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Abstract
This thesis investigates experimentally the superfluid phase of strongly interacting ultracold
Fermi gases. The diluteness of the considered gases of neutral atoms ensures that their interaction can be described by a single interaction parameter leading to universal behavior, which
can be relevant for entirely different physical systems. The interactions are tunable by a magnetic offset field, which enables the exploration of the so called “BEC-BCS” crossover. This
crossover is a smooth connection from a weakly attractive superfluid, which has similarities to a
superconductor and is described by Bardeen-Cooper-Schrieffer (BCS) theory, across a strongly
interacting regime with remarkably stable superfluidity, to a weakly repulsive Bose-Einstein
condensate (BEC) of molecules.
The critical temperature of superfluid systems is a crucial property and in the case of high
temperature superconductivity, a better understanding of the critical temperature could have
a practical impact. Nevertheless, previous measurements of the critical temperature of the
superfluid phase transition across the BEC-BCS crossover show large deviations from theoretical
predictions, especially towards the BEC side of the strongly interacting regime. The deviations
can be attributed to diﬀiculties in measuring the temperature of strongly interacting gases.
This problem is addressed here by employing a more careful thermometry, based on the low
density regions of the trapped sample, taking interaction effects into account. Additionally, by
measuring the density of the gas at the trap center, the dependence of the critical temperature
on compression effects is examined, which allows a comparison between the critical temperature
of a trapped and a homogeneous gas.
The superfluid state is typically detected by observing a bimodal density distribution in timeof-flight, caused by a macroscopic occupation of low momentum paired states, which can be
distinguished from a thermal background. However, on the BCS side the pairs break up during
time-of-flight, which is usually mitigated with a rapid ramp of the magnetic field towards the
BEC side to project the pairs onto more robust molecules. Here, analysis methods based on
machine learning are described, which do not require the rapid ramp but can detect superfluidity
directly from time-of-flight images.
Recently, the excitations of Fermi gases in the BEC-BCS crossover have been explored experimentally in quite some detail, except for the Higgs amplitude mode, which is diﬀicult to excite
and to detect. It directly couples to the interaction, but in order to excite the Higgs amplitude
mode the interaction has to be changed on a timescale similar to the Fermi time of typically a
few microseconds, which poses technical challenges. Here, the construction of a new fast magnetic coil is described, which allows the manipulation of the interaction on a timescale faster
than the Fermi time and enables the implementation of two different theoretically proposed
excitation schemes of the Higgs amplitude mode.
The first method is an interaction quench, which leads to subsequent oscillation of the order
parameter. Indeed, an experimental signature of these oscillations is found, but the low signalto-noise ratio requires a careful analysis.
The second method, interaction modulation, provides an excitation scheme with a narrow
frequency resolution and reveals a resonance at the Higgs frequency. The mode can be distinguished from the background consisting of the pair breaking continuum and the dissociation of
Feshbach molecules on the BEC side.
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1 Introduction
Discovery of Superfluids Research on superfluid systems originates in the discovery of superconductivity by Onnes in 1908, when he observed the vanishing of the electrical resistance of
mercury cooled to temperatures below 4.2 K [3]. Superconductivity can be seen as a superfluid
state of an electron gas [4]. Additionally, in order to achieve these cold temperatures, he was
using liquefied Helium-4 and observed an anomaly of its density at about 2.2 K, which has later
been identified as a phase transition to a superfluid state, for which the viscosity of the liquid
drops significantly [5, 6].
In 1938 a connection was drawn between the superfluidity of bosonic Helium-4 and the
concept of a BEC [7], which describes the macroscopic occupation of the single particle ground
state for a Bose gas at low temperature [8]. This can explain superfluidity because a BEC does
only allow excitations above a critical velocity [9]. For superconductivity, a similar explanation
was considered, that fermionic electrons might form a “pair condensate in momentum space”
[4]. Finally, conventional superconductivity was explained by BCS theory [10, 11], which indeed
relies on pairing of momentum states, so called “Cooper pairs”. The pairing is possible by a weak
attractive interaction between electrons of opposite spin, which is mediated by phonons and
can overcome the screened Coulomb interaction. However, it has been argued that these pairs,
which have a characteristic size larger than the inter-particle distance, cannot be described as
composite bosons, which would indicate that BEC and BCS states are two different phenomena
[4].
Nevertheless, it was shown later that by varying interaction and density the Cooper pairs
can smoothly be transformed to tightly bound molecules, which follow bosonic statistics and
can form a BEC [12, 13]. From this perspective, a BEC can be seen as a special case of
an interacting Fermi gas and the evolution between the two regimes is called the “BEC-BCS
crossover” [4].
Ultracold Quantum Gases In 1975 it was proposed to use laser light to cool a dilute gas [14]
and subsequently several techniques were developed to trap and cool atoms by employing their
interactions with laser light and magnetic fields [15–17]. This lead to the first realization and
observation of a BEC from a bosonic gas [18–20]. An advantage of ultracold quantum gases
is the possibility to precisely tune important parameters of the system. For example, atom
number and temperature can be varied. Additionally, it turned out that in certain cases also
the interaction between the atoms can be tuned by changing an external magnetic field, which
is based on the phenomenon of Feshbach resonances [21, 22].
After the success with Bose gases, research was also conducted on Fermi gases. Cooling of
fermions is in principle more diﬀicult because the Pauli exclusion principle prevents effective
thermalization of cold and identical fermions. Therefore, the fermions are prepared in more
than one internal state or they are mixed with a bosonic gas. With the help of Feshbach
resonances, molecules were produced from fermionic gases [23, 24], which finally lead to the
creation of molecular BECs [25–27]. Note that while molecules were also created from Bose
gases, for molecules consisting of fermions longer lifetimes have been achieved [4].
As mentioned before, tuning interactions of a Fermi gas allows the exploration of the BECBCS crossover. Superfluidity towards the BCS side requires lower temperatures and its observation is more challenging. On the BEC side the condensation is seen by a bimodal momentum
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distribution, which is measured in time-of-flight and consists of a broad thermal distribution
and a sharp peak of condensed low-momentum molecules. On the BCS side, however, the pairing does not survive time-of-flight. Instead, a rapid magnetic ramp is performed, which projects
the Cooper pairs onto deeply bound molecules, thus recovering the bimodal distribution [28,
29].
Universal Behavior The considered Fermi gases are so dilute that the range of interactions is
small compared to the average inter-particle distance. This justifies to ignore the actual range
of the interactions and to describe them as a contact interaction [30]. For strong interactions,
this leads to universal behavior which depends on a single parameter describing the strength
of the interaction [31].
A special case is the so called “unitarity limit”, in which the interaction takes a maximum
value and the inter-particle distance becomes the only relevant length scale at zero temperature,
implying universal laws for physical quantities [32]. This means that the system has a scale
invariance which, for example, leads to a proportionality between pressure and energy density
of the gas, even at finite temperature [33], as well as a vanishing bulk viscosity [34].
This universality connects the unitary Fermi gas to other physical systems like neutron matter in the crust of neutron stars, although non-universal effects play a role at higher neutron
densities [35]. The superfluid critical temperature of strongly interacting Fermi gases is comparable to that of a BEC but higher than the critical temperature of a weakly interacting Fermi
gas. Consequently, if the critical temperature is appropriately scaled to take the diluteness of
the gas into account1 , it is a magnitude larger than for high temperature superconductors and
several magnitudes larger than for fermionic helium-3 or conventional superconductors [36].
Another universality stems from the critical behavior near the superfluid phase transition
[37]. According to Ginzburg-Landau theory, the free energy can be expanded in the superfluid
order parameter [38], which results in a free energy landscape below the critical temperature
resembling a “Mexican hat” [39], as shown in figure 1.1. The phase transition causes symmetrybreaking connected to the complex phase of the order parameter which implies the existence
of a massless phase mode according to the Goldstone theorem [40]. Additionally, an amplitude
mode can occur in certain cases. The phase mode is also called Nambu-Goldstone mode and
the amplitude mode is also called Higgs amplitude mode [39].
When considering dynamics of the order parameter, the equations of motion are not fully
determined by the mexican hat potential, but additional dynamic terms can appear, depending
on the symmetries of the system [39]. It can be shown that Lorentz invariance or particle-hole
symmetry imply a stable amplitude mode, whereas the absence of such a symmetry can lead
to a fast decay of the amplitude mode into phase modes [39]. In particle physics, a connection
between the phase modes and the W and Z bosons can be drawn [39], as well as between the
amplitude mode and the Higgs boson [39]. Note that in this case W and Z bosons are not
massless due to a coupling to gauge fields according to the Higgs-Anderson mechanism. The
Higgs amplitude mode also appears in superconductors. Here the electric charge of the electrons
leads to an elevated energy of the phase modes by the Higgs-Anderson mechanism and prevents
the decay of the Higgs amplitude mode into phase modes [41]. The absence of particle-hole
symmetry in Bose gases prevents the observation of a Higgs amplitude mode (an exception is
a superfluid Bose gas in a lattice close to the Mott insulator transition, where particle-hole
symmetry can be restored) [39]. Weakly interacting Fermi gases, however, feature particle-hole
symmetry, which enables a well-defined Higgs amplitude mode [42].
1
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Consistent with the universal relations, the critical temperature is scaled by the Fermi energy, which is a
scale for the density of the system, but also depends on the particle mass, so that the Fermi energy of a
superconductor can be much larger than that of e.g. helium-3.

Free energy

Amplitude Mode
Phase Mode
Im(Δ)

Re(Δ)

Figure 1.1: Sketch of free energy landscape below superfluid phase transition The free
energy is a function of the order parameter 𝛥 = |𝛥|𝑒𝑖𝜑 and in the ground state a particular value of the
phase 𝜑 is chosen, which breaks the symmetry of the system. The geometry suggests the occurrence of
phase and amplitude modes but additional conditions must be fulfilled for the latter.

Excitations The excitation spectrum of a superfluid Fermi gas is very important because the
phenomenon of superfluidity relies on the property that no excitation below a critical velocity
is possible. This can directly be measured via the heating rate of a gas which is stirred by a
laser beam at a certain velocity [43]. It is shown that the critical velocity is limited on the BEC
side by the sound velocity corresponding to the Bogoliubov-Anderson mode, which has a linear
dispersion relation at low momenta. Towards the BCS side, the critical velocity is limited by
pair breaking.
The Bogoliubov-Anderson mode, at low energies, can be identified as the Nambu-Goldstone
phase mode mentioned above. It has also been measured with Bragg spectroscopy [44]. Recently, this measurement was also performed with variable momentum to map out the pair
breaking continuum and the dispersion of the Bogoliubov-Anderson mode [45]. The Higgs amplitude mode has been measured spectroscopically with a method based on RF dressing [46].
However, predictions about its damping mechanisms have not been verified experimentally yet.
Superfluid Phase Diagram As already mentioned, the critical temperature of the superfluid
phase has a similar order of magnitude in the strongly interacting regime as towards the BEC
side, while it is substantially reduced towards the BCS side. This qualitative behavior is
sketched in figure 1.2, resulting in a phase diagram which depends on the interaction and
temperature of the gas.
The dependence of the critical temperature on interaction is well understood theoretically
in the weakly interacting BCS regime based on a correction of BCS theory [48]. Similarly,
the critical temperature in the BEC limit is well understood for the homogeneous and trapped
gas [49, 50], although the variation of calculated results for the first order correction from
interactions was initially quite large [51]. The results on the BEC side are also confirmed
by measurements of the critical temperature of a trapped weakly interacting Bose gas [52].
There are several theoretical models for the critical temperature over the whole crossover [53,
54], which roughly agree with each other and with Monte-Carlo results [55]. However, some
differences remain, for example a maximum critical temperature in the strongly interacting
regime towards the BEC side is predicted but there is no agreement on the prominence and
exact location of this maximum.
Shortly after the creation of molecular BECs from Fermi gases, the critical temperature
of the whole crossover was measured [28, 29]. However, the focus of these early studies was
the detection of superfluidity, rather than a precise thermometry. Superfluidity was detected
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Figure 1.2: Sketch of phase diagram of the BEC-BCS crossover The area below the critical
temperature corresponds to the superfluid phase. The pairing in the BEC regime, at unitarity and in
the BCS regime is illustrated, emphasizing the different characteristic pair size relative to the average
particle distance. The curve of the critical temperature is based on data from ref. [47] for a homogeneous
gas, see figure 2.3 for a quantitative and more detailed version of this figure.

from a bimodal momentum distribution after a rapid magnetic ramp (as mentioned above). The
thermometry was based on fits after time-of-flight, which is not reliable for interacting gases [4].
Additionally, the thermometry involved adiabatic ramps of the magnetic field, although they
can have a significant effect on the temperature of the sample. Consequently, large deviations
from theoretical predictions [47] of the critical temperature of a harmonically trapped gas on
the BEC side were seen. In a later study the thermometry was considered more carefully [56],
but the usage of two different thermometry methods leads to some ambiguity of the results.
Further measurements of the critical temperature were typically only performed at unitarity
[57–61].
In this thesis a new measurement of the critical temperature is presented. The thermometry
is based on the in-trap density distribution in the low density regions, where interaction effects
do not play a large role. Nevertheless, systematic effects from interactions are identified, which
are especially important on the BEC side, and are taken into account with a virial expansion
of the thermodynamic potential [62]. By measuring the density in the trap center, it is possible
to distinguish between the critical temperature of a trapped gas and a homogeneous gas. This
enables the comparison of the results to a larger number of theoretical calculations.
While the superfluid transition is detected in the same way as the previous studies by employing the rapid ramp technique, an independent method based on machine learning is additionally
used, which demonstrates the possibility to infer the superfluid phase transition from simple images in time-of-flight without a rapid ramp. It has previously been demonstrated, mostly based
on theoretically generated data, that machine learning can be used to infer phase transitions
[63] and recently this was also performed for experimental data [64].
Interaction Quenches The abrupt change of a parameter of a quantum gas can be used to
probe nonequilibrium physics, like the creation of nonequilibrated steady states [65]. But this
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can also be used to learn about the excitation spectrum of the equilibrium state. For example,
collective trap modes have been excited by a sudden change of the trap potential [66, 67].
However, in order to effectively excite a mode of the system, the parameters of the system
have to be changed fast compared to the timescale connected to the mode. In the case of trap
modes, the trap potential has to be changed on a timescale which is comparable or faster than
the trap period.
This thesis describes interaction quenches for which the interaction parameter is changed
significantly faster than the trap dynamics. First, the interaction is changed faster than the
quasi-particle excitation time of the superfluid, in order to examine how the superfluid state
adapts to a new interaction value, which directly influences the pairing of the equilibrium
state. The interaction quench is experimentally realized with a fast RF population transfer
from strongly to weakly interacting states of the atoms.
Secondly, to perform even faster quenches, a new dedicated magnetic quench coil is designed
and implemented. It enables interaction quenches faster than the Fermi time, which is the
fastest relevant timescale of the system. It has been theoretically suggested that such interaction
quenches can excite oscillations of the order parameter [68] identified as the Higgs amplitude
mode of the system. It is expected that even after the application of a rapid ramp these
oscillations are still visible [69].
Interaction Modulation The new fast magnetic coil is also capable to probe the Higgs amplitude mode spectroscopically by applying an oscillating magnetic field at the Higgs frequency
in the kilohertz regime. This is the implementation of another suggested excitation method of
ref. [69] and it is expected that the mode can be detected with a higher signal-to-noise ratio
than after an interaction quench because the system is only probed in a very narrow frequency
range. The magnetic interaction modulation is spectroscopically more narrow than the previous excitation method of the Higgs amplitude mode in a strongly interacting Fermi gas in ref.
[46] because that method based on RF dressing has a dependence of the modulation frequency
on the addressed momentum state.
Magnetic interaction modulation was already employed to examine Feshbach molecules and
pair breaking of a Fermi gas in the BEC-BCS crossover [70]. Those results are reproduced here
to allow a distinction between the different excitation modes, but also some new details are
found.

Structure of Thesis
The main results of this thesis are the improved measurement of the critical temperature of
the superfluid phase transition of the BEC-BCS crossover and the investigation of excitations
caused by interaction quenches or interaction modulation, most notably the observation of the
Higgs amplitude mode.
• Chapter 2 briefly reviews the theory of ultracold Fermi gases in the BEC-BCS crossover
and provides the most basic predictions for the critical temperature and an overview of
the excitations of the system. Additionally, density distributions of trapped gases are
considered, including interaction effects at low density, which become relevant for the
thermometry.
• Chapter 3 describes the experimental apparatus and the preparation of quantum degenerate samples, but in particular detail, the new fast magnetic coil is explained, which
enables the interaction quench and modulation experiments.
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• As preparation for the actual investigations, chapter 4 details several measurement techniques, including absorption imaging, the rapid ramp technique for superfluidity detection
and the characterization of the trap potential. Additionally, various analysis methods are
discussed. At first the inverse Abel transformation is presented, which allows a conversion
of measured column density into three-dimensional density by exploiting the symmetry
of the trap. Then the thermometry is explained, which uses the density distribution and
takes weak interaction effects into account. Finally, some basic machine learning concepts
of deep learning are discussed, which are later used for an alternative method to detect
the superfluid transition.
• The first investigation, presented in chapter 5, examines the phase diagram of the superfluid transition in the BEC-BCS crossover. One part is the detection of superfluidity based
on the rapid ramp technique or, alternatively, based on machine learning techniques. The
other part is a reliable thermometry in order to determine the critical temperature of the
transition.
• In chapter 6 excitations of the superfluid and nonequilibrium induced by interaction
quenches are probed. At first a quench based on an RF transfer is performed, which is
fast compared to the quasi-particle excitation time. Then a quench realized with a ramp
of the magnetic field faster than the Fermi time of the system is performed to investigate
the excitation of the Higgs amplitude mode.
• Finally, in chapter 7 interaction modulation is employed as a spectroscopic method to
measure the Higgs amplitude mode. Additionally, excitations from pair breaking and
Feshbach molecule dissociation are examined.
• The results are summarized and discussed in chapter 8.
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2 Ultracold Fermi Gases and the BEC-BCS
Crossover
This chapter describes the basic theory of ultracold Fermi gases, which is relevant for the
6
investigations of this thesis. Sometimes specific properties of Li are explained, which is the
isotope used in the experiments.
At first one of the most useful properties of experimentally studied Fermi gases is explained,
the ability to precisely control the interactions of the gas via an external magnetic field, and
how these interactions influence the state of the gas.
The interaction can be tuned continuously from weak attractive interactions towards a
strongly interacting regime and further to a regime, where the atoms form molecules with
weak repulsive interactions. For weak attractive interactions and zero temperature, it follows
from Bardeen-Cooper-Schrieffer (BCS) theory that the gas is superfluid. For weak repulsive
interactions, the bosonic molecules can be described with the theory of Bose-Einstein condensation (BEC). Interestingly, tuning the interaction from weakly repulsive to strongly interacting
to weakly attractive results in a continuous crossover of the superfluid state, which is called
the BEC-BCS crossover. Of particular interest here are the excitation spectrum of the gas at
different interactions and how the gas behaves at finite temperature.
The microscopic theory of the BEC-BCS crossover is complemented with a description of the
gas by macroscopic thermodynamics. It is discussed how the interactions of the gas can be described with thermodynamic variables and especially how they influence the density distribution
of the gas.
Finally, effects of the trapping potential are evaluated, which lead to inhomogeneous density distributions, modify the critical temperature of the superfluid transition and give rise to
characteristic collective excitations.

2.1 Overview
In a macroscopic description, the thermodynamic state of a gas in equilibrium is given by
only a few variables, e.g. pressure (or volume), temperature (or entropy), particle number (or
chemical potential) and a measure for its interaction. Such a state corresponds to an ensemble of
microscopic states. For a classical gas, a microstate can be characterized by the velocities of the
individual particles, but for an ultracold gas this picture has to be refined. “Ultracold” stands
for temperatures at which the description of the constituents as particles breaks down and wavelike properties become relevant, which requires a quantum mechanical description. Formally,
the transition to this so called “degenerate” regime is given, when the thermal wavelength [36]
𝜆𝑇 =

ℎ
,
√2𝜋𝑚𝑘B 𝑇

(2.1)

which is a typical length scale for the de Broglie wavelengths of the particles with mass 𝑚 at the
given temperature 𝑇 (also using the Boltzmann constant 𝑘B and Planck constant ℎ), becomes
larger than the average inter-particle distance.

7

2 Ultracold Fermi Gases and the BEC-BCS Crossover
In this regime the statistics of the microstates has to take into account whether the particles
of the gas are indistinguishable. Indistinguishable particles are described by a collective wavefunction, which must be either symmetric or antisymmetric for the exchange of two particles
depending on their spin. Particles with integer spin are bosons, for them the total wavefunction is symmetric and the indistinguishability enhances the probability of multiple occupation
of the same single particle state. Particles with half-integer spin are fermions, for them the
total wavefunction is antisymmetric, which implies the Pauli exclusion principle, that the same
single particle state cannot be occupied by more than one fermion.
In this thesis exclusively Fermi gases with a balanced mixture of two pseudo-spin states
𝜎 ∈ {↓, ↑} are considered. Therefore, the average inter-particle distance for one spin state can
be characterized by the density 𝑛𝜎 per spin state1 .
In an ideal (i.e. non-interacting) Fermi gas at zero temperature, all states are occupied in
ascending order of energy and the maximum energy of an occupied state is called the Fermi
energy. It is an important energy scale of the system and is directly connected to the density
of the gas. For a homogeneous gas of fermions it is given as [4]
𝐸F =

ℏ2
2/3
(6𝜋2 𝑛𝜎 )
.
2𝑚

(2.2)

Similarly, Fermi momentum and Fermi temperature are defined as
𝐸F =∶

ℏ2 𝑘F2
=∶ 𝑇F 𝑘B
2𝑚

(2.3)

and provide important scales, which are often also used as a reference for the properties of a
gas at finite temperature and finite interactions. Note that it is sometimes useful to think of
the Fermi momentum
1/3
𝑘F = (6𝜋2 𝑛𝜎 )
(2.4)
as a measure, which is proportional to the inverse average inter-particle distance.
Typical Orders of Magnitude The Fermi energy is usually about 𝐸F ≈ 1 µK×𝑘B ≈ 20 kHz×ℎ,
while chemical potential and temperature might be hundreds of nanokelvins or less. The extent
of the cloud is about 100 µm and the density consists of a few up to hundreds of atoms per µm3 ,
corresponding to an average particle distance of 0.1 µm to 1 µm, while the thermal wavelength
6
can become a few micrometer large (2.3 µm for Li at 100 nK).

2.2 Interactions
In ultracold gases several conditions are met which simplify the description of interactions. The
interaction potential between two atoms has a typical range 𝑟0 and can be neglected for larger
distances 𝑟 ≫ 𝑟0 . The contribution to the scattering potential with the largest range is well
described by a Van-der-Waals potential 𝑉VdW (𝑟) = −𝐶6 /𝑟6 , which can be associated to the
1/4

typical length scale 𝑟0 = 1/2 (𝑚𝐶6 /ℏ2 )
[71]. For lithium the constant 𝐶6 ≈ 1393 × 𝑎4B ℏ2 /𝑚e
has been calculated [71, 72], referenced to the Bohr radius 𝑎B and electron mass 𝑚e , and results
in a length scale 𝑟0 ≈ 31𝑎B ≈ 1.7 nm.
Other important length scales are the thermal wavelength 𝜆𝑇 and the mean atom distance
expressed by the inverse Fermi momentum 𝑘F−1 . The considered samples are dilute and ultracold,
so that the interaction range is much smaller than the inter-particle distance and smaller than
1
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In the literature 𝑛 sometimes refers to the total density or the density per spin state, the index can help to
make it clear, that 𝑛𝜎 refers to the density per spin state.

2.2 Interactions
the thermal wavelength [36] (this can also be seen from the typical orders of magnitude, provided
above)
𝑟0 ≪ 𝑘F−1

(2.5)

𝑟0 ≪ 𝜆𝑇 .

(2.6)

At low enough temperatures, where equation (2.6) is fulfilled, only s-wave scattering must
be considered. The reason is, that for a given interaction range 𝑟0 and a maximum thermal
velocity 𝑣𝑇 of the atoms, the maximum angular momentum 𝑚𝑣𝑇 𝑟0 which could be involved in
a scattering event would be lower than ℏ. The temperature 𝑇𝑝 below which p-wave scattering
6
freezes out can accordingly be calculated as 𝑇𝑝 = ℏ2 / (𝑚𝑟02 𝑘B ) and is 6 mK for the case of Li
[4]. However, this already exceeds the temperature in the MOT (can be as low as 140 µK as
discussed in section 3.2.2), which is only the initial cooling stage of our experiment.
For identical fermions, s-wave collisions are also forbidden because the total wavefunction
has to be antisymmetric, which makes a spin polarized fermionic gas a good implementation of
an ideal Fermi gas [4].
The remaining case, the collision between two fermions of different internal state, can be
evaluated by solving the Schödinger equation (ignoring the weak magnetic interaction between
the different spin states) of the reduced system, with relative coordinate 𝒓 = 𝒓2 − 𝒓1 (given the
fermion positions 𝒓1 and 𝒓2 ) and reduced mass 𝑚𝑟 = 𝑚/2 [4]
(∇2 + 𝒌2 ) 𝛹𝒌 (𝒓) =

𝑚𝑟 𝑉 (𝒓)
𝛹𝒌 (𝒓) .
ℏ2

(2.7)

Here 𝛹𝒌 is the wave function describing the reduced system and 𝑉 (𝒓) is the scattering potential.
According to equation (2.5) the average distance of the free particles is much larger than
the range of the potential, which means that the essential physics is captured by describing
the scattering problem in the asymptotic limit 𝑟 ≫ 𝑟0 . In this limit the equation is solved
with an ansatz which combines an incoming planar wave with an outgoing wave weighted by a
scattering amplitude 𝑓(𝒌′ , 𝒌)
𝛹𝒌 (𝑟) ∝ exp(𝑖𝑘𝑟) + 𝑓(𝒌′ , 𝒌) exp(𝑖𝑘𝑟)/𝑟 .

(2.8)

By restricting the result to isotropic s-wave scattering via a partial wave decomposition and
by performing an expansion for small momentum 𝑘 ≪ 1/𝑟0 the scattering amplitude can be
written as [4]
1
𝑓0 (𝑘) = −1
,
(2.9)
2
𝑎 − 𝑘 𝑟eff /2 − 𝑖𝑘
i.e. the scattering amplitude only depends on two newly introduced parameters with units of
length, the scattering length 𝑎 and the effective range 𝑟eff .
The effects of the interactions are often described as “universal” because they do not depend
on the details of the scattering potential at 𝑟 < 𝑟0 , but can be well described by only the
scattering length 𝑎 and the inter-particle distance characterized by 𝑘F−1 . The effective range
can then be seen as a correction to the universal behavior, which does depend on the details of
the potential, but depending on the atomic species the contribution of 𝑟eff can be very small.
6
As discussed in the next section, this is the case for Li [4], therefore 𝑟eff is omitted in the
following.
The cross section follows directly from the optical theorem as
𝜎=

4𝜋
.
𝑎−2 + 𝑘2

(2.10)
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For small scattering lengths 𝑘|𝑎| ≪ 1, the cross section 𝜎 = 4𝜋𝑎2 can be interpreted as the
scattering of hard spheres with radius |𝑎| [73], while for very large scattering lengths 𝑘|𝑎| ≫ 1
one gets the largest possible, “unitarity limited” cross-section 𝜎 = 4𝜋/𝑘2 [4].
The asymptotic wavefunction described by 𝑎 does not depend on the details of the scattering
potential, therefore it is useful to replace it by a simple pseudo-potential. A common choice is
the contact potential
𝑉 (𝒓) = 𝑉0 𝛿(𝒓) ,

(2.11)

which uses the Dirac delta function 𝛿(𝒓) and therefore only has a finite value 𝑉0 at 𝒓 = 0. But
this leads to an artificial problem of “ultraviolet divergences”, where integrals in the following
equations would diverge, because this potential would lead to a finite coupling of very high
momentum states, whereas a realistic potential vanishes for 𝑘 ≫ 1/𝑟0 . The problem is solved
with a renormalization technique, which connects 𝑉0 to the scattering length with [53, 74]
𝑚
1
𝑚
1
=
+ 2∑ 2.
2
4𝜋ℏ 𝑎
𝑉0 ℏ 𝒌 𝑘

(2.12)

Note that here the sum on the right hand side does not converge, which is compensated by
letting 𝑉0 → −0 [53]. Equation (2.11) can be used to describe the interactions in a Hamiltonian,
while equation (2.12) has to be used to finally translate the coupling 𝑉0 into the scattering length
𝑎, which is the physical quantity which characterizes the interaction.

2.2.1 Feshbach Resonances
The scattering length of the interaction between two hyperfine states is not necessarily a constant value, but it can be tuned via the magnetic field in certain cases, by employing (Fano-)
Feshbach resonances [71].
Considering the reduced system of two atoms, there are different ways how the quantum
numbers of their hyperfine states can be combined, which are called the channels of the collision [71]. For alkali atoms, the spin of the valence electrons of both atoms can be combined
to a singlet or triplet state, which differ in energy depending on the distance as illustrated in
6
figure 2.1. In the case of Li, at large distance and for the available energy at low temperatures, only the triplet state is energetically accessible and is called an open channel, while
non-accessible channels (the singlet state) are called closed channels of the collision. The scattering potential associated with the closed channel features a bound state with similar energy
as the open channel and this bound state can mix with the continuum of the open channel and
strongly affect the scattering properties.
If such a bound state energy can be tuned by a magnetic field relative to the energy of the
open channel by exploiting the Zeeman effect, one gets a magnetically tunable interaction. In
6
the case of Li, it is quite natural that the energy of open and closed channel have a different
dependence on the magnetic field because they correspond to singlet and triplet state. The
functional dependence of the scattering length on the magnetic field has a resonant shape and
can be approximated close to resonance as [71, 75]
𝑎 = 𝑎bg (1 −

Δ𝐵
),
𝐵 − 𝐵0

(2.13)

introducing the background scattering length 𝑎bg , the width Δ𝐵 of the resonance and its
resonance position 𝐵0 .
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Figure 2.1: Molecular potentials of Li2 Adapted from ref. [71]; The singlet state 1 Σg (closed
channel) features a bound state close to the continuum energy of the triplet state 3 Σu (open channel),
6
which causes the large background scattering lengths and broad Feshbach resonances of Li. More
precisely, there are two relevant, almost degenerate bound states and the open channel can be realized
with different hyperfine states of the atoms, but this cannot be resolved on the scale of this figure [71].

Narrow and Broad Feshbach Resonances Feshbach resonances are categorized into broad
and narrow resonances [71]. For a broad resonance the occupation of the closed channel can
be neglected over a wide range of magnetic fields around the resonance position, while for a
narrow resonance the occupation of the closed channel has to be considered and the physics
becomes non-universal. “Narrow” and “broad” often also coincide with a smaller or larger Δ𝐵,
which allows a more precise interaction tuning in the case of a broad resonance, although there
are exceptions.
6
Li has three particularly broad Feshbach resonances. The commonly used Feshbach resonances between the lowest three hyperfine-states of lithium are shown in figure 2.2.
Bound State Near a Feshbach resonance on the side of positive scattering length a two-body
bound state exists with energy [71]
𝜖B = −ℏ2 /(2𝑚𝑟 𝑎2 ) = −ℏ2 /(𝑚𝑎2 ) .

(2.14)

For a broad Feshbach resonance, its associated length scale 𝑎 is much larger than the range
of the potential 𝑟0 , which is a hint for universal behavior, not depending on the details of the
scattering potential. Due to this large length scale, it is sometimes called a “halo state” [71].
I will also refer to it as “Feshbach molecule”, although this term can sometimes also describe
more deeply bound states, which are not relevant here.
Indeed, the binding energy can be expressed universally only in terms of the Fermi energy
and interaction parameter 1/(𝑘F 𝑎)
𝜖B /𝐸F =

−2
(𝑘F 𝑎)

2

.

(2.15)
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Figure 2.2: Broad Feshbach resonances of Li The data is provided by ref. [76]. For the 12mixture also the positions of a narrow [77] and a p-wave resonance [78] are shown.

Effective Range The effective range of the scattering potential near the Feshbach resonance,
as introduced in equation (2.9), describes a deviation from universal behavior and is given by
[62]
𝑎bg 2
4𝑏
2𝑏2
𝑟eff = −2𝑅∗ (1 −
) +√ −
,
(2.16)
𝑎
𝜋
𝑎
6

with 𝑅 ≈ 0.0269 nm and 𝑏 ≈ 2.1 nm for the 12-resonance of Li. In ref. [4] it is discussed that
the deviation from universal behavior can be neglected if 𝑘F ≪ 𝑟eff , which is well fulfilled over a
large range of magnetic fields around the Feshbach resonance and is consistent to measurements
which have found a rather small occupation of the closed channel bound state [79].

2.3 Qualitative Description of BEC-BCS Crossover
Here we consider a gas of fermions in a balanced mixture of two different spin states and a
tunable contact interaction between fermions of opposite spin, as discussed in the previous
section. Tuning the interaction results in a crossover of different pairing phenomena and a
variable transition temperature from a superfluid to a normal state, which is illustrated in
figure 2.3 and is qualitatively described in the following, based on refs. [4, 30, 36].
For weak attractive interactions and low temperatures, the gas enters a superfluid state which
features Cooper pairs as described by BCS theory (see section 2.4). Although Cooper pairs
are the mixture of only two opposite momentum states, Cooper pairing is a many-body effect,
which is only possible due to the presence of the Fermi surface (occupation of all single-particle
energy levels up to the Fermi energy, which leads to suppressed scattering due to the Pauli
exclusion principle). Pairing and the superfluid transition coincide, i.e. the temperature 𝑇 ∗
below which pairing occurs is equal to the critical temperature of superfluidity 𝑇c .
For stronger interactions, the pair size decreases and at maximum interaction it becomes
similar to the average particle distance. This point is called unitarity. At zero temperature
the only relevant length scale of the system is the average particle distance, which results in
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Figure 2.3: Phase diagram of the BEC-BCS crossover Figure is inspired by ref. [30] and data
is from ref. [47], although there is no consensus yet about the exact curves as discussed in chapter 5.
Illustrated are long range Cooper pairing on the BCS side, pairing with similar range as inter-particle
distance at unitarity and a gas of Feshbach molecules on the BEC side.

scale-invariance and gives rise to universal2 behavior of thermodynamics.
At the maximum interaction strength Feshbach molecules emerge, a bound state of two
fermions which would even exist without considering many-body contributions to the pairing.
By further tuning, a regime of decreasing weakly repulsive interactions can be reached. The
repulsive interaction applies to the scattering of single fermions, but also the residual interaction
between two Feshbach molecules is repulsive. The Feshbach molecules become more deeply
bound and form a BEC at low temperatures.
Note that although a two-body bound state appears and the statistics of the gas changes
from fermionic to composite-bosonic, the thermodynamic properties change smoothly and it
is considered a crossover and not a phase transition. The thermodynamics can be described
universally in terms of the interaction parameter 1/(𝑘F 𝑎) [30].

2.4 BCS Theory
General Hamiltonian We consider a Fermi gas with two different spin states 𝜎 ∈ {↑, ↓} and
with interactions described by the Hamiltonian [4]
†
𝐻̂ = ∑ 𝜖𝒌 𝑐𝒌,𝜎
̂ 𝑐𝒌,𝜎
̂ + ∑ 𝑉𝒒̃ 𝑐𝒌†̂ 1 +𝒒,𝜎1 𝑐𝒌†̂ 2 −𝒒,𝜎2 𝑐𝒌̂ 2 ,𝜎2 𝑐𝒌̂ 1 ,𝜎1 ,
𝒌,𝜎

(2.17)

𝒌1 ,𝒌2 ,𝒒,
𝜎1 ,𝜎2

𝑘
for fermions with mass 𝑚. 𝑐𝒌,𝜎
̂ is the particle annihilation
with the dispersion relation 𝜖𝒌 = ℏ2𝑚
̃
operator of a fermion with wave vector 𝒌 and spin 𝜎 and 𝑉𝒒 is the fourier component of the
interaction potential corresponding to a momentum transfer 𝒒.
2 2

2

Here “universal” means, that at unitarity the scattering length is not a relevant length scale anymore [32],
while in the context of broad Feshbach resonances a wider range of interactions is called “universal” because
the interaction is only described by the scattering length rather than the details of the scattering potential
[71].
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Simplifications According to BCS theory [4, 10, 11] there are multiple steps to simplify this
Hamiltonian:
• consider only interactions between particles with opposite spin (good approximation for
low temperatures because of the Pauli exclusion principle)
• assume the potential to be independent of the momentum transfer 𝑉𝒒̃ = 𝑉0 , which
is a good approximation for contact potentials and low temperatures where the considered
momenta are smaller than the inverse range of the potential 𝑘 ≪ 𝑟0−1 . Then 𝑉0 can be
seen as the coupling strength from the pseudo-potential in equation (2.11) and the sum
over all momentum states requires the renormalization from equation (2.12). This also
connects the interaction described here to the scattering length, which is known for our
system from the Feshbach resonances.
• consider only interactions between particles with opposite momentum
The last point is the implication of one of the key ideas of BCS theory, the Cooper pair
instability. Considering the presence of the Fermi sea, where all momentum states up to the
Fermi momentum are occupied, scattering will mainly occur for states close to the Fermi surface,
because deeper states cannot bring up enough energy to reach unoccupied target states for the
scattering. Momentum states close to the Fermi surface, can scatter to other momentum states
at the Fermi surface, without violating energy conservation or the Pauli exclusion principle,
but the number of possible final states is further restricted by momentum conservation. But if
the considered states have opposite momentum, they can scatter to all pairs of final momentum
states which have also opposite momentum, which means that this process should dominate
over the scattering of other momentum state combinations.
Additionally, the problem is handled as grand canonical ensemble, which fixes the average atom number3 𝑁 with the chemical potential 𝜇 as Lagrange multiplier. For this, 𝜇𝑁̂ is
subtracted from the Hamiltonian, where the atom number operator is given as
†
𝑁̂ = ∑ 𝑐𝒌,𝜎
̂ 𝑐𝒌,𝜎
̂ .

(2.18)

𝒌,𝜎

The chemical potential is absorbed into the particle dispersion 𝜉𝒌 ∶= 𝜖𝒌 − 𝜇.
After implementing these simplifications, the Hamiltonian reads
†
†
†
𝐻̂ − 𝜇𝑁̂ = ∑ 𝜉𝒌 𝑐𝒌,𝜎
̂ 𝑐𝒌,𝜎
̂ + 𝑉0 ∑ 𝑐𝒌+𝒒,↑
̂
𝑐−𝒌−𝒒,↓
̂
𝑐−𝒌,↓
̂
𝑐𝒌,↑
̂ .
𝒌,𝜎

(2.19)

𝒌,𝒒

Mean-Field Theory A mean-field approach is used for the pair annihilation operator 𝑏̂𝒌 ∶=
𝑐−𝒌,↑
̂
𝑐𝒌,↓
̂ by splitting it into the expectation value and fluctuations 𝑏̂𝒌 = ⟨𝑏̂𝒌 ⟩ + 𝛿 𝑏̂𝒌 , with
𝛿 𝑏̂𝒌 = 𝑐−𝒌,↑
̂
𝑐𝒌,↓
̂ − ⟨𝑏̂𝒌 ⟩. By neglecting all terms which are quadratic in the fluctuations, the
interaction term of the Hamiltonian simplifies, reducing the maximum number of consecutive
operators from four to two. Additionally, the pairing field
𝛥 ∶= −𝑉0 ∑ ⟨𝑏̂𝒌 ⟩

(2.20)

𝑘

is introduced, which changes the BCS Hamiltonian to
2
†
†
†
†
𝐻̂ − 𝜇𝑁̂ = −|𝛥| /𝑉0 + ∑ 𝜉𝒌 (𝑐𝒌,↑
̂ 𝑐𝒌,↑
̂ + 𝑐𝒌,↓
̂ 𝑐𝒌,↓
̂ ) − (𝛥∗ 𝑐−𝒌,↓
̂
𝑐𝒌,↑
̂ + 𝛥𝑐𝒌,↑
̂ 𝑐−𝒌,↓
̂
).

(2.21)

𝒌
3

For better compatibility to the references, 𝑁 corresponds to the atom number of both spin states, but the
results will be expressed in terms of 𝐸F and 𝑘F , which refer to 𝑁𝜎 via e.g. equation (2.2).
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Since only opposite momenta are coupled, the Hamiltonian separates into 2x2 matrices for
each momentum state 𝒌
𝑐̂
𝜉
𝛥
2
†
) ( 𝒌∗
) ( †𝒌,↑ ) + ∑ 𝜉𝒌 .
𝐻̂ − 𝜇𝑁̂ = −|𝛥| /𝑉0 + ∑ (𝑐𝒌,↑
̂
𝑐−𝒌,↓
̂
𝛥
−𝜉
𝑐−𝒌,↓
̂
𝒌
𝒌
𝒌

(2.22)

Note that in the last step the fermionic cummutation relation of the particle annihilation
†
†
operators 𝑐𝒌,↓
̂ 𝑐𝒌,↓
̂ = 1 − 𝑐𝒌,↓
̂ 𝑐𝒌,↓
̂ was used.
Bogoliubov Transformation The Hamiltonian can be diagonalized with the Bogoliubov transformation by introducing new annihilation/creation operators for quasi-particle excitations
†
𝛾𝒌,↑
̂
𝑢𝒌 𝑐𝒌↑
̂ − 𝑣𝒌 𝑐−𝒌,↓
̂
) ∶= (
),
(2.23)
( †
†
𝛾−𝒌,↓
̂
𝑢𝒌 𝑐−𝒌↓
̂ + 𝑣𝒌 𝑐𝒌,↑
̂
with
1
[1 +
2
1
𝑣𝒌2 = [1 −
2

𝑢2𝒌 =

𝜉𝒌
],
𝐸𝒌
𝜉𝒌
],
𝐸𝒌

(2.24)

and the dispersion relation of the quasi-particles
𝐸𝒌 = √𝜉𝒌2 + 𝛥2 .

(2.25)

Finally, the diagonalized Hamiltonian is given as
𝐻̂ − 𝜇𝑁̂ = −𝛥2 /𝑉0 + ∑ 𝜉𝒌 + ∑ 𝐸𝒌 (𝛾𝒌,↑
̂ † 𝛾𝒌,↑
̂ + 𝛾−𝒌,↓
̂ † 𝛾−𝒌,↓
̂
).
𝒌

(2.26)

𝒌

The first two terms describes the groundstate energy from the pairing and the single particle
dispersion and the last term represents quasi-particle excitations with the energy spectrum 𝐸𝒌 .
BCS Ground State Formally, the ground state |𝛹BCS ⟩ is found by minimizing the free energy
𝐻 − 𝜇𝑁 . From equation (2.26) it becomes clear, that the minimum is given if no quasi-particle
excitation is present, i.e. 𝛾𝒌,𝜎
̂ |𝛹BCS ⟩ = 0. Based on equation (2.23), this allows the construction
of the ground state from the vacuum state |0⟩ as
† †
|𝛹BCS ⟩ = ∏ (𝑢𝒌 + 𝑣𝒌 𝑐𝒌↑
̂ 𝑐−𝒌↓
̂ ) |0⟩ .

(2.27)

𝒌

This leads to the interpretation of 𝑢𝒌 and 𝑣𝒌 as the amplitude for the non-occupation and
occupation of the corresponding momentum states. Interestingly, one can interpret the wave
function of the Cooper pairs as
† †
⟨𝑐𝒌↑
̂ 𝑐−𝒌↓
̂ ⟩ = 𝑢 𝒌 𝑣𝒌 .
(2.28)
2

These quantities are shown in figure 2.4. Indeed, far on the BCS side |𝑣𝒌 | features a Fermi edge,
which is only slightly washed-out by cooper pairing close to the Fermi momentum. Towards
unitarity and BEC side the Fermi surface vanishes and pairing occurs for a wider range of
momenta.
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Figure 2.4: Interpretation of coeﬀicients of Bogoliubov transformation Occupation (|𝑣𝒌 | )
2
2
and non-occupation (|𝑢𝒌 | ) of momentum states and Cooper pairing (|𝑢𝒌 𝑣𝒌 | ) are compared for different
interactions.

Gap Equation and Number Equation The result still has two free parameters: The chemical
potential 𝜇, which fixes the atom number and the interaction 𝑉0 , which is closely connected to
the pairing field 𝛥. Note that 𝛥 is also called the “gap” because it corresponds to the lowest
excitation energy of a quasi-particle, as can be seen from equation (2.25) and will be discussed
later. Since 𝑢𝒌 and 𝑣𝒌 depend on 𝜇 and 𝛥, one still has to evaluate these two constraints. They
lead to the gap equation, by evaluating the average in equation (2.20) for the BCS ground state
𝛥 = −𝑉0 ∑ 𝑢𝒌 𝑣𝒌

(2.29)

𝒌

⇒−

1
1
=∑
.
𝑉0
2𝐸𝒌
𝒌

(2.30)

Similarly, one finds the number equation by evaluating the mean of the number operator in
equation (2.18) for the BCS ground state
2

𝑁 = 2 ∑ |𝑣𝒌 | .

(2.31)

𝒌

Ultraviolet Divergence Note that the sum on the right hand side of equation (2.30) does
not converge for a three-dimensional system, because 𝐸𝒌 ∝ 𝑘2 for large momentum states. As
discussed in section 2.2, this problem is an artifact from the choice of the pseudo-potential
and is mitigated by replacing 𝑉0 with the scattering length according to equation (2.12), which
modifies the gap equation to
−
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1
𝑚
1
= ∑(
−
).
2
4𝜋ℏ 𝑎
2𝐸𝒌 2𝜖𝒌
𝒌

(2.32)

2.4 BCS Theory
Thermodynamic Limit In the thermodynamic limit, one can consider the continuous versions
of the gap equation and number equation
−

𝑚
d3 𝒌
1
1
(
)
=
∫
−
2
3
4𝜋ℏ 𝑎
(2𝜋)
2𝐸𝒌 2𝜖𝒌
d3 𝒌
2
|𝑣𝒌 | .
𝑁 = 2∫
3
(2𝜋)

(2.33)
(2.34)

Analytic Solution The standard strategy is to solve these equations numerically, but there
is also an analytic solution, expressed by complete elliptic integrals [74]. This is nowadays
probably the more convenient4 solution and has been used here to calculate gap and chemical
potential in the crossover region, shown in figure 2.5.
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Figure 2.5: Analytic BCS solution for gap and chemical potential in the BEC-BCS crossover
The auxiliary lines demonstrate that the gap is substantially suppressed towards the BCS side and that
the chemical potential is equal to the Fermi energy on the BCS side and becomes negative towards the
BEC side.

BCS Limit In the limit of weakly attractive interactions 1/(𝑘F 𝑎) ≪ 0, the solutions for gap
and chemical potential reduce to [4]
𝜇 = 𝐸F
(2.35)
8
𝛥 = 𝜇 2 𝑒−𝜋/(2𝑘F |𝑎|) .
(2.36)
𝑒
It has been shown that density fluctuations, which are neglected in the mean-field treatment
above, lead to a density mediated interaction [4, 48]. The effectively weakened attractive
interaction reduces the superfluid gap by roughly 55 %
2 7/3 −𝜋/(2𝑘F |𝑎|)
𝛥 = 𝜇( ) 𝑒
.
𝑒

(2.37)

This beyond mean-field result is called Gor’kov and Melik-Barkhudarov (GMB) correction.
4

One has to consider different definitions of the argument of the complete elliptic integrals, see appendix A.1.
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Validity in BEC Regime Several assumptions of BCS theory suggest that it is only applicable
to the BCS limit of weak attractive interactions, for example the mean-field approach, the
Cooper pair stability which is based on the Fermi sea or the use of fermionic operators. But
interestingly, it can also be used to describe the BEC side of the crossover. For example, it
is possible to define pair creation operators which approximately fulfill bosonic commutator
relations in the BEC limit. This results in a “formally identical” ground state as for the GrossPitaevskii equation, which would be used for an ideal bosonic system [4]. Next it will be
discussed, that also the pair-breaking excitation spectrum on the BEC side can reasonably be
predicted by BCS theory.

2.4.1 Excitation Spectrum
Pair-Breaking The quasi-particle excitation spectrum is described by 𝐸𝒌 in equation (2.25)
and is visualized in figure 2.6. This kind of excitation is also called the “pair-breaking continuum”. Far on the BEC side, the lowest excitation is at the Fermi momentum with a finite
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Figure 2.6: Quasi particle excitation spectrum in BEC-BCS crossover The results are calculated within BCS theory from equation (2.25) and are compared to the results for an ideal Fermi gas.

energy 𝛥. Since arbitrarily small excitations are not possible, the state is superfluid and 𝛥 is
identified as the superfluid gap.
Note that the excitation of a single quasi-particle does not conserve particle number [4]. To
preserve the particle number, at least two quasi-particle excitations are required, which leads
to a minimum excitation energy of 2𝛥.
Towards the BEC side, at a certain point where 𝜇 becomes negative, the lowest excitation
is instead at zero momentum and its energy from equation (2.25) can be approximated as
2√𝜇2 + 𝛥2 ≈ 2|𝜇| + 𝛥2 /|𝜇| (Again, the factor 2 is needed for particle number conservation).
Interestingly, it can be shown that the second summand can be interpreted as the mean-field
experienced by two fermions in a molecular gas [4].
Sound Mode On the BEC side there are collective excitations with linear dispersion at low
energy and momentum, which can be interpreted as sound waves [4]. This mode does not
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appear in the BCS theory presented above but a more careful analysis, which includes density
fluctuations, shows that the mode also exists on the BCS side and it is called the BogoliubovAnderson mode.
Superfluidity According to the Landau criterion for superfluidity, a finite minimum excitation
energy implies superfluidity, where the critical velocity at which superfluidity breaks down on
the BEC side is given by [4]
𝐸
𝛥
𝑣c = min( 𝒌 ) =
.
(2.38)
ℏ𝒌
ℏ𝑘F
The system is also superfluid on the BEC side but the critical velocity is limited by the sound
velocity of the Bogoliubov-Anderson mode.
Collective Excitations It has been shown that phase transitions with symmetry breaking
are generally connected to the emergence of a massless excitation mode [39, 40]. Symmetry
breaking in this context means, that there is a continuous transformation, which changes the
ground state of the system, but not the Hamiltonian [40].
In BCS theory, the gap 𝛥 can be identified as the order parameter of the system [4] and
below the phase transition the U(1) symmetry of the phase of 𝛥 is broken [39].This suggests
the existence of a massless excitation connected to phase fluctuations of the superfluid order
parameter and is identified as the Bogoliubov-Anderson mode [44], mentioned above.
Additionally, fluctuations of the amplitude of the order parameter could give rise to an
amplitude mode, which has many similarities to the Higgs mode in particle physics [39]. But
whether there is a stable amplitude mode or whether it decays rapidly into phase modes depends
on additional symmetries of the system. It has been shown that in particle physics one gets
a defined mode due to Lorentz invariance. In a superconductor the decay to phase modes is
prevented by the coupling of the phase modes to the electomagnetic field via the AndersonHiggs mechanism. For a neutral BCS type superfluid, particle-hole symmetry guarantees the
observability of the Higgs mode. But particle-hole symmetry is only given on the BCS side and
vanishes towards the BEC side.

2.4.2 Gap and Condensate Fraction
In equation (2.20) 𝛥 was introduced as the pairing field. Later it was also identified as the
superfluid gap and it was stated that it corresponds to the superfluid order parameter.
In the experiment, a direct measurement of 𝛥 is not easy. Instead, a closely related quantity
is targeted, the condensate fraction, i.e. the number of condensed pairs relative to the number
of fermions. The number of condensed pairs is given by [80]
2

𝑁0 = ∑ ∣⟨𝑏̂𝒌 ⟩∣ ,

(2.39)

𝒌

which is very similar to the definition of 𝛥 in equation (2.20) but note that any complex
phase of the pairing drops out. It should be stressed that the density of condensed pairs is
a different quantity than the superfluid density, which becomes unity at zero temperature,
whereas the density of condensed pairs can have lower values at zero temperature depending
on the interaction [4].
The condensate fraction is directly connected to the long-range order of the system [4, 81].
It can be seen as a signature of the superfluid state [4]. Additionally, the sensitivity of the
condensate fraction on the temperature is exploited in the experiments and a dependence of
the condensate fraction on the amplitude of the order parameter is assumed. The measurement
of the condensate fraction is based on the rapid ramp technique, which is discussed in section 4.2.
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2.4.3 Critical Temperature
On the BCS side one can modify gap and number equation in the following way to get a description of the system at the critical temperature [4] of the phase transition between superfluid
and normal state.
• Consider the occupation of quasi-particles according to the Fermi-Dirac distribution for
the gap equation
• Set the value of the gap to zero
• Describe the occupation of momentum states by the Fermi-Dirac distribution and assume
𝜇 ≫ 𝑘B 𝑇
𝛾

This allows to solve the gap equation for the critical temperature and results in 𝑇C,BCS = e𝜋 𝛥0 ,
using Euler’s constant e𝛾 ≈ 1.78 and the zero temperature gap 𝛥0 according to equation (2.36)
for the BCS result or according to equation (2.37) to include the GMB correction, which gives
e𝛾 8 −𝜋/(2𝑘F |𝑎|)
𝑒
𝜋 𝑒2
e𝛾 2 7/3 −𝜋/(2𝑘F |𝑎|)
𝑇c,BCS+GMB /𝑇F =
( ) 𝑒
.
𝜋 𝑒
𝑇c,BCS /𝑇F =

(2.40)
(2.41)

Far on the BEC side at low temperatures, the gas can be described as a condensate of bosonic
molecules, which have twice the mass of the fermions 𝑚𝑏 = 2𝑚 and their density corresponds
to the density of one spin component 𝑛𝜎 [4]. This results in a critical temperature [80]

𝑇c,BEC,0

2/3
√ 2
2/3
2/3
2𝜋
ℏ 2 𝑛𝜎
𝑛𝜎 ℏ2
(
) ≈ 1.66
=
,
𝑚𝑏
𝛤 (3/2)𝜁(3/2)
𝑚

(2.42)

using the gamma function 𝛤 and Riemann zeta function 𝜁. The result can directly be compared
to the Fermi temperature (see equation (2.2))
𝑇c,BEC,0 /𝑇F ≈ 21.8 % .

(2.43)

For interactions, there is no correction of 𝑇c from mean-field theory, but the leading order
correction is caused by density fluctuations and yields [52]
𝑇c,BEC = 𝑇c,BEC,0 (1 + 𝑐1 𝑎dd /𝜆0 ) ,

(2.44)

with 𝑐1 ≈ 1.3, the residual scattering length of the molecules 𝑎dd ≈ 0.60𝑎 [36] and the thermal
wavelength 𝜆0 according to equation (2.1), but evaluated at temperature5 𝑇c,BEC,0 . In the
BEC-BCS crossover the interaction is usually described with the interaction parameter 1/(𝑘F 𝑎)
instead, so it is useful to calculate
𝑎
𝑘F 𝑎
≈ 0.20𝑘F 𝑎 .
=
𝜆0
1/3
√
2 (6𝜁(3)) 𝜋
5

To emphasize this, it is written as 𝜆0 , instead of 𝜆𝑇 .
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2.5 Thermodynamics of a Gas
2.5.1 Partition Function and Thermodynamic Potential
To recover the thermodynamics of the gas, a straightforward way is to calculate the grand
canonical partition function [82, 83]
̂

̂

𝑍 ∶= Tr(e−𝛽(𝐻−𝜇𝑁) ) = ∑ e−𝛽(𝜖𝑖 −𝜇𝑁) ,

(2.46)

𝑁,𝑖

which will incorporate the different statistics of the particles. Here 𝛽 = 1/(𝑘B 𝑇 ) is the inverse
temperature and 𝜖𝑖 the single particle energy of a state 𝑖. On one hand, the partition function
gives access to the grand canonical potential
𝛺 = −𝑘B 𝑇 ln 𝑍 ,

(2.47)

from which thermodynamic properties can be derived via differentiation. On the other hand,
it allows to calculate expectation values of operators via
̂
̂
𝑁)
̂ = 𝑍 −1 Tr(e−𝛽(𝐻−𝜇
̂ .
⟨𝑂⟩
𝑂)

(2.48)

For example, of special interest is the distribution function 𝑓(𝜖𝑖 ), which calculates the average
occupation of the state 𝑖 and reduces to [82, 84]
𝑓(𝜖𝑖 ) =

−1 𝜕
ln 𝑍 .
𝛽 𝜕𝜖𝑖

(2.49)

For a Bose gas, when calculating the partition function, the summation over all possible
occupation numbers leads to a geometric series, resulting in
∞

𝑍B = ∏
𝑖=1

1
e−𝛽(𝜖𝑖 −𝜇)

1−

(2.50)

∞

⇒ 𝛺B = 𝑘B 𝑇 ∑ ln(1 − e−𝛽(𝜖𝑖 −𝜇) ) ,

(2.51)

𝑖=1

𝑓B (𝜖𝑖 ) =

1
e𝛽(𝜖𝑖 −𝜇)

−1

.

(2.52)

For a Fermi gas only occupation numbers 0 and 1 are considered due to the Pauli exclusion
principle, which results in a different partition function
∞

𝑍F = ∏
𝑖=1

1
1 + e−𝛽(𝜖𝑖 −𝜇)

(2.53)

∞

⇒ 𝛺F = −𝑘B 𝑇 ∑ ln(1 + e−𝛽(𝜖𝑖 −𝜇) ) ,

(2.54)

𝑖=1

𝑓F (𝜖𝑖 ) =

1
e𝛽(𝜖𝑖 −𝜇)

+1

.

(2.55)

At high temperatures, the chemical potential behaves as 𝛽𝜇 → −∞ and both gases can be
approximated as a Boltzmann gas with
𝑓Boltzmann (𝜖𝑖 ) = e𝛽(𝜖𝑖 −𝜇) .

(2.56)

The different distribution functions are compared in figure 2.7. Note that in order to prevent
unphysical negative values for the Bose distribution function, the chemical potential for an ideal
Bose gas is restricted to 𝜇 ≤ 0.
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Figure 2.7: Distribution function for Fermi, Bose and Boltzmann statistics It is indicated
that the maximum occupation number for indistinguishable fermions is 1 and that the Bose distribution
function is only defined for 𝛽 (𝜖 − 𝜇) > 0.

Energy Spectrum and Density of States To apply above equations to an actual system, one
has to choose an appropriate energy spectrum {𝜖𝑖 } [83]. The sums over energy states can often
be approximated by integrals, which are weighted by the density of states 𝜌 (𝜖). For example a
homogeneous gas in a 3D volume 𝑉 with periodic boundary conditions and dispersion
𝜖𝒌 =

ℏ2 𝑘 2
2𝑚

(2.57)

has the density of states [80]
𝑉 𝑚3/2 1/2
𝜌(𝜖) = √
𝜖 .
2𝜋2 ℏ3

(2.58)

This can be used to calculate the density of the gas from the grand canonical potential, which
yields [4]
1 𝜕𝛺
1
𝑛𝜎 = −
= ± 3 Li3/2 (±𝑒𝛽𝜇 ) ,
(2.59)
𝑉 𝜕𝜇
𝜆T
using the polylogarithm Li𝑛 (upper sign for bosons, lower sign for fermions). Alternatively, this
∞
can also be determined from the distribution function 𝑛𝜎 = ∑𝑖=1 𝑓 (𝜖𝑖 ).
In the low density and high temperature limit, i.e. 𝛽𝜇 ≪ 0, one recovers the density distribution of the Boltzmann gas by using lim|𝑧|→0 Li𝑛 (𝑧) = 𝑧
𝑛𝜎 (𝒓) =

1 𝛽𝜇
𝑒 .
𝜆3T

(2.60)

The different behavior of the density functions is compared in figure 2.8. Interestingly, one finds
a maximum density 𝑛c for the Bose gas, which is an artifact of approximating sums over states
by integrals. A more careful analysis shows that the calculation does not properly account for a
macroscopic occupation of the single particle ground state, which becomes relevant at roughly
this density and is the effect of Bose-Einstein condensation [84].
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Figure 2.8: Density of ideal Bose, ideal Fermi and Boltzmann gas For the Bose gas the critical
density 𝑛c is indicated and the domain of permitted chemical potential 𝜇 < 0.

2.5.2 Local Density Approximation
For gases in an inhomogeneous trapping potential, the thermodynamic properties can have
a spatial dependence. Local density approximation (LDA) assumes that the local properties
can be deduced from an equivalent homogeneous system with same temperature and a local
chemical potential [4, 36]
𝜇(𝒓) ∶= 𝜇0 − 𝑉 (𝒓) .
(2.61)
For a classical gas it seems reasonable that the system in a grand canonical ensemble can be
subdivided into many smaller ensembles with almost constant potential. But for a quantum
gas, where long range correlations might be important, this seems less intuitive. Nevertheless
the applicability of LDA has been confirmed for many systems by experiment and numerical
calculations [33]. As an example, for a bosonic two-dimensional gas in an optical lattice the
local density relation is closely related to the fluctuation-dissipation theorem, which has been
confirmed in ref. [85] by measuring local density fluctuations.
For example the density distribution of a trapped gas within LDA is given by applying
equation (2.61) to equation (2.59)
𝑛𝜎 (𝒓) = ±

1
Li (±𝑒𝛽(𝜇0 −𝑉 (𝒓)) ) .
𝜆3T 3/2

(2.62)

2.5.3 Virial Expansion
Calculating the density distribution of a gas at finite temperature with finite interactions is not
trivial, but in the “virial regime”6 𝛽𝜇 ≪ 0, thermodynamic quantities can be approximated
with an expansion in the fugacity 𝑧 ∶= 𝑒𝛽𝜇 .
The second coeﬀicient of the expansion was already calculated 1937 [86], but recently there
were more efforts to calculate the higher order coeﬀicients [62]. The virial expansion is calculated
6

This regime is called “Boltzmann limit” in ref. [32], but can be called “virial regime” [61] to indicate that more
orders of the expansion than only the first are significant.
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by expanding the grand partition function from equation (2.46) into partition functions of
clusters, which consider only few particles [87]. This leads to the form
𝑛
𝛺 = −𝑘B 𝑇 𝑉 𝜆−3
𝑇 ∑ 𝑏𝑛 𝑧 ,

(2.63)

𝑛=1

with the virial coeﬀicients 𝑏𝑛 and volume7 𝑉 . This allows the calculation of the density 𝑛𝜎
𝑛𝜎 = −

1 𝜕𝛺
𝑛
= 𝜆−3
𝑇 ∑ 𝑛𝑏𝑛 𝑧 ,
𝑉 𝜕𝜇
𝑛=1

(2.64)

𝜕𝑧
= 𝛽 −1 𝑧 was used.
where the derivative of the fugacity 𝜕𝜇
For the ideal Fermi gas, the coeﬀicients of the virial expansion are given by [88]
(0)

𝑏𝑛 = (−1)𝑛+1 𝑛−5/2 ,

(2.65)

which leads to the density distributions shown in figure 2.9. Here it is easy to calculate the
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Figure 2.9: Density distribution of the ideal Fermi gas compared to the non-interacting
virial expansion The density scaled by 𝜆−3
𝑇 does not depend on actual temperature, but only on the
ratio 𝜇/(𝑘B 𝑇 ). The degree of the virial expansion is denoted by 𝑛. The vertical lines show up to which
point the virial expansion is accurate on a 1 % level.

virial expansion up to arbitrary order, which shows that the accuracy further improves for
𝜇/(𝑘B 𝑇 ) < 0, but quickly becomes invalid for 𝜇/(𝑘B 𝑇 ) > 0.
Calculating virial coeﬀicients for finite interactions can be challenging. The first virial coefficient is trivial 𝑏1 = 1. For higher coeﬀicients usually the difference to the ideal coeﬀicients is
(0)
specified Δ𝑏𝑛 = 𝑏𝑛 − 𝑏𝑛 . The second order is still well understood and is given by [86, 89]
2

𝑒𝑥
⎧
if 𝑥 < 0,
{ √2 [1 − erf(|𝑥|)]
Δ𝑏2 = ⎨√
𝑥2
𝛽|𝜖B |
{
− 𝑒√2 [1 − erf(𝑥)] if 𝑥 ≥ 0.
⎩ 2𝑒
7

(2.66)

Unfortunately, the letter “V” denotes several quantities but has always a function argument if it describes a
potential 𝑉 (𝑟), has always an index if it describes the coupling of interactions 𝑉0 and otherwise it denotes
the Volume. Similarly, the order of the virial expansion 𝑛 is distinguished from the density 𝑛𝜎 by the index.
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√
with 𝑥 = 𝜆𝑇 / ( 2𝜋𝑎). In the universal strongly interacting regime, 𝑒𝛽|𝜖B | can be replaced by
𝑥2 .
Higher, up to fifth order coeﬀicients are calculated in ref. [88] for unitarity and towards BCS
side. Around unitarity, the third order coeﬀicient is calculated in ref. [90] and for a larger range
in ref. [87].
Combining the results from refs. [86, 88, 90], one knows the virial coeﬀicients up to third order
on the BEC side and up to fifth order at unitarity and BCS side, as presented in figure 2.10.
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Figure 2.10: Virial coeﬀicients Data is based on ref. [86] (“Beth 1937”), ref. [90] (“Leyronas 2011”)
and ref. [88] (“Hou 2020”).

Towards the BEC side, the value for the coeﬀicients increases drastically. Large coeﬀicients
𝑏𝑛 ≫ 1 are problematic for an expansion, but decisive for the convergence is not the size of
the coeﬀicients 𝑏𝑛 , but how fast the whole terms 𝑏𝑛 𝑧𝑛 decrease. From equation (2.66) one can
understand that 𝑏2 scales as 𝑒𝛽|𝜖B | , but the expectation is that the chemical potential of the
fermions scales as the bound state energy 𝜖B and therefore the fugacity 𝑧 = 𝑒𝛽𝜇 should roughly
scale with the inverse factor as 𝑏2 when the bound state energy increases.
This inspires to specify the large coeﬀicients on the BEC side relative to 𝑒𝛽|𝜖B | , as shown in
figure 2.11. By construction, this leads to a vanishing 𝑏1 and converging 𝑏2 , but indeed this
reveals that 𝑏3 has also a similar scaling, which is consistent with a converging series. Due
to the smaller fugacity on the BEC side, the expansion should even converge faster for higher
order terms of 𝑧𝑛 .
The calculated virial coeﬀicients from ref. [87] are not presented in a temperature independent
form, which makes it a bit more diﬀicult to implement them. Inspired by ref. [88], Δ𝑏3 can
be seen as a function of Δ𝑏2 , which mostly removes the temperature dependence, but a small
additional temperature dependence remains. Instead, on the BEC side the dependence between
Δ𝑏3 and Δ𝑏2 can be well approximated by a linear function, as demonstrated in the inset of
figure 2.11 for the coeﬀicients from ref. [90], which allows the extrapolation of the third order
virial coeﬀicient shown in the main plot.
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Figure 2.11: Virial coeﬀicients scaled on BEC side Data is based on ref. [86] (“Beth 1937”), ref.
[90] (“Leyronas 2011”) and ref. [88] (“Hou 2020”). On the BEC side the coeﬀicients are referenced to
𝑒𝛽|𝜖B | , which captures the most dramatic scaling of the coeﬀicients and leads to converging values for
𝜆𝑇 /𝑎 ≫ 1. The third order coeﬀicient is extrapolated further to the BEC side by exploiting the quite
linear dependence of Δ𝑏3 on the second order coeﬀicient (More precisely, on Δ𝑏2 /Δ𝑏2,UFG with Δ𝑏2,UFG
referring to the value of Δ𝑏2 at unitarity) shown in the inset, based on the data from ref. [90].

2.5.4 Contact
Macroscopically, within the canonical ensemble, the thermodynamics of a gas in equilibrium is
characterized by the conjugate variables pressure 𝑃 and volume 𝑉 , as well as temperature 𝑇
and entropy 𝑆. In the grand canonical ensemble, additionally density 𝑛 and chemical potential
𝜇 are used. It has been shown that the interaction can be handled in a similar manner: By
identifying the conjugate variable of the inverse scattering length 𝑎 as the contact 𝐶, one has
a new quantity which describes important properties of the gas [91, 92].
For example, it can be used to describe the change in energy during an adiabatic sweep of
the interaction, which is called the “adiabatic sweep theorem” [93]
d𝐸
ℏ2 𝑉 𝐶
=
.
d(−1/𝑎)
4𝜋𝑚

(2.67)

But this equation can also be generalized for faster sweeps and for a sudden change of the
scattering length from 𝑎0 to 𝑎1 , the energy changes by
Δ𝐸 =

ℏ2 𝑉 𝐶 0 1
1
( − ).
4𝜋𝑚
𝑎0 𝑎1

(2.68)

Intuitively, the contact can be interpreted as the “density of pairs at short distances” [62]
and has several additional experimental signatures, including the shape of the momentum
distribution at large momentum and the shape of the frequency response in RF spectroscopy
at large frequencies.
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2.6 Effects of Harmonic Traps
In experiments it is common to trap the atoms in a potential which can be approximated by a
harmonic potential
1
2
𝑉 (𝒓) = 𝑚 (𝝎 ⋅ 𝒓) ,
(2.69)
2
with trap frequencies 𝝎 = (𝜔𝑥 , 𝜔𝑦 , 𝜔𝑧 ).
The Fermi energy of a harmonically trapped gas is [36]
𝐸F = (6𝑁𝜎 )

1/3

ℏ𝜔.̄

(2.70)

and depends on the atom number per spin 𝑁𝜎 and the geometric mean of the trap frequencies
𝜔.̄ Note that for a zero temperature Fermi gas the central density in the trap is the same as
for a homogeneous gas with the same Fermi energy.

2.6.1 Zero Temperature Density Distributions
Within LDA the density distribution of a zero temperature ideal Fermi gas can be described
by a Thomas-Fermi profile [36]
3/2

8
𝑁𝜎
𝑥2
𝑦2
𝑧2
𝑛𝜎 (𝒓) = 2
[1 − 2 − 2 − 2 ]
𝜋 𝑅𝑥 𝑅𝑦 𝑅𝑧
𝑅𝑥 𝑅𝑦
𝑅𝑧

,

(2.71)

with the Thomas-Fermi radius in direction 𝑖 ∈ {𝑥, 𝑦, 𝑧} given as
𝑅𝑖 = 𝑎ho (48𝑁𝜎 )

1/6

𝜔/𝜔
̄ 𝑖,

(2.72)

using the characteristic length of the potential, the harmonic-oscillator length 𝑎ho = √ℏ/ (𝑚𝜔).
̄
Similar density profiles can in principle be calculated for a zero temperature interacting gas,
using LDA with equation (2.61), but additionally the relationship between density and chemical
potential must be known. See ref. [36] e.g. for the first order interaction correction of the Fermi
gas on the BCS side.
For the zero temperature unitary gas, universality dictates the proportionality of chemical
potential and Fermi energy (which then also fixes the density)
𝜇 = 𝜉𝐸F .

(2.73)

For the proportionality factor, the Bertsch parameter 𝜉, several measurements and theoretical
calculations exist. Here I use 𝜉 = 0.376 [61], which is also close to recent Monte-Carlo data [94].
Then the density profile has the same form as equation (2.72), but with rescaled Thomas-Fermi
radii [36]
1/6
̄ 𝑖,
(2.74)
𝑅𝑖 = 𝜉 1/4 𝑎ho (48𝑁𝜎 ) 𝜔/𝜔
Similar profiles can be calculated for the weakly interacting BEC side [36].

2.6.2 Anharmonic Traps
If the trap potential 𝑉 (𝒓) deviates from a harmonic trap, the Fermi energy 𝐸F can be calculated
from the density distribution 𝑛0 (𝜖F (𝒓)) of a zero temperature ideal Fermi gas, where 𝜖F (𝒓) =
𝐸F − 𝑉 (𝒓) is the local Fermi energy within LDA. This exploits 𝜇 = 𝐸F for the zero temperature
ideal Fermi gas and from equation (2.2) follows
𝑛0 (𝜖F ) =

1
{ 6𝜋2

0

F
( 2𝑚𝜖
ℏ2 )

3/2

if 𝜖F > 0,
otherwise.

(2.75)

27

2 Ultracold Fermi Gases and the BEC-BCS Crossover
Then the Fermi energy can be recovered from the atom number by solving numerically
𝑁 = ∫ 𝑛0 (𝜖F (𝒓)) d𝒓

(2.76)

for 𝐸F . Note that naturally the integral must be restricted to positions 𝒓 within the trap.

2.6.3 Critical Temperature
Far on the BEC side, the dependence of the critical temperature on the interaction differs from
the homogeneous case, where interactions increase 𝑇c , as discussed in section 2.4.3. For the
trapped gas, the dominant effect stems from the reduction of the central density by repulsive
interactions, which reduces 𝑇c and results in [49]
t
𝑇c,BEC
= 𝑇c,BEC,0 (1 + 𝑐1t

𝑎
),
𝜆0

(2.77)

with 𝑐1t ≈ −3.426.
This result has also been calculated for the next order [50]
2

t
𝑇c,BEC

= 𝑇c,BEC,0 [1 +

𝑐1t

𝑎
𝑎
𝑎
+ (𝑐2t′ ln
+ 𝑐2t′′ ) ( ) ] ,
𝜆0
𝜆0
𝜆0

(2.78)

t′′
with 𝑐2t′ = − 32𝜋𝜁(2)
3𝜁(3) ≈ 45.9 and 𝑐2 ≈ −155.0. The second order gives a positive contribution if
″ ′
𝑎/𝜆0 > exp(−𝑐2 /𝑐2 ) ≈ 0.74 or 1/(𝑘F 𝑎) > 3.7.
Far on the BCS side, however, one expects a similar reduced critical temperature 𝑇c /𝑇F for
the trapped gas as for the homogeneous gas because compression effects are suppressed by the
Pauli exclusion principle so that the Fermi energy 𝐸F is very similar to the local Fermi energy
at the trap center.

2.6.4 Collective Modes
The trap geometry gives rise to additional collective modes of the system, which are at a similar
order of magnitude as the trap frequencies. For example, the monopole (“breathing”) mode of a
unitary Fermi gas has been examined [57], but also the quadrupole mode [67] and scissors mode
[95] in the BEC-BCS crossover, which demonstrates hydrodynamic behavior in the superfluid
region and collisionless behavior at high temperature.
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6

This chapter describes the experimental apparatus, which prepares degenerate samples of Li
23
by sympathetic cooling with Na. Since it has already been detailed in the previous theses
related to this experiment by Timothy Harrison [96], Alexandra Behrle [97] and Martin Link
[98], I will only briefly describe the most relevant parts of the experiment. For the new fast
magnetic coil, a more detailed characterization is presented.

3.1 Laser Systems and Atomic Transitions - A Rough Overview
6

23

Lasers are used for manipulation of Li and Na atoms, either close to resonance of their D2
lines for laser cooling, optical pumping and imaging, or far detuned to create optical dipole
potentials.
The lithium laser system at a wavelength of 671 nm is based on home-built external cavity
diode lasers and tapered amplifiers. The first laser is locked to a spectroscopy cell [99] and
provides the light for the magneto-optical trap (first trapping stage, explained in section 3.2.2).
A second laser, which is referenced to the first laser with an offset lock, provides the light
for Zeeman slower and optical pumping (deceleration of the atom beam from the oven and
transfer between hyperfine states, both also explained in section 3.2.2). To allow imaging at
high magnetic field, where the imaging transition is shifted due to the Zeeman effect, the laser
frequency is ramped before the imaging by hundreds of megahertz, by changing the offset lock.
A home-built interference filter laser has been added recently, to drive Raman transitions [100].
The sodium laser light at a wavelength of 589 nm is created by frequency doubling of a
1178 nm diode laser (DL Pro by Toptica) in a home-built bow-tie cavity [97] and amplified by a
Raman fiber amplifier (by MPB). The frequency is locked to a lithium spectroscopy cell [101].
Additionally, exploiting the dipole interaction of atoms with far detuned lasers, a repulsive
laser at 532 nm is used (Sprout-G-15 by Lighthouse Photonics) in the magnetic trap, and an
attractive laser at 1070 nm (50 W Ytterbium Fiber Laser by IPG) for the optical dipole trap
[102]. A laser at 1064 nm (Mephisto MOPA 55 W by Coherent) will be used in the future to
realize an optical lattice [103], and the implementation of tweezer traps at 780 nm has been
prepared [104].
6

23

Atomic Energy Levels Li and Na are alkalis and thus, have a hydrogen-like level structure.
Here only the transitions of the D2 line are relevant, which are shown in figure 3.1 for both
species.
6
Experiments with Li are performed at magnetic fields up to about 1000 G, which is already
far in the Paschen-Back regime of the hyperfine structure, as demonstrated by the Breit-Rabi
diagram in figure 3.2. It is common to denote the hyperfine states of the ground states as |1⟩,
|2⟩, … , |6⟩ in ascending order of energy. RF transitions between the states can be calculated
as the difference of the shown energy levels, while the imaging transitions are calculated in a
similar way, by also considering the energy levels of the excited state.
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Figure 3.1: D2 line of Li and Na and its hyperfine splitting Not to scale; Note that for Li
the hyperfine splitting of the excited state cannot be resolved, because it is smaller than the natural
6
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6
linewidth. The D1 line is 10 GHz below the D2 line for Li and 516 GHz below for Na. Li data is
23
taken from ref. [105] and Na data from ref. [106].
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Figure 3.2: Breit-Rabi diagram of the ground state 22 S1/2 of Li At low fields the quantum
numbers of the |𝐹 , 𝑚𝐹 ⟩ basis are specified and at high fields the ones of the |𝑚𝐼 , 𝑚𝑆 ⟩ basis (𝑚𝐽 = 𝑚𝑆
since 𝐿 = 0). The measurements are typically performed at even higher fields of about 500 G to 1000 G,
far in the Paschen-Bach regime of the hyperfine splitting. For varying magnetic fields, the states in the
eigenbasis of the Hamiltonian are denoted as |1⟩ to |6⟩. My calculation is inspired by ref. [105].
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3.1 Laser Systems and Atomic Transitions - A Rough Overview
Optical Dipole Potentials Far detuned laser beams interact with an induced electric dipole
moment of the atoms, which creates an energy offset proportional to the laser intensity 𝐼,
according to the AC-Stark effect [107]. The proportionality factor 𝜂 has to be calculated and
depends on the species and the laser wavelength but in our case only negligibly on the state,
magnetic field and polarization.
If the atom is approximated as a two-level system with transition frequency 𝜔atom and
linewidth 𝛤 , and by using the rotating-wave approximation |𝛥| ≪ 𝜔atom for laser detuning
𝛥 = 𝜔laser − 𝜔atom , the energy shift of the ground state is given by [107]
𝑈dipole =

3𝜋𝑐2 𝛤
𝐼,
3
𝛥
2𝜔atom

(3.79)

while the scattering rate of photons is given by
2

𝛤scatter

𝛤
3𝜋𝑐2
( ) 𝐼.
=
3
𝛥
2ℏ𝜔atom

(3.80)

The idea behind far detuned dipole traps is that the scattering of photons, which can lead to
heating of the atomic sample, is suppressed quadratically for large detuning, while the reduced
trap depth can be compensated for by linearly increasing the laser power. Red detuned lasers
(𝛥 < 0) create attractive potentials and blue detuned lasers (𝛥 > 0) create repulsive potentials.
In practice, the rotating-wave approximation and the multi-level structure of the atom can
have a noticeable effect and the full calculation for the energy shift of |𝑔𝑖 ⟩ reads1
Δ𝐸𝑖 = −𝐼

𝛤𝑖𝑗
1
3𝜋𝑐2
1
(
∑[ 3
+
)] ,
2
𝜔atom,𝑖𝑗 𝜔atom,𝑖𝑗 − 𝜔laser 𝜔atom,𝑖𝑗 + 𝜔laser
𝑗

(3.81)

where the linewidth associated to the transition to each excited energy-level ∣𝑒𝑗 ⟩ can be calculated from the dipole matrix element ⟨𝑒𝑗 ∣𝜇∣𝑔𝑖 ⟩
𝛤𝑖𝑗 =

3
𝜔atom,𝑖𝑗
2
∣ ⟨𝑒𝑗 ∣𝜇∣𝑔𝑖 ⟩∣ .
3
3𝜋𝜖0 ℏ𝑐

(3.82)

The prefactors for the relevant species and laser wavelengths are detailed in table 3.1. We
Table 3.1: Prefactors of dipole potential The prefactors 𝜂 = 𝑈dipole /𝐼 for the relevant wavelengths
and species of the experiment are calculated from equation (3.81), considering the (first) D1 and D2
6
line. If additionally the transitions for 22 S1/2 → 32 P3/2 are considered, the correction of 𝜂 for Li at
1070 nm is only ∼0.1 %.

Wavelength / nm
532
589
671
780
1064
1070

−1

𝜂 6Li /𝑘B / nKW mm2
61.7
122.4

−1

𝜂 23Na /𝑘B / nKW mm2
159.3
−158
−84.19
−52.13
−51.87

−140.2
−60.51
−60.07
6

use a laser at 1070 nm as an attractive potential for Li and a laser at 532 nm as a repulsive
potential for both species. Other specified wavelengths will be used in the future for additional
optical dipole potentials.
1

This is consistent to equation 18 in ref. [107], but keeping more terms. The additional approximation 𝛤 ≪
∣𝜔atom,𝑖𝑗 − 𝜔laser ∣ is also exploited here, but is well fulfilled for the considered wavelengths.
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3.2 Preparation of a Degenerate Fermi Gas
6

To give an overview, the experimental sequence to prepare a degenerate Li sample can be
divided coarsely into three different phases, which will be explained in later subsections: The
Magneto-Optical-Trap (MOT) phase, the magnetic trap phase and the dipole trap phase. In
6
23
the MOT phase Li and Na are both emitted from the oven, simultaneously decelerated with
a Zeeman slower and caught in a MOT, where they can be cooled down to about the limit of the
23
Doppler temperature. In the Magnetic trap Na is evaporatively cooled to a few microkelvins,
6
6
which also cools Li sympathetically, but does not significantly decrease the number of Li
6
atoms. Finally, in the dipole trap phase Li is cooled evaporatively until degeneracy, using two
different hyperfine states, which provide good thermalization during the cooling process.
The procedure until the end of the magnetic trap is similar as described in ref. [108].

3.2.1 Vacuum System
The vacuum chamber can be subdivided into the oven section, the Zeeman slower and the
experiment section. The design of the vacuum system is shown in figure 3.3.

WƵŵƉƚŽǁĞƌ
ǆƚĞŶƐŝŽŶǀĂůǀĞ
KǀĞŶǀĂůǀĞ
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^ŵĂůůĞĞŵĂŶƐůŽǁĞƌ
/ŽŶƉƵŵƉϰ

ŝŐĞĞŵĂŶƐůŽǁĞƌ
DĂŝŶĐŚĂŵďĞƌ
KǀĞŶĐŚĂŵďĞƌ
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ĂĨĨůĞ

Figure 3.3: CAD design of vacuum system In addition to the pumps annotated above, there are
three titanium sublimation pumps connected to the oven chamber, close to ion pump 3 and to the pump
tower. The oven is usually wrapped with heating elements and aluminum foil for thermal insulation and
the Big Zeeman slower is usually covered with a water-cooled heat-sink.

Due to the atom vapor emitted from the oven, the oven chamber has only a moderate
vacuum of ∼5 × 10−7 mBar, while the experiment chamber has to support ultra high vacuum of
∼5 × 10−11 mBar to enable reasonable life times of the atoms in the shallow optical trap. This
is realized with several ion pumps and differential pumping stages.
Ion pump 1 is directly connected to the oven chamber, with a baffle in between, which
protects the ion pump by blocking the direct path with a plate, on which vapor deposits.
Before and after ion pump 2 and along the Zeeman slower, differential pumping is realized with
small tubes, which limit the amount of gas which can flow between the different sections of the
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vacuum chamber (this is estimated in ref. [97]). This reduces the pressure to 2 × 10−9 mBar at
ion pump 2 and to 2 × 10−10 mBar at ion pump 3.
The ion pumps are continuously monitored and their electric current is used as an estimate
for the pressure. A pressure gauge in the pumping tower close to the main chamber is currently not in use, because in the past deterioration of the pressure has been observed, while
it was in operation. Additionally, there are titanium sublimation pumps, which are only used
occasionally to keep the pressure at low values.
At the end of the vacuum system, opposite to the oven, is the entrance window for the
Zeeman slower beams. The window is heated to prevent deposits from the atom beam. There
is a valve which can separate the window from the main chamber if it were necessary to replace
or clean the window.
The oven has to be refilled with sodium roughly every two years. Lithium has not been
replaced yet, but is predicted to be exhausted soon. The oven chamber can be separated from
the Zeeman slower section with a valve, which allows to open and clean the oven chamber and
to refill sodium without compromising the ultra high vacuum in the main chamber. Afterward
only the oven section of the vacuum system is baked-out. The oven chamber has windows to
observe the initial fluorescence of the atom beam, it has a connection for the turbo-pump and
features a titanium sublimation pump.
A small chamber between the two parts of the Zeeman slower features optical access. It is
intended for transverse cooling of the atomic beams, which is not implemented because the
loading rate into the MOT is already suﬀiciently high. Instead, it is currently used to monitor
the fluorescence of the Zeeman slower beams, which has proven a good indicator for when a
refill of the oven becomes necessary. The main chamber features an extension valve, where the
experiment could be extended in the future.
The basic geometry of the main chamber is presented in figure 3.4. The MOT is positioned
close to the entrance of the atomic beam, from where the atoms are transported magnetically
over a distance of about 30 mm to the position of the magnetic trap. This position coincides
with the final atom position in the dipole trap and allows to use the same magnetic coils for the
magnetic trap as for the generation of the Feshbach field. The final atom position is 3 mm below
the top window because the usage of an objective with high numerical aperture is planned for
the future.

3.2.2 Magneto-Optical Trap Phase
The first phase of the experiment is the loading of the Magneto-Optical Trap (MOT) and
involves the simultaneous slowing of both species coming from the oven with a Zeeman slower
and capturing them in the dual-species MOT. Some special techniques during and at the end
of the MOT phase are also discussed in this subsection, including a dark-spot MOT and optical
23
6
molasses for Na, a compressed MOT (CMOT) for Li and finally the optical pumping for
both species and their magnetic transport to the magnetic trap.
Oven The dual species oven has separate reservoirs for lithium and sodium, the design is based
on ref. [109], which features different cups for the species to enable an individual adjustment
of the fluxes. The temperatures are 330 °C for sodium, 400 °C for lithium, while the mixing
nozzle at 475 °C and final nozzle at 490 °C are hotter to prevent clogging.
The atoms from the oven are emitted into the oven chamber which contains the “cold cup”,
a water-cooled plate with a hole, which together with the final nozzle of the oven defines the
collimation of the atomic beam. Atoms with deviating flight path mostly stick at the surface
of the cold cup which keeps the oven chamber clean.
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Figure 3.4: CAD design of main chamber Atom beam (in region of small Zeeman slower), MOT
position and final atom position are marked and various coils are shown. Note that the MOT coils are
not included in the CAD model but only their enclosing passive cooling shield.

During the loading phase the atomic beam progresses forward towards the Zeeman slower,
but for the rest of the sequence when no atoms are loaded, the beam can be intercepted with
a shutter. Currently the shutter is not in use because in the past there was the problem that
sodium from the cold cup was deposited in the bearing of the shutter and it got stuck. A new
shutter has already been designed [100] and will be exchanged during the next sodium refill.
6
23
The consumption of Li and Na is estimated by calculating the atom flux from the measured
oven temperature, which determines their partial pressures. The estimated consumption for
23
recent years is shown in figure 3.5. The estimation for Na seems to be quite accurate: It
23
has been refilled several times already and the amount of refilled Na roughly matches the
6
estimated amount of consumption. Our estimation for Li is wrong. It has never been refilled
yet and the estimated consumption already surpasses the initial amount of 5 g by more than a
factor of two.
Zeeman Slower The atomic beam containing both species is slowed down and longitudinally
cooled in a Zeeman slower of a similar design as described in ref. [110]. A Zeeman slower consists
of a counter-propagating laser beam, which is red detuned to a closed atomic transition, and a
spatially varied magnetic field, which shifts the atomic transition into resonance with the laser
and compensates the Doppler shift during the deceleration. A cooling effect appears because
slower atoms are decelerated less, which compresses the longitudinal velocity distribution. The
variation of the magnetic field is realized with magnetic coils which have a variable pitch.
23
The initial velocity of the atoms given by the temperature of the oven is 740 m/s for Na
6
and 1450 m/s for Li (most probable speed according to the Maxwell-Boltzmann distribution).
23
The parameters of the Zeeman slower are optimized for Na, for which a larger atom number
is needed later for the sympathetic cooling. The calculated capture velocities are 1250 m/s
23
6
for Na and 1800 m/s for Li [96] (atoms with velocity above the capture velocity are barely
decelerated, see e.g. ref. [100]).
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Figure 3.5: Estimated consumption of Li and Na Estimation of Li is too large by more than
23
23
a factor of two but accurate for Na. In 2016 and 2020 25 g of Na were refilled and in 2017 50 g were
refilled. In 2019 the cold cup was clogged, which was resolved by heating the cold cup without opening
the vacuum chamber.

The Zeeman slower consists of two parts, the “big” and “small Zeeman slower”, with a zerocrossing of the magnetic field in between which changes the transition addressed by the laser
beam. The advantage of such a “spin-flip Zeeman slower” design is that a lower maximum
magnetic field is required. Also, the slowed atoms behind the Zeeman slower are not resonant
to the laser beam as would be for a single decreasing field slower. Still, the magnetic field at
the end of the slower is relatively small, which reduces the influence on the MOT and allows a
smaller distance to the MOT. See refs. [97, 111] for a more detailed discussion of the Zeeman
slower design.
At the zero-crossing of the magnetic field the quantization axis of the hyperfine states is
23
flipped. The addressed transitions are 32 S1/2 |𝐹 = 2⟩ → 32 P3/2 |𝐹 = 3⟩ for Na and 22 S1/2 |𝐹 = 3/2⟩ →
6
22 P3/2 |𝐹 = 5/2⟩ for Li with extreme values for 𝑚𝐹 depending on the direction of the quantization axis. The specified states are valid for small magnetic field, while along the Zeeman
slower admixtures of other states could become relevant. Without a complete analysis of all
involved states and their magnetic field dependence, the empiric observation is that by adding
some repumper light the eﬀiciency of the Zeeman slower can be increased [96].
The influence of the magnetic field from the small Zeeman slower on the MOT is reduced
with a compensation coil, which is ramped down simultaneously with the Zeeman slower at the
end of the MOT phase.
The Big Zeeman slower runs at a current of 400 A, which leads to significant heating. The
wires are hollow and water cooled. Additionally, it is enclosed in a water cooled heat-sink. Still,
the heating does not allow a continuous operation and limits the minimum sequence duration
to ∼20 s, depending on the duty cycle of the Zeeman slower. Mitigations have been explored
in ref. [100].
Magneto-Optical Trap The atoms of both species are captured and cooled down in a Magnetooptical trap (MOT) [111]. The optical part of a MOT consists of three perpendicular pairs of
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counter-propagating red detuned laser beams, which on itself would constitute an optical molasses: The Doppler effect creates a deceleration, which is stronger for faster atoms (up to
a certain velocity), because their transition frequency is shifted closer to resonance with the
counter propagating lasers.
Additionally, a MOT comprises a magnetic quadrupole field, which changes the atomic
resonances via the Zeeman effect and leads to a spatially dependent force. The beams require 𝜎− polarization and the lithium light addresses the 22 S1/2 |𝐹 = 3/2, 𝑚𝐹 = −3/2⟩ →
22 P3/2 |𝐹 = 5/2, 𝑚𝐹 = −5/2⟩ transition and the sodium light addresses the 32 S1/2 |𝐹 = 2, 𝑚𝐹 = −2⟩ →
32 P3/2 |𝐹 = 3, 𝑚𝐹 = −3⟩ transition2 .
Together, these two effects create a force which is approximately (assuming small Zeeman
shift and small Doppler detuning) proportional to velocity and center displacement of an atom
[111].
The MOT is realized in the main chamber close to the entrance port of the Zeeman slower,
as can be seen in figure 3.4. The magnetic field is generated with the small MOT coil pair and
the sodium and lithium beams are aligned to the MOT position from all six directions.
The presence of the sodium MOT reduces the eﬀiciency of the lithium MOT due to light
assisted collisions. This can be mitigated by displacing the MOT positions by adjusting the
power-balance of the MOT beams [108]. But this is not done, because it can affect the loading
eﬀiciency into the small magnetic trap [97].
23
To achieve high Na numbers, a dark spot MOT is implemented by applying almost no
repumper light to the center of the MOT, so that a large fraction of the atoms stays in a dark
state, which reduces repulsive forces from reabsorption of photons and enables larger densities
[112].
The minimum temperature achievable in the MOT is limited by the Doppler temperature
[111]
1 ℏ𝛤
𝑇D =
,
(3.83)
2 𝑘B
which is a consequence of the random nature of single photon scattering events and is 240 µK
23
6
for Na and 140 µK for Li.
Lithium Compressed MOT and Sodium Molasses At the end of the MOT phase, after the
Zeeman slower has already ramped down and while the sodium MOT is continued, a compressed
MOT (CMOT) [113, 114] is performed for lithium to further increase its phase-space density.
This is done by adjusting detuning and power of the MOT beams.
23
Finally, the MOT coils are turned off and for Na an optical molasses is performed to further
decrease the temperature. The estimated temperature of lithium after the CMOT is 290(30) µK
and of sodium after the molasses is 125(8) µK [97]. The molasses time is limited to 2 ms, as for
larger expansion times lithium would not be captured eﬀiciently by the subsequent magnetic
trap.
Although the CMOT increases the achieved atom number in the magnetic trap by a factor
of three, the power ramp does currently not use the optimum parameters described in the
literature. The reason is that the power ramp of the MOT beams, which is realized by reducing
the electric current of a tapered amplifier, proved problematic, because changing the current
by too much changes the mode of the amplifier and leads to an oscillatory behavior instead
2

I consider the quantization axis in radial direction, i.e. in opposite direction for e.g. positive and negative 𝑧
positions. A different convention is to choose a fixed quantization axis in Cartesian coordinates, but then
one has to consider additional states with opposite 𝑚𝐹 values and denote the laser beams with opposite
polarization, matching to the transition they drive, although they have the same handedness, see discussion
in ref. [111].
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of a linear ramp. Realizing the power ramp by other means in the future might improve the
CMOT and allow for a slightly longer duration of the sodium molasses.
Optical Pumping, Small Magnetic Trap and Magnetic Transport In order to achieve lower
temperatures, the atoms have to be loaded into a trap where the heating by scattering photons
is reduced, which can be realized with a magnetic trap.
A magnetic trap exploits the magnetic moment 𝝁 of the atoms, which leads to a spatially
dependent potential energy [111]
𝑉 (𝒓) = −𝝁 ⋅ 𝑩(𝒓) .
(3.84)
It is realized by a magnetic field landscape 𝑩(𝒓) with a minimum magnetic field |𝑩(0)| at the
center. This implies that not all hyperfine states can be trapped but only “low-field seeker”
states which have a negative magnetic moment relative to the magnetic field direction. An additional constraint, especially when trapping two different species, is to use “maximum stretched
states” with extreme values of 𝑚𝐹 chosen in such a way that no spin-exchange collisions are
6
possible. It proved effective to choose the 22 S1/2 |𝐹 = 3/2, 𝑚𝐹 = 3/2⟩ state for Li and the
23
32 S1/2 |𝐹 = 2, 𝑚𝐹 = 2⟩ state for Na [108].
At first a small magnetic bias field is ramped up quickly to define a quantization axis for the
6
states. Then optical pump light is applied to transfer all atoms into the target states. For Li the
2
2
optical pump light addresses the 2 S1/2 |𝐹 = 3/2⟩ → 2 P3/2 transitions and the repumper the
23
22 S1/2 |𝐹 = 1/2⟩ → 22 P3/2 transitions. For Na the 32 S1/2 |𝐹 = 2⟩ → 32 P3/2 |𝐹 = 2⟩ transition
is used for optical pumping and 32 S1/2 |𝐹 = 1⟩ → 32 P3/2 |𝐹 = 2⟩ as a repumper. By choosing
𝜎+ polarization for the beams, the atom population accumulates in dark states with maximum
𝑚𝐹 .
Recently, a degraded eﬀiciency in the preparation of the sodium repumper beam lead to
instabilities of the optical pumping. Usually, various laser beams in our setup are split up with
polarizing beam splitters and the polarization of the beam defines the power of each beam.
By adding a liquid crystal waveplate (Compensated Half-Wave Liquid Crystal Retarder by
Thorlabs) to the setup, it has become possible to quickly redistribute the power from different
paths, which resolves this issue by increasing the margins for the alignment of the optics. The
same approach also allows us to increase the maximum power of the imaging beam.
The atoms are recaptured by a small magnetic trap, which is realized by the MOT coils.
Then they are transferred to the proper magnetic trap via magnetic transport over a distance
of roughly 30 mm, which involves optimized magnetic field ramps of compensation coils and
both magnetic traps to allow for a gentle transport of the atoms.

3.2.3 Plugged Magnetic Trap
The magnetic trap is realized by a quadrupole field from the Feshbach coils. That means that
there is a vanishing magnetic field at the trap center, which would be problematic, because this
allows Majorana-losses in this region, i.e. spin flips which can cause heating and atom loss [96].
To avoid this, a blue detuned repulsive laser beam (“Plug beam”) is tightly focused onto the
trap center.
23
Na is evaporatively cooled by transferring atoms into an untrapped “high-field seeking”
state via RF transfer. By addressing the |𝐹 = 2, 𝑚𝐹 = 2⟩ → |𝐹 = 1, 𝑚𝐹 = 1⟩ transition, which
−1
requires a frequency of 1771.6 MHz+1.4 MHzG ⋅𝐵 depending on the absolute magnetic field 𝐵
[96], higher energy atoms can selectively be removed from the trap. During the cooling process
the frequency is adjusted to the decreasing temperature with a linear ramp from 1.9 GHz to
6
1.774 GHz for a duration of 5 s. Meanwhile, Li is sympathetically cooled without much atom
loss.
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3.2.4 Dipole Trap
The atoms are loaded into the crossed dipole trap, which has its center in close proximity to
the magnetic trap, by ramping up the dipole beam to full power and subsequently ramping
the magnetic trap down. The dipole trap uses far red detuned laser beams at 1070 nm to
create an optical dipole potential with strongly suppressed scattering of photons as discussed
in section 3.1. It consists of two collimated beams, the horizontal dipole beam and the vertical
dipole beam. The top window is highly reflective at this wavelength and reflects the vertical
beam back onto itself, but no optical lattice is formed due to the short coherence length of the
laser. The horizontal dipole beam intersects the vertical dipole beam at the atom position.
With this dipole potential it is possible to confine the hyperfine states |1⟩, |2⟩ or |3⟩, which
are not trappable in the magnetic trap. The loaded |6⟩ state is transferred by Landau-Zener
sweeps using RF. First it is transferred to the |1⟩ state, next it is converted to a 50:50 mixture
of state |1⟩ and |2⟩. Some experiments use a mixture of |1⟩ and |3⟩, which is realized with an
additional transfer from |2⟩ to |3⟩.
The spin mixture enables the last evaporative cooling step, since collisions between different
hyperfine states are not suppressed by the Pauli exclusion principle. To further increase the
thermalization rate, the Feshbach field is tuned close to resonance. It is generated with the
same magnetic coils which are used for the magnetic trap. In order to generate a homogeneous
magnetic field, instead of a quadrupole field, IGBTs in an H-bridge configuration are switched.
Evaporative cooling is realized by reducing the laser powers and therefore the trap depth.
At the end of the evaporation the trap depth is low enough for gravity to play a role,
which might slightly improve the eﬀiciency of the final evaporation, because in a tilted trap
the trap depth can be reduced while the trap frequencies are barely affected [115]. After the
evaporation it is possible to reduce the effect of gravity be recompressing the dipole trap or by
compensating gravity with a magnetic gradient (The magnetic moments of the lower states of
6
Li at high field are very similar, which hinders Stern-Gerlach experiments, but enables simple
gravity compensation).
Finally, a balanced mixture of more than 1 × 106 atoms per spin state at a temperature of
roughly 0.07𝑇F is achieved [96, 97].

3.2.5 Cool-Down and Demagnetization
While the preparation of the degenerate atomic sample takes typically 11 s, an additional cooldown time of ∼10 s is required for suﬀicient cooling of the coils, especially the Zeeman slower,
which was already discussed above.
Close to the chamber only non-magnetic materials are used, but some magnetization effects
can still be observed. To remove systematic drifts of the magnetization, a ramp to the maximum
magnetic field and back is performed at the end of each experimental cycle.

3.2.6 Additional Trap Configurations
From the dipole trap the atoms can be loaded to further trap geometries. Already implemented
is a repulsive TEM01 beam [103], as suggested by refs. [116, 117], using the same laser as for
the optical plug of the magnetic trap. The TEM01 beam compresses the cloud in vertical
direction and the transition to the quasi-2D regime has already been observed, following [118],
but further experiments are yet to be done.
Additionally, a repulsive beam for a box potential has been realized, similar to ref. [119], and
the implementation of optical tweezers has been prepared [104].
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3.3 Quench Coil
The fast quench and modulation of the magnetic field studied in this thesis is enabled by the
construction of a fast magnetic coil. Its design is described in ref. [2], but in this section a few
additional details are presented.

3.3.1 Problem, Constraints and Goals
The goal is to perform a quench of the magnetic field, which changes the interaction of the
system by a significant amount faster than the smallest timescale of the system, which is given
by the Fermi time 𝜏F = ℏ/𝐸F with a typical value of roughly 5 µs to 10 µs for our samples.
The interaction is usually tuned via the magnetic field using Feshbach resonances, as described in section 2.2.1. With the dedicated Feshbach coils of the experiment the time to
change the magnetic field is characterized in figure 3.6 to be roughly3 𝜏90 %→10 % = 310 µs. This
already requires the use of MOSFETs to quickly switch off the current and to discharge the
power supply, as will be discussed in section 4.2, because the regulation of the power supply
would be slower. The actual timing of the MOSFETs as well as initial and final field might
have an influence on the value of 𝜏90 %→10 % .
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Figure 3.6: Magnetic field during a quench employing the Feshbach coils The actual magnetic
field at the atom position is measured via the imaging detuning of the atomic resonance. This is compared
to a measurement of the current in the coils. The large initial deviation shows that the current is indeed
suppressed very quickly (achieved by using MOSFETs, see text), but the magnetic field lags behind due
to eddy currents. 𝜏90 %→10 % is determined from a linear interpolation to the detuning data.

The current in the coils is suppressed much faster than the quoted timescale, but the magnetic
field persists for a longer time due to eddy currents, probably in the vacuum chamber or gaskets.
Therefore, it is ruled out to beat the Fermi time by quenching with these coils.
The idea is to build a new dedicated quench coil with low enough self-inductance, which
creates an additional offset field which can be switched off quickly, and with low mutual3

An exponential fit yields a decay time of 𝜏 = 86(9) µs, which would correspond to 𝜏90 %→10 % = ln (9)𝜏 =
189(21) µs, but the actual decay slows down compared to the exponential dependence and results in the
higher number quoted in the text. An earlier measurement yielded 𝜏 = 77(7) µs.
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inductance to avoid eddy currents in the chamber and other nearby conducting materials. The
self-inductance of an idealized coil is given as [120]
𝐿=

𝜇0 𝜋𝑁 2 𝑅2
⋅ 𝑘𝐿 ,
𝑙

(3.85)

i.e. it is quadratic in the winding number 𝑁 and the radius 𝑅 and inversely proportional to its
length 𝑙. The geometry factor 𝑘𝐿 depends on the ratio 𝑅/𝑙 and is not important at this point.
The magnetic field of a single wire loop close to its symmetry axis 𝑧 can be approximated as
[121]
𝜇0 𝐼𝑅2
𝐵(𝑧) =
.
(3.86)
3/2
2 (𝑅2 + 𝑧 2 )
From the denominator one can see, that the “range” of the magnetic field of the coil is on the
same order of magnitude as its radius.
This suggests to build a small coil with not too many windings, to keep the self-inductance
low and to reduce eddy currents in nearby conductors by having a shorter range of the magnetic
field. But in order to generate a reasonable magnetic field at the position of the atoms, this
would require the coil to be in close proximity.
Putting the coil directly next to the atoms within the vacuum chamber is not an option,
because this would obstruct the optical access, complicate the alignment procedure of the coil
relative to the atoms and be troublesome to implement into the existing apparatus. So the
closest viable position is directly above the top window whose upper surface has a distance of
∼6.5 mm to the atoms.
This poses additional geometric constraints (see figure 3.7 for an illustration of a possible
placement of the coil): First, it has to be considered that the optical path of the vertical imaging
systems has to pass through the quench coil. Assuming that its axis should be aligned with the
atoms, this sets a lower bound of ∼5 mm to the inner diameter of the coil to avoid too much
clipping of the imaging beam. Secondly, since MOT and final atom position have a distance
of roughly 30 mm, the distance to the MOT coils, which are also very close to the windows,
gives the constraint on the outer diameter of the new coil. According to the CAD model of the
experiment, the new coil would touch the heat-sink of the MOT coil if it had an outer diameter
of 32 mm, but after testing the first prototypes it became clear that this deviates from the
actual setup and that an alignment to the atoms is not possible for an outer diameter larger
than 22 mm.
Vertically, the final atom position is not in the center of the vacuum chamber but closer
to the upper window to enable a high NA imaging system in the future. Traditionally, one
would use a pair of coils which is centered around the atom position to prevent gradients of the
magnetic field at the atom position, but this would mean that the distance between the atoms
and the coils would be at least 23 mm (which is the distance between the atom position and
the lower surface of the bottom window). Also, the placement and alignment of the lower coil
would be challenging because the access below the chamber has become diﬀicult due to optics,
posts and connections of other coils.

3.3.2 Design of Coil and Circuit
To meet these constraints, a compact coil is developed, which is positioned only above the
atoms without a second coil below the chamber. To avoid magnetic gradients at the atom
position, the coil comprises an inner and an outer coil with opposite current direction, which
cancel the gradient at a certain distance whereas a magnetic field remains. Using a different
current direction for inner and outer coil also reduces the inductance of the combined coil, as
will be shown.
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The coil is wound on 3D printed plastic mounts out of polylactide (PLA), which allows fast
prototyping and avoids eddy currents. Temperatures above the glass temperature of 60 °C [122]
should be avoided, but we want to avoid high temperatures close to the top window in any
case. 3D printable plastics like polyetherimide, which withstand much higher temperatures,
are available but require slightly more advanced printers.
The inner coil and outer coil have each 22 windings. The outer diameter is 22 mm and the
inner diameter is 6 mm. The design of the coil is shown in figure 3.7.
DKdĐŽŝůƐ

YƵĞŶĐŚĐŽŝů

dŽƉǁŝŶĚŽǁ
ƚŽŵƉŽƐŝƚŝŽŶ
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Figure 3.7: Design of quench coil The placement of the quench coil relative to the MOT coils and
top window is shown (left). Note that for the MOT coils only the outer heat-sink is displayed. The
inner and outer plastic mounts are presented (right) and how they are combined with the wires of the
coil (wires are simplified). The arrows indicate the opposite direction of current.

The challenge of quickly changing the current through an inductor is that it can induce quite
large voltages 𝑈 = 𝐿𝐼.̇ The current is supplied by a programmable power supply (S280 S6-40
by Delta Electronika) in constant voltage mode, but changing the setpoint of the current would
be relatively slow. Instead, a dedicated circuit shown in figure 3.8 is used, with a MOSFET
which suddenly switches the current off. If this happens too fast, the voltage induced by the
quench coil would be higher than the voltage rating of 200 V of the MOSFET (IXFN140N20P
by IXYS). This is mitigated with an RLC-circuit, where 𝑅10 = 10 𝛺 and 𝐶6 = 600 nF are
chosen in combination with the inductance of the quench coil 𝐿 to realize a slightly overdamped
oscillation which is as fast as possible without exceeding that voltage limit.

3.3.3 Characterization
Magnetic Field
In the experiment the magnetic field from the Feshbach coils along the z-axis (symmetry axis of
the Feshbach coils and quench coil) is much stronger (> 500 G) than the field of the quench coil
(< 50 G). Therefore, the 𝑥 and 𝑦 component of the quench coil field do not play a significant
role after the vector addition with the Feshbach field and only the 𝑧 component is considered.
The quench coil is modeled as a collection of solenoids and the magnetic field is calculated
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Figure 3.8: Quench Circuit When the MOSFET (Q1) switches off, the coil together with the resistor
(R10) and capacitor (C6) form an RLC circuit, which fixes the timescale on which the current through
the coil is switched off. It has to be slow enough to not exceed the voltage limit of the MOSFET.
An optocoupler (OK1) isolates the input signal. A monostable multivibrator (U1) is used to limit the
duration during which the coil is on, to prevent overheating (in addition to a separate temperature
interlock). Design and simulation of the circuit have been done by Dr. Akos Hoffmann.

numerically with the Biot-Savart law [121]
d𝑩 =

𝜇0 d𝒍 × 𝒓
,
𝐼
4𝜋
𝑟3

(3.87)

by integrating the contributions d𝑩 to the magnetic field at position 𝒓 over all wire elements
d𝒍 with current 𝐼.
At a distance 𝑧0 the gradient from the inner coil is canceled by the gradient from the outer
coil, which is the optimum position for the atoms. A curvature of the magnetic field is present
and is negative in the 𝑧 direction (reduced magnetic field for misalignment along 𝑧) and positive
in radial direction (increased magnetic field for misalignment along 𝑥 or 𝑦).
The z-component of the magnetic field of the quench coil is measured on a bench with a hall
probe (DTM-151 Digital Teslameter by Group3) at a constant current of 5 A. The axis of the
coil is determined by searching the minimum field in the xy-plane at a distance which would
roughly correspond to the distance of the atoms to the coil. Finally, the designed atom position
is narrowed down by maximizing the magnetic field by varying the 𝑧 position. From there the
magnetic field is measured while varying the position along the principle directions, and the
result is presented in figure 3.9.
The measurement is compared with the calculated magnetic field from our model and a fit
is performed to account for an offset in the position and small deviations in the actual radius
of the coils from the designed values. The fitted model predicts an optimum distance between
atoms and quench coil of 𝑧0 = 8.2 mm and a magnetic field at that position of 𝐵𝑧 = 0.98 G/A.
With no misalignment, the gradient of the magnetic field is zero by design, but a curvature is
−2
−2
present which is calculated as 𝜕𝑧2 𝐵𝑧 = −5.2 Gcm /A and 𝜕𝑟2 𝐵𝑧 = −2.6 Gcm /A.
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Figure 3.9: Magnetic field of quench coil The data was measured at 𝐼 = 5 A along radial (left) and
axial (right) direction. It is compared to a model of the quench coil based on Biot-Savart calculations,
after fitting parameters for alignment and deviation of coil radii. The fit result is used to choose the
absolute values for the radial and axial positions to match 𝑥 = 𝑦 = 0 to the symmetry axis of the coil
and to match 𝑧 to the axial distance between atoms and quench coil.

Alignment The general alignment strategy, after the quench coil is roughly at the correct
position, is to find the minimum magnetic field in the xy-plane and the maximum magnetic
field in 𝑧 direction.
This can be achieved by mapping out the magnetic field for different positions of the quench
coil, which is mounted on a 3D translation stage. The magnetic field is measured via the
imaging detuning of the atoms or via an RF transition for higher precision. The alignment
should be done very carefully because the quench coil is very close to the top window of the
vacuum chamber. Initially, it was measured that at a position of 𝑧translation = 19.75 mm on
the vertical scale of the translation stage the quench coil is at the closest possible position to
the atoms (smaller values of 𝑧translation are further away) and starts to touch the thin RF coils,
which are wrapped in Kapton tape and lie directly above the top window.
Mapping out the magnetic field is quite tedious because each determined magnetic field value
is based on several measurements for the imaging detuning or RF spectroscopy. In practice it
was sometimes more convenient to look at the atom number, which is reduced for a misaligned
quench coil, because its gradient weakens the trap. Another useful strategy is to switch the
quench coil on only during time-of-flight and to minimize the deflection of the atoms caused
by the gradient of the Feshbach coil. Here it is useful to apply an additional magnetic gradient
6
which cancels gravity for the Li atoms, so that at the optimum position of the quench coil the
center-of-mass of the cloud does barely move during time-of-flight.
The design of the quench coil requires a compromise between the magnetic field which can
be reached for a given current and the distance between the quench coil and the optimum
atom position. It turned out that in the latest iteration of the quench coil we were too greedy
and it was not possible to move the quench coil close enough to the atom position to cancel
the magnetic gradient completely. Figure 3.10 shows the measurement of the magnetic field
for different distances between the closest position of the quench coil and its actual position
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𝑧 ∶= 19.75 mm − 𝑧translation . In the measured region the measured magnetic field fits well to a
quadratic function, as expected when the quench coil is close to its optimum position, which
justifies to slightly extrapolate the fit function to negative 𝑧. This reveals that the optimum
position for the quench coil would be reached at 𝑧0 = −0.22(4) mm, which is out of reach
for us. Instead the remaining gradient at 𝑧 = 0 is 𝐵𝑧′ (𝑧 = 0) = −1.6(5) G/cm. In principle,
it would be possible to create a few more prototypes of the quench coil until the gradient
is perfectly canceled. However, we decided that we are satisfied with the result because the
remaining gradient can be compensated easily. In the case of a quench experiment, we are
usually interested on dynamics on a faster timescale than that of the sloshing of the atomic
cloud which is caused by a sudden change of the gradient.
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Figure 3.10: Measurement of magnetic field and gradient for vertical misalignment of the
quench coil The signal of the RF spectroscopy is shown for various vertical positions 𝑧 of the quench
coil (left). For larger misalignment the background atom number is reduced because the trap is weakened
by the stronger gradient of the quench coil. The measurement at 𝑧 = 0.5 mm is performed with less RF
power but with longer duration, achieving a higher resolution. The extracted magnetic field (right) has
a quadratic dependence on the position and reveals the gradient free position 𝑧0 .

The magnetic field is measured via RF spectroscopy on the |1⟩ → |2⟩ transition of the ground
6
state of Li at a Feshbach field of 913 G. The dependence of the resonance frequency on the
magnetic field is known from Breit-Rabi calculations, but this is also confirmed by repeating the
measurement instead for the already calibrated Feshbach coils, which gives consistent results.

Magnetic Field Calibration After alignment, the magnetic field of the quench coil as a function
of the set current is calibrated via the detuning of the imaging transition of the atoms, as
demonstrated in figure 3.11. The set current is controlled via an analog signal from 0 V to 5 V
to the power supply, which supports currents up to 40 A, but this has to be done carefully,
because the analog input already saturates at a slightly lower voltage than 5 V. A linearconstant fit reveals a maximum magnetic field of 35.0(3) G and a dependence on the current of
0.874(8) G/A.
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Figure 3.11: Calibrating magnetic field of quench coil with atomic resonance The current
varies from 0 A to 40 A, but the maximum current is already reached below the maximum set value of
5 V.

Calculated Inductance
The inductance of a coil, approximated as a solenoid shape of current sheets, which are infinitesimally thin and have no gaps, has already been presented with equation (3.85), but here it is
necessary to consider the geometry factor 𝑘𝐿 , sometimes called Nagaoka factor, more carefully.
It depends on the ratio of the coil diameter and coil length 2𝑅/𝑙. For a long coil with 𝑙 ≫ 2𝑅,
𝑘𝐿 approaches 1. But here we consider coils with 𝑙 < 2𝑅, so that it is useful to calculate [120]
(also see ref. [123] for very comprehensible explanations)
𝑘𝐿 =

√
𝑚′
4
√ (
(𝐾(𝑚) − 𝐸(𝑚)) + 𝐸(𝑚) − 𝑚) ,
′
𝑚
3𝜋 𝑚

(3.88)

which depends on the complete elliptic integrals 𝐸(𝑚) and 𝐾(𝑚) and
𝑚=

𝑅2
𝑅 2 + 𝑙2

and

𝑚′ =

𝑙2
.
𝑅 2 + 𝑙2

(3.89)

See appendix A.1 for the definitions of the complete elliptic integrals and a comment about
different conventions in the literature. Traditionally, it was a bit tedious to calculate this factor
′
because the term 𝑚
𝑚 (𝐾(𝑚) − 𝐸(𝑚)) can get close to zero and lead to numeric instabilities
for small 𝑚, but I checked that this is not a problem for the implementation of complete
elliptic integrals in python/scipy as long as 𝑚 > 10−5 , which means that calculating 𝑘𝐿 is very
straightforward.
Calculating the inductance of the quench coil is still a bit more complicated because it
consists of several layers of windings. Some of them have opposite current direction and the
mutual inductance between these layers has to be considered. For simplicity, each winding 𝑖
is considered as a circular wire loop with radius 𝑅𝑖 and wire diameter 𝑑𝑤 . Then the mutual
inductance between two parallel and coaxial wire loops 𝑖, 𝑗 is [123]
2
2
𝑀𝑖𝑗 = −𝜇0 √𝑅𝑖 𝑅𝑗 ((√𝑚𝑖𝑗 − √
) 𝐾(𝑚𝑖𝑗 ) + √
𝐸(𝑚𝑖𝑗 )) ,
𝑚𝑖𝑗
𝑚𝑖𝑗

(3.90)
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with the vacuum permeability 𝜇0 , with
𝑚𝑖𝑗 =

4𝑅𝑖 𝑅𝑗
(𝑅𝑖 + 𝑅𝑗 )2 + 𝑥2𝑖𝑗

(3.91)

and with the distance 𝑥𝑖𝑗 between the wire loops. The self inductance of one wire loop can
be calculated with the same formula as for the mutual inductance 𝐿𝑖 = 𝑀𝑖𝑖 , by setting the
distance to 𝑥𝑖𝑖 = 𝑑𝑤 𝑒−1/4 /2.
Finally, the total inductance of the coil is calculated by summation over all windings
𝐿 = ∑ 𝑠𝑖𝑗 𝑀𝑖𝑗 ,

(3.92)

𝑖,𝑗

with a prefactor 𝑠𝑖𝑗 = +1 if the wire loops have the same current direction and 𝑠𝑖𝑗 = −1
otherwise. Note that this sum includes the self inductance 𝑀𝑖𝑖 of the wire loops and that the
mutual inductance 𝑀𝑖𝑗 for each pair 𝑖, 𝑗 is implicitly counted twice if 𝑖 ≠ 𝑗, because 𝑀𝑖𝑗 = 𝑀𝑗𝑖 .
This is consistent with the situation where two different coils with self inductance 𝐿1 and 𝐿2
and mutual inductance 𝑀 are wired together and the total inductance is given as
𝐿 = 𝐿1 + 𝐿2 ± 2𝑀 ,

(3.93)

where the upper sign is used when the current direction for both coils is the same.
For the parameters of the quench coil the calculation gives an inductance of 6.2 µH. The
separate results for only the inner, only the outer and the combined coil with same current
direction are given in table 3.2.
Measuring the Inductance with Signal Generator and Oscilloscope The inductance of the
coil is measured with a very simple circuit, in which a signal generator is connected in series
with a resistor 𝑅 = 50 𝛺 and the coil, for which the impedance is described by
𝑍coil = 𝑅coil + 𝜔𝐿coil .

(3.94)

An oscilloscope measures the voltage 𝑉coil parallel to the coil and the voltage 𝑉R parallel to the
resistor for several frequency settings. Together, this gives the impedance of the coil 𝑍coil =
𝑉coil /𝐼 = 𝑉coil / (𝑉R /𝑅).
Figure 3.12 shows that the impedance is in a linear regime at least in the range from 10 kHz
to 100 kHz, so the inductance is given by the slope because the last term of equation (3.94)
becomes dominant. The measurement is done for the inductance of the inner coil 𝐿1 and the
inductance of the outer coil 𝐿2 , separately, and also for the configuration that the current
runs in the same orientation through both coils (𝐿same ) and for the actual configuration of the
quench coil, where the current runs in different orientations through both coils (𝐿reverse ).
It is remarkable that the total inductance of the quench coil is lower than the inductance of
only the outer coil by 21 % and lower than the inductance of the configuration with both coils
running current in the same orientation by 57 %. Equation (3.93) suggests a mutual inductance
of 𝑀 = (𝐿same − 𝐿reverse ) /4 = 2.3 µH and demonstrates the consistency of the measured values
(note that 2 (𝐿1 + 𝐿2 ) ≈ 𝐿same + 𝐿reverse ).
The measured values are also presented in table 3.2 and are very close to the calculated values.
Deviations can be explained by the idealized model used in the calculations and imprecise
winding of the coils.
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Figure 3.12: Impedance of quench coil versus frequency for determination of inductance
The inner and outer coil are measured separately, as well as combined with different polarity.
Table 3.2: Measured and calculated inductance of the quench coil in different combinations
of inner and outer coil The actually used configuration is the combined coil with reverse direction
of inner and outer coil.

Coil
Inner coil
Outer coil
Combined coil (same direction)
Combined coil (reverse direction)
𝑀 = (𝐿same − 𝐿reverse ) /4

Measured inductance / µH
3.14(6)
8.58(6)
15.9(1)
6.78(9)
2.28(4)

Calculated inductance / µH
3.4
7.5
16
6.2
2.3

Heating
To keep the design of the quench coil simple without the need of an active cooling system, it
is only used in short time intervals before an interaction quench. Typically, the quench coil is
on during 0.5 s, which corresponds to a duty cycle of 2 % compared to a usual sequence length
of 25 s. Still, the quench coil should be ramped adiabatically and usually there is an additional
hold time before the quench to guarantee that the sample is well thermalized, which limits the
shortest possible operation time of the quench coil to a few hundred milliseconds.
During the operation time of the quench coil, the current is not at its maximum value all the
time. For example, a realistic scenario would be a ramp time of 300 ms and a hold time of 200 ms
for a total sequence length of 25.3 s. The duty cycle of 2.0 % only describes the on-off time of
the coil. Instead, one could give an effective duty cycle of ∼1.1 %, which is calculated from a
quadratic mean of the actual current ramps (anticipating a linear dependence of temperature
on electric power) and indicates that a duty cycle of 1.1 % with the current always at the
maximum value would lead to similar heating as for the given current ramps. Figure 3.13
shows the thermalization of the coil for different current settings. The temperature is measured
with temperature sensors (PT100 element, DM-301 by Labfacility), which are glued to the

47

3 Experimental Setup
outside of the coil (The readings of both sensors agree very well and for the measurements here
both values are averaged). An exponential fit suggests a thermalization time of 5.09(2) min.
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Figure 3.13: Heating of quench coil for a realistic sequence The current setpoint is varied
in steps from 32 A to 0 A and a wait time is added for thermalization, which is characterized by an
exponential fit for the first setpoint. The temperatures are measured every 4 s and temperature changes
within a sequence lead to the relatively broad band of measured temperature values. Thermalized
temperature values are extracted by averaging over the last twenty sequences for each current setting.

The extracted temperature after thermalization is shown in figure 3.14 as a function of
the current or the electric power. The latter is calculated from the resistance of the coil
𝑅QC = 82(2) mΩ, which is determined from the voltage of 0.41 V measured with a DMM
parallel to the coil at a DC current of 5 A. A four point measurement is used, which ignores
any voltage drop at the contact between DMM and coil (This setup is realized by placing the
contact points between DMM and coil further inside compared to the separate contact points
between coil and current source). The temperature of the coil is quite linear to the averaged
electric power in the considered range with a slope of 23.2(2) °C/W. Similar as in ref. [124]
this quantity can be interpreted as the thermal resistance of the coil (they achieve much lower
values by using water cooling).
When performing quench experiments, the current setpoint is not varied for the same dataset
and the sequence is run for a few minutes before taking the data. This prevents thermal drifts
of the coil during the measurement.
The temperature properties are suﬀicient for the current investigations, but are the limiting
factors if an operation at higher current or duty cycle were desired. My expectation is that a
significant part of the cooling at the moment takes place via heat flow through the electrical
contacts of the coil, since the mount is realized without metal parts. This suggests that the
passive cooling of the coil can still be improved. A preliminary test of a similar coil prototype,
but with an aluminimum heat-sink, realized a thermal resistance of 3.74(2) °C/W, which would
enable more than twice the current or six times the duty cycle. However, this slightly complicates the mount of the coil because it should be constructed in a way which minimizes eddy
currents.
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Figure 3.14: Heating of quench coil The temperature is plotted versus the current setpoint (left)
and versus the average electric power, which takes the effective duty cycle into account (right).

Switching Time
In a test setup the timing of the quench coil is measured with a small pick-up coil, which is
positioned close to the quench coil and connected to an oscilloscope. The pick-up coil only
consists of a few windings and can be considered as an open circuit because of the large input
resistance of the oscilloscope, which means that the influence of the pick-up coil on the measured
timing is negligible. The voltage impulses induced after suddenly switching off the coil are
shown in figure 3.15 for different scenarios: At first the signal is measured for the free standing
quench coil. Then this is compared to the signal when some flanges or gaskets are brought to
close proximity to simulate the environment of the experiment. According to Faraday’s law
of induction, the measured voltage is proportional to the change of magnetic field 𝐵̇ [121].
Therefore, the magnetic field can be reconstructed up to a proportionality constant and is also
shown in the figure by integrating the signal. It is demonstrated that putting various conducting
objects in close proximity of the coil does only slightly change the decay time of the magnetic
field.
The timing is characterized by reading off the time interval 𝜏10 %→90 % in which the integrated
signal changes from 10 % to 90 % of its maximum value, which is given in table 3.3. The
measurements indicate a timing of 2.1 µs to 2.3 µs, which is slightly increased to ∼3 µs when
the quench coil is integrated in the real experiment, as confirmed by a measurement based on
the imaging detuning of the atoms.
Field stability The rms noise level of the current from the power supply of the quench coil is
15 mA, which would correspond to a relative noise level of 4 × 10−4 compared to the full current
from that power supply. It leads to a magnetic field fluctuation of 13 mG. Compared to the
typical Feshbach fields of the experiment, this corresponds to a relative noise level of ∼2 × 10−5 .
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Figure 3.15: Switching time of quench coil measured with a pick-up coil 𝜏10 %→90 % is determined from the integrated signal. After implementation of the coil into the experiment, the timing
is verified with a measurement of the imaging detuning during a field quench, which results in only a
slightly increased switching time.
Table 3.3: Switching time of quench coil for different scenarios The first four measurements
are done in a test setup and show that the presence of gaskets do not significantly increase the switching
time. After implementation of the coil into the experimental apparatus a small decrease of the switching
time is observed, which is directly determined from the atoms by measuring their imaging detuning.

Situation
Free
Large flange and a gasket
Large flange and 2 gaskets
Two small gaskets
In experimental apparatus

10 % to 90 % decay time / µs
2.2
2.2
2.1
2.3
∼3

3.3.4 Modulation of the Magnetic Field
The “quench coil” can not only be used for a fast change of the magnetic field by switching
it off. An alternative use case is a fast modulation of the magnetic field, which is interesting
because a fast modulation of the interaction lead to certain kinds of excitations of a superfluid
gas, investigated in chapter 7.
For this purpose the quench circuit from figure 3.8 is replaced by an amplifier, for which the
core functionality is described by the circuit shown in figure 3.16.
It is connected to a power supply in constant voltage mode and to the quench coil. The
input signal is generated by a programmable arbitrary function generator (AFG-2225 by GW
Instek). The amplifier is designed for an output current of up to 10 A (bipolar, i.e. 20 A peakto-peak) and for frequencies up to 40 kHz, but higher frequencies are possible at a reduced
maximum amplitude. While initially we did not know the best parameters of the modulation,
in retrospect a smaller amplitude and a higher frequency range seems more useful.
The bandwidth of the amplifier has been simulated in LTSpice and is shown in figure 3.17 for
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Figure 3.16: Amplifier circuit for magnetic field modulation (excerpt) The main amplification
stage consists of the amplifiers (U3) and (U5). A current monitor is realized with the instrumentation
amplifier (U2), measuring the voltage parallel to the power resistor (R24) with a gain of ten. The
duration for which the amplifier is enabled is limited to prevent an accidental overheating of the coil,
similar to the circuit in figure 3.8, but not shown here. Design and simulation of the circuit have been
done by Dr. Akos Hoffmann.

several assumed values for the inductance of the quench coil. A calibration of the modulation
amplitude, which is described in the following, can be used to compare the simulated bandwidth.
At high frequencies the bandwidth of the amplifier drops faster than expected for the low
inductance of the quench coil. It is possible that the connections to the quench coil lead to an
additional inductance or parts of the circuit which are not considered in the simulation have
an effect.
Characterization of Magnetic Field Modulation
In a first step, the current monitor of the amplifier is used to calibrate the amplitude of the
current in the quench coil. It has a sensitivity of 0.25 V/A and we operate it far below its bandwidth limit of 4 MHz. While scanning frequency and amplitude of the input signal generated
by the signal generator, the output of the monitor is recorded and presented in figure 3.18.
The measured amplitude is very linear for a low input amplitude, but for larger amplitudes at
some point a quadratic description is required to get featureless fit residuals. At a certain input
amplitude, depending on the frequency, a strongly non-linear behavior is observed, because the
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Figure 3.17: Simulated and measured bandwidth of the amplifier for magnetic field modulation

amplifier gets saturated. The limit for the maximum amplitude of the input signal, which avoids
this region, is shown in the inset of figure 3.18. The measured voltage of the current monitor
can be converted to the amplitude of the magnetic field modulation by using the sensitivity of
the current monitor and the known relation between magnetic field and current through the
quench coil, which has been characterized before in the DC case.
As a validation, the magnetic field is directly measured with the atoms via the imaging
detuning for a short imaging pulse of 1 µs, which is significantly lower than the period of the
oscillations with frequencies of up to 𝜈mod = 120 kHz. Using the known dependence of the
imaging detuning on the magnetic field, the amplitude of the magnetic field modulation can be
reconstructed. This can be compared with the result from the current monitor and figure 3.19
displays the ratio of the amplitude from the imaging detuning to the amplitude measured with
the monitor.
It turns out that the magnetic field measurement from the imaging detuning is systematically
lower than the measurement using the current monitor. The expectation is, that the imaging
detuning is the more accurate measurement of the magnetic field, while a measurement which
only considers the current in the quench coil might neglect additional contributions from eddy
currents. Fortunately, the ratio between the measurements has a simple linear dependence,
which can be used to determine a frequency dependent correction factor for the measurement
from the current monitor.
Note that the measurement with the current monitor is very simple, while the measurement
via the imaging detuning takes a lot of time. As an example, the inset of figure 3.19 shows
a measurement of the amplitude via imaging detuning. For one datapoint, which measures
the magnetic field, usually 11 absorption images are taken at different imaging detunings.
While the example has some more datapoints, at least 10 datapoints should be measured to
allow a reasonable fit for the extraction of the amplitude. At a sequence length of ∼25 s, the
measurement of a single amplitude then takes roughly 45 min.
The final calibration is therefore based on the current monitor, but taking the frequency
dependent correction factor into account, which is determined via the imaging detuning. In the
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Figure 3.18: Amplitude calibration via current monitor At large amplitudes the amplifier
becomes saturated and the output deviates from a sinusoidal modulation. This causes failed fits and
missing datapoints, which is visible in the graphs when the measured amplitudes get close to 5 Vpp.
The inset shows the maximum allowed input amplitude to stay in the linear regime. The inset uses the
same x-axis as the main plot.

linear regime of the amplifier this leads to the calibration factor shown in figure 3.20.
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Figure 3.19: Comparison of calibration with current monitor and imaging detuning The
imaging detuning leads to systematically lower amplitudes, but the ratio has a clear linear dependence
which can be used to correct the result of the current monitor. The inset provides an example of an
amplitude measurement via imaging detuning: For different times the magnetic field is measured by
determining the imaging detuning of a short imaging pulse and the results are fitted with a sine function
to extract the amplitude.
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Figure 3.20: Calibration factor versus modulation frequency The calibration factor describes
the resulting amplitude of the magnetic field for a given amplitude of the input voltage in the linear
regime of the amplifier. The corrected values from the current amplifier are by construction consistent
with the values based on the imaging detuning measurements.
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This chapter describes several methods being used in the investigations of subsequent chapters.
On the experimental side this includes absorption imaging, the rapid ramp, which is used to
measure condensate fraction, and the characterization of the trapping potential. As analysis
tools, the inverse Abel transformation, which is used to convert column density to 3D density,
the thermometry and machine learning techniques are explained.

4.1 Imaging of Atomic Samples
4.1.1 Imaging Systems
The experimental apparatus has several imaging systems, which are aligned to the final atom
position. Their properties are summarized in table 4.1. The resolution limit is calculated
according to the Rayleigh criterion [125] and the depth of focus according to the equation from
ref. [126]1 . The two main imaging systems are aligned along the vertical 𝑧 direction. For Andor0
the imaging beam propagates downward and it is mainly used for time-of-flight images, while
for Andor1 the imaging beam propagates upward and it is mainly used for in-trap images.
Table 4.1: Summary of imaging systems for the final atom position and their properties For
Andor2 the magnification differs in horizontal and vertical direction due to an astigmatism, as discussed
in the text, so two different values are specified. Alta0 is made by Apogee Imaging Systems and the
other cameras are made by Andor from Oxford Instruments. The effective pixel size constitutes the size
at the atom position, which corresponds to one pixel. Similarly, the effective sensor size constitutes the
size at the atom position, which corresponds to the whole CCD sensor.

(Internal) name
Camera Model
Imaging direction
Magnification
Pixel size
Effective pixel size
Last lens 𝑓
Last lens 𝐷
Numerical aperture
Resolution limit
Depth of Focus
Pixel count
Effective sensor size

Andor0
iXon Ultra 897
𝑧
4.2
16 µm
3.8 µm
120 mm
25.4 mm
0.11
3.9 µm
60 µm
512 px
1.9 mm

Andor1
iXon Ultra 897
𝑧
6.5
16 µm
2.4 µm
50 mm
25.4 mm
0.25
1.6 µm
10 µm
512 px
1.3 mm

Andor2
iXon Ultra 888
𝑦′
(8.4, 4.5)
13 µm
(1.6, 2.9) µm
120 mm
25.4 mm
0.11
3.9 µm
60 µm
1024 px
(1.6, 3.0) mm

Alta0
Alta U1
𝑥′
1.2
9 µm
7.7 µm
200 mm
25.4 mm
0.063
6.4 µm
166 µm
(768, 512) px
(5.9, 3.9) mm

Astigmatism of Andor2 For the horizontal imaging system Andor2, an astigmatism has been
found. It turned out that the optimum camera positions which produce a good focus in either horizontal or vertical direction differ by more than a centimeter. To compensate this, a
1

With an additional factor 2, to describe the full height over which the focus is acceptable.
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cylindrical lens has been put into the beam path, but this has the effect that the image on the
camera has an aspect ratio, i.e. the magnification differs horizontally and vertically.
The astigmatism could be caused by dichroic mirrors, which are placed at 45° to the optical
axis or by an inclined beam relative to the optics. However, one major contribution probably
stems from the lens closest to the atoms: In the past this achromatic lens caused clipping of the
MOT beam, which lead to significant lower atom numbers. To mitigate this, a few millimeter
on one side of the lens were cut away, which might have caused the astigmatism for example
by slightly affecting the alignment of the lenses of the achromat or by introducing mechanical
stress. For the other imaging systems no astigmatism is observed.
In table 4.1 both magnifications are specified. The vertical magnification of Andor2 and
the magnfication of Alta0 is calibrated to gravity, by observing the center-of-mass of a cloud
during free fall. To calibrate the horizontal magnification of Andor2, an atomic cloud with
23
known aspect ratio is imaged.
Na in the final magnetic trap has initially an aspect ratio
of two because the vertical magnetic gradient is twice as strong as the horizontal one. After
suﬀiciently long time-of-flight, the aspect ratio converges to a value of 1, reflecting the isotropic
momentum distribution of a thermal gas.
The calibration measurement is shown in figure 4.1. For Alta0 the aspect ratio of the cloud
is as expected because there is no significant astigmatism in the imaging system. For Andor2
the aspect ratio deviates and the ratio between the aspect ratio measured with both imaging
systems corresponds to the ratio of horizontal and vertical magnification of Andor2. Initially
the ratio is 1.86, but it changes slightly during time-of-flight, which might be due to residual
magnetic fields or an imaging artifact, when the cloud moves out-of-focus.
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Figure 4.1: Aspect ratio of a Na cloud in the magnetic trap during time-of-flight imaged
with Andor2 and Alta0 The inset has the same x-axis as the main plot. It shows the ratio between
the values of both cameras and the initial value is used to calibrate the magnification of Andor2 in
horizontal direction, which differs from the magnification in vertical direction due to an astigmatism in
the imaging system.
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4.1.2 Absorption Imaging and High Intensity Calibration
Overview
Absorption imaging is a reliable way to measure the column density of the atomic cloud along
the line-of-sight of the camera. The idea is that the attenuation of a resonant imaging beam
depends exponentially on the column density, i.e. the density integrated along the line-of-sight
(Beer-Lambert law). By measuring the intensity of the imaging beam with a laser, once with
the atoms and once without the atoms as a reference for the initial intensity of the beam, the
column density can be determined.
In practice, certain constraints for the imaging intensity and duration have to be obeyed.
First, the imaging pulse accelerates the atoms and causes a doppler shift of the imaging transition, which will eventually go out of resonance with the laser. Secondly, the accelerated atoms
will leave the depth-of-focus of the camera at some point. Thirdly, the density can spread
further than the imaging resolution by a random walk caused by the scattered photons.
Additionally, for high intensities the saturation of the transition has to be considered, which
increases the transparency of the sample. While this makes the interpretation of the signal more
complicated, it can also be helpful to image very dense clouds, because less imaging intensity
is needed until a detectable signal can penetrate the cloud.
Imperfections of the polarization or non-ideal level-structures can reduce the ideal cross
section and increase the effective saturation intensity, which has to be taken into account by
a correction factor 𝛼. It has turned out, that this correction factor depends on the density of
the sample, which has been attributed to local multiple scattering, but this dependence can be
calibrated. Another calibration is necessary to convert the counts of the camera into intensity,
because a comparison with the ideal saturation intensity of the imaging transition is required.
87
The calibration of 𝛼 is based on a study with Rb [127], but they do not report a dependence
of the correction factor on the density on the sample. An alternative calibration of the effective
saturation intensity, which does not rely on a measurement with a power meter, is described in
ref. [128], but they have a constant correction factor 𝛼 ≈ 1 for the optical densities which they
consider. A similar calibration is also described in ref. [129] but for two-dimensional samples
with relatively low optical density and they also report no variation of 𝛼.
The calibration procedure has also been described in several theses from our group but also for
low optical densities where the factor is constant [130, 131]. At our experiment the dependence
of 𝛼 on the optical density has been already described [96, 97] and a more simple heuristic
parametrization of that dependence has been shown [98], but the exact way how this is used to
recover the corrected column density is new and will be described here. A similar dependence
of 𝛼 on the optical density is shown in ref. [132] but for a two-dimensional system.
Modified Beer-Lambert Law
In order to measure the attenuation of the imaging beam by the atoms, the intensity 𝐼atom
attenuated by the atoms is measured and compared with the intensity 𝐼light when no atoms are
present.
At low intensity 𝐼 (compared to the saturation intensity 𝐼 sat ), the resonant cross section
2
𝜎0 = 3𝜆
2𝜋 is set by the wavelength of the imaging transition 𝜆 [111]. The attenuation of the
imaging beam along its propagation direction is described by the differential equation
d𝐼
= −𝑛𝜎0 𝐼 ,
d𝑧

(4.95)
∞

leading to the Beer-Lambert law [111], which connects the column density 𝑛col ∶= ∫−∞ 𝑛 d𝑧 to
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the optical density 𝑂𝐷0 (here the index “0” always denotes the low intensity limit)
𝑛col 𝜎0 = − ln(𝐼atom,0 /𝐼light,0 ) =∶ 𝑂𝐷0 .

(4.96)

In practice, the effective cross section 𝜎0,eff is reduced e.g. due to imperfect polarization or
non-ideal level-structure and one introduces the calibration factor 𝛼 ∶= 𝜎0 /𝜎0,𝑒𝑓𝑓 , which also
sat
implies an increased effective saturation intensity 𝐼eff
= 𝛼𝐼 sat .
At higher imaging intensity the saturation of the imaging transition has to be considered
sat
𝜎eff = 𝜎0,eff /(1 + 𝐼/𝐼eff
).

(4.97)

This leads to an additional dependence 𝜎(𝐼) in equation (4.95), which replaces 𝜎0 , leading to a
modified Beer-Lambert law [127]
𝑛col 𝜎0 = −𝛼 ln(

𝐼light − 𝐼atom
𝐼atom
)+
.
𝐼light
𝐼 sat

(4.98)

The intensities are determined from the counts on the CCD camera of the raw atom image
𝐶raw,atom and the raw light image 𝐶raw,light . Additionally, a dark image 𝐶dark considers the
offset from dark counts, read-out noise and background light and is subtracted from the raw
images, which gives 𝐶atom = 𝐶raw,atom −𝐶dark and 𝐶light = 𝐶raw,light −𝐶dark . The ideal saturation
̇
intensity 𝐼 sat for the imaging transition is known and can be converted to a count rate 𝐶 sat
after the CCD chip has been calibrated with a power meter and the imaging magnification has
been calibrated. Then the modified Beer-Lambert law can directly be expressed in terms of the
measured camera counts during the imaging pulse duration 𝜏 [130]
𝑛col 𝜎0 = −𝛼 ln(

𝐶light − 𝐶atom
𝐶atom
)+
.
̇ 𝜏
𝐶light
𝐶 sat

(4.99)

Calibration of CCD
A power calibration of the CCD chip of the camera is required, in order to determine the
̇ , which corresponds to the known saturation intensity for the 6Li D2 line of
count rate 𝐶 sat
2.54 mW/cm2 [105]. The total counts on the camera 𝐶total are proportional to the power of
the imaging beam 𝑃total and the duration of the imaging pulse 𝜏 . By introducing a calibration
factor 𝑚, the total counts on the camera are given by 𝐶total = 𝑚𝜏 𝑃total . Similarly, the counts
of a single pixel 𝐶pixel and corresponding power 𝑃pixel , i.e. the power corresponding to the
part of the imaging beam imaged by that pixel, are related by the same calibration factor
𝐶pixel = 𝑚𝜏 𝑃pixel .
Additionally, in order to relate the counts of a pixel to the corresponding beam intensity
𝐼pixel , the magnification of the imaging system must be known, from which the effective pixel
size 𝑤 at the atom position can be deduced. This leads to
𝐶pixel
.
(4.100)
𝑚𝜏 𝑤2
The power of the imaging beam is measured before and after the experiment chamber with
a power meter (Nova by Ophir Optronics Solutions) to get a reasonable accurate estimate.
The ratio of total counts and imaging beam power is shown in figure 4.2 as a function of the
imaging pulse time 𝜏set , defined by the sequence of the experiment. By applying a linear fit, the
calibration factor 𝑚 is determined. Additionally, a finite and positive x-axis intersect 𝜏offset is
found, which can be explained with the finite rise time of the AOMs, which switch the imaging
beam on and off. This offset has to be considered for the effective imaging duration 𝜏 , which
is done by setting 𝜏 = 𝜏set − 𝜏offset .
̇ = 323(9) µs−1
The result for the saturation count rate with Andor1 for the D2 line is 𝐶 sat
and the offset of the imaging pulse is 𝜏offset = 336(5) ns.
𝐼pixel = 𝑃pixel /𝑤2 =

58

4.1 Imaging of Atomic Samples

dŽƚĂůĐŽƵŶƚƐƉĞƌŝŵĂŐŝŶŐƉŽǁĞƌͬ;ϭϬϲͬђtͿ

ϮϬϮϬͲϬϴͲϮϲ

ϮϬϮϬͲϬϴͲϮϱ

ƐĂƚ

DĞĂŶ

ƌƌŽƌŽĨŵĞĂŶ

ϮϬ

ϭϱ

ϭϬ
ϯϱϬ
ϯϮϱ

ϱ

ϯϬϬ
Ϯ

ϰ

ϲ

/ŵĂŐŝŶŐƉƵůƐĞĚƵƌĂƚŝŽŶ

ϴ

ϭϬ

ƐĞƚͬђƐ

Figure 4.2: Calibration of the CCD of Andor1 Shown are two different measurements, which
̇ , as demonstrated in the inset. The x-axis of the inset has no special
result in a consistent value for 𝐶 sat
̇ in counts per
meaning, except for the measurement number, and is omitted, the y-axis shows 𝐶 sat
microsecond.

Calibration of Effective Saturation Intensity
For the calibration of 𝛼, an atomic sample which has been prepared at identical experimental
parameters is imaged repeatedly with varying imaging parameters (pulse duration and imaging
intensity). The imaging parameters are varied in random order to prevent systematic errors
from drifts of the atom number. A Gaussian profile is fitted to the uncalibrated optical density
images and the pixels are divided into elliptic bins of equal column density. For each bin,
equation (4.99) is interpreted as a linear function 𝐷 = −𝛼𝐿 + 𝑂𝐷0 with slope −𝛼 and ideal low
𝐶
−𝐶atom
intensity optical density 𝑂𝐷0 as 𝑥 axis intercept and relates the difference term 𝐷 ∶= light
̇ 𝜏
𝐶 sat
atom
to the logarithmic term 𝐿 ∶= − ln( 𝐶
𝐶light ). The resulting linear fits are shown in figure 4.3.
From slope and intercept of the fits, 𝛼 and 𝑂𝐷0 are determined for each bin. One observes
a dependence between the two values, 𝛼 increases for larger optical densities as shown in
figure 4.4. Results for Andor0 and Andor1 are displayed. Both imaging systems use different
imaging beams, which might have a different quality of the polarization and lead to a different
result. For Andor0, 𝛼 is constant for low optical densities and then increases linearly, which is
similar to the behavior described in ref. [132].

Application of Calibration
In general it is not trivial, to apply the correction factor 𝛼, because it is a function of the
yet unknown optical density 𝑂𝐷0 . It is feasible to determine 𝛼 as a function of the effective
optical density 𝐿 for a given constant count rate, as in demonstrated in ref. [96], where 𝛼(𝐿) is
described as a polynomial function and used to find the corrected optical density 𝑂𝐷0 ≈ 𝛼(𝐿)⋅𝐿
(ignoring the difference term at low intensity).
However, it could be desirable to change the count rate to improve the signal-to-noise ratio.
Especially for large optical densities it is necessary to increase the imaging intensity, so that
enough photons can still reach the camera. In this case, the difference term should also be
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Figure 4.3: Difference and logarithmic term of modified Beer-Lambert law for bins of equal
column density for varying imaging parameters For a better overview and better separation
of data from different bins only a subset of the bins are shown. For stronger imaging intensity, the
logarithmic term decreases, while the difference term increases. From slope and 𝑥 axis intercept 𝛼 and
𝑂𝐷0 can be determined. A different imaging duration should not have an effect on the position of the
datapoints in this diagram, but in practice one can see a small reduction of the logarithmic term and
for high intensity also a reduction of the difference term (This is the main reason for the spread of the
datapoints, sometimes points arrange in a short line of five datapoints, corresponding to the five different
imaging durations used in the measurement).

included. Fortunately, for a simple dependence of 𝛼 on 𝑂𝐷0 it is not diﬀicult to solve this
generally. By using Mathematica it is shown that for 𝛼 = 𝑎 + 𝑏 max(0, 𝑂𝐷0 − 𝑐) and 𝑂𝐷0 =
−𝛼𝐿 + 𝐷, where 𝑎, 𝑏, 𝑐 are parameters determined from the calibration, the corrected value of
the optical density is
𝑂𝐷0 = {

𝐷 − 𝑎𝐿
(𝐷 − 𝑎𝐿 + 𝑏𝑐𝐿)/(1 + 𝑏𝐿)

if 𝑐 + 𝑎𝐿 > 𝐷,
otherwise.

(4.101)

Observation of Power Broadening
I also want to briefly show the effect of power broadening at high imaging intensities, which
can in principle be an alternative way to determine 𝛼 by measuring the effective saturation
intensity. This has been investigated in ref. [128] by measuring the transferred momentum
from the imaging beam to the atoms with a secondary imaging system.
Here, instead, just the apparent atom number is measured for varying imaging intensity and
detuning. The measurement is performed for a large atomic cloud with not too high optical
density to avoid systematic errors from refractive effects and depletion of the imaging beam
intensity.
Power broadening describes an increased linewidth [111]
𝛤 ′ = 𝛤 √1 + 𝑠eff ,

(4.102)

due to a reduced response on resonance for large saturation 𝑠. Indeed, a larger linewidth is
measured for increased intensity of the imaging beam, as shown in figure 4.5. A fit to the

60

4.1 Imaging of Atomic Samples

ŽŶƐƚĂŶƚůŝŶĞĂƌĨŝƚ
ŶĚŽƌϭ
ŶĚŽƌϬ

ϰ͘ϱ

ŽƌƌĞĐƚŝŽŶĨĂĐƚŽƌ

ϰ͘Ϭ
ϯ͘ϱ
ϯ͘Ϭ
Ϯ͘ϱ
Ϯ͘Ϭ
ϭ͘ϱ
ϭ͘Ϭ
Ϭ

Ϯ

ϰ

ϲ

ϴ

ŽƌƌĞĐƚĞĚŽƉƚŝĐĂůĚĞŶƐŝƚǇOD0

ϭϬ

ϭϮ

Figure 4.4: Dependence of the correction factor on the optical density

measured linewidths shows good agreement to the unbroadened linewidth 𝛤 = 5.8724 MHz
̇ . By
[105], but this gives a large statistical error due to a strong correlation between 𝛤 and 𝐶 sat
sat
−1
̇
fixing 𝛤 at the literature value yields a fitted value of 𝐶eff = 466(19) µs , which corresponds
to a correction factor of 𝛼 ≈ 1.4, but a comparison to the previous results would require a more
careful analysis, which considers the dependence of 𝛼 on 𝑂𝐷0 .

Constraints on Imaging Parameters
The momentum transfer of scattered photons during imaging poses constraints on the imaging
pulse duration 𝜏 , dependent on the intensity of the imaging beam. This is especially important
6
for a lightweight atom as Li. The atoms are accelerated along the propagation axis of the
imaging beam. Additionally, they perform a random-walk caused by the emission of photons
into random directions. The measurement is affected if the Doppler shift of the accelerated
atoms is not negligible compared to the linewidth of the imaging transition (“Doppler limit”)
or if the atoms have moved by a distance which is not negligible compared to the depth-of-focus
of the imaging system (“depth-of-focus limit”) or if the lateral spread from the random walk is
not negligible compared to the imaging resolution (“random walk limit”).
Doppler and depth-of-focus are discussed in several theses of our groups, see e.g. ref. [133].
The random walk limit is described in ref. [134], which additionally considers the minimum
intensity required to achieve a reasonable signal-to-noise ratio (not discussed here).
Assuming resonant imaging light with saturation 𝑠 = 𝐼/𝐼 sat , the acceleration of the atoms is
given as [111]
𝑎=

ℏ𝑘 𝛤 𝑠
,
𝑚 2 1+𝑠

(4.103)

which determines the velocity 𝑣 = 𝑎𝜏 and traveled distance 𝑑 = 𝑎𝜏 2 /2 after the imaging pulse
duration 𝜏 .
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Figure 4.5: Determination of effective saturation count rate from power broadening For
different imaging intensities the apparent atom number is measured as function of the detuning (left).
Using the extracted linewidths a fit to equation (4.102) (“Square root fit”) allows the extraction of the
̇ (right). 𝛤 is set to the literature value [105], leaving 𝐶 sat
̇ as the
effective saturation count rate 𝐶 sat
only fit parameter.

Doppler Limit

The Doppler shift has to be smaller than the power broadened linewidth
√
𝑘𝑣 < 𝛤 1 + 𝑠
⇔𝜏 <

(1 + 𝑠)3/2 2𝑚
.
𝑠
ℏ𝑘2

(4.104)

Note that ref. [134] uses a stricter condition, by comparing the Doppler shift to half of the
linewidth. But in practice a “resonant laser” will be blue detuned at the beginning and red
detuned at the end of the imaging pulse, justifying the comparison with the full linewidth,
which is consistent to e.g. ref. [98].
Depth of Field Limit For not too large numerical apertures, the depth-of field is given by
𝑑dof ≈ 𝜆/𝑁𝐴2 [133]2 , which yields the constraint
𝑑=

ℏ𝑘𝛤 𝑠
𝜆
𝜏2 <
= 𝑑dof
4𝑚 1 + 𝑠
𝑁𝐴2
8𝑚𝜋 1 + 𝑠
⇒𝜏 <√
.
ℏ𝛤 𝑁𝐴2 𝑘2 𝑠

(4.105)

Random Walk Limit The random walk limit is the point where the lateral spread of the atoms
becomes larger than the resolution of the imaging system 𝑑rw , which might either be limited
by the resolution of the optical system or the effective pixel size of the camera. The condition
reads [134]
𝑚𝜆
1+𝑠
𝜏 < 3(
𝑑rw √
)
2ℎ
𝛤𝑠
2

2/3

.

For Andor1 the deviation compared to the formula of ref. [126] is only ∼2 %.
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(4.106)

4.2 Rapid Ramp
The constraints are shown in figure 4.6 and compared to the parameters used for the high
intensity calibration.
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Figure 4.6: Constraints on imaging pulse duration and intensity The limits are compared to
parameters used for the high intensity calibration.

4.2 Rapid Ramp
The “rapid ramp” is a method to detect the condensate fraction of the gas and has been explored
by refs. [28, 29]. Measuring the condensate fraction far on the BEC side is not complicated,
because the molecules which are part of the condensate occupy very low momentum states,
which can be differentiated from the momentum distribution of the thermal background. More
specific, the momentum distribution is measured in time-of-flight and the condensate fraction
can be extracted by fitting a bimodal distribution.
On the BCS side the measurement is more diﬀicult because Cooper pairing modifies the
momentum distribution only slightly around the Fermi momentum. The idea of the rapid
ramp technique, as sketched in figure 4.7, is to apply a magnetic field ramp towards the BEC
side close to the zero-crossing of the Feshbach resonance. The ramp must be fast enough to
project the Cooper pairs onto low momentum Feshbach molecules, but should not be too fast,
to allow an adiabatic evolution towards deeper bound molecules after the projection. The field
close to the zero-crossing of the Feshbach resonance ensures that the momentum distribution is
not distorted by interaction effects during the time-of-flight. Finally, the field is ramped back
to a point where molecules are not deeply bound and can be imaged easily and the condensate
fraction is extracted via a bimodal fit. Note that the conversion eﬀiciency of Cooper pairs to
low momentum molecules could depend on the initial field and the magnetic ramp speed and
is usually not known precisely, which means that the measured condensate fraction can deviate
from the actual condensate fraction of the initial state.
Experimental Implementation of the Rapid Ramp In our implementation of the rapid ramp,
the magnetic field is ramped directly after the dipole trap is switched off. A fast sweep of the
magnetic field is diﬀicult to implement due to the relatively large inductance of the Feshbach
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Figure 4.7: Sketch of rapid ramp technique The Cooper pairs of the initial state (1) are projected
with a rapid magnetic ramp onto deeply bound non-interacting molecules (2). Towards the end of the
time-of-flight the magnetic field is ramped back to a field where the molecules can be imaged (3).

coils and due to the possibility of eddy currents e.g. in the experimental chamber (see section 3.3,
especially figure 3.6, for an example of the magnetic field during the first part of a rapid ramp).
To achieve a ramp speed of about 80 µs, the H-bridge (IGBT Module 2MBI900VXA-120P50 by Fuji Electric) is switched off for a time 𝜏off = 5 µs to 50 µs and high voltages induced
by the coils are removed with varistors. Additionally, the charge from the power supply is
reduced by shorting the contacts with an IGBT (1MBI600U4B-120 by Fuji Electric) for a time
𝜏discharge = 150 µs to 250 µs. The shape of the current ramp is mainly determined by these two
time intervals, rather than the setpoints of the current regulation of the power supply, which
is too slow on these timescales.
The time-of-flight duration is 15 ms, which is close to 𝑇 /4 for the typical magnetic fields,
where 𝑇 /4 stands for a quarter of the trap period of the remaining potential during time-offlight and is the time after which the measured density distribution resembles the momentum
distribution of the original gas [135], or in this case the momentum distribution of the projected
pairs. The remaining potential is caused by the curvature of the magnetic Feshbach field and is
only confining in radial direction. Shortly before the absorption image is taken, the magnetic
field is ramped to the imaging field using the normal ramp of the power supply.
For each initial magnetic field, the two time intervals 𝜏off and 𝜏discharge have to be optimized
by measuring the current during the ramp. From time to time it is necessary to check if the
calibration is still valid or if it has to be reoptimized. Recently the rapid ramp was used at
many different initial fields, which allows an empiric understanding how to choose the optimum
values for the time intervals. Figure 4.8 shows the results of several manual optimizations and
it turns out that the optimum off time depends linearly on the difference between target and
initial field Δ𝐵
𝜏off = Δ𝐵 ⋅ 𝑎off + 𝑏off ,
(4.107)
with 𝑎off = 0.157(3) µs/G and 𝑏off = −5.1(8) µs. The optimum discharge time has an exponential
dependence on Δ𝐵
(4.108)
𝜏off = 𝑎discharge [1 − exp(−Δ𝐵/𝑏discharge )] ,
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with 𝑎discharge = 262(2) µs and 𝑏discharge = 101(2) G. This should simplify the optimization
process of the rapid ramp in the future.
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Figure 4.8: Dependence of optimum rapid ramp parameters on the difference between
initial and target magnetic field Shown are the off time (left) and the discharge time (right)
together with empiric fits described in the text.

4.3 Interpreting Column Density
Measurements are usually taken in the form of absorption images. They represent the optical
density 𝑂𝐷0 of the atomic sample, which is directly connected to the column density 𝑛col of the
atomic gas along the line-of-sight of the camera
∞

∫

𝑛𝜎 d𝑧 =∶ 𝑛col = 𝑂𝐷0 /𝜎0,eff .

(4.109)

−∞

In general, it is not easy to convert 𝑛𝑐𝑜𝑙 into the physically more interesting three-dimensional
density 𝑛𝜎 , but depending on the trap geometry there are different strategies available.
For a harmonically trapped gas one can recover the 3D density by employing the GibbsDuham relation within LDA, which implies for constant temperature that the pressure is the
integral of the density over the local chemical potential. The procedure consists of integrating
𝑛col along one measured direction and differentiating the result along the other direction [33].
For axially symmetric trap geometries 𝑉 (𝜌, 𝑧), 𝑛𝜎 can be calculated with the inverse Abel
transformation [33, 61]. This is also possible, if the trap potential is not strictly axially symmetric but requires a stretching factor to become axially symmetric, i.e. if it can be expressed
2
2
by variables for height 𝑧 and “radius” 𝜌 = √(𝑥/𝑠𝑥 ) + (𝑦/𝑠𝑦 ) , with stretch factors 𝑠𝑥 and 𝑠𝑦 .
This is the method which is used in this thesis, in order to be less affected by anharmonicities
of the trap.
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4.3.1 Inverse Abel Transformation
Assuming that the 3D density 𝑛𝜎 is radially symmetric along the 𝑧 axis and that the column
density 𝑛col is considered for a camera with line-of-sight along the 𝑦 axis, the density can be
recovered with the inverse Abel transformation [61]:
∞

𝑛𝜎 (𝜌, 𝑧) = −

𝑠𝑥 1
∫
𝑠𝑦 𝜋 𝜌

d𝑥
√𝑥2

−

𝜌2

𝜕𝑛col
(𝑥, 𝑧)
𝜕𝑥

(4.110)

Behavior and Caveats of the Inverse Abel Transformation
The inverse Abel transformation yields exact results if it is applied analytically, but for discrete
and noisy data and imperfections of the symmetry it can lead to dramatic deviations from the
correct result. Therefore, some observations are detailed here, how the transformation can be
applied carefully, by applying it to a Gaussian density distribution as a toy model.
Toy Model A Gaussian density distribution 𝑛𝜎 (𝑥, 𝑦) = exp(− (𝑥2 + 𝑦2 ) / (2𝜎2 )) with standard deviation 𝜎 is chosen3 , which is cylindrically symmetric around the 𝑧 axis. The 𝑧 dependence is omitted for simplicity. A Gaussian distribution can be an acceptable approximation
of the density of the atomic gas in many cases, but here it also has the advantage that the
∞
column density 𝑛col along the 𝑦 axis can easily be calculated as 𝑛col,0 (𝑥) = ∫−∞ 𝑛𝜎 (𝑥, 𝑦) d𝑥 =
√
exp(−𝑥2 /(2𝜎2 )) 2𝜋𝜎.
Discrete Data In order to apply the inverse Abel transformation on discrete data, a simple
approach would be to replace the integral in equation (4.110) by a sum using the trapezoidal
rule for approximating integrals. But this is problematic because the first factor of the integrand
diverges for 𝑥 → 𝜌 and if consequently the first term of the sum is omitted, the reconstructed
density differs dramatically from the original density as is demonstrated in figure 4.9.
In ref. [136] it is suggested to perform a variable substitution 𝜏 ∶= √𝑥2 − 𝜌2 in equation (4.110), which avoids divergences at 𝑥 = 𝜌 > 0, but it is demonstrated that for a simulated
density distribution this still leads to deviations of 8 % at the cloud center and can be reduced
to 4 % by using super-sampling.
Here a more accurate method is presented. The derivative of the column density is locally,
over the range of a pixel, approximated by a linear function 𝑛′col (𝑥) =∶ 𝑎𝑥 + 𝑏, which is then
used to calculate part of the integral in equation (4.110) analytically, which results in
𝑘+1

∫
𝑘

⎧𝑎
{
𝑎𝑥 + 𝑏
d𝑥 = ⎨𝑎 + (𝑏 − 𝑎𝑘) ln(1 + 1/𝑘)
√𝑥2 − 𝜌2
{ℎ(𝑎, 𝑏, 𝑟, 𝑘)
⎩

if 𝑟 = 𝑘 = 𝑏 = 0,
if 𝑟 = 0 ∧ 𝑘 > 𝑟,
if 𝑟 > 0 ∧ 𝑘 > 𝑟,

(4.111)

where ℎ(𝑎, 𝑏, 𝑟, 𝑘) is not a nice expression but can be easily determined with a CAS as
√
𝑎𝑘 − 𝑏
[𝑙+ (𝑘, 𝑟) − 𝑙− (𝑘, 𝑟) + 𝑙+ (𝑘 + 1, 𝑟) − 𝑙− (𝑘 + 1, 𝑟)] ,
ℎ(𝑎, 𝑏, 𝑟, 𝑘) = − 𝑎 𝑘2 − 𝑟2 + 𝑎𝑠𝑘,𝑟 +
2
(4.112)
√
with 𝑙± (𝑥, 𝑟) ∶= ln(𝑥 ± 𝑥2 − 𝑟2 ). Note that 𝑏 must vanish in the center 𝑟 = 𝑘 = 0 for the
integral to diverge, which is used as a constraint when determining 𝑎 and 𝑏 for the discrete
intervals. Applying this method to the toy model gives a quite accurate reconstruction of the
original density distribution, which is also shown in figure 4.9.
3

There is no connection to the index of 𝑛𝜎 , which refers to the considered spin state. The index is kept for a
better consistency, although it is not very relevant here.
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Figure 4.9: Application of the inverse Abel transformation on discrete data The naive approach (left), which directly approximates the integral by a sum, fails to recover the original density.
The more careful approach (right) uses linear interpolation of the column density and step-wise analytical integration.

Misalignment between Symmetry Axis and Pixels For simplicity it is tempting to consider
the position of the symmetry axis to coincide with the position of a camera pixel. But figure 4.10
demonstrates that if there is a misalignment of up to ±0.5 px, this already has a large effect on
the recovered density profile in the center of the cloud.
This effect is simply compensated, by considering the offset for the integral boundaries of
equation (4.111), which gives an improved reconstruction as shown in figure 4.10.
Noise Since the inverse Abel transformation relies on derivatives which are approximated
by differences of discrete datapoints, it is very susceptible for noisy data. Figure 4.11 shows
that already a noise level of 1 % leads to an amplified noise level of the reconstructed density,
especially in the center.
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Figure 4.10: Offset between the symmetry axis and the pixel grid The influence of the offset
on the reconstructed density distribution (left) leads to a systematic error in the trap center. However,
a known offset can be compensated (right).
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Figure 4.11: Effect of noisy data A noise level of 1 % is added to the column density of the toy model
before the reconstruction, which is repeated 50 times. This reveals that especially the reconstruction of
the central density is prone to noisy data.
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4.4 Thermometry
This section describes how thermometry of a strongly interacting Fermi gas is performed. At
first some approaches which can be found in the literature are discussed and why thermometry
for an ultracold and strongly interacting Fermi gas is challenging. Then several methods which
have been employed in our experiment are described in more detail.

4.4.1 Overview
It has often been noted in the literature that a reliable thermometry of a strongly interacting gas is diﬀicult. “There is no model-independent method” [137] or a “model-independent
thermometry is notoriously diﬀicult” [60], “a general diﬀiculty” [138], it “generally is a very
diﬀicult task” [139], “one of the major” [140] or “formidable challenges” [56] and “is not well
understood” [58].
For hot and weakly interacting gases, thermometry is usually performed by measuring the
expansion speed of the cloud after switching the trapping potential off. The density distribution
after time-of-flight reveals the momentum distribution of the gas, if one considers the initial size
of the cloud or if it is negligible. Alternatively, one can let the cloud expand into a harmonic
potential, then the density distribution resembles the momentum distribution if the time-offlight corresponds to a quarter of the trap period [135]. For the different scenarios there are fit
functions available, which can extract the temperature [4].
For imbalanced gases, thermometry is also straightforward but must be performed with the
in-trap density distribution. At low temperatures there appears a phase separation and in the
outer region the gas of majority atoms can be considered as an ideal gas, which allows the
extraction of the temperature with Thomas-Fermi fits [141].
For balanced strongly interacting samples, the thermometry based on time-of-flight images is
problematic. First, the interaction energy is released when the trapping potential is switched off,
which leads to an increased kinetic energy and a modified momentum distribution. Secondly,
the idea of the 𝑇 /4 measurement described above is only valid for a “quadratic structure of the
Hamiltonian”, which means that interactions distort the measured profiles [135]. Thirdly, the
original momentum distribution is already affected by interaction effects in a non-trivial way.
For example, a fit function would need to consider the effect of the contact and its temperature
dependence on the momentum distribution [93].
For a two-dimensional gas these problems can be circumvented by a fast axial expansion,
which decreases the interaction without modifying the radial momentum distributions [135].
Ref. [142] suggests to use the cloud size as an empirical thermometer, which gives access to
the potential energy of the gas and is connected to the total energy via the virial theorem. For
a unitary gas, universality implies a strict relationship between the total energy relative to its
ground state energy 𝐸/𝐸0 and the reduced temperature 𝑇 /𝑇F , but this relationship has to be
calibrated by using another thermometry method. Also, this method is not suitable for low
temperatures, because at some point the size of the cloud depends mainly on the Fermi energy
or atom number, instead of the temperature [4].
If interaction effects during time-of-flight are ignored, one can still fit the cloud to a ThomasFermi distribution as in the non-interacting case. This yields an empiric temperature 𝑇 ̃ , which
has to be calibrated to take the interaction effects into account [58]. Note that the fits for this
thermometry can be affected by features in the profiles caused by interactions, as discussed in
ref. [4] for in-trap density distributions. For an in-trap density distribution it is possible that
the wings are still in a normal state, while there is already a superfluid forming in the center
of the trap. Such a separation of different phases is not given in momentum space because the
momentum distributions of normal and superfluid components can overlap. This complicates
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the interpretation of the empiric temperature.

4.4.2 Adiabatic Interaction Ramp to Weakly-Interacting Regime
The problem of thermometry in the strongly interacting regime can in principle be circumvented
by an adiabatic interaction ramp into the weakly interacting regime [137, 143]. Far on the BCS
side the temperature can be determined via the interaction at which superfluidity vanishes.
This can for example be detected via vanishing condensate fraction using the rapid ramp
technique. Based on BCS theory with GMB correction, the temperature can be calculated as
the critical temperature at that interaction, as described in section 2.4.3. Far on the BEC side,
the temperature can directly be determined from condensate fraction and atom number.
Note that an adiabatic ramp from BCS to BEC side can be slightly problematic due to
the vanishing bound state energy at unitarity, which prevents a strict adiabatic ramp in finite
time. Another problem is that the adiabatic ramp does not keep the temperature unaffected
[144], rather it keeps the entropy constant. So instead, one can measure entropy in the weakly
interacting regime, then one can either measure physical properties as a function of entropy or
one has to use additional theory to convert the entropy to temperature.
The change in temperature during the adiabatic ramp is governed by the adiabatic sweep
theorem and is connected to the contact of the gas (see section 2.5.4). So if the contact is
known, the temperature change can be calculated. The contact has been measured for varying
interactions in the BEC-BCS crossover [145] and for varying temperature at unitarity [146,
147]. Unfortunately, the full dependence on both parameters would be required.
These points show that a thermometry, which is only based on adiabatic sweeps towards the
weakly interacting regime, is not optimal for us, but can be used for additional checks.

4.4.3 Bosonic Cloud as Thermometer
One promising option to measure the temperature of a strongly interacting gas is to thermalize
it with a weakly-interacting gas and use it as a thermometer. In ref. [148] the thermomtry
6
41
of a Li gas far on the BCS side was demonstrated by using the condensate fraction of a K
BEC to calculate the temperature. The temperature can also be extracted from the thermal
wings after expansion and leads to consistent results, although this is less precise for the probed
41
6
regime. They use a small fraction of K atoms relative to Li and they have a large mass ratio,
6
which allows to measure a large temperature range without influencing the Li temperature
too much. A “moderate” interspecies scattering length ensures that thermalization is possible,
but avoids other interaction effects and losses. They argue that this method should also work
at unitarity but might lead to problems towards the BEC side due to atom loss [139].
We did consider to use a similar scheme for our thermometry. One option would be to use
7
bosonic Li as thermometer, which has been demonstrated in ref. [60]. But this would require
7
changes of the laser system to allow the preparation of cold Li. Another possibility could be
23
to use Na as thermometer, which is very convenient because we already use it in our system
for sympathetic cooling. Unfortunately, we have not found experimental parameters for which
the thermalization is faster than the atom losses, as discussed in ref. [98].

4.4.4 Density Distribution at the Surface of the Cloud
Boltzmann Thermometry Based on Optical Density At the “surface” of the atomic sample,
i.e. at large radial distance from the cloud center, the density is at some point small enough to
justify the description as a Boltzmann gas [33]. Assuming a harmonic potential along the lineof-sight 𝑉 (𝑥, 𝑦, 𝑧) = 0.5𝑚𝜔𝑧2 𝑧2 + 𝑉 (𝑥, 𝑦), the resulting optical density retains the exponential
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decay of the density versus potential
∞

𝑂𝐷0 = 𝜎0 𝑛col ∝ 𝜎0 ∫
−∞

∞

𝑒𝛽(𝜇−𝑉 (𝑧)) d𝑧 ∝ ∫

2 2

𝑒𝛽(−0.5𝑚𝜔𝑧 𝑧

−𝑉 (𝑥,𝑦))

d𝑧 ∝ 𝑒−𝛽𝑉 (𝑥,𝑦) .

(4.113)

−∞

By measuring the decay constant 𝛽 = 1/(𝑘B 𝑇 ), the temperature can be determined if the trap
potential 𝑉 (𝑥, 𝑦) = 𝑉 (𝑥, 𝑦, 0) is known accurately.
But some caveats have to be considered. At large radius anharmonicities of the trap become
more dominant, so that e.g. a Gaussian trap potential does not split up into 𝑉 (𝑥, 𝑦, 𝑧) =
𝑉 (𝑥)+𝑉 (𝑦, 𝑧) as assumed above, resulting in a more complicated behavior than the exponential
decay, so that the inverse temperature 𝛽 cannot be extracted without further assumptions.
Also, if the density is not low enough, Bose and Fermi statistics and interaction effects become
relevant and modify the dependence of the density on the potential, leading to systematic
errors.
Thermometry Based on 3D Density and Virial Expansion To include the effects of Bose or
Fermi statistics, one can use Fermi and Bose fits. For intermediary interactions, one can use
virial expansion, to allow fit ranges up to higher densities. For these fits the absolute value of
the density is important, which requires the conversion of the measured column density to 3D
density using the inverse Abel transformation, as described in section 2.5.3.
A fit to the density distribution based on the virial expansion has two fit parameters, the
(global) chemical potential 𝜇0 and the temperature 𝑇 . The fit region has to be restricted to
low densities, where the condition 𝜇(𝒓)/(𝑘B 𝑇 ) ≪ 0 for the virial expansion within LDA is
fulfilled. The coeﬀicients of the virial expansion are calculated from the fit parameter 𝑇 and
the scattering length 𝑎, which is known for a given magnetic field B, using the knowledge about
the Feshbach resonance from section 2.2.1.
A thermometry based on the virial expansion has already been realized previously, for example, by ref. [149] with an expansion up to second order.
Comparison As an example, both thermometries are compared in figure 4.12. At first the
thermometry based on the optical density is demonstrated. To reduce noise, the optical density is averaged along equipotential lines and plotted against the potential, which reveals the
exponential decay described above, where the decay constant corresponds to the inverse temperature 𝛽 if the density is low enough to assume the equation of state of a Boltzmann gas.
The optical density can be converted to 3D density, using the inverse Abel transformation,
as explored in section 4.3.1. This allows the application of more appropriate fit functions and
a fit based on the third order virial theorem is demonstrated.
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Figure 4.12: Exemplary thermometry Shown are a thermometry based on the optical density and
a Boltzmann fit (left), as well as a thermometry based on the 3D density and a fit using the third order
virial expansion (right). The data is taken at 836 G and a small amount of heating has been applied.
The absorption image is shown in the inset and equipotential lines are indicated, which are used for
radial averaging.

4.5 Characterization of the Trap
The potential of the final trap configuration, in which the experiment is performed, is composed
of different contributions
𝑈trap = 𝑈optic + 𝑈magnetic + 𝑈gravity .
(4.114)
The main part 𝑈optic stems from the optical dipole trap. Additionally, the magnetic field
curvature creates an additional potential 𝑈magnetic , sometimes including a gradient for gravity
compensation. Finally, also the gravitational potential 𝑈gravity has to be considered.
Gravity Potential The potential from gravity is given by
𝑈gravity = 𝑔𝑚𝑧 ,

(4.115)

with vertical position 𝑧 and gravity of earth 𝑔.
Magnetic Potential The magnetic field from the Feshbach coils has its strongest component
along the vertical axis (𝑧-direction), which defines the quantization axis for the atomic states,
whereas magnetic field components along the other directions only have a negligible contribution
to the trap potential. This also means that only gradients and curvatures of the 𝑧 component of
the magnetic field have a significant influence on the potential. In ref. [96] it is shown that the
magnetic field of our Feshbach coils can be approximated by a Taylor expansion up to second
order4
𝐵𝑧 = 𝐵0 + 𝐵″ ⋅ (−𝑥′2 − 𝑦′2 + 2𝑧 2 ) ,
(4.116)
4

In order to be consistent with our internal notation, the trap is described with the horizontal coordinates 𝑥′
and 𝑦′ and the vertical coordinate 𝑧, whereas 𝑥 and 𝑦 would be used for another coordinate system which is
not relevant here.
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−1

−2

with simulated values 𝐵0 /𝐼 = 1.893 GA and 𝐵″ /𝐼 = 0.0106 Gcm A−1 at current 𝐼.
The magnitude of the magnetic field is not directly relevant for the trapping potential, because
it only creates an energy offset, instead it is important how the magnetic field changes over the
extent of the atomic cloud, therefore the corresponding potential for an atom with magnetic
moment 𝜇 can be described as
𝑈magnetic = 𝜇 ⋅ (𝐵𝑧 − 𝐵0 ) = 𝜇𝐵″ ⋅ (−𝑥′2 − 𝑦′2 + 2𝑧 2 ) .

(4.117)

The magnetic moment of a hyperfine state corresponds to its slope in the Breit-Rabi diagram,
6
which is shown in figure 3.2 for Li. But since the experiments are performed in the PaschenBack regime, the magnetic moment is dominated by the magnetic moment of the valence
electron, i.e. it correponds roughly to the Bohr magneton or 𝜇 ≈ ±ℎ × 1.4 MHz/G. For the
lower three states, which are commonly used in the experiment, the negative sign is valid, which
implies a confining potential in horizontal direction and an anti-confining potential in vertical
direction.
Optical Potential The optical potential is a dipole trap, which comprises two far red detuned
laser beams at a wavelength of 1070 nm. The horizontal dipole trap beam passes the experiment
chamber along the 𝑥′ axis in a single pass. The vertical dipole trap beam propagates upwards
along the 𝑧 axis and hits the atomic cloud 3 mm below the top window, but is then reflected
at the top window back onto itself and passes the atomic cloud a second time. The coherence
length of the laser is short enough to guarantee that no optical lattice is created by the vertical
beam.
Both beams are not tightly focussed and can be considered as collimated beams over the
extent of the atomic cloud. Their waist 𝑤0 > 50 µm corresponds to a rayleigh range of 𝑧R =
𝜋𝑤02 /𝜆 > 7 mm, which is large compared to typical atom cloud sizes on the order of ∼100 µm.
Consequently, only the radial intensity profile of the dipole beams has to be considered.
By describing the dipole trap beams as Gaussian beams, the potential is given by
2𝑃H
2
2
2
exp(−2𝑦′2 /𝑤H,𝑦
′ − 2𝑧 /𝑤H,𝑧 )
𝜋𝑤H,𝑦′ 𝑤H,𝑧
2𝑃V
2
′2
2
exp(−2𝑥′2 /𝑤V,𝑥
/𝑤V,𝑦
+𝜂
′ − 2𝑦
′) ,
𝜋𝑤V,𝑥′ 𝑤V,𝑦′

𝑈dipole = 𝜂

(4.118)

with beam power 𝑃H/V and beam waists 𝑤H/V,𝑖 in direction 𝑖 ∈ {𝑥′ , 𝑦′ , 𝑧}. 𝑃V includes the
power of the reflected beam. The prefactor 𝜂 is introduced in section 3.1.
Relative Alignment In the description of the trapping potential presented above the origin is
centered to the laser beams and to the magnetic field saddle point. In practice, this requires a
good alignment of the laser beams relative to each other and to the saddle point of the magnetic
field. The dipole trap beams can be moved precisely via piezo-motorized mirrors (Picomotor
Mount 8821 by New Focus) and the center of the magnetic field can in principle be moved
vertically by applying a magnetic field gradient. A horizontal shift of the magnetic field center
is currently not possible. Note that a gradient in horizontal direction would not suﬀice, but
rather a magnetic field with finite 𝜕𝑥′ 𝐵𝑧 or 𝜕𝑦′ 𝐵𝑧 were required.
The alignment is probed by quickly reducing the power of one of the dipole beams. If there
is relative misalignment, this causes a sloshing of the atoms and the beam positions have to
be adjusted until the sloshing vanishes. If the vertical beam is moved, one also has to check
if the back-reflection at the top window still coincides with the original beam, which can be
done quite precisely by coupling the beam back into the fiber by which it is transported to
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the experiment. This has to be done at low power and requires to rotate an optical isolator
into transmission mode. In this case the back reflection and sloshing have to be optimized
iteratively.

4.5.1 Characterization of Dipole Trap
Overview For the measurements in the subsequent chapters it is important to know the trap
potential precisely. The main contribution of the final trap stems from the dipole trap, which
is also the most challenging to characterize. This section discusses several methods which are
used to get a good understanding of the trap.
For an atomic cloud which is much smaller than the waists of the dipole trap beams, one
does not have to consider their Gaussian profiles, but can instead assume a harmonic potential.
In this case, the characterization is not diﬀicult, because the trap potential is fully constrained
by its trap frequencies measured by exciting the dipole mode of the gas with small amplitude.
However, for the investigations described in this thesis, some deviations from a harmonic potential have been observed. This is especially important for the thermometry based on the in-trap
density distribution at the surface of the cloud, because the assumed trap potential directly
affects the outcome of the thermometry. At the surface of the cloud, i.e. at large distance from
the trap center, the largest deviations from the harmonic potential are expected.
In contrast to a magnetic potential, which can in principle be mapped out using RF transitions, the dipole potential acts on all ground state atoms in the same way, ruling out spectroscopic methods for the characterization of the trap. Actually, the excited states are shifted in
the opposite direction [107], which would in principle allow to measure the energy shift from
the trap directly, but the linewidth of D1 and D2 line are roughly 6 MHz, while the typical
trap depth is around 1 µK, which corresponds to a maximum energy shift of 42 kHz, which is
too small to resolve directly.
In a first step the relative intensity distributions of the dipole beams are determined by
directly imaging the beams onto the cameras, which are usually used for absorption imaging of
the atoms. This is not completely reliable, because the beam passes through optics which are
not designed for the wavelength of the beams.
The power of the beams is calibrated with a power meter, but this has a large error from
the power measurement directly and also because the power can only be measured close to the
experiment chamber and not at the position of the atoms. Knowing the power of the beams
and the trap frequencies along the principle axes, one still requires one additional constraint
to know all relevant beam parameters. In this case, the aspect ratio of the horizontal beam
is measured separately, which allows the calculation of the beam parameters and results in a
good description of the trap potential.
Alternatively, a straightforward approach to measure the anharmonicity of the trap is to
excite the dipole mode with larger amplitude. If the amplitude is large enough so that the
cloud can probe the regions of anharmonicity, this affects the measured oscillation frequencies.
This effect is measured and a small numeric simulation shows how to calculate the beam waists
from the data. Unfortunately, the result is not realistic, it deviates from the previous result and
it would require a beam power which is clearly not compatible with the power measurements.
This is an indication that the model to describe the the dipole potential with Gaussian beams
is not appropriate.
Finally, this problem is overcome by calibrating the trapping potential directly from the
observed density distribution for a gas with known equation of state.
Direct Imaging on Camera The beam waists are measured with the cameras, which are
focused onto the atom position. The vertical dipole beam is imaged with Andor1, using the
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Table 4.2: Measured parameters of horizontal and vertical dipole beam The values for the
beam waists and central intensity are compared for the various methods described in the text.

Parameter
𝑤H,𝑦′
𝑤H,𝑧
𝐼H /W/mm2
𝑤V,𝑥′
𝑤V,𝑦′
𝐼V /W/mm2

Camera
115 µm
63 µm

Dipole Mode
44 µm
15 W/mm2
145 µm

149 µm
152 µm

62 W/mm2

Equation system
107 µm
62 µm
29.5 W/mm2
111 µm
140 µm
35.6 W/mm2

Full model
104(2) µm
61.2(7) µm
30.5(6) W/mm2
112(1) µm
142(4) µm
34.7(8) W/mm2

small amount of light which is transmitted by the high-reflection coated top window and using
the imaging optics, which are designed for lithium wavelengths. The horizontal dipole beam
has been imaged with Alta0, using the small amount of light which is transmitted by a dichroic
mirror, which reflects most of the dipole beam to a beam dump. The measured waists are
given in the first column of table 4.2. They should give a good idea of the actual beam waists,
although the measurement is not very reliable because of the use of optics which are not design
to transmit the light at 1070 nm.
Power Calibration of Dipole Beams For various constant power settings of the dipole beam
laser power, the power is measured with a power meter close to the chamber and compared
with the value of the regulating photodiode. The calibrations are shown in figure 4.13 and give
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Figure 4.13: Power calibration of dipole trap beams The power of the beams, measured with a
power meter close to the experimental chamber, is calibrated to the voltage of the regulating photodiode.

the linear dependence of laser power 𝑃H/V on the voltage of the regulating photodiode 𝑈H/V
𝑃H/V = 𝑚H/V ⋅ 𝑈H/V + 𝑛H/V ,

(4.119)

with the parameters in table 4.3.
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Table 4.3: Fit results of power calibration for dipole trap beams
equation (4.119).

Parameter
𝑚H
𝑛H
𝑚V
𝑛V

Parameters are defined by

Value
1.7 mW/mV
−19 mW
2.1 mW/mV
6.7 mW

Numeric Study of Dipole Mode in Gaussian Potential Measuring the frequency of the dipole
mode of an atomic gas is a reliable method to determine the trap frequencies. The result is
unaffected by interaction effects of the atoms, because this does not affect the center-of-mass
movement of the cloud.
However, the atomic cloud should be small compared to the length scale of the trap potential, otherwise the probed potential is a convolution of the trap potential with the density
distribution of the cloud. While this effect can be taken into account for a static density distribution, in practice the density distribution changes its form during the oscillation, which would
complicate the calculation.
A second condition is that the amplitude of the dipole oscillations should be small enough
to stay in the harmonic region of the trap, otherwise the observed oscillation frequencies are
affected by the anharmonicities of the potential.
Here we consider the dipole mode of a small cloud but with oscillation amplitudes which
are large enough to probe the anharmonicities of the trap potential, which is considered to
be Gaussian. The deviation from the harmonic trap frequencies is used as a probe to fully
characterize the Gaussian potential.
The dipole mode oscillation of the center-of-mass of the cloud at large amplitudes is not
described by a simple sine function, because the time spent at maximum elongation is increased
compared to an oscillation in a harmonic potential, whereas the movement close to the trap
center is not affected. This makes it challenging to model this analytically and instead a numeric
approach is chosen.
Only considering one dimension, the trap potential is given as
𝑉 (𝑥) = −𝑉0 exp(−2𝑥2 /𝑤2 ) ,

(4.120)

for trap depth 𝑉0 and waist 𝑤. A second-order Taylor series expansion at 𝑥 = 0 and comparison
2
to a harmonic potential 𝑉harmonic = 0.5𝑚 (2𝜋𝜈center 𝑥) with mass 𝑚 and trap frequency 𝜈center
yields a trap frequency
1
𝑉
√ 0,
(4.121)
𝜈center =
𝜋𝑤 𝑚
which is valid for small oscillation amplitudes.
The acceleration of an atom in the Gaussian potential is
𝑥̈ =

−4𝑉0 𝑥 exp(−2𝑥2 /𝑤2 )
−𝜕𝑥 𝑉 (𝑥)
=
𝑚
𝑚𝑤2

(4.122)

This differential equation is solved numerically for realistic parameters, assuming a trap depth
of 𝑉0 /𝑘B = 1 µK and a waist of 𝑤 = 100 µm and varying initial amplitudes 𝐴. The result is fitted
with a sine function, which does not match well to the actual movement for large amplitudes,
but is suﬀicient to reliably extract the apparent trap frequency, as shown in figure 4.14. This
procedure is repeated for different waists 𝑤 but also for different central trap frequencies 𝜈center .
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Figure 4.14: Simulated dipole mode oscillations of a small cloud in a Gaussian trap potential
Apparent trap frequencies are reduced in an anharmonic trap for large amplitudes and are extracted by
fitting a sine function, which works well despite the poor fit at large amplitudes. Simulation and fits
are performed for a larger time interval than shown. Chosen values for trap depth and beam waist are
𝑉0 /𝑘B = 1 µK and 𝑤 = 100 µm.

Indeed, the trap frequency is reduced for larger amplitudes and this reduction is slower for
larger waists, but if the trap frequency is plotted against 𝐴/𝑤, the curves all fall on top of each
other, as shown in figure 4.15. Empirically, one finds that this dependence is well described by
𝜈 = 𝜈center exp(

−2𝐴2
(𝑤𝛾)

2

),

(4.123)

with 𝛾 = 1.651(4) found by a fit to the results of the simulation.
This relation only has two free parameters, the waist 𝑤 and the central trap frequency 𝜈center ,
which together also determine the trap depth via equation (4.121). This makes it well suited
as a fit function applied to measured data, as soon as a reduction of trap frequency due to
anharmonicity is observed.
The same problem has also been discussed in ref. [66] using an analytic approach but considering the anharmonicity only to the lowest order.
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Figure 4.15: Reduction of simulated trap frequencies for large oscillation amplitudes in
a Gaussian potential The data only depends on the relative amplitude 𝐴/𝑤 and is described by
a simple empiric function, given in the main text. A comparison shows that the trap frequency 𝜈(𝐴)
diminishes slower compared to the trap depth 𝑉 (𝐴), although the functional shape is the same.

Measurement of Trap Frequencies via Dipole Mode To perform the measurement, a small
atomic cloud is prepared and slowly displaced by a magnetic gradient along one of the principle
axes. After quickly switching off the gradient, the cloud accelerates back to the trap center and
the dipole mode is excited.
In a harmonic trap one can measure the trap frequencies for different axes at the same time
because the movement along the principle axes separates. In general, this is not the case and
for large amplitudes in a Gaussian trap the movement along one axis can affect the movement
along another axis. Therefore, the magnetic gradient is applied in a way to only excite an
oscillation along one principle axis. The gradient is generated by the quench coil, which is
slightly misaligned relative to the atoms to generate the gradient.
Figure 4.16 shows examplatory the measurement of the dipole mode along the 𝑥′ direction.
The amplitude of the oscillation cannot be increased further because for stronger gradients the
cloud starts to fragment into several parts and for even stronger gradients the atoms are lost.
For large amplitudes the oscillation is damped. Therefore, amplitude 𝐴 and frequency 𝜈 are
extracted by fitting the data to a decaying sine function
𝑓(𝑡) = 𝐴 exp(−(𝑡 − 𝑡0 )/𝜏 ) sin(2𝜋√𝜈 2 − 1/(2𝜋𝜏 )2 𝑡 + 𝜙0 ) + 𝑥0 ,

(4.124)

with additional fit parameters for the damping time 𝜏 , initial phase 𝜙0 and equilibrium position
𝑥0 . Since the amplitude of the oscillation is damped, it is not appropriate to choose the initial
amplitude, but instead the amplitude at the center 𝑡0 of the measured time interval is extracted.
The dependence of the oscillation frequency on the initial amplitude is shown in figure 4.17
for all three principle axes. The resulting beam waists and trap depths of this characterisation
are shown in table 4.4. A beam waist for the 𝑦′ direction cannot be determined, because the
confinement in 𝑦′ direction stems from both dipole beams, which can have different waists.
This means that one additional constraints must be used, for example the power calibration of
a beam can be used or a measurement of the aspect ratio of a beam.
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Figure 4.16: Measured dipole oscillations for different amplitudes The initial displacement of
the cloud along the 𝑥′ direction is realized by the magnetic gradient of the misaligned quench coil and
varied via the applied current, which is specified in the legend. The oscillation frequencies and initial
amplitudes are extracted via a fit to a decaying sine function.

Unfortunately, it turns out that the result from this method does not lead to consistent result
and therefore the derivation of the beam waists in 𝑦′ direction is omitted. One explanation
for this could be, that the damping leads to systematic errors, which are not considered in the
numeric model. But also deviations of the dipole beams from a Gaussian profile are a possible
explanation.

79

4 Measurement and Analysis Methods

'ĂƵƐƐŝĂŶĨŝƚ

>ŝŶĞĂƌĨŝƚ

DĞĂƐƵƌĞŵĞŶƚ

ϭϲϬ
ϭϵϴ
ϮϲϬ

dƌĂƉĨƌĞƋƵĞŶĐǇ ͬ,ǌ

ϭϱϴ

ϭϵϲ
Ϯϱϱ

ϭϵϰ

ϭϱϲ

ϭϵϮ

ϮϱϬ

ϭϱϰ
ϭϵϬ
ϭϱϮ

Ϯϰϱ

ϭϴϴ

ϮϰϬ

ϭϴϲ

ϭϱϬ

ϭϴϰ
ϭϬ

ŵƉůŝƚƵĚĞAx ͬђŵ
0

ϮϬ

ϭϬ

ϮϬ

ŵƉůŝƚƵĚĞAy ͬђŵ

ϯϬ

0

ϱ

ϭϬ

ŵƉůŝƚƵĚĞAzͬђŵ

Figure 4.17: Measured trap frequencies for different amplitudes of the dipole mode for
the three principal axes The data is fitted to a linear function and to the Gaussian function from
equation (4.123), except for the 𝑦′ direction, for which the trap frequency has contributions from both
dipole trap beams and cannot be described with that model.

Table 4.4: Parameters of the fits from figure 4.17

Parameter
𝜈center,𝑥′
𝑤𝑥′
𝑚𝑥′
𝑛𝑥′
𝑚𝑦 ′
𝑛𝑦′
𝜈center,𝑧
𝑤𝑧
𝑚𝑧
𝑛𝑧
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Value
158.0(8) Hz
145(38) µm
−0.13(9) Hz/µm
159(1) Hz
−0.39(1) Hz/µm
196.7(2) Hz
254(1) Hz
44(3) µm
−1.5(2) Hz/µm
259(2) Hz

4.5 Characterization of the Trap
Trap Characterization Based on Power Calibration Assuming for now that the damping
causes the inconsistencies, in the following only the central frequencies are used. Together with
the power calibration already 5 of 6 parameters of the two dipole beams (trap depth and two
waists per beam) are constrained. As additional input the measured aspect ratio 𝐴H,𝑦′ ,𝑧 ≈ 1.74
of the atomic cloud with only the horizontal beam is used, which gives a system of six equations
1
𝑃H = 𝐼H 𝜋𝑤H,𝑦′ 𝑤H,𝑧
2
1
𝑃V = 𝐼V 𝜋𝑤V,𝑥′ 𝑤V,𝑦′
2
𝜂𝐼
1
√ V
𝜈𝑥′ =
𝜋𝑤V,𝑥′
𝑚
𝜈𝑦′ = √

(4.125)
(4.126)
(4.127)

𝜂𝐼H
𝜂𝐼V
+
2
𝑚𝜋 𝑤H,𝑦′
𝑚𝜋2 𝑤V,𝑦′

(4.128)

1
𝜂𝐼
√ H
𝜋𝑤H,𝑧
𝑚

(4.129)

𝐴H,𝑦′ ,𝑧 = 𝑤H,𝑦′ /𝑤H,𝑧 .

(4.130)

𝜈𝑧 =

The parameters on the left hand sides have all been measured. The power of the dipole beams
has been calibrated and is calculated from the setpoints 𝑈H = 0.19 V and 𝑈V = 0.20 V using
equation (4.119) and the parameters from table 4.3. For the trap frequencies the values 𝜈center,𝑥′ ,
𝑛𝑦′ and 𝜈center,𝑧 from figure 4.17 are used. The equation system is solved and the results for
beam waists and intensities are added to table 4.2.
Optimization of Full Trap Model In the last paragraph, only the contributions to the trap
from the dipole beams are considered, but at the final trap settings the trap frequencies are
also slightly affected by gravity and magnetic curvature, as indicated in equation (4.114). To
take this into account, the full trap is modeled and numerically optimized by changing the
beam waists and powers until the derived trap frequencies and the aspect ratio agree to the
measured values. The result is a small correction to the previous values and is given in the last
column of table 4.2. The specified error is a very rough estimation: Assuming a 2 % error on
the measured trap frequencies and the aspect ratio, these values are randomly varied before
they are fed into the numeric optimization, which is repeated 50 times and the estimates are
calculated as standard deviation of the optimized parameters.
Trap Characterization from Density via Equation of State The previous approaches assume
that the beams have a perfect Gaussian profile. But the trap potential can also be calibrated
without that assumption by comparing the in-trap density distribution of a gas with a known
equation of state. At unitarity the equation of state has been measured [61] and by preparing the
gas just at the phase transition, temperature and chemical potential of the gas are also known
relative to the local Fermi energy at the trap center. Ref. [61] quotes a critical temperature of
𝑇c /𝑇F = 0.167(13) and a chemical potential very close to the transition of 𝜇/𝐸F = 0.42(1).
This procedure requires access to the 3D density of the gas, which is determined via the
inverse Abel transformation, as described in section 4.3.1. To reduce noise, the optical density
is first averaged over elliptical bins, similar as in section 4.4.4. The last two steps assume that
the trap potential has a symmetry which results in elliptic equipotential lines in the 𝑥′ 𝑦′ -plane
over the considered volume.
Figure 4.18 shows the density of a unitary gas prepared just at the superfluid transition, as
confirmed with the rapid ramp technique. Anticipating a relative smooth relationship between
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the logarithm of the density and the potential, the data is shown on a logarithmic scale against
the squared radius and a cubic spline is fitted to the data to reduce fluctuations from noise. The
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Figure 4.18: Density versus radius squared a spline is fitted to the data to extrapolate towards
the trap center at 𝑟 = 0 and is used as a low noise description of the density from which the potential
will be calculated via the unitary equation of state. The fit region is chosen to rejected noisy data at
large radius, where the density becomes too low and close to the trap center, where the density becomes
unreliable due to the properties of the inverse Abel transformation. The quadratic scale on the x-axis
and logarithmic scale on the y-axis is chosen to achieve a relationship between the two quantities which
is as trivial as possible and the spline fit is also performed to the data in this representation.

spline is used to extrapolate the density towards the trap center, which gives 𝑛center ≈ 4.24 µm−3
and translates to a local Fermi energy at the trap center of 𝐸F ≈ 𝑘B × 1.60 µK a temperature
of 𝑇c ≈ 0.27 µK and a chemical potential of 𝜇c ≈ 𝑘B × 0.67 µK.
At first it is interesting to see how well the thermometry works for the current model of
the trap. For this purpose, for several small intervals of the potential, a fit to the equation
of state is performed, which results in a value for temperature and global chemical potential.
Additionally, the virial expansion at unitarity up to second and up to third order is used. The
latter is our standard thermometry method for different magnetic fields where the full equation
of state is not known.
The results are presented in figure 4.19. The temperature from the unitary fit does not
deviate too much from the expected temperature, but is underestimated in the trap center and
far outside, whereas it is overestimated at intermediate potential. Starting at a potential of
about 𝑘B × 0.8 µK the results from the virial fits becomes consistent with the fit to the unitary
equation of state, which demonstrates that we can reach the region where the thermometry
only based on the virial expansion becomes reliable. Nevertheless, one has to state clearly that
at potential values above 1.1 µK the resulting temperature decreases steadily and it becomes
ambiguous which temperature values are reliable. Similarly, for the chemical potential, the
results from the unitary fit agree roughly to the expected chemical potential, but for large
potential values the curve bends upwards and it becomes ambiguous which values should be
chosen.
With known temperature and global chemical potential, the equation of state dictates a
strict relationship between density and local chemical potential, which can be used to correct
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Figure 4.19: Thermometry result for a unitary gas at the superfluid transition using the
current uncorrected trap model The thermometry is performed by fitting the data to seven consecutive datapoints in order to probe the reliability of the potential locally. The data is fitted to second
and third order virial expansion and to the unitary equation of state, only the last one is reliable towards
the trap center but the virial fits agree above a certain potential. The expected value for temperature
and chemical potential is known because the gas is prepared just at the superfluid transition so that
temperature and chemical potential can be deduced from the central density.

the potential. We use the unitary equation of state by interpolating the data from ref. [61]
and extend it towards low densities via the virial expansion. The inverse function, which
would calculate local chemical potential from density at a given temperature, is not calculated
explicitly but solved numerically. Then from the local density approximation 𝜇(𝑟) = 𝜇0 − 𝑉 (𝑟)
the potential 𝑉 (𝑟) is reconstructed, which yields the corrected trap potential, which is shown
in figure 4.20 and compared to the previous model of the trap.
Finally, as a consistency check, the same procedure which generated figure 4.19 is repeated
on the new, corrected trapping potential, which results in figure 4.21. Note that the precise
agreement between expected temperature and chemical potential with the fit to the unitary
equation of state is not surprising, but is by design of the reconstruction process of the corrected
potential. A comparison between the thermometry based on the unitary equation of state and
the thermometry based on the virial expansion demonstrates how the latter result converges to
the expected value above a certain potential. This is also the case for the chemical potential,
although the results become quite noisy at large potential values. However, it is natural that
the chemical potential, which fixes the atom number of the gas, cannot be determined very
precisely far from the center of the trap.
Note that by using the equation of state at unitarity, further measurements will by construction get a consistent temperature to the known transition temperature at unitarity. One can
overcome this by using the equation of state of an ideal gas, which will be implemented soon.

83

4 Measurement and Analysis Methods

ϭ͘ϳϱ
ϮϬй

ϭ͘ϱϬ

ϭϬй

WŽƚĞŶƚŝĂůͬђ<

ϭ͘Ϯϱ
Ϭй
ϭ͘ϬϬ

Ϭ

ϮϬ

ϰϬ

ϲϬ

ϴϬ

Ϭ͘ϳϱ
Ϭ͘ϱϬ

KƌŝŐŝŶĂůƉŽƚĞŶƚŝĂů
ŽƌƌĞĐƚĞĚƉŽƚĞŶƚŝĂů
,ĂƌŵŽŶŝĐƉŽƚĞŶƚŝĂů

Ϭ͘Ϯϱ
Ϭ͘ϬϬ
Ϭ

ϮϬ

ϰϬ

ϲϬ

ϴϬ

ZĂĚŝƵƐƌͬђŵ
Figure 4.20: Corrected trap potential in comparison to previous trap model and harmonic
potential The inset shows the relative deviation of the corrected trap potential from the original trap
model on the y-axis. It uses the same x-axis as the main plot.
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Figure 4.21: Thermometry result for a unitary gas at the superfluid transition based on
the corrected trap potential This is meant as a check for the successful reconstruction of the
potential, as the good agreement to the expected temperature and chemical potential is by design of the
reconstruction process of the corrected potential.
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4.6 Machine Learning
In chapter 5 and chapter 6 machine learning tools are used to extract data from absorption
images. The first use case is to determine the condensate fraction of an atomic sample from
time-of-flight images, which requires training on example images for which the condensate
fraction is already known. The second use case is to find a low dimensional representation of
time-of-flight images over a wide parameter space, which can be used to determine a phase
transition. The techniques are already described in detail in ref. [98], so I will only briefly
describe the principles on which they are based on.

4.6.1 Overview
There are many different tasks for which machine learning is used, like classification, regression or denoising and there are many different approaches for machine learning, like principle
component analysis, support vector machines or decision trees [150].
Here we focus on deep learning, which is based on the idea that very complicated functions
can be reduced to multiple sequential layers, which each implement a very simple nonlinear
function [151]. This is typically realized with artificial neural networks, composed of artificial
neurons, which resemble their biological counterpart to a certain degree, because they have
many input signals, which are weighted and lead in a nonlinear way to an output signal [152]5 .
Early work on neural networks includes a first mathematical description in 1943 [153] and
the implementation of an electric neural network with adjustable weights in 1957 [154]. In 1969
it was proven that a single layer of neurons is not suﬀicient to learn certain functions [155],
like the XOR function. However, this limitation can be overcome by using multiple layers.
Later backpropagation was developed, an eﬀicient learning algorithm for the adjustment of the
parameters of a neural network [156]. In 2012 it was demonstrated that deep neural network
are a competitive solution for image classification [157]. See refs. [152, 158, 159] for a more
detailed historical overview.

4.6.2 Neural Networks
A neural network is a network of neurons and can have various geometries. Here we only
consider feedforward neural networks, in which the neurons are grouped into several layers,
starting with the input layer, followed by a certain number of “hidden” layers and finally the
output layer.
Neuron
A neuron has several inputs 𝑥𝑖 and as trainable parameters it has a weight 𝑤𝑖 for each input
and a bias 𝑏. The first operation of the neuron is a weighted sum of the input values plus the
bias. The weighted sum can also be interpreted as a scalar product of the input vector 𝒙 and
the vector of the weights 𝒘 [158]
𝑧 = 𝒘⋅𝒙+𝑏.
(4.131)
In a second step, the output (or “activation”) of the neuron is calculated by applying a
nonlinear activation function 𝜙
𝑎 = 𝜙(𝑧) .
(4.132)
Typical activation functions are tanh, a sigmoid or the so called Rectified Linear Unit (ReLU)
and are displayed in figure 4.22. Intuitively, one gets a large output if the weighted sum over
the inputs is larger than the threshold −𝑏, i.e. if 𝑧 > 0.
5

In the following only artificial neural networks and neurons are relevant and the term “artificial” is omitted.
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Figure 4.22: Typical activation functions of a neuron

Dense Layer
A dense or fully connected layer consists of a number of neurons, whose inputs are connected
to each output of the previous layer. As an extension of the single neuron, the weights can be
represented as a matrix 𝑊 and the inputs and biases as a vector 𝒙 and 𝒃, respectively. Then
the weighted sum is given as 𝒛 = 𝑊 ⋅ 𝒙 + 𝒃 and the output of the whole layer can be written as
𝒂 = 𝜙(𝒛) = 𝜙(𝑊 ⋅ 𝒙 + 𝒃) .

(4.133)

The activation function is applied element-wise.
Note that a simple neural network can already be assembled entirely by connecting a few
dense layers in series.
Convolutional Layer
A convolutional layer is an alternative to fully connected layers and is often used for image
data, because it can implement various image recognition tasks, for example Gaussian filtering,
edge detection or detection of other features.
In practice, for two-dimensional image data, a third dimension is introduced, which initially
might be used for different color channels of the input data, but within the network it is used
for different filters, which is explained below.
The calculation is based on the convolution of the input data 𝐼𝑖,𝑗,𝑘 with a typically small
kernel 𝐾𝑚,𝑛,𝑘 [150]
𝑆𝑖,𝑗 = ∑ 𝐼𝑖−𝑚,𝑗−𝑛,𝑘 𝐾𝑚,𝑛,𝑘 .

(4.134)

𝑚,𝑛,𝑘

Usually, a convolutional layer has several kernels, which are also called the “filters”. For each
filter the layer produces a two-dimensional output, so that the filters correspond to the third
dimension. After the convolution, a bias is added and a nonlinear activation function is applied,
similarly as for dense layers.
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Convolutional layers are often combined with pooling layers, which aggregate the results
over a small region. For example, by choosing the maximum activation of the region (“max
pooling”). This can cause invariance to small translations of input values.
Since the weights of the kernel are reused for different input pixels, the number of parameters
is greatly reduced. The pooling layers also reduce the output size of the layer and possibly the
size of the subsequent layers. Sometimes the convolution is not calculated over all indices of
the input image, but a “stride” 𝑠 is used, which means that only every 𝑠-th index is used.

4.6.3 Supervised Learning
For the learning process one defines a loss function, which is minimized by adjusting the parameters of the model. The most straightforward strategy to train a neural network is to use
supervised learning. It requires a training set, which consists of an input vector and a vector
of the desired outputs 𝜽, which are called the labels. Then the loss function is calculated by
comparing the output 𝒚 of the neural network with the labels. A typical loss function, which
is suitable for function approximations, is the mean squared error
𝐽mse =

1
2
|𝒚 − 𝜽| ,
𝑁

(4.135)

where 𝑁 is the number of datapoints in the training set.
Stochastic Gradient Descent A neural network consists of linear matrix operations and nonlinear activation functions, which are all differentiable6 . That means that the whole function,
which the neural network represents, is also differentiable by its parameters, i.e. its weights and
biases. If this can be eﬀiciently calculated, the training process can be realized using a gradient
descent technique. Note that typically the gradient is not calculated over the whole training
data, which would be challenging for large datasets. Instead, for each training step the gradient
is calculated only over a randomly selected “mini-batch”, i.e. a subset of the training data and
the algorithm is then called “stochastic gradient descent” [158].
In principle, one expects that in the high dimensional parameter space several local minima
are possible which work similarly well. Therefore, one does not necessarily need to worry about
finding the global optimum for the parameters.
Backpropagation In order to calculate the gradient of the loss function, one can use backpropagation. It is an algorithm which starts at the output of the network and constructs the
gradient by successively applying the chain rule of differentiation until the beginning of the
network is reached. I want to present this procedure using the physicist’s way of handling
partial differentials, to keep the notation more simple and to focus on the iterative nature of
backpropagation.
We consider a neural network consisting of 𝐿 dense layers connected in series. For each layer,
described by index 𝑙 ∈ {1, … , 𝐿}, weighted sum, output, weight matrix and bias vector are
denoted as 𝒛(𝑙) , 𝒂(𝑙) , 𝑊 (𝑙) , 𝒃(𝑙) , respectively.
The loss 𝐽 of the network depends directly on the activation of the last layer of the network
d𝐽 =
6

𝜕𝐽
⋅ d𝒂(𝐿) .
𝜕𝒂(𝐿)

(4.136)

Strictly speaking, semi-differentiable if the ReLU activation function is used, which is not a problem in practice
and e.g. 𝜙′ReLU (0) ∶= 0 is used.
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The differential of the output of a layer is derived from the forward-propagation of the network,
given in equation (4.133) for a dense layer,
d𝒂(𝑙) =

𝜕𝒂(𝑙)
⋅ [d𝑊 (𝑙) ⋅ 𝒂(𝑙−1) + d𝒃(𝑙) + 𝑊 (𝑙) ⋅ d𝒂(𝑙−1) ] .
𝜕𝒛(𝑙)

(4.137)

This result allows the calculation of further differentials. Most interestingly, the partial differential of the loss with respect to the activation of a layer with index 𝑙 − 1 can be expressed by
values connected to the succeeding layer with index 𝑙
𝜕𝐽
𝜕𝐽
𝜕𝒂(𝑙)
𝜕𝐽
𝜕𝒂(𝑙)
=
⋅
=
⋅
(
⋅ 𝑊 (𝑙) ) ,
𝜕𝒂(𝑙−1)
𝜕𝒂(𝑙) 𝜕𝒂(𝑙−1)
𝜕𝒂(𝑙)
𝜕𝒛(𝑙)

(4.138)

which is essentially the multiplication of the weight matrix from the right.
This reveals some similarity between the normal operation of a neural network, the forwardpropagation, which involves left side multiplication of the weight matrices in ascending order
of the layer index, and the back-propagation, because it involve right side multiplication of the
matrices in descending order of the layer index.
When these partial differentials of the activations of the layers are calculated, equation (4.137)
implies the partial differentials for the biases
𝜕𝐽
𝜕𝐽 𝜕𝒂(𝑙)
=
⋅
𝜕𝒃(𝒍)
𝜕𝒂(𝑙) 𝜕𝒛(𝑙)

(4.139)

and weights
𝜕𝐽 𝜕𝒂(𝑙)
𝜕𝐽
=
⋅
⋅ 𝑑𝑊 (𝑙) ⋅ 𝒂(𝑙−1) ,
𝜕𝑊 (𝑙)
𝜕𝒂(𝑙) 𝜕𝒛(𝑙)
from which the gradient can directly be constructed.

(4.140)

Example: Neural network as Function Approximator
As an example which demonstrates how a neural network can approximate functions, a small
neural network is trained to approximate the function 𝑓(𝑥) = sin(2𝜋𝑥) exp(−2𝑥). As a training
set 200 datapoints are sampled, with 20 % noise on the labels. Figure 4.23 shows how the
trained neural network approximates the function in comparison to a polynomial fit.
In this simple example, the neural network does not have an advantage over the polynomial
fit, but it can more easily be extended to more complicated multidimensional data.

4.6.4 Unsupervised Learning
It is not always possible to produce high quality labels, which are required for supervised
learning [150]. Unsupervised learning stands for alternative approaches, which do not require
labels.
One strategy is the use of an autoencoder. The idea is to use the input vectors of the training
themselves as labels. Consequently, the neural network is trained to learn the identity function.
This means that the neural network has to pass the information from the input vector through
the whole network, which is trivial if enough neurons are available. But if one layer of the
neural network is reduced to only a few neurons, creating a bottleneck, the network is forced
to find a compressed representation of the input data.
By analyzing the representation of the data at the bottleneck, it is possible to learn about
clustering of the data or hidden features.
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Figure 4.23: Function approximation with a neural network based on noisy training data
The result is compared with a polynomial fit and the true function, which was used to generate the data
is also shown. In the lower left an illustration of the employed neural network is shown. It consists of
two hidden layers with tanh activation functions and four neurons each. The line strength is random
and does not match the weights of the trained model.
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5 Phase Diagram of BEC-BCS Crossover
This chapter presents an investigation of the phase diagram of a balanced strongly interacting
Fermi gas in the BEC-BCS crossover by determining the critical temperature of the superfluid transition at different interactions. The detection of superfluidity is based on the rapid
ramp technique. Additionally, it is detected from simple time-of-flight images by means of supervised and unsupervised machine learning, where the latter approach provides a completely
independent measurement from the rapid ramp. Finally, the thermometry is explained and the
difference of referencing the temperature to the Fermi energy of a harmonic trap or the local
Fermi energy within LDA is worked out. This allows a meaningful comparison with theory and
underlines shortcomings of previous measurements of the phase transition.
The detection of superfluidity described here has already been covered in ref. [98], but since
then the thermometry and determination of Fermi energy have been improved and a better
understanding of the influence of the trap potential has been reached.

5.1 Overview
Theoretical Predictions The most basic theoretical results for the critical temperature of the
superfluid phase transition have already been discussed in section 2.4.3 for the homogeneous
gas and in section 2.6.3 for the harmonically trapped gas. The former are presented together
with more recent results in figure 5.1. Far on the BCS side, the critical temperature decays
exponentially with the interaction parameter. The prefactor is known from a beyond mean-field
calculation, the GMB correction [48]. On the BEC side, the value for an ideal gas 𝑇c /𝑇F ≈
21.8 % can be calculated from Bose statistics. At weak repulsive interactions, mean-field theory
cannot predict a change of the critical temperature, but due to critical fluctuations near the
phase transition an increase of the critical temperature with increasing interaction strength
(i.e. decreasing 1/𝑘F 𝑎) is expected [52]. Consequently, assuming a continuous curve of the
critical temperature, the mathematical extreme value theorem implies that a maximum value
of the critical temperature exists somewhere in the strongly interacting regime, because the
increasing critical temperature must smoothly connect to the lower values on the BCS side.
However, there is no agreement in the literature about the exact position of that maximum or
its prominence.
In a harmonic trap deviations from the homogeneous critical temperature are expected. Far
on the BEC side, the critical temperature approaches 52 % of the Fermi temperature (see
section 2.6.3) instead of 21.8 % for the homogeneous gas. The upward trend of the critical
temperature for increasing repulsive interaction, which is expected for the homogeneous gas, is
suppressed by the trapping potential. Instead, there is a downward shift of the critical temperature due to the reduced central density in the trap center caused by repulsive interactions [52].
The BCS side is less affected by trap effects because the central density does barely change due
to the Pauli exclusion principle.
Previous Measurements The phase transition has previously been measured based on the
6
40
rapid ramp technique in Li [29, 56] and K [28] for a range of interactions. Additionally, the
transition temperature at unitarity has been measured several times with various methods. The
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Figure 5.1: Theoretical predictions of the critical temperature for a homogeneous gas in
the BEC-BCS crossover Shown are BCS theory [4] with GMB correction [48] on the BCS side, as
well as the non-interacting BEC result and first order interaction correction [51, 160] on the BEC side.
The prediction from ref. [47] (“Perali 2004”) seems to overestimate the critical temperature because it
converges to the BCS result rather than the GMB correction. Also shown are the prediction from ref.
[53] (“Haussmann 2007”) and the more recent result from ref. [54] (“Pisani 2018”). The latter agrees
well with Monte-Carlo data from ref. [55] (“Bulgac 2008”), but predicts a more pronounced maximum
as e.g. the hard and soft sphere calculation of ref. [161].

results are compared in figure 5.2. Note that in contrast to the theoretical results shown before,
the experimental measurements are performed with a trapped gas and the critical temperature
is referenced to the Fermi energy of a harmonic trap. For this case, theory predicts different
values for the reduced critical temperature 𝑇c /𝑇F , one reason being that the central density of
the trap increases towards the BEC side, an effect which is not captured in the definition of
the Fermi energy of a harmonically trapped gas.
For comparison, the experimental data is shown together with the theoretical predictions
from refs. [47, 138] and the BCS prediction with GMB correction for a homogeneous gas. Note
that although the corrected BCS prediction is for a homogeneous gas, it should also describe the
harmonically trapped gas far on the BCS side appropriately because in that regime compression
effects are suppressed by Pauli blocking. This indicates that the predictions from refs. [47, 138]
are probably slightly overestimated, at least towards the BCS side.
The agreement on the BCS side between the early rapid ramp measurements (refs. [28, 29])
is quite reasonable and they also agree to the more recent measurements at unitarity (refs.
[56, 60, 61]). But in the region from unitarity towards BEC side the behavior of the critical
temperature deviates strongly from the trend predicted by theory.
Signatures of Superfluidity In principle, there are many experimental signatures which can
indicate the presence of a superfluid, as is discussed in ref. [4].
For example, one can directly exploit the property of a superfluid that excitations are only
possible above a critical velocity by stirring the gas with a laser beam, which has been demonstrated for Bose gases [162], Fermi gases [163] and has been extended by using a moving optical
lattice [164].
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Figure 5.2: Comparison of measurements of the critical temperature of the superfluid
transition in trapped gases For the early measurements based on the rapid ramp (“Zwierlein
2004” [29] and “Regal 2004” [28]) the lowest contour of the measured condensate fraction is shown
and the x-axis is converted to the interaction parameter 1/(𝑘F 𝑎), using the provided information about
magnetic field and Fermi energy. Ref. [56] (“Inada 2008”) uses a more advanced thermometry, which
either assumes a Bose or a Boltzmann gas (Two points are omitted, they measure about 𝑇c /𝑇F = 0.4(1)
at 1/𝑘F 𝑎 ≈ 3.4). These results are compared with measurements at unitarity, which detect the phase
transition by finding kinks in the heat capacity or damping rate of the monopole mode [57, 58] (“Kinast
2005”) or in the entropy [59] (“Luo 2007”). Measurements of the homogeneous equation-of-state within
LDA of a trapped unitary gas also provide a value for the critical temperature (“Ku 2012” [61] and
“Nascimbène 2010” [60]), which can be specified relative to the Fermi energy of the harmonically trapped
gas by integration of the found equation-of-state over the trap potential as demonstrated in the latter
reference. For comparison theoretical results for a harmonically trapped gas are shown (“Perali 2004”
[47] and “Chen 2006” [138]).

Another property of a superfluid is the occurrence of long-lived vortices. Whereas vortices
are in principle also possible in a normal fluid, the quantization of vortices [165] and occurrence
of vortex lattices [166] can be attributed to superfluidity and has been exploited to detect the
superfluid state throughout the BEC-BCS crossover [167].
The phase transition between normal and superfluid gas also leaves traces in the thermodynamic variables. For example, a kink in heat-capacity [58] and entropy [140] has been observed
and similar behavior was seen when measuring the unitary equation-of-state [60, 61].
An obvious signature of superfluidity on the BEC side is the emergence of a bimodal distribution of pair momentum, which can be measured in time-of-flight. On the BCS side this is
not directly possible because the Cooper pairs do not survive time-of-flight, but the bimodal
distribution can still be recovered by first projecting the Cooper pairs onto molecules with the
rapid ramp technique (see section 4.2), which has been applied in many experiments and has
become the standard method to detect superfluidity in the BEC-BCS crossover.
But even without the application of a rapid ramp, momentum and density distributions across
the BEC-BCS crossover are influenced by superfluidity. For example, a weakly interacting Bose
gas has a different size associated with the condensate than for the thermal part of the cloud,
and even for a unitary gas deviations from a Thomas-Fermi profile have been observed below
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the critical temperature [4].
Neural Networks used for Detection of Phase Transitions Recently, machine learning techniques have been applied to problems in physics quite successfully and have also been used to
characterize quantum phase transitions [168].
Based on simulated training data, it has been shown that neural networks trained via supervised learning can be used to detect the phase transition of the Ising model [63].
Additionally, unsupervised machine learning techniques have been developed to distinguish
phase transitions, for example based on principle component analysis [169], but also using
more versatile (non-linear) neural networks. For example, a classification task will yield a
higher “confidence” if it was trained on labels matching to the phase transition, which allows
to search for appropriate labels without knowing them beforehand [170, 171].
Unsupervised learning has also been applied to experimental data to find the phase transitions
of the topological Haldane model [64].
Our Approach The detection of superfluidity is based on two different measurements. The
first measurement is the application of the rapid ramp technique to extract the condensate
fraction as explained in section 4.2. The second measurement consists of taking simple timeof-flight images, for which the exact signature of superfluidity is not known, but which can be
analyzed with machine learning techniques. Here, the first approach is based on supervised
machine learning for which a neural network is trained to associate time-of-flight images to
condensate fraction values, determined by the rapid ramp technique at certain interactions and
heating times. After training the network has to generalize to other interactions. The second
approach is based on unsupervised machine learning and is completely decoupled from the rapid
ramp technique because it only uses time-of-flight data to find a low-dimensional representation
of the data. The idea is that a phase transition could influence how the data is arranged in
that representation.
Equally important to the detection of the phase transition is a reliable thermometry, which
is challenging for strongly interacting gases, as discussed in section 4.4. Here it is based on the
density distribution at the edge of the cloud, but it is necessary to go beyond the approximation
of the Boltzmann gas by including higher terms of a virial expansion in order to take quantum
statistics and interaction effects into account.
Finally, the determined critical temperature is only meaningful compared to another temperature scale of the system, which is typically provided by the Fermi temperature. At the
same time the Fermi momentum is needed to specify the interaction parameter 1/(𝑘F 𝑎). For
a harmonically trapped gas, the Fermi energy can simply be calculated from the atom number and trap frequencies with equation (2.70). Another method is to measure the density in
the trap center which gives access to the Fermi energy calculated within LDA. Surprisingly,
this leads to two different results for the Fermi energy because the former does not take into
account that the density distribution of the gas is changed by interaction effects. The latter
allows the comparison to the homogeneous gas for which a wider variety of theoretical results
exists. Therefore, both energy scales are determined by taking in-trap images, which allows for
the reconstruction of the central density.

5.2 Experimental Realization
6

A Fermi gas mixture of the lowest two Li hyperfine states |1⟩ and |2⟩ is prepared at degenerate
temperatures, as described in section 3.2.
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5.2 Experimental Realization
Probing the phase diagram of the BEC-BCS crossover requires tuning of interaction and
temperature. At first the interaction is set via the broad Feshbach resonance (see section 2.2.1)
with an adiabatic sweep of the magnetic field. The sweep changes the magnetic field linearly
and has a duration of 200 ms. Note that the initial temperature of the sample is also changed by
the magnetic field sweep because the total energy of the gas changes according to the adiabatic
sweep theorem of the contact, as discussed in section 2.5.4.
Next, the temperature is (further) varied by employing trap release heating, which has also
been used in other experimental studies [58, 146]. The idea is to switch off the trap and to
let the cloud expand for a variable heating time, until finally, the trap is switched back on.
The process results in an increased potential energy, which leads to a higher temperature after
a subsequent thermalization time. For this we fully switch off the vertical dipole beam, but
keep the horizontal beam at half power to reduce atom loss. A thermalization time of 50 ms is
chosen, which corresponds to several trap periods.
Finally, a measurement is performed which consist of measuring the optical density of the
sample either in-trap, after 5 ms time-of-flight or after a rapid ramp. The in-trap measurement
is used to extract temperature and Fermi energy, whereas time-of-flight and rapid ramp data
are used for the detection of the phase transition. Since the measurements are destructive, the
investigation relies on the ability of the experiment to prepare atomic samples with similar atom
number and temperature with good repeatability. To reduce the effect of slow experimental
drifts, different kinds of measurements at the same experimental parameters are taken in direct
succession, so that they refer to very similar atomic clouds. The point of the phase transition
will be referenced to a critical heating time, after which the superfluid vanishes. Therefore, the
parameters of the measurement are generally varied randomly so that slow experimental drifts
only cause statistical errors on the critical heating time.

5.2.1 Datasets
This investigation is based on two different datasets, with different kinds of data, as already
mentioned: Rapid ramp measurements yield the condensate fraction, which is used as signature
of superfluidity in section 5.3, but also as training-labels for the supervised machine learning
in section 5.4. Time-of-flight images are the basis for the machine learning based detection of
superfluidity in section 5.4 and section 5.5. Additionally, in-trap images are taken, which are
used for the thermometry and extraction of the central density of the cloud in section 5.6 and
section 5.7.
Machine Learning Dataset This dataset features time-of-flight images for all considered magnetic fields and heating times. Rapid ramp data for the training-labels and in-trap data for the
thermometry are only taken for a subset of the magnetic fields. The main focus of this dataset
is the detection of superfluidity with machine learning techniques. The central density cannot
be determined for this dataset, because only low imaging intensity was used for the in-trap
images, which does not produce a proper signal for the cloud center. For this investigation,
the final trap frequencies are 𝝂trap = (168, 166, 238) Hz and the final atom number is typically
3 × 105 to 5 × 105 , corresponding to Fermi energies of 1.1 µK to 1.3 µK.
Thermometry Dataset This dataset features rapid ramp data and in-trap images for all
considered fields. The latter is taken at high imaging intensity to allow for the extraction of
the central density. The main focus of this dataset is the thermometry and measurement of the
central density, while time-of-flight data for the machine learning approaches was not taken.
The final trap uses exactly the same parameters as for the trap characterization in section 4.5,
therefore the trap frequencies are 𝝂trap = (159(1), 196.8(2), 256(1)) Hz. Since the previous
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machine learning dataset was taken, the alignment of the dipole beams was reoptimized. Also
the electric noise of the regulation was reduced, which caused a small change in the power
set-points. This has slightly altered the trap geometry compared to the previous dataset.
The atom number varies, mainly due to heating losses, between roughly 4 × 105 to 8 × 105
atoms, corresponding to Fermi energies of around 1.3 µK to 1.6 µK, which are evaluated for
each measurement individually.
Atom Loss on BEC Side For both datasets, the atom number was reduced drastically towards
the BEC side. This is not an artifact from imaging, because it was confirmed that the atom
number is still lower after ramping back to higher magnetic fields. Also, the measured lifetime
of the atoms is not lower on the BEC side, which means that the atom loss happens dynamically
during the relatively slow magnetic field ramp.
The onset of this atom loss differs slightly between the two datasets, see figure 5.3. In the
end it will turn out, that for this region of large atom losses the results deviate strongly from
theoretical predictions. To account for the possibility that the measurement is disturbed by the
atom losses, this region will be handled separately in the following. Reasons for the deviations
could be, for example, a worse thermalization after the atom losses or a different imaging
eﬀiciency, which has been reported for the BEC side [129].
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Figure 5.3: Atom number for machine learning and thermometry dataset Atom numbers
are specified for the minimum heating time at each field, which is always 0.1 ms for the machine learning
dataset, but varies for the thermometry dataset. Different markers indicate different measurement
days. For the thermometry dataset the atom number changed for different measurement days, which is
acceptable. Atom number changes during the same day can be explained by different minimum heating
times. Towards the BEC side there is a strong reduction of the atom number, but the threshold magnetic
field slightly differs for the two datasets.

5.3 Detection of Phase Transition via Rapid Ramp
This section briefly describes the conventional method to detect superfluidity based on the
rapid ramp explained in section 4.2, which is similar to previous investigations [28, 29, 56].
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However, a decisive difference lies in the more careful thermometry and determination of the
energy scale from the central density, which is demonstrated later in section 5.6 and section 5.7.
The measurements are based on the thermometry dataset defined in section 5.2.1.

5.3.1 Determine Critical Heating Time
The condensate fraction is determined via the rapid ramp for different heating times at various
magnetic fields, as presented in figure 5.4. The heating time is only varied in a small region
around the transition, which reduces the amount of data which is required. In this region the
condensate fraction drops very linearly with heating time 𝜏 until it reaches zero. This enables
the extraction of the transition point, characterized by the critical heating time 𝜏c , using a fit
to the empiric piecewise linear-constant function
𝑓(𝜏 ) = {

−𝛤heating (𝜏 − 𝜏c ) if 𝜏 < 𝜏c ,
0
otherwise,

(5.141)

with a second fit parameter 𝛤heating describing the depletion rate of the condensate fraction
during heating. The determined values for 𝜏c as a function of the magnetic field, also displayed
in figure 5.4, already conclude the measurement of the phase transition given in experimental
units. However, they still have to be referenced to temperature and Fermi energy, which will
be done in section 5.6 and section 5.7.
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Figure 5.4: Identification of critical heating times The critical heating time is determined via
a piecewise linear-constant fit (equation (5.141)) to the measured condensate fraction, which describes
the data well for the measured range of heating times.

5.4 Detection of Phase Transition via Supervised Machine Learning
The measurements of this section are based on the machine learning dataset as defined in
section 5.2.1. In a first step, a neural network is trained to predict the condensate fraction of
a sample based on time-of-flight data, using the rapid ramp data as labels, which are available
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for a subset of magnetic fields. In a second step, the trained network is applied to the full set of
time-of-flight data, which allows for the detection of the superfluid at all considered magnetic
fields. As an additional step, the training set is examined to get a sense for which features
might be decisive for the predictions.

5.4.1 Training of Neural Network
The supervised training of the neural network is sketched in figure 5.5, showing examples of
the training set and an illustration of the neural network architecture (See section 4.6 for an
explanation of different types of layers). The training set for the neural network contains

Input

Convolution

Dense

Labels

CF = 14.5 %

CF = 5.1 %

CF = 0 %

...

...

Figure 5.5: Visualization of the network architecture used for supervised learning Height
and depth of the convolutional layers indicate the shape of the data and the width indicates the number
of filters. Each convolutional layer is followed by a pooling layer. For the dense layers the height indicates
the number of neurons. Some example residual images and corresponding condensate fractions from the
training set are shown.

time-of-flight images as inputs and matching condensate fractions as labels, which have been
measured with the rapid ramp. The images are centered and cropped to a region of interest with
shape (150, 170). The region very close around the phase transition is masked out by removing
all data with a condensate fraction below 5 %, unless the heating time is clearly above the phase
transition in which case the data is kept and labeled as zero condensate fraction.
The training data has been taken at six different magentic fields. Table 5.1 details the number
of datapoints for the different fields before and after the masking. 10 % of the data is used for
validation.
The neural network consist of three convolutional layers, each combined with a max-pooling
layer, and two fully connected (dense) layers, as sketched in figure 5.5. The exact parameters
of the architecture are given in table 5.2. For the training the Adam optimizer is applied with
a learning rate of 1.5 × 10−4 and with the mean-squared error as loss function. Dropout layers
with a dropout rate of 0.5 are used to prevent overfitting. The network architecture is relatively
robust and small changes have not a large effect on the training performance of the network.
The training and validation losses are shown in figure 5.6. The training is stopped after 10
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Table 5.1: Number of datapoints in the training set at different magnetic fields The actual
number used for the training is lower because data close to the phase transition is masked out, as
described in the text. Some datapoints are also excluded from the total count if either a Gaussian fit
to the time-of-flight image or the bimodal fit to the corresponding rapid ramp data leads to untypical
parameters.

Magnetic field / G
728
757
787
836
895
914
Combined

Datapoints (total)
654
1030
1042
1743
732
604
5805

Datapoints (training)
443
801
474
1130
490
373
3711

Table 5.2: Neural network architecture for supervised learning The third dimension of the
convolutional layers corresponds to the number of filters. Some other properties are given in the text.

Layer
Convolution (2D)
Max Pooling (2D)
Convolution (2D)
Max Pooling (2D)
Convolution (2D)
Max Pooling (2D)
Flatten
Dense
Dropout
Dense
Dropout
Dense

Output shape
150, 170, 30
75, 85, 30
75, 85, 40
37, 42, 40
37, 42, 50
18, 21, 50
18900
600
600
300
300
1

Parameter count
300
30040
50050

Properties
Kernel: (3, 3)
Stride: (2, 2)
Kernel: (5, 5)
Stride: (2, 2)
Kernel: (5, 5)
Stride: (2, 2)

Activation
ReLU
ReLU
ReLU

11340600

ReLU

180300

ReLU

301

ReLU

epochs because the validation loss plateaus while the training loss further decreases, which can
be an indication for overfitting.
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Figure 5.6: Training loss and validation loss during training The loss function is the mean
squared error. Shown are mean and standard deviation of the loss for ten repetitions of the training
process. The training loss is calculated without dropout to make the values more comparable. Already
after a few epochs the validation loss levels off, while the training loss decreases further, so the training
process is stopped after 10 epochs to prevent overfitting.

5.4.2 Detecting the Phase Transition
The trained neural network is applied to all available time-of-flight data, which yields predictions of the corresponding condensate fraction for the different magnetic fields and heating
times. As before, the critical heating time 𝜏c is extracted by fitting the condensate fraction
to the empiric piece-wise linear-constant function from equation (5.141), as presented in figure 5.7. Note that here the range of heating times is much larger than for the other dataset,
which makes it necessary to restrict the fit to a small region around the transition, where the
condensate fraction is below 20 %, because for higher condensate fractions a deviation from the
linear behavior is observed.
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Figure 5.7: Identification of critical heating times for machine learning dataset The heating
times are extracted via constant-linear fits. The fit range is restricted to values of low condensate fraction
to avoid non-linear behavior at higher values.

Generalization The results are only usable if the neural network is able to generalize its
predictions to interactions at which it has not been trained at. To test this, the condensate
fraction is measured for another magnetic field at 983 G with the rapid ramp and compared to
the predictions of the neural network, see figure 5.8. While the absolute value of the condensate
fraction deviates slightly, the result for the critical heating time is indeed consistent. Note
that also for the rapid ramp the absolute value of the condensate fraction is not necessarily
comparable for different interactions, because the eﬀiciency of the projection onto molecules
can in principle depend on the initial interaction, and also on the specifics of the magnetic field
ramp.
The generalization to another spin mixture is less convincing, which is also shown in figure 5.8.
We also have observed that the predictions of the network do not generalize well to situations
in which the trap frequencies change too much.

5.4.3 Examination of Dataset
In order to better understand what signals the neural network is sensitive to, a first approach
can be to examine the dataset “manually” for any obvious features.
The time-of-flight images are typically fitted with a 2D Gaussian function to determine an
estimate of the atom number. The main parameters are the amplitude and standard deviation
of the Gaussian. Their dependence on magnetic field and heating time is examined in figure 5.9.
It turns out that the datapoints separate quite well, which means that there is a mapping from
the Gaussian parameters to magnetic field and heating time, which could in principle give the
neural network a shortcut to learn the condensate fraction in a very indirect way.
Additionally, it is found that the central position of the fits deviates by a few pixel for parts
of the training set, which could in principle provide a hint about which magnetic field was
measured. But this information can be deleted easily by centering the images before feeding
them to the neural network, which has been done as described above.
Making the information about the Gaussian parameters inaccessible to the neural network

101

5 Phase Diagram of BEC-BCS Crossover

ZĂƉŝĚƌĂŵƉ

^ƵƉĞƌǀŝƐĞĚ

>ŝŶĞĂƌͲĐŽŶƐƚĂŶƚĨŝƚ

сϵϴϯ'

ϲ

ϭϯͲŵŝǆƚƵƌĞ

ϭϲ

ϭϮ

ϰ

ϭϬ

ϯ

ϴ
ϲ

Ϯ

ϰ
ϭ

ŽŶĚĞŶƐĂƚĞ&ƌĂĐƚŝŽŶͬй

ŽŶĚĞŶƐĂƚĞ&ƌĂĐƚŝŽŶͬй

ϭϰ
ϱ

Ϯ

Ϭ

Ϭ
Ϭ͘Ϭ

Ϭ͘Ϯ

Ϭ͘ϰ

Ϭ͘ϲ

Ϭ͘ϴ

ϭ͘Ϭ

Ϭ͘Ϭ

Ϭ͘Ϯ

Ϭ͘ϰ

Ϭ͘ϲ

Ϭ͘ϴ

ϭ͘Ϭ

ϭ͘Ϯ

,ĞĂƚŝŶŐƚŝŵĞͬŵƐ
Figure 5.8: Generalization of the neural network To another magnetic field (left) and to another
spin mixture (right)

is not easy. For example, scaling the optical density values in a way which always results in
the same amplitude of a fitted Gaussian, also scales the noise level, leading to the noise level
carrying information about the amplitude before the correction.
The important question now is if there are any other features available which could be
exploited by the neural network. For this it can be useful to look at the residuals of the
Gaussian fit to the data and indeed there is structure visible, which becomes more pronounced
in regions with large condensate fraction. The residuals are shown in figure 5.10, but instead
of a Gaussian fit a more appropriate Fermi gas fit, as described in ref. [4], is performed and the
high intensity correction from section 4.1.2 is applied to make sure that this is not an artifact.
At lower magnetic fields towards the BEC side, the residuals indicate an increased density in
the trap center, which is what one would expect for a bosonic condensate. At unitarity a clear
structure in the residuals persists, whereas the signal becomes unclear towards the BCS side.
This signal should also be accessible by the neural network and is closer connected to the
presence of superfluidity, although interaction effects without superfluidity could also lead to
structure in the residuals to a certain degree.
It is diﬀicult to disentangle which of these features are considered by the neural network and
whether there are still other features. Interestingly, the neural network can still be trained if
the input images are replaced by the residuals or even by images of the best fits, although the
latter leads to a slightly worse validation loss. This indicates that the original neural network
does actually consider more information than just the Gaussian parameters.
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Figure 5.9: Amplitude and standard deviation of a Gaussian fit to the time-of-flight data
The color shows the influence of the magnetic field (left) and the heating time (right). Shown is the
phase diagram data, which features more magnetic fields, but the training data behaves similarly.
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Figure 5.10: Residuals of Fermi gas fits to time-of-flight images The residuals are shown for
some magnetic fields and heating times (left), as well as radial averages of the residuals at 𝐵 = 836 G
(right). The data is averaged over 10 realizations with similar heating time. Fringes have a good
visibility in the residual images, therefore only the left side of the images is used for the radial average
to limit the effect of fringes which are more pronounced on the right side.
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5.5 Detection of Phase Transition via Unsupervised Machine
Learning
The supervised method to detect the condensate fraction in the previous chapter still depends
on the rapid ramp labels of the training set. But by using unsupervised training methods,
explained in section 4.6.4, it is possible to detect the phase transition independently, only
relying on simple time-of-flight data.
This section is also based on the machine learning dataset introduced in section 5.2.1, but
ignoring the rapid ramp data and using the phase diagram data as training set.

5.5.1 Training
The training set consists of 3002 unlabeled images which were taken at various magnetic fields
and heating times. The neural network is implemented as an autoencoder as illustrated in
figure 5.11 (See section 4.6 for an explanation of different types of layers and the concept of
an autoencoder). The encoder consists of two convolutional layers in combination with max-
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Bottleneck

Dense

Dense

Figure 5.11: Visualization of the network architecture used for unsupervised learning
Height and depth of the (transposed) convolutional layers indicate the shape of the data and the width
indicates the number of filters. For the dense layers the height indicates the number of neurons. Some
exemplary time-of-flight images are shown, which are used in identical form as input and label.

pooling layers, two dense layers and finally the bottleneck which consists of only 2 neurons. In
this way the encoder maps the input images onto a two-dimensional representation in the latent
space of the autoencoder. The decoder is built up symmetrically to the encoder and learns to
reconstruct the images from the representation in the latent space. An L1 regularization with
regularization strength 𝜆 = 1 × 10−4 , applied to the bottleneck, speeds up the training process
significantly. The training uses the Adam Optimizer with a learning rate of 5 × 10−4 and the
mean squared error as loss function. The exact parameters of the network architecture are
listed in table 5.3.
The losses during training, shown in figure 5.12, converge after a few epochs. The validation
loss stays very similar to the training loss and a training with 15 epochs is chosen. Judging
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Table 5.3: Neural network architecture for unsupervised learning The third dimension of the
convolutional layers corresponds to the number of filters. While the model used for the analysis uses the
Leaky ReLU activation function, I checked that at least during the training a normal ReLU activation
has similar performance and would probably work equally well in this case.

Layer
Convolution (2D)
Max Pooling (2D)
Convolution (2D)
Max Pooling (2D)
Flatten
Dense
Dense
Dense
Dense
Dense
Dense
Reshape
Conv2DTranspose
Conv2DTranspose
Conv2DTranspose

Output shape
150, 170, 32
75, 85, 32
75, 85, 64
15, 17, 64
16320
512
512
2
512
512
16320
15, 17, 64
75, 85, 64
150, 170, 32
150, 170, 1

Parameter count
320
8256

Properties
Kernel: (3, 3)
Stride: (2, 2)
Kernel: (2, 2)
Stride: (5, 5)

Activation
Leaky ReLU
Leaky ReLU

8356352
262656
1026
1536
262656
8372160

Leaky ReLU
Leaky ReLU
linear
Leaky ReLU
Leaky ReLU
Leaky ReLU

102464
8224
289

Leaky ReLU
Leaky ReLU
Sigmoid

from the final validation loss, a bottleneck with only one neuron (“1D”) has worse performance,
whereas more than two neurons have no clear advantage.
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Figure 5.12: Mean squared error during the unsupervised training of the autoencoder
Shown are the mean and standard deviation of 10 repetitions of the training process. The losses level
off quickly, but training and validation loss stay very similar indicating no overfitting. With a onedimensional bottleneck it is not possible to reach the same low level of loss as with a two-dimensional
bottleneck, but an advantage of a higher dimensional latent space is not visible.

5.5.2 Results
In contrast to the results from the rapid ramp or the supervised machine learning, which directly
reveal the superfluidity of the sample via the measured or predicted condensate fractions, the
interpretation of the results from the unsupervised machine learning is more subtle. By applying
only the encoder part of the neural network to the time-of-flight data, one obtains a compressed,
low-dimensional representation of the data in the latent space. The question is whether the
presence of a phase transition can be deduced from how the data is arranged in this space. The
latent space representation of the data is shown in figure 5.13, highlighting its dependence on
heating time and magnetic field.
In general, the data for different magnetic fields is distributed over the latent space, showing
that the network can distinguish different interactions. Clouds with higher temperature are
closer together, which is consistent with the expectation that thermal clouds stay more similar
than cold clouds when the interaction is varied.
One observes that the datapoints are arranged along separate lines, which can be attributed
to the different magnetic fields. Within one of these lines, the data is ordered by heating time.
Interestingly, some of the lines feature a very clear kink, which means that at a certain critical
heating time 𝜏c for a given magnetic field the properties of the sample change qualitatively.
Such a qualitative change can be associated with a phase transition.
Extraction of the Kink Position The arrangement of the data in the latent space is well
described with two lines intersecting at the kink position (𝑥c , 𝑦c ), which can be extracted with
a fit to the piecewise linear function
𝑓(𝑥) = {
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𝑚1 (𝑥 − 𝑥c ) + 𝑦c
𝑚2 (𝑥 − 𝑥c ) + 𝑦c

if 𝑥 < 𝑥c ,
otherwise.

(5.142)
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Figure 5.13: Arrangement of data in the latent space of the autoencoder Both plots show
the same data but with either the magnetic fields (left) or heating time (right) visualized.

Note that the orientation of the data in the latent space has no special meaning and in practice
one could also employ different fit strategies. If the training of the autoencoder is repeated, one
usually obtains the same arrangement of the data, but the axes might be exchanged (neurons
exchange role) or flipped (axes scaled by -1), depending on the random initialization of the
neural network parameters before the training. Another thing to note is that the description
of the latent space data (𝑥, 𝑦) by a single-valued function 𝑓 ∶ 𝑥 ↦ 𝑦 is only possible for certain
orientations of the data. Additionally, if the fit is based on minimizing the mean squared error
along the y-axis, the orientation affects how deviations from the fit function are calculated.
Following these considerations, the most appropriate fit method would be to describe the data
with two connected lines and to calculate the mean squared error from the euclidean distance
between the datapoints and the lines. Unfortunately, my implementation of this method got
stuck in local minima easily and manual inspection of the fits was not convincing.
An alternative approach, which is also independent of the orientation, is a parametric description of the data according to 𝑓 ∶ 𝜏 ↦ (𝑥, 𝑦), using the heating time 𝜏 as function argument. The
advantage is that this does not only yield the position (𝑥c , 𝑦c ) in the latent space, corresponding to the transition point, but directly yields the critical heating time 𝜏c as a fit parameter.
Another property is, that the fit is not only sensitive to the shape in the latent space, but also
to the “speed” 𝜕𝜏 (𝑥, 𝑦) with which the coordinates in latent space change with the heating
time. This can be an advantage at some fields, for which the angle between the two line segments is very small, but it can also be a disadvantage, if the heating process is non-linear. For
example, if the heating rate is not constant and suddenly changes above a certain point, one
could misinterpret that as the transition point.
Finally, the best results have been achieved by performing piecewise-linear fits in a transformed coordinate system, for which the origin (0, 0) is centered to the datapoints with minimum
heating time and the point (1, 0) is centered to the datapoints with maximum heating time.
Then one calculates the transition point by transforming the fit result back to the original
coordinate system of the latent space. The following analysis is based on the transition point
determined by this fit method.
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For the strategies which extract the transition point (𝑥c , 𝑦c ), the critical heating time 𝜏c is
determined for every field by averaging the heating times in close distance to the transition
point. For this dataset, considering the different densities of the data in the latent space
representation, a reasonable choice is to average 10 % of the datapoints which are closest to the
transition point.
The fit results for the different strategies are compared in figure 5.14. There are two magnetic
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Figure 5.14: Extraction of critical heating time from latent space representation The results
of different fit strategies are compared (left). Two magnetic field intervals are excluded because the fits
fail. For other fields the outcome of the different fit strategies is mostly consistent. Additionally, the
phase boundary in latent space is shown (right).

field intervals for which a clear kink is not visible. Hence, these are excluded in the further
analysis. Figure 5.15 shows some examples of individual fits in regions where a good fit is
possible and where it is not. It is interesting that the kink positions form a boundary within the
latent space, which corresponds to the phase transition in that representation, as demonstrated
in figure 5.14.
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Figure 5.15: Example fits to data in latent space representation For sake of simplicity, the
scales of the axes are omitted, because they do not have a direct physical significance. They would
correspond to different activations of neuron 2 vs neuron 1, if needed please consult figure 5.14. The
range of heating times differs for different fields. For some fields, the fits are not reliable because no
clear kink is visible. The parametric fit can sometimes differ slightly, possibly due to non-linearities in
the heating process, because it does not only depend on the position of the datapoints, but also on the
associated heating times.

5.5.3 Comparison to Previous Results
The critical heating times for the two datasets and for the different detection methods are
compared in figure 5.16. Note that the heating process might differ slightly for both datasets
due to the different trap geometry. Therefore, the results cannot be compared directly at this
point. But for the machine learning dataset the critical heating time has been determined
with all three methods for some fields. In general, there is very good agreement between results
from the rapid ramp and from the unsupervised machine learning, which is encouraging because
these two methods are completely independent. Unfortunately, the unsupervised method only
works reliably for certain ranges of the magnetic field. From the supervised machine learning,
transition points for all measured fields can be determined, but there seem to be small deviations
compared to the other two methods.

109

5 Phase Diagram of BEC-BCS Crossover

ƚŽŵůŽƐƐƌĞŐŝŽŶ

ZĂƉŝĚƌĂŵƉ

^ƵƉĞƌǀŝƐĞĚ

hŶƐƵƉĞƌǀŝƐĞĚ

ƌŝƚŝĐĂůŚĞĂƚŝŶŐƚŝŵĞ ĐͬŵƐ

ϲ
ϱ
ϰ
ϯ
Ϯ
ϭ
ϳϮϱ

ϳϱϬ

ϳϳϱ

ϴϬϬ

ϴϮϱ

DĂŐŶĞƚŝĐĨŝĞůĚͬ'

ϴϱϬ

ϴϳϱ

ϳϬϬ

ϳϱϬ

ϴϬϬ

ϴϱϬ

ϵϬϬ

ϵϱϬ

ϭϬϬϬ

DĂŐŶĞƚŝĐĨŝĞůĚͬ'

Figure 5.16: Summary of critical heating times For the thermometry dataset (left), the machine
learning dataset (right) and for the different detection methods of superfluidity

5.6 Thermometry
The thermometry is first explained for the thermometry dataset, which has in-trap images for
all considered magnetic fields. Then the heating rate is examined for the machine learning
dataset, for which a larger interval of heating times has been measured.
For different heating times, the in-trap density is measured to perform thermometry at the
edge of the cloud with a third order virial fit as explained in section 4.4.4. To improve the
signal-to-noise ratio, the data is empirically fitted to linear functions, in the region of the critical
heating time 𝜏c as shown in figure 5.17. This is acceptable because it only involves datapoints
in a small region around the phase transition where the temperature does not change much
compared to the noise level. Note that the expectation for the second order phase transition is
that the heat capacity has a jump [61], while the temperature remains continuous. Therefore,
the linear fit will only lead to a minor systematic error.
Here, the temperature depends mainly on the magnetic field. The heating rate from the trap
release heating is examined more closely in the following subsection, based on the other dataset
which features a wider range of heating times.
As a byproduct, the thermometry fits produce estimates for the chemical potential 𝜇0 , which
are shown for the third order virial fit in figure 5.18. The value is not much affected by the
heating, but reduces as expected towards the BEC side. The chemical potential used in the
virial expansion is referenced to single fermions. Therefore, it takes negative values on the BEC
side due to the presence of a bound state.
The same analysis can also be performed for different fit functions, considering the different
possible density distributions described in section 2.5.1. This has an impact on the extracted
critical temperature and critical chemical potential, which is compared in figure 5.19 and figure 5.20, respectively. First, considering the critical temperature, deviations between Boltzmann fit and ideal Bose or Fermi fit demonstrate that at the considered densities a Boltzmann
fit is not valid anymore, especially towards the BEC side. Also it makes a big difference of more
than a factor of two, whether an ideal Fermi or Bose fit is performed. The mean-field corrected
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Figure 5.17: Extracted temperature near the phase transition from a third order virial fit
to the density at the edge of the cloud The temperature at the critical heating time is determined
with reduced statistical noise for each magnetic field by applying a linear fit and interpolating to the
previously measured critical heating time.

Bose fit slightly bends down closer to the virial fit results, but towards stronger interactions this
fit becomes unreliable. The result from the virial fits is consistent with the Bose fits far on the
BEC side, yields lower temperatures in the strongly interacting regime, and seems to converge
towards the result from the ideal Fermi fit towards the BCS side. Close to unitarity, a fit based
on the known equation of state is employed, which yields a temperature consistent to the result
of second and third order virial fit. This is an encouraging validation of the thermometry based
on the virial fits.
Determining the chemical potential from the wings of the cloud is probably not very accurate.
But here the fit results also show a consistent picture: The virial fits approach the values from
the Fermi fit towards the BCS side, are consistent with the unitary fit and approach the values
from the Bose fits towards the BEC side. Note that the chemical potential from the virial fits is
referenced to single fermions, which quickly leads to large negative values on the BEC side due
to the presence of the bound state, but can be compensated by subtracting half the (negative)
bound state energy.
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Figure 5.18: Chemical potential near the phase transition based on a third order virial fit
The value at the critical heating time is determined by applying a linear fit and interpolating to the
previously measured critical heating time. The chemical potential is referenced to single fermions, which
leads to negative values on the BEC side due to the existence of a bound state.
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Figure 5.19: Critical temperature versus magnetic field compared for different fit functions
The interaction parameter is based on the corrected harmonic Fermi energy, which will be explained in
section 5.7.
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Figure 5.20: Critical chemical potential versus magnetic field compared for different fit
functions Interaction parameter is based on corrected harmonic Fermi energy, which will be explained
in section 5.7. The chemical potential 𝜇0 is always referenced to the single fermion. The bound state
energy on the BEC side is not taken into account, except for the virial fits, for which that contribution
is eliminated by subtracting half the (negative) bound state energy.
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Reassessment of Fit Regions For the virial fits of the thermometry, it is essential to restrict
the fit region to the virial regime 𝛽𝜇 ≪ 0. However, beforehand it is not clear to which density
or potential values this regime corresponds. After performing the fits, the condition for the
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Figure 5.21: Condition for virial regime and contribution of different terms The fits are
performed in the virial regime 𝛽𝜇 ≪ 0 (left), according to the values 𝛽 and 𝜇 from a third order virial
fit. The relative contribution to the calculated density is shown for the terms (monomials) of the virial
expansion up to third order (right). The plotted areas in both panels correspond to the full fit ranges
from highest considered density (lowest potential) to lowest considered density (highest potential).

virial regime can be checked for consistency with the extracted values for chemical potential
and temperature, as demonstrated in figure 5.21. Additionally, the contribution of the different
terms in the virial expansion to the calculated density can be compared, in order to make sure
that a reasonable convergence is reached. If this is not the case, the fit regions have to be
adjusted and this step has to be reiterated.
Interestingly, the second order virial term becomes the dominant contribution on the BEC
side, which emphasizes the importance of considering multiple terms of the expansion.

5.6.1 Heating Rate and Initial Temperature
While for the thermometry dataset only a short range of heating times around the transition
have been measured, the machine learning dataset features in-trap data also for lower heating
times, which allows the examination of the initial temperature and heating rate over a wider
range, as shown in figure 5.22. The heating rate is not constant over the whole range, but is
reduced for longer hold times. Therefore, the data is empirically well described with a piecewise
linear function
𝑚 (𝑡 − 𝜏0 ) + 𝑦0 if 𝑡 < 𝜏0 ,
𝑓1 (𝑡) = { 1
(5.143)
𝑚2 (𝑡 − 𝜏0 ) + 𝑦0 otherwise,
or for the last two fields on the BCS side with a plain linear function 𝑓2 (𝑡) = 𝑚1 𝑡 + 𝑦0 .
Unfortunately, for this dataset the heating was only measured for a subset of magnetic fields,
which requires interpolation to apply the thermometry to all measured fields. Specifically, all
four parameters 𝑚1 , 𝑚2 , 𝜏0 and 𝑦0 , are linearly interpolated to the target magnetic field (and
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Figure 5.22: Trap release heating The temperature is determined with a second order virial fit.
Heating rates and initial temperatures are empirically determined with piecewise linear fits as described
in the text.

above 865 G 𝑓2 is used instead of 𝑓1 ). The goal is to provide a rough comparison to the newer
results from the thermometry dataset. For that dataset enough thermometry data was taken,
so that such an interpolation is not necessary.

5.7 Energy Scale and Central Density
Using in-trap absorption images, the 3D density distribution can be recovered with the inverse
Abel transformation, as explained in section 4.3.1. Figure 5.23 shows an example of such a
density distribution against the trap potential.
For the inverse Abel transformation the most central datapoints can become quite noisy and
unreliable. This is a bit unfortunate because this is exactly the region of interest. Therefore,
the most inner datapoints are removed and instead the density distribution is extrapolated
linearly to the trap center. This can be justified with the assumption that the innermost
density distribution is well described with a Thomas-Fermi density distribution which implies a
linear relationship between density and potential [36]. The Thomas-Fermi approximation in the
trap center is reliable at low temperatures, but close to the critical temperature the density can
have a sharper increase [47], especially on the BEC side, which can lead to an underestimation
of the central density. We still have to examine this effect more carefully.
Finally, this procedure is repeated for different interactions and heating times around the
critical heating time, as shown in figure 5.24. To reduce noise, the value for the central density
is interpolated to the critical heating time by using a linear fit, similarly as for the thermometry
in the last section. Note that the observed reduction in central density with heating can partially
be traced back to a reduction in atom number, but the main effect is thermal because we observe
that the central density decreases faster, relatively, than the atom number (For pure atom loss
at constant temperature, the cloud would shrink and the central density would decrease slower,
relatively, than the atom number).

115

5 Phase Diagram of BEC-BCS Crossover

ϴ

ĂƚĂ
&ŝƚƌĞŐŝŽŶ
>ŝŶĞĂƌĨŝƚ
ǆƚƌĂƉŽůĂƚĞĚĚĞŶƐŝƚǇ

ϳ
ϲ

ĞŶƐŝƚǇͬђŵ

ϯ

ϱ
ϰ
ϯ
Ϯ
ϭ
Ϭ
Ϭ͘ϬϬ

Ϭ͘Ϯϱ

Ϭ͘ϱϬ

Ϭ͘ϳϱ

ϭ͘ϬϬ

ϭ͘Ϯϱ

ϭ͘ϱϬ

ϭ͘ϳϱ

WŽƚĞŶƚŝĂůͬђ<
Figure 5.23: Measurement of the central density The datapoints are calculated from the inverse
Abel transformation and averaged over bins of equal potential. The inverse Abel transformation becomes
unreliable at the trap center. Therefore, the density is extrapolated to the center with a linear fit. The
shown data is from a measurement close to unitarity for the lowest heating time.
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Figure 5.24: Extracted central densities of the cloud for different magnetic fields and heating times around the critical heating time The density clearly reduces with more heating and a
linear fit is appropriate in the considered range to interpolate the data to the critical heating time for
reduced statistical noise.
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Local Fermi Energy The central density determines the central local Fermi energy within
LDA, which is shown relative to the harmonic Fermi energy in figure 5.25 at the superfluid
phase transition. The definition of the harmonic Fermi energy assumes the density distribution
of a zero temperature ideal Fermi gas. In general, it is expected that the central density
increases when the system is tuned from the BCS to the BEC side, because depending on the
region it involves increasing attractive interaction, decreasing repulsive interaction or a change
from fermionic to bosonic statistics.
The ratio is larger than the theoretically predicted density distributions at the critical temperature would suggest [47], but note that those results, compared with their predictions for
the critical temperature, are not consistent with LDA, as also indicated in figure 5.25. For
the considered interactions, the ratio of the Fermi energies agrees to a linear dependence on
the interaction parameter. This trend should not continue further towards the BCS side, but
instead, will bend towards a ratio of 1, when the limit of an ideal zero temperature Fermi gas is
approached, but more data is needed to confirm this. Far on the BEC side, the ratio decreases
suddenly, but this coincides with strong atom loss, which is why this range of data is excluded.
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Figure 5.25: Ratio between central local Fermi energy within LDA and harmonic Fermi
energy at critical temperature The data is compared to theoretical results from ref. [47] (“Perali
2004”): The datapoints are deduced from the central densities at 𝑇c which are specified at interaction
parameters 1/(𝑘F 𝑎) = 0, ±1. The line is derived within LDA by considering a trapped gas at temperature
𝑇ch = 𝑇ct , which yields 𝐸F,center /𝐸F,harmonic = (𝑇ct /𝑇Ft ) / (𝑇ch /𝑇Fh ), which is calculated from the reduced
critical temperatures provided by the reference. Note that the superscripts 𝑡 and ℎ in ref. [47] indicate
the values for the trapped or homogeneous gas, respectively. The fact that these values do not agree,
indicates that the result of ref. [47] is not consistent with LDA. The ratio is also derived from the unitary
equation of state from ref. [61] (“Ku 2012”), which should be seen as a consistency check because it was
used for the trap calibration before. Except for the far BEC side, the observed trend is consistent with
a linear dependence over the measured range. The inset shows a correction factor 𝑓cor , which has been
applied to account for the anharmonicity of the trap, see text.

Correction of Fermi Energy in an Anharmonic Trap In a harmonic trap the Fermi energy
derives from the atom number and the known trap frequencies. Within LDA, it coincides with
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the local Fermi energy in the trap center for a zero temperature ideal Fermi gas. For finite
temperature and interaction, the Fermi energy can still be a useful energy scale, but does not
directly correspond to the local Fermi energy in the trap center anymore, which is generally
increased by attractive interaction and reduced with temperature.
For an anharmonic trap, the relationship between atom number and Fermi energy has to be
modified and can be calculated within LDA by considering the density distribution of a zero
temperature ideal Fermi gas, as explained in section 2.6.2.
But here we are interested in a slightly different quantity. Given the slightly anharmonic trap
𝑉 (𝒓) and a measured density profile 𝑛𝜎 (𝑉 (𝒓)) and assuming that within LDA the appropriate
energy scale for the thermodynamics of the gas is the local Fermi energy, we want to know which
Fermi energy the same gas (i.e. same temperature, chemical potential, interaction) would have,
if it were in a perfect harmonic trap. But since we know the relationship between density and
potential 𝑛𝜎 (𝑉 (𝒓)) from the measurement, this can be easily calculated: Assuming a dummy2
𝑟2 , the atom number is given by
harmonic potential 𝑉dummy (𝒓) = 0.5𝑚𝜔dummy
𝑁𝜎,corrected = ∫ 𝑛𝜎 (𝑉dummy (𝒓)) d3 𝒓 ,

(5.144)

which can be evaluated numerically and the corrected harmonic Fermi energy can then be
calculated from equation (2.70), which cancels 𝜔dummy .
This correction 𝑓cor ∶= 𝐸F,harmonic,uncorrected /𝐸F,harmonic is already included in figure 5.25,
increasing the ratio 𝐸F,center /𝐸F,harmonic by roughly 14 %, as shown in the inset.

5.8 Results
5.8.1 Phase Boundary
Using the thermometry and measured central densities, the critical heating times can be converted to reduced temperatures 𝑇c /𝑇F and the magnetic fields can be properly converted to
interaction parameters 1/(𝑘F 𝑎), which results in the determination of the phase boundary as
shown in figure 5.26. Shown are the two different choices for the Fermi energy: First, the
corrected harmonic Fermi energy, and second, the local Fermi energy at the trap center within
LDA, which allows a comparison to different theories.
The different methods to determine the phase transition are compared in figure 5.27. The
deviation between the two results from the rapid ramp can be traced back as follows: For the
machine learning dataset no high intensity in-trap images are available, which makes the trap
calibration less precise and increases systematic errors of the thermometry. But without these
deviations from the thermometry, a good agreement between the different methods can be seen,
by only comparing the results of the machine learning dataset with each other.
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Figure 5.26: Superfluid phase transition of the BEC-BCS crossover based on the rapid
ramp technique The third order virial theorem is the more accurate result, but is expected to slightly
underestimate the temperature, as demonstrated by the fit to the full unitary equation of state. Also
shown is the result from ref. [61] (“Ku 2012”), where the good agreement to the results from the third
order virial fit should be considered as a check, because the equation of state from that reference was
used for the trap calibration.
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Figure 5.27: Comparison of results based on different detection methods for superfluidity
The atom loss region and the unreliable region of the thermometry are indicated with different markers.
The discrepancy between the datasets is attributed to the thermometry, see text.
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5.8.2 Caveat of Boltzmann Thermometry
If the thermometry is naively performed only with Boltzmann fits, the temperature is systematically too low on the BEC side. This results in lower 𝑇c values, which are close to the theory
of homogeneous gases, as demonstrated in figure 5.28. However, this agreement is accidental.
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Figure 5.28: Comparison of results based on Boltzmann thermometry and on more careful
thermometry using virial expansion Both fit results are referenced to the corrected harmonic
Fermi energy. Compared with theory, Boltzmann thermometry of a harmonically trapped gas is more
consistent with theory for homogeneous gases, because it systematically suggests too low temperatures
on the BEC side.

Instead, higher order terms of the virial expansion should be used for thermometry. This approach is validated by the good agreement to Bose gas fits far on the BEC side, as demonstrated
in section 5.6.

5.8.3 Comparison with Theory
A comparison of the results from the thermometry dataset, which should have lower systematic errors on temperature and Fermi energy, with different theoretical results for the critical
temperature is given in figure 5.29.
The data referenced to the central local Fermi energy agrees well to the results from ref. [53]
and ref. [54]. Unfortunately, the question of the position of the maximum cannot be answered
yet.
The data referenced to the harmonic Fermi energy has the same trend as ref. [47], but has
lower values. But note that this theory tends to overestimate the critical temperature, which
can be seen from the homogeneous results from the same reference which agree to the BCS
theory without GMB correction far on the BCS side, as was already discussed in the caption
of figure 5.1.
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Figure 5.29: Comparison of measured phase boundary with theoretical predictions For a
harmonically trapped gas (circles/solid lines, first column of legend) and for a homogeneous gas (diamonds/dashed lines, second column of legend); Shown are the results based on rapid ramp for the
thermometry dataset. Ref. [47] (“Perali 2004”) provides results for harmonically trapped and homogeneous gases and ref. [138] (“Chen 2006”) only for the harmonically trapped gas, but a comparison with
GMB corrected BCS theory (see figure 5.2) suggests that the critical temperature is overestimated towards the BCS side. Far on the BEC side the first order [51, 160] and for the trapped gas also the second
order [50] interaction correction are shown. However, the latter clearly shows that it is not applicable
for the considered interactions anymore. Agreement between the excluded homogeneous data and the
first order trapped result is accidental. Last but not least, theoretical results for the homogeneous gas
from ref. [53] (“Haussmann 2007”) and ref. [54] (“Pisani 2018”) are shown.

5.9 Conclusion
The superfluid phase transition of the BEC-BCS crossover has been detected with three different
methods, using the standard rapid ramp technique but also two different machine learning
methods, to extract the transition point from time-of-flight images.
With supervised machine learning a neural network is able to predict the condensate fraction
from simple time-of-flight images. This approach still requires the rapid ramp to generate
labeled training data, but the network is able to generalize to fields which are not part of the
training set. A manual examination of the training data suggests that the output of the network
could still be influenced by cloud size and atom number, but also reveals that the shape of the
cloud changes for stronger interactions and lower temperatures. The expectation is that this
effect is connected more closely to the presence of superfluidity.
By using an autoencoder for unsupervised machine learning, it is possible to detect the phase
transition only based on the time-of-flight images without any dependence on the rapid ramp
because no labels are required for the training. The result is very consistent to the rapid ramp
measurements, but a reliable extraction of the transition point is only possible for a subset of
the considered interactions.
Thermometry is based on the density distribution at the edge of the cloud. It is shown
that the assumption of a Boltzmann gas at low densities would lead to significant systematic
errors of the thermometry on the BEC side, which requires to consider higher terms of a virial
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expansion.
The importance to distinguish between the harmonic Fermi energy and the central Fermi
energy within LDA is pointed out, which leads to different results for the reduced critical
temperature 𝑇c /𝑇F . Then the experimental data has to be compared to matching theories for
either the harmonically trapped or the homogeneous gas. Accessing the central Fermi energy
within LDA is based on the measurement of the high density in the trap center, which requires
calibrated high intensity imaging and the inverse Abel transformation.
The resulting phase boundaries for trapped and homogeneous gas match reasonably well
to theory, which is in clear contrast to previous measurements of refs. [28, 29], for which the
critical temperature beyond unitarity towards the BEC side is much lower than predicted for
a harmonic trap.
The results from ref. [56] do show a higher critical temperature towards the BEC side.
However, only much further on the BEC side. Our results contradict the almost constant
critical temperature for 1/𝑘F |𝑎| < 0.6. One advantage of our thermometry is that we get an
unambiguous result for each interaction, while in ref. [56] it is left open for which interactions
their Bose fit or Boltzmann fit is appropriate.
Outlook The measurements presented here depend on a calibration of the trap geometry,
which is based on the unitary equation of state. It is desirable to replace this with a calibration
based on the ideal Fermi gas to achieve a completely independent measurement of the critical
temperature at unitarity.
In principle, it is possible to extend the range of considered interactions further to the BCS
side, but it might be necessary to use a trap geometry with lower trap frequencies than for
the thermometry dataset to achieve the low temperatures required in this regime. Even more
interesting is the extension of the data on the BEC side and maybe the identification of a
point with maximum critical temperature. This requires to examine the atom loss region more
carefully and to understand its impact on our temperature and density measurements.
Currently the data is retaken so that the detection of superfluidity with machine learning
techniques can be combined with the enhanced thermometry. The quality of our imaging has
improved and will allow a careful characterization of some systematic errors: The density in
the trap center might be underestimated because the assumption of a distribution similar to a
Thomas-Fermi profile, which is used to extrapolate the density to the trap center, might not
be reliable anymore at 𝑇c for the BEC side. Furthermore, the use of radial averages and of
the inverse Abel transformation lead to systematic errors on central density and temperature
measurements if there are deviations of the trap geometry from the assumed symmetries. Preliminary estimations indicate that this could affect the measured temperatures by around 10 %
to 15 %.
Despite a few remaining points of possible refinements, the investigation already provides
a valuable improvement to the experimental measurement of the critical temperature of the
Fermi gas in the BEC-BCS crossover and a better understanding of the large deviations between
experiment and theory in previous studies has been reached.
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This chapter describes interaction quenches realized in two different ways. First, the interaction
is effectively quenched by a fast population transfer from a strongly to a weakly interacting
hyperfine state. The quench is considerably faster than the trap frequencies, but it is still slow
compared to the Fermi time. Secondly, the quench is performed with a fast magnetic coil and
is faster than the Fermi time.

6.1 Overview
Interaction quenches are one tool to study the nonequilibrium physics of quantum gases [65]
and have lead to the observation of steady states, for example in a Bose gas quenched to
unitarity [172]. Sometimes a nonequilibrium state can be long-lived if the quantum system
lacks suﬀicient damping mechanisms, which was demonstrated for a one-dimensional Bose gas
[173]. It is known that nonequilibrium states can lead to superfluidity even above the critical
temperature of the original equilibrium state [174]. An example for this are light-induced
superconductors [175].
Nonequilibrium can also be used to learn about the excitation spectrum of the system. For
example, the collective modes of trapped quantum gases have been studied by a sudden change
[66, 67] or modulation [176] of the trapping potential. The timescale of trap dynamics typically
corresponds to a few milliseconds and is the slowest dynamics considered here.
For ultracold quantum gases, however, dynamics can also happen at quite different timescales,
for example at the quasi-particle relaxation time 𝜏qp = ℏ𝐸F /𝛥2 [177]. Note that 𝛥 describes
how washed-out the Fermi surface is at low temperatures and is a measure for the amount
of states which are available for scattering. This means that the relaxation time at higher
2
temperatures is better described by 𝜏R = ℏ𝐸F / (𝑘B 𝑇 ) . At this timescale, for 𝜏R ≈ 0.5 ms, the
formation of a condensate has been observed [178].
The shortest timescale is constrained by the largest energy scale of the system, which is
usually given by the Fermi energy 𝐸F and results in the Fermi time 𝜏F = ℏ/𝐸F , with typical
values in our system ranging from 5 µs to 10 µs.
Pairing Dynamics As discussed in section 2.4.1, the symmetry breaking at the superfluid
phase transition, which is connected to the phase of the order parameter, gives rise to massless
phase modes [39, 40]. Additionally, the Higgs amplitude mode emerges, which is described
as an oscillation of the amplitude of the order parameter with frequency 𝜔H = 2𝛥/ℏ. This
constitutes dynamics on the order of the gap time 𝜏𝛥 = ℏ/𝛥, which can have the same order
of magnitude as the Fermi time, depending on the interaction.
It has been suggested that a sudden quench of the interaction can lead to a steady-state with
oscillations of the order parameter [68], which can be interpreted as the Higgs amplitude mode.
Instead of a sudden quench, it has also been shown that a quench on a timescale similar to the
Fermi time is suﬀicient for the excitation [179], consistent to the discussion above. Within BCS
theory, it has been shown that the oscillations of the amplitude of the order parameter decay
according to a power law proportional to 𝑡−1/2 [180]. For the BEC side, this behavior changes
to a power law with a different exponent 𝑡−3/2 [181].

123

6 Interaction Quench
When performing an interaction quench, the observed behavior of the system depends on the
initial and final interaction. In the theoretical study of ref. [182], different parameter ranges with
qualitatively different behavior have been identified. These can be interpreted as dynamical
phases and a corresponding phase diagram is shown in figure 6.1, with the qualitative behavior
as a function of the initial and final equilibrium gap values, 𝛥𝑖 and 𝛥𝑓 , respectively. There
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Figure 6.1: Dynamic phase diagram for interaction quenches in the BEC-BCS crossover
Adapted from ref. [182]; For the equilibrium values of the gap 𝛥i and 𝛥f corresponding to the initial and
final interaction of a quench, respectively, the theoretical study has identified regions with qualitatively
different behavior of the superfluid order parameter: Exponential decay of the order parameter (region
I), oscillations decaying with different power laws (region II and II’) and persistent oscillations (region
III).

are three different regions. Region I describes large quenches towards the BCS side and results
in an exponential decay of the order parameter without oscillations. Region III describes large
quenches towards the BEC side and results in persistent oscillations of the order parameter.
For smaller quenches, oscillations which decay according to a power law are expected, with
different exponents in region II and II’. The oscillation frequency 2𝛥∞ in region II can, in
principle, deviate from twice the initial gap 2𝛥i or twice the equilibrium value for the final
interaction 2𝛥f . This dynamic phase diagram will be used in the following sections to illustrate
the parameters of the performed quenches, although only region II will be probed.
Previous Experimental Results Interestingly, the emergence of these modes is a universal
phenomenon and can occur in other systems featuring a similar phase transition [41]. Besides the discovery in particle physics [39], the Higgs amplitude mode has been measured in
3
superconductors [183–185], antiferromagnets [186] and in He [41]. While weakly interacting
Bose-Enstein condensates do not feature a stable Higgs mode [39], it has been observed in
certain other systems of bosonic gases [187–190]. While most detection schemes rely on spectroscopic methods, I want to highlight the observation of the Higgs amplitude mode in the
time domain for a superconductor in ref. [184] and for a supersolid coupled to cavities in ref.
[190]. For the latter, a clear distinction between amplitude and phase mode was demonstrated
by directly measuring the phase of the order parameter during the dynamics.
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6.2 Radio-Frequency Quench
Strongly interacting Fermi gases in the BEC-BCS crossover provide a clean and easily tunable
system, which is suitable to examine the Higgs amplitude mode. Particle-hole symmetry on the
BCS side guarantees its stability [42] and it is coupled to the interaction, which can be directly
controlled with Feshbach resonances. In this system the Higgs amplitude mode was excited
spectroscopically using an RF modulation technique [46] and its precursor in a mesoscopic
system in the quasi-2D regime was observed after modulating the interaction via the axial
confinement [191].
For an interaction quench of a strongly interacting Fermi gas, the evolution of the contact
has been examined [192], but no observation of the Higgs amplitude mode has been reported
so far.

6.2 Radio-Frequency Quench
This section describes quenches from strong to weak attractive interaction towards the BCS side
of the crossover. The quenches are realized with an RF transition, transferring the population
from a strongly interacting to a weakly interacting state, which results in a significantly faster
timescale compared to a magnetic field ramp using the Feshbach coils. It is still slower than
the Fermi time of the system, but much faster than the trap frequencies. After the quench the
monopole mode of the gas is excited, but also a faster initial response of the condensed part of
the cloud is observed, which is comparable to or faster than the quasiparticle relaxation time.
This investigation has been published in ref. [1] and has already been described in refs. [98,
193]. Preliminary results can also be found in refs. [96, 97]. Therefore, I will only briefly
describe the results with an experimental focus.
Experimental Methods An atomic cloud of the two lowest hyperfine states |1⟩ and |2⟩ of
6
Li at deeply degenerate temperatures is prepared, as described in section 3.2. The Fermi
energy is 𝐸F /ℎ = 29(3) kHz and the trap frequencies are 𝝂trap = (110, 151, 234) Hz. The initial
interaction parameter 1/ (𝑘F 𝑎i ) is set to a value in the range of about −0.1 to −0.7, which
corresponds to a magnetic field between 880 G and 1000 G.
At the given magnetic fields, a mixture of |1⟩ and |3⟩ state has a weaker interaction, with
a parameter in the range of −1.14 to −1.31. Therefore, a fast population transfer from the
|2⟩ state to the |3⟩ state effectively corresponds to a quench from strong to weak attractive
interaction. This is realized by addressing the RF transition between the states at about
81 MHz. Any immediate change of the interaction energy is absorbed or supplied by the RF
field, which causes an interaction shift of the RF transition [4, 194].
Figure 6.2 shows the interaction parameter for the 12-mixture and the 13-mixture over the
considered range of magnetic fields, which defines the start and end points of the quenches.
A comparison with the dynamic phase diagram above shows that such a quench would be in
the region II, but the quench might be too slow to observe damped oscillations of the order
parameter.
The RF transition is characterized by measuring Rabi oscillations, as shown in figure 6.3.
For strong interactions close to unitarity, the eﬀiciency of the 𝜋-pulse drops and the quenches
are restricted to the region where the eﬀiciency is at least 88 %. In this region a 𝜋-pulse time
of 26 µs to 28 µs is achieved, during which a full transfer from |2⟩ to |3⟩ state takes place.
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Figure 6.2: Initial and final interaction of RF quenches The values for initial and final interaction parameter are constrained by the Feshbach resonances of lithium for a given atom number.
The performed quenches are indicated by arrows (left). Lines in the dynamic phase diagram from
figure 6.1 show the quenches which can be realized with this method by the transfer between different
state mixtures (right). The shaded areas indicate possible quenches if the atom number is decreased
within a reasonable range. Note that the RF transition from a 12 to a 23 mixture is forbidden, but can
be realized by applying multiple RF frequencies [96].
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Figure 6.3: Characterization of RF transfer via resonant Rabi oscillations As an example,
an eﬀicient RF transfer on the BCS side and a transfer to unitarity with strong losses are shown (left).
The data is fitted with Gaussians to determine the 𝜋-pulse time, and the eﬀiciency is determined with an
exponential fit to the peak atom numbers. The eﬀiciencies are shown for different interactions (right)
and eﬀiciencies below 88 % are excluded.
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Measured Quantities For varying hold time after the interaction quench, the rapid ramp
technique is used to measure the condensate fraction. This time, special attention is also
directed to the shape of the condensate and the shape of the thermal cloud after time-of-flight.
Determining the condensate fraction from bimodal fits is usually very reliable, especially when
the fit parameters are restricted to the typical range of values. This is only possible, however,
if the size of the condensate is significantly smaller than the thermal cloud. Otherwise, the
fit routine often fails to distinguish the thermal part from the condensate and expands it to
the full size of the cloud. Here the size of the condensate expands during the measurements,
preventing reliable fits with our standard fit routine.
Instead, in a first step, the center of the cloud is masked out, so that only the thermal
fraction is fitted with a Gaussian. The mask is chosen large enough to cover the condensate
but small enough to allow a reliable fit of the thermal fraction. In a second step, the remaining
signal of the condensate is fitted again with a Gaussian. The two Gaussian fits measure the
atom numbers of thermal and condensed part of the cloud and consequently the condensate
fraction. Additionally, they reveal the widths of thermal and condensed part. Figure 6.4 shows
an exemplary measurement and demonstrates how condensate fraction and width typically
behave for variable hold time after the quench.
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Figure 6.4: Evolution of condensate width and condensate fraction The width features a fast
initial rise and a subsequent slower damped oscillation (upper). The condensate fraction shows an
initial decay to a minimum value, but then recovers to a higher value (lower).

The width of condensate fraction has a quick initial broadening followed by a slow damped
oscillation, which is identified as the monopole breathing mode. The timescale of initial broadening 𝜏width and the mode frequency 𝜈mode are extracted by modeling the data initially for
𝑡 < 𝑡thr as an exponential growth and later as a damped oscillation1
𝑓1 (𝑡) = {

𝑤0 + 𝑤1 𝑒𝑡/𝜏width
𝑤2 𝑒−𝑡/𝜏mode sin(2𝜋𝜈mode 𝑡 + 𝜙0 ) + 𝑤0′

if 𝑡 < 𝑡thr ,
otherwise.

(6.145)

The threshold time 𝑡thr can in practice be a fit parameter if the offset 𝑤0′ is chosen in a way
which guarantees a continuous function.
1

In ref. [1] this was modeled with two separate functions.
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The condensate fraction features a fast decay and a subsequent revival. The behavior is
empirically fit with an exponential decay plus a stretched exponential function for the revival
𝛾

𝑓2 (𝑡) = 𝐴 exp[−𝑡/𝜏decay ] + 𝐵 (1 − exp[− (𝑡/𝜏revival ) ]) ,

(6.146)

with the timescale 𝜏decay for the condensate fraction decay, 𝜏revival for the condensate fraction
revival and the exponent 𝛾 describing the stretching.
Results Figure 6.5 compares the different extracted timescales with the relevant theoretical timescales. The period of the damped oscillation 1/𝜈mode is consistent with the expected
monopole frequency. The revival of the condensate is surprisingly slow, with a larger timescale
than the quasi-particle relaxation time. In contrast, the decay of the condensate and the initial
broadening of the condensate width are roughly comparable with the quasi-particle relaxation
time, with the former generally slower and the latter generally faster than the relaxation time.
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Figure 6.5: Extracted timescales from the dynamics after the interaction quench Adapted
from ref. [1]; The period of the excited monopole mode agrees with our expectation. The initial decay and
broadening of the condensate are comparable to the quasi-particle relaxation time, while the timescale
of the revival is slower.

Theoretical Model The experiment is compared theoretically with a one-dimensional zero
temperature attractive Hubbard model. A low filling is chosen to remove lattice effects. All
three relevant states are considered and an additional term of the Hamiltonian explicitly models the RF transition. The time evolution is calculated numerically and compared with the
experimental results.
Initially, the spread of the pair correlation momentum distribution increases quickly, which
can be related to the fast increase of the condensate width in the experiment. The pair coherence, which relates to the experimental condensate fraction, shows a fast initial decrease. For
longer evolution times, an influence of the monopole mode on the pair coherence is visible. This
can explain why the revival of the condensate fraction is quite slow and closer to the timescale
of trap dynamics than the quasi-particle relaxation time.
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Conclusion With the RF quench, it is possible to observe fast dynamics of the condensate,
which agree qualitatively with the theoretical model. Additionally, the monopole mode of the
trapped gas is excited. The revival time of the condensate fraction from its minimum value to
the final static value has been observed to be relatively slow in comparison to the quasi-particle
relaxation time.

6.3 Fast Magnetic Quench
We have seen in the previous section that the interaction quenches based on RF state transfer
are slower than the Fermi time. Therefore, a new dedicated quench coil has been constructed,
which allows suﬀiciently fast interaction quenches on a timescale of 3 µs. It is described in detail
in section 3.3. As a trade-off, the current through the quench coil is limited to at most 40 A
to prevent over-heating, which also limits the amplitude of possible quenches. To counteract
this limitation, the gas is prepared in a mixture of hyperfine states |1⟩ and |3⟩, which has
6
the narrowest of the broad Feshbach resonances of Li and therefore enables a change of the
interaction by a significant amount. Note that the quench coil only creates an additional offset
field which is added to the magnetic field of the regular Feshbach coils, i.e. only the magnetic
field difference between initial and final point of the quench is provided by the quench coil.
In contrast to the RF quench, for which initial and final interaction are constrained by the
Feshbach resonances and for which the eﬀiciency of Rabi oscillation is only high for a certain
region of interactions, this method allows to choose the initial and final interaction freely within
a range limited by the maximum current of the quench coil, as illustrated in figure 6.6.
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Figure 6.6: Initial and final interaction of fast magnetic interaction quenches The final
interaction is set by the magnetic field of the Feshbach coils (left) and the additional magnetic field of the
quench coil gives access to a certain range for the initial interaction. The actually performed quenches
in section 6.3.1 are indicated with arrows. Additionally, these quenches (“Measurements (ML)”) are
compared to the dynamical phase diagram from figure 6.1 (right). Finally, also the quench from
section 6.3.2 is displayed (“Measurement (RR)”).
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Detection Methods After a variable hold time the condensate fraction is measured, which is
closely related to the amplitude of the superfluid order parameter. Previously, this has been
done with the rapid ramp technique. However, the results were not conclusive and technical
problems have been identified, which become only relevant when very small signals are measured and the hold time before the rapid ramp is varied with a very fine temporal resolution.
Instead, for the presented investigation in section 6.3.1 the condensate fraction is extracted
from normal time-of-flight images using an artificial neural network trained on rapid ramp data
of equilibrated samples, as described in section 6.3.1. This technique avoids the mentioned
technical problems, but suffers from a rather low signal-to-noise ratio.
In section 6.3.2 the technical problems of the rapid ramp are discussed and how they can be
avoided. Also, the first result of a new investigation based on the rapid ramp is presented.

6.3.1 Detection via Machine Learning Methods
Here, the condensate fraction is predicted by a neural network from time-of-flight images, using
the same supervised machine learning approach as in section 5.4.
Indeed, using this method, fast oscillations close to the expected frequency of the Higgs mode
are observed, but with a relatively low signal-to-noise ratio and an identification was not possible in all datasets. This leads to the question how reliable the results are and whether the
oscillations could also be explained by pure statistical fluctuations of the measured condensate fraction. Therefore, a statistical hypothesis test is employed, which examines whether a
background-only description of the data is adequate or whether it should be rejected in favor
of oscillations close to the theoretically predicted frequencies.
6

Experimental Details A balanced mixture of degenerate Li in the hyperfine states |1⟩ and |3⟩
is prepared in a harmonic crossed dipole trap, with trap frequencies of 𝝂trap = (108, 142, 199) Hz,
as described in section 3.2. The atom number is typically 3 × 105 per spin state, which results
1/3
in a Fermi energy of 𝐸F = (6𝑁𝜎 ) ℎ𝜈trap
̄
≈ ℎ × 18 kHz and a Fermi time of 𝜏F = ℏ/𝐸F ≈ 9 µs.
While the quench coil is still off, the magnetic field from the Feshbach coils is adiabatically ramped to the final magnetic field of the quench in the range of 657 G to 720 G, which
corresponds to an interaction parameter 1/ (𝑘F 𝑎f ) of −0.5 to 0.9. Then the quench coil is
adiabatically ramped up and increases the magnetic field further by 29 G (not the maximum
possible value) to the initial value of the quench at an interaction 1/ (𝑘F 𝑎i ) of −0.8 to 0.1. After
an initial holdtime, for further thermalization of the inital state, the quench coil is suddenly
switched off, removing its contribution to the magnetic field within ∼3 µs (timespan during
which that magnetic field contribution changes from 90 % to 10 % of its initial value).
Datasets
During this investigation, 32 datasets at different interactions have been taken with more than
30 (typically around 60) repetitions per hold time. The sampling interval of the hold times
varies, but typically 41 different hold times in random order have been measured.
Figure 6.7 shows one dataset as an example. The quench excites a monopole mode, which
leads to a slow oscillation of the condensate fraction on a millisecond timescale. It is suﬀicient to
model this background as a linear function for hold times below 300 µs or as a quadratic function
for some of the datasets with longer hold times. Additionally, the data is fitted to a sine function
to describe fast oscillations of the condensate fraction. This is relatively well pronounced for
the displayed dataset in figure 6.7, but overall it was not possible to consistently produce good
quality fits, requiring a more careful statistical analysis to determine the significance of the
observed effect.
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Figure 6.7: Fast oscillation of the condensate fraction during a variable hold time after an
interaction quench For the inset, the linear part of the fit has been subtracted. It has the same
scales for both axes as the main plot, and the same range for the x-axis, which is omitted. The data is
based on a quench from 1/ (𝑘F 𝑎i ) = 0.44 to unitarity

Definition of Hypotheses and Simulation Details
The hypothesis is that there are oscillations of the condensate fraction at twice the value of
the gap, and the null-hypothesis is that the measured condensate fraction emerges purely
from the linear or quadratic background and from statistical fluctuations. In order to estimate
the significance of the measured data, the quality of the fits is compared to simulated data in
a background-only scenario.
Simulation of Background
The accurate background simulation of a dataset requires knowledge of the number of datapoints at each hold time, as well as the background condensate fraction and the noise characteristic, which are extracted for each dataset from the measured data. The noise level is well
described by a normal distribution, as demonstrated in figure 6.8.
For some datasets, a weak dependence of the noise level on the background condensate
fraction is observed, as shown in figure 6.9. This is attributed to an increased relative error
in the detection of small condensate fractions. The dependence is well described as linear and
is taken into account. Artificial correlation between neighboring datapoints from experimental
drifts is avoided by sampling the hold times in random order during the measurements.
This information allows us to simulate each dataset by generating random numbers with the
same noise characteristics and with the same amount of data per hold time. The simulation is
repeated 1000 times and analyzed in exactly the same way as the measured data.
I want to mention that multiprocessing is used to speed up the analysis of the simulated
data and I want to point out that this requires special care to avoid correlations between
random numbers generated by different processes. The random numbers for the simulation
are generated by the “PCG64” generator of the numpy python library and the recommended
seeding method for parallel applications is used.
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Figure 6.8: Fluctuation of measured condensate fraction around background model The
data is based on a measurement for a quench from 1/ (𝑘F 𝑎i ) = −0.65 to 1/ (𝑘F 𝑎i ) = −0.28, which was
selected because for this dataset, each datapoint was repeated 180 times instead of the typical 60 times.

Analysis
For the analysis, it is essential that exactly the same steps are performed for the datasets as
for the simulated data. Also, the analysis should be automated as much as possible, to avoid
manual choices which could have an effect on the outcome.
At first an outlier removal algorithm is used, which removes datapoints at each hold time
until only datapoints within 3𝜎 standard deviation remain. The reason for this is that the
experimental data can sometimes contain “bad-shots” if there was e.g. a technical problem
during one experimental sequence. This threshold typically only removes 0.2 % of the measured
datapoints2 .
Then the data is fitted to the background model of a quadratic function
𝑓(𝑡) = 𝑎𝑡2 + 𝑏𝑡 + 𝑐

(6.147)

or, if a dataset has only short hold times, a linear function with 𝑎 = 0. Finally, it is fitted to
the signal model
𝑔(𝑡) = 𝐴 sin(2𝜋𝜈𝑡 + 𝜑0 ) + 𝑓(𝑡) ,
(6.148)
with oscillations at a frequency 𝜈 and with initial phase 𝜑0 . This frequency 𝜈 is restricted to a
range of ±20 % of the expected frequency of twice the theoretical value of the gap based on ref.
[53] during fitting. The fit is only sensible if the sampling matches the considered frequencies,
so datasets are discarded if they have less than 5 datapoints per oscillation or if their hold times
do not span at least 2 full oscillations. According to this rule, we have to remove five datasets
because the sampling was not appropriate for the frequencies expected from theory so that 27
datasets with appropriate sampling remain.
2

The outliers are removed before estimating the noise level for the simulations, which is acceptable because
only so few datapoints are removed. Then for the simulations themselves, the same outlier removal algorithm
is applied.
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Figure 6.9: Dependence of noise level on condensate fraction Based on the same measurement
as figure 6.8, for each hold time, the standard deviation of predicted condensate fractions is calculated
as a measure for the noise level and plotted against the mean value. The noise level shows a weak
dependence on the condensate fraction, which can be well described as linear (but not proportional) and
is taken into account for the simulation of the background.

Fitting the signal model is sensitive to the initial values, so performing the actual fit is
preceded by an automatic search for good initial values for 𝜈 and 𝜑0 . As illustrated in figure 6.10,
several fits with fixed frequency and three different initial values for the phase are performed
and the reduced chi-squared value 𝜒2r is calculated. Note that for the calculation of 𝜒2r , the
frequency is counted as a free parameter, so that the result can be compared with the reduced
chi-squared of the final fit.
The quality of a single dataset 𝑞 is judged by the reduction of the reduced chi-squared
value of the signal model relative to the background model
𝑞 ∶= 1 − 𝜒2r,signal /𝜒2r,background .

(6.149)

Figure 6.11 shows the fitted frequencies versus the final interaction of the quench and the quality
of each dataset is visualized.
As an overall merit of the datasets, the number of “accepted” datasets 𝑛acc (𝑞thr ) with a
quality 𝑞 above a certain threshold 𝑞thr is considered. On the one hand, the threshold 𝑞thr should
not be chosen too small. Otherwise, good and bad fits cannot be discriminated. On the other
hand, a too large threshold would cut away signal. Therefore, an intermediate value for 𝑞thr
seems reasonable. Indeed, the number of remaining datasets is significantly larger compared
to the simulations for a certain range of thresholds between around 4 % and 7 %, as shown in
figure 6.12, which considers a range of choices for 𝑞thr .
Still, choosing a particular value for the threshold 𝑞thr would be a decisive manual choice,
which should be avoided. Instead, the threshold which generates the largest relative deviation
from the average simulated data is chosen. The relative deviation is introduced as
𝑑(𝑞thr ) ∶= [𝑛acc (𝑞thr ) − 𝜇(𝑞thr )] /𝜎(𝑞thr ) ,

(6.150)

with mean 𝜇(𝑞thr ) and standard deviation 𝜎(𝑞thr ) of the number of accepted fits of the simulated
data. The largest relative deviation 𝑑max is selected within a range for 𝑞thr from 0 % to 15 %. It
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Figure 6.10: Automatic search for good initial values Shown are the reduced chi-squared values
of fits, which are performed for a range of fixed frequencies and different initial values of the phase. At
local minima, fits with variable frequency are performed and shown as fit candidates. Note that in both
cases, the frequency is counted as a free parameter of the fit model, so that the reduced chi-squared
values are comparable. Finally, the fit candidate with lowest reduced chi-squared is selected for the
further analysis.

should be stressed, that this step must be repeated for simulated datasets in the same way as
for the measured data, i.e. also for each simulation the relative deviations 𝑑(𝑞thr ) are calculated
and the largest relative deviation 𝑑max is selected.
The distribution of 𝑑max for the simulations is shown in figure 6.13 and compared with the
real datasets. The measured data yields a larger value for 𝑑max than 98.5 % of the simulated
datasets, which can be interpreted as a p-value of 1.5 % and implies the rejection of the nullhypothesis.
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Figure 6.11: Overview of fitted frequencies to experimental data for different interactions
Only fits close to the theoretical expectation are allowed within a range of ±20 %. The markers indicate
whether the quality of the fits is above a threshold of 𝑞thr = 5 %, below the threshold, or whether no
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of the simulations.
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Discussion
Robustness against Choice of Permitted Frequency Range The hypothesis test yields a low
p-value for the null hypothesis because the data fits better to the expected Higgs frequencies
than fluctuations can explain. The expected Higgs frequencies were supplied by theory as a
function of the interaction parameter. To probe the consistency between the data and the
theory, the expected frequencies are multiplied by a correction factor 𝛼, before they are fed
into the hypothesis test. If there is a high consistency between the data and the theory, the
hypothesis test should only yield a high confidence around 𝛼 = 1.
Additionally, it might be interesting to change the permitted frequency ranges which are
considered for the fits. In general, a wider range of permitted frequencies should reduce the
resulting confidence because this provides more opportunity for the simulations to generate fits.
However, if the range becomes too narrow, too many datasets are rejected and the confidence
also drops.
It is important to state, that changing these two parameters is not used to optimize the result
of the hypothesis test but only to examine the robustness of the result.
The robustness against different permitted frequency ranges and different correction factors
𝛼 is demonstrated in figure 6.14. The plateau around 𝛼 = 1, which is present for all shown
frequency ranges, proves that the analysis is robust on the selected frequency range and that the
data is consistent with the theory. For different values of 𝛼, the confidence is not consistently
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Figure 6.14: Confidence levels for different correction factors and permitted frequency
ranges The confidence level has a plateau for the actually expected frequencies around 𝛼 = 1 (left).
This behavior is seen for several ranges of permitted frequencies. The same data is also shown as a
density plot with a better resolution of different permitted frequency ranges (right).

high for the different permitted frequency ranges.
To make this even more clear, the confidence is also shown in a density plot as a function
of the permitted frequency range and 𝛼. The white dashed lines (with slope ±1 and manually
chosen offset) indicate a plateau, i.e. a region of good confidence around the expected frequency.
As argued above, the confidence increases if a more narrow range of permitted frequencies is
chosen because this reduces the possibilities for the simulated data to produce fits with a good
quality. Below a frequency range of about 15 % the confidence is reduced. Possible reasons are
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a small mismatch between the theory and the actual frequencies (e.g. caused by temperature
effects) or experimental imperfection (e.g. systematic error on the atom number).
Previously, the theoretically calculated Higgs frequency was only an input for the investigation, providing the frequency ranges within which fits are performed. But the fact that the
confidence level drops considerably when the expected frequencies are multiplied by the correction factor 𝛼 ≠ 1 confirms the consistency between the data and the theoretically predicted
Higgs frequency.

BCS vs BEC Side The analysis can be performed separately for quenches to the BEC side
(1/(𝑘F 𝑎f ) < −.05), to the BCS side (0.05 < 1/(𝑘F 𝑎f )) and to unitarity (|1/(𝑘F 𝑎f )| < 0.05). The
results are summarized in table 6.1.
Table 6.1: Results of hypothesis tests when applied to subsets of the measurements

Regime
All interactions
Unitarity
BCS (excluding unitarity)
BEC (excluding unitarity)
BCS (including unitarity)
BEC (including unitarity)

Number of datasets
27
5
8
14
13
19

𝑑max
3.4
4.4
0.76
2.2
2.7
4

Confidence
98.5 %
98.6 %
38.7 %
86.1 %
93.3 %
99.6 %

For the quenches to the BCS side, the confidence is considerably lower (38.7 %) than for
the BEC side (86.1 %) and unitarity (98.6 %). Note that in general, it is expected that the
confidence is lower for a reduced number of datasets. If only the quenches to the BEC side and
unitarity are kept, the confidence increases to 99.6 %. This is surprising because the Higgs mode
should be stable on the BCS side, being protected by particle-hole symmetry, while for the BEC
side a faster decay is predicted, although this might be counteracted by slower oscillation times
on the BCS side. A possible explanation is that the amplitude of the excited oscillation might
be smaller on the BCS side. Also, the interaction quenches which we perform are for technical
reasons smaller towards the BCS side than towards the BEC side, which could increase that
effect.

About Weak Signal Strength The relatively low signal-to-noise ratio of the datasets implies
that the observed peak-to-peak amplitude of the oscillations is below 2 % relative to the background condensate fraction. From theory, a relative amplitude of gap oscillations of roughly
13 % for a larger and instantaneous interaction quench of 1/(𝑘𝐹 𝑎) from 0.5 to 0 was expected
[69] and a relative amplitude of 1 % for a smaller finite-time quench from 0.55 to 0.6 [195], in
both cases for a gas with harmonic confinement along one dimension but homogeneous confinement along the other two dimensions.
A problem of time-of-flight based measurements, like the rapid ramp technique or the extraction of the condensate fraction via a neural network from normal time-of-flight images, is
that the observation takes place several milliseconds after the end of the hold time. In principle, one can imagine that the dynamics of the order parameter continue in the initial phase of
the time-of-flight (compare to ref. [167], where it was shown that superfluidity can survive the
initial phase of time-of-flight). Depending on the duration of these additional dynamics, the
oscillations are damped for a longer time, which could explain the low observed signal-to-noise
ratio.
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6.3.2 Detection via Rapid Ramp
An earlier investigation of interaction quenches based on a detection of the condensate fraction
via the rapid ramp technique did not lead to conclusive results. However, we have identified a
technical problem of the rapid ramp, which led to a slight variation of its eﬀiciency if the hold
time is varied in steps which are not multiples of 100 µs. The reason for this is that analog
setpoints were changed during the rapid ramp by using analog channels although they lacked
the suﬀicient temporal resolution. While this effect is rather weak, because the exact curve of
the rapid magnetic ramp depends mainly on the digital switching of IGBTs, as discussed in
section 4.2, it can have a decisive impact on the measurements if small signals are measured.
Recently, after fixing this problem with a digitally controlled circuit which toggles between
two analog setpoints, the first data of a new investigation has been measured and is discussed
here.
Experimental Details Similar to the investigation of section 6.3.1, a degenerate 13-mixture of
6
Li is prepared but with different parameters. The trap frequencies are 𝝂trap = (138, 154, 184) Hz
and the atom number is roughly 1.8 × 105 per spin state, which corresponds to a Fermi energy
of 𝐸F ≈ ℎ × 16 kHz and a Fermi time of 𝜏F ≈ 10 µs. So far only a single quench has been
performed from an initial interaction on the BCS side of the resonance with 1/𝑘F 𝑎i = −0.54
to an interaction close to unitarity 1/𝑘F 𝑎f = −0.05. Measurements for 76 different hold times
have been repeated typically 79 times.
Results The measurement is shown in figure 6.15 and shows a clear oscillation with damping.
The data is empirically fit with an exponentially damped sine function with linear background
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Figure 6.15: Condensate Fraction from Rapid Ramp after Interaction Quench The interaction is quenched from 1/𝑘F 𝑎i = −0.54 to 1/𝑘F 𝑎f = −0.05. The dynamics is fitted to the functions 𝑓pow
(“power-sine”) and 𝑓exp (“exp-sine”), defined in the text, and results in a reduced chi squared value of
1.37 and 0.99, respectively.

𝑓exp (𝑡) = 𝑦0 + 𝑚𝑡 + 𝐴 sin(2𝜋𝑡√𝜈 2 − (2𝜋𝜏 )

−2

+ 𝜑0 )𝑒−𝑡/𝜏 ,

(6.151)
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with oscillation frequency 𝜈, decay time 𝜏 and further fit parameters 𝑦0 , 𝑚, 𝐴 and 𝜑0 . Additionally, a fit function is employed which captures the theoretically predicted power law
damping
𝑓pow (𝑡) = 𝑦0 + 𝑚𝑡 + 𝐴𝑡𝛾 sin(2𝜋𝜈𝑡 + 𝜑0 ) ,
(6.152)
with oscillation frequency 𝜈, damping exponent 𝛾 and further fit parameters 𝑦0 , 𝑚, 𝐴 and 𝜑0 .
The empiric fit with exponential damping yields 𝜈 = 16(1) kHz and 𝜏 = 21(2) ms and the
fit motivated by theory yields 𝜈 = 15.7(4) kHz and 𝛾 = −0.61(5). This matches well to
theoretically predicted frequency of 𝜈Higgs = 2𝛥/ℎ ≈ 14.1 kHz, based on the gap value of the
final interaction according to ref. [53]. The value of the damping exponent 𝛾 is also very close
to the theoretical expectation 𝛾 = −1/2 for the BCS side [180].
The measurement was repeated a second time with very similar parameters and clearly
confirmed the behavior for hold times up to 50 µs, including the negative slope of the oscillation
after the first maximum. That measurement was not extended to larger hold times (𝑡 > 50 µs)
though, so a reasonable fit is not possible and the data is not shown here.
In ref. [195] the evolution of the Higgs amplitude mode in the BEC-BCS crossover for a
trapped gas is examined and they find a transition from the BCS value of the damping exponent
𝛾 = −1/2 towards the BEC value of 𝛾 = −3/2. Our current measurement is on one end of
the considered range of interactions and agrees well to the theoretical results, as shown in
figure 6.16.
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Figure 6.16: Damping Exponent Theoretical results are taken from ref. [195] (“Tokimoto 2017”).
Predicted is a non-monotonic transition from the BCS value of 𝛾 = −1/2 towards the BEC value of
𝛾 = −1/2 as function of the initial interaction parameter 1/𝑘F 𝑎i . The measured data is consistent to
the first theoretically considered quench.

6.3.3 Conclusion
After a magnetic interaction quench which is faster than the Fermi time of the system, an
oscillating signal in the condensate fraction has been observed. Due to technical issues and a
previous inconclusive investigation based on the rapid ramp, the extraction of the condensate
fraction is based on the machine learning techniques of chapter 5. The data quality is not
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good enough to extract interesting features like e.g. the exponent of a power law decay. But a
hypothesis test has shown with a confidence of 98.5 % that the oscillations cannot be explained
only by statistical fluctuations of the background. Additionally, it has been shown that the
results are consistent with the theoretical expectations of the Higgs frequency, whereas changing
the theory by a factor would lead to a considerably lower confidence.
Recently, the mentioned technical issues have been solved and a first measurement based on
the rapid ramp has been performed. The achieved signal-to-noise ratio is suﬀicient to describe
the data with an oscillation, which is damped by a power-law. The oscillation frequency and
damping exponent match to the theoretical expectations of the Higgs amplitude mode and this
measurement paves the way to verify theoretical predictions about the change of the damping
exponent towards the BEC side.
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This chapter explores how magnetic interaction modulation [70] can be used to examine pairing
phenomena in a strongly interacting Fermi gas. The technique constitutes a spectroscopic probe
for Feshbach molecules on the BEC side, but also many-body pairing in the superfluid can be
probed. Additionally, the excitation method has been proposed as an excitation scheme of the
Higgs amplitude mode [69].
In a first investigation the bound state energy of Feshbach molecules close to unitarity is
measured, which is a reproduction of an earlier measurement [70]. Additionally, a new detail
is found: For small modulation frequencies at unitarity and even on the BCS side, where no
Feshbach molecules exist, a finite onset frequency of excitations is measured. This is interpreted
as a remnant of the gapped energy spectrum of the superfluid state, which is only partially
washed out by the inhomogeneous density distribution of the trap.
In a second investigation a spectral feature is found, which can be identified as the Higgs
amplitude mode of the superfluid. The upper bound on the spectral width of this mode at
unitarity can be decreased substantially compared to previous studies [46].

7.1 Overview
In a Fermi gas, a modulation of the magnetic field can lead to a modulation of the interaction
via Feshbach resonances (see section 2.2.1). It does neither directly act on individual fermions
nor transfer momentum. Magnetic interaction modulation has been used to excite collective
trap modes and the onset frequency of Feshbach molecule dissociation on the BEC side and a
broad pair breaking spectrum for the whole crossover have been measured [70]. For Feshbach
molecules also the reverse process, i.e. association of molecules, has been demonstrated [196].
Changing the magnetic field with a reasonable amplitude at a frequency of several tens of
kilohertz can be challenging for typical inductances of the coils in the experiment, but is made
possible with the new coil built for the quench experiments and a newly built current amplifier,
as detailed in section 3.3.4.
Additionally, it has been proposed that a modulation of the interaction enables the excitation
of the Higgs mode, i.e. the amplitude mode of the superfluid order parameter [69], which is
diﬀicult to excite by other means. An experimental realization of this scheme based on a
magnetic modulation of the interaction has not yet been reported.
The Higgs amplitude mode has been measured in a Bose gas in an optical lattice near the
superfluid-Mott transition [188]. Here the interaction can be modulated via the lattice depth,
i.e. the power of the lattice laser. For a strongly interacting gas in the BEC-BCS crossover,
the Higgs amplitude mode has also been measured with an RF dressing method [46], which
exploits Rabi oscillation to a third hyperfine state with different interaction properties. In
ref. [191] the precursor of the Higgs amplitude mode in a mesoscopic two-dimensional system
has been excited by modulating the axial confinement, which influences the two-dimensional
scattering length.
The Higgs amplitude mode has also been measured in superconductors. Here, the challenge
is that the Higgs amplitude mode has no electric charge and does not directly couple to probes
based on electromagnetic fields [41]. An exception are superconductors with a charge-density
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wave, for which the Higgs amplitude mode can be detected in a Raman scattering experiment
[183]. Recently, it has been shown that the Higgs amplitude mode can still couple to an
electromagnetic field in a higher nonlinear order and can be measured with THz pump-probe
spectroscopy [184].
A phase transition which features symmetry breaking is usually accompanied with Goldstone
modes, which describe fluctuations of the phase of the order parameter, and with the Higgs
amplitude mode [39]. However, it is not guaranteed that it is possible to observe a stable Higgs
amplitude mode because this requires additional symmetries preventing a fast decay to the
phase modes. In particle physics such a symmetry is given by Lorentz invariance, but for a
BCS superfluid the particle-hole symmetry can have a similar effect [42]. For superconductors,
which feature a superfluid of charged particles, a decay to Goldstone modes is prevented by the
Anderson-Higgs mechanism, according to which the Goldstone modes are elevated in energy by
coupling to the eletromagnetic field [41].
Still, for the Higgs amplitude mode of a neutral BCS gas, an oscillation of the order parameter
at a frequency of 𝜔H = 2𝛥/ℏ and a power law decay with exponent of −1/2 is predicted [180],
which changes to −3/2 on the BEC side [181].
Therefore, it would be interesting to characterize the decay properties of the Higgs amplitude
mode. While the time-domain signal in chapter 6 is too weak to determine the type of the decay
directly, an alternative route is the measurement of the spectral width of the mode. In ref. [46]
the Higgs amplitude mode is already measured spectroscopically, but the excitation method has
a relatively broad frequency response with a momentum state dependent modulation frequency.
This is not a limitation of the interaction modulation via the magnetic field, which should have
a much more narrow spectral resolution, as will be discussed in section 7.2.

Comparison to Previous Study Based on Magnetic Interaction Modulation Since the excitation method used in this chapter is very similar to a previous experiment [70], where also
an ultracold gas in the BEC-BCS crossover is examined, it makes sense to briefly showcase the
results of that experiment and to motivate why, beyond reproduction of the previous results,
there was hope to find an additional mode. As can be seen in figure 7.1, the modulation frequency is varied over a large range from 200 Hz to 200 kHz, starting close to the trap frequencies
to observe the coupling of the interaction modulation to the breathing mode of the trapped
gas. On the BCS side, pair breaking is observed even at very low modulation frequencies. This
seems intuitive because the pair breaking should be related to the superfluid gap 𝛥, which
can be arbitrarily small locally in the low density regions of the trap. A different behavior is
seen on the BEC side, where a bound state exists, the Feshbach molecule, and leads to a finite
onset frequency of excitations which can be identified as the binding energy of the Feshbach
molecules.
In our investigation we are interested in the spectrum around the Higgs frequency, but this
frequency range was not suﬀiciently sampled yet by ref. [70]. To make this clear, the frequency
range around the expected Higgs frequency is marked in figure 7.1. While the shown data is well
sampled logarithmically in their measurement range, there are, indeed, only a few datapoints
around the expected Higgs frequency, which provides the motivation to investigate this region
in more detail.
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Figure 7.1: Excitation spectra based on magnetic interaction modulation adapted from
ref. [70] Based on the stated Fermi energy and theoretical values of the gap 𝛥 [53], the expected
Higgs frequency 𝜈H, expected = 2𝛥 is overlayed together with a shaded interval from 0.5𝜈H, expected to
2𝜈H, expected . This also required to convert the magnetic field values to the interaction parameters,
shown in parentheses behind the magnetic field detunings, using the known parameters of the Feshbach
40
resonance for K [130, 197]. The panel illustrates that the region around the expected Higgs frequency
is not yet sampled very densely, because this was not the objective of that investigation.

7.2 Shape of Modulation and Spectral Resolution
The modulation of the magnetic field at the modulation frequency 𝜈mod and with amplitude 𝐴
has the form
𝑓(𝑡) = {

𝐴 sin(2𝜋𝜈mod 𝑡)
0

if 0 < 𝑡 < 𝑡mod ,
otherwise,

(7.153)

where the modulation duration 𝑡mod = 𝑛mod /𝜈mod depends on the number of modulations 𝑛mod ,
which is chosen to be an integer value to prevent a discontinuity at the end of the modulation.
When varying the frequency, one strategy is to keep the number of modulations constant at
e.g. 𝑛mod = 50, which consequently leads to a smaller modulation time for larger frequencies.
But in this case it is important to add a wait time 𝑡wait = 𝑡wait,0 − 𝑡mod after the modulation,
keeping the time 𝑡wait,0 between the start of the modulation and the measurement constant.
This guarantees that additional effects like general heating in the trap are the same for all
measurements. The effect of a shorter modulation time is understood and is explained in the
next section.
A second strategy is to keep the modulation time constant. This requires to choose the
modulation frequencies carefully so that 𝑛mod is always integer. For relatively long modulation
times of around 𝑡mod = 100 ms there are many possible values for the modulation frequency so
that this constraint is not diﬀicult to fulfill (𝜈mod = 𝑛 ⋅ 0.01 kHz with 𝑛 ∈ ℕ for 𝑡mod = 100 ms).
Currently we do not shape the envelope of the modulation, because the number of modulations is suﬀiciently large. For shorter modulation times this might become necessary, e.g. by
using a haversine function as in ref. [70]. The spectral width of the excitation function 𝑓 can
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be estimated from its Fourier transformation1
2 sin(𝑛mod 𝜋𝜔/𝜔mod )
∣𝑓 ̃(𝜔)∣ = 𝐴√
𝜋
−1 + 𝑘2

(7.154)

and is shown in figure 7.2, which justifies to use
Δ𝜈 = 1/𝑡mod = 𝜈mod /𝑛mod

(7.155)

or equivalently Δ𝜔 = 𝜔mod /𝑛mod as a rough estimation for the spectral width. As mentioned
above, typically either a constant 𝑛mod = 50 is used, which leads to Δ𝜈/𝜈mod = 2 % or a
constant 𝑡mod = 100 ms for a spectral resolution of Δ𝜈 = 10 Hz is used. In both cases the
resolution is much more narrow than the features which are observed and described in this
chapter.
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Figure 7.2: Modulation function and its Fourier transform A typical value of 𝑛mod = 50 is
assumed. The estimation Δ𝜔 = 𝜔mod /𝑛mod for the spectral width covers the main spectral weight of
the excitation and only slightly underestimates the FWHM.

7.3 Experimental Realization and Description of Investigations
As before, a degenerate Fermi gas is prepared in a balanced mixture of the hyperfine states |1⟩
and |3⟩ as described in section 3.2. While a broad Feshbach resonance is important to stay in the
universal regime of the strongly interacting BEC-BCS crossover (discussed in section 2.2.1), the
resonance of the chosen mixture is still broad but spans over a more narrow interval of magnetic
fields compared to the 1,2-mixture. This makes it technically easier to perform an interaction
modulation with a significant amplitude.
After the preparation an interaction modulation is performed, as described in the previous
section. The modulation is realized by using the fast magnetic “quench coil” in combination
with the dedicated current amplifier, as detailed in section 3.3.4.
1

Result was obtained by shifting 𝑡 → 𝑡 − 𝑡mod /2, which results in a pure imaginary Fourier transformation from
which the imaginary unit is omitted to obtain the absolute value.
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7.4 Observable: Depletion of Condensate Fraction
For all measurements, the atom number is roughly 3.6 × 105 and the trap frequencies are
𝝂trap = (109(1), 158(4), 294(3)) Hz, which results in a Fermi energy of 𝐸F ≈ 1.1 µK. But the
parameters of the modulation, including the considered frequency ranges and the considered
interactions, change for the different investigation of this chapter. The first investigations are
focused on the bound state energy of Feshbach molecules on the BEC side and are denoted as
Boundstate-1 and Boundstate-2. The other investigations examine the spectral features around
the expected Higgs frequency and are denoted as Higgs-1 and Higgs-2. In both cases, the first
investigation is performed with a larger modulation amplitude and a shorter modulation time
with constant 𝑛mod , while the second investigation is performed with a smaller modulation
amplitude and longer constant modulation time.
The parameters for the investigations are detailed in table 7.1 and they will be referenced by
their names in the following sections. The goal was to keep the amplitude of the modulation
Table 7.1: Investigation parameters For the measurements either 𝑛mod or 𝑡mod is kept constant
and listed here, while the other parameter is varied and given by 𝑡mod = 𝑛mod /𝜈mod .

Name of investigation
Boundstate-1
Boundstate-2
Higgs-1
Higgs-2

Amplitude / G
2 … 2.2
0.31 … 0.36
1.4 … 1.8
0.3

𝑛mod
50

𝑡mod /ms
100

50
100

constant, but initially the correct calibration of current amplifier and coil was not known yet
so that the amplitude varies slightly for different 𝜈mod . Fortunately, the actual amplitude can
be calculated from the final calibration and its influence on the measurement is understood as
explained in the next section.

7.4 Observable: Depletion of Condensate Fraction
The measured signal after the magnetic field modulation is the reduction of condensate fraction.
This requires to measure the background value of the condensate fraction without performing
modulation, for each experimental setting. It is observed empirically that the reduction of the
condensate fraction can be described as an exponential decay, which depends on the modulation
time and the squared modulation amplitude: 𝐶𝐹 ∝ exp(−𝛤 𝐴2 𝑡mod ). Here 𝛤 is the variable of
interest, which characterizes the response of the system without a remaining dependence on the
modulation amplitude 𝐴 and modulation time 𝑡mod . It describes the initial relative depletion
rate of the condensate fraction normalized to the squared modulation amplitude2 and will be
called “CF depletion rate” in the following. In ref. [70] a similar response is observed, which
is proportional to 𝐴2 𝑡mod . However, without the exponential dependence, which is only seen
here because we measure the condensate fraction instead of a signal based on the number of
evaporated atoms. This also agrees with theoretical considerations for this excitation method
[198].
As a demonstration, figure 7.3 shows the exponential behavior, which is not influenced if the
modulation amplitude changes within the considered range. Consequently the CF depletion
rate is calculated from the background condensate fraction 𝐶𝐹B and signal condensate fraction
2

Note that the condensate fraction decays exponentially with the modulation time 𝑡mod and has a decay constant
of 𝛤 𝐴2 , which would be the unnormalized decay constant. The decay constant 𝜆 of an exponential decay
𝐴0 𝑒−𝜆𝑡 corresponds to the initial relative rate of change, since lim𝑡→0 𝜕𝑡 𝐴0 𝑒−𝜆𝑡 = −𝜆𝐴0 .
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Figure 7.3: Exponential decay of condensate fraction during modulation The datapoints
form a single exponential curve versus 𝐴2 𝑡mod , although modulation time 𝑡mod and amplitude 𝐴 are
varied. The actual decay constant 𝛤 depends on the experimental parameters (except for 𝑡mod and 𝐴).
For the shown example a magnetic field of 693 G and a modulation frequency of 22 kHz are applied. The
interpretation of 𝛤 as initial relative depletion rate of the condensate fraction is also visualized.

𝐶𝐹S as
𝛤 =

− ln(𝐶𝐹S /𝐶𝐹B )
.
𝐴2 𝑡mod

(7.156)

The result for 𝛤 does not depend on which modulation parameters 𝐴 and 𝑡mod were used,
within reasonable bounds. This justifies the usage of different parameters for the measurements,
including a slightly varying modulation amplitude.
Measuring the condensate fraction should be more sensitive and easier to implement than
the detection of evaporated atoms. One disadvantage is of course that this measurement is
only possible at low temperatures, where a reasonable condensate fraction is present, but this
is acceptable for the current investigation.

7.5 Molecular Bound State Energy
At first the measurement of a finite onset frequency from unitarity to the BEC side, corresponding to the molecular bound state, is reproduced. While this is successful on the BEC side, at
small frequencies and close to the Feshbach resonance deviations from the behavior reported
in ref. [70] are observed.
The modulation is performed for different interactions on the BEC side and figure 7.4 shows
the measured excitation rates for one of the investigations. Indeed, as one would expect for
finite boundstate energies, the CF depletion rate 𝛤 is consistent with zero up to an onset
frequency 𝜈onset . For higher frequency the excitation rate increases and fits well to a linear
function in the considered frequency range. Overall, the dependence can be modeled with a
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Figure 7.4: CF depletion rate versus modulation frequency for various fields on the BEC
side close to unitarity The onset of excitations is determined via piecewise constant-linear fits. The
data is based on the Boundstate-2 investigation (results for Boundstate-1 are similar).

piecewise constant-linear function of the form
𝛤 (𝜈mod ) = {

𝛼 (𝜈mod − 𝜈onset )
0

if 𝜈mod > 𝜈onset ,
otherwise.

(7.157)

This allows the extraction of the onset frequencies shown in figure 7.5. The expectation is that
the onset frequency corresponds to the binding energy of a molecule given by equation (2.14)
𝜖B = −ℏ2 /(𝑚𝑎2 ), because this is the minimum energy required to break a molecule. A quadratic
fit to the data on the BEC side matches very well to the calculation of 𝜖B , but it is obvious that
the datapoints close to unitarity, where the bound state should vanish, cannot be explained in
this way.
To demonstrate the validity of the performed fits, they are shown for the lowest and highest
magnetic field in more detail in figure 7.6. Indeed, the onset is very sharp, even for the field
very close to unitarity, and the observed deviation cannot be attributed to a bad fit. Note
that any technical imperfections, like a too large excitation amplitude or noise in the excitation
signal, would probably lead to excitations below a finite onset frequency but do not explain an
increased onset frequency. On the BEC side molecules can be broken in all parts of the trap.
On the BCS side the interaction modulation is expected to have only a small effect on unbound
fermions in the thermal density of the gas, while mainly the breaking of Cooper pairs in the
superfluid part of the cloud should contribute to the heating. Although the required energy of
2𝛥 to break a Cooper pair is arbitrarily small close to the edge of the superfluid, most Cooper
pairs are further to the center of the trap and require a finite energy to break. This motivates
the hypothesis, that one still gets a finite onset frequency on the BCS side, which might be
only slightly washed-out by the trap inhomogeneity.
At unitarity and for small positive interaction parameters, one still expects a vanishing small
onset frequency corresponding to the molecular bound state. The bound state is described by
two-particle physics and the description should be valid in the thermal parts of the cloud. But in
the condensed part of the cloud many-body physics must be considered and the pairing energy
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Figure 7.5: Onset frequency of excitations for different interactions in comparison to the
expected Feshbach molecule bound state energies Due to the finite onset frequencies close to
unitarity, the data from the Boundstate investigations are complemented with data from the Higgs-1
investigation measured on the BCS side. Also shown is the value of the gap from ref. [53], which could
be related to the observed finite onset frequency at unitarity and the BCS side.

is still connected to the gap 𝛥, which is valid as long as 𝜇 > 0, i.e. roughly for 1/(𝑘F 𝑎) < 0.5
[4]. In principle both excitation modes, excitation of the two-particle bound state, as well as
of the many-body pairing, are possible but the pair excitations might be dominant closer to
unitarity. There is also the possibility, depending on the interaction, that pair correlations
already become relevant in the non-condensed parts of the cloud [199].
The measurement of a finite onset frequency seems to contradict the results reported in ref.
[70], where excitations on the BCS side for arbitrarily small frequencies are reported. But note
that the onset frequency which is measured here would correspond to roughly 1.5 kHz for their
Fermi energy. This is already close to their parametric heating frequency 2𝜈trap,r = 690 Hz and
would be therefore diﬀicult to measure for their experimental parameters.
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Figure 7.6: Examples for finite onset frequencies A finite onset is observed even at 687 G, very
close to unitarity. The interaction parameters 1/(𝑘F 𝑎) are given in the legend in parentheses behind the
magnetic field and the calculated bound state energies are shown for comparison. The data is from the
Boundstate-2 investigation (behavior for Boundstate-1 is similar).

Simple Model for Finite Onset Frequency at Unitarity To support the hypothesis that even in
a harmonically trapped strongly interacting gas a finite onset frequency can be observed without
the presence of a feshbach molecule, a very simple model is developed for the zero temperature
unitary gas. Here the bound state energy has vanished and the gas can be described with a
very simple equation of state.
The excitation rate of Cooper pairs is assumed to be proportional to the density of pairs,
which at unitarity and at zero temperature is proportional to the total density of the gas and
can be described with a Thomas-Fermi profile, as discussed in section 2.6.1,
3/2

8
𝑁𝜎
𝑥2
𝑦2
𝑧2
[1 − 2 − 2 − 2 ]
𝑛𝜎 (𝒓) = 2
𝜋 𝑅𝑥 𝑅𝑦 𝑅𝑧
𝑅𝑥 𝑅𝑦
𝑅𝑧

,

(7.158)

with the rescaled unitary Thomas-Fermi radii in direction 𝑖 ∈ {𝑥, 𝑦, 𝑧}
𝑅𝑖 = 𝜉 1/4 𝑎ho (48𝑁𝜎 )

1/6

𝜔/𝜔
̄ 𝑖.

(7.159)

For simplicity, we assume 𝑅𝑥 = 𝑅𝑦 = 𝑅𝑧 and to better exploit the radial symmetry of the
trap, we will consider the “Shell density” in the following, i.e. the density of the cloud integrated
over a sphere with radius 𝑟, which reads 𝑛shell (𝑟) = 4𝜋𝑟2 𝑛(𝑟).
To excite a cooper pair, a minimum energy of 𝜈mod ℎ ≥ 2𝛥 is required. Any additional energy
𝜈mod ℎ − 2𝛥 is converted into kinetic energy and contributes to heating and depletion of the
condensate fraction.
These considerations already allow for an analysis of the heating of the trapped gas. This
can be explained with figure 7.7, which shows all relevant quantities. While the density of the
gas has its maximum in the trap center, the shell density, which considers the 3D geometry
of the trap and better reflects the relative contributions of different parts of the trap to the
heating process, has its maximum further outside. Closely related to the density is the local
Fermi energy, which is also proportional to the local gap.
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Figure 7.7: Simple model for the heating rate caused by interaction modulation All quantities are normalized to the corresponding maximum value because the model is not able to predict an
absolute value for the heating rate. Consequently, the (linear) y-axis scale is omitted. The modulation
frequency is given in units of the central value of the local gap 𝛥(0).

At low modulation frequencies only Cooper pairs at the edge of the cloud can be excited,
while for larger frequencies more and more locations of the trap show excitation of Cooper pairs.
Here the heating energy per Cooper pair is considered and also the more relevant heating energy
per shell.
Finally, the contributions of heating can be integrated over the whole trap, which gives the
total heating rate. Intuitively, one can argue that the shell density provides a certain range of
modulation frequencies over which many Cooper pairs start to contribute to the heating rate.
This leads to a curvature in the total heating rate versus modulation frequency. But below and
above this range the deviation from a constant-linear function is not very large, until the slope
becomes truly linear for modulation frequencies above 2𝛥/ℎ. A fit yields an onset frequency
of roughly 1.1𝛥/ℎ, which is only slightly above the actually measured onset frequencies in
figure 7.5.
As a fit function, which can also describe the washed-out region of the apparent onset frequency, one can convolute the constant-linear function with a Gaussian function with standard
deviation 𝜎, yielding
2
𝑚𝜎
1
𝜈
−𝜈
2
𝑓b (𝜈mod ) = √ 𝑒−(𝜈mod −𝜈onset ) /(2𝜎 ) + 𝑚 (𝜈mod − 𝜈onset ) [1 + erf( mod√ onset )] , (7.160)
2
2𝜋
2𝜎

for slope 𝑚 and apparent onset frequency 𝜈onset . As demonstrated in figure 7.7, the function
fits well and will be used in the next section to describe the onset of pair excitations.
Note that this model neglects any temperature effects, which would e.g. modify the density
distribution of pairs. Towards the BEC side the situation becomes more complicated, because
additionally the excitation of Feshbach molecules has to be considered.
Simple Model for Finite Onset Frequency at Different Interactions Away from unitarity,
gap and chemical potential are not proportional to the local Fermi energy (for constant 𝑎).
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Instead, they can be calculated from BCS theory. For negative scattering length 𝑎 < 0, the
lowest excitation is pair breaking at an energy of 2𝛥. If the chemical potential at the trap
center is negative, the lowest excitation has the character of Feshbach molecule dissociation at
an energy of 2√𝜇2 + 𝛥2 (as discussed in section 2.4.1). In between these two regimes, both
excitations can be the lowest excitation at different positions of the trap and this region is
not considered for this simple model. Additionally, compression effects are neglected and for
simplicity the density distribution of an ideal Fermi gas is assumed.
Then the onset frequency can be determined in the same way as for the previous model
for the unitary gas. The results are shown in figure 7.8 and demonstrate qualitatively similar
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Figure 7.8: Onset frequencies of interaction modulation for a trapped gas based on BCS
theory The result is compared with gap at the trap center and with the energy of Feshbach molecules
on the BEC side. For small positive 1/(𝑘F 𝑎), data is excluded because both, Feshbach molecule dissociation and pair breaking, are relevant which requires a more complicated model.

behavior as the measured results in figure 7.5.

7.6 Spectroscopy near the Higgs Amplitude Mode
In the Higgs-1 investigation (larger amplitude, shorter 𝑡mod , constant 𝑛mod ), the excitation is
measured in a wide range around the expected Higgs frequency for various magnetic fields in the
strongly interacting regime. This section will at first focus on this investigation and later the
results will be complemented with more measurements from the Higgs-2 investigation (smaller
amplitude, longer constant 𝑡mod ) in a narrower region around the observed features.
Figure 7.9 shows the remaining condensate fraction versus modulation frequency. As before,
the reduction of the condensate fraction is converted into the CF depletion rate 𝛤 in figure 7.10
according to equation (7.156).

7.6.1 Caveat: Artificial Prominent Minima
The comparison of the measured condensate fraction with the calibrated CF depletion rate in
figure 7.11 reveals that the clear minimum in the condensate fractions becomes a much fainter
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Figure 7.9: Remaining condensate fraction versus modulation frequency for various magnetic fields On the BEC side a prominent minimum is visible, but this is partially an artifact, as
explained in the main text.

feature in the calibrated data. The reason why the bump in the calibrated data gets more
prominent in the uncalibrated data is an interplay between generally larger CF depletion rates
at higher frequencies and shorter modulation times 𝑡mod ∝ 1/𝜈mod , which are used for the
Higgs-1 investigation. The applied modulation time 𝑡mod is known very precisely, which means
that the remaining bump in the data is a real effect, although it might be more challenging to
evaluate than the clear minimum in the uncalibrated data.
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Figure 7.10: Excitation rate versus modulation frequency for various magnetic fields An
empiric is used to determine the position of the kink. Due to the lower signal-to-noise ratio on the BCS
side, the considered modulation frequencies are restricted to a smaller range around the kink position.
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Figure 7.11: Comparison between raw data (Condensate fraction) and calibrated CF depletion rate Shown is the measurement at 693 G of the Higgs-1 investigation.
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7.6.2 Interpretation of Observed Features
Empiric Model The observed behavior is that the CF depletion rate increases towards higher
modulation frequencies in the considered range, but there is a clear kink at a certain frequency,
which shifts with different interactions. At first the data is fit to an empiric model to extract
the kink positions: For low modulation frequencies a quadratic dependence is assumed and
above the frequency corresponding to the kink a linear dependence is assumed
2

𝑎 (𝜈mod − 𝜈offset )
𝑓(𝜈mod ) = {
𝛤kink + 𝑏 (𝜈mod − 𝜈kink )

if 𝜈mod < 𝜈kink ,
otherwise,

(7.161)

2

where 𝛤kink = 𝑎 (𝜈kink − 𝜈offset ) is chosen to get a continuous function and 𝑎, 𝑏 and 𝜈offset are
further fit parameters. Figure 7.12 demonstrates for some exemplary magnetic fields that this
model fits the data reasonably well. Therefore, the kink positions are extracted without putting
too much interpretation into the model. Note that in order to get good fits for all considered
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Figure 7.12: Empiric quadratic-linear fit to the CF depletion rates for a selection of fields
Interaction parameters 1/(𝑘F 𝑎) are given in the legend in parentheses behind each magnetic field.

interactions, data for frequencies much higher than the kink position are omitted.
Signal-Background Model As another approach, the possibility is explored to interpret the
feature at the kink position as a peak, which also requires an appropriate model for the background. For this purpose the data around the kink position is masked in a relative interval
of ±40 % around 𝜈kink and it is tested how well several functions can describe the data, as
illustrated in figure 7.13. A linear background fits well on the BCS side, but leads to large
deviations on the BEC side. A quadratic function can also fit the background on the BEC side
and would be a suitable fit function for the background.
It would be nice to have a physical understanding of the background and it is not so clear
why a quadratic function would be the right choice: We already know that on the BCS side
the excitation at low frequencies can be well described with a constant-linear function, which is
slightly washed out by trap effects as given in equation (7.160). On the BEC side, additionally,
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Feshbach molecules can be dissociated, which also leads to a constant-linear function. In a
simple picture, that function is not washed out in this case, because the bound state energy
only depends on the scattering length and not on the density of the gas.
For the measured interactions, the onset of the Feshbach molecules should occur at lower
frequencies than the pair excitations, which is consistent with the behavior in figure 7.5. By
combining these two background functions, one gets the fit function denoted as “Linear-linear”
in figure 7.13. This function fits the background equally well than the quadratic function, but
is more convincing and will be used to describe the background on the BEC side, while on the
BCS side only a linear function is used.
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Figure 7.13: Comparison of background models After masking the data around the kink position,
the background can be described with a linear function on the BCS side and a quadratic or linear-linear
function on the BEC side. Each panel is annotated with the magnetic field and the interaction parameter
in parentheses.

As an example, figure 7.14 compares the fit functions again and shows the residual of the
fits. Quadratic and linear-linear fits both describe the data quite well, but the former slightly
overestimates the data systematically at high modulation frequencies. Therefore, the linearlinear function is chosen. Another reason is that the linear-linear model is consistent with the
physical understanding of the excitation process.
Note that a deviation from the linear dependencies of the background at high frequencies is
expected if compared to the results from ref. [70]. However, apparently we do not probe that
regime yet because we use a higher Fermi energy but a lower range of modulation frequencies.
The remaining datapoints around the kink position form a peak structure and are well described by a Gaussian function
𝑓s (𝜈) =

𝐴s −(𝜈−𝜈peak )2 /(2𝜎s2 )
√ 𝑒
,
𝜎s 2𝜋

(7.162)

with amplitude 𝐴s , standard deviation 𝜎s and peak position 𝜈peak . The performed fits of the
combined signal and background functions are shown for several fields in figure 7.15.
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Figure 7.14: Exemplary background fits with three different functions and their residuals
The data (left) is taken at a magnetic field of 687 G, which is on the BEC side of the resonance where a
linear fit to the background is not suﬀicient. Instead, a quadratic or linear-linear fit is more appropriate.
This is elucidated by showing the corresponding residuals (right), which are more convincing for the
linear-linear than for the quadratic model.
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Figure 7.15: Signal-background fit to the excitation rates for several magnetic fields Interaction parameters 1/(𝑘F 𝑎) are given in the legend in parentheses behind each magnetic field. The
background part of the fit is also shown (not a separate fit). Note that the background fit for the
magnetic field of 682 G looks somewhat unsatisfying because it seems to bend down too much, but for
most fields this does not happen and the influence on the peak position or width is small.
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&ĚĞƉůĞƚŝŽŶƌĂƚĞ ͬ,ǌ' Ϯ

Result from Second Investigation The Higgs-2 investigation uses measurements with a lower
modulation amplitude of 0.3 G and a constant modulation time of 100 ms. The data is shown
in figure 7.16: Only a few magnetic fields were measured and a smaller frequency range has
been used, which makes it more diﬀicult to fit the background properly. On the other hand, the
observed features are more pronounced and narrow. The data is fitted to a linear background
plus a Gaussian peak, as in equation (7.162), to extract position, width and amplitude of the
resonances.
At an interaction close to unitarity (1/(𝑘F 𝑎) = −0.06) four measurements are taken and
presented in the inset of figure 7.16. The data was taken at different days, so for example
slight variations in the atom number could explain the slightly displaced peak positions at this
interaction, but the shape of the peaks is quite reproducible.
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Figure 7.16: Signal-background fits to data from Higgs-2 investigation The legend provides
the magnetic field and interaction parameter in parentheses. The inset shows four measurements close
to unitarity (1/(𝑘F 𝑎) = −0.06), which were taken at different days. The inset axes are the same as for
the main plot. The measurement at 709 G is an example for insuﬀicient range of the background, which
can lead to a strong correlation between 𝐴s and 𝜎s and probably an overestimation of the latter.

7.6.3 Spectral Weight
Figure 7.17 presents the spectral weight 𝐴s of the fitted peaks (proportional to its height and its
width). The signal is quite strong on the BEC side but gets attenuated roughly exponentially
towards the BCS side. This leads to larger error bars on the fit parameters on the BCS side in
the following.
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Figure 7.17: Spectral weight of measured resonances
the BCS side is observed.

A roughly exponential attenuation towards

7.6.4 Resonance Position
The fitted peak positions versus interaction are shown in figure 7.18. The result agrees reasonably well with the previous measurement of the Higgs amplitude mode based on RF dressing
[46]. On the BCS side it also agrees well with theoretical values for 𝛥 from ref. [53], assuming
𝜔H = 2𝛥/ℏ, but at unitarity and towards the BEC side a deviation from theory towards higher
frequencies is observed. At some point the measured frequency even exceeds the BCS prediction
for 2𝛥, even though the BCS result is expected to overestimate the gap.
It has been theoretically predicted that the loss of particle-hole symmetry towards the BEC
side and the broadening of the Higgs amplitude mode coincide with an increased Higgs frequency
[200].
Another reason for this might be an increased central density of the cloud caused by the
trap potential, an effect which was also discussed in section 5.7 but at a higher temperature
(around 𝑇c ). On the BCS side and at unitarity the central density is still expected to be very
similar to the density of an ideal Fermi gas, but towards the BEC side, the central density at
low temperatures increases significantly, which leads within LDA to a higher Fermi energy at
the center of the trap, which could also shift the frequency of the gap and of the Higgs mode
upwards. To get a better impression of this effect, figure 7.19 shows the ratio between the
theoretical value of 2𝛥 and the measured peak positions.
This ratio is compared with the expected increase in local Fermi energy at unitarity, which
has similar values. For 𝑇 = 𝑇c this increase is derived from the equation of state and for 𝑇 = 0
from the Bertsch parameter, both based on the results from ref. [61]. Following instructions in
ref. [36], this is also compared to first order corrections for a weakly interacting Fermi or Bose
gas in the inset. The BEC result does not match quantitatively because we are too far in the
strongly interacting regime, but it shows that qualitatively the central density can be increased
significantly towards the BEC side. Note that far on the BEC side the universal dependence of
the physics on the interaction parameter 1/(𝑘F 𝑎) is lost and an additional dependence on the
atom number is obtained. In the limit of an ideal gas, the central density scales linearly with
the atom number for a Bose gas but proportional to √𝑁𝜎 for a Fermi gas.
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Figure 7.18: Measured resonance positions The results are compared to the previous measurement of the Higgs amplitude mode in ref. [46] (“Behrle 2018”) and to theoretical predictions for the gap
based on BCS theory and on ref. [53] (“Haussmann 2007”).
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Figure 7.19: Ratio between measured resonance frequencies and theoretical values for twice
the gap The theoretical value for the gap is from ref. [53]. The data is compared to estimates for the
increase of the local Fermi energy in the trap center at unitarity based on results from ref. [61] (“Ku
2012”). The inset demonstrates the qualitative expectation towards weak interaction [36] and uses the
same axes, except for the logarithmic scale of the y-axis.
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7.6.5 Resonance Width
The width of the observed peaks can reveal information about the stability of the observed
mode. Shorter lifetimes lead to broader spectral features. The expectation for the Higgs
amplitude mode is that it is stable on the BCS side, whereas the loss of particle-hole symmetry
towards the BEC side leads to a fast decay into Goldstone modes [42]. Based on BCS theory a
power-law decay with exponent −1/2 on the BCS side and −3/2 on the BEC side is predicted
[181]. The measured peak widths are presented in figure 7.20. Indeed the data suggests a weak
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Figure 7.20: Relative peak width versus interaction The data is compared to the result from
ref. [46] (“Behrle 2018”). The inset shows the four different measurements close to unitarity (1/(𝑘F 𝑎) =
−0.06), together with the mean and its standard error. These measurements show a very consistent
narrow width and are combined to a single datapoint in the main plot. The x-axis of the inset has no
special meaning and is omitted.

trend of increasing spectral width towards the BEC side. The measured width is smaller than for
the previous measurement based on RF dressing [46], for which the smallest measured FWHM
was 0.38(3) of the resonance frequency, while the new measurements find a ratio of 0.14(1) close
to unitarity. But the fact that the width is even narrower for the second investigation shows
that the resonance is still broadened by the measurement and should be considered as an upper
bound.
Note that this result is much broader than the Fourier limit of the excitation, which was
calculated in section 7.2. Reasons for a broadening could be a too large modulation amplitude
or a too large modulation time, which could in principle reduce the gap during modulation
(this effect has been seen in the simulations of ref. [69]). Also, an insuﬀicient signal-to-noise
ratio or an insuﬀicient data range for the background model are possible.

7.7 Distinction of Molecules and Pairs
For the Higgs-1 investigation (larger amplitude, shorter 𝑡mod , constant 𝑛mod ) it was necessary
to consider three different contributions in order to get an appropriate model describing the
whole spectrum on the BEC side: The onset of the pair breaking continuum, the onset of the
dissociation of Feshbach molecules and a peak for the Higgs amplitude mode. In section 7.5
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contributions from pair breaking and from molecule dissociation have both been observed, but
with a simple constant-linear function it was not possible to separate the two effects on the
BEC side. After a full model for all three excitations has been developed in the last section
one can revisit this problem and figure 7.21 shows the fit results for the pairing onset and for
the molecular dissociation onset. While the result for the gap onset shows some inconsistency
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Figure 7.21: Fit results for the onset frequency of pair breaking and molecule dissociation
Note that below and above unitarity different fit functions are used because on the BCS side no molecule
dissociation is considered. The value of the gap is based on ref. [53].

between the values on the BEC and BCS side of the resonance, which could be caused by
unwanted correlations between the fit parameters for the three different excitation processes,
there is a general agreement to an excitation onset close to the calculated bound state energy
and a second excitation onset close to the value of the calculated gap. This can be seen as an
improvement compared to the result in figure 7.5. Note that the frequency sampling of this
investigation is not good at low frequencies, which can probably explain the poor agreement at
very low molecule dissociation frequencies.
Far on the BEC side, where the global chemical potential 𝜇0 becomes negative, it is predicted
that 𝛥 is not directly connected to quasi-particle excitations anymore, but instead 𝛥2 /|𝜇0 |
becomes important [4]. But for the current measurement, that region has not yet been probed.
Excitation Rates Another interesting parameter, which can be different for pair breaking and
molecule dissociation, is the slope of the CF depletion rate above the onset frequency. The CF
depletion rate 𝛤 is a measure for the heating. Under the assumption that the amount of heating
is proportional to the rate of excitations 𝐾 and proportional to the kinetic energy released per
excitation ℎ (𝜈mod − 𝜈onset ), one can conclude that the slope 𝜕𝛤 /𝜕𝜈mod is proportional to the
rate of excitations, i.e. 𝛤 ∝ 𝐾 (𝜈mod − 𝜈onset ) ⇒ 𝜕𝛤 /𝜕𝜈mod ∝ 𝐾.
Therefore, on the BCS side the slope of the background 𝑚gap is connected to the rate of pair
breaking. On the BEC side the background additionally contains the slope 𝑚molecule connected
to the rate of Feshbach molecule dissociation, which can be separated due to the different onset
frequency.
Figure 7.22 shows this excitation rate for molecules and pairs. A very basic explanation
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Figure 7.22: Excitation rates of pair breaking and molecule dissociation The rate of pair
breaking is proportional to 𝑚gap (left) and the rate of molecule dissociation is proportional to 𝑚molecule
(right), as discussed in the text. The contributions 𝑚gap and 𝑚molecule are separated by fits to the full
signal-background model, where 𝑚molecule is dominant for lower frequencies and 𝑚gap is an additional
slope at higher frequencies.

attempt could be based on Fermi’s golden rule: Apart from the probability for the excitation
itself, the excitation rate will depend on the number of available pairs and on the number of
available final states. This is consistent with the increased excitation rate of the pairs towards
the BEC side because larger condensate fractions are expected there and because on the BCS
side Pauli blocking could play a role and suppress the number of available final states. For the
molecules no significant change of the excitation rate is measured.

7.8 Conclusion
In this chapter interaction modulation via the magnetic field has been performed to examine
pairing in the BEC-BCS crossover.
First, the bound state energy of Feshbach molecules on the BEC side is measured, which
matches to calculated values. Additionally, a finite onset frequency even at unitarity and
towards the BCS side is observed, which has not been reported before for a trapped gas.
This could be a many-body effect caused by the energetically gapped excitation of Cooper
pairs in the superfluid, although the inhomogeneous density distribution of the trap makes the
interpretation more subtle. Simple models have been developed which support this perspective.
The main result of this chapter is the observation of a spectral feature at roughly twice the
superfluid gap, which can be identified as the Higgs amplitude mode, standing out on top of
the background of individual pair-breaking excitations. The frequency agrees well to theory
on the BCS side and on unitarity, but is shifted towards higher frequencies on the BEC side,
which is most likely a trap effect caused by an increased central density. An increased density
is generally related to a larger Fermi energy and therefore also an increased gap and Higgs
frequency.
An advantage of this excitation scheme is a relatively narrow excitation frequency, which
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is momentum state independent. The data gives a hint of an increased mode width towards
the BEC side, but also a dependence on the experimental parameters has been observed. At
unitarity it was possible to decrease the upper bound on the spectral width of the mode to
14(1) % of the mode center frequency.
Outlook In the future, a next step would be to carefully characterize the dependence of the
mode width on the experimental parameters, considering modulation amplitude and duration,
while ensuring a good signal-to-noise ratio and suﬀicient data-range for the background. This
should enable a better measurement of the mode width and possibly a clearer observation of
the expected change of the decay from BCS to BEC side.
In section 5.7 it was already explored how to measure the central density of the gas. It should
be possible to apply the same method to this investigation, for which the gas is at temperatures
further below the critical temperature. This would allow to characterize the increase of central
density towards the BEC side and to verify whether this effect explains the shift of the Higgs
amplitude mode to higher frequencies or whether an additional effect is present.
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Phase Diagram of BEC-BCS Crossover As discussed in chapter 5, there is no consensus in
theoretical studies about the exact behavior of the critical temperature across the whole BECBCS crossover. For example, there are different predictions for the position and prominence of
a maximum critical temperature towards the BEC side for the homogeneous gas. Previous experimental studies for a trapped gas show large deviations to theoretical predictions, especially
towards the BEC side. The deviations can be traced back to an inappropriate thermometry.
Another challenge arises from the determination of the Fermi energy of the trapped gas, which
does not consider compression effects, i.e. the increase of the density in the trap center towards
the BEC side.
In the presented investigation these two points have been addressed. The temperature is
derived from the density profile at the edge of the cloud and a virial expansion is used to be
more resilient against interaction effects. The density in the trap center is determined from
high intensity absorption images via the inverse Abel transformation. This allows a comparison
of the results with theory for the homogeneous gas, in addition to theory for a harmonically
trapped gas, for which the Fermi energy is determined from the atom number instead of the
central density.
The superfluid transition point is determined for several interactions with the rapid ramp
technique, similar to previous studies. Additionally, it is demonstrated that it is possible to
deduce this transition point from simple time-of-flight images by using machine learning. A
first approach based on supervised machine learning initially still requires the rapid ramp to
generate labels for the training set. A second approach based on unsupervised machine learning
can even find the transition point completely independent of the rapid ramp, but this was only
possible for certain interactions. The superfluid transition points determined by these methods
are consistent with the results based on the rapid ramp and the unsupervised machine learning
can be used as an independent validation of the result.
Currently data is retaken in order to combine the detection of the superfluid state based
on machine learning techniques with the enhanced thermometry. This also allows to address
some possible refinements of the current investigation. Improvements in the quality of the
imaging should allow for a better understanding of systematic errors which are caused by
deviations from the assumed symmetries of the trap potential when applying the inverse Abel
transformation. The measurement of the central density far on the BEC side requires a more
careful examination, on one hand, because deviations of the density from a Thomas-Fermi
profile near the critical temperature might be relevant, on the other hand, it has been reported
that the imaging eﬀiciency in this region can be reduced [129].
The final result for the critical temperature curve in the BEC-BCS crossover has a reasonable agreement to theoretical predictions, although the question about the exact location of a
maximum critical temperature for the homogeneous gas cannot be answered yet.
This investigation leads to a better understanding of the large deviations of experimental
results from theoretical prediction in previous studies [28, 29] and realizes an unambiguous
thermometry in contrast to another study [56].
Interaction Quenches In chapter 6 the dynamics of a strongly interacting Fermi gas induced
by interaction quenches on different timescales has been examined.
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At first an interaction quench based on a population transfer via RF from a strongly to a
weakly interacting state faster than trap dynamics and faster than the quasi-particle relaxation
time is performed. As a fast response of the system, comparable to the quasi-particle relaxation
time, the condensate fraction decays initially and the width of the condensate (in time-of-flight)
increases. Additionally, the monopole mode of the trap is excited and a revival of the condensate
fraction is seen, which is closer to the trap dynamics than the quasi-particle relaxation time.
This is consistent to the theoretical modeling, which finds an influence of the monopole mode
on pair coherence.
For interaction quenches, which are fast compared to the Fermi time of the system, oscillations
of the order parameter are predicted, which are interpreted as the Higgs amplitude mode. In
order to perform quenches on this timescale, a new fast magnetic coil has been constructed.
To avoid technical issues connected to our application of the rapid ramp to dynamics on short
timescales, the condensate fraction is instead predicted from time-of-flight images, employing
the neural network which has already been used for the measurement of the superfluid phase
diagram. Indeed, small oscillations of the measured condensate fraction are observed, but the
signal-to-noise ratio is quite low. Considering the possibility that statistical fluctuations of the
data are interpreted as oscillations, a statistical hypothesis test is performed. By repeating
the analysis on simulated data in a background-only scenario, it is shown with a confidence of
98.5 %, that the observed oscillations close to the predicted frequencies cannot be explained by
statistical fluctuations.
Finally, it was possible to eliminate the mentioned technical issues of the rapid ramp. First
measurements show an improved signal-to-noise ratio, which enables the extraction of the Higgs
frequency and the damping exponent. The result is consistent with theoretical predictions at the
measured interaction and further measurements should be able to check the predicted change
of the damping in the BEC-BCS crossover.
Interaction Modulation As an alternative excitation scheme for the Higgs amplitude mode,
apart from interaction quenches, theoretical studies have suggested a spectroscopic method
based on interaction modulation. The new magnetic coil, which has also been used for the
magnetic interaction quenches, enables the modulation of the interaction at the required frequencies. Additionally, this method leads to excitations corresponding to the dissociation of
Feshbach molecules and to breaking of pairs which are part of the superfluid many-body state.
In this investigation, as described in chapter 7, it has been possible to observe these three
excitations and to separate them. The pair breaking leads to a linear background of the measured signal above an onset frequency, which is connected to the superfluid gap. Interestingly,
this onset is only partially washed-out by trap effects. On the BEC side, the dissociation of
molecules leads to an additional signal, which has a similar shape but with different onset
frequency and slope.
On top of the background from pair breaking and molecule dissociation, a resonance peak is
identified as the Higgs amplitude mode. The resonance frequency is consistent to theoretical
predictions on the BCS side, but deviates towards higher frequencies on the BEC side. An
explanation for this might be the increase of the central density of the trapped gas towards
the BEC side, which is connected to a larger local Fermi energy and gap. But there are also
theoretical predictions for an increased Higgs frequency in connection to the damping on the
BEC side [200]. In principle, the influence of compression effects can be checked by measuring
the central density, similar as in chapter 5, in order to evaluate if an additional effect is present,
which would be an interesting future measurement.
The magnetic interaction modulation has a good frequency resolution, which can be used
to examine the width of the Higgs amplitude mode in order to get information about its
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stability. At unitarity, the performed measurements found a FWHM of 14(1) % relative to the
resonance frequency of the mode. This is seen as an upper bound for the mode width because
a dependence of the observed width on the modulation parameters has been found, which still
has to be examined more carefully.
Outlook Some future steps, which are closely connected to the investigations presented in this
thesis, have already been mentioned above. For example, the improved rapid ramp enables a
characterization of the Higgs amplitude mode in the BEC-BCS crossover in the time-domain
after an interaction quench. Similarly, for the interaction modulation, an optimization of the
parameters should allow a better characterization of the spectral width of the Higgs amplitude
mode.
One of the main challenges was to take the inhomogeneous density distribution of a trapped
gas into account. For the measurement of the superfluid phase diagram, it was necessary
to use the inverse Abel transformation, which increases the noise for the central density and
can introduce systematic errors if there are deviations of the assumed elliptic symmetry of
the trap potential. For the interaction modulation, the inhomogeneous density complicates
the interpretation of the data because the nature of pairing depends on the local interaction
and reduced temperature. For both investigations, compression effects influence the measured
quantities, i.e. the reduced critical temperature and the Higgs frequency.
As mentioned in section 3.2.6, the implementation of a gas in a homogeneous potential has
already been prepared. This would be a good opportunity to repeat the described measurements, in order to compare them directly to theoretical results for a homogeneous gas, but
also to have a direct comparison between a trapped and a homogeneous system. Of course, a
homogeneous gas will have its own challenges, for example the thermometry has to be modified
because it relies on a known potential gradient.
Additionally, a strong confinement in one direction has already been implemented and the
preparation of a gas in a quasi-two-dimensional regime has been demonstrated. It would be
interesting to study the fate of the Higgs amplitude mode in the crossover from three to two
dimensions, because in two dimensions the superfluid transition is replaced by the BerezinskiiKosterlitz-Thouless transition, which is a superfluid state without long range order and without
symmetry-breaking [201]. Nevertheless, there are theoretical predictions for the existence of a
Higgs amplitude mode in this regime [202].
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Acronyms
AC Alternating Current 31
AOM Acousto-Optic Modulator 58
BCS Bardeen, Cooper and Schrieffer [10, 11] iii
BEC Bose-Einstein Condensate [8] iii
CAD Computer-Aided Design 32
CAS Computer Algebra System 66
CCD Charge-Coupled Device 55
CF Condensate Fraction 147
CMOT Compressed Magneto-Optical Trap 33
DC Direct Current 48
DMM Digital Multimeter 48
FWHM Full Width Half Maximum 146
GMB Gor’kov and Melik-Barkhudarov [48] 17
IGBT Insulated-Gate Bipolar Transistor 38
LDA Local Density Approximation 23
MOSFET Metal-Oxide-Semiconductor Field-Effect Transistor 39
MOT Magneto-Optical Trap 9
NA Numerical Aperture 40
PLA Polylactic Acid 41
ReLU Rectified Linear Unit 85
RF Radio-Frequency 3
TEM Transverse Electromagnetic Mode 38
XOR Exclusive OR 85
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Tools
Most analysis is performed in python, based mainly on the libraries numpy, scipy, pandas,
matplotlib, lmfit and tensorflow. Additionally, Wolfram Mathematica is employed. WebPlotDigitizer by Ankit Rohatgi is used to extract data from plots. CAD designs are based on
Autodesk Inventor. Circuits are designed with Eagle by Autodesk and simulated with LTSpice
by Analog Devices. The thesis is written in LATEX and the bibliography is created with Zotero.
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A Appendix
A.1 Elliptic Integrals
The thesis uses the following definitions for the complete elliptic integral of the first kind
𝜋/2

𝐾(𝑚) ∶= ∫
0

d𝑡
√1 − 𝑚 sin(𝑡)2

(A.163)

and the complete elliptic integral of the second kind
𝜋/2

𝐸(𝑚) ∶= ∫

√1 − 𝑚 sin(𝑡)2 d𝑡 ,

(A.164)

0

which matches the convention of Mathematica and of the python library scipy.
But note that some references [74, 120] use a different convention, where the argument of the
√
functions is 𝜅 ∶= 𝑚.
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