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Abstract

In this dissertation, we study multiplications in globally equivariant stable homotopy
theory. Concretely, this means studying ultra-commutative ring spectra, which encode a
rich multiplicative structure on a family of compatible equivariant homotopy types for all
compact Lie groups. The associated algebraic structure is that of a global power functor.
This structure formalizes a collection of compatible G-Tambara functors for all compact
Lie groups G, encoding the norms present in the homotopy groups of an ultra-commutative
ring spectrum. These norms are alternatively encoded as power operations, facilitating the
calculations.

The main tool we introduce to study these multiplicative structures is globally equiv-
ariant André-Quillen theory. This is a generalization of the cohomology theory introduced
independently by André and Quillen in 1967 for commutative rings, and the corresponding
topological André-Quillen cohomology for commutative ring spectra by Basterra. This co-
homology theory is well-adapted to the study of multiplicative structures, and it is able to
detect interesting properties of commutative algebras, like smoothness and étaleness. More-
over, the topological André-Quillen theory has proven to be very useful in the construction
of obstruction theories for commutative ring spectra.

In the construction of the globally equivariant generalization of algebraic André-Quillen
cohomology, a main aspect is the handling of the power operations. This is mainly done
by considering the power operations as a twisted version of the usual power z +— z", and
adapting the classical formulas accordingly. As the André-Quillen cohomology is a non-
abelian derived functor of derivations, and the homology is a derived functor of the K&hler
differentials, we first introduce derivations and Kéhler differentials of global power algebras.
Moreover, we study the related notion of square-zero extensions. For the derivations, the
new aspect is a twisted version of the Leibniz rule for the derivation of a power operation.

From the definition of derivation and Kéahler differentials, we obtain André-Quillen co-
homology and homology by resolving global power algebras by simplicial polynomial al-
gebras, and applying the described functors. We observe that also this global version of
André-Quillen cohomology is well-suited to detect properties like smoothness and étaleness
of global power algebras, and can be used to study extensions. The low-dimensional groups
can efficiently be calculated by a short naive cotangent complex. However, the categories
of global functors and modules over a global power functor exhibit homological anomalies,
such as the phenomenon that projective objects do not need to be flat. This leads to the
failure of a long exact cohomology sequence beyond degree n = 1.

We emphasize which kind of modules we use for this thesis: Classically, the definitions
of modules as objects with an action or as abelian group objects in a category of augmented
algebras coincide. However, Strickland has shown that these two notions define different
structures in an equivariant setting by defining an abelian group object that does not come
from a module. We study an example of this phenomenon extended to the globally equiv-
ariant context, and show that it arises as a free abelian group object. Moreover, we discuss
an approach followed by Hill to resolve this discrepancy by studying global functor objects
instead of abelian group objects. For the main part of this thesis, we use the usual definition
of modules as global functors with an action by the global power functor. This definition in
fact does not depend on the power operations of the global power functor.

Finally, we also consider topological André-Quillen homology and cohomology for ultra-
commutative ring spectra. This is an interesting topic, as we expect this to give rise to an
obstruction theory for such ring spectra. As an ultra-commutative ring spectrum is a very
rich type of structure, this obstruction theory would be desirable to provide more examples.
We lay the foundation for such a theory by providing an André-Quillen homology and co-
homology. This starts by a technical consideration of model categories of modules, algebras
and non-unital algebras over such ultra-commutative algebras. We show that the commu-
tative monoid axiom of White allows one to put a model category structure on non-unital



commutative monoids in a general model category, and then use this as an intermediate step
to build topological André-Quillen objects in general model categories.

When we specialize to ultra-commutative ring spectra, we obtain a generalization of the
topological André-Quillen cohomology for commutative ring spectra of Basterra. We show
that this comes equipped with a transitivity long exact sequence, which distinguishes the
topological from the algebraic situation, where such a sequence does not exist. Moreover,
as a first step into a usage of this theory for obstruction theory, we build Postnikov towers
of ultra-commutative ring spectra using André-Quillen cohomology.
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Introduction

Motivation In algebraic topology, we exploit algebraic invariants of topological objects in
order to extract more information of the objects of study. Classical invariants are homology
and cohomology theories as well as homotopy groups. An invariant is more useful the more
structure it comes endowed with. One of the first instances of such an additional structure is
the cup product on singular cohomology with ring coefficients, which allows to distinguish more
spaces (like CP? and S? v S*, leading to the conclusion that the Hopf map n: S — S? is not
null-homotopic). This also allows to formulate structural results like Poincaré duality. When we
endow singular cohomology with even more structure, it becomes an even more useful invariant.
For example, the Steenrod squares on singular cohomology with Fs-coefficients can be used to
show that even the suspension of the Hopf map is not null-homotopic, yielding the calculation of
the first stable homotopy group of spheres as m§t#Pl¢(S) = 7/2. Furthermore, calculations over
the Steenrod algebra are a key part in analyzing the Adams spectral sequence.

Both the cup product and the Steenrod operations come from a multiplicative structure on
the representing spectrum HTFs for singular cohomology. Such multiplicative structures come in
different variants and strengths. The weakest multiplicative structure is that of a commutative
ring spectrum in the homotopy category of spectra. Such a structure induces a multiplication
on the represented cohomology, but no further structure. The richest structure is that of an
FE-ring spectrum. Those spectra support power operations on the represented cohomology and
also on their homotopy groups. In modern homotopy theory, E.,-ring spectra have become an
important object of study, and hence it is important to be able to detect such structures and
endow spectra with F..-multiplications.

In some cases, putting a structured multiplication on spectra is easy, for example Eilenberg-
MacLane spectra for rings carry Eo.-multiplications obtained by their functoriality. In other
cases, the existence of multiplications can be a subtle question. For instance on Moore spectra,
the observations that S/2 does not support a unital multiplication, S/3 does not support an as-
sociative multiplication and more generally, S/p supports an A,, but not an A, ;-multiplication,
emphasize that structured multiplications can be hard to come by. The non-existence of a uni-
tal multiplication on S/2 can be shown by analyzing Steenrod squares [4, Theorem 1.1], and
for the multiplications on S/p for p > 3 one uses (generalized) Toda brackets [3, Example 3.3].
Further non-existence results can be obtained by studying the power operations induced by hy-
pothetical Fo-ring structures. This approach is utilized by Lawson and Senger to show that the
Brown-Peterson spectra BP do not support E.-structures [40, 57].

In order to endow spectra with structured multiplication, a useful tool is obstruction theory.
The idea of obstruction theory is to start with a multiplicative structure on an algebraic invariant
associated to a spectrum, and then to lift this structure to a multiplication of the spectrum itself.
This process aims to iteratively construct approximations to the spectrum in question, with these
approximations carrying the desired structure. Whether the construction of the next approxi-
mation from the last is possible is governed by an obstruction, an element in an algebraically



INTRODUCTION

defined obstruction group, which has to vanish in order to perform the new approximation step.
If all obstructions vanish, then the spectrum can be endowed with the desired structure. For
commutative ring spectra, the first such obstruction theory was introduced in unpublished work
by Kriz [39], who tried to use Postnikov towers of ring spectra in order to show that BP is a com-
mutative ring spectrum. This approach was later carried out formally by Basterra and Mandell
in [12], who show that BP can be given an Ej;-multiplication. Another successful obstruction
theory was introduced by Goerss and Hopkins [26], who utilized this theory to show that the
Morava FE-theory spectra carry a unique F.-ring structure. This obstruction theory was also
successfully generalized to other contexts, most recently by Patchkoria and Pstragowski [51, 50]
in order to prove Franke’s algebraicity conjecture, and by Burklund [20] to show that Moore
spectra S/p”* indeed posses E,-structures for sufficiently large k. Thus, we see that obstruction
theory is an important tool for studying commutative ring spectra.

Another branch of homotopy theory that recently receives attention is equivariant homotopy
theory. Equivariant homotopy theory aims at incorporating symmetries of topological objects
into their study. These symmetries are encoded as group actions. Many homotopy theoretic ob-
jects come equipped with natural group actions, which makes equivariant methods an important
topic of research. Also for non-equivariant problems, taking an equivariant perspective can prove
fruitful. This has been illustrated most prominently in the solution of the Kervaire invariant one
problem by Hill-Hopkins-Ravenel [29]. In that work, equivariant commutative ring spectra are
used, which posses a very rich structure. In addition to the usual multiplication, they also come
endowed with so-called norm maps, which can be thought of as products twisted by the group
action.

Often, equivariant phenomena occur not only for one fixed group, but work uniformly for a
whole family of groups. Such phenomena are studied by global homotopy theory. This approach
has been formalized recently by Schwede [55], using orthogonal spectra to model global homotopy
types. The approach to study different group actions simultaneously can lead to better structural
properties of the involved objects and hence simplify the analysis considerably. For example,
Hausmann [28] was able to use this global perspective to solve a long-standing conjecture about
an equivariant generalization of Quillen’s theorem, identifying equivariant complex bordism with
the equivariant Lazard ring, which carries the universal formal group law.

One aim of this dissertation is to bring together these fields of homotopy theory and to
study globally equivariant commutative ring spectra. These are a very rich type of structured
ring spectra, coming endowed with norm maps for all groups simultaneously. To emphasize this
rich structure, Schwede calls these “ultra-commutative ring spectra” in [55], and we follow that
terminology here. In particular, we want to be able to put such commutative ring spectrum
structures on global spectra. In [55], Schwede constructs global versions of K-theory and Thom
spectra and studies ultra-commutative ring structures on these. This can be done by exhibiting
explicit models of these as orthogonal spectra and specifying point-set multiplications. On the
other hand, in previous work [61], I studied G.-multiplications on global Moore spectra. A
G o-structure is an up-to-homotopy version of an ultra-commutative ring spectrum that also
induces power operations on the homotopy groups of such a ring spectrum. It is a global version
of the notion of Hy-ring spectra as studied in [19]. T identified G -ring structures on Moore
spectra with the presence of power operations on the underlying commutative ring, and related
this algebraic structure to that of a [-ring. In particular, this shows that classical examples
like S/2 or SJi], the Moore spectra for Z/2 and the Gaussian integers Z[i] respectively, do not
support Goo-ring structures, whereas for example the Moore spectrum for Z][, %] does posses a
G oo-structure.

To further understand the structure of ultra-commutative ring spectra, and to exhibit more
examples, an obstruction theory for ultra-commutative ring spectra is desirable. A main step in

10



INTRODUCTION

building an obstruction theory for any topological structure is to choose an appropriate coho-
mology theory for the obstructions to take values in. This cohomology theory should reflect the
type of structure we are trying to detect. Classically, in the case of commutative ring spectra,
the cohomology theory of choice is topological André-Quillen cohomology. As mentioned before,
this cohomology theory was used by Basterra-Mandell [12] and Goerss-Hopkins [26] to construct
multiplications on BP and Morava E-theory, respectively.

Topological André-Quillen cohomology has its origins in (algebraic) André-Quillen cohomol-
ogy, a cohomology theory for commutative rings. The latter was introduced and studied indepen-
dently by André and Quillen [1, 2, 52, 53]. This cohomology theory can detect useful properties of
commutative rings, like being smooth or étale, and classifies extensions of commutative algebras.
This makes it an apt choice for a cohomology theory for commutative rings. For this reason,
our first objective in this dissertation is to generalize André-Quillen cohomology to global power
functors, which are the globally equivariant analogues of commutative rings. As mentioned, the
homotopy groups and cohomology groups arising from an ultra-commutative ring spectrum come
equipped with norms, equivalently encoded as power operations, and the algebraic structure en-
coding such power operations is called a global power functor. After studying this André-Quillen
cohomology for global power functors, we introduce topological André-Quillen cohomology for
ultra-commutative ring spectra, and use it to build Postnikov towers of ultra-commutative ring
spectra.

Results In the first part of the dissertation, we study algebraic André-Quillen cohomology
of global power functors. Global power functors are the analogue of commutative rings in the
context of globally equivariant algebra, incorporating power operations. They are a generalization
of Tambara functors introduced in [63] for a fixed group G, and were considered in different
forms in [65, 18, 24, 55]. An interesting feature that distinguishes the theory of global power
functors (and similarly the theory of Tambara functors) from the situation for commutative
rings is that they are not monoid objects for a symmetric monoidal structure on the category
of global functors, the global analogue of abelian groups. The difference is exactly described by
the presence of power operations. Hence, a sensible generalization of André-Quillen cohomology
specifically needs to take these power operations into account.

André-Quillen cohomology is a non-abelian derived functor of derivations, and the corre-
sponding homology theory is a derived functor of Kéhler differentials. Hence, the first step to
generalize these theories to global power functors is to define derivations and Kahler differentials
in this context. Both of these notions are moreover closely connected to square-zero extensions
of a global power functor R by an R-module M. In defining these notions, we mimic the clas-
sical definitions from the case of commutative rings, and additionally have to handle the power
operations. We generally work relatively to a base global power functor, introducing the notion
of global power algebras and augmented global power algebras.

Definition (Construction 1.2.1 and Definitions 1.2.8 and 1.2.12). Let R be a global power
functor, S be a global R-algebra and M be an S-module. The square-zero extension S x M is a
global power functor with power operations defined by
SmiG -

P™(s,m) = (Pm(3)7tr(27,i,1zc)xG(Pm L(s) x m)).
This is a global R-algebra with an augmentation map to S.
An R-derivation is a morphism d: S — M of R-modules satisfying the usual Leibniz rule as well
as the twisted Leibniz rule

d(P™(5)) = tr2'C e (P (s) x d(s))

11



INTRODUCTION

for power operations. This forms a functor Der: Modg — Ab.
The module of Kéhler differentials Q! is a representing module for the functor Der, ie R-linear
derivations from S to M correspond to morphisms Q}g /R M of S-modules.

These constructions are linked in the usual way.

Theorem (Theorems 1.2.7 and 1.2.11). Let R be a global power functor, S be an R-algebra and
M be an S-module. There is a chain of natural isomorphisms

Homg (Qg, 5, M) = Derp(S, M) = Algp, /S(S, S x M)

In the theory of commutative rings, a key observation for the definition of André-Quillen ho-
mology is that R-modules can be identified as abelian group objects in the category of augmented
R-algebras. In this way, André-Quillen homology is an instance of the slogan “Homology is a de-
rived abelianization” that also applies to singular homology and can be seen in [52, Chapter IL.5].
Strickland [62] gives an example that this is no longer the case for Z/2-Tambara functors. In
this work, we upgrade this to an example of an abelian group object in augmented global power
algebras that does not arise from a square-zero extension of a module. This can be detected from
the non-vanishing of the power operations on the kernel of the augmentation map. Our example
improves upon Strickland’s example in a number of ways: we show that it is freely generated by
a single element as an abelian group object, our example is defined over the Burnside ring global
power functor A instead of the constant global power functor Z, and this example persists after
rationalization.

Example (Proposition 1.3.4). A naive module of Kéhler differentials for a polynomial algebra
R[z¢] defines the free abelian group object in augmented R-algebras. This abelian group object
has non-trivial norms on the kernel of the augmentation ideal and hence does not arise as the
square-zero extension of an R-module.

Based on work of Hill [30], we conjecture an alternative description of modules via global
functor objects in augmented algebras. The definition of global functor objects is given in Defi-
nition 1.3.18.

Conjecture (Conjecture 1.3.21). Let S be a global power functor. Then the square-zero extension
functor
Sx__: Mods — GF(Algg /5)

s an equivalence between S-modules and global functor objects in augmented S-power algebras.

Having defined derivations and Kéhler differentials, we derive these functors in order to define
André-Quillen homology and cohomology groups. This can be done since the category of global
power functors satisfies the properties needed in order to admit well-behaved non-abelian derived
functors, as exhibited by Quillen in [52, 53]. This derivation procedure works by using polynomial
resolutions of global power algebras.

Definition (Definition 1.5.6). Let R be a global power functor and S be a global R-power
algebra. A simplicial polynomial resolution of S as an R-power algebra is a simplicial R-power
algebra P, with an augmentation ¢: P, — S, such that ¢ is a weak equivalence of simplicial
R-power algebras, each P, is a polynomial R-algebra and the degeneracies send generators to
generators.

Let now P, — S be a simplicial polynomial resolution of S over R and M be an S-module. The
André-Quillen cohomology of S over R is defined as D9(S, R, M) = HY(Derg(P,, M)).

The André-Quillen homology of S over R is defined as Dy (S, R, M) = H,(SOp, Q}D./R).

12
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This cohomology in fact can detect properties of global power algebras.

Theorem (Proposition 1.5.14 and Definition 1.4.1). Let R be a global power functor and S be a
global R-power algebra, and let M be an S-module. Then there is a natural isomorphism

D'(S, R, M) = Exalcommpg(S, M),

where Exalcommp (S, M) classifies R-power algebra extensions of S by M, ie exact sequences
0—>M—FE— S —0, where M is square-zero in E.

The term Exalcomm was introduced by Grothendieck in [27, §18] and is an abbreviation for
the french “Extensions des algébres commutatives”.

Theorem (Proposition 1.4.15). Let R be a global power functor and S be a global R-power alge-
bra. Then S is formally smooth over R if and only if for all S-modules M, the first cohomology
DY(S, R, M) vanishes. Moreover, S is formally unramified over R if and only if for all S-modules
M, the zeroth cohomology S°(S, R, M) vanishes, and it is formally étale if and only if both the
zeroth and the first cohomology with arbitrary coefficients vanish.

In fact, the low-dimensional terms can be computed explicitly by means of a naive cotangent
complex, constructed in Construction 1.5.17. For a global power functor R and an R-power
algebra S, this takes the form

%R = 1/17% = Oy x0pS,

where P — S is a surjection of global R-power algebras with P a polynomial R-power algebra,
and where I = ker(P — S). The choice of P does not influence the (co-)homology of this
complex up to isomorphism.

Theorem (Proposition 1.5.21). Let R be a global power functor and S be a global R-power
algebra. Then the cohomology groups D°(S, R, M) and D (S, R, M) can be calculated as

DO(S, R, M) = H(LY¥s)  and  D'(S,R,M) = H'(LYx).

These results suggest that this global André-Quillen cohomology is a useful theory for the
study of global power functors. However, homological anomalies present in the category of global
functors and inherited by R-modules, as explained in [44], imply that the transitivity and base
change results for classical André-Quillen cohomology do not carry over to the global setting.

Proposition (Theorem 1.5.27). Global André-Quillen cohomology does not satisfy base change,
and the transitivity sequence is not exact for general global power algebras.

This result is obtained from explicit calculations using the naive cotangent complex, further
highlighting the utility of an explicit calculational tool.

After setting up the algebraic André-Quillen theory, we pass to topological André-Quillen
homology, a theory for ultra-commutative ring spectra. We follow the approach by Basterra in
[10] and define this homology theory as the derived functor of Kahler differentials, mimicking the
algebraic construction. In order to make the derived functors precise, we use model categorical
techniques. For this, we use the (positive) global model categories on orthogonal spectra and
orthogonal commutative ring spectra introduced in [55], and extend this by a model structure
on non-unital ultra-commutative ring spectra. We denote the category of non-unital S-algebras
by AngSr. The definition proceeds in the following steps:

13
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Proposition (Propositions 2.1.3 and 2.1.6). Let R be an ultra-commutative ring spectrum, and
S be an R-algebra spectrum. The sequence

SAR__ Q
Algp /S T—— Algg /S f Algs 7 Mods
orget

consists of Quillen adjunctions, with left adjoints on the top. Here, I assigns to an augmented
S-algebra the fibre of the augmentation morphism, and K takes a non-unital S-algebra M to the
extension SV M. The functor Q takes the module of indecomposables, by forming the cofiber of
the multiplication map N Ag N — N for a non-unital commutative S-algebra N, and Z endows
a module with the zero-multiplication.

Definition (Definitions 2.1.7, 2.1.9 and 2.2.2). Let R be an ultra-commutative ring spectrum
and S be a commutative R-algebra. We define the cotangent complex of S over R to be

Qs/r = (LQ)(RI)(S AL S).

We call the homology and cohomology theories represented by this S-module spectrum topolog-
ical André-Quillen (co-)homology.

This definition comes with the desirable properties of a cohomology theory, in that it has
cofiber sequences and also satisfies base change. We highlight the transitivity cofiber sequence
here.

Theorem (Theorem 2.1.20). Let R — S — T be a sequence of ultra-commutative ring spectra.
Then we have a cofibre sequence

Qs/r N§T = Qr/r — Q)8
of T-module spectra.

These properties are not satisfied by the algebraic theory, as highlighted before. This suggests
that we might also study topological André-Quillen cohomology for global power functors by
considering Eilenberg-MacLane ring spectra. This may give a better-behaved theory, in exchange
for more complicated calculations.

We end this dissertation by giving a first application of our global topological André-Quillen
cohomology and construct Postnikov towers for ultra-commutative ring spectra.

Theorem (Theorem 2.2.9). Let R be a connective ultra-commutative ring spectrum. Then there
is a sequence Rg,..., Ry, ... of commutative R-algebras, equipped with maps R,+1 — R, of
commutative R-algebras, and elements k, € TAQ!"*(R,,, R; Hr,, | (R)), such that the following
properties are satisfied:
i) Ro = Hry(R), and R, is extended from R,y using kn—_1,
ii) 7w, (Ry) =0 for k > n,
iii) the unit maps n,: R — R, are (n + 1)-equivalences.

The k-invariants k, are lifts of the k-invariants for the Postnikov tower of R as a global spectrum.

14



INTRODUCTION

Organization This dissertation is organized in two parts: in Chapter 1, we study the algebraic
André-Quillen homology and cohomology of global power functors. We start in Section 1.1 with
a recollection of the notions of global functors and global power functors, and discuss which
notion of R-modules for a global power functor R we consider. We also introduce global power
algebras here, and define polynomial algebras. After this, we introduce square-zero extensions,
derivations and Ké&hler differentials for global power algebras in Section 1.2. In Section 1.3, we
dive into more details regarding our notion of modules, and show that they cannot be described as
abelian group objects in augmented global power algebras. Instead, we conjecture a description
in terms of global functor objects. The next section, Section 1.4, studies extensions of global
power algebras by modules, and uses these to extend the exact sequence of derivations. Moreover,
in this section we show that formally smooth, unramified and étale global power algebras can be
detected by considering derivations and extensions. Finally, in Section 1.5 we introduce André-
Quillen homology and cohomology of global power algebras. We identify the low-degree terms
with derivations, Kéhler differentials and extensions, and exhibit the naive cotangent complex as
a calculational tool for these low-degree terms. We finish this section with an explicit calculation
of some first homology groups, which shows that the transitivity sequence fails to be exact in
this global context.

The second part of this dissertation in Chapter 2 is concerned with topological André-Quillen
homology and cohomology of ultra-commutative ring spectra. In Section 2.1, we study the defi-
nition of (topological) André-Quillen homology in a general model category, and show that this
general construction comes equipped with a transitivity cofibre sequence and a base-change result.
We use this theory in Section 2.2 for ultra-commutative ring spectra, modelled as commutative
orthogonal ring spectra with the positive global model structure, and thus obtain a topological
André-Quillen theory for these. We then exhibit a Hurewicz theorem for this homology theory,
and use it to construct Postnikov towers of ultra-commutative ring spectra.

In the appendix, we include a discussion of two ingredients for the main body of this work.
In Appendix A, we recall the definition of the wreath product 3,, ! G, needed in the formulation
of the power operations of a global power functor. We moreover explicitly describe polynomial
global power functors, using a classification of conjugacy classes in such wreath products. In
Appendix B, we show that the commutative monoid axiom allows to lift a model structure on a
symmetric monoidal model category to the category of non-unital commutative monoids. This
is an ingredient in the construction of topological André-Quillen homology and cohomology in
Section 2.1.
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Chapter 1

André-Quillen (Co-)Homology of Global
Power Functors

In this first part of the dissertation, we generalize algebraic André-Quillen cohomology to the
context of globally equivariant stable homotopy theory. In this globally equivariant algebraic
context, we are concerned with global functors and global power functors. These are general-
izations of abelian groups and commutative rings. The connection to globally equivariant stable
homotopy theory lies in the fact that these algebraic structures describe the structure present in
the homotopy groups of globally equivariant spectra and ultra-commutative ring spectra, respec-
tively. They are also generalizations of the notions of Mackey and Tambara functors for a fixed
group G. The generalization consists of considering all (finite or compact Lie) groups simulta-
neously, instead of only subgroups of a fixed group G. The idea of considering global (power)
functors originated in relation to the study of Mackey and Tambara functors, for example Webb
defines a notion of globally defined Mackey functors in [65]. In his study of homological properties
of Mackey functors in [44], Lewis also considers globally defined Mackey functors and shows that
they exhibit some homological anomalies, for example that projectivity does not imply flatness
in this context. This observation has implications on the cohomology theory we introduce in this
work. Also global power functors have been considered in various places, for example by Ganter
[24] in the study of A-rings. On a related note, the author of this dissertation has shown that
global power functors exhibit a close relation to S-rings in previous work [61].

In order to define André-Quillen cohomology for global power functors, we first define the
notions of square-zero extensions, derivations and Kéhler differentials for global power functors
in Section 1.2. These notions are well-known for commutative rings. When adapting them to
global power functors, we take additional care regarding the behaviour of power operations. We
show that our definitions are compatible with the definitions given by Strickland [62] and Hill
[30] in terms of norms. In my opinion, however, the formulation in terms of power operations is
considerably clearer and easier to work with.

We observe that Kéhler differentials define a left adjoint to the square-zero extension functor
from modules to augmented algebras, see Theorem 1.2.13. This adjunction is classically used to
interpret Kéahler differentials as an abelianization functor, since R-modules for a commutative
ring are equivalent to abelian group objects in augmented R-algebras. In the case of Z/2-
Tambara functors, Strickland [62] gives an example that the analogous statement is no longer
true. We upgrade this example to an abelian group object in augmented global power algebras
over the Burnside ring global power functor in Section 1.3.a. The presence of power operations
on this example shows that also for global power functors, modules and abelian group objects
in augmented algebras are different objects. We expect that modules can instead be described
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as global functor objects in augmented global power functors, transferring the result of Hill [30,
Corollary 3.23] to the global context. We give the background to this conjecture in Section 1.3.b.

For a triple of global power functors R — S — T, and a T-module M, we obtain exact
sequences

0 — Derg(T, M) — Derr(T, M) — Derg(S, M)

and
TDSle/R — QlT/R — QlT/S -0

for derivations and Kéhler differentials. One goal of defining André-Quillen (co-)homology is to
extend these sequences indefinitely into long exact sequences. A first step into this direction
can be made by using extensions of global power algebras, generalizing Grothendieck’s functor
Exalcomm [27] to global power functors. We give the details in Section 1.4.a. Moreover, this
functor of global power algebra extensions can be used to classify formally smooth global power
algebras, defined by a lifting property, as we show in Section 1.4.b. All in all, this shows that
the theory of derivations and global power algebra extensions nicely generalizes from classical
commutative algebra to the globally equivariant algebra of global power functors.

Finally, in Section 1.5, we define and study André-Quillen homology and cohomology for
global power algebras. The homology is defined as a non-abelian derived functor of Kéhler dif-
ferentials, and the cohomology as a non-abelian derived functor of derivations. These derived
functors are defined using simplicial resolutions of global power algebras by polynomial alge-
bras. We are able to identify the low-dimensional terms of this cohomology theory in terms of
derivations and global power algebra extensions, and exhibit the naive cotangent complex as a
calculational tool for the low-degree terms. However, we also show by an explicit calculation of
the first André-Quillen homology group of an example that this theory does not come with a long
exact sequence extending the sequence of Kéahler differentials. In fact, this example shows that
it is not possible to extend the six-term exact sequence of derivations and global power algebra
extensions to a long exact sequence. This defect is caused by the homological anomalies of the
category of global functors exhibited by Lewis in [44], namely that projectivity does not imply
flatness.

Nevertheless, the fact that the low-degree terms of this theory detect interesting properties
of global power algebras makes this an interesting object of study. Furthermore, the topological
André-Quillen theory for ultra-commutative ring spectra does not suffer from the same problem,
but indeed comes equipped with a transitivity long exact sequence. Hence, studying the interplay
between these theories could also provide valuable insights.

1.1 Global Functors, Global Power Functors, Modules and Algebras

This chapter introduces the basic notions we use throughout the algebraic part of this work.
Concretely, we first recall the definitions of global functors and global power functors from [55].
Moreover, we introduce the notions of modules and (augmented) algebras over a global power
functor R. These are necessary for the definition of André-Quillen (co-)homology, since this is
best described as a relative theory for morphisms of global power functors R — S, and it takes
coefficients in S-modules M. Of particular interest is the definition of R-modules, since there are
two possible definitions: either as modules over the underlying Green functor of R, or as Beck
modules, ie abelian group objects in augmented R-algebras. These notions are indeed different,
as first observed by Strickland for Z/2-Tambara functors in [62]. We go into more detail on this
difference in Section 1.3.a. For our work, we use the definition as modules over the underlying
Green functor of R, and explain this choice in Remark 1.1.26.
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1.1.a Recollections on Global Functors and Global Power Functors

In this section, we review the theory of global functors and global power functors needed through-
out this dissertation. We follow the definitions given by Schwede in [55]. We assume the basics
of global orthogonal spectra and equivariant homotopy groups as known, in particular for the
description of the indexing category for global functors in Definition 1.1.1 and the justification
of our definition of modules in Remark 1.1.26. The algebraically inclined reader can, however,
work with the description of the Burnside category in Remark 1.1.2 and follow the remaining
exposition without in-depth knowledge of global orthogonal spectra.

Global Functors We start by introducing the indexing category on which we define global
functors.

Definition 1.1.1. The global Burnside category A has as objects all compact Lie groups, and
as morphisms from G to K we set

A(G, K) = Nat(x§, 7f5).
This is the abelian group of natural transformations of equivariant homotopy group functors wg
to wf from orthogonal spectra to sets. Composition in A is given as composition of natural
transformations.

This definition is topological in nature. However, the relevant set of natural transformations
between equivariant homotopy group functors can be described explicitly, as is demonstrated in
[55, Theorem 4.2.6]. We summarize the results:

Remark 1.1.2. The morphism sets in the global Burnside category can be described as follows:
For compact Lie groups G and K, the morphism group A(G, K) is free abelian on (K x G)-
conjugacy classes of pairs (L, «), where L < K is a closed subgroup of K with finite Weyl group
WkL, and a: L — G is a continuous homomorphism.

We write the transformation indexed by a pair (L, ) as tr¥ oa* and call tr¥ the transfer
from L to K, and o™ the restriction along «. If « is surjective, we also call restriction along «
an inflation. Hence, we see that all morphisms in the global Burnside category can be described
by transfers and restrictions. The composition is governed by the following rules (as explained
after [55, Theorem 4.2.6)):

i) restriction maps are contravariantly functorial,

i) transfers are covariantly functorial,
iii) transfers along inclusions of subgroups with infinite Weyl group vanish,
iv) restrictions along inner automorphisms are the identity,

v) transfers commute with inflations, in the following sense: Let H < G be a closed subgroup
and a: K — G be a surjective continuous homomorphism. Let L = a~1(H) < K. Then
o o tr = trf o(ayp)"

vi) transfers and restrictions along subgroup inclusions compose according to the double coset
formula. For general compact Lie groups, the double coset formula is formulated in [55,
Theorem 3.4.9]. For transfers along codimension 0 inclusions, the double coset formula
takes the usual form, which agrees with the double coset formula for Mackey functors:
Let H, K < G be two closed subgroups of G such that H has codimension 0 in G (or

19
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equivalently, finite index). Then the homogeneous space G/H is discrete and K acts on it
by left translation. We consider the double coset space, ie the space of K-orbits in G/H,
denoted by K\G/H. Then

G G K H
resp otryg = E U g Hg—1 ©9% T€Sg—1 kg -
lg]e KNG/H

Here g, denotes the restriction along the conjugation with g as a morphism ¢~ *Kgn H —
KngHg™ '

Definition 1.1.3. A global functor is an additive functor A — Ab. The category of global
functors is the additive functor category GF = Fun®d4 (A, Ab). Explicitly, a morphism of global
functors is a natural transformation.

Remark 1.1.4. By Remark 1.1.2, the structure of a global functor F'is equivalent to the datum of
an abelian group F'(G) for any compact Lie group G, restriction maps a*: F(G) — F(K) for any
continuous homomorphism a: K — G of compact Lie groups, and transfers tr&: F(H) — F(G)
for any inclusion H < G of a closed subgroup. These morphisms have to satisfy the relations
explained in Remark 1.1.2.

Remark 1.1.5. In the case of a fixed finite group G, the category of G-Mackey functors can be
described in multiple ways. The definition of global functors via the Burnside category used
above is akin to the definition of Mackey functors using the G-equivariant stable homotopy
category, where transformations between the equivariant homotopy groups may be used for an
indexing category for Mackey functors. The description given in Remark 1.1.4 is equivalent to
the definition of G-Mackey functors using explicit formulas for restriction and transfers.

There is another way to package the information in a G-Mackey functor, by using an indexing
category built from spans of finite G-sets. A similar description can be given for global functors
(for the family of finite groups). One way to generalize from a given finite group G to a global
setting is by identifying a finite G-set with its translation groupoid. Using this point of view, one
observes that an adequate way to formalize actions by arbitrary finite groups on finite sets is by
considering all finite groupoids. This approach is for example carried out in [24]. Global functors
for the family of finite groups can also be formalized as so-called biset functors, as explained in
[18].

Example 1.1.6. The easiest example of a global functor is a represented global functor. In
particular, we consider the Burnside ring global functor A := A(e, ), whose value A(G) at a
finite group G can be identified with the Burnside ring of finite G-sets for any finite group G.
A general represented global functor A(K,_) is a free global functor, in the sense that evaluation
at the identity is an isomorphism

Homgr(A(K, ), F) = F(K)

for any global functor F.

Monoidal Structure and Global Green Functors Since we are interested in multiplicative
structures in equivariant homotopy theory, we now study analogues of commutative rings in
the category of global functors. A possible generalization of commutative rings is obtained by
introducing a symmetric monoidal structure on the category GF, generalizing the tensor product
of abelian groups, and considering commutative monoids for this monoidal structure. This leads
to the notion of global Green functors, which we introduce in this section.

Global functors are defined as a functor category, and hence come equipped with a Day
convolution product [21], which we call the box product.
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Construction 1.1.7. Recall that the category of global functors is GF = F‘unadd(A7 Ab). The
category Ab of abelian groups carries a symmetric monoidal structure given by the tensor prod-
uct. The category A carries a symmetric monoidal structure described in [55, Theorem 4.2.15].
It takes two compact Lie groups G and G’ to the cartesian product G x G’, and morphisms
tr¥ oa* and trk o(a/)* to trfxxllf, o(a x a)*.

From these two symmetric monoidal structures, we obtain the box product of global functors
as a Day convolution product [21]. Its value FOF’ on global functors F' and F’ can be described
as an Ab-enriched left Kan extension

FxF’

Ax AT Abx Ab —25 Ab.

Proposition 1.1.8 ([21, Theorem C.10, Remark C.12]). The boz product O: GF x GF — GF
s part of a closed symmetric monoidal structure on the category of global functors.

We denote the internal hom-global functor by Hom.

Remark 1.1.9. The box product comes with a bimorphism (F, F’) — FOF’, which at compact
Lie groups G and G’ is given as a morphism X: F(G)® F'(G’) — (FOF')(G x G"). In particular,
we obtain elements x Ky € (FOF')(G x G') for elements x € F(G) and y € F'(G’). We call the
morphism X an external product.

The Day convolution product of F' and F’ can be described as a coequalizer of

A(KxK', )®A(G, K)®A(G, K")oF(G)oF (') = P AGXGE, )RF(G)@F(G').
K,K',G,G’ G,G’

From this description, we observe that as a global functor, the box product is in fact generated
by elements of the form x Ky € (FOF')(G x G') as described above.

Definition 1.1.10. A global Green functor is a commutative monoid for the box product. The
category of global Green functors is defined to be the category of commutative monoids in GF.

Remark 1.1.11. The structure of a global Green functor can be made explicit in a number of
equivalent ways. The Day convolution product is universal for bimorphisms, so the multiplica-
tion ROJR — R required for a global Green functor is equivalent to multiplication morphisms
x: R(G) ® R(K) — R(G x K) for all compact Lie groups G and K, satisfying unitality, asso-
ciativity, commutativity, and compatibility with restrictions and transfers.

Another way to describe the multiplication of a global Green functor is by diagonal products.
These are of the form _ - _: R(G) ® R(G) — R(G) for all compact Lie groups G. They have
to turn each R(G) into a unital, associative and commutative ring such that the restrictions are
ring homomorphisms and transfers satisfy the Frobenius reciprocity relation

tr& (z - resG (y)) = 2§ (z) - y (1.1.12)

for x € R(H) and y € R(G), where H < G is a closed subgroup.

The relation between the two products is as follows. Given the product x, we recover the
diagonal product by restricting along the diagonal A: G — G x G, as ¢ -y = A*(x x y) for
z,y € R(G). Conversely, from the diagonal product we obtain the usual product by using the
projections G & o x K 25 K. Concretely,  x y = pr&(z) - prig(y) for z € R(G) and
y € R(K). This correspondence is explained in [55, Remark 4.2.20]
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Remark 1.1.13. Using this translation between diagonal and usual products, we also can give an
alternative set of generators for the box product, similar to the one given in Remark 1.1.9. For
this, we consider for all compact Lie groups G the morphism

O: F(G) @ F'(G) 2 (FOF')(G x G) 25 (FOF')(G).

Then FOF” is generated as a global functor by the elements [y € (FOF')(G) for z € F(G) and
y € F'(G). In fact, the previous set of generators can be recovered as z Ky = prg(x) O prg, (yv)
for x € F(G) and y € F'(G").

We also describe the internal homomorphism global functor explicitly, by using shifts of global
functors.

Definition 1.1.14. Let F be a global functor and G be a compact Lie group. We define F[G]
to be the global functor with F[G](K) = F(K x G), where the structure maps are defined via

(_XG@)QF(K1xG) A
_—

A(Kl,KQ) ®F(K1 X G) (Kl X G,K2 X G) ®F(K1 X G) — F(K2 X G)

Lemma 1.1.15. Let F be a global functor and G be a compact Lie group. Then we have an
isomorphism
Hom(A(G,_), F) = F[G]

of global functors.

Proof. This is a consequence of a formal manipulation, using the Yoneda Lemma and the tensor-
hom adjunction in a closed monoidal category, and that the convolution product of representables
is representable. For any compact Lie group K, we have the chain

Hom(A(G, ), F)(K) =Hom(A(K, _), Hom(A(G, ), F'))
~Hom(A(K, )OA(G,_ ), F)
~“Hom(A(K x G,_), F)
~F(K x G) 2 F[G)(K)

of isomorphisms. These are natural in K, hence these assemble into isomorphisms of global
functors. O

As a result of this statement, we see that any 6 € A(G, K) induces a morphism 0..: F[G] —
F[K] of global functors in a functorial way by precomposition with 6*: A(K,_) — A(G,_).
We can also define these operations directly, by defining for § € A(G, K) and any compact Lie
group H the map

R[O)(H): FIG)(H) = F(H x G) ~%,

F(H x K) = FIK](H).
That these definitions agree follows by the above chain of isomorphisms.

Proposition 1.1.16. Let E and F be global functors and G be a compact Lie group. Then there
18 an isomorphism

Hom(E, F)(G) = Hom(E, F[G]).
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Proof. This is a similar formal manipulation as in the previous lemma:

Hom(FE, F)(G) 2Hom(A(G,_),Hom(E, F))
~Hom(A(G,_)OE, F)
=~ Hom(F,Hom(A(G, ), F))
~Hom(E, F|G]) O

Remark 1.1.17. The above description of the internal Hom object for global functors is analogous
to the description of the Hom object for G-Mackey functors for a finite group G given in [43,
Definitions 1.2 and 1.3]. Also the description of F[G] as a Hom object from a representable global
functor is analogous to the corresponding statement given in [43, Lemma 1.6]. The reader familiar
with the theory of G-Mackey functors should be aware, however, that the other descriptions of
the shift F[G] via a box product with a representable functor given in the same lemma are not
valid in the context of global functors. This comes from the fact that the indexing category A of
global functors is not self-dual under exchanging transfers and restrictions, unlike the G-Burnside
category. This comes from the additional presence of inflation morphisms.

Global Power Functors In Definition 1.1.10, we define commutative monoids for the box
product of global functors. However, it is well-known that a completely equivariant analogue of
commutative rings should come equipped with more structure, namely with power operations or
norms. These can be thought of as twisted versions of products, just as transfers can be thought
of as twisted versions of sums. This can nicely be observed in the fixed point Mackey functor R
of a ring R with an action of a finite group G. The value of R at a subgroup H are the fixed
points RH. Here, the total transfer R(e) — R(G) takes the form

:Zg:r.

geG

Gm):ng.

geG

We also can define a norm map

A G-Green functor for a (finite) group G equipped with this additional structure is called a
G-Tambara functor. For a thorough treatment of Tambara functors, see for example the original
source [63] or the survey article [62]. We call the global analogue a global power functor, em-
phasizing that we choose to formalize this additional structure by power operations rather than
by norms. We elaborate on the differences in Remark 1.1.20. This chapter closely follows the
discussion of global power functors in [55, Chapter 5.1].

The following definition is given in [55, Definition 5.1.6]. The wreath product X,, 1 G as well
as the various comparison morphisms ®; ;, Wy, and A,, are defined in Appendix A.

Definition 1.1.18. A global power functor is a global Green functor R together with maps
P™: R(G) — R(%,, Q) for all m > 1 and all compact Lie groups G, satisfying the following
properties:

i) P™(1) =1 for the unit 1 € R(e).
ii) P! =1d as maps R(G) — R(X11G) = R(G) under the identification G = ¥11G, g — (1;g).

iii) For every continuous homomorphism «: K — G between compact Lie groups and all
m > 1, we have
P"oa* = (EmZa)* o p™
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as maps R(G) = R(Z, L K).
iv) For all compact Lie groups G and all m > 1, and all 2,y € R(G), we have
Pz -y) = P™(x) - P"(y)
in R(X,, 1 G).
v) For all compact Lie groups G, all 7,5 > 1 and all z € R(G), we have
®; (P (x)) = P'(x) x P(x)
in R((Z;1G) x (X1 Q).
vi) For all compact Lie groups G, all k,m > 1 and all x € R(G), we have
U (PP () = PE(P™(x))
in R(Xx (B G)).

vii) For all compact Lie groups G, all m > 1 and all ,y € R(G), we have

Pz +y) =Y tremk(PH(x) x P75 (y))
k=0

in R(E,,1G), where trg pm_r = tr(zz":?g)x(z e is the transfer associated to the inclusion

Pt (B 1G) X (k1 G) = T UG, and PO(z) = 1 is the multiplicative unit.
viii) For every closed subgroup H C G of a compact Lie group and for every m > 1, we have
P™otr§ = tr%:g opP™
as maps R(H) = R(Z,1G).

A morphism of global power functors is a morphism of global Green functors that also commutes
with the power operations.

Remark 1.1.19. In the above definition of power operations, the multiplicativity relation 1.1.18 iv)
is expressed in terms of the diagonal product. We can reformulate it in terms of the product
x: R(G) ® R(K) — R(G x K) as follows: For all compact Lie groups G and K, m > 1 and
elements ¢ € R(G) and y € R(K), the relation

P x y) = AL, (P (2) x P™(y))

holds in R(%,, 1 (G x K)), where At L, 1 (G X K) = (8, 0G) X (E, L K) is defined via the
diagonal on ¥,,. This can be concluded by a straight-forward calculation from the relation for
the diagonal product, using the relations explained in Remark 1.1.11.

This is also explained in [60, Remark 2.31].

Remark 1.1.20. Classically, a G-Tambara functor is defined as a G-Green functor R together with
norm maps N%: R(H) — R(K) for subgroups H < K < G. These have to satisfy functoriality,
unitality and multiplicativity, and the composition of norm and restriction is governed by a mul-
tiplicative double coset formula. Finally, the norm of a transfer is calculated by a distributivity
law involving analysis of a so-called exponential diagram. This formalization was originally given
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in [63]. In my opinion, this distributivity law is quite complicated, making proofs in the realm
of Tambara functors often rather involved. As an example, the additivity relation considered
in [31, Theorem 2.4 — Corollary 2.9] is rather complicated and inexplicit. In comparison, the
axioms for the power operations are easy to use, since the compatibility with transfers is straight-
forward and the additivity is a generalization of the binomial formula. Also in the context of
André-Quillen homology and cohomology, a comparison of this dissertation with the work of Lee-
man [42, eg Lemma 3.3.6 and Proposition 3.3.8] shows that the possibility to work with power
operations simplifies calculations considerably. However, since the G-equivariant framework is
restricted to working with subgroups of G, it is not possible to formalize Tambara functors in
terms of power operations. Thus the presence of power operations is a major advantage of the
global setting

In fact, the formulation of a global power functor is equivalent to a formulation in terms of
norms satisfying the above-mentioned axioms. The comparison is explained in [55, Remark 5.1.7]
and works as follows:
Suppose we are given power operations P™: R(G) — R(%,,1G) for all compact Lie groups G. We
construct norm maps NG : R(H) — R(G) for all subgroups H < G of finite index. Suppose H has
index m in G. We choose an ordered H-basis I' = (¢1,...,gm) of G, ie an H-equivariant bijection
[, H — G (for the right H-actions), and observe that ¥,, ! H acts freely and transitively on
the set of such bases from the right by multiplication and permutation. Moreover, G acts freely
on the left on I' by multiplication, and this defines an injective homomorphism ¥r: G — 3,1 H
by sending g € G to the element (o; Ay, ... hy,) such that gT' =T (o3 hq, ..., hy). We then define
the norm N§ as the composite

R(H) 2% R(= 1 H) 25 R(@).

We observe that another choice of basis I changes ¥ only by a conjugation, and since conjugated
homomorphisms induce the same restrictions by Remark 1.1.2 iv), the definition of the norm does
not depend on this choice of basis.

In the other direction, we can recover the power operations from the norms as follows: For a
compact Lie group G, we observe that the power operation P™: R(G) — R(X,, ! G) is given as

the composite

SmtG
(Em—11G)xG

R(G) 5 R(Em_11G) x G) RS 1G).

Here, q: (3,11 G) x G — G is the projection to the second factor. It is a straight-forward
calculation to see that these are inverse constructions.

We use this translation between norms and power operations in Remark 1.2.6 to relate our
constructions of square-zero extensions and derivations for global power functors to the construc-
tions proposed by Strickland [62] and Hill [30] for G-Tambara functors for fixed G.

Example 1.1.21. The Burnside ring global functor A has the structure of a global power functor,
and this structure can be made very explicit in the case of finite groups. We already noticed that
the values A(G) are rings, which are the Burnside rings of finite G-sets for finite groups G. These
ring structures make A into a global Green functor. We also describe the power operations in
terms of finite G-sets for finite groups G: If X is a finite G-set, then the m-th power operation
on X is P™(X) = X™, with the natural 3,, ! G-action. This definition can be extended by
additivity to the entirety of A(G).

The Burnside ring global power functor is the initial global power functor. This can for
example be seen by using that global power functors are comonadic over global Green functors
by [65, Section 5.2], and hence the initial global Green functor is also initial as a global power
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functor. The Burnside ring global functor is initial as a global Green functor, since it is the unit
for the box product.

Polynomial Power Functors An important class of global power functors are polynomial
global power functor, also called free global power functor in [55, Example 5.1.19]. We recall
their definition here.

Definition 1.1.22. Let R be a global power functor and K be a compact Lie group. The
polynomial algebra over R generated by an indeterminate x in degree K is

Rlrk] = @ ROA(S K, ).
n>0

The multiplication and power operations are described in [55, Example 5.1.19]. The map
R — R[zk] is the inclusion as the summand indexed by n = 0, and the n-th summand is a
free R-module on P"(xf) in degree 3, ! K, where by zx we denote the identity in A(K, K).
The power operation P"(x) is then represented by the identity in A(X, ! K,3, K). This
polynomial algebra has the usual universal property, in that

Algp(Rlzk], S) = S(K), f — flzk) (1.1.23)

is a bijection for any R-algebra S. This follows from [55, Proposition 5.2.6 (ii)] and the extension
of scalars adjunction.

Remark 1.1.24. The category of global power functors can also be described as the category of
algebras for a multi-sorted algebraic theory. The basic notion of an algebraic theory was intro-
duced by Lawvere [41] as a means to formalize varying algebraic structures. Such an algebraic
theory consists of a category T with finite products together with a distinguished object ¢ such
that any other object s of T is a finite power of ¢, ie s = t*™ for some n € N. A model, or alge-
bra, for such a theory in a category C with finite products is then a product-preserving functor
T: T — C. Examples for such algebraic theories include the theories of groups, abelian groups,
(commutative) rings and modules over a fixed ring, and for any of these theories, the models in
sets are exactly the given objects. For such theories, the category T can be interpreted as the
full subcategory of free objects on finitely many generators.

A multisorted theory generalizes the above structure to incorporate distinguishable types
of structure. A multisorted theory over a set S of sorts is a category T with finite products
containing a set {z; | s € S} of distinguished objects, such that any object of T is isomorphic to
a finite product of such distinguished elements. Again, a model, or algebra, of T in a category C
with finite products is a product-preserving functor T — C. A classical example is the category of
(commutative) rings and modules over these, which can be represented as a category of algebras
for an algebraic theory with two sorts. Multisorted algebraic theories are introduced in [16,
Definition 2.3] and studied for example in [14].

Global functors, global Green functors and global power functors can all be formalized by
multisorted algebraic theories. The sorts in this case are (isomorphism classes of) compact Lie
groups, and we take algebras in the category of global sets, ie collections of sets indexed by
(isomorphism classes of) compact Lie groups. The morphisms between the free objects encode
the group and ring structures of F/(G), the restrictions, transfers and power operations, as well
as the various relations between compositions of these. This formalization allows one to use
general results for algebras over algebraic theories, such as completeness and cocompleteness of
these categories, that limits and certain colimits are calculated underlying, and that effective
epimorphisms are detected on underlying sets. For such results, we refer to [17, Chapter 3].
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1.1.b Modules and Algebras over Global Power Functors

In Section 1.1.a, we recall the basic algebraic notions we use in this dissertation, as formulated
by Schwede in [55]. This includes global functors and global power functors, which act as our
generalizations of abelian groups and commutative rings. These notions are sufficient to perform
the equivariant algebra relative to the Burnside ring global power functor, which is initial as
a global power functor. However, we mainly work relative to an arbitrary base global power
functor R in this thesis, and thus we introduce the notions of modules and algebras over a given
global power functor. These notions have already been considered in the context of G-Mackey
and Tambara functors, for example in [62, 30]. We follow these definitions and transfer them
to the context of global equivariant algebra. One point that deserves special attention is the
definition of an R-module for a global power functor R. Since a global power functor comes
equipped with power operations, the question arises whether an R-module M should itself have
some flavour of power operations, and how these should interact with those of R if they are
defined. After being introduced by Strickland [62, Chapter 14], the names genuine and naive
modules have persisted in the literature on G-Tambara functors for modules with and without
power operations, respectively. As we show in Section 1.3.a, this distinction is also necessary
for modules over a global power functor. We are mostly concerned with the so-called “naive”
modules in this dissertation, ie modules that do not come equipped with power operations. This
is compatible with the work of Hill in [30], and we elaborate on the reasons for this choice in
Remark 1.1.26.

In addition to the definitions of modules and algebras, we also introduce ideals of global
power algebras in Definition 1.1.30. This definition as a non-unital sub-global power functor is
analogous to the definition of an ideal in a G-Tambara functor given by Nakaoka in [48]. It
is used to describe the module of Kéahler differentials in Section 1.2.c and the naive cotangent
complex in Section 1.5.c.

Definition 1.1.25. Let R be a global power functor. Then an R-module is a module over the
underlying global Green functor of R in the category of global functors. Morphisms of R-modules
are morphisms of modules for the global Green functor R.

Explicitly, this definition says that an R-module M is a global functor M together with
an action map «: ROOM — M, satisfying the usual unitality and associativity relations. The
category of R-modules is the categories of modules over a commutative monoid in the symmetric
monoidal category GF with the box product.

Remark 1.1.26. As mentioned in the introduction to this section, there is another feasible defi-
nition of an R-module: The definition given above makes no mention of the power operations on
R, and in particular, M is not required to have any additional structure of power operations. It
would be possible to give a definition of an R-module that encompasses power operations on M
and a compatibility with the power operations of R. A way to formalize this is by considering
what is classically called a Beck module after its usage in [13, Definition 5], and is called a genuine
module by Strickland [62, Chapter 14] in the context of G-Tambara functors. A Beck module
is an abelian group object in the category of augmented R-algebras, as defined in our context
in Definition 1.1.29. Classically, such a Beck module for a commutative ring R is equivalent
to a usual R-module, as is shown in [13, Example 8|. In the context of G-Tambara functors,
Strickland proves that this equivalence no longer holds, and that a Beck module is more data
than a (Green) module [62, Proposition 14.7]. The same is true for modules over global power
functors, as we show in Section 1.3.a.

Since we have two possible choices of a notion of R-modules, we are faced with choosing
one of these notions. As described in Definition 1.1.25, we choose to work with modules over
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the underlying Green functor, ie without power operations on the module. In my opinion, this
definition has several advantages over the definition as Beck modules:

i) It recovers global functors as A-modules. This is due to the fact that A is the initial global
Green (and hence also global power) functor. It is desirable to have this property, since
this means we work with the classical notions when we take A as the base global power
functor.

ii) It mirrors the topological notion. When we consider an ultra-commutative (orthogonal)
ring spectrum R, the category of R-modules is defined as the category of modules over
R for the wedge product. The homotopy groups m,(R) form a global power functor, and
for an R-module M, the global functor m,(M) comes equipped with the structure of an
R-Green module. However, there are no power operations present on this module. This
hold, since the power operations are induced from the multiplications R — R. Such
products do not exist for M, and hence no power operations are induced.
This point also links back to the first point, since in the context of global spectra, S-modules
are equivalent to global spectra.

iii) Since power operations are twisted versions of classical powers, we should not expect an
R-module M to have power operations, since on M, there are no products or powers.

iv) Even though the notions of derivations and Kéahler differentials need to be adjusted to
account for power operations, the definitions for our chosen notion of modules are clean
generalizations of the classical definitions, and much of the theory can be developed in
parallel to the classical theory. In other words, it is convenient to work with Green modules.

Also in the work by Hill [30], where derivations and Kéhler differentials for G-Tambara functors
are defined, the notion of Green modules is used. In that work, it is also shown that these
“naive” modules can still be interpreted appropriately as equivariant Beck modules: Hill shows
that R-Green modules are equivalent to Mackey functor objects in the category of augmented
algebras over R. This gives further evidence that the notion of Green modules is the correct one
to work with, since it also properly generalizes the notion of a Beck module to an equivariant
context. We expect that a similar interpretation of R-modules for R a global power functor as
global Beck modules is possible, and explain the necessary constructions in Section 1.3.b.

In the above discussion, we focussed on the question whether a module M should be equipped
with power operations. This is the main question when we consider working with Beck modules.
Since power operations are unary operations, power operations on an augmented R-algebra are
determined by power operations on R and on the augmentation ideal, which corresponds to the
module. However, when posing the question of how to define a module over a global power functor
R, another conceivable approach would be to symmetrize expressions of the type r X ... X r xm
for r € R and m € M. However, since the M-factor is distinguishable from the R-factors, the
maximal symmetry group of such an expression is X;_1 X X1, and symmetrization with respect
to this group should yield P*~!(r) x m. This is already determined by the power operations on
R and the Green-module structure of M. This shows that our definition above is reasonable also
under this perspective.

We note that as a category of modules over a commutative monoid R in the symmetric
monoidal category GF, the category of R-modules inherits a closed symmetric monoidal structure
via the relative box product Og. This is defined for R-modules M and N as a coequalizer

MORON ——= MON ----- » MOgN. (1.1.27)
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A proof that this relative tensor product (together with the appropriately defined internal Hom
object of R-linear morphisms) defines a closed symmetric monoidal structure can be found in
[37, 38]. These references study the more general case of algebras over a commutative monad in
a closed symmetric monoidal category, and we use the monad R[] on GF here.

We now define the notion of global power algebras.

Definition 1.1.28. Let R be a global power functor. Then a global R-power algebra is a global
power functor S together with a morphism n: R — S of global power functors. The morphism
7 is called the unit map of the R-power algebra S. We denote the category of R-power algebras
by Algp.

As usual, the notion of global power algebras can equivalently be described as a global power
functor based in the category of R-modules. The category of R-modules is symmetric monoidal
for the relative box product (g, and commutative monoids for this structure are global Green
algebras over R, without power operations. A global power algebra S then needs additional power
operations, satisfying the axioms specified in Definition 1.1.18. Additionally, the compatibility
axiom P™(r-s) = P™(r)- P™(s) for r € R(G), s € S(G) needs to be satisfied.

At various points, we need to consider augmented algebras.

Definition 1.1.29. Let R be a global power functor and let T be a global R-power algebra.
Then a global R-power algebra S augmented to T is a global R-power algebra S together with
a morphism e: S — T of global R-power algebras, called the augmentation. The category of
R-power algebras augmented to T is denoted Algy /T, since it is an over-category.

In the case R =T, with unit map given by the identity, we call S an augmented R-power algebra.
The category of augmented R-algebras is denoted Algy /R.

Finally, we also introduce the notion of a global power ideal, analogous to the definition of
an ideal in a G-Tambara functor in [48]. For completeness, we also mention the corresponding
notion of a Green ideal.

Definition 1.1.30. Let R be a global power functor. Then a global power ideal in R is a non-
unital global power subfunctor. Explicitly, it is a sub-global functor I C R that is closed under
the product with elements of R and power operations of R.

A global Green ideal is a non-unital global Green subfunctor.

Hence, a global Green ideal does not need to be closed under power operations.

Example 1.1.31. Let R be a global power functor, G be a compact Lie group, and f € R(G)
be an element of R. Then we denote the smallest global power ideal of R containing f by (f).
We observe that the value of this ideal at a compact Lie group K takes the form

(NE) = {thﬁ ag (ri X Pm"'(f))} :
i=1

Here, n is any natural number, which is allowed to vary for different elements of this set, L; < K
are closed subgroups, «;: G; X (,,,1G) — L; are continuous homomorphisms, and r; € R(G;) for
compact Lie groups G;. The fact that this set is closed under addition, transfer and restriction,
multiplication with elements in R and power operations is a straight-forward application of the
relations present in a global power functor.

As for ideals in commutative rings, it is possible to take the quotient of a global power functor
by a global power ideal.

29



CHAPTER 1. ANDRE-QUILLEN (CO-)HOMOLOGY OF GLOBAL POWER FUNCTORS

Proposition 1.1.32. Let R be a global power functor and I C R be a global power ideal. Then
the quotient R/I uniquely inherits the structure of a global power functor from R such that the
quotient map R — R/I is a morphism of global power functors.

Proof. We focus on the power operations here, since the multiplication works completely analo-
gous to the case of commutative rings.

Since R — R/I is surjective, we have to define the power operations on R/I via P™([r]) =
[P™(r)]. We check that this is well-defined. For this, let » € R(G) and i € I(G) for a compact
Lie group G. Then we calculate

P™(r+1i) = itrm,k’k(Pm_k(r) X Pk(z)) = P™(r)+ itrm,k,k(Pm_k(r) X Pk(i)).
k=0 k=1

In the last expression, the entire second sum is contained in I(%,, ! G), since I is a global power
ideal. Hence, the power operations are well-defined. The properties of these power operations
are easily deduced from those for R. O

Conversely, any kernel of a morphism of global power functors is a global power ideal.

Lemma 1.1.33. Let R and S be global power functors and f: R — S be a map of global power
functors. Then the kernel ker(f) is a power ideal of R.

Proof. The kernel of any map of global functors is again a global functor. As f is a map of global
Green functors, for any compact Lie group G the map f: R(G) — S(G) is a map of rings, and
hence the kernel is an ideal in R(G). Thus ker(f) is a Green ideal in R. Moreover, for x € ker(f),
f(P¥(x)) = P*(f(z)) = 0, thus ker(f) is closed under power operations. Thus, it is a power
ideal. O

1.2 Square-Zero Extensions, Derivations and Kahler Differentials

In algebraic geometry, a main objective is to use algebraic techniques to study geometric phe-
nomena of varieties. One important geometric property is smoothness of an algebraic variety.
Translating this to the algebraic side, an important property of a commutative algebra is being
(formally) smooth. In order to formulate this property, one first needs to consider square-zero
extensions, derivations and Kéhler differentials. All these notions are intimately linked by various
adjunctions and representability results, and they constitute a theory of infinitesimal deforma-
tions of commutative rings. These constructions also are the first steps towards constructing
André-Quillen (co-)homology, which is defined as a derived functor of Kéhler differentials or
derivations, respectively.

In this section, we introduce the notions of square-zero extensions, Kéhler differentials and
derivations for global power functors. In these definitions, we are required to specify how to
handle the additional power operations present in a global power functor. The underlying idea
is to consider the power operations as a twisted version of the multiplication. The newly defined
concepts of square-zero extension, derivation and Kéhler differentials satisfy the same relations
as the classical notions, and this facilitates calculations on some easy global power functors
such as polynomial global power functors. Later, when studying exact sequences related to
derivations and Kéahler differentials, we also are able to calculate Kéhler differentials for quotients
of polynomial global power functors.

The definitions in this section are related to the definitions for G-Tambara functors for fixed
finite groups G, defined by Strickland [62, Definition 14.8] in the case of square-zero extensions
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and by Hill [30, Definitions 4.1 and 5.4] in the case of derivations and Kéahler differentials. We
show that our definitions in terms of power operations recover the definitions by Strickland and
Hill in terms of norms, but emphasize that the definitions for the power operations are formulated
more concisely and hence are easier to work with. Moreover, our definition is compatible with
the additional functoriality present in a global power functor in the form of inflations, and also
works for compact Lie groups.

1.2.a Square-Zero Extensions of GGlobal Power Functors

We define a square-zero extension of a global power functor R by an R-module M.

Construction 1.2.1. Let R be a global power functor and M be a module over R. Then we
define the global power functor R x M as follows: As a global functor, we set R x M = R® M.
Explicitly, for every compact Lie group G the value of R x M at G is given as (R x M)(G) =
R(G) ® M(G), for any homomorphism «: K — G of compact Lie groups, the restriction map
takes the form

o (Rx M)(G) — (Rx M)(K), a*(r,m) = (a*r,a"m),

and for any closed subgroup H C G, we have the transfer
tr%: (Rx M)(H) — (R x M)(G), tr§(r,m) = (tr$ r, tr§ m).
Then, we endow this global functor with a unit map
A—-RxM

using the unit map of R and the zero-map on M. This is equivalent to defining the unit element
of R x M to be (1,0), where 1 is the unit in R. Moreover, we define a product by

(R x M)O(R x M) = (ROR) ® (ROM) ® (MOR) ® (MOM) - R® M = Rx M,

where the middle map is the multiplication of R on the first summand, the module structure of
M on the second and third summand and the zero-map on the fourth summand. Explicitly, for
every compact Lie group G, the multiplication is given via

(r,m) - (r';m') = (rr',rm/ +1'm) (1.2.2)

for (r,m), (r',m’) € (R x M)(G). This is equivalent to the external multiplication being given
for elements (r,m) € (R x M)(G), (r',m’) € (Rx M)(K) by

(r,m) x (r',m") = (r xr';r xm/ +7" xm). (1.2.3)

Finally, we define power operations on R x M by the formula

DINte] _
Pk(r7 m) = (Pk(r)’tr(g,i,lzc)xG(Pk 1(7') X m)) (1.2.4)
for (r,m) € (R x M)(G). For notational ease, we write tricfj = tr(zzijfé?x(zjw), which is the

transfer along the inclusion ®; ; from Remark A.1.3 i). Then, the transfer in the above formula
is tr{ | .

Remark 1.2.5. We offer some context for the above formula: We think about the pair (r,m) as
a sum r + m of elements r € R(G) and m € M(G), and assume that the multiplication of any
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two elements in M vanishes. Now, the power operations are a Y;-equivariant version of the map
x — ¥, so we compare the above formula to the calculation

(r+m)* =r* krFIm

obtained in a non-equivariant square-zero extension by the binomial formula. The equivariant
version of this binomial formula is the additivity relation for a global power functor given in
Definition 1.1.18 vii). If we set P*(m) = 0 for m € M(G), k > 2, motivated by the definition
that modules are not equipped with power operations, then this additivity relation recovers the
above definition, as

Pk(r +m) = Pk(r) + trkG_Ll(Pk*l(r) X m).

Remark 1.2.6. The definition of the power operations on the square-zero extension is analogous
to the definition used by Strickland for a square-zero extension of a Tambara functor in [62,
Definition 14.8]. The relation to our definition can be made precise by the translation between
power functors and Tambara functors explained in Remark 1.1.20. We restrict to finite groups
G here, since this is the context in which Strickland works. We first show how our formula for
the power operations is obtained from the formula for the norm:
Let G be a finite group, and (r,m) € (R x M)(G) be an element of the square-zero ex-

tension. Then by the translation between norms and power operations, we have P*(r,m) =

(Ezk:GlzG)qu (r,m), where ¢: (8;-11G) x G — G is the projection to the second factor. By
the formula for the norm on a square-zero extension given by Strickland in [62, Definition 14.8],
we thus have

PE(r,m) = (NG ) (@) 05 16y (N, 10800, (477) - g7m)).

In this formula, the two projections pr; and pr, are those from the X ¢ G-set (351 G/((Zr—12
G)x Q) x (Z1G/((Zr-11G) x G))\ A, where A denotes the diagonal. We now observe that this
Yk 1 G-set is isomorphic to X 1 G/(G X (Zr—2 1 G) x G), and the two projections are associated
to the two inclusions G x (Lp_2 1 G) x G C (¥r-1 1 G) x G using either the left two or the
right two factors. Moreover, the first entry in the description of P¥(r,m) is equal to P¥(r), thus
we only need to consider the second component. In the following calculation, we denote with
gi: (3,-11G) x G — @G the projection to the second factor, and by p;: (X;,-11G) X G = %;_11G
the projection to the first factor. We have

175 e (Nor, Tesp, (G57)) - ggm)
:tr(EZkiGlzG)xG((Né:Exk(zl,:Gzzxcc);xc gi%’; ;igixaqm qm)
=t o (NEERS (G X proa) g yr) - gim)
= 005 o (PENG s @) - dym)
= trzzk,iglzc «a( éi(lzzfgzc)qk 1) X m)
=tr sziGlzG XG(Pk Y(r) x m).

Hence, we exactly recover our definition of the power operations.

Conversely, we show how to obtain the definition of the norm on the square-zero extension
from our formulation of the power operations. For a compact Lie group G and a closed subgroup
H of index k, we choose an ordered H-basis I' = (71,...,7) of G. We assume that v = e is
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the trivial element of G. As explained in Remark 1.1.20, this defines a monomorphism ¥r: G —
Y L H. We have for any element (r,m) € (R x M)(H) the formula

NE (r;m) = WE(P*(r,m)) = WE(PE(r), trily  (PF7H(r) x m)).

The first entry in this exactly recovers the norm N§(r), hence we focus on the M-component
of this term. First, we calculate the composition ¥} o trkaL1 by a double coset formula. For
this, we observe that the coset space (3,0 H)/((Ex—1 0 H) x H) is in bijection to {1,...,k} by
identifying [(o; h1, ..., hi)] with o(k). As left multiplication by G is transitive on G/H and T
identifies G/H = {1,...,k}, we observe that G acts transitively on (X5 H)/((Zr-1 1 H) x H)
through ¥, and hence the double coset formula consists of a single summand. Moreover, the
corresponding stabilizer occurring in the double coset formula is given as H C G, by the choice
of taking v = e in I'. Equivalently, (¥r)g: H — X3 ¢ H takes values in (Xx_1 ! H) x H and
exhibits H as the preimage of this subgroup. Thus, we calculate

U (g 1 (PR () x m)) = o ((Yr) [ (PFF x m))
= fl((qu)|H(pk(Pk 1) q(m)))
= trf (o © (Ur) 1) (P*1) - (g 0 (Tr)jm)" (m))

In this last line, we observe that gz o(¥r)|z = idy is the identity on H, and hence the second fac-
tor evaluates to m. On the other hand, to calculate (pi o (¥r) )" (P"~!), we have to understand
P o (Vr) . This depends on the left action of H on (G/H)\ {eH}. We decompose this set into
H-orbits. For each of these H-orbits, which we index by j, we obtain the corresponding sub-basis
I'; consisting of those «y; in I' such that v, H is part of this specific H-orbit. The stabilizer inside
H for this orbit can be written as H N ngg;1 for some g; € G, and we fix a g; for each orbit.
Then, performing the right multiplication Ff =T g;l defines an ordered (H N g;H g;l)—basis
for H. Finally, we denote by k; the order of this orbit. Using this, we observe that we can factor
pr o (¥r)| g via

XUpm
H—— XSy, 1 (HNg;Hg ') € Xy, LI

Applying the restriction along this composition to the power operation P*~(r), we obtain

k— ) i tH k; _ H H
(pr o (W) )" (P*71) = [T Wi 1055 g g (P () = HNngngj,l (10537, 1741 (1))-

Finally, we observe that this H-orbit decomposition of (G/H)\{eH} is equivalent to the G-orbit
decomposition in (G/H) x (G/H) \ A, the G-set used by Strickland. Hence, this product of
norms of restrictions is exactly Ny, resy. (r), which recovers the formula for the norm in the
square-zero extension from our formula for the power operations.

In my opinion, the description of the square-zero extension is another case in which the
power operations simplify exposition and calculations compared to the norms. In particular, as
explained in Remark 1.2.5, the formula for the power operations in Rix M is a direct generalization
of the binomial formula, and benefits from the easy additivity relation of the power operations. In
comparison, the norms have to utilize the 35 1 G-set (X1 G/(Zr-11G) X G)) X (1 G/((Zk-12
G) x G)) \ A, which makes the new norms hard to work with. This is a consequence of the
inexplicit additivity formula for general norms.

In addition to the structure required for a global power functor, R x M comes equipped with
maps 7: R - Rx M,r — (r,0) and e: Rx M — R, (r,m) — r.
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Theorem 1.2.7. Let R be a global power functor and M be an R-module. Then the square-zero
extension R x M, endowed with multiplication and power operations as in Construction 1.2.1,
and endowed with the maps n: R — Rx M and e: R x M — R defined above, is an augmented
R-power algebra. Moreover, for a morphism f: M — N of R-modules, the induced morphism
Rx f: Rx M — R x N is a morphism of augmented R-power algebras.
We obtain a functor
Rx (_): Modgr — Algg /R

from the category of R-modules into the category of augmented R-algebras.

When we consider a global power functor R, an R-power algebra S and an S-module M,
we can also consider S x M as an R-power algebra augmented to S via the functor Algg /S —
Algp /S that composes the unit map of an S-algebra with the unit map R — S of the R-algebra
S.

Proof. By definition as a direct sum of two global functors, R x M is a global functor. To check
that R x M is a global Green functor, we need to show that for any compact Lie group G,
(R x M)(G) is a commutative ring such that restrictions are ring homomorphisms and transfers
satisfy reciprocity, as explained in Remark 1.1.11. By the definition of multiplication in (1.2.2)
and the usual arguments in algebra, (R x M)(G) is a commutative ring. We then calculate for
any homomorphism «: K — G and (r,m), (r',m’) € (R x M)(G):

o ((r,m)(r',m)) =(a* (rr"), a* (rm’ + r'm))
=(a*(r)a*(r"), o (r)a*(m') + o*(r')a* (m)) = a*(r,m)a*(r',m’)

Moreover, for a closed subgroup H C G and (r,m) € (R x M)(H),(r',m’') € (R x M)(G), we
have

trG ((r,m) - resG (1, m")) =(trG (r - resG (")), trG (r - res$ (m”)) + tr$ (resG (') - m))
=G (r) e (r)ym’ + 7 15 (m)) = trG (r, m) (7, m’).

This shows that R x M is a global Green functor.
Now we check the properties for the power operations given in Definition 1.1.18. In the following,
k > 1 and G is a compact Lie group.

i) The unit in (R x M)(G) is (1,0). We calculate
PR(1,0) = (PE(1), 66, 4 (P51 (1) x 0)) = (1,0).
ii) For any compact Lie group G and (r,m) € (R x M)(G), we have
Pl(rm) = (PH(r), 653G (PO(r) x m)) = (r,m),

where the transfer is the identity under the identification ¥1 1 G 2 G = Y31 G x G, and
PY(r) = 1 by definition.

iii) Let «: K — G be a homomorphism of compact Lie groups, and (r,m) € (R x M)(G).
Then

PE(a*(r;m)) = (PM(ar), tri_y 1 (P* ! (a"r) x a*(m)))
= (B 1) PR(r), triy 1 (Bk—1 2 @) x @)* (PYH(r) x m)))
= ((Zk 1) PH(r), (Sy 1) (i 1 (PPH(r) x m))) = (B 1a)" PH(r,m).
Here, to obtain the last line, we use that in this specific case, transfer and restriction

commute. This is proved in [55, 5.2.9].
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iv)

Let (r,m), (r',m') € (R x M)(G). Then we calculate

PE((r,m) - (r'm')) = (P*(r ), ey y (PP ") x (om0 - m)))
= (P*(r) - P(r) tofy o (PR () - PRE()) ¢ (rem)
(P*=Y(r) - PP1()) x (¢ - m)))
= (P*(r) - P(r"), tefy (PP () xor) - (PR10) xom) +
(PF=H(r") x o) - (PR (r) x m)))
= (PF(r) - PE(r'), ey 1 (®fy 1 PR (r) - (PPH() xom)) +
trkG 1,1(Pr1 1Pk( ") - (P H(r) x m)))
= (P*(r) - PR(r"), PR(r) - taf_y (PR () x ) +
PE(r) - triy 1 (PR (r) x m))
= Pk(r,m) - PR(r',m’).
Here, in the third line, we used an exchange property between the interior product - and the
exterior product x for a global Green functor. This is explicitly stated and proved in [60,
Diagram 2.22]. Here, we also have a Green module M in the formula, but the arguments
work exactly the same. In the fourth line, the map ®_11: (X411 G) X G — X 1 G is

the one from Remark A.1.3 i), along which trf_L1 is the transfer. Thus, the next equation
follows by reciprocity.

Let 4,7 > 1 such that i + j = k, and let (r,m) € (R x M)(G). Then
@7 ;(P*(r,m)) = (7 (P (r)), @5 (tri 1 1 (PF7H(r) x m))).

To commute the restriction ®; ; past the transfer trkcfl’l, we need to apply the double coset
formula. The double cosets are calculated in Lemma A.1.4 i). Hence, for the double coset
formula, we get

;5 (3 (PF(r) x m)) =

,7,G * — *
Z trz jaeg 1+e,1— s( ( ) ((I)'L £,J— 1+5Pk 1( ) X (I)s 1— s(m)))
e=0,1

=0T L (PU(r) x PP () xom) + g0 (P () xomox PI(r)
= Pi(r) x trjflﬁl(Pj_l(r) x m) + P7(r) x triflﬁl(Pi_l(r) X m).

Here, we abbreviated

i,5,G —tr (ZRG)x(Z,0G)

U e j—1te,1—e = (s, Q)% (801G) X (5 —140G) X (1-22G) *

Then, the total expression can be written as

o; ;(PH(r,m)) = (‘I’ ,j(Pk(T ), @ (trg_y 1 (P*(r) x m)))
' r)xtrj (P L) xm) + PI(r) x tr§

1 1(Pi71(7") xm))
(r) x m)) x (P?(r), e, | (P71 (r) x m))

)

I

T
—
=
S~—
X
Q'
<.

! ,;
“E

- =
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vi) Let k,1 > 1 and (r,m) € (R x M)(G). Then we need to calculate
k2 (PM(rm)) = (W P (), Wty 1 (PR () xom)).

Again, to switch the order of restriction and transfer, we need to apply the double coset
formula, this time for the subgroups ;1 (X1 G) and (Xg—11G) X (£11G) in Xyt G. There
is a single double coset, as described in Lemma A.1.4 ii), and the double coset formula
takes the form

Wtk 1 (M) > m))

SU(ERG) (Bri-11G)xG kl—1
(z’?k_llz(zlzc;))x(zl_uc)xc(res(z:illz(z,zc)) (Ez_llG)XG(P (r) x m))

LU ER(ERG) k—1/pl G -1
- tr(gk_la(zzzc))x(zlzc)(P (P(r)) x tris, 12G)><G(P (r) x m)).

=tr

Here, in the last line, we used that transfers are transitive and compatible with x and that

Yri—10G kl—1 k—1 [ 1 -1
res s, ) xsas ey L (1) =P H(Pr)) x PH(PT(r).

Thus, we calculate
W (P (rym)) = (Wi P (r), Wiy oy 1 (PR () < om))
= (PH(P!(r)), tr 7 (PFH (P (r) x trfy (P (r) x m)))
= PE(P!(r), {1 1 (P (r) x m)) = P*(P'(r,m)).
vii) Let (r,m), (r',m') € (R x M)(G). Then

PE((rym) + (r',m')) = (P*(r 1), 6y (P (r 1) x (m+m)))

k
= (DG (Pi(r) x PR,
=0

k—1
trkGle(Z trj,kfjfl(Pj(T) x PF=I71(1")) x (m —|—m’))>
i=0
k
= (D ufa(Pr) x P)),
=0
k-1
Ztrk 1,1 trjk - L(PI(r) x PMI71(0r)) xom) +

nmum&ﬁduwmxﬂﬂ*vamﬂ
k
(Ztr i k— l ka l( ))7
=0

k-1
Zt ]G-',-lk _ja(trF G (P (r) x m) x P*I71(0r")) +
j=

5y (P (r) x trfl, 3 1 (PE9710) o))

36



1.2. SQUARE-ZERO EXTENSIONS, DERIVATIONS AND KAHLER DIFFERENTIALS

k
= (Do 6P x P,
=0

Here, in the passage to the penultimate line, we applied an index shift to the first half of the
sum. Moreover, observe that in this reindexed sum, we have added two terms. However,
both of these evaluate to 0. Hence, we have shown additivity.

viii) Let H C G be a closed subgroup and (r,m) € (R x M)(H). Then
PH(trg(r,m)) =(PH(teg (r), teg (PP (g (r) x ey (m))
=(trgt i (PE(r)) iy (G (PR () xm)))
=(ors i (PR () ey (o (P71 (r) xom))) = 5 PR (rym).
Here, in the last line, we used the transitivity of the transfer to commute the two transfers.

That the maps n: R — Rx M and €: R x M — R are morphisms of global power functors is an
easy calculation. Thus R x M is an augmented R-algebra.

We now check functoriality. Let f: M — N be a morphism of R-modules, we need to show that
R x f is a morphism of augmented R-algebras. First, we check that R x f is a map of global
functors. This is clear, since additively, R X f = R® f, which is a morphism of global functors.
It is a map of global Green functors, since we have (R x f)(1,0) = (1,0), and for (r,m), (r',m’) €
(R x M)(G), we calculate

(Rx f)((r,m)-(r',m")) = (rr', f(rm' +7'm)) = (rr',rf(m') + ' f(m))
=(Rx f)(r,m)- (Rx f)(r',m).

Moreover, R X f commutes with the power operations, since for (r,m) € (R x M)(G),
(R [)(P*(rym)) = (P*(r), f(teiy 1 (PP (r) x m))) = (P*(r), ey 1 (P*7H(r) x f(m)))
= P*((R x f)(r,m)).

Finally, R x f also commutes with the unit 7 and the augmentation &, since it is the identity
on the R-summand. Thus R x f is a morphism of augmented R-algebras. Functoriality is then
clear. O

1.2.b Derivations of Global Power Functors

Definition 1.2.8. Let R be a global power functor, S be an R-algebra with unit map n: R — S
and let M be an S-module. Then, an R-derivation of S with values in M is a map d: S — M of
global functors such that the following properties are satisfied:

i) For all compact Lie groups G and s, s’ € S(G),
d(ss’) = sd(s') + s'd(s).
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ii) For all compact Lie groups G and s € S(G),

d(P"(s)) = tri_y ,(P*7*(s) x d(s)).

iii) The composition d o = 0 vanishes.

We denote the set of R-derivations of S with values in M by Derg(S, M). This is an abelian
group by addition of morphisms of global functors.

Remark 1.2.9. As for derivations of commutative rings, the property in Definition 1.2.8 iii) is
equivalent to d being R-linear. Indeed, if r € R(G) and s € S(G), then we calculate

d(n(r)s) = n(r)d(s) +d(n(r))s = n(r)d(s).

Conversely, if d is R-linear, using the Leibniz-rule for n(r) - 1 for any r € R(G) gives don = 0.

Moreover, the Leibniz rule in Definition 1.2.8 i) is formulated in terms of the internal product
of a global Green functor. It can equivalently be given using the external product, and then
takes the form

d(s x §')=sxd(s")+d(s) x &
for s € S(G) and s’ € S(K).

Remark 1.2.10. The formula given in Definition 1.2.8 ii) for the behaviour of a derivation on
a power operation can be thought of as a twisted version of the classical Leibniz rule. On a
usual power, a derivation satisfies d(x*) = kx*~1d(x). The power operations are an equivariant
refinement of the usual powers in a commutative ring. The index of (Xx_11G) x G in 1 G
is k, and hence the transfer tr{’ , | can be considered as an equivariantly twisted version of
multiplication by k. In particular, for a constant global power algebra S over R for an R-algebra
S, the above notion of a derivation recovers the usual notion of a derivation on a commutative
algebra.

Moreover, this formula for the twisted Leibniz rule is a generalization of the formula for
derivations of G-Tambara functors present implicitly in Strickland’s definition of square-zero
extensions in [62, Definition 14.8] and made explicit by Hill in [30, Definition 4.1]. This formula
is

d(NE(s)) = trg(Np1r1 respr, (s) - d(s))

for s € S(K) and K < H < G a sequence of subgroups in G. This definition can be translated
into our context of power operations using Remark 1.1.20, and the calculations are exactly the
same as in Remark 1.2.6.

The main property of derivations is that they control maps into square-zero extensions.

Theorem 1.2.11. Let R be a global power functor, S and T be R-algebras and f: T — S be
a map of R-algebras, making T into an R-algebra augmented over S. Let M be an S-module,
considered as a T-module via f. Then, the map

DerR(T, M) — HomAlgR /S(Ta S x M)
d— fxd

1s bijective.
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Proof. We first prove that for an R-derivation d: T — M, the map f x d is indeed a map of
R-algebras augmented to S. It is a map of global functors as the direct sum of two maps of
global functors. Moreover, for a compact Lie group G and t,¢ € T(G), we have

(f xd)(t-1") = (f(tt'), d(tt')) = (fO) S (), F()AE) + f({E)d(t)) = (f x d)() - (f x d)(t"),

where in the second equation, we note that the T-module structure on M is via the map f: T —
S. Together with (f x d)(1) = (f(1),0) = (1,0), this proves that f x d is a map of global Green
functors.

Let now G be again a compact Lie group, ¢t € T(G) and k > 1. Then

(f = d)(PH(1) = (F(P*(1)),d(P* () = (P*(f(2)), tri_y 1 (F(PF1(2)) x d(1)) = P*(f (1), d(1)),

thus f x d is a map of global power functors. Moreover, if n: R — T is the unit of the R-algebra
T, we have the identity

(f xd)(n(r)) = (f(n(r),d(n(r))) = (f(n(r)),0)

for any compact Lie group G and r € R(G), since d o = 0 by the property that d is an R-
derivation. Thus, by definition of the algebra structure of S x M, we see that f x d is a map of
R-algebras. As the map f x d agrees with f on the S-summand and the augmentation of S x M
is the projection onto S, we see that f X d is a map of R-algebras augmented to S.

Now let g: T'— Sx M be a map of R-algebras augmented to S. We denote the two projections
of g to S and M by gs = mgog and gy = mar 09, such that g(t) = (gs(t), gar(t)). As g commutes
with the augmentations and the augmentation on S x M is mg, we see that gg = f. We now
show that gp;: T — M is an R-derivation. As both g and m); are morphisms of global functors,
also gps is a morphism of global functors. Let G be a compact Lie group and ¢,t' € T(G). Then,

v (g(tt) = mar(g(t) - g(t") = T (F@) F(E), FO)gna (') + () gn (1))
Fan(t') + f()grr(t)
and for any k£ > 1, we have
gm (P* (1)) =mar(g(P* () = mar (P*(g(1))) = mar (P*(f (), trg_y 1 (P*7H(F (1)) X gar(1))))
=t (PETHF() % gm (1))

Lastly, for any r € R(G), we have ga(n(r)) = ma(g(n(r))) = ma(f(n(r)),0) = 0, since g is a
map of R-algebras. Hence, gps is indeed an R-derivation.
Then we consider the assignment

gm(tt)

Homyg, /s(T,S x M) — Derg(T, M), g+ gn-

Since for any g € Homyyg, /s(T,S x M), we have gs = f, we see that g = f x g, and for any
R-derivation d: T — M, we have d = (f x d)p. Thus, these assignments are inverse to each
other. O

1.2.c Kahler Differentials of Global Power Functors

Theorem 1.2.11 shows that morphisms into a square-zero extension are characterized by deriva-
tions. In the case of commutative rings, the functor of derivations is representable. The same
statement is also true for the functor Derg(S, ): Modgs — Ab, where S is a global power func-
tor. We call the representing object the module of Kéhler differentials. Most of the relevant
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properties of this S-module can be deduced purely from this description, and we follow this line
of thought in order to give proofs that follow the classical ones without needing to explicitly
handle the power operations. We show the existence of the module of Kéhler differentials by
considering the multiplication map SOgrS — S of an R-power algebra S. Here, the classical
recipe of taking the kernel I of the multiplication and forming the indecomposables I/I? has to
be slightly modified to account for the power operations. In the case of a fixed group G, this has
already been carried out for Tambara functors by Hill in [30, Chapter 5]. The construction used
here also becomes useful when studying the naive cotangent complex as a means to calculate the
low-degree André-Quillen (co-)homology in Section 1.5.c.

Definition 1.2.12. Let R be a global power functor and S be an R-power algebra. Suppose the
functor

Dergr(S,_): Modg — Ab

is representable. Then we denote a representing object by (le /R d) and call le /R the module
of Kéhler differentials. The R-derivation d: S — Q.ls* /R is called the universal derivation.

From this, we directly observe that if these modules of Kahler differentials exist for every R-
power algebra S, they are automatically functorial in the R-algebra S. Since le /R is naturally
an S-module for any R-power algebra S, a natural target for a functor of Kéhler differentials
is Mod®, the category of pairs of an R-power algebra and modules over it, which arises as the
Grothendieck construction from the 2-functor Alg, — Cat, S — Modg. However, we do not
need this formulation here and hence do not provide any details on this construction. We only
need the resulting functor

RO )Q{ ) g: Algg /R — Modg

and the relative version
SD(JQL)/R: Algp /S — Modg

for a fixed R-power algebra S.
This functoriality is also compatible with a change in the base global power functor R.
Explicitly, if we are given a commutative square

R—— R

|

S —— 9

of global power functors, then we obtain an induced morphism le /R le, IR of S-modules, or
equivalently by extension of scalars, a morphism S'OgQg /R~ Qq IR of S’-modules.

We prove the existence of Kéhler differentials for any global power functor R and R-power
algebra S in Theorem 1.2.24. This existence allows us to formulate the following adjunction,
which is a consequence from the definition of Kéahler differentials and Theorem 1.2.11:

Theorem 1.2.13. Let R be a global power functor and S be an R-algebra. Then the functor
SD(_)Q(li)/R: AlgR /S — Modg

is left adjoint to
Sx (_): Modg — Algp /S.
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Proof. Let M be an S-module and T" be an R-algebra augmented to S. Then we can consider
M as a T-module via the map ¢: T'— S. Then we have the chain

Hompyyg, /5(T, S x M) = Derg(T, M)
%HomT(QlT/R, M)
= Homg(SOrQy, 5, M)

of bijections. This proves that the functors are adjoint. O

Example 1.2.14. As an example, we calculate the global functor of Kéhler differentials on a
polynomial global power functor from Definition 1.1.22. Let R be a global power functor and
R[zk] be a polynomial R-power algebra on a generator at level K. We claim that

Qnierr/r = Rlexl{der} = Rlzg]DA(K, )

is a free R[zk]-module on one generator in degree K, which we call dx . For the proof, we show
that this satisfies the universal property of the module of Kéhler-differentials: Let M be any
R[zk]-module. Then we have the chain

Dergr(R[z k], M) = Homag,, /Rrizy)(Rlz k], Rlzk|x M) = M(K) = Homp, | (Rlzk |OA(K, ), M)

of bijections, where the second bijection uses Homaig, (R[z k], Rlzk] x M) = (R[zk] x M)(K),
and that such a morphism is a morphism over R[z ] iff the first component is x . The composite
bijection above exhibits the universal property of Q}?[wx] /R thus we have shown that we have
Q}Q[mx]/R = [:L‘K]{de}

We can also describe the universal derivation in this context, using the above isomorphism to
translate the identity on the right side into a derivation d: Rlxx] — Rlxx]OA(K,_). This
yields d(xg) = 1 [ idg, which justifies the name R[zgk]|{dxk} for this module. Generally, a
power P"(x) satisfies

d(P"(zk)) = trffflyl(P”_lxK X dzg).

By the same representability arguments or using Proposition 1.2.30 (at least for finitely many
generators), we get the following result for general polynomial algebras:

Proposition 1.2.15. Let R be a global power functor and K; be (not necessarily distinct) com-
pact Lie groups for i € I, with I any indexing set. Let

T =Rl i€ 1= [ Rlaix,
i€l
be a polynomial algebra over R in generators indexed by I. Then
Vg = T{dw; ki € 1} = D TOA(K;, )
i€l
s a free T-module on generators indexed by I.

Another case in which Kéhler differentials are easily computed using the universal property is
for surjections R — S. A morphism of global power functors is called a surjection if it is levelwise
surjective. This is equivalent to being an epimorphism in the category of global power functors,
and all epimorphisms are effective. This can be deduced as a consequence of the description of
global power algebras as a multisorted algebraic theory in Remark 1.1.24.
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Proposition 1.2.16. Let R be a global power functor and S be an R-algebra such that the unit
map 1n: R — S is surjective. Then Q}Q/R =0.

Proof. Since any R-derivation d: S — M vanishes on the image of the unit map n: R — 5,
surjectivity of n implies that Derr (S, ) = 0 is trivial. Hence, this functor is represented by the
zero module, so Q}S‘/R =0. O

By exhibiting a construction, we now show that Ké&hler differentials exist for all R-power
algebras S. Classically, we have the formula Q}g /R = J/I?, where I denotes the kernel of the
multiplication map S ®z S — S. In our context, the kernel of the multiplication map is a global
power ideal as defined in Definition 1.1.30 and is still the correct object to consider, but in the
presence of power operations, we have to replace I2 by an object that also contains powers of
elements in I. We follow the definitions given by Hill in [30, Definitions 5.1 and 5.4].

Definition 1.2.17. Let R be a global power functor and I be a power ideal in R. Then we
define the ideal 122 of decomposables in I as the submodule of R generated by elements of the
form P*i(z1) x ... x Pkn(z,) with ky + ...+ k, >2and all 2; € I.

Explicitly, the value of 122 at a compact Lie group G is given by

IZQ(G) = Z trgj a;(rj x ij’l(xj,l) X ...x Pring (xj,nj)) | kja+...+ kj,nj >25,
jed
J finite

(1.2.18)
where K; and K, are compact Lie groups, H; C G are closed subgroups of G, a;: H; —
K; x (X2, Sk, , 1 Kj;) are continuous homomorphisms and r; € R(K;), z;; € I(Kj;).

Lemma 1.2.19. With the above definition (1.2.18), I=2 is a power ideal in R.

Proof. By the definition of 7122 in (1.2.18) and the relations satisfied by compositions of transfers
and restrictions given in Remark 1.1.2, we see that 122 is closed under restrictions and transfers.
Moreover, it is a Green ideal in R, since for s € R(L), r € R(K) and z; € I(K;) and natural
numbers k; > 1 with k1 + ...+ k, > 2, and H and « as above, we calculate

s x tr&(a*(r x P¥ (1) x ... x PP (2,))) = tr2XG((L x )*((s x 1) x P (21) x ... x P* (x,,))).

This again is an element in 722,
Finally, we check that 122 is closed under power operations. With the same notation as before,
we have

P*(trG o (r x P*1(21) x ... x Pk (x,))) trg’;ig(Ek La)* (P*(r x PM(zy) x ... x Pk (z,)))
= 55T (Sr ) 0 A o (X Tp,)*)(PF(r) x PH¥ (21) x ... x P (a,))
= trg’;gg((x Upr,) o Ao (SR 1a))*(PR(r) x PMM(xy) x ... x PFn(z,)),

where Ay, is an iterated version of the diagonal embedding from Remark A.1.3 iii), which is used
in the external multiplicativity of power operations, as explained in Remark 1.1.19. The closure
of multiplication and power operations on arbitrary sums of the above elements then follows
from additivity. This completes the proof that 72?2 is a power ideal in R. O

We consider the following construction that turns out to calculate the module of Kahler
differentials:
Let R be a global power functor and S be an R-algebra, with unit n: R — S. Let

i SORS — S
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be the multiplication map of S. Let I = ker(u). Then we consider the global functor I/1=2.
Moreover, we define the morphism

idOn—n0id
_—

d: S I/1=2 (1.2.20)

as the difference of the inclusion as the left and right factor, using S = RURrS = SORR.

Proposition 1.2.21. The S-module structure on SOgrS by multiplication in the left factor de-
fines the structure of an S-module on the global functor I/I22. Moreover, the map d: S — 1/I=2
is an R-derivation.

Proof. We already know that I is an SUgS-module, since it is an ideal in SOgS. Moreover,
I22 is a subideal in I, and hence I/IZ?% is an SOgS-module. Now, using the left inclusion

S ﬂ SORS, we see that the left multiplication on SOgS induces an S-module structure on
1/122.

As the difference of two maps of global functors, the map d = id(Jn — nJid is a map of global
functors. Let s,s’ € S(G), then we have

d(s-s')=(s-8)H1—-10(s-5)

(s-8NH1—-sEs +(s-8 D1 -5 s
(sBO1)-(s'O1-10s)+ (s BD1)-(sH1-11s)=s-d(s') + s - d(s).

Here, [1: S(G)®S(G) — (SORS)(G) is the universal diagonal product explained in Remark 1.1.13.
In the second line, we added (s[11—10Es)- (s’ 1 —101s') € 122, which is trivial in 1/122.
Moreover, for s € S(G) and k > 1, we have
d(P*(s)) =P*(s) 01— 1 P*(s)
=PF(sE1)—P*(1Es) = P¥(sE1) — PF(s@1 —d(s))

k
=PF(sD1) = trp_i (PP (sE1) x P'(—d(s)))
=0
k
=trp_11 (P71 (s) x d(s)) = Y _(P¥7(s) x P'(=d(s))).

=2

Here, we used the power operations on the boxproduct SCgS, making it into the coproduct in
global power functors, as described in [55, Example 5.2.15]. Moreover, we again used that the
S-module structure on [ is given by the left inclusion of S into STIg.S, in order to identify the
action of P¥(s) with that of P¥(s[J1). In this formula, the last sum lies in 722, hence we see
that in I/I22, we have the relation

d(P*(s)) = trp_1.1(P*1(s) x d(s)).

Finally, since the boxproduct SORS is taken over R, we see that for r € R(G), we have d(n(r)) =
r01—1Er =0, and thus d is indeed an R-derivation of S with values in I/I=2. O

Another way to see that d is a derivation is to identify the square-zero extension S x (I/122)
with (SOgS)/I22 and use the characterization of morphisms into a square-zero extension from
Theorem 1.2.11. This in fact amounts to the same calculations as in the previous proof, but
since the result is interesting on its own, we state it explicitly.
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Lemma 1.2.22. The map
Yg/r = (idOn, —incl): S x (I/12%) — (SORS)/IZ%, (s,2) — (sED 1 — )
is an isomorphism of global power functors, such that the diagram

§ x4 g (1/122) 25y g

nDid l"’s/R "
(SORS) /122

commutes.

Proof. Since as global functors, S x /122 = S @ I/IZ? and both the left inclusion id(Jn and
the inclusion of I/I22 into (SOgS)/IZ2? are maps of global functors, we see that Yg/R is a
morphism of global functors. To see that it is a map of global power functors, we have to do
a similar calculation as in the proof of Proposition 1.2.21 as follows. Let G be a compact Lie

group and (s, ), (s',2') € (S x I/I22)(G). Then,

VYs/r((s,2) - (s',2") =vg/r(ss’, sz’ + §'x)
=ss’ 01 —sx' —s'z

=g r(s, @) - s/r(s",2) — g2’

er=2
and for £ > 1 we have
P*(yg/p(s @) =PF(sE1— )
k
= Ztrk,i,i(Pk_i(s 1) x Pi(—x))
i=0
k
=PF(s) D1 —try_1 1 (P 1(s) x z) + Ztrk,i,i(Pk_i(s) x Pi(—x))
i=2
k
=ts/r(P*(s,2)) + > tri_ii(PF7(s) x P'(~x)).
i=2

er=2

Thus, the map g/ is a map of global power functors. By the explicit formulas, we directly see
that v g/ o (id x d) = nJid is the right inclusion of S in SCIrS. Moreover, since for any element
x € I/12? the multiplication p(x) = 0 vanishes, also the augmentations agree.

To see that 1g, g is an isomorphism, we explicitly construct an inverse. We consider

ds/r: (SORS) /T2 = S x I/I72, € = (u(€), p(§) ®1 = €).

This is well-defined on the quotient by 22, since for ¢ € I22, we have both u(¢) = 0 and
€ =0¢€ I/I72. By an easy calculation, it is inverse to Yg/r- Thus, ¥g/g is an isomorphism of
global power functors. O

Now, we show that the derivation d: S — I /122 is the universal R-derivation on S and I /122
is a model for the Kéhler differentials. First, we need the following lemma:
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Lemma 1.2.23. The S-module I/12?% is generated by the image of d: S — I1/1=2.

Proof. Since I/I2? is a quotient of an ideal in SOgS, we first consider this box product. By
Remark 1.1.9, the elements s X s’ for s € S(H), s’ € S(H') generate the global functor SRS,
where H and H' run through the pairs of representatives of isomorphism classes of compact Lie
groups.

Thus, we may write any element of I(G) C (SOrS)(G) as 3 tr (af(z; Ky;)) for some finite
index set J, compact Lie groups K;, K/, closed subgroups H; C G, continuous homomorphisms
a;: H; — K; x K and elements z; € S(K;),y; € S(K]). Then, we can calculate

>t (o (@ Ry)) =)t (0" (2 % 9a) B 1 — @i x d(y,))).

Since we started with an element in the kernel of the multiplication map, we see that the first
summands sum to zero. Thus, we see that the elements d(y;) generate I /122 as an S-module. [J

This allows us now to show that Kéhler differentials exist by showing the universal property
for (I/122,d).

Theorem 1.2.24. Let R be a global power functor and S be an R-algebra. Let M be an S-module,
and d: S — 1/I2? be the derivation from (1.2.20). Then the map

Homg(I/122, M) — Derg(S, M), ¢ — pod

is an isomorphism of abelian groups natural in M. In particular, Kihler differentials exist for
all R-power algebras, and we have
Oy p 2 I/172.

Proof. First, we need to check that ¢ o d is indeed a derivation. This is easily seen from the
definition in 1.2.8, since ¢ is a morphism of S-modules. Moreover, the map ¢ — @ od is clearly
additive.

We now construct an inverse map: Let e € Derg(S, M) be an R-derivation. Then, by 1.2.11, we
obtain a morphism id X e: S — S x M of R-algebras augmented to S. Then, the extension-of-
scalars adjunction between R- and S-algebras gives a map

idx e: SOrRS — Sx M

of S-algebras augmented to S, where on the left we have as augmentation the multiplication.
Hence, this induces a morphism @.: I — M between the augmentations ideals as power ide-
als. Since S x M is a square-zero extension, all products and power operations vanish on the
augmentation ideal M, so this factors over a morphism

e I/I72 - M

of S-modules.
We now claim that these two assignments are inverse to each other. Let e: S — M be an
R-derivation. Then, we consider the diagram

SORS idxe Sx M

proj~idxd

(SORS) /122 § w I /122
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of morphisms of augmented S-algebras, where the identification at the bottom and the translation
of the projection morphism follow from Lemma 1.2.22. This diagram commutes by the definition
of pe. Thus, we obtain the equation e = ¢, o d by restricting to elements of the form 1 [ s in
SORS. This proves that one composition of the above morphisms is the identity. Moreover, this
implies for a morphism ¢: I/12% — M and e = pod that pod = poq0d. By Lemma 1.2.23, we
can cancel precomposition with d in the category of S-modules, hence ¢, 04 = ¢, which proves
that the other composition is also the identity. Naturality of the morphism is clear. Hence, we
have proven the theorem. O

Remark 1.2.25. Theorem 1.2.24 shows that the functor of derivations is representable. Thus, the
abelian group of R-derivations on S can be described as the group of homomorphisms between two
S-modules. By Proposition 1.1.8, the category of global functors is closed symmetric monoidal,
and this transfers to the category of S-modules. Hence, we observe that we can upgrade the
abelian group structure on Derg(S, M) to a global functor of derivations. This may be done by
defining

Dery (S, M)(G) = Derg(S, M[G)). (1.2.26)

This definition uses the description of the internal function object in Proposition 1.1.16 in terms
of shifted modules.

This enrichment to a global-functor-valued functor of derivations later leads to a possible
interpretation of S-modules as global functor objects in augmented S-algebras, as we explain in
Section 1.3.b. It also emphasizes the duality between Kéahler differentials and derivations, which
later leads to the duality between André-Quillen homology and cohomology.

1.2.d Base Change and Transitivity

In this section, we prove the basic properties of Kéhler differentials and derivations, namely a
transitivity exact sequence and a base change result. These results are important for the cal-
culation of Kéhler differentials and derivations. Moreover, the existence of right and left exact
sequences of Kéahler differentials and derivations, respectively, raises the question of existence of
derived functors, which then leads to the development of André-Quillen homology and cohomol-
ogy. We start with the base change.

Proposition 1.2.27. Let R be a global power functor, S and R’ be R-algebras and S’ = R'ORS.
Then, the morphism
¢: RORQg/p = S'0sQ5/ 5 = Vs ymr

of 8’-modules, arising from functoriality of the Kdhler differentials, is an isomorphism.
Moreover, for any S’-module M, restriction along S — S’ gives an isomorphism

©*: Dergr/(S’, M) — Derg(S, M).

Proof. We start with the statement for the functor Der, the statement for Q' follows from
representability, since the restriction morphism is dual to .
We define an inverse morphism to ¢* as

*: Derg(S, M) — Derg/(S’, M)
ds (S = ROgS 2% riOpM % M),

where p: R'OrM — M is the restriction of the S’-module structure of M. We need to check
that for any R-derivation d: S — M, the morphism ¢*(d) indeed is an R’-derivation. It is
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a morphism of global functors, and we can verify the equations from 1.2.8 on elements of the
form r [J s with r € R'(G) and s € S(G), since these elements generate R'JrS. We have, for
rs, " 0s € (RORS)(G) and k > 1,
P*(d)((rBs)- (" Bs")) =y (d)((rr) T (ss"))
=(rr') - d(ss’) = (rr') - (sd(s') + §'d(s))
=(rs)- (r'd(s )) (r' Es) - (rd(s))
=(rBs) - ¢*(d)(r' Os) + (' Os) - ™ (d)(rHs)
G (d)(PF(r B ) =¢*(d)(P*(r )DPk( )

:Pk(r) ~trg_ 11 (PP Y(s) x d(s))

= trp—1,1(@f_1,1 (P(r) - (PF71(s) x d(s)))

—tr 1 (PR B PEL(s)) (- d(s))

=trp_11 (PP (rOs) x ¢*(d)(r O s)).

d
Moreover, the composition R — R'OrS # M is the extension of scalars of the morphism

R—>S4 M , which is trivial since d is an R-derivation. So ¢*(d) vanishes on R’ and hence is
an R’-derivation. Now we have to check that ¥* is indeed inverse to ¢*.
The composition ¢* o 1* is the morphism

Derg(S, M) — Derg(S, M),d — (S — S’ = R'OxS R'-d M),

On any element s € S(G), we see that the right derivation takes the value s — 1Hs — 1-d(s) =
d(s), so this composition is the identity.
The other composition is the map

/'d
Derg/ (S', M) — Derg/(S’,M),d — (S’ = R'OgS R-dis M).

This maps any element 7[Js to r-d(s). Since d is R'-linear, we see that this agrees with d(r[Js).
Since elements of this form generate S’, we see that also this composition is the identity. This
finishes the proof. O

Remark 1.2.28. The inverse morphism ¢*: Derr(S, M) — Derg/(S’, M) constructed in the
proof is induced by a morphism 1): Q P S’Dsﬂfg/R of S’-modules. This morphism can be
constructed by universality from the dll‘/ferentlal

dZZRIDRds/R:S/ R/DRS%RDRQ /R_SmsQS/R
The calculations that this is indeed a differential and that the resulting map % is inverse to ¢ can

be done by similar arguments as in the given proof, but also follow formally by representability.
Next, we show that we have the transitivity exact sequences:
Proposition 1.2.29. Let R — S — T be a triple of global power functors and M be a T-module.

Then the sequences
TOss/p = Qg = Upyg = 0

of T-modules and
0 — Derg(T, M) — Derr(T, M) — Derg(S, M)

of abelian groups are exact, where the morphisms are the natural ones induced by the restrictions
of derivations.
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Proof. We again start with the statement for derivations. There, exactness is clear, since by

definition, Derg(T, M) is the subgroup of Derg(T, M) consisting of exactly those derivations

which vanish on S.

That the sequence of representing objects is exact is then a consequence of the Yoneda Lemma.
O

Finally, we also describe how the Kéhler differentials and derivations interact with coproducts.
Note that the coproduct in the category of R-power algebras is given by the relative box product
Og defined in (1.1.27). This can be deduced from the description of coproducts in the slice
category of R-power algebras and since colimits in global power functors are calculated in the
category of global Green functors. This last statement holds since global power functors are
comonadic over global Green functors, as shown in [55, Section 5.2].

Proposition 1.2.30. Let R be a global power functor and let S and T be R-algebras. Then the
inclusions S — SORT and T — SORT induce an isomorphism

(Q5,£07) @ (SO z) = Qs07/Rs
and dually, restriction along these inclusions induces an isomorphism
Derr(SORT, M) — Derg(S, M) & Derg(T, M)
for any SORT-module M.

Proof. As before, we only give the proof of the fact for derivations, the claim for the Kéhler
differentials follows by representability.

We need to define an inverse map Derpr(S, M) @ Derr(T, M) — Derr(SORT,M). So let
d: S = M and d': T — M be R-derivations. Then we define d: SOrT — M on SOrT
via the bimorphism

S(G)®T(K)— M(Gx K), st d(s) xt+sxd(t).

This descends to a well-defined map on SURT by R-linearity of the derivations, and it is easy
to check that this is indeed a derivation. Thus, we have defined a morphism Derg(S, M) @
Derg(T, M) — Derg(SORT, M). Moreover, it is clearly inverse to the morphism

Derr(SORT, M) — Derg(S, M) & Derg(T, M)

defined by restriction. This finishes the proof. O

1.3 The Comparison to Beck Modules

In the classical theory of commutative rings, it is a well-known fact that the category of modules
over a commutative ring R can equivalently be described as the category of abelian group objects
in the category of augmented algebras over R.

Theorem 1.3.1. Let R be a commutative ring. Then the functors

Rx(_)
Modpg ? Ab(Algg /R)

are inverse equivalences.
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This theorem amounts to saying that the abelian group structure in an abelian group object
T — R of augmented algebras is determined by the addition on 7" and on the kernel all products
vanish.

This result is used by Quillen to define his cohomology theory for commutative rings in [53].
It goes back to Beck’s work on cohomology theories for triples! [13], where he considers modules
over commutative rings in Example 8 and gives the argument why the products on the kernel
vanish for associative algebras in Example 6. After his influential work, abelian group objects
in various algebraic categories are also called “Beck modules”. The fact that the abelian group
structure is determined by the addition on 7" is an application of the Eckmann-Hilton argument
and can be found in [22], where also the notion of (abelian) group objects in general categories is
introduced. The argument for vanishing products on the kernel is also spelled out by Strickland
in [62, after Proposition 14.7] in the context of Tambara functors.

However, in our situation of modules over global power functors, the square-zero extension is
no longer an equivalence between modules and Beck modules. In fact, the abelian group structure
is not sufficient to conclude that all power operations on the augmentation ideal vanish. We give
an example of this in Section 1.3.a. Based on the work of Hill [30], we propose an alternative
identification of modules over a global power functor as “global Beck modules”, ie global functor
objects in the category of augmented R-algebras. The details of this conjecture are explained in
Section 1.3.b.

We also shortly comment on the topological version of this identification, which is integral

to the understanding of topological André-Quillen homology of commutative ring spectra. In
this context, Basterra and Mandell have shown in [11] that the category of R-modules for a
commutative ring spectrum R can be identified with the category of spectra of augmented R-
algebras. This result follows the slogan that in stable homotopy theory, the correct analogue of an
abelian group is a spectrum, and abelianization should be replaced by stabilization. The result of
Basterra-Mandell shows that topological André-Quillen homology and cohomology indeed arise
from a stabilization procedure.
In the context of ultra-commutative ring spectra, which we study in Chapter 2, we should follow
this slogan and replace the global functor objects from Conjecture 1.3.21 by a stable homotopy
theoretic notion. This leads to studying “global stabilizations”, constructed by a model category
of global spectra over a base model category. Then, we aim at comparing R-modules for an
ultra-commutative ring spectrum R with global spectra over augmented R-algebras. This line of
study is currently investigated in joint work with Tobias Lenz.

1.3.a Abelian Group Objects that are not Modules

In the case of Tambara functors for a fixed group, there is an example by Strickland [62, Example
14.13, 7.8] of an abelian group object in the category of augmented Cy-Tambara algebras over
the constant Tambara functor Z that is not a square-zero extension of a Z-module. Indeed, there
are non-trivial norms on elements in the augmentation ideal. A priori, it is not clear whether
a similar example of an abelian group object with power operations can exist in the context of
global power functors, because the presence of the additional inflation maps could prevent this.
However, it turns out that Strickland’s example can (after a minor adjustment to accommodate
for inflations) be generalized to a global functor, and we supply an explicit description for its
value at finite groups. In fact, we demonstrate that this example can be obtained from a free
example of an abelian group object in augmented global power algebras.
We first recall a modified version of Strickland’s example from [62, Example 14.13, 7.8].

1Here, triples is used synonymously to the word monad
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Example 1.3.2. We define an algebra T over the constant Cy-Tambara functor Z via the
following Lewis diagram:

T(Cy) = Z[B,~41/(82, Bv,7*,27)
11
2 Rae i+jorsi4+2ijB+42
28\ asp! Bra J JB+i"y
! y—0
T(e) = Zlal/(a?)

Here, the downwards arrow is the restriction, the leftmost arrow is the transfer and the rightmost
arrow is the norm. We have also included the inflation along the surjection Cy — e, which is
present in our generalization to a global power algebra, as the straight upwards arrow. We
emphasize that in comparison to Strickland’s original example, we shifted one coefficient 2 from
the restriction map to the transfer. This is necessary since the presence of the inflation forces
the restriction to be surjective. For me, the above placement of the 2 is more natural, since this
way the sub-Mackey functor on the elements o and S is itself a constant Mackey functor. This
change does not influence the relevant calculations to check that T is a C;-Tambara functor.
We observe that the maps Z — T and T — Z given by including as the summand generated on
1 and projecting to this summand, respectively, give T' the structure of an augmented Z-algebra.
Moreover, as explained in [62, Example 14.13], T is an abelian group object in the category of
augmented algebras. Indeed, the augmentation ideal is generated by the elements «, 8 and =,
on which all products vanish. However, the norm of « is v and thus not trivial.

We now generalize this example to the global setting. This implies the existence of such
examples as G-Tambara functors for all finite G since any global power functor can be restricted
to give G-Tambara functors for all G. To carry out the generalization, we observe that the
augmentation ideal of T above is essentially a “free Z-module with norms” on the generator «,
or in the language introduced by Strickland, a free genuine Z-module. We first consider a free
global functor with power operations, which we model by a naive version of a module of Kéhler
differentials over A. The generalization of Strickland’s example is then obtained by taking the
box product with the constant global power functor Z. We start by motivating the construction.

As we have seen in Proposition 1.2.15, the module of Kéhler differentials of a polynomial
global power functor is a free module on a single generator. Moreover, by Lemma 1.2.22, we
have a nice description of the square-zero extension R[x] x Q}%[x]/R =~ (R[z]0gR[z])/I=? for this
free module. In this description, we take the quotient by IZ? instead of by the naive square I?
exactly to enforce that all powers on the module of Kéhler differentials are trivial. Hence, in order
to obtain a free “naive” module on a single generator and allow for norms on the augmentation
ideal, we should instead take the naive module of Kéhler differentials by taking the quotient by
I?. We carry this out over A:

Construction 1.3.3. We consider the augmented algebra Alz¢] a0, A, a polynomial algebra
over A on a single generator at the compact Lie group G. In this algebra, we consider the (Green)
ideal I? generated by elements of the form P*(zg) x P'(zg) for k,1 > 1. In fact, this ideal even
is a power ideal in A[xg], and it is the square of the kernel I = ker(A[z] — A). We consider
the quotient AP*"{z} = Afzg]/I2. This inherits the structure of a global power functor from
Afzg], and comes equipped with the structure of an augmented A-algebra by sending z¢ to 0.
The augmentation ideal of this augmented algebra is isomorphic to I/I?, and it is generated
as an A-module by the elements P*(z¢) for k > 1. In particular, the power operations on this
augmentation ideal are non-trivial. We denote this augmentation ideal by AP°"{z¢}. However,
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since all products in this augmentation ideal vanish, we see that &pow{xg} is an abelian group
object in the category of augmented A-algebras.

As indicated previously, we can interpret this A-module as a “naive module of Kéhler dif-
ferentials” of A[zg] over A, base-changed to A. Here, in contrast to the calculation of the
actual, genuine Kéhler differentials from Theorem 1.2.24, we only take the quotient by actual
decomposables, omitting the power operations of degree > 2 on single elements.

Proposition 1.3.4. The augmented A-algebra &pow{xc} is an abelian group object in the cate-
gory of augmented A-algebra. It is free as an abelian group object, ie for any abelian group object
T in augmented A-algebras, the morphism

2+ Homap(alg, /4) (AP {26}, T) = ker(T — A)(G), ¢ = pa(x)

is an isomorphism of abelian groups.
For this free abelian group object, the augmentation ideal APV {xc} has non-trivial norms.

In the description of freeness, we used that an abelian group object is in fact totally determined
by its augmentation ideal.

Proof. The augmented algebra :&pow{xg} is an abelian group object since all products on the
augmentation ideal vanish. Explicitly, we can check that the morphisms

(AP (g} x4 AP {26})(K) — AP {26} (K),

ag+ Y arP¥(x), a0+ bPF(@) | = a0+ (ax +bi)PF(x)

k>0 k>0 k>0

and the inclusion N
A — AP {zqg}

as the constant summand define the structure of an abelian group object on &pow{mg}. Here,
ak, by, € A(Z, UG, K) are the Burnside-ring coefficients of a polynomial in Afzg]. It is clear
that on the augmentation ideal AP°Y{x¢}, non-trivial power operations exist, as P¥(z) ¢ I? for
k > 2. Hence, it remains to show freeness of this construction.

By freeness of the polynomial global power functors (1.1.23), we know that

HomAlgA (A[xa], T) = T(G)7 P = (p(a?)

is a bijection. A morphism ¢: A[zg] — T is a morphism of augmented global power algebras if
and only if ¢(x) € ker(T — A), hence we obtain

Homyg, /a(Alzg], T) = ker(T' = A)(G), ¢ = ¢(z).

As T is an abelian group object, all products on this augmentation ideal vanish, and hence we
observe that I? C Afzg] is sent to 0 in 7. Thus any such ¢ factors uniquely over A[mg]/12 =
AP {7}, Finally, by the Eckmann-Hilton argument, the abelian group structures on AP {z}
and T are completely determined by the addition, and hence any morphism of augmented algebras
is automatically a morphism of abelian group objects. In total, we obtain the isomorphism

» ¢ Homap(alg, /A)( axgh T) = ker(T — A)(G), ¢ = pa(x). O
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Corollary 1.3.5. The functor
Ax (_): GF ZMody — Ab(Alg, /A)
is not essentially surjective.

We obtain a generalization of Strickland’s example by forming the base change ZP°%{z.} =
ZOAPY{z.}. We provide explicit descriptions of AP°"{z} and Z**"{x.} on finite groups, which
highlight the connection to Strickland’s example. To formulate this calculation, we introduce
the following notation:

Notation 1.3.6. Let m > 1 and G be a finite group. Then we define the set
Gm(G)={(H,X) | H <G, X a transitive H-set of cardinality m}/~.

The equivalence relation ~ is conjugacy, ie two pairs (H, X) and (H', X') are equivalent if there
is g € G such that H' = gHg~ !, and there is a bijection f: X =, X’ such that ha = ghg™1f(z)
for all h € H and = € X. We also define G(G) =[1],,,»; Gm(G).

On this set, we define a partial ordering by setting (H,X) < (L,Y) if H is conjugate to a
subgroup H’ < L and the restriction of Y to H’ is equivalent to the H-set X as above. Then,
we define M,,(G) C G, (G) and M(G) C G(G) as the sets of all maximal elements.

Proposition 1.3.7. Let G be a finite group.

i) We have that
APz }(G) = P Z = Z{tr§; X | [(H, X)] € G(G)}
g(G)
is a free abelian group on transfers of genmerators indexed by conjugacy classes of pairs
(H,X), where H < G is a subgroup of G and X is a transitive H -set.

ii) There is a surjection

Dze @ @ /o220

Mi(G) Paprme M (G)

Explicitly, we have a set of generators given by conjugacy classes of pairs (H, X), with H a
subgroup of G and X a transitive H set with cardinality a prime power, which are mazimal

with respect to the order defined in Notation 1.3.6. Moreover, M1(G) = {[(G, *)]} has only
one element.

Proof. We start by analysing AP°¥{z,}:

i) We know that APV {z.} = I/I?, where I is the kernel of the augmentation A[z] — A. Thus,
I(G) = @,,>1 A(X,G). By the description of the Burnside category in Remark 1.1.2,
we see that A(3,,, Q) is free abelian on generators of the form tr$ oa*, where H < G is a
subgroup of G and a: H — ¥, is a group homomorphism. Such a group homomorphism is
equivalent to an H-set X of cardinality m, and hence we denote this generator by tr% (X).
The conjugacy relation in A(3,,, G) is the same as the one used to define G,,(G).

We now claim that I?(G) is the submodule generated by exactly those tr%(X) where X is
not transitive. This proves the desired description of AP°"{z.}. For this, we consider the
product on I. This is given on components by the map

A®E, , GXK)
_

m,n’

AT, Q) @ A(Z,, K) =5 A(S, X 2,,G x K) A(Smin, G x K)
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that sends tr% (X) ® tri (V) to 153K (X 11Y). Here, H x L acts on X II'Y by letting H
act as given on X and trivially on Y, and conversely for L. With this description, we see
that if the H-set X is not transitive, using a decomposition X = X II X5 as H-sets, we
can write tr% (X) = tr§ (trE(X;) - tri(Xy)) € I%(G). Here, we used the diagonal product
I(H)®I(H) — I(H), which arises from the product above by applying a restriction along
the diagonal. Hence, any generator tr$(X) with X not transitive is contained in I?.
Conversely, I? is generated as a global functor by elements trflxxlg (XIIY). We observe
that X IT' Y is a non-transitive G x H-set, as both X and Y are not empty. It is thus
sufficient to show that for a non-transitive H-set X and any homomorphism a: K — G,
also o* tr§ (X) is a sum of elements of the form trk (Y'), where Y is a non-transitive L-set.
This follows easily from the double coset formula, since any restriction of a non-transitive
set is still not transitive. We omit the exact calculation here.

In total, we have shown I?(G) = Z{tr% X | H < G, X a non-transitive H-set}/~, and
hence we conclude

APV {2 H(G) 2 Z{tr§; X | H < G, X a non-empty transitive H-set}/~ = @ Z.
G(G)

Observe that the morphism A — Z, X — |X]| is a quotient map with kernel generated by
tr (res§) — [G : H] for all pairs H < G. Since the box product is right exact, we hence
may calculate ZP*V{z.}(G) as a quotient of AP°"{xz.}(G). We obtain a surjection

D z— 27 {2 }(G).

()

Thus, it suffices to show that we may restrict to maximal generators, that generators
indexed by a set of non-prime-power order vanish in the quotient, and that generators
indexed by sets of prime power order have corresponding prime torsion.

Let [(H,X)] < [(K,Y)] be two elements in G,,(G). Then there is ¢ € G such that 9H =
gHg™! < K. We calculate that in Z°*"{z.}(G), the relation

0 (X) = e (el (resl; (V) = [K : °H) e (V)

holds. Thus, we may reduce to M,,(G) as a generating set.

For the other two relations, we consider that for a given m > 1, any action on a set X
with m elements arises by pulling back along a morphism a: H — 3,,,. Thus, we consider
the X,,-set X. We already know that restriction to any non-transitive subgroup of ¥,
annihilates X in AP°"{z.}. Any non-transitive subgroup is subconjugate to one of the
form ¥; x 3,,_; with 1 <7 <m — 1. We obtain that

(@)X = S X ] X =tram s (resimy (X)) =0.
7/ 7 m—1 k3 m—1

Thus, X is torsion also for the greatest common divisor of these indices. It is well-known
that for binomial coefficients, we have

0 ifm=1
ged([Xh i Xpmoi xS | 1<i<m—1)=<p if m=pF
1 else.

For a reference, see [54]. This shows both that we can reduce to generators of cardinality
m = p* for p a prime and that these generators are p-torsion. This finishes the calculations.
O
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Remark 1.3.8. We warn the reader that the usage of H-sets in the description above should not be
confused with the usage of G-sets in the classical description of the Burnside ring A(G) = A(e, G),
which is the Grothendieck ring of finite G-sets. In this description, the disjoint union of G-sets
corresponds to addition, and a set of generators may be given by considering transitive G-sets,
which are of the form G/H and correspond to tr§ in our description of the Burnside category
from Remark 1.1.2. Hence, in this description, we use the fact that any G-set decomposes into a
disjoint union of orbits in order to describe the free abelian group. Here, the product is given by
the Cartesian product of G-sets, equipped with either the diagonal action for the diagonal product
- A(G)®A(G) — A(G), or with the G x K-action for the product x: A(G)®A(K) - A(Gx K).
The power operation is given by the m-th Cartesian power with the natural action of ¥, ! G by
acting on each factor and permuting the factors.

By contrast, in the description of I and I/I? in Proposition 1.3.7 i) above, H-sets are purely
used as a means to conveniently index the generators of the free abelian group and describe the
indecomposables. The sum is not given by disjoint union, but as the formal sum in a free abelian
group. Also the transfer and restriction are calculated by formal manipulation. The product is
induced by disjoint union, and thus also the power operations are defined by iterated disjoint
unions. Hence, care should be taken when working with this description.

Example 1.3.9. We observe that restricted to subgroups of the cyclic group Cs, the surjection
above is an isomorphism, and this description of ZP°"{x,} recovers the example given by Strick-
land, as recalled in Example 1.3.2 (up to the adjusted occurrence of one 2). We also give the
structure of the global power functor ZP°*{x.} on subgroups of ¥3. These subgroups are X
(top), C3 generated by a 3-cycle (left), Cy generated by a 2-cycle (right) and the trivial subgroup
e (bottom).

12,528 Z[8,7,0]/ (8%, 87, 86,7*,76, 62, 27, 30)
520 11, B
64

1—1, B—p
Y=, 6—0

ZB,4)/(8,8d,0%,30)

Z(B,7)/ (8%, Bv,7% 27)

i+jarsi®+3i2j8+3i52y 4558

i+josi?42i5B+j2y

Here, the downward-pointing morphisms are restrictions, and the straight upward-pointing mor-
phisms are inflations. The linear curved morphisms are transfers, and the non-linear morphisms
are the power operations. On ZP°"{z.}(Cj3), we also have an automorphism given by restricting
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along the (outer) automorphism of Cj given by squaring all elements. This morphism is the
identity and omitted from the diagram. Moreover, there are various compositions of the given
transfers and restrictions, which are not depicted for the sake of readability. One such composi-
tion of particular interest is resgg oP3: ZP°"{x.}(e) — Z°°"{x.}(Cs3), which is the norm N&3.
One calculates that N&° () = 4 is non-trivial.

For these small groups, we actually only see actual transitive G-sets themselves at all levels,
and all transfers from lower levels are multiples of generators named by transitive G-sets. Framed
differently, all maximal elements in M(G) are of the form [(G, X)]. The necessity to include
transfers of transitive sets for proper subgroups becomes apparent eg when considering As. Here,
we observe that the alternating group As cannot act transitively on a set with 2 elements, since
it is simple. However, there is a transitive set with 2 elements for the Klein 4-group K4 < As,
and thus we obtain an element named trf}i (X) in ZP"{z.}(As5).

One benefit of lifting the example from Z to an example over A is that at each level G,
APY{zk}(G) is torsion-free. Thus, we also obtain that the phenomenon that abelian group
objects and modules differ persists after rationalization. Explicitly, we obtain an example over
A ® Q, where the tensor product is taken levelwise. This is a global power functor by [55,
Example 5.2.19]. Such an example for rational Tambara functors was not known previously, as
Strickland’s example only supports a norm that is 2-torsion. Also in our global context, it is not
yet clear whether there exists an abelian group object in augmented Q-algebras with non-trivial
power operations.

Corollary 1.3.10. For the rational global power functors R = A ® Q, the functor
Rx (_): Modgr — Ab(Algg /R)

is not essentially surjective.

1.3.b Modules as Global Functor Objects

In Section 1.3.a, we exhibit an example of an abelian group object in the category of augmented
A-power algebras that does not arise from a module via square-zero extension. This shows that
the mismatch between modules and Beck modules in the context of equivariant algebra for a fixed
finite group G exhibited by Strickland in [62] persists in the case of global power functors, and
our example clarifies some aspects left open by Strickland’s example. In the case of modules over
a G-Tambara functor R, subsequent work of Hill [30] gives a new perspective on this discrepancy:
Instead of being abelian group objects in augmented R-algebras, R-modules can be interpreted
as Mackey functor objects in this category. In this fashion, the notion of a Beck module is also
suitably generalized to a G-equivariant world.

This interpretation of modules as Mackey functor objects needs some preparations, which
are carried out in [30, Section 3]. In particular, it is necessary to define what a Mackey functor
object should be. For this, it is convenient to recall a possible definition of abelian group objects:
For a category C, the structure of an abelian group object in C on X is a lift of the functor

Home(_, X): C°P — Sets
through the forgetful functor Ab — Sets. In a category with finite products, this is equivalent

to the description by the usual maps and diagrams of an abelian group. Hill showed that the
category of augmented G-Tambara algebras over R comes with an enrichment in coefficient
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systems of sets, ie for any subgroup H of G, there is an associated morphism set, and we have
restrictions between these. The structure of a Mackey functor object thus is a lift of

Hom(_, X): (Algr /R)°? — CoefficientSystems

through the forgetful functor from Mackey functors to coefficient systems. In [30, Theorem 3.22,
Corollary 3.23], Hill proved that with this notion of Mackey functor objects, the square-zero-
extension functor is indeed an equivalence between R-modules and Mackey functor objects in
augmented R-algebras.

One of the ingredients in this interpretation of square-zero extensions as Mackey functor
objects is that, in fact, the functor Homyg, /r(_, R x M): Algp /R°® — Sets of morphisms
into a square-zero extension can be upgraded to a Mackey functor. This works using the natural
bijection

Homyg,, /r(S, R x M) = Derg(S, M) = Homg(Qg, 5, M)
and the closed monoidal structure on S-modules. Thus, the square-zero extension Rx M is indeed
a Mackey functor object. We observe that similarly, in the context of global power functors,
Hompyg,, / r(S, R x M) can be upgraded to a global functor. Hence, we consider whether it is
possible to interpret R-modules as global functor objects in augmented R-algebras.

As mentioned before, a first step towards this interpretation is to show that the category
of augmented R-power algebras is in fact enriched over global coefficient systems. Recall from
Proposition 1.1.16 that the internal Hom functor for global functors can be described using shifts
of global functors. We consider the same construction in the context of global power functors
and algebras.

Construction 1.3.11. Let R be a global power functor, and G be a compact Lie group. We
endow the global functor R[G] with the structure of a global power functor as follows:

First, we define the structure of a global Green functor on R[G]. For this, we notice that
R[G](H) = R(H x G) has the structure of a commutative ring, since R is a global Green functor.
Moreover, we define power operations on R[G] as follows: Let H be a compact Lie group and let
m > 1. Then we define

P[G)™: RIG)(H) = R(H x G) ™5 R(Sm 1 (H x G)) 2525 R((S 1 H) x G) = R[G](Sm 1 H).
Here, AT : (£, H) x G — £, 0 (H x G) is the diagonal on G, sending ((o;h1,...,hm),g) to
(0-; (hlug)a cee (hm7g))

Proposition 1.3.12. Let R be a global power functor and G be a compact Lie group. Then
R[G] with the multiplication and power operations described in 1.3.11 is a global power functor.
Moreover, the external product

x: R[G](H) x R[G](K) — R[G](H x K)
is obtained as the composite
R(HXG)xR(KxG)QR(HXGXKXG)&R(HXKXG)
of the external product of R and the restriction along the diagonal of G.

Proof. We first check that the multiplications on R[G](H) = R(H x G) make R[G] into a global
Green functor. For this, notice that for a group homomorphism ¢: K — H, the morphism

0lG)* = (¢ x G)*: RIG](H) = R(H x G) — R(K x G) = R[G](K)
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is a homomorphism of commutative rings. Also, the transfer tr[G]2 ter ¢ for a closed

subgroup L C H satisfies Frobenius reciprocity for msfX g = res[G]¥. Thus, R[G] has the
structure of a global Green functor induced from R.
Next, we check the description of the multiplication x on R[G]. For this, consider the diagram

R(H x G) x R(K x G) . R(H x K x G)

W[G]* /

R(HXx K xG)x R(HxK x Q)

ry X pr;Jj) ALXAG

R(HxGx K xG)xRHxGxK xGQ)

J.

R(H x G x K x Q).

* .
Prgxa XPrrxa

In this diagram, we used the description of x in the terms of -, that the compositions of projections
is a projection, and that the restriction along the projections is a section for the restriction along
the diagonal. Thus, this diagram commutes and we have proven the claimed description of the
external multiplication.

For the power operations, we need to check the properties from Definition 1.1.18:

i) We calculate P[G]™(1) = (AZ)*P™(1) = 1.

i) Since AL: (X101 H) x G — %11 (H x G) is the identity after identifying both sides with
H x G, we see P[G]! =1d.

iii) Let a: K — H be a homomorphism of compact Lie groups. Then we have

PG oG] =(AG) P (a x G)" = (Ag)" (Zm 1 (a x G))"P™
=((Zm 1 @) x G)*(AZ)*P™ = (,,1a)[G]*P[G]™.

iv) Let z,y € R[G](H). Then
PG (z - y) = (Ag) P (x - y) = (Ag) P (x) - (Ag) P (y) = PIG]"(z) - P[G]™(y).
v) Let z € R|G|(H) and 4,j > 1. Then
©;5[G]* PIG]™ (z) =(@4, x G) (AG) P ()
=AG(AG % AJG) ‘I’sziﬂ(fﬂ)
=AG((AG) P(x) x (A%) P (2)) = P[G]'(z) x P[G) (x).

vi) Let € R[G](H) and k,m > 1. Then

\Ijk,m[G]*P[ } ( ) \IJ
A

(Trn x G)"(AG") P (x
(A
(AL
(AG

(Sk 1 AG) T, PP
(Sk L AZ) PF(P™(x))
P*((AE)*P™(z)) = PIG]*(P[G]™(x)).

*

)
) (
)
)"

x)

A
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vii) Let z,y € R[G](H) and m > 1. Then

m

P[G]™ (z +y) = (AZ) P™(x +y) = Y (AE)" trm—i(P*(z) x P"7H(y))
k=0

tm-k[GlAG(AG x AGT") (P (z) x P™*(y))

M-

ol
Il
<]

trm-k[G)(PIGIF (@) x PIGI™ ¥ (y)).

M-

b
Il

0

Here, we used that the double coset formula for the composition (A’g})* try m—k has only one
summand, and the intersection of the corresponding subgroups is (Zx0H) X (X 1 H) X G.

viii) Let L C H be a closed subgroup and m > 1. Then we calculate

P[G)™ ! [G] =(AE) P o 5§
— (AT Eml(H G) pm
=(AZ)" try" (xey P

mH G m m m m
trEEmiL))xXG (AZ) P™ = 5y [GIPIG)™.

Thus R[G] is a global power functor. O

We also consider whether the morphisms R[J]: R[G] — R[K] for ¢ € A(G, K) are morphisms
of global power functors. This is the case for restrictions.

Proposition 1.3.13. Let R be a global power functor. Let ¢: K — G be a homomorphism of
compact Lie groups. Then the restriction

R[¢"]: R[G] — RIK]
is a morphism of global power functors.

Proof. We already know that R[p*] is a morphism of global functors. Hence it suffices to prove
that it is compatible with the multiplication and the power operations. For the multiplication,
we see that R[p*](H): R[G](H) — R[K|(H) is given as (H x ¢)*, and this is a morphism of
commutative rings, since R is a global Green functor.

For the power operations, we calculate

Rl |P[G]" =((Xm 1 H) x )" (AG)"P
=(AR) (Em L (H x @) P™ = (AR)"P™(H x ¢)" = P[K]" R[¢"].
Thus R[¢*]: R[G] — R[K] is a morphism of global power functors. O

Remark 1.3.14. We could also try to consider transfers R[tr¥]: R[L] — R[G]. However, these
will in general not be morphisms of global power functors. One reason is that transfers are
not homomorphisms of rings in a global Green functor, but only satisfy Frobenius reciprocity.
Moreover, in the definition of the power operations, there is the diagonal restriction (AZ)*.
To commute this with the transfer, we have to consider the double coset formula, and hence
calculate the double coset space (X, 1 H) X G\X,, L (H x G)/X,, L (H x L). This, however, does
not only consist of a single double coset, hence in general we cannot commute these restrictions
and transfers without introducing additional summands. Thus, the transfers do not in general
define morphisms of global power functors.

58



1.3. THE COMPARISON TO BECK MODULES

Construction 1.3.15. In the definition of derivations and Kéahler differentials, we consider not
only global power functors, but also global power algebras and augmented power algebras for a
global power functor R and an R-algebra S. We generalize the above definition of R[G] to these
contexts.

For a global power functor R, the inflation R[p{;]: R = Rle] — R[G] along the unique morphism
pc: G — e makes R[G] into an R-power algebra. Using this and functoriality of the construction
(_)[G], we see that for a global R-power algebra S, also S[G] is a global R-power algebra via

the unit map R Aval, [G] — S[G].

Moreover, if we have given an R-power algebra S and an R-power algebra T augmented to S,
then we define Fs(G,T) as the pullback

Fs( TG

N+ Q

) T) —
Slpgl S1G]

This is then also a global R-power algebra augmented to S. Also, the restrictions give morphisms
Fs(¢*,T): Fs(G,T) — Fs(K,T)
of global R-power algebras augmented to S by functoriality, using Proposition 1.3.13.
We call the structure given in the above definition a global coefficient system.

Definition 1.3.16. A global coefficient system F' (of sets) is a functor F': Rep®® — Sets, where
Rep is the category of compact Lie groups and conjugacy classes of continuous homomorphisms
between those. Explicitly, a global coefficient system consists of sets F(G) for all isomorphism
classes of Lie groups and restrictions ¢*: F(G) — F(K) for any continuous homomorphism
¢: K — G, such that restrictions are functorial and conjugated morphisms induce the same
restrictions.

Generally, for a category C, a global coefficient system in C is a functor F': Rep®® — C. We
denote the category of global coefficient systems in C as Coeff(C) = Fun(Rep®?,C).

There is a forgetful functor GF — Coeff(Sets) by forgetting the abelian group structure on
F(G) and all transfers for a global functor F'.
With this definition, we can reformulate the above results.

Proposition 1.3.17. Let S be a global power functor. Then for any augmented S-power algebra
T, the collection of augmented S-power algebras Fs(G,T) for compact Lie groups G, together
with the restrictions Fs(p*,T), defines a global coefficient system in Algg /S.

The category Alge /S is enriched over global coefficient systems by defining

mAlgS /S(T7 TI)(G) = HomAlgs /S(Ta FS(Gu T/))

However, we know that the square-zero extensions provide even more structure, given by
transfers and abelian group object structures at every compact Lie group. We formalize this
structure as follows.

Definition 1.3.18. Let C be a category enriched in global coefficient systems of sets. A global
functor object in C is an object X of C together with a lift of the functor Hom( , X): C°? —
Coeff(Sets) through the forgetful functor GF — Coeff(Sets). We denote the category of global
functor objects by GF(C).
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Using the isomorphism
Hom g /s(T, S x M) = Derg(T, M) = Homp(Q 5, M)

for a global power functor S, an augmented S-algebra 7" and an S-module M, we consider the
lift
Hom,,_ /5(T, S x M) = Derg(T, M) = Homy(Q/ 5, M).

This proves that any S-module defines a global functor object.

Proposition 1.3.19. Let S be a global power functor and M be an S-module. Then S x M has
the structure of a global functor object in Algg /S.

We can also make the structure of the global functor object .S x M more explicit by identifying
(SXM)(G) = Sx(M]G]), and for § € A(G, K) considering Sx (M[0]): Sx(M[G]) — Sx(M[K]).
This uses the following result:

Lemma 1.3.20. Let S be a global power functor and M be an S-module. Then there is an
isomorphism

Fs(G, S x M) 2 S x (M[G])

of augmented S-power algebras, natural in restrictions ¢: K — G.

Proof. The definition of (_)[G] is additive, thus we see (S x M)[G] = S[G] & M|G] as global
functors. Moreover, also as global power functors, we have (S x M)[G] = S[G] x M[G]. To check
that the power operations agree, we use the same double coset formula as for additivity of the
power operations P[G|™.
We consider the diagram

S x (M[G)) —2e™ 9, s16] x M[G]
EJ/ J{a[G]
S Sba] S1G)-

This is easily seen to be a pull-back diagram of S-algebras, and thus we have the isomorphism
Fs(G,S x M) =S x (M[G)). O

Now, we can formulate an interpretation of modules as global functor objects.

Conjecture 1.3.21. Let S be a global power functor. Then the square-zero extension functor
Sx__: Modg — GF(Algg /S)
s an equivalence.

We comment here on the proof of the corresponding statement in the context of G-Tambara
functors for a finite group G given by Hill in [30, Corollary 3.23]. This proof consists of two
steps: showing that the transfers on a Mackey functor object are already determined by the
transfers of the underlying augmented algebra [30, Lemma 3.20], and showing that the norms on
the augmentation ideal vanish [30, Theorem 3.22]. We reformulate his proof in a diagrammatic
way, which highlights the similarity in handling both parts of the argument. Then, we highlight
the situation in the case of global power functors, and how it compares to the G-equivariant case.
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Remark 1.3.22. The proof in [30, Corollary 3.23] of the G-Tambara version of Conjecture 1.3.21
proceeds as follows (adapted to our notation): Suppose we are given a G-Mackey functor object
T in the category of augmented R-algebras, where R is a G-Tambara functor. We need to show
that T is isomorphic to a square-zero extension R x M for an R-module M, as a G-Mackey
functor object. Choosing M = ker(T' — R), we obtain an isomorphism 7' = R x M as Green
functors by the analogous arguments to the classical case. Hence, we only need to check that
the norms on M vanish, and that the “external” transfers, ie the transfers of the structure as
a Mackey functor object, agree with the given transfers of M. For both of these, it suffices to
consider a subgroup inclusion H < G to transfer or norm along.
For both of these statements, we consider the diagrams

M(GH % GJH) = Mie HIG/H D0 rm < ¢ o) = Mica)@) )

tr [G/H]U/NH (G/H] . G [G/G]uNH (G/G] (1.3.23)
M(G/G x G/H) = M[G/H|(G/&) S vraia x a/q) = MIG/GIG/G).

The two diagrams, one for the transfers and one for the norms, both commute, as by assumption
T is a Mackey functor object, so the external transfers are morphisms of G-Tambara functors.
Here, we used the shifts M[X] = M(_ x X) for M a G-Mackey (or Tambara) functor and X a
finite G-set, as considered in [30, Proposition 3.9] similarly to our Proposition 1.3.12.

The main observation here is that M(G/H x G/H) decomposes as @ ;e q/um M(G/(HN
gHg™1)) by the double coset formula. In this decomposition, a special role is played by the
diagonal A € G/H x G/H, which is a G-orbit isomorphic to G/H and thus splits off this
decomposition.

We now analyse these two diagrams, and start with the one for the transfer. Let z €

M(G/H) = M|G/H](G/G). Then, the element (z,0) € M(G/H) & D¢ 2(gemc/m M(G/(HN
gHg™1)) is a preimage of # under the transfer tr%[G/H]. We then observe that trg *YG/H)(x,0)
x € M|G/G)(G/H) =2 M(G/H). From this and the commutativity of the diagram (1.3.23), we
observe that transfer and external transfer agree.
Similarly for the norm, we consider an element z € M(G/H) =2 M|G/G](G/H). Then, the
clement (z,0) € M(G/H) ® @\ zi91emnc/u M(G/(H N gHg™')) is a preimage of x under the
external transfer trg’eXt(G /H), since this agrees with the usual transfer. But on this element,
the norm N§[G/H| vanishes. Hence, also NG : M(G/H) — M(G/G) is trivial.

For the global version, suppose now that T" is a global functor object in augmented R-power
algebras, where R is a global power functor. Then, for any pair of (finite) groups H < G, we
have the commutative diagrams

trG e (H)
e

M(H x H) = M[H](H) M(H % G) = M[G](H)
trg [ g trH I (1324)
H]uN [H] . g ) [G] uN [G]
M(G x H) = M[H](G) M(G x G) = M[G](G).

In this, we cannot use a decomposition of M (H x H) as before. Hence, it is not clear how to adapt
the arguments of Hill to our situation. One possible approach is to compare this diagram (1.3.24)
to (1.3.23) by means of a diagonal restriction. This uses the interpretation of global functors as
functors on spans of finite groupoids, see for example [24]. Then, for any subgroups K, L < G
and a global functor M, we have a diagonal morphism A: G/K x G/L — (G x G)/(K x L),
where the left is the action groupoid of a G-set and the right the action groupoid of a G x G-set.
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Hence we can consider the restriction A*: M(KxL) = M((GxG)/(KxL)) - M(G/K xG/L).
Using these diagonal restrictions, we get the following cube-shaped comparison diagrams

NG/ H)

M(G/H x G/H) i M(G/H x G/G
r$ [G/H]| | NS [G/H] M(H x H) M(H x Q)
M (1.3.25)
G,ext
M(G/G x GfH) 1D M(G/G x G/G))  w§ial||ngio)
k LGhext K
M(G x H) s (G M(G % G).

In this diagram, the front face commutes, since by assumption 7T is a global functor object.
All side faces involving A* commute by various double coset formulas. However, it is not clear
whether the back face, which is a copy of (1.3.23), commutes. If this is the case, then Conjec-
ture 1.3.21 would be proved.

1.4 Extensions of Global Power Algebras

In Section 1.2, we introduce the notions of square-zero extensions, derivations and Kéhler differ-
entials. In the classical algebra of commutative rings as introduced by Grothendieck [27], these
notions are a starting point to study infinitesimal properties in the framework of algebraic ge-
ometry. One introduces infinitesimal extensions of algebras as (non-split) extensions with trivial
multiplication on the kernel of the augmentation, and formal smoothness of algebras by testing
against such extensions. This allows one to study geometric properties of varieties.

In the context of André-Quillen cohomology, introducing extensions of commutative algebras
has another important benefit. This notion can be used to extend the exact sequence of deriva-
tions from Proposition 1.2.29 to a six-term sequence, thus providing the first step to a derived
functor of derivations. This six-term sequence was later extended to a nine-term sequence by
Lichtenbaum and Schlessinger [45] by studying two-term extensions, and finally to a long exact
sequence in André-Quillen cohomology by André [1] and Quillen [53] by simplicial methods.

In this section, we introduce infinitesimal extensions of global power algebras in Defini-
tion 1.4.1. Collecting all such extensions in an algebraic structure allows us to extend the exact
sequence of derivations to a six-term sequence in Theorem 1.4.5. We calculate these extensions
for some special cases, and use this to calculate the Kéhler differentials for quotients of free global
power functors in Example 1.4.11. In Section 1.4.b, we give the definition of formally smooth,
unramified and étale global power algebras and show that these notions are characterised by
derivations and extensions of global power algebras. Moreover, we show that in the case of
formally smooth algebras, the transitivity exact sequences from Proposition 1.2.29 are actually
short exact.

1.4.a Infinitesimal Extensions of Global Power Algebras

We have seen in Proposition 1.2.29 that the functor Der (_,M): Alg — Ab takes triples of
global power functors to left exact sequences of abelian groups. It is a classical result that
goes back to Grothendieck [27, Théoréme 20.2.2] that this exact sequence can be extended by
considering extensions of commutative algebras. In fact, maps into such extensions are closely
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connected to derivations. For the special case of the trivial extension S x M, this reduces to
Theorem 1.2.11. We now generalize the theory of extensions of commutative algebras to global
power functors.

Definition 1.4.1. Let R be a global power functor, S be an R-algebra and M be an S-module.
Then an (infinitesimal) extension of S by M is an exact sequence

0-MLHEZS S0

of R-modules where E is an R-algebra, p is a map of R-algebras, ¢ is a map of EF-modules
p*(M) — E and on the image of ¢ in E, all products and power operations P™ for m > 2 vanish.

An isomorphism of two extensions 0 — M LEB S S50and0 > M S E 2S5 0is an
isomorphism f: E — E’ of R-algebras such that the diagram

E' P

commutes. We denote by Exalcommpg(S, M) the set of isomorphism classes of extensions of S
by M.

Remark 1.4.2. The set Exalcommpg(S, M) is endowed in the usual way with the structure of
an abelian group using the Baer sum: Given two extensions 0 - M — E — S — 0 and
0—-+M—E — S —0, we form

0= M — ExgE'/((m,—m) for all m € M) — S — 0.

Here, E xg E' is the product in the category of R-power algebras augmented to S. The quotient
inherits the power operations, since the power operations on M vanish and hence ((m,—m) |
m € M) is a global power ideal.

The neutral element in this group Exalcomm g (S, M) is given by the trivial square-zero extension
S x M defined in Construction 1.2.1. An extension is equivalent to this trivial extension if and
only if there exists an R-algebra section s: S — FE to the projection p: £ — S.

Moreover, Exalcomm is functorial both in the R-algebra S (contravariantly) and in the S-module
M (covariantly). The functoriality in the R-algebra is given by the pull-back, ie for a morphism
f: 8 = T of R-power algebras and an extension M — E — T, we form the new extension as

0O —— M —— Sx7FE —— S5 —— 0

I
0 M E T 0.

This indeed is an R-power algebra extension of S by M. On the other hand, given a morphism
g: M — N of S-modules and an extension M — E — S, we form

0 M ¢ E S 0

! |

0—— N—— Fdy N =(ExN)/((i(m),—g(m)) forallme M) —— S —— 0.
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Here, N is considered as an F-module via the augmentation £ — S, and we need to explain
why ((i(m), —g(m)) for all m € M) is a global power ideal in E x N. It is an ideal by an easy
computation explained for example in [27, 18.2.8], hence we only need to consider the power
operations. For the power operation P! = id, there is nothing to prove. For P?, we calculate

P2(i(m), —g(m)) = (P(i(m)), tr1,1(P*(i(m)) x (—g(m))))
= (0, = tr1,1(i(m) x g(m)))
=0,

using that p(i(m)) = 0 and the E-module structure on N is induced from the surjection p.
Finally, for all higher power operations, we calculate

PE(i(m), —g(m)) = (P*(i(m)), tre—1,1 (P~ (i(m)) x (=g(m)))) = 0.

Thus, E & N is indeed a global power algebra. We alternatively also denote it by g.FE.

Using these constructions, we are able to factor any morphism of extensions with possibly
different modules and bases. The following lemma the global analogue of [27, 18.2.8] in the case
of commutative algebras.

Lemma 1.4.3. Let R be a global power functor and S and T be global R-power algebras. More-
over let M be an S-module and N be a T-module. Suppose we are given the commutative diagram

0 M E S 0
N
0 N F T 0,

in which the rows are extensions of the global R-power algebras S andT by M and N, respectively,
v is a morphism of R-power algebras, g is a morphism of S-modules (using the S-module structure
on N induced by v) and G is a morphism of R-power algebras.

i) Then there is a commutative diagram

0 M E S 0
N

0 N g« F S 0
| = )

0 N F T 0,

where the top row of morphisms arises from the construction of functoriality of Exalcomm,
and in the bottom row of morphisms, Go is a morphism of R-power algebras.

ii) Then there is a commutative diagram

0 M E S 0
Js oo ]

0—— N—— FxpS—— S ——0
| leo ]

0 N F T 0,
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where the bottom row of morphisms arises from the construction of functoriality of Exalcomm,
and in the top row of morphisms, G1 is a morphism of R-power algebras.

Proof. We only prove the first assertion. The second is similar but easier since F' xp S is the
product in R-power algebras augmented to 7T'.

Recall that g.E = E ®p; N, hence we obtain a morphism Gs: ¢g.F — F of R-modules, and this
makes the diagram commute. Hence, we are left to prove that G5 is a morphism of global power
algebras.

Let (e,n), (¢/,n') € (9. E)(G) for a compact Lie group G, and k > 1. Then we calculate

Ga((e,n) - (€/,n')) = Ga(e€',en’ + €'n)
— (Glee),en’ + 'm) = (G(e)G('), Gl + G(e)n)
= G2(ea Tl) : G2(€/a n/)
Here, we used that both the F- and the F-module structure on N are induced from the T-module
structure via the maps to 7', and thus en = G(e)n. Similarly, we calculate
Go(P¥(e,n)) = Go(P*(e), trp_1.1(P*(e) x n))
= (PM(G(e)), trg—1(P*1(G(e)) x n))
= P*(Gsy(e,n)).

Thus, G5 is indeed a morphism of R-power algebras. O

Maps to global power algebra extensions are intimately tied to derivations. The following
lemma is a generalization of Theorem 1.2.11, where the special case of the trivial extension S x M
is considered.

Lemma 1.4.4. Let R be a global power functor, S be an R-algebra, M an S-module and
0-M-—-E—S5—-0

be an extension of S by M. Moreover, let T be an R-algebra augmented to S. We consider
M as a T-module by pulling back the S-module structure along the augmentation of T. Then
Homay,,, /s(T, E) is a torsor over Derg(T, M). Concretely, given any morphism ¢: T — E of
R-algebras augmented to S, there is a bijection

ay,: Derg(T, M) — Hom g, /s(T,E)
d— p+d.

Proof. Since the corresponding statement is classical in the case of commutative algebras and
derivations of such (see eg [27, Corollaire 20.1.3]), we focus on the compatibility with power
operations here.

Let ¢: T'— E be any morphism of R-algebras augmented to S, and let d: T — M be an R-
derivation. We first verify that ¢ + d is a morphism of algebras. For this, let ¢ € T(G) be an
element of T'. Then we calculate

(0 +d)(P™(t)) = p(P™ (1)) + d(P™ (1)) = P™(o(1)) + trm—1,1(P™71(t) x d(t))
= P™(p(t) + trm—1,1 (P (1) x d(t)) = P™(p(t) + d(t))-

Here, to get to the last line, we used that the T-module structure on M is via the augmentation
of T'. Since the S-module structure on M is compatible with that induced from multiplication
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in E by being square-zero and since ¢ is a morphism of augmented algebras, we observe that
the T-module structure can be described by ¢ x m = ¢(t) x m. Moreover, in the last equation
we used additivity of the power operations and that power operations on M vanish.

Let now ¥: T — E be another morphism of augmented algebras. We need to check that
d =1 —pis a derivation T'— M. Again, we restrict to proving that the corresponding property
for the power operations is satisfied.
Let t € T(G). We calculate

P(PT(E) = p(PT(t) = P ((1)) = P™(p(t)) = P™(p(t) + d) = P™(p(1))

trm—k,k (P (1) x PE(d(1))) = trm—1,1 (P (0(1)) x d(1)).

d(P™ (1))

I
NE

~
Il

1

Here, the last equation again uses that all power operations on M vanish. Hence d is a derivation.
Since the constructions are inverse to one another, this finishes the proof. O

Using this result, we can show that these groups of global power algebra extensions extend
the exact sequence of derivations from Proposition 1.2.29 to the right. This is a global power
functor version of [27, Théoréme 20.2.2].

Theorem 1.4.5. Let R 25§ % T be morphisms of global power functors and M be a T-module.
Then the sequence

0 — Dergs(T, M) — Derr(T, M) — Derg(S, M) —
LN Exalcommg (T, M) — Exalcommpg (T, M) — Exalcommpg(.S, M)

of abelian groups is exact. Here, the map §: Derg(S, M) — Exalcommg(T, M) associates to
an R-derivation d: S — M the class of the extension 0 — M — T x M — T — 0, where we
consider T x M as an S-algebra by the morphism (g,d): S — T x M. The last two maps are
restriction maps induced on Exalcomm by functoriality.

Proof. We already proved in Proposition 1.2.29 that the beginning of this sequence is exact.
We first examine the map 6: Derg(S, M) — Exalcommg (T, M). For any derivation d, the map
(9,d): S — T x M indeed defines the structure of an S-algebra extension of T'by M on T x M
by Lemma 1.4.4. This extension is a trivial R-algebra extension, since d vanishes on R. It is also
S-trivial if and only if there is an S-linear section T'— T x M of the projection to 7. Any such
map is of the form (id,e), where e: T — M is an R-linear derivation by Lemma 1.4.4. For the
map (id, e) to be an S-algebra map, we need

Hence we obtain that d = e o g, so that d lies in the image of the restriction map Derg(T, M) —
Derg(S, M). Thus we have exactness at Derg(S, M).

Let now M — E % T be an S-algebra extension that is R-trivial. Hence, there is an R-
linear isomorphism to the extension M — T x M — T. This isomorphism takes the form
(p,d): E — T x M, where d: E — M is an R-derivation. We now consider on T x M the
S-algebra structure defined by (g, don), where n: S — E is the unit of the S-algebra E. This is
the extension §(don). It is obvious that with this structure, the morphism (p, d) is even S-linear,
since pny = g. This shows that E is equivalent to 6(d o 7).

Finally, let M — E — T be an R-algebra extension such that the restricted extension M —
E xp S — S is R-trivial. This means there is a section S — E x7 S. After projection to F,
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this yields a morphism S — E of R-algebras augmented to 7', and thus lifts M — F — T
to an extension of S-algebras. Conversely, if M — E — T is an S-algebra extension, then
M — E xp S — S is a trivial extension, since we have the section (id,n): S — S xr E. O

Remark 1.4.6. In Remark 1.2.25, we define a lift of the functor of derivations to take values
in global functors. This can be extended to the functor of global power algebra extensions, by
setting

Exalcomm (S, M)(G) = Exalcommpg(S, M[G]).

With this definition, we directly observe that the above Theorem 1.4.5 also provides a six-term
exact sequence of global functors by applying it to the modules M[G] for compact Lie groups G.

In general, calculating the groups of algebra extensions might be complicated. If we consider
a surjective morphism of global power functors R — S, however, we can identify all extensions
in terms of module homomorphisms. This approach can be extended by introducing the naive
cotangent complex. We study this in connection with the first André-Quillen cohomology group
in Section 1.5.c.

Construction 1.4.7. Let R — S be a surjective morphism of global power functors with kernel
I. Then I/I2? inherits the structure of an S-module since S = R/I, and we may consider the
canonical extension

0—1/I7? - R/IZ* - S 0.

For any S-module M, we compare Homg(I /122, M) and Exalcommg(S, M).
To any S-module homomorphism f: I/I22 — M, we associate the extension given by func-
toriality of Exalcomm via

0 —— [/IZ2 ————— R/I>? S 0

3% |

(R/IZ2) @p)p2e M —— § —— 0.

Conversely, for a given extension 0 - M — E — S — 0, we consider the composition I — R —
E. Since I = ker(R — S), we see that this morphism factors over M = ker(F — S). Since on
M, all products and power operations vanish, this then induces a morphism I/122 — M. As the
map I - M C E is by construction R-linear and all products vanish, this morphism is indeed a
morphism of S-modules.

Remark 1.4.8. Via this construction, we are able to interpret the extension
0—I/I?? - R/IZ*> - R/T =0

as a universal extension over R/I. This point of view is sometimes useful, for example in the
comparison of André-Quillen cohomology with the cohomology of the naive cotangent complex
in Section 1.5.c.

In the classical literature, this approach also can be used to identify the second André-Quillen
cohomology group with a group of two-term extensions, as shown by Lichtenbaum-Schlessinger
[45, Theorem 4.1.2]. There, a universal such two-term extension is identified. We discuss that
this approach does not work in our context when discussing identifications of the low-dimensional
André-Quillen cohomology groups in Remark 1.5.15.
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Proposition 1.4.9. Let R — S be a surjective morphism of global power functors with kernel
I, and let M be an S-module. Then the assignments defined in Construction 1.4.7 yield inverse
isomorphisms

o

Homg(I/122, M) = Exalcommpg(S, M).
These isomorphisms are natural in surjections R — S and modules M.
Proof. We study the two compositions of the described morphisms. The composition
Homg(I/I%2, M) — Exalcommpg(S, M) — Homg(I/IZ2, M)

is the identity since in the defining diagram

0 —— [J[Z2 ————— R/I>? S 0

| |
0 M (R/IZ2) Dr/r=z2 M— S ——0,

the left square commutes. This exactly describes the procedure of factoring R — R/IZ2®; =2 M
through a map /122 — M.
Conversely, for any extension 0 — M — E — S, we obtain a morphism

0 — M — (R/IZ*)®1/p22 M —— S —— 0

I

0 M E S 0

of extensions. This arises from the defining commutative diagram

0 —— I[/IZ2 —— R/IZ? —— S —— 0

| |

0 M E S 0

by Lemma 1.4.3. By the 5-Lemma, we obtain an isomorphism of extensions. Thus, we see that
also the other composition is the identity.

Naturality of these morphisms in the module is straight-forward. We now exhibit the natu-
rality with respect to surjections of global power functors. For this let

‘I——————> R——» S
oL
I —---- »y R —— 5’

be a commutative diagram of global power functors, with kernels indicated by the dashed arrows,
and M be an S’-module. Let moreover f: I'/(I')2? — M be a morphism of S’-modules. Then,
we consider the two extensions of S by M defined by the diagrams

0 — I/I22 — R/I>2 S 0
1
I//(I/)Z2
7l
0 M (R/Izz)@[/lzzM%S%O
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and
00— I')(I')22 R /(I')>? s’ 0
d | |
0 M (R’/(I’)ZQ) Drr/1)=2 M S’ 0
0 M ((R//(I/)Zz) @1//(1/)22 M) X S— S ——0.

We then observe that the maps R —+ R’ and R — S induce the dashed map as indicated in the
cube-shaped commutative diagram

0 —— I')(I')22 R /(I')2? S — 0
- \ Al

| ! H

O — M (R//(I/)Zz) 69[’/([’)22 M —||— Sl — O

e L /!

0 M (R'/(I")22) @y jrry22 M) xg: S S 0.

0 — /122 R/IZ2

But the dashed map as indicated induces an isomorphism

|

0 —— M —— ((R//(I/)ZQ) @1//(1/)22 M) Xg 8 —— S ——0

0 M (R/122) @]/[ZQM S 0

by Lemma 1.4.3. This proves naturality of the isomorphism Homg(I /122, M) — Exalcommpg(S, M).
O

Combining this with the six-term exact sequence from Theorem 1.4.5, we obtain the following
exact sequence, which classically is known under the name “conormal sequence”. It extends the
exact sequence of Kéhler differentials from Proposition 1.2.29 by one term on the left in the case
that one morphism of global power functors is a surjection.

Proposition 1.4.10. Let R — S — T be a triple of global power functors where S — T is
surjective with kernel I. Then the sequence

I/17? = TOsQg 5 = Qg = 0

of T-modules is exact. Here, the first morphism arises by composing the universal derivation
d: S — Q}S‘/R with the unit morphism QE/R — TDSQE/R of the extension-of-scalars adjunction,

restricting to I and passing to the quotient I/122.

Proof. We observing that Q% /s = 0 as explained in Proposition 1.2.16. Moreover, for any 7T-

module M, we identify Exalcommg (T, M) as Homyp(I /122, M) by Proposition 1.4.9. Then using
the exact sequence in Theorem 1.4.5 for derivations into M and extensions by M, we obtain the
left exact sequence

0 — Derg(T, M) — Derg(S, M) — Exalcommg (T, M).
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The right exact sequence of Kéahler differentials can thus be detected by mapping out of it by
applying Homy(_, M) for arbitrary T-modules M. O

In the same fashion, we also obtain other three-term sequences when multiple of the mor-
phisms R — S — T are surjective.

We can use the above exact sequence for calculations of Kéahler differentials on quotients of
polynomial algebras.

Example 1.4.11. Let R be a global power functor, and S = Rx; k,] be a polynomial algebra
over R on generators x; at level K, for i € I. Let moreover f; € S(L;) be polynomials, indexed
by j € J. We denote by (f;) the global power ideal generated by these elements, and consider
the global power functor T' = S/(f;).

We calculate the Kéhler differentials Q% /R by means of the exact sequence from Proposi-

tion 1.4.10. We know by Proposition 1.2.15 that le/R &~ S{dz; k,} is a free S-module, and thus
also TDSQ};/R = T{dx; k,} is free. Moreover, the image of I/12% — T{dx; i, } is generated by

the elements df;. Hence, in total we obtain

Urpei/ gy = (Bl /(F){dxi}/(df5).

1.4.b Characterizing Smooth, Unramified and Etale Global Power
Algebras

In classical commutative algebra, the notion of commutative algebra extensions can be used to
define the classes of formally smooth, unramified and étale algebras. We extend these definitions
to the context of global power functors.

Definition 1.4.12. Let R — S be a morphism of global power functors. For any R-algebra
extension M — E — B, we consider the lifting problem

M

|

R—— F

l ’ l
.
-
-
e

S~ 4B

(1.4.13)

given by morphisms R — E and S — B of R-algebras.
The morphism R — S, or the R-algebra .S, is called

i) formally smooth if for all lifting problems (1.4.13), a lift exists.
ii) formally unramified if for all lifting problems (1.4.13), at most one lift exists.
iii) formally étale if for all lifting problems (1.4.13), a unique lift exists.

Example 1.4.14. Let R be a global power functor, and P be a polynomial R-algebra. Then P
is formally smooth as an R-algebra. The lifting problem can be solved by choosing preimages
for all images of the polynomial generators of P. This can be seen using the universal property
of polynomial global power functors from (1.1.23).

By the results of Section 1.4.a, we may characterize formally smooth, unramified and étale
algebras in terms of derivations and extensions of global power functors.
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Proposition 1.4.15. Let R — S be a morphism of global power functors. Then R — S is
i) formally smooth if and only if for all S-modules M, we have Exalcommp(S, M) = 0.
ii) formally unramified if and only if for all S-modules M, we have Derg (S, M) = 0.

iii) formally étale if and only if for all S-modules M, we have Derg(S, M) =0 and
Exalcommp(S, M) = 0.

Proof. i) Suppose R — S is formally smooth, and let M — E — S be an extension of
R-algebras, representing an element in Exalcommpg (S, M). Then the lifting problem

admits a lift. This lift equivalently describes a section for the projection £ — S, and hence
the extension M — E — S is trivial. This shows Exalcommp(S, M) = 0.

Conversely, suppose Exalcommpg (S, M) = 0 for all S-modules M. Counsider a lifting prob-
lem
M

|

R— F

|

S —— B.

We moreover consider the extension M — ExpS — S of S by M. Since Exalcommp(S, M) =
0, this extension is trivial and hence admits a section S — E xp.S. Composing this section
with the projection to F yields the desired lift. Hence R — S is formally smooth.

ii) Using Lemma 1.4.4, we see that lifts in the diagram 1.4.13 are a torsor over Derg(S, M).
Moreover, for any S-module M, the trivial extension M — S x M — S does admit a lift.
Hence, R — S is formally unramified if and only if Derg(S, M) = 0.

iii) The result for formal étaleness is obtained from combining the characterizations of formal
smoothness und unramifiedness. O

Using this characterization of formally smooth algebras, we obtain that the exact sequences
of derivations and Kéhler differentials are also exact at the other ends in the case of formally
smooth algebras.

Proposition 1.4.16. Let R — S — T be a triple of global power functors and let T be a formally
smooth S-algebra. Let moreover M be a T-module. Then the sequences

0= Qg g0sT = Qp/p = Qp/s = 0

and

0 — Dergs(T, M) — Derr(T, M) — Derg(S,M) — 0

are split short exact.
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Proof. From the six-term exact sequence in Theorem 1.4.5 and since by formal smoothness of T’
over S, Exalcommg (T, M) = 0, it follows that the second sequence is exact. This already implies
that the sequence of Kéhler differentials is split exact, where a retraction of Q} /p0sT — Q7 /R 18

obtained since applying Homp(_, Q}q / rsT) yields a surjection. Finally, a split of the sequence
of Kéhler differentials yields a split of the sequence of derivations. O

Proposition 1.4.17. Let R — S — T be a triple of global power functors, let S — T be surjective
with kernel I and let T be a formally smooth R-algebra. Let moreover M be a T-module. Then
the sequences

0— I/I7% = Qg ,0sT = Qpyp = 0

and
0 — Derg(T, M) — Derg(S, M) — Exalcommg (T, M) — 0

are split short exact.

Proof. The proof is completely analogous to the one for Proposition 1.4.16, using that the six-
term sequence from Theorem 1.4.5, the surjectivity of S — T and the formal smoothness of T’
over R imply that the second sequence is exact. O

Proposition 1.4.18. Let R be a global power functor and S be a formally smooth R-algebra.
Then Q}Q/R is a projective S-module.

Proof. Let P be a polynomial R-algebra with a surjection P — S of R-algebras. Then by
Proposition 1.4.17, the sequence

0= I/17* = Qp z0pS — Qg = 0

is split exact, where I denotes the kernel of the surjection P — S. Since P is polynomial over R,
the calculation in Example 1.4.11 show that Q}, /R is a free P-module. Thus the split surjection

Q}D/RDPS — QE/R exhibits Q.ls*/R as a direct summand of a free S-module, hence it is a projective
S-module. 0O

1.5 André-Quillen (Co-)Homology

In this section, we describe the André-Quillen (co-)homology theory for global power algebras S
over a global power functor R. This is a generalization of the classical cohomology theory for
commutative rings described independently by André and Quillen in [1, 52, 53].

André-Quillen cohomology and homology are the non-abelian derived functors of derivations
and Kéhler differentials, respectively. Hence, they are defined by considering simplicial resolu-
tions of a global power algebra by basic building blocks and then applying derivations or Ké&hler
differentials to this. The basic global power algebras in question are the polynomial global power
algebras from Definition 1.1.22, since these form a nice set of projective generators for the cat-
egory of global power algebras. Moveover, on these polynomial algebras derivations and Kéhler
differentials behave well.

After giving the definition of the homology and cohomology groups, we identify the low-
dimensional terms in Section 1.5.b. As usual, the zeroth terms are given by the functors we
derive to obtain the (co-)homology theory, ie Kéhler differentials for homology and derivations for
cohomology. Furthermore, as the six-term exact sequence from Theorem 1.4.5 suggests, the first
André-Quillen cohomology group is given by the group of global power functor extensions. This
is a globally equivariant generalization of the corresponding fact in classical commutative algebra

72



1.5. ANDRE-QUILLEN (CO-)HOMOLOGY

due to André [1, Proposition 25.2]. In order to facilitate calculation of these low-dimensional
terms, we also introduce the naive cotangent complex in Section 1.5.c. This construction is
inspired by the work of Illusie [36, Chapitre III], and allows for explicit calculation of the zeroth
and first André-Quillen (co-)homology.

In Section 1.5.d, we use this naive cotangent complex to compute the first homology of certain
quotients of polynomial algebras over the Burnside ring global power functors. These calculations
show that the exact sequence of the low-dimensional André-Quillen groups cannot be extended
beyond a six-term sequence. This failure of the existence of a long exact transitivity sequence is
founded in the fact that projective global functors do not need to be flat for the box product, as
shown by Lewis [44].

Despite this flaw of the global André-Quillen cohomology, I still believe this to be a useful
theory, especially for the interpretation of the low terms and their connection to differential
properties of global power functors. Also, the comparison with topological André-Quillen theory
as defined in the second part of this dissertation, which in fact does have a transitivity sequence,
may provide valuable insights in the algebra of global power algebras.

1.5.a Definition of the (Co-)Homology

In Section 1.2, we generalized the notions of derivations and Ké&hler differentials to the context of
global power algebras. Now, we also generalize André-Quillen cohomology to this context. For
this, we have to derive the functors of derivations and Kéahler differentials, and hence we recall
the necessary definitions and results from homotopical algebra [52, II, 4].

Definition 1.5.1. Let C be a category closed under finite limits. An effective epimorphism is
a morphism f: X — Y which is the coequalizer of its kernel pair X xy X = X. An object
P of C is called projective if for every effective epimorphism f: X — Y, the induced map
Hom(P, f): Hom(P, X) — Hom(P,Y) is surjective.

We say that C has enough projectives if for every object X of C, there is an effective epimorphism
p: P — X from a projective object P.

In our case, let R be a global power functor and consider the category Algrp. We claim that

in this category, the polynomial algebras R[xk] for any compact Lie group K, and any box
product over R of those are projective. In fact, let f: S — T be an effective epimorphism. Then,
we consider the induced morphism Hom(R[zk], f): Hom(R[zk],S) — Hom(R[zk],T). By the
universal property of the polynomial algebra, this is isomorphic to fx: S(K) — T(K).
As explained in Remark 1.1.24, we can write the category of R-power algebras as a multisorted
algebraic theory, where the sorts are given by the compact Lie groups, and we have R[zk]| as
the free R-algebra on the group K, left adjoint to evaluation at the group K. By [17, Corollary
3.5.3], for any algebraic theory T, the forgetful functor U: Mods — Sets preserves and reflects
effective epimorphisms, and hence, by the multisorted analogue, the map fx: S(K) — T(K) is
surjective. Thus, the R-algebra R[zk]| is indeed projective. Since any coproduct of projective
objects is projective and the box product is the coproduct in Algp, we see that any polynomial
algebra R[zk, ;.4 € I] is projective. Thus, we have the following result:

Lemma 1.5.2. Let R be a global power functor. The category Algrn of R-power algebras has
enough projectives. Explicitly, for any R-power algebra S, the morphism

€g: |:| Rlzks) = S, Txs— s (1.5.3)
seé((K)

is an effective epimorphism from a projective object. Here, the box product is indexed over a
representing set of isomorphism classes of compact Lie groups K and elements s € S(K).
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By this lemma, we can do homotopical algebra in the category Algg. In particular, by [52,
I1.4, Theorem 4], the category sAlgy of simplicial R-algebras has a model category structure and
we can talk about cofibrant replacements of an R-algebra.

Definition 1.5.4. Let R be a global power functor and let S be an R-algebra. Then a cofibrant
resolution of S is an object P, of sAlgp together with a map p: P, — S of simplicial R-algebras
(where S is considered as a constant simplicial object) such that P, is cofibrant and p is an
acyclic fibration in the model structure on sAlgp.

Remark 1.5.5. One way to construct cofibrant resolutions is by using polynomial global power
functors. We define a polynomial simplicial resolution of an R-power algebra S to be a simplicial
R-power algebra P, with a morphism P, — S, such that

o P, R[mi"l){] is a polynomial R-power algebra, and
o the degeneracies map generators to generators.

In fact, any cofibration is a retract of an inclusion into a polynomial algebra. This procedure is
explained in [52, Remark 4, p. I1.4.11]. Thus, we can use polynomial resolutions to calculate
derived functors.

Now, we can use this formalism to define the derived functors of derivations and Kéhler
differentials in the category of R-algebras.

Definition 1.5.6. Let R be a global power functor and S be an R-algebra. Let M be an S-
module. Let P, be a cofibrant resolution of S in sAlgp. Then the André-Quillen cohomology of
S over R with coefficients in M is

DY(S, Ry M) = H(Der(Py, M)),

the cohomology of the simplicial abelian group Derg(P,, M).

Moreover, we define the cotangent complex of S as the simplicial object g,z = SU p.Q},. R in
Modg, where the boxproduct is formed levelwise. Then, the André-Quillen homology of S over
R with coefficients in M is the graded global functor

Dy(S,R; M) = Hy(ILs/rOsM).
These constructions are obviously functorial in squares

R—"3 5

W

R — 5
n

of global power functors, induced from the functoriality of Kéhler differentials.
Remark 1.5.7. By the universality of the Ké&hler differentials from Definition 1.2.12, we can
rewrite the André-Quillen cohomology as

DY(S, R; M) = H(Homg (Ls, g, M)).

This emphasizes the duality between the simplicial objects defining homology and cohomology.
As in Remark 1.2.25, we can also define a global-functor-valued André-Quillen cohomology
by setting
D(S, R; M)(G) = D*(S, R; M[G]).
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This satisfies the same duality as the abelian-group-valued cohomology, in that
DY(S, R M) = H(Homg (L, g, M),

Using this internal definition, the identifications given in Proposition 1.5.10 and Proposition 1.5.14
also lift to give isomorphisms of global functors for the internal cohomology and derivations or
global power functor extensions, respectively.

Sometimes it is convenient to have a specific resolution to compute the cotangent complex and
André-Quillen homology. We can take a simplicial projective resolution by using the free-forgetful
adjunction between global power functors and “global sets”, describing global power functors as
a multisorted theory. The result is a comparison of Quillen’s homotopical algebra approach
to cohomology followed in Definition 1.5.6 and a cotriple/comonad cohomology approach as
introduced by Beck in [13] and studied by Barr and Beck as well as Ulmer in multiple works
8,9, 6, 7, 64]:

We consider the functor

G: Algp, — Algg, S || Rlzx.).
seS(K)

This is a comonad, since it arises from the free-forgetful adjunction

ev

Algp D<:[]> [ Sets .
R

In particular, we have the counit e: G — id from (1.5.3), and this defines for any R-algebra
S a simplicial polynomial R-algebra G,S, where G,,S = G"*1S and the face maps are d; =
G leqig: GpS = Gp_15. The degeneracy maps are defined using the comultiplication v: G —
G?. This simplicial R-algebra is augmented to S via e5: GS — S.

Proposition 1.5.8. Let R be a global power functor and S be an R-power algebra. Let M be an
S-module. Then we have isomorphisms

D(S,R; M) = H(Derp(GaS, M)) and Dy(S, R; M) = Hy(SOg, 50k, 5/ s0sM).

This is part of [52, II.5, Theorem 5], and follows since we may choose any cofibrant resolution
in order to compute the cotangent complex.
On polynomial algebras, the André-Quillen cohomology is trivial in positive degrees.

Proposition 1.5.9. Let R be a global power functor and let S = R[zk, ;,i € I| be a polynomial
algebra. Then the augmentation G¢S — S is a homotopy equivalence. In particular, we have

Derg(S,M) forq=0

0 else

Q}Q/RDSM forq=20

DS, R; M) = { and Dy(S,R; M) = {

0 else
for any S-module M .
Proof. We have an additional degeneracy given by

S = GS Tr, > Tay, -

This induces the desired homotopy inverse. O
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1.5.b Identification of the Low-Degree Terms

We can identify the low-degree terms of the André-Quillen cohomology in terms of previously
defined functors, namely derivations and Kéhler differentials in degree 0 and Exalcomm in degree
1.

Proposition 1.5.10. Let R be a global power functor and S be an R-algebra. Let M be an
S-module. Then D°(S, R; M) = Dergr(S, M) and Do(S, R; M) = QE/RDSM.

Proof. We consider the beginning P, = Py — S of a cofibrant resolution of the R-algebra S.
This exhibits S as a reflexive coequalizer in the category of R-algebras of the diagram P; = Pj.
Since SDL)QL) /R 8 left adjoint to square-zero extension by Theorem 1.2.13, it preserves re-
flexive coequalizers. Moreover, the functors (_)OgM and Homg(_, M) are right respectively
left exact and hence send reflexive coequalizers to coequalizers and equalizers respectively. Since
D°(S,R; M) = H°(Homg(LLs /g, M)) and Do(S, R; M) = Hy(Ls,gOsM), this proves the propo-
sition. O

Classically, the first André-Quillen cohomology group can be described via extensions of
commutative algebras. We generalize this into our context. This follows the original connection
between derivations and commutative algebra extensions by Grothendieck in [27, §18&20] and
the connection to the cotangent complex by Illusie in [36, Chapitre III]. In the context of André-
Quillen cohomology of commutative algebras, this is also the content of [1, Proposition 25.2].

Construction 1.5.11. We construct the maps comparing the first André-Quillen cohomology
group to the group of global power algebra extensions. Let R be a global power functor, S be
an R-algebra and M be an S-module. Let 0 — M - E % S — 0 be an extension of S by M.
Moreover, let

d
Pld:OgP();E)S

be the beginning of a simplicial resolution of S via polynomial R-algebras. We define a coho-
mology class in D'(S, R; M) as follows.

Choose any R-algebra lift ¢: Py — FE of e: Py — S, using that P is a projective R-algebra. Then
we consider the map D = go (d; —dp): P — E. By Lemma 1.4.4, this defines an R-derivation
D: P, — M as the difference of the two power algebra morphisms ¢d; and gdy. By definition,
this clearly is a cocycle and defines a cohomology class [D] € D*(S, R; M). Moreover, this is
independent of the chosen lift ¢: again by Lemma 1.4.4, any other lift ¢’: Py — E only differs by
an R-derivation d: Py — M, and the resulting derivation D’: Py — M thus differs from D by
a coboundary. Hence, we get a well-defined cohomology class in D!(S, R; M) associated to the
extension 0 - M - E — S — 0.

Suppose now that conversely we are given a cohomology class in D1(S, R; M), represented by an
R-derivation D: P; — M. Then we consider the base-change

di1—do

Py Py——=— S 0
J» J |

M—E=P&p M — S — 0.

(1.5.12)

We verify that this indeed defines an algebra extension of S by M in Lemma 1.5.13. Again using
Lemma 1.4.4, one may check that the isomorphism class of this extension does not depend on
the choice of representative D, since the derivation d: Py — M defining the coboundary defines
an isomorphism between the two extensions.
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Lemma 1.5.13. Let R be a global power functor and S be an R-power algebra. Let Py — S
be a simplicial resolution of S by polynomial R-algebras and M be an S-module. Moreover, let
D: P, — M be a derivation representing a cohomology class in D'(S, R; M).

Then E = Py ® M/((d1(z) — do(z), —D(x)) for x € Py), as considered in Construction 1.5.11,
defines an R-power algebra extension of S by M.

Proof. First, we endow F with the structure of an R-power algebra. For this, we consider the
square-zero extension Py X M, and check whether the relations imposed on the quotient £ =
Py® M/((d1(x) —do(x), —D(x)) for x € P;) are compatible with product and power operations.
This follows from the fact that D is an R-derivation, as follows:

We show that the sub-global functor {(di(z) — do(z), —D(x)) | z € P1} C Py ® M is a global
power ideal, as defined in Definition 1.1.30. Suppose we are given for a compact Lie group G
elements (y,m) € (Pp @ M)(G) and (dy(z) — do(z), —D(x)) for € P(G). Then we consider
the element 2’ = s(y) -« € P1(G), using the degeneracy s: Py — P of the simplicial polynomial
resolution P,, and calculate

(y,m) - (di(2) = do(x), =D(x)) = (yda (2) — ydo(x), —yD(x) + mdy(z) — mdo(x))
= (di(s(y))da (2) — do(s(y))do(z), —e(y) D(z))
= (di(s(y)z) — do(s(y)z), —(e(dr(s(y))) D(x) + e(dr(x)) D(s(y))))
= (di(2") = do(2'), =D(x')).

Here we used that the structures of M as a module over Py and P; are obtained from the S-module
structure by pulling back along the augmentation €: P, — S, which equalizes all face maps.
Moreover, we observe that since s(y) lies in the image of the differential dy — dy + do: Py — Py
and D vanishes on the image of this map, D(s(y)) = 0.

For the power operations, we employ an inductive argument, starting with P! = id as the
trivial induction beginning. Let 2 € Pi(G). For k > 2, we calculate by additivity of the power
operations

P¥(dy(2) — do(x), =D(x)) = (P*(di(z) — do(2)), tre—1,1(P* " (d1(2) — do(2)) x (=D(x))))

k—1
= (PH(ai(2) = PH(do(@)) = 3 tri-si(PE~" (e () = o) x P'(do(x))). 0)

= (di(P"(2)) — do(P"(2)), —D(P*(x)))
= (trye-1 (P (di(2) = do(2)) x P*"Y(do(2))), — tr1,5-1(D(x) x P*~}(2)))

k—2
~ (3 tnsa (P (s (@) — do(a)) x P (do(a))),0)
i=1

= (d1(P*(x)) — do(P*(z)), —D(P*()))
— (try p—1((da (z) — do(z)) x P*"H(do())), — tryp—1(D(x) x P*"(do(x))))

k—2
- Z(trk—i,i(Pk_i(dl(@ — do(z)) x P'(do(x))),

tr1p-i-1:((=D(2)) x PP (dy(2) — do(x)) x P'(do())))-
Here, in the second line, we used that P*~!(dy(x) — do(z)) acts trivially on M, since it van-

ishes upon projection to S. Moreover, we calculated P*(d;(x) — do(z)) by using additivity for
PE(dy(z)) = P*((dy(x) — do(z)) + do(x)) and solving for the relevant term. In the last line,
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we again used that dy(z) — do(x) acts trivially on M. In total, we observe that each of the
summands in the last line lies in {(d1(x) — do(x),—D(x)) | € Py}, the first summand as the
image of P*(z), the second summand since we already established that this set is closed under
multiplication with arbitrary elements in Py @ M, and the last kK — 2 summands since we may
use induction for P*~(d;(x) — do(z), —D(x)) and again because this set is closed under multi-
plication. This finishes the verification that we take the quotient by a global power ideal. Thus,
we have the structure of an R-algebra on E.

Moreover, the maps ¢: Py — S and 0: M — S define a surjective morphism p: E — S of
R-algebras compatible with e. We claim that the map M — FE exhibits M as the kernel of
the map p. By definition, p vanishes on M, and by exactness of the upper row in (1.5.12), M
surjects onto the kernel. If an element in M is sent to 0 in E, then there exists an preimage in
ker(dy — dp) under D. But since D is a cocycle, it has to vanish on the kernel of d; —dy. So M in
fact is the kernel of p: E — S. Finally, by construction, M is square-zero in E and the S-module
structure on M induced from this agrees with the given one. Hence, we have constructed an
algebra extension of S by M. O

Proposition 1.5.14. Let R be a global power functor, S be an R-power algebra and M be an
S-module. Then the two assignments from Construction 1.5.11 define natural inverse group
isomorphisms

D(S, R; M) = Exalcommpg(S, M).

Proof. For the proof, it is left to check that the maps defined above are natural, compatible with
the group structure and inverse to one another. The naturality and additivity of the maps is
straight-forward to check. For the two compositions of the above constructions, we consider the
diagram

di—do

P Py < S 0

|» l |
M—E=P&p M — S — 0.

from (1.5.12). This already shows that starting from a derivation, forming the associated exten-

sion and then taking the corresponding cohomology class is the identity. Conversely, we consider

the diagram
d] —Cl()

P P —=— S 0
P |

Mépo@le*}S%O

M E S 0.
Similar to the arguments in Lemma 1.4.3, the dashed morphism of R-algebras exists and makes

the diagram commute, and hence the extensions formed by E and Py ®&p, M are equivalent.
Thus, the two constructions are indeed inverse to one another. O

Remark 1.5.15. In the classical literature, one can also find interpretations of the second André-
Quillen cohomology group. Both Gerstenhaber [25] and Lichtenbaum-Schlessinger [45] define a
group of two-term extensions of an R-algebra S by an S-module M. These are exact sequences

of the foom0 > M SN L E 2 s 0, where F is an R-algebra and the map p is a surjection
of R-algebras, M and N are E-modules and the maps ¢ and f are E-linear, and finally the
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morphism N — FE satisfies f(n1)ng = f(na)n;. Moreover, in [45, Definition 2.1.8], a three-term
cotangent complex is defined (a generalization of the naive cotangent complex we transfer to the
theory of global power algebras in Section 1.5.c), and it is shown that its second cohomology is
given by the group of two-term extension in [45, 4.1.2]. The zeroth and first cohomology indeed
recover derivations and extensions. Also, the six-term exact sequence from Theorem 1.4.5 is
extended to a nine-term exact sequence in [45, Theorem 2.2.4, 2.3.5-6].

In the proof that these two-term extensions give the second André-Quillen cohomology, one
may follow the outline given in the comparison of the first André-Quillen cohomology group and
(one-term) extensions of commutative algebras in Construction 1.5.11. Since I was not able to find
the explicit comparison in the literature, and since a precise understanding of the construction
is helpful to see how the situation changes in the presence of power operations, I decided to give
some detail here. We explain the construction of a cohomology class in D?(S, R; M) associated
to a two-term extension. The argument roughly takes the following form:

We consider the diagram

P. S P—=2 P —— S

\2 \1 dl \O
. N ol H (1.5.16)
M——N-——E——5

Here, we are given a two-term extension M — N — E — S of S by M and a simplicial
resolution P, — S of S by polynomial R-power algebras. Since P, is a projective R-algebra
and p is surjective, we find an R-algebra lift g: Py — E of £ against p. Then the two maps
gody and g o dy are also R-algebra maps. Then with respect to the two different P;-module
structures induced on E by pulling back along these maps, the difference g o d; — g o dy becomes
a biderivation. This is an analogue of the notion of a derivation in the presence of two module
structures, considered as a left and a right module structure. The relevant Leibniz condition
becomes

(godi —godo)(pp') = (godi)(p)(godi —godo)(p')+ (godi —godoy)(p)(godo)p).

The properties that im(g o d; — g o dp) C im(f) (by exactness) and that f satisfies f(ni)ng =
n1 f(n2) allow to construct a lift A: P, — N, which then also is a biderivation. The proof of this
fact is given in [45, Lemma 2.1.6, Definition 2.1.4].

Finally, on the image of do — dy + dy: P> — Py, the morphisms dy, dy: P, — Py agree, so
Ao (dy —dy +dg): P, — N is a derivation with image contained in im(z). Thus, we obtain a
derivation D: P, — M. This represents a cohomology class in D?(S, R; M), and this assignment
is used to identify this second André-Quillen cohomology group with the group of two-term
extensions.

In the global context, however, we need to also consider the twisted Leibniz rule for the
derivation of a power operation. This formula requires a symmetry for the module structure on
the target, since the power operations exactly capture the additional ¥,,-action available from
the symmetry of the multiplication. The notion of a biderivation classically is a relaxation to two
different left and right module structures. This does not make sense globally, since this breaks
the required symmetry, and hence the above construction cannot be transferred to the situation
of global power algebras. It is also unclear what type of structure we should require on N and
the morphism f: N — E. Here, the dichotomy of R-modules (without power operations) and of
abelian group objects in augmented algebras (with power operations) might play a role, and N
could be required to have power operations. However, the mentioned lack of symmetry inherent
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in the classical construction suggests that no sensible definition can lead to a description of the
second cohomology group in terms of extensions.

The fact that this comparison is impossible to perform for global power algebras is also
suggested by the failure of the transitivity sequence shown in Section 1.5.d. As observed there,
the six-term sequence from Theorem 1.4.5 cannot be extended by an additional term to the
left while also enforcing that the higher André-Quillen cohomology groups vanish on polynomial
power algebras. This shows that no hypothetical interpretation of the second cohomology in
terms of extensions can lead to a nine-term exact sequence as constructed by Lichtenbaum-
Schlessinger.

1.5.c The Naive Cotangent Complex

After identifying the low-dimensional terms of the André-Quillen cohomology, we exhibit a dif-
ferent way of calculation, by means of the so-called “naive cotangent complex”. This is an explicit
truncation of the actual cotangent complex, and its construction generalizes the comparison of
Exalcomm with Hom(I /122, M) obtained in Proposition 1.4.9. The next results follow [36, ITI
1.3].

Construction 1.5.17. Let R be a global power functor and S be an R-power algebra. Let
moreover P be a polynomial R-algebra and ¢: P — S be a surjection of R-algebras with kernel
I C P. We then define the naive cotangent complex as the two-term complex

§rir = (I/17% = Qp p0pS), (1.5.18)

concentrated in degrees 0 and 1. Here, the morphism I/I=? — Qb ,rpS is induced from
the universal derivation P — Q}D/R and the unit Q}J/R — Q}J/RDPS of the scalar extension

adjunction between P-modules and S-modules. This uses the observation that since S = P/I,
any derivation I C P — M with M an S-module annihilates 122.

~

We directly observe that Hy (Lg‘fl}’? Rr) = Q}g /R by the exact sequence from Proposition 1.4.10.
Moreover, in the case that R — S is already surjective and we choose P = R, we see that
Q5 /R = 0 and the cohomology of this naive cotangent complex recovers Exalcommpg(S, M) by
Proposition 1.4.9. In fact, the homology and cohomology of the naive cotangent complex are
independent of the surjection P — S we choose:

Lemma 1.5.19. Let R be a global power functor and S be an R-algebra. Let ¢: P — S and
n: Q — S be two surjections of R-algebras with P and Q) polynomial. Denote the kernels by I
and J, respectively. Let moreover ¢: P — @Q be a morphism of R-algebras with np = €. Then
there is an induced morphism

oo LR — LY R
which is a quasi-isomorphism. These morphisms make the naive cotangent complex functorial in
the choice of the surjection P — S.

Proof. The existence of an induced morphism is clear from functoriality of the Kéhler differentials
and the universal derivation, and follows from considering the diagram

I—>P\)
||
J——Q
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We now consider the effect of this morphism on homology. First, we observe that we may factor
@: P — @ through P — PORQ — @, where the first morphism exhibits PLgQ as a polynomial
P-algebra and the second morphism is surjective. Thus, we consider these cases separately and
start with the assumption that @) is polynomial over P.

In this case, we consider the sequence

0—I/I7* = J/J7? = Qg ,p00S — 0. (1.5.20)

Applying Homg(_, M) for arbitrary S-modules M and using Theorem 1.2.24 and Proposi-
tion 1.4.9, we obtain the sequence

0 — Derp(Q, M) — Exalcommg(S, M) — Exalcommp (S, M) — 0.

This is exact by Theorem 1.4.5, since Derp(S, M) = 0 by surjectivity of P — S and since
Exalcommp(Q, M) = 0 as @ is polynomial over P. Hence the sequence (1.5.20) is exact.
We also obtain the split short exact sequence

0= Qp,r0rPQ = Q5 /r = Qy/p = 0

by Proposition 1.4.16, since ) is smooth over P. Upon applying [lgS, we obtain the short
exact sequence
0= Qp,r0pS = Q5 x00S — Q4 p0eS — 0.

The differential for the naive cotangent complex now defines a morphism

0 —— [/I122 —5— J/JZ2 —— Q008 —— 0

! ! |

0 —— QL .0pS 25 Qb 08 —— QF

P/R Q/R q/PH@S » 0

of short exact sequences. The long exact homology sequence for this short exact sequence of
two-term complexes then shows that the morphism ¢, is a quasi-isomorphism.

We now have to consider the case that P — @ is surjective. In this case, we denote K =
ker(P — @) and consider the diagram

K/K>200S —— I/122 — 2 5 J/J22 — 0

H l l

)

0 —— K/KZ?0qS —— Qp z0pS —= Qf 5008 —— 0.
In this diagram, the bottom row is split exact by Proposition 1.4.17, since @ is polynomial over
R. The top sequence is dual to the sequence

0 — Exalcommg (S, M) — Exalcommp (S, M) — Exalcommp(Q, M)

from Theorem 1.4.5, which is exact because Derp(Q, M) = 0, since P — @ is surjective. Hence
the top sequence is right exact. Again, the long exact sequence in homology then shows that .,
is a quasi-isomorphism. O

Next, we show that indeed the naive cotangent complex always computes the first two terms
of André-Quillen (co-)homology.
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Proposition 1.5.21. Let R be a global power functor and S be an R-algebra. Moreover let
P, — S be a simplicial polynomial resolution of S as an R-algebra. In particular, we have a
surjection €: Py — S from a polynomial R-algebra onto S. Then there is a morphism

naive

inducing a (co-)homology isomorphism in degrees at most 1.

Proof. We first construct the map LLg/r — Lgf}l;,f /R It arises from considering the extension

0= Io/Ig* = Py/I5* — 8§ — 0,

where Iy denotes the kernel of the augmentation Py — S. Using Construction 1.5.11, we may
lift dy — do: P, = Py — PO/IO22 to an R-derivation D: P, — IO/IOZ2. This derivation is then
equivalent to a homomorphism ¢ : Q}Dl 1 Iy /1022 of P;-modules. We base-change it to a
morphism 7 : Q}DI/RDP1 S — IO/IO22 of S-modules. By the construction of ¢, by lifting d; — dy,
it is clear that this induces a morphism ¢: Lg/r — ng‘gg /R of complexes together with the
identity in degree 0. We only show that this induces an isomorphism in homology of degree at
most 1, the proof in cohomology is analogous.

To check that this morphism induces a homology isomorphism in degrees at most 1, we build
an entire complex of naive cotangent complexes. We observe that the construction of the naive
cotangent complex is functorial in morphisms of R-algebras compatible with surjections to S, as
shown in Lemma 1.5.19. Hence, the simplicial object P, of polynomial R-algebras augmented to
S defines a simplicial object

fé%f/g = (LJIZ* = Qp,/r0OpR,S).
In particular, we obtain a double complex

0 0 0

| | |

Y0 e — ) P PR ) P

e ] |

Q}DO/RDPUS — Q}DI/RDPIS — Q}DQ/RDFES « ...

For later reference, we have included the morphism ¢ : Q}Dl / rOp S = In/ 1022 constructed above
as the dashed morphism. Associated to this double complex are two spectral sequences converging
to the homology of the total complex [47, Theorem 2.15, Homological version]. If we first take the
vertical homology, we obtain the homology of the naive cotangent complexes. Since all face maps
d;: P, — P,_1 induce isomorphisms between these homologies by Lemma 1.5.19, the horizontal
complexes are now constant chain complexes. Hence we obtain that the E?-page is concentrated
in bidegrees (0,0) and (0, 1), and the homology of the total complex is computed as the homology
of the naive cotangent complex ng‘l‘;j IR

We now consider the other spectral sequence and start by computing the horizontal homology.
Since the zeroth row is exactly the usual cotangent complex, its homology computes the André-
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uillen homology of S over R. We obtain the following E!-page:
Q gy g E'-pag

0 0 0
| | |
HoW/I2%) L) H(IE)

Dy(S,R) Dy(S,R) Dy (S, R)

We now claim that the homology groups Ho(I,/132) and Hy (I, /15%) vanish. After we show this,
we have proved the proposition, since the only groups contributing to the lowest two homology
groups of the total complex are Dy (5, R) and D1 (S, R), which thus have to be isomorphic to the
homology groups of the naive cotangent complex. The identification of the morphism inducing
this isomorphism follows by considering the edge homomorphism of the second spectral sequence,
which agrees with the morphism ¢1: Qp, ,;g0p, S — Io/ 1022 by considering the diagram

In/I5?

o] T2

Op, S &% 0l

Q; Pi/R

Py/R DPl S )
which is part of the spectral sequence considered above.

We are left to prove that Hy(I,/I&?) and H,(I,/IZ?) vanish. For this, we consider the
simplicial object I, of non-unital global power functors. Since the augmentation P, — S induces
isomorphisms on homotopy groups, I, is acyclic. The following lemma then proves that the first
two homology groups of I/ I2? vanish and thus finishes the proof. O

Lemma 1.5.22. Let I, be an acyclic simplicial object of non-unital global power functors, then
Ho(I,/I3%) = 0 and Hy(1,/I15%) = 0.

Proof. We know that di — dg: I7 — I is surjective by acyclicity. Then also the induced map
11/1122 — 10/1022 is surjective, and thus Hg = 0.
We now consider Hy. Suppose we have a cycle [f] € I;/IZ?. This means that (dy —do)(f) € 15>
If we are able to find a preimage g € IZ> of (dy — do)(f), then the element f — g satisfies
(dy — do)(f — g) = 0 and thus lifts to I5. Since we consider the quotient I, /IZ2, this yields a lift
of [f] to I/I5*. We have thus reduced to showing that also dy — do: I7> — Ig2 is surjective.
By definition, IO22 is generated by elements f - g and P*(f) for f,g € I(G), k > 2, G a
compact Lie group. We start by considering f - g. Here, we choose a preimage F' € I1(G) of f
and calculate

(dy — do)(F - s(g)) = di(F)d1(s(g)) — do(F)do(s(9)) = (dr — do)(F) - g = fg.

Thus all products lie in the image. We now turn to the power operations. For this, we again
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take a preimage F' € I1(G) of f € Iy(G), and we calculate

P¥(f) = P*(dy(F) — do(F))

k—1
= di(P*(F)) — do(P*(F)) - Ztrk—i,i(Pk*i(dl(F) —do(F)) x P'(do(F)))

k-1
= (dy — do)(P*(F)) — Ztrk—i,i(Pkii(f) x P'(do(F))).

Here, we used additivity for P*((dy(F) — do(F)) + do(F)) for the decomposition in the first line.
In the last term, we now observe that the first summand lies in the image of I122. All other

summands are products of elements in Iy, and hence lie in the image of I 122 by the previous
arguments. This finishes the proof. O

1.5.d Failure of Transitivity and Base Change

In the classical theory for commutative rings, André-Quillen (co-)homology exhibits a long ex-
act sequence for a sequence of rings. This extends the exact sequences of Kahler differentials
and derivations given in Proposition 1.2.29. We show that this three-term exact sequence for
global power functors is extended to a six-term exact sequence by the Exalcomm-functor in The-
orem 1.4.5. For commutative rings, the higher André-Quillen groups extend this to a long exact
sequence. Concretely, for morphisms R — S — T of commutative rings, the natural maps of
cotangent complexes

T®g LS/R%LT/R%LT/S (1523)

form an exact triangle in the triangulated category of chain complexes of T-modules, ie a short
exact sequence of chain complexes. We obtain exact sequences in homology and cohomology.
The cohomology sequence for example reads

...— D™(T,S; M) = D™(T, Ry M) — D"(S, Ry M) — D" (T, S; M) — ...

These results are proved in [53, Theorem 5.1], [1, Proposition 18.2] and [2, Theorem V.1].
We quickly sketch the proof for this transitivity sequence as given by Quillen in [53, Theorem
5.1]. For the sequence of commutative rings R — S — T', we consider the diagram

(1.5.24)

In this diagram, we choose a resolution R — P, — S of S by a polynomial simplicial R-algebra
P, and a resolution Py, — Qo — T of T by a polynomial simplicial P,-algebra QQ,. We then form
Qe ®p, S. This receives a map from S, which exhibits it as a polynomial simplicial S-algebra.
Moreover, since the polynomial algebra ()4 over P, is in particular flat, we can conclude that the
base-change of the weak equivalence P, — S to Qe — Qe ®@p, S also is a weak equivalence. By
the 2-out-of-3 property, also Qe @p, S — T is a weak equivalence. In total, we have constructed
a resolution S = Q¢ ®p, S — T of T by a polynomial simplicial S-algebra. Using these three
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resolutions, we obtain the distinguished triangle (1.5.23) by applying the transitivity sequence
of Kéhler differentials to R — P, — Q,, using base change for Kéhler differentials from Qo /P,
to Qe ®p, S/S, and tensoring with T'. Since the involved algebras here are polynomial and thus
smooth, the resulting sequence is (levelwise split) short exact by Proposition 1.4.16.

When we try to transfer this result to our André-Quillen theory for global power functors,
we may attempt to mimic the above proof. However, this fails as in the category of modules
over a global power functor, projective modules might not be flat. This observation goes back
to a study of flatness in various categories of equivariant algebra conducted by Lewis in [44].
This then implies that a polynomial algebra might not be flat. Hence, we are no longer able to
conclude that Qe ®p, S — T is a weak equivalence.

In fact, we can explicitly calculate that the six-term exact sequence of the low-dimensional
André-Quillen homology groups as identified in Section 1.5.b does not extend to a long exact
sequence. For this, we first recall Lewis’s example of a projective global functor that is not flat.

Proposition 1.5.25. Let p be a prime. Then the global functor A(Z/p,_) is free, hence projec-
tive, but not flat.

Proof. This is the statement of [44, Theorem 6.10]. For this, we observe that the category of
Fin-global functor is the category of (), oo)-Mackey functors as considered by Lewis. The same
calculation also goes through in the case of compact Lie groups. There is a slight mistake in
the description in the map 75 /p(Z/p) on page 244, where restriction along the non-surjective
endomorphism of Z/p should be sent to p times the inflation, but this does not change the
argument. O

(tre/?)”
—— A —

A/ trz/ P The proof cited above can be interpreted as considering this sequence as the start of a

The concrete example Lewis uses for this proof is the sequence A(Z/p, )

projective resolution of A/ trZ/P , on which taking OA(Z/p, _) picks up a non-trivial Tor;-term.

Guided by this example, we state the following comparison result for certain first André-
Quillen homology groups that implies that the long transitivity sequence fails to be exact in
general. In this statement, the notation (f) denotes the power ideal generated by f. We also
observe that this statement expresses that the corresponding base-change result [53, Theorem
5.3] fails, which usually can be deduced as a corollary from the transitivity sequence.

Proposition 1.5.26. Consider the global power functors S = A[me]/@rz/z(x)) and T = S[tz,].
Then the natural morphism

T|:|5D1 (S, A) — Dl (T, A)

is surjective but not injective.

Before we give the proof by explicit calculations, we record the consequence for the transitivity
sequence.

Theorem 1.5.27. For general morphisms R — S — T of global power functors and T-modules
M, there is no possible choice of connecting homomorphisms 0y, : Dy (T, S; M) — TOgD,,—1(S, R; M)
such that the transitivity sequence

... = TOsD,(S,R; M) = D, (T,R; M) — D,(T,S; M) - TOgD,,_1(S,R; M) — ...

is exact. In fact, this fails even for n = 2.
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Proof. We consider the sequence A — S — T from Proposition 1.5.26. Since T is polynomial
over S, we see that D, (T, S; M) = 0 for all n > 1 and all T-modules M. Hence, exactness of the
transitivity sequence implies that

Tmle(S, A) — Dl(T, A)
is an isomorphism. This is not the case by Proposition 1.5.26. O

Remark 1.5.28. In his book [2], André gives an overview of the homology theory for commutative
rings and gives modified arguments for many results from [1]. In particular, in this proof of the
transitivity sequence (which he calls Jacobi-Zariski sequence), he shows that it can be deduced
from the property that enlarging an R-algebra S to a polynomial S-algebra T only base-changes
the higher André-Quillen homology groups over R from S to T (]2, Condition V.9]). This is
exactly the property we show to fail for global power algebras in Proposition 1.5.26. That this
condition is necessary is the content of the proof of Theorem 1.5.27. André’s arguments show
that this special case of the transitivity sequence is also sufficient.

The condition mentioned above is always satisfied for polynomial R-algebras S by the calcu-
lations in Proposition 1.5.9. This shows that if the middle global power functor in the transitivity
sequence is polynomial, we in fact do obtain a transitivity result. In the classical case, André
shows in [2, V.11] that one can bootstrap the general case from this special case. However, this
argument also uses that polynomial algebras are flat, which is no longer the case for global power
functors.

Remark 1.5.29. The reader well versed in the literature on equivariant André-Quillen (co-
Yhomology may find the above statement about failure of the transitivity sequence surprising.
The reason for this is that Leeman claims in his PhD-thesis [42, Proposition 3.4.11] that André-
Quillen homology and cohomology for Tambara functors do come equipped with a transitivity
sequence. On the other hand, Tambara functors also exhibit the property that polynomial
algebras are not flat, see [32] for an extensive study (even though this comes about because
polynomial algebras are seldom free as Mackey functors, whereas projective Mackey functors are
indeed flat). In fact, I believe that Leeman’s proof is not correct, and expect that also for Tam-
bara functors, counterexamples for the transitivity sequence can be found. The faulty argument
in the cited proof (transcribed into our notation) lies in the analysis of the pushout

Py — Q.

R

S —— Q.0p,8S,

which is part of the Diagram 1.5.24. Leeman claims that since the P, and @, are cofibrant in
the model category of simplicial R-algebras and P, — @, is a cofibration, the pushout has to
preserve the weak equivalence P, — S by a classical argument, see eg [33, Proposition 13.2].
However, this argument actually needs S to be cofibrant over R, which is generally not the case.
In fact, this is the reason we need to resolve S by P, in the first place.

Proof of Proposition 1.5.26. We calculate the first André-Quillen homology modules by using the
naive cotangent complex from Proposition 1.5.21. We start by performing the calculations for
S = Alz.]/ (trf/ 2(50)) We calculate the values of the André-Quillen global functors for the groups
e and Z/2. At the trivial group, we recover the classical results from the case of commutative
rings and the morphism in question is an isomorphism. At Z/2, we obtain that the morphism is
not injective.
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The naive cotangent complex depends on a surjection P — S from a polynomial A-algebra
P. We choose the canonical surjection P = Afz.] — A[aze]/<tr§/2(z)> = S. Then we have that
the Kéhler differentials Q},,, = P{dz} = Alz|{dz} are a free P-module on a generator at e by

Proposition 1.2.15. Thus the 0-th term of the naive cotangent complex is
( ge;izg?A)O = Q}J/ADPS = S{dz}.

We explicitly calculate the values at the groups e and Z/2. For this, we recall that Alz.](G) =
B,,>0 A(X:m,G). Using the description of the Burnside ring global power functor from [55, The-
orem 4.2.6], we obtain the description of the polynomial global power functor A[z.] as explained
in Remark A.2.1, as

P(e) = Z[x]

P(Z/2) = Z[P?(x), p* (z)] x @ Z{tZ/? (a*)}.
k>0

Here, p: Z/2 — e is the unique homomorphism, and p*(x) is the inflation of x along this
homomorphism. The product structure on the left summand of P(Z/2) is the one of a polynomial
ring on the two designated generators, as both power operations and inflations are multiplicative.

The symbol x indicates that B, Z{tréz,/z(mk)} is an ideal in P(Z/2), with multiplication
determined by the formulas tr(z?) tr(z*) = 2 tr(2**), P2(z) tr(z¥) = tr(2*+?) and p*(z) tr(z¥) =
tr(x¥*+1). These relations follow from Frobenius reciprocity.
From this description, we obtain that Q}Q/AIZIPS = S{dx} has the form

S{dx}(e) = Zz]/(2x){dx}

${dz}(2/2) = (ZIP*(@),p" (2)]/(2P(2), 2" (2)) & Z{0xZ/2(1)} ) {da}.

For the next term of the naive cotangent complex of S, we denote I = ker(P — §) =

(trz/Q(x» and calculate /122, We calculate from the above description of P that I has the

form
I(e) = (2z)
I(Z)2) = (2P%(x), 2p" (), tr2/%(2*) for k > 1),

where each level is considered as an ideal in P(G) for G = e,Z/2 on the specified generators.
From this, we calculate 122 as

172(e) = (42?)
172(2,)2) = (2P%(z) + tr2/2(2?), 4p* (z)?, 2 tr2/2 (2*) for k > 2),
and I/12? as

(I/172)(e) = 2z - Z[x)/2x = Z{2x} & @D Z/2{22*}
E>2
(I/172)(Z/2) = Z{2p" ()} & @D Z/2{2p" (2)*} & Z{trZ* ()} & P Z/2{0x?/*(a*)}.

k>2 k>2

Note that P?(2x) € I=? by definition, and P?(2z) = tr%ﬂ(w?) + 2P2%(z) by additivity of the
power operations. Generally, P?(2nz) is also contained in I22?(Z/2), which can explicitly be
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checked with the above description and the A-linearity of the power operations. The fact that

this element is contained in IZ2 allows us to identify 2P2?(z) with — tr%/?(22) in I/IZ2, and
hence we do not introduce a generator 2P?(x) in the above description.

]Lnalve

We have now computed the naive cotangent complex S/P/a = = (1122 4 Q}D/ADPS) The
first André-Quillen homology group is now the kernel of the map d. Explicitly, the morphism d
comes from the universal derivation and hence takes the form

Z{2z} & @ 7./2{22%} — Z[z]/(2z){dx}

k>2
22F v 2ka*ldx

(@ R Er@) e )}) = (2P0, 9" @)/ 2P(@), 25" () & 2?1} ) (o)
E>2 e

tr2/2 (2R = k2 (2 da
2p* (z%) — 2kp* (z* V) da.

The kernel is thus given by

Dy(S, A)(e) = P Z/2{22*}

k>2
Di(S,A)(Z/2) = P z/2{2p" (a")} & P Z/2{tx?/* (%) }.
k>2 k>2

Finally, we now calculate D;(S,A)dsT = Dy(S,A)0A[tz/5]. We describe the polynomial
global power functor A[tz/,] in Corollary A.2.3. The classical coend formulation, recalled in
Remark 1.1.9, implies that only the levels e and Z/2 of the two box-product factors influence
the value of the box product at e and Z/2. Considering all relations, we obtain

(D1(S,A)OsT)(e) = P Z/2[res?/?(t)){22* }
k>2
Diss Z/2[t, P2 (rest’> (1))

B P <res7‘/2< DECARCNE
(DI(S7 A>DST)(Z/2> = ( @kZQ Z/Q[t,Pz(resz/Q(t)) ) :

“(resc” (1)) {2p" (")}

We now calculate the corresponding first André-Quillen homology global functor at the groups
eand Z/2 for A - T = Alz,, tZ/2]/<tr§/2(a:)>. Here, we use as input for the naive cotangent com-
plex the canonical surjection Q = Az, tz/5] — T. We again obtain that the Kahler differentials
Q};)/A = Q{dz,dt} are a free Q-module on two generators at e and Z/2 by Proposition 1.2.15.
Thus the 0-th term of the naive cotangent complex is

(L)g7a)0 = Q%D = T{de, di}.

We again start by writing down the polynomial algebra @ = @m,n>o A((Z12/2) x Xy ).
The computation of A(X,, 1Z/2,7/2) is carried out in Corollary A.2.3. For @, we obtain

Qe) = Zlz, resy?(t)]

Q(Z/2) = Z[P*(z),p* (z),t, P?(rest/?(t)), p* (resZ/2 (1)) x @D Z{txZ/? (2" res?/(t)")}.
k>0
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Here, the multiplication on the left summand is again that of a polynomial ring, and the right

summand on the transfers is an ideal, with multiplications given by Frobenius reciprocity. In
particular, the term tr2/? (xF resZ/2 (¢ (t)!) agrees with tr?/ (z*)t!. This determines the Kihler

differentials.
We now compute the next term of the naive cotangent complex. We denote the kernel of the
surjection @ — T by J = (trfm(x)). We have

J(e) = (2z)
J(Z)2) = (2P%(x), 2p* (), tr2/? (2*) for k > 1),

where each level is considered as an ideal in Q(G) for G = e,Z/2 on the specified generators.
From this, we calculate J=2 as

J=%(e) = (42?)
JZ2(2)2) = (2P%(z) + tr2/2(2?), 4p* (z)?, 2 tr2/2 (%) for k > 2),

and J/JZ2 as

(J/TZ?)(e) = 22 - Z[w, vesl/?(t)] /22 = Zlves?? (t)]{22} @ €D Z/2[res?/> () {22+ }
k>2
Z[t, P*(resc!? (1)), p* (resc!* (1)) {2p" ()}
(J/TZ2)(Z)2) = | @ Bz Z/20t, PP(ress (1)), p* (vese’* (1)) {2p" (2)*}
SZ{tre" ()} & Bz Z/2At {02 (2*)}

For the map to Qb / 40T, we obtain similar formulas as in the calculation for S. Calculating
the kernel then gives as André-Quillen homology groups

= @ Z/2[resZ/?(t)]{22%}

k>2

Dy(T,A)(Z/2) = @D Z/2[{t2? (")} © @D Z/2[t, P (ves/?(t)), p* (vesZ/?(t))]{2p" (+*)}.

k>2 k>2

Comparing this term to the calculation of D;(S,A)0sT above, we observe that the natural
comparison map on

Z/2[t, P*(vesg/2 (1)), p* (vesZ /(1)) {tr2/ (")} — Z/2[t]{trl/* (2*)}

identifies polynomials in ¢, P2(res§/ %(t)) and p* (resf/ %(t)) if they have the same restriction to e.
Hence, the map is not injective. O

Remark 1.5.30. When carefully going through the calculations in the proof of Proposition 1.5.26,
we see that the reason the considered morphism is not injective is that in the two calculations

of D1(S,A)OsT and D4 (T, A), the Frobenius reciprocity for terms of the form F' - tr%ﬂ(x) with

FeZ[t, P2(1res§/2 (t))7p*(res§/2 (t))] is used at different steps of the calculation. In the first one,
it is used at a step where this “transfer” is not actually a transfer of anything at level e, since
the term it is a transfer of has been killed during the calculation of D;(S,A). Thus, we cannot
apply Frobenius reciprocity for this term. In the calculation of the André-Quillen homology for

T, we use the Frobenius reciprocity already in 7', and there trf/ 2(ac) still is a transfer of x. Hence
we identify terms of the form F - /2 (z) when the restrictions of F' agree.
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Remark 1.5.31. As the functor _ g7 is not exact since polynomial algebras need not be flat,
there is another candidate for the spot in the transitivity sequence occupied by Dq(S, A)OgT,
namely H; (]Lgé}lg’,j ,OsT). However, also this term does not agree with D;(T,A). Using the
calculation of the naive cotangent complex in the proof of Proposition 1.5.26, we can calculate
that this term takes the form

Hy (L, 0sT)(e) = @D Z/2[res? > (1)) {205}
k>2
Hy (L2, OsT)(Z/2) = Z/2{tr%/(2)} ® ker(res: A[](Z/2) — A[f](e))
& @D 2/2[t, P(res?/2 (1)), p* (resZ/2 (1) | {tx%/? (%)}
k>2
& @ Z/21t, P> (res?/2(1)). p* (res?/> (1)) {2p" (a*) ).

k>2

This differs from D (S, A)dgT by the additional first summand, which again comes about since
we are able to use Frobenius reciprocity one step earlier, namely on the level of the naive cotangent
complex. This then picks up additional elements in the kernel. It also differs from D; (T, A).
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Chapter 2

Topological André-Quillen
(Co-)Homology of Ultra-Commutative
Ring Spectra

In this second part of the dissertation, we study ultra-commutative ring spectra. These are
modelled by commutative orthogonal ring spectra in the positive global model category of or-
thogonal spectra, as defined in [55]. The name “ultra-commutative” is chosen in order to convey
that such ring spectra represent a very rich structure, in particular this structure is stronger than
that of F.-ring spectra in global spectra. Specifically, the homotopy groups and cohomology
groups of global spaces represented by such spectra inherit not only the structure of commutative
monoids in global functors (called global Green functors), but also additional equivariant power
operations. Thus, we obtain a global power functor m,(R) from such an ultra-commutative ring
spectrum R. These power operations are equivalent to a global version of norm maps, which
recently have seen many applications in equivariant homotopy theory. The prime example is the
usage of genuine equivariant commutative ring spectra in the solution of the Kervaire invariant
one problem by Hill-Hopkins-Ravenel [29].

Hence, the study of ultra-commutative ring spectra is an interesting subject. In this section,
we construct a cohomology theory for such ring spectra, which can then be used to study the
multiplication in detail. We aim to provide the tools which later might be applied in the con-
struction of an obstruction theory for ultra-commutative ring spectra. A similar program for
commutative ring spectra was initiated by work of Kriz [39], who proposed to use a topological
version of André-Quillen cohomology to build Postnikov towers of commutative ring spectra. The
aim in that project was to study multiplications on the Brown-Peterson spectrum BP. The the-
oretical groundwork was later carried out by Basterra [10], and applied by Basterra and Mandell
to put an Ej-multiplication on BP in [12]. Also using topological André-Quillen cohomology,
Goerss and Hopkins [26] built an obstruction theory to show that Morava E-theory spectra have
a unique F-ring structure.

Thus, we observe that topological André-Quillen cohomology has proven to be a useful co-
homology theory for commutative ring spectra. Hence, in this chapter, we generalize it to
topological André-Quillen cohomology of ultra-commutative ring spectra. For this, we use a
model-categorical approach, utilizing the model of orthogonal ring spectra with a positive global
model structure, as considered in [55, Chapter 5]. Hence, the first step is to study the con-
struction of topological André-Quillen cohomology in a general model category. This is carried
out in Section 2.1, and follows the constructions given by Basterra in [10, Sections 2-4]. In this
section, we also show that the transitivity sequence of topological André-Quillen cohomology can
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be deduced in this general context.

In Section 2.2, we then apply this theory to the model category of ultra-commutative ring
spectra, and obtain a topological André-Quillen cohomology of ultra-commutative ring spectra.
This cohomology theory is well-behaved in that it comes equipped with a transitivity long exact
sequence, and satisfies base-change and additivity results. Moreover, we exhibit a Hurewicz
theorem for this cohomology theory, treating the behaviour on connective algebras, and construct
Postnikov towers of ultra-commutative ring spectra. In these Postnikov towers, the k-invariants
lie in topological André-Quillen cohomology, and refine the classical k-invariants as global spectra
through a comparison map to the underlying cohomology. In this way, we expect an obstruction
theory to arise by studying lifts of the k-invariants along this comparison map.

2.1 André-Quillen Homology in Abstract Model Categories

In this section, we define André-Quillen cohomology for commutative algebra objects in an
abstract symmetric monoidal model category C. We follow the outline of [10], generalizing it to
a cofibrantly generated symmetric monoidal model category C that supports a model category
structure on categories of commutative algebras and modules. The classical example in [10] is
the category of spectra, realized as S-modules. In this category, the commutative monoids are
commutative S-algebras, modelling commutative ring spectra, or equivalently E.-ring spectra.
In Section 2.2, we apply the theory to the model category of orthogonal spectra with the global
model structure defined in [55], thus defining topological André-Quillen cohomology for ultra-
commutative ring spectra.

Throughout this chapter, we assume that C is a cofibrantly generated symmetric monoidal

model category, satisfying the monoid and strong commutative monoid axiom. We moreover
assume that C is pointed and that the symmetric monoidal structure, denoted A, distributes over
the coproduct V, and that coproducts V are homotopical.
Under these assumptions, we obtain induced model category structures on the categories of
algebras and modules. For a commutative monoid R in C, we denote by Modg the category
of R-modules, by CAlgp the category of commutative R-algebras and by CAlgE the category
of non-unital commutative R-algebras. Moreover, for a commutative R-algebra B, we denote
by CAlgr /B the category of R-algebras augmented to B. These categories all inherit model
structures from C by the results obtained in [56, 66] and Appendix B.

2.1.a Construction of the Cotangent Complex

We define the functors from which we obtain the cotangent complex and the definition of André-
Quillen cohomology. Since usual André-Quillen cohomology is defined in Definition 1.5.6 as
the derived functor of derivations, represented by the module of Kéhler differentials, we mimic
the construction of the module of Kéhler differentials in this context. This is accomplished
by recalling the construction of Q! as the module of indecomposables for the kernel of the
multiplication map in Theorem 1.2.24.

Definition 2.1.1. Let R be a commutative monoid in C. Then for an augmented R-algebra
A € CAlgy /R with structure morphisms n: R — A and : A — R, we define the augmentation
ideal I(A) as the pullback

I(A) —— A

-

_
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in the category of R-modules. This comes equipped with a multiplication map u: I(A)AgI(A) —
I(A) induced from the diagram

T(A) AR I(A) 2 AAp A 25 A

l [

This defines a functor I: CAlgy /R — CAlg.
Moreover, for a non-unital R-algebra J, we define K(J) = RV J, with multiplication given as

(RVJ)AR (RVJI) = RV (RAr J)V (J AR R)V (J Ag J) 2PN, Ry g,

This R-algebra comes equipped with an augmentation RV J — R by projection onto the R-
summand. This defines a functor K : CAlgf, — CAlgy /R.

Proposition 2.1.2. The functors
K
CAlgh, —— CAlgz /R
T
are adjoint, with K left and I right adjoint. The adjunction unit is given as

u: Id—=IK; J—I(RVJ)=J

via the pullback square
J 2 Ry
b
x* — R.

The adjunction counit is given as
c: KI—1d; RV I(A) 2% A

Proof. We need to check that the triangle equalities hold. Thus, we consider the diagrams

RvJ % RVI(RVJ) I(A)
\ J/CRV g and uI(A)J/ \
RV J (R\/IA))WI A).
Both diagrams commutes, thus the maps ¢ and u indeed exhibit K and I as adjoint. O

Proposition 2.1.3. Let C be a cofibrantly generated symmetric monoidal model category satis-
fying the monoid and the strong commutative monoid axiom. Then the adjunction

CAlg}, <:> CAlgy, /R

is a Quillen equivalence, for the induced model structures on the categories of non-unital and
augmented commutative algebras defined in Appendix B. Moreover, the functor K is homotopical.

93



CHAPTER 2. TAQ OF ULTRA COMMUTATIVE RING SPECTRA

Proof. We first prove that K preserves both cofibrations and acyclic cofibrations of non-unital
commutative R-algebras. Let 18" be a set of generating cofibrations and J&" be a set of
generating acyclic cofibrations for C. Then, the proof of Theorem B.2.6 shows that the sets
R APTIE and R APTJ&" are generating cofibrations and generating acyclic cofibrations for
the model category CAIgE. Moreover, the corresponding sets R A PI5°" and R A PJ®" are
the generating sets for CAlgy /R, with augmentations given by projection on the first wedge
summand of P. Since K as a left adjoint preserves colimits, it is enough to check that K
preserves the generating cofibrations and acyclic cofibrations. But K(RAPT(i)) = RAP(i), and
thus K is a left Quillen functor. Hence the adjunction is a Quillen adjunction.

The functor K is homotopical, since weak equivalences of algebras are defined using the
underlying morphisms and in C, the wedge sum is homotopical by assumption.

To check that this Quillen adjunction is indeed a Quillen equivalence, we check the following
criterion [34, Definition 1.3.12]: Let J € CAlg}, be cofibrant and A € CAlgy, /R be fibrant. Then
we need to check that a morphism f: KJ — A is a weak equivalence if and only if its adjoint
fiJ—1 (A) is a weak equivalence. So suppose first that f is a weak equivalence. Its adjoint f

is given as the composite RV J RNy 2V I(A) 5 A. Now if A is a fibrant object in CAlgy /R,

then by the definition of fibrations in the over-category CAlgy /R [34, Proposition 1.1.8], the
augmentation €: A — R is a fibration of commutative R-algebras. Thus the defining square
I(A) ——

[

is a homotopy fibre square in Modg. Thus, it is in particular also a homotopy fibre square in C.
Moreover, the unit map n: R — A defines a section of e. This proves that RV I(A4) < A is a
weak equivalence. Moreover, RV f is a weak equivalence whenever f is one.

_

- I
Suppose conversely that f is a weak equivalence. Its adjoint is given as f: J - I(RV .J) ﬁ>

I(A). By considering the commutative diagram

J—1

incll lincl

we observe that RV f is a weak equivalence. Moreover, the inclusions in the above diagram and
the associated projections RV J — J and RV I(A) — I(A) prove that f is a retract of RV f.
Since weak equivalences are stable under retracts, we conclude that f is a weak equivalence.
Thus K and I form a Quillen equivalence. O

Next, we define the indecomposables functor.

94



2.1. ANDRE-QUILLEN HOMOLOGY IN ABSTRACT MODEL CATEGORIES

Definition 2.1.4. Let R be a commutative monoid, and J be a non-unital commutative R-
algebra. Then we define the R-module Q(J) of indecomposables of J via the pushout diagram

JArJ —2 g

| |

x* —— Q(J)

in Modpg. This defines a functor @: CAlgE — Modpg.
Moreover, for an R-module M, we define the non-unital R-algebra Z(M) by endowing M with
the zero-multiplication. This defines a functor Z: Modgr — CAlgE.

Proposition 2.1.5. The functors
Q
CAlgh —><— Modgr

are adjoint, with Q left and Z right adjoint. The adjunction counit is given as
¢t QZ = 1d; QZ(M) = M

via the (strict) pushout square
MAgM —— M

L

* —— M.

The adjunction unit is given as the projection

w: 1d = Z2Q; J % ZQ(J).
Proof. We need to check that the triangle equalities hold. Thus, we consider the diagrams
Q(u

QJ — Q(ZQJ)
\ JICQJ and uZMJ( \
QJ ZQ(ZM) Zo ZM.

Z(c)

Both diagrams commutes by straight-forward considerations, thus the maps ¢ and v indeed
exhibit @) and Z as adjoint. O

Proposition 2.1.6. Let C be a cofibrantly generated symmetric monoidal model category satis-
fying the monoid and the strong commutative monoid axiom. Then the adjunction
+ L
CAlgy, — Modpg

18 a Quillen adjunction, for the induced model structures on the categories of non-unital com-
mutative algebras and R-modules defined in Appendiz B and [56, Theorem 4.1]. Moreover, the
functor Z is homotopical.

Proof. We only need to prove that the right adjoint Z preserves fibrations and weak equivalences.
But since both fibrations and weak equivalences are defined on the underlying objects, and Z is
the identity on the underlying objects, Z preserves both fibrations and weak equivalences. [
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Finally, for a commutative R-algebra B, we have the usual extension-of-scalars adjunction
B/\R(f)
CAlgy /B <—f4> CAlgy /B
orget

between R-algebras and B-algebras, descending to augmented algebras. Again, since the forgetful
functor from B-algebras to R-algebras is the identity on underlying objects and morphisms, it
preserves fibrations and weak equivalences, hence this adjunction is a Quillen adjunction as well.
We denote the left derived functor of B Ar _ by B /\}‘2 .

Definition 2.1.7. Let R be a commutative monoid in the cofibrantly generated symmetric
monoidal pointed model category C, and let B be a commutative R-algebra. Then we define the
abelianization functor as

Abg/r: CAlgp /B — Modg, A (LQ)(RI)(B AL A).

In algebra, abelian group objects in augmented algebras are equivalent to modules and the
square-zero extension functor has a left adjoint given by Kahler differentials. This adjunction
is shown for global power functors in Theorem 1.2.13, even though here the interpretation as
abelian group objects is not valid anymore, as we show in Section 1.3.a. This adjunction justifies
the name abelianization for this functor, which we adopt from Basterra [10]. In the case of
commutative ring spectra, Basterra and Mandell [11] show that this functor can be interpreted
as a stabilization. A corresponding statement for ultra-commutative ring spectra is the topic of
a joint project with Tobias Lenz.

Also in this general context over a model category C, we observe that abelianization and
square-zero extension are adjoint after passage to the homotopy categories. In this case, the
square-zero extension functor is the composite

Bx(_)=KZ: Modp — CAlgp /B, M — Bx M =BV M.
Since both Z and K are homotopical, this composite descends to the homotopy categories.

Proposition 2.1.8. The functors
Abp/g
Ho(CAlgr /B) ————— Ho(Modp)
Ho(Bx(_))
are adjoint, with Abg, g left and Ho(B x (_)) right adjoint.
Proof. We use the Quillen adjunctions exhibited in Propositions 2.1.2 and 2.1.5 and calculate
Ho(Mods)(Abg, r(A), M) = Ho(CAlgh)(RI)(B A% A), (RZ)(M))

> Ho(CAlg /B)((LK)(RI)(B A} A), (LK)(RZ)(M))

>~ Ho(CAlgg /B)(B A% A, B x M) = Ho(CAlgy /B)(A, B x M).
Here, we used that LK is an equivalence of homotopy categories inverse to RI. O

Using this definition, we define the cotangent complex.

Definition 2.1.9. Let R be a commutative monoid in C and B be a commutative R-algebra.
Then the cotangent complex of B over R is the B-module

Qp/r = Abp/r(B) = (LQ)(RI)(B A% B),

taking indecomposables of the fibre of the multiplication map B AL B — B.
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Definition 2.1.10. Let R be a commutative monoid in C and B be a commutative R-algebra.
Then we call the map
dB/A5 B — QB/R

of R-modules, obtained by composing the unit B — B x {1, of the adjunction from Proposi-
tion 2.1.8 with the projection B x Qg/g — g, g, the universal derivation of B over R.

We record the functoriality of the cotangent complex.

Construction 2.1.11. Let
R-I" R

|

B—— B
fB

be a commutative diagram of commutative monoids in C. This induces a morphism B AL B —
B’ /\%, B’. Moreover, by functoriality of pullbacks and pushouts, we also obtain morphisms

RIR(B A% B) — RIgr/(B' AL, B)
and
LQr(RIR(B A% B)) = LQgr (RIp (B’ A%, B')).
In total, this induces a morphism f.: Qp,r — Qp//g/. This construction is functorial.

As a first calculation, we can exhibit the cotangent complex on a free commutative algebra
PX as a free module generated by X. We formulate this relative to a commutative monoid R,
where Pr: Modr — CAlgy denotes the free R-algebra functor.

Proposition 2.1.12. Let R be a commutative monoid in C, and X be an R-module. Then there
is a natural weak equivalence
Qp,x/r 2 PrX AL X.

Proof. We show this assertion by showing that P X /\% X has the universal property of {2p, x/r
in the homotopy category of PrX-modules, exhibited by the adjunction in Proposition 2.1.8.
Hence, we need to show that for any PrX-module M, we have an isomorphism

Ho(Modp, x)(PrX AL X, M) = Ho(CAlgg /PrX)(PrX,PrX x M).
This can be seen by the chain of isomorphisms
Ho(Modp,, x)(PrX Ak X, M) = Ho
=~ Ho
= Ho
= Ho

Modg)(X, M)

CAlgf) (P X, RZ(M))

CAlgy /R)(R x PLX, R x M)
CAlgy, /PrX)(PrX,PrX x M).

~ A~ =~ =

Here, in the third line, we used that LK is an equivalence of homotopy categories between CAngIQz
and CAlgp /R. Moreover, in the last line, we used the adjunction of over categories

Ex
CAlgp /PrX ——— CAlgy /R,
!
where : Pr X — R is the projection to the constant summand of the free algebra, ¢, is postcom-
position with e and &' is pullback along e. It is straight-forward that this is indeed an adjunction,
and since €, is the identity on objects and morphisms, it is left Quillen. The last isomorphism
then follows from the observation that R x PLX = e, (PrX). O
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2.1.b The Transitivity Sequence

In this section, we establish the basic properties of the cotangent complex, namely the transitivity
sequence, flat base change and additivity. For the algebraic cotangent complex, this is carried
out in [53, Section 5], and for topological André-Quillen cohomology for S-algebras, this is done
in [10, Section 4]. We mimic their arguments for the proof in our context.

First, we need to establish certain compatibilities of the augmentation ideal and the inde-
composables functors with change of rings.

Lemma 2.1.13. Let R be a commutative monoid in C, B be a commutative R-algebra and A be
a commutative R-algebra augmented to R. Then the natural map

RIz(A) AE B = RIp(AAE B), (2.1.14)
induced by the commutative diagram

IR(A AR B —— A/\RB

1 l (2.1.15)

- B,

is an isomorphism in the homotopy category of non-unital commutative B-algebras.

Proof. Since the functors I and K are inverse Quillen equivalences, it suffices to show that the

mate transformation
LEKp(AAE B) - LKR(A) AE B

is a weak equivalence (see eg. [58, Lemma 2.2], applied to the adjunction on the level of homotopy
categories). However, this transformation is the isomorphism BV (A Ar B) = (RV A) Ar B,
applied to suitable cofibrant replacements of A and B. O

Lemma 2.1.16. Let R be a commutative monoid in C, B be a commutative R-algebra and J be
a non-unital commutative R-algebra. Then the natural map

LQg(J A% B) — LQgr(J) A% B, (2.1.17)
induced by the commutative diagram

(J/\RJ)/\RB—> JAr B

| !

* ———— Qgr(J) Ar B,

s an isomorphism in the homotopy category of B-modules.

Proof. As a left adjoint, _ Ar B commutes with the pushout diagram defining Q(J). Hence,
considering suitable cofibrant replacements of B and J shows that the map (2.1.17) is indeed an
isomorphism. O

Remark 2.1.18. On first glance, it might not be obvious how the transformation Ig(_) Agr B =
Ip(_ AR B), defined by diagram 2.1.15, induces the transformation in (2.1.14) on composites of
derived functors. In this transformation, we mix left and right derived functors. This can be
handled formally by considering the double category of model categories and left and right Quillen
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functors as vertical and horizontal morphisms, respectively. Then [58, Theorem 7.6] shows that
taking homotopy categories can be made into a double pseudofunctor. This incorporates the
definition of derived transformations as in (2.1.14), which are constructed in [58, 7.1].

In the similar situation of Lemma 2.1.16, the situation is easier, since both functors in question
are left Quillen. Hence they preserve cofibrant objects, so that the second cofibrant replacement is
not necessary. Formally, the natural transformation can be obtained by using the fact that on the
2-category of model categories and left Quillen functors, taking homotopy categories is a pseudo-
2-functor by [34, Theorem 1.4.3]. This incorporates the existence of a natural isomorphism
LF o LG — L(F o G), which together with its inverse can be used to define the transformation
in (2.1.17).

Lemma 2.1.19. Let R be a commutative monoid, S and T be commutative R-algebras with a
map S — T of commutative R-algebras. Assume moreover that C is left proper or that S is
cofibrant as a commutative monoid. Then a homotopy cofiber of SART — T AL T in CAlg, /T
is given by T AL T.

Proof. This statement mainly consists of a consideration of the relevant cofibrant replacements.
We consider the morphism S — T'. In order to calculate S /\% T, we consider a cofibrant replace-
ment 'S — S of S as a commutative R-algebra. Moreover, in order to calculate T’ /\% T, we
decompose the morphism I'rS — S — T into a cofibration followed by a weak equivalence as
I'rS — I'rT — T. Obviously, both I'p.S and I'rT are cofibrant replacements also of commuta-
tive R-algebras augmented to T', and since the morphism I'pS — I'grT is a cofibration, I'gT is
also cofibrant as a I'gS-algebra. Then the map we need to take the homotopy cofiber of is

I'rRSART - TRT AR T.

Since  ArT: CAlgp /T — CAlgy /T is a left Quillen functor, we observe that this map is a
cofibration between cofibrant objects. Hence, its homotopy cofiber is represented by the actual
cofiber of this map. This can be calculated by the usual properties of pushouts as

(FRT AR T) AT RSART T= (FRT Ar'gs I'rS AR T) AT RSART T=TgrT ATRS T.

We now need to compare this with I'sT Ag T, where I'¢T is a cofibrant replacement of T as a
commutative S-algebra. For this, it suffices to establish a weak equivalence I'pT Ar,s S — I'sT
of commutative S-algebras. Since both I'rT Ar, s S and I'sT are cofibrant S-algebras (since
__Arps S is left Quillen and by definition, respectively), the left Quillen functor _ AgT preserves
this weak equivalence.

In order to establish this weak equivalence, we consider the diagram

~

I'rS — S I'sT

P
- ’
e ’
_- -
- -
-

I'rT ArgS S ///

DRT —==== = T.

1

In this diagram, we factored the map S — T into a cofibration followed by an acyclic fibration
as S — I'sT — T'. Since the left vertical map is a cofibration, the diagonal dashed morphisms
exist by the lifting property. Moreover, since either the categories in question are left proper or
S is cofibrant, we conclude that the morphism I'rT — I'rT Ar,s S is a weak equivalence. This
now proves that we indeed have a weak equivalence I'rT Ar,s S — I'sT as desired. O
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We now have the necessary ingredients to show the existence of the transitivity sequence.

Theorem 2.1.20. Let R — S — T be a sequence of commutative monoids in C. Moreover,
assume that either C is left proper or that S is cofibrant. Then the sequence

Qs/r NS T — Qr)r — Q7ys,
induced from functoriality of 2, has the structure of a homotopy cofiber sequence of T-modules.

Proof. We consider the morphism S AL T — T AL T of T-algebras augmented to T. By
Lemma 2.1.19, the homotopy cofiber of this morphism in CAlg,. /T is given by T /\g‘ T. Since
I is a Quillen equivalence and @ is left Quillen, applying LQr o RIy to the resulting cofiber
sequence yields a cofiber sequence of T-modules. This takes the form

LQr(RIr(S AET)) = LQr (RIF(T AL T)) — LQr(RIp(T NS T)).

The last two terms are by definition the cotangent complexes Q7/p and 7,5. We thus only
have to identify the first term as Q0g/r /\g T.
For this, we observe that S AE T = (S AL S) AL T. Then, we use Lemmas 2.1.13 and 2.1.16
to calculate
LQr(RIz(S AR T)) = LQr(RIz((S AL S) NS T))

= LQr(RIs(S AR S) NS T)

= LQs(RIs(S AL S) AT

=~ Qgp A5 T.

In total, we obtain the desired homotopy cofiber sequence. O

Moreover, we also get analogues of the base change and additivity results.

Proposition 2.1.21. Let R be a commutative monoid in C and S and T be two commutative
R-algebras. Then there are natural equivalences
~ L
Qspnrr =Qsyr AR T and
Qsnrrr = (Qs/r ANET) V(S AR Qr/r).-

Proof. For the first assertion, we calculate

QsaLryr = LQgsanr(RIg L ((S NG T) AE (S AR T)))
= LQsLr(RIg L ((S Ni S) NS (S AR T)))
= LQsnr(RIs(S N S) NS (SART))
= LQs(RIs(S AR 8) A§ (S AR T)
~ Qg A T.
The second assertion follows from observing that the transitivity cofiber sequences for R — S —

SAET and R — T — S AL T fit together to define splittings for each other, and applying the
first assertion to the resulting cotangent complexes. O
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2.2 Topological André-Quillen Homology for Ultra-Commutative
Ring Spectra

In this section, we apply the general theory of cotangent complexes developed in Section 2.1 to the
model category Sp of global spectra established in [55]. Here, the commutative monoids are the
ultra-commutative ring spectra, which represent a very rich structure. Hence, the construction
of topological André-Quillen cohomology for these ring spectra is a useful step in understanding
this structured multiplication better. Classically, topological André-Quillen cohomology has been
used successfully in obstruction theory for commutative ring spectra, and we introduce some
tools in order to facilitate such an analysis also in the case of ultra-commutative ring spectra.
Concretely, after the definition of the cohomology, we observe that we have a base-change result
as well as a transitivity long exact sequence for this theory.

2.2.a Construction and Basic Properties of Topological André-Quillen
Homology

We denote by Sp the category of orthogonal spectra, equipped with the positive global model
structure constructed in [55, Proposition 4.3.33]. This model structure satisfies the monoid axiom
and the strong commutative monoid axiom by [55, Proposition 4.3.28, Theorem 5.4.1]. In par-
ticular, the positive global model structure transfers to the category CAlg of ultra-commutative
ring spectra, as is elaborated in [55, Theorem 5.4.3]. Moreover, if R is an ultra-commutative ring
spectrum, then also the categories Modgr of R-modules, CAlgy of commutative R-algebras and
CAlgE of non-unital commutative R-algebras inherit model structures from the positive global
model structure on Sp.

We now specialize the results from Section 2.1 to the case of ultra-commutative ring spectra.

Definition 2.2.1. Let R be an ultra-commutative ring spectrum and B be a commutative
R-algebra. Then we define the cotangent complex of B over R as the B-module

Qp/r = (LQ)(RI)(B AL B).

In the context of B-modules, we can now consider the (co-)homology theory represented by
this cotangent complex. This is called topological André-Quillen (co-)homology.

Definition 2.2.2. Let R be an ultra-commutative ring spectrum and B be a commutative R-
algebra. Let M be a B-module. Then we define the topological André-Quillen homology of B
over R with coefficients in M as

TAQ*(BaRa M) = E*(QB/R /\% M)a

and the topological André-Quillen cohomology of B over R with coefficients in M as the B-
module
TAQ"(B,R; M) =n_ (RFp(Qp/r, M)).

Here, F'g denotes the function spectrum in the category of B-modules.

In particular, we obtain a transitivity long exact sequence on topological André-Quillen ho-
mology theory by considering the cofiber sequence established in Theorem 2.1.20.

Theorem 2.2.3. Let R — S — T be a sequence of ultra-commutative ring spectra, and M be a
T-module. Then there are long exact sequences

.. TAQ (T, 8; M) - TAQ (S, R; M) — TAQ (T, R; M) — TAQ (T,S; M) — ...

e
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and
... — TAQ™(T,S; M) — TAQ™(T, R; M) — TAQ"(S, R; M) — TAQ" ™ (T, S; M) — ...
of global functors.

We moreover obtain base change and additivity results from considering the effect of Propo-
sition 2.1.21 on cohomology.

Proposition 2.2.4. Let R be an ultra-commutative ring spectrum and S and T be two commu-
tative R-algebras. Let moreover M be an S A% T-module and n € Z. Then there are natural
isomorphisms

TAQ (SAET,T; M) = TAQ (S,R;M)  and
TAQ (SAiT,R; M) =TAQ (S, R; M) TAQ™(T, R; M)

in homology and

TAQ"(S AR T,T; M) = TAQ"(S,R; M)  and

TAQ"(S AR T, R; M) = TAQ™(S, R; M) @ TAQ" (T, R; M)

in cohomology.

2.2.b A Hurewicz Theorem for Topological André-Quillen Homology

We now study some structural properties of topological André-Quillen cohomology and the cotan-
gent complex. As a first result, we prove a Hurewicz theorem for topological André-Quillen
homology. Since André-Quillen homology is an invariant of R-algebras and thus of morphisms
R — S of ultra-commutative ring spectra, the Hurewicz theorem compares it to the relative
homotopy groups of this morphism. The Hurewicz theorem is a key input in the construction of
Postnikov towers for ultra-commutative ring spectra.

As a first step, we study how the functor Q: CAlgE — Modpg behaves on connective spectra.

Lemma 2.2.5. Let R be a connective ultra-commutative ring spectrum and J be a non-unital
commutative R-algebra. Suppose moreover that J is n-connected for n > 0. Then also Q(J) isn-
connected, and the adjunction unitn: J — QJ induces an isomorphism on m,, forn+1 < k < 2n.

Proof. We may assume that J is a cofibrant non-unital R-algebra. We consider the defining
cofiber sequence
JArJ 5 T5 Q)

of R-modules. In this sequence, J is n-connected by assumption. Moreover, by the compatibility
of the smash product with the t-structure on global spectra established in [55, Proposition 4.4.15],
the spectrum J Ag J is (2n — 1)-connected.

Using this observation, the claim of the lemma follows from the long exact sequence in homotopy
groups. O

Remark 2.2.6. In the above proof, we used [55, Proposition 4.4.15] to use connectivity assump-
tions on R-modules X and Y in order to obtain connectivity of X AgpY. However, the statement
of [55, Proposition 4.4.15] makes no mention of the relative smash product over R and only
considers X AY. In order to deduce statements about Ar, we observe that we can copy the ar-
guments of the cited proof for the triangulated category of R-modules, replacing the generators
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Y¥BgG by RA X BgG. These are again compact generators of this triangulated category.
Since homotopy classes of morphisms out of these generators recover the equivariant homotopy
groups of the underlying spectrum of an R-module by adjunction, these compact generators also
define a t-structure on the homotopy category of R-modules. In this ¢-structure, the connective
R-modules are those that are connective as underlying spectra, and this class is spanned by
the compact generators given above. The proof of these fact can be copied verbatim from [55,
Theorem 4.4.9 and Proposition 4.4.13]. In all this, we use that R is connective, so the generators
R AYPBg G are connective as well.

In total, we may mimic the arguments given in [55, 4.4.15] and conclude that the analogous
statement in Modg also holds.

The Hurewicz theorem for topological André-Quillen homology of commutative ring spectra
appears as [10, Lemma 8.2]. That version contains an error in that the homotopy group of the
cotangent complex is compared to that of the base instead of the cone, which was pointed out
in [5, Lemma 1.2].

Theorem 2.2.7 (Hurewicz theorem). Let R be a connective ultra-commutative ring spectrum
and let B be a connective commutative R-algebra such that the unit map n: R — B is an n-
equivalence, with n > 1. Then Qg is n-connected and 7, ,(Cone(n)) = 7, 1 (Qp/r)-

Proof. By cofibrantly replacing B, we assume that B is cofibrant as a commutative R-algebra.
We consider the universal derivation dg,/gr: B — 1 g defined in Definition 2.1.10. Restricting
this map to R along 7, it becomes trivial, since it factors through 2r,r = *. Hence, we obtain an
induced map 7: Cone(n) — Qp/r. We claim that 7 induces an isomorphism on ;. for k <n+1,
from which the claim follows.

In order to compare the cone of n with the cotangent complex, we consider the diagram

R u B Cone(n)

1] |

B —— BAr B —— B Ar Cone(n).

Here, the lower line arises by applying B Ar __ to the top line and the vertical maps are the
inclusions of the right factor. Since B is cofibrant over R, both horizontal lines are cofiber
sequences. Moreover, we know by Proposition 2.1.3 that the counit

BVRI(BAg B) = BAr B

is a weak equivalence. Hence, by comparing cofibers, we obtain B Ag Cone(n) 2 RI(B Agr B).
In total, instead of considering 7, we can consider

Cone(n) = B Ag Cone(n) = RI(B Ar B) = Qp/g.

Now, since 7 is an n-equivalence, Cone(n) is n-connected. Since moreover B is connective, by
[55, Proposition 4.4.15], ¢ induces an isomorphism on 7, for & < n + 1. Finally, Lemma 2.2.5
shows that also the map RI(B Ar B) — Qp,r induces isomorphisms on m;, for & < n 4 1. This
finishes the proof. O

2.2.c Postnikov Towers of Ultra-Commutative Ring Spectra

In this section, we construct Postnikov towers for ultra-commutative ring spectra. These can
be seen in a precise way as lifts of the usual Postnikov towers for global spectra arising from
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the t-structure established in [55, Section 4.4]. Thus, these Postnikov systems could be used in
order to construct ultra-commutative ring spectrum structures on global spectra, by successively
lifting the k-invariants in the Postnikov tower of global spectra to ones for ultra-commutative
ring spectra, and then studying convergence of the resulting tower of ultra-commutative ring
spectra. This idea goes back to Kriz [39] and is for example explained in [12, Section 4, esp.
Corollary 4.6]. There, this theory is used in order to show that the Brown-Peterson spectrum
BP supports an F4-multiplication. Moreover, this obstruction theory can also be used to study
maps between ring spectra.

In the classical story, a Postnikov tower is determined by its k-invariants, elements of the
cohomology of the successively defined stages of the tower, which are used to construct the next
stage as a homotopy fiber. We first explain how this step can be carried out in the category
of ultra-commutative ring spectra, where the correct cohomology theory is topological André-
Quillen cohomology.

Construction 2.2.8. Let R be an ultra-commutative ring spectrum, and B be a commutative
R-algebra. Let moreover M be a B-module. Then we have an identification

TAQ" (B, R; M) = Ho(Modg)(2g /5, %" M) = Ho(CAlg, / B)(B, B x £" M)

by the defining adjunction for the abelianization functor.
Thus, if we are given a class k € TAQ? (B, R; M), we consider it as a morphism B — Bx X" M
of commutative R-algebras over B. Then, we form the homotopy pullback

Bk] — B

L

T)BD(E”M

in the category of R-algebras over B, where the right vertical map is the inclusion of a wedge
summand. We call B[k] an extension of B by the element k& € TAQL (B, R; M).

We moreover consider the projection map pr: B x X" M — ¥"M. This map is the same as
the projection used to define the universal derivation dp,r: B — Qp,r, and hence we see that
the induced map

B/rt TAQ"(B,R; M) — H" (B, R; M)

from topological André-Quillen cohomology to usual (Bredon) cohomology, represented by the
spectrum B, sends k to prok. From this, we conclude that the R-module underlying B[k] is the
homotopy fiber of the map prok: B — X" M of R-modules.

Theorem 2.2.9. Let R be a connective ultra-commutative ring spectrum. Then there is a se-
quence Ry, ..., Ry, ... of commutative R-algebras, equipped with maps R, 11 — R, of commuta-
tive R-algebras, and elements k, € TAQ! (R, R; Hx,, . (R)), such that the following properties
are satisfied:

1) RO = HEO(R); and Rn = Rnfl[knfl],
ii) m(R,) =0 for k > n,
iii) the unit maps 1, : R — R, are (n + 1)-equivalences.

Proof. We define Ry = Hry(R) as an Eilenberg-MacLane spectrum for the global power functor
7o (R). By [55, Theorem 5.4.14], this carries the structure of an ultra-commutative ring spectrum.
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Moreover, as discussed before the cited theorem, we obtain a map ny: R — Hmy(R) of ultra-
commutative ring spectra, which is an isomorphism on m,. Hence this serves as a first stage of
the required Postnikov tower.

We now suppose we have constructed the required sequence of R-algebras up to level n. Then,
the map 7,: R — R, is an (n + 1)-equivalence, and m,, ,5(Ry,) = 7, (Rn) = 0. Hence, by the
Hurewicz theorem 2.2.7 we observe that Qp /g is (n + 1)-connected and has m,,5(Qr, /r) =
T1(R). Thus, we get a map ki, : Qr,/r — X" Hr, (R) of R-modules realizing this equiva-
lence on 7, , ;. This map corresponds to an element k,, € TAQ!"*(R,,, R; Hx,,,1(R)), and by ad-
junction to a map k,,: R, — R, X E”+2Hﬂn+1(R) of R-algebras. We then define R,,11 = Ry [kx].
This comes equipped with a map R,11 — R, of R-algebras. Since as an R-module, R, is

d
the homotopy fiber of the map R, ZEn/R, Qr,/r LN E”*QHEH_H(R), we observe that the

morphism R — R, is indeed an (n + 2)-equivalence, and the higher homotopy groups of R, 1
vanish. Thus, the theorem follows by induction. O

Remark 2.2.10. We note that the above theorem also shows that the k-invariants of the Postnikov
tower of R-modules and the k-invariants of the Postnikov tower of R-algebras are linked by the
map

d};/R: TAQ"(B,R; M) — H"(B,R; M)

induced by the universal derivation on cohomology. As mentioned before, this can then be
used to establish an obstruction theory for maps of ultra-commutative ring spectra and for the
existence of ultra-commutative ring structures by considering whether the classical k-invariants
lift through this universal comparison map.
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Appendix A

Symmetric Groups and Wreath Products

In this section, we recall the definition of wreath products of symmetric groups with arbitrary
(finite or compact Lie) groups. These wreath products are used in the definition of the power
operations of a global power functor, and we exhibit double cosets and conjugacy classes of
elements in wreath products needed in calculations with power operations.

A.1 Definition of the Wreath Product

Definition A.1.1. Let G be a group. Then the wreath product ¥,, ! G is the semi-direct
product X, X G™ with respect to the permutation action of X,, on the factors of G™. Elements
of ¥,,, 1 G are denoted (0;91,...,9m), with o € ¥, and g; € G for i = 1,...,m. Explicitly, the
multiplication is given as

(05915 gm) (T3 Py - oo hn) = (075 gr ()5 - - o5 Gr(m) o)
If G is a compact Lie group, then also X, ! G is a compact Lie group.

Remark A.1.2. The wreath product occurs in the definition of power operations in Defini-
tion 1.1.18, and one reason for this is that for a G-set X, the wreath product X,, { G naturally
acts on the m-power X" by combining the G-action on each factor with the permutation action
of 3,,. On elements, this takes the form

(0;913 s 7gm)($1a s ,xm) = (90*1(1)x0*1(1)7 s 790*1(m)x0*1(m))'

In particular, if V' is a G-representation, this action turns V"™ into a %,, ! G-representation.
Moreover, for a G-set X, ¥,,, { G similarly also acts on the m-fold disjoint union X™™, by using
the G-action of the relevant copy of X and the permutation action of ¥,,,. On an element (z,7) in
the i-th copy of X, with 1 < i < m, we thus have (0;g1,...,9m)(z,1) = (giz;, 0 1(i)) considered
as an element in the o~1(i)-th copy of X.

Observe that for small values of m, we obtain that ¥g!G = e is the trivial group and £11G = G
is the group G itself. The wreath product X,,1G contains G'™ as a normal subgroup, represented
by the elements where the permutation is the identity, and the quotient by this subgroup is
isomorphic to ¥,,. The quotient map splits by setting all G-coordinates to the neutral element
of G.

Remark A.1.3. There are various comparison morphisms between products of wreath products
and iterated wreath products. These morphisms are used in the formulation of the properties of
the power operations. The first two of these morphisms are also described in [55, 2.2.5-6].
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i) Let ¢ > 0 and j > 0, and let G be a group. Then we define the injective homomorphism

‘b@jt (Ez ZG) X (Zj i G) — EH_]‘ LG
((0;917"' agl)?(a/7gi77g;)) = (U+U/;gla"'7giag;7"'7g;)
by concatenating the permutations and the tupels of elements of G. Here 4+ denotes the

concatenation of permutations, ie the inclusion ¥; x 3; < 3;;; obtained by identifying
{L,...,i+ g} with {1,...,¢} II{1,...,5}.

ii) Let k > 0 and m > 0, and let G be a group. Then we define the injective homomorphism

Wim: EkZ(EmZG) = Yem G
(U; (Tl;gl,la e agl,m)a sy (Tk;gk,l, e agk,m)) = (Jh(Tl, e 77—16);91,17 ey G1my - e ,gk,m)~
Here, we use the identification of [[,{1,...,m} with {1,...,km} by concatenating the
k-copies of the set {1,...,m}. Since X! X,, naturally acts on the first set as described in

Remark A.1.2, we thus identify it with a subgroup of “block permutations” in Yg,,, and
call this inclusion §.

iii) Let m > 0 and G and K be two groups. Then we define the injective homomorphism

Ap: Tl (G X K) = (5,1G) x (B, 1K)
(U; (gl;kl)a sy (gm7km)) = ((0'§917~ .. 797”)7 (Ua klv .. -7k’m))

using the diagonal on the symmetric group.

In the verification of the properties of the power operations on a square-zero extension in
Theorem 1.2.7, we need two double coset formulas. We explain these double coset formulas here.
They are also utilized in a more general form in the comonadic description of power operations
in [55, Chapter 5.2, Equations 3, 4 and 12].

Lemma A.1.4. Leti,j,k,m >0 and G be a group.

i) There are exactly two double cosets in ((X; 1 G) x (X1 G))\Ei+; 1 G/(Bitj—11G) x G).
They may be represented by the permutations x(g) for e = 0,1, defined as

t for1<t<i-—e¢

t+e fori—e+1<t<k-1
t—j fort=kande=1

t fort ="k and e = 0.

x(e)(t) =

Thus, x(0) = id, and x(1) is a cyclic permutation on the last j + 1 elements, permuting k
into the i-th position.

The intersections of the two subgroups occurring in the double coset formula are

(Z@) x (ZO)IN (i 11G) x G) = (T 1G) X (Bj-141G) X (T1G) X (T1-22G)
and

(BG) x (NG NXE(i45-11G) x G) = (£ic1G) X (B1G) X (£-141G) X (£1-22G).
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ii) There is a single double coset in (X 1 (Zm 1 G))\Zkm L G/ (ZBkm-1 1 G) x G). It is thus
represented by the identity element.
The relevant intersection of the two subgroups occurring in the double coset formula is

Erl(EZn1G@) N ((Bem-11G) x G) = (-1 (B 1G)) X (B-11G) X G.
This is a subgroup of X 1 (3., 1 G) via the inclusion

1dX Py 1,1 Dp_11

-1 (Zm1G)) X (E-11G) x G (Er—1U(EmlG)) x (BmlG) —= ZpU(EmG),

and a subgroup of (Zgm—11G) X G via the inclusion

W1 m XidXid
e

(i1 (T 1G)) X (Bm-11G) x G Creym 1G) X (Bm_11G) x G
(k=1)

DP(k—1)ym,m—1Xid
—.%

(Ek'm.—l i G) x G.

The proof is a straight-forward calculation, and we omit the details.

A.2 Polynomial Global Power Functors and Conjugacy Classes in
Wreath Products

In the main body of this dissertation, we study polynomial global power functors. As global
functors, these take the form Afzg] = @,,50A(Em 1 G, ). We now explicitly describe these
polynomial global power functors for small groups G and evaluated at small groups. These cal-
culations are for example used in analysing the transitivity sequence for André-Quillen homology
of global power functors in Theorem 1.5.27. As described in Remark 1.1.2, for any compact Lie
groups G and K, the group A(G, K) is free abelian on conjugacy classes of pairs consisting of a
subgroup L < K and a continuous homomorphism «: L — G. We describe this data explicitly
for small groups.

Remark A.2.1. We first describe the free global power functor generated by an element at the
trivial group, for values at small groups. This is

Alz](G) = P A(Zm. G).

m>0

Recall that we denote the generator of the m-th summand, corresponding to the identity in
A(Z,,, X)), by P™(z), since it indeed is the m-th power of the generator z. We thus also denote
all other elements of this free global power functor in terms of power operations, restrictions and
transfers of the generator x.

For G = e, the group A(X,,,e) is free abelian on a single generator, which is the restriction
rescm (P™(z)) = a™. For G = Z/2, additionally to the composition tr2/? res>m (P™(z)) =
tréz,/ 2 (2™), which is the only generator associated to the subgroup e < Z/2, there is one generator
a*(P™(x)) for any conjugacy class of homomorphism «a: Z/2 — ¥,,. Such conjugacy classes of
homomorphisms are equivalent to conjugacy classes of elements of order at most 2 in ¥,,,. In the
symmetric group, the conjugacy classes of elements are determined by the cycle type. The trivial
element forms one such conjugacy class and corresponds to the composition pj, /2 res>m (P™(z)) =

j /Q(x)m of inflation and restriction. Any element of order 2 in the symmetric group is a product

of disjoint transpositions. There are | % | such cycle types. The restriction associated to such an
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element containing & disjoint 2-cycles applied to the generating element P™(x) gives the element
(P%(z))k - (p%z(x))m_%. We thus observe that

Alz)(Z/2) 2 Z[P?(x), 7 (2)] % D Z{trd?(@™)}.

m>0

The multiplication on the left summand is the one of a polynomial ring, and all multiplications
involving the transfer summand are governed by Frobenius reciprocity (1.1.12) and are again a
transfer term. The symbol x is chosen to reflect this action of the polynomial part of Alz.|(Z/2)
on the transfer part.

The other case we consider is the polynomial global power functor A[zz /] generated by an
element at Z/2. To analyse this, again at the groups e and Z/2, we need to exhibit conjugacy
classes of elements of order at most 2 in %,,1Z/2. Conjugacy classes of elements in wreath prod-
ucts are studied using generalized cycle types in [59, 49], and the results are nicely summarized
n [15]. These results can be used to study more generally A(X,, ! G, K) for finite groups G and
K. We present the relevant special case for Z/2 here for completeness.

Lemma A.2.2. Let m > 0. We denote Z/2 = {0,1} additively.

i) An element (0;81,...,8m) € Y LZ/2 has order at most 2 if and only if o € X, has
order at most 2, ie is a (possibly empty) product of disjoint transpositions, and for any
transposition (i,j) occurring in the cycle decomposition of o, we have s; = s;.

ii) Two such elements (0551, ..., Sm), (T;t1, ..., tm) € ZnlZ/2 of order at most 2 are conjugate
if and only if o and T have the same cycle type, and the cardinalities of {i € {1,...,m} |
o(i)=iand s; =1} and {j € {1,...,m} | 7(j) = j and t; = 1} agree.

Proof. The results in this lemma are special cases of the decomposition of general wreath products
into conjugacy classes, as explained in [59, Satz II] and [49, Theorem 4]. For this classification,
any element (o;s1,...,Sn,) is decomposed into a product of elements (0y;si1,--.,Sim), Where
each o; is either a cycle occurring in the cycle decomposition of ¢ or the identity, with every
non-trivial cycle occurring exactly once. If o; is non-trivial, then s; ; = 0 if j is fixed by oy, else
si,j = sj. If 0; is the identity, then there is exactly one j fixed by o such that s; ; = s; # 0, and
all other s; ; are trivial. This is the decomposition of an element of the wreath product into so
called disjoint wreath cycles.

To any wreath cycle (o;81,...,8m) wWith o = (i1,42,...,4) a k-cycle, we associate the determi-
nant A = s;,8;,...8;,. 1f o is the identity, then we set the determinant to be the non-trivial
entry s;, or if all entries are trivial, we set the determinant to be the trivial element of G. Then
two wreath cycles are conjugate if and only if they have conjugate cycles and their determinants
are conjugate in G. The conjugacy class of any element in the wreath product is then determined
by its wreath cycle decomposition. The order of a wreath cycle is |(o; 81, ..., $m)| = || - |A], see
[49, Theorem 4].

From these statements, we deduce the lemma as the special case for G = Z/2 and elements of
order at most 2. O

From this description, we are able to calculate the explicit form of the free global power
functor Alxz ;] at the groups e and Z/2.

Corollary A.2.3. The free global power functor generated at Z/2 is given as follows:
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i) At level e,
Alegyo)(e) = Zlresy? ()],

a polynomial ring on the restriction of the generator.

ii) At level Z/2,

Alego)(2/2) 2 Lz, PP (ves?/? (2)), p7 o (ves?/? (@)] x @) Z{trl/? (res?/*(2™))},

m>0

where the left summand is a polynomial Ting on three generators, and the multiplications
involving the transfers are given by Frobenius reciprocity (1.1.12).

Proof. The first calculation follows from the fact that A(¥,, 1 Z/2,e) is a free abelian group
generated on the restriction to the trivial group. Applying this restriction to the generator P™ (x)
gives ress ™/ 2(Pm(z)) = (resz/ ?(z))™. Hence, we obtain the polynomial ring as claimed.

For the value at Z/2, we observe that A(X,, 1 Z/2,Z/2) is free abelian on the following
generators: There is a single generator that is a transfer, which is of the form trf/ 2 res?mzz/ 2.
Applied to P™(z), we obtain the terms /2 (resf/ *(z™)). Moreover, we have generators given by
conjugacy classes of homomorphisms Z/2 — %,,1Z/2. Such conjugacy classes of homomorphisms
correspond to conjugacy classes of elements of order at most 2 in X, 1 Z/2, which we classify in
Lemma A.2.2. Suppose we consider an element (o5 81, ..., 8;,) € X,,0Z/2 where o is a product of k
disjoint transpositions, and |{i € {1,...,m} | 0(i) =i and s; = 1}| = I. Then the corresponding
restriction, applied to P™(x), yields the element (P2(1res§/2 (z)* - 2! “Pr)o (1"655/2 (x))m=2F=L In
total, we observe that the part of Alxz/,](Z/2) generated by the restrictions is polynomial in the

generators Pz(res%/2 (z)),  and I)E/Q(resz/2 (z)). This finishes the calculations. O
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Appendix B

Model Categories of Non-Unital
Commutative Monoids

Recently, the study of ring spectra and commutative ring spectra has become an important
field of study in algebraic topology and homotopy theory. This made it necessary to endow
the category of (commutative) ring spectra with a framework in which to do homotopy theory.
Early results in this direction were obtained by Elmendorf-Kriz-Mandell-May in [23], where the
smash product on S-modules was constructed and a model category structure was put on the
category of S-modules, which lifts to one on the category of ring spectra. An important point in
this construction is that any S-module is fibrant in this model structure. Later, the examples of
symmetric and orthogonal spectra with their corresponding model structures defined by Hovey-
Shipley-Smith and Mandell-May-Schwede-Shipley [35, 46] provided examples of model categories
where not every object is fibrant. In this context, the work [56] of Schwede-Shipley provided
formal criteria in the form of the monoid axiom for when the category of modules in a monoidal
model category inherits a model structure. Recently, this has been generalized to a formal
criterion for when the category of commutative monoids inherits a model structure by White in
[66], making use of a commutative monoid axiom.

In this section, we adapt the arguments from [66] to show that the commutative monoid axiom
also allows one to put a model structure on the category of non-unital commutative monoids. A
similar result was obtained by Basterra [10], but there the condition that every object is fibrant
is used in the analysis. Since this is often not the case in applications, and especially not true for
the category of orthogonal spectra with the positive global model structure we apply this theory
to in Section 2.2, we instead use the commutative monoid axiom.

B.1 The Commutative Monoid Axiom and General Lifting Results

We first recall the definitions of the monoid axiom and the commutative monoid axiom and give
the basic result for lifting model structures to categories of algebras over a monad. Using this,
the proof of the existence of a model category of non-unital commutative monoids reduces to
an analysis of a certain pushout in this category, as it is also the case for associative monoids
[56] and for commutative monoids [66]. In absence of a unit map, this analysis will look slightly
different, but follows along the same lines.

Let (C,A,S) be a symmetric monoidal cocomplete category. We always assume that the
symmetric monoidal category is closed, such that X A _ is a left adjoint for any X € C. Then
the category of non-unital commutative monoids can be described as the category of algebras
for the monad P*: C — C, which is defined as PT(X) = \/, ., X""/%,, where \/ denotes the
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coproduct in the category C.
We now assume that C is a cofibrantly generated model category. Then by lifting the model
structure of C to the category of T-algebras for a monad 7', we mean transferring the model

T
structure along the adjunction C 7—— Alg;, such that weak equivalences and fibrations in Alg,
U

are precisely the underlying weak equivalences and fibrations respectively. We say that this
model structure on Alg, is inherited by that of C. The following lemma, which is part of [56,
Lemma 2.3] and [66, Lemma 2.1], gives a condition when Alg; inherits a model structure from
C.

Here and in the following arguments, if K is any class of morphisms in C, we denote by K-cell
the class of all morphisms obtained as transfinite compositions of pushouts of morphisms in C.
These morphisms are called regular cofibrations in [56].

Lemma B.1.1. Let C be a cofibrantly generated model category with sets I of generating cofi-
brations and J of generating acyclic cofibrations. Let T be a monad on C which commutes with
filtered colimits. Suppose the domains of T(I) and T(J) are small with respect to T'(I)-cell
and T(J)-cell respectively, and that T(J)-cell is contained in the weak equivalences. Then Algp
inherits a model structure from C, where weak equivalences and fibrations are the underlying
weak equivalences and fibrations, respectively. It is cofibrantly generated, with T(I) as a set of
generating cofibrations and T(J) as a set of generating acyclic cofibrations.

If C is a cofibrantly generated symmetric monoidal model category, then the monads A(X) =
Voo X and P(X) = V/,,5 X"\"/%, for associative and commutative monoids commute with

filtered colimits, as does PT. Then, in [56, Definition 3.3], the following condition is given such
that the above lemma applies to the associative monad A:

Definition B.1.2. Let C be a monoidal model category. We say that C satisfies the monoid
axiom if (acyclic cofibrations A C)-cell is contained in the weak equivalences.

Similarly, in [66], a condition for P to satisfy the condition of the above lemma is given:

Definition B.1.3. Let C be a symmetric monoidal model category. We say that C satisfies the
commutative monoid axiom if for any acyclic cofibration f: X — Y, the map f2"/%, is an
acyclic cofibration for all n > 0.

In the above definition, the map f2" is a generalization of the pushout product map fOg: AA
Y Uarp X AN B — X ANY. Explicitly, we consider the cube

W:PH{l,...,n}) =C, S—> Wi A...AW,,

X ifigs
Wz{ if i &

where

Y ifies.
On an inclusion S C T, we set W(S CT) = p1 A... A pp, with
_Jid ifigT\S
PiTNf ifieT\S.
This defines a map fDn: Qn = colimp({l’.“’n})\{{l,m’n}}W — W({l,,n}) = Y. This
is 3,-equivariant for the action permuting the elements of {1,...,n}, hence induces the map
O /8, Qu /S, — P(Y).

We also record here a condition introduced in [66] to study the cofibrations of commutative
monoids:
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Definition B.1.4. Let C be a symmetric monoidal model category. We say that C satisfies the
strong commutative monoid axiom if for any cofibration and acyclic cofibration f: X — Y, the
map f7" /%, is a cofibration or acyclic cofibration for all n > 0, respectively.

Using these properties, the following results hold (see [56, Theorem 4.1] and [66, Theorem
3.2 and Proposition 3.5]):

Theorem B.1.5. Let C be a cofibrantly generated symmetric monoidal model category, such that
the domains of the generating cofibrations I are small with respect to (I AC)-cell and the domains
of the generating acyclic cofibrations J are small with respect to (J A C)-cell.

i) If C satisfies the monoid axiom, the category Alg of monoids in C inherits a cofibrantly
generated model structure. Moreover, if f: X — Y is a cofibration in Alg such that X is
cofibrant in C, then f is a cofibration in C.

ii) If C satisfies moreover the commutative monoid axiom, then the category CAlg of commu-
tative monoids in C inherits a cofibrantly generated model structure.

iii) If C satisfies moreover the strong commutative monoid axiom, then if f: X — Y is a
cofibration in CAlg and X is cofibrant in C, then f is a cofibration in C.

B.2 Non-Unital Commutative Monoids

We now prove the analogous statement to Theorem B.1.5 in the case of non-unital commutative
monoids. To do so, we follow the same path as in the unital cases, so we prove the following
analogue of [56, Lemma 6.2] and [66, Lemma B.1]:

Lemma B.2.1. Let C be a cofibrantly generated symmetric monoidal model category with sets
I of generating cofibrations and J of generating acyclic cofibrations, and let PT: C — CAlg™
denote the free non-unital commutative monoid functor. If C satisfies the commutative monoid
aziom and the monoid axiom, then any morphism in PT(J)-cell forgets to a weak equivalence in
C.

If moreover C satisfies the strong commutative monoid axiom, then any morphism in PT(I)-cell
with domain cofibrant in C forgets to a cofibration in C.

The proof of this lemma relies on the following analysis of certain pushouts in the category
CAlg™ of non-unital commutative monoids, This is analogous to the statements in the proof of
[56, Lemma 6.2] and in [66, Lemma B.2].

Construction B.2.2. Let C be a cocomplete symmetric monoidal category. Let h: K — L and
p: K — X be morphisms in C, where X is a non-unital commutative monoid with multiplication
map p: X A X — X. Consider the pushout

prK P, pt

i | (B.2.3)

XﬁP

in CAlg™, where p is the adjoint to p under the free-forgetful adjunction.
We claim that the morphism f: X — P factors as

X:P0£>P1f—2>...%col>ignPn:P,
n=z
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where we think of P, as consisting of words on letters in X and L, where we multiply letters in
X by the monoid structure, and have at most n letters from L. Formally, P, and the morphisms
fn: Pao—1 — P, are inductively defined via pushouts in C of the form

On
(SV X) A (Qp/Sy) YN (s XY APRL
. b
Pn—l Fn Pn-

Here, @, is again the colimit of the punctured n-cube defined by h, as explained after Defini-
tion B.1.3.
The vertical morphism

tn: (S\/X) A (Qn/zn) - Pn—l

is defined as follows:
We first describe this for n = 1. There, we need to define a morphism (SVX)AK = KV(XAK) —
X. On K, we define this as p, and on X A K, we define it as

XAK 222 x A X M X

For n > 1, we write (SV X) AM(Qn/Zn) = (Qn/Zn) V (X A (Qn/Xr)), and then define the map
to P,_1 on both wedge summands inductively. To simplify notation, let ¢ € {0,1}, such that
X" € {S,X}. Then we define a map on each vertex of the punctured cube and then argue
that this descends to the colimit. This induces a morphism on X¢ A (Q,,/%,), since X" A _
preserves colimits.

Solet S C {1,...,n} be a proper subset. On the vertex X" AWj A...AW,, of the cube indexed
by S, we define a map tg to P,_1 as

XMNAWLA . AW, 22 XN AWIA. AW, shuffle XNn=ISI+e) A [AIS
tsJ/ J{/J/\LMS‘
[S] ALS|
Pact i Py ¢ X APSIL e X A LS

Here, the map labelled Ap applies the map p: K — X to any factor K inside W1 A ... A W,,.

There is at least one K, since S is a proper subset of {1,...,n}. Then, we denote
W = X ifigsS
! L ifiesS.

The map T|s; was already constructed by induction, and we restrict it here to the summand
X APISIL,

We claim that this defines objects P, for all n > 0 and morphisms f,,: P,_1 — P, fitting into
pushouts as stated. The arguments are exactly analogous to those carried out in the commutative
case at the beginning of [66, Proof of Lemma B.2]. In our case, the factor X A __ may fall away,
but this does not change the argument.

Now, we have defined the sequence

X=pP P . .
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We define P = colim,>o F,. This receives maps f: X = Py — P and L = PlL £> P — P,
hence it fits into a diagram

K h

L
» l (B.2.4)

x—1,p

This diagram commutes, since by definition of Pj, the corresponding diagram with P; in the
lower right corner commutes, and the above diagram is obtained from this by applying P, — P.

Lemma B.2.5. Let C be a cocomplete symmetric monoidal category. Let h: K — L andp: K —
X be morphisms in C, where X is a non-unital commutative monoid. Then the object P defined
in Construction B.2.2 can be endowed with the structure of a non-unital commutative monoid,
such that the morphism f: X — P is a morphism of commutative monoids and (B.2.4) induces
the pushout-square

pPrK Ehy prp

in CAlg™.

Proof. We begin by defining the multiplication. It is induced by compatible maps P, A P, —
Pptm- Such a map is defined inductively by using the pushout diagram

(X1 AQu) A (Xy APTL) U(X, AOMA(X L AOm) (X APTL) A (X5 A Qm) — (X, AP*L) A (X4 AP™L)

! |

(Pn—l/\Pm) UPn,l/\Pm,l (Pn/\Pm—l) PTL/\Pma

where we abbreviated X, =SV X and Qn =Qn /%, The upper left span, of which P, A P, is
the pushout, admits a morphism to the span in the pushout square

X4 AQnim—1 —— X, APPTL

| |

Pn+m—1 E— Pn+m

by multiplying the X -factors in the top row and using the maps P,—1 A P, = Pyi1m—1 and
P, AN P,_1 — P,+m—1 provided by the induction hypothesis. Hence, taking pushouts provides
the map P, A P, = Poip.

That this map induces a multiplication map P A P — P which makes P into a non-unital
commutative monoid, that f: X — P is a monoid map and that P is the pushout of the diagram
(B.2.3) in CAlg™ follows analogous to the proof for unital commutative monoids in [66, Proof of
Lemma B.2]. O

Using this description of pushouts in non-unital commutative monoids, we can now prove
B.2.1. The proof is completely analogous to that of [66, Lemma B.1]
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Proof of Lemma B.2.1. Let C be a cofibrantly generated symmetric monoidal model category
which satisfies the monoid and the commutative monoid axiom. Let F' be any map in P*(.J)-cell.
This means that F is a transfinite composition of pushouts f of the form (B.2.3). By the above
Lemma B.2.5, f is a (transfinite) composition of pushouts in C of maps of the form X, AAZ" /%,
where h is an acyclic cofibration and X is some object in C. By the commutative monoid axiom,
RE" /%, is an acyclic cofibration. By the monoid axiom, any transfinite composition of pushouts
of morphisms of the form Y A j is a weak equivalence, where j are acyclic cofibrations. Since F’
is such a transfinite composition, this proves that F' is a weak equivalence.

Assume now that C also satisfies the strong commutative monoid axiom. Let G be a morphism
in PT(I)-cell with cofibrant domain. Then we can write G as a transfinite composition of maps g
which arise as pushouts of the form (B.2.3), where h is a cofibration. It suffices to prove that if the
domain X of g is cofibrant, then g is a cofibration, since transfinite compositions of cofibrations
are cofibrations. We can write g as a transfinite composition of pushouts in C of maps of the
form X, A (RP?/2,) =2 (BP?/2,) V(X A (P /%,)). By the strong commutative monoid axiom,
hE" /%, is a cofibration, and since X is cofibrant, also X A (h2"/%,,) is a cofibration. Thus, g
is a transfinite composition of cofibrations, hence itself a cofibration in C. O

Using this result, we can invoke Lemma B.1.1 to obtain the model structure on non-unital
commutative monoids. By considering the category of R-modules for any commutative monoid
R as the base category, we also obtain by the same arguments a model structure on the category
of non-unital R-algebras.

Theorem B.2.6. Let C be a cofibrantly generated symmetric monoidal model category, such
that the domains of the generating cofibrations I are small with respect to (I A C)-cell and the
domains of the generating acyclic cofibrations J are small with respect to (J A C)-cell. Let R be
a commutative monoid in C.

Suppose that C satisfies the monoid axiom and the commutative monoid axiom. Then the category
CAlgE of non-unital R-algebras inherits a cofibrantly generated model structure from C, in which
a morphism is a weak equivalence or fibration if and only if its underlying morphism in C is.

If moreover C satisfies the strong commutative monoid axiom, then any cofibration in CAIgE
with domain cofibrant in C forgets to a cofibration in C.
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