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Abstract
Consider the one-dimensional nonlinear Schrödinger equation i∂tu = −∆xu − |u|p−1 u
with initial data u(0, ·) = u0 ∈ H1(R) and subcritical/critical exponent 3 ≤ p ≤ 5.

This thesis examines a question derived from the so-called soliton resolution conjec-
ture. The NLS admits regular solutions of the form u(t, x) = eiλtQλ(x), λ > 0 called
solitons.

The soliton resolution conjecture claims that every global solution of the NLS will
eventually resolve into a sum of soliton-like solutions and a radiation component which
disperses like a linear solution.

We consider the related question of ’asymptotic stability’. For initial data close to a
soliton, does the solution resolve into a soliton-like solution and radiation?

Specifically, we examine the linearisation of the NLS around the soliton. Let L denote
the Hamiltonian of the resulting linear equation ∂tu = Lu.

We show the following in this thesis.

1. We fully characterise the spectrum of L. Apart from several well-known eigenvalues
in 0, iL admits a resonance in ±1 for p = 3, a symmetrical pair of eigenvalues
±E ∈ (−1, 1)\{0} for 3 < p < 5, as well as two additional generalised eigenvalues
in 0 for p = 5.

2. Based on the above characterisation of the spectrum of L, we show the existence of
a wave operator for 3 < p < 5, mapping ∂tu = Lu onto the free Schrödinger equa-
tion. This is accomplished by constructing a distorted Fourier transform mapping
L onto a multiplication operator.

3. We show that the wave operator acts as a bounded operator Lq → Lq for every
1 ≤ q ≤ ∞. As a consequence, for 3 < p < 5, the equation ∂tu = Lu allows for the
same dispersive estimates as the free equation.

4. For 3 < p < 5, we show a local smoothing estimate for ∂tu = Lu. Due to
the absence of resonances, this local smoothing estimate allows for significantly
stronger local decay than the case of the free equation i∂tu = −∆u.
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Convention (On the use of constants) Throughout this thesis, the variable C is
used to denote constants without quantifying them. Dependencies are denoted as sub-
indices.

Consider the following example. Given functions f, g : R3 → R, the inequality:

∀x, y, z ∈ R : f(x, y, z) ≤ Cg(x, y, z) (0.1)

is to be read as:

∃C > 0 ∀x, y, z ∈ R : f(x, y, z) ≤ Cg(x, y, z). (0.2)

Similarly, the inequality:

∀x, y, z ∈ R : f(x, y, z) ≤ Cx,yg(x, y, z) (0.3)

is to be read as:

∀x, y ∈ R ∃C > 0 ∀z ∈ R : f(x, y, z) ≤ Cg(x, y, z). (0.4)

Further, no relationship is implied between the constants of different inequalities, even
though the same variable name C is used. Using C as in (0.1) or (0.3) simply implies
the existence of a constant in the sense of (0.2) or (0.4).

Consequently, given f, g : R → R, the inequality:

∀x ∈ R : f(x) ≤ Cg(x) ≤ C2 (0.5)

implies:

∀x ∈ R : f(x) ≤ C. (0.6)

Clearly, the constant C denotes different numbers in (0.5) and (0.6).
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Index
The following table gives an overview over the most important quantities used through-
out this thesis. The arrangement is loosely based on the order in which the quantities
are introduced.

Quantity Description
Q Ground state, see (1.3) on page 12.
L Linear operator, arises by linearising the NLS around a soliton, see

(1.35) on page 22.
L0 L0 = (−∆ + 1)I, see definition 10.0.2 on page 225.
ζ1, ζ2 Internal Modes. Eigenfunctions of L associated with non-zero eigenvalues,

see definition 6.1.2 on page 161.
H Hilbert space for which iL is self-adjoint, see definition 1.9.1 on page 23.
H H = {w ∈ H|⟨w, ζ1⟩H = ⟨w, ζ2⟩H = 0}, see definition 6.2.1 on page 161.
Hs Generalisation of H for s ≥ 0 with H1 = H, see chapter 9.5 on page 218.
He, Ho Subspaces of H, containing only even and odd functions respectively.
Ĥs Ĥs = {f ∈ L2(R)|(1 + |·|)

s
2 f ∈ L2(R)}. See definition 9.2.22 on page 198.

T T = GF . Wave operator, unitary transform H → H1(R)2 mapping the
linearised operator L onto (−∆ + 1)I, see definition 10.2.1 on page 228.

I I =
(

0 −1
1 0

)
, matrix equivalent of the imaginary unit i.

F Unitary transform, H → Ĥ1 × Ĥ1, mapping L onto the multiplication
operator i sgn(ξ)(ξ2 + 1), see definition 9.3.1 on page 201. See also
(9.2), (9.3) on page 186.

G Unitary transform, Ĥ1 × Ĥ1 → H, inverse of F . See lemma 9.2.27 on
page 200, as well as (9.4), (9.5) on page 186.

G Unitary transform, Ĥ1 × Ĥ1 → H1(R)2, mapping the multiplication
operator i sgn(ξ)(ξ2 + 1) onto (−∆ + 1)I, see definition 10.1.1 on page 226.

We(ξ, x) Bounded even solution to Lw = i sgn(ξ)(ξ2 + 1)w wrt. to x. Used as a
kernel when constructing F and G. See definition 8.5.1 on page 183.

Wo(ξ, x) Bounded odd solution to Lw = i sgn(ξ)(ξ2 + 1)w wrt. to x. Used as a
kernel when constructing F and G. See definition 8.5.1 on page 183.

Ue, Ve Component functions of We = (Ue, Ve).
Uo, Vo Component functions of Wo = (Uo, Vo).
ce, se Coefficient functions used when constructing We, see theorem 8.3.5

and definition 8.3.6 on pages 176 and 178.
co, so Coefficient functions used when constructing Wo, compare ce, se.
Re, Ro Remainder terms, they arise by comparing the asymptotics of We,Wo

with ce(ξ) cos(ξx) and se(ξ) sin(ξx), see definition 8.5.6 on page 184.
Re, Ro feature discontinuities in ξ = 0 and x = 0 in contrast to We,Wo.
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Quantity Description
Re,U , Re,V Component functions of Re = (Re,U , Re,V ).
Ro,U , Ro,V Component functions of Ro = (Ro,U , Ro,V ).
R̃e, R̃o Remainder terms of higher order, they decay faster than Re, Ro with

respect to ξ. See definition 8.5.12 on page 185.
ρe, ρo Remainder terms, replacing Re, Ro from chapter 11 onwards. They use a

cut-off function to ensure smoothness in x = 0 and ξ = 0. See definition
11.1.1 on page 229.

ρe,U , ρe,V Component functions of ρe = (ρe,U , ρe,V ).
ρo,U , ρo,V Component functions of ρo = (ρo,U , ρo,V ).
ρ̃e, ρ̃o Remainder terms of higher order. See definition 11.1.6 on page 230.
χ Cut-off function. Smooth even function R → [0, 1] fulfilling χ(x) = 1

for |ξ| ≥ 2 and χ(x) = 0 for |ξ| ≤ 1.
Ae,k, Ao,k 1 ≤ k ≤ 6. Operators arising from decomposing the wave operator.

Used to show Lq → Lq estimates for the wave operator in chapter 11.
See definition 11.3.1 and 11.3.3 on page 234/235.

Be,k, Bo,k 1 ≤ k ≤ 6. Operators arising from decomposing the inverse of the
wave operator. See definition 11.3.1 and 11.3.3 on page 234/235.

Jt Jt = x
2 + It∂x, t ∈ R. Operator related to the Galilean invariance.

F̃ Matrix Fourier transform. See definition 12.1.1 on page 246.
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Part I.
Introduction
1. Setting
Consider the nonlinear Schrödinger equation (NLS) in one space dimension

i∂tu = −∆xu− |u|p−1 u, (1.1)

for u : R×R → C, 3 ≤ p ≤ 5 and initial data u(0, ·) = u0. We mostly consider the cases
u0 ∈ H1(R) and u0 ∈ L2(R).

This Cauchy problem is a special case of the d-dimensional nonlinear Schrödinger
equation

i∂tu = −∆u+ µ |u|p−1 u, (1.2)

for u : R×Rd → C, 1 ≤ p ≤ 1 + 4
d and µ = ±1. The case of µ = −1, which we consider,

is called the focusing equation. In contrast, for µ = 1, (1.2) is known as the defocusing
equation.

By Bourgain [4], (1.2), given µ = −1 and assuming sufficient regularity s, is locally
well-posed in Hs for every p ≥ 1. In particular, 1 ≤ p ≤ 1 + 4

d and s ≥ 0 ensures local
well-posedness in L2 (see in addition Cazenave and Weissler [6]), while s ≥ d

2 ensures
local well-posedness in Hs for every p ≥ 1.

By Ginibre and Velo [17], (1.2) is globally well-posed in H1 for 1 ≤ p < 1 + 4
d . For

p = 1 + 4
d and µ = −1, blow-up solutions are explicitly known, see e.g. [24].

1.1. Solitary Waves
Consider a ground state Qλ : Rd → R, λ > 0 fulfilling

∆Qλ + |Qλ|p−1Qλ = λQλ (1.3)

and decaying Qλ(x) → 0 for |x| → ∞. Then, u(t, x) = eiλtQλ(x) fulfils the nonlinear
Schrödinger equation (1.2). Such a solution is called a solitary wave or a soliton. Soli-
tary waves are a feature of many nonlinear dispersive equations, notably the Korteweg-de
Vries equation, the Sine-Gordon equation and the nonlinear wave equation.

By Strauss [29] and Berestycki and Lions [2], there exist non-trivial ground states
solving (1.3) for every dimension d ≥ 1. By Kwong [22], building on Gidas, Ni and
Nirenberg [16], the solution Qλ of (1.3) is unique up to translation and phase invariance,

12



1. Setting

meaning multiplication with eiµ, µ ∈ R. Further, there is a base solution which is posi-
tive and radially symmetric.

In the one-dimensional case d = 1, the ground state can be given explicitly as Qλ(x) =
λ

1
p−1Q(λ

1
2x), whereby

Q(x)p−1 = p+ 1
2 cosh2(p−1

2 x)
= 2(p+ 1)e(p−1)x

(e(p−1)x + 1)2 . (1.4)

The explicit formula (1.4) makes the one-dimensional easier to study, and is the reason
we only consider d = 1 in this thesis.

1.2. Why are Solitary Waves interesting?
The existence of soliton solutions, with solitons being particle-like solutions that persist
for all time, can in some ways be seen as surprising. Prior to the 1950’s, it was generally
expected for nonlinear interactions to lead to "thermalisation". The idea being that any
solution would approach a thermal equilibrium through the non-linear interaction acting
chaotically on the solution.

This idea would naturally lead to the conclusion that, given enough time, any solu-
tion of the NLS would ultimately amount to radiation, i.e. behave like a solution of the
free equation i∂t = −∆u. It is to be noted that, given small enough initial data with
respect to ||xu0||L2(R)2 , ||u0||L2(R)2 , it is well-known that thermalisation indeed occurs.
See, e.g. [19] or, alternatively, lemma 13.0.3 in this thesis.

There is a famous experiment by Enrico Fermi, John Pasta, Stanislaw Ulam and Mary
Tsingou in 1953-54 on one of the early computers, the Los Alamos MANIAC computer.
They used the MANIAC computer to solve a discrete system of nearest-neighbor coupled
oscillators, hoping to gain inside into the process of thermalisation. Instead, the system
exhibited a complicated quasi-periodic behaviour.

This perplexing behaviour was explained by Zabusky and Kruskal [36] in 1965. They
showed the continuum limit of the above system of coupled ODEs to be the Korteweg-de
Vries (KdV) equation. The quasi-periodic behaviour being explained by the existence of
solition solutions, as well as the surprising fact that solitons apparently can pass through
one another without affecting each others asymptotic shapes.

This discovery naturally lead to a great amount of effort being spend on studying
soliton mechanics, in hopes of understanding the long term behaviour of non-linear dis-
persive equations. Perhaps the most powerful tool was developed by Gardner, Greene,
Kruskal and Miura [15], that being the inverse scattering transform, an ingenious method
for solving the KdV equation.

The inverse scattering transform is to technically complex to be described in any detail
here. We give a very basic run-down. Given a solution u(t, x) of the KdV equation, one
can fin a Lax pair, two linear operators L = −∂2

x + u and B, such that Lt = [B,L].

13



1. Setting

Then, if ψ(t) fulfils the time evolution ∂tψ = Bψ, and ψ(0) is an eigenfunction of L,
Lψ(0) = λψ(0), it follows that ψ(t) is an eigenfunction of L with the same eigenvalue λ.

One now fixes a potential u ∈ S(R) and characterises the so-called scattering data,
meaning the time evolution of the eigenfunctions associated with each eigenvalue λ, as
well as the transmission and reflection coefficient. The two coefficients are given as
follows. If w(x) solves L − κ2, κ > 0 and behaves asymptotically as eiκx for x → −∞,
then we also find w(x) ∼ a(κ)eiκx + b(κ)e−iκx. a is called transmission coefficient, while
b is called reflection coefficient.

Having characterised the scattering data, one can recover the potential u by solving
the Gelfand-Levitan-Marchenko integral equation.

The inverse scattering transform was soon extended to many completely integrable
systems, most notably for us: the nonlinear Schrödinger equation (1.1), for p = 3.
Other systems for which the inverse scattering transform can be used include the Sine-
Gordon equation, the Kadomtsev–Petviashvili equation, the Ishimori equation and the
Dym equation.

A far more comprehensive overview of the development of soliton theory is provided
by Palais in [27]. Still, the vastness of the literature is such that even [27] can only give
an introduction to the topic.

1.3. Asymptotic Stability
The discovery of solitons has given rise to a new conjecture on the long term behaviour
of many nonlinear dispersive equation, replacing thermalisation.

The so-called soliton resolution conjecture predicts that any reasonably regular solu-
tion, given enough time, resolves into a finite number of soliton solutions and a radiative
term, meaning something which behaves like a solution of the linear equation.

As mentioned, this conjecture is also posed for other nonlinear dispersive equations,
notably the nonlinear wave equation and the Korteweg-de Vries equation. Tao [32] gives
a more comprehensive overview over solitons and the soliton resolution conjecture for a
variety of different dispersive equations.

The topic of this thesis derives from the related question of asymptotic stability. Con-
sidering initial data u0 = Q+w0, whereby we have perturbed a soliton with some small
w0. Asymptotic stability states that a perturbed soliton converges to a possibly different
solitary wave and radiation.

Generally speaking, asymptotic stability is a case-by-case problem with no known uni-
versal approach or criterium. Instead, there are a number of different ways to approach
the problem. The following overview is largely taken from [21].

1. Integrability methods, mainly the inverse scattering transform. Because the in-
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1. Setting

verse scattering transform actually solves the problem, it can result in much more
information than just asymptotic stability. For systems that are not completely
integrable, this Ansatz is not viable, although some spectral information may be
obtained from the integrability structure nonetheless.

2. Perturbative Methods, meaning one studies the flow in a neighbourhood of the
solitary wave. One usually presupposes suitable assumptions on the initial data,
or global in time assumptions on the solution, or restriction of the initial data
to a manifold of finite co-dimension. One then decomposes the solution into a
wave, described by a set number of geometrical parameters, and a small residue.
Asymptotic stability reduces to understanding the long term behaviour of the
residue and the evolution of the parameters.
Ideally, one would like to obtain "scattering", meaning that the residue behaves
like a solution of a linear dispersive equation. If scattering can be shown, then
controlling the parameters is usually not all to difficult.
The perturbative approach can in principle be applied to study any soliton problem.
However, the linearised PDE satisfied by the residue is often hard to study. The
following ideas exist.

a) Dispersive estimates. The idea is to mimic the small data global Cauchy prob-
lem, after first proving dispersive estimates for the linear equation resulting
from linearising around a soliton. This usually requires strong spectral infor-
mation on the resulting Schrödinger operator which can present a problem,
especially if the soltion is not given by an explicit formula.
Dispersive estimates become more difficult to use for low power nonlinearities
and/or low space dimension. Also, if the linearised Schrödinger operator
features non-trivial eigenvalues, the corresponding eigenfunctions being called
internal modes, then further complications usually arise.

b) Liapunov functionals. Virial type arguments can provide convergence in a
weaker sense, under different, sometimes weaker spectral information. This
method is often useful for low dimensional problems with low power nonlin-
earities, since dispersive estimates are not needed.
A useful tool to be noted in this context are the Morawetz inequalities, a type
of estimate that was originally derived by studying and bounding the radial
derivative x·∇u

|x| of certain nonlinear equations. In recent years so called inter-
action Morawetz inequalities were introduced, which are not tied to radially
symmetric data. As an example, an interaction Morawetz identity can be
used to control the correlation quantity∫

R

∫
R3

∫
R3

|u(t, x)|2 |u(t, y)|p

|x− y|
dxdydt (1.5)

in case of the three-dimensional nonlinear Schrödinger equation. See for ex-
ample [20].
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This thesis considers the question of asymptotic stability by establishing dispersive
estimates on the linearised Schrödinger equation as described in point 2a). Using the
explicit formula of the ground state (1.4), we fully characterise the spectrum of the
linearised operator, which we then use to define a wave operator and establish several
dispersive estimate. Using the results of this thesis should make it relatively straightfor-
ward to establish asymptotic stability results for the NLS. However, proving asymptotic
stability is beyond the scope of this thesis.

1.4. Symmetries
Before we proceed further, let us consider some basic facts about the NLS. We begin by
noting that the NLS conserves several quantities. As stated before, initial data u0 ∈ H1

suffices to ensure local well-posedness. We consider well-posedness in more detail in
chapter 1.7.

Lemma 1.4.1 Let 3 ≤ p ≤ 5. Consider a solution u ∈ C0H1([0, t0) × R) to (1.1)
with initial data u(0, ·) = u0 ∈ H1(R) and time of existence t0 ∈ [0,∞]. The following
quantities are conserved for 0 ≤ t < t0:

1. Mass:

||u(t, ·)||L2 = ||u0||L2 . (1.6)

2. Energy:

1
2 ||∇u(t, ·)||2L2 − 1

p+ 1 ||u(t, ·)||p+1
L2 = 1

2 ||∇u0||2L2 − 1
p+ 1 ||u0||p+1

L2 . (1.7)

3. Momentum:

Im
(∫

R
∇u(t, x)u(t, x)dx

)
= Im

(∫
R

∇u0(x)u0(x)dx
)
. (1.8)

Proof. Taking the derivative of each quantity with respect to t and then applying (1.1)
gives the desired result. □

Next, we note the symmetries of (1.1):

1. Translation invariance: If u is a solution, so is (t, x) 7→ u(t+ t0, x+x0), t0, x0 ∈ R.

2. Phase invariance: If u is a solution, so is eiνu, ν ∈ R.

3. Scaling invariance: If u is a solution, so is (t, x) 7→ λ
2

p−1u(λ2t, λx), λ > 0.

4. Galilean invariance: If u is a solution, so is (t, x) 7→ u(t, x− βt)ei
β
2 (x− β

2 t), β ∈ R.

In the critical case p = 5, (1.1) admits one additional symmetry not in H1, via the so
called pseudoconformal transformation:
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5. Pseudoconformal invariance: If u is a solution, so is (t, x) 7→ 1
|t|

1
2
u(1

t ,
x
t )e

i
|x|2
4t .

The pseudoconformal transformation immediately ensures the existence of blow-up so-
lutions. Indeed, applied to a solitary wave, it gives rise to a solution which blows up at
time t = 0.

We note that not every symmetry corresponds to a conserved quantities. By a well-
known theorem of Noether, every conserved quantity should correspond to a symmetry
preserving the Hamiltonian.

This is simply due to the fact that neither the scaling, the Galilean nor the pseudo-
conformal invariance preserve the Hamiltonian.

In the above case, the translation invariance in space corresponds to the conservation
of momentum, while the phase invariance and translation invariance in time correspond
to the conservation of mass and energy respectively.

1.5. Criticality
p = 5 allows for an additional symmetry. Somehow, (1.1) is fundamentally different for
p < 5 and p = 5. The case of p = 3 is also different, as then the system is completely
integrable. In this context it is useful to introduce the concept of criticality.

Consider the scaling symmetry for λ > 0:

u(t, x) 7→ λ
2

p−1u(λ2t, λx). (1.9)

Given a Banach space of initial data, the problem (1.2) is called critical if the norm stays
invariant under the scaling operator (1.9).

If the norm diverges as λ → ∞ the problem is called subcritical. If the norm instead
converges to zero, the problem is called supercritical.

(1.2) is called mass- or L2-critical for p = 4
d + 1, related to the conservation of mass:∫

R
|u0|2 dx =

∫
R

|u(t, x)|2 dx. (1.10)

For p = 4
d−2 + 1, it is called energy- or H1-critical, related to the conservation of energy:

1
2

∫
R

|∇u0|2 dx+ µ

p+ 1

∫
R

|u0|p+1 dx = 1
2

∫
R

|∇u(t, x)|2 dx+ µ

p+ 1

∫
R

|u(t, x)|p+1 dx.

(1.11)

In this thesis, we consider the one-dimensional focusing equation (1.1) in the mass-
subcritical case 3 ≤ p < 5 and the mass-critical case p = 5.

17
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1.6. Solution
We have not yet established what it means to be a solution of (1.1).

If sufficient regularity of the non-linear term |u|p−1 u is ensured, then (1.1) can be
expressed via Duhamel’s formula:

u(t, x) = eit∆u0(x) + i

∫ t

0
ei(t−s)∆

(
|u(s, x)|p−1 u(s, x)

)
ds (1.12)

Hereby, eit∆w0 denotes the solution w(t, x) to the free equation i∂tw = −∆w with initial
data w(0, x) = w0(x). (1.12) is better suited than (1.1) to define the notion of a solution.

Lemma 1.6.1 (Dispersive estimate) Consider the free Schrödinger equation in R1:

i∂tu(t, x) = −∆u(t, x). (1.13)

Let the solution for initial data u(0, ·) = u0 be given by eit∆u0. Let q ∈ [2,∞] with dual
exponent 1

q + 1
q′ = 1. Then, for t > 0:∣∣∣∣∣∣eit∆u0(t, ·)

∣∣∣∣∣∣
Lq

≤ Ct
− 1

2 + 1
q ||u0||Lq′ . (1.14)

Proof. The case q = ∞, q′ = 1 follows directly from the explicit solution of the Schrödinger
equation:

eit∆u0(t, x) = 1
2
√
it

∫
R
ei

(ξ−x)2
4t u0(ξ)dξ. (1.15)

As the Schrödinger equation conserves the L2-norm, the claim holds by interpolation.□

Lemma 1.6.2 (Strichartz estimate in one space dimension) We consider the free
Schrödinger equation (1.13) with solution eit∆u0 for initial data u(0, ·) = u0.

Assume q, r ∈ [2,∞] satisfy 2
q + 1

r = 1
2 and q̃′, r̃′ ∈ [1, 2] satisfy 2

q̃′ + 1
r̃′ = 5

2 . Then, the
following estimates hold true:

1. The homogeneous Strichartz estimate:∣∣∣∣∣∣eit∆u0
∣∣∣∣∣∣
Lq

tL
r
x

≤ C ||u0||L2 . (1.16)

2. The dual homogeneous Strichartz estimate:∣∣∣∣∣∣∣∣∫
R
e−is∆F (s, ·)ds

∣∣∣∣∣∣∣∣
L2

≤ C ||F ||
Lq̃′

t L
r̃′
x
. (1.17)

3. The inhomogeneous Strichartz estimate:∣∣∣∣∣∣∣∣∫ t

0
ei(t−s)∆F (s, ·)ds

∣∣∣∣∣∣∣∣
Lq

tL
r
x

≤ C ||F ||
Lq̃′

t L
r̃′
x
. (1.18)
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1. Setting

Proof. These estimates are originally due to Strichartz [30]. For the version given here,
see e.g. Tao [31]. □

Definition 1.6.3 (Solution in H1) Let initial data u0 ∈ H1(R) be given. Let further
I ∋ 0 be an interval containing the origin.
u ∈ C0

tH
1
x(I × R) is said to be a (strong) solution to (1.1) if it satisfies Duhamel’s

formula (1.12) and u(0, ·) = u0.

By the Sobolev embedding H1(R) ↪→ L∞(R) and the Strichartz estimates, (1.12) is
well-defined for u ∈ C0

tH
1
x(I × R).

We also define solutions in L2. In this case we actually do require additional inte-
grability. We choose the space L6

tL
6
x. On the one hand, the Strichartz estimates then

ensure: ∣∣∣∣∣∣eit∆u0
∣∣∣∣∣∣
L6

tL
6
x

≤ C ||u0||L2 . (1.19)

Recall that we consider p ≤ 5. Let θ ∈ (0, 1) be given by 1
p = 1−θ

6 + θ
2 . Let further

q ∈ [1,∞] be given by 3
4p = 1−θ

6 + θ
q . Then, for every t0 ≥ 0:

||up||
L

4
3
t (0,t0)L1

x

≤ C ||u||p
L

4
3 p

t (0,t0)Lp
x

≤ C
(
||u||1−θ

L6
t (0,t0)L6

x
||u||θLq

t (0,t0)L2
x

)p
≤ C2

(
||u||L6

t (0,t0)L6
x

+ t
1
q

0 ||u||L∞
t (0,t0)L2

x

)p
. (1.20)

We conclude: ∣∣∣∣∣∣∣∣∫ t

0
ei(t−s)∆

(
|u(s, x)|p−1 u(s, x)

)
ds

∣∣∣∣∣∣∣∣
L6

t (0,t0)L6
x

+
∣∣∣∣∣∣∣∣∫ t

0
ei(t−s)∆

(
|u(s, x)|p−1 u(s, x)

)
ds

∣∣∣∣∣∣∣∣
L∞

t (0,t0)L2
x

≤ C

(
||u||L6

t (0,t0)L6
x

+ t
1
q

0 ||u||L∞
t (0,t0)L2

x

)p
. (1.21)

Consequently, given t0 ≥ 0 and u ∈ C0
t L

2
x([0, t0] × R) ∩ L6

tL
6
x([0, t0] × R), it follows:

eit∆u(0, x) + i

∫ t

0
ei(t−s)∆

(
|u(s, x)|p−1 u(s, x)

)
ds

∈ C0
t L

2
x([0, t0] × R) ∩ L6

tL
6
x([0, t0] × R). (1.22)

Definition 1.6.4 (Solution in L2) Let initial data u0 ∈ L2(R) be given. Let further
I ∋ 0 be an interval containing the origin.
u ∈ C0

t L
2
x(I ×R) ∩L6

tL
6
x(I ×R) is said to be a (strong) solution to (1.1) if it satisfies

Duhamel’s formula (1.12) and u(0, ·) = u0.
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1.7. Well-Posedness
Now that a notion of what it means to solve (1.1) is established, we give some basic
well-posedness results in H1.

More general well-posedness results are shown in the literature ( [4], [6], [17], compare
page 12 in this thesis).

Lemma 1.7.1 (Local well-posedness in H1) Consider (1.1). Let p ≥ 1 and K > 0.
Then, there exists T > 0, such that for every u0 ∈ H1(R) with ||u0||H1 ≤ K, there is a
unique solution u ∈ C0H1([−T, T ] × R). u depends continuously on u0.

Proof. Recall Duhamel’s formula (1.12). For w ∈ C0H1([−T, T ] × R) with T > 0 to be
chosen later, we define the operator:

Bw := eit∆u0 + i

∫ t

0
ei(t−s)∆

(
|w|p−1w

)
ds. (1.23)

For w1, w2 ∈ C0H1([−T, T ] × R), it follows:

||Bw1 −Bw2||L∞H1 ≤ T
∣∣∣∣∣∣(|w1|p−1w1 − |w2|p−1w2

)∣∣∣∣∣∣
L∞H1

≤ CT ||w1 − w2||L∞H1

(∣∣∣∣∣∣wp−1
1

∣∣∣∣∣∣
L∞L∞

+
∣∣∣∣∣∣wp−1

2

∣∣∣∣∣∣
L∞L∞

)
+ CT ||w1 − w2||L∞L∞

(∣∣∣∣∣∣wp−1
1

∣∣∣∣∣∣
L∞H1

+
∣∣∣∣∣∣wp−1

2

∣∣∣∣∣∣
L∞H1

)
≤ C2T ||w1 − w2||L∞H1

(
||w1||p−1

L∞H1 + ||w2||p−1
L∞H1

)
. (1.24)

In particular, that implies:

||Bw1||L∞H1 ≤
∣∣∣∣∣∣eit∆u0

∣∣∣∣∣∣
L∞H1

+ CT ||w1||pL∞H1

≤ K + CT ||w1||pL∞H1 . (1.25)

With C > 0 large enough to fulfil both (1.24) and (1.25), consider T = min
(

1
2pKpC ,

1
2pKp−1C2

)
.

By (1.25), B maps the ball {w ∈ L∞H1([−T, T ] × R)| ||w||L∞H1 ≤ 2K} onto itself.
The lemma follows from (1.24) and the Banach fixed-point theorem. □

Lemma 1.7.2 (Global well-posedness in H1) Assume 3 ≤ p < 5. Given u0 ∈
H1(R), (1.1) is globally well-posed. For every t ∈ R:

||u(t, ·)||H1 ≤ C ||u0||H1 + Cp ||u0||
p+3
5−p

L2 . (1.26)

Proof. Let E(t) denote the energy (1.7):

E(t) = 1
2 ||∇u(t, ·)||2L2 − 1

p+ 1 ||u(t, ·)||p+1
L2 . (1.27)
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Consider the Gagliardo-Nirenberg inequality (see [14], [26]):

||u||Lp+1 ≤ C ||∇u||
1
2 − 1

p+1
L2 ||u||

1
2 + 1

p+1
L2 . (1.28)

Consequently, as the L2-norm and energy are conserved:

||∇u||2L2 ≤ 2E(0) + 2
p+ 1 ||u||p+1

Lp+1

≤ 2 ||u0||2H1 + C ||∇u||
p−1

2
L2 ||u0||

p+3
2

L2

≤ 2 ||u0||2H1 + 1
2 ||∇u||2L2 + C2 ||u0||

2(p+3)
5−p

L2 . (1.29)

We conclude (1.26). As the H1-norm is uniformly bounded, lemma 1.7.1 implies exis-
tence for all times. □

For p = 5, (1.1) is not globally well-posed in H1. Explicit counterexamples can be
constructed through use of the pseudoconformal transformation (more general coun-
terexamples can be found in [24]).

We also note the virial identity, a type of Morawetz identity (see [25]), which in some
way can be seen as the equivalent of a conserved quantity for the Galilean invariance.

Lemma 1.7.3 (Virial Identiy) Assume 3 ≤ p < 5. Consider (1.1) and assume xu0 ∈
L2(R) in addition to u0 ∈ H1(R). Then, for every t ≥ 0:

d

dt
||xu||2L2 = 4

∫
R
x Im(u∇u)dx. (1.30)

Further:

||xu||L2 ≤ ||xu0||L2 + Cpt

(
||u0||H1 + ||u0||

p+3
5−p

L2

)
. (1.31)

Proof. (1.30) follows by direct computation. Consequently:

2 ||xu||L2
d

dt
||xu||L2 = d

dt
||xu||2L2 ≤ 4 ||∇u||L2 ||xu||L2 . (1.32)

It follows d
dt ||xu||L2 ≤ 2 ||∇u||L2 . Lemma 1.7.2 concludes the proof. □

1.8. Linearisation and Eigenvalue in 0
In order to examine the question of soliton stability for (1.1), we now follow an approach
laid out by Weinstein in [34]. We start be linearising (1.1) around the soliton via u =
eit(Q+ w):

i∂tw = −∆w + w − p+ 1
2 Qp−1w − p− 1

2 Qp−1w. (1.33)
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Due to |·| not being C-differentiable, (1.33) is only R- and not C-linear. In order to ensure
C-linearity, C is identified with R2 ↪→ C2 and w = u + iv is rewritten as w = (u, v).
(1.33) now reads:

∂tw = −Lw. (1.34)

L denotes the following C-linear operator:

Lw =
(

0 −LV
LU 0

)(
u
v

)
. (1.35)

LU and LV are given by:

LUu = − ∆u+ u− pQp−1u, (1.36)
LV v = − ∆v + v −Qp−1v. (1.37)

L admits several generalised eigenfunctions, directly connected to the symmetries of
(1.1). The eigenmodes are given by

L

(
0
Q

)
=
(

0
0

)
, (1.38)

L

(
∂xQ

0

)
=
(

0
0

)
. (1.39)

(1.38) and (1.39) relate to the phase invariance and the translation invariance in space
respectively. Related to the scaling and Galilean invariance, there also exist two gener-
alised eigenmodes of rank 1 given by:

L

(
2
p−1Q+ x∂xQ

0

)
=
(

0
−2Q

)
, (1.40)

L

(
0
xQ

)
=
(

2∂xQ
0

)
. (1.41)

Additionally, the case of p = 5 gives rise to two additional generalised eigenmodes:

L

(
0
x2Q

)
=
(

4(1
2Q+ xQx)

0

)
, L

(
ρ
0

)
=
(

0
x2Q

)
. (1.42)

The former eigenmode is of course related to the pseudo-conformal invariance, while
ρ ∈ L2(R) is not given explicitly, and is not connected to any symmetry.

1.9. Hilbert Space
Still following Weinstein [34], we use the eigenfunctions of L to define a Hilbert space,
which allows us to treat L as a self-adjoint operator.
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Consider the following orthogonality conditions for u, v ∈ L2(R):

⟨u,Q⟩L2 = ⟨u, xQ⟩L2 = ⟨v,Qx⟩L2 = ⟨v, 2
p− 1Q+ xQx⟩L2 = 0. (1.43)

For p = 5, we require two additional orthogonality conditions:

⟨u, x2Q⟩L2 = ⟨v, ρ⟩L2 = 0. (1.44)

Lemma & Definition 1.9.1 Let for p < 5:

H := {w = (u, v) ∈ H1(R)2| (1.43) holds true}, (1.45)

as well as for p = 5:

H := {w = (u, v) ∈ H1(R)2| (1.43) and (1.44) hold true}. (1.46)

Further, let ⟨·, ·⟩H : H × H → C be given by:

⟨(u1, v1), (u2, v2)⟩H

=
∫
R

(
∇u1∇u2 + u1u2 + ∇v1∇v2 + v1v2 − pQp−1u1u2 −Qp−1v1v2

)
dx. (1.47)

Then, (H, ⟨·, ·⟩H) constitutes a Hilbert space and L maps H onto itself. Further, iL
is self-adjoint with respect to ⟨·, ·⟩H. Finally, ||·||H and ||·||H1(R)2 constitute equivalent
norms.

Proof. See Weinstein [34]. □

Remark The H-scalar product is derived from the linearised operator via

⟨(u1, v1), (u2, v2)⟩H = ⟨u1, LUu2⟩L2 + ⟨v1, LV v2⟩L2 . (1.48)

Remark L was derived by complexifying (1.33). This has the effect of mirroring the
spectrum. As a simple example, consider the operator −∆ + 1, the spectrum of which is
given by [1,∞). Now consider the matrix equivalent of the imaginary unit i, given by

I =
(

0 −1
1 0

)
. (1.49)

The spectrum of the complexification iI(−∆ + 1) is given by (−∞,−1] ∪ [1,∞). For the
same reason the essential spectrum of iL is given by (−∞,−1]∪ [1,∞). This also means
that −iL is not positive definite with respect to ⟨·, ·⟩H, even though −IL is.

23



1. Setting

1.10. Spectrum of L

We finally reach the main topic of the thesis.
In order to establish dispersive estimates on the linearised equation ∂tw = −Lw, it

is necessary to study the spectrum of L. As compact perturbations leave the essential
spectrum unchanged, the essential spectrum of iL is given by (−∞,−1] ∪ [1,∞). Both
eigenvalues and resonances in ±1 are problematic when establishing estimates.

In the literature the following questions are often considered separately.
1. Are there eigenvalues embedded within the essential spectrum (−∞,−1] ∪ [1,∞)?

2. Do the endpoints ±1 of the essential spectrum constitute resonances?

3. Apart from 0, are there eigenvalues within the spectral gap [−1, 1]?
There are several numerical results on the existence of eigenvalues of L, see [13], [23].

The main result of this thesis is the full characterisation of the spectrum of L in the
(sub)critical case 3 ≤ p ≤ 5.
Theorem 1.10.1 (Theorem 5.8.7) For p = 3, iL possesses no eigenvalues apart from
0. 1 and −1 constitute resonances.

For p ∈ (3, 5), iL admits two simple eigenvalues E1, E2 ∈ (−1, 1)\{0} with E1 =
−E2. iL admits no further eigenvalues or resonances apart from 0. The associated
eigenfunctions of E1, E2 are even. It holds E1 → 1 for p → 3 and E1 → 0 for p → 5.

Finally, for p = 5, iL admits no eigenvalues or resonances apart from 0.

Remark The resonances for p = 3 are given by:

(L+ i)
(

1 −Q2

i

)
= (L− i)

(
1 −Q2

−i

)
=
(

0
0

)
. (1.50)

The proof of theorem 1.10.1 will make up a majority of this thesis and the entirety of
part II, beginning on page 52. For now, we give a brief overview of the strategy of proof.

By using the explicit formulation of the ground state (1.4), we are able to reformulate
the eigenvalue equation Lw = iEw as a system of hypergeometric equations. After
several transformations we find an equivalent to the eigenvalue equation in (3.16) and
(3.17):

0 = uzz − 2z
1 − z2uz +

(
−4(1 + E)

(p− 1)2
1

(1 − z2)2 + (p+ 1)2

(p− 1)2
1

1 − z2

)
u+ p+ 1

p− 1
1

1 − z2 v,

(1.51)

0 = vzz − 2z
1 − z2 vz +

(
−4(1 − E)

(p− 1)2
1

(1 − z2)2 + (p+ 1)2

(p− 1)2
1

1 − z2

)
v + p+ 1

p− 1
1

1 − z2u.

(1.52)
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The symmetries of (1.51), (1.52) allow us to consider even and odd solutions separately.
In the even case, we can substitute ξ = 1 − z2 and solve (1.51), (1.52) by calculating the
coefficients of

u(ξ) = ξ

√
1+E

p−1

∞∑
k=0

akξ
k, (1.53)

v(ξ) = ξ

√
1+E

p−1

∞∑
k=0

bkξ
k. (1.54)

The coefficients (ak)k, (bk)k can be explicitly calculated (lemma 3.5.1) via the recursion
(a0, b0) = (1, 0),

ak+1 =
4k2 + 2k + 8

√
1+E
p−1 k + 4(1+E)

(p−1)2 + 2
√

1+E
p−1 − (p+1)2

(p−1)2

4(k + 1)2 + 8
√

1+E
p−1 (k + 1)

ak

− p+ 1
p− 1

1
4(k + 1)2 + 8

√
1+E
p−1 (k + 1)

bk, (1.55)

and

bk+1 =
4k2 + 2k + 8

√
1+E
p−1 k + 4(1+E)

(p−1)2 + 2
√

1+E
p−1 − (p+1)2

(p−1)2

4(k + 1)2 + 8
√

1+E
p−1 (k + 1) + 8E

(p−1)2

bk

− p+ 1
p− 1

1
4(k + 1)2 + 8

√
1+E
p−1 (k + 1) + 8E

(p−1)2

ak. (1.56)

This idea can be used to construct a solution w = (u, v) : [0, 1) → R2 of (1.51), (1.52)
with w(0) = (0, 0) for every E > −1. The condition w(0) = (0, 0) is equivalent to the
condition limx→−∞ h(x) = (0, 0) for the eigenvalue equation Lh = iEh.

For E = −1, the solution w does not vanish in ξ = 0, but is bounded on [0, 1). This
solution is therefore relevant when considering resonances, but not when considering
eigenvalues.

We follow an almost identical idea when studying odd solutions. Recall (1.51) and
(1.52). We instead look for solutions of the form u = zũ, v = zṽ, whereby ũ and ṽ are
of the form (1.53), (1.54):

ũ(ξ) = ξ

√
1+E

p−1

∞∑
k=0

akξ
k, (1.57)

ṽ(ξ) = ξ

√
1+E

p−1

∞∑
k=0

bkξ
k. (1.58)

The coefficients can again be explicitly calculated (lemma 3.6.1) via (a0, b0) = (1, 0), as
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well as

ak+1 =
4k2 + 6k + 8

√
1+E
p−1 k + 4(1+E)

(p−1)2 + 6
√

1+E
p−1 + 2 − (p+1)2

(p−1)2

4(k + 1)2 + 8
√

1+E
p−1 (k + 1)

ak

− p+ 1
p− 1

1
4(k + 1)2 + 8

√
1+E
p−1 (k + 1)

bk, (1.59)

and

bk+1 =
4k2 + 6k + 8

√
1+E
p−1 k + 4(1+E)

(p−1)2 + 6
√

1+E
p−1 + 2 − (p+1)2

(p−1)2

4(k + 1)2 + 8
√

1+E
p−1 (k + 1) + 8E

(p−1)2

bk

− p+ 1
p− 1

1
4(k + 1)2 + 8

√
1+E
p−1 (k + 1) + 8E

(p−1)2

ak. (1.60)

1.11. Essential Spectrum
In both the even and the odd case, the question of eigenvalues can be resolved by study-
ing the coefficients (ak)k, (bk)k. The argument goes as follows.

We consider the space of potential eigenfunctions

ME,− := {w ∈ C2(R)|Lw = iEw ∧ lim
x→−∞

w(x) = (0, 0)}, (1.61)

DE,− := {(u, v) ∈ C2(−1, 0)2|(1.51), (1.52) hold, lim
z→−1

(u(z), v(z)) = (0, 0)}. (1.62)

It is quite easy to see (lemma 2.3.21) that ME,− is one-dimensional for |E| ≥ 1 and
two-dimensional for |E| < 1. The same holds for DE,−, which is simply the equivalent of
ME,− for the transformed eigenvalue equation (1.51), (1.52). This makes studying the
essential spectrum |E| ≥ 1 far simpler.

Indeed, given |E| ≥ 1, consider the solution wE = (uE , vE) given by (1.53), (1.54). If
and only if

lim
z↗0

∂zwE(1 − z2) = (0, 0), (1.63)

then the analytical continuation of wE(1 − z2) to z ∈ [−1, 1] is even. Due to ME,− being
one-dimensional, this is equivalent to the existence of a non-trivial even eigenfunction
Lw = iEw.

Completely analogously, consider the solution w̃E = (ũE , ṽE) given by (1.57), (1.58).
If and only if

lim
z↗0

zw̃E(1 − z2) = (0, 0), (1.64)

does a non-trivial odd eigenfunction Lw = iEw exist.
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Now the coefficients (ak)k, (bk)k come back into play, as the conditions (1.63), (1.64)
can be restated in terms of (ak)k and (bk)k. Let (ak)k and (bk)k be given by (1.55),
(1.56). Then, with the single exception of (E, p) = (−1, 3), we can show (lemma 4.1.2)
for every k ≥ 0:

(ak, bk) ̸= (0, 0). (1.65)

The exception of E = −1, p = 3 is directly related to the existence of a resonance in the
cubic case p = 3. (1.65) allows us define

ck = ak
bk

∈ R ∪ {∞}. (1.66)

We are then able to show limk→∞ ck ∈ R ∪ {∞} and construct (j1, j2) ∈ R2\{(0, 0)},
such that (corollary 4.1.7):

lim
k→∞

ck = j1
j2
, (1.67)

and (lemma 4.1.10):

lim
z↗0

w′
E(1 − z2) = −(j1, j2) ̸= (0, 0). (1.68)

This is precisely condition (1.63), hence no eigenvalues with even eigenfunctions exist
embedded within the essential spectrum |E| ≥ 1.

The case of odd eigenfunctions is treated analogously. Let (ak)k and (bk)k be given
by (1.59), (1.60). Without exception this time, we find (ak, bk) ̸= (0, 0) for k ≥ 0.

We define ck = ak
bk

and can construct (j1, j2) ∈ R2\{(0, 0)}, such that (corollary 4.2.7):

lim
k→∞

ck = j1
j2
, (1.69)

and (lemma 4.2.10):

lim
z↗0

zw̃E(z) = −(j1, j2) ̸= (0, 0). (1.70)

This is precisely condition (1.64), consequently eigenvalues with odd eigenfunctions do
not exist embedded within the essential spectrum |E| ≥ 1 either.

1.12. Spectral Gap
For eigenvalues within the spectral gap |E| < 1, the situation is more complicated as
the space of potential eigenfunctions ME,− is two-dimensional. The same complication
arises in the study of resonances for |E| = 1, as

D̃1,− := {w = (u, v) ∈ C2(−1, 0)2|(1.51), (1.52) hold, lim
z→−1

|w(z)| < ∞} (1.71)
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is two-dimensional as well. It no longer suffices to simply construct a non-even and
non-odd solution w ∈ ME,−. Instead, we need to construct two linearly independent
solutions w, h ∈ ME,− and examine if any possible linear combination is even or odd.

Luckily, there are enough tools at our disposal. As described in chapter 1.11, we can
construct, for every E ∈ [−1, 1], some solution wE = (uE , vE) : (−1, 0) → C2 to the
eigenvalue equation (1.51) and (1.52) with

lim
z→0

wE(z) = (j1(E, p), j2(E, p)) ̸= (0, 0). (1.72)

Through symmetry (lemma 2.0.2), we can construct a second solution w̃E = (v−E , u−E).
The asymptotics of these solutions (lemma 4.1.10) for z → 0 ensure that wE and w̃E are
linearly independent, meaning DE,− = span(wE , w̃E).

Consequently, there exists an even linear combination of wE and w̃E , if and only if

det
(
j1(E, p) j2(−E, p)
j2(E, p) j1(−E, p)

)
= 0. (1.73)

This condition can be expressed using the recursively defined sequence (ck(E, p))k which
fulfils limk→∞ ck = j1

j2
. In conclusion, iL admits an eigenvalue or resonance E ∈

[−1, 1]\{0} with even eigenfunction, if and only if

C(E, p) := lim
k→∞

ck(E, p) = lim
k→∞

1
ck(−E, p)

=: 1
C(−E, p) . (1.74)

The exact same strategy also works for odd eigenfunctions.
Using (1.74) and the equivalent for odd solutions, we can fully characterise the spec-

trum of L. We show five distinct lemmata. All five statements are proven using heavy
calculations to the point that using a computer algebra system to follow along is recom-
mended.

1. Lemma 5.3.13: Let p ∈ (3, 5]. Then, −1 and 1 are not resonances or eigenvalues
with even eigenfunctions of iL, meaning no even bounded solutions to (iL±1)w = 0
exist.

2. Lemma 5.4.21: Let p ∈ [3, 5]. Then, −1 and 1 are not resonances or eigenvalues
with odd eigenfunctions of iL, meaning no odd bounded solutions to (iL±1)w = 0
exist.

3. Lemma 5.5.18: Let p = 3. Then, iL admits no eigenvalues with even eigenfunctions
within the spectral gap (−1, 1), apart from 0.

4. Lemma 5.6.13: Let p = 3. Then, iL admits no eigenvalues or resonances with odd
eigenfunctions within the spectral gap [−1, 1], apart from 0.

5. Corollary 5.7.15: There exist E1 ∈ [0, 1) and p1 ∈ (3, 5), such that for every
p ∈ (3, p1], there exists exactly one eigenvalue E ∈ (E1, 1) of iL.
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These five statements suffice to prove theorem 1.10.1. Using lemma 5.3.13, lemma 5.4.21
and corollary 5.7.15, we can prove that the total multiplicity of generalised eigenvalues
and resonances remains invariant with respect to p ∈ [3, 5] (lemma 5.8.6). Lemma 5.5.18
and lemma 5.6.13 imply the number of resonances and eigenvalues to be 6. Theorem
1.10.1 follows from the fact that 0 is an eigenvalue of order 4 for 3 ≤ p < 5 and of order
6 for p = 5.

1.13. Wave Operator
Having characterised the spectrum of L, we move on to part III. Part III has two goals.
The definition of a wave operator, and establishing several dispersive bounds for the
linearised equation ∂tw = Lw.

Let H ⊂ H denote the subspace orthogonal to the eigenfunctions of the non-zero
eigenvalues of L. We can construct a wave operator, unitarily mapping solutions of the
linearised equation onto solutions of a free Schrödinger equation. Such a wave operator
T : H → H1(R)2 is formally given by

Tw = lim
t→∞

etI(∆−1)etLw, (1.75)

I =
(

0 −1
1 0

)
. (1.76)

If the limit exists, then any solution w of (1.34) gives rise to a solution Tw of the free
Schrödinger equation:

I∂tw = (−∆ + 1)w. (1.77)

In order to construct T , we spend some time examining the bounded solutions of the
eigenvalue equation Lw = iEw, E ∈ R\(−1, 1).

We are particularly interested in Jost solutions. Let E = sgn(ξ)(ξ2 +1). Heuristically,
a Jost solution of Lw = iEw denotes a solution which exhibits asymptotic behaviour:

w(x) = e±Iξx + o(1). (1.78)

In actuality, the solutions we consider behave closer to

w(x) = ce(|ξ|)
(

cos(ξx)
−i sgn(ξ) cos(ξx)

)
+ se(|ξ|)

(
sin(|ξx|)

−i sgn(ξ) sin(|ξx|)

)
+ o(1). (1.79)

ce, se are well-behaved real-valued coefficient functions. (1.79) describes a solution to
Lw = iEw that is even in x. An analogous odd solution exists as well.

These solutions are used as a kernel to define a transform F mirroring the Fourier
transform, a so called distorted Fourier transform. This transform maps solutions of
(1.34) onto solutions of

∂th = −i sgn(ξ)(ξ2 + 1)h. (1.80)
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We then define an operator G : L2(R)2 → L2(R)2, which maps (1.80) onto (1.77):

G
(
f
g

)
=
(

Ffe
−iF(sgn(·)fo)

)
−
(
iF(sgn(·)ge)

Fgo

)
. (1.81)

f = fe + fo and g = ge + go denote the decomposition into even and odd functions. The
wave operator arises as the composite function of the Fourier-like transforms F and G.

This idea of a distorted Fourier transform usually arises in the context of a linear
Schrödinger equation with rapidly decaying potential, i∂tu = −∆u − V u. A brief dis-
cussion of this idea can be found in [7].

1.14. Dispersive Estimates
Having defined the wave operator T , we establish several bounds. Most notably, we
show that both T and its inverse are bounded Lq → Lq for every 1 ≤ q ≤ ∞.

That allows us to conclude that the classical dispersive estimates for the free Schrödinger
equation hold for the linear equation as well. As a direct analogue of lemma 1.6.1 and
lemma 1.6.2:

Theorem 1.14.1 (Theorem 12.0.1) Let 3 < p < 5. Consider the linearised Schrödinger
equation

∂tw(t, x) = −Lw(t, x), w : R × R → R2 (1.82)

Let the solution for initial data w(0, ·) = w0 ∈ L2(R)2 be given by e−tLw0. Assume
that w0 fulfils the orthogonality conditions (1.43). Let q ∈ [2,∞] with dual exponent
q′ ∈ [1, 2]. Then, for every t > 0:∣∣∣∣∣∣e−tLw0

∣∣∣∣∣∣
Lq

x

≤ Ct
− 1

2 + 1
q ||w0||Lq′ . (1.83)

Hereby, ||(u, v)||Lq is used as shorthand for ||(u, v)||(Lq)2 = (||u||2Lq + ||v||2Lq )
1
2 .

Theorem 1.14.2 (Theorem 12.0.2) Let 3 < p < 5. Consider the linearised Schrödinger
equation (1.82) and the solution for initial data w(0, ·) = w0 ∈ L2(R)2 be given by
e−tLw0. Assume that w0 fulfils the orthogonality conditions (1.43). Assume q ∈ [4,∞]
and r ∈ [2,∞] satisfy 2

q + 1
r = 1

2 . Further assume q̃′ ∈ [1, 4
3 ] and r̃′ ∈ [1, 2] satisfy

2
q̃′ + 1

r̃′ = 5
2 . Then, the following holds true:

1. The homogeneous Strichartz estimates:∣∣∣∣∣∣e−tLw0
∣∣∣∣∣∣
Lq

tL
r
x

≤ C ||w0||L2 . (1.84)

2. The dual homogeneous Strichartz estimates:∣∣∣∣∣∣∣∣∫
R
esLh(s, ·)ds

∣∣∣∣∣∣∣∣
L2

≤ C ||h||
Lq̃′

t L
r̃′
x
. (1.85)
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3. The inhomogeneous Strichartz estimates:∣∣∣∣∣∣∣∣∫ t

0
e−(t−s)Lh(s, ·)ds

∣∣∣∣∣∣∣∣
Lq

tL
r
x

≤ C ||h||
Lq̃′

t L
r̃′
x
. (1.86)

We finally conclude our examination of the linearised operator L by showing a local
smoothing estimate. Due to the absence of resonances for 3 < p < 5, this local smoothing
estimate is stronger than the equivalent for the free equation for which 0 is a resonance.

Theorem 1.14.3 (Equivalent of Theorem 12.1.9) Let 3 < p < 5. Let w0 ∈ H and
assume xw0 ∈ L2(R)2. Then:∣∣∣∣∣∣∣∣ t

ln(2 + t)3 (1 + x2)−1etLw0

∣∣∣∣∣∣∣∣
L4

t (0,∞)H1
x

+
∣∣∣∣∣∣t(1 + x2)−1etLw0

∣∣∣∣∣∣
L∞

t (0,∞)H1
x

≤ C (||w0||H1 + ||xw0||L2) . (1.87)

1.15. Outlook: Stability of the nonlinear Schrödinger Equation
At the end of the thesis, we discuss some ideas on how the above results on the spectrum
of L and the wave operator T might be used to prove asymptotic stability.

I suspect that the following theorem or a slight variation thereof can be proven. How-
ever, this is merely conjecture and we will discuss no more than some basic ideas of
proof.

See Buslaev and Sulem [5], for an example of how asymptotic stability in the presence
of internal modes can be shown for a class of nonlinear Schrödinger equations, albeit
under simpler assumptions than we are afforded. (In particular, they consider nonlinear
Schrödinger equations i∂tu = −∆u+ F (|u|2), whereby the nonlinearity s 7→ F (s) has a
root of order ≥ 4 in s = 0.)

Conjecture 1.15.1 Consider the nonlinear Schrödinger equation

i∂tu = −∆u− |u|p−1 u, (t, x) ∈ [0,∞) × R, (1.88)

with exponent p > 3 close to 3. Assume u(0, ·) = u0 ∈ H1(R) and let w0 := u0 − Q.
Assume:

1. Re⟨w0, Q⟩L2 = Re⟨w0, xQ⟩L2 = Im⟨w0, Qx⟩L2 = Im⟨w0,
2
p−1Q+ xQx⟩L2 = 0.

2. For sufficiently small εp = ε > 0: ||w0||H1 ,
∣∣∣∣x2w0

∣∣∣∣
L2 < ε.

Then, there are functions ν, β, y : [0,∞) → R, λ : [0,∞) → (0,∞) and w : [0,∞) ×R →
C, fulfilling ν(0) = β(0) = y(0) = 0, λ(0) = 1, and:

u(t, x) = eiν+iλ2t+iβ
2 (x− β

2 t)λ
2

p−1Q(λ(x− βt+ y)) + w(t, x). (1.89)

For every t > 0, w admits the dispersive estimate:

||w(t, x)||L∞
x

≤ Cp(1 + t)− 1
2
(
||w0||H1 +

∣∣∣∣∣∣x2w0
∣∣∣∣∣∣
L2

)
. (1.90)
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Further, for every Strichartz pair q, r ∈ [2,∞], 2
q + 1

r = 1
2 :

||w(t, x)||
Lq

tW
1,r
x

≤ Cp
(
||w0||H1 +

∣∣∣∣∣∣x2w0
∣∣∣∣∣∣
L2

)
. (1.91)

ν, β, y and λ fulfil: ∣∣∣∣∣∣(1 + t)2(ν ′(t) + 2λ(t)λ′(t)t)
∣∣∣∣∣∣
L2

t

,
∣∣∣∣∣∣(1 + t)2λ′(t)

∣∣∣∣∣∣
L2

t

,∣∣∣∣∣∣(1 + t)2β′(t)
∣∣∣∣∣∣
L2

t

,
∣∣∣∣∣∣(1 + t)2(β′(t)t− y′(t)

∣∣∣∣∣∣
L2

t

≤ Cp
(
||w0||H1 +

∣∣∣∣∣∣x2w0
∣∣∣∣∣∣
L2

)
. (1.92)

Consequently, for t → ∞, ν, β, y and λ possess limits ν0, β0, y0 and λ0, fulfilling:

|ν0| , |β0| , |y0| , |λ0 − 1| ≤ Cp
(
||w0||H1 +

∣∣∣∣∣∣x2w0
∣∣∣∣∣∣
L2

)
. (1.93)

32



2. Fundamental System

2. Fundamental System
We start with a purely preliminary chapter. The results of chapter 2 are of technical
importance for the rest of the thesis, but are rather basic and unsurprising by themselves.

Using simple fixed-point techniques, we construct several similar fundamental systems
for the eigenvalue equation LW = iEW , based on slightly different assumptions for
x → −∞.

When characterising the spectrum of L (theorem 1.10.1), all we require from chapter
2 is a simple a priori bound on the dimension of the eigenspaces of L, given by lemma
2.3.21. This lemma is a direct consequence of the decay of the functions making up the
fundamental system.

When constructing the distorted Fourier transform resp. the wave operator, we require
a bounded solution matrix W (ξ, x) ∈ C2×2 to LW (ξ, ·) = i sgn(ξ)(ξ2+1)W (ξ, ·), in other
words a Jost solution. This solution matrix will be constructed in chapter 8, based on
two additional fundamental systems for LW = i(ξ2 + 1)W , which we define in chapter
2.4. One of these fundamental systems is well-defined for large ξ >> 0 and every x ∈ R,
while the other is well-defined for small x << 0 and every ξ ∈ R.

Remark It is left at the reader’s discretion to skip this chapter partially or entirely.
In case the chapter is skipped, the relevant results are lemma 2.3.21, which gives the
aforementioned a priori bound, as well as theorem 2.4.7 and theorem 2.4.12, which give
the two fundamental systems solving LW = i(ξ2 + 1)W .

Let W = (U, V ) ∈ H1(R)2 be a solution to LW = iEW . As iL is self-adjoint with
respect to ⟨·, ·⟩H , we only need to consider E ∈ R. By (1.35):

∆V − V +Qp−1V = iEU, (2.1)
−∆U + U − pQp−1U = iEV. (2.2)

Substituting V = iṼ gives:

−∆Ṽ + Ṽ + EU = Qp−1Ṽ , (2.3)
−∆U + U + EṼ = pQp−1U. (2.4)

We define u := U + Ṽ and v := U − Ṽ to reach the system of equations:

(−∆ + 1 + E)u = p+ 1
2 Qp−1u+ p− 1

2 Qp−1v, (2.5)

(−∆ + 1 − E)v = p+ 1
2 Qp−1v + p− 1

2 Qp−1u. (2.6)

Lemma 2.0.1 Consider (2.5) and (2.6) for some E ∈ R. Let x0 ∈ R. There exists a
unique solution (u, v) ∈ C2(R) for every quadruple of initial data:

(u(x0), u′(x0), v(x0), v′(x0)) = y0 ∈ C4. (2.7)

The solution space ME := {(u, v) ∈ C2(R)| (2.5), (2.6) hold true} is 4-dimensional.
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Lemma 2.0.2 Consider (2.5) and (2.6) for some E = E0 ∈ R. If (u0, v0) ∈ C2(R)
constitutes a solution, then (u1, v1) := (v0, u0) solves (2.5) and (2.6) for E = −E0.

2.1. The Integral Equation
The free Schrödinger equation −∆f+λ2f = F , (f(x0), f ′(x0)) = y0 ∈ C2 for λ ∈ C\{0},
x0 ∈ R and F ∈ L1

loc(R) has the unique explicit solution via Duhamel’s formula:

f(x) = c1e
λx + c2e

−λx + 2
λ

∫ x

x0

(
eλ(x−y) − eλ(y−x)

)
F (y)dy. (2.8)

c1, c2 ∈ C are uniquely determined by the initial data y0.

(2.8) allows us to write (2.5) and (2.6) as integral equations for |E| ≠ 1. Lemma 2.0.2
permits us to only consider E ≥ 0.

Given initial data (u(x0), u′(x0), v(x0), v′(x0)) = y0 ∈ C4, x0 ∈ R, (2.5) and (2.6) are
equivalent to:

u(x) = k1e
√

1+Ex + k2e
−

√
1+Ex

+ 1
2
√

1 + E

∫ x

x0
e

√
1+E(x−y)

(
p+ 1

2 Q(y)p−1u(y) + p− 1
2 Q(y)p−1v(y)

)
dy

− 1
2
√

1 + E

∫ x

x0
e

√
1+E(y−x)

(
p+ 1

2 Q(y)p−1u(y) + p+ 1
2 Q(y)p−1v(y)

)
dy, (2.9)

v(x) = k3e
√

1−Ex + k4e
−

√
1−Ex

+ 1
2
√

1 − E

∫ x

x0
e

√
1−E(x−y)

(
p+ 1

2 Q(y)p−1u(y) + p− 1
2 Q(y)p−1v(y)

)
dy

− 1
2
√

1 − E

∫ x

x0
e

√
1−E(y−x)

(
p+ 1

2 Q(y)p−1u(y) + p− 1
2 Q(y)p−1v(y)

)
dy.

(2.10)

k1, k2, k3, k4 ∈ C correspond to the initial data via:

k1e
√

1+Ex0 + k2e
−

√
1+Ex0 = u(x0), (2.11)

√
1 + E

(
k1e

√
1+Ex0 − k2e

−
√

1+Ex0
)

= u′(x0), (2.12)

k3e
√

1−Ex0 + k4e
−

√
1−Ex0 = v(x0), (2.13)

√
1 − E

(
k3e

√
1−Ex0 − k4e

−
√

1−Ex0
)

= v′(x0). (2.14)

In case of |E| = 1, (2.5) and (2.6) can also be expressed as integral equations. We
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only consider the case E = 1, courtesy of lemma 2.0.2. (2.5) and (2.6) are equivalent to:

u(x) = k1e
√

2x + k2e
−

√
2x

+ 1
2
√

2

∫ x

x0
e

√
2(x−y)

(
p+ 1

2 Qp−1u+ p− 1
2 Qp−1v

)
dy

− 1
2
√

2

∫ x

x0
e

√
2(y−x)

(
p+ 1

2 Qp−1u+ p+ 1
2 Qp−1v

)
dy, (2.15)

v(x) = k3 + k4x+
∫ x

x0
(x− y)

(
p+ 1

2 Qp−1v + p− 1
2 Qp−1u

)
dy. (2.16)

Once again, k1, k2, k3, k4 ∈ C correspond to the initial data via:

k1e
√

2x0 + k2e
−

√
2x0 = u(x0), (2.17)

√
2
(
k1e

√
2x0 − k2e

−
√

2x0
)

= u′(x0), (2.18)

k3 + k4x0 = v(x0), (2.19)
k4 = v′(x0). (2.20)

2.2. Fundamental System
We are primarily interested in the decay of solutions of (2.5) and (2.6) as |x| → ∞.

Therefore, we construct a fundamental system (w1, w2, w3, w4) of (2.5) and (2.6), such
that every solution wk exhibits different asymptotic behaviour as x → −∞.

Consider again the integral equations (2.9) and (2.10). Heuristically, by substituting
x0 = −∞, we would expect solutions of the form:

u(x) ≈ c1e
√

1+Ex + c2e
−

√
1+Ex, v(x) ≈ c3e

√
1−Ex + c4e

−
√

1−Ex. (2.21)

We will construct a fundamental system with precisely this asymptotic behaviour. How-
ever, some care must be taken to ensure the respective integrals converge.

We need some basic fixed-point results.

Lemma 2.2.1 (Banach Fixed-Point Theorem) Let (X, ||·||X) be a Banach space.
Consider any contraction B : X → X with Lipschitz constant K < 1:

∀f, g ∈ X : ||B(f) −B(g)||X ≤ K ||f − g||X . (2.22)

Then, there exists a unique fixed-point h ∈ X:

B(h) = h. (2.23)

Proof. See [1]. □
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Lemma 2.2.2 Let (X, ||·||X) be a Banach space and let B : X → X be a linear con-
traction with Lipschitz constant K < 1. Then, given f ∈ X, the equation:

g = f +Bg, (2.24)

admits a unique solution g ∈ X. This solution fulfils:

||g||X ≤ 1
1 −K

||f ||X . (2.25)

Proof. Let G : X → X be given by G(g) := f + Bg. By definition, G constitutes
a contraction with Lipschitz constant K. Hence, G(g) = g admits a unique solution
g ∈ X. It follows:

||g||X − ||f ||X ≤ ||g − f ||X = ||G(g) −G(0)||X ≤ K ||g||X . (2.26)

That concludes the proof. □

Our strategy of constructing fundamental systems is based on lemma 2.2.2. As we
are interested in the decay of solutions, it is prudent to have this decay reflected in the
Banach spaces when applying lemma 2.2.2. Consider the following weighted spaces.
Definition 2.2.3 Consider an interval I ⊆ R and ν ∈ C(I) with ν(x) ̸= 0 for every
x ∈ I. We define:

L∞
ν (I) := {f ∈ L∞

loc(I)|ν−1f ∈ L∞(I)}, (2.27)

||f ||L∞
ν (I) :=

∣∣∣∣∣∣ν−1f
∣∣∣∣∣∣
L∞(I)

. (2.28)

The contractions will be based on the integral equations (2.9), (2.10) and (2.15), (2.16)
respectively.

As the dynamics are different for the essential spectrum |E| > 1, the spectral boundary
|E| = 1 and the spectral gap |E| < 1, we consider these cases separately.

2.3. Prioritizing Decay
2.3.1. Essential Spectrum: |E| > 1

We construct a fundamental system for E > 1. By lemma 2.0.2 that also yields a
fundamental system for E < −1.

We define the following class of operators, slightly generalising (2.9) and (2.10). This
definition will only be used in chapter 2.3.1.
Definition 2.3.1 Let E > 1 and (x1, x2, x3) ∈ [−∞,∞]3. Given a suitable function
w = (u, v) : R → C2, we define BE,x1,x2,x3w : R → C2 by BE,x1,x2,x3w = (f, g):

f(x) = 1
2
√

1 + E

∫ x

x1
e

√
1+E(x−y)Qp−1

(
p+ 1

2 u+ p− 1
2 v

)
dy

− 1
2
√

1 + E

∫ x

x2
e

√
1+E(y−x)Qp−1

(
p+ 1

2 u+ p− 1
2 v

)
dy, (2.29)

g(x) =
∫ x

x3

sin(
√
E − 1(x− y))√
E − 1

Qp−1
(
p+ 1

2 u+ p− 1
2 v

)
dy. (2.30)
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Furthermore, given ω ∈ (−∞,∞], we define Bk,ω = BE,k,ω, k ∈ {1, 2, 3, 4} by:

B1,ω := BE,−∞,−∞,−∞, (2.31)
B2,ω := BE,ω,−∞,ω, (2.32)

B3,ω = B4,ω := BE,ω,−∞,−∞. (2.33)

We define the following Banach spaces.

Definition 2.3.2 Let E > 1 and ω ∈ (−∞,∞]. We define functions fk = fE,k : R → R
and Banach spaces Xk = XE,k = XE,k,ω for k ∈ {1, 2, 3, 4} by:

f1(x) := e
√

1+Ex, (2.34)

f2(x) := e−
√

1+Ex, (2.35)

f3(x) := ei
√
E−1x, (2.36)

f4(x) := e−i
√
E−1x, (2.37)

as well as:

Xk := L∞
fk

(−∞, ω)2. (2.38)

In particular, that implies X3 = X4 = L∞(−∞, ω)2.

Lemma 2.3.3 Let E > 1 and ω ∈ (−∞,∞]. Then, for x < ω:

∀w ∈ X1 : |B1,ωw(x)| ≤ C
1√
E

e
√

1+Ex

1 + e−2x ||w||X1
, (2.39)

∀w ∈ X2 : |B2,ωw(x)| ≤ C
1√
E

e−
√

1+Ex

1 + e− 1
2x

||w||X2
, (2.40)

∀w ∈ X3 : |B3,ωw(x)| ≤ C min
(1 + |x|√

E
,

1√
E − 1

) 1
1 + e−x ||w||X3

. (2.41)

Proof. Note Q(x)p−1 ≤ Ce−(p−1)|x| ≤ e−2|x| and∣∣∣ξ−1 sin(ξx)
∣∣∣ ≤ 2(1 + ξ)−1(1 + |x|) ≤ 4(1 + ξ)−1e

1
2 |x| (2.42)

for ξ > 0. Let w ∈ X1 with ||w||X1
= 1. It follows for x < ω:

√
E |B1,ωw(x)| ≤ C

∫ x

−∞
e

√
1+Exe−2|y|dy + C

∫ x

−∞
e

√
1+E(2y−x)e−2|y|dy

+ C

∫ x

−∞
e

1
2 (x−y)e

√
1+Eye−2|y|dy

≤ 2Ce
√

1+Ex
∫ x

−∞
e−2|y|dy

≤ C2 e
√

1+Ex

1 + e−2x . (2.43)
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Let w ∈ X2 with ||w||X2
= 1. It follows for x < ω:

√
E |B2,ωw(x)| ≤ C

∫ ω

x
e

√
1+E(x−2y)e−2|y|dy + C

∫ x

−∞
e−

√
1+Exe−2|y|dy

+ C

∫ ω

x
e

1
2 (y−x)e−

√
1+Eye−2|y|dy

≤ Ce
√

1+Ex
∫ ω

x
e−2

√
1+Ey−|y|e−|y|dy + C2 e

−
√

1+Ex

1 + e−2x

+ Ce− 1
2x
∫ ω

x
e−(

√
1+E− 1

2 )y− 1
2 |y|e− 3

2 |y|dy

≤ Ce
√

1+Exe−2
√

1+Ex−|x|
∫ ω

x
e−|y|dy + C2 e

−
√

1+Ex

1 + e−2x

+ Ce− 1
2xe−(

√
1+E− 1

2 )x− 1
2 |x|

∫ ω

x
e− 3

2 |y|dy

≤ C3 e
−

√
1+Ex

1 + e− 1
2x
. (2.44)

Let w ∈ X3 with ||w||X3
= 1. It follows for x < ω:

√
E |B3,ωw(x)| ≤ C

∫ ω

x
e

√
1+E(x−y)e−2|y|dy + C

∫ x

−∞
e

√
1+E(y−x)e−2|y|dy

+ C

∫ x

−∞
(1 + x− y)e−2|y|dy

≤ C2 1 + |x|
1 + e−x . (2.45)

On the other hand, due to
∣∣ξ−1 sin(ξx)

∣∣ ≤ ξ−1:
√
E |B3,ωw(x)| ≤ C

∫ ω

x
e

√
1+E(x−y)e−2|y|dy + C

∫ x

−∞
e

√
1+E(y−x)e−2|y|dy

+ C

√
E√

E − 1

∫ x

−∞
e−2|y|dy

≤ C2
√
E√

E − 1
1

1 + e−x . (2.46)

That concludes the proof. □

Corollary 2.3.4 Let E > 1 and ω ∈ (−∞,∞]. Then:

∀w ∈ X1 : ||B1,ωw||X1
≤ C√

E
e

1
2ω ||w||X1

, (2.47)

∀w ∈ X2 : ||B2,ωw||X2
≤ C√

E
e

1
2ω ||w||X2

, (2.48)

∀w ∈ X3 : ||B3,ωw||X3
≤ C√

E
e

1
2ω ||w||X3

. (2.49)
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Definition 2.3.5 Let E > 1. Let C > 0 be chosen large enough to satisfy the conclusion
of corollary 2.3.4. We define ω < 0 as an arbitrarily chosen number fulfilling Ce

1
2ω < 1

2 .
We define hk : R → R2, k ∈ {1, 2, 3, 4} by:

h1 = (f1, 0), h2 = (f2, 0), h3 = (0, f3), h4 = (0, f4). (2.50)

Definition 2.3.5 is only used in chapter 2.3.1.

Lemma 2.3.6 Let E > 1 and consider (2.5), (2.6). Let ω < 0 be given by definition
2.3.5. Then, there exists a unique fundamental system (w1, w2, w3, w4), such that wk =
(uk, vk), k ∈ {1, 2, 3, 4} solves:

wk = hk +Bk,ωwk (2.51)

on (−∞, ω). For every x < ω:∣∣∣u1(x) − e
√

1+Ex
∣∣∣+ |v1(x)| ≤ C√

E
e

1
2xe

√
1+Ex, (2.52)∣∣∣u2(x) − e−

√
1+Ex

∣∣∣+ |v2(x)| ≤ C√
E
e

1
2xe−

√
1+Ex, (2.53)

|u3(x)| +
∣∣∣v3(x) − ei

√
E−1x

∣∣∣ ≤ C√
E
e

1
2x, (2.54)

|u4(x)| +
∣∣∣v4(x) − e−i

√
E−1x

∣∣∣ ≤ C√
E
e

1
2x. (2.55)

Proof. For x < ω, we define wk by (2.51). Lemma 2.2.2 and corollary 2.3.4 imply:

||wk||Xk
≤ 1

1 − 1
2

||hk||Xk
= 2. (2.56)

Lemma 2.3.3 implies the estimates (2.52) - (2.55), due to x < ω < 0. □

2.3.2. Spectral Gap: |E| < 1

We construct a fundamental system for 0 ≤ E < 1. By lemma 2.0.2 that also yields a
fundamental system for 0 ≥ E > −1. We proceed analogously to chapter 2.3.1.

Definition 2.3.7 Let 0 ≤ E < 1 and (x1, x2, x3, x4) ∈ [−∞,∞]4. Given a suitable
function w = (u, v) : R → C2, we define BE,x1,x2,x3,x4w : R → C2 by BE,x1,x2,x3,x4w =
(f, g):

f(x) = 1
2
√

1 + E

∫ x

x1
e

√
1+E(x−y)Qp−1

(
p+ 1

2 u+ p− 1
2 v

)
dy

− 1
2
√

1 + E

∫ x

x2
e

√
1+E(y−x)Qp−1

(
p+ 1

2 u+ p− 1
2 v

)
dy, (2.57)

g(x) = 1
2
√

1 − E

∫ x

x3
e

√
1−E(x−y)Qp−1

(
p+ 1

2 u+ p− 1
2 v

)
dy

− 1
2
√

1 − E

∫ x

x4
e

√
1−E(y−x)Qp−1

(
p+ 1

2 u+ p− 1
2 v

)
dy. (2.58)
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Furthermore, given ω ∈ (−∞,∞], we define Bk,ω = BE,k,ω, k ∈ {1, 2, 3, 4} for 0 ≤ E ≤ 3
4

by:

B1,ω := BE,−∞,−∞,−∞,−∞, (2.59)
B2,ω := BE,ω,−∞,ω,−∞, (2.60)
B3,ω := BE,ω,−∞,−∞,−∞, (2.61)
B4,ω := BE,ω,−∞,ω,−∞. (2.62)

For 3
4 < E < 1, we define:

B1,ω := BE,−∞,−∞,−∞,−∞, (2.63)
B2,ω := BE,ω,−∞,ω,ω, (2.64)
B3,ω := BE,ω,−∞,−∞,−∞, (2.65)
B4,ω := BE,ω,−∞,−∞,−∞. (2.66)

We define Banach spaces:

Definition 2.3.8 Let 0 ≤ E < 1 and ω ∈ (−∞,∞]. We define functions fk = fE,k :
R → R and Banach spaces Xk = XE,k = XE,k,ω for k ∈ {1, 2, 3, 4} by:

f1(x) := e
√

1+Ex, (2.67)

f2(x) := e−
√

1+Ex, (2.68)

f3(x) := e
√

1−Ex, (2.69)

f4(x) := e−
√

1−Ex, (2.70)

as well as:

Xk := L∞
fk

(−∞, ω)2. (2.71)

Lemma 2.3.9 Let 0 ≤ E ≤ 3
4 and ω < 0. Then, for every x < ω:

∀w ∈ X1 : |B1,ωw(x)| ≤ Ce
√

1+Exe2x ||w||X1
, (2.72)

∀w ∈ X2 : |B2,ωw(x)| ≤ Ce−
√

1+Exex ||w||X2
, (2.73)

∀w ∈ X3 : |B3,ωw(x)| ≤ Ce
√

1−Exex ||w||X3
, (2.74)

∀w ∈ X4 : |B4,ωw(x)| ≤ Ce−
√

1−Exex ||w||X4
. (2.75)

Proof. Let w ∈ X1 with ||w||X1
= 1. It follows for x < ω:

|B1,ωw(x)| ≤ Ce
√

1+Ex
∫ x

−∞
e2ydy ≤ C2e

√
1+Exe2x. (2.76)
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Let w ∈ X2 with ||w||X2
= 1. It follows for x < ω < 0:

|B2,ωw(x)| ≤ C

∫ x

−∞
e

√
1−E(y−x)e−

√
1+Eye2ydy

+ C

∫ ω

x
e

√
1−E(x−y)e−

√
1+Eye2ydy

≤ C2e−
√

1+Exe2x + C2(ω − x)e
√

1−Ex

≤ 2C2e−
√

1+Exex. (2.77)

(2.74) and (2.75) follow completely analogously. □

Lemma 2.3.10 Let 3
4 < E < 1 and ω < 0. Then, for every x < ω:

∀w ∈ X1 : |B1,ωw(x)| ≤ Ce
√

1+Exe2x ||w||X1
, (2.78)

∀w ∈ X2 : |B2,ωw(x)| ≤ Ce−
√

1+Exe
1
2x ||w||X2

, (2.79)

∀w ∈ X3 : |B3,ωw(x)| ≤ Ce
√

1−Exe
1
2x ||w||X3

, (2.80)

∀w ∈ X4 : |B4,ωw(x)| ≤ Ce−
√

1−Exex ||w||X4
. (2.81)

Proof. Note (1 − E)− 1
2

∣∣∣sinh(
√

1 − E(x− y))
∣∣∣ ≤ C |x− y| e

√
1−E|x−y|.

Let w ∈ X1 with ||w||X1
= 1. It follows for x < ω:

|B1,ωw(x)| ≤ Ce
√

1+Ex
∫ x

−∞
e2ydy ≤ C2e

√
1+Exe2x. (2.82)

Let w ∈ X2 with ||w||X2
= 1. It follows for x < ω < 0:

|B2,ωw(x)| ≤ C

∫ x

−∞
e

√
1+E(y−x)e−

√
1+Eye2ydy

+ C

∫ ω

x
(y − x)e

√
1−E(y−x)e−

√
1+Eye2ydy

≤ C2e−
√

1+Exe2x + C2 |x| e−
√

1−Ex

≤ C3e−
√

1+Exe
1
2x. (2.83)

Let w ∈ X3 with ||w||X3
= 1. It follows for x < ω < 0:

|B3,ωw(x)| ≤ C

∫ x

−∞
(x− y)e

√
1−E(x−y)e

√
1−Eye2ydy

+ C

∫ ω

x
e

√
1+E(x−y)e

√
1−Eye2ydy

≤ C2(1 + |x|)e
√

1−Exe2x + C2e
√

1+Ex

≤ C3e
√

1−Exe
1
2x. (2.84)
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Let w ∈ X4 with ||w||X4
= 1. It follows for x < ω < 0:

|B4,ωw(x)| ≤ C

∫ x

−∞
(x− y)e

√
1−E(x−y)e−

√
1−Eye2ydy

+ C

∫ ω

x
e

√
1+E(x−y)e−

√
1−Eye2ydy

≤ C2(1 + |x|)e−
√

1−Exe2x + Ce
√

1+Ex

≤ C3e−
√

1−Exex. (2.85)

That concludes the proof. □

Definition 2.3.11 Let 0 ≤ E < 1. We define ω < 0 as an arbitrarily chosen number
fulfilling Ce

1
2ω < 1

2 . Hereby, C > 0 is chosen large enough to satisfy the conclusions of
lemma 2.3.9 and lemma 2.3.10.

We define hk : R → R2, k ∈ {1, 2, 3, 4} by:

h1 = (f1, 0), h2 = (f2, 0), h3 = (0, f3), h4 = (0, f4). (2.86)

Definition 2.3.11 is only used in chapter 2.3.2.

Corollary 2.3.12 Let 0 ≤ E < 1. Then, for k ∈ {1, 2, 3, 4}:

∀w ∈ Xk : ||Bkw||Xk
≤ 1

2 ||w||Xk
. (2.87)

Proof. Follows from lemma 2.3.9 and lemma 2.3.10. □

Lemma 2.3.13 Let 0 ≤ E < 1 and consider (2.5), (2.6). Let ω < 0 be given by
definition 2.3.11. Then, there exists a unique fundamental system (w1, w2, w3, w4), such
that wk = (uk, vk), k ∈ {1, 2, 3, 4} solves:

wk = hk +Bk,ωwk (2.88)

on (−∞, ω). For every x < ω:∣∣∣u1(x) − e
√

1+Ex
∣∣∣+ |v1(x)| ≤ Ce

1
2xe

√
1+Ex, (2.89)∣∣∣u2(x) − e−

√
1+Ex

∣∣∣+ |v2(x)| ≤ Ce
1
2xe−

√
1+Ex, (2.90)

|u3(x)| +
∣∣∣v3(x) − e

√
1−Ex

∣∣∣ ≤ Ce
1
2xe

√
1−Ex, (2.91)

|u4(x)| +
∣∣∣v4(x) − e−

√
1−Ex

∣∣∣ ≤ Ce
1
2xe−

√
1−Ex. (2.92)

Proof. For x < ω, we define wk by (2.88). Lemma 2.2.2 and corollary 2.3.12 imply:

||wk||Xk
≤ 1

1 − 1
2

||hk||Xk
= 2. (2.93)

Corollary 2.3.12 implies the estimates (2.89) - (2.92), due to x < ω < 0. □
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2.3.3. Spectral Boundary: |E| = 1

Last but not least, we construct a fundamental system for E = 1. By lemma 2.0.2 that
also yields a fundamental system for E = −1.

Definition 2.3.14 Let (x1, x2, x3) ∈ [−∞,∞]3. Given a suitable function w = (u, v) :
R → C2, we define B1,x1,x2,x3w : R → C2 by B1,x1,x2,x3w = (f, g):

f(x) = 1
2
√

2

∫ x

x1
e

√
2(x−y)Qp−1

(
p+ 1

2 u+ p− 1
2 v

)
dy

− 1
2
√

2

∫ x

x2
e

√
2(y−x)Qp−1

(
p+ 1

2 u+ p− 1
2 v

)
dy, (2.94)

g(x) =
∫ x

x3
(x− y)Qp−1

(
p+ 1

2 u+ p− 1
2 v

)
dy. (2.95)

Furthermore, given ω ∈ (−∞,∞], we define Bk,ω = BE,k,ω, k ∈ {1, 2, 3, 4} by:

B1,ω := BE,−∞,−∞,−∞, (2.96)
B2,ω := BE,ω,−∞,ω, (2.97)

B3,ω = B4,ω := BE,ω,−∞,−∞. (2.98)

Definition 2.3.15 Let ω < 0. We define functions fk : R → R and Banach spaces
Xk = Xk,ω for k ∈ {1, 2, 3, 4} by:

f1(x) := e
√

2x, (2.99)

f2(x) := e−
√

2x, (2.100)
f3(x) := 1, (2.101)
f4(x) := x, (2.102)

as well as:

X1 := L∞
f1 (−∞, ω)2, (2.103)

X2 := L∞
f2 (−∞, ω)2, (2.104)

X3 = X4 := L∞
1+|x|(−∞, ω)2. (2.105)

Lemma 2.3.16 Let ω < 0. Then, for every x < ω:

∀w ∈ X1 : |B1,ωw(x)| ≤ Ce
√

2xe
1
2x ||w||X1

, (2.106)

∀w ∈ X2 : |B2,ωw(x)| ≤ Ce−
√

2xe
1
2x ||w||X2

, (2.107)

∀w ∈ X3 : |B3,ωw(x)| ≤ Ce
1
2x ||w||X3

. (2.108)

Proof. Follows analogously to lemma 2.3.9. □
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Definition 2.3.17 Let C > 0 be chosen large enough to satisfy the conclusions of lemma
2.3.16. We define ω < 0 as an arbitrarily chosen number fulfilling Ce

1
2ω < 1

2 .
We define hk : R → R2, k ∈ {1, 2, 3, 4} by:

h1 = (f1, 0), h2 = (f2, 0), h3 = (0, f3), h4 = (0, f4). (2.109)

Definition 2.3.17 is only used in chapter 2.3.3.

Corollary 2.3.18 For k ∈ {1, 2, 3, 4}:

∀w ∈ Xk : ||Bk,ωw||Xk
≤ 1

2 ||w||Xk
. (2.110)

Lemma 2.3.19 Let E = 1 and consider (2.5), (2.6). Let ω < 0 be given by definition
2.3.17. Then, there exists a unique fundamental system (w1, w2, w3, w4), such that wk =
(uk, vk), k ∈ {1, 2, 3, 4} solves:

wk = hk +Bk,ωwk (2.111)

on (−∞, ω). For every x < ω:∣∣∣u1(x) − e
√

2x
∣∣∣+ |v1(x)| ≤ Ce

1
2xe

√
2x, (2.112)∣∣∣u2(x) − e−

√
2x
∣∣∣+ |v2(x)| ≤ Ce

1
2xe−

√
2x, (2.113)

|u3(x)| + |v3(x) − 1| ≤ Ce
1
2x, (2.114)

|u4(x)| + |v4(x) − x| ≤ Ce
1
2x. (2.115)

Proof. Follows analogously to lemma 2.3.6 and lemma 2.3.13. □

2.3.4. Dimension of the Solution Space

Definition 2.3.20 Let E ∈ R. Consider the following subspaces ME,−,ME,+ of the
solution space (2.5) and (2.6).

ME,− := {(u, v) ∈ C2(R)|(2.5), (2.6) hold, lim
x→−∞

(u(x), v(x)) = (0, 0)}, (2.116)

ME,+ := {(u, v) ∈ C2(R)|(2.5), (2.6) hold, lim
x→∞

(u(x), v(x)) = (0, 0)}. (2.117)

Clearly, (u, v) ∈ C2(R) constitutes an H1-eigenfunction of (2.5) and (2.6) with corre-
sponding eigenvalue E ∈ R, if and only if (u, v) ∈ ME,+ ∩ME,−.

Lemma 2.3.21 The dimension of ME,+ and ME,− is given by:

dimME,+ = dimME,− =
{

2, if |E| < 1,
1, if |E| ≥ 1.
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Proof. Lemma 2.0.2 allows us to only consider E ≥ 0.
For every w = (u, v) ∈ ME,−, we find unique (c1, c2, c3, c4) ∈ C4 with w =

∑4
k=1 ckwk.

In case of E > 1 and E = 1, lemma 2.3.6 and lemma 2.3.19 imply:

w ∈ ME,− ⇔ c2 = c3 = c4 = 0. (2.118)

In case of E < 1, lemma 2.3.13 implies:

w ∈ ME,− ⇔ c2 = c4 = 0. (2.119)

Symmetry ensures dimME,+ = dimME,−. That concludes the proof. □

45



2. Fundamental System

2.4. Prioritizing Continuity
After proving theorem 1.10.1, we construct a distorted Fourier transform using the
bounded solutions to Lw = iEw as a kernel.

If we disregard eigenfunctions, only the essential spectrum |E| ≥ 1 needs to be con-
sidered when it comes to bounded solutions.

By lemma 2.0.2, it suffices to consider E ≥ 1. We construct a fundamental system
exhibiting better continuity then the one defined in chapter 2.3.1.

Consider ξ =
√
E − 1 ∈ [0,∞) as a new coordinate replacing E ∈ [1,∞). Otherwise,

we proceed as we did in chapter 2.3.1.

Definition 2.4.1 Let ξ ≥ 0 and (x1, x2, x3) ∈ [−∞,∞]3. Given a suitable function
w = (u, v) : R → C2, we define Bξ,x1,x2,x3w : R → C2 by Bξ,x1,x2,x3w = (f, g):

f(x) = 1
2
√

2 + ξ2

∫ x

x1
e
√

2+ξ2(x−y)Qp−1
(
p+ 1

2 u+ p− 1
2 v

)
dy

− 1
2
√

2 + ξ2

∫ x

x2
e
√

2+ξ2(y−x)Qp−1
(
p+ 1

2 u+ p− 1
2 v

)
dy, (2.120)

g(x) =
∫ x

x3

sin(ξ(x− y))
ξ

Qp−1
(
p+ 1

2 u+ p− 1
2 v

)
dy. (2.121)

We understand sin(ξ(x−y))
ξ to be a holomorphic function, extended to ξ = 0 via its limit

limξ→0
sin(ξ(x−y))

ξ = x− y.
Given ω ∈ (−∞,∞], we define Bξ,k = Bξ,k,ω, k ∈ {1, 2, 3, 4} by:

Bξ,1 := Bξ,−∞,−∞,−∞, (2.122)
Bξ,2 := Bξ,ω,−∞,ω, (2.123)

Bξ,3 = Bξ,4 := Bξ,ω,−∞,−∞. (2.124)

Definition 2.4.2 We define functions fk : [0,∞) × R → R for k ∈ {1, 2, 3, 4} by:

f1(ξ, x) := e
√

2+ξ2x, (2.125)

f2(ξ, x) := e−
√

2+ξ2x, (2.126)
f3(ξ, x) := cos(ξx), (2.127)

f4(ξ, x) := ξ + 1
ξ

sin(ξx), (2.128)

Again, we understand sin(ξx)
ξ as a holomorphic function extending to ξ = 0.

Given ω ∈ (−∞,∞] and ξ ≥ 0, we define Banach spaces Xξ,k = Xξ,k,ω:

Xξ,1 := L∞
f1(ξ,·)(−∞, ω)2, (2.129)

Xξ,2 := L∞
f2(ξ,·)(−∞, ω)2, (2.130)

Xξ,3 = Xξ,4 := L∞
|·|+1(−∞, ω)2. (2.131)
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We further define hk : [0,∞) × R → R2 by:

h1 = (f1, 0), h2 = (f2, 0), h3 = (0, f3), h4 = (0, f4). (2.132)

Remark Choosing f4 = ξ+1
ξ sin(ξx) ensures f4(x) = x for ξ = 0, which allows to treat

both ξ > 0 and ξ = 0 at once. We maintain suitable decay, as f4 ≈ sin(ξx) for large ξ.

Lemma 2.4.3 Let ξ ≥ 0 and ω ∈ (−∞,∞]. Then, for x < ω and suitable functions w:

|Bξ,1w(x)| ≤ C

1 + ξ

e
√

2+ξ2x

1 + e− 1
2x

||w||Xξ,1
, (2.133)

|Bξ,2w(x)| ≤ C

1 + ξ

e−
√

2+ξ2x

1 + e− 1
2x

||w||Xξ,2
, (2.134)

|Bξ,3w(x)| ≤ min
(1 + |x|

1 + ξ
,
1
ξ

)
C

1 + e−x ||w||Xξ,3
. (2.135)

Proof. Follows completely analogously to lemma 2.3.3. □

Corollary 2.4.4 Let ξ ≥ 0 and ω ∈ (−∞,∞]. Then:

||Bξ,1w||Xξ,1
≤ C

1 + ξ

1
1 + e− 1

2ω
||w||Xξ,1

, (2.136)

||Bξ,2w||Xξ,2
≤ C

1 + ξ

1
1 + e− 1

2ω
||w||Xξ,2

, (2.137)

||Bξ,3w||Xξ,3
≤ C

1 + ξ

1
1 + e− 1

2ω
||w||Xξ,3

. (2.138)

Lemma 2.4.5 Let ω ∈ (−∞,∞] and k ∈ {1, 2, 3, 4}. Then ξ 7→ Bξ,k,ωw is infinitely
differentiable. For ξ ≥ 0 and n ≥ 0:∣∣∣∣∣∣∣∣ dndξnBξ,k,ωw

∣∣∣∣∣∣∣∣
Xξ,k

≤ Cn
1 + ξ

1
1 + e− 1

2ω
||w||Xξ,k

. (2.139)

Proof. Follows by direct computation. Note that ξ 7→ ξ−1 sin(ξx) is analytical with∣∣∣∂nξ (ξ−1 sin(ξx))
∣∣∣ ≤ Cn |x|n+1 for x, ξ ∈ R, n ∈ N. □

As before, we can ensure Bξ,k,ω, k = 1, 2, 3, 4 to constitute contractions by requiring
ω to be small enough. By corollay 2.4.4, restricting ourself to ξ ≥ ξ0 >> 0 suffices to
ensure a contraction as well.

We will do both: Constructing a fundamental system once for ω << 0 and ξ0 = 0 and
once for ω = ∞ and ξ0 >> 0.

Definition 2.4.6 Let C > 0 be chosen large enough to satisfy the conclusions of corol-
lary 2.4.4. We define ω < 0 and ξ0 ≥ 0 as arbitrarily chosen numbers fulfilling Ce

1
4ω < 1

2
and C(1 + ξ0)−1 < 1

2 .
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2.4.1. Small x

Theorem 2.4.7 Let ξ ≥ 0, E = 1 + ξ2 and consider (2.5), (2.6). Then, there exists a
unique fundamental system (w1, w2, w3, w4)(ξ, ·), such that wk = (uk, vk), k ∈ {1, 2, 3, 4}
solves:

wk(ξ, ·) = hk(ξ, ·) +Bξ,k,ωwk(ξ, ·) (2.140)

on (−∞, ω). For every x < ω:∣∣∣∣u1(ξ, x) − e
√

2+ξ2x
∣∣∣∣+ |v1(ξ, x)| ≤ C

1 + ξ
e

1
2xe

√
2+ξ2x, (2.141)∣∣∣∣u2(ξ, x) − e−

√
2+ξ2x

∣∣∣∣+ |v2(ξ, x)| ≤ C

1 + ξ
e

1
2xe−

√
2+ξ2x, (2.142)

|u3(ξ, x)| + |v3(ξ, x) − cos(ξx)| ≤ C

1 + ξ
e

1
2x, (2.143)

|u4(ξ, x)| +
∣∣∣∣v4(ξ, x) − 1 + ξ

ξ
sin(ξx)

∣∣∣∣ ≤ C

1 + ξ
e

1
2x. (2.144)

Proof. For x < ω, we define wk by (2.140). Lemma 2.2.2 and corollary 2.4.4 imply:

||wk||Xk
≤ 1

1 − 1
2

||hk||Xk
= 2. (2.145)

Lemma 2.4.3 implies the estimates (2.141) - (2.144), due to x < ω < 0. □

Definition 2.4.8 Motivated by theorem 2.4.7, we define the following remainder terms
for ξ ≥ 0 and x < ω:

ru,1(ξ, x) := u1(ξ, x) − e
√

2+ξ2x, (2.146)
rv,1(ξ, x) := v1(ξ, x), (2.147)

ru,2(ξ, x) := u2(ξ, x) − e−
√

2+ξ2x, (2.148)
rv,2(ξ, x) := v2(ξ, x), (2.149)
ru,3(ξ, x) := u3(ξ, x), (2.150)
rv,3(ξ, x) := v3(ξ, x) − cos(ξx), (2.151)
ru,4(ξ, x) := u4(ξ, x), (2.152)
rv,4(ξ, x) := v4(ξ, x) − (1 + ξ)ξ−1 sin(ξx). (2.153)

Lemma 2.4.9 For every ξ ≥ 0 and x < ω:

|∂xru,1| + |∂xrv,1| ≤ Ce
1
2xe

√
2+ξ2x, (2.154)

|∂xru,2| + |∂xrv,2| ≤ Ce
1
2xe−

√
2+ξ2x, (2.155)

|∂xru,3| + |∂xrv,3| ≤ Ce
1
2x, (2.156)

|∂xru,4| + |∂xrv,4| ≤ Ce
1
2x. (2.157)

48



2. Fundamental System

Proof. Differentiating wk(ξ, x) − hk(ξ, x) = Bξ,k,ωwk(ξ, x) with respect to x yields the
claim. □

Lemma 2.4.10 Given x < ω, wk(ξ, x) is infinitely differentiable with respect to ξ ≥ 0.
For every ξ ≥ 0, x < ω and n ≥ 0:∣∣∣∂nξ ru,1∣∣∣+ ∣∣∣∂nξ rv,1∣∣∣ ≤ Cn

1 + ξ
e

1
2xe

√
2+ξ2x, (2.158)∣∣∣∂nξ ru,2∣∣∣+ ∣∣∣∂nξ rv,2∣∣∣ ≤ Cn

1 + ξ
e

1
2xe−

√
2+ξ2x, (2.159)∣∣∣∂nξ ru,3∣∣∣+ ∣∣∣∂nξ rv,3∣∣∣ ≤ Cn

1 + ξ
e

1
2x, (2.160)∣∣∣∂nξ ru,4∣∣∣+ ∣∣∣∂nξ rv,4∣∣∣ ≤ Cn

1 + ξ
e

1
2x. (2.161)

Proof. Let k ∈ {1, 2, 3, 4}. Consider for n ≥ 0:

B
(n)
ξ,k,ω := dn

dξn
Bξ,k,ω. (2.162)

By lemma 2.4.5, B(n)
ξ,k,ω is well-defined as an operator Xξ,k → Xξ,k. We conclude, by

taking the derivative of wk(ξ, x) = hk(ξ, x) +Bξ,k,ωwk(ξ, x) :

dn

dξn
wk(ξ, x) = dn

dξn
hk(ξ, x) +

n∑
l=0

(
n

l

)
B

(n−l)
ξ,k,ω

(
dl

dξl
wk(ξ, ·)

)

=: hk,n(ξ, x) +Bξ,k,ω

(
dn

dξn
wk(ξ, ·)

)
. (2.163)

Clearly, if for every x < ω:

|h1,n(ξ, x)| ≤ C

1 + ξ
e
√

2+ξ2x, (2.164)

then lemma 2.2.2 and corollary 2.4.4 imply:∣∣∣∣ dndξnw1(ξ, x)
∣∣∣∣ ≤ 2C

1 + ξ
e
√

2+ξ2x. (2.165)

(2.164) and (2.165) follow easily by induction. (2.158) follows from (2.165) and lemma
2.4.3.

For k = 2, 3, 4, the lemma is proven analogously. □

Lemma 2.4.11 Let wk = (uk, vk), k ∈ {1, 2, 3, 4} be as in theorem 2.4.7. wk : [0,∞) ×
R → R2 is a real analytic function for every k.
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Proof. Analyticity in x is trivial. It follows by bootstrapping, as wk(ξ, ·) solves (2.5),
(2.6).

The definition of Bξ,k,ω as given by 2.4.1 can be extended to ξ ∈ C. We consider
ζ ∈ C, |ζ| < 1

2 . Analogously to theorem 2.4.7, the equation

wk(ξ + ζ, ·) = hk(ξ + ζ, ·) +Bξ+ζ,k,ωwk(ξ + ζ, ·) (2.166)

admits a unique fixed-point wk(ξ + ζ, ·) for every ξ ≥ 0 and k = 1, 2, 3, 4.

We show that wk satisfies the Cauchy-Riemann equations, or equivalently ∂
∂ξ
wk = 0.

∂
∂ξ

is the Wirtinger derivative:

∂f

∂ξ
:= 1

2∂φf − i

2∂ψf. (2.167)

Hereby, φ = Re(ξ), ψ = Im(ξ). It follows:

∂

∂ξ
wk = ∂

∂ξ
hk + ∂

∂ξ
(Bξ,k,ωwk) = Bξ,k,ω

(
∂

∂ξ
wk

)
. (2.168)

Lemma 2.2.2 implies ∂
∂ξ
wk = 0 for every ξ ≥ 0. That concludes the proof. □

2.4.2. Large ξ

We state the direct analogues to the theorem and lemmata from chapter 2.4.1. We omit
proof, as that too is completely analogous to chapter 2.4.1.

Theorem 2.4.12 Let ξ ≥ ξ0, E = 1+ ξ2 and consider (2.5), (2.6). Then, there exists a
unique fundamental system (w̃1, w̃2, w̃3, w̃4)(ξ, ·), such that w̃k = (ũk, ṽk), k ∈ {1, 2, 3, 4}
solves:

w̃k(ξ, ·) = hk(ξ, ·) +Bξ,k,∞w̃k(ξ, ·). (2.169)

For every x ∈ R: ∣∣∣∣ũ1(ξ, x) − e
√

2+ξ2x
∣∣∣∣+ |ṽ1(ξ, x)| ≤ C

1 + ξ
e

1
2xe

√
2+ξ2x, (2.170)∣∣∣∣ũ2(ξ, x) − e−

√
2+ξ2x

∣∣∣∣+ |ṽ2(ξ, x)| ≤ C

1 + ξ
e

1
2xe−

√
2+ξ2x, (2.171)

|ũ3(ξ, x)| + |ṽ3(ξ, x) − cos(ξx)| ≤ C

1 + ξ
e

1
2x, (2.172)

|ũ4(ξ, x)| +
∣∣∣∣ṽ4(ξ, x) − 1 + ξ

ξ
sin(ξx)

∣∣∣∣ ≤ C

1 + ξ
e

1
2x. (2.173)
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Definition 2.4.13 We define the following remainder terms for ξ ≥ ξ0 and x ∈ R:

r̃u,1(ξ, x) := ũ1(ξ, x) − e
√

2+ξ2x, (2.174)
r̃v,1(ξ, x) := ṽ1(ξ, x), (2.175)

r̃u,2(ξ, x) := ũ2(ξ, x) − e−
√

2+ξ2x, (2.176)
r̃v,2(ξ, x) := ṽ2(ξ, x), (2.177)
r̃u,3(ξ, x) := ũ3(ξ, x), (2.178)
r̃v,3(ξ, x) := ṽ3(ξ, x) − cos(ξx), (2.179)
r̃u,4(ξ, x) := ũ4(ξ, x), (2.180)
r̃v,4(ξ, x) := ṽ4(ξ, x) − (1 + ξ)ξ−1 sin(ξx). (2.181)

Lemma 2.4.14 For ξ ≥ ξ0 and x ∈ R:

|∂xr̃u,1| + |∂xr̃v,1| ≤ Ce
1
2xe

√
2+ξ2x, (2.182)

|∂xr̃u,2| + |∂xr̃v,2| ≤ Ce
1
2xe−

√
2+ξ2x, (2.183)

|∂xr̃u,3| + |∂xr̃v,3| ≤ Ce
1
2x, (2.184)

|∂xr̃u,4| + |∂xr̃v,4| ≤ Ce
1
2x. (2.185)

Lemma 2.4.15 Given x ∈ R, w̃k(ξ, x) is infinitely differentiable with respect to ξ ≥ ξ0.
For every ξ ≥ ξ0, x ∈ R and n ≥ 0:∣∣∣∂nξ r̃u,1∣∣∣+ ∣∣∣∂nξ r̃v,1∣∣∣ ≤ Cn

1 + ξ
e

1
2xe

√
2+ξ2x, (2.186)∣∣∣∂nξ r̃u,2∣∣∣+ ∣∣∣∂nξ r̃v,2∣∣∣ ≤ Cn

1 + ξ
e

1
2xe−

√
2+ξ2x, (2.187)∣∣∣∂nξ r̃u,3∣∣∣+ ∣∣∣∂nξ r̃v,3∣∣∣ ≤ Cn

1 + ξ
e

1
2x, (2.188)∣∣∣∂nξ r̃u,4∣∣∣+ ∣∣∣∂nξ r̃v,4∣∣∣ ≤ Cn

1 + ξ
e

1
2x. (2.189)

Lemma 2.4.16 Let w̃k = (ũk, ṽk), k ∈ {1, 2, 3, 4} be as in theorem 2.4.12. Then,
w̃k : [ξ0,∞) × R → R2 is a real analytic function for every k.
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Part II.
Spectrum of L

3. Meromorphic Differential Equations
We begin with the characterisation of the spectrum of L. In this chapter we transform
Lw = iEw into a system of hypergeometric equations, which then can be solved by
calculating the coefficients of a power series.

3.1. First Transformation
Recall (2.5) and (2.6). If we write Q out as in (1.4), then (2.5) and (2.6) become:

(−∆ + 1 + E)u = 2(p+ 1)e(p−1)x

(e(p−1)x + 1)2

(
p+ 1

2 u+ p− 1
2 v

)
, (3.1)

(−∆ + 1 − E)v = 2(p+ 1)e(p−1)x

(e(p−1)x + 1)2

(
p+ 1

2 v + p− 1
2 u

)
. (3.2)

Considering the change of coordinates e(p−1)x = y ∈ (0,∞) comes natural when trying
to simplify (3.1) and (3.2). We calculate:

∂x = (p− 1)e(p−1)x∂y = (p− 1)y∂y, (3.3)
∂2
x = (p− 1)2e(p−1)x∂y + (p− 1)2e2(p−1)x∂2

y = (p− 1)2y∂y + (p− 1)2y2∂2
y . (3.4)

Combining this with (3.1) yields:

− (p− 1)2y2uyy − (p− 1)2yuy + (1 + E)u

= (p+ 1)2 y

(y + 1)2u+ (p− 1)(p+ 1) y

(1 + y)2 v. (3.5)

It follows:

0 = uyy + 1
y
uy +

(
− 1 + E

(p− 1)2
1
y2 + (p+ 1)2

(p− 1)2
1

y(1 + y)2

)
u+ p+ 1

p− 1
1

y(1 + y)2 v. (3.6)

Analogously, it follows from (3.2):

0 = vyy + 1
y
vy +

(
− 1 − E

(p− 1)2
1
y2 + (p+ 1)2

(p− 1)2
1

y(1 + y)2

)
v + p+ 1

p− 1
1

y(1 + y)2u. (3.7)

3.2. Hypergeometric Equation
(3.6) and (3.7) are similar to Riemann’s differential equation, a generalized form of the
hypergeometric differential equation.
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Riemann’s differential equation in its most general form is given by:

0 = d2

dz2w +
(1 − a1 − a2

z − α
+ 1 − b1 − b2

z − β
+ 1 − c1 − c2

z − γ

)
d

dz
w (3.8)

+
((α− β)(α− γ)a1a2

z − α
+ (β − α)(β − γ)b1b2

z − β
+ (γ − α)(γ − β)c1c2

z − γ

)
w

(z − α)(z − β)(z − γ) ,

whereby:

a1 + a2 + b1 + b2 + c1 + c2 = 1. (3.9)

{a1, a2}, {b1, b2}, {c1, c2} are called the indicial exponent pairs at the regular singular
points α, β and γ respectively.

(3.8) assumes α, β, γ ̸= ∞. In case α, β or γ is equal infinity, the corresponding limit
in (3.8) is considered. In particular, for γ = ∞ that means:

0 = d2

dz2w +
(1 − a1 − a2

z − α
+ 1 − b1 − b2

z − β

)
d

dz
w

+
((α− β)a1a2

z − α
+ (β − α)b1b2

z − β
+ c1c2

)
w

(z − α)(z − β) . (3.10)

At the singularity α, assuming a1 − a2 ̸∈ Z, one can construct two linear independent
local solutions of the form:

(z − α)a1F, (z − α)a2G. (3.11)

F and G are holomorphic in some neighbourhood of α and can be expressed via the
hypergeometric function:

w(z)

=
(
z − α

z − β

)a1 (z − γ

z − β

)c1

2F1

(
a1 + b1 + c1, a1 + b2 + c1, 1 + a1 − a2,

(z − α)(γ − β)
(z − β)(γ − α)

)
.

(3.12)

The second solution is obtained by switching a1 and a2, b1 and b2, c1 and c2 respectively.

As it turns out, (3.8) locally behaves similar to Riemann’s differential equation. Thus,
our Ansatz in solving (3.6), (3.7) mirrors (3.11). We solve the equations explicitly by
calculating the coefficients of a power series.

No attempt is made to connect solutions at different singularities.

An overview on the topic of Riemann’s differential equation can be found in the NIST
Digital Library of Mathematical Functions [8, Chapter 15].

I am not aware of this Ansatz being used before on the NLS. However, it is to be
noted that using a coordinate transform to restate dispersive equations in a form akin to
(3.6) and (3.7) is not new. Donninger [9], [10], [11] used so-called similarity coordinates
to examine the wave equation and study self-similar blow-up solutions. [9] in particular,
considers an eigenvalue equation loosely mirroring (3.6) and (3.7).
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3.3. Second Transformation
We consider (3.6) and (3.7) and conduct some simplifications.

As (2.5) is invariant under the transformation x 7→ −x, (3.6) is invariant under the
transformation y → 1

y .
We use another Möbius transform to transpose (3.6) into a more immediately sym-

metrical form.

We achieve this feat by mapping the two singular points of (3.6) which correspond
to the invariance, y = 0 and y = ∞, onto symmetrical points z = −1 and z = 1, while
at the same time mapping the third singular point of (3.6), y = −1, onto z = ∞.

Let thus z = Sy = y−1
y+1 ∈ (−1, 1). Also consider the inverse transform y = S−1z = 1+z

1−z .
We calculate:

∂y =
( 1
y + 1 − y − 1

(y + 1)2

)
∂z = 2

(y + 1)2∂z, (3.13)

∂2
y = − 4

(y + 1)3∂z + 4
(y + 1)4∂

2
z . (3.14)

Furthermore, note:

1
y

= 1 − z

1 + z
,

1
y + 1 = 1 − z

2 . (3.15)

Plugging this into (3.6) yields:

0 = uyy + 1
y
uy +

(
− 1 + E

(p− 1)2
1
y2 + (p+ 1)2

(p− 1)2
1

y(1 + y)2

)
u+ p+ 1

p− 1
1

y(1 + y)2 v

= (1 − z)4

4 uzz +
(

(1 − z)2

2
1 − z

1 + z
− (1 − z)3

2

)
uz

+
(

− 1 + E

(p− 1)2
(1 − z)2

(1 + z)2 + (p+ 1)2

4(p− 1)2
(1 − z)3

1 + z

)
u+ p+ 1

4(p− 1)
(1 − z)3

1 + z
v

= (1 − z)4

4 uzz − z

2
(1 − z)3

(1 + z) uz +
(

− 1 + E

(p− 1)2
(1 − z)2

(1 + z)2 + (p+ 1)2

4(p− 1)2
(1 − z)3

1 + z

)
u

+ p+ 1
4(p− 1)

(1 − z)3

1 + z
v

⇔

0 = uzz − 2z
1 − z2uz +

(
−4(1 + E)

(p− 1)2
1

(1 − z2)2 + (p+ 1)2

(p− 1)2
1

1 − z2

)
u+ p+ 1

p− 1
1

1 − z2 v.

(3.16)
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We conclude completely analogously:

0 = vzz − 2z
1 − z2 vz +

(
−4(1 − E)

(p− 1)2
1

(1 − z2)2 + (p+ 1)2

(p− 1)2
1

1 − z2

)
v + p+ 1

p− 1
1

1 − z2u.

(3.17)

To summarize:

Lemma 3.3.1 Let E ∈ R. Consider the coordinate transform T : C((−1, 1),R2) →
C(R,R2), given by:

Tw = w

(
e(p−1)x − 1
e(p−1)x + 1

)
. (3.18)

Then, w : (−1, 1) → R2 solves (3.16) and (3.17), if and only if Tw solves (2.5) and
(2.6).

3.4. Strategy of Proof
3.4.1. Eigenvalues

Recall ME,+ and ME,− as given by definition 2.3.20. We define a direct analogue based
on (3.16) and (3.17).

Definition 3.4.1 Let E ∈ R. Consider:

NE,− := {(u, v) ∈ C2(−1, 1)2|(3.16), (3.17) hold, lim
z→−1

(u(z), v(z)) = (0, 0)}, (3.19)

NE,+ := {(u, v) ∈ C2(−1, 1)2|(3.16), (3.17) hold, lim
z→1

(u(z), v(z)) = (0, 0)}. (3.20)

Lemma 3.4.2 Let E ∈ R. Then, iE is an eigenvalue of L, if and only if NE,− ∩NE,+ ̸=
{0}.

Proof. By definition, W ∈ H1(R)2 solves (2.5) and (2.6) for E ∈ R, if and only if
T−1W ∈ NE,− ∩NE,+. □

Definition 3.4.3 Let E ∈ R. Consider:

NE,e,− := {w ∈ NE,−|w is even}, (3.21)
NE,o,− := {w ∈ NE,−|w is odd}. (3.22)

Lemma 3.4.4 Let E ∈ R. Then, iE is an eigenvalue of L, if and only if NE,e,− ̸= {0}
or NE,o,− ̸= {0}. NE,e,− ̸= {0} is equivalent to the existence of an even eigenfunction.
Likewise, NE,o,− ̸= {0} is equivalent to the existence of an odd eigenfunction.

Proof. Follows from lemma 3.4.2 and NE,e,− ⊕NE,o,− = NE,− ∩NE,+. □
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Definition 3.4.5 Let E ∈ R. Consider:

DE,− := {(u, v) ∈ C2(−1, 0)2|(3.16), (3.17) hold, lim
z→−1

(u(z), v(z)) = (0, 0)}, (3.23)

DE,e,− := {w ∈ DE,−| lim
z↗0

w′(z) = (0, 0)}, (3.24)

DE,o,− := {w ∈ DE,−| lim
z↗0

w(z) = (0, 0)}. (3.25)

Lemma 3.4.6 Let E ∈ R. Then, iE is an eigenvalue of L, if and only if DE,e,− ̸= {0}
or DE,o,− ̸= {0}. DE,e,− ̸= {0} is equivalent to the existence of an even eigenfunction.
Likewise, DE,o,− ̸= {0} is equivalent to the existence of an odd eigenfunction.

Proof. Let w ∈ NE,e,−. w is even by definition, which implies w′(0) = (0, 0). It follows
w|(−1,0) ∈ DE,e,−. We conclude NE,e,− ̸= {0} ⇒ DE,e,− ̸= {0} and analogously NE,o,− ̸=
{0} ⇒ DE,o,− ̸= {0}.

Let now w ∈ DE,e,−. As w solves (3.16) and (3.17) it can be analytically extended
to a solution w̃ : [−1, 1] → C2. w ∈ DE,e,− implies w̃′(0) = (0, 0) meaning that w̃ is
even. That in turn implies w̃ ∈ NE,e,−. We have shown DE,e,− ̸= {0} ⇒ NE,e,− ̸= {0}.
DE,o,− ̸= {0} ⇒ NE,o,− ̸= {0} follows completely analogously.

Lemma 3.4.4 concludes the proof. □

DE,e,− and DE,o,− allow for falsifiable conditions. We focus on solving (3.16) and
(3.17) for −1 < z < 0. If, for E ∈ R, we can show

lim
z↗0

w′(z) ̸= (0, 0), lim
z↗0

w(z) ̸= (0, 0), (3.26)

for every w ∈ DE,−, then iE is no eigenvalue of L.

3.4.2. Resonances

The exact same strategy also works for resonances.

Definition 3.4.7 Let E = −1 or E = 1. Consider:

ÑE,− := {w = (u, v) ∈ C2(−1, 1)2|(3.16), (3.17) hold, lim
z→−1

|w(z)| < ∞}, (3.27)

ÑE,+ := {w = (u, v) ∈ C2(−1, 1)2|(3.16), (3.17) hold, lim
z→1

|w(z)| < ∞}, (3.28)

ÑE,e,− := {w ∈ ÑE,−|w is even}, (3.29)
ÑE,o,− := {w ∈ ÑE,−|w is odd}. (3.30)

Definition 3.4.8 Let E = −1 or E = 1. Consider:

D̃E,− := {(u, v) ∈ C2(−1, 0)2|(3.16) and (3.17) hold, lim
z→−1

|w(z)| < ∞}, (3.31)

D̃E,e,− := {w ∈ D̃E,−| lim
z↗0

w′(z) = (0, 0)}, (3.32)

D̃E,o,− := {w ∈ D̃E,−| lim
z↗0

w(z) = (0, 0)}. (3.33)
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Lemma 3.4.9 Let E = −1 or E = 1. Then, D̃E,e,− ̸= {0} is equivalent to the exis-
tence of a non-trivial even bounded solution to Lw = iEw. Likewise, D̃E,o,− ̸= {0} is
equivalent to the existence of a non-trivial odd bounded solution to Lw = iEw.

3.5. The Even Case
We introduce the coordinate transform ξ = 1 − z2. This has the effect of mapping the
singular points z = 1 and z = −1 onto ξ = 0 and introducing a new singular point in
ξ = 1, which corresponds to the branch point z = 0 of 1 − z2.

After transforming (3.16) and (3.17) via ξ = 1 − z2, we solve the resulting equation
via a power series in ξ = 0. This power series will have convergence radius 1, due to the
nearest singularity being ξ = 1.

Such a solution ξ 7→ wE(ξ) will be constructed for every E ≥ −1. In chapter 4, we
show that wE does not extend to an even solution with respect to z ∈ (−1, 1), with the
single exception of E = −1, p = 3. This exception leads to the existence of a resonance
for p = 3, see the remark on page 68 for an explicit formula.

The fact that wE is not even is enough to show that no embedded eigenvalues |E| ≥ 1
with even eigenfunctions can exist. Because the space of potential eigenfunctions DE,−
is one-dimensional for E ≥ 1, it is spanned by wE , thus even eigenfunctions can not
exist.

In chapter 5, we examine the spectral gap E ∈ [−1, 1] for eigenvalues and resonances.
Due to DE,− resp. D̃E,− being two-dimensional for E ∈ (−1, 1) resp. E = ±1, we instead
have to consider linear combinations of solutions. This makes checking for eigenvalues
far more challenging. Chapter 5 consists almost entirely of very technical calculations.

We return to the issue at hand. Based on ξ = 1 − z2, we calculate:

∂z = −2z∂ξ, (3.34)
∂zz = 4z2∂ξξ − 2∂ξ = 4(1 − ξ)∂ξξ − 2∂ξ. (3.35)

Plugging this into (3.16) gives:

0 = 4(1 − ξ)uξξ − 2uξ + 4z2

1 − z2uξ

+
(

−4(1 + E)
(p− 1)2

1
(1 − z2)2 + (p+ 1)2

(p− 1)2
1

1 − z2

)
u+ p+ 1

p− 1
1

1 − z2 v

= 4(1 − ξ)uξξ − 2uξ + 4(1 − ξ)
ξ

uξ +
(

−4(1 + E)
(p− 1)2

1
ξ2 + (p+ 1)2

(p− 1)2
1
ξ

)
u+ p+ 1

p− 1
1
ξ
v

= 4(1 − ξ)uξξ +
(4
ξ

− 6
)
uξ +

(
−4(1 + E)

(p− 1)2
1
ξ2 + (p+ 1)2

(p− 1)2
1
ξ

)
u+ p+ 1

p− 1
1
ξ
v. (3.36)
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Analogously:

0 = 4(1 − ξ)vξξ +
(4
ξ

− 6
)
vξ +

(
−4(1 − E)

(p− 1)2
1
ξ2 + (p+ 1)2

(p− 1)2
1
ξ

)
v + p+ 1

p− 1
1
ξ
u

= 4(1 − ξ)vξξ +
(4
ξ

− 6
)
vξ +

(
−4(1 + E)

(p− 1)2
1
ξ2 + (p+ 1)2

(p− 1)2
1
ξ

)
v + p+ 1

p− 1
1
ξ
u

+ 8E
(p− 1)2

1
ξ2 v. (3.37)

As expected, we identify the three singular points ξ = 0, ξ = 1 and ξ = ∞. Our goal
is to solve (3.36) and (3.37) for ξ ∈ (0, 1). Clearly, any solution w : (0, 1) → R is real
analytic.

We make the Ansatz:

u(ξ) = ξ

√
1+E

p−1 U(ξ), (3.38)

v(ξ) = ξ

√
1+E

p−1 V (ξ). (3.39)

Hereby, U and V are assumed to be analytic at ξ = 0. (3.38) and (3.39) are based on the
asymptotic behaviour of w1 described in lemma 2.3.6, lemma 2.3.13 and lemma 2.3.19:

(u1, v1) ≈ e
√

1+Ex(1, 0)

=
(
e(p−1)x

)√
1+E

p−1 (1, 0)

= (1 + z)
√

1+E
p−1 (1 − z)−

√
1+E

p−1 (1, 0)

= ξ

√
1+E

p−1 (1 +
√

1 − ξ)−2
√

1+E
p−1 (1, 0). (3.40)

Based on (3.38), (3.39), we calculate:

uξ = ξ

√
1+E

p−1 Uξ +
√

1 + E

p− 1 ξ

√
1+E

p−1 −1
U, (3.41)

uξξ = ξ

√
1+E

p−1 Uξξ + 2
√

1 + E

p− 1 ξ

√
1+E

p−1 −1
Uξ +

(
1 + E

(p− 1)2 −
√

1 + E

p− 1

)
ξ

√
1+E

p−1 −2
U. (3.42)

The same holds true for v and V .
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Plugging (3.41) and (3.42) into (3.36) and dividing by ξ
√

1+E
p−1 −2 yields:

0 = 4(1 − ξ)
[
ξ2Uξξ + 2

√
1 + E

p− 1 ξUξ +
(

1 + E

(p− 1)2 −
√

1 + E

p− 1

)
U

]

+
(4
ξ

− 6
)[

ξ2Uξ +
√

1 + E

p− 1 ξU

]
+
[
−4(1 + E)

(p− 1)2 + (p+ 1)2

(p− 1)2 ξ

]
U + p+ 1

p− 1ξV

= 4(1 − ξ)ξ2Uξξ +
[
4(1 − ξ)2

√
1 + E

p− 1 + 4 − 6ξ
]
ξUξ + p+ 1

p− 1ξV

+
[
4(1 − ξ)

(
1 + E

(p− 1)2 −
√

1 + E

p− 1

)
+ (4 − 6ξ)

√
1 + E

p− 1 − 4(1 + E)
(p− 1)2 + (p+ 1)2

(p− 1)2 ξ

]
U

= 4ξ2Uξξ − 4ξ3Uξξ +
[

8
√

1 + E

p− 1 + 4 −
(

6 + 8
√

1 + E

p− 1

)
ξ

]
ξUξ

+
[
−4(1 + E)

(p− 1)2 ξ − 2
√

1 + E

p− 1 ξ + (p+ 1)2

(p− 1)2 ξ

]
U + p+ 1

p− 1ξV

=
[
4ξ2Uξξ +

(
8
√

1 + E

p− 1 + 4
)
ξUξ

]

− ξ

[
4ξ2Uξξ +

(
6 + 8

√
1 + E

p− 1

)
ξUξ +

(
4(1 + E)
(p− 1)2 + 2

√
1 + E

p− 1 − (p+ 1)2

(p− 1)2

)
U − p+ 1

p− 1V
]
.

(3.43)
Analogously, it follows:

0 =
[
4ξ2Vξξ +

(
8
√

1 + E

p− 1 + 4
)
ξVξ

]

− ξ

[
4ξ2Vξξ +

(
6 + 8

√
1 + E

p− 1

)
ξVξ +

(
4(1 + E)
(p− 1)2 + 2

√
1 + E

p− 1 − (p+ 1)2

(p− 1)2

)
V − p+ 1

p− 1U
]

+ 8E
(p− 1)2V

=
[
4ξ2Vξξ +

(
8
√

1 + E

p− 1 + 4
)
ξVξ + 8E

(p− 1)2V

]

− ξ

[
4ξ2Vξξ +

(
6 + 8

√
1 + E

p− 1

)
ξVξ +

(
4(1 + E)
(p− 1)2 + 2

√
1 + E

p− 1 − (p+ 1)2

(p− 1)2

)
V − p+ 1

p− 1U
]
.

(3.44)
Based on our Ansatz that U and V constitute analytic functions, we assume:

U(ξ) =
∞∑
k=0

akξ
k, (3.45)

V (ξ) =
∞∑
k=0

bkξ
k. (3.46)
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(3.43) now reads:

0 =
∞∑
k=0

[
4ξ2akk(k − 1)ξk−2 +

(
8
√

1 + E

p− 1 + 4
)
ξakkξ

k−1
]

− ξ
∞∑
k=0

[
4ξ2akk(k − 1)ξk−2 +

(
6 + 8

√
1 + E

p− 1

)
ξakkξ

k−1
]

− ξ
∞∑
k=0

[(
4(1 + E)
(p− 1)2 + 2

√
1 + E

p− 1 − (p+ 1)2

(p− 1)2

)
akξ

k − p+ 1
p− 1bkξ

k

]

=
∞∑
k=1

[
4akk2ξk + 8

√
1 + E

p− 1 akkξ
k

]

−
∞∑
k=0

[
4akk2ξk+1 +

(
2 + 8

√
1 + E

p− 1

)
akkξ

k+1
]

−
∞∑
k=0

[(
4(1 + E)
(p− 1)2 + 2

√
1 + E

p− 1 − (p+ 1)2

(p− 1)2

)
akξ

k+1 − p+ 1
p− 1bkξ

k+1
]

=
∞∑
k=0

ak+1ξ
k+1

[
4(k + 1)2 + 8

√
1 + E

p− 1 (k + 1)
]

+
∞∑
k=0

bkξ
k+1 p+ 1

p− 1

−
∞∑
k=0

akξ
k+1

[
4k2 +

(
2 + 8

√
1 + E

p− 1

)
k + 4(1 + E)

(p− 1)2 + 2
√

1 + E

p− 1 − (p+ 1)2

(p− 1)2

]
.

(3.47)

Analogously:

0 =
∞∑
k=0

bk+1ξ
k+1

[
4(k + 1)2 + 8

√
1 + E

p− 1 (k + 1) + 8E
(p− 1)2

]
+

∞∑
k=0

akξ
k+1 p+ 1

p− 1

−
∞∑
k=0

bkξ
k+1

[
4k2 +

(
2 + 8

√
1 + E

p− 1

)
k + 4(1 + E)

(p− 1)2 + 2
√

1 + E

p− 1 − (p+ 1)2

(p− 1)2

]

+ b0
8E

(p− 1)2 . (3.48)

Lemma 3.5.1 Let −1 ≤ E ̸= 0. Let (ak)k∈N, (bk)k∈N ⊆ R be given by (a0, b0) = (1, 0),
as well as:

ak+1 =
4k2 + 2k + 8

√
1+E
p−1 k + 4(1+E)

(p−1)2 + 2
√

1+E
p−1 − (p+1)2

(p−1)2

4(k + 1)2 + 8
√

1+E
p−1 (k + 1)

ak

− p+ 1
p− 1

1
4(k + 1)2 + 8

√
1+E
p−1 (k + 1)

bk, (3.49)
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and:

bk+1 =
4k2 + 2k + 8

√
1+E
p−1 k + 4(1+E)

(p−1)2 + 2
√

1+E
p−1 − (p+1)2

(p−1)2

4(k + 1)2 + 8
√

1+E
p−1 (k + 1) + 8E

(p−1)2

bk

− p+ 1
p− 1

1
4(k + 1)2 + 8

√
1+E
p−1 (k + 1) + 8E

(p−1)2

ak. (3.50)

Then, w = (u, v) given by:

u(z) = (1 − z2)
√

1+E
p−1

∞∑
k=0

ak(1 − z2)k, (3.51)

v(z) = (1 − z2)
√

1+E
p−1

∞∑
k=0

bk(1 − z2)k, (3.52)

is well-defined for −1 < z < 0 and fulfils (3.16), (3.17), as well as w ∈ D̃E,−. If E > −1,
then w ∈ DE,−.

Proof. By comparing coefficients, we find that (3.47) is equivalent to (3.49). Also by
comparing coefficients (3.48) is equivalent to

8E
(p− 1)2 b0 = 0 ⇔ b0 = 0. (3.53)

and (3.50). Further, (3.49) and (3.50) imply that
∑
k akξ

k and
∑
k bkξ

k have at least
convergence radius 1. The same convergence radius can also be derived from the distance
of the singularities ξ = 0 and ξ = 1. That concludes the proof. □

3.6. The Odd Case
Given a solution (ũ, ṽ) ∈ C(−1, 0)2 of (3.16) and (3.17), consider (u, v) ∈ C(−1, 0)2 as
given by:

ũ = zu, (3.54)
ṽ = zv. (3.55)

(3.16) is equivalent to:

0 = zuzz + 2uz − 2z2

1 − z2uz − 2z
1 − z2u

+
(

−4(1 + E)
(p− 1)2

z

(1 − z2)2 + (p+ 1)2

(p− 1)2
z

1 − z2

)
u+ p+ 1

p− 1
z

1 − z2 v

⇔ 0 = uzz + 2
z
uz − 2z

1 − z2uz − 2
1 − z2u

+
(

−4(1 + E)
(p− 1)2

1
(1 − z2)2 + (p+ 1)2

(p− 1)2
1

1 − z2

)
u+ p+ 1

p− 1
1

1 − z2 v. (3.56)
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Analogously, (3.17) can be restated as:

0 = vzz + 2
z
vz − 2z

1 − z2 vz − 2
1 − z2 v

+
(

−4(1 − E)
(p− 1)2

1
(1 − z2)2 + (p+ 1)2

(p− 1)2
1

1 − z2

)
v + p+ 1

p− 1
1

1 − z2u. (3.57)

We proceed as in chapter 3.5. We introduce the coordinate transform ξ = 1 − z2,
construct a solution ξ 7→ wE(ξ) via a power series in ξ = 0 with convergence radius 1.

In chapter 4, we show that the corresponding solution of (3.16) and (3.17) is non-odd,
which suffices to rule out embedded eigenvalues. In chapter 5, we consider the spectral
gap, which proves more complicated due to DE,− being two-dimensional.

Applying (3.34) and (3.35) to (3.56) and (3.57) yields:

0 = 4(1 − ξ)uξξ − 2uξ − 4uξ + 4z2

1 − z2uξ − 2
1 − z2u

+
(

−4(1 + E)
(p− 1)2

1
(1 − z2)2 + (p+ 1)2

(p− 1)2
1

1 − z2

)
u+ p+ 1

p− 1
1

1 − z2 v

= 4(1 − ξ)uξξ − 6uξ + 4(1 − ξ)
ξ

uξ +
(

−4(1 + E)
(p− 1)2

1
ξ2 + (p+ 1)2

(p− 1)2
1
ξ

− 2
ξ

)
u+ p+ 1

p− 1
1
ξ
v

= 4(1 − ξ)uξξ +
(4
ξ

− 10
)
uξ +

(
−4(1 + E)

(p− 1)2
1
ξ2 + (p+ 1)2

(p− 1)2
1
ξ

− 2
ξ

)
u+ p+ 1

p− 1
1
ξ
v.

(3.58)

Analogously:

0 = 4(1 − ξ)vξξ +
(4
ξ

− 10
)
vξ +

(
−4(1 − E)

(p− 1)2
1
ξ2 + (p+ 1)2

(p− 1)2
1
ξ

− 2
ξ

)
v + p+ 1

p− 1
1
ξ
u

= 4(1 − ξ)vξξ +
(4
ξ

− 10
)
vξ +

(
−4(1 + E)

(p− 1)2
1
ξ2 + (p+ 1)2

(p− 1)2
1
ξ

− 2
ξ

)
v + p+ 1

p− 1
1
ξ
u

+ 8E
(p− 1)2

1
ξ2 v. (3.59)

We make the Ansatz:

u(ξ) = ξ

√
1+E

p−1 U(ξ), (3.60)

v(ξ) = ξ

√
1+E

p−1 V (ξ). (3.61)

Analogously to (3.41) and (3.42):

uξ = ξ

√
1+E

p−1 Uξ +
√

1 + E

p− 1 ξ

√
1+E

p−1 −1
U, (3.62)

uξξ = ξ

√
1+E

p−1 Uξξ + 2
√

1 + E

p− 1 ξ

√
1+E

p−1 −1
Uξ +

(
1 + E

(p− 1)2 −
√

1 + E

p− 1

)
ξ

√
1+E

p−1 −2
U. (3.63)
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The same holds true for v and V . Plugging this into (3.58) and dividing by ξ

√
1+E

p−1 −2

yields:

0 = 4(1 − ξ)
[
ξ2Uξξ + 2

√
1 + E

p− 1 ξUξ +
(

1 + E

(p− 1)2 −
√

1 + E

p− 1

)
U

]

+
(4
ξ

− 10
)[

ξ2Uξ +
√

1 + E

p− 1 ξU

]
+
[
−4(1 + E)

(p− 1)2 + (p+ 1)2

(p− 1)2 ξ − 2ξ
]
U + p+ 1

p− 1ξV

= 4(1 − ξ)ξ2Uξξ +
[
4(1 − ξ)2

√
1 + E

p− 1 + 4 − 10ξ
]
ξUξ + p+ 1

p− 1ξV

+
[
4(1 − ξ)

(
1 + E

(p− 1)2 −
√

1 + E

p− 1

)
+ (4 − 10ξ)

√
1 + E

p− 1 − 4(1 + E)
(p− 1)2 + (p+ 1)2

(p− 1)2 ξ − 2ξ
]
U

= 4ξ2Uξξ − 4ξ3Uξξ +
[

8
√

1 + E

p− 1 + 4 −
(

10 + 8
√

1 + E

p− 1

)
ξ

]
ξUξ

+
[
−4(1 + E)

(p− 1)2 ξ − 6
√

1 + E

p− 1 ξ + (p+ 1)2

(p− 1)2 ξ − 2ξ
]
U + p+ 1

p− 1ξV

=
[
4ξ2Uξξ +

(
8
√

1 + E

p− 1 + 4
)
ξUξ

]

− ξ

[
4ξ2Uξξ +

(
10 + 8

√
1 + E

p− 1

)
ξUξ +

(
4(1 + E)
(p− 1)2 + 6

√
1 + E

p− 1 + 2 − (p+ 1)2

(p− 1)2

)
U − p+ 1

p− 1V
]
.

(3.64)

Analogously, it follows:

0 =
[
4ξ2Vξξ +

(
8
√

1 + E

p− 1 + 4
)
ξVξ

]

− ξ

[
4ξ2Vξξ +

(
10 + 8

√
1 + E

p− 1

)
ξVξ +

(
4(1 + E)
(p− 1)2 + 6

√
1 + E

p− 1 + 2 − (p+ 1)2

(p− 1)2

)
V − p+ 1

p− 1U
]

+ 8E
(p− 1)2V

=
[
4ξ2Vξξ +

(
8
√

1 + E

p− 1 + 4
)
ξVξ + 8E

(p− 1)2V

]

− ξ

[
4ξ2Vξξ +

(
10 + 8

√
1 + E

p− 1

)
ξVξ +

(
4(1 + E)
(p− 1)2 + 6

√
1 + E

p− 1 + 2 − (p+ 1)2

(p− 1)2

)
V − p+ 1

p− 1U
]
.

(3.65)
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We assume U and V to be analytic in ξ = 0 and write:

U(ξ) =
∞∑
k=0

akξ
k, (3.66)

V (ξ) =
∞∑
k=0

bkξ
k. (3.67)

It follows from (3.64):

0 =
∞∑
k=0

[
4ξ2akk(k − 1)ξk−2 +

(
8
√

1 + E

p− 1 + 4
)
ξakkξ

k−1
]

− ξ
∞∑
k=0

[
4ξ2akk(k − 1)ξk−2 +

(
10 + 8

√
1 + E

p− 1

)
ξakkξ

k−1
]

− ξ
∞∑
k=0

[(
4(1 + E)
(p− 1)2 + 6

√
1 + E

p− 1 + 2 − (p+ 1)2

(p− 1)2

)
akξ

k − p+ 1
p− 1bkξ

k

]

=
∞∑
k=1

[
4akk2ξk + 8

√
1 + E

p− 1 akkξ
k

]

−
∞∑
k=0

[
4akk2ξk+1 +

(
6 + 8

√
1 + E

p− 1

)
akkξ

k+1
]

−
∞∑
k=0

[(
4(1 + E)
(p− 1)2 + 6

√
1 + E

p− 1 + 2 − (p+ 1)2

(p− 1)2

)
akξ

k+1 − p+ 1
p− 1bkξ

k+1
]

=
∞∑
k=0

ak+1ξ
k+1

[
4(k + 1)2 + 8

√
1 + E

p− 1 (k + 1)
]

+
∞∑
k=0

bkξ
k+1 p+ 1

p− 1

−
∞∑
k=0

akξ
k+1

[
4k2 +

(
6 + 8

√
1 + E

p− 1

)
k + 4(1 + E)

(p− 1)2 + 6
√

1 + E

p− 1 + 2 − (p+ 1)2

(p− 1)2

]
.

(3.68)

Analogously, from (3.65):

0 =
∞∑
k=0

bk+1ξ
k+1

[
4(k + 1)2 + 8

√
1 + E

p− 1 (k + 1) + 8E
(p− 1)2

]
+

∞∑
k=0

akξ
k+1 p+ 1

p− 1

−
∞∑
k=0

bkξ
k+1

[
4k2 +

(
6 + 8

√
1 + E

p− 1

)
k + 4(1 + E)

(p− 1)2 + 6
√

1 + E

p− 1 + 2 − (p+ 1)2

(p− 1)2

]

+ b0
8E

(p− 1)2 . (3.69)

Lemma 3.6.1 Let −1 ≤ E ̸= 0. Let (ak)k∈N, (bk)k∈N ⊆ R be given by (a0, b0) = (1, 0),
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as well as:

ak+1 =
4k2 + 6k + 8

√
1+E
p−1 k + 4(1+E)

(p−1)2 + 6
√

1+E
p−1 + 2 − (p+1)2

(p−1)2

4(k + 1)2 + 8
√

1+E
p−1 (k + 1)

ak

− p+ 1
p− 1

1
4(k + 1)2 + 8

√
1+E
p−1 (k + 1)

bk, (3.70)

and:

bk+1 =
4k2 + 6k + 8

√
1+E
p−1 k + 4(1+E)

(p−1)2 + 6
√

1+E
p−1 + 2 − (p+1)2

(p−1)2

4(k + 1)2 + 8
√

1+E
p−1 (k + 1) + 8E

(p−1)2

bk

− p+ 1
p− 1

1
4(k + 1)2 + 8

√
1+E
p−1 (k + 1) + 8E

(p−1)2

ak. (3.71)

Then, w = (u, v) given by:

u(z) = (1 − z2)
√

1+E
p−1 z

∞∑
k=0

ak(1 − z2)k, (3.72)

v(z) = (1 − z2)
√

1+E
p−1 z

∞∑
k=0

bk(1 − z2)k, (3.73)

is well-defined for −1 < z < 0 and fulfils (3.16) and (3.17), as well as w ∈ D̃E,−. If
E > −1, then w ∈ DE,−.

Proof. Follows analogously to lemma 3.5.1. □
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4. Absence of Embedded Eigenvalues
We have constructed solutions to (3.16) and (3.17), which is just a reformulation of the
eigenvalue equation Lw = iEw. In this chapter we examine the coefficients (ak)k, (bk)k
given by lemma 3.5.1 and lemma 3.6.1.

We establish a connection between the coefficients (ak)k, (bk)k and the initial data w(0)
and w′(0) for solutions of (3.16) and (3.17). In particular, we show that the constructed
solutions are non-even and non-odd respectively.

This then directly implies that no eigenvalues exist within the essential spectrum
|E| ≥ 1.

The entire chapter is based on using the following lemma to compare (ak)k, (bk)k to
the coefficients of well-known power series.

Lemma 4.0.1 Consider α, β,A,B ∈ R with α − β = A − B. Let c, d ∈ R\{0}. Let
(γk)k∈N, (δ)k∈N ⊆ R and S > 0, such that |γk| , |δk| ≤ S for every k ∈ N.

Choose K > 0 with k2 +αk+γk, k
2 +βk+ δk, k+A, k+B > 0 for k ≥ K, and define:

cK = c, (4.1)

ck+1 = k2 + αk + γk
k2 + βk + δk

ck, (4.2)

dK = d, (4.3)

dk+1 = k +A

k +B
dk. (4.4)

Then, there exists j ∈ R\{0} and C > 0, such that for every k > K:

|jck − dk| ≤ C

k
|dk| . (4.5)

Proof. Consider for k ≥ K:

ln
(
ck+1
ck

)
= ln

(
1 + α

k + γk
k2

1 + β
k + δk

k2

)
= ln

(
1 +

α−β
k + γk−δk

k2

1 + β
k + δk

k2

)
= α− β

k
+ O(k−2). (4.6)

Analogously:

ln
(
dk+1
dk

)
= A−B

k
+ O(k−2) = α− β

k
+ O(k−2). (4.7)

We define:

µk := ln
(
ck+1
ck

)
− α− β

k
∈ O(k−2), (4.8)

νk := ln
(
dk+1
dk

)
− α− β

k
∈ O(k−2). (4.9)
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It follows for k ≥ l ≥ K:∣∣∣∣ln( ckdk
)

− ln
(
cl
dl

)∣∣∣∣ =
∣∣∣∣ln(ckcl

)
− ln

(
dk
dl

)∣∣∣∣
≤

k−1∑
n=l

∣∣∣∣ln(cn+1
cn

)
− ln

(
dn+1
dn

)∣∣∣∣
=

k−1∑
n=l

|µn − νn| ∈ O(l−1). (4.10)

We conclude that ln
(
ck
dk

)
is a Cauchy sequence. Let j := limk→∞ ln

(
ck
dk

)
∈ R. We

define:

εk := j − ln
(
ck
dk

)
=

∞∑
n=k

(
ln
(
cn+1
cn

)
− ln

(
dn+1
dn

))
. (4.11)

It follows from (4.10):

|εk| ≤ C

k
. (4.12)

We conclude:

ck
dk

= ej−εk ⇒
∣∣∣∣ ckdk − ej

∣∣∣∣ = ej
∣∣e−εk − 1

∣∣ ≤ ej
∣∣∣eC

k − 1
∣∣∣ ≤ C ′ej

k
. (4.13)

That concludes the proof. □

4.1. The Even Case
Definition 4.1.1 Let E ≥ −1 and k ≥ 0. We define:

Ak = Ak(E) := 4k2 + 2k + 8
√

1 + E

p− 1 k + 4(1 + E)
(p− 1)2 + 2

√
1 + E

p− 1 − (p+ 1)2

(p− 1)2 , (4.14)

Bk = Bk(E) := 4(k + 1)2 + 8
√

1 + E

p− 1 (k + 1). (4.15)

Recall lemma 3.5.1. (3.49) and (3.50) can be rewritten as:

ak+1 = Ak
Bk

ak − p+ 1
p− 1

1
Bk

bk, (4.16)

bk+1 = Ak

Bk + 8E
(p−1)2

bk − p+ 1
p− 1

1
Bk + 8E

(p−1)2
ak. (4.17)

Lemma 4.1.2 Let E ≥ −1, but exclude the case E = −1, p = 3. Let (ak)k∈N, (bk)k∈N ⊆
R be given by (a0, b0) = (1, 0) and (4.16), (4.17). Then, for every k ≥ 0:

(ak, bk) ̸= (0, 0). (4.18)
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Proof. By definition, a0 ̸= 0 and b1 = −p+1
p−1

a0
Bk+ 8E

(p−1)2
̸= 0.

Assume the lemma does not hold. We find k ≥ 1 with ak+1 = bk+1 = 0 and (ak, bk) ̸=
(0, 0). It follows:

0 = Akak − p+ 1
p− 1bk = Akbk − p+ 1

p− 1ak ⇒ A2
k =

(
p+ 1
p− 1

)2
. (4.19)

For E > −1, k ≥ 1, this is a contradiction to:

Ak > 6 − 22 = 2 ≥ p+ 1
p− 1 . (4.20)

Similarly, E = −1, p > 3, k ≥ 1 implies:

Ak ≥ 6 − 22 = 2 > p+ 1
p− 1 . (4.21)

That concludes the proof. □

Remark Consider E = −1 and p = 3. By direct calculation, (a1, b1) = (−1,−1) and
(ak, bk) = (0, 0) for k ≥ 2. That corresponds to a resonance of L:

(L+ i)
(

1 −Q2

i

)
= (L− i)

(
1 −Q2

−i

)
=
(

0
0

)
. (4.22)

As we will later on prove, no such resonance exists for 3 < p ≤ 5.

Using lemma 4.0.1, we compare
∑
k akξ

k and
∑
k bkξ

k to the power series:

z − 1 =
√

1 − ξ − 1 =
∞∑
n=1

n∏
k=1

k − 3
2

k
ξn =

∞∑
n=1

(
n− 3

2
n

)
ξn. (4.23)

Lemma 4.1.3 Let E ≥ −1, but exclude the case E = −1, p = 3. Let (ak)k∈N, (bk)k∈N ⊆
R be given by (a0, b0) = (1, 0) and (4.16), (4.17). Then, there are j1, j2 ∈ R and C > 0
with:

∀n ≥ 1 :
∣∣∣∣∣an − j1

n∏
k=1

k − 3
2

k

∣∣∣∣∣+
∣∣∣∣∣bn − j2

n∏
k=1

k − 3
2

k

∣∣∣∣∣ ≤ C

n

∣∣∣∣∣
n∏
k=1

k − 3
2

k

∣∣∣∣∣ . (4.24)

Proof. Let a := a1, b := b1 < 0. We define sequences (ak,+)k≥1, (bk,+)k≥1 ⊆ R by

(a1,+, b1,+) = (a, 0), (4.25)
(a1,−, b1,−) = (0, b) (4.26)

and mandating that both (ak,+, bk,+)k≥1 and (ak,−)k≥1, (bk,−)k≥1 fulfil (4.16) and (4.17).
Then, for k ≥ 1:

ak = ak,+ + ak,−, (4.27)
bk = bk,+ + bk,−. (4.28)
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Considering a1,− = 0 and b1,− = b < 0, (4.16) and (4.17) imply inductively:

∀k ≥ 2 : ak,− > 0 > bk,−. (4.29)

We define ck,− :=
∣∣∣ak,−
bk,−

∣∣∣ = −ak,−
bk,−

> 0 for k ≥ 2. It follows:

0 < ck+1,− = −
Bk + 8E

(p−1)2

Bk

Akak,− − p+1
p−1bk,−

Akbk,− − p+1
p−1ak,−

=
(

1 + 8E
(p− 1)2Bk

) Akck,− + p+1
p−1

Ak + p+1
p−1ck,−

(4.30)

=
(

1 + 8E
(p− 1)2Bk

)1 −
(p+ 1)(ck,− − c−1

k,−)
(p− 1)(Ak + p+1

p−1ck,−)

 ck,−. (4.31)

We choose some 0 < c < 1. Then, for k ≥ 2 with ck,− < c:

(
1 + 8E

(p− 1)2Bk

)1 − p+ 1
(p− 1)(Ak + p+1

p−1ck,−)
(ck,− − c−1

k,−)


>

(
1 − 8

(p− 1)2Bk

)1 + p+ 1
(p− 1)(Ak + p+1

p−1ck,−)
(c−1 − c)

 . (4.32)

Choosing c small enough ensures ck+1,− > ck,−. On the other hand, ck,− ≥ c implies:

ck+1,− =
(

1 + 8E
(p− 1)2Bk

)Akck,− + p+1
p−1

Ak + p+1
p−1ck,−


≥
(

1 − 8
(p− 1)2B1

) Akc+ p+1
p−1

Ak + p+1
p−1c

≥ c

(
1 − 8

(p− 1)2B1

)
≥ c

2 . (4.33)

Therefore, we find j > 0 with:

∀k ≥ 2 : ck,− > j. (4.34)

Completely analogously, we find J > 0 with:

∀k ≥ 2 : ck,− < J. (4.35)
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Plugging ak,−
bk,−

= −ck,− into (3.49) and (3.50) implies for k ≥ 2:

ak+1,− =
k2 + 1

2k + 2
√

1+E
p−1 k + 1+E

(p−1)2 +
√

1+E
2(p−1) − (p+1)2

4(p−1)2 + p+1
p−1

c−1
k,−
4

k2 + 2k + 2
√

1+E
p−1 k + 2

√
1+E
p−1 + 1

ak,−, (4.36)

bk+1,− =
k2 + 1

2k + 2
√

1+E
p−1 k + 1+E

(p−1)2 +
√

1+E
2(p−1) − (p+1)2

4(p−1)2 + p+1
p−1

ck,−
4

k2 + 2k + 2
√

1+E
p−1 k + 2

√
1+E
p−1 + 1 + 2E

(p−1)2

bk,−. (4.37)

As both ck and c−1
k are bounded, lemma 4.0.1 implies the existence of j1,−, j2,− ∈ R\{0}

and C > 0 with:

∀n ≥ 2 :
∣∣∣∣∣an,− − j1,−

n∏
k=1

k − 3
2

k

∣∣∣∣∣ ,
∣∣∣∣∣bn,− − j2,−

n∏
k=1

k − 3
2

k

∣∣∣∣∣ ≤ C

n

∣∣∣∣∣
n∏
k=1

k − 3
2

k

∣∣∣∣∣ . (4.38)

By repeating the same argument for (ak,+)k, (bk,+)k, we find j1,+, j2,+ ∈ R\{0} and
C > 0 with:

∀n ≥ 2 :
∣∣∣∣∣an,+ − j1,+

n∏
k=1

k − 3
2

k

∣∣∣∣∣ ,
∣∣∣∣∣bn,+ − j2,+

n∏
k=1

k − 3
2

k

∣∣∣∣∣ ≤ C

n

∣∣∣∣∣
n∏
k=1

k − 3
2

k

∣∣∣∣∣ . (4.39)

We define j1 := j1,+ + j1,− and j2 := j2,+ + j2,−. That concludes the proof. □

Definition 4.1.4 Let E ≥ −1, but exclude the case E = −1, p = 3. Let (ak)k∈N, (bk)k∈N ⊆
R be given by (a0, b0) = (1, 0) and (4.16), (4.17). We define ck ∈ R ∪ {∞} for k ≥ 0 by:

ck = ak
bk
. (4.40)

To denote the dependency on p and E, we also write ck = ck(E, p). If E or p are clear
from context, as will be the case for large parts of chapter 5, we also write ck = ck(E)
or ck = ck(p).

Lemma 4.1.5 Let E ≥ −1, but exclude the case E = −1, p = 3. Consider the Riemann
sphere C ∪ {∞}. Then, (ck)k∈N is given by c0 = ∞ and recursion via the Möbius
transformation:

ck+1 =
(

1 + 8E
(p− 1)2Bk

) Akck − p+1
p−1

Ak − p+1
p−1ck

. (4.41)

Proof. Follows by definition and lemma 4.1.2. □

Remark The singularity in (E, p) = (−1, 3) of the multivariable meromorphic function
ck(E, p) for k ≥ 2 is not removable. In general, limE↘−1 ck(E, 3) ̸= limp↘3 ck(−1, p).
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Lemma 4.1.6 Let E ≥ −1, but exclude the case E = −1, p = 3. Let (ak)k∈N, (bk)k∈N ⊆
R be given by (a0, b0) = (1, 0) and (4.16), (4.17). Then, for j1, j2 ∈ R as given by lemma
4.1.3:

(j1, j2) ̸= (0, 0). (4.42)

Proof. Assume E ≥ 0. Then, by definition, |ck| ≥ 1 implies |ck+1| ≥ 1. Now assume
E < 0. In that case, |ck| ≤ 1 implies |ck+1| ≤ 1.

In any case, we find K ≥ 1, such that:

∀k ≥ K : |ck| ≤ 1 (4.43)

or:

∀k ≥ K :
∣∣∣c−1
k

∣∣∣ ≤ 1. (4.44)

We restate (4.16) and (4.17):

ak+1 =
k2 + 1

2k + 2
√

1+E
p−1 k + 1+E

(p−1)2 +
√

1+E
2(p−1) − (p+1)2

4(p−1)2 + p+1
p−1

c−1
k
4

k2 + 2k + 2
√

1+E
p−1 k + 2

√
1+E
p−1 + 1

ak, (4.45)

bk+1 =
k2 + 1

2k + 2
√

1+E
p−1 k + 1+E

(p−1)2 +
√

1+E
2(p−1) − (p+1)2

4(p−1)2 + p+1
p−1

ck
4

k2 + 2k + 2
√

1+E
p−1 k + 2

√
1+E
p−1 + 1 + 2E

(p−1)2

bk. (4.46)

By lemma 4.0.1, (4.44) and (4.45) imply j1 ̸= 0, while (4.43) and (4.46) imply j2 ̸= 0.
That concludes the proof. □

Corollary 4.1.7 Let E ≥ −1, but exclude the case E = −1, p = 3. Let (ck)k∈N be given
by definition 4.1.4. Let further j1, j2 ∈ R be as given by lemma 4.1.3 Then:

lim
k→∞

ck = j1
j2
. (4.47)

Proof. Follows from lemma 4.1.3 and definition 4.1.4. □

Definition 4.1.8 Let E ≥ −1, but exclude the case E = −1, p = 3. We define

C(E, p) = lim
k→∞

ck(E, p). (4.48)

Lemma 4.1.9 (E, p) 7→ C(E, p) is a real meromorphic function for (−1, 3) ̸= (E, p) ∈
[−1,∞) × [3, 5].

Proof. By corollary 4.1.7, C(E, p) = j1(E,p)
j2(E,p) . By definition, j1 and j2 are real analytic

functions with (j1, j2) ̸= (0, 0). That already concludes the proof. □
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Lemma 4.1.10 Let E ≥ −1, but exclude the case E = −1, p = 3. Let (ak)k∈N, (bk)k∈N ⊆
R be given by (a0, b0) = (1, 0) and (4.16), (4.17). Then, w = (u, v) as given by:

u(z) = (1 − z2)
√

1+E
p−1

∞∑
k=0

ak(1 − z2)k, (4.49)

v(z) = (1 − z2)
√

1+E
p−1

∞∑
k=0

bk(1 − z2)k (4.50)

is well-defined and solves (3.16) and (3.17) for −1 < z < 0. Given, j1, j2 as in lemma
4.1.3, w fulfils:

lim
z↗0

w′(z) = −(j1, j2) ̸= (0, 0). (4.51)

Proof. By lemma 3.5.1, it suffices to prove (4.51). We define:

U(z) :=
∞∑
n=0

an(1 − z2)n, (4.52)

V (z) :=
∞∑
n=0

bn(1 − z2)n. (4.53)

Let ξ = 1 − z2. It follows for −1 < z < 0:

U(z) = a0 +
∞∑
n=1

(
an − j1

n∏
k=1

k − 3
2

k

)
ξn︸ ︷︷ ︸

=:f(ξ)

+j1
∞∑
n=1

n∏
k=1

k − 3
2

k
ξn

= a0 + f(ξ) + j1(
√

1 − ξ − 1), (4.54)

V (z) = b0 +
∞∑
n=1

(
bn − j2

n∏
k=1

k − 3
2

k

)
ξn︸ ︷︷ ︸

=:g(ξ)

+j2
∞∑
n=1

n∏
k=1

k − 3
2

k
ξn

= b0 + g(ξ) + j2(
√

1 − ξ − 1). (4.55)

By lemma 4.1.3, for 0 < ξ < 1:

|f(ξ)| , |g(ξ)| ≤ C
∞∑
n=1

n∏
k=1

∣∣∣∣∣k − 3
2

k

∣∣∣∣∣ ξn
= −C

∞∑
n=1

n∏
k=1

k − 3
2

k
ξn

= C
(
1 −

√
1 − ξ

)
≤ C. (4.56)
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Analogously:

∣∣f ′(ξ)
∣∣ =

∣∣∣∣∣
∞∑
n=1

(
an − j1

n∏
k=1

k − 3
2

k

)
nξn−1

∣∣∣∣∣
≤ C

∞∑
n=1

n∏
k=1

∣∣∣∣∣k − 3
2

k

∣∣∣∣∣ ξn−1

≤ C
1 −

√
1 − ξ

ξ

= C

1 +
√

1 − ξ
≤ C, (4.57)

∣∣g′(ξ)
∣∣ ≤ C

1 +
√

1 − ξ
≤ C. (4.58)

Putting everything together yields:

U(z) = a0 + f(1 − z2) + j1(−z − 1), (4.59)
V (z) = b0 + g(1 − z2) + j2(−z − 1). (4.60)

It follows:

U ′(z) = −2zf ′(1 − z2) − j1, (4.61)
V ′(z) = −2zg′(1 − z2) − j2. (4.62)

By definition:

u(z) = (1 − z2)
√

1+E
p−1 U(z), (4.63)

v(z) = (1 − z2)
√

1+E
p−1 V (z). (4.64)

It follows:

lim
z↗0

u′(z) = lim
z↗0

U ′(z) = −j1, (4.65)

lim
z↗0

v′(z) = lim
z↗0

V ′(z) = −j2. (4.66)

That concludes the proof. □
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4.2. The Odd Case
We proceed analogously to the even case.

Definition 4.2.1 Let E ≥ −1 and k ≥ 0. We define:

Ak = Ak(E) := 4k2 + 6k + 8
√

1 + E

p− 1 k + 4(1 + E)
(p− 1)2 + 6

√
1 + E

p− 1 + 2 − (p+ 1)2

(p− 1)2 , (4.67)

Bk = Bk(E) := 4(k + 1)2 + 8
√

1 + E

p− 1 (k + 1). (4.68)

Recall lemma 3.6.1. (3.70) and (3.73) can be rewritten as:

ak+1 = Ak
Bk

ak − p+ 1
p− 1

1
Bk

bk, (4.69)

bk+1 = Ak

Bk + 8E
(p−1)2

bk − p+ 1
p− 1

1
Bk + 8E

(p−1)2
ak. (4.70)

Lemma 4.2.2 Let E ≥ −1. Let (ak)k∈N, (bk)k∈N ⊆ R be given by (a0, b0) = (1, 0) and
(4.69), (4.70). Then, for every k ≥ 0:

(ak, bk) ̸= (0, 0). (4.71)

Proof. By definition, a0 ̸= 0 and b1 = −p+1
p−1

a0
Bk+ 8E

(p−1)2
̸= 0.

Assume that the lemma does not hold. We find k ≥ 1 with ak+1 = bk+1 = 0 and
(ak, bk) ̸= (0, 0). It follows:

0 = Akak − p+ 1
p− 1bk = Akbk − p+ 1

p− 1ak ⇒ A2
k =

(
p+ 1
p− 1

)2
. (4.72)

This is a contradiction to:

Ak ≥ 12 − 22 > 2 ≥ p+ 1
p− 1 (4.73)

for k ≥ 1. That concludes the proof. □

Using lemma 4.0.1, we compare
∑
k akξ

k and
∑
k bkξ

k to the power series:

1
z

− 1 = 1√
1 − ξ

− 1 =
∞∑
n=1

n∏
k=1

k − 1
2

k
ξn =

∞∑
n=1

(
n− 1

2
n

)
ξn. (4.74)

Lemma 4.2.3 Let E ≥ −1. Let (ak)k∈N, (bk)k∈N ⊆ R be given by (a0, b0) = (1, 0) and
(4.69), (4.70). Then, there are j1, j2 ∈ R and C > 0 with:∣∣∣∣∣an − j1

n∏
k=1

k − 1
2

k

∣∣∣∣∣ ,
∣∣∣∣∣bn − j2

n∏
k=1

k − 1
2

k

∣∣∣∣∣ ≤ C

n

n∏
k=1

k − 1
2

k
. (4.75)
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Proof. Follows analogously to lemma 4.1.3. □

Lemma 4.2.4 Let E ≥ −1. Let (ak)k∈N, (bk)k∈N ⊆ R be given by (a0, b0) = (1, 0) and
(4.69), (4.70). Then, for j1, j2 ∈ R as given by lemma 4.2.3:

(j1, j2) ̸= (0, 0). (4.76)

Proof. Follows analogously to lemma 4.1.6. □

Definition 4.2.5 Let E ≥ −1. Let (ak)k∈N, (bk)k∈N ⊆ R be given by (a0, b0) = (1, 0)
and (4.69), (4.70). We define ck ∈ R ∪ {∞} for k ≥ 0 by:

ck = ak
bk
. (4.77)

To denote the dependency on p and E, we also write ck = ck(E, p). If E or p are clear
from context, as will be the case for large parts of chapter 5, we also write ck = ck(E)
or ck = ck(p).

Lemma 4.2.6 Let E ≥ −1. Consider the Riemann sphere C ∪ {∞}. Then, (ck)k∈N is
given by c0 = ∞ and:

ck+1 =
(

1 + 8E
(p− 1)2Bk

) Akck − p+1
p−1

Ak − p+1
p−1ck

. (4.78)

Proof. Follows by definition and lemma 4.2.2. □

Corollary 4.2.7 Let E ≥ −1. Let (ck)k∈N be given by definition 4.2.5. Let further
j1, j2 ∈ R be as given by lemma 4.2.3 Then:

lim
k→∞

ck = j1
j2
. (4.79)

Proof. Follows analogously to corollary 4.1.7. □

Definition 4.2.8 Let E ≥ −1. We define

C(E, p) = lim
k→∞

ck(E, p). (4.80)

Lemma 4.2.9 (E, p) 7→ C(E, p) is a real meromorphic function for (E, p) ∈ [−1,∞) ×
[3, 5].

Proof. Follows analogously to lemma 4.1.9. □
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Lemma 4.2.10 Let E ≥ −1. Let (ak)k∈N, (bk)k∈N ⊆ R be given by (a0, b0) = (1, 0) and
(4.69), (4.70). Then, w = (u, v) as given by:

u(z) = (1 − z2)
√

1+E
p−1 z

∞∑
k=0

ak(1 − z2)k, (4.81)

v(z) = (1 − z2)
√

1+E
p−1 z

∞∑
k=0

bk(1 − z2)k (4.82)

is well-defined and solves (3.16) and (3.17) for −1 < z < 0. Given, j1, j2 as in lemma
4.2.3, w fulfils:

lim
z↗0

w(z) = −(j1, j2) ̸= (0, 0). (4.83)

Proof. By lemma 3.6.1, it suffices to prove (4.83). We define:

U(z) :=
∞∑
n=0

an(1 − z2)n, (4.84)

V (z) :=
∞∑
n=0

bn(1 − z2)n. (4.85)

Let ξ = 1 − z2. It follows for −1 < z < 0:

U(z) = a0 +
∞∑
n=1

(
an − j1

n∏
k=1

k − 1
2

k

)
ξn︸ ︷︷ ︸

=:f(ξ)

+j1
∞∑
n=1

n∏
k=1

k − 1
2

k
ξn

= a0 + f(ξ) + j1

( 1√
1 − ξ

− 1
)
, (4.86)

V (z) = b0 +
∞∑
n=1

(
bn − j2

n∏
k=1

k − 3
2

k

)
ξn︸ ︷︷ ︸

=:g(ξ)

+j2
∞∑
n=1

n∏
k=1

k − 1
2

k
ξn

= b0 + g(ξ) + j2

( 1√
1 − ξ

− 1
)
. (4.87)
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By lemma 4.2.3, it follows for 0 < ξ < 1:

|f(ξ)| , |g(ξ)| ≤ C
∞∑
n=1

n∏
k=1

k − 1
2

k

ξn

n

≤ 2C
ξ

∞∑
n=1

n∏
k=1

k − 1
2

k

ξn+1

n+ 1

= 2C
ξ

(
2 − 2

√
1 − ξ − ξ

)
= 2C

(
2 − 2

√
1 − ξ

ξ
− 1

)

= 2C
( 2

1 +
√

1 − ξ
− 1

)
≤ 2C. (4.88)

Putting everything together yields:

U(z) = a0 + f(1 − z2) + j1

(
−1
z

− 1
)
, (4.89)

V (z) = b0 + g(1 − z2) + j2

(
−1
z

− 1
)
. (4.90)

By definition:

u(z) = (1 − z2)
√

1+E
p−1 zU(z), (4.91)

v(z) = (1 − z2)
√

1+E
p−1 zV (z) (4.92)

It follows:

lim
z↗0

u(z) = −j1, (4.93)

lim
z↗0

v(z) = −j2. (4.94)

That concludes the proof. □

4.3. Absence of Eigenvalues
A direct consequence of the existence of the solutions given by lemma 4.1.10 and lemma
4.2.10 is that embedded eigenvalues can not exist.

The space of potential eigenfunctions DE,− is one-dimensional, consequently both of
the solutions given by lemma 4.1.10 and by lemma 4.2.10 span said space. Because these
two solutions are non-even and non-odd respectively, no eigenfunction can exist.
Theorem 4.3.1 Let p ∈ [3, 5]. Then, iL has no eigenvalues embedded within the essen-
tial spectrum (−∞,−1] ∪ [1,∞).

Proof. Symmetry allows us to only consider E ≥ 1. Lemma 2.3.21 implies dimDE,− = 1.
It follows DE,e,− = {0} from lemma 4.1.10 and DE,o,− = {0} from lemma 4.2.10. Lemma
3.4.6 concludes the proof. □
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5. Spectrum between −1 and 1
5.1. Overview
We have concluded our investigation of the essential spectrum of iL, which was aided
by DE,− being one-dimensional.

When checking for eigenvalues E ∈ (−1, 1)\{0} and resonances E = ±1, DE,− resp.
D̃E,− is two-dimensional, which makes showing DE,e,− = DE,o,− = {0} much more dif-
ficult.

Let us recount the tools at our disposal. Through lemma 4.1.10, we have constructed,
for every E ∈ [−1, 1] and p ∈ [3, 5] some solution wE,p = (uE,p, vE,p) : (−1, 0) → C2 to
the eigenvalue equation (3.16) and (3.17) with

lim
z→0

wE,p(z) = (j1(E, p), j2(E, p)) ̸= 0. (5.1)

Through symmetry (lemma 2.0.2), we can construct a second solution w̃E,p = (v−E,p, u−E,p).
The asymptotics of these solutions (compare lemma 4.1.10) for z → 0 ensure that wE,p
and w̃E,p are linearly independent, meaning DE,− = span(wE,p, w̃E,p).

Consequently, DE,e,− = {0} is equivalent to

det
(
j1(E, p) j2(−E, p)
j2(E, p) j1(−E, p)

)
̸= 0. (5.2)

Lemma 4.1.5 gives a recursively defined sequence (ck(E, p))k which, by corollary 4.1.7
fulfils limk→∞ ck = j1

j2
.

That gives us a condition for the existence of eigenvalues resp. resonances. iL admits
an (even) eigenvalue or resonance E ∈ [−1, 1]\{0}, if and only if

C(E, p) := lim
k→∞

ck(E, p) = lim
k→∞

1
ck(−E, p)

= 1
C(−E, p) . (5.3)

We employ the exact same strategy for odd eigenfunctions.

5.1.1. The Even Case

Definition 5.1.1 Let E ∈ [−1, 1] and p ∈ [3, 5]. We define wE,p = (uE,p, vE,p) ∈ DE,−
as the function given by lemma 4.1.10. Further, lemma 2.0.2 allows us to define w̃E,p :=
(v−E,p, u−E,p) ∈ DE,−.

Definition 5.1.2 For E ∈ [−1, 1] and p ∈ [3, 5], we define j1(E, p), j2(E, p) ∈ R as
given by lemma 4.1.3.

Definition 5.1.3 Let E ∈ [−1, 1] and p ∈ [3, 5], we define (ck(E, p))k∈N ⊆ R ∪ {∞} as
given by lemma 4.1.5. As before, we need to exclude the case E = −1, p = 3.
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Definition 5.1.4 (Definition 4.1.8) For E ∈ [−1, 1] and p ∈ [3, 5], but exclude the
case E = −1, p = 3. By corollary 4.1.7, limk→∞ ck(E, p) is well-defined. We define:

C(E, p) = lim
k→∞

ck(E, p). (5.4)

Lemma 5.1.5 (Lemma 4.1.9) (E, p) 7→ C(E, p) is a real meromorphic function for
(−1, 3) ̸= (E, p) ∈ [−1,∞) × [3, 5].

Lemma 5.1.6 Let E ∈ (−1, 1)\{0} and p ∈ [3, 5]. Then, DE,− = span(wE,p, w̃E,p).

Proof. By lemma 2.3.21, we only need to show that wE,p and w̃E,p are linear independent.
By lemma 4.1.10, the decay of wE,p for z → −1 is given by ∼ (1 − z2)

√
1+E

p−1 , while the
decay of w−E,p and thus w̃E,p is given by ∼ (1 − z2)

√
1−E

p−1 .
That concludes the proof. □

Lemma 5.1.7 Let E ∈ (−1, 1)\{0} and p ∈ [3, 5]. If and only if

C(E, p) ̸= 1
C(−E, p) , (5.5)

then DE,e,− = {0}.

Proof. Assume 0 ̸= w ∈ DE,e,−. By lemma 5.1.6, we find k, l ∈ R with w = kwE,p+lw̃E,p
and (k, l) ̸= (0, 0). By lemma 4.1.10 and w ∈ DE,e,−:

k

(
−j1(E, p)
−j2(E, p)

)
+ l

(
−j2(−E, p)
−j1(−E, p)

)
= k lim

z↗0
w′
E,p(z) + l lim

z↗0
w̃′
E,p(z) = lim

z↗0
w′(z) =

(
0
0

)
.

(5.6)

It follows:
j1(E, p)
j2(−E, p) = − l

k
= j2(E, p)
j1(−E, p) . (5.7)

We reach a contradiction, as corollary 4.1.7 implies:

lim
k→∞

ck(E, p) = j1(E, p)
j2(E, p) = j2(−E, p)

j1(−E, p) = lim
k→∞

1
ck(−E, p)

. (5.8)

The inverse implication follows analogously. That concludes the proof. □

D̃E,e,− can be characterised completely analogously to lemma 5.1.7.

Lemma 5.1.8 Let E = 1 or E = −1, p ∈ (3, 5]. If and only if

C(E, p) ̸= 1
C(−E, p) , (5.9)

then D̃E,e,− = {0}.
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Remark The reason we require p > 3 in lemma 5.1.8 is that E = −1, p = 3 constitutes
the one exception to definition 4.1.4, due to a2 = b2 = 0. This fact is directly related to
the existence of a resonance as noted in the remark on page 68.

Corollary 5.1.9 Let E ∈ (0, 1] and p ∈ [3, 5] with (E, p) ̸= (1, 3). Then E is an
eigenvalue or resonance of iL with even eigenfunction, if and only if

C(E, p) ̸= 1
C(−E, p) . (5.10)

5.1.2. The Odd Case

Definition 5.1.10 Let E ∈ [−1, 1] and p ∈ [3, 5]. We define wE,p = (uE,p, vE,p) ∈ DE,−
as the function given by lemma 4.2.10. Further, lemma 2.0.2 allows us to define w̃E :=
(v−E , u−E) ∈ DE,−.

Definition 5.1.11 For E ∈ [−1, 1], we define j1(E), j2(E) ∈ R as given by lemma
4.2.3.

Definition 5.1.12 For E ∈ [−1, 1] and p ∈ [3, 5], we define (ck(E, p))k∈N ⊆ R ∪ {∞}
as given by definition 4.2.5.

Definition 5.1.13 (Definition 4.2.8) Let E ∈ [−1, 1] and p ∈ [3, 5]. By corollary
4.2.7, limk→∞ ck(E, p) is well-defined. We define:

C(E, p) = lim
k→∞

ck(E, p). (5.11)

Lemma 5.1.14 (Lemma 4.2.9) (E, p) 7→ C(E, p) is a real meromorphic function for
(E, p) ∈ [−1,∞) × [3, 5].

Lemma 5.1.15 Let E ∈ (−1, 1)\{0} and p ∈ [3, 5]. Then, DE,− = span(wE,p, w̃E,p).

Proof. Follows completely analogously to lemma 5.1.6. □

Lemma 5.1.16 Let E ∈ (−1, 1)\{0} and p ∈ [3, 5]. If and only if

C(E, p) ̸= 1
C(−E, p) , (5.12)

then DE,o,− = {0}.

Proof. Follows analogously to lemma 5.1.7. □

Lemma 5.1.17 Let E = 1 or E = −1. Let p ∈ [3, 5]. If and only if

C(E, p) ̸= 1
C(−E, p) , (5.13)

then D̃E,o,− = {0}.
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Proof. Follows analogously to lemma 5.1.8. □

Corollary 5.1.18 Let E ∈ (0, 1] and p ∈ [3, 5]. Then E is an eigenvalue or resonance
of iL with odd eigenfunction, if and only if

C(E, p) ̸= 1
C(−E, p) . (5.14)

5.1.3. Five Goals

As described in chapter 1.12, in order to use the condition C(E, p) = 1
C(−E,p) to charac-

terise the spectrum, we employ the following strategy.
We show five distinct statements, three for the even solution space and two for the

odd solution space. All five statements are proven using heavy calculations to the point
that using a computer algebra system to follow along is recommended.

1. Lemma 5.3.13: Let p ∈ (3, 5]. Then, −1 and 1 are not resonances or eigenvalues
with even eigenfunctions of iL, meaning no even bounded solutions to (iL±1)w = 0
exist.

2. Lemma 5.4.21: Let p ∈ [3, 5]. Then, −1 and 1 are not resonances or eigenvalues
with odd eigenfunctions of iL, meaning no odd bounded solutions to (iL±1)w = 0
exist.

3. Lemma 5.5.18: Let p = 3. Then, iL admits no eigenvalues with even eigenfunctions
within the spectral gap (−1, 1), apart from 0.

4. Lemma 5.6.13: Let p = 3. Then, iL admits no eigenvalues or resonances with odd
eigenfunctions within the spectral gap [−1, 1], apart from 0.

5. Corollary 5.7.15: There exist E1 ∈ [0, 1) and p1 ∈ (3, 5), such that for every
p ∈ (3, p1], there exists exactly one (even) eigenvalue E ∈ (E1, 1) of iL.

In chapter 5.8, we use the above results and basic spectral methods to prove theorem
1.10.1. Chapters 5.3 - 5.7 are dedicated to showing the above five results one at a time.

Chapter 5.2 tries to give some idea how C(E, p) and 1
C(−E,p) behave, by plotting ck(E, p)

and 1
ck(−E,p) for k = 1000 and different values of p and E.

As chapters 5.3 - 5.7 consist entirely of calculations, the inclined read may want to
skip ahead to chapter 5.8, only revisiting chapters 5.3 - 5.7 if they are interested in
checking pure calculations. In that case using a computer algebra system for help is
recommended.
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5.2. Graphics
To give an idea of how C(E, p) and C(−E, p) behave, we plot ck(E, p), ck(−E, p)−1 (in
the even case) and ck(E, p)−1, ck(−E, p) (in the odd case), for certain choices of E, p,
as well as k = 1000.

The existence of an eigenvalue or resonance is indicated by the curves intersecting.

5.2.1. The Even Case

The following graphics show c1000(E, p) and c1000(−E, p)−1 for p = 3 and E = 1 respec-
tively. Note that the discontinuity of C(E, p) near (E, p) = (−1, 3) is clearly visible. The
first graphic indicates limE↘−1 C(−E, 3)−1 ≈ 0.5 and the second limp↘3 C(−1, p)−1 = 0.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.5

1

E

c1000(E, 3)
c1000(−E, 3)−1

2.8 3 3.2 3.4 3.6 3.8 4 4.2 4.4 4.6 4.8 5 5.2
0

0.5

1

p

c1000(1, p)
c1000(−1, p)−1

These graphics imply the behaviour we prove in section 5.3 and 5.5, namely that no
non-zero eigenvalues exist for p = 3 and that no resonances exist for p > 3.

For p = 5, the fact that E = 0 is an eigenvalue of higher multiplicity (4 instead of 2)
can be clearly seen in the corresponding graphic.
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.5

1

E

c1000(E, 5)
c1000(−E, 5)−1

Note that the graphics indicate for p = 3:

C(E, p) < 1
C(−E, p) (5.15)

with the sign of the estimate switching for p = 5. Thus, by the the intermediate value
theorem, for every E ∈ (0, 1) we find some p ∈ (3, 5), such that E constitutes an
eigenvalue.

This eigenvalue starts as a resonance in E = 1 for p = 3 and merges with the eigenvalue
E = 0 for p = 5.

The following four graphics depict the position of the eigenvalue for E = 0.9, E = 0.99,
E = 0.9999 and E = 0.999999. The intersection point between C(E, p) ≈ c1000(E, p)
and C(−E, p)−1 ≈ c1000(−E, p)−1 indicates the exponent p for which E is an eigenvalue
of L.
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c1000(−0.9, p)−1
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0

0.5

1

p

c1000(0.99, p)
c1000(−0.99, p)−1
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c1000(−0.9999, p)−1
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0
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1

p

c1000(0.999999, p)
c1000(−0.999999, p)−1

Note that the eigenvalue moves very slowly for exponents close to 3. The eigenvalue
E = 0.99 corresponds to some p ≥ 3.6. The reasons behind that become more clear
in section 5.7. The following three graphics show the position of the eigenvalue given
exponents p = 3.5, p = 4 and p = 4.5.
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5.2.2. The Odd Case

The situation is simpler for odd eigenfunctions. Because non-zero eigenvalues do not
emerge, it holds for every E ∈ (0, 1], p ∈ [3, 5] and k ≥ 0:

ck(−E, p) > ck(E, p)−1. (5.16)

The curves only intersect for the eigenvalue E = 0.
The following graphics depict c1(E, p)−1 and c1(−E, p), as well as c1000(E, p)−1 and

c1000(−E, p) for E = 1, E = 0.5, p = 3, p = 4 and p = 5 respectively.

The case of E = 1 depicted below corresponds to chapter 5.4. Because the curves do
not intersect even for small k, showing the absence of odd resonances via 1

C(1,p) ̸= C(−1, p)
is simpler than the case of even resonances.

2.8 3 3.2 3.4 3.6 3.8 4 4.2 4.4 4.6 4.8 5 5.2
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c1(1, p)−1

c1(−1, p)

2.8 3 3.2 3.4 3.6 3.8 4 4.2 4.4 4.6 4.8 5 5.2

−1

0

1

p

c1000(1, p)−1

c1000(−1, p)

As mentioned, the curves only intersect for E = 0, which is depicted below for E = 0.5.
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c1(0.5, p)−1

c1(−0.5, p)
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1
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c1000(0.5, p)−1

c1000(−0.5, p)

The case of p = 3 depicted via the two following graphics corresponds to chapter 5.6.
Proving that no eigenvalues exist is somewhat simpler than in the even case depicted on
page 82.

This can be explained through the following heuristic. In the odd case, the graphics
below seem to indicate

d

dE

(
C(−E, 3) − 1

C(E, 3)

)
> 0. (5.17)

But, if we compare with the graphic on page 82, the even case admits no equivalent
to (5.17). Consequently, the absence of eigenvalues in the odd case can be proven by
mainly considering E close to 0, while the even case requires an extra step.
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c1000(−E, 3)

We end with four graphics depicting ck(−E, p) > ck(E, p)−1 for p = 4, p = 5 and
k = 1, k = 1000. The fact that E = 0 is an eigenvalue of multiplicity > 1, namely
multiplicity 2, is visible in all of the below graphics.
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−1

0

1

E

c1(E, 4)−1

c1(−E, 4)
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5.3. Even Resonances
In this chapter we show

C(1, p) > 1
C(−1, p) . (5.18)

for every p ∈ (3, 5]. This implies that no resonances exists for p > 3. This chapter
involves some heavy calculations, even compared to the rest of chapter 5. Using a
computer algebra system for assistance is recommended.

5.3.1. Notation

Definition 5.3.1 Let E ∈ [−1, 1], p ∈ [3, 5] and k ≥ 0. We define Ak and Bk as given
by definition 4.1.1, meaning:

Ak = Ak(E, p) := 4k2 + 2k + 8
√

1 + E

p− 1 k + 4(1 + E)
(p− 1)2 + 2

√
1 + E

p− 1 − (p+ 1)2

(p− 1)2

= 4
(
k +

√
1 + E

p− 1

)2

+ 2
(
k +

√
1 + E

p− 1

)
− (p+ 1)2

(p− 1)2 , (5.19)

Bk = Bk(E, p) := 4(k + 1)2 + 8
√

1 + E

p− 1 (k + 1). (5.20)

Definition 5.3.2 For E ∈ [−1, 1], p ∈ [3, 5], we define (ck(E, p))k∈N ⊆ R ∪ {∞} as
given by lemma 4.1.5, meaning c0 = ∞ and

ck+1 =
(

1 + 8E
(p− 1)2Bk

) Akck − p+1
p−1

Ak − p+1
p−1ck

. (5.21)

As before, we need to exclude the case E = −1, p = 3.

Notation 5.3.3 In chapter 5.3, we use the shorthand notation c+
k = c+

k (p) = ck(1, p)
and c−

k = c−
k (p) = ck(−1, p). We also abbreviate A+

k = Ak(1, p) and A−
k = Ak(−1, p).

The chapter is in essence a proof by induction. We establish bounds on c+
2 and c−

2
and extend them to c+

k and c−
k via induction. The bounds are inspired by the explicit

formulas for c+
k (3), limp↘3 c

−
k (p) which will be calculated in chapter 5.3.2.

The results of chapter 5.3.2 are not needed for the proof of (5.18), here they only
act as an inspiration for the bounds on c+

k (p), c−
k (p). The results of chapter 5.3.2 are

however used in in chapter 5.7, when we examine

C(E, p) − 1
C(−E, p) . (5.22)

close to the resonance (E, p) = (1, 3).
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5.3.2. Resonance in the Cubic Case

We calculate c+
k (3) and limp↘3 c

−
k (p)−1 explicitly.

Lemma 5.3.4 For E = 1, p = 3 and k ∈ N, ck(E, p) is given by

c+
k (3) =

k + 1√
2

2(k +
√

2)k
. (5.23)

Proof. By lemma 4.1.5:

c+
k+1 = 2(k + 1)2 + 2

√
2(k + 1) + 1

2(k + 1)2 + 2
√

2(k + 1)
(4k2 + 2k + 4

√
2k +

√
2 − 2)c+

k − 2
4k2 + 2k + 4

√
2k +

√
2 − 2 − 2c+

k

=
(k + 1 + 1√

2)2

(k + 1 +
√

2)(k + 1)
(4k2 + 2k + 4

√
2k +

√
2 − 2)c+

k − 2
4k2 + 2k + 4

√
2k +

√
2 − 2 − 2c+

k

. (5.24)

We show the claim by induction. For k = 0 the claim holds, due to c+
0 = ∞. We

calculate:

c+
k+1

2(k + 1 +
√

2)(k + 1)
k + 1 + 1√

2

= 2
(
k + 1 + 1√

2

) (4k2 + 2k + 4
√

2k +
√

2 − 2)(k + 1√
2) − 4(k +

√
2)k

2(4k2 + 2k + 4
√

2k +
√

2 − 2)(k +
√

2)k − 2(k + 1√
2)

= 2
(
k + 1 + 1√

2

) 4(k + 1 + 1√
2)(k +

√
2−1
2 )(k − 1 + 1√

2)

8(k + 1 + 1√
2)2(k +

√
2−1
2 )(k − 1 + 1√

2)

= 1. (5.25)

That concludes the proof. □

Lemma 5.3.5 For every k ∈ N:

lim
p↘3

c−
k (p) = 2k2 − 1

k
. (5.26)

Proof. By lemma 4.1.5, c−
0 (p) = ∞ and

c−
k+1(p) =

(
1 − 2

(p− 1)2(k + 1)2

) (4k2 + 2k − (p+1)2

(p−1)2

)
c−
k (p) − p+1

p−1

4k2 + 2k − (p+1)2

(p−1)2 − p+1
p−1c

−
k (p)

. (5.27)

We conclude:

c−
1 (p) =

(
1 − 2

(p− 1)2

)
p+ 1
p− 1 . (5.28)
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Consequently:

lim
p↘3

c−
1 (p) = 1

2
4
2 = 1. (5.29)

Further:

lim
p↘3

∂pc
−
1 (p) = − 2 lim

p↘3
∂p

( 2
(p− 1)2

)
+ 1

2 lim
p↘3

∂p

(
p+ 1
p− 1

)
= − 2 lim

p↘3

(
− 4

(p− 1)3

)
+ 1

2 lim
p↘3

∂p

( 2
p− 1

)
= 1 − 1

2
2
4

= 3
4 . (5.30)

By L’Hôpital’s rule:

lim
p↘3

c−
2 (p) = 7

8 lim
p↘3

(
6 − (p+1)2

(p−1)2

)
c−

1 (p) − p+1
p−1

6 − (p+1)2

(p−1)2 − p+1
p−1c

−
1 (p)

= 7
8 lim
p↘3

1
2 · 2 · 2c−

1 + 2∂pc−
1 + 1

2
1
2 · 2 · 2 + 1

2c
−
1 − 2∂pc−

1

= 7
8

5
2 + 3

2
5
2 − 3

2

= 7
8

8
2

= 7
2 . (5.31)

We now use induction. For k = 2, the lemma holds by (5.31). For simplicity, consider:

dk := lim
p↘3

c−
k (−1, p). (5.32)

By (5.27), for k ≥ 2:

dk =
(

1 − 1
2(k + 1)2

) (4k2 + 2k − 4)dk − 2
4k2 + 2k − 4 − 2dk

= 2k2 + 4k + 1
2k2 + 4k + 2

(2k2 + k − 2)dk − 1
2k2 + k − 2 − dk

. (5.33)
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By (5.33) and the induction hypothesis:

dk+1 = 2k2 + 4k + 1
2k2 + 4k + 2

(2k2 + k − 2)dk − 1
2k2 + k − 2 − dk

= 2k2 + 4k + 1
2k2 + 4k + 2

(2k2 + k − 2)(2k2 − 1) − k

(2k2 + k − 2)k − 2k2 + 1

= 2k2 + 4k + 1
2k2 + 4k + 2

4k4 + 2k3 − 6k2 − 2k + 2
2k3 − k2 − 2k + 1

= 2(k + 1)2 − 1
2(k + 1)2

(k + 1)(4k3 − 2k2 − 4k + 2)
(k − 1)(2k2 + k − 1)

= 2(k + 1)2 − 1
2(k + 1)2

2(k + 1)2(2k2 − 3k + 1)
(k − 1)(k + 1)(2k − 1)

= 2(k + 1)2 − 1
2(k + 1)2

2(k + 1)2(k − 1)(2k − 1)
(k − 1)(k + 1)(2k − 1)

= 2(k + 1)2 − 1
k + 1 . (5.34)

That concludes the proof. □

Corollary 5.3.6 The following holds true:

C(1, 3) = 0, (5.35)

lim
p↘3

1
C(−1, p) = 0. (5.36)

Remark Note that C(E, p) does not possess a continuous continuation to (E, p) =
(−1, 3). The limit depends on the direction:

lim
p↘3

1
C(−1, p) ̸= lim

E↘−1

1
C(E, 3) . (5.37)

This is examined in more detail in chapter 5.7.

5.3.3. Establishing Bounds

Lemma 5.3.7 Let p ∈ (3, 5] and k ≥ 1. Assume:

1 ≤ c−
k (p) ≤ p+ 1

p− 1
(k +

√
2

p−1)(k −
√

2
p−1)

k
. (5.38)

Then:

c−
k+1(p) ≤ p+ 1

p− 1
(k + 1 +

√
2

p−1)(k + 1 −
√

2
p−1)

k + 1 . (5.39)
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Proof. By definition:

c−
k+1 =

(k + 1 +
√

2
p−1)(k + 1 −

√
2

p−1)
(k + 1)2

(
4k2 + 2k − (p+1)2

(p−1)2

)
c−
k − p+1

p−1

4k2 + 2k − (p+1)2

(p−1)2 − p+1
p−1c

−
k

. (5.40)

It follows:

c−
k+1

k + 1
(k + 1 +

√
2

p−1)(k + 1 −
√

2
p−1)

p− 1
p+ 1 (5.41)

≤ p− 1
p+ 1

1
k + 1

p+1
p−1Ak(k

2 − 2
(p−1)2 ) − p+1

p−1k

Akk − (p+1)2

(p−1)2 (k2 − 2
(p−1)2 )

=
Ak(k2 − 2

(p−1)2 ) − k

Akk(k + 1) − (p+1)2

(p−1)2 (k + 1)(k2 − 2
(p−1)2 )

=: αk
βk
. (5.42)

It suffices to show αk − βk ≤ 0. We calculate:

αk − βk = Ak

(
k2 − 2

(p− 1)2 − k(k + 1)
)

+ (p+ 1)2

(p− 1)2 (k + 1)
(
k2 − 2

(p− 1)2

)
− k

= −
(

4k2 + 2k − (p+ 1)2

(p− 1)2

)(
k + 2

(p− 1)2

)
− k

+ (p+ 1)2

(p− 1)2

(
k3 + k2 − 2

(p− 1)2k − 2
(p− 1)2

)
= −

(
4k2 + 2k − (p+ 1)2

(p− 1)2

)(
k + 2

(p− 1)2

)
− k

+ (p+ 1)2

(p− 1)2k
3 + (p+ 1)2

(p− 1)2k
2 − 2(p+ 1)2

(p− 1)4 k − 2(p+ 1)2

(p− 1)4 . (5.43)

It follows:

αk − βk = − 4k3 − 8
(p− 1)2k

2 − 2k2 − 4
(p− 1)2k + (p+ 1)2

(p− 1)2k + 2(p+ 1)2

(p− 1)4 − k

+ (p+ 1)2

(p− 1)2k
3 + (p+ 1)2

(p− 1)2k
2 − 2(p+ 1)2

(p− 1)4 k − 2(p+ 1)2

(p− 1)4

= (p+ 1)2 − 4(p− 1)2

(p− 1)2 k3 + (p+ 1)2 − 8 − 2(p− 1)2

(p− 1)2 k2

+ (p2 − 1)2 − 4(p− 1)2 − 2(p+ 1)2 − (p− 1)4

(p− 1)4 k. (5.44)
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Consequently:

αk − βk = −(p− 3)(3p− 1)
(p− 1)2 k3 + −(p− 3)2

(p− 1)2 k2

+ (p− 3)(4p2 − 2p+ 2)
(p− 1)4 k

≤ −(p− 3)(3p− 1)
(p− 1)2 k + −(p− 3)2

(p− 1)2 k + (p− 3)(4p2 − 2p+ 2)
(p− 1)4 k

≤ − p− 3
(p− 1)4

(
(3p− 1 + p− 3)(p− 1)2 − (4p2 − 2p+ 2)

)
k

≤ − 2(p− 3)2

(p− 1)4 (2p2 − 2p+ 1)k

≤ 0. (5.45)

That concludes the proof. □

Lemma 5.3.8 Let p ∈ (3, 5]. Then:

c−
2 (p) = 1

4
p+ 1
p− 1

2p3 − 4p2 − p+ 1
2p3 − 6p2 + 3p− 1

(
4 − 2

(p− 1)2

)
. (5.46)

Proof. By definition:

c−
k+1 =

(k + 1 +
√

2
p−1)(k + 1 −

√
2

p−1)
(k + 1)2

(
4k2 + 2k − (p+1)2

(p−1)2

)
c−
k − p+1

p−1

4k2 + 2k − (p+1)2

(p−1)2 − p+1
p−1c

−
k

. (5.47)

Using c0 = ∞:

c−
1 =

(
1 − 2

(p− 1)2

)
p+ 1
p− 1 . (5.48)

95



5. Spectrum between −1 and 1

It follows:

c−
2

1
4 − 2

(p−1)2

= 1
4

(
6 − (p+1)2

(p−1)2

) (
1 − 2

(p−1)2

)
p+1
p−1 − p+1

p−1

6 − (p+1)2

(p−1)2 − (p+1)2

(p−1)2

(
1 − 2

(p−1)2

)
= 1

4
p+ 1
p− 1

(
6 − (p+1)2

(p−1)2

) (
1 − 2

(p−1)2

)
− 1

6 − (p+1)2

(p−1)2

(
2 − 2

(p−1)2

)
= 1

4
p+ 1
p− 1

6 − 12
(p−1)2 − (p+1)2

(p−1)2

(
1 − 2

(p−1)2

)
− 1

6 − (p+1)2

(p−1)2

(
2 − 2

(p−1)2

)
= 1

4
p+ 1
p− 1

1 +
− 12

(p−1)2 + (p+1)2

(p−1)2 − 1

6 − (p+1)2

(p−1)2

(
2 − 2

(p−1)2

)


= 1
4
p+ 1
p− 1

(
1 + (p− 1)2(−12 + (p+ 1)2 − (p− 1)2)

6(p− 1)4 − 2(p2 − 1)2 + 2(p+ 1)2

)

= 1
4
p+ 1
p− 1

(
1 + 4(p− 3)(p− 1)2

2(p− 3)(2p3 − 6p2 + 3p− 1)

)

= 1
4
p+ 1
p− 1

(
1 + 2p2 − 4p+ 2

2p3 − 6p2 + 3p− 1

)
. (5.49)

That concludes the proof. □

Corollary 5.3.9 Let p ∈ (3, 5]. Let further δ = δp = 3
2

3p−1
4(p−2)p and ε = εp = 3p−1

(p−2)p(p+2)2 .
Then:

p+ 1
p− 1

(2 +
√

2
p−1)(2 −

√
2

p−1)
2 ≥ c−

2 (p) ≥ p+ 1
p− 1

(1 + ε(p− 3))(2 +
√

2
p−1)(2 −

√
2

p−1)
2(δ(p− 3) + 1) . (5.50)

Proof. Follows by direct computation from lemma 5.3.8. □

We are now ready to establish an upper bound on 1
c−

2 (p) . Unfortunately, the calcula-
tions needed in order to prove lemma 5.3.10 are extensive.

The following two graphics are meant as a heuristic affirmation of the proof of lemma
5.3.10. The first graphic depicts the base case k = 2. The second graphic depicts
k = 1000, showing that the lemma remains true for large k.
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Lemma 5.3.10 Let p ∈ (3, 5]. Let further δ = δp = 3
2

3p−1
4(p−2)p and ε = εp = 3p−1

(p−2)p(p+2)2 .
Then, for every k ≥ 2:

p+ 1
p− 1

(k +
√

2
p−1)(k −

√
2

p−1)
k

≥ c−
k (p) ≥ p+ 1

p− 1
(1 + ε(p− 3))(k +

√
2

p−1)(k −
√

2
p−1)

k(δ(p− 3)(k − 1) + 1) . (5.51)

Proof (Calculation done with a computer). We proceed by induction. The base case is
covered by corollary 5.3.9. For the induction step let k ≥ 1 be given and assume (5.51)
holds. By lemma 5.3.7:

c−
k+1(p) ≤ p+ 1

p− 1
(k + 1 +

√
2

p−1)(k + 1 −
√

2
p−1)

k + 1 . (5.52)

It remains to show

c−
k+1(p) ≥ p+ 1

p− 1
(1 + ε(p− 3))(k + 1 +

√
2

p−1)(k + 1 −
√

2
p−1)

(k + 1)(δ(p− 3)k + 1) . (5.53)

97



5. Spectrum between −1 and 1

Then:

c−
k+1

(k + 1)(δ(p− 3)k + 1)
(1 + ε(p− 3))(k + 1 +

√
2

p−1)(k + 1 −
√

2
p−1)

p− 1
p+ 1 (5.54)

≥ p− 1
p+ 1

δ(p− 3)k + 1
(1 + ε(p− 3))(k + 1)

p+1
p−1(1 + ε(p− 3))Ak(k2 − 2

(p−1)2 ) − p+1
p−1k(δ(p− 3)(k − 1) + 1)

Akk(δ(p− 3)(k − 1) + 1) − (p+1)2

(p−1)2 (1 + ε(p− 3))(k2 − 2
(p−1)2 )

=
Ak(1 + ε(p− 3))(k2 − 2

(p−1)2 )(δ(p− 3)k + 1) − k(δ(p− 3)k + 1)(δ(p− 3)(k − 1) + 1)

Ak(1 + ε(p− 3))k(k + 1)(δ(p− 3)(k − 1) + 1) − (p+1)2

(p−1)2 (1 + ε(p− 3))2(k + 1)(k2 − 2
(p−1)2 )

=: αk
βk
. (5.55)

It suffices to show αk − βk ≤ 0. We calculate:

αk − βk = Ak(1 + ε(p− 3))
(
k2 − 2

(p− 1)2 − k(k + 1)
)

(δ(p− 3)k + 1)

+Ak(1 + ε(p− 3))k(k + 1)δ(p− 3)

+ (p+ 1)2

(p− 1)2 (1 + ε(p− 3))2(k + 1)
(
k2 − 2

(p− 1)2

)
− k(δ(p− 3)k + 1)(δ(p− 3)(k − 1) + 1)

= −
(

4k2 + 2k − (p+ 1)2

(p− 1)2

)
(1 + ε(p− 3))

(
k + 2

(p− 1)2

)
(δ(p− 3)k + 1)

+
(

4k2 + 2k − (p+ 1)2

(p− 1)2

)
(1 + ε(p− 3))k(k + 1)δ(p− 3)

− δ2(p− 3)2k3 + δ2(p− 3)2k2 − 2δ(p− 3)k2 + δ(p− 3)k − k

+ (p+ 1)2

(p− 1)2 (1 + ε(p− 3))2
(
k3 + k2 − 2

(p− 1)2k − 2
(p− 1)2

)
. (5.56)

By (5.45):

γk := −
(

4k2 + 2k − (p+ 1)2

(p− 1)2

)(
k + 2

(p− 1)2

)
− k

+ (p+ 1)2

(p− 1)2k
3 + (p+ 1)2

(p− 1)2k
2 − 2(p+ 1)2

(p− 1)4 k − 2(p+ 1)2

(p− 1)4

= −(p− 3)(3p− 1)
(p− 1)2 k3 + −(p− 3)2

(p− 1)2 k2 + (p− 3)(4p2 − 2p+ 2)
(p− 1)4 k. (5.57)
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We conclude:

αk − βk − (1 + ε(p− 3))γk

= −
(

4k2 + 2k − (p+ 1)2

(p− 1)2

)
(1 + ε(p− 3))

(
k + 2

(p− 1)2

)
δ(p− 3)k

+
(

4k2 + 2k − (p+ 1)2

(p− 1)2

)
(1 + ε(p− 3))k(k + 1)δ(p− 3)

− δ2(p− 3)2k3 + δ2(p− 3)2k2 − 2δ(p− 3)k2 + δ(p− 3)k + ε(p− 3)k

+ (p+ 1)2

(p− 1)2 (1 + ε(p− 3))ε(p− 3)
(
k3 + k2 − 2

(p− 1)2k − 2
(p− 1)2

)
. (5.58)

It follows:

αk − βk − (1 + ε(p− 3))γk
p− 3

=
(

4k2 + 2k − (p+ 1)2

(p− 1)2

)
(1 + ε(p− 3))

(
1 − 2

(p− 1)2

)
δk

− δ2(p− 3)k3 + δ2(p− 3)k2 − 2δk2 + δk + εk

+ (p+ 1)2

(p− 1)2 ε(1 + ε(p− 3))
(
k3 + k2 − 2

(p− 1)2k − 2
(p− 1)2

)
= (1 + ε(p− 3))

(
4 − 8

(p− 1)2

)
δk3 + (1 + ε(p− 3))

(
2 − 4

(p− 1)2

)
δk2

− (1 + ε(p− 3))
(

(p+ 1)2

(p− 1)2 − 2(p+ 1)2

(p− 1)4

)
δk

+ ε(1 + ε(p− 3))
(

(p+ 1)2

(p− 1)2k
3 + (p+ 1)2

(p− 1)2k
2 − 2(p+ 1)2

(p− 1)4 k − 2(p+ 1)2

(p− 1)4

)
− δ2(p− 3)k3 + δ2(p− 3)k2 − 2δk2 + δk + εk

=
(

(1 + ε(p− 3))
(

4δ − 8δ
(p− 1)2 + ε

(p+ 1)2

(p− 1)2

)
− (p− 3)δ2

)
k3

+
(

(1 + ε(p− 3))
(

− 4δ
(p− 1)2 + ε

(p+ 1)2

(p− 1)2

)
+ 2δε(p− 3) + δ2(p− 3)

)
k2

+
(

(1 + ε(p− 3))
(

(p+ 1)2(p2 − 2p− 1)
(p− 1)4 δ − 2(p+ 1)2

(p− 1)4 ε

)
+ δ + ε

)
k

− ε(1 + ε(p− 3))2(p+ 1)2

(p− 1)4 . (5.59)
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In summary:

αk − βk
p− 3

=
(

(1 + ε(p− 3))
(

1 − 3p
(p− 1)2 + 4δ − 8δ

(p− 1)2 + ε
(p+ 1)2

(p− 1)2

)
− δ2(p− 3)

)
k3

+
(

(1 + ε(p− 3))
(

3 − p

(p− 1)2 − 4δ
(p− 1)2 + ε

(p+ 1)2

(p− 1)2

)
+ 2δε(p− 3) + δ2(p− 3)

)
k2

+
(

(1 + ε(p− 3))
(

4p2 − 2p+ 2
(p− 1)4 + (p+ 1)2(p2 − 2p− 1)

(p− 1)4 δ − 2(p+ 1)2

(p− 1)4 ε

)
+ δ + ε

)
k

− ε(1 + ε(p− 3))2(p+ 1)2

(p− 1)4 . (5.60)

We substitute δ = 3
2

3p−1
4(p−2)p and ε = 3p−1

(p−2)p(p+2)2 . By direct computation:

αk − βk
p− 3

= 15p9 + 163p8 + 562p7 − 2030p6 − 7057p5 + 5555p4 + 26816p3 + 7720p2 − 9840p+ 1392
64(p− 2)2(p− 1)2p2(p+ 2)4 k3

+ 17p9 + 125p8 + 286p7 − 1858p6 − 7855p5 − 2547p4 + 24816p3 + 23368p2 − 5520p− 48
64(p− 2)2(p− 1)2p2(p+ 2)4 k2

+ 18p11 + 98p10 + 85p9 − 649p8 − 1983p7 − 465p6 + 5061p5 + 6315p4 + 2267p3 + 897p2 − 704p+ 84
8(p− 2)2(p− 1)4p2(p+ 2)4 k

− 2(p+ 1)2(3p− 1)(p4 + 2p3 − p2 − 18p+ 3)
(p− 2)2(p− 1)4p2(p+ 2)4

=:
3∑
l=0

ml(p)kl. (5.61)

By direct computation 2m3(p) + m2(p) > 0 and 2m1(p) + m0(p) > 0. That concludes
the proof. □

For c+
k (p), we show a lower bound. As in the case of lemma 5.3.10, as a heuristic

affirmation of lemma 5.3.11, consider the following graphic, depicting the lower bound
for the base case k = 2.
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Lemma 5.3.11 Let p ∈ [3, 5]. Let further δ = δp = 3
2

3p−1
4(p−2)p(1 − 7

2
(6p−10)(p−3)
(p−2)p(p+2)2 ), ε =

εp = −7
2

6p−10
(p−2)p(p+2)2 and l = lp = 2 +

√
2

p−1 . Then:

c+
2 (p) ≥ p− 1

p+ 1
l(δ(p− 3)(l − 1) + 1)

(1 + ε(p− 3))(l +
√

2
p−1)(l −

√
2

p−1)
. (5.62)

Proof (Calculation done with a computer). By definition:

c+
2 =

(
2 +

√
2

p−1

)2

2(2 + 2
√

2
p−1 )

A1c
+
1 − p+1

p−1

A1 − p+1
p−1c

+
1

= l2

(l +
√

2
p−1)(l −

√
2

p−1)

A1c
+
1 − p+1

p−1

A1 − p+1
p−1c

+
1
. (5.63)

We need to show:

l
A1c

+
1 − p+1

p−1

A1 − p+1
p−1c

+
1

≥ p− 1
p+ 1

δ(p− 3)(l − 1) + 1
1 + ε(p− 3) . (5.64)

We calculate c1 using c0 = ∞:

c1 =

(
1 +

√
2

p−1

)2

1 + 2
√

2
p−1

p− 1
p+ 1

(
(p+ 1)2

(p− 1)2 − 8
(p− 1)2 − 2

√
2

p− 1

)

= p− 1
p+ 1

(l − 1)2

2l − 3

(
(p+ 1)2

(p− 1)2 − 4(l − 2)2 − 2(l − 2)
)
. (5.65)

Further, by definition:

A1 = 4(l − 1)2 + 2(l − 1) − (p+ 1)2

(p− 1)2 . (5.66)

We introduce the new variables q = p+1
p−1 and j = l − 2 =

√
2

p−1 . (5.64) now reads

(j + 2)(4(j + 1)2 + 2(j + 1) − q2)q−1(q2 − 4j2 − 2j) − q

(4(j + 1)2 + 2(j + 1) − q2) − (q2 − 4j2 − 2j) ≥ q−1 δ(p− 3)(j + 1) + 1
1 + ε(p− 3) .

(5.67)
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By definition p = q+1
q−1 and l =

√
2

2 (q − 1). It follows

δ(p− 3) = 3(q − 2)(q + 2)(37q4 − 248q3 + 574q2 − 600q + 221)
2(1 − 3q)2(q − 3)2(q + 1)2 , (5.68)

1 + ε(p− 3) = 37q4 − 248q3 + 574q2 − 600q + 221
(1 − 3q)2(q − 3)(q + 1) . (5.69)

(5.67) is thus equivalent to:

n1(q)
n2(q) := −(

√
2q −

√
2 + 4)(q4 + 6

√
2q3 − 8q3 − 30

√
2q2 + 37q2 + 42

√
2q − 60q − 18

√
2 + 26)

4(q2 + 3
√

2q − 4q − 3
√

2 + 5)

= (j + 2)(4(j + 1)2 + 2(j + 1) − q2)(q2 − 4j2 − 2j) − q2

(4(j + 1)2 + 2(j + 1) − q2) − (q2 − 4j2 − 2j)

≥ δ(p− 3)(j + 1) + 1
1 + ε(p− 3)

= 3(q − 2)(q + 2)(
√

2q −
√

2 + 2)
4(q − 3)(q + 1) + (1 − 3q)2(q − 3)(q + 1)

37q4 − 248q3 + 574q2 − 600q + 221

= m1(q)
4(q − 3)(q + 1)(37q4 − 248q3 + 574q2 − 600q + 221) =: m1(q)

m2(q) . (5.70)

Hereby:

m1(q) = 111
√

2q7 − 855
√

2q6 + 258q6 + 2022
√

2q5 − 1656q5 − 102
√

2q4 + 2584q4

− 7401
√

2q3 + 2816q3 + 13425
√

2q2 − 12422q2 − 9852
√

2q + 14232q
+ 2652

√
2 − 5268. (5.71)

We calculate:

n2(q)m1(q)
= 444

√
2q9 − 5196

√
2q8 + 3696q8 + 27084

√
2q7 − 33936q7 − 72828

√
2q6 + 111040q6

+ 63348
√

2q5 − 114176q5 + 172860
√

2q4 − 218240q4 − 585084
√

2q3 + 811824q3

+ 756588
√

2q2 − 1055872q2 − 473472
√

2q + 669024q + 116256
√

2 − 169008. (5.72)

On the other hand:

n1(q)m2(q)
= − 148

√
2q11 + 2620

√
2q10 − 2368q10 − 25640

√
2q9 + 36000q9 + 159528

√
2q8

− 238544q8 − 616712
√

2q7 + 892576q7 + 1434904
√

2q6 − 2002912q6 − 1837424
√

2q5

+ 2521824q5 + 736048
√

2q4 − 1023872q4 + 1273980
√

2q3 − 1733152q3

− 2073204
√

2q2 + 2898464q2 + 1205944
√

2q − 1715200q − 259896
√

2 + 371280.
(5.73)

102



5. Spectrum between −1 and 1

It follows:

n1(q)m2(q) − n2(q)m1(q)
= − 148

√
2q11 + 2620

√
2q10 − 2368q10 − 26084

√
2q9 + 36000q9 + 164724

√
2q8 − 242240q8

− 643796
√

2q7 + 926512q7 − 1507732
√

2q6 + 2113952q6 + 1900772
√

2q5 − 2636000q5

− 563188
√

2q4 + 805632q4 − 1859064
√

2q3 + 2544976q3 + 2829792
√

2q2 − 3954336q2

− 1679416
√

2q + 2384224q + 376152
√

2 − 540288. (5.74)

To conclude the proof, it suffices to show n1(q)m2(q) − n2(q)m1(q) ≥ 0 for q ∈ [3
2 , 2],

which can be checked by direct computation. That concludes the proof. □

As a heuristic affirmation of lemma 5.3.12, consider the following graphic, depicting
the lower bound for the large value k = 1000.
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Lemma 5.3.12 Let p ∈ [3, 5]. Let further δ = δp = 3
2

3p−1
4(p−2)p(1 − 7

2
(6p−10)(p−3)
(p−2)p(p+2)2 ), ε =

−7
2

6p−10
(p−2)p(p+2)2 . Assume ck ∈ (0,∞) for every k ≥ 1 and let l = lk,p = k +

√
2

p−1 . Then:

c+
k (p) ≥ p− 1

p+ 1
l(δ(p− 3)(l − 1) + 1)

(1 + ε(p− 3))(l +
√

2
p−1)(l −

√
2

p−1)
. (5.75)

Proof (Calculation done with a computer). We proceed by induction. The base case is
covered by lemma 5.3.11. For the induction step let k ≥ 1 be given and assume (5.75)
holds. By definition

c+
k+1

−1 =
(l + 1 +

√
2

p−1)(l + 1 −
√

2
p−1)

(l + 1)2

(
4l2 + 2l − (p+1)2

(p−1)2

)
c+
k

−1 − p+1
p−1

4l2 + 2l − (p+1)2

(p−1)2 − p+1
p−1c

+
k

−1 (5.76)

which directly mirrors

c−
k+1 =

(k + 1 +
√

2
p−1)(k + 1 −

√
2

p−1)
(k + 1)2

(
4k2 + 2k − (p+1)2

(p−1)2

)
c−
k − p+1

p−1

4k2 + 2k − (p+1)2

(p−1)2 − p+1
p−1c

−
k

. (5.77)
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We proceed completely analogously to the proof of lemma 5.3.10. It follows

c+
k+1

−1 (l + 1)(δ(p− 3)l + 1)
(1 + ε(p− 3))(l + 1 +

√
2

p−1)(l + 1 −
√

2
p−1)

p− 1
p+ 1 ≤ αk

βk
, (5.78)

whereby

αk − βk
p− 3

=
(

(1 + ε(p− 3))
(

1 − 3p
(p− 1)2 + 4δ − 8δ

(p− 1)2 + ε
(p+ 1)2

(p− 1)2

)
− δ2(p− 3)

)
l3

+
(

(1 + ε(p− 3))
(

3 − p

(p− 1)2 − 4δ
(p− 1)2 + ε

(p+ 1)2

(p− 1)2

)
+ 2δε(p− 3) + δ2(p− 3)

)
l2

+
(

(1 + ε(p− 3))
(

4p2 − 2p+ 2
(p− 1)4 + (p+ 1)2(p2 − 2p− 1)

(p− 1)4 δ − 2(p+ 1)2

(p− 1)4 ε

)
+ δ + ε

)
l

− ε(1 + ε(p− 3))2(p+ 1)2

(p− 1)4 . (5.79)

We substitute δ = 3
2

3p−1
4(p−2)p(1 − 7

2
(6p−10)(p−3)
(p−2)p(p+2)2 ) and ε = −7

2
6p−10

(p−2)p(p+2)2 . It follows

αk − βk
p− 3 = (p4 + 2p3 − 25p2 + 90p− 105)κ3(p)

64(p− 2)4(p− 1)2p4(p+ 2)4 l3

+ (p4 + 2p3 − 25p2 + 90p− 105)κ2(p)
64(p− 2)4(p− 1)2p4(p+ 2)4 l2

+ κ1(p)
8(p− 2)3(p− 1)4p3(p+ 2)4 l

+ 14(p+ 1)2(3p− 5)(p4 + 2p3 − 25p2 + 90p− 105)
(p− 2)2(p− 1)4p2(p+ 2)4

=:
3∑
j=0

mj(p)lj . (5.80)

Hereby

κ1(p) = 15p9 + 73p8 − 6287p7 + 41457p6 − 103800p5 + 89440p4 + 55665p3

− 129415p2 + 46215p− 2835, (5.81)
κ2(p) = 17p9 + 23p8 − 6625p7 + 49471p6 − 157544p5 + 257312p4 − 211009p3

+ 76823p2 − 15975p+ 2835, (5.82)
κ3(p) = 18p13 + 62p12 − 897p11 + 1971p10 + 9428p9 − 58194p8 + 105267p7 + 2097p6

− 286399p5 + 288635p4 + 229312p3 − 290150p2 − 143745p+ 33075. (5.83)

By direct computation m3,m2 > 0, m1,m0 < 0. Further 8m3 + 4m2 + 2m1 + m0 > 0.
That concludes the proof. □
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5.3.4. Absence of Resonances

Showing that no resonance exists is now a simple matter of comparing the limits of the
lower and upper bounds given by lemma 5.3.10 and lemma 5.3.12.
c+
k , 1

c−
k

and the corresponding bounds are shown in the following graphics for k = 2,
k = 3, k = 4 and k = 1000.
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2.8 3 3.2 3.4 3.6 3.8 4 4.2 4.4 4.6 4.8 5 5.2
0

0.5

1

p

c1000(1, p)
c1000(−1, p)−1

Lemma 5.3.13 Let p ∈ (3, 5]. Then, −1 and 1 are not even resonances or eigenvalues
of iL, meaning no even bounded solutions to (iL± 1)w = 0 exist.

Proof. By lemma 5.1.8, it suffices to show

C(1, p) > 1
C(−1, p) . (5.84)

Lemma 5.3.10 implies
1

C(−1, p) ∈ [0,∞). (5.85)

If c+
k ̸∈ (0,∞), for any k ≥ 1, then due to

−c+
k+1 = −

(
k + 1 +

√
2

p−1

)2

(k + 1)(k + 1 + 2
√

2
p−1 )

Akc
+
k − p+1

p−1

Ak − p+1
p−1c

+
k

=

(
k + 1 +

√
2

p−1

)2

(k + 1)(k + 1 + 2
√

2
p−1 )

Ak(−c+
k ) + p+1

p−1

Ak + p+1
p−1(−c+

k )
, (5.86)

we conclude C(1, p) = limk→∞ c+
k ∈ (−∞, 0) and thus C(1, p) ̸= 1

C(−1,p) . If c+
k ∈ (0,∞),

for every k ≥ 1, then, by lemma 5.3.10 and lemma 5.3.12:

C(1, p) = lim
k→∞

c+
k ≥ p− 1

p+ 1
3
2

3p− 1
4(p− 2)p(p− 3)

>
p− 1
p+ 1

3
2

3p−1
4(p−2)p(p− 3)

1 + 3p−1
(p−2)p(p+2)2 (p− 3)

≥ lim
k→∞

c−
k

−1

= 1
C(−1, p) . (5.87)

That concludes the proof. □
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5.4. Odd Resonances
We show for 3 ≤ p ≤ 5:

1
C(1, p) < C(−1, p). (5.88)

The calculations are more forgiving than in the previous section and we pursue a slightly
more sophisticated strategy.

We begin by showing a straightforward lower bound on ck(−1, p). Then, we take
advantage of a similarity between the recursion characterising ck(−1, p) and ck(1, p)−1.
This allows us to show 1

C(1,p) < C(−1, p) without separately bounding both terms.

Definition 5.4.1 Let E ∈ [−1, 1] and k ≥ 0. We define Ak and Bk by definition 4.2.1,
meaning

Ak = 4k2 + 6k + 8
√

1 + E

p− 1 k + 4(1 + E)
(p− 1)2 + 6

√
1 + E

p− 1 + 2 − (p+ 1)2

(p− 1)2

= 4
(
k +

√
1 + E

p− 1

)2

+ 6
(
k +

√
1 + E

p− 1

)
+ 2 − (p+ 1)2

(p− 1)2 , (5.89)

Bk = 4(k + 1)2 + 8
√

1 + E

p− 1 (k + 1)

= 4(k + 1)
(
k + 2

√
1 + E

p− 1

)
. (5.90)

Definition 5.4.2 For E ∈ [−1, 1], we define (ck(E))k∈N = (ck(E, p))k∈N ⊆ R ∪ {∞} as
given by lemma 4.2.6, meaning c0 = ∞ and

ck+1 =
(

1 + 8E
(p− 1)2Bk

) Akck − p+1
p−1

Ak − p+1
p−1ck

. (5.91)

Notation 5.4.3 In chapter 5.4, given p ∈ [3, 5], we often abbreviate c+
k = ck(1, p) and

c−
k = ck(−1, p).

Lemma 5.4.4 Let p ∈ [3, 5]. Then, for every k ≥ 1:

ck(1, p) ≤ −1. (5.92)

Proof. By definition:

c+
k+1 =

(
1 + 2

(p− 1)2(k + 1)2 + 2
√

2(p− 1)(k + 1)

)
Akc

+
k − p+1

p−1

Ak − p+1
p−1c

+
k

. (5.93)

It follows:

c+
1 = −

(
1 + 2

(p− 1)2 + 2
√

2(p− 1)

)
p− 1
p+ 1

(
8

(p− 1)2 + 6
√

2
p− 1 + 2 − (p+ 1)2

(p− 1)2

)
≤ − 1. (5.94)
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Note:

−c+
k+1 = −

(
1 + 2

(p− 1)2(k + 1)2 + 2
√

2(p− 1)(k + 1)

)
Ak(−c+

k ) + p+1
p−1

Ak + p+1
p−1(−c+

k )
. (5.95)

The claim consequently follows by induction. □

Note that c+
k

−1 and c−
k fulfil virtually the same recursive equation. On the one hand:

c+
k+1

−1 =
(k + 1 +

√
2

p−1 +
√

2
p−1)(k + 1 +

√
2

p−1 −
√

2
p−1)

(k + 1 +
√

2
p−1)2

(4(k +
√

2
p−1)2 + 6(k +

√
2

p−1) + 2 − (p+1)2

(p−1)2 )c+
k

−1 − p+1
p−1

4(k +
√

2
p−1)2 + 6(k +

√
2

p−1) + 2 − (p+1)2

(p−1)2 − p+1
p−1c

+
k

−1 . (5.96)

On the other hand:

c−
k+1 =

(k + 1 +
√

2
p−1)(k + 1 −

√
2

p−1)
(k + 1)2

(4k2 + 6k + 2 − (p+1)2

(p−1)2 )c−
k − p+1

p−1

4k2 + 6k + 2 − (p+1)2

(p−1)2 − p+1
p−1c

−
k

. (5.97)

5.4.1. Lower Bound

We seek to establish a lower bound on c−
k . By definition:

c−
1 =

(
1 − 2

(p− 1)2

)(
p+ 1
p− 1 − 2(p− 1)

p+ 1

)
∈ (0, 1). (5.98)

We substitute p = q + 3:

c−
1 = (8 − q2)(q2 + 4q + 2)

(q + 2)3(q + 4) . (5.99)

It follows:

c−
2 =

2 − 1
(q+2)2

2
(30 − (q+4)2

(q+2)2 )c−
1 − q+4

q+2

30 − (q+4)2

(q+2)2 − q+4
q+2c

−
1

= (7 + 8q + 2q2)(128 + 512q + 496q2 + 56q3 − 115q4 − 50q5 − 6q6)
2(q + 2)3(q + 4)(56 + 128q + 115q2 + 44q3 + 6q4) . (5.100)

This function attains its minimum at the boundary q = 2, meaning p = 5. We conclude:

Lemma 5.4.5 Let 3 ≤ p ≤ 5. Then:

c2(−1, p) ≥ − 31
3904 . (5.101)
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Definition 5.4.6 Let (dk)k≥2 be given by d2 = − 1
100 and

dk+1 = (4k2 + 6k + 2 − 4)dk − 2
4k2 + 6k + 2 − 4 − 2dk

. (5.102)

Lemma 5.4.7 For every k ≥ 2:

dk < 0. (5.103)

Proof. Follows easily by induction. □

Lemma 5.4.8 For every k ≥ 2 and 3 ≤ p ≤ 5:

ck(−1, p) ≥ dk. (5.104)

Proof. We proceed by induction. For k = 2 the claim follows from lemma 5.4.5. Assume
ck(−1, p) ≥ dk. By lemma 5.4.7, we have dk+1 < 0. It follows:

dk+1 ≤
(k + 1 +

√
2

p−1)(k + 1 −
√

2
p−1)

(k + 1)2

(4k2 + 6k + 2 − (p+1)2

(p−1)2 )dk − p+1
p−1

4k2 + 6k + 2 − (p+1)2

(p−1)2 − p+1
p−1dk

≤
(k + 1 +

√
2

p−1)(k + 1 −
√

2
p−1)

(k + 1)2

(4k2 + 6k + 2 − (p+1)2

(p−1)2 )c−
k − p+1

p−1

4k2 + 6k + 2 − (p+1)2

(p−1)2 − p+1
p−1c

−
k

= c−
k+1. (5.105)

That concludes the proof. □

Lemma 5.4.9 Let k ≥ 2. Then:

dk > −1
4 + 1

1000 . (5.106)

Proof. By definition d2 = − 1
100 and

dk+1 = (2k2 + 3k − 1)dk − 1
2k2 + 3k − 1 − dk

. (5.107)

We conclude:

d3 = − 113
1301 , (5.108)

d4 = − 157
1257 , (5.109)

d5 = − 13
88 , (5.110)

d6 = − 184
1129 , (5.111)

d7 = − 389
2237 , (5.112)

d8 = − 529
2905 ≤ −1

6 . (5.113)
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As dk is decreasing by definition, we conclude dk ≤ −1
6 for every k ≥ 8. It follows, for

k ≥ 8:

dk+1 = (2k2 + 3k − 1) − d−1
k

2k2 + 3k − 1 − dk
dk

≥ 2k2 + 3k − 1 + 6
2k2 + 3k − 1 + 1

6
dk

≥ 2k2 + 3k + 5
2k2 + 3k − 1dk

≥ 2k2 + 3k + 1
2k2 + 3k − 5dk

= (k + 1)(2k + 1)
(k − 1)(2k + 5)dk. (5.114)

We conclude for every k ≥ 8:

dk+1 ≥ − 1
6

k∏
l=8

(l + 1)(2l + 1)
(l − 1)(2l + 5)

= − 1
6

16 + 1
8 − 1

18 + 1
9 − 1

l

2l + 3
l + 1
2l + 5

≥ − 1
6

17
7

19
8

1
4

> − 1
4 + 1

1000 . (5.115)

That concludes the proof. □

Corollary 5.4.10 Let k ≥ 2 and 3 ≤ p ≤ 5. Then:

ck(−1, p) > −1
4 + 1

1000 . (5.116)

5.4.2. Recursion

To take advantage of the similarity between (5.96) and (5.97), we formalize the recursions
via the following operators.

Definition 5.4.11 Let p ∈ [3, 5], and t ≥ 0. We define:

α(t) := 4
(
t+

√
2

p− 1

)2

+ 6
(
t+

√
2

p− 1

)
+ 2 − (p+ 1)2

(p− 1)2 , (5.117)

β(t) :=
(t+ 1 +

√
2

p−1 +
√

2
p−1)(t+ 1 +

√
2

p−1 −
√

2
p−1)

(t+ 1 +
√

2
p−1)2

. (5.118)

α and β are direct analogues of A and B given by definition 4.1.1. However α and β
allow for the real valued argument t, while A and B are dependent on the integer k.

We now redefine the defining recursion of (cn)n using α and β instead of A and B.
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Definition 5.4.12 Let p ∈ [3, 5] and k, l ∈ Z≥1 with l ≤ k. We define

µl,k, νl,k : R ∪ {∞} → R ∪ {∞} (5.119)

by µl,l(x) = x and

µl,k+1(x) = β(k)α(k)µl,k(x) − 1
α(k) − µl,k(x) , (5.120)

νl,k+1(x) = β

(
k −

√
2

p− 1

)
α
(
k −

√
2

p−1

)
νl,k(x) − 1

α
(
k −

√
2

p−1

)
− νl,k(x)

. (5.121)

We further define:

µl,∞(x) = lim
k→∞

µl,k(x), (5.122)

νl,∞(x) = lim
k→∞

νl,k(x). (5.123)

These limits exist due to lemma 5.4.13.

Lemma 5.4.13 Let p ∈ [3, 5] and l ∈ Z≥1. Then, the limits

µl,∞(x) = lim
k→∞

µl,k(x), (5.124)

νl,∞(x) = lim
k→∞

νl,k(x). (5.125)

are well-defined.

Proof. µl,k and νl,k are a generalisation of the sequence ck. Lemma 5.4.13 follows com-
pletely analogously to corollary 4.2.7 (or corollary 4.1.7). □

Lemma 5.4.14 Let l, k ∈ Z≥1 ∪ {∞} and p ∈ [3, 5]. Assume k ≥ l. Then

c+
k

−1 = µl,k(c+
l

−1), (5.126)
c−
k = νl,k(c−

l ). (5.127)

Proof. Holds by definition. □

Lemma 5.4.15 Let x ∈ [−1, 0], l ∈ Z≥1 and p ∈ [3, 5]. Then, there exists δ = δ(x) > 0,
such that for every k > l:

−1 ≤ µl,k(x), νl,k(x) < −δ. (5.128)

Proof. We only consider µl,k. The claim follows completely analogously for νl,k. Note

that µl,k(x) ∈ [−1, 0] implies µl,k+1(x) ∈
[
−1,

(k+1)2− 2
(p−1)2

(k+1)2 µl,k(x)
]
. That already con-

cludes the proof. □
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Lemma 5.4.16 Let x, y ∈ [−1, 1] with x < y and 1 ≤ l ≤ k. Then

µl,k(x) < µl,k(y), (5.129)
νl,k(x) < νl,k(y). (5.130)

Proof. Follows by induction. □

Lemma 5.4.17 Let x, y ∈ [−1, 0] with x < y. Let l ∈ Z≥1 and p ∈ [3, 5]. Then

µl,∞(x) < µl,∞(y), (5.131)
νl,∞(x) < νl,∞(y). (5.132)

Proof. We only consider µl,k. The claim follows completely analogously for νl,k. Let
z ∈ (x, y). By definition

µl,k+1(z) =
(k + 1 +

√
2

p−1)(k + 1 −
√

2
p−1)

(k + 1)2
α(k)µl,k(z) − 1
α(k) − µl,k(z)

. (5.133)

It follows for k ≥ 1:
∂zµl,k+1(z)
µl,k+1(z) = α(k)∂zµl,k(z)

α(k)µl,k(z) − 1 + ∂zµl,k(z)
α(k) − µl,k(z)

= ∂zµl,k(z)
µl,k(z)

(
α(k)µl,k(z)

α(k)µl,k(z) − 1 + µl,k(z)
α(k) − µl,k(z)

)

= ∂zµl,k(z)
µl,k(z)

α(k)2µl,k(z) − α(k)µl,k(z)2 + α(k)µl,k(z)2 − µl,k(z)
(α(k)µl,k(z) − 1)(α(k) − µl,k(z))

= ∂zµl,k(z)
µl,k(z)

(α(k)2 − 1)µl,k(z)
(α(k)µl,k(z) − 1)(α(k) − µl,k(z))

= ∂zµl,k(z)
µl,k(z)

(α(k) + 1)(α(k) − 1)
(α(k) − µl,k(z)−1)(α(k) − µl,k(z))

. (5.134)

By lemma 5.4.15 and µl,k+1(z) < 0, we find M = δ−1 > 0, such that

∂zµl,k+1(z)
µl,k+1(z) ≤ ∂zµl,k(z)

µl,k(z)
(α(k) + 1)(α(k) − 1)

(α(k) +M)(α(k) + 1) . (5.135)

We conclude
∂zµ∞(z)
µ∞(z) ≤

∞∏
k=l

α(k) − 1
α(k) +M

∂zµl,l(z)
µl,l(z)

=
∞∏
k=l

α(k) − 1
α(k) +M

1
z
< 0. (5.136)

That concludes the proof, as µ∞(z) < 0 and z < 0. □

Lemma 5.4.18 Let x ∈ [−1, 0] and y ∈ [−1, 1] with x < y. Let l ∈ Z≥1 and p ∈ [3, 5].
Then

µl,∞(x) < µl,∞(y), (5.137)
νl,∞(x) < νl,∞(y). (5.138)
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Proof. We only consider µl,k. The claim follows completely analogously for νl,k. Lemma
5.4.15 implies µl,∞(x) < 0. Consequently, we can assume µl,∞(y) < 0. We find k ≥ 1,
such that µl,k(y) < 0. Lemma 5.4.16 implies µl,k(x) < µl,k(y). By lemma 5.4.17:

µl,∞(x) = µk,∞(µl,k(x)) < µk,∞(µl,k(y)) = µl,∞(y). (5.139)

That concludes the proof. □

5.4.3. Absence of Resonances

Lemma 5.4.19 Let 3 ≤ p ≤ 5 and k ≥ 2. Let x ∈ [−1
4 , 0). Then:

µk−1,k(x) ≤ νk,k+1(x). (5.140)

Proof. We have to show:

β(k − 1)α(k − 1)x− 1
α(k − 1) − x

≤ β

(
k −

√
2

p− 1

)
α
(
k −

√
2

p−1

)
x− 1

α
(
k −

√
2

p−1

)
− x

. (5.141)

Due to x ∈ [−1
4 , 0),

f(t) := β

(
t−

√
2

p− 1

)
α
(
t−

√
2

p−1

)
− x−1

α
(
t−

√
2

p−1

)
− x

=
(t+ 1)2 − 2

(p−1)2

(t+ 1)2

4t2 + 6t+ 2 − (p+1)2

(p−1)2 − p+1
p−1x

−1

4t2 + 6t+ 2 − (p+1)2

(p−1)2 − p+1
p−1x

(5.142)

is decreasing for t ≥ 2. Consequently, t 7→ xf(t) is increasing with respect to t ≥ 2.
That concludes the proof. □

Lemma 5.4.20 Let 3 ≤ p ≤ 5. Then:

1
C(1, p) < C(−1, p). (5.143)

Proof. By corollary 5.4.10, c−
k = ν2,k(c−

2 ) > −1
4 + 1

1000 for k ≥ 2. By continuity (of ν2,∞),
we can choose d2 < c−

2 , such that for every k ≥ 2:

dk := ν2,k(d2) ∈
(

−1
4 , 0

)
. (5.144)

By lemma 5.4.18, to conclude the proof, it suffices to show c+
k−1

−1 ≤ dk for every k ≥ 2.
We proceed by induction. The base case follows from corollary 5.4.10 and

c+
1

−1 = − (p− 1)2(p+ 1)(p+ 2
√

2 − 1)
(p2 + 2

√
2p− 2p− 2

√
2 + 3)(p2 + 6

√
2p− 6p− 6

√
2 + 9)

< −1
4 . (5.145)
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In order to prove the induction step, assume c+
k−1

−1 ≤ dk. By lemma 5.4.18 and lemma
5.4.19:

c+
k

−1 = µk−1,k(c+
k−1

−1) ≤ νk,k+1(c+
k−1

−1) ≤ νk,k+1(dk) = dk+1. (5.146)

That concludes the proof. □

Lemma 5.4.21 Let p ∈ [3, 5]. Then, −1 and 1 are not odd resonances or eigenvalues
of iL, meaning no odd bounded solutions to (iL± 1)w = 0 exist.

Proof. By lemma 5.1.17, it suffices to show

1
C(1, p) ̸= C(−1, p). (5.147)

Lemma 5.4.20 concludes the proof. □
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5.5. Cubic Case, Even Eigenvalues
We show that, for p = 3, iL admits no even eigenvalues apart from 0 within the spec-
tral gap (−1, 1). As shown in chapter 5.1.1, specifically lemma 5.1.7, E ∈ (0, 1) is an
eigenvalue of iL, if and only if

1
C(E, 3) = C(−E, 3). (5.148)

Recall the usual definitions.

Definition 5.5.1 (Definition 4.1.1) Let E ∈ [−1, 1], k ≥ 0 (and p = 3). Consider

Ak(E) = 4
(
k +

√
1 + E

2

)2

+ 2
(
k +

√
1 + E

2

)
− 4

= 4k2 + 2k + 4
√

1 + Ek + E +
√

1 + E − 3, (5.149)
Bk(E) = 4(k + 1)2 + 4

√
1 + E(k + 1). (5.150)

Definition 5.5.2 (Lemma 4.1.5) Let E ∈ [−1, 1] (and p = 3). We define (ck)k∈N =
(ck(E))k∈N ⊆ R ∪ {∞} by c0 = ∞ and

ck+1 =
(

1 + E

2Bk

)
Akck − 2
Ak − 2ck

. (5.151)

Notation 5.5.3 As long as E ∈ (0, 1) is clear from context, we abbreviate c+
k = ck(E)

and c−
k = ck(−E), as well as A+

k = Ak(E), A−
k = Ak(−E).

We use a different Ansatz then before, by calculating a lower bound on c−
k

−1−c+
k

E2 . This
bound is basically established through brute force via 20 pages of computations. A com-
puter algebra system might make it easier to follow along, however the computations
were derived using no more than a calculator for external help.

The strategy is relatively simple. Using brute force, we establish a lower bound on
c6(−E, 3)−1 −c6(E, 3). At that point the difference between ck and ck+1 is small enough
that we can establish a bound via natural induction.

However, the induction step still requires a variety of technical lemmata. Heuristically,
these technical results are necessary to control c−

k
−1 − c+

k for large E. In the odd case

considered in chapter 5.6, such a step is unnecessary as E 7→ c−
k

−c+
k

−1

E2 is increasing.

Lemma 5.5.4 Let p = 3 and E ∈ [0, 1]. Then:

c+
2

−1 − c−
2 ≥ 47

72E
2, (5.152)

c−
2

−1 − c+
2 ≥ 9

26E
2, (5.153)

E

2 ≤ 1 − c+
2 , c

−
2 − 1 ≤ 5

6E. (5.154)
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Proof. For now, consider for E ∈ [−1, 1]. We calculate:

c1(E) = −
(

1 + 2E
B0(E)

)
A0(E)

2

=
(

1 + E

2 + 2
√

1 + E

)(
2 − 1 + E

2 −
√

1 + E

2

)
. (5.155)

It follows:

c1(E) − 1 =

1 + E

2
(√

1 + E + 1
)
(1 − E

2 −
√

1 + E − 1
2

)
− 1

=
(

1 +
√

1 + E − 1
2

)(
1 − (

√
1 + E − 1)(

√
1 + E + 1)

2 −
√

1 + E − 1
2

)
− 1

=
√

1 + E − 1
2

(
1 − (

√
1 + E − 1)(

√
1 + E + 1)

2 −
√

1 + E − 1
2

)

− (
√

1 + E − 1)(
√

1 + E + 1)
2 −

√
1 + E − 1

2

=
√

1 + E − 1
2

(
−1 −

√
1 + E − (

√
1 + E − 1)(

√
1 + E + 1)

2 −
√

1 + E − 1
2

)

=
√

1 + E − 1
4

(
−1 − 3

√
1 + E − E

)
= −

√
1 + E − 1

4
(
3
√

1 + E + 1 + E
)
. (5.156)
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Calculating further gives:

c2(E) =
(

1 + E

8 + 4
√

1 + E

)
︸ ︷︷ ︸

=:K(E)

(
2 + 5

√
1 + E + 1 + E

)
c1(E) − 2

2 + 5
√

1 + E + 1 + E − 2c1(E)

= K(E)
5
√

1 + E + 1 + E +
(
2 + 5

√
1 + E + 1 + E

)
(c1(E) − 1)

5
√

1 + E + 1 + E − 2(c1(E) − 1)

= K(E)
5
√

1 + E + 1 + E −
(
2 + 5

√
1 + E + 1 + E

) √
1+E−1

4

(
3
√

1 + E + 1 + E
)

5
√

1 + E + 1 + E + 2
√

1+E−1
4

(
3
√

1 + E + 1 + E
)

= K(E)
5 +

√
1 + E −

(
2 + 5

√
1 + E + 1 + E

) √
1+E−1

4

(
3 +

√
1 + E

)
5 +

√
1 + E + 2

√
1+E−1

4

(
3 +

√
1 + E

) (5.157)

= K(E)

1 −

(
4 + 5

√
1 + E + 1 + E

) √
1+E−1

4

(
3 +

√
1 + E

)
5 +

√
1 + E +

√
1+E−1

2

(
3 +

√
1 + E

)


= K(E)

1 −

(
4 +

√
1 + E

) (
1 +

√
1 + E

) (√
1 + E − 1

) (
3 +

√
1 + E

)
20 + 4

√
1 + E + 2

(√
1 + E − 1

) (
3 +

√
1 + E

)


= K(E)

1 − E

(
4 +

√
1 + E

) (
3 +

√
1 + E

)
14 + 8

√
1 + E + 2 (1 + E)

 . (5.158)

By inverting the sign of E, it follows:

c2(−E) = K(−E)

1 + E

(
4 +

√
1 − E

) (
3 +

√
1 − E

)
14 + 8

√
1 − E + 2 (1 − E)

 . (5.159)

We calculate:(
4 +

√
1 + E

) (
3 +

√
1 + E

)
14 + 8

√
1 + E + 2 (1 + E)

= 1
2

12 + 7
√

1 + E + 1 + E

7 + 4
√

1 + E + 1 + E

= 1
2

(
1 + 5 + 3

√
1 + E

7 + 4
√

1 + E + 1 + E

)
. (5.160)

Clearly, E 7→ 1
2

(
1 + 5+3

√
1+E

7+4
√

1+E+1+E

)
is a decreasing function on [−1, 1]. That allows us
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to estimate for E ∈ [0, 1]:(
4 +

√
1 + E

) (
3 +

√
1 + E

)
14 + 8

√
1 + E + 2 (1 + E)

≤ 1
2

(
1 + 8

12

)
= 5

6 , (5.161)(
4 +

√
1 + E

) (
3 +

√
1 + E

)
14 + 8

√
1 + E + 2 (1 + E)

≥ 1
2

(
1 + 5 + 3

√
2

7 + 4
√

2 + 2

)

≥ 1
2

(
1 +

5 + 33
2

7 + 43
2 + 2

)
= 49

60 , (5.162)(
4 +

√
1 − E

) (
3 +

√
1 − E

)
14 + 8

√
1 − E + 2 (1 − E)

≥ 1
2

(
1 + 8

12

)
= 5

6 (5.163)(
4 +

√
1 − E

) (
3 +

√
1 − E

)
14 + 8

√
1 − E + 2 (1 − E)

≤ 1
2

(
1 + 5

7

)
= 6

7 . (5.164)

From this point onwards in the proof, we only consider E ∈ [0, 1]. We also switch to the
shorthand-notation c+

k , c
−
k . It follows from (5.161):

1 − c+
2 = 1 −

(
1 + E

8 + 4
√

1 + E

)1 − E

(
4 +

√
1 + E

) (
3 +

√
1 + E

)
14 + 8

√
1 + E + 2 (1 + E)


≤ 1 −

(
1 − 5

6E
)

= 5
6E. (5.165)

It follows from (5.162):

1 − c+
2 = 1 −

(
1 + E

8 + 4
√

1 + E

)1 − E

(
4 +

√
1 + E

) (
3 +

√
1 + E

)
14 + 8

√
1 + E + 2 (1 + E)


≥ 1 −

(
1 + E

8

)(
1 − 49

60E
)

≥ −E

8 + 49
60E

≥ 1
2E. (5.166)
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It follows from (5.163):

c−
2 − 1 =

(
1 − E

8 + 4
√

1 − E

)1 + E

(
4 +

√
1 − E

) (
3 +

√
1 − E

)
14 + 8

√
1 − E + 2 (1 − E)

− 1

≥
(

1 − E

8

)(
1 + 5

6E
)

− 1

= − 1
8E + 5

6E − 5
48E

2

≥ − 6
48E + 40

48E − 5
48E

≥ E

2 . (5.167)

It follows from (5.164):

c−
2 − 1 =

(
1 − E

8 + 4
√

1 − E

)1 + E

(
4 +

√
1 − E

) (
3 +

√
1 − E

)
14 + 8

√
1 − E + 2 (1 − E)

− 1

≤
(

1 − E

8 + 4

)(
1 + 6

7E
)

− 1

≤
(

− 1
12 + 6

7

)
E

≤ 5
6E. (5.168)

That concludes the proof of (5.154).
Recall (5.158):

c+
2 = K(E)

1 − E

(
4 +

√
1 + E

) (
3 +

√
1 + E

)
14 + 8

√
1 + E + 2 (1 + E)

 , (5.169)

c−
2 = K(−E)

1 + E

(
4 +

√
1 − E

) (
3 +

√
1 − E

)
14 + 8

√
1 − E + 2 (1 − E)

 . (5.170)

Also recall (5.157). We calculate analogously to (5.158):

1
c+

2
= 1
K(E)

5 +
√

1 + E + 2
√

1+E−1
4

(
3 +

√
1 + E

)
5 +

√
1 + E −

(
2 + 5

√
1 + E + 1 + E

) √
1+E−1

4

(
3 +

√
1 + E

)
= 1
K(E)

1 + E

(
4 +

√
1 + E

) (
3 +

√
1 + E

)
20 + 4

√
1 + E −

(
2 + 5

√
1 + E + 1 + E

) (√
1 + E − 1

) (
3 +

√
1 + E

)


= 1
K(E)

1 + E

(
4 +

√
1 + E

) (
3 +

√
1 + E

)
26 + 15

√
1 + E − 9(1 + E) − 7(1 + E)

3
2 − (1 + E)2

 . (5.171)
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The same calculation holds true, when switching signs. Therefore:

1
c−

2
= 1
K(−E)

1 − E

(
4 +

√
1 − E

) (
3 +

√
1 − E

)
26 + 15

√
1 − E − 9(1 − E) − 7(1 − E)

3
2 − (1 − E)2

 . (5.172)

We compare c−
2 and c+

2
−1. By definition:

K(−E) = 1 − E

8 + 4
√

1 − E
≤ 1 − E

8 + 4
√

1 + E

1
1 + E

8+4
√

1+E
= 1
K(E) . (5.173)

We calculate: (
4 +

√
1 + E

) (
3 +

√
1 + E

)
26 + 15

√
1 + E − 9(1 + E) − 7(1 + E)

3
2 − (1 + E)2

−

(
4 +

√
1 − E

) (
3 +

√
1 − E

)
14 + 8

√
1 − E + 2 (1 − E)

=: m1(E)
n1(E) − m2(E)

n2(E)

= m1(E) −m2(E)
n1(E) +m2(E)n2(E) − n1(E)

n1(E)n2(E)

=
7
(√

1 + E −
√

1 − E
)

+ 2E
n1(E) +m2(E)(E + 1)2 + 7(1 + E)

3
2 + 7E − 15

√
1 + E + 8

√
1 − E − 1

n1(E)n2(E)

=
7 2E√

1+E+
√

1−E + 2E
n1(E) +m2(E)(E + 1)2 − 1 + 7E

√
1 + E + 7E − 8(

√
1 + E −

√
1 − E)

n1(E)n2(E)

=
14√

1+E+
√

1−E + 2
n1(E) E +m2(E)

2 + E + 7
√

1 + E + 7 − 16√
1+E+

√
1−E

n1(E)n2(E) E (5.174)

≥ 9
24E + m2(E)

n2(E)
8 +

(√
1 + E + 7 − 16

1+E+
√

1−E2

)√
1 + E

n1(E) E

≥ 9
24E + 5

6
8
24E = 27

72E + 20
72E = 47

72E. (5.175)

In the last inequality we used (5.163), which implies m2(E)
n2(E) ≥ 5

6 .
(5.173) and (5.175) together imply:

1
c−

2
− c+

2 ≥ 47
72E

2. (5.176)

That concludes the proof of (5.152). By (5.173):

K(E) ≤ 1
K(−E) . (5.177)
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Analogously to (5.174), we conclude:(
4 +

√
1 + E

) (
3 +

√
1 + E

)
14 + 8

√
1 + E + 2 (1 + E)

−

(
4 +

√
1 − E

) (
3 +

√
1 − E

)
26 + 15

√
1 − E − 9(1 − E) − 7(1 − E)

3
2 − (1 − E)2

=
14√

1+E+
√

1−E + 2
n1(−E) E + m2(−E)

n2(−E)
8 + 1 − E + 7

√
1 − E − 16√

1+E+
√

1−E
n1(−E) E. (5.178)

Recall 5
6 ≥ m2(−E)

n2(−E) ≥ 49
60 >

4
5 as given by (5.161) and (5.162).

If 8 + 1 − E + 7
√

1 − E − 16√
1+E+

√
1−E > 0, then:(

4 +
√

1 + E
) (

3 +
√

1 + E
)

14 + 8
√

1 + E + 2 (1 + E)
−

(
4 +

√
1 − E

) (
3 +

√
1 − E

)
26 + 15

√
1 − E − 9(1 − E) − 7(1 − E)

3
2 − (1 − E)2

≥
14√

1+E+
√

1−E + 2
n1(−E) E + 4

5
8 + 1 − E + 7

√
1 − E − 16√

1+E+
√

1−E
n1(−E) E

≥
2 + 32

5 +
(
14 − 64

5

)
1√

1+E+
√

1−E
n1(−E) E ≥

2 + 32
5 + 3

5
26 E = 9

26E. (5.179)

If 8 + 1 − E + 7
√

1 − E − 16√
1+E+

√
1−E ≤ 0, then:(

4 +
√

1 + E
) (

3 +
√

1 + E
)

14 + 8
√

1 + E + 2 (1 + E)
−

(
4 +

√
1 − E

) (
3 +

√
1 − E

)
26 + 15

√
1 − E − 9(1 − E) − 7(1 − E)

3
2 − (1 − E)2

≥
14√

1+E+
√

1−E + 2
n1(−E) E + 5

6
8 + 1 − E + 7

√
1 − E − 16√

1+E+
√

1−E
n1(−E) E

≥
2 + 20

3 +
(
14 − 40

3

)
1√

1+E+
√

1−E
n1(−E) E ≥

2 + 20
3 + 1

3
26 E = 9

26E. (5.180)

We conclude from (5.177), (5.179) and (5.180):
1
c+

2
− c−

2 ≥ 9
26E

2. (5.181)

That shows (5.153) and concludes the proof. □

Lemma 5.5.5 Let p = 3 and E ∈ [0, 1]. Then, for every k ≥ 2:

0 ≤ c−
k − 1 ≤ 2E. (5.182)

Proof. As we only consider c−
k , notate ck = c−

k , Ak = A−
k and Bk = B−

k for short.
We proceed inductively. The base case k = 2 follows from lemma 5.5.4. For the

induction step, assume (5.182) holds true for 2 ≤ k ≤ K. That implies ck ∈ [1, 3]. By
definition:

ck+1 = Bk − 2E
Bk

Akck − 2
Ak − 2ck

=
(

1 − 2E
Bk

)
Ak − 2c−1

k

Ak − 2ck
ck ≥

(
1 − 2E

Bk

)
ck. (5.183)
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It follows from lemma 5.5.4:

cK+1 ≥
K∏
k=2

(
1 − 2E

Bk

)
c2

≥
K∏
k=2

(
1 − E

2(k + 1)2

)(
1 + E

2

)

≥
(

1 −
K∑
k=2

E

2(k + 1)2

)(
1 + E

2

)

≥
(

1 − E

2

K∑
k=2

(1
k

− 1
k + 1

))(
1 + E

2

)

=
(

1 − E

4

)(
1 + E

2

)
≥ 1. (5.184)

It remains to show cK+1 − 1 ≤ 2E. For 2 ≤ k ≤ K, let εk := ck−1
E ∈ [0, 2]. We estimate:

ck+1 − 1 =
(

1 − 2E
Bk

)
Akck − 2
Ak − 2ck

− 1

≤ Ak (1 + εkE) − 2
Ak − 2 (1 + εkE) − 1

= Ak − 2 + εkEAk
Ak − 2 − 2εkE

− 1

= Ak + 2
Ak − 2 − εkE

εkE

≤
(

1 + 4 + εk
4k2 + 2k − 6 − εk

)
εkE. (5.185)

If K = 2 or K = 3, then the claim follows from lemma 5.5.4:

c3 − 1 ≤ 5
6

(
1 +

4 + 5
6

16 + 4 − 6 − 5
6

)
E = 5

6
108
79 E = 90

79E, (5.186)

c4 − 1 ≤ 90
79

(
1 +

4 + 90
79

36 + 6 − 6 − 90
79

)
E = 90

79
3160
2754E = 15800

12087E. (5.187)
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Otherwise, if K ≥ 4, then:

cK+1 − 1 ≤ 15800
12087E

∞∏
k=4

(
1 + 4 + 2

4k2 + 2k − 6 − 2

)

= 15800
12087E

∞∏
k=4

(
k2 + 1

2k − 1
2

k2 + 1
2k − 2

)

= 15800
12087E

∞∏
k=4

(k + 1)(k − 1
2)

(k + 1
4)2

(k + 1
4)2

k2 + 1
2k − 2

≤ 15800
12087E

∞∏
k=4

(k + 1)(k − 1
2)

(k + 1
4)2

(k + 1
4)2 − 1

k2 + 1
2k − 2 − 1

= 15800
12087E

∞∏
k=4

(k + 1)(k − 1
2)

(k + 1
4)2

(k + 5
4)(k − 3

4)
(k + 2)(k − 3

2)

= 15800
12087

4 + 1
4 − 3

2

4 − 3
4

4 + 1
4
E

= 15800
12087

10
5

13
17E

= 10
5

205400
205479E

≤ 2E. (5.188)

That concludes the proof. □

Lemma 5.5.6 Let p = 3 and E ∈ [0, 1]. Then, for every k ≥ 2:

c+
k ≤ 1. (5.189)

Proof. As we only consider c+
k , notate ck = c+

k , Ak = A+
k and Bk = B+

k for short.
We proceed inductively. The base case k = 2 follows from lemma 5.5.4.
Now, assume ck ≤ 1 for 2 ≤ k ≤ K. By definition:

ck+1 = Bk + 2E
Bk

Akck − 2
Ak − 2ck

. (5.190)

Hence, if ck ≤ 0 for any 2 ≤ k ≤ K, then cK+1 ≤ 0 ≤ 1.
Therefore, for the rest of the proof, we assume 0 < ck ≤ 1 for every 2 ≤ k ≤ K. It

follows:

ck+1 =
(

1 + 2E
Bk

)
Ak − 2c−1

k

Ak − 2ck
ck ≤

(
1 + 2E

Bk

)
ck. (5.191)
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By lemma 5.5.4:

cK+1 ≤
K∏
k=2

(
1 + 2E

Bk

)
c2

≤
K∏
k=2

(
1 + E

2(k + 1)2

)(
1 − E

2

)

≤
∞∏
k=2

(
1 − E

2(k + 1)2

)−1 (
1 − E

2

)

≤
(

1 −
∞∑
k=2

E

2(k + 1)2

)−1 (
1 − E

2

)

≤
(

1 − E

2

∞∑
k=2

(1
k

− 1
k + 1

))−1 (
1 − E

2

)

≤
(

1 − E

4

)−1 (
1 − E

2

)
≤ 1. (5.192)

That concludes the proof. □

Lemma 5.5.7 Let p = 3, E ∈ [0, 1] and k ≥ 2. Then, at least one of the following two
estimates is fulfilled:

1 − c+
k ≤ 4

3E, (5.193)

c+
k ≤ 0. (5.194)

Proof. As we only consider c+
k , notate ck = c+

k , Ak = A+
k and Bk = B+

k for short.
We proceed inductively. The base case k = 2 follows from lemma 5.5.4. For the

induction step, assume 1 − ck ≤ 4
3E or ck ≤ 0 for 2 ≤ k ≤ K. By definition:

ck+1 = Bk + 2E
Bk

Akck − 2
Ak − 2ck

. (5.195)

ck ≤ 1 holds by lemma 5.5.6. If ck ≤ 0 for any 2 ≤ k ≤ K, then cK+1 ≤ 0. Therefore,
we can assume ck > 0 for 2 ≤ k ≤ K + 1 and consequently 1 − ck ≤ 4

3E for 2 ≤ k ≤ K.
It follows for 2 ≤ k ≤ K:

Bk + 2E
Bk

Akck − 2
Ak − 2ck

= ck+1 > 0 ⇒ Akck − 2
Ak − 2ck

> 0

⇒ ck+1 ≥ Akck − 2
Ak − 2ck

. (5.196)
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For 2 ≤ k ≤ K, let εk := 1−ck
E ∈ [0, 4

3 ]. Then:

1 − ck+1 ≤ 1 − Akck − 2
Ak − 2ck

= 1 − Ak − 2 −AkεkE

Ak − 2 + 2εkE

= Ak + 2
Ak − 2 + 2εkE

εkE

≤
(

1 + 4
4k2 + 6k − 4

)
εkE. (5.197)

Lemma 5.5.4 implies:

1 − cK+1 ≤ 5
6E

∞∏
l=2

(
1 + 1

l2 + 3
2 l − 1

)

= 5
6E

∞∏
l=2

l2 + 3
2 l

l2 + 3
2 l − 1

= 5
6E

∞∏
l=2

(l + 3
2)l

(l − 1
2)(l + 2)

= 5
6

2
2 − 1

2

3
3 − 1

2
E

= 5
6

4
3

6
5E

= 4
3E. (5.198)

That concludes the proof. □

Corollary 5.5.8 Let p = 3 and E ∈ [0, 1]. If c+
l ≤ 0 for any l ≥ 2, then for every k ≥ l:

c−
k

−1 − c+
k ≥ 1

3E
2. (5.199)

Proof. By definition:

c+
k+1 = B+

k + 2E
B+
k

A+
k c

+
k − 2

A+
k − 2c+

k

. (5.200)

That implies c+
k ≤ 0 for every k ≥ l. By lemma 5.5.5:

c−
k

−1 − c+
k ≥ 1

1 + 2E − 0 ≥ 1
3 ≥ 1

3E
2. (5.201)

That concludes the proof. □
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Lemma 5.5.9 Let p = 3, E ∈ [0, 1] and k ≥ 2. Assume c+
l > 0 for every l ≥ 2. Assume

further:

A−
k − 2c−

k

A−
k − 2c−

k
−1 (c−

k
−1 − c+

k ) +
(

A−
k − 2c−

k

A−
k − 2c−

k
−1 −

A+
k − 2c+

k
−1

A+
k − 2c+

k

)
c+
k ≥ 0. (5.202)

Then:

c−
k+1

−1 − c+
k+1 ≥

A−
k − 2c−

k

A−
k − 2c−

k
−1 (c−

k
−1 − c+

k ) +
(

A−
k − 2c−

k

A−
k − 2c−

k
−1 −

A+
k − 2c+

k
−1

A+
k − 2c+

k

)
c+
k .

(5.203)

Proof. Lemma 5.5.5 implies c−
l ≥ 1 > 0 for every l ≥ 2. By definition:

c−
k+1

−1 = B−
k

B−
k − 2E

A−
k − 2c−

k

A−
k − 2c−

k
−1 c

−
k

−1
, (5.204)

c+
k+1 = B+

k + 2E
B+
k

A+
k − 2c+

k
−1

A+
k − 2c+

k

c+
k . (5.205)

Due to B+
k > B−

k :

B−
k

B−
k − 2E

≥
B+
k + 2E
B+
k

≥ 1. (5.206)

It follows:

c−
k+1

−1 − c+
k+1

≥
B+
k + 2E
B+
k

(
A−
k − 2c−

k

A−
k − 2c−

k
−1 (c−

k
−1 − c+

k ) +
(

A−
k − 2c−

k

A−
k − 2c−

k
−1 −

A+
k − 2c+

k
−1

A+
k − 2c+

k

)
c+
k

)

≥
A−
k − 2c−

k

A−
k − 2c−

k
−1 (c−

k
−1 − c+

k ) +
(

A−
k − 2c−

k

A−
k − 2c−

k
−1 −

A+
k − 2c+

k
−1

A+
k − 2c+

k

)
c+
k . (5.207)

That concludes the proof. □

Lemma 5.5.10 Let p = 3, E ∈ [0, 1] and k ≥ 2. Assume c+
l > 0 for every l ≥ 2 and

c−
k

−1 − c+
k ≥ 0. Then:

A−
k − 2c−

k

A−
k − 2c−

k
−1 −

A+
k − 2c+

k
−1

A+
k − 2c+

k

≥
2(c−

k
−1 − c+

k )(8k2 + 4(
√

2 + 1)k +
√

2 − 10) − 20
3 E

2(4
√

2k + 2 +
√

2)
(A−

k − 2c−
k

−1)(A+
k − 2c+

k )
. (5.208)
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In particular, if:

c−
k

−1 − c+
k ≥ 5

3
√

2E2 8k + 2(
√

2 + 1)
8k2 + 4(

√
2 + 1)k +

√
2 − 10

, (5.209)

then:

A−
k − 2c−

k

A−
k − 2c−

k
−1 −

A+
k − 2c+

k
−1

A+
k − 2c+

k

≥ 0. (5.210)

Proof. Lemma 5.5.5, lemma 5.5.6 and lemma 5.5.7 imply:

0 ≤ 1 − c+
k ≤ 4

3E, (5.211)

0 ≤ c−
k − 1 ≤ 2E. (5.212)

We calculate:(
A−
k − 2c−

k

A−
k − 2c−

k
−1 −

A+
k − 2c+

k
−1

A+
k − 2c+

k

)
(A−

k − 2c−
k

−1)(A+
k − 2c+

k )

= (A−
k − 2c−

k )(A+
k − 2c+

k ) − (A−
k − 2c−

k
−1)(A+

k − 2c+
k

−1)

= 2(c+
k

−1
A−
k + c−

k
−1
A+
k − c+

k A
−
k − c−

k A
+
k ) + 4(c+

k c
−
k − (c+

k c
−
k )−1)

= 2(c+
k

−1 − c−
k )A−

k + 2(c−
k

−1 − c+
k )A+

k + 2(c−
k − c+

k )A−
k + 2(c+

k − c−
k )A+

k

+ 4(c+
k + c−

k
−1)(c−

k − c+
k

−1)

= 2(c+
k

−1 − c−
k )(A−

k − 2(c+
k + c−

k
−1)) + 2(c−

k
−1 − c+

k )A+
k − 2(c−

k − c+
k )(A+

k −A−
k ).
(5.213)

By (5.211) and (5.212):(
A−
k − 2c−

k

A−
k − 2c−

k
−1 −

A+
k − 2c+

k
−1

A+
k − 2c+

k

)
(A−

k − 2c−
k

−1)(A+
k − 2c+

k )

= 2(c+
k

−1 − c−
k )(A−

k − 2(c+
k + c−

k
−1)) + 2(c−

k
−1 − c+

k )A+
k − 2(c−

k − c+
k )(A+

k −A−
k )

≥ 2(c−
k

−1 − c+
k )
(
c−
k

c+
k

(A−
k − 4) +A+

k

)
− 2

(4
3E + 2E

)
(A+

k −A−
k )

≥ 2(c−
k

−1 − c+
k )(A−

k − 4 +A+
k ) − 20

3 E(A+
k −A−

k )

≥ 2(c−
k

−1 − c+
k )(8k2 + 4k + 4(

√
1 + E +

√
1 − E)k + 2 +

√
1 + E +

√
1 − E − 8 − 4)

− 20
3 E(4(

√
1 + E −

√
1 − E)k + 2E +

√
1 + E −

√
1 − E)

≥ 2(c−
k

−1 − c+
k )(8k2 + 4(

√
2 + 1)k +

√
2 − 10) − 20

3 E
2(4

√
2k + 2 +

√
2). (5.214)

That concludes the proof. □
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Lemma 5.5.11 Let p = 3, E ∈ [0, 1] and l ≥ 3. Assume c+
k > 0 for every k ≥ 2.

Further, assume:

c−
l

−1 − c+
l ≥ 5

3
√

2E2 8l + 2(
√

2 + 1)
8l2 + 4(

√
2 + 1)l +

√
2 − 10

. (5.215)

Then, for every k ≥ l:

c−
k

−1 − c+
k ≥ 5

3
√

2E2 8k + 2(
√

2 + 1)
8k2 + 4(

√
2 + 1)k +

√
2 − 10

. (5.216)

Proof. Let:

γk = γk(E) := 5
3

√
2E2 8k + 2(

√
2 + 1)

8k2 + 4(
√

2 + 1)k +
√

2 − 10
. (5.217)

We proceed inductively. Assume (5.216) holds for some k ≥ l. By lemma 5.5.10:

A−
k − 2c−

k

A−
k − 2c−

k
−1 −

A+
k − 2c+

k
−1

A+
k − 2c+

k

≥ 0. (5.218)

Lemma 5.5.5 ensures 1 ≤ c−
k ≤ 3. By lemma 5.5.9:

c−
k+1

−1 − c+
k+1

≥ (c−
k

−1 − c+
k ) A−

k − 2c−
k

A−
k − 2c−

k
−1

≥ 5
3

√
2E2 8k + 2(

√
2 + 1)

8k2 + 4(
√

2 + 1)k +
√

2 − 10
4k2 + 2k − 4 − 6

4k2 + 2k − 4

≥ γk+1
8k + 2(

√
2 + 1)

8(k + 1) + 2(
√

2 + 1)
8(k + 1)2 + 4(

√
2 + 1)(k + 1) +

√
2 − 10

8k2 + 4(
√

2 + 1)k +
√

2 − 10
k2 + 1

2k − 5
2

k2 + 1
2k − 1

≥ γk+1
k +

√
2+1
4

k +
√

2+5
4

8(k + 1)2 + 4(
√

2 + 1)(k + 1) − 8
8k2 + 4(

√
2 + 1)k − 8

k + 1
2 − 1

k − 3
2k

k + 1
2 − 1

k

≥ γk+1
k + 1

2
k + 3

2

8(k + 1)2 + 12(k + 1) − 8
8k2 + 12k − 8

k + 1
2 − 1

3 − 3
2k

k + 1
2 − 1

3

≥ γk+1
k + 1

2
k + 3

2

(k + 3)(k + 1
2)

(k + 2)(k − 1
2)
k − 1

3
k + 1

6

= γk+1
(k + 1

2)(k + 3)
(k + 1)(k + 2)

(k + 1)(k + 1
2)

(k + 3
2)k

(k − 1
3)k

(k − 1
2)(k + 1

6)
≥ γk+1. (5.219)

That concludes the proof. □
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Corollary 5.5.12 Let p = 3, E ∈ [0, 1] and l ≥ 3. Assume c+
k > 0 for every k ≥ 2.

Further, assume:

c−
l

−1 − c+
l ≥ 5

3
√

2E2 8l + 2(
√

2 + 1)
8l2 + 4(

√
2 + 1)l +

√
2 − 10

. (5.220)

Then, for every k ≥ l:

c−
k

−1 − c+
k ≥

c−
l

−1 − c+
l

6 (5.221)

Proof. Lemma 5.5.11 implies for k ≥ l:

c−
k

−1 − c+
k ≥ 5

3
√

2E2 8k + 2(
√

2 + 1)
8k2 + 4(

√
2 + 1)k +

√
2 − 10

. (5.222)

Consequently, by lemma 5.5.10:

A−
k − 2c−

k

A−
k − 2c−

k
−1 −

A+
k − 2c+

k
−1

A+
k − 2c+

k

≥ 0. (5.223)

By lemma 5.5.9:

c−
k+1

−1 − c+
k+1 ≥ (c−

k
−1 − c+

k ) A−
k − 2c−

k

A−
k − 2c−

k
−1 . (5.224)

It follows inductively:

c−
k

−1 − c+
k = (c−

l
−1 − c+

l )
k−1∏
n=l

A−
n − 2c−

n

A−
n − 2c−

n
−1 . (5.225)

Lemma 5.5.5 implies 1 ≤ cn ≤ 3 for n ≥ 2. It follows:

c−
k

−1 − c+
k ≥ (c−

l
−1 − c+

l )
k−1∏
n=l

4n2 + 2n− 4 − 6
4n2 + 2n− 4

= (c−
l

−1 − c+
l )

k−1∏
n=l

n2 + 1
2n− 5

2
n2 + 1

2n− 1

≥ (c−
l

−1 − c+
l )

∞∏
n=l

n2 + 1
2n− 3

n2 + 1
2n− 1

2

= (c−
l

−1 − c+
l )

∞∏
n=l

(n+ 2)(n− 3
2)

(n+ 1)(n− 1
2)

= (c−
l

−1 − c+
l )
l − 3

2
l + 1

≥ (c−
l

−1 − c+
l )

2 − 3
2

2 + 1

= c−
l

−1 − c+
l

6 . (5.226)

That concludes the proof. □
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Lemma 5.5.13 Let p = 3 and E ∈ [0, 1]. Assume c+
k > 0 for every k ≥ 2. Then:

c−
3

−1 − c+
3 ≥ 3

13E
2. (5.227)

Proof. Analogously to (5.213):(
A−

2 − 2c−
2

A−
2 − 2c−

2
−1 − A+

2 − 2c+
2

−1

A+
2 − 2c+

2

)
(A−

2 − 2c−
2

−1)(A+
2 − 2c+

2 )

= 2(c+
2

−1 − c−
2 )(A−

2 − 2(c+
2 + c−

2
−1)) + 2(c−

2
−1 − c+

2 )A+
2 − 2(c−

2 − c+
2 )(A+

2 −A−
2 ).
(5.228)

We estimate using lemma 5.5.4:(
A−

2 − 2c−
2

A−
2 − 2c−

2
−1 − A+

2 − 2c+
2

−1

A+
2 − 2c+

2

)
(A−

2 − 2c−
2

−1)(A+
2 − 2c+

2 )

≥ 2
(47

72E
2(A−

2 − 4) + 9
26E

2A+
2

)
− 2

(5
6E + 5

6E
)

(A+
2 −A−

2 )

≥ 2E2
(47

72(16 − 4) + 1
3
(
16 + 8

√
2 + 2 +

√
2
))

− 10
3 E

(
8(

√
1 + E −

√
1 − E) + 2E + (

√
1 + E −

√
1 − E)

)
= 2E2

(47
6 + 6 + 3

√
2
)

− 10
3 E

2
( 18√

1 + E +
√

1 − E
+ 2

)
≥ E2

(47
3 + 12 + 6

√
2
)

− E2
(

30
√

2 + 20
3

)
= E2

(27
3 + 12 − 24

√
2
)

= E2
(
21 − 24

√
2
)
. (5.229)

It follows:

A−
2 − 2c−

2

A−
2 − 2c−

2
−1 − A+

2 − 2c+
2

−1

A+
2 − 2c+

2
≥ E2 21 − 24

√
2

(A−
2 − 2c−

2
−1)(A+

2 − 2c+
2 )

≥ − E2 14
(A−

2 − 2)(A+
2 − 2)

= − E2 14
(15 + 9

√
1 − E − E)(15 + 9

√
1 + E + E)

≥ − E2 14
14(16 + 9

√
2)

≥ − E2

28 . (5.230)
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Lemma 5.5.9 implies:

c−
3

−1 − c+
3 ≥

16 − 2(1 + 5
6)

16 − 0
9
26E

2 − E2

28

≥
(42 − 5

48
9
26 − 1

28

)
E2 =

( 333
1248 − 1

28

)
E2 = 8076

34944E
2 ≥ 3

13E
2. (5.231)

That concludes the proof. □

Lemma 5.5.14 Let p = 3, E ∈ [0, 1] and k ≥ 3. Assume c+
l > 0 for l ≥ 2. Further,

assume:

0 ≤ c−
k

−1 − c+
k <

5
3

√
2E2 8k + 2(

√
2 + 1)

8k2 + 4(
√

2 + 1)k +
√

2 − 10
, (5.232)

and:

(k −
√

2
2 + 3

2)(k −
√

2
2 − 1)

(k −
√

2
2 + 5

4)(k −
√

2
2 − 3

4)
(c−
k

−1 − c+
k ) − 5

3
√

2E2 1
(k − 2

3)(k + 7
2)(k − 3

2)
≥ 0. (5.233)

Then:

c−
k+1

−1 − c+
k+1 ≥

(k −
√

2
2 + 3

2)(k −
√

2
2 − 1)

(k −
√

2
2 + 5

4)(k −
√

2
2 − 3

4)
(c−
k

−1 − c+
k )

− 5
3

√
2E2 1

(k − 2
3)(k + 7

2)(k − 3
2)
. (5.234)

Proof. We show:

ϕk := A−
k − 2c−

k

A−
k − 2c−

k
−1 (c−

k
−1 − c+

k )

+
2(c−

k
−1 − c+

k )(8k2 + 4(
√

2 + 1)k +
√

2 − 10) − 20
3 E

2(4
√

2k + 2 +
√

2)
(A−

k − 2c−
k

−1)(A+
k − 2c+

k )
c+
k

≥
(k −

√
2

2 + 3
2)(k −

√
2

2 − 1)
(k −

√
2

2 + 5
4)(k −

√
2

2 − 3
4)

(c−
k

−1 − c+
k ) − 5

3
√

2E2 1
(k − 2

3)(k + 7
2)(k − 3

2)
≥ 0.

(5.235)

(5.235) suffices to concludes the proof, as lemma 5.5.9 and lemma 5.5.10 then imply:

c−
k+1

−1 − c+
k+1 ≥ ϕk. (5.236)

Lemma 5.5.5 ensures 1 ≤ c−
k ≤ 3. It follows:

A−
k − 2c−

k

A−
k − 2c−

k
−1 ≥

A−
k − 6
A−
k

≥ 4k2 + 2k − 4 − 6
4k2 + 2k − 4 = 1 − 3

2
1

k2 + 1
2k − 1

. (5.237)
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Further, by (5.232):

2(c−
k

−1 − c+
k )(8k2 + 4(

√
2 + 1)k +

√
2 − 10) − 20

3 E
2(4

√
2k + 2 +

√
2)

(A−
k − 2c−

k
−1)(A+

k − 2c+
k )

≤ 0. (5.238)

Lemma 5.5.6 implies c+
k ≤ 1. It follows:

ϕk ≥
(

1 − 3
2

1
k2 + 1

2k − 1

)
(c−
k

−1 − c+
k )

+
2(c−

k
−1 − c+

k )(8k2 + 4(
√

2 + 1)k +
√

2 − 10) − 20
3 E

2(4
√

2k + 2 +
√

2)
(A−

k − 2c−
k

−1)(A+
k − 2c+

k )
. (5.239)

Lemma 5.5.5 and lemma 5.5.6 ensure c−
k

−1
, c+
k ≤ 1. We estimate:

0 ≥
2(c−

k
−1 − c+

k )(8k2 + 4(
√

2 + 1)k +
√

2 − 10) − 20
3 E

2(4
√

2k + 2 +
√

2)
(A−

k − 2c−
k

−1)(A+
k − 2c+

k )

≥
2(c−

k
−1 − c+

k )(8k2 + 4(
√

2 + 1)k +
√

2 − 10) − 20
3 E

2(4
√

2k + 2 +
√

2)
(Ak(−1) − 2)(Ak(1) − 2)

= (c−
k

−1 − c+
k )16k2 + 8(

√
2 + 1)k + 2

√
2 − 20

(Ak(−1) − 2)(Ak(1) − 2) − 20
3 E

2 4
√

2k + 2 +
√

2
(Ak(−1) − 2)(Ak(1) − 2) .

(5.240)

We estimate (5.240) further. Firstly:

(c−
k

−1 − c+
k )16k2 + 8(

√
2 + 1)k + 2

√
2 − 20

(Ak(−1) − 2)(Ak(1) − 2)

≥ (c−
k

−1 − c+
k )16k2 + 8(

√
2 + 1)k + 2

√
2 − 20

1
4(Ak(−1) +Ak(1) − 4)2

= (c−
k

−1 − c+
k )16k2 + 8(

√
2 + 1)k + 2

√
2 − 20

(4k2 + 2(
√

2 + 1)k +
√

2
2 − 5)2

= (c−
k

−1 − c+
k ) 4

4k2 + 2(
√

2 + 1)k +
√

2
2 − 5

= (c−
k

−1 − c+
k ) 1
k2 +

√
2+1
2 k +

√
2−2
8 − 1

. (5.241)
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Secondly:

− 20
3 E

2 4
√

2k + 2 +
√

2
(Ak(−1) − 2)(Ak(1) − 2)

= − 20
3 E

2 4
√

2k + 2 +
√

2
(4k2 + 2k − 6)(4k2 + 2k + 4

√
2k +

√
2 − 4)

= − 5
3

√
2E2 k + 1+

√
2

4

(k2 + k
2 − 3

2)(k2 + 1+2
√

2
2 k +

√
2

4 − 1)

= − 5
3

√
2E2 k + 1+

√
2

4

(k2 + k
2 − 1

16 − 23
16)(k + 1+2

√
2

4 + 5
2)(k + 1+2

√
2

4 − 5
2)

= − 5
3

√
2E2 k + 1+

√
2

4

((k + 1+
√

2
4 )(k + 1−

√
2

4 ) − 23
16)(k + 1+2

√
2

4 + 5
2)(k + 1+2

√
2

4 − 5
2)

= − 5
3

√
2E2 1

(k + 1−
√

2
4 − 23

16k+4+4
√

2)(k + 1+2
√

2
4 + 5

2)(k + 1+2
√

2
4 − 5

2)

≥ − 5
3

√
2E2 1

(k + 1−
√

2
4 − 23

52+4
√

2)(k + 1+2
√

2
4 + 5

2)(k + 1+2
√

2
4 − 5

2)

≥ − 5
3

√
2E2 1

(k + 1−
√

2
4 − 2

5)(k + 1+2
√

2
4 + 5

2)(k + 1+2
√

2
4 − 5

2)

= − 5
3

√
2E2 1

(k + 1−
√

2
4 − 2

5)(k − 3−2
√

2
4 + 7

2)(k − 3−2
√

2
4 − 3

2)

≥ − 5
3

√
2E2 1

(k − 3−2
√

2
2 + 1−

√
2

4 − 2
5)(k + 7

2)(k − 3
2)

≥ − 5
3

√
2E2 1

(k − 2
3)(k + 7

2)(k − 3
2)
. (5.242)

(5.239), (5.240), (5.241) and (5.242) together yield:

ϕk ≥

1 + 1
k2 +

√
2+1
2 k +

√
2−2
8 − 1

− 3
2

1
k2 + 1

2k − 1

 (c−
k

−1 − c+
k )

− 5
3

√
2E2 1

(k − 2
3)(k + 7

2)(k − 3
2)
. (5.243)
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We simplify:

1 + 1
k2 + 1+

√
2

2 k +
√

2−2
8 − 1

− 3
2

1
k2 + 1

2k − 1

= 1 − 1
2

3k2 + 31+
√

2
2 k + 3

√
2−2
8 − 3 − 2k2 − k + 2

(k2 + 1+
√

2
2 k +

√
2−2
8 − 1)(k2 + 1

2k − 1)

= 1 − 1
2

k2 + 1+3
√

2
2 k + 3

√
2−2
8 − 1

(k2 + 1+
√

2
2 k +

√
2−2
8 − 1)(k2 + 1

2k − 1)

≥ 1 − 1
2

k2 + 1+3
√

2
2 k + 3

√
2−2
8 − 1

(k2 + 1+
√

2
2 k +

√
2−2
8 − 1 + (

√
2k +

√
2−2
4 ))(k2 + 1

2k − 1 − (
√

2k +
√

2−2
4 ))

= 1 − 1
2

1
k2 − 2

√
2−1
2 k − 1 + 2−

√
2

4

=
k2 − 2

√
2−1
2 k − 3

2 + 2−
√

2
4

k2 − 2
√

2−1
2 k − 1 + 2−

√
2

4

=
(k − 2

√
2−1
4 +

√
9
16 − 1

2 + 3
2)(k − 2

√
2−1
4 −

√
9
16 − 1

2 + 3
2)

(k − 2
√

2−1
4 +

√
9
16 − 1

2 + 1)(k − 2
√

2−1
4 −

√
9
16 − 1

2 + 1)

=
(k + 3−

√
2

2 )(k −
√

2+2
2 )

(k −
√

2
2 +

√
17+1
4 )(k −

√
2

2 −
√

17−1
4 )

≥
(k −

√
2

2 + 3
2)(k −

√
2

2 − 1)
(k −

√
2

2 + 5
4)(k −

√
2

2 − 3
4)
. (5.244)

That concludes the proof. □

Lemma 5.5.15 Let k ≥ 5. Then:(
k − 2

3

)(
k + 7

2

)(
k − 3

2

)
≥ k3. (5.245)

Proof. Follows by direct computation. □

Lemma 5.5.16 Let p = 3, E ∈ [0, 1] and K ≥ 6. Assume c+
k > 0 for k ≥ 2. Further,

assume for 6 ≤ k ≤ K:

0 ≤ c−
k

−1 − c+
k <

5
3

√
2E2 8k + 2(

√
2 + 1)

8k2 + 4(
√

2 + 1)k +
√

2 − 10
, (5.246)

as well as:

(c−
6

−1 − c+
6 )

∞∏
k=6

(k −
√

2
2 + 3

2)(k −
√

2
2 − 1)

(k −
√

2
2 + 5

4)(k −
√

2
2 − 3

4)
− 5

3
√

2E2
∞∑
k=6

1
k3 ≥ 0. (5.247)
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Then:

c−
K+1

−1 − c+
K+1 ≥ (c−

6
−1 − c+

6 )
K∏
k=6

(k −
√

2
2 + 3

2)(k −
√

2
2 − 1)

(k −
√

2
2 + 5

4)(k −
√

2
2 − 3

4)
− 5

3
√

2E2
K∑
k=6

1
k3 .

(5.248)

Proof. We show the lemma by induction. Lemma 5.5.14 provides the base case K = 6.
For the induction step, assume:

c−
K

−1 − c+
K ≥ (c−

6
−1 − c+

6 )
K−1∏
k=6

(k −
√

2
2 + 3

2)(k −
√

2
2 − 1)

(k −
√

2
2 + 5

4)(k −
√

2
2 − 3

4)

− 5
3

√
2E2

K−1∑
k=6

1
k3 . (5.249)

By lemma 5.5.14 and lemma 5.5.15:

c−
K+1

−1 − c+
K+1

≥
(K −

√
2

2 + 3
2)(K −

√
2

2 − 1)
(K −

√
2

2 + 5
4)(K −

√
2

2 − 3
4)

(c−
K

−1 − c+
K) − 5

3
√

2E2 1
(K − 2

3)(K + 7
2)(K − 3

2)

≥ (c−
6

−1 − c+
6 )

K∏
k=6

(k −
√

2
2 + 3

2)(k −
√

2
2 − 1)

(k −
√

2
2 + 5

4)(k −
√

2
2 − 3

4)
− 5

3
√

2E2 1
K3

−
(K −

√
2

2 + 3
2)(K −

√
2

2 − 1)
(K −

√
2

2 + 5
4)(K −

√
2

2 − 3
4)︸ ︷︷ ︸

≤1

5
3

√
2E2

K−1∑
k=6

1
k3

≥ (c−
6

−1 − c+
6 )

K∏
k=6

(k −
√

2
2 + 3

2)(k −
√

2
2 − 1)

(k −
√

2
2 + 5

4)(k −
√

2
2 − 3

4)
− 5

3
√

2E2
K∑
k=6

1
k3 ≥ 0. (5.250)

That concludes the proof. □

Lemma 5.5.17 Let p = 3, E ∈ [0, 1]. Assume c+
k > 0 for every k ≥ 2. Then, for k ≥ 3:

c−
k

−1 − c+
k ≥ 1

6000E
2. (5.251)

Proof. Assume the lemma does not hold. We choose K ≥ 2 as the smallest such integer
fulfilling:

c−
K+1

−1 − c+
K+1 <

1
1000E

2. (5.252)

Lemma 5.5.13 implies K ≥ 3. As K was chosen minimally, we conclude for every
2 ≤ k ≤ K:

c−
k

−1 − c+
k ≥ 1

1000E
2. (5.253)
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By corollary 5.5.12, for every 2 ≤ k ≤ K:

c−
k

−1 − c+
k <

5
3

√
2E2 8k + 2(

√
2 + 1)

8k2 + 4(
√

2 + 1)k +
√

2 − 10
. (5.254)

By lemma 5.5.13 and lemma 5.5.14:

c−
4

−1 − c+
4 ≥

(3 −
√

2
2 + 3

2)(3 −
√

2
2 − 1)

(3 −
√

2
2 + 5

4)(3 −
√

2
2 − 3

4)
3E2

13 − 5
3

√
2E2 1

(3 − 2
3)(3 + 7

2)(3 − 3
2)

= (9 −
√

2)(4 −
√

2)
(17

2 −
√

2)(9
2 −

√
2)

3
13E

2 − 20
21

√
2E2 1

13

= E2

13

(
3 36 + 2 − 13

√
2

153
4 + 2 − 13

√
2

− 20
21

√
2
)

= E2

13

(
3 − 9

4
1

161
4 − 13

√
2

− 20
21

√
2
)

≥ E2

13

(
3 − 9

4
1

40 − 19 − 20
21

144
100

)
= E2

13

(
3 − 3

28 − 48
35

)
≥ E2

13

(420 − 15 − 192
140

)
= E2

13
213
140

≥ 3
26E

2. (5.255)
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Further, by lemma 5.5.14:

c−
5

−1 − c+
5 ≥

(4 −
√

2
2 + 3

2)(4 −
√

2
2 − 1)

(4 −
√

2
2 + 5

4)(4 −
√

2
2 − 3

4)
3
26E

2 − 5
3

√
2E2 1

(4 − 2
3)(4 + 7

2)(4 − 3
2)

= (11 −
√

2)(6 −
√

2)
(21

2 −
√

2)(13
2 −

√
2)

3
26E

2 − 5
3

3
10

2
15

2
5

√
2E2

= 66 + 2 − 17
√

2
273
4 + 2 − 17

√
2

3
26E

2 − 2
75

√
2E2

= 68 − 17
√

2
281
4 − 17

√
2

3
26E

2 − 2
75

√
2E2

≥ 68 − 25
281
4 − 25

3
26E

2 − 2
75

√
2E2

≥ 42
45

3
26E

2 − 2
75

37
26E

2

≥ 1
26

(42
15 − 74

75

)
E2

≥ 1
26

27
15E

2

≥ 1
15E

2. (5.256)

Again, by lemma 5.5.14 and lemma 5.5.15:

c−
6

−1 − c+
6 ≥

(5 −
√

2
2 + 3

2)(5 −
√

2
2 − 1)

(5 −
√

2
2 + 5

4)(5 −
√

2
2 − 3

4)
1
15E

2 − 5
3

√
2E2 1

53

≥
(5 − 3

4 + 3
2)(5 − 3

4 − 1)
(5 − 3

4 + 5
4)(5 − 3

4 − 3
4)

1
15E

2 − 1
75

√
2E2

= 23
22

13
14

1
15E

2 − 1
75

√
2E2

≥ 1
22E

2. (5.257)

We conclude K ≥ 6. By lemma 5.5.16 and (5.254):

c−
K+1

−1 − c+
K+1 ≥ 1

22E
2

∞∏
k=6

(k −
√

2
2 + 3

2)(k −
√

2
2 − 1)

(k −
√

2
2 + 5

4)(k −
√

2
2 − 3

4)
− 5

3
√

2E2
∞∑
k=6

1
k3

≥ 1
22E

2 6 −
√

2
2 − 1

6 −
√

2
2 − 3

4

6 −
√

2
2

6 −
√

2
2 + 1

4

∞∏
k=6

(k −
√

2
2 + 3

2)(k −
√

2
2 + 1)

(k −
√

2
2 + 5

4)2

− 5
3

√
2E2

∞∑
k=6

1
k3 . (5.258)
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We calculate:

1
22

6 −
√

2
2 − 1

6 −
√

2
2 − 3

4

6 −
√

2
2

6 −
√

2
2 + 1

4

≥ 1
22

6 − 3
4 − 1

6 − 3
4 − 3

4

6 − 3
4

6 − 3
4 + 1

4

= 1
22

17
18

21
22 . (5.259)

Further:
K∏
k=6

(k −
√

2
2 + 3

2)(k −
√

2
2 + 1)

(k −
√

2
2 + 5

4)2
=

K∏
k=6

(k −
√

2
2 + 5

4)2 − 1
16

(k −
√

2
2 + 5

4)2

≥
K∏
k=6

(
1 − 1

16
1

(k + 1
2)2

)

≥ 1 − 1
16

∞∑
k=6

1
(k + 1

2)2

≥ 1 − 1
16

∞∑
k=6

∫ k+1

k

1
x2dx

= 1 − 1
16

∫ ∞

6

1
x2dx

= 95
96 . (5.260)

Finally:

−
K∑
k=6

1
k3 ≥ −

∞∑
k=6

∫ k+ 1
2

k− 1
2

1
x3dx ≥ −

∫ ∞

11
2

1
x3dx ≥ − 2

121 . (5.261)

We summarize:

c−
K+1

−1 − c+
K+1 ≥ 1

22
17
18

21
22

95
96E

2 − 5
3

2
121

√
2E2

= 5
3

1
112

(2261
3

1
28 − 2

√
2
)
E2

≥ 5
363

(2261
768 − 142

50

)
E2

≥ 5
363

(2261
775 − 71

25

)
E2

= 5
363

2261 − 2201
775 E2

= 300
363

1
775E

2

≥ 1
1000E

2. (5.262)

That contradicts (5.252) and concludes the proof. □
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Lemma 5.5.18 Let p = 3. Then iL admits no eigenvalues with even eigenfunctions
within the spectral gap (−1, 1), apart from 0.

Proof. Follows from lemma 3.4.6, lemma 5.1.7, corollary 5.5.8 and lemma 5.5.17. □
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5.6. Cubic Case, Odd Eigenvalues
We show that, for p = 3, iL admits no odd eigenvalues apart from 0 within the spectral
gap (−1, 1). As before, we make use of lemma 5.1.16. E ∈ (0, 1) is an eigenvalue of iL,
if and only if

C(E, 3) = 1
C(−E, 3) . (5.263)

We make use of the same strategy as for even eigenvalues in chapter 5.5. Using brute
force, we establish a lower bound on c5(−E, 3)−c5(E, 3)−1 and then use natural induction
to establish an estimate for k ≥ 5. However, in contrast to the even case, no complicated
technical results are needed to complete the induction step.

As before, the computations can be followed without external help, a computer alge-
bra system might nevertheless be helpful.

Recall the usual definitions.

Definition 5.6.1 (Definition 4.2.1) Let E ∈ [−1, 1], k ≥ 0 (and p = 5). Consider

Ak(E) = 4
(
k +

√
1 + E

2

)2

+ 6
(
k +

√
1 + E

2

)
− 2

= 4k2 + 6k + 4
√

1 + Ek + E + 3
√

1 + E − 1, (5.264)
Bk(E) = 4(k + 1)2 + 4

√
1 + E(k + 1). (5.265)

Definition 5.6.2 (Lemma 4.2.6) Let E ∈ [−1, 1] (and p = 3). We define (ck)k∈N =
(ck(E))k∈N ⊆ R ∪ {∞} by c0 = ∞ and

ck+1 =
(

1 + E

2Bk

)
Akck − 3

2
Ak − 3

2ck
. (5.266)

In the even case, we had ck(0) = 1 for every k ≥ 1. Now, in the odd, case it holds
ck(0) = −1 instead. To improve readability, we introduce:

Definition 5.6.3 Let E ∈ [−1, 1]. We define dk(E) := −ck(E) ∈ R ∪ {∞}.

Lemma 5.6.4 Let E ∈ [−1, 1]. (dk(E))k∈N = (dk)k∈N satisfies the recursion d0 = ∞
and:

dk+1 =
(

1 + 8E
(p− 1)2Bk

) Akdk + p+1
p−1

Ak + p+1
p−1dk

. (5.267)
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Proof. By definition d0 = −c0 = ∞ and:

dk+1 = − ck+1

= −
(

1 + 8E
(p− 1)2Bk

) Akck − p+1
p−1

Ak − p+1
p−1ck

=
(

1 + 8E
(p− 1)2Bk

) Akdk + p+1
p−1

Ak + p+1
p−1dk

. (5.268)

That concludes the proof. □

Notation 5.6.5 As long as E ∈ (0, 1) is clear from context, we abbreviate d+
k = dk(E)

and d−
k = dk(−E), as well as A+

k = Ak(E), A−
k = Ak(−E).

Lemma 5.6.6 Let p = 3 and E ∈ [0, 1]. Then:

d+
2

−1 − d−
2 ≥ 29

72E
2, (5.269)

0 ≤ 1 − d−
2 ≤ 10

7 E. (5.270)

Proof. For now, consider E ∈ [−1, 1]. We calculate:

d1(E) =
(

1 + 2E
B0(E)

)
A0(E)

2

=

1 + E

2
(
1 +

√
1 + E

)
1 + E

2 +
3
(√

1 + E − 1
)

2

 . (5.271)

It follows:

d1(E) − 1 =

1 + E

2
(
1 +

√
1 + E

)
1 + E

2 +
3
(√

1 + E − 1
)

2

− 1

=
(

1 +
√

1 + E − 1
2

)1 + (
√

1 + E − 1)(
√

1 + E + 1)
2 +

3
(√

1 + E − 1
)

2

− 1

=
√

1 + E − 1
2

1 + (
√

1 + E − 1)(
√

1 + E + 1)
2 +

3
(√

1 + E − 1
)

2


+ (

√
1 + E − 1)(

√
1 + E + 1)

2 +
3
(√

1 + E − 1
)

2

=
√

1 + E − 1
2

5 +
√

1 + E + (
√

1 + E − 1)(
√

1 + E + 1)
2 +

3
(√

1 + E − 1
)

2


=

√
1 + E − 1

4
(
7 + 5

√
1 + E + E

)
. (5.272)
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By definition:

d2(E) =
(

1 + E

8 + 4
√

1 + E

) (8 + 7
√

1 + E + 1 + E
)
d1(E) + 2

8 + 7
√

1 + E + 1 + E + 2d1(E)
. (5.273)

For the sake of readability, let:

K(E) := 1 + E

8 + 4
√

1 + E
. (5.274)

It follows:

d2(−E)
K(−E)

=

(
8 + 7

√
1 − E + 1 − E

)
d1(−E) + 2

8 + 7
√

1 − E + 1 − E + 2d1(−E)

=
10 + 7

√
1 − E + 1 − E +

(
8 + 7

√
1 − E + 1 − E

)
(d1(−E) − 1)

10 + 7
√

1 − E + 1 − E + 2(d1(−E) − 1)

=
10 + 7

√
1 − E + 1 − E −

(
8 + 7

√
1 − E + 1 − E

)
1−

√
1−E

4

(
6 + 5

√
1 − E + 1 − E

)
10 + 7

√
1 − E + 1 − E − 21−

√
1−E

4

(
6 + 5

√
1 − E + 1 − E

) .

(5.275)

Further:

d2(−E)
K(−E) = 1 −

(
8 + 7

√
1 − E + 1 − E − 2

)
1−

√
1−E

4

(
6 + 5

√
1 − E + 1 − E

)
10 + 7

√
1 − E + 1 − E − 21−

√
1−E

4

(
6 + 5

√
1 − E + 1 − E

)
= 1 − 1

4
(
√

1 − E + 1)(
√

1 − E + 6)(1 −
√

1 − E)(
√

1 − E + 2)(
√

1 − E + 3)
(
√

1 − E + 2)(
√

1 − E + 5) − 1−
√

1−E
2 (

√
1 − E + 2)(

√
1 − E + 3)

= 1 − E

4
(
√

1 − E + 6)(
√

1 − E + 3)
√

1 − E + 5 − 1−
√

1−E
2 (

√
1 − E + 3)

= 1 − E

2
1 − E + 9

√
1 − E + 18

2
√

1 − E + 10 − (3 − 2
√

1 − E − (1 − E))

= 1 − E

2
1 − E + 9

√
1 − E + 18

7 + 4
√

1 − E + 1 − E

= 1 − E
18 + 9

√
1 − E + 1 − E

14 + 8
√

1 − E + 2(1 − E)

=:1 − E
m2(E)
n2(E) . (5.276)
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We note for E ∈ [0, 1]:

m2(E)
n2(E) = 1

2

(
1 + 11 + 5

√
1 − E

7 + 4
√

1 − E + 1 − E

)
≤ 1

2

(
1 + 11 + 5

√
1 − E

7 + 4
√

1 − E

)

≤ 1
2

(
1 + 11

7

)
= 9

7 . (5.277)

By the same token, for E ∈ [0, 1]:

m2(E)
n2(E) ≥ 1

2

(
1 + 11 + 5

√
1 − E

7 + 5
√

1 − E

)
≥ 1

2

(
1 + 16

12

)
= 7

6 ≥ 1. (5.278)

We conclude:

d−
2 − 1 =

(
1 − E

8 + 4
√

1 − E

)(
1 − E

m2(E)
n2(E)

)
− 1

≥ 1 − E

8 + 4
√

1 − E
− E

m2(E)
n2(E) − 1

≥ −10
7 E. (5.279)

Next, we estimate d+
2

−1. We invert (5.275) and proceed analogously to (5.276):

K(E)
d+

2
=

10 + 7
√

1 + E + 1 + E + 2
√

1+E−1
4

(
6 + 5

√
1 + E + 1 + E

)
10 + 7

√
1 + E + 1 + E +

(
8 + 7

√
1 + E + 1 + E

) √
1+E−1

4

(
6 + 5

√
1 + E + 1 + E

)
=

√
1 + E + 2√
1 + E + 2

√
1 + E + 5 + 2

√
1+E−1

4 (
√

1 + E + 3)
√

1 + E + 5 +
(
8 + 7

√
1 + E + 1 + E

) √
1+E−1

4 (
√

1 + E + 3)

= 1 −

(
8 + 7

√
1 + E + 1 + E − 2

) √
1+E−1

4 (
√

1 + E + 3)
√

1 + E + 5 +
(
8 + 7

√
1 + E + 1 + E

) √
1+E−1

4 (
√

1 + E + 3)

= 1 − 1
4

(
√

1 + E + 6)(
√

1 + E + 1)(
√

1 + E − 1)(
√

1 + E + 3)
√

1 + E + 5 + 1
4

(
8 + 7

√
1 + E + 1 + E

)
(1 + E + 2

√
1 + E − 3)

= 1 − E
(
√

1 + E + 6)(
√

1 + E + 3)
4
√

1 + E + 20 − 24 − 5
√

1 + E + 19(1 + E) + 9(1 + E)
3
2 + (1 + E)2

= 1 − E
1 + E + 9

√
1 + E + 18

(1 + E)2 + 9(1 + E)
3
2 + 19(1 + E) −

√
1 + E − 4

=:1 − E
m1(E)
n1(E) . (5.280)

Clearly, 1 − m1(E)
n1(E) E ≥ 0 for every E ∈ [0, 1]. We now compare d−

2 and d+
2

−1. By
definition:

K(−E) = 1 − E

8 + 4
√

1 − E
≤ 1 − E

8 + 4
√

1 + E

1
1 + E

8+4
√

1+E
= 1
K(E) . (5.281)
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We calculate:

d+
2

−1 − d−
2

= 1
K(E)

(
1 − E

m1(E)
n1(E)

)
−K(−E)

(
1 − E

m2(E)
n2(E)

)
≥ K(−E)E

(
m2(E)
n2(E) − m1(E)

n1(E)

)
= K(−E)E

(
m2(E) −m1(E)

n1(E) + n1(E) − n2(E)
n1(E)

m2(E)
n2(E)

)

= K(−E)E

−
2E + 9

(√
1 + E −

√
1 − E

)
n1(E)

+ −18 − 8
√

1 − E −
√

1 + E + 4E + 17(1 + E) + 9(1 + E)
3
2 + (1 + E)2

n1(E)︸ ︷︷ ︸
≥0

m2(E)
n2(E)

)
.

(5.282)

Using (5.278), we further estimate:

d+
2

−1 − d−
2

≥ K(−E)E

−
2E + 9

(√
1 + E −

√
1 − E

)
n1(E)

+ −1 − 8
√

1 − E −
√

1 + E + 21E + 9(1 + E)
3
2 + (1 + E)2

n1(E)

)

= K(−E)E 19E −
√

1 + E +
√

1 − E − 9(
√

1 + E − 1) + 9((1 + E)
3
2 − 1) + (1 + E)2 − 1

n1(E)

≥ K(−E)E
19E − 2E√

1+E+
√

1−E − 9 E√
1+E+1 + 93

2E + 2E
n1(E)

= K(−E)E2
69 − 4√

1+E+
√

1−E − 18√
1+E+1

2n1(E)

≥ K(−E)E2
69 − 4√

1+1+
√

1−1 − 18√
1+1+1

2n1(1)

= K(−E)E2 69 − 2
√

2 − 18(
√

2 − 1)
2(4 + 18

√
2 + 38 −

√
2 − 4)

=
(

1 − E

8 + 4
√

1 − E

)
E2 87 − 20

√
2

2(38 + 17
√

2)

≥ 7
8E

2 87 − 29
2(38 + 25) = 7

8
29
63E

2 = 29
72E

2. (5.283)

That concludes the proof. □
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Lemma 5.6.7 Let p = 3, E ∈ [0, 1] and k ≥ 1. Then:

d+
k ≥ 1. (5.284)

Proof. By definition:

d+
1 =

(
1 + 2E

B+
0

)
A+

0
2 ≥ 1. (5.285)

Further:

d+
k+1 =

(
1 + 2E

B+
k

)
Akd

+
k + 2

Ak + 2d+
k

. (5.286)

The lemma follows inductively. □

Lemma 5.6.8 Let p = 3, E ∈ [0, 1] and k ≥ 2. Then:

0 ≤ 1 − d−
k ≤ 67

42E. (5.287)

Proof. As we only consider d−
k , notate dk = d−

k , Ak = A−
k and Bk = B−

k for short.

We proceed by induction. The base case k = 2 follows from lemma 5.6.6 as 0 ≤
1 − d2 ≤ 10

7 E.

For the induction step, assume 0 ≤ 1 − dk ≤ 67
42E. It follows Ak + 2dk ≥ Ak + 2(1 −

67
42E) > Ak − 2. We estimate:

1 − dk+1 = 1 −
(

1 − 2E
Bk

)
Akdk + 2
Ak + 2dk

= 2E
Bk

+
(

1 − 2E
Bk

)(
1 − Akdk + 2

Ak + 2dk

)
= 2E
Bk

+
(

1 − 2E
Bk

)
Ak −Akdk − 2 + 2dk

Ak − 2dk

= 2E
Bk

+
(

1 − 2E
Bk

)
Ak − 2
Ak + 2dk

(1 − dk)

≤ 2E
Bk

+
(

1 − 2E
Bk

)
Ak + 2dk
Ak + 2dk

(1 − dk)

≤ 2E
Bk

+ 1 − dk. (5.288)
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It follows:

1 − dk+1 ≤ 1 + d2 +
k∑
l=2

2
Bl

≤ 10
7 E +

k∑
l=2

2E
4(l + 1)2 + 4(l + 1)

= 10
7 E + E

2

k∑
l=2

( 1
l + 1 − 1

l + 2

)

≤ 10
7 E + E

6
= 67

42E. (5.289)

Further, dk ≤ 1 implies Akdk + 2 ≤ Ak + 2dk. Together with Ak + 2dk > 0, it follows:

dk+1 =
(

1 − 2E
Bk

)
Akdk + 2
Ak + 2dk

≤ 1 − 2E
Bk

≤ 1. (5.290)

That concludes the proof. □

Lemma 5.6.9 Let p = 3, E ∈ [0, 1] and k ≥ 2. Assume d+
k

−1 − d−
k ≥ 0. Assume

further:

(k + 2)(k − 1
2)

k(k + 3
2)

(d+
k

−1 − d−
k ) − 67

42

(
E2

k2 + 3
2k

− E2

k2 + 3k + 3
2

)
≥ 0. (5.291)

Then:

d+
k+1

−1 − d−
k+1

≥ k(k + 2)
(k + 1)2

(
(k + 2)(k − 1

2)
k(k + 3

2)
(d+
k

−1 − d−
k ) − 67

42

(
E2

k2 + 3
2k

− E2

k2 + 3k + 3
2

))
. (5.292)

Proof. Note: (
1 − 2E

B−
k

)(
1 + 2E

B+
k

)
≤ 1 − 2E

B−
k

+ 2E
B+
k

≤ 1. (5.293)

That implies:

1 − 2E
B−
k

≤
(

1 + 2E
B+
k

)−1

. (5.294)
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By lemma 5.6.7, we have d+
k ≥ 1 > 0. It follows:

d+
k+1

−1 − d−
k+1 =

(
1 + 2E

B+
k

)−1
A+
k + 2d+

k

A+
k d

+
k + 2

−
(

1 − 2E
B−
k

)
A−
k d

−
k + 2

A−
k + 2d−

k

≥
(

1 − 2E
B−
k

)(
A+
k + 2d+

k

A+
k d

+
k + 2

−
A−
k d

−
k + 2

A−
k + 2d−

k

)

=
(

1 − 2E
B−
k

)(
A+
k d

+
k

−1 + 2
A+
k + 2d+

k
−1 −

A−
k d

−
k + 2

A−
k + 2d−

k

)
. (5.295)

We calculate:

A+
k d

+
k

−1 + 2
A+
k + 2d+

k
−1 −

A−
k d

−
k + 2

A−
k + 2d−

k

= (A−
k + 2d−

k )(A+
k d

+
k

−1 + 2) − (A−
k d

−
k + 2)(A+

k + 2d+
k

−1)
(A−

k + 2d−
k )(A+

k + 2d+
k

−1)

= A−
k A

+
k (d+

k
−1 − d−

k ) + 2(A+
k −A−

k )d−
k d

+
k

−1 + 2(A−
k −A+

k ) + 4(d−
k − d+

k
−1)

(A−
k + 2d−

k )(A+
k + 2d+

k
−1)

= A−
k A

+
k − 4

(A−
k + 2d−

k )(A+
k + 2d+

k
−1)

(d+
k

−1 − d−
k ) + 2(A+

k −A−
k )

(A−
k + 2d−

k )(A+
k + 2d+

k
−1)

(d−
k d

+
k

−1 − 1).

(5.296)

We estimate:

A−
k A

+
k − 4

(A−
k + 2)(A+

k + 2)
= 1 − 2

A−
k + 2

− 2
A+
k + 2

≥ 1 − 4
Ak(−1) + 2

≥ 1 − 4
4k2 + 6k

=
k2 + 3

2k − 1
k2 + 3

2k

=
(k + 2)(k − 1

2)
k(k + 3

2)
. (5.297)
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Similarly:

2(A+
k −A−

k )
(A−

k + 2)(A+
k + 2)

≤ 2((4k + 3)
√

2 + 2)E
(Ak(−1) + 2)(Ak(1) + 2)

= 2((4k + 3)
√

2 + 2)E
(4k2 + 6k)(4k2 + 6k + (4k + 3)

√
2 + 2)

= 2E
4k2 + 6k − 2E

4k2 + 6k + (4k + 3)
√

2 + 2

= E

2

(
1

k2 + 3
2k

− 1
k2 + (3

2 +
√

2)k + 3
4
√

2 + 1
2

)
. (5.298)

Using k ≥ 2, we conclude k2 + (3
2 +

√
2)k + 3

4
√

2 + 1
2 ≤ k2 + 3k + 3

2 . Consequently:

2(A+
k −A−

k )
(A−

k + 2)(A+
k + 2)

≤ E

2

(
1

k2 + 3
2k

− 1
k2 + 3k + 3

2

)
. (5.299)

By lemma 5.6.7, lemma 5.6.8 and d+
k

−1 − d−
k ≥ 0, it follows d+

k
−1 ≥ d−

k ≥ 1 − 67
42E.

Consequently:

d−
k d

+
k

−1 − 1 ≥ −67
21E. (5.300)

Finally:

1 − 2E
B−
k

≥ Bk(−1) − 2
Bk(−1) ≥ 4(k + 1)2 − 4

4(k + 1)2 ≥ k(k + 2)
(k + 1)2 . (5.301)

The lemma follows from (5.295), (5.296), (5.297), (5.300) and (5.301). □

Lemma 5.6.10 Let p = 3 and E ∈ [0, 1]. Then:

d+
5

−1 − d−
5 ≥ 1

9E
2. (5.302)

Proof. d+
2

−1 − d−
2 ≥ 29

72E
2 holds by lemma 5.6.6. By lemma 5.6.9:

d+
3

−1 − d−
3 ≥ 8

9

(
43

2
27

2

29
72E

2 − 67
42

(1
7 − 2

23

)
E2
)

= 8
9

(1
7

29
12 − 67

42
9

161

)
E2

= 8
9

1
7

(29
12 − 201

322

)
E2

≥ 8
9

1
7

(29
12 − 2

3

)
E2

= 2
9E

2. (5.303)
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Further:

d+
4

−1 − d−
4 ≥ 15

16

(
55

2
39

2

2
9E

2 − 67
42

( 2
27 − 2

45

)
E2
)

≥ 15
16

(25
27

2
9 − 67

21
1
9

2
15

)
E2

≥ 15
16

2
81

(25
3 − 67

35

)
E2

≥ 5
8

1
27

674
105E

2

≥ 1
8

1
27

672
21 E

2

= 4
27E

2. (5.304)

Finally:

d+
5

−1 − d−
5 ≥ 24

25

(
67

2
411

2

4
27E

2 − 67
42

( 1
22 − 1

30

)
E2
)

= 24
25

(21
22

4
27 − 67

42
8

660

)
E2

≥ 8
25

(14
33 − 67

7
1

165

)
E2

= 8
25

1
33

(
14 − 67

35

)
E2

≥ 1
3

12
33E

2

≥ 1
9E

2. (5.305)

That concludes the proof. □

Lemma 5.6.11 Let p = 3, E ∈ [0, 1] and K ≥ 5. Assume d+
k

−1 − d−
k ≥ 0 for every

5 ≤ k ≤ K. Assume further:

E2

9

∞∏
k=5

k(k + 2)
(k + 1)2

∞∏
k=5

(k + 2)(k − 1
2)

k(k + 3
2)

− 67
42E

2
∞∑
k=5

(
1

k2 + 3
2k

− 1
k2 + 3k + 3

2

)
≥ 0.

(5.306)

Then:

d+
K+1

−1 − d−
K+1

≥ E2

9

K∏
k=5

k(k + 2)
(k + 1)2

K∏
k=5

(k + 2)(k − 1
2)

k(k + 3
2)

− 67
42E

2
K∑
k=5

(
1

k2 + 3
2k

− 1
k2 + 3k + 3

2

)
. (5.307)
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Proof. We show the lemma by induction. By lemma 5.6.9 and lemma 5.6.10 the base
case K = 5 holds. For the induction step, assume:

d+
K

−1 − d−
K

≥ E2

9

K−1∏
k=5

k(k + 2)
(k + 1)2

K−1∏
k=5

(k + 2)(k − 1
2)

k(k + 3
2)

− 67
42E

2
K−1∑
k=5

(
1

k2 + 3
2k

− 1
k2 + 3k + 3

2

)
.

(5.308)

By lemma 5.6.9:

d+
K+1

−1 − d−
K+1

≥ K(K + 2)
(K + 1)2

(K + 2)(K − 1
2)

K(K + 3
2)

(d+
K

−1 − d−
K) − 67

42

(
E2

K2 + 3
2K

− E2

K2 + 3K + 3
2

)

≥ E2

9

K∏
k=5

k(k + 2)
(k + 1)2

K∏
k=5

(k + 2)(k − 1
2)

k(k + 3
2)

− K(K + 2)
(K + 1)2︸ ︷︷ ︸

≤1

67
42

(
E2

K2 + 3
2K

− E2

K2 + 3K + 3
2

)

− K(K + 2)
(K + 1)2

(K + 2)(K − 1
2)

K(K + 3
2)︸ ︷︷ ︸

≤1

67
42E

2
K−1∑
k=5

(
1

k2 + 3
2k

− 1
k2 + 3k + 3

2

)

≥ E2

9

K∏
k=5

k(k + 2)
(k + 1)2

K∏
k=5

(k + 2)(k − 1
2)

k(k + 3
2)

− 67
42E

2
K∑
k=5

(
1

k2 + 3
2k

− 1
k2 + 3k + 3

2

)
. (5.309)

That concludes the proof. □

Lemma 5.6.12 Let p = 3, E ∈ [0, 1] and k ≥ 5. Then:

d+
k

−1 − d−
k ≥ E2

36 . (5.310)

Proof. We proceed inductively. The base case k = 5 holds by lemma 5.6.10. For the
induction step, assume (5.310) for every 5 ≤ k ≤ K. By lemma 5.6.11, it suffices to
show:

E2

9

∞∏
k=5

k(k + 2)
(k + 1)2

∞∏
k=5

(k + 2)(k − 1
2)

k(k + 3
2)

− 67
42E

2
∞∑
k=5

(
1

k2 + 3
2k

− 1
k2 + 3k + 3

2

)
≥ E2

36 .

(5.311)

We calculate:
∞∏
k=5

k(k + 2)
(k + 1)2

∞∏
k=5

(k + 2)(k − 1
2)

k(k + 3
2)

=
∞∏
k=5

(k + 2)2

(k + 1)2
k − 1

2
k + 3

2

= 1
62

(
5 − 1

2

)(
6 − 1

2

)
= 11

16 . (5.312)
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Further:
∞∑
k=5

(
1

k2 + 3
2k

− 1
k2 + 3k + 3

2

)
≤

∞∑
k=5

(
1

k2 + 3
2k

− 1
k2 + 3k + 2

)

=
∞∑
k=5

(
1

k(k + 3
2)

− 1
(k + 1)(k + 2)

)

= 2
3

∞∑
k=5

(
1
k

− 1
k + 3

2

)
−

∞∑
k=5

( 1
k + 1 − 1

k + 2

)

≤ 1
3

∞∑
k=5

(
1

k − 1
2

+ 1
k + 1

2
− 2
k + 3

2

)
− 1

6

= 1
3

∞∑
k=5

(
1

k − 1
2

− 1
k + 3

2

)
+ 1

3

∞∑
k=5

(
1

k + 1
2

− 1
k + 3

2

)
− 1

6

= 1
3

(
1

5 − 1
2

+ 1
6 − 1

2

)
+ 1

3
1

5 + 1
2

− 1
6

= 2
3

(1
9 + 1

11

)
+ 2

3
1
11 − 1

6

= 1
6

(80
99 + 4

11 − 1
)

= 1
6

17
99 . (5.313)

It follows:

d+
K+1

−1 − d−
K+1 ≥ E2

9
11
16 − 67

42E
2 1
6

17
99 ≥

(11
4 − 67

21
17
33

)
E2

36 ≥ E2

36 . (5.314)

That concludes the proof. □

Lemma 5.6.13 Let p = 3. Then iL admits no eigenvalues or resonances with odd
eigenfunctions within the spectral gap [−1, 1], apart from 0.

Proof. Follows from lemma 3.4.6, lemma 5.1.16 and lemma 5.6.12. □
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5.7. Controlling the Resonance
Notation 5.7.1 Given p ∈ [3, 5] and E ∈ [0, 1], we abbreviate c+

k = ck(E, p) and c−
k =

ck(−E, p).

We study the resonance that arises for even solutions as E = 1 and p = 3. We
formalise the recursion defining ck, given by lemma 4.1.5.

Definition 5.7.2 Let l ∈ R and p ∈ [3, 5]. We define

α(l, p) = 4l2 + 2l − (p+ 1)2

(p− 1)2 . (5.315)

Definition 5.7.3 Let E ∈ [0, 1] and p ∈ [3, 5], such that (E, p) ̸= (1, 3). Let l ∈ R. We
define the Möbius transform x 7→ ηl,p,E(x) = ηl(x) by

ηl,p,E(x) =
(l + 1 +

√
1−E
p−1 )(l + 1 −

√
1−E
p−1 )

(l + 1 +
√

1+E
p−1 )(l + 1 −

√
1+E
p−1 )

α(l, p)x− p+1
p−1

α(l, p) − p+1
p−1x

. (5.316)

Definition 5.7.4 Let E ∈ [0, 1] and p ∈ [3, 5], such that (E, p) ̸= (1, 3). Let l ∈ R and
k ∈ Z≥0. We define the Möbius transform x 7→ µl,k(x) by µl,0(x) = x and

µl,k+1(x) = ηl+k(µl,k(x)). (5.317)

We further define

µl,∞(x) = lim
k→∞

µl,k(x). (5.318)

That this limit exists follows analogously to corollary 4.1.7, corollary 4.2.7 or lemma
5.4.13.

Lemma 5.7.5 Let E ∈ [0, 1] and p ∈ [3, 5], such that (E, p) ̸= (1, 3). Let k ∈ Z≥0.
Then:

c+
k+1 = η

k+
√

1+E
p−1 ,p,E

(
c+
k

)
, (5.319)

c−
k+1

−1 = η
k+

√
1−E

p−1 ,p,E

(
c−
k

−1)
. (5.320)

Proof. By definition, on the one hand:

c+
k+1 =

(k + 1 +
√

1+E
p−1 +

√
1−E
p−1 )(k + 1 +

√
1+E
p−1 −

√
1−E
p−1 )

(k + 1 +
√

1+E
p−1 +

√
1+E
p−1 )(k + 1 +

√
1+E
p−1 −

√
1+E
p−1 )(

4
(
k +

√
1+E
p−1

)2
+ 2

(
k +

√
1+E
p−1

)
− (p+1)2

(p−1)2

)
c+
k − p+1

p−1

4
(
k +

√
1+E
p−1

)2
+ 2

(
k +

√
1+E
p−1

)
− (p+1)2

(p−1)2 − p+1
p−1c

+
k

. (5.321)
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On the other hand:

c−
k+1

−1 =
(k + 1 +

√
1−E
p−1 +

√
1−E
p−1 )(k + 1 +

√
1−E
p−1 −

√
1−E
p−1 )

(k + 1 +
√

1−E
p−1 +

√
1+E
p−1 )(k + 1 +

√
1−E
p−1 −

√
1+E
p−1 )(

4
(
k +

√
1−E
p−1

)2
+ 2

(
k +

√
1−E
p−1

)
− (p+1)2

(p−1)2

)
c−
k

−1 − p+1
p−1

4
(
k +

√
1−E
p−1

)2
+ 2

(
k +

√
1−E
p−1

)
− (p+1)2

(p−1)2 − p+1
p−1c

−
k

−1
. (5.322)

That concludes the proof. □

Lemma 5.7.6 Let E ∈ [0, 1] and p ∈ [3, 5]. Let l ∈ R≥1. Then

x 7→ µl,∞(x) (5.323)

constitutes a Möbius transform.

Proof. As the limit of a sequence of Möbius transforms, µl,∞ is either a Möbius transform
or a degenerate Möbius transform, i.e. constant. If µl,∞ is constant, so is µl+k,∞ for
every k ∈ Z≥0. That is clearly not the case, as x < 0 implies µl+k,∞(x) < 0, while
limk→∞ µl+k,∞(1) = 1. □

What happens, if we extend the definition of ηl,p,E to (E, p) = (1, 3)?

For k ≥ 1, η
k+

√
1−E

p−1 ,p,E
remains a well-defined Möbius transform. However, η√

1−E
p−1 ,p,E

is degenerate:

η√
1−E

p−1 ,p,E
(x) = 2x− 2

2 − 2x. (5.324)

We conclude:

Lemma 5.7.7 Let E ∈ [0, 1] and p ∈ [3, 5] with (E, p) ̸= (1, 3). c2(−E, p) is a rational
function in ξ =

√
1 − E and p by lemma 4.1.5. Let P1, P2 be polynomials, such that:

c2(ξ2 − 1, p) = P1(ξ, p− 3)
P2(ξ, p− 3) . (5.325)

Then P1(0, 0) = P2(0, 0) = 0.

Lemma 5.7.7 allows us to define:

Definition 5.7.8 Let α ∈ [0, π2 ]. Let P1, P2 as in lemma 5.7.7. We define:

κ(α) := lim
ε↘0

P2(ε cos(α), ε sin(α))
P1(ε cos(α), ε sin(α))

= lim
ε↘0

1
c2(ε2 cos2(α) − 1, ε sin(α) + 3) . (5.326)
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Lemma 5.7.9 Let α ∈ [0, π2 ]. Then:

κ(α) = 7 cos(α) + 2 sin(α)
13 cos(α) + 8 sin(α) . (5.327)

Proof (Calculations are computer assisted). Recall (5.322):

c−
k+1

−1 =
(k + 1 +

√
1−E
p−1 +

√
1−E
p−1 )(k + 1 +

√
1−E
p−1 −

√
1−E
p−1 )

(k + 1 +
√

1−E
p−1 +

√
1+E
p−1 )(k + 1 +

√
1−E
p−1 −

√
1+E
p−1 )(

4
(
k +

√
1−E
p−1

)2
+ 2

(
k +

√
1−E
p−1

)
− (p+1)2

(p−1)2

)
c−
k

−1 − p+1
p−1

4
(
k +

√
1−E
p−1

)2
+ 2

(
k +

√
1−E
p−1

)
− (p+1)2

(p−1)2 − p+1
p−1c

−
k

−1
. (5.328)

Let ξ =
√

1 − E and q = p− 3. By direct computation, using c−
0 = ∞:

c−
1

−1 = (q + 2)(q2 + 6q + 8)(q + 2ξ + 2)
(q2 + 2q(ξ + 2) + 2(ξ + 1)2)(q2 − 2q(ξ − 4) − 4(ξ2 + ξ − 4)) . (5.329)

Further:

(2 +
√

1−E
p−1 +

√
1+E
p−1 )(2 +

√
1−E
p−1 −

√
1+E
p−1 )

(2 +
√

1−E
p−1 +

√
1−E
p−1 )(2 +

√
1−E
p−1 −

√
1−E
p−1 )

c−
2

−1 = X1(ξ, q)
X2(ξ, q) . (5.330)

Hereby, on the one hand:

X1(ξ, q) = 2(q + 4)Y1(ξ, q)
(q + 2)(q2 − 2qξ + 8q − 4ξ2 − 4ξ + 16)(q2 + 2qξ + 4q + 2ξ2 + 4ξ + 2) ,

(5.331)

with

Y1(ξ, q) = 2q4 + 10q3ξ + 12q3 + 15q2ξ2 + 52q2ξ + 21q2 + 10qξ3 + 56qξ2

+ 78qξ + 4ξ4 + 20ξ3 + 44ξ2 + 8q + 28ξ. (5.332)

On the other hand:

X2(ξ, q) = Y2(ξ, q)
(2 + q)2((q2 + 2(1 + ξ)2 + 2q(2 + ξ))(q2 − 2q(ξ − 4) − 4(ξ2 + ξ − 4)))

(5.333)

with

Y2(ξ, q) = 4q6 + 8q5ξ + 60q5 − 26q4ξ2 + 152q4ξ + 346q4 − 120q3ξ3 − 48q3ξ2

+ 936q3ξ + 944q3 − 184q2ξ4 − 560q2ξ3 + 536q2ξ2 + 2448q2ξ

+ 1184q2 − 128qξ5 − 672qξ4 − 544qξ3 + 1760qξ2 + 2656qξ
− 32ξ6 − 256ξ5 − 512ξ4 + 192ξ3 + 1312ξ2 + 512q + 832ξ. (5.334)
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As the zeros are contained within Y1, Y2, it follows:

κ(α) =
8
64
1

128
lim
ε↘0

Y1(ε cos(α), ε sin(α))
Y2(ε cos(α), ε sin(α))

= 16
1

28 cos(α) + 8 sin(α)
832 cos(α) + 512 sin(α) . (5.335)

That concludes the proof. □

Corollary 5.7.10 Let α ∈ [0, π2 ]. Then:

κ(α) > 0, (5.336)
∂ακ(α) < 0. (5.337)

Lemma 5.7.11 There exist ξ0 ∈ (0, 1) and p0 ∈ (3, 5), as well as an analytic function
ν : [0, ξ0] × [3, p0] → R\{0}, such that for (ξ, p) ∈ [0, ξ0] × [3, p0]\{(0, 3)}:

1
c2(ξ2 − 1, p) = κ

(
arctan

(
p− 3
ξ

))
ν(ξ, p). (5.338)

Proof. Follows from the fact that 1
c2(ξ2−1,p) is a rational function. □

Lemma 5.7.12 Let ξ0 ∈ (0, 1), p0 ∈ (3, 5) and ν : [0, ξ0] × [3, p0] → R be as in lemma
5.7.11.

Then, E = 1 − ξ2 ∈ [1 − ξ2
0 , 1] is an eigenvalue or resonance of iL with exponent

p ∈ [3, p0], if and only if

µ−1
2+ ξ

p−1 ,∞

(
C(1 − ξ2, p)

)
ν(ξ, p) = κ

(
arctan

(
p− 3
ξ

))
. (5.339)

As always, we need to exclude the case p = 3, E = 1.

Proof. By lemma 5.7.5:

µ2+ ξ
p−1 ,∞

( 1
c2(−E, p)

)
= 1

C(−E, p) . (5.340)

By lemma 5.7.11, (5.339) is equivalent to

C(E, p) = 1
C(−E, p) . (5.341)

That concludes the proof. □

Definition 5.7.13 For E ≥ 0, p ≥ 3, consider the coordinate transform τ(E, p) = (r, α)
into polar coordinates:

α = arctan
(
p− 3
ξ

)
, (5.342)

r =
√
ξ2 + (p− 3)2. (5.343)
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Lemma 5.7.14 There exist ξ1 ∈ (0, 1) and p1 ∈ (3, 5), such that for every p ∈ (3, p1),
there exists at most one eigenvalue E ∈ (1 − ξ2

1 , 1] of iL.

Proof. We transform (E, p) into polar coordinates via (r, α) = τ(E, p). By lemma 5.7.12,
we find an analytic function f : [0, ξ0]× [3, p0] → R, such that E = 1−ξ2 is an eigenvalue
or resonance of iL with exponent p, if and only if

f(ξ, p) = κ

(
arctan

(
p− 3
ξ

))
. (5.344)

Expressed in polar coordinates, E = 1 − r2 cos2(α) is an eigenvalue or resonance of iL
with exponent p = r sin(α) + 3, if and only if

g(r, α) := f(r cos(α), r sin(α) + 3) − κ(α) = 0. (5.345)

By lemma 5.3.4 and lemma 5.3.5:

g(0, π/2) = 0. (5.346)

Consequently, by corollary 5.7.10, for α < π
2 :

g(0, α) > 0. (5.347)

As f is analytic, we find r0 > 0, such that for r ∈ [0, r0] and α ∈ [0, π2 ]:

∂αg(r, α) = − κ′(α) − ∂ξf(r cos(α), r sin(α) + 3)r sin(α)
+ ∂pf(r cos(α), r sin(α) + 3)r cos(α)

> 0. (5.348)

Suppose we have a solution (ρ, β) ∈ [0, r0] × [0, π/2] of g(ρ, β) = 0. By the implicit
function theorem, we find r1 ∈ [0, r0] and a unique analytic function θ : [0, r1] → [0, π/2],
such that θ(ρ) = β and

g(r, θ(r)) = 0. (5.349)

From (5.347), we conclude θ(0) = π/2, meaning that r 7→ (r, θ(r)) parametrises every
solution of g(r, α) = 0 in [0, r1] × [0, π/2].

We conclude that

r 7→ (λ(r), q(r)) := (1 − r2 cos2(θ(r)), r sin(θ(r)) + 3) (5.350)

parametrises every pair of eigenvalues/resonances E and exponents p close to (1, 3).
As r 7→ q(r) is analytic, it follows that q is either constant or injective on some

sufficiently small interval [0, r2] ⊆ [0, r1]. By lemma 5.5.18, r 7→ q(r) is not constant.
Due to q(0) = 3 and q(r) ≥ 3, we can conclude that r 7→ q(r) is increasing for r ∈ [0, r2].

In conclusion, we find the parametrisation

p 7→ (λ(q−1(p)), p) (5.351)

for every pair of eigenvalues/resonances E and exponents p close to (1, 3). That concludes
the proof. □
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Corollary 5.7.15 There exist E1 ∈ [0, 1) and p1 ∈ (3, 5), such that for every p ∈ (3, p1],
there exists exactly one eigenvalue E ∈ (E1, 1) of iL.

Proof. Assume that at least one eigenvalue/exponent pair (E, p) close to (1, 3) exists.
As seen in the proof of lemma 5.7.14, that allows us to construct a parametrisation
p 7→ (E, p) for every p close to zero.

The fact that there are indeed eigenvalue/exponent pairs (E, p) close to (1, 3) is a
simple consequence of the intermediate value theorem. As shown in the proof of lemma
5.3.13, for every p > 3:

C(1, p) > 1
C(−1, p) . (5.352)

By lemma 5.5.17, for every E < 1:

C(E, 3) < 1
C(−E, 3) . (5.353)

That concludes the proof. □

Corollary 5.7.16 Let p1 ∈ (3, 5) and E1 ∈ [0, 1] be given by corollary 5.7.15. For p ∈
(3, p1), let Ep ∈ (E1, 1) be the unique eigenvalue of iL. Let ζp denote the corresponding
eigenfunction. Then, for x ∈ R, up to a possibly different sign, the following point-wise
convergence holds:

lim
p↘3

ζp(x)
|ζp(0)| =

(
1 −Q(x)2

i

)
√

(1 −Q(0)2)2 + 1
. (5.354)

Hereby, |(x, y)| =
√

|x|2 + |y|2 denotes the usual norm on R2.

Proof. In the proof of lemma 5.7.14, we have constructed an analytic parametrisation
p 7→ (p,Ep) for p ∈ [0, p1]. Consequently p 7→ ζp is analytic as well. That concludes the
proof, as the eigenfunction of the resonance is given by:

(iL− 1)
(

1 −Q2

i

)
=
(

0
0

)
. (5.355)

□
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5.8. Characterisation of the Spectrum
We summarize the chapter.

Lemma 5.8.1 There exists p0 ∈ (3, 5), such that for p ∈ (3, p0], iL admits two simple
eigenvalues E1, E2 ∈ (−1, 1)\{0} with E1 = −E2. iL admits no further eigenvalues or
resonances apart from 0. The associated eigenstates of E1, E2 are even.

Proof. Consider the case of odd functions first. 0 is well-known to be an eigenvalue of
multiplicity 2 for every p ∈ [3, 5], see [34]. Consequently,∣∣∣∣ 1

C(E, p) − C(−E, p)
∣∣∣∣ ≤ CE2. (5.356)

for every p ∈ [3, 5] and E ∈ [0, 1]. As the functions are analytic for p ∈ [3, 5] and
E ∈ [0, 1), we conclude that

f(E, p) :=
1

C(E,p) − C(−E, p)
E2 (5.357)

is a well-defined continuous function. By lemma 5.6.12, we conclude

f(E, 3) ≤ − 1
36 . (5.358)

Consequently, we find p0 > 3, such that f(E, p) < 0 for every p ∈ [3, p0].

Now consider even functions. By corollary 5.7.15, there is p1 > 3 and 0 < λ1 < 1,
such that

C(E, p) = 1
C(−E, p) (5.359)

has exactly one solution E ∈ [λ1, 1] for every p ∈ (3, p1]. As in the case of even functions,
we define

g(E, p) :=
C(E, p) − 1

C(−E,p)
E2 . (5.360)

Then g is a well-defined, continuous function for E ∈ [0, λ1] and p ∈ [3, p1].
By corollary 5.5.8 and lemma 5.5.17, we find p2 ∈ (3, p1], such that g(E, p) > 0 for

every E ∈ (0, λ1] and p ∈ [3, p2]. That conclude the proof. □

Lemma 5.8.2 There exists γ ∈ (0, 1), such that the following holds true. Let p0 > 3
be given by lemma 5.8.1 and let p ∈ [p0, 5]. Then, iL admits no eigenvalues outside of
(−γ, γ).
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Proof. Assume the lemma does not hold. We find a sequence of exponent-eigenvalue
pairs (pn, En)≥1 ∈ [p0, 5] × [−1, 1] with limn→∞ |En| = 1. By symmetry, we can assume
En ≥ 0 for every n ≥ 1.

As [p0, 5] is compact, we can find a convergent subsequence and define p∞ := limn→∞ pn.
By continuity (lemma 5.1.5 and lemma 5.1.14):

C(1, p∞) = 1
C(−1, p∞) (5.361)

We conclude that 1 is an eigenvalue or resonance of iL for p = p∞. This contradicts
lemma 5.3.13 and lemma 5.4.21. □

Notation 5.8.3 As usual, let H denote the Hilbert space given by definition 1.9.1, while
L denotes the linearised operator given by (1.35).

We denote Hp = H and Lp = L to express the fact that H and L are dependant on
the exponent p.

Definition 5.8.4 Let p0 ∈ (3, 5) be given by lemma 5.8.1. For p ∈ [p0, 5], let Pp denote
the spectral projection associated with iLp on Hp.

Lemma 5.8.5 The spectral projection Pp
[−γ,γ] can be expressed via the resolvent formal-

ism:

Pp
[−γ,γ] = − 1

2πi

∮
Γ
(iLp − λI)−1dλ. (5.362)

Hereby, Γ : [0, 2π] → C, t 7→ 1+γ
2 eit.

Proof. The essential spectrum of iLp is given by (−∞,−1] ∪ [1,∞). We conclude by
lemma 5.8.2, σ(iLp) ⊂ (−∞,−1] ∪ [1,∞) ∪ [−γ, γ]. That already concludes the proof.□

(5.362) extends the definition of Pp
[−γ,γ] to H1(R)2, allowing us to consider Pp

[−γ,γ]
independent of the Hilbert space Hp, which depends on p.

Lemma 5.8.6 Let p0 ∈ (3, 5) be given by lemma 5.8.1. Let w ∈ H1(R)2 and Γ :
[0, 2π] → C, t 7→ 1+γ

2 eit. Then,

p 7→ − 1
2πi

∮
Γ
(iLp − λI)−1wdλ (5.363)

is continuous for p ∈ [p0, 5].

Proof. For r > 0, let Kr := {z ∈ C| |z| = r} be the circle around the origin with radius
r. |λ| = 1+γ

2 , (iLp − λI)−1 is uniformly bounded with respect to λ ∈ K 1+γ
2

. Further,
p → (iLp − λI)−1 is continuous. That already concludes the proof. □
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Theorem 5.8.7 (Theorem 1.10.1) For p = 3, iL possesses no eigenvalues apart from
0. 1 and −1 constitute resonances.

For p ∈ (3, 5), iL admits two simple eigenvalues E1, E2 ∈ (−1, 1)\{0} with E1 = −E2.
iL admits no further eigenvalues or resonances apart from 0. The associated eigenstates
of E1, E2 are even.

Finally, for p = 5, iL admits no eigenvalues or resonances apart from 0.

Proof. Let p0 ∈ (3, 5) be given by lemma 5.8.1. By lemma 5.5.18, lemma 5.6.13 and
lemma 5.8.1, it remains to consider p ≥ p0.

By lemma 5.8.5, the total multiplicity of the eigenvalues of iLp for p ∈ [p0, 5] is given
by dim ran

∮
Γ(iLp − λI)−1dλ. This number is continuous and thus constant by lemma

5.8.6. By lemma 5.8.1, dim ran
∮

Γ(iLp − λI)−1dλ = 6. That concludes the proof, as 0 is
an eigenvalue of multiplicity 4 for p ∈ [3, 5) and of multiplicity 6 for p = 5. □

Lemma 5.8.8 For 3 < p < 5, let E1(p) be given by theorem 5.8.7. Then, limp↘3E1(p) =
1 and limp↗5E1(p) = 0.

Proof. We only show limp↘3E1(p) = 1. limp↗5E1(p) = 0 follows completely analo-
gously.

Because [0, 1] is compact, it suffices to show that 1 is the only cluster point of E(p)
for p ↘ 3. Assume that another cluster point λ ∈ [0, 1) exists. We find a sequence
(pk)k≥0 ⊂ (3, 5) with limk→∞ pk = 3 and limk→∞E1(pk) = λ.

By continuity (lemma 5.1.5):

C(λ, 3) = 1
C(−λ, 3) , (5.364)

in contradiction to lemma 5.5.18. □
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6. Definition: Eigenfunctions and Hilbert Space
We have succeeded in charactering the spectrum of L, which is the main result of this
thesis (theorem 1.10.1). The remainder of the thesis considers how theorem 1.10.1 can
be used to establish dispersive estimates on the linear equation ∂tw = Lw, in particular
by constructing a wave operator for iL.

Defining a wave operator is only sensible for the continuous part of the spectrum of
iL. We need to further restrict the Hilbert space H, by projecting away from the eigen-
functions associated with the non-zero eigenvalues of iL, the so-called internal modes.

The point of this short chapter is to define such a Hilbert space H.

6.1. Internal Modes
Definition 6.1.1 Let 3 < p < 5. We define E = E(p) ∈ (0, 1) as the unique positive
eigenvalues of iL given by theorem 1.10.1. The unique negative eigenvalue is given by
−E.

Definition 6.1.2 Let 3 < p < 5. We choose

ζ =
(
ζu
iζv

)
. (6.1)

to be the eigenfunction of iL with eigenvalue E. We further require ||ζ||H = 1 and that
ζu, ζv are real-valued. Note that the eigenfunction of −E is given by:

ζ =
(
ζu

−iζv

)
. (6.2)

6.2. Hilbert Space
In order to prove orbital stability, Weinstein [34], [35] constructed the Hilbert space H
given by definition 6.2.1. We recall, for 3 < p < 5:

Lemma & Definition 6.2.1 (Definition 1.9.1) Let p ∈ (3, 5). Consider:

H := {w = (u, v) ∈ H1(R)2| (1.43) holds true}. (6.3)

Further, let ⟨·, ·⟩H : H × H → C be given by:

⟨(u1, v1), (u2, v2)⟩H

=
∫
R

(
∇u1∇u2 + u1u2 + ∇v1∇v2 + v1v2 − pQp−1u1u2 −Qp−1v1v2

)
dx. (6.4)

Then, (H, ⟨·, ·⟩H) constitutes a Hilbert space and L maps H onto itself. Further, iL
is self-adjoint with respect to ⟨·, ·⟩H. Finally, ||·||H and ||·||H1(R)2 constitute equivalent
norms.
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Definition 6.2.2 Let 3 < p < 5. Consider the Hilbert space H ⊂ H given by

H = {w ∈ H|⟨w, ζ⟩H = ⟨w, ζ⟩H = 0}, (6.5)
⟨·, ·⟩H = ⟨·, ·⟩H. (6.6)

Lemma 6.2.3 Let 3 < p < 5. Then L : H ⊃ dom(L) → H admits neither eigenvalues
nor resonances.
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Part III.
Wave Operator
For the remainder of the thesis we only consider 3 < p < 5.

7. Goal
Consider the free Schrödinger equation:

i∂tw = (−∆ + 1)w (7.1)

(−∆ + 1 − E)w = 0 admits non-trivial bounded solutions for every E ≥ 1. If we define
E = 1+ξ2, ξ ∈ R, then the solution space is spanned by eiξx and e−iξx. e−iξx is precisely
the kernel of the Fourier transform F :

(Ff)(ξ) = 1√
2π

∫
R
f(x)e−iξxdx. (7.2)

That allows us to use the Fourier transform to diagonalise −∆ + 1:

−∆ + 1 = F−1(ξ2 + 1)F . (7.3)

Now, suppose we have a bounded matrix-valued solution

W : R × R → C2×2, (7.4)
(ξ, x) 7→ W (ξ, x) (7.5)

of the eigenvalue equation

(L− i sgn(ξ)(ξ2 + 1))w = 0. (7.6)

In analogy to the Fourier transform, we can define the distorted Fourier transform F
for Schwartz functions w by somewhat incorrectly using the scalar product of H (since
W (ξ, ·) ̸∈ H):

(Fw)(ξ) = 1√
2π(1 + ξ2)

⟨w,W (ξ, ·)⟩H

= 1√
2π(1 + ξ2)

∫
R

(
∇W∇w +Ww −

(
pQp−1 0

0 Qp−1

)
Ww

)
dx. (7.7)

Heuristically, F satisfies the diagonalisation:

FLw = i sgn(ξ)(ξ2 + 1)Fw. (7.8)

In chapter 8, we construct bounded solutions We,Wo : R2 → C2 to (7.6). We is even
with respect to x, while Wo is odd.
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We define We,Wo such that (7.7) for W = (We,Wo) resembles the Fourier transform
(7.2) as closely as possible. Based on theorem 2.4.7, the asymptotic behaviour of We,
Wo for x → −∞ is given by

We(ξ, x) ≈
(

1
−i

)
ce(ξ) cos(ξx) +

(
1

−i

)
se(ξ) sin(ξx), (7.9)

Wo(ξ, x) ≈
(

1
−i

)
co(ξ) cos(ξx) +

(
1

−i

)
so(ξ) sin(ξx). (7.10)

By rescaling We,Wo, we can ensure

|ce|2 + |se|2 = |co|2 + |so|2 = 1. (7.11)

(7.9), (7.10) now characterise We, Wo as some matrix equivalent of Jost solutions.

In chapter 9, we define an operator F based on (7.7) and show that F maps L onto the
multiplication operator i sgn(ξ)(ξ2 + 1). We prove that F extends to a unitary operator
mapping H onto {f ∈ L2(R)2|ξh ∈ L2(R)2}. Further, we generalise H for s ≥ 0 via

Hs = {w = (u, v) ∈ Hs(R)2| (1.43) holds, and ⟨w, ζ⟩H = ⟨w, ζ⟩H = 0}. (7.12)

After defining a suitable norm, we show that F : Hs → {f ∈ L2(R)2|(1+ξ2)
s
2h ∈ L2(R)2}

constitutes a unitary map as well.

That allows us to define the wave operator in chapter 10, as finding a unitary transform

G : {f ∈ L2(R)2|(1 + ξ2)
s
2h ∈ L2(R)2} → Hs(R)2 (7.13)

mapping i sgn(ξ)(ξ2 + 1) onto I(−∆ + 1) is quite simple. Hereby, I denotes the matrix
equivalent of the imaginary unit i.

In chapter 11, we show that the wave operator T and its inverse are bounded Lq → Lq

for every 1 ≤ q ≤ ∞, as well as a variety of less significant estimates. The proofs of
these bounds are quite straightforward, requiring only some basic results about Fourier
multipliers.

Finally, in chapter 12, we establish several dispersive estimates for the linear equation
∂tw = Lw. As a result of the Lq → Lq bound, both the dispersive estimate given by
lemma 1.6.1 and the Strichartz estimates given by 1.6.2 hold for ∂tw = Lw as well. The
actual result of chapter 12 is a non-resonant local smoothing estimate, for which the free
equation allows no analogue.
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8. Bounded Solutions
8.1. Bounds on Symmetrical Solutions
We examine the bounded solutions to (L− iE)w = 0, E = sgn(ξ)(ξ2 + 1) and establish
some basic bounds. We always assume 3 < p < 5.

Definition 8.1.1 For (c1, c2, c3, c4) ∈ C4 let the linear combinations:

wc1,c2,c3,c4 = (uc1,c2,c3,c4 , vc1,c2,c3,c4) : [0,∞) × R → R2, (8.1)
w̃c1,c2,c3,c4 = (ũc1,c2,c3,c4 , ṽc1,c2,c3,c4) : [ξ0,∞) × R → R2 (8.2)

be given by:

wc1,c2,c3,c4 =
4∑

k=1
ckwk, (8.3)

w̃c1,c2,c3,c4 =
4∑

k=1
ckw̃k. (8.4)

(wk)1≤k≤4 and (w̃k)1≤k≤4 are given by theorem 2.4.7 and theorem 2.4.12. ξ0 is given by
definition 2.4.6.

Lemma 8.1.2 Let ξ ≥ 0, E = 1 + ξ2, y ∈ R and K > 0. Assume w = (u, v) ∈ C1(R)
solves (2.5) and (2.6). Assume further:

|w(y)| + |w′(y)|
1 + ξ

≤ K. (8.5)

Then, for every x ∈ R:

|w(x)| + |w′(x)|
1 + ξ

≤ CKe
√

2+ξ2|x−y|. (8.6)

Proof. Let λ :=
√

2 + ξ2 =
√

1 + E, U := −λ−1u′ and V := −λ−1v′. Then (2.5) and
(2.6) read:

d

dx


u
U
v
V

 =


0 −λ 0 0

−λ+ p+1
2λ Q

p−1 0 p−1
2λ Q

p−1 0
0 0 0 −λ

p−1
2λ Q

p−1 0 ξ2

λ + p+1
2λ Q

p−1 0



u
U
v
V

 . (8.7)

For f :=
√
u2 + U2 + v2 + V 2 that implies f(x)′ ≤ (λ+Ce−|x|)f(x). The lemma follows

from Grönwall’s inequality. □

Corollary 8.1.3 Let ω < 0 be given by definition 2.4.6. Let ξ ≥ 0, x ∈ [ω, 0] and
c1, c3, c4 ∈ C. Then:

|wc1,0,c3,c4(ξ, x)| + 1
1 + ξ

∣∣∣∣ ddxwc1,0,c3,c4(ξ, x)
∣∣∣∣ ≤ Ce−

√
2+ξ2ω(|c1| + |c3| + |c4|). (8.8)
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Proof. Follows from theorem 2.4.7 and lemma 8.1.2. □

Lemma 8.1.4 Let ξ ≥ 0 and (c1, c3, c4) ∈ C3, such that w = (u, v) = wc1,0,c3,c4(ξ, ·) is
either even or odd. Then, for every x ∈ R:

u(x) = − 1
2
√

2 + ξ2

∫ ∞

x
e
√

2+ξ2(x−y)Qp−1
(
p+ 1

2 u+ p− 1
2 v

)
dy

− 1
2
√

2 + ξ2

∫ x

−∞
e
√

2+ξ2(y−x)Qp−1
(
p+ 1

2 u+ p− 1
2 v

)
dy, (8.9)

v(x) = c3 cos(ξx) + c4
1 + ξ

ξ
sin(ξx)

+
∫ x

−∞

sin(ξ(x− y))
ξ

Qp−1
(
p+ 1

2 v + p− 1
2 u

)
dy. (8.10)

For ξ ≥ ξ0, (8.9) and (8.10) can be restated as:

wc1,0,c3,c4(ξ, ·) = w̃0,0,c3,c4(ξ, ·). (8.11)

ξ0 is given by definition 2.4.6.

Proof. Let ω < 0 be given by definition 2.4.6. We define:

l1 := c1

2
√

2 + ξ2

∫ ∞

−∞
e−

√
2+ξ2yQp−1

(
p+ 1

2 u1 + p− 1
2 v1

)
dy

+ c3

2
√

2 + ξ2

∫ ∞

ω
e−

√
2+ξ2yQp−1

(
p+ 1

2 u3 + p− 1
2 v3

)
dy

+ c4

2
√

2 + ξ2

∫ ∞

ω
e−

√
2+ξ2yQp−1

(
p+ 1

2 u4 + p− 1
2 v4

)
dy. (8.12)

By definition, for x ∈ R:

u(x) = (c1 + l1)e
√

2+ξ2x − 1
2
√

2 + ξ2

∫ ∞

x
e
√

2+ξ2(x−y)Qp−1
(
p+ 1

2 u+ p− 1
2 v

)
dy

− 1
2
√

2 + ξ2

∫ x

−∞
e
√

2+ξ2(y−x)Qp−1
(
p+ 1

2 u+ p− 1
2 v

)
dy, (8.13)

v(x) = c3 cos(ξx) + c4
1 + ξ

ξ
sin(ξx)

+
∫ x

−∞

sin(ξ(x− y))
ξ

Qp−1
(
p+ 1

2 v + p− 1
2 u

)
dy. (8.14)

As u and v are both even or both odd, we conclude c1 + l1 = 0 and the proof. □

Corollary 8.1.5 Let ξ0 ≥ 0 be given by definition 2.4.6. Let ξ ≥ ξ0 and (c1, c3, c4) ∈ C3,
such that w = (u, v) = wc1,0,c3,c4(ξ, ·) is either even or odd. Then, for every x ∈ R:

|w(x)| ≤ C(|c3| + |c4|). (8.15)
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Proof. Lemma 8.1.4 implies wc1,0,c3,c4(ξ, ·) = w̃0,0,c3,c4(ξ, ·). Theorem 2.4.12 concludes
the proof. □

Lemma 8.1.6 Let ξ1 ≥ 0. Let further ξ ∈ [0, ξ1] and (c1, c3, c4) ∈ C3, such that w =
(u, v) = wc1,0,c3,c4(ξ, ·) is either even or odd. Then, with a bound only dependant on ξ1:

|c1| ≤ Cξ1(|c3| + |c4|). (8.16)

Proof. Assume w to be even and assume the lemma does not hold.
We find sequences (ξ(n))n∈N ⊆ [0, ξ1] and (c(n)

3 )n∈N, (c(n)
4 )n∈N ⊆ C, such that:

1. w1,0,c(n)
3 ,c

(n)
4

(ξ(n), ·) is even for every n ≥ 0,

2. limn→∞ c
(n)
3 = limn→∞ c

(n)
4 = 0.

w1,0,c(n)
3 ,c

(n)
4

(ξ(n), ·) being even implies d
dxw1,0,c(n)

3 ,c
(n)
4

(ξ(n), 0) = (0, 0). By choosing a
suitable subsequence, we find ξ2 ∈ [0, ξ1], with

lim
n→∞

ξ(n) = ξ2. (8.17)

It follows by lemma 2.4.11 and corollary 8.1.3:∣∣∣∣ ddxw1(ξ2, 0)
∣∣∣∣ = lim

n→∞

∣∣∣∣ ddxw1,0,0,0(ξ(n), 0)
∣∣∣∣

≤ lim
n→∞

∣∣∣∣ ddxw1,0,c(n)
3 ,c

(n)
4

(ξ(n), 0)
∣∣∣∣+ lim

n→∞

∣∣∣∣ ddxw0,0,c(n)
3 ,c

(n)
4

(ξ(n), 0)
∣∣∣∣

≤ lim
n→∞

∣∣∣∣ ddxw1,0,c(n)
3 ,c

(n)
4

(ξ(n), 0)
∣∣∣∣+ C lim

n→∞

(∣∣∣c(n)
3

∣∣∣+ ∣∣∣c(n)
4

∣∣∣)
= 0. (8.18)

Hence w1(ξ2, ·) is even. Theorem 2.4.7 and lemma 2.4.9 imply w1(ξ2, ·) ∈ H1(R) in
contradiction to theorem 1.10.1. That concludes the proof if w is even.

The odd case follows analogously. □

Corollary 8.1.7 Let ξ ≥ 0 and (c1, c3, c4) ∈ C3, such that w = (u, v) = wc1,0,c3,c4(ξ, ·)
is either even or odd. Then, for every x ≤ 0:

|u(x)| +
∣∣∣∣v(x) − c3 cos(ξx) − c4

ξ + 1
ξ

sin(ξx)
∣∣∣∣ ≤ C

e
1
2x

1 + ξ
(|c3| + |c4|), (8.19)∣∣∣∣ ddxu(x)

∣∣∣∣+ ∣∣∣∣ ddx
(
v(x) − c3 cos(ξx) − c4

ξ + 1
ξ

sin(ξx)
)∣∣∣∣ ≤ Ce

1
2x(|c3| + |c4|). (8.20)

Proof. Let ξ0 ≥ 0 and ω < 0 be given by definition 2.4.6. By corollary 8.1.5, for ξ ≥ ξ0:

|w(x)| ≤ C(|c3| + |c4|). (8.21)
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On the other hand, by lemma 8.1.6 for 0 ≤ ξ ≤ ξ0:

|c1| ≤ C(|c3| + |c4|). (8.22)

By theorem 2.4.7, for ξ ≥ 0 and x < ω:

|w(x)| ≤ C

(
|c1| + |c3| + |c4|

(
1 +

∣∣∣∣sin(ξx)
ξ

∣∣∣∣))
≤ C2(|c3| + |c4| (1 + |x|)). (8.23)

Lemma 2.4.11 ensures that w1, w3 and w4 are bounded for (ξ, x) ∈ [0, ξ0] × [ω, 0]. It
follows:

|w(x)| ≤ |c1| |w1(ξ, x)| + |c3| |w3(ξ, x)| + |c4| |w4(ξ, x)|
≤ C(|c3| + |c4|). (8.24)

Summarizing, for ξ ≥ 0 and x ≤ 0:

|w(x)| ≤ C(|c3| + |c4| (1 + |x|)). (8.25)

As w is even or odd, (8.25) holds for true for every x ∈ R. (8.25) applied to lemma 8.1.4
yields the claim for x ≤ 0 and consequently x ∈ R. □
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8.2. Transmission Matrix
The fundamental systems (wk)k and (w̃k)k describe the asymptotic behaviour of solu-
tions as x → −∞. As (2.5) and (2.6) are symmetric with respect to x 7→ −x, these
fundamental systems can also be used to describe the asymptotic behaviour as x → ∞.

8.2.1. Small x

Connecting the asymptotic behaviour at −∞ and +∞, we define the following trans-
mission matrix S, which is quite similar to a scattering matrix.

Definition 8.2.1 For ξ ≥ 0, let S = S(ξ) = (snm)1≤n,m≤4:

C4 → C4,

(k1, k2, k3, k4) 7→ (l1, l2, l3, l4),

be given by:

∀x ∈ R : wk1,k2,k3,k4(ξ, x) = wl1,l2,l3,l4(ξ,−x). (8.26)

Here, wk1,k2,k3,k4 is given by definition 8.1.1.

Due to symmetry, the following basic properties are immediately apparent.

Lemma 8.2.2 Let ξ ≥ 0. Then, S(ξ) ∈ R4×4 and S(ξ)2 = Id.

Lemma 8.2.3 Let and ξ ≥ 0. Then, the eigenvalues of S(ξ) are given by −1 and 1,
both of geometric multiplicity 2.

Proof. Given (k1, k2, k3, k4) ∈ R4, wk1,k2,k3,k4(ξ, ·) is even, if and only if:

S(ξ)(k1, k2, k3, k4) = (k1, k2, k3, k4). (8.27)

Analogously, (k1, k2, k3, k4) ∈ R4 is an eigenvector of S(ξ) with eigenvalue −1, if and
only if wk1,k2,k3,k4(ξ, ·) is odd. That concludes the proof. □

Lemma 8.2.4 S : [0,∞) → R4×4 is an analytic function.

Proof. Let (c1, c2, c3, c4) ∈ R4 and E = ξ2 + 1. We define Wc1,c2,c3,c4(ξ, ·) as the unique
solution (U, V ) of (2.5) and (2.6) given initial data (U,U ′, V, V ′)(0) = (c1, c2, c3, c4).

In analogy to S, we define T (ξ) : (k1, k2, k3, k4) 7→ (c1, c2, c3, c4) as given by:

∀x ∈ R : wk1,k2,k3,k4(ξ, x) = Wc1,c2,c3,c4(ξ, x). (8.28)

By lemma 2.4.11, T : [0,∞) → R4×4 is an analytic function. By definition:

S(ξ) = T−1(ξ)


1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

T (ξ). (8.29)

That concludes the proof. □
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8.2.2. Large ξ

Definition 8.2.5 For ξ ≥ ξ0, let S̃ = S̃(ξ) = (s̃nm)1≤n,m≤4:

C4 → C4,

(k1, k2, k3, k4) 7→ (l1, l2, l3, l4),

be given by:

∀x ∈ R : w̃k1,k2,k3,k4(ξ, x) = w̃l1,l2,l3,l4(ξ,−x). (8.30)

Here, w̃k1,k2,k3,k4 is given by definition 8.1.1. ξ0 is given by definition 2.4.6.

Completely analogously to the last section, we infer the following three lemmata.

Lemma 8.2.6 Let ξ ≥ ξ0. Then, S̃(ξ) ∈ R4×4 and S̃(ξ)2 = Id.

Lemma 8.2.7 Let ξ ≥ ξ0. Then, the eigenvalues of S̃(ξ) are given by −1 and 1, both
of geometric multiplicity 2.

Lemma 8.2.8 S̃ : [ξ0,∞) → R4×4 is an analytic function.

We show some asymptotic behaviour of S̃. Consider the following operator T̃ , in analogy
to the operator T defined in the proof of lemma 8.2.4.

Definition 8.2.9 For ξ ≥ ξ0, let T̃ = (t̃nm)1≤n,m≤4 = T̃ (ξ):

C4 → C4,

(k1, k2, k3, k4) 7→ (l1, l2, l3, l4),

be given by:

∀x ∈ R : w̃k1,k2,k3,k4(ξ, x) = Wl1,l2,l3,l4(ξ,−x). (8.31)

Hereby, Wl1,l2,l3,l4(ξ, ·) = (U, V )(ξ, ·) is the unique solution to the pair of equations:

U(ξ, x) = l1e
√

2+ξ2x + l2e
−

√
2+ξ2x

+ 1
2
√

2 + ξ2

∫ x

0
e
√

2+ξ2(x−y)Qp−1
(
p+ 1

2 U + p− 1
2 V

)
dy

− 1
2
√

2 + ξ2

∫ x

0
e
√

2+ξ2(y−x)Qp−1
(
p+ 1

2 U + p− 1
2 V

)
dy, (8.32)

V (ξ, x) = c3 cos(ξx) + c4
1 + ξ

ξ
sin(ξx)

+
∫ x

0

sin(ξ(x− y))
ξ

Qp−1
(
p+ 1

2 V + p− 1
2 U

)
dy. (8.33)
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Lemma 8.2.10 There is T̃∞ ∈ R4×4, such that T̃ fulfils:

T̃ (ξ) = Id +ξ−1T̃∞ + O(ξ−2), (8.34)

as ξ → ∞.

Proof. We show (8.34) for t̃11. The other elements of the matrix are estimated analo-
gously.

Let w̃1 = (ũ1, ṽ1) = w̃1,0,0,0 be given by theorem 2.4.12. By definition:

ũ1(ξ, x) = e
√

2+ξ2x + 1
2
√

2 + ξ2

∫ x

−∞
e
√

2+ξ2(x−y)Qp−1
(
p+ 1

2 ũ1 + p− 1
2 ṽ1

)
dy

− 1
2
√

2 + ξ2

∫ x

−∞
e
√

2+ξ2(y−x)Qp−1
(
p+ 1

2 ũ1 + p− 1
2 ṽ1

)
dy

= e
√

2+ξ2x

(
1 + 1

2
√

2 + ξ2

∫ 0

−∞
e−

√
2+ξ2yQp−1

(
p+ 1

2 ũ1 + p− 1
2 ṽ1

)
dy

)

− e−
√

2+ξ2x 1
2
√

2 + ξ2

∫ 0

−∞
e
√

2+ξ2yQp−1
(
p+ 1

2 ũ1 + p− 1
2 ṽ1

)
dy

+ 1
2
√

2 + ξ2

∫ x

0
e
√

2+ξ2(x−y)Qp−1
(
p+ 1

2 ũ1 + p− 1
2 ṽ1

)
dy

− 1
2
√

2 + ξ2

∫ x

0
e
√

2+ξ2(y−x)Qp−1
(
p+ 1

2 ũ1 + p− 1
2 ṽ1

)
dy, (8.35)

ṽ1(ξ, x) =
∫ x

−∞

sin(ξ(x− y))
ξ

Qp−1
(
p+ 1

2 ṽ1 + p− 1
2 ũ1

)
dy

= − cos(ξx)
∫ 0

−∞

sin(ξy)
ξ

Qp−1
(
p+ 1

2 ṽ1 + p− 1
2 ũ1

)
dy

+ sin(ξx)
∫ 0

−∞

cos(ξy)
ξ

Qp−1
(
p+ 1

2 ṽ1 + p− 1
2 ũ1

)
dy

+
∫ x

0

sin(ξ(x− y))
ξ

Qp−1
(
p+ 1

2 ṽ1 + p− 1
2 ũ1

)
dy. (8.36)

It follows:

t̃11(ξ) = 1 + 1
2
√

2 + ξ2

∫ 0

−∞
e−

√
2+ξ2yQp−1

(
p+ 1

2 ũ1 + p− 1
2 ṽ1

)
dy. (8.37)

By theorem 2.4.12:

t̃11(ξ) = 1 + p+ 1
4
√

2 + ξ2

∫ 0

−∞
e−

√
2+ξ2yQp−1e

√
2+ξ2ydy

+ 1
2
√

2 + ξ2

∫ 0

−∞
e−

√
2+ξ2yQp−1

(
p+ 1

2 (ũ1 − e
√

2+ξ2y) + p− 1
2 ṽ1

)
dy

= 1 + p+ 1
4
√

2 + ξ2

∫ 0

−∞
Qp−1dy + O(ξ−2). (8.38)

That concludes the proof. □

171



8. Bounded Solutions

Lemma 8.2.11 Let k ≥ 1. Then, as ξ → ∞:

dk

dξk
T̃ (ξ) ∈ O(ξ−2). (8.39)

Proof. Taking the k-th derivative of (8.37) and applying lemma 2.4.15 yields (8.39) for
t̃11. The other elements of the matrix are estimated analogously. □

Corollary 8.2.12 There is S̃∞ ∈ R4×4, such that S̃ fulfils:

S̃(ξ) =


0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 −1

+ ξ−1S̃∞ + O(ξ−2), (8.40)

as ξ → ∞.

Proof. Corollary 8.2.12 follows from lemma 8.2.10 and:

S̃(ξ) = T̃ (ξ)−1


0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 −1

 T̃ (ξ). (8.41)
□

Corollary 8.2.13 Let k ≥ 1. Then, as ξ → ∞:

dk

dξk
S̃(ξ) ∈ O(ξ−2). (8.42)

Proof. Corollary 8.2.13 follows from lemma 8.2.10, lemma 8.2.11 and:

S̃(ξ) = T̃ (ξ)−1


0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 −1

 T̃ (ξ). (8.43)
□
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8.3. Constructing Symmetrical Solutions
Consider ξ > 0 and E = 1 + ξ2. wl,b,c,s(ξ, x) is bounded and even with respect to x, if
and only if b = 0 and:

S(ξ)(l, b, c, s) = (l, b, c, s). (8.44)

By the same token, wl,b,c,s(ξ, x) is bounded and odd with respect to x, if and only if
b = 0 and:

S(ξ)(l, b, c, s) = −(l, b, c, s). (8.45)

In case of ξ = 0, theorem 1.10.1 tells us that no non-zero bounded solution of (2.5) and
(2.6) exists.

Definition 8.3.1 Let ξ ≥ 0 and E = ξ2 + 1. We define:

Ke,ξ := {(l, 0, c, s) ∈ R4|(S(ξ) − Id)(l, 0, c, s) = (0, 0, 0, 0)}, (8.46)
Ko,ξ := {(l, 0, c, s) ∈ R4|(S(ξ) + Id)(l, 0, c, s) = (0, 0, 0, 0)}. (8.47)

Let further Kξ := Ke,ξ ⊕Ko,ξ.

Lemma 8.3.2 For every ξ ≥ 0 with at most finitely many exceptions:

dimKe,ξ = dimKo,ξ = 1. (8.48)

Proof. By lemma 8.2.3:

1 ≤ dimKe,ξ, dimKo,ξ ≤ 2. (8.49)

Consequently, it suffices to show dimKξ ≤ 2 for almost every ξ ≥ 0. By definition:

Kξ = {(l, 0, c, s) ∈ R4|∃l̃, c̃, s̃ ∈ C : S(ξ)(l, 0, c, s) = (l̃, 0, c̃, s̃)}, (8.50)

Further, (l, b, c, s) ∈ Kξ, if and only if wl,b,c,s(ξ, x) is bounded with respect to x.
Let ξ0 be given by definition 2.4.6. Analogously to before, given ξ ≥ ξ0, w̃l,b,c,s(ξ, x)

is bounded with respect to x, if and only if:

(l, b, c, s) ∈ K̃ξ := {(l, 0, c, s) ∈ R4|∃l̃, c̃, s̃ ∈ C : S̃(ξ)(l, 0, c, s) = (l̃, 0, c̃, s̃)}. (8.51)

That implies dimKξ = dim K̃ξ for every ξ ≥ ξ0. Consequently, for ξ ≥ ξ0, dimKξ = 3
is equivalent to s̃21(ξ) = s̃23(ξ) = s̃24(ξ) = 0.

From corollary 8.2.12, we know limξ→∞ s̃21(ξ) = 1. That allows us to choose ξ1 ≥ ξ0
with s̃21(ξ) ̸= 0 for every ξ ≥ ξ1. Consequently, dimKξ = 3 is only possible for ξ ∈ [0, ξ1].

By definition, dimKξ = 3 is equivalent to s21(ξ) = s23(ξ) = s24(ξ) = 0. That
concludes the proof, as S is analytic by lemma 8.2.4. □
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Lemma 8.3.3 Let ξ1 ≥ 0. Then, there exist ε > 0 and real analytic functions:

(le, ce, se) : [0,∞) ∩ (ξ1 − ε, ξ1 + ε) → R3\{(0, 0, 0}, (8.52)
(lo, co, so) : [0,∞) ∩ (ξ1 − ε, ξ1 + ε) → R3\{(0, 0, 0}, (8.53)

fulfilling:

(le, 0, ce, se)(ξ) ∈ Ke,ξ, (8.54)
(lo, 0, co, so)(ξ) ∈ Ko,ξ, (8.55)

for every ξ ≥ 0 with |ξ − ξ1| < ε.

Proof. We show the lemma for le, ce and se. lo, co and so are constructed completely
analogously.

Lemma 8.2.3 allows to us find linear independent (L1, B1, C1, S1), (L2, B2, C2, S2) ∈ R4

fulfilling:

(S(ξ1) − Id)(l, b, c, s) = (0, 0, 0, 0). (8.56)

That implies:

(S(ξ1) + Id)(L1, B1, C1, S1) = 2(L1, B1, C1, S1), (8.57)
(S(ξ1) + Id)(L2, B2, C2, S2) = 2(L2, B2, C2, S2). (8.58)

We define:

(l1, b1, c1, s1)(ξ) := (S(ξ) + Id)(L1, B1, C1, S1), (8.59)
(l2, b2, c2, s2)(ξ) := (S(ξ) + Id)(L2, B2, C2, S2). (8.60)

As S is continuous, we can choose δ > 0, such that (l1, b1, c1, s1)(ξ) and (l2, b2, c2, s2)(ξ)
are linear independent for every ξ ≥ 0 with |ξ − ξ1| < δ.

Lemma 8.2.2 implies S(ξ)2 = Id and thus:

(S(ξ) + Id)(S(ξ) − Id) = (0, 0, 0, 0). (8.61)

Hence, (l1, b1, c1, s1)(ξ) and (l2, b2, c2, s2)(ξ) both fulfil:

(S(ξ) − Id)(l, b, c, s) = (0, 0, 0, 0). (8.62)

We conclude (l1, b1, c1, s1)(ξ) ∈ Ke,ξ, if and only if b1(ξ) = 0. Analogously, (l2, b2, c2, s2)(ξ) ∈
Ke,ξ, if and only if b2(ξ) = 0.

If b1 ≡ 0 or b2 ≡ 0, then we are already done. Otherwise, since b1 and b2 are both real
analytic by lemma 8.2.4, there exist real analytic functions g1, g2 : [0,∞)∩(ξ1−δ, ξ1+δ) →
R, as well as k1, k2 ∈ N, fulfilling:

b1(ξ) = (ξ − ξ1)k1g1(ξ), g1(ξ1) ̸= 0, (8.63)
b2(ξ) = (ξ − ξ1)k2g2(ξ), g2(ξ1) ̸= 0. (8.64)
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By choosing 0 < ε < δ small enough, we ensure g1(ξ) ̸= 0 and g2(ξ) ̸= 0 for |ξ − ξ1| < ε.
Symmetry allows us to assume k1 ≥ k2. We define:

(le, be, ce, se)(ξ) := (ξ − ξ1)k2−k1g2(ξ)(l1, b1, c1, s1)(ξ) − g1(ξ)(l2, b2, c2, s2)(ξ). (8.65)

It follows:

(S(ξ) − Id)(le, be, ce, se)(ξ) = 0 (8.66)

and:

be(ξ) = (ξ − ξ1)k2−k1g2(ξ)(ξ − ξ1)k1g1(ξ) − g1(ξ)(ξ − ξ1)k2g2(ξ) = 0. (8.67)

That implies (le, 0, ce, se)(ξ) ∈ Ke,ξ for every |ξ − ξ1| < ε, ξ ≥ 0. □

Lemma 8.3.4 There exist analytic functions:

(le, ce, se) : [0,∞) → R3, (8.68)
(lo, co, so) : [0,∞) → R3, (8.69)

fulfilling for every ξ ≥ 0:

(le, 0, ce, se)(ξ) ∈ Ke,ξ, (8.70)
(lo, 0, co, so)(ξ) ∈ Ko,ξ, (8.71)

as well as:

le(ξ)2 + ce(ξ)2 + se(ξ)2 = lo(ξ)2 + co(ξ)2 + so(ξ)2 = 1. (8.72)

Proof. We show the lemma for le, ce and se. lo, co and so are constructed completely
analogously.

By lemma 8.3.3, there is some δ > 0 and real analytic functions (l̃, c̃, s̃) : [0, δ) →
R3\{(0, 0, 0} with (l̃, 0, c̃, s̃)(ξ) ∈ Ke,ξ for 0 ≤ ξ < δ. We define:

(l, c, s) : [0, δ) → R3,

ξ 7→ (l̃, c̃, s̃)(ξ)
l̃(ξ)2 + c̃(ξ)2 + s̃(ξ)2 . (8.73)

That yields real analytic functions (l, c, s) : [0, δ) → R3 fulfilling:

(Id −S(ξ))(l, 0, c, s)(ξ) = (0, 0, 0, 0), (8.74)
l(ξ)2 + c(ξ)2 + s(ξ)2 = 1 (8.75)

for every 0 ≤ ξ < δ. Consider:

ζ := sup{ξ1 ≥ 0 | l, c and s extend analytically to [0, ξ1]} ≥ δ. (8.76)
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Recall that an analytic extension on an interval is always unique. For given ξ1 ∈ [0, ζ),
we denote the unique analytic extension to [0, ξ1] by (lξ1 , cξ1 , sξ1). Then:

(le, ce, se) : [0, ζ) → R3, (8.77)
ξ 7→ (lξ, cξ, sξ)(ξ), (8.78)

constitutes an analytic extension of (l, c, s) to [0, ζ).
By the identity theorem for analytic functions, (le, ce, se) fulfils (8.74) and (8.75) for

every ξ ∈ [0, ζ).
Therefore, to conclude the proof, it suffices to show ζ = ∞. We proceed indirectly.

Assume ζ < ∞. Using lemma 8.3.3, we can choose ε > 0 and analytic functions
(l̃1, c̃1, s̃1) : (ζ − ε, ζ + ε) → R3\{(0, 0, 0} fulfilling (l̃1, c̃1, s̃1)(ξ) ∈ Ke,ξ for |ξ − ζ| < ε.

By choosing ε small enough, lemma 8.3.2 ensures for ξ ∈ (ζ − ε, ζ):

dimKe,ξ = 1. (8.79)

We define:

(l1, c1, s1) : (ζ − ε, ζ + ε) → R3,

ξ 7→ (l̃1, c̃1, s̃1)(ξ)
l̃1(ξ)2 + c̃1(ξ)2 + s̃1(ξ)2 . (8.80)

Both (le, 0, ce, se) and (l1, 0, c1, s1) fulfil (8.74) and (8.75) on (ζ − ε, ζ). By (8.79), that
implies for every ξ ∈ (ζ − ε, ξ1):

(le, 0, ce, se)(ξ) = (l1, 0, c1, s1)(ξ) ∨ (le, 0, ce, se)(ξ) = −(l1, 0, c1, s1)(ξ). (8.81)

By continuity, the sign in (8.81) remains constant. We can assume without loss of
generality for ξ ∈ (ζ − ε, ζ):

(le, 0, ce, se)(ξ) = (l1, 0, c1, s1)(ξ). (8.82)

Hence:

(l2, c2, s2) : [0, ζ + ε) → R3, (8.83)

ξ 7→
{

(le, ce, se)(ξ), if ξ < ζ,
(l1, c1, s1)(ξ), if ξ ≥ ζ,

(8.84)

constitutes an analytic continuation of (l, c, s). That contradicts the definition of ζ. We
conclude ζ = ∞ and the proof. □

Theorem 8.3.5 There exist real analytic functions le, ce, se : [0,∞) → R and lo, co, so :
[0,∞) → R, such that we, wo : [0,∞) × R → R2 given by:

we(ξ, x) := w
le(ξ),0,ce(ξ),−se(ξ) ξ

ξ+1
(ξ, x), (8.85)

wo(ξ, x) := w
lo(ξ),0,co(ξ),−so(ξ) ξ

ξ+1
(ξ, x), (8.86)

fulfil:
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1. For every ξ ≥ 0, we(ξ, x) is even with respect to x.

2. For every ξ ≥ 0, wo(ξ, x) is odd with respect to x.

3. we and wo can be expressed in terms of w̃:

∀ξ ≥ ξ0 ∀x ∈ R : we(ξ, x) = w̃0,0,ce(ξ),−se(ξ) ξ
ξ+1

(ξ, x), (8.87)

wo(ξ, x) = w̃0,0,co(ξ),−so(ξ) ξ
ξ+1

(ξ, x). (8.88)

ξ0 is given by definition 2.4.6.

4. ce and se resp. co and so are normed:

∀ξ ≥ 0 : ce(ξ)2 + se(ξ)2 = co(ξ)2 + so(ξ)2 = 1. (8.89)

5. As ξ → ∞, ce, se and co, so fulfil:

(ce, se)(ξ) = (1, 0) + ξ−1(ce,0, se,0) + O(ξ−2), (8.90)
(co, so)(ξ) = (0, 1) + ξ−1(co,0, so,0) + O(ξ−2), (8.91)

with suitable constants ce,0, se,0, co,0, so,0 ∈ R.

6. As ξ → ∞, ce, se and co, so fulfil for every k ≥ 1:

dk

dξk
(ce, se)(ξ) ∈ O(ξ−2), (8.92)

dk

dξk
(co, so)(ξ) ∈ O(ξ−2). (8.93)

Proof. We show the lemma for le, ce and se. lo, co and so are constructed completely
analogously.

Let (l, c, s) be given by lemma 8.3.4. Then wl(ξ),0,c(ξ),s(ξ)(ξ, ·) is a non-trivial bounded
and even solution to (2.5) and (2.6) for every ξ > 0 and E = ξ2 + 1. Corollary 8.1.5 and
lemma 8.1.6 imply (c, s)(ξ) ̸= (0, 0) for every ξ > 0.

On the other hand, wl(0),0,c(0),s(0)(0, ·) is bounded, if and only if s(0) = 0. Theorem
1.10.1 consequently ensures s(0) ̸= 0. Hence, le, ce, se : [0,∞) → R as given by:

le(ξ) := ξl(ξ)√
ξ2c(ξ)2 + (1 + ξ)2s(ξ)

, (8.94)

ce(ξ) := ξc(ξ)√
ξ2c(ξ)2 + (1 + ξ)2s(ξ)

, (8.95)

se(ξ) := −(1 + ξ)s(ξ)√
ξ2c(ξ)2 + (1 + ξ)2s(ξ)

, (8.96)
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are well-defined and real analytic functions on [0,∞). (8.87) follows from lemma 8.1.4.

It remains to demonstrate (8.90) and (8.92). From (8.87), we can infer for every
ξ ≥ ξ0:

(S̃(ξ) − Id)
(

0, 0, ce(ξ),−
ξse(ξ)
ξ + 1

)
= (0, 0, 0, 0). (8.97)

We define for ξ ≥ ξ0:

(l̃, b̃, c̃, s̃)(ξ) := (S̃(ξ) + Id)(0, 0, 1, 0). (8.98)

We rewrite (8.98). Thus, for ξ ≥ ξ0 and x ∈ R:

w̃l̃,b̃,c̃,s̃(ξ, x) = w̃0,0,1,0(ξ, x) + w̃0,0,1,0(ξ,−x) = w̃3(ξ, x) + w̃3(ξ,−x). (8.99)

As w3 is bounded and w1, w2 are unbounded by theorem 2.4.12, it follows l̃(ξ) = b̃(ξ) = 0.

By corollary 8.2.12, there is ξ1 ≥ ξ0 with (c̃, s̃)(ξ) ̸= (0, 0) for every ξ ≥ ξ1. If we
choose ξ1 large enough, we ensure dimKe,ξ = 1 by lemma 8.3.2.

Lemma 8.2.6 implies (S̃(ξ) − Id)(S̃(ξ) + Id) = 0 and thus:

(S̃(ξ) − Id)(0, 0, c̃(ξ), s̃(ξ)) = (0, 0, 0, 0). (8.100)

From dimKe,ξ = 1, (8.97) and (8.100), we infer that (ce(ξ),−ξ(ξ + 1)−1se(ξ)) and
(c̃(ξ), s̃(ξ)) are linear dependent. Hence, if we define:

c̃e(ξ) := ξc̃(ξ)
ξ2c̃(ξ) + (1 + ξ)2s̃(ξ) , (8.101)

s̃e(ξ) := −(1 + ξ)s̃(ξ)
ξ2c̃(ξ) + (1 + ξ)2s̃(ξ) , (8.102)

for ξ ≥ ξ0, we ensure either:

∀ξ ≥ ξ0 : (ce, se)(ξ) = (c̃e, s̃e)(ξ), (8.103)

or:

∀ξ ≥ ξ0 : (ce, se)(ξ) = −(c̃e, s̃e)(ξ). (8.104)

After possibly changing the sign of (le, ce, se), we can assume (8.103) to be true. (8.90)
and (8.92) now follow from corollary 8.2.12, corollary 8.2.13 and (8.98).

That concludes the proof. □

Definition 8.3.6 Consider ce, se and co, so as given by theorem 8.3.5. We extend ce, se
and co, so to functions R → R by:

ce(ξ) = ce(|ξ|), (8.105)
se(ξ) = se(|ξ|), (8.106)
co(ξ) = co(|ξ|), (8.107)
so(ξ) = so(|ξ|). (8.108)
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Corollary 8.3.7 ce, se, co, so ∈ W 1,∞(R). Further, given any k ≥ 0:

ce|(0,∞), se|(0,∞), co|(0,∞), so|(0,∞) ∈ W k,∞(0,∞). (8.109)

Lemma 8.3.8 le(0) = ce(0) = lo(0) = co(0) = 0 and se(0)2 = so(0)2 = 1.

Proof. Follows from theorem 1.10.1 and (8.89). □

Corollary 8.3.9 s′
e(0) = s′

o(0) = 0.

Proof. Follows from (8.89). □

8.4. Remainder Terms
8.4.1. First Order Remainder Terms

Consider the functions we = (ue, ve), wo = (uo, vo) : [0,∞) × R → R2, as given by
theorem 8.3.5:

we(ξ, x) = w
le(ξ),0,ce(ξ),−se(ξ) ξ

ξ+1
(ξ, x), (8.110)

wo(ξ, x) = w
lo(ξ),0,co(ξ),−so(ξ) ξ

ξ+1
(ξ, x). (8.111)

For ξ ≥ 0 and x ≤ 0, we establish bounds on the remainder terms ρe = (ρe,u, ρe,v) and
ρo = (ρo,u, ρo,v) given by:

ρe,u(ξ, x) := ue(ξ, x), (8.112)
ρe,v(ξ, x) := ve(ξ, x) − ce(ξ) cos(ξx) + se(ξ) sin(ξx), (8.113)
ρo,u(ξ, x) := uo(ξ, x), (8.114)
ρo,v(ξ, x) := vo(ξ, x) − co(ξ) cos(ξx) + so(ξ) sin(ξx). (8.115)

Lemma 8.4.1 Let we, wo be given by (8.110) and (8.111). Then, we(ξ, x) and wo(ξ, x)
are real analytic both in ξ ≥ 0 and x ∈ R. Further, we(0, x) = wo(0, x) = (0, 0).

Proof. Lemma 8.3.8 implies we(0, x) = wo(0, x) = (0, 0). The analyticity follows from
lemma 2.4.11 and theorem 8.3.5. □

Lemma 8.4.2 Let ρe = (ρe,u, ρe,v) and ρo = (ρo,u, ρo,v) be given by (8.112) - (8.115).
Then, for ξ ≥ 0 and x ≤ 0:

|ρe,u(ξ, x)| + |ρe,v(ξ, x)| + |ρo,u(ξ, x)| + |ρo,v(ξ, x)| ≤ C
e

1
2x

1 + ξ
, (8.116)

|∂xρe,u(ξ, x)| + |∂xρe,v(ξ, x)| + |∂xρo,u(ξ, x)| + |∂xρo,v(ξ, x)| ≤ Ce
1
2x. (8.117)

Proof. Follows from corollary 8.1.7. □
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Lemma 8.4.3 Let ρe = (ρe,u, ρe,v) and ρo = (ρo,u, ρo,v) be given by (8.112) - (8.115).
Then, for ξ ≥ 0, x ≤ 0 and k ≥ 0:

∣∣∣∂kξ ρe,u∣∣∣+ ∣∣∣∂kξ ρe,v∣∣∣+ ∣∣∣∂kξ ρo,u∣∣∣+ ∣∣∣∂kξ ρo,v∣∣∣ ≤ Ck
e

1
2x

1 + ξ
. (8.118)

Proof. We prove (8.118) for ρe. For ρo, the proof is identical.
Let ξ0 be given by definition 2.4.6. Continuity implies for (ξ, x) ∈ [0, ξ0] × [ω, 0]:∣∣∣∣∣ dkdξk ρe,u(ξ, x)

∣∣∣∣∣+
∣∣∣∣∣ dkdξk ρe,v(ξ, x)

∣∣∣∣∣ ≤ C. (8.119)

To conclude the proof, it suffices to show (8.118) for (ξ, x) ∈ (ξ0,∞) × (−∞, 0] and
(ξ, x) ∈ [0, ξ0] × (−∞, ω).

Assume ξ > ξ0 and x ≤ 0. Recall lemma 2.4.15.
By theorem 8.3.5, we(ξ, x) = ce(ξ)w̃3(ξ, x) − ξ

ξ+1se(ξ)w̃4(ξ, x), which implies:

ρe,u(ξ, x) = ce(ξ)r̃u,3(ξ, x) − ξ

ξ + 1se(ξ)r̃u,4(ξ, x), (8.120)

ρe,v(ξ, x) = ce(ξ)r̃v,3(ξ, x) − ξ

ξ + 1se(ξ)r̃v,4(ξ, x). (8.121)

(8.118) follows from lemma 2.4.15 and corollary 8.3.7.

Assume 0 ≤ ξ ≤ ξ0 and x < ω. Recall lemma 2.4.10.
By theorem 8.3.5, we(ξ, x) = le(ξ)w1(ξ, x)+ce(ξ)w3(ξ, x)− ξ

ξ+1se(ξ)w4(ξ, x). It follows:

ρe,u(ξ, x) = le(ξ)u1(ξ, x) + ce(ξ)ru,3(ξ, x) − ξ

ξ + 1se(ξ)ru,4(ξ, x), (8.122)

ρe,v(ξ, x) = le(ξ)v1(ξ, x) + ce(ξ)rv,3(ξ, x) − ξ

ξ + 1se(ξ)rv,4(ξx). (8.123)

By continuity, dk

dξk le is bounded on [0, ξ0]. (8.118) follows from lemma 2.4.10 and corollary
8.3.7.

That concludes the proof. □

8.4.2. Second Order Remainder Terms

Lemma 8.4.2 and lemma 8.4.3 estimate the remainder terms with a decay of O(ξ−1).
We construct a higher order remainder term exhibiting a decay of O(ξ−2).

We only do the calculations for ρe. ρo is handled completely analogously.
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By lemma 8.1.4:

ρe,u = − 1
2
√

2 + ξ2

∫ ∞

x
e
√

2+ξ2(x−y)Qp−1
(
p+ 1

2 ue + p− 1
2 ve

)
dy

− 1
2
√

2 + ξ2

∫ x

−∞
e
√

2+ξ2(y−x)Qp−1
(
p+ 1

2 ue + p− 1
2 ve

)
dy, (8.124)

ρe,v =
∫ x

−∞

sin(ξ(x− y))
ξ

Qp−1
(
p+ 1

2 ve + p− 1
2 ue

)
dy. (8.125)

Lemma 8.4.2 and lemma 8.4.3 applied to (8.124) already yield stronger bounds for ρe,u:

∀k ≥ 0 :
∣∣∣∣∣ dkdξk d

dx
ρe,u(ξ, x)

∣∣∣∣∣ ≤ Ck
e

1
2x

1 + ξ
, (8.126)∣∣∣∣∣ dkdξk ρe,u(ξx)

∣∣∣∣∣ ≤ Ck
e

1
2x

1 + ξ2 . (8.127)

ρe,v must be controlled more carefully. We expand (8.125):

ρe,v =
∫ x

−∞

sin(ξ(x− y))
ξ

Qp−1
(
p+ 1

2 ρe,v + p− 1
2 ρe,u

)
dy

+ p+ 1
2

∫ x

−∞

sin(ξ(x− y))
ξ

Qp−1(ce(ξ) cos(ξy) − se(ξ) sin(ξy))dy

=
∫ x

−∞

sin(ξ(x− y))
ξ

Qp−1
(
p+ 1

2 ρe,v + p− 1
2 ρe,u

)
dy

+ p+ 1
2

∫ x

−∞

sin(ξ(x− y))
ξ(1 + ξ) Qp−1(ce(ξ) cos(ξy) − se(ξ) sin(ξy))dy

+ p+ 1
2

∫ x

−∞

sin(ξ(x− y))
1 + ξ

Qp−1(ce(ξ) cos(ξy) − se(ξ) sin(ξy))dy. (8.128)

Note sin(ξ(x− y)) = sin(ξx) cos(ξy) − cos(ξx) sin(ξy). We conclude:∫ x

−∞
sin(ξ(x− y))Qp−1(ce(ξ) cos(ξy) − se(ξ) sin(ξy))dy

= ce(ξ) sin(ξx)
∫ x

−∞
Qp−1 cos(ξy)2dy + se(ξ) cos(ξx)

∫ x

−∞
Qp−1 sin(ξy)2dy

− (ce(ξ) cos(ξx) + se(ξ) sin(ξx))
∫ x

−∞
Qp−1 cos(ξy) sin(ξy)dy. (8.129)

We apply cos(ξy)2 = 1
2(1 + cos(2ξy)), sin(ξy)2 = 1

2(1 − cos(2ξy)) and cos(ξy) sin(ξy) =
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1
2 sin(2ξy): ∫ x

−∞
sin(ξ(x− y))Qp−1(ce(ξ) cos(ξy) − se(ξ) sin(ξy))dy

= 1
2(ce(ξ) sin(ξx) + se(ξ) cos(ξx))

∫ x

−∞
Qp−1dy

+ 1
2(ce(ξ) sin(ξx) − se(ξ) cos(ξx))

∫ x

−∞
Qp−1 cos(2ξy)dy

− 1
2(ce(ξ) cos(ξx) + se(ξ) sin(ξx))

∫ x

−∞
Qp−1 sin(2ξy)dy. (8.130)

For simplicity, let:

θe,v(ξ, x) := p+ 1
4

1
1 + ξ

(ce(ξ) sin(ξx) + se(ξ) cos(ξx))
∫ x

−∞
Qp−1dy. (8.131)

Using lemma 8.4.2 and lemma 8.4.3 to control the integral terms, we conclude:

∀k ≥ 0 :
∣∣∣∂kξ ∂x(ρe,v(ξ, x) − θe,v(ξ, x))

∣∣∣ ≤ Ck
e

1
2x

1 + ξ
, (8.132)

∣∣∣∂kξ (ρe,v(ξ, x) − θe,v(ξ, x))
∣∣∣ ≤ Ck

e
1
2x

1 + ξ2 . (8.133)

We summarize:

Lemma 8.4.4 Let ρe = (ρe,u, ρe,v) and ρo = (ρo,u, ρo,v) be given by (8.112) - (8.115).
Let further θe, θo : [0,∞) × (−∞, 0] → R be given by:

θe,v(ξ, x) := p+ 1
4

1
1 + ξ

(ce(ξ) sin(ξx) + se(ξ) cos(ξx))
∫ x

−∞
Qp−1dy, (8.134)

θo,v(ξ, x) := p+ 1
4

1
1 + ξ

(co(ξ) sin(ξx) + so(ξ) cos(ξx))
∫ x

−∞
Qp−1dy. (8.135)

Then, for every ξ ≥ 0, x ≤ 0 and k ≥ 0:∣∣∣∂kξ ∂xρe,u∣∣∣ , ∣∣∣∂kξ ∂x(ρe,v − θe,v)
∣∣∣ , ∣∣∣∂kξ ∂xρo,u∣∣∣ , ∣∣∣∂kξ ∂x(ρo,v − θo,v)

∣∣∣ ≤ Ck
e

1
2x

1 + ξ
, (8.136)

∣∣∣∂kξ ρe,u∣∣∣ , ∣∣∣∂kξ (ρe,v − θe,v)
∣∣∣ , ∣∣∣∂kξ ρo,u∣∣∣ , ∣∣∣∂kξ (ρo,v − θo,v)

∣∣∣ ≤ Ck
e

1
2x

1 + ξ2 . (8.137)

8.5. Jost Functions
With we and wo as given by theorem 8.3.5, let (ue, ve) := we and (uo, vo) := wo. Consider

U+
e := ue + ve, (8.138)

V +
e := i(ue − ve), (8.139)
U+
o := uo + vo, (8.140)

V +
o := i(uo − vo). (8.141)
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By definition, (U+
e , V

+
e )(ξ, ·) and (U+

o , V
+
o )(ξ, ·) are solutions to the equation:

Lw = iEw (8.142)

for every E = ξ2 + 1, ξ ≥ 0. By symmetry, (U+
e ,−V +

e )(ξ, ·) and (U+
o ,−V +

o )(ξ, ·) solve:

Lw = −iEw. (8.143)

Definition 8.5.1 We define

We = (Ue, Ve) : R2 → C2,

(ξ, x) 7→
{

(U+
e , V

+
e )(ξ, x), if ξ ≥ 0,

(U+
e ,−V +

e )(−ξ, x), if ξ < 0, (8.144)

Wo = (Uo, Vo) : R2 → C2,

(ξ, x) 7→
{

(U+
o , V

+
o )(ξ, x), if ξ ≥ 0,

(U+
o ,−V +

o )(−ξ, x), if ξ < 0. (8.145)

Lemma 8.5.2 Let ξ ∈ R. Then

LWe(ξ, ·) = i sgn(ξ)(ξ2 + 1)We(ξ, ·), (8.146)
LWo(ξ, ·) = i sgn(ξ)(ξ2 + 1)Wo(ξ, ·). (8.147)

Lemma 8.5.3 Let (ξ, x) ∈ R2. Then, Ue(ξ, x), Uo(ξ, x) ∈ R, as well as Ve(ξ, x), Vo(ξ, x) ∈
iR. Further

We(ξ, x) = We(−ξ, x), (8.148)
Wo(ξ, x) = Wo(−ξ, x). (8.149)

Lemma 8.5.4 ξ 7→ We(ξ, x) and ξ 7→ We(ξ, x) are real analytic on both (−∞, 0] and
[0,∞) for every x ∈ R. x 7→ We(ξ, x) and x 7→ We(ξ, x) are real analytic on R for every
ξ ∈ R. Further, We(0, x) = Wo(0, x) = (0, 0).

Proof. Follows from lemma 8.4.1. □

Remark We(0, x) = Wo(0, x) = (0, 0) is directly related to the absence of resonances
(theorem 1.10.1). In contrast, the integral kernel eiξx of the Fourier transform admits
no zero. This property of We,Wo allows us to show a stronger local smoothing estimate
(theorem 12.1.9) for ∂tw = −Lw than the free equation admits.

Lemma 8.5.5 Let ξ ∈ R. Then

||We(ξ, ·)||L∞(R) , ||Wo(ξ, ·)||L∞(R) ≤ C, (8.150)
||We(ξ, ·)||W 1,∞(R) , ||Wo(ξ, ·)||W 1,∞(R) ≤ C(1 + |ξ|). (8.151)

Proof. Follows from corollary 8.1.7 and theorem 8.3.5. □
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Mirroring (8.112) - (8.115), we define:

Definition 8.5.6 We define the remainder terms Re = (Re,U , Re,V ) : R2 → C2 and
Ro = (Ro,U , Ro,V ) : R2 → C2 by:

Re,U (ξ, x) := Ue(ξ, x) − ce(ξ) cos(ξx) − sgn(ξx)se(ξ) sin(ξx), (8.152)
Re,V (ξ, x) := Ve(ξ, x) + i sgn(ξ)ce(ξ) cos(ξx) + i sgn(x)se(ξ) sin(ξx), (8.153)
Ro,U (ξ, x) := Uo(ξ, x) + sgn(x)co(ξ) cos(ξx) + sgn(ξ)so(ξ) sin(ξx), (8.154)
Ro,V (ξ, x) := Vo(ξ, x) − i sgn(ξx)co(ξ) cos(ξx) − iso(ξ) sin(ξx). (8.155)

Remark While the eigenfunctions We and Wo are smooth with respect to x, the remain-
der terms exhibit discontinuity. Ro,U , Ro,V are not continuous in x = 0, while the other
remainder terms are not continuously differentiable in x = 0.

Lemma 8.5.7 Let x ∈ R. Then, Re(0, x) = Ro(0, x) = (0, 0).

Proof. Follows from lemma 8.3.8 and lemma 8.5.4. □

Lemma 8.5.8 Let ξ ∈ R. Then, x 7→ Re(ξ, x) and x 7→ Ro(ξ, x) are analytic on both
(−∞, 0] and [0,∞). Likewise, for x ∈ R, ξ 7→ Re(ξ, x) and ξ 7→ Ro(ξ, x) are analytic on
both (−∞, 0] and [0,∞).

Proof. Follows from lemma 8.5.4. □

Lemma 8.5.9 Let (ξ, x) ∈ R2. Then

|Re(ξ, x)| , |Ro(ξ, x)| ≤ C

1 + |ξ|
e− 1

2 |x|, (8.156)

|∂xRe(ξ, x)| , |∂xRo(ξ, x)| ≤ Ce− 1
2 |x|. (8.157)

For x = 0, the derivatives are to be understood as one-sided.

Proof. Follows from lemma 8.4.2. □

Lemma 8.5.10 Let (ξ, x) ∈ R2 and k ≥ 0. Then∣∣∣∂kξRe(ξ, x)
∣∣∣ , ∣∣∣∂kξRo(ξ, x)

∣∣∣ ≤ Ck
1 + |ξ|

e− 1
2 |x|. (8.158)

For ξ = 0, the derivatives are to be understood as one-sided.

Proof. Follows from lemma 8.4.3. □

Corollary 8.5.11 Let ξ, x ∈ R and k ≥ 0. Then∣∣∣∂kξWe(ξ, x)
∣∣∣ , ∣∣∣∂kξWo(ξ, x)

∣∣∣ ≤ Ck(1 + |x|)k. (8.159)

For ξ = 0, the derivatives are to be understood as one-sided.
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Proof. Follows from lemma 8.5.10 and corollary 8.3.7. □

We close with a higher order estimate.

Definition 8.5.12 Consider the function

Q̃(x) := p+ 1
4

∫ −|x|

−∞
Qp−1dy. (8.160)

We define the second order remainder terms R̃e := (R̃e,U , R̃e,V ) and R̃o := (R̃o,U , R̃o,V ):

R̃e,U (ξ, x) := Re,U + ce(ξ)
1 + |ξ|

sgn(ξx) sin(ξx)Q̃(x) − se(ξ)
1 + |ξ|

cos(ξx)Q̃(x), (8.161)

R̃e,V (ξ, x) := Re,V − i
ce(ξ)

1 + |ξ|
sgn(x) sin(ξx)Q̃(x) + i

se(ξ)
1 + |ξ|

sgn(ξ) cos(ξx)Q̃(x), (8.162)

R̃o,U (ξ, x) := Ro,U − co(ξ)
1 + |ξ|

sgn(ξ) sin(ξx)Q̃(x) + so(ξ)
1 + |ξ|

sgn(x) cos(ξx)Q̃(x), (8.163)

R̃o,V (ξ, x) := Ro,V + i
co(ξ)

1 + |ξ|
sin(ξx)Q̃(x) − i

so(ξ)
1 + |ξ|

sgn(ξx) cos(ξx)Q̃(x). (8.164)

Lemma 8.5.13 Let ξ, x ∈ R and k ≥ 0. Then

∣∣∣∂kξ R̃e(ξ, x)
∣∣∣ , ∣∣∣∂kξ R̃o(ξ, x)

∣∣∣ ≤ Ck
e− 1

2 |x|

1 + ξ2 , (8.165)

∣∣∣∂kξ ∂xR̃e(ξ, x)
∣∣∣ , ∣∣∣∂kξ ∂xR̃o(ξ, x)

∣∣∣ ≤ Ck
e− 1

2 |x|

1 + |ξ|
. (8.166)

For ξ = 0 and x = 0 respectively, the derivatives are to be understood as one-sided.

Proof. Follows from lemma 8.4.4. □

Corollary 8.5.14 Let ξ, x ∈ R and k ≥ 0. Then∣∣∣∂kξ ∂xRe(ξ, x)
∣∣∣ , ∣∣∣∂kξ ∂xRo(ξ, x)

∣∣∣ ≤ Cke
− 1

2 |x|. (8.167)

For ξ = 0 and x = 0 respectively, the derivatives are to be understood as one-sided.

Proof. Follows from lemma 8.5.13. □
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9. Distorted Fourier Transform

9. Distorted Fourier Transform
We have succeeded in defining Jost solutions We,Wo.

We now use We,Wo to define analogues of the Fourier transform called F and G.
Establishing F and G as unitary transforms between reasonable Hilbert spaces is the
goal of this chapter.

We generally use the variable names w = (u, v) and h = (f, g) as arguments of F and
G respectively. We will often decompose these functions into even and odd parts.

Convention 9.0.1 Consider functions R → C2, denoted specifically w = (u, v) or h =
(f, g) or slight variations thereof (e.g. w̃ instead of w).

We understand we = (ue, ve), wo = (uo, vo) and he = (fe, ge), ho = (fo, go) to be the
unique decomposition into sums of even and odd functions w = we + wo, h = he + ho.

As always, we assume 3 < p < 5.

9.1. Overview
The Fourier transform is a well-known operator F : L2(R) → L2(R), which for f ∈ S(R)
is given by:

(Ff)(ξ) = 1√
2π

∫
R
f(x)e−ixξdx. (9.1)

In this chapter we define a ’distorted’ Fourier transform using We and Wo as integral
kernels. For Schwartz functions f, g ∈ S(R) and w = (u, v) ∈ S(R)2:

(Few)(ξ) := 1√
2π(1 + ξ2)

⟨w,We(ξ, ·)⟩H , (9.2)

(Fow)(ξ) := 1√
2π(1 + ξ2)

⟨w,Wo(ξ, ·)⟩H , (9.3)

(Gef)(x) := 1√
2π

∫
R
We(ξ, x)f(ξ)dξ, (9.4)

(Gog)(x) := 1√
2π

∫
R
Wo(ξ, x)g(ξ)dξ. (9.5)

We show that F = (Fe, Fo) extends to a unitary operator H → {f ∈ L2(R)2|ξh ∈
L2(R)2} with inverse G(f, g) = Gef +Gog.

We also show that F maps the Hamiltonian L onto the multiplication operator
i sgn(ξ)(ξ2 + 1). That allows us to define the wave operator, as finding a unitary trans-
form G : {f ∈ L2(R)2|xh ∈ L2(R)2} → H1(R)2 mapping i sgn(ξ)(ξ2 + 1) onto I(−∆ + 1)
is quite simple. (I denotes the matrix equivalent of the imaginary unit i.)
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9. Distorted Fourier Transform

9.2. Ge and Go

Heuristically, we can determine ||Gef ||2H , by calculating:

1
2π

∫
R

∫
R

⟨We(ξ1, ·),We(ξ2, ·)⟩Hf(ξ1)f(ξ2)dξ1dξ2, (9.6)

which can be simplified via:

1
1 + ξ2

1
⟨We(ξ1, ·),We(ξ2, ·)⟩H

= − sgn(ξ1)⟨Ue(ξ1, ·), Ve(ξ2, ·)⟩L2(R) + sgn(ξ1)⟨Ve(ξ1, ·), Ue(ξ2, ·)⟩L2(R). (9.7)

None of the products used in (9.7) are well-defined. We introduce the following scalar-like
product in order to remedy this fact.

Definition 9.2.1 Let ε > 0. Given measurable functions u1, u2 : R → C for which the
following integral converges, we define:

⟨u1, u2⟩ε :=
∫
R
e−ε2x2

u1u2dx. (9.8)

Using limε→0⟨·, ·⟩ε in place of ⟨·, ·⟩L2 makes the Ansatz (9.6), (9.7) viable. We define:

Definition 9.2.2 For ξ1, ξ2 ∈ R and ε > 0, we define

ηε,e(ξ1, ξ2) := − sgn(ξ1)⟨Ue(ξ1, ·), Ve(ξ2, ·)⟩ε + sgn(ξ1)⟨Ve(ξ1, ·), Ue(ξ2, ·)⟩ε, (9.9)
ηε,o(ξ1, ξ2) := − sgn(ξ1)⟨Uo(ξ1, ·), Vo(ξ2, ·)⟩ε + sgn(ξ1)⟨Vo(ξ1, ·), Uo(ξ2, ·)⟩ε. (9.10)

9.2.1. Approximate Identity

We show that ηε,e and ηε,o act as approximate identities. We will only be giving the
proof for ηε,e as the proof for ηε,o is identical.

Lemma 9.2.3 For ξ1 ̸= ξ2:

lim
ε↘0

ηε,e(ξ1, ξ2) = 0. (9.11)

Proof. For the sake of simplicity, let:

ηε(ξ1, ξ2) := sgn(ξ1)ηε,e(ξ1, ξ2) = −⟨Ue(ξ1, ·), Ve(ξ2, ·)⟩ε + ⟨Ve(ξ1, ·), Ue(ξ2, ·)⟩ε. (9.12)

Lemma 8.5.4 implies We(0, ·) = (0, 0). Hence, it suffices to consider ξ1, ξ2 ̸= 0.
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9. Distorted Fourier Transform

Let (U1, V1) := We(ξ1, ·), (U2, V2) := We(ξ2, ·). By lemma 8.5.2:

− i sgn(ξ1)(ξ2
1 + 1)⟨U1, V2⟩ε

= ⟨LV V1, V2⟩ε

=
∫
R
e−ε2x2(−∆ + 1 −Qp−1)V1V2dx

=
∫
R
e−ε2x2

V1(−∆ + 1 −Qp−1)V2dx

+
∫
R

4ε2xe−ε2x2
V1∂xV2dx−

∫
R

(−2ε2 + 4ε4x2)e−ε2x2
V1V2dx

= ⟨V1,−i sgn(ξ2)(ξ2
2 + 1)U2⟩ε

+
∫
R

4ε2xe−ε2x2
V1∂xV2dx−

∫
R

(−2ε2 + 4ε4x2)e−ε2x2
V1V2dx

= i sgn(ξ2)(ξ2
2 + 1)⟨V1, U2⟩ε

+
∫
R

4ε2xe−ε2x2
V1∂xV2dx−

∫
R

(−2ε2 + 4ε4x2)e−ε2x2
V1V2dx. (9.13)

We estimate (9.13). By lemma 8.5.5:∣∣∣∣∫
R

(−2ε2 + 4ε4x2)e−ε2x2
V1V2dx

∣∣∣∣ ≤ C

∫
R

(2ε2 + 4ε4x2)e−ε2x2
dx ≤ C2ε. (9.14)

By the same token, lemma 8.5.9 allows us to estimate:∣∣∣∣∫
R

4ε2xe−ε2x2
V1∂xV2dx

∣∣∣∣
≤
∣∣∣∣∫

R
4ε2xe−ε2x2

e− 1
2 |x|dx

∣∣∣∣
+
∣∣∣∣∫

R
4ε2xe−ε2x2(ce(ξ1) cos(ξ1x) + se(ξ1) sin(|ξ1x|))∂x(ce(ξ2) cos(ξ2x) + se(ξ2) sin(|ξ2x|))dx

∣∣∣∣
≤ Cε2 + |ξ2|

∣∣∣∣∫ ∞

0
4ε2xe−ε2x2

eix(ξ1+ξ2)dx

∣∣∣∣+ |ξ2|
∣∣∣∣∫ ∞

0
4ε2xe−ε2x2

eix(ξ1−ξ2)dx

∣∣∣∣
≤ Cε2 + |ξ2|

∣∣∣∣∫ ∞

0
4xe−x2

eix
ξ1+ξ2

ε dx

∣∣∣∣+ |ξ2|
∣∣∣∣∫ ∞

0
4xe−x2

eix
ξ1−ξ2

ε dx

∣∣∣∣ . (9.15)

It follows for |ξ1| ≠ |ξ2|:∣∣∣∣∫
R

4ε2xe−ε2x2
V1∂xV2dx

∣∣∣∣ ≤ ε

(
ε+ |ξ2|

|ξ1 + ξ2|
+ |ξ2|

|ξ1 − ξ2|

)
. (9.16)

On the other hand, for ξ1 = −ξ2, lemma 8.5.3 implies V1 = V2. It follows:∣∣∣∣∫
R

4ε2xe−ε2x2
V1∂xV2dx

∣∣∣∣ =
∣∣∣∣∫

R
2ε2xe−ε2x2

∂x(V 2
1 )dx

∣∣∣∣
=
∣∣∣∣∫

R
(2ε2 − 4ε4x2)e−ε2x2

V 2
1 dx

∣∣∣∣
≤ Cε

∣∣∣∣∫
R

(2 − 4x2)e−x2
dx

∣∣∣∣ ≤ C2ε. (9.17)
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Completely analogously to (9.13), we conclude:

i sgn(ξ1)(ξ2
1 + 1)⟨V1, U2⟩ε

= − i sgn(ξ2)(ξ2
2 + 1)⟨U1, V2⟩ε

+
∫
R

4ε2xe−ε2x2
U1∂xU2dx−

∫
R

(−2ε2 + 4ε4x2)e−ε2x2
U1U2dx. (9.18)

Analogously to (9.14), (9.16) and (9.17):

lim
ε↘0

∣∣∣∣∫
R

4ε2xe−ε2x2
U1∂xU2dx

∣∣∣∣+ ∣∣∣∣∫
R

(−2ε2 + 4ε4x2)e−ε2x2
U1U2dx

∣∣∣∣ = 0. (9.19)

By (9.13) and (9.18):

i sgn(ξ1)(ξ2
1 + 1)ηε(ξ1, ξ2) − i sgn(ξ2)(ξ2

2 + 1)ηε(ξ1, ξ2)

=
∫
R

4ε2xe−ε2x2
V1∂xV2dx−

∫
R

(−2ε2 + 4ε4x2)e−ε2x2
V1V2dx

+
∫
R

4ε2xe−ε2x2
U1∂xU2dx−

∫
R

(−2ε2 + 4ε4x2)e−ε2x2
U1U2dx. (9.20)

It follows:

(sgn(ξ1)(ξ2
1 + 1) − sgn(ξ2)(ξ2

2 + 1)) lim
ε↘0

ηε(ξ1, ξ2) = 0. (9.21)

That concludes the proof. □

To estimate ηε,e, we require the following additional functions.

Definition 9.2.4 We define

k : R → {z ∈ C| |z| = 1},
ξ 7→ ce(ξ) − ise(ξ). (9.22)

Put another way, k is the unique function R → {|z| = 1} fulfilling for every ξ, x ∈ R:

Re(k(ξ)ei|ξx|) = ce(ξ) cos(ξx) + se(ξ) sin(|ξx|)
= Ue(ξ, x) −Re,U (ξ, x)
= i sgn(ξ)(Ve(ξ, x) −Re,V (ξ, x)). (9.23)

Definition 9.2.5 For ξ1, ξ2 ∈ R and ε > 0, we define

µε(ξ1, ξ2)

:= − sgn(ξ1)
∫
R
e−ε2x2 (Ue(ξ1, x) −Re,U (ξ1, x)) (Ve(ξ2, x) −Re,V (ξ2, x))dx

+ sgn(ξ1)
∫
R
e−ε2x2 (Ve(ξ1, x) −Re,V (ξ1, x)) (Ue(ξ2, x) −Re,U (ξ2, x))dx. (9.24)
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Definition 9.2.6 For x ∈ R, consider the Dawson-integral:

D+(x) := e−x2
∫ x

0
ey

2
dy. (9.25)

Lemma 9.2.7 Let ξ1, ξ2 ∈ R and ε > 0. If sgn(ξ1) = sgn(ξ2), then:

µε(ξ1, ξ2) = −4i
∫ 0

−∞
e−ε2x2 Re(k(ξ1)e−i|ξ1|x) Re(k(ξ2)e−i|ξ2|x)dx. (9.26)

If sgn(ξ1) ̸= sgn(ξ2), then:

µε(ξ1, ξ2) = 0. (9.27)

Proof. We abbreviate k1 = k(ξ1) and k2 = k(ξ2). By definition:

µε(ξ1, ξ2) = − sgn(ξ1)
∫
R
e−ε2x2 Re(k1e

i|ξ1x|)(−i) sgn(ξ2) Re(k2ei|ξ2x|)dx

+ sgn(ξ1)
∫
R
e−ε2x2(−i) sgn(ξ1) Re(k1e

i|ξ1x|)Re(k2ei|ξ2x|)dx

= − i(sgn(ξ1ξ2) + 1)
∫ ∞

−∞
e−ε2x2 Re(k1e

i|ξ1x|) Re(k2e
i|ξ2x|)dx

= − 2i(sgn(ξ1ξ2) + 1)
∫ 0

−∞
e−ε2x2 Re(k1e

−i|ξ1|x) Re(k2e
−i|ξ2|x)dx. (9.28)

That concludes the proof. □

Lemma 9.2.8 D+ is an odd function. The following estimates are fulfilled for x > 0:

D+(x) ≥ 1 − e−x2

2x , (9.29)

D+(x) ≤ x, (9.30)

D+(x) ≤ xe−
√
x + 1

2x + 1
x2 . (9.31)

Proof. D+ is odd by definition. (9.30) also holds by definition. We calculate:

1 − e−x2

2x = e−x2
∫ x

0

2y
2xe

y2
dy ≤ D+(x). (9.32)

By (9.30), it suffices to show (9.31) for x ≥ 1. We estimate:

D+(x) ≤ e−x2
∫ x− 1√

x

0
ey

2
dy + e−x2

∫ x

x− 1√
x

ey
2
dy

≤ e−x2
xe

(
x− 1√

x

)2

+ e−x2
∫ x

x− 1√
x

y

x
ey

2
dy +

∫ x

x− 1√
x

x− y

x
ey

2−x2
dy

≤ xe−2
√
x+ 1

x + 1
2x + 1√

x

1√
x

x
e0

≤ xe−
√
x + 1

2x + 1
x2 . (9.33)

That concludes the proof. □
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Corollary 9.2.9 D+ exhibits the following asymptotic behaviour:

lim
|x|→∞

2xD+(x) = 1. (9.34)

Corollary 9.2.10 D+ exhibits the following asymptotic behaviour. For x ̸= 0:

lim
ε↘0

D+
(
x
ε

)
ε

= 1
2x. (9.35)

Proof. By corollary 9.2.9:

lim
ε↘0

D+
(
x
ε

)
ε

= 1
2x lim

ε↘0

2x
ε
D+

(
x

ε

)
= 1

2x. (9.36)

That concludes the proof. □

Lemma 9.2.11 Let ξ ∈ R and ε > 0. Then:

∫ 0

−∞
e−ε2x2

e−iξxdx =
√
π
e− ξ2

4ε2

2ε + i
D+( ξ4ε)

ε
. (9.37)

Proof. We calculate:∫ 0

−∞
e−ε2x2

e−iξxdx = 1
ε

∫ 0

−∞
e−z2

e−iz ξ
ε dz

= e− ξ2

4ε2

ε

∫ 0

−∞
e−(z+i ξ

2ε
)2
dz

= e− ξ2

4ε2

ε

∫
(−∞,0]+i ξ

4ε

e−z2
dz

= e− ξ2

4ε2

ε

∫
(−∞,0]

e−z2
dz + e− ξ2

4ε2

ε

∫
(0,i ξ

4ε ]
e−z2

dz

= e− ξ2

4ε2

ε

√
π

2 + i
e− ξ2

4ε2

ε

∫ ξ
4ε

0
ey

2
dy

= e− ξ2

4ε2

2ε
√
π + i

D+( ξ4ε)
ε

. (9.38)

That concludes the proof. □

Lemma 9.2.12 Let ε > 0 and ξ1, ξ2 ∈ R. Assume sgn(ξ1) = sgn(ξ2). Then:

µε(ξ1, ξ2) = 2i Im(k(ξ1)k(ξ2))
D+( |ξ1|+|ξ2|

4ε )
ε

+ 2i Im(k(ξ1)k(ξ2))
D+( |ξ1|−|ξ2|

4ε )
ε

−
√
πiRe(k(ξ1)k(ξ2))e

− (ξ1+ξ2)2

4ε2

ε
−

√
πiRe(k(ξ1)k(ξ2))e

− (ξ1−ξ2)2

4ε2

ε
. (9.39)
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Proof. We abbreviate k1 = k(ξ1) and k2 = k(ξ2). By lemma 9.2.7 and lemma 9.2.11:

µε(ξ1, ξ2)

= − i

∫ 0

−∞
e−ε2x2(k1e

−i|ξ1|x + k1e
i|ξ1|x)(k2e

−i|ξ2|x + k2e
i|ξ2|x)dx

= k1k2
D+( |ξ1|+|ξ2|

4ε )
ε

+ k1k2
D+( |ξ1|−|ξ2|

4ε )
ε

+ k1k2
D+(−|ξ1|+|ξ2|

4ε )
ε

+ k1k2
D+(−|ξ1|−|ξ2|

4ε )
ε

−
√
π

2 i

k1k2
e− (|ξ1|+|ξ2|)2

4ε2

ε
+ k1k2

e− (|ξ1|−|ξ2|)2

4ε2

ε
+ k1k2

e− (−|ξ1|+|ξ2|)2

4ε2

ε
+ k1k2

e− (−|ξ1|−|ξ2|)2

4ε2

ε


= 2i Im(k1k2)

D+( |ξ1|+|ξ2|
4ε )
ε

+ 2i Im(k1k2)
D+( |ξ1|−|ξ2|

4ε )
ε

−
√
πiRe(k1k2)e

− (ξ1+ξ2)2

4ε2

ε
−

√
πiRe(k1k2)e

− (ξ1−ξ2)2

4ε2

ε
. (9.40)

That concludes the proof. □

Corollary 9.2.13 Let ε > 0 and ξ1, ξ2 ∈ R. Assume sgn(ξ1) = sgn(ξ2) and ξ1 ̸= ξ2.
Then:

lim
ε↘0

µε(ξ1, ξ2) = 4i Im(k(ξ1)k(ξ2))
|ξ1| + |ξ2|

+ 4i Im(k(ξ1)k(ξ2))
|ξ1| − |ξ2|

. (9.41)

Proof. Follows from corollary 9.2.10 and lemma 9.2.12. □

Definition 9.2.14 Let ε > 0 and ξ1, ξ2 ∈ R. Let 1M denote the characteristic function
of any given set M ⊆ R2. We define:

Y1(ε)(ξ1, ξ2) := lim
δ↘0

(ηε,e(ξ1, ξ2) − ηδ,e(ξ1, ξ2) − µε(ξ1, ξ2) + µδ(ξ1, ξ2)), (9.42)

Y2(ε)(ξ1, ξ2) := − iRe(k(ξ1)k(ξ2))
√
π
e− (ξ1+ξ2)2

4ε2

ε
1{ξ1ξ2>0}, (9.43)

Y3(ε)(ξ1, ξ2) := iRe(k(ξ1)k(ξ2))
√
π
e− (ξ1−ξ2)2

4ε2

ε
1{ξ1ξ2<0}, (9.44)

K(ε)(ξ1, ξ2) := − iRe(k(ξ1)k(ξ2))
√
π
e− (ξ1−ξ2)2

4ε2

ε
. (9.45)

For ξ1 ̸= ξ2, we define:

Y4(ε)(ξ1, ξ2) := 2i Im(k(ξ1)k(ξ2))
(
D+( |ξ1|+|ξ2|

4ε )
ε

− 2
|ξ1| + |ξ2|

)
1{ξ1ξ2>0}, (9.46)

Y5(ε)(ξ1, ξ2) := 2i Im(k(ξ1)k(ξ2))
(
D+( |ξ1|−|ξ2|

4ε )
ε

− 2
|ξ1| − |ξ2|

)
1{ξ1ξ2>0}. (9.47)
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Lemma 9.2.15 Let ε > 0 and ξ1 ∈ R. Let further f ∈ S(R) be a Schwartz function.
Then: ∣∣∣∣∫

R
Y1(ε)(ξ1, ξ2)f(ξ2)dξ2

∣∣∣∣ ≤ Cε2 ||f ||L1(R) . (9.48)

Proof. Let ξ2 ∈ R and δ ∈ (0, ε). By lemma 8.5.9:

|ηε,e(ξ1, ξ2) − ηδ,e(ξ1, ξ2) − (µε(ξ1, ξ2) − µδ(ξ1, ξ2))|

≤ C
∣∣∣∣∣∣(e−ε2x2 − e−δ2x2)(|Re,U (ξ1, x)| + |Re,V (ξ1, x)| + |Re,U (ξ2, x)| + |Re,V (ξ2, x)|)

∣∣∣∣∣∣
L1

x(R)

≤ C2
∣∣∣∣∣∣(e−ε2x2 − 1)e− 1

2 |x|
∣∣∣∣∣∣
L1

x(R)

≤ 2C2
∣∣∣∣∣∣ε2x2e− 1

2 |x|
∣∣∣∣∣∣
L1

x(R)

≤ C3ε2. (9.49)

That concludes the proof. □

Lemma 9.2.16 Let ε > 0, ξ1 ∈ R and f ∈ S(R). Then:∣∣∣∣∫
R
Y2(ε)(ξ1, ξ2)f(ξ2)dξ2

∣∣∣∣ , ∣∣∣∣∫
R
Y3(ε)(ξ1, ξ2)f(ξ2)dξ2

∣∣∣∣ ≤ Ce−
ξ2

1
4ε2 ||f ||L∞(R) . (9.50)

Proof. By definition:

||Y2(ε)(ξ1, ·)||L1(R) , ||Y3(ε)(ξ1, ·)||L1(R) ≤ C

∫ ∞

0

e− (|ξ1|+ξ)2

4ε2

ε
dξ

= C

∫ ∞

0
e− (|ξ1|+εξ)2

4ε2 dξ

≤ Ce− |ξ1|2

4ε2

∫ ∞

0
e− ξ2

4 dξ

= C
√
πe−

ξ2
1

4ε2 . (9.51)

That concludes the proof. □

Lemma 9.2.17 Let 1 ≥ ε > 0, ξ1 ∈ R and f ∈ S(R). Then:∣∣∣∣∫
R
Y4(ε)(ξ1, ξ2)f(ξ2)dξ2

∣∣∣∣ ≤ C
√
ε ||f ||L∞(R) . (9.52)

Proof. By symmetry, we can assume ξ1 ≥ 0. Let ξ2 ≥ 0 be given. We abbreviate
k1 = k(ξ1) and k2 = k(ξ2).

Denote x = ξ1+ξ2
4ε . By definition:

|Y4(ε)(ξ1, ξ2)| = |Im(k1k2)| 4x
ξ1 + ξ2

∣∣∣∣D+(x) − 1
2x

∣∣∣∣ . (9.53)
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Lemma 8.3.8 implies Im(k(0)2) = 0. Using corollary 8.3.7, we conclude:

|Im(k1k2)| ≤ C(ξ1 + ξ2). (9.54)

Corollary 8.3.7 also implies |Im(k1k2)| ≤ C. It follows:

|Im(k1k2)| ≤ C
√
ξ1 + ξ2. (9.55)

By (9.53) and lemma 9.2.8:

|Y4(ε)(ξ1, ξ2)| ≤ 4Cx√
ξ1 + ξ2

∣∣∣∣D+(x) − 1
2x

∣∣∣∣
≤ 4Cx√

ξ1 + ξ2

(
e−x2

2x + xe−
√
x + 1

x2

)

≤ 1√
ξ1 + ξ2

C2

x

= 4C2ε(ξ1 + ξ2)− 3
2 . (9.56)

Further, by lemma 9.2.8, (9.53) and (9.54), we conclude for ξ1 + ξ2 ≤ 4ε resp. x ≤ 1:

|Y4(ε)(ξ1, ξ2)| ≤ 4Cx
∣∣∣∣D+(x) − 1

2x

∣∣∣∣ ≤ 4Cx
(
e−x2

2x + x

)
≤ C2. (9.57)

(9.56) and (9.57) imply the desired estimate. We define δ := max(4ε− ξ1, 0). Then:∣∣∣∣∫
R
Y4(ε)(ξ1, ξ2)f(ξ2)dξ2

∣∣∣∣
≤ 2

∫ ∞

0
|Y4(ε)(ξ1, ξ2)| |f(ξ2)| dξ2

≤ 2
∫ δ

0
|Y4(ε)(ξ1, ξ2)| dξ2 ||f ||L∞(R) + 2

∫ ∞

δ
|Y4(ε)(ξ1, ξ2)| dξ2 ||f ||L∞(R)

≤
∫ δ

0
Cdξ2 ||f ||L∞(R) +

∫ ∞

δ
Cε(ξ1 + ξ2)− 3

2dξ2 ||f ||L∞(R)

≤
∫ 4ε

0
Cdξ2 ||f ||L∞(R) +

∫ ∞

4ε
Cεξ

− 3
2

2 dξ2 ||f ||L∞(R)

≤ 4Cε ||f ||L∞(R) + 2Cε(4ε)− 1
2 ||f ||L∞(R)

≤ 5C
√
ε ||f ||L∞(R) . (9.58)

That concludes the proof. □

Lemma 9.2.18 Let 1 ≥ ε > 0, ξ1 ∈ R and f ∈ S(R). Then:∣∣∣∣∫
R
Y5(ε)(ξ1, ξ2)f(ξ2)dξ2

∣∣∣∣ ≤ C
√
ε ||f ||L∞(R) . (9.59)
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Proof. By symmetry, we can assume ξ1 ≥ 0. Let ξ2 ≥ 0 with ξ2 ̸= ξ1 be given. We
abbreviate k1 = k(ξ1) and k2 = k(ξ2).

Denote x = |ξ1−ξ2|
4ε . By definition:

|Y5(ε)(ξ1, ξ2)| ≤
∣∣∣Im(k1k2)

∣∣∣ 4x
|ξ1 − ξ2|

∣∣∣∣D+(x) − 1
2x

∣∣∣∣ . (9.60)

Clearly, Im(k1k1) = Im(|k1|2) = 0. Corollary 8.3.7 implies:∣∣∣Im(k1k2)
∣∣∣ = 1

2

∣∣∣k1k2 − k2k1
∣∣∣ ≤ C |ξ1 − ξ2| . (9.61)

Corollary 8.3.7 further implies
∣∣∣Im(k1k2)

∣∣∣ ≤ C. It follows:∣∣∣Im(k1k2)
∣∣∣ ≤ C

√
|ξ1 − ξ2|. (9.62)

By (9.60) and lemma 9.2.8:

|Y5(ε)(ξ1, ξ2)| ≤ 4Cx√
|ξ1 − ξ2|

∣∣∣∣D+(x) − 1
2x

∣∣∣∣
≤ 4Cx√

|ξ1 − ξ2|

(
e−x2

2x + xe−
√
x + 1

x2

)

≤ 1√
|ξ1 − ξ2|

C2

x

≤ 4C2ε

|ξ1 − ξ2|
3
2
. (9.63)

Further, by lemma 9.2.8, (9.60) and (9.61), we conclude for |ξ1 − ξ2| ≤ 4ε resp. x ≤ 1:

|Y5(ε)(ξ1, ξ2)| ≤ 4Cx
∣∣∣∣D+(x) − 1

2x

∣∣∣∣ ≤ 4Cx
(
e−x2

2x + x

)
≤ C2. (9.64)

(9.63) and (9.64) imply the desired estimate:∣∣∣∣∫
R
Y5(ε)(ξ1, ξ2)f(ξ2)dξ2

∣∣∣∣
≤ 2

∫ ξ1+4ε

ξ1−4ε
|Y5(ε)(ξ1, ξ2)| dξ2 ||f ||L∞(R) +

∫
R\(ξ1−4ε,ξ1+4ε)

|Y5(ε)(ξ1, ξ2)| dξ2 ||f ||L∞(R)

≤
∫ ξ1+4ε

ξ1−4ε
Cdξ2 ||f ||L∞(R) +

∫
R\(ξ1−4ε,ξ1+4ε)

Cε

|ξ1 − ξ2|
3
2
dξ2 ||f ||L∞(R)

≤ 8Cε ||f ||L∞(R) + 4Cε(4ε)− 1
2 ||f ||L∞(R)

≤ 10C
√
ε ||f ||L∞(R) . (9.65)

That concludes the proof. □
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Lemma 9.2.19 Let ε > 0, ξ1 ∈ R and f ∈ S(R). Then:∣∣∣∣∫
R
K(ε)(ξ1, ξ2)f(ξ2)dξ2 + 2πif(ξ1)

∣∣∣∣ ≤ Cε ||f ||W 1,∞(R) . (9.66)

Proof. That is a well-known property of the Gaussian e−x2 . We still give a proof.
By the mean value theorem or Taylor’s formula, we can find, for every ξ1, ξ2 ∈ R,

some m(ξ2) ∈ [ξ1, ξ2] fulfilling:

Re(k1k2)f(ξ2) = Re(k1k1)f(ξ1) + (ξ2 − ξ1) d
dξ

(
Re(k(ξ1)k(ξ))f(ξ)

)∣∣∣
ξ=m(ξ2)

=: f(ξ1) + (ξ2 − ξ1)g(ξ1, ξ2). (9.67)

Corollary 8.3.7 implies k ∈ W 1,∞(R). We conclude:

||g(ξ1, ·)||L∞(R) ≤ C ||f ||W 1,∞(R) . (9.68)

It follows:∣∣∣∣∫
R
K(ε)(ξ1, ξ2)f(ξ2)dξ2 + 2πif(ξ1)

∣∣∣∣
=

∣∣∣∣∣∣∣−i
∫
R

Re(k1k2)
√
π
e− (ξ1−ξ2)2

4ε2

ε
f(ξ2)dξ2 + 2πif(ξ1)

∣∣∣∣∣∣∣
=

√
π

∣∣∣∣∣∣∣
∫
R
f(ξ1)e

− (ξ1−ξ2)2

4ε2

ε
dξ2 − 2

√
πf(ξ1) +

∫
R

(ξ2 − ξ1)g(ξ1, ξ2)e
− (ξ1−ξ2)2

4ε2

ε
dξ2

∣∣∣∣∣∣∣
=

√
π

∣∣∣∣∣∣∣2
√
πf(ξ1) − 2

√
πf(ξ1) +

∫
R
ξg(ξ1, ξ + ξ1)e

− ξ2

4ε2

ε
dξ

∣∣∣∣∣∣∣
≤

√
π

∫
R

|ξ| e
− ξ2

4ε2

ε
dξ ||g(ξ1, ·)||L∞(R)

≤ Cε

∫ ∞

0
ξe− ξ2

4 dξ ||f ||W 1,∞(R)

≤ Cε ||f ||W 1,∞(R) . (9.69)

That concludes the proof. □

Lemma 9.2.20 For every ξ1 ∈ R, f, g ∈ S(R) and 1 ≥ ε > 0:∣∣∣∣∫
R
ηε,e(ξ1, ξ2)f(ξ2)dξ2 + 2πif(ξ1)

∣∣∣∣ ≤ C(
√
ε+ e−

ξ2
1

4ε2 )(||f ||W 1,∞(R) + ||f ||L1(R)), (9.70)∣∣∣∣∫
R
ηε,o(ξ1, ξ2)g(ξ2)dξ2 + 2πig(ξ1)

∣∣∣∣ ≤ C(
√
ε+ e−

ξ2
1

4ε2 )(||g||W 1,∞(R) + ||g||L1(R)). (9.71)
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Proof. Lemma 9.2.3, lemma 9.2.12 and corollary 9.2.13 imply for ξ1 ∈ R with sgn(ξ1) =
sgn(ξ2) and ξ1 ̸= ξ2:

ηε,e(ξ1, ξ2) = lim
δ↘0

(ηε,e(ξ1, ξ2) − ηδ,e(ξ1, ξ2) − µε(ξ1, ξ2) + µδ(ξ1, ξ2))

+ lim
δ↘0

ηδ,e(ξ1, ξ2) + µε(ξ1, ξ2) − lim
δ↘0

µδ(ξ1, ξ2)

= Y1(ε)(ξ1, ξ2) + 2i Im(k1k2)
D+( |ξ1|+|ξ2|

4ε )
ε

+ 2i Im(k1k2)
D+( |ξ1|−|ξ2|

4ε )
ε

−
√
πiRe(k1k2)e

− (ξ1+ξ2)2

4ε2

ε
−

√
πiRe(k1k2)e

− (ξ1−ξ2)2

4ε2

ε

− 4i Im(k1k2)
|ξ1| + |ξ2|

− 4i Im(k1k2)
|ξ1| − |ξ2|

. (9.72)

Lemma 9.2.3 and lemma 9.2.7 imply for ξ1 ∈ R with sgn(ξ1) ̸= sgn(ξ2):

ηε,e(ξ1, ξ2) = lim
δ↘0

(ηε,e(ξ1, ξ2) − ηδ,e(ξ1, ξ2) − µε(ξ1, ξ2) + µδ(ξ1, ξ2))

+ lim
δ↘0

ηδ,e(ξ1, ξ2) + µε(ξ1, ξ2) − lim
δ↘0

µδ(ξ1, ξ2)

= Y1(ε)(ξ1, ξ2). (9.73)

We conclude for every ξ1 ̸= ξ2 ∈ R:

ηε,e(ξ1, ξ2) = (Y1(ε) + Y2(ε) + Y3(ε) +K(ε) − Y4(ε))(ξ1, ξ2). (9.74)

(9.70) follows form lemma 9.2.15 - 9.2.19. (9.71) follows completely analogously.
That concludes the proof. □

9.2.2. Unitarity

Theorem 9.2.21 Let f, g ∈ S(R). Then, Gef,Gof,Geg,Gog ∈ H. Further:

⟨Gef,Geg⟩H = ⟨Gof,Gog⟩H =
〈
f, (1 + ·2)g

〉
L2(R)

, (9.75)

||Gef ||H = ||Gof ||H =
∣∣∣∣∣∣√1 + ·2f

∣∣∣∣∣∣
L2(R)

. (9.76)

Proof. We show the even case. The odd case follows analogously.
Consider |||f ||| := ||f ||W 1,∞(R) + ||f ||L1(R).
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By Lebesgue’s dominated convergence theorem:

⟨Gef,Geg⟩H

= 1
2π

〈∫
R
We(ξ, ·)f(ξ)dξ,

∫
R
We(ξ, ·)g(ξ)dξ

〉
H

= 1
2π

〈∫
R

(
LUUe(ξ1, ·)
LV Ve(ξ1, ·)

)
f(ξ1)dξ1,

∫
R

(
Ue(ξ2, ·)
Ve(ξ2, ·)

)
g(ξ2)dξ2

〉
L2(R)2

= 1
2π

〈∫
R

(
Ve(ξ1, ·)

−Ue(ξ1, ·)

)
i sgn(ξ1)(ξ2

1 + 1)f(ξ1)dξ1,

∫
R

(
Ue(ξ2, ·)
Ve(ξ2, ·)

)
g(ξ2)dξ2

〉
L2(R)2

= i

2π lim
ε↘0

〈∫
R

sgn(ξ1)Ve(ξ1, ·)(ξ2
1 + 1)f(ξ1)dξ1,

∫
R
Ue(ξ2, ·)g(ξ2)dξ2

〉
ε

− i

2π lim
ε↘0

〈∫
R

sgn(ξ1)Ue(ξ1, ·)(ξ2
1 + 1)f(ξ1)dξ1,

∫
R
Ve(ξ2, ·)g(ξ2)dξ2

〉
ε

= i

2π lim
ε↘0

∫
R

∫
R
ηe,ε(ξ1, ξ2)(ξ2

1 + 1)f(ξ1)g(ξ2)dξ2dξ1. (9.77)

By lemma 9.2.20:∣∣∣⟨Gef,Geg⟩H − ⟨f, (1 + ·2)g⟩L2(R)

∣∣∣
= lim

ε↘0

∣∣∣∣ i2π
∫
R

(ξ2
1 + 1)f(ξ1)

∫
R
ηe,ε(ξ1, ξ2)g(ξ2)dξ2dξ1 + i2

∫
R

(ξ2
1 + 1)f(ξ1)g(ξ1)dξ1

∣∣∣∣
= 1

2π lim
ε↘0

∣∣∣∣∫
R

(ξ2
1 + 1)f(ξ1)

(∫
R
ηe,ε(ξ1, ξ2)g(ξ2)dξ2 + 2πig(ξ1)

)
dξ1

∣∣∣∣
≤ C lim

ε↘0

∫
R

(ξ2
1 + 1) |f(ξ1)| (

√
ε+ e−

ξ2
1

4ε2 ) |||g||| dξ1

≤ C lim
ε↘0

√
ε
∣∣∣∣∣∣(·2 + 1)f

∣∣∣∣∣∣
L1(R)

|||g||| + C lim
ε↘0

∫
R
e−

ξ2
1

4ε2 dξ1
∣∣∣∣∣∣(·2 + 1)f

∣∣∣∣∣∣
L∞(R)

|||g|||

= 0 + 2C lim
ε↘0

ε

∫
R
e−ξ2

dξ
∣∣∣∣∣∣(·2 + 1)f

∣∣∣∣∣∣
L∞(R)

|||g|||

= 0. (9.78)

Gef,Geg ∈ H holds by lemma 8.5.2. That concludes the proof. □

Definition 9.2.22 Let s ∈ R. We define the Hilbert space

Ĥs := {f ∈ L2(R)|(1 + ·2)
s
2 f ∈ L2(R)} (9.79)

with scalar product resp. norm:

⟨f, g⟩Ĥs := ⟨(1 + ·2)
s
2 f, (1 + ·2)

s
2 g⟩L2(R), (9.80)

||f ||Ĥs :=
∣∣∣∣∣∣(1 + ·2)

s
2 f
∣∣∣∣∣∣
L2(R)

. (9.81)

198



9. Distorted Fourier Transform

Definition 9.2.23 Consider the linear subspaces He, Ho ⊂ H given by:

He := {w ∈ H|w is even}, (9.82)
Ho := {w ∈ H|w is odd}. (9.83)

Using these spaces we conclude the definition of G.

Definition 9.2.24 By theorem 9.2.21, Ge and Go extend to linear operators

Ge : Ĥ1 → He, (9.84)
Go : Ĥ1 → Ho, (9.85)

which we again denote by Ge, Go. We define G : Ĥ1 × Ĥ1 → H by:

G(f, g) = Gef +Gog. (9.86)

Lemma 9.2.25 Let h = (f, g) ∈ Ĥ1 × Ĥ1. Then:

||h||2
Ĥ1×Ĥ1 = ||f ||2

Ĥ1 + ||g||2
Ĥ1 = ||Gh||2H . (9.87)

Proof. By theorem 9.2.21, we only need to show ||Gh||2H = ||Gef ||2H + ||Gog||2H . That
follows directly from the fact that Gef is even and Gog is odd. □

9.2.3. Alternative Definition

Lemma 9.2.26 Let f ∈ S(R). Then, for every x ∈ R:

1√
2π

∫
R

cos(ξx)f(ξ)dξ = (Ffe)(x) = (F−1fe)(x), (9.88)

1√
2π

∫
R

sin(ξx)f(ξ)dξ = i(Ffo)(x) = −i(F−1fo)(x). (9.89)

Proof. We calculate:
1√
2π

∫
R

cos(ξx)f(ξ)dξ = 1√
2π

∫
R

cos(−ξx)fe(ξ)dξ

= 1√
2π

∫
R
e−iξxfe(ξ)dξ

= (Ffe)(x). (9.90)

Analogously:
1√
2π

∫
R

sin(ξx)f(ξ)dξ = i√
2π

∫
R
i sin(−ξx)fo(ξ)dξ

= i√
2π

∫
R
e−iξxfo(ξ)dξ

= i(Ffo)(x). (9.91)

That concludes the proof. □
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Lemma 9.2.27 Let f, g ∈ Ĥ1. Then, for x ∈ R:

(Gef)(x) = 1√
2π

∫
R

(
Re,U (ξ, x)
Re,V (ξ, x)

)
f(ξ)dξ

+
(

F(cefe)
−iF(ce sgn(·)fo)

)
+ sgn(x)

(
iF(se sgn(·)fe)

F(sefo)

)
, (9.92)

(Gog)(x) = 1√
2π

∫
R

(
Ro,U (ξ, x)
Ro,V (ξ, x)

)
g(ξ)dξ

− sgn(x)
(

F(coge)
−iF(co sgn(·)go)

)
−
(
iF(so sgn(·)ge)

F(sogo)

)
. (9.93)

The remainder terms Re, Ro are given by definition 8.5.6.

Proof. It suffices to consider Schwartz functions. By definition 8.5.6:

(Gef)(x) = 1√
2π

∫
R

(
Re,U (ξ, x)
Re,V (ξ, x)

)
f(ξ)dξ + 1√

2π

∫
R
ce(ξ)

(
cos(ξx)

−i sgn(ξ) cos(ξx)

)
f(ξ)dξ

+ sgn(x)√
2π

∫
R
se(ξ)

(
sgn(ξ) sin(ξx)

−i sin(ξx)

)
f(ξ)dξ, (9.94)

(Gog)(x) = 1√
2π

∫
R

(
Ro,U (ξ, x)
Ro,V (ξ, x)

)
g(ξ)dξ − sgn(x)√

2π

∫
R
co(ξ)

(
cos(ξx)

−i sgn(ξ) cos(ξx)

)
g(ξ)dξ

− 1√
2π

∫
R
so(ξ)

(
sgn(ξ) sin(ξx)

−i sin(ξx)

)
g(ξ)dξ. (9.95)

Lemma 9.2.26 concludes the proof. □
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9.3. Definition of F

We define operators Fe, Fo : H1(R)2 → Ĥ1 by extending the definitions given by (9.2)
and (9.3). Let w = (u, v) ∈ S(R)2. (9.2) can be simplified via:

(Few)(ξ) = 1√
2π(1 + ξ2)

⟨w,We(ξ, ·)⟩H

= 1√
2π(1 + ξ2)

〈(
u
v

)
,

(
LUUe(ξ, ·)
LV Ve(ξ, ·)

)〉
L2(R)2

= − i sgn(ξ)√
2π

∫
R

(
u(x)Ve(ξ, x) − v(x)Ue(ξ, x)

)
dx

= i sgn(ξ)√
2π

∫
R

(Ve(ξ, x)u(x) + Ue(ξ, x)v(x)) dx. (9.96)

In the last step, we used lemma 8.5.3. By definition 8.5.6:

Ue(ξ, x) = Re,U (ξ, x) + ce(ξ) cos(ξx) + sgn(ξx)se(ξ) sin(ξx), (9.97)
Ve(ξ, x) = Re,V (ξ, x) − i sgn(ξ)ce(ξ) cos(ξx) − i sgn(x)se(ξ) sin(ξx). (9.98)

It follows:

(Few)(ξ) = i sgn(ξ)√
2π

∫
R

(Re,V (ξ, x)u(x) +Re,U (ξ, x)v(x)) dx+ ce(ξ)√
2π

∫
R

cos(ξx)u(x)dx

+ ice(ξ) sgn(ξ)√
2π

∫
R

cos(ξx)v(x)dx+ se(ξ) sgn(ξ)√
2π

∫
R

sin(ξx) sgn(x)u(x)dx

+ ise(ξ)√
2π

∫
R

sin(ξx) sgn(x)v(x)dx. (9.99)

Analogously:

(Fow)(ξ) = i sgn(ξ)√
2π

∫
R

(Ro,V (ξ, x)u(x) +Ro,U (ξ, x)v(x)) dx

− ce(ξ)√
2π

∫
R

cos(ξx) sgn(x)u(x)dx− ice(ξ) sgn(ξ)√
2π

∫
R

cos(ξx) sgn(x)v(x)dx

− se(ξ) sgn(ξ)√
2π

∫
R

sin(ξx)u(x)dx− ise(ξ)√
2π

∫
R

sin(ξx)v(x)dx. (9.100)

We can use (9.99), (9.100) and lemma 9.2.26 to define Fe and Fo on H1(R)2.

Definition 9.3.1 We define Fe, Fo : H1(R)2 → Ĥ1 by:

Few = i sgn(ξ)√
2π

∫
R

(Re,V (ξ, x)ue(x) +Re,U (ξ, x)ve(x)) dx

+ ceFue + ice sgn(ξ)Fve + ise sgn(ξ)F(sgn(·)ue) − seF(sgn(·)ve), (9.101)

Fow = i sgn(ξ)√
2π

∫
R

(Ro,V (ξ, x)uo(x) +Ro,U (ξ, x)vo(x)) dx

− coF(sgn(·)uo) − ico sgn(ξ)F(sgn(·)vo) − iso sgn(ξ)Fuo + soFvo. (9.102)
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Definition 9.3.2 With Fe and Fo as above, we define:

F : H1(R)2 → Ĥ1 × Ĥ1, (9.103)
w 7→ (Few,Fow). (9.104)

Lemma 9.3.3 Let h ∈ Ĥ1 × Ĥ1. Then:

FGh = h. (9.105)

Proof. It suffices to show FeGef = f and FoGog = g for f, g ∈ S(R).
For ε > 0 and any w1, w2 for which the integral converges, we define following the

scalar-like product:

⟨w1, w2⟩Hε := ⟨w1, e
−ε2·2w2⟩H . (9.106)

⟨·, ·⟩H is given by (6.4). Lemma 9.2.20 implies for ξ ∈ R:

(FeGef)(ξ) = limε↘0⟨
∫
RWe(ξ1, ·)f(ξ1)dξ1,We(ξ, ·)⟩Hε

2π(1 + ξ2)

= i

2π lim
ε↘0

∫
R
ηe,ε(ξ1, ξ)f(ξ1)dξ1

= f(ξ). (9.107)

FoGog = g follows analogously. That concludes the proof. □

9.4. Injectivity of F

The goal of this chapter is to prove that F |H is injective, which we formulate as the
following lemma.

Lemma 9.4.1 kerFe|He = {0} and kerFo|Ho = {0}.

Together with lemma 9.2.25 and lemma 9.3.3 that shows F |H and G to be unitary
transformations and inverses of each other.

9.4.1. Spectral Theorem and Projection-Valued Measures

We need some preparation before proving lemma 9.4.1. Let us briefly recall the defini-
tion of projection-valued measures and how they can be used to formulate the spectral
theorem for self-adjoint operators.

Definition 9.4.2 Consider a measurable space (X,A) and a Hilbert space B.
A mapping P from A to the set of orthogonal projections on B is called a projection-
valued measure, if and only if the following two properties are fulfilled. Firstly,

P (X) = idB, (9.108)
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and, secondly, for every x, y ∈ B, the function:

A → C, (9.109)
M 7→ ⟨P (M)x, y⟩B (9.110)

constitutes a complex measure.

Lemma 9.4.3 (Spectral Theorem) Let A : B ⊇ dom(A) → B be a self-adjoint oper-
ator on a Hilbert space B. There exists a unique projection-valued measure E defined on
the Borel subsets of σ(A), such that:

A =
∫
σ(A)

λdEλ. (9.111)

That is to say, for every x, y ∈ B:

⟨Ax, y⟩ =
∫
σ(A)

λd⟨Eλx, y⟩. (9.112)

Proof. See, e.g. [18]. □

Note the following lemma about the most basic properties of projection-valued measures.

Lemma 9.4.4 Let P be a projection-valued measure on Hilbert space B and measurable
space (X,A). Then, P (A)P (B) = P (A∩B) for every A,B ∈ A. Further, it necessarily
holds P (∅) = 0.

Proof. By definition, for every x ∈ B:

||P (∅)x||2B = ⟨P (∅)x, P (∅)x⟩B = ⟨P (∅)x, x⟩B = 0. (9.113)

That proves P (∅) = 0.

Assume for now A∩B = ∅ and let C := X\(A∪B). Given x ∈ B, we define y = P (B)x
and conclude:

0 ≤ ||P (A)P (B)x||2B + ||P (C)P (B)x||2B
= ⟨P (A)y, y⟩B + ⟨P (C)y, y⟩B

= ⟨P (A ∪ C)y, y⟩B

= ⟨P (X)y, y⟩B − ⟨P (B)y, y⟩B

= 0. (9.114)

That shows P (A)P (B) = 0. We now consider arbitrary sets A,B ⊆ X:

P (A)P (B) = (P (A\B) + P (A ∩B))(P (B\A) + P (A ∩B))
= P (A ∩B)2

= P (A ∩B). (9.115)

That concludes the proof. □
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Lemma 9.4.5 Let P be a projection-valued measure on Hilbert space B and measurable
space (X,A). Consider a sequence of sets (An)n∈N ⊆ A with An ⊆ Am for every n ≥ m.
Then, for every w ∈ B:

P

( ∞⋂
n=0

An

)
w = lim

n→∞
P (An)w. (9.116)

Proof. Let A :=
⋂∞
n=0An and Bn := An\An+1. By definition:

||P (An)w||2B = ⟨P (An)w,w⟩B

= ⟨P (A)w,w⟩B +
∞∑
k=n

⟨P (Bk)w,w⟩B

= ||P (A)w||2B +
∞∑
k=n

||P (Bk)w||2B . (9.117)

It follows
∑∞
k=n ||P (Bk)w||2B < ∞ and consequently limn→∞

∑∞
k=n ||P (Bk)w||2B = 0. We

conclude:

lim
n→∞

||P (An)w − P (A)w||2B = lim
n→∞

∞∑
k=n

||P (Bk)w||2B = 0. (9.118)

That concludes the proof. □

Lemma 9.4.6 Let A : B ⊇ dom(A) → B be a self-adjoint operator on a Hilbert space B
with spectral measure E. Let further λ ∈ σ(A) and x ∈ B. Then, y := E{λ}x fulfils:

Ay = λy. (9.119)

Proof. By definition, for every z ∈ B:

⟨Ay, z⟩ =
∫
σ(A)

µd⟨Eµy, z⟩. (9.120)

Let us examine the measure M 7→ ⟨EMy, z⟩. If λ ̸∈ M :

⟨EMy, z⟩ = ⟨EME{λ}x, z⟩ = ⟨E∅x, z⟩ = 0. (9.121)

If λ ∈ M :

⟨EMy, z⟩ = ⟨EME{λ}x, z⟩ = ⟨E{λ}x, z⟩ = ⟨y, z⟩. (9.122)

We conclude:

⟨EMy, z⟩ = δλ(M)⟨y, z⟩. (9.123)

Hereby, δλ denotes the Dirac measure. In summary:

⟨Ay, z⟩ =
∫
σ(A)

µ⟨y, z⟩dδλ(µ) = λ⟨y, z⟩. (9.124)

That concludes the proof. □
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Let us briefly discuss the basic idea of proof for lemma 9.4.1.

It is well-known that the spectral measure EM corresponding to the Laplace operator
−∆ : L2(R) ⊃ H2(R) → L2(R) can be expressed via the Fourier transform:

EMf = F−1 (1MFf) . (9.125)

Hereby, 1M denotes the characteristic function of a given set M ⊆ σ(−∆) = [0,∞).
As it turns out (but will not be proven in this thesis), for M ⊂ R\(−1, 1), the spectral

measure EM corresponding to −iL can similarly be expressed via:

EMw = G (1MFw) . (9.126)

This illustrates the natural connection between F andG on the one hand and the spectral
measure on the other hand.

We will show F |H to be injective by examining the spectral measure Eλ corresponding
to −iL, In particular, the spectral density limε↘0

1
εE[x0−ε,x0+ε]w for w ∈ H and x0 ∈

σ(−iL) will be of importance.

9.4.2. Regularity

We characterise the image of S(R)2 under the map GF . That allows us to only consider
sufficiently smooth functions when proving lemma 9.4.1.

Definition 9.4.7 Let Ŝ ⊂ Ĥ1 and ˆ̂S ⊂ H1(R) be given by:

Ŝ :=
{
f ∈ C(R)

∣∣∣∣∣ f(0) = 0 ∧ ∀k, l ≥ 0 : sup
ξ ̸=0

∣∣∣(1 + ξ2)
l
2 f (k)(ξ)

∣∣∣ < ∞
}
, (9.127)

ˆ̂S :=
{
u ∈ C(R)

∣∣∣∣∣ ∀k ≥ 0 : sup
x∈R

∣∣∣(1 + x2)u(k)(x)
∣∣∣ < ∞

}
. (9.128)

Lemma 9.4.8 Let w ∈ S(R)2. Then Few,Fow ∈ Ŝ.

Proof. We show the even case. The odd case is handled analogously.
Let f = Few. f(0) = 0 follows directly from lemma 8.5.4. Due to LWe(ξ, ·) =

i sgn(ξ)(1 + ξ2)We(ξ, ·), we only need to show:

∀k ≥ 0 ∃C > 0 ∀ξ ̸= 0 :
∣∣∣∣∣ dkdξk f(ξ)

∣∣∣∣∣ < C. (9.129)

That follows directly from definition 9.3.1, corollary 8.3.7 and lemma 8.5.10. □

Lemma 9.4.9 Let w ∈ S(R)2. Then, GFw ∈ ˆ̂S2 ∩H.
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Proof. Let ŵ := GFw. By definition, for k ≥ 0:

(−iL)kŵ = GF (−iL)kw. (9.130)

That already shows ŵ ∈ C∞(R)2. It only remains to show, for every x ∈ R:

|ŵ(x)| ≤ |ŵe(x)| + |ŵo(x)| ≤ C

x2 + 1 . (9.131)

Let f = Few, g = Fow and in consequence Gef = ŵe, Gog = ŵo. By definition:

√
2π(Gef)(x) =

∫
R
We(ξ, x)f(ξ)dξ =

∫
R

(
Ue(ξ, x)
Ve(ξ, x)

)
f(ξ)dξ, (9.132)

√
2π(Gog)(x) =

∫
R
Wo(ξ, x)g(ξ)dξ =

∫
R

(
Uo(ξ, x)
Vo(ξ, x)

)
g(ξ)dξ. (9.133)

By definition 8.5.6:∫
R
Ue(ξ, x)f(ξ)dξ −

∫
R
Re,U (ξ, x)f(ξ)dξ

=
∫
R
ce(ξ)f(ξ) cos(ξx)dξ +

∫
R
se(ξ)f(ξ) sin(|ξx|)dξ

= 2
∫ ∞

0
ce(ξ)fe(ξ) cos(ξx)dξ + 2

∫ ∞

0
se(ξ)fe(ξ) sin(ξ |x|)dξ. (9.134)

Analogously:∫
R
Ve(ξ, x)f(ξ)dξ −

∫
R
Re,V (ξ, x)f(ξ)dξ

= − 2i
∫ ∞

0
ce(ξ)fo(ξ) cos(ξx)dξ − 2i

∫ ∞

0
se(ξ)fo(ξ) sin(ξ |x|)dξ, (9.135)∫

R
Uo(ξ, x)g(ξ)dξ −

∫
R
Ro,U (ξ, x)g(ξ)dξ

= − sgn(x)
∫ ∞

0
co(ξ)ge(ξ) cos(ξx)dξ − sgn(x)

∫ ∞

0
so(ξ)ge(ξ) sin(ξ |x|)dξ, (9.136)∫

R
Vo(ξ, x)g(ξ)dξ −

∫
R
Ro,V (ξ, x)g(ξ)dξ

= 2i sgn(x)
∫ ∞

0
co(ξ)go(ξ) cos(ξx)dξ + 2i sgn(x)

∫ ∞

0
so(ξ)go(ξ) sin(ξ |x|)dξ. (9.137)

By lemma 8.5.9 and lemma 9.4.8:∣∣∣∣∫
R
Re,U (ξ, x)f(ξ)dξ

∣∣∣∣ , ∣∣∣∣∫
R
Re,V (ξ, x)f(ξ)dξ

∣∣∣∣ ,∣∣∣∣∫
R
Ro,U (ξ, x)g(ξ)dξ

∣∣∣∣ , ∣∣∣∣∫
R
Ro,V (ξ, x)g(ξ)dξ

∣∣∣∣ ≤ C

x2 + 1 . (9.138)
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Hence, to prove (9.131) it suffices to show:

∀f ∈ Ŝ ∃C > 0 ∀x ≥ 0 :∣∣∣∣∫ ∞

0
ce(ξ)f(ξ) cos(ξx)dξ

∣∣∣∣+ ∣∣∣∣∫ ∞

0
se(ξ)f(ξ) sin(ξx)dξ

∣∣∣∣ ≤ C

x2 + 1 , (9.139)∣∣∣∣∫ ∞

0
co(ξ)f(ξ) cos(ξx)dξ

∣∣∣∣+ ∣∣∣∣∫ ∞

0
so(ξ)f(ξ) sin(ξx)dξ

∣∣∣∣ ≤ C

x2 + 1 . (9.140)

For x < 1, (9.139) and (9.140) follow from corollary 8.3.7. We calculate for x ≥ 1, using
f(0) = 0:

(1 + x2)
∫ ∞

0
ce(ξ)f(ξ) cos(ξx)dξ

= − (1 + x2)
∫ ∞

0

d

dξ
(ce(ξ)f(ξ))sin(ξx)

x
dξ − (1 + x2)ce(0) f(0)︸︷︷︸

=0

sin(0x)
x

= 1 + x2

x2

∫ ∞

0

d2

dξ2 (ce(ξ)f(ξ)) cos(ξx)dξ + 1 + x2

x2 lim
ξ↘0

d

dξ
(ce(ξ)f(ξ)). (9.141)

Corollary 8.3.7 implies:

(1 + x2)
∣∣∣∣∫ ∞

0
ce(ξ)f(ξ) cos(ξx)dξ

∣∣∣∣ ≤ C. (9.142)

The rest of (9.139) and (9.140) follows analogously. That concludes the proof. □

9.4.3. Variation of Constants and Wronskian for −iLw = w0

Lemma 9.4.10 (Variation of constants) Let A : R → Cn×n and b : R → Cn be
continuous functions and Φ(x) = (y1(x), y2(x), .., yn(x)) a solution matrix of the homo-
geneous equation y′(x) = A(x)y(x).

Let further Φk(x) be the matrix one obtains when replacing the kth column of Φ(x) by
b(x). Then:

y(x) :=
n∑
k=1

ck(x)yk(x), (9.143)

with:

ck(x) :=
∫ x

x0

det Φk(s)
det Φ(s) ds, (9.144)

solves the inhomogeneous equation y′(x) = A(x)y(x) + b(x), y(x0) = 0.

Proof. See e.g. [33]. □
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To be able to make use of lemma 9.4.10, we reformulate −iLw = w0 for w = (u, v) ∈
C2(R)2 and w0 = (u0, v0) ∈ C(R)2. By (1.35), −iLw = w0 can be stated as:(

∆v − v +Qp−1v
−∆u+ u− pQp−1u

)
= i

(
u0
v0

)
. (9.145)

This can be easily restated in a form compatible with lemma 9.4.10:

d

dx


u
u′

v
v′

 =


0 1 0 0

1 − pQp−1 0 0 0
0 0 0 1
0 0 1 − pQp−1 0


︸ ︷︷ ︸

=:A


u
u′

v
v′

+


0

−iv0
0
iu0

 . (9.146)

Hence −iLw = λw + w0 is given by:

d

dx


u
u′

v
v′

 =


0 1 0 0

1 − pQp−1 0 −iλ 0
0 0 0 1
iλ 0 1 − pQp−1 0


︸ ︷︷ ︸

=:Aλ


u
u′

v
v′

+


0

−iv0
0
iu0

 . (9.147)

Lemma 9.4.11 Let λ ∈ R and Aλ : R → C4×4 be as in (9.147). Let Φ = (y1, y2, y3, y4)
be a solution matrix of the homogeneous equation y′(x) = Aλ(x)y(x). Then, x 7→
det Φ(x) is constant.

Proof. Let D0 := det Φ. It follows:

D′
0 = det(y′

1, y2, y3, y4) + det(y1, y
′
2, y3, y4) + det(y1, y2, y

′
3, y4) + det(y1, y2, y3, y

′
4)

=: D1. (9.148)

We also define:

D2 := det(y′
1, y

′
2, y3, y4) + det(y′

1, y2, y
′
3, y4) + ..+ det(y1, y2, y

′
3, y

′
4), (9.149)

D3 := det(y′
1, y

′
2, y

′
3, y4) + det(y′

1, y
′
2, y3, y

′
4) + ..+ det(y1, y

′
2, y

′
3, y

′
4), (9.150)

D4 := det(y′
1, y

′
2, y

′
3, y

′
4). (9.151)

With Φ′ = (y′
1, y

′
2, y

′
3, y

′
4), it follows for µ ∈ C:

det(Φ + µΦ′) =
4∑

k=0
µkDk. (9.152)
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We conclude:

4D1 =
4∑

k=0
Dk

3∑
l=0

(ik−1)l

=
3∑
l=0

i−l
4∑

k=0
(il)kDk

=
3∑
l=0

i−l det(Φ + ilΦ′)

= D0

3∑
l=0

i−l det(Id +ilAλ)

= D0

3∑
l=0

i−l det(i−l Id +Aλ). (9.153)

We calculate for every µ ∈ C:

det(Aλ − µ Id) = det


−µ 1 0 0

1 − pQp−1 −µ −iλ 0
0 0 −µ 1
iλ 0 1 − pQp−1 −µ



= det


0 1 0 0

1 − pQp−1 − µ2 −µ −iλ 0
0 0 0 1
iλ 0 1 − pQp−1 − µ2 −µ



= det


0 1 0 0

1 − pQp−1 − µ2 0 −iλ 0
0 0 0 1
iλ 0 1 − pQp−1 − µ2 0


= det

(
1 − pQp−1 − µ2 −iλ

iλ 1 − pQp−1 − µ2

)
= (1 − pQp−1 − µ2)2 − λ2. (9.154)

(9.153) and (9.154) imply 4D1 = 0. (9.148) then implies d
dx (det Φ) = 0.

That concludes the proof. □

9.4.4. Definition of Φ

Let w1 = (u1, v1) : [0,∞) × R → C2 be as in theorem 2.4.7 and lemma 2.4.9.
By theorem 2.4.7, w1 solves (2.5), (2.6) and exhibits exponential decay for x → −∞.

Analogously to definition 8.5.1, if we define

U1 := u1 + v1, (9.155)
V1 := i(u1 − v1), (9.156)
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then W1 = (U1, V1) solves Lw = i(1 + ξ2)w. By symmetry, W2 = (U2, V2) given by
W2(x) := W1(−x) saves Lw = i(1+ ξ2)w while exhibiting exponential decay for x → ∞.
Definition 9.4.12 Let W1 = (U1, V1),W2 = (U2, V2) : [0,∞)×R → C2 be as above. We
define Φ = (y1, y2, y3, y4) : (0,∞) × R → C4×4 by:

Φ :=


U1 U2 Ue Uo
∂xU1 ∂xU2 ∂xUe ∂xUo
V1 V2 Ve Vo
∂xV1 ∂xV2 ∂xVe ∂xVo

 . (9.157)

Definition 9.4.13 For ξ ≥ 0, let S = S(ξ) = (snm)1≤n,m≤4 be as in definition 8.2.1.
We define for ε > 0:

N := {ξ ≥ 0|s21(ξ) = 0}, (9.158)
Ñ := {1 + ξ2|ξ ∈ N}. (9.159)

Lemma 9.4.14 Let ξ > 0, λ = 1 + ξ2 and Aλ : R → C4×4 be as in (9.147). Then,
Φ(ξ, ·) is a solution matrix of y′ = Aλy.

Proof. Follows from theorem 2.4.7, lemma 2.4.9 and lemma 8.5.2. □

Lemma 9.4.15 N and Ñ are discrete sets.

Proof. s21 is analytical by lemma 8.2.4. Hence, either N and Ñ are discrete or s21(ξ) = 0
for every ξ ∈ R. Assume the latter holds true.

Let Kξ = Ke,ξ ⊕Ko,ξ be as in definition 8.3.1. By definition, for every ξ ≥ 0:

(1, 0, 0, 0) ∈ Kξ. (9.160)

By lemma 8.2.2:

(1 + s11(ξ), 0, s31(ξ), s41(ξ)) ∈ Ke,ξ, (9.161)
(1 − s11(ξ), 0,−s31(ξ),−s41(ξ)) ∈ Ko,ξ. (9.162)

By lemma 8.3.2, we can choose ξ1 ≥ 0, such that dimKe,ξ = dimKo,ξ = 1 for every
ξ ≥ ξ1. Consequently, we find continuous coefficient functions αe, αo : [ξ1,∞) → C, such
that, for ξ ≥ ξ1 and x ∈ R:

We(ξ, x) = αe(ξ)w1+s11(ξ),0,s31(ξ),s41(ξ)(ξ, x), (9.163)
Wo(ξ, x) = αo(ξ)w1−s11(ξ),0,−s31(ξ),−s41(ξ)(ξ, x). (9.164)

By theorem 8.3.5:

αe(ξ)s31(ξ) = ce(ξ), (9.165)

αe(ξ)s41(ξ) = −se(ξ)
ξ

1 + ξ
, (9.166)

−αo(ξ)s31(ξ) = co(ξ), (9.167)

−αo(ξ)s41(ξ) = −so(ξ)
ξ

1 + ξ
. (9.168)
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Theorem 8.3.5 further states:

lim
ξ→∞

(ce, se, co, so)(ξ) = (1, 0, 0, 1). (9.169)

Hence, for sufficiently large ξ, we have αe(ξ) ̸= 0 and αo(ξ) ̸= 0.
Again, for sufficiently large ξ, (9.165), (9.166) and (9.169) imply |s31(ξ)| > |s41(ξ)|.

Analogously, (9.167), (9.168) and (9.169) imply |s31(ξ)| < |s41(ξ)|.
That constitutes a contradiction. □

Lemma 9.4.16 Let ξ > 0, ξ ̸∈ N . Then, for every x ∈ R:

C−1
ξ e

√
2+ξ2x ≤ |y1(ξ, x)| ≤ Cξe

√
2+ξ2x, (9.170)

C−1
ξ e−

√
2+ξ2x ≤ |y2(ξ, x)| ≤ Cξe

−
√

2+ξ2x. (9.171)

Proof. Let w1 = (u1, v1) : [0,∞) × R → R2 be as in theorem 2.4.7. It suffices to show:

C−1
ξ e

√
2+ξ2x ≤ |w1(ξ, x)| + 1

1 + ξ

∣∣∣∣ ddxw1(ξ, x)
∣∣∣∣ ≤ Cξe

√
2+ξ2x. (9.172)

Theorem 2.4.7 and lemma 2.4.9 allow us to find x0 ≤ ω, such that (9.172) holds for
x ≤ x0. By definition 8.2.1:

w1(ξ, x) =
4∑

k=1
sk1(ξ)wk(ξ,−x). (9.173)

ξ ̸∈ N implies s21(ξ) ̸= 0. By theorem 2.4.7 and lemma 2.4.9, we find x1 = x1,ξ ≥ −ω,
such that (9.172) holds for x ≥ x1.

For x ∈ [x0, x1], (9.172) follows from lemma 8.1.2. That concludes the proof. □

Lemma 9.4.17 Let ξ > 0 and x ∈ R. Then:

C−1
ξ ≤ |y3(ξ, x)| ≤ Cξ, (9.174)

C−1
ξ ≤ |y4(ξ, x)| ≤ Cξ. (9.175)

Proof. It suffices to show:

C−1
ξ ≤ |We(ξ, x)| + 1

1 + ξ

∣∣∣∣ ddxWe(ξ, x)
∣∣∣∣ ≤ Cξ, (9.176)

C−1
ξ ≤ |Wo(ξ, x)| + 1

1 + ξ

∣∣∣∣ ddxWo(ξ, x)
∣∣∣∣ ≤ Cξ. (9.177)

By symmetry, we only need to consider x ≤ 0. (9.176) and (9.177) follow from lemma
8.5.9 and lemma 8.1.2. □

Lemma 9.4.18 Let ξ > 0, ξ ̸∈ N and x ∈ R. Then, det Φ(ξ, x) ̸= 0.
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Proof. Let c⃗ = (c1, c2, c3, c4)T ∈ C4, x0 ∈ R and assume Φ(ξ, x0)c⃗ = 0. As x 7→ Φ(ξ, x)c⃗
solves y′ = Aλy, it follows for every x ∈ R:

y(ξ, x) := Φ(ξ, x)c⃗ = (0, 0, 0, 0)T . (9.178)

By lemma 9.4.16 and lemma 9.4.17:

0 = |y(ξ, x)| ≥ |c1| |y1(ξ, x)| − |c2| |y2(ξ, x)| − |c3| |y3(ξ, x)| − |c4| |y4(ξ, x)|

≥ C−1
ξ |c1| e

√
2+ξ2x − |c2| |y1(ξ,−x)| − Cξ(|c3| + |c4|)

≥ C−1
ξ |c1| e

√
2+ξ2x − Cξ |c2| e−

√
2+ξ2x − Cξ(|c3| + |c4|). (9.179)

By considering x >> 0 that implies c1 = 0. Analogously:

0 = |y(ξ, x)| ≥ Cξ |c2| e−
√

2+ξ2x − C−1
ξ |c1| e

√
2+ξ2x − Cξ(|c3| + |c4|). (9.180)

That implies c2 = 0. It follows c3y3+c4y4 = 0. By definition c3y3+c4y4 = 0 is equivalent
to:

∀x ∈ R : c3We(ξ, x) + c4Wo(ξ, x) = 0. (9.181)

As We(ξ, ·) is even and Wo(ξ, ·) is odd, it follows:

∀x ∈ R : c3We(ξ, x) = c4Wo(ξ, x) = 0. (9.182)

We conclude c3 = c4 = 0 and the proof. □

Lemma 9.4.19 Let ξ > 0, ξ ̸∈ N , x ≤ 0 and c1, c2, c3, c4 ∈ C. Then:

|c1| e
√

2+ξ2x + |c2| e−
√

2+ξ2x + |c3| + |c4| ≤ Cξ

∣∣∣∣∣
4∑
l=1

clyl

∣∣∣∣∣ . (9.183)

Proof. We calculate:∣∣∣∣∣
4∑
l=1

clyl

∣∣∣∣∣ =
∣∣∣∣∣

4∑
l=1

cl |yl|
yl
|yl|

∣∣∣∣∣
=
∣∣∣∣∣

4∑
l=1

cl |yl|∑4
n=1 |cn| |yn|

yl
|yl|

∣∣∣∣∣
4∑

n=1
|cn| |yn|

≥ inf
|k1|+|k2|+|k3|+|k4|=1

∣∣∣∣∣
4∑
l=1

kl
yl
|yl|

∣∣∣∣∣
4∑

n=1
|cn| |yn|

≥ 1
4 inf

|k1|2+|k2|2+|k3|2+|k4|2=1

∣∣∣∣∣
4∑
l=1

kl
yl
|yl|

∣∣∣∣∣
4∑

n=1
|cn| |yn|

= 1
4

∣∣∣∣det
(
y1
|y1|

,
y2
|y2|

,
y3
|y3|

,
y4
|y4|

)∣∣∣∣ 4∑
n=1

|cn| |yn|

= 1
4 |det Φ|

4∏
l=1

|yl|−1
4∑

n=1
|cn| |yn| . (9.184)

Lemma 9.4.11, lemma 9.4.16, lemma 9.4.17 and lemma 9.4.18 conclude the proof. □
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Lemma 9.4.20 Let w,w0 ∈ H, 1 > ε > 0 and ξ > 0, ξ ̸∈ N , λ = 1 + ξ2. Assume:

1. (−iL− λ)w = w0,

2. ||w||H ≤ 1
ε ,

3. ||w0||H ≤ ε.

Then:

||w||W 1,∞(R) ≤ Cξ. (9.185)

Proof. Let (u, v) := w and (u0, v0) := w0.
We show ||w||W 1,∞(−∞,0) ≤ Cξ. By considering w̃(x) := w(−x) and w̃0(x) := w0(−x),

that also implies ||w||W 1,∞(0,∞) ≤ Cξ.

By lemma 9.4.10 and lemma 9.4.18, we find continuous coefficient functions cl : R → C,
l ∈ {1, 2, 3, 4}, such that for every x ∈ R:

(u, u′, v, v′)(x) =
4∑
l=1

cl(x)yl(ξ, x). (9.186)

By lemma 9.4.16 and lemma 9.4.17, it suffices to show for x ≤ 0:

|c1(x)| e
√

2+ξ2x, |c2(x)| e−
√

2+ξ2x, |c3(x)| , |c4(x)| ≤ Cξ, (9.187)

as well as:

|∂xc1(x)| e
√

2+ξ2x, |∂xc2(x)| e−
√

2+ξ2x, |∂xc3(x)| , |∂xc4(x)| ≤ Cξ. (9.188)

Inspired by lemma 9.4.10, we define Φk(x) to be the matrix one obtains when replacing
the kth column of Φ(ξ, x) by b(x) := (0,−iv0, 0, iu0)T .

By lemma 9.4.16 and lemma 9.4.17:

|det Φ1| ≤ |w0| |y2| |y3| |y4| ≤ Cξ |w0| e−
√

2+ξ2x, (9.189)

|det Φ2| ≤ Cξ |w0| e
√

2+ξ2x, (9.190)
|det Φ3| ≤ Cξ |w0| , (9.191)
|det Φ4| ≤ Cξ |w0| . (9.192)

By lemma 9.4.18, K = Kξ := det Φ ̸= 0. Lemma 9.4.10 and (9.147) imply for every
x, y ∈ R:

ck(x) − ck(y) =
∫ x

y

det Φk(z)
Kξ

dz. (9.193)

Using the Sobolev embedding ||w0||L∞ ≤ ||w0||H1 ≤ C ||w0||H , (9.188) follows from
(9.189) - (9.193).
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It remains to prove (9.187). Lemma 9.4.19 and w ∈ L2(R) imply c1e
√

2+ξ2x ∈ L2(R).
It follows:

|c1(x)| ≤
∫ ∞

x

|det Φ1(z)|
|K|

dz

≤ C

|K|

∫ ∞

x
|w0(z)| e−

√
2+ξ2zdz

≤ C

|K|
||w0||L2(R)

∣∣∣∣∣∣∣∣e−
√

2+ξ2z
∣∣∣∣∣∣∣∣
L2

z(x,∞)

≤ C2√
2 + ξ2 |K|

εe−
√

2+ξ2x. (9.194)

We conclude |c1(x)| e
√

2+ξ2x ≤ Cε. Analogously, note c2e
−

√
2+ξ2x ∈ L2(R) and:

|c2(x)| ≤
∫ x

−∞

|det Φ2(z)|
|K|

dz ≤ C√
2 + ξ2 |K|

εe
√

2+ξ2x. (9.195)

It follows |c2(x)| e−
√

2+ξ2x ≤ Cε.

To prove |c3(x)| , |c4(x)| ≤ C, fix any x0 ∈ R with |c3(x0)| ≥ 1. By (9.193):

|c3(x) − c3(x0)| ≤ C

|K|

∫ x

x0
|w0(z)| dz ≤ C2

|K|
||1||L2(x0,x) ||w0||H ≤ C2

|K|
|x− x0|

1
2 ε.

(9.196)

With C > 0 as in (9.196), we define δ := |K|
2C2 > 0. (9.196) implies for x ∈ (x0− δ2

ε2 , x0+ δ2

ε2 ):

|c3(x)| + 1
2 ≥ |c3(x0)| ≥ 1

2 |c3(x0)| + 1
2 . (9.197)

We conclude:

|c3(x)| ≥ 1
2 |c3(x0)| . (9.198)

By lemma 9.4.19:

C ||w||H ≥ ||c3||L2(R)

≥ ||c3||
L2(x0− δ2

ε2 ,x0+ δ2
ε2 )

≥ inf
|x−x0|≤ δ2

ε2

|c3(x)| ||1||
L2(x0− δ2

ε2 ,x0+ δ2
ε2 )

≥ 1
2 |c3(x0)|

√
2δ
ε
. (9.199)

Due to ||w||H ≤ 1
ε , it follows C

δ ≥ |c3(x0)| for every x0 ∈ R. C
δ ≥ |c4(x0)| follows

analogously.
That concludes the proof. □
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Lemma 9.4.21 Let (wn)n∈N, (w0,n)n∈N ⊆ H, (εn)n∈N ⊆ (0,∞), ξ > 0, ξ ̸∈ N and
λ = 1 + ξ2. Assume:

1. ∀n ∈ N : (−iL− λ)wn = w0,n,

2. ∀n ∈ N : ||wn||H ≤ 1
εn

,

3. ∀n ∈ N : ||w0,n||H ≤ εn,

4. limn→∞ εn = 0,

5. limn→∞wn(0) and limn→∞w′
n(0) converge.

Then, there are ke, ks ∈ C, fulfilling for x ∈ R:

lim
n→∞

wn(x) = keWe(ξ, x) + koWo(ξ, x), (9.200)

lim
n→∞

w′
n(x) = ke

d

dx
We(ξ, x) + ko

d

dx
Wo(ξ, x). (9.201)

Proof. Let wn = (un, vn). For every n ∈ N, we find continuous coefficient functions
cl,n : R → C, l ∈ {1, 2, 3, 4}, fulfilling:

(un, u′
n, vn, v

′
n)(x) =

4∑
l=1

cl,n(x)yl(x). (9.202)

Analogously to (9.194) and (9.195) in the proof of lemma 9.4.20, it follows:

|c1,n(x)| e
√

2+ξ2x, |c2,n(x)| e−
√

2+ξ2x ≤ Cεn. (9.203)

Hence, for every x ∈ R:

lim
n→∞

c1,n(x) = lim
n→∞

c2,n(x) = 0. (9.204)

As (un, u′
n, vn, v

′
n)(0) converges against some limit for n → ∞, we also find limits ke :=

limn→∞ c3,n(0) and ko := limn→∞ c4,n(0).
Analogously to (9.196) in the proof of lemma 9.4.20, we conclude:

|c3,n(x) − c3,n(x0)| , |c4,n(x) − c4,n(x0)| ≤ C |x− x0|
1
2 εn. (9.205)

Hence, for every x ∈ R:

lim
n→∞

c3,n(x) = lim
n→∞

c3,n(0) = ke, (9.206)

lim
n→∞

c4,n(x) = lim
n→∞

c4,n(0) = ko. (9.207)

Due to y3 := (Ue, U ′
e, Ve, V

′
e )(ξ, ·) and y4 := (Uo, U ′

o, Vo, V
′
o)(ξ, ·), that concludes the

proof. □
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9.4.5. Proof of Injectivity

Proof (of lemma 9.4.1). We show the lemma indirectly.

Assume there exists 0 ̸= w1 ∈ H with Fw1 = 0.

By choosing w2 ∈ S(R)2 ∩H, such that ||w1 −w2||H is sufficiently small, it follows for
h = (f, g) := Fw2 ∈ Ĥ1 × Ĥ1:

||h||2
Ĥ1×Ĥ1 = ||f ||2

Ĥ1 + ||g||2
Ĥ1 < ||w2||2H . (9.208)

Lemma 9.2.25 implies w := w2 − Gh ̸= 0 and lemma 9.3.3 further implies Fw = 0. By
lemma 9.4.9, w ∈ ˆ̂S2 ∩H.

Let Eλ be the spectral measure corresponding to the self-adjoint operator −iL : H ⊃
dom(L) → H as given by the spectral theorem (lemma 9.4.3). By lemma 6.2.3:

0 ̸= w = Eσ(−iL)w = E(−∞,−1]w + E[1,∞)w. (9.209)

Symmetry allows us to assume E[1,∞)w ̸= 0.
Lemma 9.4.6 together with theorem 1.10.1 implies EÑ∪{1}w = 0. By lemma 9.4.15,

we find 1 < a0 < b0 with b0 − a0 < 1, [a0, b0] ⊂ (1,∞)\Ñ and E[a0,b0]w ̸= 0. We can
assume: ∣∣∣∣∣∣E[a0,b0]w

∣∣∣∣∣∣
H

= 1. (9.210)

By lemma 9.4.4:

E[a0,b0]w = E[a0,
a0+b0

2 ]w + E[ a0+b0
2 ,b0]w. (9.211)

Moreover, as E[a0,
a0+b0

2 ] and E[ a0+b0
2 ,b0] are orthogonal to each other:

1 =
∣∣∣∣∣∣E[a0,b0]w

∣∣∣∣∣∣2
H

=
∣∣∣∣∣∣∣∣E[a0,

a0+b0
2 ]w

∣∣∣∣∣∣∣∣2
H

+
∣∣∣∣∣∣∣∣E[ a0+b0

2 ,b0]w

∣∣∣∣∣∣∣∣2
H
. (9.212)

The intermediate value theorem applied to t 7→
∣∣∣∣∣∣∣∣E[a0+t,a0+b0

2 +t]w

∣∣∣∣∣∣∣∣2
H

allows us to find

[a1, b1] ⊂ [a0, b0] with b1 − a1 = b0−a0
2 ≤ 1

2 and:∣∣∣∣∣∣E[a1,b1]w
∣∣∣∣∣∣2
H

= 1
2 . (9.213)

By inductively repeating this argument, we find sequences (an)n∈N, (bn)n∈N ⊂ R with
bn − an ≤ 2−n, [an+1, bn+1] ⊂ [an, bn] and:∣∣∣∣∣∣E[an,bn]w

∣∣∣∣∣∣
H

= 2− n
2 (9.214)
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for every n ∈ N. By definition, (an)n and (bn)n constitute Cauchy sequences. We define:

λ1 = lim
n→∞

an = lim
n→∞

bn ∈ [a0, b0] ⊂ (1,∞)\Ñ . (9.215)

Let ξ1 > 0, such that λ1 = 1 + ξ2
1 . λ1 ̸∈ Ñ implies ξ1 ̸∈ N . To improve readability, we

define wn := E[an,bn]w.

By definition, for every k ≥ 0:

(−iL)kwn = E[an,bn](−iL)kw. (9.216)

We conclude wn ∈ C∞(R)2 for every n ∈ N. By the spectral theorem:

||(−iL− λ1)2nwn||H ≤ sup
µ∈[an,bn]

|µ− λ1| ||2nwn||H ≤ |bn − an| 2
n
2 ≤ 2− n

2 . (9.217)

By lemma 9.4.20, (9.214) and (9.217), we conclude ||2nwn||W 1,∞(R) < C independently
of n ∈ N.

That allows us to choose some index sequence (nk)k∈N ⊆ N, such that limk→∞wnk
(0)

and limk→∞w′
nk

(0) exist. Lemma 9.4.21 yields ke, ko ∈ C, fulfilling for every x ∈ R:

lim
k→∞

wnk
(x) = keWe(ξ1, x) + koWe(ξ1, x), (9.218)

lim
k→∞

w′
nk

(x) = ke
d

dx
We(ξ1, x) + ko

d

dx
Ws(ξ1, x). (9.219)

We estimate:

|w(x)2nkwnk
(x)| +

∣∣∣w′(x)2nkw′
nk

(x)
∣∣∣ ≤ (|w(x)| +

∣∣w′(x)
∣∣) ||2nkwnk

||W 1,∞(R)

≤ C(|w(x)| +
∣∣w′(x)

∣∣). (9.220)

By Lebesgue’s dominated convergence theorem and w ∈ W 1,1(R):

lim
k→∞

⟨w, 2nkwnk
⟩H = ⟨w, keWe(ξ1, ·) + koWo(ξ1, ·)⟩H

=
√

2π(1 + ξ2
1) (ke(Few)(ξ1) + ko(Fow)(ξ1))

= 0. (9.221)

(9.221) contradicts:

∀n ≥ 0 : ⟨w, 2nwn⟩H = ⟨w, 2nE[an,bn]w⟩H
= ⟨E[an,bn]w, 2nE[an,bn]w⟩H

=
∣∣∣∣∣∣2 n

2E[an,bn]w
∣∣∣∣∣∣2
H

= 1. (9.222)

That concludes the proof. □
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9.5. L2-Isometry
Theorem 9.5.1 F |H : H → Ĥ1 × Ĥ1 and G : Ĥ1 × Ĥ1 → H are unitary operators
fulfilling F |−1

H = G.

Proof. This is a consequence of lemma 9.2.25, lemma 9.3.3 and lemma 9.4.1. □

Lemma 9.5.2 Let w ∈ H. Then, the following is equivalent:

1. w ∈ dom(L).

2. (ξ2 + 1)Fw ∈ Ĥ1 × Ĥ1.

Every w ∈ H realizing one of the above properties fulfils:

FLw = i sgn(ξ)(ξ2 + 1)Fw. (9.223)

Proof. Follows from lemma 8.5.2. □

In this section we generalize lemma 9.5.2. We show that F unitarily maps Hk (see
below) onto Ĥk × Ĥk for any k ≥ 0.

Recall the orthogonality conditions (1.43), which characterise H:

0 = ⟨u,Q⟩L2 = ⟨u, xQ⟩L2

= ⟨v,Qx⟩L2 =
〈
v,

( 2
p− 1Q+ xQx

)〉
L2
. (9.224)

H is given by (6.3). We restate the orthogonality conditions in terms of the L2 scalar
product:

0 = ⟨w, ζ⟩H = ⟨w, ζ⟩H.

⇔ 0 = ⟨w, ILζ⟩L2 = ⟨w, ILζ⟩L2

⇔ 0 = ⟨w, Iζ⟩L2 = ⟨w, Iζ⟩L2 . (9.225)

I denotes the matrix equivalent of the imaginary unit i:

I =
(

0 −1
1 0

)
. (9.226)

Definition 9.5.3 Let k ≥ 0. We define the vector space:

Hk := {w = (u, v) ∈ Hk(R)2| (9.224), (9.225) hold}. (9.227)

For odd k = 2l + 1, l ∈ N, we define a scalar product and norm on Hk:

⟨w1, w2⟩Hk
:= ⟨Llw1, L

lw2⟩H , (9.228)

||w||Hk
:=
∣∣∣∣∣∣Llw∣∣∣∣∣∣

H
. (9.229)
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We can use Hk and Ĥk to generalize theorem 9.5.1.

Lemma 9.5.4 Let k ∈ 2N + 1. Then, F |Hk
maps Hk unitarily onto Ĥk × Ĥk with

inverse G|Ĥk×Ĥk = F |−1
Hk

. For every w ∈ Hk:

||w||Hk
= ||Fw||Ĥk×Ĥk . (9.230)

Proof. Let k = 2l + 1. By lemma 9.5.2, dom(Ll) = Hk. Further, w ∈ Hk is equivalent
to (ξ2 + 1)lFw ∈ Ĥ1 × Ĥ1. By definition, (ξ2 + 1)lFw ∈ Ĥ1 × Ĥ1 is equivalent to
Fw ∈ Ĥk × Ĥk. It follows:

||w||Hk
=
∣∣∣∣∣∣Llw∣∣∣∣∣∣

H

=
∣∣∣∣∣∣FLlw∣∣∣∣∣∣

Ĥ1×Ĥ1

=
∣∣∣∣∣∣(i sgn(ξ)(ξ2 + 1))lFw

∣∣∣∣∣∣
Ĥ1×Ĥ1

=
∣∣∣∣∣∣(ξ2 + 1)lFw

∣∣∣∣∣∣
Ĥ1×Ĥ1

= ||Fw||Ĥk×Ĥk . (9.231)

That concludes the proof. □

Lemma 9.5.4 can be used to invert L.

Lemma 9.5.5 Let k ∈ 2N + 1 and w0 ∈ Hk. Then, there exists w ∈ Hk+2 ⊂ Hk with
Lw = w0 and ||w||Hk

≤ ||w||Hk+2
= ||w0||Hk

.

Proof. By lemma 9.5.4, Fw0 ∈ Ĥk × Ĥk. That implies (ξ2 + 1)−1Fw0 ∈ Ĥk+2 × Ĥk+2.
We define w ∈ Hk+2 by:

Fw = Fw0
i sgn(ξ)(ξ2 + 1) . (9.232)

By lemma 9.5.4, ||w||Hk+2
= ||w0||Hk

. Lemma 9.5.2 implies w0 = Lw.
Finally, ||w||Hk

= ||Fw||Ĥk×Ĥk ≤ ||Fw||Ĥk+2×Ĥk+2 = ||w||Hk+2
holds true for every

w ∈ Hk+2.
That concludes the proof. □

Lemma 9.5.6 Let k ∈ 2N + 1. Then, ||·||Hk
and ||·||Hk(R)2 constitute equivalent norms

on Hk.

Proof. We show the lemma inductively. The case of k = 1 is covered by lemma 6.2.1.

Let k ∈ 2N + 1. Assume:

∀w ∈ Hk : C−1 ||w||Hk(R)2 ≤ ||w||Hk
≤ C ||w||Hk(R)2 . (9.233)
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To conclude the proof, we need to demonstrate:

∀w ∈ Hk+2 : C−1 ||w||Hk+2(R)2 ≤ ||w||Hk+2
≤ C ||w||Hk+2(R)2 . (9.234)

By lemma 9.5.5, ||w||Hk+2
= ||Lw||Hk

. By (1.35) and (9.233):

||w||Hk+2
= ||Lw||Hk

≤ C ||Lw||Hk(R)2 ≤ C2 ||w||Hk+2(R)2 . (9.235)

On the other hand, by (1.35) and (9.233):

||w||Hk+2(R)2 ≤ ||Lw||Hk(R)2 + C ||w||Hk(R)2

≤ ||Lw||Hk
+ C2 ||w||Hk

≤ (1 + C2) ||w||Hk+2
. (9.236)

That concludes the proof. □

We use complex interpolation to expand the definition of ||·||Hs
to include every s ≥ 1.

Lemma 9.5.7 Let k ∈ 2N + 1, 0 < θ < 1 and s = (1 − θ)k + θ(k + 2). Then:(
Hs, ||·||Hs(R)2

)
=
((
Hk, ||·||Hk(R)2

)
,
(
Hk+2, ||·||Hk+2(R)2

))
θ
. (9.237)

Proof. It is well-known (see, e.g. [3]) that complex interpolation between Sobolev spaces
Hk(R) and Hk+2(R) yields another Sobolev space:

(Hk(R), Hk+2(R))θ = Hs(R). (9.238)

That already concludes the proof. □

Lemma 9.5.8 Let k ∈ 2N + 1, 0 < θ < 1 and s = (1 − θ)k + θ(k + 2). Then, there
exists a norm ||·||Hs

on Hs, such that:(
Hs, ||·||Hs

)
= (Hk, Hk+2)θ. (9.239)

Proof. Follows from lemma 9.5.6 and lemma 9.5.7. □

Definition 9.5.9 Let s ≥ 1 with s ̸∈ 2N + 1. Let k ∈ 2N + 1 and 0 < θ < 1 be chosen,
such that s = (1 − θ)k + θ(k + 2). We define ||·||Hs

as the norm given by lemma 9.5.8.

Lemma 9.5.10 Let k, l ∈ R, 0 < θ < 1 and s = (1 − θ)k + θl. Then:

(Ĥk, Ĥ l)θ = Ĥs. (9.240)

Proof. The Fourier transform acts as an isometry between (Ĥs, ||·||Ĥs) and (Hs(R), ||·||Hs(R))
for every s ∈ R. The lemma follows from:

(Hk(R), H l(R))θ = Hs(R). (9.241)

That concludes the proof. □
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Lemma 9.5.11 Lemma 9.5.4 - 9.5.6 hold true for every s ≥ 1, i.e.:

1. F maps Hs unitarily onto Ĥs × Ĥs with inverse G|Ĥs×Ĥs = F |−1
Hs

.

2. Let w0 ∈ Hs. There is w ∈ Hs+2 with Lw = w0 and ||w||Hs
≤ ||w||Hs+2

= ||w0||Hs
.

3. ||·||Hs
and ||·||Hs(R)2 constitute equivalent norms on Hs.

Proof. Follows by complex interpolation from lemma 9.5.4. □

By lemma 9.2.27 and definition 9.3.1, F and G can be continuously extended to
bounded operators:

F,G : L2(R)2 → L2(R)2. (9.242)

To be able to extend lemma 9.5.11 to include every s ≥ 0, we have to define a norm
||·||H0

on H0.
We take inspiration from the following identity:

||f ||L2(R) = sup
||g||H2(R)=1

⟨f, g⟩H1(R). (9.243)

Definition 9.5.12 We define the norm ||·||H0
on H0 by:

||w||H0
= sup

||w̃||H2
=1

⟨w, w̃⟩H1 . (9.244)

Lemma 9.5.13 ||·||H0
is equivalent to ||·||L2(R)2 on H1.

Proof. Let w1 ∈ H1 be given. By lemma 9.5.11, we find w3 ∈ H3 with Lw3 = w1.
Lemma 9.5.11 implies:

||w1||H0
= sup

||w̃2||H2
=1

⟨Lw3, w̃2⟩H1

= sup
||w̃4||H4

=1
⟨Lw3, Lw̃4⟩H1

= sup
||w̃4||H4

=1
⟨w3, w̃4⟩H3

= sup
||h||Ĥ4×Ĥ4 =1

⟨Fw3, h⟩Ĥ3×Ĥ3

= ||Fw3||Ĥ2×Ĥ2

= ||w3||H2
. (9.245)

It follows ||w1||L2(R)2 = ||Lw3||L2(R)2 ≤ C ||w3||H2(R)2 ≤ C2 ||w3||H2
= C2 ||w1||H0

.
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On the other hand:

||w1||H0
= sup

||w̃2||H2
=1

⟨w1, w̃2⟩H1

≤ C sup
||w̃2||H2(R)2 =1

⟨w1, w̃2⟩H1(R)2

= C ||w1||L2(R)2 . (9.246)

That concludes the proof. □

Corollary 9.5.14 ||·||H0
is equivalent to ||·||L2(R)2 on H0.

Proof. By definition, H0 is the topological closure of H1 with respect to ||·||L2(R). By
lemma 9.5.13, ||·||L2(R) and ||·||H0

are equivalent on H1. That concludes the proof. □

Lemma 9.5.15 F : H0 → Ĥ0 × Ĥ0 constitutes a unitary operator with inverse G =
F |−1

H0
.

Proof. It suffices to show ||w||H0
= ||Fw||Ĥ0×Ĥ0 for every w ∈ H1. We calculate:

||w||H0
= sup

||w̃||H2
=1

⟨w, w̃⟩H1

= sup
||h||Ĥ2×Ĥ2 =1

⟨Fw, h⟩Ĥ1×Ĥ1

= sup
||h||Ĥ0×Ĥ0 =1

⟨Fw, h⟩Ĥ0×Ĥ0

= ||Fw||Ĥ0×Ĥ0 . (9.247)

That concludes the proof. □

Lemma 9.5.16 L continuously extends to an operator L : H0 ⊃ H2 → H0. Let further
w0 ∈ H0. Then, there is w ∈ H2 with Lw = w0 and ||w||H0

≤ ||w||H2
= ||w0||H0

.

Proof. L extends to an operator L : H0 ⊃ H2 → H0 simply by the definition (1.35).
As H0 is the topological closure of H2 under ||·||H0

, it suffices to find w ∈ H2 with
Lw = w0 and ||w||H0

≤ ||w||H2
= ||w0||H0

for w0 ∈ H2.
Lemma 9.5.11 yields w ∈ H4 with Lw = w0. It follows:

||w||H0
≤ ||w||H2

= ||Lw||H0
= ||w0||H0

. (9.248)

That concludes the proof. □

Definition 9.5.17 Let s ∈ (0, 1). We define ||·||Hs
as the complex interpolation norm

between ||·||H0
and ||·||H1

.

Theorem 9.5.18 Let s ≥ 0. Then:
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1. F maps Hs unitarily onto Ĥs × Ĥs with inverse G|Ĥs×Ĥs = F |−1
Hs

.

2. Let w0 ∈ Hs. There is w ∈ Hs+2 with Lw = w0 and ||w||Hs
≤ ||w||Hs+2

= ||w0||Hs
.

3. ||·||Hs
and ||·||Hs(R)2 constitute equivalent norms on Hs.

Proof. Follows via complex interpolation from lemma 9.5.11 and corollary 9.5.14, lemma
9.5.15, lemma 9.5.16. □

We restate lemma 9.5.2 for the extended operator L : H0 ⊃ H2 → H0.

Theorem 9.5.19 Let w ∈ H0. Then, the following is equivalent:

1. w ∈ dom(L) = H2.

2. Fw ∈ Ĥ2 × Ĥ2.

Every w ∈ H realizing one of the above properties fulfils:

FLw = i sgn(ξ)(ξ2 + 1)Fw. (9.249)

Theorem 9.5.18 and 9.5.19 allow us to consider the linearised equation (1.34) entirely in
an L2-setting.

9.6. Zeros of F

We end the chapter by giving a simple lemma related to the zeros of We and Wo laid
out by lemma 8.5.4. The Fourier transform F allows no equivalent to this lemma. It
holds true due to L not allowing resonances (theorem 1.10.1).

Lemma 9.6.1 will be used to show a local smoothing estimate for ∂tw = −Lw. This
smoothing estimate will be stronger than the usual local smoothing estimate for the free
equation.

Lemma 9.6.1 Let w ∈ H0 and h = Fw. If w ∈ L1(R)2, then h(0) = (0, 0). If
xw ∈ L2(R)2, then ξ−1h ∈ L2(R)2.

Proof. The first claim follows from (9.96), lemma 8.5.4 and lemma 8.5.5.
To prove the second claim, recall definition 9.3.1:

Few = i sgn(ξ)√
2π

∫
R

(Re,V (ξ, x)ue(x) +Re,U (ξ, x)ve(x)) dx

+ ceFue + ice sgn(ξ)Fve + ise sgn(ξ)F(sgn(·)ue) − seF(sgn(·)ve), (9.250)

Fow = i sgn(ξ)√
2π

∫
R

(Ro,V (ξ, x)uo(x) +Ro,U (ξ, x)vo(x)) dx

− coF(sgn(·)uo) − ico sgn(ξ)F(sgn(·)vo) − iso sgn(ξ)Fuo + soFvo. (9.251)
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Due to lemma 8.3.8, we only need to show:

ξ−1
∫
R

(Re,V (ξ, x)ue(x) +Re,U (ξ, x)ve(x)) dx ∈ L2(R), (9.252)

ξ−1
∫
R

(Ro,V (ξ, x)uo(x) +Ro,U (ξ, x)vo(x)) dx ∈ L2(R). (9.253)

Lemma 8.5.7, lemma 8.5.10 and the mean value theorem conclude the proof. □
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10. Wave Operator
As before, given w or h, we use we, wo and he, ho to denote the even or odd functions
described in convention 9.0.1.

So far, we have defined unitary operators H0
F
⇄
G
L2(R)2 = Ĥ0 × Ĥ0.

F and G are closely linked to the spectral measure of L. As a consequence - noted in
theorem 9.5.19 - we have FLw = i sgn(ξ)(ξ2 + 1)Fw, which directly mirrors the Fourier
transform and the Laplace operator.

Recall the definition of the operator L, as given by (1.35):

L

(
u
v

)
=
(

∆v − v +Qp−1v
−∆u+ u− pQp−1u

)
, (10.1)

Definition 10.0.1 Consider the imaginary unit i expressed as a matrix when identifying
C with R2:

I :=
(

0 −1
1 0

)
. (10.2)

Definition 10.0.2 We define the ’unperturbed’ operator L0 : L2(R)2 ⊃ H2(R)2 →
L2(R)2:

L0 = (−∆ + 1)I. (10.3)

Linked to L0 we define ’unperturbed’ or ’undistorted’ versions of F and G, which we
name G−1 and G. We then define a unitary operator T = GF .
T fulfils the commutation property TL = L0T , meaning that T is actually the wave

operator T = limt→∞ e−tL0etL.
We also show that T and T−1 are well-defined as bounded operators Lq → Lq for

every 1 ≤ q ≤ ∞, by proving C−1 ||w||Lq ≤ ||Tw||Lq ≤ C ||w||Lq .

10.1. Classical Fourier Transformation
Recall definition 9.3.1. For w = (u, v) ∈ L2(R)2:

Few = i sgn(ξ)√
2π

∫
R

(Re,V (ξ, x)u(x) +Re,U (ξ, x)v(x)) dx

+ ceFue + ice sgn(ξ)Fve + ise sgn(ξ)F(sgn(·)ue) − seF(sgn(·)ve), (10.4)

Fow = i sgn(ξ)√
2π

∫
R

(Ro,V (ξ, x)u(x) +Ro,U (ξ, x)v(x)) dx

− coF(sgn(·)uo) − ico sgn(ξ)F(sgn(·)vo) − iso sgn(ξ)Fuo + soFvo. (10.5)
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Definition 10.1.1 Consider the ’undistorted’ Fourier transforms Fe,Fo : L2(R)2 →
L2(R):

Few := Fue + i sgn(·)Fve, (10.6)
Fow := − i sgn(·)Fuo + Fvo. (10.7)

(10.6) is derived from (10.4) by substituting Re,U = Re,V = 0, se = 0 and ce = 1. (10.7)
is derived from (10.5) by substituting Ro,U = Ro,V = 0, so = 1 and co = 0. Those are
the limits of Re, ce and se, as well as Ro, co and so for |ξ| → ∞.

We also define ’undistorted’ Fourier transformations mirroring Ge and Go. By lemma
9.2.27:

Gef = 1√
2π

∫
R

(
Re,U (ξ, x)
Re,V (ξ, x)

)
f(ξ)dξ

+
(

F(cefe)
−iF(ce sgn(·)fo)

)
+ sgn(x)

(
iF(se sgn(·)fe)

F(sefo)

)
, (10.8)

Gog = 1√
2π

∫
R

(
Ro,U (ξ, x)
Ro,V (ξ, x)

)
g(ξ)dξ

− sgn(x)
(

F(coge)
−iF(co sgn(·)go)

)
−
(
iF(so sgn(·)ge)

F(sogo)

)
. (10.9)

We define Gef and Gog by substituting limits as well.

Definition 10.1.2 Consider the ’undistorted’ Fourier transforms Ge,Go : L2(R)2 →
L2(R):

Gef :=
(

Ffe
−iF(sgn(·)fo)

)
, (10.10)

Gog := −
(
iF(sgn(·)ge)

Fgo

)
. (10.11)

Definition 10.1.3 We define:

G : L2(R)2 → L2(R)2, (10.12)
(f, g) 7→ Gef + Gog, (10.13)

G−1 : L2(R)2 → L2(R)2, (10.14)
w 7→ (Few,Fow). (10.15)

The notation G−1 is used to prevent conflation with the classical Fourier transformation
F and is justified due to the following lemma.

Lemma 10.1.4 G and G−1 are inverses of one another. Further, G and G−1 constitute
unitary operators L2(R)2 → L2(R)2.
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Proof. That G and G−1 are inverses of one another follows by direct computation. We
calculate for w = (u, v) ∈ L2(R)2:∣∣∣∣∣∣G−1w

∣∣∣∣∣∣2
L2

= ||Few||2L2 + ||Fow||2L2

=
∫
R

(Fue + i sgn(ξ)Fve)(Fue + i sgn(ξ)Fve)dξ

+
∫
R

(−i sgn(ξ)Fuo + Fvo)(−i sgn(ξ)Fuo + Fvo)dξ

=
∫
R

((Fue)2 + (sgn(ξ)2(Fve)2)dξ +
∫
R

(sgn(ξ)2(Fuo)2 + (Fvo)2)dξ

= ||Fue||2L2 + ||Fve||2L2 + ||Fuo||2L2 + ||Fvo||2L2

= ||ue||2L2 + ||ve||2L2 + ||uo||2L2 + ||vo||2L2

= ||u||2L2 + ||v||2L2

= ||w||2L2 . (10.16)

That concludes the proof. □

L0, G and G−1 closely mirror L, G and F , as demonstrated by the following equivalent
to theorem 9.5.19.
Lemma 10.1.5 For w ∈ L2(R)2, the following is equivalent:

1. w ∈ dom(L0) = H2(R)2.

2. G−1w ∈ Ĥ2 × Ĥ2.
Every w ∈ L2(R)2 realizing one of the above properties fulfils:

L0w = G(i sgn(ξ)(ξ2 + 1)G−1w). (10.17)

Proof. The equivalence of the two properties follows from −∆Ff = F(ξ2f) for every
f ∈ L2(R).

Let w = (u, v) ∈ H2(R)2. Then:

G−1L0w = G−1
(

−(−∆ + 1)v
(−∆ + 1)u

)

=
(

−F(−∆ + 1)ve + i sgn(ξ)F(−∆ + 1)ue
i sgn(ξ)F(−∆ + 1)vo + F(−∆ + 1)uo

)

= (ξ2 + 1)
(

−Fve + i sgn(ξ)Fue
i sgn(ξ)Fvo + Fuo

)

= i sgn(ξ)(ξ2 + 1)
(
i sgn(ξ)Fve + Fue
Fvo − i sgn(ξ)Fuo

)
= i sgn(ξ)(ξ2 + 1)G−1w. (10.18)

That concludes the proof. □
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10.2. Definition of the Wave Operator
Definition 10.2.1 We define:

T : H0 → L2(R)2, (10.19)
w 7→ GFw. (10.20)

By theorem 9.5.18 and lemma 10.1.4, T constitutes a unitary operator.

Convention 10.2.2 By definition 9.3.2, F and thus T = GF are well-defined on L2(R)2.
Of course, both operators are no longer unitary if we extend them to L2(R)2. Indeed, by
definition, the eigenvalues of L are all mapped onto zero:

F

(
2
p−1Q+ x∂xQ

0

)
= F

(
0
Q

)
= F

(
0
xQ

)
= F

(
∂xQ

0

)
= Fζ = Fζ =

(
0
0

)
. (10.21)

Consequently, we also understand T = GF as an operator L2(R)2 → L2(R)2 by projecting
L2(R)2 onto H0 via (10.21).

By T−1 = GG−1 : L2(R)2 → H0 ⊂ L2(R)2, we always refers to the inverse of the
unitary operator T : H0 → L2(R)2.

Combining lemma 9.5.2 and lemma 10.1.5 immediately implies:

Lemma 10.2.3 For w ∈ H0, the following is equivalent:

1. w ∈ dom(L) = H2.

2. Tw ∈ dom(L0) = H2(R)2.

Every w ∈ H0 realizing one of the above properties fulfils:

TLw = L0Tw. (10.22)
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11. Bounds on the Wave Operator
We show that both the wave operator T : L2(R)2 → L2(R)2 (defined on L2 by projecting
onto H0) and its inverse T−1 : L2(R)2 → H0 ↪→ L2(R)2 extend to bounded operators
Lq(R)2 → Lq(R)2, for every 1 ≤ q ≤ ∞. We also show a variety of other bounds that
might prove useful in proving asymptotic stability of the NLS.

As always, we assume 3 < p < 5.

Theorem 11.0.1 Let 1 ≤ q ≤ ∞. Then, for w ∈ Lq(R)2 ∩ L2(R)2:

||Tw||Lq ≤ C ||w||Lq , (11.1)∣∣∣∣∣∣T−1w
∣∣∣∣∣∣
Lq

≤ C ||w||Lq . (11.2)

Proof. Follows from corollary 11.4.4 and corollary 11.4.6. □

Corollary 11.0.2 Let 1 ≤ q ≤ ∞ and k ≥ 0. Then, for w ∈ W k,q(R)2:

||Tw||Wk,q ≤ Ck ||w||Wk,q , (11.3)∣∣∣∣∣∣T−1w
∣∣∣∣∣∣
Wk,q

≤ Ck ||w||Wk,q . (11.4)

Proof. Follows from theorem 11.0.1 and lemma 10.2.3. □

11.1. Smooth Remainder
In order to prove an Lq-bound, we will decompose T and T−1 based on lemma 9.2.27
and definition 9.3.1.

However, such a decomposition introduces discontinuities both in ξ = 0 and x = 0,
despite the fact that the integral kernels We(ξ, x), Wo(ξ, x) of T , T−1 are continuous in
ξ and x.

We remedy this problem by introducing continuous remainder terms, replacing Re
and Ro. In analogy to definition 8.5.6:

Definition 11.1.1 Let χ : R → [0, 1] be a smooth and even function, fulfilling χ(x) = 1
for |x| ≥ 2 and χ(x) = 0 for |x| ≤ 1.

We define the remainder terms ρe = (ρe,U , ρe,V ) : R2 → C2 and ρo = (ρo,U , ρo,V ) :
R2 → C2 by:

ρe,U (ξ, x) := Ue(ξ, x) − χ(ξ)χ(x)(ce(ξ) cos(ξx) − sgn(ξx)se(ξ) sin(ξx)), (11.5)
ρe,V (ξ, x) := Ve(ξ, x) + iχ(ξ)χ(x)(sgn(ξ)ce(ξ) cos(ξx) + sgn(x)se(ξ) sin(ξx)), (11.6)
ρo,U (ξ, x) := Uo(ξ, x) + χ(ξ)χ(x)(sgn(x)co(ξ) cos(ξx) + sgn(ξ)so(ξ) sin(ξx)), (11.7)
ρo,V (ξ, x) := Vo(ξ, x) − iχ(ξ)χ(x)(sgn(ξx)co(ξ) cos(ξx) + so(ξ) sin(ξx)). (11.8)

Lemma 11.1.2 Let x ∈ R. Then, ρe(0, x) = ρo(0, x) = (0, 0).
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Proof. Follows from lemma 8.5.7. □

Lemma 11.1.3 Let ξ ∈ R. Then, x 7→ ρe(ξ, x) and x 7→ ρo(ξ, x) are smooth on R.
ξ 7→ ρe(ξ, x) and ξ 7→ ρo(ξ, x) are continuous on R and smooth on R\{0} for every
x ∈ R.

Proof. Follows from lemma 8.5.4 and lemma 8.5.8. □

Lemma 11.1.4 For (ξ, x) ∈ R2:

|ρe(ξ, x)| , |ρo(ξ, x)| ≤ C

1 + |ξ|
e− 1

2 |x|, (11.9)

|∂xρe(ξ, x)| , |∂xρo(ξ, x)| ≤ Ce− 1
2 |x|. (11.10)

Proof. Follows from lemma 8.5.4 and lemma 8.5.9. □

Lemma 11.1.5 For (ξ, x) ∈ R2 and k ≥ 0:∣∣∣∂kξ ρe(ξ, x)
∣∣∣ , ∣∣∣∂kξ ρo(ξ, x)

∣∣∣ ≤ Ck
1 + |ξ|

e− 1
2 |x|. (11.11)

For ξ = 0, the derivatives are to be understood as one-sided.

Proof. Follows from lemma 8.5.4 and lemma 8.5.10. □

We also define analogues to definition 8.5.12.

Definition 11.1.6 Consider the function:

Q̃(x) := p+ 1
4

∫ −|x|

−∞
Qp−1dy. (11.12)

Let χ : R → [0, 1] be as in definition 11.1.1. We define the second order remainder terms
ρ̃e := (ρ̃e,U , ρ̃e,V ) and ρ̃o := (ρ̃o,U , ρ̃o,V ) by

ρ̃e,U := ρe,U + χ(ξ)χ(x)Q̃(x)
(
ce(ξ)

1 + |ξ|
sgn(ξx) sin(ξx) − se(ξ)

1 + |ξ|
cos(ξx)

)
, (11.13)

ρ̃e,V := ρe,V

− iχ(ξ)χ(x)Q̃(x)
(
ce(ξ)

1 + |ξ|
sgn(x) sin(ξx) − se(ξ)

1 + |ξ|
sgn(ξ) cos(ξx)

)
, (11.14)

ρ̃o,U := ρo,U

− χ(ξ)χ(x)Q̃(x)
(
co(ξ)

1 + |ξ|
sgn(ξ) sin(ξx) − so(ξ)

1 + |ξ|
sgn(x) cos(ξx)

)
, (11.15)

ρ̃o,V := ρo,V + iχ(ξ)χ(x)Q̃(x)
(
co(ξ)

1 + |ξ|
sin(ξx) − so(ξ)

1 + |ξ|
sgn(ξx) cos(ξx)

)
. (11.16)
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In contrast to the remainder terms given by definition 8.5.12, ρ̃e and ρ̃o do not exhibit
discontinuity in x = 0 or ξ = 0.

Lemma 11.1.7 Let x ∈ R. Then, ρ̃e(0, x) = ρ̃o(0, x) = (0, 0).

Proof. Follows from lemma 8.5.4. □

Lemma 11.1.8 Let ξ ∈ R. Then, x 7→ ρ̃e(ξ, x) and x 7→ ρ̃o(ξ, x) are smooth on R.
ξ 7→ ρ̃e(ξ, x) and ξ 7→ ρ̃o(ξ, x) are continuous on R and smooth on R\{0} for every
x ∈ R.

Proof. Follows from lemma 8.5.4. □

Lemma 11.1.9 For ξ, x ∈ R and k ≥ 0:

∣∣∣∂kξ ρ̃e(ξ, x)
∣∣∣ , ∣∣∣∂kξ ρ̃o(ξ, x)

∣∣∣ ≤ Ck
e− 1

2 |x|

1 + ξ2 , (11.17)

∣∣∣∂kξ ∂xρ̃e(ξ, x)
∣∣∣ , ∣∣∣∂kξ ∂xρ̃o(ξ, x)

∣∣∣ ≤ Ck
e− 1

2 |x|

1 + |ξ|
. (11.18)

For ξ = 0, the derivatives are to be understood as one-sided.

Proof. Follows from lemma 8.5.4 and lemma 8.5.13. □

Corollary 11.1.10 For ξ, x ∈ R and k ≥ 0:∣∣∣∂kξ ∂xρe(ξ, x)
∣∣∣ , ∣∣∣∂kξ ∂xρo(ξ, x)

∣∣∣ ≤ Cke
− 1

2 |x|. (11.19)

For ξ = 0, the derivatives are to be understood as one-sided.

Proof. Follows from lemma 8.5.4 and lemma 8.5.14. □

Using these new remainder terms, we can restate F and G.

Lemma 11.1.11 Let f, g ∈ S(R). Then, for x ∈ R:

(Gef)(x) = 1√
2π

∫
R

(
ρe,U (ξ, x)
ρe,V (ξ, x)

)
f(ξ)dξ

+ χ(x)
(

F(χcefe)
−iF(χce sgn(·)fo)

)
+ χ(x) sgn(x)

(
iF(χse sgn(·)fe)

F(χsefo)

)
, (11.20)

(Gog)(x) = 1√
2π

∫
R

(
ρo,U (ξ, x)
ρo,V (ξ, x)

)
g(ξ)dξ

− χ(x) sgn(x)
(

F(χcoge)
−iF(χco sgn(·)go)

)
− χ(x)

(
iF(χso sgn(·)ge)

F(χsogo)

)
. (11.21)
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Proof. Follows from lemma 9.2.27. □

Lemma 11.1.12 Fe, Fo : L2(R)2 → L2(R) are given by:

Few = i sgn(ξ)√
2π

∫
R

(ρe,V (ξ, x)ue(x) + ρe,U (ξ, x)ve(x)) dx+ χceF(χue)

+ iχce sgn(ξ)F(χve) + iχse sgn(ξ)F(χ sgn(·)ue) − χseF(χ sgn(·)ve), (11.22)

Fow = i sgn(ξ)√
2π

∫
R

(ρo,V (ξ, x)uo(x) + ρo,U (ξ, x)vo(x)) dx− χcoF(χ sgn(·)uo)

− iχco sgn(ξ)F(χ sgn(·)vo) − iχso sgn(ξ)F(χuo) + χsoF(χvo). (11.23)

Proof. Follows from definition 9.3.1. □

11.2. Fourier Multiplier
We give some basic facts about Fourier multipliers. For more information on the topic
see, e.g. [12].

Definition 11.2.1 Given a sufficiently regular function m : R → C, the associated
multiplier operator Bm is given by:

Bmf := F−1(mFf). (11.24)

m is called a multiplier or a symbol.

Lemma 11.2.2 Let H : L2(R) → L2(R) be the Hilbert transform. Then, for every
f ∈ L2(R):

2πiHf = F−1(sgn(·)Ff). (11.25)

Proof. See [12, chapter 3]. □

Corollary 11.2.3 Let f ∈ L2(R) ∩ Lq(R), 1 < q < ∞. Then:∣∣∣∣∣∣F−1(sgn(·)Ff)
∣∣∣∣∣∣
Lq

≤ Cq ||f ||Lq . (11.26)

Proof. The Hilbert transform is a well known bounded operator Lq(R) → Lq(R) for
every 1 < q < ∞. The bound was originally shown by Marcel Riesz in 1928, see [28]. □

Lemma 11.2.4 Consider m0 ∈ C and m ∈ W 1,∞(R) fulfilling:

∃C > 0 ∀ξ ∈ R : |m(ξ) −m0| ,
∣∣m′(ξ)

∣∣ ≤ C

1 + |ξ|
. (11.27)

Then, for every 1 ≤ q ≤ ∞, the multiplier operator Bm is bounded Lq(R) → Lq(R).
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Proof. For f ∈ Lq(R):

Bm = Bm−m0 +m0 Id . (11.28)

Hence, we can assume m0 = 0. By definition:

Bmf = F−1(mFf) = 1√
2π

(F−1m) ∗ f. (11.29)

By (11.27):

||Fm||L1 ≤
∣∣∣∣∣∣∣∣ 1

1 + |x|

∣∣∣∣∣∣∣∣
L2

||(1 + |x|)Fm||L2

≤ 2 ||Fm||L2 + 2 ||xFm||L2

= 2 ||m||L2 + 2
∣∣∣∣m′∣∣∣∣

L2

≤ C. (11.30)

Young’s convolution inequality concludes the proof. □

Lemma 11.2.5 Consider m0 ∈ C and m ∈ W 1,∞(R) fulfilling:

∃C > 0 ∀ξ ∈ R : |m(ξ) −m0| ,
∣∣m′(ξ)

∣∣ ≤ C

1 + |ξ|
. (11.31)

Then, for every 1 < q < ∞, the multiplier operators Bm and Bsgn(·)m are bounded
Lq(R) → Lq(R).

Proof. Follows from corollary 11.2.3 and lemma 11.2.4. □

Corollary 11.2.6 Consider m ∈ W 1,∞(R) fulfilling:

∃C > 0 ∀ξ ∈ R : |m(ξ)| ,
∣∣m′(ξ)

∣∣ ≤ C

1 + |ξ|
. (11.32)

Then, for every 1 ≤ q ≤ 2, the multiplier operator Bm is bounded Lq(R) → L2(R).

Proof. Recall the proof of lemma 11.2.4. By the Plancherel theorem:

||Fm||L2 = ||m||L2 ≤ C. (11.33)

Together with (11.29), (11.30) and Young’s convolution inequality the claim follows. □

11.3. Decomposition of the Wave Operator
Note the basic identities:

T = GeFe + GoFo, (11.34)
T−1 = GeFe +GoFo. (11.35)

We further decompose GeFe and GoFo, as well as GeFe and GoFo into a variety of
operators.
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Definition 11.3.1 For w = (u, v) ∈ L2(R)2, we define:

Ae,1w :=
(

F−1((χce − 1)F(χu))
F−1((χce − 1)F(χv))

)
. (11.36)

To improve readability, we introduce the shorthand notation:

Ae,1w = F−1((χce − 1)F(χw)). (11.37)

We further define:

Ae,2w := iF−1(χ sgn(ξ)seF(χ sgn(y)w)), (11.38)
Ao,1w := F−1((χso − 1)F(χw)), (11.39)
Ao,2w := iF−1(χ sgn(ξ)coF(χ sgn(y)w)), (11.40)
Be,1w := χF−1((χce − 1)Fw), (11.41)
Be,2w := − iχ sgn(x)F−1(χ sgn(ξ)seFw), (11.42)
Bo,1w := χF−1((χso − 1)Fw), (11.43)
Bo,2w := iχ sgn(x)F−1(χ sgn(ξ)coFw). (11.44)

Also consider:

Ae,3w := 1√
2π

∫
R

(
iF(sgn(ξ)ρe,V (ξ, y))u(y)

F(ρe,U (ξ, y))v(y)

)
dy, (11.45)

Ao,3w := 1√
2π

∫
R

(
F(ρo,V (ξ, y))u(y)

−iF(sgn(ξ)ρo,U (ξ, y))v(y)

)
dy, (11.46)

Be,3w := 1√
2π

∫
R

(
ρe,U (ξ, x)Fu

iρe,V (ξ, x) sgn(ξ)Fv

)
dξ, (11.47)

Bo,3w := 1√
2π

∫
R

(
−iρo,U (ξ, x) sgn(ξ)Fu

ρo,V (ξ, x)Fv

)
dξ. (11.48)

Lemma 11.3.2 Let w = (u, v) ∈ L2(R)2. Then:

GeFew = χwe +Ae,1we +Ae,2we +Ae,3we, (11.49)
GoFow = χwo +Ao,1wo +Ao,2wo +Ao,3wo, (11.50)
GeFew = χwe +Be,1we +Be,2we +Be,3we, (11.51)
GoFow = χwo +Bo,1wo +Bo,2wo +Bo,3wo. (11.52)

Proof. Direct computation using lemma 11.1.11, lemma 11.1.12, definition 10.1.1 and
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definition 10.1.2 gives:

GeFew = F(χceF(χwe)) + iF(χ sgn(ξ)seF(χ sgn(y)we))

+ 1√
2π

∫
R

(
iF(sgn(ξ)ρe,V (ξ, y))ue(y)

F(ρe,U (ξ, y))ve(y)

)
dy, (11.53)

GoFow = − F(χsoF(χwo)) − iF(χ sgn(ξ)coF(χ sgn(y)wo))

+ 1√
2π

∫
R

(
F(ρo,V (ξ, y))uo(y)

−iF(sgn(ξ)ρo,U (ξ, y))vo(y)

)
dy, (11.54)

GeFew = F(χceF(χwe)) + i sgn(x)F(χ sgn(ξ)seF(χwe))

+ 1√
2π

∫
R

(
ρe,U (ξ, x)Fue

iρe,V (ξ, x) sgn(ξ)Fve

)
dξ, (11.55)

GoFow = − F(χsoF(χwo)) + i sgn(x)F(χ sgn(ξ)coF(χwo))

+ 1√
2π

∫
R

(
−iρo,U (ξ, x) sgn(ξ)Fuo

ρo,V (ξ, x)Fvo

)
dξ. (11.56)

We now use the fact that even functions fulfil Ffe = F−1fe, while odd functions fulfil
Ffo = −F−1fo. □

Definition 11.3.3 Consider Q̃ : R → R as given by definition 11.1.6:

Q̃(x) = p+ 1
4

∫ −|x|

−∞
Qp−1dy. (11.57)

For w = (u, v) ∈ L2(R)2, we define:

Ae,4w := F−1
(
χ

se
1 + |ξ|

F(χQ̃w)
)
, (11.58)

Ae,5w := − iF−1
(
χ sgn(ξ) ce

1 + |ξ|
F(χ sgn(y)Q̃w)

)
, (11.59)

Ao,4w := − F−1
(
χ

co
1 + |ξ|

F(χQ̃w)
)
, (11.60)

Ao,5w := − iF−1
(
χ sgn(ξ) so

1 + |ξ|
F(χ sgn(y)Q̃w)

)
, (11.61)

Be,4w := χQ̃F−1
(
χ

se
1 + |ξ|

Fw
)
, (11.62)

Be,5w := iχ sgn(x)Q̃F−1
(
χ sgn(ξ) ce

1 + |ξ|
Fw

)
, (11.63)

Bo,4w := − χQ̃F−1
(
χ

co
1 + |ξ|

Fw
)
, (11.64)

Bo,5w := iχ sgn(x)Q̃F−1
(
χ sgn(ξ) so

1 + |ξ|
Fw

)
. (11.65)
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Further, using the remainder terms given by definition 11.1.6:

Ae,6w := 1√
2π

∫
R

(
iF(sgn(ξ)ρ̃e,V (ξ, y))u(y)

F(ρ̃e,U (ξ, y))v(y)

)
dy, (11.66)

Ao,6w := 1√
2π

∫
R

(
F(ρ̃o,V (ξ, y))u(y)

−iF(sgn(ξ)ρ̃o,U (ξ, y))v(y)

)
dy, (11.67)

Be,6w := 1√
2π

∫
R

(
ρ̃e,U (ξ, x)Fu

iρ̃e,V (ξ, x) sgn(ξ)Fv

)
dξ, (11.68)

Bo,6w := 1√
2π

∫
R

(
−iρ̃o,U (ξ, x) sgn(ξ)Fu

ρ̃o,V (ξ, x)Fv

)
dξ. (11.69)

Lemma 11.3.4 Let w = (u, v) ∈ L2(R)2. Then:

Ae,3we = Ae,4we +Ae,5we +Ae,6we, (11.70)
Ao,3we = Ao,4wo +Ao,5wo +Ao,6wo, (11.71)
Be,3we = Be,4we +Be,5we +Be,6we, (11.72)
Bo,3we = Bo,4wo +Bo,5wo +Bo,6wo. (11.73)

Proof. Follows by direct computation and lemma 9.2.26. □

11.4. Lq-Boundedness
Lemma 11.4.1 Let 1 ≤ q < ∞ and ρ = sgn(ξ)ρe,V , ρ = ρe,U , ρ = ρo,V or ρ =
sgn(ξ)ρe,U . Then, for every y ∈ R:

||(Fρ)(x, y)||Lq
x

≤ Cqe
− 1

2 |y|. (11.74)

If 2 ≤ q < ∞, then:

||x(Fρ)(x, y)||Lq
x

≤ Cqe
− 1

2 |y|. (11.75)

Proof. For every r ≥ 2 and k ∈ {0, 1}, by lemma 11.1.5:∣∣∣∣∣∣xk(Fρ)(x, y)
∣∣∣∣∣∣
Lr

x

≤ C
∣∣∣∣∣∣∂kξ ρ(ξ, y)

∣∣∣∣∣∣
Lr′

ξ

≤ Cre
− 1

2 |y|. (11.76)

(Weak) differentiability in 0 is ensured by lemma 11.1.2 and lemma 11.1.3.
We choose r ≥ 2 with r ≥ q. It follows:

||(Fρ)(x, y)||Lq
x

≤ C ||(Fρ)(x, y)||Lr
x

+ C ||x(Fρ)(x, y)||Lr
x

≤ Cqe
− 1

2 |y|. (11.77)

That concludes the proof. □
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Lemma 11.4.2 Let ρ = sgn(ξ)ρ̃e,V , ρ = ρ̃e,U , ρ = ρ̃o,V or ρ = sgn(ξ)ρ̃e,U . Then, for
every y ∈ R and 1 ≤ q ≤ ∞:

||(Fρ)(x, y)||Lq
x

≤ Ce− 1
2 |y|. (11.78)

If 1 ≤ q < ∞, then:

||∂x(Fρ)(x, y)||Lq
x

≤ Ce− 1
2 |y|. (11.79)

If 2 ≤ q < ∞, then:

||x(Fρ)(x, y)||Lq
x
, ||x∂x(Fρ)(x, y)||Lq

x
, ||∂y(Fρ)(x, y)||Lq

x
≤ Cqe

− 1
2 |y|. (11.80)

Proof. It suffices to show for every 1 ≤ r ≤ 2:

||ρ(ξ, y)||Lr
ξ
, ||∂ξρ(ξ, y)||Lr

ξ
≤ Ce− 1

2 |y|, (11.81)

as well as for 1 < r ≤ 2:

||ξρ(ξ, y)||Lr
ξ
, ||∂ξ(ξρ(ξ, y))||Lr

ξ
, ||∂yρ(ξ, y)||Lr

ξ
≤ Cre

− 1
2 |y|. (11.82)

Lemma 11.1.9 shows just that. Lemma 11.1.7 and lemma 11.1.8 ensure differentiability
in ξ = 0. That concludes the proof. □

Lemma 11.4.3 Let 1 ≤ q ≤ ∞ and w = (u, v) ∈ Lq(R)2. Then, for every 1 ≤ k ≤ 6:

||Ae,kw||Lq , ||Ao,kw||Lq ≤ C ||w||Lq . (11.83)

Proof. The claim follows, for k = 1, 2, 4, 5, from lemma 11.2.4 and theorem 8.3.5, specif-
ically (8.90) - (8.93). For k = 6, lemma 11.4.2 yields the claim. Lemma 11.3.4 concludes
the proof. □

Corollary 11.4.4 Let 1 ≤ q ≤ ∞ and w = (u, v) ∈ Lq(R)2. Then:

||Tw||Lq ≤ C ||w||Lq . (11.84)

Proof. Follows from lemma 11.4.3. □

Lemma 11.4.5 Let 1 ≤ q ≤ ∞ and w = (u, v) ∈ Lq(R)2. Then, for every 1 ≤ k ≤ 6:

||Be,kw||Lq , ||Bo,kw||Lq ≤ C ||w||Lq . (11.85)

Proof. The claim follows, for k = 1, 2, 4, 5, from lemma 11.2.4 and theorem 8.3.5, specif-
ically (8.90) - (8.93). For k = 6, lemma 11.4.2 yields the claim. Lemma 11.3.4 concludes
the proof. □

Corollary 11.4.6 Let 1 ≤ q ≤ ∞ and w = (u, v) ∈ Lq(R)2. Then:∣∣∣∣∣∣T−1w
∣∣∣∣∣∣
Lq

≤ C ||w||Lq . (11.86)
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Proof. Follows from lemma 11.4.5. □

Lemma 11.4.7 Let w = (u, v) ∈ L2(R)2. Then:

||(x∂xT − Tx∂x)w||L2 ≤ C ||w||L2 . (11.87)

Proof. Let A = Ae,1 or Ae,2, Ae,4, Ae,5.
x∂xA−Ax∂x cancels largely out. The remainder can be bounded using lemma 11.2.5.

For A = Ae,6 the bound follows from lemma 11.4.2.
Ao,1, Ao,2, Ao,4, Ao,5 and Ae,6 are bounded analogously. □

Lemma 11.4.8 Let w = (u, v) ∈ L2(R)2 and 1 < q < ∞. Then:

||xTw||Lq ≤ Cq(||w||Lq + ||xw||Lq ). (11.88)

Proof. By definition:

xAe,1w = iF−1∂ξ((χce − 1)F(χw))
= iF−1(∂ξ(χce)F(χw)) + F−1((χce − 1)F(χyw)). (11.89)

Lemma 11.2.5 yields the desired estimate for Ae,1. Ae,2, Ao,1 and Ao,2 are bounded
analogously. The bound for Ae,3 and Ao,3 follows from lemma 11.4.1.

That concludes the proof. □

11.5. Galilean Operator
Consider the self-adjoint operator Jt = x

2 + It∂x. Through the following identity, Jt is
strongly connected to the Galilean invariance of the free Schrödinger equation:

Jte
It∆w0 = eIt∆

(
x

2w0

)
. (11.90)

For that reason we refer to Jt as the Galilean operator.
It seems likely that Jt will play a major role in any proof of asymptotic stability of the

NLS. For that reason, we establish a variety of bounds involving Jt and T , that might
prove useful. In particular, we estimate ||JtTh||L2 and

∣∣∣∣JtT−1h
∣∣∣∣
L2 .

We also show bounds involving the commutators T1 = IT−TI and T2 = x∂xT−Tx∂x.

11.5.1. Bounds on T

Lemma 11.5.1 Let 2 ≤ q ≤ ∞, k ∈ {1, 2, 4, 5} and w ∈ Lq(R)2. Then:

||xAe,kw −Ae,k(xw)||Lq , ||xAo,kw −Ao,k(xw)||Lq ≤ C ||w||Lq . (11.91)

Proof. Follows by direct computation from theorem 8.3.5, specifically (8.90) - (8.93),
and lemma 11.2.4. □
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Lemma 11.5.2 Let 2 ≤ q < ∞ and w ∈ Lq(R)2. Then:

||xAe,6w||Lq , ||xAo,6w||Lq ≤ Cq ||w||Lq . (11.92)

Proof. Follows from lemma 11.4.2. □

Lemma 11.5.3 Let 2 ≤ q ≤ ∞, k ∈ {1, 2, 4, 5} and w ∈ Lq(R)2. Then:

||∂xAe,kw −Ae,k∂xw||Lq , ||∂xAo,kw −Ao,k∂xw||Lq ≤ C
∣∣∣∣∣∣e− 1

2 |x|w
∣∣∣∣∣∣
Lq
. (11.93)

Proof. By direct computation

∂xAe,1w −Ae,1∂xw = F−1((χce − 1)F(∂yχw)). (11.94)

Lemma 11.2.4 shows the claim. The other bounds follow completely analogously. □

Lemma 11.5.4 Let 2 ≤ q < ∞ and w ∈ Lq(R)2. Then:

||∂xAe,6w||Lq , ||∂xAo,6w||Lq ≤ Cq
∣∣∣∣∣∣e− 1

3 |x|w
∣∣∣∣∣∣
Lq
. (11.95)

Proof. Follows from lemma 11.4.2. □

Lemma 11.5.5 Let 2 ≤ q ≤ ∞, t ≥ 0 and w ∈ Lq(R)2. Let Jt = x
2 + It∂x. Consider

the operator:

T̃w :=
5∑

k=1
Ae,kwo +

5∑
k=1

Ao,kwe. (11.96)

Then: ∣∣∣∣∣∣T̃w∣∣∣∣∣∣
Lq

≤ C ||w||Lq . (11.97)

Further, for 2 ≤ q < ∞:∣∣∣∣∣∣JtTw − T̃ Jtw
∣∣∣∣∣∣
Lq

≤ Cq ||w||Lq + Cqt
∣∣∣∣∣∣e− 1

3 |x|w
∣∣∣∣∣∣
Lq
. (11.98)

Proof. Follows from lemma 11.5.1 - lemma 11.5.4 and lemma 11.3.2, lemma 11.3.4. □

Corollary 11.5.6 Let 2 ≤ q ≤ ∞, t ≥ 0 and w ∈ Lq(R)2. Let Jt = x
2 + It∂x. Then, for

2 ≤ q < ∞:

||JtTw||Lq ≤ Cq ||w||Lq + C ||Jtw||Lq + Cqt
∣∣∣∣∣∣e− 1

3 |x|w
∣∣∣∣∣∣
Lq
. (11.99)

Using t
∣∣∣∣∣∣e− 1

3 |x|w
∣∣∣∣∣∣
Lq

as an upper bound is totally fine. By the smoothing theorem at

the end of chapter 12 (theorem 12.1.9), t
∣∣∣∣∣∣e− 1

3 |x|w
∣∣∣∣∣∣
Lq

behaves similarly to ||Jtw||Lq .

239



11. Bounds on the Wave Operator

11.5.2. Bounds on T−1

Lemma 11.5.7 Let 2 ≤ q ≤ ∞, k ∈ {1, 2, 4, 5} and w ∈ Lq(R)2. Then:

||xBe,kw −Be,k(xw)||Lq , ||xBo,kw −Bo,k(xw)||Lq ≤ C ||w||Lq . (11.100)

Proof. Follows by direct computation from theorem 8.3.5, specifically (8.90) - (8.93),
and lemma 11.2.4. □

Lemma 11.5.8 Let 2 ≤ q ≤ ∞ and w ∈ Lq(R)2. Then:

||xBe,6w||Lq , ||xBo,6w||Lq ≤ C ||w||Lq . (11.101)

Proof. Follows from lemma 11.4.2. □

Lemma 11.5.9 Let 2 ≤ q ≤ ∞, t ≥ 0 and w ∈ Lq(R)2. Let Jt = x
2 + It∂x and assume

Jtw ∈ L2(R)2, as well as (Fw)(0) = (0, 0). Then:

t ||∂xBe,3w||Lq , t ||∂xBo,3w||Lq ≤ C ||Jtw||Lq + C ||w||Lq . (11.102)

Proof. By lemma 11.1.2, lemma 11.1.3 and lemma 11.1.5:

t ||∂xBe,3w||Lq ≤ t√
2π

∣∣∣∣∣
∣∣∣∣∣
∫
R

(
∂xρe,U (ξ, x)Fu

i∂xρe,V (ξ, x) sgn(ξ)Fv

)
dξ

∣∣∣∣∣
∣∣∣∣∣
Lq

≤ t√
2π

∣∣∣∣∣
∣∣∣∣∣
∫
R

(
∂xρe,U (ξ, x)Fu

i∂xρe,V (ξ, x) sgn(ξ)Fv

)
dξ

∣∣∣∣∣
∣∣∣∣∣
Lq

= 1√
2π

∣∣∣∣∣
∣∣∣∣∣
∫
R

(
ξ−1∂xρe,U (ξ, x)F(t∂yu)

iξ−1∂xρe,V (ξ, x) sgn(ξ)F(t∂yv)

)
dξ

∣∣∣∣∣
∣∣∣∣∣
Lq

≤ C ||Jtw||Lq +
∣∣∣∣∣
∣∣∣∣∣
∫
R

(
ξ−1∂xρe,U (ξ, x)F(yv)

iξ−1∂xρe,V (ξ, x) sgn(ξ)F(yu)

)
dξ

∣∣∣∣∣
∣∣∣∣∣
Lq

. (11.103)

We make use of (Fu)(0) = (Fv)(0) = 0. By lemma 11.1.2, corollary 11.1.10 and the
mean value theorem: ∣∣∣∣∣

∣∣∣∣∣
∫
R

(
ξ−1∂xρe,U (ξ, x)F(yv)

iξ−1∂xρe,V (ξ, x) sgn(ξ)F(yu)

)
dξ

∣∣∣∣∣
∣∣∣∣∣
Lq

≤
∣∣∣∣∣
∣∣∣∣∣
∫
R

(
∂ξ
(
ξ−1∂xρe,U (ξ, x)

)
Fv

i∂ξ
(
ξ−1∂xρe,V (ξ, x)

)
sgn(ξ)Fu

)
dξ

∣∣∣∣∣
∣∣∣∣∣
Lq

≤ C ||w||Lq . (11.104)

t ||∂xBo,3w||Lq is bounded completely analogously. That concludes the proof. □
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Lemma 11.5.10 Let 2 ≤ q ≤ ∞, t ≥ 0 and w ∈ Lq(R)2. Let Jt = x
2 + It∂x and assume

Jtw ∈ L2(R)2, as well as (Fw)(0) = (0, 0). Then:∣∣∣∣∣∣JtT−1w
∣∣∣∣∣∣
Lq

≤ C ||Jtw||Lq + C ||w||Lq + Ct ||Bw||Lq . (11.105)

Hereby:

Bw = ∂xχwe + ∂xBe,1we −Be,1∂xwe + ∂xBe,2we −Be,2∂xwe

+ ∂xχwo + ∂xBo,1wo −Bo,1∂xwo + ∂xBo,2wo −Bo,2∂xwo. (11.106)

Proof. Follows from lemma 11.5.7 - lemma 11.5.9. □

In order to control ||tBw||Lq , we use the following local smoothing estimate. More
generalised local smoothing estimates will be proven later in the form of lemma 12.1.8,
theorem 12.1.9 and theorem 12.1.10.

Lemma 11.5.11 Let 2 ≤ q ≤ ∞, t ≥ 0 and w0 ∈ L2(R)2. Consider w = eIt∆w0 and

Bw = ∂xχwe + ∂xBe,1we −Be,1∂xwe + ∂xBe,2we −Be,2∂xwe

+ ∂xχwo + ∂xBo,1wo −Bo,1∂xwo + ∂xBo,2wo −Bo,2∂xwo. (11.107)

Then:

t ||Bw||Lq ≤ C
∣∣∣∣∣∣eIt∆w0

∣∣∣∣∣∣
Lq

+ C
∣∣∣∣∣∣eIt∆(xw0)

∣∣∣∣∣∣
Lq
. (11.108)

Proof. By direct computation and lemma 12.1.2:

∂xχwe + ∂xBe,1w −Be,1∂xw = ∂xχF−1(χceFw)
= ∂xχF̃−1(χceF̃w). (11.109)

By definition, ∂xχ is a smooth function with ∂xχ(x) = 0 for |x| ≥ 2 and |x| ≤ 1. It
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follows:

t ||∂xχwe + ∂xBe,1w −Be,1∂xw||Lq

= sup
||h||

Lq′ =1
t⟨∂xχF̃−1(χceF̃w), h⟩L2

= sup
||h||

Lq′ =1
t⟨e−Itξ2F̃w0, χceF̃(∂xχh)⟩L2

= sup
||h||

Lq′ =1

∫
R

(−2Itξ)e−Itξ2F̃w0 · 1
2
χ(ξ)
ξ
ceIF̃(∂xχh)dξ

= sup
||h||

Lq′ =1

∫
R
e−Itξ2F̃w0 · ∂ξ

(1
2
χ(ξ)
ξ
ceIF̃(∂xχh)

)
dξ

+ sup
||h||

Lq′ =1

∫
R
e−Itξ2F̃(xw0) · 1

2
χ(ξ)
ξ
ceIF̃(∂xχh)dξ

= sup
||h||

Lq′ =1

∫
R
eIt∆w0 · F̃−1∂ξ

(1
2
χ(ξ)
ξ
ceIF̃(∂xχh)

)
dξ

+ sup
||h||

Lq′ =1

∫
R
eIt∆(xw0) · F̃−1

(1
2
χ(ξ)
ξ
ceIF̃(∂xχh)

)
dξ. (11.110)

By lemma 11.2.4:

t ||∂xχwe + ∂xBe,1w −Be,1∂xw||Lq

≤ C
∣∣∣∣∣∣eIt∆w0

∣∣∣∣∣∣
Lq

sup
||h||

Lq′ =1

(
||∂xχh||Lq′ + ||x∂xχh||Lq′

)
+ C

∣∣∣∣∣∣eIt∆(xw0)
∣∣∣∣∣∣
Lq

sup
||h||

Lq′ =1
||∂xχh||Lq′

≤ C2
∣∣∣∣∣∣eIt∆w0

∣∣∣∣∣∣
Lq

+ C2
∣∣∣∣∣∣eIt∆(xw0)

∣∣∣∣∣∣
Lq
. (11.111)

Completely analogously:

||∂xBe,2we −Be,2∂xwe||Lq + ||∂xχwo + ∂xBo,1wo −Bo,1∂xwo||Lq

+ ||∂xBo,2wo −Bo,2∂xwo||Lq

≤ C
∣∣∣∣∣∣eIt∆w0

∣∣∣∣∣∣
Lq

+ C
∣∣∣∣∣∣eIt∆(xw0)

∣∣∣∣∣∣
Lq
. (11.112)

That concludes the proof. □

Corollary 11.5.12 Let 2 ≤ q ≤ ∞, t ≥ 0 and w ∈ Lq(R)2. Let Jt = x
2 + It∂x and

assume (Fw)(0) = (0, 0). Then:∣∣∣∣∣∣JtT−1w
∣∣∣∣∣∣
Lq

≤ C ||Jtw||Lq + C ||w||Lq . (11.113)

Proof. Consider w0 = e−It∆w. Using the identity, JteIt∆w0 = eIt∆
(
x
2w0

)
, the claim

follows from lemma 11.5.10 and lemma 11.5.11. □
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11.6. Commutators
When trying to show asymptotic stability of the NLS the commutators T1 = IT − TI
and T2 = x∂xT − Tx∂x are very natural quantities arising from the phase and scaling
invariance of the NLS.

Similarly, the translation and Galilean invariance give rise to T3 = ∂xT − T∂x and
T4 = xT − Tx.

There are two reasons, we only consider T1 and T2. Firstly, by restricting ourself
to radially symmetric solutions, the question of asymptotic stability can be examined
without considering T3 and T4. Secondly, T4 admits significantly weaker bounds. Even
without involving Jt, the strongest Lq-bound on T4 is given by

||T4w||Lq ≤ C ||w||Lq + C ||xw||Lq . (11.114)

For that reason alone, examining asymptotic stability without restricting oneself to ra-
dially symmetric solutions, makes any proof significantly more technically challenging.
T3 on the other hand can be bounded in much the same way as T2. We will still ignore
T3 in this chapter.

11.6.1. Bounds on T1

Lemma 11.6.1 Let 1 ≤ q ≤ ∞ and w = (u, v) ∈ Lq(R)2. Then:

||(T + ITI)w||Lq ≤ C
∣∣∣∣∣∣e− 1

2 |x|w
∣∣∣∣∣∣
Lq
. (11.115)

If 1 ≤ q < ∞, then:

||∂x(T + ITI)w||Lq ≤ C
∣∣∣∣∣∣e− 1

2 |x|w
∣∣∣∣∣∣
Lq
. (11.116)

If 2 ≤ q < ∞, then:

||x(T + ITI)w||Lq ≤ C
∣∣∣∣∣∣e− 1

2 |x|w
∣∣∣∣∣∣
Lq
. (11.117)

Proof. I commutes with Ae,k and Ao,k for k ∈ {1, 2, 4, 5}. Hence:

T + ITI = Ae,6 + IAe,6I +Ao,6 + IAo,6I. (11.118)

Lemma 11.4.2 concludes the proof. □

Corollary 11.6.2 Let t ≥ 0 and w ∈ L2(R)2. Let Jt = x
2 + It∂x and assume Jtw ∈

L2(R)2. Then:

||Jt(T + ITI)w||L2 ≤ C(1 + t)
∣∣∣∣∣∣e− 1

2 |x|w
∣∣∣∣∣∣
L2
. (11.119)

11.6.2. Bounds on T2

Lemma 11.6.3 Let t ≥ 0, w ∈ L2(R)2 and Jt = x
2 + It∂x. Then:

||Jt(x∂xT − Tx∂x)w||L2 ≤ C ||w||L2 + Ct
∣∣∣∣∣∣e− 1

2 |x|w
∣∣∣∣∣∣
L2

+ C ||Jtw||L2 . (11.120)

Proof. Follows analogously to lemma 11.4.7 and lemma 11.5.5. □
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11.7. H1-Boundedness
As a consequence of lemma 10.2.3, whatever L2 → L2 estimates we showed for T , T−1

and Tk also hold H1 → H1.

Lemma 11.7.1 Let 1 ≤ q ≤ ∞. Then, for every w ∈ W 1,q(R)2:

||Tw||W 1,q ≤ C ||w||W 1,q , (11.121)∣∣∣∣∣∣T−1w
∣∣∣∣∣∣
W 1,q

≤ C ||w||W 1,q , (11.122)

||(T + ITI)w||W 1,q ≤ C
∣∣∣∣∣∣e− 1

2 |x|w
∣∣∣∣∣∣
W 1,q

. (11.123)

Further, for w ∈ H1(R)2:

||(x∂xT − Tx∂x)w||H1 ≤ C ||w||H1 . (11.124)
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12. Dispersive Estimates
The wave operator being bounded Lq → Lq by theorem 11.0.1 ensures that the linearised
equation ∂tw = −Lw fulfils the same dispersive estimates as the free Schrödinger equa-
tion. As always, we assume 3 < p < 5.

Theorem 12.0.1 Let 3 < p < 5. Consider the linearised Schrödinger equation

∂tw(t, x) = −Lw(t, x), w : R × R → R2 (12.1)

Let the solution for initial data w(0, ·) = w0 ∈ H0 be given by e−tLw0. Let further
q ∈ [2,∞] with dual exponent q′ ∈ [1, 2]. Then, for every t > 0:

||w(t, ·)||Lq ≤ Ct
− 1

2 + 1
q ||w0||Lq′ . (12.2)

Proof. Follows from lemma 1.6.1, lemma 10.2.3 and theorem 11.0.1. □

Theorem 12.0.2 (Strichartz estimate) Let 3 < p < 5. Consider the linearised
Schrödinger equation (12.1). Let the solution for initial data w(0, ·) = w0 ∈ H0 be
given by w = e−tLw0. Assume q ∈ [4,∞] and r ∈ [2,∞] satisfy 2

q + 1
r = 1

2 . Further
assume q̃′ ∈ [1, 4

3 ] and r̃′ ∈ [1, 2] satisfy 2
q̃′ + 1

r̃′ = 5
2 . Then, the following holds true:

1. The homogeneous Strichartz estimates:∣∣∣∣∣∣e−tLw0
∣∣∣∣∣∣
Lq

tL
r
x

≤ C ||w0||L2 . (12.3)

2. The dual homogeneous Strichartz estimates:∣∣∣∣∣∣∣∣∫
R
esLh(s, ·)ds

∣∣∣∣∣∣∣∣
L2

≤ C ||h||
Lq̃′

t L
r̃′
x
. (12.4)

3. The inhomogeneous Strichartz estimates:∣∣∣∣∣∣∣∣∫ t

0
e−(t−s)Lh(s, ·)ds

∣∣∣∣∣∣∣∣
Lq

tL
r
x

≤ C ||h||
Lq̃′

t L
r̃′
x
. (12.5)

Proof. Follows from lemma 1.6.2, lemma 10.2.3 and theorem 11.0.1. □

12.1. Local Smoothing Estimate
The linearised equation ∂tw = −Lw admits a strong local smoothing estimate. We
make use of the fact that the absence of resonances (theorem 1.10.1) introduces a zero
We(0, x) = Wo(0, x) = (0, 0) in the Jost functions We,Wo used to define F and G.

For the free Schrödinger equation (i∂t + ∆)w = 0, a local smoothing estimate denotes
something of the form ∣∣∣∣∣∣(1 + |x|)− 1

2 +ε |∇|
1
2 w
∣∣∣∣∣∣
L2

tL
2
x

≤ C ||w0||L2 . (12.6)

The zero introduced by We, Wo means that we do not need to consider a derivative. We
instead establish a bound on

∣∣∣∣t(1 + |x|)−1w
∣∣∣∣
L4

tL
2
x
.
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Definition 12.1.1 Let I be given by definition 10.0.1. We define the matrix equivalent
of the Fourier transform for Schwartz functions h : R → C2 by:

(F̃h)(ξ) = 1√
2π

∫
R
e−Iξxh(x)dx. (12.7)

F̃ naturally extends to a unitary operator L2(R)2 → L2(R)2.

Lemma 12.1.2 Let he, ho ∈ L2(R)2 be even and odd functions respectively. Then:

F̃he = Fhe, (12.8)
F̃ho = − iIFho. (12.9)

The Fourier transform F is to be understood as component-wise, F(f, g) = (Ff,Fg).

Proof. Follows from lemma 9.2.26. □

Lemma 12.1.3 Consider F̃ as given by definition 12.1.1 and G as given by definition
10.1.3. Then, for every h = (f, g) ∈ L2(R)2:

F̃Gh =
(

fe + igo
−i sgn(·)fo + sgn(·)ge

)
. (12.10)

Proof. By definition:

Gh =
(

Ffe
−iF(sgn(·)fo)

)
−
(
iF(sgn(·)ge)

Fgo

)
. (12.11)

Lemma 12.1.2 concludes the proof. □

Lemma 12.1.4 Let G∗ denote the L2-adjoint of G. Then, for w = (u, v) ∈ L2(R)2:

G∗w = 1√
2π

∫
R

(
ρe,U (ξ, x)ue(x) − ρe,V (ξ, x)ve(x)
ρo,U (ξ, x)uo(x) − ρo,V (ξ, x)vo(x)

)
dx

+
(

χceF(χue) + iχce sgn(ξ)F(χve)
−χcoF(χ sgn(·)uo) − iχco sgn(ξ)F(χ sgn(·)vo)

)

+
(
iχse sgn(ξ)F(χ sgn(·)ue) − χseF(χ sgn(·)ve)

−iχso sgn(ξ)F(χuo) + χsoF(χvo)

)
. (12.12)

ρe, ρo and χ are given by definition 11.1.1.
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Proof. By lemma 11.1.11:

(Gef)(x) = 1√
2π

∫
R

(
ρe,U (ξ, x)
ρe,V (ξ, x)

)
f(ξ)dξ

+ χ(x)
(

F(χcefe)
−iF(χce sgn(·)fo)

)
+ χ(x) sgn(x)

(
iF(χse sgn(·)fe)

F(χsefo)

)
, (12.13)

(Gog)(x) = 1√
2π

∫
R

(
ρo,U (ξ, x)
ρo,V (ξ, x)

)
g(ξ)dξ

− χ(x) sgn(x)
(

F(χcoge)
−iF(χco sgn(·)go)

)
− χ(x)

(
iF(χso sgn(·)ge)

F(χsogo)

)
. (12.14)

Let any h = (f, g) ∈ L2(R)2 be given. By definition, Gef is an even function, while Gog
is odd. Therefore:

⟨Gh,w⟩L2 = ⟨Gef, we⟩L2 + ⟨Gog, wo⟩L2 (12.15)

The lemma follows from (12.13) and (12.14). Note that lemma 8.5.3 and definition 11.1.1
imply ρe,U = ρe,U and ρo,U = ρo,U , as well as ρe,V = −ρe,V and ρo,V = −ρo,V . □

Corollary 12.1.5 Let G∗ denote the L2-adjoint of G. Then, for w = (u, v) ∈ L2(R)2:

F̃GG∗w = 1√
2π

∫
R

(
ρe,U (ξ, x)ue(x) − iρo,V (ξ, x)vo(x)

i sgn(ξ)ρe,V (ξ, x)ve(x) + sgn(ξ)ρo,U (ξ, x)uo(x)

)
dx

+ χceF(χwe) − Iχco sgn(ξ)F(χ sgn(·)wo)
+ iχse sgn(ξ)F(χ sgn(·)we) − iIχsoF(χwo). (12.16)

Proof. By lemma 12.1.3 and lemma 12.1.4:

F̃GG∗w = 1√
2π

∫
R

(
ρe,U (ξ, x)ue(x) − iρo,V (ξ, x)vo(x)

i sgn(ξ)ρe,V (ξ, x)ve(x) + sgn(ξ)ρo,U (ξ, x)uo(x)

)
dx

+
(
χceF(χue) + χco sgn(ξ)F(χ sgn(·)vo)
χceF(χve) − χco sgn(ξ)F(χ sgn(·)uo)

)

+
(
iχse sgn(ξ)F(χ sgn(·)ue) + iχsoF(χvo)
iχse sgn(ξ)F(χ sgn(·)ve) − iχsoF(χuo)

)
. (12.17)

That concludes the proof. □

Lemma 12.1.6 (Local Smoothing in L2) Let w0 ∈ L2(R)2 and assume (Fw0)(0) =
(0, 0). Let further 2 ≤ q < ∞ and 1 < q′ ≤ 2 with 1

q + 1
q′ = 1. Then, for every t ≥ 0:

t
∣∣∣∣∣∣(1 + |x|)−1T−1eIt∆w0

∣∣∣∣∣∣
L2

x

≤ C

∣∣∣∣∣∣∣∣ x

1 + x2

∣∣∣∣∣∣∣∣
Lq′

(∣∣∣∣∣∣eIt∆w0
∣∣∣∣∣∣
Lq

x

+
∣∣∣∣∣∣eIt∆(xw0)

∣∣∣∣∣∣
Lq

x

)
.

(12.18)
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Proof. Recall T−1 = GG−1. Let G∗ denote the L2-adjoint of G. It follows, for t ≥ 0:

t
∣∣∣∣∣∣(1 + |x|)−1T−1eIt∆w0

∣∣∣∣∣∣
L2

x

= t sup
||h||

L2
x

=1

〈
e−Itξ2F̃w0, F̃GG∗((1 + |x|)−1h)

〉
L2
. (12.19)

Let any h ∈ L2(R)2 with ||h||L2 = 1 be given. For simplicity, let h̃ = (1 + |x|)−1h. Then:

t
〈
e−Itξ2F̃w0, F̃GG∗h̃

〉
L2

≤ C

∣∣∣∣∣
∫
R

(−Itξ)e−Itξ2F̃w0 · F̃GG∗h̃

ξ
dξ

∣∣∣∣∣ . (12.20)

Note that ξ−1F̃GG∗h̃ is bounded by corollary 12.1.5, as well as lemma 11.1.2, lemma
11.1.3, lemma 11.1.5 and the mean value theorem. However, despite being smooth for
ξ ̸= 0, it is not necessarily continuous in ξ = 0.

We use partial integration in order to bound (12.20):

t
〈
e−Itξ2F̃w0, F̃GG∗h̃

〉
L2

≤ C

∣∣∣∣∣
∫
R
e−Itξ2F̃(xw0) · F̃GG∗h̃

ξ
dξ

∣∣∣∣∣+ C

∣∣∣∣∣
∫
R
e−Itξ2F̃w0 · ∂ξ

(
F̃GG∗h̃

ξ

)
dξ

∣∣∣∣∣
≤ C

∣∣∣∣∣
∫
R
eIt∆(xw0) · F̃−1

[
F̃GG∗h̃

ξ

]
dx

∣∣∣∣∣+ C

∣∣∣∣∣
∫
R
eIt∆w0 · F̃−1

[
∂ξ

(
F̃GG∗h̃

ξ

)]
dx

∣∣∣∣∣ .
(12.21)

(Fw0)(0) = (0, 0) ⇔ (F̃w0)(0) = (0, 0) allows us to consider ∂ξ(ξ−1F̃GG∗h̃) as a point-
wise derivative, instead of the distributional derivative that arises from the discontinuity
of ξ−1F̃GG∗h̃ in ξ = 0.

Both integrals in (12.21) are bounded completely analogously. We show the bound
for the second integral.

Let (f̃ , g̃) = h̃ denote the components of h̃. By corollary 12.1.5:

F̃GG∗h̃ = 1√
2π

∫
R

(
ρe,U (ξ, y)f̃e(y) − iρo,V (ξ, y)g̃o(y)

i sgn(ξ)ρe,V (ξ, y)g̃e(y) + sgn(ξ)ρo,U (ξ, y)f̃o(y)

)
dy

+ χceF(χh̃e) − Iχco sgn(ξ)F(χ sgn(·)h̃o)
+ iχse sgn(ξ)F(χ sgn(·)h̃e) − iIχsoF(χh̃o). (12.22)

We define:

ψ1(ξ) := 1√
2π

∫
R

(
ρe,U (ξ, y)f̃e(y) − iρo,V (ξ, y)g̃o(y)

i sgn(ξ)ρe,V (ξ, y)g̃e(y) + sgn(ξ)ρo,U (ξ, y)f̃o(y)

)
dy, (12.23)

ψ2(ξ) := χ[ceF(χh̃e) − Ico sgn(ξ)F(χ sgn(·)h̃o)]
+ iχ[se sgn(ξ)F(χ sgn(·)h̃e) − IsoF(χh̃o)]. (12.24)
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12. Dispersive Estimates

By definition:∣∣∣∣∣
∫
R
eIt∆w0 · F̃−1

[
∂ξ

(
F̃GG∗h̃

ξ

)]
dx

∣∣∣∣∣
≤
∣∣∣∣∫

R
eIt∆w0 · F̃−1

[
∂ξ
(
ξ−1ψ1

)]
dx

∣∣∣∣+ ∣∣∣∣∫
R
eIt∆w0 · F̃−1

[
∂ξ
(
ξ−1ψ2

)]
dx

∣∣∣∣ (12.25)

Recall χ(ξ) = 0 for |ξ| ≤ 1. Lemma 11.2.4 implies∣∣∣∣∣∣F̃−1
[
∂ξ
(
ξ−1ψ2

)]∣∣∣∣∣∣
Lq′ ≤ C

∣∣∣∣∣∣h̃∣∣∣∣∣∣
Lq′ ≤ C2 ||h||L2 . (12.26)

Consequently: ∣∣∣∣∫
R
eIt∆w0 · F̃−1

[
∂ξ
(
ξ−1ψ2

)]
dξ

∣∣∣∣ ≤ C
∣∣∣∣∣∣eIt∆w0

∣∣∣∣∣∣
Lq′ ||h||L2 . (12.27)

It remains to bound
∣∣∣∫R eIt∆w0 · F̃−1 [∂ξ (ξ−1ψ1

)]
dξ
∣∣∣. Recall that ρe,U and ρe,V are even

with respect to x, while ρo,U and ρo,V are odd. Hence:

ψ1 = 1√
2π

∫
R

(
ρe,U (ξ, y)f̃(y) − iρo,V (ξ, y)g̃(y)

i sgn(ξ)ρe,V (ξ, y)g̃(y) + sgn(ξ)ρo,U (ξ, y)f̃(y)

)
dy

= 1√
2π

∫
R

(
ρe,U (ξ, y) −iρo,V (ξ, y)

sgn(ξ)ρo,U (ξ, y) i sgn(ξ)ρe,V (ξ, y)

)(
f̃(y)
g̃(y)

)
dy

=:
∫
R
P (ξ, y)h̃(y)dy. (12.28)

By lemma 11.1.2, lemma 11.1.3, lemma 11.1.5 and the mean value theorem, for ξ ∈ R\{0}
and y ∈ R: ∣∣∣ξ−1P (ξ, y)

∣∣∣ , ∣∣∣∂ξ(ξ−1P (ξ, y))
∣∣∣ , ∣∣∣∂2

ξ (ξ−1P (ξ, y))
∣∣∣ ≤ Ce− 1

2 |x|

1 + ξ2 . (12.29)

We define Ψ : R → C2×2 by

Ψ(y) := lim
ξ↘0

(
∂ξ(ξ−1P )(ξ, y) − ∂ξ(ξ−1P )(−ξ, y)

)
. (12.30)

By (12.29), for every y ∈ R:

|Ψ(y)| ≤ Ce− 1
2 |y|. (12.31)

Let δ0f = f(0) denote the Dirac distribution. From the discontinuity of ∂ξ(ξ−1P ) in
ξ = 0, it follows:

xF̃−1
[
∂ξ
(
ξ−1ψ1

)]
= iF̃−1

[
∂2
ξ

(
ξ−1ψ1

)]
+ iF̃−1

[
δ0

∫
R

Ψ(y)h̃(y)dy
]

= iF̃−1
[∫

R
∂2
ξ

(
ξ−1P (ξ, y)

)
h̃(y)dy

]
+ 1√

2π

∫
R

Ψ(y)h̃(y)dy. (12.32)
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We conclude:∣∣∣∣∫
R
eIt∆w0 · F̃−1

[
∂ξ
(
ξ−1ψ1

)]
dx

∣∣∣∣
≤
∣∣∣∣∫

R
eIt∆w0 · 1

1 + x2 F̃−1
[
∂ξ
(
ξ−1ψ1

)]
dx

∣∣∣∣
+
∣∣∣∣∣
∫
R
eIt∆w0 · x2

1 + x2 F̃−1
[
∂ξ
(
ξ−1ψ1

)]
dx

∣∣∣∣∣
≤ C

∣∣∣∣∣∣∣∣∫
R
eIt∆w0

∣∣∣∣∣∣∣∣
Lq

∣∣∣∣∣∣∣∣ 1
1 + x2 F̃−1

[
∂ξ
(
ξ−1ψ1

)]∣∣∣∣∣∣∣∣
Lq′

+ C

∣∣∣∣∣∣∣∣∫
R
eIt∆w0

∣∣∣∣∣∣∣∣
Lq

∣∣∣∣∣∣∣∣ x

1 + x2 F̃−1
[∫

R
∂2
ξ

(
ξ−1P (ξ, y)

)
h̃(y)dy

]∣∣∣∣∣∣∣∣
Lq′

+ C

∣∣∣∣∫
R
eIt∆w0 · x

1 + x2

∫
R

Ψ(y)h̃(y)dydx
∣∣∣∣

≤ C2
∣∣∣∣∣∣∣∣∫

R
eIt∆w0

∣∣∣∣∣∣∣∣
Lq

+ C2
∣∣∣∣∫

R

x

1 + x2 e
It∆w0dx

∣∣∣∣ (12.33)

That concludes the proof. □

Lemma 12.1.7 Let 2 ≤ q < ∞ and 1 < q′ ≤ 2 with 1
q + 1

q′ = 1. Then:∣∣∣∣∣∣∣∣ x

1 + x2

∣∣∣∣∣∣∣∣
Lq′

≤ C2(q − 1)1− 1
q . (12.34)

Proof. We estimate: ∣∣∣∣∣∣∣∣ x

1 + x2

∣∣∣∣∣∣∣∣
Lq′

≤ C

(∫ ∞

1

1
xq′ dx

) 1
q′

≤ C2
( 1
q′ − 1

) 1
q′

= C2
( 1

q′

1 − 1
q′

) 1
q′

= C2
(

1 − 1
q

1
q

)1− 1
q

= C2(q − 1)1− 1
q . (12.35)

That conclude the proof. □

Lemma 12.1.6 can be generalised to include the first derivative.

Lemma 12.1.8 (Local Smoothing in H1) Let w0 ∈ L2(R)2 and assume (Fw0)(0) =
(0, 0). Then, for every t ≥ 0 and 2 ≤ q < ∞:

t
∣∣∣∣∣∣(1 + x2)−1T−1eIt∆w0

∣∣∣∣∣∣
H1

x

≤ C(q − 1)1− 1
q

(∣∣∣∣∣∣eIt∆w0
∣∣∣∣∣∣
Lq

x

+
∣∣∣∣∣∣eIt∆(xw0)

∣∣∣∣∣∣
Lq

x

)
. (12.36)
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Proof. Consider the Galilean operator Jt = x
2 + It∂x. By corollary 11.4.6, as well as

lemma 11.5.10 and lemma 11.5.11:

t
∣∣∣∣∣∣(1 + x2)−1∂xT

−1eIt∆w0
∣∣∣∣∣∣
L2

x

≤ C
∣∣∣∣∣∣JtT−1eIt∆w0

∣∣∣∣∣∣
Lq

x

+ C
∣∣∣∣∣∣T−1eIt∆w0

∣∣∣∣∣∣
Lq

x

≤ C2
∣∣∣∣∣∣JteIt∆w0

∣∣∣∣∣∣
Lq

x

+ C2
∣∣∣∣∣∣eIt∆w0

∣∣∣∣∣∣
Lq

x

+ C2
∣∣∣∣∣∣eIt∆w0

∣∣∣∣∣∣
Lq

+ C2
∣∣∣∣∣∣eIt∆(xw0)

∣∣∣∣∣∣
Lq

≤ 2C2
∣∣∣∣∣∣eIt∆w0

∣∣∣∣∣∣
Lq

+ 2C2
∣∣∣∣∣∣eIt∆(xw0)

∣∣∣∣∣∣
Lq
. (12.37)

Together with lemma 12.1.6 and lemma 12.1.7, that concludes the proof. □

Theorem 12.1.9 (Local Smoothing) Let w0 ∈ L2(R)2 and assume (Fw0)(0) = (0, 0).
Then:∣∣∣∣∣∣∣∣ t

ln(2 + t)3 (1 + x2)−1T−1eIt∆w0

∣∣∣∣∣∣∣∣
L4

t (0,∞)H1
x

+
∣∣∣∣∣∣t(1 + x2)−1T−1eIt∆w0

∣∣∣∣∣∣
L∞

t (0,∞)H1
x

≤ C ||(1 + |x|)w0||L2 . (12.38)

Proof. By lemma 12.1.8, it suffices to show:∣∣∣∣∣∣∣∣ t

ln(2 + t)3 (1 + x2)−1T−1eIt∆w0

∣∣∣∣∣∣∣∣
L4

t (1,∞)H1
x

≤ C ||(1 + |x|)w0||L2 . (12.39)

Given n ≥ 0, we choose qn ∈ (4,∞], such that 2
q + 1

2n+2 = 1
2 . Note that this implies:

1
4 = 1

qn
+ 1

4n+ 4 . (12.40)

By lemma 12.1.8, for n ≥ 0:∣∣∣∣∣∣∣∣ t

ln(2 + t)3 (1 + x2)−1T−1eIt∆w0

∣∣∣∣∣∣∣∣
L4

t (en,en+1)H1
x

≤ C(n+ 1)
∣∣∣∣∣∣ln(2 + t)−3eIt∆w0

∣∣∣∣∣∣
L4

t (en,en+1)L2n+2
x

+ C(n+ 1)
∣∣∣∣∣∣ln(2 + t)−3eIt∆(xw0)

∣∣∣∣∣∣
L4

t (en,en+1)L2n+2
x

≤ C2(n+ 1)
∣∣∣∣∣∣ln(2 + t)−3

∣∣∣∣∣∣
L4n+4

t (en,en+1)

∣∣∣∣∣∣eIt∆w0
∣∣∣∣∣∣
Lqn

t (en,en+1)L2n+2

+ C2(n+ 1)
∣∣∣∣∣∣ln(2 + t)−3

∣∣∣∣∣∣
L4n+4

t (en,en+1)

∣∣∣∣∣∣eIt∆(xw0)
∣∣∣∣∣∣
Lqn

t (en,en+1)L2n+2

≤ C3(n+ 1)e
n

4n+4 ln(2 + en+1)−3 (||w0||L2 + ||xw0||L2)

≤ C4 1
(n+ 1)2 (||w0||L2 + ||xw0||L2) . (12.41)
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In conclusion: ∣∣∣∣∣∣∣∣ t

ln(2 + t)3 (1 + x2)−1T−1eIt∆w0

∣∣∣∣∣∣∣∣
L4

t (1,∞)H1
x

=
∞∑
n=0

∣∣∣∣∣∣∣∣ t

ln(2 + t)3 (1 + x2)−1T−1eIt∆w0

∣∣∣∣∣∣∣∣
L4

t (en,en+1)H1
x

≤ C
∞∑
n=0

1
(n+ 1)2 (||w0||L2 + ||xw0||L2)

≤ C2 (||w0||L2 + ||xw0||L2) . (12.42)

That concludes the proof. □

Theorem 12.1.10 (Local Smoothing for Duhamel’s formula) Let the dual of a
Strichartz pair be given, meaning q′ ∈ [1, 4

3 ], r′ ∈ [1, 2], such that 2
q′ + 1

r′ = 5
2 . Let

Jt = x
2 + It∂x. Let w ∈ Lq

′(0,∞)Lr′(R)2 and assume (Fw)(t, 0) = (0, 0) for every t ≥ 0.
Then: ∣∣∣∣∣∣∣∣ t

ln(2 + t)3 (1 + x2)−1T−1
∫ t

0
eI(t−s)∆w(s, x)ds

∣∣∣∣∣∣∣∣
L4

t (0,∞)H1
x

+
∣∣∣∣∣∣∣∣t(1 + x2)−1T−1

∫ t

0
eI(t−s)∆w(s, x)ds

∣∣∣∣∣∣∣∣
L∞

t (0,∞)H1
x

≤ C ||w||
Lq′

t (0,∞)Lr′
x

+ C ||Jtw||
Lq′

t (0,∞)Lr′
x
. (12.43)

More generally, for k > 2:∣∣∣∣∣∣∣∣ t

ln(2 + t)k (1 + x2)−1T−1
∫ t

0
eI(t−s)∆w(s, x)ds

∣∣∣∣∣∣∣∣
L4

t (0,∞)H1
x

+
∣∣∣∣∣∣∣∣ t

ln(2 + t)k (1 + x2)−1T−1
∫ t

0
eI(t−s)∆w(s, x)ds

∣∣∣∣∣∣∣∣
L∞

t (0,∞)H1
x

≤ C ||w||
Lq′

t (0,∞)Lr′
x

+ C ||Jtw||
Lq′

t (0,1)Lr′
x

+ C
∞∑
n=0

1
(n+ 1)k−1 ||Jtw||

Lq′
t (0,en+1)Lr′

x
.

(12.44)

Proof. Note, JteIt∆w0 = 1
2e
It∆ (xw0). The theorem follows completely analogously to

theorem 12.1.9. □

Remark Theorem 12.1.9 suggest decay of order ∼ t−
5
4 . This decay came about by using

the absence of a resonance to establish decay of ∼ t−1, and a Strichartz estimate to
ensure the resulting function lives in L4 with respect to the time t.

If, instead of a Strichartz estimate, we where to utilise the dispersive estimate
∣∣∣∣∣∣eit∆f ∣∣∣∣∣∣

L∞
≤

Ct−
1
2 ||f ||L1, decay of order ∼ t−

3
2 could be established as well, under the additional as-

sumption xw0 ∈ L1(R)2. For theorem 12.1.10, decay of order ∼ t−
3
2 does not seem

feasible while maintaining reasonable assumptions.
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Part IV.
Outlook: Stability of the nonlinear
Schrödinger Equation
We can restate (1.1) as a system of equations by identifying the imaginary unit i with

its matrix equivalent I =
(

0 −1
1 0

)
:

I∂tW = −∆W − |W |p−1W, (t, x) ∈ [0,∞) × R. (12.45)

W0 ∈ L2(R)2 denotes the initial data. As before, we consider 3 < p < 5.

Conjecture 12.1.11 (Asymptotic Stability) There exist ε0 > 0 and p1 ∈ (3, 5),
such that the following holds true. Consider equation (12.45) with radially symmetric
initial data W0 ∈ H1(R)2 and exponent p ∈ (3, p1). Assume:

w0 := W0 −
(
Q
0

)
∈ H (12.46)

and ||w0||H1 , ||xw0||L2 < ε0. Then, there are functions ν : [0,∞) → R, λ : [0,∞) →
(0,∞) and w : [0,∞) × R → C2, such that:

W = τν,0,0,λ,t

(
Q
0

)
+ w. (12.47)

For every t ≥ 0, w admits the dispersive estimate:

||w(t, x)||L∞
x

≤ Cp(1 + t)− 1
2
(
||w0||H1 +

∣∣∣∣∣∣x2w0
∣∣∣∣∣∣
L2

)
. (12.48)

Further, given a Strichartz pair q, r ∈ [2,∞], 2
q + 1

r = 1
2 :

||w(t, x)||
Lq

tW
1,r
x

≤ Cp
(
||w0||H1 +

∣∣∣∣∣∣x2w0
∣∣∣∣∣∣
L2

)
. (12.49)

ν and λ fulfil for 0 ≤ s ≤ t:

|λ(t) − λ(s)| , |ν(t) − ν(s)| ≤ Cp(1 + s)− 1
2
(
||w0||H1 +

∣∣∣∣∣∣x2w0
∣∣∣∣∣∣
L2

)
. (12.50)

While an actual proof is beyond the scope of this thesis, we give some ideas on how
its results might be used to show asymptotic stability of the NLS. Everything presented
in this outlook is based on an, as of yet, unfinished proof of asymptotic stability, which
I originally planned to include in this thesis.

The reason I ultimately decided against including such a proof is threefold. Firstly, I
have not yet finished the proof. Secondly, the proof is quite long. It would easily make
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this thesis longer by a third. Thirdly, the techniques used in the proof are quite different
to both of the already very distinct parts of this thesis.

I remain optimistic that the linear results contained within this thesis are sufficient
to analytically show asymptotic stability of the one-dimensional focusing non-linear
Schrödinger equation. Most likely even without restricting oneself to radially symmetric
initial data.

13. Stability for Small Data
We already discussed the general approaches when proving asymptotic stability in chap-
ter 1.3. The approach we take is to show dispersive estimates (theorem 12.0.1, 12.0.2,
12.1.9) for the linearised equation ∂tw = Lw and then treat the perturbation as a small
data Cauchy problem.

Thus, in proving asymptotic stability, the first step is to recall how the NLS acts on
small initial data. The information presented in chapter 13 is largely taken from [19].

Definition 13.0.1 Given t ∈ R, we introduce the following operator:

Jtw = x

2w + It∂xw. (13.1)

Jt is linked to the Galilean invariance of the Schrödinger equation. A consequence of
this relationship is lemma 13.0.2.

Lemma 13.0.2 Let w0 ∈ L2(R)2, such that xw0 ∈ L2(R)2. Then, for every t ∈ R:

Jte
It∆w0 = eIt∆

(
x

2w0

)
. (13.2)

Proof. Let w(t, x) = eIt∆w0. w satisfies the equation:

I∂tw = −∆w. (13.3)

Applying Jt yields:

I∂tJtw + ∂xw = −∆Jtw + ∂xw. (13.4)

J0w(0, x) = x
2w0 concludes the proof. □

Lemma 13.0.3 Consider (12.45) and assume ||xW0||L2(R)2 , ||W0||L2(R)2 < ε for some
sufficiently small ε > 0. Then, for every q, r ∈ [2,∞] satisfying 2

q + 1
r = 1

2 :

||W ||Lq
tL

r
x

≤ Cε. (13.5)

Further, for every t > 0:

||W (t, ·)||L∞ ≤ Cεt−
1
2 . (13.6)
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Proof. Note:

Jt(|W |p−1W )

= Jt(⟨W,W ⟩
p−1

2 W )

= |W |p−1 JtW + p− 1
2 ⟨It∂xW,W ⟩ |W |p−3W − p− 1

2 ⟨W, It∂xW ⟩ |W |p−3W

= |W |p−1 JtW + p− 1
2 ⟨JtW,W ⟩ |W |p−3W − p− 1

2 ⟨W,JtW ⟩ |W |p−3W. (13.7)

It follows: ∣∣∣Jt(|W |p−1W )
∣∣∣ ≤ C |W |p−1 |JtW | . (13.8)

We define the following quantities for t ≥ 0:

ε1(t) := sup
2
q

+ 1
r

= 1
2

||W (s, x)||Lq(0,t)Lr , (13.9)

ε2(t) := sup
2
q

+ 1
r

= 1
2

||JsW (s, x)||Lq(0,t)Lr , (13.10)

ε3(t) := sup
0<s≤t

s
1
2 ||W (s, x)||L∞

x
. (13.11)

Clearly, ε1(0), ε2(0), ε3(0) < ε. By definition:∫ t

0
||W (s, x)||p−1

L∞
x
ds ≤ Cε1(t)p−1 + Cε3(t)p−1. (13.12)

We use Duhamel’s principle to estimate W :

W (t, x) = eIt∆W0 + I

∫ t

0
eI(t−s)∆

(
|W |p−1W

)
ds (13.13)

Using a Strichartz estimate (lemma 1.6.2), it follows:

ε1(t) ≤ ε+ C ||W p||L1
sL

2
x

≤ ε+ C

∫ t

0
||W (s, x)||p−1

L∞
x
ds ||W ||L∞

s L2
x

≤ ε+ C2ε1(t)(ε1(t)p−1 + ε3(t)p−1). (13.14)

Analogously:

ε2(t) ≤ Cε+ C
∣∣∣∣∣∣|W |p−1 |JsW |

∣∣∣∣∣∣
L1

sL
2
x

≤ Cε+ C2ε2(t)(ε1(t)p−1 + ε3(t)p−1). (13.15)

Further, for t > 0:

||W ||2L∞ ≤
∣∣∣∣∣∣∣∣e−I x2

4t W

∣∣∣∣∣∣∣∣
L2

∣∣∣∣∣∣∣∣∂x(e−I x2
4t W )

∣∣∣∣∣∣∣∣
L2

≤ ||W ||L2

∣∣∣∣∣∣t−1JtW
∣∣∣∣∣∣
L2
. (13.16)
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Consequently:

ε3(t) ≤ ε1(t)
1
2 ε2(t)

1
2 . (13.17)

(13.14), (13.15) and (13.17) conclude the proof. □
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14. Asymptotic Stability, Possible Ansatz
Consider the NLS in the form given by (12.45):

I∂tW = −∆W − |W |p−1W, (t, x) ∈ [0,∞) × R. (14.1)

W0 ∈ L2(R)2 denotes the initial data. The exponent fulfils 3 < p < 5.
We seek to treat (14.1) in the neighbourhood of a soliton in the same manner as lemma

13.0.3. What complications arise compared to lemma 13.0.3?

Consider first the basic idea W (t, x) = eIt(Q(x) + w(t, x)). This Ansatz leads to an
equation

I∂tw = Lw − |w|p−1w +R (14.2)

with the remainder term R(t, x) containing nonlinear terms of order ≥ 2 with exponen-
tially decaying coefficients. If the orthogonal condition w ∈ H is fulfilled, we can control
R using the local smoothing estimates given by theorem 12.1.9 and theorem 12.1.10.
|w|p−1w is controlled analogously to lemma 13.0.3, using the dispersive estimates given
by theorem 12.0.1 and theorem 12.0.2.

Clearly, the condition w ∈ H can not be presupposed. While the flow generated by
the linear equation ∂tw = Lw stays contained within the sub-manifold H, such a thing
does not hold in the presence of nonlinear interactions.

Recall that H ⊂ H is of co-dimension 6 with H being of co-dimension 4. H is char-
acterised by (1.43), four orthogonal conditions in L2 related to the eigenspace of L
associated with the eigenvalue 0. H is then defined as the orthogonal complement (with
respect to ⟨·, ·⟩H) of the internal modes ζ, ζ, which are the eigenfunctions of the non-zero
eigenvalues E, −E of L.

By introducing geometric parameters, which we use to variate the soliton along its
symmetries (compare chapter 1.4), it is possible to control the eigenspace of 0 and ensure
w ∈ H.

That leaves the internal modes ζ, ζ, which can not be controlled in such an elegant
manner. We are forced to make the decomposition w = w1 + µζ + µζ, whereby w1 ∈ H,
µ ∈ C. w1 is to be controlled as a radiative term in the same manner we discussed above.
However, controlling the coefficient µ(t) of the internal modes requires yet another idea,
the co-called nonlinear version of Fermi’s golden rule.

By examining the quadratic terms of the evolution equation describing w1 and µ re-
spectively, Fermi’s golden rule describes the interaction between the internal modes and
w1, specifically at the frequency 2E − 1.

At this point I want to mention [5], where Buslaev and Sulem examine a class of
non-linear Schrödinger equations with internal modes, and making use of Fermi’s golden
rule. While [5] makes stronger assumptions than we are afforded, Fermi’s golden rule
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still works in much the same way.

We present three ingredients for a possible proof of conjecture 12.1.11. In chapter
14.1, we introduce the geometric parameters that ensure w ∈ H.

In chapter 14.2, we give a possible structure for the proof in a way that mirrors lemma
13.0.3.

Finally, in chapter 14.3, we affirm that the nonlinear version of Fermi’s golden rule
can be used to control the internal modes and explain the form Fermi’s golden rule takes
when using the terminology developed in this thesis.

14.1. Orthogonality Conditions
Definition 14.1.1 Given t ≥ 0, λ > 0, ν, β, y ∈ R and h : R → C2, consider:

τν,β,y,λ,th(x) := eIνeIλ
2teI

β
2 (x− β

2 t)λ
2

p−1h(λ(x− βt+ y)). (14.3)

τ is based on the invariances of the NLS laid out in chapter 1.4. Instead of µ, β, y ∈ R
and λ > 0, consider differentiable functions ν, β, y : [0,∞) → R and λ : [0,∞) → (0,∞).
Using the short-hand notation, τt = τν(t),β(t),y(t),λ(t),t, it follows by direct computation:

Iτ−1
t ∂tτth+ τ−1

t ∆τth

= I∂th+ λ2∆h− λ2h− α1h− α2xh− Iα3∂xh− Iα4

( 2
p− 1h+ x∂xh

)
. (14.4)

The coefficients αk are given by

α1(t) := ν ′(t) + 2λ(t)λ′(t)t− β′(t)
2 y(t), (14.5)

α2(t) := β′(t)
2λ(t) , (14.6)

α3(t) := λ(t)β′(t)t− λ(t)y′(t), (14.7)

α4(t) := − λ′(t)
λ(t) . (14.8)

In order to ensure w ∈ H, the following lemma can be used.

Lemma 14.1.2 Consider equation (12.45) with exponent 3 < p < 5 and initial data
W0 ∈ H1(R)2. Given some sufficiently small ε > 0, assume

w0 := W0 −
(
Q
0

)
∈ H (14.9)

and ||w0||H1 < ε. Then, one can choose 0 < t0 ≤ ∞ and ν, β, y : [0, t0) → R, λ :
[0, t0) → (0,∞) and w1 : [0, t0) × R → R2, such that, for every t ∈ [0, t0):

1. ν(0) = β(0) = y(0) = 0 and λ(0) = 1.
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2. W = τν,β,y,λ,t

((
Q
0

)
+ w1

)
.

3. w1(t, ·) ∈ H.

4. With α1, .., α4 as given by (14.5) - (14.8):
4∑

k=1
|αk(t)| ≤ Cλ(t)2

∫
R
e− |x|

2 |w1(t, x)|2 dx. (14.10)

5. t0 = ∞ or limt→t0 ||w1(t, ·)||H1 ≥
√
ε.

Proof. The proof is straightforward, but omitted, to prevent this outlook chapter from
becoming bloated. □

14.2. The Continuity Argument
We give a plausible structure for a proof of conjecture 12.1.11, which is essentially a
more technical version of the proof of lemma 13.0.3.

Let initial data w0 ∈ H fulfil the assumptions of conjecture 12.1.11. Lemma 14.1.2
gives rise to w1 : [0, t0) ×R → R2, which fulfils w1(t, ·) ∈ H for every time t ∈ [0, t0). As
this w1 is radially symmetric, we conclude β(t) = y(t) = 0. Consider w = τν,0,0,λ,tw1. w

fulfils W = τν,0,0,λ,t

(
Q
0

)
+ w by lemma 14.1.2.

We introduce the first half of the continuity argument. Consider

t1 = sup {0 ≤ t < t0 |∀0 ≤ r ≤ s ≤ t : (LAMBDA1) holds true} . (14.11)

(LAMBDA1) is a condition on the mode λ, ensuring that λ(t) converges as t increases.
Given some large K1 > 0, I would suggest the following:

|λ(s) − λ(r)| ≤ 2K1(ε−2 + r)− 1
2 . (LAMBDA1)

It might even be possible to utilize a condition as strong as:

|λ(s) − λ(r)| ≤ 2K1(ε−2 + r)−1. (LAMBDA2)

We can now define λ0 := limt→t1 λ(t). Also consider

ν̃(t) := ν(t) +
(
λ(t)2 − λ2

0

)
t. (14.12)

We introduce the shorthand τt,s = τν̃(t),0,0,λ0,s and define

w2 = τ−1
t,t w = τ−1

t,t τν(t),0,0,λ(t),tw1. (14.13)

Put another way, this reads

w2(t, x) = (λλ−1
0 )

2
p−1w1

(
t, λλ−1

0 x
)
. (14.14)
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Clearly, we can not assume w2 ∈ H. However, the error is small. By projecting onto H
and H, we find a decomposition

w2 = w3 + µζ + µζ + w1. (14.15)

w3 fulfils w3 ∈ H, µ is a coefficient term for the non-zero eigenfunctions and w1 is small
to the point of being negligible. We define

w2 = µζ + µζ =
(

2µuζu
−2µvζv

)
. (14.16)

Finally, the wave operator T = GF comes into play. Consider:

w4 = Fw3, (14.17)
w5 = Tw3 = Gw4, (14.18)
w6 = τt,tTw3 = τt,tw5. (14.19)

We introduce the second half of the continuity argument:

t2 = sup {0 ≤ t < t1 | (14.21) - (14.25) hold true} . (14.20)

Given some large constants K2,K3,K4,K5,K6 > 0, (14.21) - (14.25) are given by:

1. For every Strichartz pair q, r ∈ [2,∞], 2
q + 1

r = 1
2 :

||w3(s, x)||
Lq

s(0,t)W 1,r
x

≤ 2K2ε. (14.21)

2. w3 fulfils the dispersive estimate:∣∣∣∣∣∣(ε−2 + s)
1
2w3(s, x)

∣∣∣∣∣∣
L∞

s (0,t)L∞
x

≤ 2K3. (14.22)

3. Let Jt = x
2 + It∂x. Let γ > 0 be small. For every Strichartz pair q, r ∈ [2,∞],

2
q + 1

r = 1
2 : ∣∣∣∣∣∣(1 + s)− 1

4 −γJλ2
0s
w3(s, x)

∣∣∣∣∣∣
Lq

s(0,t)Lr
x

≤ 2K4. (14.23)

4. w3 fulfils the smoothing estimate for every q ∈ [4,∞]:∣∣∣∣∣
∣∣∣∣∣
(
ε−1 + s

3
4

ln(2 + s)3

)
w3(s, x)
1 + x2

∣∣∣∣∣
∣∣∣∣∣
Lq

s(0,t)H1
x

≤ 2K5. (14.24)

5. µ fulfils: ∣∣∣∣∣∣(ε−2 + s)
1
2µ(s)

∣∣∣∣∣∣
L∞(0,t)

≤ 2K6. (14.25)

In order to prove asymptotic stability, it suffices to show that (LAMBDA1) and (14.21)
- (14.25) hold true with smaller bounds.
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14.3. Fermi’s Golden Rule
The conditions (LAMBDA1), as well as (14.21) - (14.24) should be provable in a straight-
forward manner using the dispersive estimates from chapter 12 and the Duhamel evolu-
tion equation of w6:

w6(t, x) = eIt∆w6(0, x) −
∫ t

0
ν̃ ′(s)eI(t−s)∆τν̃,0,0,λ0,s(TI − IT )w2ds

+ λ2
0

∫ t

0
eI(t−s)∆τν̃,0,0,λ0,sTI(|w2|p−1w2)ds

+ λ2
0

∫ t

0
eI(t−s)∆τν̃,0,0,λ0,sTB2[w2, w2]ds

−
∫ t

0
eI(t−s)∆τν̃,0,0,λ0,sTIRds. (14.26)

R denotes a suitably small remainder term. B2 is a quadratic form arising from the
power non-linearity. For h = (f, g) : R → C2:

B2[h, h] =
(

−(p− 1)Qp−2fg
(p+9)(p−1)

8 Qp−2f2 + p−1
2 Qp−2g2

)
. (14.27)

The condition (14.25) is more technically complex. Consider polar coordinates

µ(t) = eiφ(t)ρ(t). (14.28)

Then, the evolution of ρ is given by

ρ(t) = ρ(t2) +
5∑

k=1

∫ t2

t
Re
(
e−iφ(s)ηk(s)

)
ds. (14.29)

Hereby

η1(t) = ν̃ ′(t)⟨Iw2, ζ⟩H, (14.30)
η2(t) = − λ2

0⟨I |w2|p−1w2, ζ⟩H, (14.31)
η3(t) = − λ2

0⟨B2[w2, w2] −B2[w2, w3], ζ⟩H, (14.32)
η4(t) = ⟨IR, ζ⟩H, (14.33)
η5(t) = − λ2

0⟨B2[w2, w3], ζ⟩H. (14.34)

The crucial term is η5, meaning

B(t) := −λ2
0

∫ t2

t
Re
(
e−iφ(s) ⟨B2[w2, w3], ζ⟩H

)
ds. (14.35)

B governs the interaction between the continuous component w3 and the pure-point
component w2, specifically how w2 interacts with the frequency 2E−1. Through careful
examination of the term, it is possible to show

B(t) = π

2
Z(

√
2E − 1)√

2E − 1

∫ t2

t
ρ(s)3ds+ o((ε−2 + t)− 1

2 ). (14.36)
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If Z(
√

2E − 1) ̸= 0, then (14.36) implies that (14.25) holds with a bound independent
of K6: ∣∣∣∣∣∣(ε−2 + s)

1
2µ(s)

∣∣∣∣∣∣
L∞(0,t)

≤ Cp. (14.37)

Z is an analytic function given by

Z(ξ) = ||Z1(ξ)||22 + ||Z2(ξ)||22 + 2 ⟨Z1,Z2⟩2 , (14.38)

whereby

Z1 = G∗
(
p−1

2

(
p+9

4 ζ2
u − ζ2

v

)
EQp−2

0

)
, (14.39)

Z2 = − iG∗
(

0
(p− 1)EζuζvQp−2

)
. (14.40)

G∗ denotes the L2-adjoint of the unitary operator G.
Z(

√
2E − 1) ̸= 0 serves the role of a non-degeneracy condition. Clearly, the non-

zero eigenvalue E must fulfil E > 1
2 for the condition to be well-posed. If we can

show that p 7→ Z(
√

2E − 1) does not uniformly equal zero, then analyticity ensures
Z(

√
2E − 1) ̸= 0 for almost every p with E(p) > 1

2 .
Analytically showing Z(

√
2E − 1) ̸= 0 may not be trivial. In p = 3, p 7→ Z(

√
2E − 1)

features a zero of at least order 3.
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