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Abstract

As one of the four known fundamental forces in nature, the strong interaction is
crucial for the formation of matter. Established in the early 1970s, the underlying
field theory of quantum chromodynamics is embedded in our current Standard Model
of particle physics, describing the strong interaction between quarks and gluons.
However, due to its non-perturbative nature at low momentum transfer, we nowadays
face a wide range of phenomena that still need to be understood.

Especially in recent years, various collider experiments reported numerous states that
show properties inconsistent with quark-model predictions. So far there exists not
only significant tension between the parameters extracted from different exclusive
measurements for these so-called exotic states, but there is in some cases even no
consensus on the actual number of states that contribute. One reason for this is that
the experimental data are analyzed for the channels individually and parameterized
by a simple sum of Breit-Wigner functions - in particular omitting relevant threshold
effects. In this work, we aim towards a systematic study of the vector states above
4.2 GeV, consistent with the principles of analyticity and unitarity.

The first chapter introduces the theoretical framework relevant to our analyses. In
the second chapter, we present our initial study of the energy range from 4.2 to
4.35 GeV, which hosts most predominantly the Y (4230). New data published in
2022 and 2023 clearly highlight the asymmetric lineshape in J/ψπ+π− at the D1D̄
threshold. We demonstrate that the experimental data of eight final states are
consistent with the assumption that the Y (4230) is a D1D̄ hadronic molecule. This
is achieved by including interference with the well-known conventional charmonium
state ψ(4160), as well as taking the relevant thresholds into account.

In the third chapter we lay the foundation to significantly extend the studied energy
range. While our first analysis focused solely on the intermediate D1D̄ channel,
heavy quark spin symmetry also calls for potential bound states in D1D̄

∗ and D2D̄
∗.

We present the necessary formalism for the future study of the full coupled channel
dynamics.
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1. Theoretical foundation

1.1. Standard Model

The Standard Model of particle physics is a quantum field theory describing the
fundamental forces of nature [1–3], however, so far excluding gravity. The strong,
electromagnetic, and weak interactions are covered by a SU(3)c ⊗ SU(2)L ⊗ U(1)Y
gauge group.

Due to various experiments, there is overwhelming evidence that fermions appear in
3 families [4]. The first generation of leptons consists of electron (e) and electron-
neutrino(νe), the second of muon (µ) and muon-neutrino (νµ), and the third of tauon
(τ) and tauon-neutrino (ντ ). For the quarks they are filled by up- (u) and down- (d),
charm- (c) and strange- (s), top- (t) and bottom-quark (b). Moreover, several gauge
bosons, corresponding to the generators of the gauge group, need to be introduced
to allow for local gauge symmetry. There are 8 gluons (g) for the strong-, the W±

and Z boson for the weak- and the photon (γ) for the electromagnetic interaction.

Although the W± and Z bosons are observed experimentally to be massive particles,
a corresponding mass term would break the SU(2)L symmetry. To avoid this their
masses are generated dynamically by the Higgs mechanism, introducing the only
scalar field to the Standard Model, the Higgs boson [5]. Coupling to quark and lepton
fields via the Yukawa interaction, the Higgs potential has a degenerate minimum
with a non-zero vacuum expectation value, such that symmetry gets spontaneously
broken. This generates an effective mass of the W± and Z boson, as well as for
quarks and leptons.

Observed phenomena like e.g. neutrino oscillations indicate a non-zero mass for
neutrinos as well, although the exact mechanism is not known yet [6]. At present
the Standard Model Lagrangian has 19 free parameters which numerical values
were established by experiments; consisting of 3 lepton masses, 6 quark masses, 3
CKM mixing angles and 1 CP violating phase, 3 gauge couplings for the strong,
electromagnetic and weak interaction, as well as the Higgs vacuum expectation value
and its mass.
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1. Theoretical foundation

1.2. Quantum Chromodynamics

The field theory describing the strong interaction of quarks and gluons is called quan-
tum chromodynamics (QCD) [3, 7, 8]. The Lagrangian density LQCD is constructed
from local SU(3)c gauge invariance with quarks qa, antiquarks q̄a and gluons Aaµ as
degrees of freedom

LQCD = −1

4
Ga
µνG

aµν + q̄a(i /D
ab −mqδ

ab)qb

q = (u, d, s, c, t, b)T

q̄ = (ū, d̄, s̄, c̄, t̄, b̄) ,

(1.1)

where a, b denotes the SU(3) flavor index. The interaction with the gauge fields is
contained in the covariant derivative

Dab
µ = ∂µδ

ab + igT abc A
c
µ . (1.2)

with T abc denoting the SU(3)c generators in the adjoint representation. Ga
µν denotes

the gluon field strength tensor

Ga
µν = ∂µA

a
ν − ∂νAaµ − gfabcAbµAcν , (1.3)

where the structure constants fabc are defined by the algebra [Ta, Tb] = ifabcTc.
Quarks and antiquarks transform under the fundamental and anti-fundamental
representation

q →U(x)q = exp

(
−iϕa(x)Ta

2

)
q

q̄ →q̄U †(x) = q̄ exp

(
iϕa(x)

Ta
2

)
.

(1.4)

In general there is an additional SU(3)c gauge invariant term of mass dimension 4

LθQCD =
g2θ

32π2
ϵµνρσGa

µνG
a
ρσ . (1.5)

Due to the Levi-Civita tensor the QCD-θ term LθQCD transforms odd under parity,
while it is invariant under charge conjugation. This introduces a CP violating
term, which has not been observed experimentally, leading to the upper bound
θQCD ≤ 2.5 × 10−10 [9]. Up to now it is unclear, why its contribution is so small,
contradicting the expectations from naturalness. However, for the present work it
can be safely neglected and QCD can be assumed to respect CP symmetry.

One of the major differences between QCD and QED occurs in the renormalization
of the coupling constants. To one loop, the QCD β-function is given by

β(gR) = −
g3R
16π2

(
11

3
CA −

2

3
NF

)
, (1.6)
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1.3. Effective Field Theories of QCD

Figure 1.1.: Summary of measurements of αs as a function of the energy scale Q. Figure
taken from Ref. [4].

where facef bce = CAδ
ab = 3δab in QCD and NF denoting the number of quark flavors.

The solution of the resulting renormalization-group equation up to 1-loop can be
expressed as

αs(q
2) =

2π

β0

1

log
(

q2

ΛQCD

) , (1.7)

with β0 = 11 − 2NF/3. It follows that αs(q
2) decreases for increasing q2. This

phenomenon is known as asymptotic freedom. Apart from quark masses, which have
their origin from the Higgs mechanism, the energy scale ΛQCD ≈ 200 MeV is the
only fundamental parameter of QCD. Hadronic bound states can be classified in
terms of irreducible representations of the SU(NF ) group.

1.3. Effective Field Theories of QCD

As formulated by Weinberg in Ref. [10], writing down the most general Lagrangian,
containing all terms consistent with the assumed symmetries will result in the most

9



1. Theoretical foundation

general S-matrix consistent with analyticity, perturbative unitarity, cluster decom-
position and assumed symmetries. The Lagrangian contains an infinite number of
operators that need to be arranged by some power counting scheme. Given the
characteristic energy scale of hadronic processes Λχ ≈ 1 GeV, the strong interacting
quarks can be categorized into two groups. The low energy regime involving the
three light quarks with mq ≪ Λχ, namely up, down and strange, can be described
by low-energy effective field theories like Chiral Perturbation Theory [11–16]. From
the three remaining quarks with mQ > Λχ the top quark is too heavy and decays
before it hadronizes. To perturbatively describe the charm and bottom quarks,
which can form metastable hadrons like D and B mesons, one can use Heavy Quark
Effective Theory (HQET) by expanding in ΛQCD/mc or ΛQCD/mb respectively [17–20].

1.3.1. Chiral Perturbation Theory

Defining the projection operators

PR/L =
1

2
(1± γ5) , such that qR/L = PR/Lq , (1.8)

one can decompose the quark fields of the QCD Lagragian into right- and left-handed
chiral components

LQCD = −1

4
Ga
µνG

aµν +
∑
f

q̄Rf i /Dq
R
f + q̄Lf i /Dq

L
f −mf q̄

R
f q

L
f −mf q̄

L
f q

R
f . (1.9)

Considering only the light quarks f = u, d, s and working in the limit of vanishing
quark masses

Lm→0
QCD = −1

4
Ga
µνG

aµν +
∑
f

q̄Lf i /Dq
L
f + q̄Rf i /Dq

R
f , (1.10)

one observes that the right- and left-handed chiral components decouple. In this
form, Lm→0

QCD is invariant under independent SU(3) flavor rotations as well as U(1)
transformations for qR/L

q⃗R/L 7→ e−iα
R/L
a

λa
2 e−iα

R/L

q⃗R/L . (1.11)

This symmetry group

U(3)L ⊗ U(3)R ≃ SU(3)V ⊗ SU(3)A ⊗ U(1)V ⊗ (U(1)A) , (1.12)

10



1.3. Effective Field Theories of QCD

is called chiral symmetry. Noether’s theorem states that every continuous symmetry
of the action is associated with a conserved current

jµ =
δL

δ(∂µq)
δq . (1.13)

Here it is convenient to define corresponding vector and axial-vector currents

V µ
a = q̄γµ

λa
2
q, ∂µV

µ
a = iq̄

[
M,

λa
2

]
V µ = q̄γµq, ∂µV

µ = 0

Aµa = q̄γµγ5
λa
2
q, ∂µA

µ
a = iq̄

{
M,

λa
2

}
q

Aµ = q̄γµγ5q, ∂µA
µ = 2iq̄γ5Mq +

Nfg
2

32π2
ϵµνρσG

µν
a G

ρσ
a ,

(1.14)

where M = diag(mu,md,ms) denotes the quark mass matrix. While the vector-
current V µ

a is also conserved for all quark masses being equal, for mq → 0 the first
three currents are conserved. However, the singlet vector-current is always broken
due to the axial anomaly [21]. As no mass-degenerate states of opposite parity
are found experimentally and the Vafa-Witten theorem states, that no vector-like
symmetry can be broken [22], one needs to assume that only SU(3)V instead of
SU(3)R ⊗ SU(3)L is approximately realized as a symmetry of hadrons. Therefore,
chiral symmetry is spontaneously broken U(3)R⊗U(3)L 7→ SU(3)V ⊗U(1)V⊗U(1)A.
As a consequence eight massless Goldstone bosons π0, π±, K0, K̄0, K±, η8 emerge,
although the presence of axial anomaly is shifting the mass of the experimentally
observed η′ upwards. Due to the actual non-vanishing quark masses, chiral symmetry
is also explicitly broken, resulting in a non-zero mass of the Goldstone bosons. For
now, we assumed that mu,md,ms ≪ ΛQCD, however, as ms ≫ (mu + md)/2 one
observes that the isospin symmetry concerning just u and d works significantly better.

With these considerations one can now establish a field theory with the Goldstone
bosons as degrees of freedom. As demonstrated the massless QCD lagrangian is
invariant under the compact Lie group G = U(3)R⊗U(3)L, while we assume that the
ground state of our theory is only invariant under a subgroup H of G. Consequently
a state ϕ of its Hilbert space H transforms under a non-linear realization φ of G

φ(g, ϕ) ∈ H . (1.15)

Denoting ϕ = 0 as the ground state, a requirement on the mapping is that the ground
state for all elements in h ∈ H = SU(N)V is mapped onto itself, ie. φ(h, 0) = 0.
However, every other g ̸∈ H generates a non-trivial state φ(g, 0) = Π that correspond
to the Goldstone bosons. So it is sufficient to look at the quotient group G/H as it

11



1. Theoretical foundation

is maps isomorphically on the Goldstone bosons. Defining g̃ = (L̃, R̃) ∈ G, we want
to relate the left coset g̃H with the SU(N) matrix U = R̃L̃†. Multiplying g on the
left coset g̃H

gg̃H = (L,RR̃L̃†)H = (1, RR̃L̃†L†)(L,L)H = (1, R(R̃L̃†)L†) , (1.16)

we find that the representative of the transformed coset is (1, RR̃L̃†L†). Therefore
U must transform under

U = R̃L̃† 7→ U ′ = R(R̃L̃†)L† . (1.17)

A possible realization is given by

U =exp

(
i

√
2Φ

fπ

)

Φ =


π0
√
2
+ η8√

6
π+ K+

π− − π0
√
2
+ η8√

6
K0

K− K̄0 −2η8√
6

 ,

(1.18)

with fπ = 92 MeV denoting the pion decay constant in the chiral limit. In order to
establish a proper field theory one needs to introduce a power counting to characterize
the importance of different terms. As the momenta of the Goldstone bosons are
small in comparison to the hadronic scale Λχ, an expansion in orders of pΦ/Λχ is
sensible. Due to Lorentz symmetry only terms even in the momenta will contribute
to a pure Goldstone boson lagrangian

Lχ =
∑
n

L(2n)
χ , L(2n)

χ = O((pΦ/Λχ)n) . (1.19)

For n = 0 the lagrangian can not contain derivatives and only terms proportional to
U †U = const. are possible. The most general, chirally invariant Lagrangian at lowest
order O((pΦ/Λχ)2) can be written as

L(2)
χ =

fπ
2

4
⟨∂µU∂µU †⟩ , (1.20)

where ⟨...⟩ denotes the trace in flavor space. External scalar s and pseudoscalar
sources p can be included via

χ = 2B0(s+ ip), with χ 7→ RχL† .

This also allows to include the explicit symmetry breaking by the non-zero quark
masses. The chiral symmetry breaking quark mass term is given by

LM = −q̄RMqL − q̄LM †qR . (1.21)
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1.3. Effective Field Theories of QCD

With the mass matrix M being constant, LM would be invariant, if M transformed
like

M 7→ RML† . (1.22)

Introducing the mass-term analogous to a scalar source with the correct transforma-
tion properties, the full leading order lagrangian is given by

L(2)
χ =

fπ
2

4
⟨∂µU∂µU †⟩+ fπ

2B2
0

2
⟨MU † + UM †⟩ . (1.23)

which gives the so called Gell-Mann–Oakes–Renner relation [23]. The free parameter
B0 can be determined by relating the derivative of the ground state energy density
with respect to the light-quark mass mq in pure QCD to the effective field theory

∂⟨0|HQCD|0⟩
∂mq

∣∣∣∣
mq=0

=
∂⟨0|Hχ|0⟩
∂mq

∣∣∣∣
mq=0

, (1.24)

which at leading order evaluates to

B0 = −
⟨0|q̄q|0⟩
3fπ

2 . (1.25)

1.3.2. Heavy Quark Effective Theory

By observing that a heavy quark bound inside a hadron with momentum p is nearly
on-shell and approximately moves with the velocity v of the hadron, on can decompose
its momentum p as

pµ = mQv
µ + kµ , (1.26)

where kµ is the momentum of the light degrees of freedom. The fluctuations inside
a hadron due to the exchange of soft gluons are of order kµ = ΛQCD, such that the
velocity of the heavy quark can be expressed by

vµQ = vµ +O
(
ΛQCD

mQ

)
. (1.27)

allowing for a pertubative expansion in ΛQCD/mQ.

Here it is possible to decompose a solution of the Dirac equation into velocity
eigenstates

ψ(x) = e−imQv·x [P+ + P−]Q(x) = e−imQv·x
[
Qv(x) + Q̃v(x)

]
, (1.28)

with the corresponding projectors

P± =
1± /v
2

fulfilling P+ + P− = 1, P 2
± = 1 and /vP± = ±P± . (1.29)
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1. Theoretical foundation

Thus, the kinetic- and mass-term of the QCD Lagrangian can be expressed as

ψ̄(i /D −mQ)ψ = iQ̄vv ·DQv +
¯̃Qv(−ivḊ − 2mQ)Q̃v + iQ̄v /DQ̃v + i ¯̃Qv /DQv . (1.30)

If pµ = mQv
µ were exactly fulfilled the small component Q̃v is equal to zero, as the

Dirac equation then implies that (1− /v)ψ = 0. For convenience one defines

Dµ
⊥ = Dµ − vµ(vḊ) , (1.31)

so (1.30) becomes

L = iQ̄vv ·DQv +
¯̃Qv(−iv ·D − 2mQ)Q̃v + iQ̄v /D⊥Q̃v + i ¯̃Qv /D⊥Qv . (1.32)

The field Q̃ has a mass of 2mQ, while Q is a massless excitation relative to the
reference energy E ≈ mQ, describing fluctuations in the heavy quark momentum
that keep the velocity fixed. As Q̃ is a heavy degree of freedom, one can integrate it
out using the equations of motion

(iv ·D + 2mQ)Q̃v = i /D⊥Qv , (1.33)

resulting in

L =iQ̄vv ·DQv + Q̄vi /D⊥
1

2mQ + iv ·D
i /D⊥Qv

=iQ̄vv ·DQv +
1

2mQ

∞∑
n=0

Q̄vi /D⊥

(
−iv ·D

2mQ

)n
i /D⊥Qv .

(1.34)

The leading 1/mQ correction can be expanded as [24]

L1/mQ
= iQ̄vv ·DQv +

1

2mQ

(−O1 +O2 −O3)

O2 −O1 = Q̄vDµ(g
µν − vµvν)DνQ

O3 = Q̄vσ
µνGµνQv ,

(1.35)

where O2 −O1 corresponds to the non-relativistic kinetic energy for v = (1, 0, 0, 0)T

and O3 describes the chromomagnetic coupling between gluons and the heavy quarks.
Including the gluon field strength tensor Ga and light-quark fields q one arrives at
the full HQET Lagrangian

LHQET =− 1

4
Ga
µνG

aµν + q̄(i /D −mq)q + iQ̄vv ·DQv

+
1

2mQ

∞∑
n=0

Q̄vi /D⊥

(
−iv ·D

2mQ

)n
i /D⊥Qv .

(1.36)
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1.3. Effective Field Theories of QCD

Considering Eq. (1.34) in the limit mQ →∞ only the leading order term remains

L∞ = iQ̄vv ·DQv . (1.37)

It is apparent that eq. (1.37) contains no Dirac matrices, resulting in a SU(2) spin
symmetry group that leaves L∞ invariant. In the rest frame the SU(2) generators Si

can be chosen as

Si =
1

2

(
σi 0
0 σi

)
,

[
Si, Sj

]
= iϵijkSk , (1.38)

with σ denoting the Pauli matrices. An infinitesimal SU(2) transformation

Qv → (1 + i⃗ϵ · S⃗)Qv (1.39)

leaves the Lagrangian invariant

δL∞ = Q̄v

[
iv ·D, i⃗ϵ · S⃗

]
Qv = 0 , (1.40)

meaning that the interactions of the heavy quark leave its spin sh unchanged. By
extension, as the total angular moment J is conserved, the angular momentum of the
light degrees of freedom jℓ = J − sh is conserved as well. Consequently particles with
the same jℓ form multiplets like D,D∗ or B,B∗ for jPℓ = 1

2

−
as well as for example

hc, χc0, χc1 and χc2 in the doubly heavy systems, that are degenerate at leading order.
At next to leading order only O3 of equation (1.35) transforms non-trivially under
spin rotation, which leads to the observed hyperfine splitting of the masses

mD∗ −mD ≈ 140 MeV

mB∗ −mB ≈ 45 MeV .
(1.41)

Another symmetry emerges as eq. (1.37) is not depended on the heavy quark mass
mQ, such that it can be extended by

L∞ = i

Nf∑
i=1

Q̄i
vv ·DQi

v , (1.42)

where Nf denotes the number of heavy quarks moving with velocity v. Combining
the spin symmetry with the invariance under rotations in flavor space, the symmetry
group of L∞ can be promoted to SU(2 Nf). This is the so-called heavy quark
spin-flavor symmetry, that in the limit of mQ →∞ the interaction is independent of
the heavy quark spin and flavor.
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1. Theoretical foundation

1.4. Hadronic Molecules

A hadronic molecule is a bound state composed of two (or more) hadrons. The
concept is analogous to a nucleus that is composed of multiple baryons. As a result,
certain characteristics of light nuclei may be generalized to hadronic molecules. For
this reason, we begin this section with a very brief overview of few-nucleon systems.
For additional material we refer to Refs. [25–27].

Important characteristics for nuclear systems are the binding energy Eb as well as
the binding momentum γ. The lightest nucleus composed of a proton and a neutron
is the deuteron with a binding energy of Eb(deuteron) = 2.22 MeV, defined as the
difference between sum over the masses of the constituents mi and the mass of the
bound state MX

Eb(X) =
∑
i

mi −MX . (1.43)

The binding momentum given by

γ =
√

2µEb, µ =
m1m2

m1 +m2

(1.44)

is a measure for the typical momentum scale inside a molecule and only well defined
for a two body system. Furthermore, it defines the size of a molecule, which large
distance behaviour scales like exp(−γr). The binding momentum ranges from values
of a couple MeV for the seperation of the Λ in hypertriton (γ ≈ 13 MeV up to several
100 MeV in He4 (γ ≈ 200 MeV), which also sets the scale for the binding momenta
expected for meson systems. The internucleon interaction is in general strongest in
a S-wave, due to the missing centrifugal barrier. Consequently, the deepest bound
nuclei are in a S-wave, however, also higher partial waves are possible. The role of
the one-pion exchange for nuclear and molecular bindings is still being discussed in
the literature and is briefly addressed later in this section.

While there are certain parallels between nuclei and mesonic molecules, there are
also differences, e.g. the latter do not survive the large Nc limit [28, 29].

1.4.1. Weinberg Criterion

The Weinberg Criterion developed by Steven Weinberg is a scheme to quantify the
molecular and compact components of a bound state wave function [30, 31]. His
original goal in 1965 was to demonstrate that the deuteron is not an elementary
particle, however, it can also be generalized from bound states to resonances and
virtual states close to threshold [32, 33].
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1.4. Hadronic Molecules

One can define the wave function |Ψ⟩ of a bound state as a composition of a compact
component |ψ0⟩ and a two-hadron component |h1h2⟩

|Ψ⟩ =
(

λ|ψ0⟩
χ(k)|h1h2⟩

)
. (1.45)

In this context compact describes an object whose size is controlled by the confinement
radius Rconf. < 1fm, such that this component is much smaller than ∼ 1/γ for small
binding energies. As given by the ansatz, λ quantifies the contribution of the
compact component |ψ0⟩ to the bound state wave function, such that λ2 denotes the
probability to find the compact component in the physical state. χ(k) is the wave
function of the two hadron component with relative momentum k.

As demonstrated by Weinberg in Ref. [34] a general interaction Hamiltonian can be
expressed in following form

H|Ψ⟩ = E|Ψ⟩, H =

(
Hc V
V H0

hh

)
, (1.46)

using the fact that it is possible with a field redefinition to shift all hadron-hadron
interactions into ψ0, such that the two-hadron Hamiltonian is simply given by the
kinetic term H0

hh = k2/(2µ) with µ being the reduced mass of the two-hadron system,
see also Ref. [35]. Defining a transition form factor

f(k) = ⟨ψ0|V |h1h2⟩ (1.47)

the two hadron wave function in momentum space is given by

χ(k) = λ
f(k)

E − k2/(2µ)
. (1.48)

From the normalization of the bound state wave function one finds:

1 =⟨Ψ|Ψ⟩ = λ2⟨ψ0|ψ0⟩+
∫

d3k

(2π)3
|χ(k)|2⟨h1h2|h1h2⟩

=λ2
(
1 +

∫
d3k

(2π)3
f 2(k)

(Eb + k2/(2µ))2

)
.

(1.49)

Recollecting the definition of the wave function renormalization factor in a non-
relativistic theory

G(E) =
Z

E − Ep
+O((E − Ep)2) with Z =

1

1− ∂EΣ′(E)|E=Ep

(1.50)
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1. Theoretical foundation

one finds

Z =

(
1 +

∫
d3k

(2π)3
f 2(k)

(Eb + k2/(2µ))

)−1

from Σ(E) =

∫
d3k

(2π)3
f 2(k)

E − k2/(2µ)
.

(1.51)
Comparing Eq. (1.51) to Eq. (1.51) gives

Z = λ2 . (1.52)

This allows one to write a relation between the probability of finding a compact
component, λ2, and the bare coupling g0. The Integral of Eq. (1.49) is convergent
even if f(k) = const, which in case of a S-wave coupling is satisfied by the LO
expansion of f(k) with f(0) = g0 [36]. Solving for g0 yields

g20 =
2πγ

µ2

(
1

λ2
− 1

)
+O

(
γ

β

)
, (1.53)

where β denotes the inverse range of forces. Note that higher order corrections are
impossible to include in a model-independent way. The bare coupling g0 appears in
the physical propagator of the bound state, such that one can write the corresponding
T-matrix for two continuum particles whose threshold lies in close proximity of the
bound state pole

TNR(E) =
g20

E + Eb + g20µ/(2π)(ik + γ)
(1.54)

where the subscript NR indicates non-relativistic normalization. Equation (1.54)
corresponds to a one-channel version of the Flatté parameterization.

So one can conclude, that a measurement of near-threshold data in principle allows
to determine the composition of the bound state wave function. Following Eq. (1.54),
the different behavior of compact and molecular structures is also reflected in the
effective range expansion

a = −21− λ
2

2− λ2

(
1

γ

)
+O

(
1

β

)
r = − λ2

1− λ2

(
1

γ

)
+O

(
1

β

)
,

(1.55)

where β denotes the inverse range of forces with β ≫ γ. For a pure molecule, one
finds that the scattering length a becomes maximal while r tends to be very small,
although typically greater than zero. Compact states are characterized by a small
scattering length of order 1/β while r → −∞

λ2 = 0 : a = −1

γ
, r = O

(
1

β

)
λ2 = 1 : a = −O

(
1

β

)
, r → −∞ .

(1.56)
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1.4. Hadronic Molecules

These differences can also have severe impact on the line shapes of such near-threshold
states. Solving Eq. (1.55) for Z in the zero-range approximation, namely neglecting
terms of O(1/β), results in

1− Z =

√
a

a+ 2r
=: X . (1.57)

As X is the probability of finding the two hadron composite component in the bound
state wave function, it is also called compositeness.

Production reaction, on the other hand, are sensitive to the residue of the bound
state pole, which is given by the effective coupling constant geff.. It is calculated by
multiplying the bare coupling with the wave-function renormalization

√
Z

g2eff. = Zg20 = 16πM2

(
1

γ

)
(1− λ2) +O

(
Eb

M

)
. (1.58)

Thus the effective coupling of such a system is bounded from above, becoming
maximal for a pure molecular state. The consequences of this important observation
are discussed later in this section.

In contrast the wave functions of resonances and virtual states are not normalizable
and Eq. (1.49) can not be employed, which makes the extension to states other than
bound states difficult. However, the formal definition of the field renormalization
factor Z allows to derive similar relations between Z, a, r and g2eff. for virtual states,
e.g. for Eq. (1.55) one simply needs to replace γ with −γ to get relations for a virtual
state. Further using the fact that a probabilistic interpretation requires |X| ∈ (0, 1),
Ref. [33] introduced

X̄A = 1− Z̄A =

√
1

1 + |2r/a|
. (1.59)

Note that this choice is not unique and alternative suggestions exist, eg. Ref. [37].
By construction Eq. (1.59) agrees with Weinberg’s original formula ( Eq. (1.57)) in
its regime of applicability. Ref. [33] used the fact that by varying QCD parameters
like quark masses, a bound state pole can transition into either a virtual state or a
resonance and therefore allow for a connection between them.

Both Weinberg’s original formula and its extensions are generally based on the fact
that the scattering amplitude near threshold fulfills the effective range expansion,
which is typically expected in systems where the momenta are smaller than the inverse
range of forces. While true in most cases, Ref. [38] demonstrated that scattering
amplitudes may have zeros close to threshold, which invalidate the effective range
expansion.
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1.4.2. Lineshapes
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Figure 1.2.: Resulting count rate for a bound state decaying into its constituents R→ a, b,
with one of the constituents further decaying into b→ cd, for different width
of the constituents Γb.

For more deeply bound states like the Y (4230) with Eb ≈ 60 MeV uncertainties are
of the same order as the compositeness itself. However, as derived in Eq. (1.58), the
coupling of a hadronic molecule to the two hadron continuum becomes maximal.
Consequently, the constituents threshold can significantly distort the lineshape of
a molecular resonance [36, 39]. In case of the Y (4230), one of its constituents, the
D1(2420), is unstable itself and can decay into D∗π. To demonstrate the effects of
this one can choose a generalization of Eq. (1.54). The resulting count rate in the
elastic channel may be written as

∂T

∂E
∝

1 + ig2

2
(∂keff/∂E)

(E + Eb +
g2

2
(ikeff + γ) + iΓ0/2)2

, (1.60)

where

keff(E) =
√
µ

√√
E2 + Γ2

b/4 + E + i
√
µ

√√
E2 + Γ2

b/4− E

is introduced to account for the constituents width Γb [39].
The emerging lineshapes for the example of the X(3872) as a D∗D̄ molecule are
shown in Fig. 1.2, using

m1 = 1865 MeV, m2 = 2007 MeV, Γ0 = 1.5 MeV, gab = 0.1 MeV . (1.61)
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1.4. Hadronic Molecules

Starting with a true bound state, i.e. Γb = 0 MeV, denoted by the black dotted
curve in figure 1.2, the lineshape is only non-zero above the threshold with a peak
structure at slightly higher energies. However, if the constituent has a non-vanishing
width, coupling strength can leak below the threshold and enhance the pole structure
itself, where the relevant parameter is given by the binding energy over the width of
the constituent Eb/Γb.

1.4.3. Powercounting

→ =

Figure 1.3.: The 1st diagram shows the contribution to the 2-body self energy for an
unstable particle involved. Interchanging momenta of the final particles as
shown in the second diagram reveals, that the One-pion exchange in the 3rd
diagram is of the same order as the first one.

In order to estimate the uncertainties of an effective field theory a proper power
counting scheme is necessary. However, no theoretical agreement is found for doubly
heavy systems, with XEFT and Weinberg counting being the most prominent
proposals in the present situation. XEFT, based conceptually on the KSW scheme
introduced for NN scattering [40], was first introduced to investigate the pion
dynamics for the X(3872), under the assumption that it is a D∗D̄ molecule [41].

The starting assumption in XEFT is that the typical pion momentum is small, so all
momentum scales above pπ ≈ pD ≈ µ are integrated out. As energies are treated
non-relativistically, they are of order momentum squared. Consequently, the one
pion exchange as well as the momentum-independent contact interactions are naively
of order O(1). In that sense, the theory is perturbative and therefore cannot produce
bound states. Since bound states are formed, the corresponding scattering length is
large. Therefore, the momentum-independent contact terms must scale like O(p−1)
and are treated non-perturbatively.

The classical Weinberg power counting [42] on the other hand requires to calculate
a potential up to order O((pΦ/Λχ)n). The resulting potential is then used in a
scattering equation, thus also including the one-pion exchange non-perturbatively.
For 3-body systems, this yields some significant deviation between the two power
countings [43].

We study systems where πD loops provide inelasticises for resonances. Those need
to be resummed. To see that this naturally calls for a resummation also of the
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one-pion exchange let us look at DD∗ scattering - the system that generates the
Tcc(3875). The Lagrangian for D∗Dπ introduced later in Section 1.5 gives rise to
both a momentum-dependent self-energy of the D∗ and a one-pion exchange in the
D∗D system, shown as the first and last diagram of Fig. 1.3. As both diagrams
can be converted into each other by simply changing the momenta of the final
state particles, both are naturally of the same order. Therefore, it is essential for
the 3-body dynamics to include both the momentum-dependent self-energy as well
as the one-pion exchange simultaneously to not violate 3-body unitarity [44]. In
their analysis of the Tcc, Ref. [45] investigated the effects of a perturbative and
non-perturbative inclusion of the one-pion exchange. Considering no 3-body effects
or only the momentum-dependent D∗ self energy non-perturbatively, following XEFT,
leads to significantly different pole parameters. Ref. [45] demonstrates that both
dynamical ingredients, the D∗ self-energy as well as the one-pion exchange, need
to be considered non-perturbatively to achieve 3-body unitarity and allow for a
meaningful pole extraction.

1.5. Heavy Meson Chiral Perturbation Theory

From the derivation of heavy quark effective theory we find that for hadrons that con-
tain one or more heavy quark the chromomagnetic interaction is strongly suppressed,
leading to the conservation of the heavy quark spins. When studying hadronic
molecules, however, it is not appropriate to work on quark level, but hadrons need
to be considered as degrees of freedom, following the ansatz from chiral perturbation
theory. This further allows for a proper inclusion of the Goldstone bosons. To
construct a Lagrangian that is invariant under both heavy-quark spin and chiral
transformation it is useful to define superfields representing the different light-quark
spin multiples of heavy mesons, that have the correct transformation properties [46].

The ground states of heavy mesons with light quark quantum numbers jPℓ = 1
2

−
,

namely {D,D∗}, will be denoted by Ha. For angular momentum L = 1 two spin

multiplets emerge, one with jPℓ = 3
2

+
containing the spin pair {D1, D2} and one with

jPℓ = 1
2

+
containing {D′

0, D
′
1} denoted by Ta and Sa, respectively. We may thus write

H(Q)
a =

1 + /v

2
[D∗µ

a γµ −Daγ5] ,

T (Q)µ

a =
1 + /v

2

[
Dµν

2a γν −
√

3
2
D1aνγ5(g

µν − 1
3
γν(γµ − vµ))

]
S(Q)
a =

1 + /v

2

[
D′µ

1 γµγ5 −D′
0a

]
,

(1.62)
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where a is the SU(3) flavor index. We have, e.g., for jPℓ = 1
2

−

Da = (D0, D+, D+
s )

D∗
aµ = (D∗0

µ , D
∗+
µ , D∗+

sµ ) .
(1.63)

The heavy field operators contain a factor
√
MH and therefore have dimension 3/2.

Under SU(3)L ⊗ SU(3)R chiral symmetry the superfield transform like

Ha → HbU
†
ba , (1.64)

where U is a unitary matrix introduced in Section 1.3.1. Under heavy-quark spin
symmetry it transforms like

Ha → SHa , (1.65)

where S ∈ SU(2) as demonstrated in Eq. 1.38 and below. At last, under Lorentz
transformations

Ha → D(Λ)HaD(Λ)−1 , (1.66)

where D(Λ) ∈ O(1, 3) is a representation of the Lorentz group. As pair creation
is suppressed in HQET the field operators, eg. D∗µ

a and Da for the ground state,
only destroy the corresponding D∗µ

a , Da mesons with 4-velocity v. The superfields
creating heavy mesons are given by

H̄(Q)
a = γ0H

(Q) †
a γ0 =

[
D∗µ †
a γµ +D†

aγ5
] 1 + /v

2

T̄ (Q)µ

a = γ0T
(Q)µ †
a γ0 =

[
Dµν †

2a γν +
√

3
2
D†

1aν(g
µν − 1

3
(γµ − vµ)γν)γ5

]
1 + /v

2
.

S̄(Q)
a = γ0S

(Q) †
a γ0 =

[
D′µ †

1a γµγ5 −D
′ †
0a

] 1 + /v

2
.

(1.67)

The corresponding superfields containing an anti-heavy quark Q̄ can be constructed
using the charge conjugation operator C = iγ2γ0, where we are following the conven-

tion CD(Q)
a C−1 = D

(Q̄)
a and CD∗(Q)

a C−1 = −D∗(Q̄)
a
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H(Q̄)
a =

[
D∗(Q̄)
aµ γµ −D(Q̄)

a γ5

] 1− /v
2

H̄(Q̄)
a = γ0H

(Q̄)†
a γ0 =

1− /v
2

[
D∗(Q̄)µ †
a γµ +D(Q̄) †

a γ5

]
T (Q̄)µ
a =

[
D

(Q̄)µν
2a γν −

√
3
2
D

(Q̄)
1aνγ5(g

µν − 1
3
(γµ − vµ)γν)

]
1− /v
2

T̄ (Q̄)µ
a = γ0T

(Q̄)µ †
a γ0 =

1− /v
2

[
D

(Q̄)µν †
2a γν +

√
3
2
D

(Q̄) †
1aν (gµν − 1

3
γν(γµ − vµ)γ5)

]
S(Q̄)
a =

[
D′µ†

1a γµγ5 −D′
0a

] 1− /v
2

S̄(Q̄)
a = γ0S

(Q̄) †
a γ0 =

1− /v
2

[
D′µ†

1a γµγ5 −D′
0a

]
,

(1.68)
where ⟨...⟩ denotes the tracing over the Dirac matrices, Λχ ≈ 4πfπ the chiral symmetry
braking scale and Dµ = ∂µ + Vµ, D′

µ = ∂µ − Vµ the covariant derivatives.

Pseudoscalar mesons couple through the vector Vµ and axialvector Aµ current
containing an even and odd number of boson fields, respectively,

Vµ =
1

2
(u†∂µu+ u∂µu

†)

Aµ =
i

2
(u†∂µu− u∂µu†) ,

(1.69)

conserving chiral symmetry [47]. Chiral symmetry violation is introduced via con-
structions of the kind

χ± = u†χu† ± uχ†u , (1.70)

with χ = 2BM , where M is the quark mass matrix and B a scale parameter related
to the chiral condensate. Here the exponential parameterization is employed for the
light Goldstone boson fields, where u =

√
U consistent with Eq. (1.18):

u =exp

(
i

Φ√
2fπ

)

Φ =


π0
√
2
+ η8√

6
π+ K+

π− − π0
√
2
+ η8√

6
K0

K− K̄0 −2η8√
6

 ,

(1.71)

with fπ = 92 MeV denoting the pion decay constant in the chiral limit. The
Lagrangian is constructed by imposing invariance under heavy-quark spin and chiral
transformation [19, 48–50].
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The mass and kinetic terms are

Lkin =i⟨H̄bvµD
µ
baHa⟩+

fπ
2

4

(
⟨∂µu∂µu†⟩+ ⟨χ+⟩

)
+⟨S̄µb (ivνD

ν
ba − δba∆S)Saµ⟩+ ⟨T̄ µb (ivνD

ν
ba − δba∆T )Taµ⟩ ,

(1.72)

where ∆S and ∆T denote the mass difference due to hyperfine splitting in the
{D′

0, D
′
1} and {D1, D2} doublet, respectively. The relevant terms for the interaction

are given by

Lint = g⟨H(Q)
b A/baγ5H̄

(Q)
a ⟩+ g3⁄2⟨T (Q)µ

b A/baγ5T̄ (Q)
aµ ⟩

+
h1
Λχ
⟨T (Q)µ

b (DµA/)baγ5H̄(Q)
a ⟩+

h2
Λχ
⟨T (Q)µ

b ( /DAµ)baγ5H̄(Q)
a ⟩

+ g⟨H̄(Q̄)
a A/abγ5H

(Q̄)
b ⟩+ g3⁄2⟨T̄ (Q̄)µ

a A/abγ5T (Q̄)
b µ ⟩

+
h1
Λχ
⟨T̄ (Q̄)µ

a (A/
←−
Dµ)abγ5H

(Q̄)
b ⟩+

h2
Λχ
⟨T̄ (Q̄)µ

a (Aµ
←−
/D)abγ5H

(Q̄)
b ⟩+ h.c. .

(1.73)

1.5.1. Coupling constants

The relation between the decay width and the effective coupling of a resonance R
with total angular momentum JR decaying into the two-body final state a in the
narrow width approximation is given by [51]

ΓR→a =
1

mR

ρa(m
2
R)

(
1

2JR + 1

)∑
pol.

|MR→a|2 , (1.74)

where mR denotes the resonance mass, the phase space factor is

ρa(m
2
R) =

2pa(mR)

16πmR

(1.75)

and pa denotes the relative momentum of the decay particles in the rest frame of the
resonance,

pa(mR) =

√
(m2

R − (ma,1 +ma,2)2)(m2
R − (ma,1 −ma,2)2)

(2mR)
, (1.76)

with ma,i for the masses of the particles in channel a. The summation runs over the
polarizations of the final and initial state, respectively, if necessary. The pertinent
matrix elements can be read off the Lagrangian given in Eq. (1.73) straightforwardly
allowing one to determine the couplings from the experimentally measured decay
widths.
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1.5.2. Superfield H → HΦ transition

The Lagrangian for the transition of a jPℓ = 1
2

−
superfield into 1

2

−
and a Goldstone

boson is given by
LHHπ = g⟨Hb /Abaγ5H̄a⟩ . (1.77)

Expanding the relevant terms for D∗ → DΦ results in

LD∗→DΦ =
g

4
√
2fπ

[
D∗

αD
†∂µΦ

]
⟨(1 + /vD∗)γ

αγµ(1 + /vD)⟩

=
g

4
√
2fπ

[
D∗

αD
†∂µΦ

]
(4 (vD∗ · vD + 1) gαµ)

L.O.
=

√
2g

fπ

[
D∗

αD
†∂αΦ

]
.

(1.78)

At leading order in HQET the velocity of the heavy mesons do not change due to
the mass degeneracy in the multiplets. As the pion 4-momentum is contracted with
the D∗ polarization vector, only the spacial components remain

V (D∗
b → DaΦba) =

√
2g

fπ
τba(pπ · ϵD∗)

√
mD∗mD = gπ1 τba(pπ · ϵD∗) , (1.79)

where τba is the corresponding isospin coefficient.
The squared matrix-element for the transition of D∗a → Dbϕab, summed over the
D∗ polarization, is given by∑

pol.

|MD∗Dπ|2 =
2g2c2abpπD(mD∗)2

fπ
2 mD∗mD , (1.80)

where the coefficient cab can be read off from the Goldstone boson matrix provided in
Eq. (1.18): c+0 = 1 and c++ = 1/

√
2. Using eq. (1.74) we extract for D∗+ → D0π+

|g(D∗+ → D0π+)| =

√
12fπ

2πΓ(D∗+ → D0π+)

pπD(mD∗)3
mD∗+

mD0

≈ 0.57 , (1.81)

where the central values listed in the Review of Particle Physics by the Particle Data
Group [51] were used

Γ(D∗+ → D0π+) = BR(D∗+ → D0π+) · ΓD∗+

full = 0.677 · 83.4 keV = 56.4 keV .
(1.82)

Analogously from D∗+ → D+π0 we find

|g(D∗+ → D+π0)| =

√
24fπ

2πΓ(D∗+ → D+π0)

pπD(mD∗)3
mD∗+

mD+

≈ 0.57 , (1.83)
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with Γ(D∗+ → D+π0) = 25.6 keV. Therefore we use g = 0.57 in our calculations
in line with the non-relativistic limit in Ref. [52] and lattice calculations [53]. The
Lagrangian for D∗D∗π is given by

LD∗→D∗π =
g

4
√
2fπ

D∗
αD

∗†
βΦpµ⟨(1 + /v(1))γαγµγ5γ

β(1 + /v(2))⟩

=
g

4
√
2fπ

D∗
αD

∗†
βΦpµ

[
4i
(
v(1)ν ϵαβµν + v(2)ν ϵαβµν

)]
L.O.
=

√
2ig

fπ
D∗iD∗†jΦpkϵ

ijk ,

(1.84)

resulting in the vertex

V (D∗
b → D∗

aΦba) = i

√
2g

fπ
ϵiD∗ϵ

∗ j
D∗pkπτbaϵ

ijkmD∗ = igπ2 ϵ
i
D∗ϵ

∗ j
D∗pkτbaϵ

ijk , (1.85)

where gπ2 =
√
2g
fπ
mD∗ .

1.5.3. Superfield T → HΦ transition

The interaction of the jPℓ = 3
2

+
dublet {D2, D1} with {D∗, D} and the Goldstone

bosons Φ given in Eq. (1.73) can be re-expressed as

LTHπ = i
h1
Λχ
⟨T (Q)µ

b (Dµ /A)baγ5H̄
(Q)
a ⟩+ i

h2
Λχ
⟨T (Q)µ

b ( /DAµ)baγ5H̄(Q)
a ⟩+ h.c.

= − h
′

fπ
⟨T (Q)µγν(∂µ∂νΦ)γ5H̄

(Q)⟩+ h.c. ,

(1.86)

where h′ = (h1 + h2)/Λχ.
The resulting Vertex for D1 → D∗π is

LD1D∗π =
h′

4fπ

√
3

2
(D1)α(D

∗)βΦpµpν

⟨(1 + /vD1
)γ5(g

µα − 1

3
γα(γµ − vµD1

))γνγ5γ
β(1 + /vD∗)⟩

L.O.
=

√
2

3

h′

fπ
(D1)α(D

∗)βΦ

(3pαpβ − (p2 − (p · v)2)gαβ − (p · v)(pαvβ + pβvα)) .

(1.87)

Due to the Proca-constraint the last term vanishes, as a heavy-field is contracted
with the velocity v. The 0th component drops out, such that the D-wave scales with
the 3-momentum squared.

LD1D∗π =

√
2

3

h′

fπ
(D1)i(D

∗)jΦ(3p
ipj − p2δij) , (1.88)
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1. Theoretical foundation

The decay of the narrow D1 into D
∗π is predominately in a D-wave, since the S-wave

is suppressed by heavy-quark spin symmetry, which calls for the conservation of
the light quark total angular momentum in the decay. However, violations of this
symmetry in the charm sector can be sizeable. To get an estimate for the S-wave
strength in the D1 decay, we can use the fact that the spin partner of the D1, the
D2, can only decay into D∗π and Dπ in a pure D-wave due to the total angular
momentum conservation [54]. From Eq. (1.86) it follows

LD2D∗π =
h′

4fπ
(D2)µα(D

∗)βΦp
µpν⟨(1 + /vD2

)γαγνγ5γ
β(1 + /vD∗)⟩

L.O.
=

2ih′

fπ
(D2)µα(D

∗)βΦp
µpνvγϵ

αβνγ ,

(1.89)

resulting in

LD2D∗π =
2ih′

fπ
(D2)ik(D

∗)jΦpiplϵ
kjl . (1.90)

Analogously the Lagrangian for D2 → Dπ is given by

LD2Dπ =− h′

4fπ
(D2)µαD

†(∂µ∂νΦ)⟨(1 + /vD2
)γαγν(1 + /vD)⟩

L.O.
=
h′

fπ
(D2)µαDΦpµpν(v2 + 1)gαν .

(1.91)

The 0th component of field contraction goes to 0, yielding

LD2Dπ =
2h′

fπ
(D2)ijp

ipjD†Φ . (1.92)

Adding the partial widths, according to Eq. (1.74), the total width of the D2 is given
by

ΓD2 =
1

5

ρπD∗(m2
D2
)

mD2

∑
pol.

|MD2→D∗π|2

+
1

5

ρπD(m
2
D2
)

mD2

∑
pol.

|MD2→Dπ|2,
(1.93)

with ∑
pol.

|MD2→D∗π|2 =
3

2

2h′2

fπ
2 pπD∗(mD2)

4mD2mD∗

∑
pol.

|MD2→Dπ|2 =
3

2

4h′2

3fπ
2pπD(mD2)

4mD2mD ,

(1.94)
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1.5. Heavy Meson Chiral Perturbation Theory

where the factor 3/2 in front of each term results from adding the partial widths of
the D(∗)+π0 and D(∗)0π+ in line with what was done for the decay of the D∗. Using
ΓD2 = 47.3 MeV [51], one can extract h′ = 0.82 GeV−1. Our calculation is not
sensitive to the sign of this coupling which we chose positive.
Allowing for a D∗π S-wave, the expression for the total width of the D1 reads

ΓD1 =
1

3

ρπD∗(m2
D1
)

mD1

∑
pol.

|Ms−wave
D1→D∗π|

2

+
1

3

ρπD∗(m2
D1
)

mD1

∑
pol.

|Md−wave
D1→D∗π|

2,

(1.95)

From Eq. (1.88) one finds∑
pol.

|Md−wave
D1→D∗π|

2 =
h′2

fπ
2pD∗π(mD1)

4mD1mD∗ , (1.96)

where again a factor 3/2 was included to account for the two possible final states.
With h′ fixed above, one finds Γd-waveD1

= 15 MeV, in agreement with Ref. [54]. Since
the total width of the D1(2420) is 31 MeV [51], the S-wave decay must generate the
remainder. Using

Ls-wave
D1D∗π = i

h′s√
6fπ

(
D1b ·D∗†

a

)
∂0ϕba (1.97)

one gets ∑
pol.

|Ms−wave
D1→D∗π|

2 =
h′2s ω

2
π

6fπ
2

3

2
mD1mD∗ , (1.98)

where ωπ denotes the energy of the pion and again the factor 3/2 accounts for the
two decay channels D+

1 → D∗0π+ and D∗+π0. This leads to h′s = 0.57. Below we
study a pion angular distribution, which is sensitive to the relative sign of h′ and h′s.
We already account for the observation that the data call for equal signs of the two.

1.5.4. Superfield T → TΦ transition

The vertex functions presented in this section are only relevant for the full analysis
discussed in Sec. 3.

The transition of the jPℓ = 3
2

+
doublet {D2, D1} into {D2, D1} and a Goldstone

bosons Φ is given in Eq. (1.73) by

LTTΦ = g3⁄2⟨T (Q)µ
b A/baγ5T̄ (Q)

aµ ⟩ . (1.99)

The resulting vertex for D2 → D1π reads
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LD2D1Φ =−
√
3g3⁄2

fπ
Dµν

2 Dβ †
1 pα

〈
(1 + /vD2

)γνγαγ5(gµβ −
1

3
(γµ − vD1 µ)γβ)γ5(1 + /vD1

)

〉
L.O.
= − i 8g

3⁄2√
3fπ

Dµν
2 Dβ †

1 pα
(
2gανgβµ − gαµgβν + gαβgµν

+gαβvµvν − gανvβvµ + gβνvαvµ
)
.

(1.100)
Due to the Proca constraint, the terms in the second line proportional to vµvν vanish,
such that the vertex is given by

LD2D1Φ = −i 8g
3⁄2√
3fπ

(
2Dµν

2 D†
1µpν −D

µν
2 D†

1 νpµ +Dµ
2µD

†
1 νp

ν
)

= −i 8g
3⁄2√
3fπ

Dij
2 D

†
1 ipj .

(1.101)

Here we exploited that the polarization vector for a Spin-2 particle corresponds to a
symmetric rank-2 tensor, i.e. it is symmetric under the exchange of its indices and
its trace vanishes in d = 4 dimensions.

Analogous to D∗ → D∗Φ in Eq. (1.84), the jPℓ = 3
2

+
doublet can also emit a pion in

a P−wave for D1 → D1Φ and a P− or E−wave for D2 → D2Φ. The corresponding
lagrangian for the former reads

LD1D1Φ =
3g3⁄2

2fπ
Dν

1D
β †
1 pα

×
〈
(1 + /vD1

)γ5(g
µν − 1

3
γν(γµ − vµD1

))γαγ5(g
µβ − 1

3
(γµ − vµ

D†
1

))γ5(1 + /vD†
1
)

〉
L.O.
= i

20g3⁄2

3fπ
Dν

1D
β †
1 pαvδϵαβνδ

=i
20g3⁄2

3fπ
Di

1p
jDk †

1 ϵijk .

(1.102)
The vertex for the pion emission of the D2 in a P−wave is given by

LD2D2Φ =− g3⁄2

4
√
2fπ

Dµν
2 D†

2µβp
α
〈
(1 + /vD2

)γνγαγ5γβ(1 + /vD†
2
)
〉

L.O.
= i

2g3⁄2

fπ
Dµν

2 D†
2µβp

αϵαβνδ

=i
2g3⁄2

fπ
Dij

2 p
kDil †

2 ϵjkl ,

(1.103)

where g3⁄2 is a free parameter to be determined in a fit.
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1.5. Heavy Meson Chiral Perturbation Theory

1.5.5. Superfield HH̄ → cc̄ transition

We now come to the description of the doubly heavy vector fields of relevance to
this study. In the case of a meson with two heavy quarks Q̄Q, degeneracy is still
expected under the rotation of both heavy quark spins, allowing us to write Q̄Q
superfields just from the spin structure [46, 55]

Jµ1...µl =
1 + /v

2

[
Hµ1...µlα
l+1 γα +

1√
l(l + 1)

∑
i

ϵµiαβγvαγβH
µ1...µi−1µi+1...µl
lγ

+
1

l

√
(2l − 1)(2l + 1)

l∑
i=1

(γµi − vµi)Hµ1...µi−1µi+1...µl
l−1

− 2

l
√

(2l − 1)(2l + 1)

∑
i<j

(gµiµj − vµivµj) γαH
αµ1...µi−1µi+1...µj−1µj+1...µl
l−1

+ Kµ1...µlγ5
1

1

]
1− /v
2

.

(1.104)
The ℓ = 0 superfield R(QQ̄) contains the {J/ψ,ηc} doublet and can be expressed as

R(QQ̄) =
1 + /v

2
[J/ψµγµ − ηcγ5]

1− /v
2

, (1.105)

where the interaction with D/D∗ is given by the Lagrangian

LHHR =
gHHR
2
⟨R(QQ̄)H̄2a

↔
∂/H̄1a⟩ , (1.106)

with A
↔
∂µB = A(∂µB)− (∂µA)B. The resulting vertex factors are

VJ/ψDD =gJ/ψDD̄(ϵJ/ψ · q)
VJ/ψD∗D =gJ/ψD∗D̄iϵijkϵ

i
J/ψϵ

j
D∗qk

VJ/ψD∗D∗ =− gJ/ψD∗D̄∗
[
(ϵJ/ψ · ϵ2)(ϵ1 · q)

−(ϵJ/ψ · q)(ϵ1 · ϵ2) + (ϵJ/ψ · ϵ1)(ϵ2 · q)
]
,

(1.107)

with q = k
(Q)
1 − k(Q̄)

2 = denoting the relative residual momentum between the D
mesons. At leading order the masses of the multiples are degeneratemD∗ = mD = mH

and q simplifies to q = p1 −mHv − p2 +mHv = p1 − p2. The coupling is traditionally
parameterized as

gJ/ψAB =
mJ/ψ

√
mAmB

mDfJ/ψ
, (1.108)
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1. Theoretical foundation

which includes the leading spin-symmetry violating effects via the mass factors. The
ℓ = 1 superfield P (QQ̄) contains the spin triplet χc0, χc1, χc2 and the singlet hc

P (QQ̄)µ =
1 + /v

2

(
χµα2 γα +

1√
s
ϵµαβγvαγβχ1γ

+
1√
3
(γµ − vµ)χ0 + hµ1γ5

)
1− /v
2

.

(1.109)

Due to the Proca-constraint, P µvµ, the leading order Lagrangian for the interaction
of the ℓ = 1 spin-multiplet with D and D∗ contains only a single term:

LHHP = i
gHHP
2

〈
P (QQ̄)µH̄2aγµH̄1a

〉
. (1.110)

From this the vertex factors evaluate to

VhcD∗D = −2ghc(ϵ∗D∗ · ϵhc)
√
mhcmD∗mD

VhcD∗D∗ = 2ighcϵαβτσmhcv
αϵβhcϵ

∗τ
1 ϵ

∗σ
2

√
m2
D∗

mhc

= 2ighcϵijkϵihcϵ
∗j
1 ϵ

∗k
2

√
m2
D∗mhc ,

(1.111)

where we fixed α = 0. The coupling is parameterized as

ghc = −mχc0

3

1

fχc0

, (1.112)

where fJ/ψ = 416 MeV was determined using vector-meson dominance (VMD) [56]
and fχc0 = (510 ± 40) MeV obtained from results of QCD sum rules [57]. Those
parameters carry a systematic uncertainty which is difficult to quantify. We allow
fJ/ψ to vary within 10% of its value in the fits, while we fix fχc0 to its central value,
since the fits of our initial study are not sensitive to this quantity.

1.5.6. Additional vertices

Photons couple via the field-strength tensor F µν = ∂µAν − ∂νAµ, where Aµ denotes
the photon field. In this way gauge invariance is preserved automatically. The
production of a vector resonance from a photon is thus described by

LV γ =
e

2fV
VµνF

µν ≈ em2
V

fV
VµA

µ , (1.113)

where Vµν = ∂µVν − ∂νVµ and V denotes either the field for the Y (4230) or the
ψ(4160). The implications of heavy quark spin symmetry on charmonium production
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from photons are discussed later in Sec. 2.2.1, but as the production of the Y (4230)
must go via the broad D1(2430), we may allow for a complex phase at the vertex.
For the decay of Y (4230)→ X(3872)γ we can describe the E1 transition of D1 going
to D∗γ with the following Lagrangian

LTHγ =
ca
2
⟨T iaH̄a⟩Ei , (1.114)

where Ei denotes the electric component of the photon field.

1.6. Analiticity and unitarity

1.6.1. S-matrix theory

Considering a short ranged interaction, the S-matrix S is a unitary operator con-
necting asymptotically free initial |i, in⟩ and final |i, out⟩ particle states undergoing
a scattering process, describing the time evolution from t = −∞ to t =∞

|i, out⟩ = S|i, in⟩. (1.115)

Generally for a two channel system it can be written as

S =

(
ηe2iδ1 i

√
1− η2ei(δ1+δ2)

i
√

1− η2ei(δ1+δ2) ηe2iδ2

)
, (1.116)

where η denotes the elasticity of the process and δi the respective channels physical
phase shift. The T-matrix T is defined as the non-trivial part of the S-matrix,
containing all information of the interaction.

Sij = 1 + 2i
√
ρiTij
√
ρj , (1.117)

with ρ being the two particle phase space defined in Eq. (1.75). The elasticity of the
contemplated process can be expressed with the T-matrix by

η = mod (1 + 2iρ1T11) . (1.118)

S and T are analytical over the whole complex plane of the physical sheet up to
branch cuts on the real axis required by unitarity and possible poles below threshold
due to bound states. Every opening of a new threshold comes with a branch cut
located at threshold energy sth along the real axis, as shown in figure 1.4(a). The
discontinuity of this so called right-hand cut is in terms of the T-matrix defined by

discT (s) = lim
ϵ→0+

(T (s+ iϵ)− T (s− iϵ)). (1.119)
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Figure 1.4.: The left plot shows a schematic depiction of the imaginary part of the first
Riemann sheet of a T-matrix, the black line denotes the real axis (+iϵ).
The right plot shows the imaginary part of the first Riemann sheet and the
adjacent second Riemann sheet containing a resonance pole.

Using the Schwartz reflection principle for complex analytical functions

T (s∗) = T (s)∗ (1.120)

a relation between discontinuity and imaginary part is given by

discT (s) = T (s+ iϵ)− T (s− iϵ) = T (s+ iϵ)− T ∗(s+ iϵ) = 2iIm (T (s)). (1.121)

For the opening of a threshold involving unstable particles the corresponding branch
cut moves into the complex plane. The branch point itself shifts according to the
particles width, as demonstrated in the right plot of figure 1.5. To be precise, the
branch point is split in two in accordance with the Schwartz reflection principle.
However, the second branch point has negligible influence on the real axis for a
remote threshold. The imprint of the relevant cusp on the real axis appears smoother
the greater the width of the particle is, as demonstrated in figure 1.6. In general
such T-matrix can also contain a left-hand cut due to crossing symmetry, opening at
some energy sleft going to negative ∞.

Resonances manifest themselves as poles on the adjacent second Riemann sheet, also
called unphysical sheet as shown in figure 1.4(b). The position sp of these poles
contain information about mass m and decay width Γ of the corresponding resonance

√
sp = m− iΓ

2
. (1.122)

The unitarity of the S-matrix is directly linked to the conservation of probability P ,
which for a transition from |in⟩ to |out⟩ states is given by

P = |⟨in|out⟩|2 = |⟨in|S|in⟩|2. (1.123)
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Figure 1.5.: Schematic depiction of the imaginary part of a 2 channel T-matrix. The left
plot shows the physical sheet with respect to the lower threshold in green,
which generates a branch cut on the real axis. The right plot additionally
shows the physical sheet with respect to the second threshold involving
unstable particles in yellow. The width of the constituents shift the branch
point in the complex plane. The blue dot corresponds to a bound state pole
of the second threshold.
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Figure 1.6.: Imaginary part of the T -matrix evaluated on the real axis at the threshold of
some particles a, b for varying width Γb of particle b.

From the elastic unitarity of the S-matrix a condition constraining the T-matrix can
be found

S†S = 1→ Im (T−1) = −ρ, (1.124)

which is analogous to the optical theorem in a single channel case

Im (T ) = T †ρT. (1.125)
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1.6.2. Dispersion theory

s
γ

Re z

Im z

sp

s

sp

γ

Re z

Im z

f(z + iϵ)

f(z − iϵ)

Figure 1.7.: Contour γ for f(z) in the presence of a discontinuity on the positive and
negative real axis marked by red, as well as a pole at z = sp. The left plot
shows the initial contour that is deformed according to the right plot.

Dispersion theory is a powerful non-perturbative tool enabling one to calculate
a unitary and casual function f(s) from just its imaginary part and residues of
eventually present bound states [58]. To obey unitarity and causality the function
has to be analytic in the whole complex plane with exception of the branch cut on
the real axis and potential bound state poles. The discontinuity of the function can
be related to the imaginary part using the Schwartz reflection principle. The residues
of bound states will be omitted below as they do not occur in ππ scattering relevant
to this work. Expressing f(s) in terms of a Cauchy integral gives

f(s) =
1

2πi

∮
γ

dz
f(z)

z − s
, (1.126)

where γ is a closed path. Here the function f must be holomorphic in the area
enclosed by γ.
As f(s) is analytic except for the branch cuts and poles on the real axis, the integration
path can be deformed as shown in figure 1.7. We omit residues of potential bound
state in the calculation below, as they do not occur in ππ scattering. Under the
assumption that for |z| → ∞ : f(z) → 0, the arc contribution will vanish and the
function can be expressed by
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f(s) =
1

2πi

∮
γ

dz
f(z)

z − s
=

1

2πi

(∮ ∞

sth

dz
f(z + iϵ)

z − s
+

∮ sth

∞
dz
f(z − iϵ)
z − s

)
=

1

2πi

∮ ∞

sth

dz
f(z + iϵ)− f ∗(z + iϵ)

z − s
=

1

2πi

∮ ∞

sth

dz
discf(z)

z − s
.

(1.127)

Expressing the discontinuity via the imaginary part gives the relation

f(s) =
1

π

∮
γ

dz
Im f(z)

z − s
. (1.128)

If the convergence of f(s) is not sufficiently fast resulting in f(z) → const. for
|z| → ∞ one can subtract the dispersion integral

f̃(s) =
f(s)− f(s0)

s− s0
, (1.129)

with the subtraction point s0 < sth, such that discf(s0) = 0. If the convergence is
now fast enough, one can write a relation for f̃(s)

f̃(s) =
1

π

∫ ∞

sth

Im f̃(z)

z − s
dz =

1

π

∫ ∞

sth

Im f(z)

(z − s)(z − s0)
dz. (1.130)

Rearranging equation (1.129), one obtains the once-subtracted dispersion integral
for f(s)

f(s) = f(s0) +
s− s0
π

∫ ∞

sth

Im f(s)

(z − s)(z − s0)
dz, (1.131)

where f(s0) is the subtraction constant. If the function still does not converge
properly, one can iterate this procedure at the cost of additional parameters in the
form of a subtraction polynomial.

1.6.3. Homogeneous Omnés problem

In general such function can contain left-hand cuts from crossing-symmetry, however,
for now we only consider the right-hand cuts, the so-called Homogeneous Omnés
problem. We consider f(s) to be a two-particle amplitude with definite isospin and
angular momentum. By unitarity, the discontinuity at the right-hand cut of such a
function in the elastic regime must be given by

discf = 2iT ∗ρf, (1.132)
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where T denotes the elastic on-shell scattering matrix with phase shift δ. Since the
discontinuity is purely imaginary and the phase space ρ is real above threshold, it
follows that T ∗f ∈ R. Therefore, T and f must share the same argument and one
can express f(s) in the elastic regime in terms of the corresponding scattering phase
shift δ(s)

f(s) = |f(s)|eiδ(s), (1.133)

which is known as Watson’s theorem [59]. Finding a solution for this function is
called the Omnès problem [60]. Assuming Ω(s) to be such a solution, P (s) · Ω(s)
with a polynomial P (s) ∈ R also fulfills the relation. Further, if Ω(s) is free of zeros
one may study the logarithm with discontinuity

disc(log(Ω(s))) = 2iδ(s). (1.134)

Using the dispersion relation (1.131) and choosing the subtraction point to be s0 = 0,
one obtains

Ω(s) = exp

(
s

π

∫ ∞

sth

δ(z)

z(z − s)
dz

)
, (1.135)

where Ω(s) is the so called Omnès function, which by convention is normalized to
Ω(s0) = 1. Using a phase shift which converges to a finite value lim

s→∞
δ(s) = c fixes

the high-energy behaviour of the Omnès function to be lim
s→∞

Ω(s)→ s−c/π.

1.6.4. Inhomogeneous Omnés problem

For the inhomogeneous Omnés problem the left-hand cuts from crossed channels are
considered in addition to the right-hand cuts. It is convenient to isolate the left-hand
cut of the scattering amplitude f by writing

f(s, z) =M(s, z) + I(s, z) , (1.136)

where M(s, z) only contains right-hand cuts and all left-hand cuts are contained
in I(s, z), the so-called inhomogeneity. The same separation is still valid for the
partial-wave projected amplitudes fL

f(s, z) =
∑
l

(2l + 1)fl(s)Pl(z), with fl(s) =Ml(s) + Il(s) . (1.137)

From unitarity the discontinuity along the right-hand cut is given by

discR ΩL ij(s) =
∑
k

2iT ∗
L ik(s)σk(s)ΩLkj , (1.138)
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where σk =
√

1− (4m2
k/s)Θ(s− 4m2

k) and i, j, ... denote the indices of the coupled
channels. One may now define the quantity

Il(s) = Ω−1
l (s)Ml(s) = Ω−1(s) (fl(s)− Il(s)) , (1.139)

which does not contain any left-hand cuts. Following the ansatz that discR Il = 0,
the discontinuity of I can be expressed by

discR IL = Ω−1
l ML − Ω−1 ∗M∗

L + Ω−1 ∗M−
L Ω

−1 ∗M∗
L

= −Ω−1 ∗discR Ω−1Ml + Ω−1 ∗discR (fl − Il)
= 2iΩ−1 ∗TLρIl − Ω−1 ∗discR Il

= 2iΩ−1 ∗TLρIl ,

(1.140)

where the coupled channel indices are dropped to simplify notation. Solving both Ωl
and Tl using their respective discontinuity equation

Ω−1 ∗ = (1− 2iT ∗
l ρ)

T ∗
l = (1− 2iT ∗

l ρ)
−1Tl ,

(1.141)

the discontinuity of Il may be written as

discR Il = 2iΩ−1
l TlρIl . (1.142)

In general the inhomogeneity Il can introduce additional branch cuts. However,
assuming that the branch points lie on unphysical sheets, Il can be reconstructed
dispersively

(Il(s))j = (Pn−1(s))j +
∑
km

sn

π

∫
dz

zn
Ω−1
jk (z)Tkm(z)σm(z)M0

m(z)

z − s
, (1.143)

resulting in

Ml(s) =
∑
k

Ωjk

[
(Pn−1)k +

∑
lm

sn

π

∫
dz

zn
Ω−1
kl (z)Tlm(z)σm(s)M0

m(z)

z − s

]
, (1.144)

where Pn−1 is the subtraction polynomial of order n− 1.
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2. The Y (4230) as a D1D̄ molecule

This chapter is largely built on our publication [61].

2.1. Introduction

Following the discovery of the first exotic state in the c̄c-sector in 2003, the χc1(3872),
also referred to as X(3872), many more states in the charmonium and bottomonium
mass range have been discovered showing properties that defy predictions from the
original quark model. For recent reviews see, e.g., Refs. [25, 26, 62–65]. Data in
the JPC = 1−− channel is particularly rich, as states containing c̄c can be created
directly in e+e−-collisions, allowing for a straightforward study in experiments such
as BaBar, Belle, and BESIII. This chapter focuses on the vector states in the mass
range from 4.2 to 4.35 GeV, which hosts most prominently the ψ(4230) also known
as Y (4230). BESIII claims an additional state located at 4.32 GeV to account for
the highly asymmetric line shape in the reaction e+e− → J/ψπ+π− [66, 67]. In
particular, their most recent analysis [67] revealed for the Breit-Wigner mass and
width of the Y (4230) in this channel

MY (4230) = 4221.4± 1.5± 2.0 MeV

ΓY (4230) = 41.8± 2.9± 2.7 MeV ,
(2.1)

and for the Y (4320)
MY (4320) = 4298± 12± 26 MeV

ΓY (4320) = 127± 17± 10 MeV ,
(2.2)

where the first and second uncertainty is statistical and systematic, respectively.
The Y (4320) is also necessary in their analysis of the J/ψπ0π0 channel [68], where
the parameters shown above are consistent with the data in this channel. However,
the Y (4230) is in total seen in eight additional channels shown in Fig. 2.1, with
admittedly largely inconsistent resonance parameters. However, the state Y (4320)
shows up in none of them, at least within the mass range consistent with Eq. (2.2),
not even in e+e− → J/ψKK̄ which is directly related to e+e− → J/ψππ by the
approximate SU(3) flavor symmetry of QCD.
The BaBar and Belle experiments reported an additional potential state with a
mass of about 4345 MeV, named Y (4360), in the ψ(2S)π+π− [77, 78] final state.
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2. The Y (4230) as a D1D̄ molecule

Figure 2.1.: Mass and width of the two Y -states discussed in the introduction as extracted
from the experimental analyses of the individual channels shown by the labels.
All data below a mass value below 4240 MeV is interpreted a Y (4230) and
the one data point above refers to the Y (4320). The experimental values are
taken from [67–76]. The red dot denotes the pole location for the Y (4230) as
extracted in this thesis.

In experiments by BaBar and Belle a state named Y (4360), with a mass of about
4345 MeV, was discovered in the ψ(2S)π+π− [77, 78] final state. However, the recent
BESIII measurement of the same channel revealed that the Y (4360) emerges due to
a subtle interference of the Y (4230) and a state at 4390 MeV with a width of 140
MeV [75], which is thus in a mass range close to the ψ(4415), although, twice as
wide. A signal at 4390 MeV with consistent parameters was also observed by BESIII
in the hcππ [73] and J/Ψη [69] final states. As this state is outside of the energy
range studied in this chapter, we do not discuss it here any further.

In the mass range from 4.2 to 4.35 MeV these results raise the following questions:

1. Why do the resonance parameters for the Y (4230) scatter so much in the
different final states? Even for the two data sets with the highest statistic,
the observed width of the Y (4230) deduced from the DD̄∗π channel is almost
twice as large as the width determined from the J/ψππ channel [71]?
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2. What can we learn from the cross section differences for Y (4230) in its various
decay channels? Note that the cross section in the DD̄∗π channel is about one
order of magnitude larger than those of hidden charm decays.

3. With regard to the previous point, why is the observed count rate for Y (4230)
in final states with both c̄c spin 1 (i.e. J/ψππ and ψ′ππ channels) and c̄c spin
0 (i.e. hcππ channel) of similar order, despite the production via a photon only
allowing for c̄c in spin 1? Can we understand this seemingly large violation of
heavy quark spin symmetry?

4. Why is the Y (4320) seen only in a single final state?

5. Can the apparent asymmetry of the J/ψπ+π− line shape be generated by the
opening of the D1(2420)D̄ channel just below the nominal mass of the Y (4320)?
Here the D1(2420) is the narrow axial vector with a width of about 30 MeV,
which decays into πD∗ predominantly in D-wave. The nearby D1(2430) has
a width of about 300 MeV and decays to the πD∗ channel predominantly in
S-wave. Thus, the broad D1 is not capable of producing structures as narrow
as those discussed here, although its mixing with the narrow D1, emerging
from spin symmetry violation, is relevant for the production of the Y (4320).

In this chapter we address the mentioned issues starting from the assumption that
the Y (4230) is a D1(2420)D̄ hadronic molecule, proposed originally in Ref. [79], and
refined in Ref. [80] by taking the D1D̄ cut properly into account and the triangle
singularity mechanism, which is crucial for the production of the Zc(3900).

2.1.1. Different structure assumptions

Before we lay out the observable consequences of a molecular nature in detail, we
present other possible structure assumptions put forward in the literature, namely
the hybrid, the hadrocharmonium and the compact tetraquark interpretation, as
well as studies that do not require a pole of the Y (4230) at all. The details will
be discussed in the following paragraphs, where we demonstrate the specific and
significant implications of a molecular structure of the Y (4230). For a general
introduction to the different binding mechanisms see the recent review Ref. [26].

Hadrocharmonium

In the hadrocharmonium picture exotic hidden charm states are viewed as a compact
c̄c state surrounded by a typically excited light quark cloud [81].
The main differences to the molecular picture in the context of the Y (4230) are
already discussed in Ref. [82]. The Y (4230) as a hadrocharmonium state naturally
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2. The Y (4230) as a D1D̄ molecule

explains its decay into final states that contain charmonium with additional light
quarks and the decoupling to D(∗)D̄(∗) channel, which would be expected for a
standard charmonium quark-model state. However, it appears at odds with the
previously mentioned fact that the Y (4230) is also observed in c̄c spin 0 final states
like hcππ, as HQSS calls for a conservation of the heavy quark spin. To overcome
this contradiction Ref. [83] proposed the Y (4230) emerges from the mixing of two
states, one with a spin 0 and one with a spin 1 c̄c core. This scenario calls for
an additional nearby vector state, with the aforementioned Y (4320) being a good
candidate. Furthermore, this mixing scenario implies the existence of four spin
symmetry partners [84]. For example, there should be two exotic ηc states, one in
between the two vector states, one significantly lighter than the Y (4230). In this
picture, it is difficult to understand why the cross section Y (4230)→ DD̄∗π is large.

Hybrid

The first theoretical works after its discovery proposed the Y (4230) to be a hybrid
state based either on phenomenological calculations [85–87] or heavy quark effective
field theory [88]. For a hybrid state in addition to quarks also gluons contribute to
the valence degrees of freedom. Ref. [89] investigated the dacays of heavy quarkonium
hybrids into conventional heavy quarkonia, disfavoring a pure hybrid interpretation
of the Y (4230) [89]. Similar to the hadrocharmonium picture the hybrid scenario
requires the mixing of two close-by vectors states with different spin of the c̄c
component. This again calls for the existence of both the Y (4230) and Y (4320) to
explain the transitions to heavy quarkonia with spin 1 and spin 0. Additionally, by
exploiting the SU(3) flavor symmetry between J/ψππ and J/ψKK̄, the rate of the
latter in a hybrid decay is larger than what was found in experiment.

Compact tetraquark

In the compact tetraquark picture the states are typically made of heavy-light
diquarks and anti-diquarks. This approach calls for four non-strange vector states
with masses in the range 4220 MeV and 4660 MeV [90, 91], since the diquarks
can have either spin one or spin zero allowing for the following spin couplings with
positive C parity, [0, 0]0, [1, 0]1 + [0, 1]1, [1, 1]0, [1, 1]2, with the spins of diquark and
antidiquark in the brackets and their total spin as subindex outside — note that a
state that contains two spin 1 substructures coupled to total spin 1 has negative C
parity. To get the negative parity needed for a vector state, an angular momentum of
1 needs to be introduced between the diquark and antidiquark that in addition flips
the C parity to the needed -1. For example, the currently preferred fit of Ref. [90]
includes both Y (4230) as well as Y (4320). An alternative approach to compact
tetraquarks, similar in spirit, but different in the realization, is outlined in Ref. [92].

44



2.1. Introduction

Thus, we see that three of the non-molecular scenarios prefer the presence of both
Y (4230) and Y (4320).

No pole scenario

For the scenarios requiring no pole the structure of the Y (4230) is generated either
by an interference effects of the well established vectorcharmonia or their strong
coupling to a nearby multi-hadron threshold. In Refs. [93, 94] the structure near√
s = 4230 MeV is generated from a strong coupling of the Y (4230) to the D∗

sD̄
∗
s

channel, which threshold lies roughly at 4225 MeV. This indeed provides a reasonable
description of the J/ψπ+π− data, however, no other channels are investigated and
it is unlikely that such a scenario allows a simultaneous description the other final
states, especially the DD̄∗π channel. The same statements apply to Ref. [94], where
the Y (4230) is generated from an interference of the neighbouring charmonium states.
We therefore do not consider these mechanisms any further.

2.1.2. General considerations

As we only consider the D1D̄ channel for now and include the contributions of the
D1D̄

∗ and D2D̄
∗ channels in a subsequent study (see Sec. 3), we first limit the

analysis to the energy range from 4.2 GeV to 4.35 GeV. The goal of this study
is to demonstrate that the available data in this mass range are consistent with
the presence of a single exotic state predominantly of molecular nature, which is
reflected in a large coupling to the D1D̄ channel as shown in section 1.4. For this
we perform a combined analysis of eight different final states produced in e+e−

annihilation, namely D0D∗−π, J/ψπ+π−, J/ψK+K−, hcπ
+π−, µ+µ−, χc0(1P )ω,

J/ψη and X(3872)γ, under the assumption that the Y (4230) is a D1D̄ molecule.
The molecular scenario for the Y (4230) was already advocated in Refs. [95, 96]
based on an analysis of older data in the J/ψππ and hcππ channels. It is crucial to
emphasize that, while certain properties of the data emerge naturally in the current
analysis, there are cases where fine-tuned parameters are necessary. Moreover,
to obtain a coherent picture, it is unavoidable to include the interference with an
additional vector state whose properties we fix to those of the well-known charmonium
state ψ(4160), discussed in section 2.2.3.
Since this work is considered exploratory, a few disclaimers must be given. These
will be overcome in our subsequent project, which is presented in section 3.

• We treat the effect of the interference of the ψ(4160) with the Y (4230) pertur-
batively. While this simplifies the fitting, it violates unitarity since only terms
linear in the vector propagators are included in the evaluation of the hadronic
cross sections.
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2. The Y (4230) as a D1D̄ molecule

• To accelerate the fitting, we approximate the imaginary parts in the denom-
inators of the resonance propagators for ψ(4160), Y (4230), and Zc(3900).
Specifically, we keep dynamically the most significant imaginary parts that
exhibit strong energy dependence within the considered mass range. Contribu-
tions from more distant channels that show minimal changes are replaced by
constants. Details are given in the Sec. 2.2.1-2.2.3.

• This is a phenomenological study. In particular, we cannot estimate uncer-
tainties from a truncation error in some systematic expansion. The triangle
singularity present in the production of the Zc is embedded in a 3-body phase
space, discussed in section 2.2.2. There are certain kinematic regions close
to the D∗D̄ threshold where the triangle diagrams have significant contribu-
tions, however, over a large portion of the phase space these contributions are
subleading. Further, the D1(2430) has a non-negligible width, whose proper
inclusion in a power counting scheme has to be discussed. The current aim is
to demonstrate what is possible with a single molecular particle in the mass
range of interest.

• We focus on the effect of the D1D̄ intermediate state in the decays of the
Y (4230), ignoring that heavy quark spin symmetry also calls for the coupled
channels D1D̄

∗ and the D2D̄
∗. This is the main limiting factor of our initial

study when considering the energy range.

• The channels with two pions or two kaons in the final states necessitate the
proper inclusion of ππ/KK̄ final-state interactions, as discussed in previous
works [97–101]. In this study, we simplify the treatment of these effects
presented in section 2.4.

• The data for e+e− → ψ(2S)ππ [75], exhibit a very unusual energy dependence
in the ψ(2S)π invariant mass distributions at

√
s = 4230 and 4260 MeV [102],

which seem to require a more refined treatment. Further, the signal of the
Y (4230) in the ψ(2S)ππ cross section appears way less prominent than the
peak structure around 4380 MeV. Consequently, data from e+e− → ψ(2S)ππ
are not included in the current fits.

• The data currently available do not show apparent peak structures of Y (4230) in
D(∗)D̄(∗) channels, which must appear in odd partial waves to reach JPC = 1−−.
This suggests that the couplings of Y (4230) to the two-body open charm
channels are much smaller than those of the vector charmonium states. In
Ref. [103] it was demonstrated that the dips seen in the data of e+e− → D∗D̄∗

and D∗
sD̄

∗
s are consistent with interference from the D1D̄ molecular nature of

the Y (4230). We thus do not include these channels these channels here, which
would call for the inclusion of additional c̄c resonances.
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Note that with respect to the implications of the heavy quark spin symmetry there
are more advanced studies than the one presented in this chapter already pub-
lished [104, 105]. However, both those works focus solely on the pole locations that
emerge from solving the scattering equations for the members of the spin multiplet
{D1, D2} scattering off those of {D̄, D̄∗}, where the pole locations were obtained
from Breit-Wigner fits performed by the experimental groups. No attempt is made to
investigate the resulting line shapes in the various decay channels. Contrary to those
works, we here study the energy dependence of the cross sections in the various decay
channels. This allows us to demonstrate that the inclusion of the ψ(4160) together
with the strong coupling of the Y (4230) to the D1D̄ channel that is a consequence
of its assumed molecular nature, is sufficient to describe all data sets studied here
without the need for an additional exotic state in the mass range of interest. This
conclusion is in line with the preliminary results of this study announced in Ref. [106].

Ref. [107] includes the same degrees of freedom as our initial study presented here.
The central finding of this section is that in the energy range relevant to our work
three poles are needed. While one of them might well represent the ψ(4160), only with
somewhat shifted parameters, and another one the Y (4230), there is still a resonance
needed close to 4320 MeV, absent in our analysis. A more detailed comparison will
only be possible, once more details are published.

An alternative analysis, which includes both the ψ(4160) and the Y (4230) in the
energy range of interest, but does not require a state at 4320 MeV, is presented in
Ref. [108]. In this work, the asymmetric shape observed in the total cross sections of
J/ψπ+π− and D0D∗− can be reproduced as an interference effect between ψ(4160)
and the higher energy state ψ(4415), where the latter state is beyond the energy
range considered here. It is combined with a non-resonant background. The inclusion
of the Y (4230) is necessary for fine-tuning the agreement with data near 4.2 GeV.
Another notable difference between this work and the previous one, as well as ours,
is the omission of any threshold effects. As we demonstrate below, the significance
of the D1D̄ threshold on the Y line shapes is a direct hint towards its molecular
nature. Accordingly, Ref. [108] argues that their analysis is consistent with a c̄c
structure of the Y (4230). Thus studying observable differences between the results
of that work and ours is important to pin down the nature of the Y (4230). We come
back to this when discussing the results in Sec. 2.6. It should also be mentioned
that the relatively large cross section seen in e+e− → hcππ, where the final state
contains a c̄c pair in spin zero, contrary to the production of a c̄c pair with spin one
— suggests a considerable amount of heavy quark spin symmetry (HQSS) violation.
This phenomenon is naturally explained in a molecular scenario for the Y , whereas
it seems highly unnatural for a conventional c̄c structure.
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2.2. Relevant resonances

2.2.1. Y (4230)

We can write the D1D wavefunction as a negative C-eigenstate

|D1D̄(C = −1)⟩ = 1√
2

(
|D1D̄⟩ − |DD̄1⟩

)
. (2.3)

As the Y (4230) is produced by a cc̄ pair from the initial photon vertex it must be an
iso-singlet. Following the convention

|1
2
,+1

2
⟩ = D̄0 = c̄u |1

2
,+1

2
⟩ = −D+ = −cd̄

|1
2
,−1

2
⟩ = D− = c̄d |1

2
,−1

2
⟩ = D0 = cū

(2.4)

the iso-singlet wavefunction is given by |I = 0⟩ = 1/
√
2 (| ↑↓⟩ − | ↓↑⟩), resulting in

|D1D̄(C = −1, I = 0)⟩ = 1

2

(
|D+

1 D
−⟩+|D0

1D̄
0⟩+|D+D−

1 ⟩+|D0D̄0
1⟩
)
. (2.5)

In the single channel analysis the effective Lagrangian for the coupling of D1D̄ to
Y (4230) and D1D̄ self-interactions reads [96]

LY =
gY 0√
2
(D̄†Y iDi†

1 − D̄
i†
1 Y

iD†) + g1
[
(Di

1D̄)†(Di
1D̄) + (DD̄i

1)
†(DD̄i

1)
]
, (2.6)

where the couplings gY 0 and g1 include the heavy quark mass normalization of
the fields. Usually, a proper field redefinition allows one to absorb the effect of
non-perturbative hadron-hadron scattering into a pole term. This is not possible only
if there is more than one pole in the mass range of interest [109]. As this is not the
case here we can safely set the parameter g1 to zero. We checked that the inclusion
of this parameter does not allow us to significantly improve the fit, however, it leads
to large correlations between gY 0 and g1 slowing the fitting. In our subsequent study,
the effective coupling of the Y (4230) to D1D̄ and its spin partners will emerge from
solving the full coupled channel Lippman-Schwinger equation.
For now the D1D̄ scattering potential is fixed by

V (E) = −g
2
Y 0

2
G0(E) (2.7)

where the bare Y propagator reads

G0(E) =
1

2ωY (E −m0)
, (2.8)
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with ωY denoting the on-shell energy of the Y (4230) from the field normalization.
Here we dropped the spin indices although G0 and various other propagators below
refer to the propagation of a vector particle. The reason is that in our non-relativistic
treatment, the spin structure is simply given by δij, so the spin is unchanged.
The relation of the bare propagator G0(E) to the full propagator GY (E) is given by
the Dyson equation

GY = G0 +G0gY 0(2ωYΣD1D)gY 0GY . (2.9)

From this we find for the D1D̄ scattering amplitude

MD1D̄→D1D̄ = −g
2
Y 0

2
GY (E) , (2.10)

with

GY (E) =
1

2ωY

1

E−m0 − g2Y 0ΣD1D(E)+iΓin/2
. (2.11)

Note that the last term in the denominator was added to account for the contribution
to the width of the Y (4230) from the various inelastic channels. A justification for
this treatment is given in the following section about the Zc(3900).

The self-energy Σ for a resonance R can be derived from the standard, scalar
one-loop diagram, which can be dispersively reconstructed from its discontinuity
discΣa = 2iσa for a two-body state a. In dimensional regularization it reads

2ωRΣ̃
L
a (s) =a−

s− s0
π

∫ ∞

sth

ds′
ν(s′)Lρ(s′)

(s′ − s)(s′ − s0)L+1

2ωRΣ̃
0
a(s) =

1

(4π)2

[
ã(µ) + log

(
m2
a2

µ2

)
+
m2
a2 −m2

a1 + s

2s
log

(
m2
a1

m2
a2

)
+
λ1/2(s,m2

a2,m
2
a1)

2s
log

(
m2
a2 +m2

a1 − s+ λ1/2(s,m2
a2,m

2
a1)

m2
a2 +m2

a2 − s− λ1/2(s,m2
a2,m

2
a1)

)]
,

(2.12)
where ã denotes the subtraction constant and µ the renormalization scale. The effect
of the terms ã+ log(m2

a2/µ
2) ∈ R will be absorbed in the renormalization of the pole.

The masses in the expression refer to the masses of the two particles propagating
in channel a. Analogously, the scalar one-loop diagram can also be derived from
time-ordered perturbations theory, resulting in

2ωRΣ̃
TOPT
a (E, p) =

∫
d3l

(2π2)

1

4ωa1(p, l, z)ω2(l)

1

E − ωa1(p, l, z)− ωa2(l)

=
1

(2π)2

∫
dl

l

4ωa2(l)
log

[
E − ωa1(p, l, z)− ω2(l)|z=1

E − ωa1(p, l, z)− ωa2(l)|z=−1

] (2.13)
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Figure 2.2.: The Y (4230) induced production of the D1D̄ pairs from a pointlike source.
The solid lines denote D1 and D mesons as well as the bare propagator G0,
double line stands for the dressed propagator of the Y(4230), and the wiggly
line corresponds to the initial photon.

for an external momentum p, where the radial integration has to be performed
numerically. The derivation is analogous to the one presented in appendix B for the
triangle loop. Equation (2.12) and (2.13) are identical in the limit p→ 0. However,
even though the expression derived from time-order perturbation theory contains an
explicit integral, its numerical evaluation is actually faster when performed properly
due to the multiple log and square root functions in Eq. (2.12).
The actual expression of the self-energies that enter the propagators is

Σa(s) = Σ̃a(s)− Re(Σ̃a(m
2
0)) . (2.14)

With this subtraction, the real part of the inverse Y propagator vanishes at E = m0

and it significantly reduces the correlations between couplings and bare masses [110].
Using the D1D̄ scattering amplitude and the Y (4230) propagator GY , we can derive
the operator for the production from a point-like sourceMY , shown in Fig. 2.2, via
Y (4230) to D1D̄

MY = (c− αG0gY 0)(1 + 2ωYΣD1DGY g
2
Y 0) , (2.15)

where c is the direct coupling of the photon to D1D̄ in the quantum numbers
JPC = 1−−, which vanishes in the HQSS limit, and α is the source term coupling of
the photon to the bare Y state. Eq. (2.15) gives the impression as if it had a pole at
the bare mass m0, however, from Eq. (2.9) one gets that

(1 + 2ωYΣ(E
2)GY (E)g

2
Y 0) = G0(E)

−1GY (E) , (2.16)

which allows us to rewrite Eq. (2.15) as

MY = (a+ Eb)GY (E)gY 0 . (2.17)

Here, in the purely one channel D1D̄ problem, unitarity requires the parameters to
be real. Neglecting HQSS breaking effects, it is not possible to produce D1(2420)D̄
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from a S-wave c̄c source, as the light degrees of freedom jℓ =
3
2
⊗ 1

2
can not couple

to 0. At leading order, the production must go via the broad D1(2430), which has

jPℓ = 1
2

+
. In the quark model, the physical D1(2420) and D1(2430) are generated by

the admixture of a SLJ =1P1 and a 3P1 quark model state [111]. Ref. [96] argues that
a small amount of HQSS breaking, allowing the mixture of D1(2420) and D1(2430),
suffices for the production to be in the expected order of magnitude. In principle,
we could allow for complex couplings in either the production or contact terms to
absorb this effect, however, it was not necessary to achieve a proper fit.

The polarization of the Y (4230) is determined by the Lepton-Photo production. The
index structure of the Lepton-Tensor Lµν must reproduce the transverse polarization
of the photon produced in e+e− collision

Lµν = 4
[
kµ1k

ν
2 + kν1k

µ
2 − gµν((k1 · k2) +m2

e)
]
, (2.18)

where k1, k2 denote the momentum of the electron and positron. At the energies
studied in this work, the term proportional to the electron mass me is neglectable.
We define the beam axis as the third component

k⃗1 = kCM(0, 0, 1)
T, k⃗2 = kCM(0, 0,−1)T , (2.19)

where kCM = k is the center of mass momentum of the electron positron pair. The
scalar product then evaluates in ultra-relativistic approximation as k1 ·k2 = ω2

e+k
2 ≈

2k2. The 4-momenta will be contracted by the polarization vectors of the heavy
fields, leaving only the spacial components, such that:

Lij = 8k2
[
δij − δi3δj3

]
(2.20)

where we used ki1 = kδi3, ki2 = −kδi3.

2.2.2. Zc(3900)

BESIII first discovered the charged Z±
c (3900) states in the J/ψπ± invariant mass

distribution of e+e− → J/ψπ+π−, which was confirmed by Belle shortly after [112–
114]. Later, its neutral partner was also discovered [115], confirming the Zc(3900)
to be in iso triplet. As the decay Z±

c (3900) → J/ψπ± is observed, its minimal
quark content must be c̄c to produce a J/ψ in the final state. Furthermore, as it
also appears in charged modes, additional light valence degrees of freedom must be
present and it was classified as an exotic state. In the literature the Zc(3900) is
predominantly regarded to be a D∗D̄ hadronic molecule [25, 80, 116]. Its quantum
numbers were determined to be IGJPC = 1+1+−.
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2. The Y (4230) as a D1D̄ molecule

Analogous to the Y (4230), we can express the wavefunction of the neutral Z0
c (3900)

as a negative C− eigenstate of D∗D̄ under the assumption, that it is a D∗D̄ molecule

|D∗D̄(C = −1)⟩ = 1√
2

(
|D∗D̄⟩+ |DD̄∗⟩

)
. (2.21)

As the charged Z±
c (3900) are not eigenstates of C, we can follow the construction of

Ref. [117] in the bottemonium sector to write the wave function as

|D∗D(I = 1)⟩I3=1 =
1√
2

(
|D+D̄∗ 0⟩ − |D∗+D̄0⟩

)
|D∗D(I = 1, C = −1)⟩I3=0 =

1

2

(
|D∗0D̄0⟩ −D∗+D̄−⟩+ |D0D̄∗ 0⟩ − |D+D∗+⟩

)
|D∗D(I = 1)⟩I3=−1 =

1√
2

(
|D∗0D−⟩ − |D∗−D̄0⟩

)
.

(2.22)
The relevant lagrangian for the coupling of Zc to D

∗D̄ and the D∗D̄ self-interaction
is

LZ = gZ0(D̄
∗†iZiD† − D̄†ZiD∗†i) + g2

[
(D∗iD̄)†(D∗iD̄) + (DD̄∗i)†(DD̄∗i)

]
+ hc. .
(2.23)

The same reasoning for g1 = 0 discussed in section 2.2.1 applies for g2, i.e. g2 = 0.

In analogy to the Y propagator provided in Eq. (2.11) we find for the propagator of
the Zc(3900) from solving the related Dyson equation

GZ =
1

2ωZ

1

E −m0 −
∑

i giΣigi
, (2.24)

where the sum in the denominator runs over all relevant channels, which for the
Zc(3900) are D

∗D̄ and J/ψπ [51, 114], denoted as channels 1 and 2 respectively.
Here gi stands for the couplings of the Zc(3900) with the channel i, and Σi refers to
the self-energy in the corresponding channel. As before the trivial spin structure of
the propagator is not shown. As the energy range studied in this work is far above the
J/ψπ threshold, we only consider the leading effect to self-energy, D∗D̄. Experiments
confirmed that the coupling of the Zc(3900) to D

∗D̄ is significantly larger than to
J/ψπ, leading to a ratio of partial widths of Γ(DD̄∗)/Γ(J/ψπ) = 6.2 ± 1.1 ± 2.7
[114], altough D∗D̄ has a tiny phase space.

Therefore the contribution of J/ψπ to the self-energy is well approximated by a
constant, which real part can be absorbed into the bare mass m0, resulting in

GZ =
1

2ωZ

1

E −m0 − g2z0ΣD∗D − iΓZ/2
. (2.25)
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2.2. Relevant resonances
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c

Figure 2.3.: Diagramatic contributions to Y (4230)→ Zc(3900)
−π+ relevant for the process

e+e− → D0D∗−π+.

We subtract the real part of the self-energy in accordance with Eq. (2.14). The
parameter ΓZ captures not only the effects of J/ψπ but also the effects of all other
inelastic thresholds. Although this approximation violates unitarity, it is well justified
in certain situations as demonstrated later in this section.

The Zc is at leading order produced via the triangle Y → Zcπ. Considering the
D0D∗−π+ final state, only two out of the four components of the Y (4230) wavefunc-
tion, namely |D+

1 D
−⟩ and |D0D̄0

1⟩, will contribute. The pertinent diagrams are shown
in Fig. 2.3. A so-called triangle singularity further enhances this production [80, 118],
as certain kinematics can lead to logarithmic singularities from the loop integration.
Ref.[119] extensively discusses this phenomenon in the context of Λb → J/ψKπ
decays. For the process relevant to this work we can write the on-shell momentum
of the D for the first D1D̄ and second D∗D̄(π) cut by

pD,cut1 =
1

2mY

λ
1⁄2(m2

Y ,m
2
D1
,m2

D)

pD,cut2 = γ(βE∗
D − p∗D) ,

(2.26)

where E∗
D and p∗D denote the D∗ energy and momentum in the center of mass frame of

DD̄∗. The boost factors are given by β = pDD∗/EDD∗ and γ = 1/
√

1− β2. As both
these momenta must be equal, it follows for pD > 0 that pD∗ = γ(βE∗

D∗ + p∗D) > 0
and therefore, both the D and D∗ move in the same direction. In the rest frame of
the Y (4230) the velocities of the D and D∗ are given by

vD = β
E∗

2 − p∗2/β
E∗

2 − βp∗2
< β, vD∗ = β

ED∗ ∗ p∗D/β
E∗
D∗ + βp∗D

> β , (2.27)

from which follows vD∗ > vD. In a classical sense, the D1 decays into D∗π, and
subsequently the D∗ can catch up with the beforehand produced D, making the
second cut operative. The generalized idea was already formulated in 1965 in
Ref.[120], from which the two necessary conditions for a triangle singularity follow:
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2. The Y (4230) as a D1D̄ molecule

1. All three intermediate particles can go on-shell simultaneously.

2. Particle 3 (D∗) produced in the decay of particle 1 (D1) can catch up with
particle 2 (D).

Although the contributions shown in Fig. 2.3 have a relative minus sign, the individual
contributions generate an additional minus sign. From the lagrangian of Eq. (1.73) it
follows that T → HΦ and H → HΦ vertices change sign under exchange of Q↔ Q̄.
The two considered diagrams have the heavy quarks and anti-quarks interchanged.
We do not need to consider the light degrees of freedom, as the vertices for π+ or π−

share the same sign. Consequently, all three vertices change sign under the exchange
Q↔ Q̄, such that the contributions of both diagrams add up.

In the following, we will discuss the effect of the constant width approximation on
bound states and resonances. For the Y (4230), we only consider the leading effect,
namely D1D̄, to the self-energy. The resulting bound state pole lies on the physical
sheet with respect to D1D̄. However, as the D1 is unstable and decays into D∗π,
there is an additional branch cut for the DD̄∗π intermediate state, such that the
pole is located on the unphysical sheet with respect to DD∗π as depicted in Fig. 1.5.
For the present analysis, we only consider a limited energy range, such that the
width of the D1 can be treated as constant, as the D1 pole is sufficiently high above
the D∗π threshold [36]. The propagator of the Y (4230) therefore only produces a
D1D̄ branch cut and the bound state pole is shifted deeper into the complex plane
according to the constant width.

However, for proper resonances above a threshold, the effect of an additional constant
contribution to the width appears more drastic, as demonstrated in Fig. 2.4. While
the Zc(3900) is considered to be D∗D̄ hadronic molecule, our fits suggest the pole
to be slightly above the D∗D̄ threshold. The implications of this observation are
discussed later in section 2.6, for now, we focus only on the analytic structure of
the resonance propagator. Considering the contributions of D∗D̄ and J/ψπ to the
self-energy, the poles of the Zc(3900) appear as the blue dots in Fig. 2.4, consistent
with unitarity. The lower and upper thresholds correspond to J/ψπ and D∗D̄,
respectively. The physical sheet with respect to J/ψπ is colored green, while the
yellow sheet corresponds to the unphysical sheet to with respect to D∗D̄ above its
threshold, where the resonance poles are located. Approximating the contribution
of J/ψπ as a constant, the propagator only generates the higher D∗D̄ branch cut,
and the poles move according to Fig. 2.4. While this violates unitarity and Schwartz
reflection principle, it also appears that the pole located on the positive imaginary
half-plane on the unphysical sheet can move into the negative imaginary half-plane
onto the physical sheet, denoted by the gray color in Fig. 2.4. For the 1-channel
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2.2. Relevant resonances

Figure 2.4.: Depiction of a 2 channel T-matrix showing the implication of the constant
width approximation for a resonance. The blue dots denote the resonance
poles on the unphysical sheet only considering the leading effects to the
self-energy dynamically. The red dots denote the resonance pole after adding
a constant width, showing the trajectory of the pole for increasing Γadd.

system, it seems that analyticity is violated, however, with respect to the full two-
channel problem, the pole moves on the unphysical −+ sheet. As the thresholds
in this example are more than 600 MeV apart, the second pole on the −+ sheet
has negligible influence on the real axis. Consequently, one only needs to consider
the pole on the +− sheet to be physical, which as expected moves further into the
complex plane the higher the additional constant width is.

2.2.3. ψ(4160)

Very close to the nominal mass of the Y (4230) a conventional charmonium resonance
is located, the ψ(4160). With a mass of mψ = (4191 ± 5) MeV and a width of
Γψ = (70± 10) MeV, at least some interplay between the two resonances is expected.

While most of the hadronic final states do not show direct evidence for multiple reso-
nances in the studied energy range, the e+e− → µ+µ− cross section data clearly shows
two separate structures, which are impossible to describe with a single resonance.
This is illustrated in Fig. 2.5, where we show the fit results with and without the
ψ(4160) for the D0D∗−π+, J/ψπ+π− and µ+µ− cross section. The narrow structure
seen in the J/ψππ channel is by itself incompatible with the broad structure seen
in DD̄∗π, as well as some other channels discussed below. This is also reflected in
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2. The Y (4230) as a D1D̄ molecule
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Figure 2.5.: Fit result for D0D∗−π+ and J/ψπ+π− channels, including the ψ(4160) (solid
red line) and omitting it (dashed blue line). The data for the D0D∗−π+

channel are from Ref. [121] and those for the J/ψπ+π− channel from Ref. [67].
The vertical red dotted lines indicate the positions of the nominal mass of
the ψ(4160) and D1D̄ threshold, respectively. The black dotted line at 4.33
GeV denotes the upper limit of the D0D∗−π+ fit range.

the resonance parameters extracted by BESIII. The width extracted from D0D∗−π+

is with Γexp
Y = 77 ± 6.8 ± 6.3 MeV [71] almost twice as large as in J/ψπ+π− with

Γexp
Y 41.8 ± 2.9 ± 2.7 MeV [67], differing by more than 3 standard deviations. Fur-

thermore, µ+µ− is the only channel where BESIII considered the inclusion of the
ψ(4160), while neglecting it in all of the hadronic final states. Ref. [122] puts forward
the hypothesis that ψ(4160) and Y (4230) could actually be the same state. However,
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2.3. Production with coupled channel FSI

2 T222 2 T121 2

Figure 2.6.: Feynman diagram for production of channel 2. The scattering amplitudes Tij
in the channels ij (i, j = 1, 2) are related to the Zc propagator as Tij = giGZgj .

the data shown in Fig. 2.5 indicate that this conjecture is incompatible with the
data.

For the exploratory study, we only consider the leading effects of the ψ(4160) pertur-
batively via contact interactions to the final state, described in the following section.
The resonance propagator is parameterized by a constant width Breit-Wigner, where
we fix mass and decay width of the ψ(4160) to its central values given in the Review of
Particle Physics by the PDG [4]. As the coupling of the ψ(4160) to the hadronic final
states studied in this work is small, a Breit-Wigner is justified for an exploratory fit.
In our subsequent study, the ψ(4160) will be properly unitarized via some K-matrix
formalism.

2.3. Production with coupled channel FSI

Unitarity links scattering and production processes in hadronic final state interactions.
The derivation of the 3-point function of the Y (4230) given above is already an
example of this. In Eq. (2.15) both a contact term to the final state as well as a
resonance collecting the interactions of the final state are present. A consequence of
the conservation of unitarity is, that the tree-level production term gets canceled
and the final amplitude given in Eq. (2.17) is proportional to the dressed resonance
propagator.

Thus, we cannot consider tree-level or contact terms of a decay without including
the non-perturbative final state interactions in the relevant subsystem, which are
parameterized by the pertinent resonance propagators.
The production amplitude F2 for channel 2, shown in Fig. 2.6, can be expressed as

F2 =M2(1 + Σ2g2GZg2) +M1Σ1g1GZg2

= GZ

(
M2(E−m0−g21Σ1)+M1Σ1g1g2

)
,

(2.28)

where Mi denotes the production operator for channel i. The expression for F1 is
analogous and obtained by simply interchanging index 1 and 2 in Eq. (2.28). By

defining M1 = g1M̂1 and M2 = g2M̂2 we can express the form factor F⃗ by
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2. The Y (4230) as a D1D̄ molecule
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Figure 2.7.: Upper line: Feynman diagrams for production operator for Y (4230)→ J/ψππ.
In the full amplitude, the J/ψ and one of the pions undergo final state
interactions driven by the Zc. Lower line: The corresponding transition
Zc → J/ψπ.

F⃗=GZ

g1
[
(E −m0)M̂1+g

2
2Σ2(M̂1−M̂2)

]
g2

[
(E −m0)M̂2+g

2
1Σ1(M̂2−M̂1)

]
 . (2.29)

which results in some vertex structure of the source term times the contribution of
the Zc propagator times the corresponding coupling of the channel, which is reflected
in our choice of Feynman diagrams given in Sec. 2.5.2. The effective coupling g2 of
the Zc to the J/ψπ channel, shown in the lower line of Fig. 2.7, contains a triangle
diagram and a counter term. M2, shown in the upper line of Fig. 2.7, shows the same
structure. Here the triangles appearing in g2 and M2 are almost identical, apart
from the couplings of the Y and Zc to D-mesons. The principal value part of these
triangles depends on a regulator that requires to be renormalized by a contact term
consistently for both cases because both include the D(∗)D̄(∗)J/ψ P -wave vertex. In
the molecular scenario, the decay of the Y (4230) is predominantly governed by an
intermediate D1D̄ state rather than the ones depicted in Fig. 2.7, so it is reasonable
to assume that the coefficient M̂2 to be real-valued.

Although the term proportional to (M̂2 − M̂1) is formally included in the transition
amplitude, it is not necessary for the description of the experimental data and the
fit found it to be consistent with zero. Thus, we omit these terms and employ for
the production amplitude

F⃗ = GZ

(
g1α

(1)
1 (α

(1)
2 + E)

g2α
(2)
1 (α

(2)
2 + E)

)
, (2.30)
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2.4. ππ − K̄K final state Interaction

where α
(j)
i are free parameters to be determined in the fit. These form factors are

used in both the decays of Y (4230) and the ψ(4160). The strength parameters of

the ψ(4160) are denoted as β
(j)
i in the following sections.

2.4. ππ− K̄K final state Interaction

An amplitudeM with certain isospin I (we omit the isospin index in what follows)
can be projected to a partial waveMl with definite angular momentum l

Ml(s) =
1

2
√
2
α

∫ 1

−1

dz M(s, z)P l(z) , (2.31)

where P l denotes the Legendre polynomial of degree l, z the scattering angle and
α = 0, 1, 2 is a symmetry factor for identical particles in initial and final states (e.g.
α = 2 for AA → BB, α = 1 for AA → CC̄ and α = 0 for AB → AB). The full
amplitude can be reconstructed using the orthogonality relation of the Legendre
polynomials

M(s, z) =
√
2
α∑

l

(2l + 1)Ml(s)P l(z) . (2.32)

The rate of convergence for this series may vary depending on the process in question.
We can compare the partial wave expansion for an exemplary box and triangle
topology for Y (4230)→ J/ψπ+π−, later presented in section 2.5.2. As the Goldstone
boson pair must have positive parity, only even partial waves will contribute. Both
the box and triangle have an intermediate DD̄∗π cut, that can go on-shell in the J/ψπ
invariant mass distribution. For the triangle, however, also the Zc(3900) resonance is
present and can go on-shell. This leads to a very slow convergence of the partial wave
expansion. To show this we my write the Zc amplitude as a resonance propagator

f(q)

q2 −m2
=

f(p, p′)

(p0 − p′0)2 − p⃗2 − p⃗′ −m2 + 2pp′z
, (2.33)

with p, p′ denoting the incoming and outgoing momenta, respectively, and f(p, p′)
denoting some non-resonant contributions. The accommodating scale introduced
by the partial wave expansion for a given partial wave are the momenta (pp′)L, the
centrifugal barrier factors. The only independent scale appearing in the denominator
of Eq.(2.33) is given by meff = (p0−p′0)2−m2, such that the corresponding expansion
parameter is (

pp′

m2
eff

)L
. (2.34)

Once the resonance can go on-shell the scale meff = 0 vanishes and the expansion
breaks down. Consequently, infinitely many partial waves need to be considered, as
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2. The Y (4230) as a D1D̄ molecule
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Figure 2.8.: Comparison of the convergence of the partial wave expansion for a box
topology (upper panel) and a triangle including the Zc(3900) (lower panel) in
the process Y (4230) → J/ψπ+π−. The gray unlabeled lines denote partial
waves summed up to Lmax = 0, 2, 4, ..., 100 given by Eq.(2.35).

all contributions will be of similar size. The resulting partial wave expansion for the
box and triangle are shown in Fig. 2.8.
Here we compare the expansion of Eq.(2.32) truncated at different Lmax

MLmax(s, z) =
√
2
α
Lmax∑
l

(2l + 1)Ml(s)P l(z) . (2.35)

The majority of the box diagram is given by the S-wave contribution, with small
corrections from the D- and F -wave. For Lmax = 4 the maximum deviation to the
full amplitude is minor with roughly 4%. In contrast, the convergence for the triangle
including the Zc is considerably worse, where even at Lmax = 50 significant deviations
to the full solution exist. As a result, the inclusion of the ππ − K̄K S-wave final
state interaction will have a significant influence on the lineshape of the box diagrams
in the ππ and J/ψπ invariant mass distributions, with only minor changes for the
triangle diagrams.

The discontinuity of the production amplitude Ml is from the unitarity of the
S-matrix given by

discMl
j(s) = 2i

∑
k

T ∗
jk(s)σk(s)Ml

k(s) , (2.36)
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2.4. ππ − K̄K final state Interaction

where σk =
√

1− (4m2
k/s)Θ(s− 4m2

k) and the subscript indices j, k, ... refer to the
coupled channels ππ and KK̄ in our case. Here Tjk denotes the meson-meson coupled-
channel amplitude. The solution derived in section 1.6.2 is given by the Muskhelishvili
Omnés function in Eq. (1.144). As a result, the full amplitude encoding the ππ/KK̄
final state interaction can be found by adding the amplitudesMj and Γ, which only
include the left- and right-hand (unitarity) cuts, respectively, and reads

Mfull
j (s) =Mj + Γj

=Mj +
∑
k

Ωjk

[
(Pn−1)k +

∑
lm

sn

π

∫
dz

zn
Ω−1
kl (z)Tlm(z)σm(z)M0

m(z)

z − s

]

=
[
Ml>0

j +M0
j

]
+
∑
k

[
Ωjk

(
(Pn−1)k +

sn

π
P.V.

∫
[...]

)
+ iTjkσkM0

k

]
,

(2.37)
where Pn−1 is a polynomial of the order n− 1, which is discussed below, and Ω is
the S-wave Omnés matrix.
The amplitudesMj that have a left-hand cut correspond to the diagrams discussed
in Secs. 2.5.2 and 2.5.3, while the right-hand cut in Γ is generated from the ππ/KK̄
S-wave FSI encoded inΩ.
The required inputs for the amplitude Omnés and T matrix are taken from Refs. [123,
124]. We now have a closer look at the principal value integral. Using the abbreviation∑

kl Ω
−1
jk TklσlMl = fj(z) we get

P.V.

∫
dz

zn
fk(z)

z − s
= P.V.

∫
dz

[
fk(z)

zn−1
− fk(s)

sn−1
+
fk(s)

sn−1

]
1

z(z − s)

=

∫
dz

[
fk(z)

zn−1
− fk(s)

sn−1

]
+
fk(s)

sn−1
P.V.

∫
dz

1

z(z − s)
.

(2.38)

Now we can analytically evaluate the integral of the second summand in the last line

P.V.

∫ ∞

sth

dz
1

z(z − s)
=

1

s
log

(
1

s/sth − 1

)
. (2.39)

However, in the exploratory study we aim at here, we neglect this part which we
anticipate to play the role of a correction. The achieved quality of the fits might
be taken as justification for this treatment a posteriori, even though changes in the
relative weight of the individual contributions in a complete analysis cannot be ruled
out.
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2. The Y (4230) as a D1D̄ molecule

Finally, the modified ππ and K̄K s-wave amplitude reads

(M0
j)mod =M0

j +
∑
k

Ωjk (Pn−1)k +

(
iTjkσk +

1

π
log

(
1

s/sth − 1

)
Tjkσk

)
M0

k ,

(2.40)
such that we approximate the full amplitude (2.37) as

Mj mod =Ml>0
j + (M0

j)mod . (2.41)

Furthermore, this enables us to project the FSI onto the KK̄-channel, allowing us
to also determine the contribution of Y (4230)→ J/ψππ → J/ψK̄K.

The subtraction polynomial (Pn−1)j in Eqs. (2.37) and (2.40) is matched to the
Y (4230) → J/ψΦΦ chiral contact term. In Ref. [125] it was found that both the
light quarks SU(3) singlet and octet components both contribute for the Y (4230),
which can be decomposed as

|Y (4230)⟩ =
(
c1|V light

1 ⟩+ c8|V light
8 ⟩

)
⊗|V heavy⟩, (2.42)

where

V light
1 = 1√

3
(uū+dd̄+ss̄)

V light
8 = 1√

6
(uū+dd̄−2ss̄) .

(2.43)

At leading order in chiral expansion the Lagrangian LY ψΦΦ is given by [126]

LY ψΦΦ=g1⟨V α
1 J

†
α⟩⟨uµuµ⟩+h1⟨V α

1 J
†
α⟩⟨uµuν⟩vµvν

+g8⟨J†
α⟩⟨V α

8 uµu
µ⟩+h8⟨J†

α⟩⟨V α
8 uµuν⟩vµvν

+h.c. ,

(2.44)

with J = (ψ/
√
3)1. For the J/ψππ and J/ψKK̄ final states, the resulting s-wave

projected chiral contact terms are given by

M0
ππ =− 2

f 2

√
mYmJ/ψ

(
g1 +

g8√
2

)
(s− 2m2

π) +
h1 +

h8√
2

2

[
s+ q2

(
1− σπ

3

)]
M0

KK =− 2

f 2

√
mYmJ/ψ

(
g1 −

g8

2
√
2

)
(s− 2m2

K) +
h1 − h8

2
√
2

2

[
s+ q2

(
1− σK

3

)]
,

(2.45)
with q2 = λ1/2(m2

Y ,m
2
J/ψ, s)/(2mY ), resulting in
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[ΩPn−1]ππ = Ω11M
0
ππ +

2√
3
Ω12M

0
KK

[ΩPn−1]KK = Ω21M
0
ππ +

2√
3
Ω22M

0
KK .

(2.46)

In summary, the amplitudes used in our calculations, which incorporate the ππ/KK̄
FSI, are given by Eqs. (2.40), (2.41) and (2.46).

2.5. Final states

In this section we discuss the relevant final states studied in this work and present
the derivation of the required scattering amplitudes.

2.5.1. D0D∗−π+

As outlined in Sec. 1.4, the coupling of a molecular state to its constituents becomes
maximal. Consequently, the most direct access is given by its near-threshold imprint
on the cross section of the channel that forms the molecular state. The unnaturally
large nucleon-nucleon scattering lengths originate from the same logic [25, 31, 33].
The phenomenon arises due to a close by molecule in the spin-1 channel, with the
deuteron being a true bound state, and the spin-0 channel, with a nearby located
virtual state.

The unstable D1(2420) with a width of approximately 30 MeV decays predominantly
into D∗π in D-wave. Thus, the closest connection to a possible molecular nature
of the Y (4230) is the DD̄∗π final state. The contributing diagrams are shown in
Fig. 2.9. Both diagram (a) and diagram (c) have the intermediate D1D̄ state and
scale with the large Y → D1D̄ coupling. Moreover, both are enhanced by the near
on-shell propagation of the D1, as we are in the vicinity of a narrow state pole. The
Zc(3900), appearing in the rescattering of the D∗D̄ pair, is also treated as a hadronic
molecule, in line with Ref. [80]. Accordingly, we expect the coupling of the Zc to the
D∗D̄ channel to be large. The triangle loop part of diagram (c) is further enhanced
by a very nearby triangle singularity [127], as discussed in Sec. 2.2.2. Thus diagrams
(a) and (c) are expected to contribute significantly to the observables.

The binding energy of the Y (4230) with about 60 MeV is roughly twice the width
of the D1(2420), which still allows for a resonance signal at

√
s = 4230 MeV [36,

39]. However, it is strongly suppressed by the kinematics of the decay D1 → D∗π
in a D-wave, which develops its effect mostly as an enhancement above the D1D̄
threshold. In addition, although violating HQSS, the narrow D1(2420) is expected

to mix with the much broader jPℓ = 1
2

+
state, the D1(2430). This allows the narrow
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Figure 2.9.: Feynman diagrams contributing to e+e− → D̄D∗π. a) tree level, b) Y (4230)
contact term, c) Triangle, d) ψ(4160) contact term, where the last two include
the final state interactions in the doubly heavy subsystem.

D1(2420) to also decay in a S-wave [54], which does not suffer as strongly as the
D-wave from the above-mentioned kinematic suppression. Therefore it can contribute
significantly to the Y (4230) peak in the πD∗D̄ channel. The decays of D1(2420) to
D∗π in both S- and D-waves are included in all diagrams that contain this vertex,
i.e. diagrams a) and c) in Fig. 2.9, as derived in Sec. 1.5. In this thesis, whenever
we refer to D1 without mass number, we consider the narrow D1(2420), to simplify
notation.

Due to the large width of the D1(2430), it effectively acts like a short-range contri-
bution. Thus, we do not explicitly calculate the corresponding loop contributions,
but parameterize its effect by a S-wave point coupling of the Y (4230) to πD∗D̄ in
all subsystems. Further, as the D∗D̄ system undergoes final state interaction, this
point coupling cannot occur isolated but needs to get dressed by the propagator of
the Zc(3900), which parametrizes the D∗D̄ S-wave interaction. The details are given
in Sec. 1.5 and Sec. 2.3, which is represented by the diagram 2.9(b). The resulting
amplitude is by construction consistent with the Watson final state theorem [128].

Finally, the structure around 4230 MeV in the experimental data of the D∗D̄π
channel is notably broader than that observed, e.g., in the J/ψππ channel — see
Fig. 2.5. As a result, the resonance parameters extracted by the BESIII collaboration
are largely inconsistent for the different final states, as shown in Fig. 2.1. The
possible mechanism considered in this work that allows for a simultaneous fit of
the various channels is the inclusion of the ψ(4160), which is parameterized by a
small S-wave coupling to D∗D̄π. The experimental signal observed below the D1D̄
threshold can therefore emerge due to the interference from the two resonances.
Here we assume the coupling for the ψ(4160) to be in a S-wave with respect to
all subsystems. As before, the transition ψ(4160) → D∗D̄π gets dressed by the
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2.5. Final states

Zc(3900) propagator, which parameterizes the D∗D̄ final state interaction. The
corresponding diagram is given in Fig. 2.9(d). We are aware of the fact that, if
the ψ(4160) were (predominantly) a D-wave charmonium, there should be angu-
lar momentum present in the final state due to HQSS. However, for the present
fit, the data do not require an additional coupling and thus we omit it from our study.

With D0D∗−π+ being the channel with the most direct access to the molecular
nature of the Y (4230), we expect the tree-level decay to provide the most significant
contribution. As argued above the D1(2420) can decay into D∗π in both S- and
D-wave, such that the spin structure of the Y → D0D∗−π+ amplitude can be written
as

Mi
Y→DD∗π = GY

{(
MDD∗π

Y CT

)ij − gY 0√
2

(
hπ1d
(
3piπp

j
π − p2πδij

)
− hπ1sωπδij

)
×
[
GD1(ED∗π)− 2g2Z0TD1DD∗GZ(EDD∗)

]}
ϵ∗ j
D∗ ,

(2.47)
where we introduced the abbreviations

hπ1s=
h′s√
3fπ

√
mD1mD∗

hπ1d=

√
2

3

h′

fπ

√
mD1mD∗ .

(2.48)

The D1→D∗π couplings h′s and h
′ in S- and D-wave are fixed from the experimentally

measured D1 decay as explained in Sec. 1.5. The S-wave vertex and other amplitudes
below scale with the on-shell pion energy ωπ =

√
m2
π + p2π to respect the Goldstone

theorem, stating that the pion amplitude has to vanish in the chiral limit for pπ → 0.
For the spin indices i, j the summation over j is assumed implicitly. The tree-level
diagram is given in Fig. 2.9a. Furthermore, the DD̄∗ pair can re-scatter into the
Zc(3900) via a triangle loop shown in diagram 2.9c. As explained above we further
allow for a direct point-like transition of the Y (4230)→D0D∗−π+ in an S-wave,
corresponding to the diagram in Fig. 2.9b. The phase of this diagram is fixed by the
re-scattering of the DD̄∗ pair into the Zc(3900), which is based on the formalism
described in section 2.3

(
MDD∗π

Y CT

)kj
= GZ(EDD∗)gZ0ωπ

[
α
(1)
1 (α

(1)
2 +EDD∗)δkj

]
.

This expression agrees to Eq. (2.30), where we replaced the general name g1 to now
adapt to a notation consistent with Sec.1.5.
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2. The Y (4230) as a D1D̄ molecule

The relative factor 2 between the Zc contributions and the tree-level arises from the
isospin coefficient of the Y (4230) wave function shown in Eq. (2.5), which is discussed
in Sec. 2.2.2. The coefficients of the iso-triplet production of the Zc(3900) from the
wavefunction in Eq. (2.22) are absorbed into the coupling gZ0 of Zc(3900)→ DD̄∗.

Formally, one should treat the Y (4230) arising from the DD̄∗π three-body system,
where time-ordered perturbation theory (TOPT) [129] is the most convenient method
for handling the 3-body cuts. With the more complete treatment in mind, which
is presented in Sec. 3, we evaluate all loop integrals of this work using the same
formalism. Thus, the scalar triangle with emitting a pion may be written as

TD1DD∗ =

∫
d3l

(2π)3
1

8ωD1ωDωD∗

1

E−ωD1−ωD
1

E−ωπ−ωD∗−ωD
,

where the D1 energy is given by ωD1 =
√

(mD1 − iΓD1/2)
2 + l2, with the constant

width ΓD1 . The energies of the other particles are defined analogously. See Sec. 2.2.1
for a discussion regarding the width of the D1. In addition, we checked that the
energy dependencies of the various loop diagrams included in this study agree
with a covariant evaluation. As demonstrated above, simultaneous treatment of
Y → J/ψππ and Y → DD̄∗π is only possible if we allow the interference with the
ψ(4160). The contribution of ψ(4160) → D0D∗−π+ is parameterized in line with
Eq. (2.30), yielding

Mi
ψ→DD∗π = GψgZ0GZωπ

[
β
(1)
1 (β

(1)
2 +EDD∗)δij

]
ϵ∗ j
D∗ . (2.49)

Here, a comment is in order. As we examine the interference effect between ψ(4160)
and Y (4230) on the line shapes in various channels—specifically, for e+e− → D0D∗−π,
J/ψπ+π−, J/ψK+K−, hcπ

+π−, χc0(1P )ω, J/ψη, and X(3872)γ we consider the
same complex couplings gγR = exp(iδRγ)em

2
R/fR for the production of resonance

R from a photon as defined in Eq. (1.113), with R denoting both the ψ(4160) and
Y (4230). For all channels listed above, it is obvious that only the relative phase
of the two resonances plays a role, which in principle is not needed to achieve a
proper description of the hadronic final states. However, this is not the case for the
e+e− → µ+µ− cross section, where the phases of the two resonances enter individually.
For the discussion regarding the necessity of these phase factors see Sec. 2.5.7 for
details.
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2.5.2. J/ψ(ππ/K̄K)
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Figure 2.10.: Diagrams contributing to e+e− → J/ψππ. The thin lines in the box and
triangle denote D∗ or D mesons. a) and b) boxes, c) triangle, d) triangle
counter term, e) Y (4230) contact term, f) ψ(4160) contact term, where for
the last two the final state interactions in the doubly heavy subsystem are
included.

Next we turn to the discovery channel of the Y (4230), e+e− → J/ψππ, where the
highly asymmetric lineshape lead to the claim for the existence of an additional
state called Y (4320) [66, 67]. Again, driven by the assumed molecular nature of
the Y (4230), contributions that run through the D1(2420)D̄ intermediate state are
sizable and need to be considered. Then, to reach the J/ψππ final state, possible
topologies are either box diagrams (see Fig. 2.10, (a) and (b) as well as Fig. 2.11
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Figure 2.11.: Decomposition for the box topology of e+e− → J/ψπ+π−

for a complete set of box diagrams) or a triangle followed by a Zc(3900) propagator
(Fig. 2.10(c) and (d)). As before we need to allow for additional processes and also
here include a diagram for the contact transition of the Y (4230) to the J/ψππ final
state (Fig. 2.10(e)), as before dressed by the final state interaction that leads to the
occurrence of the Zc(3900) — see Sec. 2.3 for a detailed discussion. Furthermore, we
also allow for a contribution of the ψ(4160) in this channel, shown in Fig. 2.10(f).

The signal of the Zc(3900) appears twice in the J/ψπ invariant mass distribution,
as demonstrated in Fig. 2.12. As the Zc can form in both the J/ψπ+ and J/ψπ−

subsystem, a so-called reflection can be seen. The imprint of the reflection does not
generate a sharp pole-like structure but leaves a small contribution at low invariant
masses, where the Zc can go on-shell in the other subsystem.

To come to the full amplitudes, the ππ final state interaction needs to be taken into
account as well. Since the initial photon generates a c̄c-pair, which is isoscalar, and
the final c̄c pair is isoscalar as well, the pion pair must be isoscalar with even angular
momentum (the latter also follows from parity conservation). In the vicinity of the
Y (4230) pole, the ππ system is probed in the energy range from its threshold up
to about 1.1 GeV. Since the scalar-isoscalar ππ interaction has a strong coupling to
the K̄K system, the final state interaction is included by employing a formalism
that explicitly treats the coupled channels. Since the full treatment of the system is
technically very demanding [101] (see Refs. [97–99] for related studies) because of
the intricate singularity structure of the pertinent integrals, in this exploratory study
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Figure 2.12.: Reflection of the Zc(3900) in the J/ψπ invariant mass distribution of the
decay Y (4230)→ J/ψππ. The upper plot shows the modulus of the Zc(3900)
propagator in a Dalitz plot for the J/ψπ1 - J/ψπ2 system. The lower
panel shows the resulting invariant mass distribution for one of the J/ψπ
subsystems.

we employ an approximate treatment that still allows for a sensible description also
of the ππ spectra — details are given in the following and in Sec. 2.4.

The coupled channel treatment of the ππ/K̄K final state interaction provides us at
the same time access to J/ψK̄K final state. To make the latter calculation complete,
we also need to take into account strangeness in the source, as shown in Fig. 2.13.
This does not introduce any additional parameters, since we demand that the vertices
are consistent with the SU(3)-flavor symmetry. Naturally, the strangeness sources
are also included in the calculation of the J/ψππ final state.

The dominant contributions corresponding to the molecular nature of the Y (4230)
are the box, below denoted asM□, and triangle,M△, topologies, since those contain
the D1D̄ intermediate state. As the second triangle in figure 2.10 c) is divergent,
due to the internal P -wave vertex that is connected to a J/ψ coupling to a pair of
D(∗) mesons, a counter termM△

CT is also introduced
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Figure 2.13.: Final state interaction Y (4230) → J/ψπ+π− → J/ψK+K− and strange
source for Y (4230)→ J/ψK+K−

Mi
Y→J/ψππ =GY

[(
MJ/ψππ

Y CT

)il
− gY 0√

2

(
hπ1d(3p

i
π1p

j
π1 − δijp2π1)− hπ1sωπ1δij

)
× 2

(
(M□)jl + (M△)jl + (M△

CT)
jl
) 1

1

]
ϵ∗ l
J/ψ

+ (pπ1 ↔ pπ2)

Mi
ψ→J/ψππ =Gψ

[
β
(2)
1 (β

(2)
2 + EJ/ψπ1)

]
gZ ilJ/ψπωπ1GZ(EJ/ψπ1)ϵ

∗ l
J/ψ + (pπ1 ↔ pπ2) ,

(2.50)

where gZc

J/ψπ is the coupling of Zc → J/ψπ, given by the triangle transition shown in
figure 2.7

gZc ik
J/ψπ = gZ0(M△

2 )
ik + ωπ2c

△
CTδ

ik . (2.51)

To reduce the run-time of the numerical evaluation of the loop integrals only two
out of four contributions of the Y (4230) wave function shown in Eq. (2.5) with
pπ1 ↔ pπ2 are considered, as the differences due to isospin breaking are negligible
small. Fig. 2.14 shows the individual contributions of the Y (4230) wave function to
one of the possible box topologies. The two diagrams in each row have the heavy
quarks and anti-quarks interchanged. The H → HΦ, T → HΦ vertices as well as
the Y → D1D̄ and HH̄ → J/ψ vertices change sign under the exchange of Q↔ Q̄,
such that all contributions add up. As the isospin breaking effects in the loops are
negligible, the diagrams in the same column are approximately equal. For example,
for the box topologies shown in figure 2.11 only the particle content spelled out first
at each line in the boxes is evaluated explicitly, while those in brackets are included
via multiplication with a factor 2.

The Y (4230) contact termMJ/ψππ
Y CT has two contributions, one in the ππ invariant

mass from the subtraction polynomial of the ππ final state interaction and the other
in J/ψπ from the chiral contact term and intermediate Zc(3900)

70



2.5. Final states

π−

π+

J/ψ
Y

D−

D+
1

D̄∗0

D∗0

+

π+

π−

J/ψ
Y

D+

D−
1

D∗0

D̄∗0

π−

π+

J/ψ
Y

D̄0

D0
1

D∗+

D∗−

+

π+

π−

J/ψ
Y

D0

D̄0
1

D∗−

D∗+

Figure 2.14.: Contributions of the Y (4230) wavefunction to the decay J/ψπ+π− for one
possible box topology.

(
MJ/ψππ

Y CT

)ik
= GZg

Z ik
J/ψπωπ1

[
α
(2)
1 (α

(2)
2 + EJ/ψπ)

]
+ Ω11M

ππ
0 +

2√
3
Ω12M

KK
0 ,

(2.52)
with c△CT denoting the free parameter of the triangle counterterm. The amplitudes of
the loop diagrams are given below, where the notation and numerical implementation
are discussed in the appendix B

(M□)jl = BI(gπ1 gJ/ψD∗D∗ , qlIp
j
π2
− plπ2q

j
I − δ

lj(pπ2 · qI))
+ BII(gπ2 gJ/ψDD∗ , plπ2q

j
II − δ

jl(pπ2 · qII))
+ BIII(gπ1 gJ/ψDD, p

j
π2
qlIII)

(M△)jl = TD1DD∗g2Z0GZ(EJ/ψπ)(M△
2 )

jl

(M△
2 )

jl = T 1
2 (g

π
2 gJ/ψDD∗ , plπ2q

′ j
I − δ

lj(pπ2 · q′I)) + T 2
2 (g

π
1 gJ/ψDD, p

j
π2
q′ lII )

+ T 3
2 (g

π
2 gJ/ψD∗D∗ , q′ lIIIp

j
π2
− plπ2q

′ j
III − δ

lj(q′III · pπ2))

(M△
CT)

jl = TD1DD∗gZ0GZ(sJ/ψπ)c
△
CTδ

jlωπ2 ,

(2.53)

where the qI, qII, qIII, q
′
I, q

′
II, q

′
III denote the relative momenta at the J/ψD(∗)D(∗) ver-

tex for the different box and triangle topologies. Additional free parameters come
from the production polynomials of the Y (4230) and Ψ(4160) contact terms, namely

α
(2)
1 , α

(2)
2 and β

(2)
1 , β

(2)
2 respectively, as well as the triangle counterterm c△CT. The

inclusion of the ππ − K̄K final state interaction is discussed in section 2.4.
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With J/ψππ included in the study, we can also easily access J/ψKK̄, as the main
contribution is expected to go via the ππ → KK̄ final state interaction in the S-wave,
where no new parameters need to be introduced. As mentioned above, the effect
of the triangle topologies are negligible, as the partial wave projection on the ππ
system contains a tiny S-wave piece due to the presence of the near on-shell Zc(3900)
in the J/ψπ subsystem. The amplitude is given by

Mi
Y→J/ψKK =GY

((
MJ/ψKK

Y CT

)il
−
(
hπ1d(3p

i
1p
j
1 − δijp21) + hπ1sωπ1δ

ij
)

×

[
Mjl

Y→J/ψKK +

[(
Mloop

J/ψππ

)jl]FSI
ππ→KK

])
ϵlJ/ψ ,

(2.54)
where we collected the loop diagrams in the amplitude(

Mloop
J/ψππ

)jl
= (M□)jl + (M△)jl (2.55)

and (
MJ/ψKK

Y CT

)kl
=

(
Ω21M

ππ
0 +

2√
3
Ω22M

KK
0

)
δkl . (2.56)

Furthermore,Mjl
Y→J/ψKK is a strange source shown in Fig. 2.13. We postpone the

inclusion of strange triangles, including the Zcs(4000), to a later, more complete
analysis. In this sense, we regard this channel in this analysis as a consistency check.
On the other hand, the Zcs(4000) can only appear in conjunction with an additional
kaon within the triangular mechanism. Consequently, this state is expected to
contribute significantly only in the energy range around 4470 MeV, well exceeding
the energy range of interest in this study, even when accounting for the Zcs width.

2.5.3. hcπ+π−

The diagrams contributing here are in principle analogous to those for the J/ψππ
channel, shown in Fig. 2.10. However, in contrast to that channel, we exclude
diagrams containing a Zc(3900). This is based on the observation that Zc(3900)
does not show a significant contribution to the hcπ invariant mass distribution.
Additionally, we point out that the Zc(4020) is not included in this section, since this
would require a complete treatment of the {D1D̄

(∗), D2D̄
(∗)} coupled channels, and

of the {DD̄∗, D∗D̄∗} sub-systems, which is postponed to future work presented in
Sec. 3. Moreover, the contact terms that drive the contributions shown in diagrams
(e) and (f) of Fig. 2.10 in the J/ψππ channel are omitted here since they violate spin
symmetry. This symmetry violation is overcome by the loop diagrams as a result of
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Figure 2.15.: Diagrams contributing to e+e− → hcπ
+π−.

the spin symmetry violation that enters through the mass differences of D and D∗ as
well as D1 and D2 — the former one being included explicitly in the calculation, the
latter one by choosing an energy range where the D2 contribution should be negligible.
For a detailed discussion on how the spin symmetry gets restored in the heavy quark
limit even in the presence of hadronic molecules, see Ref. [130]. In summary, for the
hcππ channel we only include the box topologies shown in Fig. 2.15, expecting some
deviations from experiment as a result of the omission of the Zc(4020). On the other
hand, it is not expected that the Zc(4020) will generate significant structures in the
total cross section of hcππ, which is the focus of the current work, since in this case,
the narrow peak from Zc(4020) in the πhc subsystem is smeared. The same effect is
demonstrated explicitly in this work, where the narrow structures of the Zc(3900)
seen in the J/ψπ subsystem do not modify visibly the energy dependence of the
total cross section for J/ψππ.
The amplitude therefore reads

Mi
Y→hcππ =

GY gy0√
2

[
hπ1sωπ1δ

ij−hπ1d(3piπ1p
j
π1−δijp2π1)

]
Mhcππ

□ mhcϵljmp
m
π2
ϵjhc , (2.57)

withMhcππ
□ given by

Mhcππ
□ =

4gm
3/2
D∗
√
mDmhcmχc0√
3fπfχc0

(
BhcππI +BhcππII

)
. (2.58)

2.5.4. χc0ω

The Feynman diagrams are shown in figure 2.16. The main contribution is expected
from the triangle, which scales like the scalar triangle as both the D1 → Dω and
DD → χc0 are S-wave at leading order. Additionally, there are two S-wave contact
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Figure 2.16.: Diagrams contributing to χc0ω.
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Figure 2.17.: Diagrams contributing to J/ψη.

terms for the Y (4230) and ψ(4160) respectively

Mi
Y→χc0ω

=GY

(
c△χc0ω

mJ/ψmDTχc0ω+c
Y
χc0ω

)
ϵiω

Mi
ψ→χc0ω

=Gψc
ψ
χc0ω

ϵiω ,
(2.59)

where c△χc0ω
, cYχc0ω

and cψχc0ω
are free parameters. The width of the ω is included by

convolving the cross section for a fixed ω mass with the ω spectral function — see,
e.g., Ref. [131].

2.5.5. J/ψη

For J/ψη, the couplings of the triangle shown in figure 2.17 are fixed. The vector-
vector-axial vector vertex of the contact terms must couple via ϵµνρσ which reduces
to a three dimensional ϵmjl in the rest frame of the incoming particles:

Mi
Y→J/ψη=GY

(
− 1√

6

[
hπ1d(3p

i
ηp
j
η − δijp2η)− hπ1sωηδij

]
TJ/ψη

(
gDD

∗

J/ψ , ql
)

+ cYJ/ψηp
l
η

)
ϵmjlϵmJ/ψ

Mi
ψ→J/ψη=Gψc

ψ
J/ψηϵ

ijlpjηϵ
l
J/ψ ,

(2.60)

where q denotes the relative momentum at the J/ψ vertex and cYJ/ψη and c
ψ
J/ψη are

free parameters. We do not consider the mixing of the singlet η1 and octet η8 to the
physical η and η′ states, but just match η8 = η, as the mixing effects are small.
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2.5.6. X(3872)γ
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Figure 2.18.: Diagrams contributing to X(3872)γ.

If Y (4230) is a D1D̄ hadronic molecule and both Zc(3900) and X(3872) are D∗D̄
hadronic molecules with I(JPC) = 1(1+−) and I(JPC) = 0(1++), respectively, the
production mechanism of the latter pair in Y (4230) decays must be analogous [132].
Only that the particle radiated off in the course of the Y (4230) decay must have
positive C parity for the transition to the Zc and negative C parity for the transition
to the X(3872). Thus, all that needs to be done to get from the diagram that
generates the Zc in Y (4230) → πZc to the one that generates the X(3872), is to
replace the pion in the final state by a photon. The resulting diagrams are shown
in Fig. 2.18 and are analogous to Y (4230) → Zcπ as well as J/ψη. However, the
quality of data for X(3872)γ does not allow one to distinguish between the triangle
and contact transition of Y (4230)→ X(3872)γ, such that we omit the latter from
the start1. The vector-vector-axial-vector coupling of D1 → D∗γ scales with ϵkjl,
such that the amplitude is given by

Mi
Y→Xγ = GY c

Y
XγTXγϵijlϵjγϵlX

Mi
ψ→Xγ = Gψc

ψ
Xγϵ

ijlϵjγϵ
l
X ,

(2.61)

with cYXγ and cψXγ being free parameters to be determined in a fit.

2.5.7. µ+µ−

For each reaction discussed so far the electromagnetic production mechanism and
the strong decay were entangled in a special way. What makes the e+e− → µ+µ−

especially interesting is, that here we may isolate production from decay since the
total cross section is by far dominated by the real-valued tree-level diagram (first
diagram in Fig. 2.19) and the hadronic cross sections only contribute significantly
through their interference with the mentioned dominating one.Moreover, the decays

1We can get equally good fits to the data by replacing the triangle by the contact term, since
the quality of the data does not allow one to see the different energy dependences of the two
amplitudes.
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Figure 2.19.: Diagrams contributing to e+e− → µ+µ−. The hatched circle in the rightmost
diagram indicates the mixing of the two vector states driven by their common
decays to the channels DD∗π, J/ψππ, χc0ω, J/ψη and X(3872)γ considered
in this analysis — for details see text.

of Y (4230) and ψ(4160) into the same hadronic channels induce some mixing of
these in the γ∗ → γ∗ transition amplitudes. The diagrams contributing to the
process are shown in Fig. 2.19. The mentioned mixing of the two vector resonances
is depicted here as the hatched blob. The imaginary part of this mixing amplitude
is given by the respective interference terms that contribute also to the various
exclusive hadronic channels discussed above. It is dominated by the transitions
Y (4230) → DD̄∗π → ψ(4160), since the DD̄∗π cross section is by far the largest
hadronic cross section. Therefore, the simultaneous study of the hadronic channels
and the e+e− → µ+µ− channel provides a sanity check for the size of the induced
mixing of the vector states, which turns out to be significant.
As discussed we consider three main contributions for e+e− → µ+µ−, namely

σe+e−→µ+µ− = σtree
e+e−→µ+µ− |1+AR+Amix|2

with

σtree
e+e−→µ+µ− =

4πα2

3s
(2.62)

for the tree level amplitude and we introduced

AR =
∑
R=Y,ψ

gγRGRgγR (2.63)

and
Amix =

∑
R ̸=R′

gγRGRMRR′

mixGR′gγR′ , (2.64)

where gγR = exp(iδRγ)em
2
R/fR defined in Eq. (1.113) with δRγ denoting a phase

factor discussed in Sec. 2.6. The individual terms in Eq. (2.62) represent the different
diagrams shown in Fig. 2.19. The imaginary part ofMRR′

mix is fixed by unitarity and
can be reconstructed from the optical theorem

ImMRR′

mix =
1

2

∑
f

∫
dΠf M∗(R′ → f)M(R→ f) , (2.65)
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2.5. Final states

where f = DD∗π, χc0ω, J/ψη and X(3872)γ are all final states with significant
contributions from both ψ(4160) and Y (4230) studied in this work. Note that the
sum runs over all allowed final states with the given particle content — accordingly,
f = [DD∗π] should be understood as

[DD∗π] ={D−D∗0π+, D−D∗+π0, D+D̄∗0π−,

D+D∗−π0, D0D∗+π−, D0D∗0π0,

D0D∗−π+, D0D̄∗0π0} .
(2.66)

Since all those channels are connected via isospin symmetry, they can be included
via a proper multiplicity factor — clearly for that we need to neglect, e.g., the mass
differences between the different channels. For example, for DD∗π we denote decay
amplitudes for the transition of Y (4230) and ψ(4160) to the experimentally measured
channel D0D∗−π+ as A and B, respectively,

M(Y → D0D∗−π+) =A

M(ψ → D0D∗−π+) =B ,
(2.67)

where in accordance to Eq. (2.64) A and B do not contain the resonance propagators,
but only the decay vertices. Summing over all channels one therefore obtains

ImMY (4230)ψ(4160)
mix =

1

2

∑
f

∫
dΠfM∗(ψ → f)M(Y → f)

=
1

2

∫
dΠ 4

(
B∗A+

1

2
B∗A

)
=

1

2

∫
dΠ 6B∗A ,

(2.68)

where f ∈ [DD∗π] was defined in Eq. (2.66). The factor 4 in Eq. (2.68) arises from
the four different decay modes of the Y (4230) wave function given in Eq. (2.5). For
each mode the subsequent D1 decay can produce a charged or a neutral pion, e.g.
D0

1 can decay into D∗ 0π0 and D∗+π−, where the amplitudes scale as 1 and 1/
√
2,

respectively, due to the isospin factors. The additional factors arising in the other
channels are 3/2 for J/ψππ and 1 for χc0ω, J/ψη and X(3872)γ. The real part of
MRR′

mix can in principle also be constructed dispersively, however, there is still freedom
in the subtraction constant. So for now we just approximate it via a real constant

MRR′

mix =
cmix

2
+
i

2

∑
f

∫
dΠfM∗(R′ → f)M(R→ f) . (2.69)
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2. The Y (4230) as a D1D̄ molecule

2.6. Fit Strategy, Results and Discussion

In 2022 and 2023 BESIII published new XYZ data sets for J/ψπ+π− [67] andD0D∗−π
[121] with very impressive statistics. Those data clearly highlight the asymmetric
lineshapes of the total cross sections in these two channels. It turns out that from
those channels most of the parameters specific for the Y (4230) are fixed. The
Zc(3900) shows up prominently only in the DD̄∗ [133] and J/ψπ± [134] subsystems
of those channels. To get a better constraint on the light quark SU(3) singlet and
octet components (for details see Appendix 2.4) we also include J/ψK+K− in the
first fit. This may overestimate the contributions of the contact term in J/ψK+K−

to some extend as it needs to compensate for a possible contribution from the missing
Zcs(4000) triangle, but allows us to reduce the correlation of the parameters. We
do not include the data for the J/ψπ0π0 channel in the fit, due to their reduced
statistics in comparison to J/ψπ+π−. Since µ+µ− is the only channel showing a
clear separation of the Y (4230) and ψ(4160) signals and their interference, it is also
included in the first fit. This further allows us to properly separate photon and
strong couplings, since in the hadronic channels they only appear as a product. With
this in mind, our fit strategy is the following:

1. The resonance parameters of the Y (4230) and Zc(3900), as well as the channel
dependent parameters of D0D∗−π, J/ψπ+π−, J/ψK+K− and µ+µ− are fitted
simultaneously to the D0D∗−π, J/ψπ+π−, J/ψK+K− and µ+µ− total cross
sections, the DD̄∗, J/ψπ± and π+π− invariant mass distributions, and the pion
Jackson angle extracted from D0D∗−π+.

2. With the resonance and channel dependent parameters of D0D∗−π+, J/ψπ+π−

and µ+µ− being fixed, the remaining parameters in the channels χc0ω, J/ψη
and X(3872)γ are fitted to the corresponding cross sections data.

3. At last, the parameters obtained in the previous steps are used as initial
parameters for a global fit to all observables.

If we were working with a complete formalism, with all relevant channels dynamical
and unitarity imposed, all parameters would necessarily be real. However, here some
ingredients are approximated. e.g. as shown in Ref. [135] the direct transition of
a photon to the D1(2420)D̄ intermediate state that predominantly couples to the
Y (4230), if it is a hadronic molecule, is suppressed by heavy quark spin symmetry,
since this narrow D1 state has a light quark cloud with jℓ = 3/2. On the other hand,
there is no such suppression for the transition of the photon to D1(2430)D̄, where the
broad D1(2430) has its light quark cloud with jℓ = 1/2. The D1(2430)D̄ intermediate
state may thus act as a doorway state to feed the production of the molecule. This
effect can be included effectively via a complex coupling of the Y (4230) to the photon.
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2.6. Fit Strategy, Results and Discussion

Moreover, the ψ(4160) production from a photon sits in the tail of the ψ(4040) [74]
— an effect which may also be included by allowing for a complex coupling. It is
worth noting that, while all hadronic cross sections are sensitive to the difference of
those two phases only, the leptonic cross section e+e− → µ+µ− probes the phases
individually, as shall be discussed below. It turns out that all other parameters of
the model can be chosen real valued.

The results of the fits are shown in Fig. 2.20 to Fig. 2.23, the parameters and
statistical uncertainties that emerge from the fit are listed in Table 2.1 at the end
of this section. We see that the interplay of the ψ(4160) and Y (4230) is important
and shows a non-trivial impact in almost all final states. This naturally explains
the large scatter of the resonance parameters of the Y (4230) in the single channel
analyses of BESIII — c.f. Fig. 2.1.

With the central values of the parameters fixed in the fits, the pole parameters of
the Y (4230) can be extracted from its propagator. We find√

s
Y (4230)
pole =

(
4227±4− i

2

(
50+8

−2

))
MeV , (2.70)

where the uncertainty estimation is described in section 2.7.

We now discuss the results for the various channels in some detail. The results for
the D0D∗−π channel are shown in Fig. 2.20. The apparent peak structure around
4.22 GeV emerges in our study from the interplay of the ψ(4160) and Y (4230).
Remarkably, this interplay manifests differently in the D0D∗−π and J/ψππ channels
— we refer to Fig. 2.5 for an illustration. In addition to this, we find a strong enhance-
ment at the D1D̄ threshold in the cross section, mainly driven by the prominent
D1 decay in D-wave. The deviations of our results from the data, starting around
4.35 GeV, are expected, as the molecular scenario predicts an additional bound state
in the D2D̄

∗ channel [82, 104, 105]2, which will be included in a subsequent study.

The peak at low DD̄∗ invariant masses is generated by the interplay of the tree-level
two-step decay Y (4230)→ D1D̄ → D∗πD̄, the contact mechanism and the triangle
operator. The last two mechanisms involve the rescattering of DD̄∗ into the Zc(3900).
The resonance parameters of the Zc(3900) are very poorly constrained. The fit seems
to prefer masses slightly above the DD̄∗ threshold, however, for the whole mass
range of approximately mZ ∈ [3.86, 3.9] GeV, the data are described with similar
quality. In the current fit the pole closest to the real axis of the Zc(3900) appears
at the +− sheet, respectively, with

√
sp = (3884− i44/2) MeV. In comparison to

Ref. [118] we find a slightly higher mass, however, double the width for the Zc(3900).

2Another bound state is expected in the D1D̄
∗ channel, however, this channel does predominantly

decay into D∗D̄∗π and not into the channel studied here, D∗D̄π.
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Figure 2.20.: Fit results for the D0D∗−π cross section, the D0D∗− invariant mass distri-
bution and the pion Jackson angle. D0D∗−π+ R-scan and XYZ data are
from Ref. [121], D0D∗− invariant mass distribution is from Ref. [133].
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Figure 2.21.: Predictions for the D∗π invariant mass distributions to be measured in
e+e− → D̄D∗π. The left (right) panel shows our prediction at 4230 (4300)
MeV.

It remains to be seen if this feature is caused by the incomplete ππ − KK̄ final
state interaction used in this work. The data for the pion Jackson angle are also
reproduced well. Contrary to Ref. [95], in this study the S-wave is more prominent
due to the presence of the ψ(4160) as well as the S-wave decay of the D1(2420).

Naturally, a prominent contribution from the D1D̄ intermediate state not only
influences strongly the energy dependence of the total cross section but also the
D∗π invariant mass distributions. Our predictions for those at total energies near
the Y (4230) pole location and near the nominal D1D̄ threshold are shown in the
left and right panel of Fig. 2.21, respectively. In both panels the peak from the
D1 is clearly visible at the upper end of the spectrum. While the data currently
available do not allow us to provide an unambiguous determination of the various
parameters leaving some freedom in the actual height of the D1 signal, the pres-
ence of such a peak is a model independent prediction of the molecular scenario.
Any model that does not account for the D1D̄ as a prominent component of the
Y (4230) wave function will not show such a structure — as such this invariant mass
distribution is a crucial observable to either support or disprove the molecular picture.
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Figure 2.22.: Fit results for the J/ψπ+π− cross section and the J/ψπ± and π+π− invari-
ant mass distributions, as well as results for the J/ψK+K− cross section.
J/ψπ+π− XYZ data from Ref. [67], J/ψπ± and π+π− invariant mass distri-
bution from Ref. [134]. The data for the J/ψKK̄ channel are taken from
Ref. [76].
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The results for the J/ψππ final state are shown in Fig. 2.22. A linear non-interfering
background of 9 pb is added due to the presence of the J/ψπ continuum. The loop
contributions, dominant in the molecular scenario, enhance the cross section at the
D1D̄ threshold, allowing for a description of the highly asymmetric lineshape with
just a single pole — in the experimental analyses of Refs. [66, 67] this asymmetry
was generated by the additional state Y (4320) as described in the introduction. It
should be noted that also in Ref. [108] an analysis is presented, where, in particular,
the J/ψππ data is described with essentially the same resonance content as presented
here, along with the addition of a ψ(4415) state, but without including threshold
effects. In this case, the asymmetry of the peak in the total cross section is driven by
interferences, predominantly involving ψ(4160) and ψ(4415). While we regard our
explanation of the data as more natural, since the data indicate some structure right
at the D1D̄ threshold, at some point experiment will allow us to choose between the
two explanations, not only since the energy dependences in the mentioned energy
range are different (but not sufficiently to be distinguished given the current quality
of the data), but also since an analysis of the type presented in Ref. [108] will provide
completely different DD̄∗ and D∗π invariant mass distributions compared to the
ones shown in Figs. 2.20 and 2.21, respectively.

The J/ψπ± invariant mass distribution shows a prominent peak, generated by the
Zc(3900) pole, the D

∗D̄ threshold and the nearby triangle singularity, and its reflec-
tion. In principle, the J/ψπ± and D0D∗− lineshape can also be described by just
including the triangles and introducing a contact interaction for DD̄∗ → DD̄∗, where
the cusp is then generated simply by kinematic effects of the DD̄∗ rescattering with-
out any resonance structure. However, we find that the strength of the DD̄∗ → DD̄∗

transition potential, necessary for producing the pronounced structure in the D∗D̄
invariant mass distribution, becomes too large to justify a perturbative approach.
We confirm the observation made in Ref. [136] that with this strength parameter
the next order in DD̄∗ scattering becomes larger than the perturbative rescatter-
ing; moreover, resumming the scattering series generates a pole in the subsystem.
Based on this, we argue that the existing data calls for the presence of a Zc(3900) pole.

The fit result for J/ψK+K− is shown in the top right of Fig. 2.22. Note that the
line shape emerging for this channel is closely linked to that of the J/ψππ channel
and no new independent parameters are entering for this hidden strangeness channel.
In our fit, the contact term is the dominant contribution. A possible reason is that it
needs to absorb the effects of the Zcs(4000) and the corresponding triangle diagrams
not included in this analysis, though their main effect is expected at the energies
above those considered here. The boxes again show a very strong enhancement
in the cross section at the D1D̄ threshold explaining the apparent asymmetry in
the data. We find the Y → J/ψπ+π− → J/ψK+K− contribution generated by the
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Figure 2.23.: Prediction for the hcπ
+π− cross section. The data are taken from Ref. [73].

ππ/KK̄ FSI to be by far dominant in the studied energy range, in comparison to
the box with strange D-mesons, as shown in Fig. 2.13, where only the D1D̄ cut goes
on-shell. At higher energies, above the D∗

sD̄K threshold at about 4.47 GeV, the
D∗
sD̄K intermediate state in this box will go on shell. Consequently, we expect a

more pronounced contribution from the strange source in this mass range. Starting
from this energy also the Zcs(4000) generated via the triangle mechanism should
contribute considerably.

It should be stressed that in our analysis the unusual energy dependences of the
J/ψππ and J/ψKK̄ cross sections emerge from the same physics, which is natural
given the approximate SU(3) flavor symmetry of QCD, while in the experimental
analyses the former is driven by an interference of the Y (4230) with the new resonance
Y (4320) [67] and the latter predominantly by the shifted threshold for J/ψK̄K vs.
J/ψππ with some small distortion from an interference with another new resonance,
called Y (4500) [76].

To complete the discussion of the final states with three hadrons, in Fig. 2.23 we
show the cross sections with an hc in the final state. These rates are of particular
interest, since the hc has its c̄c pair in the spin singlet state, which was originally
produced in a spin triplet via its coupling to the photon. Thus, in this transition
the heavy quark spin changes, at odds with heavy quark spin symmetry. However,
besides violations of that symmetry due to the relatively small charm quark mass,
spin symmetry conservation can also be circumvented by the presence of hadronic
molecules: In the molecular picture it is natural to expect the hcππ and the J/ψππ
cross sections of similar order of magnitude as is confirmed by the data, since only
in the presence of a molecule the two-meson loops that decorrelate the heavy quark
spins appear at leading order for both channels as explained above. Moreover, by
using values for both the J/ψD(∗)D̄(∗) and the hcD

(∗)D̄(∗) couplings available in
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the literature (details on how the various couplings were determined are given in
App. 1.5), we can describe the cross sections in both channels, providing additional
support for the molecular picture. In the hcππ channel we observe a discrepancy
between the data and our prediction starting already at around 4.3 GeV. We think
this reflects the omission of the D1D̄

∗ channel in our study: Only once this channel
is incorporated we can include the Zc(4020) which might be responsible at least for
some part of this discrepancy.

As pointed out in the introduction, the ψ(4160) needs to be included to get a consis-
tent simultaneous description of the J/ψππ and D∗D̄π final states. We allow this
well established vector charmonium state to contribute to both of these channels (as
well as to all other channels included in the analysis), however, the fit reveals that
no significant coupling of the ψ(4160) to the J/ψππ is needed. Indeed, the fit puts

the parameter β
(2)
1 , introduced in Eq. (2.50), for the production of the ψ(4160) to a

value consistent with zero.

The results for the µ+µ− final state are shown in the upper panel of Fig. 2.24. The
cross section is completely dominated by the real tree level amplitude, shown as the
first diagram in Fig. 2.19. Accordingly, following Eq. (2.62), the signal of interest to
us reads to very good approximation

σe+e−→µ+µ− − σtree
e+e−→µ+µ− ≈ 2σtree

e+e−→µ+µ−Re(AR +Amix) . (2.71)

This quantity is shown in the lower panel of Fig. 2.24. As argued above, we allow
for complex couplings at the resonance-photon vertices. Contrary to all observables
studied so far, where only the relative phase of the Y (4230) and ψ(4160) contributions
played a role, this leptonic cross section is sensitive to the individual phases of these
resonance contributions. The phases of those couplings are thus fixed by the fit to
the µ+µ− cross section.
In Ref. [74] a sum of Breit-Wigner terms with complex couplings is used to parame-
terize the data including the ψ(4040), ψ(4160), S(4220) ≡ Y (4230) (and the ψ(4415),
which is, however outside our energy range of interest). We find that the complex
phase δψγ called for by the fit in the production vertex of the ψ to the photon agrees
within uncertainties to the one of the experimental paper. With this phase included
we can reproduce the µ+µ− lineshape in the energy range studied. We see that the
contribution of the ψ(4160) is dominant in comparison to that of the Y (4230) at
least in the energy below 4.2 GeV, as expected in the molecular scenario, since the
coupling of a photon to the D1D̄ channel violates spin symmetry [83]. One should,
however, keep in mind that there should also be some suppression of the coupling
of the ψ(4160) to the photon, if it indeed is predominantly a D-wave charmonium
state.
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Figure 2.24.: Fit results for the µ+µ− cross section. Upper panel: The measured born
cross section; lower panel: The same, however, with the cross section from
the tree level amplitude subtracted. The data are taken from Ref. [74], where
the data points with an uncertainty smaller than 32 pb are shown in black
to better highlight the structure in the data.
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Figure 2.25.: Contributions to the cross section difference from the real and imaginary
parts of the mixing of Y (4230) and Ψ(4160) in e+e− → µ+µ−, denoted by
Amix in Eq. (2.64). The brown dash-dotted curves here and in Fig. 2.24 are
identical.
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The peak in the data near 4230 MeV in our fits emerges from both the interference of
the two resonances and the Y (4230) itself. The main contribution to the imaginary
part of the pertinent mixing matrix element of the ψ(4160) and the Y (4230) is
generated from the DD̄∗π intermediate state — this part is fixed completely by the
data for e+e− → DD̄∗π. As outlined above, the corresponding real part is here taken
as a free parameter that is adjusted in the fit. It is reassuring, however, that the
real and the imaginary part of the mixing amplitude contribute with comparable
strength, as shown in figure 2.25. Although the energy dependence emerging from
the real and imaginary part of the mixing amplitude, Amix, resembles that of a
single resonance structure, it emerges from an interplay of the different resonance
propagators as well as the mixing amplitude,MRR′

mix , as outlined in Eq. (2.62) and
below. One may naively expect that the imaginary part of the mixing matrix element
does not contribute to the total cross section significantly, as only interferences of the
strong amplitudes with the real tree level amplitude matter quantitatively. However,
the phases of the resonance propagators in Eq. (2.62) non-trivially mix real and
imaginary parts of the mixing amplitude, allowing both contributions to interfere
with the tree level amplitude.

We now turn to a discussion of remaining hadronic two-particle final states, also
included in Fig. 2.26. As one can read from the figure, the energy dependences of
the χc0ω, the J/ψη, and the X(3872)γ cross section are rather different: While the
first one shows a very narrow structure, the structure in the second is already a lot
broader and the one in the last is more than four times as broad as the first — this is
also reflected in the resonance parameters extracted in the single channel analyses of
the BESIII collaboration collected in Fig. 2.1. In contrast to this, our model allows
us to describe all three cross sections with consistent resonance parameters as a
result of an interplay of the two vector resonances ψ(4160)and Y (4230): the narrow
peak in the χc0ω channel emerges from a destructive interference of the triangle
diagram shown in Fig. 2.16a and the ψ(4160) contact term, shown in Fig. 2.16c,
since the energy dependences of the two contributions are quite different, as can
be clearly seen in Fig. 2.26 — we included the width of the ω by a convolution of
the cross section with the omega spectral function as explained above which is the
origin of the not vanishing cross section below the nominal χc0ω cross section. The
mechanism we propose here is different from that studied in Ref. [137], however, the
energy dependence found there appears inconsistent with that of the newest data
set for this channel measured at BESIII [70]. Also for the J/ψη and X(3872)γ final
states the interplay of the two resonances is crucial, but less dramatic.
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Figure 2.26.: Fit results for the J/ψη, χc0ω and X(3872)γ cross section. The data sets
are from Ref. [69], Ref. [70], and Ref. [72], respectively.

2.7. Pole uncertainty

Within our calculation the pole position is fixed by three parameters (see Eq. (2.11)):
gY 0, m0 and Γin, with m0 (Γin) influencing only the real (imaginary) part of the pole
location and gY 0 influencing both. To estimate the uncertainty of the pole position
we performed a χ2 fit, however, with two approximations. First, we only allow the
three resonance parameters m0, gY 0 and Γin to vary. Second, as J/ψππ has the best
statistics of all the available data and the fit suggests a negligible contribution of the
ψ(4160) to this channel, it is by far the most restrictive final state for the Y (4230)
pole location. Therefore, to estimate the uncertainty of the Y (4230) pole location, we
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2.7. Pole uncertainty

focus solely on the J/ψππ channel. We checked that the inclusion of DD̄∗π yields no
significant change to the uncertainty of the pole, supporting that the main influence
on the pole position is driven by the data on the J/ψππ channel. In the analysis, we
allow m0 and Γin to vary within ±10 MeV and gy0 by ±0.2 MeV around their best fit
values. These parameter ranges allow the pole to vary over a sufficiently wide range,
including all values within the 1σ range around the best fit pole position. Within
these ranges random combinations of the three parameters are picked under the
requirement that for each parameter-set the change in the χ2 value must lie within

χ2
best fit − χ2

random parameters ≤ ∆χ2(p, 3) , (2.72)

where the three in ∆χ2(p, 3) indicates that three parameters are varied, and p ≈ 0.683
corresponds to the 1σ band. To evaluate ∆χ2(p, k) the χ2 cumulative-distribution
function needs to equate p

1

Γ(k/2)
γ

(
k

2
,
∆χ2

2

)
= p , (2.73)

where Γ and γ denote the regular and lower incomplete Gamma functions, respectively

γ(x, a) =

∫ a

0

dt tx−1e−t, Re (a) > 0 . (2.74)

Solving for k = 3 degrees of freedom, the 1σ deviation in the χ2 value reads

∆χ2(p = 1σ, k = 3) ≈ 3.525 .

The fits only included data from 4.2 to 4.35 GeV because this energy interval is
expected to be under control due to the theoretical mechanisms considered in this
work. As mentioned in the main text, deviations of our results from the data beyond
this energy range are expected due to, in particular, the absence of contributions from
the D1D̄

∗ and D2D̄
∗ channels. The results for N ≈ 300 random generated parameter

sets that fulfill the condition of Eq. (2.72) are shown in Fig. 2.27. The upper panel
shows the obtained 1σ uncertainty band for the J/ψππ total cross section, while the
bottom plot shows the corresponding spread of the pole position, which results in√

s
Y (4230)
pole =

(
4227±4− i

2

(
50+8

−2

))
MeV . (2.75)

In addition, the two plots in the middle of Fig. 2.27 demonstrate the effect of the
1σ uncertainty extracted from fits to the J/ψππ channel on the total cross sections
in the DD̄∗π and µ+µ− channels. As pointed out earlier, the variations in these
channels are considerably less pronounced compared to those in the J/ψππ channel.
Our error estimate in Eq. (2.75) is supported by the observation that the uncertainty
we find using this method is of the same order of magnitude as that provided by the
BESIII collaboration extracted from the J/ψππ channel.
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Figure 2.27.: Uncertainty estimate of the Y (4230) pole position. Upper three panels: Total
cross sections for J/ψπ+π−, D0D∗−π+ and µ+µ− final states with the 1σ
uncertainty band extracted from fits to the J/ψππ data and propagated to
the other channels, as described in the text. Red line in all plots corresponds
to the best global fit to all data considered in this study (see the main text
for details). Lower panel: The best pole position of the Y (4230) (red dot)
and the 1σ uncertainty (blue ellipse) extracted from fits to the J/ψππ data.
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2.7. Pole uncertainty

Name Value
Y mY (4227± 0.4) MeV

gY 0 − (10.4± 0.2) GeV
ΓYin (54± 1) MeV
1/fY − (0.012± 0.001)
δY γ (17.1± 0.1)o

ψ 1/fψ − (0.023± 0.003)
δψγ (67± 2)o

Zc mZ (3884± 1) MeV
gZ0 (4.15± 0.06) GeV
ΓZin (48± 1) MeV

DD̄∗π α
(1)
1 − (128± 12)

α
(1)
2 − (3.95± 0.01) GeV

β
(1)
1 − (202± 18)

β
(1)
2 − (3.89± 0.1) GeV

J/ψπ+π− α
(2)
1 − (133.9± 4)
g1 − (14.9± 0.9) 10−3

g8 (24± 1) 10−3

h1 − (16.8± 2.4) 10−3

h8 (15± 0.7) 10−3

β
(2)
1 (0± 0.1)

c△CT − (0.4± 0.1) GeV2

fJ/ψ 456 MeV
χc0ω c△χc0ω

(1.469± 0.015) GeV2

cYχc0ω
(0.36± 0.07) 10−3

cψχc0ω
− (16± 0.5) 10−3

J/ψη cYJ/ψη (67.3± 3.4) 10−3 GeV−1

cψJ/ψη (298± 11) 10−3 GeV−1

Xγ cYXγ (0.71± 0.15) GeV2

cψXγ (0.017± 0.003) GeV

µ+µ− cmix (0.6± 0.01)

Table 2.1.: Parameters of the model as determined in the fit. We find the value of fJ/ψ
to be strongly dependent on the fit range in D0D∗−π+, such that we did not
assign an uncertainty to this quantity.
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3. Coupled Channel
{D1,D2} − {D,D∗} Dynamics

3.1. Introduction
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Figure 3.1.: Data for the total cross sections of D0D∗−π∗ and J/ψπ+π− showing the
relevant thresholds for this study.

With the results of our initial study showing very promising results, in the next
step we plan to turn to a more refined treatment to extend the energy range even
further. While we focused so far solely on the D1D̄ intermediate state for the
Y (4230), heavy quark spin symmetry also calls for potential bound states in the
D1D̄

∗ and D2D̄
∗ channel for JPC = 1−−. Their respective thresholds in the D0D∗−π

and J/ψπ+π− channels are shown in Fig. 3.1. In the case of the D0D∗−π final
state, the D1D̄

∗ channel decouples, which is also reflected in the derivation of the
coupled channel potential below. Potential experimentally observed candidates are
the Y (4360) as well as the ψ(4415), which are located roughly 50 MeV below the
D1D̄

∗ and D2D̄
∗ threshold, respectively. The remaining resonance of the vector

channel, namely ψ(4660), is also hypothesized to be a molecular state of ψ′f0(980)
[138]. The improvements compared to our previous study planned for the follow up
work are:

• Inclusion of the HQSS spin partners of D1D̄, namely D1D̄
∗ and D2D̄

∗. This
not only allows us to study the full coupled channel dynamics and significantly
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extend the energy range considered but also to include additional resonances
like the Zc(4020), which plays a significant role in the hcπ invariant mass
distribution for e+e− → hcππ.

• Contact terms derived from HQSS will be considered non-perturbatively in a
coupled channel Lippmann-Schwinger equation.

• In regards to the previous point, a proper study on the effect of the one-pion
exchange makes it also necessary to include the momentum-dependent width
of the D1 and D2 consistent with unitarity. The width of the D∗ from its decay
to Dπ is with approximately 80 keV still insignificant for our present study,
such that it is well approximated by a constant or even neglected completely.

• Full SU(3) flavor symmetry is considered, which allows us to extend our study
in e+e− → J/ψK̄K with the inclusion of the Zcs(4000).

• The conventional charmonium state ψ(4160), as well as ψ(4040) and potential
others are included unitarized in a K-matrix formalism. This also allows us to
study the P -wave channels DD̄,DD̄∗ and D∗D̄∗.

The effect of the most important inelastic channels, which are not related to a direct
(tree-level like) decay of D1D̄, D1D̄

∗ and D2D̄
∗, can be effectively included by adding

an imaginary part to the contact interaction. This imaginary part is fixed by the
intermediate loops of the inelastic channels, such that the construction is consistent
with unitarity as presented in Refs. [139–141]. We automatically include inelastic
channels of the kind D∗D̄π,D∗D̄∗π, ... through the resonant contributions of D1

and D2. As demonstrated in Sec. 2.5, a resonance propagator captures the final
state interaction, and as a consequence of unitarity, tree-level amplitudes will cancel.
Consequently, the effects of Dπ and D∗π, corresponding to the tree-level decays of
the resonances D1 and D2, are included via the momentum-dependent width in the
propagators, as demonstrated later in Fig 3.5. The effect of multi-body channels
containing more than 4 particles like D∗D̄ππ,DD̄πππ, ... are strongly suppressed by
their corresponding phase space and as such, can be safely neglected.

3.2. Definitions

With the wavefunction of the Y (4230) given in Eq. (2.5), we can follow an analogous
construction for the wavefunction of a D1D̄

∗ and D2D̄
∗ bound state. The C-

convention of the lagrangian in Eq. (1.73)

C|D⟩ = |D̄⟩, C|D∗⟩ = −|D̄∗⟩
C|D1⟩ = |D̄1⟩, C|D2⟩ = −|D̄2⟩

(3.1)
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results in

|Y1(C = −1)⟩ = 1√
2

(
|D1D̄⟩ − |DD̄1⟩

)
|Y2(C = −1)⟩ = 1√

2

(
|D1D̄

∗⟩ − |D∗D̄1⟩
)

|Y3(C = −1)⟩ = 1√
2

(
|D2D̄

∗⟩ − |D∗D̄1⟩
)
,

(3.2)

where we expect a large overlap of the Y (4230) with Y1. Although, the convention of
the C-operator acting on D∗ suggests the same relative sign for the 2 components of
the |Y2⟩ wave function, the vector vector axial-vector coupling of Y2 → D1D̄

∗ must
scale with the levi-civita tensor and may be expressed by

LY2D1D∗ ∝ ϵijk
(
D̄∗ i †Y j

2D
k †
1 − D̄

k †
1 Y j

2D
∗ i †
)
+ h.c. , (3.3)

such that the exchange of |D̄1D
∗⟩ = −|D∗D̄1⟩ generates an additional minus sign.

Possible partial waves of the two-meson systems for total JPC = 1−− are

α, β = D1D̄ {3S1,
3D1}

α, β = D1D̄
∗ {3S1,

3D1,
5D1}

α, β = D2D̄
∗ {3S1,

3D1,
5D1,

7D1,
7F1} ,

(3.4)

where the individual partial waves of the two-meson states are labeled as 2S+1LJ ,
with S, L, and J denoting the spin, relative angular momentum and total angular
momentum of the two-meson system, respectively.

3.3. Potential

3.3.1. Contact interaction

In our initial study, where we only considered the D1D̄ channel, it was sufficient to
describe the S-wave contact interaction with a single constant. To properly describe
the contact terms of the complete {D1, D2} ⊗ {D,D∗} multiplet, we employ a more
sophisticated ansatz consistent with heavy quark spin symmetry. As the interaction
is independent of heavy quark spin sh = sh1+sh2 and J , we may choose the following
eigenbasis for the interaction Hamiltonian

|sh1, sh2, sh; jℓ1, jℓ2, jℓ; J⟩ = |sh; jℓ1, jℓ2, jℓ⟩ . (3.5)
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Consequently, at leading order in the heavy quark limit, four independent contact
interactions F emerge for isospin I = 0 and I = 1 [25], denoted by

F = ⟨sh; jℓ1, jℓ2, jℓ|HI |sh; j′ℓ1, j′ℓ2, jℓ⟩

F d
jℓ
= ⟨sh; 12 ,

3
2
, jℓ|HI |sh; 12 ,

3
2
, jℓ⟩

F c
jℓ
= ⟨sh; 12 ,

3
2
, jℓ|HI |sh; 32 ,

1
2
, jℓ⟩ .

(3.6)

In the current basis, the light- and heavy-quark spins are coupled for each meson
individually. We can also choose to couple the light- and heavy degrees between the
two mesons to a total sh1 ⊗ sh2 = sh and jℓ1 ⊗ jℓ2 = jℓ, with J = sh ⊗ jℓ denoting
the total angular momentum of the complete system. To relate the two bases we can
use the transformation [25]

|sh1, jℓ1, j1; sh2, jℓ2, j2; J⟩ =
∑
sh,jℓ

√
(2j1 + 1)(2j2 + 1)(2jℓ + 1)(2sh + 1)

×


sh1 sh2 sh
jℓ1 jℓ2 jℓ
j1 j2 J

 |sh1, sh2, sh; jℓ1, jℓ2, jℓ, J⟩ ,
(3.7)

with {...} denoting the Wigner-9j-symbol [142]. For a physics-related application of
the Wigner-9j-symbol see Refs. [143, 144]. Following the convention of Eq. (3.2), the
resulting states for the D1D̄, D1D̄

∗ and D2D̄
∗ channels are

|D1D̄⟩ = 1
2
|0; 3

2
, 1
2
, 1⟩+

√
2
4
|1; 3

2
, 1
2
, 1⟩+

√
10
4
|1; 3

2
, 1
2
, 2⟩

|DD̄1⟩ = 1
2
|0; 1

2
, 3
2
, 1⟩ −

√
2
4
|1; 1

2
, 3
2
, 1⟩+

√
10
4
|1; 1

2
, 3
2
, 2⟩

|D1D̄
∗⟩ =

√
2
4
|0; 3

2
, 1
2
, 1⟩+ 3

4
|1; 3

2
, 1
2
, 1⟩ −

√
5
4
|1; 3

2
, 1
2
, 2⟩

|D∗D̄1⟩ = −
√
2
4
|0; 1

2
, 3
2
, 1⟩+ 3

4
|1; 1

2
, 3
2
, 1⟩+

√
5
4
|1; 1

2
, 3
2
, 2⟩

|D2D̄
∗⟩ =

√
10
4
|0; 1

2
, 3
2
, 1⟩ −

√
5
4
|1; 1

2
, 3
2
, 1⟩ − 1

4
|1; 1

2
, 3
2
, 2⟩

|D∗D̄2⟩ =
√
10
4
|0; 1

2
, 3
2
, 1⟩+

√
5
4
|1; 1

2
, 3
2
, 1⟩ − 1

4
|1; 1

2
, 3
2
, 2⟩ .

(3.8)

Realizing that the total spin of the heavy quark and anti-quark sh must be conserved
at leading order in HQSS and using the orthogonality of the states in Eq. (3.8), we
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3.3. Potential

Figure 3.2.: Contributions to the one-pion exchange potential derived from time-ordered
perturbation theory. The solid lines label D,D∗, D1, D2 mesons and the
dashed line label the pion.

α, p⃗ α′, p⃗′

β,−p⃗ β′,−p⃗′

q⃗ = p⃗− p⃗′

Figure 3.3.: Kinematics of the one-pion exchange for in the center of mass frame for
incoming particles α, β with momentum p and outgoing particles α′, β′ with
momentum p′.

can calculate the S-wave potential Vc according to Eq. (3.6), resulting in

(VC)11 =
1
8
(3F d

1 + 5F d
2 − F c

1 − 5F c
2 )

(VC)22 =
1
16
(11F d

1 + 5F d
2 − 7F c

1 + 5F c
2 )

(VC)33 =
1
16
(15F d

1 + F d
2 − 5F c

1 − F c
2 )

(VC)12 = 0

(VC)13 =
√
10
16

(F d
1 − F d

2 − 3F c
1 + F c

2 )

(VC)23 = 0 ,

(3.9)

with F c
1 , F

c
2 , F

d
1 , F

d
2 being free parameters to be determined in a fit. We ordered

the channel indices by their respective thresholds, i.e. 1 : D1D̄, 2 : D1D̄
∗, and

3 : D2D̄
∗. The effect of the most prominent inelastic channels is included by adding

an imaginary part to F c
1 , F

c
2 , F

d
1 , F

d
2 analogous to Refs.[139–141], however, no new

parameters are introduced.

3.3.2. One-Pion Exchange

As discussed in section 1.4, the inclusion of the momentum-dependent width for
the D1 and D2 makes it necessary to treat the one-pion exchange non-perturbative.
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3. Coupled Channel {D1, D2} − {D,D∗} Dynamics

Furthermore, the study of the Tcc showed a significant influence of the one-pion
exchange on the resulting pole position of the resonance.

The two contributions of the one-pion exchange in time-ordered perturbation theory
as well as the chosen kinematics are shown in Fig.3.3 and Fig.3.2, respectively. The
resulting potential for the different channels read:

V̄ OPE
11 = 0

V̄ OPE
22 =

(
ϵ∗D1

)i
a
(ϵ∗D̄∗)

k
c
Oij

1 abO
kl
1 cd (ϵD∗)jb (ϵD̄1

)l
d

(
1

DD∗,D̄∗,π(p⃗, p⃗′)
+

1

DD1,D̄1,π(p⃗, p⃗
′)

)
V̄ OPE
33 =

(
ϵ∗D2

)ik
a
(ϵ∗D̄∗)

m
c
Oijk

3 abO
lmn
3 cd (ϵD∗)jb (ϵD̄2

)ln
d

(
1

DD∗,D̄∗,π(p⃗, p⃗′)
+

1

DD2,D̄2,π(p⃗, p⃗
′)

)

V̄ OPE
12 = 0

V̄ OPE
13 =

(
ϵ∗D1

)i
a
Oij

1 abO
kl
2 cd (ϵD∗)jb (ϵD̄2

)kl
d

(
1

DD∗,D̄,π(p⃗, p⃗′)
+

1

DD1,D̄2,π(p⃗, p⃗
′)

)
V̄ OPE
23 = 0 ,

(3.10)
where we introduced the following abbreviations for the Lorentz structure of the
vertex functions

Oij
1 ab =

τab
fπ

√
mD1mD∗

[√
2

3
h′(3qiqj − δijq2)− 1√

6
h′sωπδ

ij

]
Oij

2 ab = i
τab
fπ

√
mD2mD

√
2h′qiqj

Oijk
3 ab = −

τab
fπ

√
mD2mD∗

√
2ih′ϵijlqlqk .

(3.11)

The propagators are derived from time-ordered perturbation theory, resulting in

DA,B,C(p, p′) = E −
√
m2
A + p2 −

√
m2
B + p′ 2 −

√
m2
C + p2 + p′ 2 − 2pp′z (3.12)

for the denominator of the intermediate 3 meson system, where z denotes the cosine
of the scattering angle between p⃗ and p⃗′. There is an additional set of OPE potentials
once we consider vertices of the kind {D1, D2} → {D1, D2}Φ as shown in Fig. 3.4.
As the intermediate 3 body cut of both time-orderings contains a heavy {D1, D2}
field, they will go on-shell at significantly higher energies than those presented in
Eq.(3.10). Furthermore, due to the width of the {D1, D2}, the corresponding pole of
the propagator is shifted into the complex plane. However, if these kinds of diagrams
are sub-leading can only be confirmed after the fitting, such that we additionally to
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3.3. Potential

D1 D2

D̄ D̄∗

[D2D̄π]

+

D1 D2

D̄ D̄∗

[D1D̄
∗π]

Figure 3.4.: Contribution Ṽ13 to the one-pion exchange potential to D1D̄ → D2D̄
∗. Both

time-orderings contain a heavy jPℓ = 3
2

+
field in the intermediate 3-body cut.

Eq (3.10) consider the contributions Ṽ OPE to the OPE potential

Ṽ OPE
13 =

(
ϵ∗D1

)i
a
Oijk

6 abO
l
4 cd (ϵD2)

jk
b (ϵD̄∗)

l
d

(
1

DD2,D̄,π(p⃗, p⃗
′)
+

1

DD1,D̄∗,π(p⃗, p⃗′)

)
Ṽ OPE
33 =

(
ϵ∗D2

)ij
a
(ϵ∗D̄∗)

m
c
Oijkl

7 abO
mn
5 cd (ϵD2)

kl
b (ϵD̄∗)

n
d

2

DD2,D̄∗,π(p⃗, p⃗′)
,

(3.13)

with the additional vertex functions

Oi
4 ab =

√
2gτab
fπ

piπ
√
m∗
DmD

Oij
5 ab =

√
2gτab
fπ

pkπϵ
ijkmD∗

Oijk
6 ab =− i

8g3⁄2τab√
3fπ

δikpj
√
mD1mD2

Oijkl
7 ab = −

√
2g3⁄2τab
fπ

δikpkϵjklmD2 .

(3.14)

Therefore, the full one-pion exchange potential is given by adding Eq. (3.10) and
Eq. (3.13), i.e.

V OPE
ij = V̄ OPE

ij + Ṽ OPE
ij . (3.15)

The inclusion of the one-pion exchange only preserves HQSS if both S-waves and
all relevant D-waves are considered [25]. In contrast to the partial wave projection
in the ππ − K̄K system, we need to generalize the formula in Eq. (2.31) to account
for the spin of the D mesons. The partial wave projected OPE potentials can be
calculated using the formulas of Refs. [145, 146],

V OPE
LL′ (p, p′) =

1

2J + 1

∫
dΩp

4π

dΩp′

4π
Tr
[
P †(JLS; n⃗)V OPE(p⃗, p⃗′)P (JL′S ′; n⃗′)

]
, (3.16)
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3. Coupled Channel {D1, D2} − {D,D∗} Dynamics

where n⃗ = p⃗/p and P (JLS, n⃗) denotes a projection operator for the spin coupling.
These projectors are normalized to

1 =
1

2J + 1

∫
dΩn

4π
P †(α, n⃗)P (α, n⃗) . (3.17)

A list of all relevant projectors considering the jPℓ = 1
2

−
particles is listed in Ref. [141].

Note that it is not immediately obvious, that the amplitudes V̄ OPE
23 and Ṽ OPE

13 , Ṽ OPE
23

vanish for the studied system. The Lorentz structure of the amplitude Ṽ OPE
13 for the

transition D1D̄ → D1D̄
∗ can be written as

Ṽ OPE
13 ∝ ϵ∗ iD1

(λ)ϵijkpjplϵjD1
(λ′1)ϵ

l
D∗(λ′2) , (3.18)

where λ and λ′f denote the incoming and outgoing polarizations, respectively. For a
general JPC this term does not vanish. However, once we consider the coupling of
the final D1D̄

∗ into e.g. the partial wave 3S1 for JPC = 1−−, where the projector is
given by

P (D1D̄
∗(3S1))

j =
i√
3
ϵjklϵkD1

ϵlD∗ , (3.19)

it follows

Ṽ OPE
13 ∝ ϵijkpjplϵjli

′
= pkpl(δliδki

′ − δklδii′) = pipi
′ − p2δii′ , (3.20)

which is zero for an S-wave, as the initial and final polarization i and i′ are the same.
The same reasoning results in V̄ OPE

23 = 0 and Ṽ OPE
23 = 0.

3.4. Coupled-channel Lippman-Schwinger equation

With the full potential fixed by V eff = VC + VOPE, the coupled-channel Lippman-
Schwinger equation for a system with definite JPC is given by

Tαβ(E, p, p
′) = V eff

α,β(p⃗, p⃗
′)−

∑
γ

∫
d3q

(2π)3
V eff
αγ (p, q)Gγ(q)Tγβ(q, p

′) , (3.21)

where α, β, γ label the basis vectors for the different partial waves defined in Eq. (3.4).
We now consider the momentum-dependent width of theD1 andD2 in the propagation
Gγ of the multi-meson states. In Ref. [147], Faddeev describes a framework that
extends the principles of two-body unitarity to the three-body case. In general, three
particles can interact via two- or three-body forces. If we assume the interaction to
be of finite range, it follows that beyond a certain distance away from the center of
mass, the three-particle force drops to zero, although two-body forces may remain.
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3.4. Coupled-channel Lippman-Schwinger equation

= + + +...

Figure 3.5.: Feynman diagrams for the dressed propagator of D1D̄,D1D̄
∗ and D2D̄

∗ on
the left hand side given by the series of diagrams intermediate containing
D(∗)π loops.

These two-body systems might form resonances, while the third particle acts as an
observer. In general, there are three so-called two-body fragmentation channels,
where the two-body subsystem can be unitarized by standard Lippman-Schwinger
equation

tα = Vα + VαG0tα , (3.22)

with alpha denoting the index of the corresponding two-body fragmentation channel.
The full 3-body problem shown in Fig. 3.5 can not simply be resumed, as the kernel
is disconnected. Faddeev derived a set of equations that reiterate the two-body
t-matrices tα into a connected Faddeev kernel, where the defining equation for the
scattering channel |ψ1⟩ may be written as |ψ1⟩

|ψ2⟩
|ψ3⟩

 =

 |ϕ1⟩
0
0

+G0

 0 t1 t1
t2 0 t2
t3 t3 0

 |ψ1⟩
|ψ2⟩
|ψ3⟩

 , (3.23)

with |ϕ1⟩ denoting the resonance wave function of channel 1.

For the present study, we consider the proper inclusion of D1 and D2, as the widths of
D and D∗ are neglectable. For e.g. the first channel D1D̄, the dominant contribution
in the 3-body channel D∗D̄π is generated by the resonant D∗π → D1 interaction in
the studied energy range. We do not explicitly parameterize the 3-body propagator
G0, but absorb it into V by considering the resonances of the two-body subsystems
in the OPE of the potential. As a result, we can map the Faddeev equation onto the
Lippmann-Schwinger equation given in Eq. (3.21), where the full unitarized three
body propagator in time-ordered perturbation theory may be written as

Gγ =
1

E − ωγ1 − ωγ2 + iΓγ/2
. (3.24)

Here Γγ/2 corresponds to the imaginary part of the intermediate loops, as shown in
Fig. 3.5.
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3. Coupled Channel {D1, D2} − {D,D∗} Dynamics

Inserting the spin-averaged matrix elements into Eq. (1.95) and Eq. (1.93) yields

ΓD1 =
1

3

ρπD∗(m2
D1
)

mD1

[
h′2s ω

2
π

4fπ
2 mD1mD∗ +

h′2

fπ
2pD∗π(mD1)

4mD1mD∗

]
ΓD2 =

1

5

ρπD∗(m2
D2
)

mD2

3h′2

fπ
2 pπD∗(mD2)

4mD2mD∗ +
1

5

ρπD(m
2
D2
)

mD2

2h′2

fπ
2 pπD(mD2)

4mD2mD ,

(3.25)
from which we can derive the energy dependent width generated for a given channel
γ = {1, 2, 3}

Γ1(E, l) =
pDD∗π(E, l)

24πmD1

[
h′2s ωπ(E, l)

2

4fπ
2 mD∗ +

h′2

fπ
2pDD∗π(E, l)

4mD∗

]
Γ2(E, l) =

pD∗D∗π(E, l)

24πmD1

[
h′2s ωπ(E, l)

2

4fπ
2 mD∗ +

h′2

fπ
2pD∗D∗π(E, l)

4mD∗

]
Γ3(E, l) =

1

40πmD2

[
3h′2

fπ
2 mD∗pDD∗π(E, l)

5 +
2h′2

fπ
2 mDpD∗D∗π(E, l)

5

]
.

(3.26)

Here qABC(E, l) denotes the center of mass momentum of the particles B and C
embedded in the three body system of particles A,B,C

qABC(E, l) =
λ

1⁄2(ω2
BC ,m

2
B,m

2
C)

2(ωBC)
with ω2

BC =

(
E −

√
m2
A + l2

)2

− l2 . (3.27)

102



4. Summary and outlook

In this thesis we presented a path towards a systematic analysis of the JPC = 1−−

channels in the range from 4.2 to 4.5 GeV, building on the results of our study of the
Y (4230). We present insight into the exotic vector states Y (4230) and Zc(3900) and
demonstrate the issues arising from simple Breit-Wigner fits omitting the relevant
threshold effects.

In our initial study, we simultaneously analyzed the lineshapes of seven hadronic
final state cross sections and invariant mass distributions as well as data from
e+e− → µ+µ− in the energy range from 4.2 to 4.35 GeV. We demonstrate that
even with a single exotic state, it is possible to describe all those final states with
consistent resonance parameters. This was made possible by including the effects
of the D1D̄ channel as well as allowing for interference between the conventional
charmonium state ψ(4160) with the exotic Y (4230). Furthermore, this is substantial
in explaining the µ+µ− lineshape, where the mixing of the two states constrained by
the hadronic final states, is in fact consistent with the description of the leptonic
final state. This may be interpreted as additional support for the scenario suggested
in this thesis.

The inclusion of the intermediate D1D̄ is necessary if the Y (4230) is a hadronic
molecule formed in this channel. One of the implications of this scenario is the
distortion of the lineshape near the D1D̄ threshold, which is especially prominent
in the D0D∗−π+ and the J/ψπ+π− cross sections. In contrast to the experimental
analyses, which extract two states from the data for the J/ψπ+π− channel, the
molecular scenario presented here naturally explains the asymmetric lineshapes.
Furthermore, we are able to describe the energy dependences of the cross sections
for e+e− → J/ψπ+π− and e+e− → J/ψK+K− simultaneously in line with the
approximate SU(3) flavor symmetry of QCD, which is completely disregarded in the
BESIII analysis. Our fits also reproduce the expected hierarchy in the production of
conventional charmonium states in comparison to molecular states in e+e− collisions.
The production of the Y (4230) from a photon is suppressed in heavy quark effective
theory, which is reflected in the individual contributions of the Y (4230) and ψ(4160)
in e+e− → µ+µ−, with the latter being significantly larger.

For the other two-body finals states, the lineshape of the χc0ω total cross section
emerges from the interference of the non-trivial energy dependence of the triangle
diagram, which emerges from a non-trivial interplay of a triangle contribution
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4. Summary and outlook

featuring the D1D̄ intermediate state with the ψ(4160). In addition, our analysis
allows us to describe the very different lineshapes of e.g. J/ψη and X(3872)γ cross
sections simultaneously via the interference of the ψ(4160) and Y (4230).

With the results of this exploratory study showing very promising results, we also
present the next logical step with the inclusion of the spin partners D1D̄

∗ and
D2D̄

∗ called for by HQSS. This will allow us to properly study the coupled channel
dynamics via a Lippmann-Schwinger equation and extend the studied energy range
significantly. With the inclusion of the Zc(4020), a candidate for a D∗D̄∗ molecule,
we can analyze the hcπ invariant mass spectra. The study of the strange partners
of the Zc states, e.g. the Zcs(4000), allows us to probe the J/ψK+K− cross section
and its subsystems in more detail. With the full coupled channel dynamics, we can
also turn to the ψ(2S)π+π− final state, which was the only channel omitted in our
previous study of the Y (4230). Since our analysis includes both hadronic and leptonic
final states, we are in the position to disentangle the strong and electromagnetic
coupling of the Y states. Thus we will also be able to improve the current limits and
uncertainties on the corresponding branching fractions to the different final states.

In conclusion, the non-trivial insights gained in this thesis were only possible because
we studied multiple final states simultaneously. This appears unavoidable to get
access to reliable resonance parameters, as single-channel Breit-Wigner analyses tend
to extract resonance parameters with large scatter as shown in Fig. 2.1.
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A. The relativistic three-body phase
space

The differential cross section for a scattering process of two initial into n-final particles
is given by [4]

dσ =
(2π)4

4
√

(k1 · k2)2 −m2
1m

2
2

∣∣M̄∣∣2 dΦn(k1 + k2; p1, p2, ..., pn) , (A.1)

where
∣∣M̄∣∣2 is the spin averaged matrix element squared and the factor in front the

so-called initial flux. The the n-body phase space element is defined as

dΦn(P ; p1, p2, ..., pn) = δ4(P −
n∑
i=1

pi)
n∏
i=1

d3pi
(2π)32ωi

, (A.2)

with incoming P = k1 + k2 and outgoing pi momenta. It can be decomposed
recursively via

dΦn(P ; p1, ..., pn) = dΦj(q; p1, ..., pj) dΦn−j+1(P, pj+1, ..., pn) dq
2(2π)3 . (A.3)

In the following we explicitly derive the 3-body phase space element. For a more
general review of the relativistic kinematics of particle reactions, we recommend
Ref. [148]. Analogous to the Mandelstam variables in 2→ 2 scattering it is useful to
define the invariant energies of the two-particle subsystems in a 1→ 3 decay

s12 = s1 = (p1 + p2)
2 = (P − p3)2

s23 = s2 = (p2 + p3)
2 = (P − p1)2

s13 = s3 = (p1 + p3)
2 = (P − p2)2 ,

(A.4)

which further fulfill the relation

s1 + s2 + s3 = s+
∑
i

m2
i . (A.5)
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In the center of mass of the decaying particle, the energies E∗
i and 3-momenta p∗i of

the final particles can be expressed

E∗
1 =

s+m2
1 − s2

2
√
s

, p∗1 =
λ1/2(s,m2

1, s2)

2
√
s

E∗
2 =

s+m2
2 − s3

2
√
s

, p∗2 =
λ1/2(s,m2

2, s3)

2
√
s

E∗
3 =

s+m2
3 − s1

2
√
s

, p∗3 =
λ1/2(s,m2

3, s1)

2
√
s

.

(A.6)

Following Eq. A.2 the three body phase space element Φ3 is given by

Φ3(s) =
1

(2π)9

∫ 3∏
i=1

d3pi
2ωi

δ4(P − p1 − p2 − p3) , (A.7)

where the δ function ensures energy and momentum conservation from the incoming
4-vector P decaying into pi. Using the δ function to integrate over p2 we obtain

Φ3(s) =
1

(2π)9

∫
d3p1 d

3p3
8ω1ω2ω3

δ(
√
s− ω1 − ω2 − ω3) . (A.8)

Now we can rewrite the integrand

d3p1 d
3p3 =p

2
1dp1dΩ1p

2
3dp3dΩ3

p1ω1dω1dΩ1p3ω3dω3dΩ3 ,
(A.9)

where Ω3 = (cos θ13, ϕ3) describes the orientation of the 3-momentum p⃗3 with respect
to p⃗1. From the relation E2

2 = (p1 + p3)
2 +m2

2 = p21 + p23 + 2p1p3 cos θ13 +m2
2 we get

dω2

d cos θ13
=
p1p3
E2

, (A.10)

such that we can integrate over cos θ13

Φ3(s) =
1

(2π)9
1

8

∫
dω1dω3dΩ1dϕ3Θ(1− cos2 θ13) , (A.11)

where the heaviside function ensures physical values for θ13. Here Ω3 = (cos θ13, ϕ3)
describes the orientation of p⃗3 with respect to p⃗1, and Ω1 the orientation of p⃗1 with
respect to some axis.
At last with the Jacobian

∂ω1, ω3

∂s1, s3
=

1

4s
, (A.12)
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we get the final expression

Φ3(s) =
1

(2π)932s

∫
ds1 ds2 dΩ1dϕ3 . (A.13)

In the center of mass frame of the decaying particle the two azimuthal integrations
are trivial, yielding

Φ3 =
1

(2π)732s

∫
ds1 ds2 dθ1 , (A.14)

such that the total cross section is given by

σ =
1

4
√

(k1 · k2)2 −m2
1m

2
2

1

(2π)332s

∫ ∣∣M̄∣∣2 ds1 ds2 dθ1 . (A.15)

The integration border of s1 can be expressed in terms of s2

s±1 = m2
1 +m2

2−
1

2s2

[
(s2 − s+m2

1)(s2 +m2
2 −m2

3)∓ λ
1⁄2(s2, s,m

2
1)λ

1⁄2(s2,m
2
2,m

2
3)
]
.

(A.16)
Consequently, the borders of the s2 integration are trivially given by

(m2 +m3)
2 ≤ s2 ≤ (

√
s−m1)

2 . (A.17)
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B. Numerical integration

In numerical analysis, quadrature rules allow to compute approximations of definite
integrals. For a more complete review, we refer to Ref. [149]. A function f(x) is
evaluated at certain abscissas xi with corresponding weights wi, allowing us to write
the integral as a sum ∫ b

a

f(x) ≈
∑
i

f(xi)wi . (B.1)

In its simplest form, n equally spaced abscissas xi are chosen in the interval [a, b],
such that a quadrature rule like the Newton-Cotes Formula is able to reproduce
a polynomial of order n. As the goal is to obtain an integral as accurately as
possible while keeping the number of evaluations of the integrand to a minimum,
more complex algorithms were developed.

With Gaussian Quadrature one effectively doubles the reproducible degree of freedom
by not only choosing the weights wi but also the abscissas xi, making use of orthogonal
function systems. In this sense, higher order does only imply higher accuracy for
very smooth analytic integrands. However, with a variable choice of the abscissas
and weights we can effectively circumvent integrable singularities in the integrand,
demonstrated later in this section.

In this thesis we rely on the Gauss-Legendre-Quadrature which is defined on the
interval [−1, 1] as ∫ 1

−1

f(x) ≈
n∑
i

f(xi)ωi , (B.2)

where the nodes xi are given by the roots n-th Legendre polynomial and the weights
can be calculated via

ωi =
2

(1− x2i )(P ′
n(xi))

2
. (B.3)

This choice of abscissas and weights allows us to integrate polynomials of order 2n−1
exactly. To adapt the integration range, we simply perform a linear mapping from
[−1, 1] 7→ [a, b], resulting in∫ b

a

f(x) ≈ b− a
2

∑
i

f

(
(b− a)xi + a+ b

2

)
ωi . (B.4)
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B.1. Triangle topologies

D1 D∗

D̄

l l − pπ

−l

pπ

−pπ

Figure B.1.: Momentum assignment of the triangle loop.

The triangle diagram shown in figure B.1 only has one time ordering, such that it
can be expressed as

TD1DD∗ =

∫
d3l

(2π)3
1

8ωDωD1ωD∗

1

E − ωD1 − ωD
1

E − ωπ − ωD∗ − ωD
, (B.5)

with ωi =
√
m2
i + p2i

ωD =
√
m2
D + l2

ωD∗ =
√
m2
D∗ + l2 + p2π − 2lpπz

ωD1 =
√

(mD1 − iΓD1/2)
2 + l2

ωπ =
√
m2
π + p2π .

(B.6)

In the center of mass frame of the Y (4230) one can choose the momenta in a way
that only the D∗ has an angular dependency, where p⃗π = pπ(0, 0, 1)

T, such that

z = cos θ denotes the cosine of the polar angle of the loop momentum l⃗. Due to the
width of the D1 only the last propagator in eq. (B.5) has poles on the real axis, as
in comparison the D∗ width is negligible small. We define

f(E, l) =
l2

8ωDωD1

1

E − ωD1 − ωD
, (B.7)

such that f is regular in l. The integral can now be rewritten as

TD1DD∗ =
1

(2π)2

∫ Λ

0

dlf(E, l)

∫ 1

−1

dz
1

ωD∗

1

E − ωπ − ωD∗ − ωD
, (B.8)

where the trivial integration over the loop momentums azimuthal angle is performed.
Doing a variable transformation
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dωD∗ =
lpπ
ωD∗

dz , (B.9)

the angular integration becomes∫ 1

−1

dωD∗
1

pπl

1

E − ωπ − ω∗
D − ωD

. (B.10)

The inverse factor of l is canceled by f(E, l), while pπ is canceled by the phase space
integration.
With the relation

1

x− x0 ± iϵ
= P

(
1

x− x0

)
∓ iπδ(x− x0) , (B.11)

where P denotes the Cauchy principal value, Eq. (B.10) becomes

1

E − ωπ − ωD∗ − ωD + iϵ
= −P

(
1

ωD∗ − (E − ωD − ωπ)

)
− iπδ(ωD∗ − (E − ωπ − ωD)) .

(B.12)

The δ function can be rewritten as

δ(ωD∗ − (E − ωπ − ωD)) =
ωD∗

lpπ
δ(z − z0) , (B.13)

with

z0 = −
l2 + p2π +m2

D∗ − (E − ωπ − ωD)2

2lpπ
. (B.14)

Now Eq. (B.8) takes the form

I =
1

(2π)2

∫ ∞

0

dl
f(E, l)

lpπ

∫ 1

−1

dz

[
−P

(
1

ωD∗ − (E − ωπ − ωD)

)
− iπδ(z − z0)

]
,

(B.15)
with

P

(∫ ωD∗ (z=1)

ωD∗ (z=−1)

dωD∗
1

ωD∗ − (E − ωπ − ωD)

)
= log

[
E − ωD∗|z=1 − ωπ − ωD
E − ωD∗|z=−1 − ωπ − ωD

]
.

(B.16)
Finally, we arrive at
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B. Numerical integration

I(E) =

∫ Λ

0

dl
f̃(E, l)

pπ

[
log

(∣∣∣∣ E − ωD∗|z=1 − ωπ − ωD
E − ωD∗|z=−1 − ωπ − ωD

∣∣∣∣)
+iπΘ

(
E − ωD∗|z=1 − ωπ − ωD
E − ωD∗|z=−1 − ωπ − ωD

)]
,

(B.17)

where the remaining radial integration can be performed numerically. In case of the
J/ψD(∗)D̄(∗) vertex, which scales with the loop-momentum itself, the integrand is
modified accordingly

T (C,Num) = C

∫
d3l

2π3

Num(l, p1, p2)

8ω1ω2ω3

G1G2 , (B.18)

with Num denoting the momentum factors in the numerator and C being a constant.

To decrease the number of sample points needed to achieve a stable result, it is useful
to further split the l integration at the poles of the propagator, as the distribution of
Gauss-Legendre sample points is more dense at the integration borders∫ Λ

0

dl =

∫ lP0

0

∫ lP1

lP0

...

∫ Λ

lPn

dl , (B.19)

where the lPi correspond to the poles of the propagator in l, which can be calculated
analytically for each propagator.
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B.2. Box topologies

l + p1

−l − p1

l

−l − p1 − p2

p1

p2

1

2

3

4

5

6

Figure B.2.: One time ordering of the first Feynman diagram shown in Fig. 2.11.

The Integral for the scalar box shown in figure B.2 is given by

I =

∫
d3l

(2π)3
Num(l, p1, p2)

16ω1ω2ω3ω4

1

E − ω1 − ω2

1

E − ω5 − ω3 − ω2

1

E − ω4 − ω3 − ω5 − ω6

.

(B.20)

In this work the second cut corresponds for most box topologies to D̄D∗π, which
can go on-shell. Analogous to the triangle we isolate the singularity and define the
remaining part in a function f(E, l, φ, z, p1, p2) that is regular in l and z. However,
different to the triangle, it is not possible to to perform the integration of the polar
angle analytically as f is also dependent on z, such that we perform a numerical
subtraction

I =

∫
d3l

(2π)3
f(E, l, φ, z, p1, p2)

1

E − ω5 − ω3 − ω2

=

∫ Λ

0

dl l2
∫ 2π

0

dφ

[∫ 1

−1

dz
f(E, l, φ, z, p1, p2)− f(E, l, φ, z0, p1, p2)

E − ω5 − ω3 − ω2

+ f(E, l, φ, z0, p1, p2)

∫ 1

−1

dz
1

E − ω5 − ω3 − ω2

]
,

(B.21)

where z0 is the pole of the propagator. The integration of the second summand con
now be done analytically, resulting in
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∫ 1

−1

dz
1

E − ω5 − ω3 − ω2

=

log

[
(E − ω5 − ω3 − ω2)|z=1

(E − ω5 − ω3 − ω2)|z=−1

]
.

(B.22)

The remaining φ and l integration are performed numerically using Gauss-Legendre
integration. Analogous to the triangle loops, one should split the integration at the
integrable singularities in l to reduce the number of sample points needed. The
general notation used in this work is

B(C,Num)=
∑
T

C

∫
d3l

2π3

Num(l, p1, p2)

16ω1ω2ω3ω4

G1G2G3 , (B.23)

where
∑

T stands for the sum over the different time orderings and Gi denotes the
propagators for the different cuts, e.g. G1 = 1/(E − wD1 − ωD).
The input values given in table B.1 were used in the numerical calculations of this
thesis.

Parameter Value [MeV]
m0
π 135

m±
π 139.6

m±
K 493.7

mη 547.9
mω 782.7
m0
D 1864.8

m±
D 1869.7

m∗0
D 2006.9

m∗±
D 2010.3

mD1 2420.8
mJ/ψ 3096.9
mχc0 3414.7
mhc 3525.9
mX(3872) 3871.7
mψ(4160) 4191
ΓD∗ 83.4×10−3

ΓD1 31.7
Γψ(4160) 70

Table B.1.: Input values for masses and widths used in this work, taken from the central
value of the Review of Particle Physics by the Particle Data Group [51].
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C. Remarks on the numerical
evaluation of loops -
Wigner rotation

The numerical integration of certain loop topologies can be quite demanding. A
suitable choice of reference frame simplifies the calculation. In the center of mass
frame for a 2 → n scattering process there is one external angle as a degree of
freedom. While it is possible to include this angle in the calculations explicitly,
one can alternatively work in a certain reference frame for the decay tensor and
subsequently rotate it around the initial (leptonic) tensor. We will focus on 2→ 3
scattering processes relevant for this work.
Following the convention of Ref. [150], we denote the transition amplitude in the
aligned frame by Oν{λ}, with {λ} = (λ1, λ2, λ3) collecting the individual helicities of
the three final state particles. In the aligned configuration, we choose one of the
particles momenta p⃗1 = p1(0, 0, 1)

T to be oriented along the z axis. The amplitude
MΛ

λ in the space-fixed frame, where we fixed the spin projection Λ of the initial
e+e− state along the z axis, may now be written as

MΛ
λ =

∑
ν

DJ∗
Λ,ν(α, β, γ)Oν{λ} , (C.1)

where DJ∗
Λ,ν denotes the Wigner D-function for a (2J +1)-dimensional representation

of the rotation group

Dj
m′m(α, β, γ) = ⟨jm

′|e−iαJze−iβJye−iγJz |jm⟩ . (C.2)

The vectors of the aligned configuration are first rotated around the z axis by γ,
followed by a rotation around the y axis by β, and at last rotated around the z axis by
α, into the space-fixed configuration. Here β and α denote the polar and azimuthal
angles of the space-fixed p1 momentum, respectively. The Wigner D-function is
related to the spherical harmonics Y l

m(θ, ϕ) via

Dl∗
m,0(ϕ, θ, 0) =

√
4π

2l + 1
Y l
m(θ, ϕ) (C.3)
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and are by definition unitary∑
k

Dj
m′k(R)D

j∗
km(R) = δm′m . (C.4)

We can re-express the rotation matrix as given in Ref. [151] via

Dj
m′m(α, β, γ) = e−im

′αdjm′m(β)e
−imγ . (C.5)

For our intention to reproduce the angular degree of freedom of the phase space
integral in Eq. (A.14), we need to rotate around the polar angle β of p⃗1. The relevant
d−functions in spherical basis for total spin j = 1 are given in the appendix of
Ref. [152]:

d
(j=1)
11 (β) =

1

2
(1 + cos β)

d
(j=1)
1−1 (β) =

1

2
(1− cos β)

d
(j=1)
01 (β) =

1√
2
sin β

d
(j=1)
00 (β) = cos β ,

(C.6)

which fulfill the relations

djm′m(β) = (−1)m−m′
dj−m′−m(β)

djm′m(β) = (−1)m−m′
djmm′(β) .

(C.7)

With Eq.(C.6) and (C.7) we can express the rotation matrix in the spherical basis,
i.e. χ+ : m = 1, χ− : m = −1, χ0 : m = 0, as

d
(j=1)
m′m (β) =

 d11(β) d1−1(β) d10(β)
d−11(β) d−1−1(β) d−10(β)
d01(β) d0−1(β) d00(β)

 =

 d11(β) d1−1(β) −d01(β)
d1−1(β) d11(β) d01(β)
d01(β) −d01(β) d00(β)

 ,

(C.8)
which also must be unitary

∑
k dm′k(β)d

†
km(β) = δm′m. As we are working in the

Cartesian basis for the decay processes, we perform a basis transformation for the
d-matrix. The spherical basis χ⃗ = (χ+, χ−, χ0)T can be expressed in terms of the
Cartesian basis x⃗ = (x, y, z)T via

χ⃗ =

χ+

χ−

χ0

 =

− 1√
2
(x+ iy)

1√
2
(x− iy)
z

 ,

such that

x⃗ = T χ⃗ with T =

− 1√
2

1√
2

0
i√
2

i√
2

0

0 0 1

 .
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With T = Tχ→x the basis transformation for a general rotation matrix R is simply
given by

R{χ} = T−1
χ→xR{x}Tχ→x

R{x} = Tχ→xR{χ}T
−1
χ→x .

(C.9)

The spin averaged squared matrix element

|M̄|2 =
∑
ΛΛ′

LΛ,Λ′

∑
{λ}

M∗Λ
{λ}MΛ′

{λ} , (C.10)

may now be expressed in terms of

|M̄|2 =
∑
ΛΛ′

LΛ,Λ′

∑
µ,ν

R∗
ΛµRΛ′ν

∑
{λ}

O∗µ
{λ}O

ν
{λ} . (C.11)

In the context of this work, the spin density matrix LΛ,Λ′ corresponds to the leptonic
tensor discussed around Eq. (2.20). As we are working in the Cartesian basis, the
rotation matrix is given by R = Tχ→xd

(j=1)(β)T−1
χ→x. Depending on the chosen

reference frame, the amplitudes Oµ correspond to the decay amplitudes presented in
section 2.5. In this work the, this formalism was mostly used for the J/ψπ+π− final
state presented in section 2.5.2. Due to the numerous loop topoliges, it was easier to
define the amplitude in the aligned frame, and subsequently rotate them according
to Eq. (C.11).
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