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Abstract

The observation of the dynamically changing system Earth is one major task in geodesy.
To measure the temporal changes globally, observations collected by satellites are analyzed

to highlight the changes with respect to some long term mean, for instance comparing the mea-
surements to reference surfaces. Furthermore, reference surfaces are required for the realization of
reference systems, e.g. the geoid for the definition of the vertical datum. Therefore, an accurate
knowledge of these reference surfaces is important in geodesy and other geoscientific disciplines,
such as oceanography or geophysics.

This thesis covers the estimation of three different reference surfaces: the geoid — or more
generally the Earth’s gravity field, the Mean Dynamic ocean Topography (MDT), and the Mean
Sea Surface (MSS). The basic idea for the determination of these reference surfaces is to formulate
the problem as a (constrained) least squares parameter estimation problem. As a consequence of
this design, a tailored parametric representation of the reference surface has to be established. In
the framework of least squares estimation, it is immediately possible to account for the stochastic
characteristics of the observations and to combine various complementary observation groups in a
joint one-step estimation. The solution of the inverse problems becomes numerically and computa-
tionally demanding, as a large number of parameters (105 to 106) is required to adequately model
the surfaces of interest. Furthermore, a huge number of (correlated) observations (107 to 108) has
to be analyzed. Therefore, these challenges have to be solved utilizing specific numerical proper-
ties and High Performance Computing (HPC). In this context, the model design, the stochastic
modelling and an efficient solution and implementation is referred to as Computational Geodesy.

The first reference surface studied in this contribution is the geoid. The main focus is on the
computation of a static global gravity field model from the observations taken by the Gravity
Field and Steady-State Ocean Circulation Explorer (GOCE) satellite. While the general idea is
inline with the time-wise GOCE-only models published previously, the improved EGM_TIM_RL06
model benefits from reprocessed gravity gradients and a refined stochastic model. The approach
is summarized and the improvements of the new model are presented. Additionally, it is shown
how EGM_TIM_RL06 is used as input in the GOCO06S satellite-only model and aspects for the
combination with terrestrial gravity data are discussed.

To estimate a geodetic MDT, a parametric least squares estimation approach is proposed and
studied in different configurations. The proposed approach is used to jointly estimate the geoid
and the MDT from altimetric Sea Surface Height (SSH) observations. A parameterization tailored
to the characteristics of the MDT by a 𝐶1-smooth linear combination of Finite Element (FE) basis
functions is derived, which is used to approximate the unknownMDT surface. The approach enables
to include information about the geoid as stochastic data sets and allows observations related to
surface currents to be included (e.g. surface drifters or Synthetic Aperture Radar (SAR) derived
Radial Surface Velocity (RSV)). It is shown with the help of simulated and real data experiments,
that this kind of complementary observations strongly support the signal separation of the SSH
into geoid and MDT.

Similarly, an alternative estimation approach to estimate a parametric MSS model is proposed
and numerically studied. Although basically ’just’ the temporal average of altimetric SSHs in the
analysis period has to be computed, this is challenging due to the spatial and temporal sampling
characteristics of the different altimetry missions. Therefore, it is shown how the ocean variability
can be coestimated as an additional Sea Level Anomalies (SLAs) model. For both model compo-
nents, MSS and MDT, a tailored continuous 𝐶1-smooth FE model function is derived. In case of
the SLA, it is extended towards a spatio-temporal model using separable basis functions. Numerical
real data studies are used to demonstrate the performance of the proposed approach.

For all applications studied, it can be concluded that the parametric approaches accounting for
the stochastic characteristics of the observations and using the developed parametric models are
well suited and offer advantages compared to the existing (grid based) approaches.
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Chapter 1

Introduction, Motivation and
Contributions

1.1 Introduction and Motivation
Monitoring changes in the system Earth on all spatial and temporal scales is a key task of geodesy
(Müller et al., 2022). To represent and quantify the changes, reference systems — or more specif-
ically in the context of this thesis reference surfaces — are essential (Plag and Pearlman, 2009;
Rothacher et al., 2011). In this thesis, three important reference surfaces are of interest: (i) the
(static) geoid (or gravity field), (ii) the Mean Dynamic ocean Topography (MDT) and (iii) the Mean
Sea Surface (MSS). All these reference surfaces have in common that they reflect the long-term
mean with respect to a specific reference period.

These reference surfaces can be used to characterize the long-term or steady-state signals.
Examples are the unification of global height systems using the geoid as reference (e.g. Gruber et
al., 2012; Gerlach and Rummel, 2013), or the determination of steady-state ocean circulation from
the MDT (e.g. Volkov and Zlotnicki, 2012; Rio et al., 2014). Another example for the application
of the MSS is the determination of the MDT applying a multi-step approach (e.g. Knudsen et al.,
2011; Mulet et al., 2021b), or the recovery of the marine gravity field (e.g. Hwang et al., 2002).

The reference surfaces can serve as the input for studies on the changes and the temporal be-
havior of the modeled signals. These studies are typically performed on the level of anomalies
relative to these mean reference surfaces. Examples are studies of mass redistribution and corre-
sponding variations of (temporal) gravity anomalies (e.g. Kusche et al., 2014; Pail et al., 2015) for
climate studies (e.g. Jensen et al., 2019), hydrology (e.g. Sneeuw et al., 2014; Döll et al., 2014) or
cryospheric studies (Baur, 2013; Talpe et al., 2017). The MSS is used as a reference for sea level
studies, for example based on altimetric Sea Level Anomalies (SLAs) (see e.g. Nerem et al., 2018;
Uebbing et al., 2019).

This contribution will not focus on the applications of the different reference surfaces, but rather
on methodological aspects of the representation and the estimation of the actual reference surfaces.
Within the “geodetic approaches” (e.g. for the MDT see Chapter 4 and Albertella et al., 2008),
observational data are used for the estimation. Different functionals are combined in the estimation
approach to determine a representation of the reference surface. As the observations are typically
considered as a realization of a random variable, uncertainties can be propagated throughout the
estimation process. Consequently, uncertainty estimates can be provided as quality description for
the resulting reference surfaces (e.g. Kvas et al., 2019a; Becker et al., 2012).

The estimation of the reference surfaces can be done utilizing either deterministic or stochastic
approaches. In the deterministic approaches, the reference surfaces are represented by a parametric
mathematical function. Its parameters are estimated from the observations via the solution of an
inverse problem. This results in a kind of large dimensional approximation – or data fitting –
problem, which is solved by applying for instance the least squares principle. As an alternative,

1



2 CHAPTER 1. INTRODUCTION, MOTIVATION AND CONTRIBUTIONS

stochastic approaches like Least Squares Collocation (LSC) or Kriging exist (Moritz, 1973; Wack-
ernagel, 2010). Instead of choosing a continuous parametric approximation function, stochastic
approaches utilize the covariance structures of the signal and the data as a measure for spatial
similarity to predict a filtered version of the signal at an arbitrary point in the domain of interest.

In the examples considered here, the complexity of the approximation problem is increased,
as the estimations of the mean surfaces contain a signal separation task. In other words, the
functional of the target signal is not observed directly, but it is disturbed by signals, which have
to be accounted for. This can be a dominant noise (as can be seen in the gravity field example, cf.
Chap. 3); temporal signals resulting from physical dynamics (as can be seen in the MSS and MDT
examples, cf. Chap. 4 and 5); or multiple signals of interest (as shown later in the MSS estimation
example, cf. Chap. 5).

Especially since the launch of the dedicated gravity field satellite missions, starting with the
CHAllenging Minisatellite Payload (CHAMP) mission in 2000 (Reigber et al., 1999), continued by
Gravity Recovery and Climate Experiment (GRACE) (Tapley et al., 2004), the Gravity Field and
Steady-State Ocean Circulation Explorer (GOCE) and currently by GRACE Follow-On (GRACE-
FO) (Landerer et al., 2020) the determination of global gravity field models made a huge progress
(Rummel, 2020; Flechtner et al., 2021). As the gravity field can not be observed directly, the
effect of the gravity field on the satellite and/or specific on board test masses are observed. This is
realized via the observation of orbit perturbations (for CHAMP, GRACE, GRACE-FO and GOCE,
see e.g. Baur et al., 2014; Jäggi et al., 2015), the relative distance (change) of two satellites (for
GRACE and GRACE-FO, see e.g. Kvas et al., 2019a) or via Satellite Gravitational Gradiometry
(SGG) as realized with the GOCE mission (Rummel et al., 2011; Pail et al., 2011). From all these
missions, the static gravity field can be determined (despite the main focus of GRACE being the
time-variable gravity field to monitor mass changes) from solving an ill-posed inverse problem.

Due to the different measurements principles utilized, mission specific quality characteristics
and sensitivity of the instruments exist by design. In a first step, typically mission-only solutions
are derived by processing centers and scientific institutions (e.g. Reigber et al., 2003; Kvas et al.,
2019a; Pail et al., 2011). For the global solutions, mostly deterministic approaches are applied,
where the Earth’s gravity field is represented as a finite series of spherical harmonic base functions
(e.g. Heiskanen and Moritz, 1993). This is, depending on the spatial resolution and the number of
available observations (in the order of 108), a computational challenging inverse problem, especially
as the individual measurements are often highly correlated. Only in case a high-quality stochastic
model is used in the analysis of the individual missions, it is possible to derive a realistic covariance
matrices of the spherical harmonic parameters. With that available, it is quite straight forward to
combine the solutions in a second step on the level of normal equations to obtain a satellite-only
gravity field solution which combines all the advantages of the individual missions (Pail et al., 2010;
Meissl, 1982).

The so called ’geodetic MDT’ estimation relies on availability of a gravity field model and
altimetric Sea Surface Height (SSH) observations. The geodetic estimation of the MDT as the
difference between the temporal mean of SSH and the geoid remains, despite the simple relation,
still a difficult task (Albertella et al., 2008; Bosch and Savcenko, 2010). Mainly, the spectral
inconsistency between the available altimetric SSH observations and the geoid information leads to
problems in the separation process. This is caused by the accuracy characteristics of the satellite
derived geoid information, as it is only sufficiently accurate for a resolution of about 100 km. In
contrast to the gravity field, there exists no physically motivated natural choice of basis functions
to represent the MDT as a function, consequently stochastic approaches are often used for the
computation of state-of-the-art models (e.g. Mulet et al., 2021b; Andersen and Knudsen, 2009).
These approaches consider the geoid as known, e.g. from a global gravity field model, without
considering improvements based on the SSH observations. The estimated MDT is the spatially and
temporally filtered difference between the SSH and the geoid. This spatial and temporal filtering
of the along-tack SSH measurements is often done in a separate processing step.
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Figure 1.1: Computational Geodesy, at the interface between geodesy, statistics,
mathematics, informatics and physics.

The temporal averaged and gridded product is defined as the MSS, containing the temporal
averaging and geophysical corrections of the SSH observations from various altimetry missions with
significantly different spatial and temporal sampling characteristics (Andersen et al., 2021). The
challenge in MSS estimation is the joint analysis of Exact Repeat Missions (ERMs), which are
important for temporal averaging and Geodetic Missions (GMs) (or at least GM phases) which are
important to obtain a sufficient spatial sampling. As for the MDT, stochastic approaches are often
applied in the established procedures, as again no natural and physically motivated set of basis
functions exists to represent the MSS (Andersen et al., 2015; Pujol et al., 2018).

Based on the discussions above, the established procedures are multi-step approaches. I.e. for
the MDT example, the gravity field is determined in a first step. In the second step, the MSS is
determined from the SSH observations. Finally, in a third step, the geoid is introduced as fixed,
without updates and often without accounting for its uncertainties to estimate the MDT from
the difference to the MSS; similarly, uncertainties of the MSS are also often not accounted for.
Additionally, when estimating the MSS, the SSH observations are corrected for temporal ocean
variability (i.e. the so called SLA) and other geophysical signals as a preprocessing step.

Within this thesis, contributions towards a more rigorous processing and estimation of the
geodetic reference surfaces are collected. This comprises methodological developments, which are
introduced in steps to demonstrate the applicability and to decrease the numerical complexity. In
general, several aspects are involved, bringing together concepts and tools from various disciplines,

(i) problems relevant for geodesy,
(ii) the model design, requires concepts and tools from mathematics and scientific computing

while accounting for physical laws and properties,
(iii) the stochastic modeling, requires concepts and tools from statistics and mathematics,
(iv) the efficient numerical solutions and computations, require strategies from scientific com-

puting, mathematics and algorithms from informatics,
(v) an efficient numerical implementation requires concepts and libraries from High Perfor-

mance Computing (HPC) and strategies established in scientific computing and informat-
ics.

The combination of all these are referred to as Computational Geodesy (cf. Fig. 1.1).

1.2 Contributions
As demonstrated in the introduction the geoid, the MDT and the MSS are important reference
surfaces. Over the ocean, these three reference surfaces are connected and (indirectly) observable
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via altimetric instantaneous SSH observations. Mathematically speaking, the SSH at a location
(𝜆, 𝜙) in ellipsoidal coordinates at epoch 𝑡 can be represented as a continuous, but unknown spatio-
temporal function

𝑓SSH (𝜆, 𝜙, 𝑡) = 𝑓MSS (𝜆, 𝜙) + 𝑓SLA (𝜆, 𝜙, 𝑡) , (1.1)

which results from the definition of the MSS and the SLA respectively (see for instance Aviso,
2020). Note that by definition of the altimetry community, the SSH measurements are already
corrected for solid earth tides, Ocean Tides (OT), pole tides, atmospheric effects etc. (e.g. Jason-3
Team, 2021), thus they are not included in this (idealized) function. Again, 𝑓MSS is an unknown
spatial and 𝑓SLA a generally unknown spatio-temporal function, which represent the MSS and SLA,
respectively.

Introducing the definition of the MDT as the difference between the MSS and the (static) geoid
written as function yields

𝑓MDT (𝜆, 𝜙) ∶= 𝑓MSS (𝜆, 𝜙) − 𝑁 (𝜆, 𝜙) , (1.2)

where the function 𝑁 (𝜆, 𝜙) represents the geoid. In combination with (1.1) it becomes

𝑓SSH (𝜆, 𝜙, 𝑡) = 𝑁 (𝜆, 𝜙) + 𝑓MDT (𝜆, 𝜙) + 𝑓SLA (𝜆, 𝜙, 𝑡) . (1.3)

Again, 𝑓MDT (𝜆, 𝜙) is an unknown spatial function which represents the MDT.
In contrast, for the geoid 𝑁 (𝜆, 𝜙) a proper representation as a spherical harmonic series is well

established via the harmonicity of the gravitational potential (e.g. Hofmann-Wellenhof and Moritz,
2005, Sect. 2.5, 2.13).

The deterministic and stochastic analysis of SSH measurements and the relations from (1.2) to
(1.3) serve as the basis for the contributions of this thesis. They can be formally grouped into five
major parts.

Estimation of global gravity field models with realistic uncertainty description
To separate the left hand side of (1.3) into geoid and MDT (and SLA), an accurate knowledge
of the geoid is required. In case (1.3) is used as the basis for least squares observation equations
of altimetric SSH observations (cf. Chapter 4) complementary information/observations sensitive
to the geoid are required to solve the adjustment problem for the geoid and the MDT. When
introducing satellite derived gravity field information into the adjustment, e.g. in form of already
preprocessed normal equations (Becker et al., 2014b; Becker et al., 2014a), a high quality
covariance modeling and careful propagation throughout the analysis procedure is essential.

In Brockmann et al., 2021 and Brockmann et al., 2019d, an improved satellite-only
gravity field model from GOCE observations is derived. It is the sixth release of the so called
GOCE time-wise (GOCE-TIM) gravity field models which are internationally well established,
and also the only existing GOCE-only gravity field model computed from the entire reprocessed
mission data set. Despite using re-calibrated input observations, the stochastic modeling of the
gravity gradients is significantly improved (Schubert et al., 2021b) which results in a high-
quality covariance matrix of the model. This allows one to substitute the original observations by
the model without loss of information and to still use it as a stochastic data set in the further
applications.

To compensate for mission specific weaknesses, the model is extended and stabilized with ground
data in polar regions (Zingerle et al., 2019); or it is alternatively combined with models derived
from the other dedicated gravity field missions in the framework of the Gravity Observation COm-
bination (GOCO) consortium (Kvas et al., 2021). The most recent model GOCO06S (Kvas
et al., 2019b) is one of the most accepted satellite-only gravity field models currently available
and serves as a basis for many applications. Additionally, in Fecher et al., 2017 the predecessor
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model GOCO05S is combined with terrestrial data, to obtain a combined global gravity field model
GOCO05C (Pail et al., 2016). Again, due to the efforts in stochastic modeling, the strengths of
the individual input data sets are optimally exploited.

Establishing finite element based basis functions for spatial and spatio-temporal
approximation tasks
As mentioned above, there is no natural choice of basis functions to represent 𝑓MDT, 𝑓MSS and
𝑓SLA. Instead, it is required to approximate the unknown function space and its characteristics by
well suited basis functions. Within this thesis, Finite Element Spaces (FESs) are studied for that
purpose. Basis functions as known from the Finite Element Method (FEM) are used as local basis
functions to compose the unknown function space.

Whereas in Becker et al., 2014a and Becker et al., 2014b linear, i.e. 𝐶0-smooth elements
are used to represent the MDT, this is extended to 𝐶1-smooth spaces in Neyers and Brock-
mann, 2024 and Brockmann et al., 2023. The 𝐶1-smooth elements applied to the MDT are
transferred to approximate the MSS in Borlinghaus et al., 2023a and Borlinghaus et al.,
2023b. Additionally, these are extended to spatio-temporal functions to represent the SLA with
different filtering characteristics.

Establishing deterministic finite element based approaches for the joint estima-
tion of the geoid and the MDT
In most geodetic approaches for MDT estimation, the geoid is not updated within the estimation.
Using an integrated deterministic approach, i.e. setting up a parametric model for the MDT and
setting up least squares observation equations based on (1.3), allows for a joint estimation of both
– the geoid and MDT. This is started in Becker et al., 2014b and Becker et al., 2014a and
continued in Neyers and Brockmann, 2024 and Brockmann et al., 2023.

Despite the joint estimation using FESs (cf. Becker et al., 2014b), the use of satellite-only
gravity field information as a stochastic data set (see Becker et al., 2014a), the co-estimation of
filtered long-term SLA (Brockmann et al., 2023) and the flexible use of 𝐶1-smooth FESs, the key
contribution is the in-situ assimilation of surface currents. As these can be linked in geostrophic
approximation to the gradient of the MDT, the separation of the SSH into geoid and MDT is
strongly supported (Neyers and Brockmann, 2024). Adding both, stochastic satellite-based
gravity field information, which is only sensitive for the geoid, and surface drifters or Synthetic
Aperture Radar (SAR) derived Radial Surface Velocities (RSVs) (see Neyers and Brockmann,
2024; Brockmann et al., 2022; Brockmann et al., 2019a; Neyers et al., 2022b) as comple-
mentary data types to the analysis of the SSH significantly improves the separation. Consequently,
it is shown in simulation scenarios and real data analysis that both, MDT and geoid solutions, are
improved.

A deterministic approach for MSS determination including a coestimation of a
spatio-temporal model of the ocean variability
The successful modeling of MDT with the 𝐶1-smooth FESs serves as the motivation to study the
applicability of this representation for the MSS. In Borlinghaus et al., 2023a, spatial FESs are
used to represent the MSS. The joint use of altimetric SSH measurements from ERMs and GMs
is required to obtain a sufficient spatial and temporal coverage. Whereas the first are required
to obtain a sufficient temporal sampling, the latter are required to obtain the required spatial
resolution of a few kilometers. As the GMs have a poor temporal sampling, the temporal variability
of the ocean has to be considered to avoid an aliasing problem.

In Borlinghaus et al., 2023a least squares observation equations are formulated based on
(1.2) to estimate a continuous spatial model for the MSS and a continuous spatio-temporal model
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for SLA. Thus, the ocean variability is co-estimated from the data. Despite identifying a proper
spatial resolution for the MSS and for the SLA, mainly via the choice of a triangulation for the
Finite Elements (FEs) (cf. Borlinghaus et al., 2023b), the spatio-temporal model component
for the SLA is designed from separable functions in the spatial and the temporal domain. Various
basis functions are studied in the combination and it is shown that the combination of 𝐶1-smooth
FEs in the spatial and finite B-Splines in the temporal domain yields the highest-quality MSS and
filtered SLA estimates (Borlinghaus et al., 2023a).

Methodological and implementational contributions for the solution of large-
dimensional deterministic approximation problems including advanced stochas-
tic modeling

As discussed above, mainly parametric approaches are used in the applications for gravity field
recovery, geodetic MDT estimation and for joint MSS and SLA determination. In contrast to the
established grid based stochastic approaches, which are often processed in patches, it is required
to solved large, overdetermined systems of equations, which include a signal separation problem.
Hundreds of thousands parameters have to be estimated from millions of observations. This requires
the implementation of dedicated massive parallel algorithms in HPC environments, for which the
developments from the PhD thesis serve as a basis (Brockmann, 2014).

Whenever observations with different characteristics and sensitivity are combined in a joint ad-
justment, the stochastic modeling of the observations is essential to optimally exploit the strengths
– and to suppress the weaknesses – of the individual data sets. In this context, the stochastic
approaches enter this thesis. The relative weighting of the input data sets and the uncertainty
characteristics are typically described by the stochastic model. Different strategies exists, to de-
scribe the correlations and covariances in the data and to apply them in the decorrelation process.
One can distinguish between the filter and the covariance approach (see Schuh and Brock-
mann, 2018), which both have their pros and cons in the context of decorrelation in least squares
problems. While the filter approach uses digital filters to remove the correlations, the covariance
approach use the covariance matrix, e.g. derived from covariance functions iteratively fitted to the
least squares residuals. Different strategies exist to estimate the filters or covariances. One strategy
is the approximation of the least squares residuals by either AutoRegressive (AR) or AutoRegres-
sive Moving Average (ARMA) processes. The processes are iteratively adjusted to the residuals,
which can be seen as a realization of the estimate for the noise (e.g. as applied in Brockmann et
al., 2016; Brockmann and Schuh, 2016b). The estimation can be refined in various ways, e.g.
robustifying the estimation of the process coefficients, which directly detects outliers and suspicious
data (Schubert et al., 2021b; Brockmann et al., 2021) or accounting for non-stationarity
introducing a family of time-variable processes (Korte et al., 2023b; Schuh et al., 2023).

Using the stochastic processes, there is a close connection between the processes themselves and
corresponding families of covariance functions, which are theoretically studied for AR and ARMA
processes in (Korte et al., 2021; Schubert et al., 2021a; Schubert et al., 2020). This allows
a switch between the representations and provides a valid interpolation between discrete covariance
functions.

1.3 Structure of the Thesis
In contrast to the formulation of the five main contributions, the thesis is more organized with
respect to the research projects and the applications (gravity field, MDT and MSS) as most of the
publications are focused on an application.

The methodological contributions are thus spread across the various publications. To support
this, Chapter 2 provides the required general theoretical background and introduces the method-
ological contributions in a generic way. Starting with Chapter 3, the specific applications are
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discussed, covering the satellite-based gravity field determination with an advanced uncertainty
modeling. In addition to the numerical and computational characteristics of the approximation
problem, the obtained results from the real-data analysis are summarized. Starting with the
GOCE time-wise release six model and the underlying project, the chapter is concluded with the
combined GOCO06S global satellite-only gravity field model and the progress achieved. As this
serves as stochastic input for the proposed parametric geodetic MDT estimation approach, this
and the underlying research project are introduced in more detail in Chapter 4. After discussing
numerical and computational challenges and the chances and limitations of the proposed approach,
the obtained results for the geoid and the MDT are examined. Depending on data availability and
its quality, either simulation scenarios or real-data scenarios are analyzed for different promising
data sets and in different regions of interest. In Chapter 5, the FE based modeling approach is
transferred to the estimation of a model of the MSS. As in the proposed modeling approach only fi-
nite basis functions are involved, the numerical and computational characteristics are significantly
different. Thus, the specific numerical and computational challenges are discussed. It is shown
that the co-estimation of a spatio-temporal SLA, composed from separable basis function for the
spatial and temporal domain, significantly improves the MSS estimate as it reduces the aliasing
problem. Finally, Chapter 6 summarizes the contributions of this thesis, draws some conclusions
and provides further ideas for future research projects for which the thesis can serve as the basis.
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Chapter 2

Theoretical Background and Common
Methodological Contributions

This chapter summarizes the general theoretical background and the corresponding notations which
are common to the applications discussed in the following chapters.

2.1 Background and Notation
All the applications discussed in Chapters 3, 4 and 5 involve a large dimensional adjustment prob-
lem. The reference surfaces – either the gravity field/geoid, the MDT or MSS – are represented as
linear combination of basis functions. The scaling coefficients of the basis functions are supposed
to be estimated as unknown parameters 𝒳̃𝒳𝒳 in an adjustment procedure using the stochastic view.
These parameters are estimated from observations ℒℒℒ which can be linked to the parameters via
the design matrix A, possibly after a linearization. The vector of observations is represented as a
random variable (calligraphic)

ℒℒℒ = 𝜆𝜆𝜆 + ℰℰℰ, (2.1)

with

𝜆𝜆𝜆 = A𝜉𝜉𝜉 (2.2)

the true values of the observations, 𝜉𝜉𝜉 the true parameters and ℰℰℰ the random variable which repre-
sents the measurement errors.

It is assumed that 𝐸 {ℰℰℰ} = 0, such that 𝐸 {ℒℒℒ} = 𝜆𝜆𝜆. Therfore, the variance of the observations
is

ΣΣΣ {ℒℒℒ} = ΣΣΣ {ℰℰℰ} = 𝜎2
0Qℒℒℒ,ℒℒℒ = 𝜎2

0Qℰℰℰ,ℰℰℰ (2.3)
= 𝜎2

0P−1
ℒℒℒ,ℒℒℒ = 𝜎2

0P−1
ℰℰℰ,ℰℰℰ (2.4)

= ΣΣΣℒℒℒ,ℒℒℒ ∶= ΣΣΣ, (2.5)

where Q are the cofactor and P weight matrices. 𝜎2
0 is the variance of unit weight. The expectation

and the variance, as second central moment is used as the stochastic model in the adjustment.
With that, and given a realization of the measurements 𝑙𝑙𝑙, the observation equations (OEQs)

read

𝑙𝑙𝑙 + v = Ax (2.6)

where v are the residuals. Eq. (2.6) serves as the functional model in the adjustment. Further-
more, as 𝑙𝑙𝑙 is some realization of ℒℒℒ, the covariance matrix which enters the adjustment problem as

9
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stochastic model follows from (2.3) to (2.4), where the covariance matrix ΣΣΣ, or P, Q and 𝜎2
0, might

be unknown and need to be determined.
Assuming 𝜎2

0 and either P or Q are available, the least squares solution x̃ for the unknown
parameters results from the solution of the normal equations (NEQs), which follow from minimizing
v⊺Pv = v⊺Q−1v=̂v⊺ΣΣΣ−1v in the deterministic view or from the Best Linear Unbiased Estimator
(BLUE) properties in the stochastic view (e.g. Meissl, 1982, Sect. A.6, B.4; Koch, 1999, Sect. 3)

A⊺ΣΣΣ−1Ax̃ = A⊺ΣΣΣ−1l (2.7)

A⊺ (𝜎2
0Q)−1 Ax̃ = A⊺ (𝜎2

0Q)−1 l (2.8)
A⊺Q−1Ax̃ = A⊺Q−1l (2.9)

A⊺PA⏟
∶=N

x̃ = A⊺Pl⏟
∶=n

(2.10)

Nx̃ = n. (2.11)

2.2 Stochastic Modeling Approaches and Decorrelation Strategies
for Large Dimensional Observations

Most of the measurement errors of the observations analyzed in the applications are highly corre-
lated due to the sensor design or the measurement principle. For instance, the gravity gradients as
observed by GOCE (cf. Chap. 3) are highly correlated due to the drift of the accelerometers and
the altimetric SSH errors contain correlations as the along-tack footprints overlap. This kind of
measurement can be seen as an equidistant time series along the satellites orbit, as the instruments
typically have a fixed sampling rate (or the user products are produced for a fixed sampling rate).

2.2.1 Representing the Stochastic Model

Methods and approaches from time-series analysis like one-dimensional covariance functions or
stochastic processes are a good and flexible choice to model the correlated measurement errors
(Schuh, 2016, Schuh and Brockmann, 2018). The basic idea is an iterative scheme to estimate
a stochastic model from the residuals ṽ(𝑖) (cf. (2.6)) which are computed with respect to the
parameter estimates x̃(𝑖) of a previous iteration or with respect to some initial parameters.

The first approach which estimates/determines a covariance matrix ΣΣΣ (or cofactor matrix Q)
is referred to as covariance approach in Schuh and Brockmann, 2018. To obtain redundancy
for the estimation of a covariance model from a single realization of the residuals ṽ(𝑖), stationar-
ity has to be assumed. One option is to approximate empirically derived binned covariances by
one-dimensional positive-definite covariance functions of a specific manually selected family (e.g.
Schubert et al., 2020). Depending on the chosen family, different characteristics of the corre-
lations are reflected by the analytic function, which is then used to setup the covariance matrix
ΣΣΣ.

For instance Becker et al., 2014b use a linear combination of exponentials which results
in a fully populated covariance matrix, or Brockmann et al., 2016 a linear combination of
exponentials and the cosine function, which is then made finite to obtain a sparse, i.e. banded
covariance matrix. Alternatively, a more generic approach is proposed by Schubert et al., 2020,
where the connection between AR or ARMA processes and the covariances is used to find a generic
fitting procedure.

Within the filter approach (cf. Schuh and Brockmann, 2018) a so called pre-whitening filter
is determined, which transforms observations l with ΣΣΣℒℒℒ,ℒℒℒ = ΣΣΣ to observations ̄l with ΣΣΣℒ̄ℒℒ,ℒ̄ℒℒ = I.
Instead of covariances, the time series of residuals is approximated by an AR processes of order 𝑃 .
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Reorganizing the general process definition of an AR process

𝒱𝑡 =
𝑃

∑
𝑖=1

𝛼𝑖𝒱𝑡−𝑖 + ℰ𝑡 (2.12)

to the white noise component ℰ𝑡 ∼ 𝒩 (0, 𝜎2), i.e.

ℰ𝑡 = 𝒱𝑡 −
𝑃

∑
𝑖=1

𝛼𝑖𝒱𝑡−𝑖 (2.13)

can be written in matrix vector form for the entire (finite) time series of length 𝑁 as

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ℰ1
ℰ2
ℰ3
⋮
⋮
⋮

ℰ𝑁

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
−𝛼1 1
−𝛼2 −𝛼1 1

⋱ ⋱ ⋱ ⋱
⋱ ⋱ ⋱ ⋱
⋱ ⋱ ⋱ ⋱ ⋱

−𝛼𝑃 … −𝛼2 −𝛼1 1
⋱ ⋱ ⋱ ⋱ ⋱

−𝛼𝑃 … −𝛼2 −𝛼1 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

∶=F⊺

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝒱1
𝒱2
𝒱3
⋮
⋮
⋮

𝒱𝑁

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(2.14)

ℰℰℰ = F⊺𝒱𝒱𝒱. (2.15)

This transformation results in ℰℰℰ, which is white noise with variance 𝜎2 by definition. Consequently,
the matrix F⊺ transforms the vector 𝒱𝒱𝒱 which has the variance as represented by the AR process
to white noise. Considering −𝒱𝒱𝒱 as an estimate of the measurement errors, the AR process is a
stochastic model for the measurement errors. The transformation from l to

̄l = 1
𝜎F⊺l (2.16)

is linear and results in decorrelated observations ̄l with ΣΣΣ {ℒ̄ℒℒ} = I.
This filter approach, especially the estimation of the AR process coefficients is studied in detail

to model the stochastic characteristics of the gravity gradients as observed by the GOCE mission
in Schubert et al., 2021b and Brockmann et al., 2021. Due to its flexibility, AR processes
are used as they are able to represent various signal characteristics just by adjusting the coefficients
and its order. A strategy for a robust estimation of the AR process coefficients is developed based
on several statistical tests of the residuals. The residuals 𝑣𝑖 are iteratively approximated by an AR
process of order 𝑃 (cf. (2.12)), using

𝑣𝑖 + 𝑟𝑖 =
𝑃

∑
𝑗=1

𝛼𝑗𝑣𝑖−𝑗 (2.17)

as OEQ for the 𝑖th residual. 𝛼𝑗 are the process coefficients and 𝑟𝑖 is the 𝑖th entry of the residual
vector r of the process fit.

The adjustment of the process coefficients 𝛼𝑗 is performed iteratively in order to detect suspi-
cious data, which do not fit to the process. Hypothesis tests for screening the process fit residual
time-series r are used to reject any suspicious data from v. An entire sequence of tests is available,
see Schubert et al., 2021b. In moving windows, the data is tested for

• outliers/gross errors,
• changes in the mean value,
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Figure 2.1: Visualization of an example output from the suspicious data de-
tection tool. The plot shows a part of the GOCE gravity gradient time-series.
The figure is taken from Schubert et al., 2021b.

• changes in the variance,
• distribution of signs, and
• the distribution of sign changes

applying tailored statistical tests. All central data points for which at least one of the enabled
tests detects an anomaly, i.e. the alternative hypothesis is accepted, are rejected and not used in
the iterative estimation of the AR process coefficients 𝛼𝛼𝛼 in next iteration. This is realized by an
iteratively weighted least squares estimator (e.g. Kleiner et al., 1979). In addition, data points for
which the null hypothesis is accepted but are located within a cluster of rejected data points are
flagged as suspicious. An example plot for a small segment of the results is shown in Fig. 2.1.
The detected suspicious data points are shown color coded, depending on the test which has been
rejected. The example data set is a tiny part of the GOCE gravity gradient time series and is taken
from Schubert et al., 2021b. More details about the applications for the GOCE example can be
found in Chap. 3.

Following this strategy does not only provide a data adaptive estimate of the stochastic model
represented by the AR process coefficients, it provides additionally a kind of outlier informa-
tion/suspicious data detection, i.e. all data points are flagged, which neither agree with the func-
tional model (2.6) nor fit to the stochastic model (2.3)–(2.5). This information is then optionally
available for the parameter estimation task as a kind of outlier information when solving the overde-
termined system of equations (2.6).

With the so-called Yule-Walker equations (e.g. Brockwell and Davis, 2016, Chap. 5) a close
connection between the AR process coefficients 𝛼𝛼𝛼 and the covariances 𝛾𝛾𝛾 exists. This allows to
compute the AR process coefficients from a given sequence of covariances 𝛾𝛾𝛾. Vice versa, given the set
of AR process coefficients the covariances 𝛾𝑙 for a specific lag 𝑙 can be computed using the reorganized
Yule-Walker equations (Schuh and Brockmann, 2018). This discrete sequence of covariances
can be used to directly setup a covariance matrix ΣΣΣ, or the sequence can be approximated by a
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Figure 2.2: Decorrelation strategies depending on the different factorizations of
the covariance matrix ΣΣΣ and the corresponding filter type. The figure is taken
from Schuh and Brockmann, 2018.

continuous analytic covariance function, in case it is required to interpolate between the discrete
covariances, i.e. evaluation between the equidistant lags is required (Korte et al., 2021).

The estimation strategy using the robustified estimation of AR process coefficients is applied for
GOCE gravity gradients (see Chap. 3 for details, Schubert et al., 2021b; Brockmann et al.,
2021) and for the SSH measurements in the context of MDT estimation (see Chap. 4 for details,
Brockmann et al., 2016; Brockmann and Schuh, 2016b). A similar strategy is applied in
Jendges and Brockmann, in review to model the covariance of the signal and the noise in
GRACE and model derived Total Water Storage (TWS) time series. These covariance models are
applied in the context of the project STAMPED1 to improve the linear TWS trend estimates and
their covariances, which are required for significance tests to detect drying or wetting regions.

2.2.2 Decorrelation Strategies

With the discussions and relations introduced in Sect. 2.2.1, for both the covariance approach and
the filter approach, the stochastic model has to be accounted for in the computation of the NEQs
(cf. (2.7) – (2.11)). In Schuh and Brockmann, 2018 the computationally most efficient way is
discussed in detail. Both approaches are presented in the framework of decorrelation (e.g. Koch,
1999, Sect. 3.2) and are linked to different variants of the Cholesky decomposition of the covariance
matrix ΣΣΣ (or cofactor matrix Q), see Fig. 2.2 as an overview and Schuh and Brockmann, 2018
for more details.

1Statistical Testing and stochastic processes for the Analysis of Modeled and observed Earth system Data
(STAMPED). PI J. M. Brockmann. Funded by Transdisciplinary Research Area 1: Mathematics, Modelling and
Simulation of Complex Systems (TRA1 Modelling), University of Bonn as part of the Excellence Strategy of the
federal and state governments and supported by CRC 1502 DETECT: Regional Climate Change: Disentangling the
Role of Land Use and Water Management (DETECT) which is funded by Deutsche Forschungsgemeinschaft/German
Research Foundation (DFG) SFB 1502/1–2022 project number: 450058266 (2023-2024).



14 CHAPTER 2. BACKGROUND AND METHODOLOGICAL CONTRIBUTIONS

The basic idea of decorrelation is to decompose the weight matrix with the standard version of
the Cholesky decomposition, i.e.

P = G⊺G, (2.18)

with the upper triangular matrix G. Inserting this into (2.10) yields

A⊺G⊺ GA⏟
∶=Ā

x̃ = A⊺G⊺ Gl⏟
∶= ̄l

(2.19)

Ā⊺Āx̃ = Ā⊺ ̄l (2.20)
Nx̃ = n. (2.21)

It can be easily shown that ΣΣΣ {ℒ̄ℒℒ} = 𝜎2
0I by applying linear variance propagation to the linear

transformation ̄l = Gl. As G is multiplied and is an upper triangular matrix, the corresponding
filter is an anti-causal non-recursive filter (i.e. the third row in Fig. 2.2). Performing this kind of
decorrelation requires the Cholesky decomposition of the weight matrix (in-place operation) and
is applied by an in-place multiplication with a triangular matrix multiplication (in terms of the
Basic Linear Algebra Subprograms (BLAS) it is a call to trmm). The computation of N remains a
symmetric rank update (syrk in terms of BLAS).

Similarly, in case the cofactor matrix (or covariance matrix) is available the standard version
of the Cholesky decomposition can be applied, i.e. the decorrelation is then

Q = R⊺R. (2.22)

Again, inserting the decomposition into (2.9) yields

A⊺ (R⊺R)−1 Ax̃ = A⊺ (R⊺R)−1 l (2.23)
A⊺R−1 R−⊺A⏟

∶=Â

x̃ = A⊺R−1 R−⊺l⏟
∶= ̂l

(2.24)

Â⊺Âx̃ = Â⊺ ̂l (2.25)
Nx̃ = n. (2.26)

Here, the decorrelation results from the solution of

R⊺ ̂l = l (2.27)

for the observation vector (and analogously for the design matrix). Again, the in-place Cholesky
decomposition, but now of the covariance matrix, is required. The decorrelation is then performed
by an in-place forward substitution as R⊺ is lower triangular (trsm using the BLAS convention).
As above, the computation of N remains a symmetric rank update (syrk in terms of BLAS). Thus,
the corresponding filter is causal and recursive (i.e. the first row in Fig. 2.2). Special properties of ΣΣΣ,
e.g. in case of a finite covariance matrix, can be easily accounted for by using a band representation
of ΣΣΣ and R. Compared to the first version, this has the advantage, that the weight matrix is not
required, the inversion of the covariance matrix can be avoided.

When considering the filter approach, the decorrelation of the design matrix (or of the obser-
vations) with a causal non-recursive filter can be written as a matrix vector product ̄l = F⊺l (cf.
(2.16)). F⊺ is a lower triangular band matrix of order 𝑃 with unit diagonal and the negative AR
process coefficients on the super diagonals (see (2.14)). Computing the NEQs – the weight matrix
can be neglected after pre-whitening – with this transformation yields

(F⊺A)⊺ (F⊺A) x̃ = (F⊺A)⊺ (F⊺l) (2.28)
A⊺FF⊺A = A⊺FF⊺l. (2.29)
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Comparing (2.29) with (2.19) shows that while P = G⊺G is the forward Cholesky decomposition
of P, FF⊺ is the backward Cholesky decomposition of P (or the recursive forward edging of ΣΣΣ).
The advantage of this procedure is that given the AR process coefficients the matrix F can be
directly setup and the decorrelation is efficiently applied by a product of a lower triangular band
matrix with a general matrix. This corresponds to the fourth row in Fig. 2.2.

Comparing the filter and the covariance approach, both show their pros and cons. The covari-
ance approach is very well suited in case a covariance function is chosen to describe the stochastic
model. The covariance matrix can be set up for any vector of observations and data gaps can
be easily accounted for. In case of a finite covariance function, the sparsity is maintained in the
decorrelation. As it corresponds to a causal filter, there are no issues at the start of the observation
vector as only future values are required.

In case the stochastic processes are used to describe the characteristics, the filter approach is best
suited, as the banded triangular filter matrix follows directly from the process. But, its application
is restricted to equidistant observations, i.e. explicit data gaps require a special handling. Due to the
structure when using AR processes, values from the past are required for decorrelation, which do not
exist for the first data points of the time-series. The representation as in (2.14) implicitly assumes
them as zero – which results in the first 𝑃 data points being improperly decorrelated (warmup
phase of the filter). In practical applications they are not usable and have to be discarded. This
warmup phase occurs for each data gap, which results in a large number of discarded observations
in case of frequent data gaps.

To combine the strengths of both – the numerical efficiency of the filter approach and the
flexibility of the covariance approach – the relations between the approaches as discussed above
are used together with the Yule-Walker equations to derive a filter matrix which accounts for the
warmup phase and data-gaps (for details see Schuh and Brockmann, 2018, Sect. 6). The
filter matrix is derived from the covariance approach and the backward Cholesky decomposition
by recursive forward edging. Basically, all data points affected by the warmup and data-gaps can
be computed from the covariance approach. Still the filter matrix is a lower triangular matrix, but
the bandwidth is increased depending on the length of the data gap and the process order (see
Fig. 2.3).

2.2.3 Treatment of Stationarity

To estimate a stochastic model from a single realization of the residuals v, redundancy is required.
A typical procedure is to assume covariance stationarity of the time series or the generating process
(e.g. Schuh, 2016; Hayes, 1996, Sect. 3.3), i.e. the independence of the covariance of (absolute) time.
In case the assumption is violated, e.g. after a change on the measurement platform or changing
characteristics are detected, a segmentation into multiple time series can be applied. These are
then assumed to be independent and individual processes are estimated. This strategy is applied
in Schubert et al., 2021b; Brockmann et al., 2021 and Brockmann and Schuh, 2016b.

To avoid the manual segmentation, alternatives using time-variable stochastic processes are
theoretically studied in Korte et al., 2023b and Korte et al., 2023a. In these studies, AR
processes are parameterized via the roots of their characteristic polynomials and a linear motion
model for the roots is assumed, which introduces the time-dependence to the process. Approaches
to estimate the AR process of time varying coefficients (TVAR) are derived (see Korte et al.,
2023b) and studied for different process orders (Korte et al., 2023a).

2.3 FES for Spatio-Temporal Approximation Tasks
In case there exists no closed mathematical model function – e.g. derived from physical laws – to
represent the reference surface of interest (cf. Sect. 1.1), the model function is an additional unknown
quantity. In those cases, either stochastic approaches (e.g. Moritz, 1974, Sect. 2; Wackernagel, 2010;
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(a) Finite sequence with 21 equi-spaced data
points.

(b) Finite sequence with 21 equi-spaced data
points and missing data at position 11.

Figure 2.3: Example structure of the filter matrix for an AR(6) process deduced
by the backward Cholesky approach. Blue elements directly follow from the
process coefficients, red elements are modified due to the warmup and green
elements are modified/occur due to data gaps. Grey lines indicate the original
band matrix structure.

Schuh, 2016 or Schuh et al., 2023) relying on the estimated stochastic signal characteristics can
be used, or deterministic approaches, which approximate the unknown function space as well. In
general just considering the two-dimensional case required for geo spatial modeling of reference
surfaces, the surface is approximated by a linear combination of 𝐼 basis functions, given by

̄𝑓(𝑥, 𝑦) ≈ 𝑓(𝑥, 𝑦) =
𝐼

∑
𝑖=1

𝑎𝑖𝑏𝑖(𝑥, 𝑦) 𝑓 ∶ ℝ2 → ℝ. (2.30)

The characteristics of the basis functions 𝑏𝑖(𝑥, 𝑦) determine the characteristics of the function
𝑓(𝑥, 𝑦) defined in the entire domain of interest Ω.

Due to their flexibility in representing various characteristics and their numerical properties,
basis functions with local support are a good choice for approximating surfaces with complicated
and irregular shape (e.g. Fahrmeir et al., 2021, Chap. 8). Possible candidates are Splines, Wavelets
or FEs (Fahrmeir et al., 2021; Keller, 2008; Ahlberg et al., 1967; Ciarlet, 1978a), which are not
common in the context of MDT and MSS modeling but often used in other surface-like approx-
imation tasks (e.g. Keller and Borkowski, 2019; Lieb et al., 2016; Durmaz and Karslioglu, 2015;
Dettmering et al., 2011; Harmening and Neuner, 2020; Schuh, 1984; Becker et al., 2012).

2.3.1 FEs for Spatial Approximation Tasks

In this contribution, the focus is on FEs (Becker et al., 2014b; Borlinghaus et al., 2022a;
Borlinghaus et al., 2023a; Neyers and Brockmann, 2024) as they are rarely used for refer-
ence surface approximation tasks. In contrast to the FEM, where FE are used to solve discretized
differential equations numerically (e.g. Hahn, 1975; Ciarlet, 1978b), the basis functions of the un-
derlying FES are used to approximate the unknown function space of ̄𝑓(𝑥, 𝑦), which is then used
to approximate the surface. For the approximation task, existing FE from the FEM are selected
and utilized.
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For constructing these so called FES, the entire domain of interest Ω is partitioned into a finite
number of sub-regions, thus generating a mesh. Each region has its own locally defined basis
functions and the corresponding degrees of freedom (DOF), these are finally the parameters in the
approximation task. A single FE is defined by the shape, the local DOF and the local function
space spanned by the basis functions of such a sub-region (Ciarlet, 1978b). By an appropriate
choice of local basis functions based on literature, a piece-wise global function space is composed
with at least 𝐶0-smoothness, aggregating the local parameters to a global parameter set. Higher
orders of continuity are possible and depend on the employed FEs.

Given the definition of a FES (i.e. the mesh, the DOF and the FE), the global function can then
be written as in (2.30), or specifically introducing the notation used for the FE based approximation
(see Borlinghaus et al., 2023b; Borlinghaus et al., 2022a) as

𝑔𝑠(𝑥, 𝑦) = ∑
𝑖∈𝐼𝑠

𝑎𝑠,𝑖𝑏𝑠,𝑖(𝑥, 𝑦) 𝑔𝑠 ∶ ℝ2 → ℝ (2.31)

to construct the function 𝑔𝑠 which is supposed to model the signal 𝑠. Here, 𝑖 ∈ 𝐼𝑠 describes the
global indexing of all aggregated 𝐼𝑠 piece-wise defined basis functions 𝑏𝑠,𝑖 ∶ ℝ2 → ℝ collected in the
set S𝑠 ∶= {𝑏𝑠,𝑖}, and 𝑎𝑠,𝑖 ∈ ℝ the corresponding scaling coefficients/parameters.

2.3.2 Construction and Refinement of Meshes
As discussed above, the definition of the FES requires that the domain of interest is partitioned
into a mesh. For the chosen two dimensional (planar) approximation tasks, either a partitioning
of the domain Ω into triangles – i.e. a triangulation, or a partitioning into rectangles is required.
This depends on the selected FE. As the geometry of Ω often becomes complex, e.g. the ocean
bounded by coastlines in the applications from Chap. 4 and 5, a triangulation is well suited for the
approximation of the domain. Consequently the focus here and in the application in Chapters 4
and 5 is on FE defined on triangles.

As soon as a specific FE is selected, the mesh/triangulation defines the spatial resolution of the
FES. Several characteristics exist, which, depending on the application, can be used to construct
and optimize the mesh, i.e. in this case the triangulation of Ω:

(i) A specific homogeneous target resolution.
(ii) The distribution of the observations.
(iii) Prior knowledge or other measures of the spatial signal variability.

For the triangulations the software package JIGSAW(GEO) (Engwirda, 2017; Engwirda, 2019)
is used, which can optimize generalized Delaunay/Voronoi triangulations based on flexible user
input. As an example, Fig. 2.4 shows generated triangulations for the North Atlantic ocean.
These meshes are generated by JIGSAW(GEO) from a bounding polygon of the region of interest
(including the coastlines) and the definition of a homogeneous target edge length in the entire
domain of interest, thus it corresponds to mesh optimization strategy (i).

In general, within the approximation tasks the meshes are static, i.e. they are created once in
the beginning, focusing on one of the characteristics (i) to (iii). Together with the selected FE, the
mesh defines the spatial resolution. Although the mesh is kept static for the approximation, the
mesh can be iteratively refined, i.e. the approximation can be repeated with an updated or refined
mesh.

A specific strategy is studied in detail in Borlinghaus et al., 2023b, where the proposed
strategy is to use the least squares residuals of the approximation to detect sub-regions in Ω which
show an anomalous behavior in statistical measures derived from the residuals. E.g., standard
deviation and mean values are empirically derived from all residuals in a triangle. Using for instance
the standard deviation (cf. Borlinghaus et al., 2023b) a large value is an indicator for a mesh
refinement (i.e. under-parameterization), whereas a specifically low value is an indicator for a too
fine mesh (i.e. over-parameterization).
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(a) Target edge length 320 km. (b) Target edge length 255 km.

(c) Target edge length 100 km.

mesh # nodes # edges
(a) 320 km 937 1562
(b) 255 km 1437 2450
(c) 100 km 8084 15 108

(d) Statistics about the meshes.

Figure 2.4: Example meshes generated with JIGSAW(GEO) for the North At-
lantic Ocean from a given boundary polygon and different but homogeneous
target edge lengths of the individual triangles.

(a) For the homogeneous mesh. (b) For the refined mesh.

Figure 2.5: Visualization of the spatial distribution of the standard deviations
computed empirically from all approximation residuals inside each triangle for
the initial and refined mesh. Figure taken from Borlinghaus et al., 2023b.
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𝒙1 𝒙2

𝒙3

(a) For the Linear element.

𝒙 1 𝒙 2

𝒙 3
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𝒎 23𝒎 13

(b) For the HCT element.

𝒙1 𝒙2

𝒙3

𝒎12

𝒎23𝒎13

(c) For the Argyris element.

Figure 2.6: Classical representation of the used triangular FEs. Figure is taken
from Neyers et al., 2019.

Fig. 2.5 shows an example from a spatial approximation taken from Borlinghaus et al., 2023b.
Fig. 2.5a shows the spatial plot of standard deviation per triangle computed from the residuals
which result from the approximation with an initial homogeneous mesh derived by JIGSAW(GEO).
This map is transformed to an input to JIGSAW(GEO), requesting a smaller target edge length in
regions of higher standard deviations, and larger (or same) target edge lengths for the other regions.
Fig. 2.5b shows the resulting refined mesh. Again, the triangles are color-coded with the empirical
standard deviations, but now computed from the approximation residuals with the refined mesh. It
is shown and discussed in detail in Borlinghaus et al., 2023b, that the refinement mesh includes
both – regions with successful refinement and regions which are over-parameterized. It is concluded
that external validations are required, as the least squares residuals become smaller by definition.

2.3.3 Overview of Studied FEs
As discussed above, the focus here – as well as in the applications in Chap. 4 and 5 – is on two-
dimensional FEs defined on a triangle, three of them with different characteristics are used.

The first one is the simplest element, it is the Linear element, which establishes 𝐶0-smoothness
(e.g. Ciarlet, 1978b). It is defined by a polynomial of degree one i.e. a plane, the conditions for
𝐶0-smoothness of the global functions can be easily obtained by a parameterization via the function
values in the nodal points (cf. Fig. 2.6a). Thus, the element has three DOF, and the parameters
are easily interpretable as function values in the nodes.

When increasing the smoothness requirement to 𝐶1 while still sticking to polynomial local basis
functions, this results in the Argyris element (Argyris et al., 1968). Using degree five polynomials,
i.e. 21 DOF the global 𝐶1-smoothness can be obtained using a parameterization via the function
values, the two first derivatives in 𝑥 and 𝑦 direction, the second derivatives in 𝑥, 𝑦 and in mixed
direction in the three nodal points and finally the normal derivatives in the midpoints of the three
edges (see Fig. 2.6c and Argyris et al., 1968; Foster, 2013; Foster et al., 2014; Domínguez and Sayas,
2008; Neyers, 2017).

The high degree of the polynomial used for the Argyris element, and thus the DOFs can be
reduced using the so called composite elements (see e.g., Ciarlet, 1978a, Chap. 6.1). Basic idea of the
composite elements is – it can be seen as a kind of recursion – a decomposition of a triangle into sub-
regions, for which lower degree polynomials are composed to local basis functions establishing the
smoothness requirements at the borders. The third element considered here is the Hsieh–Clough–
Tocher (HCT) element (cf. Clough and Toche, 1966), which is a composed element. As indicated
in Fig. 2.6b, the triangle is decomposed into three sub-triangles, in each of which polynomials
of degree three are defined. These are combined with 𝐶1-smoothness conditions at the borders,
resulting in the definition of the local basis functions. Consequently, these do not span the entire
space of the polynomials of degree three but are restricted. The composed HCT basis functions
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Figure 2.7: Gridded MDT model MDT_CNES_CLS18 used for the approx-
imation with the different FEs in the domain of interest (DOI) which is the
North Atlantic.

Table 2.1: Number of parameters for surface approximation with the three
considered FEs using the three meshes as shown in Fig. 2.5.

FES
mesh linear HCT Argyris
320 km 920 5248 8008
255 km 1414 8116 12 358
100 km 8084 47 459 71 711

have 12 DOF and are parameterized via the function values, the two first derivatives in 𝑥 and 𝑦
direction in the three nodal points and the normal derivatives in the midpoints of the three edges
(see Fig. 2.6b). Similar to the Argyris element, 𝐶1-smoothness is obtained with the HCT element
but with significantly lower number of parameters.

To demonstrate the characteristics of the different FEs, one of the reference surfaces of interest
is approximated using the three elements on the three triangulations shown in Fig. 2.4 (similar to
the study from Neyers et al., 2019). The regularly gridded values of the highly oversampled and
smooth MDT_CNES_CLS18 model are used to approximate the MDT signal with the different
FESs. Using the original 1/8° sampling, about 320 000 observations are used to approximate the
MDT in the North Atlantic (cf. Fig. 2.7). As the different meshes do not exactly cover the same
DOI the number of data points used as observations slightly differs depending on the mesh. Tab. 2.1
shows the total number of parameters for the estimation in the DOI, which justifies the — at first
glance strange — selected meshes with 100 km, 255 km and 320 km target edge length: Whereas
the 100 km mesh results in about 8000 parameters for the linear element, the 255 km mesh results
in roughly the same number of parameters for the HCT element and finally the same holds true
for the 320 km mesh and the Argyris element.

Figure 2.8 shows the least squares residuals of the approximations with all three elements
on three meshes for a sub-region including the strong signal of the Gulf stream, computed with
Massive Parallel FRAmework for the Adjustment of Geodetic MEasureMENTs (mpFRAGMENT).
The statistics for the minimum, maximum as well as the Root Mean Square error (RMS) are
summarized in Table 2.2 for the entire DOI and the region shown. The anti-diagonal plots, i.e.
2.8g, 2.8e and 2.8c refer to roughly the same number of unknown parameters.
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Table 2.2: Statistics of the least squares residuals of the nine different ap-
proximations of the MDT_CNES_CLS18 with the different FESs. Again the
anti-diagonal elements for the global and regional statistics are comparable with
respect to the number of parameters estimated and are thus highlighted in bold.

(a) For the entire DOI.

mesh linear HCT Argyris
mesh min max RMS min max RMS min max RMS

[cm] [cm] [cm] [cm] [cm] [cm] [cm] [cm] [cm]
320 km -38.2 35.6 3.3 -19.7 20.6 1.3 -14.8 12.3 0.7
255 km -39.5 35.2 2.7 -15.7 14.6 0.8 -6.3 6.4 0.4
100 km -13.0 15.3 0.7 -5.1 5.0 0.2 -3.6 4.0 0.1

(b) For the sub-region, cf. Fig. 2.8.

mesh linear HCT Argyris
mesh min max RMS min max RMS min max RMS

[cm] [cm] [cm] [cm] [cm] [cm] [cm] [cm] [cm]
320 km -38.2 35.6 6.7 -19.7 20.6 2.6 -14.8 12.3 1.2
255 km -39.5 35.2 5.5 -15.7 14.6 1.5 -6.3 6.4 0.6
100 km -13.0 15.3 1.3 -3.8 4.5 0.3 -3.5 3.0 0.2

It is challenging to provide a measure for the average spatial resolution of the FEs, as it strongly
depends on the local structure of the meshes. The number of parameters per area is a good indicator.
From Table 2.1 it is concluded that the three ’anti-diagonal’ models with about 8000 parameters
have a spatial resolution of about 100 km, which follows in the easiest way from the linear element.

Despite the obvious conclusion that the higher the number of parameters – either due to a
finer mesh, or the larger DOF of the FE, or both – the anti-diagonals of 2.2 and Fig. 2.8 provide a
justification for a focus on the linear and the Argyris elements in the applications from Chap. 4 and
5. It is shown, and confirmed by similar (unpublished) studies not explicitly shown here, that even
in case of the same amount of parameters the Argyris element performs best. Compared to the
HCT element on the 255 km mesh, RMS as well as extreme values are smaller for the coarser 320 km
mesh when using the Argyris element while slightly less parameters are estimated. Furthermore less
systematic oscillations are visible, which can occur for the HCT element around the sub-triangles
especially in case of (correlated) noise in the data (not explicitly shown here). Although the linear
element does not provide 𝐶1-smoothness, its performance on the 100 km mesh is only slightly worse
compared to the Argyris element. As it has the advantage of the simplicity, it is considered in the
applications as well (e.g. Becker et al., 2014b; Becker et al., 2014a) in case 𝐶1-smoothness
is not required/desired.

2.3.4 Extensions Towards a Spatio-Temporal FES

For the spatio-temporal modeling, the flexible strategy based on FEs is extended to the temporal
domain (Borlinghaus et al., 2022a; Borlinghaus et al., 2023a; Brockmann et al., 2023).
For that purpose, the spatio-temporal function is composed from separable functions, i.e the spatial
FES is combined with a one-dimensional function in the temporal domain.

Just considering the temporal signal 𝑠 in a first step, the one-dimensional function can be
represented as a linear combination of 𝐽𝑠 basis functions 𝑑𝑠,𝑗(𝑡) in the time-domain, similar to
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(a) Linear element, 320 km mesh. (b) HCT element, 320 km mesh. (c) Argyris element, 320 km mesh.

(d) Linear element, 255 km mesh. (e) HCT element, 255 km mesh. (f) Argyris element, 255 km mesh.

(g) Linear element, 100 km mesh. (h) HCT element, 100 km mesh. (i) Argyris element, 100 km mesh.

Figure 2.8: Zoom to the least squares residuals for the different approximations
of the MDT_CNES_CLS18 for the different FEs and meshes. First column
shows the results for the linear element, the second for the HCT and the third
for the Argyris element. The first row solutions use the 320 km mesh, the second
the 255 km and the third the 100 km mesh. Consequently the anti-diagonal plots
are for the results with a comparable amount of unknown parameters.
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(2.31), i.e.

ℎ𝑠(𝑡) = ∑
𝑗∈𝐽𝑠

𝑐𝑠,𝑗𝑑𝑠,𝑗(𝑡) ℎ𝑠 ∶ ℝ → ℝ. (2.32)

Depending on the choice of the set of basis functions T𝑠 ∶= {𝑑𝑠,𝑗}, the function space can be very
flexible. A typical choice can be basis functions with global support, indicated by superscript 𝑔,
e.g.

T𝑔
𝑠 ∶= {1, 𝑡, cos (𝜔1𝑡), sin (𝜔1𝑡)} (2.33)

which allow the modeling of long-term signals like mean, trend and for instance annual oscillations
with just a few DOF (e.g. Agha Karimi et al., 2020; Borlinghaus et al., 2023b, Brockmann
et al., 2023).

As this kind of function is rigid, alternatively basis functions with local support can be used for
the temporal function, similar to the choice of FEs for the spatial domain. Typical choices can be
one-dimensional piecewise polynomials, i.e. one-dimensional FE, or spline function spaces, like B-
Splines (e.g. De Boor, 2001; Fahrmeir et al., 2021; Borlinghaus et al., 2023b). By design, a large
number of DOFs are required for a flexible function space. Uniform B-Splines with constant node
spacing Δ𝜅 in the entire domain have the advantage of well-known low-pass filter characteristics
which only depend on Δ𝜅 and their order (cf. Sünkel, 1985; Köhler et al., 2019; Schuh et al.,
2018).

Whereas the parameters in case of basis functions with global support are physically inter-
pretable as mean, trends and amplitudes, the parameters of the local basis functions are not directly
interpretable. Instead, the large flexibility to model signals with various and non-homogeneous
components are the advantage.

Independent of the type of the selected deterministic temporal model (2.31) and (2.32) are
composed to a spatio-temporal model. Under the assumption of separability, the combined set of
basis functions C𝑠 result from the tensor product of the two sets T𝑠 and S𝑠, i.e.

C𝑠 ∶= T𝑠 ⊗ S𝑠 = {𝑑𝑠,𝑗(𝑡)𝑏𝑠,𝑖(𝑥, 𝑦) | 𝑖 ∈ 1...𝐼𝑠, 𝑗 ∈ 1.., 𝐽𝑠} , (2.34)

which results in 𝐼𝑠 ⋅ 𝐽𝑠 spatio-temporal basis functions. The linear combination

𝑓𝑠(𝑥, 𝑦, 𝑡) =
𝐼𝑠

∑
𝑖=1

𝐽𝑠

∑
𝑗=1

𝑒𝑠,𝑖,𝑗𝑑𝑠,𝑗(𝑡)𝑏𝑠,𝑖(𝑥, 𝑦) 𝑓𝑠 ∶ ℝ3 → ℝ. (2.35)

results in the spatio-temporal function in the new basis. 𝑒𝑠,𝑖,𝑗 are the scaling coefficients, which are
then the unknown parameters in the spatio-temporal approximation task for some signal 𝑠.

Evaluating (2.35) for some constant time 𝑡 = 𝑡𝑐 results in the function

̂𝑓𝑠(𝑥, 𝑦) ∶= 𝑓𝑠(𝑥, 𝑦, 𝑡𝑐) ̂𝑓𝑠 ∶ ℝ2 → ℝ, (2.36)

which describes the spatial signal 𝑠 at 𝑡𝑐 with the same smoothness properties as defined for the
spatial FES. Furthermore, evaluating (2.35) for some constant location, i.e. 𝑥 = 𝑥𝑐 and 𝑦 = 𝑦𝑐
results in the time series

̄𝑓𝑠(𝑡) ∶= 𝑓𝑠(𝑥𝑐, 𝑦𝑐, 𝑡) ̄𝑓𝑠 ∶ ℝ → ℝ. (2.37)

for the location with smoothness as for (2.32).
The same spatio-temporal model can be derived from a different point of view, i.e. the constant

coefficients 𝑎𝑠,𝑖 from the spatial function in (2.31) are allowed to vary in time. For that purpose,
they are replaced by a one-dimensional functions in the time domain, i.e. they become

𝛼𝑠,𝑖(𝑡) ∶=
𝐽

∑
𝑗=1

𝑒𝑠,𝑖,𝑗𝑑𝑠,𝑗(𝑡), (2.38)
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where the temporal change of the coefficients is again represented as a linear combination of basis
functions. Substituting (2.38) for all coefficients 𝑎𝑠,𝑖 (2.31) results in the same spatio-temporal
function as shown in (2.35).

Due to the flexibility of the FEs in spatial domain and the flexible choice of basis functions
in the temporal domain, a wide range of spatio-temporal signals with different characteristics can
be represented with this kind of deterministic functions. As a disadvantage, especially in case the
temporal model has many parameters, the number of unknowns, as it is 𝐼 ⋅ 𝐽 can become huge,
which requires either the use of HPC or a utilization of the special properties of the resulting system
of equations. For instance, separability of spatial and temporal in case of identical measurement
positions in all time series can lead to highly efficient implementations (for details see Schuh et al.,
2023).

2.4 Utilizing Modern Concepts of HPC
Using deterministic approaches for spatial – and especially spatio-temporal – approximation tasks
requires the solution of a high-dimensional, sometimes even ill-posed data fitting problem. In the
applications discussed in Chapters 3 to 5, 104 to 106 unknown parameters are estimated from 105 to
107 correlated observations within a (constrained) least squares adjustment. Iterative refinements,
e.g. either of the stochastic model (cf. Sect. 2.2), for outlier detection, for optimal design of the
mesh in case of FE or, when optimizing relative weights for the combination of complementary
data sets by variance component estimation (VCE), even require a repeated assembly and solution
of the problem.

Due to the nature of the basis functions which are mainly spherical harmonics in the applications
from Chap. 3 and 4, mostly dense matrices are involved while solving the problem. To handle
the computational challenges and to derive a rigorous solution, dedicated tailored algorithms and
strategies are developed and a generic implementation for a massive parallel compute cluster is
derived in the C++ programming language. The general strategies applied here are inline with
the strategies proposed and followed in Brockmann et al., 2014b; Brockmann et al., 2014c and
Brockmann, 2014. Within the implementation, all involved matrices are managed by distributing
individual blocks onto several compute nodes in order to flexibly handle a wide range of problems.
This means all matrix data is stored (blockcyclically) distributed along the available compute cores
which are arranged as a two-dimensional compute core grid (e.g. Blackford et al., 1997; Brockmann,
2014; Kurzak et al., 2017).

Consequently, all algorithms are designed and implemented to operate on the distributed matrix
data either based on the Scalable Linear Algebra PACKage (ScaLAPACK) layout (Blackford et
al., 1997) or the modern and newly implemented Software for Linear Algebra Targeting Exascale
(SLATE) layout (Kurzak et al., 2017). This includes for instance the decorrelation and filtering
strategies discussed in Sect. 2.2, the reordering required for data combination on the level of NEQs,
or the evaluation of basis functions to setup design matrices based on symbolic numbering schemes
(Brockmann and Schuh, 2016a) in its distributed layout.

Whereas the application from Chap. 3 is based on a classical implementation with ScaLAPACK,
the implementation derived for the applications from Chap. 4 and partially Chap. 5 uses the
modern SLATE library with an updated tile based memory layout. Within the work and projects
associated to this thesis, the software package mpFRAGMENT is designed as a generic solver for
high-dimensional adjustment problems from complementary data2. It is implemented in C++ and
parallelized with Message Passing Interface (MPI). The intensive use of BLAS, Linear Algebra
PACKage (LAPACK) and SLATE for the basic matrix computations ensures the optimization
for different hardware platforms. Compared to the ScaLAPACK layout, the tile based approach

2Based on the initial developments from the DFG project Rigorous computation of high resolution spherical har-
monic gravity models on massively parallel computer systems (G/O2000) funded by DFG (2012-2014) and extended
in the context of the project PARASURV, see Chap. 4.
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is more flexible. Whereas ScaLAPACK stores all local matrix data within a single heap block,
i.e. all local matrix blocks jointly, the tile based approach allocates heap memory for all local
matrix blocks individually. Consequently, memory management gets more complicated and an
overhead is introduced. But, as all tiles are individually accessible, this is very well suited for hybrid
parallelization approaches, e.g. via an integrated support of Graphical Processing Units (GPUs),
accelerators or Open Multi-Processing (OpenMP) for local, i.e. tile based computations (Gates
et al., 2019; Kurzak et al., 2017; Gates et al., 2020). Additionally, individual tiles can be empty,
which is in contrast not possible due to the continuous layout in ScaLAPACK, thus making SLATE
memory and computationally efficient for symmetric, triangular, banded and sparse matrices. As
an early adopter of the library some feedback and bug-fixes have been contributed to SLATE.
Furthermore, required extensions have been developed and implemented locally, e.g. for matrix
reordering.

The developed software package mpFRAGMENT is successfully used on various HPC systems,
including a local HPC cluster with 1984 nodes3, the Bonna cluster operated by the University of
Bonn and on the Jülich Wizard for European Leadership Science (JUWELS) system in context of
the projects HBN154 and MAPSTER5.

In the MSS application from Chap. 5, the computational challenges are different. As only FEs
are involved in the spatial domain of the approximation task, the matrices are extremely sparse. Due
to the combination of the spatial and the temporal basis functions (cf. Sect. 2.3.4), the parameter
space is large, especially in case of basis functions with local support for the temporal model. But,
optimizing the numbering scheme, or applying reordering strategies (e.g. George and Liu, 1981) the
sparsity can be well preserved and utilized while assembling and solving the approximation task.
As an example, Fig. 2.9 shows the sparsity pattern for NEQ matrix of a spatial approximation with
the Argyris element in an arbitrary ordering, and after reordering with the reverse Cuthill-McKee
algorithm and nested dissection (e.g. George and Liu, 1981) both of which are very well suited for
exploiting the sparsity while solving the system of equations.

Although the spatio-temporal approximation is implemented in mpFRAGMENT as well and
applied for MDT estimation in Chap. 4, for the application from Chap. 5 an environment which
supports flexible handling of sparsity is more important. The results presented in Borlinghaus
et al., 2023a and Borlinghaus et al., 2023b have been computed entirely with MatLab® with
its efficient realization of sparse matrix support (Gilbert et al., 1992).

3Financed via a DFG Forschungsgroßgeräteantrag (INST 217/747-1 FUGG)
4Project Adaptive Optimization of Global Gravity Field Modeling and the Ocean’s Dynamic Topography (HBN15),

application for computing time on supercomputers granted by the John von Neumann Institute for Computing (NIC)
on the GCS Supercomputer JUWELS at Jülich Supercomputing Centre (JSC) (CO-PI: J.M. Brockmann).

5Project MAssive Parallel Approximation of Static and Time-VariablE Reference Surfaces with 𝐶1-smooth Finite
Element Model Functions (MAPSTER), application for computing time on supercomputers granted by the NIC on
the GCS Supercomputer JUWELS at JSC (PI J.M. Brockmann).
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(a) Spy plot for the matrix in arbi-
trary ordering.

(b) Spy plot after reverse Cuthill-
McKee reordering.

(c) Spy plot after nested dissection
reordering.

Figure 2.9: Spy plot for a NEQ matrix (71 714 × 71 714) from a spatial approx-
imation with the Argyris element in different orderings. The example matrix
contains 3 523 132 non-zero elements, i.e. 0.69‰.



Chapter 3

Determination of Satellite Based
Global Gravity Field Models

This chapter is based on the work performed in the GOCE-HPF1 and the unfunded GOCO2

consortium. Therefore, parts of this chapter are taken in an updated version from the proposal,
project reports, technical notes, resulting joint project publications and conference contributions.

3.1 Introduction and State of the Art
The mean Earth’s gravity field is an important physical reference surface in various disciplines. For
example, the static geoid serves as a reference for the definition of height systems in geodesy (e.g.
Gruber et al., 2012; Gerlach and Rummel, 2013) or it is required for the (geodetic) determination
of the MDT and the steady-state ocean circulation (see e.g. Volkov and Zlotnicki, 2012; Rio et al.,
2014 and Chap. 4). At global scales, the models are parameterized by global Spherical Harmonic
(SH) basis functions (e.g. Barthelmes, 2013; Heiskanen and Moritz, 1993, Chap. 2). As this param-
eterization is used in the contributions discussed here, the alternatives using local basis functions
like splines or wavelets are not discussed, instead the reader is referred to Schmidt et al., 2007 and
the references therein for a detailed discussion.

Especially since the launch of the dedicated satellite missions CHAMP, GRACE, GOCE and
GRACE-FO various approaches have been developed to determine static and time-variable global
gravity field models from the collected observations. For an overview see the excellent review papers
by Rummel et al., 2002, Rummel, 2020 or Flechtner et al., 2021 and the corresponding references.
As in this thesis and the included contributions the focus is on static reference surfaces – a detailed
discussion of the estimation of time-variable gravity fields is excluded (see for instance Kvas et al.,
2019a; Dahle et al., 2019; Kurtenbach et al., 2012; Tapley et al., 2004).

The use of (dedicated) satellites for the recovery of the Earth’s gravity field has the advantage
that a homogeneous global data sampling becomes possible. For each mission a consistent set of
observations is available for gravity field recovery. This allows for a rigorous stochastic modeling,
characterizing the uncertainties of the observations. Propagating the uncertainties through the
recovery procedures yields in addition to the gravity field a realistic covariance matrix describing
its uncertainties (e.g. Schuh et al., 2010; Farahani et al., 2013; Kvas and Mayer-Gürr, 2019; Kvas
et al., 2019a; Lasser, 2023).

Typically, in a first step, the observations of the different missions like CHAMP, GRACE,
GOCE or GRACE-FO are analyzed by processing centers, which estimate mission-only solutions,
using tailored approaches depending on the observed functionals (e.g. Reigber et al., 2005; Beutler

1Project GOCE High Level Processing Facility (GOCE-HPF), European Space Agency (ESA) contract no
18308/04/NL/MM (2004-2020)

2Project Gravity Observation COmbination, unfunded consortium, www.goco.eu (2006-ongoing)

27
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et al., 2010; Mayer-Gürr et al., 2018; Dahle et al., 2019; Chen et al., 2018; Brockmann et al., 2014a;
Gatti et al., 2016; Wu et al., 2017). With the focus on the static gravity field — i.e. the mean —
the mission-only solutions reflect the average signal over the observation period, which defines the
mission-specific reference period of the static solutions.

Mainly for missions with a long observational record, or missions with a high sensitivity for
the (relatively small) temporal signal at large spatial scales (especially GRACE, GRACE-FO and
Satellite Laser Ranging (SLR) and Low Earth Orbiters (LEOs) derived models) the long term
temporal signal is often co-estimated (e.g. Löcher and Kusche, 2020; Lück et al., 2018; Förste et
al., 2016). Similar to the approach discussed in Sect. 2.3.4, separable basis functions for the spatial
and the temporal domain (e.g. linear trends and seasonal harmonics) are combined to obtain a
spatio-temporal model. Long-term temporal variations are co-estimated to avoid aliasing and to
obtain a clear definition of the reference epoch. Due to the huge number of observations (e.g.,
440 × 106 for GOCE mission) collected by the satellites over their mission lifetimes with a quite
high sampling rate, gravity field recovery is a computationally challenging task (Brockmann, 2014,
Chap. 6) requiring the use of HPC. Often, these global gravity field models are parameterized by a
SH series. Depending on the mission and the measurement principle, the spatial resolution of the
models is limited – a maximum resolution of spherical harmonic degree and order (d/o) 300 can
be obtained from the GOCE mission. This results in 90 597 SH parameters, which are typically
estimated from the observations via the solution of a linear or linearized ill-posed inverse problem
(e.g. Kusche and Klees, 2002; Ditmar et al., 2003; Pail and Plank, 2003). Each of the derived
gravity field models have different strengths and weaknesses – depending on the quality of the
observations, the measurement principle and the mission design. Using a proper stochastic model
and rigorous variance propagation, the individual strengths and weaknesses are included in the full
covariance matrix of the SH parameters of the individual solutions.

To reduce the mission specific weaknesses in the gravity field models, the model specific solutions
can be combined — in a first step to the so-called satellite-only models. Satellite-only models still
have the advantage that they are computed from a homogeneous data-distribution with consistent
quality. Various models (e.g. Farahani et al., 2013) and even model series (e.g. Reigber et al.,
2002) are published. For a nearly complete overview see the database as published by International
Centre for Global Earth Models (ICGEM) (Ince et al., 2019). The recently most accepted series
are the GOCO0*S (Pail et al., 2010) models3, the European Improved Gravity model of the Earth
by New techniques (EIGEN)*S models (e.g. Förste et al., 2008) and the GOCE models computed
with the so called direct approach, which are in fact combined satellite-only models (Bruinsma
et al., 2013; Bruinsma et al., 2014). Main contributors to the combined satellite-only models are
GRACE/GRACE-FO and GOCE followed by gravity field models derived from orbit perturbations
of LEOs (e.g. Löcher, 2010; Baur et al., 2014) and from SLR observations (e.g. König et al., 1999;
Sośnica et al., 2015; Maier et al., 2012). Whereas SLR is very important for the lowest SH degrees
(especially degrees 2 to 4, e.g. Maier et al., 2012), the orbit derived models are mainly sensitive
to the longer wavelengths up to degree 10 and some sectorial coefficients of higher degrees (e.g.
Kvas et al., 2021). Due to the measurement principle, GRACE/GRACE-FO K-band range-
rate measurements contribute to the low to the medium degree range 100 to 150 (e.g. Pail et al.,
2010). The maximal resolution of the combined satellite-only models is defined by the GOCE
contribution. Depending on the utilized data, the GOCE models are resolved up to SH d/o 250 to
300. Except for the zonal coefficients, which are affected by a polar data gap resulting from the
sun-synchronous orbit, GOCE gravity gradient measurements contribute from degree 100 onwards.
The computation of the combined models is typically performed combining the unconstrained
individual mission-only solutions on the level of NEQs (e.g. Pail et al., 2010; Brockmann et al.,
2014c; Brockmann, 2014). Although, due to an iterative estimation of relative weights (e.g. Koch
and Kusche, 2002) the procedure has to be repeated, the computational challenge is limited. A
weighted sum of preprocessed NEQs is computed and solved, which due to limited SH resolution

3To which we contribute as a member of the GOCO consortium, see www.goco.eu for further details.
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is an easily manageable task when applying massive parallel HPC (Brockmann, 2014). A more
important part is to establish efficient reordering strategies to combine the different NEQs assembled
for different subsets of the SH parameters (Brockmann and Schuh, 2016a).

Last but not least, combined gravity field models can make use of regionally available terrestrial
gravity data sets, topography derived gravity and altimetry derived gravity over the oceans (e.g.
Pavlis et al., 2012; Förste et al., 2014; Zingerle et al., 2020) to combine all information available.
Densely sampled terrestrial gravity observations increase the spatial resolution of the gravity field
models significantly – down to a few kilometers. In terms of SHs, models are resolved even above d/o
2000, resulting in millions of unknown parameters for which the estimation is a large computational
challenge (Brockmann, 2014; Brockmann et al., 2014c). Often, block-diagonal approximations are
introduced (e.g. Schuh, 1996; Boxhammer and Schuh, 2006; Pavlis et al., 2012; Förste et al., 2014;
Zingerle et al., 2020) which requires a regular gridding of available data. In addition a homogeneous
data quality is required to obtain block-diagonal NEQs, which is obviously not the case for data
bases collecting data from several measurement campaigns spread over decades. Furthermore,
gravity derived from altimetry is biased towards an a-priori MDT model and, therefore, to an a
priori geoid as well (see Chap. 4 for a more detailed discussion on the dependence).

3.2 Objectives and Contributions
For the geodetic determination of the MDT, a (static) geoid model is required as a reference (cf.
Chap. 4). To use the geoid as a stochastic data set, a realistic covariance matrix is required. This
can be provided in case consistently processed observations enter the estimation approach. This
is the case for satellite based observations of a single mission. Therefore, in a first step, typically
mission-only models are estimated, which are combined to satellite-only models in a second step.
In this thesis, contributions to both entered, i.e. to the estimation of mission-only and based on
that satellite-only models, which serve as a basis for the MDT estimation from Chap. 4. In the
GOCO consortium, the satellite-only models were further processed to consistently derive combined
gravity field models, which can serve as reference for other geodetic applications.

In the context of gravity field determination the contribution is mainly within the processing
of GOCE gravity gradient data (SGG). After the official completion of the GOCE mission with
the publication of the release 5 models, where the so called time-wise solution is the official ESA
GOCE-only solution (Brockmann, 2014; Brockmann et al., 2014a), further studies on the quality
and the characteristics of the unique gravity gradient data set were performed. It was found that
on the one-hand the calibration, which is required to derive the Level 1b data from the Level 0
data, was imperfect. Methods to improve the calibration were developed (Siemes, 2018b; Siemes,
2018a). This directly leads to improved gravity gradient observations, which serve as input for
gravity field recovery. On the other hand, it was shown that the estimation of the stochastic
characteristics can be improved applying a robustified estimation strategy, which directly identifies
suspicious data in the huge number of measurements (cf. Sect. 2.2, Schubert et al., 2021b). The
improved methodology yields a significantly better gravity field estimate, as the relative weighting
of the different components of the gravitational tensor is improved — the individual strengths
and weaknesses of the different gravity gradient components are better kept in the combination
(Brockmann et al., 2015; Schuh and Brockmann, 2016; Brockmann et al., 2017). These
studies served as a basis for a reprocessing campaign initiated by ESA towards a new Level1B data
set and a sixth release of the gravity products, including the global gravity field models (Gruber
and Team, 2018). In this reprocessing campaign, the sixth release of the GOCE time-wise solution
was derived (Brockmann et al., 2021; Brockmann et al., 2019d) applying the improved
stochastic modeling (Schubert et al., 2021b) to the improved input Level1B data (Siemes et
al., 2019b; Siemes et al., 2019a). This does not only lead to a significantly improved GOCE-only
solution but to a more realistic covariance matrix of SH parameters as well (Brockmann et al.,
2021; Brockmann et al., 2019d). This is essential when the model is used in the combination
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for deriving satellite-only models (Kvas et al., 2021; Kvas et al., 2019b). The published sixth
release of the time-wise model is one of just a few GOCE-only models and internationally accepted
and known for the quality of the covariance estimate.

The aforementioned features make the time-wise GOCE models (in an unconstrained version)
a perfect input for combined satellite-only models. In the framework of the GOCO consortium4,
where experts for GRACE/GRACE-FO, GOCE, SLR, LEOs and terrestrial and altimetry derived
gravity from TU Graz, TU München, University of Bern and University of Bonn jointly produced
satellite-only and combination models for several years (Pail et al., 2010). The work from this thesis
contributed to the sixth release, i.e. GOCO06S (Kvas et al., 2019b; Kvas et al., 2021) mainly
with the GOCE gravity gradient processing, methodological contributions (e.g. Brockmann and
Schuh, 2016a) and model validation/verification.

Within the GOCO consortium, the satellite-only models are extended for some releases to
combined models, e.g. for the fifth release, ground gravity and satellite altimetry derived data was
added to obtain a combined model up to SH d/o 720 to obtain GOCO05c (Pail et al., 2016;
Fecher et al., 2017). Alternatively, terrestrial data can be included to overcome data gaps. The
GOCE mission has a sun-synchronous orbit with an inclination of 96.7° (Floberghagen et al., 2011),
which leads to a data gap in the polar areas. Whereas this gap is filled with pseudo zero gravity
observation in the GOCE-only time-wise model (Brockmann et al., 2021), real terrestrial data
– filtered down to the maximal resolution of the GOCE contribution – is used in Zingerle et al.,
2019 to fill the gap.

3.3 Background and Key Features of the Approach and the Esti-
mated Models

3.3.1 Representation with Spherical Harmonics
Satellite derived global gravity field modes are typically parameterized by a finite spherical harmonic
series, truncated at a maximal SH degree 𝑙max. The gravity potential as a function of the evaluation
point with spherical coordinates (𝑟, 𝜆, 𝜑) then reads (cf. Hofmann-Wellenhof and Moritz, 2005;
Barthelmes, 2013)

𝑉 (𝑟, 𝜆, 𝜑) = 𝐺𝑀
𝑅

𝑙max

∑
𝑙=0

(𝑅
𝑟 )

𝑙+1 𝑙
∑
𝑚=0

𝑃𝑙𝑚 (sin𝜑) (𝑐𝑙𝑚 cos(𝑚𝜆) + 𝑠𝑙𝑚 sin(𝑚𝜆)) . (3.1)

Here 𝐺𝑀 and 𝑅 are the gravitational constant of the Earth and the mean equatorial radius re-
spectively, and 𝑃𝑙𝑚 (⋅) are the fully normalized associated Legendre functions. 𝑐𝑙𝑚 and 𝑠𝑙𝑚 are the
Stokes coefficients, which are the unknowns in the context of gravity field determination. Reduc-
ing the potential by the normal potential 𝑈 (𝑟, 𝜑) generated by a reference ellipsoid results in the
disturbing potential, i.e.

𝑇 (𝑟, 𝜆, 𝜑) = 𝑉 (𝑟, 𝜆, 𝜑) − 𝑈 (𝑟, 𝜑) . (3.2)

Given the spherical harmonic coefficients, various functionals like the geoid, deflections of the
vertical or gravity can be evaluated, see Barthelmes, 2013 for an excellent summary and the required
formulas.

3.3.2 Key Features of the Time-Wise GOCE Models
One of the core instruments of GOCE is the unique three axis gradiometer. Operating in a drag
free environment, SGG derives the gravity gradients via differential accelerometers, i.e. the six
second derivatives of (3.1) are measured in the Gradiometer Reference Frame (GRF). The GRF

4For details see www.goco.eu.
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Figure 3.1: PSD of the gradiometer noise estimate for the different gravity
gradient components. It is computed by Welch’s method (e.g. Oppenheim et
al., 1999, Sect. 10.6) from residuals with respect to the EGM_TIM_RL06
solution from the time series August to September 2013. Figure is taken from
Brockmann et al., 2021.

is a local Cartesian reference frame fixed to the gradiometer, with the 𝑥-axis roughly pointing
in flight direction, the 𝑦-axis is orthogonal to the orbital plane, and the 𝑧-axis radially pointing
downwards (cf. Rummel et al., 2011). Together with the satellite positions, derived from tracking
with the Global Positioning System (GPS) constellation, the orientation of the satellite in space,
derived from star cameras and a time stamp for synchronization, the SGG observations are the
main observable for GOCE static gravity field recovery (Pail et al., 2011).

Although GOCE measures all six gravity gradients, i.e. 𝑉𝑋𝑋, 𝑉𝑋𝑌 , 𝑉𝑋𝑍, 𝑉𝑌 𝑌 , 𝑉𝑌 𝑍 and 𝑉𝑍𝑍,
both, the 𝑉𝑋𝑌 and 𝑉𝑌 𝑍 are of poor quality. By design, the noise level is two orders of magnitudes
higher (e.g. Rummel et al., 2011, Brockmann et al., 2021), therefore they are not used for
gravity field recovery. To highlight this characteristics, Fig. 3.1 shows the Power Spectral Density
(PSD), computed from least squares residuals as realization of the measurement noise, for all six
gravity gradient components. In addition to the significantly higher noise level for the 𝑉𝑋𝑌 and
𝑉𝑌 𝑍 component the strong correlations in the low frequencies are visible, especially for the usable
gradients. For gravity field recovery, the second derivatives of (3.1) are transformed to the GRF,
which leads to least squares OEQs linear in the unknown gravity field parameters 𝑐𝑙𝑚 and 𝑠𝑙𝑚.

Due to the nature of the SGG data — being second derivatives of the potential — gradiometry
can not accurately map the long wavelength of the gravity field, see the high noise level of the
gradients for the small frequencies in Fig. 3.1. Therefore, the kinematic orbit positions derived from
the tracking of the GPS satellites (Satellite-to-Satellite Tracking (SST)) can be used as additional
observables to determine the long wavelengths. Several procedures exist, see e.g. Baur et al., 2014,
which were developed for the CHAMP mission (see e.g. the compilation of approaches in Löcher,
2010). Within the time-wise approach the Energy Balance Approach was applied in releases one to
four (Gerlach et al., 2003), which was replaced by the short arc integral equation approach (Mayer-
Gürr et al., 2005) for releases five and six (Brockmann et al., 2014a, Brockmann et al., 2021). As
this data is processed in the GOCE-HPF consortium by the colleagues from the Institute of Geodesy
of the Graz University of Technology and enters the time-wise model as already preprocessed least
squares NEQs in the SHs domain, we will not focus on the processing here. Instead the NEQs
derived from the SST data are directly used in the combination with the SGG data.

The estimation of a gravity model from the observations collected in space is in general an
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ill-posed inverse problem (e.g. Ilk et al., 2002). This is exacerbated by the polar data gap resulting
from the sun-synchronous orbit. Therefore, regularization strategies are required to derive a stable
GOCE-only solution.

The key features of all the released time-wise models are that they are GOCE-only models
reflecting the Earth’s gravity field as seen by GOCE in a best possible way (Pail et al., 2010).
Furthermore, the associated covariance matrix is supposed to realistically reflect the uncertainty of
the models. To achieve these features, it is required to carefully model the stochastic characteristics
of the used input observations. On the one hand, the stochastic model controls the spectral weight-
ing when combining the complementary observation types, which are in the context of GOCE the
SST and SGG observations, including the different gradient components 𝑉𝑋𝑋, 𝑉𝑋𝑍, 𝑉𝑌 𝑌 and 𝑉𝑍𝑍
as they have different sensitivity characteristics as well (Schuh, 1996; Pail et al., 2010; Rummel
et al., 2011). This directly influences the quality of the gravity field itself. On the other hand,
the stochastic model is propagated through the analysis procedure, and thus directly influences the
quality of the final covariance matrix.

3.3.3 Key Features of the GOCO Models

In contrast to the GOCE-only model, the GOCO0*S models are satellite-only models. Key idea of
the GOCO consortium is to bring together experts for the different gravity field missions, which
produce well established mission-only models. The GOCO models are produced by colleagues
from the Institute of Astronomical and Physical Geodesy at TU München (validation, terrestrial
gravity), the Institute of Geodesy at TU Graz (GRACE, SLR, LEO, combination and computing),
the Astronomical Institute at University of Bern (GRACE, SLR, LEO, GOCE) and the Institute
of Geodesy and Geoinformation at University of Bonn (GOCE, combination and computing).

As the standard representations of the global models are SHs, the production of a combined
model of unconstrained versions from the mission-only models is straight forward. After homog-
enization of the background models, reference epochs, defining constants and elimination of mis-
sion specific parameters the combination can be performed on the level of (unconstrained) NEQs
(e.g. Meissl, 1982; Pail et al., 2010; Brockmann, 2014). Again, an optimal solution including the
strengths of the individual missions and minimizing the weaknesses, requires that the covariance
matrices of the mission-only models are as realistic as possible. This fact makes the GOCE time-
wise models with its key target features an ideal input model to a combined satellite-only model.

Due to the sensitivity of the gradients to the medium to short wavelengths, GOCE can not
properly resolve temporal variations of the gravity field, therefore the GOCE-only models are static
mean fields with a reference epoch in the middle of the GOCE time series. This holds true for all
gravity field contributions determined from the GPS tracking of LEO satellites. As in contrast to
this, the observation principle of GRACE is designed to capture the temporal variations, this needs
to be accounted when combining GRACE-only with the static contributors to avoid aliasing. This
is realized by co-estimating a spatio-temporal model for the time-variable gravity field, combining
the spatial SH with deterministic functions for linear trends and annual harmonics, similar to the
approach discussed for the FE as shown in Sect. 2.3. Similarly, this holds true for SLR derived
gravity fields.

In the GOCO consortium, the satellite-only version serves as background model for combined
models with terrestrial and altimetry derived gravity data. Again, the unconstrained NEQs of the
satellite-only model can be combined with NEQs assembled from terrestrial gravity and altimetry
derived gravity data sets (Fecher et al., 2017).
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Figure 3.2: Segmentation of the GOCE gravity gradients into gap less segments
with similar stochastic characteristics for the RL05 and RL06 processing. Fig-
ure is taken from Brockmann et al., 2019c.

3.4 Selected Results
3.4.1 Improvements of the Time-Wise Release Six Model
Major output of the work performed in the context of this thesis is the sixth release of the time-wise
GOCE model, tagged as GO_CONS_EGM_TIM_RL06 (Brockmann et al., 2019d; Brock-
mann et al., 2021) or in short EGM_TIM_RL06 . Compared to the predecessor EGM_TIM_RL05
(cf. Brockmann et al., 2014a) the major improvements result from the improved level 1B input
gradient data, the improved precise science orbits (Arnold et al., 2023) as well as the advanced
processing, which significantly improved stochastic modeling of the gravity gradients. For most
improvements it is hardly possible to attribute them to one of the updates, as the imperfectly
calibrated data used in EGM_TIM_RL05 caused non-stationary characteristics, which severely
affected the quality of the previously utilized stochastic model. Evaluation has shown that the
mean global accuracy from RL05 to RL06 increased by 10% to 25%. Furthermore, systematic
errors close to the magnetic poles (calibration errors of gradients, Siemes et al., 2019b) and the
magnetic equator (orbits errors, Arnold et al., 2023) were reduced at centimeter level in terms of
geoid.

Improved Stochastic Model of Gravity Gradient Observations

For the estimation of the stochastic model and for the decorrelation, the basic idea of the time-wise
approach is to treat the individual gravity gradient components 𝑉𝑐 for 𝑐 ∈ {𝑋𝑋, 𝑋𝑍, 𝑌 𝑌 , 𝑍𝑍} as
a time series along the orbit. Assuming that the measurement noise of the different components
are uncorrelated, i.e.

ΣΣΣ {𝑉𝑐1
, 𝑉𝑐2

} = 0, 𝑐1, 𝑐2 ∈ {𝑋𝑋, 𝑋𝑍, 𝑌 𝑌 , 𝑍𝑍} , 𝑐1 ≠ 𝑐2, (3.3)

least squares residuals v𝑐, in a first iteration with respect to EGM_TIM_RL05, later from the
adjustment, are used to iteratively refine the stochastic model ΣΣΣ {𝑉𝑐} per component.

As stochastic processes are used for covariance modeling (cf. Sect. 2.2), it is required that the
time series are without data gaps. Therefore, the time series are segmented into gap less segments
𝑉𝑐,𝑠 with 𝑠 ∈ {1, … , 𝑆}. Furthermore, it is assumed that different segments are uncorrelated, i.e.

ΣΣΣ {𝑉𝑐,𝑠1
, 𝑉𝑐,𝑠2

} = 0, 𝑠1, 𝑠2 ∈ {1, … , 𝑆} , 𝑠1 ≠ 𝑠2. (3.4)

As for covariance estimation the assumption of stationarity is required to obtain redundancy, an
additional subdivision of the segments is artificially introduced during the processing after i) major
events and maneuvers related to the satellite from which a change of the noise characteristics can be
expected, ii) after a change of the noise characteristics is identified, or iii) huge outliers or clusters
of suspicious data were identified. Although different stochastic processes and different estimation
procedures are applied in EGM_TIM_RL05 (Brockmann, 2014; Brockmann et al., 2014a) and
EGM_TIM_RL06 processing (Schubert et al., 2021b; Brockmann et al., 2021), the same
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segmentation strategy was applied. Fig. 3.2 shows the final segmentation used in both releases,
where it can be seen that thanks to the robustified process estimation strategy (cf. Sect. 2.2.1,
Schubert et al., 2021b; Brockmann et al., 2021) and the improved L1B data quality fewer
and thus longer segments were used in the RL06 processing, which increases the stability of the
decorrelation filter estimates.

For all segments indicated in Fig. 3.2, ARMA filters were manually adjusted to outlier free
subsets of the residual time series (Krasbutter et al., 2011; Krasbutter et al., 2014; Brockmann,
2014) in the RL05 processing. In contrast, the robustified estimation of AR processes is applied in
RL06, which does not only yield the estimated decorrelation filters but additionally the locations of
outliers and suspicious data based on the statistical tests (cf. Sect. 2.2.1, Schubert et al., 2021b).
These identified data points are not used for gravity field recovery and excluded in the estimation.

The estimated processes can be well represented in the spectral domain. Fig. 3.3 shows the PSD
of the processes used in RL05 processing (left column) and in RL06 processing (right column) for
all components 𝑐 (rows) and all segments 𝑠 (color coded). Thus, corresponding plots in the same
row, compare the estimated noise characteristics from RL05 and RL06 processing. Plots in the
same column show the characteristics of the different gravity gradient components and therefore
provide a hint about the stationarity of the noise. Comparing different colors in a single sub-plot
shows the noise characteristics for different segments and thus periods of the mission.

Firstly, it is directly visible that the stationarity of the estimated gravity gradient noise signif-
icantly improved from RL05 to RL06. There are strong variations for RL05 showing an increased
noise towards the end of the mission, where the satellite was operated at a lower orbit while the
solar activity increased. In contrast to this, the PSDs estimates of RL06 are very consistent –
especially in the measurement band between 5mHz to 100mHz, which shows the improved data
quality, especially for the important low orbit data. The change of the characteristics is most
obvious for the 𝑌 𝑌 gradient, which was mostly affected by the imperfect calibration. The single
segment visible in the 𝑉𝑍𝑍 plot is the first long segment, which was of poor quality as it recorded
data before an update of the gradiometer control unit.

In addition to an increased stationarity, the noise level is in generally lower for the smaller
frequencies, even reaching the measurement band (for all components and all mission periods).
The noise estimates obtained in the RL06 processing shows close to white noise characteristics not
only in the measurement band, but down to 2mHz.

The visible improvements result from both, the improved input data and the updated stochastic
modeling. The improved calibration directly reduces the noise level, especially for 𝑉𝑌 𝑌 . Addition-
ally, the robustified estimation of the process is less influenced by outliers and suspicious data,
which do not leak into the estimated stochastic model. Therefore, the estimated processes better
reflect the characteristics of the ’non-suspicious’ majority of the data.

Detection of Suspicious data

As discussed in Sect. 2.2.1, suspicious data points and outliers are directly identified by the robusti-
fied AR process estimation approach. Of course, it is of interest to study whether the classification
as suspicious data or outliers is meaningful. During processing, a large number of data classified
as suspicious was detected in the 𝑉𝑋𝑋 and 𝑉𝑋𝑌 component. As an example Fig. 3.4 shows the
detected outliers for the segment 2011/06/08 to 2011/08/23 consisting of 6.6 × 106 observations in
the 𝑉𝑋𝑋 component. A quite large number of outliers was identified, especially by the variance
test (cf. Fig. 3.4a), about 18.5% were flagged using the originally planned sensitivity of the test.

Together with mission scientists from ESA, studies to identify the reasons for the clustered
suspicious data were performed (Brockmann et al., 2019b). Despite some individual tracks
identified as suspicious, the major part of the data classified as suspicious is located in the latitude
band between 10 ° S and 60 ° S (Brockmann et al., 2019b).

It is known that the ion thruster compensating the drag generates an increased noise due to
vibrations when firing at a level of 2000mN to 2500mN. Fig. 3.5a shows these actually delivered
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(a) 𝑉𝑋𝑋 RL05.
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(b) 𝑉𝑋𝑋 RL06.
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(c) 𝑉𝑋𝑍 RL05.
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(d) 𝑉𝑋𝑍 RL06.
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(e) 𝑉𝑌 𝑌 RL05.
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(f) 𝑉𝑌 𝑌 RL06.
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(g) 𝑉𝑍𝑍 RL05.

10−4 10−3 10−2 10−1
100

101

102

103

104

frequency [Hz]

P
S
D

[m
E
/√

H
z]

0 10 20 30 40
(h) 𝑉𝑍𝑍 RL06.

Figure 3.3: Comparison of the PSD of the decorrelation filter estimates for
RL05 (left column) and RL06 (right column) for all used gravity gradient com-
ponents. The blue to red color code corresponds to the segment numbers, where
blue are segments early in the mission, red corresponds to the later ones. The
dashed black lines indicate the measurement band. Note that due to the differ-
ent segmentation, colors for RL05 and RL05 may correspond to different time
periods. Figure is taken from Brockmann et al., 2021.
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(a) Default test sensitivity of the variance test. (b) Reduced test sensitivity of the variance test.

Figure 3.4: Detected outliers and suspicious data in the 𝑉𝑌 𝑌 gravity gradient
for the segment 2011/06/08 to 2011/08/23 as a spatial plot. Figure is taken
from Brockmann et al., 2019b.

thrust of the satellite, which is available from the house keeping data after a 0.05Hz high-pass
filtering in an argument of latitude representation as a time series for the segment mentioned above.
The applied filtering pronounces those specific high thrust levels in the plot. Figures 3.5b and 3.5c
show the detected suspicious data from Fig. 3.4 in the same argument of latitude representation.
The correlation is obvious therefore it can be concluded, that the approach successfully identified
suspicious data, with a different noise characteristic caused by the increased thruster noise level.

To utilize more data for gravity field recovery and to avoid artificial data gaps for the operational
analysis, the sensitivity was decreased, resulting in 3.9% of detected outliers in the 𝑉𝑋𝑋 component
of the specific segment (cf. Fig. 3.4b).

Similarly, other effects were correlated to spatial patterns identified in the suspicious data.
E.g. data when the satellite enters the eclipse shadow is identified as suspicious, thermal changes
yield slightly changing data characteristics (Brockmann et al., 2019b). This confirms that
the approach reasonably classifies data as suspicious which indeed has a different characteristic
compared to the majority.

Internal Consistency of Gravity Gradient Solutions

Another option to asses the quality and consistency of the stochastic model is to compare the
formal error estimates of the SH parameters to empirical estimates derived from the difference
to a reference model. To obtain redundancy and to compare averages, degree (error) variances
are well suited. But, as no reference model exists superior to the GOCE based estimate for all
SH degrees, the idea is to compare segment- and component-wise solutions long enough that they
are individually solvable to a final combined GOCE solution. As the final combined model is
determined from significantly more data and all gravity gradient components, it is safe to assume
that it is more accurate and can serve as a reference for consistency checks.

This is shown in Fig. 3.6, for one segment very early in the mission with low solar activity where
the satellite was operated in a high altitude and thus in a smooth environment (11/2009–12/2009).
A second segment towards the end of the mission (06/2013–07/2013) is added, where the orbit
was lowered by 30 km and the solar activity was higher, so the satellite was operated in a rougher
environment. Both segments have a length of roughly two months. These NEQs are individually
solvable per gradient component and per segment without regularization. As reference model the
finally combined EGM_TIM_RL05 solution is chosen. Degree error variances of the segment-wise
and component-wise solutions are shown for both RL05 solution (in blue) and the corresponding
RL06 (in orange) counterpart. Whereas the formal degree error variances are computed from the
standard deviations of the SH coefficients (dashed lines) the empirical error estimates follow from
the difference to the EGM_TIM_RL05 model (solid lines). To suppress the effect of the polar gap,
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(a) Delivered thrust after 0.05Hz high-pass filtering. Courtesy C. Siemes.

(b) Outliers detected with default test sensitivity of the variance test.

(c) Outliers detected with reduced test sensitivity of the variance test.

Figure 3.5: Thrust level and detected suspicious data in the 𝑉𝑌 𝑌 gravity gradi-
ent for the segment 2011/06/08 to 2011/08/23 as an argument of latitude plot.
Figure is taken from Brockmann et al., 2019b.
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(a) 𝑉𝑋𝑋 solution for 11/2009–12/2009 segment.
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(b) 𝑉𝑋𝑋 solution for 06/2013–07/2013 segment.
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(c) 𝑉𝑋𝑍 solution for 11/2009–12/2009 segment.
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(d) 𝑉𝑋𝑍 solution for 06/2013–07/2013 segment.
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(e) 𝑉𝑌 𝑌 solution for 11/2009–12/2009 segment.
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(f) 𝑉𝑌 𝑌 solution for 06/2013–07/2013 segment.

0 50 100 150 200 250 30010−3

10−2

10−1

100

spherical harmonic degree l

sq
u
ar
e
ro
ot

of
d
eg
re
e
(e
rr
or
)
va
ri
an
ce
σ
l
(m

) EGM TIM RL05

RL05

RL06

(g) 𝑉𝑍𝑍 solution for 11/2009–12/2009 segment.
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(h) 𝑉𝑍𝑍 solution for 06/2013–07/2013 segment.

Figure 3.6: Formal (solid lines) and empirical (dashed lines) degree (error) vari-
ances of single-component and single-segment solutions for two segments with
different characteristics. The time-wise RL05 solution is chosen as reference
(black lines), the solutions from RL05 (blue lines) and RL06 (orange lines) are
compared. The left column shows a segment very early in the mission with low
solar activity where the satellite was operated in a high altitude and thus in a
smooth environment (11/2009–12/2009). The second column shows a segment
solution towards the end of the mission (06/2013–07/2013), where the orbit was
lowered by 30 km and the solar activity was higher. The rows show the results
for the different gradient components. Figures are taken from Brockmann
et al., 2021.
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(a) 𝑉𝑋𝑋 solution for 11/2009–12/2009 segment.
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(b) 𝑉𝑋𝑋 solution for 06/2013–07/2013 segment.

Figure 3.7: Formal (solid lines) and empirical (dashed lines) degree (error)
variances of RL05 and RL06. Global combination models are chosen as reference
(black lines, left EGM2008, right XGM2016), the solutions from RL05 (blue
lines) and RL06 (orange lines) are compared.

the heavily affected zonal coefficients are excluded in the computation of the degree error variances.
The left column in Fig. 3.6 shows that there is only a minor improvement in the individual

solutions from RL05 to RL06, the blue and orange lines agree quite well. Small improvements are
visible for 𝑉𝑌 𝑌 for SH degrees 10 to 20. For 𝑉𝑋𝑋 and 𝑉𝑋𝑍 it becomes visible that the formal error
estimates improve. Especially for the SH degrees 10 to 100 the dashed orange line better agrees
with the solid orange line (compared to their blue counterparts), therefore it can be concluded
that the quality of the covariance matrix of the estimated parameters better reflects the true error
characteristics. This becomes important for the combination of i) the different segments and ii) the
different gradient components, as it controls the relative weighting. Therefore, it can be expected
that the strengths and weaknesses of the individual gradient components are better accounted for
in the combination towards the final EGM_TIM_RL06 model.

The right column confirms the improved quality of the formal errors (for 𝑉𝑋𝑋 and 𝑉𝑋𝑍), but
additionally clearly highlights the improvements in the solutions of RL06: Most significantly for
𝑉𝑌 𝑌 , but clearly visible for the other components as well, both formal and empirical errors are
reduced for all SH degrees. This shows the improvements in the data and the analysis especially
in the challenging environment towards the end of the mission. As the data collected in the lower
orbit are very important for the combination due to the increased signal strength, it becomes visible
in the combined gradient solutions as well (Brockmann et al., 2021).

Performance of RL06 Compared to RL05

Least squares NEQs are derived for the four gravity gradients components 𝑉𝑋𝑋, 𝑉𝑋𝑍, 𝑉𝑌 𝑌 and 𝑉𝑍𝑍
for all segments (cf. Fig. 3.2) using the estimated decorrelation filters (cf. Fig. 3.3) and excluding
the detected outliers and suspicious data (e.g. cf. Fig. 3.4). The SST NEQs derived from the
short arc integral equation approach by colleagues from TU Graz, a Kaula based regularization
for the SH degrees above 180, and zero gravity pseudo observations in the polar gap are combined
to the final NEQs. To optimally combine different segments of individual gravity gradients, SST
and regularization matrices, variance component estimation is applied to estimate relative weights.
The final EGM_TIM_RL06 model follows directly from the solution of the combined NEQ system.
Further details are discussed in Brockmann et al., 2021.

Together with the RL05 model, the resulting RL06 solution is compared in terms of degree
variances to state of the art combination models in Fig. 3.7. Here EGM2008 (Pavlis et al., 2012) as
a pre GOCE era model and XGM2016 (Pail et al., 2018; Pail et al., 2017), which actually combines
the older EGM_TIM_RL05 (Brockmann et al., 2014a), are chosen.
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Figure 3.8: Geoid height differences of the RL05 and RL06 model truncated at
spherical harmonic degree 200 with respect to the XGM2016 model. Figure is
taken from Brockmann et al., 2021.

In Fig. 3.7a, EGM2008 is used as reference model which highlights the general benefit of GOCE.
The ’bump’ visible in the empirical degree error variances between degrees 50 to 200 results from
the errors in EGM2008 model. In this region, the model is not a valid reference model — as from
the pre GOCE era — the EGM2008 errors dominate the empirical error degree variance estimate.
EGM2008 is mainly determined from incomplete and lower quality terrestrial data in that degree
range. Below degree 50 EGM2008 is mainly determined by GRACE, so the improvement from
RL05 to RL06 starts to become visible. For the degrees above 210, the quality of the terrestrial
data starts to dominate GOCE. Independently, the formal error estimates show the improvements
and the quality level of the GOCE-only solutions compared to EGM2008.

In Fig. 3.7b, EGM2008 is substituted by XGM2016 to serve as reference. The ’bump’ is gone, as
XGM2016 incorporates EGM_TIM_RL05 solution as GOCE contribution. Interestingly, although
RL05 is used, RL06 is more consistent to the XGM2016 for the lower and higher degrees which
shows the quality improvement of the RL06 solution and the positive effect of GRACE and the
terrestrial data in XGM2016. For degrees 20 to 90 and 210 to 300 — where XGM2016 is supposed
to be more accurate — formal and empirical error degree variances agree well, which demonstrates
that the formal error is a realistic measure for the quality of EGM_TIM_RL06. For degree range
90 to 210 XGM2016 can not serve as reference model, as it is limited by the quality of the RL05
contribution.
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Finally, RL05 and RL06 models are compared to the XGM2016 model in the spatial domain
at the level of geoid heights. For that purpose, the SH series is evaluated for the geoid functional
(cf. Eq. (4.4)) truncated at SH degree and order 200 and the difference to the XGM2016 geoid is
formed. The results are shown in Fig. 3.8 globally and for a regional area in the South Pacific.
Comparing the differences between RL05 from Fig. 3.8a and RL06 from Fig. 3.8c shows on the one
hand that the RL06 differences are less noisy. Furthermore some systematic effects are removed,
e.g. around the magnetic equator. These kinds of improvements are visible globally.

For a regional analysis, an area in the South Pacific with a smooth MDT is selected (see
Fig. 3.8b and Fig. 3.8d). For this region, a high accuracy of XGM2016 is expected, as the included
altimetry derived gravity is accurate in those regions. It can be seen that the differences for RL06
are smoother. This is numerically supported by the RMS which is 2.4 cm for RL05 and 2.1 cm
for RL06. It is further confirmed by the improvement of the mean formal geoid height error for
that region. Error propagation of the covariance matrices of the SH coefficients to the geoid height
functional shows that the formal error reduces from 2.7 cm for RL05 to 2.1 cm for RL06.

To conclude, for the RL06 model it is shown that (Brockmann et al., 2021):

• The mean global accuracy was improved between 10% to 25% compared to RL05.
• The quality of the covariance matrix was increased, yielding a more realistic error description.
• Systematic errors at centimeter level were reduced.

Pessimistically, the accuracy of EGM_TIM_RL06 is 2 cm in terms of geoid and 0.5mGal in terms
of gravity anomalies at the target resolution of GOCE of 100 km. The solution is internationally
well accepted and widely used. It is available at ICGEM (ICGEM, 2017), in (Brockmann et al.,
2019d) and via the ESA GOCE Online Dissemination Service (ESA, 2020) together with its full
error covariance matrix as the official ESA time-wise GOCE-only solution.

3.4.2 The GOCO06S Model

With the characteristic that the EGM_TIM_RL06 is a pure GOCE only model and provides a
full covariance matrix, which realistically reflects the uncertainties of the model (cf. Sect. 3.4.1), an
unconstrained version (i.e. without applying the regularization) is the perfect input of the GOCE
data as a sufficient statistic to a combined satellite only model. The GOCO consortium targets
to bring together various experts for the different strategies to recover the gravity field from the
different missions. As a member of the consortium, significant contributions were made to all
existing GOCO models since the first model GOCO01S was released (Pail et al., 2010). In this
thesis, focus is on the most recent release, i.e. the GOCO06S global gravity field model (Kvas
et al., 2019b; Kvas et al., 2021).

Properties of the GOCO Satellite-Only Models

Key idea of the GOCO satellite-only models is to perform the combination on the level of NEQs (e.g.
Meissl, 1982, Sect. A.10.2), i.e. the unconstrained least squares NEQs of the individual missions –
which exist as standalone models like EGM_TIM_RL06 for GOCE. As existing (unconstrained)
least squares NEQs assembled from the observations of the individual missions are setup by the
individual mission specific experts the NEQs are inconsistent in their original form. These incon-
sistencies comprise for instance,

• physical parameters/constants,
• background and/or correction models,
• the reference epoch and/or
• a priori parameters.
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These inconsistencies are resolved to best possible extent in a preprocessing step.
Furthermore, the mission specific NEQs are assembled only for a reasonable maximal SH d/o

resolvable from the mission and they might contain additional mission specific parameters. As
these parameters are not of interest in the context of a combined global gravity field model, they
are pre-eliminated from the NEQs. After elimination, the individual NEQ for group 𝑛 contains the
𝑈𝑛 parameters arranged in a parameter sequence ppp𝑛. ppp𝑛 is a subset of the parameter sequence ppp
consisting of the 𝑈 parameters to be estimated for the combined model. Defining the permutation
operator ΨΨΨppp𝑛↦ppp, reordering the sequence ppp𝑛 consistently to ppp, the NEQs might have to be extended
by zero rows and/or columns for the missing parameters for the case 𝑈𝑛 < 𝑈 (for details see
Brockmann, 2014, Brockmann and Schuh, 2016a).

With that, the combined NEQs read

𝑁−1
∑
𝑛=0

1
𝜎2𝑛

ΨΨΨppp𝑛↦ppp ([ N𝑛 0𝑈𝑛×𝑈−𝑈𝑛
0𝑈−𝑈𝑛×𝑈𝑛

0𝑈−𝑈𝑛×𝑈−𝑈𝑛

]) x̃ =
𝑁−1
∑
𝑛=0

1
𝜎2𝑛

ΨΨΨppp𝑛↦ppp ([ n𝑛
0𝑈−𝑈𝑛×1

]) , (3.5)

which can be solved for the unknown parameters of the combined gravity field model (SH coefficients
and optionally some time dependent SH coefficients). The relative weighting is controlled by the
weights 𝑤𝑛 ∶= 1

𝜎2𝑛
, which can be estimated via VCE (Koch and Kusche, 2002). Typically the higher

degree coefficients are regularized for the combination models as well – in (3.5), a regularization
matrix is treated as an additional group. E.g. for a Kaula-based regularization for the higher
degrees, ppp𝑛 contains the higher degree coefficients only, N𝑛 is a diagonal matrix with inverse degree
variances following Kaula’s rule on the diagonal and n𝑛 is a zero right hand side vector.

Primarily, the combination models target the static global gravity field. Therefore, the param-
eter vector consists of static SH coefficients 𝑐𝑙𝑚 to 𝑠𝑙𝑚 up to the maximal d/o determined typically
by the GOCE contribution. When combining SLR or GRACE/GRACE-FO derived gravity field
models obtained from long time series, these are highly sensitive for temporal changes in the gravity
field of the lower degrees. Therefore the reference epoch becomes important. To account for this —
although the static model is in focus — the temporal gravity field is coestimated (cf. Kvas et al.,
2021). In the GOCO series, this is inline with the approach for FE based spatial modeling in
Sect. 2.3.4: for the lower degrees, the spatial SHs are combined with a separable temporal function,
to model long term temporal varying SH coefficients (especially trends and seasonal amplitudes).

The GOCO06S Model

The satellite-only GOCO06S model is determined from the combination of

• GOCE in form of the unconstrained EGM_TIM_RL06 model,
• GRACE in form of the unconstrained ITSG-Grace2018s model (Kvas et al., 2019a),
• LEO models derived from kinematic orbits of nine satellites (Zehentner and Mayer-Gürr,

2016; Kvas et al., 2019a),
• SLR derived models from ten satellites (Kvas et al., 2021) and
• a regularization for the higher degrees and time-variable coefficients (Kvas et al., 2021).

Totally, more than 1 160 000 000 observations collected by 19 satellites for a period of 15 years are
included. The static model is determined up to the SH d/o 300, which corresponds to the maximal
resolution of the EGM_TIM_RL06.

To demonstrate that GOCE is the main contributor for the higher degrees of GOCO06S, Fig. 3.9
shows the degree (error) variances of both models EGM_TIM_RL06 and GOCO06S, using the
XGM2016 as reference. Starting from SH degree 100 to 110 there is hardly a difference in the
empirical differences between EGM_TIM_RL06 and GOCO06S, which confirms that GOCE is —
as expected — dominating the combined solution. Similarly, this is shown for the GRACE solution
for the lower degrees in Kvas et al., 2021. Furthermore, Kvas et al., 2021 show a more detailed
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Figure 3.9: Formal (solid lines) and empirical (dashed lines) degree (error)
variances of EGM_TIM_RL06 and GOCO06S. A global combination model is
chosen as reference (black lines).

contribution study on the level of individual coefficients (for details on the contribution see e.g.
Brockmann, 2014, Sect. 5.4).

As for GOCO06S, the handling of the time-variable modeling is mainly developed by the col-
leagues from TU Graz, details are not discussed here. Basically, the temporal variations provided
are set up to d/o 200 and modeled by a trend and seasonal amplitudes. The estimation contains
information from observations up to d/o 120 from GRACE and SLR. Within the modeling, instan-
taneous changes by major earthquakes are considered by co-estimating local step-functions. For
a stable estimation, a tailored regularization including a land and ocean map is developed. For
further details and a detailed validation of the model refer to Kvas et al., 2021.

GOCO06S is one of the internationally most accepted global satellite-only static gravity field
models. It serves as a background model for many regional geoid models (e.g. Dilalos and Alex-
opoulos, 2023), global combination models (e.g. Zingerle et al., 2020), geodetic MDT estimates
(e.g. Jousset, 2023) and is used in many other geodetic or geophysical applications (e.g. Li et al.,
2023; Peter et al., 2022).

3.4.3 Extended and Updated Models
Combined Gravity Field Models

The satellite-only series (S-series) of the GOCO models do not include all available observations
which can be linked to the Earths’ gravity field. Primarily, these are terrestrial or airborne gravity
measurements over land and gravity anomalies derived from altimetric SSH measurements over the
ocean. The satellite-only models of the GOCO series combine individual satellite models, which use
realistic covariance modeling. Therefore the covariance matrix of the combined model is expected
to be realistic is well. This makes the unconstrained version of the GOCO satellite-only model
again a perfect input for a global combination model. The least squares NEQ of the GOCO0*S
model is a sufficient statistic of all its input observations, and can therefore be used without loss of
information. This is done in Fecher et al., 2017 to obtain GOCO05c, combining the unconstrained
GOCO05S model with full NEQs assembled from altimetry derived gravity products (DTU13 GRA)
and terrestrial gravity anomaly data on a 15 ′×15 ′ grid. This results in a resolution of SH d/o 720,
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which makes the assembly and solution computational challenging (Brockmann, 2014; Brockmann
et al., 2014b) as the handling of 2TB matrices is required. Although for a combined model the
resolution is not that high, the model was computed by assembling and solving full NEQs, which
allows adding inhomogeneous empirically derived weights for the terrestrial data optimizing the
relative weighting between the satellite contribution and the additional data. The GOCO05c is
published by the GOCO consortium at Pail et al., 2016 and documented in detail in Fecher
et al., 2017.

Alternative Polar Gap Regularization

As a GOCE-only model, the EGM_TIM_RL06 model suffers from the polar gap (cf. Sect. 3.4.1).
EGM_TIM_RL06 uses pseudo zero gravity field observations in the polar regions, to locally reg-
ularize the solution, which yields a poor performance of the model for orbit integration of po-
lar satellites (e.g. Gruber et al., 2011). Therefore, Zingerle et al., 2019 locally inserted data
from the PolarGap campaign, the AntGG project and ArcGP compilation (Forsberg et al., 2007;
Scheinert et al., 2016; European Space Agency, 2018) filtered down to the maximal resolution of
EGM_TIM_RL06 to derive the polar extended gravity field model TIM_R6e (Zingerle et al.,
2019). This yields a global GOCE-based model, which agrees to EGM_TIM_RL06 outside the po-
lar regions to large extent, while containing significantly more signal in the polar regions, improving
the quality of the model for many applications close to the polar gaps (e.g. orbit integration).



Chapter 4

Parametric Models for the Mean
Dynamic Topography

This chapter is based on the work performed in the context of the PARASURV1 project. Therefore,
parts of this chapter are taken in an updated form the proposal, resulting publications, conference
contributions and the final project report.

4.1 State of the Art
The difference between the SSH above a reference ellipsoid and the geoid is the dynamic ocean
topography (DOT). It reflects many characteristics of the ocean circulation (e.g. Wunsch and
Gaposchkin, 1980; Fu, 2014). Although the DOT is subject to temporal variations, the focus is
often – as here – on its steady-state part, called the MDT. Its accurate knowledge is important
for oceanographers (e.g. Wunsch and Stammer, 1998), as it reveals valuable information about the
ocean’s circulation and geostrophic surface currents, and geodesists (Rummel, 2001), as it allows
for a unification of independent local height systems. The geodetic estimation of the MDT is
typically based on the separation of averaged altimetric SSH measurements into the MDT and the
geoid. For the separation process, additional independent information about the geoid, the MDT
or ideally both is required. When omitting any kind of oceanographic input data (ocean salinity,
temperature, pressure observations), instead relying only on satellite derived geoid and SSH data,
the resulting MDT estimate is called geodetic (e.g. Albertella et al., 2008; Vianna and Menezes,
2010; Woodworth et al., 2015). Being independent of oceanographic data, the MDT is well suited
for an assimilation into ocean models (e.g. Janjić et al., 2012; Becker et al., 2012). A remaining
scientific issue is the spectral inconsistency of the involved data sets (e.g. Albertella et al., 2008).

Since the 1970s — and since 1993 continuously and globally — the SSH is captured by satellite
altimetry with an increasing accuracy. Already Kaula et al., 1970 pointed out that capturing the sea
surface with satellites is the only feasible method to observe the entire ocean with high spatial and
temporal resolution. The requirements for using altimetric measurements and independent geoid
information to determine the MDT as the difference of the (mean) sea surface and the geoid from
these measurements were already studied by Greenwood et al., 1969. Since then, several approaches
were developed and applied to determine a (geodetic) DOT or MDT from altimetric measurements
and geoid information at global or regional scale. Most of them start with the actually computed
difference of a gridded MSS (ℎMSS) data set and a gridded geoid product (𝑁)

ℎMDT = ℎMSS − 𝑁. (4.1)
Preprocessed MSS products (see Chap. 5) are used instead of the original along-track altimetric
SSH measurements. The MSS products are provided as over-sampled fine grids (e.g. 1′×1′) and

1PArametric determination of the dynamic ocean topography from geoid, altimetric sea surface heights and SAR
derived RAdial SURface Velocities (PARASURV). PI J. M. Brockmann. DFG BR 5470/1-1 (2018-2021)
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contain averaged SSH of multi mission altimetry collected over decades. See Chap. 5 for further
details. The geoid information is typically based on a synthesis of a spherical harmonic model.
Consequently, it is band limited and has an accuracy level of 1 cm to 3 cm at a spatial resolution
of about 100 km; see Chap. 3 for further details.

Different kinds of filters are applied to homogenize the data sets and account for their spectral
inconsistencies. Often, a simple Gaussian low-pass filter is applied to the difference (cf. (4.1)) in
the spatial domain (e.g. Bingham et al., 2008; Andersen and Knudsen, 2009; Knudsen et al., 2011;
Siegismund, 2013; Farrell et al., 2012) to derive a gridded MDT. Stochastic information on the
accuracy of the geoid and the MSS are generally not accounted for. Other filters instead of a Gaus-
sian are chosen for instance in Jayne (2006), Vianna and Menezes (2010), Rio et al. (2011), and
Mulet et al. (2021b), either locally adopting the filter or using a collocation like strategy. While
the widely used Gaussian smoother is an isotropic filter, Bingham (2010), Bingham et al. (2011),
Čunderlík et al. (2013), and Sánchez-Reales et al. (2016) introduce more complex anisotropic fil-
tering methods originally developed for edge extraction in digital images. They are based on the
diffusion equations, trying to filter along gradients of the signal, and at the same time avoiding
filtering across the gradient. As an alternative to spatial filtering, spectral approaches were intro-
duced (e.g. Tapley et al., 2003; Bingham et al., 2008; Albertella et al., 2012; Gilardoni et al., 2015;
Siegismund, 2020). The common basic idea is to expand the altimetric MSS to spherical harmonics
up to same d/o of the used gravity field model. They differ mostly in the approaches how the
missing MSS information over the continents is synthetically filled. Afterwards, the differences are
computed in the same spectral domain to derive an MDT. The methods mentioned so far operate
on a spatially predefined grid and use gridded and temporally averaged altimetric data instead of
the original along-track SSH measurement profiles. Bosch and Savcenko (2010) avoid using gridded
products, but use the altimetric measurements along the original tracks. They combine the spatial
and spectral strategies to filter the gravity field model in the spectral domain and the altimetric
SSHs along the satellite ground track in the spatial domain. Thus, not an MDT but a DOT along
the satellite track is derived (e.g. per cycle).

Information about the MDT can also be derived from other data sources, like in-situ hydro-
graphic measurements or surface velocity observations (e.g. Maximenko et al., 2009). This infor-
mation can be used to refine the spatial resolution of geodetic MDT models. Maximenko et al.
(2009) used near-surface drifter and wind data in combination with a geodetic MDT estimate to
derive an improved MDT. Rio and Hernandez (2004), Rio et al. (2007), Rio et al. (2011), Rio
et al. (2014), and Mulet et al. (2021b) determined their MDT from a gravity field model, an MSS,
drifting buoy velocities and hydrographic profile measurements. As the data sets are analyzed on
grids, the finally derived MDT models are determined by weighted averages. These combinations
provide smooth, high resolution and high quality MDT models. But, the used additional data i)
has an imperfect spatial and temporal distribution (Roemmich et al., 2003; Lumpkin and Pazos,
2007) and ii) is often used to force ocean models or are even assimilated into these (e.g. Stewart,
2008). Due to the latter, an MDT including the hydrographic profiles should not be assimilated
into an ocean model, as such data would enter the model twice.

An observation type which is so far not used for MDT determination are SAR derived RSV
(e.g. Gonzalez et al., 1981; Chapron et al., 2005; Shutler et al., 2016). To derive the RSV, two
approaches can be distinguished (cf. Romeiser et al., 2010). Firstly the along-track interferometry
and secondly the evaluation of the so called Doppler Centroid Anomaly (DCA). The latter is from
a theoretical point of view applicable to all SAR satellites, also to historical data. Therefore, the
focus is on the DCA method (Chapron et al., 2005; Romeiser et al., 2010). Due to relative motion
between the surface and the satellite, a Doppler shift occurs (cf. Madsen, 1989). Reducing the shift
resulting from the satellites movement and the Earth’s rotation, the remaining part is the DCA.
Over the ocean it is related to the movement of the ocean surface, which is caused mainly by the
ocean currents and the wind (Hansen et al., 2011). Reducing the wind and sea state contributions
(Mouche et al., 2012; Moiseev et al., 2020b) and the ageostrophic part (e.g. Ekman currents, cf.
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Figure 4.1: Sentinel-1 acquisition modes. Figure taken from Sentinel-1-Team,
2013.

Rio et al. (2011)), the radial part of the geostrophic current is obtained (i.e. the projection in
radial direction towards the satellite). As shown by Johannessen et al. (2008), Johannessen et al.
(2014), Moiseev et al. (2020a), and Moiseev et al. (2022) realistic surface currents can be derived
from multiple SAR images, e.g. for the Greater Agulhas Current from ENVISAT or data from the
Sentinel-1 mission.

This observation type and the DCA method are of special interest, as a level 2 ocean data
product (DCA and the derived RSV) exists for the Sentinel-1 mission of the European Commissions’
Copernicus program (CLS, 2016; Engen and Johnsen, 2010; Moiseev et al., 2020b; Moiseev et al.,
2022). RSV are provided for two of the Sentinel-1 acquisition modes (cf. Fig. 4.1). The first is the
wave (WV) mode, which is the default mode for the open ocean, for which RSV is derived with a
100 km sampling in a kind of zigzag pattern along the orbit. In selected, mainly coastal regions of
interest, data from the high resolution interferometric wide swath (IW) mode are available. There
RSV observations are available in 3 sub swaths with total coverage of 200 km to 250 km with one
value per 1 km pixel.

4.2 Objectives and Contributions
Following the discussion from above, altimetric SSH as well as satellite based observations which
can be linked to the geoid are the most important input datasets for geodetic MDT estimation. As
the SSH contains amongst the temporal SLA the sum of both – MDT plus geoid – this is a typical
signal separation problem. To solve this, either the geoid has to be known or complementary
observations, which are sensitive to the geoid (or the MDT), must be available. The available
geoid information over the ocean – which is independent from satellite altimetry – results from
the dedicated gravity field missions (see Chap. 3 for the details), with a limited spatial resolution
and a limited accuracy. The spatial resolution is significantly lower compared to the along-track
altimetry resulting in spectrally inconsistent datasets. Adding assumptions on the resolution and
smoothness of the MDT results in a solvable problem with the potential to improve the geoid model
with the SSH measurements in a joint analysis.
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In order

(i) to use the original along track SSH measurements as a stochastic data set,
(ii) to flexibly set up and extend the observation equations for altimetric SSH,
(iii) to integrate the geoid information as a stochastic data set,
(iv) to coestimate a geoid improved by the SSH measurements,
(v) to optionally integrate observations of surface currents (e.g. drifters or RSV) to support

the separation, and
(vi) to derive uncertainty measures of the MDT and geoid estimates

a parametric approach is proposed (cf. Sect. 4.3).
Starting with Becker et al., 2014b and Becker et al., 2014a and extended in Brockmann

et al., 2023 and Neyers and Brockmann, 2024 a procedure to solve the signal separation task
to estimate a parametric MDT model from along-track altimetric SSH measurements, satellite-
based geoid information and optionally surface current information is designed, implemented and
established. Most of the recent work has been realized in the context of the PARASURV project
funded by DFG.

Basic idea of the parametric approach is to jointly estimate both – the geoid as well as the
MDT from complementary observations treating these as realizations of random variables. For
that reason, a deterministic function 𝑔MDT, which models the MDT must be established. Whereas
spherical harmonics are well established for the geoid (cf. Sect. 1.2 and (4.4)), there exists no closed
expression for the MDT derived from physical laws. In this case, the unknown function 𝑔MDT has
to be approximated. As discussed in Section 2.3, FESs are used and adopted for the representation
of the MDT with different smoothness characteristics and requirements for the spatial resolution.
Whereas 𝐶0-smooth FEs are widely used due to their relatively simple structure, 𝐶1-smooth ele-
ments are a good choice for the MDT as the steady-state ocean currents are proportional to the
spatial gradient of the MDT. Consequently, special emphasis is on elements which guarantee a
𝐶1-smooth function 𝑔MDT. A generic implementation is realized within the PARASURV project
such that all FEs implemented (cf. Sect. 2.3) are usable for the parameterization of the MDT.

As both target reference surfaces — the MDT as well as the geoid — are parametric continuous
functions, the parameters for both can be estimated in an adjustment procedure from the available
observations sensitive to at least one of the two surfaces. Using the least squares principle, the
combination of different observation types is straight forward. On the one hand, geoid information
can be easily added in the SH domain (e.g. the gravity field models as derived in Chap. 3) as
sufficient statistics of the original observations without loss of information.

Any kind of observations, sensitive either to the MDT, the geoid or both can be included as soon
as the observation equations are derived. For instance, due to the parametric representation of the
MDT, it becomes possible to introduce (preprocessed) surface current observations in geostrophic
approximation as in-situ measurements, as the derivative of the MDT is continuously defined. This
enables to study the use of the SAR derived RSV for MDT determination. Theoretically, as RSV
can be derived from any SAR satellite – a global dense coverage might become available in future.
Although not the complete surface current signal is observed — only the one-dimensional projection
in line-of-sight (LOS) direction, observation equations can be derived for the parametric approach
using 𝐶1−smooth FE. This poses a major challenge for the established grid-based MDT approaches
discussed above.

Using the stochastic view on the adjustment task allows for a proper modeling of the uncer-
tainties of the observations, applying one of the covariance modeling approaches as discussed in
Sect. 2.2. This allows for – from a theoretical point of view – an optimal combination of the ob-
servations. The parameterization enables to use the original observations, which are for instance
the original 1Hz sampled SSH observations along the track of the altimeter satellite. This gives
the opportunity to coestimate temporal SLA signals, or in the future other geophysical signals of
interest like ocean tides.
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Figure 4.2: Schematic overview of the proposed procedure, summarizing the
used observations, their sensitivity to the estimated parameter groups, a sketch
of the combined least-squares normal equations system, as well es the estimated
parameters (slightly modified from Neyers and Brockmann, 2024).

Due to the high sampling rate, a long observation period and the large number of unknown
parameters (mainly due to the SH for the geoid), a tailored implementation is realized in an
HPC environment to solve the adjustment problem (cf. Sect. 2.4). Although working regional,
the estimated global SHs used to model the geoid are regionally updated. It can be shown that
the estimated regional geoid update is meaningful (Brockmann et al., 2023; Neyers et al.,
2022c).

4.3 Summary of the Parametric Approach
The proposed parametric approach is summarized by the schematic sketch in Fig. 4.2. It shows
the used observations, their sensitivity to the estimated parameters, the structure of the joint
least-squares estimation strategy and the resulting estimated parameters.

4.3.1 SSH Observation Equations

Key input for the estimation of a geodetic MDT are the altimetric SSH observations as taken by
the numerous altimeter missions. Using the relation (1.3), the 𝑖-th SSH observation ℒ𝑖 collected
by the satellite mission 𝑗 at the location (𝜆𝑖, 𝜙𝑖) in ellipsoidal coordinates taken at time 𝑡𝑖 can be
symbolically written as (cf. Brockmann et al., 2023)

ℒ𝑖 = 𝑁(𝜆𝑖, 𝜙𝑖) + 𝑔MDT (𝜆𝑖, 𝜙𝑖) + 𝑓SLA (𝜆𝑖, 𝜙𝑖, 𝑡𝑖) + 𝑜𝑗 + ℰ𝑖. (4.2)

Here, ℰ𝑖 represents the random measurement error and 𝑜𝑗 a mission specific bias. This assumes the
observations have been successfully and perfectly corrected for environmental conditions (𝑐), like
instrument and sea state bias, atmospheric, tidal and inverted barometer corrections (for details
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see Aviso, 2020). Residual signals of these effects are implicitly assumed to be random and thus
modeled by ℰ𝑖, for which 𝐸 {ℰ} = 0 is assumed.

The observation equation (4.2) can be even simplified, assuming that due to repeated measure-
ments at the same location 𝑓SLA vanishes for the observation period, yielding

ℒ𝑖 = 𝑁(𝜆𝑖, 𝜙𝑖) + 𝑔MDT (𝜆𝑖, 𝜙𝑖) + 𝑜𝑗 + ℰ𝑖 (4.3)

as observation equations. Eq. (4.3) assumes that the least-squares adjustment implicitly takes care
of the temporal averaging. This is a quite realistic assumption for SSH measurements from ERMs,
which re-visit the same orbit every 10 days to 30 days, depending on the actual mission, it might
be problematic when GMs are used, which have either no repeat, or a repeat cycle above one year.
Consequently, in cases the SLA is neither reduced in advance nor coestimated, aliasing might occur,
depending on the implicit spatio-temporal filtering.

4.3.2 Modeling the Geoid
Although not optimal when working regional, i.e. just targeting regional MDT estimates, spherical
harmonics are used for the gravity field and the geoid (Becker et al., 2014b; Becker et al.,
2014a; Neyers and Brockmann, 2024). This has the advantage that the satellite-based gravity
field models can be directly used as stochastic data sets and ill-posed transformations to grids/local
basis functions can be avoided (see e.g. Klees et al., 2018; Klees et al., 2019).

Therefore, the complementary geoid information can be directly used in the adjustment in the
spherical harmonic domain. Unconstrained normal equations, as for instance assembled for the
gravity field missions in Chap. 3, can be directly included in the adjustment using the addition
theorem for normal equations (e.g. Meissl, 1982, A.10.2).

Due to the along-track sampling of the altimetric SSH of about 7 km to 8 km, the use of GMs
with an across-track spacing down to 7 km to 8 km and the assumption that the MDT signal is
smooth, the marine geoid can be resolved to very high d/o. To avoid aliasing of geoid signals to
the MDT, the maximum degree of SH expansion must be higher than the resolution of the exiting
satellite only information which are available to degree 300 (cf. Sect. 3). Accounting for the fact
that the accuracy of the satellite-based geoid information is limited and has the required cm-level
around degree 200, i.e. about 100 km (Brockmann et al., 2021), the geoid is modeled in the
most recent studies up to d/o 600 (Brockmann et al., 2023; Neyers and Brockmann, 2024).
This corresponds to more than 360 000 unknown spherical harmonic parameters 𝑐𝑙𝑚 and 𝑠𝑙𝑚. The
SH coefficients can be clustered into three groups:

SH stable: These are the low degree coefficients, which are accurately determined by the
global satellite-based model. Roughly, it includes the coefficients from degree 2
to 200. It is expected that these are not significantly updated in the combined
estimation by including the additional SSH observations.

SH medium: These are the coefficients which are included in the satellite based model, but are
not accurately determined. In the scenario mentioned above, these are coefficients
for SH degrees 201 to 300. It is expected that in the combined estimation they
benefit from both, the global model information as well as the SSH observation.

SH higdeg: These are the high degree coefficients, formulated in SSH observation equations,
but not included in the global model. In the examples, these are the coefficients
from degree 301 to 600. Despite some correlations, they are determined from SSH
data (and regularization) only.

Geoid signals above d/o 600 remain unmodeled in (4.2) and (4.3). Therefore it is either required
to reduce these omitted signals from the SSH observations in advance using global high resolution
gravity field models defined above d/o 600, or to model these signals as part of the stochastic model.
Assuming a proper choice for the function 𝑔MDT (⋅) with a tailored spatial resolution and spatial
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filtering characteristics, the random variable ℰ𝑖 can be used to model the high resolution geoid
signal as part of the error model. This requires to account for the characteristics of the unmodeled
geoid signal in the covariance matrix of the observations ΣΣΣℒℒℒ,ℒℒℒ as an ommission error (for further
details see Schuh et al., 2015).

Starting with the SH representation of the disturbing potential (cf. (3.2) together with (3.1)),
the geoid can be approximated in the SH domain (e.g. Hofmann-Wellenhof and Moritz, 2005) and
represented as a function in ellipsoidal coordinates (ℎ = 0, 𝜆, 𝜙)

𝑁(𝜆, 𝜙) = 𝑇 (𝑟 (0, 𝜆, 𝜙) , 𝜆, 𝜑 (0, 𝜆, 𝜙)) /𝛾(𝜙), (4.4)

where 𝛾(⋅) is the normal gravity and (𝑟, 𝜆, 𝜑) the representation of the location in spherical
coordinates. With that, the geoid can be easily substituted in (4.2) or (4.3), which leads to a linear
function in the unknown parameters 𝑐𝑙𝑚 and 𝑠𝑙𝑚, arranged in a parameter vector xSH (see Fig. 4.2).
To complete the least-squares observation equations, a FES to model the MDT according to (2.31),
and optionally for the SLA according to (2.35) are required.

4.3.3 Finite Element Spaces for the MDT and the SLA

As already discussed and shown in Sect. 2.3.3, the Argyris element is well suited for the approxima-
tion of the MDT. As within more recent studies, observations of surface currents which are linked
to the gradient of the MDT are considered, 𝐶1-smoothness is required (cf. Sect. 4.3.4). With the
FE selected, the spatial resolution – or the filtering effect – fully depends on the selected mesh.
Although it is challenging to provide a measure for the spatial resolution of the FESs, it can be
approximated by

𝑟 = Δ𝑒
𝑛DOF

(4.5)

where Δ𝑒 is the average length of edges of the triangulation, and 𝑛DOF are the DOF. For the Argyris
element, defined by the two-dimensional polynomial of degree 5, all slices across the triangle are
one-dimensional polynomials of degree 5 with six DOF. Due to the 𝐶1-smoothness, the DOF are
reduced by 2, thus 𝑛DOF = 4. Within various studies, it was found that a triangulation with an
edge length of about 250 km yields good results. E.g. the signal from the MDT_CNES_CLS18 can
be approximated with an RMS of 4mm (cf. Tab. 2.2a). The spatial resolution of about 62.5 km
is in the order where the geostrophic approximation holds, which is depending on the study and
region between 50 km to 100 km (Vergara et al., 2023; Yu et al., 2021; Qiu et al., 2018).

Thus, after the choice of the element and the generation of a triangulation (cf. Sect. 2.3.2) the
function 𝑔MDT representing the MDT follows from (2.31) and yields, substituted to either (4.2) or
(4.3), linear observation equations in the unknown parameters 𝑎MDT,𝑖, arranged in the parameter
vector xMDT in Fig. 4.2.

For the case the SLA is coestimated, a spatio-temporal model assuming separable functions
for the spatial and temporal domain according to Sect. 2.3.4 is used. For the spatial function,
exactly the same FE and the same mesh as used for the MDT are selected. Inserting (2.35) in
the linear OEQs from (4.2) the additional unknown parameters 𝑒SLA,𝑖,𝑗 (grouped in the parameter
vector xSLA in Fig. 4.2) have to be estimated. More details about the specific scenarios analyzed,
especially for the temporal model component, are discussed in Sect. 4.4.1.

4.3.4 Observation Equations for Current Data

Within the parametric framework, it is straightforward to link the geostrophic currents to the MDT
in an analytical way (for details see Neyers and Brockmann, 2024). The vector valued function
for the geostrophic currents u(𝜆, 𝜙) with the north-south velocity component 𝑢 and the east-west
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velocity component 𝑣 follows from the continuous representation of the MDT via (e.g. Stewart,
2008, eq. (10.10))

u(𝜆, 𝜙) = [𝑢(𝜆, 𝜙)
𝑣(𝜆, 𝜙)] = 𝑔

𝑓𝑐
R∇𝑔MDT(𝜆, 𝜙) (4.6)

where 𝑔 is gravity and 𝑓𝑐 the Coriolis frequency. R is the rotation matrix which rotates by 90°
clockwise, i.e. the currents are orthogonal to the gradient ∇𝑔MDT(𝜆, 𝜙). Whereas (4.6) can be
directly used as least-squares observation equation for drifter derived geostrophic surface current
observations, a projection to the radar LOS unit vector r𝑖 is required for RSV observations, i.e.

ℒ𝑖 = ⟨ 𝑔
𝑓𝑐

R∇𝑔MDT(𝜆𝑖, 𝜙𝑖), r𝑖⟩ + ℰ𝑖. (4.7)

Furthermore, the SLA can be accounted for in (4.6) or (4.7) as well, assuming that the instantaneous
current/velocity measurement is affected by SLA as well, which is then for RSVs

ℒ𝑖 = ⟨ 𝑔
𝑓𝑐

R∇ (𝑔MDT + 𝑓SLA) (𝜆𝑖, 𝜙𝑖, 𝑡𝑖), r𝑖⟩ + ℰ𝑖. (4.8)

Depending on the analysis, either (4.7) or (4.8) is used as linear-observation equations, relating the
RSV measurements to the MDT parameters 𝑎MDT,𝑖. These observation equations assume that i)
the observations are reduced to the geostrophic part, or ii) the ageostrophic signal cancels by the
averaging procedure or iii) is absorbed by the spatio-temporal model for the SLA.

4.3.5 Using the Global Geoid Observations
As the geoid is modeled in the SH domain, preprocessed normal equations of global gravity field
models can be directly used instead of raw observations in the adjustment. They are not available
for the entire SH domain, but only for the degrees attributed to ’SH stable’ and (by definition) for
the coefficients attributed to ’SH medium’. Using unconstrained satellite-only normal equations,
e.g. derived from GRACE or GOCE or combined models like GOCO (cf. Sect. 3), guarantees that
the included geoid information is independent from the altimetric SSH.

4.3.6 Joint Estimation Procedure
Combined Least-Squares Estimation

As the SSH and RSV observations are independent, least-squares normal equations can be computed
for the different observations groups, i.e. SSH and RSV, separately and only for the subset of the
parameter space they are sensitive for. For each group 𝑔, the normal equation matrix N𝑔 and
the right hand side vector n𝑔 follow from (2.7) and result in (2.11), using one of the stochastic
model representations discussed in Sect. 2.2. For instance, in Brockmann and Schuh, 2016b;
Brockmann et al., 2016 the use of covariance functions derived from estimated AR processes is
studied for the SSH. As the influence on the estimated parameters is shown to be small, especially
in simulation studies, a white noise model is applied to reduce the numerical complexity and to save
computational resources (Brockmann et al., 2023; Neyers and Brockmann, 2024). As the
global gravity field information is already available in form of normal equations, the combination
can be directly done based on the addition theorem of normal equations (see Meissl, 1982, A.10.2).
The structure of the resulting normal equation due to the different sensitivity of the observations is
depicted in the second row of Fig. 4.2 (’processing’). Reordering strategies are required to combine
the normal equations in a consistent way (see Brockmann and Schuh, 2016a). This is a
challenging task, especially in an HPC environment, where the large matrices are stored distributed
along many processes.



4.4. SELECTED RESULTS 53

This combination strategy easily allows the inclusion of additional data sets, sensitive to the
gravity field, the MDT or both (e.g. drifter derived surface currents). A relative weighting scheme
is introduced by iteratively determining weights using VCE (Koch and Kusche, 2002).

The normal equations resulting from the combination of the observation based groups are ill-
posed, especially as the SH have global support, while only regional SSH observations are used.
Furthermore, the rank deficiency due to the linear dependence of MDT, SLA and geoid in the SSH
observation equations, is only resolved in case the global geoid information has a sufficient spatial
resolution. This is supported by smoothness conditions introduced to the parameter by means of
regularization.

Regularization

Without discussing this in too much detail here, it is important to state that regularization is
required to i) obtain solvable normal equations and to ii) obtain smooth estimates for the MDT (and
SLA). The Kaula rule is used to determine degree dependent weights of a diagonal regularization
matrix for the SH coefficients SH medium and SH higdeg. The coefficients are regularized towards
zero, using a small weight to make all coefficients estimable.

The separation of the SSH only works for the long wavelengths, for which the geoid is accurately
determinable from the global satellite based geoid information. To support the separation, the
assumption of a smooth MDT is added. The least-squares objective function is extended for
the minimization of the squared 𝐿2-norm of the gradient of the MDT, ‖∇𝑔MDT‖, which yields a
regularization matrix similar to the stiffness matrix known from the classical FEM via analytical or
quadrature-based integration. For this, numerical quadrature using the control points and weights
from Taylor et al., 2005 are used. The regularization, in case SLAs are estimated as well, is setup in
the same way. Corresponding regularization matrices are sketched as a joint regularization matrix
in Fig. 4.2.

Solving the weighted combined normal equations yields the least-squares parameter estimates
for the gravity field (xSH), the MDT (xMDT) as well as the ocean variability (xSLA), in case it is
coestimated (cf. third row in Fig. 4.2, ’results’). The full covariance matrix of the parameters can
be derived as well. Using the estimated parameters, geoid, MDT, SLA, and surface currents can
be directly derived on arbitrary grids by evaluating the corresponding continuous functions using
the estimated parameters (cf. e.g. (4.4), (2.31), (2.35) or (4.6)).

4.4 Selected Results
4.4.1 Coestimating SLAs
The presented approach is applied in Brockmann et al., 2023 to estimate the geoid and MDT
from SSH observations and the unconstrained GOCO06s model as geoid information. The real data
study introduces the coestimation of the SLA, using global basis functions for the temporal model,
consisting of a trend and an annual oscillation (cf. (2.33), but excluding the constant mean function
1). Both, (4.3) and (4.2) are used as observation equations for the SSH. Via a comparison of the
resulting geoid and MDT estimates, the benefits of the coestimation are studied. Furthermore, the
estimated SLA signal is verified via a comparison to a published SLA product.

To quantify the effect of coestimating the SSH 10 years of altimetric SSH observations (01/2010
until 12/2019) from ERMs (Jason-1, Jason-2 and Jason-3) and GMs (Cryosat1, GM phases from
the Jasons’) are combined with the unconstrained GOCO06s model. Regularization for the gravity
field and the MDT (and when coestimated for the SLA) is applied.

Fig. 4.3 shows the results for a regional MDT estimate in the Agulhas region (with and without
coestimation of SLA) as a difference to the MDT_CNES_CLS18 model2 (Mulet et al., 2021b) as

2A correction due to difference in the reference epoch is accounted for.
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(a) No SLA − Reference. (b) SLA − Reference. (c) SLA − no SLA.

Figure 4.3: Difference of the estimated models to the reference model
MDT_CNES_CLS18 (a: without coestimation of SLA, b: with coestimation of
SLA) and between both estimated MDTs (c). Figure taken from Brockmann
et al., 2023.

(a) No SLA − XGM(l=600). (b) SLA − XGM(l=600). (c) GOCO06s(l=250) −
XGM(l=600).

Figure 4.4: Difference of the estimated geoid compared to the XGM2019 model
at degree 600 (a: scenario without coestimation of SLA, b: scenario with coes-
timation of SLA) and between the used geoid model GOCO06s at degree 250.
Figure taken from Brockmann et al., 2023.

well as the difference between the two estimates. For the comparison, the FE based models are
evaluated on the grid as defined by MDT_CNES_CLS18, evaluating (2.31) with the estimated
MDT parameters. As confirmed by Fig. 4.3c, the differences between both solutions (Fig. 4.3a
vs. Fig. 4.3b) are only minor (RMS below 2mm, maximal/minimal difference below ±1 cm). This
means that the coestimation of the SLA hardly influences the MDT and the spatiotemporal filtering
effect of the chosen FES is sufficient to avoid aliasing.

The same is observed when comparing the estimated geoid (cf. Fig. 4.4). Both differences to the
XGM2019 model evaluated up to degree 600, used as reference, look very similar. No significant
difference is visible when comparing Fig. 4.4a and Fig. 4.4b. Again, it has to be concluded that
the coestimation does not improve the estimated geoid. But, comparing the used geoid signal from
GOCO06s at degree 250 to the XGM2019 at degree 600 (cf. Fig. 4.4c), it can be seen that the
difference is significantly reduced for the estimated geoid (cf. Fig. 4.4a or Fig. 4.4b). It can be
concluded that the estimated geoid is improved between degree 300 and 600 by meaningful geoid
signal, which is successfully extracted from the SSH observations.

There are regions where the separation does not succeed: A large difference is visible in the
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(a) Trend DUACS. (b) Amplitude DUACS. (c) Phase DUACS.

(d) Trend coestimated. (e) Amplitude coestimated. (f) Phase coestimated.

Figure 4.5: Spatial map of the estimated SLA trends (first column), annual
amplitudes (second column) and phases (third column) estimated from the
gridded DUACS SLA product (first row) and derived from the coestimated
SLA (second row). Figures are taken from Brockmann et al., 2023.

MDT difference in the coastal area (cf. Fig. 4.3a), which shows up with the inverse sign in the geoid
difference (cf. Fig. 4.4a). Due to the applied MDT regularization, i.e. minimizing the norm of the
gradient, the strong coastal gradient (part of the Agulhas current) is not captured in the MDT
estimate but wrongly attributed as geoid signal. Those kind of errors are supposed to be reduced
including observations sensitive to the MDT only, such as RSV or surfaces currents (see Sect. 4.4.2
and 4.4.3).

Although neither beneficial for MDT nor for the geoid estimate, Fig. 4.5 shows the estimated
SLA signal characteristics compared to an existing gridded SLA data set (daily DUACS Level 4
gridded SLA DT2018, Taburet et al., 2019). Amplitude, phase and trend can be directly computed
from the estimated SLA coefficients (via an interpolation with the spatial FE basis functions), the
quantities (annual amplitude and trend) for the reference data set are estimated individually per
grid cell in a linear adjustment. Fig. 4.5 clearly shows the similarity for trend, amplitude and phase,
which demonstrates that the coestimation works and estimates the expected signals.

To understand the reason why the coestimation does not improve the MDT and geoid results,
Fig. 4.6 shows the time series of the SLA reference product for two single locations. Whereas
Fig. 4.6a shows a location with a low ocean variability, Fig. 4.6b shows a location in the Agulhas
current system with a strong temporal variability of the ocean. Shown are both, the daily values
from the gridded reference product, and the coestimated time-series evaluated from the estimated
parameters for the same location, cf. (2.37). In the region of low-variability (variation is ±0.05m,
orange) the time-series is dominated by the annual signal and the trend. In this region, the used
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(a) Location with low ocean variability (13.375 °E,
20.875 ° S).

(b) Location with strong ocean variability
(17.325 °E, 39.125 ° S).

Figure 4.6: SLA time series from the DUACS product (orange) for two grid
points compared to the functions coestimated (blue). Figures are taken from
Brockmann et al., 2023.

model function captures the signal quite well (blue). But, in the regions of strong variations, the
signal is ten times higher (±0.5m, orange) and shows significantly higher frequency characteristics.
These strong variations are not captured by the chosen simple temporal model function. Simply
speaking, the modeled trend and annual variations are not the dominant signals, consequently
the coestimated function is a poor approximation of the real ocean variability. In order to see
positive effects for the estimation of the MDT and geoid, it is expected that more flexible temporal
basis functions are required. For further details see Brockmann et al., 2023 and Chap. 5 and
Borlinghaus et al., 2023a for advanced modeling strategies.

4.4.2 Use of Simulated WV Mode RSV Data

Neyers et al., 2022b and Neyers et al., 2022a study the potential of Sentinel-1 WV mode
RSV data to support the separation of SSH to geoid and MDT to avoid separation errors as
seen in Sect. 4.4.1 (cf. Brockmann et al., 2023). WV mode delivers a kind of ’point wise’
RSV measurements in an alternating far-sight/near-sight pattern with 100 km distance between
observations (CLS, 2016). For Sentinel-1, it is supposed to be available in the open ocean, therefore
the North Atlantic including the Gulf stream is chosen as a study area (see Fig. 4.7a). Whereas it
was originally planned in the PARASURV project to use the real data product as available from
the official Sentinel-1 Ocean (OCN) product as distributed by Copernicus, it turned out that due to
calibration issues the real data are not usable (Hajduch et al., 2021; Hajduch et al., 2022; Moiseev
et al., 2022).

Therefore, synthetic RSV data in WV mode are generated from the gradients of a global MDT
model (Neyers et al., 2022b; Neyers et al., 2022a). The MDT_CNES_CLS18 is approx-
imated by a high-resolution continuous FES and the estimated parameters are used to forward
compute the WV mode RSV from (4.7) for a one year real Sentinel-1 observation geometry (cf.
Fig. 4.7a). A reasonably optimistic noise of 0.1m s−1 and 0.25m s−1 is assumed.

The simulated RSV data are used in a geodetic MDT estimation from real SSH data and
GOCO06s as geoid information (cf. Sect. 4.3). It is shown in the studies, that in regions where
RSV data is available – especially from ascending and descending tracks (cf. Fig. 4.7a) – the RSV
data significantly supports the separation. This can be seen comparing the smoothness of the MDT
estimates, which use/do not use the RSV data. Whereas Fig. 4.7b shows the solution from SSH and
geoid only (the MDT is hardly regularized), the visible ripples indicate an imperfect signal separa-
tion, resulting from an imperfect implicit smoothing of the FES. In contrast to that, the solution
shown in Fig. 4.7c uses additionally the (synthetic) RSV data. It shows a significantly smoother
and better MDT estimate in regions where data is available. This can be supported analyzing the
formal accuracy estimates of the MDT (Neyers et al., 2022b; Neyers et al., 2022a). These
results already indicate, although the information is one dimensional (LOS projection) and sparsely
sampled over the ocean, that it is a promising data set for MDT determination. As these studies
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(a) Distribution of Sentinel-1 RSV
WV data for one year.

(b) MDT solution from SSH and
geoid.

(c) MDT solution from SSH, geoid
and RSV.

Figure 4.7: Effect of using (simulated) Sentinel-1 WV RSV data for geodetic
MDT estimation in the North Atlantic. Figures are taken from Neyers et al.,
2022b.

70°W 60°W 50°W 40°W 30°W

30°N

35°N

40°N

0

25

50

75

100

125

co
un

t

×103

(a) Number of RSV observations falling into each
triangle of the MDT model.
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(b) Relative amount of observations from ascending
orbit, 50% means equal distribution.

Figure 4.8: Distribution of Sentinel-1AWV-mode grid cells as simulated for this
study (years 2010–2019). Aggregated by triangles of the FES mesh. Figures
are taken from Neyers and Brockmann, 2024.

are simulation based, the conclusions are somehow idealized, as the RSV data only contain signal
simulated from a consistent and smooth MDT model.

To create somehow more realistic simulated observations, temporal Total Surface Currents
(TSC) data sets (cf. Consiglio, 2020), interpolated in space and time to the Sentinel-1 measurement
locations, are used for a ten year RSV simulation, which is basically the projection of the TSC to the
LOS. This introduces disturbing signals from ocean dynamics (Neyers and Brockmann, 2024;
Neyers et al., 2022c). Fig. 4.8 shows the data distribution per triangle of the used triangulation
for the Sentinel-1 like simulated WV mode observations for the study area – a subregion of the
North Atlantic including parts of the Gulf stream.

For this scenario, three solutions are computed to show the effect of the (simulated) RSV
observations (cf. Fig. 4.9) on the estimated MDT. Shown are differences of the estimated MDTs
to the DTUUH22 MDT model, a high resolution MDT refined by surface drifters (Knudsen et al.,
2022). The FE based estimates are evaluated on the grid defined by DTUUH22. Whereas the first
solution combines SSH, geoid and applies regularization of the MDT (cf. Fig. 4.9a) and serves as
baseline, the second solution uses the (simulated) RSV observations to replace the regularization
(cf. Fig. 4.9b). Finally, the third solution uses RSV and adds regularization to account for the fact
that RSV observations are not available in the entire DOI (cf. Fig. 4.9c).

Compared to the baseline scenario, where the gradient of the MDT is minimized by adding
smoothness conditions as regularization, it is shown that the WV mode RSV data help to smooth
the MDT (cf. Fig. 4.9b). Whereas in regions with data from ascending and descending orbits a
very similar smoothing is visible and the results improve (e.g. separation artifacts are removed),
regularization is still required in regions where no RSV data or just from a single orbit is available
(e.g. western and eastern boundary). Adding the regularization on top, results in the third scenario



58 CHAPTER 4. PARAMETRIC MODELS OF THE MDT

analyzed, which is most consistent to DTUUH22 (cf. Fig. 4.9c). With the limitation that the studies
are simulation based, it is demonstrated that the data are beneficial – although just in LOS direction
– for geodetic MDT estimation.

4.4.3 Use of Real IW Mode RSV Data
Whereas the sparsely sampled WV mode is the default mode for the open ocean, Sentinel-1 provides
RSV derived from the IW mode in selected interesting coastal regions (CLS, 2016). Although the
official products suffer from the calibration issues as well (Hajduch et al., 2021; Hajduch et al.,
2022; Moiseev et al., 2022), a one year Sentinel-1 RSV data set, including sea state corrections
is available for Southwest Indian Ocean around the Aghulas current (cf. Fig. 4.10, NERSC, 2022)
thanks to the re-calibration effort by Moiseev et al., 2020a; Moiseev et al., 2022.

Similar to the study for the (simulated) WV mode data (cf. Sect. 4.4.2), the proposed approach
and the implementation is applied to the NERSC, 2022 data set to study the use of real RSV data.
The data is used as is, no additional corrections have been applied. Although there are mostly
ascending flyovers, many regions sparsely sampled in time (cf. Fig. 4.10) and there are still several
remaining artifacts in the data, the usability of the data for MDT and geoid refinement is studied
(Brockmann et al., 2022; Neyers et al., 2022c).

Again, for the MDT solution from SSH and geoid, additional smoothness constraints for the
MDT are required to derive a realistically smooth MDT model. It is shown in the related studies,
similar to Sect. 4.4.1, that especially in the coastal region (Fig. 4.11a, center) the strong gradient
is not resolved. Instead the signal is wrongly attributed to the geoid (Fig. 4.11b, center) which
highlights that the smoothness constraint minimizing the gradient is not sufficient (Brockmann
et al., 2022; Neyers et al., 2022c; Brockmann et al., 2023). In contrast, once a subset of the
IW mode RSV data is used in the estimation approach, the coastal gradient is captured in the MDT
model, although some of the systematic artifacts from the data are captured as well. On the level of
geostrophic currents it can be shown that the east component (related to the north-south gradient
of the MDT) is significantly better than the north component, as the ascending observations are
mostly sensitive to the east component of the current. To demonstrate that the geoid improves
as well, differences to the combined XGM2019 (Zingerle et al., 2020) are shown in Fig. 4.11b for
the GOCO06S model used as geoid information (at degree 200), for the solution computed without
RSV data at its maximum degree 600 and finally for the solution with RSV data. As the differences
are significantly reduced, it is concluded that the spherical harmonics capture real geoid signal in
the DOI.

It was shown that the RSV contains valuable information to support the separation process
and has the potential to improve both, the MDT as well as the regional geoid. Due to the limited
spatial and temporal availability, still systematic differences are introduced to the solutions. But
conceptually the usability could be shown. The availability of more data would allow to improve
the data handling and usage, e.g. to remove systematics and reduce the ageostrophic components
from the data.
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(a) MDT from SSH, GOCO06s and regularization.
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(b) MDT from SSH, GOCO06s and RSV.
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(c) MDT from SSH, GOCO06s, RSV and regularization.

Figure 4.9: Differences of the MDT estimates to the DTUUH22 model in the
study area (subset of the North Atlantic ocean) in different scenario configura-
tions. Figures are taken from Neyers and Brockmann, 2024.

Figure 4.10: Available IW mode data from NERSC, 2022 for the study region
around the Aghulas current.
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(a) MDT solutions for the study region: MDT_CNES_CLS18 as reference, MDT estimate without RSV,
and MDT estimate including IW mode RSV.

(b) Geoid solutions in the study region as difference to XGM2019 at degree and order 600: GOCO06s at
degree 200, geoid estimate without RSV, and geoid estimate including IW mode RSV.

Figure 4.11: MDT and geoid solutions for the study region in the South Indian
Ocean. Figures are taken from Neyers et al., 2022c.



Chapter 5

Spatio-Temporal Model for the
Estimation of the Means Sea Surface

This chapter is based on the work performed in the context of the CST-MSS1 project. Started
in the context of the PARASURV project, the promising results derived in the master thesis by
Borlinghaus, 2021, resulted in the project proposal. The CST-MSS project provided initial funding
to extend the master thesis to a proof of concept study which served as the preliminary work for
the full DFG PhD project proposal COFEBAR2. Unfortunately, it was – despite two out of three
very positive reviews – not funded, maybe since the proof of concept studies Borlinghaus et al.,
2023a and Borlinghaus et al., 2023b were not timely published. Parts of this chapter are
taken in an updated from both proposals, resulting publications, conference contributions and the
CST-MSS project report.

5.1 Introduction and State of the Art

As discussed in Sect. 1.1, the MSS is defined as the temporal average of the instantaneous sea
surface over a well defined long-term period. As an important reference surface for ocean related
studies, e.g. ocean circulation studies (e.g. Mulet et al., 2021a), marine geoid determination (e.g.
Andersen et al., 2010) or sea level studies (e.g. Uebbing et al., 2019), the accurate knowledge of
the MSS at a high spatial resolution is required (e.g. Abulaitijiang et al., 2021). By definition,
mathematically the MSS can be seen after rearranging (1.1) as the difference of the actual SSH
and the SLA, i.e. the SSH corrected for its temporal variations.

As already discussed, the SSH can be determined from radar measurements of satellites equipped
with an altimeter. The altimetric SSH measurements

ℎSSH = ℎorb − ℎalt − 𝑐 + 𝑜 + 𝑒, (5.1)

result from the difference in the altitude of the satellite (ℎalt) resulting from a precise orbit de-
termination (e.g. Fernández et al., 2024) and the raw altimeter range ℎorb, which results from the
two-way transit time of the emitted radar pulse. This difference has to be corrected due to envi-
ronmental conditions (𝑐), for instance the sea state bias, atmospheric, tidal and inverted barometer
corrections and for a mission specific bias (𝑜) (for further details see Aviso, 2020). Furthermore,
the difference includes both random measurement and systematic errors 𝑒. Luckily, data providers

1Development of Continuous Spatio-Temporal Finite Element Based Models for Sea Surface Approximation (CST-
MSS). PI J. M. Brockmann. Funded by TRA1 Modelling, University of Bonn as part of the Excellence Strategy of
the federal and state governments (2021-2022)

2COntinuous spatio-temporal Finite Element Based Approximation models Representing the sea surface
(COFEBAR). DFG not funded. Due to the generally positive feedback an update and resubmission is planned.
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(a) For Jason-1., 10 d repeat cycle, cross-
track spacing of 315 km.

(b) For CryoSat-2, 369 d repeat cycle, cross-
track spacing of 8 km.

Figure 5.1: Scatter plots of SSH observations taken by the Jason-1 and the
CryoSat-2 mission in a one year period for a study region in the South Indian
Ocean.

deliver L2 data with corrections for 𝑐 and 𝑜, sometimes even already applied. Therefore, L2 mea-
surements of the instantaneous SSH are available along the ground tracks of the radar altimetry
satellites, typically with a 1Hz sampling (e.g. Aviso, 2020).

Given the altimetric along-track SSH observations, the computation of an MSS seems simple
and straightforward: after a temporal averaging over the analysis period, a gridding procedure
derives the MSS product for the study region. Unfortunately, already the temporal averaging is
challenging (Agha Karimi et al., 2020; Andersen et al., 2021), as it strongly depends on the spatial
and temporal sampling of the altimetry missions.

On the one hand, there are the so called ERMs, which have a repeat cycle of 10 d to 35 d,
which means that the satellites revisit the same location every 10 d to 35 d. As a consequence of
this relatively fine temporal sampling, the cross track distance is 80 km to 300 km which is large
compared to the along track sampling of 7 km to 8 km. Figure 5.1a shows a scatter plot of the
measured SSH for a one year period of the ERM Jason-1 with a 10 d repeat. It immediately
becomes clear that these observations can not resolve the MSS with the required resolution of 5 km
to 10 km (Andersen et al., 2021).

On the other hand, to resolve the fine scales, observations from the so called GMs are required.
These missions, or dedicated phases of a missions, are operated in an orbit, which has either a long
repeat cycle above a year, e.g. 369 d to 406 d or even no repeat period at all. This poor temporal
sampling results a significantly higher spatial sampling comparable to the along-tack resolution of
7 km to 8 km. This dense sampling can be seen for the GM CryoSat-2 with a repeat cycle of 369 d
in Fig. 5.1b.

From this spatial and temporal sampling characteristics it directly becomes clear that i) for
the determination of the fine scale MSS — which is mainly geoid signal — the GMs are essential
and ii) the temporal ocean variability (SLA) can only be captured by the ERMs. It may be
obvious that temporal averaging to get rid of the ocean variability for the data collected by ERMs
is straightforward, temporal averaging of complete cycles, linked to a reference track, directly
removes the periodic short-term signals and yields the mean profile of the MSS along the reference
track (e.g. Schaeffer et al., 2012; Andersen and Knudsen, 2009). Unfortunately, due to the sampling
and the aliasing problem, a direct averaging is impossible for the data collected by GMs.

Therefore, the established approaches for MSS estimation are multi-step approaches, which
treat both types of missions as well as the averaging and gridding steps separately. Whereas the
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ocean variability is removed from the SSHs collected by ERMs as discussed above, SSH collected
by GMs are corrected for the SLAs taken from existing products (e.g. from daily or monthly SLA
maps, see Traon et al., 1998; Ducet et al., 2000) or derived from the spectral analysis of ERMs data
(for further details see e.g. Andersen and Knudsen, 2009; Schaeffer et al., 2012; Jin et al., 2016;
Agha Karimi et al., 2020; Andersen et al., 2023).

Both data sets, the temporally averaged SSH from the ERMs and the temporally corrected
SSH observations of the GMs are merged in the gridding step. Depending of the approach, dif-
ferent gridding procedures are applied, e.g. discrete binning, weighted spatial interpolation or a
collocation-like gridding. Again, see the specific approaches from Andersen and Knudsen, 2009;
Schaeffer et al., 2012; Jin et al., 2016; Agha Karimi et al., 2020; Andersen et al., 2023 for further
details about the applied gridding procedures. The final MSS products are provided as oversampled
grids — e.g. 1′×1′ — depending on the study either globally or regionally. Sometimes, gridded
accuracy information based on the prediction errors is available for each grid cell.

5.2 Objectives and Contributions
Following the discussion from Sect. 5.1, it became clear that the existing and established MSS
products result from multi-step procedures. These rely on prior information to sufficiently account
for the ocean variability in the SSH observations taken by the GM. Furthermore, the published
MSS products are only provided on predefined grids and lack a realistic uncertainty description.

The idea to tackle these deficits was initially addressed in the master thesis Borlinghaus, 2021
and further studied in the initial funding project CST-MSS. The main idea is to develop a one step
procedure to estimate a model of the MSS in a joint adjustment of SSH observations taken by both
— ERMs and GMs. Therefore, the integral SSH measurements have to be separated into the static
MSS and its temporal variations — the SLA. This requires a continuous model for both, the MSS
and SLA in the spatial and temporal domain, to precisely account for the measurement location
and its epoch. For the joint estimation, both MSS and SLA are represented by a deterministic
spatial and a deterministic spatio-temporal function, respectively. With that, (1.1) can be used to
represent the SSH as the sum of both functions, which can directly serve as a basis for least squares
OEQs. This requires to find a suitable representation of 𝑔MSS and 𝑓SLA, as continuous deterministic
functions written as linear combinations of different suitable basis functions.

Motivated by the studies in the context of the PARASURV project (cf. Chap. 4), FESs defined
on triangulations (cf. Sect. 2.3.1) are studied for a flexible regional approximation of 𝑔MSS. Fur-
thermore, these are extended to spatio-temporal functions to approximate the unknown function
𝑓SLA (cf. Sect. 2.3.4). Various FEs (Borlinghaus et al., 2022a) and FESs are studied to identify
individual spatial resolutions tailored to the expected spatial signals of both — MSS and SLA
(Borlinghaus et al., 2023a; Borlinghaus et al., 2023b). Additionally, the FES used for the
spatial modeling of the SLAs has to be tailored to the (across-track) sampling of the utilized ERMs
to obtain a stable estimate (Borlinghaus et al., 2022a).

As already discussed in Sect. 2.3.4, the spatial FESs are extended to spatio-temporal models
assuming separable functions. Therefore, a flexible choice of (one dimensional) basis functions
for the temporal domain becomes possible. Two choices, using easily interpretable global basis
functions and B-Splines with well-defined filtering characteristics are compared in Borlinghaus et
al., 2023a. To further stabilize the results — e.g. in coastal areas with only a few observations per
triangular mesh cell — tailored regularization strategies are developed to derive smooth estimates
(Brockmann et al., 2023).

The approach and implementation is studied in detail in Borlinghaus et al., 2023a in a small
scale proof-of-concept real data experiment. A regional MSS together with the spatio-temporal
model for the SLA is estimated from ten years of altimetry data from all ERMs and GMs available in
the specific study period. To assess the quality of the MSS, the estimate is compared to established
MSS products. Similarly, the estimated SLA model component is validated in a comparison to
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Figure 5.2: Sketch of the MSS estimation approach.

existing and established SLA products. This is used to study the performance of different FESs
and different temporal basis functions.

The proposed approach has — at least theoretically — multiple advantages compared to the
established approaches, i.e:

(i) Due to the representation by a continious function, the MSS can be computed for any
location in the DOI.

(ii) Similarly, due to the representation by a continuous spatio-temporal function, the SLA
can be evaluated at any location in the DOI for any epoch.

(iii) Being in the one step least squares framework, stochastic modeling and rigorous variance
propagation is possible. Therefore covariances matrices for all MSS and SLA grids can be
computed.

(iv) In the least squares framework, additional observation groups can be easily added, e.g.
other missions or completely different measurements such as tide gauge records.

(v) The functional model can be extended, e.g. co-estimating or separating additional signals,
e.g. replacing the MSS by the sum of geoid and MDT (cf. Chap. 4).

(vi) The required resolution, i.e. spatial or temporal filtering, can be adjusted depending on
the requirements.

5.3 Summary of the Modeling Approach
Based on the theoretical considerations prepared in Chap. 2 and the experience with the SSH ob-
servations from Chap. 4, the proposed approach is straightforward. The observed SSH is separated
into the static MSS and the temporal SLA (cf. sketch in Fig. 5.2). Mathematically, the separation
works as soon as a zero temporal mean is guaranteed by the choice of the temporal basis functions.
With that, the problem can be formulated as a linear least squares adjustment.

5.3.1 Least Squares Observation Equations
Basic idea is to setup the linear least squares OEQs for the SSH observations taken by both — GMs
and ERMs (following Borlinghaus et al., 2023a). As the model functions are continuous in
space and time, the OEQs for both are the same. Therefore following (1.1), the 𝑘-th geophysically
corrected SSH observation ℒ𝑘 taken at location (𝜆𝑘, 𝜙𝑘) at epoch 𝑡𝑘 by mission 𝑚 is written as

ℒ𝑘 = 𝑔MSS (𝜆𝑘, 𝜙𝑘) + 𝑓SLA (𝜆𝑘, 𝜙𝑘, 𝑡) + 𝑜𝑚 + ℰ𝑘. (5.2)

Here, 𝑜𝑚 is again an unknown parameter to estimate an intermission bias correction. The random
variable ℰ𝑘 is supposed to model random measurement errors, imperfect corrections 𝑐 and model
errors. The unknown parameters which are supposed to be estimated are still hidden in the function
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definitions of 𝑔MSS and 𝑓SLA. As again the true functions ̄𝑔MSS and ̄𝑓SLA are unknown, they are
approximated by FEs. The static component modeling the MSS is represented by (2.31), and the
spatio-temporal model function for the SLAs by (2.35). Inserting both definitions for the spatial
and spatio-temporal functions yields the model function used as OEQ for SSH

ℒ𝑘 =
𝐼MSS

∑
𝑖

𝑎MSS,𝑖𝑏MSS,𝑖 (𝜆𝑘, 𝜙𝑘) +
𝐼SLA

∑
𝑖=1

𝐽SLA

∑
𝑗=1

𝑒SLA,𝑖,𝑗𝑑SLA,𝑗(𝑡𝑘)𝑏SLA,𝑖 (𝜆𝑘, 𝜙𝑘) + 𝑜𝑚 + ℰ𝑘 (5.3)

in the

𝑈 = 𝐼MSS + 𝐼SLA𝐽SLA + 𝑀 (5.4)

unknown parameters

x ∶= [⋯ 𝑎MSS,𝑖 ⋯ ⋯ 𝑒SLA,𝑖,𝑗 ⋯ ⋯ 𝑜𝑚 ⋯]⊺ (5.5)

to be estimated by a least squares adjustment. 𝑀 is the total number of missions jointly analyzed.
𝑏MSS,𝑖 are the FE based basis functions used to spatially model the MSS. As the FES to model the
spatial characteristics of the SLAs has to be different (Borlinghaus et al., 2022a; Borlinghaus
et al., 2023a), the used basis functions are different, i.e. 𝑏SLA,𝑖. 𝑑SLA,𝑗 are the basis functions
identified to properly model the temporal change of the SLA, i.e. the SLA time series for a single
location.

5.3.2 Spatial Finite Element Spaces for MSS and SLA Modeling
In Borlinghaus et al., 2023a it is shown that it is required to optimize the spatial resolution of
the FESs used for modeling the spatial MSS and SLA signal separately. The along-track sampling
of all missions and the cross-track sampling of the GMs allows the resolution of features in the
order of 6 km for the static MSS (see e.g. Andersen et al., 2021). Using the Argyris element, as
done in Chap. 4 for MDT modeling, this requires a triangulation with an edge length of about
25 km (cf. (4.5)). Using multiple ERMs operated in parallel, e.g. with shifted orbits, it is expected
that a spatial resolution in the range of 40 km to 50 km can be resolved for the SLAs. Confirmed
empirically, a triangulation with an edge length of about 160 km to 200 km (cf. (4.5)) is well suited
to obtain a stable estimate of the SLAs.

Therefore, different meshes are required for both model components, as shown as an example
in Fig. 5.3. The DOI Ω𝑠 must be approximated by two overlapping meshes. The meshes are
generated as discussed in Sect. 2.3.2. Additional effort is required to ensure that all areas inside
the DOI are covered by both meshes. The study in Borlinghaus et al., 2023a confirms that
using the coarse mesh for both model components yields a stable SLA estimate but significantly
degrades the MSS estimate. The high resolution MSS signal is not correctly captured by the
chosen function. On the contrary, it is shown that when using the fine triangulation for both model
components, both are degraded. The SLA is over-parameterized and captures noise — the correct
separation of the SSH in the components cf. (5.2) fails. Although, a specific regularization of the
SLA component can compensate for the oversampling, significantly more parameters would have to
be estimated. Therefore, the use of the two overlapping triangulations is preferred and numerically
less challenging.

5.3.3 Basis Functions for Temporal Model
To model the temporal characteristics, an obvious choice for SLAs is a linear trend superimposed by
some (multi-)seasonal harmonics (e.g. Agha Karimi et al., 2020). In this case, following Sect. 2.3.4,
(2.32) can be explicitly written as

ℎ𝑔
SLA(𝑡) = 𝑐SLA,1(𝑡 − 𝑡0) + 𝑐SLA,1 sin (𝜔1(𝑡 − 𝑡0)) + 𝑐SLA,2 cos (𝜔1(𝑡 − 𝑡0)) (5.6)
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Figure 5.3: Example meshes for MSS estimation. The DOI is partioned into two
overlapping meshes. The green mesh is tailored to the resolution requirements
of the MSS (in this example 40 km target edge length), the red mesh is tailored
to the spatial resolution for the SLA requirements (in the shown example 200 km
target edge length). The blue lines show the ground tracks of the ERM of the
Jason-family with 10 d repeat orbit.

to model the SLA time series of a fixed location, introducing a reference epoch 𝑡0 and the seasonal
frequency 𝜔1. This yields a first set of potential global basis functions 𝑑SLA,𝑗(𝑡) to be inserted in
(5.3)

T𝑔
𝑆𝐿𝐴 ∶= {𝑡 − 𝑡0, cos (𝜔1(𝑡 − 𝑡0)), sin (𝜔1(𝑡 − 𝑡0))} . (5.7)

Compared to (2.33), 1 is excluded and the reference epoch is introduced. This has the advantage
that firstly ℎSLA(𝑡) has zero mean, as

∫
∞

−∞
ℎ𝑔

SLA(𝑡)𝑑𝑡 = 0. (5.8)

Therefore, it is impossible for ℎ𝑔
SLA(𝑡) to compensate a mean, i.e. static MSS signal. Secondly, the

reference epoch of the MSS is well defined. Of course, (5.6) can be easily extended by additional,
e.g. inter annual frequencies. This temporal model is applied in Sect. 4.4.1 in the context of MDT
estimation as well (see Brockmann et al., 2023; Borlinghaus et al., 2023a).

The disadvantage of (5.6) is that it is a rigid function. The frequencies are predefined a priori
and the estimated amplitudes are static. It is not well suited for the approximation of highly
dynamic signals with changing characteristics. An alternative is the use of basis functions with
local support, which can be composed to highly flexible model functions with many DOFs. For
SLA modeling, uniform B-splines with constant node spacing Δ𝜅 are studied (cf. Sect. 2.3.4). In
that case, the temporal function reads

ℎ𝑙
SLA(𝑡) =

𝐽SLA

∑
𝑗=1

𝑐SLA,𝑗𝐵𝑝
𝑗 (𝑡 − 𝑡0), (5.9)

with 𝐵𝑝
𝑗 (𝑡 − 𝑡0) the 𝑗-th B-Spline of order 𝑝 defined in the 𝑗-th node (e.g. Fahrmeir et al., 2021,

Chap. 8). In the MSS studies (Borlinghaus et al., 2023b; Borlinghaus et al., 2023a) uniform
B-Splines of order 𝑝 = 3 are used. With that, the set of basis functions is

T𝑙
SLA ∶= {⋯ 𝐵𝑝

𝑗 (𝑡 − 𝑡0) ⋯} . (5.10)
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The use of B-Splines allows a flexible approximation of various signals. A disadvantage is the large
number of DOFs, which yields a large number of unknowns. Assuming a monthly node spacing
(as in Borlinghaus et al., 2023a) for a ten year data period yields 𝐽SLA =120, i.e. 40 times more
parameters compared to (5.7). Although the number seems small, remember that this is multiplied
by 𝐼SLA (cf. (5.4)) to determine the total number of parameters to be estimated in spatio-temporal
model. Furthermore, in contrast to the parameters in (5.6), they do not have a directly physical
meaning.

Restrictions constraining the B-splines at the start and end of the time series might be required.
Finally, (5.9) does not have a zero mean, therefore, an additional restriction is derived and has to
be applied in a constrained least squares estimation, such that no static MSS signal enters the SLA
model component. From the requirement

∫
Ω𝑡

ℎ𝑙
SLA(𝑡)𝑑𝑡 != 0 (5.11)

Borlinghaus et al., 2023a derives the linear constraint
𝐽SLA

∑
𝑗=1

𝑐SLA,𝑗 = 0 (5.12)

which can be easily applied in parameter estimation.

5.3.4 Regularization
The separation works under the assumption that the spatial signal of the SLA is smooth. Smooth-
ness is realized in (5.3) via the implicit filtering of the coarse spatial mesh of the FES used for SLA
modeling. To further stabilize the solution, e.g. in case of spatial and/or temporal data gaps or at
the boundaries of the DOI like coastlines, additional smoothness can be applied by regularization.

Whereas in Borlinghaus et al., 2023a a Tikhonov-like regularization is used to minimize a
weighted squared sum of the coefficients ∑𝐼SLA

𝑖=1 ∑𝐽SLA
𝑗=1 𝑤𝑖,𝑗𝑒2

SLA,𝑖,𝑗 together with the least squares
residuals, alternatives minimizing the norm of the gradient were applied in Brockmann et al.,
2023 (cf. Sect. 4.3.6). Due to the continuous representation, the norm of the gradient can be
minimized, i.e. for the MSS ‖𝑓SLA (𝜆, 𝜙)‖𝐿2(Ω𝑠) and similarly for the SLA ‖𝑓SLA (𝜆, 𝜙)‖𝐿2(Ω𝑠,Ω𝑡).
Applying numerical quadrature for the integration results in a (non-diagonal) regularization matrix
for the static MSS. For the temporal SLA, a block-diagonal matrix consisting of 𝐽SLA blocks of a
similar matrix follows.

5.3.5 Characteristics of the Estimation Problem
With the linear OEQs from (5.3), design matrices and NEQs can be computed cf. (2.7) individually
per mission or even mission phase. Accounting for the regularization matrices N𝑟, the combined
NEQs follow again from the addition theorem of normal equations

(
𝑀

∑
𝑚=1

1
𝜎2𝑚

N𝑚 + ∑
𝑟

1
𝜎2𝑟

N𝑟) x̃ =
𝑀

∑
𝑚=1

1
𝜎2𝑚

n𝑚. (5.13)

In case (5.7) is used as the temporal basis functions, (5.13) can be directly solved for the unknown
parameters (5.5). In case of (5.10) for the temporal basis, (5.13) is solved accounting for the linear
zero mean and B-spline start and end restrictions (e.g. Koch, 1999, Sect. 3.2.7). The relative
weighting, with weights 𝑤𝑚,𝑟 ∶= 1

𝜎2𝑚,𝑟
, can again be iteratively estimated by VCE (Koch and

Kusche, 2002). In the initial studies, SSH observations are assumed to be uncorrelated with the
same and constant variance, resulting in ΣΣΣ {ℒ𝑚} = 𝜎2

𝑚I. Of course, the iterative estimation of a
stochastic model representation as discussed in Sect. 2.2 is applicable in this context as well.



68 CHAPTER 5. SPATIO-TEMPORAL MODEL FOR THE MSS

The assembly and solution of (5.13) is computationally challenging. Due to the high spatial
resolution required for the MSS the number of parameters 𝐼MSS is large. Compared to this, the
number of parameters 𝐼SLA for the spatial modeling of the SLA is small, as it decreases squared
in the ratio of the spatial resolution. But, especially in case of the temporal B-Spline modeling,
which requires many parameters 𝐽𝑆𝐿𝐴, the total amount of SLA related parameters 𝐼SLA ⋅ 𝐽SLA
immediately starts to dominate the total numbers of parameters (cf. (5.4)). Obviously, the total
number strongly depends on the study region, defining the DOI. Explicit numbers are discussed
for the studied scenarios for the numerical real data experiment in Sect. 5.4.

The total number of parameters is quickly in the order of 105, it has to be noted that the
NEQs cf. (5.13) are still sparse. The diagonal block corresponding to the MSS parameters has the
sparsity pattern resulting from the spatial approximation by FE (cf. Fig. 2.9). The diagonal block
corresponding to the SLA parameters contains a repeated sparsity pattern of the spatial FEs. The
spatio-temporal design matrix

ASLA = DSLA • BSLA (5.14)

as it results from the face-splitting product of the temporal design matrix containing the (i.e. in
worst case fully populated) temporal basis functions DSLA and the design matrix BSLA. This is
sparse, as it contains the spatial FE basis functions with local support. Therefore, the sparsity
pattern of ASLA corresponds to the sparsity pattern of BSLA repeated 𝐽SLA times in the worst case.
Therefore, the block diagonal of A⊺

SLAASLA has the sparsity pattern resulting from the FESs. The
sparsity pattern of the off(block)diagonal part strongly depends on the structure of DSLA. The
off(block)diagonal part of the combined NEQs (5.13) is sparse as well, as it only contains entries
for parameters belonging to overlapping triangles (of the SLA and MSS triangulations). Applying
reordering strategies as indicated in Sect. 2.4, makes the large dimensional systems easily solvable.

With the estimated parameters, both models 𝑔MSS and 𝑓SLA can be evaluated individually.
Furthermore, 𝑓SLA (𝜆, 𝜙, 𝑡) can be evaluated

(i) as the spatio-temporal model, i.e. the continious function

𝑓SLA (𝜆, 𝜙, 𝑡) 𝑓SLA ∶ ℝ3 → ℝ, (5.15)

(ii) as a spatial snapshot of the SLAs for a specific time 𝑡𝑐 ∈ Ω𝑡, i.e.

𝑓𝑠
SLA (𝜆, 𝜙) ∶= 𝑓SLA (𝜆, 𝜙, 𝑡)|𝑡=𝑡𝑐

𝑓𝑠
SLA ∶ ℝ2 → ℝ, and (5.16)

(iii) as a time series for an arbitrary location (𝜆𝑐, 𝜙𝑐) ∈ Ω𝑠, i.e.

𝑓𝑡
SLA (𝑡) ∶= 𝑓SLA (𝜆, 𝜙, 𝑡)|𝜆=𝜆𝑐, 𝜙=𝜙𝑐

𝑓𝑡
SLA ∶ ℝ → ℝ. (5.17)

5.4 Selected Results of the Proof of Concept Study
5.4.1 Summary of the Studied Scenarios
In the initial study from Borlinghaus et al., 2022a, the basis for the configuration of the spatial
FEs were studied. It was identified, similar to the results shown in Sect. 2.3.3, that the Argyris
element again yields a better approximation of the spatial MSS and SLA signals, using even less
parameters compared to the HCT element. Furthermore, it is shown that the spatial resolution for
MSS modeling requires an edge length of 30 km to 50 km using the Argyris element. It is concluded
that a coarser mesh is required to obtain stable SLA estimates avoiding an over-parameterization.
These results were considered in the proof of concept study from Borlinghaus et al., 2023a
which serves as a basis for the results summarized here.

To study the performance of the proposed estimation approach, the MSS is estimated in a real
data experiment in different scenarios in a regional study area in the south-west Indian Ocean
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(a) MSS signal from the CNES_CLS15 MSS
model and the used 175 km mesh used to model
the spatial SLA signal.

(b) Sub regions and individual points used for the
validation of the estimates and the computation
of the statistics.

Figure 5.4: Study region in the South Indian Ocean used for the MSS estimation
real data experiment. Figure is taken from Borlinghaus et al., 2023a.

(cf. Fig. 5.4). Again, ten years of 1Hz sampled SSH observations (more then 8 × 106) from all
altimetry missions existing in the Aviso3 data base for the period 01/2010 until 12/2019 (I.e. ERMs:
Jason-1/2/3, Envisat, SARAL, HY-2A, Sentinel-3A/B GMs: CryoSat-2, Jason-1/2/3 GM, SARAL
drifting phase, HY-2A GM) were used to estimate the MSS and SLA in different configurations
applying the approach introduced in Sect. 5.3 (Borlinghaus et al., 2023a).

Amongst others, three major scenarios were analyzed, which are summarized in Tab. 5.1. They
mainly differ in the modeling choices for the spatio-temporal SLA, i.e.

Scenario S This is the ’static’ scenario – the SLA is not co-estimated. Instead, it is assumed
that the temporal signal cancels by the implicit spatio-temporal filtering of the
FES while estimating the MSS parameters.

Scenario G The SLA is co-estimated using the linear trend and seasonal harmonics as tem-
poral basis functions, i.e. (5.6) is applied in (5.3) as temporal model. This
assumes that sea-level rise as well as the seasonal variations are the dominating
signals in the observed SLAs.

Scenario B Instead of global basis functions, scenario B uses B-Splines of order three with
a constant node spacing of 1/12 yr, thus the temporal resolution is significantly
higher compared to Scenario G. Due to the choice of local basis functions, the
number of unknown parameters is significantly higher (cf. Tab. 5.1).

For the spatio-temporal scenarios the reference epoch is explictly set to January 1, 2015, i.e. in the
middle of the analyzed observation interval. For scenario S, it is in the middle of the interval, but
not that well defined, e.g. in case of an unbalanced temporal observation distribution.

5.4.2 Assessment of the MSS Estimates
For all three scenarios (cf. Tab. 5.1) the MSS is estimated as a continuous function in the entire DOI.
Just evaluating 𝑔MSS (𝜆, 𝜙) yields the MSS for location (𝜆, 𝜙) inserting the estimated parameters
̃𝑎MSS,𝑖 of the respective scenario. These estimates for the MSS can directly be compared with other

MSS models after an adjustment of the reference epoch (cf. Pujol et al., 2016). Fig. 5.5 shows the
3The altimeter products were produced and distributed by Aviso+ (https://www.aviso.altimetry.fr/), as part

of the Ssalto ground processing segment.
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Table 5.1: Major scenarios analyzed for MSS estimation.

scenario mesh edge length number of parameters temporal model
MSS SLA 𝐼MSS 𝐼SLA 𝐽SLA 𝑈

S 25 km — 68 376 0 0 68 384 none
G 25 km 175 km 68 376 1833 3 73 883 trend, annual harmonics
B 25 km 175 km 68 376 1833 123 293 843 B-Spline, Δ𝜅 = 1

12 yr

difference of the three different MSS estimates to the gridded CNES_CLS15 MSS model (Schaeffler
et al., 2016; Pujol et al., 2018). To obtain the differences, the three estimated MSS models are
evaluated on the grid defined by CNES_CLS15.

Looking into the differences of the simplest scenario S, it can been seen that already a reasonable
MSS is estimated. Fig. 5.5a together with Tab. 5.2 shows an RMS of 3.3 cm, therefore both models
agree already quite well. The adjustment procedure together with the filtering characteristics of
the FES already take care of the averaging of a large part of the temporal SLA signal. It can be
seen that the differences are spatially inhomogeneous, they are significantly larger in the latitude
band around 38 ° S. In this region the Agulhas current leads to strong ocean dynamics, resulting in
highly variable SLAs. These highly dynamic regions are represented by the sub regions 𝑅3 and 𝑅4
(cf. Fig. 5.4b). Tab. 5.4b shows the highest RMS in this sub regions of 3.9 cm to 4.3 cm. Differences
are smallest at the west coast of the South African continent. This area is represented by sub region
𝑅1, in this region a low ocean variability is expected. Consequently, the RMS for 𝑅1 is smallest,
it is just 1.3 cm. Sub region 𝑅2 at the Eastern coast is somewhere between, slightly higher ocean
variablity is expected, which is visible in the increased RMS of 2.6 cm.

Switching now to scenario G, i.e. coestimating the simple spatio-temporal model for the SLAs
shows similar characteristics in Fig. 5.5b, but with a visually decreased noise level. This is confirmed
by the RMS values from Tab. 5.2, the value is reduced by 12% to 2.9 cm. The reduction for all sub
regions is similar. This shows that the coestimated spatio-temporal model already compensates
SLA signal, which reduces leakage in the implicit temporal averaging for the MSS model component.
Therefore, errors are reduced and consistency to the reference MSS is increased. Still, Fig. 5.5b
shows many high frequencies in the difference signal.

These high frequency differences are significantly reduced when switching to scenario B with the
advanced B-Spline modeling of the temporal signal (cf. Fig. 5.5c). The RMS is reduced to 2.0 cm
and even further for all sub regions. This reduction is even larger compared to the first model
refinement. Therefore, it has to be concluded that the leakage is further reduced. Obviously, the
MSS from scenario B performs best. Still, regions of higher ocean variability show largest differences
in Fig. 5.5c). This means on the one hand, that the modeling of the SLA is not yet perfect, the
temporal resolution can still be increased (see Sect. 5.4.4). On the other hand, the differences are
influenced i) by errors contained in the CNES_CLS15 model and ii) the fact that both models are
computed from different data from a different observation period. The applied adjustment of the
reference epoch (cf. Pujol et al., 2016) is not free of errors as it applies altimetry derived filtered
SLA maps. Of course, regions of strong ocean variablity are influenced most.

Anyway, for a first proof of concept study the agreement of 2 cm is good — the agreement
between the CNES_CLS15 MSS and an alternative established MSS product, i.e. DTU18 MSS, is
2.8 cm in the study region. Therefore, the estimated model is well inside the expected consistency
interval (Borlinghaus et al., 2023a).

5.4.3 Assessment of the SLA Estimates

To validate the spatio-temporal model components, the estimated SLA component can be compared
to existing and established SLA products. Here, the established gridded SLA data set (daily
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(a) For scenario S. (b) For scenario G.

(c) For scenario B.

Figure 5.5: Difference of the MSS estimates to the CNES_CLS15 MSS used as
reference. Figure is taken from Borlinghaus et al., 2023a.

Table 5.2: RMS values for the differences from Fig. 5.5 in the entire domain
and for the four sub regions defined by Fig. 5.4b. Table is a shortened version
from Borlinghaus et al., 2023a.

Scenario Median RMS RMS 𝑅1 RMS 𝑅2 RMS 𝑅3 RMS 𝑅4

S 0.6 cm 3.3 cm 1.3 cm 2.6 cm 4.3 cm 3.9 cm
G 0.3 cm 2.9 cm 1.1 cm 2.4 cm 3.8 cm 3.2 cm
B 0.5 cm 2.0 cm 0.8 cm 1.7 cm 2.7 cm 1.9 cm
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DUACS Level 4 gridded SLA DT2018, Taburet et al., 2019) which was already used in Sect. 4.4.1
is applied as reference.

Obviously, only scenarios G and B are validated. To highlight the advantages of the parame-
terization of the linear trend and the annual harmonics in scenario G, Borlinghaus et al., 2023a
performed exactly the same comparison of amplitudes and trends as done for the co-estimated SLA
in Sect. 4.4.1 in the context of MDT estimation. As the results from Fig. 4.5 are very similar to the
results from scenario G, they are not repeated here, instead refer to Borlinghaus et al., 2023a
for an additional discussion in the context of MSS estimation.

To not compare spatial snapshots for single days, comparison at time series level for selected
locations is performed in Borlinghaus et al., 2023a. Therefore, Fig. 5.6 shows the time series
of four selected locations from the daily SLA product in orange. For both scenarios, i.e. G and
B which coestimate the SLA, the time series is evaluated using (5.17) for all four locations and
plotted in blue (G) and green (B). Additionally, a time series from an additional scenario studied in
Borlinghaus et al., 2023a is included (additional sub seasonal frequencies are added compared to
scenario G) as a red line. The idea for the choice of the four locations is that these are representative
for the regions. I.e. location 𝑃𝑖 is in or close to region 𝑅𝑖. Therefore, the same characteristics as
discussed above are expected. Indeed, the characteristics can be seen in Fig. 5.6 directly from the
orange lines (note the different limits and scaling of the 𝑦-axis).

𝑃1 is located in the region of low ocean variability. The reference SLA time series clearly shows
a seasonal period with an amplitude of 0.05m. Therefore, the model from scenario 𝐺 is already
a good approximation, although the B-Splines from scenario B better approximate the variations.
For the other locations 𝑃2 to 𝑃4, it is obvious that the seasonal signal is not dominating, higher
frequency variations in the order of ±0.5m are visible. Therefore it is obvious that the seasonal
model from scenario G is a poor approximation of all three time series, the B-Spline better fits
the reference data. But, it must be noted that the temporal resolution is not yet perfect — the
filtering characteristics are clearly visible. A higher temporal resolution is desired (cf. Sect. 5.4.4).
These findings are generally inline with the findings from Brockmann et al., 2023 summarized
in Sect. 4.4.1.

Together with the further analysis shown in Borlinghaus et al., 2023a, it is obvious that
the coestimation of the SLA works and that meaningful SLA signal is captured. The flexible B-
Spline model is better suited and improves the MSS estimation and yields a filtered continuous
spatio-temporal SLA product.

5.4.4 Further Developments and Refinements
Since Borlinghaus et al., 2023a was published, further studies were done. Whereas the meshes
used so far were homogeneous, Borlinghaus et al., 2023b studied the adaptive refinement of
the mesh as already summarized in Sect. 2.3.2. Basic idea is to use least squares residuals of the
adjustment, to detect spatial regions with suspicious residuals which are candidates for a mesh
refinement. These strategies can be used to optimize both meshes — for the MSS as well as the
SLA. This does not only yield a better approximation, but can be used in addition to significantly
reduce the number of parameters. In regions with a smooth spatial signal, coarser meshes are
possible.

Furthermore, analyzing a smaller DOI to reduce the computational complexity, it was shown
that when regularization is applied, the spacing of the B-Splines can be significantly reduced to
obtain a higher temporal resolution. Fig. 5.7 shows a time series as in Fig. 5.6, but for a scenario
with a B-Spline node spacing reduced by a factor of three, i.e. Δ𝜅 =10 d. It is directly visible
that the estimated model (blue line) nicely matches the DUACS SLA product used for comparison
(orange line). Additionally, very close SSH observations reduced by the MSS component, are shown
(red asterisks). It can be visually concluded that a higher temporal resolution is possible and should
be targeted for future studies, as an over-parameterization is not visible. Instead state of the art
products are well reproduced and the observations are approximated well.
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(a) Time series for location 𝑃1.

(b) Time series for location 𝑃2.

(c) Time series for location 𝑃3.

(d) Time series for location 𝑃4.

Figure 5.6: SLA time series for four selected locations in the study region (cf.
Fig. 5.4b). The orange lines show the reference SLA from the daily DUACS
Level 4 gridded SLA DT2018 data set. The blue lines shows the estimated
SLA from scenario G and the green lines from scenario B. The red line is from
another scenario, where harmonics of multiple frequencies are estimated. The
figure is taken from Borlinghaus et al., 2023a.
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Figure 5.7: SLA time series for a selected location (between 𝑃3 and 𝑃4 cf.
Fig. 5.4b) from a scenario with higher spatial resolution. The orange lines
show the reference SLA from the daily DUACS Level 4 gridded SLA DT2018
data set. The blue lines shows the estimated SLA from a scenario with a
higher spatial resolution (i.e. reduced Δ𝜅 =10 d). Additionally, very close SSH
observations (reduced by the MSS) are shown as red asterisks. Figure credit:
Moritz Borlinghaus.



Chapter 6

Summary, Conclusions and Outlook

6.1 Summary and Conclusions of the Contributions
The monitoring of spatio-temporal changes in the dynamic system Earth is an important task in
geodesy. To make these changes visible and detectable, accurate reference surfaces are required to
represent the variations with respect to the long term mean. These reference surfaces have to be
determined from — in this case — satellite based geodetic measurements, which typically contain
other disturbing signals and correlated measurement noise. In this thesis, the reference surfaces are
represented by continuous parametric mathematical functions, which allows for the formulation of
the determination of the reference surface as a well known parameter estimation problem. How-
ever, the corresponding solution becomes computational challenging, in case a rigorous one step
procedure is followed, as for instance

(i) a huge set of observations is jointly analyzed,
(ii) many parameters are required to accurately describe the reference surface,
(iii) the observations are highly correlated, which has to be carefully modeled,
(iv) heterogeneous and complementary types of observations have to be combined, and
(v) signals superimpose each other, so they have to be separated.

How to deal with these aspects is summarized in this thesis for the determination of three important
and interconnected reference surfaces, the geoid, the MDT and the MSS. The employed approaches
have in common that they are developed as one-step least squares procedures, designed to handle
multiple complementary observation data sets, while accounting for their individual stochastic
characteristics. All reference surfaces are parameterized as continuous functions, which enables
the inclusion of all kinds of in-situ observations expressed as functionals of the reference surfaces.
The above results in a solution of a numerically and computationally challenging large dimensional
adjustment problem.

Theoretical contributions, relevant for more than one of the three applications are discussed
jointly in Chap. 2. This covers both aspects required in the least squares adjustment process (cf.
Sect. 2.1), the stochastic (cf. Sect. 2.2) and the functional model (cf. Sect. 2.3). Whereas the first
includes efficient strategies for data-adaptive covariance modeling and decorrelation strategies, the
latter tackles the approximation of unknown spatial and spatio-temporal functions by continuous
𝐶1-smooth FESs, in case no physically motivated function to approximate the reference surface is
available. Additionally, computational, numerical and HPC aspects are discussed (cf. Sect. 2.4).
It is shown in Sect. 2.2 that AR processes are a flexible tool to iteratively estimate a data adaptive
representation of the stochastic model. Strategies to robustify the estimation of such a stochastic
model do not only result in stable estimates of the process, but additionally detect suspicious data
and outliers in a consistent way. Stationarity assumptions are typically required to obtain redun-
dancy for the estimation of the stochastic characteristics. These assumptions can be weakened,
considering time-variable stochastic processes. Relations between the corresponding decorrelation
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filters and the associated covariance functions allow switching between the representations to make
use of efficient algorithms for decorrelation, such as exploiting sparsity.
Section 2.3 introduces the use of FE basis functions for spatial approximation tasks to obtain 𝐶1-
smooth surfaces described by continuous functions. Two different sets of 𝐶1-smooth elements are
compared, the HCT and the Argyris elements. It is shown that the latter is preferable for the
approximation tasks considered in this thesis. Both FESs are defined on triangulations, which are
well suited to approximate irregular DOIs, such as the ocean bounded by coastlines. Strategies,
requirements and tools for the generation of the required meshes are provided. Following the idea
of separable functions, the spatial FE-based functions are extended towards spatio-temporal func-
tions, allowing to represent time variable surfaces. It is implemented in a way that arbitrary one
dimensional functions can be used for the temporal model. In this thesis, polynomials and harmon-
ics are compared with B-Spline basis functions with finite support. From the real-data applications,
it can be concluded that the flexible B-Spline basis functions are well suited for approximation tasks
of highly time-variable surfaces.
In Section 2.4, concepts are shown, how the advanced computational and numerical challenges can
be tackled, when applying the modeling approaches discussed above. It can be concluded that the
FE based spatial and spatio-temporal model is a highly flexible representation for surfaces and
shows a very good performance in spatial and spatio-temporal approximation tasks and are a good
alternative to the grid based approaches. Both approaches offer advantages due to their continuous
definition in space and time. Consequently it is easy to combine heterogeneous observation types,
include sparse and incomplete observations and perform rigorous variance propagation.

The first reference surface considered in the applications is the geoid in Chap. 3. The geoid is
not directly estimated, but instead observations taken by satellites are used to model the Earth’s
gravity field as an SH series.
Specifically, observations by the satellite mission GOCE — i.e. gravity gradients and GPS derived
satellite positions — are analyzed to estimate the official ESA EGM_TIM_RL06 global gravity field
model (cf. Sect. 3.4.1). Reprocessed gravity gradient data together with the updated estimation
of the stochastic model, resulted in an improved global gravity field with a realistic covariance
matrix. The published model is one of the internationally most accepted GOCE-only models.
Compared to its predecessor, it is found that the accuracy improved globally between 10% to 25%.
Additionally, large systematic errors were reduced and the associated covariance matrix is more
realistic as demonstrated in comparisons to external data sets.
With its characteristics as a GOCE-only model with a high quality covariance matrix, the time-
wise models are perfect inputs to combined satellite-only models. For instance EGM_TIM_RL06
is combined together with models derived from GRACE, SLR and LEOs to obtain the combined
satellite only model GOCO06S (cf. Sect. 3.4.2). GOCO06S is one of the internationally most used
satellite-only models, known for its quality and the realistic covariance matrix.
What remains true for the time-wise GOCE models, holds true for GOCO satellite-only models as
well. With their characteristics, the GOCO models are well suited as a basis for the combination
with terrestrial gravity data and altimetry derived gravity over the oceans. This is done for instance
with GOCO05S to obtain the combined GOCO05C model (cf. 3.4.3).

The second reference surface considered is the MDT, which is discussed in detail in Chap. 4.
A geodetic estimation approach is proposed and studied, jointly estimating the MDT, the gravity
field and, optionally, SLAs to account for the temporal ocean variability. Main input are along-tack
altimetric SSH observations, which are separated into MDT and geoid (and SLA) within a least
squares parameter estimation approach. This requires to represent the MDT as parametric function,
which is realized using the FEs introduced in Sect. 2.3. Similarly, the SLA are parameterized as
a spatio-temporal function, cf. Sect. 2.3.4. The separation works, in case complementary gravity
field information enters the adjustment and smoothness assumptions of the MDT are added as
regularization. Here, GOCO06S from Sect. 3.4.2 serves as input. In Section 4.3, the parametric
approach is presented. It can be concluded that the approach has several advantages compared to
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the state-of-the-art grid based approaches. It is shown that — as in the framework of least squares
adjustment — covariance information of the observations can be easily included and propagated
to the MDT estimates (cf. Sect. 4.3).
The OEQs for the SSH observations can be extended, e.g. to coestimate a parametric model for
the SLA. This improves the processing of observations from GMs, for which the ocean variability
does not necessarily average out. The main motivation for using the parametric model is to enable
the inclusion of more advanced and complementary observations types. It is shown in different
studies (cf. Sects. 4.4.2 and 4.4.3) that the chosen 𝐶1-smooth models allow for the inclusion of
SAR-derived RSV, which can be linked to the LOS projected gradient of the MDT. OEQs are
developed and the numerical studies demonstrate the benefit of this observable. Similarly, ocean
surface drifters can be included.

The final reference surface targeted in Chap. 5 is the MSS. Similarly as for the MDT, a para-
metric approach is developed, to represent the MSS by a continuous function. The parameters are
estimated from altimetric along-tack instantaneous SSH observations in a least squares framework.
By definition, the MSS is — as the name says — defined by the long-term mean of the sea surface.
Therefore, it is required that the estimation approach successfully separates the instantaneous SSH
measurements into the temporal ocean variability (the SLAs) and its steady-state part (the MSS).
For this, the SLA has to be parameterized as well, but now as a spatio-temporal continuous function
for which the parameters have to be coestimated in order to absorb the temporal ocean variability.
Again, as the functions, which describe the spatial signal of the MSS and SLA, are unknown, both
functions are approximated by 𝐶1-smooth FESs as introduced in Sect. 2.3. The FES — i.e. pri-
marily the triangulation — for the MSS is tailored to the resolvable spatial resolution allowing to
jointly analyze observations from ERMs and GMs. In contrast, the FES for the SLAs is tailored
to the cross-tack spacing of the ERMs, as only these can resolve the temporal variability. Using
the assumption of separable basis functions, the spatial FEs are merged with different temporal
basis functions to realize the continuous spatio-temporal model (cf. Sect. 2.3.4). With that, both
model components, MSS as well as SLA can be estimated in a linear least squares adjustment us-
ing the OEQs, constraints and regularization concepts summarized in Sect. 5.3. Compared to the
other approaches, various advantages can be concluded. First of all, along-tack observations from
ERM and GM can be handled exactly the same way. Secondly as the temporal model is explicitly
coestimated, the reference epoch for the MSS is well defined, e.g. in case of temporally unbalanced
distribution of observations. Furthermore, the stochastic characteristics of the observations can be
easily modeled, e.g. applying the concepts from Sect. 2.2.
The developed approach is validated in several scenarios in a regional numerical real data study.
Using different configurations for the FES of the MSS, the SLA as well as different temporal models,
the performance of the approach is tuned and both MSS (cf. Sect. 5.4.2) and SLA (cf. Sect. 5.4.3)
are successfully estimated. The scenario utilizing the Argyris element with a 25 km mesh for the
MSS, a 175 km mesh for the SLA, and a temporal B-Spline model with a node spacing down to
10 d yields the estimates with best quality. The RMS with respect to an established MSS product
is about 2 cm in the study region, which is well within the consistency level of other established
MSS products.

6.2 Outlook and Future Perspectives
This thesis summarizes the work related to the parametric estimation of reference surfaces in the
least squares framework, while accounting for the stochastic characteristics of the analyzed data
sets. Due to the characteristics of the studied reference surfaces, a huge number of parameters
have to be estimated. Together with the fact that the correlations in the observations can be mod-
eled the computational challenges significantly increase. Despite the numerical and computational
challenges, the chosen problem formulation in the least squares framework enables potential future
work related to the following exemplary subjects:
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(i) It is easy to include additional observation types sensitive to at least one of the signals
parameterized in the OEQs. For example tide gauge measurements can be used to connect
the MSS or MDT to tide gauge stations. Surface drifter observations can be linked to the
slope of the MDT. Although their spatial and temporal sampling is extremely sparse, it
is straightforward to add this observation type in the continuous parametric approach.

(ii) It is straightforward to extend the OEQs for additional signals to be estimated. For
instance, the OEQs used for SSHs assumed that the tides were corrected free of errors as
part of the geophysical corrections. As the frequencies of the tides are known, a spatio-
temporal model component for specific temporal frequencies can be added to coestimate
empirical corrections for the applied ocean tide model.

(iii) Mainly for computational reasons in the proof-of-concept studies, the MDT was only es-
timated regionally, although the gravity is already parameterized globally. Significantly
more SSH observations and additional FE parameters will further increase the computa-
tional needs. Extensions towards the global domain require further developments.

(iv) Similarly, the MSS studies was applied in MatLab® based prototype environment so far,
fully exploiting the sparsity characteristics of the involved matrices. Considering larger
study regions requires a tailored HPC implementation, which is able to fully exploit the
sparsity. In the context of correlated measurements, further research is required to derive
an efficient implementation in an HPC environment.

(v) With the Surface Water and Ocean Topography (SWOT) mission, a totally new altimetry
mission realizing SAR interferometry is in orbit since 12/2022. The mission defines new
benchmarks with respect to the obtainable temporal and spatial resolution. On the one
hand, this requires advanced quality of the reference surfaces, but on the other hand, also
allows for a significant increase in resolution.

(vi) The spatio-temporal model developed for SLA modeling can be transferred to other spatio-
temporal approximation tasks, e.g. for deformation monitoring with InSAR (see Bor-
linghaus et al., 2022b; Schuh et al., 2023) or modeling of the water level of inland
water bodies.

With this thesis a large set of tools and modeling concepts has become available, which will be
further developed and applied to alternative data sets in the future.

Now, as member of the new space geodesy group, these modeling approaches will be trans-
ferred to the spatial and temporal analysis of observations taken by the different space geodetic
techniques, namely Global Navigation Satellite Systems (GNSS), SLR, Doppler Orbitography and
Radiopositioning Integrated by Satellite (DORIS) and Very Long Baseline Interferometry (VLBI).
For the realization of reference frames, the observations of the different space geodetic techniques
have to be consistently combined, which results in similar computational and numerical challenges.
Combining the different space geodetic techniques via common parameters, realized via common
clocks, common troposphere parameters, significantly increases the parameter space that has to
be explicitly estimated. Therefore, the methodological aspects, the numerical and computational
insights and the developed modeling strategies will be transferred to these new applications.
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