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Abstract

Cosmic inflation elegantly resolves problems in the standard cosmology. The most simple inflationary
theory invokes a single scalar field 𝜙, slowly rolling down from a flat potential of a monomial form.
However latest Cosmic microwave background (CMB) experiments have ruled out the monomial
scenarios. In this thesis, we show that a simple and well motivated small field polynomial of degree
four, with a near inflection-point at 𝜙0 ≲ 𝑀𝑃, can fit comfortably well on current CMB data. This
model predicts a testable running of the spectral index ∼ −10−3. A full model parameter space has
been obtained by considering Big Bang nucleosynthesis (BBN) constraint on reheating temperature as
well as radiative stability conditions; this yields a lower bound 𝜙0 > 3 × 10−5

𝑀𝑃. The inflationary
scale within the parameter space can be as low as ∼ 1 MeV, or as high as ∼ 1010 GeV. Similarly, the
reheating temperature can lie between its lower bound of ∼ 4 MeV and about 4 × 108(1011) GeV for
fermionic (bosonic) inflaton decays.

Since any cosmological model has to give rise to successful post-inflationary phenomena, e.g.
producing correct dark matter (DM) and baryon densities, we then show that the aftermath of
polynomial inflation can easily account for DM production and Baryogenesis (via Leptogenesis)
by simply extending the model with a DM field, e.g. singlet fermion or boson and right handed
neutrinos (RHNs). It turns out that DM field with mass in the range: O (KeV) ≲ 𝑚𝜒 ≲ O(1011) GeV
can account for the correct relic density while being consistent with inflationary predictions and
constraints from Lyman−𝛼 and kinematic threshold. For leptogenesis, one can have either thermal
channel if the lightest RHN mass lies in 1010 GeV ≲ 𝑀1 ≲ 1011 GeV or non-thermal channel if
108 GeV ≲ 𝑀1 ≲ 1010 GeV, while being consist with neutrino oscillation data and inflationary
predictions. Finally we consider the extension to a large field scenario with 𝜙0 ≥ 1𝑀𝑃. We work
out the parameter space consistent with latest CMB measurements at 2𝜎 level, and obtain an upper
bound 𝜙0 ≲ 21.5𝑀𝑃. We show that the tensor-to-scalar ratio 𝑟 ranges from O(10−8) to O(10−2),
being testable in the near future.

This thesis 𝑖) offered the most complete analysis for the polynomial inflation to date, and 𝑖𝑖) showed
that the aftermath of polynomial inflation can account for successful post-inflationary phenomena
without jeopardizing the inflationary predictions, hence 𝑖𝑖𝑖) demonstrated that polynomial inflation is
an acceptable cosmological framework.
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CHAPTER 1

Introduction

The evolution of the Universe was governed by a set of differential equations from the intersection of
general relativity (GR) and quantum field theory (QFT). Almost immediately after the Big Bang, an
exponential expansion phase–inflation started. After that, energy transferred from the field driven
inflation, namely the inflaton field, to other lighter degrees of freedom, leading to an extremely hot and
thermal Universe with temperature as high as 𝑇 ∼ O(1016) GeV. (A reminder: 1 GeV ≃ 1013 Kelvin.)
In such a high temperature environment, the Grand Unified Theory (GUT) is believed to hold, and all
elementary particles behave freely (namely not bounded) in a cosmic fireball with interacting forces
which are not distinct from each other. With the cosmic expansion, the temperature of the Universe
decreased. Gradually, the three unified forces, namely strong, weak and electromagnetic interactions
separated, free particles amalgamated into bound states, dark matter and neutrinos ceased to interact
with the surrounding environment, nuclei formed, electrons and nuclei combined into atoms, photons
started to propagate away. Finally, cosmic structures grew under gravitation, stars formed, galaxies
assembled, and the Universe became the form as we observe today. See Fig. 1.1 for a quick glimpse at

Figure 1.1: History of Universe from 𝑡 = 0 till today 𝑡 = 13.8 Billions years [11].
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Chapter 1 Introduction

Figure 1.2: CMB map from Planck [14].

the history of the Universe from the Big Bang till today.
A special point of the cosmic history is about 380000 years after the Big Bang, corresponding to

the recombination of electrons and nuclei. At that point the temperature of the Universe had become
low enough to allow (stable) atoms to form. After that, photons stopped scattering with the free
electrons in the thermal plasma, and started to propagate through the Universe. Some of these photons
travelled about 13.8 billion years, and finally reached to us as a faint microwave radiation–cosmic
microwave background (CMB), as shown in Fig. 1.2, where the blue and red dots correspond to
photons with smaller and larger energy, respectively. Due to the comic expansion, matter contents as
well as geometry of the Universe, the spectrum of the photons show certain features. By comparing
with the measured CMB spectrum, we are then able to obtain the main parameters governing the
evolution of the Universe. The cosmological model based on these parameters is quoted as ΛCDM
model in which the Universe consists primarily of dark energy denoted by Λ, and cold dark matter
(CDM).

In Fig. 1.3, the dotted data points correspond to the temperature temperature power spectrum
DTT
ℓ ≡ ℓ(ℓ + 1)𝐶ℓ/(2𝜋)

1 measured by Planck 2018 [13], which can be well fitted by a few parameters
in ΛCDM model, in particular non-baryonic DM and baryonic matter density are respectively fitted to
be [13]:

Ω𝑐ℎ
2
= 0.120 ± 0.001 ; (1.1)

Ω𝑏ℎ
2
= 0.0224 ± 0.0001 , (1.2)

where Ω ≡ 𝜌/(3𝐻2
0𝑀

2
𝑃) denotes the energy density parameter and ℎ ≃ 67.4 is the dimensionless

Hubble parameter, defined as 𝐻0 = 67.4 ± 0.5(km/s)Mpc−1 ≡ 100 ℎ (km/s)Mpc−1.
Though the ΛCDM model is quite successful to explain the measured data, there are still some

questions that it is incapable to answer, e.g.

• Why does the CMB spectrum look so homogeneous?

• What is the origin of the tiny inhomogeneities?

1 The observed CMB temperature anisotropies can be expanded in spherical harmonics with summation of different angular
multipole ℓ; 𝐶ℓ here denotes the angular power spectrum [12].
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Figure 1.3: Red points are temperature temperature power spectrum measured by Planck 2018 [13]; blue curve
corresponds to the fit.

• Why is the Universe so flat geometrically?

On the other hand, at microscopic scales the most successful theory, namely the Standard Model (SM)
of particle physics, offers no answer regarding:

• What is nature DM? And how was DM generated in the early Universe?

• What are the dynamics for generation of net baryon densities?

• What is the origin of neutrino mass?

These questions imply that the standard model in both cosmology and particle physics are not complete
and a further framework is needed in order to resolve the aforementioned puzzles.

This thesis is intended to answer these questions with a most minimal framework based on empirical
facts and the principle of simplicity2. In particular we extend the SM of particle physics with a
scalar field (acting as inflaton) and a DM field, which could be Dirac fermion, scalar or vector boson,
and three right-handed neutrinos (RHNs) for the purpose of generating neutrino masses as well as
Baryogenesis (via leptogenesis). The action for this model can be written as

𝑆 =

∫
𝑑

4
𝑥
√−𝑔

[
LSM + LEH + Linflaton + LDM + LRHNs

]
, (1.3)

with 𝑔 being the determinant of spacetime metric 𝑔𝜇𝜈 and 𝑅 the Ricci scalar; LSM corresponding

to the Lagrangian for the SM of particle physics; LEH =
𝑀

2
𝑃

2 𝑅 describing the usual Einstein-Hilbert
term for GR; Linflaton,LDM and LRHN denoting Lagrangian for inflaton, DM, and RHNs respectively,
which will be explained detailedly in the following. We will show that such a simple setup can account

2 The simplest theory that describes all data should be preferred; this is usually quoted as Occam’s razor.

3



Chapter 1 Introduction

for inflation, DM production, neutrino mass as well as Baryogenesis. Before investigating the detailed
phenomenology of this model, we first present some necessary background knowledge, and explain
the aforementioned questions in detail.

The outline of this thesis is as follows. In Chapter 2, we offer short review of necessary background
knowledge, including GR and standard cosmology; motivations for and dynamics of cosmic inflation;
the SM of particle physics; experimental hints for the existence of non-baryonic DM; see-saw
mechanism for neutrino mass and a dynamical mechanism for Baryogenesis, namely leptogenesis.
In Chapter 3, we present the small field polynomial inflation model as well as its predictions. In
Chapter 4, reheating after small field polynomial inflation is investigated, where we work out the
radiative stability condition and further estimate the allowed reheating temperature. In Chapter 5,
DM production after small field polynomial inflation is studied. In Chapter 6, we are devoted to
investigating leptogenesis as well as see-saw mechanism for light neutrino masses. In Chapter 7, we
explore the phenomenology of polynomial inflation at large field regime, namely 𝜙0 ≳ 𝑀𝑃. Finally
Chapter 8 summarises the findings in this thesis and outlines several future research directions based
on this work.

4



CHAPTER 2

Background Knowledge

In this chapter we revisit several essential background knowledge and further motivations for our
model setup (1.3).

2.1 General Relativity

The evolution of spacetime of the Universe is governed by General Relativity (GR). The equations
of motion can be obtained by using 𝛿𝑆 = 0, with 𝑆 =

∫
𝑑𝑥

4√−𝑔
(
𝑀

2
𝑃

2 𝑅 + L𝑀

)
where 𝑔 corresponds

to the determinant of spacetime metric 𝑔𝜇𝜈 and L𝑀 denotes the Lagrangian for matter components.
This leads to the famous Einstein field equation [15]:

𝐺𝜇𝜈 = 8𝜋𝐺 𝑇𝜇𝜈 − Λ𝑔𝜇𝜈 , (2.1)

where Λ donates the cosmological constant, and the matter energy momentum tensor is given by

𝑇𝜇𝜈 =
−2
√−𝑔

𝛿
(√−𝑔L𝑀

)
𝛿𝑔𝜇𝜈

. (2.2)

The Einstein tensor is defined as

𝐺𝜇𝜈 = 𝑅𝜇𝜈 −
1
2
𝑅𝑔𝜇𝜈 , (2.3)

where 𝑅 = 𝑔
𝜇𝜈
𝑅𝜇𝜈 denotes the Ricci scalar. Eq. (2.1) relates the geometry of spacetime with mass

contents. From Eq. (2.2), one also has the energy and pressure densities of the mass contents, which
are given by 𝜌 ≡ 𝑇0

0 and 𝑝 ≡ −∑3
𝑖=1 𝑇

𝑖
𝑖 /3, respectively.

2.1.1 Cosmological Constant Problem

Before moving on, we would like to mention more about the interesting cosmological constant Λ,
whose value remains a mystery and might hint more fundamental structure of spacetime. Using
values reported in Planck 2018 for Dark Energy density ΩΛ = 0.6847 ± 0.0073 and Hubble constant

𝐻0 = 67.4 ± 0.5(km/s)Mpc−1, one has Λ = 3𝐻2
0 ΩΛ ≃ 4.24 ×

(
10−33 eV

)2
[13], and further

5



Chapter 2 Background Knowledge

𝜌
0
Λ = 𝑀

2
𝑃Λ ≃ 10−11 eV4. Note that 𝜌Λ denotes the energy density of vacuum states. Since the SM

holds up to TeV scale, one would expect that the vacuum energy shall be at least 𝜌expected
Λ

≳ 1048 eV4.
But why the measured 𝜌0

Λ is so small compared to the expected value? This is known as cosmological
constant problem [16]. It is actually very similar to the fate of Higgs mass in the SM of particle
physics.

2.1.2 GR as an Effective Theory

Note that GR is a (low energy) effective theory with a coupling denoted as the Newton constant

𝐺 =
1

8𝜋𝑀2
𝑃

, (2.4)

with 𝑀𝑃 ≃ 2.4×1018 GeV denoting the reduced Planck mass. Newton constant is actually very similar
to Fermi constant appearing in the 4-Fermi effective theory LFermi = 𝐺𝐹 𝜓̄𝑝𝜓𝑛𝜓̄𝑒𝜓𝜈 for 𝛽-decay; the
cross section scales like 𝜎 ∝ 𝑠𝐺

2
𝐹 with 𝑠 denoting the squared centre of mass energy. The Fermi

constant is given by

𝐺𝐹 ≡
√

2
8

𝑔
2
2

𝑚
2
𝑊

≡
𝛼𝑊

𝑚
2
𝑊

, (2.5)

where 𝑔2 corresponds to the gauge coupling and 𝑚𝑊 ≃ 80.4 GeV the W boson mass. Note that the
4-Fermi effective theory only works in the regime where the energy scale

√
𝑠 ≪ 𝑚𝑊 . And one has to

invoke the electroweak theory with𝑊 and 𝑍 bosons once 𝐸 ≪ 𝑚𝑊 is not satisfied.
Similarly one can rewrite Newton constant as [17]

𝐺 =
1

8𝜋𝑀2
𝑃

≡
𝛼𝑔

𝑀
2
𝑔

, (2.6)

with 𝑀𝑔 denoting some scale, which is close to 𝑀𝑃 if assuming 𝛼𝑔 ∼ O(1). Once the energy scale is
above 𝑀𝑔, some new degree(s) of freedom emerge, similar to the𝑊 and 𝑍 bosons in the electroweak
theory. In such cases classical GR is not valid anymore and a quantum version is needed. We would
like to stress that throughout this thesis, we will be working on an energy scale much lower than the
quantum gravity scale so that classical GR can be safely applied.

2.2 FLRW Cosmology

Applying the cosmological principle that the Universe at large scale being homogeneous and isotropic,
one has the so-called Friedmann -Lemaître-Robertson-Walker (FLRW) metric [18]:

𝑑𝑠
2
= 𝑑𝑡

2 − 𝑎2(𝑡)
[

𝑑𝑟
2

1 − 𝐾 𝑟2 + 𝑟2(𝑑𝜃2 + sin2
𝜃 𝑑𝜙

2)
]
, (2.7)

where (𝑡, 𝑟, 𝜃, 𝜙) are comoving coordinates and 𝑎(𝑡) donates the scale factor. The physical distance
is obtained by multiplying the scale factor 𝑅 = 𝑎(𝑡)𝑟, and 𝐾 = +1, 0,−1 correspond to space with

6



2.3 Inflation

positive, zero and negative curvature respectively. Using the FLRW metric and zero component with
𝜇 = 𝜈 = 0 of Eq. (2.1), one has the first Friedmann equation

H2 ≡
(
¤𝑎
𝑎

)2
=

𝜌

3𝑀2
𝑃

− 𝐾

𝑎
2 + Λ

3
, (2.8)

describing how the size of the Universe evolves given some energy density; here ¤𝑎 = 𝑑𝑎/𝑑𝑡. Utilizing
the 𝑖 𝑗 component of Eq. (2.1), one obtains the second Friedmann equation:

¥𝑎
𝑎
= −4𝜋𝐺

3
(𝜌 + 3𝑝) + Λ

3
, (2.9)

which shows whether the expansion of the Universe is accelerated or not. For example, the Universe
today is dominated by a positive and constant vacuum energy Λ, giving rise to an accelerating Universe.
This has been verified in 1998 by measuring the brightness against red-shift for type Ia supernova; see
e.g. Ref. [19]. In the early Universe, one can neglect the cosmological constant term (since there the
energy density is not dominated by vacuum energy), and then the Fridmann equations read:

H2
=

(
¤𝑎
𝑎

)2
=

1
3
𝜌 − 𝐾

𝑎
2 ; (2.10)

¤H + H2
=

¥𝑎
𝑎
= −1

6
(𝜌 + 3𝑝), (2.11)

where we have set 𝑀𝑃 = 1/
√

8𝜋𝐺 to be unity. Assuming the term 𝐾

𝑎
2 to be subdominant, the above

two equations can be combined, yielding the continuity equation:

𝑑𝜌

𝑑𝑡
+ 3H(𝜌 + 𝑝) = 0 =⇒ 𝑑 ln 𝜌

𝑑 ln 𝑎
= −3(1 + 𝜔) , (2.12)

where the equation-of-state parameter 𝜔 is defined as 𝜔 ≡ 𝑝

𝜌
. Integrating Eq. (2.12), one has

𝜌 ∝ 𝑎−3(1+𝜔)
, (2.13)

which together with Eq. (2.10) imply that the scale factor behaves as:

𝑎(𝑡) ∝
{
𝑡

2
3 (1+𝑤) if 𝜔 ≠ −1;
𝑒
H𝑡 if 𝜔 = −1 .

(2.14)

In particular, in a radiation phase with 𝜔 = 1/3, 𝑎(𝑡) ∝ 𝑡
1/2 and 𝑎(𝑡) ∝ 𝑡

2/3 at matter domination
epoch with 𝜔 = 0.

2.3 Inflation

In this section, we first revisit the problems in standard cosmology. Then we show how an inflation
phase can elegantly resolve these problems. After that we briefly review the dynamics of inflation
as well as the corresponding phenomenology. Finally we investigate the current status of the simple

7



Chapter 2 Background Knowledge

monomial inflation model.

2.3.1 Problems of Standard Cosmology and Motivations for Inflation

• Horizon problem.
An outstanding feature of Einstein’s special relativity is that the speed of light is limited (though
it is very large); this leads that at a fixed time scale, there is a boundary of the viable Universe
(usually quoted as Horizon), giving rise to a domain beyond which causality is lost. CMB
decoupling happened at time scale 𝑡 ∼ 380000 years, at which the maximum length that one
photon could travel (referred as particle horizon) is far smaller than the viable size of the
Universe at that time. This means that there were many causally disconnected patches of
Universe at the moment of last scattering, and the length scale between each other is so large
that they could not have been causally contacted!
But the observed CMB photons turn out to be very uniform as shown in Fig. 1.2 and (almost)
feature the same temperature. How could this be possible if these photons have not contacted
each other before CMB decoupling? This is the horizon problem.

• Flatness problem.
The first Friedmann equation (2.10) can be rewritten as

1 −Ω(𝑎) = Ω𝐾 , (2.15)

with Ω(𝑎) ≡ 𝜌(𝑎)
𝜌crit (𝑎)

and 𝜌crit(𝑎) = 3H(𝑎)2. The observed Universe today turns out to be
spatially very flat. In particular current bound on the curvature energy by Planck is [13]

Ω𝐾,0 = − 𝐾

𝑎
2
0H

2
0
< 0.0007 ± 0.0019 . (2.16)

Note that H2 scales as 𝑎−4 (𝑎−3) in standard radiation (matter) domination epoch, which
correspondingly implies that |Ω𝐾 | ∝ 𝑎

2(𝑎) after Big Bang. This means that one has to
significantly fine tune the initial Ω𝐾,𝑖 in order to match the current bound. This is the Flatness
problem.

• Origin of initial inhomogeneity.
Though homogeneous, CMB photons do feature some tiny anisotropies as shown in Fig. 1.2.
But where the initial seeds for (tiny) CMB anisotropies come from?

• Monopole Problem.
The early Universe after the Big Bang was an extremely high energy scale and hot environment,
where Grand Unified Theory (GUT) was believed to have played a significant role. GUT
theories predict copious production of magnetic monopoles, which are heavy and stable particles
that could have become the primary constituent of the Universe. Where are these magnetic
Monopoles and why have they not been observed in nature? This is the Monopole problem.

In the standard cosmology, the Universe was assumed to start to evolve from a radiation epoch after
the Big Bang, and there is no solution for the aforementioned problems.

8



2.3 Inflation

2.3.2 Theory and Phenomenology of Inflation

Inflation corresponds to a phase where the space accelerates exponentially, driven by a (nearly)
constant vacuum energy, which is usually quoted as potential energy 𝑉 (𝜙) of a scalar inflaton field 𝜙.
With inflation, the aforementioned problems in standard cosmology can be elegantly resolved.

• Horizon problem reexamined.

The Universe could have experienced an inflationary phase, where the spatial size of the
Universe expands exponentially (from much smaller tiny size). This means that those causally
disconnected parts of the Universe at CMB decoupling could have been contacted with each
other during inflation, where the size of the Universe could be as small as (well) within the
particle horizon.

• Flatness problem reloaded.

Due to inflation, the scale factor grows exponentially, which quickly stretches the size of space.
Recall the curvature energy density Ω𝐾 = − 𝐾

𝑎
2H2 , one sees that an exponential growth of scale

factor 𝑎 (with a near constant H ) can dynamically evolve an initial Ω𝐾 ∼ O(1) to be as small
as observed today cf. Eq. (2.16). In other words, no initial fine tuning is needed if there is an
inflationary epoch after the Big Bang.

• Origin of initial inhomogeneity from inflaton.
Assuming inflation is driven by some fundamental field, the inflaton field 𝜙. The quantum
nature of 𝜙 and uncertainty principle leave a fluctuated field: 𝜙 = 𝜙 + 𝛿𝜙 with 𝜙 denoting the
background; the fluctuation 𝛿𝜙 can source the inhomogeneities for CMB and act as initial seeds
for large scale structure formation.

• Monopole problem revisited.

Due to the exponential expansion, the density of the monopoles can be significantly diluted so
that they are too rare to be observed today.

Having shown the power of cosmic inflation to resolve problems in the standard cosmology, we now
turn to investigate the conditions for and dynamics of inflation. Inflation corresponds to an accelerated
period of expansion with ¥𝑎 > 0, which implies (cf. Eq. (2.11)) that the condition for inflation is:

(𝜌 + 3𝑝) < 0 ⇔ 𝑝 < −1
3
𝜌 ⇔ 𝜔 < −1

3
. (2.17)

On the other hand, one can write

¥𝑎
𝑎
= −1

6
(𝜌 + 3𝑝) = H2(1 − 𝜖𝐻), (2.18)

with

𝜖𝐻 ≡ 3
2
(𝜔 + 1) = −

¤H
H2 =

1
2

( ¤𝜙
H

)2

, (2.19)

denoting the Hubble slow-roll parameter [20]. Thereafter 𝜖𝐻 < 1 also denotes the condition for
inflation being equivalent to 𝜔 < − 1

3 .

9



Chapter 2 Background Knowledge

The dynamics of inflation is governed by a slow rolling inflaton field 𝜙, minimally coupled to
gravity. The action of this model is given by

𝑆 =

∫
𝑑

4
𝑥
√−𝑔

[
1
2
𝑅 + 1

2
𝑔
𝜇𝜈
𝜕𝜇𝜙𝜕𝜈𝜙 −𝑉 (𝜙)

]
, (2.20)

where 𝑔𝜇𝜈 = diag
(
1,−𝑎2

,−𝑎2
,−𝑎2

)
denoting the spatial flat metric. Using the Euler-Lagrange

equation, one has the equation of motion for (background) 𝜙

¥𝜙 + 3H ¤𝜙 + 𝑑𝑉
𝑑𝜙

= 0 . (2.21)

Using Eq. (2.2), one can write down the energy momentum tensor 𝑇𝜇𝜈 , with which one can obtain the
energy density 𝜌𝜙 ≡ 𝑇0

0 and pressure 𝑝𝜙 ≡ −∑
𝑖 𝑇
𝑖
𝑖 /3:

𝜌𝜙 =
1
2
¤𝜙2 +𝑉 (𝜙) ; 𝑝𝜙 =

1
2
¤𝜙2 −𝑉 (𝜙) . (2.22)

The equation of state is then given by

𝜔𝜙 =
𝑝𝜙

𝜌𝜙
=

1
2
¤𝜙2 −𝑉 (𝜙)

1
2
¤𝜙2 +𝑉 (𝜙)

. (2.23)

Thereafter if the potential energy dominates over the kinetic energy, one has 𝜔𝜙 ∼ −1 < − 1
3 , satisfying

the aforementioned condition for inflation. This is usually quoted as slow-roll inflation, where 𝜙 slowly
rolls down from a flat potential. Except the slow-roll parameter 𝜖𝐻 we have introduced in Eq. (2.19), a
second slow-roll parameter is also needed:

𝜂𝐻 = −
¥𝜙

H ¤𝜙
. (2.24)

A small 𝜂𝐻 is needed in order to ensure the accelerated term is small (hence small kinetic energy.)
Thereafter the (sufficient) conditions for a slow-roll inflationary phase are 𝜖𝐻 , 𝜂𝐻 ≪ 1. These
conditions can be guaranteed if the the inflaton potential 𝑉 (𝜙) is flat enough with the potential
slow-roll parameters 𝜖𝑉 = 1/2(𝑉 ′/𝑉)2 and 𝜂𝑉 = 𝑉

′′/𝑉 being small. Note that slow-roll inflation ends
when Max{𝜖𝑉 , 𝜂𝑉 } = 1.

Quantum fluctuation of the inflaton field 𝛿𝜙 leads to fluctuations of both matter distribution as well
as geometry (metric) of the Universe, thus leaving some imprints in the CMB photons. From the
CMB power spectrum, one is then able to extract information about the inflaton dynamics as well as
the shape of the potential. Having shown the conditions as well as dynamics of inflation, we are now
trying to investigate the possible candidate(s) for the inflaton field. Let’s first look at the most simple
inflationary scenario and then check if there is any candidate in the SM of particle physics.

2.3.3 Monomial Inflation and Current Status

The most simple inflationary model is the monomial chaotic scenario [21], where the potential admits a
form 𝑉 ∼ 𝜙𝑝. The directives are 𝑉 ′

= 𝑝𝜙
𝑝−1

, 𝑉
′′
= 𝑝(𝑝 − 1)𝜙𝑝−2. Thereafter the potential slow-roll
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2.4 Standard Model of Particle Physics

parameters are 𝜖V = 𝑝
2/(2𝜙2) and 𝜂V = 𝑝(𝑝 − 1)/𝜙2. Note that 𝜖V ≥ |𝜂V | for 2/3 ≤ 𝑝 ≤ 2. One can

compute the number of e-folds that the Universe has expanded from the point when the pivot scale
𝑘★ = 0.05 Mpc−1 crossed out of the horizon (when 𝜙 = 𝜙CMB) to the end of inflation [20]:

𝑁 =

∫ 𝜙end

𝜙CMB

1√︁
2𝜖V

𝑑𝜙 =
1
𝑝

∫ 𝜙end

𝜙CMB

𝜙𝑑𝜙 =
1

2𝑝

(
𝜙

2
CMB − 𝜙2

end

)
≃
𝜙

2
CMB
2𝑝

. (2.25)

where 𝜙CMB ≫ 𝜙end has been assumed1. As mentioned earlier fluctuation of inflaton leads to
perturbations of metric, hence generation of gravitational waves, whose amplitude is usually quantified
as the so-called tensor-to-scalar ratio 𝑟. During slow-roll inflation, 𝑟 = 16𝜖v [20]. Thereafter for
monomial scenario

𝑟 =
8 𝑝2

𝜙
2
CMB

≈ 4𝑝
𝑁
. (2.26)

Considering a typical 𝑁 ≃ 60 and the latest bound 𝑟 < 0.035 from latest CMB experiments [22], we
are then able to conclude that only models 𝑝 < 1/2 are not excluded. Potential with such a small
(fraction) power is usually not easy to realize in particle physics. As shown in the next section, no
such candidate in the SM of particle physics.

2.4 Standard Model of Particle Physics

The SM of particle physics is the building block of physics at microscopic scale, which is based on
quantum field theory (QFT)–a combination of quantum mechanics and special relativity [24]. In QFT,
every particle is described by a field that pervades space-time; the dynamics and kinematics of the
field are controlled by the Lagrangian. And the construction of SM is then to write down the most
general renormalizable Lagrangian obeying some symmetries. In SM, these symmetries are the local
SU(3) × SU(2) × U(1) gauge symmetry, and a global Poincaré symmetry. Particle content of the SM
is shown in Fig. 2.1, consisting of three generations of quarks/leptons, force carriers and Higgs boson
(which sources masses via the Higgs mechanism). Regarding a possible candidate for inflaton field,
the only known scalar field in the SM is the Higgs boson, admitting a potential of form

𝑉 (𝐻) ⊃ 𝜆𝐻 (𝐻
†
𝐻)2

, (2.27)

which is similar to a 𝜙4 chaotic model and has been ruled out since it is too steep to satisfy the
current experimental bound on tensor-to-scalar ratio. In literature, it has been shown that the SM
Higgs potential could be flattened with the help of non-minimal coupling to Ricci scalar 𝜉𝑅𝐻†

𝐻, thus
making Higgs a possible candidate for inflaton. However it turns out that in order to be consistent
with CMB experiments, a rather large coupling 𝜉 is needed, leading to issues of unitarity violation.
See Ref. [25] for a recent review regarding Higgs inflation.

In this thesis we will investigate some alternatives, in particular we will consider some fundamental
scalar field beyond the SM acting as the inflaton. See Chapter 3 for more details, where we will
show that a simple and well motivated polynomial inflationary scenario can match the current CMB

1 We will confirm this assumption in Sec. 7.1.2 with more details.
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Chapter 2 Background Knowledge

Figure 2.1: Particle content of the standard model [23].

experiments well.

2.5 Dark Matter

In this section, we present several compelling experimental results to hint the existence of non-baryonic
DM.

2.5.1 Experimental Hints for the existence of DM

• Galactic rotation curves.

Assuming a spherical symmetry of a galaxy with radius 𝑅0, its mass 𝑀 (𝑅) ∝ 𝑅3 if 𝑅 ≤ 𝑅0 and
𝑀 (𝑅) ∝ 𝑅3

0 if 𝑅 ≥ 𝑅0. Using Newton’s (third) law of motion

1
2
𝑚
𝑣

2

𝑅
=
𝐺 𝑀 (𝑅) 𝑚

𝑅
2 , (2.28)

one finds that for bodies with mass 𝑚 and a radius 𝑅 far from the centre of galaxy admitting a
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2.5 Dark Matter

Figure 2.2: Rotation curve of galaxy Messier 33 [26, 27].

circular velocity

𝑣(𝑅) ∝
√︂
𝐺 𝑀 (𝑅)

𝑅
. (2.29)

It is then expected that in the regime 𝑅 > 𝑅0, 𝑣(𝑅) shall decrease as 1/
√
𝑅, however observation

implies that 𝑣(𝑅) increases as shown in Fig. 2.2. The dashed line corresponds to the expected
rotation curve taking the visible matter in the stellar disc into account. However the data
clearly shows that some dark components are needed. In particular, extra mass from some
dark component with a distribution 𝑀 (𝑅) ∝ 𝑅𝛼 (with 𝛼 > 1) is needed in order to explain the
observation.

• Bullet cluster.

Cluster of galaxies is a structure that consists of hundreds to thousands of galaxies that are
gravitationally bound together, in which DM account for about 90% of the total mass, the
intergalactic gas (consist of ionized hydrogen and helium) makes 9%, and the rest is stars
bounded within the galaxies [28]. When two clusters collide with each other, the hot gases
interact with each other electromagnetically, causing them to slow down. However, DM particles
which interact very weakly with each other, would pass through each other. In Fig. 2.3, the
green lines correspond to the gravitational lensing of the matter (mainly DM) distribution of the
two clusters. The red and bright yellow regions correspond to the colliding hot gas (seen via
X-ray). If clusters are primarily made from baryonic matter, most of them shall not be so far
away from the hot gases after colliding. Fig. 2.3 clearly implies the existence of DM.

• Fitted from CMB.

In Fig. 2.4, we depict the temperature temperature power spectrum with varying DM density. This
figure was generated by using the program CAMB [30, 31]. The solid curve with Ω𝑐ℎ

2
= 0.12

corresponds to the best fitted value for Planck 2018 data. There we fix Ω𝑏ℎ
2
= 0.00224 and

allow Ω𝑏ℎ
2 to vary. One can see that increasing DM densities leads to a reduction of peaks as

shown in Fig. 2.4. Clearly DM is needed in order to explain the CMB data.
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Figure 2.3: Image of the merging cluster 1E0657-558 [29].

Having shown the evidence for the existence of DM, we now list several possible DM candidates
considered in literature.

2.5.2 Models of Dark Matter

Candidates for DM [32]:

• 𝑖) have to be cold i.e. non-relativistic in order to allow structure to form;

• 𝑖𝑖) must be stable on cosmological time scales;

• 𝑖𝑖𝑖) must interact very weakly with electromagnetic radiation.

Possible candidates widely considered in literature include particles e.g. weakly interacting massive
particles (WIMPs) [33], feebly interacting massive particles (FIMP) [34], axions [35], sterile (gauge
singlet) neutrinos [36], and non-particle objects like Primordial Black Holes (PBHs) [37]2. For
PBHs, the most simple scenario corresponds to gravitational collapse of large density perturbations,
generatre during inflation. However usually a fine tuning (on shape of the inflaton potential) is needed
to generate sufficient large perturbations. See Ref. [37] for a review regarding recent development on
PBHs as DM, and Ref. [38] for a comprehensive review on DM from historical perspective.

In this thesis, we will assume a simple particle DM scenario, where DM is a gauge singlet field
[39–44]. We will show that a correct DM relic density can be sourced during reheating after polynomial
inflation. More details can be found in Chapter 5.

2 It is called “Primordial" in the sense that the time scale for formation of those Black Holes has to be earlier than Big Bang
Nucleosynthesis [32].
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Figure 2.4: Temperature temperature power spectrum with varying DM density.

2.6 Neutrino Oscillations and Masses

The phenomena that neutrinos can oscillate from one flavor to another have been convincingly
verified, indicating that there is a mismatch between the mass eigenstate 𝜈𝑖 = (𝜈1, 𝜈2, 𝜈3) and flavor
eigenstate 𝜈𝛼 = (𝜈𝑒, 𝜈𝜇, 𝜈𝜏) and that neutrinos have tiny masses [45]. Such mismatch is quantified
as the so-called Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix𝑈, which appears in the weak
charged-current [46]:

Lcc = − 𝑔
√

2
𝑈
𝛼𝑖 (

𝑒𝐿 𝛼 /𝑊𝜈𝐿 𝑖 + h.c.
)
, (2.30)

where /𝑊 ≡ 𝛾𝜇𝑊−
𝜇 and 𝜈𝐿 𝛼 = 𝑈

𝛼𝑖
𝜈𝐿 𝑖 or in a more explicit matrix form:

©­«
𝜈𝑒
𝜈𝜇
𝜈𝜏

ª®¬L

= 𝑈
©­«
𝜈1
𝜈2
𝜈3

ª®¬L

=
©­«
𝑈𝑒1 𝑈𝑒2 𝑈𝑒3
𝑈𝜇1 𝑈𝜇2 𝑈𝜇3
𝑈𝜏1 𝑈𝜏2 𝑈𝜏3

ª®¬ ©­«
𝜈1
𝜈2
𝜈3

ª®¬L

. (2.31)

The PMNS matrix in general can be parametrized as

𝑈 =
©­­«

𝑐12𝑐13 𝑠12𝑐13 𝑠13𝑒
−i𝛿

−𝑠12𝑐23 − 𝑐12𝑠13𝑠23𝑒
i𝛿

𝑐12𝑐23 − 𝑠12𝑠13𝑠23𝑒
i𝛿

𝑐13𝑠23
𝑠12𝑠23 − 𝑐12𝑠13𝑐23𝑒

i𝛿 −𝑐12𝑠23 − 𝑠12𝑠13𝑐23𝑒
i𝛿

𝑐13𝑐23

ª®®¬
©­«

1
𝑒
𝑖𝜌

𝑒
𝑖𝜎

ª®¬ , (2.32)
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with mixing angles 𝑐𝑖 𝑗 ≡ cos 𝜃𝑖 𝑗 , 𝑠𝑖 𝑗 ≡ sin 𝜃𝑖 𝑗 , one Dirac phase 𝛿 and two Majorana phases3
𝜌 , 𝜎. For

the three flavor oscillations, it is governed by 6 independent parameters, namely three mixing angle
𝜃12 𝜃13 𝜃23, a Dirac CP phase 𝛿 and two distinctive neutrino mass-squared differences 𝑚2

21 ≡ 𝑚2
2 − 𝑚

2
1

and 𝑚2
31 ≡ 𝑚2

3 − 𝑚
2
1 (or ≡ 𝑚2

32 ≡ 𝑚2
3 − 𝑚

2
2). In this thesis we will focus on the most simple case with

𝑚1 = 0 assume 𝑚1 < 𝑚2 < 𝑚3. We consider the best fit from Ref. [47]:

𝑚2 =

√︃
Δ𝑚

2
⊙ = (8.6 ± 0.1) × 10−3 eV , 𝑚3 =

√︃
Δ𝑚

2
atm = (5.02 ± 0.03) × 10−2 eV . (2.33)

and 31.6◦ < 𝜃12 < 36.3◦, 40.9◦ < 𝜃23 < 52.2◦ 8.22◦ < 𝜃13 < 8.98◦and 135◦ < 𝛿 < 366◦ at 3𝜎.

2.6.1 Models for Neutrino Masses

Similar to how the masses for the charged leptons are generated, one could introduce (gauge singlet)
right handed neutrino 𝑁:

Lmass = −𝑌𝜈 𝐿̄𝐻̃𝑁 + h.c. , (2.34)

where 𝐻̃ ≡ 𝑖𝜎2𝐻
★. After electroweak symmetry breaking, it gives rise to a Dirac mass term:

𝑀𝐷 = 𝑌𝜈 v . (2.35)

Here v = 174 GeV denotes the Higgs vev. Considering the neutrino mass 𝑚 < 0.1 eV (cf. Eq. (2.33)),
one finds that the Yukawa coupling 𝑌𝜈 < O(10−12), which is several magnitudes smaller than other
lepton Yukawa couplings. (See e.g. in the SM, the electron Yukawa coupling is 𝑌𝑒 ≃ 3 × 10−6.) Now
one may ask why 𝑌𝜈 is so small compared to other Yukawa couplings?

Another scenario is the so-called Majorana mass term, which can be generated via Weinberg dim-5
oprerator [48]

Ldim-5 = −1
2
𝑦𝑖 𝑗

E

(
𝐿̄
𝑖
𝐻̃

) (
𝐻̃ 𝐿

𝑗
)†
, (2.36)

where E denotes an energy scale above which the operator breaks down, and one shall invoke a theory
with some new degree of freedom. After electroweak symmetry, the operator Eq. (2.36) gives rise to a
Majorana mass term:

𝑀𝑀 =
𝑦 v2

E . (2.37)

Considering coupling 𝑦 ∼ O(0.1), one has then E ≳ 1013 GeV is needed in order to generate a small
neutrino mass 𝑚 < 0.1 eV.

2.6.2 See-Saw Mechanism

Indeed, by extending the SM with a heavy singlet right-handed neutrino 𝑁 , the operator shown in
Eq. (2.36) can naturally appear (once integrating out 𝑁). Introducing a basis (𝜈, 𝑁), and the full mass

3 The Majorana phase plays no role in neutrino oscillations and in relevant for neutrinoless double-beta decay.
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matrix can be written as:

M =

(
0 𝑀

𝑇
𝐷

𝑀𝐷 𝑀𝑁

)
, (2.38)

where 𝑀𝑁 denotes the mass for 𝑁 . After diagonalization, it yields a light neutrino mass as [49]

𝑚𝜈 = −𝑀𝑇
𝐷𝑀

−1
𝑁 𝑀𝐷 . (2.39)

Note that the larger 𝑀𝑁 is, the smaller 𝑚𝜈 would be; such a mechanism is called Type-I See-Saw
Mechanism, which is the most simple theory to account for the tiny Neutrino mass. We will come
back to this in Chapter 6.

2.7 Baryogenesis

Particle and antiparticle have the same mass, and it is expected that equal numbers of baryons and
antibaryons shall have been generated in the early Universe. However observation implies that current
Universe contains mostly matter and no ambient antimatter [13]:

𝜂𝐵 =
𝑛𝐵

𝑛𝛾
=
𝑛𝑏 − 𝑛𝑏̄
𝑛𝛾

≃ 6 × 10−10
, (2.40)

where 𝑛𝐵 is the baryonic number density [45]

𝑛𝐵 =
𝜌𝐵

𝑚𝐵
=
Ω𝐵 𝜌𝑐

𝑚𝐵
= 1.05 × 10−5

Ω𝐵ℎ
2 cm−3 (2.41)

and 𝑛𝛾 denotes the photon number density, and is given by4

𝑛𝛾 =
2 𝜁 (3)
𝜋

2 𝑇
3
0 = 410.7

(
𝑇0

2.7255𝐾

)3
cm−3

. (2.42)

This asymmetry can not be explained in standard cosmology and shall have been generated via some
dynamical mechanisms.

In this section we first present the essential conditions for Baryogenesis. Then we will revisit a
simple and attractive scenario, namely leptogenesis which could resolve Baryogenesis and (light)
neutrino masses simultaneously.

2.7.1 Sakharov Conditions

There are three necessary conditions for baryogenesis, including [50]

1. Baryons number violation;

2. C (charge conjugation symmetry) and CP (the product of charge conjugation and parity)
violation;

4 For a spatial size of one Sugar Cube, there are roughly 400 CMB photons; these photons have travelled roughly 13.8
billion years!
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Chapter 2 Background Knowledge

3. Departure from thermal equilibrium.

Apparently it has to be involved with the baryon number violation process 𝑖 → 𝑓 (with initial baryon
number not equal to the final states, namely 𝐵(𝑖) ≠ 𝐵( 𝑓 )). Violation of charge conjugation symmetry
is required, otherwise the conjugated process 𝑖 → 𝑓 would totally cancel out the generated baryons.
CP violation has to be present since if CP is invariant, which is equivalent to time-invariance, and
leads to a process 𝑖(r𝑖 , p𝑖 , s𝑖) → 𝑓 (r 𝑗 , p 𝑗 , s 𝑗) being the same as 𝑓 (r 𝑗 ,−p 𝑗 ,−s 𝑗) → 𝑖(r𝑖 ,−p𝑖 ,−s𝑖).
Thereafter though it is possible to generate some net baryons in a certain region of the phase space,
but integrating over all momenta p and summing over all spins s would still generate a vanishing
baryon asymmetry [51]. Finally an out of equilibrium process is needed, since otherwise the inverse
process 𝑓 → 𝑖 would totally washout the generated baryons.

2.7.2 Baryon and Lepton Conversion

Baryon and Lepton numbers are global (accidental) symmetry (in the SM), which is preserved at
classical level, but anomalous at quantum level. In electroweak theory, the anomalous current is [46]:

𝜕𝜇𝐽
𝜇

𝐵
= 𝜕𝜇𝐽

𝜇

𝐿
= 𝑁 𝑓

𝑔
2

32𝜋2 𝜖
𝜇𝜈𝛼𝛽

𝑊
𝑎
𝜇𝜈𝑊

𝑎
𝛼𝛽 , (2.43)

where𝑊𝑎
𝜇𝜈 is the SU(2) field strength tensor and 𝑁 𝑓 the number of generations (being 3 in the SM).

Note that 𝐵 − 𝐿 is still conserved, however 𝐵, 𝐿 and 𝐵 + 𝐿 are not. By integrating the anomalous
current Eq. (2.43), one can deduce the corresponding change of 𝐵 and 𝐿 quantum numbers [52]:

Δ𝐵 = Δ𝐿 =

∫
𝑑

4
𝑥𝜕𝜇𝐽

𝜇

𝐵
=

∫
𝑑

4
𝑥 𝑁 𝑓

𝑔
2

32𝜋2 𝜖
𝜇𝜈𝛼𝛽

𝑊
𝑎
𝜇𝜈𝑊

𝑎
𝛼𝛽 ≡ 𝑁 𝑓Δ𝑁CS , (2.44)

where Δ𝑁CS = ±1 ±2 ... denotes the change of Chern-Simons number. Thereafter in the SM, transition
from one EW vacuum to the other via the so-called sphaleron process, leading to a violation of
baryon/lepton number in a unit of Δ𝐵 = Δ𝐿 = ±3 ± 6 ... Hence it is possible to mediate lepton
numbers into baryon numbers via sphalerons. In particular for a thermal equilibrium environment
with some nonzero (𝐵 − 𝐿), both baryon and lepton numbers would not vanish

𝐵 = 𝐶 (𝐵 − 𝐿) ; 𝐿 = (𝐶 − 1) (𝐵 − 𝐿) , (2.45)

with

𝐶 =
8𝑁 𝑓 + 4𝑁𝐻
22𝑁 𝑓 + 13

. (2.46)

In the SM, 𝑁 𝑓 = 3 and 𝑁𝐻 = 1 denoting the number of fermion generations and Higgs doublets,
so 𝐶 = 28

79 . At low temperature, the transition from one vacuum to another is suppressed due to the
sphaleron energy barriers between vacuum states. However when the temperature is sizable enough
𝑇 ≳ 100 GeV, the transition is very efficient [52]. In the next section we will introduce a mechanism,
namely leptogenesis, to generate some nonzero (𝐵 − 𝐿) numbers at high temperatures in the early
Universe.
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2.7 Baryogenesis

Figure 2.5: Feynman diagram for decay of RHN 𝑁𝑖 [54].

2.7.3 Leptogenesis

A simple and attractive scenario for Baryogenesis is Leptogenesis [53], which can also resolve light
neutrino mass via Type-I see-saw. The model can be described by the following Lagrangian,

L𝑁 ⊃ −
(
1
2
𝑀𝑁𝑁

𝑐
𝑖 𝑁𝑖 + ℎ.𝑐.

)
−

(
𝑌𝛼𝑖 ℓ̄𝛼𝐻̃𝑁𝑖 + ℎ.𝑐.

)
, (2.47)

where 𝑀𝑁 denotes mass for right-handed neutrinos (RHNs), violating lepton numbers by two.
Thereafter the first Sakharov condition is satisfied. Due to the complex nature of the Yukawa coupling,
it turns out that the interference between the tree and loop diagrams (see Fig. 2.5) leads to a CP
asymmetry parameter. For a fixed lepton species 𝛼, this CP asymmetry parameter is quantified as the
difference of the decay rate 𝛾 between 𝑁𝑖 → ℓ𝛼 𝐻 and its conjugated, given by [54]

𝜖𝑖𝛼 =

𝛾
(
𝑁𝑖 → ℓ𝛼𝐻

)
− 𝛾

(
𝑁𝑖 → ℓ𝛼𝐻

∗
)

∑
𝛼 𝛾

(
𝑁𝑖 → ℓ𝛼𝐻

)
+ 𝛾

(
𝑁𝑖 → ℓ𝛼𝐻

∗
) . (2.48)

Summing over the lepton famlies, one has

𝜖𝑖 ≡
∑︁
𝛼

𝜖𝑖𝛼 =
1

8𝜋
1(

𝑌
†
𝑌

)
𝑖𝑖

∑︁
𝑗≠𝑖

Im
[(
𝑌
†
𝑌

)2

𝑗𝑖

]
𝑔

(
𝑀

2
𝑗

𝑀
2
𝑖

)
, (2.49)

with the Loop function given by

𝑔(𝑧) =
√
𝑧

[
1

1 − 𝑧 + 1 − (1 + 𝑧) ln
(
1 + 𝑧
𝑧

)]
≃ −3

2

(
1
𝑧

)1/2
− 5

6

(
1
𝑧

)3/2
+ O

(
1
𝑧

)5/2
for 𝑧 ≫ 1 . (2.50)

In this thesis we will focus on the most simple case with 𝑖 = 1, 2, 3, and assume 𝑀3 ≫ 𝑀2 ≫ 𝑀1
such that only 𝑁1 can be generated, thereafter only 𝜖1 is of interest here. Note that 𝜖1 is not zero due

to complex nature of Yukawa coupling matrix 𝑌 , in particular the term
(
𝑌
†
𝑌

)2

21
in Eq. (2.49). This

satisfies the second Sakharov condition. Because of the expansion of the Universe, the decay of 𝑁1
would be out of equilibrium once the expansion rate is larger than the interaction rate between 𝑁1
and the thermal plasma, hence satisfying the third Sakharov condition. Thereafter we see that by

19



Chapter 2 Background Knowledge

extending the SM with RHNs, all the three Sakharov conditions can be satisfied. As one might guess,
the generated net lepton numbers would be quantified by three key factors, namely the CP asymmetry
parameter 𝜖1; the density of 𝑁1 in the equilibrium and how much deviation of the decay is out of the
equilibrium (this is usually quantified as the efficiency factor 𝜅 𝑓 ). We will present more details in
Chapter 6 and Appendix B.

2.8 Summary

In this chapter, we briefly revisited the theoretical background knowledge for this thesis. We listed the
problems in the standard cosmology and argued that cosmic inflation can elegantly resolve them. We
investigated the conditions for inflation as well as its phenomenology. We showed that the simple
monomial inflationary scenarios with 𝑉 ∼ 𝜙𝑝 have been ruled out except for 𝑝 < 1/2, which is not
easy to realize in particle physics. In the SM of particle physics, there is no such inflaton candidate,
appealing to an extension of it. We gave several compelling experimental evidence to argue the
existence of non-baryonic DM. In order to resolve the DM problem, one needs to introduce a new
degree(s) of freedom beyond the SM. We revisited the see-saw mechanism for light neutrino masses
as well as conditions for Baryogenesis. We showed that by extending the SM with RHNs, one could
resolve neutrino masses and Baryogenesis (via leptogenesis) simultaneously.

Based on these empirical facts, we proposed a minimal and simple extension of the SM of particle
physics, as shown in (1.3). In the following chapters, we are devoted to demonstrating that this model
can account for inflation, reheating, DM production, neutrino masses as well as Baryogenesis.
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CHAPTER 3

Small Field Polynomial Inflation

As aforementioned, inflationary theory can neatly resolve the horizon, flatness and monopole problems
of standard cosmology [21, 55–57]. And the simplest inflation scenario invokes a single elementary
scalar “inflaton” field 𝜙 to drive slow–roll (SR) inflation, with a monomial 𝜆𝜙𝑝 potential. At sufficiently
large field values, this also allows eternal inflation, where the inflaton field undergoes random walk
[58, 59]. However the recent BICEP/Keck 2018 results [22] have disfavored those models with
𝑝 ≳ 1/2: these potentials are too steep and therefore predict too large a tensor–to–scalar ratio 𝑟 . (See
the discussion in Sec. 2.3.3). Consistence with these observations can be obtained for smaller values
of 𝑝, which however are not easy to realize in complete particle physics models. We refer to ref. [60]
for a review for inflationary modes.

In this Chapter, we will consider the most general renormalizable single–field model, where the
potential is a polynomial of degree four [61–65]. We assume that the density perturbations observed in
the CMB and other cosmological probes were generated when the inflaton field had values not larger
than the Planck scale, so that the energy scale during inflation is far below the Planck scale; thereafter
imposing renormalizability is reasonable. Then a polynomial potential of degree four would be the
most general inflaton potential once considering the inflaton field to be a sector in some UV complete
theory. Note that the linear term can be removed via a shift of the inflaton field and the cosmological
constant term is at most of the order of today’s cosmological constant, which is essentially zero
compared to the energy scales during inflation, the potential only contains three terms. We will see
that all three terms, namely 𝜙2

, 𝜙
3
, 𝜙

4, are needed in order to reproduce the CMB measurements
by the Planck collaboration where the potential shall be flat enough in order to satisfy the bound
on tensor-to-scalar ratio. In our case here the potential is sufficiently flat only if it features a (near)
inflection point where both the first and the second derivative of the potential are very small. We note
that such an inflection point might arise from radiative corrections [66–75], but here we allow it at the
tree level.

In literature models feature an inflection point of the potential have been discussed in a supersymmet-
ric context, often using non–renormalizable potentials or only analyzing the motion of the field around
the inflection point; see e.g. Refs. [76–82]. Note that our polynomial inflation model does allow for
eternal inflationary epoch, at much larger (trans–Planckian) field values but still sub–Planckian energy
densities. With an early phase of “eternal” inflation, one can alleviate the initial condition problems
for inflation. Eternal inflation can also help to populate a “landscape”, i.e. a (complicated) potential
with a very large number of minima [83]. For reviews on eternal inflation, see e.g. Refs. [84, 85]. We
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Chapter 3 Small Field Polynomial Inflation

will turn back to discussion on eternal inflation soon.
Our goal here is to study the non–supersymmetric small field polynomial inflation model. In

particular we are devoted to exploring the entire allowed parameter space in a complete model,
including couplings that allows the inflaton to decay and transfer energy. This is required so that
the Universe can be reheated after inflation and then enters a radiation epoch. We will analytically
compute number of 𝑒−folds and inflationary predictions, including power spectrum, tensor–to–scalar
ratio, spectral index and its running. Once the power spectrum and the spectral index have been fixed,
essentially only the location 𝜙0 of the near–inflection point remains as a free parameter.

As will be shown in chapter 4, 𝜙0 has to be bounded from below by the requirement that the
reheating temperature is sufficiently high [86, 87], with inflaton couplings that are sufficiently small
not to jeopardize the flatness of the potential through radiative corrections. This leads to 𝜙0 has to
be larger than 3 · 10−5 (in Planckian units). The tensor–to–scalar ratio within the parameter space
is much too small to be detectable in the near future. But the running of the spectral index turns
out to be independent of 𝜙0, which might be detectable in future precision measurements. Within
the allowed parameter space, we find the inflationary scale can be as low as 𝐻inf ∼ 1 MeV; such
a low inflationary energy scale might help to embed the QCD axion as dark matter with a wider
cosmologically allowed window, i.e. larger decay constant 𝑓𝑎 than is usually considered [88, 89], and
could also greatly alleviate the cosmological moduli problem [90]. On the other hand, for larger values
of 𝜙0 the reheating temperature can exceed 1010 GeV, thus allowing standard thermal leptogenesis [53,
91]; however, this requires an inflationary Hubble parameter of order 109 GeV (which might bring
the moduli problem back). We will explore leptogenesis in Chapter 6 in detail; in particular we will
discuss a non-thermal channel for leptogenesis with much lower reheating temperature, with which
the moduli problem could potentially be relaxed.

The primary aim of this Chapter is to investigate the SR predictions for small field polynomial
inflation. The full parameter space based on reheating constraints and radiative conditions will be
explored in Chapter 4. The rest of this Chapter is organized as follows. In Sec. 3.1 we offer a complete
analytical description for our model. Then in Sec. 3.2 the model parameters as well as predictions of
observables are presented. Finally, we summarize our results in Sec. 3.3. This chapter is based on
Ref. [2].

3.1 The Setup

In this Section we first introduce our potential, with focus on small field values, 𝜙0 ≤ 1 in Planckian
units. We will show that CMB observables can be fitted only in the presence of a very flat region,
which requires that the potential almost possesses a saddle point at 𝜙0.

3.1.1 The Potential

A general potential for a single real scalar inflaton 𝜙 respecting renormalizability contains terms ∝ 𝜙𝑛
with 𝑛 ∈ {0, 1, 2, 3, 4}. Here, the linear term can be absorbed by shifting the field, such that the
potential minimizes at origin, namely 𝜙 = 0. One can also neglect the cosmological constant term,
which is small compared to the inflaton energy density during inflation. This leads to a potential of a
form

𝑉 (𝜙) = 𝑏 𝜙2 + 𝑐 𝜙3 + 𝑑 𝜙4
. (3.1)
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Note that we require 𝑑 > 0 is needed in order to guarantee the potential to be bounded from beloW;
the origin at 𝜙 = 0 is the absolute minimum of the potential if 𝑏 > 0. Since the potential is symmetric
under the transformation 𝑐 → −𝑐, 𝜙 → −𝜙, one take 𝑐 ≤ 0 without loss of generality. If not
specified, throughout this chapter we work in Planckian units, where we set the reduced Planck mass
𝑀P ≃ 2.4 · 1018 GeV to be unity.

Derivatives of the potential Eq. (3.1) are:

𝑉
′(𝜙) = 2𝑏𝜙 + 3𝑐𝜙2 + 4𝑑𝜙3 ;

𝑉
′′(𝜙) = 2𝑏 + 6𝑐𝜙 + 12𝑑𝜙2

.
(3.2)

One has a true saddle point with 𝑉 ′(𝜙0) = 𝑉
′′(𝜙0) = 0 at

𝜙0 = − 3𝑐
8𝑑

, (3.3)

if the model parameters satisfy the relation

𝑏 =
9𝑐2

32𝑑
. (3.4)

In general the parameters will not obey Eq. (3.4), which could however help to reparametrize the
potential Eq. (3.1). Here we allow the cubic term to deviate from this relation Eq. (3.4) by a factor
1 − 𝛽, leading to

𝑉 (𝜙) = 𝑑
[
𝜙

4 + 𝑐
𝑑
(1 − 𝛽) 𝜙3 + 9

32

( 𝑐
𝑑

)2
𝜙

2
]

= 𝑑

[
𝜙

4 + 𝐴 (1 − 𝛽) 𝜙3 + 9
32
𝐴

2
𝜙

2
]
,

(3.5)

where we have introduced the quantity

𝐴 = −8
3
𝜙0 , (3.6)

controlling the location of the (near) inflection point.

As mentioned in the Introduction, for small field values (𝜙 ≤ 1) inflation can occur only if the
potential indeed “almost” has a saddle point, i.e. 𝛽 has to be small. This can be seen as follows.
As well already discussed in Sec. 2.3.2, SR inflation requires the parameters 𝜖𝑉 = 1/2(𝑉 ′/𝑉)2 and
𝜂𝑉 = 𝑉

′′/𝑉 to be small [92]. For the potential Eq. (3.1), we find

𝜖𝑉 =
8
𝜙

2 𝑓 (𝜙) ;

𝜂𝑉 =
12
𝜙

2 𝑔(𝜙) .
(3.7)

Here the functions 𝑓 and 𝑔 approach 1 for 𝜙 ≫ |𝐴|; in the opposite limit, 𝜙 ≪ |𝐴|, we have
𝑓 (𝜙) → 1/4, 𝑔(𝜙) → 1/6. “Generically” these functions will therefore be of order unity, or slightly
below. The detailed forms for the functions 𝑓 and 𝑔 will be presented in Chapter 7. Clearly SR
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inflation would then require 𝜙 ≫ 1, i.e. large field values. Here we are interested in small–field
inflation, 𝜙 ≲ 1. Since 𝑓 ∝

(
𝑉

′)2
, 𝑔 ∝ 𝑉 ′′, 𝜖𝑉 and 𝜂𝑉 can evidently only be simultaneously small if

for some range of field values both the first and the second derivative of 𝑉 are small; which requires
the existence of a near saddle point, i.e. we need |𝛽 | ≪ 1.

The parameter 𝛽 controls the flatness of the potential for 𝜙 ∼ 𝜙0, i.e. the larger 𝛽 is, the more the
potential around 𝜙0 deviates from a flat plateau. Note that if 𝛽 < 0, the slope at 𝜙0 is negative, and
there is a second minimum at some 𝜙 > 𝜙0. Allowing the inflaton passes this minimum would require
some fine tuning of initial conditions, since the universe could easily get “stuck” there if 𝜙 was initially
large. We therefore will assume 𝛽 ≥ 0 throught this work.

Now we briefly discuss how the model parameters control the shape of the potential. As already
noted, the model parameter 𝐴 determines the location of the saddle point (or flat region of the
potential). Parameter 𝑑 determines the amplitude of the potential, which can be constrained by the
power spectrum near the plateau.

Note that although the inflaton potential (3.5) only contains three parameters: 𝑑, 𝐴 and 𝛽, the
predictions for cosmological observables also depend on the value of the inflaton field 𝜙 at the
time when observable density perturbations were generated. As we will show in the following, this
four–dimensional parameter space can be explored fully analytically in the region of interest.

3.1.2 Analytical Analysis

Here we consider 𝜙0 ≤ 1, and the generation to 𝜙0 > 1 will be discussed in Chapter 7. In the small
field case, it turns out that 𝜙CMB (the field value when the “pivot” scale 𝑘★ = 0.05 Mpc−1 crossed out
of the horizon) is very close to 𝜙0 (see Fig. 3.1). This guides us to introduce the field parameter 𝛿:

𝜙 = 𝜙0(1 − 𝛿) , (3.8)

so decreasing 𝜙 corresponds to increasing 𝛿. Since both 𝛿 and 𝛽 are rather small (as we will see,
𝛽 ≪ 𝛿 ≪ 1), we will keep terms up to linear 𝛽 and up to quadratic in 𝛿 in our analysis, and also drop
terms O(𝛽𝛿).

ϕCMB ϕ0ϕend

inflaton

δCMB = 1 -
ϕCMB

ϕ0

ϕ

V
(ϕ

)

Figure 3.1: Schematic plot for inflaton potential with an (near) inflection-point at 𝜙0.

The following definitions for SR parameters, number of e-folds and inflationary predictions are
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based on standard literature, see e.g. Ref.[92]. For our model the SR parameters are given by:

𝜖𝑉 =
1
2

(
𝑉

′

𝑉

)2

≃
72

(
−2𝛽(𝛿 − 1) + 𝛿2

)2

𝜙
2
0

≃
72

(
2𝛽 + 𝛿2

)2

𝜙
2
0

;

𝜂𝑉 =
𝑉

′′

𝑉
≃ 12 (−4𝛽(𝛿 − 1) + 𝛿(3𝛿 − 2))

𝜙
2
0

≃ 24 (2𝛽 − 𝛿)
𝜙

2
0

;

𝜉
2
𝑉 =

𝑉
′
𝑉

′′′

𝑉
2 ≃ 288(4𝛽2 + 𝛽(2 − 10𝛿) + 𝛿2)

𝜙
4
0

≃ 288(2𝛽 + 𝛿2)
𝜙

4
0

.

(3.9)

As already stated, SR requires 𝜖𝑉 , |𝜂𝑉 | < 1. The first two Eqs. (3.9) show that 𝜖𝑉 ≪ |𝜂𝑉 | in our case,
i.e. the beginning and the end of inflation is controlled by |𝜂𝑉 | = 1, corresponding to

𝛿end ≃ 𝜙2
0/24 . (3.10)

The third slow–roll parameter 𝜉2
𝑉 turns out to always be small if |𝜂𝑉 | < 1, and it affects the running of

the spectral index, as will be shown shortly.

The number 𝑁CMB of 𝑒−folds of inflation after the pivot scale 𝑘★ = 0.05 Mpc−1 crossed out of the
horizon is given by:

𝑁CMB =

∫ 𝜙CMB

𝜙end

1√︁
2𝜖V

𝑑𝜙

= −
𝜙

2
0

12

∫ 𝛿CMB

𝛿end

𝑑𝛿(
2𝛽 + 𝛿2

)
= −

𝜙
2
0

12
√︁

2𝛽

[
arctan

(
𝛿CMB√︁

2𝛽

)
− arctan

(
𝛿end√︁

2𝛽

)]
≃

𝜙
2
0

12
√︁

2𝛽

[
𝜋

2
− arctan

(
𝛿CMB√︁

2𝛽

)]
,

(3.11)

where 𝛿CMB can be obtained from Eq. (3.8):

𝛿CMB = 1 −
𝜙CMB
𝜙0

.

To resolve the flatness and horizon problems, sufficient expansion is need with at least 50 𝑒−folds.
Here we will take 𝑁CMB = 65 as typical value. Eq. (3.11) then implies

√︁
2𝛽 ≪ 𝜙

2
0/12, i.e. 𝛿end of

Eq. (3.10) is much larger than
√︁

2𝛽 so that arctan(𝛿end/
√︁

2𝛽) ≃ 𝜋/2.

From Eq. (3.11), one also sees that 𝛿CMB cannot be much larger than
√︁

2𝛽, but it does not exclude
the possibility 𝛿CMB ≪

√︁
2𝛽. In order to decide this, we look at at the spectral index of the density

perturbations :

𝑛𝑠 = 1 − 6𝜖𝑉 + 2𝜂𝑉 ≃ 1 − 48(𝛿 − 2𝛽)
𝜙

2
0

. (3.12)
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Chapter 3 Small Field Polynomial Inflation

Experiments imply a near scale invariant spectrum with 𝑛𝑠 < 1, leading to 𝛿CMB > 0. The second
term in the last line of Eq. (3.11) therefore reduces the number of 𝑒−folds of inflation. Ignoring this
term and requiring 𝑁CMB > 50 gives 𝛽 < 3.4 · 10−6

𝜙
4
0, which in turn shows that the term ∝ 𝛽 in

Eq. (3.12) can be neglected:

𝛿CMB ≃
(
1 − 𝑛𝑠

) 𝜙2
0

48
. (3.13)

Eq. (3.11) then requires
√︁

2𝛽 to be of order 𝛿CMB, so that 𝛽 ∼ O(𝛿2
CMB) ≪ 𝛿CMB, as claimed at the

beginning of this Section.
During slow-roll inflation, the power spectrum of curvature perturbation can be approximated as:

P𝜁 =
𝑉

24𝜋2
𝜖𝑉

≃
𝑑𝜙

6
0

5184𝜋2(𝛿2 + 2𝛽)2 , (3.14)

which is the only observable of interest that depends on the strength of the quartic coupling 𝑑.
There are two additional observables, whose values are currently not so well known but significant

progress is expected in the coming years. One is the running of the spectral index, which is given by:

𝛼 = 16𝜖𝑉𝜂𝑉 − 24𝜖2
𝑉 − 2𝜉2

𝑉 ≃ −576(2𝛽 + 𝛿2)
𝜙

4
0

. (3.15)

Owing to the smallness of 𝜖𝑉 , 𝜂𝑉 , the value of 𝛼 is dominated by the contribution ∝ 𝜉2
𝑉 , and is negative

in our model. The second observable is the power in gravitational fields generated during inflation. It
is usually quantified by the tensor–to–scalar ratio 𝑟 , given by:

𝑟 = 16𝜖𝑉 ≃
1152

(
2𝛽 + 𝛿2

)2

𝜙
2
0

. (3.16)

3.2 Model Parameters and Inflationary Predictions

Any potentially realistic model of inflation has to reproduce known facts, in particular the Planck 2018
measurements1 [93] at the pivot scale 𝑘★ = 0.05 Mpc−1:

P𝜁 = (2.1 ± 0.1) × 10−9 ; 𝑛𝑠 = 0.9649 ± 0.0042 ; 𝛼 = −0.0045 ± 0.0067 ; 𝑟 < 0.061 , (3.17)

from which one sees that two quantities, P𝜁 and 𝑛𝑠, are already known quite accurately. In addition,
we have to satisfy Eq. (3.11) with 𝑁CMB ≃ 65. This essentially allows to fix three of the four free
parameters of our model.

We allow 𝜙0 as a free parameter. The model parameter 𝛿CMB is fixed by the spectral index using
Eq. (3.13). Choosing a value of 𝑁CMB then fixes 𝛽 via Eq. (3.11). Finally, the quartic coupling 𝑑 can
be fixed by the power spectrum Eq. (3.14).

1 Note that the recent BICEP/Keck 2018 results have improved the bound to be 𝑟 < 0.035 [22]; we will apply the updated
bounds in Chapter 7 when discussing large field inflation, where the bound on 𝑟 turns out to constrain the upper value of
𝜙0.
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3.2 Model Parameters and Inflationary Predictions

Considering the central values of 𝑛𝑠 and P𝜁 and our standard choice 𝑁CMB = 65, we have

𝛿CMB = 7.31 × 10−4
𝜙

2
0 ; (3.18)

𝛽 = 9.73 × 10−7
𝜙

4
0 ; (3.19)

𝑑 = 6.61 × 10−16
𝜙

2
0 . (3.20)

The scaling with powers of 𝜙0 can be traced back to Eq. (3.13); the numerical factor in (3.18)
corresponds to the result with 𝑛𝑠 = 0.9649 and 𝜙0 = 1. Since 𝛿CMB ∝ 𝜙2

0, we see from (7.9) that 𝛽
should be ∝ 𝜙4

0 in order to yield a fixed 𝑁CMB. The numerical pre–factor in (3.19) comes from the
numerical factor in (3.18) and 𝑁CMB = 65. Finally, 𝑑 ∝ 𝜙

2
0 (from Eq. (3.14)) is required to have a

fixed power P𝜁 = 2.1 × 10−9.

With Eqs. (3.18), (3.19) and (3.16), one obtains the prediction for the tensor-to-scalar ratio:

𝑟 = 7.09 × 10−9
𝜙

6
0 . (3.21)

For 𝜙0 ≤ 1 this is well below the sensitivity of any currently conceivable observation. Varying 𝑁CMB
and 𝑛𝑠 over their allowed ranges does not change this conclusion. We will see in Chapter 7 that 𝑟 is
testable if one has 𝜙0 ∼ O(10). On the other hand, Eq. (3.15) predicts for the running of spectral index

𝛼 = −1.43 × 10−3
, (3.22)

which might be within the sensitivity of a combination of future CMB measurements with greatly
improved investigations of structures at smaller scale, in particular the so–called Lyman−𝛼 forest [94].
We note that 𝛼 is independent of 𝜙0, i.e. this is a clear prediction of our model.

Before moving on, we would like to comment on the possibility to allow PBHs formation in the
current model. Recently there has been quite a bit of interest in production mechanisms of primordial
black holes (PBHs). In principle they can be produced by the gravitational collapse of domains that
have a high over–density after inflation. However, this requires [37] a power of O(10−2). From
Eq. (3.14) we see that in our model the highest power occurs at 𝛿 = 0; however, Eqs. (3.19) and (3.20)
show that this maximal power only amounts to O(10−8), independent of 𝜙0. Moreover, Eq. (7.10)
implies that the power decreases monotonically as 𝛿 increases, i.e. with decreasing scale, as also
indicated by 𝑛𝑠 < 1 and 𝛼 < 0. Hence the current model does not lead to PBH formation from
primordial density fluctuations.

Note that any prediction has to carry errors, and Eqs. (3.18) to (3.22) hold for the central value
of 𝑛𝑠 and 𝑁CMB = 65. Deviations from these values are explored in Fig. 3.2. We see that 𝛽 is of
order 10−6

𝜙
4
0 for the entire allowed parameter space. The results shown in this figure can again be

understood analytically. To that end we first expand (around the central values)

1 − 𝑛𝑠 = 0.0351(1 + 𝜖𝑛) (3.23)

and √︄
𝛽

𝜙
4
0
= 9.86 · 10−4(1 + 𝜖𝑏) . (3.24)
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Figure 3.2: 𝑁CMB as function of 𝑛𝑠 and 𝛽 for 𝜙0 = 1; for other values of 𝜙0, 𝛽 has to be rescaled by 𝜙4
0. The

vertical black line denotes the current central value of 𝑛𝑠, which crosses the contour line with 𝑁CMB = 65 for
𝛽 = 9.73 × 10−7.

Taylor expanding the arctan function in Eq. (7.9) around the central value then yields:

𝜖𝑏 =
65 − 𝑁CMB

40.4
− 0.61𝜖𝑛 . (3.25)

Eq. (3.25) enables us to obtain an analytical expression for 𝛽 as function of 𝑁CMB and 𝑛𝑠:√︄
𝛽

𝜙
4
0
= 9.86 × 10−4

{
1 +

[
65 − 𝑁CMB

40.4
− 0.61

(
1 − 𝑛𝑠
0.0351

− 1
)]}

, (3.26)

which agrees very well with the numerical results shown in Fig. 3.2.

As already mentioned 𝑟 remains tiny, only of order 10−8
𝜙

6
0, over the entire allowed parameter space.
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The dependence of the running of the spectral index 𝛼 on 𝑛𝑠 and 𝑁CMB is given by

𝛼 = −576(2𝛽 + 𝛿2)
𝜙

4
0

= −1.43 · 10−3 − 5.56 · 10−5
[
65 − 𝑁CMB

]
+ 0.02149

[
0.9649 − 𝑛𝑠

]
− 0.25

[
0.9649 − 𝑛𝑠

]2
,

(3.27)

which still does not depend on 𝜙0; the result is shown in Fig. 3.3.
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Figure 3.3: Prediction for the running of the spectral index −𝛼/10−3 as functions of 𝑛𝑠 and 𝑁CMB. Our model
predicts 𝛼 ∼ −10−3 when 𝑛𝑠 lies in the vicinity of its current central value (vertical black dashed line) and
50 < 𝑁CMB < 80, which might be testable in future.

We would like to end this section with a few remarks on our model. It requires a very small but
positive value of 𝛽, see Eq. (3.19). Eq. (3.26) shows that 𝛽 varies approximately linearly when 𝑛𝑠
and/or 𝑁CMB are varied over their allowed ranges. In that sense 𝛽, while undoubtedly very small, is
not very finely tuned. On the other hand, setting 𝛽 = 0 does not enhance the symmetry of the potential.
This means that radiative corrections to 𝛽 – or, more accurately, to the first and second derivative of
the potential at 𝜙 = 𝜙0 – need not be proportional to 𝛽. In order to compute these corrections, we first
have to expand the scope of our model to include reheating. After inflation the inflaton field has to
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Chapter 3 Small Field Polynomial Inflation

decay away to produce relativistic Standard Model particles, i.e. radiation; otherwise no hot Big Bang
will result. This requires some coupling(s) of the inflaton to lighter particles. These couplings will
contribute to the radiative corrections to the inflaton potential. Before computing these corrections,
we therefore need to discuss reheating. This leads to a discussion in Chapter 4, where the radiative
stability of our model will also be investigated.

3.3 Summary and Conclusions

Simple monomial inflaton models have already been ruled out by latest experiments [22]. In this
Chapter, we revisited a (next) simple renormalizable small field polynomial inflation model. This
model reproduces cosmological data only if the potential possesses an “almost” inflection point 𝜙0,
such that 𝜙 ≃ 𝜙0 during inflation. Expanding in 𝜙0 − 𝜙 allowed us to derive accurate analytical
expressions for all relevant quantities. This includes the number of 𝑒−folds of inflation after the pivot
scale crossed out of the horizon, 𝑁CMB, given in Eq. (3.11), as well as the power spectrum, spectral
index, its running, and the tensor–to–scalar ratio 𝑟 , as shown in Eqs. (3.12)-(3.16).

As usual for small–field models of inflation, 𝑟 is too small to be detectable by currently conceivable
experiments. This also means that a convincing detection of gravitational waves of inflationary origin
would exclude our model. A second prediction is a negative running of the spectral index, given by
𝛼 = −1.43 × 10−3 + 5.56 × 10−5 (

𝑁CMB − 65
)
, which might be detectable in future [94]. Note that

this is independent of 𝜙0, which is the only free parameter of our model once we have fixed the overall
power of the density perturbations, their spectral index, and 𝑁CMB.

The least attractive feature of this model is that one has to engineer 𝜙0 to “almost” be an inflection
point; specifically, the parameter 𝛽, which controls the flatness of the potential around 𝜙0, has to be of
order 10−6

𝜙
4
0, see Eq. (3.19). Actually, when written in the form of Eq. (3.5) the finetuning is not

obvious; after all, 𝛽, while small, is not terribly finely tuned. On the other hand, the coefficient of the
cubic term is tuned.

Note that the model we consider is renormalizable, and can thus serve as the inflationary sector of
some well motivated extensions of the standard model of particle physics; examples are the 𝜈MSM
[95, 96], or the new minimal standard model (NMSM) [97] which can explain cosmological dark
matter, neutrino masses and the baryon asymmetry of the Universe. This offers clear avenues for
future research. In Chapter 5, we will investigate dark matter production after polynomial inflation
and in Chapter 6 leptogenesis will be investigated.

Note that the model parameters, as shown in Eqs. (3.18)-(3.20), and the inflationary predictions
are controlled by the location of 𝜙0. Thereafter working out the parameter space of allowed 𝜙0 is
necessary, which brings us to the discussions in the next Chapter.
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CHAPTER 4

Heating the Universe

After inflation terminates, the inflaton field oscillates around the potential minimum and transfers
energy to other degree of freedoms. Such a process is usually called reheating. In general it consists
of a non–perturbative “preheating” epoch [98–101], which is followed by the perturbative decay of the
remaining inflaton particles. Finally, the produced daughter particles have to thermalize, giving rise to
a thermal Universe. In this Chapter we are devoted to investigating the reheating phenomenology
after polynomial infaltion, in particular working out the allowed reheating temperature. In a simple
perturbative scenario, the reheating temperature is determined by the coupling strength. Note that
reheating temperature can not be arbitrarily large in order to guarantee the loop corrections not
spoiling the inflationary prediction; it should also be not too small to allow successful Big Bang
Nucleosynthesis (BBN), in which a radiation epoch is required. These two constraints on reheating
temperature turn out to generate a lower bound on 𝜙0, as will be discussed in the following.

This Chapter is organized as follows. In Sec. 4.1 we calculate the reheating temperature and discuss
the corresponding constraints from BBN; we will analyze two scenarios, where the inflaton dominantly
decays into two fermions or two bosons, respectively. In Sec. 4.2, the radiative stability of the potential
under one–loop correction is investigated and the resulting lower bound on 𝜙0 is derived. In Sec. 4.3,
we investigate the inflationary scale and reheating temperature within the parameter space we have
obtained. In Sec. 4.4, we briefly describe a possible “prehistory” of our model, starting from a phase
of eternal inflation. Finally, in Sec. 4.5 we sum up our findings and end with some prospects to embed
our inflation model into some well motivated BSM scenarios. This chapter is based on Ref. [2]

4.1 Reheating

In this section, we first focus on the simplest possibility, namely the perturbative decays of the inflaton
through trilinear couplings of the inflaton to lighter particles. Such a coupling is always required, since
otherwise at least some inflaton particles would remain at the end of the reheating period. Then at the
end of this Section we will argue that the non–perturbative effects cannot significantly deplete the
inflaton number in our model. In next Section we will argue in order to guarantee the loop corrections
to do not jeopardize the inflationary predictions, all the inflaton couplings have to be so small. This
leads to inflaton annihilation reactions are completely negligible.

By using instantaneous decay approximation, one can estimate the reheating temperature, denoted
as 𝑇rh. In particular we have set the inflaton energy density, 𝜌𝜙 = 𝑚𝜙𝑛𝜙, equal to the radiation density

31



Chapter 4 Heating the Universe

𝜌𝑅 = 𝜋
2
𝑔∗𝑇

4
rh/30 at time 𝑡 = 2/(3H) = 1/Γ𝜙, with H2

= 𝜌/3 as usual in FRLW cosmology, one
finds (in Planckian units)

𝑇rh ≃ 1.41𝑔−1/4
★ Γ

1/2
𝜙
. (4.1)

Here 𝑔∗ denotes the number of light degrees of freedom in the thermal plasma, and Γ𝜙 is the
perturbative inflaton decay rate. And for 𝑇rh > 1 GeV, 𝑔∗ is of order 100.

We allow the inflaton to decay into a Dirac fermion 𝜒 and/or a scalar 𝜙′ for completeness. Since
𝜙 is a singlet under the SM gauge group, 𝜒 would have to be in a vector–like representation of that
group, i.e. it cannot be an SM fermion. On the other hand, 𝜙′ might be the Higgs field of the SM. We
will treat this as our standard case, i.e. we will assume that 𝜙′ contains four degrees of freedom, just
like the Dirac fermion 𝜒. The Lagrangian respecting renormalizability is given by

L = 𝑖 𝜒̄𝛾
𝜇
𝜕𝜇𝜒 + (𝜕𝜇𝜙

′)†𝜕𝜇𝜙′ − 𝑚𝜒 𝜒̄𝜒 − 𝑦𝜙𝜒̄𝜒 − 𝑚2
𝜙
′ |𝜙′ |2 − 𝑔𝜙|𝜙′ |2 − 𝜆𝜙2 |𝜙′ |2 − 𝜆𝜙′ |𝜙

′ |4 . (4.2)

The total decay width of the inflaton is then given by

Γ𝜙 =
𝑦

2
𝜒𝑚𝜙

8𝜋

(
1 −

4𝑚2
𝜒

𝑚
2
𝜙

)3/2

+ 𝑔
2

8𝜋𝑚𝜙

√√√
1 −

4𝑚2
𝜙
′

𝑚
2
𝜙

≃ 𝑦
2

8𝜋
𝑚𝜙 +

𝑔
2

8𝜋𝑚𝜙
, (4.3)

where the inflaton mass is

𝑚
2
𝜙 =

𝜕
2
𝑉

𝜕𝜙
2

�����
𝜙=0

≃ 9
16
𝑑𝐴

2
= 4𝑑𝜙2

0 . (4.4)

Note that this is the inflaton mass after inflation, and therefore not directly related to the SR parameter
𝜂𝑉 , which is also computed from the second derivative of the inflaton potential. In the following
analysis we will assume that one of the two terms in Eq. (4.3) dominates; the other one may then even
vanish. Moreover, we assume that the mass of 𝜒 or 𝜙′ is much smaller than 𝑚𝜙, which minimizes the
lower bound on the couplings 𝑦 and 𝑔 which we wish to derive.

When fermionic decays dominate, the reheating temperature is given by

𝑇
𝜒

rh ≃ 1.41𝑔−1/4
★

(
2𝜙0

𝑦
2

8𝜋
√
𝑑

)1/2

, (4.5)

while for the bosonic decay mode,

𝑇
𝜙
′

rh ≃ 1.41𝑔−1/4
★

(
𝑔

2

8𝜋 2𝜙0
√
𝑑

)1/2

. (4.6)

Successful BBN requires 𝑇rh ≥ 4 MeV, i.e. 𝑇rh ≥ 1.67 · 10−21 in Planckian units [86, 87]. Taking
𝑔★ = 10.75, as appropriate for a temperature of 4 MeV, and 𝑑 = 6.61 × 10−16

𝜙
2
0 from Eq. (3.20) in

previous chapter, we finally obtain lower bounds on the inflaton couplings:

𝑦𝜙0 ≥ 4.7 × 10−17
, (4.7)
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if fermionic decays dominate, and
𝑔

𝜙0
≥ 2.4 × 10−24

, (4.8)

for bosonic inflaton decays. The scaling with 𝜙0 can be understood from the observation that
𝑚𝜙 ∝

√
𝑑𝜙0 ∝ 𝜙

2
0, from Eqs. (4.4) and (3.20). Eq. (4.1) shows that a constant reheat temperature

corresponds to a constant decay width Γ𝜙. From Eq. (4.3) this requires constant 𝑦2
𝑚𝜙, i.e. constant

𝑦
2
𝜙

2
0, if fermionic decays dominate, but constant 𝑔2/𝑚𝜙, i.e. constant 𝑔2/𝜙2

0 for bosonic inflaton
decays; note that 𝑔 has dimension of mass in natural units, whereas 𝑦 is dimensionless.

We now come back to the issue of non–perturbative inflaton depletion mechanisms. In principle the
couplings in the Lagrangian (4.2) allow both fermionic and bosonic preheating. However, due to Pauli
blocking, fermionic preheating is usually very inefficient [102, 103], i.e. it reduces the initial inflaton
energy by less than 1%.

Let’s first focus on bosonic inflaton decays; the trilinear 𝜙|𝜙′ |2 coupling gives rise to a tachyonic
instability if |𝑔𝜙 | > 𝑚2

𝜙
′, where the squared mass of the daughter particle is negative for part of each

oscillation of the inflaton field. As shown in [104, 105] this can build up a sizable 𝜙′ number density
after a very small number of 𝜙 oscillations. However, even with very small 𝜙′ self–interactions of
O(10−6) this only allows to transfer less than 10% of the initial inflaton energy [104]. In our default
scenario, where 𝜙′ is the SM Higgs field, 𝜙′ does have a sizable self interaction of the form 𝜆𝜙′𝜙

′4

(with 𝜆𝜙′ ∼ O(0.1)). This gives an extra positive effective squared mass ∼ 𝜆𝜙′ ⟨𝜙
′2⟩ (with ⟨𝜙′2⟩

denoting the variance) once the daughter 𝜙′ particles are copiously produced. This back–reaction
counteracts the negative tachyonic mass and quickly terminates preheating, making it even less efficient
[104]. With the help of a lattice simulation [106], we found that less than 1% of the initial inflaton
energy is depleted through preheating. Results with typical couplings will be presented in the next
section. Preheating can thus indeed be neglected in our model, and our simple perturbative analysis to
estimate the reheating temperature shall work well.1

4.2 Radiative Corrections and Stability

Once the couplings of inflaton to the daughter particles are considered, we have to make sure the
radiative corrections do not spoil the flatness of the inflaton potential. The lower bounds (4.7) and
(4.8) on the inflaton couplings imply lower bounds on the radiative corrections to the inflaton potential
caused by these couplings. The self–couplings of the inflaton, described by the potential (3.5), also
contribute to the radiative corrections. In this Section we investigate the impact of these corrections in
1–loop order. This will lead to upper bounds on the couplings; together with the lower bounds derived
in the previous Section this will finally yield a lower bound on the remaining free parameter 𝜙0.

Our starting point of this analysis is the expression for the 1–loop effective potential, in the formalism

1 We note that in the literature on preheating some scenarios have been suggested which could deplete inflaton energy
more efficiently, see e.g. instant preheating [107] or combined reheating [108–110]. Here one introduces additional
perturbative decay channels for the produced daughter particles in order to get rid of the back reaction problem. However,
the decay width of the SM Higgs, our default bosonic decay product, is just 4 MeV, which is 5 orders of magnitude
smaller than the minimal allowed value of 𝑚𝜙 in our model (see below). The preheating time scale, which is O(1/𝑚𝜙),
is thus very much shorter than the 𝜙′ lifetime, in which case 𝜙′ decays cannot affect the preheating dynamics.
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of Coleman and Weinberg (CW) [111]:

Δ𝑉 (𝜙) = 1
64𝜋2

∑︁
𝜓

(−1)2𝑠𝜓𝑔𝜓𝑚𝜓 (𝜙)
4

(
ln

(
𝑚𝜓 (𝜙)

2

𝑄
2
0

)
− 3

2

)
. (4.9)

The sum runs over all fields 𝜓 that couple to the inflaton field 𝜙. 𝑠𝜓 is the spin of 𝜓; the factor
(−1)2𝑠𝜓 therefore implies that bosons (fermions) contribute with positive (negative) sign to Δ𝑉 . 𝑔𝜓
is the number of degrees of freedom of the field 𝜓; it includes a spin multiplicity factor 2𝑠𝜓 + 1.
Finally, 𝑚𝜓 (𝜙) is the 𝜙−dependent mass of 𝜓 (not to be confused with the physical mass), and 𝑄0 is a
renormalization scale.

In our case, up to three fields couple to the inflaton: the inflaton itself, as well as the fermionic and
bosonic decay products 𝜒 and 𝜙′ introduced in the previous Section. Their field–dependent masses
are given by:

𝑚
2
𝜙 (𝜙) = 12𝑑𝜙2 + 6𝑑𝐴(1 − 𝛽)𝜙 + 9

16
𝑑𝐴

2 ;

𝑚
2
𝜒 (𝜙) =

(
𝑚𝜒 + 𝑦𝜙

)2
;

𝑚
2
𝜙
′ (𝜙) = 𝑚2

𝜙
′ + 𝑔𝜙 .

(4.10)

In order to make sure that the predictions derived in Chapter 3 are stable under radiative corrections,
we need to investigate the potential around the point 𝜙0, where inflation happens. In fact, the tree–level
potential 𝑉0 itself is not particularly suppressed at 𝜙 = 𝜙0: 𝑉0(𝜙0) → 𝑑𝜙

4
0/3 as 𝛽 → 0. On the other

hand, it is essential that the first and second derivatives of the potential are suppressed at 𝜙0; this
is why 𝜙0 is a near inflection point. Recall also that 𝑉 ′

0 and 𝑉 ′′
0 directly determine 𝑁CMB and 𝑛𝑠,

respectively. From Eq. (3.5) with 𝐴 = −8𝜙0/3 we have

𝑉
′
0 (𝜙0) = 8𝑑𝛽𝜙3

0 ;

𝑉
′′
0 (𝜙0) = 16𝑑𝛽𝜙2

0 .
(4.11)

On the other hand, from Eq. (4.9) the derivatives of the CW correction to the potential can be written
as

Δ𝑉
′
=

1
32𝜋2

∑︁
𝜓

(−1)2𝑠𝜓𝑔𝜓𝑚
2
𝜓𝑚

2′
𝜓

(
ln

(
𝑚

2
𝜓

𝑄
2
0

)
− 1

)
;

Δ𝑉
′′
=

1
32𝜋2

∑︁
𝜓

(−1)2𝑠𝜓𝑔𝜓

{[(
𝑚

2′
𝜓

)2
+ 𝑚2

𝜓𝑚
2′′
𝜓

]
ln

(
𝑚

2
𝜓

𝑄
2
0

)
− 𝑚2

𝜓𝑚
2′′
𝜓

}
.

(4.12)

Here 𝑚2′
𝜓 and 𝑚2′′

𝜓 are the first and second derivatives of 𝑚2
𝜓 with respect to 𝜙.

The loop corrections are minimized if the bare masses 𝑚𝜒 and 𝑚𝜙′ vanish. Recall also that
these masses must be below half the physical inflaton mass; using Eqs. (4.4) and (3.20) this implies
𝑚𝜒, 𝑚𝜙′ <

√
𝑑𝜙0 = 2.6 · 10−8

𝜙
2
0, which is already quite small. In the subsequent analysis we will

therefore assume 𝑚𝜒 ≪ 𝑦𝜙0 and 𝑚2
𝜙
′ ≪ 𝑔𝜙0, so that the bare mass terms can be neglected. Moreover,

we set 𝑄0 = 𝜙0, since this is the field value we are interested in; this means that the Lagrangian
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parameters 𝑦 and 𝑔 should be interpreted as running couplings, taken at scale 𝑄0. The derivatives of
the correction to the potential at 𝜙 = 𝜙0 are then given by:

Δ𝑉
′(𝜙0) =

𝜙
3
0

4𝜋2

[
𝑦

4 − 16𝑑2
𝛽 − 𝑦4 ln(𝑦2) + 16𝑑2

𝛽 ln(16𝑑𝛽)
]
+
𝑔

2
𝜙0

8𝜋2

[
ln

(
𝑔

𝜙0

)
− 1

]
;

Δ𝑉
′′(𝜙0) =

𝜙
2
0

4𝜋2

[
𝑦

4 − 3𝑦4 ln(𝑦2) + 8𝑑2 ln(16𝑑𝛽)
]
+ 𝑔

2

8𝜋2 ln
(
𝑔

𝜙0

)
.

(4.13)

In the first Eq. (4.13) we have ignored terms of order 𝑑2
𝛽

2. We see that all corrections from the
inflaton self–coupling 𝑑 are proportional to 𝛽, which means that these terms are automatically smaller
than the tree–level result given in the first Eq. (4.11). In the second Eq. (4.13) we neglected also terms
linear in 𝛽. We see that nevertheless a finite one–loop correction ∝ 𝑑2 remains.

In order to ensure stability of our inflationary model against radiative corrections, we will require
that the terms ∝ 𝑑

2
, ∝ 𝑦

4 and ∝ 𝑔2 are separately smaller than the tree–level results of Eqs. (4.11).
We just saw that in case of 𝑑2 only the correction to the second derivative of the potential can be
dangerous. Demanding that it is smaller in magnitude than the tree–level result leads to the constraint���𝑑2 ln(16𝑑𝛽)

𝜋
2

��� < 8𝑑𝛽 . (4.14)

Using the numerical values from Eqs. (3.19) and (3.20) this implies

| ln(10−20
𝜙

6
0) | < 1.16 · 1011

𝜙
2
0 ,

which in turn implies
𝜙0 > 3 · 10−5

. (4.15)

The strongest upper bound on the Yukawa coupling also comes from the second derivative of the
potential: ��� 𝑦4 − 3𝑦4 ln(𝑦2)

4𝜋2

��� < 16𝑑𝛽 . (4.16)

In order to turn this into a lower bound on 𝜙0, we again use Eqs. (3.19) and (3.20) for the right–hand
side, and insert the lower limit (4.7) from reheating for 𝑦; this gives

𝜙0 > 3.4 · 10−5
, (4.17)

which is slightly stronger than the bound (4.15).
On the other hand, the strongest bound on the coupling 𝑔 originates from the first derivative of the

potential; it reads
𝑔

2

8𝜋2

���ln (
𝑔

𝜙0

)
− 1

��� < 8𝑑𝛽𝜙2
0 . (4.18)

Replacing 𝑔 by its lower bound (4.8) then implies

𝜙0 > 3.1 · 10−5
, (4.19)

very close to the bound (4.15) which is independent of reheating.
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Figure 4.1: The light blue region is the allowed parameter space, yielding reheating temperature 𝑇re ≡ 𝑇rh ≥ 4
MeV while keeping the inflaton potential stable against radiative corrections. The left (right) frame is for
fermionic (bosonic) inflaton decays.

The constraints on the parameter space spanned by 𝜙0 and the coupling that is responsible for
reheating are shown in Fig. 4.1; the left and right frames correspond to fermionic and bosonic inflaton
decays, respectively. The allowed parameter space, shown in blue, ends at the values of 𝜙0 given by
the bounds (4.17) and (4.19). Evidently the allowed range of couplings opens up when 𝜙0 increases;
for the maximal value we consider, 𝜙0 = 1, it ranges over 11 orders of magnitude for 𝑦, and 13 orders
of magnitude for 𝑔. Nevertheless, even for 𝜙0 = 1 the maximal allowed value of the Yukawa coupling
is about 10−5, which is only slightly larger than the Yukawa coupling of the electron in the SM.

Recall that we assumed that four (bosonic or fermionic) degrees of freedom couple to the inflaton,
i.e. 𝑔𝜙′ = 𝑔𝜒 = 4. In case of bosonic decays, both the lower bound on 𝑔2 from reheating and the upper
bound from radiative stability scale like 1/𝑔𝜙′, i.e. the resulting lower bound (4.19) does not depend
on 𝑔𝜙′. On the other hand, for fermionic decays the lower bound on 𝑦2 scales like 1/𝑔𝜒 while the
upper bound scales like 1/√𝑔𝜒; the bound (4.17) therefore roughly scales like 𝑔−1/10

𝜒 . However, it is
in any case already quite close to the bound (4.15) which is independent of reheating.

In our discussion on (p)reheating we have ignored a possible quartic coupling 𝜆𝜙2 |𝜙′ |2. Such a
coupling would also contribute to the CW corrections to the potential. Demanding that this contribution
to the first derivative of the inflaton potential at 𝜙0 does not exceed the tree–level value gives the
quite stringent upper bound 𝜆

√︁
| ln(𝜆) | < 4.5 · 10−10

𝜙
3
0. The largest quartic coupling 𝜆 allowed by this

bound is of O(10−10) even for 𝜙0 = 1. Preheating with such small coupling is not efficient [98], i.e.
reheating has to proceed via perturbative inflaton decay as we analyzed in Sec. 4.1.

We finally note that the upper bounds on the inflaton couplings we derived in this Section imply that
the rate for inflaton annihilation reactions, 𝜙𝜙 → 𝜒𝜒̄ or 𝜙𝜙 → 𝜙

′
𝜙
′, is always much smaller than the

Hubble rate H . The annihilation rate is given by ⟨𝜎𝑣⟩𝑛𝜙, where 𝜎 is the relevant annihilation cross
section, ⟨. . . ⟩ denotes averaging over the ensemble of inflaton particles, and 𝑛𝜙 is the inflaton density.
Right after inflation one can estimate 𝑛𝜙 ∼ 𝑉inf/𝑚𝜙 and H ∼ Hinf ∼

√︁
𝑉inf, but even at this high
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inflaton density the annihilation rate is many orders of magnitude smaller than the Hubble rate. The
ratio becomes even smaller at later times, since H ∝ 1/𝑡 while 𝑛𝜙 ∝ 1/𝑡2 during matter domination.
Therefore inflaton annihilation plays no role in the dynamics of reheating.

4.3 The Scales of Inflation

In previous section, we have derived a lower bound on 𝜙0, with which we can discuss the range of
energy scales during and just after inflation that can be realized in our model. Here we mean both the
vacuum energy during inflation (or, equivalently, the Hubble parameter), and the range of reheating
temperatures after inflation.

Note that 𝜙CMB is very close to 𝜙0, the inflationary scale Hinf is thus essentially equal to that at the
inflection-point 𝜙0. From eqs. (3.5) and (3.20) we have

𝑉 (𝜙0) =
1
3
𝑑𝜙

4
0 ≃ 2.2 · 10−16

𝜙
6
0 , (4.20)

where we have neglected 𝛽 and used 𝐴 = −8𝜙0/3. This corresponds to a Hubble parameter

Hinf =

√︂
𝑉 (𝜙0)

3
≃ 8.6 · 10−9

𝜙
3
0 . (4.21)

In the previous section we saw that 𝜙0 ≳ 3 · 10−5; the lower bound on the bound on the Hubble
parameter during inflation is thus

Hinf ≳ 2.3 × 10−22 ≃ 0.6 MeV . (4.22)

With such a low scale inflationary scenario, the cosmological moduli problem can be relaxed [90].
Besides the isocurvature bound of QCD axion can be easily satisfied, making our model a good
candidate to embed QCD axion as dark matter, which can even allow a wider cosmological window with
larger decay constant 𝑓𝑎 [88, 89]. On the other hand, for 𝜙0 ≃ 1, Hinf ∼ 1010 GeV is possible, which
allows for the non–thermal production of various particles, and hence non–standard post–inflationary
cosmologies.

It is instructive to compare the inflationary Hubble parameter (4.21) with the change of the inflaton
field during one Hubble time due to the slow–roll of the field. The latter is given by

Δ𝜙 =
| ¤𝜙 |
H =

|𝑉 ′ |
3H2 =

|𝑉 ′ |
𝑉

=
24𝛽
𝜙0

= 2.3 · 10−5
𝜙

3
0 , (4.23)

which is much larger than Hinf/(2𝜋). This means that even near the inflection point the dynamics of
the inflaton field is entirely dominated by the classical (SR) equation of motion.

Another energy scale of interest in inflationary model building is the reheating temperature. As
long as we don’t fix the relevant coupling 𝑦 or 𝑔, we cannot make a firm prediction; however, the upper
bounds on these couplings that we derived in the previous Section allow to derive an upper bound on
𝑇rh for given 𝜙0. This is shown in Fig. 4.2, where we have again used the instantaneous reheating
approximation. We see that for fermionic (bosonic) inflaton decay, the reheating temperatures as high
as 4 · 108 GeV (1011 GeV) are possible. This allows for standard thermal leptogenesis [91]. Of course,
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Figure 4.2: Allowed range of the post–inflationary reheat temperature as a function of 𝜙0 (in the range
[3 · 10−5

, 1]), for bosonic (red) and fermionic (green) inflaton decays. The blue line shows the lower bound of 4
MeV from BBN considerations, and the purple line denotes half of inflaton mass within the parameter space.

the fermionic decay product 𝜒 might itself be right–handed neutrinos (which contribute 𝑔𝜒 = 2 for
each generation), allowing for non–thermal leptogenesis if the coupling 𝑦 is (well) below its upper
bound. We will investigate leptogenesis in detail in Chapter 6.

The slopes of the curves depicted in Fig. 4.2 can be understood as follows. For fermionic decays,
Γ𝜙 ∝ 𝑦2

𝑚𝜙, with 𝑚𝜙 ∝ 𝜙2
0 from Eqs. (4.4) and (3.20) while 𝑦2

max ∝ 𝜙3
0 (up to logarithmic corrections)

from the constraint (4.16), hence 𝑇rh,max ∝ Γ
1/2
𝜙,max ∝ 𝜙

5/2
0 . For bosonic decays, Γ𝜙 ∝ 𝑔

2/𝑚𝜙 and
𝑔

2
max ∝ 𝜙

8
0 (again up to logarithmic corrections) from (4.18), hence 𝑇rh,max ∝ 𝜙

3
0. In these simple

estimates we have ignored the dependence of 𝑔∗ on 𝑇rh, which has been included in Fig. 4.2. When
the temperature is around 0.1 GeV, the QCD deconfinement transition happens, leading to a rapid
change of 𝑔★ [112]; this is the reason for the features in the red and green curves at 𝑇rh,max ∼ 0.1 GeV.

Recall from Eq. (4.4) that 𝑚𝜙/2 =
√
𝑑𝜙0 = 6.2 · 1010 GeV × (𝜙0/𝑀𝑃)

2, which is somewhat above
the maximal reheat temperature for fermionic inflaton decays as shown in Fig. 4.2. For fermionic
decays a scenario with 𝑇rh > 𝑚𝜙/2 is difficult to realize; instead, Pauli blocking would delay inflaton
decays such that 𝑇rh ≲ 𝑚𝜙/2. For bosonic decays 𝑇rh > 𝑚𝜙/2 is possible, since several relative soft
bosons can combine into a smaller number of more energetic bosons.
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Before ending this section, we would like to remind the reader that the highest temperature of the
thermal background can be considerably higher than 𝑇rh [113]; parametrically, in Planckian units
𝑇max ∼

√︁
𝑇rhH

1/4
inf ∼ 𝜙

3/4
0

√︁
𝑇rh. In our case this is indeed always several orders of magnitude above

𝑇rh, with 𝑇max/𝑇rh,max scaling like 𝜙−1/2
0 (𝜙−3/4

0 ) for fermionic (bosonic) inflaton decays. However, for
fermionic inflaton decays one also has to require 𝑇max ≤ 𝑚𝜙/2, as we argued above.

4.4 Prehistory

Our analysis so for has only been concerned with field values 𝜙 ≲ 𝜙0, which we limited to be not
larger than 1 (in Planckian units). In that sense our model is a “small field” model of inflation.

In this Section we nevertheless wish to briefly describe the dynamics at much larger field values.
After all, except for possible quantum gravity effects our model can be UV complete, i.e. it might
describe the dynamics also at much larger field values.

For field values 𝜙 ≫ 𝜙0 the potential (3.5) is dominated by the quartic term 𝑑𝜙
4. The dynamics in

this range is therefore that of quartic chaotic inflation [114]. In particular, the deterministic change of
𝜙 during one Hubble time, | ¤𝜙 |/H , will be smaller than the random variation H/(2𝜋) if

𝜙 > 𝜙ch, min = 1.2 · 103
𝜙
−1/3
0 , (4.24)

where we have again used Eq. (3.20) for the strength of the quartic coupling. If 𝜙 ever satisfied this
bound, a period of “eternal” inflation started; in fact, in this case it should continue even now in “most”
of space. This epoch of eternal inflation might allow to sample a “landscape” of minima of the (total)
effective potential, which seems to be a feature of superstring theory [83].

Of course, in our patch of the universe eternal inflation must have ended at some point. It would have
been followed by a long period of deterministic inflation, since for 𝜙 ≲ 𝜙ch, min the SR parameters are
still very small. This first phase of deterministic SR inflation ended at

𝜙 = 𝜙e,1 ≃
√

12 + 2
3
𝜙0 , (4.25)

where we have neglected terms of order 𝜙2
0. This first phase of deterministic inflation, where

𝜙ch, min > 𝜙 > 𝜙e,1, lasted for
𝑁det, 1 ≃ 1.8 · 105

𝜙
−2/3
0 (4.26)

𝑒−folds. It should be noted that any initial field value 𝜙𝑖 > 𝜙e,1 would lead to large–field SR inflation;
large field inflation is much less sensitive to initial conditions than small–field inflation [115]. Of
course, if our universe indeed underwent a period of eternal inflation, the question of initial conditions
might be moot [59].

For 𝜙 < 𝜙e,1 the field underwent fast roll (or overshooting), until it reached the vicinity of the
near–inflection point 𝜙0 [1]. Here we can use an expansion as in Eq. (3.8) again, but now 𝛿 is negative,
at least initially. SR inflation then starts again once |𝜂𝑉 | < 1, which is true for

𝜙 < 𝜙b ≃ 𝜙0

(
1 +

𝜙
2
0

24
−
𝜙

4
0

384
+ O(𝜙6

0)
)
. (4.27)
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Here we have neglected terms of order 𝛽. Eventually 𝜙 reached the value 𝜙CMB = 𝜙0(1 − 𝛿CMB), with
𝛿CMB given by Eq. (3.18). SR inflation with 𝜙b > 𝜙 > 𝜙CMB gave rise to another

𝑁pre-CMB ≃ 120 (4.28)

𝑒−folds of inflation, with Hubble parameter given by Eq. (4.21).
This second deterministic stage of SR inflation would have been sufficient to completely dilute any

relics from possible earlier large–field inflationary phases, even before density perturbations on CMB
scales were generated. Therefore the “pre–history” sketched in this Section most likely does not have
any direct observational consequences.

4.5 Summary and Conclusions

A complete inflation scenario has to provide for a mechanism to reheat the universe after inflation
terminates.

In this chapter, we have considered scenarios where inflaton decays into either fermions or bosons
via trilinear interactions. For given 𝜙0 the corresponding coupling strengths are bounded from below
by demanding that the reheating temperature is sufficiently high for a successful BBN. On the other
hand, we showed that the radiative stability of the inflaton potential near the inflection point leads to
upper bounds on these couplings, which again depend on 𝜙0. These constraints on the parameter space
are summarized in Fig. 4.1. In particular, radiative stability requires 𝜙0 > 3 · 10−5 in Planckian units.
Within the allowed parameter space the Hubble parameter during inflation (Hinf) can be as low as ∼ 1
MeV, which makes our model a good candidate to embed QCD axion as dark matter allowing wider
cosmological window [88, 89]. On the other hand, Hinf can also be as high as 1010 GeV if 𝜙0 ≃ 1. In
this case the reheat temperature can be as high as 4 · 108 (1011) GeV for fermionic (bosonic) inflaton
decays as shown in Fig. 4.2.

Having worked out the full model parameter space and range for reheating temperature, in next
chapters we will then proceed to investigate DM production and leptogenesis where reheating
temperature plays a key role.
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CHAPTER 5

Generating Dark Matter

This chapter is aimed to show that Dark Matter (DM) with correct relic density can be sourced after
inflation within the polynomial inflationary framework. The discussions are based on Ref. [3]

5.1 The Model Setup

Here we assume a singlet Dirac fermion 𝜒 as DM candidate with a Lagrangian L𝜒:

L𝜒 = 𝑖 𝜒̄ 𝛾
𝜇
𝜕𝜇𝜒 − 𝑚𝜒 𝜒̄ 𝜒 − 𝑦𝜒 𝜙𝜒̄ 𝜒 , (5.1)

where 𝑚𝜒 denotes DM mass, and 𝑦𝜒 corresponds to the Yukawa coupling between inflaton and DM
field. Note that the Universe after reheating has to be a radiation phase, which means that only a small
fraction of inflaton energy goes to DM. The rest of the energy would be transferred to the degrees of
freedom in the standard model (SM). To this end, we consider a coupling between inflaton and the SM
Higgs field:

L𝜙𝐻 = −𝜆12𝜙 |𝐻 |2 − 𝜆22𝜙
2 |𝐻 |2 , (5.2)

which plays the roles of reheating as analyzed in Chapter 4.

5.2 Dark Matter Production and Relic Density

DM in our scenario can be produced via different processes, and the corresponding Feynman diagrams
are collected in Fig. 5.1. The main contributions come from 𝑖) direct decay of inflatons, 𝑖𝑖) 2-to-2
annihilations of inflatons during the reheating era (mediated by the 𝑠-channel exchange of inflatons or
gravitons, and the 𝑡-channel exchange of DM), and 𝑖𝑖𝑖) 2-to-2 annihilations of SM particles mediated
by gravitons and inflatons. The evolution of the DM number density 𝑛 is governed by the Boltzmann
equation

𝑑𝑛

𝑑𝑡
+ 3H 𝑛 = 𝛾 , (5.3)

where 𝛾 denotes the DM production rate density and H corresponds to the Hubble expansion rate
given by H2

= (𝜌𝑅 + 𝜌𝜙)/(3𝑀
2
𝑃). Evolution of the inflaton and SM radiation energy densities (𝜌𝜙
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Figure 5.1: Feynman diagrams for the different DM productions channels described in the text. The three rows
correspond to 𝑖) the decay of the inflaton, 𝑖𝑖) inflaton scatterings, and 𝑖𝑖𝑖) the scattering of SM particles.

and 𝜌𝑅, respectively) can be tracked via the coupled Boltzmann equations

𝑑𝜌𝜙

𝑑𝑡
+ 3H 𝜌𝜙 = −Γ 𝜌𝜙 , (5.4)

𝑑𝜌𝑅

𝑑𝑡
+ 4H 𝜌𝑅 = +Γ 𝜌𝜙 (1 − Br) , (5.5)

where Br denotes the branching ratio for 𝜙 → 𝜒̄𝜒, and it is given by:

Br ≡
Γ𝜙→𝜒̄𝜒

Γ𝜙→𝜒̄𝜒 + Γ
𝜙→𝐻

†
𝐻

≃
Γ𝜙→𝜒̄𝜒

Γ
𝜙→𝐻

†
𝐻

≃ 2.6 × 10−15 𝜙
4
0 𝑦

2
𝜒

𝑀
2
𝑃 𝜆

2
12
. (5.6)

Note that Br has to be very small so that the Universe ends with radiation epoch after reheating. The
factor (1 − Br) ≃ 1 is the fraction of inflaton energy density that goes into SM radiation 𝜌𝑅, which
first quickly maximizes at 𝑇max and then decreases.

Here we mainly focus on DM generated during reheating, namely 𝑇rh ≲ 𝑇 ≲ 𝑇max, where the total
energy density of the universe is still dominated by inflatons. Taking into account that 𝑇 ∝ 𝑎−3/8 and
that the inflaton energy density behaves as non relativistic matter, one then has

𝜌𝜙 (𝑇) =
𝜋

2
𝑔★

30
𝑇

8

𝑇
4
rh
, (5.7)
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where 𝜌𝜙 (𝑇rh) = 𝜌𝑅 (𝑇rh) was assumed. Plugging Eq. (5.7) into the Friedmann equation, one can
estimate the Hubble parameter:

H(𝑇) = 𝜋

3

√︂
𝑔★

10
𝑇

4

𝑀𝑃 𝑇
2
rh
. (5.8)

Before moving on, we briefly revisit the estimation for 𝑇max, which plays an important role
in this chapter. Considering the scaling of inflaton energy from the end of inflation, 𝜌𝜙 (𝑎) =

𝜌𝜙
(
𝑎end

) [ 𝑎end
𝑎

]3
= 3𝑀2

𝑃H
2
inf

[ 𝑎end
𝑎

]3, one can solve Eq. (5.5) and obtain

𝜌𝑅 (𝑎) =
6
5
𝑀

2
𝑃 ΓHinf

(𝑎end
𝑎

)4
[(

𝑎

𝑎end

)5/2
− 1

]
, (5.9)

which maximize at

𝑎 = 𝑎max ≡ (8/3)2/5
𝑎end , (5.10)

corresponding to

𝑇
4
max =

60
𝜋

2
𝑔★

(
3
8

)8/5
𝑀

2
𝑃 ΓHinf . (5.11)

Using Eq. (5.8) at 𝑇 = 𝑇rh and 𝐻 (𝑇rh) = 2
3Γ, one has

𝑇rh =

√︂
2
𝜋

(
10
𝑔★

)1/4 √︁
𝑀𝑃Γ , (5.12)

with which one can substitute Γ in Eq. (5.11) for 𝑇max with respect to 𝑇rh. Finally one obtains

𝑇max
𝑇rh

=

(
3
8

)2/5 ( Hinf

H
(
𝑇rh

) )1/4
≃ 4.8 × 10−3

(
𝜙

3
0

𝑀𝑃𝑇
2
rh

)1/4

, (5.13)

where we have used Hinf ≃
√︂
𝑉 (𝜙0)
3𝑀2

𝑃

≃ 8.6 × 10−9 𝜙
3
0

𝑀
2
𝑃

(cf. Eq. (4.21)).

Taking into account the fact that during the reheating the SM entropy density is not conserved due
to the inflaton decay, it is usually convenient to rewrite Eq. (5.3) in terms of the comoving number
density 𝑁 ≡ 𝑛 𝑎3 (rather than the usual yield 𝑌 ≡ 𝑛/𝑠); this leads to:

𝑑𝑁

𝑑𝑇
= − 8

𝜋

√︄
10
𝑔★

𝑀𝑃 𝑇
10
rh

𝑇
13 𝑎

3(𝑇rh) 𝛾 . (5.14)

After reheating ends, the universe enters a SM radiation dominated epoch with temperature 𝑇 < 𝑇rh.
In this regime, entropy is conserved, and Eq. (5.3) can be recasted as a function of the DM yield
𝑌 (𝑇) ≡ 𝑛(𝑇)/𝑠(𝑇), defined as a function of the SM entropy density 𝑠(𝑇) ≡ 2𝜋2

45 𝑔★𝑠𝑇
3, with 𝑔★𝑠 (𝑇)

being the number of relativistic degrees of freedom contributing to the SM entropy. Therefore,
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Eq. (5.3) becomes
𝑑𝑌

𝑑𝑇
= − 135

2𝜋3
𝑔★𝑠

√︄
10
𝑔★

𝑀𝑃

𝑇
6 𝛾 . (5.15)

To match the observed DM energy density ΩDMℎ
2 ≃ 0.12 [13], the DM yield has been fixed such that

𝑚𝜒 𝑌0 = Ω𝜒ℎ
2 1
𝑠0

𝜌𝑐

ℎ
2 ≃ 4.3 × 10−10 GeV , (5.16)

with 𝜌𝑐 ≃ 1.05 × 10−5
ℎ

2 GeV/cm3 the critical energy density and 𝑠0 ≃ 2.9 × 103 cm−3 the present
entropy density [45]. In the following we will investigate the aforementioned channels as shown in
Fig. 5.1.

5.2.1 Inflaton Decay

Due to the presence of a trilinear coupling 𝑦𝜒 𝜙 𝜒̄𝜒, DM can be produced by direct decays of the
inflaton [116]. In such case, corresponding to the first row of Fig. 5.1, the decay rate density is given
by

𝛾 = 2 Br Γ
𝜌𝜙

𝑚𝜙
, (5.17)

where the factor 2 comes from the fact that each 𝜙 decays to a pair of DM particles. In the regime
with 𝑇max > 𝑇 > 𝑇rh, one can solve Eq. (5.14) analytically, and obtain

𝑁 ≃
2𝜋 𝑔★

15

√︄
10
𝑔★

𝑀𝑃 𝑇
2
rh

𝑚𝜙
𝑎

3(𝑇rh) Br Γ . (5.18)

We can further compute the DM yield:

𝑌0 =
𝑁 (𝑇rh)

𝑠(𝑇rh) 𝑎
3(𝑇rh)

≃ 3
𝜋

𝑔★

𝑔★𝑠

√︄
10
𝑔★

𝑀𝑃 Γ

𝑚𝜙 𝑇rh
Br ≃ 3

2
𝑔★

𝑔★𝑠

𝑇rh
𝑚𝜙

Br . (5.19)

In order to produce the whole observed DM abundance, one needs:

𝑦𝜒 ≃ 1.2 × 10−13

√︄
𝑇rh
𝑚𝜒

. (5.20)

The Yukawa coupling 𝑦𝜒 required to reproduce the whole observed DM abundance via the direct
decay of the inflaton is shown in Fig. 5.2. The colored bands correspond to different constraints BBN
(𝑇rh ≳ 4 MeV), radiative stability of inflaton potential (from inflaton and DM loops cf. Eq. (4.18) and
Eq. (4.16)), Lyman-𝛼 (cf. Eq. (5.22)), and the kinematical threshold 𝑚𝜙 > 2𝑚𝜒. The white area
corresponds to the allowed parameter space, with branching ratio 10−21 ≲ Br ≲ 10−4; the upper bound
on the branching fraction comes from the Lyman-𝛼 bound as shown in Eq. (5.23), while the lower
bound corresponds to the case with 𝑇rh ≃ 1.2 × 1011 GeV and 𝑚𝜒 ≃ 6 × 1010 GeV. The DM mass in
the allowed parameter space can span from O(10−5) GeV to O(1011) GeV. Here we would like to
stress that the allowed parameter space, namely the while region corresponds to the combinations of
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Figure 5.2: Reheating temperature 𝑇rh as function of 𝑦𝜒 and DM mass 𝑚𝜒 in order to reproduce the whole
observed DM abundance via the direct decay of the inflaton. The colored bands correspond to the different
constraints as described in the text. The white region is the allowed parameter space with 10−21 ≲ Br ≲ 10−4

and O(10−5) GeV ≲ 𝑚𝜒 ≲ O(1011) GeV.

the bounds mentioned above with all possible 𝜙0 or equivalently 𝑚𝜙.

Lyman-𝜶 Bound

Note that for those DM particles produced from inflaton decays, they were born to carry energy with
half of the inflaton mass. And due to this large initial momentum of DM particles, they could have a
rather large free-streaming length 𝜆DM, leading to a smoothing of primordial inhomogeneities at scales
smaller than 𝜆DM [117]. This typically causes a suppression on the structure formation at small scales.
Note that the smaller DM mass is, the larger the suppression would be. By using the matter power
spectrum inferred from small structure e.g. Lyman-𝛼 forest data, one is able to set lower bounds on
DM mass [117, 118].

In our scenario here, DM has very suppressed interactions with the SM or with itself, so momentum
of DM simply redshifts. And its present value 𝑝0 is

𝑝0 =
𝑎in
𝑎0

𝑝in =
𝑎in
𝑎eq

Ω𝑅

Ω𝑚
𝑝in =

[
𝑔★𝑠 (𝑇eq)
𝑔★𝑠 (𝑇rh)

]1/3 𝑇eq

𝑇rh

Ω𝑅

Ω𝑚

𝑚𝜙

2
≃ 10−14 𝑚𝜙

𝑇rh
GeV , (5.21)

where 𝑝in = 𝑚𝜙/2 is the mean initial momentum at production (i.e., at𝑇 = 𝑇rh), 𝑇eq and 𝑎eq correspond
to the temperature and the scale factor at the matter-radiation equality, respectively. Additionally,
we have used 𝑇eq ≃ 0.8 eV, Ω𝑅 ≃ 5.4 × 10−5 and Ω𝑚 ≃ 0.315 [13, 45]. A lower bound on the DM
mass can be used to obtain an upper bound on a typical velocity of warm dark matter (WDM) at
present. Considering 𝑚WDM ≳ 3.5 KeV [119], one has the bounds on WDM velocity 𝑣WDM ≲ 10−8

by assuming that they are relativistic at decoupling [120]. Note that we have to require 𝑣𝜒,0 ≲ 𝑣WDM
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if assuming 𝜒 particles accounting for the whole DM relic density, from which one finally obtains

𝑚𝜒

KeV
≳
𝑚𝜙

𝑇rh
. (5.22)

By using Eq. (5.19), we further obtain an upper bound on the branching ratio:

Br ≲ 10−4
. (5.23)

Such a small branching ratio is as expected since most of the inflaton energy shall be transferred to
radiation at the end of reheating.

5.2.2 Inflaton Scattering

Alternatively, DM can be generated during reheating via 2-to-2 scatterings of inflatons mediated by
the 𝑠-channel exchange of gravitons or inflatons, and the 𝑡-channel exchange of a DM particle, as
shown in the second row of Fig. 5.1. However the second and third processes are always sub-dominant
compared to the direct decay due to a further coupling suppression. We will therefore focus on the
gravitational channel, which might dominate in particular if the branching ratio Br is suppressed.

In the case where the graviton mediation dominates, the interaction rate density for DM production
out of nonrelativistic inflatons reads [121–123]

𝛾 =
𝜋

3
𝑔

2
★

3686400
𝑇

16

𝑀
4
𝑃 𝑇

8
rh

𝑚
2
𝜒

𝑚
2
𝜙

(
1 −

𝑚
2
𝜒

𝑚
2
𝜙

)3/2

. (5.24)

We present the detailed computation in the appendix A. The DM yield at the end of reheating can be
analytically computed with Eq. (5.15) as

𝑌0 ≃
𝑔

2
★

81920𝑔★𝑠

√︄
10
𝑔★

(
𝑇rh
𝑀𝑃

)3
[(
𝑇max
𝑇rh

)4
− 1

]
𝑚

2
𝜒

𝑚
2
𝜙

(
1 −

𝑚
2
𝜒

𝑚
2
𝜙

)3/2

≃ 1.8 × 10−2 𝑇rh 𝑚
2
𝜒

𝑀
5/2
𝑃
𝑚

1/2
𝜙

(
1 −

𝑚
2
𝜒

𝑚
2
𝜙

)3/2

, (5.25)

where we have used Eq. (5.13) for 𝑇max. However taking into account the stability constraint on the
reheating temperature, i.e. 𝑇rh ≲ 1011 GeV, it follows that DM production via inflaton scatterings can
contribute at most to a few percent of the total DM abundance.

5.2.3 SM Particles Scattering

In our setup, DM could also be produced by the scattering of SM particles, as shown by the third
row of Fig. 5.1. This channel, corresponding to the UV freeze-in, can be mediated by the 𝑠-channel
exchange of gravitons or inflatons, and is presented in the following.

• Graviton Mediation.
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Here we investigate production of DM via the scattering of SM particles with gravitons acting
as the mediator. This gravitational production mechanism is unavoidable due to the universal
couplings between the metric and the energy-momentum tensor ∼ 𝑔𝜇𝜈 ℎ𝜇𝜈 .The interaction rate
density can be written as [124]

𝛾(𝑇) = 𝛼 𝑇
8

𝑀
4
𝑃

, (5.26)

where 𝛼 ≃ 1.1 × 10−3 for a fermonic DM. The DM abundance produced after reheating is given
by integrating Eq. (5.15) with 𝑚𝜒 ≲ 𝑇 ≲ 𝑇rh, and therefore

𝑌0 =
45𝛼

2𝜋3
𝑔★𝑠

√︄
10
𝑔★

(
𝑇rh
𝑀𝑃

)3
, for 𝑚𝜒 ≪ 𝑇rh . (5.27)

In the case where DM is heavier than the reheating temperature (but still lighter than 𝑇max),
one should compute the DM abundance during the reheating era. Equation (5.14) with
𝑚𝜒 ≲ 𝑇 ≲ 𝑇max yields therefore

𝑌0 =
45𝛼

2𝜋3
𝑔★𝑠

√︄
10
𝑔★

𝑇
7
rh

𝑀
3
𝑃 𝑚

4
𝜒

, for 𝑚𝜒 ≫ 𝑇rh . (5.28)

However, in the present scenario this DM production mediated by the exchange of gravitons
cannot generate enough DM relics as the reheating temperature of the universe is𝑇rh ≲ 1011 GeV
in order to not spoil the flatness of the inflaton potential by radiative corrections.

We now close this section with a few remarks regarding another purely gravitational production
channel. Indeed any massive particle (which violates conformal invariance), and in particular
the DM field, can be generated due to the effect of time variations of the background metric,
in particular during inflaton oscillations [125–133]. Through this mechanism DM particles
with mass 𝑚𝜒 ≲ Hinf can be produced with typical number density 𝑛𝜒 ∼ H3

inf [128], and
it is particularly relevant for 𝑚𝜒 ≃ Hinf [134, 135]. Via this mechanism, the DM relic

density scales like Ω𝜒ℎ
2 ∼

(
𝑚𝜒/1011 GeV

)2
(𝑇rh/109 GeV) [128]. However, the upper bounds

Hinf ≲ O(1010) GeV and 𝑇rh ≲ 1011 GeV imply that it is not very robust for the present scenario.

• Inflaton Mediation.

Alternatively, DM could also be produced by 2-to-2 scattering of SM particles, mediated by the
𝑠-channel exchange of inflatons, as shown by the last diagram in Fig. 5.1. In the regime with
𝑇 ≪ 𝑚𝜙, the corresponding interaction rate density is given by

𝛾(𝑇) ≃
𝑦

2
𝜒 𝜆

2
12

2𝜋5
𝑇

6

𝑚
4
𝜙

. (5.29)

As in the present scenario, the reheating temperature is smaller than the inflaton mass, the DM
abundance produced after reheating with 𝑇 < 𝑇rh can be then estimated with Eq. (5.15), and is
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given by

𝑌0 ≃
135 𝑦2

𝜒 𝜆
2
12

4𝜋8
𝑔★𝑠

√︄
10
𝑔★

𝑀𝑃 𝑇rh

𝑚
4
𝜙

. (5.30)

Note that this production channel mediated by the exchange of inflatons turns out to be

subdominant with respect to the direct decay of the inflaton, smaller by a factor 𝑇rh
𝑀𝑃

(
𝑇rh
𝑚𝜙

)3
≪ 1.

This is kind of expected since the cross section for 2-to-2 scattering is suppressed by an extra
coupling compared to the direct decays.

5.3 Summary and Conclusions

In this chapter, we have shown that after polynomial inflation, DM particles can be produced by a
number of processes that counts the direct decay of the inflaton, the 2-to-2 scattering of standard model
particles via the 𝑠-channel exchange of inflatons or gravitons, or purely gravitational interactions.
However, due to the upper bounds on the reheating temperature (to guarantee the flatness of the
inflaton potential), the pure gravitational channels are not robust to produce enough DM, and freeze-in
is always subdominant compared to the direct decay. The viable parameter space to reproduce correct
DM relics is shown in Fig. 5.2 by inflaton decay with branching ratio: 10−21 ≲ Br ≲ 10−4, where DM
mass spans a large range, from the KeV scale up to O(1011) GeV.
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CHAPTER 6

Producing Baryons

In this chapter we are devoted to showing that Baryogenesis can be easily realized within the polynomial
inflationary setup. To that end, we will consider a simple Baryogenesis scenario via Leptogenesis,
which could also account for the light neutrino masses simultaneously. It turns out that parameter
space, consistent with inflationary predictions, neutrino oscillations data as well as baryon asymmetry
of the Universe (BAU), exists as shown below. This chapter is based on Ref. [8]

This chapter is organised as follows. In Sec. 6.1 we give the model setup. And neutrino masses
are revisited in Sec. 6.2. In Sec. 6.3 we investigate both the thermal and non-thermal channels for
leptogenesis. Finally we sum up our findings in Sec. 6.4.

6.1 The Model Setup

We minimally extend the standard model (SM) of particle physics with a scalar inflaton field 𝜙 and
three right-handed Majorana neutrinos (RHNs) denoted by 𝑁𝐼 with 𝐼 = 1, 2, 3. The Lagrangian for
RHNs are given by:

L𝑁 = 𝑖 𝑁𝐼 𝛾
𝜇
𝜕𝜇𝑁𝐼 −

(
1
2
𝑀𝑁𝑁

𝑐
𝐼 𝑁𝐼 + ℎ.𝑐.

)
−

(
𝑌𝛼𝐼 ℓ̄𝛼𝐻̃𝑁𝐼 + ℎ.𝑐.

)
−

(
𝑦𝐼 𝜙𝑁

𝑐
𝐼 𝑁𝐼 + ℎ.𝑐.

)
(6.1)

where 𝑀𝑁 denotes the Majorana mass, ℓ𝛼 is lepton doublet, 𝐻̃ ≡ 𝑖𝜎2𝐻
★, 𝑌𝛼𝐼 and 𝑦𝐼 are the Yukawa

couplings. Note that the inflaton field 𝜙 admits the potential as shown in (3.1).

6.2 Neutrino Masses

In Eq. (6.1) using Euler-Lagrange equation for 𝑁 𝐼 field, namely 𝜕𝜇 𝜕L
𝜕(𝜕𝜇 𝑁̄𝐼 )

− 𝜕L
𝜕𝑁̄𝐼

= 0, one can solve
for 𝑁𝐼 . By plugging 𝑁𝐼 back to Eq. (6.1), one finds (after electroweak symmetry breaking) a Majorana
mass term for the light active neutrino 𝜈𝛼:

L ⊃ 𝜈𝛼

(
−2
𝑣

2
𝑌𝛼𝐼𝑌

𝑇
𝛼𝐼

𝑀𝑁

)
𝜈
𝑐
𝛼 , (6.2)
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from which one has mass matrix:
𝑚̃𝜈 = −𝑣2

𝑌𝑀
−1
𝑁 𝑌

𝑇
, (6.3)

where 𝑣 = 174 GeV denoting the vev of the Higgs field, and we have dropped the index for Yukawa
couplings. In (6.3) 𝑚̃𝜈 can be diagonalized by using the Pontecorvo-Maki-Nakagawa-Sakata (PMNS)
matrix such that 𝑚𝜈 = 𝑈

𝑇
𝑚̃𝜈𝑈 with 𝑚𝜈 = diag(𝑚1, 𝑚2, 𝑚3). Here we assume a normal hierarchy

with

𝑚1 = 0 , 𝑚2 =

√︃
Δ𝑚

2
⊙ = (8.6 ± 0.1) × 10−3 eV , 𝑚3 =

√︃
Δ𝑚

2
atm = (5.02 ± 0.03) × 10−2 eV . (6.4)

Using the Casas-Ibarra Parameterization [136], one can rewrite the Yukawa matrix 𝑌 with respect to
the physical neutrino mass 𝑚𝜈 , PMNS matrix U and Majorana mass 𝑀:

𝑌 =
𝑖

𝑣
𝑈
★√
𝑚𝜈𝑅

𝑇
√
𝑀 , (6.5)

where R denotes some undetermined complex orthogonal matrix. With (6.5), one has

(𝑅𝑇 )𝑖 𝑗 = −𝑖𝑣
(𝑈𝑇𝑌 )𝑖 𝑗
√
𝑚𝑖

√︁
𝑀 𝑗

⇐⇒ 𝑅 𝑗𝑖 = −𝑖𝑣
(𝑈𝑇𝑌 )𝑖 𝑗
√
𝑚𝑖

√︁
𝑀 𝑗

. (6.6)

In this work we will work with a mass hierarchy 𝑀3 ≫ 𝑀2 ≫ 𝑀1, in particular we assume assumed
𝑀3 → ∞, so that the scenario corresponds to the minimal model with two RHNs [137]. Since 𝑚2 ≠ 0
and 𝑚3 ≠ 0, 𝑅32 and 𝑅33 have to vanish. On the other hand 𝑅31 might not be zero as we have also
assumed that 𝑚1 → 0. Thereafter 𝑅 takes the form

𝑅 =
©­«
𝑅11 𝑅12 𝑅13
𝑅21 𝑅22 𝑅23
𝑅31 0 0

ª®¬ ; 𝑅𝑇 =
©­«
𝑅11 𝑅21 𝑅31
𝑅12 𝑅22 0
𝑅13 𝑅23 0

ª®¬ , (6.7)

Since 𝑅𝑅𝑇 = 𝑅
𝑇
𝑅 = 1, one has

1 =
©­­«

𝑅
2
11 + 𝑅

2
12 + 𝑅

2
13 𝑅11𝑅21 + 𝑅12𝑅22 + 𝑅13𝑅23 𝑅11𝑅31

𝑅11𝑅21 + 𝑅12𝑅22 + 𝑅13𝑅23 𝑅
2
21 + 𝑅

2
22 + 𝑅

2
23 𝑅21𝑅31

𝑅11𝑅31 0 𝑅
2
31

ª®®¬
1 =

©­­«
𝑅

2
11 + 𝑅

2
21 + 𝑅

2
31 𝑅11𝑅12 + 𝑅21𝑅22 𝑅11𝑅13 + 𝑅21𝑅23

𝑅11𝑅12 + 𝑅21𝑅22 𝑅
2
12 + 𝑅

2
22 𝑅12𝑅13 + 𝑅22𝑅23

𝑅11𝑅13 + 𝑅21𝑅23 𝑅12𝑅13 + 𝑅22𝑅23 𝑅
2
13 + 𝑅

2
23

ª®®¬ (6.8)

which requires 𝑅11 = 𝑅21 = 0, 𝑅2
31 = 1, 𝑅2

12 + 𝑅2
13 = 1, 𝑅12𝑅22 + 𝑅13𝑅23 = 0, 𝑅2

22 + 𝑅2
23 = 1,

𝑅
2
12 + 𝑅

2
22 = 1, 𝑅12𝑅13 + 𝑅22𝑅23 = 0, 𝑅2

13 + 𝑅
2
23 = 1. Thereafter we can choose 𝑅 matrix as [137]

𝑅 =
©­«

0 cos 𝑧 sin 𝑧
0 − sin 𝑧 cos 𝑧
1 0 0

ª®¬ , (6.9)
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with 𝑧 being a complex angle. Using Eq. (6.5) and Eq. (6.9), one has

(𝑌†
𝑌 )𝑖 𝑗 =

√︁
𝑀𝑖𝑀 𝑗

𝑣
2

(
𝑚2𝑅

★
𝑖2𝑅 𝑗2 + 𝑚3𝑅

★
𝑖3𝑅 𝑗3

)
. (6.10)

Here we present some useful quantities:

(𝑌†
𝑌 )11 =

𝑀1

𝑣
2

(
𝑚2 | cos 𝑧 |2 + 𝑚3 | sin 𝑧 |2

)
; (6.11)

(𝑌†
𝑌 )21 =

√︁
𝑀1 𝑀2

𝑣
2

[
−𝑚2(sin 𝑧)★ cos 𝑧 + 𝑚3 sin 𝑧(cos 𝑧)★

]
; (6.12)

and ∑︁
𝛼

(
𝑌
★
𝛼1𝑌𝛼1

)
=

∑︁
𝛼

1
𝑣

2

(
𝑈𝛼𝑖

√
𝑚𝑖𝑅

𝑇★
𝑖1

√︁
𝑀1

) (
𝑈
★
𝛼 𝑗

√︁
𝑚 𝑗 𝑅

𝑇
𝑗1
√︁
𝑀1

)
=
𝑀1

𝑣
2

∑︁
𝛼

(
𝑈
★
𝛼 𝑗𝑈𝛼𝑖

√
𝑚𝑖𝑅

★
1𝑖
√︁
𝑚 𝑗 𝑅1 𝑗

)
=
𝑀1

𝑣
2

∑︁
𝛼

(
𝑈
★
𝛼2𝑈𝛼2 𝑚2 𝑅

★
12𝑅12 +𝑈★𝛼3𝑈𝛼3 𝑚3 𝑅

★
13𝑅13

)
=
𝑀1

𝑣
2

(
𝑚2 | cos 𝑧 |2 + 𝑚3 | sin 𝑧 |2

)
, (6.13)

where in the last step we have used the fact that
∑
𝛼𝑈

★
𝛼𝑖𝑈𝛼𝑖 = 1, for 𝑖 = 1, 2, 3. Note that∑

𝛼

(
𝑌
★
𝛼1𝑌𝛼1

)
≡ (𝑌†

𝑌 )11. These expressions appear in the CP asymmetry parameter and matrix
element for the three body decay of inflaton as presented in Appendix C.

6.3 Leptogenesis

Here we again focus on the minimal case with 𝐼 = 1, 2, 3, with 𝑀3 ≫ 𝑀2 ≫ 𝑀1, so only the lightest
RHN, namely 𝑁1 plays a role for leptogenesis. The interference of tree-level and one-loop correction
for the decay of 𝑁1 induce a CP asymmetry (due to the complex nature of Yukawa coupling), which
turns out to be [54]

𝜖1 =
1

8𝜋
1(

𝑌
†
𝑌

)
11

Im
[(
𝑌
†
𝑌

)2

21

]
𝑔

(
𝑀

2
2

𝑀
2
1

)
, (6.14)

with the Loop function given by

𝑔(𝑧) =
√
𝑧

[
1

1 − 𝑧 + 1 − (1 + 𝑧) ln
(
1 + 𝑧
𝑧

)]
≃ −3

2

(
1
𝑧

)1/2
− 5

6

(
1
𝑧

)3/2
+ O

(
1
𝑧

)5/2
for 𝑧 ≫ 1 . (6.15)
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Since(
𝑌
†
𝑌

)2

21
=
𝑀1 𝑀2

𝑣
4

[
−𝑚2(sin 𝑧)★ cos 𝑧 + 𝑚3 sin 𝑧(cos 𝑧)★

]2

=
𝑀1 𝑀2

𝑣
4

[
𝑚

2
2 (sin 𝑧)★2 cos 𝑧2 + 𝑚2

3 sin 𝑧2(cos 𝑧)★2 − 2𝑚2𝑚3 | sin 𝑧 |2 | | cos 𝑧 |2
]
, (6.16)

one has

Im
[(
𝑌
†
𝑌

)2

21

]
=
𝑀1 𝑀2

𝑣
4 Im

[
𝑚

2
2 (sin 𝑧)★2 cos 𝑧2 + 𝑚2

3 sin 𝑧2(cos 𝑧)★2
]

=
𝑀1 𝑀2

𝑣
4 (𝑚2

3 − 𝑚
2
2) Im(sin 𝑧)2 (6.17)

Now define cos2
𝑧 = 𝑥 + 𝑖 𝑦, and sin2

𝑧 = 1 − cos2
𝑧 = 1 − 𝑥 − 𝑖 𝑦 with 𝑥, 𝑦 ∈ R, so one has

𝜖1 =
1

8𝜋
𝑣

2

𝑀1

(
𝑚2 | cos 𝑧 |2 + 𝑚3 | sin 𝑧 |2

) Im
[(
𝑌
†
𝑌

)2

21

]
𝑔

(
𝑀

2
2

𝑀
2
1

)

=
1

8𝜋
𝑣

2

𝑀1

𝑀1 𝑀2

𝑣
4

(𝑚2
3 − 𝑚

2
2) Im

(
sin2

𝑧

)(
𝑚2 | cos 𝑧 |2 + 𝑚3 | sin 𝑧 |2

) (
−3

2
𝑀1
𝑀2

) [
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1

9𝑀2
2
+ O

(
𝑀

4
1

𝑀
4
2

)]

≃ − 3
16𝜋

𝑀1

𝑣
2 (𝑚2

3 − 𝑚
2
2)

Im
(
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𝑧

)(
𝑚2 | cos 𝑧 |2 + 𝑚3 | sin 𝑧 |2

)
= − 3

16𝜋
𝑀1

𝑣
2 (𝑚2

3 − 𝑚
2
2)

−𝑦(
𝑚2

√︃
𝑥

2 + 𝑦2 + 𝑚3

√︃
(1 − 𝑥)2 + 𝑦2

)
≲

3
16𝜋

𝑀1

𝑣
2 (𝑚2

3 − 𝑚
2
2)

𝑦(
𝑚2

√︃
1 + 𝑦2 + 𝑚3

√︃
𝑦

2
)

≲
3

16𝜋
𝑀1

𝑣
2 (𝑚3 − 𝑚2) ≃ 10−5

(
𝑀1

1011GeV

)
. (6.18)

The (BAU) today is given by

𝜂𝐵 =
𝑛𝐵

𝑛𝛾
=

(
𝑠

𝑛𝛾

)
0

(
𝑛𝐵

𝑛𝐵−𝐿

)
𝑛𝐵−𝐿
𝑠

≃ 7 × 28
79
𝑌𝐵−𝐿 ,

(6.19)

where 𝑛𝛾 =
2𝜁 (3)𝑇3

0
𝜋

2 and 𝑠0 =
2𝜋2

𝑔★𝑠𝑇
3
0

45 denote present photon number and entropy densities respectively.

At today 𝑔★𝑠 = 2 + 7
8 2 𝑁eff

(
4

11

)
≃ 3.9 with a effective number of neutrino species 𝑁eff close to three.
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Note that if neutrino decouples instantaneously, one has 𝑁eff = 3 and the factor 4
11 orginates from the

fact that 𝑇𝜈 =
(

4
11

)1/3
𝑇𝛾 . And the 28/79 factor has already been discussed in Eq. (2.46). Using the

BAU value reported by Planck 2018, namely Eq. (2.40) in Eq. (6.19), one has

𝜂𝐵 ∼ 6 × 10−10 ⇒ 𝑌𝐵−𝐿 ∼ 10−10
. (6.20)

Thereafter to reproduce the measured BAU, one has to generate a 𝐵 − 𝐿 yield around 10−10. This
brings to the discussions in the following sections.

6.3.1 Thermal Leptogenesis

First we assume that 𝑁1 was merely generated by scattering of the thermal plasma after reheating.
The B-L number yield, namely 𝑛𝐵−𝐿/𝑠 is given by [54, 138]

𝑌𝐵−𝐿 = 𝑌
eq
𝑁1
𝜅 𝑓 𝜖1 =

45
𝜋

4
𝑔★𝑠

𝜖1𝜅 𝑓 . (6.21)

As already mentioned earlier in Sec. 2.7.3, 𝑌𝐵−𝐿 is mainly controlled the equilibrium 𝑁1 yield, namely
the numerical factor in Eq. (6.21), the CP asymmetry factor 𝜖1 and an efficiency factor (due to the
washout effect from inverse decays). The efficiency factor in our setup can be written as [138]

𝜅 𝑓 ∼ (2 ± 1) × 10−2
(
0.01eV
𝑚̃1

)1.1
, (6.22)

where 𝑚̃1 = 𝑣
2
(
𝑌
†
𝑌

)
11
/𝑀1 ≥ 𝑚2 ≃ 0.0086 eV, so 𝜅 𝑓 ≲ 10−2. More details are presented in

Appendix B.
Using Eq. (6.21) with 𝜖1 given by (6.18) and the constraints on 𝜅 𝑓 ≲ 10−2, we obtain a lower bound

on 𝑀1:
𝑀1 ≳ 1010 GeV . (6.23)

In order for the thermal leptogenesis to work, one has to require the reheating temperature 𝑇rh > 𝑀1 ≳
1010 GeV, as originally discussed in Ref. [91] by Davidson and Ibarra. In our model, the upper of
reheating temperature can be as high as 𝑇rh ≃ 1.23 × 1011 as depicted in Fig. 4.2, so the thermal
channel is viable within our inflationary setup.

6.3.2 Non-thermal Leptogenesis

In this section we focus on the possibility that RHNs are produced non-thermally inflaton two body
decays: 𝜙 → 𝑁1𝑁1 [139–144]. For lower reheating temperature with 𝑇rh < 𝑀1, thermal production
of RHN is not viable, 𝑁1 can nevertheless be generated via decay of inflaton 𝜙 → 𝑁1𝑁1 during
reheating.1

1 We noticed that there is a new and very interesting possibility to generate 𝑁1 during reheating via inflaton three body
decays: 𝜙 → 𝐻ℓ𝑁1. However it turns out with this decay channel merely, no enough 𝐵 − 𝐿 can be generated within the
small field setup. See more details in Appendix C.
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Within the regime where washout effect becomes Boltzmann suppressed by very low reheating
temperature (i.e. 𝑇rh < 𝑀1), the B-L number yield after reheating can be approximately as [141, 145]

𝑌𝐵−𝐿 =
𝑛𝐵−𝐿
𝑠

=

[
3
2
𝑇rh
𝑚𝜙

BR(𝜙 → 𝑁1𝑁1)
]
𝜖1 , (6.24)

where the formula within the bracket denotes the yield of 𝑁1 from inflaton decay with BR being the
corresponding branching ratio2. The larger BR is, the lower 𝑇rh would be. In this section we will focus
on the regime where inflaton dominantly decays to 𝑁1 with BR ≃ 1.
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Figure 6.1: Reheating temperature 𝑇rh as function of 𝑀1 to yield the observed Baryon asymmetry via inflaton
two body decays. Here we have take 𝜙0 = 𝑀𝑃 .

The allowed parameter space (𝑇rh, 𝑀1) is shown in Fig. 6.1. The gray region with 𝑇rh ≳ 4×108 GeV
is not allowed since the radiative corrections from the 𝑁1 loop would spoil the flatness of the inflaton
potential at the near inflection point. The regime below the blue line corresponds to too small net
lepton number. The red region is forbidden by the kinetic condition with 𝑀1 > 𝑚𝜙/2. The black
dotted line gives 𝑇rh = 𝑀1, below which the effect of inverse decay is Boltzmann suppressed as we
have assumed.

The allowed parameter space for successful leptogenesis while be consistent with both the inflationary
observables and neutrino oscillation data is then

106 GeV ≲ 𝑇rh ≲ 108 GeV , (6.25)

for reheating temperature, and the corresponding mass range for 𝑀1 is

108 GeV ≲ 𝑀1 ≲ 1011 GeV . (6.26)
2 This is similar to Eq. (5.19) for the DM production from inflaton decay.
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Figure 6.2: 𝑇rh as function of 𝑀1 to yield the observed Baryon asymmetry via inflaton two body decays. Here
we have take 𝜙0 = 0.5 𝑀𝑃 and 𝜙0 = 0.1 𝑀𝑃 .

Note that for different values of 𝜙0, the lowest reheating temperature constrained by Eq. (6.24) do
not vary, which all correspond to the case when 𝑀1 ∼ 𝑚𝜙

2 , implying 𝑇rh ≃ 106 GeV. Since the
upper bound for reheating temperature, namely 𝑇max

rh ∝ 𝜙
5/2
0 and 𝑚𝜙 ∝ 𝜙

2
0, the smallest 𝜖1 (hence

𝑀1) would corresponds to lager 𝜙0, thereafter the parameter space shown in Eqs. (6.25) and (6.26)
cover the whole allowed 𝑀1 and 𝑇rh for all 𝜙0 (≲ 𝑀𝑃). For completeness, in Fig. 6.2 we show other
two examples with 𝜙0 = 0.5 𝑀𝑃 (left) and 𝜙0 = 0.1 𝑀𝑃 (right). It turns out that for 𝜙0 ≲ 0.1 𝑀𝑃,
no parameter space is allowed for non-thermal leptogenesis due to the radiative stability as well as
kinematic threshold conditions.

6.4 Summary and Conclusions

In this chapter, we have shown that by extending the polynomial inflation model with three right handed
neutrinos (RHNs), one can resolve the light neutrino masses as well Baryogenesis (via Leptogenesis)
simultaneously.

Depending on the mass of the lightest RHN, one can have either thermal channel if 1010 GeV ≲
𝑀1 ≲ 1011 GeV or non-thermal if 108 GeV ≲ 𝑀1 ≲ 1010 GeV, while being consist with neutrino
oscillation data and inflationary predictions. For non-thermal leptogenesis, we found that the required
reheating temperature can be as low as 𝑇rh ∼ O(106) GeV, which could potentially help to relax
moduli problem.

We also noticed an interesting and unexplored possibility to generate 𝑁1 during reheating via
inflaton three body decays: 𝜙 → 𝐻ℓ𝑁1. Note that once a bosonic reheating scenario is assumed, such
a channel cannot be forbidden. We estimated B-L yield (shown in (C.11)) and found that with this
three-body decay channel merely, no enough 𝐵 − 𝐿 can be generated within the small field setup.
However once the constraints on reheating temperature as well as inflaton masses are relaxed (e.g. in
a large field framework), such a three-body decay channel could source the required B-L yield.
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CHAPTER 7

Large Field

In this chapter, we generalize the model to a large field regime. In particular we would like to explore
the phenomenology of polynomial inflation with 𝜙0 ≥ 1𝑀𝑃. This chapter is based on Ref. [9]

This chapter is organized as follows. In Sec. 7.1, we give the general setup with emphasises on
reparametrization the inflaton potential. In Sec. 7.2, methods to search for model parameters are
shown; parameter space and predictions are also given. Radiative stability is analyzed in Sec. 7.3.
And in sec. 7.4, we investigate eternal inflation with focus on the calculation of the scale for inflation
to be eternal in the polynomial scenario. Finally, Sec. 7.5 summarizes this work. As a reminder we
have set the reduced Planck mass 𝑀𝑃 =

√︃
1

8𝜋𝐺 ≃ 2.4 × 1018 GeV to be unity.

7.1 The Setup

In this section we first give the most general setup and inflationary analysis, and then we present the
analytical results in some limits.

7.1.1 General Analysis

Action for the inflaton field in the Einstein frame is given by:

𝑆 =

∫
𝑑

4
𝑥
√−𝑔

[
1
2
𝑔𝜇𝜈𝜕

𝜇
𝜙𝜕

𝜈
𝜙 −𝑉 (𝜙)

]
, (7.1)

where 𝑔 is the determinant of the Friedmann-Robertson-Walker (FRW) metric which is defined as
𝑔𝜇𝜈 = diag(+1,−𝑎2

,−𝑎2
,−𝑎2) with 𝑎 denoting the scale factor. Using the Euler-Lagrange equation,

one obtains the equation of motion for the classical background field:

¥𝜙 + 3H ¤𝜙 − 1
𝑎

2∇
2
𝜙 +𝑉 ′(𝜙) = 0 , (7.2)

The Hubble parameter is defined by 𝐻 ≡ ¤𝑎
𝑎

and determined by the Friedmann equation:

H2
=

1
3
𝜌(𝜙) = 1

3

[
1
2
( ¤𝜙)2 +𝑉 (𝜙) + 1

2𝑎2 (∇𝜙)
2
]
. (7.3)
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Chapter 7 Large Field

In this work we will assume the classical background 𝜙 is homogeneous, i.e. 𝜙 ≡ 𝜙(𝑡) so that all
gradient terms for the background field vanish. The potential we are considering is the general
renormalizable one1:

𝑉 (𝜙) = 𝑏 𝜙2 + 𝑐 𝜙3 + 𝑑 𝜙4
. (7.4)

To ensure the potential to be bound from below, we will consider 𝑏 > 0, 𝑑 > 0. Since the potential is
symmetric under the transformation: 𝑐 → −𝑐, 𝜙 → −𝜙, in this work we will consider 𝑐 ≤ 0 without
loss of generality 2. Derivatives of the potential are given by:

𝑉
′(𝜙) = 2𝑏 𝜙 + 3𝑐 𝜙2 + 4𝑑 𝜙3 ;𝑉 ′′(𝜙) = 2𝑏 + 6𝑐 𝜙 + 12𝑑 𝜙2

. (7.5)

Suppose the potential features a saddle point at 𝜙0, and by using 𝑉 ′(𝜙0) = 𝑉
′′(𝜙0) = 0, one finds

𝜙0 = − 3𝑐
8𝑑

; 𝑏 =
9𝑐2

32𝑑
, (7.6)

from which we learn that the ratio 𝑐/𝑑 determines the position of the saddle point. Since a potential
with an exact saddle potential would be rather too flat, one can reparametrize the potential as

𝑉 (𝜙) = 𝑑
[
𝜙

4 + 𝑐
𝑑
(1 − 𝛽) 𝜙3 + 9

32

( 𝑐
𝑑

)2
𝜙

2
]

= 𝑑

[
𝜙

4 + 𝐴 (1 − 𝛽) 𝜙3 + 9
32
𝐴

2
𝜙

2
]
, (7.7)

where 𝐴 ≡ 𝑐
𝑑
≡ −8

3𝜙0, which roughly determines where the flat regions are. In this work, we mainly
focus on the large field inflation scenario with 𝜙0 ≥ 1 and the detailed analysis for small field cases is
shown in Chapter 3. The free parameter 𝛽 (0 < 𝛽 ≪ 1) is utilized to control flatness configuration of
potential in the vicinity of the plateau. If 𝛽 < 0, a second minimum would exist where inflaton may
get stuck so that inflation never ends thus no hot Big Bang. We do not consider the case with negative
𝛽 in this work. If 𝛽 = 0, one would have an exact saddle point at 𝜙0. And the larger 𝛽 is, the more the
potential deviates from a flat plateau (∼ 𝑉 (𝜙0)). The parameter 𝑑 determines the amplitude of the
potential, which can be constrained by the power spectrum of primordial fluctuation near the plateau.

1 The linear term can be shifted away. In this work, we also neglect the tiny cosmological constant term, which is
sub-dominant during inflation.

2 The two-term simper case with 𝑐 = 0 has been investigated in Ref. [146]. In Ref. [147], the two-term scenario with
radiative corrections are investigated.

58



7.1 The Setup

To analyze inflationary predictions, the potential SR parameters shall be introduced:

𝜖v =
1
2

(
𝑉

′

𝑉

)2

=
2
𝜙

2

[
9𝐴2 − 48𝐴 (𝛽 − 1) 𝜙 + 64𝜙2

9𝐴2 − 32𝐴 (𝛽 − 1) 𝜙 + 32𝜙2

]2

;

𝜂v =
𝑉

′′

𝑉
=

6
𝜙

2

[
3𝐴2 − 32𝐴 (𝛽 − 1) 𝜙 + 64𝜙2

9𝐴2 − 32𝐴 (𝛽 − 1) 𝜙 + 32𝜙2

]
; (7.8)

𝜉
2
v =

𝑉
′
𝑉

′′′

𝑉
2 = −384 [𝐴(𝛽 − 1) − 4𝜙]

𝜙
3

(
9𝐴2 − 48𝐴 (𝛽 − 1) 𝜙 + 64𝜙2

)
(
9𝐴2 − 32𝐴 (𝛽 − 1) 𝜙 + 32𝜙2

)2 ,

which is merely function of 𝛽 and 𝐴 (or equivalently location of the plateau, i.e. 𝜙0). During SR
inflation, all the parameters 𝜖v, |𝜂v | and |𝜉2

v | ≪ 1. End of inflation is defined by 𝜖v(𝜙end) = 1. Since
for larger 𝜙0 the term 9𝐴2

= 64𝜙2
0 dominates over other terms in eq. (7.8) at smaller field regime,

𝜖v ≈ 2/𝜙2 and 𝜂v ≈ 2/𝜙2, hence one can approximately obtain 𝜙end ≈ 1.41. Number of efolds for the
scale 𝑘★ = 0.05Mpc−1 crosses out the horizon till the end of inflation is given by3

𝑁CMB =

∫ 𝜙CMB

𝜙end

1√︁
2𝜖v

𝑑𝜙

≃ 1
24

{
3𝜙2 − 4𝜙𝜙0 + 15𝜙2

0 − 𝜙
2
0

√︄
2
𝛽

ArcTan

(
𝜙0 − 𝜙√︁

2𝛽𝜙0

)
− 𝜙2

0 ln
[
(𝜙0 − 𝜙)

2
]} �����𝜙CMB

𝜙end

(7.9)

where 𝜙CMB denotes the value of the field when the scale with 𝑘★ = 0.05Mpc−1 crosses out the
horizon. To resolve the flatness problem, at least 50 efolds are needed. During SR inflation with a
quai de Sitter spacetime, power spectrum of curvature perturbation can be approximated by

P𝜁 =
𝑉

24𝜋2
𝜖v
. (7.10)

The spectral index and its running can be approximated as

𝑛s = 1 − 6𝜖v + 2𝜂v ;𝛼 = 16𝜖v𝜂v − 24𝜖2
v − 2𝜉2

v , (7.11)

which can be used to constrain the model parameters 𝛽 and 𝐴. Tensor-to-scalar ratio 𝑟 is given by

𝑟 = 16𝜖v =
32
𝜙

2

[
9𝐴2 − 48𝐴 (𝛽 − 1) 𝜙 + 64𝜙2

9𝐴2 − 32𝐴 (𝛽 − 1) 𝜙 + 32𝜙2

]2

. (7.12)

Planck 2018 measurements at the pivot scale 𝑘★ = 0.05Mpc−1 with TT, TE, EE + lowE + lensing +
BAO give [13]:

P𝜁 = (2.1 ± 0.1) × 10−9 ; 𝑛𝑠 = 0.9659 ± 0.0040 ; 𝛼 = −0.0041 ± 0.0067 . (7.13)

3 See Appendix E for more details.
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For tensor-to-scalar ratio 𝑟, the recent BICEP/Keck 2018 results [22] offer a strong constraint on 𝑟
(95% C.L.) up to date:

𝑟 < 0.035 . (7.14)

The constraints on 𝑟4 and 𝑛𝑠 (adapted from Ref. [22]) are further shown in Fig. 7.1, where we also
depict three parameter sets of (7.7) predicting O(10−3) ≲ 𝑟 ≲ O(10−2), which is testable in the near
future [148–151].
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Figure 7.1: Blue curves are the current constraints for 𝑟−𝑛𝑠 adapted from the recent BICEP/Keck 2018 results [22].
The red lines correspond to polynomial scenario (7.7) with three scenarios predicting O(10−3) ≲ 𝑟 ≲ O(10−2)
testable in the next generation CMB experiments. The small and big red dots denote 𝑁CMB = 50 and 60
respectively as usually depicted in Planck paper.

7.1.2 Analytical Approximation

In this section, we present the analytical approximation in some limit regimes.

1. 𝜙 ≈ 𝜙0. In this regime, one could obtain analytical results for the inflationary predictions by
rewriting the field as [2]:

𝜙 = 𝜙0(1 − 𝛿) . (7.15)

4 Note that in the experimental literature (e.g. 𝑟 − 𝑛𝑠 plot of Planck or BICEP/Keck) the bound for 𝑟 is usually taken at
scale with 𝑘 = 0.002Mpc−1, namely 𝑟0.002. For pivot scale 𝑘★ = 0.05Mpc−1 as we are considering in this work, one has

𝑟0.05 ≡ 𝑟0.002

(
0.05

0.002

)𝑛𝑇 ≃ 𝑟0.002

(
0.05
0.002

)−𝑟0.002/8
with negligible running of tensor spectral index 𝑛𝑇 .
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Decreasing 𝜙 corresponds to increasing 𝛿 5. Since both 𝛿 and 𝛽 are rather small (in practice
𝛽 ≪ 𝛿 ≪ 1), it will be sufficient to keep only linear term for 𝛽 and up to quadratic term for 𝛿 in
the analysis 6.

The SR parameters defined in (7.8) can be further approximated as [2]:

𝜖v ≃
72

(
2𝛽 + 𝛿2

)2

𝜙
2
0

; 𝜂v ≃ 24 (2𝛽 − 𝛿)
𝜙

2
0

; 𝜉2
v ≃ 288(2𝛽 + 𝛿2)

𝜙
4
0

. (7.16)

Number of efolds (7.9) in such case is shown to be [2]

𝑁CMB =

∫ 𝜙CMB

𝜙end

1√︁
2𝜖v

𝑑𝜙

= −
𝜙

2
0

12

∫ 𝛿CMB

𝛿end

𝑑𝛿(
2𝛽 + 𝛿2

)
≃

𝜙
2
0

12
√︁

2𝛽

[
𝜋

2
− ArcTan

(
𝛿CMB√︁

2𝛽

)]
. (7.17)

Power spectrum, the spectral index and its running defined in (7.11) are approximated as [2]

P𝜁 ≃
𝑑𝜙

6
0

5184𝜋2(𝛿2 + 2𝛽)2 ; (7.18)

𝑛𝑠 ≃ 1 − 48𝛿
𝜙

2
0

; (7.19)

𝛼 ≃ −576(2𝛽 + 𝛿2)
𝜙

4
0

. (7.20)

And the tensor-to-scalar ratio 𝑟 defined in (7.12) can be further expressed as [2]

𝑟 ≃
1152

(
2𝛽 + 𝛿2

)2

𝜙
2
0

. (7.21)

2. 𝜙 ≫ 𝜙0. In this regime the quartic term dominates so that the potential becomes:

𝑉 ≃ 𝑑𝜙4
, (7.22)

5 We are mainly interested in the field dynamics on the left-side of 𝜙0, where the inflaton potential features concave shape
so that 𝑛𝑠 < 1 can be reproduced.

6 In practice, 𝛿2 could be of the same magnitude of 𝛽, so one should in general keep it in the presence of linear term of 𝛽.
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with which the SR parameters are shown to be

𝜖v =
8𝑀2

𝑃

𝜙
2 ; 𝜂v =

12𝑀2
𝑃

𝜙
2 . (7.23)

And spectral index is given by

𝑛s = 1 − 6𝜖v + 2𝜂v = 1 − 24𝑀2
𝑃

𝜙
2 . (7.24)

Considering the central value of Planck 2018 with 𝑛𝑠 = 0.9659 (cf. Eq.(7.13)) , one has
𝜙CMB ≃ 27𝑀𝑃, which implies 𝑟 = 128𝑀2

𝑃

𝜙
2 ≃ 0.18. The upper bound of 𝑟 as shown in (7.13)

rules out such a scenario.

3. 𝜙 > 𝜙0. In the regime with 𝜙 > 𝜙0 but neither 𝜙 ∼ 𝜙0 nor 𝜙 ≫ 𝜙0, the potential features a
convex configuration, which is not favored by Planck data [93].

4. 𝜙 ≪ 𝜙0. If 𝜙 ≪ 𝜙0, the quadratic term in the potential cf. Eq. (7.7) dominates. In such case
the model is similar as:

𝑉 (𝜙) ≃ 𝑏 𝜙2
, (7.25)

with which the SR parameters are shown to be

𝜖v =
2𝑀2

𝑃

𝜙
2 ; 𝜂v =

2𝑀2
𝑃

𝜙
2 . (7.26)

And spectral index is given by

𝑛s = 1 − 6𝜖v + 2𝜂v = 1 − 8𝑀2
𝑃

𝜙
2 . (7.27)

Imposing central value of 𝑛𝑠 measured by Planck 2018 (cf. eq.(7.13)), one has 𝜙CMB ≃ 15𝑀𝑃 .
Prediction for tensor-to-scalar ratio is 𝑟 = 32𝑀2

𝑃

𝜙
2 ≃ 0.14, which was already disfavored.

5. 𝜙 < 𝜙0. In the regime with 𝜙 < 𝜙0 but neither with 𝜙 close to 𝜙0 nor 𝜙 ≪ 𝜙0, it is possible for
the potential to admit a concave shape due to the cubic term. With increase of 𝜙0, the potential
is approaching to a quadratic one and correspondingly 𝜙CMB → 15𝑀𝑃 . However the expansion
based on 𝜙 − 𝜙0 (cf. Eq.(7.15)) fails and does not converge since in such cases 𝜙CMB is not
close to 𝜙0 anymore. In this work we will investigate this regime in detail.

7.2 Model Parameters and Predictions

In this section, we first describe our methods to search for model parameters and then work out a full
parameter space with predictions consistent the latest CMB experiments (7.13) and (7.14) at 2𝜎 level.
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𝜙0 𝑑/10−14
𝛽/10−3

𝜙CMB 𝑛𝑠 𝑟/10−3
𝛼/10−3

𝑁CMB

1 6.36 × 10−2 0.0009 0.999203 0.9619 6.81 × 10−6 −1.40 64.6
1 1.64 × 10−1 0.0017 0.999285 0.9659 1.76 × 10−5 −2.24 54.6
1 2.68 × 10−1 0.0023 0.999368 0.9699 2.87 × 10−5 −2.87 50.2
2 0.27 0.015 1.99356 0.9619 4.64 × 10−4 −1.43 64.3
2 0.65 0.027 1.99418 0.9659 1.11 × 10−3 −2.22 55.2
2 1.03 0.036 1.99482 0.9699 1.77 × 10−3 −2.80 51.1
3 0.66 0.08 2.97783 0.9619 5.74 × 10−3 −1.47 63.8
3 1.52 0.14 2.97976 0.9659 1.32 × 10−2 −2.24 55.2
3 2.49 0.19 2.98175 0.9699 2.17 × 10−2 −2.87 50.7
4 1.16 0.25 3.9461 0.9619 3.18 × 10−2 −1.43 64.4
4 2.77 0.45 3.9499 0.9659 7.62 × 10−2 −2.22 55.2
4 4.39 0.60 3.9542 0.9699 1.21 × 10−1 −2.81 51.0
5 2.23 0.7 4.8899 0.9619 0.15 −1.55 61.9
5 4.29 1.1 4.8968 0.9659 0.29 −2.16 55.2
5 7.02 1.5 4.9037 0.9699 0.48 −2.77 50.6
8 4.54 4.0 7.4815 0.9619 2.04 −1.23 62.3
8 8.76 6.7 7.4879 0.9659 4.01 −1.72 55.0
8 13.05 9.0 7.5048 0.9699 6.07 −2.12 51.2

11 5.19 10 9.4906 0.9619 8.5 −0.84 62.1
11 9.43 19 9.4772 0.9659 16.1 −1.18 54.7
11 11.99 25 9.5432 0.9699 21.1 −1.35 52.7
14 6.93 26 10.6090 0.9619 29.8 −0.82 53.7
14 7.05 33 10.8235 0.9659 31.5 −0.83 55.3
14 7.36 41 11.0439 0.9699 34.2 −0.86 56.6
17 3.28 8 11.6109 0.9619 27.1 −0.49 61.1
17 3.43 22 11.8913 0.9659 30.0 −0.51 62.6
17 3.73 39 12.1859 0.9699 34.9 −0.55 63.6
20 2.25 3 12.4500 0.9651 32.9 −0.42 64.3
20 2.28 8 12.5183 0.9659 33.9 −0.42 64.6
20 2.30 13 12.6000 0.9668 34.7 −0.43 65.0

Table 7.1: Examples of model parameters and corresponding predictions. We have focused on those parameters
predicting the central value of power spectrum, i.e. P𝜁 ≃ 2.1 × 10−9. The predictions for 𝑛𝑠 and 𝛼 are perfectly
consistent with Planck 2018 results (7.13) at 1𝜎 level; the central value of 𝑛𝑠 can also be obtained. Predictions
for tensor-to-scalar ratio 𝑟 are lower than current bound 𝑟 < 0.035 (from the recent BICEP/Keck 2018 [22]) and
range from O(10−8) to O(10−2).

7.2.1 Method to Find Model Parameters and Examples

we have learned that location of the plateau, i.e. 𝜙0, is determined by parameter 𝐴, which is treated as
a free parameter in our analysis. The flatness of the plateau is shaped by 𝛽 and amplitude of the plateau
is controlled by 𝑑. With this in mind, a fast and convenient method to search for model parameters
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is firstly to fix a 𝜙0, then search for 𝛽 such that 𝑛𝑠 and 𝛼 are consistent with (7.13) at 2𝜎 level. Of
course, one should also guarantee that 𝑟 is lower than the current bound. This will give a range for the
inflaton field 𝜙, in which 𝜙CMB lies. Meanwhile one shall guarantee that at least 50 efolds should be
reproduced. Finally, one can use some P𝜁 > 2.1 × 10−9 at the plateau 𝜙0 to fix the parameter 𝑑 such
that P𝜁 (𝜙CMB) = 2.1 × 10−9 (central value cf. (7.13)).

To first have some impression of the model parameters and corresponding predictions, we show
a large set of examples with 𝑛𝑠 in the vicinity of the central value in Table 7.1. The predictions
for running of spectral index 𝛼 agrees with (7.13) perfectly; meanwhile 𝑟 ranges from O(10−8) to
O(10−2). Besides, enough eflods can be obtained.

Now let us intuitively elaborate the dependence of predictions on the model parameters as shown in
Table 7.1 in general. If one fixes 𝜙0 (or equivalently 𝐴 ), 𝑟 tends to increase with 𝛽. Intuitively a large
𝛽 corresponds to a steeper potential, thereafter 𝑟 tends to be larger as well. For the spectral index, 𝑛𝑠
increases with 𝜙CMB; this is because the larger 𝜙CMB is (or in other words the closer 𝜙CMB to 𝜙0), the
flatter the potential would be, and further a more scale invariant power spectrum, thereafter a larger 𝑛𝑠
is yielded (i.e. 𝑛𝑠 becomes closer to 1). And to ensure P𝜁 = 2.1 × 10−9, one has to lift the potential
via increasing the parameter 𝑑, which is as shown in Table 7.1. Besides, 𝑁CMB decreases with the
increase of 𝛽; this is because the flatter the potential is, the longer it takes for the inflaton to pass the
flat regime. For this reason, no enough 𝑁CMB will be obtained if too large 𝛽 is utilized; and rather
large 𝑁CMB will be generated with a very small 𝛽. In this work, we have focused on the range with
50 ≲ 𝑁CMB ≲ 65. 7

7.2.2 Parameter Space

To obtain the full parameter space, we scan the four dimensional parameter (𝜙0, 𝜙CMB, 𝛽, 𝑑) with
constraints as depicted in Fig. 7.1. We have focused on predictions with power spectrum around the
central value, namely P𝜁 ≃ 2.1 × 10−9 and 50 ≲ 𝑁CMB ≲ 65. The results are depicted in Fig. 7.2, and
detailed model parameters and predictions for 𝑟, 𝑛𝑠 with a fixed 𝜙0 are further shown in Fig. 7.3.

Upper left panel of Fig. 7.3 shows 𝜙CMB as function of 𝜙0. At small 𝜙0 regimes, 𝜙CMB ≃ 𝜙0 and
can be analytically obtained by:

𝜙CMB = 𝜙0(1 − 𝛿CMB) ≃ 𝜙0

(
1 − 7.10 × 10−4

𝜙
2
0

)
, (7.28)

where we have used 𝛿CMB ≃ 1 − 𝜙
2
0

48 (1 − 𝑛𝑠) (cf. Eq.(7.19)) with 𝑛𝑠 = 0.9659. The analytical
approximation is shown by the red line, fitting well for the numerical results at small 𝜙0 regimes. At
large 𝜙0 regimes, 𝜙CMB cannot be close to 𝜙0 anymore and tends to approach 12 (mainly due to the
bound of 𝑟). Middle left panel of Fig. 7.3 gives 𝛽 as function of 𝜙0. At small 𝜙0 regimes, analytically
one has

𝛽 ≃ 1.65 × 10−6
𝜙

4
0 , (7.29)

with 𝑁CMB = 55 and 𝑛𝑠 = 0.9659, describing well the numerical results at small 𝜙0 regimes. At a
larger 𝜙0 regime, rather wide 𝛽 is allowed, indicating that the predictions are (almost) independent

7 It is shown that generically 𝑁CMB < 65 unless there is an exotic reheating phase following the end of inflation [152, 153].
For our case, inflation ends with a usual quadratic potential, so a standard upper value of 65 has been considered here.
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Figure 7.2: Scan of 𝑟 − 𝑛𝑠 .

from 𝛽 once it is smaller than an upper bound. Lower left panel of Fig. 7.3 corresponds to 𝑑 as
function of 𝜙0. At small 𝜙0 regime, 𝑑 can be analytically described as:

𝑑 ≃ 1.55 × 10−15
𝜙

2
0 , (7.30)

with P𝜁 ≃ 2.1 × 10−9, fitting well the numerical results at small 𝜙0 regimes. At the large 𝜙0 regime,
smaller 𝑑 is required in order to obtain the correct power spectrum. Upper right panel of Fig. 7.3
describes 𝑟 as function of 𝜙0, and is given by

𝑟 ≃ 1.66 × 10−8
𝜙

6
0 , (7.31)

at small 𝜙0 regimes. 𝑟 increases with 𝜙0 and approaches to the current bound at large 𝜙0 regimes.
Middle right panel of Fig. 7.3 is 𝑛𝑠 as function of 𝜙0. With increase of 𝜙0, 𝑛𝑠 tends to admit larger
value in order to be consistent with the bound on 𝑟. When 𝜙0 ≳ 21.5, no parameter space exist for
𝑟 − 𝑛𝑠 being consistent with (7.13) at 2𝜎 level. Lower right panel of Fig. 7.3 depicts 𝑁CMB as function
of 𝜙0. At large 𝜙0 regimes, 𝑁CMB tends to be large since larger 𝜙CMB is required.

Let us end this section by summarizing the parameter space for the polynomial inflation model
(7.7):

6 × 10−16 ≲ 𝑑 ≲ 2 × 10−13 ; 0 < 𝛽 ≲ 4 × 10−2 ; 1 ≲ 𝜙0 ≲ 21.5 . (7.32)
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Figure 7.3: Blue dots represent scan of model parameters and predictions. Red line depicts an analytical
approximation with a fixed 𝑛𝑠 , 𝑁CMB and P𝜁 as described in the text.

Since we have defined 𝐴 = −8𝜙0/3, one also has a parameter space for 𝐴: −57 ≲ 𝐴 ≲ −3. Predictions
for 𝑛𝑠 and 𝛼 with parameters in (7.32) perfectly agree with Planck 2018 (7.13) at 2𝜎 level; meanwhile
the tensor-to-scalar ratio 𝑟 ranges from O(10−8) to O(10−2). To our knowledge, this is the first time
to work out such a comprehensive parameter space for polynomial inflation scenario 8. Our results,
in particular the upper bound of 𝜙0, can be further constrained once a more precise bound for 𝑟 is
obtained by next generation CMB experiments in the future.

7.3 Radiative Stability

In the last section we have found a rather full model parameter space. Now let us discuss the radiative
stability of the polynomial inflation model with parameters in (7.32). One has to make sure that the
loop corrections do not spoil the inflationary predictions. To this end one can first compute the leading
order 1-loop Coleman-Weinberg (CW) potential(s) [111] and then require that they are subdominant
compared to the tree-level potential, which guarantees the inflationary predictions. One can find

8 This is the most complete parameter space for large field inflation scenario in polynomial model, and a detailed analysis
for small field case is investigated in Chapter 3.
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detailed procedures in Ref. [2]. First of all, for the inflaton self-couplings, it turns out that one requires���𝑑2 ln(16𝑑𝛽)
𝜋

2

��� < 8𝑑𝛽 , (7.33)

which is always satisfied unless 𝛽 ≪ 𝑑. As depicted in Fig. 7.3,when 𝜙0 ≳ 14.5, 𝛽 can feature a small
value. Note that there typically is 𝑑 ∼ 10−14, implying that when 𝛽 ≲ O(10−14) the above inequality
is saturated.

7.3.1 Reheating

On the other hand, the inflaton field has to couple to external particles for reheating. Here we assume
𝜙 couples to daughter particles with trilinear couplings in order to fully drain the inflaton energy so
that a radiation dominated epoch is reproduced after reheating. For a scalar field 𝜙′, e.g. the standard
model Higgs field, we introduce ∼ 𝑔𝜙 |𝜙′ |2 and for the Fermionic field 𝜒, e.g. right-handed neutrino,
we extend the model with a coupling ∼ 𝑦𝜙𝜒̄𝜒. Applying the radiative stability conditions [2], one has:��� 𝑦4 − 3𝑦4 ln(𝑦2)

4𝜋2

��� < 16𝑑𝛽 ; (7.34)

1
8𝜋2

(
𝑔

𝜙0

)2 ���ln (
𝑔

𝜙0

)
− 1

��� < 8𝑑𝛽 . (7.35)

For typical value of 𝑑 ∼ 10−14 and 𝛽 ≲ 𝛽max ≃ 4 × 10−2 (cf. Eq. (7.32)), one has

𝑦 ≲ 𝑦max ≃ 2.7 × 10−4 ; (7.36)(
𝑔

𝜙0

)
≲

(
𝑔

𝜙0

)max
≃ 1.2 × 10−7

. (7.37)

With the bounds on the couplings, one can further calculate the reheating temperature. Here we
estimate the reheating temperature by utilizing the instantaneous decay approximation, with which
one has [2]

𝑇rh ≃ 1.41𝑔−1/4
★ Γ

1/2
𝜙
. (7.38)

For the fermionic reheating channel, the reheating temperature is given by

𝑇
𝜒

rh ≃ 1.41𝑔−1/4
★

(
2𝜙0

𝑦
2

8𝜋
√
𝑑

)1/2

≲ 1.1 × 1011 GeV , (7.39)

where we have considered 𝜙0 ≃ 20, 𝑔★ = 106.75 and Eq. (7.36) for upper bound on 𝑦. For the bosonic
scenario,

𝑇
𝜙
′

rh ≃ 1.41𝑔−1/4
★

(
𝑔

2

8𝜋 2𝜙0
√
𝑑

)1/2

≲ 2.5 × 1014 GeV , (7.40)
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where the maximum value 𝑔max reported in Eq. (7.37) has been utilized.

7.4 Eternal Polynomial Inflation

In previous sections, we have worked out the parameter space consistent with Planck 2018 (7.13)
and BICEP/Keck 2018 (7.14) and and investigated the radiative stability for the polynomial inflation
model. In this section we are devoted to investigating eternal inflation with a particular focus on the
scale for inflation to be eternal using the parameter space we have found.

7.4.1 Eternal Phase I

During the SR phase, one can neglect the acceleration term in eq. (7.2), so that inflaton field evolves as

¤𝜙 ≈ −𝑉
′(𝜙)
3H , (7.41)

leading to the classical field excursion during per Hubble time given by

Δ𝜙cla =
| ¤𝜙 |
H ≈ |𝑉 ′(𝜙) |

3H2 ≈ |𝑉 ′(𝜙) |
𝑉

=
√︁

2𝜖v . (7.42)

Quantum fluctuation is assumed to follow a Gaussian probability distribution. In the quasi de Sitter
background during SR inflation, typical size for quantum fluctuation over one Hubble time is given by
𝛿𝜙qu = H

2𝜋 [154, 155]. Eternal inflation can occur once the quantum fluctuation dominates over the
classical field excursion, i.e. 𝛿𝜙qu > Δ𝜙cal. In this case, it is possible that the quantum fluctuation
driving the inflaton field to move uphill relative to the classical trajectory, leading to inflation may not
end. By using (7.42) and 𝛿𝜙qu = H

2𝜋 , one finds condition for eternal inflation is

H
2𝜋

>
√︁

2𝜖v ⇔ H2

8𝜋2
𝜖v
> 1 , (7.43)

from which one sees that the condition for eternal inflation is identical to the case where the amplitude
of curvature perturbation P𝜁 exceeds unity [156].

At large field regimes, effectively the polynomial inflation scenario behaves like quartic inflation
similar as monomial 𝜆𝜙4 inflation, as one can neglect the sub-dominated terms: ∼ 𝐴

2
𝜙

2 and ∼ 𝐴𝜙
3 in

(7.7). In this case, our model is simplified to be 𝑉 = 𝑑 𝜙
4, and it is easy to show that:

H =

√︂
𝑑

3
𝜙

2
, (7.44)

and

H2

8𝜋2
𝜖v

=
𝑑𝜙

6

192𝜋2 . (7.45)
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Using the eternal conditions cf. Eq. (7.43), one finds the inflaton field should satisfy

𝜙
2
>

(
192𝜋2

𝑑

)1/3

, (7.46)

corresponding to a threshold for Hubble parameter

H c
EI = 4𝜋2/3

(
𝑑

3

)1/6
, (7.47)

which depends merely on 𝑑. Once H > H c
EI, an eternal inflationary phase can occur.

For the usual monomial chaotic 𝜆𝜙4 inflation model with 𝜆 ∼ 10−12 [84] (to match the power
spectrum), one can work out the threshold H c′

EI ≈ 0.07 using the eq. (7.47). For the polynomial
scenario, as we have shown in last section, the allowed range for 𝑑 is: 6 × 10−16 ≲ 𝑑 ≲ 2 × 10−13 in
order to be consistent with Planck 2018 (7.13). Thereafter we find for the polynomial inflation model,
the threshold for value of inflaton field is (in Planckian unit):

460 ≲ 𝜙c ≲ 1211 , (7.48)

which justifies our previous approximation by neglecting∼ 𝐴
2
𝜙

2 and∼ 𝐴𝜙
3 terms with−57 ≲ 𝐴 ≲ −3.

One can further work out the threshold of the corresponding inflationary scale (again in Planckian
unit) :

0.02 ≲ H c
EI ≲ 0.05 , (7.49)

corresponding to an energy scale well below that in the Planckian, hence validating our above
semi-classical estimation for the eternal scale without worrying about the quantum gravity effect.

We now end this section with a conclusion that eternal inflation can appear for the polynomial
inflation models with predictions consistent with Planck 2018 (7.13). Besides, we find that even though
the polynomial scenario behaves similar as the usual monomial 𝜆𝜙4 model in large field regimes, the
scale for inflation to be eternal in polynomial model is (slightly) lower than that in monomial 𝜆𝜙4

model.

7.4.2 Eternal Phase II

The discussion in the previous section is one possibility for inflation to be eternal in the polynomial
scenario. Now let us investigate another possibility. We have shown in Fig. 7.3 that the allowed
parameter 𝛽 can be as small as closing to zero in large 𝜙0 regimes. In the case where the potential
features a very flat configuration near 𝜙0 with 𝛽 → 0, it is possible that the inflaton field may stay at
𝜙0 forever. Thereafter it is expected that a (second) eternal phase can also occur.

Since this eternal phase appears when the inflaton is in vicinity of saddle point 𝜙0, which is much
smaller than those 𝜙c analyzed above, one can expect that the corresponding scale should be much
lower than H c

EI analyzed above.9

9 This is similar as the eternal hilltop inflation as investigated in [156]. In our case, the inflaton first rolls down to a plateau
around the saddle point similar as a very flat local hilltop, around which eternal inflation may occur.
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To work out scale near the saddle point 𝜙0 where inflation is expected to be eternal, one can first
compute 𝑉 (𝜙0) via eq. (7.7):

𝑉 (𝜙0) = 𝑑
(
𝜙

4
0 + 𝐴𝜙

3
0 +

9
32
𝐴

2
𝜙

2
0

)
=

1
3
𝑑𝜙

4
0 , (7.50)

where we have neglected 𝛽 and utilized 𝐴 = −8𝜙0/3. With this we obtain

HEI =

√︂
𝑉 (𝜙0)

3
=

√
𝑑

3
𝜙

2
0 , (7.51)

which depends on both the parameter 𝑑 and location of the saddle point 𝜙0. To obtain the rough
magnitude of HEI, let us take 𝜙0 ∼ 20 with typical value of parameter 𝑑 ∼ O(10−14) (cf Fig. 7.3 ),
one then obtains:

HEI ∼ 2 × 10−5
, (7.52)

which is at least three magnitude smaller than the one given in (7.49). To obtain the magnitude of
𝛽 needed in order to have the second eternal phase, we again use the eternal condition Eq. (7.43),
identical to the power spectrum being larger than unity as mentioned earlier. Using 𝛿 ∼ 0, 𝑑 ∼ 10−14,
𝜙0 ∼ 20 in (7.18), one finds 𝛽 ≲ O(10−6) is needed.
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Figure 7.4: Evolution of Hubble parameter as functions of efolds 𝑁 (depending on 𝜙 via Eq. (7.9)) with model
parameter: 𝜙0 = 20, 𝛽 = 10−7 and 𝑑 ≃ 2 × 10−14. The gray region with H > H c

EI ≃ 0.04 𝑀𝑃 denotes the
corresponding scale where inflation can be eternal. Below that H c

EI, the usual SR inflation follows. Later 𝜙 rolls
to the regime around 𝜙0, a second eternal phase may occur with a Hubble parameter as low as H ∼ O(10−5).
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7.5 Summary and Conclusions

Looking at Fig. 7.3 , one can conclude that model parameters (a subset of (7.32)) with:

15 ≲ 𝜙0 ≲ 21.5 ; 0 < 𝛽 ≲ O(10−6) ; 2 × 10−14 ≲ 𝑑 ≲ 6 × 10−14
, (7.53)

satisfying all constraints to have a second eternal inflationary phase. For model parameter in this
subset, two stages of eternal inflation can appear; the first one can occur once the scale is above
H c

EI ∼ O(10−2) while the second can appear near the saddle point with a rather low energy scale
HEI ∼ O(10−5). One example is shown in Fig. 7.4. To our knowledge, this is the first time to discover
such phenomena in a specific inflation model, namely a model supporting two distinct eternal epochs.

Note that the second eternal phase can only appear at larger 𝜙0 regimes (cf. (7.53)), in which case
the predictions for 𝑟 ∼ O(10−2). This means that our finding regarding the (unusual) low scale second
eternal phase can be tested by the next generation CMB experiments e.g. CORE [148], AliCPT [150],
LiteBIRD [149] , CMB-S4 [151] which could reach 𝑟 ∼ O(10−3).

7.5 Summary and Conclusions

In this chapter, we revisited the large field inflation with a polynomial of degree four with a near saddle
point at 𝜙0, featuring a concave configuration, which is favoured by the Planck 2018 data.

In Sec. 7.1 we give the general setup for our analysis. We introduce three parameters: 𝑑, 𝐴 and 𝛽 to
reparameterize the potential. Parameter 𝑑 determines the overall amplitude of the potential, which is
constrained by the power spectrum of curvature perturbation P𝜁 . Parameter 𝐴 gives location of (near)
saddle point via 𝐴 = − 8

3𝜙0, and the parameter 𝛽 shapes the flatness configuration of the potential in
the vicinity of the saddle point. If 𝛽 = 0, there is an exact saddle point at 𝜙0; the potential is less flat
with larger 𝛽. In this work 0 < 𝛽 ≪ 1 is considered. We also show that in the regime with 𝜙 ≈ 𝜙0,
one can derive analytical results for the inflationary predictions.

In Sec. 7.2 we are devoted to the search for a full parameter space consistent with most recent
Planck and BICEP/Keck 2018 2𝜎 level (cf. (7.13) and (7.14)), which is summarized in (7.32). The
predictions for 𝑟 range O(10−8) to O(10−2) and 𝛼 ∼ −O(10−3), which are testable in the near future.
A very large set of examples are also given in Table 7.1. To our knowledge, this is the first time to work
out such a comprehensive parameter space by considering the most recent CMB data in polynomial
scenario. Our result (7.32), in particular the upper bound of 𝜙0, can be further constrained with more
precise cosmic microwave background (CMB) experiments, such as CORE [148], AliCPT [150],
LiteBIRD [149], CMB-S4 [151] which could reach 𝑟 ∼ O(10−3).

In Sec. 7.3 we investigate radiative stability of the inflaton potential near the inflection-point 𝜙0. To
that end, we write down the leading order 1-loop Coleman-Weinberg (CW) potential by considering a
self-interacting real inflaon field. We find the tree-level potential is stable against loop correction for
𝑑 ≪ 𝛽, which is rather wide within the parameter space (7.32).

In Sec. 7.4, we study the scale of eternal inflation within the parameter space (7.32). Generally
this can happen at a large scale. In a polynomial scenario, we find that eternal inflation can appear
if the Hubble parameter is above a threshold 0.02 ≲ H c

EI ≲ 0.05. We also show that even though
the polynomial scenario behaves similar as the usual monomial 𝜆𝜙4 model in large field regime, the
threshold for inflation to be eternal in the polynomial scenario is lower in polynomial scenario than
that in monomial 𝜆𝜙4 (with H c′

E𝐼 ≈ 0.07). More interestingly, we find there exists another possibility
to realize eternal inflation in a polynomial scenario. This occurs when the potential admits a rather
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flat configuration 𝜙0, in which case the quantum fluctuations can dominate over the classical evolution.
Since 𝜙0 is not at the large field regimes, the scale for eternal inflation can be rather low. We show that
for the full parameter space (7.32), there exists a subset (7.53) allowing such a possibility. The scale
for eternal inflation in this case can be as low as H ∼ O(10−5), and is of the same magnitude as that
when the scale with 𝑘★ = 0.05Mpc−1 crosses out the horizon. Note that in this subset there is another
eternal scale with H ≳ O(10−2). In other words, there can be two phases of eternal inflation with
scales at least three magnitudes differences. In this picture, eternal inflation appears at a very high
scale, which is then followed by the usual non-eternal SR inflation. After that, eternal inflation can
appear again when inflaton enters the rather flat part of the potential with a very low scale as shown
in Fig. 7.4. To the best of our knowledge, this is the first time to discover this kind of phenomenon
in a concrete inflation model. After showing inflation is also inevitable to be eternal for polynomial
scenarios, we briefly discuss its further implications on initial conditions.

In summary, we have presented a successful large field polynomial model; worked out a compre-
hensive parameter space (7.32) and offered the corresponding inflationary predictions, in particular the
tensor-to-scalar ratio 𝑟 . Our analysis here together with the small field model investigated in Chapter 3
offers the most complete analysis for the polynomial inflation model after Planck and BICEP/Keck
2018. In this work we pointed out for the first time that two eternal phases with rather large scale
hierarchy can appear in the inflationary history of the early Universe for a specific model.
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CHAPTER 8

Conclusion and Outlook

8.1 Conclusions

Cosmic inflation neatly resolves problems in standard cosmology. The most simple inflationary theory
invokes a monomial potential of a form ∼ 𝜙

𝑝 for a single scalar field. However, the latest cosmic
microwave background (CMB) experiments have ruled out these monomial inflationary scenarios,
as they predict too large tensor-to-scalar ratio [22]. The next simple model would be a polynomial
potential. Indeed if one assumes the inflaton field to be a sector in some UV complete theory, then in
general all renormalizable terms in the potential shall be considered rather than a single term merely.

In this thesis, we have revisited the polynomial scenario with a renormalizable potential featuring a
near inflection-point at 𝜙0 by confronting it to the latest CMB experiments. At small field regime, it
turns out one can derive analytical results for power spectrum P𝜁 , spectral index 𝑛𝑠, the running 𝛼,
as well as the tensor-to-scalar ratio 𝑟. By considering the constraints on reheating temperature and
radiative stability condition on the inflaton potential (near 𝜙0), we were able to derive a lower bound
on location of the near inflection-point: 𝜙0 ≳ 3 × 10−5

𝑀𝑃. The prediction for the tensor-to-scalar
ratio is very small and takes a form 𝑟 ≃ 7.09 × 10−9(𝜙0/𝑀𝑃)

6, in the same fate as other small field
inflation models; however the prediction for the running is 𝛼 ≃ −1.43 × 10−3 , which is independent
from 𝜙0 and testable in the near future.

To argue that a thermal Universe with sufficiently high temperature can be reproduced after
polynomial inflation, we then consider reheating from inflaton decays to either bosons or fermions. We
find that reheating temperature can lie between its lower bound of ∼ 4 MeV and about 4 × 108(1011)
GeV for fermionic (bosonic) reheating scenarios.

To show that dark matter (DM) problems can be easily resolved in the framework of polynomial
inflation, we extend the model with a singlet field, which can be generated from 𝑖) direct decay of
inflatons, 𝑖𝑖) 2-to-2 annihilations of inflatons during the reheating era (mediated by the 𝑠-channel
exchange of inflatons or gravitons, and the 𝑡-channel exchange of DM), and 𝑖𝑖𝑖) 2-to-2 annihilations of
SM particles mediated by gravitons and inflatons as shown in Fig. 5.1. With gravitational channels
only, we found that one could not source enough DM density to match the measured value due to the
radiative bound on reheating temperature. For the non-gravitational processes, direct decay always
dominates. We find that DM field with mass in the range: O (KeV) ≲ 𝑚𝜒 ≲ O(1011) GeV can
account for the correct relic density while being consistent with inflationary predictions and constraints
from Lyman−𝛼 and kinematic threshold.
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To demonstrate the aftermath of polynomial inflation can also resolve Baryogenesis, we consider
the most simple scenario via leptogenesis. To this end, we extend the model with three right-handed-
neutrinos (RHNs). Depending on the mass of the lightest RHN 𝑀1, one can have either thermal
channel if 1010 GeV ≲ 𝑀1 ≲ 1011 GeV or non-thermal if 108 GeV ≲ 𝑀1 ≲ 1010 GeV, while being
consist with neutrino oscillation data and inflationary predictions. For non-thermal leptogenesis,
we found that the required reheating temperature can be as low as 𝑇rh ∼ O(106) GeV, which could
potentially help to relax moduli problem.

Finally we argue that if a large field version, namely 𝜙0 ≥ 1 of this model is admissible, the
prediction for the gravitational wave or tensor-to-scalar ratio is testable in the near future. We also
worked out the parameter space for the large field model, and found that 𝜙0 ≲ 21.5 in the Planckian
unit in order to satisfy the current CMB experiment bounds.

8.2 Outlook

Here we list several interesting directions deserving further detailed studies.

• Realize polynomial inflation in supersymmetry framework.

In current work, we have limited to the non-supersymmetric case. It would be tempting to
realize the polynomial inflation scenario in the well motivated supersymmetry framework, in
particular supergravity. For inflation model based on supergravity, one potential problem to
overcome is the so-called 𝜂 problem associated the spontaneously breaking of supersymmetry
due to the requirement that the inflaton potential has to be positive.1

• Analyze DM production and leptogenesis in a large field model.

We have showed that in large field scenario, the corresponding inflationary tensor-to-scalar ratio
𝑟 (which is a function of 𝜙0 hence inflaton mass) is testable; this brings an interesting idea that
utilizing 𝑟 to constrain DM and leptogenesis from inflaton decays. Besides, as estimated in
Appendix C, in the large field scenario the inflaton three-body decay could give rise to new and
interesting contributions to leptogenesis.

• Fit CMB anomalies at large scale with inflaton overshooting.

The success of the polynomial model is based on the assumption of existence of a near inflection-
point 𝜙0. And it is expected that there is an overshooting behavior when inflaton approaches 𝜙0
(from 𝜙 > 𝜙0). Such overshooting would lead to a failure of slow-roll and hence a (sizable)
breaking down of scale invariance of power spectrum. This is expected to leave some imprints
in the CMB power spectrum at large scale. Indeed there exists some localised features, see e.g.
around 𝑙 ∼ 22 in Fig. 1.3. It is thereafter interesting to investigate whether the overshooting
behavior in the polynomial infaltion could offer better fit to the temperature power spectrum at
large scale2.

1 In Appendix F we revisit inflation in Supergravity.
2 It have been shown that, the power spectrum can feature both a dip and bump with an overshooting phase [1].
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8.3 Contributions to Literature

In summary, this thesis has offered, for the first time, the most complete analysis for polynomial
inflation to date. Our scenario, as the next simple single-field inflation model, fits well with current
CMB data and is testable in the near future. We also showed that polynomial inflation with simple
extensions can easily 𝑖) reproduce a thermal Universe with high enough reheating temperature, 𝑖𝑖)
give rise to successful generation of DM as well as Baryogenesis (via Leptogenesis). With these
arguments, we would like to end this work with a statement that polynomial inflation is indeed an
acceptable cosmological model! The current work also brings some new and interesting directions
deserving future detailed studies3.

3 Good science usually offers new avenues except resolving the existing problems.
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APPENDIX A

Dark Matter Production from Gravitational Inflaton
Annihilation

In this chapter, we present the calculation for gravitational dark matter production from annihilation of
inflatons during reheating [121]. In particular we offer the detailed computations for the scattering
rate of inflaton annihilation to a pair of fermionic DM particles as shown on Fig. A.1. We collect

Figure A.1: Feynman diagrams for the DM production from gravitational annihilation of inflatons:
𝜙(𝑝1) 𝜙(𝑝2) → ℎ𝜇𝜈 (𝑞) → 𝜒(𝑝3) 𝜒̄(𝑝4).

relevant vertices from Refs. [123, 157], and they are given by:

− 𝑖

2𝑀𝑃

[
𝑝1𝜇𝑝2𝜈 + 𝑝1𝜈 𝑝2𝜇 − 𝜂𝜇𝜈

(
𝑝1 · 𝑝2 + 𝑚

2
𝜙

)]
(A.1)

for 𝜙𝜙ℎ𝜇𝜈 and

− 𝑖

4𝑀𝑃

[ (
𝑝3 − 𝑝4

)
𝜇
𝛾𝜈 +

(
𝑝3 − 𝑝4

)
𝜈
𝛾𝜇 − 2𝜂𝜇𝜈

(
/𝑝3 − /𝑝4 − 2𝑚𝜒

)]
(A.2)

for 𝜒̄𝜒ℎ𝜇𝜈 . The amplitude can be parametrized as:

M𝜙𝜒 ∝ M𝜇𝜈

𝜙
Π
𝜇𝜈𝜌𝜎M𝜒

𝜌𝜎 , (A.3)

where the propagator is:

Π
𝜇𝜈𝜌𝜎

=
1

2𝑞2

(
𝜂
𝜌𝜈
𝜂
𝜎𝜇 + 𝜂𝜌𝜇𝜂𝜎𝜈 − 𝜂𝜌𝜎𝜂𝜇𝜈

)
. (A.4)
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And relevant partial amplitudes are:

M𝜇𝜈

𝜙
=

1
2

(
𝑝1𝜇𝑝2𝜈 + 𝑝1𝜈 𝑝2𝜇 − 𝜂𝜇𝜈𝑝1 · 𝑝2 − 𝜂𝜇𝜈𝑚

2
𝜙

)
;

M𝜒
𝜌𝜎 =

1
4
𝑣̄
(
𝑝4

) [
𝛾𝜌

(
𝑝3 − 𝑝4

)
𝜎
+ 𝛾𝜎

(
𝑝3 − 𝑝4

)
𝜌

]
𝑢

(
𝑝3

)
.

(A.5)

Thereafter the scattering amplitude in Eq. (A.3) is:

M𝜙𝜒 ∝1
2

(
𝑝1𝜇𝑝2𝜈 + 𝑝1𝜈 𝑝2𝜇 − 𝜂𝜇𝜈𝑝1 · 𝑝2 − 𝜂𝜇𝜈𝑚

2
𝜙
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· 1
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𝜂
𝜌𝜈
𝜂
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)
· 1

4
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(
𝑝4
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]
𝑢

(
𝑝3

)
=

1
16𝑞2 4 · 𝑣̄

(
𝑝4

) [
/𝑝2𝑝1 · (𝑝3 − 𝑝4) + /𝑝1𝑝2 · (𝑝3 − 𝑝4) + 𝑚

2
𝜙 (/𝑝3 − /𝑝4)

]
𝑢

(
𝑝3

)
.

(A.6)
Since 𝑝1, 𝑝2 = (𝑚𝜙, 0), 𝑝3 = (𝑚𝜙, ®𝑝) and 𝑝4 = (𝑚𝜙,− ®𝑝), one has 𝑝1 · (𝑝3−𝑝4) = 0, 𝑝2 · (𝑝3−𝑝4) = 0
and 𝑞2

= (𝑝1 + 𝑝2)
2
= 4𝑚2

𝜙. Thereafter the squared amplitude (after including the 1/𝑀𝑃 factor in
each vertex):∑︁
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2
𝜒 (/𝑝3 − /𝑝4)

2
]

=
1

256𝑀4
𝑃

Tr
[
4
(
2𝑚2

𝜒 (𝑝3 · 𝑝4) − 2𝑚4
𝜒

)
− 𝑚2

𝜒

(
8𝑚2

𝜒 − 8(𝑝3 · 𝑝4)
)]

=
1

256𝑀4
𝑃

[
4
(
4𝑚2

𝜒𝑚
2
𝜙 − 4𝑚4

𝜒

)
− 𝑚2

𝜒 (8𝑚
2
𝜒 − 8(2𝑚2

𝜙 − 𝑚
2
𝜒))

]
=

1
128𝑀4

𝑃

𝑚
2
𝜒 (𝑚

2
𝜙 − 𝑚

2
𝜒) ,

(A.7)

where 𝑠3, 𝑠4 denotes the spins for the final states; 𝑝3 · 𝑝4 = 2𝑚2
𝜙 −𝑚

2
𝜒 has been used in the last second

step. The 2 − 2 cross section in the center of mass frame is

(𝜎𝑣) = 1
64𝜋2

𝑚
2
𝜙

| ®𝑝 𝑓 |√
𝑠

∫
|M|2𝑑Ω , (A.8)

where the amplitude of the momentum for the final state is

| ®𝑝 𝑓 | =
√
𝑠

2

√︄
1 −

4𝑚2
𝜒

𝑠
. (A.9)
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Plugging Eq. (A.7) into Eq. (A.8), one has

(𝜎𝑣) = |M|2

32𝜋 𝑚2
𝜙

√√√
1 −

𝑚
2
𝜒

𝑚
2
𝜙

, (A.10)

with which one can further compute the interaction rate density 𝛾 = (𝜎𝑣)𝑛2
𝜙 as reported in Eq. (5.24).
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APPENDIX B

Thermal Leptogenesis and Boltzmann Equations

In this chapter we revisit the Boltzmann equations for thermal leptogenesis and estimation for the
𝐵 − 𝐿 yield in strong washout regime, which is favored by current neutrino oscillation data.

Evolution of RHN number density 𝑛𝑁1
is governed by the Boltzmann equation:

𝑑𝑛𝑁1

𝑑𝑡
+ 3𝐻𝑛𝑁1

= −Γ
(
𝑛𝑁1

− 𝑛eq
𝑁1

)
, (B.1)

where Γ denotes the thermal averaged decay rate

Γ =
𝐾1(𝑀1/𝑇)
𝐾2(𝑀1/𝑇)

(
𝑌
†
𝑌

)
11

8𝜋
𝑀1 , (B.2)

with 𝐾1, 𝐾2 denoting the modified Bessel function of the second kind. For convenience, we define
𝑧 ≡ 𝑀1/𝑇 . The equilibrium 𝑁1 number density is given by [113]

𝑛
𝑒𝑞

𝑁1
=
𝑔 𝑇

3

2𝜋2 𝑧
2
𝐾2(𝑧) ≃


𝑔𝑇

3

𝜋
2 for𝑇 ≫ 𝑀1 ;

𝑔

(
𝑀1 𝑇
2𝜋

)3/2
exp

(
−𝑀1
𝑇

)
for𝑇 ≪ 𝑀1 .

(B.3)

To scale out the expansion, we define a comoving number density 𝑁𝑁1
≡ 𝑛𝑁1

𝑎
3, with which one cam

rewrite Eq. (B.1) as

𝑑𝑁𝑁1

𝑑𝑡
= 𝑎

3
(
𝑑𝑛𝑁1

𝑑𝑡
+ 3𝐻𝑁𝑁1

)
= −Γ

(
𝑁1 − 𝑁

eq
𝑁1

)
, (B.4)

Now we try to write
𝑑𝑁𝑁1
𝑑𝑡

with respect to
𝑑𝑁𝑁1
𝑑𝑧

. Using the definition 𝑧 = 𝑀/𝑇 , one has

𝑑𝑧

𝑑𝑡
= −𝑧/𝑇 𝑑𝑇

𝑑𝑡
. (B.5)
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Appendix B Thermal Leptogenesis and Boltzmann Equations

And in radiation phase, the entropy is conserved, one has 𝑑 (𝑠 𝑎3)/𝑑𝑡 = 0, implying

0 =
2𝜋2

𝑔★𝑠

45

(
3𝑇2

𝑎
3 ¤𝑇 + 3𝑇3

𝑎
2 ¤𝑎

)
=

2𝜋2
𝑔★𝑠

15
𝑎

3
𝑇

3 ( ¤𝑇/𝑇 + 𝐻
)

=⇒ ¤𝑇/𝑇 = −𝐻 . (B.6)

Thereafter one has ¤𝑧 = 𝐻𝑧, so we can rewrite Eq. (B.4) as

𝑑𝑁1
𝑑𝑧

=
𝑑𝑁1
𝑑𝑡

𝑑𝑡

𝑑𝑧
= − Γ

𝐻 𝑧

(
𝑁1 − 𝑁

eq
1

)
. (B.7)

The Hubble parameter in a radiation phase is 𝐻 = 𝜋
3

√︃
𝑔★
10

𝑇
2

𝑀𝑃
, so

Γ

𝐻 𝑧
=
𝐾1(𝑀1/𝑇)
𝐾2(𝑀1/𝑇)

(
𝑌
†
𝑌

)
11

8𝜋
𝑀1

(
3
𝜋

𝑀𝑃

𝑇
2

√︄
10
𝑔★

)
𝑇

𝑀1

=
𝐾1(𝑀1/𝑇)
𝐾2(𝑀1/𝑇)

𝐾 𝑧 , (B.8)

where we have defined

𝐾 ≡ 𝑚̃1
𝑚★

, (B.9)

and an effective mass neutrino mass as

𝑚̃1 ≡

(
𝑌
†
𝑌

)
11
𝑣

2

𝑀1
, (B.10)

and a equilibrium neutrino mass, given by

𝑚★ ≡ 8𝜋2
𝑣

2

3𝑀𝑃

√︂
𝑔★

10
≃ 10−3 eV . (B.11)

Thereafter the Boltzmann equation Eq. (B.7) becomes

𝑑𝑁𝑁1

𝑑𝑧
= −𝐾1(𝑀1/𝑇)

𝐾2(𝑀1/𝑇)
𝐾 𝑧

(
𝑁𝑁1

− 𝑁eq
𝑁1

)
= −𝐷 (𝑧)

(
𝑁𝑁1

− 𝑁eq
𝑁1

)
, (B.12)

where we have defined:

𝐷 (𝑧) = 𝐾1(𝑀1/𝑇)
𝐾2(𝑀1/𝑇)

𝐾 𝑧 . (B.13)

Similarly the Boltzmann equation for the co-moving B-L number density 𝑁𝐵−𝐿 ≡ 𝑎
3
𝑛𝐵−𝐿 can be
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written as:

𝑑𝑁𝐵−𝐿
𝑑𝑧

= 𝜖1𝐷 (𝑧)
(
𝑁𝑁1

− 𝑁eq
𝑁1

)
−𝑊𝐼𝐷𝑁𝐵−𝐿 , (B.14)

with

𝑊𝐼𝐷 (𝑧) =
1
2
𝐷 (𝑧)

𝑁
eq
𝑁1
(𝑧)

𝑁
𝑒𝑞

𝑙

, (B.15)

accounting for washout effect coming from the inverse decays.
By solving Eq. (B.14) together with Eq. (B.12), one can the estimate 𝑁𝐵−𝐿 , with which the B-L

yield, namely 𝑛𝐵−𝐿/𝑠 can be further computed. A key parameter in the estimation is the parameter 𝐾 ,
defined in Eq. (B.9). Using Eq. (6.11), one has

𝐾 =

(
𝑚2 | cos 𝑧 |2 + 𝑚3 | sin 𝑧 |2

)
𝑚★

≥ 𝑚2
𝑚★

> 1 , (B.16)

where we have considered the present evidence for neutrino masses as presented in Eq. (6.4). In strong
washout regime with 𝐾 > 1, one has [54, 138]

𝑌𝐵−𝐿 =
45

𝜋
4
𝑔★𝑠

𝜖1𝜅 𝑓 , (B.17)

where the factor 45
𝜋

4
𝑔★𝑠

comes from 𝑌
eq
𝑁1

= 𝑛
eq
𝑁1
/𝑠 and the efficiency factor given by [138]

𝜅 𝑓 ∼ (2 ± 1) × 10−2
(
0.01eV
𝑚̃1

)1.1
. (B.18)
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APPENDIX C

Inflaton Three-Body Decay and Leptogenesis

In this chapter, we first calculate the rate of generating the lightest right-handed neutrino (RHN)
via inflaton three-body decays during reheating: 𝜙 → 𝐻 ℓ 𝑁1. Then we estimate the 𝐵 − 𝐿 yield
generated from further decay of 𝑁1. Indeed once a bosoinc reheating scenario 𝜙𝐻†

𝐻 is considered,

Figure C.1: Inflaton three-body decay for 𝑁1 generation.

the three-body decay for 𝑁1 production cannot be forbidden. In Sec. 6.3.2, we have focused on
reheating via a fermionic channel and discussed the production of 𝑁1 by introducing a lepton number
violation operator ∼ 𝜙𝑁̄1𝑁1. The scenario presented in this chapter is an alternative to that.

We label the momenta for particles involved as follows:

𝜙(𝑝) → 𝐻 (𝑘1) 𝐻 (𝑞) → 𝐻 (𝑘1) ℓ(𝑘2)𝑁1(𝑘3) ,

which is further depicted in Fig. C.1. Note that here we are focusing on inflaton couples the standard
model (SM) Higgs via a trilinear coupling 𝜆12𝜙𝐻

†
𝐻, which plays the role of reheating. The RHN 𝑁1

couples to the SM Higgs and lepton through Yukawa coupling: 𝑌𝛼1 ℓ̄𝛼𝐻̃𝑁1, which is introduced in
order to resolve the light neutrino masses as discussed in Sec. 6.2. The matrix element for a fixed
lepton flavor 𝛼 is given by

𝑖𝑀𝛼 = 2𝑖 𝜆12
𝑖

𝑞
2 − 𝑚2

𝐻

𝑌𝛼 1𝑢̄(𝑘2)v(𝑘3) , (C.1)
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Appendix C Inflaton Three-Body Decay and Leptogenesis

with which one can further compute squared matrix element with contributions from all lepton flavors:

|𝑀 |2 =
∑︁
𝛼

4𝜆2
12

(
𝑌
★
𝛼 1𝑌𝛼 1

) (
4𝑘2 · 𝑘3 − 4𝑀1𝑚ℓ𝛼

) 1
𝑞

4

= 16𝜆2
12𝑘2 · 𝑘3

1
𝑞

4

∑︁
𝛼

(
𝑌
★
𝛼 1𝑌𝛼 1

)
, (C.2)

where we have neglected 𝑚𝐻 and 𝑚ℓ𝛼 . The three-body phase space integral is given by:∫
𝑑Π3 =

∫ ∫ ∫
𝑑

3®𝑘1

(2𝜋)3 2𝐸1

𝑑
3®𝑘2

(2𝜋)3 2𝐸2

𝑑
3®𝑘3

(2𝜋)3 2𝐸3
(2𝜋)4

𝛿
4 [
𝑝 − (𝑘1 + 𝑘2 + 𝑘3)

]
=

∫ ∫
𝑑

3®𝑘1

(2𝜋)3 2𝐸1

𝑑
3®𝑘2

(2𝜋)3 2𝐸2

[∫
𝑑

4
𝑘3

(2𝜋)3 𝛿(𝐸
2
3 − ®𝑘2

3 − 𝑀
2
1 )𝜃 (𝑘

0
3)

]
(2𝜋)4

𝛿
4 [
𝑝 − (𝑘1 + 𝑘2 + 𝑘3)

]
=

∫ ∫
𝑑

3®𝑘1

(2𝜋)3 2𝐸1

𝑑
3®𝑘2

(2𝜋)3 2𝐸2
𝛿(𝐸2

3 − ®𝑘2
3 − 𝑀

2
1 ) (2𝜋)

(∫
𝑑

4
𝑘3𝛿

4 [
𝑝 − (𝑘1 + 𝑘2 + 𝑘3)

] )
=

∫ ∫
𝑑

3®𝑘1

(2𝜋)3 2𝐸1

𝑑
3®𝑘2

(2𝜋)3 2𝐸2
𝛿(𝐸2

3 − ®𝑘2
3 − 𝑀

2
1 ) (2𝜋) with 𝑝 = (𝑘1 + 𝑘2 + 𝑘3)

=
1

(2𝜋)5

∫ ∫
𝑑

3®𝑘1𝑑
3®𝑘2

𝛿

[
(𝑚𝜙 − 𝐸1 − 𝐸2)

2 − (®𝑘1 + ®𝑘2)
2 − 𝑀2

1

]
2𝐸1 2𝐸2

=
1

(2𝜋)5

∫ ∫ ∫
4𝜋𝐸2

1𝑑𝐸2 2𝜋𝐸2
2𝑑𝐸2𝑑 cos 𝜃

𝛿

[
𝑚

2
𝜙 − 2𝑚𝜙 (𝐸1 + 𝐸2) + 2𝐸1𝐸2(1 − cos 𝜃) − 𝑀2

1

]
2𝐸1 2𝐸2

=
1

32𝜋3

∫ ∫ ∫
2𝑑𝐸1𝑑𝐸2𝑑 cos 𝜃 𝐸1𝐸2 𝛿

[
𝑚

2
𝜙 − 2𝑚𝜙 (𝐸1 + 𝐸2) + 2𝐸1𝐸2(1 − cos 𝜃) − 𝑀2

1

]
=

1
32𝜋3

∫ ∫
2𝑑𝐸1𝑑𝐸2 𝐸1𝐸2

1
2𝐸1𝐸2

with
[
𝑚

2
𝜙 − 2𝑚𝜙 (𝐸1 + 𝐸2) + 2𝐸1𝐸2(1 − cos 𝜃) − 𝑀2

1

]
= 0

=
1

32𝜋3

∫ ∫
𝑑𝑥1𝑑𝑥2

𝑚𝜙

2
𝑚𝜙

2

=
𝑄

2

128𝜋3

∫ ∫
𝑑𝑥1𝑑𝑥2 .

(C.3)
In the second step the Heaviside function 𝜃 (𝑘0

3) is utilized to change the three dimensional integral to

four dimensional as well as to guarantee 𝑘0
3 ≡ 𝐸3 picking the positive value, namely 𝐸3 =

√︃
®𝑘2

3 + 𝑀
2
1 :∫

𝑑
4
𝑘3

(2𝜋)3 𝛿(𝐸
2
3 − ®𝑘2

3 − 𝑀
2
1 )𝜃 (𝑘

0
3) =

∫
𝑑

4
𝑘3

(2𝜋)3 𝛿

[
(𝐸3 +

√︃
®𝑘2

3 + 𝑀
2
1 ) (𝐸3 −

√︃
®𝑘2

3 + 𝑀
2
1 )

]
𝜃 (𝑘0

3)

=

∫
𝑑

4
𝑘3

(2𝜋)3 2𝐸3
𝛿

[
(𝐸3 −

√︃
®𝑘2

3 + 𝑀
2
1 )

]
=

∫
𝑑

3
𝑘3

(2𝜋)32𝐸3
. (C.4)

We have defined 𝑥1 = 2𝐸1/𝑚𝜙, 𝑥2 = 2𝐸2/𝑚𝜙 and 𝑥3 = 2𝐸3/𝑚𝜙 − 𝛾 with 𝛾 ≡ 𝑀
2
1/𝑚

2
𝜙 and neglected
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both lepton and Higgs masses. The integration boundaries can be fixed by using the condition:
𝑚

2
𝜙 − 2𝑚𝜙 (𝐸1 + 𝐸2) + 2𝐸1𝐸2(1 − cos 𝜃) − 𝑀2

1 = 0 (arising from the integral of 𝛿 function in the last
fourth step of Eq. (C.3)), from which one has

𝑚
2
𝜙 − 2𝑚𝜙

(
𝑚𝜙 𝑥1

2
+
𝑚𝜙 𝑥2

2

)
+ 2

𝑚𝜙 𝑥1

2
𝑚𝜙 𝑥2

2
(1 − cos 𝜃) − 𝑀2

1 = 0

=⇒ 𝑚
2
𝜙

[
1 − 𝑥1 − 𝑥2 +

𝑥1 𝑥2
2

(1 − cos 𝜃) − 𝛾
]
= 0

=⇒ 𝑥1 + 𝑥2 − 1 + 𝛾 =
𝑥1 𝑥2

2
(1 − cos 𝜃)

=⇒ (1 − cos 𝜃) = 2(𝑥1 + 𝑥2 − 1 + 𝛾)
𝑥1 𝑥2

=⇒ 0 ≤ 2(𝑥1 + 𝑥2 − 1 + 𝛾)
𝑥1 𝑥2

≤ 2

=⇒ 𝑥1 + 𝑥2 ≥ 1 − 𝛾 and (𝑥1 + 𝑥2 − 1 + 𝛾) ≤ 𝑥1𝑥2

=⇒ 𝑥1 + 𝑥2 ≥ 1 − 𝛾 and (𝑥2 − 1) (1 − 𝑥1) + 𝛾 ≤ 0

=⇒ 𝑥1 + 𝑥2 ≥ 1 − 𝛾 and 1 − 𝑥1 − 𝛾 ≤ 𝑥2 ≤ 1 − 𝛾

1 − 𝑥1
, (C.5)

leading to phase space integral given by∫
𝑑Π3 =

𝑚
2
𝜙

128𝜋3

∫ 1−𝛾

0
𝑑𝑥1

∫ 1− 𝛾

1−𝑥1

1−𝑥1−𝛾
𝑑𝑥2 . (C.6)

Using the following conditions,

(𝑘1 + 𝑘2)
2 ≡ 𝑚2

𝜙 (1 − 𝑥3) ; (𝑘2 + 𝑘3)
2 ≡ 𝑚2

𝜙 (1 − 𝑥1) ; (𝑘1 + 𝑘3)
2 ≡ 𝑚2

𝜙 (1 − 𝑥2) , (C.7)

one then has 2𝑘2 · 𝑘3 = 𝑚
2
𝜙 (1 − 𝑥1) − 𝑀

2
1 − 𝑚2

ℓ𝛼
≃ 𝑚2

𝜙 (1 − 𝑥1) − 𝑀
2
1 .

With Eq. (C.6) and Eq. (C.2), one can finally compute the three-body decay rate:

Γ3-body ≡ Γ𝜙→ℓ𝐻𝑁1
=

1
2𝑚𝜙

∫
𝑑Π3 |𝑀 |2

=
1

2𝑚𝜙

𝑚
2
𝜙

128𝜋3

∫ 1−𝛾

0
𝑑𝑥1

∫ 1− 𝛾

1−𝑥1

1−𝑥1−𝛾
𝑑𝑥2

[
8𝜆2

12

(
𝑚

2
𝜙 (1 − 𝑥1) − 𝑀

2
1

)] 1
𝑚

4
𝜙 (1 − 𝑥1)

2

∑︁
𝛼

(
𝑌
★
𝛼 1𝑌𝛼 1

)
=

𝜆
2
12

32𝜋3
𝑚𝜙

∫ 1−𝛾

0
𝑑𝑥1

∫ 1− 𝛾

1−𝑥1

1−𝑥1−𝛾
𝑑𝑥2

(1 − 𝑥1) − 𝛾
(1 − 𝑥1)

2

∑︁
𝛼

(
𝑌
★
𝛼 1𝑌𝛼 1

)
=

𝜆
2
12

32𝜋3
𝑚𝜙

∑︁
𝛼

(
𝑌
★
𝛼 1𝑌𝛼 1

) 1
2

[
𝛾

2 + 4𝛾 − 5 − 2(1 + 2𝛾) ln 𝛾
]
. (C.8)

Note that 0 < 𝛾 < 1, and the dominated contribution comes from the term −2 ln 𝛾 at small 𝛾 regime;
when 𝛾 → 1 or equivalently 𝑀1 → 𝑚𝜙, Γ3-body → 0, which is as expected since this process is
kinematically blocked in such case.
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The branching ratio for the channel 𝜙 → ℓ𝑁1𝐻 is

BR(𝜙 → ℓ𝑁1𝐻) =
Γ3-body

Γ3-body + Γ
𝜙→𝐻

†
𝐻

≃
Γ3-body

Γ
𝜙→𝐻

†
𝐻

=
𝑚𝜙

8𝜋2v2

(
𝑚2 | cos 𝑧 |2 + 𝑚3 | sin 𝑧 |2

)
· 𝑓 (𝛾) , (C.9)

where Γ
𝜙→𝐻

†
𝐻
≃ 𝜆

2
12

8𝜋 𝑚𝜙
and Eq. (6.13) for

∑
𝛼

(
𝑌
†
𝛼 1𝑌𝛼 1

)
have been applied. The function 𝑓 (𝛾) is

defined as:

𝑓 (𝛾) = √
𝛾

[
𝛾

2 + 4𝛾 − 5 − 2(1 + 2𝛾) ln 𝛾
]
, (C.10)

which peaks at 𝛾 ∼ 0.0177 with 𝑓 (𝛾)max ∼ 0.456.
If one neglects the washout effect, the generated 𝐵 − 𝐿 yield would be similar to Eq. (6.24), and

given by

𝑌𝐵−𝐿 =

[
3
4
𝑇rh
𝑚𝜙

BR(𝜙 → ℓ𝑁1𝐻)
]
𝜖1

=
3
4
𝑇rh
𝑚𝜙

[
𝑚𝜙

8𝜋2v2

(
𝑚2 | cos 𝑧 |2 + 𝑚3 | sin 𝑧 |2

)
· 𝑓 (𝛾)

] −
3

16𝜋
𝑀1

v2 (𝑚2
3 − 𝑚

2
2)

Im
(
sin2

𝑧

)(
𝑚2 | cos 𝑧 |2 + 𝑚3 | sin 𝑧 |2

) 
= − 9

512𝜋2
𝑀1 𝑇rh

v4 (𝑚2
3 − 𝑚

2
2)Im

(
sin2

𝑧

)
· 𝑓 (𝛾)

≃ 4.8 × 10−11
(

𝑚𝜙

1011GeV

) (
𝑇rh

1011GeV

)
Im

(
sin2

𝑧

)
· √𝛾 𝑓 (𝛾) , (C.11)

where in the first line the factor 3/2 in Eq. (6.24) has been changed to be 3/4 since only one
𝑁1 is produced via the three-body decay, and in the third line we have utilized Eq. (6.18). Note
that the function √

𝛾 𝑓 (𝛾) peaks at 𝛾 ≃ 0.08 with maximum ∼ 0.09. Within the small field
polynomial inflationary setup 𝑚𝜙 ≲ 1011 GeV, 𝑇rh ≲ 1011 GeV, thereafter with a typically value of

Im
(
sin2

𝑧

)
∼ O(1) the maximum value of the yield turns out to be 𝑌max

𝐵−𝐿 ∼ O
(
10−12

)
, which is too

small compared to the required value as shown Eq. (6.20). Thereafter with such three-body decay
alone, no enough B-L yield can be generated in the small field model.

Note that once the constraints on 𝑇rh and 𝑚𝜙 are relaxed, such three-body decay could give rise
to interesting contributions to the B-L yield. For example, in the large field scenario presented in
Chapter 7, the inflaton mass 𝑚𝜙 ≃

√
2𝑑𝜙0, can be as large as 1013 GeV by using Eq. (7.32), and

the reheating temperature can be as high as 𝑇rh ∼ 1014 GeV (cf. Eq. 7.40). Also if one relaxes the
radiative constraint on 𝑇rh and treat it as a free parameter (might be possible in some other inflation
model), 𝑇rh can be as larger as ∼ 5.5 × 1015 GeV (coming from CMB bound derived in Eq. (D.3)). Of
course proper treatments on washout effect shall also be applied once 𝑁1 mass is smaller than 𝑇rh.
We leave the detailed study regarding leptogenesis from inflaton three-body decay in the large field
scenario for a future publication.
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APPENDIX D

Upper Bounds on Inflationary Scale and
Reheating Temperature from CMB

We start from the expression for the power spectrum:

P =
𝑉

24𝜋2
𝜖𝑀

4
𝑃

=⇒ 𝜖v = 6.0 × 106

(
2.1 × 10−9

P

) (Hinf
𝑀𝑃

)2

=⇒
(Hinf
𝑀𝑃

)2
= 1.0 × 10−10

(
P

2.1 × 10−9

) ( 𝑟

0.01

)
=⇒ Hinf

𝑀𝑃

= 1.0 × 10−5
(

P
2.1 × 10−9

)1/2 ( 𝑟

0.01

)1/2
, (D.1)

where the Friedmann equation 𝐻2
= 𝑉/(3𝑀2

𝑃) and the relation 𝑟 = 16𝜖v have been applied in the first
and second step, respectively. Applying the recent bound on 𝑟 < 0.035 from CMB experiment [22]
into Eq. (D.1), we obtain an upper bound on inflationary scale:

Hinf < 2 × 10−5
𝑀𝑃 . (D.2)

Considering H(𝑇rh)
2
=
𝜋

2
𝑔★𝑇

4
rh

90𝑀2
𝑃

with 𝑔★ = 106.75 being the degrees of freedoms in the standard model
of particle physics contributing to energy density, and the fact that H(𝑇rh) < Hinf one has(

𝑇rh
𝑀𝑃

)4
= 8.5 × 10−2

(H(𝑇rh)
𝑀𝑃

)2
< 8.5 × 10−12

(
P

2.1 × 10−9

) ( 𝑟

0.01

)
leading to

𝑇rh < 2.3 × 10−3
𝑀𝑃 ≃ 5.5 × 1015 GeV . (D.3)
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APPENDIX E

General Expression for e-folds

Here we present the general analytical expression for the number of e-folds for polynomial inflation.
(See Eq. (7.9) for definition.) It is given by the the following integrals:

𝑁CMB =

∫ 𝜙CMB

𝜙end

1√︁
2𝜖v

𝑑𝜙

=

∫ 𝜙CMB

𝜙end

𝜙

2

[
32𝜙2 − 32𝐴 (𝛽 − 1) 𝜙 + 9𝐴2

64𝜙2 − 48𝐴 (𝛽 − 1) 𝜙 + 9𝐴2

]
𝑑𝜙

=

∫ 𝜙CMB

𝜙end

𝜙

2

[
1 + −32𝜙2 + 16𝐴 (𝛽 − 1) 𝜙

64𝜙2 − 48𝐴 (𝛽 − 1) 𝜙 + 9𝐴2

]
𝑑𝜙

=

∫ 𝜙CMB

𝜙end

𝜙

2

{
1 + −32𝜙2 + 16𝐴 (𝛽 − 1) 𝜙

[8𝜙 − 3𝐴(𝛽 − 1)]2 − 9𝐴2(𝛽2 − 2𝛽)

}
𝑑𝜙

=

∫ 𝜙CMB

𝜙end

𝜙

2

{
1 + −32𝜙2 + 16𝐴 (𝛽 − 1) 𝜙

64 [𝜙 − 3/8𝐴(𝛽 − 1)]2 − 9𝐴2(𝛽2 − 2𝛽)

}
𝑑𝜙

=

∫ 𝜙CMB

𝜙end

𝜙

2

{
1 + −32𝜙2

64
[
𝜙 − 3

8 𝐴(𝛽 − 1)
]2 − 9𝐴2(𝛽2 − 2𝛽)

+ +16𝐴 (𝛽 − 1) 𝜙
64

[
𝜙 − 3

8 𝐴(𝛽 − 1)
]2 − 9𝐴2(𝛽2 − 2𝛽)

}
𝑑𝜙

=

∫ 𝜙CMB

𝜙end

𝜙

2

{
1 − 1

2
𝜙

2[
𝜙 + 𝜙0(𝛽 − 1)

]2 − 𝜙2
0(𝛽

2 − 2𝛽)
− 2

3
𝜙0 (𝛽 − 1) 𝜙[

𝜙 + 𝜙0(𝛽 − 1)
]2 − 𝜙2

0(𝛽
2 − 2𝛽)

}
𝑑𝜙 .

(E.1)

The three integrals admit analytical expression as:∫
𝑑𝜙
𝜙

2
=
𝜙

2

4
; (E.2)
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∫
− 1

4
𝑑𝜙 𝜙

3

[𝜙 − 𝑚]2 + 𝑛2

=
1
8

{
5𝑚2 − 4𝑚 𝜙 − 𝜙2 + 2(𝑚3 − 3𝑚 𝑛2)

𝑛
ArcTan

[
𝑚 − 𝜙
𝑛

]
− (3𝑚2 − 𝑛2) log

[
𝑛

2 + (𝑚 − 𝜙)2
]}

;

(E.3)

and ∫
1
3

𝑑𝜙 𝑚 𝜙
2

[𝜙 − 𝑚]2 + 𝑛2

=
𝑚

3

{
𝜙 − (𝑚2 − 𝑛2)

𝑛
ArcTan

[
𝑚 − 𝜙
𝑛

]
+ 𝑚 log

[
𝑛

2 + (𝑚 − 𝜙)2
]}

, (E.4)

with 𝑚 = 𝜙0(1 − 𝛽), and 𝑛2
= 𝜙

2
0(2𝛽 − 𝛽

2). By combining them, we have

𝑁CMB =
1

24

{
−2
𝑚

3 + 5𝑚𝑛2

𝑛
ArcTan

(
𝑚 − 𝜙
𝑛

)
+ 15𝑚2 − 4𝑚𝜙 + 3𝜙2 − (𝑚2 − 3𝑛2) ln

[
𝑛

2 + (𝑚 − 𝜙)2
]} �����𝜙CMB

𝜙end

≃ 1
24

{
3𝜙2 − 4𝜙𝜙0 + 15𝜙2

0 − 𝜙
2
0

√︄
2
𝛽

ArcTan

(
𝜙0 − 𝜙√︁

2𝛽𝜙0

)
− 𝜙2

0 ln
[
(𝜙0 − 𝜙)

2
]} �����𝜙CMB

𝜙end

, (E.5)

corresponding to Eq. (7.9).
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APPENDIX F

Inflation in Supergravity

In this chapter we briefly revisit the realization of inflation in the supergravity framework. We start
from the 𝐹-term scalar potential, which is determined by superpotential𝑊 and Kähler potential 𝐾
[158]:

𝑉 = 𝑒
𝐾

[
(𝐷𝑖𝑊)𝐾−1

𝑖 𝑗
(𝐷 𝑗𝑊̄) − 3|𝑊 |2

]
, (F.1)

where
𝐷𝑖𝑊 =

𝜕𝑊

𝜕Φ𝑖
+ 𝜕𝐾

𝜕Φ𝑖
𝑊 ;𝐷 𝑗𝑊̄ =

𝜕𝑊̄

𝜕Φ̄ 𝑗

+ 𝜕𝐾

𝜕Φ̄ 𝑗

𝑊̄ , (F.2)

and

𝐾𝑖 𝑗 =
𝜕

2
𝐾

𝜕Φ𝑖𝜕Φ̄ 𝑗

. (F.3)

For successful inflation, the potential energy 𝑉 has to be positive, thus breaking supersymmetry
spontaneously and giving rise to an positive effective mass for any would-be inflaton field with the
same magnitude as the Hubble parameter during inflation. This leads to the so-called 𝜂 problem
[158]. To see this point more clearly, let’s consider a canonical Kähler potential 𝐾 =

∑
𝑖 |Φ𝑖 |

2 and
then expand the scalar potential in Eq. (F.1). This leads to

𝑉 ⊃
(
1 +

∑︁
𝑖

���Φ𝑖 ���2) ∑︁
𝑖

���� 𝜕𝑊𝜕Φ𝑖
����2 = 𝑉

global +
∑︁
𝑖

���Φ𝑖 ���2𝑉global ⇒ 𝜂 =
𝑉

′′

𝑉
∼ 1 , (F.4)

where 𝑉global
=

∑
𝑖 | 𝜕𝑊𝜕Φ𝑖

|2. Recall that slow-roll inflation requires 𝜂 ≪ 1; clearly Eq. (F.4) violates
such conditions. This is the so-called 𝜂 problem in supergravity inflation models [158].

A simple idea to resolve this problem is to construct Kähler potential with a shift symmetry [159]:
Φ → Φ + 𝑖𝐶. This ensures that the imaginary part does not appear in the exponential of the scalar
potential, thus allowing the imaginary component to be a viable inflaton candidate, free from the 𝜂
problem [158].

Following the same spirit of Ref. [159], one can consider the following Kähler potential and
superpotential [63, 160],

𝐾 =
1
2
(Φ +Φ

†)2 + |𝑋 |2 ; 𝑊 = 𝑋 (𝑑1Φ + 𝑑2Φ
2) , (F.5)
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where Φ and 𝑋 are two superfields and 𝑑1, 𝑑2 denote the couplings. Such construction has been
considered to realize polynomial inflation scenarios. In particular a large field scenario was considered
in Refs. [63, 160]. Here we briefly revisit the calculations and then derive the conditions for the
Kähler potential and superpoetntial in Eq. (F.5) in order to arrive at our model namely Eq. (3.5). The
introduction of superfield 𝑋 is to make sure the scalar potential to be positive; during inflation 𝑋
would quickly align itself to be the minimum such that the negative term −3|𝑊 |2 does not contribute
to the scalar potential. By expanding 𝑒𝐾 up to O(Φ2), and decomposing Φ ≡ 1√

2
(𝜒 + 𝑖𝜙), one has

the scalar potential:

𝑉 ≃
[
1 + 1

2
(Φ2 +Φ

†2 + 2ΦΦ
†)

] (
𝑑1Φ + 𝑑2Φ

2
) (
𝑑
★
1 Φ

† + 𝑑★2 Φ
†2

)
=

(
1 + 𝜒2

) [
|𝑑1 |

2

2
(𝜒2 + 𝜙2) + |𝑑2 |

2

4
(𝜒2 + 𝜙2)2 +

𝑑1𝑑
★
2

2
√

2
(𝜒2 + 𝜙2) (𝜒 − 𝑖𝜙) +

𝑑
★
1 𝑑2

2
√

2
(𝜒2 + 𝜙2) (𝜒 + 𝑖𝜙)

]
⊃ |𝑑1 |

2

2
𝜙

2 + |𝑑2 |
2

4
𝜙

4 +
(
−𝑖𝑑1𝑑

★
2 + 𝑖𝑑★1 𝑑2

)
2
√

2
𝜙

3

=
𝑚

2

2
𝜙

2 + 𝜆
2

4
𝜙

4 −
√

2𝑚𝜆 sin 𝜃
2

𝜙
3
,

(F.6)
where the angle 𝜃 denotes the relative phase for the two complex coupling parameters 𝑑1 and 𝑑2; we
have also defined |𝑑1 | = 𝑚 and |𝑑2 | = 𝜆.

Defining 𝑏 = 𝑚
2

2 , 𝑐 = −
√

2𝑚𝜆 sin 𝜃
2 and 𝑑 = 𝜆

2

4 , one arrives at:

𝑉 (𝜙) = 𝑏 𝜙2 + 𝑐 𝜙3 + 𝑑 𝜙4
, (F.7)

as considered in Eq. (3.1). By applying the inflection-point conditions: 𝑏 = 9𝑐2

32𝑑 , 𝜙0 = − 3𝑐
8𝑑 , (cf. from

Eq. (3.3) and Eq. (3.4)) one has

𝑚
2

2
=

9𝑚2
𝜆

2 sin2
𝜃

16𝜆2 ⇒ sin 𝜃 =
2
√

2
3

; (F.8)

and the location of the inflection-point is fixed by

𝜙0 =
3
8

2
√

2𝑚 sin 𝜃
𝜆

=
𝑚

𝜆
, (F.9)

where only a positive solution of sin 𝜃 has been considered since both 𝑚 and 𝜆 are positive. So one
sees that it could be possible to start from Kähler potential and superpoetntial constructed in (F.5), to
realize the polynomial inflation scenario (3.5).
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