Let T > 0 be sufficiently small, independent of 6, L, and R. Then
there exists Kz > 0, which is independent of 6 € (0, %) L, and R, such that for all t € [0, T] we have

K;5Cy

M p(x, 1) := f vHi(x,v,)dv < ————— forxeR,t>0. (D.2.77)
(0,00) 1+ [xm=d
In general, if p > max{2y + 1,2}, we have that
K;C
My (x,1) = f VUHL(x, v, dy £ ———0 forxeR,t>0, (D.2.78)
(0,00 1+ |x™
for n € [0, max{2y, 1}].
Proof. We first recall that due to (D.2.18) we have Gr(x,v, 1) < W We split the integral for

M, . as follows:

Vimax (X,1) 00
Mn,L(x’ t) = f VnHL(-x’ v, t) dV + f VnHL(-xa v, t) dV =: M}’l,l(-x’ t) + M}’l,Z(-x’ t) ’
0 v

max (X,1)
where vinax(x, ) = 0if x < 0. From (D.2.18) and since ¢ € (0, %), we have that » < V(x,v,1) < % Due
to (D.2.19) and since ¢ € (0, %), it holds that X(x,v,#) > x — (1 + §)v*t > x — 2v*t. Then, by (D.2.49),
we further deduce that

m_

X(x, Vinax (X, 1), 1) > x — 2vmax(x, D%t > x — 2Kqpextm-1 > = > 0, (D.2.79)

N =
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forall t < T if T is sufficiently small. Thus, by Definition D.2.6 and (D.2.45), we obtain that

Ul'l']élX Vmax
My (x,t) = f V'H(x,v,t)dv = f V'G (X, Vmax (X, 1), 1)dv
0 0
1
Cvies < C
n+l ?

[ R B L A I N T

for some constant C > 0 which is independent of ¢, L, and R.

To estimate M, » we note that for all x € R we have that

M,2(x,1) < C dv<C
n2(x, 1) fo T

since p —n > 1 by assumption.

To obtain a decay for large |x| we consider first x > 1 and use (D.2.25)-(D.2.26) to obtain

1
M c () vn d ” Pq
n2(x, 1) < "Pdv).
251 (fo [+ (o= (L+ 0y + P v+f(x)év ')

(1+26)t

Then, since § < %, we have that

00 )1+1 Wl—M _n+l
l VP dy < 1 ((1 + 2(5)l) < 2 (z)m T
()" p—n—1 X p—n—1%\x

For the other term, by using the change of variables v = (%‘)if, we find

((1+2o)z)7 Yt X, 1 ( ) fn
dv < (—)~
fo e arom w5 f«),m)1+xm|1—<1+5)§“|m+<%>5fpdf

1 1 (F)rer
< —_— .
xm a ta (0,00) |1 - (1 + 6)§a|m + ( )mfpdf

Since t < 1 and m > 1 is even we have that the following holds
3|1 = (1 + 6), “|’”+l P> 14 Lgp (D.2.80)
4 )2 1k e, 2.

for{;‘ > 0. Indeed, if [1 — (1 + 6)§”| 2 , then (D.2. 80) follows. Otherwise, if |1 — (1 + §)&%| S , then
5 < (1+6)§&* < E and since § < 5 it holds that &% > 3. Thus, if we use in addition that r < 1, we have
that

1
1=(1+8EY™ + p>_p _p _p
1= (1 +06)¢] 6 s+ g’ 2 gt * gt
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and thus (D.2.80) holds. It then follows that

X PN C XYagn
11f (,)fl d < ”f ([)16 *
X" ata JO0) [1 = EX™ + (7)MEP X" ata Joeo) 1+ (7)"EP

C i C
S n+l f 77 dn S n+l ?
= Joe) L+1P P

for some constant C > 0 which is independent of § € (0, %), L, and R.

In the case x < 0 we can use (D.2.24) to obtain the estimate similarly as above without the need
to split the integral. Estimate (D.2.77) follows from (D.2.78) by choosing n = 1 and the fact that d in
(D.2.15) satisfies d > % O

Remark D.2.10. Let T > 0 be sufficiently small. With similar computations as the ones used in Lemma

D.2.9, we can prove that

n K
f M SR (D.2.81)
(

000) LA™+ VP e
for all x e R, ¢ € [0, T], and for n € [0, max{2y, 1}].
We now define the function for which we will prove is a supersolution for the problem (D.2.8).
Definition D.2.11. Let 6 € (0, ‘—11] and L = 4K, K>K5Cy, where C is as in (D.2.45), K; is as in (D.1.8),

K> is as in Lemma D.2.7, and K3 is as in Lemma D.2.9. Denote by H(x, v, ) := Hp(x,v,t), where Hp

is as in Definition D.2.6. Moreover, let B; to be

a+1—
Y

Y
B; 1= M (D.2.82)
for some A > 0. Then we define the function G via
G(x,v,t) = B;H(x,v,1). (D.2.83)

As mentioned before, with this construction G is decreasing in v for fixed x outside possibly a
critical region where x € [(1 — 26)v*t, (1 + 26)v*¢]. In the following we will have to deal with this
region separately.

Our key result is the following.

Proposition D.2.12. Let T > 0 be sufficiently small and § € (0, %] There exists a sufficiently large
A > 0, which depends only on Cy and the parameters m,y, a such that if f, < G, where the sequence
{fulnew was defined in (D.2.8), then f,+1 < G, foralln €e Nand all t € [0, T].

Remark D.2.13. Since the constants will play an important role in our proof, it is worthwhile to mention

for clarity which are the constants that the parameters in Proposition D.2.12 depend on. Let Cy be as
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in (D.2.45), K| as in (D.1.8), K> as in Lemma D.2.7, and K3 be as in Lemma D.2.9. Notice that these
constants do not depend on ¢, L or R from Proposition D.2.2. In order to prove that G is a supersolution,
we take L = 4K, K, K3Cy. We then take A to be sufficiently large depending on Cy, K1, K>, and K3. We
then take T to be such that max{T, Tﬁtlfy} < h;(j), which implies that B, < 2, for all t € [0, T], where

B; was defined in (D.2.82).

Before we begin with the proof of Proposition D.2.12, it is worthwhile to notice that we have some

moment bounds for the function G in Definition D.2.11 as a direct consequence of Lemma D.2.9.

Lemma D.2.14. Let T > 0 be sufficiently small with K3 as in Lemma D.2.9. Then for all t € [0, T] we

have

K3CoB;

T+ pd for x € R, (D.2.84)

Mi(x,t) := f vG(x, v, Hdv <
(0,00)

where B; was defined in (D.2.82). In general, if p > max{2y + 1,2}, we have that

K3CoB
My (x, 1) = f VIG(x, v, dy < ——_ forxeR,1>0, (D.2.85)
(0,00) 1+ x|«

for n € [0, max{2y, 1}].

We now focus on proving Proposition D.2.12.

Proof of Proposition D.2.12. We now prove that G is a supersolution of the problem (D.2.8), that is

we show

v

0,G(x,v, 1) +v*0,G(x,v,1) — f i K=V V)G, v =V, 0)fu(x, vV, Hdv
0

+ f KW, V)G(x, v, 1) fu(x, V', 0)dv > 0. (D.2.86)
0

We prove (D.2.86) by showing first that

LvY
0:G(x,v, 1) +v¥0,G(x,v,1) + T‘]dé‘R(V)GVG(x, v,1) >0, (D.2.87)
x|

for any L > 0 and where d was defined in (D.2.15), and then that
%
0,G(x,v, 1) +v*0,G(x,v,1) — f K=V V)Gx,v =V, 0 fu(x,V,DHdV
0
+ f KW, vV)YG(x,v, 1) f(x,V, DHdV’
0
LvY

> 0,G(x,v,1) +v¥0,G(x, v, 1) + WfR(v)ﬁvG(x, v, 1), (D.2.88)
x|
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for L > 0 as in Definition D.2.11.

We now prove (D.2.87).
Assume x ¢ [(1-=28)v*t, (1+26)v?t] and 0,G, < 0 or x € [(1=28)v*t, (1 +26)v?t]. Then G = B;G,

and thus, using (D.2.16), it holds with ¢, := 22— that

a

LvY

0,G(x,v,t) +v*0,G(x,v, 1) + ————
1+ |x|m—d

fR(V)avG(X, v, t)

Vy

- Bt(atGLoc, Vo) + V0 0GL(x v, 1) + ER(B,G1(x, v, t))

1 + |xjm=d
a+l—
(2

+ A1+ cot @ HB,GL = 2eMGr(x,v,0) = 0.

a+1—
Notice that we did not use the contribution of the term ¢ @ in the computations. This term will be

needed later in the proof.

Assume now x ¢ [(1 — 26v¥t, (1 + 26)v*] and 0,G; > O such that we have G(x,v,f) =
BIGL(-xa Vmax(x, t)? t) Then

L Y
BiG(x, v, 1) + V0,G(x, v, 1) + ———£r (I, G(x, v, 1)
1+ |xjm—d

- Bt(azGax, Vinax (6, 10, 1) + V79, G (X, Vi (3, 1, r)) (D.2.89)

+ A(1 + CQI%H_I)BtGL(x, Vimax (X, 1), 1)

> Bt(atGL(x, Vimax (X, 1), ) + V¥ 0,G (X, Vimax (X, 1), t))- (D.2.90)

By the choice of vy (x, ) we have that v < viyac (%, 7) in the region where 9,G(x, v,t) > 0. Moreover,
from Proposition D.2.5, we know that 0,G (X, Vvimax (X, ), ) < 0. Thus, from (D.2.89) and (D.2.16), we
further obtain that

vy
1+ |x|m—d

> B,((?,GL(x, Vmax (X, 1), 1) + Vi 0xG L(X, Vinax (X, 1), t)) =0

0;,G(x,v,t) +v¥0,G(x,v,1) + ER(W)O,G(x, v, 1)

and (D.2.87) follows.

We are thus left to prove that (D.2.88) holds. We analyze the cases when x € [(1-26)v*t, (1+26)v*¢]
and x ¢ [(1 — 20v“t, (1 + 20)v*t] separately.
Proof of (D.2.88) for x ¢ [(1 — 26)v*t, (1 + 26)v“*t].
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We have that

% )
- f K=V V)Gx,v =V, ) fu(x,V, DdV + f KW, V)G(x,v, ) fu(x,V', HdV
0 0

> — fz KW, V)IG(x,v =V, 1) = G(x,v, )] fu(x,V', )dV
0

+ fz [K(v,V') = K(v =V V)IG(x,v =V, 1) fu(x,V, H)dV'. (D.2.91)
0

Since G, f, 2 0 and K(v —V',v") < K(v,v’) when V' € [0, 5) by (D.1.9), it holds that

fz [K(v,V') = K(v =V V)G, v =V, 1) fu(x, V', 0)dv" > 0. (D.2.92)
0

We know that K(v,v") < Kj(v' +v"7), where K is as in (D.1.8). Thus, when v' < 3, it holds that

K(v,v) < 2K;v?’. Without loss of generality we assume in the following that K(v,v") < v when
v < 2. This is in order to simplify the notation but we allow L in Definition D.2.11 to depend on K.
Additionally, by (D.2.83), it holds that ,G < 0 and thus G(x,v — V', 1) — G(x,v,t) > 0, for v € (0, %).
Since f, < G and with (D.2.92) we deduce that

v

- f T VGG v =V ) = G(x, v, D1 fa(x Vs )Y
0

%
> —V"f (G(x,v =V, 1) = G(x,v,0)G(x,V,0)dV’.
0
We use the following notation

Iy =V fz (Gx,v=V',1) = G(x,v,))G(x,V,)dV = EgWI + (1 — Er(W),
0

with &g as in (D.2.13). Assume that H, as in Definition D.2.11, satisfies

v

ROV fz (H(x,v =V, 1) — H(x,v,1))G(x,V',ndV < — L—vyfR(v)avH(x, v, 1)
0 1+ e
+ CB:H(x,v,1) (D.2.93)
and
(1 = &)Y f2 (H(x,v—V',t)— H(x,v,0))G(x,V,0)dV' < CB;H(x,v,1), (D.2.94)
0
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for L = 4K K>, K5Cy as in Definition D.2.11. Then
2
0,G +v%0,G =Y f (G(x,v =V, 1) = G(x,v,))G(x,V', )dV'
0

2 atl-y

> Bz(azH +v¥0,.H — vyf (H(x,v — Vv, 1) — H(x, v, 0)G(x, v',t)dv’) T g
0

Y

L
———— &3, H(x, v, 1))

> B(0,H + V"9, H + = |:|

L
+ B/(=2CB, + )H > 8,G +199,G + ——— &x(")d,G
1 + |x|m—d

a+

if A > 2CB,, which holds true if A = 4C and if max{r, " } < "2 This proves (D.2.88).

Proof of (D.2.94):. We have the following cases

Case 1.a) x > 0 and v < vpax(x, )2 In this case H(x,v —V',1) = H(x,v,1), forv' € (0, %]. Thus,
(D.2.94) holds.

Case 1. b) x > 0 and vipax(x, 1) < v < 2vpax(x, 1): The proof of this case is the same as for Case 1.

b) when proving that (D.2.93) holds. We thus postpone its proof.

Case 2. Either {x > 0 and 2vpax(x, 1) < v} or {x < 0}: Since v < 2R and y > 0, it follows, using
(D.2.58) and Lemma D.2.14, that

(1 - &O)Le ™ < 2R)Y fz (H(x,v =V, 1) = H(x,v,))G(x,V',HdV’
0
< (2R) fz H(x,v =V, 0HG(x,V, Hdv
0

;

< K,(2R)’H(x,v, t)f G(x,V,ndv
0

< CoK>K3(2R)YB.H(x,v,1)

Lt < CBH(x,v,1). (D.2.95)
+ x|

Remark D.2.15. Notice that the constant C in (D.2.95) depends on R from Proposition D.2.2, on the
constant K, from (D.2.58), and on the constant K3 from Lemma D.2.14. However, since L is fixed in
Definition D.2.11, R depends only on K1, K3, K3 and Cy.

Proof of (D.2.93): We have the following cases

Case 1. a): x > 0 and v < vpax(x,1): Notice that in this case H(x,v —V',1) = H(x,v,1), for
v/ € (0,2], and 0,H(x,v,t) = 0. Thus, (D.2.93) holds.
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Case 1. b): x > 0 and viax(x, 1) < v < 2vpax(x, 1): We divide the integral on the left hand side of
(D.2.93) into the region v € (0,v — viax) and V' € (v — Vimax, ), respectively. For v/ € (v — Viax, 5),
using 5 < Vmax(x,?) and Lemma D.2.14 with n = 0, we obtain that

v

v Vmax
f (H(x,v =V, 1) — H(x,v,))G(x,V',)dv" < H(x, vinax (%, 1), 1) f G(x, v, Hdv
V—Vmax (X,1) 0

< COK:;B;H(X, vmax(X, t)! t)

1
1+ x| @

(D.2.96)

We have 0 < v* < 2v8 . (x, 1) < 2Kmaxxtﬁ, with K, as in (D.2.49).

Moreover, using (D.2.59) it follows that

v

5 2YCoKyK3BH(x, v, t 1)
vyf (H(x,v=V',1) = H(x,v,))G(x,V',)dV" < 0K> K3 B H(x vl VVinax (X, ) )
V=Vmax (%,£) 1+ x"

Since Vimax(x, 1) < 2K, xxtﬁ, with K, as in (D.2.49), we further obtain that

y v
H(x,v, Hvimax(x, 1) < CH(x, v, t)xatem=1
1 - 1
1+ X" 1+ X" 2

Y
< Ct71 H(x, v, 1),

. +1
since m > 77 Thus
v

24 f (H(x,v =V, 1) — H(x,v,))G(x,V,)dV" < CB,M'NY*I)H(X, v, 1). (D.2.97)
V=Vmax (X,

We now estimate the integral

V—Vmax (X,1)
J = f (H(x,v—V',t) = H(x,v,1)G(x,V,))dV. (D.2.98)
0

As before, using (D.2.58) and Lemma D.2.14, we find

V=Vmax (%,1) V—Vmax (X,1)
J Sf H(x,v—V',HG(x,V', H)dv' Sf K>H(x,v,HG(x,V', H)dv’
0 0

< CoK>K3BH(x,v,1)

1
1+ X"«
and this implies, since v < 2vpx(x, 1), that

Y max(0) ’ ’ Vinax (X, 1)7
124 (H(x,v=V',1) = H(x,v,1))G(x,V',t)dv < CBH(x, v, 1) ————
0 1+x"
y v
x}ta(m—l)
<CBH(x,v,t)——. (D.2.99)
1+x" e

Since m > %1 it follows that (ID.2.93) holds in this case.
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Remark D.2.16. Notice that the constant C in (D.2.97) and (D.2.99) depends only on the constant K,
from (D.2.58) and on the constants Cy, K3 from Lemma D.2.14.

Case 1. ¢): x > 0 and 2vpx(x,7) < v or x < 0: Notice that the computations used in Case 1. b)
hold for any v < Civpax(x, t), for some fixed constant C; > 0. We can thus assume without loss of
generality in this case that v > Cjvp.x(x, f) and that v > R because of the presence of £€g(v) in (D.2.93).

We have that v =V’ € (5,v), forv' € (0, 5). It holds

"

3 3 v
f (H(x,v=V',t) = H(x,v,))G(x,V,)dV' = — f G(x,V',0) f 0, H(x, v, H)dvdy'.
0 0 v=y’

We can then use (D.2.57), (D.2.56) and Lemma D.2.14 with n = 1 in order to deduce that

5 Vv
—V'ER(Y) f G(x,V',1) f d,H(x, v, )dvdy’
0 v—y’

CoKr K3 BV ER(v)O,H (X, v, 1)
1 + |x|m—d

< =Ky ER(W)O,H(x, v, 1) fz VG, V', ) < —
0

< _ Lvng(v)aVH(xa V, t)
1+ [xm—d

, (D.2.100)

where in the last inequality we used the definition of L in Definition D.2.11 and that B; < 2 by Remark
D.2.13. Thus (D.2.93) holds in this case.

Proof of (D.2.88) for x € [(1 — 26)v*t, (1 + 20)v*¢] or, alternatively, v*t € [ 1355, 1255
We will assume that v > 1 and y > 1, since the other cases are similar but easier to treat.

In order to prove (D.2.88) we will first show that

3 atle
f KW V) fu(x, vV, OIH(x,v =V, 1) — H(x, v, )|dv' < CL(1 + t%_l)H(x, v, 1) (D.2.101)
0

and then that

———0,H(x,v,1)| < CLt%H_lH(x, v, 1), (D.2.102)
1+ |x|m—d
for H and L as in Definition D.2.11. If (D.2.101) and (D.2.102) hold, then (D.2.88) holds. Indeed,

arguing as in (D.2.91), (D.2.92) and using f,, < G, we find

() 1= 8,G +18,G — fz K@=V V)Gt v =, D) falx Vs 1) dV
0

+ f KW, V)G(x, v, 0) fu(x,V', 1) dV
0
>B((9H+v“6 Ho—2 o Hxy z))
= Prn\vr X 1+ |x|m_d R v s Vs
Ly
"1+ |xpnd

a+l—
+ Acgt @ "\ + 1B,H.

3
|0,H(x,v,1)| — B f |[H(x,v =V, 1) — H(x,v,D)|fu(x,V, )dV
0
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Using now (D.2.101) and (D.2.102), we can conclude that

LvY
(%) > B,(G,H +v¥0,.H + %fR(v)BVH(x, v, t))
x|

1+]
atloy 4 atly 4
+B]—-CL-2LCt « + Alcgt™ @ + 1)|H

LvY
> 0,G + VaaxG + WfR(V)avG(X, v, 1)

if A is sufficiently large.

Remark D.2.17. It is worthwhile to mention that L depends only on K from (D.1.8), K, from Lemma
D.2.7, and K3 from Lemma D.2.14, see Definition D.2.11.

We now prove that (D.2.101) holds. Let n € (0, 1) be fixed and sufficiently small. We want to

bound the following terms.

%
f KW, V) fu(x, VDI H(x, v =V, 1) — H(x, v, 1)|dV'
v ”
+ f KW, V) fu(x, VOl H(x, v =V, 1) — H(x, v, )ldV' =: J| + J>.
0

We analyze each term separately. We notice that, since 6 < 1 and ¢ is sufficiently small, we have that
1 . . . . . .
vy > ﬁ > 2Kpgxxtm-1 > 2V - in this region, where K, is as in (D.2.49). Thus we can assume in

all the following that

V> 20 and V' > vy, for all v € [g ] (D.2.103)

Moreover, by (D.2.45), it holds that G(x, v, ) = —<B__ < CoBt o 22CoBi {y4ino (D.2.60) and the fact

1+ X|"+VP — 14VP — 14vP
that B, <2, fort < T, we have

3 I
Ji < Cf VIIH(x,v =V, 0) + H(x,v,)]G(x,V,)dv < CH(x,v, f)f . —dv’
nv w L+VP

v ,
T v,pdv < CH(x,v,t).

< coptcevn [
0
For the second term, it holds that
v
Jr < CV f [H(x,v—V,t)— H(x,v,0)|G(x,V', Hdv' .
0

We remember we are in the region where v*t € [—= %] and thus v'* < p*v* < ﬁ. Due to

1+25° 1-26
(D.2.19), it follows that

(A+6m"x  1-26-(1+6n"

X ’ > _1 ’ra > —
xV,)=>2x—-((+W%>x Y Y X,
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for all v/ € [0, pv]. Since § < % it follows that we can choose 7 to be sufficiently small, but independent
of 8, such that 1 — 25 — (1 + &)n* > % and thus

XV, 0 = (1= 26— (1 4+ 6))x > 2,

for all v' € [0,nv]. Thus, since vt € [1355, 75551 and 6 < }L, we have that X(x,V', 1) > %’ It follows
that
1% vV
v J|osH(x, v, 1)|dvdy v C|0sH(x, ¥, 1)|dvdy
1 < CBY [ 10sH(x, 9, )| <o [ 10sH(x, 9, 1)
0 1+ (va)y™ +v'p 0 1+ (va)y™ +y'p

since B; < 2. Let now ¥ € [v—V/,v], with v € [0, pv]. We have that

Im| X" 2X0:X + VP~19;V| Im| X" 2X0:X + VP15V

O5H(x,9,1)| < C 0,0 < C
105H (x, v, 1] < Co A+ X"+ VP)? (x, 9,1 < Co 1+ V)

(x,9,0).

Assume V'~ !t > 1 and remember we are in the case wheny > 1 and v > 1. Since v/ < nv it holds
that 3 < ¥ < v for ¥ € [v —v',v]. In addition, by (D.2.103), we have that ¥ > vpax. If ¥ > 1755, then
from (D.2.22), we have that

Im|X"2X0:X + VP19,V < CL(IX(x, R K v e vl’”—zz). (D.2.104)

Otherwise, if ¥ < 1555, then (D.2.104) still holds since wlt> 1.

Moreover, since 3 < ¥ < v for ¥ € [v —V/,v], it holds that [X(x, ¥,7)| < Cv*t < Cv* and thus

IX(x, 7, )" 19271t < CvP~1t < CvP*Y 2t since y > 1. Thus

CLv=%¢
105 H (x, 9, 1)] < ——— (D.2.105)
(1 +vP)?
and thus it holds that
v v ! v,
J < cLo-h ! f var
(L+vP)2 Jo 14 @) +v'P
By making the change of variables v = (1 +v* t"’)%f, we further obtain that
5 <oV d T A eppon Y G
(L+V)2 (1 4 yppmyi=5 Jo 1 +&7 (L) (1 4 yppm)=5
Remembering the definition of H and since we have, due to (D.2.18), that
Co C
H(x,v,1) = > D.2.106
) = T X o+ Vv P = T4 ( )
we deduce that
CLyv2*v=Dy
h<—2 " " Hxv.0). (D.2.107)
(1+vpem)' ™
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2y-1)
We now analyze the term ———L—_ It holds that
(1+vPpmy'™p
20y-1) 2(y-1
V2= B (V1) (ya = (ya . 1= 20-D 1

<t <rw. (D.2.108)

(L+vm)=5 (1 + erym)' 7

y-1

It holds that —77_1 > —1 since y < a + 1 and thus we have that e T < C. Then, (D.2.101) follows
from (D.2.107).
If vt < 1, we use (D.2.22) and then (D.2.105) becomes

CLyP-!

0;H(x,9,1)| £ ———.
|05H (x, , 1) A1)

(D.2.109)

We can conclude using the same computations as above and by noticing that —(ya;l) > —1.

Finally, we need to prove that (D.2.102) holds in the case when x € [(1 — 20)v*¢, (1 + 25)v“*t].
Assume first that v’~!7 > 1. We have that

Cv?’0,H(x,v,1)|

OH(x,v,1)| <
.HO v 0l < =T

1 + |xm=d
Making use of (D.2.105) and (D.2.106), we further obtain as before that

P t
1+vP 1+ (varym—-d

vy

W'avH(X, v, 1) < CLyX=D
X

H(x,v,1)

and we can then use similar arguments as in (D.2.108). The case when v'~'t < 1 can be proven

similarly using (D.2.109) instead of (D.2.105). This concludes our proof. O

D.2.4 Proof of Theorem D.1.4

In this subsection, we finish the proof of Theorem D.1.4 by establishing that there exists a limit
for the sequence {f;} ex defined in (D.2.8) and then passing to the limit in the equation. Our proof has
analogies with the methods used to solve symmetric hyperbolic systems, see for example [Maj12].

We first prove some bounds that are independent of ¢ for the function G defined in Definition
D.2.11.

Lemma D.2.18. Let T > 0 be sufficiently small. Then it holds that

2"mCy B, - 2mHlC,

G(x,v, 1) < < ; D.2.110
v < e S Tr g+ ( )

, 2m+1K2C0 , v
Gx,v—=v,1 < m for allVv' € (0, E), (D.2.111)

forallv>0,xeR, andallt € [0,T], where B, was defined in (D.2.82), K; is as in Lemma D.2.7, and
Coisasin(D.2.45).
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Proof. To prove (D.2.110) we notice first that it holds that B; < 2 if we take # < 1 to be sufficiently
small, where B, was defined in (D.2.82).

We first consider the case x > 0 and v < vax, Where viax(x, ) was defined in (D.2.48).

From Definition D.2.11 and the fact that if v < vy.x(x,?) then we are in the region where ¢ <

m, we can use the bound in (D.2.26) to deduce that

G(x,v, 1) < o
T 1+ [x = (1 + &) vmax(x, D™ + (1 = 6)Pvimax(x, t)p’

(D.2.112)

when v < vinax(x, 1), where C is as in (D.2.45).

By (D.2.49), we have that ﬁxtﬁ < Vmax(X, 1) < Kmaxxtﬁ and thus x > x — (1 + 0)viax(x, )%t >
5 > 0 when x > 0 if 7 is sufficiently small. Thus, using in addition that v < vy, and that 6 < % it holds
that (1 — 6)Pvh,, > & Thus,

nc,

G(x,v,1) = G(x, Vmax(x, 1), 1) < m-

(D.2.113)
We now treat the case when ¢ € [W’ m]. From (D.2.45) and then using the fact that
x < 2v*t < v*, it follows that

2PCy - PLARTON
L+vP = 1+ xm+vp’

G(x,v,t) <

Ifvet < 135 5, from (D.2.26) it holds that

Co
G(x,v,1) <
VD) < T T T oyt + (1= oyovp

and (D.2.110) follows from (D.2.66).

Finally, if vt > 255, from (D.2.25) it holds that

Co
1+ x—=(1=0ow%" + (1 —06)PvP

G(x,v, 1) <

and (D.2.110) follows from (D.2.62).

If x <0, from (D.2.24) we have that | X(x, v, )| > |x— (1 =0)v*¢| = |x|+ (1 —96)v*t and the conclusion
follows.

(D.2.111) follows from (D.2.110), (D.2.55), and (D.2.75). O

Using these bounds, we can now prove that there exists a limit for the sequence {f, },en that was
defined in (D.2.8).

Proposition D.2.19. Let T > 0 be sufficiently small. For every € > 0, there exists n. € N such that, for

every n,m 2 ne, it holds that || f — fullo = SUPe[0.77.xeR ve(0.00) (X v, 1) = fin(x, v, D) < €.
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Proof. Step 1: (Set-up) Let 7 > 0, x € R and v > 0. Let {f,},en be the sequence defined in (D.2.8).

For n € N, we denote by
R,(x,v, 1) := fur1(x,v,0) — fulx,v,0). (D.2.114)

Moreover, for two functions f, g, we denote by

S8l = [ KO-V gy - ndv, (D2.115)
0
Ko[f, gl := foo KW, V) f(x,v',D)g(x,v, H)dV', (D.2.116)
0
and
KIf, gl := Kyl f, gl - Kalf, gl (D.2.117)

Using this notation, it holds that

ORy (X, v, 1) + V¥R (x,v, 1) = K[ fu, fur1] = Kilfu-1, ful = Kalfu, for1] + Kol fuo1, ful
= Kilfn, for1] = Kilfn, ful + Kilfs ful = Kilfu-1, ful
= Kol fn, 1] + Kalfu, ful = Kol fn, ful + Kalfu-1. ful
= K[fs, Rn] + K[R,—1, frnl. (D.2.118)

Remark D.2.20. Notice that it suffices to analyze the term R, in order to obtain the statement of Pro-

position D.2.19. This is since we can repeat the computations in (D.2.118) to obtain

at[fm - fn] + Vaax[fm - fn] = K[fm—l,fm - fn] + K[fm—l - fn—lafn]- (D21 19)

Since the estimates we will prove do not depend on n, m € N, we can reduce the problem to analyzing

R, in order to simplify the notation.
Notice the following. From (D.2.118) and (D.2.9), we have that R,, solves the following system

atRn(xa v, t) + Vaaan(x’ v, l) = Kl [fn’Rn] + IKl [Rn—l’fn] - KZ[fn’Rn] - KZ[Rn—l’fn];
R,(x,v,0) =0.

(D.2.120)
Since the system is linear in R,,, by Duhamel’s principle, it suffices to derive estimates for

ORy(x, v, 1) + VIOLR (x,v,1) = Ki[fo, R}] — Ko[ fn, R} ], fort > s;
(D.2.121)
R)(x,v,8) = Ki[Ry-1, [ul(x, v, 5) = Ko[Ry—1, ful(x, v, 5).

We now prove suitable estimates for the inhomogeneous part in (D.2.120), which in turn will give

us suitable estimates for R,,.
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Step 2: (Induction basis) It holds
CTO” +1)

R ’ at S ’
WD = T w1+ )

(D.2.122)

for all t € [0, T], where d is as in (D.2.15).
We will prove (D.2.122) after (D.2.123) since the estimates are similar.

Step 3: (Induction step) It holds
CT'(v +1)
(1 + [x™ +vP)(1 + [xpn=d)’

Ry(x,v,1) < (D.2.123)

for all t € [0, T'], where d is as in (D.2.15).

We assume by induction that there exists a constant C > 0 such that

CTY 10 + 1)
(1 + |xl™ + vP)(1 + |xm=d)’

Ry-1(x,v, 1) < (D.2.124)

We estimate the inhomogeneous terms K;[R,-1, f,] and K3[R,_1, f,]. Assume that the following
inequality holds
C"T (v + 1)

|K1[Rn—l’fn] - KZ[Rn—l’fn]l < (1 + |x|m + vp)(l + |x|m—d)'

(D.2.125)

From (D.2.121), it follows that
C'T Y + 1)
(1 + [x™ +vP)(1 + |xpn=d)’

fort € [0, T], if T is sufficiently small. Since from (D.2.120) and (D.2.121), we have that

Ry (x,v,1) < (D.2.126)

!
R, (x, v,t)=fRf,(x, v, t)ds,
0

the conclusion (D.2.123) follows from (D.2.126).
We are thus left to prove that (D.2.125) holds. We start with K;[R,-1, f;]. Using Proposition
D.2.12, (D.2.110) and the fact that K(v,v') < K;(v* +v"7) from (D.1.8), we have that

« ’ /7 ’ CV)/ « ’ ’
Ko[Rp-1, ful = L K@, V)R, _1(x, V', 1) fu(x, v, HdV" < mﬁ Ry—1(x,v', t)dv
C

[ VRV v D.2.127
1+|x|m+vpfO v R Gy, Odv ( )

Using assumption (D.2.124) and then (D.2.81) for n = 0 and n = 2y, we further obtain that
Ty f“’ (SRS VI
1+ [xfr=d Jo 14+ x| +v'P
CnTn—l CnTn—l

(1 + =) (1 + m=757) ST

f A+ VR 1(x,V, D)dV <
0

(D.2.128)
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Plugging (D.2.128) into (D.2.127), we deduce that

C'T" (7 + 1)
KZ[Rn—lefn] < NG
(L4 ™ +vP)(1 + |x7)

Similarly, we can bound the term K;[R,_1, f,]. More precisely, since v/ € (0, 5), we make use of
Proposition D.2.12 and (D.2.111) and, as before, it holds that

v

Ki[Ru 1, fo] = fz K=V V)R (x,V, D) fu(x,v =V, )dV
0

cvr °°
<——— | Rei(xV,ndv
1+ [xf™+vP Jy

C'T (v + 1)
T x4+ vP)(A  [xd)”

This concludes the proof of (D.2.123).
Step 4: (Proof of (D.2.122)) Using the definition of f; in (D.2.10), we obtain that
OiR1(x, v, 1) + VIO R (x, v, 1) = K[ fo, R1] + K[ fo, fol.

Following the steps of the proof of (D.2.123), we obtain that

C(1 +1)
(1 + 2™ + vP)(1 + |x|m=9)

K[ fo, fol <

and the conclusion follows by Duhamel’s principle as before.

Step 5: (Conclusion) We combine Remark D.2.20 with (D.2.122) and (D.2.123) and choose the
time 7 in (D.2.123) to be sufficiently small, such that the right-hand side of (D.2.123) tends to zero as

n— oo.
O
We are now able to conclude the proof of Theorem D.1.4.
Proof of Theorem D.1.4. We first prove that if < T and T is sufficiently small, it holds that
2Cy
W) S ———— D.2.129
folw v S ( )

From (D.2.10) and (D.2.11) it follows that fo(x,v,7) < ——<— We first consider x > 0. If v*7 <

1+ x—ve| 4P *

_ L _ X
x(l %)thenx vt > %andthus

1 1 2
< o < .
Llx—vem+vP = 145 4+vp - T+x™+ 0P
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If vt > x(l - ,{,L@) then ¢ # 0 and since 7 < 1 is sufficiently small we have that v/ > 2x™ and thus

< = < < .
Thle—vatm v = 14vP 148 48 7 T4xm+ 57 L+am+ 0P

1 1 1 1 2
<

If x < 0, then, since m is even, we have (x — v¥)" = (Jx| + v¥1)™ > x™ and the conclusion follows.
Then, by (D.2.129) and (D.2.81), we obtain that

2K3C
f volx, v, Hdv < =22 (D.2.130)
(0.00) 1+ |x"a

On the other hand, by Lemma D.2.14, it follows that we can find a constant K3 > 0 such that

K3CoB
VG(x, v, )dy < —22971 (D.2.131)
(0,00) 1 + |xm—d

where d was defined in (D.2.15), B; was defined in (D.2.82), and G was defined in Definition D.2.11.
Moreover, we can choose ¢ < 1 to be sufficiently small (as in Remark D.2.13) such that B, < 2 and thus
it holds that [,  vG(x, v, Ndv < Z0C,

We use induction in order to prove that f,, < G for all n € N. By Proposition D.2.12, the induction

step holds true. For the induction basis, we need to prove that (D.2.86) holds true for n = 0. This
is done with the same estimates as in Proposition D.2.12 by using (D.2.130). Thus, if we take L in
(D.2.16) to be as in Definition D.2.11, namely L = 4K K, K3Cy, where K; is as in (D.1.8), K3 is as in
Lemma D.2.7, and K3 is as in (ID.2.131), we can conclude that

Jn(x,v,0) < G(x, v, 1), (D.2.132)

for all n € N,
From (D.2.132) and (D.2.110), it follows that there exists some C > 0 such that

fa(x,v,0) < (D.2.133)

1+ |xm + e’

forallne N, re[0,T], x € R,and v € (0, 0).

By Proposition D.2.19 we have that the exists a limit of the sequence {f;},en. It remains to show
that the limit of the sequence {f; } ey satisfies equation (D.1.11). With the bound on {f;} in (D.2.133)
and the bound on the kernel (D.1.8) it is completely standard to pass to the limit in the equation.
Mass-conservation of f, follows by testing with v in (D.2.8) and then integrating in v and x. Mass-
conservation of f then follows by passing to the limit as n — oo in jR f(o’m) Vfu(x, v, H)dvdx. We omit
the details here.
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D.3 Estimates for the second order derivative of G

We will prove in this appendix that (D.2.50) holds true.

Proposition D.3.1. Given L > 0 and 6 € (0, %) there exists a sufficiently large R > 0 such that for all
t € [0, T], with T sufficiently small, which is independent of L, 5, and R, it holds that

PGr(x,v,1) <0 (D.3.1)

1
Kmax

1 1
xtmT < VY < KpaeXtmT, (D.3.2)

where K4, is as in (D.2.49).

Proof. Let Q(x,v,t) =1+ |X|" + VP. Since G, = 5, we have that

1
Q’
8,0(x, v, 1) = mX|"2X8,X + pVP~1o,V, (D.3.3)
FO(x,v,1) = m(m — DIXI"210,X* + p(p — DVP2(3,V)> + mIX|">X0*X + pVP~'d2V, (D.3.4)

and

40P 2 216,07 — Q92
826, = 2! QQ3' - QZQ =2 VQ'Q3 29,0 (D.3.5)
It is worthwhile to notice that if v is as in (D.3.2), then x > (1 + 26)v®¢ if ¢ is sufficiently small and
thus (D.2.21) holds. We analyze first the term 218,0 in (D.3.5). Since v* < Kmaxxtﬁ, we have that
0<x—(Q+*t<X<x—(1-96v"t<xand x > 0. Using Proposition D.2.2 and (D.3.2) we deduce

that

CxX™
16,0| < C1xX" Wl 4 CpvP ! < tm-1,
v
for some constants Cy, Cp, C > 0, and thus
szm 2m
210, 0(x, v, 1)* < = (D.3.6)

V2
We then analyze the terms in (D.3.4). We have |X|”~2|8,X|*> > 0 and from Proposition D.2.2 we know
1
VP2(,V) = Evp—z, (D.3.7)
We are going to show that if 7 is sufficiently small and v as in (D.3.2) we have

P2X(x,v,0) > 0 (D.3.8)
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and that for any € > 0 and v as in (D.3.2) we have
VP32V < evP™? (D.3.9)

if R is sufficiently large and ¢ is sufficiently small. Combining then (D.3.7)-(D.3.9) with (D.3.2) and
noticing that Q > |X|" > (x — (1 + o))" > ’2‘—2 if ¢ is sufficiently small, it follows that
090 > %VP‘Z > %t’nl (D.3.10)
(D.3.5), (D.3.6) and (D.3.10) imply that we can find a sufficiently small 7' € (0, 1) such that (D.3.1)
holds forall t < T'.
In all the following computations, we will assume for simplicity that v > 2R, with R as in Proposi-

tion D.2.2. The rest of the cases can be proven using similar computations.

Auxiliary result: Given L > 0 and ¢ € (0, %) there exists a sufficiently large R > 0 such that for all
t € [0, T], with T sufficiently small, which is independent of L, §, and R, it holds that

102X (x, v, )] < CV2t (D.3.11)

if vis asin (D.3.2).
In order to show (D.3.11) we first prove that there exists C > 0 such that

102®(z,v)| < Cv7!, forv > 2R, (D.3.12)

where @ is as (D.2.30). We differentiate two times with respect to v in (D.2.32) in order to deduce that

2(y—a)-1

5, D(z,v) = (V—a)(vl‘”‘“) +(1- (y—a))z) T 20

— (=)' + (1 = () Ty 0

Since 0 < z < C and we are in the case when v > 2R, we can choose R > 0 sufficiently large such that
VIZ0=®) < Y1200 4 (1 — (y — @)z < 207079 and thus |02D(z, v)| < Cv7L.

In order to prove (D.3.11) we differentiate (D.2.38) twice with respect to v and obtain

X (x,v,1) 0, X(x,v, [0, + 0. DY’ (X)d,X]

DY, v.0) VT DGXCE v, 1) — Y, 1]

f" 9, dé f (0,D)2d¢

=« +a(a+1)

. OW(E) = Y(x), vt x PW(E) — Y(x),v)a+?
a0, d

" O X. (D.3.13)
OW(X) — Y(x), v)er!
From (D.3.12), (D.2.19) and (D.2.18) we deduce that
X 2 Ddé o .
fx DWE) — vV~ Cvilx-X] = Cvr (D.3.14)
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Furthermore, Proposition D.2.2 implies that

10,99, X| <ovl, (D.3.15)
DY X) - y(x), ™!
X 2
f (0,D)"d§ < CV_Q_Z[)C -X]< Cv2t (D.3.16)
x O (&) — Y(x),v)r+?

and that 5% < W(X) — ¥(x), v)® < Cv7.
We claim that if v satisfies (D.3.2) it holds
Y’ (X)|0,X|?
< 0.0y (X0, X] - < Cvt (D.3.17)
OY(X) — Y(x), v)**

e . : a—1 1 —a—1
Indeed, Proposition D.2.2 implies that |0, X| < Cv*~'t and O e <Cv .

We use (D.3.2) again to deduce that we are in the region where x — (1 + 26)v*t > 0 for sufficiently

small ¢. From the estimate (D.2.42) we obtain that

0 < 9,00 (X)|0,X] < C. (D.3.18)

Thus, (D.3.17) follows.
Combining the estimates (D.3.14)-(D.3.17) and then making use of (D.3.13), we obtain (D.3.11)

Proof of (D.3.9):

We only look at the case when v > 1. The case y € [0, 1] can be proven in a similar manner
=1 If

As before, we assume in the following for simplicity that the constant L in (D.2.17) is L

v € (1,1 + @), then by integrating in (D.2.17) it follows that

Ve, v, D) =1 = (y - )f 1+|X(x§v i (D.3.19)

such that
Y . (D.3.20)

V(x,v,t) = |
t 71
(1= 0wt f )

Differentiating in v, we obtain that

-2 (*__d¢
1 (y — DHw?” T
AV (x,v,1) = _ b — (D.3.21)
_ y-T 1t de y-1
(1+ -0 )™ (140 - )
1 [t (m=d)\X|" 42X, Xd¢
[ Ry T
’ A
Y- Y-
(1 + (y = w1 fo 1+|X‘m d) r,
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where

" (m - d)|X|""42X0,Xdé

Ti:=1+V
: 0 (1 + |Xd)2

and

!
- dé
Ty:=1+(y— 1! S ——
2 (y=1 L T1xpd

Differentiating in v, we obtain that
0,T T,0,T
8%V(x,v,t) =51 7 lzv_lz.
y-1 _F

X 271
= =
T, T27

It holds that

2
*(m - d)X|" 12X, X t|m - d)X™2X8,X| d
0T, =yt [ DX X X f'( ) K5
0

0 (1 +|x]=d)2 (1 + |x]=d)3
L [P DXITTEXGIXAE (7 (m = d)om — d = DIXP210,XPdé
1% 1% .
0 (1 +|x]=d)? 0 (1 + |x}=d)?

Moreover, we have that

tod¢ " (m — d)X|"7? X, Xdé
o.T» = _12y—2 e -1 v—1 (m v
= O =D | e D (1 + [Xpd)y

We first prove the following estimates:

!
0<v! f dg < 1 (D.3.22)
o 1+1X(x,v, &4~ 2

and

! (m - d)IX(x, v, éj)lm_d_zx(x’ v, f)avx(x’ v, ‘f)d‘f <

VY < l
0 (1 +[X(x, v, E)Im=4)? 2

(D.3.23)

We first prove that (D.3.22) holds. For sufficiently small #, we are in the case when x > (1 + 20)v*¢
since v is as in (D.3.2). We use (D.2.19) and the fact that x > (1 + 26)v®t > (1 +20)v?*s for all s € [0, £].
Thus, [X(s)| = |x — (1 + 6)v¥s| when x > (1 + 20)v?t, for all s € [0, ¢]. It follows that

! !
1 f g <cv! f dg i
o 1+|X(x,v, .f)lm‘d o 1+[x—(1+0o)v¥&m

(Il,
< cyro-l f ' dz < Cyol, (D.3.24)
0o L+|x=(1+08)zmd

which, since v > R and y < a + 1, implies (D.3.22) if R is sufficiently large.
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We now prove (D.3.23). As before, we consider the case when x > (1 +23)v*t since we can choose

t sufficiently small. It follows that

t (m— d)|le—d—2Xadef < va—l g lx—(1- 6)v”f|m—d—lva§d§

Y
"1 (1 + |X|m=4)? o (I+|x—(1+8)vegm=a)?

If vis as in (D.3.2), then x — (1 + 6)z > x — 2z > 5 for sufficiently small ¢, for z € [0, v*#]. By making

the change of variables z = v*¢ and using the fact that x — (1 — §)z < x we further obtain that

y-1 f b= (L= hVeEde f e = (1 = 8)zm ez
v <V
o (I+]x—(1+veemiy o (I+lx=(1+0)md?

X
% x[m=4q py—a=lym—d+1
SCv”_”_lf ™ tde € i
o+l ™ (1 +|xmd)?

<yl

and thus (D.3.23) follows if we take R sufficiently large since v>Randy < a + 1.
From (D.3.22) and (D.3.23), it holds that T € [4, 1] and T, € [}, 3]. From this we deduce that

02V (x, v, )| < C(10,T1] + 10, Tal) .

We analyze each term of 9, T separately. Following the computations for (D.3.23), we deduce that

ff (m — d)\X|""42Xd,Xd¢
0

y!
(1 + |X|m=d)2

<oyl (D.3.25)

Similarly, by making the change of variables z = v*¢, it follows that

g 2
> ft ||X|m d 2X(9,,X| df <OV ft (lx -(- 6)va§|m—d—lva—1§)2d€;
o (I+[xpm=d)3 — 0o (I+]x—(1+06)egm—d)3

« _ 2
< Cyra? f I O s vyl (D3.26)
) o (+x—(1+0o)mdp =

Moreover, (D.3.11) implies that

f’ (m = X" EXGIXE) oo f (m — d)\X|" " £dg

o (s T o (I+[Xmdy
< Cya2yY f Y = (1= 8)z" 4 zdz
B 0 (L+|x—(1+8)zmy
<yt (D.3.27)

Y

We now analyze the last term in 0, 7. We have that

O LR P f 1 x = (1= 8)z" 22z
0

<yl D.3.28
o (1+Xpd)y v (D-3.28)

(1 +|x = (1 +&)zm=d)>
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We continue by finding upper bounds for each term in 9, T,. From (D.3.24), it holds that

!

d

yr2 f L cyrelyt (D.3.29)
o 14X

which offers the right estimate in order to prove (D.3.9). Notice that the last term in 8,75, which is

-1 ft 1XI"~42X9,Xdé
0 (1+|X|m d)2

Combining (D.3.25)-(D.3.29) together with the fact that v > R and that y < a + 1, we obtain that

, has already been analyzed in (D.3.25).

WPLR2V(x, v, 0 < CV 2Pl < P2,

if v > R is sufficiently large. This concludes the proof of (D.3.9).

Proof of (D.3.8):
From (D.2.17) it follows that

! t
2X(x,v,1) = a(l - @) f Ve2(9,V)2ds — a f veloZvds. (D.3.30)
0 0
Now (D.3.9) implies that the second term on the right hand side can be absorbed into the first one and
thus (D.3.8) follows. O
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