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Abstract

The last decade has seen a considerable rise in the study of singular stochastic partial differential
equations (SPDEs) which turned into the birth of many celebrated techniques for the development
of a solution theory for such kind of equations. The present thesis is devoted to the study of
some problems involving singular SPDEs with approaches based on the study of the infinitesimal
generator of the semigroup related to the solution to the equation under investigation.

In the first part of the work, we study a probabilistic approach to singular SPDEs. More pre-
cisely, we deal with a martingale problem associated to the infinitesimal generator of the equation
involved. Because of the irregular behaviour of the terms appearing in the equation, the first
task is to give a meaning to the martingale problem itself, and only in a second moment one can
proceed with studying existence and uniqueness for the martingale problem. In order to do so,
we exploit stochastic calculus in infinite dimensions and the analysis of the infinitesimal gener-
ator corresponding to the solution of the equation, defining a suitable domain where we are able
to solve the related Kolmogorov backward equation. As an application of the technique under
consideration, we focus on (quasi-)stationary solutions to hyperviscous stochastic Navier—Stokes
equation in two dimensions (both on the torus and on the plane). Such an approach was first
developed for singular SPDEs by Gubinelli and Perkowski for the stochastic Burgers equation on
the one-dimensional torus and on the real line.

The second part of the thesis is concerned with Euclidean quantum field theory. We approach
the problem of stochastic quantization by providing a differential characterization of quantum
field theories through the study of a singular integration by parts formula. In particular, we focus
on the case of exponential interactions (alias Hgegh-Krohn model) on the whole plane and show
existence and uniqueness of a measure solving the associated renormalized integration by parts,
that is a suitable Euclidean Dyson—Schwinger equation. This is achieved requiring that the mea-
sure can be compared with a Gaussian free field (meaning that it has a finite Wasserstein-type
distance from it) and studying the corresponding symmetric Fokker—Planck—Kolmogorov equa-
tion. More precisely, we get existence of solutions exploiting Lyapunov functions, and uniqueness
by analyzing the resolvent equation associated to the infinitesimal generator. This allows us to
characterize the invariant measure of the stochastic quantization equation as the only measure
satisfying the integration by parts formula.
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Chapter 1

Introduction and preliminaries

Stochastic partial differential equations (SPDEs) arise in mathematical and physical modelling
as a combination of partial differential equations (PDEs) and some random forcing term, two
typical objects used to describe a vast variety of phenomena. Apart from the interest given by the
possible applications, SPDEs are also widely studied in mathematics for the challenging analyt-
ical and probabilistic difficulties they bring. Solution theories for SPDEs have been constructed
since the 1970s and, in particular, three main approaches were followed: the martingale approach
(see [182]), the semigroup (or mild solution) approach (see the monographs [58, 59]), and the vari-
ational approach due to Pardoux [155] and Krylov and Rozovskii [125] (see also the books [132,
158]). The literature about such approaches is vast, we refer the interested reader to some other
classical surveys on the topic [29, 49, 82, 109, 123].

Nevertheless, many of the non-linear SPDE models remain uncovered by such results because
of their singular behaviour. More precisely, in some kind of equations, which the recent literature
refers to as singular SPDESs, non-linear operations involving the solution of the equation appear.
Such operations are often ill-defined since the solution (if it exists) is a priori a distribution due to
the presence of a highly irregular noise — usually some sort of white noise. In order to deal with
such non-linear operations, the idea of renormalization was introduced to SPDE theory (see [19,
54, 115]), which brought many results first on some models of singular SPDEs such as stochastic
Navier—Stokes equation and d)‘z‘ equation (both on the two-dimensional torus) and then on more
singular cases, like ®% equation. The necessity of renormalization was pointed out in [9, 106].
Many important models were still out of reach but, in the last decade, this mathematical subject
saw a great rise in the interest of researchers and consequently in the development of the field —
documented by the introduction of a dedicated Mathematics Subject Classification (40H17) by the
American Mathematical Society in 2020 — with mainly four approaches based on pathwise argu-
ments: regularity structures, paracontrolled distributions, the Otto—Weber rough path approach,
and the renormalization group theory technique. With the exception of the latter approach, they
are all taking inspiration from the theory of rough paths introduced by Lyons [134, 136, 135] and
from the closely related controlled rough paths by Gubinelli [87, 88].

The present thesis is concerned with problems related to singular SPDEs. In particular, it
deals with a probabilistic approach to such kind of equations and to problems of differential char-
acterization of Euclidean quantum field theories through integration by parts formulae. Before
proceeding with the main topics, let us give a brief overview of recent results on singular SPDEs
obtained via pathwise techniques (Section 1.1). After that, the remaining sections of this intro-
ductory chapter are devoted to the presentation of preliminary results that are used later on in
the present work. More precisely, Section 1.2 is concerned with semigroup theory and a brief
introduction to Kolmogorov and Fokker—Planck—Kolmogorov equations, Section 1.3 introduces
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weighted Besov spaces and their properties, and Section 1.4 is devoted to Gaussian measures in
infinite dimensional spaces. The thesis is then divided into two parts: Part I is related to the prob-
abilistic approach to singular SPDEs, while Part II concerns stochastic quantization. Both of them
contain an introduction to the subject with connection to the existing literature (Chapters 2 and 4,
respectively) as well as the summaries of the two co-authored publications [61, 100] (Chapters 3
and 5) on which the present work relies and that are annexed in full in the appendices.

1.1 Singular SPDEs via pathwise techniques

Let us exhibit some examples of singular SPDEs to better clarify the situation presented above.
First of all, let & be a space-time white noise on R, X R that is a centred Gaussian process with
covariance E[&(¢, x)&E(s, y)] = 6(t — s)6(x —y). It is worth to mention that the process & is almost
surely a tempered distribution having negative Besov regularity given by —(d + 1)/2 — ¢, for any
€ >0 (see Example 1.4.18). We highlight here only some classical examples of singular SPDEs,
collecting them into four categories. Let us stress that this is just an outline of the many models
appearing in the literature. We refer the reader to the survey [51].

e Hydrodynamics and KPZ. In this class of singular SPDEs, we consider the well-known
KPZ equation in one dimension, that is, #: R X R — R solves

0ih(t,X) = 0ch(t,x) + (O:h(1, ) * +/2E(t.x), (LX) ER4XR,

as well as models appearing in hydrodynamics.

KPZ equation arises when modelling large scale fluctuations of a growing interface
whose height is described by /4, and was first introduced by Kardar, Parisi, and Zhang [117].
The heuristic space derivative of A, u=d.h, solves then the stochastic Burgers equation

Ouu(t,x) = Ogau(t,X) + 0(u(t, )2 + /2 0.£(1,%), (1, x) ERLXR.
Another equation linked to KPZ is the stochastic heat equation with multiplicative noise

o1, x) =03 (t,X)+/2v(t,x) E(t,x),  (1,x) ERLXR,

which can be heuristically obtained from % via the Cole—Hopf transform v =e".

As mentioned above, due to the presence of terms involving the white noise &, all such
equations present non-linear operations on terms with negative regularity, and therefore
that are a priori ill-defined. The solution to KPZ equation on the torus was the first result
achieved by Hairer's theory of regularity structures [102]. Similar results with the para-
controlled distributions approach on the equation on the torus can be found in the works
by Gubinelli and Perkowski [96], which were then extended to the whole real line R by
Perkowski and Rosati [157].

Singular SPDEs are also important in the description of the dynamics of fluids. One of
the more famous models is the stochastic (homogeneous, incompressible) Navier—Stokes
equation, that is the velocity u: R, X R? = R solves

ou(t,x) = Au(t,x)— (u(t,x)- Vu(t,x)—Vp(t,x)+ \/Ef(t,x), (t,x) ERLXRY,
divu(t,x) = 0,
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where d=2,3, and p is the pressure. Stochastic Navier—Stokes equation has been studied by
Da Prato and Debussche [53] on the two-dimensional torus, and by Zhu and Zhu [184]
on the three-dimensional torus both via regularity structures and paracontrolled distri-
butions approaches.

e Stochastic quantization equations. The models of stochastic quantization are connected
to Euclidean quantum field theories, we will discuss this relation further in Chapter 4.
Given a potential V € C'(R), namely in the space of continuous functions from R into
itself with continuous first derivative V', we consider the equation for ¢: Ry X R? - R
given by

0p(t,x) = (A —mD)p(t,x) — AV (@(1,0)) +&(t,x),  (1,X)ERLXRY,
where m >0, A>0. Heuristically, the invariant measure of the equation is the following:

u(dgy=z1e e PO (4,

where v is the Gaussian free field measure with mass m (see Example 1.4.19).

The choice V(gp)= % @* corresponds to the d);‘-model. The case d =2, which can also
be extended to the case where V is a polynomial of even order (which is referred to as the
P(@)2-model), was studied on the torus T2 by Da Prato and Debussche [54] and by Tsat-
soulis and Weber [178], and on the whole R? by Mourrat and Weber [141], by Albeverio
and Rockner [19], and by Rockner, Zhu, and Zhu [163]. Let us also mention the results
in the elliptic setting by Albeverio, De Vecchi, and Gubinelli [4], and in the hyperbolic
setting by Gubinelli, Koch, Oh, and Tolomeo [94]. The case d =3 was famously solved
on the torus by Hairer [103] via regularity structures generalizing his own work on KPZ
equation, by Kupiainen [129] via renormalization groups, and by Catellier and Chouk [44]
via paracontrolled distributions. For more recent results on @4 on the torus, see e.g. [15,
105, 107, 142]. For results on the whole space R3, we refer the interested reader to the
works by Gubinelli and Hofmanova [90, 91], by Albeverio and Kusuoka [16], and by
Moinat and Weber [140]. The case of dimension d =4 — € was studied in the works by
Chandra, Moinat, and Weber [48] via regularity structures and by Duch [64] with renor-
malization group techniques.

Taking V(p)=/p ~lcos(Bg), for some parameter f, gives the sine-Gordon model. Local
solutions for such a model have been constructed by Hairer and Shen [106] in the case
p?<167x/3 and by the same two authors together with Chandra [47] for case f° < 87.

The exp(®),-model, obtained by putting V(@) =exp(ap), where « is a real parameter,
was introduced by Hgegh-Krohn [108] and further studied in [10, 13]. Other recent results
are available for this model: let us mention the works by Garban [81] on the two-dimen-
sional torus T2 and on the two-dimensional sphere S? for a? <4z(6— 4\/5), by Hoshino,
Kawabi, and Kusuoka [110, 111] on T2 for a®<4x and o? < 8r, respectively, by Oh,
Robert, and Wang [150] and by the same authors together with Tzvetkov [149] for the
case a®<4z on T? and on any connected, compact, orientable, two-dimensional manifold,
respectively, and by Albeverio, De Vecchi, and Gubinelli [4] on the whole R? for a® <
47 + € in the elliptic case.

It is worth to mention the recent results by Barashkov and De Vecchi [25] concerning
the (elliptic) sinh-Gordon model, namely the case V(¢)=cosh(f@), on the whole space R?
when taking < 4x.
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e Parabolic Anderson model. The generalized parabolic Anderson model in dimensions
two and three corresponds to the equation

ou(t,x)=Au(t,x)+ F(u(t,x)){(x), (t,x) R X R,

where F: R — R is a continuous function and ¢ is a spatial white noise (that is con-
stant in time). Well-posedness for such an equation on T2 was the first achievement of
the paracontrolled distributions approach and it was obtained by Gubinelli, Imkeller and
Perkowski [92]. The same result has been reached via the theory of regularity structures
by Hairer [103]. Such an equation on a three-dimensional closed manifold was the object
of study of the higher-order paracontrolled calculus work by Bailleul and Bernicot [23].

e Quasilinear equations. Quasilinear SPDEs are equations, for u: R, X R?— R, of the fol-
lowing form:

ou(t,x)=a(u(t,x)) Au(t,x)+ b(u(t,x)) &(t, x), (t,x) R X R<,

where a and b are some smooth functions. Such a kind of equations was studied in the
approach by Otto and Weber [154] on the one-dimensional torus T, via paracontrolled
distributions techniques on the two-dimensional torus T2 by Furlan and Gubinelli [80] and
by Bailleul, Debussche, and Hofmanova [24], and with regularity structures by Gerencsér
and Hairer [83].

Some of the most groundbreaking advances in singular SPDEs are due to Hairer, who exploited
controlled rough paths to give a rigorous meaning to one-dimensional non-linearities [101]. Such
an approach allowed him to solve the KPZ equation on the torus for the first time [102], and to
develop then the theory of regularity structures [103], yielding the solution of the ®3-model of
stochastic quantization on the torus and of the (parabolic) generalized Anderson model on the
torus. (See also [78] for an overview on rough paths and regularity structures).

At the same time, an alternative technique by Gubinelli, Imkeller, and Perkowski [92] intro-
duced the theory of paracontrolled distributions, an extension of controlled rough paths to a multi-
dimensional setting based on tools from harmonic analysis, which was then further extended to
higher order by Bailleul and Bernicot [23].

In the most recent approach by Otto and Weber [154], the authors give a high dimensional
generalization of controlled path allowing to work to quasi-linear equations.

Finally, another approach is given by renormalization group techniques adopted by Kupi-
ainen [129], where the author decomposes random fields into various scales and relates them via
recursive equations. It is worth to mention that this technique was extended further by Duch [64].

1.2 Semigroups and infinitesimal generators

We present here some basic semigroup theory and relate it to invariant measures. In particular, we
will introduce the notion of semigroup, infinitesimal generators, with the associated Kolmogorov
(backward ad forward) and Fokker—Planck—Kolmogorov equations, and resolvent operator and
equation. These topics will be important in the upcoming parts of the thesis concerning martin-
gale problems and stochastic quantization, where the notion of infinitesimal generator, resolvent
operator and their properties will be exploited — or at the very least taken as point of inspiration —
to study results about probability solutions for singular SPDEs, and about characterization results
for quantum field theories.
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As far as classic semigroup theory is concerned (Section 1.2.1) we will follow closely the
references [68, 156], while for the part regarding invariant measures and the equations associated
with infinitesimal generators (Section 1.2.2) the main references will be [37, 131, 175].

1.2.1 Semigroup theory

Let us start with some generalities on operator semigroups and their infinitesimal generators.
Consider a Banach space E with norm ||-||gz. We also let E* be the topological dual of E, equipped
with norm ||-|| g+, while the duality between the two spaces E* and E will be denoted by (-, -)g+ g.

Definition 1.2.1. (Semigroup) A family of linear and bounded operators T =(1})s»0 on E is called
a semigroup if

T0=1dE’ and T‘t+S= T‘IT_D t,SZO,
where idg is the identity operator on E. A semigroup T is said to be strongly continuous (or Cy) if

lir%||7}u—u||E=0, foralluekE.
t—

Moreover, a semigroup T is called contractive (or contraction) if
ITHI<1,  forallt>0,

|| T;|| being the operator norm of T,

A linear operator & on E is a linear mapping whose domain D(Z) is a linear subspace of E
and whose range ran(&) lies in E, its graph is given by graph(&) ={(u, Lu):ue D(Z)} CEXE.
The operator & is said to be closed if graph(&Z) is a closed subspace of EXE.

Definition 1.2.2. (Infinitesimal generator) The infinitesimal generator &£ of a semigroup T on E
is the linear operator defined by

Sfu=lin(1)%(Ttu—u), ueD(Y),

t—

where D(Z) is the domain of Z, i.e. the linear subspace of E where the previous limit exists in E.
We have the following relation between semigroups and their infinitesimal generators.

Proposition 1.2.3. Let T be a strongly continuous semigroup on E with infinitesimal generator £.

i. IfueEandt>0, then f()tTS” dseD(Z) and
t
Ttu—u=$/ Tsu ds.
0

ii. IfueD(Z)andt>=0, then TueD(Z) and

%Ttu= LTu=T,Zu.

iii. IfueD(Z)andt>0, then

t t
T,u—u=/ ZTau ds=/ T,.ZLu ds.
0 0

Proof. See Proposition 1.1.5 in [68]. ]
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Corollary 1.2.4. If Z is the generator of a strongly continuous semigroup T on E, then D(Z) is
dense in E and & is closed.

Let us consider the case Ty=¢ = 2;10 %t"Ak, where A is a bounded linear operator on E, then
D(Z)=F and T has infinitesimal generator & = A. Moreover, (e )i=0 1s strongly continuous.
In most applications however, the domain of the generator is smaller than E and the generator &
is not continuous on it. Usually, it is not easy or not even possible to explicitly find the domain of
the generator.

Example 1.2.5. (Ornstein—Uhlenbeck semigroup) Let E be a separable Hilbert space equipped
with inner product (-, -)g and with orthonormal basis (e,),en, and consider

o]

Tu=) e™(uenren.

n=1

Then
D(&)= {u eL: Z n?l(u, ey) gl < +oo}, Lu= —Z n(u,ey)ge,.
n=1

n=1

A particular case is given by the Ornstein—Uhlenbeck semigroup on E = L*(u), where y is the
standard Gaussian measure on R, given by

Tou(x)= / u(e—’x— 1—e2’y) u(dy),
IRd

and with (e,) being the basis formed by the Hermite polynomials H, (see e.g. Example 2.9
in [112] or Section 1.1.1 in [148]). It is possible to show that T,H,=e¢H,, and T,H,,, . .,=
e~tnt+naip ... H, ). Here, the generator & of T coincides with the Ornstein-Uhlenbeck
operator on C(R?), that is

Lulx)= % Au(x)— % (x, Vu(x)).

Example 1.2.6. (Heat semigroup) The heat semigroup P on LP(R%), p€[1,+c0], is defined by
Pu(x)= / ) u(x—ty) u(dy).
R
Its infinitesimal generator is given by # = A/2 on the Sobolev space W22(R%).

A linear operator £ on E is said to be closable if it has a closed linear extension. If & is
closable then its minimal closed extension & is called the closure of Z.

Definition 1.2.7. (Dissipative) A linear operator & on E is called dissipative if, for every u €
D(Z), there exists u* € E* such that

2
lu*llg==lulle,  (w*u)e=p=lullg,  (u*, Lu)p-p<0.
We have the following characterization of dissipative operators.

Proposition 1.2.8. A linear operator & on E is dissipative if and only if

N(A=DLulle= Mulle,  forallu€D(ZL) and 1> 0.



1.2 SEMIGROUPS AND INFINITESIMAL GENERATORS 7

Proof. See Theorem 4.2 in Section 1.4 of [156]. O
Let us state here some properties of dissipative operators.

Proposition 1.2.9. Let &£ be a dissipative operator on E.
i. If, for some Ag>0, ran(Ag— ZL)=E, then ran(A— L) =E for all 1> 0.
ii. If & is closable, then & is also dissipative.

iii. If D(Z) is dense in E, then & is closable and ran(A — &) =ran(4— 9).
Proof. See Theorem 4.5, Chapter 1 in [156] and Lemma 2.11 in Section 1.2 of [68]. O

A dissipative operator £ is called essentially m-dissipative if
ran(A—Z)=E, for every 1> 0.

Notice that, by Proposition 1.2.9, it is sufficient that ran(A/ — &) =E holds for some 1> 0.

Theorem 1.2.10. (Hille-Yosida, Lumer—Phillips) A densely defined linear operator on a Banach
space is essentially m-dissipative if and only if its closure is the generator of a strongly con-
tinuous contractive semigroup.

Proof. See Theorem 2.12, Chapter 1 of [68] as well as Theorem 4.3, Section 1.4 of [156]. O
Let us introduce the notion of resolvent set and resolvent operator.

Definition 1.2.11. (Resolvent) Given a densely defined operator & on a Banach space E, the
resolvent set p(£) of &£ consists of all A€ R such that A— £ is one-to-one, ran(A— <L) =E, and
R;=(A—2)""is a bounded linear operator on E called the resolvent operator at A of Z.

It is follows from the previous definition that

R,—Ryg=(A—0)R, Ry, A,Oep(,?).

Proposition 1.2.12. Let T be a strongly continuous contractive semigroup on E with infinitesimal
generator £. Then (0,+00) C p(&) and

R,m=/ e MTudt, forallueE,1>0.
0

Proof. See Proposition 2.1 in Chapter 1 of [68]. O

Let &£ be a closed linear operator on E. A subspace D of D(Z) is said to be a core for & if
the closure of the restriction of & to D is equal to &£, i.e. if Llp=Z.

Proposition 1.2.13. Let &£ be the generator of a strongly continuous contractive semigroup on E.
Then a subspace D of D(Z) is a core for &£ if and only if D is dense in E and ran(A — Zlp) is
dense in E, for some A>0.

Proof. See Proposition 3.1 in Chapter 1 of [68]. O
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Given a densely defined dissipative linear operator & on E, it is often useful to show that its
closure # generates a strongly continuous contraction semigroup on E. We already saw that an
equivalent condition is that £ is essentially m-dissipative on E (see Theorem 1.2.10), but we can
also tackle this problem as a characterization problem for a core of the infinitesimal generator.

Proposition 1.2.14. Let &£ be a dissipative linear operator on E and Dy be a subspace of D(&Z)
that is dense in E. Suppose that, for every u € Dy, there exists a continuous function ¢":[0,+00) —
E such that *(0)=u, p"(t) eD(Z) for all t >0, Lp":[0,+00) = E is continuous, and

0 p"()=ZLp"(t), forallt>0. (1.2.1)

Then & is closable, the closure of &£ generates a strongly continuous contractive semigroup T
on E. Moreover, we have that Tu=@"(t), for all u€ Dy and t > 0.

Proof. See Proposition 3.4, Chapter 1 in [68]. Point iii. in Proposition 1.2.9 yields that & is a
closable operator. Let u € Dy and denote ¢" in the statement of the present Proposition by ¢. Fix
t>19>0, and notice that [ i) e So(s) dse D(¥) and

1 1
3/ e *p(s) ds=/ e *ZLp(s) ds.
1o 1o
As a consequence

1 t S
/ e *p(s)ds = (e_’—e_’o)(p(t0)+/ e_s/ Zo(r)dr ds
t to to

0

= (e_t—e_to)fp(to)+/ (7" —eNZp(r)dr

_ t
3/ e Sp(s) ds+e p(tg) — e 'p(t).
to

Since ||@(2)|| < ||#|| for all ¢ >0 by dissipativity of £, we can let tp— 0 and ¢ — +oco to get that
J7 7 ep(s) ds€ D(Z) and

+00
(1 —5?)/ e *p(s) ds=u.
0

We conclude that ran(1 — %) > Dy, which, by Theorem 1.2.10, proves that & generates a strongly
continuous contraction semigroup 7 on E. For each u € Dy, we have then

t
Ttu—Ttou=/ FLTau ds, for all t>1t9>0.
to

Subtracting equation (1.2.1) in the integral form @() — @(tg) = ft i) Z@(s) ds and exploiting once
again the fact that ||@(?)|| < ||u|| for all >0, we obtain the second assertion of the statement. []

1.2.2 Kolmogorov equations and invariant measures

When studying stochastic processes, and in particular solutions to S(P)DEs, it can be useful to
consider some related problems which involve the infinitesimal generator & associated to the
process itself (provided it is possible to define it). For instance, two equations that will be exploited
and studied in the present thesis are the Kolmogorov equations (see [71, 72, 122]). As we will
see, in the case of stochastic equations such problems become very useful tools when dealing
with martingale problems or with invariant measures. Let T >0, the Kolmogorov backward equa-
tion reads as

hp()=ZLo), @T)=¢r, t€[0,T],
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for some final condition @7, and it is linked to the problem of uniqueness (in law) of solutions to
martingale problems (see e.g. [175] for the finite-dimensional case and [98] as well as Chapter 2
of the present thesis for an overview of the situation in the infinite-dimensional setting). On the
other hand, the Kolmogorov forward equation is given by

Ou(t) =L u(t),

where &* is the adjoint of £, and it is often exploited to study invariant measures of the related
S(P)DE (see [37, 131]).

Consider a measurable space (X, %) and denote by B,(X) the space of bounded 98-measurable
functions on X equipped with the sup-norm.

Definition 1.2.15. If T is a semigroup of linear bounded operators on the space Bp(X), then a
bounded measure y on R is called invariant for T if

/Ttu d,u=/u du, for all u € By(X). (1.2.2)
X X

If u is non-negative, then it is possible to similarly define the notion of invariant measure
for semigroups on L'(p) or on L®(u), the semigroup 7" extends then from B(X) to L'(p), and
the measure x4 will be invariant also for the extension. From an S(P)DEs viewpoint, an invariant
measure is a measure ¢ such that, if the solution is started with initial distribution given by u, then
at every time the solution has the same distribution as the initial one.

Definition 1.2.16. A semigroup T of linear bounded operators on Bp(X) is called symmetric if

/T,u v d,u=/u T du, for all u,v € Byp(X),
X X

and the measure y is called symmetric invariant in this case.

The previous definition is characterized by the property that the generator £ is symmetric in
L*(p), that is

/3uvd,u=/u5€v du, for all u,v e By(X).
X X

Semigroups on B,(X) with non-negative invariant measures often turn out to be strongly con-
tinuous on L'(x) and not on B,(X), for instance when they are defined by transition probabilities
of stochastic processes, and in that case we are able to define the corresponding infinitesimal
generator &£ with domain D(Z) C L'(y). In that case, equation (1.2.2) is then equivalent to

/ Pudu=0, forallueD(Z). (1.2.3)
X

Notice that for the equivalence it is not sufficient to have this equality for all functions in a dense
set in L'(p), it is important to have the identity above on all of D(&Z). Let us remark that equa-
tion (1.2.3) is the integral version of the stationary Kolmogorov forward equation on D(Z).

It is often the case that one is able to have an explicit representation of the infinitesimal gen-
erator £ on some class Dy strictly contained in the domain D(Z). In this case, it can be useful to
consider equation (1.2.3) on the space Dy.
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Definition 1.2.17. Let £ be the infinitesimal generator of a semigroup T. A measure y on R is
called infinitesimally invariant on Dy if

/SZM du=0, for allue D,. (1.2.4)
X

We refer to equation (1.2.4) also as (stationary) Fokker—Planck—Kolmogorov equation on D.
In general, equations (1.2.2) and (1.2.4) are not equivalent. It is possible to show that that any
invariant measure is infinitesimally invariant but the vice versa is not clear a priori. An interesting
task consists in studying whether the explicit representation of & on Dy is enough to give results
concerning the whole generator of the semigroup and on invariant measures. In the finite-dimen-
sional case, many results on the link between invariant and infinitesimal invariant measures as
well as on existence and uniqueness for the Fokker—Planck—Kolmogorov equation can be found
in the books [37, 131].

Let us mention that, in a similar way, it is possible to define invariance in the case where X is
a topological space, u is a Borel measure on X, and 7 is a semigroup of bounded linear operators
on the space Cp(X) of bounded continuous functions.

Let us conclude the present subsection with an example of the link between SDEs and Kol-
mogorov equations in finite dimension. The following result can be found with more precise
statements and details in the monographs [116, 151]. We consider the following SDE

dX;=b(X,) dt +o(X,) dW,, Xo=xo, (1.2.5)

where W is a Brownian motion, and b,c: R — R are Lipschitz-continuous functions. We denote by
X a solution to equation (1.2.5) (or sometimes X*° to specify the dependence on the initial data).
For peC g(R), we can define the semigroup 7T as follows

T}(p(X) = EX():)C()[(p(Xt)]’ t2 O’X eR.
It can be shown that 7 is a strongly continuous semigroup on C#(R). Moreover, applying Itd's
formula, we have the following explicit representation of the generator for ¢ € C#(R)

L) =b0) 99+ 30 0 e, xER,

and that u(z, x):= T;(x) is a solution to the Kolmogorov backward equation
alu(tsx)zgu(tsx)a M(O,x)=¢(x)

Conversely, if ve C*(Rx R) solves the Kolmogorov backward equation, then v=u.
Now, assume that X is a solution to the SDE starting at xo with b€ C'(R) and o> € C%(R), and
that it has a density which we denote by p™, so that

Exy=xo[@X»]= A fop*y)dy, @eCR).

Assume further that y+— p*°(¢,y) is smooth with respect to time and to the initial data of the SDE.
Then p*° satisfies the Kolmogorov forward equation

op(t,y)=Z"p(t,y).  p(0,y)=p*(0,y),

where now

L p0)==0,(bIP)) +73.935(6°0) pY))
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1.3 Weighted Besov spaces

In this section, we introduce weighted Besov spaces By, , » and present some of their properties,
characterizations, and how they relate with heat kernels. We consider the approach based on the
Littlewood-Paley theory presented, for instance, by Bahouri, Chemin, and Danchin [22], but also
refer to results presented by Triebel in [176, 177]. Besov spaces will be considered either on the
whole R" or on the n-dimensional torus T"=(R/2xzZ)", the presented results hold in both cases
with minor modifications. Moreover, also space-time weighted Besov spaces will be treated.

From now on, for a,b €R, we write a S<b or b 2> a if there exists a constant C>0, independent
of the variables under consideration, such that a < Cb, and a~b if both a <b and b Sa. If the
aforementioned constant C depends on a variable, say C=C(x), then we use the notation a <, b,
and similarly for >.

1.3.1 Definition and embedding results

Let S(R™) denote the space of Schwartz functions and §'(R") be its topological dual, that is the
space of tempered distributions. We also use the notation (-, -) s s for the duality between &' (R")
and S(R"). Hereafter, i denotes the imaginary unit. In what follows, we consider the Fourier
transform F: L'(R™) — L*(R") with the following definition

fO=Ff(&)= A eTENf () d,

together with its inverse
1

) /R el de.

Such objects can be extended by duality to the space &'(R”) (see Section 1.2 in [22]).

Let us introduce a dyadic partition of unity and the corresponding Littlewood-Paley blocks.
Hereafter, B,(x) denotes the ball centred at x € R" with radius » >0, more precisely we have
B,(x)={yeR™ly—xI<r}.

F ()=

Definition 1.3.1. We say that (y, @) is a dyadic partition of unity if y, @:R" — [0, 1] are two
smooth, compactly supported functions satisfying the following properties:

i. supp(y) C B4/3(0) and supp(@) C Bg/3(0)~ B3/4(0),
ii. x () + 250 9Q27y)=1, for any yeR?",
iii. supp(y) Nsupp(p(2~/-)=@, forj>1,
iv. supp(p(27/-) Nsupp(p2~-) =@, for li—jI> 1.

It is possible to show that such a dyadic partition of unity exists (see [22], Section 2.2), and
from now on we fix a dyadic partition of unity (y, ).

Definition 1.3.2. Let 6 € C*°(R") growing at most polynomially at infinity. We define the operator
o(D): $S(R") — S(R™) by

oD)f =F (06 F(N)E), [fESR.

We now give the definition of Littlewood-Paley blocks. Hereafter, we let No:=NU {0}.
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Definition 1.3.3. Let ¢p_1= y and ¢;(-)= P77, JjE€No. We define the Littlewood-Paley blocks
Aj=@;D), forj=z-1.

Let K_1=F '(y)and K;=F 1 (p(27/+)), for j>0. If u€ &'(R"), then we have, forall j>—1,
Au=K;j*u.
We also have, for j >0,
K;j=2/"Ko(2/+).
It is possible to show that, if ue §’(R"), then
lim Aju=u.

k—+oo |
j=-1

Notice that, while u € $'(R") is a distribution, A;u is a function, since, by definition of Little-
wood-Paley blocks, Aju has a compactly supported Fourier transform.

We are now in position to introduce weighted Besov spaces. We consider polynomial weights
given by, for any £ >0,

prN=1+H"2  yeR" (1.3.1)

and, for p€[1,+o0], let L’;(R”) denote the L”-space with respect to the norm

1/p
||M||L1;=|Ipfullu’=< (pf(y)u(y))de> :

Ril

Definition 1.3.4. (Besov space Bf,’q,g) Let s€R, p,q,€[1,+0], and £ €R. For ue §'(R"), we

define the norm
; l/g
s — sqj 14
||u||3;,,q,,7—< Y 2 ||A]u||y;> .

jz-1
The weighted Besov space B,, , /(R") is then defined as follows:
B, /(R ={ues'(R"): llullgs, , <+oo}.
In the case p=+o00 and g=+o0, the norm reads as

lullss, .., = sup2¥||Ajul|Ls.
j>-1

We also write B}, (R")=By, , o(R") for the un-weighted Besov spaces.

Notice that in the definition of weighted Besov space B,, , ,(R"), the parameter s describes the
regularity, namely the decay of the Littlewood—Paley blocks, while p describes the integrability.
The parameter ¢ is an additional refinement of the regularity scale, indeed we have

s s s ’
By g1t CBp g2t CBpgres 41592, 5 <5.

It is possible to show that weighted Besov spaces are Banach spaces, Moreover, we have the
equivalence ||u||B;qf~ ||pfu||B;q, in fact

ueB;

b.q.c if andonlyif p,u€By, (1.3.2)

(see Theorem 6.5 in [177] and Section 4.2.2 of [67]).
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Proposition 1.3.5. (Besov embedding) Lef p1, p2,q1,q2 €[1,+0] and s1,52,61,62ER be such
that s1> s>, 51— % >S5y — % and 1< ¢,. Then, we have the compact immersion

B;‘]’q]f](R”) C Blsfz’qzjz([R”).

Proof. The result can be found in Theorem 6.7 in [177], see also Section 4.2.3 of [67] for the full
proof of the statement. Ol

We also have relations between Besov spaces and Sobolev spaces W, P(R™), for s, €R,
p€E[l,+o0], i.e. the spaces of tempered distributions f € §'(R") such that the norm

I1f lwsr =1L+ D) |l 2
is finite. We also write H>(R")= W§’2(R”).

Proposition 1.3.6. (Besov—Sobolev embedding) Let s€R, £ €R, and 1< p<2, then we have
the continuous immersion

By, , ARMHCW P (R CBy, 5 o(R").
For 2< p<+o00, we have the continuous immersion
B;,Zf([R{”) C W;’p(R”) CB;’p,K(R”).
For p=+o00, we have the continuous immersion
W, ®(R") C B, co(R™).
Proof. The proposition is proved in Theorem 6.4.4 and Theorem 6.2.4 of [32] for the case of

unweighted spaces. The result for weighted spaces follows from (1.3.2) and from the fact that g€
W, P(R™) if and only if g - p, € W*P(R™) (see Theorem 6.5 in [177] and Section 4.2.2 of [67]). []

It follows from the previous proposition that B3 , ,(R")=Hz(R"). The following proposition
gives an interpolation result between weighted Besov spaces.

Proposition 1.3.7. Consider p1,p2,q1,92€[1,+], £1,£2€R and 51,52 €R, and write, for any
6e[0,1],

1 6 1-6 1 6 1-6

—=—1 , —_—=—t— Co=001+(1-0)¢, sg=0s1+(1—0)s).
pe P P2 q90 41 42 o=001+(1=0)F%  so=Os1+(1-0)s2
Iff€B, 4./ RNNB, .. ,(R"), thenfE€B,’ . ,(R"), and furthermore
. <L £11%, -6
IAlge S g g2
Proof. The proof is based on the fact that the complex interpolation of the two spaces B;)‘] oo (RY)
and B, ,, »,(R") is givenby B,? ., (R"). Such an interpolation is shown in Theorem 6.4.5 in [32]

for unweighted Besov spaces. The proof for weighted spaces follows from relation (1.3.2). [

We now want to give a characterization of weighted Besov spaces by means of differences
norms. Let us introduce the notation zyu(-) =u(-+y), for u: R” - R and y € R". Moreover, if
s€(0,1) and 7 € R, we let C;(R") denote the space of weighted Holder continuous functions
on R"”, i.e. of continuous functions f such that the following norm is finite:

I/ lcs= 1/ le+ sup pg(x)w‘
x,lyeﬂf” y
[yl<
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Proposition 1.3.8. Let p,g€[1,+0], ER, and 0<s< 1. Ifu€B;, , ,(R"), then

p.q.C
q q
lullgs ~ Nullfy + /

yl<1

ll7yu— ””Z’;
|y|n+qs
In particular,
B 00, r(R")=Cr(R"),

in the sense that

I NlBs, o~ I Nl cse

Proof. See e.g. Theorem 2.36 in [22] or Chapter 2.6.1 in [176] for the case of unweighted Besov
spaces, and Theorem 6.9 in [177] or Section 5.1.4 in [164] for the generalization to weighted
Besov spaces. O

In the light of the second part of the previous result, we often write C3(R") instead of
B.0.#(R™) whenever s€ R\ Z.

1.3.2 Bony's paraproducts

Let us discuss multiplication between elements of Besov spaces. Consider f € S(R") and u €
§'(R™), then fue &'(R™), since

(uf.g)s .s=(u.fg)s.s, g€SRM.

If instead f ¢ S(R") but, for instance, if it is only measurable, then the product fu is a priori
not well-defined. In order to deal with this non-regular case, we introduce the notion of Bony's
paraproducts (see [41]).

Suppose that f € S(R") and u € &'(R"). Then

u= Y Au, f=) Af,

j>-1 i>—1
and therefore

fu= Y AfAu.

i,jz—1

Notice that the product A ;f Aju is always well-defined. The idea is then to use the previous repre-
sentation of the factors to make sense of the product for more general terms. It will be important
to split the sum as follows

fu= D AfAu+ Y AfAu

li-il<1 li-il>2

= D AfAu+ Y Y (AfAu+AfAuw)
li-il<!1 j>-li<j-1

= D AfAu+ Y (SioifAu+Si A, (1.3.3)
=il =

where

Sig= Z Ag,

—l<i<j
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which is always a well-defined function by the property of the dyadic partition of unity since
Sig=2"K_1(2/-)xg.

We call the terms on the right-hand side of equation (1.3.3) in the following way: feu is the

resonant product

fou= ) AfAu,

li-il<1

while u < f and u > f are the paraproducts of u by f, and of f by u, respectively, that is

u<f=f>u= Z Si—f Aju, u>f=f<u= Z Si—uAff,

j=z-1 jz-1
so that we have the Bony decomposition
Ju=u<f+u>f+fou.

Now, suppose that # and f live in two Besov spaces. It is possible to show that u < f and u > f
are always well-defined with Besov regularity not worse than the worst one between f and u. As
far as the resonant product is concerned, it can be shown that it is well-defined provided that the
sum of the Besov regularities of the two factors f and u is positive. More precisely, we have the
following result.

Theorem 1.3.9. (Paraproduct) Letp1,p2,p,q1,92,.9q€[1,+0], £1,€2,8,51,52,S ER, be such that

1 1 1 1 1 1

—=—4— —=—t—, £=01+¢>, S1+s52>0, s=s1AS). 1.34

P r Pl 4 a1 4@ tree o e (134)
Consider the bilinear map §(R") X S(R") —» S(R"), mapping (f,g)— fg. Then, there exists a
unique continuous extension of the aforementioned map as a map

B))

1,41, fl(Rn) XB,, R) _)B[S),q,f(Rn),

P2.492, fz(

and we have, for any f € B} (R™), g€B? (R™),

P1,91,€1 P2,92,¢2

17811z, S lgy M8llg

Proof. See Section 3.3 in [141] for Besov spaces with exponential weights. The proof for poly-
nomial weights follows in a similar way. O

1.3.3 Relation with positive measures

In this section, we deal with the case of products in which one of the factors has positive regularity
and is in L* while the other factor is a positive measure with negative regularity. We have the
following result.

Proposition 1.3.10. Consider the same parameters as in Theorem 1.3.9 satisfying (1.3.4) and
assume s1>0, s, <0. Suppose that f €BB R™NL®(R") and that € B?
itive measure, then we have

(R™) is a pos-

Plé]lfl( P2,92,02

s < L .
Wulgp, , SNl
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We give a proof of the previous result following the one of Lemma 28 in [4]. We first need to
introduce another representation of the weighted Besov norm. Let us denote by ., for r €N, the
space of continuous functions C"(R") with support in B1(0) and such that ||f|c-<1. If fE€F,,
then we write, for ye R” and 1> 0,

o= A()

Proposition 1.3.11. Let s<0, p,g€[1,+0], and £ €R. Then an equivalent norm in the space
B, ;. /(R") is given by, for f €B,, ;, (R"),

1 llsupgeg, If 807 g2\
4
s, ~ <A yEz - (1.3.5)

where r €N is the first integer such that r > —s.

Proof. Theorem 6.15 in [177] proves the equivalence between the norm ||-lg; ,, and the norm
of B;,,qf built using wavelets, while Proposition 2.4 in [104] shows the equivalence between the
norm introduced in (1.3.5) and the norm of B,, , , built exploiting wavelets. The combination of
such results gives the claimed equivalence. O

Proof of Proposition 1.3.10. Notice first that by Theorem 1.3.9 the product fu is well-defined.
Exploiting the equivalent norm introduced in Proposition 1.3.11, we have

1 92 g
il ( [/ (M) (pfz(@)‘IZdzd%) .
P2:42:02 0 R2

Proposition 1.3.11 also yields, provided f is a continuous bounded function,

q2 l/g»
Ifullgs < < / A 2<(|fﬂlﬁ(fz(z))> (%(Z))qzdzg) S leelllye

Iff eBp Lant ]([R{”), then there exists a sequence (fi)ren of smooth functions such that, as k — +oo,
fir— f in Bp] ane/(R™) and || fell= < || f ||~ We then have, by the previous estimates, that fiu
converges weakly in &'(R") to fu, which gives

S <' 1 & < S oo< 0
I ullgz,, <tminf fepllgs  Slallgs | lminf 1fllis S 1l lullg:

P22ty

This concludes the proof. [l

1.3.4 Space-time weighted Besov spaces

As in the study of evolution PDEs it is often useful to consider spaces such as L2([0, T]; W5P(R™)),
C*([0,T]; W*P(R™)), etc., in the study of SPDEs it can be convenient to introduce sets of functions
from an interval into a Besov space. To this aim, let us consider the space

(I Bp q, fz(Rn))’

where / CR is an interval, r, p,g €[1,4+00], and 5,7 1,£> €R, with norm, for any f:/ —)B;‘)’q’fz(Rn),
given by

1/r
11l 1., ) :( [ vocro,,, dt> .
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If Bp1 oo (R L>Bp2 gr.t,(R"), then also L'(Z; Bp1 oo ®RM) S LU Bp2 a.0,(R™)), but this latter
embedding is not compact. In order to get a compact embedding it is useful to introduce the
following space

B, AR.Bj, , AR"),
for 5,7,7 €R, with norm given by

2\=£7/2
”f”B;rf([R B}, (R™)= z / ”A;f(t)”B], L@y (1+1215)777 dr,
jz=1
where A’ denotes the Littlewood—Paley block A; taken only with respect to the time variable 7.
By the characterization of Besov spaces with the (L") difference (see Proposition 1.3.8), we
get that an equivalent norm of the previous spaces is given by

. (p ) Nl zaf (1) — f(f)”BW(Rn)
”f”Bir’E(R’B;,q,K(R”))N ”f”L’([R B;,q/([R”))'*‘ ki<l || 1+7s dk dz. (1.3.6)

Since BS_ E(R”)%BF 7 (R™ when §>5', £<¢',5—1/r>5 —1/r' in a compact way, then, if
the immersion Bp1 ant l([R{”) L>Bp e #,(R™) is compact, also the immersion
v F BB 4o (R) "—>Bs 7 RB 4, 2, (RM)

is compact. A particular case is the one of Holder space, i.e. when r=oc0 and §¢& Z, which gives
oo f(RB) 4 ARM) =CUR, By, (R"),
with norm
p O | f(t+k)=f(OllB;, @
”f”cf(u@ B}, AR ||f||L°°([R,B c(Rm) T Sup LA

t,keR Ikls_
lkl<1

1.3.5 Heat flow and Besov regularity

Let A denote the Laplace operator on R" and consider a mass m>0. Take f € B}, ,(R") and define
the heat flow on f as

e~ CAmtp () A RMUx=NfO)dy,

where K is the heat kernel with mass m:
1 _l+
KMt x)=——
( ’x) (4nt)”/2

If feL(R,B}, ,(R"), then we also write

t t le—yi2 2
~(~A+m?) - ~(=A+m?)(t-7) — 1 “Hn )
e (t,x)= e (7,x) d’L’—/ —_——¢ (7,y)dydr.
! /_oo / o Jrn Gr(t=D)) Ty
Notice that e_(_A+m2)f(t, -) is a distribution.
In this section, we restrict for simplicity to the case n=2. We have the following regulariza-
tion property.

Theorem 1.3.12. Consider r€[1,+ ], p,q€[1,4 0], 5,£1,2ER, and letf €Ly (R, ;’qu(Rz)).
Then, for any f1, f2> 0 such that p1+ <1, we have

- 2 2
e CAmre Bl |, (R.B)IRY)). (1.3.7)
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Notice that equation (1.3.7) states that we are gaining regularity f; in time and 2, in space. In
order to prove Theorem 1.3.12, we need the following result saying that, when we apply the heat
kernel at time ¢, we gain 2f; in space-regularity, but we have to pay with a multiplicative factor
of =71,

Lemma 1.3.13. Let m>0 and considerfEB;,q,g([Rz), withp,q€[1,+o0], s, €R. Then, we have,
for every t>0,

—(— 2 _ 2
”e (=A+m )ff”B;tlzglst ﬂle m t”f”Bf,’qf'

Proof. See Proposition 5 in [141]. [l

We will also need the following lemma saying that giving up some space-regularity we can
gain a factor ¢/ on the right-hand side.

Lemma 1.3.14. Consider 0< <1 andeB;,qf([Rz), withp,q€[1l,+0], s, €R. Then, we have,
for any t >0,

—(=A+m?
(=24 £l <P
Proof. See Proposition 6 in [141]. [l

Proof of Theorem 1.3.12. We give here a proof for unweighted Besov spaces, the general case fol-
lows the same lines. We exploit the difference characterization of space-time Besov spaces (1.3.6),
which yields
—(—A—m? (A?
ey « sy

r
Lr(R,B;ZZﬂl(Rz)) (138)

L. e A0 - A O, g
+ : 1) de.
R Jiad<1 |Az|1+rPe

.
s+2,
B2(®R.B)(RY)

First, we prove that the first term on the right-hand side of equation (1.3.8) is finite. Write f =
e‘(‘A+m2)f, we have

5 = t K dt
”f”L’([R,B;;IZﬂ‘(Rz)) /R ”f( )”Bp,Jquﬂ]
Bs+2ﬂl

2
— / / e—(—A+m2)(t—k?f(k) dk
R —00 .
" r
/ ( / MR ACRF (|| v, dk) dr
R -0 P4

Lemma 1.3.13 and Young inequality yield

Sy b0, 4001t =K)  _n2—p) r
ey 5 (A= ebi g ok ) o

< / LR Gl T P ER
e =k e

where the first integral on the last step is finite if and only if f; < 1.

r

dr

A

Consider now the difference term on the right-hand side of equation (1.3.8). We have

t+At t
f~(l+Al) —f(l‘) — / e_(_A+m2)(t+At_k?f(k) dk + (1 _e—(—A+m2)At)/ e—(—A+m2)(z—k?f(k) dk
t

-0

= I1+1,.
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Now, by Lemma 1.3.13 and Young inequality,

2 r
I][—At 0](l _k)e—m (t+Ar—k)
r N )
17 ||L’(R,B‘f:ffﬁl(ﬂ%2)) S /R </R (t+ At —k)P IFlls;, dk | dr

S A" fllrw s wey)

p.q

Consider f, < ﬂ~< 1 — fy, then, by Lemma 1.3.14,

S (AP [le=CA+my

L|" +2 i
” 2||Lr(|R,B;L ﬁ](RZ)) Lr(R,B;LZﬂlJrZﬂ(R”))

S AP fllrw By, @y

where we used the first part of the proof in the last step and the fact that §; + f# < 1. Putting
everything together, we get

I+ A0 = F )l AP+ (A
> d(Andr S s d(As
A/M] AT @Bndt 5 1 lvw.s, @ >>/|M<1 aen G40

1
T / g
®Bp R <1 A =B=F2r

1 1l B3, ey,

N

A

which gives the result. Ol

Let us conclude this section on weighted Besov spaces with the next result, which gives an

. . . . . . 2
equivalent norm by means of thermic expansions, i.e. involving the heat kernel e ~(-2+7,

Proposition 1.3.15. Let s€R, p,q€(0,+0], and k eNg=NU {0} be such that

A
k>§.

Consider a smooth and compactly supported function @g. Then, we have the following equiva-
lence between norms

o (k=3)a —(—Atmrp\ g A1 Ya
£l ~||(P0(D)f||u;+< /0 779 (e mf)lh;?) : (1.3.9)

P.9.¢

Proof. See Section 2.6.4 in [176] for a version of the theorem with a mass-less heat kernel. In
particular, such a result differs from the one presented above since the integral with respect to ¢
in equation (1.3.9) goes from O to 1 instead of going from zero to +o0. This extension is possible
thanks to the regularization properties of the heat kernel and the exponential decay thereof, due
to the presence of the positive mass m > 0. |

Remark 1.3.16. Under the same hypotheses as in Proposition 1.3.15, if we assume further that
s> 0, then the norm [|@o(D)f |~ appearing in equation (1.3.9) can be substituted by the weighted
LP-norm of f, since we have

looD)f N2 S 11l S N,

Pg.t”

Namely, for s> 0, equivalence (1.3.9) becomes

Ul dr\ Ve
I Al A
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1.4 Gaussian measures in infinite dimensions

This section is devoted to the study of Gaussian measures on infinite dimensional spaces, their
properties and applications. In particular, after having introduced Gaussian measures on Banach
and Hilbert spaces, we present Wick product and Wick exponential, Fock space and chaos decom-
position, and hypercontractivity. We also give some examples that will be useful later on in the
thesis, for example we introduce white noise and Gaussian free field. For a more detailed discus-
sion of the aforementioned topics, we refer the reader to the classical monographs [33, 112, 126,
148, 179], on which the present section is based, as well as the work by Gross [86].

1.4.1 Definition and characterization

Let us consider a (in general, not separable) Banach space W, the example to keep in mind being

w =Bls,’qf([R”) with s€R, p,q €[1,+0o0], £ €R, which is separable if p, g#+oo (for instance,

if W=H}(R"), then W is separable), while it is not if W =C7. Since W has a topology, we can
consider the Borel o-algebra

B=0c(A: A open setin W).

The element x* € W*, where W* is the strong dual of W, is a linear and bounded functional x™:
W — R, and therefore, we can also consider the o-algebra generated by cylindrical sets

€ =0c(x*(-):x"eW?).
Remark 1.4.1. While in general € C 9%, in the case where W is separable we have € = 3%.

Definition 1.4.2. A probability measure y on (W, 3RB) is called Radon measure if, given an open
set A, for any € >0, there exist a compact set K C A such that

HA~K)<e.

Remark 1.4.3. If W is separable, every Borel measure (i.e. a measure on (W, %)) is also a Radon
measure.

Theorem 1.4.4. Let u be a Radon probability measure on (W, RB). Then, for any Borel set B€ 3,
there is a cylindrical set C € € such that

HBAC)=0,
where BAC = (B~ C)U(C~B) is the symmetric union of B and C.

Proof. See Proposition A.3.12 in [33]. [l
A consequence of the previous theorem is the following result.

Theorem 1.4.5. Suppose that y and u' are two Radon measures on (W, %) such that, for any
X1,..., Xk € W*, writing as ps,... xy) (respectively, p(. . ) the probability law on R* induced
by the random variables (x1,...,x3): W — R¥ and by the measure u (respectively, u'), we have that

Ky, o xp) = /’lExT ..... X7
Then u=u'.
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Proof. See Corollary A.3.13 in [33]. ]

We want to work with Borel o-algebras in order to have that any continuous function is also
measurable, on the other hand we want to work with Radon measures in order to have the property
stated by the previous result.

Remark 1.4.6. Theorem 1.4.5 holds also if we have equality of finite laws taking x7,...,x; €
W*C W*, where W* separates the points of W, i.e., for any wy, w, € W, there is x* € W* such that
x*(wp) #Fx*(wo).

Let us define what a Gaussian measure on the Banach space W is.

Definition 1.4.7. Consider a Banach space W and a Radon measure u on it. We say that u is

Gaussian if, for any x7,...,x; € W*, we have that u:, ... vy is a Gaussian measure on RX,

.....

Definition 1.4.8. If u is a Radon measure, we define its Fourier transform (or characteristic
function) as the continuous map F(u) = ji: W* — C given by

F (") = A(x*) = /W e ) p(dw).

As a consequence of Theorem 1.4.5, if two Radon measures u and y' share the same Fourier
transform, then p= pu’. We have the following characterization for Gaussian measures.

Theorem 1.4.9. A probability Radon measure u on W is Gaussian if and only if there exist a
symmetric, bilinear and non-negative definite functional £: W*XW* - R and m: W* - R such
that

97'(/4)(x*)=exp<im(x*)—%2(x*,x*)). (1.4.1)

Proof. See Theorem 2.2.4 in [33] or Lemma 2.1 and Theorem 2.3 in [128]. O

Remark 1.4.10. If we choose X and m as above, it is in general not true that there exists a Radon
Gaussian measure u such that (1.4.1) holds.

It is possible to choose m and X as follows:
m(x*) = /x*(w) u(dw), x*ew*,
w

Ity = /y(X*(W)—m(x*))(y*(W)—M(y*))ﬂ(dW), XLy ewr

Example 1.4.11. (Classical Wiener space) Let W = C°([0,T]), with dual W*=2([0,T]) being
the space of bounded, signed, Borel measures on [0, T]. Define a Gaussian measure y on W
having mean zero and covariance operator given by X(#,y)= -/[O,T]2 min(s,?)n(ds)y(dt), n,y e W*.
Then u is the measure induced by Brownian motion in the space of continuous functions on [0,
T]. For instance, in the case # =6, and y = 6,, for some s, 1o € [0, T'], then X(,, 6;,) =min (s,
to) =[E[By,B;,] where B is a Brownian motion on [0, T]. See Section 1.3 in [128] for more details.
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From now on, we restrict to the case W =H, where H is a separable Hilbert space equipped
with an inner product (-,-)y. As a first consequence of this choice, we have the identification
H*=~H by Riesz theorem, that is we can identify any element of the dual with an element of the
Hilbert space itself, so for any x* € H* there is x € H such that x*(-)=(x, -)g.

Furthermore, if X: H* X H* — R is symmetric, bilinear, positive definite and continuous, then
we can identify it with X: H X H - R, and therefore there exists a unique linear and bounded
operator S: H— H such that, for any x,y€H,

(Sx,y) =Z(x, y).

Moreover, S is also positive (namely (Sx,x) >0, for any x € H) and self-adjoint (that is (Sx,y)y =
(x,Sy)u, for any x,ye H). We call S the covariance operator of u.

As far as the operator m is concerned, it is a map from H™ into R. If m is continuous, then
m € (H*)*=H, with no need for Riesz theorem, and therefore we have (m,x)y =m(x*). Such an
m € H is called the mean of the Gaussian measure pu.

Definition 1.4.12. Let O: H — R be a positive operator. Then the trace of O, is given by

r(0)= Y\ (e, ) €[0,+0],

neN

where (ep)nen is any basis of H. We say that the operator O is trace-class if tr(0)<+oo. We also
write try to specify that the trace is taken with the inner product with which H is equipped.

It is possible to prove that the trace does not depend the basis.

Theorem 1.4.13. Let u be a Gaussian measure on a separable Hilbert space H. Then,

9(,u)(x)=exp<i(m,x) —%(Sx,x)H>, XEH,

where m€ H and S is a bounded, positive, self-adjoint, trace-class operator.
Conversely, if me€ H and S is a positive, self-adjoint, trace-class operator, then there exists a
unique Gaussian measure p,, s such that

9(Mm,s)(X)=eXP<i(m,X)H —%(Sx,X)H>, X€EH.
Proof. See Theorem 2.3.1 in [33] or Theorem 5.1 in [126]. O

1.4.2 Some examples

Let us consider the case H=L*(M,dv), where M is a topological measure space and dv is a posi-
tive Borel measure (e.g. M=R", T",RxT",..., and dv=dbx, p%(x) dx,...). Itis often the case that
the covariance operator S is given by an integral operator, that is, for any f € L>(M,dv),

Sf(a)= / K(a,b) f(b)dv(b), (1.4.2)
M

where K: M X M — R is a measurable function. If S is of the form (1.4.2) and it is also positive
and such that K is continuous, then its trace is given by

tr(S) = / K(b,b)dv(b). (1.4.3)
M
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(See page 65 in Section XI.4 in [171].)

Example 1.4.14. (Brownian motion on an interval) Let 7> 0 and let B=(B;),¢[0,7] be a Brow-
nian motion. We want to look at such a stochastic process as a Gaussian measure on LX[0,TY).
Consider f e L*([0,T]), then we have

T
(B.f)= A B,f(s)ds,
and, for f,g€ L2([0, T,

EL(B.f)12(B,g)r2] = o lef(t)g(S)[E[Bth]dtds

T T
= / </ min(s,t)f(t)dt>g(5)ds
0 0

= (Ak()). &2

where

T
Ax(f)(s)= / K(s,t) f()dt,  K(s,)=min (s,1).
0

On the other hand, It6's formula gives

T T T T T
/ (/ f(T)dT)st—/ f(s)Bsds=BT/ f(T)dT—B()/ f(r)dr=0,
0 s 0 T 0
T T T
(B,f)L2=/ Bsf(S)dS=/ (/ f(T)dT>st-
0 0 s

Therefore, exploiting Itd isometry, we have

T T T T
E [(/ </ f(r) d1'> st></ (/ g(7) dT) st>]
0 s 0 s
T T T
/ </ f(o) d1></ g(7) dr) ds.
0 s s
It is then possible to show that

t T
Ax()(D)= A ( / f(ﬂdr) ds.

Therefore, Ak is positive and self-adjoint. Moreover, it is trace class, since by equation (1.4.3)

and thus

|E[(B’f)L2 (B’g)L2]

we have

T T
tr(AK)z/ K(t,t)dt=/ tdt=T?/2 < +oo.
0 0

This gives the existence of a unique Gaussian measure y on H =L*([0,T]) with mean m=0 and
covariance operator S =Ag.

Let us consider now the Hilbert space H=Bj, /(R")=H}(R"), s, € R. Recall that we have
the inclusions S(R") C B, »(R") Cc §'(R"), with S(R") dense in B3, »(R"). If x,y € B} 5 A(R")
and S: B3 5 ,(R") — B3 5 A(R"), then, recalling that p, was defined in equation (1.3.1),

(Sx, 983, = (PA(=A+1)"*(Sx), po(=A+ 1)**(y)) 2.
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Recall that, if u is a Gaussian measure on H = Bj ; (R") with zero mean, then the covariance
operator has the form

(Sx.y)= L (e )1 (s ) ().

If x,y e S(R"), we can then define the operator

<S/x,Y>5',5==/ (h,x)s".s(h,y)s".s u(dh).
HcS’
It is possible to show that S'xe §’(R"), and hence S': S(R") - §'(R").

Theorem 1.4.15. Let H=B5, ,(R"), for some s€R and ¢ €R, then we have

trp(S)=trppra(pr(—A+1 P2 (—A+1)"pyp).

The previous result also holds true with minor modifications if we substitute the space H =
B3 5 »(R™) with B3 »(T"), B35 ([0, T],B'z’f/zf([R")), etc. In order to prove Theorem 1.4.15 we need
the following result.

Lemma 1.4.16. Under the previous hypotheses we have that

S =S"{(=A+ 1) [p2s(~A+1)**(0)]}),  x€H.

Proof. Consider xe S(R") and h€ B3, ,(R") then

()= pe(=D+1)"(h), prin(—A+1)"(x))s 5.
Thus, taking X € S(R") we get

(h,X)s'.s

(=A+ D" (h),(=A+ D™ (D)) s,s

(P2e(=A+1)"2(h), p2r(—A+ 1) (D)) 57,5

(p2e(=A+1)"2(h), (= A+ D" (=A+ 1) [p_2e(-A+ D™D} )sr,s
= {pe(=A+1)"2(h), po(—=A+ D" {(=A+ 1) [p_ao(-A+ D)2 D)} s,s
= (h,(=A+ 1) [p_os(-A+ D)2 (D).

We then have, for any y,x€ S(R"),
(S'%,Y)s".s
= / (h,X)s s (h,Y)s' s du(h)=
HcS’

L (h,(=A+ D™ [p_2p(=A+ D™ @Drh, (A + D™ [p_2s(=A+ D)™ ))a dp(h)

(S{=A+ D)™ [poar(=A+ D™ DL (A + D™ [p2e(=A+ D™ $)])
(pe(=A+ D [S{(=A+ 1) [poar(=A+ 1) @D L p—e(=A+ 1D s
(S{=A+ D) [poar(=A+ D D1}, F) s,

where s’ =s/2, from which we get, by density of S(R") in B} »(R"),
S'@=S{(=A+ 1) [p_r/(-A+ 1) (D)]}.

choosing ¥ =(—=A+ 1)?[p22(—A + 1)*?(%)] yields the result. O
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Proof of Theorem 1.4.15. Let (fi)ren C S(R") be an orthonormal basis of H (such a basis exists
since §(R") is dense in H), then, by definition of the norm of H,

(Foren:=(po(=A+1)"*(f)ken

is an orthonormal basis of L2, since

(P A=A+ 10, pr A+ D )2 =i fok ={ 0l

and since (—A + 1) and the multiplication by p, are bijective maps in S(R") (which is dense in
L*(R")). By Lemma 1.4.16, we have

wa(S) = ) (SU. fou

keN

= Z (pe(—=A+ 1SS p (= A+ 1" (fi) r2re
keN

= Z (pe(=A+ DS {(=A+1)"[p2r- (=A+ D2 (1} (=D + 1" (f) r2rey
keN

= ) (pe(=A+ DS {(=A+ D", f)} frame
keN

= trp(p A=A+ 128" (=A+1)"%pp),
which gives the result. O
Example 1.4.17. (Brownian motion on R ;) Recalling the scenario presented in Example 1.4.14,

let B be a Brownian motion on R and let #> 1. Then B induces a Gaussian measure on sz([R%Jr).
Let

S?’(t)=/ K(t.5)f(s)ds, feSRy).1€R,
Ry

where K(t,s)=min(s, ), for s, €R,. Then we have
E(B.f)s .s(B.g)s".s1=(S'f,8)s".s-
By Theorem 1.4.15 and Lemma 1.4.16, letting

Sf=S"(paef).  fELHRY),

we get that
t

trL§(5)=trL2(ﬂfS/Pf)=/R+ p2(t) K(2,1) dt=/R+mdt,

which is finite if and only if £ > 1.

Example 1.4.18. (White noise) Let (2, %, [P) be a probability space. A white noise is a Gaussian
random field &: Q — &'(R") such that

lE[(faf>S’,S <§sg>§/,§]=(fsg)L2s f,gE(\S)(Rn)
Let S"=6.,, i.e. the Dirac delta, in such a way that

sw= [ sansm=rfe.  xer”
which gives

S7.8s.s=fr0rr  f.8€SRM.
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We can then realize £ as a Gaussian measure on H;*(R")=B35 ,(R"), where £ >d/2 and a>n/2.
We have in fact, by Theorem 1.4.15,

trH;a(S) = tl‘Lz(pf(—A+ 1)—0:/25/(_A+ 1)_0’/2pf)
/ p2(x) K(x,x)dx,

where K(x,y) is the integral kernel of the operator

Sf(X)=(—A+1)'“’2(5’(—A+1)'“’2(f))(X)=An K(x,y)f(y)dy.

Now,

(—A+ 1)~ (=A+1)"(f) = F W IkP+ 1) F(f))
_ 1 Sk L K)o A
B (27r)"/n/ne e et J)dedk

1 (' —x)-k) , ,
= Qo Rn< A (|k|2+1)adk>f () dx’.

Therefore

) 1 ei((x’—x)~k)
Koo x) =m0 A T 1y 9

i i
Koo 0= /R TS

which is a positive constant that is finite if and only if a>n/2. Hence, we have

and

tI’H;ﬂ(S) = (/ p%(x) dx> K(x,x)<+o00
Rn
if and only if £>n/2 and a > n/2.

Example 1.4.19. (Gaussian free field) Let (2, #,[P) be a probability space. Fix m>0 and let y,,,:
Q— §'(R") be a Gaussian random field with

F()(k) F(g)(k)
k1?2 + m?

E[(Wm’f>§’,§<Wm’ g)éj',éj] = " dk’ f’ge CS)(Rn)

We can then define
S'f=(-A+m>)7f.

The random field y,, can be seen as a Gaussian probability law on B}, /(R") when £ >n/2 and
§<(2—mn)/2. We then get

(—A+ 1S (~A+1D*(HH(x) = F WP+ 1) (kP> +m>F(f))
/ K(x,x") f(x")dx’,
Rn

with

N (P41 i ok
Ko =y A K2+ m? ¢ dk.

We have that
1 (k1> +1)*

Q) o WP m? K

K(x,x)=
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is a finite constant if and only if s < (2 —n)/2. We have then

w(S) = wp(—A+1)"2S (=A+1)"?)

</ p%(x) dx) K(x,x) <400

if and only if > n/2. It is worth to notice that in this case the parameter s can be positive if n<2.

Hence, in dimension n=1 y,, is arandom field, since y,,(x), for any x €R", is well-defined. While
for n>2, v, is only a random distribution (or generalized function).

1.4.3 The Cameron—Martin space

Hereafter, we denote by H a separable Hilbert space equipped with inner product (-, -)y. More-
over, from now on we focus only on Gaussian measures with zero mean and covariance operator
S with trivial kernel, ker(S)={0}. In fact, this is always possible since, if u is a Gaussian measure
on H with mean m and covariance S, then the measure , given by

uo(B)=u(B+m),  BeRB(H),
is a Gaussian measure on H with mean zero and with the same covariance S as y. Moreover,

supp(o) C (ker(S))*,
where supp(u) is the support of u, ker(S):={x€ H: Sx=0} denotes the kernel of §, and At:=
{heH:(x,h)g=0, forany x€ A}, for ACH.
Let us recall that the range of an operator S is given by ran(S)={Sx:x€ H}. If S is a self-
adjoint operator, then ran_(S) = (ker(S))!. Indeed, let x €ran(S) with y € H such that x=Sy and
consider z €ker(S), then (x,2)g=(Sy,2)g=(,52)g =0. Moreover,

ker(Slyercs):) =ker(S) nker(S)*={0}.

Since S is self-adjoint, trace-class and positive, then there exist a basis (e,),en 0of H and some
non-zero elements (4,),en C Ry converging to zero as n — oo, such that

Sty=Y, Anlenhuen.

eN
So, for any ¢ € R, we can define "

SUhy=" Ai(enhue,
neN
which is bounded, self-adjoint and positive. Moreover, if @ > 1, it is trace-class, and if a=1/2 then
§172 is Hilbert-Schmidt (i.e. the sum D $12¢, 1% is finite), since tr(S 2+ (S2)*) =tr(S) < 0.
For «eR,, we have

neN ”

ran($%) = (ker(S))* =({0})* =H,
since since ker(S%)=ker(S)={0}.
Definition 1.4.20. Let u be a Gaussian measure with mean m=0 and covariance S with trivial
kernel ker(S)={0}. We call the subspace
Hev=ran(S'?)

the Cameron—Martin space of the measure u and we define on Hcw the scalar product

V) He= (S 7V2x, 8712y .
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It is possible to show that the space (Hcwms (-, *)H,,,) 1S an Hilbert space.
Let us point out that S'/? is a square root of the covariance operator S in the following sense:
A linear and bounded operator S; on H is said to be a square root of S if

S=SiS1.

It is possible to show that, for any square root S; of S, there is an unitary operator U: H — ran(S)

(where ran(S) C H is equipped with the induced scalar product) such that
Si=US"2.
For a square root S| we have ker (S1) Cker(S)={0}, and hence ker(S1)={0}. On the other hand,
ker(ST) = (ran(S))*

and

ker(S})Nran(S;)={0}.
This means that there exists a unique operator (in general, unbounded)

S~ 1ran(S}) - ran(S)),
which is the inverse of the operator S7. If x,y € ran(S)) are such that S{x=S 1y, then S{(x—y)=0,

which gives (x —y) €ker(S7) and then (x—y) €ker(S1) Nnran(S;)={0}. Thus, S]"(S]"’_](x)) =x.

Theorem 1.4.21. Let S be a positive, self-adjoint, trace-class and with ker(S)=0. Then we have
that, for any square root Sy of S,

ran(S /%) =ran(S}).

Furthermore, for any x Eran(SY), we have

(ST’_I)C, S;k,—lx)H — (S—I/ZX’ S_]/ZX)H.

Example 1.4.22. (Brownian motion, continued) Recall that a Brownian motion B on [0, T']
induces a Gaussian measure on L*([0, 7']) with covariance operator

T f T
Sf(t)=/ min(s,t)f(s)ds=/ </ f(T)dT) ds,
0 0 K

with S: L%([0, T1) — L*([0, T]) (see Example 1.4.14). A square root of S is given by

T
Sfm=/fvma

with
Sff(t)=/0f(f)df-

Moreover, we have

Hcwm

{giﬂfGLz([O,T]),g(tF/Of(f)df}

H'([0,T])n {g€ C°([0,T1);5(0)=0}
H{([0,T1) c C°([0, TY).

Furthermore,

T T
it lon= [ si7wi0a= [ wrar
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and hence the Cameron—Martin space of yu is given by
T
(Hewm, (5 )Hew) = <H(])([0, T]),/ (g/(t))zdt>-
0

The following result introduces the notion of Wiener—Itd integral 6(h), for h € Hcy, also
denoted as I(h), W(h), etc., in the literature.

Theorem 1.4.23. There exists a unique isometry, called Wiener—Itd integral,
8:(Hews (-5 V) = LA(H, p),
such that, for any x €ran(S) Cran(S 2y we have

5(x)=(S"'x, g

For x,y € Hcwm, we have
E[8(x)8(0)] = (X, ey = (S ™25, S 2y)p.
Example 1.4.24. (Brownian motion, continued) With the same notation as in Example 1.4.14
and 1.4.22, we have
ran(S)=H3([0,T]) = {g € H*([0,T1); g(0)=0,g'(T) =0},

2

T

and S'= so that, for g€ H*([0,T1),

T T
o(g)= —/ g”(t)Bzdt=/ g'(ndB,
0 0

where we used Itd formula. Notice that the last integral is defined also when g€ H'. Moreover,

T T T

E[6(x)6(y)] = [E[/ g'(n de/ (@ dB;] =/ g§'nf'ndr,
0 0 0
by It isometry.
In order to prove Theorem 1.4.23, we need first the following result.

Lemma 1.4.25. We have that ran(S) C Heym and ran(S)™= Hey

Proof. Since (S"%)?*=S8, then ran(S)=S"2(S"*(H)) c S$*(H) = ran(S %) = Hcm. Moreover, we
have SV2: Hoy — ran(S) C Hem. Introduce then the operator

T= SI/ZIHCM’
which is bounded with respect to the metric (-, -)m,, since, for x€ Hom,
Tl Fry = (S V28 2, S TV28 V2x0) 1y = || 17 < NS 11 Frr
T is also self-adjoint with respect to (-, )y, since, for x,y € Howm,
(T, V) by = (S~12812x §=12y) 1 = (x, =129y = (S V28120, S~ 12y,
where we used the fact that S is injective, and, since S is self-adjoint,

(Tx, V) Hey = (S ™22, SY28 7129y = (S V2%, y) i = (S V2, STV2812y) = (x, TY) by
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Therefore, ker(T)* =ker(T) C ker(S) = {0}, and thus ran(Slz) =ran(7| Hey) 18 dense in Hey with
respect to (-, *)Hey O

Proof of Theorem 1.4.23. Since ran(S) is dense with respect to the norm |||z, the only thing
to prove is that 6(x) is an isometry on H, for x& H. We have, for x,y €ran(S™1),

/H o(x)(Mo(y)(Wpu(dh) = /H (S~ Wu(S™"y, i) u(dh)

= (557x.57yn

= &S

= (SM25712x, 57 ly)y

= (5~12x,S125ly),

= (§712x, 5712y,

= (X Y)Hew-
This implies that § can be extended to an isometry from ran(S)"™ = Hey into L2(H, ). O

So far, we constructed the Cameron—Martin space starting from a Gaussian measure y on an

Hilbert space H. One may wonder whether it is possible to go the other way around, i.e. construct
a Gaussian measure whose Cameron—Martin space is given by an Hilbert space we start from.

Suppose that we have a separable Hilbert space H and a subspace Hcy C H with the following
properties:

1. Hom =H.
2. There is a scalar product (-, ) Fewm such that (FICM, on) ,;CM) is an Hilbert space.
3. (, '),;CM is stronger than (-, -)g, i.e. there exists a constant C >0 such that, for every x €

Hew, we have (x,x)y < Cx,x)g -

Remark 1.4.26. Since Hcy is dense in H, we have that dim(H) = dim(Hcw) < Ro (where Ry
is the countable cardinal number). In particular, there exists Ci: H — I:ICM that is an isomor-
phism, namely, C; is injective, surjective, and an isometry, namely, for any x,y € H, we have
(C1x, C1Y) gy = VH-

Lemma 1.4.27. Take H and (I:ICM, (,9) ﬁcm) as above with the properties 1.—3. holding true. Then
we have the following statements.
i. The isomorphism C1:H — Hcy < H defined in Remark 1.4.26 is continuous in H.

ii. We can define S=C C{:H— H. Then, S does independent on the choice of C\.

iii. Suppose further that (e]HCM) jeN is any basis of (Hewms (-, ) o) then

w)= 3 [

jeN
(Notice the presence of the H-norm on the right-hand side).
Proof.
i. The first point follows from the fact that (-, -) Fen is stronger than (-, -)y, since

IC1xll7 = (C1x, C1)n < C(Cix, C1x) 5, = Cx, ).
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ii. Consider two isomorphisms C;, Co: H —>Iq~lCM, then there is an isometry U: H — H such
that C; = C,U. Recall that C3': Hom — H is an isomorphism, and thus U=C5'Ci:H—H
is well-defined. Moreover, for x,y€H,

(Ux, Up)p=(C3'C1x,C3' C1y)u =(Crx, C1y) ., = @ V)i,

and therefore UU*=idy and §'=C,C5=CUU*C{=CC;=S=5"25"2, and in partic-
ular S'2 is one of these isomorphisms, (S‘”zx,S‘”zy)H =(x, y)ﬁCM.
iii. Take (eﬁCM)jeN to be a basis of (ﬁCM, (.9 ﬁCM)' Since S~2 is an isomorphism between

Hcy and H, then (S™V 2ej-LICM) jen 1s a basis of H. Moreover ,

—1/2 H 12 H H, 12 ¢=1/2 H Hewm||2
w(S)= Y (SS™12eflM, 5712l = N (effem, g1 512 fleny 5 = N leffeM |7,
jeN jeN jeN

which concludes the proof. [l

Theorem 1.4.28. Take H and (I:ICM, G, -),;CM) as above with the properties 1.-3. holding true.
Then there exists a unique Gaussian measure p with mean zero such that (Hewm, (5 *)Hey) = (I:ICM,

(-, ﬁCM) is the Cameron—Martin space of u if and only if there exists (at least) one basis (efICM) ieN
ofI:ICM such that

D llef 17 < +oo.

jeN

Proof. With the same notation as in Lemma 1.4.27, if such a measure u does exist, then it must
have covariance operator S = CC7. Such an operator S is a covariance of some Gaussian measure
if and only if tr(S) < +o0, and by Lemma 1.4.27 the statement follows. [l

Let us conclude state the following result.

Theorem 1.4.29. Let H be an Hilbert space with Cameron-Martin space given by (Hewm, (¢, ) Heyy)
with basis (e]HCM) ieN- Then the series (J,),en given by

n
Ty=Y" 8™ (hyef'™eH,  heH,
j=1

is convergent in L*(H, p). Moreover, J(h)=idy(h), u-a.s.

Proof. See Lemma B.1.1 in [180]. [l

1.4.4 Wick product and Wick exponential

We define here the Wick product and show some of its properties. Let us start with the definition
of Feynman diagrams.

Definition 1.4.30. A Feynman diagram y of order n=n(y) >0 and rank r=r(y) 20 is a graph
consisting of a set of n vertices and a set of r edges without common endpoints.

Notice that, with the same notation as in the previous definition, a Feynman diagram y has r(y)
disjoint pairs of vertices, each joined by an edge, and n(y) — 2r(y) unpaired vertices. Moreover, a
Feynman diagram y is complete if r(y)=n(y)/2, i.e. if all vertices are paired off, and incomplete
if r(y)<n(y)/2, i.e. if some vertices are unpaired.
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Consider a probability space (2, #,P), with expectation E.

Definition 1.4.31. A Feynman diagram y labelled by n random variables Fy,...,F, on (2, F,P)
is a Feynman diagram of order n with vertices 1,...,n, where we think of F; as attached to the
vertex i, for every i=1,...,n.

We introduce now Wick polynomials and Wick products. Hereafter, we use a bold notation
to denote vectors, e.g. k= (k1,...,k,), without specifying the number of elements whenever it
is clear by the context. We also use such a notation for some operations, e.g. 9f = dtk]" . -a{fy or
tk =t]fl . k” Let us also denote by 1;, for i=1,...,n, the vector in R”" with all zero elements but
having Value 1 in the i-th position.

Definition 1.4.32. Let Fy,..., F,, be (real) random variables on (Q, % ,P). Then, if k €N{, we call
Wick polynomial related to F=(Fy,...,F ) any element Wi(fIF) of the space R[ f] of polynomials
with coefficient in R and with variables f=(f1,...,[,), defined in the following way:

i. If k=0, then
Wo(fIF)=1,
ii. If k#0andk;>1 for somei=1,...,n, then
I Wi(fIF)=k;Wi_1(f1F),
and
E[Wi(FIF)]=0.

We call (k-th) Wick product of F1y,...,F, the particular case of the random variable Wy(F|F),
which is also denoted as

X FR —W(FIF).

If n=1, then Wy(fIF)=1 and %Wl(fIF)= 1. Therefore Wi(fIF)=f + ¢, where the real con-
stant ¢ can be determined by

0=E(W1(FIF)]=E[F +c]=E[F]+c
yielding
Wi(fIF)=f —E[F].
In the same way it goes for W», giving
Wh(fIF)=f>—2E[F]f +2E[F)* - E[F?].

Lett=(t1,...,1,) €R’, we introduce the generating power series related to Wick polynomials:

f1

k .
D % W \F)= 3, 2 Wk((fl, s I F 1 F)). (1.4.4)

keNG’ kGN"

Theorem 1.4.33. Suppose that E[exp(t1F1+ --- +1t,F},)] is an entire function in t € C" (i.e. it is
holomorphic in all its variables on the whole C). Then

tk exp(tifi+ -« +tnfn)

Wik(fIF)
1
v k! [E[exp(t1F1 + 4 1,F)]

= EXP(fIFIt).
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Proof. The statement is equivalent to the following: for any k €N,
OFEXP(fIFI0)=0}- - -0, EXP(fIFI0) = Wi( fIF). (1.4.5)
We prove (1.4.5) by induction over lkl=k+ - - +k,. For k=0, we have Wy(fIF)=0, and

EXP(fIFI0) =[E([3§+1§?3)]= 1.

Suppose that equation (1.4.5) is true for |kl <n and take |k'|=n with k'=k + 1., for some ¢ €
{1,...,n}. By induction hypothesis, we have

OFEXP(fIFI0)= Wi (fIF).
Consider then

Wi (fIF)=0F EXP(fIFI0)
and take the partial derivative with respect to f, to get, if ko> 1,

o, Wi (fIF) = 0;,0F EXP(fIFI0)
[0F 0;, EXP](fIFI0)
ok (t JEXP(fIFIt))l;=o
[t,0F EXP(fIFIt)+k,9f ~EXP(f1FIt)] li=o
= ks oK ~IYEXP(fIFI0),
and, since |k’ — 1/<n—1, we get o, Wi ( fIF) =k /Wi —1,(f|F). Moreover, E[Wy(FIF)]=0:
E[Wi(FIF)] = oF E[EXP(FIFIt)]l;=o

_ k| exp(Fxt)
= o [E[ E[F x1]

[0 (D]=0.
Therefore Wy (f1F) = Wi(fIF). O

t=0

Corollary 1.4.34. We have
Wi(f1F) =[0F EXP(fIFIt)]l;o.

Also in this case, EXP(FIFIt) is a particular case, we encode it in the following definition.

Definition 1.4.35. The Wick exponential of F is defined as, for t e R",

tk tk exp(F xt
exp(F x1):=EXP(FIFlt)= ) FWk(FIF):Z F:F]]“---F’,j"::m.
keNy ’

Remark 1.4.36. If we define :F- - -F,;: for generic random variables, then we have defined also
the more generic Wick product with powers, :Glfl- . -G],‘n'”: , by simply taking n=k1+ko+--- +ky,
and F1=Gy, ...F,=G1, Fr,x1=G2, ..o, Fry10,=G2, s Fiyo otk = Gm—1, Fry 4 4k +1=Gms

..., and Fy, 4...4x, = Gy,. Let us prove this. We have that

m

_exp(fx1) - exp(gXxiD)
EXP(lelt) = W, and EXP(glGlt) = m

If we choose F; and G; satisfying the previous relations we have that

EXP((gl’ 81,820 0582 s 8ms 'agm)IFlt):
=EXP(g|G|(l‘1 Focthp Tk 1+ Tk ks ol +1 S +tkl+"'+k;)1))
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where the variables g; in the previous equality are repeated exactly k; times, for each i=1,...,m.
This implies that

Fi---Fp: = :G1-+-G1Ga-+ -Gy -Gy -G

Wi(FIF)

= 0,0, EXP(FIFIt)l;=g

O, 0, EXP(GIGIt 1+ -+ + Ly s b1+ F Lot D=0
M. 0fEXP(GIGID);—

Wi(GIG)

= :G]]('---G],‘,;":,

where we used the general fact that
0r, - 0¢, f (14 +€p) = f (Dli=p 1442,

for any smooth function f.

Suppose that F is an R”-Gaussian random variable with zero mean. Then, we have the explicit
expression

n
1
Elexp(F x1)] =exp<§ Yt [E[FiFj]>.
ij=1
Theorem 1.4.37. (Wick) Let F'y,...,F, be n Gaussian random variables of mean zero. Then,

r(y)

ELF1---Fal= Y, [ ] EUFaFsl,

y k=1
where the sum runs over all complete Feynman diagrams y labelled by F,...,F, with edges (i, ji),

k=1,...,r(y). Notice that, if n is odd, then E[F---F,]=0.

Proof. The proof can be found also in Theorem 1.28 (see also Theorem 1.36) in [112]. We have

1 n
Elexp(t1Fi1+---+1,F,)] = exp(EZ Iilj[E[FiFj]>

ij=1

= exp( z tit;E[FiF;] 22 IZ[E[F2]>
i,j=1
5

Therefore,

E[Fy---Fu] = oiE[exp(tx F)]li=o

Oy, -0y, exp(Z tit/E[FiF;] 22t2[E[F )

i,j=1
i<j

t=0

Oy -0y, Zt[E[FF exp(Z ttJ[E[FF]+2Z ;2[E[F2])

i,j=1
i<j

t=0

n—1 n—2
Ory 01, ([E[Fn_an] + ) HELFiF ]+ Y| HEIFiF, 1]+ tn[E[Fn_an]>

i=1 i=1
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i,j=1 i=1

J= t=0
i<j

-exp< Y ttE[FiF)] +%Z z?[E[F%])]

r(y)

= Y [ ElFiFil

y k=1

giving the result. O

Proposition 1.4.38. Suppose that F and G are two R" and R™, respectively, Gaussian random
variables with zero mean. Then

" F[G;F; =
E[:Fy---F,::Gy -Gy 1= Ysee, izt EIGiFo@l, n=m,
0, n#m,

where ©,, is the set of permutations of {1,...,n}.

Proof. A proof of a more general result can be found in Theorem 3.9 and Theorem 3.12 in [112].
We have
exp(G'X s)

GOl =0s Frex 0 Gx9)]

5=0

and analogously for F, then
E[:G1---Gpi:F1---Fp:

[ exp(G x s)exp(F xt)

Elexp(G % s)] E[exp(F x1)]

t,s=0
exp( 321 sis/EIGGH ) exp( 31, itELFiF) ) exp (X, tisiELF,G)
! 1
eXp(7 Tj=1si5j[E[GiGj]>eXp(7 ijlt,-tj[E[F,-Fj]>

n,m
- asa,exp<2 tisj[E[FiGj]>

ij=1

= as(ﬁ (i sj[E[FiGj]>>

i=1 “j=1

— UsUp

t,s=0

t,s=0

s=0

The quantity H;;] (Z]r.”zl s; E[F;G/]) is a homogeneous polynomial of degree n in sy,..., Sy.
Therefore, when m > n we are differentiating more times than the degree of the polynomial, while
if m<n we obtain a polynomial of degree n—m >0 evaluated at  =0; in both cases we get then 0.
The only case left is the one where m=n, which gives

zae@n H?:] E[GiFsp)], if n=m,

E[:Fi---Fp,::Gy---Gp: ] = .
0, if n#m,

concluding the proof. O

Proposition 1.4.39. Let F1,...,F, be n Gaussian random variables of mean zero. Then,

r(y)

FyeeFr=y (-1YOT] EFF [ P
4 k=1

i€eA
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where the sum runs over all Feynman diagrams y labelled by F1,...,F, with edges (i, ji), for
k=1,...,r(y), and where A is the set of n —2r(y) unpaired vertices.

Proof. A proof of this result can be found in Theorem 3.2 in [112]. We have

exp(tx F)
"Elexp(tx F)] |0

1 n
= a“...a,”<exp(t><F)exp<—§Z t,-tj[E[FiFj])>
i,j=1 =0

n
1
= am...at”_][Fnexp(th)exp<—§z titj[E[FiFj]>

FieoFy =

ij=1

n
1
+exp(t x F) 0,”exp<—§ > titj[E[FiFj]>]

ij=1

t=0

n
1
= 0,1---atnZ[FnFn—leXP(tXF)eXP<—§Z title[FiFj])

ij=1

n
1
+F,exp(tx F) dtnlexp<—§ > zizj[E[FiFj]>

ij=1

+F,_1exp(tx F) atnexp< Z 1it;E[FiF; ])

111

n
1
+exp(t X F) 0,”_]0,nexp<—§ > t,-tj[E[F,-Fj]>]

i,j=1 t=0

= z< >[<H 0r; exp(—%z tilj[E[FiFj]>]
y i€A JEA i,j=1

which gives the result. Ol

t=0

From the previous result, it is possible to get the following result.

Proposition 1.4.40. Suppose that Fy=(F11,...,F1,,) and Fy=(Fy,...,F2,,) are two R"' and
R"2, respectively, Gaussian random variables with zero mean. Then

r(y)
Fiye Fini P Fopyi= ) H ELF 1 Fajd [ | Fi
b4 i€A
where the sum runs over all Feynman diagrams y labelled by {F11,...,Fin,, Fa1,...,Fan,} with

edges (1ig,2jy), fork=1,...,r(y), and where A is the set of n1+ny—2r(y) unpaired vertices.

Proof. The results follows in the same way as in the proof Proposition 1.4.39, considering the

formula
exp(F1Xxt1)exp(F2Xt2)

FreFung i For e Fongt =00 0 Eres OF S Elexp(Fa X 1)] leytamo’

For a different proof of the same result, see also Theorem 3.15 in [112]. O
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1.4.5 Fock spaces and chaos decomposition

Let us now recall the notions of tensor product and symmetric tensor product on Hilbert spaces.
Take an Hilbert space H and consider its n-times tensor product with itself:

H®”=H®---®H,

that is, if 41,...,h,€H, then b1 ® --- ® h,,€ H®", but also linear combinations of elements of this
form live in H®". There is a natural scalar product on H®", given by, for hy,...,hy,h1,...,h, €EH,

n
(M@ @hphi® - @hp)yer=[ | (hishiu.
i=1
However, H®" is not a complete space with this scalar product, so we can consider its completion

H®" with respect to the scalar product itself, to get an Hilbert space.

Example 1.4.41. Let M be a topological measure space equipped with a measure ; and consider
H=L*M,dn), then H®" is isomorphic to the space

LX(M™,dn® - ®n)).
That is, for hy,...,h,€H and x4, ...,x, €M, we have
(h1®- - @hw)(X1,....xp)=hi(x1)- - -hn(xy) ELAM X - - X M, 5(dx1)- - -1(dx ).
If H=H{([0,1]), then
H®" = {feLX([0,1]"),f(0)=0,0;,---9,f €LX[0, 11"},

that is, to f1 ® f> corresponds to fi(t1)f2(t2) €H ®2 and the scalar product on H ®2 s given by

(f1® 12,81 ®82)H®2=/ 20zf1(ll)azgfz(fz)az]gl(fl)atzgz(tz)dt]dlz,
[0,1]
where g1,g2€ H{([0, 1]).

Now, we consider the Hilbert space H On c g®n generated by elements of the form
1
f1®---®fn=n—!z he)®@ -+ @hom), hi€H.
cEG,
Notice that such a product is symmetric. We can construct a scalar product in the following way:
1 . 1 .
" O -Ohy,h1O--- @h;l)Hén:W Z H (ho(iys ho (i) )H=—7 Z H (hi,ho@)n-

n!
0,0'€Q, i=1 cES, i=1

Example 1.4.42. In the case of H=L*(M,dn), we have that H on is the set of symmetric functions
with respect to the permutation of xy,...,x,, with product

n
1
hl@...@}lnzm Z H hg(j)(xi),

cEG, i=1
and "

hO---Oh=h(x1)---h(xp).

The next result introduces the n-th order Wiener—Itd integral 6", which is often denoted also
as I, or W, in the literature.
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Theorem 1.4.43. There exists a (quasi-)isometry 8", called n-th order Wiener—1Ito integral, berween
HEY into L*(H, ) such that, if hy,...,h, € H, we have

6"(h1©---Ohy)=:6(h1)---6(hn):,
where 6 is the Wiener—Ito integral introduced in Theorem 1.4.23. Moreover, for f ,geHg(l,[,

E[6"(f) 6" (@)1=n!(f. &)y 00 (1.4.6)

Proof. Since the linear combinations of elements of the form 4, © --- ©® h,, are dense in Hg’f,[, the
theorem follows by proving equation (1.4.6) for elements of that form. We have

E[6"(h1© - ©hy) 5" (h1 O+ ©Ohy)] = E[:6(h1)---6(hn)::6(h1)- - -6(hy):]

Z H E[6(h;) 8(hya)]

€S, i=1
n

= z H (his ho(i)Henm
c€ES, i=1

=nl(h1©- - Ohyh1 O Ohy)

Ons
Hewm

which yields the proof. |

Before proceeding further with the definition of Fock space generated by H and the chaos
decomposition, let us state here an iterative formula for products of the form integrals of different
order 6"(h1® - Qh,)6™(h1®---Ohy,).

Proposition 1.4.44. Let hy,...,h,,,hY, ..., h, EH. Then

8"(h1©--Qhy)6"(h1O - Ohpy)
r(y)

= (H [E[(S(hik)&(h}k)]> 5"+m-2r<r>( ® no © h;),
Y k=1 i€Ai(y) JEAL(Y)
where the sum runs over all Feynman diagrams y labelled by {h1, ..., hy,hY, ..., hy} with edges

(it jr), fork=1,...,r(y), and where A=A U A is the set of n+m—2r(y) unpaired vertices.
Proof. The result follows by Proposition 1.4.40, see also Proposition 1.1.3 in [148]. O

Example 1.4.45. (Brownian motion on [0,1]) Let us consider a Brownian motion B on [0, 1] and
recall by Example 1.4.14, 1.4.22 and 1.4.24 that it can be seen as a Gaussian measure on L%([0, 1])
with Cameron—Martin space given by H(%([O, 1]). Let neN and consider K € (H(%([O, 11))®", then
it is possible to show that

1
5§(K)=nz// 0,0, K(t1,...,t,)dB,,---dB,,.
0 <<ty

Definition 1.4.46. Let H be an Hilbert space. We call I'H the Fock space generated by H, with

[o0]

(here Hé():[R) with scalar product, for f =(fo,..., fn,...)EUH and g=(go,...,8&n,...) ETH,

(fag)FHz Z n!(fnagn)Hérl-
n=0
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Remark 1.4.47. T'H is an Hilbert space.

The next result gives an isomorphism between the space L*(H, i) and the Fock space T'Hcp.
It was first proved by Segal in [168], see also the work by Friedrichs [77].

Theorem 1.4.48. The maps defined in Theorem 1.4.43 give rise to an isometry 6 between the
Fock space THcw and the space L*(H, ) defined as

[o0]

Furthermore, 6% is an isomorphism between THcy and L*(H, p).

Proof. We know that §": H®" — L*(H, u). Moreover,

E[6"(f)6™(&)]= / o"(f)(h) 6"()(h) u(dh) =0,  n#m,

and 6% is an isometry, since, in the natural scalar product of I'Hc, Hg(’,[ is orthogonal to Hé)ﬁ,
for m#n, and therefore 6% is also injective.

We are left to prove that 6% is surjective. Since it is an isometry, we have that its range,
ran(6%), is closed. We have to show that ran(6%)=L*(H, u). Let us denote by &, (Hcm) the set
of polynomials of degree n with respect to elements of the form 6(f), f € Hcm. Then, we have
P(Hem) € L2(H, ), and moreover

U P (Hcp) Cran(5%).

N
We show that ne

7= PuHow=LH. ).

neN
Let us start proving that, if fi,..., f, € Hcwm, then, for any a4, ...,a, ER,
e @8+ +and(fa)) = Pp.

We have, for feHcy and a €R,
. > (G k
elaﬁ(f)zz (lai(.'f)) ’

and, if we consider the truncated sum, for some N €N,
iad
Z ) & (e

then the following bound holds: for any p>1,

Z (1a5(f)) Z ol |5(f)|k

k=0
< ePDleLrH, ),

where we used the fact that 6(f) is Gaussian. Therefore, we have

[ le

N . k2
iaﬁ(f)_zw -0, as N = +o0,
k=
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by the Lebesgue dominated convergence theorem, since

2
<1+,

N
iad (1a6(f))k
REOEY e
k=0

This gives ! @00+ +ad(fi) € [2(H ;). Now, if F € 2%, then

E”[Fei(a]5(f])+. . ~+an5(fn))] = 0,

for ¢;€R and f;€Hcym, i=1,...,n. Take an orthonormal basis (efICM)jeN of Hcwm such that
e}qCM eran(S), that is 5(efICM) =(S ‘]e]HCM, -), and consider, for R >0, the filtration given by
Fr=o({6(e]™):j<R}).
Notice that
Fro>F =%, as R— +co.
If we consider F € L*(H, ), then
Fr:=E [FIFR] = E [FIF«]=F, a.s.,

by the martingale convergence theorem.
On the other hand, we have

- FRei(a](S(efCM)Jr---+an5(effCM))]
"

[E”[[E”[F '«Ofklei(““ﬁ(e?CMH---+an5<effCM>)]

[l

_ [E”[Fei(alé(€7CM)+~~+txn§(e:1CM))] —0

since Fp is a measurable function of 5(6;-1 M) j<R, by the uniqueness of Fourier transforms in
finite dimension, we have that Fg=0. Therefore, F =limg_, ,F'g=0, a.s. This implies that Pt=
{0}, and so »=H, since & is closed. W

In the light of Theorem 1.4.48, if F € L*(H, u), then we have the following representation,

F= i o"'Fy,
n=0

for some F, € Hy, n €N, with the sum on the right-hand side converging in L*(H, ).

called Wiener chaos decomposition,

With an abuse of notation, we can write
n —_ ny — [e¢]
I'"Hcy=ran(6") =ran(6 IH(%),

and I'’Hey=R. In this way, we also have the following representation for F € L*(H, u), which is
referred to as Wiener chaos decomposition as well,

F= i F,,
n=0

where F, € "Hcw, i.e. F, is a Wick polynomial of degree n, for every n € N. Moreover, if
P(h)eL*(H, 1) is a Wick polynomial of degree n, then

P(h)e U THewm.

i=1
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In particular,
2
) .
Il € THew.
i=1
We now want to introduce the notion of Malliavin derivative. Let H be a separable Hilbert
space and let u be a Gaussian measure on H with Cameron—Martin space Hcm.

Definition 1.4.49. We say that F: H— R is a cylinder function, and we write F € Cyly, if it has
the form

Fx)=f(6(h)(x),...,6(h,)(x)), xXEH, (1.4.7)
for some neN, hy,...,h,€Hcwm, f € S(RM).

It is then possible to define a notion of derivative for cylinder functions.

Definition 1.4.50. Let F € Cyly be a cylinder function of the form (1.4.7) and consider h € Hcwm.
The derivative of F in direction h is defined as

DF(x) =% FOr4 )| 1zo= Y, 05 f(B(h)@). ... x) R, xEH.

i=1

Notice that, for x € H fixed, h— D,F(x) is linear and bounded on H, and it then determines
an element of H&y = Hewm, which we denote by DF(x). Therefore, F +— DF is a linear operator
from the real-valued cylindrical functions into the space of Hcy-valued Wiener functionals LP(H,
u; Hewm), for any p> 1. It is possible to show that the operator D is closable from LP(H, u) into
LP(H, u; Hew), for any p>1 (see Proposition B.3.1 in [180] or Proposition 1.2.1 in [148]).

Definition 1.4.51. We denote by D'"? =DVP(R) the set of (equivalence classes of) functionals
F on H such that there exists a sequence of cylindric random variables (F,),en converging to
F in LP(H, u) such that (DFy)nen is a Cauchy sequence in LP(H, u; Hov). We denote the limit
lim,, +xDF, by DF.

It is possible to show that the limit DF defined in the previous proposition is independent of
the choice of the approximating sequence of F. Moreover, D'*? is a Banach space with the norm

NFllpre= 112t + IDF | 2 o
(see Appendix B.3 in [180] or Section 1.2 in [148]).
We then get the following iterative construction.
Definition 1.4.52. Let p> 1 and k> 1. We define the space D*P as follows:
i. FeD?>? if DFeD“P(R® Hcwm), we also write D*’F =D(DF).
ii. FeD*P if DF1FeD"?(RoHSE™).
Proposition 1.4.53. Suppose that Hcwm is a subspace of measurable functions on a set X'. Let

F €D"? be a square integrable random variable with chaos decomposition F = Zf;o 6"F,, for
F,eHEY, neN. Then, we have

DF(x)= Z no" Fo(x,), xe.

n=1
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Proof. See Proposition 1.2.7 in [148]. ]

Remark 1.4.54. A consequence of the previous result is that, if F is as in Proposition 1.4.53
with chaos decomposition F= Y’ ,F, where r, denotes the projection on the n-th Wiener—Ito
chaos I'"Hcwm, we then have Dr,FF=7x,_1DF.

1.4.6 Hypercontractivity

Let us introduce the following operator between Fock spaces.

Definition 1.4.55. Let A be a linear and bounded operator from Hcy into itself, then we write

TA:LX(H, p) — L*(H, p),
associating each f1,...,f,€Hcm to

CAGS(f1)- - -8(f): ) =:8(Af1)- - -8(Afy): .

In the present section, we want to show that, if A is a strict contraction and 1 < p < +oc0, then
the hypercontractivity property holds, that is I'A is a contraction of L? into L? for some ¢ > p. This
subsection follows closely Chapter III inside the reference [179].

Take r €[0, 1], and define the linear and bounded operator T, on L*(H, ) given by

T,=[(ridpg,).
meaning that, if fi,..., f, € Hcwm, then

T:(:6(f1)- - 6(fn):) =:6(rf1)- - - 6(rfp):=r" :6(f1)- - - 6(f):.

It is also possible to express this operator as 7, =I'(rid g,) = r, where /' is the (unbounded)
number operator on L*(H, 1) defined on the set of L*(H, u) functionals with finite chaos expansion
by extending via linearity the following definition:

N CE(f1)- - -6(fn):) =n:6(f1)- - -6(fn):

The operator ./ is known as the number operator in quantum field theory and as Ornstein—Uhlen-

—tN

beck operator in stochastic analysis. Notice that the operators I'(e~"id Hew =€ ", >0, form an

operator semigroup called Ornstein—Uhlenbeck semigroup (see Example 1.2.5).

Lemma 1.4.56. T, is a contraction, that is,

TN 22, oy < WF I 22, oy

and, moreover, it is a self-adjoint operator.

Proof. Let F € L*(H, u) and consider its chaos decomposition for F,eT"Hey, neN. Fix neN,
then

T.F,=r"F,,
and then, since r<1,
T Full 2= lr"Fullz=r" | Fnll 2 < | Full z2-

Therefore
2 [ [

2n g 112 112 2
=Y PN Ellf < Y M l7=F N1

2 n=0 n=0
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by the properties of the chaos decomposition (cf. Theorem 1.4.43 and 1.4.48).
To prove that 7, is self-adjoint, take F, G €I"Hcy, then

(G, T,F);2=(G,r"F);2=(r"G,F)2=(T,G, F)2,
while, if F€lHcy and G €1 Hcw, n# m, then, by orthogonality,
(G.T,F);2=(G.r"F);2=0= ("G, F) 2= (T,G, F) 2.

which gives the statement by the boundedness of the operator T;. O
We have the following characterization of 7,.

Theorem 1.4.57. Let F € L*(H, ). Then, for he H,

T,F(h) = / F(rh+ 1—r2il),4(dﬁ). (1.4.8)
H

Proof. See Section 4.2 in [112]. O
Theorem 1.4.58. T, is a continuous operator from LP into itself, for any p €[1,+c0].

Proof. When p=+o0, we have ||T,F||Loo</||F||Loody= [|F|| L, which gives the result. For p=1,
we have

IT.E|, = /‘/F(rh+ 1—r2}~l>u(dﬁ)‘p¢(dh)
H H

2\ udii
< /H/H|F<rh+ 1—r h>|,u(dh),u(dh)

= (1, TIF))
= (T,1,IFI)2
= (1,IF])2
= ||F||p-

Via interpolation we can get the result for any p €[1, +o0]. ]

We are then in position to prove the hypercontractivity result.

Theorem 1.4.59. (Hypercontractivity) Let 1 < p<g<+oo and r €(0,1) be such that r*(g—1)<
p—1. Then T, is a contraction from LP(H, u) into L1(H, p).

It is worth to stress the fact that p <g, namely the operator 7, improves the integrability:
TF || < N F |

Let us see some consequences of this result.
Corollary 1.4.60. If F €T""Hcw, then we have, for any g €2, +00),
IFlze< (v/g=1)"IFll 2

Proof. Recall that T.F =r"F. We can apply Theorem 1.4.59 for p =2, taking r = ( q- l)_],
to get

(Va=1)"NF = TF o< I1F 2
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which is what stated. 1

Corollary 1.4.61. Let F be a polynomial of degree at most n. Then, for any q €[2,+0),

IFle< (Va=1)"IF 2

Proof. Notice that F e Uj}_ ['*Hcyp. We can then use Corollary 1.4.60 to get
IFdle< (Va=1) NFllz< (vVa=1)"I1Fell 2
and then the result for F. 1

Corollary 1.4.62. (Fernique theorem for Hilbert spaces) Let u be a Gaussian measure (with
mean zero) on a Hilbert space H. Then, there exists a> 0 such that

/ el 4 (dh) < +00.
H
Proof. We have

T 2n T a
" _ a"|| Al _ a 21
/He" ”M(dh)—nz_OL—n! M(dh)—nz_o 1 NlAlE Nz

Since § is a trace class, positive self-adjoint operator, then there is a basis {e;};jen of H consisting
of eigenvalues of §,i.e. Sej= ojze ; for some 6]_2 >0. In particular, this implies that (Sej,e;)p = 6,-1-01-2.

Since &(Se))=(S ~'(Se;), Ju=(ej,)u, then we get [|hll; =X ;e (5(Se)))>. We have that

WG = 3 [ ase?acses? uta

i,jeN

= ) SepepuSenedu+ ). / 5(Se;)*u(dh)
i,jEN,i#] jeN

= ) (SepepuSenedu+3) (Seje))i
i, jEN,i#] jeN

< tr(S)? 4+ C(1 +1tr(S))

< 4o00.

where C >0 is a suitable constant and we used the fact that f o(S ej)4,u(dh) =3(Se;, ej)%, (being
6(Se;) a Gaussian random variable with variance (Sej, e;)n), and that # 2(N) c #'(N). Therefore,
|AllZ € U?_o T"Hcwm, and we can exploit hypercontractivity (Theorem 1.4.59) to get

IANZNZ< (v/r=1) > AN
Thus,

+o0
2 a"
/ eIy < Y - (o= 1IN
H n=0
and by Stirling formula, namely (n—1)" < C'"n! for some positive constant C’, we have
+00
/ e My < Y (@C Al )"

H n=0

and taking a < (C’|| LA 12)~ ! yields the statement of the corollary. O

The remainder of the present section is devoted to the proof of Theorem 1.4.59. We follow
closely the proof presented in Chapter IIl in [179] (which in turn follows [147]), but let us mention
that the hypercontractivity property was first proved by Nelson [146]. We also refer the reader to
Chapter V in [112] and the references therein, as well as Example 7.15 from the same book.
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Proof of Theorem 1.4.59

It is enough to consider H and Hcy as finite-dimensional spaces, since the statement of the the-
orem does not depend on the dimension of the space. Indeed, if H is infinite-dimensional, then we
have F,, = F in L? such that F,, =Fn(5(€1), ...,0(ey)), where (e;);en is a basis of Hcy. Therefore,
if the result holds in finite dimensions,

I T-F ol r e vo, 1) < NN Fnll s,

and || T.F |l 2= 1 TF ull, | Full o= || Full o, giving the result for the infinite-dimensional case. Here,
we denoted by N(0,1) the space of n-dimensional Gaussian random variables with zero mean and
variance given by the identity /.

We let X and Z be two n-dimensional Gaussian random variables with variance given by
the identity I, we write X,Z ~ N(0,1), and consider, for 0<r<1, Y =rX++/1— r2Z. Then Y is
another Gaussian random variable and E[XY]=rI. From now on, we denote by X the 5-algebra
generated by the random variable X.

Lemma 1.4.63. Consider X,Y ~N(0,I) such that E[XY]=rl. If F(X)€L?, then
E[F(X)| F¥]= /F(rY+ N= r21> Lz (d2)=T.F(Y),
where Z ~N(0,1).

Proof. Let GEL®(FY). Since X and Y are Gaussian with correlation r/, then there exists a unique
random measure Z ~ N (0, ) independent of Y, such that

Y=rX++y1-r2Z.
Now, we have

E[F(X)G(Y)]

[E[F(X)G(rX+ - r2Z>]

[E[F(rX+ - r2Z>G(Z)],
since 7, is self-adjoint. Moreover, Z~X and rX++/1— r2Z ~Y, and therefore, by Theorem 1.4.57,

E[F(X)G(Y)] = E[T.F(Z)G(Z)]

E[T.F(Y)G(Y)],

since this is true for any G € L*(Q, F Y P), we have
E[FX)|FY1=T,F(Y), as. O

Consider two n-dimensional Brownian motions X;=(X1,...,X,,) and ;=Y14,..., Yn), for
t €0, 1], with covariance rt for some r €(0, 1), that is

[E[XiJ Yj’[] = 5,]rt
Let ¥ and #! be the natural filtrations of X; and ¥;, respectively. By the previous lemma we
have that, if F € L?(c(X1)), then
T,F(Y) =E[F(XDIY]= E[F(XIF"],

since the Brownian motion is Markovian.
If Gel’(F f( ), we use the following notation

TG=E[GIF].
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Proposition 1.4.64. Let 1 <p<g<+ooandre(0,1) suchthatp—1= r2(q —1), then T= [E['I?/Tf]:
LP(FX) = LUFY) and moreover, for any G € LP(FY), we have

I TGl o< |Gl (1.4.9)

Proof. Since T is positive, namely
IT(G)I=|EIGI F NI ENGI F{ 1=T(IG)),

it is enough to prove the theorem for G >0. Furthermore, since L*(FY) is dense in LP(F}) for
any p €[1,+o0], we can restrict to consider the case 0 < G < b for some b > 0. Finally, since
G+e—>Gase—0in U’(]—"]y) it is sufficient to prove inequality (1.4.9) for any G € L°°(?/7{() such
that 0 <a < G<b, for some a,b>0.

Since linear combinations of element of the previous form are total in L?(F7) for pe (1, +0)
(i.e. they separate the point of the dual), inequality (1.4.9) is equivalent to prove that F € L°(FY)
such that 0 <a’ < F<b’ (for some a’, b’ >0) we have

E[T(GFI NGl FllL,
where 1/s+1/g=1. This is because it would imply the same inequality for the moduli, namely
ENT(GOIFI |Gl llF I,
which gives
I17Gl|= sup ENT(GIFI< (|G llze.

[I1Flls=1
a’'<F<b’, for some a’,b’>0

Now, we take M, =E[GPIF ], N,=E[F*I%!]. These are martingales, and by the Itd representa-
tion theorem we have

t
M, = Mo+/ ¢.-dX,,
0

1
Nt = N0+/ Wf'dyra
0

where ¢,y € L*([0, 1] x Q, R") are predictable. Then, taking a=1/p and f=1/s, we have by Itd
formula
t t 1
MNP =MENL + / aM® 'NPam .+ / BMENP AN, + 1 / M?NPA, dt,
0 0 2Jo

with

A;=ala—1) P ’

= M[

P Wi pp_ ‘ﬂr
+2raf M N, +p(p-1) AR
and we could apply It6 formula because M, N;>a> 0.

Since M and N are martingales, we have

1
E[MINT] = E[MEN] +% / E[MNFA,] dr.
0
Now, E[M{]=G and E [N]ﬂ] =F, moreover

1 1
[E[GF]=[E[[E[Gpl,?éf]l/PE[Fslgg]”S]=||G||L””F||LS+§/ [E[M?‘NtﬂAt] dr.
0
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Notice that A;<0. This is because it is a homogeneous polynomial of degree 2 in ¢,/M, and
v/ N;, and, since a=1/p<1land f=1/s<1,

ala—1) rap 3
tr( raf ﬂ(ﬁ—l))‘“(“—1>+ﬁ(ﬂ—1)<0.
Moreover,

s T 1D apta g )= a0,

which holds because it is equivalent to p— 1> r%(g—1).
Therefore,

E[GFI<IIGIIIF s
Now GF is measurable with respect to #” and we have
E[E[GFIF Y| =E[E[GIFYF]1=E[T(G)F],

which gives E[T(G)F1<||Gll|IF |l and thus T is hypercontractive, which concludes the proof
of the statement. 1

We have then 7~"(G(X ) =T,(G)(Y1) and hence
IT(G)(YD < 1G] s
for Y; ~N(0,1). This concludes the proof of hypercontractivity, i.e. Theorem 1.4.59.
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Probabilistic approach to
singular SPDEs












Chapter 2
Introduction

The four methods mentioned in Section 1.1 for solving singular SPDEs present the common fea-
ture of bypassing probability theory and approaching the problem from an analytic point of view,
focusing in particular on pathwise arguments. Nevertheless, some progress on a probabilistic
perspective has been made in recent years. We focus here on the study of weak solutions to
singular SPDEs via their martingale problem representation (we also refer the reader to [98] for
a recent overview on the subject).

2.1 Martingale problems for SDEs with distributional drift

In order to showcase some of the difficulties one encounters when trying to give a probabilistic
formulation to singular SPDEs, let us start by working on a simpler model. Indeed, since in most
cases singular SPDEs are nothing but SPDEs with a distributional drift, we consider here a finite-
dimensional example given by the following stochastic ordinary differential equation with distri-
butional drift:

dX,=b(X)dt+4/2dW, 1€R,, (2.1.1)

where X is real-valued, W is a one-dimensional Brownian motion, and b € &'(R) is a Schwartz
distribution on R. In particular, b(z) is not well-defined for z € R, and hence the term b(X;) in
equation (2.1.1) is ill-defined since X, is meant to take values in R. A possible probabilistic
approach is to consider the martingale problem associated with the infinitesimal generator & of
the solution X to equation (2.1.1). Heuristically, if one considers a smooth test function ¢ and
applies Itd's formula to @(X;), one should get the relation

t
M?=¢(Xt)—<0(Xo)—A Zp(Xy)ds, (2.1.2)

where MY is a (local) martingale and where Z¢(X,) = 020X, + b(X;) 0:p(X,) is (an explicit
representation of) the infinitesimal generator of the solution X for the test functions ¢. The mar-
tingale problem consists then in finding a stochastic process X such that the right-hand side of
equation (2.1.2) is a local martingale. Still, an a priori ill-defined term appears in £, namely
b(X;) 0xp(X;), which is a product between a distribution and a smooth function — notice that mul-
tiplying by a smooth function does not increase the regularity a priori (e.g. multiplication by
a constant) —, and thus it does not make it possible to make sense of the term fol LX) ds.
The idea is then to consider test functions ¢ that are non-smooth but with a structure somehow
adapted to the term b, with the aim of increasing the regularity when the multiplication occurs
— for instance, think of multiplying a non-regular function f by its inverse: such an operation
increases the regularity. Solving the equation

ZLo=F,

53
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for some given continuous function F, would allow us to make sense of the integral term
fot Lp(X,)ds= fot F(X;) ds and to then study the martingale problem. In particular, solving Lo =
F, for all F € Cp, would put us in position to identify explicitly the domain of the operator & as

D(&)={p: Lp=F,for FECy},

determining uniquely the distribution of X via the martingale problem. The main problem is then
to deal with the equation £ @ =F, which still involves the term b(X;) 0,p(X;). In the case where
b is the derivative of a continuous function B, it is possible to show that the equation Lo =F
is well-defined and that it admits a unique solution as it is established in the works by Flandoli,
Russo, and Wolf [74, 75]. The same strategy of considering the problem £ ¢ =F can be adopted
in the multidimensional setting or when the distributional drift is time-inhomogeneous, i.e. when
b(t,X;) depends on time ¢, but in order to deal with the well-posedness of the equation it is nec-
essary to work with paracontrolled distributions techniques. We refer the reader to the work by
Flandoli, Issoglio, and Russo [73] for the multidimensional case where b has Holder regularity
greater than —1/2, to the paper by Delarue and Diel [62] for the one-dimensional case with b
having Holder regularity grater than —2/3, and to the article by Cannizzaro and Chouk [42] for
the multidimensional case where b is of Holder regularity greater than —2/3.

It is worth to point out that the aforementioned works provide results for probabilistically
weak solutions to the equation, while if b is a (possibly non-smooth) function instead of a distri-
bution, it is then possible to get a unique probabilistically strong solution (see e.g. the paper by
Krylov and Rockner [124]).

2.2 Energy solutions to singular SPDEs

We shall now turn our attention to the infinite-dimensional scenario. The first results on martin-
gale solutions to singular SPDEs were obtained for the KPZ equation on the one-dimensional
torus, in particular passing through the stochastic Burgers equation

duu(t, ) = Au(t,x) + 0 (1,) +/2 0.£(t.%),  (t,.x) ERLxT. 2.2.1)

where £ is a space-time white noise. The dynamics of u# are known to be invariant under the law u
of the space-time white noise on T, and in particular u(z, -) is a distribution of negative regularity
—1/2—¢, >0, for every t €R (see Example 1.4.18). Since products of distributions with such
a regularity are not well-defined, the square of u# does not make sense from an analytical point of
view. But starting the solution « at stationarity (i.e. in the stationary measure ), allows us to make
sense of u” as a square of a white noise.

Let ¢ € C*°(T) be a test function. Following the formal argument of the singular drift case, a
process u€ C(R 4, 8'(T)) is called a martingale solution to the stochastic Burgers equation (2.2.1)
if the following process is a continuous martingale

M?=(u,) — o(uo) — /0 us(Ap)ds— /0 u2(0x) ds,
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with quadratic variation 2t||6xqo||%z. Here, the square of u appears, which, as mentioned before, is
not well-defined. An idea is to consider a sequence of regularized solutions u” (e.g. convoluting
the original solution against a sequence of mollifiers p") and to proceed defining the integral
fol u%(dx(p) ds as a limit (in probability) as N — +oo of the integrals for the regularized solutions

fot (uY)*(0xp)ds. While it is possible to show existence of martingale solutions, the lack of control
on the non-linearity does not make it possible to show uniqueness.

Gongalves and Jara [85] introduced the notion of energy solution to equation (2.2.1) by
requiring further that u satisfies some inequality — called energy estimate — allowing them to
conclude that /0 du2dse C(R,,S’(T)) and that the process fo d.u%(¢)ds has zero quadratic vari-
ation for every test function @. There is still no way to compare two energy solutions, but a
possible way to get uniqueness is to prove that every energy solution u to the stochastic Burgers
equation satisfies the Cole—Hopf transformation u =0, logv, where v solves the stochastic heat
equation with multiplicative noise

opv(t,x) = Av(t, x) +v(t,x) £(, x), (2.2.2)

that is a linear SPDE that can be solved in a classical way. In particular, the assumption in the
definition of energy solutions about the estimate of the non-linearity makes it possible to get an Itd
formula to work with, which would heuristically allow to perform such a Cole-Hopf transforma-
tion. But in practice, one needs some extra control on additive functionals of the form fol F(uy)ds
to get the proper transformation.

Gubinelli and Jara [93] gave a slightly refined notion of energy solution — also called forward-
backward solution (see e.g. [98]) — as an energy solution u to equation (2.2.1) with the extra
requirement that the reversed process i, =ur—_; is an energy solution to the equation

Oii(t,x) = Adi(t, x) — 0xid*(2,x) + /20:E(1, %),

with respect to the backward filtration. The authors proved existence of such solutions exploiting
an inequality called 116 trick (or sometimes martingale trick) satisfied by the forward-backward
solutions, which allows them to control the mean of the time-integral of the symmetric part of
the infinitesimal generator of the process u by means of the initial condition. We will dig deeper
on such an inequality in Chapter 3 since, as we will see, it will be crucial for our results on the
probabilistic approach to singular SPDEs. Let us mention that the authors also provide existence
for a generalized stochastic Burgers equation (and uniqueness for some cases not including the
“classical” one given by equation (2.2.1)), and for the hyperviscous stochastic Navier—Stokes
equation, that will be one of the subjects of the present thesis.

In particular, the It6 trick allows to control the aforementioned additive functionals fot F(uy) ds
and therefore to implement the Cole—Hopf transformation for the forward-backward solutions.
This also yields an Itd's formula allowing them to map solutions to the stochastic Burgers equa-
tion (2.2.1) into solutions to the stochastic heat equation (2.2.2) with multiplicative noise. In this
way, uniqueness of forward-backward solutions for the stochastic Burgers equation on the real
line and on the torus was proved by Gubinelli and Perkowski in [97].

A further development of this approach to stochastic Burgers equation was given by Gubinelli
and Perkowski in [99]. The authors introduced a more generic notion of martingale problem,
involving explicitly the requirement that the process solves the Itd trick mentioned above, and
based the approach on constructing a suitable domain for the infinitesimal generator & consisting
of distributions and solving the associated Kolmogorov backward equation (see Section 1.2.2),
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borrowing some ideas from paracontrolled calculus. Notice that this is the same idea exploited
above for distributional drift (see Section 2.1). In particular, the authors got existence and unique-
ness results for the stochastic Burgers equation on the torus T and on the whole real line R without
relying on whether the solution satisfies the Cole—Hopf transformation or not. The authors also
adapted their approach to solve multi-component stochastic Burgers equation and fractional sto-
chastic Burgers equation. Let us mention that one of the peculiar properties that is exploited by
the authors, is that the invariant measure is a Gaussian measure, hinting to the fact that such an
approach can be applied to any singular SPDEs with this property. The first main result of the
present thesis (see the summary in Chapter 3 and the full article in Chapter A), published in a
joint work with Gubinelli [100], is that it is in fact possible to define such a (quasi-)stationary
martingale problem (and get existence and uniqueness results) also for hyperviscous stochastic
Navier—Stokes equations. Let us also mention the works by Luo and Zhu [133], where the authors
partially apply the same approach to study the stochastic modified surface quasi-geostrophic equa-
tions.



Chapter 3

Hyperviscous stochastic Navier—Stokes equa-
tions with white noise invariant measure

This chapter summarizes the results obtained in the published paper

[100] Massimiliano Gubinelli and Mattia Turra. Hyperviscous stochastic Navier-Stokes
equations with white noise invariant measure. Stoch. Dyn., 20(6):2040005-39, 2020.
DOI:10.1142/S0219493720400055

The full version of the paper can be found in Appendix A.
The research undertaken in the article in question is a collaboration with M. Gubinelli. All the
authors have contributed significant parts to each section of the work.

3.1 Introduction

As mentioned in the introduction, the paper [100] is a continuation of the probabilistic approach to
singular SPDEs. In particular, it consists in an extension of the results obtained by Gubinelli and
Perkowski in [99] to the model of stochastic Navier—Stokes equations in two dimensions. More
precisely, the equation under consideration is the following singular SPDE for the velocity field
u=u(t,x), (t,x) ERLxT%

ou = —(=A)u—Au-Vu—-Vp— \/EVL(—A)H_Z]
divu = 0.

& (3.1.1)

Here, £ is a space-time white noise on Ry X T2, A is a coupling constant, p is the pressure, V=
(0x,,—0x,) and 0> 0 is a positive parameter. Let us remark that the choice of a forcing term given
by ﬁVl(—A)(e'l)/ 2 ¢ formally guarantees that the spatial white noise x on T2, which we can
formally write as the energy measure pu(du)=Z'exp(— ||u||1%z/2) du, where Z is a renormalization
constant, is an invariant for the dynamics. In the present work, we stick to the case 8> 1, that is the
hyperviscous case, but it is worth to mention the results by Cannizzaro and Kiedrowski [43] for
the case 6 €(0, 1], where the authors prove that, if =1 and with an appropriate regularization and
choice of the coupling constant, the sequence of regularized solutions is tight and the nonlinearity
does not vanish in the limit, while for 8 € (0, 1), the large scale behaviour of the velocity is trivial,
and the non-linear term vanishes with solution converging to the equation with A=0. However, as
far as we understand, the authors do not give any result concerning the analysis of the generator
of the limiting process, which instead is the core of our result on uniqueness for the case 6> 1.

Hereafter, we consider the case 8> 1 and A=1, and take the initial condition to be distributed
as the energy measure or an L’-perturbation thereof, namely uo~ 5 du with y € L*(u). Let us
point out that the existence of an energy solution to the stationary hyperviscous stochastic Navier-
Stokes equation was obtained by Gubinelli and Jara in [93]. Let us also remark that, while here,
for the sake of simplicity, the results are presented on the two-dimensional torus T? setting, all of
them hold true also on the whole R? space scenario with some adaptations (see Section A.7 for
more details).
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3.2 Main results

Let us rewrite equation (3.1.1) in the vorticity form. Let =V -u, then e solves the equation

0+1

dw=—(—A)’w—(K+w)-Vo+4/2(-A) 7 &, (3.2.1)

where K is the Biot—Savart kernel on T2, namely K(x)=—Y. w23 ikt 27kl~2 270X with Z3 =
Z\{0}. Notice that u=K % w and therefore the incompressibility condition (i.e. divu=0) is
already included in the new formulation (3.2.1). We also use the notation B(w) = (K * ®) - Vw for
the non-linearity. With such a formulation for the equation, we have that the energy measure

1 -12
-3 lI(=24)

2
udw)y=Z""e @liz2 dow,

where Z is a renormalization constant, is an invariant measure for the equation, and it character-
izes the law of the solution w as a centred Gaussian process indexed by H(l)('[l'z) ={y e H\(T?:
w(0)=0}, i.e. if we start the equation with distribution g, then @ is a centred Gaussian process
(see Section 1.4) with covariance

Elo(Ho@]=(f.&)n)  f>8EHN(T?.

The first problem to be tackled is the definition of solution to the martingale problem associated
with equation (3.2.1), indeed, as we mentioned in the introduction of the present thesis for the case
of stochastic Burgers equations, it would involve the requirement that the process

1
M? = (@) — p(wo) — / Zp(ws)ds, 120,
0

is a continuous martingale with quadratic variation fol ||(—A)(9+1)/2D(p(ws)||zzqz)ds. Here, &
should correspond to the infinitesimal generator of equation (3.2.1). Let us consider a cylinder
function @ of the form @(w) = ®(w(f1),...,o(f,)), where @ is a C%—function and fi,..., f, are
smooth (see Definition 1.4.49). Then, if @ is a solution to equation (3.2.1), we have by It6 formula

dp(w)=ZLe(ws)ds +dM?,
where & =%y + & is given by

Lop(@) = =Y, GD@(f1)..... o) o(=D)f)+ Y, BBO@()..... 0 ) (~D) i £,
i=1

ij=1
Gop(w) = =Y H®(@(f).....0(f) (K* o) V. f). (3.2.2)
i=1

Notice that the non-linear operation appearing in (3.2.2) yields problems of ill-definition for the
term /Ot ZLo(wy)ds.

Introducing a Galerkin approximation B"(w) for the non-linear term, which essentially projects
on a finite number of order m of Fourier modes the non-linearity, it is possible to define the
integral fol Zp(w;) ds for cylinder functions ¢ as a limit as m — +oo, provided that we assume
that the process w starting at wg~ ndu, for n e L%(y), is incompressible, i.e., for any cylinder
function @, we have

sup Elp(w)l St ||§0||L2(,4),

0T
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and that it satisfies the It0 trick, namely that, for any cylinder function ¢ and p > 1, we have

/ t p(wy)ds
0

where &y is the infinitesimal generator corresponding to the linearized equation and /4" is the
number (or Ornstein—Uhlenbeck) operator (see Example 1.2.5 and Section 1.4.6). The afore-
mentioned assumptions become then part of the problem, but it is worth to notice that they are

p
E sup STV lesp(1=Zo) ™0l 2, (3.2.3)

te[0,T]

quite natural, in the sense that they are satisfied by the solution w™ to the approximating problem.
Introducing the Fock space representation # = FH(])('[I'2) of the space L*(u) (see Lemma A.2.5
and also Section 1.4.5), we can get some a priori estimates for the approximating operator &

Lemma 3.2.1. (see Lemma A.2.7) Let w:No— R and p € 7. The following m-dependent bound
holds:

WG @l SmIWAN + 1) +w(N = D)L +H)(A = L) P0l| 5.

Moreover, uniformly in m, we have
WA= L7 Eplle SIWA + DA+ (1= L)@l for all y>%,
and

WA= L) E llge S W = DN A = L) O @l g, forall y <%-

By the previous lemma, it is possible to show that, while we have that £ & 7, it does hold

that (1 — Zp)2.#™@p € %, and we are therefore able to exploit the incompressibility of o and the

It6 trick to bound /Ot Z"p(w;) ds and pass to the limit as m — +o0. Such a reasoning brings us in
position to give a meaningful definition of the martingale problem.

Definition 3.2.2. (see Definition A.3.2) A process (w;);>0 with trajectories in C(R1; S") solves
the cylinder martingale problem for & with initial distribution v if wg~ v and if the following
conditions are satisfied:

i. (w,);1is incompressible,
ii. the Ito trick (3.2.3) works,

iii. for any cylinder function @, the process
'
M? = @(w;) = (o) — / Zo(wy)ds, 120,
0

is a continuous martingale with quadratic variation {M?),= fot & (p)(wyg)ds, where (@)=
2f1r2 I(—A))(C0+1)/2Dx(p|2dx and D denotes the Malliavin derivative (see Definition 1.4.50).

The proof of existence of a solution to the cylinder martingale problem with initial condition
wo~n du, for ne L*(p), follows a tightness argument on the sequence (w™),,en of solutions to the
approximating problems (see the proof of Theorem A.3.3).

As far as uniqueness is concerned, we exploit a duality argument with the Kolmogorov back-
ward equation (recall Section 1.2.2). Suppose that there is a domain D(Z) C # for the operator &
such that (&, D(Z)) is a densely defined dissipative operator on # and that there exists a unique
solution p € C(R4,D(ZX)NC (R, F) to the Kolmogorov backward equation

(1) =ZL (1), (3.2.4)
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for any initial condition ¢ in a dense subset  C #. Then (&£, D(Z)) is closable and its closure is
the unique extension of Z being the generator of a strongly continuous semigroup of contractions
(T)r=0 and moreover @(t) =T,p, for any ¢ €% (see Proposition 1.2.14).

Moreover, if ¢ € C(R;, D(Z))NnCYR,, #) and w solves the cylinder martingale problem
for £, then also the process

t
(p(ta wl)_(p(o’wo)_/ (aS+3)(p(s’ (US) dS, IZO’
0

is a martingale (see Lemma A.4.2). The proof of uniqueness of solutions to the cylinder martin-
gale problem consists then in determining uniquely the n-point marginals via the initial condition,
for instance, for the case n=2 we have, for @,y € D(Z) and 0<s5<t,

Elp(w) y(wy)]=E [(Tz-sfp(ws) + /0 (0r+ )T r () dr> l//(ws)] ;

and exploiting the incompressibility of @ and the fact that 7;¢ solves the Kolmogorov backward
equation (3.2.4) with initial condition ¢, we have that fol 0y + A)T;—@(w,) dr =0, and hence

Elp(w) w(ws)] = E[T;-sp(ws) y(wy)].

By induction on n we can then determine uniquely the law of w.

Theorem 3.2.3. (see Theorems A.3.3 and A.4.3) There exists a unique solution w to the cylinder
martingale problem for £ with initial distribution wo~ ndu with n € L% (). Moreover, w is a
homogeneous Markov process with transition kernel (1;);»0 and with invariant measure .

In order to complete the (heuristic) proof of the theorem, we should then determine the
domain D(&Z) of &£ and prove existence and uniqueness for the Kolmogorov backward equa-
tion (3.2.4). Let us start with the former problem. We have to determine a dense domain D(Z)
for &£ such that ¢ € Z, whenever ¢ € D(Z). The method follows the idea of the finite-dimen-
sional scenario (see Section 2.1), namely it is based on the idea of solving the resolvent equation
(cf. Section 1.2.1)

(A-D)p=F,

for some regular F. So far, we only dealt with the regularity of the non-linear term & with respect
to the linear part &, but we also need to take care of the behaviour of & with respect to the
number operator .. In order to deal with this problem, we exploit the decomposition

? = 1|36|Zﬂfa(9)? + :ﬂ.|36|sﬂ/a(9)? =: ?> + ?<,

where a(6) is some parameter depending on 8> 1 (for more details, see Section A.5). Notice that
the term €~ contains all the non-regular part with respect to /.

Let w:Ng— R be some positive weight. We then proceed introducing an auxiliary problem
allowing us to treat €~ and &~ separately. First of all, it is possible to show the following bound
for €~ (see Lemma A.5.4): For L>1, £€(0,c(0)), where ¢(0) is some positive constant depending
on 8> 1, we have

WA )1 = ZLo)™ Gyl SWIL O w(A)(1 = Zo) Py || 5.
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Therefore, if we consider (pjj ew(WN) N1 = L)~ (and take L >0 large enough), we can
exploit (cf. Lemma A.5.4) a fixed point theorem argument to conclude that there exists a unique
solution o =% qojj ew(W) (1 = L)~ 2H to the following equation:

P=0"+(1-Zp)'T 0. (3.2.5)
Moreover (see Proposition A.5.6), if w is a polynomial weight, we have the estimate
w1 = Zo) G =@l S WA )AL+ 4O = Lo) 0|7,
where f(0)=(560—-2)/(20—2), and hence, if p= %(pﬁ, for
PP ewN) A =L F W)L+ ) PO - 29125,

we then have Z@ e w(/)~' %, where we exploit the relation (1 - Z)p=(1— ng)(pﬁ +Z=.
Such results give us a definition (see Lemma A.5.7) of a domain (dense in w(/4)~' %) for the
operator & as

DW(Z)={H " ' €w(N) (1 = ZLo)™'H N w( W)~ (W + 1)TPO1 — Zp)~ 1252},

We write D(&Z) for the case w=1. Moreover, it is possible to show, exploiting an adjointness
relation (modulo a sign) of &, and &_ (see equation (A.2.6)), that (D(Z), &) is a dissipative
operator (see Lemma A.5.8).

We can then consider the Kolmogorov backward equation (3.2.4). In view of the representa-
tion of p=F ¢* via ¢ and the decomposition of &, we can rewrite equation (3.2.4) as follows:

09" +(1-ZL)o* = ZLo+(1-ZLp)o*—(1-ZLp)"'% 0,9
= 0+5 0—-(1-Z)'T(p+ T p—(1-Zp)o".

Working with the aforementioned Galerkin approximation, it is possible to exploit some Schauder's
estimates and the estimates on €~ and &~ to get some bounds on the right-hand side of the

f corresponding to the initial condition @ =% mqof)”’u (see Section A.5.4).

rewriting by means of ¢"
By doing so, we can then determine a dense set % C # for ¢, allowing us to show compact-
ness of the sequence ((pm’ﬂ)m of solutions to the Kolmogorov backward equation (3.2.4) with
initial condition @{ =% mqog, where ¢g= F o, and whose limit ¢* (along a converging subse-
quence) solves the Kolmogorov backward equation (3.2.4) with initial condition q)g. Uniqueness
of solutions to equation (3.2.4) follows then by the dissipativity of the operator (D(&), Z). (See

Theorem A.5.10).

3.3 Further developments

In this section, we want to give some possible developments of the martingale approach adopted
in this part of the thesis to analyze singular SPDEs. In particular, as we mentioned before, one of
the peculiarities exploited in the paper [100] is that the considered model has Gaussian invariant
measure, which is crucial e.g. in order to exploit the chaos decomposition (cf. Section 1.4.5).
Taking inspiration by the works by Jara and Menezes [113, 114] on non-equilibrium fluctuations
of interacting particle systems, we try to deal with KPZ equation in dimension three and higher by
considering an approximation of the invariant measure that allows us to “control” the law of the
stationary process with the new approximation by means of some relative entropy estimate. Let
us point out that most of the content of this section is to be considered at a heuristic level.
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Consider the KPZ equation in dimensions d >3, namely the following equation on R, x T¢,
where T =R%/(2zLZ)% and L €N,

Oh=vAh+ AVh? + /GE, (3.3.1)

where £ is a space-time white noise, while v, A and o> 0 are constants called viscosity, deposition
rate, and noise strength, respectively. Recall that, in the case d > 3, the invariant measure of the
equation is not known a priori. Introduce the rescaling

d—

2
he(t,x)=¢" 2 h(e %t,e" %),

then h° solves the equation

d-2
OhE=vAhE +€ 2 AVhEP + /5 &F, (3.3.2)

d+2
where £€(t,x)=¢~ 2 E(e7t,e'x) is a space-time white noise itself. With the same computations

as in Chapters 2 and 3, we can write the generator of the rescaled equation (3.3.2) for some
cylinder function @(h) =®(h(f1),...,h(f,)) as

L p(h)=ZLop(h) + G p(h),

where now

Lop)=vY, GHf), .., h(ENHAF)+5 N, OFBUS) . () (s i)
i=1 i,j=1
and

Geph)y=e2 A ). 0 @h(f1)..... h(£){fiIVHP).
i=1

The martingale problem associated to £ then would involve the requirement that the process
t
Mi(@)=q@(h?)—e(hp) — / Z p(h5) ds
0

is a martingale with quadratic variation fot ID@(AS) || 2Ty ds.

It is well-known — at least in the case of a white noise regularized in the space variable — (see
e.g. [50, 65, 137]) that the solution to equation (3.3.2) converges in distribution, as € — 0, to the
one of the Edwards—Wilkinson model, that is the linear SPDE given by

0:X = Vet AX + Y/ oefté, (3.3.3)

where v and o are some renormalized coefficients. It is worth to notice that equation (3.3.3)
has an invariant measure given by a Gaussian measure e on &' (T¢) with covariance ae(—A)™!
with deft = oeft (2Veff)_1. Moreover, let us denote by uyi, the invariant measure of the linear part
of equation (3.3.2), which is a Gaussian measure with covariance a(=A)~! with a=6(2v)~!. An
idea is then to consider a Gaussian measure of the form

1
Mf(dh)=z-1exp<—§||zg(z,D)h||§2> dh,

where X is to be determined in such a way that x4 interpolates pes and pjin in some sense, and D
denotes the derivative operator. The measure u* satisfies the integration by parts formula

/ DF(h) pi (dh) = / Z(t,DY* hF (h) p(dh).
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In order to prove tightness of the solutions to the martingale problem, we need to obtain a bound
on the term E ¢[lp(h?) — @(h5)IP], and in particular on the term involving the non-linear part ¢

e| ]

Let us first introduce the notion of relative entropy, that is, if u is a measure and f is a density with

of the infinitesimal generator, that is

t
/ GEp(hy) dr

respect to that measure, we let

H(f )= / Flog (f)dy.

In particular, we have the following estimate

l E. €
P(/ ge(p(hi)dr>l>< — HIEI;s,itsHEC _
s log PHe( [1™° Gqp(h%) dr > 1)

where fy is the density of the law of 4% with respect to u5.

Lemma 3.3.1. Let V:[0,T]XQ — R be a bounded function and assume hiy~ u§. Then

T
log E#0 [exp{ / V,(hf)dz}]
0

T
1 N 1d . .
< / sup{—/FE\/J?de+/<V,+§($6)t]l—Ealogu/t)fdy,}dt, (3.3.4)
o s

where the supremum is taken over all densities f with respect to ;.

d-2
Let us write then /@(h) =&~ 2 A~'€%p(h). Then, Chebyshev inequality (namely the fol-
lowing relation: P(w>¢e) =P(e™ > ") < E[e"™~9)]) and the variational inequality (3.3.4) with
us, instead of uf (notice that the initial law in the present setting is u5), we have

of [F _d2
1oguﬂ>ﬂs< / A(he) dr>14"1e 2 )
0

: = _d=2
< logE#s [exp{/ dhe) dr—141"1e 2 }]
0

< A sl;p{— / DV dusee+ / A5 f Aot (335)

vy / f;ﬂfduiﬂ}dr—u-‘e‘d—f
where the supremum is taken over all densities f with respect to u%, ., and
FE= (LN 1 - logy, (33.6)
where (Z9)f, the adjoint of &%, is obtained from the relation
[@rirai= [ 2o

by integration by parts, and 7 is the Radon—Nikodym derivative (see e.g. Section 14.13 in [183])
of uf with respect to the reference measure v such that uf is absolutely continuous with respect
to v for every ¢ > 0.
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Let us mention that, as far as we understand, the irregularity of the non-linear term does not
allow to get a meaningful estimate in the present scenario, since, in particular, it makes a third
order term appear in the adjoint of Z¢. A solution could be to consider a non-linearity given by
a bounded function of V4 that rescales in the same way as described above and that allows us to
get some useful estimates.
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Chapter 4
Introduction

Singular SPDEs find applications also in constructive quantum field theory via the stochastic
quantization procedure of studying the measure related to a quantum field as the invariant measure
of a SPDE. In this chapter, we give a brief, heuristic background on quantum field theory, intro-
ducing the reader to the approach adopted in the paper [61] (see also its summary in Chapter 5).
We refer the reader to the references [11, 21, 84, 170, 173, 174] as well as to the works mentioned
throughout the chapter for a more detailed and complete vision of the subjects presented here.

4.1 Constructive and Euclidean quantum field theory

Building a model of quantum field theory (QFT) is equivalent to building some Hilbert space H,
equipped with an inner product (-, -)y, and a positive, self-adjoint, densely defined operator #
with unique ground state Q € H, namely Q is the unique (up to multiplication by a scalar) eigen-
vector of the lowest eigenvalue of 7, invariant with respect to the Poincaré group. Restricting to
the case of scalar bosonic fields and adopting a heuristic viewpoint, a quantum field is a map ¢
from R'*? to the space of self-adjoint operators on H (more precisely, ¢ is a map from the space
S(R'*4) of Schwartz functions on R+ to the space of self-adjoint operator on H) such that, for
(t1,x1), (12, x2) R4 (21, x1) commutes with @(r2,x2) whenever (f; —t2, x| —X2) is a space-like
vector in the Minkowski metric. Furthermore, the field ¢ is related to the Hamiltonian 7 in the
following way:

—iHs iHs

p(t,x)e'”?,

where e”* is the unitary semigroup on H generated by %.

p(t+s,x)=e

The most famous formulation of rigorous constructive QFT is due to Wightman, who describes
the theory not in terms of the aforementioned objects but exploiting Wightman functions (more
precisely, Wightman distributions), which, sticking to the previous notation, are defined as

W11, (0, X)) = (@t Xn)- -~ (11, XD Q)
= (77" @(0,x) e =10 (0, %) - (0,x) 71 Q, Q)

for neN and (t1,x1),...,(tnx,) €R'* A QFT is then built from a set of Wightman functions W,
satisfying some conditions: the Wightman axioms (see [173]). Let us mention that the Wightman
axioms do not identify uniquely a particular QFT. Instead, different QFTs are expected to satisfy
different Dyson—Schwinger equations, namely a system of partial differential equations relating
Wightman functions and encoding the local and hyperbolic equations of motions for the quantum
fields [60, 167].

A groundbreaking progress in the understanding of constructive Wightman QFT was to switch
the focus on the analytic continuations on imaginary time of Wightman functions, namely the
Schwinger functions. These are given by

Sn((s1,%1)5 s (S X)) = Wo((is1,x1),. .., (iS4, X,))
= ("5 p(0,x) e= =510 (0, x) - - - (0, x) e =751 Q, Q)py,
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which is well-defined for s, < --- <5, since # is positive and self-adjoint, and Q is an invariant
vector for the related semigroup. Such objects have then to satisfy analogous conditions to the
Wightman axioms, namely the Osterwalder—Schrader axioms (see [152, 153]).

It was Nelson [144, 145, 146] who observed and exploited for the first time the fact that, in
many cases (among which the scalar bosonic field mentioned above), the Schwinger functions

R1+d

can be built as moments of a (classical) random field defined on , namely there is a random

field ¢ having measure v such that
Sn((S1,X1), -5 (Spa X)) = Eu[P(s1,x1), - ., P($po X0) ]

The measure v is related to the physical structure of the problem in the following heuristic way:
the measure v is the Gibbs measure associated with the classical action of the quantum field ¢,
that in the scalar bosonic case is given by

v(d¢)=exp<—% A » (VPP +m?p>+2V () dy) D, (4.1.1)

where m> 0, D¢ is a (non-existing) Lebesgue measure on the space of tempered distributions
S§’(R'"*%), and V is a regular function called self-interactive potential. The functional

S@)=5 || (V89420 @) &

is the action functional describing the classical limit of the quantum field ¢.
The problem now becomes to give a rigorous meaning to the expression (4.1.1). In the non-

free

interacting case, i.e. when V =0, the measure v=v"*° is the Gaussian measure on & "(R'*9) with

Cameron—Martin space H'(R!*9) (cf. Section 1.4) equipped with the norm

1 / (VP2 +m?¢p?) dy,
2 Rl+d

The random field ¢ associated with the measure v=v" is the so-called Gaussian free field (com-

pare with Example 1.4.19).

free

In the interactive case, the measure v can then be written in terms of v'™° as follows:

v(dg)=2"" exp(— / V(g) dy) viee(dg),
Rl+d

where Z is a renormalization constant.

For d > 1, the measure v is supported on a space of proper distributions growing at infinity,
making the integral in the exponential of (4.1.1) meaningless. The main idea is then to consider a
sequence of mollifiers (p.).~¢ such that p, — 6 as € > 0, where 6 is the Dirac delta, a sequence of
compactly supported cut-off function (f¢)e>0 such that f; — 1 as € — 0, and define the measure v

as the limit as € — 0 of the measures
ve(dp)=Z; 16XP<— / 1 dngg(p.g*d)) dy> viee(dg), 4.1.2)
R +

where V, is a (diverging) modification of the self-interactive potential V for which it holds that

free_y 5. Tt is worth to mention that such

the limit lim,_,oV(p, * ¢p) converges to some distribution v
a modification V of V is usually called renormalized potential, and the previous approximation
procedure is referred to as renormalization procedure (see [31]). With this method, it is possible

to define the measure v through the limit as € — 0.



4.2 DIFFERENTIAL NON-PERTURBATIVE APPROACH TO EQFT 71

One of the methods adopted to implement the technique just described is called stochastic
quantization and relies on studying the measure v, defined in equation (4.1.2) as an invariant
measure of the following SPDE, called stochastic quantization equation (cf. Section 1.1):

Obelt, )=~ @t N +EED,  (1DERXRY, (4.13)
with & denoting a space-time white noise (see Example 1.4.18) and S¢ being given by
S =7 / (VR +m>+2f.Ve(pe + ) dy, (4.1.4)
R1+d

where 6S./6¢ denotes the functional derivative of the approximating action S, with respect to ¢.
The aim of this approach is then to show the existence of a limit ¢p=1im,_, ¢, solving some SPDE

0,¢(t,x)=—%(¢(t,x))+§(t,x), (t,x) ERXRY,

and such that its invariant measure satisfies the physical properties of quantum field measures

(e.g. the Osterwalder—Schrader axioms). We refer the reader to the references mentioned in Sec-
tion 1.1 on stochastic quantization or more details and recent results on this interesting subject.

4.2 Differential non-perturbative approach to EQFT

Let us mention that the procedure described in Section 4.1 is not the only possible way of charac-
terizing a measure. Indeed, an alternative approach comes from the study of integration by parts
formulae. More precisely, consider a cylinder function F(¢) of the form F(¢)=F({f1,d),...,
(fn, @)) for some smooth and bounded function F and Sl JnE S(R*9) (cf. Definition 1.4.49),
and consider its Malliavin derivative DF(¢) (see Definition 1.4.50), namely

DF($)= Y 0F(f1,8), .. (fun d)) i€ SR,
i=1

Let g€ S(R'*9), we then say that a measure v satisfies the integration by parts formula related to
the action S(¢) provided that the following holds: for any cylinder function F(¢), we have

[EV[<g,DF(¢>>]=—[EV[<g,%¢>>F(¢> , 4.2.1)

where 65/0¢ denotes the functional derivative of the action S with respect to ¢, while E, denotes
the integration with respect to the measure v.

The expression (4.2.1) is well-defined when V =0, and the unique measure satisfying such a
condition is the aforementioned Gaussian free field v, In the interactive case, we can rephrase
the previous integration by parts formula as follows:

5S¢ ]

Ev{g, VF($))]=~limE, [(g,%(tb))F(dJ) (4.2.2)

where, sticking to the notation adopted in Section 4.1, S, is given by

Se(9) Z%/le (VPP +m*P* +2f.Ve(pe * $)) dy.

The problem now is to prove that the equation (4.2.2) has some solution v and that such a solution
coincides with the limit of the approximation procedure described in Section 4.1.
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As we will see in Chapter 5 (see also Appendix B), the integration by parts problem (4.2.2)
is heavily connected to the Fokker—Planck—Kolmogorov (FPK) equation (cf. Section 1.2.2) for
some Borel measure v

lim / Z(F)(@) u(dp)=0,

where £¢ is the infinitesimal generator (cf. Section 1.2) of a solution ¢, to equation (4.1.3) that
is given by

1 ’F ¢ OF
4 (F)(g) ztrLz@—(pz(rp)) ~ (e 30

1 8°F 9 , oF
= §trLz<5—(p2(rp)> - /(—Afp +m @+ gk (fe V(ge* ) (x) %(X) dx.

It is worth to remark that a measure characterization through integration by parts formulae
is a widely studied problem in the stochastic analysis community and it often appears under dif-
ferent formulations, some examples being the problem of showing existence and uniqueness of a
measure with a given logarithmic gradient (see the monograph [34]) or the unique closability of a
minimally defined pre-Dirichlet form (see [2, 20, 38] and the references therein). Kirillov applied
such problems to QFT in the case of the sine-Gordon model (cf. Section 1.1) without renormal-
ization (see the works [118, 119, 120, 121]); the technique exploited by the author to show the
existence of solutions to the integration by parts formula relies on Lyapunov functions and it has
been generalized to non-singular (namely with no need for renormalization) FPK equations by
Bogachev and Rockner [39, 40].

Up to our knowledge, only a few results about uniqueness of solutions to the integration by
parts formula in infinite dimension (or to an infinite-dimensional FPK equation) are available
in the literature; for instance, Bogachev, Da Prato and Rockner [35, 36] and Rockner, Zhu and
Zhu [161] consider the case of a dissipative non-regular drift (i.e. without renormalization). Let
us refer the reader also to the books [34, 37] for more details on the subject. The case of the
P(@), stochastic quantization equation on the two-dimensional torus T2 (cf. Section 1.1) has been
widely addressed as far as uniqueness of solutions to FPK equations or of invariant measures is
concerned (see e.g. the works [55, 127, 162, 163, 178]), but, as far as we are aware, it is still not
clear whether the techniques adopted in the aforementioned papers can be extended to models on
the non-compact space R? or in dimension larger than two. It is worth to mention that the study
of uniqueness in the framework of Dirichlet forms for the exponential model has been discussed
by Albeverio, Kawabi and Rockner in [14] for the one-dimensional non-singular case, and by the
same authors together with Mihalache in [13] for the two-dimensional setting on the torus. See
also [18] for a review of the existing literature on the Dirichlet approach to the problem.

In the present thesis (see Chapter 5 and Appendix B), we give a suitable formulation of the
integration by parts formula when it does involve a renormalization procedure in its definition,
which is the usual situation in constructive Euclidean QFT, testing our approach on the case with
exponential interaction and positive mass m > 0, which is also referred to as exp(®),-model or
Hgpegh-Krohn model [10] (cf. Secion 1.1), on the whole space R2. The exponential interaction in
the case of mass m=0 [8, 12, 160] is a classical example of conformal field theory [143, 165] and
it finds important applications in Liouville quantum gravity [66, 130].



Chapter 5

A singular integration by parts formula for
the exponential Euclidean QFT on the plane

This chapter summarizes the results obtained in the paper

[61] Francesco C. De Vecchi, Massimiliano Gubinelli, and Mattia Turra. A singular
integration by parts formula for the exponential Euclidean QFT on the plane.
ArXiv, arXiv:2212.05584, 2022.

The full version of the paper can be found in Appendix B.
The research undertaken in the article in question is a collaboration with F. C. De Vecchi and
M. Gubinelli. All the authors have contributed significant parts to each section of the work.

5.1 Introduction

As we briefly mentioned in Chapters 1 and 4, the aim of the paper [61] is to characterize Euclidean
quantum field theories via integration by parts (IbP) problems with renormalization, i.e. through
the study of Euclidean Dyson—Schwinger equations. Let us be more precise and introduce the
problem under investigation. Let E C &'(R?) be a Banach space with norm ||-||z and denote by
A a subset of the space J(E) of (Radon) probability measures on E. A general IbP problem for
a measure v € ./ has the form

/ (V,F—FB,f)dv=0, forany F €Cyl%,f e SR,
E

where Cyl% is the set of smooth and bounded cylinder functions (cf. also Definition 1.4.49), and
B:E > §'(R?) is a local functional of the form B(¢)(x) = p(p(x)), for x & R?, ¢ € E, for some
smooth function p: R — R. Let us mention that such kind of functions B are rarely well-defined on
the set E on which we could hope that any solution v would be supported. Typically, this support
looks very much like the support of Nelson's Gaussian free field (GFF) and therefore non-linear
local functionals are not automatically well-defined and need to be approached via an ultraviolet
regularization and subsequent renormalization.

We consider then a sequence of maps (B.).>o such that, for every € >0, we have B.: E —
&'(R?) and for which we recover locality in the limit as € — 0. They are typically of the form

B(@)®)=pe((gexp)x)), xER?

where (g¢)e>0 is some sequence of local smoothing kernels for which (g, *@) > @ in & '(R% and
(pe: R — R), is a sequence of smooth function chosen to deliver the expected renormalization,
typical of EQFT in two and three dimensions.
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Problem A. We say that a measure v € M satisfies the integration by parts formula with respect
to (Be)e>o and L if, for any f € S(R?), we have

/E<V(,,F(rp),f> V(d¢)=lilr(1)/EF(fp)<Bg(fp),f> Wdg),  forany FeCylf. .11

Let us remark that Problem A strongly depends on the choice of the subset ., which can
be neither too large nor too small. For instance, choosing .4 = 9(E) leads to problems on the
existence of a limit for the sequence (B,), as € = 0. The choice we made is to consider a set of
measures .#p which are close to the Gaussian free field with mass m > 0 with respect to some
Wasserstein distance depending on a convex cone B in E with stronger norm than the one of E,
but without requiring absolute continuity of the measures with respect to the GFF (i.e. the case
B=H'(R?), the Cameron-Martin space of the GFF). The class of measures ./ encodes the
existence of sufficiently regular couplings between our target measures and the GFF.

5.2 Main results

We would like to provide complete well-posedness results within this framework of singular
IbP formulas and, for this reason, we focus on the specific case of the exponential interaction
(cf. Section 1.1). More precisely, we take E=Bx+ By, where By = C;é(R2), i.e. the (weighted)
Besov-Holder space with negative regularity —6 (cf. Section 1.3), and By is such that

ByC B;E”;,{;‘S(Rz),

where s(a) >0 satisfies some conditions depending on the parameter a (see Definition B.2.6) and

B;(";),}‘S is a weighted Besov space (cf. Section 1.3). Moreover, we set

l12 .
Be(@)i=(=A+m))p+af, ™ E*P 7T (5.2.1)

where a,m € R, f. is a smooth, spatial cut-off function such that f, - 1, g, =¢ 2g(e¢™! ) is a
regular mollifier, and

cg==/ ge(@(=A+m*)'ge(2)dz (5.2.2)
R2

is a renormalization constant diverging logarithmically to +oo as € — 0. Finally, we consider the
space of measures ./ in Problem A to be .#p,, that is an intermediate regime between the case
M1 (i.e. the space of measures that are absolutely continuous with respect to the GFF) and /g
(which coincides with the Wasserstein space WEI, see Chapter 6 in [181]).

Let ymax:=3— 2\/5 ~(0.172. In the present setting, it is possible to obtain the following result.
Theorem 5.2.1. Suppose that a? <47 7max. Consider M, with E=Bx+ By, where
Bx=C7’(R% and By=B5=B)"R)n{f:R2>R,f<0}.

Then there exists a unique solution to Problem A with respect to (B.)¢ (given by equation (5.2.1))
and the space of measures M p,.

It is also possible to obtain an existence result for the whole regime a® < 8.
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Theorem 5.2.2. Suppose that a*> < 8z and assume that the same hypotheses on the spaces By, By,
E, Mp, and the drift (B;)e as in Theorem B.1.2 hold. Then there exists a solution to Problem A
with respect to (B,)e and M p,.

An important consequence of Theorem 5.2.1 and Theorem 5.2.2 is a differential characteriza-
tion of the exponential measure (see Theorem B.2.13 for details).

Let us mention that in the present thesis we also get a uniqueness result for a slightly more
restrictive formulation of Problem A (cf. Problem B in Section B.2.1) in the regime a’< 47 Yimaxs
where ymax = 0.55 is defined as in Remark B.1.1 (notice ¥max < Ymax)- The possible measures
solving this latter formulation of the IbP problem contain the invariant measure of the stochastic
quantization equation with exponential interaction.

We want to illustrate briefly how the proof of uniqueness of solutions to Problem A was
carried out in our work. Let us first go back to the case of a general (B,).>¢: It is worth to mention
that we can give an equivalent formulation of Problem A, consisting in a symmetric generalization
of the Fokker—Planck—Kolmogorov (FPK) equation (see also Section 1.2.2). More precisely, we
consider E=Bx+ By, where By is some space supporting the measure of the Gaussian free field
with mass m >0, and By =B. Let us also introduce the natural projection PX:ByxBy— By and the
map PX+Y: By x By — E such that (X,Y)+ X+ Y. Suppose that B, is regular enough and define
the following second order operator

SEF = %trLZ(RZ)(V(%F) - (Bg, V(pF)’ F e CylE

It is possible to show (cf. Problem A' in Appendix B as well as Theorem B.2.5) that, provided
that sup,so / I{Be(@), Vo)l v(dg) <400, for any F €Cylg and ve ., Problem A is equivalent to
asking that the measure v € ./ satisfies

m / [(QEF)G—F(QEG)]dv=0, for any FeCylb,GECylE.

li
=0
We can moreover lift the problem from the space E to the space By X By. We start with the notion
of coupling.
Definition 5.2.3. The subset of measures M satisfies the coupling hypotheses if, for any v e /,
there exists a Radon measure y on Bx X By with the following properties:
i. PXu=v" where v’ is the law of the Gaussian free field on By,
ii. PX*Y =y,
iii. [11Ylpy u(dX,dY)<+oo,
we call y a coupling of v with the free field. We denote by M p,«p, the set of Radon measures on
Bx X By satisfying condition i. and iii.
We can consider then an operator &, on the space of regular functions on Bx X By of the form

LDX,Y):= %tr(V;%tb) —{((—A+m>X,Vx®) — (B, (X +Y)— (A +m>X, Vy®D).

It can be shown (see Theorem B.2.5) that, if we assume further that /% = #p,, then Problem A
is equivalent to the following formulation (which we call Problem A" to be consistent with the
notation adopted in Appendix B):
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Problem A"'. We say that a measure v € M g, satisfies the symmetric Fokker—Planck—Kolmogorov
equation related to B; if

lim / [Zo(F o PX¥Y)Go PXHY — Fo PX*Y 2, (Go PX*)| u(dX,dY)=0, for F€Cyl%, GECylg,

e—0

(5.2.3)
where p is a coupling of v with the free field.

The proof of uniqueness of solutions for the case of exponential interaction was obtained
working with the formulation given in Problem A". Let us give here a heuristic presentation of the
adopted method and refer the interested reader to Appendix B.3 for more details. Indeed, assume
that B, is of the form given in equation (5.2.1) and take By and By as in Theorem 5.2.1. We study
then the resolvent equation for the operator &, namely, for F € Cylp,xp,, we consider

(A—ZL)Gl=F, i1eR,. (5.2.4)

Equation (5.2.4) admits a classical solution G such that Z,G? is integrable with respect to any
measure in /g, xp, (see Proposition B.3.5).

Let p; and pj be two solutions of Problem A". We want to show that, for any F € Cylg, x5,
with compact support in Fourier variables, [Fdu;= [Fdu,. This implies y; = py since F €
Cylg,xp, With compact support in Fourier variables separates points of the space of Radon mea-
sures on Bx X By.

Let i=1,2, since y; is a solution of Problem A", then foGﬁ dy;:= limg_,ongGé du;=0,
and by equation (5.2.4) we have

/de=/1/G§dm—/Vy0Gﬁ(?—?e)dui, i=1,2,

where €(X,Y)=a:e:e® and G.(X,Y) =af, :e*8*X): ¢®8*Y) Taking the difference of such a
relation for j=1,2 yields

/ Fdu, - / Fduy=4 / Gidpu— A / Giduy— / VyGE —Ge)du1+ / VGG —Go)dun.

It is then possible to show that (by Proposition B.3.5 whose proof relies on the dissipativity of the
drift B,)

-0, as A—0,

A‘ / G (duy—dun)

uniformly in € >0. Moreover, we have that

/ VG (8 —%,) dyi‘ -0, ase—0. (5.2.5)
Therefore, taking A — 0 and then € — 0, we have that

/Fd,u]=/Fd/42.

Let us remark that the condition @ < 47Jmax comes from the proof of the limit in equation (5.2.5)
and depends on the chosen approximation.
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The proof of existence (cf. Appendix B.4) is based on the existence of Lyapunov functions for
the sequence of operators (Z)>o uniform in €. Let us mention that such an approach was already
proposed by Kirillov for the case non-renormalized equations (see [118, 119, 120, 121]). More
precisely, we introduce a further approximation &y, y  of the operator £, depending on two
additional parameters M and N in N, chosen in such a way that the corresponding FPK equation
admits a solution uy yr .. € M p,xp, that is a finite-dimensional approximation of the measure of
the Gaussian free field. The existence (and uniqueness) of such a measure is based on standard
results for finite-dimensional FPK equations (see [37]). We then prove that there are some regular
functions Vi, Vo:Bx X By = R, and V5: Bx — R, such that

i. Vp and V3 are positive,
ii. The inequality
Zun, (X, Y)<=Vao(X, Y) + V3(X)
holds true.

See Appendix B.4.1 for the precise choice of Vi, V5, and V3. Exploiting the fact that pp v is a
solution to the FPK equation, and therefore f Lun VI, Y) v (dX,dY)=0, we get

/ Va(X,Y) pm N e(dX,dY) < / V3(X) pm N ,e(dX,dY) = / V3(X) viFe(dX),
where v is the Gaussian free field measure on the two-dimensional torus of size M. Since
SUpyeN / V3(X) y,flf,ee(dX) < +o0, and taking V, to have compact sub-levels, we get tightness. The
existence of a solution to the original problem then follows after showing that

/ ZNM(PX,Y)) iy m e(dX,dY) — / Z(®(X,Y)) pu(dX,dY), (5.2.6)

for any @ in a suitable class of regular functions, see Definition B.3.1 for a precise definition of
such a class of functions and Appendix B.4.4 for the proof of the limit in (5.2.6).

5.3 Further developments

To the best of our knowledge, what we presented in this chapter and is published in our paper [61]
is the first result on singular integration by parts problems in the whole space concerning any
kind of interactions. Up to now, the only known achievements were results about the P(@),-type
interaction on the two-dimensional torus (see [55, 127, 162, 163, 178]). Therefore, many possible
developments are still available topics for a future research.

The most direct generalization is to consider the exponential (or alternatively the sinh-Gordon)
model on R? for a charge parameter « in the full L!-regime (or sub-critical regime), namely the
case a> < 87x. Although there are results on such a model in the whole subcritical regime exploiting
the stochastic quantization approach (see [111]), our uniqueness result holds only for stricter
conditions on a (cf. Theorem 5.2.1). As mentioned in the previous section, a possibility is that
this is due to some technical issues involving the approximation chosen in our work, and that
it can be solved exploiting a different kind of approximation (for instance, a lattice approxima-
tion as it has been done in [25, 91]).
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Another generalization concerning the exponential interactions is the choice of a wider class
of measures as possible solutions, with the aim to reach the whole space of Borel measures on
C;‘s(Rz), which in the discussion above means By =Bx = C;‘s(R2).

A more ambitious project is to address the IbP problem for singular non-convex interactive
potentials, which simplest example is given by the polynomial P(¢),-model on R? (but other
important examples in QFT are e.g. the sine-Gordon model, the ®%-model, Yang-Mills model,
and so on). In this case, the uniqueness problem is more complex since the proof proposed in this
thesis relied heavily on the convexity of the renormalized exponential. Uniqueness of solutions to
the IbP formula is closely related to uniqueness of invariant measures of the associated stochastic
quantization equation, which, to the best of our knowledge, remains completely an open problem
for the models mentioned above (on the whole space).

A final interesting direction of investigation would be getting a better general understanding
of the relation between the uniqueness of solutions to the IbP formula presented in the thesis with
the unique closure of the related pre-Dirichlet form as well as with the uniqueness of the invariant
measure of the associated SPDE dynamics. The relation between these three problems — IbP,
Dirichlet forms, and SPDE — is very well understood in the finite-dimensional settings (and the
notions of uniqueness for the three problems coincide under mild hypotheses), see [2, 37] and the
references therein, but very few results in this direction exist in infinite dimensions. In particular,
there are no generic hypotheses on the coefficients of an SPDE (and the related FPK equation) for
which the infinitesimal invariance of a measure (i.e. a measure solution to the FPK equation) is
equivalent to the notion of stationarity with respect to the stochastic dynamics.
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Appendix A

Hyperviscous stochastic Navier—Stokes equa-
tions with white noise invariant measure

Abstract We prove existence and uniqueness of martingale solutions to a (slightly) hyper-vis-
cous stochastic Navier—Stokes equation in 2d with initial conditions absolutely continuous with
respect to the Gibbs measure associated to the energy, getting the results both in the torus and in
the whole space setting.

A.1 Introduction

Consider the following stochastic hyper-viscous Navier—Stokes equation on Ry x T2

ou = —A%—u-Vu—-Vp- \/EVLA(‘)‘D/Z@,

A.l.1
divu = 0, ( )

where T2 is the two dimensional torus, A=—A on T2, Vt:= (02, —01), 8> 1, and & denotes a
space-time white noise. The initial condition for u will be taken distributed according to the white
noise on T2 or an absolute continuous perturbation thereof with density in L?. The white noise
on T2 is formally invariant for the dynamics described by (A.1.1) and the existence theory for
the corresponding stationary process has been addressed by Gubinelli and Jara in [93] using the
concept of energy solutions for any 8> 1. Uniqueness was left open in the aforementioned paper,
and the main aim of the present work, which can be thought of as a continuation of [99], is to
introduce a martingale problem formulation (A.1.1) for which we can prove uniqueness.

In order to properly formulate the martingale problem, we need to investigate the infinitesimal
generator for eq. (A.1.1) and uniqueness will result from suitable solutions of the associated Kol-
mogorov backward equation.

The variable u appearing in eq. (A.1.1) represents physically the velocity of a fluid. Rewriting
the equation for the vorticity w:=V=-u yields

ow=-A'w—u-Vo+,/2A0TD2%, (A.1.2)
We also have the relation u =K s, for the Biot-Savart kernel K on T? given by
1 kt 2mikt
K(G)=—— L 2mikex — _ 2mk-x’
W=7z 22 k2 € Akl €

keZj keZj

where kt=(k,, —k1) and Z(z) =7Z2\{0}. It is more convenient to work with the scalar quantity @
and with eq. (A.1.2).

83
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The standard stochastic Navier-Stokes equation corresponds to the case §=1. However, this
regime is quite singular for the white noise initial condition and no results are known, not even
existence of a stationary solution, e.g. from limit of Galerkin approximations. While a bit unphys-
ical, we will stick here to the hyper-viscous regime, namely 6> 1. Note that the noise has to be
coloured accordingly in order to preserve the white noise as invariant measure. Moreover, we call
energy measure the law under which the velocity field is a (vector-valued, incompressible) white
noise. In terms of vorticity w, the kinetic energy of the fluid configuration u is

||u||%z=[ﬂ IK s+ ool*(x) dx = Z K)o k)P = Z

kez} kez}

2

1
20K SR = (= A 2wl

127k

where f : Z*> - C denotes the Fourier transform of f: T? — R defined as to have f(x)=
D rez? e?™*f (k). The energy measure is thus formally given by

1 —Lja-172,2
udw)=ze "2 do, (A.1.3)
where dw denotes the “Lebesgue measure” on functions on T2. Rigorously, this of course means
the product Gaussian measure

A TN
u(dew)= H Cikexp<—%> dék),

kez}

with the restriction that @& (—k) =0?Tk). For f,geC ®(T?), we have

/ o(f) o(g) u(dw)= Y 127kP f(k) §(k) =(A>f, AV2g) ey = {f. )i vy
kez3
We can use the right-hand side as the definition of the covariance of (@(f))sec=(r2), which deter-
mines the law of w as a centred Gaussian process indexed by H'(T?). If  is a white noise on
L*(T?), then p has the same distribution as A%y and it is only supported on H~2~(T?).

A different situation occurs if we consider initial conditions distributed according to the
enstrophy measure, namely the Gaussian measure for which the initial vorticity is a white noise.
This measure is more regular than the energy measure and more results are known, both for
the Euler dynamics (i.e., without dissipation and noise) and for the stochastic Navier-Stokes
dynamics, see e.g. [3, 6, 7].

As we already remarked, we use here the technique introduced in [99] and strongly rooted in
the notion of energy solution of Gongalves and Jara [85], extended in [93]. With respect to [99]
we give a slightly different formulation which simplifies certain technical estimates. The core
of the argument however remains the same. The main point is to consider the well-posedness
problem for (A.1.1) as a problem of singular diffusion, i.e. diffusions with distributional drift. The
papers [74, 75, 62, 42] all follow a similar strategy in order to identify a domain for the formal
infinitesimal generator & = %A +b -V of a finite dimensional diffusion. Then they show existence
and uniqueness of solutions for the corresponding martingale problem. The key difficulty is that
for distributional b the domain does not contain any smooth functions and instead one has to iden-
tify a class of non-smooth test functions with a special structure, adapted to . Roughly speaking
they must be local perturbations of a linear functional constructed from b. Recently other results
of regularisation by noise for SPDEs [56, 57] have been obtained. An important difference is that
our drift is unbounded and not even a function. The connection between energy solutions and
regularisation by noise was first observed in [93].
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Plan of the paper In Section A.2 we introduce a Galerkin approximation for the nonlinearity u -
Vw and study the infinitesimal generator of the approximating equation. The martingale problem
for cylinder function related to eq. (A.1.2) is introduced in Section A.3. In Section A.4 we prove
uniqueness for the martingale problem via existence of classical solutions to the backward Kol-
mogorov equation for the operator Z involved in the martingale problem. The construction of a
domain to such an operator is the core of the work and it will be tackled in Section A.5, where we
provide also existence and uniqueness for the associated Kolmogorov equation. In Section A.6
we show some crucial bounds on the drift. Finally, Section A.7 extends the results obtained in
the previous part of the paper to the whole space case, that is, to the hyper-viscous stochastic
Navier—Stokes equation on R%. Appendix A.8 contains some auxiliary results.

Notation Let us fix here some notation that will be adopted throughout the paper. The Schwartz
space on T2 is denoted by §(T?) and its dual §'(T?) is the space of tempered distributions. We
denote by H%(T?), s€ R, the completion of the space of functions f € §(T?) such that

) .
LS 1rscray = /2 2% f (2)° dz < +o0,
T

identifying f and g whenever ||f — gl|gsr2=0. From now on, we write C(X, Y) to indicate the
space of continuous functions from X to Y. We also write a <b or b 2 a if there exists a constant
C > 0, independent of the variables under consideration, such that a < C - b, and a ~ b if both
aS$b and b Sa. If the aforementioned constant C depends on a variable, say C = C(x), then we
use the notation a <, b, and similarly for 2. For the sake of brevity, we will also use the notation
kin=(k1,....kp).

A.2 Galerkin approximations

In order to rigorously study the eq. (A.1.2), consider the solution (w;"),>0 to its Galerkin approx-
imation:

010" = —A?@" — Byy(00™) + /24002, (A2.1)
where

and II,, denotes the projection onto Fourier modes of size less than m, namely II,f(x) =
ZIklgm e2mk~xf(k)‘

Proposition A.2.1. Eq. (A.2.1) has a unique strong solution @™ € C(R, H™*(T?) for every
deterministic initial condition in H=>~(T?). The solution is a strong Markov process and it is
invariant under .

Proof. We can rewrite @™ in Fourier variables as @™ = wfy, + wiiy :=I1,,0™ + (1 —I1,,)@™, in such
a way that wi;, and wi}, solve a finite-dimensional SDE with locally Lipschitz continuous coef-
ficients and an infinite-dimensional linear SDE, respectively. Global existence and invariance
of u follow by Section 7 in [93]. Now, wg;, has compact spectral support and therefore wg, €
C(R 4, C*®(T)), while it can be proved that wy};, has trajectories in C(Ry,H>7(T?)). Thus, " has
trajectories in C(R4, H=27(T?)). O
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We define the semigroup of @™ for all bounded and measurable functions ¢ as T/"@(w) :=
Ewl@(@!")], where, under P, the process w™ solves (A.2.1) with initial condition o€ H —27(T?).

Lemma A.2.2. Forall p€[1, ], the family of operators (T{"");>0 can be uniquely extended to a
contraction semigroup on LP(u) which is continuous for p € [1, col.

Definition A.2.3. Let € =Cyly2 denote the set of cylinder functions on H=>~(T?), namely those
functions @: H 2> (T >R of the form p(w) =DP(w(f1),...,o(f,)) for some n>=1 where ®:R"—>R
is smooth and fi,. .., f, € C*(T?), here and in the rest of the paper we will denote by v(g) the
duality between a distribution v and a function g.

On such cylinder functions the generator of the semigroup 7" has an explicit representation:
Itd's formula gives, for ¢ € Cyly2 as in Definition A.2.3,

do(wi")=ZL"p(w;)dr + Z 0i@(@]*(f1), ..., (fu)dM (), (A.22)
i=1

where &= Ly + €™ with

Lop(@)= Y 0D@(f1), .., o(f)(-A%) +%Z OO, ., (AT, 1),
i=1 i=1

and

G p(@)== Y, AP (f1),.... o)) Bu(@), fi).
i=1

Here, (M(fi)):>0 is a continuous martingale with quadratic variation
2
(M(fi))t:2t”A(0+1)/2fi”L2('ﬂ'2)a

and therefore /o Z?zl 0,®(w!'(f1),...,o"(f))dM(f;) is a martingale. Consequently, we have
t
T p(w) — p(w) = / T L") w)ds, forallweH .
0

To extend this to more general functions ¢, we work via Fock space techniques. The Hilbert space
L?(p) can be identified with the Fock space 9 =TH(T?) =@, (HH(T?)®" with H)(T?):=
{weHY(T?):y(0)=0} and norm

[o0] [o0] n
l@l*= Y n! @l o= D, 0! D ( |2nki|2>|¢n<k1;n>l2,
n=0 i=1

n=0 = kl:ne(Z(Z))n

by noting that any @ € L*(u) can be written in chaos expansion @ =Y 150 Wa(®@n), where W, is
the n-th order Wiener-Itd integral and ¢, eHé('[I'2)®” for every n e N,_see e.g. [112, 148] for
details. We will use the convention that ¢, is symmetric in its n arguments, that is, we identify
it with its symmetrisation. Note that cylinder functions are dense in #. We denote by . the
number operator, i.e. the self—adjoint operator on # such that (@), :=n@,. It is well known
that the semigroup generated by the number operator satisfies an hypercontractivity estimate, see
Theorem 1.4.1 in [148]. We record it in the next lemma.

Lemma A.2.4. Forp>2, letc,=+/p—1. Then

llplP2I2<lcy @llP,  for every pe .
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With these preparations we are ready to give expressions for the operators &£ and £ in terms
of the Fock space representation of 7.

Lemma A.2.5. For sufficiently nice o € ', the operator Ly is given by
F(Lo@In(k1:0)=—Qm)*°Lo(k1:0) @n(k1:1) (A.2.3)
where Lo(ki.,):=lki1?° + -« +1k,I*°. Moreover, writing €™ =E7 + €™ we have

(k1 - (ki +k2))((k1+k2) ko) -

F(GEPnkrn) = (0 = DLyl +kol<m TRETEE Gn-1tkr + ko, ki),
(A.2.4)
kt-p)ki-q) .
FEokin) = Qo4 Dn Y, g L (g k). (A2:5)
p+q=ki !
For all @1 € HYTH)®"D and for all ¢, € (HN(T?)®", we have
(041, G5 Pn) =—{C Qus1, 04). (A.2.6)

Proof. The computations are analogous to those of Lemma 3.7 of [97] for £ and of Lemma 2.4
and Lemma 2.7 in [99]. O

Remark A.2.6. €Y' and €”" are (unbounded) operators which increase and decrease, respectively,
the “number of particles” by one. Moreover, we know from (A.2.6) that they are formally the
adjoint of the other (modulo a sign change).

A key result is given by the following bounds for €% acting on weighted subspaces of # .

Lemma A.2.7. Let w:Ng— R, and o € #. The following m-dependent bound holds:
WNE" || SmIWA + 1) +w(N = D)A+ )1 = Zp) ]| (A2.7)

Moreover, uniformly in m, we have

WY1 = ZLo) 7 E || S IWAN + 1)L+ )1 = ZLp) VO 2=10| forall y>%, (A.2.8)

and

WY1 = Lo) T E" || S [IW(N = )N 321 = L) IHVO2=1 09| for all y<%. (A.2.9)

These bounds will be proven later on in Section A.6. In view of eq. (A.2.7), it is natural to
identify a dense domain D(Z£"™) for L™ as
D" ={@eX N1+ /)1 =Zpll <o} =1+ )1 -Zp~'Z.

Note that (y, (Zy+ ™) ={(Ls— €™, @) for y, p € D(Z™) and in particular that Zy is
dissipative since for all ¢ € 2(Z"™) we have

(0. (ZLo+E™M@)=(ZLop, 0)=—1I(—ZL)"*¢|*<0.

A priori £™ is only the restriction to 2(Z™) of the generator L™ of the semigroup (7;");.
However, we will also prove in Lemma A.5.2 below that the operator & is closable and that its
closure is indeed the generator 8
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In order to exploit these pieces of information, we have to work with solutions of Galerkin
approximations having “near-stationary” fixed-time marginal.

Definition A.2.8. We say that a stochastic process (w;)i=o with values in § "(T?) is (L?)-incom-
pressible if, for all T >0, there exists a constant C(T) such that we have

sup Elp(w)IKC(Dllell, @€E.

01T

For an incompressible process (w;):»0 it makes sense, using a density argument involving
cylinder functions, to define s — @(wy) for all p € # as a stochastic process continuous in L!.

Lemma A.2.9. Let E,q, be the law of the solution @™ to the Galerkin approximation (A.2.1)
starting from an initial condition @ ~ndu with n€ L*(u). Then, for any ¥:C(R4;S") - R,
EpauP (@™ < |7l E (™"

In particular, any such process is incompressible uniformly in m.

Proof. We get
E pau¥(@0™) = E . [n(wo) ¥ (@™ < [I71|(E, P(0™)) .

Incompressibility easily follows from the fact that y is an invariant measure for the Galerkin
approximations independently of m. O

Definition A.2.10. A weight is a measurable increasing map w: R, — (0, o) such that there
exists C>0 with w(x) KCw(x+Y), for all x> 1 and for Iy|< 1. We write as Iwl the smallest such
constant C. We denote w(N) the self-adjoint operator on Z defined as spectral multiplier.

We will use the notation D, to indicate the Malliavin derivative, see e.g. [99], which acts on
cylinder functions ¢ as in Definition A.2.3 as follows,

Dyp= Y, 0, P(@(f), ... 0(f) ful).
k=1

Lemma A.2.11. Let n € LZ(M) and let o™ be a solution to (A.2.1) with Law(w{)) ~ndu. Then this
solution is incompressible and, for any @ € D(L™), the process

t
M’ =p(w") — p(@f) — A Lp(wihds, 120,

is a continuous martingale with quadratic variation
6+1

t
(Mm"”)t=/ E(p) (@ ds, with %(q0)=2/ IA 2 D,ol*dx. (A.2.10)
0 T2

For any weight w, we have
[IWANE @) S W = 1)1 = Zo) Pl (A.2.11)

Moreover, for all p > 1, it holds

/t P(w) ds
0

p
E sup STV TP ey (1 - Zo)™llP, (A2.12)

t€[0,T]
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uniformly in m.

Proof. If ¢ is a cylinder function, then we have eq. (A.2.2) and in that case Doob's inequality and
Lemma A.2.9 yield, for all 7>0,

E sup M YISEAM™ YD) < InllE(M™ 2y ) 2 S Inl T2 I(E (@) 21 2,0
t€[0,T]

The norm appearing on the right-hand side can be estimated as follows:

/.

/(Z (n— 1)‘W(n_ 1)2 2| Ag;l(pn(x )”H L(T2)®0- 1))
2 ntwn—1y (H '2”"i'2)"<1|2<"+“lqsn(kl;n)P

6+1

w(AN )AxTDx(P

W )(E (@) |2 ‘2dx

1R

n>1 ki:n i=2
n
= 2) nlwin—1’n) <H I27rk,~|2)lk1|29|(ﬁn(k1;n)|2
n>1 ki:n i=1
n
=2 nhwn=1) (H lznk,-P)Le(k];n>|¢n<k1;n>|2
n>1 ki:n i=1

A

2[lw( =11 = Zp) Pll?,

where we used a symmetrisation in the arguments of @,, in the 5th line. Using the bounds (A.2.7)
and (A.2.11), one can extend formula (A.2.11) to all functions in Z(Z") by a density argument.

As far as (A.2.12) is concerned, let us remark that, provided the process @™ is started from its
stationary measure u, then the reversed process (@, = wr—;)»0 is also stationary and with (mar-
tingale) generator PN = Zy— %™, The forward-backward Itd trick used in [93] allows us to
represent additive functionals of the form /Ot Low(wi) ds as a sum of forward and backward
martingales whose quadratic variations satisfy (A.2.10). Therefore,

STP2((&())P")|?

t P
/99(1)(0)?1)ds

re[0,711J0

STPR|cy) (@) 2P S TP ey (1 - L) ol

E
”[ i (A2.13)

Let = (1 — %)~ ¢ and exploit (A.2.13) to compute

t p p
[E,,[ sup /¢(m§1)ds ] =[E [sup /(I—Zg)t//(a)T)ds
t€[0,T11J0 t€[0,T]
' P
< E [sup /( gg)u/(a)?‘)ds +E,| sup /q/(a) )ds ]
te[0,T] 1€[0,T]

S TPy (1= L) P + TP I c) wIP
< @V TP)(le) (1= Zo) ol + ey (1 = Zo) oll?)
S (TP TPy (11— Zo)™oll?,

which is uniform in m. 1
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A.3 The cylinder martingale problem

We want now to take limits of Galerkin approximations and have a characterisation of the limiting
dynamics. The main problem is that the formal limiting (martingale) generator & does not send
cylinder functions to #, therefore we cannot properly formulate a martingale problem for incom-
pressible solutions. However, estimate (A.2.12) suggests that it is reasonable to ask that any limit
process (@)= satisfies

/ t p(wy)ds
0

for all p>1 and all cylinder functions ¢ € €. The proof of the next lemma is almost immediate.

)4
E sup S(TPRVTP)|e(1— Lo~ 2|7, (A.3.1)

te[0,T]

Lemma A.3.1. Assume that a process (w;), satisfies (A.3.1) and let I (@)= fot @(wyg)ds forall p €
€. Then the map @ — (I1(®))i=0 can be extended to all p € (1 — L)\ ?H. The process U/ @)r=0
is almost surely continuous.

Proof. Take (¢,),C % such that ), [|(1— Z9)?@,— || < o, then it is easy to see that (I(¢,)), is
a Cauchy sequence in C([0,T];R) a.s. with limit /()€ C([0,T];R). It satisfies (A.3.1) by Fatou's
lemma and, therefore, depends only on ¢ and not on the particular approximating sequence. []

From this we deduce that for such processes we have

lim / (L") (wy)ds = / (Z o) (wy)ds,
0 0

m-—oo

in probability and in L? for cylinder functions ¢ € €. Here, on the right-hand side the quantity
ZL @ is defined as Lo =Lpp+1im,,_, ,, " @, that is an element of the space of distributions (1 —
Z9)"?9¢. The limit exists and is unique thanks to the uniform estimates on €” in Lemma A.2.7.
As a consequence, we have also a notion of martingale problem w.r.t. the operator < involving
only cylinder functions.

Definition A.3.2. A process (@)= with trajectories in C(R1; S") solves the cylinder martingale
problem for &£ with initial distribution v if wg~ v and if the following conditions are satisfied:

i. (wy);is incompressible,

ii. the It trick works: for all cylinder functions @ and all p> 1, we have eq. (A.3.1).

iii. for any @ €6, the process
t
MY = @(w;) — p(wo) — / ZLp(wy)ds, 120, (A.3.2)
0

is a continuous martingale with quadratic variation {M?},= fot &(p)(w,)ds. The integral
on the right-hand side of eq. (A.3.2) is defined according to Lemma A.3.1.

Theorem A.3.3. Let n € L*(u) and, for each m> 1, let (0™) be the solution to (A.2.1) with w{ ~
ndu. Then the family (@™)pnen is tight in C(Ry; 8') and any weak limit w solves the cylinder
martingale problem for £ with initial distribution ndu according to Definition A.3.2 and we have

Ellp(o) — p(@)P1 S (It =512V It —s1P)|lcd (1 = Lo) ™ ] |? (A.3.3)

foranyp>2and pE€SG.
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Proof. The proof follows the one for Theorem 4.6 in [99].

Step 1. Consider p>2 and ¢ € 6. We want to derive an estimate for E[lp(w]") — p(@})IP].
We write then gp(w!") — @(0?) = f; Lo dr+M"? =M%, and get from Lemma A.2.9 and

eq. (A.2.12) the following bound
t 2p11/2
] [[E,,/ L"p(w!Mdr ]
N

[ / P o(w™dr
S (It =slP2v It —sIP)|edo(1 — Loyl |P.

The martingale term can be bounded by means of the Burkholder-Davis-Gundy inequality

and (A.2.11) as follows:
t pl2 ' P12
E[IM"¢ =M 9P S [EK/ %(fp)(wi")dr) S[h(/ %((p)(w?")dr) ]

< It =sIP2|[(E (@) S It = s1P2]e2, (& (@) 2P
< |[_S|P/2”C§l;)(1 _30)1/2(p”p.

A

Therefore,
Ellp(@f") = p(@{IP1S (it = s V1t = slP) | clp(1 = Lo) ™ol 1P. (A3.4)

The law of the initial condition @(w({') is independent of m, and by Kolmogorov's continuity cri-
terion the sequence of real-valued processes (@(w™)),, is tight in C(R;R) whenever p >4 and
@ € € is such that ||cf;,(l — Z9)" 29|l < 0. Note that this space contains in particular all the
functions of the form @(w)=w(f) with f €C ©(T2). Hence, we can apply Mitoma's criterion [139]
to get the tightness of the sequence (@w™),, in C(R4; §").

Step 2. Since w{ ~ndu, any weak limit has initial distribution #du. Incompressibility is also
clear since, for any @ € #’, we have

Ellp(wnll <liminf Eflp(@)1< [l7lll¢]l-

Using cylinder functions, we can pass to the limit in eq. (A.2.12) and prove that any accumulation
point (w,), satisfies eq. (A.3.1). It remains to check the martingale characterisation (A.3.2). Fix
@ €% and let (y,), C % be such that y,, > L in (1+ L) > %. By convergence in law, incom-
pressibility, eq. (A.2.12) and eq. (A.3.1), we have that

E[(fp(wz)—fp(ws)— / 3(p(wr)dr>G((wr)re[o,s])]

= nlifgo E[((p(wz)—(p(ws)— / wn(wr)dr>G((wr)re[o,s])]

n— 00 m— oo

= lim lim [E[<<0(w§”)—(p(w§")— / u/n(wr)dr)G«wr >re[os]>]

= lim F [(qo(a)f") — () — / ZLo(w)! )dr>G((a)§”),e[o s])]

m—oo

where the exchange of limits in the last line is justified by the uniformity in m of the bound in
eq. (A.2.12). By dominated convergence in the estimates leading to Lemma A.2.11 one has

I(1=Zo)™ (Lo - L")l =111 = Zo) (G -G )| SoDII(1+ )1 = Zp) P
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as m — oo. This is enough to conclude (again using eq. (A.2.12)) that

m—oo

t
lim [E[<ga(w;")—(p(a>§”)— / g@(w;n)dr)G((W;n)re[O,s])]
(A.3.5)

t
= lim [E[<<0(W§")—¢(W§")— / Z mco(w?")dr)G((w?")re[o,s])] =0,

since ("), solves indeed the martingale problem for £". This establishes that any accumulation
point (@), is a solution to the cylinder martingale problem for £. Similarly, one can pass to the
limit on the martingales (M;"?), to show that the limiting quadratic variation is as claimed. []

A.4 Uniqueness of solutions

Uniqueness of solutions to the cylinder martingale problem depends on the control of the associ-
ated Kolmogorov equation.

The following standard fact on generators of semigroups that will be useful in our further
considerations. For the sake of the reader we provide also a proof to illustrate the relation between
the Kolmogorov equation for a concrete operator and abstract semigroup theory.

Lemma A.4.1. Let of be a densely defined, dissipative operator on # and assume that we can
solve the Kolmogorov equation d,;(t) = ¢(t) in C(R+;2(H))nC YR %) with initial condition
@(0)=@q inadense set Uy CD(A). Then A is closable and its closure B is the unique extension
of o which generates a strongly continuous semigroup of contractions (Ty)i»0. Moreover, we
have

ATipo=Ti po, (A.4.1)

for all poEU 4.

Proof. Since o is dissipative, the solution to the Kolmogorov equation is unique and ||@(?)|| <
ll@oll. Then, if we let T;po= @(t) for o€ % 4 we can extend T; by continuity to the whole space
Z as a contraction. By uniqueness, we have then T;, @0 = T;Ts@o, since ¢ — T @0 solves the
equation with initial condition Ty@o. Moreover, for o€ %y, we have that

t
Tipo—@o= / ATspods, (A.4.2)
0

which implies that ¢ — T;@q is strongly continuous. Again by density, we deduce that (7});»0
is a strongly continuous semigroup. Let now 9 be its Hille—Yosida generator. Then (A.4.2)
implies that Bog = 0;T1@ol;=0= @¢ for all o€ %y, and therefore for all o€ D () since B
is closed. So & is an extension of &/ and therefore & is closable. Assume now that there exists
another extension % which is the generator of another strongly continuous semigroup (S;)s>0 of
contractions. Now, for all g€ Uy C D(A)C 9(9?) we have 0:S;p0= BS @0, but also 0,T;p¢=
ATpo= 9§T,(p0. Since & is dissipative (due to the fact that its semigroup is contractive), the
associated Kolmogorov equation must have a unique solution and, as a consequence, T;@o=S,;@o,
which by density implies that 7=S§ and that & = A. Now observe that, if po€ %y, then T,pgE
() and by standard results on contraction semigroups (see e.g. Proposition 1.1.5 in [68]) we
have A Tipo=BTipo=T:Bpo="T:A po. O

Theorem A.5.10 below tells us that we can find a dense domain 2(&) C # for & such that
the Kolmogorov equation

opt)=ZLep(t), =0, (A.4.3)
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has a unique solution in C(R 4+; 2(Z))N C'(R,; ) for any initial condition in a dense set % C 7.
As a first consequence, Lemma A.4.1 tells us that Z is closable and its closure & Yis the generator
of a strongly continuous semigroup (7;),»0 and @(¢t)=T,p for all p € %.

Lemma A.4.2. Let p € C(R.; D(L)NCHR ;) and let w be a solution to the cylinder martin-
gale problem for &. Then

1
(p(ta wt) - (p(o’ (U()) - / (aS+3)(p(s’ (US) dS, IZO’
0

is a martingale.

Proof. By an approximation argument, it is easy to see that for any @ € D(Z) the process

@(wr) — p(wo) — /0 ZLop(wz)ds, 120,

is a martingale, where the integral on the right-hand side is now understood as a standard Lebesgue
integral of the continuous process s — (Z@)(w,) (which is well defined a.s.). The proof of the
extension to time-dependent functions follows the same lines as that of Lemma A.3in [99]. []

For an incompressible process we have that, for all >0,

/ 0r+ DT rp(w,)dr=0,  s€[0,7]
0

for all p € D(Z h), and therefore also that (7;—s@(ws))selo,7 1S @ martingale for any solution of the
cylinder martingale problem for £. This easily implies the main result of the paper.

Theorem A.4.3. There exists a unique solution w to the cylinder martingale problem for £ with
initial distribution wo~ndy with n€ L*(u). Moreover, @ is a homogeneous Markov process with
transition kernel (Ty);»0 and with invariant measure j.

Proof. Let us first prove that (w;);»0 is Markov. Let 0<7<s, let X be an & ,-measurable bounded
random variable, where ;= o(w,:r €[0,1]), and let p € D(LY), then (Ts—1p(w1))ie(o,5] 1S @ mar-
tingale and

[E[X(p(a)s)] = E[XTS—Sq)(wS)] = [E[XTs—tqo(wt)]

i.e., Elpo(o)F 1 =T;_1p(w,) =E[@o(ws)lw,], and the Markov property is a consequence of another
density argument. Moreover, its transition kernel is given by the semigroup (7;);>0. By an induc-
tion argument, it is clear that any finite-dimensional marginal is determined by T and by the
law of wg~ndu. As a consequence, the law of the process is unique. If wg~ u, then the process
is stationary. ]

Remark A.4.4. As a by-product note that the formula (7;¢)(w) = E[@(w,)lwg] allows to extend
the semigroup 7 to a bounded semigroup in L for all p&[1, oco] since

Ky, Tip)| = IE ,[w(wo)(Tip) (@)l = E yly (@o) p(w)I < lwll 2l pll 1o
for all w, p € L®(u) and all p,g€[1,00] with 1/p+1/g=1. Therefore ||T,@||«< ||@||zs. Moreover
for all ¢ € € such that ||cﬁ'1/7(1 — Z0)"?¢|| < 0 we have

1T:0 — llr= sup I[Eﬂ[l//(wo)((ﬂ(wz)—(ﬂ(wo))]<([Ey[kﬂ(wr)—fﬂ(wo)|p])”p—>0
vyl a<

as t — 0 by eq. (A.3.3). An approximation argument gives that (7;);»¢ is strongly continuous in L”
forall 1< p<oo.
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A.5 The Kolmogorov equation

It remains to determine a suitable domain for &£ and solve the Kolmogorov backward equation
(1) =ZL (1),

for a sufficiently large class of initial data. In order to do so, we consider the backward equation

for the Galerkin approximation with generator ™ and derive uniform estimates. By compact-

ness, this yields the existence of strong solutions to the backward equation after removing the
cutoff. Uniqueness follows by the dissipativity of Z.

A.5.1 A priori estimates
Lemma A.5.1. For any o €7 :=(1+N)"2(1 — L)~ %, there exists a solution
P"ECRL,D(L"NHNC' Ry Z)
to the backward Kolmogorov equation
9" (1)=ZL" 9™ (1)

with ¢™(0)= @y and which satisfies the estimates

(1 +4)P™(0)||*+ / le—C(’—”ll(le)P(l —Z0)"20"(9)]1%ds S, el (1+ AP oI,
and 0
11+ 471 = Zo)@" Ol Stm.p 1L+ AL = Lo)epoll,
forallt20andp>1.

Proof. Take 2> 0 and let £€""=J,€™J,, where J;, = "V=<%0)_ The operator g™ is bounded
on & by the estimates in Lemma A.2.7. Consider ¢ € D(Z"™). Using the fact that &£y is the
generator of a contraction semigroup, we take (¢ (¢));»0 to be the solution to the integral equation

1
"M =eLPpo+ / eZet=9gmhpmh(g)ds (A.5.1)
0

in C(Ry; (1 — Zp)%) and deduce easily that ™" solves the equation 9,0™"(r) = (%L +
g™ ™). Moreover

(1= Zp)(A + )P @™ (D) < Crpmll (1 = Lo)(A + AP,
for any finite # >0 and p > 0 but not uniformly in 4 and m. Now
((L+ )P ™ (1), &R (1))
= ((L+ ) P™ (1), G o™ N(1)) = (G (1 + NP ™M (1), ™ (1))
= ((L+4)Pe™" (1), G e H(0)) = (NG Q™ (1), o™ (D))
= ((L+H)P = W)™ h(r) 2l O)
Using I(1 + )2 — #?PI S (14 .4)*P~! and the uniform estimates in Lemma A.2.7 we have that,
for some 6 €(0,1/2),
(1 +)2P = 2y (1), G (o)
I(L+ )21 = Zo) @™ MO |1+ A )P~ (1 = Loy G o™ ()|

<
< A+ H4YP(1=ZLo) @™ "(1)]|%

Therefore,
[((L+ )P @™ (1), g™ M) S I(1+ A )P(1 = Lo) ™M (1)||*
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and by interpolation we can bound this by
{1+ (1), & ™ () K Coll (1 + )P @™ M (D)||*+ 81| (1 4+ 4)P(1 = Lp) o™ D)1,
for some small 6> 0. Therefore, we have
1
5 1I(1 + P O|P = (A + )P ™" (1), (Lo + T (1))

= =+ )P = L) 2™ @)1+ |(1 + NP @™ (@) ||> + (1 + N )P @™ (t), &™ o™ (1))
< (1 =)L+ /)P(1 = L) 2™ ()| + C3I| (1 + )P ™ (1)||?

uniformly in m and A. Integrating this inequality gives
1
L+ )P ™" (0)||*+ / e CN A+ )P (1= Lo) o™ (5)]17ds S e I(1+ 4 )Pl
0

for all p >1 where the constants are uniform in m and A. Inserting this a priori bound in the mild
formulation in eq. (A.5.1) we obtain

I(1+4)P(1 = Zp)e™ " DI K |1+ )P (1 = ZLp)p™ " (O)| +/O L+ )P = Z) 2™ ()l ds

Sl A +4)P(1 = Zy)oll + 111+ AP gpoll,

where we also used that

[A+4YPA=ZpE™ ™ ()| < Cm)|[(1+ 4P G™ ™ (s)||

S AL+ M)PH(L = ZLg) o™ (s)|
by the presence of the Galerkin projectors and our (non-uniform) bounds. Indeed, note that
(1 — LI, <ImlPP(1 4+ ML,
We conclude that
I+ )71 = Zg)e™ " Ol Stn A+ H)PH (A = ZLp) ol

uniformly in 2. We can then pass to the limit (by subsequence) as 2 — 0 and obtain a function
P"eCRy, (1+/)P(1-ZLp)~ ') satisfying the estimates

1L+ 4P ™01+ / I (14 (1 = Z) P 5) s ST+ Vol
and ‘
A+ 471 = Zo)@" Ol S |1+ 4L = Zo)gpoll.
forallr>0and p>1. As aconsequence, ' € C(R4,2(Z"™)) for all t >0 as soon as ||(1 + )1 -
ZLo)@ol| < 0. By passing to the limit in the equation, ¢™ also satisfies

0" ()= (Lo +ZMe" ) =ZL" " (). O

Recall that we write T™ to indicate the semigroup generated by the Galerkin approxima-
tion ™. Moreover, if we denote by & its Hille-Yosida generator, we have the following result.

Lemma A.5.2. (£, 2(L™)) is closable and its closure is the generator P™ In particular, if
QEY, then @™ (t)=T{" @ solves

0" (1) =ZL"p™(1),
and we have

3mTIm(p — Tlmgm(p
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Proof. Let (w}");>0 be a solution to the Galerkin approximation (A.2.1) with initial condition .
If ¢ €€ is a cylinder function, then we have

t t
T{" (o) — p(wo) =, [ A 2" p(f) dS] = A I"(Z™ p)(wo) ds.

By approximation (using a Bochner integral in # on the right-hand side), we can extend this
point-wise formula to all ¢ € D(Z™) obtaining for them that 7/"¢p — @ = fol 1" "pds in Z.
For every ¢ € (&™), Lemma A.2.2 implies that the map s+ T,"£" @ € # is continuous, and
therefore

m —
Ltq)—)gm(p, ast—0.  @ED(L™M)

with convergence in #. As a consequence, @ € 9(52"1) and we conclude that £™ is an extension
of (Z™,2(Z™)). By Lemma A.4.1, we have that the closure of ™ is Z" and that Z"T" ¢ =
TS forall pe?'. O

Using the commutation £"T/" @ =T{"<¥" @, we are able to get better estimates, uniform in m.

Corollary A.5.3. For all oo €Y and for all > 1, we have
11+ )%™ D> = |(1+ )L™ (0)||* S 1|1+ 4L "ol (A.5.2)

and

I(L+ )1 = ZL9) 2™ O> St |(L+ LG 1>+ I(L+ (L= Zo) ol (AS53)
Proof. Recall 7”@ = ¢™(t). We already know
e+ N T 1I* + / e+ N1 = ZLo) T g 1Pds S I (1+ )0l
0

which yields

/ (1 + N1 = L) PO T | / (1 + IV = L) T Lol
0 0

S A+ Lol

and
||(1-[|-=/V)”(1—39)1/2sz(ﬂ0||2
2
pS / (L+ )1 = ZL) 20, T ds|| + 1(1+ /)1 — ZLp) 2 ol|?
0
t
<t / (14 )51 = L) 20T @ol|ds + |(1 + ) (1 = L) P @ol|*
0
t
< 1e€ / eS| (1+ )21 = L) 20T ol|*ds + || (1 + )41 — L) 0| |?
0
S 1)L+ )L o>+ [|(1+ /)1 = L) P gol|%,
which is what claimed. 1

A.5.2 Controlled structures

The a priori bounds (A.5.2) and (A.5.3) bring us in position to control [|@™(®)]|, ||0:¢™(?)]|, and
|Z™@™(t)|| uniformly in m and locally uniformly in ¢, but in order to study the limiting Kol-
mogorov backward equation we have first to deal with the limiting operator & and to define a
domain 2(Z).
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To take care of the term & in the limiting operator &£, we decompose it by means of a cut-off
function 4 =M (/) as follows

" =1Lzy>uC" + Lz n 8" =8 + G~
We then set
"= " — (1= L) lem> ™, (A54)
so that
(1=L™p"=(1 - Lp)p™F + &<, (A.5.5)

Lemma A.5.4. Let w be a weight, L>1, £ €10,(0—1)/(20)[ and M(n)=L (n+ 1)%/0=1-20¢) Tpep
we have

—12m,> — 12
(WA =ZLg)™ &y || SIWIL 20 " |[w(N) (1 = L)yl (A.5.6)
Consequently, there exists Lo=Lo(Iwl) such that, for all L > Ly and all qojiEW(./V Yl (1-ZLp) V2%,
there is a unique @™ = %”"qoji such that
@"=(1-Zp) 1T g+ @t ew(N) (1 - L)~ P,
which satisfies the bound

W)L = ZLo) 2H | + 1w~ LO=VCO=E) |y )(1 = L) 2 (H "9 — @H)|

(A.5.7)
S w1 = ZL9) .

All the estimates are uniform in m and true in the limit m — co. We denote K = K *.

Proof. We start with the estimate on ?T’>. We have, fore €]0,1/2—-1/(26)[, using Lemma A.2.7,

W1 = L) PGyl S WA = L) Ligsmn@rvl
S ”W(./’/)M(./’/)_l/2+1/(20)+5(1 _30)—1/(20)—55111//”
S W + DM + 1)7VHVCO+e Ly 4 1) (1 — L) 2y

The bound on €™~ can be obtained using again Lemma A.2.7:

WA= L) 2™yl S W)= L) " Ligysmn & vl
S WM )~I2HIRO (] — )~ 1COZ ™y |
S ”W(./V— I)M(./V— 1)_]/2+]/(20)./V3/2(1 _go)l/ZW”‘

In conclusion, for € €10, (0 — 1)/(20)[, choosing M(n) =L (n+ 1)3/0=1-209) for [ > 1,
WA )(1 = Loy~ 2G| SLTVHVCO 1yl | w( ) (1 = ZLp) Pyl
Now let p* € w(H)~1(1 = Lp)~ V2%, the map

Y w( )T A= Zo) P H — w1 -Zg) 2,
v )= (1= 279y + o,

satisfies, for some positive constant C,

w1 = Zo)P¥ W)l < WA )1 = ZLo)™ 2G>y + Iw(H)(1 - Lg) 0|
< CLTPHVEOT el w1 = Zo) Pyl + w1 = Zo) ).
Namely, ¥ is well-defined and, choosing L large enough, it is a contraction leaving the ball of

radius 2||w(A)(1 — Lo)V 2(p’i|| invariant. Therefore, it has a unique fixed point % et satisfying
the claimed inequalities. O
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Remark A.5.5. In the previous lemma, the cut-off M(n) depends via lwl on the weight w. In the
following we will only use polynomial weights of the form w(n)=(1+ n)* with lal< K for a fixed
K. In this case Iwl is uniformly bounded and it is possible to select a cut-off which is adapted to
all those weights. This will be fixed once and for all and not discussed further.

Proposition A.5.6. Let w be a polynomial weight, y 20, € as in Lemma A.5.4,

_ 66y +5)-2
WM="20-1
Let

PP ew(N) 1= L) F W)L+ )1 - L),
and set @ = (%/m(pﬂ. Then L™ @™ is a well-defined operator and we have the bound
W) (A = Lo ™™ || S WAL+ ) (1 = Lp) . (A.5.8)
Proof. By eq. (A.5.5) we need only to estimate €™ <™. We first deal with &"~: we have
by (A.2.8), for 6<1/2—-1/(20),
W) (1= Loy G ="

WA= L) Ligjgcmn)GL o™l
WMWY 281 — Fpy~12H0gmgm||

<
S AW + DMWY + 172+ 1)(1 = ZLp) O™,

For €, it follows in a similar way from estimate (A.2.9) that, for every 610, 1/(26)],

W) =ZLe) =™ || = WA = Lo Ligg<mn G o™

S WMWY VO] — L)~ EOGm QM|
S W = DM = 17 HVCO 321 — Loy M)
These bounds and the definition of M(n) give the claimed bound on &=, O

A.5.3 Limiting generator and its domain

Lemma A.5.7. Let w be a weight and take a cut-off function as in Proposition A.5.6 with y =0. Set
DAL= {FH p" @F eWN) T (1= L)1 nw( W)~ UN + 1) O — Zp) 11292},

Then D,(Z) is dense in wW(N) "' %. Ifw=1 we simply write D(Z).

Proof. Note that w(4)~!(1= L)™' Z nw(W) (¥ +1)"*O(1 = Lp)"2% is dense in w(N) ',

therefore, in order to prove Lemma A.5.7, it suffices to show that, for any y € w(/#/)~!(1 —
Zo) '\ aw( W) NN + 1)1 — Lp)~2F and for all v> 1, there exists ¢ € D,,(Z) such that

W1 = L) 2(@¥ — )| S v OVCOTE () (1 — L) 2y, (A.5.9)
WA= Ze) e || S W)L =ZLe) 2y, (A.5.10)
W1 =L)p || S vVCOT(||w( ) (1 - ZLowl| (A5.11)

HIwM(W + 1O = Zy) Py ),
for some 6>0. By Lemma A.5.4, there exists ¢” € w(/)~'% such that

@' =<z (1 —ZLo) ' Co¥ +y
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and satisfying estimates (A.5.9)—(A.5.10). We are left to show that " € 2,(&Z) and (A.5.11).
Note that

P'=(1-Zo)"'T7p" + ",
where

P F=y — Lyonzg<umn(l = Zo) ' Cp".

In particular, we have L@ =¢"+ Z<¢" — (1 — g@)q)v’u, and, by Proposition A.5.6, it suffices to
estimate "% in w() "1 (1 = Lo) ' nw( W) H N +1)"O(1 — L)~ 2. The first contribution,
v, satisfies the required bounds by assumption, so it is enough to show that the second contribu-
tion, which we denote by y”, satisfies

VVCOy () +1)O(1 = L) Py, (A.5.12)

WA =Zow'll 5
| S W + DO = Zg) Pyl (A.5.13)

WA+ 1M1 = ZLg) P2y

Notice that (1 — L)y’ = —Lyun<izi<wmr)@@", hence estimate (A.5.12) can be obtained from
the uniform bounds in Lemma A.2.7 as follows (note that those bounds are valid also when m =
+00). We have, for &,

W) Lyry<izg<vmn) G+l
S w1 = Z)COT 1y n<izg<nmn (1 = Lo VCO°G g
S Vl/(20)+5||W(./V+1)M(./V+1)]/(20)+5(./V+1)(1 _39)1/2—5¢”‘

For €_ we have, instead

W Lpry<izg<wmonG-oll
< Y aT0 I AR 1= %) Ve
S Aw(A)( 0) MN<IZgl<vM () ( 0) -oll
S VYO — DMV = DYCON32 101 v caz<vmny (1 = Lo) 0% g,

which gives estimate (A.5.12) if we choose € small enough. In order to obtain estimate (A.5.13),
note that, for k €10, (6 —1)/(26)],

W+ DO = L) 2| = IwW)H + 1D O = L) Ly <iza<wmn €o°l
M(n)—(e—l)/0+2xllw(ﬂ/)(ﬂ/+ 1)(1(0)(1 _30)—1/(29)—K?+(p\/”

+M(n)_(‘9_1)/9+2’(||w(/l/)(/l/+ 1)0{(0)(1 _ge)—I/(ZG)g_(pv”

N

Now recall that M(n) ~ (n+ 1)39©~17208) and get by (A.2.8)—(A.2.9) the inequality
WA )N + DO = Lo) 2y || S IwH )1+ )" O(1 = Lp) 0"
Applying (A.5.7) yields the result. [l
Lemma A.5.8. For any ¢ € D(Z), we have
{p,.Zp}<0.
In particular, the operator (£, D(Z)) is dissipative.

Proof. Notice that ¢ € (%) implies Zyp, Cp (1 — L)’ and p (1 - ZLp) 21+ /)" %.
These regularities are enough to proceed by approximation and establish that

(0. L9y =—{0.(=ZLo)p) + {0, Cp) =@, (L)@} =—||(-Zs) || <0,

where we used the anti-symmetry of the form associated to &, i.e. {p,Z¢p)=0. 1
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A.5.4 Existence and uniqueness for the Kolmogorov equation

Having defined a domain for & it remains to study the Kolmogorov equation d,p = Z¢. In par-
ticular, we consider the equation for (pm’ﬁ, which was defined in (A.5.4),

A"+ (1= Zp)p™? = LM@"+(1 = Lo)p™ — (1= ZLp) "' €™ 0,0™
— <0m+ gm,< m_(l _go)—lgm}a[q)m
= @GP~ (1= L)' (9" + T 9" ~ (1~ Lo )
= ®m’ﬂ

We want to get a suitable bound in terms of q)g”’ﬁ for each term of ®”-*, The Schauder estimate in
Lemma A.8.2 will be crucial. We will also need the following result.

Lemma A.5.9. We have
(1 +4)P(1 = Zp) 2™ H(1) ||

AS5.14
S e+ D2(| 1+ )PA = Lo | +|| 1+ 4O - Lp) o). ( )
Proof. By (A.5.3) and Lemma A.5.4 it follows that
(L +4)7(1 = Zo) o™ )|

S NA+MPA=ZL) 2O+ 1+ A (1 = Zg) ™ T @)

S e N A+ NP LGN+ (1 + )P = Zp) i |

S @+ DV (||(1+ 40 = Loy | + || (1 +4)P O = L) o)),
where in the last step we exploited Proposition A.5.6. ]

Forye]1/2,1—-1/(26)[, we have that, by the estimates (A.2.8) and (A.2.9),

(1 +A/)p+3/2(1 _go)y+1/2+]/(20)(pm,ﬂ(s)”

I +497(1 = Ly ~'E"> (1= L)g™Hs)]| 5 |
S N+ )P0 = Loy IO (s))).

By interpolation for products, there exists g > 0 such that, for all e €]0, 1,

(14 A )PH32(1 = Lgyr H12HVCDGmAS) || S Cell(1+ )1 = L) 2™ Hs)]|
+el (14 )P(1 = Zg) o™ s)|,

where the first term on the right-hand side can be controlled via the a priori estimate (A.5.14),
while the second term can be absorbed on the left-hand side. Moreover, we have by (A.5.8) and
by estimate (A.5.14),

I(1 +‘/V)p+a(y)(1 _go)l/2¢m,ﬁ(s)”
|1+ a1 — 2|
+||(1 + A)PHa+a0)q _gg)llzqogn,ﬂ”‘

L+ )P =Zp) T =™ ()]

N N

Recalling y €]1/2,1 —1/(20)[ and exploiting estimates (A.2.8)-(A.2.9), we get

|(1+A)P(1 = Loy =G> G™= ™ (s)||
,S ”(1+./V)p+3/2(1 _g‘g)y—1/2+1/(20)S§m,<¢m(s)”
< ”(1+ﬂ/)p+3/2+a(y—1/2+1/(20))(1_gQ)I/Z(pm,ﬂ(s)”
S NA+)PH00 = Z) ™),
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where we used 3/2+a(y — 1/2+ 1/(20)) < a(y) whenever & < 1/3—1/(36). This bound can be
controlled via (A.5.14) as above. As a consequence, we established that, after renaming g =¢g(p,
r)>0,

sup [[(1+4)P(1 = Zp) @™ 1)l Sr (RS _ge)q,gl,ﬁ”

0T
+I|(1+JV)q+a(0)(1_39)1/2(p6”sﬁ”
+e sup [|(1+4)7(1 = Loy o™ 1),

01T

and hence, for y €11/2,1—-1/(20)],

sup [[(14+4Y(1 = L)' Dl S |1+ )91 = Loy || +]|(1 + )91 = Zo) |

01T
H| A+ )P0 = Zg) o
St ||+ -Z9) 07|

Recall 9,0 = (1 = Lp)p™* + D™ 1), so that

sup [|[(1+4)7(1—Zp) 0,0™ )| S |1+ 771 —ge)lﬂ(pgl’ﬁ”.

0<1<T
By interpolation, this gives
1L+ )21 = Lo) 720" H(1) — @ )| < It — 51| (1 + )91 = L) 7 o .
Introduce now, for p >0, the sets
%= |J HA+m) -2y HC,

relz1-5|
and % = Up>a(0) %p‘
Theorem A.5.10. Let p>0 and o€ %,. Then there exists a solution

pel CR: A+ - Ly~ 52)

6>0

to the Kolmogorov backward equation d,p = £ @ with initial condition (0)=@o. For p> a(0),
we have p € C(R, D(L)NCYR, X) and, by dissipativity of &, this solution is unique.

Proof. Let o€ %, and set @h:=F o€ (1 +.4) (1 — Lg)~ "7 H for y €]1/2,1—1/(26)[ and
p>0. For meN, let ¢ be the solution to 0, = L™ @™ with initial condition ¢™(0)= %%3. A
diagonal argument yields the relative compactness of bounded sets of (14 .4)"P(1 — %)~ "2#
in the space (1 +.4)7P (1 — L)~ for 6> 0, with the consequence that, by Ascoli-Arzela the
sequence (qom’u)m is relatively compact in C(R; (1 + )71 — £p)~'9) equipped with the
topology of uniform convergence on compact sets. We denote »" alimit point of such a sequence
and let o = # ¢". Then, along the convergent subsequence,

P =) = lim (¢"(1)-¢"(0))

m—oo J(

t
lim [ (Lo@"™Hs)+E"™<H "p™¥(s))ds
0

m—oo
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lim (s,ﬂo(pﬂ(s)+?m <HMp"H(s))ds

m—oo

= / (ge¢u(s)+g<%¢u(s))ds,
0

where we exploited our uniform bounds on %, €, ¥ ™ and the convergence of ™" to ¢ as
m— oo to get the 4th equality, while the last step follows from our bounds for €~ and %, together
with the dominated convergence theorem.

If we take p> a(0), then by definition (cfr. Lemma A.5.7) ¢ € D(&). Furthermore, L ¢ €
C(R,; ) and we have p € C'(R,; %) because of the relation ¢(f) — @(s) = /St ZLo(r)dr. We can
hence compute,

alle®I>=2(ep(t), Zo(1)) <0,

by the dissipativity of the operator £ given by Lemma A.5.8. Therefore, for any solution we have
||l < |l@oll, which together with the linearity of the equation yields the uniqueness. O

A.6 Bounds on the drift

We prove here the key bounds on the drift ™.

Proof of Lemma A.2.7. We start by estimating &'. We have, by Lemma A.8.1 and since y >
1/(20),

w1 = L) 7E el = Y nlwn)?* Y, <H lznk,-lz)ff«l ~ L)L k1)

I’l>0 k]n i=1
Lok g1tk li +4 |<m|k1+k2|4
< ! 2 I2k|2\‘2‘2 . ki+ko, k3.2
2, i’ H (1+ Lok 1.,) 2k Pl Pn-1kr + k2, K3in)
n>=2 ki i=1
R (A.6.1)
S D ntnPwn)* )] (H |2ﬂk,-|2>lf|4l(2)n_1(f,kg;,,)|2 > A+ Lotk ™
I’l>2 f,k}:n i=3 k1+k2:f
n
’S z n!nzw(n)z z <H |27[kl|2>|f|4(1 +L9(f, k3:n))_2y+1/0|¢n—l(l/p’ k3:n)|2-
n22 ¢ k3n i=3

Introducing the notation £1=¢=k+k, and £;=k;+; for i>2, we get

n—1
< X nlntwn? (H lznfﬁ)lfﬂ%l+La(flzn_1>>-2Y+”9l(2:n_l(fl;n_olz.

nz2 C1in—1 i=1

then using the symmetry of @,_; we reduce this to

1212+ - + 12,
< Y nlnwm? Y (H 27 f|2> T Lo 1) U i (Z 1P

n=2 £1:n—1 i=1
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from which we obtain

SIUCERISECESIEY <H I27rfi|2)(l +Lo(1:20) 20 NG (£ 1.0

nxz1 C1n i=1
SlIw( ¥ + DA+ (1 = Zg) 02T )12
For €™, note first that, by the Cauchy-Schwarz inequality and by Lemma A.8.1 (since y < 1/2),

2
D Gkt -p) ki DPusi(p.g ko)
p+q=ki
< z (1+|p|20+|q|20)2y—1—1/0
p+q=ki
X D (L+IpP+1gP) !+ 1021t pP ks - gP s 1(p. g k)
p+qg=ki
S T+ P21 Y (1 +1pPo+1gP0 02t pP k- gPlnsr (p. g ko),
p+q=ki

therefore,

WA= L) TGl = Y ntw(n? Y, (H lznk,-P)lff‘((l ~ L) G D)k 1)

n=0 ki:n i=1

1
D ntwn(n+ DY <H 27k; 2) k1 14(1 4+ Lo(k1.))%

n=0 kin i=1

Y (kt-p) ki Qs 1(prgan)
p+q=ki

3 oo s S ([ oot )t P

n=0 kin i=1

X D (L+1pPo+1gP0) 10201k HpPigPl G 1 (P g, ko)
p+q=ki

PRAORCES S IEDY <H |27rk,-|2>|27rp|2|27rq|2

n=0 ki.n pHq=ki i=2
X(1+1pP0 +1gPRP0Y+10=21\g (Do g ko)

A

2

A

A

wenow let £1=p, £,=q, and £;=k;_ for 3<i<n+1, so that

W) = Lo) 7 G p]|?

n+1
< 2 nwn)2(n+1)* Z (H I27rfi|2)(l+If1I29+If2|29)1+1/9‘2ylfﬁn+1(f1;n+1)l2
n=0 C1:n+1 i=1
n+1
S ) ntwmPn+1* ) (H |2ﬂf,-|2)(l+lf1I29+---+If,,+1|29)1+”€‘2Y|(ﬁn+1(f1;,,+1)|2
n=0 1+l i=1
n
S Y ntwn=1%n) (H I27n’,-|2>(1 FIP 12, PO V0211 (1)
nx1 1, \i=1

S wh = D21 = Lo+ )2



104 HYPERVISCOUS STOCHASTIC NAVIER—STOKES EQUATIONS WITH WHITE NOISE INVARIANT MEASURE

which gives the uniform bound.

Let us now discuss the m-dependent estimates, we have for &%

IW(NHELPlP= ) nlwn) Y, (H lznk,-P)l%(ff(p)n(km)lz

n>0 im \i=1
. k1 + kol*
1 R
< Z H!W(fl)zflzz <H |2ﬂki|2>]llkll,lkzl,lk|+k2|<mW|(Pn—l(kl+kZa k3n)l?
n=2 ki:n i=1
< Z n!w(n)*n?
n=2
n
XZ <H |2ﬂki|2>|275(k1 + k)P ol kel <tk + k21?01 @1 (K 1 + ko, K 3)
k1:n i=3
] n—1
< mzz nlw(n)*n’ Z (H I2ﬂfilz>lf1|2"|(ﬁn_1(f1;n_1)l2
nz2 C1n-1 i=1
n—1
< m? Y nlw(ny’n ), <H |2mf,-|2)Le<f1:n_1>|¢n_1<f1;n_1>|2
n>2 € 1in—1 i=1

< mzz nlwn+ 1)3(n+ 1)22 (H I27n’,-|2>(1 +Lo(Z 1) Gu(Z 1)

nx1 C1in

S mA{w(A + D)1+ )1 = Zp) 0|2

i=1

Finally, for £ we have,

(T plP= ) nlwn) Y, (H Iznkiﬁ)lsv(%p)n(kl:pﬁ

n=0 kin i=1

n IL .
2w+ 'Y, (H |2ﬂki|z>%

n>0 kl:n i=1

Y (kt-p)(ki-q) Gusi(p.q.k2n)
p+q=ki

D nlwm(n+1)*

n=0

n
xy (H IznkiP)|2np|2|2nq|211|kl|,|p|,|q|<mlk1|2|¢n+1<p,q,kz;,»lz

ki p+q=ki i=2

mzz nlwn)i(n+1)>3 Z ( |2ﬂk,-|2>
i=2

n=0 P.q.kon
x2zplf22gl*(p1P? + 19170 + ko0 + - - + 1k PN 1 (P, g5 ko)

n+1
m? Y ntw(n(n+1)° Y (H lznf,-P)La(f];n+1>|¢n+1<f1;n+1>|2

nz0 Cine1 \i=1

mzz nlw(n— 1)2n22 <H |27n”i|2>L0(f1:n)|¢n(f1:n)|2

n>1 1 i=1

m2||w(W = DN (1= Zp) 0l

N

2
X

N

N

A

A

A

This concludes the proof. O
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A.7 Stochastic Navier-Stokes on the plane

In this section we prove that the main results of the paper, namely existence and uniqueness of
energy solution for the hyper-viscous Navier—Stokes eq. (A.1.1) extends very naturally to the
setting of the whole plane R?. We will discuss first existence of martingale solutions via a lim-
iting procedure involving finite volume approximations, then we will show that the Kolmogorov
equation can be solved also in the full space, which implies, as in the periodic setting, uniqueness
in law.

The invariant measure At the beginning of the paper, we introduced the invariant measure of
the problem, i.e., the energy measure y given by eq. (A.1.3). The computation of the covariance
in the current case gives, for any g,y €8,

Elw(@)o(y)]={(—A)"%p, (_A)]/2W>L2([R2) =@, ¥) 1 1R

where Hs(Rd) denotes the so-called homogeneous Sobolev space of L*(RY) functions f having
norm /., 1S f (é‘)l2 d¢é finite. We denote by up> the energy measure in the case of the whole
space.

A new approximating problem In order to approximate stochastic Navier-Stokes equations on
the whole space, we study Galerkin approximation problems on scaled tori T?:=R>\ (27427,
A >0, with the goal to take first the limit as A — oo, allowing us to pass to the case of R2. For f:
T?— R, we define the Fourier transform Z,(f)=f: 117> >R as

FHR)=Ffk)= | e Fx)dy, ker'Z?
T7

while the inverse transform is given by
FrOW=Qz? Y k), xeT
kea-1z2
Plancherel theorem now reads as

Qr)~ Z «%(f)(k)fﬂ(g)(khAzf(X)g(X)dX-

ker-172

The 7-norm is now given by

[o0] [o0] n
2 - -
lellz,= Y, ntll@alligazyen 2. nl A Y (H |k,-|2>|<on<k1:n>|2.

n=0 n=0 kine(a—1zdn \i=I

The Biot-Savart kernel is K(x)=—Q2) 7 A74Y, _, 1, k*kI72e>™* for x€ T3, since from the
relation =V u we get

@(k)=2miky (k) = 27k tia(k) =271kt - Gi(k),

which gives (k) = =21k T127k1=2 - &(k).

563”" can again be represented in Fourier terms by (A.2.3) for ky,...,k, € A~'Z% The (A-
)Fourier transform of ?im is exactly the same as in (A.2.4), while the one of €4M is as in (A.2.5)
but multiplied by a factor A=2 due to the convolution. Following the proof of Lemma A.2.7, we
get some estimates of ?im uniform both in m and in A4 (up to the A-dependence of the #;-norm).
After getting this estimate we obtain the same result as in Lemma A.2.11, for every 4> 0.
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Proof of Lemma A.2.7. We show here the two bounds for €. For €%, the main difference
with respect to the proof presented in Section A.6 is the presence of the A~ term in the definition
of the norm (and, of course, of a different Fourier transform), the sum on k| + k, =7 in the third
step of the inequality (A.6.1) eats also a term A~2, hence thereafter we will have 472"~ which
is the correct term that will enter the norm at the end of the estimate.

For the term €*™ we will use the fact that, by Lemma A.8.1,

2 1 ~ 2
A2kt p) ki @ @ner(P.q.kon)

p+q=ki
S ),_2 2 (1+|p|20+|q|20)2y—1—1/9
p+q=ki
xA72 Y L+ 1pPl+1gP) =2kt Py - gPln 1 (p. g k)
p+q=ki
S I+ PO 1472 % (1+1pP0 +1gP) !+ 0=kt pP |k - gPlG 1 (P, . kaon)

p+q=ki
which implies that [|[w(#)(1 — %)~ €"¢||* can be bounded as in the proof in Section A.6 with
the extra term A~2""+D_ that is exactly the term that will enter the norm, yielding the claimed
estimate. O

Existence for the cylinder martingale problem We now want to give a proper definition of
infinitesimal generator and of martingale problem on the whole space R? (cfr. Section A.3), and
in particular we want to show the existence of solutions obtained in Theorem A.3.3 for the present
scenario.

Let us therefore focus our attention on the proof of Theorem A.3.3. Following Step 1, we want
to show tightness of the sequence (0*™), .. With Step 2, we are going to conclude the existence
for the martingale problem as A,m — oo. Let us assume for the moment that we can associate to
each cylinder function, @ € Cylg:, of the form @(@w)=®(@(f)),...,o(f,)), where f1,...,f, € S(R?),
to X (w)=D((f{),...,o(fH)) with f{,..., f#€ S(T?) in such a way that

oiki.)=ppkrp),  forky,....k,€ A7,

where we are exploiting the chaos decompositions of ¢ and @*. It is then possible to recover the
bound (A.3.4) for *" and therefore tightness, since 559'”” has Zg° as a limit of a sum converging
to an integral. As regards Step 2, the crucial part is to pass from Z*™ to £ in (A.3.5) when
taking the limit as A — co. To do this, we have to show that ||(1 — Zp)~V2(ZL*"p — L") %,
tends to 0 when A — oo, which reduces to prove that

(1= Zp) VA E "9 - X" )| 3¢,—0,  as A— 0.

Comparing the explicit formulas for €™ and €™, we have that the only difference between the
two is the fact that in €*™ the sum given by the convolution becomes an integral when taking the
limit. In particular,

(1= ZLo) V(G "0 — T 0) |5,

~ Z nl A" n(n+1) z ( |k"|2\(1+Le(k1- ))]/ZX
1 n

n=0 klme(/‘[—122)n =

_ ki - plgl?
x|A72 Z 1|k||,|p|,|q|<m%37/1(%“)(17,q,kszn)—
p+q=ki
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2
ki - slky — s
= [ Liylsl ke, —slm %9]((Pn+1)(5‘, ki—s,k3.,)ds
R2 k4
. 1
S YAy Y] ( |ki|2>—"‘"<m =X
~ 7
n=0 k(=122 \i=2 (1+L¢9(k1:n))
x )”_22 Lipl i~ pl<mP Ik — PP F W @) (P k1= pok3)

p

2

>

—/2 gtk y—si<m Sk 1 — SPF 1 (@ns1)(5. k1 — 5, k3.,) ds
R

and the right-hand side goes to zero as 4 — 0.

In both cases it is important to understand the role played by the test functions with respect to
the norm (which depends on 1) we are considering. We want in fact to take @ € Cylr2, but we will
evaluate it on @™*. This is a non-trivial step and it is worth to spend a few words on it adopting
a chaos expansion point of view. To apply the Mitoma's criterion we only need to test on linear
functions, see [139], while for the second step it suffices to consider functions @ of the form

Ly o2
p(@)=:e @ =e "DV for e SR,

where :e'é: indicates the Wick exponential of g, see also [89, 95]. Focusing on the latter case,
we can identify @ with the sequence of chaoses (¢,(k1.,)), where @,(k;.,)= z”f (ky)--- f (k) for
ki, € (R, so that, after noticing

1
WA ) _ 0 P+ 52

PN ™) = (@™ =e Ci(f)e :

with C;(f) = 1 as 4 — oo, we have @i (k1) =1"Ci(f)f (k1)- - - f (kp) for ki€ (47122,

The Kolmogorov backward equation in the plane Let us now turn to the study of the Kol-
mogorov backward equation for the whole space setting. In order to get the result we have obtained
in Section A.5 in the case of periodic boundary conditions, we need first to give a proper descrip-
tion of the space we are working in, that is % g>=L*(up>). In particular, we need that the operator
< is well-defined on this space.

We start by describing the homogeneous Sobolev space H'(R?). As remarked in Proposi-
tion 1.34 of [22] this space is not a space of functions. Indeed consider a smooth bump function
0:R25>R compactly supported and such that 8(0)=1. Let 6.(x) =0(ex), then as € > 0 we have
10ell 712~ 1, 0 — 1 pointwise and 6 — 0 weakly in H'(R?). The elements of H'(R?) consists
of equivalence classes of functions modulo constants and we will have to take this into account in
our analysis. We say that ¢ € H'(R?) if there exists a tempered distribution p € § '(R?) such that

1515710y = / kPl dk < oo,
R
and for which
<¢’W>H‘(RZ):<¢’W>H1(R2)’ for all y € S(R?). (A.7.1)

Note that the equality (A.7.1) implies an identification of elements whose difference is a constant.
Indeed, for CER,

(0. W) 1182 = (@ W) 112 = PIDPy) + Co(IDPy) = G(I-29(-),
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where D denotes the derivative operator. This means that we identify ¢ with ¢+ C and write
ol = A IRk,

As a consequence, the tensor product (H'(R?))®”, understood as a tensor product of Hilbert spaces,
can be described in the following way: for every ¢ € (H'(R?%))®", there exists @ € &;((R?)"),
the space of symmetric tempered distributions on (R?)", such that

n
2 2 2
”(p”([.'[l(RZ))@n:/ 5 <H |ki|2)|¢(k1:n)| dkl:n<00,
®I" \i=1

and for which
n
(o, W>(H1([R2))®" = @((H l-iI? )VA/), ye SR,
i=1

that leaves the freedom to change q?; inZ,=Ui, {k;=0}C (R?)" and defines it modulo a sym-
metric distribution # whose Fourier transform is supported in Z,. Therefore, we can identify ¢
with @ +#, where (T]}_, Iki*)i(k1.,)=0.

Let us now study the operators ... With the identification above we can define

(ki - (k1 + k) (k1 +k2) k)

F(GEPk1:n) = (n=1) ym(k1, ko, k1 +k2) Gn-1(k1+ko, k3:),

Ik 1121k I?
m kt-p)ki-q) .
F(GZPn(ki1:n) = (27r)2(n+1)n/Rz ;(m(p,k1—nh)%j;@wﬂ(nkl—p,kz:n),

with y;, a smooth function such that y,,(ki, k2, k3) & Lk, ikyllksi<m- These formulas have to be
understood via duality

[ ki - (ki +k2))((k 1 +k2) - k)
m n . n = _l kl2 mk,k,k k (1
W (GO given = (n )(RZ)n EI = k1, ko, k1 + ko) TR
X(ﬁn—l(kl +k_2, k3:n) ll}\/zl(kln) dky---dk,
= (-1 ) Hlki|2 Ik, ko, ky+ko) (kT - (k1 +k2) (k1 +k2) - ko)
GO

><é’n—l(kl +kZa k3:n) lIA/n(kln) dkl e dkn

In order to check that this definition is correct, we need to make sure that whenever @,_ is
supported in Z,_; or when y is supported in Z, the result is zero. This is obvious for y, so let us
check it for @,_;. Assume @,_; is supported in Z,_1, then either ky +k,=0 or k;=0 for some
i=3,...,n. In the first case the result is zero due to the multiplicative factor (k1l ~(k1+k))((k1+
k2) - k»), while in the second the result is again zero because of the factor []}_; lk/% The same
works for &_ since it is the adjoint of & .

The expression of the norms, and therefore the results about the estimates on the operator and
so on, are exactly the same as in the periodic setting modulo changing the sums into integrals. As
already shown in Section A.4 for the torus case, the existence and uniqueness result for the Kol-
mogorov backward equation yields, via duality, uniqueness of solutions to the cylinder martingale
problem also for the case of the whole space R>.
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A.8 Appendix: Some auxiliary results

Lemma A.8.1. Let C,>0, a>(d+ )/ (20). Then, for every A large,

- Ipl 20 - -
A2 < (K2 4 C)P+aIQ0~a  fc j-1zd
pG;Zd PP+ Te— P+ O~ )

uniformly in A.

Proof. Since IpI® + |k — g|** > 1pI?? + k1%, we have

_ Ipl? lyl?
172 < d
; PP+ k= PP+ C) ~ Jpa (Y27 + k2P C)z >

By scaling
|y|ﬂ 26 - |y|ﬁ
dy=(kl? 4 C)P+d26-a [ (4
Ad P+ ko4 Oy = ) d (WP )2
and the integral is finite if f—20a < —d. |

Lemma A.8.2. We have, for any T >0, y >0,

sup [[(1+4)7(1=Zp) Tyl < I+ 4)P(1=Zp) Ty ()]

01T

+ sup [[(1+A)P(1 = ZLp)"(0;— (1 = ZLp)w(D)||.
01T
Proof. The proof is standard and proceeds by spectral calculus. Write W(t) := (9, — (1 — £Lp))yw(¢)
Wi(s)=11_g~21P(s),

where 1);_g,.2i denotes a dyadic partition of unity such that lloll?~ 2y 39|N2,-(p||2 for any ¢.
Let S;=e~"1=%) 50 that

t
w(t)=Sy(0)+ A Si—s¥P(s)ds.

Then, using [|(1 - Zp)"*7S,_wll S((t =)™ 77V Dllwll and [|(1 = Lp) 7 11— ge0ill $20+7, and
letting 6=2"", we have

t
H(l — L)l / S;—sPi(s)ds
0

t—5 t
< |a-2p'tr / Si—s¥i(s)ds || + H(l — L)'t / Si—sPi(s)ds
0 t—6

N

t—0 t

/ ((t=5)""7V D[ Wi(s) | ds + 20+ / 1S—s¥i(s)| ds
0 [ )

(677 +210415) sup ||Pis)ll

. 0<s<T
27 sup ||'Fi(s)l

0<s<T

sup |[(1=Zp)"¥i(s)ll,

0<s<T

NN

N



110 HYPERVISCOUS STOCHASTIC NAVIER—STOKES EQUATIONS WITH WHITE NOISE INVARIANT MEASURE

and, as a consequence,

2 2

t
H (1= ffe)]”/ Si—s¥(s)ds
0

< 1-%, 1+y/tst_;1'i d
Z H( " | (s)ds
S sup DI = ZLo) Wils)|?

0<s<T i

S sup [I(1=Zp)" )

0<s<T
Therefore, since // commutes with &, we also have

sup |1+ )1 =Z)"* Tyl < A +4)1=Zp) Tyl

0<t<T
+ sup |[(1+4)P(1—=ZLp)"P(s)ll,
0T
that is the claimed estimate. O
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Appendix B

A singular integration by parts formula for
the exponential Euclidean QFT on the plane

Abstract. We give a novel characterization of the Euclidean quantum field theory with exponen-
tial interaction v on R? through a renormalized integration by parts (IbP) formula, or otherwise
said via an Euclidean Dyson—Schwinger equation for expected values of observables. In order
to obtain the well-posedness of the singular IbP problem, we import some ideas used to analyse
singular SPDEs and we require the measure to “look like” the Gaussian free field (GFF) in the
sense that a suitable Wasserstein distance from the GFF is finite. This guarantees the existence of
a nice coupling with the GFF which allows to control the renormalized IbP formula.

B.1 Introduction

One of the first steps in constructive quantum field theory (QFT) is to build a family of distrib-
utions satisfying Wightman axioms [84, 173], which can thus be interpreted as the Wightman
functions of a field theory with unique ground state, invariant with respect to the Poincaré group.
Wightman axioms, however, do not identify uniquely a particular QFT. Instead different QFTs
are expected to satisfy different Dyson—Schwinger equations: a systems of partial differential
equations (PDEs) relating Wightman functions and encoding the local and hyperbolic equations
of motions for the quantum fields [60, 167].

An important progress in the analysis of Wightman QFTs was the introduction of Schwinger
functions, namely the analytic continuations on imaginary time of Wightman functions, which
are described by a set of axioms introduced by Osterwalder and Schrader (see [84, 152, 153,
170]). As observed by Nelson (see [144, 145, 146]), in many cases (such as the scalar bosonic
QFT) Schwinger functions are the moments of a probability measure v on Schwarz distributions
(see [84, 170] for systematic applications of this approach). In particular, the Dyson—Schwinger
equations translate in an integration by parts (IbP) formula for the measure v [17, 63, 70, 91] and
it becomes natural to investigate the problem of existence and uniqueness of probability measures
satisfying prescribed integration by parts formulas.

The characterization of a measure through some IbP formula is a classical subject in stochastic
analysis which has different formulations, such as existence and uniqueness of a measure with
given logarithmic gradient [34] or the unique closability of a minimally defined pre-Dirichlet
form [2, 20, 38] (and the references therein). The application of logarithmic gradients and inte-
gration by parts formulas to quantum field theory was already proposed by Kirillov in the case of
sine—Gordon models, see [118, 119, 120, 121] where the problem is considered without renormal-
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ization. In the aforementioned works by Kirillov, the author exploits also a Lyapunov functions
technique to show existence of solutions to the integration by parts formulas; a generalization of
this technique is applied to the related problem of non-singular (i.e. with no need for renormal-
ization) Fokker—Planck—Kolmogorov equations by Bogachev and Réckner [39, 40]. The problem
of uniqueness of solutions to integration by parts formula or, similarly, to an infinite-dimensional
Fokker—Planck—Kolmogorov equation, is solved only in some particular cases, see for instance
the books [34, 37], and the works by Bogachev, Da Prato and Rockner [35, 36] and by Rockner,
Zhu and Zhu [161], where a dissipative non-regular drift (without renormalization) is considered.
Let us also mention the studies about uniqueness of solutions to Fokker—Planck—Kolmogorov
equations or of invariant measures of the P(@); stochastic quantization equation on the two-
dimensional torus [55, 127, 162, 163, 178]. Although in this case the problem of existence and
uniqueness is solved, it is not clear whether the techniques used in the aforementioned papers
can be extended to the models on the non-compact space R? or in dimension greater than two.
It is worth to mention that the study of uniqueness in the framework of Dirichlet forms for the
exponential model has been discussed by Albeverio, Kawabi and Rockner in [14] for the one-
dimensional non-singular case, and by the same authors together with Mihalache in [13] for the
two-dimensional setting on the torus. See also [18] for a review of the existing literature on the
Dirichlet form approach to the dynamical problem. Let us mention that our concern here is dif-
ferent from that in Dirichlet form theory since here the measure is an unknown in the problem
and not given a priori.

The key open problem that we address in this paper is to provide a suitable setting in which
existence and uniqueness of measures satisfying given some singular IbP formula, that is one
involving a renormalization procedure in its definition, which is the usual situation in constructive
Euclidean QFT. Instead of attempting a general framework, we concentrate in a particular case
where we can establish a reasonable well-posedness theory for the singular IbP problem: we test
our ideas on the EQFT with exponential interaction and positive mass m > 0, or Hgegh-Krohn
model [10] on the whole space R2. The exponential interaction in the case of mass m=0 [8, 12,
160] is a classical example of conformal field theory [143, 165] and it finds important applications
in Liouville quantum gravity [66, 130]. As far as we know, this contribution of ours is the first
which manages to address this question for an EQFT requiring renormalization and in the infinite
volume limit.

Let us give a more detailed description of the problem that we consider here. Let S(R?) be
the space of Schwartz functions and denote its dual, that is the space of tempered distributions,
by & '(R?). We fix a Banach space (or a topological vector space) EC & '(R?) and we consider
a family & of functions F: E — R which are Fréchet differentiable. In particular, for any ¢ € E,
we can consider the derivative D¢ (@) of F in the direction f € S(R?); the map f+ DF(p) is
linear and bounded in E, and thus in S(R?). This means that, since &'(R?) is the topological
dual of S(R?), there exists a unique VoF(p) € §’(R?) such that DiF (@) =(V, F (@), f), where
(,-y={-,")s".s is the duality between &'(R?) and S(R?).

Let us denote by . a family of probability measures on E, and let B: E — §’(R?) a given map.
Then a generic IbP problem, or Euclidean Schwinger—Dyson equation for a measure v &€ ./, has
the general form

/ (V,F—FB,f)dv=0, forany FeCyl}.
E
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We are interested in local functionals B which have the form

B(p)0)=p(p(x)), x€R?,

for some smooth function p: R — R. This locality of the IbP formula is peculiar of EQFT where
locality (or reflection positivity, or domain Markov property) is structurally linked to the finite
speed of propagation of signals in the Minkowski theory. Unfortunately, such kind of functions
B are seldom well-defined on the set £ on which we could hope that any solution v would be
supported. Typically, this support looks very much like the support of the GFF and therefore
non-linear local functionals are not automatically well-defined and need to be approached via an
ultraviolet regularization and subsequent renormalization. In this sense, we talk about a singular
IbP formula adopting the term from the recent literature in singular stochastic PDEs.

Given this motivation we consider a sequence of maps (B¢).>0 such that, for every £ >0, we
have B,: E — &'(R?) and for which we recover locality in the limit as € — 0. They are typically of
the form

B(p)(0)=pe((ge @)(x),  x€ER?,

where (g,)e>0 is some sequence of local smoothing kernels for which (g, *@) =@ in & '(R%) and
(pe: R — R), is a sequence of smooth function chosen to deliver the expected renormalization,
typical of EQFT in two and three dimensions. The main problem we analyze in this paper can
therefore be formulated abstractly as follows:

Problem A. We say that a measure v € M satisfies the integration by parts formula with respect
to (Be)e>o and L if, for any f € S(R?), we have

L(%F((p},f} V(dfp)=lilr(1)/EF(fp)<Be(fp),f>V(d(p), for any F € Cylg, (B.1.1)

where Cyl% is the set of smooth and bounded cylinder functions (cf. the Notation section at the
end of the present introduction).

Let us remark that the problem of existence and uniqueness of solutions to Problem A strongly
depends on the subset .Z of the space S(E) of (Radon) probability measures on E. One of the
main problems is that, if we consider .#Z = P(E), i.e. we consider a generic Radon probability
measure on E, then it is not clear if (B.). admits a limit in probability as € — 0 and whether the
limit depends on the measure v or not. For example, if we take B, to be the drift of ®3 measure
in R%, namely

B(@)=(ge* @)*—6cc (g * @)*+3c?

with ¢, =||(-A +m2)'1/2g5||,%z(Rz), then it is known that B, converges to the unique limit :p*:
(where :-: is the Wick product of Gaussian random fields, see Chapter 1 in [170]) when the mea-
sure v is absolutely continuous with respect to the Gaussian free field with mass m>0. On the
other hand, if v is supported on the space of smooth functions, such a limit does not exist. It is
useful then to consider a class of measures v for which it is possible to make sense (almost surely)
of the limit limg_,oB¢.
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The set ./ can therefore be neither too large nor too small and we find useful to focus on
measures which “look like” the Gaussian free field with mass m > 0. We formalize this idea
introducing an appropriate Wasserstein metric which encodes this proximity without requiring
absolute continuity, which in the full §'(R?) is anyway never an appropriate condition. Let B be
a convex cone in E equipped with a norm ||| that is stronger than the one of E, then we define
the function dg: P(E) X P(E) — [0,+0] as

dsv.v)=  inf / =yls 75—y 7 dy),  v,v' €P(E),
EXE

rell(v,v’)

where TI(v, v') C P(E?) is the set of couplings between v and v/, and

()= I, ifxeB
ABX)=Y yoo if xgB”

free

Let us suppose that E contains the support of the measure v'*° of the Gaussian free field with mass

m> (0 and define
Mp:={ve PE)d(v,v™) < +0]}. (B.1.2)

The space .# p strongly depends on the convex cone B together with its norm. For example, if we
consider B=H'(R?) we have

My r2y={vE P(E)|v is absolutely continuous with respect to vireey,

Another simple case is when B=F equipped with its natural norm, this gives
Mg=U\(E),

namely the Wasserstein space of measures on E (see Chapter 6 in [181]).

The class of measures .#Zp encodes the existence of sufficiently regular couplings between
our target measures and the GFF. This mirrors the situation in singular SPDEs and in other recent
development in EQFT where the existence of such couplings has been a key technical aspect
to develop a suitable stochastic analysis of singular dynamics and EQFTs. In the fundamental
work [54], Da Prato and Debussche indeed introduced a notion of solution to stochastic quan-
tization equations in two dimensions as the sum of the Gaussian free field with mass m and a
solution to a (random) non-linear PDE. In other words, they look at the solution as a perturbation
of the solution to the linear stochastic heat equation. More recently, Barashkov and Gubinelli [26,
27, 28] developed a coupling approach based on an optimal control problem, Bauerschmidt and
Hofstetter [30] used a similar coupling to study the pathwise properties of the two dimensional
sine—Gordon EQFT on a torus and Shenfeld and Mikulincer [169, 138] linked these ideas with
current developments in the theory of optimal transport and functional inequalities. Similar ideas
are fundamental also in the context of singular stochastic PDEs, see regularity structures [45, 46,
103, 106], paracontrolled calculus [15, 16, 91, 92], and renormalization group theory [64, 129].

As we already mentioned, we would like to provide complete well-posedness results within
this framework of singular IbP formulas and, for this reason, we focus on the specific case of the
exponential interaction, namely we take E = Bx + By, where Bx=C, ‘S(Rz), i.e. the (weighted)
Besov-Holder space with negative regularity —6 (see Appendix B.5), and By is taken to be

ByCBL (R2),
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where s(a) > 0 satisfies some conditions depending on the parameter @ (see Definition B.2.6
below) and B;)(;)’}'s is a weighted Besov space (see Appendix B.5). Moreover, we set

a2
Bo(@)=(—A+mD)@+af, e EFP 7T (B.1.3)

where a,m € Ry, f. is a smooth, spatial cut-off function such that f, > 1, g, =¢ 2g(¢™! ) is a
regular mollifier, and

Ce ==/ ge(D(=A+m*)'ge(2)dz (B.1.4)
R2

is a renormalization constant diverging logarithmically to +co as € — 0. Finally, we consider
the space of measures .# in Problem A to be /3, (see equation (B.1.2)), that is an intermediate
regime between the case g1 (i.e. the space of measures that are absolutely continuous with
respect to the Gaussian free field) and .#g (which coincides with the Wasserstein space ‘WEI).

Remark B.1.1. In the following, we shall consider the number y,,x~0.55 given by the maximum
taken over all r > 1, satisfying Definition B.2.6, of

2(r—1)*

((r—1)2+1) (.15

Moreover, we let ypax:i=3 — 2\/5 ~0.172 < ¥max-
In the present setting, it is possible to obtain the following results.

Theorem B.1.2. Suppose that a2 <47 Pmax. Consider M, (see Definition B.2.2) with E=Bx+ By,

where

Bx=C7°(R% and By=B5=B)%R)N{f:R2>R,f<0}.

Then there exists a unique solution to Problem A with respect to (B.), (given by equation (B.1.3))
and the space of measures Mp,.

It is also possible to obtain an existence result for the whole regime a® < 8.

Theorem B.1.3. Suppose that a*> < 8z and assume that the same hypotheses on the spaces By, By,
E, Mp, and the drift (B;)e as in Theorem B.1.2 hold. Then there exists a solution to Problem A
with respect to (Be)e and M p,.

Theorem B.1.3 is obtained by building suitable Lyapunov functions independent of £ >0,
similarly to what was done by Kirillov for the not-renormalized equation (see [118, 119, 120,
121]), and reducing the infinite-dimensional problem to the existence of a symmetric invariant
measure for a finite-dimensional differential operator.

An important consequence of Theorem B.1.2 and Theorem B.1.3 is a differential characteri-
zation of the exponential measure (see Theorem B.2.13 for details).

Let us mention that in the present paper we also get a uniqueness result for a slightly more
restrictive formulation of Problem A (cf. Problem B in Section B.2.1) in the regime a’< 47 Y max-
The possible measures solving this latter formulation of the IbP problem contain the invariant
measure of the stochastic quantization equation with exponential interaction.
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Plan of the paper

Let us present here the structure of the paper. In Section B.2, we discuss the IbP Problem A
in the general setting, establishing some equivalent formulations that will be useful to address
Problem A itself. We also consider the more restrictive Problem B and Problem B-sym, their rela-
tion with Problem A and some properties of the solutions to such problems, such as the negativity
of the coupling between the Gaussian free field and the quantum field measure with exponential
interaction. Section B.3 is devoted to the study of uniqueness of solutions to Problem A showing
the uniqueness result stated in Theorem B.1.2. Since the proof relies on some properties of the
solution to the resolvent equation associated to the drift B,, most parts of the section is dedicated
to the study of such an object. The existence of solutions to Problem A is proved in Section B.4.
The proof is based on an approximation method and it involves Lyapunov functions. In Appen-
dices B.5 and B.6 we recall the definitions and properties of weighted Besov spaces and Wick
exponential, respectively, which are used throughout the paper. Appendices B.7, B.8, and B.9 are
concerned with some technical, analytical results on (S)PDEs exploited in the paper.

Notation

We fix here some notation adopted throughout the paper.

We write a $b or b2 a if there exists a constant C>0, independent of the variables under
consideration, such that a < Cb, and a~b if both a <b and b Sa. If the aforementioned constant
C depends on a variable, say C=C(x), then we use the notation a <, b, and similarly for 2.

The space L(A, B) is the space of linear and bounded functionals from the Banach space A into
the Banach space B. L(A, B) is equipped with its natural operator norm ||-||z,5). We also write
L(A)=L(A,A).

The space of Schwartz functions on R is denoted by &(R?) and its dual, that is the space of
tempered distributions, is denoted by &'(R9). Moreover, we let C/'(R%) be the space of m-times
differentiable functions on R¢ with continuous and bounded derivatives. We also use the notation

Ir,’qf([Rd) to denote the weighted Besov space on R? (see Appendix B.5 for more results on
Besov spaces). For k,Z >0, we define the weight pl,fo(x) =(1+kl*) "2, xeR?, and pf:=p§o.

Let K be a convex subset of §'(R%), we define the set Cylg of cylinder functions on K to
be the set of functions F: K — R such that there exist a function F € C 2(R™), with at most linear
growth at infinity and all bounded derivatives, and uy,...,u, € S(RY), such that F(x) =F((u1, K)yens
(uy, k), for every k € K. We say that F € Cylg has compact support in Fourier variables if the
Fourier transforms #; of uj, j=1,...,n, have compact supports on R?. Moreover, we denote
by Cyl% the subset of Cylg such that, sticking with the previous notation, the function F is also
bounded.

We adopt the notation P,= e_(—A+m2)t

for the heat kernel with mass m (cf. Appendix B.5).
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B.2 Formulation of the problem

B.2.1 Reformulation of Problem A

In this section, we want to reformulate Problem A when the space of measures . is the space
A introduced in (B.1.2). For this reason, we consider E = By + By, where By is some space
supporting the measure of the Gaussian free field with mass m >0, and By =B. We consider also
the natural projection PX: By x By — By and the map PX*Y:Byx By — E such that (X,Y)—~X+7Y.

Let us reformulate Problem A by means of a second order operator. Consider B, to be regular
enough and let

QF:= %trLz(Rz)(qu,F) — (B¢, VoF), F eCylg.

Problem A'. We say that a measure v € M satisfies the symmetric Fokker—Planck—Kolmogorov
equation related to B; if

lirr(1) / [(8.F)G-F(R,6)|dv=0,  forany FeCyl%, GeCylg. (B.2.1)

Remark B.2.1. A consequence of equation (B.2.1) is that

lim [ & Fdv=0, for any F € Cylpg. (B.2.2)

e—0

That is what is usually called Fokker—Planck—Kolmogorov equation.

We now want to lift the problem from the space E to the space Bx X By. In order to do so, we
introduce the following notion:

Definition B.2.2. The subset of measures M satisfies the coupling hypotheses if, for any ve /,
there exists a Radon measure y on Bx X By with the following properties:
i. PXu=v where v is the law of the Gaussian free field on By,
ii. PX*Y =y,
iii. [11Y gy u(dX,dY)<+oo,
we call u a coupling of v with the free field. We denote by M g,x, the set of Radon measures on
Bx X By satisfying condition i. and iii.

Remark B.2.3. With the same notation as in Definition B.2.2, it is clear that .#p, defined as
in (B.1.2) where B= By, coincides with the space Pf Yo ByxBy- Indeed, ve #p, if and only if
there exists a coupling z(dx, dz) between v(dz) and the free field v™°(dx) such that the difference
x—z is supported on By. The coupling = is related with a measure y in #p,xp, via the transfor-
mation y=x—z.

We consider now an operator £, on the space of regular functions on By X By of the form

LDX,Y):= %tr(V;%tb) —{((—A+m>X,Vx®) — (B, (X +Y)— (A +m>X, Vy®D).

Problem A"'. We say that a measure v € M p, satisfies the symmetric Fokker—Planck—Kolmogorov
equation related to B, if, for any F € Cyly, GeCylp,

lim / [Ze(F o PXTY)Go PXYY — F o PX*Y £,(G o PXTY)| p(dX,dY)=0, (B.2.3)

e—0
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where y is a coupling of v with the free field.
Remark B.2.4. As in the case of Problem A' (see also Remark B.2.1), equation (B.2.3) implies

liII(l) Z(FoPX*Y) y(dX,dY)=0, forany F €Cylg, (B.2.4)
E—

We often say that u solves Problem A" if there is a measure v solving the FPK equation with
u as coupling of v with the free field.

Problem A" is based on a formulation of integration by parts formula related to stationary
solutions to the Fokker—Planck—Kolmogorov equation, making the operator &, symmetric on its
domain (see Problem A'in Section B.2.1 or [1, 38] for more details on the relations between the
formulations).

It is convenient to introduce new equations related to Problem A" described above, where the
argument of Z, in equation (B.2.4) is not necessarily of the form FoPX*+Y,

Problem B. We say that a Radon measure y on Bx X By satisfies the Fokker—Planck—Kolmogorov
equation related to B, if

lim [ L. ®du=0, for any ® € Cylp,xp,- (B.2.5)

e—0

Problem B-sym. We say that u satisfies the symmetric Fokker—Planck—Kolmogorov equation
related to B, if, furthermore,

lim / | Z(F o PX¥Y)Go PXTY — F o PX*Y £(GoP**)| du=0, (B.2.6)

£—0
for any F,G:Bx + By — R such that F « PX*Y € Cyl%, Go PX*Y € Cylp.
We have then the following result.
Theorem B.2.5. Suppose that supes¢ [[(B(®), VoF ) v(dp) < +oo, for any F €Cylg and ve M.
Then the following statements hold.:

i. Problem A is equivalent to Problem A'.

ii. Assume further that Ml = Mp,, then Problem A, Problem A" and Problem A" are equiva-
lent.

iii. Assume the same hypothesis as in point ii.. Then, a solution to Problem B-sym is a solution
to Problem A"

Summarizing, if all the hypotheses of points i., ii., and iii., then Problem A is equivalent to
Problem A", and Problem B implies Problems A and A", that is

Problem A < ProblemA' <= ProblemA" <= Problem B-sym

Proof. Let us give the proof point by point.

Proof of point i. Let us prove that a solution to Problem A' is also a solution to Problem A.
Let ve . solve Problem A', take F € Cyl%, and consider G(-)= (-, f), for f € cS’([R2). Then, by
equation (B.2.2), we have

ling)/ﬂg(F'G)dv=0,
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where

R(F-G) = 8(F)G+FL2(G)+2(V,F.,V,G)

2.(F) G +FL,(G)+2(V,F. f).

Thus, we have

0 = lim / L(F-G)dv=lim / (Re(F)G+FR2(G)+2(V,F,f))dv

lim / (2FR(G)+2(V,F. f))dv=1im / (2F( B, ) +2(V,F, f))dv.

We now show that any solution to Problem A is a solution to Problem A'. Let v & . solve
Problem A. Consider an orthonormal basis (e,), of L*(v) and take F = (VG,e,), for some G €
Cylg. We have then, by equation (B.1.1),

/VZG(en,e,,)dv=/(VF,e,,>dv=1ing)/(VG,en><BE,en>dv.

Taking the sum over n €N on both sides, noticing that by the properties of cylinder functions we
can exchange the integral with the sum, and exploiting Parseval's identity we have

/ trp22(V2G)dv= lirr(1) / (VG,B,)dv,
£—
that is / .Gdv=0. Now, consider again an orthonormal basis (e,), of L*(v), buttake F=G (VH,
en), for some G, H € Cylg. Let us note that
(VF,e,)=(V(G(VH,en)),e,)=(VG,e,)(VH,e,)+GV>H(e,,ep).
On the other hand, equation (B.1.1) gives

/(V(G(VH,e,,)),e,,)dv=1irr(1)/G(VH,en)(Bg,en)dv.
This yields

ling) /G(VH, en){Be,e,)dv= / ((VG, en){VH,e,)+ GV?%H(e,, en)) dv,
E—
and taking the sum over n €N and using again the properties of cylinder functions, we get

lim / G(VH,B,)dv= / ((VG,VH)+Gtrppge(V2H)) dv,

-0

which implies

0=lirr(1) ((VG, VH)+Gtr(V2H)—G<VH,BE))dvzlin(1) / ((VG,VH)+G8&.H)dv,

namely

lim [ GR.(H)dv=~ / (VG,VH)dv.

Doing the same computation exchanging the roles of G and H we also getlim, f HR.(G)v(dp)=
— [{VG,VH) v(dg), that gives

m /(GQE(H) —-H2.(G))dv=0,

li
£—0

and concludes the proof of the first point of the theorem.
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Proof of point ii. Assume further that .4 = ./p,. Notice that Z,(F o PXTY)=,(F) o PX*Y,
and since PX*Y y=v we have that

/SZE(FoPX”)dM:/QE(F)on”dyz/ﬂngv,

which gives the equivalence between equations (B.2.4) and (B.2.2) and in the same way we have
the equivalence between equations (B.2.3) and (B.2.1).

Proof of point iii. Let u be a solution to Problem B-sym. We only have to show that €

M, xB,, that is, the only condition that we need to verify is that PXu=yfree,

Since the terms involving derivatives with respect to X of &£, do not depend on &, in this proof
we write & for the operator Z,. Furthermore, for a solution yu to (B.2.5)—-(B.2.6) we have that, if
@ does not depend on Y,

0=1lim / LdX) u(dX,dY) = / LX) u(dX,dY) = / POX) u(dX,dY).

Step 1. We start with the proof that the free field measure with mass m > 0 solves
equations (B.2.5)—(B.2.6).
Consider, for Xo€ By,

t
ﬂtNXZZPtXO+/ Pl—sfsdsa
. 0
and let u, be the limit

T
po(dX)= lim — / u(dX)dt.
T—>+ooT 0

We want to show that / FLDPdu =0, for any @ smooth cylindric function. By Itd's formula (see
Theorem 4.32 in [59]), taking expectation and dividing by 7" >0, we have that

T
FEQX) -00] = 7 [ ELZe0t] s
0

T
= / / LX) uy(dX) ds
0

T
/ sch(X><1T A Ms(')dS)(dX),

and letting 7 — 400, recalling that ® is bounded, we get

T
0=/$®(X)<TETW%A Ms(-)dS)(dX)=/$¢’(X)Moo(dX)-

Step 2. We now show uniqueness of the measure . Consider

+00
G*(Xo)=E¢ / e MF(X,)ds,
where F € Cylp, of the form 0
FOO=F({u1,X), ..., {unX)).

Step 2.a. Let us prove that Z,G* is well-defined, recall
1
LeGHXo) = £GHX0) =5 1(V3,G*) = (= A+m?)Xo, Vx,G),

where
+

+0o ) n
Vx,G*=E¢ / e {Vx F(Xy), Vi, Xs) ds = / ™YY OF (11, X), ..., {up, X)) Py,
0 0 k=1
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and

+00

V,G' = E / e~ P Vx [{ Vi F(X;), Vx X,) ds
0
+00 n
= [Ei/ e—/ls z a/ijF((ul’X)’ cees (un,X)) (Psuk’Psuj) ds,

0 k=1

since
VxX(h)=Ph,  VEX(h)=0.

This gives

1 +00 n -
ZLGAXy) = ftrLz(Rz)<[E§/ e"’lsz a;g’jF((ul,X),...,(un,X))(Psuk,Psuj)ds>
0 kj=1

+00 n
—[E§/ e"’lsz OkF ({1, X), ..., {un, XD{(=A +m*)Xo, Pyuy) ds,
0 k=1

and thus ZG* is well-defined.
Step 2.b. We now show that

/ (A-D)G*du= / Fdu. (B.2.7)

By Itd formula (see Theorem 4.32 in [59]), we have
2 t t
e "GHX,) - GM(Xo) = / e LG X ) ds + / e MVx,GA(Xy) dX,— A / e MGH(Xy)ds,
0 0 0

and taking the expectation we get

t

e ME[GH(X,)] -E[GA(X()]=E / e ML .GMX,)ds— AE / e~ MGHX,) ds. (B.2.8)
0 0

On the other hand,

+00 +o0
e MGH(X)) - GM(Xo) = / e MHIEF(X,4,)]ds — / e MEAF(X,)]ds,
0 0

and taking the expectation
t
e ME[GH(X,)] - E[G*(X0)]=—E / e MEF(X)]ds. (B.2.9)
0

Comparing equations (B.2.8) and (B.2.9), we get

t t t
AE / e MGA(X)ds—F / e ML GHX,)ds=E / e MEF(X,)]ds,
0 0 0

dividing by # >0 and letting ¢ — 0, we have the result.
Step 2.c. Take Z ~ p and Z' ~ ji, and call w?Z and yw?  the solutions to equation

0= A+m?)y=¢,

with initial conditions w(0)=Z and w(0)=Z’, respectively. We show that y~ y .

Consider the product measure u ® po, between p and p. Since we are working in separable
spaces, any Borel measure is a Radon measure (see, e.g. Theorem 9 in Chapter 2, Section 3
in [166]), and therefore we have that, for every £ >0, there exists r >0 such that

U po(IZI[> 7, 1 Z7]| > 1) <e. (B.2.10)
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Since

n
FQuiw?), o (nw?) = FQuny? ) W< VF ), K w? =y
k=1
n
< NVFI Y Nud I1PAZ - 2|
k=1

+00
< C/l/ e~ e~ (|ZI| + 1121l dt
0

A
< !’ Z Z/
< O Izl +1Z'1).
then we have, recalling f/lGA dyOO:de,uoo,
/ ! A‘ !
/ﬂGadM—/Fdﬂoo=[E[ﬁG/1(Z)—/1G/1(Z N<C T ECZI+N1Z"]).

The right-hand side of the previous inequality converges to zero as 4 — +oo by property (B.2.10),
and thus f Fdue= f Fdu since, by equation (B.2.7) and being y a solution to Problem B-sym, we
have 4 f G,du= f Fdu. This yields y~ . and uniqueness of the measure. O

B.2.2 A priori deductions for exponential interaction
Leta,meR,, and y = a?/(47).
Definition B.2.6. We define

By:=C7(R?),

for some 6> 0 small enough, and with ¢ >0. Let us recall that € denotes the presence of a weight,
in fact C3(R?) and B} ,./(R?) are weighted Besov spaces (see Appendix B.5). Also, we let By to
be a space of Besov functions with positive regularity, in particular, we choose

By CBS2 4(R?),

where 1< p <400 and s> 0 satisfies the following condition depending on y:

0<s<y+2—\/8_,

arising when dealing with the problem of existence of solutions to the Fokker—Planck—Kolmogorov
equation (cf. Theorem B.4.4). We suppose further that there exists r > 1 such that

%+%<l, s—y(r—1)—26>0, yr<2.

Notice that such a condition is always satisfied for some s >0, p>1 and r> 1, whenever y <2. Let
us also recall the definition of the space

B =B ,(RHN{f:R*>R, <0} (B.2.11)
featured in Theorem B.1.2.
Let us introduce the functional ¥.:BxX By —» & /([R2)
G (X,Y):=af, :e¥8X); pagex¥) (B.2.12)
where the term :¢*6<*®): is defined as

P
o®@erX), —pagexX)=5oce (B.2.13)
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with the constant c, introduced in equation (B.1.4). Here, f, is a smooth cut-off function with
compact support and with derivatives uniformly bounded in € such that f; — 1 uniformly with
respect to a polynomially weighted norm, and we let g, =& 2g(e~! ), where g is a positive,
smooth, compactly supported function on R? with Lebesgue integral equal to 1, and such that
there exists its convolutional square root g, i.e. g. =g, * £, which is also positive, smooth, and
compactly supported function with f g:(x)dx=1. We also assume that g.(x) =g.(—x), for all
x€R2. Notice that this last property implies that g, takes real values.
Consider an operator Z, of the form

ZD(X, Y)=%tr(V§<I)) —((=A+m>X,Vx®D) — (~A+mD)Y + G (X, Y), VyD), (B.2.14)

which is well-defined for @: Bx X By — R in a suitable class & of regular functions to be specified
below (see Definition B.3.1). For the moment, we only require the set Cylg,xp, of smooth cylin-
drical functions to be contained in the family .

Remark B.2.7. Our choice of By and By implies that the space By contain the Gaussian free field
with mass m and that

(~A+m)X € C;7°R?),

(—A+m?Y € By 7R,

exp(aX): € B0 VR, re>2,
exp(aY) € L*(R?)NBy, if Y<0,
where all the parameters are as in Definition B.2.6 (see [4, 110, 111] and Appendix B.6). For
simplicity, we adopt the notation
BL, =BSV(RY)

exp 5,5.7

and we omit the parameters whenever §=r and £ =7", i.e. Beyp =Bg;£ .

Let us introduce also the notation
C=2(X,Y)=a:e™: e,

where the measurable function :exp(aX): is defined on a subset of By of full measure (with respect
to the free field measure with mass m) as the limit of :exp(ag. *X): as € — 0 (see Proposition B.6.1
for details). The operator £, defined in equation (B.2.14) is an approximation for the operator

ZLP :=%trLz(Rz)(V)%q)) —((=A+mDX, Vx®) — (~A+m>)Y + ©(X,Y), VyD), (B.2.15)
for ® € Cylg,xa,-

Theorem B.2.8. Ler Bx and By be as in Definition B.2.6 with the additional condition By =B§
and consider a Radon measure y € Mp,xp, Then, for any ®,¥ € Cylp,«p,, we have

liII(l) (Z:D)¥Y d,u=/(5€d>)‘1‘ du. (B.2.16)

Proof. We show the proof only for the case ¥ =1, the general case can be deduced via Lebesgue's
dominated convergence theorem. Let us prove that Z® € L!(u), for ® € Cyl ByxBy- By definition,
we have that tryyp2) (V)%d)) is bounded, and therefore in L'(). Moreover,

(=A+m)X, Vx®) =KX, (—A+mA) V@I X[l VxPll s,
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and since || X||p, eLl(,u), P*X,u being the Gaussian free field, and ||VX¢||B%H§¥€L°°(BX><By, R),
then also the term ((—A 4+ m?)X, Vx®) is in L'(u). Now, the term ((—A +m?)Y, Vy®) can be
handled similarly by using the hypothesis || Y|z, € L'(n).

We are left to consider the term (&, Vy®) = (a:e®: e, Vy®). First of all, we note that the
product :exp(aX): exp(aY) is well-defined. Indeed, since PXu is the Gaussian free field we can
exploit Proposition B.6.1 to get :exp(aX): eBg;é:/ (cf. Remark B.2.7). Furthermore, since Y <0
and Y eB;,,_p‘sf(R%, by composition of a smooth bounded function with a Besov function we have
exp(aY) eB;fp‘ff([W). Thus, by Theorem B.5.3, provided

1 1 1 a?
r_,_7+5<1, s—4—ﬂ_(r—1)—25>0,

’

we have that :exp(aX):exp(aY) € Ber,;’p"h”’w, and the product is well-defined and continuous. On the

other hand, since we have also exp(aY) € L®(R?), then Proposition B.5.4 implies that :exp(aX):
exp(aY) e Bg;é and

[|:e*X: eay||Br,ﬂ§ [|:e*X: Il gre.

exp exp

Thus,
(G, VNS ™ e VY@l e
By hypothesis we have || Vy®|| B € L®(Bx X By,R) and, since ra’ < 8z by our assumptions in
Definition B.2.6, we also have that ||:exp(aX): ||Bg;§eL’(,u). Hence,
K&, Vy®)eL (u).

We are left to show that equation (B.2.16) holds. This is equivalent to showing
liII(l) (Qgé—ZQ)Tdy=lir% (6. -8, Vy®)¥Ydu=0.
£— o

By the same reasoning as in the previous part of the proof and by Proposition B.6.1, we have that
(€.—%,Vy®d) e L (u), uniformly with respect to 0<e < 1. In order to show that the previous limit
holds, it is sufficient to prove that

(Ge— &, Vyd) -0,
in probability as € - 0. On the other hand, we know that

1= &l <o,

uniformly with respect to &, and by Proposition B.6.1 we have that €, — €, weakly in §'(R?).

Therefore, we have that &, — & weakly in Bg;(’f)l, and in probability with respect to . By definition

of weak convergence and since Vy® € (Bg;{f,/)* by hypothesis (see Definition B.3.1), we have that

(8. —%,Vy®) -0, in probability. Finally, by property iv. in Definition B.3.1 and the fact that

1% =l €L7)

uniformly in £ >0 by Proposition B.6.1, we have that (¥, — &, Vy®) € L”(u) uniformly in £ >0,
for some p> 1, and thus the result follows from Lebesgue's dominated convergence theorem. []
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Remark B.2.9. By Theorem B.2.8 it is possible to take the limit £ — 0 inside the integration with
respect to p in equations (B.2.4)—(B.2.3) and (B.2.5)—(B.2.6) so that the mentioned equations are
equivalent to the one where the limit disappears and the operator £, is replaced by £. Another
consequence of the previous theorem is that, if we consider Z, to be another approximation of &
such that

lim (Z.®)Wdu= / (Z®)Wdy, forany ®,¥ECylg, xs,. (B.2.17)

then Problems A" and B with the operator &, are equivalent to Problems A" and B with the
operator Z,. This means that the formulations given in Problems A" and B do not depend on the
precise form of the approximating operator &, but only on its limit Z.

We now want to prove a result that justifies our restriction in taking By =B§ in the results
above and in the rest of the paper. Indeed, if we focus on Problem B, the solutions are always
supported on the space of negative functions on the Y component. In the light of point iii. in The-
orem B.2.5, the next result implies that any solution u to Problem B belongs to the spaces /g, xp,-

Theorem B.2.10. Let u be a solution to Problem B, then we have

supp Py (u) C {Y <0}.

Proof. Suppose that Y € By =B;,’_p5f(R2) (see Definition B.2.6). Define, for r,k >0,

Pk =1 +klx»™2, xeR?
and

f)=xVvO0, I(x)=/xf(y)dy, xeR.
0

We consider, for #> 0, the convolution g, * Y which, by definition of By, belongs to Biiz’f/ for
any Z’,s’ > 1 such that p£’'>2. Take

F(Y)=arctan ((I(g,*Y). py)),

so that, by integration by parts,

_ 1 k e Ny
ZFY) = 1+<I(g,1>|<Y),p'r‘)2<f(g"*y)’prg"*( (—A+m)Y -%.(X,Y)))

_ 1 ko )
= 17 T@ns Y), 752 (f(gn*Y),pr((—A+m~) (g, Y)+g,+T(X,Y)))

= - G 1* e [(f(g,,* V), pkm*(g, % V) +(f(g,% Y), pK(=A)(g, % Y))
n sHFr

H(f(gn*Y), pY(gn* Ge(X,Y)))]
1

= T (g0 ) [(f(gn* YD, pEm* gy ) +(f'(gn# Y&y VY), pi(gy# VY))
n SFr

H(f(gn* Y, Vi (g V) +(f(gn+ Y, p(gn+ (X, Y)))].

Consider the term (f(g,*Y), Vp’,‘(g,?* VY)), and multiply and divide by p% to get

k
(F(@n* ), V(g VY)Y = {pkf (g, YL%(&?*W)).
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By Young inequality, we have

1 2
ZF(Y) < T (G .5 [(f(gn*Y),p m*(&yx Y)Y+ {(f'(gn* Y)(&y* VY), pi(gy* VY))

V o}
——<p,f2<gn*Y> ( p” ) - pr,lgn*wl ngﬂ*mn]

where we also used that the term (f(g,*Y), p',‘(gn % G(X,Y))) is positive. We want to show that
\Y% p’,‘/ p’,‘ is bounded. Taking y= \/Ex, we have, for k>0 small enough,

|Vplr‘| rk x| ”\/_|y|
Pk k2 1+m2\ ser2 L+

which gives, if CZ,/2—-m?<—¢,
1
L+ (I(gy* V), pp)?

since f(g,*Y)=g,* Y on supp(f).
Since the right-hand side does not depend on &, and the left-hand side converges to 0 when

1
FeF(Y) < (€2 72,0+ 30 N VY Pl g vz

integrated with respect to y, we have

¢ [ 2 iy, L,k 2
(fAgn*Y), p¥ ) +5(pr|gn* VY[ (4 v>0) [du<0
/l+(l(g,1*Y),p]§>r>2 n 2 n {gy }

and since the terms 2~'(pk,|g, vy {gn¥20})> pX, g * VY|, and (1 + (I(gy+Y), phy?) ™" are all
positive, we have

/((fz(gn* Y),pf)du<0.

By Fatou's Lemma we can take the limit as # — 0 and get that

ﬂ{y>0}=0, H-a.s. D

Remark B.2.11. A consequence of Theorem B.2.10 is that for the case of exponential interaction,
a solution to Problem B-sym with By =BIS,’_p5’ A(R?) is necessarily a solution to Problem A" with
By=B5.

B.2.3 A description of the exponential measure

What has been described in the previous section has the main aim of giving a characterization
to a unique measure which we call the exponential QFT. In this section, we want to connect
our discussion of the IbP formula with the standard approach to construct EQFT via Gibbsian
modifications of the GFF. Assume that vif® is the measure of the free field with mass m on the
torus '[I'M of size M. We define the interaction, for € >0,

V@ [ fumeterr o Ty
-U—M

with f, g, ce and « are as in Section B.2.2. We also consider

_yexpa
ZM,E:=/6 Ve ((P)nglee(d(p)‘
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Definition B.2.12. We say that the measure v,,>" on S'(R?) is the measure related with the
Euclidean QFT having action

St) =% A (IVo)P +m?p(x)?) dr+ A e,

if there are two sequences €, — 0 and M ,» — +oo, with €,>0 and N, €N such that

_yexpa
anXp’a(d(p)= lim  lim thjl},/,gﬂe VM”"E"((p)V/{EIi?(d(P), (B.2.18)

n'—+oon—+oo

where the limits are taken in weak sense in the space of probability measures.

Such a measure vy, """ was first built by Albeverio and Hgegh-Krohn in [10] (see also [79])
using techniques from constructive QFT. More recently, this model was studied in the context of
stochastic quantization on the torus or on a compact manifold (see e.g. [13, 27, 81, 110, 111, 149,
150]), and on R? (see [4]). See also [25] for the related cosh(®),-model.

A consequence of the results we presented in the previous sections of the paper (see The-
orem B.1.2, Theorem B.1.3) is the following differential characterization of the measure related
to the exponential interaction.

Theorem B.2.13. The following statements hold:

i. For any a®>< 8, there exists a measure related to the exponential interaction defined by
the limit (B.2.18).

exp,a

ii. Let Bx= C;‘S(R2) and By =B§. Then, for any a’< 47 Ymax, the measure v, " is the

unique measure in the space M, +p, such that, for any F € Cyl% and he S(R?), we have

/ (VoF,h) v(dp)= liII(l) / F(@) {(—A+m>p+af.e™ 5*""“7“, h) v(de).

B.3 Uniqueness of solution

B.3.1 Proof of uniqueness of solutions to Problem A"

In this section, we discuss the uniqueness of solutions to Problems A, A", and B in the case where
Bx, By, Ml = Mp,, and E=Bx+ By are as in Section B.2.2 and B, is the drift of the exponential
interaction (see equation (B.1.3)). The method that we adopt to prove uniqueness is the study of
the resolvent equation for the operator £, defined in equation (B.2.14), namely

(A-ZL)Gl=F, JleR,. (B.3.1)

We are interested in classical solutions to the previous equation, namely solutions G/ that are at
least in C*(By X By) and to which the operator Z, can be applied.

Let us first introduce here a class of functions where the solutions of the resolvent equation
belongs.

Definition B.3.1. Recall that y = az/(475). Let p,s,,r be the same parameters as in Defini-
tion B.2.6 and let us introduce the space

Bx=B535 /R,
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for some 1< p<+oo large enough. Note that Bx cB x- Denote by & the class of bounded, mea-
surable functions ®: B x X By — R such that

i. Vy®eCOBxxBy, B 0" IAR), for any §>0, 1 <I<+co.

ii. Vx®e€ C%BxxBy, B2 /(R?)), so that {Vx®, (=A+m*)X) is well-defined.

iii. The operator V;%CD eC O(EXxBy,L(é x,Bx)) can be extended in a unique continuous way
to an operator Vide Co(éxXBy,L(HEK(Rz),Hff(RZ))), where k> 1 and ¢ > 1.

iv. There exists some fo(X) € LP(vV®®), pe[1,+00), such that

IVY®X, V)| ge-onoe-mrwsgay < folX),
”VX(I)(Xa Y)”B%,_lé—f(Rz) < f(D(X)a
IVROX, V)| @ v, m2) < foX).

We define the space  as the space of functions F:Bx + By — R such that

FoPX*YeF,

Remark B.3.2. Under condition iii. of the previous definition, since the immersion H;*(R?) &
LX(R?) is an Hilbert-Schmidt operator, then VZ®, p_,VE® € L.(Bx X By, TC(L?)), where TC(L?)
is the space of trace-class operators on L*(R?).

Remark B.3.3. The classes & and § are chosen in such a way that they satisfy the following two
important properties: (i) & and §& contain Cylg,xp, and Cylg, respectively, and (ii) if By =B§
then, for any Radon measure y € #p,«p,, we have sup5>of|5fgd>|"d,u <+o00, for any ® € F and
c>1.

The classes F and § satisfy the following important lemma.

Lemma B.3.4. Suppose that € Mg, xp, and satisfies equation (B.2.5) for any ® € Cylp,x3,, then
it satisfies the same equation for every ® € . Suppose that v € M p, and satisfies equation (B.2.1)
for any ® € Cyl, then it satisfies the same equation for every ® € §.

Proof. See Appendix B.8. [l
Proposition B.3.5. Let F € Cylp,xp,, then there exists a classical solution Gﬁ € C*(BxXBy) to

the resolvent equation (B.3.1) with the following properties:

i. GteF and moreover, if F=F o PX*Y for some F € Cylg, then there exists G} € § such
that we have G=G1o P+,

ii. Suppose that F has compact support in Fourier variables, then there exists €9> 0 such
that, for every 0 <e <egy, for every py, s € M p,xp, and for every ¢ €(0,1), there are two
constants Cy, 4, >0 and K >0 such that

A
< G+/1+—K Cup g

A‘/Gﬁ (du1 —dun)

where the constant included in the symbol < does not depend on A, uy, s, € or ¢.
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iii. If a> <47 jmax then there exists g> 1 such that, for every measurable X :Bx X By — ngi/z

and every yu € Mpyxp, we have

1/q
/ R dm( / A d/l) ,
exp

Let #max be the parameter defined in Remark B.1.1. In the light of Proposition B.3.5, the proof

uniformly in € > 0.

of which we postpone to Section B.3.2, we can then proceed with the proof of uniqueness of
solutions to Problem A".

Theorem B.3.6. Let a’< 27 Ymax and take Bxy=Cy 5(R2) and By =B§, where the parameters are
taken as in Definition B.2.6 and the space B§ is defined as in equation (B.2.11). Then the solution
to FPK equation in the sense of Problem A" is unique.

Proof. Let u; and up be two solutions of Problem A". We want to show that, for any F €
Cylgyxp, With compact support in Fourier variables, [Fdu = [Fdu,. This implies y;= p, since
F € Cylp,xp, with compact support in Fourier variables separates points of the space of Radon
measures on By X By. Consider the solution G of the resolvent equation (B.3.1) given by Propo-
sition B.3.5 and recall that, by point ii. in Proposition B.3.5. Since u; and u, are solutions to
the FPK equations we have in particular that equation (B.2.5) holds. Therefore, integrating with
respect to pp (respectively, with respect to y) the resolvent equation equation (B.3.1) and sub-
tracting the integral f LGt du=0 (respectively, f ZG? dpur=0) which holds by Lemma B.3.4,
we get the relation

/dej:A/ngyj—/vyoGé(?—fe)dyj, j=12,

where we omitted the dependences on (X, ¥y) for the sake of brevity. Taking the difference of
such a relation for j=1,2 yields

/de—/FdMF/l/Gé dm—/l/Gﬁ dﬂz—/VYOGQ(?—?e)dm+/VY0Gﬁ(?—?5)dﬂz-

Now, point ii. in Proposition B.3.5 gives us, for any ¢ >0,

/Fdﬂl—/Fdﬂz

On the other hand, point iii. in Proposition B.3.5 implies that

1/q
m( / 19 =Gl dy]) .
exp

By the proof of Theorem B.2.8, Proposition B.6.1, and using the fact that P Hi=H

(/”? ?”qu’/Zd/’lj> -0 as e —>0.

Thus, if we take the limit € — 0 and then A — 0, we get |de,u1 —de,u2| <¢, and since ¢ >0 is
arbitrary, we get p1 = p». ]

A
S ¢+t(+Copt /VYOGﬁ(?—?E)dm +| [ VnGAE -G du,

‘ / ViGAE -0 du

free

, we get that

In the case of Problem B a better result, in the sense that y;,ax > 7max (cf. Remark B.1.1), can
be achieved exploiting the properties of the resolvent operator proved in Section B.3.3.
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Theorem B.3.7. Let a’< 27 Ymax, Bx=Cyz 5(R2) and By =B;,’_p5f([R2), where the parameters are
taken as in Definition B.2.6. Then the solution to FPK equation in the sense of Problem B is

unique.

Proof. The proof is the same as in the case of Problem A", but substituting point iv. of Proposi-
tion B.3.5, with Proposition B.3.11 below. |

B.3.2 Analysis of the resolvent equation

To solve the resolvent equation as needed in Proposition B.3.5, we use a probabilistic represen-
tation and look for solutions in the form

+00
GA(Xo, Y0)=[E§[/ e MF(XE, YY) dt, (B.3.2)
0
where X7 and Y;® are solutions to the stochastic differential system
OX; = —(=A+m)Xf +¢&, (B.3.3)
oY = —(=A+m’)Y = G(X], Y,), (B.3.4)

where €. is defined in equation (B.2.12), £ is a Gaussian space-time white noise, and with initial
conditions (Xo, Yo) € Bx X By. This is a triangular system, where the first equation does not depend
on the second variable Y. The first equation is a linear SDE with additive noise with stationary
solution given by the Ornstein-Uhlenbeck process, whose invariant measure is the Gaussian free
field with mass m> 0. To prove that G7 is a classical solution we need some properties on the flow
induced by the SPDEs (B.3.3)—-(B.3.4). We will only state such properties in the present section
— postponing their proof to Appendix B.9 — and then proceed by showing that Proposition B.3.5
holds.

First, let us write down the equations for the derivatives of the flow. Let us denote by X and
Y the solutions to equations (B.3.3)-(B.3.4), dropping the dependence on the parameter € >0 for
simplicity of notation. The derivatives of X solve

0 —A+mHVy X, = 0,  VxX(0)=id, (B.3.5)
(0= A+mA)VEX, = 0, Vg X(0)=0, (B.3.6)
(0= A+m*)VyX, = 0,  VyX(0)=0. (B.3.7)
Whenever Yye Bs,
(0= A+ mA)Vy Y(Yo)[h1=-DyZ(X:, DIVy, h(Y)[hl],  VyYo=h, (B.3.3)

for heByuU Bg;&;, and

(0= A+m*)Vx Yi(Yo)lh] = —Dy@c(X;, [ Vx,Y(Yo)[h]] - Dx&e(X,, [ Vx X/[h]l,  (B.3.9)
VXOYO = 0,

for he By, and

(0= A+mAVR Y(Yo)lh,h'] = —DyGe(X,, ¥)[Vz,Y{(Yo)lh,h'1] (B.3.10)
—D} G (X, Y[ Vx, (Yo 1], Vx Yi(Yo)[ A 1]

—2D% yGe(Xs, Y[ Vi Xil ], Vi, Y(Yo)[h'1]

—D}Z(X,, V[V, X(Yo)[Al, VX (Yo) A1,

ViYo = 0,
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for h,h' ELZ(R2). The derivatives D&, ; have the following expressions

Dx (X, V)@l =Dy&c(X;, V)@l = a? fo(:e X189 e?0*80)) (¢ ),
and
D3%:(X,, @, w1=D}C(X,, V)@, ] = Diy%:(X,, Yo, vl
= & felce ™8 ) gk ) (g k).

Hereafter, we will use the notation y = a?/(4x), and

By=ByuB, 00"URY), By=BJE (R), (B.3.11)

where all the appearing parameters are defined as in Definition B.2.6.
Proposition B.3.8. For any >0, if (X, Yp) eB xX{By UBg;(’f)}, then there exists a unique solution
(X,Y) to equations (B.3.3)—(B.3.4) such that
(X, Y)€Bxx{ByUBJL), teR..
Let X and Y be solutions to equations (B.3.3)—(B.3.4).

i. For every € >0, we have that that the derivatives Vx X, V;%UX,, VyXs Vx,Y, V;%OY, and
VyY of X and Y exist and satisfy equations (B.3.5), (B.3.6), (B.3.7), (B.3.8), (B.3.9),
and (B.3.10), respectively. Furthermore, they are all continuous functions with respect
to Xo and Y.

ii. Foreverys€(0,1),0€(0,1-95), £,¢' =21, we have the estimates
” VYOYt(YO)[h] ” CLQ,(RJNc3;29—25(R2))@Lw(R+,1§y)
., a(ge*Xs). ,aPi(gexh 3 B
Sge SBZ(”fE'ea(g ¥ )'ea (g ¥ )||L?/(|R+,Li°f(|R2))’ ”h”By)’ heBYs (B312)
and
Il Vx, Yi(Yo)[h] Il Co(R4,C27207%(R2))

See Pollfe:e®EHX0: PGB o 1= m2)), hEBx, (B.3.13)

where B, and ‘iiz are two second degree polynomials.

iii. Forevery¢,k>0, we have that there exist f§,6>0 such that

”V)%OYI(YO)”L(H/",HE,:),S/ a2f6(z/):ea(gg*Xr)(z'):ea(gs*yr)(z’)e(ﬁ—m2)t(1+|Z1|ﬂ)dZ1. (B.3.14)
¢ R

The remainder of the present subsection is devoted to the proof of Proposition B.3.5.

Proof of Proposition B.3.5. Let us start by proving that G? is a classical solution of the resol-
vent equation. We exploit Itd's formula appearing in Theorem 4.32 in [59]. Notice that it can be
applied to G? since, by point i. in Proposition B.3.8, G/ is a C2-function with trace-class second
derivative (continuity of the second derivative can be deduced with similar techniques as the ones
adopted in Proposition B.9.7 and point i. in Proposition B.3.5).

We use the notation Xf(o to denote a process X at time ¢, with starting point X at time ¢ =0.
Recalling the definition of Gl in equation (B.3.2), we have

+00
GAxX, v = / e MSELFXE, Y%, ds,
0
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where ()~ is the filtration generated by the white noise at time ¢ and the initial conditions X
and Y. By Markovianity of the process, we get

+00
GHX5, vy = / e MEAFXN, Y019, ds.
0

Since from now on X and Y always start at X and Y, respectively, when ¢ =0, we drop the
dependence on the initial conditions. We have, by Itd's formula,

e MGHX,, Y) - GH(Xo, Yo)
t
= / e ML (GHX,, Yy))ds + /
0 0

On the other side of the equation, we have

t

1
e MVx,GA(X,, Yy) - dX— A / e MGHX,, Yy) ds.
0

+00

+00
A e MPIE {F (X, Yy ) T,] ds A e~ MEF(X,, Y)I%11ds.
Notice that

+00 +00
[E/ e MTIE[F (X s, Yie ds=[E/ e SE[F(X,, Y\, ds,
0 t
and therefore

+00
E / e ME[F(X,, YOI, ]ds —E /
t

0

+00

t
e ME[F(X,, Yy, ds=—E / e ME[F(Xy, Yol I,] ds.
0
Dividing by ¢ and letting t — 0, we get
t
—%[E / e ME[F(X,, YOI, ds — —F(Xo, Yo).
0

Taking expectation also on the first side, we have the desired relation.
Proof of point i. When F € Cyl% xBy» the derivative of G1(X, Yp) with respect to Y, is given by

+00 N
ViGi(Xo, Yo)(h) =E [ / e"”( D OF (VyYich), vk)) dt] .
0

k=1

Therefore, we have

+00
IVy,G&(Xo, Yo)(W)I S sup [Eg[ / e‘“||akF||Lw|<vyon(h>,vk>ldr].
k=1,..., N 0

Applying the estimate (B.3.12), we get

|(VY0Yt(h)’ vl S pe(t) ” VYoYt(YO)(h)” cg,(R+,c3;29—25(R2))@Lm(R+,éy)”Vk”é*;

S pe@) P Ilfe: e™E X0 P EM 1o g oy 1Rl 5, ) IIVell -
Therefore,
- +00
VG0, Yl S sup(0cFllIvell3,) / e (0
k 0
XEe[Py(|| fe: e 6X0: P& 1o o0 ey, 1B 3, )] dit.
We have that

. a(gexX). jaP(gexh i
[Eé[Pz(er-@a(g *X1), gaPrlgex )llL‘}S(RJr,L‘ff(RZ)), ||h||3y)]
S Ra(Ilfeettee il e?sumoafltaesxr) oWl
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where R, is a suitable second degree polynomial. Taking the supremum over & €By with <1,
recalling that B} CBE’ZL__S;A(”“D)M(R2), for some /€ (1, +00), and taking f(Xo) as in Defini-
tion B.3.1 to be proportional to || f.exp(alg, * Xol)||7+ 1, we get that G satisfies the first condition
of Definition B.3.1. For the remaining conditions of Definition B.3.1, similar arguments with
the application of inequalities (B.3.13) and (B.3.14) allow us to conclude that GleZ.

2
a(gex(X+Y)—5F

Since in our approximation we have that Z.(X,Y)=af.e “ then the sum @f =

X} + Y solves the SPDE
0(2
(0 — A+mD)pf =—af ™" T ¢,

Therefore, if F' e Cyl%xxBy is of the form F =F o PX*Y for some F € Cyl%, we have

@o=Xo+ 1

- +m -
G(Xo, Yo)=Gi(Xo+ Yo) = [Eg[ / e MF(pf) dt
0

Proof of point ii. In the following, for j=1,2, we denote by (X; J, Yf’j) the solution to the
system of equations (B.3.3)—(B.3.4) with initial conditions (Xo, Yp) ~ ;. Sometimes, we also write
(X, YOJ) to indicate that (X, Yp) ~ uj, j=1,2. By definition of Gl (ie. equation (B.3.2)), we have

ﬁ/Gﬁ(Xo, Yo) Ml(dXo,dYo)—i/Gé(Xo, Yo) po(dXo,dYp)

+00 +00
A / / e MEJLFXEL Y] dr duy — 4 / / e MEAFXEL YD) dr dus
0 0
+00

= A / eMEIFXL YD) = FG2 Y] dr,
0

Notice that, for any ¢ > 0, there exist two compact sets K, K», such that u;(Ky), ua(K2)>1—¢.
Therefore, the following inequality holds

+00
A/ e—/ll[E[F(XE,l’ YV[E,I) _F(X[E,2’ Y[£,2)] dt
0

<

+00 +00
— ,1 ,1 2 2 —Ait
A /0 e ME[IFX] YO - F(X2 XS )|n(xd,yol)e,(h(xg,yoz)e,(z] dt|+2¢||F || 4 /0 e~*dr.

Let us then focus on the case where (X{, ¥)) €K and (X3, Y?) €K>. By Lagrange's theorem, we
have

1
FXEL Y5 = FXE2, 752 = / (dF3, D) dB.

0

where, for f€(0, 1),
dFp=dF(X{((1 - B)X4+ BX), Y (1 = B)Yy + BY§)),
with dF(X, )= 3" 0jFu;, X)+ X0, 0;F (v}, Y), for F € Cyl} 5, having the following form
FX,V)=F(u,X),....,¢un. X), (v, Y), ..., (var, Y)), with F € CARN*M) and u; € S(R?), i=1,...,
N, and viecS’([R2), i=1,...,M, and, for g€ (0,1),
Dy =(Vxp_xaXF (1= B)X) + fX5),0, Via_xa¥i (1 = B)Yy' + Y5, Vya_y2 ¥ (1 = B + Y5)).

We want to get some bounds for |f01 (dFp, @ﬂ)dﬂ|.
For the term I{dFg, Vy1_x2X7((1 - P)X{+ pX3)) we have

[(dFp, Vi _xaXE((1 = PXE+XG)| = [{dFp, PA(1 = )X+ pXD))
< e dFl 11— X3+ Xl ¢
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For the term [{dFp, VYOI_YOZY[E((l - ,B)Yol + ﬂYoz))I, considering equation (B.3.8), and multiplying
it by g, * VyY; and exploiting the negativity of the non-linearity, we get the following a priori
estimate for some constant k € (0, m?)

g Vyy_y2 Y (1= B)Y) + PYDN T2 +klIGe # Vi _y X (1 = HYe + BYDIIE <O,
and therefore, by Gronwall lemma,
186 Vyg_y2Y (1= B)Ye + BYD)I S e,

and the estimate is independent of €.

Consider now the operator f+— g, f, and recall that in Fourier representation convolution
corresponds to multiplication, i.e. the previous operator can be viewed as f - §5 . f . When f
has compact support, such an operator is invertible if 0 <& < gg for some positive constant g
depending on the size of the support of f , with inverse given by

A a1 A

Qc:f—=-f,

00>

12

which is a well-defined operation because §6(k)= § 1(gk), § 1(0)=1, and §1 is smooth since g is
a Schwartz function. Using the previous notation, we have

HdFp, Vyg_y X (L= DY) + PYDN = HdFyo Qe Gex Vyy_ya X (1= Y + PY))
S e TdFpo Q|
S e sup ||dFgo @

0<e<eg

where we used the fact that F" has compact support in Fourier variables and so the norm ||dFge Q||
is bounded for any 0 < e < gy, and also that
sup  |g.(k)|! < +c0.

O<e<eg
kesupp(F)

Now, focus on the term [{dFy, Vxé_ngf((l - PYy + Y. By equation (B.3.9), we have
Onl|Vys_xa¥i (1= B)Yg + BYDI 72+ 1 Vg _xa ¥ (1= B)Yg + BYD) I
+m?(|Vyy_xa Y (1= /)Y + PY) 172

S A DX Ge(XF((1 = PXo+ BX0), Y (1= B)Yo + BYE)) Vg xaX7 (1= B)Xo+ BX5)
XVyi_x2Y (1= B)Yy + BY§) dz,

and by Holder and Young inequalities, and re-absorbing the terms properly, we have that, for any
¢ >0, the following inequality holds

oI Vxg_xa ¥ (1= B)Ye + YD L2+ k| Vg2 ¥ (1 = B)Yo + YD1 72
1
S ZIDxGe(XF (1= X0+ BXG0), Y (1 = DY + PYEDIlis | Vg-xX7 (1= HXo+ BXO 1,

Now, we can bound the norm ||VX(; _Xng((l —-pXi+ ﬂX%)H%;# by a constant since X} and X3
belong to compact sets. Moreover, by Lemma B.5.7, we have

I Vxy_x2Yi((1 = B)Ye + BYD 72+ Kl Vyy_x2 V(1 = Yy + Y172
-m

2t
e
S —575 IDXG(XE (1 = A)Xo + BXD), ) 3,
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Applying Gronwall lemma yields the following inequality

(k—=m?r

1
_ e
IVxy_xa ¥ (1= DY+ BXD S e / "
0

IDxZ(X5((1 = HXb+ BX5), 0) 1B .

Thus, we get, for some constant C. >0 depending on ¢ >0,

E[IIVx_x2¥i (1= HYe + BYD 12 ) vk oxxidrekal
E[I1Vy_xaY (1= B + BYDNE it vy e oz adero)

e

" t(k—m?)t 12
cg<e—% —55E[IDxGe(X2((1 = $)Xo+ BX3), 0) 1353 d= )

t (k—m?)r 12
—kt e
Cg<e /0 pr d1'> ,

since the law of X&((1 — )X} + BX3) is that of a Gaussian free field independent of g€ (0,1) and
of e>0.
Putting everything together, we get

1 yel 2 ye?2
[E[(F(ng ’ng )—F(ng ’ng ))”(xg,y(,l)ekl,(xg,yoz)ekz]

) | ) . . le(k m<) 12
e dFSIE[I(1 = HX§+ BXBl| o] +e ’||dF,;||+Cg<e_ [/o 5 dr>

5 . . 1 e(k—m2)r 172
—m-t —Kt -
e "||dFpl| +e ||dFﬂ||+C§<e A WC“) :

where we used that the law of (1 — ﬂ)X(l) + ﬂX% does not depend on f€ (0, 1).
Therefore, we get

VA

A

N

A

A

A / G(Xo, Yo) p1(dXo,dYo) — A / G#(Xo, Yo) ua(dXo,dYp)

+00 , ) t e(k-mZ)r 172
AA e~ Mg—m t”dFﬁ||+e_Me_ t sup ||dFﬂo @g|l(l+Cg)<1+/0 To+s dT> dr

0<e<eg

+00
+2¢||F |04 / e~ *dr.
0

For some constant K >0, we have

2 e(k_mz)f 172
/ —At -m t”dF ”+e—lt —kt sup ||dFﬂ°@ ”(1+Cg)<1+/ 515 dT> dr
T

0O<e<eg

S (1+CoA / e MKt gy

(1+C€),1+1<’

and the last term converges to zero as A — 0. Thus, we have

ﬁ/Gé(Xo, Yo) pu1(dXo,dYp) — A/GA(XO, Yo) p2(dXo,dYp)| Sc+(1 +Cg)A+K

Proof of point iii. Let % eBg,’(i/ 2 and note that Vy, Y[ Z] solves equation (B.3.8). We write

VYE=Vy Y[ H] - PK. (B.3.15)
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Recall that in the proof of point i. in Proposition B.3.5 we saw that
+00
Vy,GA(Xo, Yo) =E¢ [/ e MdF(X;, Y) Vy, Y dt] .
0

Now, recalling the representation (B.3.15) of V%, we have

+00
/ [Eé[ / e MAF (X, Y) Vy Y[ H] dt] du
0
+00
jar | [Eé[ / e—“||wf[<%f]||gq,gzdr] an
0 eX]

—+00
S / [Eg[ / e IP  ggent ||V%||sz@z>)dr] du.
0 X

By Lemma B.3.9 below, we have

A

+00
/ [E.g[ / e MAF (X, Y1) Vi Y[ H ] dt] du
0

+00
< /[Ef[/o e—lt(l +(1 +t)a||fg:ea(g5*XS); ||erm(R+,Bg;£/2))”‘%”Bg;ﬁﬂdt] du.

Holder inequality with respect to all measures, together with the fact that A >0, yields

+00
/ [Eé[ / e MdF (X, Y) Vy Y[ H ] dt] du
0

1/q r pto0
<Si ( / ||‘%||Zg£/2dﬂ> ( / [Eé[ufg;ea(ge*xr);||;},,,(R+,Bg;€/2)]dy> /0 e (1 +(1+1)°) dt.

Here, since 1> 0, the integral f0+°° e~ (14 (141)°)dt is finite. Moreover, by Proposition B.6.3,

we have that the term
1/r
La(gexXs). "
(w1, oo o)

is bounded with respect to € >0. This concludes the proof of Proposition B.3.5. O
We close the section with an auxiliary lemma used in the previous proof.

Lemma B.3.9. Let a><4nmax. Then, for every e>0, Y, €BS, and Xy in a set of full measure with

free

respect to the free field measure v''° with mass m> 0, we have that

. Xs).
IV N2y S A+ 0N e 0Ny em |1 gy

Proof. Let y = a?/(47) < Jimax. The proof is similar to the one of Theorem B.7.1. Indeed, by
multiplying the equation for V#¢ by g.* V#%¥#, and integrating, we get

1
peOg VY + [ e gV Iy as
: 0
t
[ 29 o NN 5 T V0 s
0

1
S / pe(5)(p20(2) fr: eXEKID); QHEHNQ (g o= A+ ) ) 0 4 VYE(2) ds dz,
0
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In the last line, we have

t
_(_ 2
/Pf’(S)sz(Z)fe 18X, galgex ) (ge*e (—Atm )Se%) gexVYS  ds.
0 Lo(R4xR2) ——

P r 12 m2
L (R’Bexp R )) Loo(t,/;RJr’B;zf(}/—zl)—5+2[3—2/q(R2)) L?/z(RJr,LZf(Rz))ﬂ

NLY p(R 4+, HAR?))

Now, whenever y < ymax, there exist p,g=>1, 0<0<1,0< /<1, §>0, such that the following
system has a solution
.
—1(g= D) +26-2>0,
—y(p—1)—-64+6>0,
11
> + 5 <1,

1 0
—+p-5+5<1.
(717 2=

The proof is complete. O

B.3.3 Proof of uniqueness of solutions to Problem B

In the case of Problem B a better result can be obtained. It is useful to introduce a new approxi-
mating operator &, ; for £ of the form

Fe @)= A r(V3D) ~ (—A+mDX, V@) — (=A+m)Y + G, (X, V), Vy®),
where
Geo(X.Y) = af(: "6 oulserD)

Here f, and g, are defined as in Section B.2.2. Recall that by Remark B.2.9, since lim; . 0, ;=
<, Problem B with the operator &, ; is equivalent to the one with operator £, defined in equa-
tion (B.2.14). We can then consider the resolvent equation associated to £, ;, namely

(A= Ze)Gi:=F,

where F € Cylp,xp, with compact support in Fourier variables. A solution to such equation is

given by
+00 _
Gé’g(X(), Yo) = [Eg[/ e MF(X, YF5)dt|, (B.3.16)
0
where X;, Y,‘S’E_ solves the following system of equations
O —A+mHX, = &, X(0)=Xo, (B.3.17)
O = A+mAYEE = —F (X, Y55, YHO)=Y,, (B.3.18)

Itis easy to show that all the results in Proposition B.3.8 hold also for equations (B.3.17)—(B.3.18),
adapting the form of the equations for the derivatives. This implies that points i., ii. stated in Propo-
sition B.3.5 hold true also for Gé’g. As far as point iii in Proposition B.3.5 is concerned, we can
get a slightly better result in the present scenario. Recall that . is defined as in Remark B.1.1.

Notice that the operator (B.3.16) and equations (B.3.17)—(B.3.18) can be defined also for the
case € =0. Moreover, (a suitable adaptation of) Proposition B.3.8 holds also for the case € =0,
and point iii. of Proposition B.3.5 holds also for Gﬁ’o.

Remark B.3.10. It is worth to note that the operator £, ; cannot be use directly to solve
Problem A", since the solution to the resolvent equation depends in general on (X, Y) and not
onlyon X+7Y.
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Proposition B.3.11. Let F € Cylg,«p, and consider Gé’g given by (B.3.16). If a®> <47ymax, then
there exists > 1 such that, for every y € M p,xp, we have

1/q
lim I<VYOGQ,E,?—?g,g>ldusA< [18 =Sl dﬂ) ,

uniformly in € > 0.

In order to prove the previous result, we need some technical lemmas. First, we deal with the
convergence as € — 0. In particular, whenever an object has € as one of its parameters (e.g. VYOG;{, 2
the same notation with € =0 indicates that it is the limiting object as € = 0 (e.g. VyOGﬁ,o =
lim g_,OVyoGﬁ’g), whenever it exists.

Lemma B.3.12. For every >0, ¥y €B§, and Xy in a set of full measure with respect to the free
field measure v with mass m>0, we have that Vy,Y,"*(% — G, ;) converges to VYOY,E’O(? —-%:0)
in Bexp, as € — 0.

Proof. Recall that VYOY,E’E(? — Z..2) solves equation (B.3.8). This means that

VY =V Y (C =G —P(E— %)
solves the equation
O =A+mIVYT = —DyGe sX Y NVY 1 -DyGeeXn YINP(E~Ce ), (B3.19)
V¥t = 0.
By Corollary B.7.3, we get the estimate

IVZEN S perOPA fe: eS80 |10, 1€ = e el peyy)-

Such a bound is uniform with respect to € >0 and therefore we get a converging subsequence
whose limit V?f’o solves equation (B.3.19) with € =0. Since the term P,(% — & ;) converges
point-wise to P& — &, o), the result is proved. O

Let us prove that it makes sense to consider some parameters satisfying certain conditions that
will be useful in upcoming results.

Lemma B.3.13. Suppose that y = a*/(47) < ymax. Then there exist > 1 such that yq <2, k>0,
and r and 6 as in Definition B.2.6, such that the following inequalities are satisfied

—y(r=1)=y(g—1)—26+K>0, %+%<1, §q<1. (B.3.20)

Proof. In order to prove the result, it is enough to show that there exists some solution with the
previous properties to the system of equations

1 2r—1) 1 1 K
—y(r—l)—yr_1+ . =0, E+7_1’ jq—l.

From such relations we get the equality

2(r—1)*

I TRETy (B.3.21)

We get the maximum value yp,x of ¥ for some r=7r=2.52. Since, with this choices of parameters,
we have g~ 1.21, the result is proved. |
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In the proof of Lemma B.3.12, we introduced the object
VY =V (G =G —PUT ~ Fe o), (B.3.22)
satisfying equation (B.3.19) and admitting a limit V%g’o as € —0.

Lemma B.3.14. Suppose that a® < 4mymax, consider the parameters q and r defined as in
Lemma B.3.13, and €,¢""" such that £q/2>2, €r/2>2 and ¢'"'r > 1. Then, for every e >0,

free

YoeBﬁ, and X in a set of full measure with respect to the free field measure v'"¢ with mass

m>0, we have that
,0 . e*#Xs).
” V?tg ”L'K([R{Z) S+ t)o-”fe ‘ea(g * )- ||L;,,,(R+’B££/2(R2))” g - ge,OHng/Z(RZY

Proof. Let y =a?/(4x). With the same notation as in Lemma B.3.12, we consider the limit V%E’O

and show that it converges to zero. Indeed, it satisfies
(0 — A+ m2+ a’f, :e*8X0Q): p@¥QYy g e0= _g2 f o8 XD, paXQp (g — @, ),

with VZ£0=0.

We now want to exploit a similar argument as the one used in Theorem B.7.2 to get some
estimates concerning the solution to the previous equation. Let w: R — R be an increasing smooth
function with bounded derivatives and such that w(0) =0, w(x) - +1 as x - +oo0, and define
W(x)= f(f w(y)dy. Then, multiplying the equation by p.(6 - )w(<%7 f’o), where 0,7 > 0, and inte-
grating, we have

ol p@ YWY +m3lp @ HOWVYEVKE N+ 1020 )w' (VYEONVVYED
+/(x2pf(91)f£:e“(gE*X’)(Z):e“Y’(Z) W(V?IE’O)V?,E’OdZ

< - / @2p1(02) f :eX8#X0Q; oY@ (VY ED) p o 1p(02) (PG — G ) dz, (B.3.23)

where 0 <mg<4/m*— |% for every z € R2, which holds for #> 0 small enough.
If we choose the parameters as in Lemma B.3.13, we have

pen(0)fe e X: ¥ € Ll (R4, BLY),
w(VYE0) € L¥(R?),

pen(0)P(C—Fep) € LX(1IR,, B,7 1™V (RY)).

Therefore, by integrating with respect to time equation (B.3.23) and recalling that V%5 0=0, we
get

@ YWV YO S
2
/0 ”pmw‘)fs3€a(g£*x“)2e“Y‘w(V?sE’O)“BQ;%

|penn(6- )(e'('“mz)s(? - %e0) ||B;Z<q—l>-5+K ds

where we used the fact that %+ % <land —y(r—1)—y(g—1)—26+«x>1. By Proposition B.5.4,
we have that

: ). 0 . ). 0
|| fe 18X e w(V Y )IIB;{,;”SIIfe-e“(ge*X”- ||ng§/2||e“y“||L°°|IW(V%E Mz

Therefore, by Proposition B.5.6, we have

t
50 . I3 5.
lpe(0 YW (VY )IILIS/ I fe ™8 IIB;;g/ZSmII?—?e,ollgq,gzd&
0 X
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Multiply and divide then by p.-(s) and apply Holder inequality with respect to s to get
lpe@ YWVl
t 1/q
hS ”pf/Z(H e 1e¥(8exXa): ||L’/,”(R+ Brflz)” g — ?e,ollgq’fU(/ sqk/zp—f’”q(s) ds> .
7 »Pexp exp 0

Since the expression ( fot 5952 p_;m4(s)ds) "% is bounded for t —0 and grows polynomially in time
as t — +o0, we deduce that the result holds. O

Proof of Proposition B.3.11. As in the proof of point i. of Proposition B.3.5 we can get
+00 B B
Vi, G2 a(Xo, Yo) = [E:[ / e MdF(X,, Y,7%) Vi Y dt] .
0

Therefore, by Lemma B.3.12 and Lebesgue's dominated convergence theorem, we have

+00 _ B
l_ir% / ViGE (X0, Y& - Geo)du = lim / [Eg[ / e MAF(X,, Y°) VYOY,E’E(??—?E,g)dt] du
E—> 0

-0
+00
= / [Eg[ / e~ MdF(X,, Y0 Vyol/f’o(?—fég,o)dt] du
0

= [ 1 Gl Yo = Gt
Now, recalling the representation (B.3.22) of V%E’O, we have

+00
/ [E.f[ / e MAF (X, Y0 Vi Y,5NAG = & 0) dt] dpu
0

N

+00
|dF || 2o / [Eé[ / e M| Vi YEUC - €0l BI" dt] du
0 €X]

N

+00
/[Eé[/o e-h(”ﬂ(? - ?5,0)”32;?/2 + ||V?te,0||th,(R2)> dl‘] du.

At this point, the proof follows the same steps as the one of point iv. in Proposition B.3.5. |

B.4 Existence of solutions via Lyapunov functions

In this section, we prove existence of solutions to Problem A" and B. Since existence for the
Problem B implies existence for Problem A" (see point iii. in Theorem B.2.5), we only prove
the first. We actually prove a stronger statement than the one given in Problem B, namely that
equation (B.2.5) holds for every ® € % and not only for ® € Cylp,xp,. We exploit a strategy
based on Lyapunov functions.

Let us introduce a finite-dimensional approximation to the operator &. Let M,N €N, € >0,
and consider T# the two-dimensional torus of size M which we identify hereafter with the subset
(~Mz,Mz]*> c R%. Consider the Fejér operator Qn - cS”(TZ%,,) - C°°(T]%4) defined as, for F e
' (T,

Ovmu(F)=Fejynu*F,  Fejyux)= z (1 —lj—]\}|)<1 —%> M xeTs,.
litllial<N-1

Let us stress that the operator Q y s is both a positive operator, i.e. {Q y m(F),F) >0, and a positive
preserving operator, namely, if F is a positive distribution, then Q y »(F) is a positive function.
The latter property following from the positivity of the kernel Fejy .
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The new approximating operator £y y . is then given by, for ® € #, by
1
L@ = St (Pp2(Perp2 VE®)Pp2) — (A +m*)X, Vx®)
~((~A+m*)Y + Gy m.e(X. Y), Vy®),
where &y . is the following approximation for the non-linearity in equation (B.3.4),
GN (X, Y)=aQ p(ge (- ONHED); grlhilsexly) (B.4.1)

Here, g, is defined as in Section B.2.2, Pm is the natural projection of L*(R?) on the space L2('[I',%,,),
and Perm is the periodicization on the torus '[I',%,,. Moreover, the term :exp(aQn m(ge * X)): 1S
defined as follows

2
:eaQN,M(gE*X): :eaQN,M(gE*X) _ %CN,M,s’ (B.4.2)

where cype = f1r2 Onm(ge)@) (A + m2)'1(QN,Mg£)(z) dz, where the inverse (—A + m?)~! is
M
taken with periodic boundary conditions on T3.
The system of equations for the flow is then given by

(@0—A+mHXY = &Y, (B.4.3)
O =A+mHYME = Gy (X, ), (B.4.4)

where YV-M:¢ is negative, periodic, and it belongs to a subspace of $y 7 :=span{e™™M;Inl<N}.
As usual, we drop the dependence on the parameters N, M, e when no ambiguity occurs.

B.4.1 Lyapunov functions

We introduce some Lyapunov functions Vj, V,, and V3 that will be crucial in the proof of the
estimates for X and Y. In particular, we take them such that V| and V, depend on both X and Y,
while V3 depends on X only.

Lemma B.4.1. Consider two Banach spaces By and B,. Let & be an operator taking values in
some space of functions & and consider a measure fi such that f 2 dii=0 for every ® € F.
Suppose that there exist some functions Vi,Vo: B XBy— R, and V3: B — R, such that we have V|,
Vo,V3E€F and

i. Vyand Vs are positive,
ii. The inequality
LVIX, V) S =Va(X, Y) + V3(X)

holds true.
Then, we have
/VZ(X, Y) a(dX,dY)< /V3(X) [dx,dy). (B.4.5)
Proof. The statement follows from the fact that f % Vi(X,Y) u(dX,dYy)=0. O

We now work on the estimate for X. We will have to choose the aforementioned Lyapunov
functions, we start with V;: By — R, that we take to be, for s’ >0,

VidO=IIX115- .
p.p.C
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Note that, since X corresponds to the free field, the previous norm is finite. Notice also that the
previous function is not cylindric. Moreover, if we consider the representation of Besov spaces
given in Proposition B.5.9, then we have, for —ps'/2+1<0,

+00
IIXII”Y ~|I(po(D)X||Lp / / _Lff,lmIPtX(z)lpdzdzzzVI,I(X)+V1,2(X),

where k is to be determined, similarly as in the proof of Proposition B.2.10.

Proposition B.4.2. Let s'>0, p> 1 and £ > 0 such that p£ >2 and —ps'/2+1<0. Consider X to
be the solution to equation (B.4.3) on the torus TI%,I. For some 6 € (0, 1), we have the inequality

1
Inm VX)) =Ly XN ) S=(A=O)IIXIIP _iap +=C. (B.4.6)
p-pt Bp,pf 6

Proof. We want to evaluate £y ps.Vi(X). The gradient of V; is given by

+00 p
VVICO(h) = VligoD)XII7 () + / / ',ﬁ’f,'m VAIPX(@)P)(h) dzdt

p / loE1po(D)X (@)1~ sign(po(D)X)@o(D)hdz

+p / +°° / |”f|p IPX ()P~ sign(PX(2)) Pihdzdt,
while its second derivative is
VAVi(X)(h, h')
p / o8’ V(po(D)X(2)1~" sign(@o(D)X) @o(D)h)(h") dz

—+00 V4
+p / / L{’f /|2+] V(IPX ()P~ sign(PX(z)) Pih)(h') dzde

p(p—1) / P51 1p0(D)X (2)IP~2 (@o(D)h)(@o(D)R) dz

+00 V4
+p(p—1) / / ',ff,'m IPX (2P~ (Ph)(P ) dzd.

The first term to deal with is ((—A +m?)X, VxVi(X)). We have

—((=A+m)X, VxV1 (X)) = —p /R oEP o)X @~ sign(@o(D)X)(@o(D)(—A +m*)X) dz

=-p /R Vel o)X @)1 'sign(@o(D)X)) V(@o(D)X) dz
—pm? A ot 1po(D)X ()1 dz

= —p(p—-1) A i £ 19o(DIX )17~V (@o(D)X) dz

_pz/Rz 5~ lpo(D)IX (@17~ (V p¥) sign(@o(D)X) V(@o(D)X) dz

—pm® / . ot lpo(D)X (217 dz.
R
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Rearranging the second term on the right-hand side and exploiting Young's inequality, we have,
for all >0,

—((=A+m?X,VxV11(X)) S —p(p—1) / 05 1po(D)X ()P~ 2V (@o(D)X)I* dz
RZ

vk _
+p? / 2 |p’;|”|(po(D>X<z>I”’2'p—if'I¢o<D)Xl<P P2V (po(D)X)ldz
R 4

—pm? / i lp&PPlpo(D)X (2)IP dz
R

A

—p(p—1) / I8 lpoD)X ()P~ (o(D)X)I? dz

|Vﬂf|2
sz

+— / |l lpo(D)X ()P
+p’o / o8I 100(D)X1P =21V (o(D)X)I* dz
R2

—pm? / i lpEPPlpo(D)X (2)IP dz,
R

from which, choosing o> 0 small enough and & >0 large enough, and appropriately rearranging
the terms, we get

~((=A+m)X, VxV11(0) S =l 9oD)XII,.

We also have
—((=A+m?X, VxV; 2(X))

+00
—P/ / lpf/lz IPX ()P~ !sign(PX(2))(P(—A +m?)X(2)) dzdt
R2 ¢ —-ps'2+1

+00
/ Az p lli)sf/|2+] 0NPX(2)\ dzdt
" lpelP
/ /Rz af( —ps2+1 > IPX(2)IP dzdt
+00
/ /RZ ( > L}pfll2+2 IPX(2)IP dzdt
/+°o / <& B 1> = IPX(2)IP dzdt
R? (P8 +2/p)2+1

—(IXIP o — i
(X112~ oK)

R

The second term to deal with is the trace of the second derivative, i.e. tr (T2, )(V2V1(X)). By the
results presented in Section XI.V of [159], it suffices to consider the second derivative with A’ =h,
i.e. V2Vi(X)(h, h), and integrate with respect to 4. Then, exploiting Young inequality for products
and using the fact that p£ > 2, we have for any o >0

tr(V3V (X)) = p(p—l)[rz /R2 P4 lpo(D)X ()P~ 2|Go(z — y)IF dzdy

p(p—1) A i o8P 1po(D)X (2)IP~2 . |poz—y)I*dydz

S pip-1) A i lo5P1po(D)X (2)IP~2dz
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1

< =p(p-1) / lp5lP dz+op(p—1) / lo5P1p0o(D)X ()1 dz
(o2 RZ RZ
1

< ~C+ollgoDXI,.

We get, if PM is the heat kernel on the torus T]%l, that, for any o >0,
e lpel? 2| pM 2
p(p— I)AM/ /th — AT IPX()IP~*| P (z—y)|” dzdtdy
= prlp—1) / - / ',5’5'2+1 lP:X(z)lH( /T |2 (z— y)|zdy> dzdt
M
TR pelh 2c ~m’t
= p(p—l)/ / — ot DX @ dzdt

+00 -
Ce ™ 1pIP _
= plp=1) / / per ,ﬁi IP,X(2)IP~* dzdr

1 +00 |pf|pe—q(p)m t —+00 |pf|
—C’ P
< aC /0 AZ perEr dzdt+0 i) IPX(2)IP dzdt

1
s ;C+G(“X”p—s +2/p T ”(pO(D)X” )

ppf

tr (V2V1 2(X))

where we used Young inequality as above.

Choosing o> 0 small enough, we get

1
V(X)) S - (1—6)||X||py+2/,,+ C,

P]’

which gives the result. Ol

Remark B.4.3. The result in Lemma B.4.1 with B, =By, no dependence on B| whatsoever, and
with Lyapunov functions chosen as

Vi) = IXI5..
V2(X) = (l O-)”X”p—s '+2/ps
pp/
_ 1
V3 = EC,

for some constant C >0, gives the estimate

(1-0) IIXII —rs2ip HN.M £dX,dY) S — Le
P]’
Notice further that the bound (B.4.6) can be chosen to be uniform with respect to the size M of
the torus T3 since the integrals /'[I'2 |¢o(z—y)[*dy and /'I]'2 l2¥ (z = )|z — y)I* dy are uniformly
M M

bounded in M. It is worth to note also that by the Besov embedding (Proposition B.5.2) the space

;SPJ}Z/” (R?) is embedded in By = C7°(R?).
Let us choose the Lyapunov functions in order to get an estimate for Y. We may need X —

Vi(X,-) tobe C' and Y = Vi(-, Y) to be C%



B.4 EXISTENCE OF SOLUTIONS VIA LYAPUNOV FUNCTIONS 145

Let s > 0. Referring to the representation of Besov spaces given in Proposition B.5.9 and
Remark B.5.10, take (k —s/2)p> 1, and consider

+00 kp
t*Plp P
Vi =11Y Il ~=IYI7+ / / o P10 Y ()P dzdr = V; () + Via(Y).  (BAT)

Theorem B.4.4. Suppose that Y is a solution to equation (B.4.4). Let y =a?/(4n) <2, and 1 <p,
q<+oo. Take s and r such that

2 - 2)2-8 24y—s+y/(s—y—2)°>-8
O<s<y+2—+/8y, =12 “ kLAt i A ik e i S D (B.4.8)

2y ’
If e eBng, B, };f;_])_é(R2), for ¢ large enough, then we have, for any >0,

Iy O =Lm Y 5 ) S ==Y II5,1+ ||?NM£<X ol e (B.4.9)

ppf

Proof. In the following proof, we neglect the term V; ;(Y) appearing in (B.4.7), which can be
dealt with in a similar way as in the proof of Proposition B.4.2. The gradient of V; is given by

+00 lpklpf| )
VVia¥)th) = P V(10,P,Y (2)IP)(h) dzdt
+00 k
lpoIP
/ / 2 tPS/gH P1OPY (P~ 0,ePihdzdr.
Therefore, taking /i=—(=A+m?)Y = Gy (X, Y), we have

—~((=A+mDY + Gy (X, Y),VVio(Y))

T tPp P 1 2
/ / BT POAPY QP P (~(= A+ %)Y = Gy, o(X. Y) dedr
2

+00
KpelP
/ / tps/pi—l o(104P, Y1) dzdt

Foo [ tPRp P |
+ v — L ploPY ()P~ 0uP(—Cnare (X, Y)) dzdt

= I1+1.

Let us focus on /;. Integrating by parts, we get

+00
I = / / ( l/'gill>ldtthY|pdzdt
R2
+00
|,0f|
/ A (k-5 )Wla,mmpdzdz

+00 ki
ps tPXlp P
/ / pk_T_ 1>WlatthY|dedf

Yllps+z/p IIYIILn)

1R
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Consider now /,. Exploiting Holder inequality with g1, p; and introducing s" >0 yields

1>

+00
K pel?
/ / 2 tps,’;il PIOSPY QP 9uP(=Fy (X, ¥)) dzdt

+eo (]7 ])kl |p 1 _
pr B
/ Az [ £ PSI2+s'12 plowPY (2)IP 1

x[zk+S’/2 p Al 0P (—Cn a1 (X, Y))] dzdt
+00
[/

- 1)k|pf|p 1

V/A)

dr\ 7
PSI2HSTT2 = plouPY ()P dZ—>

+00 , dt 1/q4
x( / / 16572119 1) P~ Gy (X, Y))l‘“dz7> .
0 R2

If we apply Young inequality, we then have, for any ¢ >0,

+o0 p2/p1
([ ")
RZ

1 +00 , dt q”/q]
to ( / / |65 2(t¥1p £1) 0P~ G pr (X, YY) V! d17>
2

(p—Dk p—1\P1 i
d P dr P
</ / < ps/2|+512 ) p”‘latk tY(Z)Il’lP Pldz )
R2 t fhun

1 +00 ) dr q''1q1
+—</ / |t52(tK1p 1) 04P(— Gy e X, YY) dZ_)
o\Jo Jr? !

+00 tP1(p=Dk tk pi(p—1)
o[ (s
0 R2 tpsp1/2+s P12 t(ps+s ) (2(p-1))

dr p2/pi
X|pf|p1(p l)latthY(z)lp‘(p l)dZ

+00 dr q2/q1
( / / i |65+ 21p A 0P (=GN (X, V)| dz— )
R

p2/pi 1 oo s'12¢ k g1 . dt a2/q
= O-”Y”B(szrs’)/(ﬁ—l) +E 0 s |t ("lpeD) at/‘Pl(_?N,M,e(Xa Y))l dZT
R

r1p—D.p1(p-1.0

(= 1)k|pf|p 1

(PSI2+STT2 ——m— PlouPY (P!

I

/A

=: 12,1+12’2.

We want to apply Besov embedding (see Proposition B.5.2) in order to reabsorb the term 7  in /:
considering the parameters of the involved norms, we get the condition

ps+s’ 2

=1 =1 (B.4.10)

s>

so that the reabsorbing procedure follows by a suitable choice of p».
On the other hand, we have by Proposition B.5.4

/
Iy S —||?NM5(X Y)||qqu .

a1

All in all, we have the inequality

/
L MO =Lyl Yy, S == Iyt 21 Eare XN
” p-p-

q1.¢

provided condition (B.4.10) holds true and p; is chosen in an appropriate way.
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Now, in order to obtain (B.4.9), we consider g; =r and s’ > y(r — 1), and have to check the
condition

yr2+r(s—y—=2)4+2<0,
which is satisfied with the choice of parameters given in (B.4.8). |

Remark B.4.5. If Y <0, we have the bound

—r+1D)/(pr? —r+1D)/(pr?
18w X DTN Gy g (XL 0)| 577D,
exp exp

on the right-hand side of inequality (B.4.9). In that case, choosing the Lyapunov functions as
follows

Vi(Y)
Va(Y)

)4
Ivig,

CollY 112,12,

..t

1 r—r+D/(pr?
Vi) = NG X0l

we get that the conditions in Lemma B.4.1 are satisfied thanks to Theorem B.4.4. Therefore, we
have

1 r—r+1)/(pr?
/ 1 112y v, e(dX. V) < — / 1S O™ g e(dX, Y.
p.p,

r.t
Bexp

B.4.2 Measure of the approximating problem

Equations (B.4.3) and (B.4.4) induce a Markov process on By ><B§. This is due to the fact that,
if we start from a negative initial condition for Y, then Y remains negative throughout all the
evolution.

Proposition B.4.6. The operator (L p e, F) is the restriction of the generator of the Markov
process associated to equations (B.4.3) and (B.4.4) to the space of functions .

Proof. The proof is based on the fact that we can apply 1t6 formula to the functions in &. Exploiting
Itd formula, the proof follows the argument of the proof of point ii. in Proposition B.3.5. |

By linearity, the invariant measure for equation (B.4.3) is given by the free field measure with
mass m on the torus Tj;, that we can identify as usual with the periodic free field of mass m on the
whole space R

We are interested in studying (infinitesimally) invariant measures for the aforementioned pair
of equations, i.e. equations (B.4.3) and (B.4.4). Indeed, by Proposition B.4.6, an invariant mea-
sure for those two equations is a solution to a FPK equation associated with Zy . in the sense of
Problem B. Let us start off by giving an argument for the existence of an infinitesimally invariant
measure (for its definition and the relation with invariant measures see Chapter 5 in [37]) by
means of the Lyapunov functions introduced in Section B.4.1.

Proposition B.4.7. Equations (B.4.3) and (B.4.4) admit an infinitesimally invariant measure.

Proof. The proof follows the same argument as Lemma 3.3 in [5]. We start equations (B.4.3)
and (B.4.4) from deterministic initial conditions (x, yo) € Bx X BS, and let H(xo,y0),t denote the
measure of the solution of the equations starting at (x¢, yo). Let

T
fir=T"" /0 H(xoyo). dE.
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If such a measure is tight with respect to T, and ji is its weak limit as T — +o0, then ji is an
infinitesimal invariant measure of the equation. We consider the following Lyapunov functions,
consisting of the sum of the one considered in Section B.4.1 where we dealt with X and Y sepa-
rately (see Remarks B.4.3 and B.4.5), namely

Vi, Y) = [IXIl +1Y 1 (B.4.11)
p.p. p:ps
V2(Xa Y) = (1 - O-)||X||Z*S/+2/p+ CO'” Y”Z,HZ/}H (B412)
-t P
1 _ 2
VAX) = —(CHIGnm X0l ). (B4.13)

Then, by Proposition B.4.2 and Theorem B.4.4, we have
t
E[Vi(Xs, Yo) = Vi(xo,y0)] = [E/ LN m V(X Yr)de
0
t
< / |E[_V2(XT’ Y‘L’) + V3(XT)] dr.
0

_ 2
Recall that X, = e~ 8+ 4 [%e=CA+mE=9 ds, then E[||Gyar.e(Xz 0|47 P] con-
verges exponentially to a constant, and hence !

1 [ _ 2
K= sup — / E| 1w X O d < oo,
t€[0,+00) 0 exp

Therefore, we have, for any >0,

1 1/
T[E[Vl(Xt’ Y) = Vi(xo,y0)] +— / E[Va(X,, Yp)ldr SK,
0

which yields
1

t
1
7/ EV2(Xr, Yoldz SK+—E[Vi(xo, y0)l-
0

Taking the supremum over ¢ € [0, +00), we have
1 [
sup —/ E[Va(X,, Yo)]dr < +00.
te[0,4+00) t 0

On the other hand, for any 7 >0,
1
/Vz(X, Y) j(dX,dY) =%/ E[Va(Xe, Yo)]ds.
0

Since V»(X, Y) has compact sub-levels on BXXBS, tightness of fi, is implied. O

We can actually prove a stronger result on the form of one invariant measure for equa-
tions (B.4.3) and (B.4.4). Indeed, if we start from xo=0 and yo=0 in the proof of Proposition B.4.7,
then we have that the invariant measure that has been built there must be the measure of the
process solving the equation

! 2
Xt=/ P& ds, Yt=/ Pt—S?N,M,E(XS’ Yy)ds. (B.4.14)

o] [o0]

It is possible, in fact, to prove that the previous integral equations admit a unique solution.
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Proposition B.4.8. Equation (B.4.14) admits a unique solution in Bx X §n .y C Bx X By. More-
over, for every t €R, the law of (X., Y;) is a solution to the FPK equation for £y y ¢ in the sense
of Problem B.

Proof. Existence and uniqueness for equation (B.4.14) can be proved in the same way as in the
proof of Theorem B.9.1.
In order to prove the second part of the result, we exploit the fact that

: .1/
laW(X[, Y[)= lim H((0,0),1) = lim 7/ ,u((()’()),s)ds.
t—>+o0 t—>+00 0

Indeed, if X?’_T and Yto’_T are the processes solution to equations (B.4.3) and (B.4.4) starting at
time —7T with initial condition zero, then we have that

0,-T 0,—T
law(X;" ", Y, 77 ) = 1 (0,0),0)»

and that (X ?"T, Yto"T) — (X4, Yy as T — +o0, almost surely. Therefore, by the proof of Proposi-
tion B.4.7, the law of (X,, ¥;) is an invariant measure for equations (B.4.3) and (B.4.4), and thus a
solution to the FPK equation for £y p e. O

Hereafter, we denote by uy ar . the law at fixed time ¢ of the process (X}, ¥;) solution to equa-
tion (B.4.14), which is a solution to the FPK equation for £ » . Thanks to the representation
given by Proposition B.4.8, we are able to establish some more precise properties of the mea-

sure MUN.M,e-

Proposition B.4.9. For every M,N €N, and every € >0, the measure uy m ¢ satisfies the following
properties

i. supp(un.ur.e) CB3 2. 2(Tip) X DNt
ii. Forevery F €%, we have
LnmeFdpn me=0,
iii. Forevery F,GEF, we have

/gN,M,eF(X"' Y)GX+Y) pnm.(dX,dY)= /F(X+ NZLNmeGX+Y) pnm,(dX,dY).

Proof. Property i. follows from the fact that the solution Y, to the second equation in (B.4.14) is
supported on the image of the projection of the operator Qy 57, which is exactly Hn u.

Property ii. is due to the fact that uy . solves the FPK equation for £y .. Indeed, the
system (B.4.14) can be split in an infinite-dimensional linear equation and an independent finite-
dimensional non-linear equation. The statement then follows from the results in Section 2.3 in [52]
for the infinite-dimensional part and Theorem 5.2.2 in [37] for the non-linear finite-dimensional
part.

As far as point iii. is concerned, letting Z,= X, + Y; and calling Zt1 the projection of Z, on Hy
and Z? the projection on $ k; w» we have that Z! and Z? solve two independent equations: the
equation for Z/ is a non-linear finite-dimensional equation, since $y .y is a finite-dimensional
Hilbert space a linear equation, while the equation for Z7 is a linear equation in infinite dimen-
sions. More precisely, we have

oV,
0zl = (A-m)Z!+—Z(Z)) + &/,

0ZF = (A—mHZ}+E2,
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where 6 is the functional derivative of

(12

Vv m,e(Z)= , eXP(“QN,MZ(Z)— > CN,M,E) dz,

Tit
with ¢y u ¢ is the constant appearing in the definition (B.4.2) of the Wick product appearing in the
functional Ey ., and &} and &7 are the projection of £ on the spaces § ~.m and Sjﬁ,M, respec-
tively.

Since the equation for Z/ is a finite-dimensional equation with drift given by the gradient of a
function and the equation for Z? is linear with self-adjoint drift, then the unique invariant measure
of the process (Z',Z?) satisfies property iii., and hence also their sum Z'+Z?=X+Y does. For
further details on the relation between symmetric processes and the integration by parts formula
see e.g. [19, 34, 76]. O

Remark B.4.10. From the proof of the previous result it is evident that the system consists of two
independent equations: an infinite-dimensional linear one and a finite-dimensional non-linear one.
This means that uys ¢ is the unique invariant measure of the system.

B.4.3 Tightness of the measure

We prove tightness of the measures py us .
Theorem B.4.11. The family of measures (pin p.e)N.M.e IS tight in BXXB?

Proof. Let Vi, V5, and V3 be the Lyapunov functions defined in equations (B.4.11), (B.4.12),
and (B.4.13), respectively. Since the measures uy ar ¢ are solutions to the FPK equation associ-
ated with £y y ¢ in the sense of Problem B and V| € &, then

/gN,M,EVl X,Y) un,m (dX,dY)=0.

Moreover, we have by Theorem B.4.2 together with Remark B.4.3 and by Theorem B.4.4 together
with Remark B.4.5, that V) is a Lyapunov function for (X, Y), where X and Y solves equa-
tion (B.4.3) and (B.4.4), respectively. Thus, by Lemma B.4.1, we have

/ Vo(X, Y) piv v e(dX,dY) S / V3(X) un,m.e(dX,dY) = / V3(X) viFe(dX).

free
M

Since supyen / Va(X) vy °(dX) < +o0, and since V, has compact sub-levels, the thesis follows. []

We get the following consequence.

Corollary B.4.12. There exist three sequences (N)renCN, (M)ienCN, and (g;); C Ry such that
Ny — 400, M;— +o00, and €;— 0 as k, [, j > +co, respectively, and some probability measures
HUM,.ej Hep and y such that, for any M; and any €;, we have

kETOOMNk,M[,Ej = MM[,Ej?

for any €; we have

lim HMe;= He)»
>+
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and finally
dim oy = p
J—=+oo
Proof. The result follows from Theorem B.4.11 and a diagonalization argument. O

B.4.4 Limit of the operator

We want now to prove that any limit measure u built in Corollary B.4.12 solves the FPK equa-
tion in the sense of Problem B. We first prove that any measure appearing in Corollary B.4.12
solves the FPK equation associated with the corresponding operator. For simplicity, let us drop
the dependence on the parameters &, /, and j introduced in Corollary B.4.12.

The aim of the section is to prove the following result.

Theorem B.4.13. Let ® € F. We have the limit as N,M — +oco0 and € — 0,

/3N,M,5‘DdMN,M,e—>/3@dM. (B.4.15)

In order to prove the limit (B.4.15), we proceed by first taking N — +o0, then M — +o0, and
eventually € — 0, showing the convergence step by step.

B.4.4.1 Limitas N - +o0

As mentioned above, we start off by taking N — 400, namely we want to show that

/ INme(P)duy pe— / Ime(®@)dupy e,  asN—+oo.

The term in the operator £y x  involving X only is independent of N, in particular we do not
need to consider the trace. Instead, we need to work on the terms involving only the derivatives
with respect to Y. Since, by Corollary B.4.12, uy u . is tight and converges weakly up to subse-
quences to some limit s ¢, we have to show that

/ [ZNm (@K, Y)) = Lag o (PX, YD pivae(dX,dY) =0,  as N —+oco.

Let us compute the integrand and rearrange its terms. We have
LNme(PX,Y)) = L (DX, Y))

a( QN (g e # (:e MM EN); eONMESY))) G D) — (g, # (26 *X): D)) vy D)
I+ 00+ 000

with
1 := a(Qn.m(ge* (:eaQN,M(gE*X): e%ONm(ge* Y)))’ Vy®)
_05(85 * (:eaQN,M(ge*X): eaQN,M(gs* Y)), Vy(I)> (B.4.16)
= (ge* (:eaQN,M(gs*X): eaQN,M(gs*Y))’ Onm—D PerT,\z,,VY(I)>

0l := a<g5 " (:eaQN,M(gs*X): eaQN,M(gs*Y))’ VYq)> _ a<g5 ” (:ea(gs*X): eaQN,M(ge*Y))’ VYq)> (B.4.17)
and

100 := ar(g , s (:28e*0); @ONMEHY)y 'y DY — (g, s (:e28*0); 2@ D)) 'y, D) (B.4.18)
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Let us deal with the term [ (B.4.16). We need, for p> 1, the bound

/ [|:e®@rm(EexX); Q@ONMEEIN Dy ag o < Cip e (B.4.19)

Indeed, if estimate (B.4.19) holds, then, by the regularization property of g. — namely the con-
tinuity for any s> 0 of the operator g, * (-): L°°(T]%4) ABQO,M(TI%,,) — and exploiting the fact that
the norm ||Qn.um _I”L(Béo,wBé.:‘Zo) converges to zero as N — +oo for any s >0 and 6 >0, we get the
convergence of the term [ to 0 as N — 4o00. Let us prove the bound (B.4.19). The exponential
involving Y disappears, since ¥ <0. Moreover, since € >0, we have that the Wick exponential
can be written as the exponential divided by some positive constant Cy s, i.€.

:eaQN,M(gs *X): =C/T/,]M,5 eaQN,M(ge *X)’

which converges to some finite number as N — +oco0. Then, we have the inequality
I @O m(gexX). Il < CN}M’EellaQN,M(ge*X)lle’
and hence, by positivity of Oy s, we obtain
” :eaQN,M(gE*X): ”L"" < Cﬁ}M’ge”a(gE*X)”Lw,

free

which is in LP(uy;°) by Fernique's theorem (see Theorem 2.8.5 in [33]).
We deal with the term [l given by (B.4.17). We have

I < allgellpll:e®@vtesX): —:ooe; || || e CHMED|| o] | Perra Vy D] s,

and, by stochastic estimates (see Proposition B.6.2), we have convergence of the mean of the term
00 to zero.

For the term [1[ given by (B.4.18) we exploit the non-positivity of Y and replace the exponen-
tial by a bounded smooth function with bounded derivatives. Then we have that

eWONMEeHY) _, pa(gex) in L.
provided
Onm(gexY)—>gexY,  inL®.
On the other hand, we have the bound
1ONm(gexY)—gex YL < Qnm =1l Lcorollge* Yo

But [[Qn.m — Il 1(c5.1)— O depending only on M, while ||g. * Y||cs € L” uniformly since by the
proof of Theorem B.4.11 we have that the integral / WVo(X,Y) un m.(dX,dY) is bounded uniformly
with respect to M.

B.4.4.2 Limit as M — 4+

We now have to take M — +oc0, namely we want to show that

/ Lat (@) dppg e — / L ®)dp,, as M- +co. (B.4.20)

Notice that the only M-dependent term is now the trace-term tr;>2,(Pr2 V;%(I)Pm ). By the same
considerations as above, we have to show

/[SfM,g((I)(X, Y)—Z(PX,Y))] pm (dX,dY)— 0, as M — +oo.
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Since ® € F (see Definition B.3.1 and Remark B.3.2), we have
wp(VEON <foX), and  wa(lp- VO < fo(X), £>1,

where f fodu™® < +oo. First, note that

tr;2(Py— DVEDPPyy) +tr2(VED (Py— 1))
tr2((Pyr — VD Pag) +tr 2(VED@psp—p (Pay 1))
tr2(Vi®pep_¢ (Py—1)).

tr;2(Py V3D Pyy) — trp2( VD)

Therefore, we have the bound
ltr 2(Py VX® Pag) — tr2(VR D) S tr 2 VR@p D Lo (P = Dl Lz 22
Now, let h e L%(R?), then we have
(pe(Pyr— D)) = p .1z Peryzh—h).

Take £ > ¢’ > 1, then, considering the operator [? norm, we have

lpo(Pay— D()||72<2 / pe(z—Y) h(z)2dz+2/ i pe(2) 2 h(z)* dz.
yeznz2\{o R2\Tjy

Since po(z—y)=pe(2=pr—r(z=y) < pez =)L+ M)~ =7, we get
llpe(Py— DM
< 20+my2=0) Y / polz=3) W2 dz+2(1+ M) / hzdz.

2.2
ye2772{0) R* T
Now note

/ pe(z=y)*h(2)*dz S / (Pery2 (pr)(2))* h(z)*dz,

yEZﬂ:ZZ

and Perpz (pe)@) SCri=3 ,n pe(y), to get

loePy—DIWN% < 2(1+M)2=0C, /

h(z)?dz+2(1 + M)~ / h(z)*dz
Tir

R2TF

N

2(1+M)~2=2(C, +1) h(z)zdz

By taking the supremum over all & with ||z||;2®2)< 1, we then obtain

l0£(Pat— DIl L2222y S (1+M) ™20,

Letting M — +o0, we get the limit (B.4.20).

B.4.4.3 Limitase—0

Now, we are left to show the convergence

/SfE(CD)dMEﬁ/Sf(CD)dM, as e —>0.
As above, we have to show that

/[Sg(tb(X, Y)—-ZL(PX,Y))] u(dX,dY)—0, as e —0.
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Rewriting the integrand, we get

ZL(DPX,Y)) = L(@X,Y)) = al(g,*(:e¥8X): 0061y 7y D) — a(:e%: %Y, VyD)

= 1" +00" 4000’ (B.4.21)
with
I := a((ge * (e E*X): e8* 1))y V) ) — a((:e™E<*X); o4&+ vy D) (B.4.22)
1" =a((:e®8X): 8 1)) DY) — a((:e: 8 D)) VD) (B.4.23)
0 = a(:e®: e®E* 1)) Vyd) — a((:e: e?Y), Vy D) (B.4.24)

The stochastic estimates for :exp(a(g¢*X)): are done in Proposition B.6.1. We now deal with the
term [’ (B.4.22). We have the inequality

I' = a(:e®EX): e &) (g, — 1) Vy D)
al|:e®@ 0 e E Vg |I(ge =D % Vy®l|ps _,

p-pt
La(gexX). ) a(gexY) —
af|:e®8F): ”B;,’pf e 8" || g ¢ IllL(Br;i;—Ef’Br;fkt’) ”VY(I)”B;ZT_&/

N /N

Taking the expectation and exploiting the negativity of Y, we have

Ela((ge * (:e¥8eX): g¥8exVyy 1 pa(8exX). pagex)) 'y, )]

. X).
S E [”‘ea(ge* ): ”B‘;,’],f] ”85_I”L(B;’f]’*ff,g;z’_f)”VY(I)”LDO(BXxBY,B{;f;ff)
<

”(ge - 1)”[‘(3{;:'7‘5%3(;;‘%),
and this last term converges to zero as € - 0. The convergence to zero of the term 1’ (B.4.23)
follows from Proposition B.6.1. Finally for the term 01l (B.4.24), we proceed as follows. We

have the bound
00 S e gy, (WY llg-ssollge =Tl gosrs, s ) AZ)IVY @Il srs,. (B.4.25)

Pt )]
Since . is tight and ||:exp(aX): || B, is uniformly integrable with respect to the measure p., then,
for any 7> 0, there exists a Borel subset Q. C By X By such that

e
Q7

: ”B;p’fd/’le < T,

and Rg,=supg, || Y”B—s+fb’ < +00. Therefore, we have
9-9;

/ 00 1dy, < / la(:e™X: (e46e*Y) — ooy vy D) dp, + / la(:e™: (e*&=*Y) — V) Vi) dp,
Q. Q¢

aX. )
< RQ’”V}/(I)”B;ZT—&f’ng_I”L(Br;i:—&f’Bfz,K)L I[:e%*: || ps dM+2T||VY¢)”B;§:_5/

q. p-pt

Thus,
lim/II]I]I]/Id,ug<2||VyCI>||B_S+5fT,
q9.9.—

e—0

which gives convergence to zero by arbitrary choice of 6. In order to show inequality (B.4.25),
note that

01 S o :exp(@X): (exp(a(ge * V) —exp@? ) gy-p., IVy @l oo

a ||:exp(aX): (exp(a(ge * ¥)) —expa¥))lls; ., I Vy®@llg+s
a[(||: exp(aX): lss, M(ge*Y)=Yll5;: ) Al exp(aX): [F3) IVy®@llp;5+

(l:exp(@X): Iy, + ll:exp(@X): lla, ) (1(ge * ¥) = Yllzs,, AD) [ Vy®ll g yes,

S
S

S
S
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where [€(1,+00) and 1/1’+1/1=1 such that §>2—2/1". Now, if Isl is small enough such that
B,*2 C By, then we have the

(”(ge *Y)— Y”B;’fl’f/\z) < (”Y”B;Z}‘s”ge_I”L(B;Z’*fﬂgag’7 )) A2,

2

—s+6
q.9.¢

dominated convergence theorem and with the reasonings similar as above.

which is converging to zero for every Y € B C By. We conclude the argument by Lebesgue

B.5 Appendix: Besov spaces and heat semigroup

In this section, we collect some results about weighted Besov spaces. While we only focus on
spaces defined on the whole space R”, the results hold also for Besov spaces on the n-dimensional
torus T".

Let us start by introducing Littlewood-Paley blocks. Let y and ¢ be smooth non-negative
functions from R” into R satisfying the following properties:

e supp(y) CB43(0) and supp(@) C Bs3(0)~ B3/4(0),

o re<land y(0)+3Y 5,92 7/y)=1, forany yeR",
e supp(y)Nsupp(e(2~/-)=g, for j>1,

o supp(@(2/ ) Nsupp(p2~ ) =@, if i j|> 1,

where B,(x) denotes the ball centered at x € R" with radius r > 0.

We introduce the following notations: @_1 =y, @;(-)= @277 ), D;=@j, and for any f €
S'(R™) we put Aj(f)=Dj»* f. Moreover, we write, for any >0, p(y)=(1+ ly>)=¢"2, and let
LY(R") be the LP-space with respect to the norm

1/p
||f||g;=< /. (f(y)pf(y))pdy> ,

where p€[1,+o0].

Definition B.5.1. (Besov space B;,’q’f) Let s€eR, p,q,€[1,+00], and € €R. For feS'(R"), we

define the norm
. 1/q
11, =( T 2o, )

>

The space B, ; ((R") is the subset of 8'(R") such that the norm ||- ||Bf,,qf is finite.

In the case where p =g =400, the weighted Besov space By, , (R") is denoted by C3(RY)
and it is called weighted Besov-Héolder space with regularity s. Moreover, if s€ R \Z, the space
C3(RY) coincides with the Banach space of s-Holder-continuous functions.

The relation between weighted Besov spaces is stated in the following result.

Proposition B.5.2. (Besov embedding) Let p1, p2,q1,q2€[1,+00] and s1,52,£1,£2ER be such
that s1>s», S1— pl] >S5y — % and £1<¢». Then, we have the compact immersion

B?lﬂlfl(Rn) c Bls)zz,fhfz(Rn)'

Proof. The proof can be found in Theorem 6.7 in [177]. 1
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If p=g=2, the Besov space B}, , coincides with the Sobolev space Hy, i.e. the space of
measurable tempered distributions f with bounded norm

1= | PO A+10P0) 0.

The following theorem allows to extend products between a smooth function and a distribution to
elements of Besov spaces.

Theorem B.5.3. (Paraproduct) Let py, p2.p,q1,92,q €[1,+0], £1,62,€,51,52, S ER, be such

that
1 1 1 1 1 1
—=—t—, —=—t—, C=01+7¢>, s1+52>0, s=s1AS). B.5.1
P pi P2 9 a1 ¢ e o 1o (B.5.1)

Consider the bilinear map 1I: §'(R™") X S(R"™) - &'(R"), mapping (f,g)~1(f,g)=f-g. Then,

there exists a unique continuous extension of 11 as the map

MBS, (R")XB, , (R") =B} «R"),

2,92,

(R™),

PLA1LE

and we have, for any f € B} R"), gE€B;’

P2,92,¢2

I ollsy,, <Al 1I8ls2

P41, fl(
p2a2t2

Proof. See Section 3.3 in [141] for Besov spaces with exponential weights. The proof for poly-
nomial weights follows in a similar way. ]

In the case of products between a positive measure and an element of a Besov space, the
previous result can be improved as follows.

Proposition B.5.4. Consider the same parameters as in Theorem B.5.3 satisfying (B.5.1) and s>

0, s2<0. Suppose thatf €B’' . (R®)NL*®(R?) and that € B**

SPI (R2) js a positive measure,

P2:92,¢2
then we have

. K < 0 * K .
Il SUFNs-Nallge,

Proof. See, e.g., Lemma 28 in [4]. O
The next result is an interpolation estimate for Besov spaces.

Proposition B.5.5. Consider p1,p2,q1,q2€[1,+00], £1,£2€ER and 51,52 ER, and write, for any
6e]0,1],

1 6 1-6 1 6 1-06

—=—x ,  —=—t—, Co=001+(1-0)2,  s9g=0s;+(1—0)s2.
Poe P1 P2 90 491 42 o 1+ %2 o 1+ )s2
IffeBpl 7 fl(R”)anz gt (R, thenfeBpg q0.2o(R"), and furthermore
0,
Wl <IFIG A1
Proof. The proof is based on the fact that the complex interpolation of the two spaces Bp Lo (R

and sz o +,(R™) is given by Bp 0do.l ,(R™). Such an interpolation is shown in Theorem 6.4.5 in [32]

for unweighted Besov spaces. The proof for weighted spaces follows from the fact that f€B,, , »
if and only if /- p,€B,, , (see Theorem 6.5 in [177]). O
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We introduce now the heat kernel and present some of its properties. Let P;=e~C A+m? " w

consider f €Ly (R, p g fZ(R2)) and define the heat kernel on f as

=AML (1) = / t Pif(r)dz.

Notice that e‘(‘A+m2)]”(t) is a distribution.
More precisely, if s>0 and if f(z,x), (z,x) ER X R2, is a measurable function then

1 b= »?
—(=A+m?) _ 1 ~I T 2(t—1)
e~ AHIf (2, x) / § /R T f(z.y)dydz.

We have the following regularization property for e~(A+m) et us remark that all the following
results hold also in the case where f € Ly ([t1,12], ;,qu([Rz)), where —oo <t <tr < +00, and the
operator e_(_A+m2)f(t) is defined as the integral from ¢ to ¢t €[¢1,1>].

Theorem B.5.6. Consider r€[1,+00], p,q€[1,+0], sER, and let f €L (R, .4, 52(R2)). Then,
for any By, f2>0 such that 1+ pr<1, we have
e~ AtmIre gl (R,B)I(RY)). (B.5.2)

Notice that (B.5.2) states that we are gaining regularity f, in time and 24, in space.

In order to prove Theorem B.5.6, we need the following result saying that when we apply
the heat kernel at time ¢ we gain 2/ in space-regularity, but we have to pay with a multiplicative
factor of 1=/,

Lemma B.5.7. Let m>0 and consider g € B;,q,f(Rz). We have, for every t >0,

1Pl ‘*”'(R2)<t s FP

j X
Proof. See Proposition 5 in [141]. ]

We will also need the following lemma saying that giving up some space-regularity we can
gain a factor ¢# on the right-hand side.

Lemma B.5.8. Consider 0< <1 and geB , ,(R?). Then, for any t >0,

P:q.r

(X =Pogllp:- 2ﬂ<lﬁ||g||19

pa.t”
Proof. See Proposition 6 in [141]. [l

Proof of Theorem B.5.6. We give the proof for unweighted Besov spaces, the general case
follows the same lines. We use the difference characterization of space-time Besov spaces (see
e.g. Theorem 2.36 in [22] or Chapter 2.6.1 in [176]), which yields

Jemt=sr e

r,r(RvB}y:ZZﬂl(Rz) Lr R BH'zﬂl(RZ))

|e=4- mIf(t 4+ Af) — e~ CA=MIf(f) ||
+ ’”’d Ar)dt.
//At|<1 |Ar|!+7P2 (40
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. . S . .oz 2
First, we prove that the first term on the right-hand side is finite. Write f =e~2+")f we have

cur _ r r
70, iy = [, WO
Bs+2[31

/R pa
t r
< /(/ e—mZ(t—k)”eA(t—k?f(k)”BHMIdk> dr
R \J ra

Lemma B.5.7 and Young inequality yield

010.4001(f — o ,
A(A%;szk)e i ">||f(k)||B;,,qdk) dr

loroolE=K) iy 4 r
_— ¢ dk ) + FRBS (RM)s
( [t W5

where the first integral on the last step is finite if and only if g <1.

r

/ P dk‘ dt

o]

A

cnr
”f”L’(R,B;jﬂl(Rz))

A

Consider now the difference term. We have

1+ At 2
fa+an—fo = / Priar-if (k) dic+ (1 — g~ 8+m30) / P, if (k) dk

= I1+1,.
Now, by Lemma B.5.7 and Young inequality,

r l-aro(r—k) '
L] s+ ) < ————||f (&) ||Bs
(i), = [ (] =2 o)

S (AN fllrw By oy
Consider f; < ﬂ~< 1 — py, then, by Lemma B.5.8,

15|l .. 213)
(1 2l

L S (Qoflecaemy

S AN fllrwsy,,

where we used the first part of the proof in the last step and the fact that §; + < 1. Putting

L,(R’szﬂﬁzﬂ")

everything together, we get

If e+ At = F (@)l (ADI—P0 4 (A
2d(Andr S s d(A7
A/mnsl |Af|1+752 (Ande s ”f”L'(Rva,q)/msl |Af|1+752 (A1)

1
1l / L g
®Bp0) a1 |AfL=B=B2r

S W@z,

N

which gives the result. Ol
Thanks to the heat kernel, we have another representation for weighted Besov spaces.
Proposition B.5.9. Let seR, p,q€(0,+00], and k €Ny be such that

A
k>§.

Consider a smooth and compactly supported function @o. Then, for any m>0, we have the fol-

lowing equivalence between norms

+00 s l/q
||f||3;,,qu||%—‘<¢o%q>>||Lz;+< A l(k_i)q”azk(sz)”Z@%) . (B.5.3)
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Proof. See Section 2.6.4 in [176] for a version of the theorem with a mass-less heat kernel. In
particular, such a result differs from the one presented above since the integral with respect to 7 in
equation (B.5.3) goes from O to 1 instead of going from zero to +oo0. This extension is possible
thanks to the regularization properties of the heat kernel and the exponential decay thereof, due
to the presence of the positive mass m > 0. O

Remark B.5.10. Under the same hypotheses as in Proposition B.5.9, if we assume further that
s> 0, then the norm || F (@0 F (H))I| 1~ appearing in equation (B.5.3) can be substituted by the
weighted LP-norm of f, since we have

1%~ @oF (Dl S IF Nz S s,

Namely, for s >0, equivalence (B.5.3) becomes

! Ll 1/q
If ”B}iqﬁ"f"w( /0 (o up ] ﬂ) .

Ly ¢

B.6 Appendix: Stochastic estimates for the Wick exponential

We prove here some stochastic estimates for the term :e®<*X:. We need two different kind of
estimates. One has to be at the initial time with respect to the Gaussian free field, while the second
one needs to estimate the term in some LP-space with respect to the variable . Given g, as in
Section B.2.2 and m >0, and v™® being the Gaussian free field with mass m, we define the Wick
exponential :exp(ag.*X): as in equation (B.2.13).

The previous expression coincides with the standard Wick exponential in the case where we
equip the space By with the free field measure v,
Proposition B.6.1. Let a®><8x, €>0. Then, for every r> 1 such that a’r/(4x) <2, and for every
¢ >0 such that r¢ > 2, and for every 6> 0, we have that the sequence

lexp(age * X): »exp(aX):,  in L'((Bx,v"™),B, 70" V0RY),
where :exp(aX): is the unique (positive) limit random distribution and y = a’/(4x).

Proof. We report here the proof for the case @ <4, the general case can be obtained mixing the
method presented here and the techniques by [111]. We consider first the case r=2. We have,
for K;=F (o)),

[E[/ |[(ie“(g5*x)2—26"X:)*Kj](z)lz(pf(z))zdz]=/ E[l[Ge®: —:e™:) % K12 1(pe(2))dz.
R2 R2

By translation invariance and orthogonality of Wick polynomials, we can consider

ELl[G:e e —:eX:) % K1 O]

E[((:e®89: —:eX:), K )]
T o
- Z() #E[K:(&*XY’: —X", K.

It then suffices to show that, for each neN,

ELl(:(ge % X)": —X", K))*1 = 0. (B.6.1)
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Indeed, for lal < /47, we have

oo 2n 2n

Z o ,)Z[E[I (gex X" =X K>|2]<2Z G EllGGe 0" KP+ 16X, KL

We have then to show
2n
= ,Z[E[l (e # X", KP4 100", K]

<Cn’

for some {c,} €Z'(N).

We want an uniform bound on [|A;:(g, * X)": || 2, which would then give, as € — 0, the con-
vergence A;:(g,*X)": —A;:X": almost surely.

Notice that

I1A7:(ge % X" |2 =n! A | KGOOK X =x))" drdx,

~ 12
— %2 — gl [
5[5—82 *X'=F <||2+—}’I’lz)

where

By Lemma 2.2 in [150], we have, for some constant C >0,
1
<
L(x) S 2”log (xIne)+C,
1
<
T(x) S 2Hlog Ixl+ C.
Moreover, if x#0, we have the point-wise limits

2.0 22 ),

Now,

188+ X)" 172 = n! A KK ()Ll = )" drdx

1 n
1 — J
n.<2 logl2 |> ,

n!/ Ki(0)K;j(x" (X (x—x"))"dxdx’
R2

1 n
1 — J
n! <2ﬂ10gl2 I> ,

where the multiplicative constant absorbed in the symbol < does not depend on j, €, and n.

A

[|A;:X": ||1%2

A

Summing up, we have

2n n
5 2 1 . .
& KPP 5 [ S S ogi2 ) | =)
Then,
2n n 2
i a 1 i a ; 2
J = < —_— J < - J| | < nJjel2r)
c 0 S py <2ﬂlogl2 |> Nexp<2ﬂlogl2 I>N2 ,
which yields
Z 2isei < Z 0J(@*(2x)+s).
jz-1 jz-1
Therefore, we need
2
a
§<——

4
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Now, we have

E[ll:exp(a(ge * X)): —exp(aX): I3, |

Z 22s EllA;j:exp(a(gs * X)): —A;:exp(aX): ||1%2

jz-1
p Z 22js E[(Kj, :exp(a(g, * X)): —exp(aX): )]
jz-1
2n
s & . n._.yn.
D

Notice that each term in the sum converges to 0 in n and j. Moreover, we have an uniform bound
in n and j, since
a2n

22js
(n!)?

E[(K,:(g¢ % X)™" —X": )21 S2%5 ¢,

where the term on the right-hand side is summable, and therefore it is in #'(N?). By Lebesgue
dominated convergence theorem, everything converges to zero.

We follow the proof of Theorem 3.8 in [25] to address the case r>2. Let r>2, take y > 1, and
recall hypercontractivity of Gaussian Wick monomials (see e.g. Chapter III in [179]):

E[GX:) 1< (r = D"HE[CX:)H)™
We have

EL[Ge®®X): —:e:) 5 K1(0) 1V
= E[[{(:e®E): o) KTV
too
= D FEI(ge# X" =X, K1Y
n=0

/A

S @1y
> Bl (g X0 =X K
n=0 )

2 12T 2 2n,  1\n 2
( : > (ZME[H:(&*XW‘:X":’K")lzl)

Kk2—1 ! (n!)?

2 172 — — 12
< K > [E“(:eam/r l(ge*X):_:eatc r IXZ,KJ')|2] ‘

Kk2—1

N

n=

A

Taking x such that

2.2
a‘k“(r—1)
S<STTan

we conclude the proof in the same way as in the case r=2. O

We need also a result for the periodic setting. In particular, we prove the convergence of the
Wick exponential :e®@V#@=*X): jntroduced in equation (B.4.2), as N — +c0.

Proposition B.6.2. Recall that y =a?/(4x). If 2<p<2ly, >0, £>0, and ¢' > £{(p), for a
positive constant depending on p, then we have the convergence, as N — 4+,

(:e®QnmeeX); _paerX)y 50, in LP((C™3(Tip), virS), LP(Tip).
Proof. Notice that, if Z is a Gaussian random variable, then

P
P2 =P?~TEZ
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Therefore, applying the previous reasoning for Z = Qy y(g¢* X) and first f=a, and then f=pa,
then we have

a2
(: XN M(8eX). yp eapQN,M(gs*X)—%pa%E[(QN,M(gs*X))Z]=: PO (gexX). eT(pz—p)[E[(QN,M(gs*X»Z].

We observe that, if X € C“S(Tf,,), then, for every x € T]ﬁ,

Onvm(ge*X(x)—ge*X(x), asN-—+oco.
Moreover, we have that

ELQn.m(ge*X))*] = El(ge+ X)°],

and also

e®OnmgesX. o P uniformly.
Hm
These last properties imply that
[ PONMEEN), . putsX); i D (B.6.2)
M

Taking the norms, we have by translation invariance

[E[/ |(:eaQN,M(gs*X):_:ea(ge*X):)(z)WdZ =(27[M)2[E[|(:eaQN,M(gs*X):_:ea(ge*X):)(())w]_
Ti

and the last term converges to zero by (B.6.2). |
We now prove convergence in space-time of the Wick exponential.

Proposition B.6.3. Consider the same parameters a,p,?,y as in Proposition B.6.1. Let (X;);er,
be the solution of equation (B.3.3) with Xy distributed as a Gaussian free field of mass m. Then
we have

iexp(age * X,): >exp(aXy):,  in LP(BxxQ,LL.(R,, B;’yp(;_l)_(s(R%) ),

where ¢’ >0 is such that £'p> 1.

Proof. The proof follows closely the one of Proposition B.6.1. See also Theorem 3.2 in [111] and
Lemma 2.5 in [110]. O

B.7 Appendix: Estimates on linearized PDEs

Consider the partial differential equation
(0= A+m*)y(1,2)==B(t, 2, w1, D)) Ap(1,2) + C(t,2)),  (1,2) ERLXR?, (B.7.1)

where B: R, x R?x H'(R?)— R is a positive function with compact support with respect to z € R?
independently of reR, A:B3 5. K(R2) — C%®(R?) is a linear and bounded operator which is self-
adjoint with respect to the L2(R?) Hilbert space structure and which commutes with the Laplacian
—A, while C: R, xR?— R is a measurable function such that, for any 7> 0, we have

t
/ ||B(s,-,q/(s, ))C(s,)||izds<+oo,
0

where y € L2(R ., H(R?))NL®(R,, LX(R?)).
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In this section, we prove some a priori estimates for equation (B.7.1).

Theorem B.7.1. Consider equation (B.7.1) with w(0,z)=0. We have the bound, for some con-
stant K >0 and for every 0<o <1,

t t
1A (e, )72+ / (1A (s, ) I+ (m* = Ko) | A (s, )l 2)ds / I1BCs, -, yr(s, DCCs, I 2ds,
0 0
where the constant implied in the symbol < does not depend neither on B nor on C.
Proof. Multiplying equation (B.7.1) by Ay(¢,z) and integrating we have,
t
AP+ [ A A . ) s
0
t
= - / / B(s,z,p(s,2)(Ay(s,2) + C(s,2))Ay(s, z) dzds
0
t
- - [ [ Boavsaves 2
0
t
- / / B(s,z,y(s,2))C(s,2)Ay(s,z) dzds
0
t
< - / / B(s,z,p(s,2))C(s,2)Ay(s, z) dzds.
0
Then, exploiting Young's inequality,
t
1Ay (e, )liZ2+ / (1A 2y (s, I +m A (s, )17 ds
0
t
< - / / B(s,z,w(s,2))C(s,2)Aw(s,z) dzds
0

t t
< G, / / (B(s,2,w(5,2))C(s,2)) > dzds + Co / | Ay (s, -)|I72 ds.
0 0

Since [|Aw(s, )2 = |AV2A 2y (s, )|l 2 S I|AY2w (s, )|l ;2 we can reabsorb the last term on the
right-hand side and apply Young's convolution inequality to the remaining term to get

t
4 el [ A 0.+ = ColA s, 0
1

s ¢ [ Boaviacsa)ds

0

1
S A IB(s, - w(s, )C(s, )1 22ds.

This concludes the proof. O

Let us modify the previous result in order to deal with weighted norms. In particular, we
consider the case where Ay =g, sy, where g, is defined as in Section B.3, with A2y =g, s .
Let us also recall the definition p%(z) = (1 +klzI?) =2, for ze R? and k > 0.

Theorem B.7.2. Consider equation (B.7.1) with w(0,z)=0. Assume further that

IBC. - )l zoo(0,01,22,m2) < +00.
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We have the bound, for some constant C1,C,> 0 and for every 0< 0,6 <1,

t
IA 2y, )17z, + A ((1=0CDIA (s, ), +m*=ECHNA (s, )72, ) ds

t
< [ B CelR:, a5

Proof. Instead of multiplying equation (B.7.1) by Aw(z,z), we multiply it by AY2(p* A2y (1,7)).
Proceeding as in the previous proof and noticing that

A2 (0 oA Py (1, 2| S pE A()A P (2, 2),
we have, integrating by parts,

0% e A (2, )72+ /0 o A5, B+l A s, ) ds
+ /0 t / (VA 2y (s, 2)) (A" (5,2))V pl 4(2) dzds

= — A t / B(s, 2, y(s5,2)(Aw(5,2) + C(s, ) A2 (p" 1Ay (s, 2)) dzds

= - A [ / B(s, 2, w(5,2))(Aw(5,2))(A (" y(2) Ay (s, 2))) dzds

—Al /B(s,z, w(s,2))C(s, 2)(A2(p* 4(2) A"y (s,2))) dzds.
Let us focus on the term
/0 t / (VA 2y (s5,2)) (A" (5,2)) Vol o(z) dzds.
Multiplying and dividing by p* ,(z) inside the integrals gives
/0 t / PEA(2) (VA 2y (s,2)) (AY 2w(s,z))%ig)dzd&

Py

By Young's inequality we have

t k
/ / p@(z)(VA1’2w(s,z>>(A“Zws,z))Mdzds‘
0 P-(2)

-

t k 2
< Co / / P~ A(2) (A (s, 2))? <M) dzds
0 pP=4(2)

1
+0C / / Pr HD)(VA 2y (s,2))* dzds,
0

and now we have

Vot () Ckizil Izl
~ <Ak <+/k C,.
o o) TR S \/—feuﬂ-\f’zlﬂzﬂ\\/_ 2
This yields

t
o5 2 A2, ) |72+ A ((1=6CDNIPE oAy (s, )7+ (> = /K Co)l 0L e Aw (s, )1 1) ds
t
~ - / / B(s,2, (5, ) (A (s, ))AY2(pk ,(2) A"ys(s,2))) dzds
0

- / / B(s, 2, w(5,2)C (s, 2)(AY2(p* 2(2) AV (s, 2))) dzds.
0
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Applying Young's inequality we get

t
o5 oA 2ur(e, ) |72+ A ((1=6CNIPE oA (s, ) I3+ (m* = /K Co)lPE oA (s, )II72) ds

N

t t
Co, / / pr #(2)1B(s, 2,y (s, ) 1Ay (s, 2)P dzds + o2 / / Pk /()| A Py (s, )P dzds
0 0

+C,, / / (0" £1(2)B(s, 2,y (5,2))C(s,2))* dzds + o3 / / (0% 412(2) APy (5, 2))* dzds
0 0

A

t
CazllB('a"W)lle([O,t],me([Rz))/ /|B(S,ZalI/(S,Z))||AW(S,Z)|2dzdS
0
t
+0'2/ 0% A2y (s, )1 72 ds
0

t t
+C,, / lp% s BGs, -, w(s, ) C(s, |32 ds + 03 / 0% 210 AV (s, )1 7205,
0 0

reabsorbing the terms multiplied by o3 and o3 respectively, to the left-hand side and noticing that
from the proof of Theorem B.7.1 we also get

/0 t / B(s,2,y(5,2))(Ay(s,2))* dzds S /0 t IBCs, -, y(s, )Cs, )| 72ds,
we have, renaming the constants and introducing &,
1Ay ()72, + /0 t ((1=0CDIA (s, ), +m*=FCHNA (s, )72, ) ds
s /0 B 5. ) s, s,
This concludes the proof. O
We now apply a bootstrap argument to the previous result to get the following statement.

Corollary B.7.3. Under the same hypotheses of Theorem B.7.2, we have
[yl B! (R, B RY) SPolllBllrem,.r2,m2) ICll Lo m®,. 12,m®2)s

where P, is a second degree polynomial.

Proof. From Theorem B.7.2, we know that A2y lives in L2(R4, H (R2))NLE(R 4, L2 A(R?)).
By interpolation and using the fact that H LR CBSQ p,_f(Rz), for every p <+o0, we have

2 2
1AWy B0, 2 S / peAS)IIBCs, - y(s, ) Cs, )2, ds.
» -

12

Applying the heat kernel to the equation (B.7.1), we have

t
W(I,Z)=/ Pi—s(B(s, 2, (5, 2))(Ay(s5,2) + C(s,2)) ) ds,
0

and therefore, if 1/g+1/p=1 and >0, we have by Theorem B.5.6,

”I'U”BZM(R+,B§;?E;B(R2)) SIBC, - w(-, NAw(-, )+ C(, '))||L'§/(R+,Bg,p,4(R2))'
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On the other hand, for some second degree polynomial $3,, we have

”B(’ Kl W(’ ))(Al[/(, ) + C(’ ))”L‘LL(R_,_,BO (R2)

p.p.—C
< BolllBllrzw,.r2,w@2) 1 Cll 2@, 2,m2)-

This concludes the proof. [l

B.8 Appendix: Proof of Lemma B.3.4

We give here the proof of Lemma B.3.4. We only show the first part of the result, the second one
following in a straightforward way. It is sufficient to prove the following property: for any Ge F
there exists a sequence of cylinder functions (Gy)ren (here we consider a sequence (Gy )N meN
depending on two parameters) such that £Gy — £ G point-wise as k — +oo0, and we have the
uniform bound

LGl < Fg(X), (B.8.1)
for some measurable Fg € L'(v™®), e.g. some polynomial of X. And secondly we have to show
that Z,G — ZG point-wise as € — 0 with a bound |Z,GI< F(X), for some Fg e L'(v™). Since

we take u € M p,, the result follows from Lebesgue's dominated convergence theorem.
Take Ge % and N,M, €N, and define

Gy mX, Y)=G(fuQn m(fuX), fuOn.m(fuY)),

where fy = f(-/M), f:R*— [0, 1] being a compactly supported smooth function in T# which is
identically 1 in a neighborhood of the origin, and Q y j is the operator defined in Section B.4. We
need to show that

VxGyu(X,Y) — VxG(X,Y), point-wise in B%’_]fs_f(Rz), (B.8.2)
VyGym(X,Y) = VyG(X,Y),  point-wisein B /""" "D*(R?) for le(1,00),  (B.8.3)
tr(VzGy u(X,Y)) — tr(VZG(X,Y)), point-wise. (B.8.4)

We focus only on the proof of (B.8.2) and (B.8.4) since the limit (B.8.3) follows with similar
arguments. We have,

VxGnm(X, Y)[h]
= VxG(fmQn m(fmuX), fuQn m(fmY NIfmQn m(fuh)],
On the other hand, since the integrability parameters in the Besov spaces EX, By, B%]?_K(Rz), and
BEijf}A(Y(r_l))+§(R2) are finite, the linear operator Z — 0y .m(fuZ), where Z € B, where B is
anyone of the Besov spaces listed before, strongly converges to the identity idss on B. Therefore,
by continuity of VxG, we get that the following convergence holds as N, M — +oo:

VxGUmQn m(fuX), fuQnm(fuY)) = VxG(X,Y),  in BT’ AR?).

By strong convergence of the operator Z — fOn m(fuZ) in B%j?_,,o([R@) and the fact that the
composition of strongly convergent operators is strongly convergent, we get the limit in (B.8.2).

Let us now prove (B.8.4). We have, with the notation py y = (fuOn.m(fuX), fuOn.m(fuY)),
and p=(X,Y),

tr(fu@n mfuV>G(pn ) fuQn mfu) — e(V2G(p))
= tr(fuON.mfuV>G(pNn.m) fuON mfur) — t (O N mfu V> G(P) QN mfm) (B.8.5)
+(fuQ N mfu V2 G(P) fuQ N mfu) — tt(V2G(p)).
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Let us deal first with the second term of equation (B.8.5), that is

tr(fuO N mfu V>G(P) fuQn mfu) — tr(V2G(p)). (B.8.6)
We have

(@ nmfu VG fuOnufu) = w(V2GP)FuQN mfu)?)
= D (V2GDY QN b s b2

neN

- Z (PO N wfst) s VEG(P)h) 12

neN

= ) (O fi)*hs, VG2

neN

= 3 M uCn G A,

neN
where we use that fjs, On .y, and V2G(p) are self-adjoint operators in L*(R?), and (h9),en is an
orthonormal basis of L*(R?) of eigenvectors related to the eigenvalues (4,),en of the operator
V2G(p) (which exists being V2G(p) a compact operator). Since V2G(p) is also a trace-class
operator, we have that (I4,l),en €7 (N). Furthermore, we get

Mn«fMQN,MfM)Zh%h%)Kmnl||(fMQN,MfM>2||L(Lz,Lz><w( sup ||(fMQN,MfM>2||L(Lz,Lz)>sunl.

N.MeN

Since we have the strong convergences fy — id;2r2) as M — +oo, and Qy y —id 12y as N =
+o0, and so supwy || full 2,12 Supn.m 1O N mll Li2,12) < +00, then we have

(fMQN,]VlfM)2 —id L2([R2) strongly.
Thus, we have (fQn mfu)*hs — hy in L* as N,M — +o0, and therefore

{An((fruO N )RS hS) Y nen = { An}nen point-wise.

Then the term (B.8.6) converges to zero by Lebesgue's dominated convergence theorem.
We now show that the first term in equation (B.8.5), i.e.

tr(fuQn mfu V2G(Pn M) @ ifnr) — e (@ n mfut VG funQ v v w)- (B.8.7)

converges to zero. Let IMM: H ,(R?) — L*(R?) be the natural isomorphism between the two spaces,
where x and Z are the same parameter as in point iii. of Definition B.3.1. The natural identification
of L*(R?) with its dual, allows us to identify the dual map 9 * of 9 with the natural isomorphism
between L*(R?) and H 7 *(R?). We can then write

VZG(p) =M M VG (p) M),
and therefore, for two points p, py.m € B x X By,

tw(IV2G(p) = V2G(pn,mw))
< w7 IMVAG(P)M* —MV2G(p )| )™
Y, MMV 2G(P)IM = MV 2G(py ) DN h, )2

neN
= ) (IMV2G(P)M* = IMV2G(py )R~ e, () ) 2
neN
< IMV2G(P)I = MV2G (P a) M gz Y, IO A ll72
neN
< IMV2G(PYI — MV2G (o i) a2 gz o 2 M )12, 20),
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which is finite since point iii. in Definition B.3.1 holds and the operator i<, 2 MM 20, H7*
is trace class because k> 1 and #> 1 (see Remark B.3.2). By continuity of the map V2G: By x By —
L(H;* (R%,H EK(R2)) and the fact that, by similar arguments as the one exploited to show (B.8.2),
PN — p as N,M — +oo, we have that tr(|V2G(p) — V2G(py.m)|) = 0 as N,M — +co.

The argument is then concluded by the following observation: if we take the absolute value
of the difference in (B.8.7), then

lee(fuQw sf (V> G(pw ) = VG () fuQn mf )|

< (N mfulV2G(pn ) — VEGD fuQ v mfur)
< sup I fmOnufull> e (VEG(pn.a) — V2G(P))),
N.MeN

which converges to zero since supy yen || fuQn.aful? is finite.
In order to get inequality (B.8.1), we notice that

IVxGn X, DI SN VxGX, V)| S F (X)), (B.8.8)

where Fg plays the role of fg in Definition B.3.1, as well as similar inequalities for VyG and
tr(VzG), which is due to the fact that the norm of operator fQn mfm is uniformly bounded in N,
MeN.

The convergence .G — £G as € — 0 is proved in Section B.4.4.3.

B.9 Appendix: Technical results for the resolvent equation

We consider here the system of equations (B.3.3)—(B.3.4), and give a proof of Proposition B.3.8.
For notation simplicity, we will write Y instead of ¥ * when no confusion occurs. Moreover, if not
explicitly specified, all the appearing parameters are assumed to be taken as in Definition B.2.6.

B.9.1 Flow equations

We start with a result about existence and uniqueness of solutions to the system of equa-
tions (B.3.3)—-(B.3.4), that is the first part of the statement in Proposition B.3.8.

Proposition B.9.1. For any e >0, if (Xo,Yy) € By x {By UBg;é:}, then there exists a unique solution
(X,Y) to equations (B.3.3)—(B.3.4) such that

(X, Y)EBxx {ByUBL,},  t€R,.
Proof. The unique solution to equation (B.3.3) is given by the explicit formula

'
Xt=PtX0+/ Pi_&gds (B.9.1)
0

(see, e.g., Theorem 5.4 in [59]). Showing existence of a solution to equation (B.3.4) is equivalent
to showing existence for

V=Y~ P
We proceed by a Schaefer's fixed point argument (see Theorem 4 in Section 9.2.2 in [69]) to get
the result up to a fixed time 7 >0. Consider the map £ given by, for t €[0, T],

2 ~
T, Y0, X)= —/ Pi_satf, 083X p@(@ex¥) paPs(gex ko) g
0
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We need to show that £.(-, Y5, X): A — A is a continuous and bounded map, where A and A are the
convex closed subsets, for k>0 small enough, 6>0, 0 €(xV 6, 1), £ >0 large enough, consisting
of non-negative functions, and such that

ACCOH(O0.TLCITTM R, AcCh(0.T1, 277 (R?).

Exploiting the compact embedding

CO(0,T), 22T TH (R?) & ([0, T1, CZ2 (R,
given by Besov embedding and Corollary 3 in [172], we can then proceed applying Schaefer's
fixed point theorem to get existence for every compact subset of R of the form [0, ], for some
7>0. We have

”]S(Ya Yb,X)”cﬂ([o,r]:cfgw—é(W))

< ” af.: e(8exXy). pa(genYs) eaPS(gE*YO)||L°°([O,T],L°°(supp(f5))) (B.9.2)

S llaf, :e®8eX0: e PEEIN 0 71 rogsupp( iy <+,

by the regularization property of the convolution with g.,.
We have to prove continuity. For every ¥,Y' €A, we have

”j(?va Y0, X) _j(?/, Y, X)”cH([o,T],cZ;m—ﬁ(W))

S [|afe ieoEe: (2@ — oees X)) o PGB o supniion
a(gs*?s) — a(ge*?s/)

< le e Lo5([0,T1,L5(supp(f,)))

S Nge* Ys—ge# Y |l Loqo, 71.L5(supp(£)))

S Ngell e 1Ys = Y5 Ml zooo,71,9(supp( £))

S Y=Y Ml co-rqgo,71.0220-5 w2y

We are left to show uniqueness. Take two solutions Y and Y’ to equation (B.3.4). Notice that their
difference is given by Y — Y’ =¥ — Y’ and it satisfies

(0= A+mP)(Y, = ¥') = —af; :e*ErX): (ex8e1) — ulgexti)).

Introduce a positive function 4: R — R such that 4(¢) - 0 when t - —o0, and with 12’ (£)I < Ch(t),
for some constant C > (. Multiplying the previous expression by h(r)(Y,—Y,') and integrating with
respect to time and space, we have

T
/ / W)Y = Y )(0— A+m?)(Y,— Y, ) dzdt
0 R2

T
- _a/ / ()Y, = ¥7') fe :e"EX): (8D — ooty dzdr.
0 R2

For the left-hand side, we get by integration by parts

T
/ / WY =YY — A+m?)(Y;— Y,) dzdr
0 RrR2

T T
W Fr— TP / W ONT T [ 2adr + / WOTi— 7 3+ m2| Ti— 7/ 122 do
0 0

\%

T T
W)\ Yr = Y7172 — / ' (O Y, = ;' || 2dr + / RO =Y I3 +m2|| Y= ¥/ || 72) dt
0 0

WV

T
WD)|| Yy = Y¢'|| 22+ / Y, =Y/ |71+ (m? = O)|| Y, = ¥/ ||72) dr.
0
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Notice that the last line is positive. Therefore,

T
WD Fr— T 12+ / B (1T = T 12+ (= O | T = 7|2
0

T
< —(x/ / h(t)(Y,-Y)) - UgexX). (ea(ge*Yt) — ea(ge*Y/)) dzdr <0,
0o Jr?
which yields uniqueness. |

Remark B.9.2. The growth with respect to T of the norm of the solution Y to equation (B.3.4) is
polynomial. Indeed, recalling that in the proof of Proposition B.9.1 we have

t ~
Yt‘E = —/ Pt—s afg : ea(gE*XS): ea(gg*yx)eaf’x(gg*}’o) dS,
0

we get that the time growth of Y, is determined by the growth with respect to s of the term

af. PRCED OF ea(gs*ﬁ)eaPs(ge*Yo)‘

Now, exp(ae~“2+m5(¢_x ¥,)) does not increase in time, while exp(a(g. * ¥,)) is bounded since
Y,<0, and hence the growth with respect to s is determined only by the remaining term, that is the
exponential f, :exp(a(ge*Xjy)):.

In the next result, we prove continuity of the solutions to equations (B.3.3)—(B.3.4) with
respect to the initial data.

Lemma B.9.3. For every € >0, the solution (X,Y) to equations (B.3.3)—(B.3.4) are continuous
with respect to X in B x and with respect to Yy in By UBQ;{’;, respectively.

Proof. As far as X is concerned, continuity follows from the linearity of its representation (B.9.1).
r,t

Let us focus on Y. Consider a sequence (¥j)nen converging to some limit ¥p in By U By,

Then (Yy"),en is bounded in By UBg;f;,, and, by the regularization properties of g., we have that
exp(aP,¥J') is uniformly bounded with respect to z € R?, ¢ and n on the support of g,. From
inequality (B.9.2), it follows that the solution f’,(YO"") is bounded in the space A c CY(o, 71,
C 3229_5(R2)) and pre-compact in A ¢ C?~%([0, 7], C 3;039;5-’(([&2)). Thus, there exists a subse-
quence ny such that f/,(YO"k) converges to some Z in A.

On the other hand, since f/,(YO"k) solves the fixed-point equation
F(¥e™") = 7u¥(Xg"), 15, X,

and since Z is continuous with respect to all its variables (see the proof of Proposition B.9.1), we
have

Z=57.Z,Y,X).

By uniqueness of solutions to the fixed point equation, we have that Yi(Yo)=Z. Finally, since the
solution to equation (B.3.4) with initial data Yy is given by

Y(Yg ) = Y(Yg™) + PYg,

by the continuity of the heat kernel and of Y,, we get the thesis. O
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B.9.2 Derivatives of the flow

In this section, we denote by X and Y the solutions to the system of equations (B.3.3)—-(B.3.4) and
we study their derivatives with respect to the initial data X and Yj.

B.9.2.1 Existence and equations

We now show point i. in Proposition B.3.8.

We have that X is differentiable and that its derivatives Vx X, V)%OX,, and VyX; solve equa-
tions (B.3.5), (B.3.6), and (B.3.7), respectively. This is because we have the following explicit
representation (cf. equation (B.9.1)) of the solution

t
Xt:PtX0+/ P& ds,
0

which is linear with respect to the initial data. We immediately get that V)%OX =0and VyX=0.

We now focus on the derivatives Vy,Y, V;%OY ,and VyY of Y, and show that they exist and
satisfy equations (B.3.8), (B.3.9), and (B.3.10), respectively. Furthermore, they are all continuous
functions with respect to X and Y.

Proposition B.9.4. For every € >0, we have that that the derivatives VyY, Vx,Y, and V;%OY of the
solution Y to equation (B.3.4) exist and satisfy equations (B.3.8), (B.3.9), and (B.3.10), respec-
tively.

Proof. We only give the proof for Vy Y, the other cases follows in a similar way. Consider the
approximating equation (B.3.4), that is

0= A+m?)Y =—C,(X,Y)=—af, 128X eeexV)  y(0) =Y, (B.9.3)

with Y5 < 0. We denote the solution to equation (B.9.3) as Y(Z), in order to stress the initial
condition Z € By UBQ;&Z. We have the integral representation of the solution Y to (B.9.3):

t
Y(Z)=PZ - / Py Ge(X,, Y(Z)) ds.
0

In order to compute the derivative with respect to the initial data, we need to perturb it. Therefore,
taking >0 and h€ By UB’,

exp> and considering the difference, we have

t
Y(Yo+ Ah) = Y(Yo) =PhA— / P (T(Xs, Y(Yo+ Ah)) — G (X, Y(Yp))) ds.
0
But

/ Pi_(Ge(Xy, Ys(Yo+ Ah)) — Ge(X, Yi(Y0))) ds
0

t rl

since &, is differentiable in the direction g * (Y;(Yp+ Ah) — Y(¥p)).
Define

1
H(s, ﬁ,h)=/ Dy %, (Xs, cYi(Yo+ Ah) + (1= ¢)Yi(¥p)) dg,
0

so that we can write

E(Y0+/1h)—Y;(Yo)=ch/1—/ Py_H(s, 4, h) - (g * (Ys(Yo+ 4h) — Y(¥0))) ds.
0
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Let us write down an equation for

Yi(Yo+ Ah) — Yi(Yo)

D; »Yi(Yp) = 7

Notice that
D nY(Yo)=Ph— /t Py_H(s, A, h) - (8% D; nYi(Yp)) ds,
and therefore ’
0D 1 Y(Y0) ==(=A+m)D; 1Y (Yo) —H(t, 4, h)(ge ¥ D1aYi(Y0)),  DanYo(Yo)=h.  (B.9.4)
Now consider, as in the proof of Proposition B.9.1,
Y=Y~ PX.

Then, we have
Yi(Yo+ Ah) — Yi(Yo)

D; 1 Y(Yo) = )

=D, nYi(Yo) — Pih,
and such a difference satisfies the following equation

(0i— A+m?)D Y (Yo) = —H(t, A, h)(g D1 Yi(Yo) + Pi(ge 1)), D;nYo(¥o)=0. (B.9.5)

By Theorem B.7.1, we have then the following bound for some constant K>0 and every 0 <o <1:
t
1ge* Dan¥iYo) 72+ / (1ge* DanTs(Yo)llzy +(m® = Ko)l|ge * Dan¥s(Yo)ll2) ds
0

t
S / IH (1, A, )P i(ge+ M2 ds. (B.9.6)
0
Consider
t
Y (Yo)=Yi(Yo+ Ah) — Pihi=PYo— / PG (X5, Ys(Yo+ Ah)) ds.

0

Notice that IA/,A(YO) is negative and moreover it solves

f N
f/tA(YO) =PYy— (X/ Pt—sfg 1 ¥(8eXs), ea(gs*Yf(Yo)) e/la(gg*th) ds.
0

Recall that g, is such that g, xh € L3, and f; is compactly supported. Therefore,

exp(a(l —¢)(ge* Ys) (X)), exp(age * f/s’l(Yo)) € L™, since the exponents are negative,
Usupp( ) €xp(Aa(ge * Psh)) € L%, since the exponent is negative on supp(fe).

We then have the uniform estimate on H given by, for any s >0 small enough and 1 < p <400,

a(gexXy). e+ VX)) , Aca(gexPsh) ,a(1—¢)(gex Yo)(Yi
H (s, 25, < Ife e8|y [[eme@er OgicatcerPioat - || o
L a(gexXs). 1| Aga(ge#Psh
< “f&-ea(g * )- ||B]2;7,,f||e calgex )||L°°(supp(f£))
< fere® @ | e P o qupp(rys (B.9.7)

which is uniform both in A and &.

This gives existence of a limit for D, ,Yi(Yp) as A — 0.

We are left to show that the limit satisfies equation (B.3.8). First, we have to prove that the
following limit holds

lim H(t, A, h) = a2f5 :e¥(8e#X0), pa(gexYi(Xp))
A—0

in some suitable space.
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By Lemma B.9.3, we have that Y(Yo+ Ah) — Y(¥p) as A— 0 in By UB> and hence, thanks

exp’
to the regularization properties of g., g, * Y(¥Yo+ Ah) converges to g, * Yi(Yp) uniformly on the
support of f.. Thus, we have the weak convergence

H(t, A, h) = a’f, :e¥8e*X0: pa(gexXi¥) = a5 3 50, (B.9.8)

’
)

5.p.0» With s> s (see

and, by the uniform estimates (B.9.7) and the compact embedding B,,’, _» < B
».p.0-

We then have a weak limit for D, ;Y (¥y) as 41 — 0. Thus, proceeding as in the proof of
Lemma B.9.3, thanks to the a priori estimate (B.9.6), to the uniform bound (B.9.7), and to the con-

vergence (B.9.8), we get that the limit of D, ;Y(¥p) as 4 — 0 is a solution to equation (B.3.8). []

Proposition B.5.2), we get the strong convergence in the space B

B.9.2.2 Properties of the flow derivatives

We prove here some bounds on Vy,Yi(Y), Vy Yi(¥p), and on the trace of V;%OIG(YO). Let us recall
that the sets By and BX are defined as in (B.3.11).

Proposition B.9.5. For every 6€(0,1), 0€(0,1-5), £,¢' 21 and h Eéy, we have the estimate
IVRY XMWt w, 0222w @rom® . By)
Sgg SBZ( ||fg - MgeXi). eapt(gs*h)I|L‘;‘3(R+,L"_°f(R2))’ ||h||éy)’
where P, is a second degree polynomial.
Proof. We use the same notation as in the proof of Proposition B.9.4. Recall that
D, wYd(Yo) =D 1 Yi(Yo) + Pih,

and then, since P4 is uniformly bounded in By, in order to prove the result, it suffices to give an
estimate on D,th/,(Yo) in the space wa(RJr, C%}29_25(R2)).
Let us consider a time-weight p,(¢) and a space-weight p_.(x) defines as

K= +kiz®»™?,  zeR,R2
Then, by Theorem B.7.2 we have, for some 0<o <1,
pae Wl p-e(Ge Dy Yi(Yo))|I72

t
+/0 p268) (| p—r(Ge % Dy p V(YD) |31+ (m? = 6O p— (& e % D11 Ys(Yo)) ||72) ds

S Gs /0 t p2¢/(s) / P—20() (&% (H(s, A, )e™TA+5(g x h)) ) dxds.
Moreover, applying Corollary B.7.3 yields
1H (s, 2, h)(Ge * DoY)+ Po(Ge M)l g, 30,
< PollH 2w, r2m2) 18 * 2l L2, w2)-

Together with the previous estimate, this yields uniform bounds on the norm
1D a YY)l B! (R B Ry and choosing f# and p accordingly we then deduce that we have

D,th/t(Yo) € C,?/(RJ,, CE}‘S/(RZ)), uniformly in A. Now, letting A — 0 yields the result. O
Proposition B.9.6. For every 6€(0,1), 0€(0,1-6), £, 21 and h EEX, we have the estimate
IV YW o, 02520252y S Poll fe 2“0 e PED|| 1o oo i),

where P; is a second degree polynomial.
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Proof. The proof is similar to the one of Proposition B.9.5, the only difference is that here the
initial data of Vy,¥; is zero and therefore we do not need to subtract it before doing the estimates
in Theorem B.7.2 and in Corollary B.7.3. ]

We now deal with the trace term appearing in the definition of the operator £.

Proposition B.9.7. For every £,k >0, there exist f,6>0 such that
” V)%()Yt(YO)”L(H;K,H'_(f) s / a2f£(z/) :ea(gs*Xr)(Z/): ea(ge*yt)(z/)e(ls—mz)t(l + IZ/Iﬂ) dZ/.
RZ
It follows that, whenever ¢ > 1 and k> 1,

tr(lv)%OYt(YO)P—fl)S/Z aZfE(Z/):ea(gg*X;)(z/):ea(gg*Y;)(Z')e(ﬁ—mZ)t(l +|Z/|ﬂ) dz’.
R

Proof. We suppose that all the computations involving equations (B.3.9) and (B.3.10) make sense
since a rigorous proof of this fact can be given in a similar way as in the proof of Proposition B.9.5.
Let 6. be the Dirac delta distribution, and consider the map, for Xo€Bx and tER 4,

Txot H75(R%) = H 4(R?),  he VE Y(Yo)(h,6.).

Hereafter, we drop the dependence on Yj in the derivatives of Y. Let us then evaluate equa-
tions (B.3.9) and (B.3.10) at 6,(+), and (A, 0.(-)), respectively, to get

(09— (A —m?)Vx, Y(5.)(z")
= —a?fu(7)):e%8=*X D o8 MNPy 5 5. )(2") + (g6 * Vi, Yi(8))(2))
_aZfE(Z/) :ea(ge*Xz)(Z’): ea(ge* yt)(Z’)(Pth(Z_Z/) + (gg ” VXOYt(éz))(Z,)), (B99)

and
(0= (A =m*)V5,Y(h,6)(z")
= _azfe -p(gexX)(). ea(ge*Yz)(z’)(ge % V}%()Yz(h, 8N
—0f 8N XN (g a P2 )(ge # Pid (@) + (8% Vi YU(E)(E))  (B.9.10)
—af; :e"EHXNE; 8GN (g5 Uy Vi())(@) (8¢ # Pi6)(2)) +(8e * Vx Yi(8))(2).-
Using similar methods as in the proofs of Proposition B.9.4 and Proposition B.9.5, it is possible to

prove that Vy,Y,(6,) and V;%OY,(h, o) are differentiable infinitely many times with respect to z and
their derivatives with respect to z for any multi-index f satisfy

0l (g% Vx Yi(8))(2') = / g:(z' =) aPVx, Y(8,)(y) dy.

Furthermore, by equations (B.9.9) and (B.9.10), we get

(0= (A —m2)PVx Y(6)() = —a’fi(z'):e2@+X0@); g0 P glg (7 77) (B.9.11)
—szfg(z') o8+ X0(@). eOt(‘g’kax)(z’)(g‘E % 6fo0Yz(5z))(z’),
and
(0— (A —m?))0PVE Yi(h,6)(z)
= —a?f.(2) e X)), ea(gs*n)(z’)(aﬁ ok V;%()Yz(h, 8 (B.9.12)
— a3 (z') @K @GN (g s PRY(2')((0P g % PiS)(2') + (e 0PV, YiU8))(2)
— a3 (z') 1K, 2@ (5 Vi Yi(h))(2')(0Pg % P6)(2') + (ge % 0PV, Yi(8))(2))).
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Exploiting Theorem B.7.2 applied to equation (B.9.11), we get
2 ' 2
18400 G+ [ g0V Hblfynd
0

< /aZfe(Z/) - eU8eHXN(). pa(gex (') |Ptazﬁg£(z _Z’)lzdz' =: Fﬁ(Z)-

~

By a bootstrap argument, i.e. applying Corollary B.7.3, we can conclude that

102V, (8213, < P (DF p(2)q(Fp(2)),

where ¢ is an s-dependent polynomial, because of the relation of the heat kernel with the support

of f..
By a similar method as above, we get the following estimate concerning the second derivative

102V, Y(h, ) |3 , < N 2ll 1 7F p(2)G S (Fp(2)),

where g, is another s-dependent polynomial. Taking s large enough, we have

102V, Yi(h. )| < Il All = Fp(2) G (Fp(2).
This proves that the map is linear with respect to 4 as a map from L?, moreover, if s €N and fixing

7' and h, the norm with respect to z is given by

D / P2o(2) 00V Yi(h, 6.)(z))* dz

pl<s

> / P2A@) 10292, Yi(h, 62 )| Fesa) dz
Bl<s

Iz ) / P2 DIFsDG(Fp) dz.

[pl<s

V2, Yih, 63N IBs, @ =

N

(B.9.13)

A

We are left to show that the last integral is finite. Recall
Fyz)= /a2f£(z/) - e X)(@). pa(gex ¥ |Ptazﬂg£(z _ Z/)lz dz’.

Since we have to show that the integral is finite for some polynomial, we multiply (and divide)
the heat kernel by some weight p_;,, to get

Fy(2) p-2r(z) = / @2 fi(z'): e BHXND; paGex ) | 57y Piolg (z—2')Pdz.

By inequality (6.2) in Section 6 of [177], we have, for some x>0,
P-r(D) < p—r(z—=2)(1 +1ZD".

Therefore,
; , 1 2y 8 ;o= -
lp—r(z) P0lge(z—2") = /276 "0l g (2 =7 —D)p-p(2)dZ
R
1 2 8 ;- -
/2?6 7 0l gz =2 =D p-r(2)dZ
R

22 5
NoPgez—2' =Dl p_r(z—2' =) (1 +1z/ +3)* dZ
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By the compact support of g., we have
2

! 1 —5r—m® oy ~
|p—f(Z)Ptazﬁg£(Z_Z )l < Cf’g’g’ﬂ/ 2_6 > M t(l +1z +Z|)KdZ
R2 t
=C f,g,e,ﬁe""zt Ewl(1+I1z"+ W],
where W is some two-dimensional Brownian motion. Thus, if we take x large enough, we get

lp—¢(2) Ptazﬂge(z_zl)l < Ck,f,g,s,ﬂe_m2t(1 +1z'I* + E[IW*])
< Ck,f,g,s,ﬂ,ée(ﬁ_mz)t(l + |Z,|ﬂ).

Then,
’ ! ! —m? ’ ’
Fﬂ(Z)p—Zf(Z) < Ck’f’g’g’ﬂ’ﬁ/ azfg(z ) Zea(gs*Xr)(Z ): ea(gs*Yr)(Z )e(5 m )t(l +1z |K') dz ,

which is finite, since f; is compactly supported. O
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