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Summary

The goal of this thesis is the analysis of functionals subject to a differential constraint.
These functionals appear in minimisation problems which are connected to problems com-
ing from continuum mechanics. In the introductory chapter of this thesis we further explain
the connection between the physical problems and their mathematical formulation.

Chapter [2] is concerned with the study of the differential constraint. It mostly features
auxiliary results that are needed in later sections. Moreover, we compare two concepts of
the constant rank property with respect to two different base fields, R and C.

The aim of Chapters [3] and [4] is to derive an abstract theory regarding weak continuity
and weak lower-semicontinuity of functionals. This is connected to a generalised notion of
convexity for functions, so called A-quasiconvexity. Employing the direct method of the
calculus of variations, these results can directly be applied in the analysis of minimisers
for the aforementioned functionals. Chapter [3] studies the significantly stronger notion
of A-quasiaffinity and gives and extended version of previously known characterisations
of A-quasiaffine function. In contrast, Chapter [4] examines the equivalence between A-
quasiconvexity and lower-semicontinuity, with a focus on a weak growth assumption.

The knowledge acquired in Chapters [3] and [4] is applied in Chapter [5] In that chapter,
we examine a data-driven approach to fluid mechanics in a stationary setting that has
previously been employed in the study of solid mechanics. In particular, we show a result
that connects convergence of data sets to convergence of corresponding functionals and
minimisation problems.

In the second part of this thesis, Chapters we consider a notion of convexity for sets
that is directly connected to the previously mentioned notion of convexity for functions.
This notion of convexity has been analysed subject to the specific constraint of being a
gradient, so called quasiconvexity. The aim of the second part is to show the validity of
some statements that are known for the setting of quasiconvexity to general differential
operators. Chapters [7] and [§] are summaries of their respective counterparts, Chapters
and Bl which rely on the publications [I34] and [20], respectively, and are therefore
presented in the appendix.

One of the main statements is that a suitable convex hull of a set does not depend on an
exponent whenever the set itself is compact. This result relies on a truncation technique
that constructs a cut-off version of a function that still satisfies the differential constraint.
The consequences of this truncation theorems in the framework of convex sets is discussed
in Chapter [6] The truncation statement itself is shown in two physically relevant settings:
in Chapter [A] for closed differential forms and in Chapter [Bfor the divergence of symmetric

3 X 3 matrices.
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1. Introduction

1.1. Outline

This introductory chapter gives an overview of both the physical motivation coming from
continuum mechanics and the corresponding mathematical problems and their solution.
Hence, it is split into two major parts.

In the first part, Section[I.2] we give a brief introduction to the mathematical formulation
of continuum mechanics. In Subsection [1.2.1] we start with the theory of static continuum
mechanics and the study of equilibria. The treatment then further branches up, dependent
on the class of the material considered.

For certain solids one observes elastic behaviour. We give a overview of elasticity, hyper-
elasticity and phase transitions in crystalline structure in the Subsections [[.2.2HI.2.4] In
Subsection [I.2:5] we folcus on incompressible fluids, where different modelling assumptions
are needed.

Different materials, for example water and oil, behave differently under application of
forces. Clasically, one models a constitutive equation based on the experimental data and
symmetry considerations. This approach is described in Subsection [[.2.6] It leads to a
partial differential equation (PDE) for the natural fields (the deformation for solids and
the velocity for fluids). A new approach skips the modelling step and directly computes a

solution based on the experimental data, cf. Subsection

The second part of this introduction, Section [1.3] is concerned with an abstract reformu-
lation and solution of the mathematical problems which arise in the theory formulated in
Section We formulate a generalised version of minimisation problems appearing in the
context of continuum mechanics in Subsection [[.3-1] After a slight detour on the underly-
ing PDE constraints in [1.3.2] we focus on the theory of weak lower-semicontinuity and the
direct method of the calculus of variations in Subsection Weak lower-semicontinuity
is closely connected to a generalised notion of convexity in presence of a differential con-
straint, the so called A-quasiconvexity. Here, A-quasiconvexity is a notion for functions
f:RY = R, which arise as integrands of the minimisation problems considered.

By duality/separation one can also define the notion of A-quasiconvexity for sets, cf.
Subsection [1.3.4] This leads to one of the main question of this thesis, Question
which is concerned with the dependence of a suitable convex hull on the growth exponent
p of the underlying class of separating functions. The solution to this question relies on a
truncation statement, which is discussed in [1.3.5]

At the end of this chapter, we shall also give a short overview of the structure of this
thesis, cf. Section [1.4]
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1.2. Modelling and data-driven problems

In this section we briefly outline a family of problems appearing in continuum mechanics.
For some problems we are able to derive a variational formulation, which is discussed from
a mathematical viewpoint in Section [1.3]

This section is organised as follows: In the first part, we recall some basic notions of
continuum mechanics, before going into some detail both for elasticity and fluid mechanics,
essentially following [34] 114} 128, 33].

The second part of this section is concerned with two different approaches to obtain
material laws, which are also referred to as constitutive equations. First, we revisit the
classical modelling approach and discuss its advantages and disadvantages, cf. Section
[[.2.6] Recently, a data-driven approach to problems in elasticity and plasticity has been
advocated by several authors [87, [41] [40], [131]; we discuss its mathematical formulation
and basic consequences in Section [I.2.7]

The mathematical analysis of the ensuing variational problems is the goal of this thesis.
This is the focus of the next Section .3

1.2.1. A mathematical formulation of continuum mechanics

We consider a body consisting of a material, which we first assume to be a solid. Math-
ematically, this body is described to be (the closure of) some open and Lipschitz bounded
set © C RY, where usually the space dimension is N = 2,3. This set Q is often referred
to as the reference configuration.

If a force is applied to the material, it will deform into a new state. A classical example
for this behaviour is a spring, which ideally might be seen as a one-dimensional object, i.e.
an interval Q = (0, L) C R. If we apply some force at its ends, it deforms to occupy a
larger domain (and if we stop applying the force it goes back to its initial behaviour).

In this thesis, we are not interested in the behaviour-in-time of this material, but in the

new static equilibrium after applying the force.

Question 1.1. After applying a certain (external or internal) force to the material, how

does the domain Q change and where do points in the material move to?

The change of the domain {2 is modelled as follows. The movement of each particle is
described by a map ¢: @ — R, which is called the deformation. The deviation v = ¢ —Id
from the trivial map ¢ = Id is called the displacement. The gradient of ¢ is called the
deformation gradient F = V.

The material is subjected to two types of forces. The body forces f: Q — RY are forces
acting on each particle of the material. Such body forces usually comprise gravity or
electromagnetic forces. External forces g: 9Q — R™ act on the boundary of Q. Examples
for such forces are pressure and centrifugal forces (cf. Figure .

EULER and CAUCHY derived from Newton’s principles of mechanics that for any subbody
U C Q the total force Fyy exterted by u(2\ U) and u(U) can be expressed in terms of
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o0 dip(82)
A ~ -

Figure 1.1.: This figure shows a material occupying a bounded Lipschitz set €2, the forces
f and g acting inside  and on 0%, respectively. Furthermore, we assume
that 0p(2) = ¢(09), i.e. particles on the boundary stay on the boundary and
particles in the interior still are in the interior.

the Piola-Kirchhoff stress tensor o as Fyy = / o - vdHN 1. Here, v denotes the outer
ou
normal on U and HV~! the (N — 1)-dimensional Hausdorff measure. Moreover, for a body

in equilibrium, the stress tensor satsifies

div(e(z)) = f(x) in Q,
olx)-v = g on 012, (1.1)
Vo(z)o(z) = o(x)Ve(z)! in Q.

Here, the first equation and second equation guarantee that balance of force inside and
on the boundary of the domain. The third equation expresses the balance of angular
momentum.

The identities hold for every elastic body, independent of the material it is made
of. To obtain a PDE for the deformation ¢ for the specific material we need a relation

between ¢ and ¢. This relation is referred to as the material law or constitutive law.

1.2.2. Elasticity

A material is called elastic if the stress o(x) only depends on z and on the value of the

deformation V. Hence, temporarily disregarding boundary values, we obtain

div(e(z)) = f(=),
O'(l') = a'(l‘,VQp(I) ) (1'2)
Vo()o(@)' = o(x)Ve()".

The relation
o(x) =0d(x, F)
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for a deformation F' is often called a constitutive law for the material. We further call it
homogeneous if (x, F) = 6(F).

An example of elastic behaviour is the previously mentioned spring that deforms under
the application of forces. What one can observe (in a reasonable range of forces, cf. Sub-
section is that the material follows Hooke’s law, i.e. that the stress is approximately

a linear function of the strain
o(F)=CF, CecR,.

This linear relation (in higher dimension) is often referred to as linear elasticity.

1.2.3. Hyperelasticity

An elastic material is called hyperelastic if its constitutive law can be written as a

derivative of a potential W in the second variable, i.e.
o(x,F)=——(x, F).

The equations
dive = f(x)v O'(ZL‘) = (5’(.%’, VQP(ZE))

can be seen as an Euler-Lagrange equation of a corresponding functional

I(p) = /ﬂ W, o(x)) — fpdr. (1.3)

In particular, any (sufficiently regular) minimiser of the functional I is a solution to the
differential equation ([1.2). We call I the energy of a deformation ¢ and W the stored
energy function.

It is often easier to show that the functional I has a minimiser (see Section [1.3.3| than to
solve the PDE directly. For existence statements, for minimisation of the functional
1.3| one often assumes that W is convex. Convexity of the energy function W, however,
often is incompatible with certain justified physical assumptions, in particular that the
stored energy is frame-indifferent (i.e. W(F) = W(RF') for a rotation R € SO(N)) and
diverges if det(F') tends to zero.

The assumption of hyperelasticity is not unreasonable. Indeed, materials following the
linear Hooke’s law, admit the energy function Wi(F) = C/2|F|*>. Other examples of
hyperelastic materials are Ogden’s, neo-Hookean materials and Mooney-Rivlin materials
[34] 120], where, in addition to Wy, the energy functional also depends on the determinant

or the cofactor matrix of F.

So far, we only considered a world of perfect elasticity. That is, a material deforms
after application of force and, if we stop applying the force, it returns into its reference
configuration. If the force is not too large, such a behaviour can be observed for many

materials, including the example of a spring. However, if the force is too large, plastic
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€

Figure 1.2.: Stored energy functions of a material following Hooke’s law and a material
with a two-well potential.

behaviour occurs: The material fails and we cannot return the reference configuration,
even if we stop applying the force; the change is irreversible. For example, the atomic
structure of the material changes. If even more force is applied to the material, fracture
might occur and the material breaks up into two pieces.

Disregarding fractures, one might extend the elastic model into two regimes. Let K be
a closed subset of RY*Y If the strain tensor satisfies (Vu(z) + VI u(z)) € K (the elastic
regime) for every x € ), then elastic behaviour occurs, else the deformation is plastic. We
revisit a mathematical problem in elasto-plasticity in Section [B} for the remainder of this
introduction let us assume that the material is perfectly elastic and its constitutive law

can be expressed by a stored energy function W.

1.2.4. Phase transitions and microstructures

Energy functionals of the form

J(u):/QW(Du(x)))dx

for a displacement u = ¢ —id also occur when describing the elastic behaviour of crystalline
structures, for example alloys [53], [16]. The local minima of the energy function W can be

seen as optimal microscopical states of the lattice. Let us assume that the initial state
Dp=id

corresponds to a perfectly cubic lattice. Then, for example after a change in temperature,
the material might prefer a different energy-optimising configuration, for example a rect-
angular lattice. This behaviour corresponds to the energy W having local minima on some
diagonal matrices.

From a mathematical standpoint, we are interested in the following questions regarding

the functional J:
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o0

B B B B B

A A A A A

[3)9]

Figure 1.3.: Mathematical formation of a microstructure. In the red region close the bound-
ary, the deformation gradient Vu is fitting to the boundary condition (e.g.
u(z) = (2/3A+1/3B)z), whereas in the interior a microstrucuture consisting
of several layers, where either Vu = A or Vu = B, forms.

Question 1.2. (a) Do minimisers to J exists?

(b) Do energy-optimal minimisers to J exist? More explicitly: Renormalise the energy
W, such that local minima F of W satisfy W (F') = 0. Depending on the prescribed

boundary values, does there exist a deformation u, such that

J(u) =07

(c) If not, are there at least sequences such that J(u,) — 07

Question @ can be answered by employing the direct method in the calculus of varia-
tions, cf. Section below. The answer to questions and often heavily depend on
the prescribed boundary Dirichlet boundary to the material. It is worthwile mentioning,
that the answer to is of high releveance, both mathematically and physically. To see
this in a brief argument, suppose that two matrices A and B are energy-minimising, i.e.
W(A) = W(B) =0 and W > 0 else (the so called two gradient problem, cf. [16]). For
simplicity suppose that A = —B € R?*?, Q = (—1,1)? and A = ey;.

A short calculation gives that for zero boundary values J(u) = 0 cannot be attained,
but that there is a sequence of functions u, with nl;rrgo J(upn) =0 (cf. Figure .

We see that there is an oscillation pattern between two different phases for u,. Math-
ematically, the frequence of the oscillations diverges as J(u,) — 0. Physically, such an
oscillation between two phases also can be observed (for example in Indium-Thallium or
Copper-Aluminium-Nickel alloys), with various thickness of the layers (ranging from a
thickness of atomic scale to several nanometers or even larger). The reason for this be-
haviour is that on a microscopic scale further effects come in, in particular the ’energy’ of

a configuration might not only depend on the first derivative of .
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1.2.5. Fluid Mechanics

To study fluid mechanics, we need to employ an approach different to the one for solids.
If we apply a constant force f to a solid, after some time we reach a new static equilibrium
described by the deformation . In particular, a particle at a point €  in the reference
configuration is moved to ¢(z) and the location of this specific particle does not change in
time after reaching the new equilibrium.

For fluids and gases, this is not true. For example, if we start rotating a cylinder
containing water, there will be no equilibrium for the displacement w and particles always
move around.

Instead of the displacement u, we hence consider the velocity v: £ x [0, 00) — RY | that
describes the velocity at a point in €2, i.e. a particle that is at x¢ € €2 at time t = tg has
velocity v(zg,tp). In this description we might encounter steady states, meaning that the
velocity at a point x is constant over time.

We model a fluid as a body occupying a domain Q ¢ RY (which, in this setting, we
assume to be time-independent). We describe the behaviour of the fluid by

e the welocity field v: Q x [0,00) — RY:
e the pressure m: Q x [0, 00) — RY;
e the mass density p: Q x [0,00) — RV,

Let us assume that the fluid has a constant density. Furthermore suppose that the fluid has
a linear relation between the stress o and the rate of strain €. By the usual conservation
laws for mass and momentum, and after a suitable non-dimensionalisation, one obtains the

incompressible Navier—Stokes equation for Newtonian fluids

v+ (v-Vv = —Vr+pudive + f,
divv = 0, (1.4)

. Vo + VT

o = —7r1d+uT,

where p € Ry is the m’scosityﬂ of the fluid. Note that in this setting the force term
f:Qx[0,00) = RY may be time dependent. Furthermore, one needs to impose boundary
conditions at the spatial boundary 92 x (0,7) and an initial condition at ¢t = 0, which we
shall omit here (cf. Chapter [5)).

A steady state of the Navier-Stokes equation is a function u: Q — RY, such that

v(t,z) = u(x)

is a solution to (|1.4)) with some time-independent force f. Note that for such a steady
state, single particles still are in motion given by the velocity u: Q — RY. But, fixing
a location z € 2 (and not focusing on a fixed particle that moves around), velocity and

pressure are always constant in time.

'1f we assume that the viscosity is 0, we recover the so called Euler equation.
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Mathematically, for such u one obtains the stationary Navier—Stokes equation for a time-

independent velocity field u: Q — RY

(u-Vu = —Vr+pdive + f,
divu = 0, (1.5)

, Vu + V7

c = —rid +/LT.

Up to now, we assumed that the viscosity v of the fluid does not depend on the velocity
or the gradient of the velocity. That is, the stress depends linearily on the symmetric part
of Vv, i.e.

Vu(x) + VT’LL(.%).

o = —mid+ve for a strain e € RYXN  —  g(z) = —7id v )

Sym

Such fluids are called Newtonian fluids and, in reality, one can observe that this assumption
for the viscosity is almost satisfied by water. Although it is reasonable in many practical

applications to assume a fluid being Newtonian, real fluids are in fact non-Newtonian, i.e.
Vu+ VT

they feature a non-linear relation between the stress o and the rate of strain e = 5

In mathematical terms,

o = —mid+u(|e|)e.

This p is then called the constitutive law of the underlying fluid. The suitable version of

the stationary Navier Stokes equation for Non-Newtonian fluids then reads

(u-V)u = —Vr+div(o)+ f,
o = uld)e (16)
divu = 0.

We hence are interested in the study of solutions to ((1.6)). This equation and its dynamic
counterpart is well-studied in the Newtonian case where the function p(-) is constant. A

widely-used Non-Newtonian constitutive relation is given by
p(lel) = polel*™t, >0, (1.7)

and the corresponding fluid’s are called power-law fluids or Ostwald—de Waele fluids. The
exponent o > 0 denotes the so-called flow-behaviour erxponent and pg > 0 is the flow
consistency index. In the case 0 < a < 1 the fluid exhibits a shear-thinning behaviour as
its viscosity decreases with increasing shear-rate, while the fluid is called shear-thickening

in the case o > 1. In this case the viscosity is an increasing function of the shear rate.

To summarise, the behaviour heavily depends on the fluid’s viscosity. Therefore, it is
necessary to determine the correct constitutive law. Two approaches, namely to either
deduce such a law from experimental data or to circumvent the use of a constitutive law

and calculate solutions directly, are discussed in the following two sections.
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Figure 1.4.: Couette’s experimental setup (on the left) and a zoomed-in 'flat’ picture (on
the right). The experiment consists of two cylinders with a fluid in between.
The inner cylinder is at rest and the outer cylinder is moving at angular velocity
w. If this velocity is not too large, the fluid’s velocity changes linearly between
the two cylinders (right picture). The wiscosity is calculated by measuring
the force needed to rotate the cylinder, as the difference in the velocities u
introduces a shear force. The higher the viscosity of the fluid, the more force
needs to be applied to obtain an angular velocity w. Furthermore, let us note
that if w is too large, the flow is not nicely circular as depicted on the right
image, but turbulences occur. Therefore, the experiment only works within a
range, where the velocity u has the form as in the right picture, cf. [143]. This
range is connected to the thickness (ro — 71) /71 of the fluid.

1.2.6. Classical Mathematical modelling

For problems in elasticity and for the stationary Navier—Stokes equation, we have so far
assumed that at a point € Q the stress o can be written as a function of the strain € (or
the deformation gradient V) and the point x. This lead, in the case of hyperelasticity, to
a stored energy function W. For fluids, we may determine the viscosity v dependent on e.

The dependence of o on the deformation heavily depends on the material. For example,
for water a reasonable assumption is that it is Newtonian, i.e. the stress depends linearily
on the strain. For other fluids, this is not true, in reality there are many shear-thinning and
shear-thickening fluids (i.e. the viscosity decreases when applying shear force, or increases,
respectively).

An example for an experimental setup determining the fluid’s viscosity is the so called
Couette-flow [43]. The experiment features two cylinders of radii 71 and re with the same

center, where the inner cylinder is at rest and the outer cylinder is moving (cf. Figure [1.4)).

So, for a given material, the behaviour of the stress has to be determined by experiments.
The first step to get a material law 6 is to do as many measurements as possible. As
experiments and the equipment tend to be imperfect, a measuring error occurs and we
cannot expect our final model to be more accurate than the experimental data.

After gathering enough experimental data, we model a function ¢ — o that satisfies

certain reasonable assumptions and is as close to the experimental data as we can get
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Figure 1.5.: A constitutive law (in red) derived from data points (€,0). Under a suitable
assumption (e.g. that o is linear in €), the displayed law is closest to the
experimental data in is then used in the PDE.

(cf. Figure . We then take this obtained material law and use it for our differential
equation.

Such an approach obviously has both advantages and disadvantages. On the one hand,
we obtain an explicit partial differential equation, which we might be able to solve (nu-
merically). Moreover, with sensible assumptions on the function € — o, one might be able
to state results about existence and uniqueness, as well as stability of solutions. On the
other hand, a drawback of this classical modelling ansatz is that we are exposed to two
procedures, where an error might occur. First, the experimental equipment is imperfect.

Second, also modelling errors may occur by prescribed assumptions on the map 4.

1.2.7. Data-driven problems

The ability to process huge amounts of data has lead to another approach to tackle the
problem of obtaining solutions to problems in continuum mechanics. In the following, we
stick to the description of elastic materials.

The essential idea is to directly compute a solution that satisfies the physical laws, i.e.
to find a displacement u: Q@ — RY and a stress ¢ that obeys dive = f. For such a
displacement wu, its strain € and stress tensor ¢ we now determine how far it is away from
the experimental data. We then take a triple of functions (u, €, o) which is closest to the
experimental data.

The advantage of this approach is that we directly get solutions from raw experimental
data, in particular, no modelling error occurs. So, in principle, the solution obtained by
the data-driven approach should be more accurate than the solution that is calculated from
the PDE after a further modelling step.

A mathematical analysis of such a procedure has been done mainly for problems in solid
mechanics in [87, 4], 42, [40]. Chapter [5| is concerned with a mathematical analysis of

ensuing problems for steady states in fluid mechanics.

Below we formulate the data-driven problem and pose some questions, that are then
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answered in Chapter [5] in the context of fluid mechanics.
The experimental data is a set D of strain-stress pairs (¢,0) € Rg;]\’ XRS]\YIIEN . The difficulty
is to find a suitable distance function between the pair of functions €, o: Q — R¥*¥ and

the experimental data. Let us, as a suitable physical law, take €, o from elasticity E| obeying

v+ VT
E({L’) = Tu(x)’ (1.8)

dive(z) = f(z).

The simplest way is to just measure the pointwise distance between the solution and the

data and integrate over €2, i.e. we aim to minimise

e = [ e o), D)t e 0) satisties (D)

o0 else,

(1.9)

for a suitable pointwise distance function dist on RY*Y x RN*N  Before outlining (dis)ad-

vantages of this approach, let us shortly pose some mathematical questions arising from

the formulation (|1.9)).

Question 1.3. (a) Do minimisers to the data-driven problem exist?
(b) Are minimisers unique for certain data?

(c) Is the data-driven approach consistent with the classic PDE approach? In other
words, if the data set D is prescribed by a constitutive law, D = {(e,0(¢)}, is a

solution a data-driven solution a solution to the PDE approach, and vice versa?

(d) Is there some form of convergence for data, such that the minimisation problems

converge in a suitable sense?

In Chapter [5] which is based on joint work with C. Lienstromberg and R. Schubert
[95], we discuss answers to most of these questions in the framework of fluid mechanics. In
particular, Section [5.4]is concerned with defining a suitable notion of convergence of data in
a pointwise manner. Essentially, two data sets converge to each other if the relative error in
measurement goes to zero. In Section we use this notion of data convergence to obtain
results for the corresponding functional. Finally, consistency with the PDE approach is
discussed in Section [5.6] For now, let us note that the data-driven approach is consistent

for several constitutive laws like Newtonian or power-law fluids.

Before continuing with an abstract mathematical reformulation of these problems in Sec-
tion [I.3] let us mention some advantages and disadvantages of the rather simple approach
. On the one hand, given experimental data D and (e,0), it is very easy to write
down and calculate the functional I. Such a functional [ fits into a rather general abstract
setting (cf. Section , that is further discussed in Section m

2For fluid mechanics one needs to add the inertia term and, in addition, assumes incompressibility of w.
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(6070:0) > *

Figure 1.6.: A data set with a single outlier (€p,0p). A sensible modeling approach would
esentially ignore this faulty measurement and still give a linear constitutive
law. The simple data driven approach in has problems with such points.

On the other hand, the approach is simplified and, in reality, often not adjusted to real
experimental data. Essentially, we assume that our experimental equipment is very accu-
rate. Moreover, for the notion of data convergence, we need that the relative measurement
error tends to zero. Such assumptions are not justified in reality. For example consider
experimental data as in Figure|[l1.6

From a practical standpoint, one might assume that the point (€g, o) is just a erroneous
measurement and, in the modelling approach to obtain a PDE, the faulty measurement is
compensated by the fact that there are many accurate measurements for a similar strain.
However, if we do not want to artificially throw out data, the data-driven functional does
not distinguish the single data point (g, o) and the cluster of data points contradicting
the single outliner. Even worse, in the simple model , being close to the single outlier
(€0, 00) is equally good as being close to many points.

To circumvent this problem, there are approaches, where either single outliers are ignored
(cf. [131]), or a more probabilistic approach to a functional is undertaken (cf. [40]). For

the remainder of this thesis, especially in Chapter |5, we however stick to the simplified

setting ((1.9).

1.3. Mathematical Methods

We now discuss some mathematical techniques to tackle the problems presented in Sec-
tion [I.2] First, we formulate an abstract version of constrained minimisation problems in
Section Section focuses on describing the underlying differential constraint and
discussing some elementary result.

Section [I.3.3] returns to the minimisation problem introduced in In particular, we
recall the direct method of the calculus of variations which guarantees existence of minimis-
ers and the crucial requirements to apply this method, namely weak lower-semicontinuity

and coercivity. Applying these abstract results to the setting of distance functions intro-
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duced for data-driven problems, we also get a generalised version of convexity for sets,
which is discussed in Section Finally, in Section [1.3.5] we present a truncation tech-
nique, which is designed to cope with the notion of convexity for sets; these truncation

results are major results of the whole thesis.

1.3.1. Constrained minimisation problems

Let us consider a time-independent physical quantity u: Q — R?. For such u we define

the functional I as
flz,u(z))dz ifuel
I(u) = /Q

o0 else,

(1.10)

where
o I: LP(Q,Rd) — R; we often call LP(Q,Rd) the phase space;

e (C is a set consisting of functions u in the phase space satisfying a certain physical
constraint, for example (1.8) with u(x) = (e(z),o(z)), or u = VU for a displacement
U.

e O xR = R (or — [0,00)) is a function locally describing the ’energy’ of the
physical state u.

To summarise, a minimiser of [ is a function satisfying the constraint « € € and satisfies

I(u) = 71)r61£3 I(v).

The main focus is to solve problems of the type described in Section [1.2] i.e. we are

interested in the following questions

Question 1.4. (Q1) Do minimisers exist? Can we further characterise certain properties

of minimisers?

(Q2) How do approximate minimisers (i.e. sequences u, with I(u,) — infe I(u)) look
ue

like? Can we say something about their weak limits?

(Q3) Can we rewrite (‘relax’) the functional I, such that it is clearly visible, which functions

are weak limits of approximate minimisers?

Before answering questions |(Q1)H(Q3)l, we need to specify the constraint set €. In

general, we distinguish between two types of constraints
(a) u needs to satisfy certain boundary conditions;

(b) wu satisfies a differential constraint. Usually, this comprises
(bl) uw = BU for some differential operator B (e.g. u = VU)~- a potential constraint;

(b2) Au = 0 for a differential operator A — an annihilating constraint.
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In the following Section we see that |(bl) and |(b2)| are essentially equivalent and can

be treated in parallel fashion, provided that A and B satisfy a technical condition (see also

Chapter .

1.3.2. Constant rank operators

Let A: C®(RY,RY) — C®(RY,RY) be a differential operator that is homogeneous of

order k4 = k and has constant coefficients, i.e.

Au= " Aadau, (1.11)

la|=k

for linear operators A, € Lin(Rd,Rl). Murat introduced the following condition on the
differential operator A [119] [137].

Definition 1.5. For an operator A as in we define the Fourier symbol A(§) €
Lin(R% RY) for ¢ € RY as
A() = ) Axt™
o=k
The operator A is said to satisfy the constant rank property if for all ¢ € RN \ {0} the
rank of A(&) is constant, i.e. there is v € N, such that

dimker A(¢) =r V& e RV \ {0}.

The Fourier symbol reduces the partial differential operator to an operator acting on
functions of one variable; i.e. if u(z) = vop(&x) for some direction & € RM \ {0}, vy € R?
and ¢: R — R, then u € ker A if and only if vy € ker A(£).

The ‘strength’ of the constant rank condition for the constrained minimisation problems
comes from the fact that it implies several properties. Indeed, the constant rank property

for an operator A is equivalent to the following conditions (cf. [123, [80]):

(a) The existence of a potential B to the differential operator A (i.e. an operator, such
that for functions with average 0 defined on the torus Au = 0 < u = BU), cf.
Theorem [2.6}

(b) The existence of an annihilator A’ to the differential operator A (i.e. an operator,

such that for functions with average 0 defined on the torus Au = v & A'v = 0), cf.

Theorem [2.6}

(c) The existence of a nice projection operator onto the kernel of the differential operator
for functions on the torus, cf. Theroem

The study of constrained minimisation problems of the type (|1.10) has a long history. It
has been mainly explored for the differential constraint u = VU (equivalent to curlu = 0)
(e.g. [110) 112, 86l 85, 45, 159]). A guiding question for this thesis may be formulated

informally as follows.
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Question 1.6. If we extend the minimisation problem from A = curl to general differential

operators, which properties remain true?

In the context of weak lower-semicontinuity (cf. the following Subsection [1.3.4)) the
constant rank property is enough [65]. However, it is not clear whether the constant rank

property is enough for other questions.

Question 1.7. (a) Is there a Poincaré lemma for (topologically trivial) open domains,
i.e. a statement d la Au = 0 = u = BU not only on the torus, but also for open

domains in RN 2

(b) Is the constant rank property sufficient for truncation statements in the style of Sub-

section below?

We return to the second question in Subsection and focus on the first one for the
moment. It is well known that for any curl-free function u € C’l(Q,RN ) on a simply
connected and bounded set €2 one may find a potential U: (2 — R, such that u = VU, i.e.
any closed 1-form is also exact. If  fails to be simply connected, the question, whether
some function u can be written as u = VU, also depends on a topological feature of €,
namely the fundamental group of 2. In this thesis, for simplicity we only consider question
@ in the setting, where €2 is a cube.

Even restricting to this setting, the constant rank property does not suffice to give such
a Poincaré lemma. Indeed, there is a simple degenerate counterexample: The operator
B = 0 is a potential of any elliptic differential operator, e.g. for the Laplacian A = Au.
On the one hand, Im B = {0} only consists of one function and hence is 0-dimensional. On
the other hand, ker A is infinite-dimensional.

The situation is still not perfect if, instead of taking A = A, we take A = V* to be
the k-th gradient. Still ImB = {0}, but now ker A is finite-dimensional as it consists of
polynomials of degree < k — 1.

The main difference between A = A and A = V¥ is that the Laplacian is only R-elliptic,
but the k-th gradient is C-elliptic (cf. Definition below). Applying this knowledge for
elliptic operators to general constant rank operators, we come to the following definition.
Let us define the complex Fourier symbol A(€) € Lin(C?, C') as

AG) =D Aug™, cech.

|a|=k

To be precise, A, € Lin(R%, R') can be written as

Aqg(w) = E adwjie;, ag €R,
4,3

which can be naturally extended to an operator in Lin(Cd, Cl), using that aixj eRcC

Definition 1.8 (Constant rank in C). The operator A is said to satisfy the complex
constant rank property if for all ¢ € CN\ {0} the rank of A(€) is constant, i.e. there is
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r € N such that
dimc kerc A(€) =r Ve € CV\ {0}.

An operator is called C-elliptic, if it has constant rank in C with r = 0.

A Poincaré lemma is known whenever the potential B is C-elliptic [82]. Indeed, one of

the main observations is the following [138] [76]:

Proposition 1.9. Let B be a differential operator of constant rank in R. Then the following
are equivalent

1. B is C-elliptic;

2. The kernel of B on an open connected set is finite-dimensional and consists of poly-

nomials;
3. There exists a differential operator B and k € N, such that V¥ = B o B.

In Section which is based on joint work with F. Gmeineder, [77] we extend this

result to the setting of constant rank operators.

Theorem 1.10 (Section [77]). Let By, By be two differential operators with constant

rank in C and Q C RN be open, bounded and connected. Then the following are equivalent
1. ker B (€) = kerBy(€) for all € € CV\ {0};

2. The kernels of By and By for functions in L*(Q,R™) only differ by finite-dimensional

spaces, i.e. there are finite-dimensional X1 and Xs, such that

ker By N L*(Q,R™) + X = ker By N L*(Q,R™) + X;

3. There exist differential operators Bi and By and k1,ko € N, such that

vk1081:B2082, Vk2OB2:B1081'

For a Poincaré lemma this means the following. If the sequence

cm B(€) cd A(§) c!

is exact, then possibly we may find a 'natural’ annihilator A with the same kernel in Fourier

space, but minimal kernel as an operator acting on L? (Q, ]Rd); ie.
ker AN L2 (Q,RY) = ({ker AN L*(Q,RY): ker(A(¢) = ker A(¢) V& € CV\ {0}}

Still one needs to prove a Poincaré lemma for A specifically. This is done in Section m
in the special case of space dimension N = 2 (also see [§]). In the general setting this is

still an open question.
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1.3.3. The direct method and weak lower-semicontinuity
The direct method

After the study of the constant-rank property, let us come back to the minimisation
problem . A well-known and powerful technique is to apply the direct method,
which was developed in the beginning of the 20" century and, most notably, studied by
HILBERT and TONELLI. Abstractly, this method is described as follows:

Proposition 1.11 (The direct method on Banach spaces). Let X be a reflexive Banach

space and I: [—o00,00] be a functional on X. Suppose that
(DM1) in}"(](x) < oo (the infimum is not +00);
[AS
(DM?2) ini](m) > —oo (bound from below);
[AS

(DM3) lim I(z) = oo (coercivity);

l[z[| o0

(DM4) I is sequentially weakly lower-semicontinuous, i.e. if r, — x in X, then

I(z) < liminf I(x,).

n—o0

Then I has a minimiser x*, i.e. I(x*) = inf I(z").
zeX
A short argument, why the direct method works, is as follows. Take a sequence x,,
such that I(z,) — inf I(z) € R as n — oo; the existence of such a sequence is ensured by
|(DM1)| and [(DM2)| Coercivity |[(DM3)| ensures that this sequence is a bounded sequence.

Reflexivity of the Banach space yields that there is a subsequence x,,, that converges weakly

to some z*. Consequently, due to weak lower-semicontinuity I(z*) < thT_l> g.}f I(zy,) =inf 1,
and we can conclude that x* is a minimiser.

In this thesis we work on functionals defined on L? (or sometimes LP x L9, or on Sobolev
spaces Wk’p), which are reflexive as long as 1 < p < oo (and 1 < ¢ < 00). Using weak-x
convergence, one may extend certain results to p = co. The case p = 1 is very different, as
just boundedness coming from coercivity does not yield weak compactness of minimising
sequences. One needs to redefine the functional on the space of measures (or on BV, BD
etc.), cf. [7, 164 14] 10].

Let us focus on 1 < p < oo. For the functional properties [[DMT)] and [[DM2)] are
usually fairly easy to check. Coercivity and weak lower-semicontinuity are

non-trivial properties. If the functional is given by I(u) = [ f(z,u(z))dz it is usually

Q
assumed that f satisfies p-growth from above and from below, i.e. there are constants

C1,Cy > 0 such that for almost every z € Q and every v € R?

1
alvlp —C1 < flz,0) < Co(1 4 [o]?). (1.12)
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In this work, we weaken the pointwise coercivity condition (the bound from below in
(1.12)); for now let us just refer to the lower-bound in (1.12)) as strong pointwise coer-

civity and focus on weak lower-semicontinuity first.

The easiest case for a functional like (1.10)) is provided by setting the operator A to 0;

i.e. one arrives at the unconstrained functional .J: LP(Q,R?) — R given by
Iw) = | feu(e) de.
Q

If we consider oscillating sequences u, = u(nz) for some Z"-periodic u € L{’OC(RN ,RY)
(which converge weakly to the mean of w on (0,1)"), a short calculation gives that the
map u — f(x,u) must be convex for almost every x € Q. Indeed, convexity of f(x,-) for

almost every x is equivalent to weak lower-semicontinuity [144. [63].

Quasiconvexity

Historically, the next step was to consider the differential constraint A = curl, i.e. one

studies the functional

IV(U):/Qf(x,VU(x))dx, UecWhP(Q,R™)

and rewrites it in terms of u = VU. Convexity of f: @ x RV*™ — R in the second variable
is sufficient for weak lower-semicontinuity, but indeed not neccessary if N,m > 2. MORREY
[110] introduced the notion of quasiconvezity and showed that this is indeed equivalent to

weak lower-semicontinuity as long as the integrand f has both p-growth from above and

below, ((1.12)).

Definition 1.12. A measurable and locally bounded function f: RN*™ — R is called
quasiconvez, if for all ¥ € C®(Tx,R™) and all A € RV*™

FA) < [ f(A+ V() de (1.13)
Tn

f is called quasiaffine or a Null-Lagrangian if both f and —f are quasiconvez, i.e.

(1.13) is satisfied with equality.

The inequality may be seen as a generalised form of Jensen’s inequality for convex
function; any convex function is automatically quasiconvex. If either N =1 or m = 1, also
any quasiconvex function is convex. This is not true if both dimensions are larger than 2.

In fact, given a function f, it is not easy to check that it is quasiconvex. For convex
functions g € CQ(RN X" there is a simple local condition to check whether g is positive,
namely that D?g is positive semidefinite; such a condition does not exist for quasiconvexity

[145] 92]. For applications we often rely on the following two notions of convexity:

1. Rank-one convexity of f as a necessary condition: This means that for each rank-
one matrix B and any A € RV*™ the function t — f(A + tB) is convex. This is a
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necessary, but in general not sufficient condition for quasiconvexity [145]. In 2 x 2
dimensions it is still an open question whether rank-one convexity is equivalent to

quasiconvexity.

2. Polyconvexity of f as a sufficient condition: One considers functions of the form
f(z) = h(M(z)), where h: R — R is a convex function and M : R? — R is quasiaffine.

These different conditions are highlighted by a very instructive example of DACOROGNA
and MARCELLINI [6, [48] [45]. Taking N = m = 2 and

F(A) = |A]" = ~|A]? det(4)
one obtains that
e fis convex, iff |y| < g\@,
e f is polyconvex, iff |y| < 2;

e f is quasiconvex, iff |y| <2 + ¢ for some € > 0;

4v3

3
e f is rank-one convex, iff |y| < =3

A-quasiconvexity

We may replace the differential condition w = Vv, which is locally equivalent to curlu =
0, by any differential constraint Au = 0 for a constant rank operator A: C>°(RY, Rd) —
C°(RY,R!). Corresponding to quasiconvexity we get the notion of A-quasiconvexity [67].

Definition 1.13 (A-quasiconvexity). Let A be a constant rank operator and f: RY — R
be a measurable and locally bounded function. [ is called A-quasiconvex if for all ¢ €
C°°(Tn,RY) with average 0 satisfying the constraint Ay =0 and all v € RY

f0) < [ fo+ @) da. (1.14)
Tn

If both f and —f are A-quasiconvex, f is called A-quasiaffine. For [ € C(Rd) we define

the A-quasiconvex hull/envelope of f as

QAf(v):inf{ flo+¥(y))dy: wECOO(TN,Rd), 1 € ker A, /1#20}.

TN
Let us note that Q4 f is the largest .A-quasiconvex that is below f (cf. [65]).

FoONSECA and MULLER [65] established that indeed this notion of A-quasiconvexity is
sufficient and necessary for weak lower-semicontinuity of the functional I, provided that
the operator has order one and the function f has p-growth.

In Chapter [4, we give a proof of this equivalence in a setting of higher order operators.

This is an extension of the results of the author’s master’s thesis [133]. In contrast to
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earlier works [65], 85, [86], the proof is not based on abstract result on Young-measures, but

rather on the construction of explicit sequences.

Theorem 1.14. Let A be a constant rank operator, 1 <p < oo and f € C(Rd) satisfying
0< flv) <CA+|v|P).

Then the functional I is weakly lower-semicontinuous if and only if f is A-quasiconvex.

Relaxation and integral-coercivity

The direct method fails, if the functional I is not weakly lower-semicontinuous, i.e.
whenever f is not A-quasiconvex. Hence, a minimiser does not need to exist; we are
however still interested in the behaviour of approrimate minimisers, i.e. sequence uy,
satisfying

lim I(u,) = inf I(u).

n—00 u€eLP

If I satisfies the coercivity conditon we may conclude that a subsequence of u,
converges to some u*. This map u* does not need to be a minimiser of I, but is still of
interest in some physical application (cf. Section .

The relazation (or sequentially weakly continuous envelope) of the functional I is de-
signed to characterise such u*. It is abstractly defined via

I*(u) = uin_\fulgggéfl(un) (1.15)
Then a function v* is a minimiser of I'* if and only if it there is a sequence u, with u, — u*
and I(up) — inf I(u) = inf I*(u).
ucLP u€LP

While gives a formula of the relaxation for any I and any w, one may ask for a

condition that guarantees that the infimum in is a minimum, i.e. it is attained by

some sequence u,, which we also call recovery sequence. A standard technique is to first
show that the relaxation in ([1.15)) exists and then impose the coercivity condition

fw) = Cijv]P = Cs
which ensures that any sequence u, ., n € N and € > 0, satisfying

liminf I'(u, ) < I*(u) + ¢

n—oo

is uniformly bounded in L [25]. Hence, taking a suitable diagonal sequence (which is pos-
sible, as the weak topology is metrisable on bounded sets), one finds u,, ¢(, still converging
weakly to u* and satisfying

im 1 (uy cn)) = I (u").

n—o0

With a careful construction of the recovery sequence, it is possible to weaken the

coercivity statement to the following notion of A-integral coercivity. That is, for all
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Y € C®°(Ty,R?) with average 0 satisfying Ayp = 0 and all v € R? and almost every

x € €1, we have
Fla, o+ d(y) dy > C / ()P dy — Co(1 + [ul?). (1.16)
TN Tn

In Section [£.4] we prove that this is enough to ensure the existence of a recovery sequence,

l.e.

Theorem 1.15. Let 1 < p < 0o, A be a constant rank operator and let f be a Carathéodory
function satisfying p-growth from above and the coercivity condition (1.16)). Then for any

u € LP(Q,R?) there is a recovery sequence u,, weakly converging to w in LP and satisfying

liminf I'(uy,) = I (u).

n—oo

Moreover, we have the following formula for the relazed functional I*:

() = /QQAf(fEau(x))dx if Au=0

00 else.

I

This extends relaxation results obtained in [25]. In particular, we construct explicit
recovery sequence that satisfies the statement of Theorem This construction allows
us to cover the weaker coercivity condition (|1.16]).

A-quasiconvexity and coercivity in minimisation problems

So far, we discussed A-quasiconvexity and suitable coercivity condition as a tool to apply
the direct method in an abstract setting. We want to apply this rather abstract knowledge
to the physical setting, introduced in Section [I.2

First of all, let us note that the A-quasiconvexity condition is not trivial to verify
for a given function f for the same reasons as given for (curl)-quasiconvexity. Once again

we introduce a necessary and a different sufficient condition for A-quasiconvexity:

1. Ay-convexity of f as a necessary condition: This means that for any w in the
characteristic cone A4 = U ker A(¢) € R? and any v € R? we have
EERN\{0}

t— f(v+tw)

is convex. Note that for A=curl the characteristic cone comprises only rank-one

matrices, so A 4-convexity is the generalisation corresponding to rank-one-convexity;

2. A-polyconvexity of f as a sufficient condition. That is, that f can be written
as f(v) = g(h(v)) for a convex function ¢ € C(R) and an .A-quasiaffine function
h e C(RY).
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The notion of A-polyconvezity necessitates a closer study of A-quasiaffine functions. In the
setting A = curl it was established that all curl-quasiaffine functions are linear combination
of minors, cf. [112] 126, 38|, 46]. Following [15] [79, 119], we establish some necessary and
sufficient condition for A-quasiaffinity in Chapter

Apart from verifying A-quasiconvexity, it is also quite hard to show the integrated co-

ercivity condition ([1.16]) for some given f. It is easy to see that ’classical coercivity’
f(v) > Ciu]P — Cy,

is stronger, i.e. sufficient for ([1.16)); but it is also too restrictive for some of the settings
we would like to study. However, it is possible to modify the classical coercivity condition

by an A-quasiaffine function M, i.e.
fv) = Ci|vP = Co — M(v) (1.17)

for an A-quasiaffine function M. Such a condition still implies integral coercivity (if M
has at most p-growth). It is however much easier to check the pointwise condition ((1.17)) in
contrast to the integral coercivity (1.16]) and therefore, we wil mainly work with a condition

similar to (1.17) in Section

1.3.4. A-quasiconvex sets

In this subsection, we introduce the notion of A-quasiconvexity and A-quasiconvex hull
for sets. First, we state the definition and justify the name A-quasiconver set. After this,
we shortly motivate this notion in terms of two physical problems already discussed in
Section [I.2] Finally, we raise an interesting question regarding these sets, which provides
the motivation for the second part of this thesis, consisting of Chapters [6] [A] and [B]

Definition and relation to convex sets

Definition 1.16. Let 1 < p < 0o and K C R? be a closed set. The A-p-quasiconvez hull
of K is defined as
K®) = {Qdist?(-, K) = 0}.

If p = o0, we define the A-co-quasiconvex hull of K via
K©®) = {2 e R%: Vf € C(R?) that are A-quasiconver and fixk <0 also f(x) < 0}.

First of all, let us mention that the definition of K () does not depend on the exact
definition of the distance function, but only depends on the set K and the behaviour of
dist?(y, K) if the Euclidean distance between y and K tends to co. Moreover, the set
K(*) may be seen as a natural limit object of K (p), provided that the set K satisfies some

reasonable growth conditions, e.g. is compact.

The name ’convex hull’ is justified by Minkowski’s/Hahn-Banach’s separation theorem.
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On the one hand, for a closed set K, one can define the convex hull by considering convex
combinations of points. On the other hand, these separation theorems allow us to char-
acterise convex hulls by separating hyperplanes. That is, every point which is not in the
convex hull of K C R? can be separated by a (d—1) hyperplane from K, which is between
K and the point.

This geometric statement can be restated in terms of functions as follows. There exists
an affine map, which is < 0 on K and strictly positive in the point we aim to separate.
Weakening the condition of affinity to convezity does not change the shape of the set.

Hence, a characterisation of the complement of the convex hull reads as
y ¢ K™ if 3f convex with fix <0 and f(y) > 0.

Adjusting this characterisation to fit to the convex hull and replacing the property of
convexity by A-quasiconvezity restores the definition of K (). Moreover, one can show

that for compact sets that the conver hull K** is also characterised by
K™ = {(dist’(-, K))™ =0} .

So, in terms of convexity (that represents the constraint A = 0), both definitions of convex
hulls K@ and K coincide.

A-quasiconvex sets in data-driven problems

In the deterministic data-driven approach, cf. Section[I.2.7] we consider an integrand of

the form

f(z,v) = dist? (v, K,)

for a suitable closed set K, C R? Such an integrand may of course also appear in the
classical formulation, as seen in the context of hyperelasticity and microstructures. For the
treatment in this section, let us also assume that K = K, i.e. that f is not dependent on
the first coordinate z € 2.

Ideally, a data set coincides with a set given by a reasonable material law. Hence, a

minimiser of the corresponding functional I,

I(u) = /Qdistp(u(x),K) dz  if Au =0,

o0 else,

is a classical solution for the PDE with underlying material law, and, vice versa, any
solution to the PDE is a minimiser.

We observed in Section [I.2.7, however, that it might be more natural to consider the
relaxed functional I* for the macroscopic behaviour of minimisers. Minimisers of I a
priori do not need to be minimisers of I and hence no solution to the underlying PDE.

If we want to compare minimisers of I* to classic PDE solutions, we need to consider
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the set

instead.

A-quasiconvex sets in microstructures

A prominent example, where curl-quasiconvex sets appear, is in the theory of microstruc-
tures for crystals, cf. Section[I.2.4, We have raised the question, which boundary conditions
allow for appearances of microstructures with energy converging to 0. Indeed, for affine
boundary conditions u(x) = Fz, F € RNY*N " this question can be answered using the

notion of A-quasiconvex sets.

Proposition 1.17 (cf. Lemma . Let K ¢ RN be compact, K = {W = 0} for
W e C’(]Rd, [0,00)). Suppose that W approximately grows like a squared distance function,
1.€.

Oy dist?(y, K) — Cy < W(y) < Csdist?(y, K).

Then inf J(p) = 0 for prescribed boundary conditions u(x) = Fx if and only if the matrix
F is in the curl-2-quasiconvex hull of u, F € K®.

This proposition foreshadows one of the essential questions of this thesis. One might
ask, how this set of nice affine boundary conditions changes, if the growth behaviour of the
stored energy W varies. This question will be discussed in more detail after the presentation

of some examples.

Examples of A-quasiconvex sets and hulls

For certain specific examples, the A-quasiconvex hull can be explicitly computed. As
for the notion of A-quasiconvexity for functions, let us remark that for an arbitrary set it
is highly non-trivial to find its .A-quasiconvex hull and one mainly reduces to an upper-
and a lower bound for the hull (as it was the case for functions). This will be discussed
extensively in Chapter [6] Let us now shortly outline certain sets, for which at least partial

results on the hulls are known.

(a) The so called 'two gradient problem’: K = {A,B}. In this case the behaviour
of the hull depends on A — B. If A — B is in the characteristic cone of A, then
K©®) = {AA + (1 — N)B,\ € [0,1]} is just the convex hull, else K(>®) = K (cf.
[16, 50]).

(b) The three gradient problem (A = curl): K = {4, B,C}. This has been studied by
Sverak [148]. If no rank-one connections occur, then the hull K (%) coincides with
K.

(¢) The four gradient problem (K consists of four matrices and A = curl), where other

effects than in the two previous cases may occur. The absence of rank-one connec-
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(2)

(h)

tions does in general not imply that K™ = K, see ([13, 30, 142, 22] for specific

counterexamples and [32, [122] [62] for a more general analysis.

The one-well problem: K = SO(N), A = curl. Then K©®) = K and moreover, a

stronger rigidity result hold, which is a statement of the following form: If a function

is almost a minimiser to I(u) = / dist?(u, K) , then it is already close to a minimiser
Q

(a constant function) in L?, [84] 125, [71].

The two-well problem K = ASO(N) U BSO(N) for A = curl has been studied in
some special cases in N = 2,3 by [147, [146], 104], 54 [3T] and multi-well problems,
e.g. [37.

The set of conformal matrices K = R.SO(N) (for A = curl) is an example for a
very interesting behaviour of hulls for non-compact sets. The basic observation is
that the hull K® coincides with K whenever p is large enough, but K® = RV*N
for p small enough, [I52, 116]. Such behaviour will be further examined in Section

[6-3]in a geometrically linear setting.

In [41], the authors studied a non-compact set K, which corresponds to a counterpart
of the two-well problem in problem for geometrically linear elasticity in the data-

driven setting, and its .A-quasiconvex hull.

In Section we will see some quasiconvex sets in a non-linear setting (with more

than one exponent p) arising from common consitutive laws in fluid mechancis.

Main question: Dependence on p

One of the main question of this thesis is the following.

Question 1.18. Given K C RY closed, how does the set K® depend on the exponent p?

The aim of Chapters[6] [A] [B]is to give an answer to this question at least in some special

cases. The analysis of this question further bifurcates into the treatment of compact and

non-compact sets K.

If K is compact, then we obtain the following results:

For any constant rank operator we have that K®?) = K@ for for any 1 < p,q < oo,
cf. [42] for a special case, [20] and Section for general constant rank operators
A.

If A= curl, then K = K@ for any 1 < p,q < oo, which goes back to ZHANG
[157, 159, [158], based on results in [96] 1].

In this thesis, we show that K ) — K@ for 1 < p < oo whenever the operator
A satisfy a certain truncation property, which is further elucidated in Subsection
immediately below. In Chapter based on the publication [134], we show
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that this truncation property holds for closed differential forms, including divergence-
free fields. With a similar technique, the same result is obtained for divergence-free
symmetric matrices in dimension 3 x 3 in Chapter [B] which closely follows [20] and
is summarised in Chapter . This solves a question raised in [42] in the context of a

model for stress relaxation in amorphous silicia glasses.

The example of conformal matrices shows that the situation for unbounded sets is differ-
ent. One important observation is that in the case of compact sets any distance function

satisfies the classical coercivity condition
dist? (v, K) > C1|v|P — Cq,

which cannot be true for unbounded sets. Instead, one has to rely on other notions of
coercivity for the compact set, e.g. A-integral coercivity.

As an example, we deal with a geometrically linear example, which includes the data-
driven two-well problem from [41I] previously outlined . In particular, we are able to
show that if K is close to a special linear subspace L in a suitable sense, then the A-
quasiconvex hulls coincide whenever 1 < p,q < co. For more details, we refer to Section
0.3

1.3.5. Constrained truncation results
Truncations and A-quasiconvex hulls

Let us summarise the basic idea behind proving that KO = K©®) in order to moti-
vate the following truncation statement. The inclusion K ()« KM ig trivial, as the
A-quasiconvex hull Q 4 dist(-, K) satisfies all the assertions needed for functions in the def-
inition of K(°). The other inclusion turns out to need a truncation statement. Indeed, if
y e KM = {Q dist!(-, K) = 0}, we know by Definition that there is a sequence of

test functions, such that

lim dist! (y + un(2)) dz = 0. (1.18)

n—oo TN

However, for this sequence we cannot infer that for any continuous, A-quasiconvex function
f e C(R%[0,00)) vanishing on K

nhi& e fly +up(x))dz = 0. (1.19)
Indeed, if we can find such a sequence obeying both and , it follows that
ye K (00) By employing Lebesgue’s dominated convergence theorem, one observes that
it would be enough if a sequence satisfies and |f(y + up)| < C. The latter is
in particular satisfied whenever u,, is uniformly bounded in L*°. Hence, we are able to

formulate a problem whose solution yields a positive answer to Question [1.18
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Question 1.19. For a constant rank operator A, is it possible to find a truncation as
follows: Giwen u € LY(Tn,R%) Nker A and some R > 0, can we modify u, such that its

modification v obeys
¢ [[vllze < CR;
o Av=0;
o |lu— vl is small, whenever dist(u, K) is small for some compact set K¢

If the answer to the question is positive, then we can establish that K 1) = K(®) for any

compact set K.

Lipschitz truncactions, curl-free truncations and beyond

Question is answered in the setting A = curl in the works [96, [I, [I57] via a slightly
different viewpoint. Instead of truncating a sequence u, obeying curlwu, = 0, one might
also view u, as a sequence of gradients u,, = VU,. The condition u, C L™ then is
equivalent to U,, € W5, which is equivalent to U, being Lipschitz (continuous).

Lipschitz truncation or Lipschitz extension theorems are well-known, the most famous
are the Kirszbraun/McShane extension theorem [90] [107]. On a subset of a metric space
any Lipschitz function with values in R or R? can be extended in such a way, that it is
Lipschitz with the same Lipschitz constant on the whole metric space. Such an extension
result can be modified to obtain a truncation as follows: Given some U € Wh(Ty,R)
divide Ty into a good set X, where U is nicely Lipschitz, and a small bad set X ¢ Then
replace U on the bad set by an extension of U|x.

For general truncations subject to differential constraints, McShane’s extension theorem
is not suitabkﬂ Instead, we employ a Whitney type extension, which is far more geometric
and allows us to adjust the truncation to differential operators.

With such a Whitney-type construction, which might also be useful to tackle other
problems (e.g. [20,28]), we then are able to prove a truncation theorem answering Question
In the setting A = div, such a truncation is stated as follows.

Theorem 1.20. Let u € LY(Txn,RY) satisfy divu = 0 in the sense of distributions and
let R > 0 be fized. Then there exists v € Ll(TN,RN) and a purely dimensional constant
C = C(N), such that

() ||Av][L~ < CR;

(b) dive = 0;

(¢) Jlv—ulls < C / fu] dz;
{

lu|>R}

3McShane’s extension theorem works on metric spaces. For general differential operators (for example
higher gradients) one at least needs a geometric structure, e.g. a Riemannian manifold. Such a structure
is only used by Whitney’s extension theorem
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(d) LN ({fu #v}) < CR! |u| dz.
{lul>R}

Following the work [134] we show the validity of Theorem in Chapter |A| and outline
the essential ideas in its summary, chapter [} It appears as a byproduct of a generalised
version stated for closed differential forms. A similar statement for the truncation of
symmetric divergence-free matrices is then shown in Chapter [B} following [20]. This is

summarised in Chapter [§

1.4. Overview

Let us finish the introduction with a concise overview of this thesis. It is based on the
research works [134, [135] 20, [77, 05] and builds on some results of the author’s master’s
thesis [I33]. These works have already been mentioned in the introductory sections
and [I.3] We point to the suitable source at the beginning of each chapter.

First of all, in Chapter [2, we gather information about constant rank differential oper-
ators. Sections [2.1H2.4] focus on the constant rank property in R, whereas [2.5] and [2.6] are
concerned with the constant rank property in C.

In order to consider A-quasiconvex functions, it is very useful to first study the easier
notion of A-quasiaffine functions. We derive several equivalent conditions for a function to
be A-quasiaffine in Chapter [3] Properties of A-quasiconvex functions and their relevance
for weak-lower semicontinuity results are studied in Chapter [4

The abstract knowledge that is obtained in Chapters [, [B] and [4] is used to study a
data-driven problems in fluid dynamics, cf. Chapter

The second part of this thesis focuses on the notion of A-quasiconvex sets and hulls.
Chapter [6] gives an overview of results in the regime of compact sets. Moreover, we further
examine an example of non-compact sets in Section As it is outlined in Section [1.3.5
the results for compact sets are shown via a truncation result. As these are quite technical,
the proofs are split between the last two chapters. In Chapter [A] contained in the appendix,
we show the validity of the truncation statement for closed differential forms. This chapter
is summarised in Chapter [7]

Chapter [Blis concerned with the truncation for divergence-free symmetric matrices which

is summarised in Chapter 8]



Notation

Throughout this thesis, we use the following notation.

Linear Algebra

e Lin(V, W) is the space of linear maps from a vector space V' to W;
e For L € Lin(V, W), ker L is the kernel of the linear map and Im L is the image;
e For X C V, span X is the span of all vectors in X;

e For a normed vector space V we denote by V* the dual space of V.

Derivatives and multiindices

e Wecall o e NV, o = (a1, ...,an) a multiindex;

N
e For a multiindex o we define |a| = E aj;
1=1

N

e For ¢ € RY and a multiindex a we have £* = Hfiaai;
i=1

e For k € N write [k] = {1, ..., k}.

Function spaces

o LP(Q,R!) is the space of all functions u: Q — R!, such that |u|? is integrable;

o WhP (Q, Rl) is the space of all functions, such that the first k weak derivatives are in
LP-

e DO,R) = C2(,RY);
e D'(Q,R!) is the space of all distributions;

e For a function space X of integrable functions on a finite-measured set §2, we denote

by X4 the subspace of u € X, such that / u =0,
Q

e For a function f € C(RY) we denote spt(f) as the closure of {f # 0}. If f is not

continuous, we use spt(f) C A to indicate that f = 0 almost everywhere in A¢.
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Other notation

e For a sequence x, consisting of elements in some set X we shortly write x,, C X;

e 0 C RY denotes, if not stated otherwise, an open and bounded set in RY (in many

chapters it is also assumed to have Lipschitz boundary);
e AcCc Bfor A,B c RY denotes that A is compactly contained in B, i.e. A C B®;
e T denotes the N-torus;
e B,(x) denotes the open ball around a point z with radius p;

e £V denotes Lebesgue measure and, for a set X ¢ RV,

X = LY (X);

e For a measure 1 on RY and a g-measurable set A € RY with 0 < p(A) < oo define

the average integral of a p-measurable function f via

]ifdMZM(lA)/Afdu-



2. Constant rank operators

This chapter is split into two different parts.
First of all, we summarise some important facts about differential operators satisfying the
constant rank property. We point to the exact reference, when it is suitable. Mainly, we

follow the preliminary sections of

e [I33|: Schiffer, S., Data-driven problems and generalised convex hulls in elasticity

Master’s thesis,

e [95]: Lienstromberg, C., Schiffer, S. and Schubert, R. A data-driven approach to

incompressible viscous fluid mechanics — the stationary case.

In the second part, we argue that the constant rank condition in R is enough for minimi-
sation problems, but is too weak to guarantee other properties, for example a Poincaré
lemma. Therefore, we introduce the notion of constant rank in C and discuss some impor-
tant properties of those operators in Section 2.6.1] Up to minor changes, the remaining
part of Section coincides with the publication

e [77] Gmeineder, F. and Schiffer, S.: Natural annihilators and operators of constant

rank over C.

2.1. Introduction

In this chapter, we gather results about the differential constraints that are discussed in
the introduction to this thesis. We consider a homogeneous differential operator A with
constant coefficients. That is a differential operator A: C®°(RY RY) — C®(RY,R!) of
order k = k4 given by

Au=Y" Agdau, (2.1)

la|=k
where A, € Lin(R% R!) are linear maps. MURAT and WiLcox [I19, 137] advocated the
constant rank property as a useful condition to classify these operators. Recall that for
¢ € RV \ {0} we define the Fourier symbol of A by

Alg] =) Aat® € Lin(RY,RY). (2.2)
la|=k

Definition 2.1. (a) We say that the operator A satisfies the constant rank property
if the Fourier symbol has constant rank in & € RN \ {0}, i.e. there is r € N, such
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that
dimker A[¢] = r Ve e RV {0}. (CRP)
(b) We call the set
A=Ag= |J kerAfg
£ERN\{0}

the characteristic cone of A.

(c) We say that A satisfies the spanning property if the characteristic cone of A spans
up RY, i.e.
span A4 = R%. (SP)

Ezample 2.2 (Examples of constant rank operators). (a) The null-operator A: u +— 0
has constant rank, as ker A[¢] = R? for all £ € R\ {0}.

(b) Elliptic operators (in the sense of second order equations, cf. [59][74],5]) have constant
rank. In particular, ker A[€] = {0} for all £ € RV \ {0} if A is elliptic.

(¢) Likewise, the operator A = V* (the k-th gradient) also satisfies ker A[¢] = {0} for
all € € RV \ {0}.

(d) The rotation is the differential operator curl: C®(RY , R™N) — C®RY R™ ®
RY*NY defined by

skew
(curlu),; = Oiuj — Qjuz, 0,5 € {1,...,N}
is a constant rank operator. Given & € R™ \ {0}, note that
ker Al ={a®&: a € R™}

and therefore the characteristic cone of A consists entirely of rank-one matrices.

(e) The so called Saint-Venant compability condition (see also Chapter [5)

curl curl? : C° (RN, RVXNY 5 ¢°(RN | (RM))

Sym

defined by
(curl curl” u)ijk:l = Ojjurs + Opiuij — Oyug; — OOy

has constant rank. For &€ € R \ {0} we have
ker Al¢] = {a @ ¢: a € RN}

and therefore only symmetrised rank-one matrices are the characteristic cone.
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(f) The divergence operator div: C*°(RY R™N — R™) given by

N
divu = Z 82’11,1
=1

satisfies the constant rank property and
ker Al¢] = {A € R™N: A-¢ =0},

i.e. the space of matrices with rank < IV — 1 is the characteristic cone. Likewise, the

divergence operator applied to symmetric matrices also is a constant rank operator

(cf. Chapter [B].

2.2. Constant rank operators on the torus

In this section, we gather results about constant rank operators on the torus. This relies
on classical Fourier analysis for periodic functions. Note that the constant rank property
is formulated as a condition on the Fourier transform of the operator. The constant rank

property is therefore the reason for the following results on the torus.

Definition 2.3 (Potentials). A constant rank operator B: C*°(RY R™) — C*°(RY,R%)
is called the potential of A if for all € € RN \ {0} we have

ImB[¢] = ker A[¢]. (2.3)

Likewise, if (2.3) is satisfied, then A is called an annihilator of B.

The definition of potentials can be rewritten as follows. B is a potential of A if for all
¢ e RV\ {0}

B A
R™ —)K] Rd —>[£] Rl
iS an exact sequence.

Example 2.4 (Potential-annihilator pairs). (a) If B =V, then A = curl is the annihilator
of B.

(b) Likewise, for the k-th gradient B = V¥, there exists a first-order annihilator (which
we shall call curl® | ¢f. [109].

(c) If A is an R-elliptic operator, i.e. ker A[¢] = {0} for all &€ € RY \ {0}, then B =0 is
a potential of A.

V4 vT
(d) For the symmetric gradient B = %, the Saint-Venant condition A = curl curl?

is a annihilator.

(e) In dimension N = 3, the rotation curl is (after a suitable identification of Rflé‘rjv to
R3) a potential to A = div.
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(f) In general, the exact sequence of exterior derivatives
0 — RY L, g\ gN L N N AN LS,

provides several potential-annihilator pairs.

On the torus, the algebraic condition (2.3) provides us with a nice characterisation of

potentials in terms of functions on the torus.

Theorem 2.5 (Potentials on the torus [123, 80]). Let A: C®°(RY ,RY) — C®(RM R
and B: C®(RN R™) — C®@RY,RY) be two differential operators of order ka and kg,

respectively, that obey the constant rank property. The following are equivalent:
(a) B is a potential of A.
(b) The sequence

WESP (T, R™) 25 L8, (T, RY) 5 W A4P(Ty RY)

P
#
is exact for some 1 < p < co.

(c) The sequence
WP (T, R™) L5 1P (T, RY) 25 W47 (T, RY)
is exact for all 1 < p < oo.

In particular, Theorem means that for 1 < p < 0 if v € LZE(TN,Rd) satisfying
Av = 0 there is u € Wig’p(TN, R™) with Bu = v and

lullrse < Cllvllze. (2:4)

Let us remark that due to Ornstein’s non-inequality [121] such a bound is not possible in

general for p =1 and p = cc.

Quite recently, RAITA proved that having a potential is equivalent to the constant rank

property.

Theorem 2.6 (Potentials and constant rank properties). Let A: C*°(RY,R?) — C°(RY R)

be a differential operator with constant coefficients of order k. The following are equivalent:
(a) A satisfies the constant rank property.

(b) There is a differential operator B: C®° (RN ,R™) — C®(RN,R%) that is a potential
of A.

(¢) There is a differential operator A': C=° (RN, RY) — C®(RN,R") that is an annihila-
tor of A.
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Proof. For the proof we refer to [123], other methods to prove Theorem have been
employed in [12, 124]. O

The following definition is of importance for weak lower-semicontinuity results in Chapter
4] Weak convergence of sequences on bounded domains is due to two effects: oscillations
and concentrations. The notion of equi-integrability allows us to classify sequences, where

no concentrations occur.

Definition 2.7 (p-equi integrablity). Let Q € RY (or Q = Ty ) be a bounded and open
set, and X C LP(Q,Rd) for 1 <p < oo. X is called p-equi-integrable if

lim sup su ul? dz = 0.
b p
e=0ueX |E|<e JE

If p =1, we call 1-equi-integrable sequences just equi-integrable.

Remark 2.8. (a) The notion of p-equi-integrability essentially means that there cannot
be a concentration of the LP mass, e.g. for fixed u € C°(RY,RY) the bounded

sequence

un(z) = nNPu(z)
is not p-equi-integrable, as mass concentrates around 0.

(b) For a bounded and open set €, a subset of L*(€, R?) is weakly compact if and only
if it is bounded and equi-integrable (cf. [23, Thm. 4.7.18]).

In the context of minimisation and weak convergence on L spaces (1 < p < o0), we
want to avoid concentrations and focus on oscillations; i.e. we aim to consider p-equi-
integrable sequences only. Lemma below justifies ignoring concentrations. Hence, in
the following, we want to modify sequences u,, satisfying the present differential constraint
Au, = 0 to some 1, still obeying the differential constraint which is close to u, in some
norm, but now p-equi-integrable.

We first recall the projection theorem on the torus [65] [79].

Theorem 2.9 (Projections on the torus). Let A: C°(RY,R?) — C®(RY,RY) be a con-
stant rank operators. Then there exists a projection operator P with the following proper-

ties:
(a) P is a bounded, linear map, P: LP(TN,Rd) — Lp(TN,]Rd) for any 1 < p < oo;
(b) PoP = P;
(c) Ao P =0;

(d) There is C = C(p), such that for any u € LP(Txn,R?) we have

[ = Pul| o < [ Aully—k.p;

(e) P maps p-equi-integrable sets into p-equi-integrable sets.
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This projection operator is defined as follows: For ¢ € R™ \ {0} let us define P(€) to be
the orthogonal projection onto ker A[¢]. P is then defined as a Fourier multiplier, i.e. if

u(z) = Z @w(N)e 2™ then

AeZN

Pu=a(0)+ > PEa(\)e >

AeZN\{0}

The properties of this projection theorem then classically follow, using smoothness of P(-),
by employing the Hérmander-Mikhlin multiplier theorem (e.g. |78, Theorem 6.2.7]). Equi-
integrability just follows from the fact that any smooth, 0-homogeneous Fourier multiplier
maps p-equi-integrable sets onto p-equi-integrable sets, c.f. Lemma [2.13

Indeed, the validity of Theorem [2.9] for a given differential operator A is even equivalent

to the constant rank condition, cf. [80].

2.3. Constant rank operators on open domains

Let us now see how the theory on the torus, which is directly connected to the Fourier
transform, generalises to open domains @ C RY. For the remainder of this chapter, Q is
an open and bounded domain. By scaling, we moreover may assume that Q CC (0, 1)N is
compactly contained in the unit cube and hence might be seen as subset of the N-torus.

We aim to formulate a projection theorem in the spirit of Theorem for open domains.
The following lemma is concerned with showing an important statement about using cut-

offs at the boundary.

Lemma 2.10. Let A be a constant rank operator of order k and Q CC (0, 1)N, such that
Q can be viewed as an open subset of Ty. Let ¢ € C°((0,1)V,R?Y) and 1 < p < co.

(a) For allu € LP(Q,RY) Nker A we can identify ou with a function in LP(Tn,R?) (by
setting pu =0 on Ty \ ) and bound

[ACup)lw—rp(ry vty < Cllullw-100y mey [0l wrer.eo 1y ra)- (2.5)

(b) If up — 0 in LP(Q,RY) and Au, = 0, then A(pu,) — 0 in WRP(Ty, RY).

Proof. Note first that @ is a direct consequence of @ as u, — 0in LP (Q,Rd) implies
that u, — 0 in W~1P(Ty,R?), due to the compact Sobolev embedding.
Towards (2.5): If u € W*P(Q,R?), then

Alup) = (Auw)p+ S 3 (g) Aad5uda—pgp.

la|=k B<a

Hence, if 1 € W"9(T,RY),we have

Alun)b dz = /Q Au(ep)+ 3% @‘) /T Aty o de

TN la|=k B<a
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=0+ > > (g>(—1)ﬂl Aquds(Da_pet) dz

la|=k B<a Tn
k—1
ke
< CHUHW*LP(TN,RUZ) Z | DY (D ]‘:mp)HWL‘I(TN,RZ)
j=0

< Cllullw 101y r) [Pl w00 () [ lwra (R -

Hence, we get (2.5)) for u € W*?(Q,R?). By using a density argument, ([2.5) also holds for
u e LP(Q,RY). O

Based on the statement of the previous Lemma the following projection theorem
was shown and employed by FONSECA & MULLER [65)].

Theorem 2.11 (A projection theorem on open domains). Let 1 < p < co. Suppose that
Uy, — u in LP(Q,RY) and Au, — Au in WEP(Q,RY). Then
(a) If, in addition, u, is p-equi-integrable, there is a sequence vy, such that
(i) vy, is still p-equi-integrable;
(i) ||vp — upl|zr — 0;

(iii) Av, = 0.

(b) Fiz 1 < q < p. Then there exists v, € LP(Q) such that
(i) vy is p-equi-integrable;
(i) ||vn, — unllLe — O;
(i11) Av, = 0.
The proof can be found in [65], but it is also contained in the following Theorem [2.12]

Note that Theorem does not respect boundary values (e.g. Neumann or Dirichlet
boundary data, cf. Corollary [2.16]).

To attain a version of Theorem [2.11] which conserves boundary values, we closely follow

[95, Section 3.2] until the end of this section (cf. Chapter [5|for the summary of that work).

Theorem 2.12 (Preserving the boundary condition). Let Q C RN have Lipschitz bound-
ary. Suppose that A: COO(RN,Rd) — COO(RN,RI) is a homogeneous differential operator
of order k4 satisfying the constant rank property and B is a potential of A in the sense of
Definition . Let v, — 0 in LP(Q,R?), Av,, — 0 in W *AP(QR!). Then there exists a
sequence w, C W*BP(Q,R™) such that

kn

(a) The sequence Z |V, | is p-equi-integrable;
7=0

(b) ||Bwy, — vpllpe = 0 as n — oo for any q < p;

(c) wy, is compactly supported in €.
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To prove this theorem, we need the following three auxiliary results. First of all, we recall
the earlier mentioned result about 0-homogeneous Fourier multipliers, cf. [95, Lemma 2.8|.
To fix a suitable setting, let W : C*°(RV\{0},R%) — C=(RV\{0}, R%) be a 0-homogeneous
Fourier multiplier, i.e. W(A¢) = W(€) for all £ € RV \ {0} and A € R\ {0}. Define the

map

Wu(z) = Z W(E)(a(€))e 2™ if u is given by u(x) = Z (a(€))e~2miwE,

cerN LezN

and otherwise by density (that this density argument is possible, is shown implicitly by
[(a)]in the following lemma).

Lemma 2.13. Let W : C°(RY \ {0},R?) — C®(RY \ {0},R?) as above. Then for any
1<p<oo:

(a) W: LP(Ty,RY) — LP(Tn,RY) is bounded;
(b) W is continuous from LP to LP with respect to the weak topology of LP;

(¢c) If X C Lp(TN,]Rd) is a p-equi-integrable and bounded set, then W (X) is also p-equi-

integrable.

Proof. follows by the Mikhlin-Hérmander-multiplier theorem (e.g.[65, [78]).
follows from the fact that the adjoint W* is bounded from L* to L¥.

For |(c)| we refer to [65, Lemma 2.14 (iv)]|, where the proof is given in a special case. The
proof for the general setting is exactly the same.
O

The second auxiliary result allows us to pick suitable diagonal sequences with respect to

the weak topology (which is metrisable on bounded subsets of L!).

Lemma 2.14. Let (X,dx) be a complete metric space. Suppose that x,, is a sequence in
X such that x,, — x and that, for m € N, we have x, y, with

lim supdx(zpm,zn) =0 and lm dx(xn,m,z) =0 for allm e N.

Then xpm — x uniformly in m as n — oo.

Proof. Let ¢ > 0. Then there exists m,., such that for all m > m,
dx (Tpm,Tn) < €/2

and an N, such that for all n > N,

dx(zp,x) < e/2.
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Moreover, there are N, ..., N™ such that for all m =1, ..., m.
n>N" = dx(zpm,z)<e.
Choosing N = max{N¢, Nt ..., N™=} yields that for any n > N and m € N
d(xpm,x) <€

which is the required uniform convergence. O

The following result is due to [65, Lemma 2.15]. It allows to construct (p,q)-equi-
integrable modified sequences. However, in general these modified sequences fail to con-

serve the constraints.

Proposition 2.15. Let v, be a bounded sequence in LP(Q,R"™). Then there exists a p-

equi-integrable sequence v,,, such that
1. For almost every x €  we have |0y (x)| < |vp(x)];
2. For every q < p we have lim ||v, — Op||za = 0.
n—oo
Finally, we are ready to prove Theorem [2.12]

Proof of Theorem[2.13. Step 1: Construction of the sequence.

Let us assume by scaling, that @ cc (0,1)", which can be identified with the N-
dimensional torus Ty and extend v, by 0 outside 2. Let m € N. We define open sets V,,
and U,,, such that V,,, cC U,, CC € and such that

{z € Q: dist(z,0Q) > 2/m} C V,,, C {x € Q: dist(z,00) > 1/m},
{z € Q: dist(z,0Q) > 4/m} C Uy, C {x € Q: dist(x,00) > 3/m}.

Then there exist ., C C°(V,,) with ¢, = 1 on U, and ¢, C C°(Q) with ¢, = 1 on
Vi, such that for all k,m € N

IV | s VPl Lo < C(k)mE.

By Proposition there exists a p-equi-integrable sequence vy, such that ||0, —v,||Lc — 0

for ¢ < p. Therefore, as v, converges weakly to 0, so does v,. Let us now define

T)n,m = PmUn;
_ —1- .
Wnpm = B Un,m;

)

Wpm = wmu_)n,m-

We claim that we can take an appropriate diagonal sequence wy, () With m(n) — oo as
n — 00 such that w, ,,,(, satisfies the requirements of Theorem @ The purpose of the

following steps is to construct such a sequence m(n).
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Step 2: Estimates on Up .
First of all let us show that

lim sup ||, — Upm|lzr = 0. (2.6)
m— 00 neN

To this end, we use that €2 has Lipschitz boundary to get a constant C' > 0 such that
1\ Vin| < 12\ Uy < Cm ™t (2.7)
Then we have

sup || Ty, — Unm|| e < sup ||1~}n”LP(Q\Um)
neN neN

<sup  sup ||OnllLr(m)
nEN|E|<[(Q\Un)|

<sup sup ||TnlLr(m)-
neN |E|<Cm~1

As v, is p-equi-integrable, this expression converges to 0 as m — oo, and so (2.6) is
established.

Secondly, we want to bound the W k449 norm of AUy, . We claim that there exists a
sequence M (n) with M;j(n) — oo as n — oo, such that for all m(n) with m(n) < M;(n)

and m(n) — oo as n — oo, we have

nh_)n;o I ADy ()l —k 401y mry = 0, for some 1 < ¢ <p. (2.8)

Note that if @, is in C*(€2, R?), then we may write

vAEan::J4@@nﬁn):: LA§N)¢WL+' 2{: j{: <g)44aaﬁﬁnaa5@nr

la|=k.4 B<a

Therefore, we may estimate

HA@n,mHV(/—kA«Q(TN,Rl) < ”Af}nHW—kA"Z(Q;IR{Z)”SomHW’“A@O(Q)"’_CH[DRHW*L‘Z(Q)H(pmHWkA*'l’OO(Q)'
(2.9)

Due to density of C*(€;R™) in LP(Q;R™), ([2.9) still is valid even if @, only is in L.
With the estimates for the derivatives of ¢ we get

ATl gty < C (141 ATy a0 + 7545

Note that, on the one hand, A%, — 0 in W_kA’q, as Av, — 0in WRAP and 4, — v,, — 0
in L? for ¢ < p. On the other hand, as ¥, is bounded in LP and weakly converging to

0, o, — 0 in I/Vq_1 strongly due to the compact embedding of L? into W ™19 Therefore,
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choosing
=1
Mi(n) := (min {{||A0n ||+, [|Onllw-1.4})%*4 —> 00 asn — oo, (2.10)

we get

nlggo mﬁsll\l/l?(n) ”Aﬁmmuw_k““’p(Tle) =0. (2.11)

Last, let us note that due to equi-integrability of 0y, also the set {Uy, m }nmen is equi-

integrable.

Step 3: Upper Bound on ||Bwy, m — vp||La-
First of all, let us note that by definition wy, ,, is compactly supported in €2 for any m € N,

as ¢, is compactly supported in €2. Moreover, observe that

||Bwn,m - UnHLq < ||Bwn,m - Bwn,m”Lq + ||Bwn,m - 5n,mHL‘1 + ||ﬁn,m - f[}nHLq + ||77n - UnHLq

= (I) + (IT) + (IIT) + (IV).

We already established by the choice of 9, (c.f. Proposition[2.15)), that (IV) — 0 as n — oc.

(III) — 0 as n — oo, whenever m = m(n) goes to oo, cf. (2.6). Proposition and ([2.4)
yield that

(H) < |~Aﬁn,m(n)‘ +/T T}n,m(n)'

N
The first term goes to 0 by (2.11]), whenever m(n) < M;j(n) is a sequence diverging to oo
as n — oo, while the mean of @, ,,(,) goes to zero since v, — 0 and because of (2.6). It

remains to bound (I). To this end, note that

D) <A = ¢m)Bnmlls + D D 1BadstnmBaptomliLe

|O¢|=]€B B<a

< O Bl + m |y

The first term vanishes as m — oo. Note that the operator W = Vs o Bl is a 0-
homogeneous, smooth Fourier multiplier. Due to Lemma @, it is continuous from L9
to LY in the weak topology. Recall, that ¥, = 0 as n — oo in LP, that ¥y, ,, is uniformly
bounded in L? and for fixed m € N, ¥y = @m0, — 0. The weak topology of L? is
metrisable on bounded sets, hence we may apply Lemma to get that the convergence

Un,m — 0 weakly in L” as n — oo

is uniform in m € N. The map W = V*3 o B~! is a smooth 0-homogeneous Fourier

multiplier, hence also

Wy, m — 0 weakly in LP uniformly in m. (2.12)

Np

N (or s < oo if p > N), the embedding W*sP — WHs=1L5 is com-
-Pp

For s < p* =
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pact, hence uniform weak convergence of V*5 Wy,m (together with the Poincaré inequality)
implies that

S

This holds in particular for s = p < p*. Therefore, choosing Ma(n) as

—1

B QkB
Ms(n) = <Su%||wn7m||wk61,p>
me

yields that for any sequence m(n) with m(n) < min{M;(n), Ma(n)}

HBwn,m(n) - UnHLq — 0 asn— oo.

Step 4: FEqui-integrability of wy, m
It remains to show that we may choose the diagonal sequence wy, ,,,(,) in such a fashion,

that V7 Wy m(n) 18 still p-equi-integrable for all 1 < j < kp. Note that

7j—1
VW = Ym VI G + > VB @ VI 4.
=0

Wnp,m is uniformly bounded in m and n in WkBP  as Un,m is uniformly bounded in L? and
B~! maps LP to W*sP. Hence, for j < kg, Vju_Jmm is bounded in L? for some $ > p and
thus |¢mvj Wnm| < |Vj Wn,m| is p-equi-integrable. Furthermore, observe that we have the

pointwise estimate
|V inm @ VI, | < P [Vt | 1oy, -

Hence, for p-equi-integrability it suffices to show that there is M3(n) — oo as n — oo, such
that for 7« < kg

{VkBu_Jn,m: m < Mg(n)} is p-equi-integrable, (2.13)
{mksviwnymlﬂwm :m < Mg(n)} is p-equi-integrable. (2.14)
Indeed, (2.13) is clear, even for m € N, as W = V¥5 o B~! is a smooth 0-homogeneous

Fourier multiplier. Moreover, V’“Bwn,m = W (0p,m), which is p-equi-integrable for m,n € N
due to Step 1.

Note that we already established in ({2.3)), that

lim sup ||@n,m || yes-1.s =0

n—o0 meN

for all s < p*. Let now s € (p,p*) be fixed. Then for all measurable sets E

Viwn mmFElgwy, [P < mbsP AVAZT I [
) \ m )
E EN(Q\Vm)
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<mPPIE N (Q\ Vin)| |V 4, g |P

EN(Q\Vin)
p/s
\V%n,mP)
s—=p

< kap‘E N(Q\ Vi)l = Hwn,mHinB—l,s

knp
< mMP|E A (Q\ V)| (]g

N(Q\Vim)

s=p _
< \E| v mhBP §U%||wn,m”€vkgf1,s-
me

Note that |E|% — 0 as |E| — 0, hence we assume that m < M3(n) defined as

—1

2k
Ms(n) = <Slé%”wn7m”WkBl,s) ® 00 asn— oo (2.15)
m

We conclude that for any 0 < j < kg the set
{ijn,m¢ neNm< Mg(n)}

is p-equi-integrable.

Now choosing a sequence m(n) — oo asn — oo with m(n) < min{M;(n), Ma(n), M3(n)} —
oo finishes the proof.
0

We can reformulate the statement of Theorem 2.12]if the weak limit is non-zero as follows
(both in terms of boundary conditions for the potential and the annihilator, respectively).
Note that if the sequence is p-equi-integrable, we can omit the very first step of the proof
of Theorem and get convergence in LP.

Corollary 2.16 (Preserving boundary conditions). Let v € LP(Q,RY) and let v, C
LP(Q,RY), such that v, — v in LP and Av, — Av in W FAP(Q,R!). Let B be a po-
tential of A.

(a) Suppose thatv can be written as v = Bu. There exists a sequence u,, C WkB’p(Q, R™),
such that

(i) up — u is compactly supported in §2;
(ii) Buy, is p-equi-integrable;
(ii) [|Bup — vnl[Ls) — 0 for some 1 < p < p.
(b) There is a sequence v, C LP(Q,R?), such that
(i) Av, = Av;
(i1) vy, — v is compactly supported in €);
(i1i) Uy, is p-equi-integrable;

() ||Un — vnlls) — 0 for some 1 < p < p.

(¢) If v, is already p-equi-integrable, then we can choose r = p in and .
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2.4. Non-homogeneous operators and separate constraints

In this section, we shortly look at operators, which are not of the form , but still
can be treated in the same fashion. Previous theorems mostly relied on Fourier analysis
and the constant rank property as a suitable condition (cf. Theorem [2.9). In general,
non-homogeneous operators do not satisfy such conditions in Fourier space. We therefore

specify two situations, in which we can apply the previous theory.

2.4.1. Homogeneous components

We consider differential operators Ay, ..., A which are given by

Aiw =Y Aldqu.

|a|=1

In this setting, A;: C°(RY,RY) — C®(RY,RY) are homogeneous differential operators
of order i, i.e. A € Lin(R? R%). We then define

Au = (Ayu, ..., Agu),
such that, for an open and bounded domain €2,
A: LP(Q,RY) — W IP(Q,RY) x ... x W FP(Q,RM).

Definition 2.17. For such a componentwise homogeneous differential operator A we define

the Fourier symbol for € € RY, Al¢] € Lin(R%,RY x ... R%), as follows:

AlE] = (Aa[g], - ., Arl])-

We say that A satisfies the constant rank property if there is v > 0, such that for all

¢ R\ {0}
dimker A[¢] =,

and likewise, that A satisfies the spanning property if the characteristic cone

Ag= U ker A[¢]
£eRN\{0}

spans up RY.

Let us mention that in this framework, only the operator A needs to satisfy the constant
rank property and not A;. Indeed, taking A: C°°(R?) = C*°(R? R x R) defined via

Au = (0yu, 03u)

we see that A satisfies the constant rank property, but its homogeneous parts Aju = dyu

and Ayu = 02u do not. On the other hand, even if the homogeneous components all satisfy
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the constant rank property, validity of the constant rank property is not guaranteed. For
example, consider A: C®(R? R?) — C*°(R?,R x R?) given by

Avu = (8u1 4 Oaug) = divu,  Ayu = < 01 (du1 + Orus) > |

(92(82U1 + 81U2)

Then both operators A; and As satisfy the constant rank property, as

ker A1[¢] = {A(&2, —&1): A € R}, ker Ao[¢] = {A(&1,—&2): A € R}.

However A does not enjoy the constant rank property. The dimension for ker A[¢] is zero,
except for £ = (+1,41) (where dimker A[¢] = 1).

However, for the problems we consider in this thesis, we can reduce the setting of
component-wise homogeneous differential operators A to the setting of homogeneous dif-
ferential operators. Note that if A;: C°(RY, R?) — C®(RY,R%) is a homogeneous differ-
ential operator of order 4, then AF = V*"1 o A;: C°(RY RY) — C°(RY, (RM)F @ Rl

is homogeneous of order k. Moreover,
ker A¥[€] = ker Ay[¢]

for any € € RV \ {0}. So in terms of the projection operator P defined by Theorem [2.9

we cannot distinguish between A; and Af. In particular, if we define
A= (AF, A5, AD),

then A is a homogeneous differential operator of order k and ker A[¢] = ker A[¢] for any €.
Hence, we can reformulate all theorems obtained for fully homogeneous A in Sections

& 23 also for A instead. For example, the projection on the torus reads as follows.

Corollary 2.18 (Projections on the torus for constant rank, non-homogeneous operators).
Let A: C®(RYN,RY) — C®°(RN, R x ... x R™*) be a constant rank operator. Then there

exists a projection operator P with the following properties
(a) P maps LP(Tx,RY) — LP(Ty,R%) boundedly for any 1 < p < oo;
(b) PoP = P;
(c) Ao P =0;

(d) There is C = C(p), such that for any u € LP(T,R?) we have

k
lu = Pullze < Asullw—i;
1=1

(e) P maps p-equi-integrable sets into p-equi-integrable sets.
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2.4.2. Separate constraints

An easier setting than the previous subsection is the following. We consider u = (u1, us2),
wi: RN 5 R% §=1,2, ie. u consists of two different quantities, and differential operators
A; for i = 1,2 acting on C®(RY,R%), i.e.

Aiui = Z Ag@aui
o] =ks

for A°, € Lin(R%,R%). In particular, A; is a homogeneous differential operator of order
k; that maps C®°(RY,R%) into C(RN ,Rli). We may summarise the two constraints
Ajup = 0 and Asus = 0 as

Au = (Ajuq, Asusz) = 0.

The advantage of splitting up an operator in this fashion, is that we can consider u; and
ug to be in LP spaces with different exponents, i.e.

w = (up,us) € LP(Q,RM) x LI(Q,R%).

In such a setting A maps such functions u into Au € W=FP(Q R x WF249(Q, R®).

From a standpoint of Fourier analysis, reducing this setting to the fully homogeneous
L? case, is rather simple; we can just treat u; and us and the projections etc. separately,

i.e. one also gets the following statement.

Corollary 2.19 (Projections on the torus for separate constraints).
Let A= (Ap, Ag): C°(RY,R% x R%) — C° (RN, R x R'2) be a constant rank operators.

Then there exists a projection operator P with the following properties:

(a) P maps LP(Ty,R™M) x LY(Ty,R%) — LP(Tn,RY) x LY(Twn, R%) boundedly for any

1 <p,qg<oo;
(b) PoP = P;
(c) Ao P =0;

(d) There is C = C(p), such that for any u € L (T, R?) we have

Hu — PuHLp < HAlulHW—kl,p + HAQUQH‘/V—kz,qS
(e) P maps (p,q)-equi-integrable sets into (p, q)-equi-integrable sets, i.e. if a set X obeys

lim sup sup / lu1|? + |ug|?dz = 0,
e=0ueX |E|<e JE

then this is also true for P(X):

lim sup sup / |(Pu)1]? + |(Pu)2|?dz = 0.
e20ueX |E|<e JE
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Likewise, projection statements similar to Theorem [2.9] and [2:17] follow.

2.5. What the constant rank condition on R cannot guarantee

So far, we considered the constant rank condition with respect to & € R \ {0}. We have

seen that this condition is sufficient to get

(a) a potential on the torus, i.e. a differential operator B, such that (for functions with

average 0) Au = 0 is equivalent to u = Bu;
(b) projection theorems on the torus;

(c) projection theorems on open domains (in terms of equi-integrability and the Wkp.

norm of Au).

In particular, the sufficiency of the constant rank property in R for weak lower-semicontinuity
problems can be explained by the following heuristic argument: We see in Section [4] that
it suffices to consider p-equi-integrable sequences to tackle weakly convergent sequences in
the context of lower-semicontinuity for non-negative integrands. Hence, apart from strong
convergence, the only effect accounting for weak convergence are fast oscillations. But
these are handled by the constant rank property.

If we ask for stronger results, the constant rank property in R is not enough. The result
Au=0= u=Bv

only holds on the torus. Consider the example
N
B=0: C*[RY) - C*[RY) and A=A =) "07: C*RY) » C*R").
i=1

In Fourier sense (on R) B is a potential of A, and indeed for u € LZE (Tv) with average 0
Au=0<+<=u=0.

This is obviously not true, if Ty is replaced by any open domain €2; then the space Au = 0
is infinite dimensional, but the image of B still only is {0}. This behaviour is expressed in

the following statement.

Lemma 2.20 (Potentials on R on open domains). Let A be an operator of constant rank
and B be its potential. Let Q C RY be open and bounded with C’max{k*“’kb’}—boundary. Let
1 < p < oo. Then there is a vector space X C Lp(Q,Rd), such that

(a) LP(Q,RY) Nker A = B(W*P(Q,R™)) + X ;

(b) If Y C X is p-equi-integrable and bounded, then Y is compact with respect to the
strong topology of LP(Q,RY).
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Proof (Sketch). We highlight the main ideas of the proof. Write Im B = B(W*?(Q, R™)).
Define X as follows:

X ={ue LP(QRY): Au=0in D'(Q,R!) and B*u = 0 in D'(Q,R™)}. (2.16)

To prove Theorem [2.20] it suffices to show both of the following steps.

Step 1: Show that any u € LP(£2, Rd) satisfying Au = 0 can be written as u = Bv; 4+ ug for
us € X.

Step 2: Any p-equi-integrable sequence wu, in X that converges weakly to some u* already

converges strongly.

A key observation is that we can reduce to the case, where A and B have the same order
k. If k4 < kg, one may replace A by A = V3 %46 A which has the same nullspace up to
a finite-dimensional space of polynomials, ¢f. Lemma [2.30] Likewise, if kg < k4, we may
replace B by B = B o divFA=F5,

The basic idea is to solve an elliptic equation LU = u for the elliptic (cf. [5]) operator

L=A"0c A+ BoB".

Then, due to [4,[5], a solution U € W?(Q, Rd)ﬂWé@’p(Q, R%) to LU = u exists. Moreover,
B(B*U) is A-free (and in Im B). On the other hand, A* o AU is in X, as

A(A* 0 AU) = Au— A(BoB*u) =0 and B*(A* 0 AU) = (B* 0 A*)(AU) = 0.

It suffices to show that X obeys @ This instantly follows from applying Lemma
to the constant rank operator L and a sequence u,, C X weakly converging to . Indeed,
recall that sptu, —u CC Q and L(u, —u) = 0 implies u,, — u = 0 for an elliptic operator
L.

O

In the following Section we want to establish a condition that further improves the
statement of Theorem Indeed, it turns out that a more natural condition is constant

rank in C.
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2.6. On Operators with constant rank in C

Summary

After a short introductory text, Section [2.6] coincides, up to minor changes, with the

preprint

e [77] Gmeineder, F. and Schiffer, S.: Natural annihilators and operators of constant
rank over C, https://arxiv.org/abs/2203.10355, 2022.

The research undertaken in the paper in question is a collaboration with F. Gmeineder.
Both authors, which, in particular, includes the author of this thesis, have contributed

significant parts to each section of the work.

The goal of this section is to give an answer to some questions that have been previously
discussed in this chapter in the framework of the constant rank property in R. In particular,
the previous Section [2.5 outlined some results that the constant rank property in R cannot
guarantee. The aim of this section is to fill this gap.

To this end, we define the concept of the constant rank property also for the field C
instead of R, i.e.

dimker A[¢(] =r for all £ € CV \ {0}.

We shortly discuss, that all the notions we have in R also apply for C. In particular, we
rise the question whether it is possible to derive a Poincaré lemma if the stronger notion
of constant rank property in C holds. This discussion is not part of the preprint, but
important to outline in the context of this thesis.

We then follow the lines of [(7]. We motivate that, before coming to an answer for
the existence of a Poincaré lemma, we need to study some properties of constant rank
operators in C. In particular, we observe that a Poincaré lemma cannot hold if operators
with coinciding kernels in Fourier space have kernels that differ by infinite-dimensional
vector spaces with respect to Llloc or the space of distributions. So this is the question we
need to answer first, which is formulated by Theorem [2.26

In order to prove Theorem [2.26] we need a suitable version of Hilbert’s Nullstellensatz
that applies to the present framework. This version is elucidated in Section [2.6.3] We
revisit the classical Nullstellensatz which is formulated for (scalar) polynomials acting on
an algebraically closed field. Moreover, we define the constant rank property for systems
of polynomials that coincides with the notion of constant rank property for differential
operators when identifying polynomials to differential operators via the Fourier transform.
Then we formulate a vectorial version for the Nullstellensatz that is valid for constant
rank systems. This result is a major extension of previous applications of Hilbert’s Null-
stellensatz in the context of C-elliptic operators, which reduces to a special case in our

setting.

Theorem 2.a (=Theorem [2.28)). Let d,k,l € N and, fori € {1,...,d} and j € {1,...,1},
pij € Clé1,...,&)] be homogeneous polynomials of degree k such that (2.22)) satisfies the
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constant rank property over C. Let by,....,bg € C[¢1,....,En], v = (v1,...,v4) € C? and
define

d
B(E)(v) =Y vibi(€).
=1

Suppose that for any & = (€1, ...,Ex) € CV\{0} and v = (v1, ...,vq) € C¢ we have that

d
<Zpij(§)vi =0 forallje {1, ..,l}) = B(¢)(v) =0, (2.17)

and let ¢ € C[&1,...,EN] be a homogeneous polynomial of degree > 1. Then there exist
polynomials h; € C[&1,....¢En], j € {1,...,1}, and an s € N such that for all { € CN and all
v e C? there holds

I d
¢*(©)B(E)(v) =Y hi(€) Y vipij(€). (2.18)

j=1 i=1

In Section [2.6.4] we return to the statement of differential operators. In particular, we
prove that ker A;[¢] = ker Ag[¢] for all &€ € CV \ {0} for two differential operators .A; and
As if and only if the nullspaces of the operators differ by a finite-dimensional vector space

with respect to L':

Theorem 2.b (= Theorem + Corollary [2.31)). Let AV and A® be two homogeneous
differential operators of order kD and k(z), which have constant rank over C and both act

on C®(RN RY). Moreover, suppose that their Fourier symbols satisfy
ker(AW[E]) = ker (AP [¢]).
(a) There exists k € N and a differential operator D such that
V]:” 0o A®) =Do A(l)’
and, vice versa, k € N and D such that
Vol =DoU®.
(b) We may write
{fuell.: AYu=0}+V={uelLl : ADu=0y+W

for finite-dimensional vector spaces V- and W consisting of polynomials.

It is worthwile mentioning that the second result may be extended to the space of
distributions.
This theorem and further theory of ideals over algebraically closed fields lead to the

definition of a ‘natural” annihilator to a constant rank operator B, which is optimal in the
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sense of inclusion of the corresponding nullspaces.

Finally, in Section [2.6.5| we return to the motivation: the Poincaré lemma for operators
with constant rank in C. We show the validity of such a Poincaré lemma for operators
acting on a cube in space dimension N = 2. The proof relies on adding measures on
the boundary of the cube such that we can apply the Poincaré lemma on the torus, cf.
Theorem We restrict ourselves to the case of N = 2, as there we can fully classify any

constant rank operator and easily describe the boundary.

2.6.1. Introduction

The Fourier symbol A[¢] is initially defined only for &€ € RY. Recall that in this case

The linear maps A, : R? — R’ can be naturally extended to maps Ay : C¢ — C! and hence
we may also define a complex-valued Fourier symbol A[¢] € Lin(C%,C!) for any ¢ € CV.

Definition 2.21 (The constant rank property in C). (a) We say that the operator A sat-
isfies the complex constant rank property if the Fourier symbol has constant rank
in &€ CN\ {0}, i.e. there isr € N, such that

dimckerc A[¢] =r V&€ CV\ {0}

(b) We call the set
AC=A%= J kercAlgccC?
geCN\{0}

the complex characteristic cone of A.

(c) We say that A satisfies the complex spamning property if the characteristic cone

of A spans up C%, i.e. span AS = .

Obviously, the constant rank property in C is a stronger condition than constant rank
with respect to the field R; for example, the Laplace operator A is R-elliptic (ker A(£) = {0}
for any € € RY \ {0}), but whenever &7 + ... + €3 = 0, the kernel of A[¢] is C.

As a consequence, any property which was directly following from the constant rank
property in R also holds for the constant rank property in C. Recall that C is an alge-
braically closed field, whereas R is not; so we may show even more algebraic properties of
such operators.

First of all, let us note that using the argumentation of [123| [12], one may obtain the

analogue of Theorem [2.6]

Proposition 2.22 (Potentials with respect to the complex constant rank property ). Let A
be a homogeneous differential operator of order k with constant coefficients. The following

are equivalent.
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(a) A satisfies the complex constant rank property;

(b) A has a complex potential B, i.e. a differential operator B, such that

Ime B[¢] = kerc A[¢], V¢ € RV \ {0}.

(c) A has a complex annihilator A, i.e a differential operator A, such that

Imc B[¢] = kerc Al¢], V&€ € RV \ {0}.

Let us mention that all examples from are also potential-annihilator pairs in C.

Ezample 2.23 ((Non-)Examples of operators of constant rank over C).

(a) C-ellipticity of an operator B means that B[¢]: C™ — C¢ is injective for any & €
cN \ {0}. Examples for such operators are the gradient, the higher-order gradient
and the symmetric gradient e(u) = 1/2(V 4 V7).

(b) Given N > 2, the operators curl and curl curl” satisfy the complex constant rank
property (cf. the calculation in Example @ and .

(¢) The divergence operator (cf. Example also has constant rank over C. Likewise,

the divergence of symmetric matrices (cf. Chapter [B|) has constant rank over C.

(d) The Laplacian B = A does not satisfy the constant rank condition over C. For
instance, let N = 2. Then

C ifé=A1,i) or & = A(1, —i), A€ R,
{0} otherwise,

ker(B[¢]) =

and so the constant rank condition is violated over C; still, over the base field R the

Laplacian is elliptic and hence of constant rank over R.

Up to minor changes in notation, the remaining part of this Section 2.6 coincides with the

preprint [77].

2.6.2. A Poincaré lemma for C-elliptic operators and the main result

Hitherto, the constant rank property has been mainly studied in the framework of C-
elliptic operators (cf. [138, 27, 82 [75], which means that kerc A[¢] = {0} for any £ €
CN \ {0}. Indeed, one of the main results for C-elliptic operators is the validity of a
Poincaré lemma, i.e. that if B is C-elliptic and A is an annihilator, then up to a finite

dimensional vector space X C L?(Q,RY)
Au=0 =— 3Jve H"3(Q,R™) such that u — Bv € X. (2.19)

In particular, if the annihilator A is chosen wisely, one may even take X = {0}, obtaining

a strong Poincaré lemma (cf. [82]).
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Let us shortly outline, how one can prove this result. First of all, note that in the case
A = curl and B = V, the fundamental theorem of calculus provides a suitable operation to
obtain a function v as in (2.19)). If Q is star-shaped, i.e. for every x € Q we have [0,z] C Q,

and u is continuous, we might define
1
Viu=0v:= / u(tx) - x dt. (2.20)
0

Let us mention that for non-regular u and general (still simply connected) domains 2 one
has to alter the definition, but the idea stays the same. For higher gradients, one just

applies the fundamental theorem multiple times.

Therefore, we know how to obtain a Poincaré lemma for gradients. The second ingredient
is to show that one may reduce the treatment of any C-elliptic differential operator to higher

order gradients, which is expressed by the following proposition [76].

Proposition 2.24 (Equivalences for C-elliptic operators). Let B be a differential operator

with constant rank with respect to R. The following statements are equivalent:
(a) B is C-elliptic;

(b) There is a differential operator B and k € N, such that
BoB= V’;;

(c) The nullspace of B (as a subset of Li (RN, R™)) is finite-dimensional.

The equivalence & helps us to come up with a suitable operation obtaining a
Poincaré lemma. If u satisfies Au = 0, one may apply the differential operator B and then
the inverse (V];)fl. As one loses a polynomial information when applying B, one then
obtains a Poincaré lemma up to a finite dimensional vector space.

As a motivation for the remainder of the chapter, let us formulate the following questions

arising from the case of C-elliptic operators.

Question 2.25. (a) Is there a generalised version of Proposition in the framework

of the constant rank condition?
(b) If yes, how does this help us to formulate and prove a Poincaré lemma?

(¢) Finally, given a differential operator B, can we find an annihilator A, such that the
finite dimensional vector space X, for which a Poincaré lemma does not hold, is small

(or is this set even empty)?

Let us focus on @ the question @ is adressed in the special case N = 2, Q = (0, 1)2
in Subsection A problem closely related to|(c)| is answered by Remark

The main result of this section is the following version of Proposition [2.24]

Theorem 2.26. Let A, A be two differential operators with constant rank over C. Then

the following are equivalent:
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(a) For all £ € C™"\ {0} we have

ker(A[€]) = ker(A[¢)).

(b) There exist two finite dimensional vector subspaces X1, Xa of the R%-valued polyno-

mials on RN such that

ker(A) + X} = ker(A) + Xy, (2.21)
where ker is understood as the nullspace in D’(RN,Rd), S0 e.g.

ker(A) = {T € D'(RY,W): AT = 0}.

Observe that if we chose one of the operators to be C-elliptic, e.g. A = V, we recover

the statement [(a)] < [(c)] from Proposition [2.24] A suitable version of Proposition
is pointed out in Corollary Let us further note that if the Fourier symbols A[¢] and

1&[5] have the same nullspace for any &, then they are both annihilators of some differential
operator B with constant rank in C. Also note that the statement of Theorem [2:26] is false

if we drop the assumption that A and A satisfy the constant rank property over C (cf.
Example [2.32]).

In the language of algebraic geometry, the proof of Theorem [2.26] relies on a vecto-
rial Nullstellensatz to be stated and established in Section 2.6.3] below. Nullstellensatz
techniques have been employed in slightly different contexts (see [138], 82] [76]). However,
these by now routine applications to differential operators (to be revisited in detail in

Section [2.6.3) do not prove sufficient to establish Theorem [2.26]

If a differential operator B has an annihilator A of constant complex rank, this annihilator
is in some sense minimal when being compared with other annihilators (so e.g. D o A for
(real) elliptic operators D on RY from X to some finite dimensional real vector space
Y). Thus, annihilators of constant complex rank — provided existent — are natural. Even
though the condition of constant rank over C appears quite restrictive, it is satisfied for a
wealth of operators to be gathered below. As an interesting byproduct, such annihilators
can be utilised to derive a Poincaré-type lemma in N = 2 dimensions; see Section [2.6.5] for

this matter and related open questions in this context.

Organisation of this Section

Apart from this introductory subsection, the section is organised as follows: Subsec-
tion is devoted to a suitable variant of a vectorial Nullstellensatz, that displays the
pivotal step in the proof of Theorem [2.26]in Subsection[2.6.4, The section then is concluded

by a sample application on a two-dimensional Poincaré-type lemma in Subsection [2.6.5
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Notation

For k € N, we denote Pk(RN , Rd) the R%valued polynomials on RY of degree at most k;
the space of R%valued polynomials p on RY which are homogeneous of degree k, so satisfy
p(\z) = \p(z) for all A € R and = € R is denoted as PI(RY,R?).

2.6.3. A Nullstellensatz for operators of constant complex rank

The proof of Theorem hinges on a variant of the Hilbert Nullstellensatz from al-
gebraic geometry stated in Theorem [2.28 below. For the reader’s convenience, let us first
display a classical version of the Hilbert Nullstellensatz as a background tool, which may
e.g. be found in [81] [117]

Lemma 2.27 (HNS). Let K be an algebraically closed field, p; € K&, ..., ¢n], i =1,....1
be polynomials and q € K[y, ..., &N], such that

file) =0veeKY = ¢ =0.

Then there is s € N and polynomials r; € K[&1, ..., EN], such that

1
¢ = ripi
=1

The standard use of this result in the context of differential operators (see Remark
below) does not prove sufficient for Theorem [2.26] Hence let d, k,l € N. For i € {1,...,d}
and j € {1,...,l} we consider homogeneous polynomials p;; € C[¢1, ...,&n] of order k and

the system of equations

d
D pi(©ui =0, &= (&,...En) €CY, je {1, ... 1}, (2.22)
=1

where v = (v1,...,1q) € C?. In accordance with Definition we say that the system
(2.22)) satisfies the constant rank property over C if there exists an r € {0, ...,d} such that
for every € € C™ \ {0} the vector space

d
Xg((])ij)ij) = {U = (1)1, ...,Ud) S (Cd: Zpij(g)’ui =0 for all j € {1, ,l}}
i=1
has dimension (d — r) over C. We may now state the main ingredient for the proof of

Theorem [2.26] which arises as a generalisation of the usual Hilbert Nullstellensatz:

Theorem 2.28 (Vectorial Nullstellensatz for constant rank operators). Let d, k,l € N and,
forie{l,...,d} and j € {1,...,1}, pij € C[&1, ..., &) be homogeneous polynomials of degree
k such that (2.22)) satisfies the constant rank property over C. Let by, ...,bq € C[¢1, ..., &N,
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v = (v1,...,vq) € C? and define
B©)w) := ) vibi(&).

Suppose that for any € = (&1, ...,En) € C\{0} and v = (v1,...,v4) € C? we have that

d
<Zpij(§)vi =0 forallje {1, ..,l}) = B(¢)(v) =0, (2.23)
i=1
and let ¢ € C[&1,...,EN] be a homogeneous polynomial of degree > 1. Then there exist
polynomials hj € C&1,....,En], j € {1,...,1}, and an s € N, such that for all £ € CcN and
all v e C¢ there holds

q%w@w=2m@2mma (2.24)

Proof. Let the polynomials p;; satisfy the constant rank property for some fixed r €
{0, ...,d}. We define sets

J={Jc{l,.,1}:|J|=r}, IT={IcCA{l,..,d}:|I|=r}.

For a subset J € J we write J = {j(1),...,5(r)} for j(1) < ... < j(r) and likewise for
IeZ, I={il),..i(r)} fori(l) < .. <i(r). Define the matrix M;; € C"*" by its entries
via

(Mr1.)gy = Pi(8),i()-

Now consider an arbitrary (r x r)-minor of P(§) = (pi;(§))ij; any such minor arises as
det(Mp(€)) forsome I € Z,.J € J. If &€ € CN\{0} is a common zero of all ¢7; := det(M; ),
then dimc(Xe((pij)ij)) # d — r by virtue of the constant rank property over C. On the
other hand, by homogeneity of the p;;’s, £ = 0 is a common zero of the ¢r;’s, and so is the

only common zero of the qr;’s.

On the other hand, £ = 0 is a zero of any homogeneous polynomial ¢ € C[{y, ..., &N] of
degree > 1. Thus, the Hilbert Nullstellensatz from Lemma [2.:27] implies the existence of
an s € N and polynomials gr; € C[¢1,...,En] (I € Z,J € J) such that

¢" =YY grsdet(Myy). (2.25)

JeJ Iel

We now come to the definition of h; as appearing in (2.24). For the matrix M;; and

v € {1,...,r}, we define the matrix M}, as the matrix where the 4-th column vector is
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replaced by (bi(g))g=1,...,r> i-€.,
Pii(1) - Pimi-1) Di) Piin) oo Pi1)je)

Pir)j(1) - Pir)j-1) Vi) Pirjr+1) o Pi(r)icr)
We then define for j € {1,...,1}

r

D > grsdet(M]) (2.26)
y=11€T JeT: j(v)=5
and claim that
> pijey det(M])) = bidet My, foralli € {1,...,d}, (2.27)

v=1

l d d
> hy (Z%m) =q¢" ) b, (2.28)
j=1 i=1 i=1

so that the h;’s will satisfy (2.24). Let us see how ([2.28)) follows from (2.27)): In fact,

! I d r
Zh] (Z Pt Z> - ZZZZ Z g1 det(My;)pijvi

j=1 i=1 j=li=1~y=11€Z JeJ: j(v)=j

d r
= Z ZQIJ Zzpij(w) det(M];)v;

JeJ IeT i—1 =1
&1 Z ZQIJ det(Mjy) - (Z b; Uz>
JeJg Iel
e j

Hence it remains to show (2.27). To this end, for 8,7 € {1,...,7} let us define the matrix
Mr().(y) as the (r — 1) x (r — 1) matrix, where the y-th column of My, and the -th row

have been removed. By the Laplace expansion formula and the definition of MZ]7 we then

obtain ;
det(MfJ) = Z(—l)'g+’ybi(ﬁ) det(MI(ﬁ)J(’y)).
B=1
Hence,
T T
Zpij(v) det(M};) = Z (_1)6+7bi(5) det(Mr(3).7(7))Pij()- (2.29)

v=1 By=1
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Now consider the (r 4+ 1) x (r + 1)-matrix M defined by

Pi)i1) -+ Piie) i)
M = ' ' ' :
Pi(rj(1) - Pitr)ir) i)
Pij1y - Py bi

By (2.23), for each & € CN \ {0} the subspace of v € C? such that

d

d
> py(@ui=0forallj e {1.l}, D uibi(§) =0

i=1 =1

is X¢((pij)ij) and thus has dimension (d — ). Therefore, all (r 4+ 1) x (r + 1) minors of
the matrix corresponding to these linear equations vanish. In particular, the determinant
of the matrix M is 0. Denote by M 8 the (r x r)-submatrix of M, where the last column
and the S-th row of M are eliminated. We apply the Laplace expansion formula twice to

M (in the last column and then in the last row), to see that
0 = det(M)

= | > by (1) det(MP) | + b; det (M)

= ZZ )" (1) by 9)pi () det(Mig) ) | + bi det(Mry).

y=18=1
Therefore,
bidet(Myy) = ZZ 1) bigopij) det(Mia) ),
y=18=1
which establishes (2.27)). The proof is complete. O

Remark 2.29. In the context of differential operators, the Hilbert Nullstellensatz is typically
applied to C-elliptic differential operators A as follows (cf. [I38], [82, Lem. 4, Thm. 5|, |76
Prop. 3.2]): Let A be a first order differential operator on RY from R? to R'. Then C-
ellipticity of A implies by virtue of the Hilbert Nullstellensatz that there exists k& € N
with the following property: There exists a linear, homogeneous differential operator £
on RY from R! to R? @ RY of order (k — 1) such that D* = ILA. Inserting this relation
into the usual Sobolev integral representation of u € C(B1(0); V) (cf. |3, §4] or |I06,
Thm. 1.1.10.1]) and integrating by parts then yields a polynomial P of order (k — 1) such
that

u(zr) = P(z) + K(z,y)Au(y) dy
B1(0)

for all z € B1(0) and all u € C*(B1(0),V); here, the function K: B1(0) x B1(0) —
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Lin(R!, R?) is a suitable integral kernel. This, in particular, implies that dim(ker(A)) < oc.
In our situation, a similar approach does not work. This is so because the operators A, A
from Theorem do not have finite dimensional nullspaces themselves; we may only
assert that the nullspaces differ by finite dimensional vector spaces, and this is why we

require the refinement provided by Theorem [2.28

2.6.4. Proof of Theorem 2,26

Based on Theorem [2.28 the proof of Theorem [2.26 requires two additional ingredients

that we record next:

Lemma 2.30. Let A: C®°(RY,RY) — C°(RY,R!) be a homogeneous differential operator
of order k. Define the differential operator

Vod: C®RY RY) - (RN, R x RY)
componentwisely by
((VOA)U)Z = 0; Au, 1€ {1,...,N}.

Then we have
ker(V o A) = ker(A) + P (RY, R?). (2.30)
Observe that this result does not require the constant rank property.

Proof. Suppose that u € ker(V o A). Then Au is a constant function. Consider the space
W c R defined by W := span{A[¢](R?): ¢ € RV}. Note that, on the one hand, Au € W

pointwisely, and, on the other hand,
W = AP} RV, RY) = AP, (RY,RY). (2.31)

The last line can be seen by considering, for |§| = k and v € RY, the polynomials pp(x) =
%fv. Then, for any ¢ € RV,

A ) = 3 Y LA = Y A

|Bl=k la|=Fk |B|=k |laf=Fk

and so follows by the homogeneity of A of degree k. In particular, for every u €
ker(V o A), we can find a polynomial p of degree k with A(u —p) = 0. Hence ker(Vo A) C
ker(A) 4+ Pr(RY,RY). On the other hand, since A is homogeneous and of order k, every
element of ker(A) + P (RY,R?) belongs to the nullspace of Vo A. Thus follows and
the proof is complete. O

Corollary 2.31 (Kernels of annihilators). Let AD and A® be two homogeneous differ-

ential operators of order kY and k(Q), which have constant rank over C and both act on
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COO(RN, RY). Moreover, suppose that their Fourier symbols satisfy
ker(AW[¢]) c ker(AP@[¢])  for all¢ € C". (2.32)
Then the following hold:
(a) There exists k € N and a differential operator D, such that

v/?r 0o AP = Do AW,

(b) For the nullspace of AY) we have
{ueli,: AYu=0} c{ueLl.: APu=0}+V,
where V' is a finite dimensional vector space (consisting of polynomials).

(¢) If, in addition,
ker(AV[¢]) = ker(A@[¢]),

then we may write
{fuell. : AYu=0+V={uelLl : APDu=0 +W
for finite dimensional vector spaces V- and W consisting of polynomials.
Proof. Ad @ We aim to apply Theorem and we explain the setting first. Assuming
that AM is R!-valued and A® is R’-valued, we may write for v = (V1 ...y0q) € c?

and A®[g) = (aDlev)

where every A(?)(€)v can be written as

d

AR = Z Vibim (§).

i=1

For each m € {1,...,l2}, we apply Theorem [2.28 to p;;(§) = Agjl)(f) and B(§) = Af?)[g];
note that its applicability is ensured by .

In consequence, for every component Ag) with m € {1,...,l2} and a € {1,...,n}, we may
find K(a,m) € N and polynomials h;, € C[¢1, ..., &,], such that

l1

d
eNemAD(E = D" hia(&) Y AP (e
=1

Jj=1

Therefore, choosing k=N max K(a,m), we obtain that for every a € N"
me{l,....la},ae{l,....,n}
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with |a| = k and m € {1, ..., l2}, there exists hj, such that

l1 d

AR =Y i) D AG v

7=1 =1
Defining the differential operator D according to this Fourier symbol, @ follows, i.e.,

5t

D[] m.0(w) = Zhja(g)wj, me{l,...,l}.

Ad @ This directly follows from Lemma Indeed, applying Lemma %—times,

there exists a finite dimensional space V of polynomials such that
{ueL,: VFA@y = 0y ={uell : APDu=0}+V.

As ker A © kerBo A = kerVF o A®) | the result directly follows. Finally, is
immediate by applying @ in both directions. The proof is complete. O

We may now turn to the proof of the main theorem.

Proof of Theorem[2.2. Direction [(b)] of Theorem is just Corollary [2.31} using

convolution one may first observe this for Li. . functions and then generalise it to D’. On the
other hand, direction follows from a routine construction (see e.g. [138, [65] [79])
which we outline for the reader’s convenience. Suppose towards a contradiction that there
exists £ € CV \ {0} such that ker(A[¢]) # ker(A[¢]). Without loss of generality, we may
then assume there exists v € C'\ {0} such that v € ker(A[¢]) \ ker(A[¢]). The proof is then

iz-hé

concluded by considering the plane waves up(z) := €*"Sv for h € Z and sorting by real

and imaginary parts; passing to the span of up, h € Z, we obtain an infinite dimensional

vector space which, up to the zero function, belongs to ker(.A) \ ker(.A). O

Example 2.32. In general, Theorem will fail if A and A do not satisfy the complex
constant rank property. As one readily verifies, if we take A = A and A = A? to be the
Laplacian and the Bi-Laplacian (and so both violate the constant rank condition over C

by Example|(d))) in n = 2 dimensions,

kerc(A[¢]) = kerc(:‘g[ﬂ) =

C ife=X1,0)" orE=X1,-0)", AeC
{0} otherwise.

Denote ker(A) and ker(A?) the nullspaces of A or A2, respectively, in D'(RY). Denoting

the homogeneous harmonic polynomials on RY by Pho(RN), we have
ker(A) + P C ker(A?),

where P = {v: Av = p for some p € Ppo(RY)}, and from here one sees that the nullspaces

of A and A differ by an infinite dimensional vector space.
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Remark 2.33. Up to now, we assumed that the polynomials p;; are homogeneous polyno-
mials of order k. This assumption is motivated by the fact that we deal with homogeneous
differential operators. However, we can also define the constant rank property when not
all polynomials have the same order. In particular, for polynomials p;; as in (2.22) we
may weaken the assumption to p;; having order k; € N, and the statement of the vectorial
Nullstellensatz still holds true.

For the corresponding differential operator, this includes the following setting. The op-
erator A = (Ao, ..., Ax) is componentwisely defined via homogeneous differential operators
Ai: C°(RN RY) — C°(RY,RY) of order i (for i = 0 the operator Ay is similarly under-
stood to be a linear map). In particular, A: C®°(RY, V) — C®°(RN,R" x ... x R™). The

constant rank property in this setting means that there exists » € N such that
k
m ker(A;(€)) =7, forall& e CV\ {0}.

Observe that it is not required at all, that each homogeneous component satisfies the

constant rank property itself, e.g. Bu = (0u, O3u).

In view of Lemma [2.30] we can however also transform this setting into a fully homo-
geneous one, while only allowing an additional finite-dimensional nullspace. Indeed, the
operator A given by

A= (Vko.Ao,kal oAy, ..., Ax)

is homogeneous of order k£ and its nullspace only differs by a finite dimensional space from

the nullspace of A.

Remark 2.34. For now, we have seen that if A[¢] and A[¢] have the same nullspace for all
¢ € C™\ {0}, then their nullspaces as differential operators only differ by finite dimensional
spaces. Given the nullspaces V(§) = ker(A[¢]) for some differential operator A, it is thus
natural to ask for a minimal differential operator in the sense of nullspaces, i.e., such that
if ker(By(€)) = V(€) and ker(A[¢]) = V(€) for each & # 0, then ker(Ag) C ker(A).

To this end, let us recall some algebraic facts about ideals. Let wy, ..., wyq be a basis of
W. For a constant coefficient differential operator B with complex Fourier symbol B[¢] we
define the set of annihilator polynomials Py as all vector valued polynomials vanishing on
A¢], ie.

P = {P(&1, -, €N) sz P(&1,....,En) 0 Alg] = 0}

This Pg generates an ideal Zp in C[¢y,...,E N, w1, ..., wq]. As every ideal in the ring of
polynomials is finitely generated, so is Zg. In particular, there exists a finite generator Ag

consisting of polynomials in Pg; these are linear in wy,...,wqy. As a consequence, every
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P € Pg can be written as

PE) = Y (&P (2.33)

P]' eAo

for some polynomials ;. In particular, this set Ag can be identified with a differential
operator Ay, which is component-wise homogeneous (where we view differential operators
of degree zero as homogeneous of degree zero). Due to (2.33) every differential operator A

which is an annihilator of B can be written as
A=PB oA,

hence ker(Ap) C ker(A). Thus we might consider Ay as the natural annihilator of B.

2.6.5. A Poincaré-type lemma in N = 2 dimensions

In this concluding section we give a sample application of the results provided so far
by proving a Poincaré lemma in two dimensions. For simplicity, we focus on first order
operators and functions defined on a cube @ = (0, 1)N . For A-free functions on the torus
Ty, it is well-known that B, if B is a potential in the algebraic sense, it is also a potential
in the sense that (cf. Theorem

ue L*(Ty,RY), Au=0, (u)ry, =0 == u = Bv for some v € WH(Ty,R}).

This is shown by use of Fourier methods. We cannot apply such a technique directly
for functions on the cubes, as here boundary values cannot assumed to be periodic. Our
strategy thus is to add a measure y supported on 9@ such that for a function u satisfying
Au=0in H Y(Q, W), the measure u + y satisfies A(u+ p) = 0 in H (T, R'). We then
can apply the theory on the torus to get some v € Lz(TN,Rm) with Bv = (u + p), i.e.
Bv = wu in Q. In dimension N = 2, we show that this strategy works for any differential
operator of constant rank in C by adding measures on the one-dimensional faces of Q.
In higher dimensions, there might be further restrictions on the operators, but e.g. for
B = curl, A = div one may show such a result by adding measures on one- and two-

dimensional faces.

For the remainder of this section let A and B differential operators of first order given
by

N N
Bu = Z Bké?ku, Au = Z Akaku,
k=1 k=1

where By, € Lin(R™,RY), A, € Lin(R%, RY). Let Q = (0,1)" and define

L%(Q) = {u € L*(Q,R%): Au=0in H1(Q,R)}
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and likewise
H3(Q) = {u e H'(Q,RY): Au=0in L*(Q,R)},

both being equipped with the usual norms on these spaces. For the following, we tacitly
assume that A is an annihilator of B and that A has constant rank over C. Our objective

of this section is to establish the following result:

Theorem 2.35. Let N = 2. Then there exists a finite dimensional space X C Hi\(Q)
consisting of polynomials and a linear, bounded map B~: H}L\(Q) — L*(Q,R™), such that
BoB tu—wue X. If in addition, the operator A satisfies the spanning property, then

X = {0}.

In consequence, in the situation of Theorem we may write u = B(B"'u) + 7 for
some polynomial 7 € X. We split the proof of Theorem into several steps.

Lemma 2.36. Let N = 2. We can decompose
RY = Vo + Vi + V4, (2.34)

such that V; N V; = {0}, V; L'V fori,j € {0,1,2} with i # j and

1 1
Vo = <span§eR2\{o} ker(A[f])) = (span(ker(A[e1]) U (ker Ales])))™,

Vo = ﬂ ker(A[¢]) = ker(Ale1]) Nker(Ales]).
£ER?\{0}

Proof. Clearly, Vy L V5, so V4 may be just chosen accordingly. It remains to show that Vj
and V5 can be represented in terms of the behaviour of Afe;] and Ales]. As A is of order
one, then v € ker Afe;] N ker Ales] implies by linearity that v € ker A[Ae; + pes] for all
A, 1 € R, showing the characterisation of V5. On the other hand, if A is of order one, then
for all £ = &1e1 + &6 € R?

Im(A[&1e1 + &2e2]) C Im(Aler]) + Im(Afes]).

As Im(B[¢]) = ker(A[¢]), we get the desired result for V. O

For the following, observe that we may define another differential operator
A: C®(R%RY) — C°(R% R x V)

by defining A(u) = (Au, Py, (u)), where Py, denotes the orthogonal projection onto V.
Then ker(A[¢]) = ker(A[€]) for all € € C?\ {0}. In view of Remark we have
ker(A) = ker(A) + X for some finite dimensional subspace X C L%(Q). Note that A
is not homogeneous in total but in its single components; this will suffice for the following.
As a consequence, we may assume from now on that 1 = 0 by considering A instead of A.

This is why we have the finite dimensional space X in the formulation of Theorem [2.35
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Lemma 2.37. Suppose that A is spanning, i.e., Vo = {0} in (2.34) and that the union

U Im(A[¢]) spans Rl. Then we have
£€R?

R = spangep (o Im(A[¢]) = Im(Ae1]) = Tm(Ales]) = Im(A[€])
for all € € R?\ {0}.

Let us shortly remark that for the kernel of the differential operator A, we might restrict

our study to operators, such that

R! = spangcp2\ {0y Im(A[E]).

If this is not satisfied, we might define the vector space Y as above span and consider
A’ = Py o A, where Py is the orthogonal projection onto Y. Then ker A" = ker A and A’

satisfies

Spallecr2\ {0} Im(A'[¢]) =Y,

i.e. satisfies the assertions of Lemma [2.37]

Proof of Lemma [2.37. Suppose there exist &1, & € R*\{0} such that Im(A[¢;]) # Im(A[&)]).
In particular, §; and & are linearly independent. Moreover, ker(A*[£;]) # ker(A*[£2]) and
so there exists some w € R! such that w € ker A*[&] but w ¢ ker A*[¢;]. Therefore
0 # v = A*[¢] + Aow € Tm(A*[€) + A&y]) for any A € R. As Im(A*[¢]) = (ker A[¢])*,
Prer(aje+ )\52])(1)) = 0, where again Py, denotes the orthogonal projection onto the subspace
V c RY. The map

£+ Prex(ale)) (+) (2.35)

is homogeneous of degree zero and continuous for A satisfying the constant rank property
[65, Prop. 2.7]. Every & € R?\ R, can be written as &€ = pu(€; + M) for suitable A € R
and p € R\ {0}. For such ¢, the zero homogeneity of yields Pyer(afe)(v) = 0. On
the other hand, choosing i = A~! and letting A — oo, the continuity of we conclude
that Per(afe))(v) = 0 for any § € R?\ {0}. Combining this with the zero homogeneity
of (2.3F)), we also obtain v € (ker(A(0€5)))* for all € R\ {0}. Hence, v € (ker(A[¢]))* for
all ¢ € R%\ {0}, and this contradicts our assumption Vy = {0}. The proof is complete. [

Lemma 2.38. Let &1, & € R? be linearly independent and A be spanning in the sense of
Lemma|2.37. Then there is a linear map Lg, ¢,: R' — ker(A[&1]) with

AKQ] o L§1,§2 == ide .

Proof. For two finite dimensional real vector spaces X1, X9, we first recall that a linear
map T: X1 — X has a right inverse S: X9 — X if and only if T is surjective. In view

of the lemma, we thus have to establish that A[{a]|ker(afe,]) is surjective, and this follows
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Q2 Q2

Figure 2.1.: Cube notation and the idea in the proof of Lemma We periodify the
given functions to access the theory on the two-dimensional torus 75 in Propo-
sition [2.40l To enforce periodicity, the non-periodic contributions of some u
are handled by adding suitable correctors defined in terms of horizontal or
vertical line integrals, respectively.

from a dimensional argument as follows: Let r = dim(V5) and s = dim(ker(A[¢])), which

does not depend on ¢ € R?\ {0} due to the constant rank property. As A is spanning,
d = dim(ker(A[61])) + dim(ker(A[&>])) — dim(ker(A[61]) 1 ker(A[6])) = 25 — .
By Lemma R! = Im(A[¢1]), and thus the rank-nullity theorem yields
[ = dim(Im(A[§]) = d — dim(ker(A[&]) = 2s —7r) —s=s — 7.

On the other hand, restricting A[¢3] to ker A[¢;], the nullspace of A[&o]lker(aje,)) 18 Vo,
hence its dimension is 7, and the dimension of its image is s — r. Hence, A[&2] restricted

to ker A[¢1] is still surjective onto R!, and therefore such a map Le¢, ¢, exists. O

The second key ingredient to establish Theorem is the adding of measures on the
boundary. In particular, we aim to add a measure p such that u+ i is A-free as a measure

on the torus Th:

Lemma 2.39 (Adding measures on the boundary). There are linear maps Si, Sa with the

following properties:
1. S1: HY(Q) — Po(R%RY) Nker(A),
2. 8y Hi(Q) — L*(0Q,RY)(— H™(Q,RY)),
3. A(u+ Siu+ Sou) = 0 in H3(Ty,R!) for all u € HY(Q).
Proof. Recall that the trace operator is bounded from H'(Q,R?) to L?(0Q,R%). Define

Q1 = {0} x [0,1] and Q2 = [0, 1] x {0}, which may both be seen as subsets of ) and the
torus Ty. Define for u € HY(Q,R?)

wi(y) == Alea](u(0,y) —u(l,y)) and  wa(x) := Ales](u(x,0) — u(, 1))
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for £Ll-a.e. 2,y € [0,1]. Then u ~ wj is linear and bounded from H%(Q) — L*([0,1],R").
We then put

1 1
e :=c1(u) ::/0 wi(y) dy and co = ca(u) ::/0 wa(z) do

and observe that, because of u € H}Ll(Q) and a subsequent integration by parts,

O:/.Au dm:/ A(vag)udH? (2.36)
Q oQ

with the outer unit normal vyg to Q. Decomposing JQ) into its single faces and using the

definition of ¢1, co, we find that ¢; = —co.

Now define the polynomial Siu as follows:
Siu(ry, z2) == aux% + 2a192120 + a22:c§ (2.37)
for ai1, a12, a2 € R? defined in terms of the maps L from Lemma via
a12 7= —Le; eg—e,(C1), Q11 1= Ley e, (—Afea]a1), ag2 := Le, ¢, (—Aler]ar2). (2.38)
By the properties of the maps L as displayed in Lemma [2.38] we have

Aler]arr + Alea]arn = Aler](Ley.e, (—Alea]ai2)) + Aleg]ain = 0,

Aleg)ags + Aler]ars = Alea)(Le, e, (—Aler]arz)) + Aler]ary = 0. (2:39)
This particularly implies that
ASiju = Ale1]01S1u + Aleg) 2511
= Ale1](2a1121 + 2a1222) + Alea](2a1221 + 2a2222) 0. (240)
For future reference, we now record that
S1(S1u+wu) =0, forallue HY(Q), (2.41)

which can be seen as follows: With the obvious definition of ¢1,

1 1

& = /O @(y) dy = /0 Aler)(S1u(0, ) — Syu(l,y)) dy
1

= /0 Ale1](2a021* — a11 — 2a19y) dy

1
— [ Aler)(-an ~ 2012) dy  (by €38) and Lewna P39
0

= —Alei]arn — Ale1]ais

= Alea — e1]aig = —ci,
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the ultimate two equalities being valid by (2.38) and Lemma as well. Using that
ASju = 0, we may argue as in (2.36)ff. to find that

1 1
Cy = /0 wa(z) dy ::/0 Alea](Siu(z,0) — Sju(x,1)) de = ¢; = —ca.

This implies that S1(S1u) = —Sju and hereafter (2.41]).
We now come to the definition of Sou: Q1 U Q2 — R?. If Siu = 0, we then define

) T
Syu(0,y) = — /0 Lepyui(t)dt,  Syu(z,0) i= — /0 Ly o ws(t) dt. (2.42)

In general, we recall (2.41)) and define for general u € Hi\(Q)
SQU = SQ(U + SNL)

Then Syu defined on Q1 U @2 has the following properties:

1. Sou(0,0) = Sou(0,1) = Sou(1,0) = 0 due to ¢; = c2 = 0. Indeed, since u € H4(Q)
satisfies S1u = 0, we conclude aj2 = 0. On the other hand, L¢, ¢,—, is injective by
Lemma and so ¢; = 0 in light of (2.38); but then co = —¢; = 0 as well.

2. Sou € LQ(Ql U QQ;Rd).
3. Sou(0,-) € ker(Afeq]), Sou(-,0) € ker(Ales]) by Lemma [2.38]
4. Sou(0,), Sou(-,0) € Hi((0,1)) and, again by Lemma

A[EQ]%SQU(O,t) = —wl(t), A[el]%SQU(t, 0) = —’LUQ(t).

By periodicity, we may view Syu € L*(0Q,R?), and this can be seen as an element of
H™Y(Ty,R?%) by identifying it with the bounded linear functional

HYT5,RY) 5 p— [ Sou-tr(y)dH + [ Sou-tr(v) dHL.
Q1 Q2

Thus, for all ¢ € H?(T, R!) we have

(AS2u, ) r-2(1y)x 2(15) = — ; Sou - tr(A*p) dH! — g Sou - tr(A*p) dH!
1 2

_— / (Ale1]Sau) - tr(D10) + (Alea)Sau) - tr(ap) AH!

1

_ / (B(e1)Sau) - tr(D10) + (Blea) So) - tr (Do) A

2

m_ / (Alea]Sou) - tr(e) dH! — / (Ale1]Sou) - tr(Or) dH!

1 2

= / (A[eg]agsgu) . tI‘((p) dHl —I—/ (A[el]alsgu) -tr(cp) dHl

1 2
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=

—/ wy - tr(p) dH! —/ wo - tr(p) dHL.
Q1

2

On the other hand, for any ¢ € H%(Ty, RY)

(sl = — |

Ty

u- A'pdx :/ Au-gpdx—/ (Alvgalu) - tr(p) dH?
Q 0Q

:/ wy - tr(p) d?—[l—i-/ woy - tr(p) dHL.

Hence, A(u + Sou) = 0 in H™'(Ty, R") whenever u € HY(Q) N {Siu = 0}. In the general

case, we apply the foregoing result to u + Syu and hence obtain

To conclude, as Sou = So(u + S1u), we have A(u + Sju + Sou) = 0 as an element of
H_2(T2, Rl), and the proof is complete. O

Proposition 2.40. Suppose that A satisfies the spanning condition. There is a linear and
bounded map B~ ': H}4(Q) — L*(Q,R™), such that B o B~! = id, meaning that for all
u € HY(Q) and all ¢ € H}(Q,R?)

/Blu‘B*cp—/ucp.
Q Q

Proof. Given u € H}“(Q), we write u = (u 4+ Sju) + (—S1u) =: u + ug with S7 as in the
preceding lemma. We treat u; and us separately.

Recall that Sou; = Sou for Sy as in the previous lemma. We write
Uy + Soup = ug + u
for some ug € R? and @ Hil(Tg, ]Rd), where @ has zero average over @, i.e.

(v, ) -1 = 0.

Note that Az = 0 in H~2(Ty,R!). By the same argument as in Lemma we can write
ug = BP; for a suitable polynomial P; of order one with mean value zero; moreover, the
map ug — P can be arranged to be linear.

For @, we can apply the theory for constant rank operators on the torus. In par-

ticular, by the observation made in (2.4]) there exists a linear and bounded operator
Br': H YTy, RY) — L*(Ty,R™) that satisfies

BoBrlv=v forallve H Ty, RY) with Av = 0and (v,1) g1, = 0. (2.43)

Thus, defining w := P; + By (@ + Sau), we conclude that

1. w depends linearly on u;
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2. [Jwllgz < e([luollzz + [[u+ Soul[g-1) < Cllul| g
3. Bw = uy + Sou(= u+ Siu+ Sau).

We now establish that us can be written as ue = BP, for a third order polynomial P;.
Recall that

Slu(l‘l, 1,‘2) = anx% + 2a19x129 + CLQQQU%

with a;; defined as in (2.38). We now define polynomials P3 and Py, such that B(P3+FPy) =
—Sl u.

Definition of P3: By the definition of the map L from Lemma and by (2.38)), the
coefficients a;; obey the following:

aip € ker(Ales]), a2 € ker(Aleq]).

The differential operator B is a potential of A. Therefore, for any & € R?\ {0}, there is a

linear map

B7e]: ker(A[€]) — (ker BI¢])*

with B[¢] o B71(¢) = Idyer(B(e)) (seen as a Fourier multiplier, this map exactly defines
the operator in (2.43])). For future reference, we note that expanding A[¢|B[{] = 0 for
€ = Ereq + &aen € R? particularly yields

§1&2(Aler]B(e2) + Alea]B(er)) = 0. (2.44)
Let us define
Pg(a?l,l’g) = —B_I[QQ](all)CL’%xQ — B_l[el](azg).le%.

Observe that (—Sju — BPs) still satisfies A(—Siu — BP3) = 0 by virtue of A[¢]B[¢] = 0
and ([2.40)), and has the form

(—Slu — BP3) = a’xlxg,

(2.45)
a = —2a12 + 2A[61] (Bfl[eg](an)) + QB(eg) (Bil[el](agg)) .

Definition of Py: We define Py dependent on a’ in (2.45). Note that A(a’z129) = 0 and
therefore a’ € ker(Ale1]) Nker(Afes]). Then define

by = %B_l[el]a’, by =B e | (—Blea)by). (2.46)

Note that by is well-defined as a’ € ker(Ale;]). Further, note that

A[el](—E[eg]bg) A[eg](IB[el]bg) = %A[eg]a' =0. (2.47)

Consequently Bles]bs € ker(Ale;]) and so by is well-defined. Let us set Py(z1,z2) =
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(%blmi{’ + ng%.xg). Then

BP4(.CIZ‘1, .1‘2) = B(%bll‘? + bQ.CE%.%Q) = (B[el]bl + E[eﬂbg) .%'% + 2153[61]()2.%11’2

-.4
(2.26) (—Blea]ba + Blea]bs) x% +dzixy
L _gu—BPy).

We conclude that BP3; + BP4, = —Squ, which is what we wanted to show.
To summarise, we found w € L*(Ty, RY), such that Bw = (u+Siu)+ Syu in H (T, RY)
and P such that AP = —Sju. Both w and P depend linearly on u. Let us now define

B lu:=w+ P

Then B(B~'u) = u+ Syu in H (T3, R?Y). As Syu is supported on dQ, we conclude that
BB 'u) =uin H(Q,RY). O

Using the result for first order operators, we are also able to formulate a version of
Theorem for higher order operators.

Corollary 2.41. Let n = 2 and let A be a differential operator of order k. Then there
exists a finite dimensional space X C H¥(Q,R?) Nker(A) consisting of polynomials and a
linear, bounded map B~': H'(Q,R%) Nker(A) — L?(Q,R™) such that u —Bo B tu e X.

Essentially, the argument is that we can reduce this case to the case of first order
operators. First of all, let us reduce to a first-order A. Let A be of order [ € N. Then
Au = 0 if and only if u'~! = V'l satisfies

A=t =0 and  cwl Wl =0, (2.48)

where A'! is a suitable reformulation of the differential constraint A as a first order
operator dependent on the (I — 1)-derivatives; the condition curl ' !~ encodes that u!™*
is a (I — 1)-gradient. Observe that B;_; := V"' o B is a potential for the differential
operator described in . For B of order k observe that Bv = w if and only if for
k=1 — vkl

BElpF = yand  cwrlP P =0, (2.49)

where again, B*~! is a suitable reformulation of B in terms of derivatives of order (k — 1).

Taking (2.48)) and (2.49)) together and applying Theorem up to a finite dimensional
vector space, for each u!~! satisfying A"~ *u!~! = 0 we might find ¥, such that

(B 25 =u, curl* 25 = 0.

and, therefore, v, such that
Vil o Bu = u.

As a consequence, up to a finite dimensional vector space X', Bv — u € X.
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Remark 2.42. To conclude, let us remark that another approach to the problem described
in this section is discussed in [I2) Lem. 14| for operators of maximal rank. Whereas we
believe that our approach might also apply to other, slightly more general scenarios and
since our focus here is more on displaying consequences of the constant rank conditions in
the exemplary case of N = 2, we shall defer the discussion to higher dimensions to future

work.



3. A-quasiaffine functions

Summary

This chapter is loosely based on the preprint
e [I35]: Schiffer, S., A sufficient and necessary condition for A-quasiaffinity.

In order to fit into this thesis, the results and proofs have been heavily rearranged. This
is a single-author manuscript. Hence a detailed description of the doctoral candidate’s

contribution is not needed.

The goal of this chapter is to derive a characterisation of A-quasiaffine functions. Here,
A-quasiaffine functions are functions f: R? — R, such that both f and —f are A-

quasiconvex, that is for all A-free test functions 1 on the torus we have
f)y< | flo+y(x))de.
Tn

This notion is substantially stronger than the notion of A-quasiconvexity. In particular,
for operators satisfying the spanning property, the vector space of A-quasiaffine functions
is finite-dimensional and consists of polynomials (cf. Theorem Indeed, the following

characterisation is well-known (cf. |80} [1I8]):

Theorem 3.a. [=Proposition[3.9/
Let f: RY — R and let A satisfy the constant rank property and the spanning property
and let B be a potential of A. Then the following statements are equivalent.

(a) f is A-quasiaffine;

(b) f is a polynomial and Yz € RY, Vr > 2, V&1, ..., & € RY which are linearly dependent
and Yvq, ..., v, € R with v; € ker A[¢;] we have

D" f(z)[vi, ..., vr] = 0; (3.1)

(c) f is C' and the Buler-Lagrange equation
BY(Vf(Bu)) =0 (3.2)

is satisfied in the sense of distributions Yu € C*8 (), i.e. for all ¢ € C(Q,R™) we

have

/Vf(Bu)-Bcp:O;
Q
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(d) The map u — f(u) is sequentially weaks continuous from L>®(Q,RY) N ker A to
L®(Q,RY), e if u, € L RY) with Au, = 0 and u, = w in L(Q,RY), then
also f(un) = f(u) in L=(Q,RY);

(e) f is a polynomial of degree s < d, p > d and the map u— f(u) is sequentially weakly
continuous from LP(Q,R?) Nker A to LP/*)(Q), i.e. if u, € LP(Q,R?) with Au, =0
and u, — u in LP(Q,RY) then

lim [ flun)p = / flwe Ve e LY ()
Q Q

n—oo

(f) [ is a polynomial of degree s < d and the map u — f(u) is sequentially weakly
continuous from L*(Q,R%) to D'(Q) (the space of distributions on ), i.e. if u, €
L*(Q,RY) with Au, = 0 and u, — u in L*(Q,R?), then

lim [ f(un)p = / flwe Vo e CR(Q).
Q Q

n—oo

In Section |3.3] we give a proof of this theorem, which is different to the proofs displayed
in [80, 118]. In particular, the proof of the equivalence & @, @ & @ and @ &
does not rely on weak lower-semicontinuity results of Fonseca & Miiller [65] [80]. Instead,
we just use the definition of A-quasiaffinity and the observation, that any A-quasiaffine
function must already be a polynomial map.

In more detail, the directions @ = etc. rely directly on the definition of A-
quasaffinity. Indeed, if is not valid, then using oscillating functions and a test function
that is (close to) a characteristic function on a small cube yields the implication.

The other direction is more involved. The following two observations are crucial. First,
we see in Theorem that any A-quasiaffine function is a polynomial, and moreover, a
polynomial is A-quasiaffine if and only if its homogeneous components are A-quasiaffine.
Therefore, it suffices to consider homogeneous polynomials of some order s € N. Second,

instead of taking test functions ¢ and considering

/Q F(un)p da,

it suffices to look at test functions of the form ¢ = 1)°. Then we can write

/Q F(un)p dz = /Q f($un) da

and we can handle the second integral via the definition of A-quasiaffinity. For the equiv-
alence & [(b)] we use an easier argument than the one used in [I19]. This argument
is a generalisation of the proof of above statement, which was done in a special case in
[15]. The proof is done by induction. The induction hypotheses holds for » = 2 due
to Plancherel’s theorem. To show = @ we construct an explicit function such that

A-quasiaffinity checked for this function implies @ For the converse direction we use a
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generalised version of Plancherel’s theorem for r terms.

As a mathematical extension to the above results, we then further strengthen condition

(b)

Theorem 3.b. Let A be a constant rank operator and B be a potential of A of order kg.
Then from Proposition 1s equivalent to

(b2) f is a polynomial and for all 2 < r < min{kg, N} + 1 and all &1,...,& € RN linearly
dependent and for all vy, ...,v, € R™ with v; € ker A[¢;] we have

D" f(x)[v1,...,vr] =0 (3.3)

In particular is equivalent to A-quasiaffinity of f.

The validity of this theorem is also proven in Section It is derived by using basic
observations on polynomials.

As a consequence we are able to derive a condition, such that affinity along the char-
acteristic cone A4 of the differential operator A guarantees A-quasiaffinity. This is true
whenever A admits a potential B of first order. It is important to mention that the order
of such a potential cannot be directly seen by considering A alone and in particular, the
order of B is not bounded only in terms of the order of A.

The last Section of this chapter is not part in the aforementioned preprint. We give

a connection between the notions of A-quasiaffinity and A-quasiconvexity.

3.1. Introduction

3.1.1. Motivation

In this chapter, as a first step towards A-quasiconvexity, we consider a stronger notion
first. As discussed in the introduction of this thesis (and also in Chapter {4)), a sufficient and
necessary condition to weak lower-semicontinuity of a functional I: L>(Q,R%) — [0, 00)
defined as

I(u) = /(Zf(fﬁ,U(x)) de if Au=0

00 else,

(3.4)

is A-quasiconvexity of f(z,-) (for f € C(R%,[0,00)). That is, for almost every z € Q, any
v € R? and any A-free test function on the torus, cf. Definition we have

f(z,v) < flzyo+Y(x))de, Vi € Ty (3.5)

Tn
This condition is in fact very hard to verify explicitly for given f € C (Rd). In this chapter,
we study A-quasiaffine functions first. That is, inequality (3.5)) is satisfied with equality.
From A-quasiaffinity we can infer very strong properties for the function f (c.f. Propo-

sition . The first part of this chapter is concerned with proving these properties. In
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Section [3:4] we discuss how the notion of A-quasiaffinity can be employed for minimisation
problems in the context of A-quasiconvexity (3.5)).

3.1.2. Definition and Main results

Let us start with the definition of A-quasiaffine functions.

Definition 3.1. A function f: R? — R is called A-quasiaffine if both f and —f are
A-quasiconvez, i.e. for all test functions v € T4,

Ta = {1 € C®(Ty,RY): Ayp = 0,/T ¢ dz = 0},

and all v € R* we have

f)= [ flo+y(x))de. (3.6)

Tn
Let B be a potential of the differential operator 4. The following characterisation theo-
rem is well-known and shown by MURAT [119] ((a)] < [(b)) and GUERRA & RAITA [80]

& & @ & . For completeness, in Section we give a proof of all equivalences,
i.e. a modification of Murat’s proof based on the proof in the special case B = V¥ of [15]

and a proof of the equivalences @ & @ & , which is not based on the weak lower

semi-continuity result of Fonseca & Miiller [65].

Proposition 3.2. Let f: RY — R and let A satisfy the constant rank property and the
spanning property and let B be a potential of A. Then the following statements are equiv-

alent.
(a) [ is A-quasiaffine;

(b) f is a polynomial and Vx € R?, Vr > 2, V€1, ..., & € R? which are linearly dependent
and Vv, ..., v, € R with v; € ker A[¢;] we have

D" f(z)[vi, ..., vr] = 0; (3.7)

(c) f is C' and the Buler-Lagrange equation
BY(Vf(Bu)) =0 (3.8)

is satisfied in the sense of distributions Yu € C*8(Q), i.e. for all ¢ € C°(Q,R™) we

have

/Vf(Bu)~Bcp:O;
Q

(d) The map u — f(u) is sequentially weaks continuous from L>(Q,RY) Nker A to
L®(Q,RY), d.e. if u, € L RY) with Au, = 0 and u, = u in L(Q,RY), then
also f(up) = f(u) in L=®(Q,RY);
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(e) f is a polynomial of degree s < d, p > d and the map u > f(u) is sequentially weakly
continuous from LP(,R?) Nker A to LP/*)(Q), i.e. if up € LP(Q,R?) with Au, =0
and u, — u in LP(Q,R?) then

lim [ flun)p = / flwe Ve e L/ ()

(f) f is a polynomial of degree s < d and the map u — f(u) is sequentially weakly

continuous from L*(Q,R%) to D'(Q) (the space of distributions on Q), i.e. if u, €
L*(Q,RY) with Au, = 0 and u, — u in L*(Q,R?), then

Jm [ pw)e= [ e veecz@)

We know that if f is A-quasiaffine, it is a polynomial of order s < d. Hence, we need to

check the validity of (3.7) only for s < d. However, we can show that this bound can be
improved further.

Theorem 3.3. Let A be a constant rank operator and B be a potential of A of order kg.
Then from Proposition 18 equivalent to

(b2) f is a polynomial and for all 2 < r < min{kg, N} + 1 and all &1, ....& € RN linearly
dependent and for all vy, ...,v, € R™ with v; € ker A[§;] we have

D" f(x)[viy...vy] =0 (3.9)

In particular is equivalent to A-quasiaffinity of f.
Hence, if the order of the potential B is one, we can conclude the following statement.

Corollary 3.4 (A 4-affinity is equivalent to A-quasiaffinity). Let A be a constant rank

operator and B be a first-order potential of A. Then f: R? — R is A-quasiaffine if and
only if f is Ag-affine, i.e. for all vy € R? and v e Ay

t— f(vg + tv)

s affine.

The remainder of this chapter is organised as follows. In [3.2] we gather some basic
properties and definitions for A-quasiaffine functions. Section is devoted to the proofs
of the main characterisation theorems. Finally, in Section [3.4] we discuss the connection

of A-quasiaffine functions to A-quasiconvex functions, which are examined in Chapter
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3.2. Basic properties of A-quasiaffine functions and

A 4-affinity

We consider a differential operator A, both satisfying the constant rank and the spanning

property and a potential B of A of some order kg.
Definition 3.5 (A-quasiaffinity). (a) We define the space of test functions T4 as

Ta={p€ C?(TN,RC[): Ap = 0}.

(b) We call a measurable, locally bounded function f: R — R A-quasiaffine if for all

veR? and all p € Ty
1) = [ fw+pla) da, (3.10)

(¢) We call a measurable, locally bounded function f: R? > R B-potential-quasiaffine
if for any open and bounded set Q C RY, all v € R? and any ¢ € C°(Q,R™)

1
fv) < Im/Qf(v—l—l’)’z/z(a:))da:. (3.11)

(d) We say that f: RY — R is Ag-affine if for all vg € R? and v € Ay the function
t— f(Uo + tv)

s affine.

Proposition 3.6. Let A be a homogeneous, constant rank operator, B be a potential of A

and f: RY = R continuous. Then the following are equivalent.
(a) f is A-quasiaffine;
(b) f is B-potential-quasiaffine;

(¢) For all ¢ € C°((0,1)N,R™) and for all v € R we have

f(v) = /Q F(v + Bib(x)) da

(d) For all ) € C®(Tx,R™) and for all v € R?

f)= [ flv+Bi(z))dz = 0.

TN

A proof of this statement (in the setting B = V and for quasiconvexity instead for quasi-

affinity) can for example be found in [I15]. For completeness, let us give short arguments.
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Proof. The equivalence & @ is clear by the definition of a potential, cf. Theorem
Furthermore, it is clear that @ implies its special case Note that @ is also
a special case of @; by scaling we may assume that Q CC (0, l)N . Then any function
Y € C°(£, R™) may be extended by 0 to a function in C°((0,1)",R™), which in turn is
in C*°(Tn,R™) after identifying faces.

The step [(c)] = [(d)| requires a different argumentation. If ¢ € C°°(T,R™), let us write

Uy = nkai/J(nx).

We consider a cut-off sequence ¢,, C C:°((0, 1)N) that is supported in (n—1/27 1— nq/g)N
and satisfies
[Vipnllpe < Cin'/? V1 <i < kp.

A short calculation using continuity of f gives that

flo+ By(x))dx = fv+ By (x)) de,

TN Tn
R |f(v+ Bion(x)) = f(v+ Blgn(2)ihn(x)))| da = 0.
N
This implies the validity of [(d)} O

Before showing crucial properties, let us see a few examples of A-quasiaffine functions.

Ezample 3.7 (A-quasiaffine functions for selected operators). (a) Consider the operator
B=V:C®RN R™) - C®RY,RV*™). It is well-known (e.g. [112} 126, 38, 46]),
that all B-potential quasiaffine functions are linear combinations of r X r minors
(1 < r < min{m, N}). Likewise, for higher order gradients a characterisation is
given by [I5]. Essentially, V¥-potential-quasiaffine function are already V-potential-
quasiaffine for the gradient acting on C®(RY, RN @ ... © RY).

(b) For the operator A = div: C®°(RY,RM*!) — (RN, RL) there are two cases. If
N = 2, the operator div is a rotation of curl (i.e. 2 x 2 minors are div-quasiaffine).
If N > 2, then only affine functions are div-quasiaffine. This can be seen by the fact
that these are affine along matrices with rank < 2 (cf. Theorem @ below). This

in turn already implies that the map is affine.

(c) An example that is relevant in the context of compensated compactness (e.g. [118,
119| 140;, 51 127, [79]) is the following: Consider an operator .A: COO(RN,Rd) —
C°° (RN, RY) of constant rank and a potential B: C*°(RY, R™) — C*°(RY,R?). Then
we may consider the operator (A, B*): C%°(RY, R¥xR?) — C®°(RY, R' xR™) defined
by

(A, B*)(u,v) = (Au, B*v).

Note that we have

(ker A[¢]) = ker B*[¢] Ve € RM\{0}.
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Therefore, the map f: R? x R? — R defined by
f(a,b) =a-b

is (A, B*)-quasiaffine. Prominent examples are the pairs (curl,div) and (curl curl?,
diveym), cf. Chapter [5| and Chapter B} [41].

A key point in proving the characterisation theorem is to show that any A-quasiaffine

function is A 4-affine.
Theorem 3.8. (a) Let M : R? — R be A-quasiaffine. Then M is also A4-affine.

(b) Let M € C%(RY). Then f is Aa-affine if and only if for all x € R and v e Ay

: o
D7 f(z)[v,v] = @f@ + 1)jt=0 = 0.

(c) Let f :RY — R be a polynomial of degree 2. Then M is A-quasiaffine if and only if
[ is Ag-affine.

(d) Any A a-affine map is a polynomial of degree < d.
(e) Any partial derivative of a A 4-affine map is also A z-affine.

(f) A homogeneous polynomial M : R? — R of degree > 3 is Ag-affine if all its partial
derivatives O;M, i € {1,...,d}, are A 4-affine.

(9) There exists a basis consisting of homogeneous polynomials of the space of A 4-affine

maps.

Proof. @ follows if we consider test functions ¢ € T4 of the form ®(&x)v for some one-
periodic ® € C*°(R) and v € ker A[¢]. For[(b)| one uses that a function g € C(R) is affine
if and only if ¢” = 0. relies on Plancherel’s identity which is valid for quadratic forms.
In particular, as all affine functions are automatically A-quasiaffine, we may consider M

to be 2-homogeneous. Then, using Plancherel’s identity, we find that

Mu(y)dy = > f@a).

Tn A€ZN

As f is homogeneous of degree 2 and 4(A) € A4, it follows that f(a(\)) = 0 for A # 0.

Ad @ Let now vy, ...,vg be a basis of R?, which is contained in A4 and denote by
A1 (Y), ..., An(y) the coordinates with respect to this basis. We may write a A 4-affine func-
tion f as

F) = FOr, s Aa)-
Due to A 4-affinity, we know that the map

Ai f()\lv ey )\d)



81 Proof of the characterisation theorem

is affine for fixed ¢ € {1,...,d} and fixed \;, j # i . Hence, f must be a polynomial in ;.
In particular, as f is affine in each J\;, it has at most degree d.

The property [(e)] follows from In order to see|(f), note that

D2f(x)[v,v]—/0 D3 f(t2)[v, v, ] dt + D2F(0)[v, 0]

_ /01 D? (;;f) (ta)[v,v] dt + D2F(0)[v, v].

As M is homogeneous of degree strictly larger than two, DM (0) = 0 and therefore M
is A-quasiaffine.
d
we use Write f = Z fi for i-homogeneous polynomials f;. We may consider
i=1
f=f—fo—fi,as foand fi are affine and hence A 4-affine. Observe that then A 4-affinity
yields f(z) =0 for all x € A4. In particular, fi(x) =0 for all i =2,...,d and z € A 4.
But this implies A 4-affinity for fo. Considering f = V(f — fo — f1 — fo), the statement
and an inductive argument, we get that fy,..., fg are all already A 4-affine. Therefore,

there must be a basis of homogeneous polynomials for A 4-affine maps. O

Remark 3.9. a) Due to Theorem if there is Ax-affine polynomial f of degree
k, then there is also a A-quasiaffine polynomial of degree k — 1. In particular,
the question of existence of non-affine A 4-affine functions reduces to the existence
of quadratic A 4-affine functions. Recall that A-quasiaffine functions are A 4-affine
functions and the converse holds true for quadratic functions. Hence, the existence
of non-trivial A-quasiaffine functions reduces to the existence of a quadratic function

vanishing on A 4.

b) The converse implication in @ is false, i.e. A 4-affinity does not imply A-
quasiaffinity (c.f. Lemma [3.10} [15]).

3.3. Proof of the characterisation theorem

3.3.1. Proof of Proposition

We prove that @ is equivalent to any other property, i.e. & @, @ & etc.. We
start with the weak continuity statements |[(d){(f)} Essentially, one could redo the proof of

what follows in Chapter [4| for weak lower-semicontinuity (cf. [79]). Instead, we sketch a
short argument not relying on the weak lower-semicontinuity result.
For & @ note that, as B is a potential of A, the following condition is equivalent

to @:

(b’) M is a polynomial and Vz € RY, Vr > 2, V¢, ..., & € R? which are linearly dependent

and Ywyq, ..., w, € R™ we have

D" M () Bl (w1), ., B ) (w,)] = 0. (3.12)
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Proof of Proposition [3.2 @ = @ and @ = @ We prove this direction by contra-
diction, so assume that f is not A-quasiaffine and there exists ¢ € T4 and v € R%, such

that
v) # /Q f(o+ () do

We may identify 1 with a Z"-periodic, A-free function ¢ € C*°(RY,RY) and v with a
constant function on the torus.

Let now Qo = xo + (O,a)N cC  for some g € €, a > 0. Let ¢ = 1, be the
characteristic function of Qg, which is in L' (for @) and in LP/®=%) (for |(f)). Let us

define the sequence function v,

v () = v+ h(na (z — x0)).

Then Av, =0, v, — v in LP (v, = v in L*°) and

lim gof vp) = lim f Up) = hm |Qol f(v+¢(nx))

n—oo n—oo TN

4 !Qo!f(v) - /Q of (v) da

We conclude that v — f(v) is not weakly continuous from L? to LP/® (weaklys from L™
to L™).

= @ This direction is quite similar to ‘@ = @ Indeed, the only thing that
changes is the test function ¢. As ¢ = 1g, is not eligible (¢ ¢ C*) we instead take

e € C°(B:(Qo)) that converge to 1g, in measure. Taking the same test functions v, and

letting ¢ — 0 leads to a contradiction.

@ = @, @ We already know (cf. Proposition [3.8)) that if f is A-quasiaffine, then
f is a polynomial of order s < d and that its homogeneous components are A-quasiaffine,
ie. if

fw) = fo0) + fi(v) + ... + fs(v)

for i-homogenous polynomials f;, then all f; are A-quasiaffine. Hence, it suffices to prove
the statement for homogeneous polynomials.

Let us assume that Au, = Au = 0 and that u, — u in L*°(Q,R?) (or u, — u in
LP(Q,RY) for s < p < o0). Furthermore, let f be a homogeneous polynomial of degree s.
We need to show that for all o € L (or ¢ € Lp/ =) respectively)

/gpf(un)dw—>/<pf(u)dm as n — 0o. (3.13)
Q Q

It is possible to make the following three reductions:

(R1) Q cc (0,1)Y

(R2) The limit u equals 0;
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(R3) It suffices to show (B.13) for all ¢ € Y, where Y ¢ LY(Q,R?) (or Y ¢ LP/P~%)) is a

dense subset.

Indeed, the first reduction follows by scaling, and the third reduction is a functional-
analytical fact. The second reduction is shown by using an inductive argument over the

degree of the polynomials. Indeed, we can write

fun) = flun —u) + Z Jalun —uju®

0<|a|<s

for suitable polynomials f, = al0,f of order s — || (Taylor series). These polynomials

are already A-quasiaffine and by the inductive argument

[ gl =) @) de — [ 1a0) (w09) do =0 asn
Q Q

as uy is an admissible test function.

Having made these reductions, take Y = {¢% — ¢ : o, p_ € C°(Q)}, which is dense
in L' and LP/(P=%);

o If sis odd, we may take ¢ = 0 and approximate the /u by C2° functions and then
take this to the power s;

o [f siseven, we split u into a positive and a negative part v = u; —u_ and approximate
Juy and /u_ by CZ° functions.

Hence, we just show that for all ¢ € CZ°(Q2) we have

n—oo

lim [ ¢°f(u,)dz =0
Q

for sequences u,, — 0 in L (or u, — 0 in L) and s-homogeneous .A-quasiaffine polyno-
mials f. Note that

/ lim f(u,)p®der = lim f(puy) dz.
Q n—oo

n—o0 TN

The test function ¢ is fixed and pu, can be viewed as a function on T by extending it
by 0 outside © (Reduction [(R1))). Due to Lemma A(unp) — 0 in Wr4(Ty, RY) for
all ¢ < oo (for showing@) or in Wk (Tn, Rd), respectively. For this, recall that u, — 0
in L>°(Q, RY) implies u,, — 0 in W1°(Q,R?) (and weak convergence to 0 in LP(Q,R%)
also implies u, — 0 in W~1P(Q,R%)). Also note that still pu, — 0 in L= (@u, — 0,
respectively). Applying projection theorem we may find a sequence 1, such that

1./ undx:/ puy dz;
Ty Ty

2. ||an — eun|lrr < [|A(@un)|lyw—re — 0 for s < p < oo (for and ||ty — Qup||Le <
| A(oun)|lyp—#a — 0 for all ¢ < oo (for ;

3. A, = 0 (as an element of D'(Ty, R%)).
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By convolution and substracting / uy dz (which tends to 0 as n — o0), we can find
Tn

Uy € C’OO(TN,Rd) satisfying A, — 0, / Uy, dz = 0 and
Tn

[tn — ounllLs (1 r2y — 0.

as p > s. As f is a homogeneous polynomial, for z, zo € R? we have

s

|f(21) = f(22)] = Z ;!Djf(@) (21— )| < CZ |22]° 79|21 — 2]’

J=1 J=1

< C(lz "t + |22 |21 — 2.

Therefore,

i [ 17(pun) — f(@n)|de < € lim [ (punl ™ ) o = o] da

< € lim (gt + linl3:") oun — i

< C lim (14 [Jup||zs)||pun — @nllLs = 0.
n—oo

By definition of A-quasiaffinity, for all n € N,

fO)= [ flin)dz

Tn

and therefore we conclude

lim [ ¢°f(u,)dz = lim floup)dzr = lim f(u,)dx = 0.

@ = [(f)i The argument is similar to the previous step, let us shortly outline the
differences. Let f be a homogeneous, A-quasiaffine polynomial of degree s (assume that

s > 2, otherwise there is nothing to show). Again we can make the reductions
(R1") Q ccC Tn;
(R2’) up — 0in L?;

(R3’) We show / of (up) dx — / of(u)dz for p € Y, where Y is ’dense’ in C2°(Q2), with
Q Q
respect to the L>-norm, i.e. for all ¢ € CZ°(£2), there is @), — ¢ in L™ with ¢, € Y.

The validity of these reduction is established as in the direction @ = ’.
Again, we take the subset

V={pl —¢>: p1,0- € CZ(Q)}.
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The argument for density in the L°°-norm is the same as in ‘@ = @’ E| Hence, it suffices
to show that for u, — 0 in L*(Q,R?) with Au, =0 in W%5(Q,R") and all p € C>°(Q)

lim ©° f(up)dz = 0.

n—o0 TN

Again, employing Fourier methods (s > 2!), we may find @, € C*®(Ty,R?) with average
0, such that At, = 0 and

Jim [t — Qunl|Lp(1y Ry = 0.

Hence, by using that f is a polynomial
/T |f (i) = f(pun)| dz < (@l 72" + lpunll7 )@ — ounlzs — 0 asn — oo
N
and so, by definition of a A-quasiaffinity,

lim [ ¢°f(u,)de = lim/ flpuy)dz = lim fla,)dz =0,
Q n—oo Jp. n

n—oo —00 TN

establishing = .

@ & . If M is A-quasiaffine, then by Theorem it is a polynomial and hence it
is even C™. Moreover, for all u € C*(Q) and all ¢ € C2°(2, R™), we have

0= g ([ yresut) + 5oty a

|t=0

= [ 5 ((Buty) + tBo(w)))q dy (3.14)
Q

= /Q DM (Bu(y)) - Be(y) dy.

Thus, (3.8)) holds in the sense of distributions if M is B-potential-quasiaffine. The same
calculation as in (3.14)) also shows that if (3.8]) holds, then M will be B-potential-quasiaffine.

[(2)] = [(®)} 1t = 2, note that BA] = AEB[¢] for € € RN and A € R\{0}. Hence, if &

and & are linearly dependent and nonzero, we may write & = A& and

B[] (w2) = Bl&1] (A Bws).

Tn particular, here we only get convergence in D’'(§2) and not with respect to the weak topology of Ll,
as Cg°(Q2) is not dense in L™(2).
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Therefore, we may consider &1 = & = £. Thus,
DM (z)[vr, va] = D*M (x)[BI¢] (w1), B[] (w)]
_ %DQM(:U) BIE] (w1 + wa), BIE] (w1 + ws))]

— SDPM(@)[BIE] (1), BIE] )] — 5 DM (&) [BIE)(wa), BIE)(w2)] = 0.

We prove the statement for » > 2 by induction. Let (3.7]) hold for some r € N. We consider
linearly dependent &1, ...,&4+1 € RN and w, W1 € R™. First, suppose that &1, ..., &,
are already linearly dependent. Then by the induction hypothesis,

D" M(@)[BlEr)(wn), - BlE] ()] =0 Ve € R
Taking the derivative in direction B(&,41)(wy4+1), the result is also 0. Hence,

D™ M () Bl ] (wi), oo Bl 1] (wr41)] = 0.

We may suppose that &.,1 can be written as a linear combination of linearly independent

£1,...,& € RNV\{0}. Due to the homogeneity of B[-](w), we may also assume that

§r+1 = {1 + ...+ g'r-

Let t1,...,t, € R be real parameters. Define the function ¢ € C*°(Ty,R™) by

r+1
Ztiwi cos(2m&; - y) if kp is even,
ely) == Tl
> tiwsin(2n&; - y) if kp is odd.
=1

For the sake of simplicity we shall consider the case kg = 2k, the other case is rather

similar.
Then, By is given by
r+1
Bo(y) = (—47*)F Y " t:B[&] (wi) cos(27&; - ).

=1

Now, B-potential-quasiafffinity means that

M(z + Bp)dy = M(z) VzeR% (3.15)
Tn

The left-hand side of (3.15) is a polynomial in ¢;. The coefficient of ¢ - ... - t,41 is the

constant (—47%)F times

T D™ M (2)[B[&1](w1), ..., B&rs1] (wrs1)] - cos(2m&y - y) - ... - cos(2m&pp - y) dy
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= D" M (2)[B[&1](w1), ..., Bl&a1] (wra1)]
. / cos(2w&y - y) - ... - cos(2mE, - y) Cos(27rZ§7; ~y)dy
(0,1]V i=1
= 27" D" M (2)[B[&1] (wn), o BlEria] (wri)].

To calculate the integral in this equation, we just use the addition theorem for cos and
Fubini. As the coefficient of ¢; - ... - t,41 on the right-hand side of (3.15) is 0, we get the

desired result.

@ = @: We first claim that it suffices to show that YV € R, Vo € C®(Ty,R™) and
forall r > 2

i D"M()[Bp(y), .-, Be(y)] = 0. (3.16)

Suppose that lj holds. We want to show Take arbitrary = € R? and p €
C*° (T, R™). Consider the Taylor series of M at the point  in the direction of Bo(y) € RY.
As M is a polynomial of some degree s, M equals its Taylor polynomial in x of degree s,

l.e.

M (x4 Beo(y Z D" M(@)[Be(y), .-, Be(y)).

Integrating over y € Ty, using @ and the fact that By has average 0, yields
S
1 ‘s
Mie+ Be@)dy =Y [ D" M@)Bo(w). ... Be(w) dy
Tn — Tn T.

= | M(z)dy+ [ DM(z) Be(y)dy
Ty T

+Z/_N [Be(y). - Boly)] dy

= M(x)dy = M (x).

Tn

It suffices to prove (3.16)). To this end, we use the following formula:
If f1,...f, € C°(Tn,R), then

. AW fdy= > fil€) fal&)e froa (&) (fl Z&) (3.17)

E1yeensEr1€ZN

This equation can be derived using Plancherel’s theorem once for f; and fo - ... - f. and

then using a discrete version of the convolution formula, i.e.

(FOI)(En) = > (&) a6 — &)

&L

Recall that D" M (z)[-, ..., -] is a multilinear form (i.e. a homogenenous polynomial in the
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entries). Therefore, we can use the identity (3.17)). Hence

D"M (z)[Be(y), -, Bp(y)]

r—1 r—1 r—1
=5 DM (@) |BIEJ(G(60))s s BlE_1)(6(6—1)), BlE — S €6 — 3 &)

i=1 &7 i=2 i=2
=0,

as the vectors

r—1
§1, - &1, &1 —Z&
=2

are linearly dependent. Each summand equals 0 due to condition (3.7)) in @ We have
shown the claim and therefore that @ implies O

3.3.2. Proof of Theorem [3.3

In this section, we prove the improvement of Theorem [3.2]

Proof of Theorem[3.3. We just need to prove that if equation is true for 2 < r <
min{kg, N} + 1, then it also holds for » € N. Let us first deal with the case min{kg, N} =
N. Note that then for j > 2 and r = N + j, there are N + 1 vectors &;, which are already
linearly dependent, say &1, ...,En+1 are linearly dependent. Then,

DN (@) [Bl&1] (wr), - BlEn 1] (wn 1)) = 0.

Therefore, also
DY (2)[BlE1)(w1), oo, BlEN45](wn45)] = 0.

Suppose now that kg < N. If kg = 1, then for all £&,& € RN\{O} and w € R™

B[§1 + &l (w) = Bl ](w) + B[&2](w) € span{B[&1](w), B[S2](w) }-

We prove an analogue of this statement for kz > 1. Again, make the reductions from the
proof of Theorem We just need to show that, for r > kg + 1, &1,...,& -1 € RN\{O}

linearly independent and w1, ..., w, € R™, we have

D" M (x) B[&1](w1), -, Bl§r—1](wr—1), B[E1 + ... +&—1](w;)] = 0.

We claim that . .
B [Z gi] (w) € spany; {IB% !Z )\ifl-] (w)} , (3.18)
i=1 i=1
where r > kg + 1 and the set I of coefficients is given by

I={xe R™1: \; =0 for some i € {1,...,7 — 1}}.
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Suppose that (3.18) is proven. Then, for a finite index set J C I, we can write,

r—1 r—1
B [Z fz’] (w) = ZB Z)\zfi] (w)
i—1

areJ i=1

and use that, for each A\ € J, there is i € {1,...,7 — 1} such that \; =0. W.l.o.g. i =1 for
some fixed A € J. Then

D" M(x) [B[&](wm Bl 1] (1) Zw | wT]

0

- MDr—lM(-T) []B%[Sz](wz), B&—1](wr—1) Z)\ &1 (w, ] _

Note that we assume that the left-hand side is 0 for » < kg + 1. Assuming that (3.18))
holds, we can prove this for all » € N by an inductive argument.

It remains to prove the validity of (3.18). Consider the polynomial

P(ty, .. tr Zt@] (wy).
r—1
This polynomial has degree kg < r — 1. Hence, in every monomial of P of the form H 2
=1

there is at least one j € {1,...,7 — 1}, such that a; = 0. But we can recover the coeffients

of these monomials by considering

r—1
B Z tifi (wr).

i=1,i#j

In particular, we can recover these coefficients by taking linear combinations of P(\) for
A € I. Therefore, (3.18]) holds. This concludes the proof of Theorem O

Corollary[3.4]is a special case of Theorem [3.3] In this setting, kg = 1, i.e. A-quasiaffinity
of M is equivalent to the fact that

D*M (x)[B[¢) (wn), BIE] (w2)] = 0.

As it was already established in the proof of Theorem [3.2] this is indeed equivalent to
A 4-affinity of M.

Let us recall the BALL-CURRIE-OLVER example showing, A-quasiaffinity does not follow
if does not hold for all 2 < r < min{kg, N} + 1 [I5]. Let us consider the setting
kg = 2.

Lemma 3.10 (Ball, Currie, Olver). There is a first-order differential operator A and a
map L : R* = R which is Ax-affine, but not A-quasiaffine.
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Proof. Consider the differential operator B = V2, i.e.
(VQU)ijk = 826]uk(l,j = 1, ceey N; k= 1, ceey m)

and A the corresponding first order operator, such that B is a potential of A [109]. The

characteristic cone of A is the space of tensors of the form
A@A@b: Ae SV beR™.
Now choose N = 2 and m = 3 and consider the map L defined via

L(V?u) = Z sgn(a)@iua(l)axayua(g)Bjua(g). (3.19)
oES3

One can check that this is affine in A 4. On the other hand, one can check that, for

cos(2mxy)
u(z1,z9) = cos(2mxs)
cos(2m(x1 + x2)),

we have

We have seen in Theorem that the answer to the question whether
f Ag-convex = f A-quasiaffine

depends on the order of the operator k. We note that the minimal order of kg of the
potential B cannot be bounded in terms of the order of A. In view of Theorem the
differential condition on M for being A-quasiaffine therefore depends much more on the
order of B than on the order of A.

Lemma 3.11. Let B: C®(R? R™) — C°°(R?, (R*)*) be a differential operator such that
ImB¢] = Im V*[¢]  v¢ € RM\{0},
where VF: C®(R%,R) — C®°(R?, (R*)¥). Then the operator B is of order kg > k.

Proof. We note that
dim(Im V*[¢]) = 1.

Consider &y = e1 + e2 and the coordinates of

k k
U111 = 01w, v 2 = Oyu.
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There exists v € R™ such that

B[ol(v) # 0, (B[So](v)1r = 1 = (B[&o](v))2x = 1.

Due to continuity of B[-](v), there exists an open ball B, (&), such that, for all £ € B,(&),

B[¢](v) # 0.

In particular, as the dimension of the image of Vk[f] (and therefore also of the image of
B[¢]) is one, we then have, for all £ € B,(&),

e (BIE](v) 1 = EF(BIE](0))an-

Hence, (B[¢](v))x and (B[](v))qx are polynomials of degree larger than k in . Therefore,
B has at least order k. O

Corollary 3.12. Let N > 2.

(a) For any k € N, there exists a first-order operator A such that any potential B of A
has order kg > k.

(b) For any k € N, there exists a first-order operator B such that any annihilator A of
B (i.e. an operator A such that B is a potential of A) has order kyq > k.

Note that follows directly from Lemma and the result by MEYERS, that V*
admits a first-order annihilator A* [109]. @ then follows from the fact that if B is a
potential of A, then A* is a potential of B*. In particular, B = (A*)* is of first order and

only admits annihilators of order > k.

3.4. A-quasiaffine functions in minimisation problems

Let us shortly see two applications of A-quasiaffine functionals in minimisation problems.
To be precise, let us consider the functional I: LP(, R?) — R U {+o0}

I(u) = /Qf(x,u(x)) de ifueg,

00 else.

(3.20)

The set € C LP(Q,R%) Nker A is assumed to be weakly closed in LP(€, R?). To apply the

Direct Method and get existence of minimisers, the following two properties are crucial:

(I) I needs to be weakly lower-semicontinuous;

(IT) I needs to be coercive.

In this chapter, we have shown that if

fz,v) = () f(v)
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for some ¢ € C°(Q) and an A-quasiaffine function f, then I is even weakly continuous.
The use of A-quasiaffine functions however goes beyond this observation. Let us outline

two different problems, where A-quasiaffine functions might be useful.
3.4.1. Polyconvex functions

We define a further notion of convexity that is easier to handle than A-quasiconvexity.

Definition 3.13 (Polyconvexity). Let A be a constant rank operator and f: RY — R be
A-quasiaffine. A function g is called A-polyconvex if

for some convex function h € C(R).
First of all, observe that polyconvexity is a stronger notion than A-quasiconvexity.

Lemma 3.14. Any A-polyconvez function g is also A-quasiconvez, i.e. for allv € R? and
all ¢ € Ty we have

g@>séwmv+¢@»m;

Proof. Let v € R? and ¢ € T4. We use A-quasaffinity of f and then convexity of h:

M@ZhU@D=h<Tf@+w@»m>
< /TN h(f(v+4(z))de < /TN g(v+¢(x))de.

O]

The idea behind introducing this concept of A-polyconvexity is that is is easier to verify
polyconvexity of a given function g than verifying A-quasiconvexity. In view of Proposition
there is an easy pointwise condition to check A-quasiaffinity. Moreover, if h € C?, con-
vexity is equivalent to D?h being positive semidefinite. Hence, checking A-polyconvexity
can be done rather explicitly. In contrast to this, A-quasiconvexity is an integrated con-
dition with infinitely many test functions ¢ € T4, and thus is much harder to verify. As a
consequence, most examples of A-quasiconvex functions are already A-polyconvex. Hence,
A-polyconvexity is a sufficient condition for A-quasiconvexity and We see in Chapter [
that A-quasiconvexity of f(z,-) is, under certain additional growth conditions, equivalent
to weak lower-semicontinuity of the functional I. Therefore, A-polyconvexity is a sufficient

condition for A-quasiconvexity.

3.4.2. Growth conditions

Coercivity of I means that

I(u) — oo, whenever |ju|| — oo. (3.21)
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Usually, this is ensured by a pointwise constraint on f, which reads
f(z,v) > CivP — Cs. (3.22)

Such a coercivity condition is also necessary if the constraint set is LP(Q,R%) N ker A.
However, if further conditions are imposed via the constraint set €, one can weaken the
pointwise condition (3.22)). For example, if

GZ{UELP(TN,Rd):/ u(z)dr =a}, acR?
TN

and M € C (Rd) is an A-quasiaffine polynomial, then the growth condition
flxz,v) > C(A+ |v]P) — M(v) (3.23)

ensures coercivity of the functional (3.21). Pointwise coercivity conditions of the form
(3.23) are also useful for boundary conditions. This is further elucidated in Section
and Section



4. Weak lower-semicontinuity and

A-quasiconvexity

Sections is a significant extension of the author’s master’s thesis

e [I33]: Schiffer, S., Data-driven problems and generalised convex hulls in elasticity,

Master’s thesis,

with generalised statements and proofs. The last two sections[d.6|and [.7]are independent of
the master’s thesis, the latter presents some results, which are also given in the preliminary
section of [95]

e [95]: Lienstromberg, C., Schiffer, S. and Schubert, S. A data-driven approach to

incompressible viscous fluid mechanics — the stationary case.

4.1. Introduction

4.1.1. Overview

In this chapter, we study weak lower-semicontinuity section, relaxation, and existence of
minimisers for integral functionals of the form I(u) = / f(z,u(z)) de in LP, 1 < p < oo,

subject to a differential constraint Au = 0 in 2. The main assumptions are that

o A= (A,...,A)) where A; are constant coefficient differential operators, cf. Section

24
o A satisfies the constant rank property,
e f(x,-) satisfies an an integrated coercivity condition for periodic A-free functions.

The main difference to earlier works is a new construction of a recovery sequence, which
allows to get a uniform bound on its LP-norm and to deal with some typical boundary
condition. In particular, the results in this section apply to recent examples in the theory
of data-driven problems, cf. [41] [42] and Chapter

4.1.2. Functionals with differential constraints

The study of minimisation problem

argmin I¢(u) := /Qf(x,u(m))d:z:
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subject to a differential constraint
Au =0 (4.1)

has a long and distinguished history. For example, for simply connected domain Q ¢ RY

the differential constraint curl w = 0 corresponds to the minimisation of integral functionals
J(v) = / f(z, Vu(x))dz.
Q

FONSECA and MULLER [65] (see also [111], 46}, 25]) have developed a general theory for
the lower-semicontinuity the functional I subect to the constraint with respect to
weak convergence in I? for 1 < p < co. They assumed that A is a first-order differential
operator with constant coefficients, whose Fourier symbol A[] satisfies the constant rank
condition (cf. [I19, [137])

dim ker A[€] is constant V& € RM \ {0}
and that f is of at most p-growth, i.e.
0 <f(z,v) < Cr(1+ [v]’) (p-growth).

For relaxation results and existence of minimisers, one often further assumes that f satisfies

the coercivity estimate
f(z,v) > Calv|P — Cs (coercivity). (4.2)

Through the direct method of the calculus of variations, the combination of coercivity

estimates and lower-semicontinuity immediately implies the existence of minimisers.

Recent works on data-driven elasticity (e.g. [41], 42]) show that the setting of [65] is
too restrictive for various interesting applications. First, one may encounter differential
constraints which involve operators of different order and order large than one. Second,
the coercivity condition on f is too strong; the zero level set of f may not be bounded,

ruling out pointwise coercivity estimate of the form f(z,v) > Ca|v|P — Cs.

4.1.3. Operators of higher order and another coercivity condition

In this chapter, we address both difficulties outlined before simultaneously. First, we

cover differential operators of the form
Au = (Alu, ey .Aku) (4.3)

where A; are homogeneous linear, constant coefficients differential operators of order 7 € N,

l.e.
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for linear maps Ag. Recall that the Fourier symbol for those operators may be defined as

the linear map

Alg] =) Al

|a|=i

We assume that these operators satisfy the following constant rank condition
k
ker A[¢] = ﬂ ker A;[¢] =7, for some fixed 7 € N for all £ € RY \ {0}.
=1

In fact, as we have already observed in Section [2.4] the analysis for operators of this form
can be easily reduced to the analysis of operators which are homogeneous of some order

ke N.

Moreover, we replace the pointwise coercivity conditon by the following integral coer-

civity. Denote by
Ta={p€ COO(TN,Rd’): /(p =0 and Ap =0}

the space of all A-free test functions with mean zero. We call f A-integral coercive, if
there are constants Cy, Cy > 0, such that for every z € Q, v € R? and ¢ € Ty

fav+ () dy > O / [P dy — Ca(1 + [uf?). (4.4)

Tn TN

4.1.4. Main results

The main results of this paper are Theorem and below. To state them concisely,
we focus on homogeneous differential operators of order k. Results for operators of the
form can be easily deduced, see Section and Corollary below. We focus on
the case 1 < p < oo, as L' is not reflexive, there are additional effects for p = 1 (cf.
[14 11, ©]). Moreover, we only study Carathéodory functions f: Q x R? — [0,00), i.e.

functions which are measurable in the first, and continuous in the second variable.

Following [65], we say that an integrand g: R? — R is A-quasiconvex if for all test

functions ¢ € T4 and all v € R? we have the following version of Jensen’s inequality:
o) < [ g+ pla)) da. (15)
N

For a function g € C(R?) we define the A-quasiconvex envelope of g as follows

Qug(w) = jnf [ glo+ @) (1.6

which indeed is the largest A-quasiconvex function, which is pointwise smaller than g (cf.

[65], Proposition [4.6). The main theorems study weak-lower semicontinuity of the function
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I: LP(Q,R?) — R defined via

4= /Qf(x,u(x)) dz if Au=0,

o0 else.

Iy(

Theorem 4.1 (A-quasiconvexity is sufficient for weak lower-semicontinuity). Let 1 < p <
oo and A be a homogeneous differential operator of order k € N satisfying the constant

rank property. Let f: Q x RY — R be a Carathéodory function satisfying
0< flz,v) <O+ o), (4.7)

such that f(x,-) is A-quasiconvex for almost every x € Q. Then Iy is weakly lower-

semicontinuous. Moreover, if f satisfies the growth condition

1

fla,v) = Z(jol” = 1)

It admits a minimiser in LP.

Regarding the proof of Theorem , the key observation is, as in [65], that due to
the positivity of f it suffices to show that result for p-equi-integrable sequences rather
than general weakly converging sequences. For equi-integrable sequences one can apply a
localisation argument. For variety, instead of using rather abstract results about Young

measures (cf. [65]), we use a rather explicit argument by restricting to small cubes.

Theorem 4.2 (Relaxation). Let 1 < p < oo and A be a differential operator satisfying the
constant rank property, f: Q x R? = R be a Carathéodory function satisfying (4.7). Then

If(u):=  inf  liminfI;(u) = /Q Oaf(x,u(x))dx (4.8)

Up—u in LP n—00

where QA f is defined as in (4.6). Moreover, if (4.4) is satisfied, there exists a recovery

sequence realising the infimum, i.e. u, € Lp(Q,Rd), such that u, — u and
I3 (u) = linrr_1>i£f It (up). (4.9)

A suitable version for first-order operators was shown by BRAIDES, FONSECA and LEONI
[25] and, in the setting p = 1 for operators of order kK € N by ARROYO-RABASA [9]. For
this relaxation result, it is mainly assumed that u satisfies the growth condition . This
suffices to show . If we are given a global coercivity condition, i.e.

I(u) = oo,
llull Lp —o0
then naturally we get that sequences almost realising the infimum in (4.8)) are uniformly
bounded and by choosing an appropriate diagonal sequence we may get a recovery sequence
in the sense of (4.9)). The classical pointwise coercivity condition f(z,v) > Ci|v|P — Ca
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guarantees coercivity of the functional.
The integrated coercivity condition (4.4) however does not imply coercivity of the func-
tional; hence (4.9) does not directly follow from (4.8)). Indeed, we need to do a careful

construction of the recovery sequence, which guarantees LP-boundedness (c.f proof of The-

orem [I.T0).

4.1.5. Outline

We finish the introduction with a short outline of this chapter. In Section .2 we intro-
duce some useful notation and recall some fundamental results. Theorem is proven in
Section [£.3] and Theorem (2] in Section [£.4] In Section [L.5] we consider a few examples
of functions satisfying the coercivity condition (4.4)) and consider a short application to
various settings. A detailed application of the results of this chapter can be seen in the
following Chapter

Sections [.6] and [4.7] focus on extending the results from this chapter to related settings.
Regarding the theory for potentials, there are only minor adjustments needed (cf. Section
. In Section we then extend the results to an (p, ¢)-seeting,.

4.2. Basic properties of A-quasiconvex functions

Recall the definition of the set of admissible test functions 74:
Ta = {w € C>®(Tn,RY): Aw = 0,/ w = O} .
TN

Definition 4.3. A Borel-function f: R® — R is said to be A-quasiconvez, if for all
veRY, weTy

flv) < fv+ w(z))de.

Tn

We define the A-quasiconvex: envelope of a Borel-function g: R? — R as

Qag(v) = inf /T g(v+w(x))de. (4.10)

wWET 4

We call U ker A(w) =: A the characteristic cone of A. We say that f: RY — R is
weSN -1
A-convez, if for allv € A and all x € R? the function

fo(t) = fz +tv)
1S CONVEL.
Remark 4.4. (i) f = Qaf if and only if f is A-quasiconvex.

(ii) If f is upper semicontinuous and locally bounded from above then C* in the space

of test functions may be replaced by L™.
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(i) Convex functions are A-quasiconvex.

(iv) In contrast to convexity, A-quasiconvexity is not a local property in the sense that we
only need to look at a small neighbourhood. Kristensen indeed showed in [92] that
there exists a non-quasiconvex function f (which is a special case of A-quasiconvexity,
see below), but for every point x we can find a quasiconvex function g, s.t. g, = f

in a neighbourhood of .

(v) We mainly study operators satisfying the constant rank property (CRP)). There is
little known about operators with non-constant rank and only a few examples have
been studied.

(vi) Due to the result about potentials for A (c.f [123], Proposition[2.6)), in the setting of a
homogeneous operator A, A-quasiconvexity equals the notion of A-B-quasiconvexity
discussed in [47].

Ezample 4.5. (i) If the characteristic cone is RY, then A-quasiconvexity equals convexity.
This is for example true for the differential operator div on functions in C*°(RY, RY )
and the component-wise divergence div acting on functions in C®°(RY,RY @ R™) as

long as m < N.

(i) If ker A(w) = {0} for all w € SV, then no functions but constant ones will be in

ker A. In this case every function f: R? — R will be A-quasiconvex.

(iii) A well-studied case is the differential operator A = curl. This is equivalent to
considering functions u = Dv for some v € W (T, R™), if u € LY(Ty, RV*™).

This special type of A-quasicovexity is simply called quasiconvezity.

Proposition 4.6. Let f: R? - R be upper-semicontinuous, A satisfy the constant rank
property (CRP). Then Qaf is A-quasiconver and upper-semicontinuous. In particular,

Ouf is the largest A-quasiconvez function smaller than f.
The proof can be found in [65, Proposition 3.4].

Proposition 4.7. Let A satisfy the constant rank and the spanning property (CRP) and
(SP)). Then

(i) If f is A-quasiconvex and locally bounded, it is A-conver.

(11) Every locally bounded A-quasiconvex function is continuous.

The proof of |(i)| is standard (cf. [65]). The statement then follows from |(i)| and
the spanning property. In particular, the spanning property is necessary and sufficient for
continuity of f [79]. SVERAK showed, that the converse of [(1)| is not true in general [145]
(for the case A = curl).

If f satisfies an additional growth condition, then due to A-convexity, we can even infer
a nice local Lipschitz estimate [105] 88, [79].
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Proposition 4.8. Let A satisfy (CRP) and (SP). Let f: R? = R be A-quasiconvex and
satisfy the growth condition
0< f(v) <Cr(1+ [vf?).

Then f is locally Lipschitz continuous and there is C = C(Cy,A,p), such that for all
Y, T € RY

1f(y) = f@)] < CA+ [P~ + [ylP )y — .

4.3. Lower-Semicontinuity and Existence of Minimisers

The aim of this section is to prove Theorem in our setting. Let f: O x RY — R. We

often assume the following hypotheses.

(H1) f is Carathéodory, i.e. measurable in the first and continuous in the second variable.
There is Cy > 0 such that for all x € Q2 and v € R

0 < f(z,v) < Co(L + [v]P);

(H2) The function f is (uniformly) A-integral coercive, i.e. there are C1,Cy > 0, such
that for all z € Q, v e R? and ¢ € T4

f(w+ () dy > Gy / B[P dy — Co(1 + [v]?); (4.11)

Tn Tn

(H3) The function v — f(z,v) is A-quasiconvex for almost every 2 € R%

For f satisfying |(H1)| we consider the following functional Jy: L? (T, RY) — [0,00)
defined by

J5(u) = /Q f(,u(z) da

and define Iy as the restriction of J; onto the kernel of A, i.e.

I () :{ Jp(u) Au =0,

00 else.

The first thing we want to highlight is that J; is locally Lipschitz continuous in L”, which
directly follows from Proposition [£.§

Lemma 4.9. Let f satisfy [(H1) and [(H3), Then Jr s locally Lipschitz continuous in
LP(Q,RY) and there is C3 > 0, such that for u,v € LP(Q,R?)

|75 () = Tp(0)] < Cs(L+ lully + ol ") u — ol 2o

We first show the weak lower-semicontinuity property.



101 Lower-Semicontinuity and Ezxistence of Minimisers

Theorem 4.10 (Theorem part I). Let 1 < p < oo and let f satisfy [(HI) and [(H3)
Let up, — w in LP(Q,RY) and Au, — Au in WFP(Q,RY). Then

Jp(u) < liminf Jy¢(uy,). (4.12)

n—o0

In particular, Iy is weakly lower-semicontinuous.

The following two observations are essential: First of all, in the following Lemma we
see that it suffices to consider p-equi-integrable sequences. We then subdivide 2 into small

cubes QZ and approximate f by functions of the form

falz,v) = fi’(v) ifze QZ

and use a ‘local’ statement.

Lemma 4.11. Suppose that f satisﬁes and. Let up, v, C LP(Q,Rd) be bounded,
{vntnen be p-equi-integrable and let, for some q < p, ||ty — vp|lLe — 0. Then

liminf J¢(vy,) < liminf J¢(uy). (4.13)

n—oo n—oo

Proof of Lemma[{.11] Fix some € > 0 and choose 0 < § < € such that for all n € N and
all E measurable with |F| < ¢

[on ()" <e.
E

As u, and v, are uniformly bounded in L” by Chebychev’s inequality there exists an
R > 0 such that for all n € N |{|u,| > R}| < /2 and |{|v,| > R}| < §/2. Denote by
Xn ={x € Q: |up(z)| < R, |vn(z)| < R}. Note that vy, - 1x,, — up - 1x,, — 0 in LP. Hence,

limsup(I(v,) — I(uy)) = hmsup/ f(zyvp(x)) — fx,up(x)) de

n—o0 n—oo

< limsup /X fl@,va(@) = f(zyun(z)) de + | fz,vn(2) = f2,un(z)) da

n—o00 Xg

<0+ sup f(z,v,(x)) de
neNJ xX¢

<sup sup / f(z,vp(x))de <sup  sup / Co(1 + |vp(2z)P) dz
neN ECQ: |E|<d neNECQ: |[E|<éJE

< Co(d+¢) < 2Ce.
Letting ¢ — 0 yields the equation (4.13]). O]
Proof of Theorem [{.10. Let u, C LP(Q,R?) with u,, — u and Au, — Auin W5P(Q RY).

We have seen, that one may reduce to u,, equi-integrable and Au, = Au (cf. Lemma
or, alternatively, Theorem [2.12]).
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RS
T T8

Figure 4.1.: The construction in the proof of Theorem @* The gray cubes are cubes QZ
contained in F,. Consequently, their union (the whole gray area) is F,. We
assume that the measure of the "bad“ set ch is smaller than the measure of
one cube. For a cube Q¥ we choose 2 € Q¥ \ K, such that f(2?) is A-

a

quasiconvex.

We now make a few reductions for u. First, approximate u by u!t defined by

and consider u® = u, + (uf —u). As uff = w,, uniformly in n as R — oo, also

R\ _ 1:u:
A, Bt Jr () = Bt Jy (un)-

Hence, we may assume, u € L™(£2, Rd). Moreover, by defining

f(x’ U) = f(xvv - u(x))’

which also satisfies [(H1)| and [(H3)| (with a larger constant in|(H1)|), we may assume u = 0.

So assume that we are given a p-equi integrable sequence u, with Au, =0, u, — 0 in
LP(Q,RY). Let ¢ > 0, i € N and fix some R > 0 such that

sup [{z € Q: |u,(z)| > R}| < 1/i, sup  sup / [, (2)|P dz < e.
neN neENECQ: |E|<1/i/JE

By Scorza-Dragoni theorem (cf. [57], p. 235) for any ¢ € N there exists K; € © compact
such that f, «ga is continuous and [Q\K;[ < 1/i. Consider a disjointed family of (semi-
open) dyadic cubes F, = {Q dyadic cube: [(Q) =27%, Q@ C Q} and F, = Uger, Q.

For a cube Q% € F, pick 22 € Q%N K; such that f(z,-) is A-quasiconvex and define the

function

fb(U) — { f(IL'Z,U) if ‘CN(QZ N Kz) > O,

0 else.
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Note that fx,xp(o,r) is uniformly continuous, thus

by ifx b
fal(z,v) ::{ falv) if@ € Qu, (4.14)

0 else,

converges uniformly to f on K; x B(0, R) as a — oc.
Choose a large enough such that || fo — f|l poo(k, xre) < 1/i and [Q\Fy| < 1/i.

liminf/ f(z,up(z))de > liminf flz,up(x)) de

n—o0 n—00 /KmFaﬂﬂun(:c)gR}

fa(z,up(x)) dz — i_1|Q|

> lim inf

n—00 /KimFaﬁﬂun(a:)gR}
> lirginf/ fa(z, un(x)) dz — (2Cy 4 1)iHQ| — 2
n—0o0 F

—1
= hnIr_lgéf Z £ (un(x)) dz — (2Co + 1)i Q| — 2¢
QLeF, @

> 3 / £2(0) da — (2Cp + 1)i 1|0 — 2¢

Qb€Fa

> / fa(z,0)dz — (2Co + 1)i Q| — 2¢
KiNFan{|un(z)|<R}

> / f(z,0)dz — (2C +2)i Q| — 2¢
KiNFan{|un(z)|<R}

> / f(z,0)dz — (5C + 2)i 1|Q| — 5e.
Q
Letting ¢ — 0 and i — oo yields the weak lower-semicontinuity result. O

Remark 4.12. With very similar methods we can show a lower-semicontinuity result in the

setting p = oo with no growth condition imposed on f (cf. [65]).

One can easily extend Theorem [£.10] to non-homogeneous operators. Using the setting
of Section we get the following result.

Corollary 4.13 (Reformulation of Theorem for non-homogeneous operators). Let f
satisfy the hypotheses|(H1) and|(H3), and let A be a differential operator

Au = (.Alu, ceey .Aku)

for homogeneous differential operators A;: C° (RN, R) — C= (RN, RH) ). Let A satisfy
the constant rank property. Then if u, — u and A, — Au, in W *P(Q,RY) for all
1 <4<k, we have

J(u) < liminf Jy¢(up).

n—o0

If, in addition to A-quasiconvexity, we are given a strong coercivity condition, then by
the direct method, Theorem [4.10| gives the second part of Theorem
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Corollary 4.14 (Existence of mininimisers - Theorempart IT). Let f satisfy hypotheses
((H1) and|(H3) and in addition the coercivity condition

flv) > Cr|vfP = Cs.

Let A satisfy (CRP) and (SP) and X be a weakly closed subset of LF(,R?). Then I; has

a minimiser in X, i.e. there exists u € X such that

It(u) = inf Iy(v).

This follows from applying the Direct Method and Theorem [£.10] We see in Section [4.5]
that if we restrict to certain space X C LP(Q, Rd), then we can chose a weaker coercivity
condition. Let us also remark that pointwise coercivity is neccessary for such a result, if

one does not impose further conditions on X, for example if X = LP(Q, R%).

Ezample 4.15. Let Q C R? be the unit ball and let u = (uy,up) € L?(2, R? x R?) where

uy and ug satisfy the differential constraints

N — A;ul _ div ug ‘
A“uo curl ug
Consider the integrand f(z,u) = |u; — us|? and the corresponding functional

2 .
up —ugl”de if Au=0
1y =
00 else.
The integral coercivity condition [(H2)| is satisfied, as the function g(ui,u2) = wuy - ug is
A-quasiaffine (i.e. g and —g are A-quasiconvex). In particular, if u € L?(Ty,R? x R?) is
a function with average 0 satisfying Au = 0 , then for all (v1,v5) € R? x R?

F(or + w1 (), v2 + us(y)) dy = / (o1 + 1 (9)[ + o2 + ua(y) [ de
T Ts

- / 29(v1 + ur(y), v + us(y)) dy
T
— / o+ un ()2 + oz + ua(y)? dz — 20109
Ty
> / a2+ Juzl? da + [oa[2 + [oa]? — 2010
Ts

> / lug|? + |ug|* da + |vg — v)?
T

Therefore is satisfied. On the other hand, for any harmonic function U € W'%(Q),
the function v = (VU, VU) satisfies the differential constraint Au = 0, I(u) = 0, but
llu|lL2 = 2||VU]|| 2 can be chosen arbitrarily large.

The situation improves, if one imposes suitable boundary conditions. Let for example, '
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be an open subset of 9 with enough regularity. Consider the boundary conditions

up-v=0 onT

ug-7=¢g ondQ\T

where v(zx),7(x) € R? are the normal and the tangent vector at some z € 9. Using
this boundary data, we get that f satisfies a coercivity condition in L%(Q, R? x R?) (cf.
[41], Section for an argument in a slightly more general situation and Chapter [5| for a
treatement in the (p, ¢)-setting).

4.4. Relaxation and necessity

In this section, we first prove a relaxation result for functionals satisfying both the
growth conditions |(H1)[ and |(H2)l In Theorem we first disregard boundary values.

Later, in Subsection [4.4.2] we further elaborate on how boundary values can be preserved

when relaxing and present a few examples.

4.4.1. Relaxation

In this section we prove Theorem about relaxation of functionals. For simplicity, let

us write

(Qaf(z,))(v) = Qaf(x,v)

and denote by J;Z the candidate for the relaxed functional, i.e.

Jt(u) ::/QQAf(:c,u(a;)) dz.

Theorem 4.16 (Relaxation and existence of recovery sequences). Let A satisfy the con-
stant rank property and the spanning property , Furthermore, let f satisfy the
hypotheses |(H1) and |(H2). For every u € LP(Q,R?) and there exists a bounded sequence
up, C LP(Q,RY), such that u, — u, Au, = Au (as an element in W FP(QRY)) and

. . _ *
hnrggéf Jy(un) = J5(u).

The strategy of the proof will be similar to the proofs for necessity of A-quasiconvexity
in Section [£.3] Instead of estimating along a small cube from above, we now take almost
optimal functions (in the sense of definition of A-quasiconvexity on small cubes) and try
to estimate the error we make from above. To get nice functions on cubes note that we

have the following lemma.

Lemma 4.17. Let 1 < p < oo and let u € C°°(T, RY) with Au = 0 cmd/ u = 0. Define
Tn
Un () = u(nz). Then there exists a sequence v, C C™ (T, RY) with sptv, cC Q = [0,1]V,

[vn — tnll oo (7 may — 0 and Au, = 0.
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We remark that in this lemma it is key that g belongs to Wk’p,(Q,Rl) without zero
boundary values, so the result is really non-trivial (otherwise we can use cut-offs at the

boundary and are instantly finished).

Proof. We take a standard mollifier  supported in the unit ball B(0,1) with mass 1 and
1

define for j € N n; = n(jz) € C° (B (O, >>, j € N. Define the cube
J

and cut-off function ¢; = 1¢, *n;. Then

1j-1 .
#i € <<.7 J)) o 0apillze < Clayd,

for all & € NV, Let u € C*®(Ty,R%). Due to Theorem (cf. [123]) there is a potential
operator B of some order kg, i.e. there is U € WkB’p(TN,Rd) for any p € (1,00) with

BU =u, |Ullyige < Cpllullze
for 1 < p < oo (Recall that, in general, Cj, — 0o as p — 00). In particular,
1Ulyrg-1.00 < Cpllullze
Define U, (z) = n " U (nz), such that u, = BU,. Define
Un,j(x) = BUnj

Then, as B is a potential of A, Av, ; =0, v, ; is compactly supported in ¢ and choosing

1
j(n) =nks*1 yields

ks
3,y = tnllzee < (L= i) tinllzoe + C Y IV il 200 V78 U | oo
i=1
kp
<1 =niam e llullze +C Y G(n) -0
=1

S
<=yl l[ullzoe + Cn st
Therefore, v, j(,,) satisfies the requirements of the lemma. O

Lemma [4.17| gives us nice recovery sequences on cubes with zero boundary data. Using

this construction we can now prove Theorem [£.16]

Proof of Theorem[.10. We start by making two reductions. First of all, we show that

we can uniformly the LP-norm of the recovery sequence u, in terms of the LP norm of
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u. Hence, by local Lipschitz continuity of J; and density of CZ°, it suffices to consider
u e C(Q,RY).

Moreover, we just show that for any R > 0 there is a sequence uf
w in LP with Aulf = Au, such that

converging weakly to

lim inf J¢(u /QAfa: up(x)) dz

n—o0

where the hull Q% (x,v) is defined as

Qf@v)= i fl@v+v(y)dy. (4.15)
As Qi f < f and the convergence Q% f(x,v) — Qaf(x,v) is monotone, again taking an
appropriate diagonal sequence uR(”) (provided an uniform L? bound), yields the result.
So consider u € C2°(Q, RY).
Step 1: Construction of a recovery sequence:
Let R >0 and fix 1 > ¢ > 0 and ¢ € N. We repeat the approximation of f as in Theorem
(cf. Figure For this let K; be a compact set, such that £ (Q\K;) < i~!, such

that f is uniformly continuous on K; x B(0,3R) and consider a collection F, of semi-open
dyadic cubes of side length 27% and Fj, = Nger, @.

Let us assume that that a is large enough, such that |Q\F,| < 2i~! and that there is no
cube Q° in F, such that Q% N K; = 0 (else set f, = 0 on this cube). For every Q° pick
some 2 € Q% N K;. Let us define for v € R?

f(ll)(v) = lez)(xg?U)a fa xz, U Z fa 1Qb

QbeF,

Due to uniform continuity of f, it is possible to chose a large enough such that for all
(.’B,’U) € (Kz N Fa) X BgR(O)
|f(z,v) = falz,0)| < €/2

and also, as u € C.°, for all z,y € QZ
lu(z) — uly)| <e/2.

Let now 9% € C°°(T,R?) with L®-norm less than R, such that
fa(Oa(y) +ulzq)) dy < QA fq(u(xy)) + <.
Tn

By Lemma scaling Ty down to the cube QZ and by picking a suitable subsequence
we may find vgﬂ C C%(Q%,RY) with the following properties:

(v1) of, — 0 in ZP(QL, RY;

b b
(v2) |lvgnllzee < 2[17g]|Le < 2R;
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(v3) llvan

oy ra) < 21800 oy ) £ (Q0)
(vd) Al = Aug;
(v5) liminf [ fo(vg ) < £Y(Q0)(fa(u(x3)) +e).
e JQb 7
The property follows from the Lipschitz continuity of fé’ (cf. Lemma and the fact

that 70 almost attains the definition for Qf f°.

Define the recovery sequence v, by

van(@) = Y (vg (@) + u(z}))

QbeF,

We now want to show that letting a,n — oo and defining a suitable diagonal sequence
yields the result.
Step 2: Letting n — oc:

We define the simple function u, as follows:

wa(@)= Y uleh)lgy ()

QbeFa

Then u, — u in LP (Q,Rd) as a — oo and in particular, we shall assume that a is large
enough, such that

[tallzr <1+ 2ulLe.
Claim: Let a € N be fized and large enough according to Step 1. Then

(1) There is a constant C, only dependent on Cy,C1,Cy from|(HI) and|(H2), such that

”Ua,n |Lr < Cllul|Lr;

(2) Van — uq in LP(Q,RY) as n — oo;
(3) Avgn = Aug;

(4) There is Cr > 0, such that

liminf/ﬂf(x,vn,a(:c))S/QQﬁ(f(x,u(x))dx—I—C’R(5+i_1).

n—oo

Let us start with the uniform bound . By A-integral-coercivity we have for 172.
Cil|T5 [P = Ca(1 + Julag) ) < /T fa(Taly) +u(zg)) dy < Qf fa(ulag)) +e
N
< fau(zg)) + & < Co(1+ [u(y)?) + e

Therefore,

13210 ety < Cllulal)]P + 1), (4.16)
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Thus, by construction, we may estimate

1o nll} o gp ey < CLY(QE)(L + [u(z) ). (4.17)

Recalling the definition of v, , we get

Wanll} oo pay < C(L+ lluallyy) < 201+ 1lull7,)

For the weak convergence [(2)] note that due to|(v1)|ve, — u(2?) in LP(Q%, RY) for each

cube QZ, the sequence v,y is bounded in L? and that v,, = 0 outside of Fj, = UQZ.
b
Therefore, vy, — u, in LP(Q,]Rd) as n — o0o.

Property follows directly by the fact that vgm are compactly supported on their cubes
and AvZ’n =
It remains to show that v, , satisfies First of, all note that we have the L> bound

[vanl oo (re) < 2R.

Hence, we may estimate
T (vam) < / F (@, van(x)) dz + 2Coi (1 + R?) (4.18)
K;NF,

On the set K; N F, we now may replace f by f,. Thus,

/KmFaf(x vp(z))dz < Z / Fvnalz))de < Z QAfa u(z?)) da

QLeF, QLeF,

< / Qﬁfa(ua(x))dx+i_1£N(Q)
FanK;

ug is close to u(z) for x € QZ and Qﬁf is uniformly continuous in K; x B(0, R), as f is
uniformly continuous in K; x B(0,2R). Thus,

/ OF £, (o)) da < / OF f(u(x)) da + 2LV (Q). (4.19)
FoNK;

FoNK;

Combining (4.18) and (4.19)), we get

hrglnf J¢(Van) / OR f(z,u(x))da + 2N (Q) (i + &) + 2Coi (1 + RP) (4.20)
Step 3: Diagonal sequence as i — oo, € — 0:

We have seen that for each ¢ € N, ¢ > 0, there is a9y = ap(e,i), such that for all
a > ag the properties hold. We now let i — oo, (i) = i"* — 0 and a(i) =
max(ao((i),)),i) — oo. Note that we have a uniform L” bound on v, .. Thus, by

appropriately chosing a diagonal sequence v; = vy,(;).q(;) We get

e v; — lim u, =u as i — oc;
a— 00
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e Av; — lim Au, = Au as i — oo;
a—r 00
e v; is uniformly bounded in L? by C(1 + ||u/z»);

e v, IS a nice recovery sequence, i.e.

lim inf J¢(va,n) §/ QR f(x,u(x)) dx.
Q

n—oo

This proves Theorem O

Remark 4.18 (Boundedness of recovery sequence). Let us note that the relaxation Theorem
[42] directly follows from this theorem and the sufficiency theorem for A-quasiconvexity
If we do not have the coercivity condition [(H2)| (as it is assumed e.g. in [25] [7]), then

we only get bounded sequences uf — u in LP(Ty,R?), such that

/ QR f(z,u(z)) dz > liminf J;(uf).
[¢) n—oo

These sequences uf are nicely bounded in L* and hence in L by C'R, but this bound is
not uniform in R. Hence we can, in general, not find a suitable diagonal sequence in LP
realising the infimum in

inf inf J¢(up).

Up—u, Aup=Au
Note that the existence of such a diagonal sequence is trivial if we are given a global

coercivity condition like

Jp(u) = Cllullg, — Co

holding for all uw € L? or for all u € X for a weakly closed subset X C L (cf. Section
4.4.2). Our version of integrated coercivity [(H2)| however does not always imply a global
coercivity condition (cf. Example [4.15)).

Corollary 4.19 (Relaxation). Let A satisfy the constant rank property (CRP|) and the
spanning property (SP). Furthermore, let f satisfy the hypotheses|(H1)l LetI: LP(Q,Rd) —
R? be a weakly lower-semicontinuous functional, such that I(u) < It(u) for every u €

LP(Q,RY). Then for all u € LP(Q,R%) Nker A

I(u) < /Q Qaf(z, u(x)) da.

In particular I* is the largest weakly lower-semicontinuous functional below I.

Remark 4.20. One key part of the assumption is that the function f is Carathédory,
meaning that f(v,-) is continuous. As a consequence, the hull Q4 f(v,-) is A-quasiconvex
and, due to the spanning property , continuous. Therefore, the functional I'* with
integrand Q 4 f is weakly lower-semicontinuous itself. On the other hand, if f is not upper-
semicontinuous in the second variable, Q4 f might not be A-quasiconvex, and hence the

functional might not be lower-semicontinuous.
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In fact, using the same observation, we can show that A-quasiconvexity is also necessary

for weak-lower semicontinuity of I.

Corollary 4.21 (Necessity of A-quasiconvexity for weak lower-semicontinuity). Let 1 <
p < o0o. Let [ satisfy . Suppose further that if u € LP(Q,R?), then for all sequences
u, € LP(Q,RY) with u, — w in LP and Au, — Au in WFP(Q,RY)

liminf I¢(un) > I¢(u).

n—oo

Then f(z,-) is A-quasiconvez for a.e. x € €.

Proof. Suppose that f(zx,-) is not A-quasiconvex for a.e. = € €. Then there exists an
R > 0 such that Q% f(x,v) < f(x,v) for x € E with |[E| > 0 and some v = v(z) € R%
As f is Carathéodory, considering the definition of Qfl v can be chosen to be measurable
(or with Scorza—Dragoni even continuous) on a subset of E. Hence, there exists an LP

function v such that

/Qﬁf(%u(ﬂc))dmé/f(x,u(x))dx.
Q Q

But in the proof of Theorem we constructed a sequence bounded in L™ realising for

some € > 0

/Qﬁf(m,u >hm1nf/f z,up(z))de —e.
Q

n—o0

Note that we only needed the coercivity condition to pass to subsequences as R — oo
and € — 0 which we do not need to do here. Hence, there is a sequence u,, satisfying

Au,, — Au and u,, — u with

lim inf /Q F (@, un(@)) do < /Q (o, u(z)) dz

n—oo

contradicting the assumption that I was lower-semicontinuous. O

4.4.2. Boundary Values

The construction in the proof of Theorem |4.16| gives us a recovery sequence in L”. By
construction, if f is A-integral coercive, this sequence is bounded. Therefore we get a
sequence 1, such that

I%(uy) = liminf Iy (up).

n—o0
We might encounter boundary problems as follows. The condition Au = 0 implies that
suitable components of u have traces on 92 in suitable negative Sobolev space. In this way
we can impose boundary conditions on 0f) or on a sufficiently regular subset I' C 0€2. Let
Xy denote the (affine) space functions u which satisfy the constraint Au = 0 and a suitable

boundary condition. Then we can consider the problem of minimising the functional

R O RCCE A P

o0 else.
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and it is natural to ask whether for u € Xy we can find a recovery sequence u, € Xj.
This is indeed possible. In fact for the recovery sequence w, constructed in the proof of
Theorem there exists a sequence €2, CC 2 of sets compactly contained in §2, such
that u, = u on Q\ Q,. Thus u, and u satisfy the same boundary conditions. Let us also

mention that a similar argument is carried out in Chapter [5

Ezample 4.22. Suppose that Q cc (0,1)". We may consider the closed subset Xg of
LP(Q,RY) defined via

~ u on {2 ) ~ ) —k N ol
u € Xo whenever @ := , satisfies Az =0 in W™"P((0,1)",R")
0 on(0,1)"\Q

and for fixed ug € LP(Q,RY) Nker A
Xy = {u € LP(QRY): u—ug € Xo}

Then for every u € X, we may find a recovery sequence u,, € Xy, to the functional I;.

Ezample 4.23. Recall the setup from Example ie. Au = (divuy,curluy). Take the
subset X C L*(Q,R?) x L?(9, R?) of functions satisfying

Au = 0,
up-v(x) = 0 onT,
ug-7(x) = 0 ondQ\T.

If u € X, then we even may find a recovery sequence u,, = ((u1)n, (u2),) converging weakly

to u,, such that
(u)n(z) - v(z) = ui(z) - v(z), (u2)n(z) 7(2) = U2 - 7(T)

for all x € O (in the correct space for traces, i.e. H™/2(Q) x H~Y2(Q)). In particular,
Uy € X.

Ezample 4.24 (Boundary conditions for the potential). Instead of considering functionals
defined for u € LP(Q,R%) Nker A, we might view these as a functional on W*5P(Q,R™)
defined by

10) = [ flaBo(a)) da
Q
for a potential B of A in the sense of RAITA [123], for example

\ER v

A=curl, B=V or A=culcul’, B= 5

Let us assume that v satisfies some boundary condition that v—vg C Wéc BP(Q,R™). Then,
by a modification of the proof (basically doing the construction on the level of the potential
instead of on the level of A-free functions or by using Theorem [2.12)), for each v we may
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find vy, such that v, —v C WéﬁB’p(Q,Rm) and

n—oo

/QAfva x—hmlnf/fxb’vn

4.5. Coercivity conditions

Up to now, for a function f: RY — R we have seen the following two coercivity conditions:

(C1) f is classically coercive if there are C;,Cy > 0, such that for all v € RY

fv) =2 CilofP =
(C2) f is A-integral coercive if there are C3, Cy > 0, such that for all v € R, v €Ty

. f(o+4(x)) dz > Cs|lPlI, — Ca(l + [vf").

For a given function f, is very easy to check. But it is very restrictive to assume
that f satisfies this coercivity condition. If we have more information about the subset,
where we want to minimise Iy, A-integral coercivity might be the more suitable condition.
It is however very difficult to verify for general functions f. Therefore, let us shortly

define a third concept of coercivity.

Definition 4.25. We call a function M: R* — R A-quasiaffine, if M and —M are A-

quasiconvex.

(C3) For an A-quasiaffine function M: R? — R, we say that f is M-polycoercive, if
there are C1,Co > 0 for all v € RrR?

f(v) > Ci|v|P — Cy — M (v). (4.21)

We have the following relation between the different types of coercivity:

(CD[=(C3)| = (C2)}

It is quite clear, that [(C1)|implies [(C3), as M = 0 is A-quasiaffine. If f satisfies |(C3)]
then

fwty(@)de > | Cilo+y(@)] —Co — M(v) > Cll¢]|r — C(L+ Jv]?)
N Tn
M-poly-coercivity is considerably weaker than classical coercivity, and has the advantage
that the set {v: f(v) < R} can be non-compact if f is M-poly-coercive. But in contrast
to A-integral coercivity, it is relatively easy to verify for a given A-quasiaffine function M
that a function is M-polycoercive. So let us shortly look at A-quasiaffine functions and

typical examples for A.
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First, all A-quasiaffine functions are continuous and, moreover, even polynomials (cf.
[79, 15]). The degree of those polynomials is bounded by d, so the space of A-quasiaffine
functions is finite-dimensional. In particular, there exists a basis of this space consisting

of homogeneous polynomials.

Therefore, effectively (4.21]) means that there is a homogeneous A-quasiaffine polynomial
M of degree p € N, p > 1, such that

fv) =z Cslol’ — Cy — M(v).

In the following we give two examples for behaviour with boundary values. Another ex-

ample is discussed in the following Chapter [5]in Section [5.5)

4.5.1. Example 1: Boundary Values

Consider the boundary value problem discussed in Example ie. Q cc (0,1)" and

T(u) = /Qf(x, u(z))dz if u € Xy,

00 else,

where u € X,,, whenever A(u — up) = 0 as an element of WFP(Ty,RY). Let p € N and

assume that f satisfies the growth condition
f(x,v) = Csv]P = Cy — M(v)
As M is a polynomial of degree p and A-quasiaffine, we may write
k—1 A ‘
/ M (u) dz +CZ/ g
Q =179

k-1 ‘
+ 3 lullplluoll 3’
i=1

<

/QM(uo)dx—i—M(u—uO)dx

/QM(uo) dz

Thus, by using Young’s inequality

‘ /Q M(u) dz

< ellullzr + CelluollZ,-

Therefore,
I(u) > (Cs — &)lull, — Ca — Celluollf,

and I as a functional therefore is coercive on X, .
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4.5.2. Example 2: A = curl
Let Q ¢ RY be Lipschitz and let ug € WP(€, R™). We consider functionals of the form
Ip: WHP(Q,R™) — R given by

o) = /Qf(:v, Vu(a))dz u—ug € WyP(Q,R™),

00 else.

Iy( (4.22)

Even if it does not directly resemble the functional considered earlier, this is covered by
our theory. Indeed, by setting v = Vu, we see that curlv = 0, where curl: C* (RN RN ) —
C®(RY, RY*N) is defined as

curlij U = az‘u]‘ - 8ju,

Moreover, the note that the set
Xo = {v e LP(Q,RN*™): Ju € WyP(Q,R™) such that v = Vu}

is weakly closed.

It is well-known, that a basis the space of curl-quasiaffine functions (also known as
Null-Lagrangians) consists of all 7 x r minors of the N x m matrix (e.g. [15], 38| 46]).

By scaling we might assume that Q C Txn. Thus, if v € Xg and M is a curl-quasiaffine
function

| M(o(a)de= | M) de + LY (T \Q)M(0) = M(0).

Combining the results of Section 3 and 4, we get:

Proposition 4.26. Let f: Q x R™N — [0, 00) be a Carathéodory function and M ar xr

minor, such that
Cilv]" = Cy — C3M(v) < f(z,v) < Co(1 + |v|").

1. If, in addition, f(x,-) is curl-quasiconvexr almost everywhere, then for each uy €
W (Q,R™) the functional Iy has a minimiser in W (Q,R™).

. L /) -
2. For every ug and every u there exists a bounded minimising sequence u, — w in

W (Q,R™) and

. IR TI o /
uellr/ll/fl’l’ If(u) = hnn_1>102f If(un) = /Q chrlf(wv u (33)) dz.

4.6. Results regarding the potential

Based on the presented methods, the results can easily be modified to fit into a slightly
different setting. Let us shortly outline two instances, that will reappear most prominently
in Chapter [5 In this section, we deal with functionals on the potential (i.e. on Bu) instead
of the annihilator, whereas in Section we deal with results on LP x L-spaces.
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Let A be a constant rank operator and let B be a potential of A of order kp. Let
f:Q xR?— R be a Carathédory function. We consider the functional

= / f(z, Bu(z)) dz (4.23)
Q
defined on some weakly closed subset V C W*5P(Q, R™). Usually, we consider either
V = WksP(Q,R™) (4.24)

or, for some fixed ug € WP (Q, R™), the subset satisfying a Dirichlet boundary conditions,
ie.

Vp = {u e Wken(Q,R™): u — ug € WOkB’p(Q,Rm)} (4.25)

Theorem 4.27 (Weak lower-semicontinuity and relaxation for Ig). Let V' be as either
(4.24) or (4.25). Suppose that the function f satisfies the growth condition

0< f(z,v) <CA+wP) fora e zeQ, VveR™L

(a) If f(z,-) is A-quasiconvez for a.e. x € Q, then Il‘S’/ is weakly lower-semicontinuous:
(b) If I} is weakly lower-semicontinuous, then f(x,-) is A-quasiconvex for a.e. x € Q;

(c) Suppose further that f(zx,-) is A-integral coercive uniformly in z. Then for all
u € WH(Q,R™) there exists a sequence u, € W*BP(QR™), such that u, — u €
WécB’p(Q,Rm), Uy — 1 — 0 in WFEP(QR™) and

/Q O (. Bu(x)) dz = lim / F(, Bun(x

n—oo

Remark 4.28. In the language of the differential operator B uniform A-integral coercivity
means that there are constants C1,Cs > 0, such that for almost every =z € €1, for any
v € R? and any ¢ € C°°(Ty,R™)

f(z, v+ Bu)dzx > 01/ |BulP dx — Ca(1 + |vP).

TN TN

Proof. The first statement @ directly follows from Theorem Indeed, if u, — u in
Wks:P(Q, R™), then v, = Bu, and v = Bu are A-free and v,, — v in LP(Q,R?). Therefore,
due to A-quasiconvexity of f and Theorem [4.10)

/f z,v(z))dr < hnnyogf/ f(z,vp(z))dx

The second and third statement follow from Theorem [£.16] and the projection result The-
orem Let u € W*P(Q,R™) be given and v = Au. Then for any £ > 0, there is a
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sequence vy, such that v, — v, Av, = 0 and

/Q Oaf(z,v(z))de+e > lim | f(x,v,(x))dx; (4.26)

n—oo Q

if f(z,-) is A-integral coercive, we can improve the bound to € = 0.
By Theorem there is a sequence u,,, such that

ks
1. Z Viu,(z) is p-equi-integrable;
i=0

2. ||Buyp — vpllpe — 0 as n — oo for some 1 < ¢ < p;

3. Uy —u C WEBP(Q,R™).

Therefore,
lim inf/ f(z, Buy(z))dz < lim inf/ f(z,vy(x)) de.
Together with (4.26)) this establishes the validity of parts @ and O

4.7. Results regarding separate differential constraints

In this section, we consider two separate differential operators of order k; (i = 1,2)
Ar: C®°(RYN,RY) - C°(RYN,RY),  Ay: C°(RN,R®?) — C®°(RY,R2).

From now on, we suppose that both A; and Az satisfy the constant rank and the spanning
property.
Let us consider a Carathédory function f: Q x (R% x R%?) — R, which is measurable

in the spacial variable {2 and continuous in the quantity R4 x R%. We consider functions
v=(v,1) € X =LP(Q,RM) x LIQ,R®), 1<p,qg<oo

and say that v € ker A if v; € ker A;. In particular, the differential operator A(vy,vs) =
(Avy, Avy) maps X into WFP(Q RIT) x WF24(Q R2).
The functionals Iy, Jr: X — R defined via

J(w) if Av=0,
J(v) :/Qf(x,vl(:v),vz(m))dx, I(v) = (@) ’ (4.27)

00 else.

The same methods employed in the construction for the fully homogeneous setting then

yield the following results.

Theorem 4.29 (A-quasiconvexity implies lower-semicontinuity in the (p, ¢)-setting). Let
f:Qx (Rd1 X Rdz) be a Carathéodory function that satisfies the growth condition

0 < flw,v1,02) <C(L+ |01’ + [v2]?), € Q= (vi,v2) € RT x R®.
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Suppose that u = (u1,u2) € X and that up, = (u1n,u2n) C X s a sequence that satisfies
(a) up, —uwin X, i.e. upp — up in LP(Q,Rdl) and ug , — uz in Lq(Q,RdQ);
(b) Aup, — Au in WRP(QRI) x Wk249(Q, R™2).

Suppose that f(z,-) is A-quasiconvez for almost every x € Q. Then

liminf Jy(u,) < Jp(u).

n—o0

As a consequence, the functional I is weakly lower-semicontinuous.

For a relaxation result we first have to define a suitable notion of coercivity. In the
(p, q)-setting, we say that f: Q x R% x R® — R is (uniformly) A-integral coercive if for
all z € Q, for all v = (v, v2) € RY x R? and all test functions ¢ = (11, 1h2) € T4 we have

[z, v1+11(y), va+1a(y)) dy = 01/ [1]P + [ha|? dy = Co(1+ 01 [P+ [wa]). (4.28)

TN TN

Using this notion of coercivity, we are able to prove the following relaxation result.

Theorem 4.30 (Relaxation in the (p, q)-setting). Suppose that f: Q x (R x R%2) - R

18 a Carathéodory function satisfying both the growth condition
0< f(z,v) < C(L+[vi]” + |v2]?)

and the coercivity condition (4.28)). Let u = (uy,uz) € X. Then there exists a recovery

SEqUENCE Uy = (Ul,n,uQ,n) € X, such that
1. up = uin X;
2. Au, = Au (as elements in W_kl’p(Q,]Rdl) % W—k2,lI(Qde2));

3.
lim J(uy) :/QQAf(x,u(x)) dz.

n—oo

As the proof of this follows the proof of Theorem [£.4] we only give the arguments that
slightly differ from the LP-setting.

Sketch of Proof. The construction of a recovery sequence for Theorem [4.30]is the same as
for Theorem [£.4] Indeed, it suffices to consider the case where we can subdivide €2 into

subcubes QZ and the approximation of f by a function

falz,v) = Z fg(v)ng.

QbeF,

Moreover, we can reduce to the case where v is constant on the cubes.
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For simplicity, let us now assume that

@) =3 fol)lg and u() = 3 ug
QeF QeF
for a collection F of disjointed cubes (. The recovery sequence is constructed by finding

Vo = (V1,Q,n,V2,Q.n) C C’SO(Q,Rdl X ]RdQ) that satisfies Avg, =0, ][ v = 0 and
Q

Qafoluq) = lim inf ][ Qf(uq + vQ.n(x)) da.

The existence of such a sequence can be justified as in the proof of Theorem [£.4, Moreover,
we might assume that v, — 0 in LP(Q,R™) x LY(Q,R%).

The recovery sequence on 2 is the defined as

vn(z) = ) (ug + von(z)1g(x).

QeF

The main argument from the proof of Theorem [4.4] that one needs to verify in this setting
is the uniform L* x LY-bound on v,,. This is handled by the assumption that f is A-integral
coercive (|4.28). Indeed, for the local recovery function vg , we obtain for n large enough

Ptlvg,nl? do—Co(14]ur,q|P+|u2,

Cq
Qufolug)te = | fugtuga)@) = o [ o ).
Q Ql Jo
The upper growth condition for f is also an upper growth condition for Q 4 f. Hence, we

conclude
/ [v1,0.n|” + V2,00 dz < ClQ|(1 + |ui,g|P + |uz,0l?).
Q

Combining these estimates for all cubes yields

/ [ornl? + J2al? dz < C / (1 + Ju]? + Jus].
Q Q

Therefore, the recovery sequence is uniformly bounded in X.

So the result holds, whenever u and f are of this special form. For the general case
we approximate u and f by these functions and take a diagonal sequence. For this we
highlight, that taking such a diagonal sequence is only possible due to the uniform bound

we have just proven. OJ



5. Data-driven problems in fluid

mechanics

Summary

This chapter is based on joint work in preparation with C. Lienstromberg and R. Schu-
bert

e [95]: Lienstromberg, C., Schiffer, S. and Schubert, R. A data-driven approach to

incompressible viscous fluid mechanics — the stationary case.

The chapter closely follows the forthcoming article, apart from the preliminary Sections
2&3. Some results of Section [5.2] have also been stated and proven in Chapter [2] and in
Sections and [£.7] For reference, we restate them here without proof.

The research undertaken in the paper in question is a collaboration with C. Lien-
stromberg and R. Schubert. All authors and, in particular the author of this thesis, have

contributed significant parts to each section of the work.

Our goal is to introduce a data-driven approach to the modelling and analysis of viscous
fluids. Instead of including constitutive laws for the fluid’s viscosity in the mathematical
model, we suggest to directly use experimental data. Only a set of differential constraints
derived from first principles and boundary conditions are kept of the classical PDE model
and are combined with a data sets. The mathematical framework builds on the recently
introduced data-driven approach to solid-mechanics [87, [41].

This chapter is split into six sections. In the introductory Section [5.1] we revisit the
PDE approach to the static Navier—-Stokes equations and compare it to the new data—
driven approach. We furthermore give an overview over the results and the structure of
the remaining chapter.

In Section [5.2| we revisit some important notions relevant for the context of minimisation
problems, most prominently I'-convergence and Korn’s inequality. Moreover, we see how
we can reformulate the problem at hand in terms of constant rank operators, which has
been the topic of Chapter [2] of this thesis. Consequently, parts of the corresponding section
of the work [95] have been moved to Chapter [2]

Section[5.3|revisits weak lower-semicontinuity results that have been discussed in Chapter
[] of this thesis. In particular, in Theorem [5.11] we justify the important observation that
we can reduce our study to so called (p, ¢)-equi-integrable sequences. That are sequences,
where no concentration of mass occurs. It has already been discussed in Chapter [ that

this notion is very helpful for weak lower-semicontinuity statements. Moreover, in Section
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m we discuss an extension to the linear relaxation result (cf. Theorem [4.16) to a
semilinear setting. In particular, we allow the differential constraint, which is Av = 0 in
the purely linear setting, to instead feature a specific non-linear right-hand side instead.
Later on, this result is applied to the semi-linear inertia term div(u ® u) that appears in
the Navier—Stokes equations and its data-driven formulation.

Section focuses on a notion of convergence of data sets. Data sets are meant as ab-
stract sets of strain-stress pairs (€, o), which in applications are derived from experiments.
We introduce two different notions of pointwise convergence of data sets. The first concept
of convergence expresses, roughly speaking, that the relative error in measurement tends
to zero. We then show that this convergence is equivalent to uniform convergence of corre-
sponding data-driven functionals on bounded domains. In the second concept, we weaken
the convergence by introducing an increasing range, where the measurements have to be
exact. This notion of convergence is in turn equivalent to convergence of certain functionals
on (p, q)-equi-integrable sets. As we have seen in the previous Section it often suffices
to consider (p, ¢)-equi-integrable sequences and, hence, we work with the second notion of
convergence in the remainder of this work.

The knowledge acquired in Sections and is combined to tackle the data-
driven problem in fluid mechanics in Section [5.5] First of all, we discuss the different
types of boundary values that may apply to this problem. The analysis of the data-driven
problem is then split up according to whether the fluid has inertia or not. In both cases
we show that the functional is coercive under the prescribed boundary conditions. As a
consequence, we are able to derive a I'-convergence result for the data-driven functionals.
It is worthwhile mentioning that in the case of fluids with inertia we need to check that
the nonlinearity fits into the setting of the semilinear relaxation results from Section [5.3]

In the last Section [5.6] we check that the data-driven approach is consistent with the
classical PDE approach. That is, whenever the data set coincides with some prescribed
constitutive law, then the data-driven solution can be associated with a PDE solution and
vice versa. We check that this is true for Newtonian fluids, for power-law fluids and for
fluids with a monotone strain-stress-relation, which comprises the previous examples, as
well as Ellis-law and Herschel-Bulkley fluids.
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5.1. Introduction

In this chapter a new approach to the modelling and analysis of viscous fluids is intro-
duced. The hydrostatic behaviour of an incompressible fluid at any instant ¢ in time may

be described by its velocity field © which induces a strain

(Vu+vaul), (5.1)

€ =

| =

the symmetric gradient of the velocity field. Moreover, the fluid generates a stress field o

which, in the case of an inertialess fluid, satisfies
—dive = f, (5.2)

with an external force density f. Both and are prescribed differential constraints
and are also called compatibility conditions. Both € and o cannot be any field — they have
to be a symmetric gradient of another field in the first, and admit a predefined divergence
in the second case. For fluids with finite Reynolds number this force balance has to be
complemented by the inertial forces proportional to dyu + (u - V)u. This results (after

suitable non-dimensionalisation) in the equation
o+ (u-Vu—dive = f.
However, in this paper we restrict our analysis to the stationary case O;u = 0, i.e.
(u-V)u—dive = f.

Since our analysis is mainly based on variational arguments suited for stationary problems,

we postpone the time-dependent case to a separate work.

5.1.1. The PDE-based Approach — Constitutive Laws for Viscous Fluids.

Hitherto, the modelling and analysis of the rich set of phenomena in viscous fluid me-
chanics relies on constitutive laws describing the relation between the strain field € and the

stress field 0. A commonly used relation is
o= —mid+2u(|e|)e,

which relies on the assumption that the stress comprises two components — the hydrostatic
pressure mid and the viscous stress 2u(|e|)e. Here, p denotes the fluid’s viscosity. It
depends on the strain rate and measures the fluid’s resistance to it. Mathematically, the
hydrostatic pressure 7 is the Lagrange multiplier corresponding to the incompressibility
condition divu = 0. In the simplest model of a viscous fluid, the viscosity p is assumed to
be constant p = const and the corresponding fluid is called Newtonian. In other words, the

relation between the viscous forces and the local strain rate is perfectly linear, the constant
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viscosity being the factor of proportionality. In the case of a inertialess incompressible

Newtonian fluid one obtains the well-known Stokes’” equations

—pAu+Vr = f
divu = 0.

(5.3)

For incompressible Newtonian fluids with inertia one obtains the stationary Navier—Stokes
equations

(u-V)u—pAu+Vr=f

divu = 0.

(5.4)

Although it is reasonable in many practical applications to assume a fluid being Newtonian,
real fluids that account for viscosity are in fact non-Newtonian, i.e. they feature a non-
linear relation between the stresses o and the rate of strain e. A widely-used constitutive
relation is given by

p(lel) = polel*™,  a >0, (5.5)

and the corresponding fluid’s are called power-law fluids or Ostwald—de Waele fluids. The
exponent o > 0 denotes the so-called flow-behaviour exponent and pg > 0 is the flow
consistency index. In the case 0 < o < 1 the fluid exhibits a shear-thinning behaviour as
its viscosity decreases with increasing shear-rate, while the fluid is called shear-thickening
in the case a > 1. In this case the viscosity is an increasing function of the shear rate.

The corresponding stationary non-Newtonian Navier—Stokes system reads

(- V) — div(u(e(w)])e(w)) + Vr = f
divu = 0.

(5.6)

For a@ = 1 we recover a Newtonian behaviour. In practice, constitutive laws for the
fluid’s viscosity are derived from experimental measurements, fitting a law belonging to a
prescribed class to best approximate the measured data. A large part of the mathematical
knowledge in the mechanics of viscous fluids comes from the theoretical and numerical
analysis of partial differential equations (Stokes and Navier-Stokes equations), that are
derived using constitutive laws. Here, a lot of progress has been made by allowing for

increasingly general classes of (nonlinear) viscosity laws [94, Q9] 2T], 98] 100, 83, [69] [TOT].

5.1.2. A data-driven Approach.

Nowadays, the availability of big data and the possibility to mine them is increasing
drastically. In the present work, instead of including constitutive laws in the mathematical
models, we suggest to directly use experimental data in order to find the strain rate e
and the stress o that satisfy the respective differential constraints and, at the same time,
approximate the experimental data best. In order to realise this mathematically, we follow

the articles [87, 41], where this approach has first been introduced in the context of solid
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Measuring range
Constant (unbounded) Increasing
Error Constant Need to ‘throw’ out bad data | Need to ‘throw’ out bad data
Decreasing Section |5.4.1| Section |5.4.2|
Table 5.1.: Overview of different notions of convergence.
mechanics.

The motivation for replacing the classical PDE-based approach by the data-driven ap-
proach is the following. The classical PDE-based approach generates two errors with
respect to modelling the real world: First of all, the experimental equipment is imperfect,
leading to measurement errors. Secondly, the fitting of a material law to the experimental
data introduces a modelling error. The data-driven approach entirely skips this second
step.

Turning to the remaining source of errors, with perfect equipment and infinitely many
measurements, we expect that it is possible to recover the viscosity law of the fluid (if it

exists). In reality, measurements are however restricted by
e the accuracy of the equipment leading to a measurement error;

e a limited number of measurements. This comprises both ‘density of measurements’
(i.e. given a strain €, how many measurements are taken in a neighbourhood of €?),
as well as ‘measuring range’ (how large are the values of €, where measurements are
still taken?).

Nevertheless, if over the course of several consecutive measurement series the measurement
error decreases or the number of measurements increases, we expect the experimental data
to converge to the material law. Mathematically, we give consideration to this behaviour
by introducing different notions of data convergence. In this paper we restrict ourselves to

the study of the following two settings:
e data with increasing quality and an unbounded range of measurements;
e data with increasing quality and a bounded but increasing range of measurements.

An overview of the possible settings and where they are discussed in this paper is given in
Table Bl

In the case of non-increasing accuracy, measurements for a given strain rate e might be
located in a neighbourhood of the exact value with a certain likelihood. In this case the
set of data converges in a weak sense to some distribution, see [40]. See also [I31] for the

analysis of single outliers in measurements.
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5.1.3. Mathematical Approach for the data-driven Problem and Main
Results.

As mentioned above, we follow the mathematical approach proposed in [4I] in a solid
mechanical context. To this end, we first split the stress o = —wid +6 into its hydrostatic
part mid = —% Tr o id and its viscous part &.

Throughout the paper we assume that the data set D,, comprises pairs (€, ) of strain
and viscous stress only. The hydrostatic pressure 7 (i.e. the trace of o) is not included
in the data set, since we allow 7 to attain arbitrary values. This is due to the fact that
the pressure does not play a role in the constitutive law for the viscosity but arises as a
Lagrange multiplier corresponding to the incompressibility constraint.

Given a data set D, = {(e3,03)}geB,, consisting of pairs (eg,dg) of symmetric and

RNXN

trace-free matrices in , we consider the functional

L(e.5) = /Qdist((E(x),&(a:)),Dn) dz, (e,6) €@

00, else,

(5.7)

as a measure for the distance of functions (e, ), defined on €, to the data set. Here, € is
the constraint set of fields €, & satisfying the prescribed differential constraints and suitable

boundary conditions, and dist(-, ) is a suitable distance function.

In the present paper the set of differential constraints is given by (|5.1) in combination
with either the inertialess or the stationary Navier—Stokes relation. That is, we study both

the linear constraint set 1
€ = 5 (VU -+ VUT)

divu =0 (5.8)
—dive = f — Vm,
as well as the nonlinear constraint set
€= 1 (Vu + VUT)
2
divu =0 (5.9)
—dive=f—(u-V)u— V.

The set of constraints is complemented by suitable boundary conditions. Typical boundary

conditions in fluid mechanics are the no-slip condition
u=0 on 9N (5.10)
and the Navier-slip condition

T-(ov+Au) =0, 7€ToN
u-v =0, on 0f2.

(5.11)
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Here, A > 0 is the inverse of the so-called slip length and v denotes the outer normal to
0f). Moreover, TOS) denotes the tangential bundle of 2. The case of free slip 7 - ov =0
for 7 € TOS is included by A = 0. The second condition in expresses the non-
permeability of the boundary.

Less natural is the Neumann type condition

ov =0 on 0. (5.12)

We are able to handle all types of boundary conditions (5.10f), (5.11]), and (5.12)) in the
linear case ([5.8)) and the physical conditions ([5.10) and (5.11)) in the nonlinear case (5.9).

In some cases we allow for inhomogeneous boundary conditions, i.e. non-zero right-hand
sides.

Coming back to (5.7)), a minimiser (or a minimising sequence) of the functional I,, always
satisfies the compatibility conditions for € and & and is as close to the experimental data
D,, as possible.

In the case in which a sequence D,, of data sets approximates a limiting set D, cor-
responding to a material law (as for instance ), it is expected that the minimisers
v, = (€n, y) of the functional I,, converge to a solution v of the PDE corresponding to the
material law. The main contribution of the present article is to specify conditions under

which this assertion is true. We use the following notion for convergence of data sets.

Definition 5.1. We say that a sequence of closed sets D,, converges to D, D,, — D, if

there are sequences ayn,b, — 0 and R,, S, — 0o, such that
(i) Fine approximation on bounded sets: For all z € D with |z| < R,, we have

dist(z, Dp) < an(1+ |2|).

(i1) Uniform approzimation on bounded sets: For all z, € D, with |z,| < S, we
have

dist(zn, D) < by (1 + |2n)).
Here, | - | = dist(-,0) defines a pseudo-norm.

The sequences a,, and b,, represent the relative error, while S,, and R, describe the
measurement range. Note that condition |(i)| ensures that every point in the limiting set is
approximated by data points in D,, while condition ensures that the D,, approximates
D uniformly.

Moreover, the notion of convergence introduced in Definition (ii) is justified from
an experimental point of view. Indeed, for a given experimental setup we expect the
measurements to be precise only within a certain range, |z| < S,. For instance, in the
experiment conducted by COUETTE [44], the aim of which is to measure a fluid’s viscosity,

the range .S, is linked to the aspect ratio of the rotating cylinders.
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It is worthwhile to mention that in our setting we allow the absolute error to grow with
the measurement range, which extends the setting studied in [41], where the absolute errors
are required to converge to zero.

The main results of this article are the following.

e I'-convergence (Theorem and Theorem [5.36): If D, — D and D,, satisfies a

certain growth condition, then I,, I'-converges to

I'(e,6) = /QQAdist<<€<w>7a<x>>,D>dx, (c.6) €@

else,

where Q 4 is a suitable convex envelope of the distance function corresponding to the

differential operators defining the compatibility conditions (5.1]) and (/5.2)).

e Consistency (Section [5.6): If the data set D corresponds to a constitutive law, e.g.
D = (e, |e|*te) in the case of power-law fluids, then for a function v = (e,5) the

following three statements are equivalent:
(i) v is a minimiser of I*, i.e. a solution to the relaxzed data-driven problem;
(ii) I*(v) =0, i.e. there exists a sequence v, — v with I(v,) — 0;

(iii) v is a solution to the corresponding differential equation (i.e. to (5.6 in the

nonlinear case) in the classical weak sense.

One of the main difficulties in the proof of the first result is the suitable modification of
sequences of functions while preserving differential constraints and given boundary condi-
tions. This is settled by Theorem which, for reference, we repeat in its application,
Corollary One can use this modification result to prove a relaxation statement with
a semilinear differential constraint (Theorem , which, together with the data conver-

gence, leads to the previously mentioned main result about I'-convergence (Theorem [5.36)).

5.1.4. Outline of the Chapter

Let us outline how the rest of this chapter is organised. Section[5.2]aims to contextualise,
how the fluid-mechanical problems fit into the general theory of constant rank operators.
We introduce some relevant notation and recall the notion of I'-convergence with respect
to the weak topology of LP-spaces. In Section [5.2.2) we see how the fluid-mechanical setting
is translated into the abstract formulation that was introduced in Subsection

An abstract theory for lower-semicontinuity has been developed by FONSECA & MULLER
(see also [25] and Chapter [f}) and we recall these results at the beginning of Section [5.3]
Together with results from Chapter [2] we extend relaxation results, previously attained in

[25] and in Chapter [4 to the situation of a semi-linear differential constraint, Theorem

0. 19
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For Sections [5.4H5.6] we return to the fluid mechanical setting and apply the abstract
results of Section (.3

In Section[5.4 we discuss two different notions of data convergence purely on set-theoretic
level; in particular this convergence is not directly connected to the differential constraints.
First, in Subsection we introduce a form of data convergence which corresponds to
the lower-left entry of table [5.I] and show that this is equivalent to a suitable notion of
convergence for the corresponding functionals .

For results about I'-convergence, however, we can further weaken the notion of conver-
gence to Definition [5.1] This type of convergence is examined in Section [5.4.2] The reason,
why this convergence is of interest for I'-convergence, is discussed earlier at the beginning
of Section [5.3 by Theorem

The abstract results from Section 5.3 and results about distance functions to data sets
D,, from Section [5.4] are combined in Sections In Subsection [5.5.1] and Subsection
5.5.2| we introduce the data-driven problem for inertialess fluids and for fluids with inertia,
respectively. We show that, given boundary values and a suitable pointwise coercivity
condition, the functionals I, from ({5.7)) are coercive on the phase space V. Therefore, we
can apply results from Section to get the respective I'-convergence result (Theorem
and Theorem .

Finally, Section links the (relaxed) data-driven problem I*(v) = 0 to the partial
differential equations obtained by including a material law in the modeling. We show that
if the data set D coincides with certain given material laws, i.e. D = {(¢,7): & = u(|e|)e},
then solutions of the relaxed data-driven problem are weak solutions of the classical PDE

problem and vice versa.

Comments on the notation

The notation compared to the manuscript and the rest of this thesis has been altered
as follows. The dimension of the underlying space still is N. To avoid confusion with
the dimension d, which is often used in the context of fluid dynamics instead of N, the
differential operator A now maps from C*°(R™ , R™) to C°°(RY,R!) and, likewise, B maps
C*°(RN,RM) to C°°(RY,R™). Moreover, the function f is used as a force term in this
section (as it is classically used in the context of fluid dynamics). Apart from distance
functions, integrands therefore are denoted by F. Finally, we consider functionals depend-
ing on functions v = (¢,5). The function u takes over the role of a potential (namely the

fluid’s velocity).

5.2. Functional Analytic Setting of the Fluid Mechanical
Problem
In this section, we introduce an abstract functional analytic setting to deal with the

differential constraints. First, in Subsection [5.2.1 we recall the notion of I'-convergence

and the notion of constant rank operators. The latter requires a short reminder on some
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results from Fourier analysis. In Subsection [5.2.2] we see how the differential operators
appearing in the fluid mechanical applications fit into the framework of constant rank

operators introduced in Subsection [2.4.2

5.2.1. I'-Convergence and Constant-Rank Operators
Underlying Function Spaces

Let © ¢ RY be a bounded, simply connected set with C*-boundary and let

V=R = {AeRVN: A= AT tx(A) =0}

sym,0 —

be the set of symmetric trace-free matrices in RV*N. We mainly study functions v:  —
Y x Y and we shall write v = (¢,6) to denote their components and 0 = —7id +. One
might think of € as the strain and & the viscous part of the stress. For 1 < p, ¢ < oo with
1/p+1/q =1, we consider the phase space

V =ILP(Q,Y) x LY(Q,Y),

equipped with the norm

lollv = llellze + NI za-

We call Y x Y the local phase space, such that functions v € V map 2 into Y x Y. Recall
that we assume throughout the paper that the pressure m (i.e. the trace of o) is not
considered as part of the data. Consequently, each data set D,, is a subset of ¥ x Y. In

order to introduce a distance on Y x Y, for pairs (¢;,0;) € Y X Y, i = 1,2, we define
diSt((El,a'l), (62, 5‘2)) = %|€1 — 62|p + %|O~'1 — 5‘2|q and ‘(61, 51)‘p,q = diSt((El, 51), (0, 0)),

and therewith

1

d((€1,5'1>, (62,5’2)) = (diSt ((61,5’1), (62,62)))W . (5.13)

The distance function d(-,-) is defined by taking the p-th, respectively the ¢-th root of
dist(-, -), in order to guarantee that the triangle inequality is satisfied . Thus, d(-,-) defines
a metric on Y x Y. Accordingly, we define the distance on the phase space V' by

dist(v1,ve) = / dist (v1(z), va(x)) dz, wv1,v2 € V.
Q

We start by proving that the distance function d(-,-), introduced in ([5.13)), defines a

metric.
Lemma 5.2. The map d: (Y xY) x (Y xXY) — R is a metric.
Proof. Positivity, definiteness and symmetry are clear. The triangle inequality follows from

the elementary inequality

1 1 1
(a1 +a2)" + (by + b)) 5T < (af 4+ ) W07 + (af + Y)Ttr, (5.14)
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being valid for all a;,b; € [0,00), i = 1,2, and p > ¢. Indeed, assume withput loss of

generality that p > ¢. Then, since the function s+ sq/p7 s € R, is concave, we obtain

1/
[(a1 + a2)” + (b1 + by) /P < [(al +az)? + (Y7 + b;’/p)p} ’
1/ 1
< [a’f+ (b‘{/p)p] "4 [a’; + (bg/p)p}

— (@@ + )"+ (ah +b3) 7.

/p

O

In the following we embed €2 into the N-dimensional torus T when it is convenient.

Without loss of generality we therefore assume that € is compactly contained in (0, 1)N .

I'-convergence

In this subsection we recall some well-known results on I'-convergence that are frequently
used throughout the chapter. We use this notion of convergence to consider the behaviour
of functionals of the type (5.7) under convergence of the data.

Definition 5.3. Let (X, d) be a metric space. A sequence of functionals I,: X — [—00, 00],
[-converges to I: X — [—00,00], in symbols I = T' — lim I,,, whenever the following is

n—oo
satisfied.

(i) liminf-inequality: For all x € X and for all sequences x,, — x we have

I(z) < liminf I, (zy,).
n—oo
(ii) limsup-inequality: For allx € X there exists a sequence x,, — x (called the recovery
sequence) such that
I(x) > limsup I,(zp).
n—oo
Remark 5.4. (i) In metric spaces the constant sequence I,, = I possesses a ['-limit ™,
namely the lower-semicontinuous hull of I, given by

I'(z) = inf liminf I(zy,). (5.15)

Tpn—T M—$00
I* is called the relazation of I.
(ii) If each z,, is a minimiser of I,, and z,, — x, then x is a minimiser of I.

(iii)) We may define I'-convergence on topological spaces, cf. [49]. This coincides with the
definition on metric spaces when equipped with the standard topology. Weak con-
vergence is not metrisable on Banach spaces. However, it is metrisable on reflexive,
separable Banach spaces on bounded sets. Hence, if a functional I satisfies a certain

growth condition; i.e.
a((lz]]) < I(z) (5.16)
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for a function a: [0,00) — R with a(t) — oo as t — oo, we just use the metric for

weak convergence defined on bounded sets of the Banach space.

(iv) In topological spaces, especially in Banach spaces equipped with the weak topology,
the constant sequence I, = I does in general not possess a sequential I'-limit, as the

infimum in ([5.15)) does not need to be a minimum.

(v) If I does not satisfy the growth condition ([5.16)), it is possible to consider the se-
quential T-limit, given as in Definition [5.3] However, this might not exist, even if
the topological I'-limit of a sequence of functionals exists. In particular, the constant

sequence might not have a sequential I'-limit.

In the following we only consider the sequential I'-limit of sequences in the weak topology
of some Banach space (usually LP x L9). If the functional I is coercive in the sense of
(5.16)), then the sequential I'-limit coincides with the topological I'-limit. More precisely,

the following result holds true.

Lemma 5.5 (Uniform convergence and I'-convergence). Let V' be a reflexive, separable
Banach space equipped with the weak topology. Suppose that I,,I:V — [—o0, 0], such
that I,(v) — I(v) uniformly on bounded sets of V. If the sequential I'-limit of the constant

sequence I exists, then also I, possesses a I'-limit and

- lim I,,="— lim I =1T".

n—0o0 n—oo

Note that the sequential I'-limit of the constant sequence I exists if the functional is

coercive.

Proof. If v,, — v is a bounded sequence in V', we have

lim sup sup |, (vy,) — I(vp)| = 0.

m—o0 neN

Therefore,

limsup I, (vy,) = limsup I (vy,) < I*(v) and liminf [, (v,) = lirginfl(vn) > I*(v),

n—00 n—00 n—0o0

which establishes both the lim sup-inequality and the lim inf-inequality. O

Korn—Poincaré inequality

In this subsection, we revisit a combination of Korn’s inequality (i.e. the full gradient
is controlled by its symmetric part) and Poincare’s inequality to obtain an estimate of the
form

|ullwis < Cllellr, where 1<p<oo and e= 1 (Vu+Vul).

This estimate is a straightforward consequence of the p-Korn inequality and the Poincaré

inequality, cf. for instance [35].
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Lemma 5.6 (Abstract Korn—Poincaré inequality). Let 1 < p < oo and Q C RN be open,

connected, and bounded with C'-boundary. Then the following is true.

(i) There is a constant C' = C(p,Q), such that for any u € WIP(Q,RY) we have
lu = (Auz + bu)llwrr < Cl[Vu+ Vul | e,

where A, = %][ Vu— Vol dz and b, = ][ udx.
Q Q

(ii) Let X € WHP(Q,RY) be a closed subspace, such that

Xﬂ{Ax+b:AeRNXN be]RN}:{O}.

skew

Then there is a constant C = C(p, 2, X), such that for any u € X we have

|ullpwrr < C|Vu + Vul || 1.

5.2.2. The differential operator A for problems in Fluid mechanics

In this subsection, we discuss how the fluid mechanical constraints (5.8) and (5.9) fit
into the abstract setting outlined in Subsection [2.4.2] and in Section 4.7 We consider the

two differential operators

A; = curleurl? : C®(Ty,Y) = C®(Ty, (RV)®?)
Ay = div: C®(T,Y) x C®(Ty,R) = C®(Tyn,RY)

as follows

(curl CurlT(e))ijkl = 81']‘6“ + 8]gl€ij — ailekj — 8@61[, i,j, k,l = 1, ceuy N
N

(div(5,m)); = (div(s — mid)); = Y _0;(6 — wid)yy, i=1,..,N.
j=1

The Fourier symbol of the differential operator A; is given by

(A1[€(€) s = &i&jem+En&ieij —&ilien; —ExSjen, & € RY\{0}, e€Y, 4,5,k 1=1,...,N.

For Ay the Fourier symbol reads
N
(Aol€)(G,m)); = > &6ij —&m, E€RNA\{0}, (6,m) €Y xR, i=1,...,N.
j=1

For a fixed ¢ € RY \ {0}, the set ker Aj[¢] x ker Ag[¢] is given as follows. Let Yz C Y be
defined as
Ygz{(t@{:aeRN, aJ_f},
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1
where a®¢& = = (a ® £ + £ ® a) is the symmetric tensor product. Note that Ye isa (VN —1)-
9 3

dimensional subspace of Y. Then we have
kerAj[€] = Ve and  ker Agl¢] = {(6’,71‘5): Ge Yg} ,
where 75 is defined as the unique 7 € R, such that As[¢](F,7) =0, i.c.

€T
7T e

The differential condition curl curl” e = 0 for € € Lg; (Tn,Y) encodes that € is a symmetric

gradient, i.e. there is u € WHP(Ty, RY) satisfying
lullwie < Cllellre, e=32(Vu+Vul) and divu=0.
The differential operator
Bi: C(Tn,RY) Nkerdiv — C®(Tn,Y): ur— & (Vu + VauT)

can be treated as if it was a potential of Aj;.

Remark 5.7. Due to the additional constraint divu = 0, B; is not a potential to A; in
the sense of Definition (2.3)). Note, however that a function v € W1P(Ty, RY ) with zero

average satisfies the differential constraint divu = 0 if and only if
u = curl*U

for a suitable function U € W?2P (TN, Rg{:WN ), where curl® is the adjoint of curl; in other

words curl® is a potential of div. In particular, this also means that if € = % (Vu + VuT),
then there exists U € WZ? (TN, RY*N ) such that

skew
€= % (V + VT) o curl* U.

Consequently, B; = % (V + VT) o curl® is a potential of Aj;.

For the purpose of applying Fourier methods, we can use the symmetric gradient 3; on

divergence-free matrices instead. The suitable inverse of By in the Fourier space is
Bl_l = curl* oy,

which is a Fourier multiplier of order 1 + (—2) = —1.

The potential to the differential operator As is not relevant in this setting. Let us remark
that the condition
—dive +Vr = f,

for (5,7) € LY(Tn,Y x R) and f € W 5P (T, RY), can be rewritten in terms of & only,
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as

—curlodive = curl f.

Another strategy to tackle the linear problem from a “purely’ Fourier analytic perspective
would be to “forget” about the pressure 7w by using the operator flg(&) = curlodiva.
Note that in this approach the operator curlodiv acting on & is the adjoint operator of

% (V + VT) o curl® which acts on U. For the non-linear problem, cf. Subsection this
approach yields the equation

—curldivé = curl f — curl(u - V)u. (5.17)

We believe however, that from the fluid dynamical point of view it is more instructive to

include the pressure m € L4(£2) by sticking to the more physical equation

—dive=f—(u-V)u— V.

5.3. Existence of minimisers — Weak Lower-Semicontinuity

and Coercivity

5.3.1. Weak lower-semicontinuity under differential constraints.

Throughout this paragraph we consider 1 < p,q < oo, a Carathéodory function F: 2 x
(R™ x R™?) — R and functionals I, J: LP(Q,R™') x L1(2,R™?) — R defined by

J(w), Av=
J(U):/Qﬁ"(a:,v(:z:))dzr and I(v) = (v) / (5.18)

00, else,

The following proposition is a straight-forward adaption of the semi lower-continuity result
[65, Theorem 3.6] to the (p, q)-setting (also cf. Proposition [4.29)). Recall the notion of A-

quasiconvexity as considered in Section [4.7]

Proposition 5.8. Let 1 < p,q < oo and let F: Q x R™ x R™ — R be a Carathéodory

function satisfying the growth condition
0 < F(z,21,22) <CA+|21P + |22]7), 21,22 € R™ x R™2, (5.19)

Moreover, let F(x,-) be A-quasiconvez for a.e. x € Q. Then the following holds true:

(i) along all sequences vy, — v in LP(Q,R™) x L1(Q,R™?) with Av, — Av strongly
in WRP(Q,R™) x WF29(Q,R™2) the functional J is sequentially weakly lower-
semaicontinuous, i.e.

J(v) < liminf J(v,);

(i) the functional I is sequentially weakly lower-semicontinuous on LP(£, R™1)x L1(, R™2).

The proof of [65, Theorem 3.6] is based on a suitable notion of equi-integrable sequences.
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Definition 5.9. A set X C LP(Q,R™) x LY(Q,R™2) is called (p,q)—equi-integrable, if
for all e > 0 there exists a § > 0, such that

E measureable , |E| <§ = sup/ [v1|P + |v2|?dx < e,
veEX JE

that is {v1}yex and {va}yex are p-equi-integrable and q-equi-integrable, respectively.

The key insight for Proposition is that it suffices to consider (p,q)-equi-integrable

sequences. This is the content of the following proposition which is again a straightforward
adaption of the p-setting (cf. Lemma .
Proposition 5.10. Let 1 < p,q < 0o and let F: Q x R™ x R™ — R be a Carathéodory
function satisfying the growth condition . Let v, = v in LP(Q,R™)x LY(Q,R™?) and
suppose that we are given a (p, q)-equi-integrable sequence w, € LP(Q,R™) x LI(Q,R™?)
such that for some max (1/p,1/q) < 6 <1

lvn — wallLowx foa — 0.

Then we have
lim inf J(wy,) < liminf J(vy,).

n—oo n—oo

The proof of Proposition [5.10] is contained in the proof of the following theorem.

Theorem 5.11. Let 1 < p,q < oo and let X C LP(Q,R™) x LI(Q,R™) be weakly closed.
Moreover, let F,F,: Q x (R™ x R™) — R be Carathéodory functions. We define the
functionals I,i(, I: X 5 R as

IX

n

/?n(x,v)da:, veX /?(x,v)dx, veX
(v) =< /0 and IX(v)={Ja

o, else, o, else,

Suppose that X satisfies the following condition:

(H1) For all bounded sequences v, C X there exists a (p, q)-equi-integrable sequence w, C

X, such that w, — v, — 0 in measure.
Suppose further that Fp,,F satisfy:
(H2) there exists a constant C > 0, such that for all (z1,2z2) € R™ x R™ and almost

every x € ) we have

0 < Fnlw,21,22), F (2, 21, 22) < C(1+ |21 + |22|%);

(H3) F and F,, are uniformly continuous on bounded sets of R™ x R™2, i.e. there exists
a function vg : [0,00) = R, such that for all z1,z2 € R™ x R™? with |2z1],|22] < R

and for almost every x € Q:

|Fn (2, 21) — Fu(z, 22)| + |F(z, 21) — F(x, 22)| < vr(|z1 — 22]);
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(H4) the functionals with integrands F,, converge uniformly on equi-integrable subsets, i.e.
for all equi-integrable sets B C LP(Q,R™) x LY(Q,R™') and for all e > 0 there exists
ne € N, such that for all v € B it holds

/Qﬁrn(x,v(a:)) —JF(z,v(z))dz| <e, n>n..

Then the functionals Iff and I enjoy the following properties:

(i) for all sequences v, — v in X, there is a sequence wy, — v in X such that

lim inf IX (wy,) < liminf I (v,,);

n—oo n—oo

(i) for all sequences v, — v in X, there is a sequence wy, — v in X such that

lim inf IX (,,) < liminf I (v,,);

n—oo n—oo

(111) if the sequential T'-limit of the constant sequence IX exists, then the sequential T-limit
of IX exists and

I — lim IX =T — lim I¥.

n—0o0 n—o0

Note that the constraint set C in the fluid mechanical application is weakly closed and
may thus play the role of the set X in the abstract setting.

Proof. @ The main idea of the proof is to show that a suitable version of Proposition

holds, namely that sequences w, C X as in [(H1)| already satisfy (i)} To this end,
let v, C X be bounded, and let w, C X be a (p, q)-equi-integrable sequence, such that
wy, — vy, — 0 in measure. Then we have

lim supI:X (wy,) — I (v,) /ff x,wy) — F(z,v,) dx

n—o0

Slimsup/ Fn(z, wy) — Fx, wy) dJ:Jrlimsup/ F(z,wy) — F(x,vy) de.
Q

n—o0 n—oo

Due to |(H4)| and the (p, ¢)-equi-integrablility of w,, the first term tends to 0. In order to
estimate the second term, let L > 0 be a constant such that ||vy||ze, ||wn|ze < L. Then,
using [(H2)| for any R > 0 we obtain

/fo(:c,wn) — F(x,v,)dz

= / F(x,wy) — F(x,v,) dz —l—/ F(x,wy,) — F(x,v,) dz
{lwnl,lvn| <R} {lwn|>R}U{|va|> R}

S/ F(x,w,) — F(x,v,) dx + sup / C(1+ |wp1l? + |wp2|?) dz
{lwnl,lon| <R} E: |E|<2(L/R)min(p.9)

The first integral on the right-hand side of this inequality converges to 0 as n — oo, by
(H3)| and the fact that w, — v, — 0 in measure. Moreover, since the sequence w,, is
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(p, )-equi-integrable, the second integral can be bounded by a constant cg with cg — 0

as R — oo. Consequently,

lim sup/ff(:c,wn) —F(z,vy)dx <0

n—oo

and we conclude that
limsup 17X (wy,) < liminf I (v,,). (5.20)

n—00 n—00

The second statement is obtained in the same way by swapping the roles of &F,, and F.

Note that we can uniformly estimate

/ Fn(z,wy) — Fpz,vy,) de,
{lwn|,|lvn| <R}

as all &, have the same modulus of continuity on bounded sets, cf. [(H3)
If the sequential I-limit of I exists (we denote it by I°**), then for all v € X the

following holds true.

(a) Every sequence v, C X with v, — v in X satisfies I**(v) < lim inf I (v,,).
n—oo

(b) There exists a sequence v, C X with v, — vin X, such that IX*(v) > lim sup I (v,,).
n—oo

The lim inf-inequality for If is ensured by ie. if v, = v in X, then

liminf IX (v,,) > liminf I (wy,) > I (v),

as wy, — v in X. On the other hand, the lim sup-inequality follows from we can modify
a recovery sequence v, (or at least a suitable subsequence) to an equi-integrable recovery
sequence w,. By we find that

I*(v) > liminf I (vy,) > limsup I (wy,).
Nn—00 n—00

This completes the proof. O

The main challenge in applying Theorem to the case in which X is a set given by
differential constraints and boundary conditions is to verify Hypothesis In Section
we deal with the conditions on the integrand F. Thus, for a given sequence
v, we need to construct a suitable (p, q)-equi-integrable modification w, that conserves
both the differential constraints and the boundary conditions. We have already proven

this result in Theorem For reference, let us give this result without a proof again.
Corollary 5.12 (Preserving boundary conditions). Let v € LP(Q,RYN) and let v, C
LP(Q,RYN), such that v, — v in LP and Av, — Av in WEAP(Q RY). Let B be a po-
tential of A.

(a) Suppose that v can be written asv = Bu. There exists a sequence u, C WEP(Q,R™),
such that
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(i) un —u is compactly supported in §2;
(ii) Buy, is p-equi-integrable;

(i) ||Bun — vnl|1r) — 0 for some 1 <1 < p.

(b) There is a sequence vy, such that
(i) Av, = Av;
(ii) Up — v is compactly supported in Q;
(111) Uy, is p-equi-integrable;
(1) [[on — vnllLr@) — 0 for some 1 <r <p.

Corollary is used to modify sequences of functions in the constraint set € to obtain
equi-integrable sequences while at the same time preserving differential constraints and
boundary conditions. Note that in problems of fluid mechanics the boundary conditions
are typically given for u, the potential of €, therefore part is suitable for this problem.

On the other hand boundary conditions for o are directly given in terms of the stress.
Hence part @ is suitable there.

5.3.2. Relaxation

If the function F is not A-quasiconvex, the functional I fails to be weakly lower-
semicontinuous. Hence, we cannot ensure existence of minimisers just by using the Direct
Method.

However, when studying the Data—Driven problem, it is still sensible to consider approx-
imate minimisers, i.e. sequences v, with I(v,) converging to the infimum of I, and their
weak limits v*. In the following we will define a suitable relazation I* of I, such that any
such weak limit v™ is a minimiser to I and, vice versa, any minimiser of I'* is a weak limit

of approximate minimisers.

Relaxation under a linear differential constraint.

We recall the definition of I from ([5.18). For simplicity, we write for the quasiconvex
envelope of a function F:  x R™ x R™? — R as

QuF(z,v) = Qa(F(x,"))(v).
Note that by Proposition the functional I* given by
/ QaF(z,v(x))dz, Av=0
I*(v) =< Ja
o, else,

is weakly lower-semicontinuous in LP(Q, R™!) x LI(Q2,R™?). That this is indeed the relax-

ation of I follows from the following (linear) result [25] and also Theorem [4.16]
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Proposition 5.13. Let F satisfy the following hypotheses
(A1) F: Q x (R™ x R™) = R is a Carathéodory function;
(A2) for all x € Q and (v1,v2) € R™ x R™? we have

0 < F(z,v1,09) <O+ |vrf” + |va]?).

Let (vi,v9) € LP(Q,R™') x LI(Q,R™?). For any € > 0, there exists a bounded sequence
" = (v]%,vy°°) in LP(Q,R™) x LY(Q,R™?), such that

(i) v’ = vy in LP(Q,R™) and vy — vy in LI(Q,R™?) as n — oo;
(ZZ) .,41’[)?75 = Ayv; and .AQU;L’E = Ayvs.

(111) v" is almost a recovery sequence, i.e.

/ OAF(z,v)de > lim [ F(z,v™)dx +e.
Q

n—o0 Q

Remark 5.14. Recall that (cf. Remark [4.18]) the L x L? bound on the sequence depends

on €, so a priori we might not be able to take a diagonal sequence v"’s(”), such that

/QAS'(CC,U) dz > lim [ F(z,v™M)dz.
Q

n—o0 [¢)

Relaxation under a semi-linear differential constraint

As above, let @ € RY be an open and bounded domain with Lipschitz boundary. Instead

of considering a linear differential constraint, e.g.

./412}1 =0
A2U2 = f)

we include a semilinear term. In the fluid mechanical setting this semilinear term is given
by
e— (u-V)u,

where v is uniquely determined by € due to boundary conditions and the constraint e =
s(Vu+vul).

We fix a suitable setting. Let, as before A;: LP(Q, R™) — W k1P(Q, R1') be a constant
rank operator with a potential By : W1 P(Q R") — LP(Q,R™) and Ay: LI(Q,R™) —
W kep (Q,Rb) be a constant rank operator. In addition, we require the semilinear term

to satisfy the following:

(A3) 0: @ x R™M x (R @ RY) ... x (R x R @ (RV)®*51 — R™ is a continuous map;
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(A4) The map © defined on W*s1P(Q, R") via
(Ou)(z) = 0(z, u(z), Vu(z), ... v u(z))

is continuous from the weak topology of WFs1P (Q,Rhl) to the strong topology of
WL (Q, R2) for some r > q.

We study the following set of constraints:

./41’()1 =0
v1 = Biw (5.21)
.AQUQ = Ag@(ul).

Theorem 5.15. Let F: Q x R™ x R™ — R satisfy the assumptions from
Proposition and let ©: W*sLP(Q R™M) — L™(Q,R™) and A,, Ay satisfy the afore-
mentioned hypotheses . Suppose that u; € WFP(QR"M) and v = (vy,v2) €
LP(Q,R™) x LY(Q,R™2), such that uy = Byvi and Asvy = O(vy). Then, for all e > 0,
there exist bounded sequences uj ,, € WHEP(Q,RM) and v € LP(Q,R™) x LI(QR™?) such
that

(i) Brui, = v,

(ii) ui, — uy is supported in 2, CC €2;
(ii1) A2v5,, = A20(ui,,);
(iv) v5,, — ve is supported in 2, CC €2;

(v) v; is almost a recovery sequence, i.e. it satisfies

/Q QAT (z,v)dz > nh_}ngo ) F(z,vy)dr —e.

Remark 5.16. (i) The statement of Theorem is quite strong concerning boundary
conditions. Indeed, the recovery sequence consisting of uj,, and v5,, satisfies both
Dirichlet boundary conditions for uf ,, and a Neumann boundary conditions for v3 ,,.
In the minimisation problem in Section below we only require weaker boundary

conditions.

(ii) Remark is still valid in the setting of Theorem More precisely, if we have a
coercivity condition on the functional restricted to functions obeying [5.21] and some

boundary conditions, then we may find a recovery sequence satisfying |(i)H(iv)| and

/QAS"(:U,U)d:L"Z lim [ F(z,v,)dz.
Q

n—oo [¢)

(iii) In the specific setting of Theorem one only needs coercivity in v; and in the

viscous part 6. Given v = (v1,va) = (v1, (6, 7)), the LY(2)-norm of the pressure 7,
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may be bounded by
Imnllze S IV llw-1a + 11067 = 7 id V) w1700 (00) + | div opllw-1.

Slogllze + 10i )lw-1a + (07 = 7 id)vllw-1/0.0(50)-

In particular, if ©(v1) can be bounded in terms of ||vq||zp, then it suffices to consider

a coercivity condition of the form
(v1,v2) € €, (|l1]lze + [|o||Ls = 00) = / F(z,v)dr — 0.
Q

Proof of Theorem [5.15 By the linear relaxation result Proposition [5.13] there exists a
sequence (01, U2,,) C LP(2, R™)x L1(Q, R™?) weakly converging to v = (v;, v2) satisfying

./415‘;:,” =0

AQ'D;n = Ayvy = AQ@(Ul)

/ QaF(z,v)dz > lim F(z,vy)dx — €
Q

n—oo 9]

By Proposition and Corollary we may take uj, C WkP(Q R"), and 0, C
LP(Q,R™) x L1(Q,R™?), such that

() %, = Biis,.
(ii) the first ki-derivatives of @j ,, are p-equi-integrable;
(iii) 93, is g-equi-integrable;

(iv) A293,, = A20(u1);

(v) the functions @f ,, and 5, satisfy the boundary conditions
spt(a],, —u1) C Qy
spt(f);,n —vg) C Qy,

for some Q,, CC €);

(vi) / QuF(z,v)dz > lim [ F(z,05)dx —e.
Q n—oo Jq
We set v} = 45 ,, and uf,, = @, and modify 95, by
Ugn = Vg + W3,

such that Asv5,, = ©(ui,,). In particular, we solve the following equation:

Agws,, = A2(0(vi,) — O(v1)), x€Q

spt(w3, —v2) CC

(5.22)
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But we know that w5 ,, = ©(uf ,,) —©(u1) already is a solution to this system. Asuj, —u1
is supported inside €2, CC €, so is uj,, due to the definition of the map ©, cf. and
(A4)l Due to weak-strong continuity we have

w3, llzr = [1©(u],,) — ©(v1)|lLr — 0 asn — oo.

Then v5,, == 05, + w5, still is g-equi-integrable, as 5 ,, is g-equi-integrable and w5,
bounded in L"(£2, R™?) for some r > ¢; hence also p-equi-integrable. Moreover, as vin — v

in LP(©2,R™?) and O is weak-strong continuous,

Hﬁg,n - Ug,n ‘LT = ng,nHLT — 0 asn — oo,

and we conclude by Proposition that

limsup/ F(z, 0] ,,,v5,)dr < liminf/ F(z,01,,05,)dr.
Q Q

n—00 n—oo

As ©3,, — vz is compactly supported in €, v5, — vy satisfies the demanded boundary

conditions and Av5,, = A20(v],,). Hence, v}, is almost a recovery sequence.

O

Remark 5.17. The statement of Theorem [5.15] is formulated towards its application for
fluid dynamics, cf. Subsection Observe that in the proof of Theorem [5.15] a main

step was to solve the differential equation
Asw = Ay (@(uin) — @(ul)) (5.23)

together with suitable boundary conditions. This equation is solved by the observation,
that (©(ui,) — ©(u1)) already satisfies the boundary conditions.

If we generalise the setting to other non-linearities, we need more assumptions on the

non-linearity. For example, consider a constraint like

./411}1 =0
v = Blul
Asvg = ((uy).

for some map ¢: W1 P(Q,RM) — W~*42:9(Q, R"). Then weak-strong continuity is not
enough, as one also needs to solve the analogue of ([5.22)) with suitable boundary conditions.

If for example, A = div, then a further condition is as follows: Whenever u; and | satisfy
spt(uy — u}) CC €, then /C(ul) — ¢(u}))dz = 0 (such that the divergence-equation is
solvable, cf. [24]).
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5.4. Convergence of data sets

In this section, we define two different notions of data convergence, i.e. we define a
suitable topology on closed subsets of Y x Y. We show that these notions are equivalent
to convergence of the unconstrained functionals J. In particular, these notions of data
convergence are independent of the underlying differential constraint. Moreover, recall
that we assume that the data consist of pairs of strain e and the viscous part & of the

stress; the pressure 7 is not part of the data.

5.4.1. Data convergence on bounded sets

Definition 5.18. Let Y x Y be equipped with the metric d: Y xY — R, the distance
function dist and let (D), D be closed, nonempty subsets of Y x Y. We say that D,
converges to D strongly in the topology Tva, Dn bd, D, if the following is satisfied:

(i) Uniform approximation: There exists a sequence a, — 0 such that for all z =
(e,6) € D it holds
dist(z, D) < an(1 + |e|P + |a|?).

(ii) Fine approximation: There exists a sequence b, — 0 such that for all z, =
(én,0n) € Dy, it holds

dist(zp, D) < bp(1 + |en|P + |0n]7).
Let us consider the functionals defined on V' by
J(v) = / dist(v,D)dz and J,(v)= / dist(v, D,,) dx.
Q Q

Theorem 5.19. Let D,,, D be closed, nonempty subsets of Y xY . The following statements

are equivalent:
(i) Do % D;

(i1) For all v € V it holds that
lim J,(v) = J(v)

n—o0

and this convergence is uniform on bounded subsets of V.

Proof. ‘(i) = (ii)’. Suppose without loss of generality that 0 € D. Otherwise we

translate the underlying space which at most changes a,, b, by a bounded factor. Let

v eV, with / dist(v,0) dx < R. Then for n € N we may estimate
Q

/Qdist(v,D) dx:/ﬂd(v,D)pde/Q(d(v,wn)+d(wn,D))p dz,

where wy,(z) € D,, is a point in D,, such that d(v(z), w,(x)) = d(v(x),D;). Note that, as

0 € D and due to the uniform approximation property, we obtain a pointwise bound on
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Wp, 1.e. d(wp(x),0) < 2d(v(z),0) for n large enough. Therefore, for some e > 0 we get
/Qdist(v,D) dz < /Q (d(v,Dn) + by, (1 + dist(wn, 0))1/;0))17 s
< /Q (d(v,Dn) +2b, (1+ dist(v,O))l/p>p da
<(14¢) /Q d(0, D) + Cle, p)B (1 + dist(v, 0)) da
< /Qdist(v,Dn) dz + <6/Qdist(’u,1?n) dz + C(e,p)bP (1 + R)) .

Note that / d(v, Dy,)P dz is bounded from above (for n large enough) by 2/ d(v,0)Pdz <
Q Q
2R as 0 € D and 0 is approximated uniformly by elements of D,,. Therefore, for any § > 0

we may choose € and ng € N such that for all n > ng we have

|

o
6/ dist(v, D,,) da < B and C(eg,p)bb(1+ R) < —.
Q
Consequently, there exists §(R,n) — 0, such that for all v € V' with / dist(v,0)dz < R
Q

it holds that

J(u) < Jp(v) + (R, n). (5.24)
For the lower bound on J(v) we can do the same calculation using fine instead of uniform

approximation and find that for any v € V with / dist(v,0) dz < R we have
Q

/ dist(v, D) dx < / dist(v, D) dz + (6/ dist(v, D) dx 4+ C(e,p)ab (1 + R)> .
Q Q Q

We argue as for the lower bound, to obtain S(R,n) — 0, such that for all v € V with
/dist(v, 0)de <R
Jo(v) < J(v) + (R, h). (5.25)

Therefore, the convergence J,,(v) — J(v) is uniform on bounded subsets of V.

‘(ii)= (i)’.  We prove the statement by contradiction. Suppose first, that D is not
uniformly approximated, i.e. there exists a > 0 and a subsequence z,, = (€y,,p,) C D,
such that

dist(2ny, Dny,) > a(1+ |eng [P + |0, |7) = a(1 + dist(zn,,0)).

We assume without loss of generality that 0 € D. Let X, be a subset of ) with measure
Q| (1 + dist(zn, ,0)) "', We define

0, x ¢ X,
Up, (2) ==
Zng, T E Xp,.
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Then / dist(vp,, 0) is bounded uniformly from above by |Q|. Furthermore,
Q

/ dist(vp,,D) =0, keN.
Q
On the other hand,
/ dist(vp, , D, ) > / dist(zn,, Dny) > [En,| - a(1 + dist(2,,0)) > [|Qa.
Q Sy
Therefore, J,,(v) does not converge to J(v) uniformly on bounded sets of V.

If D, is not a fine approximation of D, the argumentation is similar. Then there exists

b > 0 and a subsequence z,, € D,,, such that,
dist(zn,, D) > b(1 + dist(zn,,0)).

Again, assume that 0 € D. We may assume that there exists a sequence 2], — 0 with
2!, € Dy, otherwise for v = 0, it holds that

limsup/ dist(v, Dp,) dx > 0 = / dist(v, D) dz.
Q Q

h—o00

Let ¥, be a subset of Q with measure |Q|(1 + dist(z,,,0)) ™" and define

o () 1= 0, x ¢ Xy,
" Zng, T E Xp,.

As argued before, / dist(vp, , D) do is bounded uniformly by || and for k¥ € N we find

0
that

/ dist(vp, , Dy, ) de = / dist(0,D,, )dz — 0 as k — oo.
Q O\Zp,

But, for the distance to D we have

/dist(vnk,D):/ dist(zn,, D) > [Sn,| - b(1 + dist(2p,,0)) = b|€2].
Q Ty,

Therefore, the convergence J,(v) — J(v) cannot be uniform on bounded subsets of V. [J

The definition of this type of convergence is motivated by Lemma In particular, we
have as a consequence that if D, b, D, then the sequential I'-limit of J,, and the constant
sequence J coincide, i.e

I'- lim J,=T- lim J.

n—o0 n—oo
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5.4.2. Data convergence on equi-integrable sets

Definition 5.20. We say that a sequence of closed sets D, CY XY converges to D in the
JTeq-topology, Dy, -4, D, if there are sequences ayn,b, — 0 and Ry, S, — oo such that the
following is satisfied:

(i) Uniform approximation on bounded sets: For all z € D with dist(z,0) < R,
we have
dist(z, Dy) < an(1l+ leP + |a|?).

(ii) Fine approximation on bounded sets: For all z, € D,, with dist(zy,0) < S,, we
have
dist(z,Dy) < bp(1 + |en|P + |n]9).

Remark 5.21. The following statements are equivalent to the uniform approximation on

bounded sets:

e For all R > 0 there is a sequence af — 0 such that for all z € D with dist(z,0) < R
we have
dist(z, D)) < al}(1 + |e]? + |5]%).

e Foralla > 0 and R > 0, there is an n(a, R) such that for all z € D with dist(z,0) < R

and n > n(a, R) we have

dist(z, D) < a(1 + P + |5]9).

Similar equivalent statements hold for the fine approximation on bounded sets.

Theorem 5.22. Let D,,, D be closed, nonempty subsets of Y xY . The following statements

are equivalent:
(i) Dy, 4 D in the Teq-topology;

(ii) the functionals J,, converge uniformly to J on (p,q)-equi-integrable subsets of V.
That is, if X C V is (p,q)-equi-integrable, then

lim sup |Jp(v) — J(v)| = 0.

n—oo veX

Proof. = : The proof is similar to the proof of Theorem We only prove that

fine and uniform approximation imply that, for a (p, ¢)-equi-integrable subset X C V, we
have
liminf inf J,(u) — J(u) > 0. (5.26)

n—oo veX

The converse inequality follows similarly. For simplicity assume that 0 € D and that p > q.
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For some fixed R > 0 we estimate

I,(v) —I(v) = /Qdist(v,Dn) — dist(v, D) dz

= / dist(v, D,,) — dist(v, D) dz + / dist(v, D,,) — dist(v, D) dz
{dist(v,0)<R} {dist(v,0)>R}

> / dist(v, D,,) — dist(v, D) dz — C’/ (1+ el +16]7) de.
{dist(v,0)<R} {dist(v,0)>R}

(5.27)

We now estimate both integrals on the right-hand side from below and start with the
second term. The set X C V is (p,q)-equi-integrable. Hence, there is an increasing

function w: Ry — Ry such that
[ @iep 4161 de <w(E).
E
The set X is bounded. Thus, defining

M := sup/ 1+ |efP + |6]7 de,
veX JQ

we find that the measure of {dist(v,0) > R} is bounded by MR™'. Consequently, we
obtain
- C/ 1+ |eP 4 |6]9dz > —Cw(MR™). (5.28)
{dist(v,0)>R}

We turn to the first term in (5.27)). If dist(v(z),0) < R, we may find some w(z) € D with
dist(w(z),0) < (2P +29) R, and

dist(v(z), D) = dist(v(z), w(x)).
Due to uniform approximation for all w(z), we can estimate for n large enough

dist(v, Dy,) — dist(v, D) dz = / d(v,Dp)? — d(v,D)? dx
{dist(v,0)<R}

= / d(v, Dp)P — (d(v,w)P dz
{dist(v,0)<R}

/{dist(v,o)gR}

> / d(0, Do) — (d(v, D) + d(w, D)) da
{dist(v,0)<R}
> / —ed(v,D,)? — Cod(w, D,) dx
{dist(v,0)<R}
> —eM — Cea, M.
Together with ([5.28)) this implies

Jn(v) = J(v) > —Cw(M/R) —eM — C.a, M.
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Choosing R(¢) and n large enough, then for any ¢ there is n., such that
Jp(v) = J(v) > —2Me, ve X, n>ng,

which establishes ([5.26]).

‘[@] = @]’: This implication is a consequence of the same counterexamples as in Theorem
Indeed, suppose that the sets D,, do not uniformly approximate D on bounded sets.
Then there exist R > 0, a > 0 and a sequence z,, C D, such that dist(z,,0) < R and

dist(zny, Dn,,) = a(l + [en, [P + [T, [ ).
By the same construction as in the proof of Theorem that is

07 z ¢ Enk

Upy, 1=
anv S an7

we obtain a sequence, such that J (v, ) = 0 and Jy,(vy, ) > a|€2| with v,, uniformly bounded
in L>(Q,Y x Y) and hence v, is also (p, ¢)-equi-integrable. For fine approximation the

argument is again very similar. O

5.5. The data-driven problem in fluid mechanics

In this section we apply the theory developed in the previous sections to the setting
of fluid mechanics. We thus specialise to an explicit set of constraints € consisting of
differential constraints and boundary conditions. In Subsection we consider the case
of inertialess fluids, leading to a set of linear differential constraints. In Subsection [5.5.2]
we consider nonlinear differential constraints. In both cases we work with the following
boundary conditions defined on three mutually disjoint and relatively open parts of the
boundary I'p,I'gr, 'y C 0N that satisfy

I'puUl'RrUDl'y =9Q and /HNil(fD\FD)Z/HNil(fR\FR)Z/HNfl(fN\FN):0

and have C'-boundary as subsets of the manifold 9Q. We consider (¢,5) € LP(Q,Y) x
LY(,Y) with an associated velocity field u : Q@ — RY, where ¢ = 2 (Vu+ VuT) and a
pressure field 7 :  — R, such that v and o satisfy the following boundary conditions.

(D) No-slip/Dirichlet boundary conditions:
u=g onTp forge W=VPP(p RY).
(R) Navier-slip/Robin boundary conditions:

u-v=g,
on FR
Pran ((5’ + 7Tid)l/ + )\u) = h;
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for g, € Wpl_l/p(FR) and h, € W_l/q’q(FR,RN). Here, A > 0 is the inverse slip-
length and Ppgq is the orthogonal projection to the tangent space. Note that the

second equation can equivalently be cast as

Prog (6v+ Au) =h, on I'p. (5.29)

(N) Neumann boundary conditions:

(G+mid)y=h onTy for he W™/ y RY).

Remark 5.23. (i) The boundary conditions for u can be understood as conditions for e
in a suitable weak formulation. For instance, if I'p = 952, then @] is equivalent to

the following condition on e. For any ¢ € W19(Q,Y) with divp = 0 we have

/e-godx:/ gle-v)dHN L,
Q o0

However, since an € that is contained in the constraint set € automatically admits a
corresponding u, we write the conditions directly for u. A similar remark applies to

the appearance of .

(ii) The Navier-slip boundary condition requires Progu € WY%9(Ig, RY) since
the other two terms in are contained in this space. Since € € LP(2,Y), and by
Lemma we have u € W=VPP(T'p RY). The space W!™V/PP(I'g) embeds into
W~Y949(T'), whenever either p > ¢ or

|_1_N-1y 1_N-1
P pr — q q
Thus, since ¢ = 1%’ we require
ON
p> 2 (5.30)

We can therefore treat the Navier-slip boundary condition in the physically relevant
dimensions N = 2 and N = 3 for p > 4/3 and for p > 3/2, respectively.

(iii) The Navier boundary condition includes the so called free-slip boundary condi-
tion for A = 0.

(iv) For simplicity we assume in the following that either T'y = 9Q or I'p # 0. This
allows us to control ||u|y1» in terms of ||e]|z» and the boundary data via the Korn—
Poincaré inequality, cf. Lemma[5.6] If T'g # (), while I'p = 0), it becomes tedious to
specify under which conditions this control can still be obtained. See Lemma
and Remark below.

In order to obtain a Korn—Poincaré type inequality, u has to be uniquely determined by
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the above boundary conditions

U =g, zxelp (5.31)
u-v=gq, x€lR

and the constraint
e= 3 (Vu+vul),

or the conditions must be invariant under renormalisation by rigid body motions.

Lemma 5.24 (Validity of the Korn-Poincaré ineqaulity under boundary conditions). Let
Q c RY be open and bounded with Cl—boundary and let 99 = Tp UTRr Uy be as
above. Moreover, suppose that g € W'YPP(0Q,RY), g, € W'=VPP(0Q) and that for all
A e RYVXN " p e RN we have

skew ?

Axr+b=0, r€lp
(Az +b) -v(x) =0, z€Tg

A=0, b=0. (5.32)

Then the following statements hold true:
(i) If u1 and ug satisfy (5.31)) and

Vuy + Vul = Vuy 4+ Vul,

then u1 = us.

(ii) For allu € WHP(Q,RY) obeying (5.31)), the Korn-Poincaré inequality
[ullwrr < CA+ [ Vu+ Vu" | 1p) (5.33)

holds for a constant C = C(Q,I'p,I'r,9,9v,D).

Proof. @: The assertion follows from the fact that if Vu; + Vu! = Vug + Vul, then
u] — us = Ax + b for some A € Rg{:WN and b € RY. Condition then implies that
A=0and b=0.
@: The vector space X C W1P(Q, RY) of functions satisfying the homogeneous boundary
conditions in (5.31)) satisfies, due to ,

X Nn{Az+b: A e RY*N b e RV} = {0}.

skew

By transposition we get the inhomogeneous version ([5.33|) for the affine space of functions

satisfying ([5.31)). O

Remark 5.25. Indeed, (5.32)) is a rather weak condition on the set 2. For example, in

dimension N = 2, the weakest boundary condition in the case I'p = () would be

(Ax 4+0b)-v(x) =0 on g
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Since Rzkxezv is one-dimensional, we can explicitly set

A_(jlé)

It follows that the only sets not satisfying are such that I'g is a subset of concentric
circles. Moreover, if I'p # (), then is automatically satisfied.

In dimension N = 3, the situation is similar. Indeed, if I'p # ), then is satisfied. If
I'p = 0, then, if T'g is a subset of the boundary of a domain that is rotationally symmetric
around a certain axis, is not satisfied.

Remark 5.26. Uniqueness of u is only important for fluids with inertia. For inertialess
fluids, u only appears in the constraints through boundary conditions. Therefore, even if
€= 2(Vuy + Vui ) = 3(Vua + Vul) for us # us enjoying the same boundary conditions,
it does not matter for the system of equations whether we take u; or uo. In contrast, for
fluids with inertia, the contribution (u-Vu) in the differential constraints causes the choice
of u to be important. Therefore, in the linear setting, even if the prescribed boundary
conditions (D) [(R)| and |(N)| allow to choose different u € W1P(Q,RY), for example if

'y = 09, we may project onto a subspace that does not allow multiple solutions to

€= % (Vu+VuT).
Consequently, we can apply Lemma [5.6] in this situation.

5.5.1. Inertialess fluids
In this section we study inertialess fluids leading to the set of linear differential con-
straints from (5.8]). That is, we consider
1 T
divu =0 (linD)
—dive = f —Vm,

where f € W™H(Q,RY) is given. Combining this with the boundary conditions, the

constraint set is given by

Clin == {(e,0) € V: (D)l (R)} and are satisfied}. (linC)

Note that the statement ‘(e, &) satisfies (inD))’ means that there are u € WH?(Q,RY) and
m € LI(Q) such that (linD)]) is satisfied. For data sets D,,D C Y x Y we consider the
functionals I,, and I as in ([5.7)).

Coercivity

In this subsection we verify coercivity of the functionals I,, and I.
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Definition 5.27. We call a function F: Y XY — R (p, q)-coercive, if there exist C1,Co >
0 and v € R such that

F(e,0) = Ci(lel’ +[o*) — Ca —ye- 0. (5.34)
We say that F has (p, q)-growth, if there is Cy > 0 such that
F(e,6) < Co(1 + [el” +15]7).
For v € V' we define the functional

/&"(v)daz, vel
= Q

00, else,

I(v): (5.35)

in analogy to ([5.7)).

Remark 5.28. In Section [5.4] we examine data convergence without the differential con-
straints, in particular we studied the unconstrained functional J. In general, we do not

expect a coercivity statement of the type
vy =00 = J(v) = oc.

In the following we prove that coercivity follows in the presence of the differential con-

straints together with suitable boundary conditions, i.e. it holds that
[vllvy = 00, vE€Cw = I(v)=J(v) = oo

We can include the term e-& on the right-hand side of because it is a Null-Lagrangian.
This becomes clear in Remark and in the proof of Lemma below. In some sense
we only require coercivity away from the collinearity set {(e,5) : e = 35, 5 € R}. Because
we expect € and & to be colinear for classical fluids, this kind of transversal coercivity is a

natural condition for the distance to the data sets which takes the role of F later on.

Remark 5.29. For the purpose of exposition, we prove a coercivity result for functions on
the torus (i.e. we show A-integral coercivity, cf. Chapter{d)). Here, averages of the functions
(e,0) take over the role of boundary values and the role of the differential constraints can

be isolated more clearly.

Let F be (p, q)-coercive. We claim that there are constants C7,Cy > 0, such that for
any (eg,00) €Y xY and all (¢,6) € LP(Tn,Y) x LTy, Y) satisfying

(Vu + VuT) (5.36)
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for some m € LY(Ty), we have the following coercivity:
/EF(eo +e€,60+0)dx > cl/ le]P 4+ |o]|9da — ca(1 + |eof? + |G0]7). (5.37)
TN

We compute

/T(Eo—i-E)-(a'o—F&)d:U
:/ e-((50+&)+(7r0+7r)id)dx—i—&tg-/ (5o +5) + (10 + ) id) do
TN Tn

1
2/ 2(V“+VUT)((50+5)+(7T0+7T)id)dx+€o-/ (60 + moid) dz
TN Twn

= Vu((6g+ )+ (mo+7)id) dz + &0 - 69
Tn

:—/ U'diV(5+7Tid)dl‘+€o'50260'50.
TN

Therefore,

< leol” + |ool.

/ (o +¢€) - (60 +0)dx
TN

We conclude that

/9(60—0—6,504-5’)201/

\€0+€]p+]&0+&\qu—02—’y/ e-odx
Tn

Tn

201/ Mp—}-](~T|qd:c—C£(1+|€0|p+|50|q).
Tn

Using the boundary conditions instead of averages, we obtain coercivity of the functional

also on bounded domains, as long as the integrand is (p, q)-coercive.

Lemma 5.30 (Coercivity in 2 with boundary values). Suppose that f, g, g,, hr, and h are
given as in (inD)), [[D), [(R) and [(N}} We assume that either Iy = 02 or T'p # 0. If
Tr # 0, then we additionally assume p > 2d/(d + 1). Suppose that F: Y xY — R is
(p, q)-coercive and has (p, q)-growth. Then there are Cs,Cy > 0,such that for I from (5.35))
and for allv eV

I(v) > Cy / (el + |5]) dz — Ci.
Q

Proof. We may assume that v € Cj;,, otherwise there is nothing to show. By the coercivity

of F we have
I(v) = / F(e,5)dz > / Ch(lelP + 16]) — Cy — 7e - & dar (5.38)
Q Q

Since v € Cyjp,
€= % (Vu+VuT),

for some u with

lullwrs < C (llellzs + lglyr-s/maep) ) -
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due to the Korn-Poincaré inequality from Lemmal[5.24] Furthermore, we have the following

estimate

16 = mid)v|ly—1/a.000) < C (I6]lLa + | fllw-14) (5.39)

which is due to —dive + Vr = f. Let us now estimate the last term in (5.38). The
following computations will be done under the assumption that all functions are smooth.

The statement follows by density. Observe that

/e-&dx:/;(Vu—l—VuT)-(5—7rid)dx:/Vu-(5—7rid)dx
Q Q Q
:—/u.(diva—vn)dx+/ w- (5 —mid)y dHN !
Q o0
:/u-fdx—l—/ u- (6 —mid)y dHN L (5.40)
Q 0N

On the one hand, we have the following estimate for the bulk term

’/Qu-fda:

On the other hand, the boundary contribution can be estimated on the Dirichlet part by

< Nl lze < € (el + lglwr-smapy ) 1fllze— (5:41)

/ u- (6 —mid)ydHN !
I'p

/ g- (6 —mid)rdHN 1
T'p

< lglwi-mncrpy (I16G = TiQWlliy-1/aar,))

< lglhwr-s/maep) (15 = Tidl-1/0acey) )

< C(llellze +lloliza + 1 fllw-1.4) (5.42)

on the Navier part by first isolating the term with sign

/ u- (6 —7mid)ydHN 1 = / g (6 —mid)v — )\|PTZ(’)QU|2 + Proqu - hr dHN-L,
I'r I'r

(5.43)

and then estimating

(5.44)

/ g - (6 — wid)v + Praqu - hy dHN !
T'r

< Hgl/HWl—l/p,P(FR)H(& - 7Tid)VHW—l/q,q(FR) + ||UHW1—1/P,p(FR)HhTHW—l/q,q(FR)

< oo (Ielle + Nglhy-simoqrpy + 110 + 1 Flw-1a) (5.45)
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and on the Neumann part by

< lullwr-1/mo @) 1rllw =100 ) < Cnllellze-

/ w- (6 —mid)y dHN !
'y

/ w-hdHN1
I'n

(5.46)

Inserting ((5.43]) into (5.40) and using the result together with (5.41)), (5.42), (5.45)), and
(5:46) in (5.38) yields

IwZCMMZ+M&%£bw466M
> 1 (lelB + 151%,) — € (lellze + 15150 + 1)

c .
> =% (llellf + l511%.) = € (5.47)

where we used Young’s inequality in the last step and the constants depend on the space
dimension N, the domain Q and f, g, 9., h, hr. O

Lastly we check, that indeed the function dist(-, D) is (p, ¢)-coercive if D contains data

for which ‘e and & are aligned well enough’.

Lemma 5.31. The distance function dist(-, D) to a set D C Y XY 1is (p, q)-coercive if and
only if there are ¢c1 € R and co > 0, such that

DcC{(e,0) €Y xY:cie-a+ca>|efP+|5]7}.
Proof. ‘=’: Suppose first that the distance function to D is (p, ¢)-coercive, i.e.
dist((e,5),D) > Ci(|eP + |o|?) — Cy — ve - 5.
Then, for all (¢,5) € D we have
0= Ci(lel’ +16]) —Ca —re- o

and therefore,
(,6) €D = |efP+16]7 <ca+cre-a.

‘<" For the converse direction we need to prove that the distance function to the set
D={(e,0) €Y xY:cie-G+ca> el +1|5|7}

is (p, q)-coercive. The constant ¢y only makes D thicker by a finite amount. To see this, for
(¢,5) € D, write & = ae+ 6+ with e- 6+ = 0 and define 55 = ae + B5+. Since €7 = ale|?
we must have [55]7 < cg + cale| because of (¢,5) € D. Then |55|7 < cylae|? + p9)6+H|4
while € - & = € 5. Decreasing 3, we find a 65 such that cie - > |e[’ 4 |g|?and such that

dist((e,0), (¢,63)) is bounded independently of (e, 5).
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Thus, we may assume that co = 0 since this only shifts Co in (5.34). Then D is (p, q)-
homogeneous, i.e. (e,6) € D = (Ae, \’/%5) € D for all A > 0. This in turn implies that

the distance function is (p, ¢)-homogeneous, i.e.
dist <()\e, Ap/q(y),p) — NP dist ((e,5), D). (5.48)
for all A > 0. Let S = {|e|’ + |6]? = 1} be the unit sphere. Then the set
E:=S5n{2cie- < ||’ + |a]?}
is compact and has positive distance to D, i.e. there exists a > 0 such that
(e,6) e E = dist((¢,5),D) > a.

Hence, setting
c= max (|e[f + |o|? — 2c1€ - F),
(e,0)€E

we have

(e,6) € S = dist((€,5),D) > —(|e|P + |o|? — 2¢c1€ - ),

ole

where we use that the right-hand side is smaller than 0 on in the complement of E, while
it is smaller than a in E. This and (5.48)) show that the distance function dist is (p, q)-

coercive.

O

I'-convergence

Theorem 5.32 (I'-convergence in the linear setting). Let D,,D C Y x Y be closed,
nonempty sets, and let Cyy be given by (linC)). Moreover, suppose that

(i) The distance functions to Dy, and D are uniformly (p, q)-coercive, i.e. there are c1,ca,
such that
Dn,D CA{(e,0) €V xXV:cie-a+ca>|e|P + ||}

(ii) Dy =% D;

o < .
(111) if Tr # 0, let p > N1

Then the functional I,, T'-converges to I, where

/QAdist(v,D)dx, v € Clin
‘) ={ o

00, else.

I

Proof. The hypotheses of Theorem [5.11 are all satisfied with &, = dist(-,D,), F =

dist(-, D) and X = Cjiy,. Indeed, 1H1) is Corollary is the assumption D,, — D
and [(H2)| is satisfied by distance functions of sets, such that D, D,, N B(0, R) # () for some
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R > 0. This in turn follows from nonemptyness and D,, —» D. Condition follows
from the fact that the functions F in our setting are distance functions, hence even locally
Lipschitz continuous. Finally, the set X = €y, is weakly closed because for a bounded

sequence z, = (€,,0,,) C V the pressure 7, satisfies, after suitable renormalisation,

[mnllze < C(llonllpa + [1f1lw-1.0)

and is thus also bounded. Since the differential constraints are linear, it is possible to
take the limit for a subsequence. Therefore, Theorem [5.11] implies that I,, I-converges to
the I-limit of I, which is given by I'* due to Proposition

O

Remark 5.33. Theorem[5.22]establishes equivalence between data convergence and uniform
convergence of J,, towards J if there is no differential constraint Av = 0. It is not clear
whether such an equivalence holds for the constrained functionals I,, and I. Indeed, in an
abstract degenerate setting, e.g. ker A[¢] = {0} for all ¢ € RV \ {0}, so that only constant
functions are in ker A, it is easy to see that the equivalence does not hold. Indeed, uniform
approximation for bounded/equi-integrable functions in the constraint set C is equivalent
to pointwise uniform approximation on bounded sets. That is, there are R, — oo and
an — 0, such that for all z € D with dist(z,0) < R,

dist(z, Dy,) < ay.

This is considerably weaker than the notions of convergence introduced in Definition
and Definition A similar notion holds for fine approximation. Nevertheless, from
a physical viewpoint, the pointwise data convergence D,, s D is a reasonable assump-
tion and we are thus not interested in a complete characterisation of convergence for the

constrained functionals.

5.5.2. Fluids with Inertia

In this subsection we consider the system of differential constraints, corresponding to a

fluid with inertia
€= % (Vu + VuT)

dive =0 (nD)
—dive = f—-Vr— (u-V)u.

Regarding the boundary conditions, we make the following assumptions throughout this

subsection:
(B1) T'y =0, i.e. there are only no-slip and Navier-type boundary conditions;
(B2) T'p # 0;

(B3) One of the following two statements is true
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(B3a) p > 2;
(B3b) g =0and g, =0.

Note that assumption represents the important case of a non-permeable boundary.
In comparison to the linear problem , the set of differential constraints admits a
direct coupling between € and & through the inertial term (u-V)u. For this set of constraints
to still be meaningful, the inertial term (u-V)u needs to be in the same space as f, div &, and
V. Since u € WHP(Q,RY), for p < N (otherwise we use u € W (Q,RY) for all r < N),
we have by embedding u € LNp/(N_p)(Q,RN) and thus u ® u € LNp/(2N_2p)(Q,]RNXN),
which implies (v - V)u = div(u ® u) € W—HNP/CN=20)( RN) . In order for this space to
be contained in W~14(Q, RY), we must have
P Np

— < 5.49
1= - 1=aN—2p (5.49)

which implies
3N

> —.
P=N+2
Throughout this section we assume that ({5.50)) holds. This includes the Newtonian case

p = 2 in the physical dimensions N = 2,3. Since we have

(5.50)

3N 2N
P2 > )
N+2~ N+1

condition (5.30)) is always satisfied. Hence, the Navier boundary condition is well-
defined.

In this subsection we consider the constraint set
€ :={(e,6) € V: (D)[(D)} and are satisfied.} (nlC)

Coercivity in the semilinear case

In this subsection we check that functionals of the form ([5.35)), with € given by (nlC)),

are still coercive.

Lemma 5.34 (Coercivity in the semi-linear setting). Let p > 3N/(N + 2) and assume

that the assumptions hold. Let & be (p, q)-coercive and let C be given by (nlC|).

Then there are constants Cs,Cy > 0, such that

I(w) = /fo(g, 5)de > Cs (|leZ, + 5]1%) — Cu. (5.51)

Proof. Similarly to the proof of Lemma [5.30] we need to estimate / € - odx, as for any
(,6) €Y XY

Fe,5) > Cr(|e? + |5]7) — Co — e - 5. (5.52)
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Since v € @, there is a u such that
e= 3 (Vu+vul),
for some u, where
lullwre < C (|l€llze + 1) (5.53)

due to the Korn—Poincaré inequality, Lemma [5.6] and Lemma [5.24] Furthermore, we have

the estimate

16 = mid)llyy-1maomy < C (16120 + I F w10 + ullyrs) (5.54)

which is due to —dive + Vr = f — (u- V) u.

Indeed, repeating the calculation from the proof of Lemma and then using the

nonlinear force balance, we obtain

/e-&dw——/u-(div&—Vw)dx—i—/ u- (6 —mid)y dHN !
Q Q o0

:/u-(u-V)u—l—u-fdac—i—/ u- (6 —mid)y dHY 1
Q

o9
:/div (1uu|2> +u-fd:c+/ w- (6 —mid)y dHN L
Q 2 o9
:/u~fdx+/ 1(u-z/)yu\%ru-(&—md)udHN*P (5.55)
Q o0 2

For the first term we use ([5.53) to bound

’/Qu-fdzc

For the boundary term we consider the cases|(B3a)| and(B3b)| separately.
Case We split 92 = I'p U 'k and start with

< lullwrelfllw-ra < C (lellze + 1) [ Fllw-1a- (5.56)

/;(u-u)|u]2—u-(&—wid)udHN_l:/ S0 V)lof* g+ (5 — midy !
I'p T'p

< ”9”:23(1“[)) + ”g”wlfl/%p(FD)”(& - 7Tid)VHWfl/q,q(rD)
< C (llullfyrp + 161120 + 1)
< C([lellzs + 5] La +1) . (5.57)

Note that W'™/PP(I'p) embeds into L?(9), whenever

11,10
37 p d—1
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This holds in view of assumption (5.50)). For the other part of the boundary we estimate

1
/ “(u-)|ul? —u- (6 —wid)ydHN !
T2

1
= / 5g,,\u|2 — gv - (6 — wid)v 4+ A Pr,aqu|? — Pr,aqu - hy dHN L. (5.58)
I'r

For the terms without sign we obtain

1
/ﬁ2%WP_%V46_M®V—ﬁwmwdeMJ
Ir

<NgwllzawmllullLs ) + lgvlwi-1mo@plE = 7id)v w10,
() () ()

et/ e gy lllwi-1/mo g
< C (||ullfrs + 16 2a + 1)
< C([lelzs + 15N La + 1) . (5.59)

Inserting ((5.58)) into ([5.55) and using the result together with (5.56), (5.57), (5.59), and
the (p, g)-coercivity of F, yields

I(0) > Cy (Jel%y + 5]%0) — C2—~ /Q ¢ da
> Oy (el 4+ 11611%) — € (lelZs + 13120 + 1)

Cy _
(lell?s +1151%4) = C,

>
- 2

where we use Young’s inequality and the fact that p > 2.

Case |(B3b)l Since g = 0 and g, = 0, the boundary term simplifies to

1
/ 5(u V) —u- (6 —mid)pdHVN T = —/ Pr_aqu - Pr.po(6v) dHN !
o 'r

:/ N Pr,o0ul? — Pr,oqu - hy dHN 71 (5.60)
I'r
For the without sign we obtain

Proqu - hy duN-t
I'r

By inserting (5.60) into (5.55) and using (5.56)), (5.61) and the (p, ¢)-coercivity of &F, we
obtain

< ullwr-1row gy l1Prllw-1/0.0g) < C (lelle +1) (5.61)

1(0) > C1 (Jel%y + 15]%,) — Ca — ~ /Q ¢ da

> Cy ([lell7 + 151194) — C (llellr + 1)
Cy _
> 5 (el + llal19s) — C,
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where we use again Young’s inequality.

Continuity of O(u) =u®u

To verify the assumptions of Theorem [5.15] in particular the weak closedness of Cy,, we
show that the map
U——> U U

is continuous from the weak topology of WP(Q,RY) to the strong topology of L"(€,Y)

for some 1 > q.

Lemma 5.35. Let p > 3N/(N +2). Then there is anr > q = p/(p — 1), such that © is
continuous from WHP(Q, RN) Nker div, equipped with the weak topology, into to L"(2,Y).

In view of Korn’s inequality (Lemma bounded sets in LP(£2,Y) are mapped to
bounded sets in WP(Q, RY) by the map € — u. Hence, the map © might also be seen as

amap € — u® u.

Proof. For p > N the result immediately follows from the case p < N by first embedding
into WHT(Q, RY) for some 7 < N. Thus, let p < d. Then WH?(Q, RY) embeds compactly
into L*(Q, RY) for all s < Np/(N —p). Consequently, for every weakly convergent sequence
U, C WHP(Q,RY) obeying divu, = 0, the sequence

O(up) = Up @ uy,

still converges weakly to ©(u) in W (Q,Y). The exponent ¢ € (1,00) is given in terms of

s and p via

Consequently, u, ® u, — u ®u in WH(Q,Y), whenever

Np

t < .
2N —p

Due to the compact Sobolev embedding, we have W' (Q,Y) << L"(Q,Y) for r <
Nt/(N —t). Therefore, © maps WP(Q,RY), equipped with the weak topology, continu-
ously to L"(€,Y) in the strong topology, whenever

Np
N2N—p
r —
N — e
2N—p

This and the condition ¢ = Ll < r can be satisfies at the same time if
p

3N
N+2

p>
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which is assumption ([5.50]). O

I'-convergence with semilinear constraint.

Theorem 5.36 (I'-convergence in the semilinear setting). Let D,,,D CY XY be closed,
nonempty sets and let C be given by (nlC)). Moreover, suppose that:

(i) The distance functions to Dy, and D are uniformly (p, q)-coercive, i.e. there are c1, ¢,
such that
Dy, D CA{(e,6) €V xV:cie-d+ca>|e|P + |67}
(ii) Dp — D;

3N
N +2’

(iv) assumptions hold.

(iii) p >

Then the functional I,, T'-converges to I*, where

/QAdist(v,D)d:c, veEQR
I'(v) =< /o

00, else.

Proof. The proof is very similar to the proof of Theorem Indeed, as the constraint
set C is weakly closed by Lemma the only difficulty, given v € €, is to find a recovery
sequence lying in €. This is achieved in Theorem [5.15] O

5.6. Consistency of data-driven solutions and PDE solutions

for material law data
In this section we consider data that are given by a constitutive law, i.e.
o= u(lelle, €€,

for a viscosity u: R — R. We compare the solutions obtained by the classical PDE
approach to minimisers of the data-driven functional. As before, we assume I'y = () and
call a pair (¢,6) € LP(2,Y) x LI(Q,Y) a weak solution to the stationary Navier—Stokes
equation, if there is u € WP(Q,RY) and a pressure m € LI(Q), such that

e:%(Vu+VuT), HSRY)
divu = 0, x €
(u-V)u—div(u(le))e) + V= f, z€Q
(D) (R) z € 09,

(5.62)




163 Consistency of data-driven solutions and PDE solutions for material law data

where (5.62); has to be satisfied in W ~(€2, RY). Note that the system (5.62) is equivalent
to

(¢ = 1(Vu + vuT), reQ

divu = 0, x e
—dive=f—-Vr—(u-V)u, € (5.63)
o = u(le|)e, x e

(D)} (R) x € 0.

We may interpret the convergence of data sets discussed in Section as an increase of
the accuracy of measurement. If a constitutive law exists, then the limit D of data sets
D,, should represent this law. Since we assume that the set D is given by a constitutive

law € — G.(€), we consider data sets
D ={(e,0): 6 =d.(€)}. (5.64)

For typical constitutive laws, a solution to the induced partial differential equation ([5.63))
exists and it is natural to ask whether (approximate) solutions to the data-driven problem
with D,, converge to a solution of (5.63)). It turns out that this is true if the constitutive

relation is monotone. Indeed, assume that (¢,5) € €, i.e. that the differential constraints

e=3(Vu+vu'), z€Q
divu = 0, x €
—dive=f—-Vr—(u-V)u, ze€Q

are satisfied. If in addition I(u) = 0, and thus u is a minimiser, then we have
(e,6) e D={(¢,6): ¢ =d.(e)} almost everywhere.

Consequently, a minimiser of I satisfying I(u) = 0 is a solution to the partial differential
equation. Conversely, given a constitutive law &, and a weak solution to the partial dif-
ferential equation , we may construct the set D as in and observe that any
solution to the partial differential equation is also a minimiser of I.

If the data set D is a limit of measurement data sets D,, it s not clear whether a
sequence of (approximate) minimisers u, of I, converges weakly to a solution u to the
partial differential equation because we can only infer I*(u) = 0 and not I(u) = 0. This is
addressed in the following proposition, which directly follows from the relaxation statement
Theorem (.36

Proposition 5.37. Let p > 3N/(N + 2) and let € — &.(€) be a given constitutive law.
Moreover, assume that the corresponding data set D is given by (5.64), such that the
distance function dist(-, ) is (p, q)-coercive. If the partial differential equation (5.63)) admits
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a weak solution v, i.e. mig[(v) =0, then a function v* is a minimiser of I if and only if
ve

v* € {Qqdist((e,5),D) =0}
almost everywhere. Moreover, if
{Qadist((e,5),D) =0} =D, (5.65)

then any such approzimate solution v* is already a solution to the partial differential equa-

tion (5.63]).

In the following we characterise some constitutive laws satisfying ([5.65)). To this end,
we study the set

{Qdist((¢,5), D} = 0}.

Definition 5.38. Let 1 <p < oo and g =p/(p—1). For a set D CY xY we define the
A-(p, q)-quasiconvex hull of D as

D) — {(,6) €Y xY: Qudist((e,5),D) = 0}.

We call a set D CY xY A-(p,q)-quasiconvez if D = DWPa)

5.6.1. Newtonian fluids

In the Newtonian setting the fluid’s viscosity is constant, i.e. pu(|e|) = po > 0 and hence
the relation between the local strain € and the viscous stress ¢ is linear with ¢ = 2pge.
In the following, we assume without loss of generality that uop = 1/2. That is, we have

p = q = 2 and the constitutive law is given by the data set
Dy={(c,€):ecY} CY xY.

Note that, in terms of € and &, the Newtonian data set Dy and the distance function

dist(+, ) can be written as
— ~\. ~ _ 1 2 ~2 : ~ _ 1 ~12
Dn={(e,0): -5 =75 (le[°+[5]*)} and dist((e,5),Dn) = 5le —5|*.

Since in this case dist((+,-), Dy) is already a convex function, it is also A-quasiconvex and
we have

Q adist((e,5), Dy) = dist((e, ), Dy).

)

Consequently, we observe that the A-(p, ¢)-quasiconvex hull D;If) U of Dy is given by

DY) = {(¢,5): dist((c,5), Dn) = 0} = Dy.
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Therefore, any solution to the data-driven problem for Newtonian fluids is also a weak

solution to the partial differential equation, in the sense that u € WP (Q, RY) satisfies

(u-Vu=-Vr+Au, z€f

divu = 0, x €

and the boundary conditions [[D)} [[R)

5.6.2. Power-law fluids

In the case of power-law fluids, the constitutive law for the fluid’s viscosity is u(le]) =

fol€
Consequently, we have & = 2ule|*™!. As above, we set without loss of generality pg =

|~le with given flow-consistency index o > 0 and flow-behaviour exponent o > 0.

1/2. In the previously used notation, we thus consider 1 < p < o0, ¢ = p/(p — 1) and
a=p/q=1/(p—1) and suppose that the material law is given by the data set

Dy = {(c,|e)* Te): e €Y} CY x Y.

Observe that, for a # 1, the set Dy is not convex. Consequently, also the corresponding

distance function is not convex. However,
(6,6) €Dy <= ¢€-6 = %|e|p + é]&|q.

It turns out that the A-(p, ¢)-quasiconvex hull Dg)p D of Dy in fact coincides with the data

set Dyp. In order to verify this, we rely on the following observation (see also [153]).

Lemma 5.39. Let dist(-, D) be (p, q)-coercive. Then

DP9 = () {F(2) <0},

FeTp q
where T}, 4 ts the set of all continuous functions I € C(Y xY') satisfying
o JF is A-quasiconvex;
e F(2) <0 for all z € D;
o [F(e,0)] < C(1+ e’ +|o]?).
Proof. ¢2’: Since Q4 dist(-, D) is contained in T}, 4, it is clear that ﬂ {F(z) <0} isa

FeTp,q
subset of DP9,

“C’: Suppose now that (g, 50) € PP . Then there exists a sequence (€, 5y) € LP(Tn,Y)x

LY(Tx,Y) with zero average, satisfying the differential constraint such that

/ dist((eo + en(z), 60 + dn(z)), D) dz < %, n € N. (5.66)
TN
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Due to the coercivity of the distance function we can bound
lenllze + 1GnllLe < C(1+ |eol” +160]7), neN.

Take now J € T, ,. Then JF is locally Lipschitz continuous thanks to Proposition (or,
more precisely, a suitable version in a (p, ¢)-setting). Define w,, = (€,, 5/

ns O ) as the projection
of (eg + €n, 00 + 7,) onto D. Then, in view of (5.66)) we find that,

lleo +en — €, llp —> 0 and |G + 6 — G5, ||a — O.

The local Lipschitz continuity of F and the boundedness of (e, 5,,) now imply

/ F(eo + €n, 00 + ) — F(e),,57,)dr| — 0 as n — oo. (5.67)
Tn

Using A-quasiconvexity of &, (5.67)), and the non-positivity of F this implies

F(eo,60) < liminf F(eo + €n, 00 + 7p) dz < liminf F(e,,a,)dz <O0.

)

Eventually, we find that (eg,d9) € ﬂ {F(z) <0} and the proof is complete. O
FeTp q

Corollary 5.40. Let p,q,a and Dy be as before. Then
Dg)p,q) — Dy.

Proof. Lemmal5.39|implies that we only need to find a function F, which is A-quasiconvex,

is non-positive in (¢, ) if and only if (¢,5) € Dy and has (p, ¢)-growth. The function

F(e,5) := %]e[p—f— é|&\q —€-0

exactly satisfies these assertions. Therefore, Dggp Q) Dy. O

5.6.3. Monotone material laws
Again, consider 1 < p < o0, ¢ =p/(p—1) and o = p/q. We consider a constitutive law
5(e) = 2u(jel)e (5.68)

for a viscosity p € C’(R+, R+). For better readability we omit the factor 2 in (5.68]) in the

following calculations. Furthermore, throughout this subsection we assume the following:

(i) the material law &(-) is monotone, i.e. for all €1,e2 € Y we have

(€1 —€2) - (0(€1) — (e2)) > O;
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(ii) a = lim p(s)s.

s—0

The data set Dy corresponding to the constitutive law e — &(€) is given as follows (cf.

Figure:
Dy =D.UDy, De={(c,6(c)): e Y \{0}}, Dy={(0,6): 5| <a}. (5.69)

Remark 5.41. (i) Monotonicity of such a radial-symmetric function &(€) is equivalent to

monotonicity of its one-dimensional counterpart
s — p(s)s.
Therefore, the limit a = liH(l) w(s)s is well-defined.
S—>

(ii) The setting includes the previously discussed cases of Newtonian and power-law
fluids, as well as Ellis-law fluids [I50]. Furthermore, it allows the strain-stress graph

to have a discontinuity at zero, so-called Herschel-Bulkley fluids, cf. [102].

Figure 5.1.: A monotone material set Dy and the separating function Fy for a given
(€0,50) € Dy

Theorem 5.42. Let p,q,a and Dy be as above. Then we have
D:g\%’q) — DM

Proof. As for the proof of Corollary for the power-law case, it suffices to find A-
quasiconvex separating functions (Lemma [5.39). For (eg,d0) € Dy we define the function

(cf. Figure 5.1).

Fo(e, ) = —(e —€) - (6 — G0)-
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This function is A-quasiconvex (even A-quasiaffine, i.e. F and —F are A-quasiconvex) and
has (p, q)-growth, as

|Fo(e, )| < yle — el + 51 — Gol”.
To conclude that Dj(&)’q) = Dy we still need to show that
(i) Fo is non-positive on Dy;
(ii) for all (e¢,5) ¢ Dy there is (ep, G9) € Dy, such that Fy(e,5) > 0.
[} Take (g,5) € D. Suppose that |g| > |eo| (the other case is rather similar). Then

—Fo(e,0) = (e —€p) - (6 —

) - 0)

= (e —eo) - (u(le)e = p(leol)eo)
(
(

~ Ql

= u(leol)(e — €0) - (¢ — e0) + (e — o) - ((nleol) — 1e(leol))e)
>0+ (u(leo]) — p(leol)) (el — lelleol) =0

Suppose that (€,5) ¢ Dy. If € # 0, this means that & # p(le|)e. In that case,

consider
€ = €+ 1(a — pu(lel)e)

and ¢ = u(|et|)e. If € = 0, simply take e; = tej;. For now, take e # 0, the other case is

quite similar. Then for ¢ < 0 small enough

—Ji(e,0) = (e =€) - (0 = G¢) = t(d — p(le])e) - (7 — pul[er])er) <O

as the map
t = (0 — ple)er)

is continuous. Hence, there is t < 0, such that

(@ — p(lel)e) - (6 — p(let])er) > 0.

To summarise, there is a function F; € T, ,, such that F;(¢,5) > 0, whenever (e,5) ¢
Dy 0

Remark 5.43. Starting from the constitutive law € — .(¢), there are two choices for Dy.
We may define Dy as in (5.69) or only take the set D. introduced in (5.69). For the

A-quasiconvex hull this does not make a difference, i.e.
DY = DP9 = Dy (5.70)

Indeed, (5.70) can be verified by calculating the A 4-convex hull of the set D. (that is, we
successively take convex combinations along A 4). The A 4-convex hull is a subset of the

A-quasiconvex hull. Therefore, it suffices to show that the A_4-convex hull of D, contains
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Dy¢. This in turn follows from the fact that
kerAgl¢] ={6€Y:66=0}+RE®RE = Ay, =Y.

Using this observation, the A 4-convex hull of {(0,5): |6| = a} C D, is the convex hull Dy.
Consequently, the A 4-convex hull and therefore also the A-quasiconvex hull of D, contain

Dt



6. A-quasiconvex sets and hulls

This chapter discusses results regarding .A-quasiconvex sets and is a summary of what we
show in remainder of this thesis, Chapters [A] and [B] which are summarised by Chapters
[7 and [§] respectively. Consequently, parts of this chapter are based on the two research

works
o [134]: Schiffer, S., L*-truncation of closed differential forms;

e |[20]: Behn, L., Gmeineder, F. and Schiffer, S. On symmetric div-quasiconvex hulls

and divsym-free L truncations.

It is clearly indicated, whenever we refer to these research articles. The remaining part of
this chapter (Section is based on some unpublished notes.

This chapter is organised as follows. First of all, in Section [6.1] we give a short introduction
to A-quasiconvex sets and hulls. We summarise the results obtained in [I34] and [20] in
Section [6.21

In Section [6.3] we prove some result regarding non-compact sets which is independent of
[134, 20]. The main part of the proofs (i.e. the technique of L*-truncations) is then
discussed in Chapters [A] and

6.1. Introduction

In this chapter, we give an introduction to the notion of A-quasiconvexity for sets. First,
we deal with A-quasiconvex hulls of compact sets in Section Results in that section
rely on rather involved truncation results which are the topic of the last two Chapters [A]
and [Bl Section focuses on an example of A-quasiconvex hulls for non-compact sets.

Towards a definition of A-quasiconvex hull, let K € R? be a closed set. Motivated by
Data-Driven problems in Section [5.6] and Minkowski’s and Banach’s separation theorem

for convex sets, we call a set A-quasiconvex if for all A-quasiconvex f € C (Rd) we have
fix <0and f(x) <0 = =x€kK.

Note that this definition coincides with the standard definition of convex sets, whenever
A = 0. For a further motivation we point to the introductory chapter of this thesis, see
Section [[.3.4]

This definition may be seen as an L°-version of the A-quasiconvex hull discussed in
Section [5.6] i.e. a set is A-quasiconvex if it coincides with its hull. In particular, we may

derive the following differing concepts.
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Definition 6.1 (A-quasiconvex hulls). Let K C R? be a closed set and 1 < p < co. We
define

(i) The space SA(K) of separating functions as

Sa(K) = {f € C(RY): f A-quasiconver, f <0 on K}; (6.1)

(ii) The A-quasiconvex hull K™ as

K<) .= {x eR%: f e SA(K) = f(z) < o} : (6.2)

(iii) The (alternative) A-p-quasiconvex hull KP* as the set

KW .= {a: €RY: f e Su(K) and f(v) < C(1+ [vP) Vw e R = f(x) < 0};
(6.3)

(iv) The A-p-quasiconvex hull KP) as

K® .= {a: e R Qu distP(z, K) = o} . (6.4)

The space K(*) can be seen as the natural limiting space of K®* as p — co. One
crucial observation is that we do not need to distinguish between K ®)* and K® due to
the following result (cf. [I33] for the case p = 2 and [154] and Lemma [5.39).

Lemma 6.2. Suppose that the distance function dist?(-, K) is A-integral coercive (4.11)),

1.€.

[ it v K)dy= € [ P dy - Cai+ fop).
Tn TN

Then the sets KP) and KP* coincide.

The assumption that dist?(-, K) is coercive plays a huge role in the further analysis of
A-quasiconvex hulls. It is clearly satisfied whenever K is a compact set. For unbounded
sets we have seen examples in Section and Section in a (p, q)-setting. A further
treatment of this case follows in Section [6.3]

Moreover, let us show that the choice of the distance function plays absolutely no role

in the A-quasiconvex set, even if dist” is not A-integral coercive (cf. Proposition |1.17)).

Lemma 6.3 (Non-dependence on the distance function). Suppose that K C R? is a
nonempty, closed set and let f: R — [0,00). Let wi,ws € C([0,00)) be two monoton-

ically increasing moduli of continuity for f that satisfy
(a) wi(0) = w2(0) = 0;
(b) wi(t),wa(t) >0, whenevert > 0;

(c) c1t? <wi(t) < wal(t) < cot? fort > 1.
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Suppose now that f(v) =0 if and only if v € K and
wi (dist(v, K)) < f(v) < wa(dist(v, K)). (6.5)

Then
{Quf =0} = {Qudist?(-, K) =0} = KP, (6.6)

Observe that if K is a compact set, then we may reduce (6.5 to
alff —co < f(v) S o+ vff), flv) =0 0veEK.

In particular, this shows that K ) does not depend on the distance function dist?(-, K)

and the underlying metric | - |.

Proof. Suppose that v € K®). Then there is a sequence u,, C T4 such that

lim dist? (v + up(x), K)dz = 0.

n—0o0 TN

Subdivide K into two regions:
E, ={z € Ty: dist’(v,u,(z)) <1} and ES = {z € Ty : dist?(v, un(x)) > 1}.

Then, using the moduli of continuity, we get that 1g, f(v + un(z)) — 0 in measure and
1ey|f(v+up(x))] < wsz(1). Therefore,

lim f+up(z))de =0. (6.7)

n—oo E
n

On the other hand, on ES we have f(z, u,(z)) < ¢ dist?(v, K), hence

lim f(v+ up(x))de = 0. (6.8)
n—oo E,?
Summarising (6.7) and (6.8)), we have v € {Q4f = 0} and, thus, K® c {Q4f =0}
The same argumentation with the roles of dist” and f exchanged, shows {Q4f = 0} C
K®
O

Before continuing with the analysis of hulls of compact sets, let us shortly give a nesting
result, which is very helpful for computations of A-quasiconvex sets in specific settings,
but is irrelevant for the general approach outlined in Section cf. [115), 159]).

Definition 6.4 (Various convex hulls). Let K C R? be a closed set and let A = A4 be the
characteristic cone of A. We define the following hulls:
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(a) The convex hull K** is given by

I I
K** {Zm z; €K, IeN, )\ €[0,1], Z }

=0 i=1

(b) The set theoretic A-convex hull is defined as

set U K 7

€N

where K}\ 1s inductively defined by KR =K and

Kit'={ e+ (1 - Ny:z,y € Kj, A€ [0,1], v —y € A}.
(¢) The function theoretic A-convex hull is defined as

Kfunct {x € RY- fA-convex and f|K <0= f(xz) <0}

(d) The A-polyconvex hull is defined via
Ky ={ze RY: fA-polyconver and fix 0= f(z) <0}

Proposition 6.5 (Relation between the convex hulls). Let K ¢ R? be a closed set and
1<p<qg<oo. Then

K C Kset K/f\unct c K9 g0 ~ KE‘C c K**. (6.9)

The same nesting holds if we replace K® and K9 by K®* and K9D* respectively.

Most of the nestings follow from the fact that the spaces of separating functions gets
smaller. In particular, there are more A-convex function than A-quasiconvex functions,
more A-quasiconvex functions than polyconvex functions and more polyconvex than convex
functions. To show that the inclusions are strict, i.e. the hulls are not the same, we refer
to [I15]. It is worthwile mentioning that K§ # K" relies on the four-gradient example,
i.e. K consists of four points and A = curl (cf. [13| [30) 142} 22]).

6.2. A-quasiconvex hulls of compact sets

First, assume that K ¢ R? is a compact set. Note that for any 1 < p < oo the distance

function is classically coercive, i.e.
dist? (v, K) > |v|P —

for some appropriate C' > 0. Furthermore, it is important to mention that in such a

setting, from a viewpoint of applying the Direct Method, including p = 1 and p = oo is
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reasonable. First of all, the set K and also K** is compact and therefore, any function
satisfying v € K(*) automatically is in L.

For the setting p = 1 note that if a sequence u,, satisfies / dist(uyn, K)dz — 0, then
Tn
the sequence u,, is equi-integrable, i.e.

lim sup sup / |up| dz = 0.
€20 neN|E|<e JE

Consequently, due to the Dunford-Pettis theorem [23, Thm. 4.7.18], the sequence w,, has

a weakly convergent subsequence and we can use the Direct Method, even though L'is

not reflexive. We conclude that there is a subsequence with u,, — u* and that u* €

{Q.adist(-, K) = 0} almost everywhere. In the following, we try to answer the following

question:

Question 6.6. How does K®) depend on p?

6.2.1. The regime 1 < p < o0

‘Up to minor changes, this subsection coincides with Lemma 5.2 and its proof in [20].

In 1 < p < oo we can use results about Fourier multipliers (as previously obtained in
[42]). A modification of their argument and a detailed proof of the following result is as
follows, cf. [20].

Theorem 6.7. Let A be a constant rank operator, K C R be a compact set. Then for all
l<p<g< o
K@ - gl@

As mentioned, the proof relies on the Fourier multiplier result Theorem 2.9 and therefore
it shall not work in the setting p = 1 and ¢ = co. We need a more subtle method for this

case.

Proof of Theorem[6.7. Let K C Br(0) € R? and y € Bg(0).
K@ c KP): Write fp = dist?(-, K) and, likewise, f, = dist?(-, K). Let y € K@ and let

un C T4 be a sequence of test functions such that
0= Qutyly) = lim | fyly + (@) do.
N

As K is compact, u, is bounded in L¢(Ty, R%) and, as ¢ > p, also bounded in LP(Tx,R%).
Also note that for any € > 0, there is C; > 0 such that f, <e + C. f;. Therefore,

Qafply) < nlggo/T oy + un(@)) dz < lim [ e+ Cfy(y + un(2)) dz <.

— 00 TN

Thus, y € K®,
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K®) ¢ K@: This direction uses a similar, yet easier truncation statement than Theorem
below. Let y € K® and let u, C T4 be a test sequence, such that

0= Quby(®) = Jim [ fyly+un(a) d.

Note that uy, is uniformly bounded in LP(Ty,R?) and that

lim dist? (u,(z), Bog(0)) dz = 0.

n—oo TN

Write

Uy = 1{ju,|<2R}Un —][T Lfjun|<2Rr} (T)un(z) dz

N

and define v, := P4u, with the projection operator P4 onto the kernel of A from Theo-
rem [2.90 Observe that

1. Av, = 0;

2. (Uy,) is bounded in L>®(Ty,R?) and g-equi-integrable. Since 1 < ¢ < oo, the pro-
jection Py: LY(Tyn,RY) — LI(Ty,R?) is bounded, v, is bounded in L4(Ty,R%),
g-equi-integrable by Theorem Moreover, by Theorem and 1 < p < o0,

l|n — UnHLP(TN < lun — ﬂnHLP(TN) + [t — Un”LP(TN)
< ”un - ﬂnHLP(TN) + CA,p”A(an - Un)HW—k,p(TN)

< CA,pHUn - ﬂnHLP(TN) — 0.

Hence, also

lim /TN fp(y +vn(z)) dz = 0.

n—oo

We conclude that f,(y + v,) — 0 in measure. Combining this with the L?-boundedness

and g-equi-integrability, we obtain

lim /TN fo(y +vp(z)) dz = 0.

n—o0

Therefore, y € K9, concluding the proof.

6.2.2. The case p=1 and g = co: Overview

Our goal is to prove that if A is a constant rank operator (in R or in C), that then
KW = K Znanc showed in the 90’s that this is true in the setting A = curl:
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Proposition 6.8 ([I58]). Let K € RY*™ be a compact set and A = curl. Then K1) =
K.

The goal of Section [A]is to show that the statement of Proposition is true for a wider

class of operators, namely differential forms:

Proposition 6.9 ([I34]). Let K ¢ R™ x (RN A ... ARY) be compact and A = d be the

componentwisely taken outer/Cartan derivative of a k-form. Then KW = g(®),

RNXm

This result in particular applies to A = div on matrices. Another variant of this

statement is shown in Section |B| which is based on [20].

Proposition 6.10 ([20]). Let K C R3%3 be compact and let A be the componentwisely

Sym
o)

taken divergence (the symmetric divergence). Then KO = K

6.2.3. L°°-truncations

Let us shortly discuss the main technique to prove all these theorems. Zhang’s proof of
Proposition is based on the following truncation theorem [} 2].

Proposition 6.11 (Lipschitz truncation). Let u € WYY (T, R™) and L > 0. Then there
is 1 € WH(Ty, R™) with

(a) lluflwre < CL;

(b) [lu = allyra < O/ u| + | Du dz.
{lul+|Dul>L}

Let us rewrite Proposition [6.11] in terms of v = curlu to get an appropriate version we

try to prove for A = d and A = div:

Proposition 6.12 (Lipschitz truncation rewritten as curl-free truncation).
Let v € Ll(TN,RmXN) and L > 0. Suppose that curlv = 0 in the sense of distributions.
Then there is © € L>(Tn,R™N), such that

(a) |3~ < CL,
() Io— vl < C / o] da,
{|v|>L}

(c) curlv = 0.

6.2.4. L>-truncation implies K = K(*)

‘This subsection is taken from [134], Section 6.1.

In fact, we can show that a truncation theorem a la Proposition implies the va-
lidity of Propositions[6.9 and . Hence, the main task of Sections [A] and [B|is to derive
a truncation theorem in the style of Proposition with curl replaced by the operators
A =d and A = div, respectively. That motivates the following definition.
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Definition 6.13. We say that A satisfies the property (ZL) if for all sequences u, C
LY(Tw,RY) Nker A such that there exists an L > 0 with

/ lun(y)|dy — 0 as n — oo,
{y€Tn: lun(y)|>L}

there exists a C' = C(A) and a sequence v, C L' (T, R?) Nker A such that
i) llonllpoc (7 rty < C1L;
ii) ||vn - unHLl(TN,Rd) — 0 asn — oo.

For a compact set K we define the set KA%P (cf. [I15]) as the set of all z € R? such
that there exists a bounded sequence u,, € LOO(TN,Rd) N ker A with

dist(x 4+ up, K) — 0 in measure, as n — oo.

Theorem 6.14. Suppose that K is compact and A is an operator satisfying (ZL). Then
KAwp _ fe(o0) _ {:1; e RY: Qu(dist(-, K))(z) = o} . (6.10)

Proof. We first prove KA%? ¢ K(®) Let # € K%P and take an arbitrary A-quasiconvex
function f : R? — [0, 00) with fix = 0. We claim that then f(x) = 0.

Take a sequence u, from the definition of K“4%P. As f is continuous and hence locally
bounded, f(x+4uy) — 0in measure and 0 < f(zx+u,) < C. Quasiconvexity and dominated

convergence yield
f(z) < liminf f(z+wun(y))dy = 0.

n—oo TN

K®) ¢ {ZL‘ e R%: Q(dist(-, K))(z) = 0} is clear by definition, as Q4(dist(-, K)) is an
admissible separating function.

The proof of the inclusion {z € R?: Q4(dist(-, K))(z) = 0} c KA%P uges (ZL). If
Q4(dist(-, K)) = 0, then there exists a sequence ¢, € C*°(Ty, R?)Nker A with / on =0
such that a

0= Q(dist(-, K))(z) = lim dist(z + on(y), K) dy.

n—oo TN

As K is compact, there exists R > 0 such that K C B(0, R). Moreover, as x € K(oo), also
x € B(0, R). This implies that

lim |on| dy = 0.
e TN {len|26R}

We may apply (ZL) and find a sequence v, € L (T, R%) Nker A such that

”Spn - wnHLl(TNJRd) —0 asn— o
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and
||¢n||L°°(TN,Rd) < CR.

Hence, x € KAwP. O

Remark 6.15. Theorem [6.14] shows that for all 1 < p < oo
FAare — () = {w e RY: Q(dist(-, K)P)(z) = 0} — K®),

This follows directly, as all the sets K (P) are nested and, conversely, all the hulls of the

distance functions are admissible f in the definition of K (),

Another application of the property (ZL) in the context of Young measures is pointed
out in Section

6.3. A-quasiconvex hulls of non-compact sets

If K is non-compact the situation, may change drastically. Recall that one of the main

motivations to study .A-quasiconvex hulls was to study the minimisation problem

/ dist? (u(x), K)dz if Au=0,
minimise I(u) = ¢ /@

00 else.

To guarantee existence of minimisers, we need to have some coercivity condition on the
distance function. This coercivity is clear in the case of compact sets. For unbounded K

we need to assume that for all v € R? and all 1) € T4 we have

/ dist? (v + ¢ (x), K)dz > ¢; / [P dx — ca(|v|P + 1) (6.11)
TN Tn

The distance function might be integral coercive for a certain range of p € (1, 00), but not
for all p. Consequently, we can only expect that K = K@ for some, but not all pairs
(p,q) € (1,00)2. This intuition is highlighted by the following statement [116} 152].

Proposition 6.16. Let N € N be even, A = curl acting on N X N matrices. Let K be the

the set of conformal matrices, i.e.
K =R4SO(N) ={AA: A€ [0,00), A€ SO(N)},.

Then:

K if p> N/2,
K® = N fp— / (6.12)
RYY  ifp< N/2.

If N is odd, then K® = K for some p € (N —¢g,00), cf. [155] [153], the optimal value for
€ is still not known. In the following, we show that, under certain circumstances, similar

statements are possible, i.e. that K® = K@ for a certain range of p, q.
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6.3.1. A geometrically linear example
Consider two differential operators .A; and Ay acting both on C*°(RY, RY).
Lemma 6.17. Let Ay, Ay be two such differential operators. The following are equivalent:
1. For all € € RN\ {0} we have ker A1 (€) = (ker Ay(€))*;
2. Aj is a potential of Ay;
3. A5 is a potential of Aj.

These statements follow from the algebraic identity ker A;(¢) = (Im A% (€))*.

Therefore, if B is a potential of A = Aj, let us write such a pair of operators as (A1, Ag) =
(A,B*). We write v € LP(RY,R? x RY) as u = (uy,up) with u; € LP(RY RY). In this
work, we have already seen multiple examples of operators, which are exactly of the form

(A, B")

Ezample 6.18. (a) Let uj,up € LP(RY,R™) and A = curl, B* = div taken column-
wise. Note that B = V, which is the potential of curl.

(b) Consider uy,us € LP(RY, Ré\yfﬁlN ), A = curlcurl’ and B* = div acting column-wise.

: , : v+ vV’ : T
Then B is the symmetric gradient —5 ) the potential of curl curl”.

(c) Recall the operators from Chapter , ie. wp,up € LP(RV)Y) for Y = {A €
st\y];N: tr(A) = 0}. Let Ay = curlcurl” and Ay (ug, V) = divuy 4+ Vr for m €
LP(RN R). This setting can be treated like The additional condition that wu;

has trace 0 is ‘compensated’ by the fact the condition Ay = divug + V7 is weaker

(cf. Remark :

(d) Let v € LP(R?,R**?) and A = curl. We may identify a matrix A via the map
A T(A), where

T ( Z Z ) s ( _“d i) — (T1(A) To(A)).

Then curl(u) = curl(73(A)), div T2 (A)) and we recover [(a)]
Recall that if B is a potential of A, so is B o div; likewise if A is an annihilator of B, then

also V o A is an annihilator. Hence, we may suppose that the order of A and the order of

B coincide.

Note that for such operators the map
(w1, u2) — w1 - up

is (A, B*)-quasiaffine. In the following, we consider sets obeying a growth condition of the
form
dist?(u, K) > C(Ju|* + uz|*) — C(1 + uy - us).
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We define the set L to be the diagonal in R? x RY, i.e.
L={(u,u): uc R} c R x R% (6.13)
Note that this subset L strictly obeys the growth condition
dist?(u, L) = 1/2Juq |> + 1/2]us|* — uy - us.

We now study sets K which are close to L such that their distance functions satisfy a

similar growth condition.

6.3.2. Sets in a ball around L

Let us assume that A and B are two differential operators of order k. Furthermore, let
B be a potential of A. For this subsection, we suppose that the set K obeys the following
two hypotheses:

(H1) the set K is close to L, i.e. there is Ry > 0, such that for all z € K we have

dist(z, L) < Ry;

(H2) the set L is close to K, i.e. there is Ry > 0, such that for all y € L

dist(z, K) < Ry.

In other words, |(H1)| and |(H2)| ensure that K C Br(L) and L C Br(K).
We use results from Fourier analysis, hence the following argument is crucial. Let us

rewrite
u=(ur,uz) = (v+w,v—w), v,we LP(Ty,RY). (6.14)

Note that, up to constants, v uniquely determines w, and vice versa, and the following
holds:

Lemma 6.19. Let (A, B*) be a differential operator of order k. Then:

(a) There are constants ¢,C > 0 such that, for all v € LP(Txn,R?) satisfying / v =0,

Tn
we have
cl| (A, BY) (v, 0)[lw-k0 < [[v]lze < ClI(A, B")(v,0)|lyy-r.p; (6.15)
(b) There are constants ¢,C > 0 such that, for all w € LP(Tx,R%) satisfying / w =0,
T
we have "
cl| (A, B)(w, —w)|lw-ro < [lwl[r < ClI(A,B*)(w, —w)|[y—r; (6.16)

(¢) There is a linear, continuous map M: LP(Txn,R?) — LP(Twn,R%), for all 1 < p < oo,
such that
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(i) Muw = 0;
Tn

(it) (A, B*)(Mw + w, Mw —w) = 0.
Proof. The key insight is that we can write

o@) = 3 AT =00+ Y (Preragy?) + Prarpeyd(V) 7.
xezZN AEZN\{0}

where Py is the orthogonal projection onto a vector space V C R?. Recall (cf. Theorem
that both

Py:o— Z (PkerA()\)@()‘)) 6_27%)\%7
AeZN\{0}

Py: v+ Z (PkerIB*()\)ﬁ(A)) e—27ri)\~a:
AezZN\{0}

are Fourier multipliers. Note that B*v = B*Pjv and A*P;v = 0. As the operator
(A, B*)(v,v) is elliptic, we get

c|Prvl|e < [|B*Pro|lyy—rp < C||P1o||1e.

A similar estimate for Py establishes (6.15). The same argument for (w, —w) instead of
(v,v) gives (6.16). For[(c)]just use the map

M: w+— Piw — Pow

which is a LP-Fourier multiplier for all 1 < p < oo and satisfies the assertions of O

Corollary 6.20. The distance function dist?(-, L) and dist?(-, Bg(L)) are A-integral co-

ercive.

Proof. Let u = (vo+v+wo+w, vo+v—wy—w) for vg, wy € R? and v, w € Lp(TN,]Rd) with
average 0 satisfy (A, B*)u = 0. Note that dist?(u, L) = 2wy + w|? pointwisely. Therefore,
using (A, B*)u = 0 and the estimates (6.15) and (6.16]), we obtain

/ dist?(u, L) dz = C/ |wo + w|P da
TN TN

> C </ |w|? dz — ]w0]p>
@A@u)mmm,/hmmww@
Tn

|(A, B*)( HW . —|—/ |w|P dz — |w0]p)
Tn

Cs (I0lgs + llwlgy — lwol?) -

2
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This shows coercivity of the distance function to L. The result for dist?(-, Bg(L)) follows
by this and the triangle inequality

dist?(u, Br(L)) > 27 dist?(u, L) — RP.

O

Using these Fourier arguments, we are now able two prove the following weak truncation

argument E|

Lemma 6.21. Suppose that u, € LP(Tx,R?) satisfies the differential constraint Au, =0
and / dist? (u,, Br(L))dz — 0 as n — oco. Then there exists @i, € LP(Tx,R%) with the
Tn

following properties:
(a) |[un = nllLe = 0;
(b) (A,B")i, =0;
(c) un(z) € Bar(L) almost everywhere.

Proof. We again use the splitting u, = (vn,vn) 4+ (wn, —w,) and that dist?(u,, L) =

2||lwn||*. Now note that |wp P — 0. We define
|wn>2R)|

Wp = 1|U)7L‘S2an'

Let v) = / vy, dz. Define
Tn

Ty = (v9,00) + (M, + Wy, My, — y,).

n»-n

By definition of w,, is satisfied and due to the properties of the map M, 4, obeys @
It is left to show @ First of all, note that w, — w, — 0 in LP. We can estimate the

remaining difference of u,, — i, by

[on — (v + M) || r < C[|(A, B*)((vn, vn) — (M, M) ||y
< CH - (A7 B*)((wm _wn) + (wm _wn))HW*’W

< Clwp, — Wyl||lp — 0 as n — oo.

Therefore, @ is satisfied. O

Theorem 6.22. Let K satisfy the hypotheses|(H1) and|(H2). Then, for all 1 < p,q < oo,
K@ — @

with respect to the operator (A, B*).

'This is quite similar to the argument we use for the case 1 < p < oo in Theorem [20] and is also
related to the stament we prove in the compact setting for p = 1, co [134] [20].
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The validity of this theorem follows directly from the following lemma:
Lemma 6.23. Let us define K:gﬁ) as

K:,E;Ol) = {m e R%: Vf e C(R) with f|B3R1 (1) uniformly continous and

fixk <0, we have Qaf(z) < 0}.
If K € Bg,(L) and L C Bg,(K), then, for any 1 < p < oo,

K® — K?EC;%OR '

o0

Proof. First, we prove that Ké R) c K. For this we only need to verify that dist?(-, K)

1
is uniformly continuous on Bsg, (L). But a distance function is uniformly continuous on a

set whenever it is bounded; by the triangle inequality and |[(H1) and [(H2)| we indeed have
diSt(Z, K) < 3R;1+ Ry

for all z € Bsg, (L). Hence, dist?(-, K) is bounded and therefore uniformly continuous.

For K®) ¢ Kéogl) let (vo 4 wo,vo — wo) € K®). As K C Bg, (L) and the latter set is
convex, K ¢ Bpg, (L), therefore |wo|> < 2R?. Take a sequence (vp,wy) in LP with zero
average satisfying (A, B*) (v, + wp, v, — wy) = 0 and

lim distp((vo—|—Un+w0—|—wn,v0+vn—wo—wn),K) dz = 0.

n—oo TN

By the previous lemmal6.21], we can find v,,, w,, with average 0 still satisfying the differential
constraint, such that ||w,|r~ < 2R; and ||0, — vu||ze + ||Wn — wy||lzr — 0 as n — oo.

Consequently,

lim distp((vg+6n+w0+wn,vo+f1n—wo—lbn),K) dr = 0.

n—oo TN

Defining @, = (vo+p,+wo+ Wy, vo+ U, — wo — Wy,) we get that dist(ay,, K) — 0 in measure
and that @, € Bsg, (L) almost everywhere. If f is uniformly continuous in Bsg, (L), we

conclude by applying the dominated convergence theorem

lim sup f(uy)dz = / limsup f(u,)dz <0,
TN TN

n—o0 n—oo

as fixg < 0. This means that (v + wo, vo — wo) € K:)(,g)- -

6.3.3. A sublinear bound on the distance function

In this section, we suppose that K obeys the following two modifications of |(H1)| and
(H2)l Let 0 < 8 < 1 be fixed. We assume:
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(H1’) there is Ry > 0 such that for all z € K we have

dist(z, L) < Ri(1 + |2|%);

(H2’) there is Ry > 0 such that for all z € L we have

dist(z, L) < Ro(1 + |2[7).

Note that the degenerate case 8 = 0 coincides with the setting of the previous subsection.

In this chapter we prove the following theorem.

Theorem 6.24. Suppose that K satisfies|(H1’) and|(H2’) Then, for all 1 < p < q < oo,

the (A, B*)-quasiconvex hulls coincide, i.e.

K@ - gl@

The proof is split up into the following lemmas. First, we see which sets satisfy the
hypotheses Then we prove that the distance function to such a set is A-integral
coercive. After that, we prove a truncation statement in the spirit of Lemma As a
first step, we show that this truncation statement is valid for p < ¢ < p/8 (Lemma
and then conclude its validity for all ¢ in Corollary[6.28] Finally, the statement of Theorem
[6.24) can easily be deduced.

Similar to Br(L), let us define the set

Lgr = {(U—I—w,v—w): veR? Jw| < R(1+ |v|5)}

Lemma 6.25 (Which sets satisfy (H1')[?). The set K satisfies the assumption|(H1’)if and
only if K C Lg g for some appropriate R € R.

Proof. If z € L g, we may write z = (v + w,v — w). Then
dist(z, L) = V2|w| < R(1 + |[v|?) < R(1 + |z]P).
This shows the ’only if” direction. On the other hand, if z ¢ Lg g
dist(z, L) = V2w|| > CR(1 + |v|?) + |w| > C(R)(1 + (Jv| + |w])?) > C(R)(1 + |z]°)

and we conclude that if K satisfies , it must be in some Lg g. O

Lemma 6.26 (Coercivity of the distance function). Suppose that K satisfies |(H1’) Let
ug € R x R? and u € LP (T, R x RY) with zero average satisfying (A, B*)u = 0. Then

/ dist?(up + u, K) de > c/ |ulP de — C(1 + |ug|?), (6.17)
TN TN

where ¢,C are constants depending on (A, B*), 5 and R.
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Proof. Given such ug + u € LP(Tx,R%), we can find @& € LP(Ty,R?) with average 0 and
ug € R? x R such that

() -+ ) ~ (ot o)l = [ dist?(un + 1, 1) das
Tn
(ii) @+ up € K almost everywhere.
Again, let us write u = (v,v) + (w, —w), uy = (vo, vo) + (wo —wp) and @ = (v,0) + (w0, —w),
o = (Tg, Up) + (Wo, —wp). The inequality (6.17) can be viewed as an upper bound on the

L? norm of u depending on ug and the distance to K. First of all, note that
lu—al?, < / dist? ((uo + u(z), K) da. (6.18)
Q

Hence, we continue to estimate the L? norm of @ instead. We bound the LP-norms of w
and ¥ separately. First of all, we can estimate w in terms of Wy, U9 and ¥ by using that

KcClL 8. for some sufficiently large R:

. Lo
1@z < & ll@ +@oll, — Cpluwol”
p

1 -
< FIIRA A+ v+ vol ) — Cplwol”
p

~118p ~ 1P P
< —C(R + +1).
- C(R,p)”UHLp C(R, p)(|vol |wo )

So it suffices to give a bound for v. We use Lemma i.e. (6.15) and (6.16]), and the

estimate on ||| zr in order to obtain

1511Ze < Cpll (A, B (@, 9) ly-rr
< Cp (A, Bl v, + (A, BY) (@, =) lyy—rr)
= G, (ICA, BY) (u = @) [y, + (A B) (0, =) [l 1)
< Gy (Ilu—allg, + [l@l,)

. 1 - - -
S CI/), (/Q dlStp(U,K) dx + m”’l}ngp — C(R,p)(|vo|p + |U}0|p + 1)) .

Using Bernoulli’s inequality for (||7]|P)? and substracting this term we get

18I, < ¢ /Q dist? (u, K) d — Ca(1 + [P + | P).

Then employing (6.18), the estimate for @ and that |ug — @g|P < Cp/dist(u, K)dz, we
conclude
flull?, < C’l/ dist?(u, K) dz — Co(1 + |ug|? + |wo|P).
Q

This yields (6.17)). O
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Lemma 6.27. Let u!, = (ug + up) be a bounded sequence in LP(Ty,R? x RY), such that

(i) dist? (u),, K)dz — 0;
Tn

(i) ug € R? x RY;

(111) u, has zero average and satisfies the differential condition (A, B*)u, = 0.

Suppose that K satisfies |(H1’) and |(H2’), Let p < q < % Then there is a sequence

Ty € LP(T,R? x RY) with zero average satisfying
(a) ||tn — up|lze — 0 as n — oo;

(b) dist?(uy + up) dxz — 0 as n — oo;
Tn

(c) (A,B")u, =0.
Proof. Let u), = up + u,. As in the previous proofs, we can find a modified sequence

', = g + Uy such that @, € K almost everywhere and |lu;, — @, ||r» — 0. In particular,
both

~/
u

lup — o | — 0, ||un — Gp|lze — 0 as n — oo.

Let us write

Up = (Op + Wy, Uy — Wpy)-
As in the proof of Lemma take the Fourier multiplier Ml and define
Uy := (M, + Wy, My, — wy,). (6.19)

By Lemma we have (A, B*)(ay,) = 0 and by the estimate on ||u, — @,/ z» and the
fact that M is a Fourier-multiplier, it follows that

||tn, — upllLr — 0 asn — oco.

Hence, the only concern is to prove the estimate on the ¢-distance function, @ To
this end, we can employ the following two pointwise bounds. First, the distance can be

estimated in terms of @, and ,,:
dist?(ug + tn(z), K) < 2%ug + tn(z) — a, ()], (6.20)

as 1, () € K. Moreover, we have a bound on the distance of points in K to L, and vice

versa
dist?(ug + up(z), K) < Cp<1 + |wo + ﬁ]n(w)‘ﬁq) + Cp(l + |vo + M@nfﬁq). (6.21)

Indeed, (6.21)) can be verified by the following argument. The closest point of ug + @, (x)



187 A-quasiconvex hulls of non-compact sets

to L is (vo + My (2), vo + Mty (z)) € L, hence

dist?(up + @, (x), K) = dist? (uo + Up (), (vo + My, (), vo + Mu?n(x)))
RY(L+ [ + i (@)] ).
However, the distance of this projection point to K can be bounded using
dist?(vo 4+ My, (), K) < R(1 4 |vg 4+ M, (2)]%)7.

Using the triangle inequality and rearranging the terms yields (6.21)). We combine estimates
(6.20) and (6.21]) to get an estimate for dist? as follows

[0}

1—

dist?(ug+1iin (), K) < C(Jug+1iin (z) —1a, (z)]|9) (1 + |wo + W () |P1 4 v + @n(x)|ﬁq)
(6.22)
for an appropriately chosen o € (0, 1). Using Holder’s inequality with exponents r and 7/,

yields for the integrated identity

/ dist?(ug + up(z), K) dz
Tn

l1—a
<C | (uo + (@) = @ @) (1+ [wo + @ (@) + Jug + T (@) 7) da
Tn

_ 1/r
<C </ o + in(z) — @, (x)]9°" dx)
Tn

1/r
: (/ (1 + wo + By () [PAA= 1 g + By, () [P ) dx)
Tn

Choose o = © { 1= B c0,1) (as1>p/g> B) and r w (which is larger than
1 as o < 1). Then we have
gor = q(8 + o — Ba) = ¢ %) + ((p/q)l—_ﬂﬁ) — (Blp/9) = B°) _ qg —p  (623)
and
all— )’ =ad1 - ) = g1 - @)L — g5 o o) = ara B

This yields

/ dist?(ug + iy (), K) dz < C|lug + tin(z) — i, (z)| %T
Tn

(14 Yo + B (@) |2+ oo + ()

).
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The second term is uniformly bounded in n and the first one tends to 0. Therefore,

lim dist?(up + tn(x), K)dz = 0.

n—o0 TN

O]

Corollary 6.28. Let 1 < p < oo and u,, = (ug+uy) be a bounded sequence in LP(Ty, R% x
RY), such that

(i) dist? (u;,, K)dz — 0;
Tn

(i) up € R? x RY;

(111) u, has zero average and satisfies the differential condition (A, B*)u, = 0.

Suppose that K satisfies|(H1’) and|(H2’). Let 1 < p < q < oo. Then there is a sequence

U, € LY(Ty, R x RY) with zero average satisfying
(a) ||ty — up|lzr — 0 as n — oo;

(b) dist?(uy, + up) de — 0 as n — oo;
Tn

(c) (A, B)in = 0.

Proof. This follows by induction and Lemma In particular, boundedness in L? follows
from the coercivity Lemma ]

Using this truncation statement we are ready to prove that the hulls K ®) and K@

coincide whenever 1 < p,q < oo.

Proof of Theorem[6.24. First of all, note that by the integral coercity we have for all p €
(1,00) that K = K®)_ Therefore, one gets K@ = K@) ¢ K®) = K@) The difficulty
adressed in previous lemmas is to show K ®) c k@),
This is shown by Corollary If 2z e K (p), there is a bounded sequence u, €
LP(Ty, R x RY) with zero average satisfying (A, B*)u, = 0 and
/ dist?(z + up, K)dex — 0 as n — oo.
TN

By Corollary the modified sequence z + @, (x) even satisfies

/ dist!(z + @y, K)dz — 0 as n — oo.
Tn

Therefore, z € K9, O
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forms

This chapter summarises the results obtained in the publication

o [134]: Schiffer, S., L°-truncation of closed differential forms,
https://arxiv.org/abs/2102.07568, 2021.

In particular, only the treatment of A-quasiconvex sets (Section 6.1 in the paper) has
already been mentioned in Chapter [6] The paper is given in the first part of the appendix,
Chapter [A] It is accepted in the peer-review journal ‘Calculus of Variations and Partial

Differential Equations’ published by Springer.

This is a single-author manuscript. Hence a detailed description of the doctoral candi-

date’s contribution is not needed.

7.1. Motivation

The motivation to this chapter comes from the treatment of A-quasiconvex sets. We
have seen in Theorem that an L®-truncation result yields that the hulls K M) and
K coincide whenever K is a compact set and (ZL) holds true for the differential operator

A. In particular, the main question reads as folllows.

Consider a linear differential operator A: C®(RY,R?) — C°°(RY, R!) of first order with
constant coefficients, and a bounded sequence of functions u,, C LI(RN , ]Rd) which satisfy

Au,, = 0 in the sense of distributions and are close to a bounded set in L™, i.e.

lim |up| dz =0 (7.1)
o0 J{z€RN ¢ Jun(z)|>L}
for some L > 0. Does there exist a sequence of functions v,, such that Av, =0, ||v,||re <
CL and (u, — v,) — 0 in measure (in L')?

This question was answered first by Zhang in [I57] for sequences of gradients, i.e. for
the operator A = curl. In Chapter [A] we give a major extension to this result by showing
that it is true for closed differential forms. That is, the result is true whenever A is an
exterior derivative. Moreover, we discuss its applications for A-quasiconvex sets and the

additional framework of .A-oco-Young measures.
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7.2. Main results

Now, we summarise the main results obtained in Chapter [A] Indeed, we answer the

previously raised question positively, which is expressed via the following theorem:

Theorem 7.a (=Theorem . Suppose that we have a sequence u, C Ll(RN,A’") with
du, =0 (in the sense of distributions), and that there exists an L > 0 such that

/ lun(y)|dy — 0 as n — oo. (7.2)
{yeRN: Jun(y)|>L}

There exists a constant C1 = C1(N,r) and a sequence v, C LOO(RN, A") with dvy, = 0 and
i) llvnll o @ ary < C1L;
i) |[vn — unll 1@~ ary = 0 as n — oo;

iii) [{y € RN : vp(y) # un(y)}| — 0.

We outline the idea behind proving this theorem in the following Section[7.3] Further, in
a more abstract setting, we show two consequences of the abstract property shown by the
theorem above (which already appeared in Chapter [6] as property (ZL)). First, we show
that we indeed have equality of the A-quasiconvex hulls. This statement and its proof
have also been mentioned in Chapter [6] via Theorem [6.14] Moreover, as a byproduct of

the L°°-truncation, we are able to derive a characterisation of A-oco-Young measures:

Theorem 7.b (=Theorem |A.2)). Let A satisfy the L*°-trucnation property (ZL). A weakx
measurable map v : Ty — M(Rd) is an A-oo-Young measure if and only if vz > 0 a.e.
and there exists K C RY compact and v € L= (Txn,R%) Nker A with

i) sptv, C K for a.e. © € Tn;
i) (Vg,id) = u(x) for a.e. x € T;

iii) Vg, f) > f((Vg,id)) for a.e. x € Ty and all continuous and A-quasiconver f : R? —
R, i.e. f e C(RY) such that for all p € C°(Ty,RY) Nker A

f( [ v dx> < [ st as.

7.3. ldeas of proofs

We now shortly outline the ideas behind the proofs of the two previously mentioned
theorems. The L°-truncation result relies on a generalised version of Whitney’s extension
theorem. Clasically, Whitney’s extension (cf. [I51) 139]) extends Lipschitz functions on a
closed set X  R¥ to be Lipschitz on the whole of R" with a Lipschitz constant that is
only worse by a multiplicative constant. The main part of the proof is to show that such
a Whitney extension is also possible for closed differential forms.

The main ingredients towards this technique are the following:
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(a) We need a suitable formulation that is parallel to the notion of being Lipschitz. In

more detail, being Lipschitz on a convex set can be expressed by two means:
(i) the function u is weakly differentiable and satisfies Du € L® almost everywhere;

(ii) the function w is continuous and satisfies

[u(@) —u(y)]

< Llz -y
|z —yl

for all z,y in the set.

A valuable observation by Acerbi & Fusco [I], is that a function is Lipschitz con-
tinuous on the set, where the maximal function is small. The counterpart of this
observation for closed differential forms is the following. Let M denote the Hardy—

Littlewood maximal function.

Theorem 7.c (= Lemma [A.7). There exists a constant C = C(N,r) such that for
allw € CY RN A™), X > 0 with dw =0 and x1, ..., x,41 € {Mw < A} we have

w (x1,...,x <CMN max |xz;—zi|". 7.3
]im() O (@1, ess))| < OX | max i~ (7.3)

(b) We need to construct a Whitney extension theorem for sets that satisfy a property
in the style of ([7.3)). This features the classical approach of covering the complement
of the sets with Calderén—Zygmund cubes.

(¢) The proof itself then can be roughly summarised by the following steps. We do not
change the function on the ‘good set’, where the maximal function is small, and
redefine the function on its complement, the ‘bad set’. We then show the validity of
the extension theorem outlined in the previous item. First, we show a L bound on
the function. Then, we prove that the differential constraint (i.e. that the differential
form is closed) is satisfied in a pointwise fashion almost everywhere. Finally, we
verify that the exterior derivative as a distribution is actually an L'-function . This
yields that the exterior derivative is zero, i.e. the constructed extension is a closed
differential form. The rest of the proof relies on an argument that the complement

of the bad set, to which we extend the function, is small in measure.

The proofs of the consequences of this theorem follow the arguments that have been
given in the special case A = curl. In particular, the proof of K (1) = K(*) has been seen
in Theorem The proof of the characterisation result for Young-measures follows its

counterpart in the setting A = curl from [85, [114].
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dimension three

This chapter summarises the results obtained in the publication

e [20]: Behn, L., Gmeineder, F. and Schiffer, S. On symmetric div-quasiconvex hulls
and divsym-free L™ truncations, https://arxiv.org/abs/2108.05757, 2021.

The treatment of A-quasiconvex sets (Section 5) has been already been mentioned in
Chapter [0 The paper is given in the second part of the appendix, Chapter It is
accepted in the peer-review journal ‘Annales de I'Institut Henri Poincaré C: Analyse non
linéaire’ published by EMS Press.

The research undertaken in the paper in question is a collaboration with L. Behn and
F. Gmeineder. All authors and, in particular the author of this thesis, have contributed

significant parts to each section of the work.

8.1. Motivation

As for the previous Chapter [7 the motivation for this chapter is the treatment of A-
quasiconvex sets. Theorem shows that the validity of an L°°-truncation result yields
that the set K1) = K>

The goal of this section is to extend the result of Chapter [7] to another differential
operator. We show that (ZL) holds for the divergence of symmetric 3 x 3 matrices. This
operator is of relevance in the framework of linear elasticity, which is further outlined in
Section [B.1.1l

In addition, we derive a slightly weaker result than K (1) = K independent of the
validity of (ZL). This statement, K® = K@ for 1 < p,qg < oo, is already featured in
Chapter [6] via Theorem

8.2. Main result

We now give the main result obtained in the paper and summarise its consequences.

The main theorem reads as follows.

Theorem 8.a (= Theorem [B.2)). There exists a constant C > 0 solely depending on the

underlying space dimension n = 3 with the following property: For all u € LI(R?’,REYXIS)

with div(u) = 0 in D' (R3,R3) and all A\ > 0 there exists uy € L' (R3R3X3) satisfying the

sym
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(a) L*-bound: [Jux|feemsy < CA;

(b) strong stability: [lu — ux||z1(rs) < C’/ |u| dz;
{lul>A}

(c) small change: £3({u # uy}) < C)\l/ |u| dz;
{lu[>A}

(d) differential constraint: div(uy) = 0 in D'(R3 R?).
The same remains valid when replacing the underlying domain R? by the torus Ts.

We then show that this truncation theorem in turn implies K1) = K(*) (also see
Theorem and the treatment in Chapter |Al).

8.3. Idea of proof

We summarise the main ideas behind the proof to Theorem [8.al This features an exten-

sion of the ideas that are featured in Chapter [7]

8.3.1. C-ellipticity and exact sequences of differential forms

The main insight behind the treatment of differential forms (cf. Chapter is that
we already know a Lipschitz truncation, i.e. a WH-W1 > truncation of functions. This
truncation can be used to derive a curl-free truncation.

For differential forms one can observe the following: The formula for curl-free truncation
plays nicely with the geometry of RY and is not only suitable as a curl-free truncation,

but also for a WLyt tryncation, where
wrewl.— £ e [P: curlu € LP}.

This powerful observation then in turn yields an A-free truncation for the annihilator of
curl which is the divergence operator div in space dimension three.

Summarised, we can construct L'-L°-truncations along the exact sequence of differential
operators, that are exterior derivates.

In Chapter [B]we show that this technique also holds when the start of the exact sequence
is replaced. The result for differential forms relies on a truncation for gradients, which we
replace by the result for symmetric gradients (which may be extended, in general, to C-
elliptic operators, cf. [19]). In particular, we start with a truncation of the symmetric
gradient and then derive a truncation of divergence-free symmetric matrices by following
the exact sequence featuring the operators 1/2(V + V7), curlcurl” and divgyy,. This
procedure is further elucidated in Section [B23]

8.3.2. The construction of truncation via Whitney's extension theorem

The technique involved in the proof of Theorem is very similar to its counterpart

in Chapter m We first need a suitable pointwise condition for diveym-free fields that is
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parallel to Theorem [7.c. We then show Theorem [8.a] by the same technique. We use the
extension theorem by maintaining the function on a certain good set and changing it on
the bad set. First, we show that the extension is divgym-free which is done in two steps.
We prove that the differential condition is satisfied pointwisely almost everywhere. Then,
we show that the symmetric divergence of a function, seen as a distribution, is already a

L'-function. The theorem is then established by estimating the measure of the bad set.

The result of Theorem that K = K> follows by the same means employed in
Section [A] see also Theorem [6.14]

The validity of K ) = K@ for 1 < p,q < oo is independent of the property (ZL) and
only relies on the constant rank property. We show this by a significantly weaker version
of the truncation statement on the torus, which uses Fourier analysis and the results from
Chapter [2] see also Theorem [6.7]

The last section of the work focuses on a slightly weaker truncation statement whose
proof also only relies on the constant rank property. This truncation statement is, however,

not of relevance for the treatment of A-quasiconvex sets.
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A. L-truncation: Closed differential

forms

Up to minor changes, this chapter coincides with the publication.
e [134]: Schiffer, S., L°-truncation of closed differential forms

In particular, only the treatment of A-quasiconvex sets (Section 6.1 in the paper) already

appeared in Chapter [6]

A.l1. Introduction

A.1.1. A-free truncations

An interesting question in the calculus of variations and real analysis is the following:
Consider a linear differential operator A: C®(RY, R?) — C®(RM,R!) of first order with
constant coefficients, and a bounded sequence of functions u,, C L'(RY,R?) which satisfy

Au,, = 0 in the sense of distributions and are close to a bounded set in L™, i.e.

lim |up| dz =0 (A.1)
O J{eRN : [un(2)2L}
for some L > 0. Does there exist a sequence of functions v,,, such that Av, = 0, ||v,||re <
CL and (up, — vy,) — 0 in measure (in L')?

This question was answered first by ZHANG in [I57] for sequences of gradients (u, =
Vwy,), i.e. for the operator A = curl, which assigns to a function wu: RY — RV the
skew-symmetric (N x N)-matrix with entries d;u; — 0ju;. ZHANG’S proof, which builds
on the works of Liu [96] and ACERBI-Fusco [I], proceeds as follows. Denote by M f the
Hardy-Littlewood maximal function of f € L{ (R™ RY) and let u,, = Vw,. The estimate
implies that the sets X" = {M(Vw,) > L'} have small measure for large n. One
then uses (cf. [I]) that

wa(2) —wa(y)| < CL'|lz —y, z,y € RM\X", (A.2)

i.e. wy is Lipschitz continuous on R \X". The fact that Lipschitz continuous functions
on closed subsets of RY can be extended to Lipschitz continuous functions on RY with the
same Lipschitz constant [90] yields the result.

In this chapter, we show that the answer to the previously formulated question is also

positive for sequences of differential forms and A = d, the operator of exterior differentia-
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tion.
Let us denote by A” the r-fold wedge product of the dual space (RV)* of RY and by
d: C®(RN, A") — C®(RN, A™"1) the exterior derivative w.r.t. the standard Euclidean

geometry on RV,

Theorem A.1 (L°°-truncation of differential forms). Suppose that we have a sequence
u, C LYRYN,A™) with du, = 0 (in the sense of distributions), and that there exists an
L > 0 such that

lun(y)|dy — 0 as n — oo. (A.3)
{yeRN: Jun(y)|>L}

There exists a constant Cy = C1(N,r) and a sequence v, C L®(R™ A") with dv, = 0 and
i) ||Un||L°°(RN,Ar) <C1L;
”) ”Un - unHLl(RN7AT) —0asn— 00;

iii) |{y € R : vy (y) # un(y)}| — 0.

An analogous version of Theorem holds if RY is replaced by the N-torus T (cf.
Theorem or by an open Lipschitz set 2 and functions v with zero boundary data
(cf. Propostion . Moreover, the result immediately extends to R™-valued forms by
taking truncations coordinatewise (cf. Proposition .

In particular, the result of Theorem includes a positive answer to the question
previously raised for the differential operator A = div after suitable identifications of
ANV and AN with RY and R, respectively.

One key ingredient in the proofs is a version of the Acerbi-Fusco estimate for
simplices rather than pairs of points in Lemma [A7 For the estimate, let us consider
w € CE(RN,AT) with dw = 0 and let D be a simplex with vertices z1,...,2,41 and a
normal vector " € RY A ... ARY (cf. Section for the precise definition). Assume
that Mw(x;) < L fori=1,...,7r+ 1. Then

[t

The second ingredient is a geometric version of the Whitney extension theorem, which may
be of independent interest, cf. Section
Combining (A.4) and the extension theorem, one easily obtains the assertion for smooth

<C(N)L sup |z; —z;|" = C(N)Ldiam(D)". (A4)
1<i,j<r+1

closed forms. The general case follows by a standard approximation argument.

Before turning to an application of the truncation result, let us also mention that in
Theorem the hard part is to get the convergence in just from the rather weak
assumption . A version of Theorem has been seen for a stronger assumption on
the smallness of the sequence in [73]. Regarding solenoidal Lipschitz truncations [26] 28],
meaning W1 -1 truncations instead of L'-L*, the smallness corresponding to (A.3)
is also assumed to be slightly different from the present setting.

Moreover, in the setting A = curl, the statement of Theorem [A-T]can be further improved

as follows. If K is a compact, convex set and u,, — K in L', we can even get a sequence v,
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such that the L°°-norm of dist(vy,, K) converges to 0, cf. [I13]. In contrast, Theorem [A.1
only implies an L*°-bound on v, and convergence in measure to X. MULLER’S technique
does not rely directly to a curl-free truncation, but on a Lipschitz truncation. It then uses
suitable cut-offs and mollifications. There does not seem to be an obvious obstruction,
why this technique should not work, if we replace the Lipschitz truncation by a general

truncation statement on any potential instead of V (also cf. [73]).

A.1.2. A-oc Young measures

Truncation results like the result by ZHANG or Theorem have immediate applica-
tions in the calculus of variations. In particular, they provide characterisations of the
A-quasiconvex hulls of sets, cf. Section and its discussion in Chapter [6] and the set
of Young-measures generated by sequences satisfying Au,, = 0. For a precise definition of
A-Young measures we refer to Section and [65].

The classical result for Young measures generated by sequences of gradients (i.e. se-
quences of functions wu, satisfying curlu, = 0) goes back to KINDERLEHRER and PE-
DREGAL [85], [86]. Here, we show the natural counterpart of their characterisation result,
whenever the operator A admits the following L°°-truncation result:

We say that A satisfies the property (ZL) if for all sequences u, C L*(T N,]Rd) Nker A,
such that there exists an L > 0 with

/ lun(y)|dy — 0 as n — oo,
{y€TN : |un(y)|>L}

there exists a C' = C(A) and a sequence v, C L' (T, R?) Nker A such that
1) [lonllpoc 1y rey < CL;
ii) ”Un - unHLl(TN,Rd) —0asn— oco.

By ZHANG [157], the property (ZL) holds for A = curl and a version of Theorem |A.1
shows this for A = d (Corollary . Further examples are shortly discussed in Example
[A.23

For the characterisation of Young measures, recall that spt v denotes the support of a

(signed) Radon measure v € M(R?), and for f € C.(R?)

v, f)= [ fdp.
Rd
If the property (ZL) holds for some differential operator .4, then one is able to prove the
following statement.

Theorem A.2. [Classification of A-co-Young measures| Let A satisfy (ZL). A weaks
measurable map v : T — M(Rd) is an A-oo-Young measure if and only if v, > 0 a.e.
and there exists K C RY compact and u € L>(Ty, RY) Nker A with

i) sptv, C K for a.e. x € Tn;
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i) (Vg,td) = u(x) for a.e. x € Ty

iii) (g, f) > f((Vg,id)) for a.e. x € Ty and all continuous and A-quasiconvez f : R —
R ie fe CRY), such that for all 1 € C®(Ty,RY) Nker A

f( [ dx) < [ st a.

For further reference to classification of A-p-Young measures for p < oo, let us shortly
refer to [65, 66, (130, 93, 0.

A.1.3. Outline

We close the introduction with a brief outline of the paper. In Section[A:2] we introduce
some notation, recall some basic facts from multilinear algebra and the theory of differential
forms. We prove the key estimate in Section Section is devoted to the proof
of the geometric Whitney extension theorem. In Section the proof of the truncation
result (and its local and periodic variant) is given. Section discusses the applications
to A-quasiconvex hulls and A-Young measures. The proofs of the theorems closely follow
the arguments in [85] and are discussed in the last subsection [A.6.3]

A.2. Preliminary results

Define the space A" as the r-fold wedge product of (RN ), ie.

A" = RY)* A LA (RY)

T copies

and similarly the space A, as the r-fold wedge product of RY. Then A” and A, are finite-
dimensional vector spaces. For RY denote by {ei}ie[N} the standard basis and by - the
standard scalar product. For (RN )* denote by 01, ...,0n the corresponding dual basis of
(RM)*, i.e. 6; is the map y — y - e;.

For ke I, :={l € [N]": l; <la < ... <} the vectors

P = e, Newy, A Aep, (A.5)

form a basis of A,.. Denote by " the scalar product with respect to this basis, i.e. for

kel
ek,r T el,r _ 1 k=l
0 k#IL
This also provides us with a suitable norm on A,, which we denote by || - ||a,. Similarly,
using the standard basis of (R™)*, we define a basis %" and a norm | - |[~. Also note

that for 0 < s < r there exists (up to sign) a natural map A" x Ag — A" (the interior
product), as A® is the dual space of Ay and A" = A* A A""°. In particular, in the special
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case s = 1 for hq,...,h, € RN* and y e RY

T

(P Ao AR () =D (1) hi(y)ha Ao Aiicy ARy A b, (A.6)

i=1
In the case s = r and for hy, ..., h, € (RY)* and y1,...,y, € RY
(M A N A Agp) = ) (sgn(a) Hhi(yam)) : (A7)
o€Sr i=1

where S, denotes the group of permutations of [r] = {1,...,r}. (A.7) also gives us a
representation of the map A" x Ag — A""° as for h € A", x € A; we may consider the

element of A" = (A,_s)* defined by
z—h(xNz), z€NA_s.

Let us shortly remark that this notation is slightly different to the usual notation for

interior products.
Moreover, note that the space AV is isomorphic to R via the map IV defined by

a1 N...NOny — a € R.

A.2.1. Differential forms

In the following, we will define all objects for an open set Q@ € RY, but these definitions

are also valid for RY and Ty respectively.
We call a map f € Li..(Q,A") an r-differential form on . We define the space

r=[]Jc=@n).

reN

It is well-known (c.f [29] 36]) that there exists a linear map d: " — T', called the exterior

derivative with the following properties
i) d*>=dod=0,
ii) d maps C°°(Q, A") into C™(, A",

iii) We have the Leibniz rule: If « € C*°(Q,A") and g € C°(Q, A?), then

dlaNp)=danB+(—1)"andp, (A.8)
iv) d: C®(Q,A% — C>®(Q,A') is the gradient via the identification A° = R, A! =
(RN)* =2 RN,

We sometimes write d, to indicate that this derivative is taken in terms of a space variable

2 € RY. This map d has the following representation in terms of the standard coordinates
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(cf. [36]). Let w € C°°(2, A"), which, for some a; € C*°(2,R), can be written as

wly) =Y ar(y)o™".

kel

Then
do(y) =D " dar(y)o, Ao (A.9)
]

kel le[N

Remark A.3. For a fixed r € {0,..., N — 1} we can identify d: C>(Q, A") — C°°(Q, A" )
with some well-known differential operator A. By definition, for » = 0, d can be identified

with the gradient. For r = 1, after a suitable identification of A? with RYXN g = curl,

skew
which is the differential operator mapping v € C*(Q,RY) to curlu € C’OO(Q,RQQ;UN)

defined by
(curl u)lk = (%Uk - 8kul.

If r = N — 1, after identifying AV ™! with RY and A" with R, the differential operator d
becomes the divergence of a vector field which is defined for v € C*(Q,RY) by

N
divu = Z 8kuk
k=1

Lemma A.4. We have the following product rules for d:
i) Let we CHQ,AY), ze RY = Ay. Then

dy(w(y)(y — 2)) = Vyw(y) - (y — 2) + w(y), (A.10)

where we define V,w(y) - (y — 2) € C(Q, A') as follows:

N N
If w= Zwlﬂi and (y — z) = Z(y — z);ei, then
i=1 i=1

N N
Vyw(y) - (y—2) =Y > dwi(y)(y — 2)ibh-

=1 =1

i) There is a linear bounded map D" € Lin((A" x RY) x RN A" such that for w €
CH,A™), z € RY we have

dy (w)(y — 2)) = DV (Vely), (v = 2) ) +w(y). (A11)

iii) There is a linear and bounded map D> € Lin((A” x RN) x Ay, A"™*) such that for
w € Cl(Q,AT), zeRYN, 29 € Ay

ay(w®)((y = 2) A 22)) = D (Vyw(y), (5 — 2) A 22) + (—1)° Tw(y) (). (A12)
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Proof. 1) simply follows from a calculation, i.e., if as mentioned

N N

wly) =Y wiy)ti and (y—2) = (y—2)es,

i=1 i=1

then

N N
=D i)y = 2)ibi+ Y wiy)r,
=1

which is what we claimed. Statement ii) then follows from i) and using (A.6]). Likewise,

iii) then follows from ii). O]

Definition A.5. For w € Li,.(,A") and u € L, .(Q,A""") we say that dw = u in the
sense of distributions if for all ¢ € C°(Q, AN"""1) we have

/dgp/\w:(—l)NT/go/\u.
Q Q

Note that this definition is equivalent to the following formula: For all ¢ € C°(£2, A*)
with0 < s< N —r—1andall § € AN"7""5"1 we have

(—1)T+1/wAdg0A9:—/uA<p/\9.
Q Q

A.2.2. Stokes' theorem on simplices

We want to establish a suitable notion of Stokes’ theorem for differential forms on sim-
plices. Let 1 <7 < N and z1,...,z,11 € RY. Define the simplex Sim(x1, ..., 2y41) as the
convex hull of x1, ..., x,+1. We call this simplex degenerate, if its dimension is strictly less
than r.

For i € {1,...,r + 1} consider Sim(x1, ...T5—1, Tit1, ..oy Tpp1) =: Simi(xl, iZp41). This is
an (r—1) dimensional face of Sim(x1, ..., z,4+1) and a subset of the boundary of the manifold
Sim(z1, ..., Tr41), which, for simplicity, is denoted by 9 Sim(x1, ..., Zy41). Suppose first that

we are given the simplex
T
{Ae0,1) : ) N <1} x {0}Y" =Sim(0,e1, ... e,) C R x {0}V C RV,
i=1

Then the classical version of Stokes’ theorem on oriented manifolds reads that for every
differential form & € C'(R” x {0}¥™",R" A ... AR") -R" is the corresponding tangential

space of the manifold Sim(0, ey, ..., e,)- we have

/ dis(y) dH () = / B(y) A viy) dHT (1), (A.13)
Sim(0,e1,...,er) 0* Sim(0,e1,...,er)
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In (A.13), v(y) denotes the outer normal unit vector at y € 9" Sim(0, e1, ...e,) and 9™ is
the reduced boundary of the simplex, where this outer normal exists (the interior of all
(r —1)-dimensional faces). In our case, we are given a differential form with the underlying

space being RY and not R” (the tangential space of the manifold /simplex), hence we can
modify (A.13) to get for w € CH(RN,A™71)

= Z(l)z/ w(y)er Ao Nei—1 Aeir1 Ao Aey)
i=1 Sim(O,...,ei_l,eH_l,...,er)

(A.14)

+/ 2 20(y) (3 — e1) A (€3 — €2) A o A (€ — er_1))-
Sim(eq,...,er)
Let us write for simplicity that for x1,...,x,4+1 € RN

Vr(ajl, ...,xr+1) = ((1‘2 — 1‘1) VAN (.%‘3 - 1‘2) N A (CL'T_H — xr)) €A,

The map v" has the following properties:

i) " is alternating, i.e. for a permutation o € S,
V(Y1 s Yrt1) = Sgn((f)’/r(ya(l)a -"7y0(r+1))'
ii) We have the relation
1" (s o yr) A, = rH (Sim(ya, -, Yr1)-
A linear change of coordinates from Sim(0, e1, .., e,) to Sim(x1, ..., z,41) leads from (A.14))

to the following: For w € COO(RN, AT_I) and 1, ...z¢,41 € RY

1

][ dw(y) (V" (z1, ooy Tpg1)) dH (y) (A.15)
T JSim(xy,...,x011)

—1)¢
:Z ( )1 ][ _ w(y)(l/Tfl(gjl’,,,,xi_ljxi_i_l’mxr_i_l))derfl(y)’
= T simi(an,mpgn)

A.2.3. The maximal function

The Hardy-Littlewood maximal function for u € LL _(RY,R?) is defined by

Mu(z) = sup f fu(y)| dy.
R>0 BR(JJ)

Again, we can also define the maximal function for functions on the torus using the iden-

tification with periodic functions.
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Proposition A.6 (Properties of the maximal function (cf. [139])). M is sublinear, i.e.
M(u + v)(y) < Mu(y) + Mu(y) for all u,v € Li (RN, RY) and y € RY. Moreover,
M : LP(RY,RY) — LP(RN,R) is bounded for 1 < p < oo and bounded from L' to LV
In particular, this means that for 1 < p < oo

{Mu > A} < Cp)\ipHUH}z,p(RN,Rd)’

If ue LP (RMN,R?) is a ZN-periodic function, i.e. u € LP(Tx,RY), then

loc

(M > A} 010,11 < CoA Pl ey

A.3. A geometric estimate for closed differential forms
In this section we prove a key lemma for our main theorem.

Lemma A.7. There exists a constant C = C(N,r) such that for all w € C*(RN,A"),
A > 0 with dw =0 and x1, ..., 2p41 € {Mw < A} we have

<CA max |z; — ;|

w(" (21, ey Tpg1)) m
\é\im($17"'7$T+1) ’ o 1§/L7]§r+1

This lemma can be seen as a natural analogue of Lipschitz continuity on the set where

the maximal function is small. In particular, it has been proven (for example in [1]) that
for u € I/Vlz’cl (RY,R™) and for y1,y2 € {MVu(z) < L}

1
[ Suttn+ 0= ) - yz)dt’ — Ju(yn) - uly)| < CLlys — ol

Hence, one should view Lemma as a generalisation of this result.
Proof. For simplicity write |w| := ||w||ar. Recall that

V" (1, .o, Trg1) A, = 7H" (Sim(xy, ..., 2pq1)) < C  max |z; — 25"

1<i,j<r+1
It suffices to show that there exists z € RY such that
r+1
lw|dH"(y) < CX  max |x; —xj|". (A.16)
; /Sim(ml,.“:pi1,z,xi+1,...) 1<i,j<r+1 ' !

Indeed, to see that (A.16) is enough, note that

r—+1
Z][ w(ur(xl,...xi,l,z,xiﬂ,...))dHT(y) (A17)
Sim

=1 (3317---1'1'—1,Z,a:i+17__,)

:][ WV (@1, ey 2ri1)) AHT (1)
Sim(z1,...,Tr41)
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Figure A.1.: lllustration of (A.17)) for » = 2. The integrals on the dashed 1-dimensional
faces cancel out in (A.17)) after applying Stokes’ theorem.

and

][ w(z1,...iz1, 2, i1, ...)) dH (y)
Sim(z1,...25—1,2,Li41,---)

1
</ (] dH7 ().
r Sim(zl,..mi_l,z,ziﬁ_l,...)

The equation (A.17) can be verified by Stokes’ theorem ({A.15]), using that boundary
terms with a simplex with vertex z cancel out on the left-hand side of (A.17]).

We now prove (A.16). W.lo.g. R = m[axu |z; — x| = |1 — x2|. Note that there exists
L,j€lr+
a dimensional constant C; such that

|Br(z1) N Br(zz)| > C1RY.

First, consider z1,...,x, € Br(x1). For z € Br(x1) define E(z) to be the r-dimensional
hyperplane going through z1,...,z, and z. This is well-defined if z is not in the (r — 1)
dimensional hyperplane F' going through z1, ..., z,. Note that for 2,2z ¢ F

z€ E(2) & Z € E(2). (A.18)
As Mw(z1) < A, we know that
/ w(2) dz < AbyRY,
BR(J,‘l)

where by is the volume of the N-dimensional unit ball B;(0). As H"(E(z) N Br(z1)) =
bR", it also follows by Fubini and (A.18)

/ / |w|(y) dH" (y) dz < Abnb, RNTT.
BR(xl) E(Z)ﬂBR(xl)
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Using that Sim(z1,...,2,,2) C E(z) N Br(z1), we conclude that for p > 0

/ |w|(y) dy| = u}
Sim(z1,...,2r,2)

Choose now p* = 2(r+1)bby R"AC; . Plugging this into (A.19)), we see that the measure
of this set is smaller than R™(2(r + 1))™!. Repeating this procedure for all (r — 1)-

dimensional faces of Sim(x1, ..., x,41), we get that for i > 1

/ ) 43 1)
SIm(Z1,...sTi—1,2,Tit1,--+)

N+r
< Ab.by R .

< . (A.19)

Hz € Br(z1):

{Z S BR(Qj‘l)Z

> F <017RN
_# _2<r+1)7

and for i =1

Hz € Br(z2):

> 1 < g

w|(y)dH" (y )
/Sim(z,xg,...:rr+1)| ‘( ) ( ) (T‘—Fl)

Hence, there exists z € Br(x1) N Br(x2) such that all the summands of (A.16) are smaller
than p* = ((2(r + 1))b.byCy HR™A, ie.

r—+1
lwldH" () < (2(r + 1)%b,bxyCTHN max |z — 2"
;/Sim(a:l,...xi_l,z,a:i_,_l,...) ( " 1 ) 1S’La]§"'+1 t J
This is what we wanted to prove. O

A.4. A Whitney-type extension theorem

First, let us recall the following Lipschitz extension theorem.

Theorem A.8 (Lipschitz extension theorem). Let X C RY be a closed set and u €
C(X,RY) such that
u(z) = u(y)] < Ljz —yl. (A.20)

Then there exists a function v € C(RN,Rd) with v x = u and such that v is Lipschitz on
RN with Lipschitz constant at most C(N)L (i.e. the Lipschitz constant does not depend
on X).

Of course, there are several ways to prove such a theorem, even with C'(N) = 1 [90].
However, WHITNEY’S proof [I51] plays with the geometry of RY quite nicely. Similar
geometric ideas lies behind our proof for closed differential forms. First, let us define an
analogue of .

Suppose that X is a closed subset of RY, such that X ¢ = RN \X is bounded and
|0X| = 0.

Let u € C°(RY, A") with du = 0. Let L > 0 be such that |ul| oo (x) < L and that for all
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X1, ..., Trr1 € X we have

][ u(y) (V" (z1, ..., xr41)) dy| < Lmax|z; — z;|". (A.21)
Sim(z1,...,Tr4+1)

Lemma A.9 (Whitney-type extension theorem). There exists a constant C = C(N,r)
such that for all u € C°(RY,A") and X meeting the requirements above there exists
v € L (RN, A") with

i) dv =0 in the sense of distributions;

it) v(y) = u(y) forally € X;
iii) ||v||pe < CL.

Remark A.10. The constant C' does not depend on the choice of u or X, it is only important
that the pair (u, X) satisfies (A.21)). The assumption that X is bounded makes the proof
easier, but may be dropped. It is not clear, whether the assumption that |[0X]| = 0 is

necessary for the statement to hold or not.

Remark A.11. As one can see in the proof, the assumption u € C®(R™, A") can be
weakened to u € C?(RY,A"), as we only need the first two derivatives of u. However, it is

important to remember that we cannot prove Lemma for the even weaker assumption

u € L, as (A.21)) is not well-defined.

For the proof we follow the classical approach by Whitney with a few little twists. First,
we will define the extension in . Then we prove that v satisfies properties i)-iii). ii)
and iii) are quite easy to see from the definition of v, however it is hard to verify that i)
holds. On the one hand, we show that the strong derivative of v exists almost everywhere,
namely in RY \0X and that dv = 0 almost everywhere, where we use the assumption that
the boundary of X is a null-set. On the other hand, we then prove that the distributional
derivative dv is in fact also an L' function, yielding that dv = 0 in the sense of distributions.

We now start with the definition of the extension. Let us recall (cf. [I39]) that for
X c RY closed we can find a collection of pairwise disjoint open cubes {Q; }ien such that

e Q7 are open dyadic cubes;
* Uien Q; = X,
o dist(Q;, X) <U(QF) < 4dist(Q;, X), where [(Q]) denotes the sidelength of the cube.

Choose 0 < € < 1/4 and define another collection of cubes by @Q; = (1+¢)Q; (cube with
the same center and sidelength (1 + £)I(Q;)). Then

o Uien Q; = XC}

e For all i € N, the number of cubes @; such that Q; N @Q; # 0 is bounded by a

dimensional constant C'(N);
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XC

Figure A.2.: A collection of cubes Q’; near the boundary (up to a certain size).

e In particular, all z € R are only contained in at most C (N) cubes Q;;

e The distance to the boundary is again comparable to the sidelength, i.e.

1/2dist(Qs, X) < 1(Qs) < 8dist(Qi, X).

Note that if X is Z"-periodic, then also Q; can be chosen to be Z periodic (initially, we
have a collection of dyadic cubes). Now consider ¢ € C°((—=1 —¢,1 + ¢)™V,[0,00)) with
¢ =1 on (—1,1)Y. We can rescale ¢ such that we obtain functions ¢; C C°(Qj)) with
@3 =1 on Q;. Define the partition of unity on X% by

Yj = ‘P;‘
’ ZieN ©;

Note that 0 < ¢; <1 and that there exists a constant C' > 0 such that for all j € N
Vil <C/81(Qy)~" < Cdist(Qy, X) ™"

For each cube @;, we may find an x € X such that dist(Q;,z) = dist(Q;, X). Denote this
z by z;. For a multiindex I = (iq,...,i,41) € N"*1 define

G(x’iv ""xir+1) = G(I) = ]i ( u(y) dy

Tiy s Tipyq)

We now define the differential form a € L*(RY, A") by

a(y) = Y einden A Adpi, NG (@i, 24,,,))). (A.22)
IEN’"JFI
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Note that in this setting G(I)(v"(...)) € R = A°.
We claim that the function v € L (R™, A") given by

) uly) y € X,
v(y) = { C1)aly) ye XC (A.23)

is the function satisfying all the properties of Lemma [A.9]

Lemma A.12. The differential form o defined in (A.22) satisfies o € L*(XC, A") and the
sum in (A.22) converges pointwise and in L.

Proof. Pointwise convergence is clear, as for fixed y € X¢ only finitely many summands
are nonzero in a neighbourhood of y (g; is only nonzero in @); and any point is only covered
by at most C'(N) cubes). For L' convergence fix some i; € N. Note that there are at most
C(N)" summands in 9, ..., 4,41, which are nonzero, as @);, only intersects with C'(IV) other
cubes. Furthermore, note that for all 4; with Q;, N Q;, # 0

ldei, ()llar < Cdist(y, X) ™ < CUQi) ™"
Moreover, we can bound v" by

||VT(‘Ti17"'7xir+1)|’Ar < max |[Za — ap|" < CUQs,)"
a,be{i1,.,ir41}
Hence, we can bound the L®-norm of a nonzero summand of (A.22) by C|lul/r~, as
|G(I)| < ||u||z. As the support of the summand is contained in Q;,, we have that its L'

norm is bounded by

Cllull L] Qi |-

Remember that any point in X is covered by only C(N) cubes, such that the sum of |Qil
is bounded by C(N)|X¢|. Hence, the sum in (A.22) converges absolutely in L' and its L
norm is bounded by C(N)"*1C||u| 1| X O

Lemma A.13. The function v is strongly differentiable almost everywhere and satisfies
dv(y) =0 for all y € RN\ OX.

Proof. Note that u € C2°(R™, A") and hence v is strongly differentiable in X\0X. Fur-
thermore, the sum in is a finite sum in a neighbourhood of y for all y € X©. As
the summands are also C°°, the sum is C* in the interior of X©.

By assumption du = 0, hence it remains to prove that da(y) =0 for all y € X ¢ Note
that in a neighbourhood of y € X¢ again only finitely many summands are nonzero. Using
that d> = 0 and the Leibniz rule, we get

dOé(y) = Z d(ph (y) A A d()oirJrl (y)(G(I)(VT(in ) wir+l)))' (A'24)
TeNT+1

Observe that this term does not converge in L' and hence this identity is only valid

pointwise.
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Pick some j € N such that y € @;. As all ¢; sum up to 1 in XY we have

doj(y) =— > dei(y).

TeN\{j}

Replace dp; in the sum in (A.24) by — Z dpi(y). Recall that v"(x1,...,2zr41) = 0 if
ITeN\{j}
x; = xp for some | # I'. Hence,

da(y) = Y dei(y) A Adpi (y) NG @iy i,11)))
IeNr+1
= Y dei ) A A, (y) NG (g, s @iy1)))
Te(N\{j})"+*
r+1

+ Z Z d‘pil (y) ARTIAN d<pir+1 (y) A (G(I)(I/T(:L‘il, ""':U'ir+l)))

=1 IGNT+1Z il:j

= Z d(ph (y) A Adgpim—l(y) A (G(I)(VT(‘TZ'U"‘7xir+1)))
Te(N\{j})r+1
r+1

B Z Z dgpil(y) AT d(pir-q-l(y)

=1 Te(N\{j})+*

NGy oy T, Ty ) (VT (T oy T, Xy -00)))-

We apply Stokes’ theorem ((A.15)) to the r-form v and the simplex with vertices x;, x;,, ..., z;,

use that du = 0 and conclude that this term is 0, i.e.

r+1
GIYWV iy oonr iy ) = D G @iy oens Ty 2 T o) (VT (B oo Ty T -0
=1
r—1 r+1 r
== du(y)(V (‘rjvxiu "'7$ir+1)) dH (y) =0
r Sim(xj,zil,...,xir+1)
Hence, the pointwise derivative equals 0 almost everywhere. ]

It is important to note that the sum in the definition of a converges in L', but
in general does not converge in W1, and thus we have no information on the behaviour
at the boundary of X¢. However, it suffices to show that the distribution dv for v given
by is actually an L' function. If dv € L', we can conclude with Lemma that

dv = 0 in the sense of distributions.

Lemma A.14. The distributional exterior derivative of v defined in (A.23) satisfies dv €
LYRN A1), de. there exists an L' function h € L*(RN, A™Y) such that for all ¢ €

C(c;o (RN, AN—’I’—l)
(—1)T/Xca/\d¢+/xu/\d1/1:/RNh/\1/}.

/ a(y) A di(y) dy.
XC

Proof. Consider



221 A Whitney-type extension theorem

In view of the definition of «, this expression is given by:

/ S Gndipiy A Ay (G (s i,1))) A dy = ().
RY jenrt+t

We use the splitting G(I) = (G(I) — u(-)) + u(-) and write (%) as

(*) = /RN Z @ild@ig JARTVAY d‘PiT.H A ((G(I) - u(‘))(VT(xip "'7xir+1)) N d¢

JTeNr+1
[0S o A A A @O iy, )) A (4.25)

RY fenri1

= (I) + (ID).

Note that (I) defines a distribution given by an L' function. Indeed, the sum

(Pi1d()0i2 ARTA dSOiTJrl A ((G(I) - u(y))(yr(xil’ ey xir+1))

converges in WHH(RY, A", To see this, one can repeat the proof of Lemma and
use that there are additional factors in the estimate of the norms. For this, note that if
z € Qi

IG(I) — u(2)[[ar < CUQ:) VUl L~

and

IV(G(I) = u())(2)llar < Cl[Vul|ze.

One gets improved regularity and may integrate by parts to eliminate the derivative of .
Term (II) is not so easy to handle. We prove the following claims:

Claim 1: Let 1 < s <7 and I’ = (ig, ..., ip41) € N"5T2 There exists hy € L'(RY, A™H1)

such that

fo 3 et A A A OO 1)) A

I’ENT75+2

:/Xchs/\zp

- /XC Z (Pis+1d80is+2 A A d(pirJrl A (u(')(yr_s(xiyrlv ) xir+1)) Adip.
]/eNr—s+1

(A.26)
Here we use the notation that 1°(z;,,,) =1 € Ag = R.
Claim 2: There is & € LY(RY, A"1) such that

/N Z ©iydpiy N oo N, A (u() (V" (x4, ""xir+1)))) A dvp
® renrh (A.27)

:/)(C}}/\q,wr(—l)?”/xcu/\dw.

Note that Claim 2 follows from Claim 1 by an inductive argument. The domain of
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integration in (A.27)) can be replaced by X ¢ as well, as all @i, are supported in X c,

First, let us conclude the proof under the assumption that Claim 1 holds true. Using

(A.25) and Claim 2 we see that there is an h € L'(RY,R?) such that
/ aNdy = h/\w+(—1)"/ u A di.
Xxc RN Xx¢

Recall that du = 0 in the sense of distributions and therefore

—/Xcu/\dw:/xu/\dw.

We conclude that there exists an L' function h € L'(RY, A™"1) such that

/XcaAder(—l)?"/u/\dzp_ h A.

X RN
Thus, dv is an L' function.
It remains to prove Claim 1. Note that

r—+1
l/r_sﬂ(xis, e Ty ) = Z VT_S+1(a:iS, s T 5 Yy Ty e Ti ) (A.28)
j=s

This can be verified using that the wedge product is alternating and explicitly writing the

right-hand side of (A.28)).
Using this identity, we may split the right-hand side of (A.26) (denoted by (III)), i.e.

r+1

(I = > /R N > Gidpi, AN,

Jj=s+1 TeNr—s+2
A (u() W (2, Tij 5 Ys Tigyrs o Tipyy))) N
+ /N Z Soisdsois-;-l AT dgpir-{»l A (u(.)(yr—s—&-l(y’ Ligyqsees xir+1))) A dTZJ
RY renr—s+2
= (I1la) + (IIIb).

Arguing as in Lemma we see that the sum

Z @isdgpis-u ARTIA d@ir-u A (u(‘)(yr—sﬁ-l(mis’ oy Lii 15 Yy Tijyqs ey mir+1)))
TeNr—s+2

is in fact convergent in L'. Moreover, the index i; only appears once in this sum. Recall
that for y € X¢

> dei,(y) = 0.

is€EN
Thus,
(IT1a) = 0.
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For (IIIb) note that Z @i, = lyc and, by the same argument as for (IIla), we can write
i1EN

(IIIb> - / Z d¢is+1 ARTA d(pirJrl N (u<.)(y7'*s+1(y7 Ligyrr s xir+1))) N dw
XY renr—s+1
We can now integrate by parts to eliminate the exterior derivative in front of ¢; ,,. Ap-
plying Lemma , using d? = 0, the Leibniz rule and the fact that ¢; ;€ C>(RM,R)
(—1)"~sTH(11Ib)

/ Z Cigir iy g N oo Ndi N d(u(~)(u’”_s+l(y7 Tigy1s s Tipyr))) N d
X renr—st1

/)(C Z sois+1dsois+2 /\ /\ dsoi'r+1
IeNr—s+1

Q

AN DT_S—H’T(VU(')’ (Vr_s+1(ya Ligyrs oo xir-&-l))) Ady

+ (fl)(T—S) / B} Z <Pis+1d90is+2 A ... /\d@ir_,_l
X renr—s+1

A u(')(yr—s('riﬁl’ ceey xi7-+1))) A dw
Arguing similarly to Lemma and as for term (I), we can show that

Z 90i3+1d90is+2 ARTAN Piri1 A DT_S—H’T(VU(')v (Vr—s+1(y7 Ligiqs oo Lipyq ))) € Wl’l(RN’ AT))
IeNr

and that this sum is convergent in W', Hence, we have shown that there exists h, €
LY RN, A™1) such that

(HI) :/ Z (ioisdcpis-{—l A A dcpir-;—l A (u(')(yr_s+1(xi1a ceey xir+1))) A d?/)
RY jenr—st2

:/RNhsmp

- /IRN Z @is+1d(pis+2 ARTAN d‘roim-l A (u(')(VT_s($is+17 ey xir+1))) A diﬁ
IeNr—s+1

(A.29)
Hence, Claim 1 holds, completing the proof of Lemma O

This proves Lemma The property that
dv =0 in the sense of distributions

follows from Lemma and Lemma By definition, v = u on X. Finally, we can
bound the L*°-norm of v by C'L, as in the definition of «

Z (Pi1d90i2 A A d(pirJrl A (G(I)(Vr(xilv ceey xir+1>))
IeNr+1
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every summand can be bounded by C'L due to || and the estimate |dy;| < C dist(Q;, X)_l.
Again, we get the L® bound, as only finitely many summands are nonzero for every
ye X©.

With slight modifications one is able to prove the following variants.

Corollary A.15. Let u € C'OO(RN,AT) with du = 0, let L > 0, and let X C RY be a
nonempty closed set such that ||u||pe(x) < L and for all x1,...,z,11 € X we have

][ u(y) (" (z1, ..., xr41)) dy| < Lmax|z; — x|
Sim(z1,....2r+1)

Suppose further that [0X| = 0.
There exists a constant C = C(N,r) such that for all u € C®°(RYN,A") and X meeting

these requirements there exists v € Li (RN, A") with

i) dv =0 in the sense of distributions;

ii) v(y) = u(y) forally € X;
ii1) ||v]|p < CL.
This statement is proven in the same way as Lemma[AZ9] but all the statements are only

true locally (e.g. the L' bounds on « are replaced by bounds in Li (X%, A"™)).

If we choose u and X to be ZY periodic we get a suitable statement for the torus.

Corollary A.16. Let u € C®(Tn,A") with du = 0, let L > 0, and let X C RY be
a nonempty, closed, ZN —periodic set (which can be viewed as a subset of Tx) such that

lull oo (xy < L and for all x1,...,xr41 € X we have

][ a(y) (v (21, ..., xpq1)) dy| < Lmax |z; — x;]",
Sim(z1,...,Tr4+1)

where @ € C°(RN, A") is the Z -periodic representative of u. Suppose further that |0X| =
0.
There exists a constant C' = C(N,r) such that for all u € C*°(Tn,A") and X meeting

these requirements there exists v € Ll(TN, A" with
i) dv =0 in the sense of distributions;
ii) v(y) = u(y) for ally € X C Tn;
ii1) ||v]|pee < CL.

As mentioned before, we can choose the cubes @, to be rescaled dyadic cubes. As the set
X is periodic, the set of cubes (and hence also the partition of unity) and their projection
points may also be chosen to be Z¥-periodic. By definition then also the extension will be

7N -periodic.



225 L°°-truncation

A.5. L°°-truncation

Now we prove the main result of this chapter on the L°°-truncation of closed forms.

Theorem A.17 (L°°-truncation of differential forms). There exist constants C1,Ca > 0
such that for all u € L' (Ty, A") with du = 0 and all L > 0 there exists v € L>®(Ty, A")
with dv = 0 and

i) vl Loo(y,amy < C1LL;

i) [y € T: oly) £ ul)ly < 2 [ ju(y) dy;

{yeTn: [uly)|>L}

iii) [|v — ull 1 (ry.ar) < Cz/ lu(y)| dy.
{y€Tn: Ju(y)|>L}

Given the Whitney-type extension obtained in Lemma and Lemma combined
with Lemma [A77] the proof now roughly follows ZHANG’s proof for Lipschitz truncation
in [I57]. First, we prove the statement in the case that v is smooth directly using our
extension theorem for the set X = {Mwu < L}. After calculations similar to [I57] we are
able to show that this extension satisfies the properties of Theorem Afterwards, we
prove the statement for u € L* (T, A™) by a standard density argument.

Proof. First, suppose that u € C°°(Txn,A"). For A > 0 define the set
Xy={yeTn: Mu(y) <A}

Choose 2L < A < 3L such that [0X,| = 0. Then, by Lemmaand the extension Lemma
there exists a v € L* (T, A”) with

L {y € Tw: v(y) # uly)} C X5
2. ||v|lpee < CA.
3. dv = 0 in the sense of distributions.

We need to show that

o — ull sy ary < Ca / ()| dy (A.30)
{y: |u(y)|>L}
and that ”
v e Tws o) 2ul < 7 [ u(y)] dy. (A31)
{y: lu(y)|>L}

Indeed, (A.30) follows from (A.31)), as {v # u} € X§{ and thus

[ ) = uwiay= [ ) -ty

A

< / lu(y)| dy + / o) dy
{Mu>)} {Mu>x}
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<[ Jutw)ldy+ 20210z )
{lul>A}

Thus, it suffices to prove (A.31]).
To this end, define the function h: A" — R by

if L
h(z):{o if |z| < L,

|z| = L if |z| > L.

Let y € {Mu > u} for p € R. Then there exists an R > 0 such that

][ lu(z)|dz > p.
Br(y)

Thus,

M(h(u))(y) > 7{9 RUDIOIE
1

" [Br(y)] Br(y) {u>L}

1
> u(z)|dz — z)| dz
Fov % = snniuesy )

1
Ldz
BrW)| JBrtyniulzr)

> p—L.

lu(z)| — Ldz

Thus, {y € Tny: Mu > p} C {y € Tn: Mh(u)(y) > p— L}.
Using the weak-L! estimate for the maximal function (Proposition , we get

{y € Tn: Mu(y) 2 A} < [{y € Ty: Mh(u) = A — L}
1
e MLGICILE A32)
C
< — lu(2)|dz.
L Jrxnu>L)
This is what we wanted to show. Note that the proof only uses u € C*°(Tn,A") to define
v and nowhere else, hence estimate (A.32) is valid for all u € LY(Ty, A").
For general u € L' (T, A”), one may consider a sequence u, C C*®(Ty,A") with du, =
0 and u, — u in L' and pointwise almost everywhere. This sequence can be easily

constructed by convolving with standard mollifiers.

Observe that for A > 0

/ | dy < / i | dy + / | dy (A.33)
{|un|>2X} {lun—u|>|u}N{|un|>2X} {un—u|<|u|}N{|un|>2X}

<2 Juldy+ 2l
{lul>A}
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Furthermore, we use the subadditivity of the maximal function and see that for all
yeln
Mun(y) < Mu(y) + M (u — un)(y)-

Thus,
{yeTn: Muy(y) >2\} C{y € Tn: Mu(y) > A} U{y € Tn: M(u—uy,)(y) > A}
Using the weak-L'estimate for the maximal function (Proposition we see that
Hy € Tn: Mu(y) < A}N{y € Tn: Mu,(y) > 2A} — 0 asn — oo. (A.34)

Choose some A € (4L,6L) such that for all n € N |0{y € Tn: Muyn(y) > 2A}| = 0. Then

extend like in the first part of the proof to get a sequence v, with dv, = 0 and

a) |lvnll oo (1y,ary < 2010

C
b) y € Tv: wnl) £ wnlw)l} < 52 [ [un )]
{y: [un(y)[>2A}

&) lltm — tnl2(zyary < Co / fun (9)] dy.
{y: lun(y)|>2A}

Letting n — oo, by a) this sequence converges, up to extraction of a subsequence, weaklyx
to some v € L>(Tn,A"). The weakx-convergence implies dv = 0. Moreover, by con-
struction, the set {y € Tn: v, # u,} is contained in the set {y € Tn: Muy,(y) > 2A}.
As u, — u pointwise a.e. and in L', we get using that v = u on the set
{y € Tn: Mu(y) < A}. (If v, converges to u in measure on a set A and v, weakly
to some v, then v = u on A.)

Hence, v defined as the weakx limit of v,, satisifies
i) |’UHL00(TN7A1") < Cl)\ < GClL;
ii) using (A.32) and v =w on {y € Tyv: Mu(y) < A}

&

Tn: =
{y € Tn:uly) #v(y)} < L /{yETNI u(y)|>L}

|u(y)] dy;

iii) using triangle inequality and v, — u,, — 0 in L', one obtains

o — ullgaryan < Co / fu(y)| dy.
{yeTn: lu(y)|>L}

Hence, v meets the requirements of Theorem [A17] O

Corollary A.18 (L*-truncation for sequences). Suppose that we have a sequence u, C
LYRYN | A™) with du,, = 0, and that there exists L > 0 such that

/ lun(y)|dy — 0 as n — oc.
{ve€Tn : [un(y)|>L}
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There exists a C, = C1(N,r) and a sequence v, C L'(Tn, A") with dv, =0 and
i) Jvnllee(ry,ary < C1L;
i) ||n — unllL1(ry,ar) — 0 as n — 00;
iii) [{y € Tn: vn(y) # un(y)}| — 0 as n — oo.

This directly follows by applying Theorem [A.17]
The proof of Theorem also works if L' is replaced by LP for 1 < p < co. Further-
more, we do not need to restrict us to periodic functions on R, the statement is also valid

for non-periodic functions.

Proposition A.19. Let 1 < p < co. There exist constants C1,Co > 0, such that, for all
u € LP(RY,A") with du = 0 and all L > 0, there exists v € LF(R™, A") with dv = 0 and

i) [vllpee@n ary < C1L;

G

. RNI <
i) |{y € v(y) #u(y)|} < p AyGRN: lu(y)|>L}

u(y)|P dy;

i) |l = ullfp @y pry < 02/ e
Lp(RN,AT) {yeRN: |u(y)|>L}

As described, the proof is pretty much the same as for Theorem[A.T7] We may also want
to truncate closed forms supported on an open bounded subset Q ¢ RY (cf. [28,126]). This
is possible, but we may lose the property, that they are supported in this subset. Let us,
for simplicity, consider balls Q = B,(0) and, after rescaling, p = 1.

Proposition A.20. Let 1 < p < co. There exist constants C1,Co > 0 such that, for all
w e LP(RY, A") with du = 0 and spt(u) C B1(0) and all L > 0, there exists v € LP(RY, A")
with dv = 0 and

i) [[vllpeo@n ary < C1L;

[

i RY: v uwlls =
) H{y € (y) # uy)l} < Lr /{yGRNI lu(y)[>L}

u(y)|P dy;

iii) v — ull? o < 02/ u(y)|” dy;
Lr(®Y,A7) {yeRN : Ju(y)|>L}

iv) spt(v) C Br(0), where R only depends on the LP-norm of w and on L.

Again, this proof is very similar to the proof of Theorem . Property comes from
the fact that if a function w is supported in B1(0), then its maximal function Mu(y) decays
fast as y — oco. Regarding the construction made in Section [A:4] and Lemma [AT7] it is
not clear, how to avoid the rather weak statement i.e. we cannot directly deal with
arbitrary boundary values and need to modify the truncation.

Let us mention that this result also holds for vector-valued differential forms, i.e. u €

LP(RN, A" x R™), where the exterior derivative is taken componentwise.
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Proposition A.21 (Vector-valued forms on the torus). There exist constants C1,Co > 0
such that, for all u € LY(Tn, A" x R™) with du = 0 and all L > 0, there exists v €
LY(Twn, A" x R™) with dv =0 and

i) vl poo(ry arxrmy < C1L;

- C
i) o € T o) 2} < 2 [ u(y)] dy;
{yeTn: |u(y)|>L}
i) o = ull oy, areany < o | u(y)|dy.
{y€Tn: |u(y)|>L}

This statement follows directly from the proof of Theorem by simply truncating

every component of u. Likewise, similar statements as in Propositions[A.18] [A.19]and [A.19|

follow for vector-valued differential forms.

A.6. Applications to A-quasiconvex hulls and Young measures

In the following, we consider a linear and homogeneous differential operator of first order,
i.e. we are given A : C®(RY R?) — C®(RY,R!) of the form

N
Au = Z A0k,
k=1

where Ay : R? — R! are linear maps. We call a continuous function f : RY — R A-
quasiconvex if for all ¢ € C™(Ty,R?) with / o(y)dy = 0 and Agp = 0, and for all

Tn
2 € R? then the following version of Jensen’s inequality

f(z) < ; flx+o(y))dy (A.35)

holds true. FONSECA and MULLER showed that [65]ﬂ if the constant rank condition
seen below holds, then A-quasiconvexity is a necessary and sufficient condition for weaks

lower-semicontinuity of the functional I : L>(Q,R%) — [0, 00) defined by

I(u) = /Qf(U(y))dy Au =0

else.

Definition A.22. We say that A satisfies the property (ZL) if for all sequences u, €
LY(Ty,RY) Nker A such that there exists an L > 0 with

/ lun(y)|dy — 0 as n — oo,
{yeTN: |un(y)|>L}

there exists a C' = C(A) and a sequence v, € LY(Txn,R%) Nker A such that

! Also see Chapter
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i) lonllpoo (7 rey < C1L;

”) an - un”Ll(TN,Rd) — 0 as n — oo.

Our goal now is to show that (ZL) implies further properties for the operator A. We

first look at a few examples.

Ezample A.23. a) As shown by Zhang [I57], the operator A = curl has the property

(ZL). This is shown by using that its potential is the operator B = V. In fact, most
of the applications here have been shown for B = V relying on (ZL), but can be
reformulated for A satisfying (ZL).

Let W = RY @ ... @ R )qym € (RM)*. We may identify u € C°°(Ty, W*) with
@ e C®(Ty, (RV)*) and define the operator

curl® : C®(Ty, WF) — C®° (T, (RV)F~1 x A?)
as taking the curl on the last component of @, i.e. for I € [N]k_1

(Cuﬂ(k) u)[ = 1/2 Z aiﬂ]j — Bja[iei Nej
i,jJEN

Note that this operator has the potential V¥ : C®(RM R) — C®°(RN, W*) (cf.
[109]). To the best of the author’s knowledge the proof of the property (ZL) is in
this setting not written down anywhere explicitly, but basically combining the works
[1L [67, 139, [157] yields the result.

In this work, it has been shown that the exterior derivative d satisfies the property

(ZL). The most prominent example is A = div.

The result is also true, if we consider matrix-valued functions instead (cf. Propo-
sition [A.20). For example, (ZL) also holds if we consider div : C°°(RY, RY*M)
C>®(RY,RM), where

N
div; u(z) = Z Ojuji(x).
j=1

Likewise, let A;: C™ (T, RD) — C®(Ty,R") and Ay : (T, R%) — C° (T, R'2)
be two differential operators satisfying (ZL). Then also the operator

A C®(Ty,RY x R%2) — O%°(Ty, R x R?2)
defined componentwise for u = (u1, u2) by
A(ur, ug) = (Arur, Agug)

satisfies the property (ZL). The truncation is again done separately in the two com-

ponents. The most prominent example, which is also covered by the result of this
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paper, is A; = curl and Ay = div, which is highly significant in elasticity and in the

framework of compensated compactness.

An overview of the results one is able to prove using property (ZL) can be found in the
lecture notes [I15 Sec. 4] and in the book [128] Sec. 4,7]|, where they are formulated for

the case of (curl)-quasiconvexity.

A.6.1. A-quasiconvex hulls of compact sets

For f € C(R% R) we can define the quasiconvex hull of f by (cf. |65, 25])

Oaf(z) = inf{ fl@+¢(y)dy: ¢ € C®(Tn,RY) Nker A, P = 0} . (A.36)

TN TN

Q. f is the largest A-quasiconvex function below f [65].
In view of the separation theorem for convex sets in Banach spaces we define (cf. [42]
146, [147]) the A-quasiconvex hull of a set K ¢ R? by

K .= {x e R?: Vf: R? - R A-quasiconvex with fix <0 we have f(z) < 0} ,
and the A-p-quasiconvex hull for 1 < p < oo by

K;\qc = {x e R?: vf: RY - R A-quasiconvex with Jik <0 and

F()] < C(1+ uf?) we have f(z) < 0}.
The A-p-quasiconvex hull for 1 < p < oo can be alternatively defined via
Koo = {33 e RY: (Qudist?(-, K))(z) = o} .

If K is compact, then K;lqc = K;f‘qc*. Moreover, the spaces K;lqc are nested, i.e. K ;‘qc C
K;}qc if ¢ < ¢'. In [42] it is shown that equality holds for A being the symmetric divergence
of a matrix, K compact and 1 < ¢,¢ < oo. The proof can be adapted for different A, but
uses the Fourier transform and is not suitable for the cases p = 1 and p = co. Here, the
property (ZL) comes into play.

For a compact set K we define the set KA%P (cf. [IT5]) as the set of all z € R? such
that there exists a bounded sequence u,, € L>®(Ty,R%) Nker A with

dist(x 4+ up, K) — 0 in measure, as n — oo.
Theorem A.24. Suppose that K is compact and A is an operator satisfying (ZL). Then
e — frAae {x e RY: Q(dist(-, K))(z) = o} . (A.37)

Proof. We first prove KA%PP ¢ K29 Let z € KA%P and take an arbitrary A-quasiconvex
function f : R? — [0, 00) with fix = 0. We claim that then f(x) = 0.
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Take a sequence u, from the definition of K“4%P. As f is continuous and hence locally
bounded, f(x+4uy) — 0 in measure and 0 < f(z+u,) < C. Quasiconvexity and dominated

convergence yield

K ¢ {:U e R%: Q(dist(-, K))(z) = 0} is clear by definition, as Q4 (dist(-, K)) is an
admissible separating function.

The proof of the inclusion {z € R%: Q4(dist(-, K))(z) = 0} € KA%P uses (ZL). If
Q(dist(-, K)) = 0, then there exists a sequence ¢, € C*°(Ty, R%) Nker A with / on =0

Tn
such that

0= Qa(dist(-, K))(z) = lim dist(z + ¢n(y), K) dy.
n—oo TN
As K is compact, there exists R > 0 such that K C B(0, R). Moreover, as z € K ;iqc, also
x € B(0, R). This implies that

lim lon|dy = 0.
"o TN {|pn| 26 R}

We may apply (ZL) and find a sequence 1, € L™ (T, R?) Nker A such that
len = Ynllrry rey — 0 asn — o0

and

[¥nllpoe (1 rey < CR.

Hence, x € KA%P, O
Remark A.25. Theorem [A:24] shows that for all 1 <p < oo
KA — e = fo € RT: Qa(dist(-, K)P)(x) = 0} = K7

This follows directly, as all the sets K;;lqc are nested and, conversely, all the hulls of the

distance functions are admissible f in the definition of K¢,

Remark A.26. Such a kind of theorem is not true for general unbounded closed sets K. As
a counterexample one may consider A4 = curl (i.e. usual quasiconvexity) and look at the
set of conformal matrices K = {AQ : A € RT,Q € SO(n)} C R™*". If n > 2 is even, by
[116], there exists a quasiconvex function F': R™*" — R with F(z) =0« z € K and

0 < F(A) < C(1+|A|"?).

On the other hand, let n > 4 be even and F: R™*"™ — R be a rank-one convex function

with Fjg = 0 and for some p < n/2

0< F(A) < C(1+|AP).
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Then F' = 0 by [152].
A reason for the nice behaviour of compact sets is that for such sets all distance functions

are coercive, i.e.
dist(v, K)? > |v|P —

which is obviously not true for unbounded sets. Coercivity of a function is often needed

for relaxation results (c.f [25]).

A.6.2. A-oo Young measures

We consider M(R?) the set of signed Radon measures with finite mass. Note that this
is the dual space of C.(R%) with the dual pairing

N = [0 duto)

For a measurable set £ C RY we call i : E — M(R?) weaks measurable if the map

— (e, f)

is measurable for all f € C.(R?%). Later, we may consider the space L(E, M(R?)), which
is the space of all weakly measurable maps such that spt u, C B(0, R) for some R > 0 and
for a.e. z € E. This space is equipped with the topology v = v iff Vf € Co(Rd)

W f) 2 (v, f) in L®(E).

Remark A.27. The topology of L:(E, M(R?) is metrisable on bounded sets. In this
setting, we call a set X ¢ L°(E, M(R?)) bounded, if

1. There is R > 0, such that for all 4 € X the measure p, is supported in B(0, R) for

almost every x € F;

2. There is C' > 0, such that for all u € X the mass [|p|| pqra) < C for almost every
zel.

Note that v" supported on B(0, R) converges to v if and only if for all f € C(B(0, R)) and

all g € LY(E)
/ wr, fg(a) dz — / (Vs P)g(2) da
E E

If ™ is bounded, then this equation holds for all f, g if and only if it holds for dense subsets
of C(B(0, R)) and L' (E). As these spaces are separable, we may consider a countable dense
subset (fx, gr)ren of C(B(0, R)) x L'(E) and the pseudo-metric

V:u ‘/ Mﬂhfk‘ gk( )dCC ’
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and then define the metric

—k di(v,p)
— N gk _GRH)
A ) %;1 1+ di(v, )

Let us now recall the Fundamental Theorem of Young measures(cf. [I8, [140]).

Proposition A.28 (Fundamental Theorem of Young measures). Let E C RN be a mea-
surable set of finite measure and u; : B — R? a sequence of measurable functions. There
exists a subsequence uj, and a weakx measurable map v : E — M(R?) such that the

following properties hold:

i) v > 0 and vl sy = / 1 dv, <1;
R

i) Vf € Co(RY) define f(x) = (v, ). Then f(uj,) = f in L°(E);
i) If K C RY is compact, then sptv, C K if dist(u;,, K) = 0 in measure;
iv) It holds
IVl pmmay =1 for a.e. z € E (A.38)

if and only if
lim su w;, | > M} = 0;
i keg!{l gl = MY

v) If (A.38) holds, then for all A C E measurable and for all f € C(RY) such that

f(uj,) ts relatively weakly compact in LY(A), also
fuj,) — fin LY(A);

vi) If (A.38) holds, then (iii) holds with equivalence.

We call such a map v : E — M(R?) the Young measure generated by the sequence U, -
One may show that every weak+ measurable map E — M(R?) satisfying (i) is generated
by some sequence u, .

Remark A.29. If uj generates a Young measure v and vy — 0 in measure (in particular, if
vp — 0 in L1), then the sequence (uy + vg) still generates v.
If u : Ty — R? is a function, we may consider the oscillating sequence uy, () := u(nz).

This sequence generates the homogeneous (i.e. v, = v a.e.) Young measure v defined by
W, f)=[ [flun(y))dy.
Tn

Question A.30. What happens to the Young measure generated by a sequence uj, if we

impose further conditions on it, for instance Auj, = 0%

For 1 < p < oo we call a sequence v; C L (0, RY) p-equi-integrable if

limsup  sup / lvj(y)[P dy = 0.
£=0jeN EcQ: |E|<e JE
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Definition A.31. Let 1 < p < co. We call a map v: Q — R% an A-p-Young measure if
there exists a p-equi-integrable sequence {v;} C LP(£Q, RY) (for p = co a bounded sequence),

such that vj generates v and satisfies Avj = 0.

For 1 < p < oo the set of A-p Young measures was classified by FONSECA and MULLER
in [65] and for the special case A = curl already in [86].

Proposition A.32. Let 1 < p < oo and A be a constant rank operator. A Young-measure

v: Ty — M(R?) is an A-p-Young measure if and only if

i) v € LP(Tw,RY) such that Av =0 and

v(x) = (Vg,id) = /Rdy dvz(y) for a.e. x € Ty

ii) / / |z|P dvy(z) dz < oo;
Ty JRE

iii) for a.e. x € Ty and all continuous g with |g(v)] < C(1 + |v|P) we have
(Ve, 9) = Qag((v,id)).

Recently, there has also been progress for so-called generalized Young measures (p = 1
is a special case), cf. [89] 129 [130, 93, 9].

Proposition only uses the constant rank property, the property (ZL) is not needed.
However, for p = oo the situation changes. Let us recall the result of KINDERLEHRER and
PEDREGAL for W*-Cradient Young measures (cf. [85, O1]), whose proof relies on the
validity of (ZL) for curl.

Proposition A.33. A weaksx measurable map v : Q — M(RY*™) is a curl-oo- Young
measure if and only if v, > 0 a.e. and there exists K C RN*™ compact, v € L®(Q,RY*™)
such that

a) sptvy C K for a.e. x € Q;

b) (vg,id) = v(x) for a.e. x € Q;

RNXm

c¢) for a.e. x € Q and all continuous g: — R we have

<sz g> > QCUI‘]Q((VQH 1d>>

It is possible to state such a theorem in the general setting that A satisfies (ZL). The
proofs from [85] mostly rely on this fact and this general case can be treated in the same
fashion with few modifications. We do not give all the details of the proofs, but only the
crucial steps where we use (ZL).

Let us first state the classification theorem for so called homogeneous A-oco-Young mea-

sures, i.e. A-oo-Young measures v: Ty — M(R?) with the following properties:
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i) spty, C K for a.e. © € Ty where K C R? is compact;

ii) v is a homogeneous Young measure, i.e. there exists vy € M(Rd) such that v, = 1y

for a.e. x € Ty.

Define the set MAY(K) by (cf. [149])

MA(K) = {v € MRY):v >0, sptv C K, (v, f) > f((v,id)) Vf: R? 5 R A—qc} :
(A.39)
Denote by H4(K) the set of homogeneous A-oo-Young measures supported on K. We are

now able to formulate the classification of these measures (cf.[85, Theorem 5.1.]).

Proposition A.34 (Characterisation of homogeneous .A-co-Young measures). Let A sat-

isfy the property (ZL) and K be a compact set. Then
H(K) = MAC(K).

Using this result, one may prove the Characterisation of A-oco-Young measures (c.f [85]
Theorem 6.1]).

Proposition A.35 (Characterisation of A-co-Young measures). Suppose that A satisfies
the property (ZL). A weaks measurable map v : Ty — M(R?) is an A-oo- Young measure
if and only if v, > 0 a.e. and there exists K C R? compact and u € L (T, RY) Nker A
with

i) sptv, C K for a.e. x € Ty.
i) (Vg,id) = u for a.e. x € Ty,

iii) Ve, f) > f((Ug,id)) for a.e. x € Ty and all continuous and A-quasiconver f : R —
R.

As mentioned, the proofs in the case A = curl can be found in [85, 115 128]. Let
us shortly describe the strategy of the proofs. For Proposition [A-34] one may prove that
H(K) is weakly compact, that averages of (non-homogeneous) A-infty Young measures
are in H 4(K) and that the set H4(K) = {v € H4: (v,id) = x} is weak™ closed and convex.
The characterisation theorem then follows by using Hahn-Banachs separation theorem and
showing that any p € M9 cannot be separated from H4(K), i.e. for all f € C(K) and
for all p € MA%(K) with (u,id) = 0

(v, f) > 0 for all v € HY(K) = (u, f) > 0.

Proposition [A-35] then can be shown using Proposition [A-34] and a localisation argument.

A.6.3. On the proofs of Propositions and

In this section, we present the proof of Proposition [A:34] basing on its counterpart for
gradient Young measures in [115]. After that we shortly sketch the proof of which is
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then done by a standard technique of approximation on small cubes E|

The property (ZL) is helpful due to the following two observations:

1. If v € Hu(K) is a homogeneous A-co-Young measure, then by using (ZL) we can

find a sequence generating v with an L°°-bound only depending on |K|~ := sup |y|
yeK
(cf. Lemma |A.37)

2. A Young measure v is an A-oo-Young measure if there is v, C L' (T, R?) N ker A
and L > 0 such that

/ |up|dz — 0 as n — oo.
|un|>L

Remark A.36. Moreover, note that, if a sequence u, C L*(T] N,Rd) N ker A generates a
homogeneous Young measure v, we can find v, € C2°((0,1)",R?%) Nker A with ||v, ||z~ <
Cllun||L~ and ||un — vp||p1 — 0. In particular, v, still generates the same homogeneous
Young measure.

To find such a sequence, recall that there is a potential B of order kp to the differential
operator A. Let us, for simplicity, assume that all u, have zero average. Then we can

write

u, = BU,

with ||Up|lyyrg.a < Cgllun|ne < Cqllunl/ze for all 1 < ¢ < oo and a constant Cyq > 0. Let

us define
Un,ij(z) = @j(2)i U, (ix),  unj(x) = BUp, (),

for a suitable sequence of cut-offs ¢; — 1 in LY((0,1)",R). Picking suitable subsequences
i(n) and j(n) we obtain a sequence wy, j(n) j(n) Pounded in L, still generating v, but with
compact support in (0, l)N . Convolution with a standard mollifier gives a sequence v,, that
is also in C2°((0, 1)V, R%)

Lemma A.37. (Properties of H4(K))

i) If v € HA(K) with (v,id) = 0, then there exists a sequence u; C L*(Tn,RY) such

that Au; =0, u; generates v and ||u;| oo (7 ray < Csup 2| = C|K|c.
z€K

i) Ha(K) is weaklyx compact in M(R?).

Proof. i) follows from the definition of H4(K). The uniform bound on the L* norm of u;
can be guaranteed by (ZL) and vi) in Theorem

For the weak* compactness note that H 4(K) is contained in the weak* compact set P (K)
of probability measures on K. As the weak* topology is metrisable on P(K) it suffices to
show that H 4(K) is sequentially closed. Hence, we consider a sequence vy C H 4(K) with
vp — v and show that v € H4(K).

2which is quite similar to the argumentation in Chapter [4|in the proofs of Theorem and Theorem

ET8
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Due to the definition of Young measures, we may find sequences u;j C LOO(TN,Rd) N
ker A such that u;; generates v, for j — co. Recall that the topology of generating Young
measures is metrisable on bounded set of L= (Tx,R?) (c.f. Remark . We may find a
subsequence u;,  which generates v. As we know that |luj, x|z~ < C|K|o, v € H(K)
and hence H4(K) is closed. O

Lemma A.38. Let v be an A-co-Young measure generated by a bounded sequence uj, C
L>®(Ty,RY Nker A. Then the measure v defined via duality for all f € Co(R?) by

@, f) = /T (v, f) da
is in HA(K).

Proof. For n € N define uf ¢ L®(Ty,R%) Nker A by uf(x) = ug(nz). Then for all
fe C()(Rd)

flup)y > f(ug) in L®(Ty,RY)  as n — oco.
TN

Note that by Theorem ii) we also have

flug(z))de — (Vg, f)dz  as k — oo.
TN Tn

Due to metrisability on bounded sets (Remark , we can find a subsequence u],z(n) in
L>®(Ty,R%) such that

f(uz(k)) A (Vg, fYdz as k — oc.
TN

Thus, v € Ha(K). O

Lemma A.39. Define the set H}(K) := {v € Hu: (v,id) = z}. Then H%(K) is weaks

closed and convex.

Proof. Weakx-closedness is clear by Lemma [A-37] For convexity, let 11, v be A-co-Young
measures. By an argumentation following Remark (and Lemma [3.6), we can find
sequences v, C C((0,A) x (0,1)M 1 RY) and w, ¢ CZ((\,1) x (0,1)NV"1 R?) that

generate v and vo, respectively. Define

and up; via u,i(x) = uy(iz). Then proceeding as in Lemma [A.38 picking a suitable
subsequence i(n) yields that u,, ;(,) generates Avy + (1 — A)va. O

We proceed with the proof of the characterisation of homogeneous A-oco-Young measures.
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Proof of Theorem[A.5]): We have that H4(K) C MA due to the fundamental theorem
of Young measures: v > 0 and sptv C K are clear by i) and iii) of Theorem The
corresponding inequality follows by A-quasiconvexity, i.e. if u, C L>®(Ty,R%) N ker A
generates the Young measure v, then

o) = i [ ptn) dy = tmint 7 ([ wntan) = (@i,

n—o0 TN

To prove MAY(K) ¢ H4(K), w.lo.g. consider a measure such that (v,id) = 0. We just
proved that HB\(K ) is weakx closed and convex. Remember that C(K) is the dual space
of the space of signed Radon measures M(K) with the weak* topology (see e.g. [132]).
Hence, by Hahn-Banach separation theorem, it suffices to show that for all f € C(K) and
all € MA%(K) with (u,id) = 0

(v,f)y >0forall ve HY(K) = {(u,f)>0.
To this end, fix some f € C(K), consider a continuous extension to Cp(R?) and let
fe(z) = f(x) + kdist*(z, K).

We claim that
klim Qafr(0) > 0. (A.40)
—00

If we show (A.40]), p satisfies

<N7 f> = <:U’7 fk> > <:U’a Q.Afk> > Q_Afk(o)7

finishing the proof. For the identity (u, f) = (u, fx) recall that p is supported in K and
dist(z, K) =0 for z € K.

Hence, suppose that (A.40)) is wrong. As fj is strictly increasing, there exists 6 > 0 such
that
Qafr(0) < -26, kel

Using the definition of the .A-quasiconvex envelope for functions(4.10), we get ug C

L®(Twn,R%) Nker A with / ug(y) dy = 0 and
Tn

Te(uk(y)) dy < —0. (A.41)

We may assume that u, — 0 in L*(Ty,R?) and also that dist?(uy, K) — 0 in L'(Ty).
By property (ZL), there exists a sequence v € ker A bounded in L (T, R?) with [luy —

vg|lz1 — 0. vg generates (up to taking subsequences) a Young measure v with sptv, C K.
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Then for fixed j € N, using Lemma and that 7 € Hy(K) ¢ MA%*(K),

tmint [ () dy > tmint [ foo)ay= [ [ g avde=(.) 20,

k—o0 TN k—o0 ; TN Rd
But this is a contradiction to (A.41)), as fi > f; if k& > j. O

Let us finally outline the strategy of the proof for Proposition [A:35] For details we refer
to [R5, [I15].

Proof of Propostion ( Sketch). Necessity of condition i)-iii) is established by the fol-
lowing argument. i) and ii) follow directly from the fact that the Young-measure pu is
generated by an A-free sequence that, up to a subsequence, has a weak-*-limit u. iii)
follows from the lower-semicontinuity statement of FONSECA and MULLER [65].

To prove sufficiency of these conditions, one needs to construct a sequence generating
the Young-measure v. Let us suppose that u = 0, otherwise we define the Young-measure
v = v —u. Then we find a sequence v,, generating  and, consequently, v,, + u generates v.

To find such a sequence one divides T into subcubes and approximates v by maps
Vn: Ty = M(R?), which are constant on the subcubes. For each subcube Q one then
constructs a sequence vfim C L%®(Q,RY) Nker A, m € N, that generates v, and satisfies
vgm € C(Q,R%). These vgm then give a sequence vy, ,, generating v, and taking a

suitable diagonal sequence one may find a sequence generating v (cf. [I15 Proof of Theorem

4.7)). 0



B. L™-truncation: divsym free matrices in

dimension three

Up to minor changes, this chapter coincides with the publication.

e [20]: Behn, L., Gmeineder, F. and Schiffer, S. On symmetric div-quasiconvex hulls

and divsym-free L truncations

The treatment of A-quasiconvex sets (Section is also part of Chapter @

B.1. Introduction

B.1.1. Aim and scope

One of the key problems in continuum mechanics is the mathematical description of the
plasticity behaviour of solids. Such solids are usually modelled by reference configurations
Q c R? subject to loads or forces and corresponding velocity fields v: Q@ — R3. The
(elasto)plastic behaviour of the material is mathematically described in terms of the stress
tensor o: 2 — Rg’;j and is dictated by the precise target K C Rg’;n?; where it takes
values; K is usually referred to as the elastic domain. When ideal plasticity is assumed
and potential hardening effects are excluded, K is a compact set in Rg’;ni’ with non-empty

interior. As prototypical examples, in the VON MISES or TRESCA models used for the
description of metals or alloys, we have K = {o € R3X3: f(o”) < 6} with a threshold

sym *

1
6 > 0, the deviatoric stress o := o — gtr(a)ngg and convez f: Rfyxn‘?; — R. Generalising
this to K = {0 € ngxn?: (o) + vtr(o) < 6} for ¥ > 0 as in the DRUCKER-PRAGER or

MoHR-COULOMB models for concrete or sand (cf. [55, 97]), such models take into account
persisting volumetric changes induced by the hydrostatic pressure as plasticity effects. In
all of these models, K is a conver set. This opens the gateway to the techniques from
convex analysis, and we refer to |72, [07] for more detail.

As the main motivation for the present chapter, the convexity assumption on the elastic
domain K is not satisfied by all materials. A prominent example where the non-convexity
of K can be observed explicitely is fused silica glass (cf. MEADE & JeEANLOZ [108]).
Slightly more generally, for amorphous solids being deformed subject to shear, experiments
on the molecular dynamics (cf. MALONEY & ROBBINS [103]) exhibit the formation of
characteristic patterns in the underlying deformation fields. As a possible explanation of
this phenomenon, the emergence of such patterns on the microscopic level displays the
effort of the material to cope with the enduring macroscopic deformations. Within the

framework of limit analysis [97], SCHILL et al. [136] offer a link between the non-convexity
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of K and the appearance of such fine microstructure. Working from plastic dissipation
principles, the corresponding static problem is identified in [136] as

o (2

supinf{/a-Vv dz: o€ LY, (Q, K), veWhi(Q RY), v:gonaQ} (B.1)
Q

for given boundary data g: 9 — R3. Here, LS, (2, K) is the space of all L>(, K)-maps
which are row-wise divergence-free (or solenoidal) in the sense of distributions; note that,
if even we admitted general o € L*(£, K) in , the variational principle would be
non-trivial only for o € L3, (€2, K). Stability under microstructure formation, in turn,
is linked to the existence of solutions of (B.I]); ¢f. MULLER [I15] for a discussion of the
underlying principles. Towards the existence of solutions, the direct method of the Calculus
of Variations requires semicontinuity, and it is here where the set K must be relaxed. By
the constraints on o, this motivates the passage to the symmetric div-quasiconver hull of
K as studied by CoNTI, MULLER & ORTIZ [42]. In the present paper, we complete the
characterisation of such hulls (cf. Theorem below) and thereby answer a conjecture
posed in [42] in the affirmative. To state our result, we pause and remind the reader of the

requisite terminology first.

B.1.2. Divsym-quasiconvexity and the main result

Following [42], we call a Borel measurable, locally bounded function F: R¥Y*XN — R

sym
symmetric div-quasiconver if
FQ < [ Flet o) do (B.2)
Tn
holds for all £ € RS]\;;N and all admissible test maps
peTu={peC B v =0 [ pa=0} (@)
TN

where T denotes the N-dimensional torus. Here, the divergence is understood in the row-

(or equivalently, column-)wise manner. Accordingly, the symmetric div-quasiconvez (or

NxN
IRsym

divsym-quasiconvez) envelope of a Borel measurable, locally bounded function F': —

R is defined as the largest symmetric div-quasiconvex function below F'; more explicitely,

QUF(§) := inf{ F+p(x) de: pe TA} . (B.4)

Tn

Divsym-quasiconvexity is a strictly weaker notion than convexity, which can be seen by
TARTAR’s example [I41] f: RYXN 5 ¢ — (N — 1)[¢]? — tr(€)?. The discussion in Sec-

sym
tion necessitates a notion of divsym-quasiconvexity for sets. Inspired by the sep-

RNXN

aration theory from convex analysis, we call a compact set K C Rgn" symmetric div-

NxN
Sym

g € C(RYXN.10,00)) such that g(&) > maxg. The relaxation of the elastic domains K C

sym

quasiconvex provided for each £ € R \ K there exists a symmetric div-quasiconvex
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Figure B.1.: Molecular dynamics computations for fused silica glass linking pressure and
shear yield stress, taken from SCHILL et al. [136, Fig. 17(b)]. Within the
framework of limit analysis [97], the non-convexity of the critical state line
(thick line) is linked to the instability for microstructure formation (cf. [136),
Sec. 4]) and so a suitable relaxation is required.

Ré\}f,ﬁlN in turn is defined in terms of the symmetric div-quasiconvex envelopes of distance
functions. For a compact subset K C Ré\}[,IXnN and 1 < p < oo, put fp(§) = dist?(, K).

The p-symmetric div-quasiconver hull of K then is defined by
K® = {¢ e REN: Qufy(§) =0}, (B.5)

whereas we set for p = oo:

(B.6)

sym

Flo0) {5 c RNXV . g9(§) < maxg for all symmetric }

div-quasiconvex g € C(Ré\;ran : [0, 00))

Both (B.5) and are the natural generalisations of the usual convex hulls to the

symmetric div-quasiconvex context, and one easily sees that K (c0)

is the smallest symmetric
div-quasiconvex, compact set containing K. If the distance function to K is nicely coercive,
which is in particular satisfied for compact sets, then the definition of K () can be viewed

as the limiting object of K), since in this case (cf. Lemma

K® — ¢ c RV, g9(§) < max g for all symmetric div-quasiconvex
Sym :
Y g € CRYXN:[0,00)) with g(2) < C(1 + |2[P) for all z € RYXN

By our discussion in Section[B.1.1] it is particularly important to understand the properties
of the symmetric div-quasiconvex hulls. In [42], CoNTI, MULLER & ORTIZ established
that K®) is independent of 1 < p < co. Specifically, they conjectured in [42] Rem. 3.9]
that KM = K(*) in analogy with the usual quasiconvex envelopes (see ZHANG [I58] or
MOLLER [115, Thm. 4.10]). The truncation result presented in this chapter answers this

question in the affirmative | leading to the main result.
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Theorem B.1 (Main result). Let K C R332 be compact. Then KV = K() and so

Sym

K® = KM = g forall 1<p< . (B.7)

Let us note that the p-symmetric div-quasiconvex hulls satisfy the antimonotonicity
property with respect to inclusions, i.e., if 1 < p < ¢ < oo, then K9 c K®_  For
Theorem m it thus suffices to establish K ¢ K(*) and this is exactly what shall be
achieved in Section E| We wish to point out that for the present chapter, our focus is
on compact sets K and not on potentially unbounded ones, for which even in the usual
quasiconvex case only a few contributions are available; see, e.g., [60} 116}, 152} 155 [160].

From a proof perspective, any underlying argument relies, as in Chapter [A] on a L>-
truncation of suitable recovery sequences, simultaneously keeping track of the differential
constraint. Contrary to routine mollification, truncations leave the input functions un-
changed on a large set and display an important tool in the study of nonlinear problems
[1, 17, 68, [70, 113, [156]. It is here where Theorem cannot be established by analo-
gous means as in [42, Sec. 3|, where a higher order truncation argument in the spirit of
AcERBI & Fusco [2] and ZHANG [I57] is employed. More precisely, for 1 < p < ¢ < o0,
the critical inclusion K® c K@ is established in [42] by passing to the corresponding
potentials of divsym-free fields, and as these potentials are of second order, performing a
W2>_truncation on the potentials; this shall be referred to as potential truncation. The
underlying potential operators are obtained as suitable Fourier multiplier operators, which
is why they only satisfy strong LP-LP-bounds for 1 < p < oco. It is well-known that such
Fourier multiplier operators do not map L' — L' boundedly (cf. ORNSTEIN [I12I] and,
more recently, [39] 61], 88]), and so this approach is bound to fail in view of Theorem [B.1
In the regime 1 < p < oo, this strategy can readily be employed in the general context of
A-quasiconvex hulls in the sense of FONSECA & MULLER [65], but is not even required for
the inclusion K@ ¢ K(Q), p < ¢, and can be established by more elementary means, cf.
Theorem in Section and Lemma [B.17]in this chapter. The key tool in establishing
Theorem therefore consists in the following truncation result, allowing us to truncate

a div-free L'-map u: R3 — Rg’;m?’ while still preserving the constraint div(u) = 0:

Theorem B.2 (Main truncation theorem). There ezists a constant C > 0 solely depend-
g on the underlying space dimension n = 3 with the following property: For all u €
LHR?, RES3) with div(u) = 0 in D'(R*,R®) and all X > 0 there exists uy € L'(R*, RZ)

satisfying the

(a) L*-bound: [luxlzeemsy < CA.

(b) strong stability: [lu — ux||z1ms) < C/ |u| dz.
{lul>A}

(¢) small change: £3({u # uy}) < C)\l/ lu| dz.
{lul>A}

'see also Theorem
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(d) differential constraint: div(uy) = 0 in D'(R3 R?).
The same remains valid when replacing the underlying domain R? by the torus Ts.

We have seen that Theorem implies the validity of Theorem via Theorem [6.14]
Therefore, the rest of this chapter is devoted to proving Theorem [B:2]

Here we heavily rely on the strong stability property from item , without which the
proof of Theorem is not clear to us. The detailed construction that underlies the proof
of Theorem [B.2] reminiscent of a geometric version of the WHITNEY smoothing or extension
procedure [I51], is explained in Section and carried out in detail in Section [B.4] Here
we understand by geometric that the construction is directly taylored to the problem at our
disposal, meaning that the solenoidality constraint div(u) = 0 is visible in our construction
in terms of the Gaul-Green theorem on certain simplices. The line of argument employed
in the proof can also be applied to higher dimensions, but to focus on the essentials for the
physically relevant case we here stick to n = 3 dimensions for expository reasons.

To conclude, let us note that by MULLER’s improvement [113, Thm. 2] of the afore-
mentioned ZHANG truncation lemma [I57, Lem. 3.1| for convex sets, one might wonder
whether an analogous result can be achieved in the framework discussed in the present
paper. Even though the underlying mollification strategy in [I13] should be compatible
with our approach, the precise technical implementation needs some refinement and shall
be deferred to future work. Still, such a result will only concern convex (and not symmetric
div-quasiconvex) sets, as even MULLER’s original result for convex sets seems to be open

for quasiconvex sets.

B.1.3. Organisation of the chapter

Apart from this introductory section, the chapter is organised as follows: In Section [B.2]
we fix notation and gather auxiliary material on maximal operators and basic facts from
harmonic analysis. Section[B.3]then explains the idea underlying the construction employed
in the proof of Theorem and is then carried out in detail in Section [B.4]

How Theorem follows from Theorem [B.2] has already been discussed in Chapter [6]
Theorem [6.14] For completeness, we give the proof again in Section

B.2. Preliminaries

B.2.1. Notation

We denote £~ and #™ ! the N-dimensional Lebesgue or (N —1)-dimensional Hausdorff
measures, respectively. For notational brevity, we shall also write dV¥ ™' = dH¥"Y~!. Given
N or (N — 1)-dimensional measurable subsets Q and ¥ of RY with £¥(Q), #V~1(%) €

(0, 00), respectively, we use the shorthand

1 1
u dx = w dz and vdV g = / vd"
]{z LN(Q) /Q ][2 HNZU(E) Jy
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for £N- or HN ~!-measurable maps u: @ — R™ and v: ¥ — R™. As we shall mostly assume
n = 3, we denote B,(z) the open ball of radius r centered at z € R?, whereas we reserve the
notation B,(z) to denote the corresponding open balls in the symmetric (3 x 3)-matrices
ngxrg; moreover, we put w3 := £3(B1(0)). By cubes Q we understand non-degenerate cubes
throughout, and use £(Q) to denote their sidelength. Lastly, for z1,...,x; € R3, we denote
(x1,...,x;) the convex hull of the vectors z1,...,z;, and if 1,22, 23 do not lie on a joint

line, aff (1, x2, x3) the affine hyperplane containing z1, x2, x3.

B.2.2. Maximal operator, bad sets and Whitney covers

For a finite dimensional real vector space V, w € Ll(RN ,V) and R > 0, we recall the

(restricted) centered Hardy-Littlewood mazximal operators to be defined by

Mpw(x) := sup ][ |w| dy, z e RY,
0<r<RJ B,(x) (BS)
Muw(z) = sup][ lw| dy, z e RV,
r>0 J By (z)
Note that, by lower semicontinuity of M prw, the superlevel sets { M rw > A} are open for
all A > 0. Moreover, we record that M is of weak-(1,1)-type, meaning that there exists

¢ = c(n) > 0 such that
Lr({Muw > \}) < ;HwHLl(RN) for all w € LY(RN, V). (B.9)

See |78, [139] for more background information. Now let © € RY be open. Then there
exists a Whitney cover W = (Q;) for €. By this we understand a sequence of open cubes

Q; with the following properties:
W1 o= ],

JEN
1
(W2) £6(Q;) < dist(Q;, %) < 50(Q;) for all j € N.
(W3) Finite overlap: There exists a number M = M (n) > 0 such that at most M elements
of W overlap; i.e., for each i € N,

{j eN: Q€ WandQ; NQ; # 0} < M.

(W4) Comparability for touching cubes: There exists a constant ¢(N) > 0 such that if
Qi, Q; € W satisfy Q; N Q; # 0, then

1
c(N)

0(Qs) < U(Qj) < c(N)(Qy).

Whenever such a Whitney cover is considered, we tacitly understand x; to be the centre
of the corresponding cube ();. Based on the Whitney cover W from above, we choose a

partition of unity (¢;) subject to W with the following properties:
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(P1) For any j € N, ¢; € C°(Qj;[0,1]).

(P2) ¥ @j=1inQ.

jeN

(P3) For each [ € N, there exists a constant ¢ = ¢(n,[) > 0 such that

Vi, < g(QL)l for all j € N.
j

B.2.3. Differential operators and projection maps

For the following sections, we require some terminology for differential operators and a
suitable projection property to be gathered in the sequel. Let A be a constant coefficient,
linear and homogeneous differential operator of order k € N on RY (or T) between RY

and RY, so A has a representation

Au= " A,0%,  uw:RY 5 RY (B.10)
la|=k

with fixed A, € L\(R%RY) for |a| = k. Following [119] 137] we say that A has constant

rank (in R) provided the rank of the Fourier symbol A[{] = Z Aol R = RY s
|a|=k

independent of &€ € R™ \ {0}. A constant coefficient differential operator B of order j € N

on RY (or Ty) between R’ and R? consequently is called a potential of A provided for

cach £ € RM \ {0} the Fourier symbol sequence

Rt B8 ga AL pN

is exact at every £ € R™\ {0}, i.e., A[¢](R") = ker(A[¢]) for each such £&. We moreover
say that A has constant rank (in C) provided A[¢]: C? — C! has rank independent of
¢ € CV\ {0}. If we only speak of constant rank, then we tacitly understand constant rank
in R. In Section we require the following two auxiliary results, ensuring both the
existence of potentials and suitable projection operators (cf. Theorem and Theorem

respectively).

Lemma B.3 (Existence of potentials, [I123 Thm. 1, Lem. 5]). Let A be a differential

operator with constant rank over R. Then A possesses a potential B. Moreover, if u €

C>®(Ty,RY) satisfies / w dz =0 and Au = 0, there exists v € C*° (T, RY) with Bv = u.
Tn
Equally, for each u € S(RN,R?) with Au = 0 there exists v € (RN, R) with Bv = u.

Lemma B.4 (Projection maps on the torus, [65, Lem. 2.14|). Let 1 < p < oo and let A be
a differential operator of order k with constant rank in R. Then there is a bounded, linear

projection map Pa: LP(Tn,RY) — LP(Tn,RY) with the following properties:

1. Pqu € ker A and Pyo Py = Py.
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2. |lu— Paullpr(ry) < CapllAullyy—kp(1y) whenever][ u dzr = 0.
Tn

3. If (uj) C LP(Twn,RY) is bounded and p-equiintegrable, i.e.,

lim [ sup  sup /\uj\p dx | =0,
N0 \ jeN B: £n(B)<e JE

then also (Pauj) is p-equiintegrable.

As alluded to in the introduction, Lemma does not extend to p = 1 in general,
the reason being ORNSTEIN’s Non-Inequality [121]; also see [39, 61), [88] for more recent
approaches to the matter and GRAFAKOS [78, Thm. 4.3.4] for a full characterisation of

L'-multipliers.

B.3. On the construction of divsym-free truncations

Before embarking on the proof of Theorem in Section we comment on the
underlying idea and how it is implemented in conceptually easier settings (see Sections|B.3.2
and below). To elaborate on the connections to divsym-truncations, we premise a

discussion of the general framework first.

B.3.1. Potential truncations versus A-free truncations

We start by streamlining terminology as follows: Let Q either be Ty or RY. Given a
constant rank differential operator B on 2 between R™ and R? and 1 < p < oo, we define
Sobolev-type spaces WEP(Q) := {u € LP(Q,R™): Bu € LP(Q,R%)}. A family of operators
(Sy)aso with Sy: WEP(Q) — W5°(Q) is called a WEP-WB°_truncation provided there
exists a constant ¢ = ¢(B, p) > 0 such that, for all u € W5?(Q) and A > 0,

L [[Sxullpee () + [I1BSxull e (0) < e

2. |lu = Sxullpr) + [|Bu — BSxul| rrq) < c/ |ul? + |Bu|P dz.
{lul+|Bu[>A}

3. LM({u # Syu}) < ;D/ |ul? + |Bu|P dz.
{lul+|Bu[>X}

If B = V¥, then we simply speak of a W*P-W5> _truncation. Conversely, if B is a potential
of the differential operator A and 1 < p < oo, we define L%, () := {u € LP(Q2,R?): Au=
0}. A family of operators (Th)a>o with Th: L¥; () — LF(Q) is called an A-free LP-L>-
truncation (or simply A-free L°°-truncation) provided there exists ¢ = ¢(A,p) > 0 such
that the following hold for all v € LY (€2) and A > 0:

1. ||T>\u||Loo(Q) < cA.

2. Jfu— Toul| oy < c/ uf? dz.
(>}
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3. L"{u#Thu}) < G /{| . |ulP dz.
u|>

Originally, W'P-W1*_truncations as in ACERBI & Fusco [2] leave u € W!'P(Q) un-
changed on {Mu < A} N{M(Vu) < A}. Here, the functions satisfy the Lipschitz estimate

u(z) = u)| S |z =yl (M (Vu)(z) + M(Vu)(y)) S Alz -yl

for L"-a.e. x,y € {M(Vu) < A} and thus can be extended to a c¢A-Lipschitz function Syu
by virtue of MC SHANE’s extension theorem [58, Chpt. 3.1.1., Thm. 1|. Note that, if u is
divergence-free, then Syu is not in general. In view of preserving differential constraints,
this necessitates a more flexible approach that allows to geometrically handle the action of
differential operators. Instead of appealing to the MC SHANE extension, one may directly
perform a WHITNEY-type extension [I51] and truncate v € W1(Q) on the bad set Oy =
{Mu > A} U{M(Vu) > A} via

N Y eilu)g;, €Oy, > pjuly), x €O,
Syu(z) = ¢ jeN or Syu(xz)={ jeN (B.11)
u(@), e 0, u(@), r e 05,

where y; € OE are chosen suitably and (¢;) is a partition of unity subordinate to the
Whitney covering of Oy (cf. Section. Then g,\ and Sy define W - W1 truncations;
cf. [52, 139)]. Setting v = Vu, this formula gives a curl-free L'-L>-truncation, as curl(v) =
0 < v = Vu for some function u. Using we can, however, rewrite v := VS)u

purely in terms of v, i.e.

1‘7 t 1—1t i) i — Y; dt =z C),
) ”ze:Nw 901/ i+ (L= tw) - (yj — vi) €0, _—

v(x) T € OE.

To see the validity of (B.12), we first note that (¢;) is a partition of unity on O, i.e.,

Zgol(y) = 1 for y € O, and also that, due to the same fact, ZV«pj(y) = 0 for any
ieN jEN
y € O,. Using this fact at (%), we conclude

o(z) = VSu(z ZVSOJ u(y;)

JEN
©
= Z @iV (u(y;) — u(yi))
1,jEN
(B.13)
Z%V%/ Vulty; + (1= t)yi) - (y; —yi) dt
4,JEN
Vu=v !
=N @Nsog'/o oty; + (L =t)yi) - (y; — i) dt,
1,JEN

which is (B.12]). The previous calculation yields that we may skip the step of going to the
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potential u of v, as the truncation v does not depend on the choice of u.

B.3.2. The construction of divergence-free truncations

In an intermediate step, we explain how (B.12) gives rise to divergence-free L'-L°°-
truncations ﬂ Here, given a divergence-free map w € (L' N C*) (2, R3), we may write

w = curl(v) for some v € WH1(Q).

The key observation is that the truncation formula does not only give a curl-free
L'-L>®-truncation, but is stronger and gives a WL e _truncation, if we redefine
the bad set to be Oy := {Muv > A} U {M curl(v) > A}. Temporarily accepting this fact
and hereafter that

1 ~
1 > %V%‘/ o(ty; + (1= t)yi) - (yj —wi) dt, @ € Oy,
S = < i jen 0 (B.14)

v(x), x € (5[;\

defines a WeuLLppewloo_truncation of v € W hH(Q, R3), we may then apply S§"! to v.
Most importantly, we here directly truncate the curl instead of the full gradients, and so are
in position to use that w = curl(v) € L*. Returning to @ := curl(S$""v), we then arrive

at the requisite truncation. For n = 3, this can be written explicitely for y € O, via

w(y) = (w1(y), w2(y), ws(y))

1
— cwl(S§I) () = 3 curl(¢Vy) /0 oty + (1= )s) - (y; — ys) i,
i,jEN

(B.15)

and for future comparison with divsym-free truncations, we carry out the computation for
1
wy. For brevity, we put A(i,7) := / v(ty; + (1 —t)y;) - (y; — vi) dt. Then, artificially

introducing a third variable k, we obtain

Di(y) = Y (02(pidsp;) — Da(0idap;)) Ali, )

i,jEN
=2 Z OaiO030; A(3, J) (permuting i <» j and using A(i,7) = —A(j,1))
1,JEN
i,5,k€N l

Instead of using the fundamental theorem of calculus, we use Stokes’ theorem to write

(A@,J) + AG k) + Ak, i) = ][ curlv - ((y; — ) % (y; — yr)) dH?,

<Ii7xj 7xk>

2This is the procedure that is carried out in Chapter
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for the triangle (x;,x;, x) with vertices x;, x; and xj. Since curlv = w, we then arrive at

wi(y)= 90k32901;33<ﬁj][ w- (i = y5) % (5 — yr)) dH? (B.16)

'L,],kGN (1'1733] 7$k>

Using formula , instead of going to the potential of div, we may directly construct
truncations of div-free functions.

Pursuing the strategy explained above, the reader might notice that the effective diffi-
culty for div-free fields is to verify that defines a Wbl yyeuloo_tryncation. For
divsym-free L!'-fields, the main argument (to be explained in Section and carried
out in detail in Section |[B.4) will be centered around constructing the more involved
pyeurleurl T, 1_ppreurleurl™,00_t1ncations rather than WeULLyewho_ truncations. To moti-
vate the need of such truncations, a quick homological discussion in the div-free case is
in order. By the construction in ff., we are able to formulate an A-free L'-L>-
truncation of the annihilator A of curl, which is div in three dimensions. As discussed in
Chapter [134], this approach works for all potential-annihilator pairs along the exact
sequence of exterior derivatives. This is the exact sequence of differential operators starting
with V, that is

0 — CF(Ty,R) % CF (T, RY) 5 02 (T, RYXN) — .

skew
%) div, )
— CP (T, RY) =5 O (Tn,R) — 0.

To summarise the above procedure for div-free fields, one
(D1) first picks a suitable WY 1-WV:*_truncation as in (B.11)),
(D2) second rewrites it by considering gradients only as in (B.12))

(D3) third shows that the resulting operator as in (B.14)) defines a WL whoo_truncation.

This consequently gives rise to a div-free L'-L>-truncation.

B.3.3. Truncations involving the symmetric gradient

Let N = 3. Towards divsym-free L'-L>-truncations, we now aim to modify the proce-
dure [(D1)H(D3)| from above. Here we work from the exact sequence

.
0 — CP(T3,R?) 5 CF (T3, RE3) L0, oo (73, R3X3) (B.17)

Sym sym
div

3
— CF(T5,R?) — 0,
where curl curl" is the potential of the divergence of symmetric matrices, defined in n = 3

dimensions by

W2323 W2331 W2312

curlcurl" v = | wsjo3 w3131 waii2 forv e C2(R3,R§’;§), where

w1223 Wi1231 W1212
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Wabed ‘= 0a0:Vbd + OpO0qVac — 0a0qUbe — OpOclad-

Note that in dimension N = 3, the exact sequence starting with symmetric gradients has
three non-zero elements (g, curl curl" and the symmetric divergence); in higher dimension

it is longer, for simplicity we therefore restrict ourselves to N = 3. We then proceed by

analogy with [(D1)H(D3), namely

(DS1) first pick a suitable W1-W*-truncation,
(DS2) second rewrite it by considering symmetric gradients only

(DS3) third show that the resulting operator defines a T °u'! curlT,1_ppreurlenrl™ 00 trypcation.

Towards [(DS1), we note that WBLWE > truncations are also known in settings where

B # V. In this work, we use that such a truncation exists for the symmetric gradient, i.e.
1
B=¢= §(V + V") (cf. [56, 19]). As an analogue of formula (B.11)), we now use

Z j(z)Pju(z), x € Oy,
Su(z) = < jeN (B.18)

u(w), S Oga

with suitable projections P; onto the rigid deformations, so the nullspace of the symmetric

gradient €. Such projections can be obtained via

Piu(z) = ]{2 u(€) + 1V = VT )u(€) (@ — €) dpsy (€)

J

for suitable measures p;, so that (V — VT) becomes invisible after integrating by parts.

As an adaptation of (B.13)) and hereafter (B.14]), one may then follow [(DS2)[to obtain

3D 0i0api(Gy(i, §) + Hy(i, 7)) + 0i0bp;(Gali, §) + Ha(i, 5)),
curlcurl LiEN
S)\ U(fl})ab - T e (9)\7

Vap(T), T € (’)E\

for a,b € {1,2,3} as a substitute for (B.14), where G,, G}, and H,, H, are defined in
terms of v and the previously mentioned measures p;. In view of we then need to

T T .
Wcurlcurl ,1_Wcurlcurl ’m—truncatlon,

establish that the resulting operator in fact yields a
and this is in essence what we establish in Section [B.4, More precisely, we directly prove
that when applying curlcurl” to Sf\urlc’urﬁv and rewriting the result purely in terms of
w = curlcurl’ (v) (just as rewrites curl(S{™'w) purely in terms of w), we obtain
the requisite truncation operator. Omitting the details of the derivation, the truncation
operator is written down explicitely in , and the entire Section is centered around
establishing that it features the desired properties.

Indeed, the treatment in Chapter [Al and in the current chapter (together with the pre-

viously outline strategy) lead to the following conjecture:
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Congecture B.5 (Theorem for operators with constant rank in C). Let

0— C%O(TdeO) A C%O(TN,RdI) Az Ax, C%O(TMde) Auir,

be an exact sequence of differential operators with constant rank in C, in particular, A;

being C-elliptic. This is equivalent to

A1g] As[¢] As[¢] Aglg] Apt1€]

0 — C ch C C

being exact for all ¢ € CV \ {0}. Then for any differential operator Aj, contained in
this exact sequence there is C} > 0, such that for u € Ll(TN,Rd’“) with Ayu = 0 in
D'(Ty,R%+1) and X > 0, there is uy € L*(RY,R%) satisfying

1. |Jux||pee < CA. (L-bound)

2. lu—up||pr <C |u| dz. (Strong stability)
{lul>A}

3. LM{u#F wa} < C)\_l/ |u| dz. (Small change)
{lul>2}

4. Aguy =0, i.e. the differential constraint is still satisfied.

If any differential operator A with constant rank over C is a part of such an exact sequence,

this means that the A-free truncation is possible for every such operator.

B.4. Construction of the truncation and the proof of
Theorem

In this section, we establish Theorem As a main ingredient, we shall prove the fol-
lowing variant for smooth maps that will be shown to imply Theorem [B.2]in Section [B:4.7}

Proposition B.6. Let w € (C°NLY)(R3 R3X3) satisfy div(w) = 0. Then there exists a

Sym
constant ¢ > 0 such that for all X\ > 0 there exists an open set Uy C R and a function
wy € (L' N L) (R3,R3%3) with the following properties:

Sym
1. w=wy on Z/IE and L3({w # wy}) < C/ |lw| dz.
A A
{lwl>5}
2. div(wy) = 0 in D'(R3,R3).
3. ”w)\”Loo(RB) < cA.

B.4.1. A short outline of the proof of Proposition

As the proof of Proposition [B.6] involves several rather technical steps, let us briefly

outline its strategy:
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1. In Section we define the truncation pointwisely (which is derived by following
the steps explained in Section [B.3.2{and [B.3.3)) and collect auxiliary properties of the

terms involved in Lemma [B.7

2. Lemma|[B.§|is designed to bound single terms appearing as a summand when proving

in Lemma that our truncation actually maps into L.

3. We then show that the truncation actually is a smooth function on the bad set O,.
Therefore, we can check the constraint div(7Thw) = 0 pointwisely in Oy (cf. Lemma
B.10)), which involves a technical computation given in the Section .

4. Consequently, the truncation is div-free both in the interior of Oy and its complement.
To show global solenoidality, we verify that the distributional divergence actually is
an L'-function, cf. Lemma We then conclude div(Thw) € L' and div(Th\w) = 0

almost everywhere, hence div(Thw) = 0.

5. Finally, we conclude by estimating the measure of the bad set to get a bound on the
measure of the set {w # Thw}, cf. Lemma [B.13]

B.4.2. Definition of T

Let w = (wy,we,w3) € (C®°NLY)(R3 R3%3) satisfy div(w) = 0. In view of locally

sym

redefining our given map w on Oy = {Mw > A}, we put

Bas: 100 = f (= sl ~ (0 Dams @i
e (B.19)
Balhg k)= f wale) v

provided the simplex (z;, z;, k) (i.e., the convex hull of z;,x;,x)) is non-degenerate; if
it is degenerate, we then define A, g(7,7,k) := 0 and B,(7,7,k) := 0. Here and in what

follows, we use

1
Vg, = Vigh = 5 (@i =) X (@x — ;), (B.20)

provided the simplex (x;,x;, zx) is non-degenerate. Consider a three-tuple

(v, B,7) € {(1,2,3),(2,3,1),(3,1,2)}.
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For (i,4,k) € N* and centre points z; € Q; for | € {i, 7, k}, we then define

~(k .. ..
380 =33 (0,0j000iBali, . k) + 050;040iB(i, j, k)
1,JEN
+ Y (0y9i 0401 — Doy 00i) A4 (i, F)
4,JEN
+ > (OaypiOypi — Oy 0j0atpi) U alis j, )
4,JEN

+ Y (Daypi08pi + 0310i00pi — 20ap0;0+0i)Ua 5 (i, j, k).
ijeN

(B.21)

We define 75,(3]2 = @gg by symmetry. For the diagonal terms, we put

R =6 030;0,01Bali, . k)
1,jEN
+2 Z (OyypjO8pi — O3y Oy i) 2Ay,a(is J, k)
1,7EN
+2) " (9500401 — Dy pi0301) 0,3, 5, k). (B.22)
1,7EN
Note that, since at most M cubes @); overlap by each of the sums in (B.21)) and
(B.22) are, in a neighbourhood of each point z € O, actually finite sums and hence
o) = (w((xk))ag is well-defined. Based on (B.21)), we define the truncation operator Ty by
in OE\,

w
Tw := w — — o)) = _ _ B.23
AW = W Zk: op(w —w'™) Zk: o™ in O, (B.23)

Note that on Oy, Thw is a locally finite sum of C*-maps and thus is equally of class
C®(Oy; R3X3).

Sym

B.4.3. Auxiliary properties of 2, s and B,

In this section, we record some useful properties and auxiliary bounds on the maps
Ao 5(i, j, k) and the (constant) maps B,(4, j, k) that will play an instrumental role in the
proof of Proposition We begin by gathering elementary properties of 2, g and B, to
be utilised crucially when performing index permutations for the sums appearing in :

Lemma B.7. Let w € CY(R* R3%?) satisfy div(w) = 0, 4,j,k,1 € N and define Anp, Ba

Sym

for a, B € {1,2,3} by (B.19). Then the following hold:
(a) aamaﬁ(i’j’ k) = _%ﬁ(zvja k);
(b) aﬁma,ﬁ(iaja k) = SBa(iaj> k);

(¢) Antisymmetry of A g: Ao 5(i, 5, k) = —Aa 5(j, 0, k) = Ao g(J, k,9);
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(d) Antisymmetry of B,: B, (1,75, k) = —Ba(J,4, k) = Ba (4, k,1);
(6) dng((y - é)ﬁwa(‘g) - (y - g)oﬂ”ﬁ(ﬁ)) =0y
(f) %a(iaja k) - %a(laja k) - %a<i7lﬂ k) - %a(ivjv l) =0y

(g) Q[a’g(i,j, k) - Qla,ﬁ(lhj? k) - Q[Oéﬁ(iv [ k) - ma,ﬁ(ivjv l) =0.
Proof. Properties [(a)l{{d)] are immediate consequences of the definitions. Property [(e]]

holds, since

dive((y — &) pwal(§) — (y = awp(§)) = ~wap(€) — &p div(wa) + wpa(€) + Lo div(wg) = 0.

To prove we use that by the definition of 8, and the Gaufs-Green theorem we have
Bo(i, 5 k) — Ba(l, j, k) — Bai, 1, k) — B (i, j, 1) = / div(we) dz = 0.
(5,25, ,Tm)

Note that this calculation also holds in the case that one or multiple of the simplices are

degenerate. Analogously, we can prove by applying the Gauk-Green theorem as well
as @ to get
ma,ﬁ(iv jv k) - Qloz,,@(lvjv k) - ma,ﬁ(ia l7 k) - Q[a,ﬁ(iv jv l)

= dive ((y = &)pwa(§) = (y = §aws(£)) dz = 0.

(@4, Tk, Tm)
The proof is complete. O

Lemma B.8. E|Let u € (L' N CH(R3,R?) satisfy div(u) = 0 and 2y € {Maru < A},
where R > 0. Let, in addition, x1,x2,x3 € Br(z0). Then

][ u(€) - vig3 d%¢
(r1,72,73)

Moreover, if w € (L' N CH)(R3,R3%3) satisfies div(w) = 0 and the cubes Q;, Qj, Q have

sym

non-empty intersection, y € Q; N Q; N Qy, we have for A, 5 and B, as defined in (B.19)
(a) [Aap(i, 4, k) (y)] < CN(Q:)°;
(b) |Ba(i g, k)| < OM(Q:)°.

The constant C = C(3) is a dimensional constant, that does not depend on wu, i,j,k and
the shape of Oy.

< CARZ. (B.24)

Proof. Let 1,29, 23,20 € R® be according to the assumption, zy = (z(l),zg,zg’). Then,
using that divu = 0, we find by GauR’ theorem for an arbitrary n € R3

][ - g3 d%¢| < (/ +/ +/ )|U’ . (B.25)
(z1,22,23) (n,x2,23) (z1,m,23) (z1,22,m)

3This corresponds to Lemma in the simple divergence-free setting.
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Qr

2R

2R

Figure B.2.: The construction in the proof of Lemma . The point zg € (’)g is chosen such
that it is close to x;, x; and x}, respectively. Instead of estimating the integral
on the triangle with vertices z;, z; and z}, directly, we estimate integrals along
triangles with vertices x;, x; and z € Qg(20) (the triangles with red dashed
lines) and use Gauk’ theorem.

Recalling from Section that aff(x;,x;, z;) denotes the affine hyperplane containing
x;, T, T, we now establish the existence of some 7 € R3 \ aff(z;, 2, 2) such that the
right-hand side of is bounded by CR2\ for some C' > 0 solely depending on the
underlying space dimension N = 3. Denote Qr(z9) the cube centered at zy, with faces
parallel to the coordinate planes and sidelength 2R so that Br(20) C Qr(20) C B, 55(20)-
Then, with the maximal operator Msp from ,

/ / |d2§dz</ / (€)] d%¢ dz
Br(zo0) J(z1,22,2 Qr(z0) J(z1,22,2
z0+R 22+R 23+ R
/ / / / lu(&)| d%¢ dz?® d2? dzt
2 z %3 (z1,m2,(21,22,23))
z0+R z0+R
/z /Z /QR " lu| dz dz? dz! (B.26)

z0+R zO—i-R
< w3(V3R)? / / ][ lu| dz dz? dz!
kR 25 B

v3r(20)
< w3(2R) (ZR) Moru(zo)
< cARP.

Here ¢ > 0 is a constant solely depending on the space dimension n = 3. In consequence,
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by Markov’s inequality,

L3 Uy, . [, N Br(20)]) == ,C3({z € Br(): / lu(e)] d2e > x})

(z1,22,2)
A
< ¢=R° for any \' > 0,
)\/
where Uy, ,.[u, \'; Br(20)] is defined in the obvious manner. The same argument equally

works for the remaining simplices that appear in (B.25)), and therefore, setting
U = Uy, zy [, N3 Br(20)] UU. 1y 25 [, N5 BR(20)] Ul g [ty N3 Br(20)]

with an obvious definition of the sets appearing on the right-hand side, we obtain

4eA
<

< VB

£3U)

16
We still have the freedom to choose X > 0 and consequently put A := —cAR? so that
w3

3
£3(Z/lE) > Zﬁ?’(BR(zO)). We may thus pick n € Br(zo) \ aff(z;, 2, ) such that n € ut,
and by definition of U, this choice of i gives

][ u - V193 A€
(1,22,23)

with some purely dimension dependent constant ¢ > 0. This completes the proof of (B.24]).

The estimates in [(a)] and [(b)| are consequences of (B.24). For [(a)] note that there is
20 € OE\ with diSt(Zo,Qi) < Cﬁ(Qz) and Q; N Qj NQy C BC@(Qi)(ZO) by |(W2)| and |(W4)l
Moreover, Mw(zp) < A by definition of O, and therefore, for fixed y € Q;

< ¢AR?

Mar((y = )pwal) = (¥ = -)awp)(20) <2 Sup ly — 2| - Muw(2).

Setting R = C¢(Q;) and using Lemma yields the estimate @ The estimate for
B, directly uses the existence of a point zg € (99\, such that Q;, Q;j, Qx C Beyq,)(20) and
that w, is divergence-free. Applying (B.24) in this setting yields @ O
B.4.4. Elementary properties of T,

We now record various properties of Ty that play an instrumental role in the proof of
Theorem m Throughout this section, we tacitly suppose that w € (C°° NLY)(R3, R3%3),

sym

and begin with providing the corresponding L°°-bounds:

Lemma B.9. There exists a purely dimensional constant ¢ > 0 such that
I Thw|| poo (m3y < €A holds for all A > 0. (B.27)

Proof. Since |w| < A on (’)E, it suffices to prove ||Th\w||p(0,) < cA for some suitable ¢ > 0.
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Hence let € Oy. Then, by [W1)| and [[W3), z € @Q for some k € N, and there are
only finitely many cubes @Q;,Q; such that Q; N Q; N Q # 0; note that the number of
such cubes solely depends on the underlying space dimension n = 3. For any choice of
o, B8, €{1,2,3} and {1 + 5 = 2 we have

1o.no.
14 V4 QiNQ;NQ
foudoidl3ioy] < o= (B.28)
and similarly, if ¢1 + ¢5 = 3,
1o.no.
14 ¢ Q:iNQ;NQ

which is seen by combining and Again, ¢ > 0 is a purely dimensional constant.
By definition of @, cf. (B.21) and (B.22), on O, every summand in containing
some B (i, j, k), § € {a, 8,7}, is of the form ¢,d% goial;?cpj%g(i, 4, k) with ¢, +05 = 2. Here
we may invoke Lemma @ in conjunction with to find

|or05 0105 05 Bs(i, 4, k)| < e

Conversely, every summand in (B.23]) on O that contains some s (7, 5, k), 6,k € {e, 8,7},
is of the form gok(?gl,goiai?(pjﬂgﬁ(i,j, k) with ¢; + ¢, = 3, and in this case Lemma
in conjunction with (B.29) yields

By the uniformly finite overlap of the cubes, cf. [(W3)] this completes the proof. O
Lemma B.10. For every a € {1,2,3}, Tx(wa1,Wa2,Wa3) is solenoidal on Oj.

The proof of this lemma relies on a slightly elaborate computation, mutually hinging on
index permutations and the properties of the maps 2, g and B, as gathered in Lemma@
For expository purposes, we thus accept Lemma[B.10]for the time being and refer the reader
to the computational section for its proof.

B.4.5. Global divsym-freeness

As the last ingredient towards Proposition we next address the regularity of div(T\w).
Here, we do not assert that Thw belongs to the Sobolev space Wl’l(R?’,Rg’an?); this is so
because Thw is precisely constructed in a way such that handling of the divergence is pos-
sible (cf. Lemma below), whereas the control of the full gradients does not come up
as a consequence of Lemma [B.8} in particular, there seems to be no reason for the series
in to converge in WO1 ’1(R3,R3X3). Note that, if it did, we could directly infer from

sym
Lemma that div(Thw) = 0.

Lemma B.11. Let w € (C®° NLY)(R3,R3X3) satisfy div(w) = 0 and define Tyw for X > 0

sym

by (B.23)). Then the distributional divergence of Thw is an R3-valued regular distribution,
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that is, div(Thw) € L'(R3,R?).

Proof. We focus on the first column (Thw); of Thw; the other columns are treated by
analogous means. Let ¢ € C(R?). By a technical, yet elementary computation to be
explained in detail below (cf. Section [B.5.2)), we have ﬂ

[ - voar=23" [ ouong)0sp0mis v a

1,5,k

+22/ ¢k (0305)(010:)B1(i, §, k)O2¢p dx
1,7,k (B30)

+2Z/ Ok (0105)(020i)B1 (1, J, k) 031 dx

4,5,k
=: T+ 114 III.

We focus on term I first and consider the functions

vy (y) =Y v (y) = > ok (0205)(D3601) (B (4, 4, k) — wi(y) - vige),
1,7,k 1,7,k

=Y wil(y) = > or(0205)(D30i) (w1 (y) - viji).

7] k i?.j?k

(B.31)

We claim that vy 1) € Wol’l((%\). Note that each summand belongs to C2°(0,), and so it
suffices to establish that the overall sum in (B.31)) converges absolutely in W11(0,). We
give bounds on the single summands: For ¢, j, k € N, note that whenever y € Q; N Q; N Qx,
then

1B1(i, j, k) — w1 (y) - vigi| < ][ w1 (&) — wi(y)| |vije| d*¢ (5.3

< o Vwr || oo vy U Q)

as a consequence of the usual Lipschitz estimate, dist(y, (zi, 25, z)) < cl(Qr) and || <
cl(Qg)? by Now, by |(W4)|and (P3)l we consequently obtain by (B.32)

o [l L1 (@) < cl(Qi) IV wr || Lo gy
V0¥ | 210 < Q)| Vwr || oo ),

so that, by the uniformly finite overlap of the cubes,

> o oy <cZ Q) + Q1)) V|| oo 2y

4,5,k

dl+c%on%§jaQwWwawa)
k

c(1+ L3(02)3)L3(ON) | Vawr || oo m3y < 0.

We already verified, that the term below is a divergence-free truncation in Chapter [A} cf. Lemma
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Hence, vy (1) € WOI’I(OA). Extend vy (1) by zero to the entire R? to obtain vr,(2) € W()I’I(R3).
Then an integration by parts yields

I= 2/ 1;17(1)611/1 dy + 2/ w1811/) dy
O)\ O)\

2 [ wowdy+2 [ wowdy (B.33)
R3 Oy

v EWl’l(RS)
1,2)&Wo _2/ (61v1,(2))¢ dy + 2/ wio dy =: Iy + I,
R3 OA

and Oyvy (g) € LY(R3). Towards term Iy, observe that for all y € R,

_2Vijk = —(:CZ' — .CI}j) X (.%'k — .CI}j)

(B.34)
= (y—xj) X (xj —wp) + (v, —y) X (y — 2x) + (v, — ) X (5 —y),

which follows by direct computation using that (z; —y) x (y — ;) = 0. Working from the
definition of wr as in (B.31)), we consequently find by (B.34))

Iy = 2/ wi(y)oh dy =2 [ > 0k(020)(30i) (w1 (y) - Vy ;)01 dy (= 0)
Ox Oxijik

L2 / S ok (007) (P50 (1Y) - V)0 dy (= 0)
Oxijik
2 [ 3020 010001 (0) - v1,,)005 dy =2 o

A

where we have used that 283% = 0 on O, for the first, Z@ggoj = 0 on O, for the
i J
second and Z pr = 1 on O, for the ultimate term. By a similar argument as above, the

k
sum in the integrand of I3 has an integrable majorant, whereby we may change the sum

and the integral. Hence, integrating by parts with respect to 0s,

I; =13 :=2 E /O D2(0j(030:)(w1(Y) - Vayz;)0170) dy (=T)
ij 7 Ox

—2 (¢ (D230i) (W1(Y) * Vary z;,)019) dy (=T)
s

2% /O (05(B50:) (B2 (4) - Uiy, )010) (= T)
ij 7 Ox

2% /O (05(Bs0:)(wr (y) - vy, )010) y (=T
ij 7 Ox

-9 Z /(; ((pj<8390i)<w1 (Z/) . Vzi,azj,y>812¢) dy (: T5)7
1] A
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but on the other hand, now integrating by parts with respect to Js,

I3 =T3:=2) /o 93(i (020 ) (w1 (Y) - Vay 2;,9)017) dy (=T¢)
ij 7 Ox

—2 (¢i(O23p5) (w1 (y) - in,xj,y)a Y) dy (=17)
%:/(9)\ 23 1 1 7

-2 (0i(9205) (O3w1(Y) - Vs, 0,4 01) dy (=1Ts)
%:/(9)\ > 3 1 8

-2 (0i(9205) (w1 (y) - O3V, 2;,9)019) dy (=To)
%:/OA 2 1 3 1 9

23 | (00)010) - v, )00 (= Tio).

1
We then have I3 = 3 (I%—FI?)). To proceed further, note that 77 = Tg = 0 by the fundamental
theorem of calculus. Moreover, %(Tg +T%) = 0, which follows from permuting indices i <> j

in T5 and using the antisymmetry property Vpiajy = Vajzy
Ty = —22/0 (¢i(D2305) (W1 (Y) * Vi ,20,9)O19) dy
ji 7O

= /O (:(D230) (WA (Y) - Vi ) O110) dy = T,
ji 7O
For treating terms 75 and 75, define the smooth function vy 3): Ox — R by

i) = O (05(030i) (02w1(Y) - Vs ay.9)) + (2i(020) (D3w01() - Vi) (B.35)
tj
By an argument similar to the one employed in (B.31)ff., we have vy (3 € VVO1 ’1((9>\). More
precisely, for all finite index sets Z, 7 C N the functions

21,9 = E Zij

i€
jeT

=Y (5(0301) (Oaw1 () - Vs a;.9)) + (0i(0207) (O31(y) - Vi 5.9))

i€
jeT

are finite sums of C2°(O,)-functions. By the Leibniz rule in conjunction with [(W2)H(W4)
and |(P3)| we obtain

Z zijllwr10,) = Z zijll 210y + V2l L0y
ieT i€
jeT jET

< ey Q) Vwrll oo @)

1€T
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+e> (UQi) VWl oo (rsy + £(Q) V2 wr || oo (r3))
iz
< (14 L3003 wi e es),

where c is a purely dimensional constant. Since the ultimate term in the previous estimation
is independent of Z and J, we conclude that the sum in converges absolutely
in the Banach space VVO1 1(0,). Hence, in particular, it converges in T/VO1 1(0,) and so
UL,(3) € W()l’l(('))\).

Extending vy (3) by zero to vy 4) € Wol’l(R?’), then obtain

YTy 4 Ty) = /R (@ren ) dy. (B.36)
Since I3 = %(Izl)) + Ig), the above arguments, permuting ¢ <> j in Ig and combine to
|
=53 [ @O (@—e) e dy (=47
ij Y Oa
1 1
+33 [ (@0p)n) - (@ —a) xeow) dy (= 47)
ij 7 Oa
X [ 01 (0) ey )0120) dy (= i13)
ij 7 Oa
. . _ 1
#3000 01(0) v )P000) dy (= 1Ty0)
ij 7 Oa
+ [ @) d
R3

Next note that, expanding and using Z w; =1 as well as Z O3; = 0 on Oy,

K3 K3

3Tu=— ;Z/O (0 (030:)(w1(y) - ((wi —y) X €2))01¢) dy
ij 7 Ox
- ;izj/ox((pj(ag%)(wl(y) ((y —zj) x €2))01¢) dy (= 0)

23 [ (@) () x o) dy
P A (B.37)

= ;Z/@ (piOzwi(y) - ((zi — y) x €2))01¢) dy

1

+ 2/@(%01(?4) - (—e3 x e2)0vp) dy

+ % ; /<9A(901;w1(y) (2 —y) X e2)0139) dy.
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By a similar argument as for (B.33)ff., we use w € C®(R3, Rg’;n?;) to see that the function

vi5)(Y) = —5 Z ;03w (Y —y) X e2)) (B.38)

belongs to VVO1 ’1((9)\), and hence, again denoting its trivial extension to R® by v (6) and

recalling that es X e3 = e,
1
3T :/ (Orvr,(6))9 dz + 2/ (w11(y)019) d
R3 o)\
+ = Z/ piwi (y —y) X e2)013¢) dy

(B.39)

1
We handle the term —Ty in the same fashion (swapping the roles of the indices 2 and 3):
Introducing vy (7) € Wol’l(O)\) by

1
=3 Z%’azwl(y) ((zi —y) x e3)
7
as a substitute for (B.38)) and denoting its trivial extension to R? by vy (8), We arrive at

;n—/lmmwwM+;A(mﬂWW>

(B.40)
-5 Z/ piw (y —y) X e3)02¢)) dy
O,
Working from (B.39) and (B.40)), we then arrive at
ST+ T) = [ (Oulonge)+ e du+ /O (wnn()re) dy
A
+ = Z/ iwi (Y —y) X e2)013¢) dy (B.41)

Y /O (piun(y) - (i — y) % e3)Or2) d

To summarise, by (B.30), (B.33) and (B.41)), there exists v € V[/[}’l(]Rf‘S)7 such that
:/ (Drvn)y dw"‘/ (w1 (y)ory) dy
R3 o)\
1
T3 Z /o (piwi(y) - ((w; — y) X e2)Or39) dy
i A
1
33 [ ) (G- )  ex)nan) dy
'3 A

- [ 30000 ) v205)020)
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+ Z /@ (05 (O201) (W1(Y) - Vasa;9)O13¢) dy (B.42)
i A

The same calculations with the coordinates 1 — 2 — 3 — 1 permuted imply that there
exist vrr, vrn € Wol’l(Rg), such that

II = /RS(ag’UH)’(/) dz + /(9 (w12(y)521/}) dy
+ % Z/O (piwi(y) - ((zi —y) x €3)0n19) dy
_ % Z /(QA(%wl(y) “((w — y) x e1)0237) dy (B.43)
- (0 (O10) (W1 (Y) - Vi) O23¢) dy
izj/(%\ 1 1 23
+ (0 (O30i) (W1 (Y) - Vi) O219) dy
izj/(%\ 3 1 21
and
I = /R3(83’UH[>'¢ dx + /(9/\ (w13(y)33¢) dy
+ % Z/@ (piwr(y) - ((zi —y) x e1)02¢)) dy
32 [ (eano) (@i =) x e)dur) dy (B.44)
B %: /(9A (903'(82801‘)(101(?/) : inxjy)a:ﬂ?ﬁ) dy

+ Z /(QA(ij(alSDi)(wl(y) Vgiayy)0320) dy,

and Oyvy, daurr, O3vppy all vanish outside Oy. Combining (B.42)), (B.43) and (B.44), we get
that there is h € Ll(O)\), h = 01v1 + Ourr + Osvrr, such that

/ (Thw)1 - Vi doe = / hi dx +/ wy - Vo da. (B.45)
O Ox Ox
Recall that w satisfies div(w) = 0 and that Thw = w on OE. Therefore,

/ (Thw)1 -V do = / (Thw)1 - Vo dz —i—/ (Thw)1 - Vi dz
R3 OC (@]

A A

:/ wl-dea:—F/ wl-Vq/Jd:c—F/ hy do
OE O Ox

A

:/O h da.

Therefore, div((Thw);) € L'(R?). Arguing in the exactly same way for the other columns,
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div(Thw) € L' (R3,R?), and the proof is complete. O

As an immediate consequence of Lemmas and we obtain the following
Corollary B.12. Let w € (C®NLY)(R3,R3%3) satisfy div(w) = 0 and define Thw for

Sym

A >0 by (B.23). Then for L'-almost every X > 0, div(Thw) = 0 in D'(R3,R?).

Proof. Observe that on R\ 0, the function Thw is strongly differentiable and, as w is
(row-wise) solenoidal on R? and div(Tyw) = 0 on Oy (Lemma [B.10)), div(Thw) = 0 on the
open set R?\ 0. As w € C*°, Mw € C(R?) and the set

{A>0: £3(00y) # 0} C{\>0: L2{Mw = \}) # 0}

is an £'-null set. Hence, for all X not contained in this set, div(Thw) € L*(R3,R?) and
div(Thw) = 0 L£3-a.e.. Thus, for £'-almost every A, div(Thw) = 0 in D'(R3, R?). O
B.4.6. Strong stability and the proof of Proposition

In view of Lemma and Corollary [B.12] Proposition will follow provided we can
prove the strong stability (cf. Proposition . Towards this aim, we begin with

Lemma B.13. Then there exists a purely dimensional constant C > 0 such that, for each
w e LYR3,R2X3) and each X\ > 0, we have

sym

L3 Mw > \}) < C/ ()| de
{wl>A/2)

The rough idea of the proof of this statement is to use the weak-(1, 1)-estimate for the
Hardy-Littlewood maximal operator M (cf. (B.g])) for the function h defined via

h(z) = max{0, |w(x)| — A/2}, (B.46)

see ZHANG [I57] for the details (also see Lemma [A.17)). As an important consequence of
Lemma and the L*-bound of w) is the following:

Corollary B.14. Let w € L*(R3 R3*3) satisfy div(w) = 0. Moreover, for X\ > 0, let

sym

wy = Thw be as in (B.23]). Then we have with a purely dimensional constant C' > 0

|w —wxllpwsy < C lw| dx. (B.47)
{lwl>A/2}

Proof. Recall that Oy := {Mw > A}. By construction, w = w) on (’)E. Therefore,

o — wxll 1) g/ o — 1wy dxg/ o] dx—i—/ wy dz. (B.4S)
o o o

On the one hand, Lemma gives us

/ | dz < AL3(Oy) +/ | dz < c/ | dz, (B.49)
o) {ul>A) {wl>/2)
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and, on the other hand, using Lemma [B.9 and Lemma [B13]

/ lwa| dz < flwa |l oo @3y £°(Ox) < C lw| du, (B.50)
N {lwl>A/2}

C > 0 still being a purely dimensional constant. In view of (B.48)), (B.49) and (B.50)), we
obtain (B.47)), and this completes the proof. O

Proof of Proposition[B.6. Let w € (C*NLY) (R R3%3) satisfy div(w) = 0 and let A > 0.

Sym

Pick some A € (), 2)) such that 53(8(’)X) = 0 and define wy := T5w and U) := O5. Then
1. w=w) on Z/{E by construction.

2. Lemma [B.13] implies that

tmw¢wn_~/ i mmugc/ | da.
A J{w|>3/2} A J{jwl>x/2}

3. div(wy) = 0 in D'(R3, R?) by Corollary

| o

4. |lwxl| oo sy < cA < 2¢X by Lemma

To summarise, w), satisfies all the required properties, and the proof is complete. O

B.4.7. Proof of Theorem B.2

We now establish Theorem and hence let A > 0 be given. Let u € L'(R3 R3X3)

sym

satisfy div(u) = 0 and pick a sequence (w’) C (C*NLY)(R3, R3*3) such that w’ — u

Sym

strongly in Ll(Rg’,RSyX;’) as j — oo, still satisfying div(w’) = 0 for each j € N. Such a
sequence can be constructed by convolution with smooth bumps.

For A > 0 consider the truncation wj;)\ of w’ according to Proposition Note that

this sequence is uniformly bounded in L by 4c¢A. Therefore, a suitable, non-relabeled

subsequence converges in the weak*-sense to some v in L (R?, Rg’;ﬁ) First of all,

[u? | oo 3y < s [wyll oo (rey < 4eX,  div(ut) = 0.
j

We claim that wi/\ — w strongly in L' on the set {Mu < 2)\} as j — oo, and hence W =u
on {Mu < 2XA}. If this claim is proven, then Lemma and Corollary imply the
small change and strong stability properties @ of Theorem [B.2l Therefore v will
satisfy all properties displayed in Theorem and thus finish the proof.

It remains to show the claim. Recall that the maximal function M is sublinear. Thus,
{Muw? > 42\ {M(w — u) > 20} C {Mu > 2)}. (B.51)

Note that £3({M(w’ — u) > 2\}) converges to zero as j — oo since w’ —u — 0 in L

and M is weak-(1,1). After picking a suitable, non-relabeled subsequence of (w’) we may
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suppose that ||w’ — ul| 1 (r3y < 279\ for all j € N and hence
LMW —u) >20} <C277  foralljeN.
Therefore, for each J € N, the £3-measure of the set

Eji= (J{M(Ww’ —u) > 2)\}

J>J

can be bounded by C277. Due to (B.51), we have {Mu < 2A} \ E; € {Muw’ < 4\} for
j > J. Let us fix J € N and bound the L'-norm of wiA —u on {Mu < 2\} for j > J:

/ |wi)\ —ul dz < / \wi)\ —u| dz +/ |wi)\ —u| dz
< / \wiﬂ + |u| dz +/ _ \wi)\ —u| dz
EJ {M’LUJ§4)\}

<0277\ +/ lu| dz +/ |w! — u| dx

<0277\ +/ lu| dz + [|w? — ull £ (rs3)-

Ey

Letting J — oo yields wiA —u— 0in L'({Mu < 2)\}). As (wi)\) weakly*-converges to u*
in L>®(R3,R3%3), we conclude that u = u on {Mu < 2}, proving the claim. O

sym

B.5. Computational details for proofs

In this section, we give the computational details for some of the identities used in the

main part of the paper. We will need the following lemma.

Lemma B.15. Let a,b,c € N? be multi-indices with |al, |b|,|c| > 1 and a, B € {1,2,3}.
Then on the set Oy have

Z aa@kab(/)jadoi%a(ia Js k) =0, (B'52)
ijk
and
Z 8a@kab90j8c%91a,,8(iaja k) =0. (B53)
ijk

Proof. Recall from the definition of the ¢; that ngl = 1 on O). We therefore have
Z Outpr = Z Ohpr = Z Ocpr = 0. We can use this to get

Z 0aPrObp0c0iBali, J, k)

ijk

== Z 8a§0k8b90jac§0z‘ <%Oc(i7j7 k) - %a(m7j7 k) - %Oé(iu m, k) - %a(iajﬂ m))

ijkm
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Now (B.52)) follows from Lemma (B.53]) can be shown completely analogously. [J

B.5.1. Proof of Lemma [B.10]

We focus on the case « = 1. Let thus D := div(Thw);. To avoid notational overload
we omit the arguments 4, j and k of 2, g(7, j, k) and B, (4, j, k) in the following equation.
Thus, all 2, g and B, implicitly depend on the summation indices. By the definition of

Th\w on Oy, (B.23), we have

D =6 Z 01(pr02pj03007)B1 (=T)
ik
+2 Z 01(p1(033002p; — 0230 03¢;) ) A3 1 (=T)
ijk
+2 Z 01 (0330 02p; — 0230 03¢0;) 0123 1 (=13)
ik
+2 " 01(0k(D2205 0301 — Da3ip02pi)) A 2 (=Tu)
ik
+2 Z i (0220 030; — O32902¢0;) 01U 2 (=15)
ik
+3282(§0k63§0j81§0z’)%1 (= T6)
ik
+ 3282(%32%33%)%2 (=Tr)
ijk
+ Z 02 (i (0230030 — O3300201))A23 (=13)
ijk
+ ) on(D230050i — V330020 DU 3 (=Ty)
ijk
- Z O2(pr(013¢003¢0; — 0330;010;))A3.1 (= Tho)
ijk
+ Z 01 (013903p; — 0330;0190;) 0223 1 (=Tn)
ik
+ Z 02(¢k (01390 02p; + 0230;010; — 20120;030;) ) A1 2 (= Ti2)
ik
+ Z(Sok(ali%%a%@i + 0230 01p; — 2012¢0;03¢;)) 0221 2 (=Ti3)
ijk
+3) 05(prdap;Ospi) B3 (= T1a)
ik
+ 3233(9%31%32%)%1 (=T1s5)
ik
+ ) 03(k(01200;02pi — Da20jO1pi))21 2 (= Tie)
ik
+ Z(@k(antpjawi — 022j0103)) 03241 2 (=Tir)

ijk
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+ Z 03(pr (0230020 — O22p030;)) Az 3 (=Tig)
ijk

+ Z(sok(azzssﬁjaz% — 022¢j037))03%Aa 3 (=Tho)
ijk

+ Z 03(pr (0230 010; + 01200305 — 2013002;) )31 (= To)
ijk

+ Z(@k(%s%‘al% + 0129035 — 2013 02¢p;) ) 033 1 (=Tm)
ijk
Z % +f %g—l—f %3+f(122l1,2+fig-2 Ql23+f]k Ql31 =: ()
ijk

for suitable coefficient maps fl(ﬂ)C or fl(jk), respectively. To achieve this grouping we use

Lemma @ and @ as well as the fact that 777 = T17 = 0. In the following we will
show that each of the six sums in (*) vanishes individually. This is done by a very similar
calculation every time.

Ad f ). Here the coefficients are determined by terms 11, Tg, 113,115 and T5;. Therefore,

fl-(;;z = 601pr02pj030; + 6 0120;03p; + 60rO20;0130i + 30201030 01p;
+ 3010230 01p; + 3003001290 + PrO13P; 020 + PrRO230;019;
+ (—2)pr012903p; + 30301019 020; + 3pK01390;020; + 3pK019j0230;
+ (—1)erda3p;01pi + (—1)prdi29;050; + 20013050205 = PP + ..+ Pii".

In the next step we group those of the Plij K together, that have the same structure apart

from a permutation of the indices ¢, and k. For example, we have
Piik — gpiki — o pkij,
We now group all the terms and then perform the corresponding index permutations:
> 5B,k = 30 (PP + PP+ PN + (B + PP+ B+ P
ijk ijk
+ (PP* + PP 4 P+ PIF) + (PP + PF* 4 P + P B1Gi, 5 k)

=" PR (81,4, k) + 1B1(5. k1) + 3B1(k, i, 5))

ijk
+ P (B1(i,5, k) + 3B1(4,4, k) — §B1(i, 4, k) — §B1(6,5. %))
+ P (Bi(i, g, k) + §B1(4,4 k) + 3B1(j.1. k) + 3B1(5, 4, k)
Pz‘jk( o )_,_%sg (i, ] k)+%1(],z,k)—§%1(Z,J7k))
—2ZPW’31(Z g k) = (+%),

ijk
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where we used Lemma @ to get the last equality. Finally, Lemma implies that
(#x) vanishes identically.
Ad fz(f]z For the corresponding coefficients, only terms 75, 7% and Ti9 matter here. There-

fore,

f(];z —2010220030; + 200230 02p; + 3020020030 + 3022 03¢;
+ k020 D23 i + P03 0iOr i + (—1)prdaapiOspi = QY + ...+ Q¥

Grouping similar terms and permuting indices as above we get

> FBai,5 k) = D [(QFF + QFF + QFY) + (QF" + QFF + Q) + QFF | Ba(i, s )

ijk ijk

- Zka %2 Z ]7 ) % (Z ]7k) + %%2<Zvjvk))
ijk

+ Q" (B2(i, 4, k) + 3Ba(j,i, k) + $Ba(i, j, k) + Q¥ B (i, 5, k)
= ZQ”k%Q 7' .77 ) 07

ijk

Where We again used Lemma [B.7][(d)] and in the last step Lemma
Ad f ik Here, only terms 73,7y, T14 contribute to the correspondlng coefficients. Thus,

f‘(yz‘giz = 2003300205 + (—2)@r0230;030; + (—1) 002300305 + Vr03390;020;

?

+ 30302030 + 3023 p03p; + 3prO2pjO33pi =t Sijk +ot Séjk-
We thus get
S FEBa(i g k) = 30 [(SPF + SPF 4 SPF) + (S5 + 5P+ 57 + 57| Ba (i, )

ijk ijk
=" S7H(Bs(i g, k) + $Bs(i . k) + 3Bs(j, i, k)
ijk
+ S5 (B3(i, 4, k) + 1833, 5, k) — B34, 5, k)) + ST*B3(i, 4, k)
=" S57*Bs(i, 4, k) = 0.
ijk

Ad fi(jl,f). These coefficients are determined by Ty,T1s and T1g. In consequence,

fi(jl,f) = 20101K0220;030; + 20101220030 + 2010220;0139; + (—2)0191K0230 0205
+ (—2)pr01239 020 + (—2) i 0230 0120; + 02010139 020; + Pr01230;020;
+ 00139 0220; + 0200230010 + 022390 019; + PrO239;012¢;
+ (—=2)02p10120030i + (—=2) 01220 03¢0; + (—2) 10120 0230; + 030101290205
+ pr01239020; + 0129 023¢0; + (—1)030r0220;0190; + (—1) L0223 010

+ (—1)g0k822(pj813g0i =: Ufjk + ...+ U;jlk
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Here we can first note that by Lemma for each [ € {1,4,7,10,13,16,19} the terms
Uliijng(i,j, k) sum up to zero. We thus have

> Mgk = D0 [OF + U + OF* + 0§ + U3 + (U + U+ Ui
ijk ijk

+ (UF* + U + UL + U + (U + Ul |20 21,5, k)

= Z Uéjk(mlﬂ(ivjv k) - Qll,?(iaja k))

ijk
+ U (120, 4, ) + 3M1,2(5.4, k) — 521,200, 5. k)
F U190, 4, k) — 32%19(4, 4, k) — 32012(3, 4, )
U Q126 5,K) = §%02(i 4. K) + 27,0, K) = 51207, k)
+ UR Ay (i, 5, k) — A1 2(i, 4, k) = 0.

Ad fz(ﬁf’) Only the terms Ty and 718 matter here. In particular,
fi(jZI;B) = O2p10239003pi + (—1)D2pr0330j02pi + O3 0230 02p; + (—1) 030102200340
+ 2010230 0230; + (—1) 033002205 + (—1) 102290 O33005 =: ijk + . F V;jk

We first note that the terms V}ijkm273<i,j, k) for I € {1,2,3,4} all sum up to zero (Lemma

B.15). Consequently,

S 15 ) = 3 [0 4 V) Vi)

ijk ijk
= Z ‘/(;ijk(gbﬁ(ia ja k) + Ql2,3(j7 Zlv k)) =+ ‘/E)ijkmlxg(ia ja k)
ijk
- Z ‘/;jkml?)(i?jv k)

To see that the final term vanishes, we notice V” k V5jik and thus

> VT Upa(is g k) =Y VaTF (3 a(i, 5, k) + 32341, k) =
ijk ijk

Ad fz.(;’él). Here, only the terms 75, Tig and Tbg are relevant and therefore

fi(f/él) = 2010103300201 + (—2)201 00239 03p; + 2001330 O2ipi + (—2) 101230 03i

+ 20103300120 + (=2) 023001301 + Oapr13pO3pi + (—1) 0200330010
+ 101239 030; + (—1) 91023390 010; + Pr0139;0230i + (—1)pr033050120;

+ 0301023001 0i + O30k012905 0301 + (—2) 030101305 020i + P1D233001pi

+ 101239 030; + (—2)pR013390;020; + PrO239 ;0130 + Pr012¢;033¢;

+ (=2)¢r01300230i = Wit Wik
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We first apply Lemma to see that we can ignore the terms corresponding to T/Vlij ¥ for
le€{1,2,7,8,13,14,15}. For the remaining terms we calculate

3,1 .o i1k 17k i1k 17k 17k 17k 17k i1k
> S a1 k) = 30 [ WS+ W)+ (W W W) 4+ (W Wil i)
ijk ijk
Wik Lk Lk L iRy ik Wik 05 (6, 4 k
+ (W™ + Wi + Wiy +Wo") + (Wi +Wig )| ™A3.1(4, 5, k)

= Z ngk(%&l(ivjv k) - Ql3,1<i7j7 k))
ijk

+ W31 (i, 4, k) — $A31(4, 5, k) — 1931(3, 5, k)

+ Wi (s 11, 4, k) — 3316, 3, k) + 331 (5,4, k)

+ W (U101, 4, k) — $As.1(j,4, k) — 3A3.1(3, 5, k) + A3.1 (4,7, k)
+ W%"’(Q[&l(z,y, k) —RA31(i,5,k)) =0.

We thus have shown that D = (%) = 0, yielding that the truncation is solenoidal on Oj.

B.5.2. Proof of the identity (B.30)

Let ¢ € C°(R?) be arbitrary. In order to obtain formula (B.30), we write

/ (T)\w)l -V dx = / T(QLLQ, Vw) dx +/ T(Ql273, V?ﬁ) dr + T(ng}l, V¢) dz
Oy Oy Oy Ox

+/ T(B1, V) da:+/ T(By, Vo)) dz+ [ T (B3, Vo) da
(9)\ OA

O,
6
=S
(=1

where we indicate e.g. by T(20 2, V) that, when writing out w; - V4 directly by means
of (B.21)) and (B.22 -, (201 2, V1)) contains all appearances of 20 2(i, 7, k) and analogously
for the remaining terms. The underlying procedure of dealing with the different terms is
analogous for the remaining columns we and ws, which is why we exclusively focus on wq
but give all the details in this case.

In the following, we will frequently interchange the triple sum Z and the integral over

ijk
O,,, which allows us treat the single terms via integration by parts. This interchanging of
sums and integrals is allowed since every sum Z has an integrable majorant, in turn
ijk

being seen similarly to the reasoning that underlies the proof of Lemma [B.9]
We begin with S7. This term is constituted by three parts 5’11, S%, S% given below, which

stem from w1101, w2029 and w1303 (in this order). Here we have

Si = 22/ Pr(02200;030; — D230 O2¢0i) 21 2(1, j, k) 019 dw
ijk

= —22/ 82% (%@k@g(pﬂll 2(1, 7, )81¢) (: Tll)
ijk
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2} [ (@) r0meitalis o) do (=13)
ijk 7 Ox

- 22:/(9 (0205) (pr030i02U1,2(4, J, k) da (=T3)
ik 7 Ox

- 22/ (0207) (prO30i%1 2(i, j, k)29 dz (=T}
ijk 7 OA

-2 / 1023900201 2(1, j, k)01 da (=T5).
ik 7 O

Permuting indices j <> k and using the antisymmetry from Lemma we obtain

T = —22/0 (D2p5) (D2pr O30:21 2(4, J, k)O14)) d
ijk 7 OA
= 22/@ (02405) (D240 030i21 2 (i, kb, 7)O11p) dx (B.54)
ijk 7 Ox
= 22/ (020;) (Dopr 30121 2 (i, K, j)O1yp) dw = =Ty,
Ox

ikj

and hence T 11 = 0. Equally, permuting i <+ j, we find that T21 + T51 = 0. Therefore, using
Lemma @ for T31 and integrating by parts in term T41 with respect to 01,

St =T5 +Tj = 2 %3 /O : (D205) (01 030:B1 (i, j, k)O11)) da (=T5)
ij

+2 zk: /(:)A(alﬂpj)@ka}@imlz(iaja k)Oavp dx (=17)

ij
+2 Zk /OA(82s0j)31<pk33%911,2(i,j, k)0pvp dx (=13)

ij
+2 Zk /OA(8280J')901<3813901'QLL2(Z'7]'7 k)02t dx (=1Ty)

ij
Lem'@zzkj /O (Ol Balis WY Ao (=Th)

ij

On the other hand,

Si=Y /O ok (D13030200)%1.2(i, 4, k) Datp d (= T2)
ijk 7 Ox
+ Z/ O (02300103)2A1,2(i, §, k)Datp dz (= T2)
ijk 7 Ox
- Z /O ©r(2012¢0039i)A12(1, 7, k)do1p dx (=T%)
A

ijk
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We finally turn to S3. Here we have

Sf’ = Z/ Pr (D120 0201 — D2apO10i) A1 2(1, J, k) D3¢ da
Ox

ik
= — Z/ 01900010201 2(1, J, k)O31p da (=17)
ijk 7 OA

- Z/ O pr0220i1 2(4, J, k)Os1p da (=1T5)
ijk 7 O

5 / Or0501 201092 2§, k)0t dr (= 3)
ijk 7 O

= / Onp5 kD00 (i, G, K)ot (=13)
ijk 7 OA

- Z/ ©r(D22005010i) A1 2(4, 5, k)O3%p da (=13)
ijk 7 OA

Again, T} vanishes by the same argument as for (B.54), 75 4+ T2 = 0 by permuting indices

1 <> j, and so we obtain analogously to above

SP = - Z/ 19 pr020iB1 (i, j, k) 03¢ dx (=1T¢)
ijk 7 O

+ Z/ N3 prdapi 2(i, j, k) 02y dz (=17)
ijk O

+ Z/ 190301 020i%1 2(1, J, k) O2tp dz (=T3)
ijk 7 Ox

+ Z/ N prOazpi 2(4, j, k)Oatp da (=1T3)
ijk 7 Ox

—I—Z/ 019jpr020; 0321 2(1, j, k) Oa1p da.
ijk O —

Permuting indices ¢ <+ j in T12 and T73 yields by virtue of the antisymmetry property of
2 o that Ty + T2+ T2 = 0, and we directly find that T3} + T3 = 0. For terms Ty and T,

we permute indices i <> 7 and j <> k in term Tg to obtain

Ty + T3 = 32/@ (O101)(0205) (D30i) A1 2(i, j, k) Dot da (B.55)
ijk 7 O

For terms T and Ty, we permute indices i <+ j in Ty to obtain T 4+ T¢ = 0. Having left
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T3 and T untouched, we thus obtain

S1 = _22/0 (O29) (pr030iB1 (3, J, k)O1y) da (=1¢)

ijk
- Z / O19jp1r020:B1(1, j, k)031p dx (=19
ijk 7 Ox
-2 /O (9207) 1 03i B2 (i, j, k)Oatp daw (= Ti) (B.56)
ijk A

+ 32/@ (O101) (D27) (D301) 1 2(3, 5, k) Dotp A (= Ty + T5)
ik 7N
=: Sl—i-SQ-l-Sg—i-Sﬁl.
We now claim that S}, = 0. Let us first note that the overall sum in the definition of S/

converges absolutely in L'(O,). This can be seen similarly to the proof of Lemma
and is a consequence of Lemma and £3(0,) < oo, together with the bound

S [ 10r00(@u23) )20 0.5 )] da < [Ty £2(O)
where ¢ = ¢(3) > 0 is a constant only depending on the underlying space dimension n = 3.
By Lemma we have

> (01608)(02605) (D3pi) 1 2 (0, 4, k) Doy = 0 pointwisely in O, (B.57)
ijk

to be understood as the limit of the corresponding partial sums. Therefore,

S = —22/0 (0290) (prO39:B1 (4, J, k)017)) da (=1¢)

ijk
- Z/ 0190, 0K020iB1 (4, §, k) 03¢ dx (=1¢)
ijk 7 Ox
- 22/ (O205) i 030iB2 (4, j, k) Oarp da (= Tio)
ijk 7 OA
=:S1+Ss+Ss. (B.58)

We now turn to So. Our line of action is similar to that for dealing with S; and so,

integrating by parts twice, we successively obtain

Sy = Z/ @i (0230 03p; — 0339 02;) A2 3(1, j, k)O21p da

+ Z /@ @i (0230 02p; — G224 03¢;)A2 3(1, j, k)O31p da
A

ijk
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=> (-1) /o (0207)(O31030:i%2,3(1, §, k) O2p) dx (=1)
ik A

=3 | @)t daali g, R)ow) da (=T)
ijk O

- Z/ (0205) (p1030: 0322 3(i, j, k)O2t)) d (= T3)
ijk 7 OA

- Z/ (O29) (pr030iA2 3(i, j, k)Oo31)) da (=Ty)
ijk 7 O

- Z/ (¢r033¢0;020i)A2,3(i, J, k) D20 dw (=15)
ijk 7 O

— Z/ (O39) (02010202 3(1, 7, k)O31)) dx (= Tp)
ijk Y Ox

=3 [ @) orenpiRaalis R)Ow0) da (=)
ijk 7 Ox

— Z/ (03905) (prO20i02A2 3(1, 7, k)031)) dx (=1Ty)
ijk 7 Ox

— Z/ (0305) (D202 3(1, 4, k)O231)) da (=Ty)
ijk 7 Ox

— Z/ (prO224;030;)A2 3(i, j, k)O3¢ dx (= Tho)-
ijk O

Terms T and Tg vanish by the same argument as in (B.54). Permuting indices i <> j, we
then obtain 75+ T5 = 0, and in a similar manner we see that Tx +T19 = 0 and Ty + Ty = 0.

To conclude, we use Lemma [B.7] to obtain
Sp=Ts+To=—> /(9 (02007) (prO30iB2(i, j, k) Oa1p) dz
ijk 7 Ox

+) /o (0307) (pr020iB3(i, j, k)O31p) dx =: Sy + Ss.
ijk 7 Ox

(B.59)

Term S5 is given by

Sz = 22/ (033020 — O23;0340;)A3 1 (1, 7, k) 014
()N

+ Z/ (O130j030; — O3390;010i)A3,1(i, J, k) 029
ijk 7 Ox
+ Z /O (O23pj010i + D129 03p; — 20130 020:)A31 (4, j, k) 031
ijk Y O
=: 83+ S5 + 53

Terms S% and S% are treated as as term Sll, where we now integrate by parts with respect to

O3 in 5’31) or with respect to 01 in 532, respectively. Similary to the computation underlying



B L®-truncation: divsym free matrices in dimension three 278

S1, this gives us

Si=2Y [ @uo)en(0up)Bi(i. 5 orw (=)
ijk 7 Ox
+2 Z/ (O1305)prO2pi3,1 (i, J, k) D3¢ (=13)
ijk 7 O
+2 Z/ (O3¢;) 0101020 U3.1 (4, §, k) O31) (=1T3)
ijk 7 OA
+2 Z/ (O39;)r0120iA3 1 (i, j, k) 03¢ (=1Ty)
ijk 7 OA
+2 Z/ (0305)r020iB3(i, j, k)Dsv (=Ts)
ijk 7 Ox
+ Z/ 019;01030iB1(1, §, k)O2tp dx (= Tg)
ijk 7 OA
+ Z/ (02019;)pr0390iA3,1 (i, j, k)O31) (=1T7)
ijk 7 OA
+ 2/ (0195) 020039 A3,1 (i, j, k)O31) (=Tg)
ijk 7 OA
Yy / (Or5)prDaspis (i, , ) D) (= 1)
ijk 7 O
+ Z/ ©r(0230;010i)A3,1 (i, J, k) D3¢ (= Tio)
ijk 7 OA
+ Z/ Pk (012050300 A3,1 (2, J, k)31 (=Ti1)
ijk YO
-2 / 010130023 1 (4, J, k)O31) (= T1a)-
ijk 7 OA

By an argument analogous to (B.56)ff., T4 = T = 0. Moreover, permuting indices yields
as above T) + T4 + T, = 0 and Ty + T}, = 0, whereas Ty + T}, = 0 follows directly.

Therefore,

si=2Y [ @up)en(0up)Bi(i. s )Orw
ijk 7 O
+ 22/ (0505)pr0200:B3(i, j, k) 03¢ (B.60)
ijk O
+ Z/ 01001030 B1(4, j, k)O2yp dx =: Sg + S7 + Sg
Ox

ijk

Until now, we have only considered the contributions from 24 2, 31 and 25 3. The con-
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tributions containing B, B9, B3 then read as

Si+S5+5% =6 /(9 k020 030iB1 (1, j, k)01
A

ijk

+3Z/ P03 019B1 (1, j, k)02

+ 32/ PrO1pj020iB1 (i, §, k)O3

ijk 7 OA

+ 32/ k0203 030iB2(i, j, k) Oa1)
ijk 7 Ox

+ 32/ 020030 B3(i, 7, k)O3
ijk 7 O

= Sg + S10 + S11 + S12 + Si3.

Combining this with (B.58)), (B.59) and (B.60)), we may then build the overall sum S; +

... + S¢ = S1 + ... + S13. Summing up all terms, we note by an analogous permutation
argument that Sg 4+ S4 + S12 =0, S5 + S7 4+ S13 = 0, and so

| @ Vo de =23 [ 0008105 R0w de (814 85+ 80)
O O\

ijk

123 [ 0o B0, 000 do (~ S5 + S10)
ijk 7 Ox

2} / k0100081 (i, k)3 da (~ S5+ S11),
ijk 7 Ox

where we use the symbol ’~’ to indicate where the single terms stem from. This is pre-

cisely (B.30)), and so the proof is complete.

B.6. Proof of Theorem B.1]

The proof of Theorem heavily depends on the validity of the truncation theorem
B2l In fact, Theorem [B:I] has been proven in a different setting, where the divergence
is replaced by some other differential operator (e.g. [I57, [134]). For convenience of the
reader, let us shortly present the argument here. First of all, note that the statement
of Theorem also holds if we consider functions u € Ll(Tg,]ngXn?) instead of functions
defined on R3.

Proposition B.16. There exists C > 0 with the following property: For allu € Ll(TgRg’},XIf;)
with div(u) = 0 in D' (T3, R?) and X > 0, there is uy € L' (T3, R3%3) satisfying

sym

(a) ||ux]|pee < CA. (L°°-bound)

(b) flu—uy|p < C/ |u| dz. (Strong stability)
{lul>A}
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(c) L3({u # up}) < C)\l/ |u| dz. (Small change)
{lul>A}

(d) div(uy) =0, i.e., the differential constraint is still satisfied.

To see this, one can either repeat the proof presented in Section [B:4] or write u €

Ll(Tg.RE},XH?) as a Z3-periodic function on R? and apply the obvious Li. -version of Theo-

rem

Proof of Theorem[B.1. As Qfi is a continuous symmetric div-quasiconvex function van-
ishing on K, all y € K () are by definition also in K. It remains to show the other
direction. Suppose that ¢ € KW and (u,,) € L' (T3, R33) N T is a test sequence with

Sym

0= 0af(©) = lim [ A+ un(o) do (B61)
m (o) TS
As K is a compact set, we find R > 0 with K C B(0) and £ € Bg(0). Thus, by (B.61)),

lim |t | dz = 0. (B.62)
M= J{|uy,|>3R}

Applying Proposition gives a sequence Uy, € L (T3, Rfyxn?), such that
(i) div(Tm) = 0.
(i) [[Um — wml[L1(ry) — 0 as m — oo.
(i) [l (ry) < OR.
Mollification and subtracting the average gives a sequence (v,,) C L (T3, R3X3) 0Ty also

sym
satisfying properties |(i)H(iii)l Hence,

0=Qufi(e) = lim | fi(E+vm() d (B.63)

Take now a symmetric div-quasiconvex function g € C(Rg’;ﬁ) We may suppose that
max g(K) = 0 and, as max {0, g} is again symmetric div-quasiconvex, that ¢ = 0 on K.

Using uniform boundedness of v, we may estimate with C > 0 as in

lg(€ +vm(z)| < sup  |g(n)] < . (B.64)
nEB2c+1)R(0)

Due to (B.63)), dist(§ 4+ vy, K) — 0 in measure, and by passing to a non-relabeled subse-

quence, we may assume that dist(¢ + vy, K) — 0 L3-a.e.. As g is uniformly continuous on
B(ac41)r(0), we get by (B.64) and dominated convergence

9(&) < lim [ g(&+vp()) dz < /

m—0 Jr, T,

7T}i_lﬁ)loog(f + v (x)) do = 0. (B.65)

Therefore, £ € K(*). The proof is complete. O
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Let us, for the sake of completeness, also discuss a proof of the statement K ®) = K (q),
1 < p,q < oo, which can be easily adapted to general constant rank operators A of the
form (B.10). To this end, recall that a Borel measurable function F': R? — R is called
A-quasiconvex provided it satisfies for all ¢ € R and ¢ € T, where T4 is now the
set of all ¢ € C™(Th, Rd) with zero mean and Ay = 0. The A-quasiconvexifications Q4 f
of functions f and, for non-empty, compact sets K C R?, the corresponding sets K ) for
1 < p < 0o are defined as in , now systematically replacing the divsym-quasiconvexity
by A-quasiconvexity. In contrast to [42], we even do not need to use potentials, but can
directly appeal to Lemma [B.4l Note that the construction of the projection P4 from
Lemma [B.4] crucially relies on Fourier multipliers and hence is not applicable for p = 1 and

p = oo. Using this projection operator P4, we can prove the following statement.

Lemma B.17. Let A be a constant rank operator of the form (B.10) and let K C R? be
compact. Then, for 1 <p < q< oo, K® = K@,

Proof. With slight abuse of notation, let K C Bg(0) := {n € R%: || < R} and y € Br(0).
Ad'K@ c K®) Let y € K9 and let (uy,) C T4 be a test sequence such that

0=9uf,(0) = Jim_ [ fylu+un(e) do

As K is compact, (u,) is bounded in LY(Ty, R%) and, as ¢ > p, also bounded in LP(Ty, R%).
Also note that for any ¢ > 0, there is C; > 0 such that f, < e+ C. f;. Therefore,

Qafp(y) < n}gnm/ip foy+um(@)) dz < lim [ &+ Ccfy(y + um(z)) dz <e.

m—r0o0 TN

Thus, y € K (?) | The direction K ¢ K@ uses a similar, yet easier truncation statement
than Theorem [B.1} Let y € K® and let (um) C T4 be a test sequence, such that

0= Qufile) = Jim_ | fyfu+un(e) do
N
Note that (u,,) is uniformly bounded in LP(Ty, R?) and that

lim dist? (um, (), B2r(0)) dz = 0.

m—ro0 TN

Write

U, = Ly, |<2R} Um —]é Ljupm|<2r} () um(7) dx

N

and define v, := P4l,, with the projection operator P4 from Lemma[B.4 Observe that
1. Av,, = 0 by Lemma

2. () is bounded in L (T, RY) and g-equi-integrable. Since 1 < ¢ < oo, the pro-
jection Py: LY(Tn,RY) — L4(Twn,R?) is bounded, (v,,) is bounded in LY(Ty,RY),
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g-equi-integrable by Lemma [B-4][3] Moreover, by Lemma [B:4]2] and 1 < p < o0,

| tm — UmHLP(TN) < Jum — amHLP(TN) + [[tm — UmHLP(TN)
< ”um - amHLP(TN) + CA,pHA(am - Um)”W*kvp(TN)

< Capllum — Um|lpr(ry) — 0.

Hence, also

lim / fp(y 4+ vm(x)) de = 0.
m—r0o0 TN
We conclude that fq(y + vy,) — 0 in measure. Combining this with the L?-boundedness

and g-equiintegrability, we obtain

m—0o0

lim /TN fo(y +vm(x)) dz = 0.

Therefore, y € K9, concluding the proof. O

B.7. Potential truncations

In this concluding section, we come back to the potential truncations alluded to in the
introduction and discuss the limitations of this strategy in view of Theorems and

Let A be a constant rank operator. Recall that the potential truncation strategy, originally

pursued in [28] for A = div, is to represent u € LP(Ty, R?) with Au = 0 and udr =0
Tn
as u = Bv for some potential B of order [ € N (cf. Proposition and then performing

a WHP-Wh*_truncation on the potential v. We then write with slight abuse of notatio
v = B~ lu. Since it is of independent interest but also motivates the need for a different
strategy for Theorem for p =1, we record the following.

Proposition B.18. Let A be a constant rank differential operator of order k € N and
B be a potential of A of order ] € N. Let 1 < p < oo. Then there erists a constant
C > 0 such that the following hold: If u € Lp(TN,Rd) Nker A and A > 0 then there exists
uy € L®(Twn,RY) Nker A satisfying the

1. L*-bound: |fux||pec(ry) < CA.

2. weak stability:

l
Z |V o B~ tulP da.

Jj=0

p
Uy — U < C/
| 2oz (5L IVIoB~1ul>A}

®The notation B~" is only symbolic as B might be non-invertible.
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3. small change:

l

L £ u) < 5 /{ . SOV 0 B P da

‘VJOB lu‘>’\}] =0

For simplicity, we state this result on T; a version on RY follows by analogous means.

Proof. We start by outlining the W™ P-W"™*_truncation that seems hard to be traced in

the literature; here, we choose a direct approach instead of appealing to MCSHANE-type
m

extensions. Let m € N. For v € W™P(Ty,R%), let O, := {Z M(V?v) > A}. Since the

Jj=0
sum of lower semicontinuous functions is lower semicontinuous, O, is open. We choose a

Whitney decomposition W = (@) of Oy satisfying and a partition of unity
(¢;) subject to W with We note that the Whitney cover can be arranged in a
way such that £Y(Q; N Q1) > cmax{LN(Q;), LY (Q;/)} holds for some ¢ = ¢(N) > 0 and
all j,j" € N such that Q; N Q;» # 0. For each j € N, we then denote ;[v] the (m — 1)-th
order averaged Taylor polynomial of v over Q;; cf. [106, Chpt. 1.1.10]. In particular, we

have the scaled version of Poincaré’s inequality
][ 0% (w — 3 [w]) |7 dr < (g, m, N)E(Q;)7m 1D ][ V|7 da (B.66)
j Qj
for all 1 < ¢ < oo, w € W™4(Ty,R?) and |a| < m. We then put

in OF\,
==l -mhl) = S5 o, (B67)

Then vy € W™P(Ty, R%), which can be seen as follows: On Oy, vy is a locally finite sum
of C*°-maps and hence of class C* too. For an arbitrary |a| < m, (B.66|) yields

PN ACICREND Moy = 3 S Q)N Dl

J Bty=a
(N, m, q) Ze el v,

B .
e(Nm, g)L"(0))"

In conclusion, applying the previous inequality with ¢ = 1, on (0,1)" the series in
converges absolutely in Wg”’l((O, 1)Y:R%) and hence vy € W™(Ty,R?); then applying
the previous inequality with ¢ = p yields vy, € W™P (TN,Rd). Whenever z € Qj, for
some jo € N, implies that we may blow up @Q;, by a fixed factor ¢ > 0 so that
cQj, ﬂ(’)g\ # (). Fix some z € cQj, HOF\. Then, for some ¢ = ¢/(N) >0, Qj, C Bey;,)(2)
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and so

][ 0] da < c(N)][ 0%] dz < o(N)M(VI¥0)(2) < o(N)A  (B.68)
Qijo Ber(nye(@;y)(2)

for all |o| < m. Now let Q; € W be another cube with Q; N Qj, # 0; by there are
only M = M(n) < oo many such cubes. Since V™7, [v] = 0 and Z(pj =1 on Oy,
J

V@)<Y V™) - m o) (@)

J: QjﬂQj(ﬁé@
((38)
<e > g(Q Sl V2 msle] = w1,
L QNQy A0
\a|+lﬁ\
o ! 8 El
=¢ Z 0(Q;)l ( VP (mj[v] = )| dz + [V (v = mjo [v])] diU)
Jt QiNQje#0 @ @io
o +[B]=m
<c Y ][ V™| dz (b (B-60))
J: ngQj(ﬂé@
<cA (by (B.68) and [(W3)),

where have used at (%) that on the polynomials of degree at most (m — 1) on cubes,

all norms are equivalent (in particular, the L'- and L*-norms), and scaling (recall that

LM(Q; N Qj,) > cmax{L"(Q;), L"(Qj,)}) whenever Q; N Qj, # 0, and . Hence,
(1) V™| poo(yy < e(m, N)A,

i) () < PN S g,
7=0

We now let u € LP(T,R?) Nker A satisfy / u dz = 0. Since B~! has a Fourier symbol
(0,1)

of class C* off zero and homogeneous of degree (—1), V!oB~! has a Fourier symbol of class
C® off zero and homogeneous of degree zero. By Mihlin’s theorem (cf. [139]), applicable
because of 1 < p < oo and by Poincaré’s inequality, we thus find that B~'u € W' (Ty)
together with HBfluHWz,p(TN) < cllullp(ry). We then perform a WHP-W > truncation
on v = Bl as in the first part of the proof, yielding vy, and define uy := Bvy. By the
properties gathered in the first part of the proof, we may employ ZHANG’s trick (see (B.46)
ff.) to conclude [2 and [3| as well. The proof is complete. O

Remark B.19 (Strong stability and 1 < p < oo versus p = 1). It is clear from the above
proof that the potential truncation only works fruitfully in the case 1 < p < oo by the
entering of Mihlin’s theorem; indeed, the operator B! is defined via Fourier multipliers
and by Ornstein’s Non-Inequality, we cannot conclude that B~ u € W' provided u € L.
However, the potential truncations from Proposition [B.18|do not satisfy the strong stability
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property |lu — uAHiP(TN) < C/{| . |u[P dz. The underlying reason is that Vo B~ is a
u|>

Fourier multiplication operator with symbol smooth off zero and homogeneous of degree
zero; by Ornstein’s Non-Inequality, we only have that V! o B~': L® — BMO in general,

and here BMO cannot be replaced by L°. The potential truncation is performed on
!

the sets where ZM(Vj o B~*u) > A. Thus, even if u € L®(Tx,R?) is A-free with
j=0
llull oo () < A, the potential truncation might modify u regardless of A > 0 and hence

strong stability cannot be achieved. As established by CONTI, MULLER AND ORTIZ [42],
in the case 1 < p < oo this issue still can be circumvented to arrive at Lemma [BI7 but
in the context of p = 1 the underlying techniques break down. In essence, this was the

original motivation for the different proof displayed in Sections [B.3] and [B.4l
We conclude the paper with possible other approaches and extensions of Theorem [B.2]

Remark B.20. As mentioned in the introduction, [26] constructs a divergence-free W1P-
W truncation. Here a Whitney-type truncation is performed first, leading to a non-
divergence-free truncation. To arrive at a divergence-free truncation, the local divergence
overshoots are then corrected by subtracting special solutions of suitable divergence equa-
tions. This is achieved by invoking the Bogouskii operator [24], which selects specific
solutions of the (heavily underdetermined) divergence equation div(Y') = f with Y]gq =0
by

Vi) =Bos(9)e) = [ Sl [~ en(yesii)o N T dsdy, aco

provided Q c RY is star-shaped with respect to a ball Br(zo) CC Q, f has integral zero
over Q and wg, is a scaled cut-off relative to Br(xo).
In our situation, the main drawback of the Bogovskii operator is that if equations

div(Y) = f for f: (0,1)Y — RY are considered, then the solution Y obtained by the

RNXN-

row-wise application of the Bogovskil operator does not necessarily take values in Rgy,.™;

note that passing to the symmetric part Y™ destroys the validity of the divergence equa-
tion. While this potentially could be repaired by passing to different solution operators, the
method requires tools that are not fully clear to us in the present lower regularity context
of Theorem [B:2] With our proof in Section [B4] being taylored to divergence constraints,
in principle it can be modified to yield divergence-free W1P-Wh*°_truncations as well. We

shall pursue this together with possible extensions of the approach in [26] elsewhere.
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