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Abstract

Let V be a complete discrete valuation ring of mixed characteristic. We express the
crystalline cohomology of the special fibre of certain smooth affine V-schemes X =
Spec(R) tensored with an appropriate ring of p-adic periods as the Galois cohomology
of the fundamental group of the geometric generic fibre m (Xy; ;,)) with coefficients in a
Fontaine ring constructed from R. This is based on Faltings’ approach to p-adic Hodge
theory (the theory of almost étale extensions). Using this we deduce maps from p-adic
étale cohomology to crystalline cohomology of smooth V-schemes. The results are more
general, as the semi-stable case is also considered. In the end we derive an alternative
proof of the theorem of Tsuji (the semi-stable conjecture of Fontaine-Jannsen).
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Introduction

Let p be an odd prime number. The purpose of this thesis is to make precise the
relationship between crystalline cohomology and Galois cohomology of certain Fontaine
rings occuring in Faltings’ approach to p-adic Hodge theory ([6], [7]). Let us very briefly
recall this approach. Let KT be a complete discrete valuation ring of fraction field K
of characteristic zero and perfect residue field k of characteristic p. Let X be a proper
K*-scheme with good reduction (to simplify). One constructs a site, usually denoted
2, whose cohomology formalizes the idea of glueing 71 (X jz)-cohomology locally on X.
One sheafifies a construction of Fontaine to obtain a sheaf of rings @rys,, on 2" together
with transformations

HY (2, 2[p"L) @z, Acxis = H (2 Ferys.n) — Herys(Xp[Wa k), ) @y (k) Acris

where Ais is the ring of p-adic periods constructed by Fontaine [8], and the group on
the right denotes the crystalline cohomology of the special fibre Xj. Then one uses Falt-
ings’ theory of almost étale extensions to show that the intermediate cohomology theory
H*(Z, @erys n) satisfies Poincaré duality and Kiinneth formula, hence by standard argu-
ments is isomorphic to crystalline cohomology. If X has good reduction then the group
on the left is canonically isomorphic to étale cohomology of X tensored with Ags and
again standard arguments based on compatibility of characteristic classes, Poincaré du-
ality, and Kiinneth formula allow one to conclude that the maps are isomorphisms (up
to some torsion).
In this thesis we study closely the map
H (Xk’Wn(k)a ﬁ) ®W(k) Acris - H*(%a v(ycrys,n)

crys

locally on X. Our main result is that this map is an almost isomorphism up to t-
torsion, where t € Ags is an element which plays a role analogous to that of 27i in
the transcendental theory of periods. Here the term ‘almost’ is used in the sense of
almost mathematics ([7], [9]). Using this, one can compare crystalline and p-adic étale
cohomology of X without an intermediate cohomology theory, thereby simplifying the
approach to p-adic Hodge theory via the theory of almost étale extensions.

Overview

81: We begin by reviewing the various crystalline sites which we will use in this thesis.
This is mainly to fix notation. Afterwards, we review the construction by Fontaine [8]
of the final object of the crystalline site of a ring of characteristic p with surjective
(absolute) Frobenius. Such final objects are called Fontaine rings. We give the proof for
the more general log-crystalline site. Then we give some examples of Fontaine rings due
to Fontaine and Kato and we recall some of their basic properties.

§2: We first recall the notions of almost ring theory which we will use, following [9]. Then
we recall the key input which we shall need, namely Faltings’ Almost Purity Theorem



[7]. Afterwards we apply this theorem to certain Fontaine rings, constructed as follows.
To simplify assume that K™ = W (k). Let Spec(R) be a smooth integral K*-scheme.
Let Q(R) be its field of rational functions and consider the maximal extension Q(R) of
Q(R) such that the normalization R of R in Q(R) is the inductive limit of finite normal
integral R-algebras which are étale after inverting p. Then via the theory of almost
étale extensions one can show that the ring R/pR has surjective Frobenius, hence by
Fontaine’s theorem recalled in §1, we may construct the Fontaine ring

At = hmH0 (R/pR|Wyi1(k), 0).

crys

Also we can construct another Fontaine ring A} as follows. Up to localizing on Spec(R)
we may assume that it has étale local coordinates 11, ..., Ty which are units. In this case,
one says that R is small. Let K denote the algebraic closure of K and K its valuation
ring, i.e. the normalization of K™ in K. Let R = R® x+ KT and let Rso denote the
ring obtained from R by adding all p-power roots of the the T;. Define

A+ = hmH (R oo/plfioo\WnH(k‘),ﬁ).

crys

Then the theory of almost étale extensions applied to these Fontaine rings implies that
the canonical homomorphism

AL PP AL — AT pr AT

is the filtering inductive limit of almost Galois coverings and there are canonical almost
isomorphisms for each 4

Hi(Aoo,A+ /pnA+) _= Hi(A A+/pnA+)

where A := Gal(R[1/p]/R[1/p]) with quotient A, := Gal(Ruo[1/p]/R[1/p]) = Z,(1)*
(see Corollaries . This also applies to p-adic divided power bases other than
W (k) and there is a logarithmic version for schemes with semi-stable singularities (in
fact also for schemes with toroidal singularities, c¢f. [7], but we have opted to restrict to
the semi-stable case in this thesis).

83: We construct, via the formalism of crystalline cohomology, a canonical de Rham
resolution of the ring A™. We then (almost) compute the A-cohomology of the compo-
nents of this resolution, by reducing to the case of AZ. The result is the following (cf.

Theorems

Theorem 0.1. There is a canonical morphism of complezes in the derived category
Acris/pnAcris ®W(k) Q;{/W(k) - C*(Aa A+/pnA+)
which is an almost quasi-isomorphism up to t*-torsion.

Here
K* JpK* (Wi (), 0)

Acris = hm crys(

is a ring of p-adic periods constructed by Fontaine and t is the element alluded to above.

Over an arbitrary finite extension of W (k) a similar result holds and we allow Spec(R)
to have semi-stable singularities.



§4: We globalize our previous results. One first defines a site Xz whose cohomology is
locally the Galois cohomology of the fundamental group (denoted 2~ above). The rings
AT /p" At define a sheaf on this site, denoted «,. Then one shows that one can almost
compute the Xz-cohomology of <7, on a suitable syntomic site. The point here is that
the extension R C R is the inductive limit of syntomic coverings. Then one uses the
syntomic construction of crystalline cohomology of Fontaine-Messing, or rather Breuil’s
more general logarithmic version [4].

85: We compare the log-crystalline cohomology of the special fibre of a proper semi-
stable K -scheme to the p-adic étale cohomology of its geometric generic fibre. For this
we must generalize certain Artin-Schreier exact sequences to AT, due to Fontaine in the
case of Agis. Then we use a theorem of Faltings from [7] which gives information on the
cohomology groups H*(Xg, Z/p™Z). In the smooth case we do not need this, as we know
that the latter is canonically isomorphic to p-adic étale cohomology. Tsuji’s theorem for
proper semi-stable Kt-schemes (the semi-stable conjecture of Fontaine-Jannsen) then
follows from these considerations.

Remarks on notation

e The letter p always denotes an odd prime number.

e N=0,1,2,3,... denotes the set of natural numbers, and for any subset R C R we
write Ry (resp. Rsq) for the set of elements of R which are greater than or equal
to zero (resp. greater than zero).

e By ring we mean a commutative ring with unity.

All monoids considered will be assumed to be commutative.

e If Ais a ring and M is an A-module, then we denote by T'y(M) the divided
power polynomial A-algebra defined by M (see [I] or [2] for a construction of this
algebra). If I C A is an ideal then we denote by D4(I) the divided power hull
of A for the ideal I (loc.cit.). If A is a ring and I C A is an ideal with a divided
power structure (v, : I — A)pen, then we will often write 2" := ~,(z) when
it is clear which divided power structure is meant. Finally, if X,..., X4y denotes
indeterminates, then we write A (X7, ..., X4) for the divided power polynomial A-
algebra in the variables X1, ..., X4. It is the divided power hull of A[X7, ..., Xy4] for
the ideal generated by X, ..., Xg.
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1 Crystalline cohomology of rings with surjective Frobe-
nius

In this section we recall Fontaine’s construction of the final object of the crystalline site
of a ring of characteristic p > 0 with surjective Frobenius endomorphism. This will play
the role of substitute for Poincaré’s lemma in our approach to comparison of crystalline
and étale cohomology.

1.1 Reminder on crystalline sites

1.1.1. Let Z be a scheme and let Zy — Z be a closed immersion, such that the ideal
defining the image of Zy in Z is nilpotent and has a divided power structure (we say
that Zy — Z is a divided power thickening). We usually use the abbreviation DP for
“divided power”. Let X be a Zy-scheme. Recall the definition of the crystalline site of a
scheme X over the DP-base Z. Its underlying category has for objects DP-thickenings

U—T

where U is an open subscheme of X and T is a Z-scheme, such that the canonical mor-
phism T' — Z is a DP-morphism. Morphisms of this category are given by commutative

diagrams
U/ N T/

Lo

U — T
where the map U’ — U is an open immersion and 77 — T is a Z-DP-morphism. We
define a pretopology on this category by defining coverings to be families of morphisms

Uy = To)a — (U —=T)

such that (Uy)a — U and (T,)o — T are Zariski open coverings. This defines the
crystalline site of X over the DP-base Z, denoted (X|Z)crys.

1.1.2. To give a sheaf .7 on (X|Z)crys is the same as giving for all (U — T') € ob(X|Z)crys
a sheaf %7 on the Zariski site of T, together with a morphism

97 : g \Fr — Ty

for any morphism g : (U’ — T") — (U < T), such that the natural transitivity condition
holds for morphisms (U"” — T") — (U — T') — (U — T) and moreover g% is
an isomorphism if g : 77 — T is an open immersion and the square defined by g is
cartesian.

In this way we see that the presheaf defined

OU — T) := Op(T)

is in fact a sheaf, called the structure sheaf of (X|Z)crys.



1.1.3. Exactly the same construction can be done by replacing the Zariski topology by
the étale topology.

1.1.4. Let (X, M) — (Z,N) be a morphism of log-schemes (see [15]). If f: X — (Z, N)
is a morphism, then we write f*N for the inverse image log-structure, in contrast with
the inverse image sheaf f~'N. If M is a pre-log-structure on X then we denote by M?
the associated log-structure. If X is a log-scheme and U — X is an étale morphism,
then the restriction of the log-structure of X to U defines a natural log-structure on U
and we will always consider U as a log-scheme for this log-structure. We will assume
that the log-structure N on Z is fine and the log-structure M on X is integral. The
category of schemes with integral log-structures has finite inverse limits (cf. [15] 1.6,
2.8), and in particular fibre products exist (though these are in general different from
the fibre products of the category of schemes with log-structures). In this paper we will
only consider the category of log-schemes with integral log-structures.

1.1.5. Let (Zy, No) — (Z,N) be an exact closed immersion, such that Zy — Z is a
DP-thickening. The logarithmic crystalline site of (X, M) over the DP-log-base (Z, N)
is the site whose underlying category has for objects DP-thickenings U — T, where U is
an étale X-scheme, T is a log-Z-scheme such that the canonical morphism 7' — Z is a
DP-morphism, and the closed immersion U — T is exact. A morphism of this category
is a commutative diagram of log-schemes

U/ Tl

Lo

U — T
where the morphism on the left is étale and the morphism on the right is a DP-morphism.
The pretopology on this category is given by defining covering families to be families of

morphisms
Uy —To)a — (U—=T)

such that (Uy)a — U and (Ty)a — T are coverings for the étale topology, and such that

the squares
U, — T,

L

U —— T
are cartesian. Given a covering, for any morphism (U’ — T") — (U — T), note that

the diagram
U’ XU Ua _— T XTTa

| |

U/ N T/
is cartesian, hence (U’ xy U, — T x1T,) is an object of the logarithmic crystalline site.
This defines the log-crystalline site of X over the DP-base Z, denoted ((X, M)|(Z, N))ecrys
or simply by (X|Z )bg_crys when it is clear which log-structures are meant for X and Z.

7



1.1.6. If X = Spec(R) and Z = Spec(S) are affine schemes, then we will usually write
(R|S)log—crys instead of (X|Z)log—crys-

1.1.7. Assume in the sequel that Z is annihilated by a power of p. By [16] 2.4.2, if
f: (X, M) — (X', M') is a morphism of log-(Z, N)-schemes with M integral and M’
fine, then f induces a morphism of log-crystalline topoi over the DP log-base (Z, N).
1.2 Fontaine’s theorem

1.2.1. We begin with a lemma, implicit in [15].

Lemma 1.1. Let i : (Xo, My) — (X, M) be a nilpotent closed immersion of log-schemes
of ideal Z. Then
M =i'M/(1+.7).

In particular, i is exact if and only if the map i~*M — My is surjective and locally

for all sections m,m’ of i"*M with same image in My, there exists u € 0% such that
/

m = um'.

Proof. One first shows easily that 0% = iL0%/(1+ 7). If L — Ox is a log-structure
on X together with a morphism of pre-log-structures

iIM — L
then 1+ . C i !M maps to 1 € L, so the map factors (necessarily uniquely)
i *M/(1+ 7)) — L.

So the claim of the lemma will follow if we can show that i ~1M/(1+.¥) is a log-structure.
If «: i7" M — i1 Ox is the inverse image by i of the map defining M as a log-structure
on X, then « induces an isomorphism a~1i=10% = i~10%, whence an isomorphism

o liTlok )1+ ) =i oy /(1 + )
ie. i 'M/(1+.9) — i t0x/I = O, is a log-structure on Xj. O

1.2.2. Assume S is a ring on which p is nilpotent, and let R be a S/pS-algebra. Let
N be an integral monoid defining a log-structure on Spec(S) and M an integral monoid
defining log-structure on Spec(R) such that we have a commutative square

N —— S/pS
| |
M —— R.

Theorem 1.1. With the above notation and assumptions, if the (absolute) Frobenius is
surjective on R and on M, then the site (R|S)iog-crys has a final object.



Proof. First note that for any étale map U — Spec(R), the (absolute) Frobenius is
surjective on Oy . Indeed, since the map is étale, its relative Frobenius is an isomorphism,
so this follows from the factorization of the absolute Frobenius of U as the relative
Frobenius followed by the pullback of the absolute Frobenius of Spec(R). We first define
the perfection P(R) of R as being the projective limit of the diagram

F o p-ft . rR_LE R

where F' denotes the (absolute) Frobenius of R. An element of P(R) is given by a
sequence r = (r(”)) of elements of R indexed by the natural numbers, such that r(*t1r =
™ for all n. P(R) is a perfect ring of characteristic p, so its ring of Witt vectors
W (P(R)) is a flat Zy-algebra. We write (ro,71,72,...) € W(P(R)) and r; = (rl(n)) for
each i = 0,1,2,.... Let Spec(R) — Spec(A) be an object of the site (R|S)iog-crys- If
r = (r™) € P(R) then define a lift of (™ to A by choosing lifts (™ € A of r(") for all
n and setting

F(m) .
Since p is nilpotent on A and Ker(A — R) has a DP-structure, one sees easily that 7™
is a lift of (™) which is independent of the choices made. Define a map

0:W(P(R)) — A

by sending (ro,...) to Y .2, pifgl). Since p is nilpotent on A, these are just the usual
Witt polynomials, so the map is indeed a homomorphism of rings. In the case A = R,

) (0)

this map is none other than the projection (ro,...) — 7y~ and in this way we obtain a

commutative diagram

W(P(R)) —— A

| !

R —— R.
We claim that the map 6 is unique for the maps W (P(R)) — A making the above
diagram commute. Indeed, any map « : W(P(R)) — A is determined by it values on
[r], where [] denotes the Teichmiiller lift. If = (™), then write r(m) := (r(™*+™) as
the sequence “shifted” by m. So for all m we have

a([r]) = a([r(m)])”
0([r(m)]) + a for some a € Ker(A — R). If p A =0, then
(77 )ta sy
(m)])"" = 6([r])

m

&
=
o
i~
~~
=
—~
3
~—
=
Il

m

a([r]) = a(fr(m))P" = @(r(m)) + )" =
1=0
o([r

thus proving the uniqueness claim.



We may extend this map to a unique homomorphism of S-algebras
W(P(R)) ®zS — A
thereby obtaining a commutative diagram
W(P(R)) ®z7S —— A
| l
R — R.
Define the perfection P(M) of M by

P(M) = {(m(”)) e MV . om0t — ™y e N}.

Via the Teichmiiller lift we may consider P(M) as a pre-log-structure on Spec(W (P(R))).
Consider the integral and quasi-coherent pre-log-structure

P(M)® N — W(P(R)).

By construction, the natural map P(M)®N — M induced from the projection P(M) —
M sending (m™) to m(©) is surjective. Let

L :=Ker(P(M)8 @ N8 — MEP)
where for any integral monoid M we write M®&P for the associated group, and define
(W(P(R)) ©z S)1oq := W(P(R)) ®z S @z Z[L].
Let us show how to extend the map W(P(R)) ®z S — A to a unique map

(W(P(R)) ®z )10 — A

log

Let M4 denote the log-structure of Spec(A). By the last lemma we have
M®*=Ms/(14+1)

where I = Ker(A — R). Define a map P(M)* = P(M®) — My, by sending (m(™)
to m(™MP" where (™ is a section of My lifting m(™ and n is any integer such that
p" A = 0. Because of the divided power structure of I it is easy to check that this section
is independent of all choices. Since the Frobenius is surjective on M, we check easily as
above that this map is unique for the maps defining a commutative square of logarithmic

algebras
W(P(R)) —— A

| !

R R.

10



The map P(M) — P(M)* — M, extends uniquely to a map Ayq : P(M) ® N — M.
Now if [ € L, consider A4(l) € M5". Since the image of A\4(l) in M®P is the identity
element, by exactness we deduce that A4(l) € A*. This defines the map

(W(P(R)) ®z )10, — A

log

and hence we obtain a commutative diagram

Since the map on the right-hand side is an S-DP-morphism, it follows by the universal
property of divided power hulls that (W(P(R)) ®z S),,, — A factors over a unique
homomorphism

log

(W(P(R)) @z S)RF — A

where (W(P(R)) ®z S)j0y is the divided power hull of (W(P(R)) ®z S),,, for the kernel

of the projection onto R sending L to 1. We give

Spec (W(P(R)) @z 8)iog
the log-structure associated to the pre-log-structure P(M) @ N, and claim that this
makes

Spec(R) — Spec (W (P(R)) ®z, S)E)g

into an object of (R|S)iog-crys- It suffices to check that it is an exact closed immersion.
This follows by construction since the elements [ € L are units.

Now, if U — Spec(R) is étale, then for any affine open Spec(R') C U we may
construct (W(P(R')) ®z S )Egp by replacing R by R’ in the construction above. Then if
Spec(R’) < Spec(A4’) is an S-DP-morphism we have unique maps

(W(P(R)) @z S)iy — (W(P(R) @z ), — A

and hence for any object U — T and any covering (U, — Ty)o — (U — T) we may
define unique maps

U, — To

| !

Spec(R) —— Spec (W (P(R)) ®z S)ng

and since the uniqueness allows us to glue, we are done. ]

11



1.2.3. Remarks.

(a)

The proof is inspired by that of Breuil in the case S = W,, in [4]. If we give all
schemes the trivial log-structure, then we recover Fontaine’s original construction
in [8]. We advise the reader unfamiliar with Fontaine’s argument first to read the
above proof assuming the log-structures to be trivial.

By the uniformity of the construction and the fact that taking the divided power
hull commutes with base-change ([2] 3.20, Remark 8), we see that for any n the final
object of the crystalline site (R|S/p"S)iog-crys is given by the S/p™S-DP-thickening

Spec(R) < Spec (W (P(R)) ®z S’)Egp ®z Z/p" 7.

In particular, if S is a p-adically complete ring (we say that S is p-adic base), then as
in [2] one may define a crystalline site (R|S)iog-crys whose cohomology automatically
computes the derived projective limit of the cohomology of each (R|S/p"S)iog-crys-
Then the proof given in the theorem also works for such S and shows that

Spec(R) < Spf ((W(P(R)) Q7 S)Bg)A

is the final object of the site (R]S)iog-crys, Where (-] denotes the p-adic completion.

It is sometimes convenient to give a slightly different construction of the final object,
as follows. Suppose p™S = 0. For any S-DP-thickening Spec(R) < Spec(A), define
a map

0:Wn(R)— A

m—1 _jp™m?

by sending (7o, ..., "m—1) to > ;5 p'F; , where 7; denotes an arbitrary lift of r; € R
to A. Because of the divided power structure of Ker(A — R), this is a well-defined
homomorphism of rings. In this way we obtain a commutative square, and to check
the uniqueness of # for such commutative squares, we first reduce to checking it for
Teichmiiller lifts and then use the fact that the Frobenius is surjective on R. Let
L = Ker(M®&P @ N8 — M?8P) where the map M8P — MS8P is given by raising to the
p™th-power. Taking the divided power hull (W,,(R) ®z S @z Z[L])P" for the kernel
of the surjection onto R sending L to 1, we obtain the final object

Spec(R) < Spec (Wi (R) ®z S @7 Z[L])PF
of the site (R[S)iog-crys- Details are left to the interested reader (or compare with
[4]7 §4'5)

The advantage of this construction is that it does not use the perfection P(R) of
R, but on the other hand it depends on the integer m such that p™S = 0 and
is therefore not uniform and it is not true that the previous remark holds for this
object.

12



(d) The existence of the final object of the site (R|S)iog-crys implies that the cohomology
of any sheaf of &-modules is canonically isomorphic to the cohomology of its restric-
tion to the étale site of the final object. In particular, the crystalline cohomology of
any quasi-coherent ¢-module vanishes in non-zero degree and we have

(R|S, 0) = (W(P(R)) ®z S)PF

0
H log- log -

crys

In the case S is a p-adic base, using a previous remark we see that

log

lim Hy orys (RIS/p" 1S, 0) = (W(P(R)) @2, )% )

1.2.4. Definition. Let S be a p-adic base and let R be as in the statement of Theorem

L1 and let
A :=lim Hgg_crys(R\S/an, 0).
n

We define the DP-filiration F; on A by defining F;A to be the ith divided power of the
ideal FplA = Ker(A — R). If R = R/pR for a p-adically complete ring R, then we
define the canonical filtration F'* on A by defining F" to be the ith divided power of the
ideal F''A := Ker(A — R). The canonical filtration differs from the DP-filtration by the
fact that p ¢ F! in general, whereas p € Fpl.

1.2.5. Let R and S be as in Theorem and let h : A — R be a homomorphism
of logarithmic S/pS-algebras, where A has a fine log-structure. Denote also by h the
associated morphism of log-crystalline sites

h (R’S)log—crys - (A|S)log—crys-

Then for any sheaf of abelian groups .# on (R|S)iog-crys, the ith direct image sheaf
R'h,.7 is the sheaf on (A|S )log-crys associated to the presheaf

(U—=T)~ Hfog_crys(Spec(R) X spec(a) UIT, F).

Assume that the Frobenius is surjective on R and on the integral monoid M defining
the log-structure of R. If & is a quasi-coherent sheaf of &-modules on (R|S)iog-crys then
it follows immediately from Theorem [L.1] that for i # 0

R'h.& =0

and hence for all 7 ' '
leog—crys(R‘S7 (9@) = Hllog—crys(A"Sv h*éa)

which is again zero for i # 0.

Proposition 1.1. With the above notation and assumptions, h«O is a quasi-coherent
crystal of O-modules on (A[S)iog-crys-
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Proof. Assume p"S = 0. Let P be the presheaf on (A[S)iog-crys defined
PU < T) := Hyy_crys(SPec(R) Xspec(a) U|T, O).

Consider a morphism g : (U' — T") — (U — T) of (A|S)iog-crys- Then g : 7" — T is an
open map, and hence

(97'Plr @165 Or) (T') = P(g(T") @pp(g(ry) Or (T).
We claim that, up to localizing on U’, we have
g 'P|r ®g-10, Or = Pl7r.
We have a commutative square
U —— g(U)
| |
T —— g(T")
Let C be the unique g(7”)-scheme making the following square cartesian
U —— g(U")
| I
C —— g(T).
Then C' — g(T”) is étale, and we have a commutative square

U —— C

! l

T —— g(T").

Since the left vertical arrow is a nilpotent thickening, there exists a unique morphism
T’ — C making the resulting diagram commute. Hence we have a commutative diagram

v —— g(U")
Lo l
T C 9(T")

and so we reduce to proving the claim in the following two cases
I g: T — g(T") is étale

II. g: U’ — ¢g(U’) is an isomorphism.

14



In case I we will use the construction of the final object given in m Remark (c) and
in case II we will used the construction of the final object given in the proof of Theorem
We ask the reader to refer to these parts for notation.

Let us prove the claim in case I. Let A be a finitely generated integral monoid defining
the log-structure on A and define

L := Ker(M® @ A% — M#P)

where the map A — M is the canonical one and M — M is given by raising to the p"th
power. The square

Wn(R®4 g 0y) @z Z[L] @7 g 1O —— W, (R®a Oyr) @z Z[L) @z Or
| |
R®ag 0y — R®4 Oy
is cocartesian, where the map
Wn(R®ag ' 00) @z Z[L) @79 Or - R@ag 'Oy
(resp.
Wi (R®a Oyr) @z, Z|L] ®z O1r — R®4 Oyr)

is the g~ ! Op-linear map (resp. Ops-linear map) deduced from the map sending (rg, ..., 7,_1) €
Wn(R®4 g~ 0y) (resp. € Wy (R ®4 Oyr)) to rb" and L to 1. Taking divided power
hulls for the kernels of these maps and using the flatness of the map

Wh(R®ag ' 0y) @z Z[L) @7z g O — Wy (R®4 Opr) @7 Z[L] @7 O

we obtain
gilfp‘T ®g—1ﬁT ﬁTl = P‘T/.

In case II, we can assume U’ is affine (and hence so are 77 and g(7")). Define
L :=XKer(P(M)& @ AP — MEP).

Let S+ (resp. Fyrvy) denote the ideal sheaf of U’ in T" (resp. U’ in g(7")). Define the
pairs

(B,I) = (W(P(R®a Oyr)) @z Z[L) @z Oyry, W(P(R®4 Oyr)) @z ZL] @z Iy17))
(B, I') = (W(P(R®a Oyr)) ®z Z[L] @z O, W(P(R®4 Oy)) @7, L[L] @7 I77)

Note that since the ring of Witt vectors of a perfect ring of characteristic p is Z-torsion
free, I C B (resp. I' C B’) is an ideal. We define a divided power structure on I by
setting (z @ y)l == 2? @yl for all z € W(P(R®4 Opr)) @z Z[L] and y € Iy(17), Where
the box exponent denotes the divided power structure on ;7). We extend to sums
via the binomial formula. This is a well-defined DP-structure. Similarly we define a
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DP-structure on I’. Since Oy(rry — Ot is a DP-morphism, one sees immediately that
the canonical map B — B’ is a DP-morphism. Moreover we have

B/I%B//I/.
Define
J = Ker(B—>R®AﬁU/)
J = KeI‘(B/—>R®AﬁU/)

for the canonical maps. Then I C J and I’ C J', and via the map B — B’, J maps to
J’, and by definition we have B/J = B’/J’. So by [1] Ch. I, Prop. 2.8.2, we have a
canonical isomorphism

Dp(J)®p B' = Dp/(J)
where Dp(J) denotes the divided power hull of B for the ideal J. This is precisely
g_lP’T Qg-10p O = Pl

and hence we have shown the claim.
Sheafifying we see that
hiO\r = g* (hiO|r)

so h. 0 is a crystal of 0-modules. Quasi-coherence is a special case of the proof of case
I above. O

1.2.6. Let 7 be a topos and & a sheaf of rings on .7 such that we have a ringed topos
(7,47). Denote by Qcoh(.7, o) the category of quasi-coherent sheaves of .o7-modules.
If A is a ring, then denote by 9t0d(A) the category of A-modules. Another useful fact
is the following

Proposition 1.2. Let R and S be as before. The global sections functor defines an
equivalence of categories

Qcoh ((R|S)10g—cry87 0) e~ Mod (Hfg)g_crys(R|S, ﬁ)) .

Proof. The inverse functor is defined by sending an A := H

log-crys (12|15, ©)-module M to
the log-crystalline sheaf

(U—T)~ M®®u Or.

Now the result follows by definition of a quasi-coherent crystal. O

1.3 Some Fontaine rings

Let us show that one can give an explicit description of the crystalline cohomology of
certain rings with surjective Frobenius, following the proof of Fontaine’s theorem.
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1.3.1. The first motivating example is Fontaine’s ring A..is, constructed as follows. Let
K be a complete discrete valued field of characteristic zero and of perfect residue field
k of characteristic p > 0. Denote by K™ its valuation ring (i.e. its subring of elements
of valuation at least zero). Let K be the algebraic closure of K and let K+ be its
valuation ring. Let us construct the crystalline cohomology of the structure sheaf on the
site (K /pKT|W)erys, where W := W (k) is a p-adic base. Define

Aig(KT) := W(P(K T /pK™)).
As in the proof of Fontaine’s theorem, there is a canonical map
0: Amg(K*) — K*
defined by choosing lifts, where K+ is the p-adic completion of Kt. First note that

if (r™) € Apg(Kt)/pAing(KT) = P(K*/pK™"), then, as in the proof of Fontaine’s
theorem, we may define #(") € K+ by the formula

F) — im Ot

m—00

where #("*™) denotes an arbitrary lift of #("*™) to K*. One sees easily that the as-
sociation sending (r(”)) to #(™ is a bijection between Aint(K™) /pAint(K™) and the set
of sequences (z,,) of elements of KT such that # ; = x, for all n. This enables us to
define a valuation on Ap,(K™)/pAme(K™) by the rule

v(r(")) = vp(f(o))

where vy, is the valuation of K=K+ [1/p], normalized by v, (p) = 1. Since Ains(K 1) /pAins(K™T)
is a valuation ring, it is an integral domain. Hence, if an element of its fraction field has
valuation _greater than or equal to zero, it lies in Aje(K™)/pAins(K™), because this is

true for K+ c K. In particular, elements of valuation zero are units.
Consider the elements

pi=(p.p"P, """, ..) € Aums(KT) /pAis(K ™)

and
1:= (1a Cpa Cp27 ) € Ainf(K+)/pAinf(K+)
where (,» denotes a p"th root of unity. We claim that Ker(6) is a principal ideal, of

which £ := [p] — p and [1511/11 T are generators. First notice that Ker(f mod p) is the set

of elements of valuation one, so since £ clearly has valuation one, it generates this ideal.
Also, in P(K*/pK™) we have

1-1 (1P —1)p » 1
v <11/p_1> =v (1””—1) =(p-o""-1)=(p- I)F

17



[1]-1
[1]/P-1
in general since Aj,¢(K™) is p-adically complete.

Taking the divided power hull of Aj,¢(K ™) for Ker(6) and then the p-adic completion
we obtain a “ring of p-adic periods” denoted Acis or Aqis(KT). Thus elements of
Aeis(K) are represented by sequences Y & [ with z,, € Apne(K™T) tending to zero
p-adically with n. By construction, we have

SO is also a generator of Ker(# mod p). This proves the claim modulo p, hence

Acris(KT) =1lim HY (K /pK T |W,,(k), ).

crys

As a Fontaine ring, Aeis(K ™) is endowed with a canonical filtration (Def.
FiAais(KT) = (Ker(6))!

(ith divided power of the ideal Ker(f)). Define an element of F''A.s by

t:=log([1]) = =Y (n—1)!(1 = [1))l"].

n>0

This element plays a very important role in p-adic Hodge theory. By functoriality of
crystalline cohomology, Acis has a Frobenius endomorphism ®. One usually writes
Bl = Acris(K)[1/p]
and
Bcris = B(—;is[l/t]'

The canonical filtration induces a filtration on B;is and we define the filtration of Beris

by | o
F'Beis := th_jFZ-HB;iS.

Since ®(t) = pt, it follows that the action of ® extends to B in a natural way.

1.3.2. The schemes we will consider will not generally have smooth lifts to W,,(k), but
they will have smooth lifts to a formal divided power lifting ¥ of KT /pK™, defined
as follows. Firstly, making a choice of uniformizer = of K+ determines a presentation
Kt = W(k)[u]/(E(u)), where F(u) is the minimal equation of m over W (k), i.e. E(u)
is an Eisenstein equation of degree e, where e is the ramification index of KT over
W (k). So Wy(k)[u] is a canonical smooth W, (k)-lift of K /pK* = k[u]/(u¢). Taking
the divided power hull for the kernel of the surjection W, (k)[u] — K /pK™, we obtain
Yn = Wi(k)[u] (u). It has a lifting of the absolute Frobenius of K /pK™ defined as
the unique homomorphism sending u to u? and restricting to the canonical Frobenius
on W, (k). Finally we define
Y= liTan Yint1-

18



1.3.3. Let us compute the crystalline cohomology of K+ /pK* over the p-adic base X.
This reduces to computing the kernel of the canonical map

Ainf(K+) K7 2 — R+/pk+.
We claim that it is generated by £ and [7] ® 1 — 1 ® u, where
m = (m, 7P 7)€ Ape(KH) /pAin(KT).

To see this, assume Y, x; ® u’ lies in the kernel, and write

_ ZZ() T e )(1eu— 1] ®1)

v g=0

— sz ®1+ZZ<> )T e (1 ®u — [ ®1).

i j=1

Since ), Z;Zl (;) (z; - [7]" 7 ®1)(1 ® u — [x] ® 1)7 obviously maps to zero, we see that
> Ti - [1])' @ 1 must also map to zero. From the commutative diagram

Aini(KT) —— A(KT) @z %

| |

K+ K+

we deduce that Y. x; - [r]" € € - Ajng(K™T), thereby proving the claim.
We define BT to be the p-adic completion of the divided power hull of Ay (K T)®z%
for the ideal generated by & and [r] — u. We have

BT = = lim HY (KT /pKT|%,,0).

crys

BT is endowed with the canonical filtration F' defined by the divided powers of the ideal
Ker(BT — K™). Its interpretation in terms of crystalline cohomology also implies that
it is endowed with a Frobenius endomorphism.

1.3.4. Warning. Do not confuse B+ with BT !

cris’

1.3.5. Let us turn to the logarithmic case. Define the canonical log-structure on X, to
be the fine log-structure associated to the pre-log-structure

L(u):N—%,:1— u.

Composing this with the canonical map ¥, — KT /p"K™ defines a pre-log-structure
on the latter, making it into a log-3,-scheme. The associated log-structure is also the
inverse image of the canonical log-structure on K defined

- {0} - K.

19



Similarly, the canonical log-structure on K+ is given by
R+ — {0} — K+

and we endow K+ /pK* with the inverse image log-structure. If we fix roots of 7, then
it is the log-structure associated to the pre-log-structure

M:Qy — KT /pKt:aw— n“

Note that although this pre-log-structure depends on choices of roots of 7, its associated
log-structure does not, as the quotient of two choices of roots of 7 will be a unit of
K*/pK*. Let

L :=Ker(P(M)® @& L(u)8? — M?8P).

Since P(M) consists of sequences (x,) of non-negative rational numbers such that p -
Tp41 = Xy, for all n, we see that P(M )P consists of sequences (z,,) of rational numbers
such that p-x,41 =z, for all n, i.e. P(M)8P = Q. So we see that L is the kernel of the
map
QaeZ—Q:(a,m)—a+m
i.e. L consists of pairs (m,—m) € Z2 Note that under the map to Aj (K1) ®z 3,
(m-p™™), € P(M) maps to [1]" ®1 and m € L(u) maps to 1 ® u™, so one should think
of (m,—m) as [1]™ @ u~"™.
Define

Bl—gg = lién Hl((])g—crys<R+/pk+’2n; ﬁ)

By construction, Bl'gg is the p-adic completion of the divided power hull of Ay, ((K™) ®z

¥ ®z Z|[L] for the kernel of the canonical surjection onto K. Suppose Y, z; @ u' ® I;
lies in the kernel of the canonical map

Ang(K1) @2 S @7 Z[L] — K+
Then we have

Yoreueli=) neuelty rouel—1)

SO Y, T ® ut € (& [r] —u) - Apng(K ) ®z 3. Hence we deduce that DT ® u' ®1; lies in
the ideal generated by &, [r] —w and [ — 1 as [ ranges over the elements of L.

Proposition 1.3 (Kato). Every choice of sequence of roots of m determines an isomor-
phism

Bl—gg/pnBl—gg = A;t‘is/pnA;‘is <X>

where A:;is/p”A:;iS (X) is a divided power polynomial ring in one indeterminate X over
the ring AT, /pr At

cris cris”’
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Proof. Tt suffices to show that AT. /p" AT

cris cris

(X) has the universal property. Make

1
A + A +
C = Aine(K7)/p" Ains(K™) [X, 1 —|—X]

in to a W, [u]-algebra by sending u to [x] - (1+ X)~!. If (U — T) is an affine object of
(KT /pKT|20)10g-cryss then define a W, [u]-algebra map

C—>ﬁT

extending the canonical map 07 : Aje(K™)/p" Aine(K ™) — Or by sending X to 07 ([x]) -
u~! — 1 (this element exists in 07 by Lemma. If we are given another map

oa:C — Or
then by W), [u]-linearity we must have a([x]- (1 + X)~1) = u. But
u=a(lz]-(1+X)™") = a(z) - (1 + (X))~ =0r(a]) - (1 + (X))

so a(X) = 07([x]) -u~! — 1, hence the map is unique. Taking the divided power hull for
the kernel of the map in the case Or = KT /pK™ it is clear that we obtain the ring

1

A;‘is/pnAg;is <X> |:1 4 X:| = A:;is/pnA;t‘is <X> .

Let us endow this ring with the pre-log-structure
P(M) & L(u) — AL, /p" AT (X) ((m(i))ieN,@ [ @

where we write u for its image [r] - (1 + X)~! in AT, /p"AY. (X), and M is the log-
structure of K1 /pK™ defined above. We need to check that it belongs to the log-
crystalline site, i.e. the closed immersion associated to the surjective homomorphism

At /pnA—i-

cris cris

(X) — K /pK™*

is exact. For this it suffices to check that the elements [ € L := Ker(P(M )8 @& L(u)s? —
M#8P) are units. But from the computation of L preceding the statement of the propo-
sition, we know that [ = (1 + X )™ for some integer m, hence everything follows. O

So one should think of X as [r] @ u=! — 1. Bfgg is also endowed with the canonical

filtration F' defined as the divided power filtration of the ideal Flegg = Ker(Bngg —

K *) and a Frobenius endomorphism. Define the monodromy operator N on Bfgg as the
unique Aepis(K)-linear derivation satisfying

N(X)=1+X.
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1.3.6. There is another ring BS{R constructed by Fontaine, defined

B = 1lim (AL (K™) @w ) K) /1"
where I := Ker(Al (KT) @y K — Ii() It is know [8] that B is a discrete valuation

(KM)@wwmK —
Bj, is injective. We have grf B = ~ K (1) (Tate twist), where we use the logarithm
log : Zp(1) — AL, (K™T) to identify Kt with K (4).

Cris

ring of uniformizer ¢ and residue field K and that the natural map Acr1b

Proposition 1.4 (Fontaine). Let a« € Q. If p > 2, then

(i) =t € p- FTAL (KY)

max(vp(a),0)

(ii) e — € ALy (KT).

Proof. For (i), first recall that 1 — [1] = u - & - (1 — [1]'/P) for some unit u € Aje(K ™).
Since (1 —1Y/7)P=1 € Ape(K+)/pAine(K™) is an element of valuation one, it follows that
it lies in the ideal generated by &. Hence (1 —1)P~! lies in the ideal generated by £P. But
we have &P = plelPlin AT, (K™), so we deduce that (1 — [1])P~! € p- AT, (K*). Now,
we have

t=— (n-1A - — > (n—1)(1 - 1)
n=1 n=p+1

and the second sum is divisible by p, so it suffices to consider

p—1
S \ (p— D!~ Q)T
Yo m-na-mt) =3 e

n=p+1 Jittip=p—1

Here each summand has p-adic valuation j, in the denominator and at least [%ifl] >

Jp + 1 in the numerator. This proves (i).
For (ii), we separate in two cases:

I vy(e) >0
II. vy(a) < 0.

In case I, first assume that o € Z. Then [1]*—1 € Ker(Aeis(K1) — f(*), so the divided
power series log([1]¥) exists and converges to « - t. We have

1 1= expla) -1 =a-e 3 00
n>0 :

and
tnfl

pqn _
= Dl )l
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n—1

.t n—1
where n — 1 = ¢,(p — 1) + r, and ¢, = [ 1] > vp(n!). So uq = ,5 (o)
D

n!

converges to a unit of AT, (KT) for all a € Z. Hence assertion (ii) in this case. If « = m
with z,y integers and v,(y) = 0, then [%]127:1 € Al (K™T), so assertion (ii) holds in this
case. B

In case II, write a = yzf with x,y coprime integers and vy(z/y) = 0. By case I we
have ([1)* —1)"t e t71. AT (KT), and H T (K1), hence assertion (ii) in this
case. O

Corollary 1.1. gr’ BT, = K( )

Cris

Proof. We know that gr! B

Cris

is generated by ( - )Z as a gr" BT, = — K-module.

[ ]l/p 1 cris

1
Since (1]%/7 — 1) maps to pr-iz in K+ for some unit z, we deduce that gr' Bl is

generated by ([1] — 1)®. In the proof of the last proposition, we have seen that ¢t =
v-([1] — 1) for some unit v € 1+¢- AT, (KT), so we deduce that gr’ B, is generated by

Cris

# as a K-module. Finally the logarithm log : Z,(1) — A}, (K*) identifies Z,(i) with

Cris

the Z,-submodule of AT. (K*) generated by . O

Cris

Proposition 1.5. Every choice of uniformizer 7 € K+ determines a Gal(K / K)-equivariant

isomorphism of K-modules for all n
gr" B = or" BY[1/p] = @4 j=n B’ - K(j)
where E is an Eisenstein equation for w and i,j € N.

Proof. The proof for BT works for Bfgg, so consider the former. Making a choice of

uniformizer 7 determines an Eisenstein equation E € ¥ and defines a surjection ¥ — K.
Consider the ring
Bt®sKT.

It is a filtered B™ module via the canonical map, and clearly
'(BTon K1) = K.
Hence for all n there is a canonical surjection
gr" BY[1/p] = (gr" B [1/p]) @4, gr’(BY@xK™) — gr" (BT @K )[1/p].

Since the completion of (BT ®@x K T)[1/p] for its filtration is clearly Bjy, they have the
same graded, i.e.

e (Bt &x K)[1/p] = K (n).

So the surjection gr™ BT [1/p] — gr"(BT®x K 1)[1/p] admits a section, namely the canon-
ical map

f(( )= g Bt — g™ BY[1/p)].

cris
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Now, if I/ is an Eisenstein equation for 7, then we have an exact sequence

0 —— (E-%,)P? Yn Kt /p"Kt —— 0

which, tensored with B yields and exact sequence
0 — (E-Bt/p"BT)PY — BY/p"B* — Bt @y, KT/p"KT — 0
Now an easy induction on r shows that we have split short exact sequences for all r
0 — @jpjoriso B - g (BT @sK*)[1/p] —gr" BT [1/p] —er" (B*@sK*)[1/p] —0

as claimed. O

2 Almost ring theory

The basic ideas of almost ring theory were discovered by Faltings and developed in his
papers on p-adic Hodge theory. More recently, a book devoted to the subject has been
written by O. Gabber and L. Ramero [9], thereby laying comprehensive foundations
for Faltings’ approach to p-adic Hodge theory. We begin by recalling the necessary
definitions and theorems and then apply them to the study of Fontaine rings.

2.1 Reminder on almost ring theory

2.1.1. The basic object of study in almost ring theory is the category of modules on
rings A (commutative with unity) together with an ideal m satisfying m?> = m. We
assume further that m is the countable union of principal ideals (z®), indexed by an
infinite additive monoid I' C Qx¢, such that z“ is not a zero divisor for all o € I" and
furthermore for all o, 5 € " we have

2 2B =g 1P

for some unit u € A.

By localizing the category of A-modules at the subcategory of elements annihilated
by m, one obtains the category of almost A-modules. We'll say that two A-modules
M, N are almost isomorphic if they are isomorphic as almost A-modules, and we write
this as M = N. A morphism M — N of the category of A-modules is represented by a
diagram of real maps of A-modules

M N
M ——— N’

where the vertical maps are descend to almost isomorphisms.

We can also define the category of almost A-algebras (commutative with unity). This
is done by formally inverting the homomorphisms of A-algebras A — B whose kernel and
cokernel are annihilated by m. In this category morphisms admit a similar description
as the category of almost A-modules above, except of course that we require all maps to
be homomorphisms of A-algebras.
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2.1.2. The motivating example is the case A = KT, I' = Qsq, and z° = p° for all
€ € Qs¢. An example of almost isomorphism of K*-modules is given by the canonical
homomorphism of differentials

QKOt,/K+ Okt Kt — QK+/K+
where K1 denotes the normalization of K in the extension of K generated by all
p-power roots of unity.

2.1.3. We will always refer to morphisms in these almost categories with the adjective
“almost”, e.g. “almost homomorphism”, etc. So if we do not use the adjective “almost”
we will be referring to usual real morphisms.

2.1.4. Let A be a A-algebra. An A-module M is
e almost flat if the functor (—) ® 4 M is almost exact
e almost faithfully flat if the functor (—) ® 4 M is almost exact and faithful
e almost projective if Extly(M, N) =~ 0 for any A-module N

e almost finitely generated (resp. almost finitely presented) if for all o € T' there
exists a finitely generated (resp. finitely presented) A-module N, together with
maps of A-modules f, : M — N and g, : N — M such that fo0g94 = ga0 fo = 2%

e an almost projective module of finite rank if its is almost projective, almost finitely
generated, and there is an integer r such that /\;‘HM ~ 0

e an almost projective module of rank r if it is an almost projective module of finite
rank with /\QHM ~ 0 and L := ANyM is an almost invertible A-module, i.e. the
canonical map L ® 4 L* — A is an almost isomorphism, where N* := Homy (N, A)
for any A-module N.

By [9] Lemma 3.12 almost flatness, almost faithful flatness, and almost projectivity
are all preserved by arbitrary base change. By [9] Prop. 2.4.18, every almost finitely
generated projective A-module is almost finitely presented and every almost finitely
presented flat A-module is almost projective. Also, by [9] Prop. 4.3.27, for every almost
projective A-module M of finite rank, say /\Z‘HM =~ 0, there exists a decomposition

=0

such that M ® 4 A; is an almost projective A;-module of rank .
2.1.5. A homomorphism of A-algebras A — B is
e almost unramified if it makes B into an almost projective B ® 4 B-module

e almost étale if it makes B into an almost flat and almost unramified A-algebra
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e an almost étale covering if it is almost étale and makes B into an almost projective
A-module of finite rank.

As in the classical case, almost étale coverings form a category (see [9], §3.1).
Lemma 2.1. (i) Almost étale coverings are stable by base change.

(i) If A — B — C are homomorphisms such that A — B and the composition B — C
are almost étale coverings, then so is B — C.

(i1i) An almost projective module of finite rank which is everywhere of non-zero rank is
almost faithfully flat. In particular, an almost étale covering which is everywhere
of non-zero rank is almost faithfully flat.

Proof. By [9] Lemma 3.1.2, assertions (i) and (ii) are true for almost étale homomor-
phisms. For (i), note that the notions of almost flatness, almost finite generation, and
almost finite presentation are all stable by base change. Hence almost finitely generated
projectivity is also stable by base change. Finally, using that taking exterior powers
commutes with base change we obtain that almost projectivity of finite rank is stable
by base change, proving (i).

For (ii), we need to check that C' is an almost projective B-module of finite rank.
Since B is almost unramified over A, by [9] Cor. 3.1.9, the canonical exact sequence

0 I B®sB —— B

splits to define an almost isomorphism of B® 4 B-modules B&I =~ B® 4 B. So I is almost
finitely generated as a B ® 4 B-module, and by transitivity of almost finite generation
([9] Lemma 2.4.7) I is also almost finitely generated as a B-module. Tensoring over B
with the almost flat B-module C' we obtain an almost isomorphism

CelCepl=C®usB

hence C = C®4 B/C ®p 1. Note that C ® 4 B is an almost finitely presented B-module
because A — (' is an almost étale covering. Also, C' ®p I is almost finitely generated as
aC®yB=C®p(B®y B)-module, so it is almost finitely generated as a B-module.
By [9] Lemma 2.3.18, it follows that C' is almost finitely presented as a B-module. Since
C' is also an almost étale (hence almost flat) B-algebra, we deduce that it is an almost
projective B-module. Finally, for all ¢ the canonical map ’AC — /\iBC’ is obviously
surjective, hence C' is an almost projective B-module of finite rank, as required.

For (iii), it suffices to show that an almost projective A-module P of non-zero constant
rank is faithfully flat. By [9] Prop. 2.4.28, we know that the almost faithful flatness of an
A-module M is equivalent to the almost surjectivity of the canonical map M ®4 M* — A.
Write

Ep/a:=Im(P®a P* — A).

It is an ideal. We claim that E/\iAP/A — Ep/4 is almost injective for all 7 > 0. To see this,
let B= A/Ep 4. By [9] Prop. 2.4.28, we have Epg ,p/a = Epjsa-B =0,50 P®4 B ~0
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because P is almost projective. Hence Eyipia-B = Epi (pg, By =0 and the claim

follows. Now, since A% P is almost invertible for some i > 0, we have E AP R A and
this completes the proof. ]

2.1.6. The behaviour of almost étale morphisms of IFj-algebras under the Frobenius
endomorphism is studied in some detail in [9]. We will need the following

Theorem 2.1 (Gabber-Ramero). Let A — B be an almost étale homomorphism of
Fp-algebras. Then the commutative diagram

A— B

ol ol

is almost cocartesian, where ® denotes the (absolute) Frobenius endomorphism. In par-
ticular, the relative Frobenius of B over A is an almost isomorphism.

This is Theorem 3.5.13 of [9]. We will need the following corollary.

Corollary 2.1. If A — B is an almost étale homomorphism of Fy,-algebras, then the
induced homomorphism of Witt vectors

Wn(A) — Wi(B)
15 almost étale.

Proof. The proof is the same as the classical case [14]. Let us reproduce it here. By
[0 Cor. 3.2.11 (iii) an almost flat lift of an almost étale homomorphism is unique,
hence it suffices to prove that the above homomorphism is almost flat. For this, we
use the filtration of the Witt vectors given by the powers of the Verschiebung V' (cf.
[14] 0., Prop. 1.5.8). For any ring A, define V'W, (A) to be the image of W,(A)
under the i-fold iteration of the Verschiebung V. This defines a filtration of W, (A) and
set gry W, (A) = @i>0VIW,(A)/VTIW,(A). If A is a ring of characteristic p, then
VWp(A) is an ideal with a canonical divided power structure ([I4], 0., 1.4.3) and in
particular is nilpotent, so this filtration is finite.

By [14] 0., 1.3.15, for any ring A of characteristic p we have canonical isomorphisms

gry, Wn(A) = EBm<n(I)T(A)

where ®™ denotes the m-fold iteration of ® and ®7"(A) denotes A considered as a module
over itself via the map ®"*. From the theorem it follows that we have a canonical almost
isomorphism

B ®4 gry W, (A) = gry, W, (B).

By the almost version of the standard flatness criterion ([3] Ch. 3, §5, no. 2, Thm. 1),
the almost flatness of W;,(A) — W, (B) follows. O
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2.1.7. If R is a ring and X is a finite set, then we write R*X for the product [Lex Rae,
where R, = R for all x € X. We say that an almost étale homomorphism A — B of
A-algebras is a formal almost Galois covering of group G if G is a finite group acting by
A-algebra automorphisms on B such that the canonical map

B®4 B — B*¢

induced by the maps B — B*Y : b+ (b,b,...,b) and B — B*Y : b — (g(b))seq, is an
almost isomorphism.

We say that an almost étale homomorphism A — B of A-algebras is an almost Galois
covering if it is a formal almost Galois covering and in addition is almost faithfully flat.

Note that a (formal) almost Galois covering is preserved under arbitrary base change.

Proposition 2.1. Let A — B be a formal almost Galois covering of group G, and M a
B-module with semi-linear G-action. Then

(i) M€ QRaB=~M
(ii) H{(G, M) =0 for all i # 0.

Proof. Because B is an almost projective B ® 4 B-module, there exists a B ® 4 B-linear
homomorphism B — B ®4 B which is a section of the canonical multiplication map.
This gives a real map m®j B — B ®4 B or equivalently B — Homp (m, B®y4 B). Then
the image e of 1 in Homy (m, B®4 B) is an idempotent. Moreover, for all € € I' we may
consider z°e as an element of B ®4 B, say e = ), x; ® y;. Since A — B is an almost
Galois covering, it follows that B @4 B is almost isomorphic to [],c; g(e) - B with G
acting transitively on the g(e). This implies that

Tr(z%e) := Zg(:pse) =z
geG
and if g # id then g(x°e) maps to zero in B. This allows us to construct a map
s:M — BoyMC
m Z x; @ Tr(y;m).
i

We claim that composition either way with the natural map B @4 M¢ — M is multi-
plication by xz°. One way we have

s(m)=> "> wi@glym) = Zﬂfz Ryim+ » <Z T ®g(yi)> ~(1®g(m))

i geG g#id \ i

= (@e)(lom)+ Y glae) - (1®g(m)).

g#id
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So s(m) maps to zero in z° in B since g(ze) maps to zero in B for all g # id. Going
the other way, let z ® m € B®4 MS. Then

Z%z@Tryz ZiUle"yz Km = Z(sz yl) ( )®m)
geqG i

and since Y . x; - g(y;) = 0 for g # id, it follows that s(z-m) =) z;y:2 ® m = 2°m, as
required. This proves the claim and therefore also (i).
For (ii), it suffices to show that for all ¢ € T" we have 2 = Tr(b) for some b € B.
Consider the A-ideal
I:={Tr(b)|b € B}.

By the above, we have 2° = ) . x; Tr(y;) € I - B. Taking norms we find

Npja(m-B) CNgja(I-B)C 1
and since m™ = m for all n > 0 we deduce that m C I. O
2.1.8. Let A be a A-algebra and I C A an ideal such that I? = 0.

Theorem 2.2 (Faltings). The category of almost étale coverings of A/ is equivalent to
the category of almost étale coverings of A.

For the proof, see [7] 3. Theorem. More generally, we have ([9] Thms. 3.2.18, 3.2.28)

Theorem 2.3 (Gabber-Ramero). The category of almost étale homomorphisms of A/I
18 equivalent to the category of almost étale homomorphisms of A.

Proposition 2.2. The equivalence in Theorem [2.3 preserves almost faithful flatness.

Proof. Following [9], one defines a functor from almost A-modules to real A-modules by
M ~ My :=m®p M.

Since m is a flat A-module, this functor is exact and M, ~ M. Similarly, one defines a
functor from almost A-algebras to real A-algebras by the exact sequence

0 m A D B By 0

where the map m — A @ By is given by  — (z,—z ® 1), and A @ B is given the ring
structure (z,a) - (y,b) == (x-y,x-b+y-a+a-b). Then By = B. Moreover, A — B is
almost faithfully flat if and only if Ay — By is almost faithfully flat ([9) Remark 3.1.3
(ii)). Finally note that if I C A is an ideal, then Iy C Ay is an ideal and Ay /Iy = (A/I)y.
Since in our case Ay — By is a nilpotent thickening of a faithfully flat homomorphism,
it suffices to show that Ay — By is flat. By the usual criterion for flatness, it suffices to
show that Tor{" (By, (A/I)y) = 0. But this follows from [9], Prop. 2.5.34. O
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Corollary 2.2. If A — B is an almost étale covering, then it is a (formal) almost
Galois covering of group G if and only if A/I — B/I - B is a (formal) almost Galois
covering of group G.

Proof. Since almost faithful flatness is preserved under the equivalence, it suffices to
check that formal almost Galois coverings are preserved. Since the functor @ g(B/I - B)
is an equivalence of the category of almost étale coverings of B with the category of
almost étale coverings of B/I - B, it follows that the canonical map B ®4 B — B*Y is
an almost isomorphism if and only the same is true after tensor product ®g(B/I - B),
hence the claim. O

We refer to [9] for an in-depth study of almost ring theory.

2.2  Almost purity
2.2.1. Fix ce {1,7} C KT, and define

O(c) == K¥ [Ty, ... T,, TS, ., Tl ) /(T - T — ©).
Following Faltings, we say that a K T-algebra R is small if there is an étale map
O(c) — R.

Every smooth (resp. semi-stable) KT-scheme has a Zariski open covering by small
affines with ¢ = 1 (resp. ¢ = 7). Note that with these choices of ¢, R is a regular ring; in
particular, it is a finite product of integrally closed domains, and we shall assume that
R is an integrally closed domain. There is a natural fine log-structure on R associated
to the pre-log-structure

T
N' = R:(n1,...n,) — HTZ“
i=1

This makes Spec(R) — Spec(K™) into a a log-smooth morphism, where Spec(K™) is
given the trivial (resp. canonical) log-structure for ¢ =1 (resp. ¢ = 7).

2.2.2. Fix ¢ € {1,7}. For any n € N, let K,, = K[X]/(X?" — ¢). Let K; denote the
normalization of KT in K,,. If R is a small K -algebra, then we define

1/p™ 1/p™
Ry := R®o( K [T, ... T .

Note that the normalization of K;I in R,, is unramified over K, because R is small. If
K C L is a finite extension, then write L, = L - K,, and let L} be the normalization of
K% in L,,. Define

O(C)n,1, = O(c) @xc+ L[ X1, eos Xapa] /(XY = T1y oo, X0 — Tuyn).

Lemma 2.2. O(c) Qg+ L} and O(c)y, 1 are integrally closed domains.
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Proof. Firstly note that O := O(c) is a regular integral domain, in particular it is a Krull
domain. Note that if the ring

On := 0(¢)[ X1, oo, Xaia /(XY = T, oo, XB) = Tya)

is normal, then it contains O(c),, x because of the relation [];_, T; = ¢. So it suffices to
show that O, is normal, because it is clear that it is integral. Since O is a Krull ring
and O, is a finite free O-module, by [3] Ch. 7, §4, no. 2, Thm. 2, it follows that

On = Nheight(p)=1(On)p

where the intersection is taken over the localizations at all prime ideals p C O of height
one. So by [3] Ch. 5, §1, no. 2, Prop. 8, it suffices to show that each (Oy), is
integrally closed. Hence we reduce to the case O is a discrete valuation ring. If O is
of equal characteristic zero, then O, is étale over O, hence normal. If O is of mixed
characteristic, then 7 is a uniformizer for O and if ¢ = 7 then we must have 7 = u - T;
for some unit v and 1 <4 < r. It suffices to show that

0' = O[X]/(X"" ~ 1)

is normal for all j. If j =i and ¢ = 7, then the equation X?" — T, = 0 is an Eisenstein
equation, hence O’ is a discrete valuation ring ([I7] Ch. I, §6, Prop. 17) and in particular
is normal. If j # i or ¢ = 1, then T is a unit of O. Let F(X) = X?" — T}, and let A be
the normalization of O in Q(O’) (the fraction field of O’). Let ¢ denote the annihilator
of A/O’. Then we have the formula ([I7] Ch. III, §6, Cor. 1):

c= (F/(T}"")). 271

where
{yEQ Tr(zy) € O V:L‘EA}

is the codifferent. Now (F’(Tl/p )) = (p") so it suffices to show that ©® C (p™). For
this we compute traces, so consider the conjugates of Tf/ P ina suitably large Galois

extension of Q(O). These are given by multiples ( - Tf/ b n, where ( is some p"th root of
unity. Hence for all 0 < k < p™ we have

T( ]k/p k/P ZCZ_O

So if Zk 0 Ly, T; F/P" denotes a typical element of Q(O') with a; € Q(O) then

p"—1
Tr (Z aka/p ) =p"ag

k=0

so ® = (p™). This proves that O’ is integrally closed, hence so is O,,.
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Now, since O(c)y,, 1 is an integral domain, it suffices to show that it is normal. Since
L,, is a finite extension of K, and normality is stable by étale localization, up to making
a finite unramified extension of K,, we may assume that L, is a totally ramified extension
of Ky, in particular L} = K,[X]/(f), where f is an Eisenstein polynomial ([I7] Ch.
I, §6, Prop. 18). Since K,  is a principal ideal domain, L} is a free K, -module,
and hence O(c)y,, is a finite free Op-module. Since O, is a Krull ring, by the same
reasoning as above we reduce to the case O, is a discrete valuation ring. If O, is of
equal characteristic zero, then O(c), 1, is étale over Oy, hence normal. If O, is of mixed
characteristic, then 7'/P" is a uniformizer for O,, and O(c), . = O,[X]/(f). Since f is
an Eisenstein equation, by [I7] Ch. I, §6, Prop. 17, O(c),, 1, is a discrete valuation ring,
in particular a normal ring. O

For R small, define R, 1, := R ®¢(s) O(c)n,L-

Proposition 2.3. Assume KNR = K*. If R is an integral domain and K™ is integrally
closed in R, then R, 1 is an integrally closed domain for all n and L.

Proof. (Ramero) Since R,, 1, is étale over O(c),, 1, it follows that R is a normal ring. So
it suffices to show that R,, 1, is an integral domain.

We first show that S := R @+ K, is an integral domain. Note that since KT is
integrally closed in R we have Q(R) N K,, = K. Now, the kernel of the canonical map

S—R-KI
is contained in the kernel of
Q(R) ®k+ K;F — Q(R) - Ky,

and Q(R) ®k K, is a finite dimensional Q(R) vector space of dimension [K,, : K]. Since
Q(R)N K, = K, the same is true of Q(R) - K, hence the map is an isomorphism. This
proves that S is an integral domain.

We now show that R, = R, x is an integral domain. It suffices to show that its
spectrum is connected. Since R, is finite flat over .S the image of a connected component
of R,, under the morphism f : Spec(R,,) — Spec(.S) is both open and closed, hence equal
to S because f is generically finite étale (in particular every connected component of
R,, dominates S). So it suffices to show that f has a single connected fibre. Let q be a
generic point of Spec(S/7S), considered as a prime ideal of S, and let p = g N O, where
O :=0(c) ®g+ K,I. Let SQ resp. OQ denote the henselization of S at q resp. O at p.
Since the prime ideals p and q have height one, these are discrete valuation rings. Let
Oy, := O(c)p. The extension

h h
Sq = Op

is finite étale of degree f (say) and the extension
oy —op

n,p
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is totally ramified of degree e (say). So the composite SQ . Oﬁm is an extension of SQ of
degree n = e - f. On the other hand, the canonical map

h h h Ak
Sq ®0 Opp = 8- Oy

is a surjective map of free Sé‘—modules of same rank, hence it is an isomorphism. Thus,
SQ ®o OZ,p = SQ . ng is connected, and so (since SGL is a henselian noetherian local
ring) has connected special fibre

(53 ®o Oz,p)/q : (53 ®o Oz,p) = (Sq/CI) ®0 On.

This implies that the fibre of R,, = S ®c O,, over q is connected, hence so is R,,.
Finally, we show that R, ;, is an integrally closed domain. The surjective map

Rn,L = Rn ®K7+l— L;i_ — Rn . L+
has kernel contained in the kernel of the map

Q(Ry) @k, Ln — Q(Ry) - L

where Q(A) denotes the fraction field of A for any integral domain A. Since K, is
integrally closed in R,, it follows that L, N Q(R,) = K, hence Q(R,) - L is a Q(Ry)
vector space of dimension [L,, : K,]. Since the same is true for Q(R,,) ®k,, Ln, it follows
that they are isomorphic, and hence R, @+ L} = Ry, - L is an integral domain. [

2.2.3. Define
KL =] K}
neN

We will now consider the almost ring theory of the pair (K1, my), where mo C KL

is the maximal ideal. Note that there is a sequence of rational numbers ¢, = o=T)
occuring as p-adic valuations of elements of K1, and tending to zero with n. Namely
en = Up({pn+1 — 1), where (,n+1 denotes a primitive p"th root of unity. Since KJ is a

valuation ring we see that we indeed have m2_ = my..

2.2.4. Let S be a finite integral R-algebra. We say that S is étale in characteristic zero
if R — Sk is étale. For all n, let S be the normalization of Ry, ®gr S, where

Ry = U R,,.
neN

The following striking theorem is the key input we will use. It is usually refered to as
the Almost Purity Theorem.

Theorem 2.4 (Faltings). If S is a finite integral normal R-algebra which is étale in
characteristic zero, then the canonical homomorphism

Roo — S

is an almost étale covering of KT -algebras.
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The proof of this theorem is given in [7]. If R is assumed to be classically smooth
(i.e. ¢ =1), then a slightly more general statement has been proven in [10].

We define .
R = R ®K+ R+

and ) B
Ry := Ry ®K;ro K.

If Kt is integrally closed in R and p is not a unit in R, then by Proposition these
are integrally closed domains. If S is a finite integral normal R-algebra which is étale
in characteristic zero, then we may write S as the direct limit of finite integral normal
R ®p+ LT-algebras, as L ranges over the finite field extensions of K. In this way we
see that if we define Sy, to be the normalization of Ry ®p S, then Ry, — Sy is the
filtering inductive limit of almost étale coverings. Since this homomorphism factors over
Roo — Sso, then by Lemma we deduce that Roo — S is the filtering inductive limit
of almost étale coverings.

Corollary 2.3. If S is a finite integral normal R-algebra which is étale in characteristic
zero, then the (absolute) Frobenius is surjective on Soo/pSec.

Proof. (Faltings) If S = R, then by étaleness over
O(C)oo,f{ := colimy, 1, O(¢)n,1.

it suffices to show that the Frobenius is surjective on the latter. But the latter is a
quotient of K /pKT[T? "] and every element of this ring has the form

m me 7 mMe p
Z”NTlm/p 1 .Tene/p _ (Z Ujlv/pTlm/p 1+ .T:fe/p +1>

so the claim in this case is clear.

Using that the relative Frobenius of an almost étale homomorphism is almost isomor-
phism ([9] Thm. 3.5.13) we deduce that the Frobenius is almost surjective on S /pSec-
This implies that for all z € S., there exists y,z € Sy such that p'/2z = y? + pz.
But then y? = p/2(z — p'/2), so y = p'/?Pw for some w € S, because S is integrally
closed, and hence x = w? + p*/2z. Then same trick shows that z = u? + p/2v and so
z = (w+ p/?u)? mod p. O

2.3 Almost étale coverings of Fontaine rings

By Corollary 2.3] we may, following Fontaine, construct the Fontaine rings

AL = linSrys(Roo/pr\En,ﬁ)
AL(S) = limHgy (Seo/pSsc|Sn, O)
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where S is a finite integral normal R-algebra, étale in characteristic zero. Then the
canonical homomorphism

AL AL — AL(S)/p" AL(S)

is a nilpotent thickening of the almost étale homomorphism Roo / pﬁioo — Soo/PSso and
we will show that it is an almost étale homomorphism. We first set up the almost ring
theory in this context.

2.3.1. We will consider the almost ring theory of the ring Ain¢(K) = W(P(K* /pK+))
with respect to the ideal a, union of the principal ideal [p]|® for all positive rational

exponents € > 0. Note that [p]® is not a zero divisor: this is true modulo p since

P(K*/pK+) is a valuation ring (hence an integral domain) and so in general since
A (K™) is p-torsion free, being the ring of Witt vectors of a perfect ring of characteristic

p.

2.3.2. Let R be a small K*t-algebra and S a finite integral R-algebra. We define the
canonical log-structure Lean(S) on S by

Lean(S) : (S[1/p])" NS C S.

For S = R, Lean(R) is the log-structure associated to the pre-log-structure
5 T
My : Qi &N — R: (a,(n1,..,n,)) — - HTZ“
i=1

Let i : Spec(S/pS) < Spec(S) be the canonical map. Define a pre-log-structure on S/pS
by
Loo(S/pS) = {z € i*Loan(S)[Fn €N : " € Im (ccan(fz) - S/ps)}

By taking inductive limits, this defines a log-structure on Sy, /pSeo denoted Lo (Soo/PSec)-
Proposition 2.4. (i) Loo(Roo/pRoo) is the log-structure associated to the log-structure

d+1

Q: ®N[1/p)"™ = Reo/pRoc : (@, (1, .., ng1)) — a- [[ T
=1

(1) Loo(Sso/PSsc) is the inverse image of the log-structure Loo(Roo/pRoo)-

Proof. Since Loo(Roo/pRso) is obtained from i*Lean(R) by taking p-power roots of its
elements, (i) follows from the description of i*ﬁcan(fi’) given above and the fact that the
Frobenius is surjective on Ruo/pRoc.

Since Loo(Sso/PSso) is obtained by taking p-power roots of i*Lean(R) and the Frobe-
nius is surjective on R /pRoo, (ii) is clear. O
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2.3.3. Let R be a small integral K*-algebra and let T' be a p-adically complete loga-
rithmic Y-algebra such that R/pR is a T-algebra. In practice we will have T =¥ or T
will be a formal 3-lift of R/pR. For all n > 1, write T}, := T'/p"T. We assume that the
log-structure of 7' is integral and quasi-coherent and we denote the monoid generating it
by L(T). Let S be a finite integral normal R-algebra étale in characteristic zero. Define

Al—gg,oo,T = hran Hg)g—crys(ROO/pROO’Tn—l—la ﬁ)
AlJcr)g,oo,T(S) = hTILIl Hl%g—crys(soo/psoo‘Tn+la ﬁ)

Proposition 2.5. The canonical homomorphism

+ + + +
Alog,oo,T/pnAlog,oo,T - Alog,oo,T(S)/pnAlog,oo,T(S)

18 an almost étale homomorphism.

Proof. Firstly, by Corollary the canonical homomorphism
Wa(Roo/phoc) = Wi (Soo/pSsc)
is almost étale. By definition (cf. Remark (c)) we have
(Wi (Sso/PS0) @z Tn)log = Wy (Seo/PSe0) @7 T, @7, Z[L]

where L := Ker(M& @ L(T)% — M), where the map Mo, — M is raising to the
power p™. This is exactly the same L as for R /pR~, hence we see that there is a
canonical almost étale homomorphism

(Wn(Roo /pRoo) @17, Tn) — (Wn(S50/PSsc) @z Tn )16 -

log

This implies that we have an almost cocartesian square

(Wn(éoo/péoo) Rz Tn)l — (WH(SOO/pSOO) Xz Tn)log

og

| |

Roo/pRoo E— SOO/pSOO

where the vertical maps are the canonical maps, i.e. the T},-linear maps induced from
Wo(A) — A : (ag,...,ap—1) — af and sending L to 1. Hence by the next lemma we
conclude that the canonical map

A+

log
is an almost isomorphism, thereby completing the proof. O

In the proof we have made use of the following almost analogue of a well-known
result on divided power hulls.
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Lemma 2.3. Let A, B be A-algebras. Suppose there is a homomorphism A — B making
B into an almost flat A-algebra. Then for any ideal I C A the canonical map

DA(I) ®a B —>DB<I-B)

is an almost isomorphism, where D o(I) denotes the divided power hull of A for the ideal
1.

Proof. For any ring A and any module M let I'4 (M) denote the divided power algebra
generated by M (see [2] 3.9). Since B is an almost flat A-algebra, the canonical map
I®4 B — I-B is an almost isomorphism, hence I'g(I ® 4 B) = I'g(I - B) by [9] Lemma
8.1.13. But

Fp(I®s B)=TA(I)®4 B

so I'p({ - B) is an almost flat I'4(/)-algebra. Hence if J C I'4(I) denotes the ideal
defining Da(I), then we have J ®a B = J ®p, ) I's(I ®a B) = J-T'p(I - B), and
therefore

Fs(I)®aB _ T'p(I-B)

Da(I) ®4 B = ~
Al) ®a J®4B J-T5(-B)

= Dy(I - B).

d

2.3.4. Define R to be the normalization of R in the maximal extension of Q(R) which
is étale in characteristic zero. Then if KT is integrally closed in R we have
m1(Spec(R[1/p])) = Gal(R[1/p]/R[1/p])
and Ruo[1/p] — R[1/p] is the inductive limit of Galois coverings of Rs[1/p]. Define
A = Gal(R[1/p]/R[1/p])
and } }
Ao = Gal(Roo[1/]/ R[1/1).
Then Ay is a quotient of A and let Ay := Ker(A — Ay). Define

Angg,T = hTILIl Hl(t))g—crys (R/pR|Tn+1, ﬁ)

Lemma 2.4. If K+ is integrally closed in R, then the homomorphism Rs, — R is the
filtering inductive limit of almost Galois coverings.

Proof. Let us first show that every non-zero almost étale covering of R is almost
faithfully flat. More generally if A is an integral domain, then any almost étale covering
of A is almost faithfully flat. Indeed, if ¢ € Homp(m, A) is an idempotent, then for all
€ > 0 we have

2% (%) = p(a%) = p(a*?) - p(a°?)
so /2 = go(a:e/ 2), whence ¢ = id. So A has no almost idempotents, hence every almost

projective A-module of finite rank is either almost zero or everywhere of constant non-
zero rank, hence almost faithfully flat.
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Now, let S be a finite integral normal R-algebra, such that R[1/p] — S[1/p] is a
Galois covering. Let Lt be the integral closure of Kt in S, and write L = Q(L™). Then
by the almost purity theorem, the homomorphism R, — S is an almost étale covering
and factors over the almost étale covering Ry — R 1. By Lemma it follows that
R, — S is an almost étale covering. We claim that it is an almost Galois covering.
First note that R 1.[1/p] — Soo[1/p] is a Galois covering, since it is obtained by base
change from the Galois covering Ry[1/p] — S[1/p]. If e denotes the idempotent image
of 1 under a section of the multiplication map S [1/p] @r__ ,[1/p] Sec[1/P] = Sec[1/p],
then we have a canonical isomorphism

wo[1/P) ®n 11/ Seol1/P] 22 T ] 9(e) - Secl1/p)-

geG

By almost étaleness, for all € > 0 we have p°e € Soc @R, ;, Seo, hence

Hom ¢+ (Moo, Soo @R, ;, Soo) = Homyet (Mo, H g(e) - Sx)
geG

i.e. Seo ®Ry p Soo & ngG g(€e) - Soo. This proves the claim. The same argument with .S
replaced by S ®;+ ET for ET the normalization of L™ in a finite Galois extensionL, C E
proves that

Roo — Soo
is the inductive limit of almost Galois coverings, where S = S @7, K.

Now we write R[1/p] as the inductive limit of Galois coverings of R[1/p]. For each
such Galois covering, the normalization of R in it is a finite integral R-algebra S. Up
to replacing S,, by an irreducible component (in particular finite étale) we can assume
that S, is integral for n large enough, hence S, is contained in R. Now we clearly have

colimg Soo = colimg Soo = R
and the claim follows. O
In particular, Rs — R is almost faithfully flat.
Corollary 2.4. The canonical homomorphism

n A+ + n A+
log [e%S) T/p Alog oo, T - Alog T/p Alog,

is the filtering inductive limit of almost Galois coverings.

Proof. First note that since Roo/pRoo — R/pR is the filtering inductive limit of almost
Galois coverings, so is

Looking at the proof of Proposition we note two things. Firstly, the canonical
homomorphism

(Wn(ROO/pROO) ®Z Tn)log - ( (R/pR) ®Z T )log

38



is the inductive limit of almost Galois coverings. Secondly, we have an almost cocartesian
square

(Wn@m /pReo) ©2 Tn)log —— (Wn(R/pR) @5 T,)

s |
R /pRoo — R/pR.

So we deduce that the canonical map

log

Angg,oo,T/pnAltg,oo,T ®<Wn(éoo/péoo)®ZTn) (Wn(R/pR) ®z Tn)log - Alt)g,T/pnAlt)g,T

log

is an almost isomorphism, and since tensor product commutes with inductive limits, we
are done. O

Corollary 2.5. (i) The canonical map

Ap
+ n A+ + n A+
Alog,oo,T/p Alog,oo,T - (Alog,T/p Alog,T)
18 an almost isomorphism.

(ii) Agg’T/p”Altg,T is a discrete A-module and for all i # 0 we have
H'(Ao, A]tg,T/pnAltg,T) ~ 0.

Proof. Part (i) follows by a limit argument from Proposition (i) and the fact that
the homomorphism Aﬂ;g,oo,T / p"Al‘g sooT Al—gg,T / p”Al'ggT is a_lmogt faithfully flat. For
(if), note that A\, ,./p" Ay, o is the divided power hull of W, (R/pR) ®7 T, ®7 Z[L] and
hence is a discrete A-module. Again, a limit argument proves (ii) via Proposition
(ii). O

In particular, via the Hochschild-Serre spectral sequence of Galois cohomology we
deduce canonical almost isomorphisms for all ¢

H'(Aco, A, oo /P AL

~ I + +
log,oo,T) ~ HZ(A’ Alog,T/pnAlog,T)'

This almost isomorphism will enable us to express the right-hand side in terms of crys-
talline cohomology.

3 Galois cohomology of Fontaine rings

In this section we construct a natural de Rham resolution of the Fontaine rings Afgg s,

and then we compute the Galois cohomology of its components. Assume throughout
that R is a small integral K T-algebra and that K is integrally closed in R.
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3.1 Canonical de Rham resolutions of Fontaine rings

3.1.1. If ¢ = 1, then let v = 1, and if ¢ = 7 then let v = u, where X,, = W, (k)[u] (u®).
Define

O(c) =T, ... T, TN, o TEh ) /(Ty - T — w).

Since R/pR is étale over O(c)/pO(c), for all n > 1 there exists an étale ©(c)/p"O(c)-
algebra lifting R/pR, unique up to canonical isomorphism. Denote it by R,,, and define
R :=lim, R,+1. Note that R/p"R = R,,. We endow R,, with log-structure associated
to

NNt SRy (ng, . ny) — u™ 'HT-""

thus making it into a logarithmic ¥,,-algebra.

3.1.2. Consider the canonical map
h : Spec(R/pR) — Spec(R/pR)

and the associated morphism of log-crystalline topoi with respect to the DP-base ¥,,. By
Proposition hy0 is a quasi-coherent crystal of &-modules on (Ry|%5)10g-crys- Since
Ry, is a log-smooth lift of R/pR, by [15] Thm. 6.2, there is an integrable quasi-nilpotent
logarithmic connection d on h.O(R,) whose associated de Rham complex computes
the log-crystalline cohomology of R/pR over the DP-base ¥,. Since this cohomology
vanishes in non-zero degree by Theorem [I.1] it follows that the augmentation

AlJcr)&Z/pnA]JggZ = Hl%g—crys(R/pR|En7 ﬁ) - h*ﬁ(Rn) ®Rn w’;zn/En

is a quasi-isomorphism, where w%n S5, T /\%nw}% /S and w%zn /S is the sheaf of log-
arithmic differentials ([15] 1.7). This quasi-isomorphism is the analogue of Poincaré’s
lemma which we will use in our comparison strategy. Our aim is to (almost) compute
the A-cohomology of the components of this resolution.
From now on we write
AT = Angg,E

and -
M7 :=1im Hy,y_rys(R/PRIRy, O).
Note that M* /p"M™* = h,0(R,).

3.1.3. Let
0(¢)oo = J OO,

n,L

so that Ree = R ®0(c) O(c)oo. The same argument as above can be applied to the
morphism . .
hoo : Spec(O(c)oo/pO(¢)oc) — Spec(O(c)/pO(c)).
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By Proposition the sheaf ho + & is a quasi-coherent crystal of &-modules on the site
(O(c)/pO(c)|En)10g-crys and hence we have a canonical isomorphism

hoo7* ﬁ(Rn) = hoq*ﬁ (@(C)/pn@(c)) ®@(C)/pn@(c) Rn.

Note that in the notation of the previous section we have

hoo,* ﬁ(Rn) log () R/pnAl—ggvoo R:

Also, since R, is a log-smooth ¥,,-lift of R/pR, there is an integrable quasi-nilpotent log-
arithmic connection d on he @0 (Ry) whose associated de Rham complex is a resolution

of
n A+
log 0, E/p Alogpo N

Define

AL =ALR) = Al o5

and
ML = ME(R) :=limheo »O(Ry).

3.1.4. Note that, in the notation of E we have

+ +
MOO - Alog,ooR

+ +
M - Alog,R

in particular, the canonical map M} /p"M* — M™T/p"M™ is the inductive limit of
almost Galois coverings, M /p"M+E ~ (M~ /p"M+)*, and we have canonical almost
isomorphisms for all ¢

H'(Doo, ME /p"MZ) = H' (A, M7 [p" M),
3.1.5. Define
Acris,oo(R) = hm ngys( oo/pRoo‘Wn-‘rl(k)? ﬁ)
Auis(R) = hmﬂgyb(R/menH(k),ﬁ)
This is just the classical crystalline cohomology, i.e. we ignore the log-structures.

Lemma 3.1. Let A be an integrally closed domain of characteristic zero such that the
Frobenius is surjective on A/pA. Assume that A contains all p-power roots of p. Let

0:W(P(A/pA)) — A

denote the canonical map constructed in the proof of Theorem . Then Ker(6) is a
principal ideal generated by & := [p| — p, where

pi=(p,p"/?, "7’ ) € P(A/pA).
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Proof. We assume x € Ker(# mod p). Write z = (z(™),, with 2zt = £(*) for all n.

Then we have 2P = 0. Let 2 € A be a lift of (). Then VP = py for some y € A
0 ;1(;; € A because A is integrally closed. Hence z(!) € p'/P . A/pA. Continuing in

this manner we find that = € p - P(A4/pA). This proves the claim modulo p, and since
W (P(A/pA)) is p-adically complete and A is p-torsion free the lemma follows. O

Proposition 3.1. In the case R = O(c), every choice of p-power roots of w, Ty, ..., Tyi1
determines an isomorphism

Acris,oo(R)/pnAcris,oo(R) <X7 Xla ceey Xd+1>
(14 X(c) = [Tiza (1 + X4))

where the X, X1, ..., Xq11 are indeterminates and X (¢) =0 ifc=1, X(c¢) = X if c = 7.

ML p" MY ~

Proof. We check the universal property. Given a sequence of p-power roots of T;, define
L= (T, TP TP ) € P(Roo/pFice).
Consider the ring
Wn(P(Roo/pRoo)) [X7 HLXW X1, ﬁ7 ) Xd+17 ﬁ]
(1+X(c) = [[im, (1 + X3)) '

Make C' into a W, [u][Th, ..., Tr,TTjj_ll,.. Tjill]/(]_[;":lﬂ — u)-algebra by sending u to
[r] - (1+ X) Y and T; to [T3] - (1 + X;)~!. For an affine object (U — T) of the site

(Roo/PRoo|O(c)/ P"O(€))1og-crys define a map
C — Or

C:=

extending the canonical map 07 : W, (P(Rso/pRso)) — Or by sending X to O ([x])-u~"'—

1 and X; to O7([T}])- T, — 1 (note that by Lemmathese elements exist in Or). One
checks easily that this is the unique map of W, [u][T1, ..., T, Trjj_ll, .. Téill]/(]_[Z T —u)-
algebras extending Op. It follows from Lemma [3.1] that the kernel of the map to C' —

R /pROo is the ideal generated by ¢ and X, Xi,..., Xg41. So the divided power hull
CPP of C for this ideal is precisely the ring in the statement of the proposition. By
the uniqueness of fr we see that it suffices now to show that CPY defines an object
of (Reo/PRoo|©(c)/P"O(€))1ogcrys: This reduces to showing that the closed immersion
associated to the surjection CPP¥ — R / pRo is exact, where we endow CPP with the

log-structure associated to

induced from the maps P(Loo(Roo/pRso)) — C (m(”)) — [(m™)] and N @ L(u) —
©(c)/p"©(c) — C. By Lemma [1.1] this reduces to showing that

L := Ker (P(L‘,OO(ROO /PReo))® & N& — Eoo(Roo/pf%oo)gp)
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corresponds to units of CPP. Recall that
wo(Roo/PRoc) : Q4 ®N[L/p]" = Roo/pRos

(a, (N1, .oy mp)) = - HTZ‘Z

So L is the kernel of the map

P(QieN[1/p")P ez — Qeoz1l/p™
((a D)y (X1 D )y ey (T - P )y (020, ...,nr)) — (a(o) +ng,x1 + N1, ..., Tr + nr)

with a € Q and z1,...,z,,n0,...,n, € N. That is, L consists of the 2(r + 1)-tuples
((no -2 ™)y (M1 - Py vey (Mg - D7)y (=0, ..., —1y-) ). Note that

X, X1,...., X, € Ker(CPY — Ry /pRso)
and hence 1+ X, 1+ X1,...,1 + X, are units of CPP. Define a map

L — CDP

T

((WO'pin)nv(nl 'pin)nw")(n’f"pin)n7(_n07"'7_n’f)) — 1+X nOH 1+X
=1

It is easy to see that this map is compatible with the pre-log-structure of CP?, and hence
we are done. O

A simple adaptation of the above proof shows the following. We leave the details to
the interested reader.

Proposition 3.2. Fvery choice of p-power roots of m determines isomorphisms

A;ro/pnA:o =~ Acrisoo( )/pnAcris,oo(R) <X>
A+/pnA+ >~ Aeis(R)/p" Acris(R) (X)

where the X is an indeterminate.

Morally, X = [r]@u~!—1. We define the monodromy operator N on At /p" A* (resp.
AL /p"AL) as the unique Agyis(R)-linear (resp. Aeisoo(R)-linear) derivation satisfying

N(X)=1+X.

3.2 Computations in Galois cohomology

3.2.1. Note that making a choice of p-power roots of the local coordinates T; defines an
element

T, = (T, T 17, ) € P(Roo/pRoc).

43



Lemma 3.2. Assume R = O(c) and make a choice of roots of the T;. Every element of
Acris 00 (R) /p™ Acris,o0 (R) can be written as a finite sum of the form

Z 2
k>0

with x € Wy (P(Roo/PRso)) of the form

d+1

> oo [ [T
m i=1

where a;m € N[1/p] for 1 < i < r and o, € Z[1/p] for v +1 < i < d+ 1 and
VUm € Ainf(KJr).

Proof. The lemma will follow from Lemma [3.1| once we show that we can get the xj in
the desired form. Since the ring of Witt vectors W,,(A) of a ring A of characteristic p is
equal to its subring of elements of the form )  p™[a,,|, where a,, € A and [-] denotes
the Teichmiiller lift, it suffices to prove the claim modulo p. By definition, we obtain an
element of P(Ru/pRso) by taking roots of r € Ray/pReo. We may write

d+1

T:ZvNHTZ”
N

i=1

where vy € K*/pK* and n; € N[1/p]. Make a choice of p-power roots of elements of
K™ /pK™ (this will not affect the statement of the lemma). Define

d+1
p=Y e 1
N i=1
Taking pth roots of r we get
d+1
r(l) — Z,U}V/p H I—Z"an/p +pa1/pr1
N i=1
2 1/2d+1 ni/p2 2 p/p? 2
7’() — Zva Hﬂzp +pa1/p ,rlfp +pa2p/p o
N i=1
r™) = 4 p®ry 4 pPry + ..

where a; € N. Now recall that p has divided powers in Acris, oo (R)/PAcris,co (1) 50 we get
™M)y =p +p™ry.

The lemma follows. O
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Note that Ay, = Zp(l)d. Let 09, ...,0411 be a choice of topological generators of Ay,

For each 2 < i < d+ 1, make a choice of roots of T} such that oi(Til/pn) = CpnTil/pn for
a p"th root of unity (p». Define

1:=(1,¢p, Gpr,...) € P(KT/KT)
so that o(T;) = 1-T;. Furthermore, define
= log([1]).
Proposition 3.3. Assume R = O(c). The subring
(AL/p"AL) S € AL /AL

consists of elements which can be written Y. . a1, ;€W XUl with . ; € Wy (P(Roo/pRoo))

of the form
d+1

Zp va i

where vy(im) > n —m and vy, € Ainf(K+). In particular
(AL)2> =~ Bt
Proof. We have
(A /p"A+ m Ker(o
From the exact sequences
0 —— p" AL /prAY —— AL jprAY —— AL /ptAL —— 0

we see that it suffices to prove the assertion for A% /pAZ . Note that if v,(a) > 0, then
o € Z and

1°-1=(1-141)"-1=) afla—1)-(a—r+1)1-1=0
r>0
SO
(0s = DL = (1% = 1)T;* = 0.

It follows easily from this that (), Ker(o; — 1) consists of the elements in the statement
of the proposition. O

Corollary 3.1. The canonical map
(AL(O@) /7" AL(O(e)) ™ — (ML(O(e)) /5" MZL(O(e))) >
has image in Blog/p”Bngg ®sx,, O(c)/p"O(c).

Proof. Since we have made a choice of roots of T; we have X; = [I}] @ T, ' — 1. If
a € Z[1/p] with vy(a) > n, then a € Z and we have

r>0
o [T;]* € ©(c)/p"O(c) as required. O
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3.2.2. Recall that R is a small integral KT with K integrally closed in R, and R,, is
the étale ©(c)/p"©(c)-algebra lifting R/pR.

Theorem 3.1. We have

t- (FIMA(R)/p"FIM(R)) ™™ = ¢ - FIB;}:

log/pnFi g ®En R .

Proof. By dévissage in p it suffices to prove the statement modulo p. The proof for ¢ = 0
will work for all 4, so we assume ¢ = 0. Recall that by quasi-coherence of he O, we
have a canonical isomorphism

M (R)/p"ME(R) = MZ(O(c))/p" M (0(c) @e(e)/pme(e) Ra-

Since the invariants under A, are the elements in [, Ker(o; — 1), we see that we may
assume that R = O(c). In this case, by Proposition (3.1 we have

AL /" AL (X1, ., Xaga)
(14 X(c) = ITie 1+ X3))

LetY;::HXZ fori=1,...,d+ 1. Then

ML /p" MY =

AL/ AL Vs Yaga)
(1+X(e)~ = [[im, (1 + Y2))

Note that the connection d on M acts by TlaT (Y["H]) = Y;[n] because V; = [T;] 7! ®
T; — 1. For all 2 < i <d+ 1, define an “mtegratlon map

ML /p" ML =

/M;HM;
i

to be the unique morphism of A} -modules sending Y[n] to ((I;] ®1) - Y[nH] and fixing

the other Yj[m]. It is a one-sided inverse of 0; : BT , hence A-equivariant up to adding
terms in Ker(9;). Note that if [[m € AL, then m = 9; [[m = 0. From the above
description, it is clear that every element of MY /pMZ, can be written as a finite sum of

the form
Xn
m:3:0+/x1+//:c2+...+/ Ty

with z; € Ker(9;). We will prove by induction on n that if m € Ker(o; —1), then t-m €

t (Ker(8;))7 =" [T}]. By Ker((?i)"i:1 [T;] we mean the sub-algebra of M1 (O(c))/pML(O(c))
generated by Ker(9;)7*=! and T; (not the polynomial algebra!). This will prove the the-
orem, as

(Kex(@) = {E] € (AL (0)/PAL(O() T Tasa] € B/ By 5,0(0)/000),
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For n = 0 this is trivial, so assume the result known for n — 1. We have

n X j n xj—1
mzai(m)zaiZ/ xj:a+0i($0)+Z/Ui/ xj
j=0 i j=1"i i

for some a € Ker(9;), and hence

n xj—1
0:a+0i($0)—x0+2/(0'i_1)/ Zj.
=i i

Applying 0; we get

so by induction we deduce that
n xj—1
[ w et (ker(@) 7 2
j=1"1

Hence we have
tm=txg+1 / x
i

for some x € ¢ - (Ker(8;))7"=" [T3]. We may write
e

with b, € (Ker(d;))”~'. We have

SO
n
n! +1—
[ =y By,
v r=0

Lifting to MX£[1/p], by substituting the above series expressions for T;"*! we find

/TTL _ Tin+1 B [E]n-‘rl
;¢ on+1 n+1

and hence

n 1 - [l]nJrl n
(Ui_l)/iTi = W@] .
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Recall (¢f. the proof of the Proposition that

((n+1)t)™

1— " =1 —exp((n+1)t) = —~(n+ 1)t Y (m 1)l

m>0

(n+1)t)™
(m+1)!

(0i—Dao == bnlo; — 1) /T” = bpvp gt (1)

where vy11:= 37,5 is a unit of Aeis(K ™). So we obtain

On the other hand, we can write zg = 3, ¢, ;" with ¢, € (Ker(8;))7 =", so
(ci—Dazo=> el = DL "= > ncavathi™ (2)
n vp(n)=0

Since by Proposition we know that b, and ¢, can only have powers of T; divisible by
p, on comparing equations [T] and [2] we see that

t Y LM = > byt =0
vp(n+1)>1 vp(n+1)>1
where in the first equality we have used that v,.1 =1 mod pifn+1=0 mod p. But

n+1

!
Y bt =t S 6Ty (njlt) 'XZ[T]
vp(nt1)>1 vp(nt+1)>1 r=0 (n+1-mr)
=t > b1t
vp(n+1)>1
SO
t Y bI =0
p(nt1)>1
and we may write
by +1 +1
o=t S mmEom)

hence

bn, (n+1)cpy1 — b
tm = t gl n n o+l
D M .

n,vp(n+1

+t Z en1 T
n,vp(n+1)>1

Here we have used that if v,(n + 1) > 0 then T/""' = T;"*!. Note that

(Ji — 1) Z Cn+12n+1 = (Ui — 1)1’0
n,vp(n+1)=0

48



and

b
(o; —1) Z ni—zlgn-i-l = (o; — 1)xo
n,vp(n+1)=0

hence

(O'i - 1) Z (TL + 1)Cn+1 - bn Tin+1 —0.
n,vp(n+1)=0 n+1

Thus we indeed get that
tm € t (Ker(8;))7" =" T3]

thereby completing the induction and therefore the proof. ]

The previous theorem, together with the following one, constitute the core results of
this paper.

Theorem 3.2. For all i # 0, the BT-module
i i A+ Jon i A+
H' (Ao, ;M5 /p"F) M)
is annihilated by t.

Proof. We give the proof for j = 0 to simplify, but the same proof works for any j. Also
assume that ¢ = m, since the case ¢ = 1 is similar but simpler. Firstly, by Corollary
MZ /p"MZ is a discrete p-torsion As-module, so we have canonical isomorphisms for
all ¢

Exty (any (Zp, Moo /p" M) = H' (Aco, M /p" M)

where the Ext-group is taken in the category of topological Z,[[As]]-modules. Since
Ao = Z,(1)%, we have an isomorphism of rings

Zpl[Axc]] = Zp[loa — 1, ...,0441 — 1]].
This implies that the Koszul complex L := ®z_ [ja ..} Li, where L; is the complex defined

o;—1

0 —— Zp[[Ax]] = Zp[[Ac]] —— 0,

is a homological resolution of Z, by free compact Z,[[Ax]|]-modules. Since this resolution
is free compact and MF /p" M7, is discrete, we clearly have

Homy, a_ (L, M /p"MY) = L @7 ja. M3 /p"ME.

We first show that for all i and all m € ML /p" ML, t - m lies in the image of the
endomorphism o; — 1, and from this we will deduce the statement of the theorem. Since

MG (R)/p" ML (R) = ME(O(c))/p" M (0(0) ®e(e)/pme(e) Rn
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we can assume that R = O(c). Fix some 2 < ¢ < d+1. Define ¥; = H_))((L =1, '®Ti—1.

Every element of M} (O(c))/p"MZ%(O(c)) is the sum of monomials of the form
ul(e) = alet 1Y or = fr] oy

with z invariant under o; and a € N[1/p]. For m = pu(c), pu, we will show that tm =
(05 — 1) fi(m) for some f;(m) by induction on n. If n = 0, then we distinguish three
cases: a =0, vy(a) > 0, and vp(a) < 0. If & = 0 then take

film) = mlog(X; — 1).

Since o;log(X; —1) = log([1](X; — 1)) = t+log(X; — 1) we obtain the claim in this case.
If vp(a) > 0 then o € N and

2T = aﬂfw%[Ti®u4T—1+1w

= (1 + Z ([zT;) ® u™'T; — 1)[”)

([W* = DT = (o= DT, )"
= (uTh <Z ([xT;) ® u™'T; — 1)[’”1>
r:l
= —1)( (i 77T]®u 1T—l)[r]))
r=1
and hence

T '™ = (0s— 1) (mia_ 1(UT¢_1)O‘ (Z EZ - 713: ([aT3) @ u™'T; - 1)[’”}))

r=1

(recall that

e =1 € Auis(K™) by Proposition . Similarly we have

ar =y (e (S e -0 )

If vy(a) < 0, then

T = (o - 1) (= 82T
and )

1 = (o= 1) (= 137
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This begins the induction. As in the proof of Theorem for each ¢ we define the
“integration” map

/ c ML — M7
to be the unique homomorphism of A -modules sending Yi[n} to [Q]Yi[nﬂ] and fixing
Yj[m} for j # i. We have
7 /([Ti_l] o -1 = UGG e -1
z n+1
= > WL e T - Dt @] - )l
r=0

Also

/ (L e Ti-1 = / )3 1 (s L A R ( VR b

i i r=0

= (@Y e T -

r=0

hence

o [l T fo@ e T - = mm -

So we find
o [ue) = [onte) = woitati 1) (o [~ [arl)
Z Z — e e - )
and
5 1= [owm=ao(z)) (az— sy aﬂé’”) — 2T e m) (! - 1L
n+lin n
But ([1]7 — )P+l = (¢o)+1] = ¢ (7; 1 for some unit v € Aeris(K), and ke

Acris(K™T) (see Proposition and its proof). So, for m = u(c), u we have that

o; /tm - /Uitm = (o; — 1)m’
i i

for some m’ and by induction hypothesis tm = (o; — 1) f;(m), hence

/itm = /i(Ui = 1) fi(m) = (01 — 1)/ifi(m) - (O'i/ifi(m) — /iaifi(m)>
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lies in the image of o; — 1. This completes the induction, and proves that for all 4
Ho(Li @z, (a.) M5 /p" M)

is annihilated by ¢.
Now, consider the Koszul complex L = ®z,_((a.jjLi- For any complex K of Zp[[Ax]]-
modules we have short exact sequences

0 — Ho(L; ®@z,((a)) Hp(K)) — Hp(Li @z,[as) K) — Hi1(Li ®z,[a.)) Hp-1(K)) —0.

Applying this inductively to K = L<. @z [ja.)) Mo /p"M%, with Lee == ®i<cL; the

theorem follows. O
3.2.3. Finally, we would like the resolution
A+/pnA+ — M+/pnM+ R, W;Zn/En

to be filtered. This probably follows from a general filtered crystalline Poincaré lemma
but we can prove this directly.

Proposition 3.4. For all i we have HiF;(M+/pnM+ QR w;zn/zn) =0.

Proof. We claim that every element of Fy M /pFy M+ can be written as a W,,(P(R/pR))-
linear combination of monomials of the form

1=z - H(1 Qi — [T ® 1)[mi]

i

with z9 € ™" Acris (K ) /p" F) ™™ Acris(K™) where m = 37, m;, and x; € Ry, T; the
image of z; in R/pR and Z; € P(R/ pR) a sequence of p-power roots of Z;. To see this,
consider the canonical map

Or : Wy (P(R/pR)) ®2 Ry — R/pR.

If Or(>°; a; ® x;) = 0, then write
ZaZ-@:ci:Z(ai@l)(l@xz—J +Zale
i i

Since we must have ), a;[%;] € Ker(0) = (§,p), where § is the canonical map
0 : Wo(P(R/pR)) — R/pR

this proves the claim.
Now, if T, ..., Tg+1 denote étale local coordinates on R, then we have

ox;
op ? [ [m;—1] | [ [my]
8Tk Zo E 1® 8Tk (1@z; — [7;]®1) ]Lli(l ® x; — [T;] ® 1)
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9,
S0 8—Tk(FI§"M+/p"FpTM+) C Ey-IM*/pnFrt MY (Griffiths transversality). Define op-

erators on differential forms

hi(2dT}) = Z(—m"“gTi(l ® Tj, — [Ti] ® 1)+,
k

n=0

Note that this is a finite sum by quasi-nilpotence of the connection d. One checks easily
that
hy, F;M+/p”F;M+ - dTy — F;“M"”/p”F;“M"‘

is a homomorphism of abelian groups for all k. We extend this to a all differential forms
of order at least 1 by

Hy(zdTy, A -~ NdTy,) == (— 1Y hy(2dTy)dTy A -~ AdT, A -~ A dT,

if k = i; for some 1 < j <n and otherwise we define Hy(zdT;, A--- A dT;,) = 0. Define
another operator on differential forms by

0 Oz
—(xdTi, N---NdT; ) NdTy - = —dT NdT; N -+ ANdT;
8Tk(x 1 n) k 8Tk k 1 n

so that for any differential form 7 we have

on
L A dTy, = dn.

H,
Note that if & # [, then Hy, (86177“ /\Tl> = 85;(77) ATy Let n =adli, A--- ANdT;,. If
l l

k = i; for some j we have

amn) = o+ Y P
1¢{i1,in} !
on
-0 X m(gpan)
1¢{i1, .. in}

so that
dHy(n) + Hg(dn) = n.

In general, write n = Y, x7dT, where I C {2,...,d+ 1}, I = n for some fixed n, and
dI7 := NierdT;. This is well-defined up to sign, which will not matter in the sequel.
Moreover, we may and will assume that no two I’s are equal. For all such 7, choose a
smallest possible subset .J, C Uyl such that for all I there exists some j; € J; N 1. Since
Jy is smallest possible we see that for all I there is a single {j;} = J, N 1. With these
choices, we define

Hy,(n) ==Y H;n).

J€JIn
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Since we have 5
d(zrdTy) =S SELarm A dTy
1¢1 dI;

is it clear that Jg, C J,. Then

Hy(n)=>_ > Hj(z/dly) =Y Hj (xdT})

I jed,nI I
hence
dHy,(n) =Y dHj, (xrdTy) =n— >  Hjd(zdTy) =1 — Hy,d(n).
I I
So if in particular 7 is closed, then n = dH, (). O

3.3 Application to Hodge-Tate cohomology

If we replace ¥ everywhere in the above by KT, then we obtain similar results which
can be applied to recover Galois cohomology computations of Faltings.

3.3.1. The case where Y is replaced with K* is a de Rham theory, rather than a
crystalline one.

Lemma 3.3. We have canonical isomorphisms

A+/pnA+ s, K-i—/an-I— ~ Hl(t))g-
M+/pnM+ s, K+/an+ ~ Hl(())g-

crys(F:i/p]?|K+/an+v 0)
(R/pR|R/p"R, O)

crys

and similarly when we replace R by Rao.

Proof. Let T, be one of ¥, or R,,. In the latter case note that R, ®sx,, Kt/p"Kt
R/p"R by very definition of R,,. Let S be one of R/pR or R /pRs. Making a choice
of uniformizer 7 of K+ defines a surjection ¥ — K. We have a short exact sequence

U=

0 FE T, Tn®EnK+/an+ — 0

and tensoring with the flat abelian group W (P(S)) we obtain a short exact sequence
0 - W(P(S))®zE — W(P(S)) @z T, — W(P(S)) ®z T, ®x,, K+/p"K+ — 0

so I :=W(P(S))®z E C W(P(S)) ®z T), is an ideal. It has a DP-structure defined
(z@y) = 2" @yl for all z € W(P(S)) and all y € E, where the box exponent denotes
the DP-structure on I, and then extended to sums via the binomial formula. Let M be
an integral monoid defining the log-structure on .S, and define

L = Ker(P(M)® @ N — M#P)
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where N — 7T, is a fine monoid defining the pre-log-structure. By definition N also
induces the pre-log-structure on T,, ®y, K+ /p"K*. Define

B = W(P(S)) ®z T, ®z Z[L]
B = W(P(S)) @z T, ®s, KT /p"Kt @z Z[L].

Then the homomorphism B — B’ is a DP-morphism, where the ideal I’ := 0 C B’
is given the canonical DP-structure, and B/I = B’/I'. Define J := Ker(B — 5),
J' :=Ker(B'— S). Then I C J and I’ C J" and we have B/J = B’/J’. So by [1] Ch. I
Prop. 2.8.2, there is a canonical isomorphism of divided power hulls

Dp(J)®@p B' = Dg/(J')
which is precisely what we wanted to show. O
3.3.2. Now the previous results hold with ¥, replaced by KT /p"K™: the augmentation
AT AT @3, KT KT — MY /P MY @5, KT /p" K+ @ wh it
is a filtered quasi-isomorphism and for i # 0 we have
tUH (A, Fy Mt /p" FfM T @y, KT /p"K*) =0

and moreover

tHY (A, FyM* /p"Fy Mt @y, KT /p"K") = F; B /[p"F; B" ®s, R/p"R.
3.3.3. Let us compute the graded of AT@x K *[1/p] for the canonical filtration.

Lemma 3.4. Let R1 — Ry be a flat homomorphism of IF)-algebras. If the Frobenius is
surjective on R; for i = 1,2, then the homomorphism

Wi (P(R1)) — Wa(P(Ry))
1s flat.

Proof. Let I be a finite index set, and let ((min))n) , (resp. ((yz(n))n) I) be a family
(IS (1S
of elements of P(R;) (resp. P(R2)) indexed by I. Assume that

S @) ) =0

Then we must have ), mgn) ‘yz(n) = 0 for all n, hence ), :cz(n) ®y§n) =0in <:cl(")> @R, Ra,
where <x§n)> denotes the ideal of Ry generated by the :cl(") . This implies that Zl(xgn))n@)
(y(n))n =01in <($§n))n> ®p(r,) P(R2), which proves the flatness of P(R1) — P(Ra).

[
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Now, since P, := P(R;) and P» := P(Rs) are perfect rings of characteristic p, the
W, := Wy (Fp)-modules W, (P1) and W, (P>) are flat. In particular, since (p) = p- W),
is a flat Wy,-module, p - Wy, (P1) = (p) Qw, Wy (F1) is a flat W, (P1)-module and hence
we have a resolution of P; by flat W,,(P;)-modules

0 — (p) ®w, Wa(P1) = Wy(P1) = P =0
Tensoring with W,,(P) we obtain an exact sequence
0 — Tor; " (W, (Po), Pr) = (p) @w, Wa(P2) = Wa(P2)
hence Tor‘l/V”(Pl)(Wn(Pg), P1) = 0. By the standard flatness criterion, this implies that
Wi (P1) — Wi (P2)
is flat. d
Now, since the map W(P(K*/pK™*)) — W(P(R/pR)) is flat it follows that
AT @5 KT /p" K+ = W(P(R/pR)) @w(p(i+/pi+)) Bog @2 KT /p"K™
so AT @y Kt /p"K™ is a flat ng Ry K1 /p"Kt-algebra and hence
gr' (AT ®g KT /p"K ™) =2 R/p"R QR+ /pn i+ gri(Bl‘gg @y KT /p"K™).
Since By}, @x KT C By it follows that

er' (Bl @s KT)[1/p] = K (i)

log

and hence . A
gr'(AT@sK)[1/p] = R(9)[1/p].

3.3.4. Let G be a filtered Aeis(K1)-module. We endow
G ®AcriS(K+) Beris

with the tensor product filtration. Assume in addition that G is p-adically complete and
G/p"G is a discrete A-module for all n > 1 and that the A-action is Aes(K™T)-linear.
Then we define

H* (A, F'(G @4, (k+) Beris)) := colimg H*(A, F™G) @4 (k+) F~*Beis.-

cris(

This is a cohomological functor because Acris(K+) — Beis is flat. Define

Blog@)z}(Jr = Bl—ggé@ZKJr ®Acris(K+) Beris
A®2K+ = A+®2K+ ®Acris(K+) Beris

MesKt = MT&sKT @ Ay (K+) Beris-
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It follows from our computations that for any r € Z and all ¢ # 0 we have
HY(A F"TM&sK') =0
and HO(A, FFM&sK™t) = F"Biog®2 K+t &+ R, so we deduce that H*(A, gr" Ao K*)
is almost represented by the de Rham complex
s why e SRR — D)[1/p] — Wit GRR(r — i — D[1/p] — -
Since by a theorem of Tate [I8] there are no Gal(K /K)-equivariant homomorphisms
K (i) — K(j) for i # j we see that this is a complex with differential zero, hence
H'(A, gr" ADsn K1) w}é/K+®R}:{(r —i)[1/p)].
Noting that by definition we have
HY(A, gr° AdsK*) = H'(AR) ® Agyia(K+) Beris
= H'(A,R) @4, i) 8° Beris = H'(A, R)[1/p]

we recover the Galois cohomology computations of Faltings [7], albeit without any in-
formation on the p-torsion.

3.3.5. We can recover the p-torsion information as follows. Using the logarithm log :

Zp(1) — Blﬁg we identify Z,(i) with Z,t! C Bfgg and this defines an injective map

K /p"K* (i) — gr' Bf, ©x K* /[p"K*
whose cokernel it annihilated by ! - ([1]'/? — 1)’ because up to units we have
= ([P — 1)%irel,
Recall that by Tate there are almost no Gal(K /K )-equivariant homomorphisms
KT /p"K* (i) — K*/p"K*(j)
unless ¢ = j. There is a commutative square of complexes
F (B0 Bily @ whyacs ) —— F* (Biby/v" Bl 5 i)
C*(A, Fd+1l A+ Ry, K+/an+) N C*(A, FdAt+ ®%n K+/an+)

hence a morphism on cokernels

grd (Bl'gg/p"Bl'gg ®yx wl.%/K+> — C* (A, gr' AT @y Kt /p"K ™).

Up to d! - ([1]"/? — 1)?torsion the de Rham complex on the left-hand side has zero
differential, hence up to torsion for all ¢ we get a map

Wikt @+ KT /p"KT(d—i) — H'(A, R/p"R(d)).

This map is an almost isomorphism up to d! - ([1]'/? — 1)%torsion, as can be checked by
computing the right-hand side.
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4 Globalization

In this section we globalize our previous results. We begin by the defining a site which will
enable us to glue Galois cohomology, following Faltings. Then we review the construction
by Fontaine-Messing of the syntomic crystalline site and its logarithmic generalization
by Breuil. Finally we link the two constructions to express crystalline cohomology as
the cohomology of a sheaf on the Faltings site.

4.1 Faltings cohomology

4.1.1. Let X be a scheme of finite type over a field k. Denote by Xg; the étale site of
X and by Xpg the site whose underlying category consists of finite étale morphisms.
There is a canonical continuous morphism of sites

p: Xet — Xpet-
Recall that a scheme of finite type is said to be a K(m,1) if the adjunction map
L — Rp.p'L

is a quasi-isomorphism for all locally constant constructive sheaves L. of order prime to
the characteristic of k. M. Artin has proved in SGA 4, Exp. XI, that every smooth
scheme over an algebraically closed field is locally (for the Zariski topology) a K(m,1).

Theorem 4.1 (Faltings). If X is a smooth K'-scheme, then every point of X has a
neighbourhood U such that Ui is a K(m,1).

See [5] 2.1 Lemma for the proof.

4.1.2. Let X be a normal K*-scheme of finite type. Define a site Xz as follows. The
category underlying Xz has for objects the pairs (U, V), where U — X is étale and
V — Uy is finite étale. A morphism (U, V') — (U,V) is given by a commutative

diagram of étale morphisms
U/ N V/

L

u —— V.
Coverings are given by families of morphisms (Un, Vo)a — (U, V) such that [[, Uy — U
and [[, Vo — V are surjective.
Let Z be a geometric point of X, X; ® K := Spec(Oxz @+ K), and let § be a
geometric point of Xz ® K. The points of the topos Xz are given by the fibre functors

where the inductive limit is taken over all finite étale neighbourhoods of §. By a finite
étale neighbourhood of a geometric point £ — X we mean a finite étale morphism
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Y — X and a morphism z — Y such the composition T — Y — X is the original map.
We will usually refer to (Z, y) as the point of the topos Xz. This topos has enough points
and the cohomology of quasi-compact X commutes with filtering inductive limits ([7],
3.).

4.1.3. Examples of sheaves on X include the constant sheaf Z/p"Z and the sheaf O,
defined

On (U, V) := 0V /p"V")

where V¥ denotes the integral closure of U in the quasi-coherent Z(U)-algebra Z (V)

(for any scheme X we denote by Z(X) its sheaf of algebras of rational functions, i.e. the

product of its local rings at its generic points, see [12] II, 6.3, for details about Z(X)).
Define a sheaf &/ as the sheaf associated to the presheaf

(U, V) ~ Hfgg_crys(v” ®7 Fp|Sn, 0).

4.1.4. Let us show how to locally compute the cohomology of Xz. There is a canonical
continuous morphism of sites

p:Xz— XI_{,Fét
induced by the functor sending a finite étale cover Y — X to the object (X,Y") of X5.

Proposition 4.1. Suppose X is a normal strictly local K+-scheme, T — X its closed
point, and let Xz = [[Y; be its decomposition into irreducible components.

(i) By is an exact and faithful functor.

(i1) For any choice of geometric points y; — Y;, any sheaf of abelian groups # on Xg,
and any n we have

H"(Xg7) = [ [ H"(m1(Yi, ), F(a.90))-

Proof. For (i), let § — X be a geometric point. By definition we see that
(B«F )y = colimy (B.F)(Y) = colimy F(Y) = F(z ).

This proves that 0, is exact and faithful.
(ii) follows from (i) because by [I1] we have

H" (X pets BeF) = HHn(”l(Yh@i)vy(@ﬂi))'

(2

O]

The natural functor Xz — X ¢ sending (U, V) to V induces a continuous morphism
of sites denoted
(67 Xf(,ét — Xg
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Proposition 4.2. Suppose X is a smooth K'-scheme. Then for any locally constant
constructible sheaf . on X pg, the adjunction map

'L — Ra,a™* ('L
18 @ quasi-isomorphism.

Proof. The claim is local on X, so we can assume that X is strictly local and X is
a K(m,1). Let & be the closed point of X. First note that if L is a locally constant
constructible sheaf then it is representable by a finite étale covering Z of Xz, hence for
any finite étale covering Y of Xz we have (8°L)(Y) = Homx, . (Y, Z) = L(Y). In
particular, for any geometric point § — X we have

(B«B*L)y = (ﬁ*L)@g) = colimy (8"L)(Y) = colimy L(Y) =Ly
so L = §,6*LL. Now, we have a commutative diagram of sites

Xf(,ét B X5

g ’|

XI'(,Fét XKFét
SO
Ra,.oa "L = Rap*LL
and
L = 3,8°L — BiRa,p*L = R, Ra,p'lL = Rp,p'L = L.
Since O, is exact and faithful this completes the proof. O

Corollary 4.1. If X is a smooth K*-scheme and L a locally constant constructible
sheaf on X e, then for all i we have canonical isomorphisms

Hy(Xg,L) = H'(Xg, 0'L).
4.1.5. Assume X is a proper semi-stable K t-scheme. Let us compute the cohomology

of the sheaf & := lim,, O, 41 on X3z up to p-torsion. For this we use the Leray spectral

sequence N , o . _
By = HLY (X, ROy 11) = H (X3, 011)

where u : Xz — Xg; is the projection onto the étale site. Recall (¢f. §3.3) that
Riu,Opyq 2w, i+ © K /p K (—j) @ (d!(¢ — 1)™torsion)

where ¢ denotes a p-th root of unity. Hence, taking the projective limit of the spectral
sequence and inverting p we obtain a spectral sequence

By = (X, 1) @ K(—j) = H' (X5, 0)[1/p)
which degenerates at Es because of the Tate twists, i.e.

H' (X5, O)[1/p] = @4 H' (X, w 1) @i K ().
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4.2 Syntomic cohomology

4.2.1. Recall that a morphism of schemes X — Y is syntomic if locally X = Spec(B)
and Y = Spec(A) with
B=A[Xy, ... Xn]/(f1, s frm)

for a regular sequence (f1,..., fim) in A[X1,..., X;,] and A[Xq, ..., X,,]/(f1, ..., fi) is flat as
an A-module for all i. Locally here can mean either for the Zariski or étale topologies.

For example, the homomorphism R — R,, is syntomic, because the equations X? -
11, ...,Xgil — T44+1 have no common roots. Hence R — Ry is the inductive limit of
syntomic homomorphisms. It is well-known that syntomic morphisms are stable by base
change and composition. Thus we may speak of the syntomic topology.

Following Breuil, we want to consider a crystalline site in which we localise for the
syntomic topology rather than the étale topology. We also need a logarithmic version.
For this we must restrict to logarithmic syntomic morphisms which lift locally, the so-
called log-syntomic morphisms of [4].

4.2.2. If M is an integral monoid and m € MB5P, one say that m is simplifiable in
M if there exists n,n’ € M such that m = n/n’ and for all p,p’ € M such that
m = p/p’ there exists my € M such that p = non and p’ = ngn’; one then says that
m = n/n’ is a simplified expression for m (“écriture simplifiée” in French). One says
that m is regular in M if m is simplifiable in M and of infinite order in M®&P. Let
my,...,m, € M8 and let M; = (mq,...,m;) be the subgroup of M8P generated by
mi,...,m;, My =0. We say that (mq,...,m,) is a reqular sequence in M if m; is regular
in M/M;_y :=Im(M — M?®P/M,;_;) for 1 <i <r. The sequence (my,...,m,) is regular
if and only (n; — nf,...,n, —n}.) is a regular sequence in Z[M], where m; = n;/n} is a
simplified expression for m; for all 4, in which case the canonical map

is an isomorphism for all 7 ([4], Prop. 2.1.8).

Finally, one defines a morphism of integral monoids M — N to be syntomic if it is
injective and if we can write N = (M & NX; @ --- ® NX,)/ (21, ..., z5) for some regular
sequence (x1,...,xs) in M & NX; @ --- @& NX, and moreover the morphism M — N is
universally integral. This last condition means that for any morphism integral monoids
M — M’ the push out of N « M — M’ is integral. By [I5] Prop. 4.1, M — N is
universally integral if and only if Z[M]| — Z[N] is flat. This condition ensures that if
M — N is syntomic then so is Z[M] — Z[N].

4.2.3. Define a morphism of fine log-schemes f : (X, M) — (Y, N) to be log-syntomic
if it is flat and locally for the étale topology it is standard log-syntomic, i.e. we have
X = Spec(A) and Y = Spec(B), M4 = P* and N = Q%, and a commutative diagram

Q@ — B

Lo

P—— A
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such that  — P is syntomic and B ®zq Z[P] — A is syntomic. Log-syntomic mor-
phisms are stable under base change by a morphism of fine log-schemes and the compo-
sition of two log-syntomic morphisms is again log-syntomic. This enables us, for every
fine log-scheme X, to define the log-syntomic site Xgyn, whose objects are log-syntomic
morphisms U — X and whose coverings are given by families of log-syntomic morphisms
Uy — U such that [[U, — U is surjective.

Let X be a fine Zy-scheme. Define the log-syntomic crystalline site of X, denoted
(Xsyn|Zn)1og-crys, by taking the category whose objects are log-DP-Z,,-thickenings (U —
T) with U — X log-syntomic. Morphisms are given by the usual commutative diagrams
of DP-morphisms. Coverings are given by families of morphisms

(Ua = To) = (U =T)),
such that (T, — T), is a log-syntomic covering and the commutative squares

U, —— T,

L

U — T

are cartesian.

4.2.4. The reason for introducing log-syntomic morphisms is the fact that they locally lift
over nilpotent thickenings, see [4] Lemme 3.2.2. This makes the log-syntomic crystalline
site particularly useful. We thank C. Breuil for indicating to us the idea of proof of the
following proposition, and we take the opportunity to give a complete proof which we
have not seen in the literature but is well-known to the experts (cf. [4] Cor. 3.2.3).

Proposition 4.3. For any sheaf % on (Xsyn|Zn)iog-crys, the presheaf FFlogerys o Xeyn
defined

Flos-arys (17 .= ngg_ U\ Zpn, F)

crys

is a sheaf.

Proof. Let (Uy — U),, be alog-syntomic covering. We claim that for every object (U, —
T,) of the log-crystalline site of U, over the DP-log-base Z,, there exists a cartesian

square
U, —— T,

L

u —— T
with (U < T') an object of the log-crystalline site of U over Z,, and T,, — T a logarithmic
DP-Z,,-morphism (not necessarily syntomic). Up to localizing for the étale topology we
may assume that each U, — U is standard log-syntomic given by the square

Q —— Oy

Lo

P — 0y,
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with @ — P and Oy ®gq) Z[P] — Oy, syntomic. Up to further localization (cf. [4]

Lemme 2.2.1.2) we may assume that the log-structure of T, is given by a fine monoid P
and we have a commutative diagram

P — or,
| |
P — 0Oy,.

Define
ﬁT = ﬁTa XﬁUa ﬁU.

It is naturally endowed with the pre-log-structure given by the monoid Q =P xp Q.
We claim that 7' := Spec(0r) makes the obvious commutative square cartesian, i.e. we
claim that the canonical map

Or, @6, Ou — Oy,

is an isomorphism. It is clearly surjective, hence it suffices to prove that it is injective.
Suppose Y . x; ® y; lies in its kernel. Let g; be a lift to O, of the image of y; in O, for
all . Then

1®yi=9®1

by definition of O7. Then ), z;®y; = (>, z:0;)®1 and z := >, z;9; € Ker(Op, — Oy,).
But then we must have 2 ® 1 = 1 ® 0 = 0, again by the very definition of &r. This
proves the claim. Moreover, it follows from classical arguments (c¢f. [2] 5.11 Lemma)
that (U < T) is an object of the log-crystalline site of U over Z,, and that T, — T is a
log-DP-morphism, thereby proving the claim.

Now, the natural map Q Ny may not be syntomic, but we may modify P in order
to make it syntomic, as follows. Since () — P is syntomic we may write

_ QONX; ®---oNX,

P
<gl7 "'798)

Let zq, .., z denote a choice of lifts to P of X1,...,X, € P. This defines a map
QaeNZ @ -®NZ, — P: Z; v 2.

Clearly, the kernel of this map consists of lifts of elements of (g1, ...,gs). Let g; be a
choice of lift of g; lying in this kernel. Then the map factors over

p/ o Q@NZI@@NZT —)P
. <§13"'7§8>

and the natural homomorphism Q — P’ is syntomic by construction.
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Now, write Oy, = Oy ®zq) Z[P][Xi]/(f;) for a regular sequence (f;). Let x; denote
the image of X; in Oy, for all © and let 2; denote a choice of lifts to O7,. Define an
Orp-algebra homomorphism

Or Q109 ZIP[X;] — Or, : X; v ;.

Note that this map is surjective, i.e. Or, is generated by the Z; as an Or Dz10] Z[P’]_
algebra. This is true modulo a nilpotent ideal generated by elements in the image of
the canonical map 07 @, Z|P'] — Or,, hence must be true in general. Moreover, it
is clear that the kernel I of the map consists of lifts of elements of the elements of the
ideal (f;). For all j, choose a lift f; € O ®z10) Z[P'[X;] of f; lying in I, and define

Or g Z[P'[X;]

Q)

ﬁT& = =
(f3)
1., = Spec(Or).

Then we have a commutative diagram of DP-Z,-morphisms

U, — T,

I

Uy — T}

Lo

U — T

in which the lower square is cartesian and the map T/, — T is log-syntomic by construc-
tion. In other words, we have shown that for any (U, — T,) as above, there exists
(U — T) and a lifting T, — T of the log-syntomic morphism U, — U together with a
morphism of the log-crystalline site of U, over Z,

U, — T,

| |

Uy — T..

This implies that the projective limit

ylog-crys U.) = li Z(T
(Ua) (Ua}inTa) (Ta)

can be computed over the subcategory of the log-crystalline site of U, consisting of
(Uy — T,) which are lifts of (U < T') for some T. In other words, .Z!°6s(U) is the
equalizer of the double arrow

Ha glog-crys(Ua) : Ha,ﬁ flog-cryS(Ua XU Uﬁ)

as required. ]
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4.2.5. Let X be a fine log-K T-scheme and K C L a finite field extension. Define a site
Xg—syn,1. as follows. Objects are given by pairs (U, V), where

o U — X is étale

e V — Up+ is a log-syntomic morphism such that the pair (U, V' Xgpec(r+) Spec(K))
belongs to X5.

A morphism (U’ V') — (U, V) is given by a commutative diagram
V/ N Ul
V. — U

where U’ — U is étale and V' — V is and log-syntomic. Coverings are given by families of
morphisms (Uy, Vo) — (U, V) such that (U, — U), is an étale covering, and (V, — V),
is a surjective family of log-syntomic morphisms.
The natural functor sending (U, V') to (U,V ®+ K) defines a continuous morphism
of sites
SL, ¢ Xg — ngsyn,L-

Lemma 4.1. For all i # 0 and all r we have RisL*ngzfn =~ 0.
Proof. Clearly, R's L,*Fg o7, is associated to the presheaf
(U, V)~ Hi(XS(Uy)a F,i»%)

where X, is the site consisting of pairs (U’, V') of Xz with a morphism (U, V') —
(U,V). By Proposition this is the same as the sheaf associated to the presheaf

(U, V)~ H (Vray, Fly).

If we take U = Spec(R) where R is a small integral K T-algebra with K integrally closed

in R, and V = Spec(R«), then V' — U is the filtering inductive limit of log-syntomic

coverings and V' — Spec(R) is the filtering inductive limit of almost Galois coverings,
hence by Corollary [2.4] and Proposition [2.1] for ¢ # 0 we have

H' (Viey, Fjoty) = H'(Gal(R[L/p]/ Roo[1/p)), F </ (R[1/p])) = 0.
O

4.2.6. For any fine log-Zp-scheme Y, let Y5y, denote the log-syntomic site and (Ysyn|Zn)1og-crys
the syntomic log-crystalline site. Define a sheaf of ideals .# on (Ysyn\Zn)log_cryS by

F(U —T) :=Ker(Or — Op).

It has a canonical divided power structure and we will write #" for its rth divided
power.
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By Proposition the presheaf .#[rllog-crys o Ysyn defined
j[r],log-cryS(U> - Hl%g—crys<Y’Zn7 ‘ﬂ[r])
is a sheaf and, by arguments of [4] §3.3, there are canonical isomorphisms for all i
H' (Yo, V08 o i (V] Z, 1),

Now, the functor sending (U, V) to (V/pV — U+ /,+) defines a continuous morphism
of sites

ar, : XL+/pL+7syn - X&—syn,L
Lemma 4.2. For all i # 0 we have RiaL,*,ﬂ[r]’log‘CryS =0.

Proof. Clearly, Rlay, ..” [r}log-c1ys ig the sheaf associated to the presheaf
(U7 V) 2 Hi((V/pV)Syn, jm’log-crys) = Hliog-crys(v/pV’Zny j[r])

and if U = Spec(R) with R small integral and V' = Spec(S) then the ind-log-syntomic

covering Vo, := Spec(So) — V has no log-crystalline cohomology in non-zero degree by

Proposition [2.3 and Theorem O

Clearly, there is a canonical morphism of sheaves on Xg_qyn 1,
CLL7*,ﬂM’10g_CryS N SL7*F££{n.

Let
ur, - XS—syn,L — Xgt

be the projection onto the étale site of X. Our Galois cohomology computations from
the last section can be reformulated as follows.

Theorem 4.2. For all ¢ the canonical morphisms

Jog-crys

colimp, RZuL,*aL*JM — colimp, RzuL,*sL,*Fg;zfn

have kernel and cokernel almost annihilated by t?.
Proof. This is a reformulation of our Theorems [3.1] and [3.2] O

Corollary 4.2. For all i there is a canonical homomorphism

Hliog—crys(XK+/pK+’En’ ﬁ) s, Bfgg/PnBngg - Hi(X&%n)

which is a filtered almost isomorphism up to t%-torsion.

Proof. This follows from Theorem E using the flatness of Bltg /p”Bfgg over %, ([16]

Prop. 3.3). O
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5 Comparison of étale and crystalline cohomology

In this section we compare étale and crystalline cohomology theories. We denote by X
a semi-stable K t-scheme throughout.

5.1 Chern classes

The key ingredient in the comparison of cohomology theories is Poincaré duality. For this
we must compare characteristic classes, which on regular schemes reduces to comparing
Chern classes.

5.1.1. Let us begin by defining Chern classes in Faltings cohomology. If . is a line
bundle on X, then it defines a class in [¢] € H(X, %) which maps to H*(Xg, 0}),

where 0 denotes the sheaf of units of the sheaf of rings &,,. Via the Kummer sequence

n

0 —— Z/p"7Z(1) or L o 0

n n

we define the first Chern class ¢ () € H?(Xg, Z/p"Z(1)) as the image of [.#] under the
composition H'(X, 0%) — HY (X3, 0}) — H?*(X3,Z/p"Z(1)). Note that by construc-
tion it is clear that under the canonical map to p-adic étale cohomology HZ (X, Z/p"Z(1)),
c1(-Z) maps to ¢§*(a*.Z), where

c‘it t HY(X,0%) — H (X, Z/p"Z(1))
is the cycle class map. We also have a crystalline cycle class map
cirys : HI(X7 ﬁ;{) - L[120g—crys(‘XK*'/PK+ |E”’ ﬁ)

5.1.2. Let H be a cohomology theory with a theory of Chern classes satisfying the
projective bundle formula. Recall that the splitting principle for H means that we can
find a proper smooth surjective morphism f : X’ — X such that f*& has a filtration
with line bundle subquotients and f* : H(X) — H(X') injective. It is trivial for rank
1 vector bundles and is constructed by induction on the rank r of &. Consider the
canonical morphism 7 : P(&) — X. By the projective bundle formula, we know that
7 is injective on cohomology and the vector bundle 7*& /(1) has rank r — 1, so by
induction there exists a morphism ¢ : X’ — P(&) with the required properties. Then
the composition
f:x 25 P¢E) 4 X

does the job. Moreover, if X is a proper semi-stable (resp. smooth) K*-scheme, then
so is X'. If a is a Chern root of &, then f*(«) is the Chern class of a line bundle on X'.
This reduces the checking of properties of Chern classes of vector bundles to that of line
bundles.
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5.1.3. Using the logarithm log : Z/p"Z(1) — Acyis(KT)/p™ Acris (K1) we define maps for
alli,5 € Z

Hi(X& Z|p"L) @z pnz LIP"L(F) — Hi(XSa Z|p"ZL) @zpmz Acris (K1) /™ Aaris(KT).
Recall that by Corollary we have defined a canonical transformation
Hiogcrys(Xict fpic+ |, 0) — H' (X5, ).
Proposition 5.1. Let £ be a vector bundle on X. The transformation
H' (X5, Z/p" L) @z/pnz Aeris(K) /" Acxis(KT) — H' (X5, )
sends the Chern class ¢1(£L) to ¢{7*(L%71) = —c{*( ).

Proof. Let 31 = U;U; be an affine open covering of X trivializing .. Up to further
localization we may assume that U; = Spec(R;) with R; small integral K T-algebra. Let
Uij = U;NU; and let f;; € ﬁi‘}i ~ be a set of trivializing functions for .Z. For all ¢

J

let Z; be the étale @(c)/p”@(c)—allg‘ebra lifting R; ® Fp and let Z; ; = Z; ®g() Zj. Let
f;;j be a lift of f;; mod p to Z; ;. Let D; and D;; be the divided power hulls for the
respective closed immersions. Note that by étaleness over ©(c)/p™"©(c), these closed

immersions are exact, hence the logarithmic and classical divided power hulls coincide.
crys

The crystalline Chern class ¢; 7" (.Z) is represented by the 1-cocycle
dlog(fi,j) € CM (8, Dy j ©z,, wy, . s)-

On the other hand, we defined ¢1(-%) to be the image of the class of £ in the Picard
group under the coboundary map arising from the Kummer exact sequence, i.e. it is
represented by the 1-cocycle

P Al 1 n
and under the logarithm log : Z/p"Z(1) — <7, it maps to

1og( 5;”) e CL(U, CL(A, AT /pn AT)).

So it suffices to show that for all 4, j, dlog(ﬁ,j) maps to log (ffj_n) up to coboundaries,

so we can restrict to a single U; ; = Spec(R). We have morphisms of complexes

C* (A, AY[pr AY) 5 CH (A MY [p" M g, Wy 5 — By /0" B, @5, Wk, 5

~ _n1—1 ~
and dlog(f; ;) is the image under d of log ([ fj } ® f”> e CO%A, M*/p"Mt) and

the latter has image log <f;jp_n> = —log (ff:;n> e CY A, Mt /p"M™). O
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5.2 Artin-Schreier theory for Fontaine rings

In this section we work locally on the special fibre of X, so we my assume that R is a
local ring of X at a point of the special fibre X;. In particular p lies in the Jacobson
radical of R. As usual, define

A+ = lim Hl%g-crys(R/pR|En+1’ ﬁ)

Let ® denote the Frobenius endomorphism of A™ lifting the absolute Frobenius of
AT /pAT.

Lemma 5.1. For all n we have an exact sequence

0 —— Z/p"Z —— A+/pnAt 2L At prat —— 0.
Proof. For all x € AT /p"A™, the equation ®(X) — X = z defines an étale covering
of AT /p" At so it suffices to show that it induces the trivial covering of R/pR. This
reduces to showing the statement with A*/p"A™ replaced by R/pR. It suffices to show
that for all z € R the equation X? — X = z is soluble in X. We can assume that x € S
for S a finite normal domain such that R — S is étale in characteristic zero. Then S is
a semi-local ring whose Jacobson radical contains p. Let f(X) = X? — X — 2. We claim
that f(X) = 0 defines a finite étale cover of S. Indeed, f/(X) = pXP~! — 1 is a unit of
S[X]/(f(X)) since p lies in the Jacobson radical. So f(X) = 0 is finite étale over S, in

particular has a root in R. O
Define
Aint(R) = W(P(R/pR))
Aais(R) = lmH (R/pRWyy1(k), O).

Let ® denote the canonical Frobenius-lifts of Aj¢(R) and Agis(R). Recall that ¢ :=
log([1]) and by Proposition |1.4{ we have P~ € p- F1 Ayis(K™T), so for all n we have

n pqq! 7fp—l la] .,
(n+1)!_(n+1)!( » ) t

where n = ¢(p— 1) +r and ¢ = [n] > vp((n + 1)!). Hence we may define for all n

p—1

tn

t{n} -
pd-rl-qg!

c Acris(K+)-

The following theorem is a generalization of Thm. 5.37 of [§]. Its proof is based on
one given in a course by Faltings in the case R = K.
Theorem 5.1. (i) For x € Aj(R), © € ([1] — 1) - Aine(R) if and only if ®"(x) €
€ - Apns(R) for all n.
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(ii) If v € F™Auis(R) and ®(x) = ptx, then x € Ztim
(iii) The following sequence is exact for all m

0 —— Zpt{m} — FmAcris(R) &) Lml4€ris(}z)

1
and Coker(F™ Acis(R) — — Acris(R)) 4s annihilated by p*m
p

Proof. (i): Let 0 : Ajpe(R) — R be the canonical map. Write z = £xg. We have

0(2(€)) = 0([p)” —p) = p(p*™" —1) #0

hence 9( (x9)) = 0 since R is p-torsion free. So we can write ®(zg) = £x; and
zg = 1P (z ) The same argument for all n > 1 implies that = is divisible
by {0~ ( P 2(E) - - () for all n. Reducing modulo p, we have £ = p so we see that

x is divisible by
panop’n — pﬁ

Now recall that P(K*/pK™) is a valuation ring and v(1 — 1) = L= (Qp%l) SO

gﬁ =u- (1 —1) for some unit w € P(K™/pK™). This proves (i) modulo p, hence in

general since Aj,¢(R) is p-adically complete and R is p-torsion free.
(ii): We first claim that every element of Agis(R) can be written as a sum

3 a0
n=0

where a, € Ajn¢(R) converges p-adically. It suffices to prove this modulo p, where
% =u- %. Now write n = ap + b with 0 < b < p. Note that vy(n!) < a + vy(a!), so
we can write

& /p)" p al _1yy Pl
g[n} == gb — alp 1)}517W
and the claim follows. Now suppose that x € F™Aqis(R), ®(z) = p™z. By Lemma
the claim is true for m = 0, so assume that m > 1. Write z = 3. a,t{™. We claim
that we may assume that a,, = 0 for all n < m. Since ®"(ag) € £ - Aju(R) for all n,
hence ag € ([1] — 1) - Aais(R) =t - Aeris(R). So we may assume that ap = 0. If m =1
we are done, so assume m > 1. Then ®"(ait) € F?Aqis(R). Since t = ([1] — 1) - v
for some unit v we have ®(ait) = p"t®"(a1) = vp"([1] — 1)®"(a1) € F?Auis(R), so
p"([1] — 1)®"(a1) € F?Auis(R) N Aint(R) = F?Aj¢(R), hence we must have ®"(a1) €
FlAi¢(R) for all n, whence we can assume that a; = 0. Continuing in this manner we

see that we may assume that = =Y, o a,t1". Since ®"(z) = p™" for all n we have

Z O™ (a,)p" " = @™ (a,,)t™ mod pn.

n>m
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So z = xot!™}, where zy = O (ay,). But then ®(xg) = xo, hence z¢ € Zj, thereby
proving (ii).

(iii): First observe that if ’ =3 _ a,t!™}, then

n>m
ad=d—-p"®(d) modp

so it suffices to show that for all a € A;pe(R) and ng < m there exists x € p" F™ Agis(R)
and b= _  b,t{" with b, € Ajr(R) such that

n>ngo
p"O(z) — z = ati™} 4 b,
-1

a7 -1
X ¢m—motino} for X an indeterminate. We have

Recall that ¢ := is a generator of the principal ideal F'Ay(R). Set x =

P b(x) — w = p " B(X)D(Q)" oot} — x¢mrogtnol,

Recall that [1] -1 =wv-t, wherev =73 (ntTnI), is a unit of Aeis(K™) (¢f. the proof of
Proposition . Hence we have

_ptd(v) _ ()

®(¢)

tv

and w = 2@ ¢ +t+ Aeis(K™T) is a unit. Substituting, we find

pfm(ID(x) —r= wmfnoq)(X)t{no} _ XCmfnot{no} — t{HO}((I)(X) — X(¢™T0) 4 b

where b is of the form b =)
in Ajn¢(R) to the equation

bt with b, € Aing(R). So it suffices find a solution

n>ngo

O(X)— XM =a.
Since Ajn¢(R) is p-adically complete, it suffices to find a solution modulo p, i.e. it suffices,
for all n, to find a solution in R/pR to the equation

m—ng

XP —upp o X =a,

where (an)n, = a mod p and (un), = (¢/p)™ " is a unit of P(K*/pK™). Let mg =
m — ng. Note that if my > p”, then this equation reads X? = a and has a solution since
the Frobenius is surjective on R/pR. So we may assume that mg < p". Let 4, and
a, be lifts of u, and a, respectively to R. Note that 4, is a unit because p lies in the
Jacobson radical of R. We claim that the equation

p . M0 .
XP —t,pr™ X = ay,

has a solution in R. Equivalently, if S denotes a finite integral normal R-algebra contain-
n .o ~

ing ty,a, and p? , then we claim that the equation F(X) := X? — G,p?" X = a,, =0

defines a finite étale covering of S[1/p]. Indeed, we have

mo

F/(X) = pXP™ — tppr® = tinp " (ay'p' 7" X771 - 1)
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and i 1p!'” ¥ XP~1 — 1 is a unit of S[X]/(F(X)) because (pl—%)p _ " mo € ps

lies in the Jacobson radical of S, hence so does plf%. So (1‘?([))?)) [1/p] is a finite étale

covering of S[1/p], and in particular the equation F(X) = 0 has a solution in R. O

Let T :=log(X + 1) € B, where X is as in Proposition

Corollary 5.1. For any r > 0, the sequence

pTd-1
s

0 —— PaenZpt®T™ ™% —— FrAT ;/ﬁ — 0

18 exact up to torsion annihilated by a fixed p-power depending only on r.

Proof. We have already shown the claim for » = 0, and we will show it by induction
on r. We have just shown the analogous claim for Ags(R). We claim to have exact
sequences for all r,n > 1

0 — FTAeis(R)/p"F" Aais(R) — Fr A+ jpnFTAT L pr=ig+prpr—14+ — 0

where N is the monodromy operator. This is essentially shown in [4] Prop. 6.2.1. Let
us give the argument. Recall that A*/p™ AT is DP-polynomial ring in one variable X
over Acis(R)/p" Acris(R) (Prop. [3.2). Let ¢ =), 2; X1 with z; € Agis(R). Then

N(z)= | Y X (14 X),
i#0

If N(z) = 0, then since 1+ X is a unit we have >, 2; X = 0, whence z; = 0 for
all i # 0, so ¢ € Agis(R). It remains to see that N is surjective. It suffices to show
that each X[/ lies in the image of N. If i = 0, then 1 = N(log(X + 1)). We have
N(x [y = x4 (54 1) X+ so it suffices to show that (i 4+ 1) X1 lies in the image
of N. Repeating this we see that it suffices to show that (i + 1)(i + 2)--- (i + j) X [+J]
lies in the image of N for some j € N. But for j large enough this is zero.

Since N satisfies N® = p®N, for all r > 1 we obtain commutative diagrams with
exact rows

0 —— FrAeis(R)1/p] —— FTA*[1/p] —— F'1A*1/p] —— 0
p*Tq>—1l p*rcb—ll p_(T_1)<I>71J/
0 — Aws(R)1/p] —— Ap] e AM1fp] —— 0.

By induction on r, we may assume that the right vertical arrow is surjective. Since the
left vertical arrow is surjective, it follows that the middle vertical arrow is surjective. So
by the snake lemma it remains to prove the exactness of the sequence

0 Qp(T) — DaenQpt T LN @aeNthaTT_l_a — 0

but N(t*T?) = bt®T*~1 so this is clear. O
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5.3 Finiteness of Faltings cohomology
Assume in this section that X is a proper semi-stable K T-scheme.
5.3.1. Recall that we have defined a sheaf of rings &1 on the topos Xz. The absolute

Frobenius F is surjective on &) and so we may consider the projective limit P(&7) of

Lo .6 L 6

Define B
Mnf,n = Wn(P(ﬁl))

The following theorem of Faltings is the key to obtaining information about the coho-
mology groups H'(Xg, Z/p"7Z).

Theorem 5.2 (Faltings). For all i and any n > 1 we have canonical almost isomor-
phisms ‘ A
HZ(X§7 Mnf,n) ~ HZ(X37 Z/an) X7z Ainf(K+)/pnAinf(K+)-
Let us recall the main ideas of the proof ([7], p. 223-227). Firstly, recall that the

kernel of the canonical map
int,1 — O1

is generated by £ = [p] — p. Using duality, one shows that the cohomology groups
H'(Xg, 01) — essentially Hodge cohomology — are almost finitely presented K+ /pK*-
modules. Then, by dévissage in &, one derives that H' := Hi(XS:V!yinf’l) are almost
finitely presented Ajn¢(K™)/pAins(K)-modules, in fact almost projective of constant
rank 7 (loc.cit. p. 223-226). This is the crucial step in showing that

Homg 4, (rc+)(H', Aing(K1) /pAine (KT))

is an [F)-vector space of dimension r. Here the homomorphisms are Frobenius-linear
almost maps of Aj,¢(KT)-modules. Then one chooses 0 < ¢ < 1, a := p°, and one
considers the short exact sequences (on the special fibre of X)

d—a
0 Fp g ——— Gt — 0.

Using that this sequence is exact for variable a enables one to show that almost Frobenius
invariants of H® coincide with Frobenius invariants, so that H* is almost generated by
real Frobenius invariants, thereby proving the theorem modulo p.

For all ¢, consider the QQp-vector space

H' (X5, Q) 1= (lim H' (X5, 2/p"'Z) ) 97, Q.
Corollary 5.2. For all i we have dimg, H (X5, Q,) = dimg Hip(Xk /K).
Proof. 1f we let ofys = limy, Hins 1 and 0= lim,, 0,41 then
H'(X3,Zy) ®2, K = H'(Xg, St /Echar) [1/p) = H'(Xz, O)[1/p)
is the Hodge cohomology of X ® j+ K so the result follows from the degenerescence of

the Hodge spectral sequence by descent. O
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5.3.2. Note that if X is a smooth K*-scheme, then by Corollary we already know
that 4 ‘
H'(X5, Z/p"Z) = H (X, Z/p" L)

so that in this case we do not have to resort to these difficult computations.

5.4 Comparison

In this section we assume that X is a proper semi-stable K T-scheme. We will put all of
the previous theory together to show that the log-crystalline cohomology of the special
fibre of X is an admissible filtered (¢, N)-module in the sense of Fontaine. From this we

will deduce a comparison map to p-adic étale cohomology of the geometric generic fibre
of X.

5.4.1. Recall that we have defined a sheaf of rings 7, on Xz. As a sheaf of Fontaine
rings, it is endowed with both the DP-filtration, denoted Fj, and the canonical filtration
denoted F'* (Def. [1.2.4). Define

H' (X3, o) :=lim H (X5, Fpy1).
It has a filtration defined
F"HY (X, /) = Tn(HY (X, F"sty) — H(Xg, 4,).

We define

HZ(XS’ ij) = HZ(X57 M—i_) D4 K+) Bis

cris(

and endow it with the tensor product filtration.

5.4.2. Define a complex of sheaves .Z,(r) on Xz by the distinguished triangle

Lolr) —— Frofy 2 o,

Note that by Corollary there is a canonical morphism of complexes
Ly(r) := @aen(Z/p"Z)tT" ™ — L (7).

Setting LT (r) := lim,, L,11(r) and Z*(r) := lim,, %, 1(r) we deduce a canonical iso-
morphism A A
H'(X5,L"(r)) ®z, Qp = H' (X5, 27 (1)) @z, Qp

and of course we have H (X, L1 (r)) ®z, Q, = H' (X5, Qp) @z, LT (r).
5.4.3. Let Bt := BT [T] with T := log(1 + X) as before. Note that by Proposition

cris

we know that BJf = ng[l /p)N " is the subring of monodromy nilpotent elements of

Bl'gg[l/p]. As usual, write By, = BJ[1/1].
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5.4.4. Let L£(u) be the pre-log-structure on %,. Its inverse image to Spec(k) defines a
pre-log-structure
L(m):N—k

and composing with the Teichmiiller lift [-] : & — W, (k) this defines a pre-log-structure
on Wy(k), denoted L(m). Consider the log-crystalline site of X} over W, (k) with the
latter endowed with the log-structure associated to £(7). Define

iy (XUW () = i Hi g (X Wi (K), 6)
Hliog-crys(XK+/pK+|E) = liran Hliog—crys(XK+/pK+‘Zn+17 0).
Recall that by [13] Lemma 5.2, for all i we have canonical isomorphisms
Hiogorys (Xk|W (k) @wy Z[1/0] = Hipgcrys (Xt prct 1 2)[1/)-

The Frobenius ® on the finite W (k)-module Hf;)g_crys

(Xk|W(k)) is related to the mon-
odromy N by the relation N® = p®N. Since ® is an isogeny on Hfég_crys(Xk|W(k)),

it follows that N is nilpotent. Hence, the set of monodromy nilpotent elements of
Hj (Xk|W (k) @w (k) Bst-

log-crys (Xk|W<k)) ®W(k) BlOg is precisely leog-crys
5.4.5. It follows from Corollary that there are canonical almost isomorphisms for all
1

Hliog—crys(Xk|W(k)) ®W(k) Blog ~ Hi(X37 %)

Since Bgt C Bgr and the latter is a field, it follows that By is an integral domain and
hence the map ‘ 4
leog—crys(Xk|W(k)) ®W(kz) Byt — HZ(X& JZ{)

is injective. So we can define a filtration
FT(Hliog—crys<Xk‘W(k)> ®W(k) BSt) = Hliog—crys<Xk‘W(k)> ®W(k) Bst N FTHZ(X{§7 'Q{)

This filtration is clearly exhaustive.

Lemma 5.2. This filtration on Hy,, .. . (Xi|W (k)) ®w ) Bst induces the same filtration
on Hfog_crys(Xk\W(k)) @w k) Bst @Qw iy Kt as the filtration Ff; induced by the canonical

filtration on By, and the Hodge filtration on H} (Xk|W (k) @w ) K.

0g-Crys

Proof. Note that the canonical map Bst Q1) K pa— Blog®zK is filtered for the canon-
ical filtration on both sides and induces an isomorphism on gradeds, so it suffices to
prove that the Hodge filtration coincides with the canonical filtration on

Hliog—crys(Xk‘W(k)) ®W(k) Blog®ZK ~ Hi(XS, 427®2K)
induced from the canonical filtration on the sheaf of Fontaine rings

A s K = T On KT @ Ao (K+) Beris-
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We claim that the spectral sequence
Ey! = BV (Xg,g0) o/ 05 K¥ [p"K¥) = @) HH (X5, o+ @ K [p"K™)

degenerates up to p-torsion independent of n. Indeed, up to p-torsion independent of n
we have

By = H/(Xg, 0,(j)) = @mH (X, w0} v @+ K /p"K)(j —m)

and by looking at the Tate twists one sees easily that the differentials of the spectral
sequence must be zero up to p-torsion independent of n. This proves that

gr’ Hi+j(Xg, A5 K) = @mHHj_m(Xa W?/}ﬁ) O+ f((] —m)

which is visibly the same as gr%(Hf:gfcrys(Xk\W(k)) QW (k) Blog®@sK). O

5.4.6. Let D= Hj ..

(XilW (k))[1/p). Define L(r) i= @y 4pmrpzoQpt*T?. Let
HY(X3,Z,) :=1m (H'(X3,Z,) - H(X3,27)) .
Then it follows from the above that
HY(X3,Zy) @z, LT(r)[1/p] = FTH (X5, &%) [1/p]*7"
hence, inverting ¢ we deduce
HY(X3,Z,) ®z, L(r) = FTH (X5, 2)*7"" .

Intersecting with D @y (x)[1/p] Bst we get

T

H' (X5, Zp) @2, L(r) N D @w i1 /) Bt = F' (D @wiypa ) Bet) ™™
Recall that Fontaine’s functor Vi (—) on filtered (p, N)-modules E is defined
Va(E) = (E @w1/p) Bst)* ="M= 0 FUE @w 1 /p) Bt @y K.
Using the fact that L(0)V= = Q,, from Lemma [5.2] we deduce that
Vat(D) = H'(X5,Qp) N D @y (k)15 Bst

and hence ]
dimg, Vit(D) < dimg, H*(X5,Qp) = dimyy )1/ D-

Let us prove the reverse inequality. We have a commutative diagram

HZ(X$7 Qp) - HZ(X{§> Zp) ®Zp Ainf(v)[l/p] - FOHl(Xga 52{@2[()

| ! l

Hi(X3,Q,) —— Hi(X3,Z,) ®z, K — = @V Hi(X5, 7 &5 K).
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from which we see that H'(Xg, Q,) injects into the Frobenius invariants of FOH'(Xz, o @5 K)
and injects also into gr¥ H (X3, ¥ ®sK) = gr’(D ®W,, (k)[1/p] Bst ©w,. (k) K™). Hence we
deduce that it must inject into D Qwy, (x)[1/p] Bst, i-e. we have the inequality

dimg, Vst (D) > dimg, H' (X3, Qp)
thereby proving the following

Theorem 5.3. D = Hliog-crys

and Vg (D) = H'(X5,Qp).
5.4.7. By Theorem there is a canonical map

(Xk|W(k))[1/p] is an admissible filtered (@, N)-module

D @y iy1/p) Bst = H'(X5,Qp) ®q, Bst — Hi (X, Qp) ®q, Bst-

We call it the comparison transformation. It is compatible with Gal(K /K )-action, cup
products, Frobenius, monodromy, and filtrations after tensor product @y (x)[1/p K-

Proposition 5.2. The comparison transformation is compatible with cycle class maps
up to sign.

Proof. Firstly, since X is regular, every coherent sheaf on X has a finite resolution by
vector bundles, hence it suffices to check that the comparison tranformation is compatible
with Chern classes up to sign. Since both log-crystalline cohomology and the p-adic étale
cohomology satisfy the projective bundle formula, by the splitting principle this reduces
to showing that the comparison transformation is compatible with the first Chern class
of a line bundle up to sign, which has already been checked in Proposition [5.1 O

Theorem 5.4. The comparison transformation is an isomorphism.
Proof. Write H = H!

log-crys ° log—crys(Xk‘W(k)) and H = H} (Xg,Qp). By Zariski’s con-
nectedness theorem and [I1] Exp. X, Prop. 1.2, up to replacing K+ by a finite étale
covering, we may assume that X — Spec(K ™) has geometrically irreducible fibres of
dimension d. Since the comparison transformation is compatible with cycle class maps
up to sign, we obtain a diagram which is commutative up to sign

; 2d—i Y SN
Hllog—crys ®W(k3) Hlog-czrys ®W(k)[1/p} Byt H]%)Cé_crys ®W(k)[1/p} Bt Bt

| l |

. iy U N
Hét ®Qp Hgtd ! ®Qp By —_— Héth ®Qp B — Bg

so by Poincaré duality we obtain a one-sided inverse to the comparison transformation

Hét(Xf(’ Qp) ®Qp By — Hliog-crys(Xk|W(k)) ®V[/(k)[l/p] Bst.

If this transformation commutes with cup products then the same argument gives it a
one-sided inverse and hence the theorem will follow. Let

0: X = X xX

7



be the diagonal immersion. Cup products in both cohomology theories are defined by
the composition

H{(X)® HI(X) —— HV(X x X) —2— Hiti(X)

where the first map is induced by the Kiinneth decomposition. Since the transformation
is compatible with Kiinneth decompositions, by duality we see that the dual transforma-
tion commutes with cup products if and only if the comparison transformation commutes
with d,. But d, is characterized by Trxxx(0«(z) Uy) = Trx(z U 6*(y)), where Tr de-
note the trace maps, so compatibility with §, follows from the compatibility with cup
products and characteristic classes. ]
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