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Abstract

In this thesis we study integrals involving a sixfold product of Bessel functions of the first
kind and integer order. We establish good asymptotic estimates with precise error bounds
for a certain one-parameter subclass of integrals. In the general case of six arbitrary integer
orders we conjecture a formula for the asymptotics of the integral that is consistent with the
special case. Testing this formula on numerical reference data suggests that it approximates
the integral very accurately if at least one of the integers is larger than 20.

The interest in these kinds of Bessel integrals stems from the study of a sharp Fourier re-
striction inequality on the circle and a program to characterize its extremizers by looking at

those integrals. This program is proposed in [14] and [1]| and also includes the works [12],
[13] and [15]. This thesis lines up here and builds upon the work of Oliveira e Silva and
Thiele in [1]. We improve and extend their methods and generalize the results to a much

wider range of integrals.
The thesis consists of seven chapters.

In Chapter 1 we discuss the connection between the study of extremizers in the Fourier
restriction theory on the circle and integrals of a sixfold product of Bessel functions. We
review the existing results on asymptotic bounds for those integrals and state our main
theorem. We then outline the four major parts of the proof and give a summary of the used
techniques. Each of the Chapters 2, 3, 4 and 5 elaborates on one of the parts of the proof.

In Chapter 2 we expand a product of four Bessel functions into a power series of finite
length. If all four functions are equal we provide an expression for the remainder term.

In Chapter 3 we replace four of the six Bessel functions in our integral with the power
series we derived in Chapter 2 and deduce an alternative representation of the initial integral
in terms of sums of quotients of gamma functions and hypergeometric functions. We identify
those parts of this representation that carry the asymptotic information of the integral and
those that contribute to the error. In the case of six different Bessel functions of arbitrary
integer orders we only establish the main asymptotic term without a proof.

Chapters 4 and 5 are entirely dedicated to the one-parameter subclass of integrals such
that the orders of the Bessel functions form the six vector (n,n,n,n,2n,2n) € Z% More
precisely, in Chapter 4 we prove upper bounds on all components of the decomposition of
the integral we deduced in Chapter 3. The analytical approach of this chapter fails for
finitely many integrals. Those are estimated numerically in Chapter 5.

In Chapter 6 we take a closer look at the conjectured formula for the asymptotics of
the general Bessel integral and test its quality on numerical data for selected subfamilies of
integrals. Those numerical values have been calculated for the paper [13]. To demonstrate
the excellent performance of our formula we use it to reproduce some of the findings of [13].
We then sketch open problems that have to be solved in order to turn the conjecture into a
theorem and list some interesting questions for further research on this topic.

Chapter 7 provides results from the theory of gamma, Bessel and hypergeometric func-

tions, as well as some other useful inequalities and identities, that are frequently used
throughout this thesis.

iii






Acknowledgements

First and foremost, I would like to thank my advisor, Prof. Dr. Christoph Thiele, for giving
me this invaluable chance and making this work possible. He always took his time and
patiently worked his way through pages of awful calculations with me week after week. Even
though it was certainly not always possible to follow along my highly technical descriptions
of the problems I faced estimating huge quotients of gamma functions, I still left the office
of Prof. Thiele happy and with new ideas almost every Friday because of his priceless
experience and intuition. This and his lasting excitement and interest in the plots and
graphics I showed him weekly also helped me to overcome periods of frustration and lack
of motivation. Going beyond the professional relationship, Prof. Thiele also managed to be
an excellent advisor on a human level. I always felt valued and comfortable in discussions
with him and especially enjoyed that they were not limited to mathematics.

I would also like to thank the rest of my academic siblings at the University of Bonn
and the entire Harmonic Analysis and PDE group for welcoming me and giving me a sense
of belonging.

Special thanks go to Johann David Wochner and the Software Wolfram Mathematica.
The Python code of Johann David Wochner saved me a lot of time in the analysis of the
huge file that contained the numerical reference data I used for parts of my work. Without
Mathematica the thesis in this form and many calculations inside it would not be possible.
The software was not only essential to the brainstorming phase of the entire project, it
was also used to execute the numerical part of this work and even strongly influenced the
approaches we took in the analytical part.

Last but not least, I am grateful to my family and friends, who are always there for
me with their unconditional support. In particular I would like to express my gratitude
to my boyfriend, Jan Wirbatz, who had to face my moods, ups and downs and periods of
frustration at the front line and always managed to cheer me up again.






Contents

Chapter 1. Introduction and Motivation
Chapter 2. Series Expansion of a Product of Four Bessel Functions
Chapter 3. Integration of the Series Expansion and Derivation of the Main Term

Chapter 4. Precise Error Bound for the Integral I(n) with n = (n,n,n,n,2n,2n)
4.1. Proof of Theorem 3 for n > 20
4.2. Estimate of the Remainder Term R(n)
4.2.1. Upper Bound on R;(n)
4.2.2. Symmetry Considerations
4.2.3. Monotonicity Properties
4.2.4. Upper Bound on Ry(n)
4.2.5. Upper Bound on R3(n)
4.2.6. Upper Bound on R4(n)
4.3. Estimate of the Secondary Term S(n)
4.4. Analysis of the Main Term M (n)

Chapter 5. Numerical Proof of Theorem 3 for 2 <n < 19

Chapter 6. Discussion of the General Main Term
6.1. Numerical Quality Check of the Main Term
6.2. From I(n) to Q(n) and Interesting Questions
6.3. Open Problems

Chapter 7. Background
7.1. The Gamma Function
7.1.1. Definition and Some Properties
7.1.2. Bounds
7.2. Generalized Hypergeometric Functions
7.2.1. Hypergeometric Identities
7.2.2. Upper Bounds
7.3. Bessel Functions
7.3.1. Definition and Some Properties
7.3.2.  Upper Bounds
7.3.3. Integrals Involving Bessel Functions
7.4. Sine and Cosine Integrals
7.5.  Other Useful Inequalities and Identities

Bibliography

vii

17

23
23
25
26
28
30
34
38
51
69
91

113

127
127
130
135

137
137
137
139
139
141
144
145
145
147
150
153
155

163






CHAPTER 1

Introduction and Motivation

The main objective of this work is to get a better understanding of the behavior of the
integral

w 6
I(n) := L HJni(r)rdr (1)
i=0

with a six vector n = (ny,n2,n3,n4,n5,n6) € Z% and a product of Bessel functions J,, of
the first kind.

The interest in these integrals arose from the study of extremizers in Fourier restriction
theory. For a function f € L?(0, 1), that we view as a density on the unit circle on the plane,
we consider the Fourier transform

1
9(6’17) ::JO f(g)e—i(fCOS(27T9)+7781H(2W9))d9 (2)

of the corresponding measure on the circle. The famous Tomas-Stein theorem asserts that
for ||f||2 in the unit ball, ||f|]2 < 1, the norm ||g||¢ is finite and bounded by a universal
constant. It is conjectured that ||g||¢ is maximal among all f in the unit ball, if f is the
constant function f = 1. This conjecture, which we will refer to as the sharp Tomas-Stein
conjecture for the circle, has partially been verified in [13] for the class of all real-valued
functions with Fourier mode up to degree 120, that is real-valued functions of the form

120
fO)= D, fatm. (3)
n=-120
Expressing ¢ in terms of the f,, leads to the Bessel integral I (n). The proof in [13] consists of

reducing the problem to numerically showing positive semi-definiteness of certain matrices.
The entries of the matrices are of the form

QGey) i= 5 ) (Rex o(y) — Lx,o(y), @
0'65'3
R(X7Y) = 2I(X -Y 07 07 0) + Z I(X -Y U(_l’ 1)0))7 (5>
UESg
L(X7Y) = QI(Xv _Y)+ Z I(Xa _y+0-(_17170))a (6>
o€S3

and I(x,y) is given by (1) with n = (x,y).

The paper [13] is part of a program proposed in [14] and [1], to study the Fourier
restriction theory of the circle by looking at the above matrix coefficients, use a computer
for values of n in a large finite region and use good asymptotic estimates on I(n) for n
outside this finite region. The paper [1] establishes good asymptotic estimates for I(n)
with ng = ns5 = ng = 0, or ng = ns = 1 and ng = 0. It should be emphasized that the
existence of asymptotic estimates follows from general abstract principles, the point of paper
[1] is to obtain good estimates for the error between the asymptotic approximation and the
absolute value of the integral. The paper [14] uses these asymptotic estimates together
with a computer to make partial progress towards the sharp Tomas-Stein conjecture for the
circle. Namely, the extension map from f to g is factored as the composition of two maps
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and a sharp estimate is proven for one of the two maps.

It should be noted that the program from [14] and [1]| stems from an approach of Foschi
[15] for Fourier restriction on the sphere in three dimensions. Interestingly, this problem
is much easier than the problem on the circle, since the exponent 6 is exchanged by an
exponent of 4. This allows a purely analytical proof and does not lead to the distinction
between a numerical and an asymptotic region.

The goal of this thesis is to extend the estimates in [1] to a larger range of parameters.
We improve on the approach of [1]| to obtain good asymptotic estimates for ny = ng = ng =
ng = n and ns = ng = 2n. In addition we conjecture an asymptotic formula for the general
case that is motivated by this approach. We test this formula on numerical data that has
been calculated on a modern computer cluster for [13].

We recall the main result of [1].

THEOREM 1. It is formn =7

31 3 0.002
1(0,0,0,0 - —— < ,
’ (0,0,0,0,m,n) 47r2n+327r2(n1)n(n+1)‘ nt
and for n =3
31 3 0.002
1(0,0,1,1 - — < .
’ (0.0.1, 1, m) = s~ 3972 — n(n 1)‘ nA
Moreover, forn =2 and j = 0,1, and with cog = 15,c21 =9 it is
.. €25 0.002
I Oa 5 a2a 1+ 2) — A ;
’ (0.3,5,2,n.m +2) 64m2n(n + 1)(n + 2)’ nt
forn >4 and j = 0,1 and with c4p = 1557, c41 = 855 it is
c4,j 0.0015

1(0,4,7,4 4) — < )
‘ (0.4,5,4,m,m +4) 10247T2n(n+1)(n+2)(n+3)(n+4)‘ A
and for 6 < m < n, even m and j = 0,1 it is

10,3, m,mom 4 m)] < PO

The ultimate goal is to deduce similar bounds the ones above in the general case of six
arbitrary integers ni,...,ng. This would take us even one step closer to the sharp Tomas-
Stein conjecture for the circle.

A particular focus in the application to Fourier restriction theory lies on those tuples of
indices that add up to zero. Bessel functions of integer order obey the symmetry J_,(r) =
(=1)"J,(r). This allows us to restrict ourselves to non-negative integers. Passing to non-
negative indices, however, hides whether the tuple may add up to zero or not. Most of the
tuples we consider stem from tuples summing to zero.

The method of 1], that we refine, suggests the existence of a main term M (n), that
describes the overall asymptotic behavior of the integral (1).

CONJECTURE 2. Let n € Z° be an arbitrary nonnegative six vector such that ns and ng
are the two largest indices. Moreover, define the set

—ng| — 1,0} <k < ~1
Dn:{kez,k>o‘max{‘”5 nel —1,0} <k < ns +ne }

n1 + no + ng + ng + k even
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Then I(n) is well approximated by M (n), if at least one of the entries of n is large, where

1
M(n) = 2n)?
—2k +ne—k
y 2 (—I)M 27T (k + 1)I (%)
k€Dn F("’E’%WJJ)F(_%%WJJ)F(%WJA)
i C1 A
1 Fn1+z+*rn3+k‘—z+,
x 2 (1) ( 3) L 2)

L+ DI(k—i+ DI (ng—i+3)T (ng—k+i+3)
1 1 - 1 1 k : (7>
3F2< —n2 + 3,n2 + 5,10 ’ —1)3F2< —ng+ 5,04+ 5, —k+1 ‘ _1)

X . 1 . 1 . 1 ; 1
—np—1+3,n—1+3 —ng—k+z+§,n3—k+z+§
. F( —ng + 1,m9 + 3, —i ‘1>F< —na+ 5,na+ 5, —k +i ’1>
342 . . 342 . .
—np—i+im —i+ 3 —n3g—k+i+ing—k+i+3

~ (_1)n2+n4 (1 + (_1)n1—n2+i)] )

In practice the approximation appears very useful, if the largest entry of the vector n

is larger than 20. We want to note at this point that the asymmetry of M (n) with respect
to ni1,n9,ns3,n4 is caused artificially by some transformations we carry out in Chapter 2.
The starting term is completely symmetric with respect to those variables. The Wolfram
Mathematica program code we use in Chapter 6 to evaluate M for some specific values of
n puts the entries of n in ascending order bevor inserting it into the formula. However, a
runtime analysis of different permutations of the variables ni,na, n3, ng, suggests that the
ordering does not affect the performance of the calculation. At least not in the setting of
the Wolfram Language.
Moreover, we want to point out that M (0) = 0, since Dg is the empty set. Unfortunately,
that is far off. However, we conjecture that the error |I(n) — M (n)| decreases rapidly with
increasing size of Dy. The verification and quantification of this assertion is another open
problem.

The difficulty in our method is the rigorous quantitative estimation of the remaining
terms that are small compared to M (n).

To simplify the technicalities and display our ideas in an easier to digest form, we restrict
our attention to the one-parameter subfamily n = (n,n,n,n,2n,2n). Our main result is
the following.

THEOREM 3. Let n € N and n > 2. Then it is for n = (n,n,n,n,2n,2n)

1
32 1 23 1 1
I(n) — ——+ < 8.002183 - 1074 : 8
(=) dm2n - 983372 n (n? — 1) n(n? — 1)(n? — 1) ®
This family is analytically more difficult than the ones in [1] and requires additional

steps and arguments. These arguments should be strong enough to bound all terms that
are small compared to the main term M also for a larger range of vectors n € Z°, namely,
when the four smallest indices are sufficiently dominated by the remaining two. However,
the full range of parameters, for example (0,0,n,n,n,n), and thus a proof of Conjecture 2
or an equivalent quantitative result to Theorem 3, may require additional ideas.

The motivation to study the one-parameter subfamily n = (n,n,n,n, 2n, 2n) stems from
a numerical approximation of the two-parameter subfamily n = (m, m,n,n,m+n,m+mn) of
positive integrands. In Figure 1.1 the discrete data points of I(n) are joined with piecewise
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polygonal surface elements. This way the obvious symmetry of the integral with respect to
the main diagonal m = n becomes visible.

0.003

0.001

n

FIGURE 1.1. Interpolated listplot of I(m,m,n,n,m + n,m + n).

The literally outstanding appearance of the diagonal itself piqued our interest and lead
to the decision to further investigate this case.

As mentioned above our approach goes back to [1] and follows a program that consists
of four major steps.

Step 1 We pick those four Bessel functions with the smallest indices and expand their
product into a series with finite n-dependent length and a remainder term.

Step 2 In I(n) we replace the product of the four Bessel functions with the smallest in-
dices by its series expansion and the remainder term. This decomposes I(n) into
a sum of integrals involving the remaining two Bessel functions. We express these
integrals in terms of hypergeometric functions and quotients of products of gamma
functions to make them accessible for upcoming estimations.

Step 3 We take the integral-free representation of I(n) from Step 2 and provide upper
bounds for all occurring terms.

Step 4 The analytical approach of Step 3 fails for finitely many n. Those integrals are
estimated numerically.

The majority of the work is hidden in Step 3. Although our techniques are quite elementary,
the sheer amount of different cases we have to take into consideration makes this the largest
and most difficult part of the proof of Theorem 3.

Step 2 is the one that provides us with a candidate for the main approximating term M (n)
of I(n). The integrals we mentioned in the outline of the program can all be assigned to

4



one of the following classes

0
IOT(]{?,I’I) = j Jn5 (’I“)Jnﬁ (r)r_k_ldr’
0
0
IQT(k7n) = J‘ sin <U(n)2+kﬂ' + 2’/”) Jns(r)Jne (T)Tikild%
0

o0
Iy (kyn) := f oS <J(n)2+kTr + 4r> T (1) T (r)r =% Ldr,

0
with o(n) = >._; ¢ing and ¢; € {—1,1}. Here we assume that the entries of the six vector
n have ascending order. There exists a quite comprehensive theory of integrals of two and
three Bessel functions, that includes results and methods we can use to analyze the inte-
grals Io,(k,n), Io,(k,n) and I (k,n). Let us in particular mention Lemmata 56, 57 and
59, which are essential for our work. We will then see that the integrals Iy, (k,n) make up
the main term.

More precisely, our work is structured as follows. In Chapter 2 we carry out the series
expansion described in Step 1. Chapter 3 then covers Step 2. Namely, the identification of
the integrals Iy, Io, and I4. and the application of the aforementioned lemmata to those
integrals. At the end of Chapters 2 and 3 we are able to express I(n) as a sum of three
convolution-like sums of products and quotients of gamma functions for the subfamily n =
(n,n,n,n,2n,2n). On our way to this representation, we also deduce the conjectured main
term M (n), that we stated in Conjecture 2 for general n. Our goal throughout those two
chapters is to present our approach in detail for the subfamily n = (n,n,n,n,2n,2n), while
in the generalization for arbitrary n € Z% we only consider those terms that we suppose to
have significant contribution to I(n).

Chapter 4 implements Step 3 for the subfamily n = (n, n,n,n, 2n,2n) and is entirely devoted
to the analytical proof of Theorem 3. An in-depth analysis, including precise error bounds
of the three summands we deduce in Chapter 3, is done in Sections 4.2, 4.3 and 4.4.
Chapter 5 completes the proof of Theorem 3 by a numerical estimate of I(n) for the values
of n beyond the analytical scope of the proof in Chapter 4.

The purpose of Chapter 6 is twofold. We first provide a numerical validation of Conjecture
2. As reference data we use numerical values for a large class of I(n), that have been
calculated for [13] on a modern computer cluster with a prescribed accuracy of 0.73 - 1077.
Afterwards we draw a deeper connection between our work and [13] by reproducing parts
of the findings in [13] using our general main term M (n). Since the numerical validation
of the general main term is far from a rigorous proof, we conclude Chapter 6 with a list
of open tasks and problems that have to be solved in order to prove Conjecture 2 and to
quantify the error between M (n) and I(n).

To round off this work, Chapter 7 provides background on the theory of gamma, Bessel and
hypergeometric functions to an extend that is sufficient for our purposes. We review and
prove useful bounds and identities for different types of sums and integrals, including the
Lemmata 56, 57 and 59 we mentioned earlier.






CHAPTER 2

Series Expansion of a Product of Four Bessel Functions

In this chapter we jump straight into Step 1 of our program on page 4 towards the
analysis of the integral (1). In Lemma 7 we provide a formula for the series expansion
of the product J2(r) on the basis of the expansion coefficients of a single Bessel function
Jn(r). The expression for the k-th expansion coefficient is then generalized for the case of
a product of four Bessel functions with different indices in formula (24). We obtain a more
precise expression for the k-th expansion coefficient of the product of four different Bessel
functions in Theorem 8, by using information on the coefficient of a single Bessel function
from Lemma 4. As a direct consequence of Theorem 8, we deduce in Corollary 9 the cor-
responding formula for the k-th expansion coefficient of the one-parameter case J2(r). The
remaining Lemmata 10 and 11 provide closed form expressions for parts of the formulae in
Theorem 8 and Corollary 9. This makes upcoming calculations less cumbersome.

To avoid ambiguity of indices, we will throughout this and the following chapter denote
the general six-vector by n = (a, 3,7, 9, z,y) and assume that x and y are the two largest
indices.

As mentioned above, at the heart of all calculations in this chapter lies the series expan-
sion of a single Bessel function at infinity. It has first been used in the context of integrals
of Bessel functions by Oliveira e Silva and Thiele in [1].

LEMMA 4 ([1]). Let n € N and Re(z) > 0. Let further | € N be such that
| > max{n — 5,1}. Ifl is even, then

(72TZ>; Jn(z) = cos (z - % - zn) (=1)*agy(n) 2~

2
k=0
” (10)
. ™ ™ k —(2k+1
— sin (z i 571) ’;10(—1) asg+1(n) z ( ) + Ry ()

The expansion coefficients a;(n) are defined as

D(n+j+3)
40 = 1y (an

and the remainder R, (%) satisfies

2|
Re(z)
7

lfn+%
Ros(2)] < Jan(m) ( ) cosh (Im(2)) |2 . (12)



For the proof of Lemma 4 Oliveira e Silva and Thiele fall back on the Poisson integral
representation (377) of the Bessel function .J,,(z) and perform the change of variables ¢ =
cos(#) to turn it into

1 _1
In(z) = T ()T (1 1) f_l cos(zt) (1 — t2) dt.

Then they split

with

1 1
+ — 1zt 1_27’1—5
RO gy Lo

and J,, (2) = Ji (Z), and prove the claimed identities (9) and (10) via contour integration
and the Taylor expansion of (14 z)"~! for both functions J;; and J, .

Their technique allows Oliveira e Silva and Thiele to immediately deduce explicit first and
second order asymptotics from Lemma 4 that are valid for large z close to the positive real
axis.

COROLLARY 5 ([1]). Let n = 2 and z € C such that Im(z) < Re(z) and Re(z) > n?.
Then

JE(2) — (i) " s (--%- gn)‘ < <7r|22|>2 (jcosh (Tm(2)) (|R|ez(|z)|>é L (3)

1 1
2?2 dn? —1 (22
JE(z) — (m) cos (z - Z - gn> + n8z <7rz> sin (z - % — gn>

< <7r\2\> 41n41 cosh (Tm{)) (\RLz(’zn)é |

For the sake of simplicity in notation we follow [1] and set from now on

and

(14)

™

Jn(r) = (27“)é In ()

and abbreviate the asymptotic expansion of J,(r) with length [ by
-1
In(r) = D er(n,r)rF + Ry(n)r . (15)
k=0

The exact formulas for the expansion coefficients ¢x(n) and the remainder term R;(n) can
be read from Lemma 4. Taking absolute values, we find that

ek (n, )] < lak(n)],

Ri(n)] < {(H%)i ol 0 (16)
|a(n)], 1>1

for n = 1. The estimate in the case [ = 0 is due to Lemma 55 .

On the following pages, starting from (15) we first derive quite general expressions for
the asymptotic expansion of the product of two and of four Bessel functions of the same
index n. In a second step, we generalize the resulting expansion coefficient for the product
of four different Bessel functions with nonnegative indices «, 3,7,6 € Z. Afterwards, we
plug in the specific expression for the expansion coefficients and the remainder term of a
single Bessel function and simplify the result algebraically as much as possible.

So, let us start with J2(r).



LEMMA 6. Let n € Nyn = 1 and v = 0. Then the asymptotic expansion of J2(r) with
length 1 =1 is

Z ](C (n,r) _k+Rl()(n r)r_l,

with
k
Zcznrckznr) (17)
=0
and
-1
R (n,r) = > ex(n,r)Ri_i(n) + Ry(n)Ro(n). (18)

PROOF. Let [ > 1 and

-1
r) = Z cr(n,m)r=* + Ry(n)r™
k=0

Then it is by the definition of a remainder term

-1 _
Z, em(n,r)r™™ + Ry(n)r™ 2

= R;(n)r Jf

for all 0 < j <1 —1, and the square of the expansion of J,(r) simplifies to

k=0
-1 k
= (Zc (n,7)ck—i(n, 7“)) = co(n, ) Ry(n)r™
k=0 \i=0
-1 -1 .
+ » cx(n,r) < Z ci(n,r)r—" + Rl(n)rl> rF
k=1 i=l—k
-1
+ Ry(n) Z (ck(n, ryr Rl(n)r’l> r!
-1 kk:O -
= Zc (n,r)cg—i(n,r)r (Z (n,r)Ri—(n )—I—Rl(n)RO(n)) rt.
k=0i=0 k=0

(2)

As we can see, the expansion coefficients ¢;”’(n) of the expansion of two Bessel functions
are
k

Zcznrcklnr)

=0

and the remainder term R(Q) (n) is

B (n,r) = 3 en(n,r)Ri—i(n) + Ry(n) Ro(n).



The trick of cutting the square of a sum into a triangular sum and a linear one makes all
forthcoming calculations easier and less cumbersome since the number of terms we have to
take into consideration reduces drastically. This technique was already used by Oliveira e
Silva and Thiele in [1] for an expansion length of 6. Lemma 6 generalizes it for an arbitrary
expansion length [. If we apply Lemma 6 twice and use the estimates (16) for ¢;(n,r) and
R;(n), we immediately get

LEMMA 7. Let n € Nyn = 1 and r = 0. Then the asymptotic expansion of J4(r) with
length 1 =1 is

) = 3 @ oyt Y (19)
=0
where the expansion coefficients c;, )( ) are defined by
(4) Z Z Z (1, 7)Cj—m (R )i (n, 1) ck—i(n, 1), (20)

i=07=0m=0

and the remainder term Rz(4) (n,r) satisfies \Rl(4)(n,7')\ < r(n,l) with

-1 k i

r(md) i= 3 3 Ylas(maij(mar—i(n)ar-x(n)

+10(n) 3 D las(m)ass(mar-i(n) (1)

The goal of the following calculations is to generalize formula (20) for the case of four
different Bessel functions Jq (r)Js(r)J~(r)Js(r). We will then be able to formally express this
product as a series of length [, but without remainder term. We refer to this representation
as the approximated series expansion of J, (7“)3 3(1)J(r)Js(r) and denote it by

Ja(r)JIp(r)Iy Z 0(4) (e, By, 0, r)r*k. (22)

Now, let us have a closer look at c ( ,B,7,6,r). By replacing the two values n in the
proof of Lemma 6 by « and 3, we 1mmed1ately see that (17) generalizes for the product of
two Bessel functions with different indices in the following simple way

k
c,(f) (a, B,1) := Z cr—i(a, )i (B,r). (23)
i=0

We repeat the calculation that leads to (23) two more times and yield the expression

( , 8,7, 6, T Z Z Z Ck—i Ol r Cz ](/Ba )C] 3(77 )Cs((s 7’) (24)

140 j=0s=0

for the k-th expansion coefficient Jo (r)J5(7)J () JIs(7).

Note that due to the associativity and commutativity of the product of the four Bessel func-
tions, also the formula for the expansion coefficients must reflect these property. Meaning,
the coefficients can expressed in the following equivalent way

61(64)(0‘767%5 7" Z Zcz —\a, T C] ﬁa ch’ i—s ')’7 65(5 7‘) (25>

i=045=0

10



We now plug in the information we have from Lemma 4 on the single-function expansion co-
efficients ¢ (o, ) into the expression (25) for the four-function expansion coefficient. Recall
that depending on the parity of « and k the coefficient ¢ (a, 1) is

(—1)5 cos (r—% —2Zn), k even,

cpla,r) = apla 3
k( ) k( ){(_1)TSID(T_Z_7£”)? k odd.

This can also be expressed in the following, more convenient way

v T
ck(a,r) = ag(a) cos (r -7~ (o — k)§> , (26)
with aj, defined in (11) by
() Lla+k+1)
a(a) = .
k RI2ET(a — k + 1)
Plugging (26) into (25) we yield
i k—i
5 77 Z 2 Z a;— ] akfifs(’}')as(é)
i=07=0s=0
™ AT ™ N (27)
xcos[r—Z—(a—z—l—j)§]cos[r—z—(6—j)§]
s ) T T T
XCOS[T—Z—(’}/—k+2+8)§]COS[T—Z—(5—S)§].
Using the trigonometric identities
1
cos(z)? = 5[008(21‘) + 1],
1
sin(z)? = —5[005(250) — 1], (28)

1
sin(z) cos(x) = 3 sin(2z),
we reduce the product of the four cosine factors to the sum

;[(*1)21005 [(oz +pB—y—0+ k)g] + (=1)7% cos [(*a +B8—-v+6+ k:)g]
+ (—l)iﬂ“cos[(a—ﬁ—'y—i—(S—i—k)z] —cos[(a+ﬂ+’y+5—k)z—4r]

+@4ym{(a+5 y—+k)Z +24 (1fm{(a—ﬁ Sy, gy +24

+(—1)i+jsin[(a—ﬂ vy—0+k)= +2r] (1)i+ssin[( a—pB+v—0—k)= +27’]]

(29)
For the sake of readability, we denote in the following
) i= > aij(a)a;(B)
=0
’ (30)

Bi(a, ) := Y (=1 ai—j(a)a;(8),

7=0
and abbreviate

Ai(a, ) =: Aj(), Bi(a,a) =: Bi(a),

11



in the case that the parameters o and 8 are equal.

In terms of these A; and B; we obtain the following representation for the k-th expansion
coefficient cl(:l)(a, B,7,0,r) of the series expansion of the product of four different Bessel
functions.

THEOREM 8. Let «, 8,7,d be non-negative integers and k = 0. Then the k-th expansion
coefficient c](:l)(a, B,7,0,7) of the series expansion of the product Jo(r)Jg(r)Jy(r)J5(r) obeys
k

é%m@%&m=;2<«n%maa+ﬂfya+k>)A<ﬂmkx%®

=0
+ (=1)"cos ((@ = 8 =7 +6 + k)T ) Bil@, B)By-i(7:)

(~a+B=7+0+k)3) Bia,8)Bii(3,9)

(
(

+ sin ((—a F By =6+ k)g + 27a) Bi(a, 8)Ap—i(v, )
((ca=B=7+0d+k)7F +2r) e, 8)Bri(7,9)

+ (=1)%sin ((a —B—y—0+ k) + 27") Ai(a, B)Bi—i(v,9)

+(—1)ism(( a—B+y—08—k= +27~)A( ,5)Bk_i(7,5)>.

PROOF. Plug in (29) into (27) and replace the sums over j and s by (30). [ ]

If all indices «, 8,7, d are equal, Theorem 8 simplifies a lot and leads us directly to the
following representation of the expansion coefficient (20) in the one-parameter case.

COROLLARY 9. Let k,n be nonnegative integers, r > 0 and A;(n), B;(n) be the sums we
defined in (30), with « = B = n. Then, the expansion coefficient 01(64) (n,r) satisfies

Lo (F i
024)(71,7“) = 8 < 7T) 2 n)Ak—;(n) + 2 Z Bi(n)Bj_;(
1 ke i u (31)
+ Z(fl)" sin (2 + 2r> ;) Bi(n)Ag—i(n) + ;} Ai(n)Bg—i(n)
even k+1 even

k
1
—8005<+ r)ZAZ )Ak_q(

=0
PROOF. Setting a = 8 =+ = ¢ =n in (29) reduces it to

;[cOs (lzr) [(—1)" + (1 + (—1)")(=1)7**]

12



All that is left now ist to plug in (32) into (27) and identify the sums A4;(n) and B;(n). A

Next, we continue the discussion of the general four-functions expansion coefficient (27)
with a closer analysis of the sums A;(a, ) and B;(«, 8) and express them in terms of the
generalized hypergeometric function 3F5. This may seem like making it more complicated,
but opens up the possibility of applying the machinery of hypergeometric functions to our
problem.

LEMMA 10. For all non-negative integers o, 8 and i it is

; - +l7 +17_
Ai(a76):2_z . . 1 3F2< 5 . 21/8 2. Zl ‘_1>7
L+ 1T (a—i+35) —a—i+g,0—i+3
. 1 1 1 .
F(a+z+§) F( —6‘1‘5,,84-5,—2 ‘1)

T+ (a—i+3) \—a—itla—i+l

F(a—i—z’—i—%)

Bi(a7 5) = 2_i

PROOF. We derive the expression for A;(«,3). The one for B;(a,f) is completely
analogous. First we plug in the definition (11) of the expansion coefficients a into the
definition of A;(c, B) and apply the reflection formula (327) to the factors I' (o + i — j + 3)
and I' (B8 —j + 3). Then it is

i P(B+j+3)T(B+3+3)

Ai : :2—2' 1 a—LB+1 .
(a, B) (=1) j;p(a_wrwr;)r(—a—z‘+j+§)F(i—j+1)F(j+1)

Next, we note that

D(—i)D(i + 1)
N(—i+j)T(i—754+1)

= (—1). (33)

This can be seen by applying the reflection formula (327) for non-integer i and taking the
limit ¢ — 7Z afterwards. Hence, we can further transform A;(«a, ) into

27—t & T (—B+j+ )T (B+j+1)T(—i+))
P+ )0(—i) DT (a—i+j+3)T(—a—i+j+3)0(+1)

Ai(aaﬁ) = (*1)]"

By definition (335) of 3F% this is equal to

27H(—1)* U (B + )T (B+3) F2( B+ 5.8+ 3,1 ‘ _1>
) )

Ti+ ) (—a—i+ DT (a—i+3) N—a—itla—it+l

which after another two applications of the reflection formula to the factors I' (— B+ %) and
T (—a — 1+ %) turns into the claimed formula. [

In the special case of a = 8 = n, we exploit some symmetry effects to simplify the first
summand in (31) and deduce a closed form expression for B;(n).

LEMMA 11. Leti,n e N and i,n = 0. Then it is

0, i odd,
Bi(n) = i aT(A+1)r(n+i+3) . (34)
(=1)zmr2 F(%+i)r(n—§+§) , i even.
Moreover, for even k we have
k A 5
D U(=1)Ai(n) Ap_i(n) = ) Bai(n)Bj_2i(n). (35)
i=0 i=0



PROOF. For the proof of (34) let y;(i,n) = (—=1)7a;j(n)a;—j(n). Then y;—;(k,n) =
—y;(i,n) and therefore, for odd ¢

i
Zyj(i,n 2 yj(i,n) + yi—j(i,n)) = 0.
j=0 i=0

So, let’s assume that ¢ is even and set ¢ = 2. By Lemma 10 it is
. T(n+2j+3 —n+3n+ 5, —2j
Byj(n) = 27— (n+2; 2). 13F< R “]1’1)
L'(2j+1)T(n—2j+3) —n—2j+3zn—-2j+3
Note that the hypergeometric function above has exactly the form stated in Lemma 48,

when we set a = j,b=n—j — 5 and ¢ = —n — j — 5. Thus, an application of the lemma
and the reflection formula (327) yields

I'(n+2j+3)
L2+ (n—2j+3)
L(—j+1)T (n—2j+3)T(—n—2j+3)T(—))
D=2+ (n—j+3)T (—n—j+ 1) (-2))
o T(—j) I‘(n—l—j—l—%)'
< DTG +DT (n—j+ 3)
We write the first quotient above as
F=)HrG+1) TE2j+1)
['(—=25)T(25+1)T(j +2)%
By relation (33) with ¢ = 25 and Legendre’s duplication formula (328), this is equal to

Byj(n) =27%

X

T+
(-1y2¥n r(gﬁ)

Combining the last three steps and switching back to j = % completes the proof of (34).
Let’s turn to (35). Recall the definition of the sum A;(n) and plug in the formula for the

factors a;(n) from Lemma 4.

iy Pnti—g+ BT (n+j+3) |
A=+ DL+ DL (n—i+j+3) T (n—j+3)

Note that

1 1 1
Ti—j+O0G+1) T(i+1) (;)
Moreover, let
r (n +J+ %)
r (n —J+ %) '
We omit the dependency on n, since it is not of relevance for the upcoming transformations.
Then

G(j) =

At = s 3 () eti-ew

J=0
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and

k k—i 1 ; . .
P (=D =D (D Gk — i — GGGl — $)G(s
ZOZ F(k—z+1)F(z+1)< ><s> ( NEG)GEG = 5)G(s)

j=05=0 J

_ F(,ifl) Zkngo i{)(—l)i(’j) ("7 (0)sw-i-icmei-a6e. 6o

By symmetry of the convolution and property (34) of the B;’s, the asserted identity (35) is
equivalent to

k

D=1 A ZBk

=0

Repeating the transformations that lead to (36) for the B, we yield

in_i(n)B n
k; ) i 2; J*S( > <k R Z) <;> Gk —i— §)G(§)G(i — 5)G(s).

J

(37)

In the following we show equality between (36) and (37). We start at (37) and use Fubini’s
theorem on the interchangeability of the summation order and the two binomial identities

()=o) )
<:1> - <n ’ m> (39)

to end up at (36). In (37) we change the order of summation of ¢ and s and shift i = p + s
afterwards to get

k
2Tk +1) Y Bis(n)Bi(n)
i=0
k k—sk—s—p
- _nits( R p+s\(k—s—p o Gl ‘
_;);;J =0 - <p+s)( s )( j )G(k p—5)G(s)G(p)G().

Next, we apply (38) to the first two binomial coefficients and reverse the summation over p
and s by setting ¢ = k — s and r = ¢ — p. Due to (39), this leads to

; 3 3 () (1) () etk -6 e o6

J

Now we interchange the summation over r and j and repeat the same steps as above. That
is, we apply (38), shift » = j+ s and reverse p = ¢—j. The resulting sum looks the following

IPIPHEIL O)(O) (%) et - a6t - néw- s

b/ \p

We have to interchange the summation order once more. Now it is the turn for the sums
over ¢ and p. Again we apply (38) and shift ¢ = p + ¢. This finally leads to the desired

15



result

Note that the proof of identity (35) heavily relies on the fact that all Bessel indices are
equal. Thus, we don’t expect it to be true in the general case.

REMARK 12. As a direct consequence of Lemma 11 we can simplify the expansion

coefficient c](f) (n) for even k a little bit and get

: k
C](:L) (nﬂ“) = (—1)% (: Z ng(n)Bk,gj(n) — éCOS(ZlT) 2 Az(n)Akfz(nJ

=0 =0

=
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CHAPTER 3

Integration of the Series Expansion and Derivation of the
Main Term

The present Chapter implements Step 2 of our program on page 4. Its first half treats the
one-parameter case and is devoted to the proof of Theorem 13, which proves a decomposition
of the integral I(n) into a sum of three terms M (n), S(n) and R(n), the main term, the
secondary term and the remainder term. We establish concrete formulae for the summands
M(n) and S(n) in terms of sums of quotients of products of gamma functions with and
without an additional hypergeometric factor, respectively. For the term R(n) we derive an
upper bound. The basis of the proof of Theorem 13 is the series expansion of J} that we
developed in Lemma 7 and refined in Corollary 9 and Lemma 11. Another crucial ingredient
are the Lemmata 56, 57 and 59, that provide us with the necessary tools to handle integrals
of two Bessel functions.

In the second half of this chapter we turn to the case of a general six-vector n. In formula
(56) we produce the conjectured main term M (n) of Conjecture 2. Its deduction does not
have proof-character but is very similar to the procedure in the proof of Theorem 13.

THEOREM 13. Let n > 0 and n = (n,n,n,n,2n,2n). Then the integral (%)ZI(n) can
be splitted into a sum of three terms, a main term M(n), a secondary term S(n) and a
remainder Term R(m)

(5)" 1(m) = M(n) + S(n) + R(n).

2
The individual terms are defined by
3
M(n): 3
1672
inleplr( DTG+ p—j+H)ren—pTn+ij+HT(n+p—j+1)
S ST+ )G+ )Ip—j+ DI@n+p+ )l (n—j+ )T (n—p+j+3)’
(41)
and
1o R g J 2n + 1 kon—kil 1
S(n) = T(2n +1)2 Z 2 ZZOJZO;O?’F?( 2n+1 4n+1 4)
y FAn—k)T (n+k—i+3)T(n+i—j+3)
Th—i+ DI —j+ )0 (n—k+i+ )T (n—i+j+3)
5 T(n+j—m+3)T(n+m+3)
FG-—m+1)Im+ I (n—j+m+ 3T (n—m+3)
(42)
and the remainder term satisfies
I'(2n)
[B(n)| < r(n) (43)

2F(2n+%)f‘(4n+%)’
where r(n) = r(n,4n — 1) is defined in (21).
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Later in this work we will see that the main term M (n) is the one, that carries all the
information on the decay behavior of the Bessel integral I(n). The secondary term S(n) and
the remainder term R(n) on the other hand don’t contribute substantially to the magnitude
of I(n) and will be subject of the error analysis.

PrROOF. When we replace in I(n) the product Ji(r) = (T?T)2 J%(n) by the series expan-
sion we developed in Lemma 7, we get the sum

9 -1 ~0 o
(E> I(n) = Z f J%n(r)c,(f) (n,r)r=* " tdr +J J%n(r)RlM) (n,r)r—""tdr. (44)
2 k=00 0

(4)

After plugging in the formula for the expansion coefficient ¢, ’(n,r) from Corollary 9 and
(40), respectively, we encounter the three different types of integrals

o0
Ior(k,n) = f Jgn(r)r*kfldr,
0

0¢]

I (k,n) = J

0

k
sin <27r + 21") J2 (r)yr~*tdr,

0

k
Ly (k,n) = f cos (; + 4r> Jgn(r)rfkfldr.
0

In the following we address them by Or - terms, 2r - terms and 4r - terms, respectively,
referring to the r - dependency of the trigonometric factor under the integral. Using these
abbreviations for the integrals, (44) turns into

_ k
( ) Z [ cos( > Tor(k,n) ZA JAr—i(n) +2 Y Bi(n)Bi—i(n)
! n)A Ai(n)B (45)
+ 4( I?T k, n Z B k— z Z k—i )

even k + i even

8I4T (k,n) ZA ) Aj_i( ] f JZ (r )~

The last integral in the above line will from now on be called remainder term of I(n), and
we denote it by

R(l,n) = L 2. 0RO (n, 1y, (46)

Let us now further explore the single types of integrals starting with the Or-terms. Upon
the condition that £ + 1 < 4n, we can apply Kaptain’s formula Lemma 56 to express the
integral in the closed form

27F1T(k + 1) (2n — &)
T (5+1)°T (2n+% +1)

IOr(k7 n) =

(47)
1 T(5+3)T(2n—1%)
T 2T(k+ )T (2n+ 5+ 1)

The second equality is due to the duplication formula (328).

Before we continue with the analysis of the 2r- and 4r-terms, we briefly discuss the
conditions the expansion length [ has to satisfy, and choose a suitable value for I.
Since we want to treat all Or-terms with Kapteyn’s formula, our expansion length [ has to
satisfy 0 < k <1 < 4n — 1. Moreover, we want our approximation of 3ﬁ(7’) by its expansion

18



to be as accurate as possible. Meaning we want to loose as few expansion terms as possible.
Consequently, we choose the expansion length to be as large as possible. That is

I =4n—1. (48)

Note that (46) leads to an integral of the type Ip.(k,n), as well, when we take the
absolute value and use the uniform bound on the expansion remainder from Lemma 7.
By the above considerations regarding the expansion length, this Or-term related to the
expansion remainder satisfies

I'(2n)
o (2n+ 3)T (4n+ 1)’
and the claimed upper bound (43) on the remainder term R(n) := R(4n — 1,n) follows
directly from

IOT(Z,TL) = I()r(4’l’L — 1,7’L) = (49)

IR(m)| < [RY_ (n, 7)o, (4n — 1,n)

and Lemma 7.

Next, we consider the 2r-terms. Note that depending on the parity of k, the trigono-
metric function underneath the integral is either a sine or a cosine of 2r. For even k we
have the sine, for odd k it is the cosine. Thus, all conditions of Lemma 57 are met and we
can conclude that the 2r-terms vanish.

In the case of the 4r-terms we proceed similarly, with the intention to use Lemma 58.
For even k the first formula (383) of the lemma applies, and for odd k it is the second one
(384), leading to

T(4n —k on+ L.2n—E on —
I4r(k’n):(_1)k22k712n (n ) F( n+ 2 n 2 n

k 1

2t 3 50
I'(2n+1)2° 2n +1,4n + 1 ’4) (50)
In the next step, we plug in our findings about Iy, (k,n), Is,(k,n) and I4(k,n) into (45)

and call the part related to the Or-terms the main term M (n), and the part related to the
4r-terms the secondary term S(n). Then we yield from (47) and Lemma 11 for the main

term
1 2 kr\ T(5+4)r(2n—5)
M (n) E cos (2>

16 = T(k+1)0 (2n+ 5 +1)

k
> Ai(n)Api(n +2ZB )]
=0

X

even

2n—1 1
3 r (p + 7) I'(2n —p)
— Byi(n)B

167r% 1; F(p+ 1)F(2n+p+1 Z 2] 2p— 2]( )

For the secondary term we get from (50)

1 195, I'(4n — k) 2n+3.2n—Eon— k4
S i -1 k+122k 12n = \F0 7 ) 29 ‘
®) =3 k;:o( ) T(2n+1)2°2 on +1,4n + 1 4
k
X Z Az(n)Ak,Z (n)

1=0
Now the claimed formulae (41) and (42) follow from the definition (30) of the sums A; and
B; and formula (11) for the a;. [ |

Since we will later only be interested in an upper bound on the absolute value of the
secondary term (42), we want to take us a minute before we move on to place the following
remark.
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REMARK 14. By definition (335) of a generalized hypergeometric function, we see that

this function is positive, if all parameters a1, ...,a, and b1,..., b, are positive. In the case
on+t op—k op k41 . " .
of 3F2< "+22n1124n11 23 this condition is met, as we have 0 < k <[ <4n —1. We

thus can estimate the absolute value of S(n) as follows
1 2712 P 2n + 1 klon— k4
s - ok F ‘
Sm)I< 51 (2n +1)? Z] ;%;%3%32< 2n+14n+1 4)

y Fn—k)L(n+k—i+ )T (n+i—j+3)
Pk—i+ DI —j+1)|T(n—k+i+ 3T (n—i+j+3)]

y F(n+j—m+3)T(n+m+1)
FG-—m+DIm+ )T (n—j+m+3)T(n—m+3)|

The second half of this Chapter is devoted to the derivation of the main term M (n) for
the general integral I(n) with n = («, 8,7, 9, 2,y) upon the assumption that x and y are
the two largest indices. We follow the lines of the proof of Theorem 13, with the difference
that we don’t work with the series expansion of the product J,(r)Jg(r)J(r)Js(r), but with
the approximated series expansion

21-1
Ja(r) (1) () Js 1) ( )ch By, 6,7y

we deduced in Chapter 2. Meaning, we do not take into account the expansion remainder.
The reason is, that on the basis of the analysis of the remainder term R(n) of the integral
I(n) in Section 4.2 of the next Chapter 4, we suppose, that in the general case the integral of
the expansion remainder also does not contribute to the overall asymptotic behavior of I(n).

So, let us start by replacing the product Ju(r)J(r)J,(r)Js(r) in I(n) by its approxi-
mated series expansion. We still encounter similar Or-terms, 2r-terms and 4r-terms, this
time in the more general form

0

Loy (kyx,y) := f Jx(r)Jy(r)Tfkfldr,
0

o0
k
Iy (k,x,y) := f sin (U +
0
0
k
Iy (kyx,y) = f cos <U i

0

T+ 2r> Jm(r)Jy(r)r*kfldr, (51)

T+ 4r> T (r)Jy (r)r " dr,

with o being a sum of the kind +a + 8 + v + . The precise cases for o can be read from
(29), but are not important at this point. Here, we only care about the parity of o.

We now briefly discuss each of these integrals, starting with the Or-terms. Lemma 56 is
still applicable to the Or-terms if 0 < k + 1 < z + y and yields

—k-1 +y—k
2 rm+1w<ﬂgf)
F<E$E+Qr<—t$ﬁ+ﬁr(ﬁ%ﬁ+g

With the same argument as in the proof of Theorem 13, we choose the expansion length
to be as large as possible, such that the requirements of Lemma 56 are still met for all
0<k<l-—1. That is

IO"’(k7 z, y) =

(52)

l=x+y—1. (53)
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As in the special case, we define the main term M (n) to be the sum of all terms that

come with a Or-term factor after the replacement step above. In order to motivate and
justify this choice, we now provide some arguments why we expect the 2r- and the 4r-terms
to be negligible.
Having a closer look at Is,.(k,x,y) and L4 (k, z,y), one notices that depending on the parity
of z,y and o always exactly one of those integrals meets the requirements of Lemma 57 or
Lemma 58 and Remark 61, and thus vanishes for all k. To make this clearer, assume that
x + 1y is even. If o is even, too, then we get in I, the trigonometric factor sin(2r) and an
odd sum z + y + k + 1 for even k, and cos(2r) with an even sum = + y + k + 1 for odd k.
Thus, the 2r-terms vanish due to Lemma 57. If ¢ is odd, then the same chain of reasoning
applies to the 4r-terms, with Lemma 57 replaced by Lemma 58 and Remark 61.

Let us for example assume, that we are in the case that the 2r-terms vanish. Then,
the 4r-terms have to be estimated. To do so, one may apply a contour integral argument
similar to the one in the proof of Lemma 2.4 in [1]|. This leads to the upper bound

z+y—k)

Ik < 2k—2x—2y—1
‘ 47"( 7$7y)| F(3;+1)F(y+1)

and shows an exponential decay of the integrals I4.(k,z,y) in x and y. We therefore ignore
them for our purposes.

After this excursion on the 2r- and 4r-terms, we continue our derivation of a formula
for the main term M (n). To this end, we have to take a closer look at the expression
we get after replacing the product Jo(r)Jg(r)Jy(r)Js(r) in I(n) by its approximated series
expansion and need to identify the part, that contains the Or-terms. Recalling the formula
for the expansion coefficient 01(94) (a0, B,7,0,7) from Theorem 8, we find that this is

M(n) = (2) 12 (k)

™

=0
x{cos[(a—l—ﬂ v—08+k) ]i Ai(a, B)Ar—i(7,9)
S (54)
+cos[( a+B—y+0+k) ]ZBz Li(7,9)
i=0
—i—cos[(a—ﬁ v+ + k) ]Zk: ,B)Byj.— 1(7,5)]

When we plug in (52), we see that the summands for 0 < k < |z — y| — 2 vanish in (54)
due to the fact that the reciprocal gamma function 1/I'(z) has zeros at z = 0, —1,—2,....
Moreover, it suffices to sum over those values of k£ such that the sum aa + 6+ v+ 6 + k
is even, since otherwise all cosine factors are zero. Thus, we can state the following, more
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compact version of M

, ry—1 o 2-FD(k + 1)T (%@“k)

a+B—y—950+k
M(n) = —— (—1)=3
C () () ()
a+B+y+6+k even
k k
< | S 1) il B) A i(7,0) + (—1)2%° ) By(a, B) Byi(3,)
=0 i=0
ﬁ—HSZ Oé 5 By 2(775)]
(55)
Note that for integers v and § the sum o + 8 — v — § + k is even if and only if the sum

atB—y—0+k

a+ B+~ + 06+ kis. Thus, the factor (—1) 2 is always real.
Finally, we express the sums A; and Bj in terms of the hypergeometric functions, we found
in Lemma 10 and end up with

M (n)
1 sz:l (1) 2720 (k +1)r (W)
= —= — 2
(27)2 R T (w + 1) T (_I—Tyﬂc N 1) r (x-i—g-i—k N 1)
a+pB+~y+5+k even
k o R
xE—l" F(a+i+HD(v+k—i+3)
= + 10 (a—i+5)T(k—i+ DT (y—k+i+3)
1 1 ,
t 5,0+ 35— *54’ 6+ s -k +
x 3F2( ROSFOE ‘—1>3FQ< 2 1‘—1)
—a—i+g,a—i+s —y — k+z+§,"y k+i+3

1 1 1 1 ;
+ 35,8+ 3, 0+ 5,0+ 5, —k+1
+3F2< —F QB 2 ’1>3F2( 2 . 1‘1>
— —z+2,a—z+2 —v—k+tit+g5yv—k+it+s

x (=1)P*0 (1 + (—1)“—5”)].
(56)
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CHAPTER 4

Precise Error Bound for the Integral /(n) with
n = (n,n,n,n,2n,2n)

This Chapter is entirely devoted to the case n = (n,n,n,n,2n,2n) and the analytical
part of the proof of Theorem 3. This corresponds to Step 3 in terms of the program on page
4. More precisely, we take the representation

(g)Q I(n) = M(n) + S(n) + R(n)

from Theorem 13 and analyze the right-hand side summand wise. The beginning makes the
remainder term R(n) which is estimated from above in Section 4.2, Theorem 15.

Section 4.3 then deals with the secondary term S(n). Its main result, Theorem 26, provides
an upper bound on S(n).

In Section 4.4 we take a closer look at the main term M (n). We first rearrange it in such a
way that it reveals its asymptotic behavior. Theorem 36 then quantifies the error between
the main term and its leading asymptotic terms.

Since it requires a fair amount of work to prove Theorems 15, 26 and 36, we want to start
this chapter with a short section that puts together the results of the theorems into an
analytical proof of Theorem 3 for n > 20.

4.1. Proof of Theorem 3 for n > 20

Before we start proving Theorems 15, 26 and 36, we use them to prove our main result
Theorem 3 in the case that n > 20.

PROOF OF THEOREM 3 FOR n > 20. Assume that n > 20. Recall the identity stated
in Theorem 13

N 2
(5) I(n) = M(n) + S(n) + R(n).
By Theorem 36, the right-hand side is equal to
2\?[321 23 1
<7T> [24 n 21035 n (n2 — 1) + En(n) + S(n) + R(n)
Hence we estimate
1 2
32 1 23 1 2
In)——— <|\=) (B . 57
M)~ i gt 1) (2) tewtol + Isw) + 1. 67

We use Theorem 36 once more, which states for the absolute value of Ejs the upper bound

1 1
2689 1 1 +1 32 2
|Ew(n)] < ; . T gy 9P s T g
218.35n(n?— ) (n?2—1) 92573 n 2072 n—1

Theorem 15 provides the estimate

251 3¢ 1 /2\*"
< - -5 —
|B(n)] 250 5" <3>
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on the absolute value of the remainder term R(n) and Theorem 26 gives

5

3\2 1 /9 4n
S <el|— 2 -
sl <e ()t (3)
for the absolute value of the secondary term S(n). Combining these last three estimates
allows us to bound the right-hand side of (57) from above by
2689 1 V(n)

2 58
21632m2n (n? = 3) (n® — 1) 2873 )

where the function V(n) collects all the coefficients of 2;22 in the above estimates. More
2912

precisely, it reads

1 1 1z n3 251325 1 [26\™ 3325 , [26\"

This is a decreasing function in n > 3. For all summands despite the last one, this is
n
immediately clear. In case of the last summand we take the derivative of ns <3—Z> in order

to determine the value of n > 0 where this summand attains its maximum. It is

d 26 1 /926 34
dn (34) 3@(34) (1‘2”1°g<26>>°

which is negative for n > 3 > L.
210g( )

N

For the next step, we denote

b(n) :=n <n2 — i) (n* —1) 272"

This function decreases as soon as n = 4, which can easily be seen by taking the derivative
of its upper bound n°272",

Now we replace the factor 272" in (58) by b(n )W and arrive at
32 1 23 2689 b
I(n) — : —l— ( () 5( %) > 2 _ 1 2
472 2835 2 n 2163271'2 87T§ n (n — Z) (n?2—1)
( 2689 20)b(2 )) 1
21632772 8713 n(n?—1)(n?-1)
(60)

for all n > 20. The values of V(n) and b(n) at the point n = 20 are
V(20) < 7.040424,
b(20) < 2.901293 - 1075,

which leads to
V(20)b(20)

5

< 1.459573 - 10~ ".
82

We thus arrive at the claimed constant
2689 V(20)b6(20)
+ 5

T < 8.000724 - 10~ + 1.459573 - 107
21632 7 82

= 8.002183 - 1074,
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Now let’s start the actual work with the proof of the estimate for the remainder term.

4.2. Estimate of the Remainder Term R(n)

The goal of this section is the proof of the following bound on the remainder term.

THEOREM 15. Let n = 20. Then the remainder term R(n) satisfies the bound

1 1 /337 6§+% L /33\"
Rl < ot ( ) G ()
5. n 4 (61)
5t 3<10+\f 2+3\/§)> 3e 1<2>”
4 + —n 2|z
T2 3
251 3@ - 2 . (62)
250 - 3
Our starting point is estimate (43) of Theorem 13

I'(2n)

R@)f <r(n,dn =155 (2n+ )T (dn+ 1)

Then we recall Lemma 7, estimate (21), which tells us that r(n) = r1(n) + r2(n) + r3(n) +
r4(n) is a sum, consisting of the four components

ri(n) := rg(n)|ai(n),
-1
ro(n) :=rg(n) Y lar(n)ai_r(n)],
k=0
-1 k (63)
r3(n) :=ro(n) |lai(n)ag—i(n)ai—r(n)],
k=01i=0
-1 ki
ra(n) = > > 3 laj(n)ai—j(n)ag—i(n)ai_k(n)|,
k=0i=0;=0
F(n+k+ ) %

with [ = 4n—1,ax(n) =
as a sum

and ro(n) = (n+ 3)*. We thus also write our target

2EI0 (n—k+1)

4
IR(n)| < > Rin(n)

m=1
with
I'(2n)
2I' (2n + 3) T (4n + 3)

Rin(n) := 7m(n) (64)
and cut the proof of Theorem 15 into smaller chunks by estimating each summand R,,(n)
separately. Those estimates are subject of the Subsections 4.2.1, 4.2.4, 4.2.5 and 4.2.6
for Ri(n), Ra(n), Rs(n) and R4(n), respectively, and summarized in the corresponding
Lemmata 16, 23, 24 and 25.

Before we dive deeper into the proofs of those Lemmata, let us first combine their results
to a proof of the bound on the entire remainder term R(n).

PROOF OF THEOREM 15. We assume that n > 20. Then estimate (61) is a direct
consequence of Lemmata 16, 23, 24 and 25 below.
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To prove estimate (62) we write Ry,(n) for the upper bound on R,,(n) and consider the
three quotients

Ry(n) 2mdestn _u (34 (10+ﬁ)3(2+3ﬁ)>"
= = n 4 220 .

All of them are monotonically decreasing in n, and thus, can be bounded from above by the
~ 1
value they take at ng = 20. Since Ry(n) = 3¢n~2 (2)471 by Lemma 25, this leads to

5
T2 3

3e 1 /2 an
< (0.00358133 +1)—n"2 3) .
Y

Since 0.00358133 < ﬁ the claim follows. ]

Now we turn to the analysis of the single components R,,(n). Consider for example
the summand of ro(n) in (63). When we plug in the definition of ax(n) and a;_(n) we
encounter quotients of products of gamma functions like

T(n+k+DT(n+1-k+1)
k+DI(l—k+1)[P(n—k+H)T(n—1l+k+3)
depending on n and the summation index k. To save some time and space, we will from
now on refer to such an object as gamma quotient.

Our approach in handling the R,,(n) now simply consist of an £'-¢*-estimate. That is, we

bound a sum of gamma quotients by the number of summands multiplied with the maximum
of all summands

Q(n, k) = 2_lr , (65)

-1
>1Q(n.k) < [max Q(n, k).
k=0

This results in another gamma quotient Q(n), that then only depends on n, and thus can
be estimated using Stirling’s formula (332).

The difficulty in this approach is to actually identify the maximum of the gamma quotient
Q viewed as functions of the summation indices k, 4, j - a tasks, that becomes increasingly
complex the more summation indices are involved.

As a little warmup we now jump into the estimate of Ri(n), which is the easiest of the
candidates, as we do not need to find the maximum of the corresponding gamma quotient
first.

4.2.1. Upper Bound on R;(n). Since R;(n) already is in the form of a simple n-
dependent gamma quotient without any summation involved, its estimation is straight for-
ward.

LEMMA 16. Let n = 2, then
1
n1 (3355\"
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To get an intuition on how R(n) behaves in n and how it compares to the claimed upper
bound, Figure 4.1 plots both quantities logarithmically.

| L L L | L L L | L L L | L L L | n
20 40 60 80 100
-50+
~100 L — log (Ri(n))

W (3355)”
150 — log \/_7220
[ s
-200
-250 -

1 n
FIGURE 4.1. Logarithmic plot of R;(n) and its upper bound % (3237505) .

ProOOF. By Euler’s reflection formula (327) it is
I (5n—3)
T(4n)[T (—3n + 3) |
F(5n—%)f‘(3n—%)
7w['(4n)

|a4n_1(n)’ _ 2—4n+1

_ 2741171

Consequently, the first term satisfies
14 1 _1

Ru(n) = (n+3) g4 oL (5n 21) (3n—3)T 21”

™ I (4n+ 5)T(n)L (2n + 3)

oL (5n—3)T (30— 35)

I'(8n)L (2n + 1)

24m L(5n)I'(3n)

<ozl 2) O(sn)

where we used Legendre’s duplication formula (328) in the second step. By an application
of Stirling’s formula (332) on the gamma quotient in the last line above we arrive at

2 2 (n+ ) 3355>”
Ri(n) < edsn
< e T (G

1\ 3% 1
Note that e #(®) < ¢~ T < 1 for all 1 < n < o. Moreover, since (71%) - (1 + %) 2 <

>

(n+3)
27r%

2 1 1 1 .
%, etn < e20 and (n + l) <, /iln4 for all n > 2, we further estimate
e10

2
1
ni (3355
Ri(n) < — ( 920 )
as stated in the Lemma. [}

For the ¢'-¢*-estimates of the other components Ra(n), R3(n), and R4(n) we have to
work harder, since we now actually encounter sums of gamma quotients.



In the following two subsections we develop a strategy on how to maximize a gamma
quotient like (65) on a subset of Z. The first step is to reduce the complexity of the problem
by narrowing down the relevant subset. To this end, we now take a closer look at symmetries
in the definition of the functions R,,(n).

4.2.2. Symmetry Considerations. A source of complexity in maximizing the sum-
mands of Ra(n), R3(n), and R4(n) are gamma function factors in the denominator of those
summands that change sign depending on the value of the summation indices k, 4, j. This
leads to a large number of different cases that we have to consider for the summation indices.
The goal of this subsection is to reduce the number of relevant cases by exploiting symme-
try properties of the summands of Ry(n), R3(n), and R4(n). The result is summarized in
Lemma 17. Corollary 18 then uses Lemma 17 to deduce upper bounds for the functions

ro(n),rs(n) and r4(n).

Let us start with a few comments on the notation. Although we have already set the
expansion length [ = 4n — 1 in (48), we stick to [ here, since this makes the upcoming
chain of reasoning easier to follow in our opinion. Moreover, from now on and through-
out the entire chapter we denote the summands in the terms ry(n),r3(n) and r4(n) by
27 By (n, k), 27 Fy(n, k, i) and 27 Fy(n, k, 4, j), respectively. Those then read

Fy(n, k,1) := 2ag(n)a;_i(n)|,
Fs(n,i, k1) := 2l|ai(n)ak_i(n)a5_k(n)|,
Fy(n, j,i, k,1) == 2'|aj(n)a;—j(n)ar—i(n)ar_(n)].
Which function exactly hides behind the expansion coefficients a;(n) can be found in (11),

but is not relevant at this point. Having a look at the structure of the sums in (63), we see
that these functions live on the sets

‘:{keZ]0< <l-1},
={i,keZ|0<i<k<l-1},
D4::{g,z,kezyo j<i<k<l—-1}.

Since we will at a later stage of this work encounter an object very similar to Fy(n, k, i, j),
we want to present our ideas and findings here in a generalized version. To this end, let
| = 4n — 1 as above, m > 2 be an integer and k = (ki,...,ky,_1) € Z™ !, We consider the
function

Fm(nvka l) = 2l ak1 H Al q— k al kmn— 1( ) > (66)

defined on D,,, « Z™~ ! with
—{k‘l,... m1€Z|O <k’m71<l—1} (67)
Upon the transformation 7 : Z™~! — Z™ k — z with

]{71, 1217
=1 = ki — ki1, i=2,....m—1, (68)

l_k‘mflv i:ma

we obtain the following representation of F;, and its domain

m
m(n,z) = 2" [ Taz(n)|, (69)
i=1
0<z1,evy2m1 <l—1,1<2z,<I
D) = 7z
7(Pm) {ze ‘ Ditq %=1
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Recall that we are interested in maximizing F,(n,z) on D,,, and note that the maximum
of Fy,,(n,z) can only become larger when we consider a larger set of z. Thus, we can safely
pass to the symmetric superset

{zeNgl

when looking for the maximum of F),(n,z). Finally, we are able to exploit the symmetric

izizl} > Dy,

i=1

structure of (69) under permutation of z1, ..., 2z, to restrict our search for the maximum
of Fp,(n,z) to those z such that z; < --- < 2. Let us summarize this in the following
Lemma.

LEMMA 17. Letn > 1,1 = 4n—1, F,,, be the function (66) with the domain D, that we
defined in (67). Moreover, let T : Z™~ 1 — Z™ k> z be the transformation (68). Then

Imax Fr(n, k) < max Fo(n,z),

with

D '_{zezm‘0<21<'”<zm<l}
m -

itz =1
In the case of m = 2, 3,4 we pass to the notation
(k) = (¢, d) € Z2,
(i, k) = (b,c,d) € Z°, (70)
(4,1, k) = (a,b, c,d) € Z4,

respectively. As a direct consequence of Lemma 17, we obtain the following bounds on the
functions ra(n),r3(n) and rq(n).

COROLLARY 18. Let n€ Z,n = 0 and |l = 4n — 1. Then the functions r2(n),r3(n) and
r4(n) defined in (63) satisfy the upper bounds

ro(n) < ra(n)i2! max Fs(n,c,d),
2
1
r3(n) < ro(n)il(l +1)27! max F5(n,b,c,d),
3

1
ra(n) < gl(l +1)(1+2)27 max Fy(n,a,b,c,d),
4

with
0<e<d<l
Dy = Vi
2 {Qde ‘ ctrd=1 }
0<b<e<d<l
DS:{@“dEZ‘ btctd=1 }

<a<b<c<d<
D4—{maqdezr) esbscesd l}

a+b+c+d=1

Since we are working in a discrete setting, the structure of the sets Do, D3 and Dy has
the following implications on the magnitude of the parameters.
COROLLARY 19. Forl=4n —1 withn € Z,n = 0, we can infer that
(i) If ¢,d € Da, then
2n — 1,
2n.

VoA

c
d
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(i) If b,d € D3, then

bt 1]
3 3
4 1
d=|-n— =
B
(iii) If a,d € Dy, then
a<n-—1,
d=n

Note that in the case of Fy(n,c,d) and Fy(n,a,b, ¢, d) the smallest difference, i. e. ¢ and
a, respectively, is always strictly smaller than the largest one d. In the case of F3(n,b,c,d)
equality can actually be obtained if n =1 mod 3. For all other n it is b < d.

4.2.3. Monotonicity Properties. The purpose of this subsection is to describe the
idea behind our approach of finding the maximum of a gamma quotient, and to set up
the machinery that will accompany us throughout large parts of this entire work. More
precisely, in Theorem 20 we first develop a general principle that helps us to narrow down
the location of an extremum of a gamma quotient. It enables us to use a recurrence relation
for our purposes instead of the actual, very involved derivative of a gamma quotient. This
is then applied in Theorem 22 to prove a handy monotonicity property for a slightly more
general version of the gamma quotient (65).

Let us start by taking a closer at the generalized gamma quotient consisting of p > 1
gamma factors in the numerator and ¢ > 1 gamma factors in the denominator
P D@ + aiz)

Q=) := T Ty + Biz)’

defined on a subset Dg < Z. We assume () and its domain meet the following conditions

(71)

xi, i € R, (72)
ai, Bi € Z\{0}, (73)
Dg = [s,t] nZ, for some s,t € Z, (74)
Q(z) =0, for all z € Dg. (75)

Due to assumptions (73) and (74) we may apply the functional equation (326) for the gamma
function factor-wise to (71) to deduce a recurrence relation for @ on D¢ of the form

Q(2) = ¢(2)Q(z — 1). (76)
To make this clearer let for example «; > 0 for an i € {1,...,p}. Then
a;
Dz + a2) = 1_[(:16Z + iz — j)T(z; + (2 — 1)).
j=1

In the case of a; < 0 we yield

lovi|—1
T(zi — |eulz) = [] (@i = leulz + §) 7' Ts — Jail (z = 1)).
=0

Due to the structure of @), the recurrence function ¢ is a rational function in z. Note that by
subtracting @(z — 1) on both sides of (76), we obtain an expression for the finite backwards
difference Q(z) — Q(z — 1) in terms of ¢(z), namely

Q(2) —Q(z —1) = (p(2) - 1)Q(z - 1). (77)
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Hence, the function (¢ — 1)@ may be interpreted as the discrete analogue of the derivative
of @, and similar to a derivative it carries valuable information on monotonicity properties
and the location of extrema of ). Since we additionally assume that () is nonnegative, the
aforementioned properties are directly linked to properties of ¢ in the following way.

THEOREM 20. (1) If (2) = 1 for all z € Dg, then Q increases monotonically on
Do.

(1t) If p(z) <1 for all z € Dg, then Q decreases monotonically on Dg.

(i11) If (¢) = 1 for ¢ € [2*,2* + 1) with z* € Dg, then Q has a mazimum at z*, if
©(z) =1 for all z € Dg with z < ¢ and ¢(z) <1 for all z € Dg with z > (.

() If p(C) = 1 for ¢ € 24,2+ + 1) with 2« € Dg, then Q has a minimum at z, if
o(z) <1 for all z € Dg with z < ¢ and ¢(z) =1 for all z € Dy with z = (.

PROOF. Assertions (i) and (i) follow directly from (77) and the positivity assumption
(75) on Q. Only (4i) and (iv) need a little more explanation. Upon the assumptions of
(111) we show that Q(z*) > Q(z) for all z € Dg. Let us first assume that z € Dy and
z = z* —m for a nonnegative integer m. Since z* < ( by assumption, we infer from the
condition ¢(z) = 1 for z < ¢, that

-1

3

Q") = ) (QE"—i) - Q"= (i+1)) +Q(2)

i

3
L

(p(z* =1) =1)Q(z" = (i + 1)) + Q(2)

I
ng

S
Il
o

> Q(z).

Next, let z € Dy with z = 2* 4+ n for an integer n > 1. Thus, z > z* + 1 > ( and since
p(z) < 1 for all z = ¢, we obtain

n

Q) = Q" +n) = 3@ +1— i)~ Q" +n— (i +1) + Q)

For the proof of (iv) we need to show that Q(z*) < Q(z) for all z € Dg. Copying the proof of
(17i) does the job. Whereas in this case the assumptions of (i) imply that ¢(z* —i)—1 <1
and ¢(z* +m —i) — 1 > 1 and thus lead to the claim. ]

To really drive this point home, we want to emphasize the following consequence of
Theorem 20.

REMARK 21. From the location ¢ € [2*,2* + 1) or € [z, 2z« + 1), respectively, of the
point ¢ with ¢(¢) = 1, we conclude that the location z* or z, respectively, of the extremum
of @ on the discrete domain D¢ can be narrowed down to the interval (¢ —1,(].
Moreover, if ¢ € Dg, then Q(¢) = Q(¢ — 1) and thus both, Q(¢) and Q(¢ — 1), are extrema
of @ on Dg,.

In the next step we apply the above findings to the case of the gamma quotient (65)
with two subsequent differences z1 < 2s.
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THEOREM 22. Recall the factors

az(n)

and consider the gamma quotient
Q(n, z1,22) = |az (n)ay,(n)|.
We distinguish the following three cases.
(i) If 0 < 21 < 29 < n, then
Q(n,z1,22) = Q(n,z1 — 1,29 + 1).
(ii) If n < z1 < z9, then
Q(n,z1,22) < Q(nyz1 — 1,20 + 1).
(111) If 0 < 21 < n < 29, then Q(n, z1,22) = Q(n, 21 — 1,20 + 1) holds iff

n?(z + 2 +1)>1 S 2+1 S~ 2+(z + 29) =2 (4
1 2 /2 1 2 9 2 2 1 2 1 2 2 9 .

PROOF. We want to apply Theorem 20 to the gamma quotient @) in the two arguments
21, z9 simultaneously. In all three cases we have

Q(na 21, 22)

_ F(n+z+%)
B 2T(z+ 1) (n— 2+ %)

21,22) =
o1, 22) Q(n,z1 — 1,20+ 1)
_ n+21—% n—21+% 29+ 1
ntz+i n—zn-3 2 |

In (i) the enumerator and the denominator of ¢ are positive. Hence, ¢(z1,22) = 1 is

equivalent to
1\? 1\?
n? — <z1 — 2> (z2+1) = n? — <z2 + 2> 21.

Expanding both sides of the above inequality yields

1\° 1\?
n2(22 +1)—(22+1) <zl — 2) >n’z, — 2 <22 + 2)
which is quickly simplified to

(20— 21 +1) > (20 4 1) <21—;>2—z1 <z2+;>2. (78)

We add and subtract z; — % in (zz + %)2 and get

2 2
1 ) 1 1
(22—21+1+<21—2>> =(z2—2 +1) +2(22—21+1)<21—2>+<21—2> .

Now we can simplify the right-hand side of (78) as follows

(22 +1) <21 - ;)2—21 (22 + ;)2

1\? 1\?
:(22—21+1)<Z1—2> —Z1(22—21+1)2—2Z1(22—Z1+1)(21—2)
1\? 1
=(z22—2+1) <z1—2) —21(22—21+1)—221<21—2>
1
=(22—z1+1)<4—z1—2122>.
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This transforms (78) into

1
n2(zgle+1)>(22721+1) <4212122).

Since we assumed that 0 < z; < 22, we obtain that ¢(z1, z2) > 1 iff
1

n? = 1—21_21»227

which is always true for positive integers n, z; and zs.
In case (4i) the enumerator and denominator of ¢ are both negative. Hence, it is ¢(z1, 22) = 1

iff
<n2 — <z1 ~ ;>2> (22 +1) < <n2 — <22 + ;>2> 21.

All following inequalities in the proof of (i) are also reverted and we can immediately refer
from the calculations in (i) that the reverted condition on ¢, that is

p(z1,22) < 1, (79)

is always true for n < z; < 2. As by construction (79) is equivalent to Q(n,z1,22) <
Q(n,z1 — 1,22 + 1) assertion (ii) follows.

In case (i) the enumerator of ¢ is positive and the denominator is negative. Consequently
it is @(21,22) > 1iff

<n2 — (z1 — ;)2> (2 +1)>— <n2 — (2’2 + ;>2> 2.

By copying the expansion and simplification steps that lead to (78) in the proof of (i) the
above inequality turns into

1\? 1\?
n2(z1+ 22+ 1) = (22 + 1) <zl—2> + 21 <22+2> . (80)

In order to deduce the asserted inequality from (80), we write
or ) (5-2) 2L (- h)
= 173) T \* 2
1 1 1 2
21| %2 9 =5 z2 5
and note that
1\2
29 <z1 — 2) +
_ 1 N 1 1 . 1
=1z 9 Z9 B 21 5 Z9 B .
Thus the right-hand side of (80) is equal to

1 12+1 +12+ 1 +1 1+ +1
|z — 2 — |2+ zn—=| 2tz lz1—z+22+=].
2\ 2 2\ 7?72 179 279 179 T=Ty

The upcoming Subsections 4.2.4, 4.2.5 and 4.2.6 are now entirely devoted to the proofs of
upper bounds on the remainder summands Ra(n), R3(n) and Ry(n), respectively. As men-
tioned previously this mainly consists of finding the maximum of the functions Fs(n,c,d),
F5(n,b,c,d) and Fy(n,a,b,c,d) by applying the findings of this subsection.
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4.2.4. Upper Bound on Ry(n). In this subsection we will make heavy use of the
machinery we developed throughout Subsection 4.2.3 to prove the following bound on Ra(n).

LEMMA 23. Let n = 20, then
3_,_% 33 n
Rs(n) < Lsn_1 <8> .
V3m2 2

Before we start proving the lemma, we visualize its statement graphically in Figure 4.2
in the same manner as for the bound of R;(n).

| | | | n
40 60 80 100
50
i — log (Ra(n))
-100 |-
[ — lo _—
-150 |- & V/3m3/2n,
-200 |

3

3.2 n
FIGURE 4.2. Logarithmic plot of Ry(n) and its upper bound ?Jr" -1 <$> )

3
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PROOF. By (64) and Corollary 18 it is

1
1\2 2747 (2n)
R < 4 _1 +7 F 77d7
2(n) < (4n )<” 2) F(2n+%)r(4n+%)n})a2x h(n, ¢, d)

with
F'(n+tc+d)T(n+d+3)
L+ DI(d+1)T(n—c+ 3T (n—d+3)|

FQ(nv ¢, d) =

and
0<e<d<4n—1
Dy = deZ
2 {67 © ‘ c+d=4n—-1 }

Thanks to the reduction in dimension by the constraint c+d = 4n—1, we can easily visu-
alize F5(n,c,d) on its domain Ds. This is done in Figure 4.3, which plots Fy(n,c,4n—1—c¢)
in0<c¢<2n—1forn=30. The yellow and red vertical lines mark the lower and upper
bound, respectively, we state in (81) for the location ¢* of the maximum. Now, let’s deduce
these bounds and estimate the maximum.

By Corollary 19 we already know that ¢ < 2n — 1 and d > 2n. Let us for the moment
assume that ¢ > n. We then apply Theorem 22 (7i) repeatedly

Fy(n,c,d) < Fa(n,ce—1,d+1) <--- < Fa(n,c —m,d +m)

with m > 1, until we reach n = ¢ — m < d + m, in other words, until we pushed ¢ down
to m. This implies that Fy(n,c,d) is maximized by (c,d) such that 0 < ¢ < n < d. Part
(117) of Theorem 22 and the reduction ¢ + d = 4n — 1 now allow to maximize in one of the
two parameters. In fact, we set d = 4n — ¢ — 1 and introduce the recurrence factor gs(c) as
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1.5x 10200 -
I — Fy(n,c,4n — 1 —¢)
1.0x 10200 -
I (2—\/§>n—1

50x10199 -

30 40 50 60

FIGURE 4.3. Plot of Fy(n,c,4n — 1 — ¢) for n = 30.

Fy(n,c,dn—c—1) = pa(c)Fa(n,c—1,4n—c). We showed in the proof of (i) that ¢(c) > 1,
i.e. that Fy(n,c,4n — ¢ — 1) is increasing in c, iff

1 1\* 1 1\* 1 1
3 > - —_ = — — — — S — —_ =
dn° = 5 (c 2) +3 <4n c 2) + (4n — 1) <c 2) <4n c 2) .
As the right-hand side is equal to —(2n — 1)(2¢? — 8cn) + n this simplifies to

(2n — 1)(2¢* — 8cn + 2n? +n) = 0.

Since 2n—1 > 0, the above condition enables us to determine the value ¢ such that ¢(¢) = 1.
The quadratic equation in ¢ has the two solutions

=

1
cl2 =2nF ﬁ (6n2 — n) .
Due to the upper bound ¢ < 2n — 1 on ¢ we get ¢ = ¢1, as well as ¢(c) = 1 for ¢ < ¢ and
p(c) <1 for ¢ = (.

According to Theorem 20 (iii), the point ¢*, at which Fs(n,c,4n — ¢ — 1) attains its
maximum, satisfies (—1 < ¢* < (. In order to make the following calculations less laborious,
we work with the two-sided bound

1
(2—\/§)n<C<(2—\/§)n+§.
It can easily been seen, that the upper bound is true for n > %. The lower one is obvious
for all n > 0.
This narrows down the location ¢* of the maximum of Fy(n,c,4n — ¢ — 1) to

(2—\/§)n—1<c*<(2—\/§)n+%. (81)

The following lines are now dedicated to the estimate of Fy(n,c*,4n — c¢* — 1). To
simplify the notation we abbreviate Fy(n,c*) := Fy(n,c*,4n — c¢* — 1) and 7 := 2 — /3.
Moreover, we assume

1

F=rn— -+
5 q
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for —3 < ¢ < 1. Then we obtain by Stirling’s formula (332)

F'n+rn+qI'(5n—rn—q¢I'(3n —rn—q)
7TF(’I"’I’L+%+C])F(4TL7TTL+%*(])F(TL*TTL+17(])

<1 —4n + 2 + L L + L + L
ST 2n\1+r+2 5-r—2 3-p_4

[n(1 +7) + g7 (5 — 1) — "2 (3 — 1) — "2

Fg(n, C*) =

X .
[rn+ 5+ q]m+q [n(4—r)+ 3 — q]n(4_r)_q [n(1—7r)+1— q]n(lfT)Jr%*q
(82)
Next, we estimate forn > 1 and —5 < ¢ <1
1 N 1 N 1 - 1 N 1 N 1
l+r+2 5—r—2 3—r—2 " 14y 4—r 2-7 (83)
108 —144/3
a 39 7
and rewrite the second line of (82) as
3 pin
<(1 r)(1 —7“)(5 -r)B3- )> n?
[(14—7“) (1—r)( ]mﬂ[ (I+7r)(5— r)5(3—r)3}n
r(5 — )41 —r) (84)

1

n(l+r)+q— % n(5—r)— q—— n(3-r)—q—3
(1 +aim ) (1 P 7«)> (1 - n(3q—r)>
y1\"mta 1-9 n(4—r)—q 1— n(l—r)—q-&-% )
(+8)" " 1+ )" 7 (1 )
We want to emphasize at this point that

(1+7r)(1—=r)4—r1)
r(5—r)(3—r)

X

=1,

and
(1+7)(5—-7)53—7)3
4—r)41—r)
Therefore, only the last line of (84) needs a little more attention. Our goal is to estimate

the factors in the numerator by the standard inequality 1 + & < e® and apply inequality
(403) of Lemma 64 in the denominator. Since the latter is only applicable to positive x,

= 2'3%,

we have to consider the factor in the denominator corresponding to = = 2(14 Zq) separately.
This is
1-2g —n(4—r)+q
1+ —/—— . 85
( 2n(4 — r)) (85)

We plug in 7 = 2 — /3 and calculate the derivative in ¢, which is equal to

(2(V3+2)n—2q+1)log (552 +1) +2 (V3 +2)n -2
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It’s easily seen that the denominator is positive for all n > 2 and —% < q < 1. Moreover,
since
1

1 ( 1 =2 +1) > 1 <1 ! > >
og | ———— o - ——
& 24/3n + 4n & 24/3n + 4n 10

for n = 2, also the numerator is positive and we estimate

_ n(4-r)—q n(4—r)—1
1y 1720 S CP ,
2n(4 —r) 2n(4 —r)

Next, the application of Lemma 65 with a = —% and b = —1 to the right-hand side

above yields
n(4—r)—1
T - > e
2n(4 —r)

as soon as 1m = % Therefore, we can conclude that (85) is smaller than ez for all n > 2.
Now, we can continue to estimate the last line of (84) and safely apply Lemma 64 and the
basic inequality 1 + z < e®. This leads to the upper bound

[NIES

(86)

exp [ —1—gq
2 _ _ 1 1 _1
71L<_ 4q87‘ - ;(él —13’3 (q3+—27? : * (q5+—27? : - ( r +21) q) (87)
2
n % (q (2;%) n (3 (161)_(7{)5 Q)2> ]

We plug in 7 = 2 — /3 and obtain for the coefficient of % in the second line above

41 (¢-Dg (at3)a, (at3)e, (a-3)q

8r 2(1—r) 3—r 5—r r+1
6038 -v3)*+8(2v3-3)q+3
- 24 (2 —/3)

<%(\f3+6),

. . . . . 2(2v/3-3 .
since the quadratic function in ¢ takes its maximal value for ¢ = W Moreover, in

the third line of (87) we estimate the coefficient of n—lz by
2 2 2
W+ G-00-0" _ @, (@)
2r2 (1—r)2 S22 (1—1)2

=§(5\/§+9>,

and bound (87) by

1 5) 9
exp |:_2+727’L<\/§+6)+8??,2(5\/§+9):| (88)
Now, we go back to (84), apply our recent findings and see that it is smaller than
nin 1 5 9 n
sexp [ =5+ = (VB+46) + — (5v3+9) | (2'8%)". 89
2\/§n2€Xp{ 2+72n<\[+ gz (V3 ]( ) (89)
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We plug (89) into (82), use (83) and estimate

108 —14v3 5 9 13
\f+72<\/§+6>+8<5\/§+9> <2- —
n

468 96
for all n > 20. This way we eventually arrive at
4n
n 3 2 13 n
Fy(n,c*) < ——— —dn+ S 4+ = — —— | (23%)". 90
2(n, ") 772\/§n2€Xp[ "oty 96n]( ) (90)
Next, we estimate the factor W in the definition of Ry(n) using Stirling’s
formula (332) and Lemma 64.
F(2n) el+4n+ﬁ (Qn)an%
1 1 < 1 2n 4n
I'(2n+3)T (4n+ 3) 2mz (2n+3)"" (4n+3)
1
_ €1+4TIL+ 214n n74n278n 1 . 1 . (91)
11 1\2n 1\4n
2m2n2 (1+4)" (1+g)
An+ 1?;L
< e ;961 n—4n2—8n_
2m2n2
In the final step we combine (90) and (91) and obtain
2-4nP(2 sth 33\"
T o) ry F2(n, c®) < ° ;n (8) ' (92)
L'(2n+ )T (4n + 3) 4/372 2

Consequently, if n > 20 the second summand Ry(n) of the remainder term satisfies the
bound

1\ 2 9—4n (2n) .
Ry(n) < (4n—1) <n+ ) F@2n+ )T (an+ ) Fs(n,c¥)

4.2.5. Upper Bound on R3(n). The estimate of R3(n) is a bit more involved, since
we now maximize a gamma quotient in three variables b < ¢ < d instead of two ¢ < d. This
increases the number of cases we have to consider in the application of Theorem 22. But
apart from that almost all ideas are already known from the proof of Lemma 23. What we
get is the following

LEMMA 24. Let n = 20, then

R3(n) < 726%+%n—% <(10 - \/5)3 (2+ 3\@)>"

71—2 216
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Figure 4.4 visualizes Lemma 24 by plotting the logarithm of Rs(n) and the claimed
upper bound, respectively.

20 40 60 80 100
sl
[ — log (Rs(n))
N 3 . n
-100 23t ((1°+\/521£2+3ﬁ)>
— log T2n3/4
150 -
—200 |

FIGURE 4.4. Logarithmic plot of Rs(n) and its upper bound
9e3+2 _3 ((10+\/§)3(2+3ﬁ)>"
=nTa :

216

Now, let’s prove what we see above.

PRrROOF. By (64) and Corollary 18 it is

1
1\*# 27477 (2n)
R3(n) < 2n(4n —1) <n + 2) F@n+ DT (sl nba;ng(n,b, ¢, d),
with
I'(n+b+3)T )T (n+d+3
Fynboe.d) = (n+b+3) (n+c+12) (n+ +12) :
Lo+ 1DL(c+ DI(d+1)[T(n—b+ )T (n—c+3)T (n—d+3)|
and

<b<c<d<dn-—1
Dgz{hqdezr) cEd<dn }

b+c+d=4n—-1

Due to the increasing number of parameters, the function F3(n,b,c,d) is the last in
the series Fy, F3, Fy, that can easily be visualized on its domain. We do this in Figure
4.5 by plotting Fs(n,b,c,4n —1 —b—¢) in 0 < b < %n and 0 < ¢ < %n for n = 30.
The black grid lines mark the lower and upper bound for the location of the maximum at

b=c= (1 - %) n—1land b=c= (1 — %) n + %, respectively. We state them in (95).

Since F3(n, b, c,d) takes ridiculously large values up to 1.67587 x 102%3 for the chosen range
of parameters, we had to scale it to one for technical reasons in order to get a meaningful
plot. Similar to Figure 4.3 for F»(n, ¢, d) we note that the function has one clearly dominat-
ing global maximum. But now, let’s track down the location of the maximum analytically
and estimate it.

From Corollary 19 we already know, that b < [%n — %J and d > [%n — %] =>n+ 1 for
all n > 2.
By the repeated application of Theorem 22 part (ii) to b and d, or ¢ and d, respectively,
under the assumption that b > n or ¢ > n, we deduce that F3(n,b,c,d) is maximized by
tuples b < ¢ < n < d. The argument follows the exact same chain of reasoning as in the
beginning of the proof of Theorem 23 on page 34. Now we can apply Theorem 22 (i) to b
and ¢

Fs5(n,b,c,d) < F3(n,b+1,c—1,d) <--- < F3(n,b+ m,c—m,d)
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80

FIGURE 4.5. Scaled plot of F3(n,b,c,4n — 1 —b — ¢) for n = 30.

m > 0 times, until it is either b+ m =c—mor b+ m + 1 = ¢ — m. Meaning, if b < ¢ < n,
we further increase F3(n,b,c,d) by pushing b and ¢ together until they differ by at most 1.
Since the sum of b, ¢, d is constant

b+c+d=4n—-1
we get two different options for the maximizing tuple (b, ¢, d).
A: Fs(n,b,c,d) is maximized by
b=c<n,
d=4n—2b—1.
B: F5(n,b,c,d) is maximized by
b+1=c<n,
d=4n—2b— 2.

Let’s have a closer look at Case A.

As shown above, we know that
F5(n,b,c,d) < F5(n,b,b,4n —2b — 1)
T (n+b+ )T (5n—2b— )T (3n —2b— 1)
N al(b+ 1)2T(dn — 2)T (n — b+ 3)°
=: F3 A(n,b).
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So we were able to reduce the problem to one dimension. The task is now to find the
maximum of F3 4(n,b) for 0 < b < n.

We aim on applying Theorem 20, and thus determine the recurrence relation of F3 4(n,b)
in b. This is F3 4(n,b) = ¢3.4(b)F3 4(n,b— 1) with

(n+b— %)2 (n—b+ %)2(4n—2b)(4n—2b+ 1)
@3714(6) BT 1 1 1 0 (93>
b2 (5n —2b—3) (bn—2b+ 3) (3n —2b— 3) (3n — 2b + 3)
for 1 < b < n. Note that the function 3 4 obeys
(n + b)(n — b)(4n — 2b)1*
b
#3.4(0) > { b(5n — 2b)(3n — 2b)
Solving for b such that the right-hand side of (94) is greater than or equal to one, yields the
condition

(94)

(4n — b)(2b* — 4nb + n?) = 0.

Since b < n, the first factor is always positive, and thus the above inequality is satisfied on
1 <b<nif 20> —4nb+ n? > 0. As our b is positive, we note that

[(n+b)(n—b)(4n—2b)]2 -
b(5n — 2b)(3n — 2b) -

forall 1 <b< (1 — %) n and denote in the following

(- o

Due to (94), it is also ¢3 4(b) > 1 at least in the range 1 < b < b.
Moreover, since the inequality in (94) is strict, we can infer that the point ¢ with 3 4(¢) = 1,
satisfies b < (.

The following calculations aim at establishing an upper bound b on ¢. To this end, we
first show that ¢3 4 decreases monotonically in b, and then we prove that

©3.4 ((1 — %) n + i) <1 for all n > 2. Then, b:= (1 — %) n+ % is a possibility.
So let’s rewrite 3 4 in the following way

n—1 2 n—1 n-—s (n—b+l)2
=11 = 1———=2—[1- : : :
3,4(D) < + ) < gm_gb_;)( 5n_2b+;> (Bn—2b—1) (3n—2b+ 1)

Obviously, the first three factors are decreasing in b. The last one requires a bit more
explanation. Its derivative with respect to b is
o (n—b+1)° 4(2n — 2b+1)(12n(n — 1) — 8b(n — 1) — 1)

b (3n—2b—3)(3n—20+13) (4(3n — 2b)2 — 1)2
12(4(n—1)(n+2) — 1)
< —
(4(3n — 2b)2 —1)2
To pass from the first to the second line, we use that 1 < b < n—1 to bound the numerator.

This last line is negative for all n > 2, meaning, this factor decreases in b as well, and so
does the entire function @3 4.

Now we have a closer look at ¢34 ((1 — %) n+ i) Plugging in b = <1 — %) n+ i into
the definition of ¢3 4 in (93) ends up in

3,4 ((1— 1) n+ 1) = (n+ ﬁ)Q (n_ ﬁ)g <n_ m> <”+ 2(2+1«/§)>'

v @ (n+ ) (v k) (- 5)

41




The plan is to apply Lemma 64. Since it requires all x; to be positive, we first shift ¢3 4

by y = 1+1\/§’ meaning we set n = m + y. Then we call % = ¢ and Lemma 64 applied with

0= % yields

wa((-38) G o) +3)

26 — 114/2 3,
—— T — —Z

14 10

<exp[—
YT R) YT ova 2(V2+2) Y YT aVat2)

1({., 1 2 1 )

+2<2y +2(2<2_\/§)+y> +<y*3+\/§>>$]

26 — 11v/2 N 564 — 17442
= ¢ — .
P 14 245

This is smaller than or equal to one, if

_ 26 — 114/2 245
i .
14 564 — 174/2

N|=

Moreover, since (404) is only valid for 0 < z; < 1 — (2)

largest x;, which is (y + m> x in our case, satisfies this condition. It does if

10 /20\2 1
s\ \3) Ty
2(27\/§)+y

2 —11v/2 245 10 /20\2 1
— 2
0.57 < <059<<—()>

14 564 —174v2 3 3 s Y

, we need to make sure that the

It is

and thus both conditions are satisfied if x < 0.57. Due to the relation n = % + y, we can

conclude that 3 4 ((1 — %) n + i) < 1 assoon asn = 3.

Consequently, our upper bound b on ¢ is b = (1 — %) n+ i, and by Theorem 20 (i),

we can bound the point b*, for which F3 4 attains its maximum, as follows
1 1 1
1—-—=)n—-1<b<|(l1——|n+-. 95
( V2 ) ( V2 > 4 (95)

Now it’s time to estimate F3 4(n,b*). We follow the same strategy as in the estimate of
1

F5(n,c*) on page 36. To this end we abbreviate r = 1 — 7 and assume

1
b*=7“n—§—|-q,
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with —1 < ¢ < 2. Then we have by Stirling’s formula (332)

Fg}A (TL, b*)

_ DA +7)n+q)’T ((5—2r)n+ 3 —2¢) T ((3—2r)n + 5 — 2q)
7l (rn+ 3 + q)2 F((4—-2r)n+1-2¢9)T((1 —r)n+1—q)?

ex dn+ 3+ — + +
\ﬁr? p[ 12n<1+7“+q 5—2r+ 10 3—2r+lgjq>]

LA+ )04 PR (5 - 20+ § — 2] (B=20n=20 (3 — 20)p + L — 2¢] @272

['rn + % + q]2rn+2q [(4 o 2T)TL +1— 2q](4—27")n+%—2q [(1 . r)n +1— q]g(l_r)n+1_2q

(96)
We estimate for —% <g< % and n > 1
2 . 1 n 1 2 n 1 N 1
I+r+d 5204100 3_0op 4120 " 24y 420 2-2r
1
— - (4v2+19).
7
The last line is due to r =1 — T Next, we rewrite the second factor in (96) as
i [(1 +7)2(5 - 2r)5(3 — zr)S]” [(1 +r)(1—7)(4— zr)r’””“q
(1—12)(4—2r)2n3 (4—2r)41—r)? r(5—2r)(3 —2r)
2(14r)n+2q—1 14 (5—2r)n—2q 1—4 (3—2r)n—2¢q (98)
y (1 + (‘pfr)n) ( 2(5—23)71) ( + 53=2m )

2rn+2q (4—2r)n+ % —2q 2(1—r)n+1-2¢
142 1-2 2 1—
(1 + 2an) (1 + (4—27%n) <1 + (1—7‘%7’1,)

—1_ 1
Note that for r =1 7

(I+7r)(1—7r)4—2r) _
r(5b—2r)(3 —2r)

Hence, we only have to take care of the last line in (98). We aim on applying the estimate
1+ < e in the numerator and estimate (403) of Lemma 64 in the denominator. Since 1—2¢
is not positive for all admissible ¢, we handle the corresponding factor in the denominator
separately in a first step. We obtain by almost exactly the same calculation as on page 37
and the application of Lemma 65 that

1-2g (4—2r)n+1-2¢ 1 (4—2r)yn—1
14+ —F— >\ 1l-
< - (4— 2r)n> ( 2(4 — 2r)n)

1
=e 2,
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Therefore, by Lemma 64, the last line in (98) is smaller than

3
2 9
eXp[ 9 q
Llfal-q) @1, (e—Dg, 2(2a-3)a 2(2—3)q (99)
n 1—r r r+1 3—2r 5—2r
2
L1 falats)”  (1-2001—¢)
n?2 r2 (1—r)2 ’
We pluginr =1 — ﬂ,and since
¢l-a9) @—1,(20-Dg, 2(20—3)a, 2(24—3)q
1—7r T r+1 3—2r 5—2r
7(6\/§—ll>q +2 (xf+2)
1
<7<\/§+2),
4
as 64/2 — 11 < 0, and
12 2
¢(q+3) (1-2¢)(1—q) 3 2 2
= 2+ = 2 )" —2(g—1)"(2g — 1
N V2435 ) a(20+1)" = 2(g = 1)*(20 - 1)
! (150\f+223>
32
which takes its maximal value for ¢ = 2, we further estimate (99) by
=S (Va+2) + o (150v2 +223) | (100)
exp | — = 4+ —
172 I 322

Now, we collect our findings from (96), (97), (98), (99) and (100), plug in r = 1 — % where
we did not already do that, and obtain the bound

s (10++v2)° (3v2+2) |"
2 (4= V2) VY2 + 2 2t

xexp{ 4n+5+—(4f+19)+—<\f+2>

9 n4n

Fg}A(n, b*) <

“

o 150v/2 + 223)}

We estimate

150\252;223+814<4x/§+19>+i<\f2+2> 2—%

for all n > 20 and arrive at

F3 4(n,b%) < n-2 51

ﬂ'% (4—\/5) V242

5+2 13
2 n  96n

2nn o[(10+\f) (3\/§+2)]"

(101)
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Now, the combination of (91) and (101) eventually gives

2,42 3 n
274D (2n) Fya(nb?) < estn s | (10+V2)" (3v2+2) |

I'(2n+3)T (4n+ 3) 72 (4= v2) V2 +2 216

(102)
We now turn to Case B. In this case we have to maximize
Fs5(n,b,c,d) < F3(n,b,b+ 1,4n — 2b — 2)
T(n+b+5)T(n+b+3)T(5n—20—3)T (3n—2b—3)
Db+ I+ 2)T(dn—2b— L (n—b+ 3) T (n—b—3)
=: F3 g(n,b)

in 0 < b<n—1. As in previous tasks of this kind our go-to tool is Theorem 20. In order
to apply it here, we calculate
F3 B(TL, b)
b — 9
(P?)’B( ) F37B(n,b—1)
(n+b—3)(n—b+3)4n—2b) (n+b+3)(n—b—1%)(4n—2b—1)
b(5n—2b—1)(3n—20—3)  (b+1)(5bn—2b—3) (3n—2b—3)

(103)

Our first interim goal is to narrow down the location of the value ¢ with ¢z p(() = 1 as
closely as possible. It turns out that an old acquaintance is very helpful to us with this task.
Recall the definition of ¢(c,d) in the proof of Theorem 22. In the case ¢ < n < d it is

(d+1D)(n+c—3)(n—c+3)

c,d) = 104
ple,d) c(d+n+%)(d—n+%) (104)
Now, note that o3 g(b) can be expressed in terms of ¢ as follows

w3.8(b) = p(b,d4n —2b—1)p(b+1,4n — 2(b + 1)). (105)

In the following we derive two handy properties of (104). We first show that ¢(c,4n —
2¢ — 1) and ¢(c, 4n — 2¢) are monotonously decreasing functions in 0 < ¢ < n for all n > 3
and n > 0, respectively. Afterwards we deduce a simplified condition on ¢ and d in the
spirit of Theorem 22 (iii) that already implies p(c,d) = 1.

In order to prove the monotonicity assertions, we write
-3 (n—c+3) (4n —2¢)
c (3n—20—%)(5n—20—%)’

-3 (n—c+3)(4n—2c+1)
c (3n—2c+%)(5n—20+%)'

n
o(c,dn —2c—1) = <1~|—

n
o(c,dn — 2¢) = <1 +

Since the first factor in the above equations is obviously decreasing in ¢, it remains to show
that the respective second factor is as well. We achieve this by proving that the derivative
is negative in the claimed range of n.

In the case of ¢(c,4n — 2¢ — 1) we get

d (n—c+3) (4n —2¢)
de (3n—2c— 1) (5n —2¢ — 3)
4(32¢*(n — 1) — 4c¢ (28n — 32n 4 1) 4 104n> — 132n% + 6n + 1)

(4c — 10n 4 1)2(4¢c — 6n + 1)
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As the denominator is always positive, the sign of the derivative is determined by the
numerator. We calculate its roots
28n% £ 1/34/—(2n — 1)2 (4n2 —4n — 3) — 32n + 1
16(n —1) '
and find that ¢; o € C\R as soon as 4n? —4n — 3 > 0. This inequality holds true for n < —%

3
and n > 3,

c12 =

whereas only the second condition is of interest for us. In summary, we just

(n—c+ 1 ) (4n—2c¢)
3n—2c— f) (5n—20— %) has

showed that, if n > %, then the enumerator of the derivative in ¢ of (
2

no real root, implying that it is negative for all 0 < ¢ < n.
In the case of ¢(c,4n — 2¢) the claimed monotonicity follows from
d (n—c+1)(dn—2c+1) 8(2n — 1) (8¢? — 2¢(14n + 3) + 26n* + 11n + 1)

%(371—204— 2) (5n—2c+1) B (—4c + 6n + 1)2(—4c + 10n + 1)2 ’

which is always negativ if ¢; » € C\R. Here

1
C12 = 3 (i\/—12n2 —4n — 239 + 14n + 3)

are the roots of the enumerator of the last derivativ above.

Next, note that

d(n+c—%) (n—c+%)
c(d—i—n—i—%) (d—n—i—%).

The right-hand side of this inequality is greater than or equal to one, iff

o(c,d) >

1
= (c+d)(ded - 4n* +1) = 0.
Due to the positivity of ¢ + d, we can can infer that
1
cd—n2+i<0:>go(c,d)>1. (106)

An immediate consequence of the monotonicity of ¢(c,4n — 2¢ — 1) and ¢(c,4n — 2¢)
is that also ¢3 p(b) is monotonously decreasing in 0 < b < n as soon as n > 2. Property
(106) may be used to get a rough first idea of the location of ¢. In Fact, if cd — n? + i <0
is satisfied for ¢ = by, d = 4n —2by — 1 and for ¢ = by + 1,d = 4n — 2(bg + 1), then we know
that o3 p(bp) > 1 and thus ¢ > by. The monotonicity of 3 g(b) then allows us to find a
finer two-sided bound on (. So, let’s get to work.

It is
2 1 2 2 1
b(dn—2b—1) —n t1= 20"+ b(4n—1)—n +7 <0
iff b < by or b = by, with

1 1
bl,2=n11\/8n2—8n+ -7

and

1
(b+1)(4n—2b—2)—n2+1=—2b2+b(4n—4)—n2+4n—£<0

1 1
baa=nF =7/202 + - — 1.
3,4 n+2 n +2

Since b < n — 1, we conclude that @3 p(b) > 1 if

b < min{bl, bg} = bs.

iff b < bg or b = by, with
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Note that b3 ~ (1 — i) n — 1. We use this value as a starting point for the location of ¢

V2
and continue by proving that for all n > 4
1 1 1 1
l—-—)n—=<(<|l——]|n—-. 107
(1-)n-a<e<(1-55)m-3 Hon
The strategy is to directly show
((1 ! ) 1> -1 (108)
< —_—— n —_ —
¥3,B V2 5
for all n > 2, and
1 1
1-—)n—-] <1 109
(13- o

for all n > 4. The bounds (107) then follow from the monotonicity of 3 g(b).
We start with (108). Simply plugging in b = (1 — %) n— % into (103) yields

(08 e G

N V2 2 1 )2 1 )2 1))
2—ﬁ> n? — (2+2ﬁ> n? — <6+2\/§)
The right-hand side is greater than

9o 52) o)

n3

This in turn is equal to

(#+33v2-2n-25) (n+5%s)

n? n
1 2
V2(v2-1) T 14

The first factor is greater than one if n > and the second one for all positive

n.
For the proof of (109) we note that

(n-4a) (n+ =2) (- 3a)
The last line above is smaller than or equal to one, iff

—8(199v2 — 278) n* + 8 (4 0—19{)n+57\/§—126
416+/2 — 544

which is satisfied for all

—38v/2 + \/2 (62358 — 43960+/2) + 80

n =
4 (199+/2 — 278)
and
—38v2 — \/2 (62358 — 43960v/2) + 80 1
n < < —.
4 (199v/2 — 278) 2
—38+v/2 2(62358—43960v/2)+80
Since 3 < fﬂ/ ( V)t < 4, the claim follows.

4(199v2-278)
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After finally reaching our interim goal of localizing (, we are now ready to apply Theorem
20 (iii) to bound the point b*, for which F3 g attains its maximum. It satisfies

1 3 1 1
l——)n—=-<b<|(l——|n—-. 110
(1-7g) 3= (-55) 4 o
We take the same approach to estimate [ p(b*) as in the case of F3 4(b*) and set
b* =rn+q—1,

with -3 <g<2andr=1- % Then we have by Stirling’s formula (332)

FS,B (TL, b*>

_ F(l+rn+q—HT(1+rn+qg+3H)D(65-2rn+3—-2¢) T ((3—2r)n+ 35 —2q)
L (rn+q@)T(rn+q+1)T(A—2r)n+1-2¢)T (1 —r)n+3—¢)T (1 —r)n+3—q)

1 1 1 1 ! !
< sexp | —4n+ 3+ — =+ + —ag + S
o] (e e e e

(1+7r)n—1+q [(1 (1+7r)n+q

[(1+7)n+q—1] +r)n+q+ 3]

% rn+q—1 rntq+ s 3 (1-r)n+l1—q 1 (1-r)n—q
[rn+q)" ™ 2 [rn+ g+ 1" 2 [1—r)n+ 3 —q| [(1—7r)n+3—q]

[(5—2r)n+ 3 —2q] (5-2rjn—2q [(B—2rn+ 35— 2q](3_2T)n_2q
X
[(4—2r)n+1—2q] (4-2r)nt35-29
(111)
We estimate for —% <q< % andn > 1
1 1 1 1 1 1 1 1

+ + + < + + + =
Thr+ 2L g2t 5 gp g A0 T3 9y A0 Tl 2220 420y

:%<8\/§+25>.

(112)

The last equality is due tor =1 — % Next, we rewrite the the last two lines of (111) as

nt |:(1 + 7')2(5 - 27’)5(3 - 27“)3:|n [(1 + r)(l — 7«)(4 _ 27,)]27"71-1—2(]
(1—7r2)(4—2r)zns3 (4 —2r)4(1 —r)2 (5 —2)(3 — 21)

(1 N %)(1—#)7&(1—1 (1 N 2(2111—;*_7“1)”)(l-ﬁ-r)n-'rq

rn+q—1i +1 gty 3_9 (I-r)n+1—q 1o (1—r)n—q
(1+2)™ 7% (14 221) (1+5522) (1+ )

y (1 + ﬁ)ﬁ—zr)n—m (1 N 2(;;:;1?)”)(3—2@”_%‘

(4—2r)n+1-2q
1—2 2
(1 (4—2'rq)n )

X
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We have already seen in the estimate of the maximum of F3 4 that the last formula can be
simplified to

2ot s (10++2)° (3v2+2) |"
(4-v2)VV2+2 24

(14r)n+q—1 (14r)n+q
2qg—1 2q+1
<1 + 2(1q+r)n> <1 2(1q+r)n)

X

2(1—r)n 2(1—r)n

(5—2r)n—2q (3—2r)n—2q
1—4 1-4
y (1 + 2(5723)71) (1 + 2(3723)71)

(4—2r)n+ % —2q
1-2 2
(]' + (472r%n )

(1 I %)rn+q—% (1 n q;;})rn-i-q-ﬁ-é (1 3-2g >(1—r)n+1—q (1 1-2¢ >(1—7‘)n—q (113)

The two last lines in (113) are now taken care of in the same fashion as in the estimate of
F3 A(b*), that is by applying the estimate 1 + 2 < e” in the numerator and estimate (403)
of Lemma 64 in the denominator to those factors that satisfy the conditions of the Lemma.

Those are all except
1-2g (4—2r)n+1-2q¢
(1+a=2p)
and
1—r)n—q
(1) m
The former already appears in (98) and satisfies
1-2¢ (4—2r)n+1-2¢ -
<1 + (4_%)n> =e 2.

The latter is estimated from below using the same strategy. We first show that it is decreas-
ing in ¢ and then apply Lemma 65. Calculating the g-derivative of (114) we get

1—2g &%q< 1 (1—2q > >
— 41 - log(—+1)—1].
<\/§n > Vin—2+1 o\ Van

The first factor is positive all admissible ¢ and n > 0. The second one is increasing in ¢ and
thus smaller than

NI

(115)

1 1
g1 ——) 1,
Von -1 g( 2\/571)

which in turn now is a decreasing function of n. For all n > 2 it is smaller than

311<8\/§—29>+10g<;1 (\/54-8)) <—%<0,

and we can infer that (114) is decreasing in —3 < ¢ < 3.

Now we want to apply Lemma 65. In the case of (114), we have a = % —qand b= —q. So
itis2b—a=—q—3 <0asq>—1%. Part (i) of the Lemma tells us, that (114) is bounded
from below by e' 24, if a = % —q < 0, which is the case for ¢ > % Since we have seen above
that the factor we want to bound from below is actually a decreasing function in ¢, we may

assume that ¢ > % when we minimize in n. In summary, we showed

1_ 2q (1-r)n—q ;o
1+ — >e271 11
(1 550 62 (16)
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forall%<q<%andn22.
Now we can continue the estimate of the last two lines in (113) and find that they are
smaller than

3
exp[—2—2q
1 2 442 —29+1 2(2¢-1% 2(2¢—1 4(q—2)g+3
LU 4241 2(20-5)a  2(20—3)a  4g—2)g+ 117)
n r 2(r+1) 3—2r 5—2r 8(r—1)
L1 (la+1) @ +a+2)  (1-9)(3 -2’
n2 272 41 —r)? '

We pluginr =1— and note that

f’
¢ A’ —2+1 2(2q-5)a  2(24-5)a , Ag—2)g+3
r 2(r+1) 3—2r 5—2r 8(r—1)

1

- = (4 (31\/5 _ 44) P2 —1TV2 + 16)

is maximized for ¢ = 0, as 31v/2 — 44 < 0, with the maximum being = (16 — 17+/2).
Moreover it is

(a+3) 2P +q+2)  (1-9B—29°
272 4(1 —r)?

(4f+5)q +<3xf+>q + = (3f+1)q+\f+—

obviously increasing in —5 < ¢ < ¥ 3 and therefore bounded from above by A & (496[ + 753)
Hence, we further estimate (117) by

exp{—1—|—1<6—17\f>

o6

i (496\/5 + 753)} . (118)

We now finally collect our findings from (111), (112), (113) and (118) and obtain the bound

\ 2pn s [0+v2)’ (3v2+2) ]
Fon(mb") < 71 (4—+/2) CETH [ 24 ]
xexp{ 4n+5+8T(8\f+25)+§<16—17\f) 6422 (496\f2+753)]

Since it is
i (8f+25) +%(16—17\f> +6T(496\f+753) 2—972

for all n > 20, we eventually see that F3 p(b*) satisfies the same upper bound (101) as
F5 A(b*), that is

- oyt 3 (10+v2)* 3v2+2) |"
B S V) Va2 [ 7 ]

5 2 13
X exp —4n+§+5—% .
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Consequently it is also

F3,B (TL, b*) < 216

2-4nT (2n) e3t+i | (0 v2)P (3v2+2) "
(20 +3)T (4n+3) ™ (4= V2) V2 + '

[\]

a0+ v2) (3va )|
72 (4 —2)V/V2 + 2 216

2e5+2 [(10+\/§)3 (2+3ﬁ)]”

216

8
(4—v2)V/V2+2

1! Y e
n4 nQ\n,

which becomes quite obvious by expanding the left-hand side above. This finishes the proof
of Lemma 24. [ |

for all n > 20. Here, we estimated < 2 and

4.2.6. Upper Bound on R4(n). Last but not least, we get to the last summand R4(n).
The key task here is to locate and estimate the maximum of the function Fy(n,a,b,c,d) in
the four variables a, b, ¢, d. Very similar to our approach in Subsection 4.2.5, we apply the
machinery we developed in Subsections 4.2.2 and 4.2.3, especially Theorem 20 and Theorem
22, to name the two most important. This time we get three different possibilities for the
maximizing tuple (a, b, c,d). For each we derive an upper bound on the value of Fy at this
point. The result is the following bound on R4(n).

LEMMA 25. Let n = 17, then

Ra(n) < 25n-

§n
T2

)
N|=

92 4n
()

Let us again briefly explore Lemma 25 graphically, before we prove it. Figure 4.6 below
shows our object of interest and the claimed upper bound. Both functions are plotted log-
arithmically. By comparing this plot to Figures 4.1, 4.2 and 4.4 for the terms R;(n), Ra(n)
and R3(n), it becomes clear again that R4(n) is the dominating component of the remainder
term. All these plots have in common that they illustrate in a nice way, that our approach
of estimating expressions like the R,,(n) is not completely off. Even though it might ap-

pear quite rough, we still get the correct rate of the exponential decay, which is the most
important part here.
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FIGURE 4.6. Logarithmic plot of R4(n) and its upper bound 3—3717% (%)471.
T2
PROOF. By (64) and Corollary 18 it is

2747 (2n)
I'(2n+3)T (4n+3)

2
Ry(n) < gn(4n —1)(4n+1) max Fy(n,a,b,c,d), (119)
4

with
Fnta+H)T(n+b+HT(n+c+)D(n+d+3)

F =
1D = [ (n—a DT (n b+ )T (n et DT (n—d+ )]

and

0<a<<b<<e<d<4n-—-1
Dy = be,deZ
4 {a’ G aE ' a+b+c+d=4n—1 }

From Corollary 19, we already know that a is always smaller than or equal to n — 1, and
that d is always greater than or equal to n. We apply Theorem 22 in the same manner as
at the beginning of the proof of Lemma 24 and conclude that Fj is maximized by tuples
(a,b,c,d) such that a < b < ¢ < n, and either a = cor a+ 1 = ¢. This leads to the following
three different options for the maximizing tuple (a, b, ¢, d).

A: Fy(n,a,b,c,d) is maximized by
a=b=c<n,
d=4n — 3a — 1.
B: Fy(n,a,b,c,d) is maximized by

a=b<n-—1,
c=a+1<n,
d=4n —2b— 2.

C: Fy(n,a,b,c,d) is maximized by

a<n-—1,
b=c=a+1<n,
d=4n—2b-3.

We start with Case A.
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We set
13 _3q—1 —3q—1
Fu(n.a.a.adn—3a 1) = I'(n+a+3) T (5n—3a—3)I(3n 32 ) (120)
ml(a+1)3T(4n — 3a)T (n —a + 3)

= F4,A(n, a).

In the following we maximize Fy 4(n,a) in 0 < a < n. As in the last subsections,
the strategy is to apply Theorem 20. Therefore, we determine the recurrence relation of
Fya(n,a) in a. This is Fy a(n,a) = @4 4(a)Fya(n,a — 1) with

(n+a7%)3(nfa+%)3

a3 (5n —3a—3) (5n—3a+ 3) (5n — 3a + 3)
y (4n — 3a)(4n — 3a + 1)(4n — 3a + 2)
(3n—3a—1)(3n—3a+3) (3n—3a+ 3)
(n—l—a—%)g (n—a+%)2(4n—3a)(4n—3a+1)(4n—3a+2)
" 303 (5n—3a— 1) (bn—3a+ 1) (5n—3a+3) (Bn—3a— 1) (3n — 3a + 1)

forl <a<n.

a,.4(a) =

The task now is to localize the point ¢ such that ¢4 4(¢) = 1,¢4,4(a) > 1 for a < ¢ and
@4.4(a) < 1for a> (. Then Fy 4(n,a) has a maximum in a between ¢ — 1 and ¢ according
to Theorem 20 (711).

Our strategy is to prove a strict lower bound ¢ .4 and a strict upper bound @, 4 on
©4,4, and then determine the two values a and @, such that

#y4(@) = 1,

Pyala) <1

for a < a, and a > @, respectively. Due to the continuity of ¢4 4 on [1,n — 1], we thus can
infer that a < ( < a.

We start with the lower bound 4 and its analysis. As a first step we use the trivially

A
bounds z(z + 1) > 22 and (z — §) (v + &) < 22 for arbitrary # > 0, and find that

(n+ a)® (4n — 3a)2(4n — 3a + 2)
(3a)3 (5n — 3a)* (5n —3a + 3) '

¢a,4(a) >

Moreover, it is easily seen that
p+2_p
q+3 q

if g > %p and p,q > 0. For p = 4n — 3a and ¢ = 5n — 3a this is obviously satisfied, and we
get the lower bound

(n+a)(4n —3a)|*
®y 40) =
, 3a(5n — 3a)
We are interested in those values of a, for which the right-hand side is greater than or equal
to one. The condition ¢, ,(a) > 1 is equivalent to

(a —2n)(3a —n) = 0. (121)

Since a < n, the first factor is always negative. Consequently (121) holds true for all a < %n,
and we can set



as the lower bound for (.

Next we take care of the upper bound p, 4 and claim that

(n+a—3)(n—a+3)(4n—3a—1) ’
a(5n—3a—%) (3n—3a—%)

Paala) =

does the job for all 1 < a < n and all n > 0. This claim is equivalent to

(4n —3a —1)* (4n — 3a)(4n — 3a + 1)(4n — 3a + 2)

(5n—3a— 1) (3n—3a — 1) g (5n—3a+3) (bn—3a+3) (3n—3a+3) Bn—3a+3)
We call
p:=4n — 3a + 2.

Since a lives on 1 < a < n, the value p satisfies n + 2 < p < 4n — 1. In terms of p we have
to show that
—3)3 —(p-2
(p ) p(p )(p ) (122)

b-n-0in-3" G-n-HDe-n-Dbtn-HErn-3)

We do this step by step. The first step is the inequality
(»—3)? - (r—2)?
5 5 3 3
(p=—n=3)p+n=-3) (-n-3)(p+n—3)
for all positive n. We multiply by the denominators and then subtract the right-hand side
from the left. This transforms (123) into

(123)

9 19
—p? + (2n2+2>p—5n2—4>0.

We determine the zeroes of the quadratic function in p and find that the above inequality
is satisfied if

9 1 9 1
n2+1—1\/16n4—8n2+5<p<n2+1+1\/16n4—8n2+5.
Note that 16n* — 8n2 + 5 > (4n? — 1)2. Therefore it is

1 5
\/16n4—8n2+5<§<n+5<p,

2 —_— —
+4 4

n

and
2 2 9 1 4 2
p<4dn—-1<2n"+2<n +1+Z\/16n — 8n® + 5,

for all n = 0. Consequently, inequality (123) holds true for all p in question, and we showed
that

(p—3)° (r—2?%*p—3) 124
oon= 3 -9 G- Dern-De-n-Dern-g

if n is non-negative.
In the next step we establish the bounds

p—3 p—1
—n-5(+n-35 (-n-3(+n-3) (125)

and

p—2 P
(p_”—%)(p“”t—%)>(p—n—%)(p+n—%) (126)
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for n > 1. Both inequalities, (125), as well as (126), convert to 2n? — % > 0, by standard

algebraic methods. This is obviously true as soon as n > 1. Hence, we can continue (124)
by the following chain of inequalities

> b
(p—n—3)"(p+n—-3)
- p(p—2)(p—1)

(p—n—z)(p+n—3)(p-n—-35)(p+n—-3)

which finally proves (122).

Now we work with our newly gained insight and examine for which values of a the upper
bound ®, 4 is smaller than or equal to one. The usual transformations of the condition
P4.4(a) < 1, like multiplication of both sides with the denominator and subsequent sub-
traction of the right-hand side of the inequality from the left one, lead to the requirement

1
<2n—2—a> (—n+1+a)(—2n—1+6a) <O0.

Since 1 < a < n—1, the first factor is always positive and the second one is always negative.
Thus, we need the last factor to be positive, in order for the above condition to be true.
This is the case for all a > %n + %. Thus, we can set the value

_ 1 +1
a:=_-n-+ -
3 6

as the wanted upper bound on (.

By Theorem 20 (7i) we now know that F 4(n,a) attains its maximum at a* € N with

1 . 11
3" l<a <3n+6. (127)
Since R4(n) is the largest of the four remainder summands R;i(n), R2(n), R3(n), Ri(n), we
have to estimate it particularly careful. Therefore, we use the additional information that
a™ is an integer, to find the exact location of the maximum depending on the divisibility of
n by 3.
If n is a multiple of 3, let’s say n = 3p, then a* € (p —1,p+ %) Since a* is an integer, the
only possibility is a* = p = %n We repeat the argument for the other cases of divisibility
of n by 3 and end up with

%n, n=0 mod 3,
a* =4 in— 1, n=1 mod 3, (128)
%n — %, n=2 mod 3,

—4n
Now we continue with the estimate of ( 27 "L(2n) Fy a(n,a*) for each of the three

2n+%)r(4n+%)
cases of (128). Afterwards we prove a common upper bound for all of them.
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We start with n=0 mod 3. We plug in a* = %n into (120) and estimate, using
Stirling’s formula (332)

274 (2n) P (n 1n>
T(2n+ )T (n+ 1) "3
i T@n)L (20— )T (4n — 3) L (3n+ %)3
ml(2n+5) T (4n+5)TBn) T (bn+1)°T (2n+ 1)°
— 3
en-‘rﬁ 1n " - 2—2n —3n r (%Z + %) 5.
u (n=1)(n—5%) I'(3n+1)°T (3n+13)

N|=

3
7
22

< (129)

Another application of Stirling’s formula (332) to the remaining gamma quotient in (129)
yields

)4n

T (4n+1)° eTE 3ian 260 (144 (130)
°r

< -— :
T(in+1)°T(2n+2)°  @n): (m+3):3" 1+3)"(1+3)™
Next, we bound the last factor in (130) with the help of the inequality 1 + = < e, and
Lemma 64, estimate (403)

(14_%)471 <exp[3—n<3—9>—2n<3— 0 >}
(1+3)"(1+ %)2" h 2 n  2n? dn  32n? (131)

81
= e 3t 16n .

Putting everything together, we arrive at

—4n 2,321 4n
2Ten) g <n 1n) < T — (2> . (132)
L (2n+3)T (4n+ 3) 3 715 (n+3)2 (n—1) (n—1) \3

The case n =1 mod 3 is next. By the same means as in the first case n = 0 mod 3,

we estimate
274 (2 1 1
( n) )F4,A <’I’L,n3>

F(2n+%)F(4n—|—% 3
i TCN) L (3n+35)°
O (s 7T (3o r D)’
9 91 4n
< 3 6245 1 1 (2) ' (133)
272 (n+2)2n(n+3) (n+3) \3

In the case n =2 mod 3 the same techniques lead to

2747 (2n) " (n L 2)
T@n+ T (n+ 1) "

_yean L@ (204 5)T (4n + 3) T (4n—1)°
D (2n+5) T (4n+3)TBn+2) T (dn+ 1’1 (2n+ 1)’
3Zen (n+ 1)% (

ESIGS WE .



In the next step we show that for n > 9 all three expressions (132), (133), and (134) are

bounded from above by
3? 1 2\ "
¢ () . (135)

Fetnl (ne ) (0 - 1) \3

First, note that e3n < en < e2in < e for all n > 9. Consequently, the first factor of

each of the expressions (132), (133), and (134), respectively, is at most 3%_ ifn > 9. This

2571'2

marks the first step towards the common bound (135).
Now, to prove the claimed bound for (132) it suffices to show that

all

+

)3 (n—

3

) <1

)

=

N\O«
oo\H

(n+
To this end, we estimate

%(n—i- ) < n(n-i—%) .
(n+3)s(n—1) (+3)(n—4)

That this expression is smaller than or equal to one for n > 1 can easily be seen by solving
nn+i)<(n+3)(n- )forn.
In the case of (133) it is even simpler, since

1
n2
(n+2)2 (n

For the proof that (134) is at most equal to (135), we again consider the quotient of both
expressions, which is for n > 9 bounded from above by

—
3

3+
1) (o

N

ST

o e (=) e i) _wbr DE@ePled)
(n=4)7 (n+1)* (n+}) (n+3)" (n+3)

We obtain this result by estimating ( %) (n + ) (n + ) for n > %
and (nfl) (n+ ) < n?.

To sum up the above findings, we note that our first candidate for the maximum of
1

Fy(n,a,b,c,d) is attained in the vicinity of a = b = ¢ = gn and d = 4n — 3a — 1. Moreover,
if n > 9 it satisfies

274" (2n) 27417 (2n)

F. < F, *
32 1 2 in
<=5 1 : <) . (137)
2rinz (n+ 1) (n—3) \3

Let us now turn to Case B. We write

F(n+a+%)QF(n—i—a—i-%)F(5n—3a—%)F(3n—3a—

2)

Fy(n,a,a,a+ 1,4n — 3a — 2
(138)
=: Fy p(n,a),
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for a < a <n —1 and note that

- F47B(n,a)
#a.8(a) = Fyp(n,a—1)
(—a+n-—3) (—a+n+%)2(a+n—%)2(a+n+%)
a?(a+1) (=3a+3n—3) (-3a+3n—3) (-3a+3n+ 1)

" (=3a+4n —1)(4n —3a)(—3a+4n + 1)
(=3a+5n—3) (-3a+5n—1%) (—3a+5n+ 1)

= p(a,4n — 3a)p(a,4n — 3a — 1)p(a + 1,4n — 3a — 2), (139)

with (¢, d) as in (104) for ¢ < n < d, which was first defined in the proof of Theorem 22.
Due to the three poles at a = 0, a = n— ¢ and a = n + &, we expect the function ¢4 p(a)

to decrease on 0 < a < a and increase on @ < a < n — 1. In the following we show that

a > gn+1for n > 6. To this end we inspect the monotonicity of each factor in (139)

separately. The last one is the easiest one. Writing

(a+n+3)(—3a+4n—1)
3(@+1) (—3a+5n—3)

1 n—% n—%
3 a+1 on —3a — 5

we immediately see that it is decreasing on the entire interval 0 < a < n—1. The remaining
two make us work a little harder. We write

(p(a,4n—3a)—1<1+n§> (n—a+1)(4n—3a+1) (140)

ela+1,4n —3a —2) =

3 a (n—a+g) (5n—3a+ 3)
n—1 n—a+ 3)(4n — 3a
ola,4n —3a —1) = % <1+ - 2) (n(_a_z)Q()&(f_ 3@3_)%). (141)

As the first factor is decreasing in a, we only consider the respective second ones. Our
approach is the same as usually with quotients of this kind: inspecting the sign of the
derivative. Starting with (140) we get for the a-derivative of the second factor

6 (36a*(2n — 3) + a (—144n? + 240n + 60) + 72n3 — 148n> — 74n — 7)
(—6a + 6n + 1)2(—6a + 10n + 1)2 ’

which is negative iff the enumerator is positive. This is the case for a < a; and a = as, with

12n2 —20n F (2n —1)y/2n +1 -5
12n — 18

a1 =

being the two zeros of the numerator. We estimate 1 < v/2n+1 < 2n — 5 for n > 4, and
find that

8n2 — 8n — 20
12n — 18
2 20

Z 3" T Tn— 18

ayp >

>2 1
Zn—1,
3
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and
12n% — 18n — 6

12n — 18
1

-3
>n—1

ag >

as soon as n = 2. We thus conclude that (140) is decreasing until at least a = 2n — 1.

3
The a-derivative of the second factor of (141) reads
6 (36a2(2n — 5) — 12a (12n? — 40n + 1) + 72n3 — 332n? + 14n + 3)
(6a — 10n + 1)2(6a — 6n + 1)2 ’

which again is negative iff the numerator is positive. This time this is the case for a < a;
and a = a9 with

12n2 —40n F44/(n — )(2n —1)(2n + 1) + 1
12n — 30 '

In this case we estimate 2n — 1 < 4/(n —1)(2n —1)(2n + 1) < (n — 6)(2n + 1) for n > 6.
Using this we yield

ajg =

4n2 + 4n + 25
12n — 30
4n? + 4n + 25

12n — 24
1 12n + 25

3"t 19, 2

ay >

>1 +1
—n ’
3

and
12n2 —32n +5
12n — 30
2n—5
C12n—30
>n—1

ag >

for all n > 3. Hence (141) is decreasing until at least a = 3n + 1 if n > 6. This proves the

claimed bound a > %n + 1.

The next step is to show that despite of increasing for a — n — 1, the function ¢4 g(a) is

still smaller than one at a = n — 1 if n > 6. In fact, it is

3 (4n —3)2(4n — 1)(n + 2)(n + 3)(n + 4)

904,3(” - 1) = 3= 2
35 (4n+3)(4n+5)(4n+ T)n(n —1)

3 (n+2)(n+3)(n+4)

35 n(n —1)2

Using that % < %, we further estimate the last line above by

n+4 n+2 n+3
2n 2n—2 2n—2
If n > 6 each of those factors is smaller than one.
In summary, we now can conclude from the above calculations that if there is a value
¢ € (0,n — 1] such that ¢4 p(¢) = 1 then it is unique, and moreover, ¢4 g(a) > 1 iff a < ¢
and ¢4 p(a) <1liff (<a<n—1.
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Next we prove that

1 1
1 1

for n > 12. This together with the lates insights on the monotonicity of ¢4 p implies that

1 1 1 1
-n—-<(<-=-n

— —. 144
3 4 3 12 (144)

Then we know by Theorem 20 (uii) that Fy g(n,a) attains its maximum at a* € N with
-n—-<a" <-n—-——. (145)

Before we exploit this information, we show the two bounds (142) and (143), starting with
the former. It is

COE A U W U R M R R N G I
() e D B b ) e D

3" 14
Shifting each single factor using n = m + 1% and then dividing it by m transforms the
right-hand side above into

(B 1) (G + D) (o +1) (e + 1) (555 + 1)
(I-2) S+ (&) (EE+) G+ +) (5 +1)

Next we apply estimate (403) of Lemma 64 to the factors in the numerator and the simples
estimate 1 + x < e” to the factors in the denominator. This yields the lower bound

oo 2T 13 55233
P12%6m T Tom T a8m " dsm  dm

16m " 16m  16m  “16m  8m  8m @ 8m
(BN (BN (2T (2B, (5
2 4dm 16m 16m 48m 48m

o[ 3 10193
— Pl T 1608m2 |

_(45 9 11,3 7 5 3)

The last line is greater than one if m > 1197493 This proves (142) for n > 12 > m + .
We follow the same approach for the proof of (143). It is

L1y (=)’ (+ Dt h) (nt ) (nt )
@43( B >‘< I ) )

-
3 12

( _ﬁ)Q(ﬁTm‘Fl) (si"‘l) (48m+1)(16m+1)
(t6m + 1) (6 + 1) ( (2 + 1) (w5 + 1) (q0m + 1)



This time we apply apply estimate (403) of Lemma 64 to the factors in the denominator
and 1 4+ x < €* in the numerator and arrive at the following lower bound

e _7+£+i+£+2£
Pl T8 T 48m T 8m T 48m | “16m

L3 11 11 49
16m 16m 4m 2m 16m  16m
(AN L (Y (YL (Y
2 8m 48m &m 48m

283 7
=exp| — — —|.
eXP 144m?2  8m

This is smaller than one as soon as m >

(i) )|

283 which proves (143) for n >3 > m + .

1267

Next on our to-do list is now to estimate Fy p(a*). We try to safe some time and space
and show that Fy p(a*) must be smaller than the the maximum of Fy 4(a). To this end, we
first calculate the quotient of Fy g and Fy 4. This is an old friend, namely

Fyp(a) F(n+a+§)F(5n—3a—§)F(3n—3a—%)
Fyala) F(a+2)T(4n—3a— 1)L (n—a—3)

I(a+1)I(An —3a) (n—a+ 1)
F(n+a+%)f‘(5n—3a—%) (3n—3a—%)

(a+n+3)(—3a+4n—1)
3(a+1) (—3a+5n—3)

=p(la+1,4n —3a — 1).

We already know that ¢(a + 1,4n — 3a — 1) is monotonously decreasing on 0 < a < n — 1.
We additionally determine the point & such that (¢ + 1,4n — 3¢ — 1) = 1. To do so we
transform

(a+n+1)(=3a+4n—1) B
3(a+1)(=3a+5n—32)
into the quadratic equation
6a® + a(11 — 14n) + 4n? — 14n +4 =0

and calculate the roots aq 2. They are

1
ars = (14n T /10012 + 28n, + 25 — 11)

12

Since ag > n—1, it is £ = a;. Using that 100n? + 28n + 25 > (10n + 1)?, as soon as n > —3
we bound

1
=7 (14n — /10002 + 28n + 25 — 11)
1
<n—1. (146)

3
Moreover, we infer from the monotonicity of ¢(a + 1,4n — 3a — 1) that

F4,B(a) > F4’A(CL) if0<a< 5,
and

Fypla) < Fya(a) if{<a<n-—1 (147)
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Recall (127) which states the two-sided bound %n —1<aly < én + % on the location
a’y of the maximum of Fy 4(a). The function Fj 4 thus attains its maximum in the range
of a where it is larger than I p anyway.

Next we have a closer look at the location a* of the maximum of F; g(a) and show that
our bound (145) implies

1
a* >§n—1>§. (148)
Using (147) and (146) we thus conclude that
Fyp(a®) < Fya(a®) < max Fya(a). (149)
) ) 0§a<n )

To complete the discussion of Case B it remains to prove (148). Recall that the function
F, p lives on integers. We therefore need to determine

1 5 1 1
a* e (n— —,=n— ) N7 (150)

depending on the divisibility of n.
If n=0 mod 3, we set n = 3p and (150) becomes
5 1
*
- —p— — A
e (p-2-g5) 0
={r—1
Consequently it is in this case
1
*
=-n—1.
a 3"
If n=1 mod 3, setting n = 3p + 1 leads to

11 1
*
- — - 7
a” € (p 12,p+ 4> N
= {p}
and therefore

1 1
a*=-n-—-.

3 3
In the case of n =2 mod 3, we get with n = 3p + 2

a* e (p—7,p+7) ¥/

12 12
= {p}
and
1 2
a*=-n—-.
3 3

Last on our to-do list is Case C. We write
F(n—l—a—i—%)F(n—i—a—i—%)QF(Sn—3a—%)F(3n—3a—%)

al(a+ 1)l (a+2)°T@n —3a—2)T (n—a+ )T (n—a—1)°
(151)

Fy(n,a,a+1,a+1,4n —3a — 3) =

: Fyc(n,a),
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for a < a <n—1. In this case we find that

Fyc(n,a)
90470(0’) - F4’C(n, a— 1)

(—a+n—%)2(—a+n+%) (a+n—3) (a+n+%)2
ala+1)2(=3a+3n—3) (-3a+3n—3) (-3a+3n—1)

y (—=3a +4n —2)(4n — 3a — 1)(—3a + 4n)
(—3a +5n — %) (—3a +5n — %) (—3a +5n — %)

= p(a,4n —3a — 1)p(a + 1,4n — 3a — 2)p(a + 1,4n — 3a — 3). (152)
Recall (139) and set
®(a) = ¢(a,4n — 3a).
Then it is
w4,B(a) = ®(a)p(a,4n — 3a — 1)p(a + 1,4n — 3a — 2),
vac(a) = Pla+1)p(a,4n —3a — 1)p(a + 1,4n — 3a — 2).

We have already seen on page 58 that ¢(a,4n —3a—1)¢(a+ 1,4n —3a — 2) is monotonously
decreasing in a for 0 < a < a with a > %n + 1, and that ®(a) decreases until at least
a = 2n — 1. It thus follows that also ®(a + 1)¢(a,4n — 3a — 1)¢p(a + 1,4n — 3a — 2) is
decreasing in 0 < a < a, where a and a satisfy the same upper bound %n + 1.

Next we show that
pac(n—1) <1 (153)

for n > 3. We can then draw the same conclusion as for ¢4 p, namely that if there is a
value ¢ € (0,n — 1] such that ¢4 c(¢) = 1 then it is unique, and moreover, ¢4 c(a) > 1 iff
a<(Cand pgc(a) <1liff (<a<n—1.

So let’s prove (153). It is

(1—4n)%(n + 1)(n +2)(n + 3)(4n — 3)
5(n — 1)n?(4n + 1)(4n + 3)(4n + 5)

pac(n—1) =
We split 5 = g -4 and use that
5
(4n —3)(n+1) < (4n + 5)1(71 -1)

for n = 2 to bound the right-hand side from above by

(1 —4n)? n+2 n+3
(An+1)4n+3) 2n 2n

This is obviously smaller than one for all n > 3.

In the following we prove that

1 7
Pa,c <3n - 12) > 1, (154)
1 1
for n > 17. This and the monotonicity properties of ¢4 ¢ then imply
1 7 1 1
-n—— -n— 1
3" 12<§<3n 5 (156)



and the application of Theorem 20 (74i) eventually yields that Fy ¢(n, a) attains its maximum
at a* € N with

1 1
-n——<a*<-n-—-. (157)

3 12

oro(dn-15) =& ) s

We have seen terms like this several times before and follow the same approach as usual.
We shift n = m + % and divide every linear factor by m to transform the right-hand side
above into

(s + 1) (o +1)° (o + 1) (g + 1) (i + 1) (5 + 1)
(U= 1) (i + 1) (s + 1) (s + 1) (e + 1) (e + 1) (5 +1)°

Now we apply 1 + & < e” to the factors in the denominator and estimate (403) of Lemma
64 in the numerator and get the following lower bound on the last line

27
16m * 16m * 16m * 48m + 48m 4m

1212+ 152+ 172+ 392+ 352+ 67 \2
2 4m, 16m 16m 16m 48m, 48m

33 923 15 7 9 7 5 ]

[ 39 17 15 67 35 3
exp

—9 _ T T
16m+16m 16m+16m+8m+8m+8m

[3 26621}
=exp|s—— ———5 |-

8m  4608m?

This is greater than one if the exponent is positive, which in turn is satisfied for m > %,

or n > 280225 16.22, respectively.
Next is (155). We have

11 n*(n—2)(n—%
P4,C (n - ) 3 1 3
35 2] (n—3)(n—3)(n+3)
In this case we shift n = m + % before dividing each factor by m and get

(e + 1) (G + D) (G + )" (3 + 1)
Ge+D (i + D (@ + ) G+ 1)

Since this time the estimate is a bit tighter, we need to apply Lemma 64 to both the

numerator and denominator. For the denominator we use estimate (403). To the numerator

we apply estimate (404) with ¢ = % All conditions for this estimate are satisfied if

(158)

3
2m

<

e

o] =



which leads to m > _2«/47%’ or n > % — 2\/47% ~ 10.17, respectively. Then we yield
e — l_’.i_’.i_’_i +23+i+i+i
P 4dm  4dm m m  3m 3m 4m

() ) ()
S R C I

_ 67 1
P92 T am

as an upper bound for (158). The last line is smaller than one if m > 258, orn > 2% ~ 14.26.

Our next interim goal is to determine the precise location a* of the maximum of Fy ¢(a)
with respect to the divisibility by 3 of n. To this end we use (157) and the same reasoning
as on page 62.

If n=0 mod 3, we set n = 3p and get

19 1
felp——,p—= Z
e (p-ggr-3)
={p—1}
Consequently it is in this case

a*==-n-—1.

3

If n=1 mod 3, setting n = 3p + 1 leads to

15 1
*

- —,p— = Z

a* e (p D4 > N

={p-1}
and therefore

1 4
a*=-n——.

3 3
In the case of n =2 mod 3, we get with n = 3p + 2

11 1
*

S —)nZ
ae(p 12,p+6>m

= {p}

and
1 2
* e —_
a’=gn—g.
In summary this is
%n—l, n=0 mod 3,
a*={4n—3, n=1 mod3, (159)
%n—%, n=2 mod 3.

Now we estimate Fy ¢(a*) in the three cases (159) and compare the result to the estimate
of the maximum of Fy 4. But fortunately it is not necessary to activate the entire machinery
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of Stirling’s formula and Co. in all three cases. Since Fy 4 and Fjy ¢ share the case a* =

%n - % (compare (128) to (159)), we take a shortcut here and only look at the quotient

F4,C(a): (n+a+) (5n—3a—%)F(3n—3a—%)
Fya(a) I'la+2)T'(4n — 3a —2)T (n —a— %)

T'(a+1)I(n—3a— 1T (n—a+ 1)

(n+a+ ) ( 3a—7) (3n—3a—
(n+a+ ) (5n— a—f) (3n—3a

I'la+2)I'(4n —3a— 1T (n—a—%)

)
)

T r
T r

Nl Nl

I'(a+ 1)I'(4n — 3a)T (n—a+ 1)
F'(n+a+3)T(5n—3a—3)T (3n—3a—3)

=p(la+1,4n —3a — 3)p(a + 1,4n — 3a — 2).

It is straight forward to show that p(a+1,4n—3a—3)p(a+1,4n—3a—2) < 1fora =
In fact, it is

LI O Loils
-n+-,3n— -n+-,3n
P 3" Ty P 3" T3

win

1,
gn

> - n(Bn+1)(4n+1)(8n —1)
3(n+1)2(4n —1)(8n + 1)
n(4n + 1)
(n+1)(4n—1)

The last line is smaller than one as soon as n > 1.
1

It thus remains to estimate Fy c(a*) in the two cases a* = 3n — 1, and a* =

start with the former one and plug in a = %n — 1 into (152). Then it is

27T (2n) Fyo (nogn—1) 24T (2n)T (42 — )T
I'(2n+3)T (4n+3) Al (2 +1)°T (2 4+ 1)? ¥

The application of Stirling’s formula (332) yields the upper bound

9—4n { 1 1 1 ]
—SFexXp |5+ —+ +

24n  16n—6 8n+3

3
2

5
2272

(161)

X

The last quotient is equal to

o ! (1) (L+ )%
7 94 1 2 2 1
P =D 3 ok ) ()T () 1 ) )Y

We further estimate it using 1 + 2 < e in the numerator and estimate (403) of Lemma 64
in the denominator of the third factor and find that it is smaller than

32 98n 1
253" (4 1) (n—3) (n+3) (n+ 2
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By combining (160) with estimates (161) and (162) we arrive at

1
(n=35)(n+3)(n+3)

N

2747 (2n)Fyc (n,in — 1) - 32 (2
I'(2n+3)T(dn+3) 251

) e

X e L—F ! + ! +2£
Plotn T 16n—6 ' 8n+3  6n

32e 2\ 1
S 35 \3 i (163)
=10 (1 5)* (1= ) 0 +3) (n+9)

for all n > 5. Like in the discussion of Case A we show that (163) is smaller than (135)

for n > 17. This is the case if

4
(n+3)* (=) 00 +3) (n+ )
Taking into account that n ( — %) < (n — %) (n+ 3) as soon as n > 1 this becomes quite
obvious.

Next we have to estimate Fy ¢ at the point a = %n— %. Similar to the above calculations
we get
274 (2n) Fy o (n, %n - %) T (2n + %) r (4n + %)
F(2n+%)F(4n+%) _WF(2n+%)F(4n+%)
270 (2n)l (4 - 2)T
)

X 2
P T D

Stirling’s formula (332) provides the following upper bound on (164)

2 2-n(om) 4 (g - 37 (4 )i
()7 (34 )T (3 + )7 (23517 (527 G )

1 1 1
7 _
Xexp[ +24n+16n—10+8n+1]’

which is equal to

32+% <2>4n 1
P8 i o-9 e ) e Do+ 2i e )T s )
X T+ —+ ! + 1
_ 53\3n 1)3m
(1 Sn) (1 + 8n) . (165)

% T 5 an 11\ 2n o 2n 23
(T=5)2 () (T4 4)° (14 2)°" (14 g)3n

We use Lemma 65 (i) to bound



and 1 + x < e® as well as estimate (403) of Lemma 64 for the remaining factors of the
numerator and denominator, respectively, of (165). Then it is

_ 5)3" 135m
- - (1 4877,) (1 + Sn) < exp |:_7 + 89:| .
P e ) o

Next we simplify

L(@2n+3)T(An+3) f <n+3> <n+3>

7rF(2n+%)F(4n—|—%) E 8
and put all estimates together to arrive at
274" (2n)Fyc (n, in — %)
I'(2n+3)T (4n+3)

8 <2>4" (n+3) (n+5)
257'1'g 3 n% (n —

1 1 89]

XeXp[24n+16n—10+8n—|—1+16n

(166)

_ 32+5e <2>4" (n+2)(n+32)
2P - () (04 D)} :

as soon as n > 6. Expression (166) is smaller than (135), if

3% nntyq)(m—q)(n+3) (g

(=2 (+2) = (-2 (+2) (- 2) (4 2)

and note that

We write

for all n > 9. Moreover it is obviously

(142 (w5 2) < (s ) (58

and

5
36

(=33 + ) (422 m+25 (n+ W) (nt3)5  (n-3)

for all n > 9.
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To finish off the proof of Lemma 25, we now jump back to (119) at the beginning of the
—4n
proof and plug in estimate (137) for the maximum of 2—F(2n)F4(7’L, a,b,c,d). This

I(2n+3)0(4n+1)
way we obtain
—4n
Ry(n) < g (4n —1)(4n + 1)F (2ni— %)FIEQ(ZL ) Hba;lXle(TL, a,b,c,d)
< ﬁn—% <2>4n
3 3
for all n > 17. [ |

4.3. Estimate of the Secondary Term S(n)

The purpose of this section is the proof of Theorem 26, which provides an upper bound
on the absolute value of the secondary term S(n).

THEOREM 26. Let n € Z,n = 17. Then the secondary term is bounded from above by

sow\<e<i>gné<§>m.

Before we turn to the derivation of the theorem, let us briefly look at its statement
graphically in Figure 4.7, which plots the logarithms of |S(n)| and the claimed upper bound.
As in Figures 4.1, 4.2, 4.4 and 4.6 for the components R;(n), Ra(n), R3(n) and Ry(n) of the
remainder term, we see that we got the rate of the exponential decay right. But it is also
apparent, that there is still quite some space to improve the estimate.

—20;
I — los([S(n))

L 5/2 4n
-80F — log (e (§> vn (g) )
r s 3
-100 -
-120

-140 L

| ot

FIGURE 4.7. Logarithmic plot of [S(n)| and its upper bound e (2) nz (%)471.

To understand our pathway to the proof of Theorem 26, turn back to page 20 and recall
the upper bound on S(n) from Remark 14

1 9 12n In—2 k 1 m + E 27’L _ E 1
S(n)| < = 25, b
unggmﬂgg§%s4 i man

) Tn -k (n+k—i+ 3T (n+i—j+1) (167)
T(k—i+ )(i—j+ )P (n—k+i+ )T (n—itj+1)

y F(n+j—m+3)T(n+m+3)
FG-—m+1)I(m+1)T(n—j+m+3)T(n—m+3)|
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2n+% 2n—% 2n—%+

2n+1 4n+1
structure of S(n) is very similar to that of the three terms Ra(n), R3(n) and R4(n) of the
remainder term R(n).

For that reason, we will in a first step trace back (167) to a term that resembles R4(n).
This is mainly done by means of Lemma 27, that provides an upper bound on the hyper-
geometric function o F5. We are then able to identify the gamma quotient Fj, that we will
have to maximize, when we eventually perform an I!-1* bound in order to estimate (167).

In a second step we modify the findings of Subsections 4.2.2 a bit, such they suit our
purposes here. That way it becomes apparent that F5(n,a,b,c,d) = I'(dn —a — b — ¢ —
d)Fy(n,a,b,c,d), with our well-known function Fy(n,a,b,c,d) from Subsection 4.2.6. We
then derive Lemma 28, that helps us to narrow down the set of values a, b, c,d, that are
relevant in the search for the maximum of Fj(n,a,b,c,d).

The final and most laborious part consist of locating the maximum of F5(n,a,b,c,d) in
the four variables a, b, ¢, d more precisely and estimating it. This is subject of Lemma 29.
Luckily, it can almost entirely be accomplished by means of the techniques from Subsection
4.2.3.

1
2

Note, that except for the factor 2k, Fy

i) inside the sum, the

Let us start with the bound on the hypergeometric function in (167).

LEMMA 27. Foralln =21 and 0 < k < 4n — 2 we have

2n—E2n—i—l2n—E—|—l 1 1 E
j2 2) 2 272 ‘f < = 4251 168
3 2< o +1,4n + 1 1) =2 (168)

PROOF. We use Lemma 50 with ¢ = 2,2 = % and A = 2n — g > (. Moreover, in our

case it is a1 = 2n + %,042 =2n — % + % and f1 =2n+ 1,82 = 4n + 1, and therefore
k
e1(B1,P2) = 6n + 2 = 4n — 5+ 1 =ei(ar,az) >0,

e2(B1,02) =An+1)2n+1) = (Qn + ;) <2n — g + ;) = eg(ag,a0) >0

for 0 < k < 4n — 2, and all requirements of Lemma 50 are fulfilled. Hence, it is by the
Lemma

k 1 k1
P 2n—§,2n+§,2n—§+§‘1 <14 1 _q) Qa2
2n+1,4n +1 4 (1 —x)A 5152

B 4\ 25 (2n + %) (2n—5+l)
ot ((3) _1) ES T

We further estimate

and
(2n+3)(2n—%5+3) _1
(4n+1)(2n+1) 2

foralln > 1 and 0 < k < 4n — 2, and thus end up with

3Fy

< - +2
2n+1,4n+1

2n—§,2n+%,2n—§+5‘1) 1 on-ky
4 2 '
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We proceed by plugging in estimate (168) into (167). Then

y F(4n—k)F(n+k—i+%)F(n—l—i—j—l—%)
T(k—i+1)I(i—j+1)T(n—k+i+3)D(n—i+j+3)]

y F(n+j-—m+3)L(n+m+3)
FG-—m+D)I'(m+1)[T(n—j+m+3)T(n—m+3)|

As 2k—1 4 92n+5-1 < 3-2%73 for 0 < k < 4n — 2, we further estimate

278n
Sl < 35, e
2k & Tn—k)(n+k—i+ 3T (n+i—j+1)
XZZZZF —z+1)r(z’—'+1){r(n—k:2+z'+l)r(n—z'2+'+1)]
k=0 i=0;=0m=0 J 2 JT3
y T(n+j—m+3)T(n+m+1)
FG-—m+DIm+ )T (n—j+m+3)T(n—m+3)|

(169)

Now, we slowly see where the journey is going. Like in the case of the reminder term,
the tactic is to bound |S(n)| by an ['-I* bound. To this end, we have a closer look at the
function

Tntm+3H)T(n+j-—m+3H)Tn+i—j+HT(n+k—i+1)
T(n—m+HT(n—j+m+HT(n—i+j+)T (n—k+i+1)
8 I'(4n — k)

T(m+ D)L —m+1)T(—j+ DT(k—i+1)

FS(namvjviak) =

(170)
on the domain
Ds ={m,j,i,keNyg | 0<m<j<i<k<d4n—2}.
Upon a slight variation 7 : Z™ — Z™, k — z with
B PR o

of the transformation 7 on page 28, we obtain for k = (m, 7,4, k) € Z* and 7(k) = (a,b,c,d) €
Z4

F5(n,7(m,j,i,k)) = F5(n,a,b,c,d)
B F'nta+3)T(n+b+3)
S Ta+ DI+ 1D)[T(n—a+3)T(n—b+1)]

F(n+c+3)T(n+d+3)TdAn—a—b—c—d)
L+ DI d+1) T (n—c+3) T (n—d+3)|

= Fy(n,a,b,c,d)T'(4n —a —b—c—d),

and
~<D)_4”U2 Chedep|0<abed<k
TS R G at+btc+rd=k("
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Now, we reached a situation very similar to that in the derivation of Lemma 17 and can
argue that it suffices to maximize F5(n,a,b,c,d) on the set

4dn—2

0<a<b<c<d<k
D5 = b,c,deZ
> kgo{a Gae ’ a+b+c+d=k }

since the function F5(n,a,b,c,d) itself, as well as each layer of its domain 7(D5) are sym-
metric with respect to permutations of the variables a, b, ¢, d. This proves

LEMMA 28. Let T be the transformation defined in (171) and 7(m, j,i,k) = (a,b, ¢, d).
Then 1t is
F, k) = F: b,c,d
max F5(n,m, 5,1, k) = max 5(n,a,b, ¢, d)
= nbaxF5(n, a,b,c,d),

5

where
Ds={m,j,i,keNy|0<m<j<i<k<dn—2},

and
4n—2

0<a<b<c<d<k
Ds = bc,deZ .
b kU_O{a Gae ‘ at+b+tc+d=k }

The location of the maximum of F5(n,a,b, ¢, d) on D5 and an upper bound on it is given
by the following lemma.

LEMMA 29. Let n € Z,n > 17. Then the mazimum of the function Fs(n,a,b,c,d) on

the set Ds is attained fora =b=c=d = [%n — %] and satisfies

e o(manbesd) STCn ) (4?;)3 e Do DD ()

Since the proof of Lemma 29 is quite lengthy and technical, we first prove the main
result of this section.

PROOF OF THEOREM 26. Starting from (169) we estimate |S(n)| by an ['-I* bound
9— 8n n-2 k 1

|S(n)| < 2n+12ZZZZF5nm],Z,/€)

k=0 ¢=03j=0m=0
2—8n

< -
I'(2n +1)2
Next, we apply Lemmata 28 and 29 and obtain for the second line above the upper bound

n(4n —1)(4n+1)(2n + 1) n%axF5(n, m, i, k).
5

2—8n 3 g e 4n
s - < 3 L (2 |
F(2n+1)2n(4n 1)(4n+1)(2n+1)rr11)e;xF5(n,a,b,c,d) e (7r> na2 <3)

ifn>17. [ |

The entire remaining pages of this section are dedicated to the proof of Lemma 29. The
procedure remains largely the same as in the case of Fy(n,a,b,c,d) in Subsection 4.2.6,
namely using Theorem 22 to identify the (in this case four) possible tuples that might max-
imize Fy, determine their coordinates more accurately with the help of Theorem 20 and
then finally estimate the value of the maximum. But since the structure of the two func-
tions F5(n,a, b, c,d) and Fy(n,a,b,c,d) is so similar, we can trace back several parts in the
analysis of F5(n,a,b,c,d) to corresponding calculations in the study of Fy(n,a,b,c,d), and
thus benefit a lot from the hard work we did back in Subsection 4.2.6.
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Before we jump into the proof of Lemma 29, we want to emphasize the following im-
portant fact.

REMARK 30. Since the sum a+b+c+d = k is constant, our method of proving Theorem
22 is not affected by the additional factor I'(4n — k). We thus can still apply it here.

PrROOF OF LEMMA 29. Due to the requirements

O<a<b<c<d<k, (172)
0<a+b+c+d=k<4n—-2, (173)

on the parameters, the smallest parameter a must satisfy
a<n-—1. (174)

Moreover, since k < 4n — 2 is not fixed like in the case of the remainder terms, we now have
the additional degree of freedom that d might be smaller or equal to n in the maximum. Let’s
for the moment assume the opposite, meaning that d > n and 0 < a < b < ¢ < n. Then
Theorem 22 (i) applies and provides a condition on ¢ and d upon which F5(n,a,b,c,d) =
F5(n,a,b,c —1,d + 1). This condition is equivalent to

F5(n,a,b,c,d)
Fs5(n,a,b,c—1,d + 1)
We have seen in (106) of Section 4.2.5 that this condition is already satisfied if

1
d—n?+ = <0.
c n+4

(e, d) = > 1.

Hence for any d > n there is an admissible ¢ < n such that Theorem 22 (ii7) is satisfied and
Fs(n,a,b,c,d) = F5(n,a,b,c —1,d + 1). Consequently, we can push d down to n and infer
that F5(n,a,b,c,d) is maximixed by tuplesa < b<c<d<n
We therefore can omit the absolute values in the definition of F5(n,a,b,c,d) and consider
from now on
F'n+ta+3)T(n+b+3)

Fla+ DI+ (n—a+3)T(n—b+3)
F(n+c+3)T(n+d+3)Tdn—a—b—c—d)

Fle+ DI d+ 1)L (n—c+3) T (n—d+3)

F5<na a, b7 c, d) =

(175)

Now we are in a familiar setup and deduce from Theorem 22 (i) the following four options
for the maximizing tuple (a, b, ¢, d).

A: F5(n,a,b,c,d) is maximized by
a=b=c=d<n-—1,
4a < 4n — 2.

B: F5(n,a,b,c,d) is maximized by

SRS
Il



D: F5(n,a,b,c,d) is maximized by
a<n-—2,
b=c=d=a+1<n-1,
da + 3 < 4n — 2.

In what follows we first locate and estimate the local maximum of Fj(n,a,b,c,d) in
Case A. Afterwards we show that the maxima in the other three cases all have to be
smaller than the one in A.

We start with Case A. Here we have to extremize
T'(n+a+3)'T (4n - da)
F(a+1)4f(n—a+%)4

F5 a(n,a) := (176)

in 0 < a<n—1. The result is the following.
LEMMA 31. The function F5 (n,a) attains its mazimum for a = a* := [in — I].

PrOOF. We stick to our approach from Subsections 4.2.4, 4.2.5 and 4.2.6 and plan to
apply Theorem 20. Therefore, we determine the recurrence relation for F5 4(n,a) in a. It
is F5,a(n,a) = ¢5.4(a)F54(n,a — 1) with

(n+a—%)4 (n—a+%)4
a*(4n — 4a)(4n — 4a + 1)(4n — 4a + 2)(4n — 4a + 3)

ps.4(a) =
forl<a<n-—1.

The task now is to localize the point ¢ such that o5 4(¢) = 1,¢5.4(a) > 1 for a < ¢
and @5 4(a) < 1 for a > ¢. Then F5 4(n,a) has a maximum in a between ¢ — 1 and ¢
according to Theorem 20 (7ii). To solve this task, we proceed very similar to the estimate
of the maximum of Fy 4(n,a) on page 53. That is, we prove a strict lower bound Pe g and

a strict upper bound @5 4 on @5 4, and then determine the two values a and a, such that
P5ala) =1,
?s5.4(a) <1

for a < a, and a > @, respectively. Due to the continuity of p5 4 on [1,n — 1], we thus can

infer that a < ( < a.

We use that (z + 1)(x + 3) = 22 + 42 + 3 < (z + 2)?, and therefore z* < x(z + 1)(z +
2)(z +3) < (x + 2)2. For x = 4n — 4a we then obtain

(@) =|=—m
©s5,4(a) G %(niaé)("a%)r

<Ps54la) =

The function P A(a) is greater than or equal to one if n +a — % > 4a, and hence if

1 1
a< —n——-=:a

3 6
The upper bound 5 4(a) on @5 a(a) on the other hand is smaller than or equal to one if

1
nz—z—a2+a<—4a2+4an.
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After subtracting of the right-hand side from the left, we find that the above inequality is

equivalent to
Jr1 1 1 <0
a—n+=)la—=n—=)<0.
2 3 6

This means that @5 4(a) < 1 if

1 oo 1

-n+-<a<<n—-—-.

3 6 2
With @ := %n—k%,we thus obtain

1 1<C<1 +1

3" 6 3" 76

By Theorem 20 (44) and Remark 21 we now know that F5 4(n,a) attains its maximum at
a* € N with { — 1 < a*® < . With the above bounds on ¢ this yields the range

LT ]
3" TS 3T

Since we are restricted to integers, we take a closer look at the interval

1711
3" 763" "%

for the three possibilities of divisibility of n modulo 3, and find that there are two candidates
for a*, namely
1 7
ai == |=n——|,
3 6

as = }n + E

=13 Gl
A simple calculation shows that for n = 1 mod 3 and n = 2 mod 3 the two options
coincidle, ai(n) = a3(n). But, if n is an integer multiple of 3, then af = %n — 1 and

a3 = zn. In the following we show that in this case F5 4 (n, %n — 1) > F5 4 (n, %n) for
n = 3.

[

Using the functional equation of the gamma function, we find that

fg. (177)

1 (1+5e)(1+32) .
We set -~ = x and show that q(z) = ~—4,—>{5 is greater than or equal to one for all
(1-32)" (1+3=)
0<z< % To this end, we use the elementary inequalities



which are in particular valid for 0 < y < 1, and obtain
ei® 1+ %:U
3. 3 2
)
3..)3 3..)\2
(1=32)" (1 +32)
1
= 3,.)3 3.\
(1= 32)" (1 +32)
Since the last fraction takes the value 1 for x = 0, we are done after showing that (1 — %aﬁ)3 ( 1+ %x)
decreases monotonically for 0 < x < % Taking the derivative we get

X [(1_:96)3 <1+ix>] - (1—§x)2<1+3x>,

which is negative for 0 < x <

q(z) =

=

Ll

Consequently, we end up with

1 7
a*=|=n——
]
|
We now continue with the estimate of 175(;(7211)2) and prove

LEMMA 32. If n = 8, then

tontir < () T e mern ()

PROOF. Depending on the divisibility of n modulo 3, there are only three possible values
a* can take. Similar to the approach for the maximum of F}, A.2(n, a) on page 55, we consider
these cases separately and establish a common upper bound in a second step. Those cases
are

sgn—1, n=0 mod 3,
a*=<{in—4% n=1 mod 3, (178)
};n %, n=2 mod 3.

Let us start with n =0 mod 3. Plugging in a* = %n — 1 into (176) gives

Fsa(n,dn—1) T(Sn+4) T (in-1)"

'2n+1)2  T(2n+1)2p (%n)‘lp (2n + %)4
4
M DEITE) Tyt
1 1 1
o ) (1) T (30 + )
By Stirling’s formula (332) it is
F(%n) 3%6%714_% —4n, Loang-—2
T2n) < - n 3"'nz227"37 3n, (180)
and
P(gn-g)'  _a0e"RE L w2 o)
n
PEn)'TGnry)t 200 (=9 + D' (14 2
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Due to 1 —z < e~ * and Lemma 64, estimate (403), we can bound

16
(1_%) " < o8+
(1 + 4n)3
and thus get
F (%TL . %)4 _ 366_%n+%+4n1% én nQ 28n
< ns —_.
I (§n)'T(3n+3)" 2Hn? (n=2)" (n+9)" 35"

Putting together (179), (180) and (181) we end up with

Baluinon) (3)} eyl e D0 () (20

)
Fln+ 1y = \dr (=39’

»

47

Next, we repeat the above procedure in the case of n =1 mod 3. We plugin a* =

into (176) and make heavy use of Stirling’s formula (332) to get

4
Paln=d) __ Cne TG
['(2n +1)2 I'(2n +1)2T (%n + %)4 (% + %)4
_etnt T (En ) T (5 +%)
T T )

5

5
4m n(n—|—2)§(n—i—%)g(n—i-%)g 3
16?’1,

2 ()T

The first inequality is due to

['(2n + 1)% = 4n°T'(2n)?
> (47’['71)7714”24”674”

(181)

(182)

SN

n—

Wl

(183)

(184)

by Stirling’s Formula for all n > 1. To get the second inequality, Stirling is applied to the
gamma quotient in the second line. With the help of estimate (403) from Lemma 64, and

its first order counterpart 1 + = < e, we further estimate

1)5n 1y
(1+2n)4 (1+8n)8 eXp|:4+2—8—10+2'4 425]
(14_%)3”(1_1_%)5" 3 3 3 3 3 n 3 1bn

— o4t
Putting together (183) and (185) we arrive at

F5,A(n,én—é)<<3)2 85 (n+%)
= 2

I'(2n+1)?

"

(185)

(186)



If n=2 mod 3, very similar calculations lead to

Fsa(njn=3)  T(En—3)'T(En+3)
L@en+1)2 e+ 120 (2 + 1T (2n+ D)
B o DT (Gn+3)
o A r(+3)'0En+5)
( 17

by (184) in the first step and Stirling applied to the remaining gamma quotient in the
second. Next, estimate (403) from Lemma 64, and 1 + z < e” yield

1\37 1\3
(1+ 5)34 (1) Z <ot (188)
2N 2N
(L+3)*" (1 +55)°
Consequently, we estimate

Fsa (n,3n—2) - <3>§e§§2+4n15 (n+1)% (212>n (189)
x 8 ’
)

I'(2n + 1)2 4m n(,h%)%(,”rz 3t

N

The following lines serve the purpose of comparing the three estimates (181), (186), and
(189). We show that all of them satisfy the same upper bound

() e poaery () 19

if n> 8.

As a first step towards (190) we compare the exponents of e in (181), (186), and (189),
respectively and find that

153 N 1 - 85 - 217 N 1

32n  4An—1 " 16n " 32n  4n -3
as soon as n = 8. Hence, in order to establish the upper bound (190) for (181), (186), and
(189), respectively, it suffices to show that the rational factor of all of the three expressions

<1, (191)

-1
is at most (n% (n — i) (n + %) (n + %)) . To this end, we consider the quotients

-+ DY n+N(n+(n+3)(n+?2
qnz(](n) = ( 4) ( + 4(31(_ g)f)(i +—E)22 ( + 4) ( + 8)’ (192>
() DT =D (0 ]) o
I Rk
(4 1% (n-4) (0 +4)

(n+3) (194)

where g=;(n) is constructed by dividing the rational factor corresponding to the estimate

for n =14 by (n% (n — %) (n + i) (n + %)>_1. By means of Lemma 64 we show that each
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of them is smaller than 1 for n > 8. In all three cases, we apply inequality (403) in the
denominator and inequality (404) with ¢ = % in the numerator.

Let us consider g,=q first. We first shift all linear factors in (192) by the largest negative
constant % and set n = m + % Next we take the reciprocal % = z. Then it is

(1+32)" (14 §a) (1+ §o) (1L+ ) (14 Fa) (14 §o) (1 + 5a)
(1 + %x)4 .

We are allowed to apply estimate (404) to all linear factors in the numerator if the one with
the largest slope, that is %, satisfies the requirements of inequality (404). This leads to

< 3_\/6.
3/2

dn=0 (HJ) =

For those x we estimate
19 1 177 441
R 2”'64“32}
19 41l 191 2
—x
4 16

which is smaller than one, if rz < 191 Since 3/2 < 191, the condition z < 3/2 6 translates

ton =

= exp {—

, and we conclude that g,=o(n) < 1 for the claimed range of n.

2(3~ f Gl
By repeating the above scheme for g,=1(n) with x = W%, we find that
4

4 192
which is smaller than one for x < min {%, %} = =53 /‘4[ This implies that ¢,=1(n) < 1

3 - 3
1G-v5) + Z' Since PTERY)

if n satisfies n > + 4 < 8, we are safe here as well.

Last but not least, we consider ¢,=2(n) and obtain by a similar calculation, again with

(1+ ac)G (1—1—%1‘) (1—!—%3:)
(1+12)% (1+ 12)5 (1 +20)5

[ 2087 2]
<exp|—x+ ——

=2 (IL‘ =

076

This is smaller than one if < min { 35/‘4{6, %} = %. And thus, ¢,=2(n) < 1 as soon as

2087 , 1
n > = + 7, that is, if n >
So, eventually, we reached our goal

Fs.an,a®) _ (3> ¢ (212>n (195)
Mo+ 172 “\a) s Dl p) \ P
for all n > 8. [ |
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In the following we take care of the remaining cases B, C and D and show that the
maxima of the corresponding functions satisfy the same upper bound (195) as the one of
F5 4. Since the three cases basically share the same approach and a lot of techniques, we
handle them all at once.

We introduce the function

. r (n +a+ %)
9na) 1= T(a+ 1T (n—a+3) (196)
and write
Fs5 A(n,a) = gn(a)*T (4n — 4a),
Fs g(n,a) = gn(a)®gn(a+ 1T (4n — 4a — 1),
(197)
F5,C(”7 a) = gn(a)2gn(a + 1)2F(4n —4a — 2)7

Fs5 p(n,a) := gu(a)gn(a + 1)°T(4n — 4a — 3).
We want to compare "subsequent" functions and therefore calculate the their quotients
_ Fs5p(n,a)  gn(a+1)T'(4n —4a —1)

®i(n,a) := F5:A(n, a) gn(a) T(dn — 4a)
F&C(ﬂ, a) . gn(a + 1) F(4n — 4q — )
Dy (n,a) F5,B(TZ, a) N gn(a) T(4n —4a — 1), (198)
By, a) = Fsp(n,a) _ gn(a+1)T(4n —4a —3)
3(n, Fsc(n,a) gn(@) T(dn—da—2)

We will need one additional quotient later
gn(a+1)I(4n — 4a — 4)
gn(a) T(4n —4a —3)
Moreover, in order to narrow down the location a% of the maximum of F5 x(n,a) with the
help of Theorem 20 we need ¢s5 x(a) := % for X = B,C, D. Those are
(a) = gn(a) T(An—4a+2) gula) T'(dn—4a+1)
PoB\) = (@ —1)T(dn —4a +3) gn(a—1) D(4n — 4a + 2)
gn(a) I'(4n —4a)  gp(a+1)T'(4n —4a —1)
gn(a—1)T(4n — 4a + gn(a) ['(4n — 4a)

1)
gn(a) T(dn—4a+1)  gn(a) I'(4n — 4a)
( )

®y(n,a) =

#5.0(a) = gn(a—1)T(4n —4a+2) gpla—1)T(4n —4a+1)
><gn(a—l—1)F(4n—4a—1)'gn(a—kl) I'(4n — 4a — 2)
gn(a) ['(4n — 4a) gn(a) T(4n —4a—1)’

and
(a) = gn(a) I'dn —4a)  gn(a+1)T'(4n —4a—1)
oD\ = a—1)T(@n—4a+1)  gn(a) D(4n — 4a)
y gn(a+1)T(4n —4a—2) gpla+1)T(4n — 4a — 3)
gn(a) T(4n—4a—1) gyla) T(4n—4a—2)
Those functions can all be expressed in terms of @1, ..., P4 as follows
w5 B(a) = Pa(n,a — 1)P3(n,a — 1)®4(n,a — 1)®1(n, a),
5. c(a) = P3(n,a —1)Py(n,a — 1)®1(n,a)Pa(n,a), (199)

w5 pla) = 4(n,a — 1)1 (n, a)P2(n,a)P3(n,a).
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Thus, some properties of @5 x can be deduced from the respective properties of ®1, ®9, ®3
to ®4. One property we need is the following

LEMMA 33. Let X = B,C,D and n > 16. Then the functions ps5 x have the property
that if there is a value ¢ € (0,n — 1] such that p5 x () = 1 then it is unique. Moreover,

w5 x(a)>1iffa<(and psx(a) <1liff(<a<n-—1.

Proo¥r. The attentive reader might notice that we deduced the same property for ¢4
and ¢4 ¢ back in Subsection 4.2.6. In the following we copy the chain of reasoning we used
there. That is, we prove for j = 1,2,3,4 that there is an a such that ®;(n,a) decrease
monotonically on 0 < a < @ and increase for @ < a < n—1, as well as that p5 x(n—1) < 1.
Before we jump into medias res let us rewrite ®; in a more easily digestible way. It is

(—a+n—%) (a+n+%)

Pi(n,a) =
1(n0) 4a+1) (—a+n—1)
a+n+i
1 1 (200)
Ba(n.a) - (—a+n—3) (a+n+3)
’ 4la+1) (—a+n—3) ’
Ba(n, a) = (—a+n—%) (a+n+%)

4(a+1)(—a+n—-1)

Next we show that a = %n — 2 does the job for all n > 16. In the case of ®; and ®, there
is nothing to do, since

and

1 n—1
® =-|1 2
2(m,a) = 7 ( - a+1>
are obviously monotonously decreasing for all 0 < a < n—1 and n > 1. For the two

remaining functions ®3 and ®4 we show that the a-derivative is negative for 0 < a < a =
Sn—2ifn>16. It is

0®3(n,a)  4a*(3 —4n) + 16a(2(n — 1)n+1) —4(n — 1)n(4n —3) +5 (201)
oa 4(a + 1)2(4a — 4n + 3)2
which is negative for a < a1, and a > ag, with

8n? F/32n3 —4n? —8n+ 1 —8n +4

2(4n — 3)
being the two roots of the numerator of (201). It is easy to see that ag > n—1. We therefore
conclude that ®3(n,a) decreases in a if 0 < a < a;. We further estimate

a1 =

>3n2—4n+2
I L
! 4n—3
>3 4dn — 2
2 —
4 4n — 3
3
>Zn—2,

using that
1 —8n —4n? + 32n® < 4n*
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if n > 8.
We repeat this procedure for &4 and find that

0®4(n,a) —4a*(n—1)+a(8(n—1)n +6) +n(—4(n —2)n — 3) + 2
= (202)
oa 16(a + 1)%(a —n + 1)?
is negative for a < a1, and a > aq, with

An?2 FA/16n3 —4n2 —4n+1—4n+3
4(n—1)

a1z =

being the two roots of the numerator of (202). Since again ag > n, we conclude that ®4(n, a)
decreases in a if 0 < a < a; and estimate

3

ag > *—
n—1
>3 n—3
.
4 n—1
3
>-n—1
A"
using that
1 —4n — 4n® + 16n° < n*
if n > 16.

Finally note that for X = B,C, D
3
w5 x(n—1) < Py(n —2) H ®i(n—1)
j=1

G360

< 1.

This completes the proof of the above stated monotonicity property of the functions o5 B, ¢5 ¢
and ¢s5 p. ]

In the next step we deduce two-sided bounds on the values (x with ¢5 x({x) = 1 for
X =B,C,D.

LEMMA 34. If n > 17, then the functions ¢s B, Ys5.c and s p satisfy the bounds

L >1> LN (203)
©5,B 3n 3 ©5,B 3n 1)
1 15 1 1
Ps5,C <3n - 24> >1>p50 <3n - 2) ) (204)
and
1 1 2

Before we prove Lemma 34, we want to line out its implications. Primarily these are
the following bounds on the (x

1 1<< L1
11 1 _

37 33Ty
1 15<C 11
3" Ty TS 3t Ty
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and
2

L 1<C<1
3" b=3h—3

Together with the monotonicity of ¢5 x(a) around a = (x that follows from Lemma 33,
Theorem 20 then postulates the following locations a% of the maximum of F5 x(n,a)

L 4 <ap < ! ! (206)
3" 3 MBS 3T T
13 . 1 1
gn—ﬂ<ac<§n—§, (207)
and
1 1 2

Next, recall that we are looking for integers a%, and thus can further cook down the
ranges (206), (207) and (208) to three possibilities for each a%, X = B,C, D by a similar
calculation as on page 62 in the case of the function F p. For the sake of completeness we
carry out the calculation for a}; but omit the details for af. and aj,.

We need to determine
1 41 1
rel-n—=,-n— - 7. 209
ap (371 33" 4> N (209)
Depending on the divisibility of n by 3 we distinguish three cases.
If n=0 mod 3, we set n = 3p and (209) becomes

4 1
ap € (p—g,p—4> NZ

={p—-1}
Consequently it is in this case
1
aph =-n—1.
B3

If n=1 mod 3, setting n = 3p + 1 leads to
1
x -1 — Z
aBe<p ,p+12>m
= {p}

and therefore

1 1

In the case of n =2 mod 3, we get with n = 3p + 2

and

In summary we end up with

zn —1, n=0 mod 3,

3
ap=<in—3%,  n=1 mod3, (210)
%nf%, n=2 mod 3.
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The similar procedure results for af, and a7, in

% 1, n=0 mod 3,
agy = %n - %, n=1 mod 3, (211)
%n — %, n=2 mod 3,
and
én 1, n=0 mod 3,
af) =< 3n— %, n=1 mod 3, (212)
én %, n=2 mod 3.

Before we carry on with estimating Fs x (n,a% ) for X = B,C, D we now prove Lemma
34.

PROOF OF LEMMA 34. All inequalities follow the same scheme. That is manipulation
of @5 x(a) until Lemma 64 is applicable and then showing that the Lemma proves the
claimed inequality under the condition that n is at least 17.

We have done this several times before. For example in Subsection 4.2.6 on page 60, and
therefore keep the calculations short here.

For the first inequality of (203) we get
5\3
SO WS [UE2 LS
A3 3 (n—1B3n+2)(n+3) (n+1)
By shifting m = n — 1 the right-hand side turns into

(m+2)" (m+5) (m+5)°

m3 (m+3) (m+22) (m+3)

Next we divide each linear factor in the numerator and denominator by m
3 3.3 9 2
(s 1) (i + 1) (g +1)
3 15 3
(5w +1) (s +1) (5 +1)
and apply estimate (403) to the factors in the numerator and estimate (404) with § = % in
the denominator to bound the last line from below by

945 5 711 45 o1
e — =exp|——
P 6am2® ~ 128m? Pl 128m2
for all m > 0. The conditions of (404) are satisfied if % < % — \/% for 6 = % This is true as
soon as m > —; \/Q 5 Finally we go back to n = m+ 1 and find that the claimed inequality

holds for all n > 1 — m ~ 12.4.
For the proof of the second inequality of (203) we calculate

L :(7%—§)(7”L+ 8 (n— )" (n +5p)
605,B< >

V) T - D e Dr )

The right-hand side is equivalent to
(m+ %) (m+3) (m+§3) (m+ )"
m3 (m+3) (m+2) (m+3)(m+3)
(@t (D) (e ) (e )
(o + 1) (eom +1) (2 +1) (5 +1)
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form=n— %. Now the last line above is smaller than

837 3
Pl128m2 ~ 4m
by Lemma 64 with § = 0, and smaller than one as soon as m > 279 . This proves the claimed

inequality for all n > 279 + 4 = §03 9.5.
We continue with the ﬁrst inequality of (204). It is

LY (=) =B s ) o+ )
() B e i b s B

equivalent to

(m+§§)2( + 5 (m+ %) (m+5)°

m? (m+ 32) (m+ 32) (m + 3)% (m + 5%)

— (32m )2 (32m )2(16m+1) (£+1)2
(16m+1) (16m+1) (*"'1) (16m+1)

with m =n — 2. Lemma 64 with § = 3 L yields the following lower bound on the last line
above

o [10755 0 2439 3] T3 1203
Pl osem2’ ~ 128m2 T 8m | O |8m  256m2 |-

This bound lies above 1, if m > 43321, orn = m—l— 15> 533—23 16.7, respectively. Moreover, the
51 15_ _ 51 ~
application of Lemma 64 with § = 1s justified 1fm > —ovooam O ¥ T eveoms S 7.7

respectively.
In the case of the second inequality of (204) we have

o <1n 1> (n—2)"n3

5\t —35 ] — ’
3502 (=5 (4 (n+d) (n+ )

and do the usual shifting and dividing, this time with m = n — %, to get

(m+3)” (m+3)’ (1) (3 +1)°

m? (m+ ) (m+3) (m+ %) Gu+D)Gm+)E+1)

8m

Now Lemma 64 with § = 0 provides the following upper bound on the last line

o [495 3
Pl6am2 ~ am |’

which is smaller than one if m > 165 . Thus the claimed inequality holds for all n = m ~l— >
189 ~ 11.8.
Next is the first inequality of (205). We calculate

1 (D ) (- (-’
%D<¥“*>vw-nwn+>< 85 (n+d)

and transform the right-hand side into

(m+%)(m+%)3(m+%)2(m+%):(15+1)( D G+ 1) (3 + 1)

ot 37 o ) (e ) (0 8) 7 (3 ) () (0 0) (34 )

by shifting m = n — 3 in order to apply Lemma 64 with § = % This then provides us with

the lower bound
2421 5 639 n 3 B 3 471
P02’ T 16m2 T om | T P 2m T 32m2 |
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which is greater than one if m > 137 and thus n > 2% ~ 12.8. For the application of

16 16
Lemma 64 we need that % < 3 —4/6. This leads to the additional condition m > —Mﬁ

onm,orn>3— ~ 11.2 on n, respectively.

2\/%—6
Last on the list is the second inequality of (205). Here we get
(1 2) (n=8)"(n+1) (n+] (-
Ysp|\sN—5 | = )
37 3 (n—2)(n+1)*(n+2)
shift the right-hand side by m = n — 2 and arrive at
m+2)(m+3) (m+3) (m+ 3 &+t (s> +1) (- +1) (45 +1
(m+ Y (m+2) m+ D m+ ) (+D)EE+1) () G+

m (m+ %) (m +3)! (& + 1) (5 + 1)’

after dividing each factor by m. Now Lemma 64 with § = 0 yields the upper bound
2745 3
Pl128m2 ~ 2m
on the right-hand side above. This bound lies below one as soon as m > %f’ and the last
remaining inequality follows for all n = m + 2 > 1043 ~ 16.3.

)

Now the way is clear for the estimate of the maxima F5 x (n,a% ). Luckily we don’t have
to go through all nine possible cases in (210), (211) and (212) "manually" with the help of
Stirling’s inequality and our other arsenal of estimates. Six of the cases can be excluded
more elegantly by looking at the quotients (198). In fact, recall the three possible locations
of the maximum of F5 4 in (178)

sn—1, n=0 mod 3,
ajy=<in—3% n=1 mod3,
%n %, n=2 mod 3.

Those are exactly the same as for F5 . Moreover, we already know that the quotient
®1(n,a) of F5 g(n,a) and F5 s(n,a) is a decreasing function in a, that simplifies to

(—a+n—-1) (a+n+13 )
4a+1) (—a+n—1)

We determine the value of a such that ®; equals one. Setting the right-hand side above
equal to one leads to the quadratic equation

12a* — 16a(n — 1) + 4n* —16n +3 =0

by (n,a) =

with the two roots

1
=5 (4n—4+\/4n2+16n+ >
Using that 4n? + 16n + 7 > (2n + 3)? for all n > 1, we see that a is not an element of the
domain of ®;(n,-), and that
2n —7
ar <
6
1
<-n-—1
3"
<ap=a}y
Consequently it is
Fs g(n,ag) < F5 a(n,ay). (213)
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We move on to F5 ¢ and note that two of the possible locations of af, coincide with the
respective cases of af. Those are

* *
aco = apo = g”"la
1 2
* I _
o2 = dp2 = 3N — 3

In order to compare F5 g and F5 ¢ for those two values of a, we consider the quotient ® of
the two functions. Here we are done quickly, as

1
a+n+ ;5
i) =2
2, a) = =
has the unique solution
1 7
a=gn-—o< aco < aga-
Hence,
F5,C(nv az’,O) < F5,B(n’ a*B,O)a (214)
Fs,c(n, aé‘,Q) < F57B(n7 a*B,Q)'
The last possible maximum we can exclude comparatively quickly is the one at
* * 1
(ID70 = (1070 = gn — 1.
We consult the quotient ®3 of F5 p and F5 ¢ and solve
1 1
—at+tn—3z)lat+tn+3
@3(7%(1) _ ( 2) ( : 2) =1.
4a+1)(—a+n—2)
The two solutions are
1
ap = ¢ (4n—6F Van2+3).
Obviously as > n — 1 is irrelevant and
2n —6 "
a1 < 6 = aD70
and we can infer without further calculations that
F57D(n7 a?),o) < F5,C(n, aé‘,o)' (215)
Now there are still three candidates left for the global maximum of F5. Those are
1 4 1 4 1 5
F -n— - F -n— = F -n——. 216
5,C (TL, 3n 3> ) 5,D <n7 37’L 3> ) 5,D <na 3n 3> ( )

The remaining pages of this section are devoted to the proof of

LEMMA 35. Ifn =9 then the three values (216) are bounded from above by

Fian + 1) (4?%> n? (n— ) (ne+i> (n+3) <23>

Proor. We work the three candidates from left to right and thus start with F5 ¢ (n, %n —
It is

2
Fsc (n,gn —3) F(5-8) L(5+35) (n
P@n+1)%  TEn+ 120 (2 +2)°T (2 + 1)°1 (258




By Stirling’s Formula (332) the right-hand side satisfies the upper bound

e 64 L [ty
CER MRV TR B TR TR
(32 =¥ (4n+ )5 (Sn 4 )5 F
2 4 8 2 5 2 1
a4 141 (G + HFE (B I (G )5 (g )30

Before we move on to the detailed breakdown of (217) into its polynomial and exponential
parts note that

oo

(217)

(218)

by Lemma 65 with a = —% and b = —%. We now split (217) into exponentials and polyno-
mials and additionally apply the last estimate to yield the upper bound

2 8 P =7 (219)
0 (0 +3) (0= 3) (0 ) (n+ ;>3n+2s(34>
SO (e - LA U KA U R (220)

_2 1 \4n 5\ an 9\ 2n
e S (1+ )" (L £) 5" (14 )" (1+ 2)8
Expression (220) is further treated with Lemma 64 in the denominator and estimate 1+ <
e”,z € R in the numerator and consequently smaller than

1 95
exp{2—8+2 Gn]

Expression (219) on the other hand satisfies the upper bound

5

(2) (n+i)5(n+5):(n+é)§<n+2>é ()
s ®n (n+ 1) (nl—i) (n+ 1) (233

8 8 8
53 +113>% Jr53
n 3 n 4 = n 4
> 95

as soon as n > 53. Now we are almost there. Collecting the recent estimates for (217)
results in the inequality

F5,C (n,%nf%) < <3>g 1 (212)n
Mo+ 17 “\an) Wl ) o= (o b \ ¥

since

) SRS SN B -
ex — | .
Plen 1 320440  8n—5 " 12n

With
1 1 1 95 _ 30472787 _
+ + +— —
Sn+1  32n+40  Sn—5  12n| , 43314606
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the claimed bound follows for n > 9.

We repeat this procedure for Fs p (n, %n - %) and get

3
Fop (mn—3) _ D -0 +)°T (3 +])
P@n+ D Ten+ 12T (3 + §)°T (3 + )T (45T (%2)"

which by Stirling’s Formula (332) satisfies the upper bound

1 6+ 1 1 n 3 n 1
(27r)% 12\3n—2 2n+i Sn+l

4 4 8
4 5\3"—3 (4 1\4n—1 /g 7\3" %
" (5n—=3)*" *(n+s) (Gn+g) ° (221)
2 5\2n+1 (9o 11\ 2n+2 1\ 3" 1 2\n+5
@+ D" (Gn+g)" (Gn+ %) P (Gn—3)" "GGn+3) 7
The equivalent estimate to (218) in this case is
1 1\3" & 1 3% ) 1 3%
)
1 s (222)
1 3 6 1
-(5)
by Lemma 65 with a = —% and b = —%. We apply this estimate in the denominator of
(221) and afterwards split the entire expression into the factors
<3>3 nt(n+1)° <212>" 223)
2 : : I 3"
2 ) (-9 e ) ) )
4 8
1-5)5" (14 D) (14 L))"
% ( 8n) ( 8n) ( 8n) (224>

e H 1+ ) (L2 (1 B (142"

ol

ot

The last line is estimated by the same means as (220) and obeys the upper bound
For the further processing of (223) we note that
8
1
(3) 1 n+ g\’ (212>"
2/ mr(nty) () (ne ) \n+2) A3

exp{2—8+1'79].
4 4
CayE Ly
3\ 2 1 912\ "
<<2> I 1) (1 1 (34> '
ni(n+3)(n—7g)(n+7g)

2 6n
4
7\ 3
_l’_ —
(%)
for n > L' and that therefore (223) is smaller than
Putting all estimates of (221) together results in

&p@én—®<(3)3

T'(2n + 1)2 ar

1 (212)”
1 34
n?(ntg) (n—g) (n+q) \3
IS S SU
16n+2 32n+28  16n—10 12n]’

xexp[
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which obeys the claimed bound as soon as n > 7, since

3 n 1 . 1 n 9 22427291
16n+2 32n+28 16n—-10 12n], _,

26139360
We need one more iteration of those estimates for F5 D (n, %n ) In this case we get
Fsp(n.gn—3) P -Drg-9'ri+y)
o+ 07 s (5 4 )T ¢ )T (TG

Throwing Stirling’s Formula (332) at the right-hand side yields the upper bound

4 5 8 19
4 7\37"3 (4 1\4n—2 (8 11\37+t%
" Gn—5)?" *Grn-35) ~(Grn+tz)"° (225)
2,5 1,7 _1
@t )t Gt ) G P (= 9P (e )
Next we apply Lemma 65 with a = —% and b = —% on
<1 2>§”Z <1 3¢ <1 2>§"Z
_n—= S _z
3 3 3 n
(226)

in the denominator of (225) and then do the usual extraction of the polynomial and ex-
ponential parts of each factor in the quotient. This leads to the following upper bound on

(225)
3\ 2 n% (n+1)% (n_|_1§1)% 9121\ "
2 3 5 =T (227)
0 (n+ ><—;v<n+§v<n—@2m+1f(34>
« (-L)" (- &)+ i) (228)

M (R R (S

n

Next, estimate (403) of Lemma 64 and its simpler sibling 1 + x < e applied to the factors
in the denominator and enumerator, respectively, of (228) provide us with the upper bound

for (228). This time we need to work a tiny little bit harder to show that the second factor
of (227) is smaller than

1
W (=) e D )

if n is larger than an ng < 20.
We start with the trivial bound n +1 < n + % and then use that

5 5 5 5
7\ 3 +13 3> +1 3 +11 3
n 3 n 1 = (n 1 n 3
as well as

17

for all n > 7f,



ifn>

ol~y

. This way we get

2
ne (n+1)% (n—i—%)% _ no\° 1
3 )2 - n

(n+3)(n=5)° (n+%

~—

Now we put together all estimates of (225) and arrive at

F5,D (n,%n—g) - <3>g 1 <212>n
o+ 7 “\a) Wl (3 (e ) \ 3

3 1 1 91]

XeXP[lGn—2+32n+44+16n—14+12n

The fact that

3 N 1 N 1 N 91 314039 -
16n—2  32n+44 16n—-14 12n], _q 319200
completes the proof of the lemma. [}

Now we can eventually finish off the proof of Lemma 29 by combining Lemmata 31 and
32 with the estimates (213), (214) and (215) as well as Lemma 35. Note that in order to
deduce the respective locations (210), (211) and (212) of the functions Fy g, F5 ¢ and Fs p,
we need Lemmata 33 and 34, which require n to be larger than or equal to 17. [ ]

4.4. Analysis of the Main Term M (n)

As the name already suggests, the main term M (n) of the series expansion of (%)2 I(n)
is the one that governs the decay behavior of our Bessel integral. The goal of this section is
to prove Theorem 36 below, which asserts that the main term obeys

M@m) =22 + Ex(n), 229
(n) 2'n 910.33n(n?—1) m(n) (229)

[\]
(@)
oo
Nej
—_
N
[~}
3
S
[NIES

(230)

for n = 20.

Let us start with a quick graphical exploration of the formulae (229) and (230). Figure
4.8 shows the main term and its two leading asymptotic terms.
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FIGURE 4.8. Plot of M(n) and its two leading asymptotic terms.

Since it is impossible to distinguish the blue and the red curve with the naked eye,
Figure 4.9 plots their difference.
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FIGURE 4.9. Plot of the difference of M (n) and its claimed asymptotics.

This visualization suggests that the error term E)s(n) is actually negative. Nevertheless,
the upper bound (230) on its absolute value is still larger than the difference between M (n)
and its asymptotics. This is pictured in Figure 4.10.

‘ ‘ ‘ -
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FIGURE 4.10. Plot of the difference of M (n)— 271 + 23— - and the
upper bound on |Ejs(n)|.
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Now back to an actual proof of the facts that are shown in the figures above. Before we
state Theorem 36, we will first deduce the two leading terms of M (n) in (229) and, as part
of this, provide a formula for the error Fjys(n). This first step is done by expressing parts
of M(n) as a rational function, which is then written in terms of four telescoping sums. We
plug in this new representation into M (n) and reach our first intermediate goal.

This part, as well as the proof of estimate (230), that follows afterwards, make heavy use of
the summation formulae from Lemma 66, as well as Lemma 69, that provides closed form
expressions for sums of the kind

S o T@+3)T(p—7+3)
LTI 1)

j=0

where ¢ is a polynomial in j. We also need Lemma 49 quite often, that proves identities for

the sum
I
o p+1

for a € Z,0 < a < 9. Another crucial ingredient is our old friend Theorem 20. Moreover, at
several points of this section we will face the task to calculate finite, but nevertheless large
sums of fractions with increasingly large numerators and denominators. To avoid mistakes
and master this task with the required diligence, we use the software Wolfram Mathematica.
So far so good. Now, let us start with the derivation of (229) and the statement of Theorem
36.

Recall the definition (41) of the main term on page 17
3 N L(p+3)

2 T

1672 = Tp+1)

Xif‘(]+%)r(p—j+%) T(n+j+3)T(n+p—j+3)T(2n—p)
PG+ (p—j+1) '(n—j+3) L (n—p+j+3)T2n+p+1)

M(n) =

(231)

j=0
This is a quite cryptical formula, that doesn’t reveal its behaviour in n at the first glance.

To make M (n) do this, we have to work a little. One may easily guess that the crucial
information about the decay in n is hidden in the quotient

F'(n+j+3)T(n+p—3j+3)T(2n—p)
F'n—j+3)T(n—p+i+3)T2n+p+1)’
which is nothing but a camouflaged quotient of two polynomials: By the functional equation
of the gamma function 2I'(z) = I'(z + 1), it is

Q(n,p,j) ==

(232)

I'(2n —p) _iﬁ
F@n+p+1) 2ni3(@2n—1)(2n+1)
L'(n+j+3) =ﬁ<n+]—t+ )
F(n—i—j—i—l i1
I'(n—j+3 +p :ﬁ(n—]—i—lf—)
F(n*]+ t=1
and thus,
—2p-1 P 2 t7]772
Q(n,p,j) = ]_[ S (233)
4

Now it is immediately apparent that M (n) decays of order n~!.
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In order to increase the readability of the upcoming formulae, we abbreviate in the

following
1)’
a(f) == (t —J—- 2> )
P (234)
Bt = Z
and to establish an upper bound

Our goal is to extract the terms of order at most n
const

of the form
n(n?—1)(n?-1)

on all remaining orders. To this end we rewrite the product in (233) with the help of the

telescoping sum
ﬁnzfat(j) :1+i ﬁn —u(j) _ﬁTLQOét(J)
1 =B Sl P8 g =B |
which is equal to
1+Z Ht 1 n _at(J)) (n - Bi) (n — Bt)
[Tici(n? = Bt)

-1 .
n? — au(j)

& B -l
_1+zzi n2—51 tllnz_ﬁt—&-l.

We repeat this process two more times and obtain

= Pon? — oy(5)
Q(n,p, j 2n tH 5
27| Bimaild) | h Nt B i) (Bre — k()
- 5 1+2_21 . +§k§ (2= 1) (2= 1) (235)
i—1 k—1 -1 .
(8i = a@i(4)) Brar — ar()) (Braz — (h)) 77 7° — au(d)
PLLLT e hw-ne-p L
In the next step we split
M(n) = Men(n) + My (n),
where
3 hlpty) hT+3)T(—i+5) .
M<n = 3 . . sy J )
)= Lot I,Z;) Ip+1) ;0 DG+ i —j+1) 2P
consists of the first n + 1 summands of the main term, and
3 ! r PT(G+H)T(p—j+1) ,
Z ]g() P]—i—l p ]“1‘1) Q(nap>.7) (236)
n) = Mi(n)+

3
2p n+1

167

includes the remaining ones.
Now we take M., (n), plug in (235), and thus obtain the representation M,,(n)
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Mg(n) + Mg(n) with

L

=) (p+1) & TG+Dp—i+1) "
3 1 Nyt y) )T d )
Mz (n) 2571'2”(”2_411);2 T(p+1) gZO T(j+ 1C(p—j+1) Z_Zl(ﬂz (7))
and
_ 3 1 oL (P 3) 0T +3)T(p—3+3)
Ms(n) 257T§n(n2—i) (n?2—1) 1;22 (p )]Zo FrG+)(p—37+1)
p 1—1
x DU (Bi — ailh)) (Brar — on(4))
L T (T it ) (23”
L (p j+3)T(p—37+3
" 2—3;32 2 F(Wri)j;) F(j+21)1“(p—.7+1§
p 1—1k-1 l 1n2—04t(]>
x Y (Bi — @i(4)) (Br+1 — k() (Bir2 — cu(4)) 3
i=1k=11=1 t=1 t+3

By Lemma 66 the sum over 7 in the definition of Ms(n) is equal to %p (=2(p—2§)* +p+1).
Furthermore, we apply Lemma 69 equation (430) to the j—sum in Mj(n) and obtain

s e

Equations (430), (431) and (432) of the same lemma applied to Ma(n) yield

Mi(n

7T2n

3 1
M.
2(n .3n (n2 — 7)
LT+ T =i+ )1
XE] ;%r] T p_j+1)yﬂ—%p 2 +p+1)
3 Sl (p+3)1,
C s nz—f Z F p+1)§(_p +7)

P

These expressions for M;(n) and Ma(n) can be further evaluated with the help of Lemma
49. Equation (348) gives

% 1
Mi(n) = —> ( - 22,, 1)),

25772 n p=n+1

v

and by equations (349) and (351) we get

Ma(n) = 31 1 1)( 23775 Z 9- zp 1))é(_p3+p)>.

= 2 __ 1
2577271(71 1 pantl

So we finally reached the point where we have introduced all necessary objects to state
our main result of this section.

THEOREM 36. The main term M (m) of the series expansion of (g)2 I(n) satisfies
1
3z 1 23 1
M(n)=—F—— + Ep(n),
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where the error term Eyr(n) consists of

En(n) = M. Mo (n) —
M(n) 3(n) " >n(n) 257['% n p=n+1 r (p + 1)

0

3 1 I'(p+3
- Z 9—2p (p 2) (pg—p),

_l’_
2555 8n (n2 - 1) ot 1 F'(p+1)

and obeys for all n = 20 the bound

1

[En(n)] < 3 : v 1= 35
218.35n(n?— 1) (n?—1) 92573 n n—1

All the remaining pages of this section are now devoted to the estimate of the absolute
value of the error term

3 1 & —QpF(p—’_%)
|Eav(n)| < [Ms(n)| + |Msn(n)| + 55,1 np_;l? T(p+1)
2
3 1 G ol (P+3) 5 o
Z 92 Pi( —p).

+
peton(e 1) ,2," Ter

Our strategy is to bound it summand wise. The last two of them are handled in Lemma
37. The component M-, (n) is subject of Lemma 38, and M3(n) is estimated in Lemma 39.
Since it takes some time and effort to establish those lemmata, we first make use of their
results and finish the proof of Theorem 36.

PROOF OF THEOREM 36. By Lemma 37 it is for n > 2

N[
\/

3

3 - 272pr<p+%) Z 9~ 2p

1 - p)
2572 p=n+1 F(p—l—l) p n+1

)

1 n+1
\257'(% n

Lemma 38 yields that

272,

M < 36n 2—271
M| < =remn

if n > 7, and due to Lemma 39, we know that

2689 1

Ms(n) < -
3(n) 218.3%n(n2—%) (n?—1)

for n = 20. Plugging those estimates into (238) proves Theorem 36 [ ]

Now, we turn to the analysis of the single components that make up the error term
(238). As mentioned a few lines above, we take care of the last two summands first. In
principle, the following bound is a direct consequence of Lemma 67.

LEMMA 37. For alln = 2 it is

3 O ooopl (P l)
9—2p 2 2~ 2p p3_p
2577-%” p=n+1 F(p+1> % panJrl ) ( )
1 n+ 12_271.

~= 1
72 N
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1
ProOOF. We estimate F(( Pts )) 1 and then apply Lemma 67 on the tail of the geometric

series Zp ne1 TP and the related series Zp:nH p(p? — 1)aP with x = 1. This yields

i 272pr(p+ %) < 127271,

pt1 'lp+1) 3
: F(p+1) 1 32
2 -2 2 3 2 —2n
) S22 (3 g S 22 ) 2
“ p(p ) F'(p+1) 3<n " 3" 9)
p=n+1

Now the assertion follows from

1 2
n3+4n2+§7n+%<n(n—2)(n—3)
and
(n—22)(n1—3) <1
8(n?— 1)
for all n > 2. [ |

Our next candidate for estimation is the term M- (n), that contains all the summands
of the main term (231) for n + 1 < p < 2n — 1. Its contribution to the error term Ej/(n) is
subject of the next lemma. The larger part of the proof of the lemma consists of estimating

the maximum of a gamma quotient by means of the well-known techniques from Subsection
4.2.3.

LEMMA 38. The tail M= (n) of M(n), defined in (236) satisfies for alln =7
3% 7 n%

M ()] < e

PROOF. By Lemma 69 equation (430) it is

3 M ST YT+ YT =i+ )
’M>(n)‘ < 167(% p§+1;] F(p+21) (]+1)F(p )2 |Q( n,p,Jj )|

2n—1 1
5 T(p+ f)
<——= max |Q(n,p, )] E e RTEIN
1671'% "Jrloiz}s;pnil 77 p=n+1 Ll +1)

Note that

T(p+1) (p+1)  L(p)

Thus the last sum above is telescoping and evaluates to

QnZ—I T (p+1) :2<F(2n+§) _F(n—l—%))
. :

L (p+3) :2<F(p+§) F(p+§)>'

pim T+ 1) I'(2n) I(n+1)

2 ((2n) - (n—i—;)%) < 22,

due to Lemma 44. Consequently, our first bound on M= (n) is

3 1 '
an n+11’<11pa<)2<n71 ’Q(n7p7j)| (239>
82 <p<

which is at most

[NIES

M>(n) <
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In the remaining part of the proof we will locate and estimate the maximum of
Q. p. )] = F(n+j+%)f‘(n+p—j+%)F(Qn—p)
T Tn—j+3)T(n—p+j+3)|TCn+p+1)

form+1<p<2n—-1land0<j<p.

First of all note that by the same symmetry arguments as in the last two sections 4.2
and 4.3, we can assume an ascending ordering of the two differences

J<p—J

when looking for the maximum of Q(n, p,j). Moreover, since j + (p —j) =p < 2n — 1, we
can immediately infer that

j<n—1.
Thus, it is
. 1 . 1
max  [Q(p.j) = max P(n+j+3)T(n+p—j+3)T(2n—p) - (240)
nl<p<an-t nﬁﬁiglFm—j+%HFm—p+j+%ﬂF@n+p+n

In the following we distinguish between the two cases p—j < n and p — j = n + 1, starting
with the former one. Note that, due to the missing factors I'(j + 1)I'(p — j + 1) in the
denominator, we can not simply apply Theorem 22 here.

Since I’ (n —p+5+ %) > () in the case of p — j < n, we can omit the absolute value

Q(n,p, )| = Q(n, p, ).
Calculating the recurrence relation Q(n,p,j) = ¢1(j)@(n,p,j — 1) for 1 < j < min{n —
17p - ]}7 we get

RS B TURT )
U R T R VIO R
nt— (= 3)

-1
Since the last line is greater than or equal to one for all j < p — j, we can conclude from
Theorem 20 (i) that Q(n,p,j) attains its maximum in j for j = p — j. Meaning in the
maximum of Q(n,p,j) the relation p = 2j has to be satisfied. Thus our new object of
interest is

T (n+j+3)2T@n—2j)
T(n—j+21)°T@n+2j+1)

for j such that n +1 <25 <2n — 1.
We continue by determining the recurrence Q(n,2j,j) = p2(j)Q(n,2(j—1),7—1) in j, and
yield

Q(n,2j,j) =

(it (nri—b)

220) = " =4y (a0 + 1)

The function @9(7) is equal to one if
155% 4+ j — (15n% + 1) = 0,

and smaller than one between the two roots j1, jo of this quadratic expression. Those are

1 [, 19\?
R R G
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Since ji; < " < j < 251 < j; for n € R, Theorem 20 (i) allows us to draw the conclusion
that Q(n,2j, ) decreases monotonically in j and thus is maximal for j = "TH Hence, the

first applicant for the maximum is
n+1>_1wgn+n2nn—1)
2 T (4n)*T(3n +2)
B n r (%n)2 I'(n)
4(n+3) (n=1)T (In)*T(3n)

We use that n < n + % and estimate (241) using Stirling’s formula (333). This way we
obtain the upper bound

Q(n,n—i—l,

(241)

e36n 2—271' (242)

Next we assume that p—j > n+1. This, together with the restrictionn+1 <p <2n—-1
implies that either j = n—2andp=2n—1,orthat 0 < j<n—-3and j+n+1 <p < 2n—1.
The first possibility immediately leads to the second candidate for the maximum

L(2n—23)T (2 3

Here, and in the following calculations for the case p—j = n+1, we use that by the reflection
formula (327)

(243)

‘F(n—p+j+1>‘= u . .
2 L'(-n+p—j+1)
By the functional equation of the gamma function, the right-hand side of (243) is equal to

2 2n+ 30 (2n— )T (2n + 1)

— 244
3m2n — 3 I'(4n) (244)
Note that, due to
s L
n+1£§l§2n_1Q(n’ 2j,7) = Q(n,2n —1,n —1)
_ 2T (20— 3)T (2n+ 3)
s I'(4n) (245)
1 1 1
. 220+ 30 (20— 3)T (20 + 3)
3m2n — 3 I'(4n) ’

candidate (243) is smaller than the first candidate (241) for all n > 2.

For the other possibility 0 < j <n—3 and j+n+1 < p < 2n — 1 we calculate the
recurrence |Q(n,p,7)| = ¢3(p)|@(n,p — 1,7)] in p. This is
(ntp—j—3)(ntp—j—3)

(2n—p)(2n +p)

(o-i=3) -

4n? — p?

p3(p) =

The function @3(p) is obviously monotonically increasing in p. At the left boundary p =
7+ n+ 1 it satisfies

n—i—i
4n? — (j+n+1)%

wg(j-l-n-i-l):
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which in turn is an increasing function in j with
n+
+n+1 ‘ =4 <1
#alj £ )j:n73 2(4n — 2)
At the right boundary p = 2n — 1 the function 3 takes the value
: 3 . 3
3 -3 (n-i-)

2n—1 =(
p3(2n ) dn +1

This is equal to one, if
5
jQ—j(zm—?,)+3n2—10n+1 =0.

Hence, p3(2n — 1) < 1 for j between the two roots of the above quadratic equation, and
v3(2n — 1) > 1 else. Those roots are

w

j1,2=2n—f:u(n2+4n+1)%.

\V)

Since our j lives in the range 0 < j < n — 3, the root js is irrelevant for us. For the further
analysis of the smaller root ji, we estimate n? + 4n 4+ 1 < (n 4+ 2)? and thus find that

n—4<j1<n-—3,

meaning that p3(2n —1) > 1forall 0 < j<n—4, and p3(2n — 1) <1 for j =n — 3.

We consult Theorem 20 and conclude that the gamma quotient |Q(n, p,n — 3)| is monotoni-
cally decreasing in p, and thus maximal for p = j+n+1 = 2n—2. Moreover, for 0 < j < n—4,
the function |Q(n,p,j)| has a minimum between p = j + n + 1 and p = 2n — 1, and thus
has two local maxima, located at the left and the right boundary.

Before we continue with the determination of the j-maxima at the boundaries p—j = n+
1 and p = 2n—1, we estimate our third candidate for the maximum at j = n—3,p = 2n—2.
This is
4 F(2n—§)F(2n+%)

(@ 2n=2:n =3)] = 352 F(Zn—l)
2 (dn-1{Mn+1) T(2n—3)T(2n+3) (246)
Cr(n—F)(Wn-F) Tl

<Qn,2n—1,n—1)
by comparison with (244) for all n > 2.

Now we turn to the right boundary p = 2n — 1. At this point we have
s+ 30—~ (i}
7L (n—j + 3) T'(4n)
which satisfies in j the recurrence relation |Q(n,2n—1,7)| = ¢4(j)|Q(n,2n— 1,5 —1)|, with
(=g + 3 (n-j+})
(Bn—j—3)(n-j-3)

)

pa(j) =
forl<j<n-—4

By the usual procedure we find that ¢4(j) < 1 for 1 <n —4/n— % and @4(j) > 1 for
n—4/n—% <j<n—4, and thus infer from Theorem 20 (iv) that |Q(n,2n — 1, 5)| has a

minimum at j* € (n —a/n— i —1,n—4/n— %] and two endpoint maxima at j = 0 and

j=n—4
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Consequently, in our search for the global maximum we have to take into consideration
two more terms, namely

|Q(n,2n —1,0)| = T (4n) , (247)
and
_T 7
|Qmﬂn—Ln—4ﬂ=;;F@n ;Lif”+2X (248)

By the functional equation of the gamma function, expression (248) is equal to
21(2n+3) (2n+3) 2n+HT (2n—- )T (2n+3)

T7(2n—1) (2n—2) (2n—2) I'(4n) ’

which is smaller than the first candidate (241) if n > 2. This can again be seen by compar-
ison with Q(n,2n —1,n — 1) as in (245).
The term (247) is treated with Stirling’s formula (332). We then yield

T@Bn—3)T(n—3 _LEyLH
7wl (4n) = nl'(4n)

3
22 3\"
<2 _ewm (28) . (249)

Next we handle the left boundary point p — j = n + 1, where the quotient |Q(n,p,j)|
takes the value

Fr2n+3)T(n+j+3)T(n—j—-1)
2l (n—j+ )T Bn+j+2)
)

Q(n,j+n+1,j) =

r
It satisfies the recurrence relation |Q(n, 7 +n+1,7)| = ¢5(4)|Q(n,j +n,j— 1) for 1 < j <
n — 4 with

(n+i=5)(n=j+y)
m—7—1DBn+j+1)
2 o, 3
We find that ¢5(j) < 1 for all j < 22075 Since we are only interested in j < n —4 =

T 2n+3
2_gp_3
(nfézb(fgﬁ) QNM%:; 1 we can conclude by Theorem 20 (ii) that |Q(n,j +n + 1,7)| is

monotonically decreasing in j and thus maximal for j = 0. Therefore, the last potential
maximum is

v5(j) =

I'(2n+3)(n—1)
22T (3n + 2)
1 (2n+1)(2n—3)r@2n)0(n)
Tors 3n(Bn+1) I'(3n)
2 T'(2n)I'(n)
Tom: I(B3n)
By Stirling’s formula (332), the last line above is at most

2 1 /22\"
es (=5 ) (250)

[Q(n,n+1,0) =




This is larger than (249). In fact, we divide (249) by (250) and get

32%,L36”32%729”
— 2n _— < — _—

7) ¢ 210 x) \1024) ~
which decreases monotonically in n, and falls below one as soon as n = 3.

Last but not least we compare (250) to the right-hand side of (242) to show that the
value ) (n, n+1, ”TH) is actually the largest one the quotient |Q(n, p,j)| takes for n +1 <
p<2n-—1and 0 < j < p. To this end let’s have a look at the quotient of (250) and the
right-hand side of (242). It reads

and is obviously smaller than

We determine the root of the derivative of the above line and find a maximum of this
function at the point n = 218 ( o7y < 1. Hence, it is decreasing for n > 1 and satisfies
6

8 1 16\" <1

-n2 | — .

3 27 n=3
This proves that

1 1 7
. < — 367272n‘
M(%%n_l 1Q(n,p,J)| Bn_1°

Plugging this into estimate (239), completes the proof of the Lemma. [

Next in the line is the largest and therefore most difficult component of Ej;(n), the term
M3z(n). The most important tools for the estimate of M3(n) are Lemma 66 on summation
formulae for polynomials, Lemma 69, that provides closed form expressions for convolution
like sums of the type

i ' F(p j+3)

T(p—3j+1)
and the formulae from Lemma 49 for sums like

0 1

Z aF (p + 5) 2P
= F'p+1)

In both cases, the variable a is an integer. Then the main idea behind the proof of the
following Lemma 39 is to first split M3(n) into two parts. One, that carries the important
information, and a second one, that is small compared to the first one and negative. In
order to show those properties of the second term, we split it once again into two partial
sums. One of them consists of finitely many summands and can be calculated explicitly
using Wolfram Mathematica, and the other one is treated by means of the aforementioned
lemmata.

LEMMA 39. For all n = 20 the term Ms(n), defined in (237), is positive and does not
exceed

2689 1
218.33n(n2—1)(n2—-1)
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The claimed upper bound on Ms3(n) is quite sharp, as can be seen in Figure 4.11.

1.x10-10
8.x10~1
— Ms(n
6.x10"11 3(n)
L 2689
4.x10°11 (2183%2) (n (n? = §) (n? = 1))
2.x10" 11
L L L L s - I n
40 60 80 100

FIGURE 4.11. Plot of M3(n) and its upper bound.

Similar to Figure 4.8 it is not really possible to distinguish the two curves. For this
reason, Figure 4.12 shows their difference.

40 60 80 100
—2.x107 14+
~4.x10714

2689

-6.x10714 | - Ms3(n) —
O R (- - 1)

-8.x10714 -
-1.x10713 }

-12x10"13 |

FIGURE 4.12. Plot of the difference of M3(n) and its upper bound.

Note that it is not surprising, that Figures 4.10 and 4.12 look so similar. Recall the
total upper bound on the error

2689 1 . 9—2n - 1 L 3dok n3
— e 36n
918.33n(n2— 1) (n2—1) 9573 n n—1

[En(n)] <

Since its second component is small compared to the first component, which is the upper
bound on M3(n), Figure 4.10 essentially shows the error we make when estimating Ms(n)

by 2089 i
Y 15,33 n(n2-T)(m2-1)

After this quick graphical excursion, we now turn to the proof of Lemma 39.

PROOF OF LEMMA 39. In the following we denote

. B 72p1“(p+l) LTG+H)T(—d+3) &
My(n) = 3, 2705 1 Z ;

T 2 = i) (Brot — nd),

(251)
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I5(n) := N 2pF pF(] % (p J+ )

Ms(n) ;32 T (p JZ;)F(] DE(p—j+1) -
p i1 k—l 12 ) (252)

x> — ai(5)) (Brar — () (B — () | | s

i=1k=1 z=1 =1 t+3

So it is
3 1 i Vs (n)

M) = T T [Mg(n) 2 Z] . (253)

In a first step, we have a closer look at Mz(n). Recall the definition (234) of the quadratic

expressions « and 3
, o 1)? 2
at(]): (t_]_2> ) Bt:Z

With the help of our summation formulae, Lemma 66, we evaluate the double sum over 4
and k and get

p i—1 1
2 Z — ail7)) (Besr — (i) = 57p(p — 1) (647" — 128;% + j? (96p* — 48p — 64)

+ 7 (=82 + 48p + 64p) + dp* — 12" — 13p + 9p + 6).

Next, we apply Lemma 69 summand wise and arrive at
L _1)2”:F(1+%)F(p jts
T AT T -+ 1

+ 7 (=32p" + 4897 + 64p) + 4p" — 12" — 13p° + 9p + ]

)) [64] — 1287%p + 52 (96p> — 48p — 64)

(254)

3
ﬁﬂ'( —Dpp+1) (p3 —3p? —4dp + 4) .

Thus, we just showed, that Mg(n) actually can be expressed in the following simpler form

n 1
Ms(n) = iw Z 2” PF(pJFB( —p(p+1) (p* —3p* —dp +4). (255)
p=2

(p+
Moreover, since the last line of (254) is positive for all p > 4, and

I'(p+3) v

M(6) = 7r222”r ey —Dp(p+1) (p* - 3p° — dp + 4)

1511197#”/2
% 0

we can infer that Mg(n) is positive and monotonically increasing as soon as n > 6. This
leads us to the obvious upper and lower bounds for n > 20

0 < M35(20) < Ms(n) < Ms(o0). (256)

The upper bound can be further calculated as

s 1
Niy() = =x > 2_21’M(p —)p(p+1) (p* —3p* —4p+4)
’ 28 = I'(p+1)
268973/
~ 913.33 "
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with the help of Lemma 49 for z = %. Consequently, for n > 20 we arrive at the bound

~—

3/2 Y
M) < > 1 E— [268% | Ms(n

3 5
25r3n(n?—3)(n?— 213.32  n?—

] . (257)

[ ]

Next, we take care of Mz(n). In a minute we will see, that it has the following two
properties.

LEMMA 40. For all n = 20 it is

|n23(”3| < M;(20), (258)
4
and
Ms(n) < 0. (259)

Before we dive into the proof of Lemma 40, we use its statements to finish the proof of
Lemma 39.

: 3 1
Since the factor P d D)

of M3(n) for all n > 20 from (259) and (258) above, paired with (256) as follows

in (253) is positive for n > 20, we obtain the positivity

| Ms(n)]
: : > 0.

n T n

Wiy(n) + Q ity(20) — 2
4

The second assertion (259) of Lemma 40 together with the bound (257) provides the claimed
inequality
3 1 268973/
M n < )
() 292 n(n?— 1) (n2—1) 213.33

and concludes the proof of Lemma 39. ]

So let’s turn to the

~ PrOOF oF LEMMA 40. Throughout the proof of the lemma we denote the summand of
Mjs(n) by

S(p) ::2—2pF(P+%) if(j+%)F(p_j+%)
_l’_

Flp+1) = TG+l —j+1)
p i—1k—1
x ) (Bi — @i(4)) Br+1 — ax(d)) (Brv2 — au(j)) Pn, 4, 1)
i1 k=11=1
for p < n, with
P(n,j,1) = ﬁ 16 (260)
) Tl n?—Bys

Our strategy is to evaluate Mg(?O) exactly and then estimate the remaining sum over p > 21.
This is, we split

M;(n) = M3(20) + > S(p),
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which leads to the first simple bounds

iy(n) < 3200 + 3 1S, (261)
p=21

|Ms(n)| < [Ms(20)] + ) IS(p)]. (262)
p=21

Hence, we have to find a suitable estimate on the absolute value of the expression S.

We approach this goal from the rear end and establish an upper bound on the product
P(n,j,1).
LEMMA 41. Let ay(j) = (t —j— %)2 and By = % with 0 < j < p and

-1 o

P(n,j,1) = 1_[”_70%(])

=1 n? — Bis

be the product from (260). Then P(n,j,l) satisfies for alln =2 andl <p—2<n—2

NI

A\ 2
max P(n,j,1) < <> ez.

0<j<p 3

We postpone the proof of Lemma 41 until the end of the proof of Lemma 40 and instead
immediately use the newly gained insight on the product P(n, j,1) here to bound

4N? 1 o, TPt s) ST+ (p—d+3)
W@”<<3>62izp@+i)z:FU+3W@—j+S

=0

. (263)
X Z ‘(51—041(])) (5k+1 —Oék(j)>(5l+2—al(j)>‘~

Next, we determine the maximum of the three factors |5;41m — a;(j)| for 1 < i < p —
m,0 < j<pandm=0,1,2. We start with m = 0 and recall

.9 2
ﬁi—axy‘)zl—(z‘—j—;) .

Taking the derivative in ¢ we find that §; — o;(j) has a maximum at i = % J+ % Moreover,
it is
: 2 1
;2 ne | sY igifgj‘f‘g,
4—(1—]—2> > 0, §?+g<.2<2j+1,
<0, 2] +1<i<p.

This means that the absolute value |5; — a;(j)| attains its maximum either at one of the
two boundary points ¢ =1 and ¢ = p, or at ¢ = %j + %
Note that due to the condition j < p, the right boundary ¢ = p is only relevant if 0 < j <

g — L1 For the same reason we need that j < %p - %, in order for the apex i = %j + % of

2
the parabola to be a possible maximum. Thus, we yield

2 2 2
8 — ()] <max{j<j—1>,; (+3) - (r-i-3) —Z}

3,3
< max {p(p —1), 1751?2, 4p2}
=p(p—1).
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Similar calculations for m = 1 and m = 2 lead to the same result in both cases

|Bivm — ai(§)| < p(p—1).

Hence, we showed that

)

i=1k=1
With the help

.

—1

k-1 P -

218 = i) (Brr1 — ak () (Bre — cu(y Z Z Z

=1 i=1k=11=1
of

our friends, the summation formulae of Lemma 66, this evaluates to

.

1
—p(p* —3p+2)p*(p— 1),

6
and obeys for all p > 1 the upper bound
1y 5
—1)°.
P p—1)

Now, we plug in this estimate into (263) and apply another one of our good friends in
this section, namely Lemma 69, to the remaining sum in j. This way we obtain

2\% . T (p + l)
Sp)| < (= apt(p —1)5272P 27 264
S0 < (5) mebsto - vy 2 (264
and our achievement so far is the bound

n 3 0 1 20 1
N ISl < <§) Te? L;)p4(p - 1)52—2171;57;112)) - > - 1)52—2171;89’112))

p=21

Now, we are almost there! The part containing the infinite series can be calculated using
Lemma 49 with z = 272 and evaluates to

(2)3 ;& I'(p+3) 137297659

1 4 50—2 13
—1)°27°P = . 2
ezt y p(p—1) T+ 1) e e27z (266)

Going back to (261) and (262), and plugging in (265) and (266) yields

- - 137297659 2\? 20 T(p+1
MS(n) < M3(20) + TG%T(% — ( ) i _ 1)52*2PM
25372

3

- - 1372 2\ 20 I'(p+1
Ny(n)] < |WT5(20)] + 27227099 4og () ehr 3 pip— 172w P D) (o
2537 3 p+1

Consequently, in order to finish the proof of inequalities (258) and (259) we have to
calculate the exact values of M3(20) and M3(20) and of the quantity

5 AR 502l (P + 3)
N 3 _ —2p~ \I" © 2/
S: < ) 6271'];)]? (p—1)°2 Tp+l)
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BwWw N =

[ N

© 00 N O Ul R W N =

= =
N = O

1
We apply the duplication formula (328) to % and find that this quotient can also be

written as
1
r (p + 5) _ 71_%2—2]) <2p>
L(p+1) P

Next, we plug this representation into the formulae for S, M3(20) and Ms(20). This way,
we get the representations

S = <§>3 e%wiir@ <2;)>p4(p — 1), (269)
Ni5(20) = %ﬂ % g—4p (if) (p— Dplp + 1) (b — 39> —dp + 4) | (270)
and "~
i ==t (V) 5 () (02
b j_. | e (271)
x 1_21 papa (Bi — i(5)) (Br+1 — ax(5)) (Bi+2 — cu(4)) g 0% Bras

The point of this last transformation of S, M3(20) and M3(20) is to emphasize the fact,
that all of the quantities (269), (270) and (271) are sums of rational numbers. Therefore, in
theory, the evaluation of them could be done using any calculator, but can be quite tedious
in practice and is very prone to mistakes.

We use Wolfram Mathematica for this task, since it is capable of symbolic calculations and
evaluates fractions with arbitrary precision. The code is as follows for S

(2/3)~3 Pi~(3/2) Expl[1/2]
Sum [

2~ (-4p) Binomial[2p, pl] p~4 (p - 1)°5, {p, 0, 20}
]

for Ms(20)

3/278 Pi~(3/2)

Sum [
2~ (-4p) Binomial[2p, p]l (p - 1) p (p + 1)
(p~8 - 3p~2 - 4p + 4),{p, 2, 20}

]

and for Ms(20)

Pi~(3/2)
Sum [
2~(-6p) Binomial[2p, p]
Sum[
Binomial[2j, j] Binomiall[2(p - j), p - jl
Sum[
Sum[
Sum[
(i~2/4 - (1 - j - 1/2)"2) ((k + 1)~2/4 - (k - j - 1/2)"2)
(@ +2)2/4-@Q-3-1/2)"2)
Product [

(2072 - (¢t - j - 1/2)~2)/(20"2 - (¢t + 3)~2/4), {t, 1, 1 - 1}
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13
14
15
16
17
18

1, {1, 1, k¥ - 1}
1, {k, 1, i - 1}
1, {i, 1, p}
1, {j, 0, p}
1, {p, 3, 20}
]

The resulting values are

L es 3 167149105866612550714859
8 = 3772 267

’ 3 101825521 193981
Niy(20) = 3 1018255 692685275995 93981

and
~ 407154504840886836405840032365629278817
M3(20) = — ™
5.11-17.23.2119

Since those exact values are definitely not very handy, we use Mathematica once more to
express them as floating point values with ten digits precision. This yields

3
2 .

M5(20) > 0.1172524182, (272)
S > 3466.132364, (273)
M3(20) < —0.1586262737, (274)
’Mg(m)‘ < 0.1586262738, (275)

1372
137297659 3% < 3466.207351. (276)

253%

Plugging in the respective values into (268) now gives for n > 20

‘MS(H)‘ 1
59 < 200 (0.1586262738 + 3466.207351 — 3466.132364)
n®— 397
0.2337
< 397 < 0.0006,

which is obviously smaller than (272) and thus proves the first assertion (258) of the lemma.
In order to prove the second assertion (259) we plug in (273), (274) and (276) into (267)
and obtain

M3(n) < —0.1586262737 + 3466.207351 — 3466.132364 < —0.08 < 0.
|

The careful reader will have noticed that we are not quite finished yet. We are still
missing the proof of Lemma 41, which we will now catch up on.

PROOF OF LEMMA 41. Since the variable j only appears in the enumerator of P(n, j,1),
the product attains its maximum in j for those values of j, such that

ilj [n2 — <t .~ ;)2] (277)
1

is maximal. This is the case if the terms (t —j— 5)2 are arranged around (i%)2 "as sym-
metrically as possible".
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If [ is even, then (277) consists of an odd number of factors. Thus, the condition "as
symmetrically as possible" is met, if either

1 1
l—j—==—(l1-1-j-=-1
J=3 ( i=3 >

1 1
l—j—==—(l-1—j—=+1]).
i-p=-(1-1-i-5+1)

That means, if either j = é —lorj= %

If [ is odd, then the condition "as symmetrically as possible" implies j =

or

I

=1
7

Moreover, we note that for even [

-1 2 -1 2
l 1) ] [ < z 1) ]
[ (- a-8) ] T (-5
n t n t + .
ol [ 2 2 Pl 2 2
This can easily be seen by reversing the ordering of, for example, the left product above,

. 2 2 . o
and using that (—t + % — %) = (t — % + %) . S0, in the case of even [ it is

] (oms) e (-503) |
S E G 1 e G R

11 n2_<t_;)2 . (279)

Next, we consider the denominator of P(n,j,1) and rewrite it as follows

ilj [n2 — <t+23>2] = [jjj [n2 — (t + g>2] [:] [n® — (t+1)%].

Consequently, lot’s of factors cancel, when we divide the estimates for the numerator by the
above expression for the denominator. For even [ we get by (278)

l
s o ERED oty
(2= G+ 9)") (2= G- 9)7) it - Y
and by (279) we estimate for odd [
2 _ 1 2_9 59 1)2
P(n,j,1) < (n* —3) (2” ) ”;(t*i)g'
(nQ—(%—Fl) ><n2—%) b = (t+1)
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Since [ < p — 2 both of the above estimates of P(n, j,[) are bounded from above by

l
4 2 3 nQ —(t— 1 2
N wo(t—y) (280)
3) yn—(t+1)?
due to the condition p < n.
Last but not least, we use the inequality 1+ x < e® and the bound I < p— 2 to estimate

Do (-1 (t+1)2— (t— 1)
Hrﬂ—it—i—i;_l—[(l—i— nQ—(t—(i-l)22)>

t=1 t=1

By Lemma 66, the last line is equal to
3I(I+3
p [8 (2 p2> ]
Ly

ox [3<p+1><p—2>] .

) 2 _p?
n ]

and satisfies the upper bound

N

for all I < p—2 and p < n. This together with (280) proves the claim. []
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CHAPTER 5

Numerical Proof of Theorem 3 for 2 <n <19

The remaining values of n, for which our analytical machinery of Chapter 4 does not
apply, are now taken care of numerically. More precisely, our goal is to show that for every
2 < n < 19 there exists a constant ¢, < 8, such that the estimate

¢ - 1074
n(n? — 1)(n? — 1)

37 1 23 1

T a0 gsgiazn (n2 - 1)

I(n)

<

is true. Table 1 at the end of this chapter provides these constants c,.

In order to achieve this goal and complete the proof of Theorem 3 for the missing values of
n between 2 and 19, we calculate the integral I(n) numerically for those n. The underlying
idea is the same as in [1]. That is, we split the integral into a low and a high part

Im) = Iipyw(n) + Inign(n)

R 0
= j Jgn(r),]f;(r)r dr + f Jgn(r).]ﬁ(r)r dr.
0 R

We compute the low integral numerically using a composite 7 point Newton-Cotes quadra-
ture rule. The high integral is estimated by means of the asymptotic expansion of the Bessel
function from Corollary 5. The corollary allows for a decomposition of 4, (n) into a main
term and several error terms. This decomposition and the estimate of the error terms is
subject of Theorem 42.

The value of the boundary R is determined in such a way, that we are allowed to apply
the just mentioned Corollary 5, and such that the absolute error meets our accuracy goal
of 4-10~'3. Moreover, its value should not be chosen too large, since otherwise the compu-
tation time for the low integral becomes unnecessarily long. We will see that R = 600000
does the job.

In the numerical computation of the low integral I}, (n) we follow [1] quite closely, while
we leave their path when it comes to the estimate of the high integral Ij;gn(n). The first
major difference is that we don’t rely on the built in functionalities of Wolfram Mathematica
to evaluate trigonometric integrals and to transform them into trigonometric integral func-
tions. We do this manually here with the help of some additional tools from the theory of
trigonometric integrals, more precisely the sine and the cosine integrals. Lemmata 62 and
63 provide those tools. Moreover, we will encounter the task of estimating trigonometric
integrals with an odd integrand. In [1] this task is solved by some cancellation argument.
Another way is to use Lemmata 62 and 63. Since we need them anyway, we also apply
them here to be consistent, even though the calculations might seem more laborious than
in [1]. The second difference arises from the need for a higher accuracy in our case. We
therefore pay more attention to the error terms we get from the aforementioned application
of Corollary 5. In particular the error terms of second order are bounded more carefully
than it is done in [1].

We start with the discussion of the high integral and prove the following theorem.
THEOREM 42. The high integral satisfies for R = 600000 and all n < 19
[ Ihign(n) — 1343815198 - 107 7| < 2.101441586 - 10713,
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if n is even, and
| Inign(n) — 2.687627594 - 10~%| < 2.101441586 - 10~ '
if n is odd.

PROOF. As pointed out above we make use of the fact that R » 382 > (2n)?, such
that Corollary 5 is applicable. It provides us with helpful information on the asymptotic
behavior of the Bessel functions on [R, 00), namely that

1

To(r) — (;) * cos(wn) + Fi(n,7), (281)
Tn(r) = (;)2 [cos(wn) - 4”2; ! sin(wn)] + Fy(n,r), (282)
with
Wn =1 — % - 5n

and error terms

2

N

2 n
[Fi(n,7)| < (M> o (283)
3 4
o< (2) g (254)
We now replace J,,(r) and Ja,(r) with its asymptotics from (281) and obtain
1 2 1 4
Jon (1) T, (1)t = '<2> ’ cos(wan) + F1(2n, 7")] [<2> ’ cos(wp) + Fi(n, r)]
r o

6
= Z tj(n,r),
j=0

where ¢; is the sum of all products that contain j first order error terms Fi(n,r) or F1(2n,r),
respectively, and 6 — j leading asymptotic terms from (281). More precisely, it is

9 3
to(n,r) = <> 773 cos(wp )t cos(wap ) (285)

7r
the main term, and the error terms of first and second order read

ti(n,r) = <772r> : [2F1(2n, 1) cos(wy )* cos(way) + 4F (n, 1) cos(wy)? cos(wgn)z],

2
ta(n,r) = <772r> [F1(2n, )2 cos(wn)t + 8F1(2n, 7) F1(n, ) cos(wp)? cos(way)

+ 6F1(n, )% cos(wp)? cos(an)2].

Using (283) and | cos(wy,)| < 1, we estimate the sum of the remaining terms of higher order
by

n

6 3
2 n n n

6 8 10 12
} . (236)
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The terms ¢;(n,r) and t2(n,r) need a more careful treatment. Recall the finer informa-
tion from (282), which tells us that

1
2\24n? -1
F =—|— i F . 287
) = = (2) 2 i) + Fa(nr) (287)
Replacing all factors Fy(n,r) and Fy(2n,r) in t1(n,r) and to(n,r) by (287) yields two more
main terms 1 9(n,r) and ta(n, ), as well as two new error terms ¢ ;(n,r) and tg1(n,r).
Those consist of all products that contain one second order error Fh(n,r) or Fy(2n,r),
respectively, from (282). The exact expressions for t1 g(n,r) and tgg(n,r) are

tro(n,r) = — <2>3r—4

™

cos (wgn)2 ,

16n? — 1 4n? — 1
X [714 cos(wp )t sin(way, ) cos(way) + z sin(wy,) cos(wp )?

and

92 3
too(n,r) = (w) r®

16n% —1\° an? —1\°
X [ <nS> cos(wp )t sin(wa,)? + 6 ( n S ) sin(wy, )? cos(wy )? cos(wan)?

N (16n% — 1;(4n2 —1)

sin(wy, ) cos(wp )? sin(way,) cos(wgn)] .

The error terms ¢ 1 (n,r) and to 1 (n, ) are small enough, such that we don’t need to consider
them in such detail. Thus, we estimate them using (284) and obtain

3
[t1,1(n, )| < <72r> nir=> [8 |cos(wy)* cos(wan)| + ’cos(wn)?’ cos(wgn)2|], (288)

and, since the absolute value of the sine and cosine are at most one,

2\ .1
[ta1(n,r)| < <> r_61—6n4 (604n2 — 91) . (289)
T

Moreover, from ta(n,r) we get another error term ¢s2(n,r), containing the products
with two factors of Fy. We also estimate it by means of (284) and bound all sine and cosine
factors by one. This way we get

2\% _.391
[ta2(n, )| < <W> r 71—6718. (290)

In order to further simplify all the above terms that still contain trigonometric factors,
we follow the lead of Oliveira e Silva and Thiele [1] and exploit the periodicity of sin(wy,)
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and cos(wy,). That is

cos(wan) = (—1)" cos(wo),
sin(way) = (—1)"sin(wo),
B (—1)% cos(wyp), n even,
cos(wn) = (—1)?17_1 sin(wp), n odd, (291)
_ B (_1)% sin(wyp), n even,
sin(wy) = {(*1)";1 cos(wp), n odd.

Using (291) we find that the main term to(n,r) on page 114 equals

2\° 6
to(n. ) = <> 3 {cos(w0)4, n even,

T sin(wo)? cos(wp)?, n odd

<2)3 0—5,~3 {15 sin(2r) — sin(6r) — 6 cos(4r) + 10, n even,
= r

== 292
T —sin(2r) — sin(6r) + 2 cos(4r) + 2, n odd. (202)
The second equality is due to the standard trigonometric addition formulae
cos(2r) = cos(r)? — sin(r)?, (293)
sin(2r) = 2sin(r) cos(r), (294)
as well as the well-known property sin(r)? + cos(r)? = 1.
For the term ¢; o(n,r), we obtain by the same procedure
ho(n ) = — <2 3T_4 16n2 — 1 s%n(wo);os(wo)‘r’, n even,
’ ™ 4 sin(wg)” cos(wp), n odd
4n? — 1 |sin(wp) cos(wp)?, n even,
2 — sin(wp)? cos(wo)?, n odd
which is equal to
B (2)3 o5, —4 (6n% — 3) [—4sin(4r) — 5cos(2r) + cos(67)], n even,
7T (16n2 — 1) sin(4r) — (14n® + 1) cos(2r) + (6n2 — 2) cos(6r), odd.
(295)

And in the case of t20(n,r) this yields

3 2 N2 (o 9 A
tao(n,r) = <2> r—5[ (16”1) {SIH(WO) cos(wo)*, n even,

T 8 sin(wo)?, n odd

an? — 1\’
+ 6( n 5 > sin(wp)? cos(wp)*

N (16n% — 1)(4n? — 1) | sin(wo)? cos(wo)?, n even,
8 — sin(wp)* cos(wp)?, nodd, |
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By means of the trigonometric addition formulae we transform the last expression into
3 (288n* — 80n? + 5) [sin(2r) + sin(6r) + 2 cos(4r) + 2], n even,

2\° .
<) 2717 _(3232n% — 27202 + 1) sin(2r) + 3 (288n* — 80n2 + 5) sin(67)

v
—(2368nt — 416n? + 10) cos(4r) + 1728n* — 96n? + 6, n odd.

(296)

Next, we further estimate the absolute value of 1 1 (n, ) with the help of the two bounds

4
4 - cos(wp)?, n even,
[cos(eon) " cos(wan)]| < {sin(wo)47 n odd
and
cos(wp)?, n even,
|cos(wn)3 cos(wgn)2| < N
1 ((sin(r)? — cos(r)?)”, n odd.

The estimate for odd n in the above inequality is due to

3 2
cos(wp )? cos(way)? = sin (r — %) cos (r — %)

1 . 2 N2, .
= —— (sin(r)* — cos(r sin(r) — cos(r
1 ﬁ( (r) (r)?)” (sin(r) (r))
and sin(r) — cos(r) < +/2. Using this for the right-hand side of (288), we obtain
2\° 4 5 | 9cos(wo)d, n even,
t ) S
[t (n,7)] <7r> nr {8 sin(wo)?* + % ((S.in(r)2 — cos(r)2)2, n odd.

This is, once again by the trigonometric addition formulae (293), equal to

2 3 53 4.5 36 sin'(2r) — 9cos(4r) + 27, n even, (207)
™ —32sin(2r) — 7cos(4r) + 25, n odd.
Thus, so far we achieved the following approximation of Ipign(n)
o0
Thigh(n) = | to(n,r)rdr + By, (298)
R
with
| Bhighl < Eyigh, + Enign- (299)

Here we collect all error terms that include trigonometric factors in the trigonometric error
E9  This is

high®

. 00 Q0 0
EZ:;gh = J t1,0(n, r)rdr| + J too(n, r)rdr +J [t1,1(n, )| rdr. (300)

R R R

All remaining error terms we put in
9 6
Epion = JR [tm(nﬂ“)\ + [tan(n, )+ ] [t(n, 7")\] rdr. (301)
j=3

In the following we first evaluate E,’;?;h. Then we take a closer look at S? to(n, r)rdr in

298) and the trigonometric error E'"*9 . We establish upper bounds on both quantities by
g high

means of asymptotic estimates for generalized sine and the cosine integrals. The necessary
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tools are provided by Lemmata 62 and 63 in Section 7.4.

So, let’s begin with E,’;?gth. Since, it is merely a sum of simple integrals of the rational
function =™ for m = 6,7,8,9, that is easily evaluated as
0 1-m
f r~Mdr = L ,
R m—1
we just plug in estimates (289), (290) and (286) into (301), sum up the resulting values and
obtain

n* (1024n® + 5376n R + 14336n*R? + 7 (2460n? — 91) R?)
5673 R7 ’
Now, we evaluate the above expression for n = 19 and R = 600000. This leaves us with
prat 170954917420150229492216161
igh S 153090000000000000000000000000000000000073
which is in floating-point representation

Epd, < 3.6015144071- 107", (302)

rat
Ehzgh =

As outlined above, we now turn to the further analysis of the leading term
a0

Inigho(n) = J to(n, r)rdr (303)
R

in (298) and the trigonometric error EZZ;%L Our strategy is to trace those integrals back

to some higher order sine and cosine integrals and then apply Lemma 63. To this end, we

transform all occurring trigonometric integrals into sums of the functions

S(R,a,b) := f: Sm?flf”) dr, (304)
C(R,a,b) i f: COS:;") (305)

We first take care of the leading term (303) for even n. By (292) we get

1 1
Thigho(n) = 3 [15S(R 2,2) — S(R,6,2) — 6C(R,4,2) + }g] )

Now, Lemma 63 applies and we obtain for the right-hand side

) 1

2m3 R + 473 R2

[15 cos(2R) — é cos(6R) + g sin(4R)]

1
4 — [—30gc2(2R) + 6¢c2(6R) — 24¢s2(4R)] -
We denote the first line above by [ f;;“ge}? and the second line by Fpcpen. Then we plug in
R = 600000. This way we obtain

5 1 15 1 3
Iy = —— + 2R) — = 6R) + = sin(4R
high 538 T 152 { cos(2R) 5 cos(6R) + 5 sin( )] (306)
= 1.3438151976 - 1077,
and
1
EO,even = 4771_3 |_3OQC,2(2R) + GQC,2(6R) - 24q3,2(4R)] |

< 6.2006229396 - 10~ 19 (307)
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where inequality (307) is due to the triangle inequality and the bounds |gc2(z)|, [gs2(z)| <
;% of Lemma 62.

If n is odd, we get from (292)
1 2
Thigho(n) = o3 [—S(R, 2,2) - S(R,6,2) + 2C(R,4,2) + R] .

As in the case of even n, we plug in the asymptotics for S(R,a,2) and C(R,a,2) from
Lemma 63 into the left-hand-side above and obtain

1 1 1 1 1 .
py iy [2 cos(2R) + A cos(6R) + 3 s1n(4R)]

1
+ o3 [2¢c2(2R) + 6¢c2(6R) + 8¢5 2(4R)] .

Following an equivalent notation, we split the above expression into

. 1 1 (1 1 1
T2l = g e 3R+ eosB) + 3 snGaR),

2 6 2
which evaluates to
Iyl = 2.6876275940 - 10~° (308)
for R = 600000, and
B odd := 4%63 12¢c2(2R) + 6qc2(6R) + 8¢5 2(4R)|
< Eo even- (309)

The last inequality becomes obvious, when one first applies the triangle inequality to Eo cpen
and Ej 44, and the bound of Lemma 62 afterwards.

Next in the line is the trigonometric error E}t;;lggh We handle it summand wise with the

same strategy as (303). For each summand we consider even and odd n separately, and then
choose the larger value as a common upper bound.

So, let us start with

o0
f t1,0(n, r)rdr
R

. (310)

For even n, we get by (295)

o0
J t1,0(n, r)rdr

R

2

6 3
= n4 5 |—4S(R,4,3) — 5C(R, 2,3) + C(R,6,3)| .
T

By Lemma 63 this is equal to

6n2 — 32
15| 73205,2(4R) = 10ge5(2R) + 184c2 (6R)]
and by Lemma 62 not larger than
44n? — L1
———2 . < 5.3194501325 - 10716
PR 5.3194501325 - 10~ °,

for R = 600000 and n < 18.
For odd n identity (295) leads to the expression

1 ) , 1 5 3
e (16n* — 1) S(R,4,3) — <14n + 4) C(R,2,3) + <6n — 4> C(R,6,3)’
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for (310). This is equal to

1 1
— |8 (160 — 1) g5 2(4R) — 2 (14n2 + 4> ge2(2R) + 18 <6n2 — i) qc,2(6R)‘

473
by Lemma 63, and bounded from above by
24n* — 1 1
) 3
due to Lemma 62 for R = 600000 and n < 19.

< 3.2339255621 - 10716

Hence, we note that

< 5.3194501325 - 10716, (311)

o0
f t1,0(n,r)rdr

R

Next, we repeat the above procedure for |S;§ ta,0(n, r)rdr| and S;g [t1,1(n, )| rdr.
We start with the former one in the case of even n. Then identity (296) yields

© 3 (288n* — 80n? + 5) 2
fR to,o(n, r)rdr| = 553 ’S(R, 2,4)+ S(R,6,4) + 2C(R,4,4) + BV el
3 (288n* — 80n* +5) [ 2 LT
h 2873 3R®  3R!

< 3.523702847 - 10714,
for even n < 18 and R = 600000.

Likewise, for odd n < 19 and the same R we obtain by means of (296) and Lemma 63

— (3232n' — 272n* + 1)S(R, 2,4) + 3 (288n" — 80n” + 5) S(R, 6,4)

0
f tQ,() (n, T)Td?“

R

2873

1728n* — 96n2 + 6
3R3

— (2368n* — 416n% + 10)C(R, 4,4) +

= 9843 3R3 R4
< 4.3854135383 - 10~ 14,

1 <1728n4 —96n?+6 64 (9760 — 23840 + 121))

Thus, we arrive at

Q0
f ta.o(n, r)rdr| < 4.3854135383 - 10~ 4. (312)

R

Last but not least in the analysis of the trigonometric error is S;f) |t1,1(n, )| rdr. Recalling
(297) and invoking Lemma 63 one last time, we find for even n < 18

4

0¢]
f it11(n,r)|rdr = <3GS(R, 2,4) —9C(R,4,4) + 9)
R

R3
9, 81
R3  2RA

< 14106926963 - 10713,

B~ W

<

ﬁw‘3 3‘3
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with R = 600000, and for odd n < 19

* n* 25
. [t11(n, )| rdr = 3 —325(R,2,4) — TC(R,4,4) + Vi
eI
S w3 \3R3  2R%

1.6215594370 - 10~ 13,

Consequently, we estimate

0
f t11(n, )| rdr < 1.6215594370 - 10~ 3. (313)
R

After adding up estimates (311), (312) and (313), we end up with the upper bound on
the trigonometric error

B9 < 2.065420241 - 10719, (314)

Thus, (299) in combination with the estimates (302), (307), (309) and (314), eventually
yields

Tnign(n) — I} < 2.101441586 - 10713, (315)

where parity is either even or odd, and I} high and [ gd ,, are the expressions in (306) and
(308), respectively. This proves the Clalmed error estimates. [ |

Next we turn to the low integral I;,,,(n SO J2n J4( )rdr. For the sake of complete-
ness we recall from [1]| the definition and most important properties of the Newton-Cotes
rule for real polynomials f with degree at most 7. It says that

a+6w
f f(@)dz = Fo(f)

a

with
Fouw(f) = [41f( )+ 216f(a +w) + 27f(a + 2w) + 272f(a + 3w)

+27f(a + 4w) + 216 f (a + 5w) + 41 f(a + 6w)].

140

For any 8 times continuously differentiable function f on [a,a + w], the function F, ., (f)
approximates f with an error of

jﬁwﬂ@m—ﬂwuﬂ<

a

64w?

sup | £ (¢)

5 8' a<E<Obw

In order for the Newton-Cotes rule to be accurate, we need the step size w to be small,
meaning that the interval of integration [a, a + w] must be small. Since in our case the total
interval is [0,600000], this is definitely not the case. For this reason we split the interval
in smaller subintervals, perform the Newton-Cotes rule on each subinterval and add up the
results. This is where the name composite rule comes from. Let for example b be such that
b—a = N -6w for an integer N. Then the composite Newton-Cotes formula
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approximates the integral of f on [a,b] with an error

63w®
s, 1) (316

b
f f(@)dz — Frogolf)| < (0 - a)

Now, we return to our specific problem and split our interval of integration [0, R] once
again into [0,S] U [S, R]. The goal is to apply the composite Newton-Cotes rule on [0, 5]
and [S, R] with different step sizes w; and wy. The parameters wy,ws and S are chosen in
such a way that the error of the numerical integration meets our accuracy goal of 4 - 10713,
Moreover, we want that the number of steps we have to perform on each interval is more or
less the same. It turns out that the values

S = 9843,
)
1= 10000” (317)
3
wo = ﬁ

do the job.

Thus, it is left to actually estimate the error. This is equivalent to finding an upper
bound on the eighth derivative of the function

F(r) e= T3, (r) T (r)r.

In [1] this is done via the Cauchy integral formula for the circle of radius one about r

(m) r) = ﬂ f(Z) >
F) LBl(r) ( a

2mi z —r)mtl

Luckily, the same technique applies in our case as well.
We first consider the interval [0, S]. Here we estimate the eighth derivative of f as
follows

| 2 4
O < 8-‘[ {J2n<z)‘]n(z)’ ],
21 Jop, () |z — 7|
|
< 66&J |z|dz
27 Jo,(r)
< 81e8(S +1). (318)

The second inequality above is due to the simple bound (380).

For the estimate of the derivative of f on the interval [S, R] we need finer information
on the behavior of the Bessel functions for large . Corollary 5 provides us with the needed
information. In fact, inequality (13) implies that

|15 (2)| < (ﬂi); [1 + ‘jcosh(lm(z)) <’R|:(|Z)|> %] .

Hence, it is

’ n? cosh(Im(2)) | n? cosh(Im(z)) |
e (2) 1[1+h<1<>>] [1+4 h(1 <>>]

™ 3'212 |§Re<z>|% |#Re(2)|2
2 1 12n“ cosh(Im(z
s <7r) rzr?“‘p[ rRe<z<>\ ( ))]’
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=
= O

and thus for all r € [S, R] by Cauchy’s Integral Formula
|
oo <[
0B1(r)

S om |z —r[?

Consequently, by combining inequalities (316), (318) and (319), we obtain for the low inte-
gral the following error bound

635
‘Ilow(n) - F[O,S],wl (f) - F[S,R],wg (f)’ < 5 w?‘S(S + 1)
N 2\? 63w8 R-S o 12n2 cosh(1)
- = X
52612 51

When we plug in R = 600000, < 19 and the values we chose for wj, wy and S from (317),
we obtain

[Liow(n) = Flo,8],u1 (f) = Fismjws (f)] < 9.4471396343 - 1071, (320)

By Theorem 42 on the high integral and the just derived error bound (320) for the low
integral, we end up with the following error bounds on our Bessel integral I(n)

[I(n) — 1.343815198 - 1077 — Fl 870, (f) — Fis,R]un (f)| < 3.0461555492 - 1071
for even n, and

[I(n) — 2.687627594 - 107° — Flo 5], (f) — Fis,R]ws (f)] < 3.0461555492 - 1071
for odd n.

Just like Oliveira e Silva and Thiele in [1]|, we use Wolfram Mathematica to carry out
the numerical integration on [0, S] and [S, R]. To meet our accuracy goal, we evaluate the
product J2 (r)J2(r)r at the grid points with a prescribed precision of 20 digits. This leads
for all 2 < n < 19 in the result for Fig g1, (f) + Fls,r]w.(f) to a precision of at least 21
effective digits to the right of the decimal point. Thus, it is safe to estimate the rounding
error by 1-107!4. This now implies an overall accuracy of our approximation of I(n) of
3.15- 107" for even, as well as odd n.

Since in our case the number of steps in the computation of Fig g1 .w, (f) + Fis,r]w, (f) is
about 16.5 times the number of steps in [1], we have to put a little bit more effort into the
code and make use of Mathematica’s parallelization tools. This way we manage to keep the
computation time within reasonable limits. The source code we used for the computation
of Fio,s],w, (f) is the following.

Jnn2n20P[n_,r_] := N[(BesselJ[n,r]Bessel][n,r]BesselJ[2*n,r])~2 r, 20]
NewtonCotesnn2n0S20P [wl_,S_] :=
Module[ {NewtonCotesnn2n0S20Ploc = ConstantArray[0,18],
locw = wl, nl = S/(6*wl), F, n, k},
Fln_,k_] :=
locw/140 (41%Jnn2n20P[n, (6%k + 0)*locw] +
216%Jnn2n20P [n, (6xk + 1)*locw] +
27xJnn2n20P [n, (6%k + 2)*locw] +
272%Jnn2n20P [n, (6%k + 3)*locw] +
27+*Jnn2n20P [n, (6%k + 4)*locw] +

216+Jnn2n20P [n, (6xk + 5)*locw] +
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12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32

41%Jnn2n20P [n, (6%k + 6)*locw]);
NewtonCotesnn2n0S20Ploc =

Table[
Totall
ParallelTable[
Fln,k], {k,Floor[(nl - 1)/10000]*10000,n1 - 1}
]
1, {n,2,19}
1;
Do [
NewtonCotesnn2n0S20Ploc[[n - 1]]
= NewtonCotesnn2n0S20Ploc[[n - 1]] +
Totall
ParallelTable[
Fln,k], {k,10000%j,10000%(j + 1) - 1}
]
1
ClearSystemCache[], {j,0,Floor[(nl - 1)/10000] - 1}, {n,2,19}
1

NewtonCotesnn2n0S20Ploc
]

Table 1 below lists upper bounds on the quantity

1
21 2 1
[ i k ~|+315- 10—13] 10*n < 2 - 4) (n*—1)

B 47‘1’2% + 283%7r2 n (n2 — Z)

Inum(n)

with
1.343815198 - 1077, n even,
2.687627594 - 1078, n odd.

It is immediately apparent that Theorem 3 is still valid for 2 < n < 19.

Inum(n) = F[O,S],wl (f) + F[S,R],wz (f) + {
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TABLE 1. Asymptotics of I(n) for small n.

n { Lum(n) — 231 + ﬁm +3.15- 10—13] 10%n (% — §) (n* = 1)
2 5.5489
3 6.8505
4 7.3397
5 7.5731
6 7.7021
7 7.7806
8 7.8318
9 7.8672
10 7.8926
11 7.9115
12 7.9261
13 7.9375
14 7.9470
15 7.9547
16 7.9617
17 7.9673
18 7.9735
19 7.9776
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CHAPTER 6

Discussion of the General Main Term

The intention of this chapter is to provide evidence that M (n), defined in formula (7) is
a good approximation for I(n). This motivates looking for a rigorous proof of the qualitative
statement of Conjecture 2 and a quantitative version of it. To this end, we compare the
values of M(n) to values of I(n), that have been calculated numerically with a prescribed
accuracy of 0.73 - 1079 for the paper [13]. We present our findings in various plots, and in
particular replicate Figures 4 and 5 from [13] with our main term. We finish this chapter
with a list of open problems that have to be solved in order to prove Conjecture 2.

6.1. Numerical Quality Check of the Main Term

Recall that our incentive to study the integral I(n) originates from a computer aided
program for a proof of the sharp Tomas-Stein conjecture on the circle, proposed in [14]
and [1]. This program has partly been carried out in [13], where the conjecture is verified
for the class of all real-valued functions with Fourier mode up to degree 120. This is done
by numerically showing positive semi-definiteness of the matrices (4) for x,y € (2Z)?, both
satisfying

x1+ xo + a3 =D < 360,
|21, |22l, o3| < 120,
T < To < I3.
This required the numerical calculation of the Bessel integrals I(n) with an accuracy of

0.73 - 10~ for those vectors n, such that either all entries are even, or exactly two of them
are odd, and

ng =D —ny —no,

neg = D —ng — ns, (321)
Ins| < 120,
foralli =1,...,6. We denote those numerical values of I(n) by I,,;m(n). These numerical

data are a valuable source for us to test our conjectured main term (7), at least for some
subfamilies of I(n).

We choose the subfamily corresponding to D = 0 and ny = 20,ny = 70,n3 = —90, and
calculate M (n) for

n = (20,70, —-90,m,n,—m — n) (322)

in the range of 0 < m,n < 120 with the help of Wolfram Mathematica. The code is the
following.

Kapteyn[x_,y_,k_]:=
Gamma [k+1] /2~ (k+1) *Gamma [1/2 (x+y) -1/2k] /Gamma [1/2 (x+y) +1/2k+1]
*1/(Gamma [1/2(x-y)+1/2k+1]Gamma [-1/2(x-y)+1/2k+1])

HypBlc_,d_,j_]:=
HypergeometricPFQ[{-d+1/2,d+1/2,-j},{-c-j+1/2,c-j+1/2},1]
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52

HypAlc_,d_,j_]:=
HypergeometricPFQ[{-d+1/2,d+1/2,-j},{-c-j+1/2,c-j+1/2},-1]

HypFac[c_,d_,j_]:=
2~-jGammal[c+j+1/2]/(Gamma [j+1]Gamma [c-j+1/2])

MainSummand[a_,b_,c_,d_,k_]:=
If[
Mod [a+b+c+d+k,2]==0, (-1) ~((a+b-c-d+k) /2) / (2Pi~2)
Sum[
HypFac[a,b,i]lHypFac[c,d,k-i] ((-1)~iHypA[a,b,i]lHypA[c,d,k-i]
+(-1)~(a+d) (1+(-1)~(-a+b+i) )HypB[a,b,i]HypB[c,d,k-i]),{i,0,k}
1,0
]

VZ[a_,b_,c_,d_,x_,y_]:=
Module [
{ind=List[a,b,c,d,x,y]1},
For[
i=1,i<=6,i++,
If[
ind[[i]1<0,ind[[i]]=ind[[i]],ind[[i]]=0
]
1;
Total [ind]
]

MainTerm[a_,b_,c_,d_,x_,y_]:=
(-1)~VZ[a,b,c,d,x,yl*
Module [
{orderedParameters=Sort [Abs[{a,b,c,d,x,y}1]1},
If[
a==b==c==d==x==y==0,0.3368279617664489°,
Sum[

Kapteyn[
orderedParameters[[6]],orderedParameters[[5]] .,k

]

MainSummand [
orderedParameters[[1]],orderedParameters[[2]],
orderedParameters[[3]],orderedParameters[[4]] ,k

],{k,Max[orderedParameters[[6]]-orderedParameters[[5]]-1,0],

orderedParameters|[[5]]+orderedParameters[[6]]-1}

Figure 6.1 reveals the interesting and beautiful structure of M (20,70, —90, m, n, —m—n).

We compare the values of M(n) to those for Inum,(n) from [13] and obtain for the
difference

max | M(20,70, —90,m,n, —m — n) — Lyum (20,70, =90, m,n, —m — n)| < 9-10714,

0<m+n<120
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error bounds in this region.
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FIGURE 6.2. Plot of the difference
M (20,70, —90,m,n, —m — n) — Lyum (20,70, —90, m,n, —m — n).

As can be seen in Figure 6.2, the difference is uniformly small for all points (m,n) with
m + n < 120, and increases in the vicinity of the diagonal m + n = 120. We suppose
that this increase is due to the numerical methods used in [13], that produce slightly worse
Note that, in contrast to Figure 6.1, the values for m +
n > 120 are artificially set to zero in Figure 6.2, since we don’t have any reference data
Ium(n) in this region. This is due to conditions (321). These pleasantly small differences
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encourage us to believe that our Conjecture 2 is correct and the main term (7) provides
very good approximations of I(n). At least, if the components of n are large enough.
For (20,70,—90,m,n, —m — n) this seems to be the case. Of course, it has to be further
investigated, what "large enough" exactly means. The next section might give some hints.

6.2. From I(n) to Q(n) and Interesting Questions

While our focus of attention lies on the integrals I(n), the primary object of interest in
[13] are the matrices (4). In order to further test our main term formula (7) and to gain
some more insight in its behavior and performance, we use it to calculate Q(x,y) for test
the vector (322).

By resolving some of the sums over the permutation group Ss in the construction guide
(4), (5) and (6) of the matrix Q(x,y) we obtain

1
Q(va) = 6 Z R(X7T(y)) - L(X7 y>7
T€S3
with
R(x,y) =2I(x—y,0,0,0) + 6I(x —y,—1,1,0),
L(Xay) = 21(X7 _y) + Z I(X7 -y + U(_17 170>)
UGS;;

Now, we replace every instance of I with our main term M and denote the corresponding
matrices by Ly(x,y), Ry (X,y) and Qpr(x,y). As above, we write Lyym (X, ¥), Rpum(X,y)

and Qnum(X,y), respectively, when we use the numerical data from [13] to calculate those
matrices. Furthermore, we split the test vector (322) as follows
(x,¥) = (20,70, —90, m,n,—m —n) = n. (323)

Note that since J_,(r) = (—1)"J,(r), it is

I(n,—y)=I(x,—m,—n,m+n)

= I(x,m,n,—m —n).

Hence, we can use M (20,70, —90,m,n, —m — n) for the construction of the matrix L,/ (n).
Its remaining components are calculated with the code above. Since the corresponding
vectors are very close to (322), we expect the difference Ljs(n) — Lyym(n) to be comparable
to that of M(n) and Ly (n). In fact, it is

max | L(20,70, =90, m,n, —m — n) — Lyum (20,70, =90, m,n, —m —n)| < 3-10714,

0<m+n<120

even smaller.

A three-dimensional plot of the difference can be seen in Figure 6.3. Similar to Figure
6.2, the area, where m+n > 120 is set to zero, since we lack reference data there. Note, that
the difference does not show the same oscillatory structure as the difference M (n) — Ly (n)
in Figure 6.2. This means that we are perfectly able to reproduce the structure of Lym(n),
even better than for a single Bessel integral Iy, (n). The reason might be cancellation
effects due to the shifts (—m, —n,m + n) + o(—1,1,0).

The matrix Ly (n) itself can be seen in Figures 6.4 and 6.5. In Figure 6.4, the outlying
large values are dropped to emphasize the beautiful wavey structure of the function. It is
not surprising, that Lys(n) and M (n) look very similar. To emphasize the fact that Ly (n)
is almost everywhere negligibly small except for a few values that lie on a very regular curve,
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FIGURE 6.3. Plot of the difference
L (20,70, —90, m,n, —m — n) — Lpyum (20,70, —90,m,n, —m — n).

0.00005 \

0.00000
-0.00005 |
-0.00010 |

FiGure 6.5. Full range plot
of Lys(n)

FIGURE 6.4. Lj/(n) without
the large values.

Figure 6.5 shows the full range of the values. It is conjectured in [13] that this location of
the large entries is actually a section of an ellipsis given by

m? 4+ n% + (m +n)? = 20% + 702 + 90%. (324)

Next, we turn to the matrix Rps(n). Recall that M (0) = 0, since Dy = J, whereas
I(0) = 0.33682796 is actually the largest of all Bessel integrals I(z). This is definitely a
weak point of the main term (7) and shows that it will most certainly only provide good ap-
proximations of I(z), if z is sufficiently far from 0. Since the construction of Rjs(n) requires
the calculation of M (z) for z in the vicinity of 0, we expect to see larger deviations between
Ryr(n) and Ryum(n) than in the case of Lys(n). To soften the effects of M(0) = 0 a little,
we manually set the value M (0) = 0.3368279617664489 in line 40 of the Mathematica code
we use to calculate the main term.
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FIGURE 6.6. Full range plot FIGURE 6.7. Plot of the dif-
of the difference Rpum(n) — ference Ryym(n) — Rys(n) for
Ry (n) for even m,n. even m,n.

For the calculation of the matrix Rjs(n) we then use the following little piece of extra Wol-
fram Mathematica code.

MatrixR[x_,y_,z_]:=
2*MainTerm[20-x,70-y,-90-2,0,0,0]+
6*MainTerm[20-x,70-y,-90-z,1,-1,0]

Unfortunately, in [13] the matrix Ryum,(n) has only been calculated for even m and
n, as this was sufficient for their purposes. We therefore have to restrict the comparison
of Ry(n) and Ryyum(n) to even m,n. Nevertheless, that still provides valuable insights.
As we expected, we see two huge spikes around (m,n) = (20,70) and (m,n) = (70,20) in
the plot of the difference Ryyum(n) — Rys(n) in Figure 6.6. In Figure 6.7 we dropped those
large outliers. This way it becomes easier to see for which vectors z one starts to obtain
sufficiently good approximations for I(z) from the main term M (z). It looks like we are on
the safe side, meaning the error is smaller than 107!, if the absolute value of the largest
entry of z is larger than approximately 20. This corresponds to the two circles of radius 20
centered around (20, 70) and (70,20) in Figure 6.7.

The matrix Rys(n) itself has the quite interesting looking structure, that can be seen in
Figure 6.8. However, with the exception of the two peaks around (20,70) and (70, 20), its
values are very small. This is shown in Figure 6.9.

Of course, the differences between Ljs(n) and Ly, (n) and between Rjs(n) and Ryym(n)
carry over to Qpr(n) and Qpum(n). We therefore refrain from a comparison in the spirit
of Lyr(n) and Rys(n) and only provide the promised replication of Figures 4 and 5 from [13].

Figure 6.10 shows a logarithmic plot of the absolute value of Qj/(n). In Figure 6.11 we
see the same plot for @Qum(n), which corresponds to the first quadrant of Figure 4 in [13].
The structure with the section of the ellipsis and the two large peaks can be recognized
perfectly. Moreover, the differences between the two matrices @Qps(n) and Qpum(n) are so
small that they cannot be seen by means of this type of visualization.

Next, we turn to Figure 5 from [13]. It plots for even m,n the values of Qpnum(n) as

a function of the radial variable 7(m,n) := (m? + n? + (m + n)2)% near the radius of the
ellipsis (324), that is, in the vicinity of ro := 116. The red dots in Figure 6.12 represent the
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FIGURE 6.8. Plot of Rys(n). FiGURE 6.9. Full range plot
of RM(II)

Ficure  6.10. Logarithmic Ficure  6.11. Logarithmic
plot of |@Qar(n)]. plot of |Qnum(n)].

values of Qs (r(m,n)), while the blue ones belong to Qpum (r(m,n)). We omitted the large
outlier around 7. Since most of the points are on top of each other, we almost only see blue
ones that are slightly turning purplish. This is another pleasant confirmation of the good
approximation of I(n) by M (n). This blue part of the plot is the counterpart of Figure 5
in [13]. One can perfectly see the very regular pattern, that has first been observed in [13].
We want to point out that this pattern of the radial plot entirely stems from the matrix
L(n), shown in Figure 6.13. This fact can be seen even more impressively in Figure 6.14,
that plots the entire range of values of Q(r(m,n)) and in Figure 6.15, that only displays
R(r(m,n)). While L(n) is responsible for the wave-like structure, that is still recognizable
in figure 6.14, R(n) actually only contributes five dots, the major positive peak, and four
secondary peaks of negative value. All other values are negligibly small compared to those
of L(n), as can be seen in Figure 6.15, where we omitted these five large values.

Note that apart from the interesting properties of the matrices @(n) and L(n), the plots
in Figures 6.12, 6.13 and 6.14 expose once again the great performance of our main term
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M (z) everywhere, except for vectors z close to 0. The discrepancies in the approximated
values by means of M versus the numerical reference data for those vectors become brutally
apparent by the quite large distance between the blue and red dots especially in Figures
6.12 and 6.14.

Two more noteworthy observations are that on the one hand the pattern we see in Figure
6.13 is actually due to the way the matrix L(n) is constructed, and does not yet manifest
itself so clearly in I(n), that is displayed in Figure 6.16. The second observation is that
taking into account odd m,n as well does not add any further substantial information to
the pattern of @Q(n), as can be seen by the additional red dots in Figure 6.17 compared to
Figure 6.14. The missing values for odd m,n in the case of Qpum(n) are set to zero for this
visualization.

6.3. Open Problems

We want to use this last section to summarize the open problems and questions con-
cerning the main term M (n) and Conjecture 2, that arose in the course of the discussion in
this chapter and throughout the entire work.

In order to prove Conjecture 2 and to quantify the error
[I(n) — M(n))|

we need a characterization of the expansion remainder Rl(4)(a, B,7,6,r) of the series expan-

sion of the product of four different Bessel functions, similar to the one for « = § = v =
0 =n in Lemma 7. This expansion remainder then needs to be included in the integration
of the series expansion in Chapter 3. Moreover, in the integration step, we need to establish
a more comprehensive characterization of the secondary term S, that contains not only the
4r-terms from (51), as in the case of n = (n,n,n,n,2n, 2n), but also the 2r-terms. Then, we
either suffer greatly and fight our way through the steps of Chapter 4, but with six different
parameters instead of only one, or we find a smarter solution to estimate the remainder
term and the secondary term in this general setting.

Beyond a qualitative and quantitative proof of Conjecture 2 it would be great to answer
for example the question, whether the main term M (n) can be further simplified in the
spirit of Theorem 36 in Section 4.4. Meaning, is there a (simple) decomposition into leading
asymptotic terms and an error? If so, how does it look like?

Another exciting question is, whether formula (7) enables us to explain the structures ana-
lytically we see for instance in Figures 6.1, 6.10 and 6.13.
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CHAPTER 7

Background

In this chapter we provide some necessary tools from the theory of gamma functions,
generalized hypergeometric functions and Bessel functions. Moreover, we introduce the
sine and the cosine integral and give some insights on their asymptotics. The last section
then collects some additional useful inequalities and summation formulae we use extensively
throughout the entire thesis.

Most of the results are well-known. A few results, that are particularly useful in our set-
ting, have not been taken from the literature, but are proven here. These include Lemma 55

1
on a uniform upper bound for (%r) 2 Jp(r), Lemma 63, that provides asymptotic estimates

n
x t T

Lemma 64, which estimates 1 + x in terms of ¢®=9% from above and below for suitable x
and ¢, and last but not least Lemmata 67 and 69, which provide closed form expressions for
the tail of the geometric series and sums of the type
P c1 S
3 WJLU+3)T(p—i+3)
FG+Dlp—j+1)

§=0
respectively.

7.1. The Gamma Function

The purpose of this section is to introduce the gamma function and to display and
deduce some of its basic properties as well as a few upper and lower bounds, that have
proven to be extremely useful for our purposes, for example in estimating gamma quotients.
Those are the reflection formula (327), the duplication formula (328), Stirling’s formula
(332) and Lemma 44, to name a few.

7.1.1. Definition and Some Properties. When you are working with Bessel func-
tions, you won’t be able to avoid the gamma function, defined by the integral

a0
['(z) = f e 't at (325)
0
for Re(z) > 0. Using integration by parts, one sees that
I'(z+1) =2I'(2). (326)

This functional equation can be used to uniquely extend the integral formula to a meromor-
phic function defined for all complex z, except negative integers and zero. Two important
properties of the gamma function, we heavily use throughout this work, are Euler’s reflection
formula for z ¢ Z
T
M'z)I'1—-=z2) = (327)

sin(mz)

and Legendre’s duplication formula for z ¢ {—§ | n € N}
1
['(2)l (z + 2> — 7221727(22). (328)
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The reflection formula (327) is a consequence of Liouville’s Theorem. This can be seen
as follows. We set

f(z) =T(2)I'(1 — z) sin(7z).

Due to the multiplicative recursion of the gamma function, the function f is 1-periodic. By
the triangle inequality applied to the defining integral (325), one finds that

[f(z+iy)| = O(e') asy— o0
for x € [0, 1] and positive y. Hence, it is f(z) = F (¢*™#) for a holomorphic function F on

C* = C\{0}, with |F(w)| = O <|w|%> as w — o and |F(w)| = O (|w|_%|) as w — 0. Thus,

the function F' is constant. Plugging in z = % evaluates the constant.
Legendre’s duplication formula (328) follows from the identity

1

MNx)l(y) =T(x +y) J;) "l — )y tat (329)

for z and y with positive real part. By substituting t = 1££. the right-hand side above turns

2
into
1
27TV (2 4 y) f (1—5)*"11 + 5)¥ lds. (330)
-1
Now we set x = y = z and obtain

22—1F(2)2 _ Jl o2\l
2 F(22>_20(1 s°)" ds.
On the other hand we find that
1 1
2f (1- sQ)Z_l ds = Tlg) e) (2) F(lz)’
0 I (Z + 5)

when we substitute ¢ = s? in (329) and let = 3 and y = z. Since I' (3) = 3, identity
(328) follows.
Identity (329) can be seen by writing the product I'(x)I'(y) as the double integral

o0 o0
f f e~ (tts)gr—1gy—1 s,
o Jo

Substituting ¢t = rv, s = (1 — r)v turns the above line into
o 1
J e_”vxﬂ/_ldvf N1 — )Y dr.
0 0

By definition, the first factor is equal to I'(z + y).

REMARK 43. Another useful representation for I'(z) and Re(z) > 0 is
Q0
I'(z) = szf e St at. (331)
0

One deduces it from (325) by replacing ¢ with st for s > 0.
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7.1.2. Bounds. Throughout our work, we have to deal a lot with gamma quotients.
Often it is not immediately apparent how large or small such a gamma quotient really is.
Stirling’s formula is a great tool to shed some light on this question. So let us introduce
one of our best friends in this thesis: Stirling’s formula for x > 0

T(x) = (27) 72" 26 "1, (332)

where the function p satisfies

Tor 11 < M@ < 5 (333)

Here we use the same version of Stirling’s formula as Oliveira e Silva and Thiele did in [1].
One more handy double sided inequality, we will heavily make use of, is the following.
LEMMA 44 ([1]). Let z > 3, then

1
1\2 TI'(z+1
(m—Q) Lty oy (334)

Another useful convexity estimate is

LEMMA 45 ([1]). Let x >y > 0 and w = 0. Then it is
I'(x) B Iz +w)
L(y) ~ Ty +w)

7.2. Generalized Hypergeometric Functions

It lies in the nature of our approach to Bessel functions and to products and integrals
of them that we encounter many sums of products and quotients of gamma functions. We
refer to them as sums of gamma quotients. It is often convenient to express such a sum of
gamma quotients as gamma quotients itself. For this we shall use some formulae from the
theory of hypergeometric functions.

After a brief introduction of the generalized hypergeometric function, we will deduce these
formulae, which are mainly hypergeometric identities. More precisely, in Lemma 47 we prove

Gauss’ identity, which expresses 2 F} acb ‘ 1) as a gamma quotient, and in Lemma 48 we

abc

prove Dixon’s identity, which expresses 3F2( “,,

’ 1) as a gamma quotient. Afterwards,

in Lemma 49 we prove a summation formula for the related series

$ ),
)
= L(p+1)
for a € Z. A wvaluable tool for the proof of hypergeometric identities is Euler’s integral
representation of oF%. Therefore, we mention and prove it below in Lemma 46. We finish
this section with Lemma 50, that provides an upper bound on generalized hypergeometric
functions. We need this bound in our first step of the estimate of the secondary term in
Section 4.3. Now, let us start with the definition.

The generalized hypergeometric function is defined as the series

qu<a1,...,ap ‘Z> _ T(b1)---T(b)) < T'(ay+m)---T(ap+m)z"

bi,. .. by ~ T(ar)---T(ap) & T(by +m)---T(bg+m) m!’

With z = 1 it is a sum of gamma quotients. Is one of the upper parameters a; a negative
integer, then the series in (335) is finite and the associated hypergeometric function is a
polynomial in z, since the gamma function has simple poles at the non-positive integers. Is

(335)

m=
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one of the lower parameters b; a negative integer or zero, then ,Fj ‘Zi - Z:’

z> does not

exist in general. In all other cases, the radius of convergence p of the hypergeometric series
is given by

w0, p<q+l,
p=131, p=q+1, (336)
0, p>q+1.

This follows directly from the ratio test, since

0, p<qg+1,
. c
lim |22+ = lz|, p=q+1,
m—o | Cpy
w, p>q-+1,

: — _(@)m(ap)m
with Cm = m

In the cases p = ¢ and p = ¢ + 1 the function ,F} is called generalized hypergeometric
function of Kummer type and Gauss type, respectively. The name (Gaussian or ordinary)
Hypergeometric function is historically reserved for the special case of p = 2 and ¢ = 1
with principal value being the cut plane C\[1,00). This function has the following integral
representation due to Euler.

LEMMA 46. Let Re(c) > Re(b) > 0. Then

o F (“’cb ‘ z> - F(b)?((cc)—b) fol =11 — $)d=1(1 — 2p) 7t

PROOF. Let us first suppose |z| < 1. Then

—a E AN mum 2 : ! (CL m) mym
1— 2t = 2t = —=z 't . 337
( ) m=0 ( > m=0 ( ) ! ( )

The second equality above is due to Euler’s reflection formula (327). In Fact, the reflection
formula implies that

I'(a+1) :sin(w(a—m+1))F(—a+m)
F'la—m+1) sin (m(a + 1)) I'(—a)
Since
sin (m(a —m +1))  sin(m(a—m)) — cos (nm) = (—1)™
sin(m(a+1))  sin(ra) (rm) = (=1)
we find that
o I'—a+m)(-1)™
<m> - (F(a) 2t m? ' (338)

Now, using representation (337) and identity (329) we obtain

1 © r 1
f tb_l(l _ t)c_b_l(l _ Zt)_adt _ (a + m) me tm+b_1(1 _ t)c_b_ldt
0 m—=0 I'(a)m! 0

o Tla+m) ,T(b+m)I(c—b)

_mz—lo I'(a)m! ® I'(c+m)
T(c—b) <& Tla+m)L(b+m)z™

I'(c+m) m!




Since the integral is analytic in the cut plane C\[1,00), the proof follows by analytic con-
tinuation for all z € C\[1, «). ]

7.2.1. Hypergeometric Identities. A direct consequence of Euler’s integral repre-
sentation is Gauss’ first hypergeometric identity. We need it in the following section for the
proof of Lemma 59.

LEMMA 47. Let Re(c) > Re(b) > 0 and Re(c —a —b) > 0. Then

2F1 <a;b ’ 1) - EEZ)E(;);(Z:S'

PROOF. By setting z = 1 in Lemma 46 we get for Re(c) > Re(b) > 0 and

Re(c—a—0)>0
o F (a’cb ‘ 1> = F(b)FF(Cc)—b) Ll t”_l(l _t)c—a—b—ldt

(
I'(c) Ir'o)'(c—a—0b)
['(b)(c—b) Ic—a)

where we once again used (329). ]

The 3F» counterpart of Gauss’ identity is Dixon’s hypergeometric identity. It is an
important ingredient in the proof of Lemma 11.

LEMMA 48. Let a,b,c be non-negative integers such that 1 + § —b—c > 0. Then in its
beautifully symmetric and easier-to-remember form the identity reads

% () (o) () = (339

m=—a

Moreover, the left-hand side of (339) is equal to
b+c\(c+a —2a,—a — b, —
F T 340
(b—a)(c—a>3 2<1—|—b—a 1+c—a > (340)

This following very elegant and short proof of Dixon’s identity for non-negative integers
is due to Ekhad [4].
9) first. Set
i a+b\[/b+c\[c+a
o= a+m)\b+m/\c+m
and denote the summand by F'(a,m). Obviously, the statement is true for a = 0. Thus, it
follows by induction if we show that

(a+1)f(a+1)—(a+1+b+c)f(a)=0. (341)

ProoF. We will prove (33

Our goal is to find a recurrence relation for F'(a, m) of the form
(a+1)F(a+1,m)+ (a+1+b+c)F(a,m) = G(a,m) — G(a,m — 1). (342)
It is easily verified that the function
(=1D)%a + b)!(a+ )b+ c)!
2@+ m+ D)l (a—m)!(b+m)l(b—m—1)(c+m)!(c—m—1)!

satisfies this recurrence. We have done calculations like this a hundred times in Sections 4.2
and 4.3. Summing (342) with respect to m yields (341), since the right-hand side telescopes
to zero due to the simple poles of I'(a—m+1) for m > a+1 and I'(a+m+2) for m < —a—2.

G(a,m) =
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The equivalence of (340) and (339) can be seen as follows. After shifting the summation
on the left-hand side of (339) by a, we obtain by (338)

(—1)bte i I'(—2a +m)I(—a — b+ m)T(—a — ¢+ m) (343)
[(—a=b0)I'(-a—=)l'(=b—c) = Tb-a+l+m)'(c—a+1+m)ml
On the other hand, it is by (338)
b+c\(ct+a) (—1)2*¢I'(—2a) (344)
b—aJ\c—a) T(b—a+1)(c—a+1)I(~b—c)
and by definition (335)
7 —2a,—a—b,—a—c‘ ~ Tb—a+1l(c—a+1)
2\ 1+b—a,14+c—a T T(=2a)T(—a— b)I(—a —c)
345
i I'(—2a + m)I'(—a— b+ m)I'(—a—c+m) (345)
= Tlb—a+l+m)l(c—a+1+m)m!
Now, it’s left to multiply (344) and (345) and to compare the result with (343). [ ]

Another special case of a hypergeometric function is the (generalized) binomial series

(1+2)" = mi (Z)w - 1F0<_00‘ ( —x), (346)

which converges absolutely for all |x| < 1 and complex «. The second equality in (346) is
due to (338). In the next lemma we exploit the fact that we have a closed form expression
for the binomial series and prove identities for the sum

X T (p+ 2
Co(z) := pZ_(]p“Pngf)):c”, (347)

foraeZ,0<a<9.
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LEMMA 49. Let C,, be defined as in (347). Then it is for |z| < 1

T
N
Ci(z) = 20— 232 (349)
VTE
Cola) = o= gy e + ) (350)
T
cg@>:2%;fxﬂu@2+um+4y (351)
Cu(z) = 24(1%”3)9/2 (2 + 362” + 60z + 8), (352)
— X
VT 4 3 2
Cs(z) = A= (z* + 1162” + 5162° + 296z + 16) , (353)
— X
VT 5 4 3 2
Co(x) = L 2T (2% + 3582" + 35082° + 516822 + 13282 + 32) , (354)
— X
VL 6 5 4 3 2
Cr(2) = 5rp s (2° + 10862° + 211200 + 642401° + 429602 + 5664z +64)
— X
(355)
VT 7 6 5 4 3 2
Cs(z) = 28(1)17/2(&0 + 327225 + 1186322 + 6608802 + 90056023 + 320064z
— X
+ 23488 + 128), (356)
Ve 8 7 6 5 4
— X
+ 107251842 + 222572822 + 95872 + 256). (357)

PROOF. By Euler’s reflection formula (327) it is

L (p+3)
L'(p+1)

— (—1)Pn

Thus, we rewrite

Cuta) = x4 350 (F) o (358)

1

o) =7t Y () (- - (”

=\p 1—1)2

by (346). Inside the radius of convergence |z| < 1 of Cp, we are allowed to interchange
summation and differentiation, and thus obtain after differentiating & times

Ci(x) :=m k-1 gk

0 1
1) (p— 2 ) (=P =1 ,
Soip-1)-0 k(7)o o %

N
[NIES
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Hence, for a = 1 the two series C(z) and C}(z) coincide and take the value
T3

2(1—x2)7

Note that p(p —1)--- (p — k + 1) = k!(?), and thus

Cio(z) = w2 k! i (i) (‘j) (—xz)P. (360)

p=0

Ci(z) =

Next, we express each power p® as a linear combination of binomial coefficients for 1 < k < a

P = ,;1 cik! <Z> + al (5) (361)

Then it is by (358), (360) and (361)
Ca(z) = Y. cxCi(@) + Cala). (362)

The solutions of the systems of linear equations (361) for the coefficients ¢j, are
a=2:¢c =1,
a=3:¢c1=1,c5 =3,
a=4:c1=1,¢c0="T,c3 =6,
a=95:c1=1,ca =15,c3 = 25,¢c4 = 10,
a=6:c1=1,c0 =31,c3 =90,¢c4 =65,c5 = 15,
a=T:c1=1,c0 =63,c3 = 301,cq4 = 350, c5 = 140, cg = 21,
a=8:c1=1,c0 =127,¢c3 = 966, c4 = 1701, c5 = 1050, cg = 266, c; = 28,
a=9:c1=1,c0 =255,c3 =3025,c4 = 7770, c5 = 6951, cg = 2646, c;y = 462, cg = 36.

Now the expressions for Ca(z) to Co(z) follow by plugging in these values into (362) and
the knowledge about the value of Ci(x) from (359). [ ]

7.2.2. Upper Bounds. In the following we give an upper bound for Kummer type
and Gauss type generalized hypergeometric functions, respectively. These bounds where
first mentioned by Luke [6] without proof. Several years later, Karp [5] gave two different
proves of them. We sketch the first one to be self-contained.

LEMMA 50 ([5]). Define for each k = 1,...,q the elementary symmetric polynomial
er(T1,...,2q4) = Z Tjy o Ty (363)
1<ji<ja<-<jr<q
Let r = 0 and assume for all k =1,...,q
€k(61,...,ﬁq) >ek(a1,...,aq), (364)
and that every elementary polynomial is non-negative. Then
qu<Oéla-..,Olq‘T><1+(€7‘_1)f1’ (365)
ﬁla F) Bq
T o
with f1 = H —. Moreover, let A\ > 0. Then it is for0 < x <1
k
k=1

Aaq, ..., 1
() < (e ) -
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PROOF. Let

(e +m)T'(Br)
HF 6k+m)

be the coefficient of -y in the definition of ,F, | ¢ = %4
m: - a\ B .. ﬂq

r). Then it is by condition (364)

k

fm+1 H ap +m _ Z%:1 ek(al,...,aq)mk <1
CBetmo Y gew(Brs., Bgm

Thus, the series of coefficients f,, is decreasing and f,, < f; for all m > 1. This implies for
r=0

o1y, © . m )
F(G ) =1 St <1 n Y T 1 e )

To pass from (365) to (366), we use that
0
a1,...,0q ‘ ) —yr, A—1
F rle Yt dr
J;) I q<617"'75q

— ﬁ;‘ k) i ﬁ (ak +m foo e YrpAtm=1 gy

0
q © q —m
) ,Bk) Otk + m
=y H F'A+m H
v Do) =) Pl L'(Br +m) m'
A Qe
A s b1y s g —1
=y TNy F ( | )
( )Q+ 9 517"'7/8(]
by (331), if A > 0 and 0 < y~! < 1. Integration of the right-hand side of (365) as well, and
setting x = y~! completes the proof. [}

7.3. Bessel Functions

Next, we eventually reach our main object of interest, the Bessel function. Similar to
the two previous sections, we first give an overview on how the Bessel function is defined
and list its basic properties to an extend that is sufficient for our purposes, including for
example its representation as the integral (373) and the Poisson Integral (377). In that part
of the section, we closely follow [1]. Afterwards, we deduce upper bounds on J,. Especially
Lemma 55 is very important for the series expansion of products of Bessel functions we
develop in Chapter 2. This result builds upon a work by Krasnikov [10]|. In the last part
of this section, we state some results from the theory of integrals of two and three Bessel
functions, that are crucial for our work in Chapter 3. The most valuable ingredients there
are Kapteyn’s Lemma 56, as well as Lemmata 57 and 58.

7.3.1. Definition and Some Properties. Bessel functions are solutions y(z) of Bessel’s
differential equation

2
22 jzg % + (22— 1)y =0 (367)
for arbitrary v € C. By plugging in the ansatz function
o0
_ Z szoz+m
m=0
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into (367) upon the condition that ¢y # 0, we find the formal solution
2

Julz) = (;)szzo m!F(EJ—i):I—i- m) <Z4> ’ (368)

called Bessel function of the first kind of order v and argument z. For non-integers v the
second linearly independent solution is J_,(z). If ¥ = n is an integer, it is

J_n(2) = (=1)"JTn(2). (369)
This can be seen by setting m = [+ n in (368). Then

-1 l+no—2l—n 2l—n
1) 2” 2l4+n ) 2” 2l4+n

a
= T+ )+l l'F(n+1+l)

Since the gamma functlon has simple poles at the non—p081tlve integers, the first sum van-
ishes.

. _ 1
Setting v = —3

Later in this work we need the Bessel functions J_ 1 and J 1 of order %
in (368) and using Legendre’s duplication formula, We obtaln

_1)m2—2m+%

1 i (=yme2m (370)
0

Likewise we yield for v = %

Ji(z) = (2> : sin(z) (371)

In [1] Oliveira e Silva and Thiele define the Bessel function of the first kind of integer
order n € Z and non-negative argument r > 0 via the identity

e (r) = 2m(—i)" Ty (|r]) e o) (372)

which is, by a simple coordinate transform, equivalent to the integral representation

I sin(0)—inb
o _ ir sin do.
In () 5 J_W e (373)
Then they use (373) to deduce the recurrence relations
Tn-1(r) = Jns1(r) = 2J5,(r), (374)
2n
Jn—1(r) + Jps1(r) = TJn(r) (375)

in the sense of meromorphic functions. Adding and subtracting (374) and (375) results in
rJ) (1) + ndn(r) = rdn—1(r),
rJ) (1) — ndn(r) = —rdnpe1(r).

Alternatively one can write

;;( " a(r)) = Tna (r),
L () = ) (876)
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Elimination of J,_1(r) in this last system then leads to

dir (rl_”djgy) + nr_”Jn(r)> + 7L (r) = 0,
which is equivalent to Bessel’s differential equation (367). Thus, both representations (368)
and (373) of J,(z) are a solution of (367) with initial values Jo(0) = 1 and .J,(0) = 0 for
n € Z\{0}. The equality of the initial values J}(0) and J},(0) for n € Z\{0} follows from (368)
and the recurrence (374), respectively. By the Picard-Lindelof theorem on the existence and
uniqueness of the solution of an ordinary differential equation, (368) and (373) have to be
identical for integer orders n € Z. By a very similar argument, Oliveira e Silva and Thiele
show that (373) is equivalent to the Poisson integral

In(r) = () ) fﬁ cos(r cos(6)) sin(0)>"d6. (377)

Fn+3)T(3) Jo

Let us at this point for the sake of completeness at least mention the Bessel function
of the second kind as well as briefly draw a connection between the Bessel function and
hypergeometric functions.

REMARKS 51. (i) Since for integer-v the two solutions J, and J_, are no longer linearly
independent, we need a different second solution in this case. For general complex v the
second linearly independent solution of Bessel’s differential equation (367) is
Jy(z)cos(vm) — J_,(2)

sin(v)

Y, (2) = (378)

It is called Bessel function of the second kind of order v and argument z. In the case of
integer order ¥ = n the function is defined as the limit
Y, (z) = lim Y, (2)
vV—n
1 0J,(z)

T OV

v=n v=—n

(ii) The Bessel function of the first kind (368) can be expressed in terms of the hypergeo-
metric function ¢F7, the so-called confluent hypergeometric limit function. It is

(5)" 2
Jo(2) = —22oF ’ 2.
A Yt 1<u+1 4)
Now, we move on with a further exploration of Bessel functions of the first kind.

7.3.2. Upper Bounds. One of the simplest upper bounds on J,(r) for real r and
n=0is
"
S 5o Ty
2"I'(n+1)
which follows from Poisson’s integral (377). For complex values z, the integral representation
(373) provides us with another simple and useful bound

| (2)] < ™), (380)

| Jn(7)] (379)

Next, we are interested in an upper bound on the function (gr)% Jn(r) for integer orders
n = 1, which is uniform in 7 > 0. In order to achieve this goal, we combine two inequalities
Krasnikov proves in [10]. The first one is valid in the monotonicity region 0 < r < n + % of
the Bessel function.
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LeEMMA 52 ([10]). Letn >0 and 0 <r <n+ 3, then

1
2§ n n2_r2
In(r) < 54— T1e2n+1.
37T (3) n}

The second one provides a bound for the oscillatory part of J,.

1
LeEMMA 53 ([10]). Letn > andr > (n® — 1)2, then

(7‘2 i i) ()] < <2>é |

T
For the sake of self-completeness we sketch the proofs of Lemmata 52 and 53.

PROOF OF LEMMA 52. Set uy(r)
equation (367) implies that

r~"Jp(r) for n = 0. Then Bessel’s differential

rup (1) + (2n + Dul,(r) + ruy(r) = 0,
and therefore, since 0 <r <n + %

0< (un(r) + u;L(r))2 < up(r)? + antl

or, equivalently,

rtn(r)2 + (2n 4 1)ty (r) + r = 0.

Here we put t,(r) = ZIZEQ It follows that

b(r) ¢ (_271—&—14—\/(;7}4-1)2—47'2

2r
’ 2n+1+\/(2n+1)2—4r2> '
2r

It is lim, o+ SRV —a0, but (376) and the Poisson integral (377) for J,(r)
imply that lim,_,g4 ¢(r) = 0. Thus, it is

2
t(r) = .

— =
2n + 1 +4/(2n + 1)2 — 472
Integration of the above inequality yields

n 2 .2
In un(n) - _j 2s d n®—r

2r
n+1

un(r) ~ r2n+18__2n+1'
This, together with the inequality J,(n) <

1
22732; by Lorch from [11], proves the claim.
83T(3)ns

|
The proof of Lemma 53 is based on the theory of Sonin’s functions. It would go beyond

the scope of this work to go deeper into it. As a brief explanation, let us at least state the
definition. Let y(z) be a solution of

y"(x) + a(x)y (x) + b(x)y(z) = 0, b(z) > 0.
Then the function

is called Sonin’s function. It is an envelope of 32 and coincides with it in all of its maxima.
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I

1
PROOF OF LEMMA 53. Set v,(r) = (r> —n?+ )% J,(r) and n = (n> — 1)2 > 0 for
n = % For r = 7 the result is trivial.
Now let r > 1. By Bessel’s differential equation (367), one easily verifies that the function

vp () satisfies the differential equation

vl (r) — a(r)vl(r) + b(r)vp(r) = 0, (381)

with a(r) = T(ﬂnan) and

Then, th Sonin’s function is

S(r) = v2(r) + ——0'2(r),

b(r)
which is an envelope of v2(r), as stated above, and coincides with v2(r) in all the maxima.
Due to (381) the derivative of S can be simplified to
241°r°(r? — ) (41 + 0?)

v, (r) = 0.

S'(r) = ((r2 —n?)3 + n2(6r2 —n2))2 "

Thus,

1

lon ()] < (TILHO% S(r))?

1
Using the recurrence relation (374), the asymptotics J,(r) ~ (2)? cos (r — ZF — Z), that

can be deduced from Corollary 5, and some algebra we arrive at the desired bound lun (r)| <

(2)%. .

s
REMARK 54. Actually, the inequality we stated in Lemma 53 is true for all positive

1
arguments 7 > 0 and the constant (%) 2 is sharp. The interested reader is referred to [10].

1
Finally, we have everything we need to deduce a uniform upper bound on (%r) 2 Jn(r).

LEMMA 55. Let ne N,n = 1. Then it is

(;Tr)é Tn(r)] < (n + ;) '

for all r = 0.

The second inequality above can be seen by taking a closer look at the function

2_.2

1 n"—r

r"tae zntt (382)
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for0<r<n+ % Its derivative in r is

n2_p2

e 2n+l 7""_% (4n2 +4n — 49 + 1)
2(2n + 1) ’

which is positive for all the values of r, we are interested in. Thus, we take the right boundary
1
value of (382) as an upper bound. In the step following this, we estimated (1 + %)n <e2.

NI

Beyond the monotonicity region, for r = n + % > (n2 — %) , Lemma 53 gives

for alln > 1. [ |

7.3.3. Integrals Involving Bessel Functions. Infinite integrals involving Bessel func-
tions have been of great interest around 1900. A vast amount of identities and formulae
have been produced in this era. A great, but by far not comprehensive, overview provide

the book by Watson [2] and the series by Erdélyi et al. [3]. In our analysis of I(n) we
fall back on some known results about Bessel integrals. The first one is a generalization
of Kapteyn’s identity [7], which has already been a crucial ingredient for the results of our

companion paper [1].

LEMMA 56 ([1]). Let m,n =0 and 1 <k <m+n. Then
T (7) T () Fdr =

0 F(m+n+k+1)lﬂ(mfn2+k+1)r(nfm2+k‘+1)

Joo 2fkr(k)r<m+n;-1—k)

2
The second one is due to Oliveira e Silva and Thiele and investigates the case of an
additional trigonometric factor cos(2r) or sin(2r) under the integral.

LEMMA 57 ([1]). Let m,n >0, and 1 <k <m + n.
If m +n+ k is even, then

o0
J T (1) T (1) cos(2r)rFdr = 0.
0
If m+n+k is odd, then
0 0]
f T (1) T (1) sin(2r)r*dr = 0.

0

Luckily, there are still closed form expressions when we replace cos(2r) and sin(2r) by
cos(4r) and sin(4r). However, they are a bit more complicated and involve the hypergeo-
metric function 3F5.
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LEMMA 58. Letn >0 and 0 <k <4n—1. Then it 1s
o0
J Jgn(r) cos(4r) rh =gy
0

T 19, L'(4n — k) n+ i oam—Eop—E4 Ll 1
_ T4 _k>22k 12n F 29 2 2 2)7
C%(2(” ) T(2n + 1)2°2 o+ 1,4n + 1 1

(383)

and

JOO J3.(r) sin(4r) r~*"Ldr
0 (384)

1 k k 1
_ s (g(4n B k)) 52h—12n T'(4n — k) <2n +35.2n—5.2n—5 + 3 ‘ 4)

T(2n+ 1)2° 2 o +1,4n + 1
This is a special case of the following lemma.

LEMMA 59. Let Re(A+ p+ v+ p) > 0, Re(A) < 3 and b real and positive with b > 2.
Then

L " T T ) T, by = - (i)A b sin (S04t v )

FEA+pu+v+p) T (FA+p+v—0p)
T(p+1) I'(v+1)

. Tpu+v)+ 3 u+v) + LI+ pu+v+p), %(/\—Fu—i-l/—p)‘ 2\?
s p+lv+lp+v+1

b

This result was first proven by Bailey [8] and Rice [9] almost simultaneously. We vaguely
follow the proof in [3] vol. 2. Tt relies on the following identity.

LEMMA 60. Let —Re(p) < Re()\) < 5. Then
© r A
f Al gy _ gh-1 (3(n+N)

Ju(r)r
o ! L(A(p—N+1)
PRrROOF. Note that the assumptions on A and p make the integral absolutely integrable.
We consider the integral

0 2
f Ju(r)yrr e dr
0

with the aim of letting v tend to zero later. We replace the Bessel function by its Taylor
series at 0 (see (368))

fa>J () ledr = }] (yra t[w AR 2m L= g, (385)
0o N D+ 1+ m)m! '

Substituting 472 by s and identifying the gamma integral in s gives

221 i T (3(u+ A) +m)
)

—y) " 38
3 () T(p+ 1 +m)m! (=) (386)

m=0
The process of interchanging integration and summation in (385) is justified by the theorem

of Fubini-Tonelli. In fact, we estimate
r\m 2
< 27;17,)\+u71674'yr2 < (5) >

(_1) 2—2m—u r)\+u+2mflef4'yr2
C(p+1+m)m!

m)

and see that

2
r\m o's)
5 2
f E 2~ MT,AJru 1 —477" ((2>' ) drgJ‘ Q*MTAﬂhler—zwr dr < oo
m:

0
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provided that Re(A + ) > 0. Now we multiply and divide (386) by I' (3(1 — A) + 1) and
identify the Beta integral (329) to obtain

9A-1 i 1 (—y)™ jlt;(u+>\)+m—1(1 t)é(u—/\) dt (387)
3 ST (- N+ m |

Looking carefully at the last line reveals the exponential series, which is uniformly convergent
on any compact interval. We thus can drag the sum into the integral and (387) turns into

271 1
A2 WAV T (3(—A) +1)

1 1 1 t
j -1y Ee-N~E gy
0

where we now substitute s = % and get
2A—1
L(3p—XN)+1)

Finally, we let v tend to zero, and end up with

1
J‘7 s%(’“’\)*l(l - ’ys)%(’“’\)e*s ds.
0

foo A1 22! S
Ju(r)r " Hdr = f s2WTAV ™8 dg
o T ($(p—X) +1)
_ T (A(u+N)
F(3(p—XN)+1)’
by the gamma integral (325). ]

Now, let’s turn to the proof of Lemma 59.

PrROOF OF LEMMA 59. In a first step, we consider the product of two Bessel functions
of different orders p and v but the same argument z. We expand the Bessel functions into

their exponential series (368) and collect the coefficients of <—%)m. Then

2

et a2\ 1
Ju(2)Ju(2) = (5) mZ:]O <—4> ;)F(M+1+ml)F(V+1+l)F(m+ll)l!'

Note that a quick rearrangement of relation (338) implies that

(L(m)L(1 —m)

Pm=0) =50

Using this for the first and third factor in the denominator above, we identify a hypergeo-
metric function and the right-hand side of the second last line turns into

2\ I & 2\ 1 —U—m,—m
) X (-5 o F) ).
2 = 4 v+ 1)I'(p+1+m)m! v+1

Next, Gauss’ hypergeometric identity Lemma 47 provides us with a closed expression
for this hypergeometric function. This and Legendre’s duplication formula (328) leads to

w1 L F(l(,u—ky)~|—l—|—m)r(l(,u-|—l/)-l-1—|—m) m
Ju(2)Jy(z) = 2" 2mZJOF(Mj1+m)r(j+1+m)%(M+V+1+m)m! (_22) '

(388)
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Now, we replace J,(r)J,(r) in §;° J,(r)J, (r)J,(br)r*~1dr by (388) and integrate term
by term

j ()7, ()], (b}

i D™C (A(u+v)+3+m)T (3(p+v)+1+m) foo I, (bt vezm =g,

1
T oAt u+1+mﬁ@+1+mﬁw+u+1+mwﬂ

m=0 0

We treat the remaining integral with Lemma 60 and apply the reflection formula (327).
This way we obtain

A
L ooatutor (1 e sin <7F(>\+#+V—P)) i (gp+v)+5+m) T (Gp+v)+1+m)
5 b 2 C(p+1+m)T(v+1+m)

T2 m=0

LA +p+v+p)+mT(GA+p+v—p)+m) <2>m
T+ v+ 1 +m)m! 2

We take a closer look at the series above and eventually identify it as the claimed
hypergeometric function.

L+ +3) TG+ + DT GA+u+v+p) T (GA+p+v—p)
P(p+1)P(p+v+1) T(v+1)

o T(u+v)+ %%W+V%+LHA+M+u+p)aA+u+y—m‘ 2\
s p+lLv+1lu+v+1 b ’

After one application of Legendre’s duplication formula (328) the proof is finished. [}

Now we are ready for the

PRrROOF OF LEMMA 58. The claim follows by (370) and (371), respectively, and Lemma
59. Note that

2 2n+%,2n+1,2n—%,2n—§ é’ _.F 2n+%,2n—§,2n—g %’
a3 on+1,2n+1,4n + 1 1) 37 on +1,4n + 1 4
]

REMARK 61. Another consequence of Lemma 59, in combination with (370) and (371),
is that Lemma 57 remains true when the argument 2r of the trigonometric functions is
replaced by 4r.

7.4. Sine and Cosine Integrals

In this section we consider integrals of the type

J:o cost) LOO sint) . (389)

(Al tn

which play an important role in the numerical part of the proof of our main Theorem 3 in
Chapter 5. More precisely, we proof two asymptotic expansions with error bounds. Lemma
62 is for n = 1, while Lemma 63 deals with n = 2,3,4. In the literature some of these
integrals have particular names

Ci(z) = — f B Coi(t) dt, (390)
and
Si(z) = fo ’ Slr;(t) dt, (391)



are the so called cosine and sine integral, respectively. Actually, more than in the sine
integral, we are interested in its complement with respect to integration along the positive
real axis. That is

©

si(z) = —f sinft) . (392)

= t
Here we stick to the established notation, which calls for the minus signs in front of the
integrals in (390) and (392).
The following lemma gives pleasantly simple and increasingly accurate approximations for
Ci(z) and si(z) for large x. As a byproduct it also shows that the integrals (390) and (392)
converge in the first place.

LEMMA 62. We have that

Ci(z) = 3 ) 0 geale), (393)

Ci(x) = sinwrv) B CO;QZL‘) B 2sir;gx) T ges(@), (394)
and

si(z) = —Cosafx) _ Siz(f) + goa(@), (395)

si(z) = —Coi(x) - Sh;f) + 2C°;gx) + gs3(@), (396)

where |qe2(x)| and |gs2(x)| are at most %3 and |qe3(z)| and |gs3(z)| are not greater than
12

Ij‘
PROOF. For the proof of (393) we integrate Ci(x) three times by parts and obtain
Ci(z) = sin(z) cosgx) B 2SiI13(£L’) N JOO Gsij(t) it
T x T . t
Thus, it is
2sin(x) “ 6sin(t)
eate)] = |- 25 [ Oy

4

3
The proof for each of the three remaining asymptotics (394), (395) and (396) follows the
same lines and is left to the reader. ]

Note that we can obtain arbitrarily accurate asymptotics and inequalities for Ci(z) and
si(x) this way. Moreover, the proof of Lemma 62 shows that via partial integration we can
link the standard cosine and sine integrals to the integrals (389), where the factor 1/t occurs
in higher powers. For example for arbitrary a € R the substitution at = s yields

joo sin(at)dt _ ajoo sin(s)ds

2 2
T t ar S

S ar S

. [_sin(s) ”

. f . COS(S)dSI (307)

ax

= sin(ex) _ a Ci(ax).

T

A similar calculation leads to

foo cos(at) cos(ax)

2 dt = . + asi(az), (398)
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as well as

LOO Si“tga” dt = Sigg) + acoz(jm) + ajsi(ax), (399)
LOO Costgat)dt _ co;;c;:v) B aSiHQ(;Lx) N a; Ci(az). (400)
LOO sint(élat) gt — sir;;c;x) N aco;ic;:v) 2 sinﬁ(;w:) N (L;Ci(aaz), (401)
LOO cost(4at) i — co?s)iix) - asiré(xazx) 2 0056(53;) B assi(ax). (102)

Combining the above identities (397) to (402) with Lemma 62 we obtain nice asymptotics
for the integrals (389) for n = 2,3, 4.

LEMMA 63. Let gc2(x),qs2(x) and q.3(x),qs3(x) be as in Lemma 62. Then we have
for large x

% sin( at cos(azx
L = a;Q ) - GQC,2(CL$)7
© co sin ax
J = aE’cQ ) + ags2(ax),
“ sin(a (12
qs,2(ax)7
2
“© cos(a a2
QC,2(ax)a
2
o SlIl at a3
5 —qe3(ax)

© cos(at a’
J tgl >dt = —qujg(aa:).
X

7.5. Other Useful Inequalities and Identities

This last section gives a home to all formulae and estimates that don’t fit anywhere else,
but nevertheless have proven to be extremely helpful and important during our journey
through the proof of Theorem 3. Lemma 64, for example, is used very often to estimate
rational functions with factorizing enumerator and denominator like

q(n) =

with z; e Ryn # x; for ¢ = 1,...,5. Moreover, in the analysis of the main term in Section
4.4, we are very grateful for the summation identities Lemmata 66, 67 and 69 provide for
the objects

(n+x1)(n+ z2)(n + z3)
n(n + x4)(n + x5)

$o $ g pplUE D))

t=0 p=n+1 =0 F(j + 1)F(p - j + ]-)
respectively.

We first present Lemma 64, that proves the following second order exponential function
estimates, that are useful to bound functions like q.
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LEMMA 64. It is
142> e 2" (403)
forall0 <z <2, and
1+ <et % (404)
forallO<5<% andOéxé%—(%)%.
PROOF. Let’s call 1 + 2 =: f(x) and e*~9%" =: gs(z). It is

%( f—g5)(®) = 1— (1 262)gs(),

T (f = g5)(@) = (26 — (1 - 262)")g5 ).

It is immediately apparent that f — gs, as well as its first derivative, vanish for z = 0.
Furthermore, the second derivative is zero at the two points

1 1
n0 =55 Ve
1 1

This means that the first derivative is extremal for x1(d) and z2(J). Moreover, we find that
(f = 90) (@1(8)) = 1~ V2863 (72),
1

which vanishes for ¢ = 5 and tends to —o0 monotonically for § < %, 0 — 0 by I"Hospital’s
rule. The other extremum satisfies

(f = 95)'(22(0)) = 1+ v20ei(G72) > 2
for all 0 < § < % Consequently, the derivative (f — g5)’ is minimal at x1(4).

In the case of § = %, this implies that the derivative is always nonnegative for all

z1(3) =0 <2 <2=u(}). This, together with the fact that (f — g%)(O) = 0, proves
(403).

i 1 i i =L (L _
Next, we consider the case 0 < § < 5. Note that in this case x1(0) = 753 (\/ﬁ 1) > 0,

and thus that (f — gs5)'(z) < 0 for at least 0 < z < x1(J). Since (f — ¢s5)(0) = 0, we also
have (f — gs5)(z) < 0 in this range of x. We now show that we can actually at least double
the size of the interval where f — g5 is negative. To this end consider

(f —95)(221(0)) = 1 + % - %— N3,

Since § < % we have that \/% — 2 > 0 and hence it is

2
\/5_2 2 1 2
o - — -
e >1+\/; 2+2< 5 2)
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Next, we take a closer look at the function

e(m,a,b) := (1 + g)m%

m

(405)
for positive integers m and a, b € R.

LEMMA 65. The function e(m,a,b) satisfies the following bounds.
(i) Ifa <0 and 2b —a >0 ora > 0 and 2b —a < 0 then
e(m,a,b) < e

ab

—a”

Jor allm > o

(i) If both a > 0 and 2b —a > 0 or both a <0 and 2b —a < 0, then

e(m,a,b) > e*

—ab
for all m > 5%

PROOF. It is by the definition of the exponential function
lim e(m,a,b) = e®.
m—00
To prove the assertion we show that e(m, a, b) is monotonously increasing in m if a, b satisfy
the conditions in (i), and that it decreases in the case of (%i). To this end we calculate

de(m, a,b) _ (£+ 1)"“” <1og (% +1) - ““’”’”) (406)

om m m? (% + 1)

and set

_ a ab+m

é(m) = log (— + 1) — #
As the first factor in (406) is always positive, the sign of the m-derivative of e is determined
by the sign of é. It is obviously lim,, o é(m) = 0. In the following we show that é is
decreasing under the conditions in (i) and increasing if the conditions in (i) are satisfied.
We then can infer that é(m) > 0, or é(m) < 0, respectively, in the claimed range of m,
which immediately implies that e(m, a, b) is increasing in m or decreasing, respectively.
We determine the derivative of €

de(m)  a(a(b—m) + 2bm)

dm — m2(a+m)? (407)

Since the denominator is always positive, we only have to check the sign of the numerator.
If a <0 and 2b —a > 0 it is negative iff

ab+ (2b —a)m > 0,

which is satisfied for all m > QZKI;. If a > 0 and 2b — a < 0 it is negative iff

ab+ (2b —a)m < 0,

which is again satisfied for all m > 2;?;. In the cases a,2b —a < 0 and a,2b — a > 0, the

right-hand side of (407) is positive if ab+ (2b0—a)m < 0 and ab+ (2b—a)m > 0, respectively.
They both are satisfied for m > 2;?2. [

Now, we turn to formulae for the g-th powers of the first n positive integers Y}, ;¢9. For
the sake of completeness we give a general proof of how to derive such identities and state
the result for ¢ = 2,...,8.
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LEMMA 66. Let n and q be nonnegative integers, and set Sq(n) = Y (t9. Then it is

S(n) = én(n S 1)En+1), (408)
S3(n) = inZ(n +1)2, (409)
Sy(n) = %n(n +1)2n+1) (3n® +3n 1), (410)
Ss(n) = 112 2(n+1)*(2n* +2n — 1), (411)
Se(n) = %n(n +1)(2n+1) (3n* + 60 —3n + 1), (412)
So(n) = 214 2(n+1)? (3n* + 6n° —n® —4n + 2), (413)
Sg(n) = % n(n+1)(2n + 1) (5n° + 15n° + 5n* — 150> —n® + 9n — 3) . (414)

The proof consists of two steps. The first is to show that the sums S, (n) are polynomials
in n. The second one is to verify the stated coeflicients.

PROOF. One of the most general ways to approach such summation identities, if you
don’t want to find yourself stuck in tedious induction steps, is via binomial coefficients.
These have the nice property that

¢ t t+1
- 41
(1) () - (53) -
which makes >}, (,’;) an easy to evaluate, telescoping sum
- B = 416
S-S0 - (L)) 6 ”

for arbitrary integers 0 < k < t. Since the binomial coefficient (,tc) is a polynomial in t of
degree k

k! ’

Now, we replace t? in the definition of S;(n) by the above relation and evaluate the sum in
t with the help of (416). This way, we obtain

— n+1 n+1
! 417
Z:: <k+1> q(q+1> (417)
and it is immediately apparent that S;(n) is a polynomial in n of degree n + 1.

To verify the coefficients stated in the lemma, one can now either validate them for
example by testing, or determine the coefficients a; for each ¢ by solving a system of linear
equations.

In the case of ¢ = 2 this system consists of one equation that reads a; — 1 = 0, coming from
the condition ait + t(t — 1) = t? and hence,

So(n) = (“‘2”> +2(";1> _ én(n—l— 1)(2n +1).
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The coefficients for 3 < ¢ < 8 are
qg=3:a1 =1,a9 =6,
q=4:a1 =1,a3 = 14,a3 = 36,
q=>5:a1 =1,as = 30,a3 = 150, a4 = 240,
q=06:a1 =1,a0 =62,a3 = 540, a4 = 1560, a5 = 1800,
q="T:a1 =1,a2 =126,a3 = 1806, ay = 8400, a5 = 16800, ag = 15120,
qg=28:a1 =1,a2 = 254,a3 = 5796, ay = 40824, a5 = 126000, ag = 191520, a7 = 141120.
[ |

Next in the line of useful identities is the following one for the tail of the geometric series
and a related series.

LEMMA 67. Let |z| <1 and n be a non-negative integer. Then it is

0 n+1
5 -t
1—a’
p=n+1
0 n+1
Z p(p? — 1)aP = (n3(1 —2)} + 301 —2)* +n (:Us — 627 + 37 + 2) + 62) T
p=n+1 ( __x)
PROOF. The first assertion follows directly from the well-known identity
n 1— n+1
P (418)
11—z
p=0
and its limiting case for n — o0
oe}
DlaP = L (419)
1—=z

p=0
For the proof of the second assertion of the lemma we take the second and the third derivative
on both sides of (418), and obtain the identities

- a" (na? —n?(1 — z)* —n — 2x) 2

—1)gP 2 =
pz_;)p(p 1) 0 ovs TP (420)

for the second derivative, and

- bz " (=n*(1 — 2)% = 3n’z(1 — 2)® — n(z(2z + 5) — 1)(1 — z) — 62?)
Y. pp—1)(p—2)a"? = 1= 222
p=0
L6
(1—a)t
(421)
for the third one. Since by the same technique applied to (419)
- 2
p(p— a2 = ——, (422)
= (1—2x)
and
S 6
Diplp—1)(p—2)2" 7 = ———, (423)
= (1—2)
we deduce from (420) and (422) that
& 2" (na? —n?(1 —2)? —n -2z
> pp—1)aP = - ( 1= 2)? ) ; (424)

p=n+1
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and from (421) and (423) that

0
> pp—1)(p—2)a”
p=n+l (425)
2"t (=n3(1 — 2)? — 3n?z(1 — )% — n(z(2z + 5) — 1)(1 — z) — 62?)
- (1—a) '
Now we write p(p? — 1) = p(p — 1)(p — 2) + 3p(p — 1) and the claimed identity follows from
(424) and (425). N

Last but not least, we present a way how to establish closed form expressions for sums
of the kind

PTG )T i+ )
2T Ty 1)

that occur in Section 4.4. Here, ¢ is a polynomial in j. The key ingredient in this task is

the following central binomial convolution identity.

LEMMA 68. Let p and k be non-negative integers such that k < 5. Then it is

i it (p=3) <2j> <2(p—j)> _popae (2RI p!
SR p-i-RI\i/\ p—i K (p—2k)
where the double factorial n!! is for odd n defined by

n”_{n(n—Z)'...'S-l, n > 0 odd,

1, n=—1.

L
)

PROOF. By the duplication formula (328) it is

2]9 _o2p flr(p_‘_%)
( )‘2”2r<+ |

p p+1)
Moreover, the reflection formula (327) implies
C(p+3) (=px
Clp+1) T(3-p)Tp+1)
(~Lrr  T(3)

Thus, the central binomial coefficient can be expressed as

(3)-cm()

Consequently, the generalized binomial theorem tells us that

o0 2 o s 1 )
S (Dm0t e
p=0 \P p=0 P

For x inside the radius of convergence of the series in (426), we are allowed to interchange
summation and differentiation. Differentiating the left-hand and the right-hand side k times
yields

k

e}
p! 2p\ ._ x
p:
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Next, we square both sides of (427) and obtain the identity

0 P . . . s 2k
Z Z p j)k <2j> (2(p ?))2—2p+2k] P = [(Qk _ 1)”]2 T g
=5 e AN AN (1—x)
(428)
On the other hand, from differentiating the geometric series 2k times we know that
i :L'Qk
= (p— 2]<: (1 —z)2k+
By comparing the terms of (428) and (429) we can thus infer that
i L =) <2j> <2<p - j)>2_2p+2k _ @ - p
= ( (p=i=kI\J/\ p—j 2R (p = 2K)!
Since
[(2k —D)U* 2k — D)
(2k)! Ko
the claimed identity follows. [}

With the just proven lemma at hand, we have all we need to prove the following iden-
tities.

LEMMA 69. Let p be a nonnegative integer and

i +3)T(p—J+3)
= ] +1)l(p—j+1) °
Then
B(0) =, (430)
B(1) = 5p. (431)
B(2) = %p(?»p +1), (432)
T 9
B(@3) = gp (5p +3), (433)
B(4) = 57 o (35p* + 30p° + p —2), (434)
B(5) = ﬁpQ (63p® + 70p* + 5p — 10) (435)
Y
B(6) = 2107 (231p° + 315p* + 35p° — 75p* — 2p + 8). (436)

PRrROOF. Using the duplication formula (328), we find that
PG+3)T(=i+3) _ <2j> <2<p - j))
PG+l —i+1) i)\ p—ij
Thus, (430) follows directly from Lemma 68 for k = 0.
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For the proof of (431) we make use of the fact that

- T(+3)T(p—i+53)
B = 2 I g~ + 1)

P+ (p—ij+3)
L= DT e+ )

= pB(0) — B(1),

by symmetry of the summand. Hence, it is B(1) = £B(0) = Tp. The same trick applies for
a =3 and a = 5 as well, and lets us determine the value of B(a) recursively from the values
of B(0),B(1),...,B(a—1).

For the even powers of j, that is (432), (434) and (436), we have to work a little bit harder.
We write

3 =pj—ilp—Jj)
7! (p—J)!
G-l -
=2 P +p-1)+i@—p)+iG-Dp—-Hp-j-1)
j! (p—5)!
G=2'p—j—2)V

and
7° =35"p—j* (3p* +3p—5) + j° (p + 6p* — 10p) — j* (3p® — 3p* — 6p + 4)
+7(20° = 6p* +4p) —jG — DG =2 - —Jj -V —j—2)
it (=)
(G =3)p—ij—3)
Now, it is apparent, that the expressions for B(2), B(4) and B(6) follow from Lemma 68

with kK = 1,k = 2 and k = 3, respectively, together with the results for all lower orders of
j. |
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