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SUMMARY

The subject of this thesis is the rigorous analysis of the convergence properties of an al-
gorithm — the Merriman, Bence, Osher (MBO) scheme, or thresholding scheme — which
is used both for simulations in materials science and for clustering and classification
in data science.

The original version of the algorithm developed by Merriman, Bence, and Osher is
used to approximate the evolution by (multiphase) mean curvature flow, for which we
use the abbreviation MCF. MCF evolves a closed surface by prescribing the normal
velocity at every point to be given by —H, where H is the mean curvature of the
surface. The multiphase version of this evolution models the dynamics of a partition
of space: each interface separating two different phases evolves by MCF and a balance
of forces condition at triple junctions — i.e. points where three distinct interfaces meet
— is given as a boundary condition.

The MBO scheme produces successive approximations of the evolution by MCF by
alternating between two steps: (4) convolution with a smooth kernel and (4i) pointwise
thresholding. These correspond to an operator splitting for the Allen-Cahn Equation,
which is known to approximate MCF [42]. Since its introduction, several works have
tackled the question of the convergence of the algorithm. In the simple two-phase case,
this dates back to the independent works of Evans [26], and Barles and Georgelin [6].
Twenty years later, the gradient flow structure revealed in the work of Esedoglu and
Otto [25] allowed Laux and Otto to prove the conditional convergence of the scheme
in the multiphase setting [53].

Several modifications of the MBO algorithm have been proposed in the literature.
One of them, due to Esedoglu and Salvador [72], allows for more freedom in the choice
of some physical parameters — surface tensions and mobilities — which are used when
multiphase MCF is adopted as a model for the slow relaxation of grain boundaries in
polycrystals. This modified version of the scheme retains the simplicity and structure
of the original one, but prior to the work of Laux and the author of this thesis [51],
no rigorous proof of its convergence was known. In Chapter [2| we present the paper
[51], included in Appendix , which contains the proof of the conditional convergence
of the modified thresholding scheme to a De Giorgi’s solution to multiphase MCF, a
weak notion of solution based on the gradient flow structure.

The MBO scheme was adapted in data science by Bertozzi et al. [62, 61], [78]. In this
context, it is used for data clustering — i.e. for finding a partition of a given data set into
subsets of points similar to each other. The thresholding scheme is part of the family
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of graph-based learning algorithms, which share the common idea of building a graph
structure on top of the data set and exploiting it to detect the underlying geometry of
the data. The MBO scheme for data clustering does this in the following way: given a
proposed clustering, one updates the partition by (7) diffusing the partition through the
graph heat operator, and (i) updating the clustering by pointwise thresholding. The
thresholding scheme has demonstrated a good benchmark in many clustering contexts,
for instance in image segmentation, but prior to the content of this thesis little was
known about its theoretical justifications. Here we present two papers [50, 52], written
both by Laux and the author of this work, where we initiate and substantially advance
the mathematical understanding of the algorithm in the large data limit — i.e. we
characterize its behavior when the number of data points grows to infinity.

The thesis is organized as follows: after a detailed introduction that motivates this
work and explains it on a conceptual level, two chapters separate the presentation of
the results into two parts.

Chapter [2| is concerned with the analysis of the modified thresholding scheme of
Esedoglu and Salvador [25], and contains a detailed overview of the results of the paper
[51], included in Appendix [A] We now briefly summarize the core content of the first
part of the thesis in terms of new results and scientific achievements.

Building on the seminal work of Esedoglu and Otto [25] and on the work of Laux
and Otto [55], we analyze the modified algorithm of Esedoglu and Salvador [25], in
particular:

(a) De Giorgi’s solution. We introduce a new definition of weak solution to mul-
tiphase MCF, which extends the one given in the two-phase setting in [55]. This
solution concept — called De Giorgi’s solution — is based on the general theory of
gradient flows.

(b) Convergence of the scheme. We give the first proof of the (conditional) con-
vergence of the modified thresholding scheme of Esedoglu and Salvador [72] to a
De Giorgi’s solution to multiphase MCF.

Chapter [3] is concerned with the analysis of the MBO scheme for data clustering
in the large data limit and contains a detailed overview of the results in the papers
[50, B2], included in Appendix [B| and Appendix |C| respectively. In machine learning,
studying the large data limit of an algorithm aims at understanding the asymptotic
behavior of its outcomes as the number of data points grows to infinity. In recent years,
this question has attracted the attention of the mathematical community and is part of
the broad goal of giving solid theoretical justifications to data science. Several recent
works, e.g. [34, 36}, [35], B3], 10, 111, 12} 13|, [14) 15, @, 23], have successfully addressed this
problem for some graph-based learning algorithms, developing also some mathematical
techniques that are by now standard in the field — mainly viscosity solution approaches
and variational and optimal transport methods.

We now briefly summarize the core content of the second part of the thesis in terms
of new results and scientific achievements. With Laux, we analyzed the large data limit
for the MBO scheme in two works [50, 52] outlined in Chapter [3] In particular:

1. T'-convergence of the thresholding energies. By the minimizing movements
interpretation of Esedoglu and Otto [25] and Bertozzi et al. [7§], outcomes of
multiclass MBO can be seen as (local) minimizers of the graph thresholding
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energy. One is thus interested in characterizing the asymptotic behavior of these
local minimizers. Under the manifold assumption for the data, we have:

(a)

Discrete-to-nonlocal. We prove that, almost surely, for each fixed step
size in the scheme, the graph thresholding energies I'-converge to the corre-
sponding thresholding energy on the weighted data manifold, which in the
simple two-class setting coincides with the heat content with respect to a
suitable weighted heat kernel.

Nonlocal-to-local. We prove that as the step size h goes to zero, the man-
ifold thresholding energies I'-converge to and are consistent with a weighted
partition’s perimeter on the manifold. These results were known only in
the flat Euclidean setting [II, 67, 25]. The generalization to weighted mani-
folds is of independent interest and is non-trivial because in general the heat
kernel does not enjoy any translation invariance property as the Euclidean
one.

2. Convergence of the dynamics. We study the convergence of the dynamics of
the MBO scheme in the two-class setting. In this case, one can use the comparison
principle for MCF to work with viscosity solutions. We show that over any
sequence of step sizes which go to zero sufficiently slow as the number of data
points grows to infinity, the dynamics of the thresholding scheme converge to a
viscosity solution to MCF. More precisely:

(a)

Abstract convergence result. We first concentrate on an abstract ver-
sion of the thresholding scheme, in which on each graph, the heat kernel is
substituted by an abstract operator .S,,. We show that whenever S,, approx-
imates the manifold heat semigroup in the large data limit well enough, the
dynamics of the MBO scheme converge to a viscosity solution to MCF on
the manifold.

Random graphs convergence. We show that, when the data points are
randomly and independently sampled from the data manifold, the graph
heat kernel or the composition of the graph heat kernel with the projection
on the space of the first K, € N eigenvectors of the graph Laplacian are
admissible choices for 5,,, in the sense that with either of these choices, the
assumptions in the abstract convergence result hold true with high prob-
ability. This implies that the dynamics of the MBO scheme on random
geometric graphs converge almost surely to a viscosity solution to MCF.

Hence, the present thesis advances the understanding of multiphase MCF and the
MBO scheme in materials science and data clustering.

The content of this work is rigorous and theoretical from a mathematical view-

point, but the results contained in it are of interest also in an applied setting, either
as mathematical foundations or as useful insights for tweaking the algorithms we ana-
lyzed. Furthermore, in the proofs of the main theorems, we combine several techniques
originating from the calculus of variations, the theory of gradient flows, optimal trans-
portation,
for tackling similar open questions in the literature.

geometric measure theory, and data science in ways that could be inspiring
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CHAPTER 1

INTRODUCTION

1.1 Outline

The Merriman, Bence, and Osher (MBO) scheme — also known as thresholding scheme
— is a numerical method originally introduced to approximate the evolution by mean
curvature flow (MCF). The algorithm produces a time approximation of MCF by iterat-
ing the following two steps: (i) convolution with a smooth kernel and (i) thresholding,.
The scheme is computationally very efficient: indeed, the first step can be implemented
using the Fast Fourier Transform, while the second one is just a pointwise operation.

Besides being mathematically interesting, MCF is used to model the slow relax-
ation of grain boundaries in polycrystals, and this motivates the interest in finding
good numerical schemes to approximate it. Since its first introduction in [63], [64],
the MBO scheme has been widely studied: it has been tweaked in several ways to
better approximate the physical model of grain growth, and, correspondingly, its con-
vergence properties have been studied from a rigorous mathematical point of view
[26], 6], 53], 56l B3], 57]. More recently, Bertozzi et al. [62], 61], [78] adapted the scheme to
data science. In this context, it is used for clustering, which is the task of splitting a
given data set into clusters — subsets of points similar to each other, where the measure
of similarity is the Euclidean distance. The object of this thesis is the rigorous math-
ematical understanding of (i) a new variant of the thresholding scheme used to better
model grain growth in polycrystals; and (i) the large data limit of its data clustering
analog.

Before entering into the discussion on the core content of this work, let us take a
step back and focus on MCF. MCF describes the evolution of a closed surface by its
mean curvature. If ¥y denotes an initial configuration, the surface changes over time
t — 3 according to the law

V=—-H onb, (1.1)

where V' and H denote, respectively, the normal velocity and the mean curvature
of the surface Y,. Equation - although formally very simple - presents many
challenges. First of all, it is a degenerate parabolic equation, so the existence of
smooth solutions is already an interesting problem. Short-time existence of a smooth
solution was addressed for the first time by Gage and Hamilton in [32]. Being a
diffusion equation, MCF has the appealing instantaneous regularizing effect, but even
smooth solutions may develop singularities in finite time (e.g. [37]), so that, in general,
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CHAPTER 1. INTRODUCTION

Figure 1.1: The ideal boundaries between different grains in a polycrystal.

long-time existence in the classical sense cannot be obtained. Considerable effort has
thus been made in finding weak notions of solutions that can pass through topological
changes. Successful attempts in this direction rely on two distinguished features of
MCEF': it satisfies a comparison principle and it has a gradient flow structure. Given
that the MBO scheme is meant to approximate MCF, it is not too surprising that these
two properties transfer to the algorithm, and are actually the main building blocks in
any proof of its convergence.

The comparison principle for MCF asserts that for two domains with one included
into the other, this inclusion will be preserved if their boundaries evolve by MCF. This
observation allowed Chen, Giga, and Goto [18], and, independently, Evans and Spruck
[27] to develop a viscosity solutions theory for MCF. Correspondingly, the comparison
principle for the MBO scheme has been used to prove its convergence in the viscosity
solutions setting in [26), 6], [68].

The gradient flow structure refers to the fact that MCF is the trajectory of steepest
descent for the area functional: if ¢ — ¥, denotes a smooth evolution of smooth
surfaces, it can be shown that

d
—Area(Et):/ VHdS, (1.2)
dt .,

from which it easily follows that among all possible choices for V' with [;, V?dS =
fEt H?dS, makes as small as possible. This structure was exploited for the
introduction of Brakke’s solutions [§] and of BV solutions in the sense of Luckhaus and
Sturzenhecker [58]. It took more than twenty years before the gradient flow structure
of the thresholding scheme was understood: in their seminal paper [25], Esedoglu
and Otto gave a variational interpretation of the MBO scheme, characterizing each
iteration as a step of minimizing movements for the thresholding energy, which in its
simplest setting corresponds to the heat content. This observation made it possible to
tackle the convergence of the algorithm in the setting of BV solutions [53] [56], Brakke’s
solutions [54] and De Giorgi’s solutions [55], [51].

1.2 The MBO scheme for materials science

MCF is used in materials science to model the slow relaxation of (ideal) grain bound-
aries in polycrystals subject to heat treatment. A polycrystal is a material composed of
several regions, called crystals, where the constituents are disposed in a highly ordered
fashion. Grain boundaries are ideal borders separating two different grains, see Fig-
ure [I.1 When the material is heated, the constituents on the grain boundaries change
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1.2. The MBO scheme for materials science

orientation, causing the ideal boundaries to move. It was observed by Mullins [69] that
the motion of a common boundary separating two crystals follows the dynamics

V =—opH, (1.3)

where V' and H are, respectively, the normal velocity and the mean curvature of the
grain boundary. In equation , o denotes the surface energy, or surface tension,
which describes the free energy per unit area on the boundary, due to the different
orientation of the atomic constituents in the two crystals. The quantity p is referred
to as mobility, which is a quantity that depends on the temperature of the grains.
Equation (1.3)) is the evolution by MCF (up to a constant).

When the material is composed of more than two phases, as in the case of Figure|1.1]
the model prescribes equation for each pair of neighboring phases, where the
constants o and p depend on the pair that we are considering. Moreover, the model
prescribes a balance of forces condition where three different grain boundaries meet,
i.e. at triple junctions. If we denote by X;; the boundary between phase €2; and phase
2;, we call evolution by multiphase MCF the following system of partial differential
equations:

(1.4)

Vij = —ijoi Hyj along the grain boundary X;;,
OijVij + OjpVik + OpiVii = 0 along triple junctions >J;; N Xjj.

Here o0;; and p;; denote, respectively, the surface tension and the mobility coefficient
between (2; and €25, while v;; denotes the normal of >J;;, pointing from €2; in direction
of ;. For more information about the modeling, the interested reader may consult
[48].

Given the relevance of system for applications, many efforts have been made
to develop efficient numerical methods for solving . The main difficulty in di-
rectly discretizing are topological changes in the network of grain boundaries:
for instance, some of the grains could disappear. The MBO scheme handles those
topological changes in a natural way.

In view of the significance for applications, it is natural to study the convergence
properties of the time discretizations produced by the algorithm. The first results
in this direction date back to Evans [26], and Barles and Georgelin [0], where the
authors prove, independently and with different techniques, that in the simple two-
phase setting, the thresholding scheme converges to a viscosity solution of MCF.

The analysis of the MBO scheme in its multiphase version cannot be handled with
these methods, because of the lack of a comparison principle in this vectorial setting.
Laux and Otto gave the first proof of the convergence of the scheme in the multiphase
setting in [53] by exploiting its gradient flow structure. The limiting equation is
interpreted in a weak sense using geometric measure theory techniques.

Laux and Otto’s work heavily exploits the minimizing movements interpretation
of the thresholding scheme, which was revealed in the fundamental paper [25]. There,
Esedoglu and Otto prove that each step of the scheme is equivalent to a solution of
the following variational problem

: 1 2 n—1
min {Eh(Z) + %dh(Z, by )} : (1.5)

where Ej,(X) is the thresholding energy, a non-local energy which approximates the area
functional, and d (3, ¥"71) is a suitable non-local distance between the configuration
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CHAPTER 1. INTRODUCTION

¥ and the approximation of the grain boundary at the previous time step X" !. Since
the work of Jordan, Kinderlehrer, and Otto [47], the importance of the formerly often
neglected metric in such gradient-flow structures has been widely appreciated. It is
well-known that, in the case of MCF, the dissipation mechanism in the gradient flow
structure is completely degenerate [65]. This is why in the noteworthy minimizing
movements scheme for MCF by Almgren, Taylor, and Wang [2], and Luckhaus and
Sturzenhecker [58], the authors had to introduce a proxy for the metric term. For
the same reason, the distance term appearing in ((1.5)) is a proxy for the dissipation in
MCF. It is worth noticing that from a numerical analysis viewpoint, implies that
thresholding behaves like the implicit Euler scheme and is therefore unconditionally
stable. Also in different frameworks, this variational viewpoint turned out to be useful,
such as MCF in higher codimension [57] or the Muskat problem [45].

In the works of Laux and Otto, the authors study the convergence of the MBO
scheme in the form of the generalization [25], which works as follows (we restrict to
the torus, i.e. periodic boundary conditions).

Algorithm 1.2.1. Let h > 0 be a given step-size. Let {Q2,...,Q%} be disjoint open
subsets of [0,1) such that [0,1)* = U;Q0. For n € N, to obtain the new collection
{Qutt QY at time t = h(n + 1) from the collection {Q%, ..., 0%} at time t = hn,
perform the following two steps:

1. Foranyi=1,...,N form the convolutions with the standard Gaussian kernel Gy,

of width h

N
7j=1

2. Thresholding step: define

Q= {:p () < mln@b;‘(x)} .

J#

This version of the MBO scheme has the only downside of the somewhat unnatural
implicit choice of mobilities p;; = i Only recently, Salvador and Esedoglu [72]
have presented a strikingly simple Wagf to incorporate a wide class of mobilities p;;.
Their algorithm is based on the fact that although the same kernel appears in the
energy and the metric, each term only uses certain properties of it, which can be tuned
independently: starting from two Gaussian kernels G, and Gg of different widths,
they find positive linear combinations K;; = a;;G. + b;;G, whose effective mobility
and surface tension match the given p;; and o;;, respectively. The convolution step in
Algorithm is then replaced by

J#i

It is remarkable that this algorithm retains the same simplicity and structure as the
previous ones [64], 25]. In Chapter [2| we present the paper [51] where, together with
Laux, we prove the first convergence result for this new general scheme. We exploit
the gradient-flow structure and show that under the natural assumption of energy

Jona Lelmi 12



1.2. The MBO scheme for materials science

convergence, any limit of thresholding satisfies De Giorgi’s inequality, a weak notion
of solution to multiphase MCF.

This result fits into the theory of general gradient flows and crucially depends on De
Giorgi’s abstract framework. This research direction at the level of MCF was initiated
by Laux and Otto and appeared in the lecture notes [55]. There, De Giorgi’s inequality
is derived for the simple model case of two phases. In the first part of this thesis, we
complete these ideas and use a careful localization argument to generalize this result
to the multiphase case. A further particular novelty of this work is that for the first
time, we prove the convergence of the new scheme for arbitrary mobilities [72]. De
Giorgi’s general strategy we are implementing in [51] is also related to the approaches
by Sandier and Serfaty [73] and Mielke [66]. They provide sufficient conditions for
gradient flows to converge in the same spirit as ['-convergence of energy functionals
implies the convergence of minimizers. In the dynamic situation, it is clear that one
needs conditions on both energy and metric in order to verify such a convergence.

Our proof rests on the fact that thresholding, like any minimizing movements
scheme, satisfies a sharp energy-dissipation inequality of the form

1

)+ [ (EE O -y oBE ) ) (10

< En(%(0)),

where /() denotes the piecewise constant interpolation in time of the MBO ap-
proximations, ih(t) denotes another, intrinsic interpolation in terms of the variational
scheme, cf. Lemma , and |0F}| is the metric slope of Ej, cf. .

Our main goal is to pass to the limit in and obtain the sharp energy-dissipation
relation for the limit, which in the simple two-phase case formally reads

oArea(¥ / / ( V?+ po? 2> dS dt < oArea(X(0)). (1.7)

To this end, one needs sharp lower bounds for the terms on the left-hand side of (|1.6)).
While the proof of the lower bound on the metric slope of the energy

T T
liminf/ |8Eh|2(f}h(t))dt2u02/ / H?dS dt
hio- Jo 0o Ju@

is a straightforward generalization of the argument in [55], the main novelty of our
work lies in the sharp lower bound for the distance-term of the form

T T
liminf/ idi(zh(t), Sh(t —h))dt > 1/ / V2dS dt.
hio  J, h? HJo Js)
This requires us to work on a mesoscopic time scale 7 ~ v/h, which is much larger than
the microscopic time-step size h and which is natural in view of the parabolic nature
of our problem.

It is remarkable that De Giorgi’s inequality in fact characterizes the solution
of MCF under additional regularity assumptions. Indeed, if ¥(¢) evolves smoothly,
this inequality can be rewritten as

/ / —v v \/_/LO'H) 4Sdt < 0,
S(0)
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CHAPTER 1. INTRODUCTION

Figure 1.2: One iteration of the MBO scheme with relatively large time-step size on
the two moons data set. The initial configuration (left) is diffused in the first step
(middle picture). The thresholding step then turns this into a new clustering (right).

and therefore V' = —uoH. For the expository purpose, we focused here on the vanilla
two-phase case. In the multiphase case, the resulting inequality implies both the
PDEs and the balance of forces condition, cf. Remark [A.2.3] An optimal energy-
dissipation relation like the one here also plays a crucial role in the recent weak-strong
uniqueness result for multiphase MCF by Fischer, Hensel, Laux, and Simon [29]. There,
a new dynamic analog of calibrations is introduced and uniqueness is established in
the following two steps: (i) any strong solution is a calibrated flow and (7i) every
calibrated flow is unique in the class of weak solutions. In fact, Hensel and Laux
recently showed in [40] that (a slightly weaker version of) De Giorgi’s inequality is
sufficient for weak-strong uniqueness.

1.3 The MBO scheme for data clustering

In the context of data science, the MBO scheme is a particular instance of a graph-
based learning algorithm used for data clustering [62, 61], [78]. Graph-based learn-
ing algorithms build a weighted graph G = (V, W) on top of a given data set V =
{x1,...,2,} C R? with edges weighted by a non-increasing function of the distance of
the data points, and try to exploit this structure to detect the underlying geometry of
the data set to partition it into P € N clusters. The MBO scheme produces successive
proposed partitions by alternating the following two steps: (i) diffusion on the graph;
(7i) thresholding. For the sake of simplifying the exposition, let us assume for the
moment that P = 2, so that a clustering can be encoded by a function x : V' — {0, 1}
(in this case, x is the indicator function of one of the two clusters). Each iteration of
the algorithm works as follows.

Algorithm 1.3.1. Let x : V — {0,1} encode an initial guess for the clustering and
let h > 0 be a given step size. To obtain a new partition of the data set, update the
given one by performing the following two operations:

1. Dziffusion. Solve the heat equation on the graph at time h with initial value X,

1.e. set

u = e MR

X
where Ag is a suitably defined graph Laplacian.

2. Thresholding. Update the partition by defining x : V — {0,1} according to

{wEV: X(x):1}:{xev: W)z%}.
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1.3. The MBO scheme for data clustering

The scheme can be implemented very efficiently in this case too, indeed, the first
operation corresponds to solving the heat equation on a finite graph, which can be
done by computing the matrix exponential of a graph Laplacian; while the second step
is just a pointwise operation. See Figure for one iteration of the MBO scheme on
the two moons data set.

The MBO scheme has a very good benchmark in clustering problems, it can for
instance be used for image segmentation [62, 61]. After its introduction, several authors
found modifications of the algorithm with better accuracy in semisupervised learning
tasks (i.e. classification problems with low labeling rates): for example, VolumeMBO
[46] and PoissonMBO [12].

In recent years, considerable effort has been made to give theoretical justifications
and mathematical foundations to data science algorithms used in practice. An emerg-
ing area of research focuses on characterizing the large data limit of the outcomes of
graph-based learning methods: given a sequence of weighted graphs G,, = (V,,,W,,)
such that V,, C V1 and |V,,| = n for each n € N, one considers the outcome of a given
algorithm on each of the graphs and tries to identify its continuum limit as the number
n of data-points grows to infinity. In order to have a well-posed mathematical problem,
one requires the data points to satisfy the manifold assumption: even if they lay in a
high dimensional feature space, i.e. {z;};7 C R, their intrinsic dimension k is lower,
because — as usual in applications — many of the features will be correlated. One then
usually assumes that {z;}; 5 C M, for a k-dimensional closed Riemannian submani-
fold M C R?. Under this assumptions — and given a sequence of positive localization
parameters {€,},en — one constructs the family of weighted graphs G,, = (V,,, W,,) by
setting:

1. Vi =Az1, ...,z 1
2. Wyp)u=0andfor1 <i#j<n

]_ |ZEZ — (L’j|
(Wh)i; = pl (T) ;

n

where 7 is a non-increasing, sufficiently regular function, and | - | denotes the
d-dimensional Euclidean distance.

When we additionally assume that the data points {z;} % are independently sam-

pled on M, with a distribution given by v := p Vol,,, for a smooth, positive function
p € C(M), the graphs just constructed are referred to as random geometric graphs.
In this context, two predominant methods have emerged as extremely suited for iden-
tifying large data limits: variational methods and viscosity solutions techniques. The
former have been used to study various graph cut algorithms [36, B34], p-Laplacian
regularization [76], and spectral clustering [35], just to name a few. The latter have
for example been used to understand the consistency of Lipschitz learning [10].

Even if the study of large data limits may seem very abstract, the theoretical
results often lead to insights into the choice of parameters for a given algorithm and
its regime of validity. For instance, Laplace learning (also known as Label Propagation)
is a widely used algorithm for classification tasks and has been successfully used in a
semi-supervised setting: one is given a data set made of a few labeled points and many
unlabeled ones, and the goal is to propagate the labels to the whole data set. Laplace
learning does this by extending the classification function — initially defined only on
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the labeled points — to a globally defined harmonic function on the graph. It was
observed in [70] that the algorithm may actually behave badly when the number of
labeled points is too small. In [15], the authors rigorously identify the continuum limit
for Laplace learning, and — by doing this — they precisely relate the regime of validity
of the algorithm in the semi-supervised setting to the labeling rate used.

When working with the MBO scheme for data clustering in practice, one has to tune
two parameters: the step size and the number of eigenvalues of the graph Laplacian
used to approximate the heat operator. It can be observed numerically that poor
choices of these quantities lead to poor accuracy. For instance, on the one hand, if
the step size is chosen too small compared to the characteristic length scale of the
graph, the algorithm will be pinned, because in the first step, there would not be
enough diffusion for any data point to change its label. On the other hand, if the
step size is chosen too large, the algorithm will immediately jump to a trivial state.
It should also be remarked that the actual implementation of the continuum MBO
scheme really corresponds to performing a graph MBO scheme for a very particular
graph: a regular grid. Indeed, computing the convolution of two functions by the Fast
Fourier Transform corresponds to discretizing space by using a regular grid. For all
these reasons, a theoretical analysis of the MBO scheme in its data science formulation
is not only natural but also desirable.

The first rigorous analysis of the graph MBO scheme on regular grids is [68], where
the authors prove the convergence of the space-time discretization of the two-class
algorithm in the viscosity solutions setting. In the general data science framework,
the distribution of the data points is unknown and far from being a regular grid. In
this thesis, we will present two works [50], 52] where, together with Laux, we use both
variational methods and viscosity solutions techniques to study the large data limit of
the MBO scheme for data clustering.

The starting point is once again the minimizing movements interpretation of Esedoglu
and Otto [25], which was rephrased in the graph context by Bertozzi et al. in [7§8]. It
says that in each iteration, the scheme produces a new clustering x e, starting from a
clustering x4 by solving the following minimization problem

: 1
Xnew € argmin {E,?(u) + ﬁdi’(;(u, Xold)} : (1.8)
u:V—1[0,1]

where h > 0 is the chosen step size, E is the graph-thresholding energy — which
can be thought of as a nonlocal energy approximating the graph-cut — and dj ¢ is a
suitable distance. By successively applying the algorithm, one produces a sequence
{X'} 5 of clusterings of the data set. The interpretation (1.8 implies that for N € N
large enough, the clustering x¥ can be thought of as being close to a local minimizer
of the graph thresholding energy. Two questions are then natural:

(i) What is the asymptotic behavior of these local minimizers?
(ii) What is the asymptotic behavior of the dynamics produced by the algorithm?
We give a qualitative answer to Question in [50], and a quantitative answer

to Question (i) in [52]. Both papers are presented in detail in Chapter . Here, we
outline their content.
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1.3. The MBO scheme for data clustering

1.3.1 TI'-convergence of the thresholding energies

To address Question (i), the right tool is I'-convergence — a notion of convergence
for sequences of functionals that ensures the convergence of local minimizers, which
was originally introduced by De Giorgi and Franzoni in [21]. In [50] we study the
I'-convergence of the thresholding energies when the number of data points goes to
infinity and the step size h goes to zero. In the setting of random geometric graphs,
we show that it holds almost surely that the first limit — i.e. when we let the number
of data points go to infinity — is the continuum thresholding energy on the manifold
M, which for measurable functions u : M — [0, 1] is defined as

1
EM(u) = 7 /M(l —u)e "2rup?d Voly, .

Here e 22 is the heat operator on the manifold associated to the weighted Laplacian

with weight p? (which on smooth functions f € C*(M) acts as A2 f := —p% div(p*Vf)).
This I'-convergence takes place in the weak-T'L? sense, a notion of convergence based

on optimal transport allowing one to compare functions that are in L?-spaces with re-

spect to two different probability measures. The second limit —i.e. when we let h | 0 —

is understood in the sense of I'-convergence with respect to the strong L!(M)-topology.

We prove that when h | 0, the energies EM I'-converge to a constant multiple of the

weighted perimeter functional, i.e.

| T Y
L(L*(M)) l}gglEh F,

where for a measurable function v : M — [0, 1] we define

1 27 /k—1 .
Fu) = {\/—;r fa*{u:1}p H 1 (dx) if u e BV(M,{0,1}),

+00 otherwise.

These two results say that, qualitatively, the outcomes of the MBO scheme can be
thought of as local minimizers of the weighted perimeter functional. This formalizes the
intuitive idea that the MBO scheme is driven by minimizing a nonlocal version of the
graph-cut. The results that we just stated are valid also when we consider an arbitrary
number of classes P > 2, in which case the thresholding energy will take into account
the pairwise interaction of the different classes, and the continuum interpretation of
the outcomes of the scheme will correspond to an optimal partition problem. These
facts will be described in detail in Chapter |3, but let us briefly comment on the
key ingredients for proving them. The main point for proving that the thresholding
energies on the graph converge to the nonlocal thresholding energy on the manifold
as the number of data points goes to infinity is the convergence and regularization
properties of the heat operators: we prove that whenever u, are functions defined
on the first n data points which converge to u € L?*(M) weakly with respect to the
TL?(M)-convergence, then for each fixed h > 0 the corresponding heat operators
ey, converge (up to constants in the weighted Laplacian) to e 0w strongly in
TL?*(M). The convergence of the thresholding energies is then just a corollary that
uses the fact that products of weakly convergent functions and strongly convergent
ones converge to the product of their limits.

For the second limit, i.e., letting the step size h go to zero, the main difficulty is that
the heat kernel on a manifold does not enjoy any translation invariance property as
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the Euclidean one. To overcome this problem, we use a careful localization argument
in space-time which allows to approximate the manifold heat kernel with its Euclidean
version on the tangent bundle - this is achieved by means of the asymptotic expansion
for the heat kernel. The I'-lim sup is obtained by localizing on the reduced boundary
of the set of finite perimeter, while the I'-lim inf inequality is obtained by means of the
blow-up method of Fonseca and Miiller [30], see also [L, [4].

1.3.2 Convergence of the dynamics

The selection of local minimizers of the thresholding energy strongly depends on the
dynamics of the algorithm, which is the main motivation for studying Question (i)
and is the object of [52]. There, together with Laux, we study the convergence of the
dynamics of the two-class MBO scheme. We restrict to this case because in this setting
one can use the comparison principle for MCF, and thus it allows for the use of viscosity
solutions. When dealing with the multiclass MBO scheme, the lack of a comparison
principle makes the problem much harder and requires different techniques. After the
first works on viscosity solutions [20], the machinery has proven to be a solid way to
develop a theory of weak solutions for many problems satisfying a maximum principle —
and its use is the basis for many fundamental contributions in geometric PDEs [18] 27]
numerical analysis [0, [43] and, more recently, for new results in theoretical data science
[10, 111 9.

We work with a sequence of weighted geometric graphs G,, = (V,,, W,,) constructed
as before. In this setting, we study the convergence of the sequence of dynamics of the
MBO scheme as the data size n goes to infinity.

The paper [52] contains two main results. For the first one, in the MBO scheme, we
replace the heat operators on the graphs with abstract operators S, : (0, +00) X V,, —
V,, which are linear in the second variable (here V), is the space of real-valued functions
defined on the vertex set V,,) and we show that if the sequence {5, } ,en approximates
well enough the heat kernel corresponding to a weighted Laplace—Beltrami operator
on the manifold, then we have the convergence of the dynamics of the MBO scheme
on the graphs to the viscosity solution of MCF on the manifold. The conditions that
the operators {S,} have to satisfy are three: they should satisfy an approximate
maximum principle, they should approximate the action of the heat kernel on
smooth functions in a uniform sense, and their action on the constant function 1
should be close enough to the constant 1. All these properties are made quantitatively
precise in Theorem in Appendix [C]

In the second main result of [52] we check that (i), (i) and are satisfied with
high probability on random geometric graphs when S, are chosen to be the heat
operators on the graphs or the operators obtained by cutting off frequencies higher than
a threshold K, defined precisely in Item in Theorem in Appendix . Let us
stress that the latter result is crucial for applications. Indeed, when one implements
the MBO scheme on a large dataset, computing the full heat kernel is intractable,
and thus one usually works with an approximate version of it, obtained by cutting
off high frequencies in precisely the way described above. Our result gives a solid
mathematical justification for this procedure, proving that the scheme converges in
the large data limit to the viscosity solution to MCF provided the frequency cut-off is
chosen according to K,, > (log(n))? where ¢ is a suitable positive real number and n
is the number of data points. We also notice that our result gives sufficient conditions
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on how to choose the length scale ¢, and the time-step size h, in order to ensure
convergence of the scheme. In particular, the choice of h,, is not anymore based solely
on rules of thumb but has theoretical foundations. Previously, only a negative result
ensuring pinning of the scheme was known [78, Theorem 4.2]. However, we point out
that the conditions on €, and h,, are only sufficient, but not sharp. Indeed, we expect
that the convergence of the scheme should hold true whenever €, = o(h,,), while our
conditions imply that €, = o(hf’/ 2). The sharp rate €, = o(h,,) was verified in the simple
setting of the deterministic two-dimensional regular grid Z? in [68], and is based on
the explicit expression for the heat kernel on regular grids. But an extension to the
general setting in which we are working requires different techniques. Let us spend a
few words on the strategy of the proofs used in [52].

For the abstract convergence result, we follow the general scheme of proof of Barles
and Georgelin [6], also used in [68], where the authors prove the convergence of the
classical MBO scheme to a viscosity solution to MCF in the Euclidean space. Given
a smooth open set 2 C M, the idea is to prove that the upper semicontinuous enve-
lope u* and the lower semicontinuous envelope u, of the piecewise constant in time
interpolations of outcomes of the MBO scheme (with initial values Q2N G,,) are, respec-
tively, a viscosity subsolution and a viscosity supersolution to MCF on the manifold.
After doing that, one can use the comparison principle for viscosity solutions to MCF
on weighted manifolds, due to Illmanen [41], to compare u* and u, with the unique
viscosity solution u to MCF with initial value ©, to show that sign,(u) < u, and
sign*(u) > w*. In order to check that u* and u, are, respectively, a viscosity subso-
lution and a viscosity supersolution to MCF we have to adapt the strategy in [6] to
our setting: we need to carefully identify admissible error terms for the argument of
[6]. Finally, to apply the comparison principle, it is crucial to show an ordering of the
initial values in the sense that sign, (u(0,-)) < u.(0,-) and sign*(u(0, -)) > u*(0,-). We
verify this in the general case of a weighted manifold by carefully checking that one
iteration of the MBO scheme with step size h produces a set whose normal distance
from the previous one is of order h. This issue seems to have been overlooked in the
literature and we believe that our proof fills an important gap in the previous works,
even in the Euclidean setting.

For the result on random geometric graphs, we draw inspiration from [24]. There,
the authors work on a fixed graph with points sampled independently from a weighted
manifold and consider the error in a uniform sense between the restriction of the
manifold heat kernel to the graph and the operator obtained by considering the first
K frequencies of the graph heat kernel. Their estimate, however, cannot be applied
in our setting because, since we want to take the number of data points to infinity,
we have to be able to take the frequency cut-off K to infinity jointly with it. For this
reason, a careful interplay between the chosen rates of convergence for K, the step size
h, and the localization parameter € is needed. In [52] we thus obtain a new estimate
giving precise conditions on the relation between the frequency cut-off and the number
of data points. To get this, we make use of recent results on the convergence of spectra
of graph Laplacians [33] [13, [14].

The rest of the thesis is organized as follows: in Chapter [2] we summarize the results
of the paper [51], which we include, without introduction, in Appendix [Al Chapter
contains a summary of the results of the papers [50, 52], which we include, without
introduction, in Appendix [Bl and Appendix [C] respectively.
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CHAPTER 2

‘—THE MBO SCHEME FOR MATERIALS SCIENCE

In this chapter, we present paper [51] containing the proof of the convergence
of a modified thresholding scheme to a De Giorgi’s solution to multiphase
MCF. The paper was written jointly by Laux and the author of the current
thesis, and it was published in

Calc. Var. Partial Differ. Equ. 61(1):Paper No. 35, 42, 2022.

In Appendix [A] the paper is reproduced, without introduction, in the form
it appeared on the ArXiv at https://arxiv.org/abs/2101.11663.

2.1 The modified thresholding scheme

In this section, we introduce the relevant background on the modified thresholding
scheme of Salvador and Esedoglu introduced in [25], which is the object of our analysis.
As explained in the introduction, the algorithm is used to approximate the evolution
by multiphase MCF', and its main novelty is that it allows for great freedom in the
choice of mobilities.

Assume that we are given surface tensions o := (0y;);; € RY*Y and mobilities
n = (/LZJ)” c RNXN, where we assume that O = Wiz = O, 045 = Oji, and Hij = Hji-
Assume that v, 5 € R are two positive constants such that v > § > 0. For any pair
1 <1i# 7 <N, define a;;,b;; € R as the solution to the linear system

{Jlj = _ai\j/\?{i + _bij/\;{B,
-1 ai bij
Fij = Jmp T VavE
We then define the kernel K;; as

Kij(2) := a;;G,(2) + b;Ga(2),

where for any ¢t > 0 the Gaussian G, is defined as

1 Els d
Gi(z) == sexp | ——— |, €eR
vVt 4t


https://arxiv.org/abs/2101.11663

2.1. The modified thresholding scheme

For any h > 0, the rescaled kernel Kihj is defined as

Kl (z) = ﬁf{ (%) .

The algorithm of Salvador and Esedoglu used to approximate the evolution of a par-
tition {Q, ..., %} of the torus [0,1)¢ under multiphase MCF with mobilities y and
surface tensions o is then as follows.

Algorithm 2.1.1 (Algorithm|A 1.1)). Let {QF, ..., Q% } be disjoint open subsets of [0, 1)
such that [0,1)¢ = U;Q0, to obtain the new collection {7+, ... Q%Y at timet = h(n+
1) from the collection {QF,...,QX%} at time t = hn perform the following operations:

1. Foranyi=1,...,N form the convolutions
n __ h
Up = Kl 1o
J#i

2. Thresholding step, define

0p i {o s ure) < min v |

Before presenting the results of [5I], let us pause for a moment to heuristically
explain why Algorithm actually works.

Heuristics. Assume that the initial configuration {Q9, ..., Q% } is made of smooth
open sets. We want to provide evidence that one step of Algorithm [2.1.1] actually
approximates the evolution by multiphase MCF, at least away from triple junctions.
To this end, pick 1 < i # j < N and define XY, := 909 N 9QY. Assume that 2 € X,
is away from any triple junction. One can then show that with an exponentially small
in h error, near x we have

%O ~ KZ * 19?('7;)7
7,0;-) ~ thi * lgg(x),
O~ Ky oo () + Ky 1o (), Yk ¢ {3, 5},

In particular, if a;; < a; + ag; and b;; < by, + by, for all & ¢ {7, j} we have that the
updated interface E}j is the set of points y close to x where

Kfj*lﬂg(y)%Kﬁ*lgg(y). (2.1)

Now, by a careful Taylor expansion around z, which can be found in a heuristic form
in [60] and in a rigorous form in |31}, we have that if v;;(z) denotes the unit normal of
%9, pointing from € to QY, for € R small enough

h L Gty fay o by )
K g (v + 1wy () m == (ﬁ + ﬁ) Varh
H,
— (aijﬁ—f- bij\/g) % +O(h).
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Inserting into (2.1)) and solving for r we obtain

aij/7 + bijV/B

" _hHiA(x)\/v—Baw/B—l- bij\/A

It can be checked that
\/V—Baijﬁ + bij\/B _
aijv/ B+ bij\/Y

Oijthig-

In particular, we have
r= —hO'Zj,lLZ]H”(ZL')

This says that the normal movement of the point x is approximately equal to the
evolution by MCF'. In [5I] we rigorously prove the convergence of the scheme to a De
Giorgi’s solution to multiphase MCF.

2.1.1 Main results

In [51], we prove the first convergence result for Algorithm [2.1.1] This is the first
proof of De Giorgi’s inequality in the multiphase case. We exploit the gradient-flow
structure and show that under the natural assumption of energy convergence, any limit
of thresholding satisfies De Giorgi’s inequality, a weak notion of solution to multiphase
MCEF. This assumption is inspired by the fundamental work of Luckhaus-Sturzenhecker
[58] and has appeared in the context of thresholding in [53, [54].

Before stating the main result of the paper, we present the notion of De Giorgi’s
solution for multiphase MCF that we will use. Hereafter, we denote by A the class of
measurable partitions of the torus and by M its convex relaxation, i.e.

N
ZXi = 1},
z]:Vl
i=1

If x € A, we set Q; := {x; = 1} for every 1 < i < N. If x is such that Vy is
a bounded measure, we denote by ¥;; := 0*Q; N 0*Q);, the intersection between the
reduced boundaries 0*(); and 9*€2;. For each h > 0 we denote by Ej, the thresholding
energy, defined for any u € M as

A= {x [0, D)% — {0, 1}

M = {u - [0,1)¢ = [0,1]"

N
1
Ey(u) .= — g Ui'/ uiKihA*u-daj. 2.2
u) Vh 7 Jiony o (22

1,j=1
The following is a slightly simplified version of Definition [A.2.2]

Definition 2.1.2. Given x° € A and such that Vx° is a bounded measure, a map
x 1 [0,1)4 x (0,7) = {0,1}" such that >, x; = 1 and x € L*((0,7), BV([0,1)4))V
is called a De Giorgi solution to the multiphase MCF with surface tensions o;; and
mobilities y;; provided the following three facts hold:
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1. There exist H;; € LQ(HE Jl,(dx)dt) which are mean curvatures in the weak sense,
i.e., such that for any test vector field £ € C=°([0,1)4 x (0,7))?

Z Uij/ (V-&—vy- VfVij)H‘ng(t)(dx)dt (2.3)
Iy [0,1)4x(0,T)
== oy / Hijviy - €1 (do)dt.

ij (0,1)4x(0,T)

2. There exist normal velocities V;; € LQ(HE;U) (dz)dt) with

/ n(t = 0)x}dz +/ om x; dxdt
[0,1)d [0,1)¢x(0,T)

+ / Vi HEE (dz)dt =0
Z [0 1) (0 T) Izzk(t)( )

for all n € C([0,1)¢ x [0,T)).

3. De Giorgi’s inequality is satisfied, i.e., for almost every ¢t € (0,7T)

Z%Hd L2 ( Z / (— + 130 H2) MG (da)ds
[0,1)4x(0,t)

Mg
< ZUZJHd 1 ZO

Definition [2.1.2] is motivated by the fact that for smooth solutions, De Giorgi’s in-
equality characterizes the evolution by MCF away from triple junctions and
prescribes the boundary condition at triple junctions. For more on this we refer to Re-
mark [A.2.3] The definition finds inspiration in the general gradient flows framework
[5, (73], and it generalizes the previous two-phase version [55].

To state our main result, we need to introduce some notation: let x° € A be an
initial partition of the torus. For each 1 < i < N define QY := {}? = 1}. Fix h > 0
and iteratively apply the modified thresholding scheme in Algorithm [2.1.1| with initial
value {QY,... Q% }. For each n € N, denote by x™ € A the outcome of each step, i.e.
foreach1<i< N

Xi(x)=1<2eQl.

We then define the piecewise constant in time interpolation x” as
X'(x,t) = x"(z), t€[nh,(n+1)h)forn € N.

We are now ready to state our conditional convergence result. The energy convergence
assumption (2.6) appearing in the theorem below is motivated by a similar one on the
implicit time discretization of Luckhaus and Sturzenhecker [58], and has also appeared
in previous work on the thresholding scheme [53], 54, [55]. As of now, this assumption
can be verified only in particular cases, such as before the first singularity [77] or for
certain types of singularities, namely mean convex ones [22] [31].
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Theorem 2.1.3 (Theorem [A.2.1). Given x° € A and such that VX" is a bounded
measure and a sequence h | 0, assume that there exists x : [0,1)¢ x (0,T) — [0, 1]V
such that

X" = x in L'([0,1)7 x (0,T)). (2.5)
Then x € {0,1}" almost everywhere, >, x; = 1 and x € L*((0,T), BV([0,1)%))V.

If we assume that

hl0

lim sup /0 XGOS ot /0 HT (5 (), (2.6)

then x is a De Giorgi solution in the sense of Definition [2.1.9,

2.1.2 Outline of the proof

To prove Theorem [2.1.3| we start from the minimizing movements interpretation of
Esedoglu and Otto, which says that for each A > 0 and for any ¢ > 0

1

h . E
X' (t) € argmm{ n(u) + 5h

dy (u, X" (t — h))} , (2.7)
ueM

where FEj, is defined in (2.2)), while dj, is a distance on M, defined as

d2 (u,v) = —2\/52/(% - vi)KZ-hj * (u; —vj)dr, wu,v e M.
0]

It turns out that by the general theory of gradient flows [5], any minimizing movements
dynamics like ([2.7)) satisfies the following abstract energy-dissipation inequality: for
any T' € Nh

2 n?
< En(x"(0)).

Eu("(T)) + = / (idi<xh<t>,xh<t—h)>+|6Eh<uh<t>>|2)dt 2.8)

Here u"(t) is the so-called variational interpolation, which for n € N and t € ((nh, (n+
1)h] is defined by

u"(t) € argmin {Eh(u) + 2t —nh)

ueM
and |0Ey|(u”(t)) is the metric slope defined by

ul — LnlV))+
OB (" (1) = im = dh(@?l(t)i)( -

To prove Theorem we pass to the limit A4 | 0 into (2.8]):

1. Compactness, Lemma By using that the right hand side is bounded in
h, one can prove that the family of partitions {x"},¢ is precompact in the strong
L([0,1)¢ x (0, T))" topology. Moreover, any weak limit of the family belongs to
AN BV([0,1))Y. In what follows, we can thus pick a sequence " converging
to x € AN BV([0,1)9)", and denote by ¥;; the interfaces of the limit.

€ [0, oo]. (2.9)
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2. Energy terms. For the first left hand side term and for the right-hand side
term we use the I'-convergence and consistency of the energies Fj. It is shown
in [25] that Ej, I-converge in the L*(RY) topology to the energy E, defined for
uec M as

S o HET (D) ifue AN BV([0,1))N
E(u) = bJ ]
400 otherwise.

Moreover, for any x € AN BV ([0, 1)), E,(x) converges to E(x) as h | 0.

3. Metric slope term, Proposition [A.2.6] It can be shown that for each i # j
there exists a mean curvature H;; € LQ(H‘gjl(t)(dx)dt) in the sense of (A.17)).

Moreover the following inequality is true:

h%nf / |OEL)?(u"(t))dt > Z 110, / / Hij(z, ) PH* (dx)dt. (2.10)
lj(t)

4. Velocity term, Proposition [A.2.5] One shows that for any 1 < k < N there
exists Vi, € L?(|Vxk|dt) such that

Orx = Vi Vx| dt (2.11)
in the sense of distributions, and if we define Vj;(z,t) := Vi(w,t)|z,;) then we
have

Y1 hiy 24 /d—1
imint [ BP0 = ) > m] / / [ Wt 0w i

These steps clearly allow to pass to the limit in the abstract inequality and
to derive Theorem 2.1.3] To prove and we build on the ideas of [51],
where the analogous inequalities are derived in the two-phase case. The main idea in
extending Laux and Otto’s strategy is a careful localization argument, which allows us
to look at the dynamics of x locally on each interface 3;;. In this way, the evolution
of XJ;; away from triple junctions can be treated as in the two-phase case up to error
terms controlled by our localization method.
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CHAPTER 3

LARGE DATA LIMIT OF THE MBO SCHEME FOR DATA
CLUSTERING

In this chapter, we present papers [50, [52] about the large data limit of the
MBO scheme for data clustering. Both papers have been written jointly by
Laux and the author of the current thesis.

Section [3.2| describes the content of [50], which is reproduced in Appendix
without introduction. The paper is currently under review, and has appeared
online on the ArXiv at https://arxiv.org/abs/2112.06737.

Section [3.3| describes the content of [52], which is reproduced in Appendix
without introduction. The paper is currently under review, and has appeared
online on the ArXiv at https://arxiv.org/abs/2209.05837.

A summary of the content of the two papers will also appear as a PAMM
report in [49].

3.1 The large data limit framework

In this section, we introduce the common mathematical framework for [50} [52], which
is the by now standard setting for large data limit results in graph-based learning.

Let M C R%be a closed, k-dimensional Riemannian submanifold of R?. We assume
that we are given a sequence of data points {z;}; > C M, and a sequence of positive
localization parameters {e,}>. We then construct a sequence of weighted graphs
G, = (V,,W,,) where for each n € N:

(i) The vertex set V,, is given by V,, := {x1, ..., x,};

(ii) The weight matrix W, has zeros on the diagonal, and, for every pair 1 <1i # j <n

1 ‘Qfl — .Tj|
(Wh)ij = e (T) ,

n

where | - | denotes the d-Euclidean distance, and n : [0,400) — [0,+00) is a
sufficiently regular, non-increasing function, such that n(0) = 1.
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3.2. T'-convergence of the thresholding energies

We now introduce the random walk graph Laplacian. First of all, for each n € N we
define the degree of the node i € {1,...,n} as

;) 12% > W)y,

J=1,j#i

and we denote by D, the diagonal matrix D,, := diag(d,(z1), ..., d,(z,)). The random
walk Laplacian on G,, is the (n x n)-matrix Ag, defined as

1 1
Ag, =~ (]In - —Dnlwn) .
€ n

The random walk Laplacian is a positive definite, self-adjoint operator with respect to
the scalar product (-,-)y,, which is defined as (u,v)y, = £ 3" | d,(@;)u(x;)v(x;) for
u,v €V, :={ulu:V, - R}

When working with random geometric graphs, i.e. when the points {z;};,en are
drawn independently according to some probability measure v := p Vol; for some

smooth density p, we assume
log(n)\ /¥
n

so that the graphs become almost surely connected for n large enough. In particular,
the degrees are positive and the random walk Laplacian is well-defined.

3.2 TI'-convergence of the thresholding energies

The object of study in [50] is the multiclass version of the MBO scheme, which allows
to perform data clustering with any number P € N of classes. In this section, we work
with random geometric graphs G,, = (V,,,W,,) as previously constructed.

3.2.1 The multiclass MBO scheme

Given P € N, a clustering of a data set V,, can be encoded by a function y : V,, —
{0,1}7 such that 327 _ x,n = 1, where ¥, is the m-th component of y, for 1 < m < P.
The MBO scheme works as follows.

Algorithm 3.2.1. Let h > 0 be a given step-size, and let x : V,, — {0,1}F be a
proposed partition of the data set into P clusters. To obtain a new clustering, perform
the following steps:

1. Diffusion. For every m =1,..., P define

Uy = E e*hAG"Xl.

l#m

2. Thresholding. For every m = 1, ..., P update the clusters by setting

{xm = 1} := {x €Vt un(z) < %ml(x)} .
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CHAPTER 3. LARGE DATA LIMIT OF THE MBO SCHEME FOR DATA CLUSTERING

The minimizing movements interpretation of Esedoglu and Otto states that the two
steps in Algorithm [3.2.1] are equivalent to solving the following variational problem

e g {BL 0+ gdw), (31)

wVp—=[0,1]1P, 8 u=1

where E _is the thresholding energy, defined for u : V;, — [0,1]F

G
Enen § : Ui, € nu] Vn o

wé]

and dj, is a suitable distance on the space of [0, 1]”-valued functions on V,,. Because
of , by iterating sufficiently many times Algorithm we can think of the final
outcome as being close to a (local) minimizer of the thresholding energy. The object
of [50] is to study the asymptotic behavior of these (local) minimizers.

3.2.2 Main results

The paper [50] draws a rigorous connection between outcomes of the MBO scheme
and local minimizers of an optimal partition problem on the data manifold. Firstly,
we relate the outcomes of the algorithm with local minimizers of a nonlocal energy on
the manifold by studying the large data limit of the MBO scheme with a fixed step
size h > 0. Secondly, we study the convergence property of the latter by letting the
step size converge to zero.

To precisely state our results, let us introduce, for any h > 0, the thresholding
energy Ej,, defined for measurable functions u : M — [0, 1], such that Zfil u; = 1,

as
Z/ u;e “hAP2u]p2dVolM,

%#J

where k := k(n) is a constant depending on the choice of 1, and which hereafter we
assume to be equal to one, and e *"*»? denotes the heat semigroup associated to the
weighted Laplacian A 2, defined by its action on smooth functions f € C*°(M) by

1 .
Apf = —F div (pZVf) )

The first main result of [50] is the following discrete-to-nonlocal convergence.

Theorem 3.2.2 (Theorem [B.2.1). Under the scaling regime (1055")) w L6 <1t
holds almost surely that for every h > 0

I'(weak — TL*(M)) — lim E! = Ej.
n—-+00

The second main result of [50] relates the nonlocal energy Ej, to an optimal partition
problem. Before stating the result, let us introduce some notation. If u : M — R
is a BV(M) function, we denote by |Dul, its p*-weighted total variation. If u €
BV (M,{0,1}F), for every i = 1,..., P we set Q; := {u; = 1}, and for i # j we set
i = 0" Q;N0*Q;, where 0%(2; denotes the reduced boundary of €2;. We then have the
following result.
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3.2. T'-convergence of the thresholding energies

Theorem 3.2.3 (Theorem [B.2.5)). It holds that

1 BT _
D(L'(M)) = lim By = E,

where the energy E is defined on measurable functions v : M — [0,1]F, such that
Zzil w; =1, as

B(u) = {T Yip [Duil 2(S5) if w € BV(M,{0,1}),

+00 otherwise.

3.2.3 Outline of the proofs

We now give the main ideas for the proof of Theorem and of Theorem [3.2.3]

Ideas for Theorem (3.2.2] We show that under the stated scaling regime, it
holds almost surely that if u™ € V), is a sequence of [0, 1]”-valued functions converging
weakly in TL?(M) to a function u : M — [0, 1]7, then

i Bl (i) = B(u). (32)
This corresponds to proving continuous convergence of the functionals E,’;M with re-
spect to weak-T'L?(M) convergence, which implies I'-convergence. To see that (3.2)
holds, we first observe that if we have a sequence of functions v™ € V), converging to
v weakly in T'L*(M) and a sequence of functions w™ € V,, converging to w strongly in
TL*(M), then
lim (0", w")y, = / vwp®d Voly; .

M

n—-+o0o

We then spell out the definition of the graph thresholding energy

1 — n
By (") = 72 3 il ey,

i#]

and we observe that to conclude, it thus suffices to show that the heat operators on the
graphs upgrade weak-T'L?(M) convergence to strong-TL*(M) convergence. In fact, we
prove the following result.

Theorem 3.2.4 (Theorem [B.2.2). Under the assumptions of Theorem [3.2.2, it holds
almost surely that if u™ € V, is a sequence of functions converging weakly in TL*(M)

to u, then for every h > 0 the sequence e "Aénu™ converges strongly to e "0*u in
TL?(M).

The proof of Theorem [3.2.4] relies on the energy-dissipation inequality satisfied
by any gradient flow: by a standard argument, one can reduce to the case in which
u € C®(M) and the sequence u™ is obtained by restricting u to the n-th graph.
Denoting by v™ := e **¢»y", it holds that for all t > 0

1 1
E,[v"(t)] + 5/ |Ag,v"(s)[}, ds + 5/ ds < E,[u], (3.3)
0 0

where F, is the Dirichlet energy on the graph. Then one observes:
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CHAPTER 3. LARGE DATA LIMIT OF THE MBO SCHEME FOR DATA CLUSTERING

1. We have sup,, F,,[u"] < +oc.

2. The energies E,, I'-converge almost surely with respect to the strong T'L2-convergence
to the Dirichlet energy Ep;. on the weighted manifold. Moreover, they satisfy
a T-compactness principle ([34, Theorem 1.4] and Theorem [B.5.16). In partic-
ular, up to a subsequence, v"(t) converges strongly in TL?(M) to a function
v(t) € LA(M).

3. The sequences Ag, v" and & Zo™ converge in weak-T'L*(M) to A,2v and, respec-
tively, 4 S

In particular, one can pass to the limit in (3.3]) to obtain

1 1/ dv
Epirv(t — A pv]?p*d Voly, d —// —|?p*d Voly, d
lo(O+5 [ [ 18polavods 5 [0 | [EPRavaas

S EDZ"I“ [U],

where Ep;, denotes the p*-weighted Dirichlet energy on the manifold. Inequality
is the energy-dissipation inequality for the heat-flow on M. This completely character-
izes the limit v as the solution to the heat equation on the manifold with initial value
u € C*°(M) and concludes the argument for Theorem [3.2.4]

Ideas for Theorem (3.2.3| The proof relies on a careful space-time localization
argument and on the asymptotic expansion of the heat kernel.

[-lim sup. For the I'-lim sup inequality, we show that whenever u € BV (M, {0,1}7),
we have

l}iig Ep(u) = E(u).

By writing out the definition of Ej(u), one checks that this is a consequence of the
following: Assume that E, FF C M are sets of finite perimeter, then

_hA 1
i [ el =) di= o2 [ op)ople)dDxel@), (35)

where (op(x),0p(z)), denotes the inner product on the tangent space T, M between
the inner unit normals og(z) and or(z) of E and, respectively, F' at the point = €
0*E N O*F. One then proves (3.5)) in four steps:

1. Rewriting yg—e " yp as — 0 dt ~1802y pdt, one checks that (3 . is equivalent
to proving that for every x € 0*E N O*F

tort)oue)) =t (o), = [ Ve eair). @0)

hl0

2. Using Gaussian upper bounds for the manifold heat kernel, we may localize in
space around x: after this step, (3.7)) reduces to proving

%(gF(gj),o‘E(x» = lim <0F / Ve 22 X pnpye @) (% )dt> (3.7)

T h10

for some s < %
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3.2. T'-convergence of the thresholding energies

3.

If we denote by p the heat kernel for A,» we have that

1 /h N I )
—= | Ve Ty s(@)(2)dt = —/ / V.p(t, z,y)xe(y)p d Vol dt.
\/E 0 ENBps (z) \/E 0 Bhs(m) E M

Since we are integrating on a small ball around x, we can use the asymptotic
expansion for the heat kernel. We then show that as A | 0, the only relevant term
in the expansion is the zero-th order one. In particular, we are left to proving
that

%<0F<x>,aE<x>> - (3.8)

d(z y)
%%_<UF / / ( A7 t k/2 O<xay)> XEﬂBhs(x)(y)p2(y)dVOlM dt>,

where v is the zero-th order coefficient in the asymptotic expansion for the heat
kernel.

Using normal coordinates around z, one can reduce (3.8) to the analogous state-
ment on the Euclidean space. This is then easily checked by using De Giorgi’s
structure theorem for sets of finite perimeter.

[-liminf. The proof of the I'-liminf inequality uses the blow-up technique of Fon-
seca and Miiller [30]: this allows for a localization in space which, in turn, allows for
the use of the asymptotic expansion of the heat kernel that reduces the problem to an
analogous one in the Euclidean space.

3.2.4 Extensions

The results in [50] can be extended in various directions:

1.

Surface tensions. In the algorithm, it is possible to use different “surface ten-
sions” between different classes, which are additional parameters one can use to
penalize certain interfaces between labels more than others.

Forcing. It is possible to adapt the scheme to a semi-supervised setting, i.e. when
same of the data-points are already labeled. In this case, the labeling information
is used to produce a forcing/drift f:V,, — R which is then used to slightly

change the threshold value as {Xqﬂ =1} := {uZ —Vhfi <u; —Vhf;, Vi # z}
The resulting scheme is just as efficient as the original one. The analysis is almost
unchanged as the forcing only leads to a continuous perturbation in the energy.

Volume constraints. These I'-convergence techniques immediately apply to vari-
ants with volume constraints on the clusters and give a convergence result for
VolumeMBO.

Other graph Laplacians. The results apply to a larger variety of graph Laplacians
and data dependent weights.

31
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CHAPTER 3. LARGE DATA LIMIT OF THE MBO SCHEME FOR DATA CLUSTERING

3.3 Convergence of the dynamics

The object of study in [52] is the two-class MBO scheme. In [52] we are interested in
the asymptotic behavior of the sequences of partitions obtained by iteratively applying
the MBO scheme: in other words, instead of just focusing on the final outcomes of the
algorithm, we study the MBO dynamics. The analysis is restricted to the two-class
case (i.e. P = 2), because our proof relies on the viscosity solutions framework, which
is not available in the multiclass setting.

3.3.1 Two-class MBO

The two-class MBO scheme is a particular instance of Algorithm [3.2.1] In this case, a
clustering can be encoded by a function x“» : V,, — {0, 1}, which is the characteristic
function of one of the two clusters. The two-class thresholding scheme is then as
follows.

Algorithm 3.3.1. Let h, > 0 be a chosen step-size, and let x% : V,, — {0,1} be
a proposed partition of the data-set into two clusters. To obtain a new clustering,
perform the following steps:

1. Diffusion. For everym =1,..., P define

Uy = e hAan XG”.
2. Thresholding. Update the clusters by setting
1
(% =1} := {az‘ €Vt up(x) > 5} :

When implementing the scheme in practice, it is often intractable to compute the
whole matrix exponential e "A¢»: usually, one computes an approximate version of the
graph heat kernel by first applying to its argument the operator P, , the projection on
the subspace generated by the first K,, € N eigenvectors of the graph Laplacian Ag, .
If we denote by S, : [0,+00) X V, — V, an abstract operator, linear in the second
variable, the two-class MBO scheme can be written in an abstract version:

Algorithm 3.3.2. Let h, > 0 be a chosen step-size, and let X" : V,, — {0,1} be a
proposed partition of the data set into two clusters. To obtain a new clustering, perform
the following steps:

1. Diffusion. For every m =1,..., P define
Up = Sn(h’m XGn)

2. Thresholding. Update the clusters by setting

1
X =1} := {x €Vt up(x) > 5} :
Iterating the algorithm produces a sequence of partitions {x"“»},'> of the data-
points V,,. We can then define piecewise constant in time interpolations by

u'mCn () =2 — 1, x € Vit € [lhy, (1 + 1)hy,).

hn7

We are interested in the asymptotic behavior of u/» as the number of data points

goes to infinity.
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3.3.2 Main results

Before presenting the main results of [52], let us informally introduce MCF on a
weighted manifold (M, g, p?). MCF is defined as the trajectory of steepest descent for
the weighted area functional: one can prove that a smooth evolution [0, +00) 3 t —
of smooth open sets evolve by MCF if

1
g(V.v) = =5 div(p*p).

where V' is the velocity vector field of the evolution and v is the outer unit normal
field. If w : [0, +00) x M — R is a smooth function such that for any s € R the sets
QF :={x € M :u(t,z) > s} evolve by MCF, then u solves

Du ® Du Vp?
Oy = <g — W’D2u> +g (F,VU) , (39)

which is called the level set formulation of MCF. MCF satisfies a comparison principle
that allows to interpret equation in the viscosity sense.
Let Q@ C M be a smooth open set and let I'y be its boundary. We denote by
u : [0,+00) x M — R the unique viscosity solution of the level set formulation of
MCF with density p* (see Section for the details) with initial value sd(-,T'y) =
dp(x,Q°) — dp(x, ), the signed distance function from I'y. For any ¢ > 0 we also
define
Q={re M|u(t,x) >0}, Ty ={z € M| u(t,z) =0}. (3.10)

For each n € N, we consider the function u"%» obtained as in the previous section

by starting the MBO scheme on G, with initial value given by x'“" = 1y ~q. We
introduce the upper semicontinuous limit and the lower semicontinuos limit of w/»»
as

t, >0, lim t,=t,

n—-+4o0o

u*(t,z) :=sup { lim sup u"C" (t,,, x,,)

n—-+00

n—-+o0o

r, € G,, lim z,= x},

t, >0, lim t,=t,

n—-+00

us(t, z) = inf {liminfuh"’a"(tn,xn)

n—-+400

n—-+oo

T, € G, lim z,= x}

We will prove that on random geometric graphs, it holds almost surely that the dy-
namics of the two-class MBO scheme converge to a viscosity solution to MCF in the
following sense: for each ¢ > 0 it holds

us(z,t) =1 if z € Qy,
u*(z,t) = —1if z € (Q, UTy)".

We get to this result in two steps:

1. First, we show the convergence of the MBO scheme in the abstract setting.
Let u" @ constructed as before but starting from the outcomes of the abstract
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thresholding scheme (where in the diffusion step the heat operator is replaced
by an abstract operator S,). We show that if the operators S, approximate
the heat semigroup on the manifold well-enough, then the dynamics of the MBO
scheme converge to the unique viscosity solution to MCF. For this result, the
graphs are not assumed to be random.

2. Secondly, we show that when we work with random geometric graphs and S, is
either the heat kernel or a suitable approximation of it, then the assumptions
for the previous result hold true with high probability. This allows to conclude
almost sure convergence of the dynamics of the MBO scheme.

More precisely, we have the following two results.
Theorem 3.3.3 (Theorem |C.2.2)). Assume that:

(i) The operators S,, satisfy the mazximum principle up to errors hiﬂ, 1.e., forn large
enough and for each u,v €V, it holds

U< 0= Sn(hn, u) < Splhn,v) + (H;ax [u] + max M) O(h3/?);

(i) The operators S,, approzimate the heat operator on the manifold, i.e. there exists
a constant k > 0 such that for every function f € C°°(M) we have

max [S(hn, f) () — ¢ f(2)] = (sup | f]) o(v/hn) + Lip(f) O(hy/?);

zeVy

where the functions o(v/hy), O(hf’/z) are independent of f.
(111) The operators S,, almost preserve the total mass in the sense that

max|S, (. 1a,)(x) — 1 = O(h3/?);
rEVn

then the dynamics of the MBO scheme converge to the unique viscosity solution to
MCF on (M, g, p?).

Theorem 3.3.4 (Theorem and Corollary |C.2.6). Let G,, be random geometric
graphs. Assume that q, o, 3 > 0 are suitably chosen and

(i) hn > (log(n))™";

n

fii) (M) < e < (log(n) 7

(i1i) K, > (log(n))?;

() The eigenvalues of A,z satisfy infen(A; — Xi—1) > 0.

tA —tA

Then, for n sufficiently large, the operators e and e """ P, satisfy conditions (i),
(i), and in Theorem with high probability. In particular, the dynamics of
the MBO scheme converge almost surely to the unique viscosity solution to MCF on
(M, g, p*) whenever the number of eigenvectors K, used for approximating the heat
operator on G, satisfies (iii]).
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3.3.3 Outline of the proofs

We now give the main ideas for the proof of Theorem [3.3.3| and of Theorem [3.3.4}
Ideas for Theorem [3.3.3] One shows the following two items:

1. The functions u* and u, are a viscosity subsolution and, respectively, a viscos-
ity supersolution of the level set formulation of MCF on the weighted mani-
fold (M, g, p*). This is proved by following the strategy adopted by Barles and
Georgelin in [6], where the result is proved in the Euclidean space for the contin-
uum MBO scheme. The difficulty in extending their result to the graph setting
lays on the fact that we want to substitute the continuum heat semigroup with
the discrete abstract operators S,,. Properties , 7 and inT heoremm
ensure that the errors we make in performing this operation are negligible in the
limit.

2. For the initial values, it holds that

u*(0,7) < sign*(u(0, 7)),
U*(O, I) Z Sign*(u(O, $)),
where sign® and sign, are, respectively, the upper semi-continuous envelope and

the lower semi-continuous envelope of the sign function. This step seems to have
been overlooked in the literature.

The result then follows by an application of the comparison principle for MCF on
the weighted manifold (M, g, p?), which informally says that whenever v and w are
viscosity subsolution and, respectively, supersolution of MCF, then

v(0,2) <w(0,x), x € M = v(t,z) <w(t,z), t >0, x € M.

Ideas for Theorem One needs to show that with the choice S, (hy,, ) =
e~mmBen or S, (hy,, ) = h”AGn PKn the assumptions of Theorem hold true with
high probability. We Concentrate on the second choice, the other is analogous. We
denote by {v!}1<;<, an orthonormal basis (with respect to the inner product (-,-)y,)
made of eigenvectors for the Laplacian Ag, corresponding to the eigenvalues {\! }1</<n,
which are ordered in the following way

0=A <A <. <)\
The operator Sy, (hy,-) = e ""56n P is then identified with the matrix

HE (hyy2,y) = Ze Pl (@)l (y) ==, @,y € V.
The full graph heat kernel is instead identified with the matrix

- dn(y)
H" (hy,,z,y) = e~ ol ()0t 2L xy €V,
e (s 2, y) ; (@)vn(y)— y
Properties (fi . and . hold exactly for the full graph heat kernel, thus one just has to
prove that the difference H® — HX" is of the correct order.
Property is the main technical part in Theorem and is proved in three
steps:
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1. Denoting by H the manifold heat kernel, one shows that with high probability

hn
e |5 () = P2 10 )| = 0 (12,

This corresponds to Lemma and improves a similar estimate obtained in
[24]. It is proved by exploiting recent results on the convergence of the spectrum
of the graph Laplacian to the spectrum of the manifold Laplacian. In particular,
we use the fact that with high probability, the eigenvectors of the graph Laplacian
converge in the L sense to the corresponding eigenfunction of the continuum
Laplacian.

2. After choosing an optimal transport map 7,, for the co-Wasserstein distance 6,
between v and the empirical probability measure for the data points, one shows
that with high probability, we have for every f € C*(M),

0,  26ndiam)

v wIN (3.11)
50 |71o(v/n) + I (pr 7+ Lip(f)) 0.

max |, (e, )(w) = "2 £ (z)| <Lysup|f

IEVn

where the constants Ly, L, and the function in o(+/h,,) depend only on M.
To show this, one first spells out the definition of S, (h,, f)(z) at a point x € V,,,

Sulhn, f)(x) = Y HE (hy, 2, 9) f(y).

yeVR

Then, the result in the previous step can be used to substitute H fj“(hn,x,y)
with the continuum quantity %H (hp,z,y). This is the source of the error

supyy | flo(v/hy,) in (3.11)). One then has to compare

> #H(hmw,y)f(y), (3.12)
yeVn
with
/M H (hu, 2, y) f () p* (y)d Voly . (3.13)

This can be done rewriting as an integral w.r.t. the empirical probability
measure associated to the data points. One then uses the transport map 7, to
convert this into an integral with respect to the absolutely continuous measure
p? Voly;, and estimates the difference with by using the Lipschitz property
of f and the definition of 6,,. This is the source of the other errors in (3.11]).

3. The final step consists in showing that the right hand side of (3.11)) is indeed of

the correct order. This is just a technical calculation.
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APPENDIX A

LDE GIORGI'S INEQUALITY FOR THE THRESHOLDING
SCHEME WITH ARBITRARY MOBILITIES AND
SURFACE TENSIONS

A.1 Setup and the modified thresholding scheme

Here and in the rest of the paper, [0, 1)¢ denotes the d-dimensional torus. Thus when we
deal with functions u : [0, 1) — R we always assume that they have periodic boundary
conditions. In particular they can be extended periodically on R%. In general if u is
a function as before and f : RY — R then by f * © we mean the convolution on R?
between f and the periodic extension of u, i.e.

fru(x) = f(2)u(xr — 2)dz, v € R
Rd

when this expression makes sense.

A.1.1 The modified algorithm

We start by describing the algorithm proposed by Salvador and Esedoglu in [72]. Let
the symmetric matrix o = (0y;);; € RV*" of surface tensions and the symmetric matrix
p = (pi5);; of mobilities be given. In this work we define for notational convenience
oii = pi; = 0. Let v > > 0 be given. Define the matrices A = (—a;;);; € RM*N and
B = (_bij)ij € RNXN by

Rvaaval

Qjj = ~—8 (04 — 5/%’1)7
VB .
bij = \,7_ 3 (—ou +yui),

for i # j and a; = b; = 0. Then a;j, b;; are uniquely determined as solutions of the
following linear system

vE T ym
bi;

{aij = GuyT y buyP
-1 _ a4y
i = Jaa t v
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The algorithm introduced by Salvador and Esedoglu is as follows. Let the time step
size h > Ohbe fixed. Hereafter G := ch,? denotes the d-dimensional heat kernel ({A.3))
at time yh.

Algorithm A.1.1 (Modified thresholding scheme). Let {2, ..., Q% } be disjoint open
subsets of [0,1)¢ such that [0,1)¢ = U;Q0, to obtain the new collection {Q7+h ..., Q)
at time t = h(n + 1) from the collection {QY,...,Q%} at time t = hn

1. For anyi=1,....N form the convolutions

Pri = G: *lap, ¢h; = Gg * Lap

2. For anyi=1,...,N form the comparison functions

Py = Zaij¢?,j + bijd% ;-
J#i

3. Thresholding step, define

i {o ) <min v |

We will assume the following:

The coefficients a;j, b;; satisfy the strict triangle inequality. (A1)
The matrices A and B are positive definite on (1, ..., 1)*. (A.2)

In particular, for v € (1,...,1)* we can define norms

v =v-Av, |[v]i =v-Bu.

We remark that we need the matrices A, B to be positive definite on (1,...,1)* to
guarantee that the functional defined in (A.8)) is a distance, see the comment following

(A.8) below.
Observe that condition (A.1]) is always satisfied if we choose 7 large and § small

provided the surface tensions and the inverse of the mobilities satisfy the strict triangle
inequality. Indeed, define

My = min{oy, + 0y — 0y} and M, = max{oy, + oy — 05},
Z7]7

40

where i, j, k range over all triples of distinct indices 1 < 7,7,k < N. Define m: and
1
M in a similar way. Then a computation shows that a;; and b;; satisfy the (strict)
"
triangle inequality if

My M,

< and v >
B 3, dr > o
I I

which can always be achieved since v > > 0 are arbitrary. For the second condition
(A.2), we have the following result of Salvador and Esedoglu [72].
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Lemma A.1.2. Let the matrix o of the surface tensions and the matriz I% of the

inverse mobilities (for the diagonal we set inverses to be zeros) be negative definite on
(1,...,1)*. Let v > B be such that

min;—i,.. N—-15; max;—1,. N-15;

-----

v > ; -
maX;—i .. N-1T min;=1,.. N-11

where s; and m; are the nonzero eigenvalues of JoJ and JiJ respectively, where

the matriz J has components J;; = 0;; — % Then A and B are positive definite
on (1,...,1)*.

In particular, if we choose v large enough and  small enough, condition on
the matrices A, B is satisfied provided the matrices ¢ and l% are negative definite on
(1,...,1)*. By a classical result of Schoenberg [74] this is the case if and only if |/7;;
and 1/ /Hij are ¢? embeddable. In particular, this holds for the choice of Read-Shockley
surface tensions and equal mobilities.

For 1 <i# j < N define the kernels

Kij(2) = aiGy(2) + biyGp(2)
where, for a given t > 0, we define ng) as the heat kernel in RY, i.e.,

e
e it

G\ (z) = . (A.3)
vV 47rtd
If the dimension d is clear from the context, we suppress the superscript (d) in (A.3)).
We recall here some basic properties of the heat kernel.

Gi(z) >0 (non-negativity),
Gi(z) = G(Rz) VR € O(d) (symmetry), (A4)

Gi(z) = #Gl (%) (scaling),  (A.5)

Gix Gy = Gy (semigroup property), (A.6)
d

G,Ed)(z) = H Gil)(zi) (factorization property). (A.7)
i=1

We observe that the kernels Kj;; are positive, with positive Fourier transform f(,»j
provided v > max; j 0; jp;; and 8 < min; ; 0; ;1 ;. In particular assuming

1. 0 and #L satisfy the strict triangle inequality,
ij
2. o and i are negative definite on (1,...,1)*,

we can always achieve the conditions posed on A, B and the positivity of the kernels
K;; by choosing v large and 3 small.
Given any h > 0 we define the scaled kernels

Kli(2) = —;
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then the first and the second step in Algorithm may be compactly rewritten as
follows

WP = Kl 1o
j#i
For later use, we also introduce the kernel
1 1
K(2) = 5G,(2) + 5Gs2).
A.1.2 Connection to De Giorgi’s minimizing movements

The first observation is that Algorithm has a minimizing movements interpreta-
tion. To explain this, let us introduce the class

A= {X [0, 1)4 — {0, 1}V

N
ZXk = 1}
k=1

and its relaxation

M = {u: [0,1)% — [0, 1]V

N
k=1

If x € ANBV([0,1)4)", then each of the sets Q; := {x; = 1} is a set of finite perimeter.
We denote by 9*€2; the reduced boundary of the set 2;, and for any pair 1 <i# j < N
we denote by X;; := 0*Q; N 0*(); the interface between the sets. For v € M we define

+00 otherwise.

E(u) := {Zi,j aind—l(Eij) if u e AN BV(]0, 1)d)N,
For h > 0 fixed we define the approximate energy Ej, for u € M

1 h
En(u) = Z NG oy ui K5+ ujda.

Z‘7j

For u,v € M and h > 0 we also define the distance

d2(u,v) = —2hE),(u —v) = —2\/52 /(uz - Ui)Kihj * (u; —vj)de  (A8)
0]
= 2\/ﬁ/ G2 5 (u— ) [} + ’Gz/z * (u—v)[3 dz,

where we used the semigroup property (A.6) and the symmetry (A.4]) to derive the
last equality. We also point out that since > . u; = >, v; = 1 a.e., we have Gz/ % % (u—

v), GZ/Q * (u—v) € (1,...,1)%. Hence the assumptions on A and B guarantee that dj,
defines a distance on M (and on A).

Lemma A.1.3. The pair (M,dy) is a compact metric space. The function Ej is
continuous with respect to dy. For every 1 < i < N and n € N define x7 = 1qn,
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where QF, ..., Q% are obtained from Q1 ...,Q?V_l by the thresholding scheme. Then
X" minimizes

1

2h
Proof. For u,v € M definition (A.8]) and the fact that A and B are positive definite
imply that dj, is a distance on M. The fact that (M,d;) is compact and Ej is
continuous is just a consequence of the fact that dj, metrizes the weak convergence in
L? on M, the interested reader may find the details of the reasoning in [55]. We are
thus left with showing that x" satisfies (A.9)). For u,v € L*([0,1)?) define

1
(u,v) = —= Z/WKZIE * vjd,
ﬂ Z7j

then by the symmetry (A.4) of the Gaussian kernel and by the symmetry of both
matrices A, B it is not hard to show that (-, ) is symmetric. In particular we can write
for any u € M

da (u, X" ') + Ep,(u) among all u € M. (A.9)

1

thi(ua X"+ Ep(u) = —Ep(u— X" + Ep(u)

= —(u—x"""u—=x""") + (uu)
— Q(Xn_lvu) . (Xn—l7 Xn_1)~

Thus (A.9) is equivalent to the fact that x™ minimizes (x" !, u) among all v € M.
Since by

() = / S s,

we see that x™ minimizes the integrand pointwise, and thus it is a minimizer for the
functional. O

The previous lemma allows us to apply the general theory of gradient flows in [5] to
this particular problem. We record the key statement for our purposes in the following
lemma, which will be applied to (M, d},), where dj, is the metric (A.8)).

Lemma A.1.4. Let (M,d) be a compact metric space and E : M — R be continuous.
Given xX° € M and h > 0 consider a sequence {X" }nen satisfying
1
X" minimizes %d2(u,xn_1) + E(u) among all u € M.
Then we have for all t € Nh

BOO) + 5 [ (GO + 10, x(9) +10BP(u(s)) ) ds < ). (A10)

Here x(t) is the piecewise constant interpolation, u(t) is the so-called variational
interpolation, which for n € N and t € ((n — 1)h,nh| is defined by

d?(u, X" ) }
2(t—(n—1)h) [

u(t) € argmin,¢ v {E(u) +
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and |OE|(u) is the metric slope defined by

(E(u) — E(v))+

|OF|(u) := d(ilglﬁo o) € [0, o0. (A.11)
Moreover, the variational interpolation u(t) satisfies
>~ 1
| g oy < 5O, (A12)
E(u(t)) < E(x(t)) for allt > 0. (A.13)

A.2 Statement of results

Our main result is the convergence of the modified thresholding scheme to a weak
notion of multiphase mean curvature flow. More precisely, given an initial partition
{09, .., Q%} of [0,1)% encoded by x° : [0,1)* — {0,1}" such that >, x? = 1, define
X" [0,1) x R — {0, 1}V by setting

x"(t,z) = x°(z) for t < h,

) (A.14)

X" (t,x) = x"(x) for t € [nh,(n+ 1)h) for n € N.

If x° is a function of bounded variation, we denote by ¥f; := 9*Q) N 9*Q9. Our
main result is contained in the following theorem.

Theorem A.2.1. Given x° € A and such that Vx° is a bounded measure and a
sequence h | 0; let X" be defined by (A.14). Assume that there exists x : [0,1)%
(0,7) — [0,1]" such that

X" — x in L'([0,1)* x (0,T)). (A.15)

Then x € {0,1}" almost everywhere, >, x; =1 and x € L*((0,T), BV ([0,1)%))V
If we assume that

limSUP/OT Jdt < Z%/ HI(D4(t))dt, (A.16)

h40
then x is a De Giorgi solution in the sense of Definition [A.2.9 below.

The convergence assumption (A.16|) is motivated by a similar assumption on the
implicit time discretization in the seminal paper [58] by Luckhaus and Sturzenhecker,
and has also appeared in previous work in the context of the thresholding scheme [53],
[54], [55]. As of now, this assumption can be verified only in particular cases, such
as before the first singularity [77] or for certain types of singularities, namely mean
convex ones, meaning H > 0. This was shown for the implicit time discretization in
[22] and a proof in the case of the thresholding scheme will appear in a forthcoming
work by Fuchs and the first author.

Inspired by the general framework [5] and [73], generalizing the previous two-phase
version [55], we propose the following definition for weak solutions in the case of mul-
tiphase mean curvature flow.
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Definition A.2.2. Given Y’ € A and such that V" is a bounded measure, a map
x 1 [0,1)%x (0,7) = {0, 1} such that >, x; = 1 and x € L'((0,T), BV ([0,1)%))¥
called a De Giorgi solution to the multiphase mean curvature flow with surface tensions
0;; and mobilities f1;; provided the following three facts hold:

1. There exist H;; € L* (Hfg Jl_(dx)dt) which are mean curvatures in the weak sense,
i.e., such that for any test vector field & € C°([0,1)? x (0,T))¢

1)dx( OT

:_Zaz]/ szVz] €H|Z (t)(dl’)dt
x(0,T)

2. There exist normal velocities V;; € LQ(”HE ;(t) (dz)dt) with

/ n(t = 0)x dr + / om x; dxdt
[0,1)d [0,1)4x(0,T)
DY I SRR
k;’él >< 0 T

for all n € C=°([0,1)4 x [0,T)).

3. De Giorgi’s inequality is satisfied, i.e.,

1
limsup— » oy HITH (S, (t))dt
740 T; ’ (T—7,T) J(
1 2 (A.18)
42 / ( +M10H2)Hd_1_ (do)dt <Y oy HTHEY).

Remark A.2.3. Observe that inequality (A.18]) together with the definition of the weak
mean curvatures gives a notion of weak solution for the multiphase mean curvature flow

incorporating both the dynamics Vij = —o;;;;H;; and the Herring angle condition at
triple junctions. Indeed if x : [0,1)% x (0,T) — {0, 1} with Z Xz( ) = 1 is such that
the sets ;(t) = {xi(-,t) = 1} meet along smooth interfaces ¥;; := 0€; N 02; which

evolve smoothly and satisfy - - ) then

1. The Herring angle condition at triple junctions is satisfied. Indeed by the diver-
gence theorem on surfaces (see Theorem 11.8 and Remark 11.42 in [59]) for any

¢ € C([0, 1))
/ij(t)<v § —vij - VEvi) H\E (t / HZJVUH|E (t)( z)

/ ¢ - JuyyH 2 (dw),
9545 (1)
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where J denotes the rotation by ninety degrees in the normal plane to the triple
junction 0%;;(t). Thus (A.17) and H;; € LQ(Hflgi;(t)(dx)dt) imply that

Oiyig / f ' inliZHd72<dx)
821'112@)
+ Oiyis / f . JViQZ'SHd72(dQJ)
0%iqig (1)

+ Oisiy / 5 . JVi3i1Hd72<dl') = 0,
aEzgql(t)

which forces 0;,i,Vi iy + TiyisVigis + Tigiy Vigi, = 0 at triple junctions.

2. We have V;; = —oy;0:;H;; on £;5(t). Indeed in the smooth case inequality (A.18)
reduces to

ZO’Z‘]‘ / : %'Hd_l(E”(t))dt

+ = Z/ o (——l—uzja H2>Hd2i]1,(t)(da:)dt§0.
><

Hij

Using the Herring angle condition we have
d
—HTNE, 1) = / Vi HiyHis ) (dz)

and after completing the square we arrive at

ag; +\//'I’Z (oFy] Hl) 1 dx dtSO,
Z J/l)xoT)(,/uw% JETY ](t)( )

which implies Vj; = —oy;p; H;j.

The following lemma establishes, next to a compactness statement, that our con-
vergence can be localized in the space and time variables  and t, but also in the
variable z appearing in the convolution.

Lemma A.2.4. We have the following:

(i) Let {x"}no be a sequence of {0,1}N-valued functions on (0,T) x [0,1)? that
satisfies X" € A for a.e. t and

T

IIH;EUP (esssupte(o 7 En(X (1)) —i—/o ﬁd2( ), (E — h))dt> < oo (A.19)

and that is piecewise constant in time in the sense of (A.14)). Such a sequence
is precompact in L'([0,1)¢ x (0, 7)Y and any weak limit x is such that x €
LY((0,7), BV ([0,1))" with

T
azj/ HI (2 )dt<hr&%)nf/ En(x"(t))dt. (A.20)
0
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(ii) Assume that u" is a sequence of [0, 1] -valued functions with Z such that
(A.16) holds (with x" replaced by u") and such that u" — x in L! ([ 1) x (0, T))N
holds. Assume also that

lim sup esssup,¢ o 7y En(u (1)) < oo. (A.21)
hi0
Then as measures on R4 x [0,1)4 x (0, T) we have the following weak convergences
for any i # j
Kij(2) n
u; (z,t x — Vhz, t)dedtdz
i@ ) (A.22)
— Ki(2)(v(z, t) - z)+HfE_i:(t)(d:U)dtdz.
Kij(2) »

7 ul(z—V'hz, t)u (@, t)dadtdz (4.23)

— K;j(2)(vij(z,t) - 2)- HIZ (t)(dx)dtdz.

Here v;;(+,t) denotes the outer measure theoretic unit normal of ;(t) restricted
to the interface ¥;j(t). Here the convergence may be tested also with continuous
functions which have polynomial growth in z € RY.

The next proposition is the main ingredient in the proof of Theorem [A.2.1] It
establishes the sharp lower bound on the distance-term.

Proposition A.2.5. Suppose that (A.15) and the conclusion of Lemma (1) hold.
Assume also that the left hand side of (A.24)) is finite. Then for every 1 < k < N there
exists Vi, € L*(|Vx|dt) such that

Oxk = Vi|Vixu|dt

in the sense of distributions. Given i # j, it holds that Vi(x,t) = —Vj(x,t) on X;;(t)
and if we define Vi;(x,t) := Vi(x,t)|s,,@) then we have

1
liminf/ ﬁd2( XM, X" (t—h))dt > / / Vij(z, t) PHT (do)dt. (A.24)
0 ,uzg

R10

The final ingredient is the analogous sharp lower bound for the metric slope.

Proposition A.2.6. Suppose that the conclusion of Lemma (i1) holds and that
(A.15) holds with x" replaced by u". Then for any i # j there exists a mean curvature
H;; € LQ(Hdzzl(t)(dx)dt) in the sense of (A.17)). Moreover the following inequality is
true:

o d—
hrililonf/ |OE)|*(u dt>z,u” za/ /”(t (PR (do)dt. (A.25)

We will present the proofs of Theorem [A.2.1] Lemma [A.2.4] Proposition
and Proposition in Section [A.4] Before doing that, we need a simple geometric

measure theory construction.

45 Jona Lelmi



APPENDIX A. DE GIORGI'S INEQUALITY FOR THE THRESHOLDING SCHEME

A.3 Construction of suitable partitions of unity

In the sequel we will frequently want to localize on one of the interfaces. To do so, we
need to construct a suitable family of balls on which the behavior of the flow is split
into two majority phases and several minority phases. Hereafter we will ignore the
time variable and consider a map x : [0,1)% — {0, 1} such that x € BV([0,1)%, RY),
Y oeXe =1. Given 1 < i < j < N we denote by 0*Q); the reduced boundary of the set
{xi = 1} and by ¥;; = 0*Q; N 0*Q); the interface between phase ¢ and phase j. Given
a real number r > 0 and a natural number n € N we define

Fr = {B(x,nr\/g) cx €rZino, 1)d}

where the balls appearing in the definition are intended to be open. Observe that for
any n > 2 and any r > 0 the collection of balls in F7 is a covering of [0,1)? with the
property that any point z € [0,1)? lies in at most ¢(n, d) distinct balls belonging to
Fr, where 0 < c¢(n,d) < (2n)? is a constant that depends on n,d but not on r. Given
numbers 1 <[ # p < N we define

HIN (S, N 2B)
wg_1(4r)d-t

Er::{Be}"g’:Bﬂle%@, < {u}#{zm}

Here 2B denotes the ball with center given by the center of B and twice its radius.
Given [,p as above, denote by {B] } an enumeration of £ and by {p,} a smooth
partition of unity subordinate to {B }. Then the following result holds true (for a
proof, see the Appendix).

Lemma A.3.1. Fiz 1 <1 # p < N. With the above construction the following two
properties hold.

(i) Forany 1 <i# j< N, {i,j}#{l,p} and anyn € LI(HEJ)

. d—1
17%12/ 7-[ dx =0.

(i1) For anyn € Ll(H‘El )

hmz / pr My, (d2) / M (dx).

A.4 Proofs

A.4.1 Proof of Theorem [A.2.1]

Proof. By Lemma we can apply Lemma on the metric space (M, dy,) so
that we get inequality (A.10) with (E,d, x,u) = (Ep, dp, X", u"). Our first observation
is that

d=1(30.)
1}3:51 En(x Z o H E
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which follows from the consistency, cf. Lemmain the Appendix. Inequality
then yields that the sequence " satisfies , so that Lemma (i) applies to
get that x € L'((0,7), BV ([0, 1)), x € {0,1}" a.e., >, xi = 1 and, after extracting
a subsequence, x" — x in L?([0,1)? x (0,7))". We claim that this implies u" — x in
L%([0,1)4 x (0,T))N. To see this, observe that implies

BEL() > — / En(uh(£) — (1))t

N (A.26)
C% 2 ( / G2 (= i) Pt + / G (ul x?)|2dxdt3
i=1

where C' is a constant which depends on N, A, B but not on A and comes from the
fact that all norms on (1, ..., 1)+ are comparable. Inequality clearly implies that
K" xuh — K"+ x" converges to zero in L?. Observe that inequality in particular
yields (A.21)). Recalling in the Appendix, we learn that u” — y* converges to
zero in L?. This implies that we can apply Lemma (ii) both to the sequence
u" and the sequence y". In particular, we may apply Proposition for x" and
Proposition for u". Now the proof follows the same strategy as the one in the
two-phase case in [55]. For the sake of completeness, we sketch the argument here.

First of all, Lemma gives inequality (A.10) for (E}, dp, X", u"), namely for n € N
p(nh) < En(x°), (A.27)

Y

where we set p( ) = Ey(xX"(0) + 1 [o (A2 (" (s + h), X"(s5)) + |0ER(u(s))[?) ds. Mul-
tiplying (A.27)) by n(nh) —n((n —|— 1)h) for some non-increasing function n € C.([0,7))
we get —f Dpdt < (n(0) + hsup |%])Ep(x°). As test function 7, we now choose
n(t) = maX{mm{T £'1},0} and obtam

% / En(x" (1)) dt (A.28)

T—1

3 [ (EREONE 1)+ PEGAOI) de < 1+ DB,

Now it remains to pass to the limit as i | 0: to get from inequality one
uses the lower semicontinuity for the first left hand side term, the sharp bound
for the second left hand side term, the bound for the last left hand side
term and finally one uses the consistency Lemma in the Appendix to treat the
right hand side term. To get it remains to pass to the limit in 7 | 0. O]

A.4.2 Proof of Lemma [A.2.4]

Proof. Argument for (i). For the compactness, the arguments in [55] adapt to this
setting with minor changes. The first observation is that, by inequality in the
Appendix, one needs to prove compactness in L2([0,1)¢x (0, T))" of {K"*x"}0. For
this, one just needs a modulus of continuity in time. L.e. it is sufficient to prove that
there exists a constant C' > 0 independent of h such that I;(s) < C'y/s, where

I(s) = / @y t) — Xt — 5)Pdadt.
(s,T)x[0,1)4

47 Jona Lelmi



APPENDIX A. DE GIORGI'S INEQUALITY FOR THE THRESHOLDING SCHEME

This can be done applying word by word the argument in [55] once we show the
following: for any pair y, x’ € A, we have

/ Ix = X'|dz < %di(x, X') + CVh (En(x) + En(X)) - (A.29)

Here the constant C' depends on N, A, B but not on h.

To prove ([A.29) we proceed as follows: let S € RV*Y be a symmetric matrix which
is positive definite on (1,...,1)*. Since any two norms on a finite dimensional space
are comparable, there exists a constant C' > 0 depending on S and N such that

X=X <Ix=xXIP<Clx— X}

where | - |s denotes the norm induced by S. For a function u € M write (K"«)u" for
the function

((kh*)uh>l = Z Kihj * u?

J#i

Then we calculate

X=X =—(x—X) - (K")(x = x) + (x = X)(S+ (K"))(x — x'). (A.30)

Select S = (s;;) where s;; = — [ K;;(z)dz. Then, by our assumption (A.2)) S, is positive
definite on (1,...,1)* and after mtegratlon on [O, 1)? identity (A.30)) becomes

/ X — xRz = fd2(x><)+ /<x—x'><s+<f<h*>><x—x')dx.

We now proceed to estimate the integral on the right hand side. By the choice of S
and Jensen’s inequality we have

/ (x = X)(S + (B")(x — x)dz < C / (S + (BM))(x - X)ldz

<OX [ KEGI0G e =)~ 0y~ )@

Using the triangle inequality and (A.81)) in the Appendix we can estimate the right
hand side to obtain the following inequality
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/ (x = X)(S + (B"))(x - X)dz

<C i(z — 2)xk(x)dzdz
2% (k#/ X *
+ Z/ z)xk(x — 2)dxdz

k#j

—l—;/ 2)Xj(x = 2) X (x)dxdz

+ (T — z)dxdz) :
2/ winion

Observing that there is a constant C' > 0 such that K;; < CKj;, we conclude that

[ 0= )6+ (RM)x= X o < OVA (B0 + Ea(x).

This proves ([A.29) and closes the argument for the compactness.

We also have to prove , but this follows from (A.22) with «” replaced by
X" once we have shown that the limit x is such that |Vx| is a bounded measure,
equiintegrable in time. Indeed one can check from the proof of that the lower
bound of does not require the extra assumption (A.16)). Thus one gets that

T 1 T
liminf [ E,(x"(t))dt = liminf —// Lo dwdt
H&%n/o n(X" (1)) lrilﬁ)n Zj\/ﬁ ; [071)01 X; ax
> R
> Zhr}rllﬁ)nf / /[0 e *X]dxdt

i#j

= hmmf—/ / / Xe (@, t) K ( )X?(:c—z,t)dzdxdt
— hl0 [0,1)¢ JRd

> Z / /0 y /R K)oy 2) M ()

i#] [

=D / Hiso

i#j

where in the last two lines we used and the definition of o;;. To prove that the
limit  is such that |Vy| is a bounded measure, equiintegrable in time one can proceed
with an argument similar to the one used in [55] for the two-phase case. Observe that
this only requires the weaker assumption (A.21]).

Argument for (i1). As mentioned in the previous paragraph, we already know
that the limit y is such that |Vy| is a bounded measure, equiintegrable in time. We
will prove . Then easily follows by recalling that v;; = —vj;. A standard
argument (to be found in [55]) which relies on the exponential decay of the kernel yields
the fact that we can test convergences with functions with at most polynomial
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growth in z provided we already have the result for bounded and continuous test
functions, thus we focus on this case.

Let £ € Cy(R? x [0,1)¢ x (0,T)) be a bounded and continuous function. To show
(A.22)) we aim at showing that

: Kij(2)
lm [ &(z, 2, ) —2=2ul (@, t)ul! (v — Vhz, t)dadtdz
hw/ vh (A.31)

:/f(z,x,t)Kij(z)(uij(x,t) 2) 4 ’le (1 (dx)dtdz.

Upon splitting £ into the positive and the negative part, by linearity we may assume
that 0 < & < 1. We can split ((A.31)) into the local lower bound

Kij(z) 4,
Vh

liminf [ &£(z,x,t) w)(z, t)ul (z — Vhz, t)dzdzdt
o / (A.32)

> [ €l 0K, () v nt) - 21 M ()l

and the global upper bound

, Kij(2)
limsup [ —2=ul(z, t)u](z — Vhz, t)dzdzdt
wo S Vi (A.33)

/ Y(vij(z,t) - = )+Hdz;_1(t)(dx)dtdz.

Indeed we can recover the limsup inequality in (A.31)) by splitting £ =1 — (1 — &) and
applying the local lower bound (A.32) to 1 —&.

We first concentrate on the local lower bounds in the case where u" = y, namely
we will show
K;
hmmf/f z,2,t) \/(_)Xl(x t)x;(x — Vhz, t)dzdzdt
h (A.34)

> /f(z,x,t)Kij(z)(Vij(x,t) . Z)+7-[Ti§“1_(t)(d:v)dtdz.

By Fatou’s lemma the claim is reduced to showing that for a.e. point ¢ in time and
every z € R?

hmmf/g z,x,t) K\/(_)Xl(x t)x;(x — Vhz, t)dz

/5 2,2, 0) Kij(2)(viy(2,t) - 2 )+Hfz_i]1,(t)(da:).
Fix a point ¢ such that x(-,¢) € BV ([0,1)%,{0,1}") and any z € R%. In the sequel,

we will drop those variables, so x(z) = x(z,t), {(z) = &(z,2,t). By approximation
we may assume that & € C*°([0,1)4). Let p,,;; be a partition of unity obtained by
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applying the construction of Section to the function x(x) on the interface ¥;;. Let
v; be the outer measure theoretic normal of ;(¢). Then by Lemma we have

—tim 3 [ b0 0h(0) - 2) M, (o) (4.35)

We now focus on estimating the argument of the last limit. Observe that (v;(z) -
)+H\a -q,(dx) = (0,Xi)+, thus by definition of positive part of a measure, given € > 0

we can select, for any m € N, a function &, € Cl(B,,) such that 0 < &n < 1 and such
that

/pmzjggmazXz + 27" > /pmi]f(’/z )+H\8 0, (dl’) (A36)

Let N = pmzjgém € Ccl (Bm)7 then

/nm LXi = /aznmxzdx

= lim/ (@ 4 Vhz) =t )Xi(a:)da:
hl0 Vh

h10 Vh
Using that x;(z) — xi(z — vVhz) < xi(2)(1 — xs(z — Vhz)) (because x; € {0,1}) and
that 1 —y; = Zk# Xr we can estimate the last item by

lim ian/nm(a:)Xi(I)Xk(x - ﬁz)dw
k£

h10 Vh

Xi(@)x;(z — vhz)
/ﬁm(l') \/E dz

. Xz \/EZ)
+ lim sup / N (2 dx
hl0 ; \/ﬁ

o Xi(2)x;(x — Vh2)
< hrlrllﬁ)nf / N () 7 dx

Xi()xi(r — Vhz)
—l—};”hn}lwsoup/nm( x) 7 dx.

< lim inf
hi0
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Observe that for each m € N, using also the consistency Lemma

xi(@)xi(x — Vh2)
/nm(a:) i dx
Xi(@)xi(x — Vhz) + xi(z — \/EZ)XJ'@)
Vh

lim sup
hl0

< limsup/nm(x)

hl0
— [ ml@)lvata) - 2P o)
< [s[ M By 0 Sa).

dx

mij

Thus we obtain

. Xz( ) ( \/_Z)
/nmain < hfili%)nf/nm(x) \/E

+ ) M (Bl N Ea).

k#i,j

Inserting back into (|A.35]), recalling also Lemma and the inequality (A.36]),

using Fatou’s lemma, the fact that p,,;; is a partition of unity and that 0 < ¢, <1 we
obtain that

/f (vi(x) - 2) 4 ”Hfz Y(dz) < lim 1nf/§ )Xjf;%— \/Ez)dx +e

and ({A.34) follows letting € go to zero. To derive inequality (A.32)) we just apply

Lemma in the Appendix.
To get the upper bound (A.33)) we argue as follows. First of all, recall Assumption

(A.16) which says

limsup/O Eh(uh(t))dt§/0 E(x(t))dt.

hl0

el ( f// (KL * u(t)dadt,

we have that by (A-32) liminf, o e}/ (up,) > € (x), where €% (x) is defined in the obvious
way. Assume that there exists a pair 7, j such that lim sup,, el (ulh) > € (x), then

Now, if we define

/0 E(x(t))dt > limsup/o Ey(ul(t))dt

hl0
> Z hm 1nf e (uh) + limsup e} (u")

(Lp)2(i.5) 0
T
> [ Ea@a
0
which is a contradiction. Thus we have proved (A.33)). O

Jona Lelmi 52



A.4. Proofs

A.4.3 Proof of Proposition

Proof. Since we assume that the left hand side of (A.24]) is finite, in view of (A.8)),
upon passing to a subsequence we may assume that, in the sense of distributions, the
2 h/2
i (1632 (= x = D[, + |64« (= xt- = )

limit
2
hio h/h B) -

exists as a finite positive measure on [0,1)? x (0, 7). Here we indicated with y'(- — h)
the time shift of function x?. We denote by 7 a small fraction of the characteristic
spatial scale, namely 7 = av/h for some a > 0, which we think as a small number.
Given 1 <[ < N we define

Xt =X =X (= 7).
We divide the proof into two parts: first we show that the normal velocities exist,

and afterwards we prove the sharp bound. But first, let us state two distributional
inequalities that will be used later. Namely

e In a distributional sense it holds that

lim sup — Z Ixi K * oy, < d’w. (A.37)
mo VR

e There exists a constant C' > 0 such that for any 1 < i < N and any 6 € {~v, 5}
in a distributional sense it holds that

liﬂifoup ﬁ(xi —xi(- = 7)Gg * (i — xi(- — 7)) < Catw. (A.38)

We observe that it suffices to prove (A.37)), then (A.38) follows immediately. Indeed

recall that A and B are positive definite on (1,...,1)*. In particular there exists a
constant C' > 0 such that for any v € (1,...,1)* one has |[v|2 + |[v|]3 > Clv|> > Cv? for

any i € {1,..., N}. Applying this to the vector v; = GZ/2 * Oy; one gets

h L n h
Gy 0xil” < F1Gy"  Ox[i + |Gy + ox3.

The claim then follows from the definition of w, (A.37)), the symmetry (A.4) and
the semigroup property (A.6). Indeed it is sufficient to check that, in the sense of
distributions

1
- . h . N h/2 2 h/2 2 =
lim f Ej: ikl 0 + (1G22 % ax 2 + |G+ ax2) = 0.

To this aim, pick a test function n € C°([0,1)¢x (0,T')). Spelling out the definition
of the norms |- |5 and | - |p, the claim is proved once we show that

1}5101 \/_ Zam /f 5XZGh * Ox; — Gh/2 * 5X1Gh/2 * 0y )dxdt = 0, (A.39)
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and the same claim with a;;, 7 replaced by b;;, 8 respectively.
We concentrate on ((A.39)). Clearly, we are done once we show that for any 7 # j

h h h
1}1?01 Vi /5(5)(in *dx; — G/2 * 5XiG7/2 * dx;)dxdt = 0.

To show this, using the semigroup property (A.6]) we rewrite the argument of the limit
as

1
\/_
where [€, GA/ ] denotes the commutator of multiplying by £ and convolving with G
ie.

[€, GR24](6x:) G2 * 6xdadt,

h/2

[5 Gh/2*](f) _ th/Q x f — Gh/2 % (£f> (A.40)

for every function f for which this expressmn makes sense. We observe that by the
boundedness of the measures \F|G * 0|2 it suffices to show

lim —— / 6, GM24)(8x) [Pt = 0. (A1)

To prove this, spelling out the integrand, using the Cauchy-Schwarz inequality and
recalling the scaling (A.5)) we observe that

/l[S,Gﬁ/Z*](éxi)Fdxdt
</ </ Sz 1) — &l = th>l2G’$/Z<Z>dz) G2 s 6 (o, 1) Pt

< §sup|V§|2/ 4(z )|z|2dz/ /|5Xz x,t)|*dxdt.

Observe that by the compactness of x" in L2([0,1)? x (0,T)), (A.42) is of order h, thus
indeed holds true.

Now we can turn to the proof of , which is essentially already contained in
the paper [55]. For the convenience of the reader we sketch the main ideas here. One
reduces the claim to proving the following facts:

(A.42)

1 2 2
h h/2 h/2 _
lim 7 Zj:axifgj % 0x; — T (\G/ x0x|, + ‘Gﬁ % 5;418) =0, (A.43)
2
lim sup — |Gh/2>k(5x‘A—a — ’Gh/Q (x — x(-— h))}A <0, (A.44)
hl0 hh
2
lim su ‘Ghﬂ ‘ ’Ghm —x(-—h < 0. A 45
10— i e X =) (A.45)

Claim was proved in the previous paragraph, while and (| m are

consequences of Jensen’s inequality in the time variable for the convex functions | - |2
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and | - |3 respectively. More precisely, assume without loss of generality that 7 = Nh
for some N € N, then by a telescoping argument and Jensen’s inequality for | - |2 we
get

_|Gh/2 * 5X|A

Vi
Z |Gh/2 X"(- = nh) = x"(- = (n + 1)h))[2.

n=0

Recalling that N = o/v/h we can rewrite the right hand side as

%Z IG5 (= ) = X = (o D))

This is an average of time shifts of a2ﬁ|Gg/z * (X" — x"(- — h))|3. Since Nh = o(1)
all these time shifts are small, thus the average has the same distributional limit as

2%|ny‘/ 2% (x"—=x"(-—h))|2. This proves (A.44). The argument for (A.47) is similar.

Existence of the normal velocities

We now prove the existence of the normal velocities. Fix 1 < i < N and observe that
for w € {7, 8} we have

i = xi( = 1) <O = xal- = 7))G * O — X = 7)) + xi — Gl * xil

+ Ixi(- = 7) = G xa(- = 7], (A.46)

which follows simply by observing that |x; — x:(- —7)| = [xi — xs (- = 7)]* = (i — xa(- —

PGl (i =)+ =) = )+ (1) =) ()~ Gl (7).
Using Jensen’s inequality and the elementary identity (A.81]) in the Appendix we have

e — Gt ol < / " (2)i(e) — xile — 2)dz

— [Ghen@1 e — )i+ [ GLE0 - )l - i
_Z/G 2)xi(x ka—zdz+Z/G 2)xk(x)xi(x — 2)dz.

k#i k#1

Now observe that by testing (A.22) with G,,/K;; (which is bounded, and thus admis-

sible), we learn that

l}gﬁl Vi / G (2)xi(z)xe(z — 2)dz = /Gw(z)(yik(:r;, t) - z)+dz7{|d£ii(t)(d:c)dt.

Thus, if we divide (A.46) by v and let h | 0, using also (A.38) we obtain
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o
alOpxi| < hlil&]nf ’\;%’
|0 (A.A47)

< limsup —=

no  Vh
< Co’w + C’H‘a*ﬂ o (dz)dt,

where C'is a constant which depends on v, 5, N, the mobilities and the surface tensions.
If we divide by a and then let & — 0 we learn that |0;x;| is absolutely continuous with
respect to Hla*Q y(dz)dt. In particular, there exists V; € LI(HW* (v (dz)dt) which is
the normal Velomty of x; in the sense that Ovxi = Vi|Vxi| in the sense of distributions.
The optimal integrability V; € Lz(H‘ o6:() (dx)dt) will be shown in the second part
of the proof. Let us record for later use that with a similar reasomng we actually

obtain that lim sup,, 12 X}; is absolutely continuous with respect to ’Hl -0 ( (da:)dt Thus

in particular inequality m ) holds with w replaced by its absolutely contlnuous part
with respect to Hflaza(t)(dx)dt; calling this w®, it means

’ x|
im sup

no  Vh

< Ca’wi + C’H‘a* p(dz)dt. (A.48)

Sharp Bound

For a given 1 <4 < N we denote by dx; and dx; the positive and negative parts fo §x;
respectively, i.e. we set dx; = (x; — xi(- — 7))+ and dx; = (x; — xi(- — 7))_. Before
entering into the proof of the sharp bound, we need to prove the following property.
For any 7 # j we have that, in a distributional sense, the following holds

1
— 0y K" Tt —0=1im—dy K -
1}1?01 \/Eéx K x6xj =0 1}5101 \/E(SXZ K % 6x; - (A.49)

We focus on the first limit, the second one being analogous. The first observation
is that the limit

_ h +
A= 1}5161 \/ﬁéxz K * 0 (A.50)

is a nonnegative bounded measure, which is absolutely continuous with respect to
H t)(dx)dt Indeed, spelling out the z-integral and using the fact that dx;" = x;(1 —

Xz( 7)) we obtain

ﬁéxJ“Kh ox; = / 2)0x; (2, )0x; (v — z,t)dz
/ 2)xi(x, t)x (x — z,t)dz.
By (A.22) in Lemma as h | 0, the right hand side converges to

[ B tt) 2 Hi (o
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which is absolutely continuous with respect to ”H,‘dz_ ;(t)(das)dt.

Now, given vy € S ! we claim that

vo-2<0 (A51)

vp-2>0
To see this, we rewrite the argument of the limit in (A.50]) as

1
Vh Jra
where we set Ay (t, 2, 2) = xi(z, t)(1—xi)(x, t—=7) K[ (2)xi(z — 2, ) (1= xs) (x — 2, = 7).
Using the fact that 0 < x; < 1 and >, x; = 1 we obtain the following inequalities

An(t,x, 2)dz,

A < Xi(ff,t)KZ(Z)Xi(f —z,1), (A.52)
M <t — >Kh»< Pile — 51— 7)
+C 3 KL (2) (16xal(x,0) + [6xal (x — 2,1)) - (A.53)
k#i,j

Here C' is a constant that does not depend on h. Using inequality ({A.52) on the domain
{1y - 2 < 0} and inequality (A.53)) on the domain {vy -2z > 0} we obtain

A <limsup — »:L’,tKih.inx—z,tdz
1 \/— o (@, 1) K55 (2)xi )
+ lim sup — xj(z,t— T)Kfj(z)xi(x —z,t—7)dz

hl0 \/_ vo-2>0
—i—C’thsup( / 2)|0xk|(x t)dz+—/ 2)|oxk|(x — 2, t)dz )
iz Mo
Observe that for any 1 < k£ < N we have

lim sup — / 2)|0xk|(x, t)dz = lim sup — / 2)|dxk|(x — 2, t)dz.
hi0 hi0

This can be seen by showing that

lim L/Kg(z) (63Kl (2, 1) — |6xel (@ — 2,8)) dz = 0, (A.54)

which can be shown to be true by testing with an admissible test function, and putting
the spatial shift z on it. Thus recalling (A.22)) and (A.48)), we obtain that

A< [ R 2 ()

+C Z awie \a* (o (dx)dt.
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Since we already know that A is absolutely continuous with respect to Hfg ;(t) (dx)dt, the
same bound holds true if we replace the right hand side with its absolutely continuous
part with respect to ’Hd_l (dx)dt Observing that for k # 7,7 by Lemma [A.5.1|in the

Appendix the measures H| (1) (daz)dt and 7—[| = (d;v)dt are mutually singular, this

yields (A.51)).
Writing A = 0(z, t)?-[ (dm)dt for some Ll(’HfE l(t (dx)dt)-function 6 we obtain

that inequality (A.51] - ylelds

o) < [ K@) ylant) - 2)uds
vo#=0 (A.55)
+ / » Kij(2)(vi(z,t) - 2)_dz

for every 1y € S and Hfz l(t (dz)dt-a.e. (z,t) € [0,1)¢ x (0,T). By a separability

argument, we see that the null set on which - does not hold can be chosen so that
it is independent of the choice of . If we select vy = v;j(x,t) this yields < 0 almost
everywhere with respect to 7—l|d£ ;( f (dx)dt. Since we already know that X is nonnegative
this gives A = 0.

Before getting the sharp bound, we check that for any ¢ # j we have V; = -V}
a.e. with respect to H‘Clz_ijl,(t)(dx)dt. To see this, we start by observing that if & €

C>([0,1)? x (0,T)), thanks to the fact that Zk# Xr = 1 —x;, we get

/ EVIHIY, (o (do)dt = / 0,6 xidxdt

=y / D& pdadt

k#i

= —Z/ﬁvﬂ-['a* dzx)dt

k#i

Choosing € = f(t)g(x) for some f € C>((0,T)) and g € C*([0,1)?), by a separability
argument, we obtain that for a.e. t and every g € C*°([0,1)%)

/QVHW (@ Z/ngH|8*Q o (d). (A.56)

k#i

Pick ¢ such that (A.56) holds. Let g € C*°([0,1)¢) and let p,, be a partition of
unity obtained by the construction of Section applied to the function x(-,t) on the
interface ¥;;(¢). Then

meN meN k#1

Passing to the limit r | 0 in (A.57)) we get by Lemma that
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/QWHfz_ijl.(t)(d )= /QVHm (t( ).

Since this identity holds for any g € C°°([0,1)%), a density argument gives Vj(z,t) =
—Vj(z,t) for Hd p-a-¢. . In other words

/ |Vi(z,t) + V}(as,t)|7—lf§i]1,(t)(d$) =0

Integrating in time yields that V; = —V; a.e. with respect to HIE (dx)d

We now proceed with the derivation of the sharp lower bound Define ¢;; =
[ K;j(2)dz. Then we have

'-(I Oxil +10x;51) = e (0x; + 0x5 + 0x; +0x7)
(5Xz 1] (1 - 5Xj ) (1 - 5X] ) * 5Xz + 5X] (1 - 6Xz )
+(1 - 5XZ VKL % 0x; + ox; K (1 -0y )+ (- 5Xj VK * 0x;

+oxT K} (1 —0x; )+ (1 — Ox; )KL+ 6x]) + (oxF KL = x5
+0x; K ij * O +ox; K ij *Ox; + 5X;“Kl-hj *0X; ) -

Now we rewrite the terms in the second parenthesis using —ab = a,b_ + a_b, —

ayby —a_b_ and then adding and subtracting the contributions of the minority phases
we obtain

1 B B
e (10l +10x;1) < 5 <5><+Kh (1—0x;) + (1= 6x; ) K] ox; +0x; Kl + (1= 6x7)
+ (1= 0 )KL % 0x; +0x; K+ (1= 0x ) + (1= 0x) ) K]y % 0x;

+ 5X+Kh (1 —6dx; )+ (1— 5X;)Kl.hj * (5xj) — 25X1K£9 * 0Xp

Lp
+ XK % OxT 4 0xy Kl % 0x; + Ox K] * x;

+dx; K. *5)(2 Z 5X1Klp*5xp.
{t.p}#{ig}
(A.58)

Now the main idea is to split the integral of Kj;; in the definition of ¢;; into two

parts. More precisely, by the symmetry (A.4)), for any vy € S¥! and any Vy > 0 we
have

0<pg-z<aVp vo-z>aV

Substituting into (A.58) and dividing by v/h we obtain

59 Jona Lelmi



APPENDIX A. DE GIORGI'S INEQUALITY FOR THE THRESHOLDING SCHEME

(1oxi] + |0x;1)
2 K (z)dz———F7+1+F—— A.59
/OSVo-zgaVO ( ) \/E ( )

1 — — —
< _2\/E(5Xsz'hj*<1 _5Xj)+(1 —0X; )KZ*(SX;r—i—éXj Kihj*(l—éxj)
+ (1= 0x ) K 0x; + 0x; Kfio« (L= 0x7) + (1= 6x] ) K] = 0x;
h - —\ 1h
+ 5X;rKij #(1—=0x; ) + (1 —0x; )Kij * 5X;r

4 Ky(ds(ioal +16u)
vo-z>aVy

-2 Z 5X1Kl];, * OXp + 25ijihj *OxS + 25X;Kz.hj *0X;
Lp

+ 20X K]« 6x; +20x; Kl * 0x;

+2 > oK, * 5Xp> .
(Lp)#(i.1),(1p)# ()

We will be interested in bounding the liminf of the left hand side. Observe that
the distributional limit of the last five terms is non-positive. Indeed, the limit of first
four terms vanish distributionally by property , while the last term is bounded
from above by

2 Z 5X;“KZ)*5X;+5XZ_KZ’;*5X;,
(Lp)#(1,9),(L,p)#(5,7)

which vanish distributionally in the limit A | 0 by property (A.49). We thus obtain
that the liminf of the left hand side of (|A.59) is bounded from above by

. 1 _ _ B
hrilﬁn{: ﬁ (5)(?[({} # (1 —0x;) + (1 —0x; )KZ *OxT + 0X; Kihj * (1 —0x;)
+(1- 5)(?)!([} *0x; + 5X;Kihj * (1 — 5)(?) +(1-— 5X;F)Kihj * OX;
+ (5ij£} x(1—0dx;)+(1— 5X;)Kihj * 5)(}

4 Ry + oD - 23l < ox, )
vo-z>aVy Ip

For the last term we use the sharp bound (|A.37)), relating this term to our dissipa-
tion measure w. We would like to get a good bound for the other terms. This cannot
be done naively as before, since we want the bound to be sharp. We claim that
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lim sup

—5+Kh 1—0v:)+(1—96 *5 +0 1-6
1 JE(X * ( X; )+ ( XG )G * 0+ 0xG K+ ( Xi)

+ (1= 00X K+ 0xg + 0xg K+ (1= 0x ) + (1= 0x) ) Kjy %0
+5X+Kh *(1—dx; )+ (1—0x;) ij*5Xj

— 4/ Kij(2)d=(|ox:| + |5Xj|)>
vo-z>aV

§8/ Kij(2)|vij(2) - 2ldzHy ) (dx)dt
0<vy-z<aVy

+C Y (Pwp + Hipg, o (dx))dt.
k#i,j5

Ya.60)

Here C'is a constant that depends on v, 8, A, B, but not on hA. Assume for the moment
that (A.60) is true and let us conclude the argument in this case. Using (A.60|) and

(A.37) we obtain

L (19l + 10x51)
211m1nf/ Kij(2)dz~—2—2 22 A.61
hi0 0<vp-z<aVy ’ ( ) \/E ( )

< a’w + 4/ Kij(2)|vij(z) - z|dszE:;(t)(dx)dt
0<vp-z<alp

+C Z (QPwic + ‘3* o (dz)dt
k#i,5

in the sense of distributions on [0,1)¢ x (0,7). Observe also that the left hand side of
(A.61) is an upper bound for [ _, 2<aVh K (2)dz(|0pxi| + |0x;l), thus the inequality
still holds true if the left hand side is replaced by this term. Remember that w

is absolutely continuous with respect to 7-[‘ 0 (dx)dt thus there exist functlons
Wy € Ll(Hfg*bk(t) (dx)dt) such that w( = Wy(z, t)’H| 0, (1) (dx)dt. We now disintegrate
the measure w, i.e. we find a Borel family w;,t € (0,7, of positive measures on [0, 1)¢
such that w = w; ® dt. Having said this, it is not hard to see that holds in a
disintegrated version, i.e. we have for Lebesgue a.e. t € (0,7")

2“A< KV, O My () + Vi@ O, 0 (d) (A62)

g&m+4/ Ky (2) |y () - 2ld=Hs)  (de)
0<yp-z<aV)y

+C Y (PWilw, ) + D HbG, o) (de).

ki, j

Here vy € S4! and V; € (0,00) are arbitrary: indeed even if the set of points in time
for which holds is a priori dependent on vy and V), a standard separability
argument allows us to conclude that we can get rid of this dependence.

Fix a point ¢ in time such that holds. In what follows, we drop the time
variable ¢ which is fixed, so for example V;(z) = Vi(z,t), ¥;; = X;;(¢) and so on.
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Fix £ € C(]0,1)9), observe that by definition of Vj; and by using the fact that ;; C
0*€); N 0*Q); we have

404/ Kij(z)dz/ E(x)|Vij(z )|7—[d 1(dg;)

0<vp-z<aVy [0,1)4

< aQ/ E(x)wi(dx) + 4/ / Kij(2)|vij(x) - z|dz§(x)7-lf§i;(t)(dx)
[0,1)¢ 0,1)d J0<wg-z<aVy

+C Z / (®Wy(z,t) + 1)3‘—[%&2 o (dz).
k#i,j

Let us relabel vy, Vo and £ to make clear that they may depend on the pair i, j.
Thus vy € ST, Vi? € (0,00) and &;; € C([0,1)?) are arbitrary, and it holds

to [ Ky [ 6@
0<yy -z<aVy’ [0,1)d

<ot [ gt +a [ [ () st )M (o)
(0,1)d (0,1)¢ Jo<vi.z<aVi !

: Ck;ézz‘,j/m)d i (2) (@ Wil 1) + DHfpug, ) (da).

Let {pn} be a partition of unity obtained using the construction of Section
applied to the function x(-,¢) on the interface ¥;;(t). Use the above inequality with
&i; replaced by pp,&;; and sum over m and i, j to get

SO LHY <> (1) + I + 1113

1<j meN 1<j meN

where we have set

LY=o [ Ky [ (o @)Vi ) ),
0<yy -2<aVy’? [0,1)d
L=a® [ &i@hpms(e)ldo)
[0,1)4
wimaf [ K)ol ()8 o ),
[0,1)¢ Jo<yy -2<aVj’

1Y = C Z / Pmij (1) () (P Wi (2, ) + 1)H|a*§z (dz).

k#i,j
Observe that

Y 1<y a / 5 (w)wn(dr)

1<j meN 1<J

because p,, is a partition of unity. Moreover by Lemma we get
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VL —da [ Ky [ eIV )

1<j meN 0<
lim 117 = / / Kij(2)|vij(x) - 2|dz€s; () HE D, (d),
40 ;% ; 0,1)¢ Jo<vi z<av ’ ’ ’ 125 (2
hmz > =o.
1<j meN

Putting things together we obtain that for any Véj c S%1 any Voij € (0,00), and
any £ € C([0,1)7)

Yy | Kyl [ 6@V ) (A.63)

<1/éj -z<aVij

1<j
<Z / &ij(x)w(dr)
1<J
e [ R sl ),
i<j 0<yy’ - z<aVy’ 7

We now claim that by approximation the above inequality is valid for any simple
function &; > 0. To see this, it is clear that we can concentrate on &; = wy;lp,,,
where B;; C [0,1)% are Borel and w;; > 0. Observe that by the dominated convergence
theorem, the family

F = {B = HBU : By € B([0,1)%) s.t. Yw; >0 holds with &;; = wijlgij}
1<)

is a monotone class. Thus by the monotone class theorem we just need to show that it
contains all the products of open sets. But this is easy because given B;; C [0, 1)4 open
sets, we can always find sequences 771<; of contlnuous functions with compact support
such that 0 < 77” < 1p,, and such that ;) — 1p,, thus the claim follows by the
monotone convergence theorem.

With this in place one can use an approximation argument to replace the vector uéj
with the H? '-measurable vector valued function v;; obtaining the following inequality:

wy [ ] iy (2) ey o) Vi (o) [ () (A1)

i<j <wvij(x)- z<o¢VOZJ

<Z /01 &ij (2w (dx)
e [ Rl st ).

ij
i<j <vj-z<aV

Now divide by o? and send o« to zero. Record the following limits, which can be
computed spelling out the definition of K;;, and recalling the symmetry property (A.4)
and the factorization property (A.7) for the heat kernel

63 Jona Lelmi



APPENDIX A. DE GIORGI'S INEQUALITY FOR THE THRESHOLDING SCHEME

1 VY
lim — Kij(2)dz = 2.
o0 & 0<Vij(l‘)'Z<OéVOij 2/“]

: (V5))?
hm—2 - Kii(2)|vi(x) - 2|dz = )
al0 a Oguij(x)-zgavol] 4#’1]

Then if we insert back into (A.64]) we obtain

2 Iy
— Vo & () [V () |15, (dz) (A.65)
i< Hij Jio,1)d

S/m)d (dz) +Z/ /m 5” )i (@)

Now given M > 0 take sequences of simple functions

Pm

(- ij

8. = E wy; 13113_
k=1

such that s — |Vi;|1qv,,1<amy as m — 400 monotonically almost everywhere with re-

spect to ’le . We are assuming that { Bf; }s—1, .. p,, are disjoint and H*~'-measurable,
with the property that ijl B =0 if {i,j} # {l,r}. Choosing Vy/ = w}?, &; = g
in (A.65) and summing over k we obtain

2 -
— silVij ()| H5, ) (d)
i<j Hij [0,1)4

S/[o1) (dx) —i—Z/ = fizijl_(t)(dx).

Taking the limit m — +o00, using the monotone convergence theorem we obtain

2 —
4 H/;](-1')’21{|\/;]‘§M}Hi12”1(d1‘>
i<j Hij J0,1)
it )

S/[(n)d (dx) —I-Z/ i\l 1{|%1\§M}H|dzwl,(d:p)

b 1<J

or, in other words,
—1 2 d—1

Z - Vij ()] 1{|%.7\§M}H|zij (dx) < wi(dz).
i<y Hid o) o)1

Recall that p;; = i, thus the inequality above may be rewritten as

1
i 2405

[ W@ Preni @ < | o)
[0,1)4 [0,1)¢

If we now integrate in time we learn by the monotone convergence theorem that

Vij € LQ(HE;@) (dz)dt) and that the sharp bound (A.24)) is satisfied.

Jona Lelmi 64



A.4. Proofs

Proof of (A.60))

To prove (|A.60|) we proceed in several steps.
First of all, we claim that the first eight terms may be substituted by

2 /,/O,Z>0 KZ(Z) (|(5Xj— - (5X]_(—Z)| + |5Xj(—z) — 5Xj_| (A66)

57 — O3 (=) + [oxi (—2) — 5xj|)d2-

To show this, observe that we may replace the implicit z-integrals in the convolution
in the first eight terms by twice the integrals over the half space {1y - z > 0} instead
of RY. This is clearly true once we observe that, in the sense of distribution

1
lim —= 5*/ K (2)(1 = 6x; (- —2))d
= (00 [ KB = - o)

(A.67)
HL-og) [ Kb - 2z

.1 _
:lf%lﬁ <5><¢+ /VO.ZSO K (2)(1=0x; (- — 2))d=

+a=0) [ KhE@w (- 2i)

and that similar identities hold exchanging the roles of i, j and +, — respectively. That
holds is not difficult to show. Indeed multiplying the argument in both the limits
by a test function £ € C°(]0,1)4 x (0, 7)) and integrating over space-time one observes
that since the kernel is even, the argument of the second limit is just a spatial shift
of z of the first one. By translation invariance the spatial shift may be put onto the
test function, and thanks to the scaling of the kernel one can get the claim. We may
thus substitute the first eight terms of the left hand side of with twice the same
terms with the integration with respect to z on the half space {1y - z > 0}. If we rely
again on the fact that dy;" € {0,1}, by identity in the Appendix we obtain
, as claimed.

Now we need two inequalities for the integrand. First note that the integrand is a
mixed space-time second-order finite difference. We claim that

10X — Ox; (- = 2)| +10x; (- — 2) = 0x | +10x; — OxT (- — 2)| +0x; (- — z) — 0XAL68)
0X; = ox (- = 2)| +10x; —ox; (- = 2)| +10x; —ox; (- = 2)| +10x; — x; (- — 2)]
o ) (0] + 10xa(- = 2)1),

|03l + 10xa(- = 2)[ + [0x5] + [0x;(- = 2)]-

The second follows from the triangle inequality. To show the first one, observe that
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10X = 0x; (- = 2)] =(1 = 0x;")ox; (- — 2) + 0xi (1 = 0x; (- — 2))
<1 =0x)6xS (= 2) + D 1oxk(- — 2)| + 6x; (1= dx; (- — 2))

ki,
+ 2 1l

k#i,5

and that similarly

00X (- = 2) = ox; | =(1 = 0x; (- = 2))0x; +0xi (- — 2)(1 = 0x;)

<(1—=6x; (- —2)ox; + Z |Ox| + x5 (- = 2)(1 = 0x;)
kotij

+ ) (- — ).

k#i,j

Summing up the two inequalities we get

10X = 0xG (- = 2)| +10x; (- = 2) = 0x; |

<o = O (- = 2+ 16x5 = 0x; (= 2 +2 > (16xk] + 16xk(- = 2)]) -
k+#i,j

Similar bounds hold for the remaining terms in (A.68)).

We now split the integral into the domains of integration {0 < 1.z < aV}
and {vy -z > alVp}. On the first one we use the first inequality in for the
integrand. Recalling identity and inequality in the Appendix we obtain,
and using the fact that Y, xx =1

Jona Lelmi 66



A.4. Proofs

2[R (I - -2 I - 2) - o]
0<vg-z<aVp
+1ox; =g (=2 +10xi (- —2) - 5Xj|>dz

§2/o< 2<aVi KZ(Z)(|Xi_Xi('_Z)|+\Xi('—T) —Xi(- =7, = 2)|
+ I = xC =2+ G —7) = x5 =7, = 2)]

L83 el + 1wl — z>|)dz

kA,
< 2/ Ky () (Xin(' —2)+xi(- =2+ Y xixk(- = 2) + 6l — 2)xw
0<vo-2<aVp Py
(=TT =) Xl =T = 2)xG (- T)
+ Y xl = =T = ) F =T = 2)xk(- = 7)

k#i,j

Xl = 2) F 0= 2)xi+ Y Xl — 2) + x(— 2X169)
kA,

P = I = = D) (=T = 2l = 7)

+ Y X =Tl =T = 2) F (=T — 2 = 7)
kA,

+8 > [oxkl + [6xk(- — Z)|> dz.

k#i,j

On the set {1y -z > aVy} we use the second inequality in ((A.68)), obtaining

2[R (0 -0 (- 2+ -2 -]
vo-z>aVy
+ox; = OxS (- —2)| +16x; (- — 2) = 0x[]) d=
< 2/ K25 (2)(16xa] + 10x:(- — 2)] + [ox5] + [0x; (- — 2) ).
vo-z>aVy

(A.70)

We now observe that for any 1 < k < N we have, as we already observed in (A.54)

hm_/ Oxk(- = 2)| = [0xk|)dz = 0, ATl
hi0 \/_ 0<vg- z<aV0 (‘ Xk( )| | Xk|) ( )

thus in particular

lim sup —= Z(Z)‘(SXk( — z)|dz

hi0 \/_ o<y0 z<aVp
= limsup — K" (2)|6xx|dz.
hl0 \/_ 0<vg-z<aVy Z] ( ‘ ’
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By putting the time shift 7 on the test function it is easy to check that the distributional
limit of the terms of (A.69) which involve the shift 7 have the same limit as the
corresponding terms without the time shift. Thus recalling and relying on

(A.71) and (A.22) we obtain that inserting (A.69) and (| mto , the left
hand side of (|A.60]) is bounded by

8/0< o KZ](fZ)((Vz](xﬂf) . Z)+ + (V2J<;I}7t) . Z)*)H‘dziwl(t)(dx)dtdz

+C Z /0< . Ki(2)(vie(z,t) - 2) 4 + (vir(z, 1) - z),)?{gi(t)(dx)dtdz

ki,

+C ) (QPwp + Hig, o (dr)dt),

k#i,j

which clearly gives the claim once we realize that

/0< v Kip(2)(vir(x) - 2) 1 + (vir(x) - 2)-)dz

< 2/ Ku(2)|2ld= < C. =
Rd

A.4.4 Proof of Proposition

Proof. The proof is along the same lines as Proposition 2 in [55], where the claim is
shown in the case of two phases. For the convenience of the reader, we outline the
strategy of the full proof, providing details only for the required changes. The proof is
split into several steps.

STEP 1. The first observation is that for any h > 0, any admissible u € M and any
smooth vector field £ we have the following lower bound for the metric slope, cf.

1 1 2
108w (u) 2 0ER(u)eg — 5 (0dn(:, u)el)”.

Here 6 denotes the first variation, which is computed considering the curve s — u® of
configurations which solve the transport equations

osu; +&-Vu; =0,

and by setting

0B (u)eé = 4 Ep(v®) and 6dp (-, u)eé = 4

d %).
dS\s:O d8|s:0 (u’u )

STEP 2. The second observation is a representation formula for §Ej,(u)e{. Namely
SER(u Z\/_ </V éuzK *u]dx+/v fuJK * w;dxdt

+ / [€, VK] (uj)uidx) :
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Here [¢, VKZ*] denotes the commutator obtained taking the convolution with VKZ.
and multiplying by &, the definition is analogous to the one given in (A.40). To
check this formula one starts by assuming u to be smooth and then an approximation
argument gives the result for a general u € M.

STEP 3. Representation for ddy(-, u)e£. One checks that

% (Sdn (-, 1)s€)?

:?Z (/ w - VAKL * (5uj)dx+/ujg-v2K;; % (Euy)da
+/uiv.gVK;; * (guj)dwr/ujv.gw({; * (Eu;)da
—/uingfj * (u;V - &)dx — /ujv-gK;;. s (u;V - &)dx
—/@NKJ; x (u;V - &)da — /gujVK{; * (uiv'g)dx> :

Once again this formula can be easily checked when wu is smooth, an approximation
argument then gives the extension to the case u € M.
STEP 4. Passage to the limit in 0 E},. We claim that

T
1}1?3 0 S By (ul(t))eEdt = Z i / (V& —vij - VEvy) K ) (d)dt. (A.72)
,J

The proof is very similar to the two phases case, and relies on the weak convergence

(A.22)) and (A.23]). Firstly, testing (A.22) with V - £ we get

h10

= ZQ% / V- EHE ) (dr)dt.
2y

1
limz ﬁ/ (V . ﬁu?Kihj * u;l +V. fu?Kihj * u?) dxdt
.3

For the term involving the commutator, one checks that
1}%1 (/[5, VKZ*](U?)u?dmdt — /sz : VKZ(z)u?(a: — 2z, ul(z, t)dzdxdt) = 0.
With this in place, we observe that

. h(\,h h
lﬁﬂ)l/v& VR (2)uf (@ — 2, t)uy (z,t)dzdzdt

— [ Vet VE () lant) -2 H L (A
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which can be seen by testing (A.22) with % which is of polynomial growth in
)

2. To conclude (A.72)) we just need to show that for any symmetric matrix A € R4*¢
and any unit vector v we have

/Az -VEKij(2)(v-2)ydz = —0; (tr A+ v - Av).

Using the definition of the kernel Kj; it suffices to show that

/Az VGy(2)(v-2)pdz = —\/Tf (trA+v-Av) w e {~, 5}

STEP 5. Passage to the limit in ddj (-, w)§. We claim that

1}%12((5@ Z% / & vy His, )y (do)dt (A.73)

To prove this, we observe that the terms which do not involve the Hessian V2K
are all O(v/h). For example, to prove that

h h h
Vh / ul'V - EVKE « (¢ul)dwdt = O(Vh), (A.74)
spell out the integral in the convolution, use the fact that VK, = ﬁVKij(\/iﬁ),
use the fact that V - &(x,t)¢(x — Vhz,t) is bounded and test (A.22) with VK;;/K;;.
The other terms can be treated similarly. For the terms involving the Hessian of the
kernel, we split the claim into

lgfgx/ﬁ / wl (& - VKL« uy)dudt = / (€ - i@, )" M5, ) (da)dt, (A.75)

24135
Vh / ulé - (€, VAK A (ul)dxdt = O(Vh). (A.76)

The proof of (A.76|) is similar to the argument for (A.74). In fact, while the
additional derivative on the kernel gives an additional factor \/LE’ we gain a factor

v/h by the Lipschitz estimate
€(2,1) = &(x = Vhz, )| < VA VE] .

To prove identity (A.75]) observe that by spelling out the z-integral, a change of variable

and by testing (A.22) with g(w’t)v;?g ()Z)g(m’t) we obtain
ij

lliﬂ?ﬁ / ul (& - VKD s ul)edadt

Now identity (A.73) follows from the following formula: For any two vectors ¢ € R?
and v € ST! we have
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1
¢ VR @62z = e

To check (A.77), by relying on the definition of the kernels, we just need to show
that for w € {v, 5}

(€-v)% (A.77)

2 1 Y
[ & VeI 2t = s v

Since the kernel is isotropic, we can reduce to the case £ = e;, thus we need to prove

1
92G,, )id 2
/ (v-2)sdz = 5ommn

This can be done after two integration by parts and observing that

/ L GulH ) = 5o

CONCLUSION. By STEP 1 we have

1 T T 1 T
5/0 |0E,|? (u") dtz/o 5Eh(uh).§dt—§/0 (5dh(-,uh).§)2dt.

Taking the liminf on the left hand side, using STEP 4 and STEP 5 we get that for any
smooth vector field &

| _
lim inf = 5 / |OEL|? (u™)dt > Z [Uu/ (V-&—uvij - V) ”H‘dzi]l,(t)(da:)dt

h10

1
2405

/ (€ vij)? Hfgi}(t)(dx)dtl :

Since the left hand side is bounded, the Riesz representation theorem for L? yields
functions H;; € LQ(HE }(t)(d:v)dt) such that

Z%'/(V - —vij - Vi) Hig o (dr)dt = ZO’Z] /le/@] H‘E (1 (dx)dt
1]

and such that for any ¢ € L2(H|U 5, (d)dt)

hm mf / |OER|(up,) dt > Z <— crw/ iiVij - Hldz l(t (dx)dt

1 _
- 2415 /(§ : Vz‘j)2Hiizi]1-(t)(dx)dt>-
Since the integration measures are mutually singular we can test with a vector field
€€ LQ(”H‘dU1 5., (o (dx)dt) such that §s,; ) = —pijoi Hijvy;. This yields
hmmf / |OEL|*(up) dt >= ZUUHU /H2 ’H dx)dt. O
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A.5 Appendix
A.5.1 Proof of Lemma [A.3.1]

Before giving the proof of this result, we need a simple technical lemma.

Lemma A.5.1. Fix 1 <[ # p < N. Then for any 1 < i # 57 < N such that
{i,j} # {l,p} the interfaces ¥;; and ¥, are disjoint. In particular for H' '-a.e.
x € Xy, we have that

d—1(y
lim HH (2 N B(x,r))

rl0 wWg_q1r¢1

~0. (A.78)

Proof. We first show that the interfaces ¥;; and ¥;, are disjoint. This follows im-
mediately once we recall that every point in the reduced boundary of a set of finite
perimeter has density 1/2 (see [59], Corollary 15.8). Assume for example that i # [, p.
Thus if y € ¥, we have

QU Q. B
121imsup|( (Ui, U Zzﬂ (y,r)|
rl0 wqr

o NB Q,NB Q; N B(y,
i OB 0B 000 By
rl0 wde rl0 wdrd rl0 wde

Q; N B(y,
:1+limsup%
rl0 wqr

which says that y has density zero in €2;.
The fact that (A.78)) holds is now a consequence of the general fact

’Hd’l(Zij N B(l’, T))

rd—1

=0

lim sup
rl0 Wd-1

for Hi ae. z € (3;)°. O

Proof of Lemma[A.53.1. The argument for (i) can be found in [53] in the case of two
phases and without localization, i.e. with n =1 and N = 2. For the sake of complete-
ness, we provide the proof in our case. Upon splitting into the negative and positive
part, we may assume 1 > 0. Clearly the only nonzero terms in the sum are those for
which B, NY;; # 0. Fix such a ball: by definition there exists y € rZ? such that
B’ = B(y,2rVd). If x € ¥;; N B", then we have that B(z,2rv/d) C B(y,4rv/d), and
by definition of £" this yields

Wd—1
9d

HYB(x, 2rVd) N %y;) < ()1 = %(zr)d—lx/ad”.

Thus x belongs to the set of points in ¥;; N B}, such that

Hdil(B(ZE, 27"\/8) N EZ])
wi—1(2rvd)d-1

By De Giorgi’s structure theorem the approximate tangent plane exists at every
point = € 3;;, thus (A.79) cannot hold when r is small enough: moreover every point
x € ¥;; is contained in at most ¢(2, d) balls, this means that

< (A.79)

1
5
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1 1 Beevans;y) | (@)0(@) < o2, d)n(z) (A.80)
Z {ZEBT mz - wq Bf(?ff)d 1E )—2}

and that the left hand side of (A.80] converges to zero pointwise. By the dominated
convergence theorem we get our claim.

Proof of (i1). Upon splitting into the negative and positive part, we may assume 7 >
0. Given a point = € Xy, if y € rZ? is such that z € B(y, 27’\/3), then B(y,4r\/a) C
B(x,6rv/d). Thus for any 1 <i < j < N with (i,7) # (I,p) we have

HY By, 4rVd) N Sy) < HH(B(x, 6rvVd) N 2y)
< Wd—1 (47‘)d_1\/3d_1

provided r is small enough, this follows from Lemma|A.5.1} Since Fj covers [0,1)¢ we
obtain that

:JUGL_JB;"1

for all » small enough. In other words

pointwise on ¥;,, and the argument of the limit on the right hand side is dominated
by n. Thus we may once again appeal to the dominated convergence theorem and
conclude the proof. O

A.5.2 Consistency and Monotonicity

The following results are essentially contained in [25] and [53], indeed the proofs may
be adapted because we are assuming that a;; and b;; satisfy the triangle inequality.
Lemma A.5.2. For every x € AN BV([0,1))Y we have

lim By (x) = E(x).

If x € LY((0,T), BV([0,1)))) such that x(-,t) € A for a.e. t. Then

T

T
li E dt = E(v)dt.
i | 1 (X) /0 (x)

Even more is true: for any g € C*([0,1)%) and any pair 1 < i # j < N we have

1}31017/ / (i, ) KL X (1) 4+ x5 (2, 0) KL * xa(a, b)) dadt

= /g(m)Kij(z)mj - z|dzdxdt.

Lemma A.5.3. For any 0 < h < hg we have

En(u) > (\/m—\/h_f/h_o)d+1 Epy (u).
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A.5.3 Improved convergence of the energies

The following Lemma is an improvement of the convergence of the energies, the proof
of this result is contained, with minor modifications, in the paper [53], Corollary 3.7.

Lemma A.5.4. Let u" be a sequence of [0,1]-valued functions such that u* — x in
LY([0,1)¢ x (0,T)) and
T T
lim [ Ej(u"(t))dt :/ E(x(t))dt.
hi0 Jo 0

Then we have that

m — h 1(2) — f(2)|dz =
lim = [ GAEIAR(E) - Pl o

hl0
1
lim = [ GHEIAE) = Pl =0,

where we set

fil(z) = Zaij /u?(a:,t)u?(x — 2z, t)dxdt, f1(z) = Zaij /Xi(l", t)x;(x — z, t)dxdt,
1,J 1,
() = Z bi; /u?(a:,t)u?(x — z,)dxdt,  fP(z) = Z bi; /Xi(x, t)x;(z — 2, t)dxdt.

0]

A.5.4 Some inequalities

Here we gather some elementary inequalities which are used frequently.

Lemma A.5.5. Let a,b,a’,t’ € {0,1}, then the following inequalities hold:

la —b] =a(l —0b)+0b(1 —a), (A.81)
—ad)y—b=b) |+ (a—d)- —(b-V)_
(@ =)= (b= 1)+ (0= ')~ (=1 s
<l|a—"0b]+|a" =0
Proof. The first identity follows by expanding |a — b = |a — b|?. The second one is
proved in [55]. For the sake of completeness, we reproduce the proof here. There are
two cases. In the first one we have (a — a’)(b — ') > 0 and we may assume upon
replacing (a,a’,b,V') with (—a, —a’, —b, —=V') that (a —a’) and (b— V') are non-negative.

Then (A.82)) reduces to

l(a—d)—(b=V)<|la—=0b]+]d =V

The second case is given by (a — a’)(b — V') < 0. By an argument as before we may
assume (a —a’) > 0> (b —b), thus (A.82)) reduces to

(a—d)+(b-=V)<|a—0bl+|d =1 O
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A.5. Appendix

Lemma A.5.6. There exists a constant C' > 0 depending only on N, A, B such that
for any v e M

/yv — K" xu|de < C\/hoEy(v)  for all hg > h. (A.83)
Proof. The proof of (A.83)) is contained in the proof of Lemma 3 in [55] for the two
phases case when K" is the scaled version of the Gaussian with variance 1. The same

proof may be adapted to our setting because we still have monotonicity of the energy
(Lemma [A.5.3)) and we can prove essentially by the use of Jensen’s inequality that

/|U—Kh*v|dx§(§’\/EEh(v). O
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APPENDIX B

LARGE DATA LIMIT OF THE MBO SCHEME FOR DATA
CLUSTERING: I'"CONVERGENCE OF THE
THRESHOLDING ENERGIES

B.1 The MBO scheme for data clustering

In this section, we provide the rigorous formulation of the MBO algorithm for data
clustering originally given by Bertozzi et al. in [62], [78], [61]. Let G = (V. E) be
a graph with vertex set V = {z1,...,x,} and let E be the set of edges weighted by
wi; = wji, 1 < 1,7 < n. We assume that w;; = 0 for every ¢ = 1,...,n. For every
i =1,...,n we define the degree d; as

1 n
di = 5;1@]

We will assume that d; > 0 for every 1 < i < n. We let V be the space of real valued
functions defined on V. We define an inner product on V by

1 n
(u,v)y = - E 1 dyu;v;, u,v € V.
1=

We let £ be the space of antisymmetric functions on E. We define an inner product
on £ as

ij

1 1
(F.Gle=55 Y, FGy— FGeE
1,50 wi; 70
Given € > (0 we define the derivative operator V : V — £ acting on functionsu : V' — R
as

U)z‘j

(Vu);; = ; (uj — uy;). (B.1)

We denote by div : & — V its adjoint with respect to the scalar products on V and &.
Explicitly, we may compute for F' € £

1
5eq O (Fy = Fi).
)

(div F); =
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B.1. The MBO scheme for data clustering

Finally, we introduce the random walk graph Laplacian A := divoV : V — V. Explic-
itly, A can be identified with the matrix

1 1

= (H — —D‘1W) ,

€ n
where D = diag(dy, ..., d,) is the diagonal matrix of degrees and W = (w;;);';—, is the
matrix of weights. Given ¢t € R we let e7** be the exponential of the matrix —tA. If
u € V then the function v(t) = e '?u solves the heat equation with initial value u on

the graph, i.e.

We are now ready to introduce the MBO scheme for data clustering. Given a
natural number P < n, a classification of the points of GG into P clusters is a function
X : V. = {0,1}F such that 327 _ x,.(z) = 1 for all z € V. In other words, x
encodes a partition of the graph G into P clusters C, = 1¢,,,—13, m = 1,..., P. Let
0 = (0mi)1<mi<p € RY*F be a symmetric matrix with o,,, > 0 for m # [ and 7,,,, = 0.
Then the MBO scheme for data clustering is as follows.

Algorithm B.1.1 (MBO scheme). Let P be the number of clusters, let h > 0 be the
time-step size, and let N be the number of iterations to run. Let x° : V — {0,1}" be a
given clustering of the graph into P clusters. To obtain a clustering x~ : V — {0,1}F
using the MBO scheme, define inductively a new clustering x4+t : V. — {0,1}f given
the clustering x4 :V — {0,1}F by performing the following steps for 0 < q¢ < N:

1. Diffusion. For every m =1,..., P define

o —hA | g
ul = E omie X
l#m

2. Thresholding. For every m =1, ..., P update the cluster by setting

[t =1} = {x eV ul(x)< gr;inu?(x)} .
We define the set Mg = {u V= 0,17 2P u,=1o0n V}. For u € Mg
define the thresholding energy

1 _
Eg(u) = NG > oiui, e )y,

The following lemma, which is essentially due to Esedoglu and Otto, is the main
motivation for our work. We also refer to |78 Proposition 4.6].

Lemma B.1.2 ([25]). Assume that the matriz o is negative semidefinite on (1,...,1)*,

that means v - ov < 0 for all v € R4 with v - (1,...,1) = 0. In the setting of the
previous algorithm, to obtain the new clustering x4t : V. — {0,1}¥ starting from

x?:V —{0,1}F define

uEMa

P
. 1 _
7! € argmin {Eg(u) — ﬁ Z i ((ui — x7) e hA (y; — X?>>v} :

ij=1
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APPENDIX B. I'CONVERGENCE OF THE THRESHOLDING ENERGIES

B.2 Main results

In this section we introduce the setting of our problem and we state our main results.
For the technical background and definitions we refer to Section [B.5]

We assume that M C R? is a k-dimensional compact Riemannian submanifold of
R® Let v = pVoly; € P(M) be a probability measure on M, absolutely continuous
with respect to the volume measure with a smooth and positive density p. Assume
that {X;}ien are iid random points on M, distributed according to v. For any n € N
and € > 0 we define the random graph G,, . with vertex set given by V,, . = { X1, ..., X,,}

and weights
n,e 1 |Xz - X|d . .
ek €

and wgf’g) = 0, where 7 : [0, +00) — [0, +00) is a given function and | - |; denotes the
standard Euclidean norm on R¢. Here € is the same as in . We stress that the
graphs we constructed are random object and sometimes we will make this randomness
explicit by specifying the dependence of the graph on an additional variable w € €2,
where Q is the probability space on which the random objects {X;}ien are defined.
On the function n we set the following conditions:

1. n(0) > 0 and 7 is continuous at 0,
2. n(t) > 0 for every t > 0, n is nonincreasing and 7 is C?((0, +00)),

3. n,1',n" have exponential decay.

Define Cy = [gx n(lyle)dy and Cy = [gn(|ylr)yidy. Assume that P € N and let
o € RP*P be a symmetric matrix, negative definite on (1,...,1)t. We also assume
that o; = 0 for each ¢ = 1, ..., P and that 0;; = 0;; > 0 for all 7 # j. Finally, we
assume that the coefficients of o satisfy the triangle inequality, that is

05 < 05 + 05 Vi, j,l € {1,7P}
These assumptions are satisfied, for example, if we let ¢ be the matrix defined by
1 if i #£ g,
Oij = .
0 otherwise.

The fact that the matrix o is negative definite is needed in order that the MBO
scheme dissipates the thresholding energy at every iteration, cf. Lemma [B.1.2] while

the triangle inequality ensures the lower semicontinuity of the energy. For each n € N
define the set

Mn::{u V—>01 Zul—l}

Given h > 0, define the thresholding energies on M,, as

Z oij(u;, e “uj)vn, ueM,. (B.2)

,Jl
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B.2. Main results

We also define the set

P
M = {u : M — [0,1]" measurable : Zuz =1 a.e.} :
i=1
Let p = & Vol for € € C®°(M), € > 0. Given h > 0 we define the thresholding energy
on the weighted manifold (M, i) as

P
1
Ep(u) == N Z Oij /Muz-(x)emfuj(x)du, ue M.
ij=1

Here, A¢ is the weighted Laplacian on (M, u), which is defined by its action on smooth
functions f € C*(M) as

Acf = —% div (V).

and e~*2¢ is the corresponding heat operator; we refer to Section for the relevant
background and definitions. We are now in a position to state our main results.

Theorem B.2.1 (Discrete to nonlocal I'-convergence). Let M be a k-dimensional
compact Riemannian submanifold of R:. Let v = pVoly, € P(M) be a probability
measure, absolutely continuous with respect to the volume element with a smooth and
positive density. Let {X;}ien be a sequence of iid random points in M, distributed
according to v. Let €, > 0 be a sequence such that

k+2

€n

n

lim = +o00, lim ¢,=0.
n—+400 log(n) n—-+oo

Let G, ¢, be the corresponding random graphs. It holds almost surely that for any h > 0
if v converge weakly to v in TL*(M) then

C,C
lim B (v") =1/ —5—Eeu (v),
n—+oc " 2 207

where the thresholding energy on the right hand side corresponds to the weight & = p?.
Moreover, every sequence v" € M, has a subsequence converging weakly in TL*(M)
and every limit point lies in M.

The main tool for proving Theorem is the following strong convergence of the
heat operators on the graphs to the corresponding heat operator on the manifold.

Theorem B.2.2. Let the assumptions of Theorem be in place. Then it holds
almost surely that if u™ € V,, is a sequence of functions converging weakly to u € L*(M)
in TL*(M), then for every t > 0 we have
C.
ligl e tnenyn = T2 02y strongly in TL*(M).
n—-+0o0
As a corollary of Theorem we also obtain the following result about the
consistency of one step of MBO in the large data limit, which, in the setting of random
geometric graphs, answers positively to a question by Bertozzi et al. [78, Question 7.5].
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APPENDIX B. I'CONVERGENCE OF THE THRESHOLDING ENERGIES

Corollary B.2.3. Let the assumptions of Theorem[B.2.1 hold true. Then the following
holds almost surely: Let X" : V,, — {0, 1} be such that the sequence {x" }nen converges
weakly in TL*(M) to a function x : M — {0,1}F. Denote by x"" : V,, — {0,1}F the
outcome of one step (N = 1) of the MBO scheme (Algorithm on the n-th
graph with step size h > 0 and initial clustering x™. Denote by x" : M — {0,1}F
the outcome of one step of the MBO scheme on the manifold (Algom’thm with
nitial value y, step size h > 0 and diffusion parameter k = 2%1 Then the sequence
(X"} en converges weakly to x" in TL2(M). By induction, the convergence holds for
any number N of iterations.

Remark B.2.4. Let us point out that if 2 C M is an open set with smooth boundary,
then the functions x™ : V,, — {0, 1} defined as x" := 1y, nq are such that almost surely

TL*(M) — lim x" = x:= lg. (B.3)
n—r—+oo
In particular, the conclusion of Corollary holds true with these choices of ini-
tial values. Equation follows by the fact that if T}, is a sequence of transport
maps obtained by applying Theorem [C.6.6], then there exists 6 > 0 and a constant C
depending only on M and p such that if 6,, := sup,¢,; du(z, Th(x)) < 0 then

/ IX" (T, (z)) — x(x)|dv < Cﬁn/ pdH" 1. (B.4)
M o9

The validity of (B.4) is shown in the flat case in [36, Remark 5.1], the analogous
estimate on a closed manifold can be shown in a similar way.

If u € M is such that w € BV(M,{0,1}7) then we set ; := {u; = 1} and
Y = 0"Q;N0*Q;, the intersection of the reduced boundaries of €2; and €2;. Again, we
refer to Section for the relevant background. We have the following result about
the convergence of the nonlocal thresholding energy on the manifold.

Theorem B.2.5 (Nonlocal to local I'-convergence). Let M be a k-dimensional compact
Riemannian submanifold of R weighted by a measure u = &£ Volyy with € > 0, € €
C>=(M). Let o € RY*P be symmetric, o;; = 0 and such that o satisfy the triangle
inequality. Then on M

D(LY(M)) — l}iigEh =F,

where we define for u € M

1 . P
E(u) = N > i 0ifl Dxayle(Xi;)  if u € BV(M,{0,1}7),
—+00 otherwise.

Moreover, if u € BV (M,{0,1}) N M then we have limy, o Ej,(u) = E(u). Finally,
if u are functions in M such that sup,.o En(u") < 400 then the family {u"}n0 is
precompact in LY(M) and every limit point is in BV (M, {0,1}F) N M.

Remark B.2.6. It should be remarked that the geometric assumptions for the previous
result are not sharp. For x € M and r > 0 we denote by B, (z) the Riemannian ball of
radius r centered at x. We also denote by p the heat kernel for the weighted Laplacian
Ag (ct. ) For our proof to work, we need the following properties.
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(i) Doubling property. There exists N > 0 such that for any x € M and any
r>0
u(Blx,2r)) < 2V u(B(z, 7). (B.5)

(ii) Asymptotic expansion for the heat kernel. There exist functions v/ €
C>®(M x M),j € N, such that for every N > [ + g there exists a constant
Cy < oo such that

_d@y) N
e 4t . .
\% (p(t,%y) ) ZU]($7y)t]>
0

j=

< OntNtis, (B.6)

provided d(z,y) < w, where inj(M) is the injectivity radius of the manifold
M. Moreover we have that v%(z,z) = @
(iii) Gaussian bounds I. There exists constants @1, @2, Q3,4 > 0 such that for

every t > 0 and all x,y € M,

1 _ @) Qs _ @)
———e @t < p(t7xuy> < e 9. (B7)
#(B (x)) #(B (x))

(iv) Gaussian bounds II. There exist Cy,Cy > 0 such that for any =,y € M and

any t > 0 )
T Ch ex _d2<1‘,y)
Vbl S ot p< - ) (B.3)

These properties are satisfied in the case of a closed manifold as we work with. Indeed
the doubling property follows from [I7], the asymptotic expansion holds by construc-
tion of the heat kernel via the parametrix method, cf. [T1, Chapter 3]. Finally, (C.45)
and follow from the Li-Yau inequality for weighted manifolds [75].

B.3 Semi-supervised learning

Theorem [B.2.1| and Theorem [B.2.5| combined together prove the consistency of the
MBO scheme for data clustering: indeed the two I'-convergence results prove that
(local) minimizers of the energies £}, converge to (local) minimizers of the weighted
perimeter on the manifold if we let first n — +oo and then h | 0. Of course, the
only global minimizers for Eif,en are partitions where all points are labeled in the
same way, and thus the results may seem of little relevance. The full strength of
Theorem and Theorem is seen in the context of semi-supervised learning.

In semi-supervised learning one is given:
1. A dataset of n distinct points D := {xy,...,z,} C R%
2. A number of classes P € N to split the data into.

3. A subset O C D of L < n points and a function u° : O — {cy,...,cp} which
assigns a label to every point in O.
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The task is to assign labels to all points in the dataset using both the known labels and
the geometry of the dataset. The MBO scheme can be suitably modified to perform
semi-supervised learning: The main point is to replace the heat operator in the first
step of the algorithm by another differential operator with a fidelity term, see [62]
for the details. This yields an algorithm which still has a minimizing movements
interpretation, but the associated energy involves a different operator than the heat
semigroup for the Laplacian. A different approach looks at changing the thresholding
value in the thresholding step of MBO while leaving the differential operator in the
diffusion step unchanged. This modified version of MBO has the advantage that the
energy in the variational formulation is just the "standard” thresholding energy plus a
linear term. The ideas behind the SSL MBO algorithm come from the corresponding
MBO scheme for forced mean curvature flow (see [60] and [56]) and have already
been adapted to data classification by Jacobs in [44]. We assume that we are given
D := {x1,...,2,} C R? data points to be classified into P clusters. We assume that we
are given a function f: D — RF, the forcing term. As done in Section , construct
a similarity graph for the dataset. Then the MBO scheme for semi-supervised learning
reads as follows.

Algorithm B.3.1 (SSL MBO). Let h > 0, let N the number of iterations to run. Let
X%V — {0,1}F be a proposed clustering. To obtain a clustering x~ : V — {0,1}*
using the MBO scheme define inductively for 0 < ¢ < N a new clustering x4 : V —
{0,1}¥ starting from the clustering x4 : V — {0, 1} by performing the following two
steps:

1. Diffusion. For everyi € {1,..., P} define
u; = Z Uije*hAXg
J#i
2. Thresholding. Update, for every 1 <i < P

Dt =1} o= {uw = Vifi < w = VRf G £ 1)

The reason behind this approach to SSL is that the previous algorithm has a varia-
tional interpretation which adds just a linear term to the thresholding energy, namely
we have the following result.

Lemma B.3.2. Each iteration of the SSL MBO scheme decreases the energy

P

Fa(u) = % S it By = S (.

ij=1 i=1

It is then natural to investigate the asymptotic behavior of these energies in the
sense of the following theorems.

Theorem B.3.3. Under the assumptions of Theorem[B.2.1], if we additionally assume
that f* : G, — RY are such that f* — f in TL?*(M), then it holds almost surely that
for every h > 0 it holds that if v™ converge weakly to v in TL*(M) then

c,C
tim F (") = | 22 P (v),
n——+o00 o 2 20,
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where we set

P P

P
Fi(u) = Ep(u) — \/ %C;l Z/ fiwip*dVolyr  u € M,

where M = {u M — [0, 117 measurable : 31 u; =1 a.e.}.

Theorem B.3.4. Let M be a k-dimensional compact Riemannian submanifold of R?
weighted by a measure p = & Volyr with € >0, £ € C®(M). Let f € L*(M). Then on
M,

1 T _
(L (M)) l,ggth F,

where we define

Flu) = {7 > e Ol Duile(Si) = 3G 00 fy Fawip*d Vol if w € BV(M,{0,11)",

400 otherwise.

Theorem and Theorem are easy consequences of Theorem [B.2.1 The-
orem and the stability of I'-convergence with respect to continuous perturba-

tions. Of course, these Theorems prove the consistency of SSL. MBO once one can
produce suitable forcing functions f™ which have a limit in TL?(M). In the follow-
ing, let us for simplicity focus on the simple two-class setting, in which the cluster

is ¢ = {u > % — \/Ef} For a fixed n € N, if one is given a labeling function

u’ : O — {0,1}, a very intuitive choice of forcing would be

f=—1-2u"1p, (B.9)

for some fixed constant v > 0. Indeed, when x € O and u’(z) = 0, f(zo) = —7 so
that the thresholding value for x gets higher and thus the updated set is more likely

not to contain z. Observe in particular that if one chooses v > \/LE then the values on

O are enforced. Similarly the case u°(x) = 1 forces the updated sets to contain z. The
problem with such a strategy is that this is ill-posed in the large data limit: indeed,

to talk about SSL one usually assumes that

lim [Onl =0,
n—+oo N

i.e., that the proportion of labeled points converges to zero. If we were now given
labels u®™ : O, — {0,1} then the corresponding forcings constructed according to
formula would converge to zero in T'L'(M), thus the large data limit forgets the
labels. To overcome this difficulty one has first to propagate the labels to the whole
graph to produce a new forcing function. There are several strategies for doing this:
for example, Jacobs uses a forcing fidelity term based on the graph geodesic distance,
see [44]. Here we propose to construct the forcing function by means of Lipschitz

learning.
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Algorithm B.3.5 (SSL MBO with Lipschitz learning). Let h > 0, let N be the number
of iterations to run. Let C be a proposed clustering. Let u® : O — {0,1} given labels
for a subset O C D of data points.

1. Lipschitz learning - forcing construction. Use Lipschitz learning (even-
tually using a reweighted graph with self tuning weights) to propagate the given
labels, i.e. find u: D — R such that

u=u’ on O.

{A(Oo)u =0 onD\O,

Then set f = —y(1 —2u) for some given constant y > 0. Here A denotes the
infinity Laplacian on the graph.

2. SSL MBO. Perform N iterations of the SSL MBO Algorithm [B.3.1 with initial
clustering C' and forcing f.

The reason why Lipschitz learning is a good approach to generate the forcing is
because it is a very well-posed algorithm in the large data limit. Indeed let us for
simplicity consider the case when M = T*, the k-dimensional torus. Fix a set O C
{Xi}ien and assume that one is given a labeling function v® : O — {0,1}. Denote

by A%OO) the infinity Laplacian on the n-th graph, i.e. the operator which acts on
u:V, — R as

A, = max w@(n,en)(uj — ;) + min w™en)

n 1<j<n Y 1<j<n Y (1 —ui)

Define u™ : V,, — R as solutions of
APy =0 onV,\ O,
u" =g on O.

Calder showed in [10] that u™ converges uniformly to u € C%!(M), the unique viscosity
solution of the oco-Laplace equation

Ay =3 OuOmudu =0 on M\ O,
u=g on O.

In particular, f™ := —v(1 — 2u™) converges to f := —v(1 — 2u) in TL*(M) and the
assumptions of Theorem [B.3.3] are satisfied.

B.4 Discussion

B.4.1 Joint limit and monotonicity

We want to remark that it would be interesting to understand whether we can take
the joint limit n — +oo and h | 0, combing Theorem [B.2.1] and Theorem to give
that

- lim E™ =E, (B.10)

n,e
n——+oo T
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where the thresholding energies E,’;”;n are defined in and F is defined in the state-
ment of Theorem [B.2.5] Here the Ilimit has to be understood in the sense of TL*(M)
convergence. At the present moment, we are not able to prove . However, let us
sketch a possible approach for obtaining the I'-lim inf inequality for . Assume
that we knew that for fixed n € N and for h >h

EE,En (U) S Eg,en (U), u € Mn- (B]_l)

Then the I'-liminf inequality in (B.10)) would follow from Theorem and Theo-
rem [B.2.5| Indeed, assume that u" € M,, are such that u™ — u € M in TL'(M). Fix
m € N. Since h, | 0, we have that h, < h,, for n large enough. Thus by (B.11)) and

by Theorem we would get

E" (u) = liminf B (u") < liminf EMm (u™).

n——+o0o n n—-+00

Now letting m — +oo and using the consistency Theorem one would get

< limi hn ny
E(u) < liminf £, (u")

This means that a key ingredient for the joint limit is the monotonicity (B.11). Of

course, also an approximate version of it would suffice. For example

Ey.(u) < g(WEy, (w) + f(W) By (u) + 2(h)

where g, f, z are functions such that limpjo g(h) = 1, limy, , f(h) =0 and limy, z(h) =
0. The reason behind the hope for a monotonicity property for the discrete thresholding
energies comes from the similar property which holds in the continuum in the Euclidean
setting, see Lemma A.2 in [25]. Actually, an approximate version of this monotonicity
is true also for the localized thresholding energies, see Theorem in the [Appendix]
By exploiting this result, using a suitable localization argument and the asymptotic
expansion for the heat kernel one can actually prove a similar monotonicity
property for the thresholding energies on the manifold. Since the discrete thresholding
energies are approximating the thresholding energy on the manifold, it is reasonable
to believe that such a property holds true in some sense also at the discrete level. To
support this idea, we run some numerical experiments. Quite surprisingly, it seems
that the validity of this property is related to the rate %, in particular, it does not hold

when h < €2 and it seems to hold for & > €2. Observe that the regime h > €2 is the
one which is relevant for applications, because for h < €2 the MBO scheme is pinned,
see [78]. It is not too difficult to show that the energies E}! —are actually increasing
if h < €2. A simple numerical experiment that we run is as follows: sample n data
points from the uniform distribution on the unit sphere, see Figure Construct the
similarity graph with weight functions 7(t) = e~**, randomly choose a {0, 1}-valued
function v which takes the value 1 on half of the data points, and then compute
the thresholding energies E} _ (u) for h € {27%€2,...,2%2}. The results are depicted
in Figure . We see that when h > €? the monotonicity seems to hold true: we
experimented the same behavior also when using different distributions for the data

points and different choices of functions wu.
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—— Thresholding energy
=== epsilon™2

0 2 4 & B 1 1 1 1
step size h

Figure B.2: The thresholding energy EZ,en
for different values of h.

Figure B.1: Sample points from uniform
distribution on the unit sphere.

B.4.2 Extensions

Here, we summarize the necessary changes to extend our results to other choices of
graph Laplacians and to data dependent weights. With the notation and in the setting
of Section [B.2] given A € R we define

(n,€)
JESA Wi
wz(jn ) = %, (B.12)
(dgn,e)d§n,e))
and .
(n,e,A) l (n,e,\)
d Y =~ > wiY. (B.13)
j=1

We can then consider the weighted graph G, . where the vertex set is given by
Vi, :={Xi,..., X,,} and the weights are given by (B.12)). Let W™V be the matrix of
weights, and DY the diagonal matrix of the degrees (B.13)). We then consider the

following operators on V,,  x:

1 1
:ff;)\u = <]I — —(D(n,e,)\))—ll/v(n,e,)\)) Uu, u € V(n767)\),
€ n
un 1 (n,€,M) 1 (n,e,\)
Apesu = (D — W, U € Vine)-

We define inner products on Vi, ) as

1 . (n,e,\)
(Vv cyire = > & N, UV € Vine ),
=1
1 n
<U,, U>V<n’57/\>,un - ﬁ E U; Uy, u,v € V(n,e,/\)-
=1
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We also define inner products on &, ) as
1 1
(F, G>g("7m) =52 Z EjGijW7 F,G € Enen-
i.g: w N #0 i
We define the Dirichlet energies
1 2
E(”»GA) (U) = §|VU|S(7L’€)>\)7 u € V(n,e,)\)- (B14)

Finally, we define the thresholding energies

P
E(n €A Tw) \/_ : : 'U/“ (n N u‘7>v(n,e,k,rw) ) u € M’Vl)
P

h [ n,e€,
E(n,e,)\ un) \/— Z uza e ( A)u3>v(n,e)\’un), u € Mn

We then have the following results.

Theorem B.4.1. Let A € R. Under the assumptions of Theorem[B.2.1] it holds almost
surely that if u™ € Vinen) 18 a sequence of functions converging weakly to u € L*(M)

in TL?, then for every t > 0 we have

C
: —tATY — 5 tA .
lim e e Ny™ = e 201 2"y strongly in TL?,

n—-+o0o

. —tAun n - 02 tpl 2)‘A S 2
lim e “Cnenny® = 201 u strongly in T L=,
n—-+oo

where s = 2(1 — \).

Theorem B.4.2. Under the assumptions of Theorem for every X € R it holds
almost surely that for each fized h > 0, if v™ converges weakly to v in TL*(M),

e
ny _
nl—lffoo E(n €nsA,TW) (U ) - Ol 9 ggil )\(U),

n Cy un
lim E(nen,)\un)(v ): @E Cy )\(U)

n—-+0o CQA )

where we define, for v e M,

P
1
ELS — Ois / u;e” Psupsd\/olM,
\/EZ; Y ’
T
E — O / u;e” P QAAPSu»pdVOIM,
\/EZ ey ’

=
—_

»J

with s = 2(1 — \).
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The proofs of Theorem and Theorem are completely analogous to the
proofs of Theorem and Theorem [B.2.1] (which consider the random walk Lapla-
cian with A = 0). The only needed changes are:

1. Replace the use of Theorem with the convergence of the corresponding
Laplacian (see [39, Theorem 30]).

2. Replace the use of Theorem [B.5.16] with the analogous statement for the Dirichlet
energies (B.14)). It seems that this is not written down anywhere in the literature,
but the proof of Garcia Trillos and Slepcev [35] should be easily adapted to this
setting.

Using Theorem one can clearly extend also the analogous statement for the
semi-supervised MBO scheme.

B.5 Preliminaries

B.5.1 Weighted manifolds

Hereafter, M = (M, g, 1) will be a compact Riemannian manifold with M = (. We
will assume that p = & Vol for some £ € C°(M) such that £ > 0.

For every © € M, we denote by (-,-), the inner product on T, M induced by the
metric g, i.e., for any v,w € T, M we have (v,w), = g,(v,w). Let f: M — R be a
smooth function. Then the gradient V f(z) € T,,M is defined uniquely by the relation

(Vf(@),Y)e =do f(Y) VY € T, M.

Let I'(T'M) be the space of smooth vector fields on M. We can define the (weighted)
divergence operator dive : I'(T'M) — C*°(M) by the requirement that for any f €
C>®(M) and Y € I'(TM)

[ (95 Y @haduta) == [ 7o) dive Y (@)duta).

It is easy to check that the divergence can be expressed in local coordinates as

dive Y = det(g )Y)

£/ det(g Z o (f
We also define the weighted Laplacian Ag :C®(M) = C®(M) as A = —diveoV. A
distribution on M is a continuous linear functional 7" : C*°(M) — R. We denote by
D'(M) the space of distributions on M. We follow the terminology of [38] and say that
a distributional vector field is a continuous linear functional V : I'(TM) — R. If Vis a
distributional vector field, we define its divergence as the distribution dive V' € D'(M)
such that dive V(f) = —(V, V f). We define the Sobolev space

WYA(M) = {u € L*(M, 1) : Vue LTM,u)},

which is a Hilbert space when endowed with the inner product

(U, U)WI,Q(M) = (U, U)LQ(M,,u) + (VU, VU)LQ(M’#).
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We also denote W'2(M) by H'(M). We denote by H™'(M) its dual. If T is a
distribution, we define AT" € D'(M) by requiring AT (f) = T(A¢(f)). In particular
if ue L*(M, p), then Agu € D'(M). Define

W»(M) ={ue W"(M): Aque L*(M,p)}.

It is a standard result that A can be extended uniquely to a self-adjoint operator on
W?22(M), see for instance [38, Theorem 4.6]. It can be shown that A, is a nonnegative
self-adjoint operator in L?(M) and spec(A¢) C [0,400). For u € L*(M, ) we denote
by T'(t)u = v(t,-) the solution to the Cauchy problem

Oww=—A¢v  in (0,400) x M,
v(0,2) = u(z) on M.

More precisely, the map ¢ € (0,+o00) — T(t)u = v(t,-) € L*(M) is characterized by
the following properties:

e It is strongly differentiable in L?(M).
e For every t > 0 we have T'(t)u € dom(A¢) and

dT(t)u
dt

= —AgT(t)u.

o T(t)u —win L*(M) as ¢ | 0.

One way of constructing 7'(¢) is by means of the spectral resolution of A,. ILe., one
defines linear operators T'(t) : L*(M) — L*(M) by

T(t) ::/ e "dE,,
0

where E, is the spectral resolution of Ag. We refer to [38, Chapter 7] for the details.
Furthermore, one can show that there exists a smooth map p: (0,+00) x M x M — R
such that for any v € L*(M) and every ¢ > 0

¢ ula) = Tuta) = [ plt,a,p)u)duty)

We call p the heat kernel for A,.

Another more constructive way to prove the existence of the heat kernel is by
the so-called parametriz method. This has the advantage of giving immediately the
asymptotic expansion . However, the construction is technical and we think it
is not worth sketching it here. The reader is referred to [71, Chapter 3], where this
construction is carried out in detail for the case of constant density £ = 1.

B.5.2 The MBO scheme on weighted manifolds

In this subsection, we recall the MBO scheme on weighted manifolds, which can be
used to approximate the evolution by multiphase (weighted) mean curvature flow.
Hereafter M is a k-dimensional closed Riemannian manifold endowed with a weight
e C>®(M),&>0.
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Algorithm B.5.1 (MBO scheme on manifolds). Let P be the number of phases, let
h > 0 be a time-step size and let k > 0 be a diffusion coefficient. Let xX° : M — {0,1}F
be a partition of M into P phases. To obtain an approzimation of the evolution of X° by
multiphase mean curvature flow define inductively a new partition x" ' : M — {0,1}F
starting from x™ : M — {0,1}F by performing the following steps:

1. Diffusion. For every m =1,..., P define

n o._ —khA¢ . n
Uy, = E Omi€ X1 -
l#m

2. Thresholding. Define a new partition X' : V — {0, 1} by defining, for every
m=1,..,P

{xpt =1} = {x eEM: ul'(x) < minu?(x)}.

l#m

We then have the following minimizing movements interpretation for the previous
algorithm.

Lemma B.5.2 ([25]). Assume that o is negative semidefinite on (1,...,1)%, which
means that v-ov < 0 for allv € R* withv-(1,...,1)* = 0. Given a step-size h > 0 and
a diffusion parameter k > 0, to obtain the new partition X" : M — {0,1}" starting
from x™ : M — {0,1}¥ one can define

1 1 n —K. n
X" € argmin, ¢ {\/ﬁEnh(U) NG > 0 / (ui = x7)e™™" (uj — x})€d Vol } :
M

i#]

B.5.3 BYV functions on weighted manifolds

We begin this section introducing the total variation |Dul¢ of a function u € L*(M).
We define

| Dule(M) = sup {/ udiveYdp: Y e I(TM),|Y] < 1} :
M

We say that u € L*(M) is in BV (M) provided |Du|¢(M) < +00. One can prove the
following result.

Theorem B.5.3. Let u € BV (M), then there exist a Radon measure |Dule € M (M)
and a | Dul¢-measurable vector field o, such that |o,| = 1 |Dul¢-almost everywhere and
such that

/ wdive Xdp — —/ (00, X)d|Dule VX € T(TM). (B.15)
M M

The proof of the theorem is an adaptation of the classical Riesz representation
theorem: first one works locally on an open set V' C M using an orthonormal frame
{FE, ..., Ex}. Following the same lines of the proof of the Riesz representation theorem
one can check that there exist a Radon measure vy € M (V) and a 7y measurable
vector field oY such that |0)| = 1 yy-a.e. and such that (B.15) holds true for all
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X € I'(TV). Then one checks that if Vi, V5 are two open subsets of M, the construction
is consistent on V; NV5. One can then take a covering {V;}; and apply the construction
on each element of the covering. Taking a partition of unity {p;} subordinate to the
covering one defines

o [Dule(W) =3, fWﬂVi pidyv;.-

® Oy, ‘= O0vy;.

A subset £ C M is said to be of finite perimeter if xp € BV(M). If E is a set of
finite perimeter, we denote by Per¢(E) := |Dxp|e(M) its perimeter. We will make use
of the following elementary lemma, which follows easily from Theorem [B.5.3]

Lemma B.5.4. Let u € LY(M). Then v € BV (M) if and only if for every chart
(V) the map uop™" is in BV (¢(V)). In that case we have that for any chart (V,)

Yy|Dule = y|D(uo ™)),

where v = £ o~y /det g¥.

Remark B.5.5. For a set of finite perimeter £ C M, we define its reduced boundary
Oy E as follows:

Oy E ={x e M:3(V,y) chart of M s.t. ¢(x) € 0"P(E)},

where 0*Y)(F) is the reduced boundary of the set ¢(E) in the usual Euclidean setting.
From now on, we will also denote by 0*E the set 0;,E. One can check that:

e The definition is well posed.

e |Dxgle is concentrated on 0*E. In particular | Dxgl¢-a.e. point z is in the reduced
boundary of E.

e If x € 0*F, then in normal coordinates (V, ) centered around z we have that
0y (%) = vym)(0), where vyg) is the measure theoretic inner unit normal for
(F) and o are the coordinates for the center of the chart x.

o If £, C M are sets of finite perimeter, then it holds that for |Dxp|¢-a.e. point
x € *ENJ*F we have og(x) = (0g(x),0r(2))0r(x).

We also record the following elementary lemma, which can be proved by using
Lemma and the analogous statement in the Euclidean setting.

Lemma B.5.6. Let u™ be a sequence of functions in BV (M) such that

sup/ |Du"|e < 400.
neN J M

Then {u"} is precompact in L'(M) and every limit point is in BV (M).

91 Jona Lelmi



APPENDIX B. I'CONVERGENCE OF THE THRESHOLDING ENERGIES

B.5.4 Transportation distance

Here we recall the definition of T'LP-convergence introduced in [36] and we introduce the
notion of weak T'LP-convergence. Let (M, g) be a k-dimensional compact Riemannian
manifold. For a fixed 1 < p < oo let u,v € P(M), u € LP(u),v € LP(v), we set

mel(p,v)

dris (1, 0), (v,0)) = _inf {(/M XMd€W<x,y>+|u<x>—u<y>rpdw)1/p},

where the infimum is taken over the space of couplings between p and v, which we
denote by I'(u, v). For p = o0, p,v € P(M), u € LP(u),v € LP(v) we set

drioe((1.), (v.0)) == _inf | {esssup, ey (das(.9) + Ju(z) — u(y))}.

We call drrr the T LP-metric. It can be shown that drr» is a metric on

LP = {(p,u): pePM), ue LP(n)},

this is done in[36] for the Euclidean case, the case of a compact manifold is analogous.
Let {m,}» C I'(u,v) be a sequence of transport plans between p and v, we say that
the these are p-stagnating if

lim dh (z,y)dmr, = 0.
n—+o00 [rro s M( )

Transport maps T,, between p,v € P(M) are said to be p-stagnating if the corre-
sponding transport plans (/d x T},) xu are p-stagnating. The following propositions are
straightforward generalizations of [36], Proposition 3.12] and [35, Proposition 2.6].

Proposition B.5.7. Let (u™,u™), (u,u) € LP, n € N, 1 < p < +o00. Assume that p
1s absolutely continuous with respect to Voly;. Then the following are equivalent:

(1) (u",u™) — (p,u) in the TLP sense.
(ii) For every sequence of p-stagnating transport maps T,, we have

lim /M (T (2)) — w(@)Pdp(z) = 0.

n—-+o0o

(i1i) There exists a sequence of p-stagnating transport maps T, such that

lim /M (T (2)) — u(a) Pdp(z) = 0.

n—-+00

Proposition B.5.8. Suppose that (u™,u™) — (u,u) in TL*(M) and (u",v™) — (u,v)
in TL*(M). Then
Jim (u®, 0") p2gumy = (U V) 22g0)-
We will also make use of the following result, which can easily be derived from [33],
Theorem 2.
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Theorem B.5.9. Let M be a k-dimensional compact Riemannian submanifold of R.
Let p € C®(M), p > 0 such that v := pVoly € P(M). Let {X;}ien be iid random
points in M distributed according to v and let v" = %Z?:l dx, be the associated
emprirical measures. Then there is a constant C > 0 such that almost surely there exist
transport maps T,, such that (T,,)xv = v™ and

n / su x Y .
lim sup,,_, , « L p}”fg%f/f?ig Lulh <Cifk=2 (B.16)
n / su x x : ‘
lim Sup;, 100 - pfoeg]\f/gé\ig Dt S lek Z 3

The correct notion of convergence for obtaining Theorem is weak TL*
convergence, because this is the topology in which we get I'-compactness. More gen-
erally, let us introduce the notion of weak T LP-convergence.

Definition B.5.10. Let p be a probability measure on M which is absolutely con-
tinuous with respect to the volume measure Volys, and let v € LP(u). A sequence
(™, u™) € LP is said to converge weakly to (p,w) in TLP if there exists a sequence
of g-stagnating transport maps 7T,, between p and p™ such that the functions u™ o T,
converge weakly to w in LP(u). Here, ¢ = -£5 is the conjugate exponent for p.

We record the following useful result, which says that the previous definition is
independent of the sequence of ¢-stagnating transport maps.

Proposition B.5.11. Let1 < p < +00 and g = p%l. Let i be a probability measure on
M which is absolutely continuous with respect to the volume measure and let u € LP(u).
Assume that (u™, u"™) € LP is a sequence converging weakly to (u, p) in TLP. Then for
every sequence S, of q-stagnating transport maps between p and p™ the functions u™o.S,
converge weakly to u in LP(u).

Proof. We let T,, the sequence of g-stagnating transport maps as in Definition [B.5.10}
Let S, be an arbitrary sequence of ¢-stagnating transport maps between p and p™.
Observe that ||u” o Sy||ze(w) = [|[u™]|Lr(un) = [|u" © T3] £r(u)- In particular, the sequence
u™ o S, is bounded in LP(u) and thus, up to extracting a subsequence, we may assume
that it converges weakly to a limit v € LP(u). We need to show that v = u. To do so,
pick ¢ € C°°(M) and observe that by Holder’s inequality

‘/ u" o T,pdu — / u" o T, o Tndu‘
M M

< ( /M |u”oTn\pd,u>1/p ( /M (Lipgp)qu(m,Tn(:c))qd,u>1/q,

a similar estimate holds true with T}, replaced by S,,. This clearly implies that

‘/ u" o Thedu — / u" o Sngodp,’
M M

<C ( /M dM(x,Tn(m))qdp) v +C ( /M du (2, Sn(x))qd,u) v

The right hand side converges to zero as n — 400 because the sequences of transport
maps are g-stagnating. O
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Finally, we have the following natural improvement of Proposition [B.5.8|

Proposition B.5.12. Let 1 < p < +o00. Let pu be a probability measure on M which is
absolutely continuous with respect to the volume element. Assume that (u™, ™) € LP
converges weakly in TLP to (u,p) and that (v, u™) is a sequence in L9 converging
strongly in TL? to (v, ), where q is the conjugate exponent of p. Then

lim u”v"d,u":/ uvd.
n——+0o M M

B.5.5 Asymptotics for the graph Laplacian and for the de-
grees

Here we recall the results about the convergence of the graph Laplacian contained
n [19] and [39]. To do so, we need to introduce some definitions. We write 7,(t) :=
%1(%), and we introduce the function k. : M x M — R defined as ke(z,2) =0, x € M
and

ke<x’y) = ne<|x - y|d)7
where | - |4 denotes the standard Euclidean norm in the ambient space R?. Observe
that

higl ko(x,y)dv(y) = Cip(x) uniformly in z € M. (B.17)
0 Jm

Define also
1 n
== k(z, X)), z € M,
n <
so that the weights and the degrees on the graph G, ., can be expressed via

Wi = k(X X;), d = d™O(X,).

In this way the random walk graph Laplacian may be extended to an operator acting
on functions f € C*(M) as

Bof(a >=12(f<w>—2 (d(m){;f”).

j=1

Finally, for any ¢ > 0 and any f € C°°(M) we define

Acf(z) = ;2 (f(l“) - foM (z,y) didy)( >) '

The following theorem is contained in Coifman and Lafon [19].

Theorem B.5.13. Let the assumptions on M in Theorem be in place. For
K € R define

Ex ={feC*M): |flles < K}.
Then uniformly in x and uniformly on Ex we have

Cy

Acf(x )—2—01A 2f(x) + o(e).
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One can then apply the previous theorem to obtain the following slight modification
of Theorem 28 in [39].

Theorem B.5.14. Let the assumptions of Theorem be satisfied. Then with
probability one, for all f € C*(M) we have that A, f — %Apzf in TL?.

In the following, we need also the following simple result about the convergence of
the degrees.

Lemma B.5.15. Let the assumptions of Theorem be satisfied. Then it holds
with probability one that if T, is a sequence of transport maps such that

lim sup dy(z, T, (z)) =0,

n—-+00 zeM

then
lim [|d"™) o T, — Cypl|~@) = 0. (B.18)

n—-+oo

: 1 1
Moreover, lim,,_, | || TTITE ~ Gl | oo () = 0.

Proof. The second assertion follows from ([B.18]) and the fact that p > 0 on the compact
manifold M. In the following we write d” for d"). To prove (B.I8]) we first observe
that

|d" o T, — C'110||L°°(1/) < ||d"oT, —Cipo Tn”L‘X’(V)
- Lib(p) sup g (. T, (1)
S

Thus we only need to prove that ||d" o T}, — Cip o T},|| () converges to zero. To this
aim, observe that we may write

[d" o Ty = Crp o Tl = max |d"(X;) — Cip(Xy)],

-----

and that by the fact that X;’s are identically distributed, if v > 0, then
(s () = Cup(X)] 2 7 ) < (|0"(C60) = Cup(x0) 21
_ n/ IP(|d”(x) — Cipla)] > 7) dv(z).
M
1 n
_Zken(x7Xj> - /{Zen(l’,y)dl/(y)
n < M
7=1
> 1),
=)

The second term on the right hand side is zero for n sufficiently large because of (B.17)).
Thus for n large enough depending on -,

Fix x € M then

>

P10 - Cupla) 2 1) <7 (

BO |2

+P (‘/M ke, (z,y)dv(y) — Cip(z)
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>

P@W@—GMMZV>SP(EE}@WX»—AfAwa@

ro |2

).

We now proceed at estimating the right hand side. Observe that Y; := k., (z, X;) are
iid random variables with

n n

Thus we can apply Bernstein’s inequality to get the following bound

' )

ey
< 2exp =
2[nllocCreo + 3l1nlloc3

Putting things together and summing over n we have that, for some n(y) € N depend-
ing on -y

%Z}A@W—L%ﬂww@

Z P(“dn ol, —Cipo TnHLoo(V) > 7)

neN
2
<n(y)+ 2n exp 4 )
,p%%H 2MllwCrco + 2l
The latter sum is finite if lorfge(a y — +oo. We conclude by Borel-Cantelli’s lemma that
almost surely ||d" o T, — Cyp o T,,| re) —+ 0, which concludes the proof. O

B.5.6 I'-convergence of the Dirichlet energies

In the setting of Section [B.2] we define for each random graph G, ., the Dirichlet
energy functional F,, as:

1
E,(u) = §|Vu]?;n,6n, u € V,. (B.19)
In the proof of Theorem [B.2.2]we will need the following result about the I'-convergence
of the Dirichlet energies defined on the graphs to the Dirichlet energy on the manifold.

Theorem B.5.16. Let M be a k-dimensional compact Riemannian manifold embedded
in R, k > 2. Let p > 0 be a smooth function on M such that v = pVoly, € P(M). If

k> 2 and 1;5(2) — 400 as n — +oo then

E r—TL2 %E,
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where the energy E is defined on L*(M) as

Blu) = L[y IVul?p?dVoly,  if ue HY (M)
B 400 otherwise.

Moreover if w € C*(M), then limsup,_, . Eq,(u) < 2E(u). Finally, we have the
following compactness property: if u" are such that

sup E, (u") < 400, sup [[u"[| L2y < +00
neN neN

then the sequence u" is precompact in TL?.

The proof of Theorem 8 is a straightforward adaptation of the argument given in
Theorem 1.4 in [35] for the flat case. For the sake of completeness, we include a proof

in the [Xppendiy

B.5.7 The optimal energy dissipation inequality

Let us recall the following notion of weak solution of the heat equation on the weighted
manifold M.

Definition B.5.17. Let (M, g, = £ Voly) be a weighted k-dimensional compact
Riemannian submanifold of R, with & > 0 smooth. Let u® € L*(y) and ¢ > 0. A
weak solution for the diffusion equation

{@u = —cA¢u (B.20)

u(x,0) = u°
is a function u € L? ([0, +00), H'(M)) such that v’ € L2 ([0, +o00), H*(M)) for which
1. u(0) = u°,
2. (O, &w) g1 + ¢ [y, 9o (Vu, Vw) Ed Voly = 0 for a.e. ¢ and all w € H'(M).

The following lemma is a well-known result, which says that the equation (B.20)) is
completely characterized by the energy dissipation inequality (B.21]).

Lemma B.5.18. Letu € L2 ([0, 4+00), H'(M)) be such that v’ € L2 ([0, +00), L*(M)).

loc loc

Let u® € C°(M). Then u is a weak solution of (B.20)) if and only if u(0) = u® and u
satisfies the optimal energy dissipation inequality for a.e. t € [0,400), i.e.,

1 t 1 t
cE[u(t)]+—/ / 02|A5u|2§dVolMds+—// [u'|2¢d Volyy ds < cE[u’[B.21)
2Jo Ju 2Jo Ju
where we define, for v e H (M),

1
Ef] :§/M|Vv|2§d\/olM.
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Proof. We first observe that whenever u € L7 ([0, +00), H'(M)) is a function such

loc

that u' € L} ([0, +00), L*(M)) and Agu € L} ([0, +00), L*(M)) we have

loc loc

d
EcE[u(t)] = c/M Agudyu EdVolyy . (B.22)

Now, assume first that u is a weak solution of (B.20]). Then by parabolic regularity, u
is smooth and (B.22)) is thus true. Using the equation for d;u we obtain that

c/ Agudyu&d Vol

M
c? 2 1 2

=—— [ |Aeu|*{dVoly —= [ |0wu]“Ed Voly, .
2 Ju 2 Ju

Thus, integrating (B.22)) in time we get the required inequality (actually, equality).
Conversely, assume that (B.21]) is satisfied. Then we clearly infer that Agsu €
L*([0, 4+00), L?3(M)), we can use (B.22)) in (B.21)) to get, after completing the square,

1 t
5/ / (cAcu+ ') €dVoly ds < 0.
0 Jum

which forces ,u = —cAgu, thus u is a weak solution of (B.20)). O

In a similar way, one can prove that solutions of the heat equation on a graph also
satisfy an energy dissipation inequality. Namely, we have the following result.

Lemma B.5.19. Let G, be a graph as constructed in Section . Let u° € Ve
Let v(z,t) = e Aney®(z). Then for all t € [0,+00) the optimal energy dissipation
inequality is satisfied, i.e.

1/ ) 1 (" d ) 0
Eo@l+ 5 | [Anco(s)ly, ds+ 5 [ [=-v(s)ly, ds < En[u’],
2 0 e 2 0 dS e

where E, is the Dirichlet energy defined in (B.19)) with €, replaced by €.

B.6 Proofs

B.6.1 Convergence of the heat operators

Proof of Theorem [B.2-3. We first prove the following result: Assume that u® € C*(M),

then for every ¢ > 0 we have

C.
e Bnen (0 ) — e 21820 in TL2. (B.23)
To this aim, observe that it suffices to prove the result for the case C; = 1; the
general case follows by rescaling the weight functions. Define, for n € N,¢# > 0 and
x € Vy(w),

v (w,x, t) = (e_m"‘"uo|vn(w)) (x).

Here w is a sample point from some probability space (€2,P) on which the random
variables {X;};en are defined. We want to prove that P-a.s. for every sequence of
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2-stagnating transport maps 7, from v to 1" (w) = % > iy 0x,(w) we have that, for any
t>0
lim / " (8, To(2)) — ult, 2)[2dv = 0, (B.24)
n——+00 M
C.
where u(t,-) = e~ 22y, To this aim, pick w € Q such that the following conditions

are satisfied:

(i) There exists a sequence of 2-stagnating transport maps 7T, such that (C.53) is
satisfied.

(i) B, =5 ¢p,
(i) Ape,f 5 LA f for every f € C=(M).
(iv) |d™) o T, — Cipl|poey — 0.

Observe that by Theorem [C.6.6], Theorem [B.5.16, Theorem and Lemma
these conditions hold for P-a.e. w € Q. Thus if we prove (B.24)) for such an w we are

done. From now on, we will assume w to be fixed, so we drop this variable for ease of
notation. Recalling Proposition , we just need to show for the sequence of
transport maps in (). Define 0" (¢, z) := v"(t, Tn(z)), for t € [0, +00),z € M. We also
write d” for d™). By condition (v and assuming that n is sufficiently large we have
that for all z € V,,,

Gy

> < d'(x) < 20he.

Here ¢ > 0 is a constant such that

1
-<p<con M.
c

In particular we have that there exists a constant C' > 0 such that for any w € V,,,,
if w:=woT,

1 .
Elwh)n,en S HwHLQ(V) S C’wh}n,en' (B25)

Step 1. We claim that given T' > 0 there exists a constant Cr < oo for which

sup 10" || Loe (0, 17,22(00)) < Crr, (B.26)
ne

do™
sup ”%HL‘X’([O,T},L?(M)) <Cr. (B.27)
neN

We start by proving (B.26)). This is easy: Using the equation we obtain

d1 " "
— SO, = —"(1), A, 0" )y,

dt 2
= (Vi V" (), Vi, v" ()., <0.
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Thus after integrating in time and recalling (B.25)) we easily obtain (B.26|), once we
recall that u® € C*>°(M).

To show (B.27) we notice that ¢"(z,t) := £v"(z,t) is the unique solution to

d
%qn = —¢ tAnen (An,enuo‘Gn)

In particular, arguing as in the proof of (B.26]), we get an L>®-bound on the L?*-norm
of ¢". Namely, for any 7' > 0 and a possibly different constant Cr

sup [|q" || o o.1,2(0)) < Cr-
neN

From this, it is not hard to show that the map ¢ — ©"(t) is weakly differentiable with
derivative given by t — ¢"(¢). In particular follows at once.

Step 2. Compactness.
We may apply Lemma [B.5.19| to obtain that for any n € N and any ¢ > 0

43 [ Buaar @, ds+ 3 [ 1

Fix a time horizon 7' > 0 and a countable dense subset {t,},en C [0, 7. From (B.28)
with ¢ = ¢; and the compactness property in Theorem we have that, for each
p € N, the sequence 9" (t,) is precompact in L*(M). By a diagonal argument we can
thus find a subsequence n; and functions u,, € L*(M) such that

()3, ds < Eplu %6, ] (B.28)

L*(v) = lim 0™ (t,) = u, Vp € N.

We claim that v™ (¢) is a Cauchy sequence in L?(v) for any ¢ € [0,T). Indeed for
p € N, j,l € N using the triangle inequality and (B.27)) we have

[575+ () = 0™ ()| 2
< o (1) = 0" ()| 2wy + (1074 () = 0 (8p)l| 220y + (107 (Ep) — 0™ (D) 220
<207t = tp| + (|07 (Ep) — 0" (Ep) | 22w

Now given 7 > 0 select p € N such that [t —t,| < 34— and j € N such that [|0"+(¢,) —
0" (ty)| 12wy < 3 for any [ € N, then

[07541 () — 0" (8) | L2y < v

whenever [ € N; thus 9™ (t) — u; € L*(M). Define u(t) = ug, t € [0,T]. We have just
proved that

L*(v) — lim o™ (t) = u(t) Vt € [0,T].

(v) — lim 9%(t) =u(t) vt € [0, T]

We need to show that wu is characterized by (B.20)), this will be shown in Step 4
where we will pass to the limit into (B.28). To this aim, we will need to be able
to pass to the limit in the second and third terms on the left hand side of (B.28).
By (B.26) and (B.27) over a further, non-relabeled subsequence we have that there
exists v € L*([0,T], L*(v)) with v' € L*([0,T], L*(v)) such that

L2(L?) d_ 22 d

Tl AN L

"t at’

Jona Lelmi 100



B.6. Proofs

and by uniqueness of the limit this implies u(t) = v(¢). For later, we also record that

. bod o, ! d
191'§J:2>f/0 |EU J|$,nj’€njd32/0 /M|£u(s)|2p2du. (B.29)

This easily follows by the weak lower semicontinuity of the L?((0,¢), L?(M)) norm once
we observe that d" o Tnj%ﬁnﬂ' converges weakly to pu’ in this space.
Step 3. We claim that A zu € L ((0,+00), L?(v)) and that for every 7' > 0

loc

T T
liminf [ |Ay ., v™ 5, dt> / A pul?pPdadt, (B.30)
3 0

Jj—=+oo Jy

where ¢ := %

To show this we observe that from ([B.28)) we obtain that up to taking a further subse-
quence, the functions A, , v = A, , v" o T}, converge weakly in L*([0, T], L*(v))
to a function w € L*([0,T], L*(v)). We claim that

1

—w = A zu in the sense of distributions. (B.31)

c
If (B.31) is true, then (B.30]) follows by the lower semicontinuity of the L?-norm. To
show (B.31)) we take f € C2°((0,400)) and g € C*°(M). Then using Theorem |B.5.14]
Lemma the convergence of the functions 9™ and using the fact that the Lapla-
cian on the graph is self-adjoint we have

+oo
[ 50 [ ult) (dypg) g volysat
0 M
+o0 e~
= lim —/ f(t)/ 0" () Ay, e, 9d™ dvdt
0 M

=), SO0 S

1 [re

]_ +0o0 —_—~— ~
~ Jim 2 / £() / Ao dtdudt,
0 M !
Observing that g" := goT},; converges uniformly to g we get that the last limit equals

+oo
1/0 f(t)/Mw(t)gdeVolMdt.

c
In particular for every f € C2°((0,+00)) and g € C*(M) we have

+o0 +00
/0 f(t)/Mu(t)AngdeVolM dt = 1/0 f(t)/Mw(t)gde\/olM dt,

c
which clearly gives (B.31]).

Step 4. Proof of (B.23).
Using Theorem [B.5.16, the weak lower semicontinuity (B.29) and the lower bound

obtained in Step 3 we can pass to the limit in (B.28]) to get that for all times ¢t > 0
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1 [t ? 1 [t
@E[u(t)] + —/ / G |A pul?p*dads + —/ / [W')?p*dxds < %E[uo]
2 2 ), Ju \ 2 2 ) )y 2

In particular, applying Lemma [B.5.18 with ¢ = C5/2 we see that u is the unique
solution to

ou = —%Apzu
u(0) = u’

which, in particular, implies that the limit is independent of the chosen subsequence,
thus the whole sequence converges to u, as claimed.
Step 5. Conclusion.
Let T,, be a sequence of transportation maps obtained by applying Theorem [C.6.6] By
Proposition we just need to show that for any ¢ > 0 the functions e "y o T,
C
converge strongly to e '3 A2y in L*(M). For s > 0 define v"(z,s) = e~ 2. By
differentiating the norm we have
d n|2
— v = —|V.0"2 .
B = IV
Thus after integrating in s and by using Fatou’s Lemma we have that for a fixed t > 0

t
/ lim inf |V,,0"(s)[z, . ds < Cllull72,.-
O En

n—-+0o

In particular there exist 0 < s <t and a subsequence n; such that

sup B, [v" (s)] < 400.
jeN

By Lemma [B.5.19| applied to w™ (r) := e Bnien; v" (s) we infer that

sup By [0 (8)] = sup By, [u™ (¢ — 5)] < +o0.
JEN jEN

In particular, by the compactness statement of Theorem we obtain that, upon
taking a further subsequence, the functions v™ () converge strongly in TL*(M) to a

C
function v(t) € L?*(M). We claim that v = e 12 %2y, To see this, let g € C®(M).
Setting o™/ (t) = v"(t) o T),, and g™ = g o T,,, using the fact that g™ converges
uniformly to g and the fact that e *Anen are self-adjoint operators we get

/vgdeVolM: lim " (1) gd™ dy
M

J=+oo Jur

= lim <Unj (t>) g>an,€n]-

Jj—+oo

: C —tAn,
= lim (u"7,e "7
j—>+oo< 3 g)an,Enj

: n; —tDnen.  Gn
= lim we T gd™ dy
J—+o Jar

C
— / ueitﬁAPQ gde VOIM,
M
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where in the last step we used (B.23)). Using the self-adjointness of the heat semigroup
on M we infer that for any smooth function g € C*°(M),

2 _ b2 A o 2
vgp“d Voly, = e 17 ugp dVoly .
M M

C!
Thus v = ¢ 2622y, In particular, the limit does not depend on the chosen subse-
quence, thus we obtain the claim. O

B.6.2 Discrete-to-nonlocal

Proof of Theorem |B.2.1. The proof follows from Theorem |B.2.2| Proposition [B.5.11
and the convergence of the degrees in Lemma [B.5.15 The precompactness statement
is a consequence of the general fact that bounded sets in L? are weakly precompact. [

B.6.3 Bertozzi’s question

Proof of Corollary[B.2.3 By Theorem we know that almost surely, for each h >
0,
C,C:
D(TL*(M) — weak) — lim E" =1/=22Fc,.

n,€
n—+oo M 2 20,

By the same argument used in the proof of Theorem we have that almost surely,
for every h > 0, the sequence of energies

h

Dy .. (u) == %

Z 0ij <uz - X?v e_hAn’en (U'j - X?))Vrn u € MTM
i#]

['-converges in the weak-T'L*(M) topology to the energy

CiCy 1 _hCa
Di(w) =/ 5= ——= / (ui — x;)e "7 (uy — y;)pPd Voly,  u € M.
2 JGh = [y
20, I
In particular for every h > 0 we have

[(TL*(M) — weak) — lim (E!_—D! )= ,/01202 Ecyn — Dy,

n—-+oo 2Cq

This yields that the minimizers of E!, — D}~ converge weakly in TL*(M) to mini-

mizers of 01202 Ecyn — Dy. The conclusion is then a consequence of the minimizing
2C
movements interpretations in Lemma and Lemma [B.5.2] O

B.6.4 Nonlocal-to-local

Proof of Theorem [B.2.5. T-limsup. The I'-limsup inequality is a consequence of the
consistency part of the theorem, namely that for every v € BV (M, {0,1}") N M

l}iﬁ)l Eyn(u) = E(u). (B.32)
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It is clear that (B.32]) is a consequence of the following claim: Assume that £, FF C M
are sets of finite perimeter, then

tim = [ o (o= o) du= = [ (opla).op@) Dxlle). (533

Indeed, simply apply (B33) to E = {u; = 1}, F = {u; = 1}, multiply by o;; and
sum over all pairs ¢ # j, since then (og(x),0pr(x)), = —1 on O*E N J*F. We now

prove (B.33) in four steps.
Step 1. Recalling the notation (B.5.1)), we can rewrite
hd
T(h)xe(e) = xela) + [ LT
0

Using Theorem we obtain that the argument of the limit in (B.33)) is equal to

h
%/MXF/O AT (t)xe(r)dtdu(x)
h
- | (owle). [ VT Dxrl(a).

Thus by the discussion in Remark[B.5.5]it suffices to show that for every x € 9* ENO*F
such that op(z) = (op(x),or(z))s0r(x) we have

1 _ I
ﬁwp(:x),a};(:v)) zllgl(} <0F(x),ﬁ/0 VT(t)XE(x)dt>. (B.34)

Step 2. We claim that for s < 1/2, equation (B.34) is equivalent to

%<UF($)7O'E(I)>ZHHI <0F / VT () (XEnBys () () (@ )dt> (B.35)

h10

To prove this equivalence, we fix s < 1/2 and use (C.46) to show
e [ Vet - (5.36)
1o /h M\Bys (z

Clearly (B.36) then implies the equlvalence between and (B.35). For j € N and
t < h we denote by B; the ball Byj;s(x). Observe that M \ Bps (x) C M\ By(z). To

prove (B.36)) we use the Gaussian upper bound ((C.46|) to estimate

h
\% / /M IR

[dlam

3 f/ / o vty (Za) o
_[dlajmf )]f [ T e o o
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thsN

Observe that the doubling property (B.5)) gives ul(L( “1 < 3E- ~z Thus (B.37) is
estimated by

C’ [diaiM)] 1 h Q]Nth ( 22] ) d
—— —F——CeXp | —= t
1 pr \/ﬁ 0 \/%tN/Q CztlfQS
[diam(M

R m(M)] ‘ h 22j
Cy Z QJN/ N2 N1 v (— — ) dt
=0 0

02t1 2s

A [diam(M)] ' 92 h 1
Cl QJN exXp <—A—1_2) / t_N/2+8N_1 exp (—A—H) dt,
=0 202]1 s 0 202t s

which converges to zero as h | 0, since the integrand is uniformly bounded and the
prefactor converges to zero as h | 0.
Step 3. We claim that

IN

i (o000 = [ [ apltr oo ot (B39

d(ﬂv y)
B lf%l_<UF / / ( Agrt)k/2 V(z ,y)) XEﬂBhs(w)<y)dN(y)dt>7

where 1° is the coefficient in the asymptotic expansion .
To see this, observe that applied with [ =1 and some N > g + [ yields

i = (o) - / [ ettt e, o))

—1é£872<0F / / <4;,:/2 Ly)t)xEmBhs \()duly )dt>.

Thus, all we need to show is that the limit as A | 0 of the terms on the right hand side
corresponding to 7 > 1 vanishes, i.e., that for j > 1

i = (7e(z) / /v (M/ vz, y)t )x ()} = 0. (B39

To verify (B.39)), we compute the argument in the limit in normal coordinates around
x. Let W : BR( ) — Bpg(0) be normal coordinates around z. Then g¢;;(0) = d;; is the
identity matrix and d*(z,y) = |¥(y)|r. Writing vg for the vector of coordinates of
or(z), the argument of the limit may be written as

2|2

(&

= / /B | (—v](x B( ))—i—va(x,CD(z))) Wt Yoy (2 (2)dedt,
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where we set v(2) := y/det(g)(2)p(®(z)), with ® = ¥~!. By the smoothness of the
coefficients v/, by the compactness of the manifold and by the fact that j > 1,if h < 1
we can bound this integral by

2|2

Chi~ 1{/ /Rk( ) _)k/dechf (B.40)

where C is a constant depending on v/, M and &. Thus we have .

Step 4. Conclusion. We now compute the limit on the right-hand side of (B.38).
As before, we work in normal coordinates centered at . With the same notation as
in Step 3, the argument of the limit may be rewritten as

d(z,y)

oo [ [ 3 (MW P ,y>)xEths oy

2
z|

- / /B . e (G B + D, 803) ) e (2 ()it

As in Step 3, one can show that

hm—/ /Bhg ve - DV(z, ®(z ))(4 t)’“/QX‘IJ( B (2)7(2)dzdt = 0.

hio /h

Thus, all we need to show is that

2|2

4t

Eﬂ%‘_/ /B e gt 0 ))(Z X (2 (2)dzdt = %”E'”F'

This is essentially already done in [67]. We sketch the short argument for completeness.
After a change of variables in space and time, the argument of the limit may be written
as

2
\ZI

(4m)*/

|
/f e b(Vhtz))

\ﬁ( )
By De Giorgi’s structure theorem we have

QX\I;(E)’Y(\/_Z)dZdt

L, — lim Xu(p) (Vht) = xn,, Vt € [0,1],
where H,, is the half space given by
HE::{zeRk: vp-2z<0}.

By an application of the dominated convergence theorem we infer that on any compact

set K C R¥,
1
lim — dzdt = 0.
hw/o /K!Xw%) XH,, |

In particular, upon taking a subsequence, we may assume that
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lim ywe (2) = xm, (2) for ae. (t,2) € [0,1] x R
ho " he B

Moreover we have that

1}%1 00z, ®(Vhtz))y(Vhtz) = 1, uniformly in ¢ € [0, 1].

Thus by an application of the dominated convergence theorem we get

2
\ZI

( )k/2

. "1
1}5161 \/_ . (x (I)(\/_Z>>

a0

1
1
= — — -vp)G1(2)dz
/02\/Z VE.ySO(y 7)G1(2)

!
:/0 NG VE‘ygo(VF vp)(y - ve)-Gi(z)dz
1

ﬁ(yF . I/E).
[liminf. To prove the I'-liminf inequality we use the blow-up method of Fonseca
and Miiller [30] (see also [I] and [4]).

Given u, € M such that v — u € M in L*(M), we want to prove that for every
sequence h, | 0

X\P(E)'}/(\/—Z>d2}dt

liminf B, (u") > E(u). (B.41)

n——+0o0o
Clearly, we may without loss of generality assume that the left hand side of is
finite.

Step 1. u € BV (M, {0,1}7).

By Lemma we just need to show that u o is in BV (¢(V)) for every chart
(V,4) of M. It is clear that one can restrict to the case when V' = B,(z¢), r < R <
%, x9 € M for some fixed R and ¢ = exp;ol. The statement for a general chart
then follows by compactness. So we fix V' = B,(20) and ¢ = exp'. We observe that
if N > g, by the asymptotic expansion for the heat kernel withl=0and t =h
we get

1
By, (u') > O'Z"/ ulm e~ Beymqy,
V h/n ; ’ T(Io) !
I Y h
> 0ij u;" () p(has 2, y)u™ (y)dp(y)du(z)
hin Z "B, w0) B (o) ’

>Z TR [, 0 [ G el e
—CNﬁ

If [ > 1, with an estimate similar to the one used in (B.40)) we obtain that

r(l'()

ahy,

1 (&
/h Zau/ ( /B( )Wvl(x7y)h;u?“(y)du( d,u <C /h B,
n T J30 (20 n

—d2 ()
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where C' depends on o, v;, M and £&. Thus we have

—d?(z,y)

1 e 4hn
2 2 0y 4 T 0 )
L r(Zo r(Zo n
— Cv/ hy.

The first term on the right hand side may be rewritten in local coordinates as

Ej, (u")

ol (A COR I ¢)))
4h

1 - e n - -
T [, ) [ )i )y (), (342
n ij r(o (0 n

with y(x) = /det(g)é(v (), 2°(x,y) = vo(vv~ (z),v  (y)) and & = uo ™', Let L
be such that d(y=(x), ¥~ 1(y)) § L|z — y|k. Then (B.42)) may be bounded from below
by

1

inf:ﬁ,yEBr(g) {60(3373/)7(?;)7( )} euclzd ~hn
T B (1p,u™),

where we set

) 1 e 4hn
euclid ~hn\ __ E . ~hn -
Ezn (1BT(Q)U ) = L 04 /Rk u, (x)/ (47r )k/2 ] d’y dzx.

In particular we obtain that
400 > liminf E§“" (15 i)
n—-+oo L2 T(i) ’

which says that 1, (,)@ is in BV (R*,{0,1}”) by an application of, for example, Lemma
A4 in [25].

Step 2. We now turn to (B.41)). By Step 1 we know that u € BV (M, {0,1}"). We
set ; := {u; = 1}. Passing to a subsequence if necessary, we may assume that

lim B, (u") = liminf B, (u") < +oo. (B.43)

n—-+o0o n—-+o0o

We define the Radon measures )\?j” by setting

1 —
A (W) = \/_h_naij/wu?ne MAsulndp, W e B(M).

Then by (B.43), upon passing to a further subsequence, we may assume that there
exist Radon measures \;; such that

1151_1 )\h" = )\;; weakly-* in the sense of Radon measures. (B.44)
n—-—+00o

In particular we obtain that

liminf £, (u") = liminf Z az])\h” M) > Z oM (M

n—-+o0o n—-+o00
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Thus to conclude the proof of the I'-lim inf inequality it suffices to show the following:
It holds that if x € ¥;; then

204

2.0 g @) 2

Indeed, if (B.45)) is true, then using the fact that the interfaces 3;; = 0*(; N 0*QY; are
disjoint

(B.45)

<Z Umq)\mq) (M) > Z (Z Umq)‘mq) (X45)

1<J m,q

>Z/ Z qu‘D d|DU |§

1<) ZJ m,q

20;
2> 72 [ vl

z<]

= ﬁ > o3 Dugle(Siy).
i

We now prove (B.45). Fix ¢ > 0, then there exists R < % such that for any
reM

Y, % € Br(z) = d(y, ) < (1+0)]exp; " (y) — exp; ' (2)]. (B.46)

Fix 4,5 € {1, ..., P}, with i # j and z € ¥;;. For every m,q € {1,..., P} with m # ¢
we have that

z) = lim .
d| D¢ r10 [Dugle(Br(z))
Observe also that, using Lemma applied with V = B,(z) and ¢(y) = exp, ' (),

d)‘mq 1 )‘mq(Br (i))

Duile(B,(@) . Jp 1
lim L e DAL ) gy B0
rl0 wr_ 1" 1y(0) 0 w1y (o)

In particular

g . Amg(Br(z))
= lim .
d|Dule (z) "o wi_17*=1y(0)

Observe that there exists an at most countable set () C R such that if r ¢ Q

Ang(9B, (z)) = 0.
Thus, by the weak convergence ([B.44)) of the )\qu we have

g L A(Bi(2)
z)= lim lim ——————"—.
d|Dusl¢ r10,r¢Q n—+o0 y(0)wg_17F 1

We now set @ = u"" o exp,. Given a measurable function f defined on B, (o) we
define the blow-up at scale r as R, f(y) := f(ry), y € B;. By De Giorgi’s structure
theorem we know that
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ugmm:XHmmL%&L (B.47)
hg&@:XHmmL%&) (B.48)

where we define

Hym = {z€RF: 2. 0™ <0}, me{l,.., P}

Here (™) is the outer unit normal of exp, ' () € R¥ at 0. Observe furthermore that
for q # 1, 7 it holds that

h&)lR i, = 01in L'(By).

Indeed, this follows by the constraint Y R,u =1 and (B.47), (B.48). Upon select-

ing a subsequence, we may thus choose a sequence r, of radii such that

. . hy
lim r,= lim — =0,
n—-+4o00o n—-+o0o ’[“721

N (B, d\,,
hm mq( n(g)) — q (z),
n=4o00 Wp_ lrk—lfy(g) d|Du|
lim R, 4™ = xu o In LY(By),

n——+00

lim R, u " =Xn ;) in LY(By),
n—400

lim R, ' =0in L*(B,) for m # i, j.
n—-+o0o

We now use once more the expansion with some N > % and observe that

—d%(z,y)

e 4hn
Anig(B Z\/— /B. w Wv’(x,y)hLUZ”(y)dMy)du(x)
< O/ nrik.

Moreover, similarly as for (B.40]) we get that for [ > 1

—d?(x,y)
e 4dhn,

,/1 " ! I, hn
n (47h,, k2 <
hy JB,, (= o / 2 (47hy, )k/g“ (z, y)hug™ (y)du(y)du(r) O/

From these two estimates we conclude that

g
Z Umq d|D (E)

U2|§

—d?(z,y)

Ihy,
uﬁ?/ e—vox’yuhnyd,uyd,um_
/f;rn(x) By (x) (4Thy)k/2 (@, y)uq" (y)du(y)du(x)
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By (B.46)), for n large enough the previous limit may be estimated from below by

—(148)2|z—y|?

n

¢ e
lim inf = Om ﬂh"/ " dydz, B.49
nortee (w1 Vhn %; ! /Bm (0) " rn (0) (4hy, k24 Y ( )

where % := u o exp, and

e inf {0 (e, (@), exp, (1)1 (2)r (0)}

Observe that ¢, — (o) as n — 4o0. In particular (B.49) equals
—(146)?|z—y[?)

€ n
lim inf - T —— L
iminf —— w—Z“ ; /Bm(o)“m / o Ty

We now perform the changes of variables z — r,z and y — r,y, so that the previous
quantity is equal to
1

lim inf EB R, @1 B.50
I I A oy Dot (B @ L), (B.50)

where we define for t > 0 and f € Ap, := {f: B; — [0,1]" such that > fn, =1}

EP(f) = ZOWI% : fm G x fodz.

Here G; denotes the standard k-dimensional Euclidean heat kernel at time ¢. Let
p e Cx(By),0< <1, then for f € Ap,

EPY(f) > EPY(f, ) Zamq\/_ BfmGle % fode. (B.51)

We record the following result, a proof of which is given in the

Theorem B.6.1. If 0 € R¥* is symmetric, o, = 0, o satisfy the triangle inequality
and € CX(By) with >0, then on Ag,

P —lim B (-, ) = B(.5) in L'(By),
where we define, for f € Ap,,
d— .
E(u,B) := {f quamq fs )dH" (z)  if f € BV(By,{0,1}7),
+00 otherwise.
Here, for f € BV (B, {0, 1}P)’ we set Sy = O {fn = 1} NO*{f, = 1}.

In particular, we may use the I'-liminf part of Theorem [B.6.1]in (B.50]) to obtain
that for any 5 € C°(B;),0 < f <1 we have

1 . d—1
2. ot > T r e (Mo

+ /{ e 6<x>dﬂ“<x>) -
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Taking the supremum over all such § gives

2Uij

>
zkamk) Awp_1 (1 + 6)FFT

2Jij

k=1 p(k=1)y _
H (B )_ﬁ(1+5)k+1'

The previous inequality holds for every 0 > 0, thus if we let ¢ | 0 we recover (B.45))
and the proof of the I'-lim sup inequality is completed.

Compactness. To prove the last item of the theorem we proceed adapting the ideas
of [25] for the flat case. Fix ¢ € {1, ..., P} and define m := min;,; ;;. Then if u € M
we have that

u) = E aij/ wje "Meudp
ij M

> m/ (1 — w;)e "Peudp
M

— % y Mp(h,x, Y) (1 — wi(2)ui (y) + ui(2)(1 — wi(y))du(y)dp(x)(B.52)
> 5[ bl ) @) dn) ()

We now fix C' > 0 to be determined later. By Stokes theorem [, Vop(h, z,y)du(y) =0,

thus using the Gaussian upper bound (C.46)) and the Gaussian lower bound ((C.45)) we
observe

[ 1D - / Ve o, dp(a)
M

/‘/ Vap(h, 2, y)ui(y)

< /M Veplhz ), |uz<y>—uz< ) da(y)dps(z)

G [ uByoer@) (GO N )
<o [ R (S5 ) ) () ).

du( )

If we take C' = @, using the doubling property (B.5) and the bound (B.52)) we end
up with

*ChAﬁu. ﬁ :U’(B Qgh(x)) T s — uilz T
[ e o< gt [ o B o Ol8) )

< CEp(u).

In particular, using this with u = u;, we see that for every i € {1, ..., P}

sup/ |De”“hBeyl|e < 4o0.
h>0 J
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By Lemma we know that up to extracting a subsequence, for every i € {1, ..., P}
there exists v; € BV (M) such that
~Chirg

lim ||e

o _UiHLl(M) =0.

The result now follows by observing that

—ChAg uh —
)

lim ||e ul'l| iy = 0. O

hl0

B.7 Appendix

Proof of Theorem [B.5.16]

The proof is a slight modification of [35, Theorem 1.4]. The idea is still to reduce
the problem to a nonlocal I'-convergence result, namely to reduce it to the following
statement.

Theorem B.7.1. Let M be a k-dimensional compact Riemannian submanifold of RY.
Assume that n is as in Section[B.4, let & > 0 be a smooth function on M. Given e > 0
and u € L*(M) define

Gutw) =5 [ () (ute) — ) P Vo () Volur ),

M € €

where | - |4 denotes the Euclidean distance in RY. Then
T —limG, = 205F,
el0

where E is the Dirichlet energy (B.5.16)). Moreover, for any v € C*°(M) we have that
limsup, o Ge(u) < 20,E(u). Finally, we have the following compactness property: if
€n 4 0 and u™ are such that

sup G, (u") < 400, sup |[u"|[L2(n) < +00,
neN neN
then the sequence u™ is precompact in L*(M).

To reduce the proof of Theorem to Theorem one proceeds along the
same lines of the proof of [35, Theorem 1.4]. Let T, be the optimal transport maps
obtained by applying Theorem |C.6.6, To follow the proof of [35, Theorem 1.4] the

only additional observation is that, since M is a Riemannian submanifold of RY, for
any z,y € M we have

[z —yla < du(z,y).
In particular this yields

I — Thlloo < sup dpy(x, Ty (x)).

xeM
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This will give the reduction to Theorem [B.5.16, In the case k = 2 the previous
argument works as long as one assumes

e,nl/?

LY
log™*(n)

The extra logarithmic factor may be removed by using [13], Proposition 2.11].
We are left with proving Theorem This can in turn be deduced from the
corresponding result in the Euclidean case, namely the following.

Theorem B.7.2. Let D C R* be a bounded open set with smooth boundary, let € -
D — (0, +00) be a smooth function. Then

I —lim GPE = 20,EPE in L*(D),

and lim. o G’?é(u) = 205 EPE(u) whenever u € LA(D), where we set for u € L*(D)

€

6240 = iz [ () ulo) - wt)PE e,
and

poé(y = |3 Jp1Dulede ifue H(D)
400 otherwise.

Finally, the following compactness property holds true: if €, | 0 and u™ are such that
sup ég’é(u”) < 400, sup |[u"||L2(py < +00
neN neN

then the sequence u™ is precompact in L*(D).

With this result, we can prove Theorem [B.7.1]

Proof of Theorem[B.7.1. T-liminf. Let u" — u in L*(M). We want to prove that for
any sequence €, | 0 we have

liminf G, (u") > 2C5E(u). (B.53)

n—+00

To this aim, we may assume as before that the left hand side of (B.53) is finite. For
any given R > 0 the family

Fr = {B,.(a:) CM: r<R, B(x) cCc¥(U), ¥1— Lipschitz chart}

is a Vitali covering. Since the manifold is compact, or more precisely by the doubling
property (B.5), we can select countably many disjoint balls B; in the above family,
such that

Vol (M \ GE) =0. (B.54)

=1
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By construction, each ball B; is contained in W, (U;) for some 1-Lipschitz local parametriza-
tion ¥;. Here 1-Lipschitz is understood between Fuclidean spaces, i.e.

"I’i(yl) - ‘I'i(y2)‘d < |Z/1 — y2’k‘7 Y1, Y2 € U;.

In particular we have that since n is non-increasing

; (I%(yl) - ‘Ifi(y2)|d) > <M) | (B.55)

67’1 o 671

By (B.55)) and since the balls are disjoint we obtain
G, (u")
1 1 T — -
> [ () o wi) -t o Wi PE sy

iEN n iXUi En €
= E GU (u" o Iy),

1EN

where &(y) = £(¥;(y))+/det(g). Now an application of Fatou’s Lemma, Theoremm

and (B.54) give the liminf inequality.
[-limsup. By a diagonal argument, we may reduce to proving the I'-lim sup in-

equality in the case when u € H'(M)NC*>(M). For such a function and any sequence
€, 4 0 we claim that

limsup G, (u) < 2C,E(u).

n—-+o0o

We will in a second moment construct a suitable covering {W,..., Wy} which
satisfies

N
Mc | Jws,
i=1
where N € N and W; = ¥, (U;) with ¥; local parametrizations defined on a bounded
domain U; C R* with Lipschitz boundary such that

[Wi(y1) — Wi(y2)la > |y1 — yalr for y1, 42 € Us. (B.56)
Let ¢ be the Lebesgue number of the given covering. Define the set
Fs:={(x,y) € M x M : d(z,y) >d}.
It is clear that Fjs is compact, thus by continuity we have that

|t —yla > cs >0, z,y € Fy.

In particular by the exponential decay of  we get that there exists two positive con-
stants ¢y, ¢y such that

n (M) < ¢y exp (_0205) , x,y € Fy. (B.57)
€

€

Now observe that
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Gut) =iz [ () o) = o) P60} Vol () Vol )

€n

+ o [ e (“—y') [u() — uy)PE()E()d Volag (1) Vol ().

€n

Recalling (B.57) we may observe that the first term on the right hand side converges
to zero as n — +oo. We claim that the lim sup of the second right hand side term is
bounded above by

N
Z/ |Vu|ed Vol .
i=1 Y Wi

To show this, observe that if (z,y) € M x M \ Fs then by definition there exists
1 <i < N such that (z,y) € W; x W, in particular

i [, 1 () ) = )P Volu ()i Vol

€n

() k) — ) e Vola ) Vot )

where &;(y) = £(V;(y))+/det(g). Recalling Theorem m, if we let n — 400 we obtain

n—-+00

N
lim sup G, (u) < Cp » / |Vu|2¢d Voly, .
i=1 Y Wi

We now claim that given any o > 0 we can find N € N and a covering W1, ..., Wy
as before such that

N
> | [Vuléd Voly — / IVul?¢d Vol < o (B.58)
i1 Y Wi M

This can be done as follows. Given any point x € M we can find a smooth function
v : R¥ — R%* and a number R > 0 such that, upon translating and rotating the
axes, the map

U(y) = (y,7(¥)), y € Q(0, R) := (0, R)"

is a local parametrization around x. Clearly we have that is true. Define
Ve = ¥(Q(0, %)) Since the manifold is compact, we can find N € N and points
x1,...,xy such that the sets V; :=V,,, ¢ = 1,..., N, cover M. Now define f/l = Vi,
Vier = Vi \ Ué.:l‘/;. Then {‘N/Z} is a partition of M. Define 4; :== W;*(V;). Then the
sets A; C Q(0, %) have Lipschitz boundary. Given 6 > 0 sufficiently small define, for
any 1 <i: < N
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A} ={y € Q0,R,) : d(y,A;) < 6},
Wy = W,(AY).
Clearly, {W;,...,Wx} is an open covering satisfying (B.56|). We now check that it

satisfies (B.58|) provided @ is small enough. Observe that there exists a constant C' > 0
such that for any 1 <¢ < N

Volp (W; \ Vi) < CLF (A7 A))
<CL"({y € Q0 Ri) = |y — 0Ai[, < 6}).

Recall that, since 0A; is (k — 1)-rectifiable, we have

F )y —0A;|r <6
erfl(aAl) = lim L ({y € Q(O, Rz) |y 0 z|k = })
010 0
The right-hand side is the Minkowski content, cf. [28, Theorem 3.2.39]. In particular

for a given a > 0, we can choose 6 so small that

Vol (W; \ V;) < Ca.

Now observe that since f/z c W;

N
Z/ |Vu|2§dV01M—/ |Vu|?€d Voly,
i=1 Y Wi M

N
— Z/ |Vul*¢d Vol —/ |Vul*¢d Vol
i=1 Y Wi Vi
< CNa.
Choosing & = £ we get (B.58). In particular

limsup G, (u) < 2C5FE(u) + 2Csha,
n—-+0o
and letting o | 0 we get the lim sup inequality.
The compactness property follows easily from Theorem [B.7.2] O

['-convergence of the localized thresholding energies

Here we sketch the proof of Theorem [B.6.1] The upper bound in the I'-convergence
is obtained by using Lemma 3.6 in [53]. For the lower bound, one just needs the
following approximate monotonicity, which was proved by Otto and one of the authors
in the first version of the preprint preceeding [53], but did not appear in the published
version.

Theorem B.7.3. Let 0 € R"*F be a symmetric matriz such that o;; satisfy the
triangle inequality. Let 3 € C>°(By), where By C R¥ is the unit ball. Fort > 0 define
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EP(-,B) as in (B5I). Let ki(z) = —k: (5), with k1(2) = [2|G1(2). Then, defining
forw : 31 — 0,1]7 with Y,y = 1,

s 1
Ey(u) = % Z Oij /uikt * ujda,
.J

we have that for all such w and all 0 < h < hy

B Vho +Vh
Byt (u, B) < (T

Here C' is a constant that does not depend on h nor on hy.

k+1
) E (u, B) + C||DB| 1 En(u)v/ho.  (B.59)

The original proof was based on the ideas used for proving the monotonicity of
the non-localized thresholding energies in [25]. For the convenience of the reader, we
include a proof for the simpler two phase setting. In that case one has to prove (B.59)
with

EP(u,B) = \/ B(1 —u)Gy x udx, u: By — [0,1]
B
and .
Ey(u) = 7, ky * (1 —w)udx, u: By — [0,1].

Proof of Theorem [B.7.3 in the two phase setting. Clearly, statement (B.59)) is a con-
sequence of the following two items.

Vi CEP (u,8) < Ve EP(u, B) V0 < hy <(B,60)
Eﬁéh(u,@ < BP'Y(u, B) + C(N = 1)Vh|DB||En(u) VN € N, Vh ¥BI61)

To see this, let 0 < h < hg. Let N € N be such that
(N = 1)Vh < v/hg < NVh.

Then we have

ExRs,(u,8)

(Nﬂ) k+1

NVE k1 N N
< (W) (Eh (u, B) + C(N — 1)\/E\|Dﬁ||oth(U)>
. <ﬂ+_¢hjh_> EP (4, 8) + C/Tol| DBow B ().

We are thus left with proving (B.60]) and (B.61]).
Item (B.60). This follows by showing that

(Vi B w.9) = 0.

d\/_
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which follows by differentiation. Indeed,

7 (\/_k+1EBl( ﬁ)) = % . B(1 —u)Gy (%) udz

_ _% | s-wve (%) - %udm > 0.

Item (B.61)). We let 0 < hg be such that /2 = v/h; + V/h. Then we observe that

\/—EBluﬁ /B Rkﬁ (1 —u)(2)Gy(2)u(x — /by z — Vhz)dzdze
g/B " B(x)(1 = u)(z — Vhi2)Gy(2)ule — /hiz — Vhz)dzde
+ /B [ 8@ = (@G (Julr = V/hrz)dzds,

where we used the inequality

(1—wu" <1 —u) + (1 —u, Yu,u',u" €0,1],
applied to u = u(z),u' = w(z — Vhy2),u" = uw(z — Vhz — \/hiz). We record that the
second term on the right hand side is equal to
VRER

The other term is estimated as follows. First we change variable in x, and then we

estimate |3(z) — B(x — vVh12)| < |[|DB|levh1]z| to get

/ / B(w + Vhz)(1 = u)(@)Gi(2)u(z — Vhz)dzda
R¥* J B1—vhiz

/ / )(1 — u)(2)G1(2)u(z — Vhz)dzdz
Rk J By — \/7,2
+ \/—HDﬁHoo/ (1 — u)(2)|2|G1(2)u(x — Vhz)dzdx

Bl \/ 1z

:/ : B(2)(1 — u)(2)Gy(2)u(x — Vhz)dzdz
+ \/_HDBHOO/ / 1 — u)(2)ky (2)u(x — Vhz)dzde,

where in the last equality we used the fact that 3 is supported in B;. Observe that
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RY /B A u@hEule - Vhz)dzdx

IA
T

[0 0@k e - Vi
- [ [ - w@hue - )i
R+ JRE

:/ / (1 —w)(2)kn(z — z)u(z)dzdz
R* JRE
/ (1 —u)(x)kp(z — x)u(2)dzdx
kJB
:/ ke % (1 — w)(2)u(2)dz = VRE,(u).
By
Here we used that u is supported in By. Putting things together we obtain that

Vo Ep (u. 5) <8/ B! (u, ) + VRE (u, 5) (B.62)
+ VIVRIDB | oo En(u).

If we now apply inductively (B.62)) with hy = (N — 1)?h and hy = N?h one gets

N-—1
NVRER, (u,B) < NVRE (u, ) + > ih|| DBl En(u)
=1

(N —1)

= NVREP (u, ) + N h1| DBl e En(u).

Dividing by Nv/h yields (B.61)). O

Data Availability

The datasets generated during and/or analysed during the current study are available
in the GitHub repository https://github.com/jonalelmi/Data-th-en.
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APPENDIX C

LARGE DATA LIMIT OF THE MBO SCHEME FOR DATA
CLUSTERING: CONVERGENCE OF THE DYNAMICS

Notation. In the present work, we make extensive use of the Landau symbols o, O.
To explain these, we let {a, }oeq, {bu }wea be two families of real numbers, with b,, > 0,
indexed by w € Q C R. Let wy € RU{—00,+00} be a limit point for the set 2, which
will be clear from the context. We say that a, = O(b,) if

. Ay,
lim sup — < +oc.
w—rwQ w

We say that a,, = o(b,) if

.a
lim —= = 0.
w—rwo bw

We also alternatively write a, < b, for a, = O(b,,) and a, < b, for a, = o(b,). In

~Y

the following, usually (€2, wp) will be (N, +00) or (R*,0), and this will be clear from
the context.

C.1 The MBO scheme on graphs

In this section, we describe the MBO algorithm on graphs originally given by Bertozzi
et al. in [62, [78, [61]. We refer to [50] for more information about its use in data
clustering. We consider a weighted connected graph G = (V, W) with n vertices, with
Wi = 0 for every i = 1,...,n. For each vertex x; € V,i € {1,...,n}, we can define

1 n
7=1

We define D := diag(d(z1), ..., d(z,)). Welet V := {u|u : V' — R}, the set of functions
defined on V', which we endow this with the inner product

(u,v)y = %Z d(z;)u(x;)v(x;).

We define the random walk Laplacian A : V — V as the operator induced by the
matrix )
A= (I — —D—lw) .
n
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One can check that A is non-negative and self-adjoint with respect to (-, )y, in partic-
ular, it has n eigenvalues (counted with multiplicity) which we order in the following
way

0=\ <..<\

We denote by {v'}1<;<, a basis of corresponding eigenvectors, orthonormal with respect
to (-, -)y. For 0 < K < n we define a kernel HX : (0,4+00) x V x V — R via

The choice K = n corresponds to the heat kernel associated to A, which is the unique
function H : (0,400) x V x V' — R with the property that for every ug € V), the
function

u(t, ) == e Pu ZHtwyuo y), €V, t>0
yeVv
satisfies
Ou = —Au on (0,4+00) x V,
limy o u(t, x) = up(x) on V.

We are now ready to introduce the MBO scheme on graphs.

Algorithm C.1.1 (MBO scheme). Fiz a time-step size h > 0 and initial conditions
xX°:V = {0,1}. For each | € N define inductively x'*1 : V — {0,1} as follows:

1. Diffusion. Define

2. Thresholding. Define 't by

(W =1} = {ulz %}

We then define the piecewise constant in time, right-continuous interpolation

X"C(t,x) = x'(z) for t € [lh, (14 1)h) and z € V.

We are interested in understanding whether this approximation is consistent at the
level of the evolution by mean curvature flow on the manifold.

In practice, computing the exact diffusion in the first step of the algorithm may be
computationally intractable. For this reason, one usually implements the MBO scheme
by considering only a smaller number of eigenvectors of the Laplacian, say K. In other
words, one uses the following more efficient variant of MBO.

Algorithm C.1.2 (Approximate MBO scheme). Fiz a time-step size h > 0 and initial
conditions X° : V. — {0,1}. For each | € N define inductively x'** : V' — {0,1} as
follows:

1. Diffusion. Define

=Y H (h,z,y)X'(v)-

yev
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2. Thresholding. Define x'*' by
{XZH _ 1} D BRES 1
pu— 2 .
Again, we then define the piecewise constant in time, right-continuous interpolation

X"CE(t 2) = X! (x) for t € [lh, (I + 1)h) and x € V.

At present, the choice of h and the exact value of K to pick in order to get a good
approximation of the MBO scheme is obtained by trial and error. In this work, under
the standard manifold assumption, we rigorously justify that an admissible regime to
get a consistent result in the large-data limit is K > (log(n))?, h > (log(n))~® for
some ¢, > 0 (see Theorem for the precise choices of ¢, «).

C.2 Main results

Hereafter M C R? is a k-dimensional closed Riemannian submanifold. We denote by
{x;};5 a sequence of points on M, and for each n € N we define weighted graphs
G = (V,,, W,,) where the vertex set V;, is given by {z1, ..., z,} and the adjacency matrix

W, = (w§?7en))1§i,j§n is given by

W™ =0 for 1 <i < n,

1

n,e 1 ) .. . .
w(.’"):—n<w) for 1 <i,5 <n, i # .

" ek €n

Here ¢, > 0 are given length scales and 7 : [0,400) — [0,+00) is a non-increasing
function with support on the interval [0, 1], whose restriction to the interval [0, 1] is
Lipschitz continuous. We define

C.
Cy :=/ n(lyle)dy, Co 22/ n(yle)vidy, k) = ~——=.
RF RF 201

We also define, for every x € M and every n € N

1.1 |l — z;||a
dp(z) == — —n [ L) 1o
() nze§"< - {ae;}
7j=1
Note that, when x = z; for some 1 < i <n, then d,(z) is the degree of the i-th node.
We denote by D,, := diag(d,(x1),...,d,(x,)) the diagonal matrix of the degrees. The
random walk Laplacian A, is the linear operator induced by the (n x n)-matrix given
by

1 1

A, = (I - —Dnlwn) .
€2 n

We denote by {v!}1<;<, an orthonormal basis (with respect to the inner product

(-,-)y,) made of eigenvectors for the Laplacian A,, corresponding to the eigenvalues

{A}1<i<n, which are ordered in the following way

123 Jona Lelmi



APPENDIX C. CONVERGENCE OF THE DYNAMICS

Like in Section [C.1], for every 0 < K < n we define

HE(t ) = 3 el ()l () 2.

=1
and we set H, = H when K = n. Assume that we are given a sequence of operators

Sy 1 (0,400) X V,, = V,, which are linear in the second variable, we then consider the
following abstract version of the MBO scheme on the n-th graph.

Algorithm C.2.1 (Abstract MBO scheme). Fiz a time-step size h, > 0 and initial
conditions X% : V,, — {0,1}. For each |l € N define inductively x' 1% : V,, — {0, 1}
as follows:

1. Diffusion. Define
ul = Sy (h, X"O™).

2. Thresholding. Define x\'*1Cn by
{Xl bGn = 1} = ul, > 1 ,
n — 2

We then define y=% : [0, +00) x V,, — {0,1} by
' G (t, ) = X (x), €V, t € [lhy, (I + 1)hy,).
For convenience, we will mostly work with the {—1, 1}-valued functions
ulm O (t, ) = 2 (¢, ) — 1.
We also define the upper and lower limits of the family {u"%"}, cn as

t, >0, lim t,=t,

n—-+o0o

u*(t, x) := sup { lim sup u™%" (t,,, z,,)

n—-+o0o

(C.1)
r, € G,, lim z,= x},
n—-+o0o
us(t, ) := inf {lim inf u" % (t,, 2,) | t, >0, lim t, =t,
n——+o00 n—-+0o00
(C.2)

T, € Gp, lim z, = x}

n—-+400o

Let &€ > 0 be a smooth function on the manifold M. Let 2 C M be an open set with
smooth boundary T'y. We let u : [0, +00) X M — R be the unique viscosity solution
of the level set formulation of the mean curvature flow with density £ (see Section
for the details) with initial value sd(-, o) = dp(x, Q%) — dp(x, ), the signed distance
function from I'y. For any ¢ > 0 we also define

QO :={zx e M|u(t,z) >0}, Ty ={x € M| u(t,z) =0}. (C.3)
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Let us denote by A, the weighted Laplacian on M with weight p := & Voly, i.e.,

Aef = —%div &V f) for fe C®(M).

Let H : (0,4+00) X M x M — R denote the corresponding heat kernel.
Our first main result is the following conditional convergence of the abstract for-
mulation of the MBO scheme.

Theorem C.2.2. Assume that:
(i) The operators S, satisfy the mazximum principle up to errors hf’/z, i.e., forn large

enough and for each w,v € V, it holds

u < v = Sp(hn,u) < Sp(hn,v) + (rr‘l/ax |u| + max ]v]) O(h3/?).

(i) The operators S,, approzimate the heat operator on the manifold, i.e. there ezists
a constant k > 0 such that for every function f € C°°(M) we have

max |S(hn, f)(x) — e ™2 f(z)| = (sup | f]) o(v/hn) + Lip(f) O(h/?).  (C.4)

z€Vy,

where the functions o(v/hy,), O(hi’/Q) are independent of f.

(iii) The operators S, almost preserve the total mass in the sense that

max | Sy, (hn, 1g,)(z) — 1| = O(hiﬂ).

.Z‘EVTL

Then u* and u, defined in (C.1) and, respectively, (C.2) satisfy

ue(z,t) =1 if x € Qy, (C.5)
u(z,t) = —1lifo e (Q ULy (C.6)

Here Q) and Ty are defined as in (C.3)).

Remark C.2.3. Let us compare Theorem with the work [68], where the authors
prove convergence of the dynamics of the graph MBO scheme to a viscosity solution
to mean curvature flow in the case of regular, two-dimensional grids. More precisely,
they work in the following setting: the manifold M is the standard Euclidean plane
R?, the sequence of graphs G,, are given by G,, := €,Z? for a sequence of localization
parameters ¢, J. 0 and for (7,7), (I,m) € Z? one sets

1 if |0 — 1]+ |m —j] =1,
(5:3): (%) {0 otherwise. (C.7)

In this way we can define an infinite dimensional weight matrix W,, whose entries are
indexed by Z? x Z? and are defined as (C.7)). To put ourselves in a setting that is
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precisely the one we are working in we could actually work with M = T2, the 2-
dimensional torus, and the sequence of graphs G, N T2, but to keep the discussion
simple we prefer to continue this discussion in the precise setting of [68]. Let v :
enZ? — R be a function which is zero outside a compact subset of R2. We denote by
Sn(t,v) : [0,4+00) X €,Z*> — R the solution to the heat equation on G, with initial
value v, i.e., u := S,(t,v) solves

(S0, (60) = 5 fale, (6 19) + e, - 1.9)

+u(t, (4,7 + 1)) +u(t, (i,7 — 1)) for (i,7) € e, 22,
- u(t .5)]
\u(07 (Zvj)) = U((Z,j)) for (Z,]) S enZZ.

In other words, S,(-,v) is the heat operator on G, applied to v. By using Fourier
analysis methods, it can be shown that for every h > 0 and every (zy,xs) € €,Z>

S0 = X Qe (5) Qo () i),

(i,7) Een 2> n

where

1 s

Qi) = 2—/ cos(1€)e @)=Y e (C.8)
™ —Tr

Using the asymptotic expansions [68, Proposition 3] for (C.8) it is not hard to prove

that for any smooth, compactly supported function f € C°(R?)

sup._ [0 )((15)) =GB # 1. 9] =Lin(1)oten) +su 10 () (€9

(i,§)EenZ? h

oo (G ()

where G,If2 denotes the heat kernel in the Euclidean plane at time h. In particular,
when ¢, = h% for a > ;’, we see that (C.9)) implies (C.4). This allows us to use
Theorem to recover the results of [68] when a > 3. Actually, an inspection
of the proof of Theorem shows that to check that u* and u, are, respectively, a

viscosity subsolution and a viscosity supersolution to mean curvature flow, the estimate

(C.4) can be replaced by

max S (hn, f)(x) — e "¢ f(z)| = (sup |]) o(v/hn) + Lip(f) O(h7),

z€Vy,

for some v > 1. In particular, we see that in the setting of the two-dimensional regular
grid this is satisfied whenever €, = h). This allows to recover the full parameter range
v > 1 of [68]. We need the slightly sharper assumption v = 2 for checking the initial
conditions for u* and wu,.
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C.2.1 Results on the MBO scheme and on the approximate
MBO scheme

The MBO scheme as stated in Algorithm corresponds to the choices S, (t,-) =
e~'An(.), the heat semigroup on the n-th graph, which acts on functions u € V, by
e " (u)(z) = Y Hult, 2, y)u(y).

yEVR

Let 0 < K,, < n be a sequence of numbers converging to +o0o, then the approximate
MBO scheme as stated in Algorithm corresponds to the choices S,, = P,, where
the operators P, act on functions u € V,, by

Py(t,u)(z) = > Him(t, 2, y)u(y). (C.10)

yeVn

Our second main result states that on random geometric graphs the operators e =47 ()
and P, satisfy the assumptions of Theorem with high probability.

Theorem C.2.4. Let us assume that v := pVoly, is a probability measure with a
smooth and positive density p. Assume that the points {x;}:1°0 in the above construction
are i.i.d. random points sampled from M, distributed according to v. Assume that
q> O,% > s > 0 are such that:

(i) ¢> =,
K
(ii) We have that inf;en(Nig1 — A;) > 0.
(i) I, = (log(n))?,
(iv) hy > (log(n))™®, witha = —1+ 22 — sq > 0,
(v) €, < (log(n))=?, with B = —% +4q + % -3 >0,

(vi) We have

Bl

log(">) k>3
e,%,(" k>3,
(mw)g ifk =2

Then the operators e~*(-) and P, satisfy conditions , and m Theorem
(with € = p* and k = Kk(n)) on G, with probability greater than

k+4

1 — Ce, % exp(—neg ) — Cnexp(—

n

C(log(n))*

).

Remark C.2.5. Let us comment on this second result.

(i) For each k > 2, the space of admissible parameters (s,q) in Theorem is
quite large. To see this, we plot the space of admissible parameters. The shaded
region represents the space of admissible pairs (s, q).
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(i)

(iii)

Figure C.1: Parameter space.

Condition in Theorem concerns the geometry of the manifold M. It im-
plies in particular that the eigenvalues of the Laplacian A > are simple. Condition
in Theorem is for example satisfied by the k-torus and by the k-sphere
with standard unit density, see [16, Chapter II, Section 2] and [16, Chapter II,
Section 4].

Let us observe that conditions and in Theorem are compatible,
indeed the right-hand side of (v]) in Theorem is a rational function of log(n),
while the lower bound in condition in Theorem converges to zero as a
power of n, up to a logarithmic factor. We also remark that items and
of Theorem imply

en S hi/Qv
while we expect that the convergence of the scheme should be true up to the
critical scaling

€n <K hy.

Observe furthermore that condition in Theorem gives a lower bound
for h,, of the form
hy > (log((Sn))a,

where ¢,, = (%)1/ ¥ is the characteristic distance between the nodes of the graph.
This is perhaps not too surprising because the diffusion needs some time to smear
out the fine details in the graph that appear at its characteristic length scale. A
similar condition already appeared in [24].

In the proof of Theorem we will assume, for simplicity, that K,, = log(n)? €
N. In this setting we will use condition of Theorem in the form

log(n)
1_s 7 2 2 k ’
Ky % (/\;(:1 + 1) (X}j;f + 1)

Observe that condition of Theorem implies ((C.11)) because by Weyl’s
k

law we have A\, ~ K2*

(C.11)

€n

Corollary C.2.6. In the setting of Theorem [C.2.4), if we additionally assume that

. (L) .12)

n

then the conclusion of Theorem holds almost surely both for the MBO scheme,
Algorithm [C71.1), and the approzimate MBO scheme, Algorithm [C-1.2
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An important ingredient for the proof of Theorem is the following lemma,
which gives an estimate of the distance between the approximate heat kernel on the
graph and the heat kernel on the manifold in a uniform sense. Such heat kernel esti-
mates are of independent interest, for example, one should compare with [24] Theorem
3], where the authors obtain a similar estimate when the frequency cut-off K,, and the
time-scale h,, are fixed. In Lemma we improve their result by showing how to
choose K,, in terms of n as n — +o0.

Lemma C.2.7. In the setting of Theorem[C.2.4), there exist constants ay, ay, as,ay > 0

such that if n is large enough, then, with probability greater than 1—aye,, % exp(—aynet™)

—asn exp(—a;;W), we have

max [HE"(hy,,z,y) — @H(/@(n)hn,x,y)‘ =0 ( (C.13)

z,y€Vh

n

C.3 The level set equation for MCF on a weighted
manifold

In this section, we provide the basic framework for viscosity solutions to mean curvature
flow in weighted Riemannian manifolds.

Hereafter (M, g) is a k-dimensional closed Riemannian manifold, and £ > 0 is a
smooth function on M. Recall that the evolution of a smooth open set €2y by mean
curvature follows the trajectory of steepest descent of the area functional, which is
defined as

Q— ds,
0N

where (2 ranges over all open sets in M with a smooth boundary. When we consider
a weight £ on the manifold, the correct functional to consider is the weighted-area
functional, defined as

Qs [ ds,
o0

where {2 ranges over all open sets in M with smooth boundary. We define the evolution
of mean curvature flow with density £ - hereafter denoted as MCF¢ - as the trajectory
of steepest descent of this functional. To derive an equation for MCF, we consider a
family {€2(t)} ;. of smooth open sets evolving smoothly in time with normal velocity
vector V. Denote by v(t) a suitable extension of the outer unit normal of 9Q(t). We
then have by Gauss’ Theorem

d d 1
— &dS = — —div(&v(t))€Ed Vol
dt Jaaw dt Jow € () M

..
= [ g dilentalv . ve)eas.
a0 §
We thus see that the trajectory of steepest descent is given by

g(Viv) = —% div(&v).
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We are thus led to the following definition.

Definition C.3.1. Let (M, g) be a smooth k-dimensional closed Riemannian manifold.
Let £ > 0 be a smooth function on M. A family {Q;}:>¢ of smooth open subsets of M
is said to evolve by MCF¢ if

gViv) = —% div(&v). (C.14)

where V' is the velocity vector field of the evolution and v is the outer unit normal
field.

Remark C.3.2. Using that the mean curvature H (t) of 0€(t) satisfies div(v(t)) = H(t),
equation ((C.14)) can be rewritten as

gViv)y=—H —g (%,y) , (C.15)
which yields the following interpretation for : the evolution by MCF¢ as defined
in Definition is driven by the minimization of two quantities, area and density.
The first term on the right-hand side of forces the evolution to follow a trajectory
which decreases as much as possible the area of 0€)(t), whereas the second term on
the right-hand side forces the evolution to move towards regions where the density &
is low.

We now derive the corresponding level set formulation for the above evolution in
the spirit of [27], 1§]. Let w : [0,4+00) x M — R be a smooth function, assume for this
heuristic discussion that Du # 0 everywhere. For any s € R define Qf := {x € M :
u(t,z) > s} and assume that {Q},>¢ evolves by MCF¢ defined in Definition [C.3.1]
Let s € R and let x : (0,7) — M a smooth curve such that z(t) € 0 for every time
0 <t<T. Then

d
0= Eu(t,x(t))
= (Ouu)(t, z(t)) + g(Vu(t, (1)), &(t)).

Using the fact that the outer normal to the super level set QF is given by v(t,z) =
_|§ZE?§§| and plugging in ((C.14)) we obtain

Q) (t, x(t)) = [Vult, z(t))|g(v (L, 2(1)), V(t, x(t)))

|Vt x<t))|m div(ev)(t, 2(t).

Using the product rule for the divergence and recalling that v = —|§—Z| we observe that
u solves
Du® Du _, V¢

where we denoted by (-, -) the extension of g to the linear bundle of T*M ® T*M, i.e.
for A, B sections of T*M ® T*M we have in local coordinates
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(A,B) Z Ai;9"" 9" By;.

i,7,k,l=1
From ((C.16|) we are led to the following definition.
Definition C.3.3. Let u : (0,7) x M — R be a smooth function with Du # 0

everywhere. Then u is said to solve the level set formulation of MCF if (C.16)) holds
1 (0,T) x M.

Remark C.3.4. Another way of deriving directly equation (C.16)) without relying on
(C.14)) is by computing the steepest descent of the total variation functional [,, |Vu|¢d Voly,
with respect to the metric

(5u,5u):/ (,é“,) IVuléd Vol .

Indeed, consider a smooth function u : (0,7) x M — R with Du # 0, we then compute

! = Vulz,1) u(x z)d Vo
a/M|vu(gc,t)yg(a;)dvolM_/Mg(’vu(gc o ,t)) £(2)d Volyy

- /M div( éu‘) (t, 2)yu(t, 2)d Vol

Thus the steepest descent of the total variation functional with respect to the metric
defined above is given by requiring

Vu
= d
Owu |Vu| IV( |V ’>

which is equivalent to (C.16]).

We are now ready to introduce a weak notion of solution for based on the
notion of viscosity solution. In the context of mean curvature flow with constant density
¢ = 1 it was introduced in [27] and [I8] in the Euclidean case, and in [41] on curved
manifolds. If U C (0,T) x M is an open set, (tg,x9) € U and if u: (0,7) x M — R is
an upper (lower) semi-continuous function, a smooth function ¢ : U — R is said to be
tangent to u at (tg, ) from above (below), if u — ¢ has a local maximum (minimum)
at (to, o).

Definition C.3.5. An upper (lower) semi-continuous function u : (0,7) x M — R
is said to be a viscosity subsolution (supersolution) for (C.16) if for every (to,xo) €
(0,7) x M and every smooth function ¢ tanget to u from above (below):

(i) If Dp(to, z0) # 0 then

Do & D v
Oip < <g - W,D2w> +g (fﬁs@) (>) at (to,70)

(ii) Otherwise there exists v € T M with |v| <1 such that

A < (g—ve@v,D%) (>) at (t,x)
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We say that u is a viscosity solution if it is both a subsolution and a supersolution.

In [41] the author introduces the notion of viscosity subsolution/supersolution to
mean curvature flow on a manifold (which corresponds to choosing the constant density
¢ = 1) requiring continuity of the function u. We need to work with this slightly more
general definition because the functions u, and u* in Theorem are not continuous.
We recall the following useful characterization of Definition which says that we
need to check condition ({ii}) only when also D?*p(tg, zg) = 0.

Proposition C.3.6. Let u : (0,7) x M — R be an upper (lower) semicontinuous
function. Then u is a viscosity subsolution (supersolution) of the level set formulation
of MCFy if and only if whenever ¢ is tangent to u at (to,xo) from above (below), (i) is
satisfied and if Dp(tg, zo) = 0 and D*¢(to, xo) = 0, then

attp(to,l'()) S 0 (Z)

Proposition is proved in the Euclidean case in [0, Proposition 2.2]. On a
manifold, the proof is analogous. We recall the following comparison principle.

Theorem C.3.7. Let M be a closed k-dimensional Riemannian manifold. Let & > 0
be a smooth function on M. Let u be a subsolution of (C.16|) on (0,7] x M and let v
be a viscosity supersolution of (C.16]) on (0,T] x M. Define

uw*(z) = limsup u(t,y), v.(z) = liminf v(t,y).

y—z,t—0 y—ax,t—0
Assume that u* < v, and that either u* or v, is continuous. Then for every t € (0,T]

u(t,-) <wvl(t,-).
Theorem is proved when £ = 1 is the constant density and the functions u, v
are assumed to be continuous in [4I]. A careful look at the proof reveals that the
same argument goes trough with the above assumptions. When M = R* is the flat
Euclidean space, an even more general version of Theorem can be found in [3]
Theorem 18]. We also recall the following result concerning the existence of viscosity
solutions, which can be again found in [41] for the case of a constant density & = 1.

Theorem C.3.8. Let M be a k-dimensional closed Riemannian manifold, and let
& >0 be a smooth function on M. Let ug : M — R be continuous. Then there exists
a unique viscosity solution u : [0,T) x M — R to (C.16]) such that u(0) = uy.

Finally, we recall the following relabeling property, which is proved in [41] in the
case of a constant density & = 1.

Lemma C.3.9. Let M be a k-dimensional closed Riemannian manifold, and let & > 0
be a smooth function on M. Let u:[0,T) x M — R be a viscosity solution to .
Then for every continuous map ¥ : R — R, the function v := W o wu is a viscosity
solution to (C.16)).
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C.4 MBO scheme on manifolds

As in the previous section, M will denote a k-dimensional closed Riemannian manifold
and ¢ > 0 will denote a smooth function on M. The following algorithm can be used
to approximate the evolution of an open set )y C M with smooth boundary by MCF.

Algorithm C.4.1 (MBO scheme on manifolds). Fiz a time-step size h > 0, a diffusion
coefficient k > 0 and a (bounded) drift f : M — R. Let Qo C M be an open set with
a smooth boundary. For each n € N define inductively ;1 as follows.

1. Diffusion. Define
Uy ‘= e_hNA‘E ]_Ql.

2. Thresholding. Define 2,1 by

Ql+1:{UlZ%+f\/ﬁ}-

We then have the following result for one step of MBO.

Theorem C.4.2. Let M, & be as above. Let g be a smooth open set such that
diam(§y) < M Let Q0 be obtained by applying one step of MBO with a bounded
drift f : M — R to Qg with a given step size h > 0 and a given diffusion coefficient
k> 0. Let x € 0Q. Let v(x) € T,M be the outer unit normal to 0y at x and define

oa) = sup{s € R7| exp,(sv(z)) € U} ifx & Qy,
© | inf {s € RY| exp,(sv(2)) € W}  ifz e Q.
Then we have
|2(z)| < Vh,
where the constant V' depends only on k, the L*°-norm of f, the ambient manifold M,

and the C°-norm of the second fundamental form of 0.

Corollary C.4.3. Let zp € M and R < % be fized. Then there is a constant
Cr < 400 such that zf% < r < R and, in the above theorem, Qo = B,.(xy), then

|2(z)] < Crh
for every x € 0B, (zy).

Finally, we have the following consistency result, which will be crucial in proving

Theorem [C.2.2

Theorem C.4.4. Let h, be a sequence of positive real numbers converging to zero.
Assume that ¢y, : (0,+00) x M — R are C12?((0,+00) x M) functions converging in
CH2((0,400) x M) to a function ¢ : (0,400) x M — R. Assume that (sy,,2n,) €
(0,400) x M are converging to a point (s,z) € [0,+00) x M. Assume also that
Op = Un, (Sh,, 2n,) are such that

lim On =

n—+00 4 /hn

0. (C.17)

Then we have that:
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(i) If Dy(s,z) # 0 then

1
lim inf

o e
B — H(khy, zn,, y)f(y)dVolM)
oo \/Khy, (2 (i (g~ 20}

2 gm0 (o Tl )~ () )
(C.18)

(ii) Otherwise if Di(s,z) = 0, D*¢(s,z) = 0 and

N | —

_ / H(khn, 2. 9)E(y)d Volar < o(x/n),
{whn(thnfh’ﬂv')zo}

then
o(s, z) <0.

C.5 Proofs

C.5.1 Conditional convergence: Proof of Theorem

The purpose of this section is the proof of Theorem [C.2.2] which is inspired by the
works [6] and [68].

Proof of Theorem[C.2.3 Let u be the unique viscosity solution to MCF from Theorem
with & = p?, starting from u(0,-) = sd(-,Tg) := dpr(x, Q) — dpr(z, Q). We will
show later that u* and wu, are, respectively, a viscosity subsolution and a viscosity
supersolution of the level set formulation of MCF¢ according to Definition . We
furthermore claim that for every z € M,

u* (0, z) < sign*(u(0, z)), (C.19)
u.(0, z) > sign, (u(0,x)), (C.20)

where sign®™ and sign, are, respectively, the upper semi-continuous envelope and the
lower semi-continuous envelope of the sign function.

Once these facts are proved, it follows from Theorem that for every x € M
and every t > 0,

To see this, we observe that if ¥ : R — R is a continuous function such that ¥ >
sign®, then the relabeling property in Lemma |C.3.9|implies that ¥ o u is a continuous
solution to with «*(0, ) < sign*(u(0,2)) < ¥(u(0,z)) for every x € M, thus
Theorem implies that for every 0 < ¢ < T and every z € M

*(t < inf s t = sign* t .
u*(t,r) < vecmh s (u(t,z)) = sign*(u(t, ))
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A similar argument gives @D Let us now conclude the proof of the theorem as-
suming that and ((C.22) hold. If z € €, then u(t,z) > 0, thus yields
us(t,z) = 1. In a similar way implies that u*(t,z) = —1 on (Q, UT,)°. We
are thus left with proving that u* is a subsolution, that u, is a supersolution and with
verifying the initial conditions (C.19)) and (C.20]).

We now show that indeed u* is a viscosity subsolution. Pick a test functions ¢
tangent to u* at (tg,zo) € (0,+00) x M from above. We may assume without loss of
generality that

tl}-lrpoo max o(t, ) = +o0, (C.23)

and that u* — ¢ has a strict global maximum at (to, z). Thanks to Proposition |C.3.6]
we only need to check that

1. Either Dy(to, z9) # 0 and

Dp® D \Y%
Orp < <9 - W7D2¢> +g (?é,vsﬁ) at (to, xo).

2. Or Do(tg, o) = 0, D*p(tg, z9) = 0 and

8tg0(t0, .To) S O

If (to, zo) € {u* = —1} or (to, o) € Int{u* = 1} the claim is trivial, because in that case
u* is constant in a neighborhood of (g, xy). We thus assume that (to, z9) € O{u* = 1}.
By definition, there exists a sequence (t,,,2,,) such that z,, € G, for every j € N
and, as j — 400,

n; — 400,
Zn, — X,
tnj — 1o,

u”wG"]’ (tn]‘? an) — u” (to, 513'0)-

For every 7 € N, pick

(Sj7 xj) S argmaXxEG’nj,se(O,—l—oo) {unﬁan <S7 .T) - (10(87 l’)} : (024)

We observe that, up to extracting a subsequence, (sj,z;) — (to,%o) as j — +oo.
Indeed by the compactness of M and the assumption (C.23)), we may assume that the
sequence (s;, ;) converges to some limit point (s, z). Then by definition of u*, by the
choice and by the properties of the points (¢,,, z,;) we must have

(u* —o)(s,2) > lim sup (u”f’G”j — ©)(s4, ;)
J—+o0

> limsup (w9

Jj—+oo

= (u" — »)(to, 2o)-

- 90> (tnj ) an)

This forces (tg, o) = (s, x), because (tg, zo) is a strict global maximum for u* —¢. It is
also easy to check that u™"%" (sj,z;) =1 for j large enough. We now pick a sequence
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d; 1 0 to be determined later, and we define 6, : R — [—1, 1] to be a smooth function
such that

6,(t) = sign(¢) for [t| > §;,

2
00 < =.
I < 5
We claim that
u (s, 2) < 0;(p(s, 2) — @55, x5) + 05) (C.25)

for every j large enough, z € Gy, and s € (0,+00). Indeed, inequality (C.25) holds
trivially if "% (s, z) = —1. If instead u™"i (s, z) = 1, probing (C.24) with (s, z),
we have

1= unijnj (87 Z) < unjVan (8j7xj) - @(Sjwrj) + 90(87 Z)

=1—p(s5,25) +¢(s,2),

where we used that 47" (

s;,xj) = 1 for j large enough. In particular

0 S _SO(Sjuxj) + 90(572)7

which, by definition of 6;, yields (C.25).
We now choose s = s; — hy,; in (C.25)), we apply Sy, (hn;,-) to both sides of the
inequality and we evaluate at z;. Recalling assumption (i) of Theorem we get

Sy (g 0™ (55— Py, ) (25)
< S,y 05055 = hnys) = (55 25) + 67)) (w5) + O (32).
We now apply sign™ to both sides of the inequality to get
L= % (s, 05) < sign” (S, (o, 05255 = hays) = 9ls5,25) + 65)) () + O (h2) ).
which, by definition of the function sign*, implies
0 < Sy, (hny, 05(0(55 = iy, -) — @(s5,25) + 65)) () + O (hfr))zéQ) :

We now divide both sides of the previous inequality by 2 and we add 1/2 to both sides
of the inequality. Using assumption of Theorem and the linearity of .S,, in
the second variable yields

% <5, (hnj, (1 ‘;6]') (SO(SJ, — By, ) — @55, 25) +5j)) (z;) +O (hf’f) .

Define

10 = (155 (1t = oy 2) = el 40 )

Then by applying the estimate (C.4) in assumption ({ii) in Theorem we obtain
2

< (e f) () + o(h?) + 5
i

(h?).

N | —
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In other words, we have

J

2 1
o (W) + 50 (1) 2 5= | Hlt,r.zs e WANOL )
> 1

-2

-/ H (h 5, 75, 9)€(y)d Vol ().
{o(sj=hn;, ) —¢(sj,m;)+5;>0}

We divide the previous inequality by /hy,,, and we choose 0; = hiég so that on the one

hand % — 0 and on the other hand we can apply Theorem |C.4.4. If Dp(to,xo) # 0,

J
then by ({ij) in Theorem |C.4.4]

1 D@ Dy D¢
0> g rmma (0~ (1= g2 ~9 (6 0v) Yo

which gives () in Definition [C.3.5] If Dp(tg,z9) = 0 and D?*p(tg,z9) = 0 then we
can apply in Theorem to get the second item in the equivalent description
of viscosity subsolution in Proposition [C.3.6] Thus u* is a viscosity subsolution. In a
similar way one can prove that u, is a supersolution.

We are left with checking the initial conditions for u* and u,. Again, we focus on
the inequality for u*, since the argument for w, is similar. Observe that

sign’ (u(0, 2)) = {1 refh

-1 ifxeM\Q
and since u* € {—1,1}, we just have to show that u*(0,2) = —1 for z € M\ Q. To this
aim, pick a sequence (t,, z,) € (0,+00) X G, such that ¢, — 0 and z, — z as n — +o0.
We have to show that u™%(t,, z,) = —1 for n large enough. For ¢ € R, denote by
T%%(h,)() the outcome of the abstract thresholding scheme with thresholding value
given by ¢ and step size h,, on the graph G,, with initial value Qg N V,,. For m € N we
also write (T%%"(h,))™ for T¢%n(h,) o ... o T%%(h,). Since x € M \ Q) there exists
R > 0 such that Br(x) C M\ Qy. We denote by w, : V,, — [0, +00) a sequence of non-
negative functions which, for n large enough and for every u,v € V,, [u] < 1, |v| < 1,
satisfy

u<v=Shp,u) <S(hy,v)+ w,, (C.26)
an 1= [wall e = O)?),
max |S(hn, 1, )(x) — 1] < ay,. (C.27)

Such functions exist by assumptions ({i) and in Theorem [C.2.2, We now check that
Vi \ (Tl/Q’G"(hn))m () D (Tl/2+2man,Gn<hn))m (Bgr(z)). (C.28)

To see this, we proceed by induction over m. We treat just the base case m = 1, the
inductive step being analogous. To prove ((C.28]) for m = 1, we show

Vi, \ TY2C% (h,,)(Q) D TY2H G (h,) (M \ Qy) D TY?*F2nCn(p ) (Bg(x)). (C.29)

To see this, let y € T/t CGn (R, ) (M \ ), observe that by (C.27) we have

1
S(hm 190)(y) + 5 +a, < S<hn7 190)(3/) + Sn(h‘n? 1M\Qo)(y) <1+ an,
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in particular, we have that y € V,, \ T"2%(h,)(Q). Thus V,, \ T2 (h,)() D
T1/2+anGn (M \ Q). We now observe that since 15, < 1ang,, (C.26) yields that for
y € T2 1) By(a)

1
5 + 2a'n S S(hnv ]-BR(I))(y) S S(hn’ 1M\QO)(y) + a”“

which yields (C.29).

We will show that there is a constant C' < +o0o such that

t

<T1/2+2[%]“"’G"(hn)> i) (Br(z)) O Br_cy, (x) N V. (C.30)
Once this is proved, we have that using also ((C.28]), since ¢, | 0,

M (T2 (1)) () 5 By ()

when n is large enough. In particular, since z, is converging to x, we must have
that u™%"(t,,2,) = —1 for n large enough. Finally, to show (C.30) we argue as
follows. Let Cg be the constant in Corollary |[C.4.3] Let f € C°(Bg(z)) such that
1p cppn@) < [ < 1ppe) with Lip(f) < ¢/h,, using assumptions and in
Theorem we have for y € M NV,

Sulhas Lpp)(y) = Sulhu, [)(y) + O(h5?)
e B¢ f(y) + O(hy/?)

6_hnHAg113Rfcmn(l") y) +O(h/?).

(AVARAVAR

Observe that % +2 [Z—ﬂ ay, = % + O(h,l/z), in particular, we can apply Corollary |C.4.3

to obtain, for n large enough, whenever y € Br_acpn, () NV,

hok 1 tn
et A51]33—6*Rhn(~7?) (y) + O(hqlz/Q) > 92 2 {h_] o

By an induction argument we get ((C.30)). ]

C.5.2 Heat kernel estimate in random geometric graphs: Proof
of Theorem

The main purpose of this subsection is the proof of Theorem [C.2.4 We first introduce
some notation. We denote by {\};"F the eigenvalues of the weighted Laplacian A
on the manifold (M, g), which are ordered in the following way (recall that we are
assuming that the eigenvalues are simple)

D= <A <A< ...

We denote by {fi};/F an orthonormal basis (with respect to the L?(p* Voly,)-inner
product on M) made of the corresponding eigenvectors. Then, for x,y € M, the heat
kernel on M can be written as

—+00

H(t,x,y) = Z e ™ fi(x) fily). (C.31)

=1
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Proof of Theorem[C.2.4. As we pointed out in Remark [C.2.5] in the present proof we
will for simplicity assume that K, = log(n)? € N. We will indicate by ~ the quantity
v = infien(Aip1 — A;), which is positive by Item in Theorem

Observe that items () and (i) in Theorem “ hold exactly (1 e. Wlthout error)
for the choice S, (t,-) = e 4= (- ) To show that these hold true with high probability
also for the choice S,, = P, defined in we take w € V, and we consider, for
x € V,, the difference

_ ! dn(y)
e Ar(x) = Py(hy,w)(z)| = | E el (z)on (y) == (y)
YEVn I=Kn+1
1 = !
< + —ha AL (o1 2
< nmax |w(z)| max|dy(2)] ggvgjl 2 +16 (vn(2))7

where in the last line we used the Cauchy—Schwarz inequality. To get items ({if) and

in Theorem for P,, it thus suffices to show that

R max d, (z) ma ! z”: e~ hn (! (2))* =0 (hiﬂ)
n i= maxd, X — n = .
2eV, €V M " n
I=Kn+1
To show this, we start by observing that for every n € N, every z € V,, and 1 <[ <n
dn
1= by, > 20 e (©32)
n

By applying Theorem we can also choose n so large that, with probability greater
than 1 — Qge,,* exp(—Q7ne*?), we have

max |d,(z) — C1p(2)] < Qgén,

ZEVTL
and we can clearly assume that n is so large that

min p

Ch

<d, <2Cimaxp.
Using (C.32) and the ordering Al, > A& for n > 1 > K,, we get

R, < (wtetm)
- C <n26_”( ))‘Knh”ef()‘f’(n’”(”)AKn)h”> )
n
We now use Theorem 4] and Theorem [C.6.1] to infer that with probability greater
than 1 — Qqe, % exp(—Qanef ™) — Qsn exp(—Qun (Mg, + 1)) we have

Cen 4+%
R < g <n26—n(n)/\;{nhn€ ¥ (AKn +1)h”)
n .

By Weyl’s law we have that \x, ~ Kg/k, thus

C 2/k C€n Ic+1
_ K}
R, < — [ n2e K Tne )
n
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Recalling the conditions ({iv]), and in Theorem as well as the scaling
K, = (log(n))? we get

r, <Y (n2e—c<log<n>>é’°‘>

n

C’h;‘)’l/Q nQ—c(log(n))Q*Icqflf‘1

n h%/ 2
Ch3/2 Hflfa 3a
< n (n2—c(log(n)) k (10g(n))2> ‘
n
So R, = 0O (him) because by the definition of « in in Theorem |C.2.4] we have
—1—-—a>0.

We are left with proving item (i) in Theorem |C.2.2 m 2| for both e7*»(.) and P,. We
prove it for e=*A(-), the proof for P, being analogous. The proof is divided into three
steps.
Step 1. We claim that with probability greater than 1 — aje,;
—k
aznexp(—asn (Ax, +1) ")

6k k+4)

exp(—agne

(C.33)

max

z,y€Vn n

H (hn,2,y) — @H(li(n)hml’,y)’ =0 (\/h_"> .

To show ((C.33)) we pick two points z,y € V,, and we compute

2 ) = P el )| s‘H;fwhn, ) - @H(rfu(n)hn,x, )

Z et L(y)d"(y) ’

I=Kn+1

From Lemma |C.2.7| we get that the first term on the right-hand side is o <M> with

probability greater than 1 — aye;, % exp(—agnef+4) — agn exp(—asn (Mg, + 1)), while

the second term is estimated in the same way as the term R, in the previous part of
the proof.
Step 2. We choose an optimal transport map

T, € argmin sup dy(x,T(x)), 0, := sup dy(x, T, (2)).

Tyv=vy, xeM xeM

We claim that, with probability greater than 1 — aye, % exp(—agne

— agnexp(—asn (Mg, +1)7%), we have for every f € C(M),

k+4)

20y, diam (M)

géa‘%{ e i f(x) — €7ﬁ(n)h"A”2f(x) <L, S]L\14p |f|\/e—;_ne "
sup o) + I (S}éfp 7+ Lip<f>§a934>

where the constants L, Ly and the function in o(y/h,,) depend only on M.
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To show (|C.34]), we work under the assumption that we are in the event in which
the estimate of Step 1 holds true; this happens with probability greater than

k+4)

1 — aye; % exp(—azne™) — aznexp(—asn (Mg, +1) 7).

We take f € C*°(M) and = € V,,. Then by using the triangle inequality

e~ An () — e "B £ ()|
S H? () f / H(s(n) o, 2, y) f (4) 0 (y)d Vol ()

yeEVn

<D

yeVn

+| S 2 atoph,r0)5) — [ HOstoho y>f<y>p2<y>de1M<y>\.

yeVn

HY (hn,2,9) f(y) — @H(ﬁ(n)hmx’y)f(y)‘

For the first term on the right-hand side, we use the estimate in Step 1 to infer
) )

2 e 0) = L ()2 )| < msup 7l (¥
yEVn

= sup | f]o(v/In).
M

For the second term, we recall that (7},) zv = v, thus

S At ) [ Hiabr y>f<y>p2<y>dVo1M<y>\
/ H () 2 T ) S AT () = [ s 0)pl0) )

By the smoothness of p and f, we observe that

‘/MH(/f(n)hma«",y) (f(Ta)p(Taly)) — f(y)e(y)) dV(y)' < Ly (8]1\14p 1+ Lip(f)) On,

so we are left with showing that

\ [ (@70 - H(hn,x,y>>f<Tn<y>>p<Tn<y>>dv<y>'

6pn diam (M)

e (C.35)

On
< Lysu e
= L1 Mp |f | \/h_n
To prove we fix x,y € M and we consider the length minimizing constant-speed
geodesic oy, [0 1] = M from y to T,,(y), i

Length(onylj0,5) = dr (Y, 0ny(s)).
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By the fundamental theorem of calculus, the Cauchy—Schwarz inequality and the
boundedness of p we obtain

\ [ (@70 - H(hmx,y))f(Tn<y>>p<Tn<y>>du<y>]

1
<Cswlfl [ 1V H bz, (Dl ) )

< Chusupl/] / /, mmglmas)) P <‘W> dy)ds, (C36)

where in the last line we used the fact that the speed of the constant-speed geodesic
Ony is equal to its length — which can be bounded by C'0,, by definition of 8,, — and
we estimated the gradient of the heat kernel by an application of Theorem We
now observe that by the reverse triangle inequality

|3 (2, 00y (5)) — diy (2, y)] = (dar(2,y) — dar (@, 00y (9))) (das (@, Oy (5)) + dar (2, y))

Inserting this estimate into (C.36]) and using the Gaussian lower bound for the heat
kernel from Theorem yields

' [ () = 0. ST )T

0,  26ndiam()

<C e P su /H W, 2z, y)dv
SN Mp\f! y (@ y)dv(y)
<1 |f| 0,  26ndiam(m)

T
= PR

Step 2. Conclusion. To conclude the proof of the theorem from ((C.34)) one clearly
just needs to prove that

On
limsup —= < +o00.
n—-+00 h,::’l/Q

We first treat the case k > 3. Observe that, by Theorem

. n'/kg,,
lim sup

< +00.
n—s+oo log'/*(n)

In particular, using also assumption ([vi)

Y O _ n'/*9, log"*(n) e, .
1m sup ——; = l1msu oo
n—H—oop h?l/Z n—>+oop lOgl/k (n) Ennl/k’ hi/Q ’

provided
lim sup 63—”/2 < 400. (C.37)

n—-4o0 hn
To check that (C.37)) is satisfied, we observe that by the assumptions and in
Theorem we get

n—4o00 h n—400

lim sup 2—72 < lim sup (log(n))%a_ﬂ,
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the right-hand side of which is finite since assumption ({il) in Theorem implies
%Oz —pB <.
For the case k = 2 we proceed analogously. Recall that by Theorem

1/20

lim sup < +00.

n—stoo log®*(n)

In particular, using also assumption in Theorem we obtain

0,, 0,02 (log(n)\"? €t log"*(n)
li =li = <
motes BE motes <10g3/4( ) ( ein ) Nk e

provided

enlog'(n)
hy/?

To show this, we estimate €, using assumption in Theorem and esimate h,,

using assumption in Theorem

enlog!!(n)

lim sup < +00.

n—-+o0o

< lim sup (log(n))%j%a_w < 400,

n—-+o0o

lim sup
n—+0o00

which follows from ({i) in Theorem |C.2.4] O

Proof of Lemma[C-2.7. As in the proof of Theorem|[C.2.4] we will for simplicity assume
that K, = log(n)? € N. We will indicate by v the quantity v := inf;en(Nit1 — \i),
which is positive by Item in Theorem |C.2.4]

To show ((C.13)), fix two points z,y € V,,. By using the expansion ((C.31)) and the
triangle inequality we have

) = AL H s )| < T, 41,

where we define

P(y)

L= | 37 el (el (9) =5 — e N fi(a) fy) S

_ — —hnr(n)A p(y)
IL, = Z € fz(x)fz(y)T :

=Ky,

We now proceed to show that these two terms are both of order o <@ .

To control term II, we follow the ideas in [24] and [7]. By the Cauchy-Schwarz
inequality and by the fact that p is bounded we get

+o00

C
II < —hnk(m)A; £2
n IzréaMXl % ¢ f ( )

To control the right hand side, fix z € M. We define a measure w, on R by

Z F2(2)0, (dN).

=K
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Then an integration by parts yields

Z e~ hnt( n)Azf2 ) / (”)h”’\dwz(d)\)

=K,

= [e—ff( mh w, ([0, )\])}/\ 0 /Rl*i(n)hne—f@(n)hm\wz([o’ A)dA

<limsup [ e —hn (M)A Z fz

A—rtoo Ay SAEA

+oo
+ / k()™ MAg ([0, X])dA.
)\Kn

Now we use Theorem to show that the first term on the right hand side van-
ishes. Recalling the notation p := &£ Voly,, and using the Gaussian upper bounds in
Theorem we get in particular

Z fiz) <e Z €_¥fz2(2) <eH (%,Z, 2) (C.38)

Ay SN <A 0< <A
C k
< ———— <Oz,
p(By-12(2)))
so that indeed
limsupe™ P 5520 Z fl ) < limsupe~ "@’\0)\5 = 0.

A—4-00 Ay SNEA A——+00

We thus obtain, using ((C.38]) once more with Ak, replaced by zero,

—+00
II, < ¢ B i(1) e~ R MANF2 ]\

n Ak,

(ki)™ 5/+OO e N2\

Kk(n)hnAK,,
“+oo
/ f)\)\k/2d)\’
K2R

2
where we used Weyl’s law in the last step. If ch,K; — % > 1, we can estimate the
right hand side by

hin

MBS

<

S1Q ZIQ

k ~
k1 2
2 e_chnKk C

C _k 2
- (chnm) f oYK e A,
n n

2
where A = ch, K. Now we follow the reasoning in the proof of [24, Theorem 3] to
obtain K, Ae=4 < K%le’% provided A > 8log(K,,), which is satisfied because of our
assumption in Theorem [C.2.4. Thus, using again our assumptions on h,,

O/ [ e—ctiosan® e
n \ log(m)yn/m,

C\/_ ( <(log(n

II, <
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Thus we obtain that II,, = o (@) because of the definition of a.

Regarding the term I,,, we use the triangle inequality, to decompose this into four
terms
I, <T84+ 10 416 + 1,

where

Knp—1

= |3 (e e ) A iy gy |

=1

Y

Ih_%femx(laﬁ_%@)ﬁ@ﬁ@)

0 0 172 Ci/z
Kn—1
. ol da( fily)
In:zeh/\ ( 1/2_n >C1/2
1
Kn—1
A fi(y)
d __ hn>\l l . l

=1

Y

We now proceed at estimating these four terms.
Term I¢. We observe that A} = A\ = 0, thus in the sum we can neglect the term
corresponding to [ =1, i.e.

K., —
r<?
n

e—hn Xy _ p—hnr(mX ||fl||200(M

=2

Since s — e *® is 1-Lipschitz continuous on [0, +00), for every 2 <1 < K, — 1 we have

| filles any
f)/

RNy emm b | < N ()Nl < Qs

‘e €nlins

where the last inequality holds with probability greater than 1— Qe % exp(—Qqner*?)
— Qsnexp(—Qun (A + 1)) because of Theorem . In particular using also Theo-
rem to control the C” and C® norm of the eigenfunctions and using the fact that
for [ < K, we have \; < Ak, we can bound

k 2 k
Ch, [ Bn (AZQ + 1> (Aﬁ;z + 1) €n
n Y

I <

a
n

From this, we obtain that I = o (‘C{T“), because by our assumptions on ¢, in (v|) of

Theorem and our assumptions on the spectral gap in of Theorem we

clearly have
1+ 2/ atk
K (1) (N ) e

f)/

=o(1).

Term I°. Using Theorem |C.6.4, Theorem and Theorem we have that
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with probability greater than 1 — Qe % exp(—Qanef™) — Qsnexp(—Qun (N + 1))
— Qg€ " exp(—Qrnett?), for each 1 <1 < K,, — 1 we can estimate

‘e_mg (Clp(y) B dn(y)) filz) fi(y)

n n 011/2 011/2
C
n
4tk
C (/\Kn +1)en k 9
< _eChniw ()\}:2 +1) €.
n n

In particular, multiplying and dividing by +/h,, and summing over [ = 1, ..., K,,, we
obtain
a+k
)\K +1 |en & 2
IZ S C\/ hn Kn ech"<’y> ()\}:‘5 + 1> .
n vV, "

By Weyl’s law and our by assumptions (), and (fii) in Theorem |C.2.4} this is again
an o (VT’T"> term.

The terms I¢,1¢ are treated similarly. In particular I, = o (@) provided we are

in the event in which Theorem and Theorem apply. This happens with
probability greater than

— Q1€ exp(— ane 1) — Qsnexp(—Qun (A + 1)_k> — Qse,," exp(—Qrnel?)
>1—(Q1+ Qe)e, exp( min(Qs, Q7)n6k+4) Qsnexp(—Qqn (A + 1)_k)
+

=1 — are, % exp(—agne™) — agnexp(—asn (Ag, +1)7%),
provided n is large enough, this concludes our argument for (C.13)). O

Proof of Corollary[C.2.6. We know from Theorem that for n large enough, as-
sumptions (i), (i), of Theorem hold for both the choices of the operators
e tAn and P, on the graph G,, on an event A, such that

_ 1 i
P(A,) > 1— Ce, % exp(—aneff‘l) —Cn exp(—W)-

For m € N large enough we consider the set

Theorem says that, in the event Cj, for both the choices of the operators e t*»
and P, we have that (C.5)) and ((C.6) hold true. Observe that

)>1-— Z Ce, 5 exp(— C net ™) — Cnexp(— ),

Clog(n))

n>n
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In particular, we have that

P ({u* and w, satisfy (C.5) and (C.6)}) > P (U Cn> = lim P(Cy)

n—-+00
neN

1
>1— i § Ce 5 S—ya
- ﬁ—l)g:loo o < €n eXp( Cnen )

—Cn exp(—L)).

We thus just need to show that

lim Z <C’€;6k exp(—inefLH) — Cnexp(— =0,

R——+00 C
n>n

)

in other words, we need to prove that the series is convergent. To this end, observe
that

1 1
Ce, o exp(—anekH) = Cexp (—Gk log(e,,) — 6n6k+4>

n n

= Cexp (log(n) <_6k11(;gg((€7;)) B %lzj(:) )>

_ log(en) 1 néﬁ+4
— Cn< 6k log(n) C log(n)

In a similar way, we have
n
C(log(n))
To prove the convergence of the series appearing in ((C.39)) it is sufficient to show
, log(e,) 1 nehtt , 1 n
1 —6k T =1 l————— | = —.
n oo ( log(n) Clog(n)) — n—iee C (log(n))2e+! >

The second limit is easily treated. To treat the first limit, observe that by assumption

(C.12)) in Corollary we have

Cnexp(— ) = cn(“%W)‘

ekt
lim = +4o00.
n—+o00 log(n)
To conclude the proof, we show that
log (e,
inf og(€n) > —00. (C.40)
neN log(n)

Indeed, we have

1
1 epnFktd
log(en) o8 (logkl"r‘l(n)) 1 log log(n)
log(n) log(n) k+4 log(n)
The first term is bounded from below because it is asymptotically nonnegative by

(C.12) . The last term converges to zero as n — +00. Thus ((C.40]) holds and the proof
is complete. O
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C.5.3 MBO on manifolds
Proof of Theorem|[C.4.3. We let & := exp,(z(x)v(z)). Then we have

1
5 +wiVh = | H(kh,i,y)p*(y)d Voly
Qo

By the Gaussian upper bounds on the heat kernel in Theorem we have that
dyr(&,09) < Cv/h, for a fixed constant C, independent of €. In particular, we infer
from the asymptotic expansion of the heat kernel in Theorem that

dM(T y)

—+w1\/_/ vo(#,y)pP(y)d Vol +O(h). (C.41)

(47 kh)k/? 2"
Since d(&,d9) < Ch, and diam(Q) < %, we can rewrite the integral in (C.41)) in

exponential coordinates around z, i.e.

e
1 € 4kh 9
3 Heneem Vh= [ oot o) esmatu)dy + O(h),
where Qy := exp;'(Q). Recalling that vy(&,2) = ,;2;(@)7 a Taylor expansion of the

function y — vo(%, exp;(y))p*(exp;(y)) around zero reveals that

1 K
é—l—wloexpgg\/_ / e ——_dy+Oh).

(4mkh) (4kh)*/2

In other words, there exists a bounded function ws on R* such that

ly?

1 6 4kh
Z =
2 +uwaVh (47mh)k/2

In other words, we have that 0 € OF, Where

_ vy
1 4rxh
E = RF| = h < —d
{U € R”| ) + wa(v)Vh < /Qo e y}

and thus the normal distance z(z) coincides with the normal distance of 0 and E at
the point expifl(x) € 0€). The conclusion of the proof is then obtained by applying
the following result. O

Proposition C.5.1. Let Q C R* be a smooth open set. Let E be obtained by applying
one step of MBO with diffusion coefficient k > 0, bounded drift w : R¥ — R and step
size h > 0. Let x € 0. Let v(x) be the outer unit normal to O at x, define

( sup{{le R7| x+lv(x) e E} ifx¢gFE
z2(x) =
inf{le RY|z+1lv(z) ¢ E} ifzekFE.
Then we have 5
|z(x)| < Ch,

where the constant C' depends only on k, k and the C°-norm of the second fundamental

form of 0N).
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Proposition is a weaker version of [31, Theorem 4.1], which makes rigorous
the original ideas in [60]. In those works, the authors identify the exact first order
coefficient of the expansion of z(x) in h. Since we do not need this, we present a proof
of our weaker statement.

Proof of Proposition |C.5.1. For ease of notation, we assume that kK = 1. We treat the
case when z(z) > 0, the other case is similar. First of all, we observe that z(z) < Cyv/h,
for a constant C} depending just on the dimension k. We now choose a coordinate
system in which z = 0 and v(z) = e;,. We may find an open set U containing the

origin and a smooth function ¢ : R*"* — R such that ¢(0) = 0, D{(0) = 0 and
UNnQ={veR" v <{(vr,.,v5-1) ]}

Using the fact that z(z) = O(v/h) and the exponential decay of the heat kernel, we
have that there exists a bounded function w : R¥ — R such that

_lwl? +\ 12

+z(:p
_+w((oZ MVh = /R/ 4hk/2ddy (C.42)

Recalling that the Gaussian integrates to 1/2 over half-spaces, we get that (C.42)) reads

_wl? s s|2

+zz LTl
w((0, z(x)))Vh = /Rk 1/ (i hk/2dsdy.

Since ¢(0) = 0 and D((0) = y, there exists a bounded function (; such that ((v) =
¢1(v)|v|*>. We also observe that

et>1—t t>0.

In particular

(0, 2(2)))WVh 2 s

-4 12 ) dsd
‘ 0 ( 4h) "

T
- W /Rm E (Cl(y”y‘z +2(z) = m (Gw)lyl* + z(a:))3) dy.

By using the change of variable y — vhy we obtain

(0 2V > iz ((0) + Da@) + goh+ a5l + ()

where q1, g2, q3, q4 are coefficients depending on the first six moments of the function
y — e~ ¥’ By multiplying both sides by v/h we get

w((0, 2(2)h — (q2h + gsh® + qu2(2)?) > 2(x) + %z(w)3.

By applying [31, Lemma 6.1] (which holds true even if we additionally consider a
bounded drift w), we have that z(z) = O(h*?). In particular, for h small enough

in other words
2w((0, 2(x))h — 2 (g2h + g3h* + quz(2)?) > 2(z) > 0,
from which we conclude that z(z) = O(h). O
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Proof of Corollary[C'4.5. Denote by Ch.4 the constant obtained by applying Theo-
rem to Qo = B,(zp). Since C,,, depends on €y only through the CY% norm of

the second fundamental form S, ,, of 0B, (xy), it is sufficient to show that this can be
bounded independently of % <r < R and xg € M. We clearly have that

(0, diam(M)) x M > (r,20) = ||Srz0|co

is a continuous function. It is thus bounded on the compact set

R
W::{(T,x)G(O,Jroo)xM 5 SR,:EEM}.
[

Proof of Theorem [C.4.4). For ease of notation, let us assume that x = 1. We start by
observing that

[ i, w)e)avol(y) = o (V).
M\B 1 (

This is proved by using the Gaussian bounds from Theorem as we did in [50,
Theorem 3, Step 2]. In particular, both in (i) and in of Theorem we can

replace the domain of integration with

In this way, the sequence of integrals can be computed in normal coordinates around
Zhy s i.e

/ H (hn, 21, y)§(y)d Vol (y)
{Yn, (Shy, —hn,)>0}NB 1 (zhy,)

hp

/~ H(hp, zn,,exp,, (y))§(exp,, (y))v/det(g)dy,
{51 —hn)20}0B 1(0)
hn

where we set .
Un, (6,Y) = Un, (,exD2, (4))s Y € Binion (0).

Using the asymptotic expansion for the heat kernel in Theorem it is easy to see
that

/ ) H(hy, zn,,exp,, (y))§(exp,, (y))y/det(g)dy
{0 (sh =l ) 204NB 1 (0)
hn

|yl

2
e 4hp

)W”O(Zhn,expzhn (y))é(exp,, (y))v/det(g)dy
0 n

/{thn (Shyy —hn,)20}NB 1 (

+ o(Vhy). ”

In particular, in both ({ij) and in Theorem the integrals may be substituted
with
lv]?

e i
/~ —(4 ; k/zvo(zhn,eXthn(y (exp,, (y))v/ det(g)dy.
{Pnn (s —hn)20}0B 1 (0) \FTT/0n
hn
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These integrals may be furthermore decomposed into the sums I, + 1I,,,

_lw?
e 4hn

I ::/ —dy?
{"Z)hn (Shn—hn,')ZO}ﬁthlxr (O) (47Thn)k/2

n

_wl?
e 4hpn

1L, := W(wn(y) — 1)dy,

/{ihn (shn 7hn7)20}mBh% (0)

n

where we define

Wi (y) = vo(2h,,exp., (v))&(exp,, (y))v/ det(g).

We claim that

lim IT, =

n——+oo

Using ((C.48)) we see that

{o if V(s 2) = 0, (.43

2\/E|v1¢(s,z)\ <%(2), Vi(s,z)) otherwise.

(exp,, (y))det(g)
é(zhn> det (dexp;hln (y) (expzhn )) .

wy(y) =

In particular, denoting &, = € o exp,, and D, := det(dexpz—; o (exp,, )) we get

1 (D) det(g) + €D, det(9))én(0)Da — & det(9)a(0) D, D

D = -
T w,(y) £.(0)2D2

We now recall that, in normal coordinates g(zp,) = Id, Dg(z,) = 0, in particular

1 D,
Dw,
wn) = 5722(0)
and by a Taylor expansion
1 DE,
Dun(3) =1+ 37 20) -y + Oy

in particular, we infer that

1 DE,

L Gl e
2 fn {TLhn(Shn—hnv')ZO}ﬁBh%(0) (4 h )

Now we claim that

1 Dfn
lim —(0) / ————=ydy C.44
hn

___ 1 I
" 2/AV(s.2)] €

(0) - D (s,0),
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where £ = € o exp,. Of course (C.44) gives (C.43).

To see that (C.44]) holds, we start by changing variable in the integral by setting

Yy = \/?;T’ which gives that the argument in the limit equals

2
2 e
Yy
2 én {yl D (Shp —hnViny) >0 }NB _% 0) (4m)
We now let R, be a sequence of orthogonal matrices such that RTe; = Dén (0 and

|D&n (0 )\
without loss of generality we assume that the sequence converges to an orthogonal

matrix R. We change variable by setting y = RLy and we get that the argument of
the limit becomes

ly|>
D¢, e
1DE.(0)] 2
2 CaB 3 (0) (4m)k/2
hn

where we define
C, {yER’“| D (5n — hy R/ Tony) >0}
We now observe that, by Taylor expanding vy (tn, — -, -) around (0, 0)

Un, (h, — Ty Ru/ hny) =0, + / hn RE Dy, (s1,,0) -
- hnasﬁzhn(shm 0) + 0(|y|2 + h?z)a

thus
C, {yeRk| \/_ + RT Dy, (81,,0) -y
-V hnasqj;hn(shna 0) + O( V hn|y|2 + h%) 2 O}

Recalling assumption ((C.17) this re-reads

C, = {y e R¥| RT Dy, (sp,,0) -y +o(1) > 0}.
Observe also that
R, D&,(0) = |DE,(0)]ey

= VAVEG,), VEGn))er = V(VE(), VER)er,

—+o00

but also

R,DE(0) = DEo RE(0) = DE o exp,, oR(0)) — RD(&oexp,)(0).

n—-+o0o

In other words we must have DE(0) = |DE(0)|RTe;. In particular
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ly|2 ly|2

| DE(0)] / e T |DE(0)] e %
lim ———— y1dy = ——=11dy
n—+00 2 C.NB 71(0) (4W)k/2 ! 2 {yl RTDy(s,0)-y>0} (4 )k/Q '
h’FL
~ y\2
DE(0 -
_ |DE()| e ey

)k/2

y|?

2 {y\ Dy (s,0)- y>0} (
1 Dé e 1
= ——= O . d
2 ¢ ©) /{y| D (s,0) y>0}( )kﬂy v

If Vi(t,z) = 0, then the last integral is zero, being component-wise the integral
over the whole space of on odd-function. Otherwise we change variable according to
y = OTy, where O is an orthogonal matrix such that O.Dv(s,0) = | D4 (s, 0)|e;, which
gives that the last integral equals

y|?

10D¢ e 1 10D 1
2 ¢ /{yl yzop (4m >k/2y 73 3 © T
1 D¢ -
= = —_—= O 'D 70 .
2f|Dw<s 0) ¢ 9 Dts,0)

We are now in a position to prove . ) and (fii) in Theorem
Item (| . By the discussion above, the left hand side of (C.18§} - may be substituted
with

liminf — (1 I, — ]I]In>
n—-+oo n
1 1 V¢
> 1 f Hn - - 7V ) )
Sﬁi& 7 () - AR T )
where we used in the second line. To estimate

liminf —— (1 I )
n—+0o00 n

we can use [6, Proposition 4.1] applied with

(th7 th) = (Sfu 0)7
(t,z) = (s,0),
¢h(t7 ) = T;h(ta )
The only difference is that here we do not assume that ¢(t,, z,) = 0, but ¢(ty, z5) =

o(v/h) - one can check that the result holds true also with this modification by the
same proof of [0, Proposition 4.1]. In particular, we get

1 1
lim inf < / H(hn,zhn,y)ﬁ(y)dVolM)
nree {nn (tny —hn) 20}

n

1~ (aﬂ/]+A1;_w_D_§.D¢>7

>
= 27| Di(s,0)]
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which is equal to the right hand side of (C.18)) because we are using exponential

; . k
coordinates around z (recall our convention A = —>"7 | 92).

Item (). Once again, by the above discussion, we can assume that

1 — I, < 0(\/h_n)7

2
and the result follows by applying [6, Proposition 4.1] with

(tmxh) = (8h70)7
(Zf,l’) = (570)7
On(t, ) = (L, ).

In this case, there are two differences from the original version [0, Proposition 4.1]. First
of all, we again do not assume that ¢y (¢, z,) = 0, but we assume ¢y (t, z,) = o(Vh).
Then, we assume that % — 1, < o(v/h,) and not the stronger % — 1, <0. But a quick
inspection of the proof of [0, Proposition 4.1] reveals that these changes are irrelevant
for the argument to work. O

C.6 Appendix

C.6.1 Results on weighted manifolds

Hereafter we collect some results about weighted Laplacians and heat kernels on closed
manifolds. Let (M, ¢g) be a k-dimensional, compact Riemannian manifold endowed with
a measure 4 = & Voly, with £ € C®(M), £ > 0. We denote by A, the associated
Laplacian, which is defined on f € C*°(M) as

Aef = —%div &V ).

We denote by H the corresponding heat kernel, i.e., H is a real valued function defined
on (0,4+00) x M x M such that for any u € L*(M) the function

e Seu(o) = Tt)u(e) = [ Hlto,y)u(s)duy),
M
defined for (¢,x) € (0, +00) x M, is the unique solution to the Cauchy problem
Oww=—A¢v  1in (0,400) x M,
v(0,2) =u(z) on M,

where the initial value at ¢ = 0 is attained in the sense that

lim e "¢y = u in L?(M).

t10
We will use the following results.
Theorem C.6.1. Let M, £ be as above. Let f be an L*(§)-normalized eigenfunction
of A¢ corresponding to the eigenvalue A, then for each integer m > 0

| Flleman < Carn (X145 41).
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Theorem C.6.2. Let M, € be as above. There exists constants Q1, Qs, Q3, Qs, Q1, Q2 >
0 such that for everyt >0 and all x,y € M,

Ql _d?\/[(z-t,y) QS _d?w(l-t,y)
N R v ) A (C45)
Q1 _d%(x,y))
V() € s exp( ). (C.46)

Theorem C.6.3. Let M, § be as above. There exist functions v; € C*(MxM), j € N,
such that for every N > + g there exists a constant C'y < 0o such that

_ d?w(a:’y) N

(& 4t .
V' Hta )~ T Yo wle)t || <O E (0
7=0

inj(M)

5 - Moreover we have

provided d(x,y) <
’UO(;C7 y) = ! :
\/&(I)g(y) det(dexpgl(y) epr)

Theorem follows by the Sobolev embedding theorem and the L2-regularity
theory for elliptic equations on manifolds. Theorem follows from the Li—Yau
inequality for weighted manifolds [75]. The asymptotic expansion in Theorem
follows by constructing the heat kernel by means of the parametriz method: this
construction is technical and we refer to [71], where this is carried out for the case
§ = 1. Here we just sketch the first part of the construction for a general density &,
which gives . The idea is that when z,y are close enough, say d(z,y) < %,
a good approximation for the heat kernel should be given by

(C.48)

HN(ta Z, y) = Gt(ma y) (UO(J:’ y) +.t tN'UN(w7 y)) ’ (C49)
for smooth functions v; and ¢ > 0. Here
43 (z)
G L [ 4t
t(may> T (47Tt)k/2 .

Since the Ansatz ((C.49) should be an approximation of the heat kernel, we would like
to have

0=0Hy+ AfHN, (050)

where A, denotes the weighted Laplacian with respect to the y-variable. We now
compute the right hand side of the above equation by using exponential coordinates
around z: we denote them by (r,0) € [0, R) x S¥=1. Observe that

atI_[N = 5th(110 + ...+ tNUN) + Gt<U1 4+ .+ NthlvN)

r? k
— (E - E) Gi(vo + .. + tNun) + Gy(vy + ... + NtV Luy).
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Furthermore
AeHy = Gy (Agvg + ... + 7V Aguy)
+ AeGy(vo + .. + o) = 2(VGy, (Vg + ... + tV Voy)).
Using Gauss’ Lemma and the fact that G; is independent of 8 we get
2(VGy, (VUO + ...+ tNVUN)) = 20,G4(0,v9 + ... +tNOun)
- —%Gt(&.vo + o+ Y y).
We also observe that by definition of A¢ and by using again Gauss’ Lemma and the

independence of G; from 6

Ve
f )

VG = AG + 29,

We define
D(y) := det(dy,-1(,) €XPy)-

Using the expression of the Laplacian in spherical coordinates and the invariance of
G with respect to 6 we get

2 D k-1 2 D
AG, = aGt—arGt(&‘ Lk )z—(T——E)Gt—I—L&" Gr.

o2 D r 42 2t 2t D

Putting things together we have
atHN + AgHN = Gt ((Ul + ...+ NtN_ll)N) - (Agvo + ...tNAng)
+ 2%5),, log(D€)(vo + .. + Vo) + ;(&vo Fot arvN))>.

Although we cannot get ((C.50)) exactly, we can choose v; in such a way that
8tHN -+ AgHN = GttNAg'UN.

In other words, we choose the coefficients in such a way that

%& log(D&)vg + %&wo =0, (C.51)
Gy — T Agvj oy + tj’lg&« log(DE&)v; + rt? " '9,v; = 0, for 1 < j < N.(C.52)
Once one solves (C.51]), one can show inductively that (C.52)) admits a smooth solution
v;. It is easily seen that (C.51)) can be solved explicitly to give
1
2}0(1‘, y) = :
VE@EW) ety oxp,)

From here, the construction of the heat kernel and the estimate ((C.47)) follow verbatim
as in [71].
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C.6.2 Results on random geometric graphs

In this subsection we use the setting and the notation of Section with the points
{x;},-% being given by i.i.d. random points on M, distributed according to a probability
distribution v = p Voly, € P(M), with p € C>®(M), p > 0. The following two results
are proved in [I3| [14] for the unnormalized graph Laplacian, but the proof of the
statements extends when we work with the random walk Laplacian. Hereafter, given
[ € N, we set
= inf (A1 — ).
1= i = )
Theorem C.6.4. In the above-mentioned setting, if additionally, the eigenvalues of

A2 are simple, then for every [ € N we have that with probability greater than

1 — Q1e, % exp(—Qanei ™) — Qsnexp(—Qun (\; +1)7°)

we have for every | <1

() - 1)

I filles any
< Qp——¢€
C,/?

M

n-

AL — K(n)\| + max

z€Vn

Theorem C.6.5. In the above-mentioned setting, if n is large enough, with probability
greater than 1 — Qge;, " exp(—Qnet*?), we have that

max|d.c, (2) — Cup(2)] < Qs
We also recall the following result, which may be easily derived from [33, Theorem
2].

Theorem C.6.6. Let (M,g) be a k-dimensional closed Riemannian manifold. Let
p € C®°(M), p> 0 such that v := pVoly € P(M). Let {X;}ien be i.i.d. random
points in M distributed according to v and let v, = =37 0, be the associated
empirical measures. Then there is a constant C' > 0 such that almost surely there exist
transport maps T,, such that (T,,)xv = v, and

n / su X xr .
lim sup,,_, , i p;fgﬂgf/f?ig In(@) <C ifk=2, (C.53)
. nl/k sy 1(z T . :
limsup,, , o : p;;g“f/ifjbg Il < ¢ ifk > 3.
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