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Abstract

In the present cumulative thesis, we study a number of hadronic electroweak processes in a finite volume.
Our work is motivated by the ongoing and future lattice simulations of the strong interaction theory
called quantum chromodynamics. According to the available computational resources, the numerical
calculations are necessarily performed on lattices with a finite spatial extension.

The first part of the thesis is based on the finite volume formalism which is a standard method to
investigate the processes with the final state interactions, and in particular, the elastic hadron resonances,
on the lattice. Throughout the work, we systematically apply the non-relativistic effective field theory. The
great merit of this approach is that it encodes the low-energy dynamics directly in terms of the effective
range expansion parameters. After a brief introduction into the subject in Chapter 1, we formulate a
framework for the extraction of the ANy* (Chapter 2) as well as the B — K* (Chapter 3) transition form
factors from lattice data. Both processes are of substantial phenomenological interest, including the
search for physics beyond the Standard Model. Moreover, we provide a proper field-theoretical definition
of the resonance matrix elements, and advocate it in comparison to the one based on the infinitely narrow
width approximation.

In the second part, which includes Chapter 4, we consider certain aspects of the doubly virtual nucleon
Compton scattering. The main objective of the work is to answer the question whether there is, in the
Regge language, a so-called fixed pole in the process. To answer this question, the unknown subtraction
function, which enters one of the dispersion relations for the invariant amplitudes, has to be determined.
The external field method provides a feasible approach to tackle this problem on the lattice. Considering
the nucleon in a periodic magnetic field, we derive a simple relation for the ground state energy shift up
to a second order in the field strength. The obtained result encodes the value of the subtraction function
at nonzero photon virtuality. The knowledge of the latter is also important to constrain the two-photon
exchange contribution to the Lamb shift in a muonic hydrogen.
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CHAPTER 1

Hadronic Electroweak Processes in a Finite
Volume

1.1 Introduction

Nowadays, the Standard Model (SM) is regarded as an extremely successful theory of the elementary
particles (leptons, quarks, gauge bosons and Higgs particle), which unites the electromagnetic, weak and
strong interactions in a mathematically elegant way [1-6]. The recent LHC discovery of the last missing
building block, the Higgs boson, is a definite triumph of the theory [7, 8].

The SM is a quantum gauge field theory, which has the invariance property under a continuous group
of local transformations. The symmetry group has a non-abelian structure:

SUR)xU1)xSUQ). (1.1)

Here, the S U(2) x U(1) part (the Weinberg-Salam model) is responsible for the electromagnetic and
weak interactions, mediated by the photons (y) and weak bosons (W*, W™, Z), respectively (see Fig. 1.1).
The remaining gauge group S U(3) underlies the modern theory of the strong interaction, called quantum
chromodynamics (QCD) [9]. It describes the interaction between quarks and gluons, both of which
carry in addition three different color charges. The fact that one should have three colors guarantees the
absence of the chiral anomalies in the SM and thus its renormalizability [10].

The SM is experimentally confirmed with high precision. Nevertheless, there are currently several
experimental tensions, which are problematic to explain within the SM. These deviations are seen in the
following cases:

e Proton radius puzzle. The proton radius determined from the precise measurement of the Lamb
shift in the muonic hydrogen atom has significantly smaller values than the ones obtained from
the electron-proton scattering and hydrogen spectroscopy [11, 12]. At the same time, a proper
dispersive analysis of ep data gives a small radius [13, 14].

e Anomalous magnetic moment of muon. The measurement of muon’s g — 2 at Brookhaven leads to
the discrepancy between experiment and the theoretical prediction [15, 16].

e Anomalies in rare B meson decays. The LHCb, Belle and BaBar collaborations have observed
interesting patterns of deviations in several decay modes, in particular, in B — K*u*u~ [17-20].

These experimental results have triggered a lot of activity on the theoretical side. The proposed explana-
tions fall into one of two categories: physics beyond the SM (BSM) or the strong sector of SM, described
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Figure 1.1: Elementary particles of the Standard Model [21].

by QCD. It is important to keep in mind that all measured observables are sensitive to the hadronic
uncertainties. The latter arise due to the non-perturbative contributions of QCD. In order to quantify these
uncertainties, the strong sector of the SM should be better understood. In particular, Chapter 3 deals with
the form factors which enter the analysis of the experimental data on the B — K*u*u~ process. Also, the
work presented in Chapter 4 is related to the study of the two-photon exchange contribution to the Lamb
shift.

1.2 Strong interaction

Historically, it took many years until it was finally realized that the strong interaction can be described
by a Yang-Mills theory [22]. The turning point was the discovery of asymptotic freedom in this class
of non-abelian gauge theories by Gross, Wilczek and Politzer [23, 24]. The existence of the quantum
field theories, in which the coupling constant becomes small at high energies (~ 100 — 1000 GeV),
opened a possibility to perform the systematic calculations of different observables in pertubation theory.
Moreover, QCD exhibits the so-called confinement property at the hadronic scale (~ 1 GeV), although it
cannot be analytically proven. Nevertheless, this property qualitatively explains, why the quarks cannot
be directly observed, but rather form color singlet states (proton, neutron, pion, etc.) . At the same time,
perturbation theory breaks down at this energy scale, since the coupling constant becomes large. In order
to obtain the meaningful results, alternative methods should be applied, as discussed below.

The quarks were first introduced in an attempt to classify the plethora of observed hadrons. The
developed scheme, called Eightfold Way (or the quark model), provided the classification of the strongly
interacting particles according to the representations of the vectorial S U(3)y group [25]. From the
modern perspective, this global (flavor) symmetry is encoded in the mathematical structure of QCD. This
symmetry is, however, approximate, since the masses of the light quarks u, d, s are not equal.

The Lagrangian of QCD has the so-called chiral symmetry in the limit of vanishing quark masses
my — 0. It is associated with the independent rotations of the left (L)- and right (R)-chiral components
of the quark fields in the flavor space. This symmetry, is, however, spontaneously broken due to the
low-energy QCD dynamics (the formation of the quark condensate ). In other words, it ceases to be a
symmetry of the QCD vacuum. The relevant scale A, ~ 1 GeV distinguishes the light quarks m; < A,
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(u,d, s) and heavy quarks my > A, (c, b, ). Retaining only the light quarks, the QCD Lagrangian is
classicaly invariant under flavor symmetry group transformations

SUNHLXSUWNpr X U(1)y X U(1)4, (1.2)

where Ny = 2,3. Here, the vector symmetry U(1)y corresponds to the baryon number conservation (B=0
for mesons and B=1 for baryons). It is an exact symmetry of QCD. In contrast, the axial symmetry U(1)4
is violated in the quantum theory, due to anomalies [26-28]. Further, the symmetry breaking pattern
reads

SUWNy)L X SUWNp)r — SUWNy)y. (1.3)

i.e. the remaining flavor group coincides with the one in the quark model. The result Eq. (1.3) further
implies the existence of the octet of the massless modes (the Goldstone bosons): the n’s, K’s and 1 [29,
30]. These mesons, however, acquire masses due to the explicit breaking of chiral symmetry by the mass
term in the QCD Lagrangian. Thus it is seen that the quark model is naturally incorporated in QCD.

As is well known, perturbative calculations in quantum field theories lead to ultraviolet divergences -
the loop integrals, corresponding to the Feynman diagrams, become infinite. The infinities occur due
to the ultraviolet behaviour of the integrands (large momentum, short distances). The procedure to get
rid of (subtract) them is called renormalization. At the first step, one introduces some regularization
which makes the integrals finite. At present, dimensional regularization [31] is widely used since it
preserves the underlying symmetries of the theory. In case of the renormalizable theories, all possible
divergences are eliminated by the redefinition of the bare parameters in the Lagrangian. The subtraction
is performed at some scale y, so that the renormalized parameters (the quark masses and strong coupling
constant) become dependent on this scale and on the renormalization scheme (in QCD, it is usually the
MS scheme). Moreover, the requirement that the physical quantities (e.g., the cross sections) have to
be independent of the scale y, leads to the notion of the running parameters. The dependence of the
parameters on y is not arbitrary, but it is governed by the renormalization group equations. In particular,
this means that the value of the renormalized QCD coupling constant g = g(u) (or equivalently oy = Z—;)
depends on the characteristic energy scale in a given process (see Fig. 1.2). Applying the Feynman rules
for QCD [32, 33], one obtains the famous one-loop result:

da _ 33-2N;

= by +..., by= ,
K 0%s 0= Tox

(1.4)

where the parameter by is positive for Ny < 16. The crucial minus sign in this formula explains, why the
coupling becomes small at high energies. This fact also justifies the success of the parton model (the
predecessor of QCD) [34, 35].

1.3 Lattice gauge theory

The other distinct feature of QCD is confinement. In this case, the perturbation theory is not reliable any
more and non-perturbative methods are thus required. At present, the lattice regularized QCD (lattice
QCD, LQCD) is the only approach, which allows one to investigate the low-energy properties of strong
interaction directly from the underlying theory (QCD). It was formulated by K. Wilson in an attempt to
solve the confinement problem [39]. Moreover, he considered the limit g — oo in pure Yang-Mills theory,
and showed analytically that the confinement manifests itself as a linearly rising potential between heavy
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Figure 1.2: Summary of measurements of the strong coupling Figure 1.3: Lattice calculation of the heavy quark

constant @, as a function of the energy scale Q (a momentum potential in SU(3) Yang-Mills theory [37]. The

transfer in a given process) [36]. parameter 8 = 6/¢° and r. ~ 0.51ry, where ry =
0.5 fm is the so-called Sommer scale [38].

quark and anti-quark. Some years later, M. Creutz performed the first numerical study of the confinement
in pure SU(2) gauge theory[40]. Since this pioneering work, LQCD has become a vast and important
field of research. The results of the lattice calculations and their averages are reviewed by the "Flavour
Lattice Averaging Group" (FLAG) [41]. As an example, Fig. 1.3 shows the lattice measurement of a
static potential in pure SU(3) Yang-Mills theory [37, 42].

LQCD is based on the path integral formulation of the theory in the discretized Euclidean spacetime.
At the first step, one writes down the lattice version of the gauge and fermion actions. In the continuum,
they read

1 .
S0= 12 dATHFL L Fuy = 9uAy = Ay + ilAu Ay, (1.5)
S= d*xG/[Duye + mplqr, Dy=8,+A (1.6)
f qf\uYu ri4fs u = Ou T Ay,
7

where gr(x) are the quark fields and the gluon field A,(x) takes the values in the su(3) Lie algebra.
Further, the Euclidean spacetime is replaced by a finite grid, as shown in Fig. 1.4. The shortest distance
between the neighbouring points, called a lattice spacing, provides a natural ultraviolet cutoftf A ~ 1/a,
so that the theory becomes well defined and finite. Accordingly, the derivatives in Eq. (1.5) and (1.6) are
replaced by finite differences, while a sum over all lattice points is taken instead of the integration (the
Riemann sum).

In order to preserve the gauge invariance on the lattice, one introduces the gluon field U, (x) as an
element of the S U(3) group. The field U, (x) can be considered geometrically as a gauge link connecting
the points x and x + afi, where a is the lattice spacing and /i is a unit vector in the y-direction (see Fig. 1.4).
Then the gauge transformations of the quark fields ¢(x) and U, (x) take the form

q(x) = V(0)q(x),  §(x) = g0V,  Uux) = VUV (x + af), (1.7)
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Figure 1.4: Gluon and quark fields on the lattice [36].

where V(x) € SU(3) denotes an element of the gauge group.
The suitable lattice gauge action, proposed by Wilson, is given by

S,=p Z {1 - %ReTr[Uﬂ(x)Uv(x +ap)U(x + aﬁ)Uj(x)]}. (1.8)

X, U<v

Here, 8 = 6/ glzat, where g1, is a bare coupling constant in the lattice scheme. Setting U, (x) = €94 the
continuum form of the § 4, Eq. (1.5), is easily reproduced.

In practice, however, the non-zero values of the lattice spacing lead to the discretization errors. In case
of the gauge action Eq. (1.8), they are of order O(a?). To reduce the cut-off dependence, one applies the
so-called Symanzik improvement program [43, 44]. One starts with the modified (or effective) gauge
action

Sy = Sg+a Y a0l (1.9)
k

where OgC) are dimension-six operators, which are allowed by lattice symmetries (the Euclidean rotational
invariance is broken, since the lattice has a finite size). By tuning the coeflicients c, it is possible to
eliminate these operators in the effective action. In this way, one arrives at O(a”) improved action [45]

The case of the lattice fermions is more complicated. The simplest discretization of the covariant
derivative D, g(x) leads to a so-called naive fermion action. In the continuum limit, this action, however,
describes 2* = 16 fermion fields. The extra doubler fermions appear always whenever the action has a
continuum-like chiral symmetry. This fact is expressed in the Nielsen-Ninomiya theorem [46]. Also, the
chiral anomaly is absent in the theory, since it is cancelled among the doublers. One way to avoid the
doubling problem is the introduction of the additional terms in the Lagrangian, which explicitly break the
chiral symmetry. This leads to the so-called Wilson-type fermions with the action [47]

1 " PN N N
Sp=at ) @31V, + Y+ 2mlg() @ ) 405 VuVq(0) + @ Y esnd(8) 30 Fuwg(x). (1.10)

X

where

1 1
Vuq(0) = ~[Uu(0q(x + af) = g0l V,q(x) = ~[q(x) = Uy(x = a)q(x = afy)]. (1.11)
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Here, 0, = é[yﬂ, 1, and F v 18 a lattice-site centered discretization of the gluon field strength tensor
F, [47]. The first term in Eq. (1.10) represents the naive action, which takes the form Eq. (1.6) in the
continuum limit. The second term, introduced by Wilson, solves the doubling problem: the doublers
acquire the mass of order O(1/a), become heavy in the limit @ — 0 and hence decouple from a theory.
This term introduces, however, the discretization errors linear in a. The improvement is achieved by
adding the third term in Eq. (1.10) and tuning the coefficient cgy, to eliminate the O(a) effects [48, 49].
Finally, there are alternative formulations of the lattice fermions, which are used in practice [36].

Further, the quantum theory is defined through the Euclidean-space partition function

z= f DU | | DasDgs e V12 P10, (1.12)
f

where f denotes a quark flavour and Dqy = [[,dqs(x), Dgs = [1,dgs(x). The lattice Dirac operator
D[U] can be read off, e.g., from Eq, (1.10). The DU = [],,dU,(x) is the (gauge-invariant) Haar
measure. The physical information is contained in the correlation functions (or Green’s functions), which
are the vacuum expectation values of the multi-local gauge-invariant operators

1 — — q m
00U, q, )10y = Z fDU Hququ O, q,§)e SglUl=2¢ 3 (DIU]+ f)£1f7 (1.13)
f

It is important to mention that link variables are integrated over the SU(3) manifold. The latter is compact,
and thus gauge fixing (the Faddeev-Popov procedure) is not required. This is, however, not the case, if
one wants to extract the information from the gauge-dependent correlation functions (e.g., the gluon
propagator) [50]. The integration over quark and antiquark fields (the Grassmann variables) in Eq. (1.13)
leads to the product of the fermion determinants [] 7 det(D[U] + my). According to Wick’s theorem,
one also gets a series of quark propagators (D[U] + mf)‘l, which connect the quark fields in O(U, g, ).
Hence, one ends up with an integral over N> X N; x 4 x 9 variables U, where N,/N; are the number of
lattice points in the spatial/temporal direction.

The direct integration in Eq. (1.13) is not feasible due to the large number of variables, and one
resorts to the Monte Carlo method [51]. The idea of the method is to generate a Markov chain of gauge
configurations U @ j=1,...Nwitha probability distribution P(U) « e SVl 7 det(D[U] + my) (the
importance sampling, [52]). Then the expectation value (0|O(U, ¢, §)|0) is given as an average over these
configurations

N
0lO(U, 4,9)/0) = % > oW + o', (1.14)
i=1

where the error of the result decreases as 1/ VN. Here, the variable O(U) is obtained after performing the
Wick contractions in Eq. (1.13).

As an example, let us consider the two-point function of quark bilinears A(x) = #(x)['u(x) and
B(x) = u(x)[""u(x), where the I', I matrices act on the spin indices. The following expression has to be
evaluated on the lattice

(0JA(X)B()|0)

N

1 j '

¥ E (—Tr {FD;I[U(‘); x,ylT’ D, [UY; y, X]}
i=1

+

Te{rD, ' [UP; x, x1) Tr {T' D, [UD; y, y]}) +OWN"'?), (1.15)
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Figure 1.5: Connected and disconnected contributions for a two-point function Eq. (1.15). The quark lines depict
the propagators obtained after Wick contractions [53].

where D, = D[U] + m,, and the trace is taken over color and spin indices.

In general, the first and second term in Eq. (1.15) is referred to as a connected and a disconnected
contribution to a given correlation function, respectively (see Fig. 1.5 ). The latter is computationally
much more demanding to determine on the lattice since it requires the inversion of the Dirac operator D,
in all lattice points. It is either neglected, or estimated in an effective field theory, such as the partially
quenched chiral perturbation theory (discussed in Subsection 1.4.1).

The gauge configurations are generated for different values of a, lattice sizes and quark masses. Also,
they are stored and can be used for various purposes. Some of them are publicly available through the
International Lattice Data Grid (ILDG) [54]. To reduce the statistical errors, one generates an ensemble
of N ~ 10 statistically independent configurations. This is done at fixed values of quark masses and
parameters of the lattice. The computational cost of an ensemble generation, however, increases with
a lattice volume. It is also inversely proportional to the quark masses, which makes the simulations at
physical pion mass to be a challenging task.

The results obtained from lattice simulations are additionally affected by systematic uncertainties.
As mentioned above, there are discretization errors, which are of order O(a?A?). Here, A is a typical
momentum scale for a given quantity. In practice, this puts a limit on the momenta of the involving
particles (A < 300 MeV). Another subtle issue regards the finite-volume effects. These are inevitable,
since lattice calculations are performed in a finite space-time boxes L[? x L,, where L = aN and L, = aN,.
The finite temporal direction leads to the excited-stated contamination, which could be, however, neglected
for L; > 2L. The effects due to the finite spatial volume are of two kinds. For the matrix elements,
involving a single hadron in the initial and final states, they are exponentially suppressed, e~"~l where
M, is the pion mass and L > 2 fm [55, 56]. Hence, the finite-volume corrections are small, if the
condition ML > 4 is satisfied. But the quantities, containing mutli-hadron states, acquire a non-trivial
power-law dependence on the volume: the finite-volume effects fall off only as an inverse powers of the
volume. The reason behind this is the strong interaction of hadrons in the initial/final state. Moreover, the
precise knowledge of this dependence allows one to determine the scattering observables, such as phase
shifts and electroweak amplitudes, from lattice data. This topic will be considered in Section 1.5.

1.3.1 Stable hadrons

The stable hadrons are the ones, which do not decay due to the strong interaction. For instance, these are
the light pseudoscalar (7, K, 77) and baryon (N, Z, A, ) octets. Their properties can be determined on the
lattice in a straightforward manner. Let us consider how the masses of particles are extracted. Taking a
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Figure 1.6: The left plot is a lattice calculation of the effective masses for m, K, N, = and Q. The right plot shows
the light hadron spectrum of QCD obtained by BMW Collaboration [59].

pion as an example, one computes a two-point correlation function
C = Z (010x(x,)0}(0, 0)]0). (1.16)
X

Here, O,(x, 7) is a field operator, which couples to the charged pion state |[7*): (0|0 (x, )|x*) # 0. It is
usually taken in the form O, = dy4ysu. On the other hand, by inserting a completeness relation in Eq.
(1.16), one gets the spectral decomposition of C(¢)

—Myt

e
CtH=Z2
O] 7

1+ Z zne—AEnf} , (1.17)
n

where M is the pion mass and the factors Z, Z,, quantify the overlap of the pion field operator with a
given state. For instance, Z = [{0|0,(0)|x*)|? gives a probability to create the pion by acting the operator
O, on the vacuum. Further, AE, = E, — M, > 0, where E,, denotes the energy of the n-th excited
state. The index 7 is an integer since the lattice Hamiltonian has discrete eigenvalues in a cubic box. In
particular, the energy of a free pion with 3-momentum Kk is given by

2
Ex(k) = M2+ K2, k:%n, neZ. (1.18)

Here, the periodic boundary conditions on the (anti)quark fields are imposed in spatial directions:
g(x+nL) = g(x), VYneZ. (1.19)
One can also impose more general twisted boundary conditions [57, 58], in which an additional phase

factor appears on the right-hand side of Eq. (1.19)

As it is seen from Eq. (1.17), after sufficiently long time ¢, only the ground state contributes to the
exponential decay of the correlation function C(¢). To extract the hadron masses, one determines the

so-called effective mass
1 C(p)
M=-1 . 1.20
p Og(C(t+a)) (1.20)

The left plot in Fig. 1.6 shows the lattice calculation of this quantity corresponding to the different
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stable hadrons. The excited-state contamination is clearly visible at small times. But later the plateau
is eventually reached, which indicates that only the ground state survives. In this way, one obtains the
spectrum of the light hadrons. The respective lattice calculations at almost physical pion masses were
performed by several lattice groups [59-61]. The result of BMW Collaboration is shown in Fig. 1.6.

It is much more complicated to determine the masses of excited states. In practice, a large basis of the
field operators and subsequent application of the variational methods are required [62]. The anisotropic
lattices, which have different (smaller) values of the lattice spacing in the time direction, are also used.
They allow one to substantially improve the resolution of the energy levels. By applying these and other
techniques, the rich excited-state spectra has been recently obtained [63—65]. These predictions will be
confronted by upcoming GlueX and PANDA experiments [66, 67].

Nowadays, the lattice calculations have reached such a level of accuracy [41], that the isospin-breaking
effects have to be taken into account. The light quarks are electrically charged and the mass difference
mg — my, in the QCD Lagrangian Eq. (1.10) is non-zero. The electromagnetic effects, described by
quantum electrodynamics (QED), also change the hadron masses. The respective shifts in the values
are of order O(aep ), where aem ~ 1/137 is the fine-structure constant. This leads to the violation of the
isospin symmetry. Moreover, these two different sources of violation can be disentangled on the lattice.
Since the pioneering work [68], lattice QCD+QED simulations have become increasingly important over
the last years. For instance, the BMW Collaboration has recently performed the full lattice calculation
of the neutron-proton mass difference as well as a number of other quantities sensitive to the isospin
breaking, including a test of the Coleman-Glashow relation [69] (see Fig. 1.7).

Further, one is interested in the matrix elements of the electromagnetic and weak operators. They are
parametrized in terms of the form factors. As an example, the electromagnetic pion form factor is defined
through the current matrix element:

T (PO (p)y = (p + P')uFa(QP). (1.21)

Here, Q%> = —(p’ — p)* > 0 is the spacelike momentum transfer, where p and p’ are the 4-momenta of
the initial and final pions, respectively. J,, denotes the electromagnetic current, which for Ny = 2 can
be taken in the form J,, = %ﬁyﬂu - %Jyﬂd. The form factor F,(Q?) obeys a polynomial expansion near
Q=0
1
Fr(Q%) = 1= =(r)Q* + 0(QY), (1.22)
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Figure 1.9: Effective theory of the » — s transition. a) Short distance operator. The respective contribution to the
decay amplitude is parametrised by form factors. b) Long distance contribution from charmonium resonances.

where (r2) denotes the mean-square pion charge radius. This quantity has been measured both in
experiment and on the lattice. The compilation of the results is presented in Fig. 1.8. The large-Q>
kinematic region is amenable to perturbative QCD treatment [72]. However, for the intermediate values
of 02, e.g.,0 < Q% < 6 GeV?, lattice calculations play an important role [73, 74].

In order to determine the matrix elements of type Eq. (1.21), the three-point correlation functions have
to be evaluated:
C,t:p/,p) = ) 010Ky, )] (0)0}(x, D)0y PP, (1.23)
xy
Next, one studies the limit of large time separation between the three operators in this expression:
¥ — +oo,t — —oo. Inserting complete set of states into Eq. (1.23), the spectral decomposition of
C(',t,p’, p) takes the form

Z ’ !
CH 0. D) = — = o Ex @) +E®) 2+ o T (O) (1)) 124
D) = S D) (PO (p) (1.24)

The desired matrix element (7" (p")|J,(0)l7*(p)) can hence be extracted, because other quantities can be
determined from the two-point function.

There are more complicated matrix elements, which might contribute to the amplitude of a given
electroweak process. In particular, for the decays of type A — A’y*, the long-distance effects lead to the
non-local matrix elements of the form

T, o i f d*xe (A" (T I (0)0sg(OA(P)), (1.25)

where g = p — p’ denotes the four-momentum of the virtual photon y*. Here, Oy, is a four-quark
operator, which is contained in the effective weak Hamiltonian relevant to a given transition. As seen
from Eq. (1.25), one has to calculate the four-point correlation function. This is a straightforward but
computationally demanding task. Recently, this approach has been applied in the exploratory lattice
study of the rare kaon decays K — nl*[~ and K — nvv [75, 76]. However, the processes involving heavy
mesons, such as B — KI*I” and B — K*I*I~, are more complicated (see Fig. 1.9). Here, further progress
is needed [77, 78].

If the operator Oy, is replaced by electromagnetic current J”, it is possible to infer the matrix element
Eq. (1.25) from the behavior of the two point function (A’(p”)|A(p)) in the presence of a weak external
electromagnetic field. This method will be discussed in Section 1.6 in the context of Compton scattering.

10
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Figure 1.10: World data on the ratio R = o(ete™ — hadrons)/o(e*e” — u*u™) in the light-flavor, charm, and
beauty threshold regions [36]. Breit-Wigner parameterizations of J/, y(2S), and Y'(nS),n = 1,2, 3,4, are also
shown .

1.3.2 Hadron resonances

The lattice methods, described above, are straightforward as long as one deals with the matrix elements
involving one-particle initial and final states. However, most of the hadrons in nature are resonances -
they eventually decay into multiple strongly interacting particles. The classical examples include the
p(770), K*(892) and A(1232) resonances:

p—nar, K'— Kr, A-— Nr (1.26)

The resonance is sometimes seen as a peak in the cross section. Depending on the width of the peak, the
narrow and wide resonances are distinguished. This is observed nicely in the e*e™ collisions, where one
measures the total cross section o(e*e” — hadrons) as a function of the center-of-mass (CM) energy
Ecm = +/s. In practice, one plots the branching ratio R = o(e*e™ — hadrons)/o(e*e” — u*u~) shown
in Fig. 1.10.

A resonance behaviour can be largely understood by considering two-body scattering processes, such

11
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physical sheet unphysical sheet

Figure 1.11: Riemann sheets of a one—channel scattering amplitude in the s-plane. The complex poles are located
on the second Riemann sheet, whereas the bound states (the cross) on the physical one [36].

as it — niw, tN — nN and so on. For a general process p; + p» — p3 + p4, the corresponding 7-matrix
is a function of two Mandelstam variables s = (p; + p2)2 andt = (p; — p3)2: T =9 (s,1). It is convenient
to consider the process in the CM frame: p; + p» = 0. The scattering amplitude is expanded in partial
waves

o I

T(s,0 =47 > > TU)Ym® )Y}, (D), (1.27)

1=0 m=—I

Here, [ denotes the angular momentum; / = O correspond to the S-wave, [ = 1 to the P-wave, and so
on. The quantity Y;,,(p) is defined as Y, (p) = IpI'Ys (), where Y, are the usual spherical harmonics
and p = p/|pl|. The relative 3-momenta are given by |p| = [p’| = /ll/z(m%, m% $)/2 /s, where A(x,y,7) =
x% + y? + 722 — 2xy — 2yz — 2zx is the Killen function, and m, m, are the masses of the hadrons in the
scattering process. The label / will be dropped for brevity.

The partial-wave amplitude 7(s) depends only on s. It might be also a matrix in the channel space.
According to the properties of T = T(s), it is a double-valued function of s which is analytic on the
whole s-plane except for cuts and poles (Fig. 1.11). The resonances are associated with complex poles of
the scattering amplitude on unphysical Riemann sheets

Egr = Mg —iTx/2, sg=Ez, (1.28)

where Mg and I'r are mass and width of the resonance, respectively. The experimental values of these
parameters can be found in PDG review [36].

The scattering amplitude 7" is normally split into the background (non-resonant) part and the pole part:
T = T® + TP° This splitting is, however, not unique and process-dependent. The background term T°
is taken as a smooth function of s. In the vicinity of s = s, the pole part TP takes the form

9a9p

TP = 2 1.29

A (1.29)
where g, denotes a coupling of the resonance to a given channel @ = 1,2, .... The pole position sg and

couplings g, characterize the properties of the resonance, i.e. they are process-independent quantities.

If observed resonance structure is narrow, the Breit-Wigner (BW) parametrization is commonly used
[79, 80]:
pole _ babg

@ M2, —iMpw gy — s

(1.30)

12
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Here, the couplings b, are related to the BW parameters of a resonance: b, = /87TM123W1"Q /Pa, Where py
and I, are the relative three-momentum and partial width in the channel «, respectively. Obviously, the
total width is given by I'sw = 2, I's. Contrary to the amplitude defined in Eq. (1.29), the BW formula
is valid only near s = M123w in a range governed by the width I'gw. Indeed, the amplitude in Eq. (1.30)
should not have a complex pole because it is defined on the physical sheet.

The presence of a resonance can be also interpreted as a rapid change of the phase shift near the BW
pole. The unitarity of the S -matrix allows one define the scattering amplitude T as

B 8 /s
~ n(pcotd(p) —ip)’

(1.31)

where the one-channel case @ = 1 is taken for simplicity. The coefficient n denotes the symmetry factor;
n= % for identical particles and otherwise n = 1. Here, d(p) stands for the phase shift. It is a function of
the CM energy E = +/s, since p = 1!/ Z(m%, m%, 5)/2 +/s. The expression Eq. (1.31) clearly satisfies the
unitarity condition

(TT-T)=kT'T, (1.32)

where & is a kinematic factor which should be properly chosen. Neglecting the background term 7°, a
comparison of Eq. (1.31) with the BW formula gives

Erw — E 8aM2 T
cot§(E) = I?BW—W/Z b= \/%. (1.33)

It is seen that the phase shift passes through 7/2 at energy E = Egw. The total change of the phase is
5(E > EBW) - 6(E < EBW) =T7.

The resonance might be not sufficiently narrow, e.g., such as the p meson. In this case one should
search for a complex pole p = pg of the amplitude Eq. (1.31) on the unphysical sheet:

prcoto(pr) +ipr = 0. (1.34)

In practice, the effective range expansion is used to solve this equation analytically [80, 81]

peotd(p) = —é + %ropz +0(ph, (1.35)
where the parameters a and rg are called the scattering length and effective range, respectively. These
quantities are fixed by fitting the data to the phase shift. The expansion Eq. (1.35) is assumed to be valid
up to the resonance region. It is written for S-wave scattering but can be generalized to higher partial
waves and multiple channels. One has to keep in mind that resonance parameters determined from a BW
parametrization are, generally, process- and model-dependent, since the background term is unknown.
On the other hand, the pole parameters defined by Eq. (1.29) are free of these ambiguities. A similar
conclusion can be drawn for the matrix elements involving resonances. In particular, the corresponding
form factors can only be defined at the resonance pole.

There are a number of electromagnetic and weak processes, which involve resonances. For instance,
the electroexcitation y*N — nN allows for a study of the nucleon resonances [82]. To disentangle the
resonance effects in experimental data, one is interested in the resonant contributions to the corresponding
amplitude. For a general electroweak transition y*P — P;P; or P — P Pyy*, shown in Fig. 1.12, the
amplitude A,, @ = 1,2,..., can be expressed through the matrix element Fy of the electromagnetic
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Figure 1.12: Schematic representation of the electroweak amplitude in the vicinity of a narrow resonance R.

current [82]. Assuming that the resonance R has a Breit-Wigner form near £ = Mpgw, one gets

ba Fr(E)
MZ, — E? — iMgwIgw

Au(E) = o (1.36)

Here, the ellipses stand for the terms that are regular in the limit I'gw — 0. The current matrix element
Fg describes the RPy™* vertex. It can be written in terms of the gauge-invariant structures containing the
form factors, similarly to Eq. (1.21). Setting E = Mpw, the imaginary part of electroweak amplitude
takes the form

8l

ImA,(Mpw) = Fr(E) , (1.37)

E=Mpw

Pl iy

where all quantities are evaluated at E = Mpw. This formula can be also understood as a definition of the
resonance matrix elements. Such a definition, however, is applicable only if the resonance is infinitely
narrow, so that the background can be neglected. A more rigorous way is to define matrix element at
the resonance pole position £ = Eg. Both definitions should, of course, converge for infinitely narrow
resonances. The field-theoretical study of a similar problem for the matrix elements between bound states
was first done by Mandelstam [83].

1.4 Effective field theories

The alternative description of the low-energy behaviour of QCD is based on chiral effective field theories
(chiral EFTs). The classical examples of EFT are the Fermi theory of beta decay [84] and the Euler-
Heisenberg Lagrangian [85]. In general, EFT is an approximation of a full underlying theory valid at
a given low-energy (soft) scale. In order to set up EFT, one first disentangles light and heavy degrees
of freedom in a full theory. As long as such separation of scales exists, the decoupling theorem [86]
states that the effects of heavy particles can be included into the parameters of the EFT. It means that
low-energy physics is insensitive to the physics at short distances (high energy). In other words, the heavy
particles are integrated out from the full theory. This leads to an effective field theory which contains
only the degrees of freedom relevant to a given soft scale.

The described concept can be nicely illustrated by the Euler-Heisenberg approach to light-by-light
scattering. In the full theory (QED), which contains electrons and photons, the lowest order contribution
to this process is given by the electron loop, as shown in Fig. 1.13. However, at photon energies E, much
below the mass of the electron E, < m,, the electromagnetic field will be the only degree of freedom
in the EFT. Imposing Lorentz invariance, U(1) gauge invariance and the other symmetries of QED, the
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g g
gl gl

Figure 1.13: Effective field theory of the light-by-light scattering for low-frequency photons E, << m,. The
electrons are integrated out from the full theory (QED).

effective Lagrangian takes the form

1 o? . _
Ler(Ay) = =3 FuP" + — {e1(FuF™) + ca(Fu F*)?) + Om°), (1.38)

e

where, F* = 1% F 5 and F,, = 8,A, — 8,A, denotes the electromagnetic field tensor. Further,
@ = e?/4n is the fine-structure constant and the factor m;* is added on dimensional grounds. The
O(m;®) term contains an infinite tower of higher-dimensional operators. They are, however, suppressed
by the inverse powers of the electron mass m,. The parameter which controls the convergence of the
perturbation expansion is the ratio E, /m,. This is an example of the power counting. The scattering
amplitude behaves as ~ aEi/ m®. This formula is valid only for low-energy photons, since otherwise it
would violate the unitarity of the S -matrix.

In order to determine the constants c1, ¢;, one calculates the tree-level amplitude of the process with
Lagrangian Eq. (1.38). Then it is equated to the one-loop QED result. The constants are found to be
c1 = 1/90 and ¢, = 7/360. This procedure of fixing the low-energy constants in the effective Lagrangian
is called matching.

1.4.1 Chiral perturbation theory

The effective field theory of QCD, called chiral perturbation theory (yPT), is based on the chiral symmetry.
The building blocks of the theory are hadrons, which are the appropriate degrees of freedom at low
energies. As seen from Fig. 1.6, there is a large gap between the masses of the pions and the masses of
the vector mesons, such as the p(770). It is accordingly possible to generate an expansion in terms of
the ratio Q/A,, where Q ~ M, ~ 140 MeV is a soft scale in a process, and A, ~ M, ~ 1 GeV is the
chiral-symmetry breaking scale. Further, EFT should have all symmetries of underlying theory, including
the chiral one. This establishes a genuine connection with QCD, in accordance with the “folk theorem"
of Weinberg [87]:

If one writes down the most general possible Lagrangian, including all terms consistent
with assumed symmetry principles, and then calculates matrix elements with this
Lagrangian to any given order of perturbation theory, the result will simply be the
most general possible S-matrix consistent with analyticity, perturbative unitarity,
cluster decomposition, and the assumed symmetry principles.

The pions interact weakly since they are pseudo-Goldstone bosons. This feature is implemented in
the non-linear realization of the chiral symmetry [88—-92]. A general method for the construction of
Lagrangians consistent with broken symmetries was developed by Callan, Coleman, Wess, and Zumino
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[93, 94]. According to the pattern of chiral-symmetry breaking in QCD Eq. (1.3), the pion fields
7 = (my, M, m3) represent the coordinates of the coset space S U(2) X SU(2)/S U(2). One introduces the
S U(2) matrix U which collects the pions. It is usually taken in the exponential form U = exp(io - &/ F ),
where 0 = (071, 02, 03) are Pauli matrices and F,; ~ 92 MeV is the pion decay constant (7% — u*v,).
The matrix U transforms under the global chiral rotations as

U — RUL', LeSUQR);,, ReSUQ) (1.39)

The effective Lagrangian L. consists of chirally-invariant part, as well as a part which explicitly breaks
the chiral symmetry. The power counting allows one to organize the L.g in the form

Log= LD+ L@ 4. (1.40)

where the superscript refers to the number of derivatives or pion mass insertions. The leading order
Lagrangian is given by

2
Lo = FTTr {6MU6"UJ’ + M*(U + UT)}. (1.41)

Here, the trace Tr is taken in flavor space. Further, ' = Fyl,, m,—0 and the pion mass M satisfies the
Gell-Mann-Oakes-Renner relation [95]

Olul0
M? = (m,+my)B,  B= K';# : (1.42)
/4

my,myg—0

where the constant B is proportional to the quark condensate (0|iu|0) ~ (—270 MeV)3. The second term
in Eq. (1.41) breaks the chiral symmetry. On the other hand, it gives a proper mass to the pions:

1 1
LSTZ;T) = 58#71" 8“7r— EMZFZ

1 1
+m(7r - Qym)(m - ') — @nza#n oM+ Mzt + O, (1.43)

24F?

where the constant F2M? was dropped.

The terms with four pion fields describe the elastic i scattering. The respective tree level scattering
amplitude for the generic process m4( pOTP(p2) — 7¢(p3)n?(ps) reads
2 2 2
Tab,cd _ (5abé~cds — Mﬂ + 6a65bd[ — Mﬂ + 5ad5bcu — M7r (1.44)
- F2 F2 2 :

T Vs Ve

where s = (p1 + pz)z, t=(p - p3)2 and u = (p; - p4)2 are the Mandelstam variables satisfying the
condition s + # + u = 4M?. The result Eq. (1.44) is in complete agreement with earlier calculation
of Weinberg [96] based on the pion pole dominance [97] and the current algebra framework [98]. In
particular, one can infer the values of the scattering length a{ for a given partial wave with angular
momentum [/ and isospin /. Denoting the corresponding amplitude as tll (s), one has a{ = tll (s = 4M2).
Indeed, the insertion of the effective range expansion Eq. (1.35) into Eq. (1.31) shows that the scattering
length is proportional to the value of the T-matrix at threshold s = 4M?2. In particular, the S-wave (I = 0)
scattering lengths take the values

LO 7M?

& o __ M
0" 307F2’

2
o_ 2 1.45
% = TYenr? (1.45)
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Figure 1.14: Experimental data on the S-wave scattering lengths (in fm). The black dots denote the yPT predictions
at LO, NLO and NNLO. The small ellipse indicates the result obtained on the basis of the Roy equations [99].

where LO denones the leading order.

The next-to leading order Lagrangian £® was worked out by Gasser and Leutwyler in their seminal
works [100, 101]. For Ny = 2, it contains 7 low-energy constants /;, i = 1,...7, and 3 contact terms. At
order O(p*), the purpose of these constants is to absorb all one-loop divergences generated by £. The
values of the renormalized couplings lgr), however, remain arbitrary,

2

ey Vi H .
ll-r (,u) = @ln p, 1= 1,...7, (146)
i

where vy, are known coefficients, which are obtained from the cancellation of the one-loop divergences.
The parameter u is a running scale in dimensional regularization, whereas the scales A; are RG-invariant.
The values of lgr)(,u) are either estimated theoretically or determined on the lattice [41]. In general,

they should be of a natural size, provided u ~ M,. For instance, /3 = In ?\4—;% = 3.16 £ 0.31 and
3

I4 =1n 1/1;1_,221 =4.03 £0.16 [41, 102]. If the values of the low-energy constants are large, this would be an

indicatioil of substantial resonance contributions to the scattering amplitude. In this case the low-lying
meson resonances should be included as explicit degrees of freedom in the chiral EFT [103].
The scattering lengths get corrections at next-to-leading order (NLO):

M2 M2 2 M? M? 2
aQME T e g 0t 2N T o T g 2L (1.47)
327F2 327F2 T M? 167F?2 327F2 T M2

where Ay, 4> can be expressed in terms of the scales Aj,... A4 [100, 101]. The appearance of chiral
logarithms M2 log M? is a typical feature of higher-order calculations in yPT. The two-loop (NNLO)
result for the scattering lengths was also derived [104, 105]. The further theoretical improvement was
achieved by applying Roy equations [106], which are dispersive relations for zrr scattering [107]. These
theoretical predictions are shown in Fig . 1.14. Altogether, they are confirmed by experiment to high
degree of accuracy.

The methods of chiral EFT can be extended to the Ny = 3 sector, which includes strange mesons. The
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structure of the effective Lagrangian is essentially the same, except that the pseudo-Goldstone bosons are
collected into S U(3) matrix, and there are more operators at NLO, NNLO, and so on. Finally, it is also
possible to include baryons into the chiral EFT framework. This opened, e.g., the possibility to perform a
systematic study of the nuclear forces devoid of any model dependence [108, 109].

The other aspect of yPT concerns its application to lattice QCD simulations. It is useful to analyse the
dependence of the results on the quark masses, lattice spacing and spatial volume. Depending on the
formulation of the lattice action, there are different versions of yPT that should be used. A particular
example of interest is a partially quenched yPT (PQyPT) [110-112]. It allows one to estimate the
quark-disconnected contributions to the correlation functions.

The partial quenching is easily understood by considering again the vacuum expectation value of a
general operator given by Eq. (1.13). After integration over Grassmann fields, one has schematically

1 1
D + myalence D + myalence

(010(q, §)I0) o f DA, det(D + myey)e 514! (1.48)
If the masses of the sea quarks myge, are chosen to be different from the masses of the valence quarks
Myalence> then the underlying theory is called partially quenched QCD (PQQCD). The matrix elements in
QCD are reproduced by setting mgeq = Myalence-

In order to disentangle the effects of sea and valence quarks, PQQCD has an extended quark content.
The fermionic QCD Lagrangian in Eq. (1.6) is supplemented by similar kinetic terms, corresponding to
a certain number N of the valence quarks g, and ghost fields §. The number N depends on the choice
of the correlation function. The purpose of the ghosts is to exactly cancel the effects of valence quarks
so that the QCD partition function is reproduced. In the chiral limit the Lagrangian of PQQCD has an
extended chiral symmetry which is spontaneously broken:

SU(N;+ NIN)L X SU(Ns + NIN)g — SU(N; + NIN)y, (1.49)

where S U(Ny + N|N) denotes a graded group.

For illustration of the method, let us consider a two-point function of type Eq. (1.15), which contains
the flavour-diagonal field operators. Introducing one mass-degenerate valence quark ¢,, it can be rewritten
in PQQCD identically as

Iz q(1g()Tg(x)10) ocp = C0IGWT quWG (DT g(X)0Dpoaep + (0lGWNT q()Gu ()T gu(0I0) pogep - (1.50)

connected disconnected

It is seen that the connected and disconnected pieces are completely disentangled — they appear in
different correlators on the right-hand side of this equation.

At the next step, the correlators are estimated in PQyPT. If mg.q = myalence, the latter is identical with
xPT, as shown in Fig. 1.15. According to the pattern of the chiral symmetry breaking, the Goldstone
fields parametrize the S U(Ny + N|N) group elements. There are (N7 + 2N)? — 1 such fields. The leading
order effective Lagrangian has a form similar to the one in the ordinary yPT, while the trace is replaced
by a supertrace. But there are additional operators at higher orders because the Cayley-Hamilton theorem
does not apply for graded groups [113, 114]. For instance, there is a new four-derivative operator in the
Ny = 3 case. Its contribution to the physical quantities, however, starts only at next-to-next-to-leading
order. Nevertheless, the additional constants have to be accounted for in lattice fits.

The described framework has been applied to estimate the disconnected pieces in the hadronic vacuum
polarisation. The precise theoretical knowledge of the latter is important to resolve the muon g — 2
problem. It was found that the ratio of disconnected to connected contributions amounts to a few percent
in magnitude [53, 115]. This result is in qualitative agreement with the lattice determination of the
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Figure 1.15: The space of PQyPT in comparison to yPT. PQyPT provides more flexibility to perform the chiral
extrapolation of lattice data [112].

disconnected piece [116]. More recently, the disconnected diagrams in the isoscalar and isovector
channels of the nr scattering have been also studied [117, 118].

1.4.2 Non-relativistic EFT

There are systems, in which the matter fields are non-relativistic. Typical examples include shallow
bound states or low-energy scattering. The non-relativistic nature of the problem allows one to introduce
a small expansion parameter |p|/M, where p is a typical 3-momentum in the system (soft scale), and
M is a mass of a non-relativistic particle (hard scale). The field-theoretical approach which provides a
systematic expansion of the S-matrix in this parameter is called a non-relativistic EFT. This development
was started by Caswell and Lepage, who formulated the non-relativistic QED [119]. In contrary to the
relativistic Bethe-Salpeter approach [120, 121], the framework proved to be very useful in study of the
non-relativistic two-body bound states, such as muonic hydrogen and hadronic atoms [122, 123].

Let us consider a single scalar field ®(x) which describes the particle of mass M such as pion. The
non-relativistic effective Lagrangian reads

Lag = qﬂ(iat M+ ﬁ)@ + % (@' DTYDD) + - -- (151)
where the ellipses denote the terms with higher spatial derivatives. Here, d; = d/dt and A is the Laplacian.
There are in general infinite number of coupling constants g;, i = 1,.... The important feature of the
Lagrangian Eq. (1.51) is that the number of heavy particles is conserved in any vertex. In particular, the
two-particle sector of the non-relativistic EFT does not mix with sectors containing different numbers of
massive particles. In contrary to the relativistic theory, the non-relativistic Lagrangian does not contain
the antiparticle degrees of freedom. The effects of antiparticles are included in the low-energy constants.
This property drastically simplifies the actual calculations.

The values of the couplings g; are determined by matching to the relativistic theory, such as yPT.
According to Eq. (1.51), the free propagator has a pole at p® = M + p?/2M. It is a non-relativistic
dispersion law, and thus results are Lorentz-invariant only approximately, up to a given order in the
expansion in 1/M. Another point concerns the normalization of one—particle states in the non—relativistic
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theory. It is different from the relativistic one:
klp) = 21} °(k —p) (non—relativistic), (klq) = 2n)* 2w(p) > (k — p) (relativistic), (1.52)

where w(p) = +/M? + p?. Considering a generic two-body scattering p; + p» — p3 + p4 (e.g., nr
scattering), the matching condition for the scattering amplitude reads

4
[ [w®*Tnr(s, pa; p1, p2) = Tr(p3. ps; p1. P2) (1.53)
i=1

Here, the additional kinematic factors appear because of the different normalizations in Eq. (1.52).
For instance, the matching can be done at threshold s = 4M?. The relativistic amplitude becomes
a constant Tg = a, where a is given essentially by the scattering length. However, the value of the
non-relativistic counterpart 7yg is not Lorentz-invariant, but rather depends on the reference frame:
TNk = faz — T P2 + ..., where P is a total 3-momentum.

In order to preserve the invariance of the non-relativistic amplitudes, a modified covariant framework
was proposed [124, 125]. In this approach, one rescales the field ®(x) — V2W ®(x), where W =
VM? — A. The normalization of the one-particle states in this theory becomes the same as in the
relativistic case. The effective Lagrangian takes the form

L=012W(id, - W)D + % (@O DD) + - -, (1.54)

where the ellipses stand for all possible Lorentz-invariant four-particle operators containing space
derivatives. To set up a power counting scheme, it is convenient to introduce a small parameter v, which
is the velocity of the massive particle. The mass M is counted as O(1), whereas all 3-momenta |p;| and
space derivatives V as O(v). The kinetic energies T; = w(p;) — M are of order O(v?). Also, the coupling
constant ¢c; ~ O(1). The matching at tree level gives Tyg = ¢1 = a. This result is independent of the
reference frame since the kinematic factors in Eq. (1.53) are absent in the modified theory.

The non-relativistic Lagrangian Eq. (1.54) can be used beyond the leading order. The free propagator
is given by
d*p e~ip(x=y)
2m)* 2w(p)(w(p) — po — i€)
The scattering amplitude has a simple diagrammatic structure in the non-relativistic theory, shown in
Fig. 1.16. It is given as a sum of the bubble-chain diagrams:

(0|7 D(x)D" (1)|0) =

(1.55)

Tnr(P3, P43 P1, P2) = 1 + nG(PY,P) + ;" G(PY, P)* + ..., (1.56)

where 1 denotes the symmetry factor introduced in Eq. (1.31). Here, G is a one-loop integral in a moving
frame with total 4-momentum P* = (P°, P):

dl 1

0 _
CPP= | 20 wu® - D) +w® -1 - )

(1.57)

where d is a number of space dimensions in dimensional regularization.

To preserve the predictive power of the non-relativistic EFT, it is important that the radiative corrections
do not violate the counting rules. For instance, this is a case in the meson yPT since the masses of
the pseudo-Goldstone bosons are treated as small parameters. In the non-relativistic EFT, however, the
power counting is destroyed by the presence of a heavy mass scale M; similarly, it is the nucleon mass
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™ XD ek

Figure 1.16: Diagrammatic representation of the scattering amplitude in the non-relativistic EFT.

in the baryon yPT. Indeed, the integrand in Eq. (1.57) contains such a heavy mass. The resolution of
this problem consists in using a certain prescription called the threshold expansion [125, 126]. As a first
step, the integrand is expanded in inverse powers of M. Then one integrates the obtained series by taking

into account the fact that regular momentum integrals vanish in dimensional regularization: f (;lﬂ)ld "=0.
The final result takes a Lorentz-invariant form (d = 3):

(i 4M2)1/2 _ ilpl
s C 8ns
where [p| = A1/2(M?, M2, 5)/2 +/s is the relative 3-momentum in the CM frame. Now, this expression

is counted as O(v), so that the naive power counting remains valid. It also correctly reproduces the
imaginary part of the relativistic one-loop integral in the vicinity of the elastic threshold s = 4M?.

G(s) = t s=P?, (1.58)

1671

The result Eq. (1.58) implies that the non-relativistic amplitude is Lorentz-invariant at any given order
of the expansion parameter v. Also, the low-energy constant A is proportional to the scattering length to
all orders in perturbation theory, since G(4M 2) = 0. Further, the amplitude Tyg contains the non-analytic
terms given by the odd powers of the relative 3-momentum p (the right-hand cut s > 4M?). In fact, the
relativistic amplitude has the same non-analytic structure near threshold s = 4M?, t = u = 0 — the
contributions from 7— and u—channels are polynomials in p? in this kinematic region [123].

After summation to all orders in Eq. (1.56), it straightforward to check that the non-relativistic
amplitude Ty satisfies the Lippmann-Schwinger equation [127]:

Tnr =V + VI]G(S)TNR, (1.59)

where the potential is the V = ¢. This shows that the non-relativistic EFT is useful not only in perturbation
theory, but also for study of bound states and resonances in the vicinity of the elastic threshold. This
conclusion is not affected by the presence of the derivative couplings in the effective Lagrangian,
Eq. (1.54).

The form of the terms with derivative couplings is dictated by the effective-range expansion of the
relativistic amplitude near threshold. At order O(?), one gets

L5 = [(P(DT), 00 — M?*DTOD D + h.c.] + 3 [T (@Y — (DT VOT[(D), D — O(®),], (1.60)
where h.c. stands for hermitian conjugate, and
(@) = PR, @), =@H0",  P)=W-iV), @), =WiV). (1.61)

The constant c; is related to the S-wave scattering parameters, while c3 is proportional to the P-wave
scattering volume. The operators of higher order can be constructed in a similar manner.

The Lippmann-Schwinger (LS) equation for the partial-wave scattering amplitude takes the form

Ti(s) = Vi(s) + Vi(s)IpI'G(s)Ti(s), (1.62)
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Chapter 1 Hadronic Electroweak Processes in a Finite Volume

where the subscript ‘NR’ is omitted for brevity. The quantities V;(s) are coefficients in the partial-wave

expansion of the potential, similar to Eq. (1.27). The latter can be read off from the effective Lagrangian,

Egs. (1.54,1.60). The unitarity condition for the partial-wave amplitudes, similar to Eq. (1.32), gives
5

8m /s 1 8
20+1 . Vils) = =513
nlpl cotoy(s) — i nipl

Ti(s) = tan d;(s) , (1.63)
where 0;(s) is the scattering phase.

The main advantage of the non-relativistic framework as compared to a relativistic theory is following.
The results in the relativistic theory, e.g., in yPT, are given in terms of the renormalized parameters
that have no direct relevance to experimental data. On the other hand, the low-energy constants in the
non-relativistic EFT can be expressed directly through the parameters of the effective range expansion
(scattering length, effective range, etc.). The latter are observables that completely characterize the
low-energy properties of the hadrons. Once the matching is done, one can proceed with the Lippmann-
Schwinger equation.

1.5 Finite volume formalism

According to the discussion in Subsection 1.3.2, the resonances are not eigenstates of the QCD Hamilto-
nian. It means that the energy levels determined on the lattice do not correspond to any resonance. What
one needs are the lattice data of the phase shifts. This implies the calculation of a suitable four-point
correlation function corresponding to the two-body scattering. In order to put the external particles on
their mass-shells, one has to perform an analytic continuation of the result from Euclidean to Minkowski
momenta. In principle, such a procedure is guaranteed by the reconstruction theorem [128, 129]. How-
ever, the analytic continuation becomes an issue in a finite volume since the lattice data are obtained
only at a discrete and a finite set of three-momenta. It is consequently important to have an alternative
possibility to reach the timelike kinematic region directly from the Euclidean correlation functions.

In case of matrix elements between one-particle states, the solution is to separate the terms with
leading exponential fall-off for large Euclidean times. That is how the masses of stable hadrons and
transition form factors are determined. But the problems start to appear when trying to extract the
physical quantities in the presence of a final state interaction. Suppose one aims at computing, e.g.,
the timelike pion form factor. For that purpose the three-point correlation function, defined similar to
Eq. (1.23), should be studied in the limit ¥’ — +co, t — +o0, t’ > t. One would naively get the desired
matrix element. But the latter is real on the lattice, while the pion form factor is complex in the timelike
region. The complex phase is acquired because of the nr final state interaction. In the elastic region,
Watson’s theorem states [130]:

Fr(s) = [Fa(s)le”, (1.64)

where 6(s) is the elastic i phase shift. Moreover, the authors of [131] arrived at the following conclusion
(the Maiani-Testa no-go theorem): in the infinite volume, the three-point correlation function in the
timelike region involves the off-shell quantities that do not vanish in the Euclidean spacetime. This result
will be discussed in Subsection 1.5.2.

The no-go theorem, however, is not relevant to the actual lattice simulations in which the observed
energy spectrum is not a continuous, but a discrete one. For instance, the energy of two non-interacting
pions in the CM frame is given by

2
E(p) = 2y M7 +p?, p= Iﬂn, nez’. (1.65)
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1.5 Finite volume formalism

For a physical pion mass M, ~ 140 MeV and lattice size L > 3 fm, the level spacing is sizable. It means
that each energy level can be clearly disentangled on the lattice.

The actual spectrum of the 7 system will deviate from the free one because of the meson interaction.
It is a specific finite volume effect — there is a non-zero probability that two particles in a box are within
the interaction range. These corrections where studied many years ago in the context of the non-ideal
Bose gas [132]. In particular, for the ground state p = 0, one finds

drag aop Cl(z) 6
E=2M, - ——31+di— +dr— ; + O(L™), 1.66
x M,TL3{ 17t (L) (1.66)

where ay = lirr(l) tan dp(p)/p is the S-wave scattering length in the channel with isospin / = 0 or I = 2.
p—)

The coeflicients d, d, take the values d; ~ —2.83, d, = 6.38. The crucial importance of this result is
that the energy shift is determined entirely by the low-energy parameters of the two-body scattering
amplitude. The final expression does not depend on the explicit form of the interaction potential. This
fact can be explained as follows. The derivation of the formula assumes the large-L expansion. Since the
meson interaction is short-ranged, the wave function describing the 7 scattering takes the asymptotic
form inside the box. Its value is expressed through the phase shifts away from the interaction region. The
periodic boundary conditions lead to the eigenvalue equation for the energy. This equation provides a
relation between the on-shell quantities.

1.5.1 Liischer’s method

A general method to extract the partial-wave phase shifts from the volume dependence of the two-body
energy spectrum was developed by Liischer [133, 134]. The original derivation was based on the
Schrodinger equation. Liischer also proved that the result remains valid in quantum field theory. The
non-relativistic EFT framework introduced above is equally well suited for the discussion of the method.
Let us first discuss the problem in 1+1 dimensions. Consider a non-relativistic model which describes
the scattering of two identical, spinless particles of mass M. The asymptotic value of the wave function

is given by
W(x) o e~ iPIXl L p2i6(p) pipl] , (1.67)

where x denotes the relative distance between particles, and p is the relative 3-momentum, so that the
total energy is E = 2M + p?/m. The periodic boundary condition (0) = (L) leads to a simple exact
relation between the finite-volume energy value and the phase shift at this energy:

pL+26(p) =2nn, neZ. (1.68)

This equation is a one-dimensional analogue of the so-called Liischer formula. By setting ¢ = 0, the
spectrum of the free theory, p, = 22”, is reproduced.

In contrast to Eq. (1.66), the formula Eq. (1.68) represents a non-perturbative result. It is also
applicable in the vicinity of a resonance. If the resonance is narrow, the energy levels exbibit a peculiar
behaviour referred to as the avoided level crossing. This is illustrated in Fig. 1.17. The curves reach a

plateau at a certain energy E = Eg which corresponds to the resonance mass. According to Eq. (1.33),
the width of the resonance is given by the slope: dé(p)/dE e T = 2/T'g. In other words, for small

volumes the ground state energy might agree well with the resonance mass. This fact explains, why
the masses of the light resonances, such as p and K*, determined by standard methods were in good
agreement with experiment (Fig. 1.6). However, in large volumes the ground state energy will eventually
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Figure 1.17: Energy levels of an interacting two-body system in the vicinity of a narrow resonance. The position of
a plateau gives the resonance mass E = Eg [135].

approach the free particle energy level.

Before proceeding to the three-dimensional problem, it is useful to derive the quantization condition,
Eq. (1.68), in the non-relativistic EFT. The starting point is the LS equation given by Eq. (1.62). The
partial wave index / can be omitted, and the scattering amplitude takes the form

T = ! (1.69)

Vit cots(p) - J(p)

where the parameter V) is fixed by unitarity. Further, J(p) denotes a one-loop integral [125]

< dl 1 1
J(p) = —_ 1.70
() [m2ﬂ2ﬁlz—p2 (1.70)

which is related to the Green’s function for the one-dimensional Schrédinger equation [136]. Performing
the contour integration, one obtains

i
J = -, V = 4 Sp. 171
(P)=7 7 0=4vsp (1.71)
When the system is considered in a finite volume, the integral over 3-momentum has to be replaced by
a discrete sum

J(p) - JL(p)—ﬁz zm (1.72)

The interaction potential is not affected by the presence of a box since it contains the short-distance
physics. There are also polarisation effects associated with the propagation of the virtual particles.
The respective contributions, which are of order O(e ML), are assumed to be suppressed; as a rule of
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1.5 Finite volume formalism

thumb the condition M,L > 4 is usually applied. In fact, they are absent in the non-relativistic EFT
since the respective momentum integrals vanish in dimensional regularization. The non-trivial volume
dependence arises only when all particles in the intermediate states go on their mass-shells. Accordingly,
the scattering amplitude in a finite volume 7, reads

T - 4+/sp
b7 cotd(p) - 4sp Ju(p)

It has simple poles which are the eigenvalues of the finite-volume Hamiltonian. These energy eigenvalues
satisfy the equation

(1.73)

_pL

o (1.74)

1
§(p)+¢(q)=nn, neZ, cot¢(q):—ng

n 2 4
mezZ q

The quantity cot ¢(g) has a certain relation to the Riemann zeta function {(n) = 3,7, kin Indeed, it can

be easily verified that 3>, m%_qz =-2"0l@2n+ 2)g*". The result of summation can be expressed
through the trigonometric function: }’,,c # = —g cot(rrg). Accordingly, the quantization condition,

Eq. (1.68), is reproduced within the non-relativistic EFT framework.

The transition to 3+1 dimensions is complicated by the lack of rotational symmetry. As a result, the
admixture of the partial waves is inevitable. The partial-wave expansion of the scattering amplitude has
to be modified:

T (03, P43 P1P2) =47 > T (5 PYY 1n(D) Y}, (P) (1.75)

Im,I'm’
where P is a total 3-momentum which is quantized P = zf”d, d € Z3. The LS equation becomes
Timym (55P) = =0 rm Vi(s) — 4n Z Vi) Xim, e Trme e (55 P) (1.76)
[//m//

The quantity Xj, 7~ is a certain finite-volume counterpart of the one-loop integral Eq. (1.58). It can be
brought to the form [137]

P e i ZJ: R
Kimpmw = ————=1 " Mpwrw My = — 7 (lq YCim,js,rm (L.77)
’ 2 L5 ’ 32 1 Zjsth s’ >
327> Vs Y Amn =1

with the Lorentz factor y = /1 + P2/s and the dimensionless parameter g = |p|L/2x. The coeflicients
Cim,js,ynv are given in terms of Wigner 3 j-symbols

l
m s -m

Cingerw = i DR D@D (1 1 00 g) A

The function Z;i.s(l; qz) is defined as a sum

«y's 1 m2_m2
z;ls(l,f)zzj—(z)z, Pd:{z‘z:y_l(n—EA),neZ3}, A:d(1+ 1 2). (1.79)

2 _
e 74 s

It should be properly regularized for the numerical evaluation.

The scattering amplitude has simple poles which are the eigenvalues of the QCD Hamiltonian in a
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finite volume. The system of linear equations Eq. (1.76) has singular solutions if the corresponding
determinant vanishes. Using Egs. (1.63,1.77), the determinant equation for the energy spectrum is given
by

det (Mlm,l’m/ — 01y Oy COt 5[) =0. (1.80)

This is the Liischer formula for the spinless particles of unequal masses in a moving frame [138].

The obtained result is further simplified by studying the symmetry properties of the system. One has
to classify all transformations which leave the spatial volume invariant. In general, the Lorentz boost
deforms the cubic box to a rectangular parallelepiped. Accordingly, the symmetry group reduces to
certain subgroups of the cubic group. The full group-theoretical analysis of the problem can be found
in [139]. The partial diagonalization of the matrix M is achieved in the basis of a given irreducible
representation (irrep) I' of the symmetry group (Schur’s lemma)

D':|im) — T:|Caln)= Zc{,g"um), (1.81)

m

where |Im) are the basis vectors of an irreducible representation D' of the rotation group of total angular
momentum /. Further, a runs from 1 to the dimension of I', and » runs from 1 to N(I', [), the number
of occurrences of the irreducible representation I in D'. The coefficients c};‘f” can be inferred from the
tables in [139]. The Liischer formula takes the form

T r Fanx Tan’
det (M, 0 = 1S €0t81) =0, My = > cp™ b’ My pur. (1.82)

mm’

To apply Liischer’s method in practice, one has to set a cut-off on the angular momentum. If resonances
are seen in the S- or P-waves, then it is plausible to neglect D- and higher partial waves. The justification
of this is that the phase shifts 6;(p) behave as §,(p) ~ p**! in the vicinity of the elastic threshold. In
general, however, it is impossible to avoid the admixture of the remaining partial waves. There are still
particular cases, where the matrices M" become diagonal. For instance, let us consider the irrep I' = A,
and the total momentum d = (0,0, 1). For [ < 1, the matrix M*! reads [139]

A :( woo V3iwio ) o = 1
—\/§iw10 woo + 2wy ’ " w3221+ 1

According to Eq. (1.79), the non-diagonal element w¢ vanishes if the masses are equal m; = my, and/or
in the limit d — 0. Therefore, the S- and P-waves can be determined separately. Setting / = 0 and d = 0,
the phase shift do(p) satisfies the equation

y g7t Z8 (1, 4P). (1.83)

m

1 1
So(p)+d(q) =nn, neZ,  cotd(q)= 3 > g (1.84)

rez3

It looks very similar to the one-dimensional formula Eq. (1.68), except that the sum can only be calculated
only numerically.

The large-L limit of Eq. (1.84) reproduces the ground state energy of the two-particle system in
a finite volume given by Eq. (1.66). The leading correction can be obtained as follows. Having in
mind the S-wave 7 scattering, the free energy level E = 2M,; corresponds to the limit ¢ — 0. Then,
cotp(g) =~ ﬁ to a good approximation. Using the effective-range expansion for the phase shift,
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Figure 1.18: Binding energy of the deuteron at different values of the pion mass [140].

pcotdo(p) = 1/ag + O(pz), the Liischer formula can be easily solved:

1 1 drag
= 0 = p2 = — L3 . (185)

+ [R—
pao  2mq3

Since £ =2 \/M,% +p? =2M, + pZ/M,, + 0(p4), the leading term in the 1/L expansion, Eq. (1.66), is
indeed reproduced. It is not difficult to obtain the sub-leading corrections as well [134]. The fact that the
n-system has energy below threshold is a final-volume effect. This has nothing to do with a two-body
bound state which is observed in the infinite volume.

An interesting aspect of the Liischer formula concerns its application to the study of the bound states
in a finite volume. Such a possibility follows from the analytic properties of the scattering amplitude
in the complex s-plane. The energy Ep of the S-wave two-body bound state in the infinite volume is a
solution of the equation

icoté(p)| =-1, (1.86)
p=iy
where y denotes the binding momentum of the system, so that Ep = 2 4/M? — 2 in case of equal masses.
In a finite volume, it is convenient to rewrite Eq. (1.84) using an alternative representation of the sum for
imaginary values of the argument g:

1
i cot 8 =-1+ ) ——e MK, 1.87
icoto(p)| 2 L € (1.87)

where « is related to the finite-volume binding energy EE,;L) =2 VM? — k2. To get this formula, the sum
is transformed by first applying Poisson’s resummation formula ¥ .c73 (X — 1) = 375 €2™*, and
then performing the contour integration over the variable x for all m # 0.

The shallow bound states are of particular interest. They have very small binding energy |Ep — 2M|
and binding momentum . A classical example is a deuteron consisting of a neutron and a proton. It has a
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Figure 1.19: Energy levels of the nn- Figure 1.20: Lattice calculation of the elastic I = 1, P = 1 & phase shift
system from Liischer formula with input for two different pion masses [146].
experimental phase shift [139].

binding energy of 2.2 MeV and y,; ~ 40 MeV. For such systems, Eq. (1.87) has an approximate solution

12y

—yL - V2yL
T O(e ) (1.88)

EI(BL) =Ep—

This is precisely the result derived by Liischer in the non-relativistic quantum mechanics [55]. It can be
also expressed through asymptotic normalization coeflicient A of the bound state wave function ¥ g(r)

~
=~

—yr
¢ r— 00 A 2y .
1 —ryy

Vazr’ ’

-M;L

Yp(r)=A (1.89)

As it is seen, while the polarization effects ~ e are negligible, the finite-volume correction to the
binding energy Ep is not suppressed since y << M. This makes difficult to investigate the bound states
with current lattices. Nevertheless, such calculations were performed [140—-143], although at large pion
masses ~ 400 — 1000 MeV. The results for the deuteron are summarized in Fig. 1.18.

Returning to the study of the resonances on the lattice, the p(770) meson, which is a P-wave resonance,
provides a testing ground of Liischer’s method [144]. Fig. 1.19 shows the finite-volume ground state
energy levels of the nm-system for various total momenta P predicted by Liischer formula with the
experimental phase shift as input. The advantage of using moving frames becomes evident: many data
points can be obtained at the same value of L [145]. To disentangle these energy levels, different types of
interpolating fields are required, including the two-pion operators. Moreover, these operators have to
transform according to a given irrep as discussed in [139].

Further, it is seen in Fig. 1.19 that the avoided level crossing is washed out, partly because the p
is not narrow. Accordingly, the use of Liischer’s method becomes a necessity. The respective lattice
calculations were done by many groups. The recent works include [147-150]. Many studies concentrate
on the isospin / = 1 and I = 2 & scattering. In these channels the disconnected pieces are absent, at least
in the isospin limit. The values of the I = 1 phase shift 6; obtained by Hadron Spectrum Collaboration
are shown in Fig. 1.20. The curves exhibit a typical behaviour in the vicinity of the resonance. The
latter is associated with the p(770) meson. To determine the resonance parameters, the data is fitted,
e.g., by effective range expansion or BW formula. The recent lattice data on the p meson mass m,, and
the coupling constant g,., are summarized in Fig. 1.21. The width can be found from the equation
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2
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Liischer’s method was subsequently generalized for an arbitrary number of open two-body channels,
with arbitrary masses, spin and total momenta. The respective quantisation conditions which are valid for
CM energy below the three-body inelastic threshold can be found in [151] and references therein.

The application of the method to baryon resonances, such as the A(1232), is more complicated, partly
because of the signal-to-noise issues in the baryon correlation functions. One also has to make sure that
available lattice volumes are suitable to cover the resonance region. Nevertheless, such calculations are
underway and first results are expected in the near future [152]. At the same time, there is a progress in
the study of the baryon-baryon systems, such as the low-energy nucleon-nucleon scattering [153, 154].

Until now, the discussion was confined to the finite volume formalism for two-body systems below
inelastic thresholds. The latter can be understood as a limitation of Liischer’s method. For instance, the
Roper resonance N*(1140) is genuinely inelastic — it decays to Naz with a branching ratio 30 — 40%.
The recent lattice study [155] indicates that this resonance should be generated in the coupled-channel
scattering including the three-body process. Accordingly, it becomes mandatory to have a similar
framework for the three-body problem in a finite volume.

The study of the three-body bound states seems to be a tractable problem. At least, this appears in a
so-called unitary limit in which the two-body scattering length is much larger then the effective range
a > ry. Such systems are common in atomic physics, such as “He atoms. They exhibit interesting
universal low-energy properties [156, 157]. In particular, three identical bosons form a sequence of
bound states called Efimov states [158]. In the limit ¢ — oo the energy shift of a given bound state has a
simple analytic form [159, 160], similar to Eq. (1.88),

21412
KA 3
AEp=—— " __2LV3 . 1.90
S VTP A T (1.50)

where the ellipses stand for suppressed terms and the numerical constant ¢ ~ —96.4. The quantity A
denotes a three-body analogue of the asymptotic normalization coefficient and « is the binding momentum.
The infinite-volume three-body binding energy reads Ep = x>/M. It is worth mentioning that the presence
of three-body interaction is encoded solely in the constant A.

The first step towards the formulation of the method was done in [161, 162]. It was shown that the
three-body finite-volume spectrum is completely determined by the infinite volume scattering amplitude.
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Figure 1.21: Summary of the recent work on the p meson parameters [147]. The masses m, and m,, are scaled with
the Sommer scale.
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Chapter 1 Hadronic Electroweak Processes in a Finite Volume

Despite further progress [163], it is still unclear how to apply the three-body quantisation condition for
the analysis of the lattice data.

More recently, the authors of [164, 165] have proposed an equivalent, but simpler framework that
is based on the non-relativistic EFT in the particle-dimer picture. They essentially follow a bottom-up
approach: only a necessary number of the low-energy constants are included in the Lagrangian. The idea
is that one fits this minimal set of the couplings to the finite-volume energy spectrum. At the next step,
the three-body scattering amplitude can be determined numerically in the same non-relativistic EFT. This
research direction should be further explored.

1.5.2 Electroweak processes

Liischer’s method provides a basis for the lattice study of the electroweak processes involving resonances.
More generally, one has to investigate the consequence of the final-state interaction. Before proceeding
with this topic, let us consider the content of the no-go theorem in more detail.
Having in mind the timelike form factor, one starts with the three-point correlation function in the
infinite volume
C{',t;k) = 0| II(k, ) TI(-k, ") J(0) | 0) , (1.91)

where ¢’ > ¢ > 0 and the operator J has a non-zero overlap with two-pion states in S-wave. Also, I1(k, )
is a Fourier transform of the pion field operator:

Ik, 7) = f d*x e ®*0.(x,1). (1.92)

Using the LSZ reduction formulas [166], it can be shown that in the limit ' > ¢ > 0 the correlator
C(?, t;K) takes the form [131, 167]

Ze—Ek(t+t’) { 1

QE? —[out(ﬂ(k)ﬂ(—k)lJ(O) 10y + in{r()m(=k) [ J(0) IO>] + 2Ek7)k(t’)}a (1.93)

C{t',t;k) = 3

where in and out two-pion states are distinguished, and Ey = /M2 + k2. The quantity Py(#') can be
written as follows:

l ’
r)=- J(0)|0) T* ¢ En-2 Bt 1.94
Pr(t’) ;P(En(En—ZEk—is) oul11J(0)[0) T* , (1.94)

where the summation/integral is performed over two-pion intermediate states. Here, P stands for the
principal value,

! — = ind(x) + Pi. (1.95)

x—ig
The quantity 7 is an off-shell matrix element; in the on-shell limit E,, — 2E it reduces to the S-wave
scattering amplitude of the process n(k;) + n(ky) — n(pn),

Q6P (py — ki — k) (T (k, —Kk; 1)) = oudm [TK)A(—K) Yin — oum ITK)T(—K) Your. (1.96)

In Minkowski space the correlation function is obtained by replacing ¢+ — if in the exponentials.
Using Eq. (1.95), the quantity Pk (') is split into two terms. The first term can be evaluated by contour
integration after expanding the integration range to (—co, c0). Indeed for positive and large ¢, one can
close the contour in the lower-half plane. Since the pole E,, = 2Ex + ic is located outside this contour,
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1.5 Finite volume formalism

the integral becomes zero. The remaining contribution from 6(E,, — 2Ey) gives the expected result for the
correlator
—Ex(t+t")

C(t/,t; k) = W

oum(K)m(=k)| J(0)|0)  (Minkowski) . (1.97)

In Euclidean space, however, the exponent exp(—E,t") does not allow one to integrate by contours.
Accordingly, there is a non-zero contribution from the off-shell amplitude. Moreover, Py (") will
dominate the correlator since its leading behaviour for ¥’ — oo is governed by the divergent factor
~ exp(2(Ex — M,)t'). Finally, the matrix element o,{m(k)m(—=k)|J(0)|0) can not be determined on the
lattice since the energy spectrum is continuous.

The problem drastically simplifies in a finite volume, where the energy levels are discrete. The
spectrum E,, n =0, 1,..., satisfies the Liischer formula. In this case the matrix element (E,| J(0) |0) is a
well defined quantity on the lattice. The solution was given by Lellouch and Liischer in their work on the
weak K — nr decays [168]. They established a simple relation between the corresponding finite-volume
matrix elements and the physical kaon-decay amplitudes. The heuristic derivation of the result proceeds
as follows [167]. Instead of Eq. (1.91), it is convenient to consider a slightly different correlation function
in a finite volume

CH = fd3x<O|J()?,t)J(O)|O), (1.98)

Vv

where the volume V = L3 is taken to be asymptotically large. On the one hand, C(f) obeys the spectral
decomposition in terms of the infinite volume matrix elements

V- T d_E _Et 2
Ccit) — —2(2703‘[ o KOl (O)lmr, EDI” p(E) , (1.99)

where p(E) = 4/ ETZ - M,zr. On the other side, inserting the completeness relation ), |, n){nm, n| = 1,
one has

CH) =V Y KOUOrm, myyPe 125 v f dE py(E) KOO, EyyPe ™, (1.100)

where |mr,n)y and |nm, E)y denote the finite-volume two-pion states at fixed n and fixed energy E,
respectively. The purpose of the function py(E) is to provide the correspondence between finite volume
sums and infinite volume integrals. This quantity can be naively interpreted as the density of states at
energy E. It then follows from the Liischer formula, Eq. (1.84), that

oy dn Y@+

= 1.101
dE drp ’ ( )

where the derivatives are taken with respect to the variable p. The case of the operator J that has a
non-zero overlap with one-particle states |k) with mass M, can be considered along the same lines. A
comparison of Egs. (1.99) and (1.100) provides the following correspondence

lnm, E) & 4r 4 /% lnm, E)y, |[k=0)o V2ZMV]k=0)y. (1.102)

Next, these expressions can be used to obtain the matrix elements of any local operator. In particular
the original Lellouch-Liischer (LL) formula for the K — 7z is reproduced. As discussed in [167], the
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Chapter 1 Hadronic Electroweak Processes in a Finite Volume

+ + -

Figure 1.22: Diagrammatic representation of the two-point function in the non-relativistic EFT. The bubble integrals
are evaluated in a finite volume.

obtained formula can be also applied in small volumes, in which there are only few energy levels below
the inelastic thresholds. The polarization effects, however, still have to be exponentially suppressed.
Having that in mind, the scalar form factor in the timelike region can be determined from the equation

4nVE? {5)(p) + ¢'(9)}
- (;f - KEA|J(0)[0). (1.103)

E=E,

[(nr, E,) J(0) [0 =

where all quantities on the right-hand side are evaluated at £ = E,,. The proportionality factor in Eq.
(1.103) accounts for the different normalizations of the particle states in finite and infinite volume.

The non-relativistic EFT provides a more systematic method to obtain the LL formula for a given
electroweak process. To simplify the discussion, it is convenient to consider again the scalar form factor
in the timelike region. The effective Lagrangian in Eq. (1.54) has to be supplemented by the term which
describes the interaction of the pions with the external scalar field A(x),

L4 = gA(x)J(x) = gA(x)%[chqﬁ +OD] + - -- (1.104)

where the ellipses stand for terms containing space derivatives. Further, one defines a two-pion operator,
Lo Bk 21z 5 _ o
Ouxo:ik) = ) f Pxdy OV O, (0. y), Qi =k="—. 2 =n’r.  (1105)
keQ, YO

which creates the energy eigenstate |nm, E,) from the vacuum. At the next step, suitable two- and
three-point correlation functions are evaluated in perturbation theory. The calculation is performed in
Euclidean space, so that the finite-volume free propagator is given by

dpo 1 £ Po(X0=y0)+ip(X-y)
oo i = [ L0 Y =Mt (L106)
/ 2% I Zp: 2w(p)(@(p) + ipo) P P

The two-point function has a spectral representation

D(xo — yo; k) = 010,(x0; K)O}(y0; KNIO) = > KOIOLO; K)E)Pe 55070 x> g (1.107)

On the other hand, the matrix element on the left-hand side of this equation can be calculated in
perturbation theory. The relevant diagrams are shown in Fig. 1.22. After summing them up, the matrix
element takes the form

val? foo Py eiPo(xo—yo){ —iL’ T.(Po)

D(xo — yo3 k) = e 4u(K)(Po — 2iw(k))  (4w2(K))2(Py — 2iw(k))2

},(1.108)
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»
>

Figure 1.23: Integration contour for the two-point function in a finite volume.

where v, denotes the number of different vectors z which satisfy the condition z> = n>. The symmetry

factor n = % was pulled out. The first term in Eq. (1.108) corresponds to the free propagation of the
pions. Further, T (Po) is the S-wave scattering amplitude in a finite volume,

87 Vs Cop= o
pcotd(p) + peotd(q)

TL(Py) = , s=-P}. (1.109)

4

The form of the 77 (Py) in the vicinity of the simple pole Py = iE, can be easily found:

327 sin® 6(py) 1
0"(pn) + ¢'(qn) En +iPo

Tr(Py) = -, (1.110)
where the Liischer formula was used.

The integral in Eq. (1.108) is evaluated using Cauchy’s theorem. The integration contour is shown
in Fig. 1.23. It important that the free pole Py = 2iw(k) does not contribute to the two-point function,
but only the poles of the T-matrix do. Indeed, recall that 77(Pg) is a solution of the LS equation
Ty = V(1 +GrTyL), where G denotes the finite-volume counterpart of the one-loop integral in Eq. (1.57).
Obviously, the function Gy, has a pole in the vicinity of Py = 2iw(k). To satisfy the LS equation, the
scattering amplitude has to vanish in the limit Py — 2iw(k),

T1(Py) = —iL*4w*(K)(Py — 2iw(K)) + - - - . (1.111)

Accordingly, the free poles are exactly cancelled in the integrand of Eq. (1.108).
Performing the integration over Py and comparing the result with Eq. (1.107), one obtains

AxV sin? 12 1
647V sin (5(Pn)) (1.112)

00, WIEN = (50 STl ) s e

The calculation of the three-point function proceeds along the same lines. The starting point is the
matrix element
(010,(x0; K) L4(0)I0) = gA0)Fy(x0; k), xo >0, (1.113)

which has the spectral representation

(010 (x0; k) L4(0)I0) = gA(0) Z e~ Fr0(010,(0; K)|E, )l (0)[0) . (1.114)
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Chapter 1 Hadronic Electroweak Processes in a Finite Volume

+ 4+ ...

Figure 1.24: Three-point function in the non-relativistic EFT.

The diagrams which contribute to the quantity F,(xo;K) are shown in Fig. 1.24. Summing up all
bubbles yields

© Py . T (Po)V;! _
Rl =v, [ S0t o R, (1.115)
oo 2T 4w?*(K)(Py — 2iw(k))
where V! = £ cot 8(p). The quantity F(s) denotes the sum of all two-particle irreducible diagrams.
0 87 Vs q y p g

It is proportional to the amplitude of the pair creation from the vacuum in the presence of the field A(x).
The precise form of the relation is obtained after summing up all diagrams in Fig. 1.24, but in the infinite
volume:

o, EIJ(0)|0) = F(E), F(E) = T(E)Vy'F(E) = P F(E) cos §o(p) . (1.116)

This is nothing but the statement of the Watson theorem, Eq. (1.64).

The contour integration in Eq. (1.115) leads to the expression

~En0 4pF(E,) cot 8(p,) sin” 8(py
FaxgiK) = )| 5 PHE) cotopn) sin_ 0(pn) (1.117)

4w2(k)(2w(k) - En) (6,(pn) + ¢’(qn))En

n

Using this result together with Eqgs. (1.112), (1.116) and (1.114), one gets the analogue of the LL formula
for the scalar form factor in the timelike region:

4nVE2 (S, (pn) + &' ()
IF(E,) = \/ TR olPn) * @)}, o conio. (1.118)

2

n
This expression coincides exactly with Eq. (1.103). It enables one do determine the absolute value of the
scalar form factor in the timelike region from the finite-volume current matrix element (£,|J(0)|0). The
phase of the form factor is just the S-wave scattering phase shift do(p).

The result of Lellouch and Liischer was subsequently generalized to include multiple strongly-coupled
decay channels [169—171] as well as the spin [172]. It was also applied in the lattice study of the direct
CP violation in the K — nrr decay [173]. The described approach can be also used in case of a resonant
final-state interaction. In particular, Hadron Spectrum Collaboration performed the first exploratory
lattice calculation of the resonant amplitude for 7y* — p — i [174]. The respective value of the cross
section is shown in Fig. 1.25.

A simple conclusion can be drawn in the approximation of an infinitely narrow resonance with a
Breit-Wigner form. In this limit the derivative of the phase shift explodes, while the quantity ¢’(g,) stays
finite and thus can be neglected. According to Eq. (1.37), the scalar form factor is proportional to the
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Figure 1.25: Lattice determination of the 7ty — n*2° cross section as a function of the 77 CM energy. The lower

panel shows the [ = 1 elastic & scattering cross section [174].

resonance matrix element. Combining both expressions, one obtains
Fr(Epw) = 2Egw V(Epw|J(0)|0), (1.119)

where Epw denotes the mass of the BW resonance. The kinematic factor properly accounts for the
normalization of states. This is precisely the result which is expected when the resonance becomes stable.
A similar formula is applicable to the two-body bound state. However, the comment after Eq. (1.37)
concerning the definition of the resonance matrix element should be kept in mind.

1.6 External field method

The finite volume formalism is a main tool to study the electroweak processes involving final-state
interactions and resonances. At the same time, there are other types of hadronic processes which can be
investigated on the lattice by using different approaches. An important case is Compton scattering.

The low-energy Compton scattering plays an indispensable role in probing the electromagnetic structure
of hadrons [175]. The non-linear hadronic response to an applied electromagnetic field is quantified
by the electric @, magnetic 8 as well as higher-order polarizabilities. In particular, the Euclidean space
non-relativistic effective Lagrangian, which describes the gauge-invariant interaction of the nucleon
W(x, 1) of mass M and charge g with an external electromagnetic field A,(x), is given by

(=iV - gA)’

Leg(A) =¥(x, 1) (g + iqA4)+ — —po-B+2r(aE? —,BBZ)}‘P(x,t)-i---- . (1.120)

where B and E denote the magnetic and electric field, respectively. Further, u is the magnetic moment
and the o vector collects the Pauli matrices. The dots stand for the terms containing time derivatives of
the external field and higher-order operators. The parameters of this Lagrangian can be directly related to
the coefficients in the low-energy expansion of the real Compton scattering amplitude.
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N T

Figure 1.26: Expansion of the hadron two-point function in an external field [176].

The Lagrangian in Eq. (1.120) corresponds to the Schrédinger equation for the spin-1/2 particle in an
external U(1) field. In case of a time-independent uniform magnetic field, there are stationary solutions
and the ground state energy takes the form
E; (B) = (nL + %) % ~ 1j: 1Bl = 278|Bf* + O(BP), (1.121)
where j, = +1/2, n; > 0 is the quantum number of the Landau level. The B field is chosen along the third
axis. Accordingly, the lattice measurement of the nucleon ground state energy enables one to determine
the low-energy structure of the Compton scattering amplitude.

The external field method is based on the observation that three- and four-point correlation functions
can be determined by studying the behavior of the nucleon two-point function in a weak background
electromagnetic field [177, 178]. In particular, the Compton tensor appears as a second-order term in the
expansion in A, as illustrated in Fig. 1.26. The implementation of the external U(1) field on the lattice is
straightforward. In present lattice calculations the sea quarks do not couple to this field. Accordingly,
it is sufficient to perform the following replacement of the SU(3) links after generation of the gauge
configurations:

Up(x) = U, (x)ed™. (1.122)

By a suitable choice of the external field, one can access different low-energy parameters of real
Compton scattering. For instance, Fig. 1.27 shows the energy shift of the nucleon ground state in the
presence of a constant magnetic field. Since the gauge links satisfy periodic boundary conditions, the
magnetic field can take only the discrete values [180]:

6r
B= — e, nez. (1.123)
el
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Figure 1.27: Energy shifts induced in each spin state of the neutron (left plot) and proton (right plot) by the uniform
magnetic field [179].
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The outlined method is applicable to a more general case of the doubly virtual Compton scattering
v*N — y*N. This process contributes to the Lamb shift in the muonic hydrogen [181] as well as to the
electromagnetic piece of the neutron-proton mass difference [182]. In both cases one is interested in the
spin-averaged forward scattering amplitude (Fig. 1.28). It is defined in terms of the two spin-independent
amplitudes T, 715,

|« -
3 Z % fd4xe’”"x<p, s|TJ*(x)J”(0)|p, s) = T (v, qz)K’fV + To(v, CIZ)KIZW, (1.124)
N

where ¢* denotes the photon virtuality, v = p - ¢/m and K;‘ ¥, i = 1,2, are known tensor structures [183].

The experimental data on the structure functions completely determine the amplitude 7». The fixed-¢>
dispersion relation for the amplitude 7, however, requires a subtraction. Moreover, the subtraction
function S| = T(0, ¢*) remains unknown. In principle, its elastic part is essentially given by the Born
terms, but the inelastic piece is known only at the real photon point g*> = 0 (low-energy theorem, [184]).

There are several approaches to fix the subtraction function, such as the chiral EFTs and phenomen-
ological parametrizations [185, 186]. More recently, the authors of [184] have been able to determine
its value by imposing the so-called Reggeon dominance hypothesis. They assume that the forward
scattering amplitude does not contain any fixed pole, corresponding in the Regge language to the angular
momentum J = 0. In Regge theory, such a pole generates the energy-independent contribution to the
amplitude.

The meaning of the J = 0 fixed pole can be illustrated by a simple model [187]. The propagation of a
spinless particle of mass M in the s-channel gives the following contribution to the amplitude

M2

A(s,M) = ———.
(s, M) Y

(1.125)

The factor M? ensures that in the limit of the point-like interaction M — oo the amplitude remains finite
The s-channel exchange can be represented as an infinite series of #-channel exchanges of different spins.
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This duality is established by applying the Taylor expansion in Eq. (1.125); for s < M2, one gets

2 J
As < ME M) = (1) (— u ) (1.126)

2
J>0 M

The term of type s>/ is contained in the propagator of the spin-J particle in the r-channel, in accordance
with the Feynman rules for particles of an arbitrary spin [188]. Hence, the point-like interaction, obtained
in the limit M? — oo, corresponds to the exchange of an object with spin J = 0.

The results on the inelastic part of the subtraction function obtained in different approaches are shown
in Fig. 1.29. In particular, the relatively narrow grey band indicates the calculation of [184]. Clearly,
these determinations suffer from systematic uncertainties that are difficult to estimate.

In order to verify the Reggeon dominance hypothesis, lattice simulations provide a model-independent
framework. The question whether there is a fixed pole in the Compton scattering is of conceptual interest.
The subtraction function can be calculated within the external field method. For that purpose, a properly
chosen external field configuration is required. The Compton scattering off pions might provide a good
starting point to investigate the feasibility of the whole approach.

To summarize, lattice calculations of the two-point correlation function in the external (background)
electromagnetic fields enable one to determine the electromagnetic properties of the nucleon and light
nuclei. At the same time, the extracted quantities, such as the magnetic moments and polarizabilities,
serve to parametrize the low-energy real Compton scattering. The freedom of choosing the external field
configuration opens the possibility to investigate some important aspects of the doubly virtual Compton
scattering as well.
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CHAPTER 2

Resonant pion production y*N —» N

2.1 Summary

This work concerns the pion photo(electro)production in the vicinity of the A(1232) resonance. The
knowledge on the respective ANy* transition form factors, in particular, is important to determine the
quark transition charge density which could be visualized.

At present, the lattice data of these form factors are obtained at relatively large unphysical pion masses,
so that the A is treated as a stable particle. Moreover, the applicability of the chiral EFTs to extrapolate
the results down to the physical point is not guaranteed. Accordingly, it is timely to have a theoretical
framework for the extraction of the form factors in case of the unstable A. The finite volume formalism is
the right approach to tackle the problem.

The obtained results can be summarized as follows:

o The analogue of the Lellouch-Liischer formula for the pion photo(electro)production amplitude is
derived.

e The field-theoretical definition of the resonance matrix elements is formulated.
e The prescription for the pole extraction of the ANy* form factors is provided.

e The group-theoretical analysis of the problem is done (inclusion of spin, kinematics and partial-
wave mixing).

o The limit of an infinitely narrow A resonance is considered. It is explicitly verified that the two
definitions of the form factors converge into one.

41






Available online at www.sciencedirect.com

ScienceDirect NUCLEAR[Z]
PHYSICS

CrossMark

ELSEVIER Nuclear Physics B 886 (2014) 1199-1222

www.elsevier.com/locate/nuclphysb

A framework for the calculation of the ANy ™ transition
form factors on the lattice

Andria Agadjanov ***, Véronique Bernard ©, Ulf-G. MeiBner *¢,
Akaki Rusetsky *

& Helmholtz-Institut fiir Strahlen- und Kernphysik (Theorie) and Bethe Center for Theoretical Physics,
Universitit Bonn, D-53115 Bonn, Germany
b St. Andrew the First-Called Georgian University of the Patriarchate of Georgia, Chavchavadze Ave. 53a,
0162 Thbilisi, Georgia
C Institut de Physique Nucléaire, CNRS/Univ. Paris-Sud 11 (UMR 8608), F-91406 Orsay Cedex, France
4 Institute for Advanced Simulation (IAS-4), Institut fiir Kernphysik (IKP-3) and Jiilich Center for Hadron Physics,
Forschungszentrum Jiilich, D-52425 Jiilich, Germany

Received 20 May 2014; received in revised form 22 July 2014; accepted 25 July 2014
Available online 30 July 2014
Editor: Hong-Jian He

Abstract

Using the non-relativistic effective field theory framework in a finite volume, we discuss the extraction
of the ANy ™ transition form factors from lattice data. A counterpart of the Liischer approach for the matrix
elements of unstable states is formulated. In particular, we thoroughly discuss various kinematic settings,
which are used in the calculation of the above matrix element on the lattice. The emerging Liischer—Lellouch
factor and the analytic continuation of the matrix elements into the complex plane are also considered in
detail. A full group-theoretical analysis of the problem is made, including the partial-wave mixing and
projecting out the invariant form factors from data.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

In recent years, the calculation of the ANy * transition form factors on the lattice has been
carried out, see Refs. [1-3]. The electromagnetic, axial and pseudoscalar form factors of the
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A-resonance have been also studied [4,5]. It should be noted, however, that in these simulations
the quark mass values are large enough so that the A is a stable particle and thus using the
standard formalism for the analysis of the lattice data on these form factors is justified. On the
other hand, lattice simulations with physical quark masses have already been performed. At such
quark masses, the A is not stable anymore and the data should be analyzed properly to extract
the parameters of the resonance (see, e.g., [6]).

It is well known that resonances cannot be identified with isolated energy levels in lattice
QCD simulations which are necessarily performed in a finite volume. In order to determine the
mass and width from the measured spectrum, one first extracts the scattering phase shift by using
the Liischer equation [7]. At the next step, using some parameterization for the K-matrix (e.g.,
the effective-range expansion), a continuation into the complex energy plane is performed. Res-
onances correspond to the poles of the scattering 7-matrix on the second Riemann sheet, and the
real and imaginary parts of the pole position define the mass and the width of a resonance. This
is a pretty standard procedure that has been used in a number of recent papers [8—-10]. A gen-
eralization of the approach to moving frames has been first proposed in Ref. [11], and a full
group-theoretical analysis of the Liischer equation in moving frames, including the issues re-
lated to the scattering of the spin-non-zero particles, has been carried out, e.g., in Refs. [12—-18].
An alternative, albeit a closely related procedure consists in fitting the data to the energy spec-
trum by using unitarized ChPT in a finite volume [19-21]. The above approach qualitatively
amounts to a parameterization of the K-matrix through the solution of the equations of the
unitarized ChPT (in the infinite volume) that may a priori have a larger range of applicabil-
ity than the effective-range expansion. Note also that the approach has been generalized to
the multichannel scattering case [22-28]. An analysis of the two-channel case has been car-
ried already out for the toy model in 1 + 1 dimensions [29] and should now be applied in
physically interesting cases. Further, using twisted boundary conditions [30-32] to facilitate
the accurate extraction of the resonance parameters has been advocated, e.g., in Refs. [19,20,
23], and the possibility of the partial twisting has been investigated in Refs. [31,33,34]. Last
but not least, recently an extension of the Liischer approach to the 3-particle case has been
proposed by several groups [35-38], albeit there is still much more work required in this di-
rection.

As one sees from the above discussion, up to date the framework for the extraction of the
resonance parameters (the mass and the width) from lattice data is well established (at least, for
the resonances that do not decay into three or more particles). For the calculation of the more
complicated quantities, e.g., the resonance form factors, the old approach that treats the resonance
as a stable state, is still widely used, albeit it is clear that the same problems arise also here. What
one needs is a generalization of the Liischer finite-volume approach to the form factors. In our
recent papers [39,40], we have formulated such a generalization, considering the form factor
of a spinless resonance. The procedure of extracting the resonance form factor from the form
factors of the eigenstates of the Hamiltonian, which are actually measured on the lattice, closely
resembles the procedure of extracting the resonance pole position and also implies the analytic
continuation into the complex energy plane by using, e.g., the effective range expansion. There
are, however, differences as well. Most notably, as was shown in Ref. [40], in 3 + 1 dimensions,
due to the presence of the so-called finite fixed points, the procedure of the analytic continuation
and taking the infinite-volume limit is no more straightforward and measuring the form factor
for at least two different energy levels is required, in order to achieve an unambiguous extraction
of the resonance form factor.
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The present paper is a continuation and the generalization of Refs. [39,40] in two aspects:

(1) In Refs. [39,40], an elastic resonance form factor (an example: the electromagnetic form
factor AAy*) has been considered. In this paper, we address transition form factors, in
particular, ANy ™* that is more interesting from the phenomenological point of view. It turns
out that the presence of one stable particle in the out-state (here, the nucleon) leads to crucial
simplifications. As we shall demonstrate, the finite fixed points do not exist in this case, so
the measurement of a single energy level (albeit at several volumes) will suffice. We shall
discuss in detail various lattice settings, which provide an access to the measurement of the
form factor.

(i1) All particles and currents, considered in Refs. [39.40], were scalar. On the other hand, the
particles, whose form factors we want to calculate, have spin. In this paper, we consider the
inclusion of spin into the formalism and carry out a full group-theoretical analysis of the
obtained equations along the lines described in Ref. [16].

The paper is organized as follows. In Section 2, we start from defining the resonance form
factor in the infinite volume and discuss the analytic continuation into the complex plane. The
projection of various scalar form factors will be considered. In Section 3 we consider the kinemat-
ics, which should be used for measuring the matrix elements of a current between the eigenstates
of the Hamiltonian. This issue is very important for performing the analytic continuation of the
above matrix element, keeping the relative three-momentum of the photon and nucleon fixed. Fur-
ther, in Section 4, we calculate these matrix elements within the non-relativistic effective field
theory (EFT) and demonstrate that the finite fixed points are absent, when one of the external par-
ticles is stable. The initial-state interactions, which manifest themselves in the Liischer—Lellouch
factor, should be properly included in order to take into account the difference in normalization
of the matrix elements in the infinite and in a finite volume. In Section 5 we collect all bits
and pieces and formulate a prescription for the extraction of the resonance transition form fac-
tor from data. Section 6 contains our conclusions. Finally, in Appendix A, the formulae for the
partial-wave expansion of the photoproduction amplitudes are displayed.

2. Resonance form factor in the infinite volume

To the best of our knowledge, the procedure for calculating the matrix elements of opera-
tors between the bound state vectors in field theory has been first addressed in Ref. [41] (a very
detailed and transparent discussion of the problem can be found in Ref. [42]). In short, the proce-
dure boils down to the following. For simplicity, consider the scalar case first. Let | P) be a stable
bound state moving with a four-momentum P, with P, P# = M. The fact that this is a bound
state and not an elementary state is equivalent to the statement that (0|¢ (x)|P) = 0, where ¢ (x)
stands for any field which is present in the Lagrangian. Consider now an operator O (X) built
from the elementary fields ¢. The operator O(X) can be either local or non-local. In the latter
case, X denotes the center-of-mass coordinate of the fields entering in O (X). The only require-
ment on this operator is that (0]O(X)|P) # 0. The Fourier-transform of the two-point function
of the operators O has a pole at P? = Mlzg:

. N z
i/d4Xe’PX(0|T0(X)O(O)|O) = BP2 + regular terms at P> — M3, 2.1)
B
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where Zp is the wave function renormalization constant of the bound state (for the scalar opera-
tors, considered here, the conjugated operator O = O™).

Let us now consider the three-point function with any local operator J (the “current”). This
function has a double pole

F(P, Q) :i2/d4Xd4Ye"PX—iQY<0|T0(X)J(0)0'(Y)|0>

Zl/2 Zl/2
=8 __(PlUJO)Q)—L— +---, (2.2)
M% — P? M3z — Q2

where the ellipses stand for the less singular terms. From this equation one immediately sees that
the matrix element of a current J between the bound state vectors is defined through
(PIJ(O)|Q)= lim _Zz'(M}— P?) (M3 — Q*)F(P, Q). (2.3)
P2,02—> M3
Due to the Lorenz-invariance, the matrix element in the 1.h.s. of this equation is a function of a
single scalar variable t = (P — 0)2%.

Note also that the expression given in Eq. (2.3) defines the matrix element between bound
states. In a completely similar manner, it is possible to define the matrix elements between a
bound state and an elementary state, or between two different bound states — all differences boil
down to the proper choice of the operators O.

In case of a resonance rather than a bound system, no corresponding single-particle state
exists in the Fock space. In the literature, one encounters two different approaches to the problem.
One approach, which implies the definition of the form factor from the amplitudes measured at
real energies, invokes the Breit—Wigner parameterization of the resonant amplitude and extracts
the resonance formfactors at the energy where the scattering phase shift passes through 90°.
Within the second approach, the resonance form factor is defined through the continuation to the
resonance pole position in the complex plane, as described below. Let O (X) be the operator with
the quantum numbers of a resonance. The two-point function of the operators O develops a pole
on the unphysical Riemann sheet in the complex plane

; 4y iPX 3 _ 7R 2
i | d°Xe" 7 {(0|TO(X)0(0)|0) = P2 + regular terms at P~ — sg, 2.4)
SR —

where the quantities sg, Zg are now complex. The real and imaginary parts of Eg = ,/sg give
the mass and the half-width of the resonance, respectively.

Further, the three-point function develops a double pole in the complex plane, and the reso-
nance matrix element of any current J is still defined by a formula similar to Eq. (2.3):

(PLIOIQ) = 1Qi£n 23" (sk — PY)(sg — QY F(P. Q). (2.5)

We would like to stress that the quantity on the l.h.s. of Eq. (2.5) is a mere notation for the
matrix element: there exists no isolated resonance state | P) in the spectrum. Again, due to the
Lorentz-invariance, this quantity is a function of a single variable r = (P — Q)?.

The following questions arise naturally in connection to the procedure described above:

(i) Is it not possible to avoid the analytic continuation into the complex energy plane?
(i1) Experiments can only be performed for real energies. How does one perform the analytic
continuation of the experimental data?
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In brief, answers to these question are:

(1) Relating the form factor to the measured scattering amplitudes by using, e.g., the Breit—
Wigner parameterization, yields a model-dependent result, since the background is not
known. Consequently, the form factor, extracted at the real energies, will be process-
dependent. This problem does not arise, when an analytic continuation to the resonance
pole is performed. The resonance matrix elements extracted through the analytic continua-
tion, are the quantities that characterize the resonance itself and not the process where they
were determined.

(i) The analytic continuation of the experimental data (e.g., in order to extract the magnetic
moment of a A-resonance) is, in general, a very difficult procedure and is severely limited
by the experimental uncertainties. However, the goal is still worth trying, see the arguments
above.

It should be mentioned that both definitions of the form factor: on the real axis (see, e.g., [43,
441) as well as at the resonance pole [45], have been already used for the analysis of the experi-
mental data (the latter work contains also the comparison of the resonance parameters, extracted
by using different methods). In order to make it possible to compare lattice calculations with all
existing experimental results, in this paper we provide the formulae which should be used on
the real axis, as well as in the complex energy plane. Here we stress once more that only the
definition, based on the analytic continuation, yields a resonance form factor that is devoid of
any process-dependent ambiguities. Further, it will be explicitly demonstrated that both methods
yield the same result in the limit of the infinitely small width.

Up to now, all particles and operators considered were scalars. In order to include the res-
onances of a generic spin, we follow closely the procedure of Ref. [46]. Let O, (X) be the
interpolating field for a resonance. Here, o denotes the collection of indices characterizing a
resonance with spin (Dirac indices, vector indices). The two-point function in the vicinity of the
resonance pole has the following behavior:

ZRPug(P,sR)
P2

i / d*Xe'PX(0|T 04 (X)0p(0)|0) = + regular terms at P2 — sg, (2.6)

SR —

where Pyg denotes the projector on the positive energy “states”

Pyp =) uy(P.e)iig(P.¢), 2.7)

&

where the sum runs over spin projections on the third axis (¢) and uy (P, €) denotes the solution
of the free wave equation for a particle with a given spin.

Below, we shall give a construction of uy (P, €) in case of the spin-1/2 and spin-3/2 particles.
In case of the spin-1/2 particle, this quantity is given by [46]:

1
0
u(P,1/2)=+ PO+ Eg p3 ,
PO+ER
Plyip?

PO+ ER
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0
1
u(P,—1/2) =+ PO+ Eg| P -iP? |,
PO+ER
_p3
PO+ER

__p3 _ 1 _:p2
ﬁ(P,l/Z):x/PO—l—ER(l,(), P i ’P)>,

PO+ ER’ PO+ Eg

_ —(P'+irP>H P?
P,—1/2) =+ PO+ Eg( 0,1, : : 2.8
u(p, —1/2) * R( PO+ Ex PO+ Eg (28)

These spinors obey the Dirac equations with the complex “mass” P? = sg

(P — Er)u(P,e) =0, i(P,e)(P — ER)=0 (2.9)
as well as the identities
ZM(P, e)i(P,e)= (P + Eg), w(P,e)u(P, &) =2ERSy. (2.10)

&

Note, however, that, if Eg and P, are complex quantities, then, in general,
(P, &) #u(P, &) yp. (2.11)

In case of a particle with a spin-3/2, one has to construct the solutions of the Rarita—Schwinger
equation with a complex “mass”. To this end, we define three vectors e,, with w = %1, 0:

1 (! 0 s
) )

1 1
ey =——1,-1,0), €=(0,0,1), e_;=—=(1,i0). (2.12)
! V2 0 NG
Further, define
e, P P(e, - P)
M P = —_— -~
_ €, P _ P(e, - P)
P, w) =2 —, e 7). 2.13
Jhre) ( ER fot ER(PO+ER)) 19

The Rarita—Schwinger wave functions are given by group-theoretical expressions corresponding
to the addition of spins 1 and 1/2:

W (P.3) =Y (lwl/2e[3/21) f* (P, w)u(P. &),

i(P,2) =Y (lwl/2e]3/20)ii(P, &) f* (P, w), (2.14)

w,&

with (. ..) the appropriate Clebsch—Gordan coefficients. These wave functions obey the equations
(P — Er)u"(P,2) =0, Puu’ (P, 2) = yu” (P, 1) =0,
@"(P,a)(P —Er) =0,  @"(P,0)Py=i"(P,\)y, =0, (2.15)

and the identities
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_ P+ ER 1 2PHPY  PHyY — PVyh
KPP,V (P L) = ——— (g™ — S yHyY — :
;u (P ] (P2 = = =8 =3 - S T g,
> (P Wuy (P, )) = —2ERS. (2.16)
"

Below, we shall restrict ourselves to the case of the ANy * transition. However, the formalism
can be directly generalized to particles with any spin. The three-point function for this transition
takes the form

F* (P, Q)= i2/d4Xd4YeiPX_iQY(O|T0“(X)Jp(0)1ﬁ(Y)|O)

Zl/z Zl/2
= . 0? D ut (PP AT O)]Q. )il (Q.8) + -+ (2.17)
A&

- _ p2..2
SR PmN—

Here, O*(X) and v (Y) denote the A and nucleon interpolating field operators, respectively,
J* is the electromagnetic current, sg is the A-resonance pole position in the complex plane,
and my is the nucleon mass. The sum runs over the A and nucleon spin projections: A =
—-3/2,—-1/2,1/2,3/2 and ¢ = —1/2,1/2. As already stated after Eq. (2.5), the matrix element
that appears on the r.h.s. of the above equation is a mere notation: there is no stable A-state in
the Fock space of the theory. We shall use this notation throughout the paper.

Projecting out the matrix element from Eq. (2.17), we get

712 =12

YA
(P, ATP(0)|Q, 8) = lim “R_ZN_ (5p — P?)(m% — Q?
P2—sg, Q2—>m?, 2ER 2mN( )0y )

X iy, (P, \)F* (P, Q)u(Q,¢). (2.18)

This matrix element can be expressed in terms of three scalar form factors (see, e.g., [47,48])

12
(P,AJP(0)|Q, &) = (§> ﬁM(P,)»){GM(I)/C% + Gp()KE -i-Gc(t)’Cgp}

xu(Q,¢), (2.19)
where!
3 Er+mpy
oM — ooy ’
M T T Ertmy)?—1 2my Doy
o Egr+mpy
KR = —KChP + 6i A 1(z)T y5€"7% pouape”®” 85w Pugs,
- Er+mpy
K" =3iA l(t)TVsq“(Clzpp —(q-p)q”), (2.20)
and

1
PIE(P+Q), q=P-0,

A@t) = ((Egr +mn)* —t)((Eg —my)* —1). (2.21)

' For the Dirac matrices, we use the conventions of Ref. [49].
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K E.c are, respectively, the magnetic dipole, electric quadrupole and Coulomb (longitudinal)
quadrupole covariants. In order to determine these three scalar form factors separately, it is con-
venient to work in a special kinematics. We choose both 3-momenta P and Q along the third axis.
Further, the formulae simplify considerably in the rest-frame of the resonance P = 0. Below, we
shall adopt this choice.

Using Egs. (2.19) and (2.20), it is straightforward to show that, in the rest-frame of the
A-resonance,

3 E
(1/2[J°0)[1/2) =i AGce (1),
Eg

1
(1/21770) = 1/2) = _i\/;A(GM(f) —3Gg(),

(3/2|JF(0)]1/2) = —i‘/%A(GM(I) + Ge()), (2.22)
where
JH0) +iJ%(0) Egr+mpy
+ _ _ 0_
J7(0) = 5 , A= T, \/2ER(Q my). (2.23)

Further, it can be shown that the following field operators

1 1 1 : 2
03/2(X)=§(1+E3)§(1+V0) (0'(X) —iX30°(X)),

1
NG

1 1 1, -
01/2(X)=§(1—23)5(1+V0)ﬁ(0 (X) +iZ30%(X)),
- 1 1
012(X) = 5(1 + 23)5(1 +70) 0% (X) (2.24)

produce the A-particles with spin projection A = 3/2 and A = 1/2, respectively. Here, X3 de-
notes the 4 x 4 matrix, describing the spin projection on the third axis. In terms of the Pauli
matrices, it is given by X3 = diag(o3, 03). Note also that the operators O3, and O 2, 51 /2 be-
long to the different irreducible representations (irreps), G and G, respectively, of the little
group of the double cover of the cubic group, corresponding to the boost momentum along the
third axis [16]. Moreover, there are two different operators that correspond to the spin projec-
tion A = 1/2, whereas there exists only one operator for the projection A =3/2, see Eqgs. (113)
and (114) of Ref. [16].

The field operators, projecting onto the states with a given third component of the nucleon,
are constructed trivially:

- - 1 1
Ve1p(Y) =y )71 £ 23)= (0 + o). (2.25)

Using the above operators, we may construct the following three-point functions:
Fua(P. Q)= [ d*Xd*YePX 1T 01T 12005 0 2(1) 0],
Fa(P. Q)= [ d*Xd*YePX T 017 01200 01210}

F3(P, Q) =i* f d*Xd*y e PXT1Y (01T 032(X) T (0) 1 2(Y)]0). (2.26)
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In the vicinity of the double pole, these functions behave as
1/2 1/2

z* 7\ Egp—Q°
sg — P2 m%v —0? Epr
2) V2ozr oz P

Tr(Fi2(P, Q) = i<§

_ 2\
Tr(Fl/z(P, Q))=i<—) BGc(@)+---,

3

1
sk — P2 m3, — QzEB(GM(f)—3GE(z))+...,

3
st P2 ml — 02 SB(Gu® +GE®) +-+-. @.27)

) 1/2 Zl/2 Z1/2
Tr(F32(P, Q)) =i<§> R N

where the trace is performed over the Dirac indices, and

_ Egr(Egr+my)
my

B

1Q]. (2.28)

So, with a special choice of the interpolating operators, the problem of a particle with spin boils
down to the spinless case, considered in the beginning of this section. The three form factors
Gc, Gy, GEg can be projected out individually.

3. Extracting the form factors on the lattice

Below, we adapt the formulae of the previous section and formulate the rules for projecting
out the form factors G¢, Gy, Gg from the Euclidean Green functions on the lattice. Let us
first restrict ourselves to the case when the A is stable and consider the following three-point
functions at ¢’ > 0, t < 0:

Rip(t'.1) = (0101 (1) 3 0) 2, (1)10),
Rip(t'.1) = (01012(t") I TP L, 5 (1)10).
Rapa(t',1) = (01032(1') I (002, (1)10), (3.1)

where
O12(t') =) O12(X, 1),
X
Oip(t') =) 012(X. 1),
X
Os2(t') =) 032(X. 1),
X

U0 =Y sy n(X.1). (3.2)

X

The operators O; 12(t"), O12(t"), O32(t) describe the A at rest, whereas &El /(1) corresponds
to the nucleon moving with the 3-momentum Q. The operators on the r.h.s. of Eq. (3.2) are given
in Eq. (2.24) with the substitution yy — y4.
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In the limit ¢ — 400, t — —o0 only the one-particle A and nucleon states contribute:

_ ) e—EAl/-i-ENt N 3 -Q
Rip(t' 1) — ExEn (01O012(0)[1/2)(1/2177(0)[1/2){1 /2[5, (0)[0),
, e—EAt/-l-ENt -0
Ripa(t' 1) —> W(WOIQ(ON1/2)(1/2|J+(0)| —1/2)(=1/21¥=, ,(0)[0),
—EAt'+EpNt
/ ¢ + 7Q
R3p(t' 1) —> m(0|03/2(0)|3/2)(3/2|1 (0)[1/2)(1/2],,(0)]0), (3.3)

where EA = mp in the rest-frame of the A and Ey =/ mjzv + Q? (here, ma denotes the mass
of a stable A). Further, we define the following 2-point functions

Di2(t) = Tr(0]012(1)O1/2(0)0),

Dy (1) = Tr(0|012(1) O12(0)10),

D32(1) = Tr(0]032(1)032(0)0),

DG (1) = Tr(0[y 2, , (V2 ,(0)]0). (3.4)

It can be straightforwardly seen that, in the limit 7/ — 400, t — —00,

NTr(ﬁl/z(t/, 1)) <D6(t/)l~)l/2(—f)l~)l/2(f/ —1)
Dijp(t' —1) \ Dip@)DG(—1) DG — 1)
_NTr(Rl/z(t’, 1)) (D(S(t/)Dl/z(—f)Dl/Z(t/ —1)
Dypa(t' —=1) \ D1p(t")Do(=1) D (1" — 1)
_NTr(R;;/z(t/, 1)) (Dg(f’)D3/2(—I)D3/2(I’ —1)
D3pp(t' 1) \ D3ja(t)DG(—1) DGt — 1)

1/2
) — (1/217°(0)]1/2),

12
) — (172177 (0)| — 1/2),

1/2
) — (3/2177(0)[1/2), (3.5
where N = /4E A Ey and the Euclidean analogs of Egs. (2.22) read (cf., e.g., with Ref. [31%)

; E
(17214 (O)|1/2>:TAGC(t)
A
N 1
(1721770 - 1/2) = EA(GM(t)_3GE(f)),

3
(3/2177(0)[1/2) =\/;A(GM(I)+GE(I)), (3.6)

where t = (Ean — En)? — Q? and the quantity A is given by Eq. (2.23) with the replacement
Er — EA. We would like to also mention that, in case of a stable A, the above relations hold up
to the Lorentz-non-invariant terms exponentially suppressed in a box of size L.

When the A becomes unstable, the interpretation of the above equations changes. The ratios
given in Eq. (3.5) can be still formed, but the functions that are extracted from these ratios are
the matrix elements of the electromagnetic current calculated between a certain eigenstate of the
Hamiltonian in a finite volume (with the volume-dependent energy E A ) and a one-nucleon state.

2 Note the difference in sign and in a factor 2 with the third line of Eq. (4) of Ref. [3].



A. Agadjanov et al. / Nuclear Physics B 886 (2014) 1199—-1222 1209

The normalization constant A/ in these equations also changes. Namely, N’ = /8wjarwaa Ey,
where wia and wya are the energies of the nucleon and a pion in the CM system: wia =
(EX + m3% — M2)/(2EA), waa = (EX — m% + M2)/(2EA) and wia 4+ wya = Ea. In the
infinite-volume limit, these matrix elements do not coincide with the resonance matrix elements
defined in the previous section. Rather, the energy of any fixed level tends to the threshold value in
this limit. Note also that, at a given energy, there may exist several eigenstates of the Hamiltonian
in the vicinity of the resonance energy, and it is not clear, which of these matrix elements should
be identified with the resonance matrix element we are looking for.

It is evident that the situation closely resembles the determination of the resonance pole posi-
tion from the lattice data by using the Liischer equation. As it is well known, in order to achieve
the goal, one has to perform an analytic continuation into the complex energy plane. A detailed
discussion of this procedure can be found, e.g., in Ref. [40]. Below, we give a short description of
the procedure. One first extracts the scattering phase shift at different energies from the measured
energy spectrum and fits the quantity p> cot8(p) by a polynomial in p?, assuming the effective
range expansion (here, p denotes the relative 3-momentum in the CM system). Then, one finds
the poles of the 7-matrix in the complex plane by finding the zeros of a polynomial with known
coefficients. Below we shall prove the generalization of this procedure to the case of the matrix
elements. Namely, the matrix elements given in Eq. (3.5) should be measured at several energies
(corresponding to the measurement at several volumes), and the result should be fitted by some
polynomial. Further, we shall show that, replacing p> by p% in this polynomial, where pg de-
notes the value of the relative 3-momentum at the resonance pole, one obtains the resonance form
factors defined in the previous section (up to the corrections that are exponentially suppressed
in large volumes). This is the main result of our work. Note also that this prescription is much
simpler than the one for the elastic A-form factor (see Ref. [40]) since, as we shall see below, no
finite fixed points arise in the case of the transition form factor.

As it is clear from the previous discussion, in order to perform the fit, the matrix elements
should be measured at several values of the relative 3-momentum p. These matrix elements
depend on two kinematic variables: apart from p, there is the nucleon 3-momentum |Q| (alter-
natively, the variable ¢ which at the resonance takes the complex value t = (Er — 092 — Q3.
Note also that fixing |Q] is equivalent to fixing ¢ because the (complex) resonance energy ER,
which is defined in the infinite volume, is also fixed. On the lattice, it is more convenient to fix
the real quantity |Q|, and we stick to this choice in the following.

According to the previous discussion, our goal is to find a way to “scan” the resonance region
in the variable p, leaving the other variable |Q| fixed. There is, however, a problem, if one
performs this scan by doing measurements at different volumes. Namely, the momentum on the
lattice along any axis is quantized, and the smallest nonzero momentum available is equal to
2r /L, where L denotes the box size. Consequently, if L is varied, the quantity |Q| will change
along with p.

We can propose at least two strategies that help to circumvent this problem:

1. The use of asymmetric boxes. Consider the box with the geometry L x L x L’ and direct Q
along the third axis. The A is in the rest frame. Changing L does not affect Q but affects p.
2. Using (partially) twisted boundary conditions. One may apply the twisting to a single quark
in the nucleon, namely, the one that is attached to the photon (see Fig. 1). This gives an
additional momentum to the nucleon along the third axis. The magnitude of this change is
|Qg| = 6/L. On the other hand, changing the cubic box size, we also change the magnitude
of the nucleon momentum |Q|. One may adjust the value of the twisting angle 6 so that the



1210 A. Agadjanov et al. / Nuclear Physics B 886 (2014) 11991222

Aﬂ

Fig. 1. Twisting a single quark in the nucleon.

N

sum of these two effects cancels and the nucleon momentum is kept fixed. It is important to
stress that the value of 6 can be determined prior to the simulations since it depends only on
the box size. We also note that a similar technique of twisting has been already applied in
the past for the calculation of nucleon form factors [50].

To summarize, on the lattice we have to measure the matrix elements given in Eq. (3.5).
These matrix elements depend on two kinematic variables: the relative 3-momentum p in the
A-channel and the 3-momentum Q of the nucleon (the three-momentum of the photon is —Q).
Using asymmetric boxes or twisted boundary conditions, we may scan the resonance region in
p while keeping Q fixed. Let us now discuss how to perform the analytic continuation into the
complex plane and extract the resonance form factors with the use of Eq. (3.6).

4. Matrix elements in a finite volume
4.1. Two-point function

In this section, we shall consider the resonance matrix elements by using the technique of
the non-relativistic effective field theory in a finite volume. While doing so, we closely follow
the path of Ref. [40], adapting the formulae given there, whenever necessary. To avoid problems,
related to the mixing of the partial waves, the A-resonance is always considered in the CM frame.
In this case, there is no S- and P-wave mixing. Neglecting the (small) P3; wave, the Liischer
equation [7] for the P33 wave is written as follows:

pL
pceoté(p) + peotp(q) =0, 9= 4.1)
where
peotg(g) = — \/—L{Zoo(l q )ﬂ:ﬁzzo( ;qz)}, 4.2)

and §(p) is the P33 phase shift in the infinite volume. Further, Zlm( 1; qz) denotes the Liischer
zeta-function (for the asymmetric boxes, in general), and the signs + and — are chosen for the
irreps G1 and G of the little group corresponding to d = (0, 0, 1), respectively (see Ref. [16]).
In particular, for a symmetric box, i,ma; qz) = Zim(1; q2) and Z,o(1; qz) = 0 in the CM frame
(there is no mixing to the P3; wave in this case). For an asymmetric box with L' = x L,

1 A
Zlm(l q ) S Z l?z)lm(:])z, ry2=nip, r3= ;n3, Zzo(l;qz) #0. 4.3)
neZ3

The matrix element of an operator O; between the vacuum and an eigenstate of a Hamiltonian
(0]O; (0)|n) contains two-particle reducible diagrams describing initial-state interactions, which
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Fig. 2. Initial-state pion—nucleon interactions in the two-point function. The quantity X; stands for the coupling of the
operator O; to the pion—nucleon pair in the intermediate state.

are volume-dependent (here, O; stands for one of the operators O, 12, 01,2, O32). This matrix
element is proportional to U; even in case of an unstable A, where

1 1 1 . 2
U3/2=§(1+E3)§(1+J/4) (u'(P,3/2) —iX3u”(P,3/2),

L

V2
1 1 1

Uip= 5(1 - 23)5(1 + )/4)%

- 1 1

Oip=5(1+ Z3)5(1 +ya)u’ (P, 1/2). (4.4)

(u' (P, 1/2) +iZ5u*(P, 1/)2)),

This fact can be verified straightforwardly, since both the above matrix element as well as U; are
Dirac spinors with only one nonzero entry.

The calculation of the volume-dependent factor in the matrix element proceeds by using the
same technique as in the derivation of Eq. (46) of Ref. [40]. Namely, we calculate the two-point
function of the operators O;, O; in the non-relativistic effective field theory below the inelastic
threshold. According to the discussion above, the coupling of the operator O; to the pion—nucleon
state in the effective theory is described by a local vertex X;U;, where the scalar function X; =
X l.(O) + X l.(l)p2 + - .- contains the terms with 0, 2, ... derivatives. Here, p2 stands for the relative
momentum squared of the pion—nucleon pair in the CM system. Note that the X; contain only
short-range physics and are the same in a finite and in the infinite volume. Explicit values of X i(m)
are not important, because the X; cancel in the final expressions.

Summing now up the pion—nucleon bubble diagrams as shown in Fig. 2, it is seen that the
Euclidean two-point function takes the form

(010; (x0)Oi (30)10)

e}

= U; Xl-{ / Clz—i)eiPO(XO_yO)V(—iJ(PO) — JH(P)T(Py)) { X U;, (4.5)
where
J(Py) = ! > ! ! (4.6)
Y — 2w (k) 2w (k) Po —i(wi (k) + w2 (K))’ '

w1 (K) = ,/m%\, + k2, wa (k) = /M2 + K2, V is the lattice volume and T (Py) denotes the pion—

nucleon scattering amplitude in a finite volume®
8
VS . s=-P2 @.7)
pcotd(p) + peote(q)

and p is the relative momentum in the CM frame, corresponding to the total energy ./s.

T(Py) =

3 Note that here we use a different normalization in the partial-wave expansion of the 7 -matrix than in Ref. [40].
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Next, we perform the integration over the variable Py, using Cauchy’s theorem. It can be
shown that only the poles of 7T'(Py) contribute to this integral. In the vicinity of the n-th pole, this
function is given by

STE?  sin®8(pn) 1‘ e “8)
Wip W2, 8'(pn) + &' (qn) En +iPo
where E, are the eigenenergies in the box, p, is the corresponding relative 3-momentum, g, =
pnL/Q2m), and wi, = (E2+m3% — M2)/(2E,), wa, = (E2 —m3%, + M2)/(2E,). The derivatives
are taken with respect to the variable p, so that ¢'(¢) = d¢(q)/dp = (L/27)d¢p(q)/dq.

Performing the integration over pg and using the Liischer equation

T(Py) =

lZ 1 1 _ Pncotd(pn) (4.9)
Vv " 2w (k)2wa (k) wi(K) + wa(k) — E, StE, '
we finally get
(010 (x0) O; (y0)10)
2 S 2 B
— U; X; { VY e Entomyn) 2 (p/") P }Xi ;. (4.10)
- 8'(pn) + @' (gn) 8T winwa,
On the other hand,”
- e~ En(xo—)0) _
(010i (x0)Oi (y0)10) = Z 4—<0|Oi (0)[n){n|0;(0)[0). (4.11)
" WinW2n
Comparing these two equations, we finally get
2 2\ 1/2
8(pn
1(010; (0)|n)] =U,-X,-v1/2( o0 (p,) ﬁ) (4.12)
16"CPn) + @' (gn)| 27

4.2. Three-point function

Next, let us consider the current matrix elements in a finite volume F; = F;(p, |Q|), i =
1,2, 3, which appear on the r.h.s. of Eq. (3.5). The derivation which is given below is essentially
similar to Egs. (65)—(70) of Ref. [40]. We start from the calculation of the three-point function,
summing up the bubble diagrams in the non-relativistic effective theory. There are two types of
diagrams, which are shown in Fig. 3 to which one has to add the diagrams obtained by adding
any number of pion loops to the initial states interaction (see Fig. 4). The self-energy insertions
in the outgoing nucleon line can be safely ignored since the nucleon is a stable particle (see
discussion below) and hence such diagrams lead to the exponentially suppressed contributions in
a finite volume. As a result, the matrix element is written as a sum of two contributions

T dPy . )
(010 (x0)J4(0)| Q. &) = U; X; / Znoe”’oxop ;;t jg” ) 7(Py)
x (=iJ(PO)F™ (p,1QI) + £ (p. 1Q1)), (4.13)

4 The normalization of the one-particle states here differs from the one used in Ref. [40]. Here, we use the normalization
(Plg) =2poVdpg-
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O, IQ\J&L/\\N L0 ;V—bﬁ (4)
X; X;

]

X; X

Fig. 3. Typical diagrams contributing to the ANy * transition form factor: (A) point vertex and emission of the photon
from the external nucleon line; (B) emission of the photon from the internal lines. As in Fig. 2, the quantity X; stands
for the coupling of the operator O; to the pion—nucleon pair in the intermediate state.

! T ! =XZ{’j\’j W L ~—_

Fig. 4. Initial-state pion—nucleon interactions in the ANy * transition form factor. The quantity F; denotes the sum of all
irreducible diagrams.

where Fl.(A) (p, 1Q|) does not depend on L (up to the exponentially suppressed contributions) and
the indices a, ¢ have been suppressed for brevity.

The diagrams of the type (B) can be potentially dangerous. Indeed in the case of the elastic
form factor, such diagrams lead to the so-called finite fixed points, see Ref. [40]. However, the
fact that one of the external particles (the nucleon) is stable simplifies matters considerably. As
shown in Section 4.2.2 (see Eq. (4.39)), in that case the quantity F i(B)( P, 1QJ)) can be written as
a product of two factors:

EP(p,1Ql) = —id (PYEP (p,1QI), (4.14)

where I:”l.(B)( p, 1Ql), again, does not depend on L up to the exponentially suppressed contribu-
tions. Physically, this corresponds to the Taylor expansion of the pion propagator attached to the
nucleon in diagram Fig. 5: this propagator shrinks to a point (a similar discussion holds when
the photon is attached to the nucleon line) and the contributions of diagrams (B) to the matrix
element are equivalent to the one of diagrams (A).

Consequently, we can rewrite Eq. (4.13)

(010i (x0)J“(0)| Q. ¢)

o

= U, [ S (i) T Ry B (. Q). (4.15)
—00
where Fi(p, |Q|) = Fi(A)( p,1Q]) + Fi(B)( p, |Q|) denotes the full irreducible amplitude for the
7N — y*N transition.
Performing now the Cauchy integral over Py and comparing to the spectral representation of
the three-point function, we get

1 cos®8(pn) Pa
010:(0) 1) ———— F; (pa. 1QI) = X;U; .
(010 ( )|n>4w1nw2n i(Pn. Q) = X; "8 (pn) + ¢ (gn) 8T W1 W

Fi(pa,1Ql). (4.16)
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From Eqgs. (4.12) and Eq. (4.16) one obtains

_ cos28(py)  p2\ "V
| (pay 1Q1)| = Vl/z(w’(pn)w'(qm 5) | (pas 1QI)]- (4.17)

Before we proceed further, an important remark is in order. As already discussed in Section 2,
the form factor can be defined either on the real energy axis, or at the resonance pole (although,
strictly speaking, only the latter definition is a rigorous one, the former is process-dependent).
Below we shall provide the formulae which enable one to “translate” lattice data into one of these
definitions.

4.2.1. Real energy axis

On the real energy axis, the infinite-volume matrix element, corresponding to the scattering
process T N — y*N at low energies, is given by a geometric series of the pion—nucleon bubbles
in the final state. This series sums up into the following expression:

pcotd(p)
pceotd(p) —ip

Here, we have assumed that the quantity Fi( P, |Q|) has a smooth infinite-volume limit (see the
proof below). The amplitudes .A; are proportional to the linear combinations of the so-called
transverse magnetic (M), transverse electric (£) and scalar (S) multipoles. The latter appear in
the partial wave decomposition of the 7 N — y* N scattering amplitude (see Appendix A for the
details) and can be extracted from the analysis of the experimental data. The multipoles contain
information on the resonance states.’

Note that Eq. (4.18) is nothing but Watson’s theorem, which indeed holds near the
A-resonance in the elastic region. At a first glance, A; (p, |Q|) vanishes when § = 90°. In order
to show that this is not the case, we rewrite Eq. (4.18) as follows:

i8(p) _
Ai(p. 1Ql) = ep3 sind(p) p* cot8(p) i (p, 1Q)), (4.19)

Ai(p,1Q]) = Fi(p,1Ql) =P cos8(p) Fi (p, Q). (4.18)

Assuming that the effective-range expansion holds in the resonance region, one may write

p3cot8(p)ih(p2)=—2+%rp2+---, (4.20)
where a is the P-wave scattering volume and r is the effective range. The function & (p?) should
have a zero at p> = pi, where the scattering phase passes through 90°. It is easy to get con-
vinced that the quantity F;(p, |Q|) should have a pole exactly at the same value of p2. This pole
corresponds to the exchange of the bare A in the s-channel (since our effective non-relativistic
Lagrangian does not include the explicit A, the pole will manifest itself in the divergence on
the perturbative series at p? = pi). Consequently, not the quantity F;(p,|Q|) alone, but the
product p>cot8(p)F;(p,|Q|) is a low-energy polynomial that can be safely expanded in the
resonance region and that, in general, does not vanish at p* = pf‘. It follows from this that the
multipoles A;, defined by Eq. (4.19), take finite values at the resonance.

Finally, combining the above equations, we arrive at an analogue of the Liischer—Lellouch
equation for the photoproduction amplitude in the elastic region

> We would like to mention here that in Ref. [51] the calculation of the deuteron photodisintegration amplitude in a
finite volume was addressed by using a slightly different technique.
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. _ i5() y1/2 ! p_g>—1/2 .
Ai(pn, 1Ql) =PV (W(pn) @) 2 | Fi (pn 1QI)]- (4.21)
Eq. (4.21) comprises one of the main results of the present article. It allows to extract the multi-
pole amplitudes from lattice data.

In order to obtain the AN y* matrix elements FiA, defined on the real axis, one parameterizes
the imaginary parts of the multipoles through the matrix element of the electromagnetic current
between N and A states (see, e.g., Ref. [43]). Then, in the narrow width approximation, for the
amplitudes A; (p, |Q]) we get:

8
[mAi (pa. 1Q1)| = [ — = |F (pa. 1QI)]. (4.22)
pal’

where all quantities are real and taken at the Breit—-Wigner pole p = p4, the I' is the total width
of the A-resonance.

4.2.2. Complex energy plane

Next, we consider the extraction of the form factor at the resonance pole. This implies the
analytic continuation of the above result into the complex p-plane. In order to do this, let us first
consider the two-point function in the infinite volume

- d*P
(010;(x) 0; ()[0) = ] aae " TDi(PY), (4.23)
where, in the CM system P, = (P, 0) the quantity D; (P?) takes the form (cf. Eq. (4.5))

Di(P?) = U; X, (=i Joo(Po) — J2 (P)) Too(P0)) X: Uy (4.24)

Here, the quantities J (Pp) and T (Py) denote the infinite-volume counterparts of the quantities
defined by Egs. (4.6) and (4.7). In the Minkowski space, with Py = i./s, these quantities are
given by

R Y ..
87 ./s pcotd(p) —ip
These expressions are valid on the first Riemann sheet. On the second sheet, the relative momen-
tum p changes sign.
Suppose now that the scattering amplitude 7 (Pp) has a pole at s = sg on the second Rie-
mann sheet. Writing down the effective-range expansion in a form of Eq. (4.20), one first finds
the pole position in the complex plane from the equation

Joo (Po) = (4.25)

11, 3
= PR+ = —ipk. (4.26)

Further, in the vicinity of the pole p = pr we get

WIRWIR
2pRSR

where wig = 1/mjzv + p%, woR =/ M2 + P%e’ SR = Elze = (wig + wor)? and the derivative of

h is taken with respect to the variable p2. Using this expansion, one may obtain the value of the
wave function renormalization constant at the pole:

p*(pcotd(p) +ip) = (s — sg)(2prh (pk) + 3ipR) +0(s—sp)?) @27
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7 _
D;(s) > U; X; R X;U; + regular terms at s — sg,
SR — S
2 3 3
167pL E
zR:< P ) ( L ) (4.28)
8w ER wirw2r 2prh (pg) + 3ipy)

The three-point function in the infinite volume is given by

(010: (x)J*(0)|Q, &)
d*Pp
—e
(2m)*
where F; (p, Q) is the same as in Eq. (4.15). )

Next, we assume that the two-particle irreducible part F;(p,, |Q|) can be analytically contin-

ued into the complex plane. Separating the pole contribution in the three-point function, we get
our final expression for the resonance matrix element Fl.R, evaluated at the pole

FR(pr,1QI) = 2}/ > Fi(pr. 1QI). (4.30)

As a test of our final formula, let us consider the case when the resonance is infinitely narrow.
Then, the pole tends to the real axis, and Eg — E,, pr — pn. Still, we assume that the (real)
energy Er is above the two-particle threshold.

First, we can express the amplitudes A; through FiR:

Ai(pr.1Ql) = Z5 *FR (pr, 1QI). (4.31)

Further, since A ( p2) = p3 cotd(p), at the resonance we have

pcotd(p)
8w \/s

=U; X; P (i Joo(Pp)) Too(Po) Fi (p, 1QI), (4.29)

%' (PR)
sin? 8(pgr)
Moreover, in the vicinity of an infinitely narrow resonance, the derivative of the phase shift
behaves as

2prh (p%) +3ipg = — (4.32)

2 E
5 (pr) = — LRZR (4.33)
I' wipwar

where I is the Breit—Wigner width of the resonance. The renormalization constant Z becomes

_PrI”
8
and we finally obtain

8
IIm A; (pr, 1Ql)] =,/—” |FR(pr,1QI)|, (4.35)
PRI

where pr — pa. This formula coincides exactly with Eq. (4.22).

Further, in the limit considered, the derivative of the phase shift explodes (see Eq. (4.33))
whereas the quantity ¢’(g,) stays finite. Consequently, one may neglect ¢’(g,,) in all formulae.
Expressing the quantity Fi(pr, Q] through F;(pg, |Q|) by using Eq. (4.17) and substituting in
Eq. (4.30), we arrive at a fairly simple result in this limit:

Zg = , (4.34)

E
FR(pu,1Ql) = v1/2<—”

2wlnw2n

1/2
) Fi(pa, 1QI). (4.36)
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Fig. 5. A potentially dangerous diagram which involves the irreducible vertex F;. A diagram where the photon is attached
to the nucleon line, can be treated similarly. The case when the photon is attached to a local 7 N — y* N vertex is trivial,
because, obviously, the corresponding diagram is a low-energy polynomial.

Note that the factor in front of F; on the r.h.s. of the above equation exactly accounts for the
difference in the normalization of the one- and two-particle states in a finite volume (we remind
the reader that the energy Eg lies above threshold, so that the resonance still decays into the
two-particle state, albeit with an infinitesimally small rate).

4.3. Analytic continuation of the loop diagram

Finally, we want to demonstrate that the analytic continuation of the quantity F;(p,,|Q|)
into the complex plane is possible. In case of the elastic form factor, this procedure has led
to serious difficulties due the existence of the so-called finite fixed points [40]. However, such
difficulties do not arise in case of the transition form factors, as can be easily seen by considering
the potentially dangerous triangle diagram where the photon is attached to the pion line (see
Fig. 5). For simplicity, we neglect all numerators, which are low-energy polynomials. In the
rest-frame of the A-resonance, the diagram shown in Fig. 5 is equal to

1 1 1
=y ; 8w Mwa (—Hwa(Q =) (wi @) + wa(=D) — E)(wi () + wa(Q—1) — Q%)
(4.37)
This diagram can be simplified by using the following algebraic identity (see Ref. [39])
! ! ! + non-singular terms. (4.38)

4w Mwa (D) (i) + wao(—) — E)  2E,(C — p2)

Since the second denominator in Eq. (4.37) is non-singular, up to the exponentially suppressed
terms we get

1

I ! Z ! 1/d ! (4.39)
= — _— y = = = , .
V 4= 2E,(% - p2) 2 2 (1 + 2 — Q°)

where

= Jmd £ p2 2=\ M2+ pZ+ Q> —21QIpny. (4.40)

Since the first factor on the r.h.s. of Eq. (4.39) can be replaced by p,, cotd(p,) from the Liischer
equation, and the remaining integral over y is a low-energy polynomial, we see that the quan-
tity p°1 is a low-energy polynomial in p? as well. No finite fixed points arise and the analytic
continuation can be performed without any problem. Moreover, there exist only exponentially
suppressed corrections to the infinite-volume limit. Finally, it is now easy to check that the
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quantity F i(B) (p, Q) in Eq. (4.13) can be decomposed as in Eq. (4.14), with the irreducible

vertex Fi(B) (p, |Q|) containing only exponentially suppressed finite-volume corrections. The
same method can be used for the calculation of the three-point function in the infinite volume,
see Eq. (4.29). The sum over the momentum 1 in Eq. (4.39) is replaced by the integral and
gives a pion—nucleon loop, whereas the remainder is again identified with the irreducible vertex

~(B
FP(p,1QD.
5. A prescription for the measurement of the transition form factors

This section contains a short summary of all our findings. We give a prescription for calculat-
ing the AN y* transition form factors on the lattice, in the rest-frame of the A-resonance:

1. The matrix elements F; = F;(p,|Q|) in the right-hand side of Eq. (3.5) are functions of
the kinematic variables p and |Q|. Measure these matrix elements at different values of the
variable p in the resonance region, keeping the other variable fixed, as explained in Section 3.
The scattering phase should be measured at the same values of p.

2. The multipoles for the pion photoproduction are given by

2 —1)2
i n Pn
Ailpa, Q) =2 Vl/z(znw(pn) +¢’<qn>|) 7 (P 1QD] G-D

3. The resonance matrix elements, defined at real energies, are proportional to the imaginary
part of the multipoles at p = p4, where the phase shift passes through 90°. In the narrow
width approximation one has

| _ |87 A
[ImA; (pa, 1Ql)| = pAr‘Fi (pa. QD). (5.2)

4. In order to extract the matrix element at the resonance pole, we first multiply each F; by the
pertinent Liischer—Lellouch factor

2 2N\ —1/2
- _yi2f 08" 8(pn) &) .
F; (Pn, |Q|> =V <|3/(pn) o @ 2 Fz(Pm |Q|)- (5.3)

5. Further, we fit the functions p3 cotd( p)ﬁ,- (p, 1Q]) by the effective-range formula

p*cots(p)Fi(p. 1QI) = A (1Q1) + p*Bi (1QI) +---- (5.4)
6. Finally, we evaluate the resonance matrix elements by substitution

Ff(pr.1Q) =ipg 2 (A (1Q1) + PR Bi (1Q1) +- ). (55)
The quantities pg and Zg should be evaluated separately from the measured phase shifts.
Note that the form factors are related to the resonance matrix elements via the formulae given
in Eq. (3.6). The kinematic factors in front of the form factors are low-energy polynomials.
We emphasize again that, from the two definitions of the resonance matrix elements, given
above, only the one which implies the analytic continuation to the resonance pole, yields the
result which is process-independent.
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6. Conclusions

(i) In this paper, we have formulated an explicit prescription for the measurement of the ANy *
transition form factors on the lattice. The A is considered as a resonance, not as a stable
particle. The spins of all particles are included, and three different scalar form factors are
projected out.

(i) The framework is based on the use of the non-relativistic effective field theory in a finite
volume. This is in accordance with the assumption of validity of the effective range expan-
sion in the vicinity of a resonance that is used for performing the analytic continuation into
the complex plane. If this assumption proves to be very restrictive, our approach can be
easily adapted for the use of the alternative techniques (e.g., expanding the amplitude in the
vicinity of some point near the resonance energy, rather than expanding around threshold).

(iii)) The extraction of the elastic resonance form factors from data is a rather subtle procedure
due to the presence of the so-called finite fixed points. In case of the transition form fac-
tors, considered in the present paper, the method is straightforward. The complexity of the
extraction is similar to the one of determining the energy and width of the A-resonance.
For this reason, we believe that the lattice study of the transition form factors may become
feasible in a foreseeable future.

(iv) The extraction of the form factors have been carried out in the rest-frame of the
A-resonance. There are no serious obstacles to carrying out the same procedure in the
moving frames as well, except the mixing between S- and P-waves which takes place, if
the A is not at the rest.
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Appendix A. Photoproduction amplitudes

In this appendix, we shall establish the connection between our photoproduction amplitude,
defined in non-relativistic effective field theory with the relativistic amplitude. Note that in the
present paper we deal with the P-wave in the y*p — 7" p channel with the total isospin [ = 3/2
and total spin J = 3/2. Below, we give the expressions, using the relativistic normalization of
the Dirac spinors [49].

The relativistic photoproduction amplitude can be written in the rest frame of the pion—
nucleon system as

T =87 Ex (2)Fx (1), (A.1)

where E is the total energy of the = N system. The Pauli spinors x (1), x (2) carry the information
on the spin states of the nucleons.



1220 A. Agadjanov et al. / Nuclear Physics B 886 (2014) 11991222

The matrix F has a decomposition (see, e.g., [44])

F=i6-€F1+(0-q)(e- (o x IAc))Fz +i(-€) o -k)F3+i(G-€)(o-§)F4
+i(k-€)(o -k)Fs+i(k-€)(o-§)Fs—eoli(o-§)F; +i(o -k)Fs], (A.2)

where €/ = (€g, €) is the photon polarization vector, k=k /|k| and ¢ = q/|q| are the unit vectors
for the photon and pion momenta respectively, and @a = a — (a - k)k is a vector with purely trans-
verse components. The eight amplitudes Fi, ..., Fg are functions of three independent variables,

e.g., the total energy E, the pion angle 6, and the four-momentum squared of the virtual photon,
02 =k*>—w?>0.
Current conservation additionally implies that

|k|F5s = wFg, k| Fg = wkF7. (A.3)

Further, the six independent amplitudes Fi, ..., Fg have a multipole decomposition

Fr =Y {(Miy +E )P+ [0+ DM+ E_]P_},
=0

Fy=>) [0+ )My +1M;_]P,
1>1

Fy=> [(Ery — Mip) P/ + (Ei- + M) P/ ],
>1

Fy=) (Miy — E;y — M- — E) P/, (A4)
[>2

Fs=) [A+DLiy P, —I1L_P_ ],
>0

Fs=) [ILi- — 1+ DLy ]P,
>1

where [ is a pion angular momentum and the sign = refers to the total spin J =1 + 1/2. The
P/ are the derivatives of the Legendre polynomials P; = P;(cos6). Note that in the literature the
longitudinal transitions are often described by S;4+ multipoles, related to the L;4+ by

Si+=|k|Li+/w. (A.5)

In case of scattering in the channel with the quantum numbers of the A-resonance, we retain only

¢+ =1+ partial wave and choose the momentum k along the third axis. The pertinent scattering
amplitudes then take the form

~ 1 . 2 . ~
Tijp=~4n [\/;XL/QYM(CI) + \/;X;L/QYIO(Q)]Xl/ZAl/Z,

1 R 2 n
Tijp=~4m [\/;XL/ZYH(CI) + \/;XI/ZYlo(Q)]X—I/ZAl/Z,
T3 = V4JT[X1T/2Y11 (@)]x1/2A43)2. (A.6)

Further, in order to relate the amplitudes A; to the multipoles M, E, S, we make the following
choice of the polarization vectors
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1 k| 1(00 )
1= : € =—, € = — ,yU,w),
o o
1
i=2: ¢=0 e=—(1,i,0),
V2
1
i=3: ¢=0 e=—(1,:,0). (A.7
0 ﬁ( ) )

Below, we shall demonstrate the procedure explicitly for the choice i = 1. Retaining only
the £+ = 1 4 partial wave in Eq. (A.4) and substituting the explicit polarization vectors from
Eq. (A.7) into Eq. (A.2), one obtains:

F= %[—&(a k) cosd +2i(o -@)]Si+ (A.8)

The expression x"(2) (o - lAc) cos 6 x (1) can be brought into the form

N 2 1 2 .
X' @)(0 - kycosOy (1) = %JG[\@A/ZYH@ + \@xfﬂmo(é)}x(n

1 .
——v [f X 1Y@ - \gxf/zmo@]x(l). (A.9)
On the other hand, since

2 1
X' §Hx(1) = [\gxfﬂmo@ - \EXL/ZYH(Q)]X(I), (A.10)

the quantity x'(2) (o - §)x (1) gives a J = 1/2 contribution only. Consequently, the J = 3/2
partial wave contribution to the relativistic amplitude of Eq. (A.1) is

Tij = (—16niEﬁl%Sl+)~/H [\Exil PY1@ + @x{‘ﬂno@}m/z. (A11)
Comparing this formula with Eq. (A.6), we finally obtain

Al/zz—mmEﬁ%SH. (A.12)
The two other cases in Eq. (A.7) can be considered along the same lines. We get

1
Aijp = =5 BE1s + Mi) (= 16mi E), (A.13)
V3 .
Aszpp = 7(E1+ — My4)(—167i E).
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CHAPTER 3

Rare B —» K*I*]~ decay

3.1 Summary

At present, there are several rare B meson decay modes that are very promising in the search for physics
beyond the Standard Model. The B — K*I*I™ is, in particular, regarded as one of the most important
processes, since the polarization of the K*(892) resonance results in many observables. Recently, the
LCHD and Belle collaborations have seen an interesting pattern of deviations from the SM predictions in
this mode.

The form factors of the corresponding hadronic matrix elements, which enter the analysis of the
experimental data, are one of the sources of the theoretical uncertainties. They have been recently
determined on the lattice. Although this is the first unquenched lattice calculation, the K* was stable due
to the large value of the pion mass.

The present work considers a scenario when the K* eventually decays into 7K, and the finite volume
formalism for the analysis of the lattice data has to be applied. The results can be summarized as follows:

e The two-channel analogue of the Lellouch-Liischer formula is re-derived in the non-relativistic
EFT. This allows one the determine the approximate value of the decay amplitude in the low-recoil
region.

e The procedure to determine the B — K* form factors at the complex pole position is worked out.

e The presence of the nK threshold is taken into account. One could expect that the effect of this
threshold might be seen in the lattice data.

o The infinitely-narrow width approximation of the results in the two-channel problem is studied. It
is shown that, even though taking this limit is more involved in the multi-channel case, the final
expressions have a simple form.
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Abstract

The extraction of the B — K* transition form factors from lattice data is studied, applying non-
relativistic effective field theory in a finite volume. The possible mixing of 7 K and nK states is taken into
account. The two-channel analogue of the Lellouch-Liischer formula is reproduced. Due to the resonance
nature of the K™, an equation is derived, which allows to determine the form factors at the pole position in
a process-independent manner. The infinitely-narrow width approximation of the results is discussed.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Rare B decay modes provide one of the best opportunities in the search for physics beyond the
Standard Model (BSM). Among them, B — K*I"[~ is regarded as one of the most important
channels, as the polarization of the K™ allows a precise angular reconstruction resulting in many
observables which can be tested in the Standard Model (SM) and its extensions [1-6]. In 2013,
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LHCb [7] published the first analysis of a set of optimized observables, presenting an interesting
pattern of deviations, confirmed by later measurements with a larger statistics [8], as well as by a
recent analysis from the Belle Collaboration [9]. A first interpretation of this pattern of deviation
was proposed [ 10], where the Wilson coefficient Cg of the pertinent semileptonic operator (and,
possibly, other coefficients as well), received contribution from the BSM physics. Further exper-
imental results have indicated deviations concerning the branching ratios of B — K*ut ™, but
also By — ¢u ™ and B — K™, with the possibility of a violation of lepton flavor univer-
sality between electron and muon modes [11-13]. These results triggered lots of activities on the
theoretical side and, in particular, their consequences on global fits are being studied [14—16]. In
these global fits, a special attention has to be paid to the theoretical uncertainties arising from the
form factors of the corresponding hadronic matrix elements, which affect the branching ratios
involved in the fit. In the low recoil region, which will be our main focus here, these form factors
are mostly known from light cone sum rules, which suffer from relatively large uncertainties [17,
18]. It would thus be particularly interesting to have information on these quantities from lattice
QCD simulations. Also, the method used to calculate these form factors could be applied to other
interesting processes as, for example, B — K*y.

Recently, the first unquenched lattice QCD calculations of the B — K* form factors have
appeared [19-21] (see also Refs. [22-28] for quenched results). Although this work represents
a major progress in the field, the simulations have been performed at such quark mass values
that the K*(892) resonance has been treated as a stable particle. Correspondingly, the standard
methods of the lattice QCD could be used for the analysis of the data. However, they are not
applicable anymore, when the K* eventually decays into 7 K.

The following question has to be addressed: how to compute the matrix elements involv-
ing two strongly interacting particles in the in- or out-state? Briefly, the answer is given by
the so-called Lellouch-Liischer method [29]. It is a generalization of the Liischer finite-volume
approach [30], which provides a method to extract the elastic phase shifts and the resonance pa-
rameters (the mass and width) from the two-particle discrete energy levels spectrum, measured
on the lattice.

At the next step, it should be understood, how to define the matrix elements involving res-
onances such as K*, p, or A. As it has been argued in Refs. [31,32], the only plausible field-
theoretical definition necessitates an analytic continuation of the matrix element to the resonance
pole position in the complex plane. Therefore, strictly speaking, the corresponding form factor
can only be defined at the resonance pole. The other well known definition of the form factor is
based on the Breit—Wigner parameterization of the resonant amplitude (see, e.g., Refs. [33,34]).
However, this definition yields a model- and process-dependent result, since the background is
unknown. If the width of the resonance is not very small (it is roughly 50 MeV in the case of the
K*(892)), using different definitions might have an effect on the extracted observables.

There is an additional effect, which is due to the presence of the nK threshold. For phys-
ical quark masses, it is approximately 150 MeV above the K* mass, and this value will be
reduced when the light quark masses, used in the simulations, are higher. One could expect
that the effect of this threshold might be seen in the data. The recent lattice calculation by the
Hadron Spectrum Collaboration, however, indicates that the coupling between the nK and 7w K
channels remains small even at the pion mass as large as roughly 400 MeV [35,36]. Neverthe-
less, the two-channel problem has to be addressed. Although of academic interest in the present
context, a similar theoretical framework could be useful, e.g., for the lattice extraction of the
electromagnetic form factors of the A (1405) resonance (see Refs. [37,38] for the recent lattice
results).
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Recently, the Lellouch-Liischer method has been generalized to include multiple strongly-
coupled decay channels [39-42]. In particular, the authors of Ref. [41] provide general formulas
for spinless particles, which are also valid for the B — 7 K (nK) transition. On the contrary, the
extraction of the form factors at the resonance pole in the multi-channel case has not been studied
yet. It has been done only in the one-channel problem [31]. In the present work, we fill this gap
by considering the 7w K—n K coupled-channel system.

In order to establish a relation between the finite volume quantities, measured on the lattice,
and infinite volume observables, a systematic theoretical framework is needed. We apply the
so-called non-relativistic effective field theory in a finite volume in its covariant formulation
[43.44]. We find this approach algebraically simpler than the one based on the Bethe—Salpeter
equation (see, e.g., Refs. [45.46]). In the end, both methods have the same range of applicability
and one arrives at the same results.

The paper is organized as follows: In section 2, we introduce form factors governing the
B — K™ transition. We also consider the proper kinematics, which should be used in lattice
measurements of matrix elements. Further, in section 3, we set up the non-relativistic effective
field theory in a finite volume. The two-channel analogue of the Lellouch—Liischer formula is
re-derived. In section 4, we obtain the equation for the extraction of the form factors at the
resonance pole in the two-channel case. Additionally, in view of different opinions expressed in
the literature (see, e.g., Refs. [47.48]), we address the issue of defining the photon virtuality at
the resonance pole. In section 5, we consider the infinitely small width approximation for our
results. Section 6 contains our conclusions.

2. Matrix elements on the lattice
2.1. Formalism

The effective theory of the b — s decays is based on the weak Hamiltonian [49-54]
4G
V2
where G g denotes the Fermi constant, V;,, V;;, are elements of the CKM matrix and the C; are
Wilson coefficients. In the SM, one has 10 effective local operators W;. Such a description is

applicable at energies much below the masses of the weak gauge bosons.

The seven B — K* form factors are contained in the matrix elements of the W7, Wo and Wy
operators:

Hetr=——=ViV,, > _CiWi, )
i

Mbe v L o hp i
W7 = 167'[2SO Prb Fy,, Wgo= 167_[25)/ Prbly,t,
e? _ 5
Wio = 16n2SV“PLb€mV 2 (2)

where F),, is the electromagnetic field strength tensor, and

Pur=30F7"), o =4y y"] 3)
They are defined, in Minkowski space, through the following expressions (see, e.g., Ref. [20]):

_ 2iV(g?)
(V(k, M)|5y"Db|B(p)) = me“”p“e:‘kppa, (4)
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(V(k, VIsy*y°b|B(p))

=2my Ao(g))~ q;q g" + (mp +my)Ai(g?) (e*“ - = q;qq“)
€ -q m2, —m?
— As () ——— | (p+ " = L4 |, (5)
mp +my q

v (V (k, |56 b| B(p)) =2T1(q*)e"*™ €} prko (6)

v (V (k, DI5a™ y°b|B(p)) =i Ta(g)(€* - @) (p + k)" — € (my — m3)]

2
+iT3(g°)(€* - q) [%(Hk)“—q“} : ()
My —nmy

where ¢ = p — k is a momentum transfer to the lepton pair, and €(k, 1) denotes a polarization
vector of the vector meson (K*) with momentum k and spin polarization A = 1, 2, 3 (see, e.g.,
Ref. [20]). Here, it is assumed that the K* is a stable particle with mass my and appropriate
quantum numbers.

There are also contributions of non-local operators to the full decay amplitude. However,
the method described below does not yet allow to deal with them. Thus, we will consider the
decay process in the low recoil region and assume that these contributions are small, so that the
amplitude, extracted from lattice data, coincides approximately with the full one. In fact, there
are some arguments that this is true in this kinematic region at least for most of the operators
involved, see Refs. [55-59].

2.2. Finite volume

Since lattice simulations are performed in a finite spatial volume, the continuous rotational
symmetry is broken down to the cubic one. Consequently, some particular irreducible represen-
tations (irreps) of the cubic group, or its subgroups in the moving frames, should be chosen.
Taking into account the fact that, at energies below multi-particle thresholds the neglect of D-
and higher partial waves seems to be justified, in order to clearly extract the P-wave scattering
phase shift through the Liischer equation, it is preferable to choose irreps, in which no mixing
between S- and P-waves occurs. For that purpose, we consider the process in the K* rest frame:

2
k=0, p:q:%d, de73, (8)

where L denotes the side length of the volume, V = L3. When the K* is not at rest, only some
of the form factors can be extracted without mixing. We provide the details in Appendix A. In
the following, we write down the expressions for the current matrix elements, when the d vector
is chosen along the third axis d = (0, 0, n). The two other cases, d = (n,n,0) and d = (n, n, n)
can be treated along the same lines.

The polarization vector of the free massive spin-1 particle with momentum k takes the form:

k.e® k.e®
Kk, 1) = PRI — 1 9
€l 1) ( my ¢ +mv(ko+mv) ©)

where the arbitrary vectors €*) form an orthonormal basis. In particular, one can choose them as
1 1

V2 V2

() —

(1,i,0), €7 (1,—i,0), €9 =(0,0,1). (10)
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Obviously, the polarization vectors € (k, 1) satisfy the gauge invariance condition
ky,-e"(k,x)=0, rA=+,—,0. (11)
Further, the Eqs. (4)—(7) first have to be rewritten in the Euclidean space. This can be done by
applying the prescription
ab =(aiap), yr=(iy,n)., vi=y’, w=1234, (12)

where a* is an arbitrary four-momentum in Minkowski space. The superscript E will be sup-
pressed from now on.
With this in mind, we pick up the following current matrix elements
2imy|q|V(¢%)

(VI B(p)) = s

—2imy|qlAo(q®),
—i(mg +my)A1(g?),
8mpmy A12(q%),
2imy|q|Ti(g?),
—i(m% —m3)T2(q?),
mpm

4
Y 1oa(g?), (13)
mp+my

(VO)i(Eg —my)Ja +lalJ [B(p)

V(I 1B(p))
(VO)i(Eg —my)JY — |alJal B(p))
)
)

(V)i (Eg —my) I 4+ 1q11P 1B(p)
(V()Ii(Ep —my)IT + 191 1B(p)

(Vo)1 |B(p)) = —

where Ep =, /m% + @2 is energy of the B meson, and (V (+)] is a state vector with a positive
circular polarization,

(VI -i{V)I

(V)= NG (14)
Here, the current operators are given by
1 1
J® = 501 ip)b, T =—5(n iy)ysb,
7 1 xiv2) M 7 1 £iv2)ys

O =5ysysh =Syaysh, 1)) =5034ysb

Jy  =5y3ysb,  Ja=sSysysb, 1,7 =s5034Y5b,
1 1

€3) . - €3) . :
Iy =—=s(o13xion)b, Iy~ =—=5(013 Liona)ysb,

0 /2 04 = /5 Y
& = L.§(0'14:|:i0’24)b 15 = L5(0'14:':1.0’24)7/5b (15)

V2 ) ’
and the quantities Alz(qz), T3 (qz) are related to the form factors through
oo (mp+my)2(my —my —g>)Ai1(g?) — AAx(g?)
Ann(g?) = : , (16)
16mpmy,(mp +my)
mp +my AT3(q%)
Ty(g?) = "2 | (g +3mY — ) Talg®) — 5 | (17)
8mpmy, my —my,

where A = A(m%, m?%,, %) = [(mp +my)* — q*1[(mp —my)? — g*] denotes the Killén triangle
function. In the following, we denote the matrix elements Eq. (13) shortly as F M pM=1,...,7.
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Table 1

Extraction of matrix elements in the irreps without partial-wave mixing.

Little group Irrep Form factor

Cyy E V,A, T1, T
Ay Ag, A12, 13

When the K* is taken at rest, it is necessary to consider lattice simulations in asymmetric
boxes (see below). These boxes, which are of the type L x L x L’, have the same symmetry
properties as the symmetric ones boosted in the d = (0, 0, n) direction. In Table 1, the irreps
of the corresponding little group, where the matrix elements Eq. (13) should be measured, are
listed.

The states (V (£)|, (V (0)| are created by acting with the following local field operators, trans-
forming according to these irreps, on the vacuum state (0|:

08P, 1) = % Y (01x. D) Fi0x. 1), O0.0)=>" 03(x.0), (18)

where O;(x) are spatial components of the vector field potential (see, e.g., Ref. [60]). Such
operators are constructed out of the local quark bilinears. In practice, it is important to add also
meson—meson-type non-local operators in lattice simulations. These can be constructed along
the lines described in Ref. [60].

Until now, the K* has been assumed to be a stable vector meson. When the K* becomes a
resonance in lattice simulations, the matrix elements of Eq. (13) can still be measured. However,
one gets the matrix elements of the current between a one-meson state |B(p)) and a certain
eigenstate of the finite-volume Hamiltonian. The mass my is now replaced by the discrete energy
E, of the n-th eigenstate (n =0, 1, ...). The dependence of the energy E, on the volume is not
suppressed exponentially (unlike the case of a stable K*) [30]. A similar statement holds for the
quantities FM .

The matrix elements F™ are functions of the total center-of mass (CM) energy E, and
3-momentum |q| of the B meson: FM = FM(E,, |q|). As it has been previously discussed in
case of the ANy ™ transition in Ref. [31], in order to determine the form factors at the K* res-
onance pole, the quantities F¥ should be measured at different values of the energy E, (for a
given value of n), while keeping |q| fixed. Again, this could be achieved by applying asymmetric
volumes with asymmetry along the third axes L x L x L’ or (partial) twisting in the b-quark (see
Ref. [31] for more details).

Below, we study in detail the extraction of the form factors on the real energy axis as well
as at the complex resonance pole. We emphasize once more, that only the definition, which
implies the analytic continuation, leads to the process-independent values of the resonance form
factors.

3. Lellouch-Liischer formula
3.1. Infinite volume
In this section, the analogue of the Lellouch-Liischer formula in the two-channel case is

reproduced. For that purpose, we apply the non-relativistic effective field theory in a finite volume
along the lines of Refs. [32,31]. We generalize the formulas given there appropriately so that they
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can suit our needs. In the following, the K* is taken at rest, so that there is no S- and P-wave
mixing.

Further, we specify the matrix elements of the scattering amplitude. The actual physics can
not, of course, depend on the chosen parameterization. In the literature, there exists a parame-
terization of the S-matrix due to Stapp et al. [61]. In this work, we rather follow the one from
Refs. [39,62] and write the T-matrix in terms of three real parameters: the so-called eigenphases
31(p1), 62(p2) and mixing parameter &(E)

1 2081 o 2 082 o3 1 61 o _ ,id0 o

I —$nds o (cze™sindy + sfe'® sinéy) T CeSe (e'°1'sind; — e'°2sindy)
—L_oso (€1 sing] —e®25indy) L (cZei®2sindy + s2€% sin ;)

NIZVZ2 R p2 € €

(19)

where s, = sine(E), ¢, =cose(E). Here, p; and p; denote the relative 3-momenta in the 7 K
and nK channels, respectively. They are related to the total energy E through the equations

k(myzt, m%(, s) )»(m%, m%{, s)

lp1l= N |p2l = s
where s = E2. We note that the eigenphases 81, 8> have the meaning of phase shifts in the
corresponding channels 7 K and nK, respectively, only in the decoupling limit ¢ — 0. Other-
wise, their behavior with energy is non-trivial (see, e.g., Refs. [63,64]). Firstly, thanks to the
no-crossing theorem [65], the curves of the functions §1(FE), §>(E) cannot intersect. Secondly,
assuming the Breit—Wigner approximation, it can be shown that only one of these curves crosses
/2 in the vicinity of the resonance energy (see below). Lattice data should not be in contradic-
tion with these properties.

On the other hand, the 7-matrix obeys Lippmann—Schwinger equation (see Ref. [32]):

T=V+VGT, (21)

where the angular momentum index / has been suppressed. Here, V denotes a potential and G (s)
is a loop function matrix given by

ip1 0

8

G= ( n(;/E im ) . (22)
8mA/s

In Eq. (21), all quantities have been taken on the energy shell p; = p/l, p2 = p/z, where p1, p2

and p/, p} are respective relative momenta in the initial and final two-particle states.

The parameterization of the potential V' in terms of parameters &1(p1), §2(p2) and e(E) is
obtained readily from Eqgs. (19) and (21):

(20)

L 2 1
o (t1 +s51) mcgsgt

V =815 (23)

1 1 2
mcgsgt pz(tz SET)

where #; =tand; (p;) and t =1, — 1. Clearly, the potential matrix V is real and symmetric.
3.2. Finite volume
3.2.1. Two-point function

We return to the derivation of the two-channel Lellouch-Liischer formula. Our goal is to
calculate the two- and three-point correlation functions relevant to the B — K* form factors. Let
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—e u b + (X, X))+ (X, Xy)

™ n

Fig. 1. Two-point function D(xg — yg) in the non-relativistic effective field theory in a finite volume. The grey circle,
square, and triangle depict different couplings in the w K—n K system. The quantities X |, X, are couplings of the operator
O to the respective channels. Similar diagrams are obtained by replacements X| — X, and X, — X.

O (x) be a local operator with quantum numbers of the K* that transforms according to the given
irrep, as provided explicitly in Eq. (18). According to the methodology of the lattice calculations,
one is interested in the Euclidean two-point function of the form

D(xo — yo) = (0|0(x0) O (30)10), (24)
where O(¢) is given by the Fourier transformation of the O (x) in the rest frame:
O =) 0x.1). (25)
X

Note that we always work in the limit of zero lattice spacing, in which the right-hand side of
Eq. (25) contains an integral over the finite volume instead of a sum over the lattice sites.
It is clear from the spectral representation’ of the function D (xo — yo),

D(xo—yo) = ) e ErC00 0|00 | En) . (26)
n
that energy levels E, can be extracted by studying the decay pattern of D(xg — yp) in the formal
limit xg — 400, yg — —0o0.

The diagrammatic representation of the two-point function Eq. (24) within the non-relativistic
effective field theory below the inelastic threshold is shown in Fig. 1. The quantities X, o =
1,2, denote the couplings of the operator O to respective channels. Since the corresponding
Lagrangian contains terms with arbitrary number of spatial derivatives, one has X, = A, +
B, pg +---,where Ay, By, ... contain only short-range physics. Here, pfl, o =1, 2, are external
relative 3-momenta squared in the corresponding channels. Although the expansion for X, is
written in the CM frame, it can be brought to the covariant form in an arbitrary moving frame
(see Ref. [44]). It is important to note that quantities X, will drop out in the final result.

After summing up all two-particle reducible diagrams, the two-point function reads

+00

D(Xo—y0)=V/

—0o0

dPo ;p (xo—
o €M TXTGL(P) + GL(PO)TL(P)GL(PO)IX, 27)
where X7 = (X1, X»), V is the lattice volume, and G denotes a finite-volume counterpart of
the loop function matrix Eq. (22):

— 525 ot (p1) 0

G =
- 0 — 225 cotd(p2)

, s:—POZ. (28)

1 In this work, we use a different form from Ref. [31] normalization of the eigenstates of the total Hamiltonian. While
the single B-meson state in a finite volume is still normalized, according to (B(p)|B(p)) = 2E g, the normalization of
the two-particle states Ej is given by (E, |E,) = 1.
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Here, ¢ (py) are the volume-dependent functions that are related to the Liischer zeta-function.
They are given by the following expressions in the irreps of interest E and A; (see, e.g.,
Ref. [60]):

1 A | N
E _ c 02y -2
cotg™(pa) = Ty {Zoo(l,ﬂa) NG Zzo(l,na)}, (29)
| A 2 4
cot§™ (pa) = = —575— {Zoo(l; ) + Zao(1; ni)}, (30)
T " N \/5773[

where n, = poL/2m. The Liischer zeta-function Zm(l; 772) for generic asymmetric volumes
L x L x L' with L' = x L reads

2 1 Vim (r) 1 .
Zlm(1§772):; > rzn_ln2’ r2=nia, r3=-—n3, Zo(l;n?) #0.  (31)
neZ?

Further, the 77 -matrix is a scattering amplitude in a finite volume that is defined formally also
through a Lippmann—Schwinger equation with the same potential V:

T, =V 4+VGLTy. (32)

Substituting the potential V, Eq. (23), into this equation, we obtain:
1 2 1
I, = 8m/s [ prlnTi(a + ) +s;T1721] ~ TppaCeseTIT2! 33)
JF(E) ——L 5.0t Lo +1) —stnnt] )’
A/ P1D2 P2 €

where 7, =tan¢(py) and

FE)=(t1+ 1) (2 + 1) + 52 (0 — 11)(12 — T0). (34)

The two-channel Liischer equation [39,66,67], which allows to determine the infinite-volume
T -matrix elements [39,68,69], follows directly from Eq. (34)

(11 + 1) (2 + 1) + 52 (2 — 1) (12 = T) | p_p =0, (35)

where all quantities are taken at the energies E = E,, of the simple poles of the 77 -matrix, or
equivalently, the eigenvalues of the corresponding strong Hamiltonian in a finite volume.

The integral Eq. (27) is evaluated by applying Cauchy’s theorem. It can be shown explicitly
that only the poles of the 77 (Pp)-matrix contribute to the integral, while free poles cancel in the
integrand [32.41]. The residues of the T7 (Py) factorize in the n-th pole Py =i E,:

pop _ _Jals

= ' e
Here, the quantities f1, f> can be brought to the following form by applying the Liischer equa-
tion:

(36)

s 8my/s Tty + 12— 52t) s 8ms TI(t1 + 11 +521)
=5 7® e T T® e,
where f'(E) =df(E)/dE. Performing the integration over Py, we get
Vv 2 2
D(xp — yp) = m Xn:e—En(m—yo) [0; Xapa(En)Ta_l(En)fa(En)] . (38)
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Fig. 2. Diagrams contributing to the B — K™ transition in a finite volume (see Fig. | for notations). The quantities
Fol}/[ (E,|ql), « = 1,2, are volume-independent up to exponentially suppressed contributions.

Comparing this equation with the spectral representation Eq. (26), we finally obtain
2

> Xapa(En)Ty ' (En) fu(En)|. (39)

a=1

12

[(OIOO)|En)| =

8t E,

3.2.2. Three-point function
We proceed to evaluate the current matrix elements F¥ (E, |q|) in a finite volume. To this
end, we start from the quantity

™ (x0, p) = (01O (x) I (0)|B(p)), M=1,...7. (40)

Here, the J™ (0) denote the operators in the matrix elements of Eq. (13). Inserting a complete set
of states, we get the spectral representation of '™ (x, p)

I (x0, p) =Y _ e F(0|O(0)|E) FM (En, |q). (41)
n

Diagrammatically, the B — K™ transition matrix elements are shown in Fig. 2. The quantities
1301("1 (E,|q|), @ =1, 2, denote the sum of all two-particle irreducible diagrams in the respective
channels. They do not depend on the volume up to exponentially suppressed contributions. The
volume dependence arises due to the final-state meson interaction. We note that the diagrams,
in which the photon is attached to one of the internal lines or the B meson external line do not
contribute to the matrix elements of flavor changing neutral currents. As a result, summing up

the bubble diagrams we obtain

+0o0
B dPn . _
M (xp, p)y=V~1/2 ] z—ﬂoe’PoxoxT[GL(Pm+GL(Po)h(Po)GL(Po)]FM(Po, q)),
—0

(42)

where FM(Py, |q|) denotes a two-component vector with elements Fé” (Po, |q|). Similarly to
the case of the two-point function, only the poles of the 77 ( Py)-matrix contribute to the integral.
Integrating over Py, one gets

y-1/2

2
M (x0, p)=——=5 > e 3" [Xopa(En)Ty ' (En) fu(En)]
6472 E? p Nyt

x [pp(En)Tg ' (En) f3(En) E§' (Ey, laD]. 43)
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Comparing this formula with Eq. (41) and using Eq. (39), we arrive at the final result:
y-l _ — _ =
[FM(En,laD| = o= |piey A FY + oy R FY]) (44)
SnE E=E,

The last step that needs to be done is to relate the above defined quantities F¥ FZM to the
(infinite-volume) decay amplitudes A} (B — 7 KIT17) and AY (B — nKI*i™) through the
two-channel Watson theorem. After summing up the two-particle reducible diagrams in the infi-
nite volume, one gets

AM=1-ve)yT'FM, (45)
or
AM =TV FM, (46)
where the Lippmann—Schwinger equation has been used. We obtain:
1 . . 1 . .
AM = /P1 (uiwcgelal — ulzwssel&)’ AIZW - / P2 (uéwci?el(sz + M{WSSelal)’ (47)

where

ujlw = (a/plcgl:ﬁlM —I—A/pzngzM)cos&, uéw = (4/p2c817"2M — a/plsgﬁlM)coséz. (48)

We have arrived at the two-channel analog of the Lellouch-Liischer formula for the B — K*
transition. Note that, writing Eq. (44) in terms of the amplitudes u]lw , ué” , one obtains the ex-
pressions similar to ones given in Ref. [39]. Later, we will consider the limit of this result, when
the K* resonance is infinitely narrow.

Hence, in the two-channel case, two quantities F IM , FZM and their relative sign have to be de-
termined from one equation, whereas in the one-channel case, only one quantity for one equation
was involved. Consequently, one needs at least three different measurements at the same energy.
This involves the extraction of the excited energy levels (see Ref. [39]). An alternative would
be to measure the same energy level in asymmetric volumes of type yL x yL x L’ for different
values of parameter y and L’ fixed. Also, as long as one does not insist on keeping the variable
|q| fixed and is ready to perform a two-variable fit for the quantities 1501[\/1 , (partial) twisting in
the s-quark or boosts can be applied. Then, the spectrum becomes dependent on the value of the
twisting angle and/or the boost momentum. Although this option appears to be promising [69],
the (potentially large) S- and P-wave mixing is inevitable in this case.

4. Form factors at the K* resonance pole

The current matrix elements involving resonances have the proper field-theoretical meaning
only if they are analytically continued to the resonance pole position. The advantage of such a
definition is that it is process-independent. On the other hand, the definition based on the Breit—
Wigner parameterization is, generally, not free of process- and model-dependent ambiguities,
since the non-resonant background is unknown.

4.1. Effective-range expansion

The first step towards the pole extraction of the B — K™ form factors consists in the deter-
mination of the K* resonance position. As is well known, the resonances are associated with
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complex poles of the scattering amplitude 7" on unphysical Riemann sheets in the energy plane
(s plane). The T-matrix itself is analytic on the whole plane except for cuts and poles. Here we
will assume that all distant singularities from the pole do not affect the determination of its posi-
tion. Thus, from the analytic structure of the functions pi(E), p2(E), Eq. (20), the only relevant
singularities for our purpose are two cuts, which run from branch points at the threshold energies
Ey =mg +my; and Ey =mg + my, respectively, along the positive axis to infinity. The imag-
inary parts of the py(s), « = 1,2, change the sign, when one goes from one sheet to another
through these cuts. The four Riemann sheets are classified according to the signs of Imp; and
Imp, (see, e.g., Ref. [70]). For example, on the sheet II one has Imp; < 0 and Imp, > 0, etc.

Further, it is convenient to formulate the problem in the K-matrix formalism. The [ =1
partial-wave amplitude T is defined in terms of K -matrix as follows:

T=@8rV/s) (K '—iP)™!, (49)

where P = diag(p;, p2) is a diagonal matrix. A comparison of this equation with Eq. (21) leads
to the conclusion that the K-matrix is proportional to the potential V:

K = 8r/s) V. (50)

The poles of the scattering amplitude 7" appear as the complex solutions of the secular equation,
which we write as

det(PK~'P—iP¥ =0. (51)

The explicit form of this equation is different on each Riemann sheet. For instance, if one is
interested in the solutions on the sheets II and III, then the matrix P must be chosen as P;; =
diag(—p1, p2) and Pjj; = diag(—p1, —p2), respectively. The change of sign of momenta p
and/or p» is equivalent to the transition from one sheet to another.

The analytic properties of the K -matrix ensure that the P K ~! P function obeys a polynomial
expansion of the form (see Refs. [70,71])

PK'P=A+B(E—Ey))+--, (52)

where E is an arbitrary point on the real axis, around which the Taylor expansion is made. The
formula Eq. (52) is a multi-channel generalization of the well-known effective-range approxima-
tion [72]. Its additional advantage is the freedom to choose the value of the energy E(: one does
not need to start the expansion at threshold energies, as it is usually done. Consequently, the con-
vergence of the series in Eq. (52) could be substantially improved. Also, the analytic continuation
to the resonance pole position will not be spoiled by the presence of the distant singularities. This
expansion, in particular, might be useful in case of the p resonance, when lattice simulations are
performed at nearly physical quark masses.

In principle, one could also expand the K-matrix, see, e.g., Refs. [70,73]. However, such an
expansion contains pole terms, which makes the fitting to data more complicated, although not
impossible. In fact both parameterizations of the K -matrix have been recently used in the lattice
study of the resonances in the coupled w K—nK system [35,36].

The procedure to determine the resonance pole position consists in the following steps:

a) The K-matrix is numerically extracted on the lattice, by applying the Liischer approach;

b) The parameters A, B, ... are fitted to lattice data;

c) Eq. (51) is solved on each unphysical Riemann sheet. The complex solution, which is nu-
merically closest to the 7 K, nK thresholds is identified with the K* resonance pole.



A. Agadjanov et al. / Nuclear Physics B 910 (2016) 387-409 399

Next, we assume that the K™* resonance is located on the sheet II. Other cases can be studied
along the same lines.

4.2. Pole extraction of the form factors
We proceed with the evaluation of two- and three-point functions in the infinite volume. Af-

terwards, the result will be analytically continued to the resonance pole. The two-point function
in Minkowski space is given by

d*pP .
i (0IT[O(x)0"(»)]|0) = / ——— e P p(PY, (53)
(2m)*
where the function D(P?) reads
D(P?) =X"[G1(s) + Gr1()T1(9)G 11()]X. (54)
Here, P% = s and the loop function Gy (s) is chosen as
_ ip 0
Gri(s) = ( SV ) - (55)
8mA/s

The form of the G;; guaranties that the scattering amplitude 7', which is obtained from the
Lippmann—Schwinger equation,

Tr=vV'=-G6m™, (56)

has poles on the sheet II. The simplest way to determine the 77;-matrix is to make the replace-
ments 71 — —i, 7o — +i in Egs. (33), (34). We get

1 — 2 . N
T/ = 87/ (pl nd 1 ) sl 1 }/pl—p.zcgsgt 2 ) , (57)
h(E) ~ Jprp; CeSel oy (1 +ity) —s51]

where the quantity #(FE) is given by

hE) = (t1 — i)ty +1) +2is2(tr — 11). (58)
The resonance pole position E = Er = ,/sg is obtained from the equation

h(Eg) =0. (59)
Inverting the integral Eq. (53) and performing the integration over all variables, we get

ZR
D(P?) = —"—, 60
(Ph=—"1 (60)

where Zg is the (complex) wave-function renormalization constant of the resonance. From
Eq. (60) it follows that

Zgr= lim (sg — P?) D(P?). (61)
P2—>SR
On the other hand, the 7 (s)-matrix on the second Riemann sheet has a pole at P? = sg. In
the vicinity of the pole, one has

hahyg

off .
T” (8) = SR — P2

+oee (62)
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Here, the quantities /1, hy are given by

2 87/s 2E(ty +i — s21) 2 87/s 2E(t] —i + s2t) 63)
! p1 h'(E) E—Ep P2 h'(E) E—Ep
where h'(E) = dh(E)/d E. Consequently, we obtain the renormalization constant Z g:
1 Ol
ZR== gl [Z( D* X pa(ER)ha (ER>} (64)

The calculation of the three-point function in the infinite volume proceeds in a similar manner.
One gets

4

d*pP
i<0|T[0<x)JM<0)]|B(p)>:/_

—iPx+M
) e r“(p, p), (65)

where the quantity T'™ (P, p) in the frame P* = (P, 0), p* = (, /m%; + @2, q) reads

TP, p)=XT[G11(s) + Gri(s)Tr1(s)Grr(s)IFM (Po, |q)). (66)

Further, recall that the irreducible amplitudes Fof’l (Po, 1q]), ¢ = 1,2, are analytic functions in
the complex energy plane. Then, following Refs. [74,75], in which the case of matrix elements
between the bound states has been first studied, we define the current matrix elements at the
resonance pole as

FY = lim Z,'(sg — PY)T(P, p). (67)

P —>SR

Using Egs. (62), (66), (67), we arrive at the final result:

FM(Eg. ) = ——— (i FY — ppa F}1)| (68)
STE E=Ep
Note that one still has an overall sign ambiguity in this formula. The corresponding form factors
can be read off from Eq. (13), in which the kinematic factors are low-energy polynomials.
In order to reproduce the one-channel result of Ref. [31], the mixing between the channels
should be neglected. Then, i (E) takes the form

h(E) = (t; —i)(2 +10). (69)
So, one has at the pole position either t;(Eg) = +i or to(Eg) = —i. Consider, for instance, the
first alternative #{(Er) — i = 0. The derivative h'(E) at E = E g reads
W' (ER) = (t2(ER) + i)t (ER), (70)
so that the quantities /1, h, are given by
16 E?
2T . hi=o0. (71)
Pty (E) E=Eg

Consequently, from Eq. (68) we obtain

P1

——FM(E,
a1 (E) 1 (E.1qD)

FM(Eg. |q) = (72)

E=Ep

A similar formula holds for the K » channel.
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Fig. 3. The factorization of the amplitudes at the resonance pole (see Fig. 2 for notations). The photon virtuality, given
by Eq. (73), is complex.

4.3. Photon virtuality

The analytic continuation to the resonance pole yields the quantity F Ig” (ER, |q|). Below, we
would like to briefly discuss a few conceptual issues, related to the interpretation of this quantity.
Namely, we wish to know:

e What is the photon virtuality g for the resonance form factor, extracted at the pole?
e How should one compare with the experimental results?

In the literature, different statements have been made on this issue so far. We think that a clarifi-
cation is needed at this point.

According to the procedure, which is proposed in the present paper (see also Ref. [31]), the
finite-volume matrix element is measured at different two-particle energies E,(L) and a fixed
value of |q|. After that, an analytic continuation is performed to the complex resonance pole,
keeping |q| fixed. Further, the photon virtuality becomes complex at the pole

2
q° = (ER —\/m% + q2> —-q*. (73)

On the other hand, in Refs. [47,48], where the p — 7y ™ transition form factor is considered,
the authors simultaneously parameterize the energy- and g>-dependence of the measured matrix
element by some phenomenological fit function and perform the analytic continuation to the
complex value of energy at a fixed ¢2. The quantity g2 is taken real at the pole.

Having two different procedures for the determination of the matrix element at the pole, it
seems that the result is not unique. In order to show that the form factor can be uniquely defined,
we note that the residue of the full amplitude at the pole should factorize in the product of the
resonance form factor and the vertex, describing the transition of a resonance into the final state,
see Fig. 3. The background becomes irrelevant, which leads to the determination of the form
factor at the pole in a process-independent manner. From this figure it is clear that the photon
virtuality, defined through the use of the 4-momentum conservation, coincides with the one given
in Eq. (73) and thus must be complex. One could of course consider the electroproduction ampli-
tude at a different (even at a real) photon virtuality as well. However, in this case, the background
does not vanish completely, so the continuation to the pole does not make sense, since the result
is process-dependent anyway. It should be stressed that this argument equally holds both in the
analysis of the data from the electroproduction experiments as well as for the results of lattice
QCD simulations.

Another argument addresses the analytic properties of the amplitudes which are extrapolated
into the complex plane. We have shown that the irreducible amplitudes are low-energy poly-
nomials in the vicinity of a resonance in the CM energy E, if the photon 3-momentum |q| is
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fixed (see Ref. [31]). This fact implies that the analytic continuation to the complex energies is
robust. To the best of our knowledge, no such statement exists in case of the function of two
independent variables E, g that might render the analytic continuation unstable. It remains to
be seen, whether the information about the analytic properties of the form factors in the variable
g? can be reasonably included. This could greatly constrain the fit and would be very useful in
the analysis of the presently available data, which correspond to different values of ¢ (see, e.g.,
Refs. [47,48]).

5. Infinitely narrow width

In this section, for illustrative purposes, we consider the case of a resonance with an infinitely
narrow width having in mind the hypothetical case of a K* pole located above the nK threshold
with a very small width. The arguments follow the path of Ref. [31], where the same problem
has been considered in case of the elastic scattering (see also Ref. [42]). It has been shown there
that, in the limit of the infinitely narrow width, the matrix element, measured on the lattice, coin-
cides with the infinite-volume resonance form factor up to a constant, which takes into account
the difference between the normalization of the one- and two-particle states in a finite volume.
However, the multi-channel case is more subtle, since different two-particle states occur, and the
relation between the infinite- and finite-volume matrix elements becomes obscure. Still, as we
will see, the final result has exactly the same form as in the one-channel problem.”

We start with the two-body potential from Eq. (23), which can be written in the following
form

vV =8xsP 20voT P12, (74)

where

P =diag (p1, p2), V =diag (11, 1), 0= (CS _SS) . (75)

Se Ce

Suppose that the resonance behavior near the (real) energy £ = E( emerges in the quantity
11 =tand, whereas the quantity #, stays regular in this energy interval. Then, in the vicinity of
E = Ej, one can write

[g/2
Eo—E’
and assume that a (small) background phase ¢ (E) stays regular. Further, one may straightfor-
wardly ensure that

81(E) =0r(E) +¢(E), tandp(E) =

(76)

Egw — E
to(E) = — + -+, 77
cotd(E) /2 + (77)
where
Iy r Ty 2
Epw = Eo — > tang(Egw), §=7(1+tan ¢ (Egw)). (78)

This shows that, in the vicinity of a narrow resonance, one can always get rid of the background
phase by a redefinition of the resonance parameters. We note that the second background phase

2 Inadvertently, in Ref. [31], the factor V=12 was missing on the right-hand side of the counterpart of Eq. (42).
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still remains. The quantities Egw and I' are the Breit—Wigner mass and width of the (narrow)
resonance.

In the vicinity of a narrow resonance, the scattering amplitude Eq. (19), which can be repre-
sented on the first Riemann sheet as

T =8x/sP~20TOT P72, T =diag(¢'® sindy, €% sin ), (79)
becomes
babg
T, + regular terms at £ — Epgywy, (80)

p= spw —S —i./spw T
where sgw = E%W. Here, the quantities by, b, are given by
8 r 8 r
b= | BV o b= [TEEVC @81)
P1 D2

and the regular terms emerge from the contribution of #,.

In order to find a complex pole on the second Riemann sheet, one has to solve the secular
equation, Eq. (59), h(Eg) = 0. Recalling that 71, f, are single-valued functions and using the
explicit representation of ¢#; from Eq. (77), at E = Eg we get

r/2  i(n+i)—2isin
Egw —Er  th+i—2is2

(82)

E=Epg .
5.1. Real axis

On the real energy axis, one can introduce the infinite-volume quantities (‘“form factors”),
which parameterize the imaginary parts of the decays amplitudes A, Aé” in the vicinity of the
Breit—Wigner resonance. We denote these volume-independent matrix elements as F }‘v[ (E,|ql).
In analogy to the one-channel case (see, e.g. Refs. [33,34,42]), we consider the resonance ex-
change mechanism at tree level, as shown in Fig. 4. Consequently, the amplitudes A AZZVI near
E = Egw read

b FM (Epw, 1q])
E3y — E2—iEgyl
where the ellipses stand for the terms emerging from the regular contributions in Eq. (80). Setting
further E = E g, we get the imaginary parts of the AY

8
ImAY (Egw, |q)) = ,/pl—FF%(EBW, lq)ce +0(1),

AM(E, |q) =

+"'7 a:1727 (83)

8
ImAY (Epw, |q)) =1/m—”FF£4(EBw, Iq])s: + O(1). (84)

Note that the leading terms in this expression are of order ' "!/2, and the sub-leading O (1) terms
emerge from the regular contributions.

Further, comparing Eqgs. (47) and (84), we see that the following condition has to be satisfied
at the Breit—Wigner pole E = Egy:

ud (Epw,1q)) = 0(1), (85)
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Fig. 4. Decay amplitudes A{}f , @ = 1,2, in the vicinity of the infinitely narrow K*. The quantities by, « = 1, 2, denote
the couplings of the K* to the respective channels at E = Egyy .

while for the amplitudes u{w (Epw, |q|) one has

MZIW(EBWa |q|) = vV p1c8 ImAllw(E’ |q|)|En_)EBW + vV pZSe ImAZZw(E9 |q|)‘En_)EBW’ (86)

or

uy (Egw. |q)) = \/?F%EBW, )+ o) =0T, (87)
Consequently, in the limit I' — 0, the leading contribution to the A{}f comes from ull"l .
However, the amplitudes ué‘[’ , o =1, 2 are not low-energy polynomials in the vicinity of E =
Epw. In order to establish quantities, which have such a property, we first note that in case of
a very narrow resonance, the function cotd;(E) is a polynomial in E (see Eq. (77)). It can be
further assumed that the mixing parameter s, (E£) and cot > (E) are also low-energy polynomials
in the vicinity of the resonance. Furthermore, even if the radius of convergence of the modified
effective range expansion, Eq. (52), is assumed to be much larger than the width T, it is still
limited from above by the distance to the nearest threshold. Since the limit I' — 0 is considered
here, it is natural to assume that the mixing parameter s.(E) and cotd>(E) are also low-energy
polynomials in the vicinity of the resonance. It is then straightforward to check that the functions

M ”y
A 88
“o T Sins, (88)

are low-energy polynomials. Indeed, the irreducible amplitudes Foﬁ"l ,a =1,2, diverge at E =
Epw, due to the propagation of the bare K* in the s-channel (see Ref. [31]). According to
Egs. (48) and (88), this divergence is exactly canceled in the amplitudes ﬁg’ , o =1,2. Conse-
quently, they can be safely expanded in the vicinity of the narrow resonance. This property, in
particular, is important, if one considers an analytic continuation into the complex plane.

Rewriting the two-channel Lellouch-Liischer formula in terms of ﬁg” , we get
|[FM(E,, |q))| = v (a1} + arid") (89)
n» - )
V8T E ! 2 E=E,
where the quantities aj, a; are given by
2 _t212+72 — 52t —11)
P f(E) E=E,
n—+n +S2(‘L'2 - 1)
a% — 22 - £ . (90)
Jf(E) E=E,

Evaluating the quantities aj, a> in the limit of the infinitely narrow width is somewhat less triv-
ial than in the one-channel case. In order to proceed further here, let us first recall the line
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of reasoning used in the one-channel case. In this case, the Liischer equation has a simple
form

81 +¢1=nm, nez, tang) =171 . 91)

For sufficiently small T, this equation will have a solution at E,, = Egw + O (I"). At this energy,
the quantities t1, 71 are of order O(1). However, the derivatives of t; and 71 behave differently
at E, — Epw. One has 1{ = 8/1/c05281 and 7] = goi/coszgol, where cos? §; = cos? @1, due to
the Liischer equation. According to Eq. (77), the derivative of the phase shift §; diverges as '™
whereas <pi stays finite as E,, — Epgyw, since it is a kinematical function that does not contain
any small scales of order I". Consequently, as E, — Epw and I" — 0, one may neglect 7] as
compared to #].

A similar argument can be carried out in the two-channel case, rewriting the Liischer equation
in the form

T1(th+ 1) + 52t (. — 11)
nh+n—sXn-—1u)

81 +¢1=nm, tangp; = 92)
The function ¢ is not purely kinematical as it contains 7. However, it still does not contain small
scales of order I'. Consequently, the derivatives of ¢; are finite and the quantities 7, 7) are of
order O(1), while t; = O(I'™1).

Next, retaining only the most divergent terms in f'(E,) at E,, — Epgw, one gets

f(En— Epw) =t](+ 12 — 52 (12 — W) g, gy T (93)
Consequently, the quantities af, a% take the values
1? T
ai = 5+ oI,
N lEEpy 2
3t 2(1) —
a%:l 1+T1+Sg(752 1) — o). (94)

/
b+t —s2—1)|g gy,

Hence, it follows that the leading contribution to the matrix element FM (E,,, |q|) in the limit
[' — 0 comes only from the term, proportional to 12]1” , whereas the second term is sub-leading.
As a result, we obtain

-1

Jﬁ

As seen, the Lellouch-Liischer formula has a fairly simple form in the vicinity of the Breit—
Wigner resonance: the infinite-volume quantities F If‘” (Ew, |q|) are equal to the current matrix
elements FM(Egw,|q|), measured on the lattice, up to a normalization factor (note that, in
Ref. [31], a different normalization of the states has been used). The form factors can be found
from Eq. (13).

|FM(E,, 1q)| = |FY(Eq, 1))+ 0@,  E,=Egw+ O(). (95)

5.2. Complex plane

The values of the form factors at the resonance pole in the infinitely narrow width limit can be
determined along the same lines, as discussed above. We again express the final result Eq. (68)
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through the amplitudes 1211” , ﬁg” to get

FY(Eg,|q]) =

1 ~M ~M
riu; +nru . (96)
m ( 1 2 )|E_ER
Here, the quantities r1, r, read
th+i—2is?
r12 _ t12 2+ i —2isg
W (E)
1 —i+2is?
r22 _ t22 1 — 1+ 2isg
W (E)

b

E=Ep

O7)

E=Ep

Since the functions u y are low-energy polynomials in the vicinity of the Breit—Wigner pole, one

can analytically continue them from the real axis to the pole. Consequently, in the limit ' — 0,
their values at the pole and at the real axis are equal, up to the terms of order O (I"). We note that
this procedure cannot be applied to the ug’l . Calculating the quantities r,r, at Eg — Epw, we
get

2

t r
ri=-=+ =—+0(?),
t 2
1 ER—>EBW
2 . )
ty th+i —2is
=t = 0(I). 98)
fot—i+2isg Er—Epw

As on the real axis, the leading contribution to the F' }e"f is dominated by the ﬁllw term in Eq. (96).
The final expression takes the form

FRU(ER. QD] = FA'(Esw. lq) + O(T'/?). (99)

As expected, for infinitely narrow resonance, the form factors F f“’l (E,|q|) and F ]Ii.” (E, |q|), de-
fined on the real energy axis and complex plane, respectively, coincide.

6. Conclusions

In this work, we have studied the extraction of the B — K™ transition form factors on the
lattice. We have taken into account, in particular, the possible admixture of the nK to w K final
states. To this end, we have applied the non-relativistic effective field theory in a finite volume
and reproduced the two-channel analogue of the Lellouch—Liischer formula, which allows to
extract the B — K*[*[~ decay amplitude in the low-recoil region.

Since the K* is a resonance, the corresponding current matrix elements are properly defined
and free of process-dependent ambiguities only if the analytic continuation in the complex energy
plane to the resonance pole position is performed. Consequently, we have set up a framework for
the determination of the form factors at the K* pole. This is a generalization of the one-channel
formula, which has been derived in Ref. [31]. In addition, we have discussed in detail the consis-
tent determination of the photon virtuality at the resonance pole.

Finally, we have considered the limit of an infinitely small width in our results. The equations
in the multi-channel case are more involved and this limit cannot be performed in a straight-
forward manner. Nevertheless, we have demonstrated that, even in the multi-channel case, the
current matrix element measured on the lattice is equal to the one in the infinite volume, up to a
normalization factor that does not depend on the dynamics. This result represents a useful check
of our framework.
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Appendix A. The B — K* form factors in rest frame of the B meson

Since the m K—n K system is in the P-wave, it is preferable to extract the finite-volume energy
spectrum in the reference frame, in which the K* has non-zero 3-momentum. Consequently, as
an alternative to the case considered in the main text, we also consider the following kinematics:

2
p=0, k:—q:%d, d=(0,0,n). (A1)

The current matrix elements of Eq. (13) in this moving frame take the form

2i V(g?
Wik DI P|BY = — imp|q|V (g )’
mp +my

(V(k,0)|i(mp — Ev)Ja+1qlJ5 | B) = —2imp|q|Ao(g?).
(V(k, DI 1B) = —i(mp +my)A1(g?),
(V(k,0)|i(mp — Ev)J — |alJal B) = 8mpmy A12(g?),
)
)

2imp|q|Ti(g%),

—i(m% —m2)Tr (g%,

4mBmV

(Vk, )itmp — Ey)ID +1q17|B
(Vk, H)limp — E)IY + [q11} 1B

(Vk,0)1B) = — Tr3(q%), (A.2)

mp-+my

where Ey = ,/m%, + @2 is energy of the K* meson, which is treated as a stable particle. As
seen from Eq. (A.l) (see, e.g., also Ref. [60]), the matrix elements should be measured in the
irreps E and A of the little group Cy4,. However, because K* is not at rest now, the S- and
P-waves mix in the irrep A;. Consequently, only the form factors V, Ay, T}, and T, could be
extracted by applying formulas that are similar to the ones given in the previous sections. For
other form factors Ag, A2, T23 one should either assume that the mixing is small, or use more
general equations, derived in Ref. [41], which include it.

Further, one applies the following operators to create the states (V (k, £)|, (V (k, 0)| from the
vacuum:

1 . .
05 k) =—7) ™01 NFiOx ), O U0 =) e 03x1). (A3)
P T - oRwo=3
When the K* becomes unstable, the mass my should be replaced by the CM energy value E
of the two-particle state in a finite volume. Then, the matrix elements Eq. (A.2) are functions of
E* and |q|. Analogously, in order to keep |q| fixed at different values of energy E, one could
resort to asymmetric volumes of type L x L x L’ or twist the s-quark.
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CHAPTER 4

Low-energy nucleon Compton scattering

4.1 Summary

The main objective of the work is to test the Reggeon dominance hypothesis by means of lattice
simulations. The existence of the so-called fixed pole in the nucleon Compton scattering amplitude
is still an open question. For that purpose, one has to determine the relevant subtraction function in
forward doubly virtual Compton scattering. A comparison of the result with its recent phenomenological
determination, based on the aforementioned hypothesis, will shed more light on the issue. Also, one
might obtain a better constraint on the two-photon exchange contribution to the Lamb shift in muonic
hydrogen.

The external field method provides a feasible approach to investigate the low-energy Compton scatter-
ing on the lattice. The obtained results can be summarized as follows:

e An appropriate external magnetic field configuration is found, which is suitable for the extraction
of the subtraction function at nonzero photon virtuality.

e The energy shift of a nucleon in a static periodic magnetic field is calculated in the non-relativistic
EFT. It is shown that the second-order correction in the external field strength is proportional to
the value of the subtraction function.

e The practical applicability of the result is discussed. The upper bound on the magnetic field
strength and the lower bound on the value of the photon virtuality are estimated.
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The energy shift of a nucleon in a static periodic magnetic field is evaluated at second order in the
external field strength in perturbation theory. It is shown that the measurement of this energy shift on the
lattice allows one to determine the unknown subtraction function in the forward doubly virtual Compton
scattering amplitude. The limits of applicability of the obtained formula for the energy shift are discussed.
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I. INTRODUCTION

The doubly virtual Compton scattering process has
several important phenomenological implications at low
energies. The analysis of the proton-neutron mass differ-
ence’ [3-6] relies on the knowledge of the relevant spin-
independent invariant amplitudes 7| and 7,. The same
amplitudes appear in the study of the Lamb shift in the
muonic hydrogen (see, e.g., Refs. [7-9]).

The experimental data on the structure functions com-
pletely determine the amplitude 7,. However, they do not
fix the subtraction function S in the dispersion relation for
the amplitude 7. This function depends on the photon
virtuality g%. The low-energy theorem establishes a relation
between the value of the S| (¢?) at ¢*> = 0 and the magnetic
polarizability of the nucleon. Further, the asymptotic
behavior of this function for large spacelike ¢° is fixed
by the operator product expansion in QCD [6,10,11]. The
behavior of the function at intermediate values of g is,
however, completely arbitrary. Earlier calculations of the
forward Compton scattering amplitude within chiral effec-
tive field theories at low photon virtualities have been
carried out in Refs. [12—15]. The latest calculations of the
quantity S; are contained in Refs. [7,9,16—19]. The con-
vergence of the chiral expansion is, however, questionable
even at very low ¢°. Further, several authors have used
phenomenological parametrizations of the function S; in
their calculations [5,6,8]. Unfortunately, this introduces a
systematic uncertainty in the calculated observables that is
very hard to control.

An interesting possibility to determine the subtraction
function S; was discussed in Refs. [3,4]. If the forward
scattering amplitude does not contain any so-called fixed
pole (this issue is related to the so-called Reggeon
dominance hypothesis), then S;(g?) for all ¢*> <0 is

'Note that, recently, a substantial progress has been achieved in
the direct evaluation of this difference on the lattice [1,2]. A
comparison of different approaches provides constaints on the
behavior of the Compton amplitudes.
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uniquely determined by the dispersion integral over the
electroproduction cross sections in the physical region.
Therefore, if one could calculate the function S;(g?)
directly and compare with the result obtained by using
the Reggeon dominance hypothesis, in principle one would
be able to answer a question, whether a fixed pole is present
in the forward Compton amplitude or not (for the recent
phenomenological evaluation of Sy, see Refs. [4,20,21]).
For instance, note that the universality hypothesis, stated in
Ref. [22], does not exclude the presence of a fixed pole
in 7. Further, a calculation of S;(g?) would allow one to
evaluate the proton-neutron electromagnetic mass shift
and the two-photon exchange contribution to the muonic
hydrogen Lamb shift in a manner devoid of any model
dependence. Hence, there is strong interest in a direct
calculation of the function S, (g?).

At present, lattice QCD is the only first-principle
approach capable of handling the above problem. There
are two ways to determine S;. In the first method, one
directly calculates the four-point function that describes
Compton scattering. This is a straightforward but computa-
tionally very demanding task. Until now, this approach has
been used in the computation of light-by-light scattering
[23], and also in the study of the long-distance effects in
rare kaon decays [24,25]. An alternative method is based
on the observation that the Compton scattering amplitude
can be inferred from the behavior of the nucleon two-point
function in the presence of a weak external electromagnetic
field. In recent years, the external field method has become
a powerful tool to study the electromagnetic properties
of the nucleon and light nuclei. In particular, it has been
used for the case of a constant and uniform magnetic field
[26-28]. Such a field configuration allows one to determine
the magnetic moments and magnetic polarizabilities
through the extracted energy shift induced by the magnetic
field. By applying nonuniform and time-dependent fields,
one can determine spin polarizabilities as well (see, e.g.,
Refs. [29,30]). Hence, the external field approach for the
calculation of S; should be feasible in practice.

© 2017 American Physical Society
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In this paper, we demonstrate that measuring the energy
shift of a single nucleon state in a static periodic magnetic
field on the lattice enables one to determine the function
S1(¢?) at nonzero values of ¢>. Unlike a constant magnetic
field, which generates the harmonic oscillator potential and
Landau levels, in the present case the spectrum and the
eigenstates of the Hamiltonian can not be obtained ana-
lytically. Nevertheless, the energy is still conserved in the
static magnetic field and, as long as the potential remains
“small,” perturbation theory can be applied to the free
energy spectrum (there is a similar approach in solid-state
physics, which is called the nearly free electron model, and
more generally, the empty lattice approximation [31]). We
show that, at second order in the magnetic field strength,
the energy shift of the one-nucleon ground state is propor-
tional to the quantity S, (g?). The limits of applicability of
this perturbative expression are also discussed.

II. COMPTON SCATTERING

Let us start with the basic definitions. The Compton
scattering amplitude is given by

T psia) = [ dien (o ST O,
(1

Here, j#(x) denotes the electromagnetic current, ¢ is the
four-momentum of the final photon, p(p’) and s(s’) are
the four-momenta and spins of the initial (final) nucleon,
respectively. Considering forward scattering p’ = p and
performing the spin-averaging in Eq. (1), one arrives at

1
™(p.q) = EZT"”(p,s;p,s;q)- (2)
N

(O[T (x)¥(y)[0)4 = (O[T¥(x)¥(y)0)o +

2

Here, ¥(x) denotes the (composite) nucleon field
operator in QCD and the subscript “0” refers to the
quantities evaluated in QCD without any external field.
Note that Eq. (6) is written down for connected
matrix elements (the subscript “conn” is omitted
everywhere for brevity). Further, performing the Fourier
transform in Eq. (6), amputating the external nucleon legs,
and putting external nucleons on the mass shell, we see
that the nucleon electromagnetic vertex (p’, s'|j#(0)|p, s)
emerges at order A. At order A2 as already mentioned,
the scattering amplitude given in Eq. (1) is obtained from
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The tensor T*(p,q) is related to the invariant
amplitudes T, T, through the expression (see, e.g.,
Refs. [4,32,33]):

T (p.q) = Ti(v.*)K\" + To(v.))Ky'.  (3)
where the kinematic structures K/*, K%’ read
K\ =q'q" — 9" ¢,
Ky = #{(p”q” +0'q")p-a—9"(p- )’ - P'p"¢’}
(4)

Here, m is the nucleon mass and v=p-q/m. The
subtraction function S, is defined as

Si(g*) = T1(0.4%). (5)

The quantity S,(¢?) can be split into the elastic and
inelastic parts (see, e.g., Ref. [4]). The elastic part is
singular at g> — 0, whereas the inelastic part is regular
and is related to the nucleon magnetic polarizability at
g* = 0. Note that the quantity S, (g?) is real, because in this
kinematical region there are no multi-particle singularities.
Indeed, introducing the Mandelstam variable s = (p+¢)> =
m?+2mv+q?, it is immediately seen that, for v = 0 and
g* <0, we have s < m?, meaning that one is below the
inelastic threshold.

It is well known that the Compton tensor given in Eq. (1)
can be obtained by expanding the two-point function of a
nucleon in an external electromagnetic field to second
order. Introducing the notation A,(x) for the external
potential, it is actually seen that the nucleon propagator
can be expanded as follows:

i

ﬂ/&m@@meMWM%

+;_! / d*zd*vA, (2)A, (v)(0]T¥ (x) P (y) " (2) 1 (0)|0)g + -+ - 6)

|
the matrix element (0|7 (x)¥(y)j*(z);*(v)|0)y, and
SO on.

On the other hand, since one is below the inelastic
threshold, one may describe the nucleon two-point function
within the nonrelativistic effective field theory as well,
matching the couplings of the effective Lagrangian to the
pertinent expressions in QCD. The advantage of this
approach will become apparent, when the energy spectrum
of a system in a finite box will be considered, as in the
nonrelativistic effective theory, the energy levels are
obtained by merely solving the Schrédinger equation.
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In the present work we consider the matching and the
subsequent calculation of the energy shift in a very con-
densed manner. A detailed treatment of these issues, as well
as a thorough study of the finite-volume spectrum of the
Hamiltonian with periodic potentials wil be the subject of a
separate publication [34]. In brief, the procedure looks as
follows. At the first stage, the matching of the relativistic and
nonrelativistic theories is carried out in the infinite volume.
The matching ensures that the on-shell coefficients in the
expansion of the two-point function up to and including
O(A?) are reproduced in the nonrelativistic theory. At the
next step, one uses the nonrelativistic Hamiltonian, whose
couplings are fixed through the matching, to calculate the
energy levels in a finite volume. Note that this procedure
is self-consistent, since the couplings of the effective
Hamiltonian encode solely the short-range physics that does
not get altered by placing the system in a large box.

Above, we have already written down the expansion of
the nucleon two-point function in the external field in QCD.
Now, we want to do the same in the effective theory. The
corresponding Lagrangian, which describes the gauge-
invariant interaction of the nucleon with an external
electromagnetic field, has the following general form:

Eeff:£0+£]+£2+"‘. (7)
|
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Here, £ is the free nucleon Lagrangian (we remind the
reader that we are below the inelastic cuts),

Lo =yw2W(id, — W)y, W=vm>-V2. (8)
In the above expression, w(x) is a two-component field
that describes the nonrelativistic nucleon. It is seen that
the relativistic dispersion relation for the energy of the
free nucleon with the three-momentum p, w(p) =

/m? + p2, is satisfied. Also, the factor 2W ensures that
the one-particle states have the relativistic normalization
(see, e.g., Refs. [35,36]).

Further, £ is linear in the external field A,, £, is
quadratic in A,, and so on. Note that £; and £, should
contain an infinite set of operators with an arbitrary
number of space derivatives, which act on the fermion
and external fields. This differs from the situation for
vanishing ¢ (the pertinent Lagrangian is given, e.g., in
Ref. [29]). However, as we shall see, the infinite
number of terms will effectively sum up in a single
function.

Applying the equation of motion to eliminate the time
derivatives, and performing partial integration, £; and £,
can be brought into the form

Ly= Y A0, 0, wh()ICU =m0, .0 wi(x)],

m,n=0

D A0, 0,A ()]0 .-

I,m,n=0

£2:

'8i,,l//

T, (x)]Hi' Y P SRR N SR N 712 [aj1 . -ajm’/’s(x)L (9)

A

s's

where I n/t=Im# and TI) -t /t-Jmkt-#15 denote low-energy constants. The Latin indices run from 1 to 3 (only space
derivatives), whereas the Greek indices run from O to 3. The derivatives in the square brackets act only on the function
within the brackets. Also, as a convention, the values m, n = 0 correspond to no derivatives in Eq. (9).

The comparison of the two-point functions at O(A), calculated in the different theories, leads to the matching

condition

S (=ip")iy - (=ip"); (ip);, - (ip);, Loy /i imt = (p! s'| j#(0)| p. s). (10)

m,n=0

The expression of the second derivative of the two-point function with respect to the external field in the effective theory
consists of two parts: the contribution from £, and the nucleon pole term, denoted by U*(p’, s'; p, s; q), which is obtained
by the insertion of two vertices £,. The latter can be expressed through the nucleon vertex (an explicit expression is given

below). The matching condition at O(A?) takes the form

Z (_ipl)i, "'(_ip/)i,,(ip)jl "-(ip)jm(iQ)m '..(iq)ml—l;‘;..zndl...jm.,ﬂ1~~~/4/qﬂb — T’”’(p’, s’ p. s;q) _ U/«ll/(pl’ s’y p,s; q).

1,m,n=0

(11)

As can be seen, the low-energy constants of the effective field theory are uniquely fixed by the Taylor expansion of the
nucleon vertex and the Compton scattering amplitude in the external three-momenta.
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III. ENERGY SHIFT

Up to now, we have considered the problem in a generic
external field. We next limit ourselves to a static periodic
magnetic field of the form

B = (0,0, B3), B3 =-B COS(O)Xz), (12)
where B denotes the strength of the field and the real

parameter @ takes nonzero values. The components of the
gauge field A#(x) read

B .
Ay :asm(wxz), Ag=A,=A;=0. (13)
The parameter @ allows one to scan the virtuality of the
photon.
Since lattice simulations are performed in a finite spatial
volume, the magnetic flux is quantized [37]. Consequently,

the parameter @ can take only particular values (see, e.g.,
Refs. [38,39)),

B 2xN

() ’
L

N € z\{0}, (14)

whereas the field strength B is not quantized. Here, L
denotes the spatial size of the lattice. The quantization
condition Eq. (14) also guaranties the proper implemen-
tation of the magnetic field on a torus [38]. We note that,
for @ # 0, there exists an alternative procedure that
implies the quantization of the field strength B instead
of w [38]. In the present paper, however, we do not
consider this option.

The quantum-mechanical Hamiltonian, which acts on
the single-nucleon wave function as a differential operator,
can be straightforwardly derived from the effective
Lagrangian, Eq. (7). It is convenient to first rescale the
nucleon field,

1

T(V)W( X, 1). (15)

w(x 1) -

The terms in the Hamiltonian can be again ordered,
according to the powers of A,:

H=H,+H,+H,+ O(A%). (16)

For instance, the free Hamiltonian reads Hy = W(V)dy,,
and so on. To the best of our knowledge, an analytic
solution of the Schrodinger equation in the periodic
magnetic field is not available in the literature. For this
reason, we resort to perturbation theory. The solutions
must obey periodic boundary conditions. Denoting
the Hilbert-state vector in the nonrelativistic theory,
corresponding to the unperturbed solution, by |k, s)),
one has
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1 .
(Kl s) = 7™ (17)

where y, denotes a Pauli spinor and

2
w(k,)=1/m>+ k2. k,,:%", nezd. (18)

These  vectors are
(k. 5"[K . 8) = Smndys.
Next, we evaluate the energy shift of the nucleon ground
state up to order A2 Since the unperturbed solution is
twofold degenerate due to the nucleon spin, one should use
perturbation theory for the degenerate states. First, one may
check that the first-order energy shift vanishes identically
for w # 0, since, in this case, ({0, s|H]0,s")) =0 due to
three-momentum conservation. Further, in order to deter-
mine the spin-averaged shift 6F at second order, the
calculation of the diagonal matrix elements suffices,

normalized, according to

1
SE = 5Z(éEg + 6E,"), (19)

N

where the first contribution (the nucleon pole term) emerges
from the second iteration of H; and the second term is the
matrix element of H,. The explicit expressions are

’ (0, s|Hy| Ky, o) ( Ky, 0]H1| 0, 5)
SE, = ,
1%0; W(O)_W(kn)

SE," = ((0, 5|H,|0, s)). (20)

The calculation of these corrections is straightforward, and
we obtain

2

SE, = [F(@)+ F(-o)].

8maw?
2

B
SE," = —W[T11 (0,5;0,5:9) = U'(0,5;0,5;9)],  (21)

where ® = (0,,0), § = (0, ®) and

(0,515 (0)|@, o) (. 5 (0)] 0. 5)
S D e o B
The crucial step in getting these formulas has been to apply
the matching conditions Egs. (10) and (11). Note also that
here, having used the matching condition, we switched back
to the relativistic normalization of the state vectors.

It remains to calculate the quantity U''(0,s;0,s;q).
Inserting a complete set of the one-nucleon states into the
pertinent matrix element and using the matching condition
Eq. (10) once more, we obtain

U (0,5:0,5:9) = —%[F(m) +F(—@).  (23)
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Finally, adding everything together, we get a remarkably
simple formula for the spin-averaged energy shift

BZ
E=—T(0, -’ B3
6F =4 T1(0.~0?) + O(B)
BZ
= ES](—O)Z) + O0(B?), (24)

where the expression for the spin-averaged tensor Eq. (3)
has been explicitly used. This is the main result of the
present work. Note that the quantity S; here is the full one
and not the inelastic part only.

IV. DISCUSSION AND CONCLUSIONS

The applicability of the formula Eq. (24) is limited for
several reasons. First, the strength of the magnetic field has
to be chosen sufficiently small, so that perturbation theory
provides a meaningful result. A necessary condition for this
is that the structure of the perturbed and the unperturbed
spectrum remains the same.

An estimate for the upper bound on the magnitude of B
can be obtained as follows. It can be straightforwardly
checked that using the periodic external field, Eq. (13),
in the Schrodinger equation leads to a periodic potential
with magnitude V, = e¢>B?/(2mw?) and period d = o™ ".
Considering a single period as a potential well, perturbation
theory is applicable, if the well is shallow enough, so that
no bound states are formed (in the periodic potential, the
band structure arises instead of the isolated energy levels).
Using, for simplicity, the known formula for the square well
gives the condition eB < 2w?. Of course, this should only
be considered as a crude order-of-magnitude estimate of the
critical value of B. Note also that, from the point of view of
phenomenological applications, the region of the small >
(smaller than a few GeV?) is the most relevant one.

As seen from Eq. (24), the perturbative result is valid up
to terms of order B>. Albeit, in principle, it is possible to
give some crude estimate of the neglected terms by using
ChPT, it is important to note that the validity of the formula
can be checked a posteriori on the lattice—by ensuring that
the energy shift grows quadratically with B.

On the other hand, the value of B should be large enough
so that the energy shift 6F is measurable. Moreover, the
accuracy of the extraction should be sufficient to allow for a
disentanglement of the inelastic and elastic contributions.
The latter is given by [4]

4m? 200\ 22
_W{GE@) Gulg)}. (25

where G, Gy denote the electric and magnetic form
factors, respectively. Further, the inelastic contribution at
g* = 0 is related to the magnetic polarizability by [4]

$i(q*) =

K'2 m

Sirel(0) = ik ;ﬂM, (26)
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where « denotes the anomalous magnetic moment of a
nucleon and a is the fine-structure constant. Experimental
values for the proton and neutron polarizabilities are f}, =
(3.15 4+ 0.50) x 10~* fm? [40] and B}, = (3.65 £ 1.50) x
10~* fm?3 [41], respectively. As already mentioned, little is
known about the ¢* dependence of S;(¢?). For a crude
estimate, however, we assume that [4]

s1(0)

Sinel 2\ — .
) (1—¢%/0.71 GeV?)?

(27)

Using now Eq. (24), it is immediately seen that the inelastic
shift SE™! obeys the following relation:

inel\ 1/2

eB = (716”.“’1"5'3 ) " exlsEm) e, (28)
SP()

Taking now —g> = @2, = 2 GeV? as the upper bound
of the interval, we get a crude estimate of the coefficient
¢ = 0.90 GeV?*/? for the proton and ¢ = 0.83 GeV?*/? for
the neutron. Note that, using a rather generous estimate
|SE™!| = 0.05m, the bound Eq. (28) at —¢* = @ is
comfortably consistent with the upper bound eB < 2w?,
except very small values of @?.

The total energy shift SE = 6E®' 4+ SE™! can be much
larger than the inelastic shift alone, especially as @’ is
small. As seen from Eq. (25), the elastic contribution
is singular as ®?* = 0, whereas the inelastic contribution
is regular. As an order-of-magnitude estimate, one may ask,
at what value of w? the magnitude of the inelastic contri-
bution amounts to a 10% of the singular piece of the elastic
contribution, which behaves like 1/w?. The estimate gives
w?. = 0.11 GeV? for the proton and @2, = 0.05 GeV?
for the neutron. Of course, setting a lower bound on the
@’-interval critically depends on our ability to extract the
proton and neutron form factors on the lattice with high
accuracy. Note also that, even for the lowest value of @2,
the quantity M, L is of order 4—in other words, the
calculations can be performed at the volumes which are
feasible at present (here, M, is the pion mass).

Another interesting issue is the study of the limit @ — 0.
In the present framework, this limit is singular and is
intertwined with the limit L — oo. Indeed, recall that the
values of @ are quantized: @ = 2zN /L. For nonzero values
of N, the limit @ — O thus implies L — oco. In addition, the
Landau levels are bound even if L — oo, which violates the
condition of the weak B field. We expect that the alternative
setting for the periodic magnetic field on the lattice
(quantized B, w not quantized), see Ref. [38], which has
not been considered in the present paper, will be more
advantageous for studying the limit @ — 0. Also, this
different approach will allow one to continuously scan
the interval of interest in the variable ¢. We plan to address
these and other issues in a forthcoming work [34].
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To summarize, our final expression, Eq. (24), enables
one to directly extract the subtraction function S, (g?) from
the lattice measurement of the nucleon energy levels in a
periodic external magnetic field.
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4.2 Supplement

4.2 Supplement

This section provides the extended derivation of the formula for the energy shift of the nucleon ground
state given by Eq. (26) in the paper. There are several approaches to arrive at the final expression, and
two of them are discussed below. The open issues, which will be studied in the upcoming large paper, are
summarized at the end of the supplement.

Method |

The first method is based on the application of the non-relativistic EFT in a finite volume. It follows
closely the discussion of the original paper. The starting point is the quantum-mechanical Hamiltonian
which acts on the single-nucleon wave function as a differential operator. It is defined as the 00-component
of energy—momentum tensor:

aLeIT
A(0)

First rescaling the nucleon field, ¥ — [2W(V)]~!/2 y in the non-relativistic effective Lagrangian and then
applying Eq. (4.1), one gets:

Oy — g Legr . (4.1)

W Hy =

H = Hy + H + Hy + O(A%), (4.2)
where
Hy = W(V)ys,
H = - Wm;)< Bi) . (=0, T I AL (%)), . J\/%m
Hy = e Y (=03 (=0, T I dm Bttt g g AL (3)1A(X)

\ 2W(V) 1,m,n=0 ! "
1

PN, P— 43
I WV *3)

Here, the derivatives in the square brackets act only on the function within the brackets.

At the next step, degenerate perturbation theory is applied to determine the energy shift. The total
spin-averaged shift takes the form

SE = 6EV + 6E® + 0(B?), (4.4)

where 6E(1 and §E® denote the first- and second-order term, respectively. The first-order correction
reads

SED = %Z«O, S0, 5)) = Z f Pxy) HWSX)., (4.5)

where |k, s)) denotes the state vector in the non-relativistic theory that corresponds to the unperturbed
solution. Accordingly, the wave function 9/’0 )(X) takes the form

Yx) = L3 ¢ s (4.6)
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Here, y; denotes the Pauli spinor. The general matrix element of the operator H; is given by

1 o 1
' §'|HIp, - _ dPx e P'X % 4.7
«p’, s'Hilp, 5)) o, 4xe A 4.7
1 .
X E -0, -0, 1"’l s J1JmsH g X)dj, .. —'PX,
P 0( ). (=0;) u(X) d;, 2W(V)e

Integrating by parts, and using the fact that the electromagnetic potential A,(x) vanishes at the integration
limits because of the quantization condition for the w, one obtains:

Au(p—p) e
' s'|H _Au®P) i (=i, (i), - [l im0 (4.8
'S 1Hilp. ) = = e ,,;o( ip )i - (=), (D) - - (i), T, (4.8)

Here, Aﬂ(q) denotes the Fourier transform of the field A,(x, 0),

L
Auq) = f d*x e"%A ,(x,0), (4.9)
0
which explicitly reads
- B S
A(q) = %L [0+ — Oq-wl Ap=A=A3=0, w=0,w0)#0. (4.10)

In this expression, the sum is precisely the same as in the matching condition at O(A),

Z (=ip )iy -+ (=ip" )iy GP)jy - ip), T T Im b = (| 0)|p, ). (4.11)

m,n=0

Accordingly, the matrix element of the operator H; takes the value

P, S1#(O0)lp, sy 1 A
4w(p)w(p) 3 Aulp

Setting p = p’ = 0 and s" = s in Eq. (4.12), it is seen that the first-order correction to the energy shift
vanishes:

«p’, s'IHilp, 5)) = p). (4.12)

SEM = 0. (4.13)

As expected, this result follows from the three-momentum conservation at the vertex of the three-point
function.

The second-order contribution to the energy shift consists of two parts:

1
SED = 3 Z(&E; +E,"), (4.14)
)

The first term emerges from the second iteration of the operator H;:

SE! = Z Z 0. slH 1Ky, )){(Kn. T1H1[0, 5))

w(0) — wik,) *15)

k, 20 o

It is evaluated by using Egs. (4.12) and (4.10),
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SE! = ( ) Z Z (0, 51 (0)Iky, )k, ' (O)]p, )

4w(k,)(w(0) — w(ky)) [0k, +0 + O] - (4.16)

k,#0 o

The second term is given by the matrix element of the operator H»,

SEY = ({0, s|H>|0, s)) . 4.17)
One has:
1
(S Halp ) = —— f Pre? (4.18)
V2ZW(V)
X Z (=03)... (~ a,n)n” e v HEA R G 0 A (R)]AL(X) X
L,m,n=0
1 .
X dj...0;, ———e'P*. 4.19
J1 Jm 2W(V) ( )
The integration leads to the expression
«p’, s’ |H2lp, 5)) ! (4.20)
S |Halp, 8)) = ———————— .
L3 \Aw(p)w(p)
X Z (_ip,)il cee (_ip’)in(ip)jl . (lP)Jm ll o o 1 Y Im...m,pv,
I,m,n=0
where the integral 1, ., .,y reads
L
Ly oy = f [0y, ... 0 AUX)]AL(X) . (4.21)
0
This integral has a non-zero value for y; = --- = y; =2, u = v = 1 and for even /,
L3 B 2
Looi=— (—) (iw), 1=0,2,.... (4.22)
2 \w

Inserting this value into Eq. (4.20), one gets

2

1 B
«p’, slHzlp, 5)) TR (w) (4.23)

D (D, (D) - (D), (i) . (i) T ettt AT

1,m,n=0

X

[ copies

Further, using the matching condition at O(A?),

S i e PPy () (il - iy T It
1,m,n=0

=T s" s p.s;q) — U (p',s"s p.s;q) (4.24)

and setting p = p’ = 0 and 5" = s, the expression for the second energy correction dE7 takes a compact
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form:

77 1
oE; = I

( ) [71(0.5:0,5:4) - U0, 5:0,5:9)] , (4.25)

where ¢ = (0, w).
It remains to determine the quantity U'!(0, s; 0, s; §), which is a component of the Compton tensor

UM0,5:0,5:9) = 5 f d*xe (0, sIT ' () (010, 5)) . (4.26)

It is defined in the non-relativistic EFT, such that the completeness relation contains only the one-nucleon
states: e )l
s g s (o8

=1. 4.27
Z Z 2w(ky) 27
Inserting this expression into Eq. (4.26) and using the property of the step function
f dxopeP0(xo) = L , (4.28)
—00 Po

one obtains

M) {iak 0. 515" Ok, ) 715 (OO, )
k, o

0 ¢ 0.5 0) = - o _
U (,s;0,s;q) = > 20tk @©) — wk) + [w w]}. (4.29)

n

In this expression, the current matrix elements are evaluated in the non-relativistic EFT. They are given
precisely by the sum on the left-hand side of the matching condition in Eq. (4.11). Accordingly, the
summation over k;, gives

U0, 5;0, 5;4) = F(w) + F(-w), (4.30)

where

Z €0, 517" (0w, ), ;' (00, 5)

Flw)=- Au(w)(w(0) — w(w))

(4.31)

Finally, summing up all contributions up to O(B?), the spin-averaged total energy shift of the ground
state is given by

2
SE = 4;1( ) Z 7190, 5,0, 5:4) + O(B) = B— —T1(0. ~w?) + O(B%). (4.32)

This completes the derivation of the main result.

Method Il

In the second approach, one works directly with the expansion of the nucleon two-point function in
the external electromagnetic field, as given in Eq. (6) of the paper. To project onto the states with the
zero three-momentum and a given spin component s, one performs the Fourier transformation of the
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expressions in Eq. (6),

C=C9+c®4+c® 4043, (4.33)
where
1t _
C = 5 f & xd®y (O|TW(x)P(1)|0)a . (4.34)
co - = Py O, (T )10). (4.35)
c = é f Ld3xd3yd4zAy(z><0|T‘Ps<x>\Tfs<y)j“(z>|0>, (4.36)
c? = 2’—; Ld3xd3yd4zd4vAy<z>Ay(v)<0|T\Ps<x)\Ps<y>j”<z>jV<v>|0>. (4.37)

Here, ¥(x) denotes the nucleon interpolating field with spin component s. To simplify the discussion,
the calculation will be done in Minkowski spacetime. The completeness relation takes the form

Ik, o)k, o
= Z o T 1, (4.38)

where the dots stand for the excited states contributions; they will be neglected altogether by taking the
limit xo — yg — +oo (the time extent of the lattice is assumed to be infinite).

Let us start with the matrix element C) that describes the free propagation of the nucleon. Using the
translation invariance for an arbitrary operator O(x),

0(x) = e P00y, P = (B, P), (4.39)

it takes the form
1 1 L , . i,
cO = 76 > ) f d*xd’y (xo — yo)e K&V E0=v0) (O (0)[K, s)(K, s|P(0)[0).  (4.40)
k

Integrating over all variables, one gets

Zs e"Mxo=yo)

cO = , Zs = (0]¥,(0)]0, s)0, s|¥,(0)[0). (4.41)

2m

The two-point function in the presence of the external magnetic field can be written in a similar

manner:
Z,(B)e!EsB)x0=y0)

2E,(B)

Here, E(B) is the energy of the nucleon ground state. Considering a weak periodic magnetic field

C= . Zs(B) = (01¥5(0)|Es(B), s)(E(B), s|¥(0)[0) . (4.42)

2N
B = (0,0, —Bcos(wx)),  w = "T N e Z\{0}, (4.43)

the functions E4(B) and Z;(B) obey the polynomial expansions

E,B) = m + £(w)B + n5(w)B* + O(B?), ZiB) = Z, + a5(w)B + Bs(w)B* + O(B%).  (4.44)
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The unknown quantities &5(w), n5(w), ag(w), and Bs(w) depend on the frequency w.
The correlator C(V is evaluated in a similar manner. One has

; L
m - L _ 3w B 3 A B _
c 5 ; il f Pxdydzdzy Ay (2)0(x0 - 20)0(20 — Yo)

x e KO gnl0m20) omlEmY) D=0 O (0) [k, s)(K, 51,7 (O)IL, s)(L, s|F(0)|0) . (4.45)

The summation over the three-momentum simplifies the expression:

_etm(xo=yo) L . I
ch = i f d*zdzo A1 (2)0(x0 — 20)0(20 — y0){0I¥5(0)]0, 50, 51,/ (0)10, 5)(0, s|¥',(0)[0) ,(4.46)
or,
Zs im(xo—Yyo) L
C = 2 0= 0.l 00, [z, (4.47)

The integral over the periodic electromagnetic potential vanishes, and so
c =o. (4.48)

The limit of the uniform magnetic field should be handled with care, by first providing the nonzero
three-momentum to the nucleons.

The calculation of the second-order matrix element C® proceeds as follows. First inserting the
completeness relation and using translation invariance, one gets

2Z £Mx0=Yo)

c _
8m2L3

f d*zd’vd Agdvy A1 (Z)A1(V)O(xo — o — v9)8(vo — Yo)0, 5T j' (1) (0)[0, 5)(4.49)

where Ay = zp — vg is a new integration variable, while A = (1o, z — v). It is then straightforward to verify
the identity

(0, sIT ' (1) j'(0)]0, s) = __Zf dqo e T, 5,0, 5:q), A=z-v, (4.50)

which holds for a sufficiently large L. The correlator C® takes the form

Z im(xo=yo) d
c?® = em2L6 Z f =10 f d*zd’vd oduvy

X A1(@)A1(V)O(xo — Ao — v0)0(vo — yo)e T (0, 550, 53 ) . (4.51)

Next, the integration over vy gives

fdvo A(xo — Ao — v0)B(vo — Yo) = (X0 — Yo — A0)B(x0 — yo — Ao) . (4.52)
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Accordingly,

Z,eimxo=u0)

(2 — A A (— . .
CO == ;Amqml( @10, 5:0,5:q) , (4.53)

where A(q) is defined in Eq. (4.9). The quantity /(0, s; 0, s; q) reads
00 dqo X0—Y0 :
100, 5,0, 5;q) = f o f do (xo — yo — Ap)e 0 T1(0, 5; 0, 53¢) . (4.54)
oo 2T J_oo
The shift of the variable 19 — xp — yo — A and the partial integration over gg gives
(7 dao [ iqoAo 9 —igo(xo—yo) 11
100, 5;0, 53q) = —i e | dloe B0 le 70, 5:0, 5:9)] - (4.55)
—00 0

Integrating over Ay, one obtains

ol —igo(x0—yo) 0
10, 5:0, 5;.q) = f ﬂe—.[—i(xo—yo>T“<o,s;o,s;q>+—T“<o,s;o,s;q>], (4.56)
oo 2 qo + i€ 0qo

where the ie prescription ensures the convergence of the integral. Further, the contour integration leads to
the following expression:

o
1<0,s;0,s;q)=—(xo—yo)T“m,s;o,s;q)—ia—T“m,s;o,s;q) ., §=(0,q). (4.57)
q0 q9=9

Finally, inserting this result into Eq. (4.53) and summing over q, the correlator C®® takes the value

7..eMxo=yo) 1 B\2
@ ;2 2 e — 11 P
¢ ! ’m2L3 (a)) [ (x0 —y0)T" (0, 5;0,5:9) (4.58)
i 0 1 i 9 ]
- ==—T (0,5;0,s; - =——T"(0,s;0,s; , 4.59
2 0q0 (©,5:0.5 q>|q:9 2 dqo ©,5:0,5 q)|q:_q (4.59)

where the symmetry property of the Compton tensor, 71,(0, 5;0, s;g) = T11(0, 5;0, s; —4), ¢ = (0, w),
was used.

Next, combining Eqgs. (4.44) and (4.42), one gets the Taylor expansion of the two-point function in the
magnetic field strength:

ZeMmo=yo)

C = = {1+ ié4(@)Bxo ~ yo) + in(@)B*(x0 ~ o) + -+ (4.60)
m

where only the terms that are linear in xg — yg are explicitly shown. The unknown coefficients &,(w) and
ns(w) are determined from a comparison of the left- and right-hand sides in Eq. (4.33),

1
&s(w) =0, () = =7 T1(0,5,0,59). (4.61)

mw?

The quantities ay(w) and B5(w) can be found in a similar fashion. In particular, a (w) = 0, while S,(w) is
given as a certain linear combination of the tensor component 711(0, s; 0, s; ) and its derivative. As it is
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seen, the first-order correction to the energy shift vanishes, while the spin-averaged second-order term
reproduces the original formula.

Outlook

Let us summarize several aspects of the work that have to be studied (in progress):

108

e The limit of a constant magnetic field (w — 0) has to be numerically investigated. In particular,

one has to see, how the energy spectrum in the periodic potential transforms into the Landau
levels. In practice, it is problematic to perform the zero frequency limit on the lattice because the
frequency w takes only discrete values. Accordingly, the alternative setting on the lattice (w is
arbitrary, but B is quantized) should be considered in detail.

The finite volume corrections to the extracted quantities have to be studied. In particular, the
Compton tensor in a finite volume can be estimated in the chiral EFT. However, since the rotational
symmetry is broken, there is no one-to-one correspondence between the energy shift and the
subtraction function. This conceptual problem has to be better understood.

Depending on the practical lattice implementation of the external field method, there might be
the Wick contractions that lead to quark-disconnected diagrams in the Compton tensor. Since
the numerical evaluation of such diagrams is expensive, it is important to estimate, how large is
their contribution to the correlation function. The partially quenched yPT provides a systematic
framework to study the problem.



CHAPTER 5

Summary

Hadronic electroweak processes, such as pion photo(electro)production and Compton scattering, play
an indispensable role in probing the structure of the hadrons. Other types of processes, such as rare B
meson decays, are important in the search for physics beyond the Standard Model.

Lattice QCD is a truly first-principle method to explore the non-perturbative aspects of the strong force.
Based on the path integral formulation of QCD in the Euclidean spacetime, it enables one to determine
the low-energy observables, such as the masses of the stable hadrons and the matrix elements of the
gauge-invariant operators. While the temporal direction of the lattice should be large enough to suppress
the excited state contamination, its spatial size is always finite.

The lattice study of the processes involving hadron resonances is a more complicated matter. Due to
the final state interaction, the standard techniques for the analysis of the lattice data can not be used any
more. However, the finite volume formalism provides a systematic approach to extract the scattering
observables in the two-body sector from the finite-volume energy spectrum. At the same time, a proper
field-theoretical definition of the resonance matrix elements is called for.

Lattice simulations with background (external) fields open a possibility to study the electromagnetic
structure of the nucleon and light nuclei. The external field method is also well suited to investigate some
important features of low-energy nucleon Compton scattering.

The results of the thesis can be summarized as follows:

o In Chapter 2, we considered the pion photo(electro)production process in the vicinity of the A(1232)
resonance. We provide a theoretical framework for the lattice determination of the ANy* transition
form factors in case of the unstable A. After the full group-theoretical analysis of the problem, the
analogue of the Lellouch-Liischer formula for the pion production amplitude is derived. Further,
we give a field-theoretical definition of the matrix elements involving resonances. The prescription
for the pole extraction of the ANy* form factors is provided. The limit of an infinitely narrow A in
the obtained results is also considered.

e In Chapter 3, we investigated the rare B — K*I*]~ decay mode in the kinematic region of low
hadron recoil. Considering a scenario with an unstable K*, we take into account the presence of
the nK threshold. We reproduce the two-channel analogue of the Lellouch-Liischer formula within
the non-relativistic EFT. Next, we give a procedure to determine the B — K* form factors at the
complex pole position in the coupled-channel case. It is shown that the two definitions of the form
factors coincide in the limit of the infinitely narrow K*. It becomes less trivial to arrive at such a
conclusion in the multi-channel problem.

o In Chapter 4, we proposed an idea on how to determine the unknown subtraction function in the
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forward doubly virtual Compton scattering on the lattice. We evaluate the energy shift of the
nucleon ground state in a static periodic magnetic field. The second-order term in the obtained
expression is found to be proportional to the value of the subtraction function at nonzero photon
virtuality. We also discuss the limits of applicability of the result. In particular, the upper bound on
the magnetic field strength and the lower bound on the value of the photon virtuality are estimated.



5.1 Outlook

5.1 Outlook

At present, the finite volume formalism is fully developed in the two-body sector below three-body
thresholds. The method is well suited for lattice practitioners to extract the scattering observables from
lattice data. Nevertheless, its application to the baryon resonances is not an easy task, and first preliminary
results on the A should be expected in the near future.

New questions arise in the three-body sector. In principle, the finite-volume quantization condition
is derived, but its form is not suitable for the analysis of the lattice data. The main problem consists in
the convenient choice of the low-energy parameters (infinite-volume obesrvables). For instance, in the
two-body sector, this is the phase shift that can be determined from the Liischer formula.

Recently, the quantization condition has been derived within the non-relativistic EFT in the particle-
dimer picture [164, 165]. It has been argued that the particle-dimer couplings represent a good choice
of the parameters providing a simple parametrization of the three-body scattering amplitude. The idea
is that one starts with a minimal set of the low-energy constants. After imposing a certain ultraviolet
cutoff, they are fitted to the finite-volume energy spectrum. Adding the higher-spin dimers, the procedure
is repeated until the fit does not improve any more. Once the parameters are fixed, the infinite-volume
integral equations for the scattering amplitude are solved at the same cutoff value. The feasibility of the
framework has been demonstrated by the numerical calculation of the three-body spectrum in a simple
model.

The apparent simplicity of the proposed approach calls for several improvements and subsequent
application of the framework to the real-world problems. The following open issues have to be addressed.

o Conceptual improvements of the particle-dimer formalism. Having in mind the lattice study of
the Roper resonance N(1440), the case of non-indentical particles carrying a nonzero spin has to
be considered. Further, higher partial waves have to be systematically included. Accordingly, the
group-theoretical aspects of the (inevitable) partial-wave mixing should be studied. The coupling
of the two- and three-body channels has to be taken into account. Given the advantage of using
the moving frames, the whole framework should be accordingly modified, incorporating also
relativistic kinematics.

o Three-body analogue of the Lellouch-Liischer formula. The important application of the developed
formalism will be the study of the hadronic electroweak processes involving three-body final state
interaction. One interesting example is the omega photoproduction yp — pw — p(anr) that
might help to reveal some missing baryon resonances [189]. The main goal is to obtain a certain
generalization of the Lellouch-Liischer formula.

o Three-neutron resonances. The experimental evidence of such systems is still lacking [190]. At the
same time, a possible resonant tetraneutron state has been recently reported [191]. The quantum
Monte Carlo calculations of few-neutron systems also suggest that a three-neutron resonance
should exist below the tetraneutron resonance, and its energy is potentially measurable. Clearly,
this topic will a subject of the future lattice simulations. From a theoretical standpoint, one
should study, how the particle-dimer formalism gets modified in the presence of the long-range
interactions. In case of the nucleons, the long-range part of the potential is dominated by the
one-pion exchange. The inclusion of the pions in the theory, however, will not spoil the original
idea of the proposal.
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