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Abstract

This thesis contains a collection of studies on the properties of baryons within the context of effective
field theory, especially Chiral Perturbation Theory (ChPT). The thesis focuses primarily on the Roper
resonance, an excited state of the nucleon with some interesting and puzzling features. With a
pole mass of approximately mR ≈ 1.4GeV, the Roper mass lies below its quark model prediction.
Additionally, the Roper can decay into a nucleon and a pion, as well as into a nucleon and two pions,
where both branching ratios are of the same magnitude, causing an almost equal probability of two- and
three-particle final states. Investigating the Roper resonance and its properties is key for understanding
the excited hadron spectrum of Quantum Chromodynamics (QCD). The second part of this thesis
studies electric dipole moments (EDMs) of heavy baryons containing a single bottom quark. EDMs
are an important observable in precision measurements, since they violate the discrete symmetries
time-reversal (T) and parity (P) at the same time. The inclusion of P- and T-violating sources is done
within the framework of Standard Model effective field theory (SMEFT). Dimension-six operators
from SMEFT are considered and their induced effect on the EDMs of heavy bottom baryons is
calculated. This thesis contains three chapters that have been published in peer-reviewed journals.
The publications are

• D. Severt and U.-G. Meißner, “The Roper Resonance in a finite volume”,
Commun. Theor. Phys. 72, no.7, 075201 (2020) [arXiv:2003.05745 [hep-lat]],

• D. Severt, M. Mai and U.-G. Meißner,
“Particle-dimer approach for the Roper resonance in a finite volume”,
JHEP 04, 100 (2023) [arXiv:2212.02171 [hep-lat]],

• Y. Ünal, D. Severt, J. de Vries, C. Hanhart and U.-G. Meißner,
“Electric dipole moments of baryons with bottom quarks”,
Phys. Rev. D 105, no.5, 055026 (2022) [arXiv:2111.13000 [hep-ph]].

Additionally, as a contribution to the conference Lattice2022, the Proceedings of Science (PoS) article

• D. Severt, “Towards the finite-volume spectrum of the Roper resonance”,
PoS LATTICE2022, 085 (2023) [arXiv:2210.09423 [hep-lat]],

has been published during the work on this thesis.

https://arxiv.org/abs/2003.05745
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“Science is not everything, but science is very beautiful.”
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CHAPTER 1

Introduction

What is our world made of? This simple but fundamental question is almost as old as human history.
Many philosophers and scientists have asked themselves this question over millennia. The ancient
Greeks had the idea that everything in our world is made out of four elements: earth, water, air and fire.
This idea was quite successful in the sense that it was a prominent theory for a long time and ancient
philosophers used to “explain” various natural phenomena with it. Similar lists of elements were also
introduced by early cultures in India and Tibet [1]. Around the fifth century BC the novel idea came
up that all four elements might be made of something more fundamental, something so small that it
should be invisible to the human eye. Leucippus and his student Democritus called these particles
“atomos” (ancient Greek for “uncuttable”) and proposed that everything in the universe consists of
infinitely different variations ot these fundamental entities [2]. For readers who used to play – or still
play – with LEGO® bricks, this idea seems rather natural, but for the early time, this new view was
revolutionary.
Fast forward approximately 2500 years, the idea of fundamental particles, which build up all the
matter around us, still exists and it is now supported by a much more rigorous scientific foundation.
The Standard Model (SM) of particle physics is the best description we have of our universe today. It
includes all elementary matter particles and characterizes their interactions with each other, except
of the gravitational interaction. We call those particles “elementary”, because they have – as far as
we know today – no substructure and can, therefore, be considered fundamental. However, the real
fundamental entites are quantum fields, since the SM is a relativistic quantum field theory (QFT). The
particles we observe are the quantized excitations of those fields (for a pedagogical introduction, see
e.g. Refs. [3–5]). There are two types of fields in the SM: the half-integer spin fields, called “fermions”,
which build up all the matter around us, and the integer spin “bosons”, which mediate the forces
between the fermions and also between each other. From a mathematical viewpoint, the SM is defined
by a Lagrangian, which is invariant under local SU(3)C ×SU(2)L ×U(1)Y gauge transformations. The
SU(2)L × U(1)Y part of the gauge symmetry gives rise to the electroweak interaction and the SU(3)C
part corresponds to the strong interaction, which will be at the center of all investigations in this thesis.
The theory of the strong force, Quantum Chromodynamics (QCD), describes the interactions of all
particles that possess a so-called color charge C (the “C” in SU(3)C), these are the spin-1/2 quarks (q)
and the spin-1 gluons (g), which mediate the force. This works in analogy to the quantum theory of
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Chapter 1 Introduction

electrodynamics, QED1, where the interaction of all electrically charged particles is described by an
interchange of a virtual photon. However, there are two major differences, which makes QCD a much
more complicated theory: First, the gluons themselves carry color charge, meaning that they do not
just interact with quarks but also with each other, leading to a larger amount of possible interactions.
Second, the strong coupling constant gs, which quantifies the interaction strength, is much larger at
smaller energies than the electromagnetic coupling (hence the name “strong interaction”). While
conventional perturbative calculations in QCD still work at high energies, the method fails in the
low-energy regime meaning that different approaches, which will be discussed later, must be used to
calculate QCD processes.
The low-energy behaviour of QCD is particulary interesting, because in this region bound states of the
strong interaction form. These bound states, called “hadrons”, come in a large variety. In fact, in the
1950s experimental physicists discovered a tremendous amount of different particles with different
characteristics. A first try to classify all these new particles was given by the quark model [6, 7],
which proposed that the hadrons fall into two categories: mesons and baryons. Mesons consist of two
quarks, a quark and an anti-quark (q̄q), whereas baryons consist of three quarks (qqq). For example,
the building blocks of atomic nuclei, protons and neutrons, are baryons. Similar to the atom – a bound
state of the electromagnetic interaction – the quarks inside the hadrons can also be excited, leading
to multiple excited hadronic states, which are called “resonances” and can be observed in modern
experiments. The quark model was successful, since it was able to organize the discovered hadrons into
clear schemes and predicted some missing particles in the spectrum, like the Ω− baryon [8]. However,
the model had some issues like, for example, the apparent violation of the Pauli exclusion principle in
some baryonic states, which led to the introduction of the color charge [9] and ultimately resulted in the
formulation of QCD.Moreover, some states from the rich hadronic spectrum that we know today cannot
be explained anymore by the simple quarkmodel, but can only be understoodwithin the context of QCD.

Over the last years a lot of effort has been made to deepen our understanding of the QCD had-
ron spectrum (for some current reviews see [10, 11]). Especially, the excited baryon spectrum
remains one of the least understood features of the strong interaction. One of the most prominent
and challenging systems is the Roper resonance. Discovered in 1964 via partial wave analysis of
nucleon-pion-scattering data [12], the Roper, or N(1440), posseses some interesting features. The
resonance has identical quantum numbers as the nucleon, i.e. I(JP

) = 1/2(1/2+), where I, J and
P denote isospin, spin and parity, respectively, but a larger mass (pole mass: mR = 1.365GeV, see
PDG [13]). The most remarkable characteristic of the Roper lies in its decays: It can decay into a
nucleon (N) and a pion (π), as well as into a nucleon and two pions, where the branching ratios of
these two decay modes are of the same magnitude. This makes two- and three-particle final states
equally likely and complicates the Roper system significantly.
There are several options to explore the spectrum of the Roper resonance. One method is Lattice
QCD (LQCD), a non-perturbative approach to QCD, where numerical calculations of correlation
functions are performed on a discretized Euclidean space-time in a finite volume (see e.g. Ref. [14]
for an introduction). There are already some preliminary studies of the Roper system in LQCD
(see [15, 16]), which indicate that both two-particle Nπ and three-particle Nππ dynamics might be
important to generate the Roper resonance. Another method is an effective field theory (EFT) approach
(see Ref. [17] for a very good introduction to EFTs and their applications) for the Roper, which has

1 QED: Quantum Electrodynamics.
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already been established within the framework of baryon chiral perturbation theory (BChPT) [18–22].
Therein, the Roper resonance is included in BChPT as an explicit degree of freedom and one can
calculate various observables, like decay widths, within this framework. However, difficulties arise
in general when comparing results from EFT with results from LQCD. For example, the fact that
LQCD calculations are always performed in a box of finite size, causes a shift in the energy levels
of the system. In order to improve the investigation of the Roper resonance and to simplify the
comparison between LQCD and infinite volume EFT, one can use an EFT approach in a finite volume
(see e.g. [17]). When a narrow resonance is present, the energy levels show a particular behaviour near
the resonance’s energy: The levels shift when the box size L is changed, but they do not cross each
other. This behaviour is known as “avoided level crossing” [23] and it has been already discovered in
other resonance systems, such as the delta resonance [24].
For the Roper resonance, the case is complicated due to its two- and three-particle final states. The
two-body sector in a finite volume is already well established from Lüscher’s method [25, 26], whereas
the three-body sector remains challenging. A lot of work has been done and different methods have
been introduced to tackle the three-particle dynamics. These methods usually require the formulation
of a so-called three-body quantization condition (for some examples, see Refs. [27–36]). A very
promising approach to describe three-particle scattering in a finite box is the particle-dimer framework
(see [37–42]), which reformulates the three-body problem as a two-body problem and, therefore,
significantly simplifies the three-particle dynamics. This particle-dimer picture might also be a suitable
approach to investigate the Roper resonance [43].

Despite of the immense success the SM had and still has in predicting experimental results, we know
quite well that it cannot be a full discription of nature. For instance, the force of gravity is not included
in the SM and there are several observations that cannot be explained by the SM alone2. One open
problem is the matter-antimatter asymmetry, which comes from the observation that we have mainly
matter in our universe, but no antimatter. The SM, however, treats matter and antimatter in a symmetric
way for the most part: There are some interactions in the SM, which violate the discrete symmetries
parity (P) and time-reversal (T) and, therefore, CP symmetry according to the CPT theorem, see
e.g. [4]. The C denotes the symmetry under charge conjugation, i.e. the symmetry by replacing a
particle with its antiparticle. The different treatment of matter and antimatter in the early universe is
crucial for explaining the matter-antimatter asymmetry [44]. CP-violating sources can be found in
the weak (weak Cabibbo-Kobayashi-Maskawa (CKM) phase) and in the strong sector (QCD θ-term).
Nevertheless, modern research suggests that the CP-violating interactions in the SM are not sufficient
to explain the observed large discrepancy between matter and antimatter.
There are several theories, collected under the name “beyond-the-Standard-Model” (BSM) physics,
aiming to explain the matter-antimatter-asymmetry by introducing additional interactions that explicitly
violate C or CP. Most of them postulate new heavy particles, which have not been observed yet by
experiments due to their large masses. One way to investigate the effects that these new particles have
on SM physics in a model-independent and systematic framework is Standard Model effective field
theory (SMEFT) [45]. In this EFT, it is assumed that BSM physics shows up at an energy scale Λ,
which lies well beyond the electroweak scale v ' 250GeV. The BSM heavy particles can, therefore,
not be resolved in our current experiments, since the necessary energy is not reached. However, the
effects of these particles should still influence the behaviour of SM particles at low energies, especially

2 For example neutrino masses, dark matter, dark energy, and more. See e.g. [5] for further reading.
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Chapter 1 Introduction

when these effects violate CP symmetry. One of the observables that can probe CP violation is the
electric dipole moment (EDM) of a particle.
The hunt for measuring EDMs is already going on for a longer time. While elementary particles could
in principle have an EDM as well, most experiments try to measure EDMs of composite particles,
like baryons. Some of the most precise measurements have been performed on the neutron, where its
EDM was found to be |dn | < 1.8 × 10−26e cm [46]. This result is, however, just an upper bound on
the neutron EDM and not a direct detection. Measuring a permanent EDM would imply that P and
T symmetry are violated simultaneously (and, hence, also CP symmetry). Apart from the neutron,
there are also plans to measure EDMs of baryons containing a single heavy charm (c) or bottom (b)
quark in future experiments, see e.g. Refs. [47–50]. One of the main ideas behind these prospects
is that the heavy c- and b-quarks might feel a stronger influence from BSM physics due to their
large masses than the light-quark sector. In the last part of this thesis, CP-violating interactions from
SMEFT, which explicitly include b-quarks, are investigated. Afterwards, the EDMs that these inter-
actions induce into the spin-1/2 single-bottom baryons are calculated with the help of BChPTmethods.

This thesis is organized in the following way: In chapter 2 some important theoretical concepts are
introduced, which are relevant for understanding the studies performed in this work. Readers, who
are already experts in the field, might be able to skip these introductory sections. After that, the
investigation of the Roper resonance starts in chapter 3 and is continued in chapter 4. Then, the second
part of this thesis, the study on EDMs of heavy bottom baryons, is presented in chapter 5. Finally,
a summary of the most important results together with an overall conclusion is given in chapter 6.
Some additional information, as well as several technicalities, can be found in the appendices.
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CHAPTER 2

Theoretical foundations

2.1 The Standard Model of particle physics

The Standard Model (SM) of elementary particle physics is the result of many theoretical and
experimental studies conducted in the 20th century, where its final formulation, which is still used
today, has been introduced in the 1970s (see e.g. Refs. [51–54] and many more). The particle content
in the SM includes the spin-1/2 fermions, which build up all baryonic matter around us, and the
spin-1 gauge bosons, which exchange the forces between the fermions and also between each other.
Additionally, there is the spin-0 Higgs field responsible for giving mass to the elementary particles.
The fermions fall into two categories: There are the leptons, which contain the electron (e), the muon
(µ), the tau (τ), and three neutrinos (νe,µ,τ), one for each lepton flavor, and the quarks, which come in
six different flavors: up (u), down (d), strange (s), charm (c), bottom (b), and top (t). All fermions
come with their respective antimatter partner. The gauge bosons in the SM are the gluons (g), which
mediate the strong interaction, the photon (γ), which mediates the electromagnetic interaction and the
three heavy bosons Z0, W+ and W−, which mediate the weak interaction1.
As a quantum field theory (QFT), the SM is described by a Lagrangian, which is invariant under
local SU(3)C × SU(2)L × U(1)Y (C: color, L: left, Y : hypercharge) gauge transformations. The
SU(3)C part of the symmetry gives rise to the strong interaction, whereas the SU(2)L × U(1)Y part is
responsible for the electroweak force. The full Lagrangian is given by2

LSM = q̄αLi /DqαL + ūαRi /DuαR + d̄αRi /DdαR + l̄αL i /DlαL + ēαRi /DeαR
+ (DµΦ)

†Dµ
Φ + µ2

Φ
†
Φ − λ(Φ†Φ)2

− q̄αL fuΦ̃uαR − q̄αL fdΦdαR − l̄αL feΦeαR + h.c.

−
1
4

Ga
µνGa, µν

−
1
4

W i
µνW i, µν

−
1
4

BµνBµν

+ θ
g2
s

64π2 ε
µνρσGa

µνGa
ρσ . (2.1)

1 The full particle content is usually denoted in a very compact table form, see e.g. wikipedia.org/Standard_Model.
2 The notations and conventions of Ref. [5] are mainly used throughout this section.

5
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Chapter 2 Theoretical foundations

Here, the first line on the right-hand side showes the dynamical part of the fermions, which are written
in terms of the weak left-handed SU(2)L doublets qαL (quarks) and lαL (leptons) with generation index
α, i.e.

qαL =
((

u
d

)
L

,

(
c
s

)
L

,

(
t
b

)
L

)
, lαL =

((
νe
e

)
L

,

(
νµ
µ

)
L

,

(
ντ
τ

)
L

)
. (2.2)

Note that q̄αL = (q
α
L)
†γ0 and l̄αL = (l

α
L )
†γ0, where γ0 is the first Dirac gamma matrix γµ (µ = 0, 1, 2, 3).

The right-handed singlets for quarks and leptons (also with generation index α) are denoted by

uαR =
(
uR, cR, tR

)
, dαR =

(
dR, sR, bR

)
, eαR =

(
eR, µR, τR

)
, (2.3)

where one can observe that the SM does not include right-handed neutrinos. The coupling of the left-
and right-handed fermions to the gauge fields is described by the covariant derivative Dµ, which is
denoted with the Feynman slash notation /D = γµDµ. In the left-handed doublet case Dµ is given by

DµψL(x) =
(
∂µ +

i
2
gsAa

µλ
a
+

i
2
gW i

µτ
i
+

i
2

Yg′Bµ

)
ψL(x) , (2.4)

where ψL denotes an arbitrary right-handed fermion. The first interaction term in (2.4) is from the
strong force: Aa

µ denotes the gluon fields, gs the strong coupling constant and λa the Gell-Mann
matrices. The second term describes the interaction with the SU(2)L gauge fieldW i

µ via the coupling g,
where τi are the Pauli matrices, and the third term indicates the interaction with the U(1)Y gauge field
Bµ, where g

′ (times the hypercharge Y ) is the corresponding coupling. On the contrary, right-handed
fermions, ψR, do not interact with the SU(2)L gauge field, so that the covariant derivative becomes

DµψR(x) =
(
∂µ +

i
2
gsAa

µλ
a
+

i
2

Yg′Bµ

)
ψR(x) . (2.5)

The dynamical parts of the gauge fields are given in the fourth line on the right-hand side of Eq. (2.1),
where Ga

µν, W i
µν and Bµν denote the field-strength tensors of the SU(3)C , SU(2)L and U(1)Y gauge

fields, respectively. These are defined by

Ga
µν = ∂µAa

ν − ∂νAa
µ − gs f abcAb

µAc
ν , (2.6)

W i
µν = ∂µW i

ν − ∂νW i
µ − gε

i jkW j
µWk

ν , (2.7)

Bµν = ∂µBν − ∂νBµ , (2.8)

with the SU(3) structure constants f abc and the SU(2) structure constants ε i jk , i.e. the Levi-Civita
symbol. The last line in (2.1) shows the so-called QCD θ-term, which is briefly discussed in the next
section. The second line in the SM Lagrangian describes the dynamics and the potential of the Higgs
field, which is defined by the doublet of spin-0 fields

Φ =

(
φ+

φ0

)
. (2.9)
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2.1 The Standard Model of particle physics

The covariant derivative acts on the Higgs doublet according to Eq. (2.4), however, it does not couple
to the guon fields, but only to theW i

µ and Bµ gauge fields. The constants µ and λ parametrize the Higgs
potential and the third line in Eq. (2.1) shows the Yukawa couplings, i.e. how the Higgs couples to the
fermions, proportional to the constants fu,d,e and with the definition Φ̃ := iτ2Φ

∗. Except the Higgs
field, none of the elementary particles in (2.1) has a mass term, which ensures the gauge invariance.
This changes after the process of so-called “spontaneous symmetry breaking”. In that, the Higgs field
acquires a non-trivial vavuum expectation value v, i.e.

〈0|Φ†Φ |0〉 =
v2

2
, with v ≡

√
µ2

λ
. (2.10)

The energy scale v = 246.22GeV [13] has to be measured by experiment and is not predicted by the
theory. A possible field configuration for Φ that obeys the above relation and conserves electric charge
is then given by

〈0|Φ |0〉 =
(

0
v/
√

2

)
. (2.11)

With this configuration, the SU(2)L × U(1)Y gauge symmetry is (spontaneously) broken3 down to a
U(1)e gauge symmetry, where e denotes the electromagnetic charge. This causes the gauge bosons to
obtain a mass: The W i

µ and Bµ fields become mixed up in the process, leading to the definition of the
physical W± boson fields

W±µ =
1
√

2

(
W1
µ ∓W2

µ

)
, (2.12)

and the neutral Z0 boson and photon fields

Zµ = cos(θw)W
3
µ − sin(θw)Bµ ,

Aµ = sin(θw)W
3
µ + cos(θw)Bµ , (2.13)

where θw is the Weinberg angle, which is defined by

tan(θw) =
g′

g
. (2.14)

The mixing of the fundamental gauge bosons ensures that the W± and Z0 bosons acquire a mass after
the symmetry breaking, whereas the photon, γ, stays massless. Their respective masses are

Mγ = 0 , MW =
v

2
g , MZ =

v

2

√
g2
+ g′

2
. (2.15)

Not just the gauge bosons, but also the fermions become massive via the Yukawa couplings in Eq. (2.1).
In general, however, the flavor states and mass eigenstates of the fermions do not have to coincide.
There is a mixing between different generations in the quark sector, which influences charged weak

3 In the literature one can often find the term “hidden symmetry” instead of spontaneously broken symmetry.
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Chapter 2 Theoretical foundations

currents. To obtain a diagonal quark mass matrix, a unitary transformation can be applied, i.e.

qαL →
((

u
d ′

)
L

,

(
c
s′

)
L

,

(
t
b′

)
L

)
, with ©­«

d ′

s′

b′
ª®¬ = V ©­«

d
s
b

ª®¬ , (2.16)

where V is a unitary 3 × 3 matrix known as the Cabibbo-Kobayashi-Maskawa (CKM) matrix [55, 56].
For more technical details concerning the SM, the Higgs-mechanism and CKM mixing, the reader
is adviced to see for example Refs. [4, 5]. We will now concentrate on the fundamental interaction,
which is of major importance for this thesis: the strong interaction.

2.2 Quantum Chromodynamics

Quantum Chromodynamics (QCD) is the SU(3)C part of the Standard Model and it describes the
interaction of quarks and gluons that carry the so-called color charge C (see e.g. [57]). As already
mentioned, the quarks are spin-1/2 matter fields (fermions) and there are six different quark flavors:
qf = (u, d, s, c, b, t). The gluons are the spin-1 gauge bosons of QCD that mediate the strong force. A
crucial difference to the electromagnetic interaction, QED, is that the gluons themselves carry color
charge, which enables them to interact with each other. In QED, on the other hand, the photon, which
communicates the electromagnetic force, is electrically neutral and cannot interact with itself. These
self-interactions of the gluons are the defining property of a non-Abelian gauge theory [58].
The coupling strength of the strong interaction is quantified by the QCD coupling constant gs.
Analogously to QED, one can define the parameter αs, which is given by αs = g2

s/(4π). The numerical
value of the coupling depends on the momentum transfer Q2 during reactions: The coupling is small
for large momentum transfers (Q2

∼ M2
Z), but grows quickly for decreasing values of Q2. This

phenomenon is called asymptotic freedom [59] and it is a typical feature of non-Abelian gauge theories
in four spacetime dimensions. Another characteristic of QCD is the so-called color confinement,
which implies that one is not able to observe singly colored particles, e.g. single quarks. The quarks
and gluons must always form color neutral bound states, which are called hadrons. A color neutral
hadron can, for example, be achieved by a bound state of a quark and an anti-quark (q̄q), which is
called meson, or a three quark state (qqq), called baryon. In theory, also bound states of more quarks
(e.g. tetra- or pentaquarks) are possible, as well as pure gluonic bound states (glueballs). However,
in this thesis we will concentrate mainly on baryons and their properties. Both phenomena, the
asymptotic freedom and the color confinement, make QCD a very remarkable but complicated theory,
which cannot be treated with conventional perturbative methods at low energies.
There are two very promising approaches to describe the low-energy regime of QCD, which have been
developed and improved in recent years: Lattice QCD (LQCD) and effective field theories (EFTs).
Both approaches offer a framework to study QCD, which can be improved systematically.
In LQCD one attempts to calculate QCD processes directly on a discretized Euclidean space-time
lattice of finite volume4. The lattice itself is a hyper-cubic structure of usually three space dimensions
and one time dimension, where the time component is analytically continued to imaginary times by a
Wick-rotation, i.e. t → −it. The quarks are then defined on the lattice points and the gauge-fields are
on the links that connect two lattice points. This setup allows one to numerically calculate observables,

4 For an introduction to LQCD see e.g. Ref. [14] or the review [10].
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2.2 Quantum Chromodynamics

like hadron masses. However, there are some issues with this formalism: The fact that LQCD operates
on a finite lattice automatically breaks Lorentz invariance. Also, particle momenta can only take on
discrete values due to the finite volume and have a natural UV cutoff proportional to 1/a, where a is the
lattice spacing. To obtain real-world physics the so-called continuum limit a→ 0 has to be performed.
These finite-volume effects are an important aspect to relate LQCD results with observables from the
physical world, which we will also investigate in chapters 3 and 4.
The second approach, EFT, is the one we will use in this thesis to study low-energy QCD and baryon
properties. A brief introduction to EFTs is given in the next section.

The Lagrangian of QCD with quarks and gluons as fundamental degrees of freedom is after
the previously discussed spontaneous symmetry breaking given by

LQCD =
∑
f

q̄f

(
i /D − m f

)
qf −

1
4

Ga
µνGa, µν . (2.17)

Here, qf denotes the quark field of flavor f with its corresponding mass m f . Each quark field consists
of a color triplet

qf =
©­«

qf , r

qf , g

qf , b

ª®¬ , (2.18)

where the subscripts r (red), g (green), and b (blue) represent the three color charges. The covariant
derivative Dµ ensures gauge invariance of the fermionic part and introduces the interaction between
quark and gluon fields. It is given by

Dµ qf =
(
∂µ + i

gs
2

Aa
µλ

a
)

qf , (2.19)

where Aa
µ represents the eight independent gluon fields (a = 1, 2, ..., 8) and λa are the Gell-Mann

matrices. The second term in (2.17) describes the dynamics of the gluon fields via the field strength
tensor Ga

µν , which is already defined in Eq. (2.6). The squared field strength tensor in the Lagrangian
gives rise to gluon self-interactions proportional to gs and g2

s .
From a theoretical perspective, the Lagrangian in (2.17) could also contain the so-called QCD θ-term,
which is given by

Lθ = θ
g2
s

64π2 ε
µνρσGa

µνGa
ρσ , (2.20)

where εµνρσ is the totally antisymmetric Levi-Civita tensor in four dimensions and θ is a real parameter.
This term is gauge invariant and has dimension four, but, due to the antisymmetric Levi-Civita tensor,
it violates the discrete CP symmetry (P: parity, C: charge conjugation). Hence, this term could
induce a permanent electric dipole moment (EDM) into baryons, like the neutron n. So far, however,
measurements of the neutron EDM only find a very small upper bound of |dn | < 1.8 × 10−26e cm [46]
for a permanent dipole moment. This suggests that the θ parameter must be very close to zero,
|θ | < 10−10, which is also validated by Lattice QCD calculations [60]. The fact that θ is almost
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Chapter 2 Theoretical foundations

vanishing and, therefore, QCD seems to preserve CP is a fine tuning problem known as the “strong CP
problem”5. For our further studies in this thesis we assume that θ = 0 and omit the QCD θ-term. In
later chapters we will discuss other sources of CP violation in the strong sector.
The QCD Lagrangian was constructed to be invariant under local SU(3)C gauge transformations and
under Lorentz transformations. Without the θ-term (2.20) also the discrete symmetries P, C, and T are
not violated. Additionally, the QCD Lagrangian possesses a global flavor symmetry, meaning that
one can replace any quark flavor in a QCD process and the interaction will look the same (neglecting
electromagnetic and weak force effects). The flavor of the quark will also not change during the
interaction.
Usually one divides the six different quark flavors into two groups: the light quarks u, d, s, and the
heavy quarks c, b, t, where the terms light and heavy refer to the QCD scale ΛQCD ' 210MeV6. Note,
however, that the light quark masses can only be determined indirectly at a specific renormalization
scale µ, see e.g. Ref. [13] for further details. In the low-energy region of the strong force, a good
approximation for the QCD Lagrangian is to include only the light quark flavors. Then, one can
consider the so-called “chiral limit”, where the quark masses approach zero, i.e. mu,d,s → 0, which is
equivalent to the situation before the spontaneous symmetry breaking. The Lagrangian in (2.17) then
becomes

L
0
QCD =

∑
f=u, d, s

q̄f i /Dqf −
1
4

Ga
µνGa, µν . (2.21)

Now, one can introduce the projection operators PL and PR, which are defined by

PL =
1
2

(
1 − γ5

)
, PR =

1
2

(
1 + γ5

)
, (2.22)

where γ5 is given by γ5 = iγ0γ1γ2γ3 and obeys the anti-commutation relation {γ5, γ
µ
} = 0, as well

as (γ5)
†
= γ5 and (γ5)

2
= 1. As projection operators, PL and PR also fulfill the identities

PL + PR = 1 , PLPR = PRPL = 0 , and P2
L/R = PL/R . (2.23)

With these operators, the quark spinor qf can be decomposed into left- and right-handed components

qf =
(
PL + PR

)
qf = PLqf + PRqf ≡ qL, f + qR, f . (2.24)

Using the above identities, the Lagrangian in the chiral limit (2.21) can be rewritten in terms of left-
and right-handed quark fields,

L
0
QCD =

∑
f=u, d, s

(
q̄L, f i /DqL, f + q̄R, f i /DqR, f

)
−

1
4

Ga
µνGa, µν . (2.25)

The left- and right-handed quark fields completely decouple and the Lagrangian manifests a global
SU(3)L ×SU(3)R symmetry, which is called “chiral symmetry”. The full symmetry group of massless

5 For more information on the strong CP problem, check e.g. Refs. [17, 61].
6
ΛQCD evaluated in MS scheme for five flavors (Nf = 5) at the renormalization scale µ = 2GeV, see Ref. [10].
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QCD with three flavors is

G = SU(3)L × SU(3)R × U(1)V , (2.26)

where the U(1)V symmetry, with V = L + R, corresponds to baryon number conservation. There is no
axial U(1)A (A = L − R) symmetry due to the axial anomaly (see e.g. [5, 17]). This chiral symmetry,
however, is only fulfilled in the limit of vanishing quark masses, since a mass term mixes the left- and
right-handed components of the quark fields, i.e.

Lm = q̄f m f qf = q̄f

(
PL + PR

)
m f

(
PL + PR

)
qf = q̄L, f m f qR, f + q̄R, f m f qL, f . (2.27)

Therefore, a mass term explicitly breaks the symmetry. Today we know that the chiral symmetry
of QCD must be spontaneously broken (see e.g. Ref. [62]). Additionally, the small non-vanishing
quark masses also break the chiral symmetry explicitly. This observation is the starting point of chiral
perturbation theory (ChPT), the low-energy effective field theory of QCD, which we will discuss in an
upcoming section.

2.3 Effective field theories

The non-perturbative nature of QCD at low energies makes the study of hadrons significantly non-
trivial. We have already mentioned the two most important approaches to investigate the low-energy
regime of the strong interaction: Lattice QCD (LQCD) and effective field theories (EFTs), where the
latter will be shortly introduced in this section7.
The basic idea of an EFT is to find a simpler description of a physical process, that would normally
have to be described by a highly non-trivial physical theory, e.g. QCD. The most important concept
underlying EFTs is the so-called “separation of scales”. To construct an EFT for a given physical
system one has to find the scales (length scales or energy/momentum scales), which are inherent to the
system, and identify the relevant scales and degrees of freedom for the problem at hand. For example,
to describe a freely moving ball in a gravitational field one can use classical Newtonian mechanics,
whereas the inclusion of molecular or nuclear forces inside the ball are not necessary [17]. Another
important building block for EFTs are symmetries. For a given quantum field theory (QFT) that obeys
certain continuous and discrete symmetries, a corresponding EFT must obey the same symmetries.
This ensures that an S-matrix element calculated from the EFT leads to the same symmetry structure,
which the S-matrix element would have when it is calculated from the underlying QFT [63], which
ultimately is the reason why EFTs work and that they can make predictions about physical processes.
Once the relevant scales and degrees of freedom are known, the EFT is constructed by writing down
all possible terms, which include the degrees of freedom and are allowed by the symmetries. This,
however, implies that an EFT consists of infinitely many terms of arbitrary dimension, which need
to be ordered in some systematic manner to keep EFT calculations feasible. The procedure one
uses to order the terms and identify their relevance for a given calculation is the so-called “power
counting”. To apply power counting, one typically uses a perturbative expansion parameter (Q/Λ)κ ,
where Λ is the energy scale where the EFT breaks down, Q is a small energy/momentum (Λ � Q)
and κ is a positive exponent. It is then straightforward to see that terms with smaller powers of the

7 See Ref. [17] for a very good pedagogical and comprehensive introduction.
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expansion parameter will give a larger contribution to a matrix element. For any given EFT, such a
power counting scheme has to be introduced. Two additional remarks should be added here: First,
since an EFT consists of infinitely many terms, the theory is not renormalizable up to arbitrary scales.
However, renormalizability can be achieved until the breakdown scale Λ (see e.g. [64]). Second, from
the construction procedure of EFTs it is evident that any QFT is, in fact, an EFT itself [17].
To clear up the EFT construction procedure a bit more, we take a look at a concrete example: Standard
Model effective field theory (SMEFT) [45]. Let us assume that there is beyond-the-Standard-Model
(BSM) physics appearing at an energy scale Λ, which is much larger than the electroweak scale
v ' 250GeV. The BSM physics could for example be new heavy particles, which cannot be produced
yet in modern particle accelerators. However, those particles should still influence the behaviour of
the SM particles at lower energies. We can, therefore, construct an EFT, which includes the SM as a
low-energy approximation: This is known as SMEFT.
For constructing the EFT for the SM, we now have a scale separation, i.e. Λ � v, and as degrees of
freedom we can take the whole particle content of the SM. We now have to write down all possible
terms that fulfill the symmetries of the SM, i.e. Lorentz symmetry and SU(3)C × SU(2)L × U(1)Y
gauge symmetry. The resulting Lagrangian takes the following form

LSMEFT = LSM +
1
Λ
L5 +

1
Λ

2L6 +
1
Λ

3L7 +
1
Λ

4L8 + . . . , (2.28)

where LSM is the SM Lagrangian from Eq. (2.1) and LD are higher order terms in the 1/Λ expansion.
The index D, with D > 4, denotes the mass dimension of the operators inside the Lagrangians. It
can be clearly observed that for very low energies the SM Lagrangian is the dominating contribution
of this expansion, whereas all other terms are suppressed by inverse powers of Λ. This brings up
the question how these BSM effects can be resolved by experiments? The first option is, obviously,
going to higher energies, but also at low energies their influence can be measured: Many BSM models
include violations of the discrete symmetries C and CP, which would then also effect the low-energy
regime. Hence, one can construct higher dimensional terms LD that explicitly violate C and CP
and calculate their consequences on SM particles. Some effects that C and CP violating sources can
cause are, for example, inducing a permanent electric dipole moment (EDM) in baryons or enhancing
specific particle decays that would be supressed in the SM8. In chapter 5 we will analyze the effects
of C and CP violating dimension-six operators, i.e. L6, on the EDMs of baryons that contain one
(valence) bottom quark. For this, however, we need an EFT for low-energy QCD, which we introduce
in the next section.

2.4 Chiral perturbation theory

Chiral perturbation theory (ChPT) is the effective field theory (EFT) of low-energy QCD. It describes
the interactions and behaviour of the lightest asymptotic hadronic states at low energies. Also, external
weak or electromagnetic currents, like e.g. photons, can be treated within this EFT. In this following
section we briefly recap the basic ideas of ChPT in the mesonic sector. For simplicity, only effects
of the strong interaction are considered in this section, neglecting any contributions from weak or
electromagnetic interactions.

8 See e.g. Ref. [65] and the references therein.
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We have seen before that the QCD Lagrangian in the chiral limit is invariant under global transforma-
tions of the symmetry group G given by Eq. (2.26). However, the ground state of QCD does not seem
to obey the full symmetries in G, which can be deduced from certain indications in the the hadronic
spectrum. For example, if chiral symmetry would be realized in the ground state, all lowest-lying
hadrons must aqcuire a hadronic “partner” state with the same mass but opposite parity quantum
number (see e.g. [62]). But these parity doublets are not observed in nature. Instead, the ground state
appears to fulfill a SU(3)V symmetry in the chiral limit [66], which leads to the conclusion that chiral
symmetry must be spontaneously broken. This, explicitly, means that the left- and right-handed part
of the group G breaks down to a vectorial subgroup,

SU(3)L × SU(3)R × U(1)V → SU(3)V × U(1)V . (2.29)

This sponteneous symmetry breaking causes the appearence of 32
− 1 = 8 massless, scalar (spin 0)

bosons, according to Goldstone’s theorem [67, 68]. In the case of spontaneous breakdown of chiral
symmetry, these bosons have to be pseudoscalar (i.e. they must have negative parity JP

= 0−), since
the ground state is not invariant under axial transformations. However, due to the explicit chiral
symmetry breaking caused by the small quark masses, it is expected that the pseudo-Goldstone bosons
are not exactly massless but aquire, indeed, a non-vanishing mass.
As it turns out, the perfect candidates for the 8 pseudo-Goldstone bosons are the members of
the lowest-lying meson octet consisting of the pions (π0, π+, π−), the kaons (K+, K−, K0, K̄0),
and the eta meson (η). These particles have the right quantum numbers (JP

= 0−) and possess
masses, which are considerably smaller than the masses of the second lowest-lying meson octet, the
JP
= 1− vector mesons9. The goal is now to construct an effective field theory, which contains the

pseudo-Goldstone bosons as explicit degrees of freedom and describes their interactionswith each other.

We now want to construct the effective Lagrangian for the pseudo-Goldstone bosons meaning
that we need to consider all terms which are allowed by the symmetries we impose. Since we aim to
find an EFT for low-energy QCD, the necessary symmetries include Lorentz invariance, the discrete
symmetries C, P, T and, according to our findings before, the group G (2.26) and SU(3)V × U(1)V for
the ground state. The Goldstone boson fields are introduced via the unitary matrix U, which is defined
by

U(x) = exp

(
i
φ(x)
Fφ

)
= 1 + i

φ(x)
Fφ
−
φ2
(x)

2F2
φ

+ ... . (2.30)

Here, Fφ is the pseudoscalar decay constant in the chiral limit and φ(x) is a 3 × 3 matrix, that includes
the pseudoscalar octet meson particles

φ(x) =
8∑

a=1
λaφa(x) =

√
2
©­­­«

1√
2
π0
+ 1√

6
η π+ K+

π− − 1√
2
π0
+ 1√

6
η K0

K− K̄0
− 2√

6
η

ª®®®¬ , (2.31)

9 For example, the pions have a mass of around 139MeV, whereas the ρ meson has a mass of 775MeV [13].
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where the λa are the Gell-Mann matrices. Note that it is sometimes better suited to work in a flavor
SU(2) approximation, meaning that only the two lightest quarks u and d are considered. In this case
the 22

− 1 = 3 pseudo-Goldstone bosons are solely the pions and the φ(x) matrix reduces to

φ(x) =
3∑
i=1

τiφi(x) =
(

π0 √
2π+

√
2π− −π0

)
, (2.32)

with the Pauli matrices τi. We, however, continue our explanations in the three-flavor case. The
matrix U transforms as U → RUL†, where R and L are global right- and left-handed symmetry
transformations, respectively, i.e. R, L ∈ SU(3)R,L . Using this transformation behaviour, it is possible
to write down the leading-order Lagrangian for the Goldstone boson fields, which fulfills all of the
above considerations. It is given by [69, 70]

L
(2)
φ =

F2
φ

4
Tr

(
DµU(DµU)†

)
+

F2
φ

4
Tr

(
χU† +U χ†

)
, (2.33)

where the traces act in flavor space and the covariant derivative, Dµ, is defined by

DµU = ∂µU − irµU + iUlµ . (2.34)

Here, the notation rµ = vµ + aµ and lµ = vµ − aµ is used, where vµ and aµ denote external vector
and axial-vector currents, respectively. Since we do not consider any external sources, we can
simply set vµ = aµ = 0. The covariant derivative acting on U ensures the transformation behaviour
DµU → R(DµU)L†. The second term in (2.33) contains the matrix χ, which introduces quark masses
and, hence, induces explicit chiral symmetry breaking,

χ = 2B0M , with M = diag(mu,md,ms) , (2.35)

where the constant B0 is related to the chiral quark condensate. Although the quark mass matrix
is, in fact, a constant matrix, one imposes the transformation behaviourM → RML† on it, so that
invariance under chiral symmetry transformations is warranted.
An important approximation when considering quark masses is the so-called “isospin limit”. In it, the
masses of the lightest quark flavors, u and d, are set to the same value, i.e. mu = md = m̂, leading to
the simplified expressionM = diag(m̂, m̂,ms) for the quark mass matrix. The isospin limit will be
used throughout all our investigations in this thesis. One can, for example, easily obtain the lowest
order meson masses using this limit, i.e.

M2
π = 2B0m̂ , M2

K = B0(m̂ + ms) , M2
η =

2
3

B0(m̂ + 2ms) , (2.36)

which are known as the Gell-Mann-Oakes-Renner relations [71]. These expressions also demonstrate
that the mesons become massless if the quark masses vanish (chiral limit), which is a required feature
in the construction of ChPT.
The Lagrangian in Eq. (2.33) has a superscript (2), which denotes that this Lagrangian is of second
order in the power-counting scheme used in ChPT. This scheme uses small four-momenta p divided
by the so-called chiral symmetry breaking scale Λχ, where Λχ ∼ 4πFπ ∼ 1GeV, with the pion decay
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2.5 Baryon chiral perturbation theory

constant Fπ . According to our statements from the previous section, the power counting is then
performed by analyzing factors of (p/Λχ)

κ , where κ is usually called the “chiral order”. For example,
the Lagrangian in Eq. (2.33) has chiral order 2, which is commonly denoted as O(p2

). This is due to
the two derivatives in the first term of (2.33), which give rise to two small four-momenta of the meson
fields when deriving the corresponding Feynman rules in momentum space, i.e. pµpµ = p2. The
quark masses from the matrix χ in the second term of (2.33) also count as order p2, since the linear
quark masses give rise to the squared Goldstone boson masses (see Eq. (2.36)). In fact, the chiral
order O(p2

) Lagrangian from Eq. (2.33) is the lowest-order (and, hence, leading-order) Lagrangian
in the power counting that fulfills all necessary symmetries. One can further construct the EFT by
writing down all possible combinations of the building blocks U, DµU and χ, which are allowed by
the symmetries. The next to leading-order Lagrangian appears at order O(p4

) and is given in Ref. [70].
For more information, we refer to Ref. [17].

2.5 Baryon chiral perturbation theory

In this section, we want to illustrate shortly how the introduced formalism of ChPT can be extended
to also include heavier degrees of freedom, like e.g. baryons. This extension of ChPT is known as
Baryon chiral perturbation theory (BChPT).
The consistent inclusion of baryons in ChPT turns out to be non-trivial. Not only the appearing Dirac
structures, coming from the fact that baryons are fermionic particles, complicate the matter, but also the
large masses of the baryons cause issues. The mass of the proton (mp ' 938MeV [13]), for example,
is significantly larger than the pseudo-Goldstone boson masses and already around the size of the
chiral symmetry breaking scale Λχ ∼ 1GeV. This large mass difference implies that nucleons (protons
and neutrons) should remain massive even in the chiral limit mu,d,s → 0. In fact, it can be shown
that the nucleon mass does not vanish if the quark masses are zero: In massless QCD, where only
the dimensionless constant gs appears, an energy scale ΛQCD emerges due to the breakdown of scale
invariance, i.e. the trace anomaly. As a consequence, bound states of the strong interaction acquire
a mass proportional to ΛQCD in the chiral limit. This process is called “dimensional transmutation”
and it is responsible for the large masses of the baryons, as well as other mesonic states, like e.g.
the ρ meson. Only the pseudo-Goldstone bosons are unaffected by this mass generation (for more
information on the subject, see e.g. [17]). The baryon mass in the chiral limit, which we denote by m0

10,
introduces an additionalmass scale in ChPT,which has to be treatedwith special care aswewill see later.

In the two-flavor case (flavor SU(2)) the nucleon field is introduced by the doublet

Ψ(x) =
(
p
n

)
, (2.37)

10 In the literature, the convention m̊ is also frequently used.
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where p and n denote the four-component Dirac fields for the proton and neutron, respectively. For
flavor SU(3), the lowest-lying octet baryons must be introduced via a matrix B(x), which is given by

B(x) =
1
√

2

8∑
a=1

λaBa
(x) =

©­­­«
1√
2
Σ

0
+ 1√

6
Λ Σ

+ p

Σ
−

− 1√
2
Σ

0
+ 1√

6
Λ n

Ξ
−

Ξ
0

− 2√
6
Λ

ª®®®¬ , (2.38)

with the Gell-Mann matrices λa. Under chiral transformations, the baryon fields transform according
to

Ψ→ KΨ , and B→ KBK† , (2.39)

where K = K(L, R,U) is the so called compensator field. This function K is an element of the
conserved subgroup SU(3)V after the spontaneous symmetry breaking of the group G (2.26). It
depends on the left- and right-handed transformations (L and R) and on the matrix U(x) (2.30),
which includes the pseudo-Goldstone boson fields. The fact that U depends on the position x, makes
K(L, R,U) a local transformation (see e.g. Refs. [62, 72] for more information). The resulting effective
Lagrangians that describe the baryons and their interactions with the pseudoscalar mesons, must be
invariant under the corresponding transformations in (2.39).
In the flavor-SU(2) case, the leading-order Lagrangian is given by [73]

L
(1)
πΨ
= Ψ̄

(
i /D − m0

)
Ψ +

1
2
gAΨ̄/uγ5Ψ . (2.40)

Here, the covariant derivative obeys the transformation property DµΨ→ K(DµΨ) and is defined by

DµΨ =
(
∂µ + Γµ

)
Ψ , (2.41)

with

Γµ =
1
2

[
u†

(
∂µ − irµ

)
u + u

(
∂µ − ilµ

)
u†

]
, (2.42)

where u =
√

U = exp
(
iφ/(2Fφ)

)
and lµ/rµ are external left- and right-handed fields, respectively.

The second term in Eq. (2.40) is the axial-vector interaction with the axial-vector coupling constant
gA and the so-called chiral vielbein

uµ = i
{
u†

(
∂µ − irµ

)
u − u

(
∂µ − ilµ

)
u†

}
, (2.43)

which transforms according to uµ → KuµK†. From the above equations, it can be observed that
interactions between nucleons and pions emerge from the covariant derivative, as well as from the
chiral vielbein.
A leading-order Lagrangian with a very similar structure as in (2.40) is obtained in flavor SU(3).
However, there are some differences occurring since the octet baryons are now included inside the
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2.5 Baryon chiral perturbation theory

matrix B. The Lagrangian is given by [74]

L
(1)
φB = Tr

(
B̄

(
i /D − m0

)
B
)
+

D
2
Tr

(
B̄γµγ5

{
uµ, B

})
+

F
2
Tr

(
B̄γµγ5

[
uµ, B

] )
, (2.44)

where the introduced traces operate in flavor space. The covariant derivative is also slightly changed,
i.e.

DµB = ∂µB +
[
Γµ, B

]
, (2.45)

and it transforms as DµB→ K(DµB)K†. Also, in Eq. (2.44) there are two axial-vector interactions
proportional to the constants D and F, which have to fulfill the relation D + F = gA to translate back
to the two-flavor case (matching).
Considering the power counting for the above Lagrangians in the two- and three-flavor case, the chiral
vielbein contains derivatives of the pseudo-Goldstone bosons and, hence, has chiral order O(p). The
baryon mass in the chiral limit, m0, has no chiral order, since it is of the same order as the chiral
symmetry breaking scale Λχ. It can therefore not serve as a “small” expansion parameter and counts
as order O(1). The same is also true for the baryon momenta, which are generated by the derivative
term i /D in momentum space. However, the difference (i /D−m0) corresponds to (/p−m0) in momentum
space, which can be considered as a small scale with chiral order O(p). Using these properties, baryon
Lagrangians of higher order can be constructed.

Unfortunately, the appearence of the baryon mass m0 still causes problems in the power count-
ing when loop calculations are performed. This was first pointed out in Ref. [73]. The large mass m0
also enters the baryon propagator

Sab
B (/p) =

iδab(/p + m0)

p2
− m2

0 + iε
, (2.46)

and leads to terms in the loop function, which explicitly break the power counting. This is a severe
issue, because if the power counting does not work, one is not able to identify relevant Feynman
diagrams for a calculation. Diagrams that appear to be of higher order could still contribute at lowest
order, which makes the EFT inconclusive.
Fortunately, there are some methods, which can be used to restore the power counting. One method is
to systematically subtract the polynomial terms, which violate the power counting, within a modified
regularization scheme of the loop integrals. This process is called “Extended On-Mass-Shell (EOMS)”
scheme [75] and it is one of the widely used approaches today to calculate observables within the fully
relativistic formulation of BChPT (see e.g. [76]). A different method, which also uses a modified
regularization scheme, is the so-called “Infrared Regularization” [77]. In it, the integration limits of
occurring Feynman parameter integrals (see App. B.2) are changed to tame the loop integral parts,
which lead to the violation of the power counting. A lucid overview of both methods can also be found
in Ref. [17].
Another method to restore the power counting is the heavy-baryon (HB) formulation of BChPT, also
called heavy baryon chiral perturbation theory (HBChPT) [78]. In this approach, the inverse baryon
mass, 1/m0, is used as an additional expansion parameter, which, in turn, eliminates the mass scale
from the leading order Lagrangian. To achieve this, the momentum of the very heavy baryon is written
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Chapter 2 Theoretical foundations

as

pµ = m0vµ + lµ , (2.47)

where vµ is the four-velocity
11, which obeys v2

= 1, and lµ is a small off-shell momentum satisfying
(v · l) � m0. Then, the baryon field B can be decomposed into eigenstates of the four-velocity
projection operator Pv =

1
2 (1 + /v) according to

B = e−im0v ·x
(
Bv + bv

)
, with /vBv = Bv , and /vbv = −bv , (2.48)

where Bv is the large component field and bv is the small component field. After inserting the above
ansatz into Eq. (2.44), one obtains a Lagrangian in terms of Bv and bv . Then, one can perform a shift
of variables to absorb mixing terms of bv and Bv and integrate out the small component field bv

12.
The resulting Lagrangian is given by

L
(1)
HB = Tr

(
B̄v (iv · D) Bv

)
+ D Tr

(
B̄vSµ

{
uµ, Bv

})
+ F Tr

(
B̄vSµ

[
uµ, Bv

] )
+ . . . , (2.49)

where Sµ is the Pauli-Lubanski spin operator, which is defined by

Sµ = −
1
2
γ5

(
γµ/v − v

µ) , (2.50)

and obeys the relations v · S = 0 and S2
= (1 − D)/4 in D spacetime dimensions. The ellipses

in (2.49) denote terms of order O(1/m0), which can be neglected assuming that m0 is very large. The
corresponding propagator for the Bv field takes the form

Sab
HB(ω) =

iδab

ω + iε
, with ω = v · l . (2.51)

One can clearly observe that the mass scale does not appear anymore at lowest order and, hence, the
power counting can be carried out without problems. Corrections of order O(1/m0) can be included
systematically within the framework. We will utilize the HB formulation later in chapter 5 when we
consider the heavy bottom-quark baryons. In fact, the idea of the four-velocity decomposition in
HBChPT is exactly the same, which is used in heavy quark EFTs (see e.g. Ref. [80]). For additional
information on BChPT for baryons containing a single heavy quark, see Refs. [81, 82].

2.6 Non-relativistic EFTs and the particle-dimer picture

Although chiral perturbation theory provides a successful description of mesons and baryons and
their interactions, it is not the only effective field theory (EFT) approach, which can give meaningful
insights to low-energy phenomena of QCD. As we have already seen in the heavy baryon formulation
of BChPT, some useful approximations can be made if the mass of an appearing particle is very large.
In fact, once the particle’s three momentum ®p is significantly smaller than its mass m, the physics

11 For example, in the baryon rest frame the four-velocity is given by vµ = (1, 0, 0, 0).
12 This procedure can be performed very elegantly in the path integral formalism, see Ref. [79].

18



2.6 Non-relativistic EFTs and the particle-dimer picture

of this partice can be described by non-relativistic quantum mechanics. In this limit, the relativistic
particle field can be separated into its particle and antiparticle part by using the Foldy-Wouthuysen
transformation [83]. Afterwards, the antiparticles can be integrated out resulting in a theory that
only contains particles and conserves particle number, which is obviously not the case in the fully
relativistic limit.
Such a non-relativistic effective field theory (NREFT) presents a valuable approximation when
describing processes inwhich all appearing particles are low energetic and particle number conservation
can be assumed. We now want to give two examples on how to implement non-relativistic kinematics
for the particle in NREFT. The first possibility is to use the well-known Schrödinger equation as the
equation of motion. For this case, the Lagrangian takes the form (see e.g. [41])

LSE = ψ
†

(
i∂0 +

1
2m
®∇

2
)
ψ , (2.52)

where ψ denotes a non-relativistic scalar field13 with mass m. The corresponding propagator of the
particle is given by

SSE
(
p0, ®p

)
=

1

p0 −
®p2

2m + iε
. (2.53)

One can clearly observe that the propagator does not contain a quadratic structure in the variable p0
meaning that there is no pole coming from the antiparticle.
The second possibility is the so-called covariant NREFT, which is especially used to describe particle
processes in which some momenta can become larger. This covariant framework is, for example,
utilized when pions appear in the physical reaction, like in the calculation of the kaon decay amplitude
into three pions (K → 3π) [84]. The covariant Lagrangian is given by [84, 85]

Lcov = ψ
†2W

(
i∂t −W

)
ψ , with W =

√
m2
− ®∇

2 , (2.54)

where the non-local differential operator W has to be understood as a series expansion in inverse
powers of the mass, i.e. √

m2
− ®∇

2
= m −

®∇
2

2m
−
®∇

4

8m3 + . . . . (2.55)

The square root structure of the operator ensures that resulting amplitudes are relativistically invariant
and leads to the well-known relativistic energy-momentum relation in momentum space, which can be
observed in the propagator

Scov
(
p0, ®p

)
=

1
2ω( ®p)

[
p0 − ω( ®p) + iε

] , with ω( ®p) =
√

m2
+ | ®p|2 . (2.56)

Also here, the propagator does not contain a pole from the antiparticle. We suggest Ref. [17] and the
references therein for further reading.
13 We consider only scalar fields in this brief introduction. However, the formalism can also be extended to include particles

with spin, see e.g. [17].
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Another important concept within the framework of NREFT is the so-called “particle-dimer ap-
proach” [38, 39]. This approach was introduced to provide a convenient treatment of three-particle
systems and their dynamics, which can become very complex due to the appearence of two- and
three-body forces (see e.g. Refs. [41, 42] for a detailed introduction). The particle-dimer picture
simplifies the calculation of three-particle scattering processes by introducing an auxiliary field,
the so-called “dimer field”, into the theory. This dimer field incorporates two-particle scattering
information. Then, instead of calculating three-particle scattering, one calculates the scattering of one
particle with the dimer field. The obtained particle-dimer scattering amplitude is equivalent to the
original three-particle scattering amplitude [38, 40]. We want to utilize this particle-dimer formalism
later in chapter 4 to describe the Roper resonance.
To better understand the functionality of the dimer formalism, we want to take a look at a specific
example. Consider the Lagrangian [41]

L = ψ†
(
i∂0 +

1
2m
®∇

2
)
ψ −

C0
2

(
ψ†ψ

)2
−

D0
6

(
ψ†ψ

)3
+ . . . , (2.57)

where ψ again denotes a non-relativistic field with mass m and C0 and D0 are two low-energy constants
(LECs) describing a two- and three-body contact interaction, respectively. The ellipses denote terms
with more field insertions or derivatives. From the Lagrangian it seems obvious that calculating a
three-particle scattering amplitude is still manageable at tree level but becomes much more complex
at the loop level due to the large amount of possible Feynman diagrams. Let us instead consider the
modified Lagrangian

L
′
= ψ†

(
i∂0 +

1
2m
®∇

2
)
ψ + ∆T†T −

g
√

2

(
T†ψψ + h.c.

)
+ hT†Tψ†ψ . (2.58)

Here, T is a non-dynamical auxiliary field called the “dimer field” and ∆, g and h are three new LECs.
Since the field T does not have any derivative terms, one can straightforwardly find the equations of
motion for it. These equations can then be used to integrate out the auxiliary field. After this, one
arrives at

L
′
= ψ†

(
i∂0 +

1
2m
®∇

2
)
ψ −

g2
(ψ†ψ)2

2(∆ + hψ†ψ)
.

where the denominator in the second term has to be expanded in terms of the fields, so that

L
′
= ψ†

(
i∂0 +

1
2m
®∇

2
)
ψ −

g2

2∆
(ψ†ψ)2 +

g2h

2∆2 (ψ
†ψ)3 + . . . .

This Lagrangian does now look very similar to the one in Eq. (2.57) and, in fact, they are equivalent
(L ′ = L) if the matching conditions

C0 =
g2

∆
, and D0 = −

3g2h

∆
2 , (2.59)
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2.6 Non-relativistic EFTs and the particle-dimer picture

hold. Therefore, instead of calculating the three-particle scattering amplitude from Eq. (2.57), one can
use the mathematically equivalent Lagrangian in (2.58) and calculate the scattering amplitude between
one particle and the particle-dimer field. This means the three-body problem is reformulated as a
two-body problem, which can be investigated with much more ease. The particle-dimer Lagrangian
can also be modified to include derivative terms for the dimer field, so that it becomes a dynamical
field. Further information about the dimer approach and its applicability can be found in Ref. [17].

21





CHAPTER 3

The Roper resonance in a finite volume

3.1 Prologue

The content of this chapter including appendix B is based on the publication

• D. Severt and U.-G. Meißner, “The Roper Resonance in a finite volume”,
Commun. Theor. Phys. 72, no.7, 075201 (2020) [arXiv:2003.05745 [hep-lat]].

In this chapter, we calculate the finite-volume energy levels corresponding to the Roper resonance
based on a two-flavor chiral effective Lagrangian for pions, nucleons, deltas and the Roper resonance
at leading one-loop order. We show that the Roper mass can be extracted from these levels for not too
large lattice volumes (Ref. [86]).
The project started with the idea to find the finite-volume (FV) energy spectrum of the Roper resonance.
This spectrum has not been determined before with EFT methods. For the baryon resonance lying
below the Roper, the delta (∆) resonance, such a calculation has been performed some years prior
in Ref. [24]. An analogous calculation for the Roper resonance was the goal at the start of the
investigation.
The author of this thesis used the chiral effective Lagrangian for the Roper resonance that was already
introduced in Ref. [22] to calculate the Roper mass up to third chiral order in the infinite volume. To
calculate the mass, one has to find the pole positions of the particle propagator, in this case the Roper
resonance propagator, and evaluate the self-energy contributions of the particle. The self-energy of
a particle is caused by interactions of the particle field with itself or with other fields. Once these
self-energy contributions are calculated, one can deduce the physical mass of the particle. Since the
Roper is a resonance, its pole position is typically parametrized by Z = mR − iΓR/2, where mR is
the mass and ΓR is the decay width of the Roper. The calculation of the mass and width was also
performed in Ref. [22] and the author of this thesis reproduced the result from the reference. It turned
out that the self-energy of the Roper depends on interactions of the Roper field with nucleons (N), delta
resonances (∆) and pions (π). After this step, the author performed the transition to the finite volume.
In that, the Roper resonance is placed into a cubic box of side length L, which means that the particle
is confined in a fixed volume. This naturally influences the energy of the particle, since its spatial
momentum ®k is now quantized and can only take on values of ®k = 2π®n/L, where the components
of ®n are integers. The loop functions in the self-energy must then be calculated by summing over
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Chapter 3 The Roper resonance in a finite volume

the spatial momenta, instead of integrating over them1. The author introduced the Roper resonance
to the finite-volume formalism and obtained the FV self-energy contributions. The evaluation of
the three-dimensional sums is in general non-trivial. In some cases, sums can be simplified using
modified Bessel functions of the second kind. In other cases, sums can lead to pole structures, which
have to be treated with care. These poles arise, when intermediate particles inside the loop go on-shell.
For example, the Roper resonance can decay into a nucleon and a pion, which produces a pole in the
self-energy. The author simplified the sums as far as possible, analogously to the procedures given in
Refs. [24, 87]. After that, an equation for the finite-volume energy levels was obtained, which yields
the FV spectrum of the Roper. To obtain this spectrum, the equation for the energy levels must be
solved numerically for a specific box length L. The procedure is repeated for different values of L to
investigate how the energy levels change, when the volume is changed. The author obtained the said
FV spectrum for three different cases: Considering first only nucleon and pion as intermediate states
in the self-energy and, second, only delta resonance and pion. Then, both cases are combined to one
coupled channel system.
One problem in the theoretical description is the delta resonance, which is not a stable final state, but
decays further into a nucleon and a pion. In the beginning, the author of this thesis was not aware,
how the unstable nature of the delta can be implemented into the calculation. U.-G. Meißner and the
author then decided to keep the delta stable to obtain a first approximation for the Roper resonance FV
spectrum. The inclusion of an unstable delta resonance should be achieved in an upcoming work.
This work is discussed later in chapter 4.

3.2 Introduction

In the last years a lot of work has been done to understand the hadron spectrum as it emerges from
Quantum Chromodynamics (QCD). However, the excited baryon spectrum of QCD is still not very
well understood and requires further theoretical investigations. At low energies chiral perturbation
theory (ChPT) has proven to be an important tool to describe hadrons and their interactions, especially
in the Goldstone boson sector. The inclusion of baryon states in ChPT is also possible and baryon
chiral perturbation theory (BChPT) is widely and successfully used today. BChPT requires a more
sophisticated approach because of the breakdown of the power counting due to the inclusion of these
heavy degrees of freedom and their large masses. This issue can, however, be resolved either by using
the so-called heavy-baryon approach or a suitably chosen renormalization scheme within an explicitly
Lorentz-invariant formalism, like the infrared regularization (IR) or extended-on-mass shell (EOMS)
approaches, see e.g. the review [88]. This allows to investigate the properties of a few low-lying
excited states. Unitarization methods allow to address more meson and baryon resonances, however, at
the cost of introducing some model-dependence as various unitarization schemes can be employed. To
access a larger part of the spectrum, a different approach is required. Lattice QCD is a first principles
method that allows to calculate the hadron spectrum from the underlying fundamental quark and gluon
fields. Calculations do an outstanding job in describing the lowest-lying hadron states. With ever
increasing computational power, improved algorithms and refined finite volume methods, especially
hadron ground states are simulated more and more precisely on the lattice. Excited states are more
difficult to access, though there has been some visible progress in the last years. The present state of
the art is reviewed in Ref. [89].
1 The three-dimensional spatial integral is replaced by a three-dimensional sum.
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One excited state that is of perticular interest is the Roper resonance, which was found in 1964 using a
partial wave analysis of pion-nucleon scattering data [12]. It is a spin-1/2 state with positive parity
(like the nucleon) and with a mass of around mR = 1.44 GeV2 it lies slighty above the delta resonance.
The most remarkable feature of this low-lying baryon resonance are its decays. Besides the decay into
a pion and a nucleon, it also decays into a nucleon and two pions (via the ∆π and Nσ intermediate
states) with a branching fraction comparable to the Nπ mode. This three particle final state becomes
important in lattice simulations involving three or more hadrons, see Ref. [91] for a recent review.
It is also worth noting that there are going experimental programs to map out the electromagnetic
structure of the Roper resonance, in particular through electro-excitatation and related theoretical
studies, see e.g. Refs. [92–95].
A dedicated lattice QCD study of the Roper using both quark and hadron interpolators was performed in
Ref. [15], see also Ref. [16]. In Ref. [15] a number of three-quark interpolating fields was supplemented
by operators for Nπ in P-wave and Nσ in S-wave. In the center-of-momentum frame three eigenstates
below 1.65 GeV were found. No eigenstate corresponding to the Roper at mR = 1.44GeV is found,
which indicates that Nπ elastic scattering alone does not render a low-lying Roper. Coupling with
other channels, most notably with Nππ, seems to be important for generating the Roper resonance.
The study of the coupled-channel scattering including a three-particle decay Nππ remains a challenge.
Here, we follow another path. An effective field theory treatment of the Roper resonance has already
been established. In order to improve the investigation of the Roper on the lattice, a finite volume
calculation of the system is performed. The Roper is placed in a finite cubic box of size L and we
study the difference between its energy spectrum in the infinite volume and finite volume case, i.e.
the finite volume corrections of the Roper resonance. Due to the presence of a narrow resonance,
the energy levels in the box show a very characteristic behaviour near the resonance energy. The
energy levels get shifted when the box size L is changed, but they do not cross each other. This is the
so-called “avoided level crossing” [23].

In this work we want to find out if this behavior can also be seen in the energy levels of the
Roper system. To do so, we study the finite volume corrections of the self-energy of the Roper up to
third chiral order O(p3

) and perform a fit of the energy levels. A similar study has already been done
for the delta resonance in [24] and we treat the Roper resonance accordingly.
Our manuscript is organized as follows: In Sec. 3.3, we display the effective chiral two-flavour
Lagrangian of pions and baryons (nucleon, delta, Roper resonance) underlying our calculations. In
Sec. 3.4, we calculate the self-energy of the Roper resonance in the continuum volume. The calculation
of Roper self-energy in the finite volume is given in Sec. 3.5. The results for the energy levels of the
Roper and the pertinent discussion are given in Sec. 3.6. We end with a short summary and outlook in
Sec. 3.7. Some technicalities are relegated to the appendices.

2 This is the less reliable Breit-Wigner mass [90].
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3.3 Effective Lagrangian

First, we discuss the chiral effective Lagrangian that we need for our calculations. It is taken from
Ref. [22] (for earlier related work, see e.g. Refs. [18–21]) and is given by

Leff. = Lππ + LπN + LπR + Lπ∆ + LπN∆ + LπNR + Lπ∆R . (3.1)

The dynamical degrees of freedom are pions (π), nucleons (N), the delta (∆) and the Roper resonance
(R). We restrict ourselves to flavor SU(2) and work in the isospin limit (mu = md ≡ m̂). In what
follows, we work to leading one-loop order, O(p3

), where p denotes a small momentum or mass. We
count the pion mass as well as the mass differences mR − mN , m∆ − mN and mR − m∆ as of order p.
When going to higher orders, this naive counting requires modification as detailed in Ref. [22]. Now
let us enumerate the contributions required for the O(p3

) calculation of the Roper self-energy. The
relevant terms from the mesonic Lagrangian are

L
(2)
ππ =

F2

4
Tr

(
∂µU∂µU†

)
+

F2

4
Tr

(
U χ† + χU†

)
, (3.2)

where U is a 2 × 2-matrix that contains the pion fields, F is the pion decay constant in the chiral limit,
which will later be identfied with the physical pion decay constant Fπ . Further, χ is the external scalar
source which is given by the diagonal matrix

χ =

(
M2
π 0

0 M2
π

)
, (3.3)

with the pion mass Mπ (we have already identified the leading term in the quark mass expansion of
the pion mass with its physical value). The leading order (LO) terms of chiral dimension one and one
required next-to-leading order (NLO) term of chiral dimension two containing pion fields and the
spin-1/2 baryons read

L
(1)
πN = Ψ̄N

(
i /D − mN0 +

1
2
g
A/uγ5

)
ΨN ,

L
(1)
πR = Ψ̄R

(
i /D − mR0 +

1
2
gR/uγ5

)
ΨR ,

L
(2)
πR = cR1 Ψ̄RTr

(
χ+

)
ΨR . (3.4)

Here, ΨN and ΨR are the isospin doublet fields with chiral limit masses mN0 and mR0 of the nucleon
and the Roper resonance, respectively. The interaction of these fields with the pion field is characterised
by the axial couplings gA and gR and the chiral vielbein

uµ = i
(
u†∂µu − u∂µu†

)
, (3.5)

where u =
√

U. The last equation in (3.4) denotes a term of the second order pion-Roper Lagrangian
with the low-energy constant (LEC) cR1 and χ+ = u†χu† + uχ†u. This term is required in the
calculation of the Roper self-energy to be discussed below. Since we are only interested in strong
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interaction processes we leave out all other external sources. The covariant derivative is then given by

DµΨN/R =
(
∂µ + Γµ

)
ΨN/R , (3.6)

with

Γµ =
1
2

{
u†∂µu + u∂µu†

}
. (3.7)

The spin-3/2 delta resonances are introduced as usual in terms of Rarita-Schwinger fields Ψi
µ,

i ∈ {1, 2, 3} [96]. The LO Lagrangian reads

L
(1)
π∆
= −Ψ̄

i
µξ

3/2
i j

{(
i /D jk

− m
∆0δ

jk
)
gµν − i

(
γµDν, jk

+ γνDµ, jk
)
+ iγµ /D jk

γν

+m
∆0δ

jkγµγν +
g1
2 /

u jkγ5g
µν
+
g2
2

(
γµuν, jk + uµ, jkγν

)
γ5

+
g3
2
γµ/u jkγ5γ

ν
}
ξ

3/2
kl
Ψ

l
ν , (3.8)

where m∆0 is the chiral limit mass of the delta, g1, g2, and g3 are coupling constants, that are, however,
not independent [97]. Further, ξ3/2

i j is the isospin-3/2 projector

ξ
3/2
i j = δi j −

1
3
τiτj , (3.9)

in terms of the Pauli-matrices τi, which are defined as

τ1 =

(
0 1
1 0

)
, τ1 =

(
0 −i
i 0

)
, τ1 =

(
1 0
0 −1

)
. (3.10)

The propagator Gρµ
(k) of the spin-3/2 Rarita-Schwinger propagator in D space-time dimensions is

given by

Gρµ
(k) =

−i(/k + m∆)

k2
− m2

∆ + iε

(
gρµ −

1
D − 1

γργµ +
kργµ − γρkµ

(D − 1)m∆
−

D − 2
(D − 1)m2

∆

kρkµ
)
, (3.11)

where we use the physical delta mass m∆, which is legitimate in our calculation. The LO interactions
between pions, nucleons, deltas and Roper resonances are completed by

L
(1)
πNR = Ψ̄R

(gπNR

2 /uγ5

)
ΨN + h.c. ,

L
(1)
πN∆
= hΨ̄i

µξ
3/2
i j Θ

µα (
z1

)
ω j
αΨN + h.c. ,

L
(1)
π∆R
= hRΨ̄

i
µξ

3/2
i j Θ

µα (
z2

)
ω j
αΨR + h.c. . (3.12)

Here, gπNR, h, and hR are coupling constants and

ω j
ν =

1
2
Tr

(
τ juν

)
, Θ

µν
(z) = gµν + zγµγν , (3.13)
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Figure 3.1: One-loop diagrams contributing to the Roper mass at third chiral order. Thick solid, dashed, solid,
and solid double lines refer to the Roper resonance, pions, nucleons, and delta baryon states, respectively. The
vertices denoted by a filled dot refer to insertions from the first order chiral Lagrangian.

where z1 and z2 are off-shell parameters. Throughout this text we follow Ref. [22] and set g1 = −g2 =

−g3 and z1 = z2 = 0, see also Refs. [98, 99]. More terms have to be taken into account if one is
interested in performing calculations of higher chiral order.

3.4 Self-energy of the Roper resonance

To calculate the mass of the Roper resonance in the infinite (and also finite) volume we have to
determine the poles of the dressed propagator

iSR (p) =
i

/p − mR0 − ΣR
(
/p
) . (3.14)

Here, ΣR denotes the self-energy of the Roper, which can be calculated from all one-particle-irreducible
contributions to the two-point function of the Roper resonance field ΨR. The poles are obtained by
solving the equation [

/p − mR0 − ΣR
(
/p
) ] ��
/p=Z

!
= 0 , (3.15)

where in the infinite volume Z is parametrized by

Z = mR − i
ΓR

2
, (3.16)

in terms of the physical Roper mass mR and its width ΓR. This implies that the real part of the
self-energy corresponds to corrections of mR, whereas the imaginary part corresponds to corrections
of ΓR.

At third chiral order there are three one-loop diagrams contributing to the self-energy of the
Roper resonance, which are depicted in Fig. 3.1. The diagrams differ by the internal baryon state,
which can be a Roper, a nucleon or a delta baryon. Additionally, there is a contact interaction coming
from the second order Lagrangian of the Roper in Eq. (3.4). The self-energy up to order O

(
p3

)
then

reads

ΣR

(
/p
)
= Σ

(2)
R

(
/p
)︸  ︷︷  ︸

contact int.

+ Σ
(3)
πR

(
/p
)
+ Σ
(3)
πN

(
/p
)
+ Σ
(3)
π∆

(
/p
)︸                                ︷︷                                ︸

loops

+O
(
p4

)
. (3.17)
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3.4 Self-energy of the Roper resonance

Using the effective Lagrangians from Sec. 3.3, we can straightforwardly write down the expressions
for the self-energy. For the second order contact interaction we find

Σ
(2)
R = −4cR1 M2

π , (3.18)

and the three loop contributions are given by

Σ
(3)
πR

(
/p
)
=

3g2
R

4F2
π

∫
d4k

(2π)4
i/kγ5

(
/p − /k + mR

)
/kγ5

[(p − k)2 − m2
R + iε][k2

− M2
π + iε]

, (3.19)

Σ
(3)
πN

(
/p
)
=

3g2
πNR

4F2
π

∫
d4k

(2π)4
i/kγ5

(
/p − /k + mN

)
/kγ5

[(p − k)2 − m2
N + iε][k2

− M2
π + iε]

, (3.20)

Σ
(3)
π∆

(
/p
)
=

2h2
R

F2
π

∫
d4k

(2π)4
(p − k)µ Gµν

(k) (p − k)ν

(p − k)2 − M2
π + iε

, (3.21)

where Gρµ
(k) is given in Eq. (3.11). The three one-loop contributions to the Roper mass can be

expanded in terms of the scalar Passarino-Veltman integrals (PV integrals). This expansion is done
using the Mathematica package FeynCalc [100, 101]. The definitions and solutions of the PV integrals
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Chapter 3 The Roper resonance in a finite volume

can be found in App. B.1. This results in

Σ
(3)
πR

(
/p = mR

)
=

3g2
R

4F2
π

∫
d4k

(2π)4
i/kγ5

(
/p − /k + mR

)
/kγ5

[(p − k)2 − m2
R + iε][k2

− M2
π + iε]

�����
/p=mR

=
3g2

RmR

32F2
π

{
M2
πB0

(
m2

R,m
2
R, M2

π

)
+ A0

(
m2

R

)}
, (3.22)

Σ
(3)
π∆

(
/p = mR

)
=

2h2
R

F2
π

∫
d4k

(2π)4
(p − k)µ Gµν

(k) (p − k)ν

(p − k)2 − M2
π + iε

�����
/p=mR

=
h2
R

96π2F2
πm2
∆mR

{
−

[ (
m∆ + mR

)2
− M2

π

]
λ

(
m2

R,m
2
∆, M2

π

)
B0

(
m2

R,m
2
∆, M2

π

)
+

[
m4
∆ + 2m3

∆mR +
(
M2
π − m2

R

)2
− m2

∆

(
m2

R + 2M2
π

)
+ 2m∆mR

(
m2

R − M2
π

)]
A0

(
m2
∆

)
+

[
m4
∆ + 2m3

∆mR − 2m∆m3
R

− m4
R − 2m2

∆M2
π + 6m∆mRM2

π + 5m2
RM2

π + M4
π

]
A0

(
M2
π

)}
+

h2
R

576π2F2
πm2
∆

{
3m4
∆mR − 12m3

∆m2
R − 4m2

∆m3
R + 2m5

R

− 8m3
RM2

π + 13mRM4
π + 4m∆

(
m4

R − 3m2
RM2

π + 4M4
π

)}
, (3.23)

Σ
(3)
πN

(
/p = mR

)
=

3g2
πNR

4F2
π

∫
d4k

(2π)4
i/kγ5

(
/p − /k + mN

)
/kγ5

[(p − k)2 − m2
N + iε][k2

− M2
π + iε]

�����
/p=mR

=
−3g2

πNR

128π2F2
πmR

{(
mR + mN

)2
[( (

mR − mN

)2
− M2

π

)
B0

(
m2

R,m
2
N, M2

π

)
− A0

(
m2

N

)]
−

(
m2

R − m2
N

)
A0

(
M2
π

)}
. (3.24)

We used Källén’s triangle function λ(x, y, z) = (x − y − z)2 − 4yz to simplify the lengthy expression
of Σ(3)

π∆
.

Evaluating these scalar integrals in the infinite volume leads to the well-known infinities that one has
to tame within the framework of renormalization. Procedures like the M̃S scheme use redefinitions
of the bare parameters in the Lagrangian to subtract the infinities. Additionally in baryonic ChPT
one will encounter terms in the expansion of the loop diagrams that break the power counting. These
so-called power counting violating terms can be handeld with different techniques, like the heavy
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3.5 Finite volume formalism

baryon approach, IR or the EOMS scheme. Within this EOMS scheme one performs additionally
finite subtractions to cancel the power counting violating terms. In the end one obtains a finite result
that is consistent with the power counting. Further details relevant for our calculations can be found,
e.g., in Refs. [75, 76].

3.5 Finite volume formalism

Next, we consider the Roper resonance in a finite volume. We place our system in a cubic box of
length L and calculate the difference between the finite and infinite volume case [26]. In the finite
volume the (Euclidean) loop integral is replaced by an infinite sum of the spatial momenta while the
integration over the time component remains unchanged (in actual lattice QCD calculations, the time
direction is also discrete, but we keep it continuous for simplicity)∫

d4kE
(2π)4

(. . .) 7→

∫ ∞

−∞

dk4
2π

1
L3

∑
®k

(. . .) . (3.25)

In a finite volume the spatial momenta are discretized and can only take values that are integer
multiples of 2π/L, i.e. (for a general discussion of theories with spontaneous symmetry breaking in a
finite volume, see e.g. Ref. [102])

®k =
2π
L
®n , ®n ∈ Z3 . (3.26)

This change obviously influences the self-energy of the Roper resonance. The poles of the propagator
are now given by

/p − mR0 − Σ
L
R

(
/p
)
= 0 , (3.27)

where ΣLR
(
/p
)
denotes the self-energy of the Roper in the finite box. The difference beetween the

self-energy in the box and in the infinite volume is defined as the finite volume correction (FV
correction) of the system [103, 104]

Σ̃
L
R

(
/p
)

:= ΣLR
(
/p
)
− Re

{
ΣR

(
/p
)}

. (3.28)

Note that in the finite volume the self-energy can only yield real values due to the summation over real
momenta ®k. Therefore we have to restrict the infinite volume self-energy to its real part to ensure a
non-imaginary FV correction.
Using Eq. (3.28) we can reformulate Eq. (3.27). We choose the center-of-mass frame pµ = (E, ®0) and
use the on-shell condition /p = E to obtain

0 !
= E − mR0 −

[
Σ̃
L
R (E) + Re

{
ΣR (E)

}]
= E −

[
mR0 + Re

{
ΣR (E)

}]︸                      ︷︷                      ︸
mR

−Σ̃
L
R (E) ⇔ mR − E = −Σ̃LR (E) ,
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Chapter 3 The Roper resonance in a finite volume

where we used the definition of the physical Roper mass mR, i.e. the real part of the pole, in the last
step. At third chiral order, the contributions to the self-energy are the ones from Fig. 3.1. We get

mR − E = −
{
Σ̃
L, (3)
πR (E) + Σ̃L, (3)πN (E) + Σ̃L, (3)

π∆
(E)

}
, (3.29)

and our goal will be the numerical evaluation of this equation. The three one-loop contributions to
the Roper mass have been expanded in terms of the PV integrals in the last section. Now we have to
replace the infinite volume quantities with their finite volume expressions. We obtain

Σ̃
L, (3)
πR (E) = −

3g2
R

128π2F2
πE

(
E + mR

) { (
E + mR

) [( (
E − mR

)2
− M2

π

)
B̃L

0

(
E2,m2

R, M2
π

)
− ÃL

0

(
m2

R

)]
+

(
mR − E

)
ÃL

0

(
M2
π

)}
, (3.30)

Σ̃
L, (3)
πN (E) = −

3g2
πNR

128π2F2
πE

(
E + mN

) { (
E + mN

) [( (
E − mN

)2
− M2

π

)
B̃L

0

(
E2,m2

N, M2
π

)
− ÃL

0

(
m2

N

)]
+

(
mN − E

)
ÃL

0

(
M2
π

)}
, (3.31)

Σ̃
L, (3)
π∆
(E) =

h2
R

96π2F2
πm2
∆E

{
−

[ (
m∆ + E

)2
− M2

π

]
λ

(
E2,m2

∆, M2
π

)
B̃L

0

(
E2,m2

∆, M2
π

)
+

[
m4
∆ + 2m3

∆E +
(
M2
π − E2

)2
− m2

∆

(
E2
+ 2M2

π

)
+ 2m∆E

(
E2
− M2

π

)]
ÃL

0

(
m2
∆

)
+

[
m4
∆ + 2m3

∆E − 2m∆E3

− E4
− 2m2

∆M2
π + 6m∆E M2

π + 5E2M2
π + M4

π

]
ÃL

0

(
M2
π

)}
, (3.32)

where ÃL
0 and B̃L

0 are the finite volume corrections of the PV integrals which will be determined next.

3.5.1 Calculation of loop integrals in the finite volume

Let us consider as an example

A0(m
2
) = −16π2

∫
d4k

(2π)4
i

k2
− m2 (3.33)

in four-dimensional Minkowski space. We will follow the procedure described in Ref. [24] here. First
of all we perform the Wick rotation k0 → ik4 to Euclidean space, so that the integral can be rewritten
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as

A0

(
m2

)
= −16π2

∫
d4kE
(2π)4

1
k2
E + m2 . (3.34)

Now we can define the finite volume PV integral by replacing the Euclidean spatial integral with a
discrete sum

AL
0

(
m2

)
= −16π2

∫ ∞

−∞

dk4
2π

1
L3

∑
®k

1
k2

4 + |
®k |2 + m2 , (3.35)

where the momenta ®k are restricted according to Eq. (3.26). The evaluation of this sum is the next
task. First, we note that the function inside the sum is regular, i.e. it does not possess a pole on the
real axis for all values of k4 and ®k. Therefore we can use the so called Poisson trick to simplify the
calculation. We insert the Dirac delta into the equation

AL
0

(
m2

)
= −16π2

∫ ∞

−∞

dk4
2π

1
L3

∫
d3k

1
k2

4 + |
®k |2 + m2

∑
®n

δ(3)
(
®k −

2π
L
®n
)
, (3.36)

and then we use the Poisson formula in three dimensions∑
®n

δ(3)
(
®k −

2π
L
®n
)
=

(
L

2π

)3 ∑
®n

exp
(
iL®n · ®k

)
. (3.37)

Plugging this result in our finite volume PV integral we obtain

AL
0

(
m2

)
= −16π2

∫
d4kE
(2π)4

1
k2

4 + |
®k |2 + m2

∑
®n

eiL
®k · ®n , (3.38)

where we have regained a four-dimensional integral over momenta times a sum of exponential functions.
We observe that the term in the sum with ®n = ®0 reproduces the infinite volume PV integral from
Eq. (3.34)

AL
0

(
m2

)
= −16π2

{∫
d4kE
(2π)4

1
k2

4 + |
®k |2 + m2 +

∑
®n,0

∫
d4kE
(2π)4

eiL
®k · ®n

k2
4 + |
®k |2 + m2

}
= A0

(
m2

)
− 16π2

∑
®n,0

∫
d4kE
(2π)4

eiL
®k · ®n

k2
4 + |
®k |2 + m2 . (3.39)

Thus, the finite volume correction is given by

ÃL
0

(
m2

)
:= AL

0

(
m2

)
− A0

(
m2

)
= −16π2

∑
®n,0

∫
d4kE
(2π)4

eiL
®k · ®n

k2
4 + |
®k |2 + m2 . (3.40)

33



Chapter 3 The Roper resonance in a finite volume

The remaining integral is finite and can be solved with standard methods. After integrating the spatial
part we are left with

ÃL
0

(
m2

)
= −4

∑
j,0

1
L j

∫ ∞

0
dk4e−Lj

√
k2

4+m
2
= −4m2

∑
j,0

K1 (mL j)
mL j

, (3.41)

where j = | ®n| =
√

n2
1 + n2

2 + n2
3 and Kν(z) is the modified Bessel function of the second kind. For

large values of the box length L and the summation index j the finite volume correction decreases
exponentially so that it becomes negligible for large volumes (usually this is expected for MπL > 4).
A similar calculation can be done for B̃L

0 . After performing the Wick rotation in the infinite volume,
the integral has the form

B0

(
E2,m2

X, M2
π

)
= 16π2

∫
d4kE
(2π)4

1
[k2

E + M2
π][(P̂ − kE )

2
+ m2

X]
, P̂µ = (iE, ®0) , (3.42)

and the finite volume expression is given by

BL
0

(
E2,m2

X, M2
π

)
= 16π2

∫ ∞

−∞

dk4
2π

1
L3

∑
®k

1
[k2

4 + |
®k |2 + M2

π][(iE − k4)
2
+ | ®k |2 + m2

X]
. (3.43)

The next step is to use Feynman parameterization, see App. B.2 for further details, to combine the two
denominators and then perform a shift in the non-discret momentum component k4. The resulting
expression reads

BL
0

(
E2,m2

X, M2
π

)
= 16π2

∫ 1

0
dy

∫ ∞

−∞

dk4
2π

1
L3

∑
®k

1[
k2

4 + |
®k |2 + gX

(
y, E2

)]2 , (3.44)

with

gX

(
y, E2

)
= y (y − 1) E2

+ ym2
X + (1 − y)M2

π . (3.45)

Depending on the values for E , mX and Mπ , the function gX

(
y, E2

)
can be positive, negative or zero

for some values of y. If gX
(
y, E2

)
> 0 for all y ∈ [0, 1], the function inside the sum is regular and we

can again use the Poisson formula analogously to AL
0 . The finite volume correction then is

B̃L
0

(
E2,m2

X, M2
π

)
= 2

∫ 1

0
dy

∑
j,0

K0

(
L j

√
gX

(
y, E2

))
. (3.46)

Also here the correction drops exponentially for large L and j. Note that the parameter integral over y
has to be evaluated numerically. However, if the function gX is negative or equal to zero for some
values of y, the Poisson formula is no longer applicable. In our calculation for example, if mX = mR

the difference between the pole position E and mR is small and gX stays positive. If mX = mN, m∆
the function can become negative and we have to find another way to evaluate the finite volume
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contribution. To do so we follow again Ref. [24] and introduce a scale µ, which will be used to subtract
ultraviolet divergences from the infinite sum. Also the scale can be choosen in such a way that the
function gX

(
y, µ2

)
stays positive. We expand the finite volume correction as

B̃L
0

(
E2,m2

X, M2
π

)
= BL

0

(
E2,m2

X, M2
π

)
− Re

{
B0

(
E2,m2

X, M2
π

)}
= BL

0

(
E2,m2

X, M2
π

)
− Re

{
B0

(
E2,m2

X, M2
π

)}
+ B̃L

0

(
µ2,m2

X, M2
π

)
− BL

0

(
µ2,m2

X, M2
π

)
+ B0

(
µ2,m2

X, M2
π

)
+

(
E2
− µ2

) d

dE2

{
B̃L

0

(
E2,m2

X, M2
π

)
− BL

0

(
E2,m2

X, M2
π

)
+ B0

(
E2,m2

X, M2
π

) }����
E2
=µ2

≡ 16π2
{
HX

1

(
E2

)
+ HX

2

(
E2

)
+ HX

3

(
E2

)}
, (3.47)

and separate it into three terms, which are given by

16π2 HX
1

(
E2

)
=

{
BL

0

(
E2,m2

X, M2
π

)
− BL

0

(
µ2,m2

X, M2
π

)
−

(
E2
− µ2

) d

dE2 BL
0

(
E2,m2

X, M2
π

) ����
E2
=µ2

}
, (3.48)

16π2 HX
2

(
E2

)
=

{
B̃L

0

(
µ2,m2

X, M2
π

)
+

(
E2
− µ2

) d

dE2 B̃L
0

(
E2,m2

X, M2
π

) }
, (3.49)

16π2 HX
3

(
E2

)
= −

{
Re

{
B0

(
E2,m2

X, M2
π

)}
− B0

(
µ2,m2

X, M2
π

)
−

(
E2
− µ2

) d

dE2 B0

(
E2,m2

X, M2
π

) ����
E2
=µ2

}
. (3.50)

The first subtraction term with the newly introduced scale µ ensures that the correction converges,
while the derivative terms lead to a faster convergence. The first term, HX

1 , contains only terms with
momentum sums. After the integration over k4, one obtains

HX
1

(
E2

)
=

(
E2
− µ2

)2 1
L3

∑
®n

EX + Eπ
2EXEπ

1
(EX + Eπ)

2
− E2

1
((EX + Eπ)

2
− µ2
)
2 , (3.51)

with EX =

√
m2

X +
(

2π
L

)2
| ®n|2 and Eπ =

√
M2
π +

(
2π
L

)2
| ®n|2. In the second term one finds finite

volume corrections that can be calculated with the Poisson summation formula, since the functions
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are regular. We get

HX
2

(
E2

)
=

1
8π2

∫ 1

0
dy

∑
j,0


K0

(
L j

√
gX

(
y, µ2

))

−

(
E2
− µ2

) y(y − 1)L j

2
√
gX

(
y, µ2

) K1

(
L j

√
gX

(
y, µ2

))
. (3.52)

The last term only contains infinite volume quantities which can be calculated with standard methods

HX
3

(
E2

)
= −

BE

32π2E2

{
ln

(
E2
+ m2

X − M2
π + BE

E2
+ m2

X − M2
π − BE

)
+ ln

(
E2
− m2

X + M2
π + BE

E2
− m2

X + M2
π − BE

)}
+

Bµ

16π2µ2

{
arctan

(
µ2
+ m2

X − M2
π

Bµ

)
+ arctan

(
µ2
− m2

X + M2
π

Bµ

)}

−
E2
− µ2

16π2µ2

1 +

(
E2
− µ2

) (
m2

X − M2
π

)
2E2µ2 ln

(
M2
π

m2
X

)

+

(
m2

X − M2
π

)2
− µ2

(
m2

X + M2
π

)
µ2Bµ

×

[
arctan

(
µ2
+ m2

X − M2
π

Bµ

)
+ arctan

(
µ2
− m2

X + M2
π

Bµ

)] , (3.53)

where we used again the triangle function to define

BE = λ
1/2

(
E2,m2

X, M2
π

)
:=

√(
E2
− m2

X − M2
π

)2
− 4m2

XM2
π , (3.54)

Bµ = iλ1/2
(
µ2,m2

X, M2
π

)
:=

√
−

(
µ2
− m2

X − M2
π

)2
+ 4m2

XM2
π . (3.55)

We now have evaluated all PV integrals in the finite volume that we need. We note that the issue of
using the PV reduction in the finite volume was already discussed in Ref. [24] and we refer to that
paper for details. Thus we return to the main task, the numerical calculation of Eq. (3.29).
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3.6 Results

3.6.1 Calculation of the energy levels

We now want to determine the energy spectrum of the Roper resonance system. To obtain this we take
a look at Eq. (3.29) and try to find numerical solutions for the energy E for different box sizes L. Due
to the presence of the Roper we expect to see the so-called avoided level crossing of the energy levels.

Before we start to solve Eq. (3.29) by numerical methods, let us again consider the results of
the finite volume PV integrals. We have seen that all regular functions in the self-energy of the
Roper decrease exponentially for large L. This includes all tadpoles, i.e. all ÃL

0 functions, as well as
B̃L

0

(
E2,m2

R, M2
π

)
from the πR loop in Fig. 3.1. Choosing L to be large we can neglect the contributions

from these functions, leaving just the FV correction from the πN and the π∆ loop (see also Refs. [24,
87]). This facilitates the numerical computation of the energy levels significantly. The simplified
equation reads

mR − E =
3g2

πNR

128π2F2
πE

(
E + mN

)2
[ (

E − mN

)2
− M2

π

]
B̃L

0

(
E2,m2

N, M2
π

)
+

h2
R

96π2F2
πm2
∆E

[ (
m∆ + E

)2
− M2

π

]
λ

(
E2,m2

∆, M2
π

)
B̃L

0

(
E2,m2

∆, M2
π

)
, (3.56)

where only the non-regular functions and two LECs (gπNR and hR) are left. Leaving out these
contributions also simplifies the treatment of power counting breaking terms that would normally
appear in such a calculation. The remaining expression, however, does not contain any power counting
violating terms, so that an additional renormalization scheme, like EOMS, is redundant. Additional
remarks on this issue are given in Ref. [24]. The further numerical studies of the energy levels are
performed by using this equation. Values of the used parameters are given in the next subsection.

3.6.2 Numerical results

For the hadron masses and constants we use the numerical values from Ref. [22]. The baryon
masses are mN = 939 MeV, mR = 1 365 MeV 3, and m∆ = 1 210 MeV. For the pion mass we use
Mπ = 139 MeV and for the pion decay constant Fπ = 92.2 MeV. The two coupling constants are
also taken from Ref. [22] and are gπNR = ±0.47, and hR = h = 1.42, with the assumption that the
coupling hR is equal to the pion-nucleon-delta-coupling h (the so-called maximal mixing [18]). Note
that the sign of gπNR does not matter as this coupling appears squared in our analysis. We also have to
choose the scale µ for the calculation and set µ = mN for the nucleon, and µ = m∆ for the delta case.

Now we have everything we need to find the numerical values of E . We evaluate the sums in
the finite volume corrections from | ®n|2 = 1 up-to-and-including | ®n|2 = 4. Then we solve Eq. (3.56) for
the respective energy levels for different box sizes. To make things easier we first look at the Roper
resonance without the delta, i.e. we set hR = 0 and take only the interaction between Roper, nucleon
and pion into account. The results are displayed in Fig. 3.2. The energy is depicted in units of the

3 This is the more reliable pole mass [90].
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Figure 3.2: Energy levels for different box sizes L considering only pion and nucleon as intermediate states. Red
solid lines display the numerical results and blue dashed lines the free energy levels of the pion and nucleon for
| ®n|2 = 1, 2, 3, 4 (lowest to highest curve).

nucleon mass mN and the box size L is multiplied by the pion mass Mπ . The red solid lines denote
the numerical results of E for the respective energy levels while the blue dashed lines denote the free
energy levels of the pion-nucleon final states, i.e.

E free
πN (®n) =

√
m2

N +

(
2π
L

)2
| ®n|2 +

√
M2
π +

(
2π
L

)2
| ®n|2 , (3.57)

for | ®n|2 = 1, 2, 3, 4. We can clearly see signs of avoided level crossing at small box sizes, whereas the
curves asymptotally approach the free energy levels at larger box sizes. Also the curves seem to switch
between different free energy levels which is also a typical behaviour for a resonance (see Ref. [24]).
It can be especially observed in the upmost curve between the | ®n|2 = 3 and | ®n|2 = 4 levels. This is
exactly the energy region where the Roper resonance is found, i.e. 1 365 MeV/mN ≈ 1.45 (which is
called the “critical value” from here on) and the curves approximate more and more the free energy
levels at energies below the critical value.
Now we will do the opposite and set gπNR = 0. The calculation is performed like before and is
displayed in Fig. 3.3. The free energy levels of the pion and delta in the final state, i.e.

E free
π∆ (®n) =

√
m2
∆ +

(
2π
L

)2
| ®n|2 +

√
M2
π +

(
2π
L

)2
| ®n|2 , (3.58)

are denoted by the grey dashed lines. This time we see no clear evidence for an avoided level crossing.
One reason for this is the fact that we are now in an energy region which is mostly above the critical
value. Only the two lowest lying energy levels come close to this energy. Another reason is the
relatively large coupling hR, which tends to “wash out” the typical signature of avoided level crossing.
This effect has been also observed in the energy levels of the delta resonance in a box [24]. It is
important to note that although the delta baryon is a resonance itself we treat it here as a stable particle.
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Figure 3.3: Energy levels for different box sizes L considering only pion and delta baryon as intermediate states.
Red solid lines display the numerical results and grey dashed lines the free energy levels of the pion and delta
for | ®n|2 = 1, 2, 3, 4 (lowest to highest curve).
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Figure 3.4: Energy levels for the full system for different box sizes L. Red solid lines display the numerical
results and blue dashed lines, grey dashed lines display the free energy levels of the pion and nucleon, pion and
delta, respectively.

This holds as a first approximation with the argument that the Roper first decays in a pion and a delta
baryon (or pion and nucleon) and then later the delta can decay further. For future investigations we
should take the unstable nature of the delta into account. One example to achieve this can be the
replacement of the delta propagator in our calculations with a modified propagator including the decay
width of the delta. This will be done in a forthcoming work.
Now we take a look at the full system with pions, nucleons and deltas. Our results are given in
Fig. 3.4, which now include both possible interactions. The avoided level crossing is again visible
at small box sizes and most pronounced between the free | ®n|2 = 3 level of the pion and the nucleon
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Figure 3.5: Energy levels for the full system for different box sizes L without displaying the free energy levels.

and the free | ®n|2 = 2 level of the pion and the delta. The switching of the energy levels between
different free energy levels is clearly seen in the vicinity of the critical value. We also depict the results
without the free energy levels in Fig. 3.5 to better display the shape of the curves in this energy region.
Further away from the critical value and for larger box sizes the energy levels behave like the free
ones. Looking at the part of the fit with small box sizes, one may ask the question what happens at
MπL values smaller than the ones depicted. Going to smaller box sizes is problematic because of two
things. One is the fact that for small box sizes around MπL ' 3 the numerical calculation is already
quite unstable due to the overlapping energy levels. At smaller MπL it will be extremely difficult to
distinguish between the different levels. The other reason is that at smaller box sizes the exponentially
suppressed contributions from the tadpoles and the πR loop can not be neglected any more and have
to be considered explicitly.
All in all the energy levels behave according to our expectations and we see the typical signature of
avoided level crossing due to a resonance. A next possible step would be the investigation of the
energy levels with the inclusion of an unstable delta resonance propagator. Also a calculation beyond
chiral order O(p3

) should be considered.

3.7 Summary and conclusions

In this paper, we have analyzed the Roper resonance in a finite volume. The calculation of the Roper
self-energy up to third chiral order in the infinite volume has been repeated and the extension to the
finite volume case has been achieved to find the finite volume corrections of the system. We have seen
that the FV correction of the self-energy contains exponentially suppressed contributions for large L,
which we neglected, and contributions with poles that have to be regularized. The calculation of the
energy levels has been performed using physical baryon and pion masses and only two LECs had to
be taken into account, which had been determined earlier [22]. The main results are:

• In the delta-free case (hR = 0) the avoided level crossing can be clearly seen in the vicinity of
the Roper resonance energy. For large box sizes, the energy levels approach the free energy
levels.
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• In the nucleon-free case (gπNR = 0) there are no clear signs for avoided level crossing. This
is caused by the large value of hR and by the fact that the energy region lies mostly above the
Roper. The approach to the free energy levels for large L is not as explicit as in the delta free
case.

• Looking at the full system with nucleons and deltas, the avoided level crossing is observed
again. Also in this case the approach to the free energy levels for large L can be seen.

Note that all the discussed calculations here can also be performed at non-physical pion masses. The
remaining question is the treatment of the delta resonance in the finite volume. Assuming the delta
to be a stable particle is a reasonable first approximation, but in further calculations its resonance
characteristic must be included. Further, a calculation to fourth order (or higher) in the chiral expansion
can be considered. However, this will increase the number of LECs that have to be taken into account.
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CHAPTER 4

Particle-dimer approach for the Roper resonance
in a finite volume

4.1 Prologue

The content of this chapter is based on the publication

• D. Severt, M. Mai and U.-G. Meißner,
“Particle-dimer approach for the Roper resonance in a finite volume”,
JHEP 04, 100 (2023) [arXiv:2212.02171 [hep-lat]].

This chapter is a continuation of the research on the Roper resonance and can be seen as a follow-up
work to chapter 3. We propose a new finite-volume approach which implements two- and three-body
dynamics in a transparent way based on an effective field theory Lagrangian. The formalism utilizes
a particle-dimer picture and formulates the quantization conditions based on the self-energy of the
decaying particle. The formalism is studied for the case of the Roper resonance, using input from lattice
QCD and phenomenology. Finally, finite-volume energy eigenvalues are predicted and compared to
existing results of lattice QCD calculations. This crucially provides initial guidance on the necessary
level of precision for the finite-volume spectrum (Ref. [105]).
One of the main questions at the end of chapter 3 (i.e. Ref. [86]) was how to implement the unstable
nature of the delta resonance into the energy spectrum of the Roper resonance, so that the delta is able
to decay into a nucleon and a pion. This should then result in the Nππ final state the Roper is known
for. A first idea was to modify the delta resonance propagator by including the delta decay width
explicitly. However, this straightforward guess produced some issues in the finite-volume formalism,
i.e. complex numbers appeared in the self-energy sums, which complicated their evaluation and
interpretation. A more promising ansatz seemed to be the so-called particle-dimer approach (see
e.g. [37–42]). This approach was developed to describe three-particle scattering in a convenient and
straightforward way. It reformulates the three-body problem as a two-body problem by introducing a
so-called particle-dimer field, which incorporates two-particle scattering. Then, instead of calculating
a three-particle scattering amplitude, one can calculate the scattering amplitude of one particle with
the dimer field. The calculation yields the same result in both ways, which was proven in the literature
several times (see e.g. [40]), but the particle-dimer approach simplifies the computational effort
significantly.
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Chapter 4 Particle-dimer approach for the Roper resonance in a finite volume

The three-particle Nππ final state of the Roper resonance is one of its most intriguing features and
the dimer formalism should help to investigate it. The author of this thesis started by formulating a
Lagrangian for the Roper in a non-relativistic covariant framework (see e.g. [85]) with the help of
A. Rusetsky. The degrees of freedom included in the Lagrangian are nucleons and pions, as well as
three dimer fields: the σ (sigma) meson, the ∆ (delta) baryon and the Roper resonance. With such
a Lagrangian, the usual procedure to find the finite-volume (FV) energy spectrum is by calculating
scattering amplitudes of dimer fields with the other asymptotic states (see e.g. [36]). In the case of the
Roper system, these would be nucleons and pions, but calculating all possible scattering reactions
causes several difficulties. One of the problems is that a lot of unknown low-energy constants (LECS)
are involved, which are hard to determine, since there are not enough experimental or lattice data. Due
to this reason and other issues, the author of this thesis decided to calculate the FV energy spectrum by
using the Roper resonance self-energy, analogously to the calculation in chapter 3, but this time within
the covariant particle-dimer picture. A first test for the framework was the recreation of the Roper
energy spectrum including only nucleons and pions (see Fig. 3.2 in chapter 3). The new approach
produced a very similar result, which was a striking argument to continue this method. The next step
was the inclusion of the self-energy contributions from the dimer fields, which turned out to be quite
challenging. At around this time M. Mai joined the project, who shared a lot of his valuable insights
about three-particle dynamics with U.-G. Meißner and the first author. One of M. Mai’s suggestions
was to analyze the σ-dimer field by using data from Lattice QCD [106]. This helped to fix some of the
dimer LECs. After that, the author was able to find a first FV energy spectrum for the Roper resonance
with the σ-dimer. An analogous calculation for the ∆-dimer was also performed by the author. As a
final step, the results for the FV energy levels were compared with lattice QCD results from Ref. [15].
The author found an overall good agreement between the two very different approaches to determine
the Roper resonance FV energy levels.

4.2 Introduction

Our understanding of the strong interaction is tested by our ability to unravel the pattern and production
mechanism behind its bound states and resonances. The exploration of this non-trivial and very
rich spectrum is the main motivation behind the large international experimental programs at, e.g.,
MAMI (Germany), ELSA (Germany), Jefferson Laboratory (USA), Spring-8 (Japan) or CERN
(Switzerland), see [107–113] for some recent reviews. Unraveling the pattern of the resonance
spectrum and the mechanism behind its generation has also prompted the develop-ment of many
theoretical tools such as quark models [114–116], or Dyson-Schwinger approaches [117–119]. While
some features of the resonance spectrum seem to be captured by such approaches, they also include
some uncontrolled approximations and do not allow for a first-principle connection to Quantum
Chromodynamics (QCD). Lattice QCD provides such an approach, which already reshaped the
field of hadron spectroscopy leading to many valuable insights on, e.g., the ground state spectrum
of baryons [120] andmany excited states, see e.g. Refs. [106, 121–129] as recently reviewed in Ref. [10].

Two paramount examples of the puzzles in the baryon spectrum are the negative strangeness
Λ(1405)1/2−-resonance with its double pole structure (see for example the recent reviews [130–132])
and the first excited state of the nucleon, the Roper resonance N(1440)1/2+. The latter is considerably
lighter than the parity partner of the nucleon, the N(1535)1/2−. This is at odds with the quark model
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expectation [133, 134], associated there with the second radial excitation of the nucleon. More
recent phenomenological analyses revealed the complex analytic structure of the Roper [135–138]
including the strong coupling to the three-body (ππN) channels distorting its shape from the usual
Breit-Wigner form. Ab-initio access to such three-body systems from lattice QCD has been obscured
for a long time due to computational complexity and, equally importantly, by the lack of theoretical
tools relating lattice results to real-world quantities. The need for such tools is simply necessitated by
the fact that in lattice methodology QCD Green’s functions are determined numerically in a finite
volume. Ultimately, this leads to a discretization of obtained real-valued spectrum to be related to the
infinite-volume (real-world) in general complex-valued interaction spectrum. This cannot be overcome
in an adiabatic enlargement of the considered volume and mathematical mapping is required, usually
referred to as the quantization condition, for dedicated reviews see Refs. [27, 91, 139]. Lattice results
for such systems are becoming available, see Refs. [15, 16, 140–151]. This is also partially fostered
by the recent progress deriving three-body quantization conditions [28–30, 32, 34–36, 41, 42, 152–171].

In the present work we propose and test a new approach to the three-body quantization condi-
tions which can serve as a transparent approach to access resonant systems in a finite-volume. Our
formalism builds on the previous work [86] and is based on the particle-dimer framework [37–40, 42],
which conveniently allows us to express the self-energy diagram of a resonant field in terms of either
ordinary (asymptotically stable) meson and baryon fields or, alternatively, one of these fields can
also be replaced by an unstable field from the particle-dimer Lagrangian. The latter in turn acquires
a complex-valued self-energy due to the coupling to stable fields going on-shell. Obviously, the
interplay of these two effects leads to an on-shell configuration of three stable intermediate particles.
Indeed, these are precisely the configurations which lead to power-law finite-volume effects. Some of
these finite-volume effects are proportional to exp(−MπL), where Mπ denotes the mass of the pion,
i.e. the lightest asymptotic particle in QCD, and L is the length of the cubic volume with periodic
boundary conditions in which our calculations are performed. Thus, neglecting these exponentially
suppressed contributions, one can separate off the volume-dependent from the volume-independent
quantities which ultimately allows one to map finite- to infinite-volume quantities. To demonstrate
the advantages and limitations of the present work, we concentrate specifically on the complicated
Roper resonance including the πN and ππN dynamics using ∆ and σ auxiliary dimer-fields. Given
the presently still scarce lattice results in this sector [15, 16, 140] we estimate the volume-independent
quantities from phenomenology. The predicted finite-volume spectrum is then compared to lattice
results both in the two- and three-body sector [15, 172].

The manuscript is organized in the following way: First, we introduce the theoretical framework
in section 4.3. Then, we determine the self-energy of the Roper resonance within our theory in
section 4.4. The sections 4.5 and 4.6 discuss the particle-dimer fields and their contributions to the
Roper self-energy, respectively. After that, the finite-volume formalism is introduced in section 4.7.
Our numerical calculations are discussed in section 4.8 and the results are given in 4.9. Finally, we
conclude with a brief summary and outlook in section 4.10.
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4.3 Covariant non-relativistic framework

We begin with an introduction of the covariant non-relativistic effective field theory, following the
general formalism of Refs. [40–42, 84, 85], see also Ref. [17] for a pedagogical introduction. To
describe a few-particle system containing pions (π) and nucleons (N), such as the three-particle
Nππ-system, we introduce the following Lagrangian

LππN = Ldyn + c1φ
†φ†φφ + c2ψ

†φ†φψ + c3ψ
†φ†(φ + φ†)φψ + c4ψ

†φ†φ†φφψ + . . . . (4.1)

Here, φ is the non-relativistic pion field and ψ the non-relativistic nucleon field. The interaction
between these particles is parameterized by the low-energy constants (LECs) c1,2,3,4. The ellipses
denote terms with higher numbers of (pion) field insertions not required for the purpose of this work
and terms with derivatives, which are not taken into account for now. Containing short-range physics,
the LECs are in general not known, but can be determined from experimental data or lattice QCD
results. The LEC c1, for example, can be related to the ππ scattering length. The dynamical part of
the covariant Lagrangian for the pions and nucleons is given by [85]

Ldyn = Lφ + Lψ = φ
†2Wπ

(
i∂t −Wπ

)
φ + ψ†2WN

(
i∂t −WN

)
ψ , (4.2)

where

Wπ =
[
M2
π −
®∇

2 ]1/2
, WN =

[
m2

N −
®∇

2 ]1/2
. (4.3)

The differential operatorsWπ andWN contain the pion mass Mπ and the nucleon mass mN , respectively.
The square root structure of these operators leads to the relativistic energy-momentum relation in
momentum space and ensures that the resulting amplitudes (e.g. two-particle scattering amplitudes)
are relativistically invariant. This is not the case in the convenient non-relativistic treatment, which
uses the Schrödinger equation to describe the dynamics of the free particles, see e.g. Ref. [40].
The Lagrangian (4.1) defines the pattern of the interactions driving the construction of various
n-particle scattering amplitudes. However, already the case of three particles would result in a
tremendous amount of Feynman diagrams. This is where the particle-dimer formalism becomes
particularly handy, which we, therefore, utilize to address the Roper resonance. In the particle-dimer
formalism one introduces an auxiliary field, called dimer field (sometimes also referred to isobar, see
e.g. Ref. [173]), that incorporates two-particle dynamics and scattering. This means one effectively
reduces a three-body problem to a two-body problem, which can be solved with much more ease. A
common example to show the strength of the dimer formalism is the calculation of the scattering
amplitude of three identical bosons, see e.g. Ref. [40]. In this case one introduces a dimer field, which
describes the two-particle scattering of these bosons. Then, to obtain the three-particle scattering
amplitude, one calculates the scattering of one boson with the dimer field, which is equivalent to
three-particle scattering. The validity of this formalism has been discussed already several times
in the literature, see e.g. Refs. [36, 40–42, 174]. However, the situation becomes more complex if
one has three non-identical particles, like in our case with nucleons and pions. To investigate the
Roper resonance in the Nππ-system, we need to introduce three different dimer fields. The first
dimer field is the ∆(1232) resonance (from here on called the ∆) with quantum numbers JP

= 3/2+.
This dimer field takes into account intermediate P-wave nucleon-pion interactions and its quantum
numbers together with a pion overlap with the Roper resonance. The second dimer field is the σ with
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the quantum numbers JP
= 0+, i.e. the scalar-isoscalar resonance f0(500), formerly known as the

σ-meson. It accounts for intermediate S-wave pion-pion interactions. Also here the quantum numbers
of the f0(500) with a nucleon can have an overlap with the Roper. Finally, the third dimer field R is for
the Roper resonance itself, which has the quantum numbers of the nucleon (JP

= 1/2+) but a larger
mass1. Considering all above dimer-fields, the particle-dimer Lagrangian takes the form

LDimer = Ldyn + LT , (4.4)

where the dimer fields and their interactions are contained in LT , which reads

LT = R†2WR

(
i∂t −WR

)
R + α∆m2

∆∆
†
∆ + ασM2

σσ
†σ

+ f1R†φ†φR − f2[R
†φψ + Rφ†ψ†] − f3[R

†φ∆ + ∆†φ†R] − f4[R
†σψ + ψ†σ†R]

+ g1∆
†φ†φ∆ − g2[∆

†φψ + ∆φ†ψ†] + h1ψ
†σ†σψ − h2[σ

†φφ + σφ†φ†]

− GRσ[R
†φ†σψ + ψ†σ†φR] − GR∆[R

†φ†φ∆ + ∆†φ†φR] − G∆σ[∆
†φ†σψ + ψ†σ†φ∆] .

(4.5)

An important detail to note is that the dimer fields ∆ and σ are not dynamical, i.e. the Lagrangian
does not contain time or spatial derivatives of these fields. For the Roper resonance, on the other hand,
the same dynamical Lagrangian as for the nucleon and pion is introduced with WR = [m

2
R0 −

®∇
2
]
1/2

for the bare mass of the Roper mR0. Making the Roper resonance dynamical should give a more
accurate treatment of its properties. Overall, the dimer fields are auxiliary fields and the choice of their
kinetic energy term should depend on the overall goal of the calculation. Naturally, the introduction
of derivative terms for the dimer fields results in more complex calculations, since these terms will
enter the dimer propagators. Therefore, to simplify our analysis, we keep the ∆- and σ-dimer static.
Additionally, it should be stressed that the Lagrangian in Eq. (4.5) does not posess any spin- or
isospin-structure. Also here the Lagrangian can be modified to include these effects, but we do not
consider them for now in this pioneering work.

There are several coupling constants in Eq. (4.5) accompanying the terms describing the inter-
actions between the particles and dimer fields. The LECs f1,2,3,4, g1,2, h1,2 and GRσ,R∆,∆σ can be
related to the LECs in Eq. (4.1) after integrating out the dimer fields. We also have two real mass scales
m∆ and Mσ for the ∆- and σ-dimer, respectively. Very often in the literature these mass scales are
absorbed inside the definition of the auxiliary dimer fields. We, on the other hand, want to make sure
that all appearing fields have the same dimension and later use the physical masses for our numerical
calculations. Both of these mass scales come with prefactors

α∆ = ±1 , ασ = ±1 , (4.6)

1 Note that there is in principle also a nucleon pole appearing in the Roper system, due to the identical quantum numbers.
This pole has to be taken into account in a lattice QCD calculations, for a recent example of a lattice calculation of a
3-point function see Ref. [175]. However, in our work we look at energies larger than the nucleon mass so that an explicit
inclusion is not necessary.
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which depend on the signs of the corresponding LECs in Eq. (4.1). For example, integrating out the
σ-field yields

c1 = −
h2

2

ασM2
σ

. (4.7)

It can be seen that the sign of c1 dictates the value of ασ , since h2
2/M

2
σ is a positive number. Later in

the manuscript, we will see how ππ scattering information (e.g. the S-wave scattering length or the
corresponding phase shifts) determine this LEC.
Another notable difference between Eq. (4.5) and most other Lagrangians in the particle-dimer picture
are the interactions among the dimer fields. The Roper dimer R is allowed to decay in one of the
other dimer fields, i.e. R can decay into σN , or ∆π pairs through the interactions proportional to f3
and f4, respectively. An example for a particle-dimer theory with two dimer fields that can interact
with each other can be found in Ref. [176]. After integrating out the dimer fields, interactions with
an odd number of pion fields can be obtained, e.g. the term proportional to c3 in Eq. (4.1) can
change the number of particles. This yields the feature that a two-particle Nπ initial state could
result in a three-particle Nππ final state and vice versa. Obviously, this then also means that there
can in principle be a four-particle Nπππ final state when starting with an initial three-particle Nππ
state, etc.. However, in practice we avoid such a four-particle (and higher) final state by a suitable
energy/momentum cutoff.

The particle-dimer Lagrangian Eq. (4.5) yields the following Feynman rules for the propagators:

−iSN

(
p0, ®p

)
=

i
2ωN ( ®p)

[
p0 − ωN ( ®p) + iε

] , ωN ( ®p) =
√
| ®p|2 + m2

N , (4.8)

and

−iSπ
(
p0, ®p

)
=

i
2ωπ( ®p)

[
p0 − ωπ( ®p) + iε

] , ωπ( ®p) =
√
| ®p|2 + M2

π . (4.9)

Looking at ωN and ωπ , one notes that the square root differential operator in the dynamical part of
the Lagrangian leads to the well-known energy-momentum relation. Our notation for the propagators
follows the common sign convention used in the literature, see e.g. [85]. For the dimer fields, we have
the bare propagator of the Roper resonance

−iSR
(
p0, ®p

)
=

i
2ωR( ®p)

[
p0 − ωR( ®p) + iε

] , ωR( ®p) =
√
| ®p|2 + m2

R0 , (4.10)

and the bare ∆ and σ propagators

−iD0
∆

(
p0, ®p

)
=

i

α∆m2
∆

, −iD0
σ

(
p0, ®p

)
=

i

ασM2
σ

, (4.11)

where the latter are constant with respect to the particle energy. An explicit momentum dependence
can be given to D0

∆ and D0
σ by either adding higher order terms in the particle-dimer Lagrangian

Eq. (4.5) or by “dressing” the propagators with the respective dimer self-energies. The latter is
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discussed in detail in section 4.5.

4.4 Self-energy of the Roper resonance

The dressed propagator of the Roper resonance is given by

Sd
R

(
p0, ®p

)
=

1
2ωR( ®p)

[
ωR( ®p) − p0 − iε

]
− ΣR(p0, ®p)

, (4.12)

where ΣR(p0, ®p) is Roper self-energy. The pole of the propagator is obtained by finding the zeros of
the denominator, i.e.

2ωR( ®p)
[
ωR( ®p) − p0

]
− ΣR(p0, ®p) = 0 . (4.13)

In the infinite volume, one possibility to parameterize the pole is to choose the rest-frame, ®p = 0, and
set p0 = Z for Z = mR − iΓR/2, with mR the physical mass of the Roper resonance and ΓR its width.
The equation for the pole then reads

2mR0
[
mR0 − Z

]
− ΣR(Z, ®0) = 0 , (4.14)

which can be reordered to give

Z = mR0 −
1

2mR0
ΣR(Z) = mR0 −

1
2mR0

(
Re

{
ΣR(Z)

}
+ iIm

{
ΣR(Z)

} )
, (4.15)

where the self-energy has been separated into its real and imaginary part. It is then straightforward to
identify the physical mass and width

mR = mR0 −
1

2mR0
Re

{
ΣR(Z)

}
, and ΓR =

1
mR0

Im
{
ΣR(Z)

}
. (4.16)

These two relations can, of course, only be solved iteratively, since the self-energy depends on Z itself.
If the imaginary part of the self-energy vanishes, the width ΓR is zero. A vanishing real part, on the
other hand, allows to set the bare mass equal to the physical mass, i.e. mR = mR0.
Looking at the full particle-dimer Lagrangian in Eq. (4.5), we see that there are several interactions
which lead to different contributions to the self-energy, as depicted in Fig. 4.1. At one-loop order, the
first option is a pion and a nucleon inside the loop. Since both are stable particles and we know that
the Roper R can decay into a Nπ final-state, we expect this diagram to be of great importance. The
next option is N and the σ-dimer inside the loop. This diagram is interesting, because the dimer itself
is an unstable particle. We know that the Roper can decay into the Nσ pair, but we expect that the σ
decays further into two pions, which would leave us with the three particle (Nππ) final-state. This is
similar to the third option, a π and ∆-dimer inside the loop. Also here, the ∆ can decay further into
a Nπ state, which again results in a three-particle Nππ-system. Note, further that one-loop tadpole
diagrams do not appear in the non-relativistic theory. We can summarize these statements, see Fig. 4.1,
into the following equation

ΣR(p0, ®p) = ΣNπ(p0, ®p) + ΣNσ(p0, ®p) + Σ∆π(p0, ®p) , (4.17)
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Figure 4.1: Feynman diagrams contributing to the Roper resonance mass at one-loop order. The thick solid line
with an arrow, the solid line with an arrow and the double solid line with an arrow refer to the Roper resonance,
the nucleon, and the ∆-dimer field, respectively. The dotted line represents pions and the double solid line the
σ-dimer fields.

and our goal is to calculate the different self-energy contributions.
We start by evaluating the self-energy ΣNπ(p0, ®p). Applying the Feynman rules, we obtain

iΣNπ (p) =
∫

d4k

(2π)4
(−i f2)

2 [
−iSN (p − k)

] [
−iSπ(k)

]
= f 2

2

∫
d4k

(2π)4
SN (p − k)Sπ(k) . (4.18)

From here on, we use the four-vector p as a shorthand notation for (p0, ®p). After dividing by i on both
sides we find

ΣNπ (p) = f 2
2 JNπ (p) , (4.19)

with

JNπ (p) =
∫

d4k

(2π)4i

1
2ωN ( ®p − ®k)

[
ωN ( ®p − ®k) − (p0 − k0) − iε

] 1
2ωπ(®k)

[
ωπ(
®k) − k0 − iε

] . (4.20)

This is the main one-loop scalar integral appearing in the covariant non-relativistic frame-work. The
evaluation of this integral is non-trivial, due to the square root structures appearing in the denominator,
see e.g. Ref. [177]. However, the first step is straightforward, integrating over the time component of
the loop momentum k0, i.e.

JNπ (p) =
∫ +∞

−∞

dk0
2πi

∫
d3k

(2π)3
1

4ωN ( ®p − ®k)ωπ(®k)

×

{
1[

ωN ( ®p − ®k) − (p0 − k0) − iε
] [
ωπ(
®k) − k0 − iε

] } .

(4.21)

Looking at the denominator inside the brackets, we see that it has two poles in the complex k0-plane,
namely one in the upper half (positive imaginary part) and one in the lower half (negative imaginary
part). Using Cauchy’s theorem, we can solve the integral by calculating a contour integral around one
of the poles. Choosing a contour around the upper pole2, we obtain

JNπ (p) =
∫

d3k

(2π)3
1

4ωN ( ®p − ®k)ωπ(®k)
[
ωN ( ®p − ®k) + ωπ(®k) − p0 − iε

] . (4.22)

2 The result of the integral does not change, if one would choose the pole in the lower half.
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We are left with a three-dimensional integral over the spatial momentum components, which will also
be our starting point when we consider the finite-volume case later in section 4.7. One observes that
the integral has a pole for p0 > 0 (taking ε → 0) and that the integral is logarithmically divergent. It
is therefore practical to use dimensional regularization for the further evaluation. In D dimensions
Eq. (4.22) takes the form

JNπ (p) =
∫

dDk

(2π)D
1

4ωN ( ®p − ®k)ωπ(®k)
[
ωN ( ®p − ®k) + ωπ(®k) − p0 − iε

] . (4.23)

The main complexity still comes from the square root terms in the denominator. To simplify matters,
let us consider the same integral in the rest frame, i.e. p = (E, ®0),

JNπ (E) =
∫

dDk

(2π)D
1

4ωN (
®k)ωπ(®k)

[
ωN (
®k) + ωπ(®k) − E − iε

] , (4.24)

such that we can rewrite the integrand as

1
4ωN (

®k)ωπ(®k)
[
ωN (
®k) + ωπ(®k) − E − iε

] = 1
2E

1
| ®k |2 − q2

(E) − iε ′

+
1

4ωN (
®k)ωπ(®k)

[
ωN (
®k) + ωπ(®k) + E + iε

]
+

1
4ωN (

®k)ωπ(®k)
[
ωN (
®k) − ωπ(®k) − E + iε

]
+

1
4ωN (

®k)ωπ(®k)
[
− ωN (

®k) + ωπ(®k) − E + iε
] ,

(4.25)

with

q2
(E) =

λ
(
E2,m2

N, M2
π

)
4E2 , (4.26)

where we used the Källén triangle function λ(x, y, z) = x2
+ y2

+ z2
− 2xy − 2xz − 2yz. The

rearrangement of the integrand allows us to isolate the pole of the quotient, q2
(E), which can be seen

in the first term on the right-hand side of Eq. (4.25). The remaining three terms on the right-hand side
are regular, which means that they do not contain a pole anymore for physical values of E . Note that
in this work we consider energies above the nucleon mass. Therefore, these terms can be expanded in
powers of the integration momentum ®k leading to polynomials in | ®k | which vanish in dimensional
regularization. We are left with

JNπ (E) =
1

2E

∫
dDk

(2π)D
1

| ®k |2 − q2
(E) − iε ′

, (4.27)

51



Chapter 4 Particle-dimer approach for the Roper resonance in a finite volume

which is evaluated with standard methods. After taking the limit D→ 3 we obtain

JNπ (E) = −
1

8πE

√
−q2
(E) − iε ′ =

iλ1/2
(
E2,m2

N, M2
π

)
16πE2 , (4.28)

where we used that limε ′→0

√
−q2
(E) ± iε ′ = ±iq(E). The result of Eq. (4.28) in an arbitrary reference

frame reads [177]

JNπ (p) =
iλ1/2

(
p2,m2

N, M2
π

)
16πp2 =

iλ1/2
(
s,m2

N, M2
π

)
16πs

, (4.29)

with s = p2
= p2

0 − | ®p|
2 the usual Mandelstam variable. Thus, the self-energy of the Roper resonance

becomes

ΣNπ (p) =
i f 2

2

16πp2 λ
1/2

(
p2,m2

N, M2
π

)
, (4.30)

which is a notable result. Specifically, the function JNπ and with it the Roper self-energy is purely
imaginary at the energies of interest, i.e. p2

≈ m2
R.

Next, we consider the self-energy contributions with dimer fields, i.e. σN and ∆π loop-diagram
contributions. Taking Σ∆π as an example, we obtain

iΣ∆π(p) = f 2
3

∫
d4k

(2π)4
D0
∆(p − k)Sπ(k) = −

f 2
3

α∆m2
∆

∫
d4k

(2π)4
1

2ωπ(®k)
[
ωπ(
®k) − k0 − iε

] , (4.31)

which is basically a tadpole integral, i.e. an integral over a single propagator, due to the constant D0
∆

propagator. These tadpole diagrams usually do not exist in non-relativistic EFTs, since they vanish
within time-ordered perturbation theory. However, if such a diagram shows up, a common way to
treat the k0-integral is to rewrite it as a contour integral according to Cauchy’s theorem. For example,
one can evaluate the k0-integral by choosing the contour in the upper k0-plane excluding the pole.
Then, Σ∆π(p) vanishes like the other tadpole contributions, which is the usual procedure, see Ref. [17]
and the references therein for more information. On the other hand, if one would decide to include
the pole (lower plane), the following would happen: The k0-integral is replaced by 2πi and a spatial
®k-integral over 1/ωπ(®k) remains. But this expression does not posses a pole and, thus, one can expand
the denominator in powers of the momentum | ®k |, like before, to obtain a polynomial. Dimensional
regularization is then used to make the polynomial terms disappear, so that again Σ∆π(p) = 0. This
illustrates that the loop integral vanishes no matter how the k0-integral is performed. An analogous
calculation for the Nσ-case shows that also ΣNσ(p) = 0.
This of course cannot be the final answer, which roots in the fact that the dimer propagators are not
dynamical, see Eq. (4.5). Interestingly, and as we will discuss below, improving this by dressing dimer
propagators actually introduces three-particle dynamics in the intermediate states.
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4.5 Dressed dimer fields

We have seen that a constant dimer propagator leads to a vanishing particle-dimer self-energy.
Obviously, the constant propagator is just a first approximation and higher correc-tions have to be taken
into account. To do this, we consider the self-energies of the dimer fields and dress the propagators as

D∆ (p) = −
1

α∆m2
∆ + Σ∆(p)

, (4.32)

for the ∆-dimer propagator and

Dσ (p) = −
1

ασM2
σ + Σσ(p)

, (4.33)

for the σ-dimer. The self-energies Σ∆ and Σσ are given by

Σ∆ (p) = g2
2

∫
d4k

(2π)4i
SN (p − k)Sπ(k) =

ig2
2

16πp2 λ
1/2

(
p2,m2

N, M2
π

)
, (4.34)

and

Σσ (p) =
1
2
(2h2)

2
∫

d4k

(2π)4i
Sπ(p − k)Sπ(k) =

ih2
2

8πp2 λ
1/2

(
p2, M2

π, M2
π

)
, (4.35)

respectively. Note the additional symmetry factor of 1/2 in front of the σ self-energy. The evaluation
of these self-energies is analogous to the proof of Eq. (4.30) in the last section. Due to the simpler
structure of the Källén function in the case of two equal masses, i.e.

λ
(
p2, M2

π, M2
π

)
= p2

(
p2
− 4M2

π

)
, (4.36)

we proceed with the σ-dimer propagator. We start by reformulating the dressed propagator as

Dσ (p) = −
1

ασM2
σ + icλ1/2

(
p2, M2

π, M2
π

)
/p2

, c =
h2

2
8π

. (4.37)

Subsequently, we simplify the denominator by expanding the above expression so that

Dσ (p) = −
ασM2

σp4
− icp2λ1/2

(
p2, M2

π, M2
π

)
α2
σM4

σp4
+ c2

(
p4
− 4M2

πp2
) . (4.38)

From our initial definitions we know that α2
σ = 1 and we can rewrite the denominator as

α2
σM4

σp4
+ c2

(
p4
− 4M2

πp2
)
=

(
M4
σ + c2

) (
p2
− µ2

σ

)
p2 , (4.39)
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where we have introduced a new mass parameter

µ2
σ =

4M2
πc2

M4
σ + c2 . (4.40)

From Eq. (4.39) it is evident that µσ is, indeed, one of the poles of the σ-dimer. Coming back to
Eq. (4.38), we can split up the expression into a real and an imaginary part

Dσ (p) = −
ασM2

σ

M4
σ + c2

p2

p2
− µ2

σ

+
ic

M4
σ + c2

λ1/2
(
p2, M2

π, M2
π

)
p2
− µ2

σ

. (4.41)

In this form, we observe that Dσ (p) possesses an imaginary part above the two-particle threshold, i.e.
for p2

= s > 4M2
π . Below threshold, Dσ (p) is a real-valued function. This is in perfect agreement

with the general properties of scattering amplitudes, which in this case (ππ → ππ scattering) is simply
proportional to the dimer propagator

Tππ→ππ(s) ∝ Dσ (s) , (4.42)

see, e.g., Ref. [10, 38]. This relation allows us to connect the coefficients appearing in Dσ (s) with
observables from ππ-scattering. The first quantity one can look at is the scattering length a defined
via an effective range expansion3

| ®q | cotδ (s) = +
1
a
+ O

(
| ®q |2

)
, (4.43)

where

cot δ (s) =
Re

{
Tππ→ππ(s)

}
Im

{
Tππ→ππ(s)

} . (4.44)

Here, δ (s) is the phase shift and ®q is the center-of-mass (CMS) three-momentum above threshold.

It can be deduced that | ®q | =
√

s − 4M2
π/2. To calculate the cotangent of the phase shift, we use the

proportionality between the ππ-scattering amplitude and the σ-dimer propagator. We find

Re
{
Tππ→ππ(s)

}
Im

{
Tππ→ππ(s)

} = Re
{
Dσ (s)

}
Im

{
Dσ (s)

} = −ασM2
σ

c
s

λ1/2
(
s, M2

π, M2
π

) , (4.45)

and we can simplify the triangle function to λ1/2
(
s, M2

π, M2
π

)
= 2
√

s | ®q |. Utilizing these identities, we
obtain

| ®q | cotδ (s) = −
ασM2

σ

c

√
s

2
= −

ασM2
σ

c

√
| ®q |2 + M2

π = −
ασM2

σMπ

c
+ O

(
| ®q |2

)
. (4.46)

3 Note that the sign in front of the 1/a term varies in the literature depending on the definition of the effective range
expansion.
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A comparison with Eq. (4.43) shows that the scattering length a is given by

a = −
c

ασM2
σMπ

⇔ aMπ = −
c

ασM2
σ

= −
h2

2

8πασM2
σ

. (4.47)

This is a very useful result, because it fixes the ratio h2
2/M

2
σ and the value for ασ . If the scattering

length is positive (attractive interaction) then we must set ασ = −1, since all other constants in
Eq. (4.47) are positive. Analogously, we set ασ = +1 for a < 0 (repulsive interaction). The
ππ-scattering length in the isospin I = 0 channel, where the σ resonance appears, is measured to
be aI=0Mπ = 0.2220 ± 0.0128(stat.) ± 0.0050(syst.) ± 0.0037(th.), see Ref. [178]. Therefore, we
conclude that ασ must be −1, leading to an attractive interaction that produces the σ resonance.
Instead of using the scattering length to fix the LECs of the particle-dimer Lagrangian, one can also fit
them directly to the phase shifts δ (s). It is convenient to use the tangent of δ(s) for this

tan δ (s) =
Im

{
Dσ (s)

}
Re

{
Dσ (s)

} = − c

ασM2
σ

λ1/2
(
s, M2

π, M2
π

)
s

= aMπ

√
1 −

4M2
π

s
. (4.48)

We can see that the function tan δ (s) is zero at the threshold (s = 4M2
π) and reaches aMπ for s→∞.

Therefore, we expect that the above function is only able to describe the phase shift in the low-energy
region. However, this does not come as a surprise, since the σ-dimer field is a constant at leading
order, constructed specifically to approximate the low-energy regime. Another method to calculate the
parameters of the σ-dimer is to use mass and decay width of the σ-resonance. Here, one assumes that
the σ-dimer has the same dynamic properties as the Roper dimer and fulfills an equation analogous to
Eq. (4.16). Then, one can approximate the width of the σ resonance Γσ as

Γσ ≈
1

Mσ

Im
{
Σσ(p)

}����
p=Mσ

=
h2

2

8πM3
σ

λ1/2
(
M2
σ, M2

π, M2
π

)
. (4.49)

Using phenomenological values for the mass and width of the σ-resonance, one can then fix the coup-
ling h2. This method is more speculative, because we introduced the dimer as a constant field and not as
a dynamical one. Nonetheless, we do not abandon this method yet, using it as an additional cross-check.

Our analysis of the σ-dimer can be repeated analogously for the ∆-dimer. First, we take the
dressed propagator in Eq. (4.32) and expand it like before to obtain

D∆(p) = −
α∆m2

∆p4
− ibp2λ1/2

(
p2,m2

N, M2
π

)
m4
∆p4
+ b2λ

(
p2,m2

N, M2
π

) , b =
g2

2
16π

, (4.50)
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where we again used that α2
∆ = 1. The two different masses inside the Källén function give the

propagator a more complex structure. After some algebra the denominator can be rewritten as

m4
∆p4
+ b2λ

(
p2,m2

N, M2
π

)
= m4

∆p4
+ b2

(
p4
− 2p2

(m2
N + M2

π) + (m
2
N − M2

π)
2
)

=
(
m4
∆ + b2

) (
p2
− µ2

∆ + iν
) (

p2
− µ2

∆ − iν
)
,

(4.51)

with

µ2
∆ =

b2
(m2

N + M2
π)

m4
∆ + b2 , and ν =

b

m4
∆ + b2

√
m4
∆

(
m2

N − M2
π

)2
− 4b2m2

N M2
π . (4.52)

In the case of two equal masses in the Källén function, the result from the σ-dimer can be restored.
All together, we have

D∆(p) = −
α∆m2

∆

m4
∆ + b2

p4(
p2
− µ2

∆

)2
+ ν2

+
ib

m4
∆ + b2

p2λ1/2
(
p2,m2

N, M2
π

)
(
p2
− µ2

∆

)2
+ ν2

. (4.53)

One observes that the propagator does not have poles on the real axis, in contrast to the σ case. An
imaginary part emerges above the pion-nucleon threshold, p2

= s > (mN + Mπ)
2, and the relation to

the πN-scattering length aπN reads

| ®q | cot δπN (s) = | ®q |
Re

{
TπN→πN (s)

}
Im

{
TπN→πN (s)

} = | ®q | Re {
D∆ (s)

}
Im

{
D∆ (s)

} = + 1
aπN

+ O
(
| ®q |2

)
. (4.54)

The pion-nucleon phase shift is denoted by δπN (s) and TπN→πN (s) ∝ D∆(s) is the pion-nucleon

scattering amplitude. With λ1/2
(
s,m2

N, M2
π

)
= 2
√

s | ®q | and
√

s =
√

m2
N + | ®q |

2
+

√
M2
π + | ®q |

2, we find

aπN Mπ = −
2bMπ

α∆m2
∆(mN + Mπ)

= −
g2

2 Mπ

8πα∆m2
∆(mN + Mπ)

. (4.55)

The experimental value of the scattering length in the isospin I = 3/2 channel from the Roy-Steiner
analysis is aI=3/2

Nπ Mπ = (−86.3± 1.8) × 10−3 [179], which fixes the value of α∆ to be +1. Analogously
to the σ-case, one can also use the decay width to deduce the coupling g2. We then have

Γ∆ ≈
1

m∆
Im

{
Σ∆(p)

}����
p=m∆

=
g2

2

16πm3
∆

λ1/2
(
m2
∆,m

2
N, M2

π

)
, (4.56)

where we again stress that the above method of determining the coupling might be more speculative
than using the scattering length. The insights from this section will help us to determine the dimer
contributions to the Roper resonance self-energy. The numerical calculation of the dimer LECs will
be discussed later in section 4.8.
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4.6 Roper self-energy with dynamical dimer fields

Let us now come back to the self-energy contributions of the Roper resonance. From the Nσ channel,
we obtain the loop-integral

ΣNσ (p) = f 2
4

∫
d4k

(2π)4i
SN (p − k)Dσ (k) . (4.57)

In section 4.4 we already discussed that a constant dimer propagator D0
σ leads to a vanishing integral.

Therefore, we now consider the dressed propagator Dσ (k) from Eq. (4.33) and obtain

ΣNσ (p) = − f 2
4

∫
d4k

(2π)4i

1
2ωN ( ®p − ®k)

[
ωN ( ®p − ®k) − (p0 − k0) − iε

] 1
ασM2

σ + Σσ(k)

= − f 2
4

∫
d4k

(2π)4i

1
2ωN ( ®p − ®k)

[
ωN ( ®p − ®k) − (p0 − k0) − iε

] {
ασM2

σ + 2h2
2

×

∫
d4l

(2π)4i

1
4ωπ(®k − ®l )ωπ(®l )

[
ωπ(
®k − ®l ) − (k0 − l0) − iε

] [
ωπ(
®l ) − l0 − iε

] }−1

,

(4.58)

where we have used the σ-dimer self-energy from Eq. (4.35). We can see that the l0 integration inside
the σ self-energy can be carried out right away according to our findings in section 4.4. We then
arrive at

ΣNσ (p) = −
f 2
4

ασM2
σ

∫
d4k

(2π)4i

1
2ωN ( ®p − ®k)

[
ωN ( ®p − ®k) − (p0 − k0) − iε

]
×

{
1 +

2h2
2

ασM2
σ

∫
d3l

(2π)3
1

4ωπ(®k − ®l )ωπ(®l )
[
ωπ(
®k − ®l ) + ωπ(®l ) − k0 − iε

] }−1

.

(4.59)

The next step is to integrate out the remaining time component k0, which is a bit more challenging. For
this, we use again Cauchy’s theorem, going first to the rest-frame of the Nσ-system, i.e. p = (E, ®0).
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We expand then the propagator of the σ-dimer into a geometric series

ΣNσ (E) = −
f 2
4

ασM2
σ

∫
d4k

(2π)4i

1
2ωN (

®k)
[
k0 − (E − ωN (

®k) + iε)
]

×

{
1 −

2h2
2

ασM2
σ

∫
d3l

(2π)3
1

4ωπ(®k − ®l )ωπ(®l )
[
k0 − (ωπ(

®k − ®l ) + ωπ(®l ) − iε)
] }−1

= −
f 2
4

ασM2
σ

∫
d4k

(2π)4i

1
2ωN (

®k)
[
k0 − (E − ωN (

®k) + iε)
]

×

{
1 +

2h2
2

ασM2
σ

∫
d3l

(2π)3
1

4ωπ(®k − ®l )ωπ(®l )
[
k0 − (ωπ(

®k − ®l ) + ωπ(®l ) − iε)
]

+

(
2h2

2

ασM2
σ

)2 [∫
d3l

(2π)3
1

4ωπ(®k − ®l )ωπ(®l )
[
k0 − (ωπ(

®k − ®l ) + ωπ(®l ) − iε)
] ]2

+

(
2h2

2

ασM2
σ

)3 [∫
d3l

(2π)3
1

4ωπ(®k − ®l )ωπ(®l )
[
k0 − (ωπ(

®k − ®l ) + ωπ(®l ) − iε)
] ]3

+ . . .

}
.

(4.60)

Note that we rewrote the denominators containing the k0 integration variable to better exhibit the pole
structure of the expression. The nucleon propagator has a pole in the upper complex plane (k0 ∈ C),
whereas all propagators appearing in the geometric series have their pole in the lower plane. We
choose the pole of the nucleon propagator and close the contour around the upper half of the complex
plane. The first appearing k0-integral is the already discussed tadpole diagram

I0 =

∫ +∞

−∞

dk0
2πi

1[
k0 − (E − ωN (

®k) + iε)
] , (4.61)

which we replace with its residue in the upper complex plane, i.e. I0 = 1, according to our arguments
from section 4.4. The next integrals can be summarized by the following expression

In =

∫ +∞

−∞

dk0
2πi

1[
k0 − (E − ωN (

®k) + iε)
]

×

[∫
d3l

(2π)3
1

4ωπ(®k − ®l )ωπ(®l )
[
k0 − (ωπ(

®k − ®l ) + ωπ(®l ) − iε)
] ]n , (4.62)

where n is a positive integer fulfilling n ≥ 1. For n = 1 we obtain a similar k0-integral as in JNπ
from Eq. (4.20), which can be evaluated analogously. Choosing the contour around the upper pole we
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obtain

I1 =

∫
d3l

(2π)3
1

4ωπ(®k − ®l )ωπ(®l )
[
E − ωN (

®k) − ωπ(®k − ®l ) − ωπ(®l ) + iε
] . (4.63)

If n > 1, the integral looks more complicated, however, there is still just one pole in the upper complex
plane resulting in a single residue. We can therefore deduce that

In =

[∫
d3l

(2π)3
1

4ωπ(®k − ®l )ωπ(®l )
[
E − ωN (

®k) − ωπ(®k − ®l ) − ωπ(®l ) + iε
] ]n . (4.64)

Using these results, the self-energy is given by

ΣNσ (E) = −
f 2
4

ασM2
σ

∫
d3k

(2π)3
1

2ωN (
®k)

×

{
1 +

2h2
2

ασM2
σ

∫
d3l

(2π)3
1

4ωπ(®k − ®l )ωπ(®l )
[
E − ωN (

®k) − ωπ(®k − ®l ) − ωπ(®l ) + iε
]

+

(
2h2

2

ασM2
σ

)2 [∫
d3l

(2π)3
1

4ωπ(®k − ®l )ωπ(®l )
[
E − ωN (

®k) − ωπ(®k − ®l ) − ωπ(®l ) + iε
] ]2

+ . . .

}
,

(4.65)

which is again a geometric series that can be summed up to

ΣNσ (E) = − f 2
4

∫
d3k

(2π)3
1

2ωN (
®k)

{
ασM2

σ

+ 2h2
2

∫
d3l

(2π)3
1

4ωπ(®k − ®l )ωπ(®l )
[
ωN (
®k) + ωπ(®k − ®l ) + ωπ(®l ) − E − iε

] }−1

.

(4.66)

This remaining expression for the Nσ self-energy now contains only the spatial integration over
an internal loop momentum ®l and an external momentum ®k, which is a useful starting point for a
numerical evaluation. The integral in the denominator of the latter equation produces poles, when the
rest-frame energy E equals the energy of a free nucleon and two pions

E = ωN (
®k) + ωπ(®k − ®l ) + ωπ(®l ) . (4.67)

In other words, we encounter exactly the three particle on-shell configuration Nππ that is crucial to
describe the dynamics of the Roper system. We can analyze the result in Eq. (4.66) a little further and
see what happens, when the σ-dimer becomes stable. In this case, we assume that h2 → 0, which
leads to a vanishing integral over the internal momentum ®l, so that the dimer propagator becomes

59



Chapter 4 Particle-dimer approach for the Roper resonance in a finite volume

constant, i.e.

ΣNσ (E) = −
f 2
4

ασM2
σ

∫
d3k

(2π)3
1

2ωN (
®k)
= −

f 2
4

2ασM2
σ

∫
d3k

(2π)3
1√

| ®k |2 + m2
N

, (4.68)

which is a regular integral and vanishes in dimensional regularization. This we have already observed
in section 4.4 and, hence, agrees with our expectation.
A similar calculation can also be performed for the ∆-dimer case. Its self-energy contribution to the
Roper with the dressed dimer propagator is given by

Σ∆π (p) = f 2
3

∫
d4k

(2π)4i
Sπ (p − k)D∆ (k)

= − f 2
3

∫
d4k

(2π)4i

1
2ωπ( ®p − ®k)

[
ωπ( ®p − ®k) − (p0 − k0) − iε

] 1
α∆m2

∆ + Σ∆(k)
,

(4.69)

and after integrating out the k0 component we arrive at

Σ∆π (E) = − f 2
3

∫
d3k

(2π)3
1

2ωπ(®k)

{
α∆m2

∆

+ g2
2

∫
d3l

(2π)3
1

4ωπ(®k − ®l )ωN (
®l )

[
ωπ(
®k) + ωπ(®k − ®l ) + ωN (

®l ) − E − iε
] }−1

.

(4.70)

This result looks similar to Eq. (4.66), only the LECs differ. Both dimer field self-energy contributions
to the Roper resonance mass will be investigated next. From here on, however, we will work in a finite
volume, which is explored in the next section.

4.7 Finite-volume formalism

In this section, we consider the Roper resonance in a finite volume (FV) and introduce the corresponding
formalism. Since lattice QCD calculations are performed on a space-time lattice of finite size, the
system under investigation is always confined in a finite volume, which limits its spacial (and time)
extent. The finite volume influences the particle system and leads to so-called finite-volume effects.
We now place the Roper resonance system in a cubic box of length L and calculate the finite-volume
energy eigenvalues (in the following referred to as ‘energy levels’). This allows us to compare the
energy levels from our effective approach with lattice QCD spectra of the Roper. Note that for
simplicity we keep the time direction continuous.
In a finite volume the loop integral of the spatial momenta is replaced by an infinite, three-dimensional
sum while the integration over the time component remains unchanged∫

d3k

(2π)3
(. . .) 7→

1
L3

∑
®k

(. . .) for ®k =
2π
L
®n , ®n ∈ Z3 . (4.71)
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These changes naturally influence the self-energy of the Roper resonance as well. In particular, the
poles of the FV Roper-propagator arise when

2ωR( ®p)
[
ωR( ®p) − p0

]
− Σ

L
R(p0, ®p) = 0 , (4.72)

where ΣLR(p0, ®p) denotes the self-energy of the Roper in the finite box. Choosing again the rest-frame,
p0 = E and ®p = 0, we can reformulate Eq. (4.72) so that we obtain an equation for the energy levels in
the finite volume. We find

2mR0
(
mR0 − E

)
= Σ

L
R(E) ⇔ mR0 − E =

1
2mR0

Σ
L
R(E) , (4.73)

which is the master equation for the finite-volume energy levels of the Roper resonance in this
framework. A remaining problem is the appearance of the bare mass mR0 in the equation. However,
for the numerical calculation of the energy levels we set the bare mass equal to the physical mass mR.
After this, one arrives at

mR − E −
1

2mR

Σ
L
R(E) = 0 , (4.74)

which is the equation we will work with. Note that this self-energy equation shares similarities with
the usual three-body quantization conditions [28, 42, 154], e.g. by accounting for three-particle
on-shell configurations, see Eq. (4.67).

Next, we have to determine the exact form of ΣLR(E). As we have seen in Eq. (4.17), the Roper
self-energy consists of three contributions, which is also true in the finite volume,

Σ
L
R(E) = Σ

L
Nπ(E) + Σ

L
Nσ(E) + Σ

L
∆π(E) . (4.75)

Let us start with ΣLNπ(E), which is given by

Σ
L
Nπ(E) = f 2

2 JL
Nπ(E) , (4.76)

where JL
Nπ is the finite-volume version of integral JNπ from Eq. (4.20). We have seen in the discussion

of Eq. (4.20), that the first step is integrating over the time component of the momentum. One then
arrives at Eq. (4.22) and the spatial integral is now replaced by a sum leading to

JL
Nπ (E) =

1
L3

∑
®k

1
4ωN (

®k)ωπ(®k)
[
ωN (
®k) + ωπ(®k) − E

] , (4.77)

in the rest-frame. We expand the integrand again according to Eq. (4.25) and get

JL
Nπ (E) =

1
L3

∑
®k

1
2E

1
| ®k |2 − q2

(E)
+ . . . , (4.78)

where the ellipses denote the remaining regular terms. These terms, as we have observed, vanish in
the infinite volume and lead to contributions proportional to exp(−MπL) in the finite volume. The
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Chapter 4 Particle-dimer approach for the Roper resonance in a finite volume

latter effects are sub-leading to the other effects discussed here and are neglected in what follows.
Thus, analogous to the infinite-volume case, also in the finite volume only the term containing the
pole survives. Using Eq. (4.71), we can write

JL
Nπ (E) =

1
8πE L

∑
®n

1
| ®n|2 − q̃2

(E)
=

1
4π3/2E L

Z00

(
1, q̃2
(E)

)
, (4.79)

where we rescaled the variable q(E) as q̃2
(E) = L2q2

(E)/(2π)2 and used the standard Lüscher
Zeta-function [26]. The finite-volume expression for the Nπ contribution is then given by

Σ
L
Nπ(E) =

f 2
2

4π3/2E L
Z00

(
1, q̃2
(E)

)
. (4.80)

Now, we turn to the self-energy contribution with the nucleon and σ-dimer field, ΣLNσ . For this, we
take the result from Eq. (4.66) and replace the integrals by sums

Σ
L
Nσ (E) = −

f 2
4

L3

∑
®k

1
2ωN (

®k)

{
ασM2

σ

+
2h2

2

L3

∑
®l

1
4ωπ(®k − ®l )ωπ(®l )

[
ωN (
®k) + ωπ(®k − ®l ) + ωπ(®l ) − E − iε

] }−1

.

(4.81)

Analogously, the finite-volume contribution with pion and ∆-dimer field has the form

Σ
L
∆π (E) = −

f 2
3

L3

∑
®k

1
2ωπ(®k)

{
α∆m2

∆

+
g2

2

L3

∑
®l

1
4ωπ(®k − ®l )ωN (

®l )
[
ωπ(
®k) + ωπ(®k − ®l ) + ωN (

®l ) − E − iε
] }−1

.

(4.82)

These two expressions can readily be worked out numerically, however, a cutoff is naturally required
to tame the otherwise infinite sums. In our calculations, the outer sum runs to L | ®k |/(2π) ≈ 3 to ensure
a similar energy coverage as in Ref. [86]. The inner momentum is carried out until L |®l |/(2π) ≈ 10,
so that |®l | > | ®k | is fulfilled. With these results we can now calculate the energy levels of the Roper
resonance numerically.

4.8 Numerical calculation

The energy spectrum of the Roper resonance system is determined by numerically finding solutions of

mR − E =
1

2mR

(
Σ
L
Nπ(E) + Σ

L
Nσ(E) + Σ

L
∆π(E)

)
, (4.83)
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with respect to E ∈ R. Here ΣLNπ , Σ
L
Nσ and ΣL∆π(E) are given in Eqs. (4.80), (4.81) and (4.82),

respectively. Note that during the derivation of Eq. (4.83), we have seen that certain contributions
decrease exponentially for large L, which we already neglected. We therefore have to choose L large
enough to justify these approximations. An avoided level crossing in the energy spectrum is expected
around the Roper resonance mass.
For the hadron masses we use the numerical values from Ref. [22] and the PDG [13]. Specifically, the
Roper resonance mass is mR = 1365MeV, the pion mass in the isospin-limit is set to Mπ = 139MeV
and the nucleonmass ismN = 939MeV. To fix the LECs { f2, f3, f4, g2, h2}, we need further observables.
The self-energy ΣNπ , for example, is proportional to the LEC f2, see Eq. (4.30). This constant is
connected to the decay of the Roper resonance into a nucleon and a pion. According to the PDG [13]
the width of the Roper is ΓR = 190MeV, where the decay into a nucleon and a pion contributes
to (approximately) 65%, i.e. ΓR→Nπ = 123.5MeV. The other 35% contribute to the decay with
two pions in the final state, ΓR→Nππ = 66.5MeV. However, this final state can be reached by the
different intermediate Nσ or ∆π states. The decay widths into these unstable intermediate states are
approximately ΓR→Nσ = 38MeV and ΓR→∆π = 28.5MeV [13]. We can use these decay widths to fit
some of the LECs, like f2. From Eq. (4.16), we know that the width is connected to the imaginary
part of the self-energy. We find

ΓR→Nπ ≈
1

mR

Im
{
ΣNπ(E)

}����
E=mR

=
1

mR

Im
{
ΣNπ(mR)

}
, (4.84)

where ΣNπ(mR) consists solely of known parameters, except f2. Using the PDG estimate for ΓR→Nπ ,
we find

ΓR→Nπ = 7.24 × 10−3 f 2
2 GeV−1

⇔ f2 = ±4.13GeV . (4.85)

The sign of f2 cannot be determined through this procedure, but this does not matter for our further
analysis. The matter becomes more complicated when looking at the self-energy contributions
including dimer fields. The self-energy ΣNσ , for example, contains three parameters h2, Mσ and f4
that have to be determined. We set Mσ to the physical mass of the f0(500), since this scale appears in
the σ-dimer propagator. The PDG [13] estimates for the f0(500) are Mσ = (400 − 550)MeV and
Γσ = (400 − 700)MeV. For simplicity we take the lower values, assuming Mσ = 400MeV, which
also fulfills (Mσ +mN ) < mR, and Γσ = 400MeV. For the self-energy contribution from the ∆-dimer,
Σ∆π , the unknown LECs are g2 and f3, and we also set m∆ to the physical delta mass. The mass
and width of the delta resonance have been more accurately determined, and we set them here to
m∆ = 1210MeV and Γ∆ = 100MeV.
Using these phenomenological values we determine the unknown constants as follows. We begin with
an estimate for the constants f3 and f4. Assuming that σ and ∆ are stable final states with the same
kinematic behaviour as the nucleons and pions, their self-energy contributions to the Roper resonance
mass are given by

Σ
stable
Nσ (E) =

i f 2
4

16πE2 λ
1/2

(
E2,m2

N, M2
σ

)
, and Σ

stable
∆π (E) =

i f 2
3

16πE2 λ
1/2

(
E2,m2

∆, M2
π

)
. (4.86)
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Taking ΣstableNσ , for example, we can approximate the decay width of Roper going to a Nσ final state by

ΓR→Nσ ≈
1

mR

Im
{
Σ
stable
Nσ (E)

}����
E=mR

=
f 2
4

16πm3
R

λ1/2
(
m2

R,m
2
N, M2

σ

)
. (4.87)

Using our values for the decay width and masses, one arrives at f4 = ±3.82GeV. An analogous
calculation with Σstable∆π leads to f3 = ±4.55GeV, meaning that within this approximation f3 and f4
are of the same magnitude. In the future, one might also consider lattice QCD data to determine the
numerical values for these constants, but, for now, we use the above estimations.
Next, we consider the LECs h2 and g2. As already stated in section 4.5, these constants can be related
to the two-particle scattering lengths. For h2, we found the relation given in Eq. (4.47). Using the
σ mass, ασ = −1 for an attractive interaction and the value aI=0Mπ = 0.222 for the ππ-scattering
length, we obtain

h2
2 = 8πM2

σ(a
I=0Mπ) ⇒ h2 = ±0.95GeV . (4.88)

Now, we take a look what happens if we use the decay width to fix h2. With Eq. (4.49) and the
PDG [13] data above, we find

h2
2 =

8πM3
σΓσ

λ1/2
(
M2
σ, M2

π, M2
π

) ⇒ h2 = ±2.36GeV , (4.89)

which is interestingly of the same order of magnitude albeit around two times larger than the prediction
from the scattering length. As of the coupling g2, we use the πN-scattering length, aI=3/2

πN Mπ = −0.086
with the delta resonance mass, α∆ = +1 and the help of Eq. (4.55). This yields

g2
2 = −8πα∆m2

∆(m
2
N + M2

π)a
I=3/2
Nπ ⇒ g2 = ±4.96GeV , (4.90)

whereas using Eq. (4.56) and the above value for Γ∆ leads to

g2
2 =

16πm3
∆Γ∆

λ1/2
(
m2
∆,m

2
N, M2

π

) ⇒ g2 = ±4.22GeV . (4.91)

We see that in the ∆ case both ways to fix the LEC g2 lead to approximately the same value. This
might be related to the fact that the delta resonance has a Breit-Wigner shape to very good accuracy. It
is good to see that the particle-dimer approach is consistent with this by giving g2 almost equally from
the scattering length and the decay width.

Before turning to the prediction of the Roper finite-volume spectrum, we try to test the quality
of the dimer LECs determination presented above. For this we turn to the σ-dimer, and concentrate
solely on the two-particle ππ final state. In the finite volume, the σ-dimer propagator is given by

Dσ (E) = −
1

ασM2
σ + Σ

L
σ(E)

, with Σ
L
σ(E) =

2h2
2

L3

∑
®k

1
4ωπ(®k)ωπ(®k)

[
2ωπ(®k) − E

] , (4.92)
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Figure 4.2: Predicted energy levels (zeroes of fσ(E)) of the ππ-system within the σ-dimer approach using Set
1 (4.94) (left panel) and 2 (4.95) (right panel). The blue curves show the function fσ(E) with h2 determined
from the two scattering lengths aI=0Mπ in each data set and the orange curve shows fσ(E) with h2 determined
from the decay width Γσ (only for Set 1). Black circles display the lattice results with errors from Ref. [106]
and the grey vertical lines the non-interacting ππ energy eigenvalues.

where we again restricted ourselves to the rest-frame (p0 = E , ®p = 0). The poles of the propagator in
Eq. (4.92) correspond to the interacting finite-volume energy levels of the ππ system, i.e.

fσ(E) := 1 +
1

ασM2
σ

Σ
L
σ(E)

!
= 0 . (4.93)

Using this formula we can compare the energy levels from the particle-dimer picture with lattice
QCD results. Before going to this we wish to remark that the latter condition is related to the well
established Lüscher’s method [25, 26]. This can be seen by using a similar decomposition as shown
in Eq. (4.25) of the integrand in (4.92). In this pilot study of the proposed formalism, we stay with
the condition (4.93) leaving a more quantitative discussion to future studies. Lattice studies on the
σ resonance have already been performed, see e.g. Refs. [172, 180–183]. Here we consider results
of the combined I = 0, 1, 2 finite-volume analysis [106] of GWQCD lattice results [172, 184, 185]
obtained at two values of pion mass. For both cases the ππ scattering length aI=0, the σ mass Mσ and
the width Γσ have been determined

Set 1 : Mπ = 0.224GeV , MπL = 3.3 ,

Mσ = 0.502GeV , Γσ = 0.350GeV , aI=0Mπ = 0.699 , (4.94)
Set 2 : Mπ = 0.315GeV , MπL = 4.6 ,

Mσ = 0.591GeV , Γσ = 0.218GeV , aI=0Mπ = 1.901 . (4.95)

We now take each data set and calculate the LEC h2 from the scattering length aI=0Mπ and width Γσ .
For Set 1, we obtain h2 = 2.10GeV using the scattering length and Eq. (4.47), and h2 = 3.13GeV
using the width and Eq. (4.49). For Set 2, the scattering length leads to h2 = 4.08GeV, while Eq. (4.49)
cannot be used. This is because of the large pion mass Mπ = 0.315GeV preventing the decay of the σ
meson into two pions. In principal, one could test the above procedure even further by using more
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lattice QCD data on the σ meson for various pion masses from different working groups. However,
this would go beyond the scope of this work and especially well beyond this qualitative check-up of
the numerical estimation of the dimer LECs. A comparison of those data within our framework could
be dedicated to future works. The predicted two-body finite-volume spectrum for both data sets is
depicted in Fig. 4.2. Therein, the left panel of Fig. 4.2 shows the function fσ(E) for data set 1 with h2
fixed by the scattering length (blue pionts) and by the decay width (orange pionts). The zeros of this
function show the energy levels for this two-pion system. The black circles are the lattice QCD results
from Ref. [106]. We observe that the levels from the blue curve lie very close to the lattice results. The
orange curve, on the other hand, still reproduces the first excited level above the two-pion threshold at
≈ 1σ, but the ground-state level is at odds with the lattice result. The zero for the ground state lies
very close to E/Mπ ≈ 0. Since the driving term includes only momentum-independent structures
we do not expect any predictive power from this formalism so far below threshold. Therefore, the
constant h2 fixed by the scattering length leads to a better reproduction of the lattice results. The
right panel of Fig. 4.2 shows fσ(E) obtained with data set 2. Here, as stated before, we only have
the result from the scattering length estimation. The lattice results are again depicted by the black
circles. Overall, there is less agreement between the predicted levels and those from the lattice. The
ground-state level lies again well below E/Mπ = 1 and merely, the excited levels are somewhat
close to the lattice QCD results. We emphasize again that the data from set 2 are determined by
a pion mass much larger than set 1 and that the σ-meson mass is smaller than two pion masses,
which forbids the decay of σ into two pions. This is a condition that we did not take into account in
our theoretical framework and it might explain the large deviations between the dimer and lattice results.

There are two take-away messages from this analysis of the σ-dimer propagator and the corres-
ponding ππ finite-volume spectrum: First, we have seen that the particle-dimer approach works
better for smaller pion masses. This does not come as a surprise, since the dimer propagator is by
construction a constant at leading order. Second, we have seen that for lower pion mass the ππ
scattering length ensures a better description of the lattice QCD spectrum than the decay width of the
σ meson. Hence, we will use the scattering length to fix the dimer LECs h2 and g2 for our calculation
of the Roper resonance energy levels. Finally, we note that no fit to the lattice data and, also, no similar
study for the two-particle Nπ scattering in the ∆ channel (some lattice studies of ∆-resonance can be
found in Refs. [186–191]) are performed in this pioneering study.

4.9 Results

Now that numerical values of constants are determined, we proceed with the determination of energy
levels of the Roper system for the three different channels Nπ, Nσ and ∆π. After this, we also
take a look at the coupled channel Nπ/Nσ and compare our obtained energy values with lattice
QCD calculations. We note again that ∆ and σ fields are allowed to decay to Nπ and ππ channels,
respectively. Thus, these states can simply be seen as auxiliary degrees of freedom accounting for
different configurations of the Nππ system.
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Figure 4.3: Energy levels for different box sizes L considering only pion and nucleon as intermediate states.
The red solid lines display the numerical results for the interacting energy levels and the blue dashed lines the
free (non-interacting) energy levels of the pion and nucleon for | ®n1,2 |

2
= 1, 2, 3, 4 (lowest to highest curve). The

thick solid black line marks the mass of the Roper resonance.

4.9.1 Nπ channel

First of all, we perform a numerical calculation including only the ΣNπ contribution. That means only
pion and nucleon intermediate states are considered and we neglect the self-energy with the σ-dimer
and ∆-dimer, i.e. we set f3 = f4 = 0 for now. The obtained levels can be compared with the results
from Ref. [86], which serves as a test for the theoretical framework. The results are displayed in
Fig. 4.3, where the energy is given in units of the nucleon mass mN and the box length L is multiplied
by the pion mass Mπ to obtain a dimensionless quantity for the box size. The red solid lines denote
the numerical results of E for the respective energy levels while the blue dashed lines denote the free
energy levels of the pion-nucleon final states (also in units of mN ), i.e.

E free
πN

(
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)
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√
m2

N +

(
2π
L

)2
| ®n1 |

2
+

√
M2
π +

(
2π
L

)2
| ®n2 |

2 . (4.96)

Here, ®n1 and ®n2 are the discretized momenta of the nucleon and pion with ®n1 + ®n2 = 0. We restrict
ourselves to the first four levels for simplicity. The thick solid black line corresponds to the real
part of the Roper resonance mass, i.e. mR/mN ≈ 1.45, which is from here on called the “critical
value”. We can see clear signs of avoided level crossing at small box sizes around the critical value,
i.e. the energy levels switch from one free energy level to another, most notably between the free
levels | ®n1,2 | = 3 and | ®n1,2 | = 4 in Fig. 4.3. Overall, Fig. 4.3 is in very good agreement with the result
obtained in Ref. [86] (for more comparisons, see Ref. [43]). This is a noteworthy result considering
that the present formalism is much simpler. In Ref. [86] the full Lagrangian from baryon chiral
perturbation theory has been used including Lorentz-, spin- and isospin-structure. Slight deviations in
the numerical results can be observed mostly for small values of MπL which is expected. However,
the general similarity between the numerical results is striking, making us optimistic to proceed with
this approach.
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Figure 4.4: Roper energy levels for different box sizes L considering only nucleon and σ-dimer as intermediate
states. Red solid lines display the numerical results for the interacting energy levels and grey dashed lines the
free (non-interacting) lowest-lying three-particle Nππ energy levels. The thick solid black line marks the mass
of the Roper resonance.

4.9.2 Nσ channel

Next, we include the dimer fields starting with the σ-dimer, which we studied in detail throughout this
work. We set f2 and f3 to zero, leaving us with the self-energy ΣNσ only. The numerical results for
the Nσ contribution are displayed in Fig. 4.4. In this system, the free, non-interacting three-particle
Nππ energies are determined as
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There are, naturally, more free energy levels in this three-particle system, but some of them overlap
with each other. Also, it should be noted that not all possible combinations of the free Nππ system
have the quantum numbers of the Roper resonance L2J2I = P11. Since we did not include isospin,
spin and angular momentum structures in our fundamental Lagrangian, we simply show all interacting
energy levels that appear in our calculation. In Fig. 4.4 the lowest lying free Nππ levels N(0)π(0)π(0)
(the Nππ threshold), N(1)π(1)π(0), N(0)π(1)π(1), and N(2)π(2)π(0) are shown. We observe that all
our obtained energy levels lie very close to the non-interacting three-particle levels and converge to
them for large box sizes, similar to the two-particle case from Fig. 4.3. The energy shift is negative
caused by setting ασ = −1 for the σ-dimer field. We tested what happens in the case that ασ = +1
and, indeed, the interacting levels then approach the free levels from above. There are no clear signs
of avoided level crossing near the critical value. Solely the behaviour of the energy level between
the free levels N(0)π(1)π(1) and N(2)π(2)π(0) may be affected by avoided level crossing, being first
closer to N(0)π(1)π(1), but then approaching N(2)π(2)π(0) for MπL > 5. A possible explanation
why no other signs of avoided level crossing are visible might be the fact that the interacting energy
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Figure 4.5: Energy levels for different box sizes L considering only pion and ∆-dimer as intermediate states.
Red solid lines display the numerical results for the interacting energy levels and grey dashed lines the free
(non-interacting) lowest-lying three-particle Nππ energy levels. The thick solid black line marks the mass of
the Roper resonance. The small pictures on the right-hand side show more precisely the behaviour of the close
lying energy levels.

levels lie too close to the free levels, which can mitigate the typical signature of avoided level crossing.
We tested that an increase of the constants h2 and f4 within reasonable limits does not change this
picture significantly. In future studies, one should reconsider the numerical estimates of all involved
LECs, perhaps with the help of newly acquired lattice data.

4.9.3 ∆π channel

Now, we take a look at the second dimer-field, the ∆-dimer. Analogously to the cases before, we
set the LECs f2 and f4 to zero, leaving us with the self-energy contribution Σ∆π only. The results
are shown in Fig. 4.5. Like in the σ-dimer spectrum, the obtained energy levels lie very close to
the non-interacting levels and asymptotically approach them for larger box sizes. This time the free
levels are approached from above due to α∆ = +1 and the distance between the interacting and
non-interacting levels is overall much smaller than in the Nσ case. Also, in Fig. 4.5 there are no
visible signs of avoided level crossing. Instead, another interesting effect appears in this spectrum:
Above the free levels N(1)π(1)π(0) and N(2)π(2)π(0) there are two interacting energy levels visible,
which lie very close, but do not cross each other when increasing MπL, see the zoom-in in Fig. 4.5.
Indeed, these energy levels belong to the same free energy eigenvalue, i.e. the lower energy double
line belongs to N(1)π(1)π(0) and the upper one to N(2)π(2)π(0). We tested this by reducing the
coupling g2, which causes both double lines to move closer to their respective free energy levels and
also decreases the splitting between the levels. The splitting of these interacting energy levels comes
from the fact that in the ∆π system either a spectator pion or a pion within the ∆-dimer propagator
(∆→ πN → ∆) can carry momentum away. Since both possibilities come with a different LEC, f3
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Figure 4.6: Energy levels for different box sizes L considering the coupled channel with Nπ and Nσ self-energy
contributions. Red lines display the numerical results for the interacting energy levels. Blue dashed and grey
dashed lines show the non-interacting Nπ and Nππ energy levels, respectively. The thick solid black line marks
the mass of the Roper resonance. The small pictures on the right-hand side show the three critical points where
the interacting energy levels come very close to each other.

or g2, respectively, there is a small splitting between the levels. This also explains why we did not
see such a splitting of the interacting levels in the Nσ spectrum. There, the nucleon is the spectator
particle and the two pions interact with each other in the σ-dimer propagator, so that it does not matter
which pion carries away the momentum. The question whether this splitting should be observed in
a full coupled-channel (πN/∆π/σN) calculation brings us to an interesting point. In particular, a
coupled ∆π/σN system allows for the appearance of a (pion) exchange diagram. These exchange
diagrams enable transitions between ∆- and σ-dimer fields, which are important to fulfill unitarity.
Such contributions, however, cannot be included at leading one-loop order in the self-energy, but enter
at two-loop order. This issue is left out for a future work.

4.9.4 Nπ/Nσ coupled-channel

For our final analysis we take a look at a coupled Nπ/Nσ system. This means that we include both
self-energy contributions at once in Eq. (4.83), neglecting only the π∆ ( f3 = 0) part for the reasons
discussed before. The results of the coupled-channel energy levels are depicted in Fig. 4.6. We
restricted ourselves to MπL ≤ 5, since many energy levels appear in this case, many of which lie too
close to the non-interacting ones. Furthermore, we note that the free levels can naturally cross as a
function of MπL, see the grey lines in Fig. 4.6. However, a crossing of interacting levels would be
in conflict with the hermiticity of the perturbation theory Hamiltonian [192]. Indeed, this does not
occur as shown in the close-ups on the right-hand side of Fig. 4.6. Furthermore, we observe that the
avoided level crossing signature of the two-particle Nπ spectrum seen in Fig. 4.3 is now washed out
in the coupled channel case, i.e. the interacting levels now lie much closer to the free energy levels
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Figure 4.7: Comparison of the Roper resonance energy levels with lattice results using the Nπ and Nσ
self-energy contributions. Red circles display the numerical results for the interacting energy levels and black
circles the lattice results with errors from Ref. [15]. Blue dashed and grey dashed lines show the non-interacting
Nπ and Nππ energy levels, respectively.

for small MπL. This is probably caused by the large contribution from the double sum in the Nσ
self-energy contribution, which gives the whole self-energy function an offset, that pushes the zeros of
the function (interacting energy levels) closer to its poles (non-interacting energy levels).

4.9.5 Comparison to lattice QCD results

Lastly, we can test how our results compare to previously obtained lattice QCD results from Ref. [15].
Therein, the energy eigenvalues in the G+1 irreducible representation have been obtained in a box of
length MπL = 2.3 with a pion mass close to the physical point, i.e. Mπ = 156MeV, and a nucleon mass
of mN ≈ 980MeV, also slightly larger than the physical value. To ensure a better comparison with the
lattice results, we use these values for Mπ and mN . The other masses and LECs in our calculation are
not changed, i.e. we use the same estimates as described before in section 4.8. The comparison of our
Nπ/Nσ coupled channel and the lattice results is shown in Fig. 4.7. We observe that the lattice QCD
study found an energy level located at the nucleon mass, since the nucleon has the same quantum num-
bers as the Roper resonance. In our calculation, this nucleon energy level does not exist, because there
is no self-energy contribution that produces a nucleon pole. Instead, our ground-state level is located
at the Nπ threshold which, however, does not have the correct quantum numbers. The Nπ threshold
has negative parity meaning that it cannot show up in the Roper channel. Still, since no projection to
definite parity is done here, this state appears as the lowest level in the Nπ self-energy contribution
from Eq. (4.80). Note that in the baryon chiral perturbation theory framework of Ref. [86] the Nπ
threshold does not appear since the chiral effective Lagrangian with all the proper symmetries forbids
this state. Hence, the appearance of this threshold can be seen as an artifact of our non-relativistic EFT
approximation. Once our formalism here is extended to include more symmetries and structures from
chiral effective Lagrangians, we expect that the Nπ threshold does not enter the spectrum anymore. The
next higher energy level is the Nππ threshold. Our prediction for the corresponding interacting energy
level lies slightly below the threshold, whereas the lattice prediction lies just above it. The error of the
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Figure 4.8: Comparison of the Roper resonance energy levels with lattice results using the Nπ and ∆π self-energy
contributions. Red circles display the numerical results for the interacting energy levels and black circles the
lattice results with errors from Ref. [15]. Blue dashed and grey dashed lines show the non-interacting Nπ and
Nππ energy levels, respectively.

lattice result, however, is large enough to also allow a level below the threshold. The next observed
level corresponds to the first momentum including free level, i.e. N(1)π(1). Here, our prediction lies
barely above the free level, but agrees with the lattice results within the 1σ uncertainty quoted there [15].

For completeness, we also consider the Nπ/∆π coupled-channel for the comparison with the
lattice results. Setting f4 = 0 and turning on the ∆-dimer contribution, the finite-volume spectrum is
obtained and depicted in Fig. 4.8. The spectra look almost identical to Fig. 4.7. We again include
the Nπ threshold in the figure according to our explanation from before. The only difference is that
the prediction related to the Nππ threshold lies now slightly above the free level, which actually
creates a better overlap with the lattice result but also makes our prediction more consistent with
a non-interacting theory. However, more work is needed here to find a suitable way to include
both ∆-dimer and σ-dimer fields in one coupled channel. Also, for both plots, Figs. 4.7 and 4.8,
we emphasize that the box length is relatively small with MπL = 2.3 meaning that exponentially
suppressed contributions can still give sizeable corrections at this point. Some of these contributions
have been neglected in our finite-volume approach, which can lead to further systematic uncertainties.
Nevertheless, we see that even without fitting to the lattice energy eigenvalues and assuming that
the other parameters (masses and LECs) do not change by increasing the pion and nucleon mass,
our predictions agree well with the lowest-lying states of the lattice spectrum. More specifically, we
observe that our highest energy-eigenvalue (∼ 1.6 GeV) is barely shifted from the corresponding
free-energy irrespectively to the inclusion of Nσ or ∆π fields. The next lower energy-eigenvalue is
shifted down/up from the Nππ free-energy, respectively to the {Nπ, Nσ} or {Nπ,∆π} cases. Neither
of these cases can be preferred statistically from the currently available lattice QCD results. Still, the
fact that the energy shift from the free energy has different signs when including Nσ or ∆π cases
tells one that when higher precision lattice results are available we indeed have the chance to resolve
interaction patterns of the Roper.
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4.10 Summary and conclusions

In this paper, we have analyzed the finite-volume spectrum of the Roper resonance using a particle-
dimer approach. We introduced a non-relativistic covariant Lagrangian with nucleons, pions and three
dimer fields as degrees of freedom. These dimer fields are the Roper resonance itself, the σ-meson and
the ∆-resonance. We then calculated the Roper self-energy within our framework to one-loop order.
Furthermore, we analyzed the σ- and ∆-dimer fields and dressed their corresponding propagators to
explicitly include three-particle dynamics. From then on, we restricted ourselves to a finite volume.
We showed how the self-energy of the Roper resonance can be calculated in a finite volume and how
to extract the interacting energy levels of the Roper system. Afterwards, we discussed methods to
determine the appearing LECs that contribute to the self-energy corrections. Then, we calculated the
finite-volume spectra of the Roper resonance for various cases. Our main findings are the following:

• In the Nπ channel, avoided level crossing can clearly be observed around the Roper resonance
mass. For large box sizes, the energy levels approach the free Nπ energies. The spectrum
agrees very well with our previous result in Ref. [86], using baryon chiral perturbation theory.

• Including the Nσ channel, with the σ dressed by the pertinent ππ loops, we were able to
implement three-body (Nππ) dynamics. While we checked that the two-body sub-system can
reproduce the finite-volume spectrum for not too large pion masses, no clear signs of avoided
level crossing could be observed in the three-body (Nππ) spectrum. We observed similar
behaviour for the ∆π channel.

• Uniting the Nπ and Nσ contributions in a coupled-channel system, we observed that the
interacting energy levels lie very close to their respective free Nπ or Nππ levels. Strikingly,
the obtained spectrum in our formalism showed an overall good agreement to the lattice QCD
results [15] even without a fit to their energy eigenvalues.

In conclusion, we think that albeit very simple, the proposed alternative finite-volume formalism defines
a new, systematically improvable pathway of extracting resonance proper-ties from finite-volume
spectra. Moreover, already now the formalism shows that effects due to Nσ and ∆π channels can be
decomposed once more precise lattice results are available. With that, the formalism provides already at
this stage a valuable guidance on the required precision of the lattice QCD input. Systematical updates
to the formalism include spin and isospin projections as well as inter-couplings between different
particle-dimer channels via pion exchange diagrams, so that a full Nπ/Nσ/∆π coupled-channel
system can be achieved. Work in this direction is planed.
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CHAPTER 5

Electric dipole moments of baryons with bottom
quarks

5.1 Prologue

The content of this chapter including appendix C is based on the publication

• Y. Ünal, D. Severt, J. de Vries, C. Hanhart and U.-G. Meißner,
“Electric dipole moments of baryons with bottom quarks”,
Phys. Rev. D 105, no.5, 055026 (2022) [arXiv:2111.13000 [hep-ph]].

In this chapter, we move away from the Roper resonance and consider the second topic of this thesis:
The electric dipole moments of heavy bottom baryons.
Triggered by experimental prospects to measure electromagnetic dipole moments of baryons containing
a bottom quark, we calculate the CP-odd electric dipole moments (EDMs) of spin-1/2 single-bottom
baryons in this chapter. We consider CP-violating dimension-six operators in the Standard Model
effective field theory that involve bottom quarks, and apply heavy-baryon chiral perturbation theory to
compute the EDMs of several baryons. We discuss the expected size of the EDMs for beyond-the-
Standard Model physics appearing at the TeV scale (Ref. [193]).
The project started with an e-mail by J. de Vries to Y. Ünal and U.-G. Meißner, who had just finished a
work on strong CP violation in spin-1/2 single-charm baryons [194]. In that, the QCD θ-term and
its CP-violating consequences on c-baryons was considered. J. de Vries had the idea to consider
dimension-six operators from Standard Model effective field theory (SMEFT) as the source of CP
violation. He asked if one could construct a chiral effective Lagrangian for heavy b-baryons that
includes the dimension-six SMEFT operators and calculate the induced electric dipole moment (EDM)
of the Λb-baryon from it. Y. Ünal and U.-G. Meißner decided to take up this idea and started working
on this project. After a few weeks, Y. Ünal asked the author of this thesis, who was her office colleague
at the time, if he wants to join the project as well. The author agreed and the two began to look for the
relevant SMEFT operators that needed to be considered to calculate the baryon EDMs.
The SMEFT operators in flavor SU(2) were already discussed in [195]. However, when including the
heavy b quark, also an extension to flavor SU(3) should be considered. Together with Y. Ünal and
J. de Vries the author helped to find the relevant dimension-six operators, which then should be used
to construct a chiral effective Lagrangian for the bottom baryons. To create the chiral Lagrangian
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that includes bottom baryons and octet mesons as degrees of freedom from a given Lagrangian at
quark/gluon level is not a straightforward task. At this point C. Hanhart was invited to join the
collaboration for helping to formulate the effective theory. Together with his collaborators the author
of this thesis constructed the Lagrangian for the four different SMEFT operators. For this, the
chiral transformation behaviour of the dimension-six terms had to be determined. Depending on
the transformation properties, different chiral building blocks containing bottom baryons and meson
fields were introduced and combined together in a way that all necessary symmetries are fulfilled
(see e.g. [196]). This procedure was one of the major tasks of the project. After obtaining the
newly constructed Lagrangian, the author of this thesis expressed the Lagrangian in the so-called
heavy-baryon formulation (see e.g. [78, 79]), which simplified many of the appearing structures. Then,
the EDMs of the bottom baryons were calculated. Since the Lagrangian includes all bottom baryons,
i.e. the anti-symmetric triplet and the symmetric sextet, the idea came up to calculate the EDMs of
all baryons and not just the Λb. Y. Ünal calculated the EDMs and the author of this thesis checked
the results. J. de Vries analyzed the results further by looking at patterns inside the equations, which
could be used to estimate relative sizes between the different EDMs. The main problem is that the
equations for the baryon EDMs include a significant amount of low-energy constants (LECs), which
are unkown. One way to estimate the order of magnitude of these LECs is naive dimensional analysis
(NDA) [197, 198]. Together with Y. Ünal and J. de Vries, the author used the rules of NDA to connect
the unknown LECs with physical constants and energy scales. Additionally, the author performed
a Monte Carlo (MC) sampling to estimate the absolute sizes of the baryon EDMs numerically. All
members of the collaboration hope that these findings can help to motivate future experiments aiming
to measure the EDMs of heavy baryons.

5.2 Introduction

Experiments aiming to detect permanent electric dipole moments (EDMs) set strong bounds on
flavor-diagonal mechanisms that simultaneously violate time-reversal (T) and parity (P) (and thus CP
symmetry if we take CPT to be a good symmetry of nature). For instance, the strongest constraints
on the QCD θ̄-term arise from measurements of the EDMs of the neutron and the 199Hg atom
[46, 199]. In addition, EDM experiments strongly constrain possible sources of CP violation from
beyond-the-Standard-Model (BSM) physics. While EDMs have been calculated in a plethora of
different BSM models, BSM CP violation can be described more systematically in the framework of
the Standard Model Effective Field Theory (SMEFT) [45] under the reasonable assumption that the
scale of BSM physics, Λ, lies well beyond the electroweak scale, v ' 250GeV.
A lot of effort has gone into more and more accurate calculations of EDMs of systems containing
first-generation valence quarks such as nucleons, nuclei, atoms, and molecules [195, 200–203]. The
associated experiments are mainly sensitive to CP-odd SMEFT operators containing light quarks (and
leptons, but we will not pursue leptonic CP violation in this work). For instance, the non-observation
of a neutron EDM sets stringent limits on the electric and chromo-electric dipole moments of up and
down quarks and various four-quark interactions [204]. The experimental limits are so stringent, that
the same experiments also indirectly constrain CP violation in interactions involving heavier quarks.
For instance, a chromo-electric dipole moment of a bottom or top quark, induced at the scale Λ in
some BSM theory, will in turn induce chromo-electric dipole moments of light quarks and gluons due
to renormalization-group evolution to lower energies and threshold effects when the heavier quarks
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are integrated out. Systematic studies of the resulting indirect limits have appeared in several places in
the literature see e.g. [205–208].
Although those indirect limits are already valuable, more direct information onCP-violating interactions
involving heavy quarks would be welcome. First of all, additional observables would help in setting
global constraints leaving less room for possible cancellations among various sources. Second,
as soon as a non-zero EDM will be found, hopefully in the near future, additional information
is needed to pin down the underlying source of CP violation. Third, while operators with heavy
quarks contribute to first-generation EDMs, the contributions are loop suppressed and sometimes
involve small dimensionless numbers such as Cabibbo-Kobayashi-Maskawa (CKM) matrix elements
or light-quark Yukawa couplings. Finally, and arguably most importantly, plans are being discussed
to measure EDMs of baryons with a heavy valence quarks directly. For instance, Refs. [47–49]
discuss the prospects of measuring EDMs of charm and bottom baryons. Further discussions on
the mechanism of CP violation resulting from the QCD θ-term in the charm baryon sector can be
found in [194]. In this work, we calculate the EDMs of spin-1/2 bottom baryons in the framework of
the SMEFT. In this way, we can determine what is the sensitivity of potential future measurements
on the scale of BSM physics, and whether different baryons have a different sensitivity to various
CP-violating SMEFT operators.
This paper is organized as follows. In Sect. 5.3 we discuss dimension-six SMEFT CP-violating
operators involving bottom quarks. In Sect. 5.4 we discuss how to match these operators to the
hadronic level using chiral perturbation theory focusing on the operators most relevant for our EDM
calculations. In Sect. 5.5 we perform the calculation of the EDMs of bottom-quark baryons at leading
order for each source of CP violation. We discuss the expected sizes of EDMs in Sect. 5.7 and
conclude in Sect. 5.8. Several appendices are devoted to technical issues.

5.3 CP-violating operators involving bottom quarks

We start with listing CP-violating operators involving b quarks at the quark level. We focus on
operators with at least one b̄Γb bilinear, where Γ is a general Lorentz-structure, while the remaining
fields are light quarks or gauge or scalar bosons. Operators with more b quark fields lead to suppressed
EDMs of systems containing a single b valence quark in the same way as b quark effects are suppressed
in light states. We do not consider operators with just light quarks even though they would contribute
to b-quark containing baryons. The reason being that the limits on these CP-odd operators from
traditional EDM experiments, such as those for the neutron EDM, are very stringent.
At low energies, right above the b-quark threshold, the effective P- and T-violating dimension-six
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operators of relevance here reads [45, 196, 201]

L
(6)
b,qEDM = db b̄ σµνγ5b Fµν ,

L
(6)
b,qCEDM = d̃b b̄ σµνγ5λ

ab Ga
µν ,

L
(6)
b,4q = iµub1 (ūub̄γ5b + ūγ5ub̄b − b̄γ5uūb − b̄uūγ5b) + iµdb1 (d̄db̄γ5b + d̄γ5db̄b

− b̄γ5dd̄b − b̄dd̄γ5b) + iµsb1 (s̄sb̄γ5b + s̄γ5sb̄b − b̄γ5ss̄b − b̄ss̄γ5b)

+ iµub8 (ūλ
aub̄γ5λ

ab + ūγ5λ
aub̄λab − b̄γ5λ

auūλab − b̄λauūγ5λ
ab)

+ iµdb8 (d̄λ
adb̄γ5λ

ab + d̄γ5λ
adb̄λab − b̄γ5λ

add̄λab − b̄λadd̄γ5λ
ab)

+ iµsb8 (s̄λ
asb̄γ5λ

ab + s̄γ5λ
asb̄λab − b̄γ5λ

ass̄λab − b̄λass̄γ5λ
ab) ,

L
(6)
b,4qLR = iνub1 Vub(b̄LγµuL ūRγ

µbR) − iνub1 V∗ub(b̄RγµuRūLγ
µbL)

+ iνub8 Vub(b̄Lγµλ
auL ūRγ

µλabR) − iνub8 V∗ub(b̄Rγµλ
auRūLγ

µλabL) ,

(5.1)

where Vub is an element of the CKM matrix, Fµν and Ga
µν are the electromagnetic and the gluon

field-strength tensors, respectively.

The bottom-quark EDM (qEDM) and bottom-quark chromo-EDM (qCEDM) operators arise from the
following dimension-six operators in the SMEFT Lagrangian

L4q = CbB
(Q̄3σ

µνbRb
)HBµν + CbW

(Q̄3σ
µντabRb

)HWa
µν + CbG

(Q̄3σ
µνλabRb

)HGa
µν

+ h.c. , (5.2)

where Q3 denotes a left-doublet of third-generation quarks, H is the Higgs doublet, and Bµν and Wa
µν

denote, respectively, the U(1)Y and SU(2)L field strengths. To preserve gauge invariance, the SMEFT
dipole operators involve a Higgs field in the SMEFT Lagrangian. Eq. (5.1) is subsequent to electroweak
symmetry breaking where we have replaced the Higgs field by its vacuum expectation value. The
bottom qEDM arises from a linear combination of U(1)Y and SU(2)L dimension-six dipole operators
(there is in principle an associated dipole operator coupled to Z and W± bosons that play no role in
our analysis). In most models of BSM physics, the dipoles scale with the bottom quark Yukawa and
we expect db, d̃b ∼ mb/Λ

2. These dipole operators are generated in various classes of BSM physics
ranging from supersymmetric scenarios [209], to two-Higgs doublet models [210], to leptoquarks [211].

The four-quark (4q) operators in L(6)
b,4q are induced from gauge invariant operators of the form

L4q = Cabcd
4q (Q̄I

auRb
)εIJ (Q̄

J
cdRd

) + h.c. + . . . , (5.3)

where the ellipses denote terms with additional color structure, and abcd are generation indices.
These operators induce L(6)

b,4q for the generation indices a = b = {1, 2} and c = d = 3 or a = d = 3
and b = c = {1, 2} (the operator in Eq. (5.1) are associated to the former generation configuration.
The second configuration leads to very similar low-energy operators and the analysis presented here
will be the same) and additional operators involving top quarks that play no role at low energies. We
expect µub,db,sb1,8 ∼ 1/Λ2. For instance, the CP-odd four-quark operators are induced in models of
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leptoquarks in which case Λ is related to the mass of the exchange leptoquark [211].

The four-quark operators in L(6)
b,4qLR are induced from the gauge-invariant operator

L4qLR = Cab
4qLR

(
H̃†DµH

)
ūa
Rγ

µbbR + h.c. . (5.4)

After electroweak symmetry breaking this operator leads to a right-handed charged current. This
operator is usually called four-quark left-right (4qLR) operator. The interactions in L(6)

b,4qLR are
generated when the W boson is integrated out at tree level between quarks giving rise to the additional
factor of Vub. By power counting νub1,8 ∼ v2

/(m2
WΛ

2
) ∼ 1/Λ2. An example where this operator is

generated is the minimal left-right symmetric model [204].

5.4 Chiral perturbation theory for bottom baryons

The way to include heavy bottom quarks into standard Chiral Perturbation Theory (ChPT) is known
for some time [81, 82]. In the SU(3) flavor representation the spin-1/2 anti-symmetric triplet and
symmetric sextet bottom baryon states are denoted by the following matrices, respectively,

B3̄ =
©­­«

0 Λ
0
b Ξ

0
b

−Λ
0
b 0 Ξ

−
b

−Ξ
0
b −Ξ

−
b 0

ª®®¬ , B6 =

©­­­­­«
Σ
+
b

Σ
0
b√
2

Ξ
′0
b√
2

Σ
0
b√
2
Σ
−
b

Ξ
′
−
b√
2

Ξ
′0
b√
2

Ξ
′
−
b√
2
Ω
−
b

ª®®®®®¬
. (5.5)

The Goldstone boson octet is given by

φ =
©­­­«

1√
2
π0
+ 1√

6
η π+ K+

π− − 1√
2
π0
+ 1√

6
η K0

K− K̄0
− 2√

6
η

ª®®®¬ , (5.6)

and we define
U = u2

= exp
(
i
φ

Fπ

)
, (5.7)

where Fπ is the pion decay constant. The relevant P- and T-conserving free and interaction Lagrangians
up to the second chiral order in a covariant formalism are given by [82, 212–214]

L
(1)
free =

1
2
〈B̄3̄(i /D − m3̄)B3̄〉 + 〈B̄6(i /D − m6)B6〉 ,

Lint =
g1
2
〈B̄6/uγ5B6〉 +

g2
2
〈B̄6/uγ5B3̄ + h.c.〉 +

g3
2
〈B̄3̄/uγ5B3̄〉 ,

L
(2)
Bγ = w1〈B̄3̄σ

µνF+µνB3̄〉 + w2〈B̄6σ
µνF+µνB6〉 + w3〈B̄6σ

µνF+µνB3 + h.c.〉

+ w4〈B̄3̄σ
µνB3̄〉〈F

+
µν〉 + w5〈B̄6σ

µνB6〉〈F
+
µν〉 .

(5.8)
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Here, Dµ is the covariant derivative defined as

DµB = ∂µB + ΓµB + BΓTµ , Γµ =
1
2

[
u†(∂µ − irµ)u + u(∂µ − ilµ)u

†
]
, (5.9)

and uµ is the standard chiral Vielbein

uµ = i
[
u†(∂µ − irµ)u − u(∂µ − ilµ)u

†
]
, (5.10)

where rµ and lµ denote external right- and left-handed sources. Also, we have

F+µν = u†QBFµνu + uQBFµνu†, (5.11)

with the bottom baryon charge matrix [215]

QB =
e
2
diag (1,−1,−1). (5.12)

The prefactors g1−3 and w1−5 are low-energy constants (LECs). g2 is calculated using the widths of
the heavy baryons. g1 and g3 are related to g2 with the help of the quark model and heavy quark
spin flavor symmetry [82, 213, 215, 216]. Due to heavy quark spin symmetry, the vertex B3̄B3̄φ is
forbidden and the term has to vanish, i.e. g3 = 0. This result can be deduced from angular momentum
and parity conservation arguments (see e.g. [82]). The conventional magnetic moment couplings,
w1−5 are determined from fits to calculations to baryon magnetic moments in [217, 218]. However,
in the present calculation, they do not contribute to the EDMs at the order we work. The numerical
values of the contributing couplings are given in Section 5.7.

5.4.1 Construction of the effective CP-violating Lagrangian

We now turn to the construction of the effective Lagrangian on the hadron level arising from the
dimension-six terms in Eq. (5.1). The first operator we want to look at is the bottom-quark EDM
(qEDM) which does not contain any light quarks but only the heavy b-quark. As it already contains
the electromagnetic field strength tensor Fµν , it directly induces EDMs of baryons containing bottom
quarks. We find only two terms in the leading chiral Lagrangian corresponding to EDMs of the
anti-triplet and sextet of bottom-quark baryons.
Next, we discuss the bottom-quark CEDM (qCEDM). Similarly to the qEDM, there is no light quark
content in the Lagrangian and, instead of Fµν, we have the gluon field strength tensor Ga

µν. The fact
that this term contains only heavy quarks and Ga

µν makes this term (like the qEDM) a chiral singlet, i.e.
it is invariant under chiral SU(3) transformations. In standard ChPT, there is no fundamental building
block that transforms as a chiral singlet. Therefore, we have to introduce a new fundamental block β+,
which gives the proper transformation behaviour, and a partner building block β−, which transforms
accordingly and explicitly violates P and T. This procedure works analogously to the definition of
the building blocks χ+ and χ− in ChPT. However, in contrast to the building blocks χ±, the chiral
singlet β+ cannot introduce any further structure containing Goldstone boson fields. In fact, it can be
shown that β+ can only enter the effective Lagrangian as an overall constant. In a similar fashion,
one can also deduce that a P- and T-violating chiral singlet term β− will always vanish. There is
simply no constant that can violate P and T. Despite β+ being a constant, we still have to treat it like a
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5.4 Chiral perturbation theory for bottom baryons

building block. To construct the effective Lagrangian on the hadron level, we need to combine β+

with other ChPT building blocks that violate CP. This procedure leads to the terms given below. For
more information see e.g. Refs. [195, 196].
The next contributions we investigate are the four quark interaction terms (4q-operators). These
terms need a little extra treatment, since they not just include the heavy bottom quark, but also the
light quarks u, d and s. Due to the presence of the light quarks, we have to study how the 4q-terms
transform under chiral transformations. To obtain the transformation properties of L(6)

b,4q under chiral
SU(3) transformations, we first express the non-mixing µ1 terms of the operator as follows

iµub1 (ūub̄γ5b + ūγ5ub̄b) + iµdb1 (d̄db̄γ5b + d̄γ5db̄b) + iµsb1 (s̄sb̄γ5b + s̄γ5sb̄b). (5.13)

These terms have the structure

iq̄M1q (b̄γ5b) + iq̄M1γ5q (b̄b), (5.14)

in terms of the quark column vector q = (u, d, s)T and

M1 =
©­­«
µub1 0 0
0 µdb1 0
0 0 µsb1

ª®®¬ . (5.15)

For the light quarks, Eq. (5.14) has the structure of a mass term in ordinary ChPT, because the term
containing the b quarks is a SU(3) singlet and does not transform at all. TheM1 matrix will therefore
act as a new scalar source, similar to the quark mass matrix in standard ChPT, while the explicit
insertions of the b-quark field allow for the appearance of the heavy bottom baryon matrices B3̄ and
B6 in the effective Lagrangian. The mixing terms in the 4q Lagrangian,

−iµub1 (b̄γ5uūb + b̄uūγ5b) − iµdb1 (b̄γ5dd̄b + b̄dd̄γ5b) − iµsb1 (b̄γ5ss̄b + b̄ss̄γ5b), (5.16)

can be treated in an analogous way. If we use the identities

q̄q = ūu + d̄d + s̄s,

qq̄ = ©­«
uū ud̄ us̄
dū dd̄ ds̄
sū sd̄ ss̄

ª®¬ ,
〈qq̄〉 = uū + dd̄ + ss̄ , (5.17)

we can express Eq. (5.16) together with Eqs. (5.15, 5.17) as

−ib̄γ5〈(M1q)q̄〉b − ib̄〈(M1q)q̄〉γ5b. (5.18)

Using the cyclic property of the trace one observes that these mixing terms transform again like
a mass term. Thus, we can use the same procedure like in the non-mixing case to obtain the
effective Lagrangian. For the 4q-operators, the µ1- and µ8-terms have identical chiral symmetry
properties. While these terms are distinguishable on the quark-level, at low energies the resulting chiral
Lagrangians are identical. We are not able to distinguish them without nonperturbative information
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about the associated low-energy constants. The effective Lagrangian from the 4q-operator will
therefore combine the effects of the µ1 and µ8 terms.
The last terms we have to discuss are the 4qLR-terms. Similarly to the 4q-operator one can reproduce
the transformation rules for the 4qLR-operator. First we take the νub1 -terms and use Fierz identities
to rewrite the left- and right-handed components of the quark fields. Then, we arrange the resulting
terms, like before, in structures involving the quark vector q and a new scalar source

N1 =
©­«
νub1 0 0
0 0 0
0 0 0

ª®¬ . (5.19)

We find the same transformation behaviour as for the 4q case. This leads to an identical EFT
Lagrangian construction procedure. Also here the 4qLR-terms involving the constant νub8 are not
distinguishable from the νub1 -terms at the level of chiral EFT. Finally, we mention that after rewriting
the terms with Fierz identities, we obtain both P- and T-violating and P- and T-conserving interactions.
The latter lead to modifications of P- and T-even observables that are swamped by Standard Model
contributions, and we neglect them below.

We are now in the position to write down the hadronic Lagrangians accounting for the various
P- and T-violating dimension six operators. For the quark EDM we obtain the two operators

L
eff.
qEDM = c1〈B̄3̄σ

µνγ5FµνB3̄〉 + c2〈B̄6σ
µνγ5FµνB6〉 + . . . . (5.20)

A much longer list of operators appears for the qCEDM. Here, we give all operators that appear at the
same chiral order. As discussed below not all operators are relevant for the EDM calculations we
perform. We list them here for completeness. These read

L
eff.
qCEDM = iβ+

[
b1〈B̄3̄χ+γ5B3̄〉 + b2〈B̄6χ+γ5B6〉 + b3〈B̄6χ+γ5B3̄ + h.c.〉 + b4〈B̄3̄γ5B3̄〉〈χ+〉

+ b5〈B̄6γ5B6〉〈χ+〉 + b6〈B̄3̄χ−B3̄〉 + b7〈B̄6χ−B6〉 + b8〈B̄6χ−B3̄ + h.c.〉

+ b9〈B̄3̄B3̄〉〈χ−〉 + b10〈B̄6B6〉〈χ−〉
]
+ iβ+

[
b11〈B̄3̄uµγ5uµB3̄〉 + b12〈B̄6uµγ5uµB6〉

+ b13〈B̄6uµγ5uµB3̄ + h.c.〉 + b14〈B̄3̄γ5B3̄〉〈u
µuµ〉 + b15〈B̄6γ5B6〉〈u

µuµ〉
]

+ β+
[
b16〈B̄3̄σ

µνγ5F+µνB3̄〉 + b17〈B̄6σ
µνγ5F+µνB6〉 + b18〈B̄6σ

µνγ5F+µνB3̄ + h.c.〉

+ b19〈B̄3̄σ
µνγ5B3̄〉〈F

+
µν〉 + b20〈B̄6σ

µνγ5B6〉〈F
+
µν〉

]
+ β+

[
b21〈B̄3̄σ

µνγ5[uµ, uν]B3̄〉 + b22〈B̄6σ
µνγ5[uµ, uν]B6〉

+ b23〈B̄6σ
µνγ5[uµ, uν]B3̄ + h.c.〉

]
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+ β+
[
b24〈B̄3̄uµ〉〈uνσµνγ5B3̄〉 + b25〈B̄6uµ〉〈uνσµνγ5B6〉

+ b26〈B̄6uµ〉〈uνσµνγ5B3̄〉 + h.c.
]

+ iβ+
[
b27〈B̄3̄uµuνγµγ5DνB3̄〉 − b28〈B̄3̄

←−
Dνuµuνγµγ5B3̄〉 + b29〈B̄6uµuνγµγ5DνB6〉

− b30〈B̄6
←−
Dνuµuνγµγ5B6〉 + b31〈B̄6uµuνγµγ5DνB3̄ + h.c.〉

− b32〈B̄6
←−
Dνuµuνγµγ5B3̄ + h.c.〉

]
+ iβ+

[(
b33〈B̄3̄γ

µγ5DνB3̄〉 − b34〈B̄3̄
←−
Dνγµγ5B3̄〉

)
〈uµuν〉

+
(
b35〈B̄6γ

µγ5DνB6〉 − b36〈B̄6
←−
Dνγµγ5B6〉

)
〈uµuν〉

+
(
b37〈B̄6γ

µγ5DνB3̄ + h.c.〉 − b38〈B̄6
←−
Dνγµγ5B3̄ + h.c.〉

)
〈uµuν〉

]
+ . . . .

(5.21)
For the four-quark operators we obtain

L
eff.
4q = iµ1〈B̄3̄ χ̃+γ5B3̄〉 + iµ2〈B̄6 χ̃+γ5B6〉 + iµ3〈B̄6 χ̃+γ5B3̄ + h.c.〉 + iµ4〈B̄3̄γ5B3̄〉〈 χ̃+〉

+ iµ5〈B̄6γ5B6〉〈 χ̃+〉 + iµ6〈B̄3̄ χ̃−B3̄〉 + iµ7〈B̄6 χ̃−B6〉 + iµ8〈B̄6 χ̃−B3̄ + h.c.〉

+ iµ9〈B̄3̄B3̄〉〈 χ̃−〉 + iµ10〈B̄6B6〉〈 χ̃−〉 + µ11〈B̄3̄ χ̃+σ
µνγ5F+µνB3̄〉 + µ12〈B̄6 χ̃+σ

µνγ5F+µνB6〉

+ µ13〈B̄6 χ̃+σ
µνγ5F+µνB3̄ + h.c.〉 + µ14〈B̄3̄ χ̃+σ

µνγ5B3̄〉〈F
+
µν〉 + µ15〈B̄6 χ̃+σ

µνγ5B6〉〈F
+
µν〉

+ µ16〈B̄6 χ̃+σ
µνγ5B3̄ + h.c.〉〈F+µν〉 + µ17〈B̄3̄σ

µνγ5F+µνB3̄〉〈 χ̃+〉 + µ18〈B̄6σ
µνγ5F+µνB6〉〈 χ̃+〉

+ µ19〈B̄6σ
µνγ5F+µνB3̄ + h.c.〉〈 χ̃+〉 + µ20〈B̄3̄σ

µνγ5B3̄〉〈 χ̃+F+µν〉 + µ21〈B̄6σ
µνγ5B6〉〈 χ̃+F+µν〉

+ µ22〈B̄3̄ χ̃−σ
µνF+µνB3̄〉 + µ23〈B̄6 χ̃−σ

µνF+µνB6〉 + µ24〈B̄6 χ̃−σ
µνF+µνB3̄ + h.c.〉

+ µ25〈B̄3̄ χ̃−σ
µνB3̄〉〈F

+
µν〉 + µ26〈B̄6 χ̃−σ

µνB6〉〈F
+
µν〉 + µ27〈B̄6 χ̃−σ

µνB3̄ + h.c.〉〈F+µν〉

+ µ28〈B̄3̄σ
µνF+µνB3̄〉〈 χ̃−〉 + µ29〈B̄6σ

µνF+µνB6〉〈 χ̃−〉 + µ30〈B̄6σ
µνF+µνB3̄ + h.c.〉〈 χ̃−〉

+ µ31〈B̄3̄σ
µνB3̄〉〈 χ̃−F+µν〉 + µ32〈B̄6σ

µνB6〉〈 χ̃−F+µν〉 + . . . ,
(5.22)
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and

L
eff.
4qLR = iRe(Vub)

[
ν1〈B̄3̄ ˆ̃χ−B3̄〉 + ν2〈B̄6 ˆ̃χ−B6〉 + ν3〈B̄6 ˆ̃χ−B3̄ + h.c.〉 + ν4〈B̄3̄B3̄〉〈 ˆ̃χ−〉

+ ν5〈B̄6B6〉〈 ˆ̃χ−〉 + ν6〈B̄3̄ ˆ̃χ+γ5B3̄〉 + ν7〈B̄6 ˆ̃χ+γ5B6〉 + ν8〈B̄6 ˆ̃χ+γ5B3̄ + h.c.〉

+ ν9〈B̄3̄γ5B3̄〉〈 ˆ̃χ+〉 + ν10〈B̄6γ5B6〉〈 ˆ̃χ+〉
]
+ Re(Vub)

[
ν11〈B̄3̄ ˆ̃χ+σ

µνγ5F+µνB3̄〉

+ ν12〈B̄6 ˆ̃χ+σ
µνγ5F+µνB6〉 + ν13〈B̄6 ˆ̃χ+σ

µνγ5F+µνB3̄ + h.c.〉 + ν14〈B̄3̄ ˆ̃χ+σ
µνγ5B3̄〉〈F

+
µν〉

+ ν15〈B̄6 ˆ̃χ+σ
µνγ5B6〉〈F

+
µν〉 + ν16〈B̄6 ˆ̃χ+σ

µνγ5B3̄ + h.c.〉〈F+µν〉 + ν17〈B̄3̄σ
µνγ5F+µνB3̄〉〈 ˆ̃χ+〉

+ ν18〈B̄6σ
µνγ5F+µνB6〉〈 ˆ̃χ+〉 + ν19〈B̄6σ

µνγ5F+µνB3̄ + h.c.〉〈 ˆ̃χ+〉 + ν20〈B̄3̄σ
µνγ5B3̄〉〈 ˆ̃χ+F+µν〉

+ ν21〈B̄6σ
µνγ5B6〉〈 ˆ̃χ+F+µν〉 + ν22〈B̄3̄ ˆ̃χ−σ

µνF+µνB3̄〉 + ν23〈B̄6 ˆ̃χ−σ
µνF+µνB6〉

+ ν24〈B̄6 ˆ̃χ−σ
µνF+µνB3̄ + h.c.〉 + ν25〈B̄3̄ ˆ̃χ−σ

µνB3̄〉〈F
+
µν〉 + ν26〈B̄6 ˆ̃χ−σ

µνB6〉〈F
+
µν〉

+ ν27〈B̄6 ˆ̃χ−σ
µνB3̄ + h.c.〉〈F+µν〉 + ν28〈B̄3̄σ

µνF+µνB3̄〉〈 ˆ̃χ−〉 + ν29〈B̄6σ
µνF+µνB6〉〈 ˆ̃χ−〉

+ ν30〈B̄6σ
µνF+µνB3̄ + h.c.〉〈 ˆ̃χ−〉 + ν31〈B̄3̄σ

µνB3̄〉〈 ˆ̃χ−F+µν〉 + ν32〈B̄6σ
µνB6〉〈 ˆ̃χ−F+µν〉

]
+ . . . .

(5.23)
The ellipses indicate further terms of higher chiral order, which we will not display. We have defined

χ± = u†χu† ± uχ†u, χ = 2B0 diag(mu, md, ms),

χ̃± = u† χ̃u† ± u χ̃†u, χ̃ ≡ diag (µub, µdb, µsb) ,
ˆ̃χ± = u† ˆ̃χu† ± u ˆ̃χ†u, ˆ̃χ ≡ diag (νub, 0, 0) ,

(5.24)

with the light quark masses mq and the LEC B0 related to the quark condensate. Note that the constants
µub, µdb, µsb and νub capture both the color-singlet and -octet terms whose chiral Lagrangians are
identical.

It is convenient to use heavy-baryon chiral perturbation theory (HBChPT) while working with
objects that contain a single heavy quark [78, 79]. In the heavy-baryon formulation, several terms in
the relativistic form cancel or appear at higher orders, and loop calculations are simplified. Furthermore,
the chiral power counting is manifest. The heavy-baryon Lagrangians are given by

L
(1)
free =

1
2
〈B̄3̄,v(iv · D)B3̄,v〉 + 〈B̄6,v(iv · D − ∆)B6,v〉,

Lint = g1〈B̄6,vuµSµB6,v〉 + g2〈B̄6,vuµSµB3̄,v + h.c.〉,

L
(2)
Bγ = 2εµνρσ

[
w1〈B̄3̄,vvρSσF+µνB3̄,v〉 + w2〈B̄6,vvρSσF+µνB6,v〉 + w3〈B̄6,vvρSσF+µνB3̄,v + h.c.〉

+ w4〈B̄3̄,vvρSσB3̄,v〉〈F
+
µν〉 + w5〈B̄6,vvρSσB6,v〉〈F

+
µν〉

]
,

(5.25)
with the four velocity vµ, the Pauli-Lubanski spin operator Sµ = −γ5(γ

µ
/v − vµ)/2 and the mass

difference between sextet and anti-triplet baryons ∆ = m6 − m3̄. The effective Lagrangians for the P-
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5.4 Chiral perturbation theory for bottom baryons

and T-odd interactions in the heavy baryon formulation are

L
eff.
qEDM = 4i

[
c1〈B̄3̄,vv

µSνFµνB3̄,v〉 + c2〈B̄6,vv
µSνFµνB6,v〉

]
,

L
eff.
qCEDM = 4iβ+

[
b16〈B̄3̄,vv

µSνF+µνB3̄,v〉 + b17〈B̄6,vv
µSνF+µνB6,v〉 + b18〈B̄6,vv

µSνF+µνB3̄,v + h.c.〉

+ b19〈B̄3̄,vv
µSνB3̄,v〉〈F

+
µν〉 + b20〈B̄6,vv

µSνB6,v〉〈F
+
µν〉

]
+ . . . ,

L
eff.
4q = iµ6〈B̄3̄,v χ̃−B3̄,v〉 + iµ7〈B̄6,v χ̃−B6,v〉 + iµ8〈B̄6,v χ̃−B3̄,v + h.c.〉 + iµ9〈B̄3̄,vB3̄,v〉〈 χ̃−〉

+ iµ10〈B̄6,vB6,v〉〈 χ̃−〉 + 4i
[
µ11〈B̄3̄,v χ̃+v

µSνF+µνB3̄,v〉 + µ12〈B̄6,v χ̃+v
µSνF+µνB6,v〉

+ µ13〈B̄6,v χ̃+v
µSνF+µνB3̄,v + h.c.〉 + µ14〈B̄3̄,v χ̃+v

µSνB3̄,v〉〈F
+
µν〉

+ µ15〈B̄6,v χ̃+v
µSνB6,v〉〈F

+
µν〉 + µ16〈B̄6,v χ̃+v

µSνB3̄,v + h.c.〉〈F+µν〉

+ µ17〈B̄3̄,vv
µSνF+µνB3̄,v〉〈 χ̃+〉 + µ18〈B̄6,vv

µSνF+µνB6,v〉〈 χ̃+〉

+ µ19〈B̄6,vv
µSνF+µνB3̄,v + h.c.〉〈 χ̃+〉 + µ20〈B̄3̄,vv

µSνB3̄,v〉〈 χ̃+F+µν〉

+ µ21〈B̄6,vv
µSνB6,v〉〈 χ̃+F+µν〉

]
+ . . . ,

L
eff.
4qLR = iRe(Vub)

[
ν1〈B̄3̄,v ˆ̃χ−B3̄,v〉 + ν2〈B̄6,v ˆ̃χ−B6,v〉 + ν3〈B̄6,v ˆ̃χ−B3̄,v + h.c.〉 + ν4〈B̄3̄,vB3̄,v〉〈 ˆ̃χ−〉

+ ν5〈B̄6,vB6,v〉〈 ˆ̃χ−〉
]
+ 4iRe(Vub)

[
ν11〈B̄3̄,v ˆ̃χ+v

µSνF+µνB3̄,v〉 + ν12〈B̄6,v ˆ̃χ+v
µSνF+µνB6,v〉

+ ν13〈B̄6,v ˆ̃χ+v
µSνF+µνB3̄,v + h.c.〉 + ν14〈B̄3̄,v ˆ̃χ+v

µSνB3̄,v〉〈F
+
µν〉

+ ν15〈B̄6,v ˆ̃χ+v
µSνB6,v〉〈F

+
µν〉 + ν16〈B̄6,v ˆ̃χ+v

µSνB3̄,v + h.c.〉〈F+µν〉

+ ν17〈B̄3̄,vv
µSνF+µνB3̄,v〉〈 ˆ̃χ+〉 + ν18〈B̄6,vv

µSνF+µνB6,v〉〈 ˆ̃χ+〉

+ ν19〈B̄6,vv
µSνF+µνB3̄,v + h.c.〉〈 ˆ̃χ+〉 + ν20〈B̄3̄,vv

µSνB3̄,v〉〈 ˆ̃χ+F+µν〉

+ ν21〈B̄6,vv
µSνB6,v〉〈 ˆ̃χ+F+µν〉

]
+ . . . .

(5.26)
We only display the terms which are relevent for the EDM calculation. Additionally, to the order
we are working only terms linear in the Goldstone bosons are needed. Terms that begin with
more than a single Goldstone boson are hidden in the ellipses. Since the chiral singlet β+ in the
qCEDMLagrangian can only enter as an overall constant, it is convenient to absorb β+ into the LECs bi .

Concerning the power counting rules of the CP-odd vertices, the chiral order of the sources is
counted as O(δ0

), where δ is a generic small mass or momentum, since they do not contain any light
scales and in addition will be common to all contributions considered in this work. For the remaining
pieces, we employ standard chiral counting. Fig. 5.1 depicts the tree-level and one-loop Feynman
diagrams that generate a non-vanishing contribution to the P- and T-violating form factor of the Bb

baryons up to the order O(δ2
). We evaluate the loop diagrams in the framework of dimensional

regularization at the renormalization scale λ = 1 GeV. We apply the modified minimal subtraction
scheme (M̃S) in HBChPT [69, 219–221] by absorbing the infinite parts in terms of

L =
λn−4

16π2

[
1

n − 4
+

1
2

(
γE − 1 − ln(4π)

)]
. (5.27)
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(a)

⊠

(b)

■

⊗

(c)

■

⊗

(d)

⊗

(e)

⊗

(f )

⊗ ⧫

(g)

⊗⧫

Figure 5.1: Diagrams contributing to the EDMs of the spin-1/2 neutral anti-triplet and sextet b-baryons. Solid
lines correspond to contribution from either spin-1/2 anti-triplet or sextet multiplets of bottom baryons. Filled
circles and squares are first-order meson-baryon and second order mesonic vertices, respectively. While
diamonds represent vertices generated by the first order meson-baryon Lagrangian, CP-violating vertices at
O(δ0
) and O(δ2

) are represented by ⊗ and �, in order.

into the counterterms, with n the number of space-time dimensions and γE the Euler-Mascheroni
constant. The tree-level CP-odd diagrams at order O(δ2

) displayed in diagram (a) receive contributions
from all the CP-violating operators. The one-loop diagrams at leading O(δ2

) are given by diagrams
(b)-(g) in Fig. 5.1.

5.5 The P- and T-violating form factor

The EDM of the neutral and charged b-baryons can be extracted from the P- and T-violating form
factor Dγ

Bb
(q2
). It is defined through〈

Bb(p f )
�� JEDM,ν

�� Bb(pi)
〉
= Dγ

Bb
(q2
) ū(p f )σµνγ5qµu(pi) , (5.28)

in the covariant formulation with momentum transfer q = p f − pi, see e.g. Ref. [214]. The EDM is
then given by

dγBb
= Dγ

Bb
(q2
= 0). (5.29)

One can reformulate the form factor in the heavy baryon approach using the Breit frame. In this frame,
we have v · pi = v · p f and we set the four-velocity to vµ = (1, 0). The form factor is then obtained as〈

Bb(p f )
�� JEDM,ν

�� Bb(pi)
〉
= −2iDγ

Bb
(q2
)B̄vvν(S · q)Bv . (5.30)
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5.5 The P- and T-violating form factor

We first consider the contributions from the tree-level diagrams in Fig. 5.1-(a). The expressions of the
electric dipole moment of the anti-triplet and sextet b-baryons from the dimension six operators are
collected in Tables 5.1-5.3. In addition to the tree-level contributions, we find the one-loop diagrams
in Fig. 5.1. In analogy to the neutron EDM, the EDMs of bottom baryons get contributions from
the cloud of Goldstone bosons dressing the baryons. For the qEDM and qCEDM operators the
meson-loops appear at higher order and only the tree-level diagrams are necessary. But for the 4q and
4qLR operators the loops appear at the same order and the LECs of the tree-level contributions absorb
the associated loop divergences.
We calculated the diagrams in Fig. 5.1 explicitly in heavy-baryon ChPT. We find that only diagrams
(b) and (c) contribute at the order we work. The other diagrams are proportional to S · v = 0, or
v · q = 0, or mutually cancel. The contributions from the non-vanishing diagrams can be written as

Dγ
b
(q2
) =

Abi

2

∫ 1

0
dx

x
M̃i

∂

∂M̃i

J1(w̃, M̃i),

Dγ
c(q

2
) =

Aci

2

∫ 1

0
dx

x − 1
M̃i

∂

∂M̃i

J1(w̃, M̃i), i = 1, 2, 3, 4.
(5.31)

where J1 is the loop function defined in App. C.3, w̃ = −∆ for a sextet particle inside the loop, or

w̃ = 0 for an anti-triplet particle. Furthermore, M̃i(x) =
√

x(x − 1)q2
+ M2

i , with Mi being MK± or
Mπ± . The coefficients Abi

and Aci
have to be determined from the vertices of the appearing interacting

Lagrangians. A lot of these coefficients are similar to each other with some only differing by their
sign. Considering isospin symmetry this leads to additional cancellations when summing up the loop
contributions. We refrain from showing the full list of coefficients Abi

and Aci
with their respective

Mi here. The surviving terms together with their coefficients can be read off from the full form factor
results listed in App. C.1. The expressions for the complete form factors are given in App. C.1. Here,

Table 5.1: Tree-level contributions from the qEDM and qCEDM operators of the b-baryons. Loop diagrams
only appear at higher order.

Baryons qEDM qCEDM

Λ
0
b 4c1 −4eb19
Ξ

0
b 4c1 −4eb19
Ξ
−
b 4c1 −4e(b16 + b19)

Σ
+
b 2c2 2e(b17 − b20)

Σ
0
b 2c2 −2eb20
Σ
−
b 2c2 −2e(b17 + b20)

Ξ
′0
b 2c2 −2eb20
Ξ
′
−
b 2c2 −2e(b17 + b20)

Ω
−
b 2c2 −2e(b17 + b20)
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Chapter 5 Electric dipole moments of baryons with bottom quarks

Table 5.2: Tree-level contribution from the 4q operators of the b-baryons. Loop diagrams appear at the same
order.

Baryons 4q

Λ
0
b 4e[µ11(µ

ub
− µdb) − µ14(µ

ub
+ µdb) + 2µ20(µ

ub
− µdb − µsb)]

Ξ
0
b 4e[µ11(µ

ub
− µsb) − µ14(µ

ub
+ µsb) + 2µ20(µ

ub
− µdb − µsb)]

Ξ
−
b −4e[(µ11 + µ14)(µ

db
+ µsb) + 2µ17(µ

ub
+ µdb + µsb) − 2µ20(µ

ub
− µdb − µsb)]

Σ
+
b 4e[(µ12 − µ15)µ

ub
+ µ18(µ

ub
+ µdb + µsb) + µ21(µ

ub
− µdb − µsb)]

Σ
0
b 2e[µ12(µ

ub
− µdb) − µ15(µ

ub
+ µdb) + 2µ21(µ

ub
− µdb − µsb)]

Σ
−
b −4e[(µ12 + µ15)µ

db
+ µ18(µ

ub
+ µdb + µsb) − µ21(µ

ub
− µdb − µsb)]

Ξ
′0
b 2e[µ12(µ

ub
− µsb) − µ15(µ

ub
+ µsb) + 2µ21(µ

ub
− µdb − µsb)]

Ξ
′
−
b −2e[(µ12 + µ15)(µ

db
+ µsb) + 2µ18(µ

ub
+ µdb + µsb) − 2µ21(µ

ub
− µdb − µsb)]

Ω
−
b −4e[(µ12 + µ15)µ

sb
+ µ18(µ

ub
+ µdb + µsb) − µ21(µ

ub
− µdb − µsb)]

Table 5.3: Tree-level contribution from 4qLR operators of the b-baryons. Loop diagrams appear at the same
order.

Baryons 4qLR

Λ
0
b 4eRe(Vub)(ν11 − ν14 + 2ν20)ν

ub

Ξ
0
b 4eRe(Vub)(ν11 − ν14 + 2ν20)ν

ub

Ξ
−
b −8eRe(Vub)(ν17 − ν20)ν

ub

Σ
+
b 4eRe(Vub)(ν12 − ν15 + ν18 + ν21)ν

ub

Σ
0
b 2eRe(Vub)(ν12 − ν15 + 2ν21)ν

ub

Σ
−
b −4eRe(Vub)(ν18 − ν21)ν

ub

Ξ
′0
b 2eRe(Vub)(ν12 − ν15 + 2ν21)ν

ub

Ξ
′
−
b −4eRe(Vub)(ν18 − ν21)ν

ub

Ω
−
b −4eRe(Vub)(ν18 − ν21)ν

ub

we present the results for the EDMs. For the 4q operator we obtain

dγ
Λ

0
b,4q
= 4e

[
µ11(µ

ub
− µdb) − µ14(µ

ub
+ µdb) + 2µ20(µ

ub
− µdb − µsb)

]
+

eg2µ8(µ
ub
+ µsb)

32π2F2
π

F(2)MK
,

dγ
Ξ

0
b,4q
= 4e

[
µ11(µ

ub
− µsb) − µ14(µ

ub
+ µsb) + 2µ20(µ

ub
− µdb − µsb)

]
+

eg2µ8(µ
ub
+ µdb)

32π2F2
π

F(2)Mπ
,

dγ
Ξ
−
b,4q = − 4e

[
(µ11 + µ14)(µ

db
+ µsb) + 2µ17(µ

ub
+ µdb + µsb) − 2µ20(µ

ub
− µdb − µsb)

]
−

eg2µ8

32π2F2
π

(
(µub + µsb)F(2)MK

+ (µub + µdb)F(2)Mπ

)
,
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5.5 The P- and T-violating form factor

dγ
Σ
+
b,4q
= 4e

[
(µ12 − µ15)µ

ub
+ µ18(µ

ub
+ µdb + µsb) + µ21(µ

ub
− µdb − µsb)

]
+

eg1µ7

32π2F2
π

(
(µub + µsb)F(2)MK

+ (µub + µdb)F(2)Mπ

)
+

eg2µ8

16π2F2
π

(
(µub + µsb)F(1)MK

+ (µub + µdb)F(1)Mπ

)
,

dγ
Σ

0
b,4q
= 2e

[
µ12(µ

ub
− µdb) − µ15(µ

ub
+ µdb) + 2µ21(µ

ub
− µdb − µsb)

]
+

eg1µ7(µ
ub
+ µsb)

64π2F2
π

F(2)MK
+

eg2µ8(µ
ub
+ µsb)

32π2F2
π

F(1)MK
,

dγ
Σ
−
b,4q = − 4e

[
(µ12 + µ15)µ

db
+ µ18(µ

ub
+ µdb + µsb) − µ21(µ

ub
− µdb − µsb)

]
−

eg1µ7(µ
ub
+ µdb)

32π2F2
π

F(2)Mπ
−

eg2µ8(µ
ub
+ µdb)

16π2F2
π

F(1)Mπ
,

dγ
Ξ
′0
b ,4q
= 2e

[
µ12(µ

ub
− µsb) − µ15(µ

ub
+ µsb) + 2µ21(µ

ub
− µdb − µsb)

]
+

eg1µ7(µ
ub
+ µdb)

64π2F2
π

F(2)Mπ
+

eg2µ8(µ
ub
+ µdb)

32π2F2
π

F(1)Mπ
,

dγ
Ξ
′
−
b ,4q
= − 2e

[
(µ12 + µ15)(µ

db
+ µsb) + 2µ18(µ

ub
+ µdb + µsb) − 2µ21(µ

ub
− µdb − µsb)

]
−

eg1µ7

64π2F2
π

(
(µub + µsb)F(2)MK

+ (µub + µdb)F(2)Mπ

)
−

eg2µ8

32π2F2
π

(
(µub + µsb)F(1)MK

+ (µub + µdb)F(1)Mπ

)
,

dγ
Ω
−
b,4q = − 4e

[
(µ12 + µ15)µ

sb
+ µ18(µ

ub
+ µdb + µsb) − µ21(µ

ub
− µdb − µsb)

]
−

eg1µ7(µ
ub
+ µsb)

32π2F2
π

F(2)MK
−

eg2µ8(µ
ub
+ µsb)

16π2F2
π

F(1)MK
.

(5.32)
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For the 4qLR operator we obtain

dγ
Λ

0
b,4qLR

= 4eRe(Vub)(ν11 − ν14 + 2ν20)ν
ub
+

eRe(Vub)g2ν3ν
ub

32π2F2
π

F(2)MK
,

dγ
Ξ

0
b,4qLR

= 4eRe(Vub)(ν11 − ν14 + 2ν20)ν
ub
+

eRe(Vub)g2ν3ν
ub

32π2F2
π

F(2)Mπ
,

dγ
Ξ
−
b,4qLR = − 8eRe(Vub)(ν17 − ν20)ν

ub
−

eRe(Vub)g2ν3ν
ub

32π2F2
π

(
F(2)MK

+ F(2)Mπ

)
,

dγ
Σ
+
b,4qLR

= 4eRe(Vub)(ν12 − ν15 + ν18 + ν21)ν
ub

+
eRe(Vub)g1ν2ν

ub

32π2F2
π

(
F(2)MK

+ F(2)Mπ

)
+

eRe(Vub)g2ν3ν
ub

16π2F2
π

(
F(1)MK

+ F(1)Mπ

)
,

dγ
Σ

0
b,4qLR

= 2eRe(Vub)(ν12 − ν15 + 2ν21)ν
ub
+

eRe(Vub)g1ν2ν
ub

64π2F2
π

F(2)MK
+

eRe(Vub)g2ν3ν
ub

32π2F2
π

F(1)MK
,

dγ
Σ
−
b,4qLR = − 4eRe(Vub)(ν18 − ν21)ν

ub
−

eRe(Vub)g1ν2ν
ub

32π2F2
π

F(2)Mπ
−

eRe(Vub)g2ν3ν
ub

16π2F2
π

F(1)Mπ
,

dγ
Ξ
′0
b ,4qLR

= 2eRe(Vub)(ν12 − ν15 + 2ν21)ν
ub
+

eRe(Vub)g1ν2ν
ub

64π2F2
π

F(2)Mπ
+

eRe(Vub)g2ν3ν
ub

32π2F2
π

F(1)Mπ
,

dγ
Ξ
′
−
b ,4qLR

= − 4eRe(Vub)(ν18 − ν21)ν
ub
−

eRe(Vub)g1ν2ν
ub

64π2F2
π

(
F(2)MK

+ F(2)Mπ

)
−

eRe(Vub)g2ν3ν
ub

32π2F2
π

(
F(1)MK

+ F(1)Mπ

)
,

dγ
Ω
−
b,4qLR = − 4eRe(Vub)(ν18 − ν21)ν

ub
−

eRe(Vub)g1ν2ν
ub

32π2F2
π

F(2)MK
−

eRe(Vub)g2ν3ν
ub

16π2F2
π

F(1)MK
,

(5.33)
where the loop functions are defined as

F(1)Mπ
= 1 + 32π2L + 2ln

[
Mπ

λ

]
,

F(2)Mπ
= 1 + 32π2L + 2ln

[
Mπ

λ

]
+

2∆√
∆

2
− M2

π

ln

[
∆

Mπ

+

√√
∆

2

M2
π

− 1

]
,

F(1)MK
= 1 + 32π2L + 2ln

[
MK

λ

]
,

F(2)MK
= 1 + 32π2L + 2ln

[
MK

λ

]
+

2∆arccos
[
∆

MK

]√
M2

K − ∆
2

.

(5.34)
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5.6 Patterns of EDMs

5.6 Patterns of EDMs

Before discussing the absolute sizes of the EDMs in the next section, we investigate the relative sizes
of the various EDMs. The relative sizes are essentially determined by the chiral symmetry properties
and field content of the underlying sources of CP violation. For instance, for the bottom qEDM at
the order at which we work, the EDMs of all baryons in the triplet or the sextet are determined by
a single LEC, c1 and c2, in order. This pattern is different for the qCEDM where in the triplet dΞ−b
is expected to be different from dγ

Λ
0
b

= dγ
Ξ

0
b

. Similarly, in the sextet we obtain the relations for the

qCEDM dγ
Σ
−
b
+ dγ
Σ
+
b

= 2dγ
Σ

0
b

, which are also true for the qEDM, but dγ
Σ
−
b
, dγ
Σ
+
b

. These differences arise
because in order for the qCEDM to generate an EDM of a baryon, an insertion of the quark charge is
required. As such, EDMs of baryons with a single b quark but different charges differ for the qCEDM.
This is not true for the bottom qEDM as the operator already contains a photon.
A richer pattern emerges for the four-quark operators as here loop diagrams provide leading contri-
butions. For instance, for the 4qLR we observe that the tree-level contributions to the triplet and
sextet EDMs have an identical pattern as that of the qCEDM. However, the loop contributions induce
differences. In the triplet, loop contributions lead to a splitting in the EDMs of the neutral baryons
and dγ

Λ
0
b

, dγ
Ξ

0
b

, because of the different Goldstone bosons participating in the loops. We find

dγ
Λ

0
b,4qLR

− dγ
Ξ

0
b,4qLR

=
eRe(Vub)g2ν3ν

ub

16π2F2
π

©­­«2 ln
[

MK

Mπ

]
+

2∆arccos
[
∆

MK

]√
M2

K − ∆
2

−
2∆√
∆

2
− M2

π

ln

[
∆

Mπ

+

√√
∆

2

M2
π

− 1

]ª®®¬
(5.35)

which is nonzero and finite, whereas for the qCEDM this combination vanishes. In the same
way, the degeneracy that is present for the qCEDM for the negatively charged sextet baryons is
broken by the 4qLR operator. To illustrate this, while for both the qCEDM and the 4qLF we have
dγ
Ξ
′−
b
− (dγ

Σ
−
b
+ dγ
Ω
−
b
)/2 = 0, only for the 4qLF dγ

Σ
−
b
− dγ
Ω
−
b
, 0 (and finite).

Finally, for the 4q operators an even different pattern of EDMs arises depending on the flavor
configuration of the underlying operator. From Eqs. (5.15) and (5.19) it is clear that the chiral
symmetry properties of µub is identical to the 4qLR operator ∼ νub. As such, for µub the same
pattern of EDMs emerges as for the 4qLR and these sources cannot be separated from symmetry
arguments alone. Different patterns do emerge for µdb and µsb. For example, the splitting in the
triplet is different for µdb with respect to the 4qLR but this can probably only be used with additional
information on the LECs.
The above considerations indicate that the pattern of EDMs of bottom baryons provide information
about the source of CP violation. If experiments, for instance those proposed in Refs. [47–49], were to
see nonzero signals, this information could be used to pinpoint the underlying mechanism. Much
more could be said with nonperturbative information about the LECs appearing in the Lagrangians.
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5.7 How large are the EDMs?

To determine the sizes of the EDMs of bottom baryons as function of the various dimension-six Wilson
coefficients appearing in Eq. (5.1), estimates of the various LECs appearing in EDM expressions are
necessary. This requires non-perturbative QCD calculations of the associated matrix elements. While
a lot of progress has been made in this direction for EDMs of systems containing first-generation
quarks, see e.g. Ref. [222] for a recent review, as far as we know no calculations have been performed
for baryons containing heavier valence quarks. In this work, we estimate the contributions using
naive dimensional analysis (NDA), a technique discussed in detail in Refs. [197, 198] and used for
nucleon EDMs in Ref. [200]. While NDA does not give accurate predictions, it provides a reasonable
order-of-magnitude estimate for meson and single-baryon matrix elements and is the guiding principle
for a systematic power counting in effective field theories.
The EDMs of the bottom baryons under consideration depend, for each source of CP violation, on
several LECs. The easiest estimate are for the bottom EDM. NDA predicts

c1,2 = O(db) = O
(

mb

Λ
2

)
, (5.36)

which is a rather intuitive result. The bottom quark EDM operator directly induces a bottom baryon
EDM up to order-one factors. The factors could be calculated with non-perturbative methods such as
lattice QCD or estimated using a quark model. For light quarks, for instance, lattice QCD predicts the
neutron EDM to be dn = 0.82dd − 0.21du [223] in agreement with NDA estimates.
Next, we consider the quark CEDM. In this case we need to estimate the LECs b16-b20. NDA predicts

b16−20 = O

(
d̃b

Fπ
Λχ

e

)
= O

(
e

Fπmb

ΛχΛ
2

)
, (5.37)

where we used 4πFπ ∼ Λχ. The loop diagrams only contribute at next-to-next-to-leading order. It
would be interesting to compare these predictions with other estimates, for instance through QCD sum
rules.
For the four-quark operators we need to estimate both the tree-level LECs as well as the CP-odd
Goldstone boson-baryon interactions. For the 4q terms we obtain

µ6−10 µ
qb
= O

(
µqbΛχF2

π

)
= O

(
ΛχF2

π

Λ
2

)
,

µ11−21 µ
qb
= O

(
eµqb

F2
π

Λχ

)
= O

(
e

F2
π

ΛχΛ
2

)
, (5.38)

where q = {u, d, s}. While the Goldstone boson-baryon terms scale as ∼ Λ1
χ, and are thus of lower

order than the EDM vertices ∼ Λ−1
χ , they only contribute to the EDMs at the one-loop level bringing

in a loop factor e/(4πFπ)
2
∼ eΛ−2

χ so that both type of vertices contribute at the same order.
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Similarly for the 4qLR operator we obtain

ν1−5 ν
ub
= O

(
νubΛχF2

π

)
= O

(
ΛχF2

π

Λ
2

)
,

ν11−21 ν
ub
= O

(
eνub

F2
π

Λχ

)
= O

(
e

F2
π

ΛχΛ
2

)
. (5.39)

While the NDA estimates are rough they give a reasonable idea of the scale of BSM physics that can
be probed by measuring EDMs of bottom baryons with a given sensitivity. For instance, for a BSM
physics scale1 Λ = 1TeV, and considering only the tree-level expressions we estimate

dγBb
= {10−19 , 10−20 , 10−21 , 10−24

} e cm , (5.40)

for the qEDM, qCEDM, 4q, and 4qLR operator, respectively. The smallness of the last term is
explained by the factor of Re(Vub). These estimates involve a sizeable uncertainty. Nevertheless, they
can be used to determine the reach of a potential program to measure the EDMs of bottom-quark
baryons. To get an idea of the uncertainty we used a Monte Carlo (MC) sampling of the LECs that
appear in the EDM expressions. For instance, for the qEDM operator we rescaled the LECs

c1,2 →

(
mb

Λ
2

)
c̃1,2 , (5.41)

and vary the dimensionless constants c̃1,2 between [−3,+3]. After the MC sampling we obtain a
list of different values for the qEDM contribution from which we compute the mean value and the
standard deviation. We use this procedure for all LECs appearing in the EDM expression and obtain
the mean values and standard deviations for the various EDMs for each CP-odd source in Tables 5.4
and 5.5. The MC method is just a tool to determine roughly in what range we can expect an EDM for
the various sources at a given scale Λ. The expressions for the EDMs, where the LECs are rescaled
with their respective NDA estimates for the MC sampling, are given in App. C.2. In Table 5.4
we collect the different contributions to the EDMs of the anti-triplet states. For each source, we
get, unsurprisingly, results that vary around zero with a spread given by the NDA estimates. There
is roughly an order-of-magnitude uncertainty. As expected, the qEDM dominates, whereas the
4qLR-term gives the smallest contribution. The standard deviations for all contributions are relatively
large, which is explained by the wide range of the dimensionless constants which was used in the
MC sampling. The same observations can also be drawn from Table 5.5. In the case that all four
dimension-six operators contribute at the same BSM scale Λ, we can take a look at the resulting size
of the EDM by adding up the single contributions. Taking the Ω−b baryon as an example, the total

1 This scale is comparable to indirect limits obtained from traditional EDM experiments. For example, a b-quark EDM
mixes with a b-quark CEDM under the one-loop QED renormalization group. At the b-quark threshold, the latter induces
a Weinberg three-gluon operator [205] which, in turn, induces a neutron EDM. Based on this procedure Ref. [207] quotes
an indirect limit db < 1.2 · 10−2 e cm. Using our parametrization db = mb/Λ

2 we get Λ > 2 TeV. However, this indirect
limit suffers from a large theoretical uncertainty due to the poorly known neutron EDM matrix element of the Weinberg
operator [206, 208]. Furthermore, the neutron EDM can get contributions from other sources. We therefore consider
Λ = 1 TeV as a reasonable and pragmatic choice.
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Table 5.4: Numerical contributions to the EDMs of the anti-triplet baryons for Λ = 1TeV. The results are
given in 10−19 e cm, 10−20 e cm, 10−21 e cm, and 10−24 e cm for the qEDM-, qCEDM-, 4q-, and 4qLR-operator,
respectively.

Contribution Λ
0
b Ξ

0
b Ξ

−
b

qEDM −0.24 ± 5.7 −0.24 ± 5.7 −0.24 ± 5.7
qCEDM +0.18 ± 4.6 +0.18 ± 4.6 +0.40 ± 6.5
4q −0.070 ± 2.4 −0.020 ± 2.5 +0.040 ± 3.2
4qLR +0.15 ± 9.4 +0.58 ± 9.6 −0.11 ± 10.8

Table 5.5: Numerical contributions to the EDMs of the sextet baryons for Λ = 1TeV. The results are given
in 10−19 e cm, 10−20 e cm, 10−21 e cm, and 10−24 e cm for the qEDM-, qCEDM-, 4q-, and 4qLR-operator,
respectively.

Contribution Σ
+
b Σ

0
b Σ

−
b

qEDM −0.16 ± 2.8 −0.16 ± 2.8 −0.16 ± 2.8
qCEDM +0.10 ± 3.3 +0.04 ± 2.2 +0.070 ± 3.3
4q −0.050 ± 2.1 +0.070 ± 1.2 +0.040 ± 2.1
4qLR −0.23 ± 7.9 −0.010 ± 4.9 +0.21 ± 5.7

Contribution Ξ
′0
b Ξ

′
−
b Ω

−
b

qEDM −0.16 ± 2.8 −0.16 ± 2.8 −0.16 ± 2.8
qCEDM +0.040 ± 2.2 +0.070 ± 3.3 +0.070 ± 3.3
4q +0.020 ± 1.3 +0.050 ± 1.6 −0.060 ± 2.0
4qLR +0.050 ± 4.8 +0.21 ± 5.6 +0.35 ± 5.3

EDM would be
dγ
Ω
−
b
= (−0.15 ± 3.2) × 10−19

(TeV/Λ)2 e cm . (5.42)

This value is of course not to be understood as a clear prediction, but as an estimate for the range
where the EDM of the Ω−b baryon can be found. The experiment would involve the positively charged
anti-baryons (e.g. Ω+b) whose EDMs are the same as the corresponding baryons by CPT. The errors
here reflect the uncertainty on the hadronic theory and, while the error band includes zero, nothing
would indicate a vanishing matrix element. For the qEDM and qCEDM operators, indirect limits have
been set from the EDM of the neutron and diamagnetic atoms [205–208]. We do not compare these
limits here in detail as the indirect limits are plagued by sizeable uncertainties as well (mainly from
matrix elements connecting the three-gluon Weinberg operator to the neutron EDM) and assume that
there are not other contributions to the neutron EDM (for instance from EDMs or CEDMs of light
quarks). Our main goal here is to assess the reach of a potential experimental program to measure the
EDMs of bottom-quark baryons.
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5.8 Conclusion

Electric dipole moment experiments provide one of the most sensitive searches for BSM physics.
Most focus has been on EDMs of stable systems consisting of first-generation quarks, but it has been
proposed to look for EDMs of baryons containing heavier quarks as well [47–49]. Such systems
are sensitive to CP-odd operators involving second- and third-generation quarks and complement
existing searches. However, essentially no theoretical calculations have been performed to guide this
developing experimental program.
In this paper, we have analyzed the EDMs of spin-1/2 baryons containing a single bottom quark.
Our starting point has been operators of dimension-six in the SMEFT Lagrangian that violate CP
and contain a b̄Γb bilinear (where Γ denotes a Lorentz structure). We considered a hypothetical
bottom quark EDM and chromo-EDM, and several four-quark operators mixing bottom quarks with
lighter quarks. We used chiral perturbation theory to construct the resulting CP-violating hadronic
interactions between spin-1/2 single-bottom baryons, Goldstone bosons, and photons, and calculated
the EDMs up to the first non-vanishing order for each source of CP violation.
Our results indicate that different sources of CP violation lead to a different pattern of EDMs due to
the chiral- and isospin-symmetry properties of the underlying sources. In principle, this would allow
for the identification of the dominant source of CP violation based on the relative sizes of EDMs of
triplet and sextet bottom-quark baryons. The absolute sizes of the EDMs, however, are very uncertain
as very little is known about the magnitudes of the low-energy constants appearing in the CP-odd
chiral Lagrangian. We made estimates using naive dimensional analysis and found that for BSM
scales of 1 TeV, we can expect EDMs in the range of 10−19

− 10−24 e cm depending strongly on the
dimension-six operators under consideration. All EDMs scale as Λ−2 so the sizes of the EDMs can
easily be obtained for other BSM scales. If the experimental program picks up steam and EDMs of
these systems are targeted it would be good to calculate the LECs with non-perturbative techniques
to get more reliable estimates. The techniques developed in this work can be readily extended to
calculate EDMs of charmed baryons and work along these lines is in progress.

Acknowledgements

Partial financial support from the DFG (Project number 196253076 - TRR 110) and the NSFC (Grant
No. 11621131001) through the funds provided to the Sino-German CRC 110 “Symmetries and the
Emergence of Structure in QCD", by the Chinese Academy of Sciences (CAS) through a President’s
International Fellowship Initiative (PIFI) (Grant No. 2018DM0034), by the VolkswagenStiftung
(Grant No. 93562), and by the EU Horizon 2020 research and innovation programme, STRONG-2020
project (Grant No. 824093) is acknowledged.

95





CHAPTER 6

Summary and conclusion

In this last chapter we want to summarize the most important results of the thesis and give some
remarks towards future research projects. We emphasize, however, that each chapter in this work,
which has been published in a scientific journal, contains its separate summary and conclusion. The
following text is mostly a repitition of these sections.

The main part of this thesis was dedicated to study the Roper resonance in a finite volume. In
chapter 3 we analyzed the resonance in a finite volume within the framework of baryon chiral
perturbation theory (BChPT). We repeated the calculation of the Roper self-energy up to third chiral
order in the infinite volume and saw that the result agreed with the literature. Then, we made the
transition to the finite-volume formalism in order to find the corrections to the energy levels of the
system in a finite box with length L. We saw that the finite-volume corrections of the self-energy
contain exponentially suppressed contributions, as well as contributions with poles. The exponentially
decaying contributions could be neglected for large L, but the terms containing poles had to be
regularized. For the numerical evaluation of the finite-volume energy levels, we found that only two
low-energy constants (LECs) enter the equation, which were already determined in Ref. [22]. The
other parameters in the equation included baryon and pion masses, as well as other known LECs from
BChPT. The main results, which we observed in the spectra are the following: In the delta-free case
(hR = 0), i.e. considering only nucleon and pion as intermediate states, the avoided level crossing
is clearly seen in the vicinity of the Roper resonance energy. For large box sizes, the energy levels
approach the free energy levels asymptotically. In the nucleon-free case (gπNR = 0), i.e. considering
only a stable delta resonance and pion as intermediate states, there are no clear signs for avoided level
crossing. This is most likely caused by two effects: First, the large value of the coupling hR can
wash out the typical avoided level signature. Second, the energy region, where the non-interacting
∆π levels lie, is mostly above the Roper resonance mass. Therefore, the Roper cannot influence the
shape of the energy levels significantly. We also observed that the approach of the interacting levels
to the free ones for large L is not as explicit as in the delta free case. Lastly, we considered the full
coupled-channel system including nucleons and deltas. Avoided level crossing was again visible near
the Roper resonance mass and also the free energy levels are approached asymptotically for large box
sizes. All calculations described here can also be performed at larger, non-physical pion masses.
One of the biggest issues in this first consideration of the Roper resonance spectrum is the treatment of
the delta resonance in the finite volume. Assuming that the delta is a stable particle is a reasonable first
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approximation, but in further calculations its resonance characteristic has to be included. A possible
decay of the delta into a nucleon and a pion would result in the three-particle Nππ final state the
Roper is known for. Note, that the delta is also not the only possible intermediate resonance state,
since there can also be contributions from the f0(500) resonance (also known as σ meson). A future
study on the Roper resonance within the framework of BChPT can include the σ as an additional
degree of freedom. Also, a calculation to fourth (or higher) order in the chiral expansion can be
considered. However, both of these extensions would come with the cost of increasing the number of
LECs and some of themmight not be fixed easilywith the current available (experimental or lattice) data.

In chapter 4, we have analyzed the finite-volume spectrum of the Roper resonance using a particle-
dimer approach. This approached offered a practical framework to implement the unstable nature
of resonances into the finite-volume spectrum of the Roper. A non-relativistic covariant Lagrangian
was introduced with nucleons, pions and three dimer fields as degrees of freedom. These three dimer
fields include the Roper resonance itself, the σ-meson and the ∆-resonance. We added a dynamical
term in the Lagrangian for the Roper, but kept the σ- and ∆-dimer static. Then, the Roper resonance
self-energy was calculated within our framework to one-loop order. Additionally, we investigated the
σ- and ∆-dimer fields even further and dressed their corresponding propagators, which is a crucial
step in order to include three-particle dynamics explicitly. From then on, we restricted ourselves
to a finite volume like in chapter 3. We derived an equation, which enabled us to calculate the
self-energy of the Roper resonance in the finite volume and we showed how the interacting energy
levels of the Roper system can be extracted from it. Afterwards, several methods were discussed
to determine the appearing LECs that contribute to the self-energy corrections. This also included
a comparison between our introduced formalism and existing lattice data on ππ scattering, which
helped us to fix LECs coming from the σ-dimer field. Then, the finite-volume spectrum of the Roper
resonance was calculated for various cases. The most important findings are the following: The energy
spectrum involving only nucleons and pions as intermediate states showed a very good agreement
to the delta-free case from chapter 3. Avoided level crossing can clearly be observed around the
Roper resonance mass and the energy levels approach the non-interacting Nπ energies for large box
sizes. The striking similarity to the result from BChPT, which includes full Lorentz invariance, spin
and isospin structure, was one of the main arguments to continue with the non-relativistic covariant
approach. Then, the particle-dimer fields were included in the calculation. The implementation of the
Nσ channel into the Roper resonance spectrum, where the σ-dimer is dressed by the corresponding ππ
loops, was able to generate three-body (Nππ) dynamics. The interacting energy levels approached the
free Nππ levels for large box sizes L. However, no clear signs of avoided level crossing were visible.
A similar behaviour was also observed for the channel containing the ∆-dimer field. Next, the Nπ and
Nσ contributions were combined in one coupled-channel system. The obtained interacting energy
levels lie very close to their respective free Nπ and Nππ levels. This is most likely caused by the very
large contribution of the double sum in the Nσ self-energy term. Also here, no avoided level crossing
is observed. Lastly, our results were compared to the Roper energy levels obtained from lattice QCD
in Ref. [15]. We observed an overall very good agreement. Overall, the newly proposed approach
to investigate the finite-volume spectrum of the Roper resonance seems to offer a fairly simple, but
systematically improvable alternative to already existing methods. This first implementation of our
formalism shows that effects coming from Nσ or ∆π channels can be distinguished in the spectrum
once more precise lattice results are available. Thus, the approach already serves as a valuable guide
for the precision that future lattice QCD studies need to provide. However, it is necessary to include
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some improvements in the formalism, like spin and isospin projections. In addition, couplings between
the dimer fields, which allow for pion exchange inside the Roper self-energy diagrams, should be
included. This, however, implies that two-loop diagrams need to be evaluated. Nevertheless, only in
this scenario a full Nπ/Nσ/∆π coupled-channel system can be considered.

Then, in the last part of this work, chapter 5, we moved away from the Roper resonance and
considered the electric dipole moments (EDMs) of heavy bottom baryons. We have seen that the
investigation of EDMs is not only important for testing Standard Model parameters, but also for the
hunt of beyond-the-Standard-Model (BSM) physics. In fact, EDM experiments provide one of the
most sensitive methods to look for BSM physics. While the main focus of EDM searches lies, so far,
on stable systems containing first-generation quarks (e.g. measuring the neutron EDM), it has also
been proposed to look for EDMs of baryons containing heavier quarks. These systems should be
much more sensitive to higher-dimensional CP-odd operators involving second- and third-generation
quarks. However, no theoretical calculations have been performed yet to guide the developement of
experimental programs searching for EDMs in those systems. This changed with the work presented
in this thesis. We analyzed the EDMs of spin-1/2 baryons containing a single bottom quark. The
starting point was the consideration of dimension-six operators from the Standard Model effective
field theory (SMEFT) Lagrangian, which violate CP and contain a bilinear of bottom quarks. These
operators include a bottom quark EDM and chromo-EDM, as well as several four-quark operators
mixing bottom quarks with lighter quarks. Then, we used methods from chiral perturbation theory
to construct the resulting CP-violating Lagrangian at the baryon level. This Lagrangian includes
interactions between spin-1/2 single-bottom baryons, Goldstone bosons and photons. After that,
the EDMs of the bottom baryons were calculated up to the first non-vanishing order for each of the
CP-violating sources. The results indicated that the different dimension-six terms lead to specific
patterns in the EDMs due to the symmetry properties of the underlying operators. This could in
principle allow to identify the dominant source of CP violation based on the relative sizes of the
triplet and sextet bottom baryon EDMs. However, the question arises weather future experiments can
achieve the required precision to resolve those patterns. In fact, also the absolute sizes of the EDMs
are quite uncertain as not a lot is known about the magnitudes of the LECs appearing in the CP-odd
chiral Lagrangian. We, therefore, assumed that BSM physics emerges at a scale of Λ ∼ 1TeV and
estimated the LECs using naive dimensional analysis (NDA). From this, we found that the EDMs
can range from 10−19e cm to 10−24e cm depending on the considered dimension-six SMEFT operator.
Since all EDMs scale as Λ−2, the sizes of the EDM estimates can be adjusted easily for other BSM
scales as well. Once experimental projects become concrete, other methods to determine the LECs,
like e.g. lattice QCD, might be needed to obtain more accurate estimates.
The calculation techniques described here can also be used to obtain the EDMs of single-charm baryons.
Additionally, one could investigate the effects of CP-violating SMEFT operators on the lowest-lying
hyperons (baryons with strangeness). Work in both of these directions should be considered.

Overall, we have seen that this thesis includes relevant progress in two very interesting and challenging
segments of hadron (baryon) physics, which are also highly active research areas today. However, more
work is still needed. Especially the Roper resonance with its specific properties remains a challenging
and puzzling baryon system, which can only be demystified by a combination of finite-volume EFT
methods and lattice QCD. The author of this thesis hopes that the studies performed here can help to
guide and motivate future theoretical and experimental investigations in these two fields.
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APPENDIX A

Notation and useful information

A.1 General conventions and identities

The following section contains some general conventions and identities relevant for various calculations
in this work1. Throughout, natural units, i.e.

~ = c = 1 ,

are used.

We start with the definition of the Minkowski metric. It is given by

gµν = gµν = diag (1,−1,−1,−1) ,

with µ and ν running over 0, 1, 2, 3. With this, one can define the Lorentz scalar product of two
four-vectors aµ =

(
a0, ®a

)
and bµ =

(
b0, ®b

)
,

a · b = gµνaµbν = aµbµ = a0b0
− ®a · ®b .

We will also use a lot of identities for the Dirac gamma matrices γµ. They are 4 × 4-matrices and
defined to obey the Clifford algebra{

γµ, γν
}
= γµγν + γνγµ = 2gµν .

An explicit expression for the matrices is given by the so-called chiral representation

γµ =

(
0 σµ

σ̄µ 0

)
,

1 The appendices A.1 and A.2 are partly taken from Ref. [224] due to the similarities in notation.
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with σµ = (1, τ1, τ2, τ3
), and σ̄µ = (1,−τ1,−τ2,−τ3

), where τi are the Pauli matrices,

τ1
=

(
0 1
1 0

)
, τ2

=

(
0 −i
i 0

)
, τ3

=

(
1 0
0 −1

)
.

Note that in the literature the Pauli matrices are also very commonly denoted by σi. For a more
detailed description of gamma matrices, we suggest the appendix of Ref. [4].

Another common mathematical structure appearing in this thesis is the Levi-Civita symbol, or
Levi-Civita tensor. In three dimensions it is defined as

εi jk = ε
i jk
=


+1, for i, j, k even permutation of 1, 2, 3
−1, for i, j, k odd permutation of 1, 2, 3

0, else
.

The product of two Levi-Civita tensors can be written as a determinant of Kronecker deltas,

εi jkεlmn = det ©­«
δil δim δin
δjl δjm δjn
δkl δkm δkn

ª®¬ ,
where δi j is 1, if i = j, and 0, if i , j. If two or four indices are identical, the above relation simplifies
to

εi jkεimn = δjmδkn − δjnδkm , or εi jkεi jn = 2δkn .

Physics that involves the strong interaction very often uses the Gell-Mann matrices. An explicit
representation of these matrices is given by

λ1
=

©­«
0 1 0
1 0 0
0 0 0

ª®¬ , λ2
=

©­«
0 −i 0
i 0 0
0 0 0

ª®¬ , λ3
=

©­«
1 0 0
0 −1 0
0 0 0

ª®¬
λ4
=

©­«
0 0 1
0 0 0
1 0 0

ª®¬ , λ5
=

©­«
0 0 −i
0 0 0
i 0 0

ª®¬ , λ6
=

©­«
0 0 0
0 0 1
0 1 0

ª®¬
λ7
=

©­«
0 0 0
0 0 −i
0 i 0

ª®¬ , λ8
=

√
1
3

©­«
1 0 0
0 1 0
0 0 −2

ª®¬ .

As generators of the SU(3) Lie group, these matrices fulfill the commutation relations[
λa, λb

]
= 2i f abcλc , (λa)† = λa , Tr(λa) = 0 , Tr(λaλb) = 2δab ,

where a, b, c = 1, 2, . . . , 8 and f abc being the structure constants of SU(3).
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A.2 Loop integrals and dimensional regularization

Evaluating loop diagrams is an essential part of theoretical physics. We use the method of dimensional
regularization to calculate the loop diagrams and want to illustrate the procedure with an example.
For more information, see e.g. Refs [4, 64]. This appendix is partly taken from Ref. [224].

Consider the loop integral of a scalar propagator

IM =
∫

d4k

(2π)4
i

k2
− M2

+ iε
.

This diagram diverges in 4 space-time dimensions (to be exact, it is quadratically divergent). In
dimensional regularization, the integral is first solved in D dimensions and afterwards the limit D→ 4
is taken. The integral obtains the form

IM = µ
4−D

∫
dDk

(2π)D
i

k2
− M2

+ iε
,

where µ is the renormalization scale. It is an energy scale, which is introduced to maintain the physical
dimension of the integral.
To evaluate the integral, a Wick-rotation to Euclidean space is performed by transforming the time
component of the four-vector k

k0
→ ik0 ,

so that

k2 :=
(
k0

)2
−

(
k1

)2
−

(
k2

)2
−

(
k3

)2
⇒ −

(
k0

)2
−

(
k1

)2
−

(
k2

)2
−

(
k3

)2
= −k2

E ,

with the Euclidean scalar produkt k2
E . In Euclidean space, the integral is calculated by using spherical

coordinates in D dimensions and the result is given by (see e.g. [4])

IM =
µ4−D

(4π)D/2
Γ

(
1 −

D
2

) (
1

M2

) (1−D/2)
,

where Γ(z) denotes the gamma function. One can define the parameter ε := (4 − D) and rewrite IM as

IM =
M2

(4π)2
Γ

(
−1 +

ε

2

) (
4πµ2

M2

)ε/2
=

M2

(4π)2

(
−

2
ε

)
Γ

(
1 + ε

2
)

1 − ε
2

(
4πµ2

M2

)ε/2
,

where the gamma function identities Γ(z + 1) = zΓ(z) and Γ(1) = 1 were used. Since the limit D→ 4
will be performed, the parameter ε is considered to be very small and a Taylor-expansion around ε = 0
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can be performed

IM =
M2

(4π)2

[
−

2
ε
− 1 − Γ′(1) − log

(
4πµ2

M2

)]
+ O(ε)

=
M2

(4π)2

[
−

2
ε
−

(
log(4π) + Γ′(1) + 1

) ]
︸                                 ︷︷                                 ︸

=:R

+
M2

(4π)2
log

(
M2

µ2

)
+ O(ε) ,

with Γ′(1) the derivative of the gamma function evaluated at z = 1. Cutting off contributions of O(ε),
the result for IM is given by

IM =
M2

16π2

[
R + log

(
M2

µ2

)]
, (A.1)

where R contains the divergent piece 2/(D − 4).
To cancel these divergencies, we will make use of the minimal subtraction scheme of ChPT called M̃S.
Within this renormalization scheme the bare parameters of the Lagrangian are redefined in such a way
that they cancel all terms, which are proportional to R. This ensures that the physical observables
stay finite, while the parameters in the Lagrangian are not considered to be the physical values. The
renormalized version of IM is

IrM =
M2

16π2 log

(
M2

µ2

)
.

In some references the modified minimal subtraction MS scheme is used instead. In this case, the
divergent part is given by

λε =
2

D − 4
−

[
log(4π) + Γ′(1)

]
,

which is the same as λε = R + 1. It is important to note that the physical observables should not
depend on the used renormalization scheme.
Another loop integral that appears in our calculation is the following,

Iµν
∆
=

∫
d4k

(2π)4
ikµkν[

k2
− ∆

2
+ iε

]2 .

For this case the loop integration yields (see also e.g. [4])

µ4−D
∫

dDk

(2π)D
ikµkν[

k2
− ∆

2
+ iε

]2 =
µ4−D

(4π)D/2
gµν

2
Γ

(
1 −

D
2

) (
1
∆

2

) (1−D/2)
.
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We should also remark that loop integrals with an odd number of loop momenta, like for example

Iµ
∆
=

∫
d4k

(2π)4
ikµ

k2
− ∆

2
+ iε

,

will vanish. The reason for this is that the loop function is odd under the transformation k 7→ (−k),
but the integration is symmetric. This allows us to cancel integrals of this form in our calculations.

A.3 Naive dimensional analysis

In the following we want to briefly introduce the concept of naive dimensional analysis (NDA). It was
introduced in Refs. [197, 198] and provides a tool to estimate the order of magnitude of low-energy
constants (LECs) appearing in an effective field theory (EFT). NDA is prominently applied in the
context of chiral perturbation theory (ChPT), because it was developed for this EFT specifically, but it
can be used in other EFTs as well. In fact, it is a direct consequence of the systematic power counting
utilized in an EFT approach, which makes NDA work in the first place [198]. However, it should be
stressed that NDA is not a precise method to fix unknown LECs and can only be used to estimate their
sizes.
Let us assume we have a given EFT Lagrangian, where the coupling constant g appears, which we
want to estimate. The starting point of NDA is to calculate the so-called reduced coupling constant gR

of the coupling g, which is defined by [197]

gR = g(4π)2−NΛD−4
EFT .

Here, N is the number of field operators in the Lagrangian term (operator) that includes g, D is
the dimension of said operator and ΛEFT is the scale, where the EFT breaks down. In the case of
ChPT, this scale is the chiral symmetry breaking scale Λχ. After calculating gR, one matches it to
the respective reduced coupling of the Lagrangian from the fundamental theory. The concept is best
understood by using an example. Let us estimate the order of magnitude of the axial-vector coupling
gA from the nucleon-pion Lagrangian (see Eq. (2.40) in chapter 2). The axial interaction term is given
by

Lint ∝ −
gA
Fπ
Ψ̄γµ(∂µφ)γ5Ψ .

We observe that there are three field operators (two nucleon fields and one pion field) and the dimension
of the operator is D = 5 due to the derivative in front of the pion field. The reduced coupling (gA/Fπ)

R

then takes the form (
gA
Fπ

)R
=

gA
Fπ
(4π)2−3

Λ
5−4
χ =

gA
Fπ

1
4π
Λχ = gA ,

where we used that Λχ ∼ 4πFπ in the last step. We now need to match this reduced coupling constant
to the fundamental theory QCD. The only coupling that appears in the QCD Lagrangian is the strong
coupling constant gs. The interaction term of the quarks with the gluon fields is (Eq. (2.17) in
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chapter 2)

LQCD ∝ −gs q̄γµAa
µλ

aq .

The reduced coupling of gs is then given by

(gs)
R
=

gs
4π

,

because we have three field operators in the interaction term and its dimension is D = 4. Naturally, we
need to match the reduced couplings at a scale where QCD becomes non-perturbative and, therefore,
we expect (gs)

R to be at least of order one, (gs)
R
= O(1). Thus, it follows that

(gs)
R
=

(
gA
Fπ

)R
= gA ,

and hence we have gA ∼ 1, which agrees very well with the experimental value gA ' 1.27 [13]. For
more examples see also the appendix of Ref. [225]. We use NDA in chapter 5, when we estimate the
sizes of the EDMs of the bottom baryons.
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APPENDIX B

The Roper resonance in a finite volume

B.1 Passarino-Veltman Integrals

The Passarino-Veltman Integrals [226] (see also Ref. [227]) are a specific representation of loop
integrals, which we use here. The infinities emerging from the evaluation of the loop integrals in
dimensional regularization are contained in R, which is given by

R =
2

D − 4
−

[
log(4π) + Γ′(1) + 1

]
,

where D denotes the space-time dimension and Γ is the Gamma function. This term will be cancelled
in the M̃S renormalization scheme (see App. A.2), which is commonly used in ChPT calculations.
The following list contains the loop functions that appear in our calculations and gives their

respective results in the infinite volume.

• Integral with one propagator:

A0(m
2
) = −16π2iµ4−D

∫
dDk

(2π)D
1

k2
− m2

+ iε

= −m2

[
R + log

(
m2

µ2

)]
.

• Integral with two propagators:

B0(p
2,m2, M2

) = −16π2iµ4−D
∫

dDk

(2π)D
1

[k2
− m2

+ iε][(k − p)2 − M2
+ iε]

= (−1)

[
R − 1 + log

(
m2

µ2

)
+

p2
− m2

+ M2

p2 log
(

M
m

)
+

2mM

p2 F(Ω)

]
,
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where

F(Ω) =


√
Ω

2
− 1 log(−Ω −

√
Ω

2
− 1) , Ω ≤ −1√

1 −Ω2 arccos(−Ω) , −1 ≤ Ω ≤ 1√
Ω

2
− 1 log(Ω +

√
Ω

2
− 1) − iπ

√
Ω

2
− 1 , 1 ≤ Ω

,

and

Ω =
p2
− m2

− M2

2mM
.

• Tensor integrals with two propagators:

Bµ(p2,m2, M2
) = −16π2iµ4−D

∫
dDk

(2π)D
kµ

[k2
− m2

+ iε][(k − p)2 − M2
+ iε]

:= pµB1(p
2,m2, M2

) ,

where

B1(p
2,m2, M2

) =
1

2p2

{ [
p2
+ m2

− M2
]

B0(p
2,m2, M2

) − A0(m
2
) + A0(M

2
)

}
,

and

Bµν(p2,m2, M2
) = −16π2iµ4−D

∫
dDk

(2π)D
kµkν

[k2
− m2

+ iε][(k − p)2 − M2
+ iε]

:= gµνB00(p
2,m2, M2

) + pµpνB11(p
2,m2, M2

)

with

B00(p
2,m2, M2

) =
1

2(D − 1)

{
2m2B0(p

2,m2, M2
) + A0(M

2
)

−

[
p2
+ m2

− M2
]

B1(p
2,m2, M2

)

}
,

and

B11(p
2,m2, M2

) =
1

2p2

{ [
p2
+ m2

− M2
]

B1(p
2,m2, M2

)

+ A0(M
2
) − 2B00(p

2,m2, M2
)

}
.
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• Integral with three propagators:

C0(0, p2, p2,m2,m2, M2
) = iµ4−D

∫
dDk

(2π)D
−16π2[

k2
− m2

+ iε
]2 [
(k − p)2 − M2

+ iε
]

=

(
1

2m

)
∂

∂m
B0(p

2,m2, M2
) ,

and

C1(0, p2, p2,m2,m2, M2
) =

1
4p2

[
B0(p

2,m2, M2
) − B0(0,m

2,m2
)

+(m2
− p2
− M2

)C0(0, p2, p2,m2,m2, M2
)

]
.

There are also some special cases appearing, which are listed below

B0(0,m
2,m2
) = (−1)

[
R + 1 + log

(
m2

µ2

)]
,

B0(m
2, 0,m2

) = (−1)

[
R − 1 + log

(
m2

µ2

)]
.

These relations can be shown with the explicit form of B0 and it follows that

B0(0,m
2,m2
) + 2 = B0(m

2, 0,m2
) .

B.2 Useful Formulas

This section contains a handful of useful formulas that were used in our calculations.
• Feynman parameter:

1
AB
=

∫ 1

0

dy

[yA + (1 − y)B]2
.

• Modified Bessel functions of the second kind (see, e.g., [228]):

Kν(z) :=
∫ ∞

0
dt cosh (νt) e−z cosh(t) , for z > 0 .

Special case:

K0(z) =
∫ ∞

0
dt

cos(zt)√
t2
+ 1

, for z > 0 .
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APPENDIX C

Electric dipole moments of baryons with bottom
quarks

C.1 Form Factors

The full expression for the neutral and charged b-baryon form factors up to the order O(δ2
) with the

tree-level results are

Dγ

Λ
0
b

(q2
) = 4c1 − 4e

(
b19 − µ11(µ

ub
− µdb) + µ14(µ

ub
+ µdb) − 2µ20(µ

ub
− µdb − µsb)

− Re(Vub)(ν11 − ν14 + 2ν20)ν
ub

)
+

eg2

4F2
π

(
Re(Vub)ν3ν

ub
+ µ8(µ

ub
+ µsb)

) ∫ 1

0
dx

1
M̃K

∂

∂M̃K

J1(−∆, M̃K ),

Dγ

Ξ
0
b

(q2
) = 4c1 − 4e

(
b19 − µ11(µ

ub
− µsb) + µ14(µ

ub
+ µsb) − 2µ20(µ

ub
− µdb − µsb)

− Re(Vub)(ν11 − ν14 + 2ν20)ν
ub

)
+

eg2

4F2
π

(
Re(Vub)ν3ν

ub
+ µ8(µ

ub
+ µdb)

) ∫ 1

0
dx

1
M̃π

∂

∂M̃π

J1(−∆, M̃π),

Dγ
Ξ
−
b
(q2
) = 4c1 − 4e

(
b16 + b19 + (µ11 + µ14)(µ

db
+ µsb) + 2µ17(µ

ub
+ µdb + µsb)

− 2µ20(µ
ub
− µdb − µsb) + 2Re(Vub)(ν17 − ν20)ν

ub
)

−
eg2

4π2F2
π

(
Re(Vub)ν3ν

ub
+ µ8(µ

ub
+ µsb)

) ∫ 1

0
dx

1
M̃K

∂

∂M̃K

J1(−∆, M̃K )

−
eg2

4π2F2
π

(
Re(Vub)ν3ν

ub
+ µ8(µ

ub
+ µdb)

) ∫ 1

0
dx

1
M̃π

∂

∂M̃π

J1(−∆, M̃π),
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Dγ

Σ
+
b

(q2
) = 2c2 + 2e

(
b17 − b20 + 2(µ12 − µ15)µ

ub
+ 2µ18(µ

ub
+ µdb + µsb)

+ 2µ21(µ
ub
− µdb − µsb) + 2Re(Vub)(ν12 − ν15 + ν18 + ν21)ν

ub
)

+
eg1

4π2F2
π

(
Re(Vub)ν2ν

ub
+ µ7(µ

ub
+ µsb)

) ∫ 1

0
dx

1
M̃K

∂

∂M̃K

J1(−∆, M̃K )

+
eg1

4π2F2
π

(
Re(Vub)ν2ν

ub
+ µ7(µ

ub
+ µdb)

) ∫ 1

0
dx

1
M̃π

∂

∂M̃π

J1(−∆, M̃π)

+
eg2

2π2F2
π

(
Re(Vub)ν3ν

ub
+ µ8(µ

ub
+ µsb)

) ∫ 1

0
dx

1
M̃K

∂

∂M̃K

J1(0, M̃K )

+
eg2

2π2F2
π

(
Re(Vub)ν3ν

ub
+ µ8(µ

ub
+ µdb)

) ∫ 1

0
dx

1
M̃π

∂

∂M̃π

J1(0, M̃π),

Dγ

Σ
0
b

(q2
) = 2c2 − 2e

(
b20 − µ12(µ

ub
− µdb) + µ15(µ

ub
+ µdb) − 2µ21(µ

ub
− µdb − µsb)

− Re(Vub)(ν12 − ν15 + 2ν21)ν
ub

)
+

eg1

8F2
π

(
Re(Vub)ν2ν

ub
+ µ7(µ

ub
+ µsb)

) ∫ 1

0
dx

1
M̃K

∂

∂M̃K

J1(−∆, M̃K )

+
eg2

4F2
π

(
Re(Vub)ν3ν

ub
+ µ8(µ

ub
+ µsb)

) ∫ 1

0
dx

1
M̃K

∂

∂M̃K

J1(0, M̃K ),

Dγ
Σ
−
b
(q2
) = 2c2 − 2e

(
b17 + b20 + 2(µ12 + µ15)µ

db
+ 2µ18(µ

ub
+ µdb + µsb)

− 2µ21(µ
ub
− µdb − µsb) + 2Re(Vub)(ν18 − ν21)ν

ub
)

−
eg1

4π2F2
π

(
Re(Vub)ν2ν

ub
+ µ7(µ

ub
+ µdb)

) ∫ 1

0
dx

1
M̃π

∂

∂M̃π

J1(−∆, M̃π)

−
eg2

2π2F2
π

(
Re(Vub)ν3ν

ub
+ µ8(µ

ub
+ µdb)

) ∫ 1

0
dx

1
M̃π

∂

∂M̃π

J1(0, M̃π),

Dγ

Ξ
′0
b

(q2
) = 2c2 − 2e

(
b20 − µ12(µ

ub
− µsb) + µ15(µ

ub
+ µsb) − 2µ21(µ

ub
− µdb − µsb)

− Re(Vub)(ν12 − ν15 + 2ν21)ν
ub

)
+

eg1

8F2
π

(
Re(Vub)ν2ν

ub
+ µ7(µ

ub
+ µdb)

) ∫ 1

0
dx

1
M̃π

∂

∂M̃π

J1(−∆, M̃π)

+
eg2

4F2
π

(
Re(Vub)ν3ν

ub
+ µ8(µ

ub
+ µdb)

) ∫ 1

0
dx

1
M̃π

∂

∂M̃π

J1(0, M̃π),
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Dγ

Ξ
′
−
b

(q2
) = 2c2 − 2e

(
b17 + b20 + (µ12 + µ15)(µ

db
+ µsb) + 2µ18(µ

ub
+ µdb + µsb)

− 2µ21(µ
ub
− µdb − µsb) + 2Re(Vub)(ν18 − ν21)ν

ub
)

−
eg1

8π2F2
π

(
Re(Vub)ν2ν

ub
+ µ7(µ

ub
+ µsb)

) ∫ 1

0
dx

1
M̃K

∂

∂M̃K

J1(−∆, M̃K )

−
eg1

8π2F2
π

(
Re(Vub)ν2ν

ub
+ µ7(µ

ub
+ µdb)

) ∫ 1

0
dx

1
M̃π

∂

∂M̃π

J1(−∆, M̃π)

−
eg2

4π2F2
π

(
Re(Vub)ν3ν

ub
+ µ8(µ

ub
+ µsb)

) ∫ 1

0
dx

1
M̃K

∂

∂M̃K

J1(0, M̃K )

−
eg2

4π2F2
π

(
Re(Vub)ν3ν

ub
+ µ8(µ

ub
+ µdb)

) ∫ 1

0
dx

1
M̃π

∂

∂M̃π

J1(0, M̃π),

Dγ
Ω
−
b
(q2
) = 2c2 − 2e

(
b17 + b20 + 2(µ12 + µ15)µ

sb
+ 2µ18(µ

ub
+ µdb + µsb)

− 2µ21(µ
ub
− µdb − µsb) + 2Re(Vub)(ν18 − ν21)ν

ub
)

−
eg1

4π2F2
π

(
Re(Vub)ν2ν

ub
+ µ7(µ

ub
+ µsb)

) ∫ 1

0
dx

1
M̃K

∂

∂M̃K

J1(−∆, M̃K )

−
eg2

2π2F2
π

(
Re(Vub)ν3ν

ub
+ µ8(µ

ub
+ µsb)

) ∫ 1

0
dx

1
M̃K

∂

∂M̃K

J1(0, M̃K ).
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C.2 EDMs with NDA Estimates

Replacing the unknown LECs in the equations for the neutral and charged b-baryon EDMs with the
NDA estimate leads to the following expressions

dγ
Λ

0
b

= 4

(
mb

Λ
2

)
c̃1 − 4e

(
mb

4πΛ2

)
b̃19 + 4e

(
Fπ

4πΛ2

) [
µ̃11 − µ̃14 + 2µ̃20 + Re(Vub)(ν̃11 − ν̃14 + 2ν̃20)

]
+

eg2

32π2

Λχ

Λ
2

(
Re(Vub)ν̃3 + µ̃8

) (
1 + 2ln

[
MK

λ

]
+

2∆Arccos
[
∆

MK

]√
M2

K − ∆
2

)
,

dγ
Ξ

0
b

= 4

(
mb

Λ
2

)
c̃1 − 4e

(
mb

4πΛ2

)
b̃19 + 4e

(
Fπ

4πΛ2

) [
µ̃11 − µ̃14 + 2µ̃20 + Re(Vub)(ν̃11 − ν̃14 + 2ν̃20)

]
+

eg2

32π2

Λχ

Λ
2

(
Re(Vub)ν̃3 + µ̃8

) (
1 + 2ln

[
Mπ

λ

]
+

2∆√
∆

2
− M2

π

ln

[
∆

Mπ

+

√√
∆

2

M2
π

− 1

])
,

dγ
Ξ
−
b
= 4

(
mb

Λ
2

)
c̃1 − 4e

(
mb

4πΛ2

)
(b̃16 + b̃19)

− 4e

(
Fπ

4πΛ2

) [
µ̃11 + µ̃14 + 2µ̃17 − 2µ̃20 + 2Re(Vub)(ν̃17 − ν̃20)

]
−

eg2

32π2

Λχ

Λ
2

(
Re(Vub)ν̃3 + µ̃8

)
×

(
2 + 2ln

[
MK

λ

]
+

2∆Arccos
[
∆

MK

]√
M2

K − ∆
2
+ 2ln

[
Mπ

λ

]
+

2∆√
∆

2
− M2

π

ln

[
∆

Mπ

+

√√
∆

2

M2
π

− 1

])
,

dγ
Σ
+
b

= 2

(
mb

Λ
2

)
c̃2 + 2e

(
mb

4πΛ2

)
(b̃17 − b̃20)

+ 4e

(
Fπ

4πΛ2

) [
µ̃12 − µ̃15 + µ̃18 + µ̃21 + Re(Vub)(ν̃12 − ν̃15 + ν̃18 + ν̃21)

]
+

eg2

16π2

Λχ

Λ
2

(
Re(Vub)ν̃3 + µ̃8

) (
2 + 2ln

[
MK Mπ

λ2

])
+

eg1

32π2

Λχ

Λ
2

(
Re(Vub)ν̃2 + µ̃7

)
×

(
2 + 2ln

[
MK

λ

]
+

2∆Arccos
[
∆

MK

]√
M2

K − ∆
2
+ 2ln

[
Mπ

λ

]
+

2∆√
∆

2
− M2

π

ln

[
∆

Mπ

+

√√
∆

2

M2
π

− 1

])
,

dγ
Σ

0
b

= 2

(
mb

Λ
2

)
c̃2 − 2e

(
mb

4πΛ2

)
b̃20 + 2e

(
Fπ

4πΛ2

) [
µ̃12 − µ̃15 + 2µ̃21 + Re(Vub)(ν̃12 − ν̃15 + 2ν̃21)

]
+

eg1

64π2

Λχ

Λ
2

(
Re(Vub)ν̃2 + µ̃7

) (
1 + 2ln

[
MK

λ

]
+

2∆Arccos
[
∆

MK

]√
M2

K − ∆
2

)

+
eg2

32π2

Λχ

Λ
2

(
Re(Vub)ν̃3 + µ̃8

) (
1 + 2ln

[
MK

λ

])
,
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dγ
Σ
−
b
= 2

(
mb

Λ
2

)
c̃2 − 2e

(
mb

4πΛ2

)
(b̃17 + b̃20) − 4e

(
Fπ

4πΛ2

) [
µ̃12 + µ̃15 + µ̃18 − µ̃21 + Re(Vub)(ν̃18 − ν̃21)

]
−

eg1

32π2

Λχ

Λ
2

(
Re(Vub)ν̃2 + µ̃7

) (
1 + 2ln

[
Mπ

λ

]
+

2∆√
∆

2
− M2

π

ln

[
∆

Mπ

+

√√
∆

2

M2
π

− 1

])

−
eg2

16π2

Λχ

Λ
2

(
Re(Vub)ν̃3 + µ̃8

) (
1 + 2ln

[
Mπ

λ

])
,

dγ
Ξ
′0
b

= 2

(
mb

Λ
2

)
c̃2 − 2e

(
mb

4πΛ2

)
b̃20 + 2e

(
Fπ

4πΛ2

) [
µ̃12 − µ̃15 + 2µ̃21 + Re(Vub)(ν̃12 − ν̃15 + 2ν̃21)

]
+

eg1

64π2

Λχ

Λ
2

(
Re(Vub)ν̃2 + µ̃7

) (
1 + 2ln

[
Mπ

λ

]
+

2∆√
∆

2
− M2

π

ln

[
∆

Mπ

+

√√
∆

2

M2
π

− 1

])

+
eg2

32π2

Λχ

Λ
2

(
Re(Vub)ν̃3 + µ̃8

) (
1 + 2ln

[
Mπ

λ

])
,

dγ
Ξ
′
−
b

= 2

(
mb

Λ
2

)
c̃2 − 2e

(
mb

4πΛ2

)
(b̃17 + b̃20)

− 2e

(
Fπ

4πΛ2

) [
µ̃12 + µ̃15 + 2µ̃18 − 2µ̃21 + 2Re(Vub)(ν̃18 − ν̃21)

]
−

eg2

32π2

Λχ

Λ
2

(
Re(Vub)ν̃3 + µ̃8

) (
2 + 2ln

[
MK Mπ

λ2

])
−

eg1

64π2

Λχ

Λ
2

(
Re(Vub)ν̃2 + µ̃7

)
×

(
2 + 2ln

[
MK

λ

]
+

2∆Arccos
[
∆

MK

]√
M2

K − ∆
2
+ 2ln

[
Mπ

λ
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+
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2
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π

ln
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∆

2

M2
π

− 1

])
,

dγ
Ω
−
b
= 2

(
mb

Λ
2

)
c̃2 − 2e

(
mb

4πΛ2

)
(b̃17 + b̃20) − 4e

(
Fπ

4πΛ2

) [
µ̃12 + µ̃15 + µ̃18 − µ̃21 + Re(Vub)(ν̃18 − ν̃21)

]
−

eg1

32π2
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2

(
Re(Vub)ν̃2 + µ̃7

) (
1 + 2ln

[
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λ

]
+
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[
∆
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]√
M2

K − ∆
2

)

−
eg2

16π2

Λχ

Λ
2

(
Re(Vub)ν̃3 + µ̃8

) (
1 + 2ln

[
MK

λ

])
,

where c̃i, b̃i, µ̃i, and ν̃i are dimensionless constants which are varied from −3 to +3 in the MC
sampling. The estimation 4πFπ ∼ Λχ has been used at certain steps.
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C.3 Loop Functions

In this appendix we give the loop functions in the heavy baryon formulation [62] which appear in the
calculation of the diagrams in Fig. 5.1

∆M = 2M2

[
L +

1
16π2 ln

(
M
λ

)]
+ O(n − 4),

1
i

∫
dnk
(2π)n

1
M2
− k2 = ∆M = Mn−2

(4π)−n/2 Γ
(
1 −

n
2

)
,

1
i

∫
dnk
(2π)n

{1, kµ, kµkν}

[v · k − w][M2
− k2
]
=

{
J0(w), vµJ1(w), gµνJ2(w) + vµvνJ3(w)

}
,

1
i

∫
dnk
(2π)n

{1, kµ, kµkν}

[v · k − w]2[M2
− k2
]
=

{
G0(w), vµG1(w), gµνG2(w) + vµvνG3(w)

}
,

1
i

∫
dnk
(2π)n

1
[v · k − w)[M2

− k2
][(k + q)2 − M2

]
=

∫ 1

0
dx

1
2M̃

∂

∂M̃
J0

(
w̃, M̃

)
,

1
i

∫
dnk
(2π)n

kµ

[v · k − w][M2
− k2
][(k + q)2 − M2

]
=

∫ 1

0
dx

(
vµ

2M̃

∂

∂M̃
J1

(
w̃, M̃

)
−

x qµ
2M̃

∂

∂M̃
J0

(
w̃, M̃

))
,

1
i

∫
dnk
(2π)n

kµkν

[v · k − w][M2
− k2
][(k + q)2 − M2

]
=

∫ 1

0
dx

(
gµν

2M̃

∂

∂M̃
J2

(
w̃, M̃

)
+
vµvν

2M̃

∂

∂M̃
J3

(
w̃, M̃

)
−

(
qµvν + qνvµ

) x

2M̃

∂

∂M̃
J1

(
w̃, M̃

)
+

x2 qµqν
2M̃

∂

∂M̃
J0

(
w̃, M̃

))
,

where w̃(x) = w + xv · q, and M̃2
(x) = x(x − 1)q2

+ M2. The analytical expressions for the loop
functions in dimensional regularization are

J0(w) = −4Lw +
w

8π2

[
1 − 2 ln

(
M
λ

)]
−

1
4π2

√
M2
− w2 ArcCos

(
−w

M

)
+ O(n − 4),

117



Appendix C Electric dipole moments of baryons with bottom quarks

for M2 > w2, and

J0(w) = −4Lw +
w

8π2

[
1 − 2 ln

(
M
λ

)]
+

1
4π2

√
w2
− M2 ln

(
−w

M
+

√
w2

M2 − 1

)
+ O(n − 4),

for w2 > M2. Additionally, we used the definitions

J1(w) = wJ0(w) + ∆M, J2(w) =
1

n − 1

[
(M2
− w2
)J0(w) − w∆M

]
,

J3(w) = wJ1(w) − J2(w),

Gi(w) =
∂

∂w
Ji(w), i = 0, 1, 2, 3.
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