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I saw my life branching out before me like the green fig tree in the story.

From the tip of every branch, like a fat purple fig,

a wonderful future beckoned and winked.

One fig was a husband and a happy home and children,

and another fig was a famous poet

and another fig was a brilliant professor,

and another fig was Ee Gee, the amazing editor,

and another fig was Europe and Africa and South America,

and another fig was Constantin and Socrates and Attila

and a pack of other lovers with queer names and offbeat professions,

and another fig was an Olympic lady crew champion,

and beyond and above these figs were many more figs I couldn’t quite make out.
I saw myself sitting in the crotch of this fig tree, starving to death,

just because I couldn’t make up my mind which of the figs I would choose.

I wanted each and every one of them, but choosing one meant losing all the rest,
and, as I sat there, unable to decide, the figs began to wrinkle and go black,
and, one by one, they plopped to the ground at my feet.

—— ) < —

A quote from the book The Bell Jar by Sylvia PLATH






Abstract

To this day, describing the interaction of hadrons poses a challenge. Although quantum
chromodynamics is well established by now, its non-perturbative nature at low energies
renders it impossible to perform perturbative calculations in this energy regime, as, e.g.,
feasible in the realm of quantum electrodynamics. Conjectured to be related to this
behavior is the observation of confinement, stating that quarks and gluons cannot exist as
free particles under ordinary conditions but invariably form hadronic bound states, which
thus represent the pertinent degrees of freedom at low and intermediate energies.

Together with the weak force, quantum chromo- and electrodynamics provide the
framework that describes the non-gravitational interactions of the fundamental building
blocks of nature we know of today, as compiled in the standard model of particle physics.
Crucially, the standard model is known to be incomplete, reasons for this being, e.g., its in-
compatibility with gravity, dark matter, and the apparent matter—antimatter asymmetry
in the universe. However, the proper extension of the standard model remains to be identi-
fied, and to this end, it is necessary to scrutinize this model with the utmost diligence.

In this thesis, we discuss various probes of the standard model at the precision frontier.
One such test is the anomalous magnetic moment of the muon, (¢—2),, which is the subject
of discussion in and its Therein, we analyze the transition form factors
of axial-vector mesons, which are essential input quantities for an improved evaluation of
the axial-vector contributions to hadronic light-by-light scattering. For our analysis, we
use the framework of vector-meson dominance, include short-distance constraints from the
light-cone expansion, and constrain the free parameters from experiment. Our final result
consists of novel parameterizations for the transition form factors of the fi, f{, and aq,
which are eligible for a revised estimate of the axial-vector contributions to (g — 2),.

Another test of the standard model at the precision frontier is provided by rare semilep-
tonic ") decays, which are investigated in Due to the strong suppression of
these decays within the standard model, they are excellent candidates for searches for
physics beyond this theory. For the analysis of the semileptonic ") decays, we consider
vector-meson-dominance parameterizations and determine the free parameters from phe-
nomenological input. Using the constructed framework, we calculate branching ratios and
differential distributions, which can be confronted with experimental measurements.

In we study B — ~* form factors, which entail valuable information on the
leading-twist B-meson light-cone distribution amplitude. Our study is based on a set of
dispersion relations that link these form factors to their B — V analogs. This is accom-
panied by a parameterization that employs a series expansion in a conformal variable and
a vector-meson-dominance ansatz, with the free parameters fixed from input on B — V.
The phenomenological analysis is performed in terms of integrated as well as differential
branching ratios and forward—backward asymmetries for the four-lepton decay, which can
probe our understanding of the standard model when compared with experiment.
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Prolegomena

According to current knowledge, the universe originated from an incredibly microscopic,
extremely hot cluster of space, matter, and energy of yet unknown genesis during what is
commonly referred to as the big bang, nearly 14 billion years ago. The initially unified
forces acting in this newborn entity are expected to have split into the four fundamental
forces of nature we know of today, that is gravity, the strong, the weak, and the electro-
magnetic force, only a small fraction of a second after the universe came into existence.
After the expansion and cooling of the universe had advanced for roughly nine billion
years—with many more intriguing events such as the emergence of hadrons from quarks,
the formation of nuclei from nucleons, and the production of atoms from nuclei and elec-
trons having occurred throughout that time—the star of humankind’s planetary system,
the sun, was born in the galaxy that we inhabit, the milky way. From the matter that
orbited the sun, many planets and among these the one us human beings populate formed
and cooled down in the following several hundred million years—earth was spawned [, 2].
Life on earth made its debut in the form of self-replicating underwater organisms of
primarily single-celled bacteria and slowly developed into more complex lifeforms in the
following era—a fauna and flora rich in diversity emerged. From early on, planet earth was
plagued by disastrous events, including collisions with comets and asteroids; changes in
earth’s climate, in particular recurring ice ages and periods of global warming, required the
living organisms to adapt to unprecedented conditions. Although such disasters repeatedly
led to mass extinctions amongst the otherwise blooming life, they did, perhaps, play a key
role in paving the way for the genus we represent, homo. It is widely agreed upon by
scientists that the modern human whose genes we are composed of to a large extent today,
the species homo sapiens, evolved and populated earth as early as 150 000-200 000 years
ago. There is, however, no prevailing consensus about when our direct ancestors first
wandered earth, with some estimates presently dating back around 300000 years [2H7].
One crucial reason for the dominance of homo sapiens over its fellow inhabitants is
believed to be its language capabilities. Not only did our ancestors forge the most sophis-
ticated tools and deadliest weapons of their time, but they were capable of communicating
with increasing complexity. There is no doubt that other types of extant apes, our closest
relatives in the animal kingdom, are capable of vocally alerting their tribe members to
approaching enemies, and they might even acquire primitive problem-solving and reason-
ing skills that require more cognitive ability than, e.g., fetching a stick does, but they
most certainly cannot grasp or talk about abstract concepts such as religion or political
institutions, let alone calculus. Ultimately, homo sapiens itself brought death and mass
extinction to nowadays long-forgotten genera of animals, becoming the deadliest species
in the annals of biology and the nemesis of many precedent rulers of planet earth [3, &, [9].
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With the above timescales in mind, it seems almost ironic that it was not until the pub-
lication of NEWTON’s Philosophiae Naturalis Principia Mathematica in 1687—]less than
400 years ago—that physics started to develop into the natural science it has become
today. NEWTON’s work obviated the once prevalent idea of absolute space and laid the
foundations for classical mechanics by formulating universal laws of motion and gravi-
tation, thus also providing a well-founded framework for the fundamental description of
planetary motion. To this day, these laws can account for a vast amount of the physical
phenomena of our everyday lives, where the involved velocities are not “too high”, the
involved masses not “too large”, and the involved length scales not “too small” [10].

The next major revolution in the realm of physics was initiated in 1865—almost 200
years later—when MAXWELL completed his work on the unification of electric and mag-
netic fields into an integral theory of electromagnetism, thereby also providing a proper
theory for the propagation of light. According to MAXWELL’s theory, electromagnetic
fields propagate through space and time as waves of fixed speed, which, at that time,
inevitably gave rise to the nowadays discarded notion of an ether, a supposedly ubiquitous
substance that acts as a carrier of light. Although MICHELSON and MORLEY were able to
experimentally debunk the ether already in 1887, it was only after EINSTEIN published his
special theory of relativity in 1905 that the ether was condemned to oblivion. In addition
to giving up absolute space, as had been established through NEWTON’s work, the special
theory of relativity also abandoned the idea of absolute time; instead, it postulated that
light travels at the same constant speed for every observer, irrespective of the observer’s
velocity relative to the light source, with space and time being intimately related manifes-
tations of a concept called space-time. Special relativity becomes essential when describing
physical phenomena where the involved velocities are not negligible compared to the speed
of light. The theory’s postulates have far-reaching consequences for the daily business of
modern-day physicists, including the equivalence of mass and energy, E = mc?, and the
fact that nothing can travel faster than the speed of light, preventing any kind of informa-
tion from being transferred faster than that. Despite its great success, special relativity is
thus irreconcilable with NEWTON’s theory of gravity, which, on the contrary, predicts an
instantaneous propagation of gravitational effects. This inconsistency was only resolved
with the publication of EINSTEIN’s general theory of relativity in 1915, which gives us our
modern understanding of gravity and, once more, revolutionized the way we think about
space and time. According to the general theory of relativity, space-time is curved by the
mass and energy present in it—as opposed to the flat space-time of special relativity—and,
conversely, the curvature of space-time dictates the trajectories of the matter contained in
it. General relativity is most relevant when dealing with strong gravitational fields, i.e., in
the proximity of massive bodies and high energy densities, or when describing phenomena
that NEWTON’s law of gravitation cannot consistently account for, e.g., the deflection and
energy loss of light in a gravitational field 2], TOHI2].

Around the same time, in 1900, PLANCK found that the radiation spectrum of a black
body can be explained by assuming the energy in electromagnetic waves to be quantized,
with each quantum having an energy that is directly proportional to the frequency it is
emitted atE] This discovery and a host of further developments ultimately led HEISEN-
BERG, SCHRODINGER, and others to the formulation of quantum mechanics in the 1920s.

!This interpretation of PLANCK’S observation was only conceived in 1905 when EINSTEIN postulated
what we now call photons as the quanta of the electromagnetic field to explain the photoelectric effect.



Crucially, quantum mechanics dispenses with the notion of classical particles and—in the
formalism devised by SCHRODINGER in 1926—instead adopts the concept of wave func-
tions that describe probability distributions, e.g., of an electron’s location in space. An
important implication is HEISENBERG’s uncertainty principle, which states that pairs of
conjugate variables, such as the position and momentum of an electron, cannot both be
known, say measured, with arbitrary precision at the same time. In essence, quantum
mechanics continues to provide our modern account of physical phenomena that proceed
on small length scales; however, it was realized promptly that a single-particle theory of
relativistic quantum mechanics, as obtained by the naive incorporation of special relativity
into the framework of quantum mechanics, results in severe difficulties. While a proper
quantum-mechanical treatment of the electromagnetic field required the application of
the quantization rationale to classical fields either way, it was rather soon understood
that a wholly consistent unification of special relativity and quantum mechanics imposes
a field-quantization procedure also for particles that were once considered classicalﬂ In
such a formalism, not only is all matter described in a single framework, but the re-
sulting quantum theory of fields, or, in short, quantum field theory, corresponds to an
intrinsically many-body theory that allows for observable processes such as the creation of
particle—antiparticle pairs from the vacuum as well as their annihilation. Here, a particular
milestone was DIRAC’s derivation of a relativistic wave equation for the electron in 1928,
which forced physicists to postulate the existence of the positron, the electron’s antiparti-
cle. Although it is widely accepted today that a crucial next step would be the unification
of general relativity and quantum mechanics, these two understandings of nature presently
seem to be hardly compatible with one another. Besides a certain elegance of a coherent
quantum theory of gravity, some phenomena such as the big bang or black holes are be-
lieved to be fully comprehensible only in a theory that integrates general relativity into
the quantum realm. In fact, the space-time singularities that general relativity predicts at
these points might even disappear in such a theory, just like quantum mechanics resolved
the problem of electrons crashing into the atomic nucleus, as a classical picture suggests.
So far, the attempts to construct a theory of quantum gravity have been inconclusive, but
potential candidates include string theory and loop quantum gravity [2] 10714]E|

By the end of the 1940s, the field-quantized formulation of electrodynamics—quantum
electrodynamics—had been refined by, among others, FEYNMAN and SCHWINGER. The
success of this theory in explaining various experimental observations played an important
role in establishing quantum field theory as a paradigm to construct theories for the weak
and the strong interactions. A unification of the weak and electromagnetic forces into
a theory of electroweak interactions was accomplished in 1967, based on work published
by GLASHOW, SALAM, and WEINBERG throughout the 1960s and utilizing the HIiGGs
mechanism as proposed in 1964. Furthermore, the quark hypothesis devised by GELL-
MANN and ZWEIG in 1964 culminated in the development of quantum chromodynamics
as a means to describe the strong force, which was completed in the early 1970s [2, 10-12].

ZPhotons as the quanta of the electromagnetic field are a quantum-mechanical concept to begin with;
the description of the native electromagnetic field is based on MAXWELL’s theory. This is opposite to
other matter such as the electron, which was initially thought of as a classical particle that behaves ac-
cording to NEWTON’s laws. While an electron’s wave function in quantum mechanics admits a probabilistic
interpretation, this is still different from the quantization of a classical field as is essential for the photon.

3String theory actually emerged as a byproduct of an attempt to find a theory for the strong force in
the 1960s and only regained interest in the 1980s, partly due to its by then identified relation to gravity.
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Figure 1: The particle content of the standard model, with the numerical values of the
masses taken from Ref. [I5]. A few remarks are in order: (i) antifermions have an electric
charge that is opposite to that of the corresponding fermion; (ii) while quarks carry one
of the color charges red, green, or blue, antiquarks carry one of the respective anticolors;
(iii) gluons carry color plus anticolor, with the physical composition being specified by non-
trivial linear combinations, in particular leading to the fact that there are eight instead
of the naively expected nine gluons; (iv) the W boson is charged and as such can interact
with the photon; (v) as explained in the preceding discussion, no consistent quantum
theory of gravity is known, so that the graviton is, in principle, a hypothetical tensor
boson that lies beyond the standard model. Further extensions of the standard model,
e.g., supersymmetry or additional HIGGS bosons, are not considered for this illustration.

Together, the strong, weak, and electromagnetic forces constitute the ensemble of
interactions that are accounted for within the so-called standard model of particle physics.
More specifically, the standard model is a gauge theory that is based on the symmetry

group
Gen = SU(3)e x SU2)L x U(1)y, (1)

with the particle or rather field content as given in Here, SU(3). is the color group of
the strong interactions, which corresponds to a YANG-MILLS theory that implicates eight
massless, color-carrying gauge bosons—the gluons—as the mediators of the strong forceE]
Since this part of the symmetry group acts on particles that carry (notional) color charges,
it is also referred to as quantum chromodynamics. The product SU(2);, x U(1)y relates
to the electroweak sector, with SU(2)y, involving three massless (unphysical) gauge bosons
denoted by (W7, Wa, W3) and U(1)y implicating one additional such gauge boson called B.

4By a YANG-MILLS theory, we refer to a gauge theory that is based on the non-abelian group SU(N),
resulting in the emergence of N? — 1 massless gauge bosons.



While the former group acts on left-chiral fermions that live in doublets and carry weak
isospin, the latter group pertains to those particles that hold a weak hypercharge Y. Up
to this point, the electroweak symmetry has been assumed unbroken, which presumably
reflected nature shortly after the big bang, just before the temperature of the universe
dropped below Agw ~ 100GeV (Tgw ~ 10% K), the scale of electroweak symmetry
breakingﬂ Below this scale, however, the vacuum, i.e., the ground state of the theory,
acquires a definite expectation value and thus ceases to respect the symmetry. In this way,
a symmetry on the level of LAGRANGE densities gets broken, or rather hidden, in a process
referred to as spontaneous symmetry breaking due to the system (spontaneously) falling
into a singled-out ground stateﬁ For the standard model, this mechanism is implemented
in terms of an SU(2), HicGs doublet, which has four degrees of freedom and upon attaining
a vacuum expectation value breaks the symmetry group according to

Gsm — GBy = SU(3)e x U(1)gm, (2)

where U(1)gy is the group associated with electromagnetic interactions, as described by
quantum electrodynamics. Within the broken symmetry, the photon and the massive
gauge bosons (W, W=, Z%) of the weak sector correspond to specific linear combinations
of the (unphysical) gauge bosons (W7, Wa, W3) and B; here, the masses of the weak gauge
bosons derive from three of the four degrees of freedom of the HiGGS doublet, with the
remaining degree of freedom accounting for the physical HicGs field. The fermion masses
in the standard model are generated on the basis of the HIGGS doublet as well, albeit
through a different process, namely via so-called YUKAWA couplings. To the present day,
the HicGs mechanism is the only known method to consistently generate masses for gauge
bosons and fermions in the standard model without violating gauge invariance [111, [16-20].

At low and intermediate energies, the electroweak sector is perturbative, that is it is
feasible to calculate electromagnetic and weak processes proceeding at such energies, order
by order, using a perturbative expansion. The underlying expansion parameter is given
by the coupling constant that determines the strength of interactions mediated via the
respective force; this coupling varies with the energy scale, and, accordingly, the property
of being perturbative is a consequence of the coupling constant’s numerical value being
sufficiently small at the implied energies, which renders a perturbative series meaningful
in the first placeﬂ Going to (very) high energies, the coupling of electroweak interactions
formally becomes strong, and the perturbative expansion eventually breaks down as higher-
order terms gain in relevance until, at some point, they even exceed those of low order.

5In so-called grand unified theories, the strong and electroweak interactions are merged into a single
force; it is speculated that such a symmetry might have been realized in the very early universe when the
temperature was above the grand-unification scale Aqgurt ~ 1016 GeV (Teur ~ 10%° K). Even before this,
when the temperature of the universe was beyond the PLANCK scale Ap; ~ 10*° (Tp1 ~ 1032 K), gravity is
conjectured to have been part of this synergy as well, forming a theory of everything.

SWith the symmetry initially being manifest, it is impossible to distinguish between the members of a
weak-isospin doublet, similar to how quantum chromodynamics does not allow to differentiate between the
members of a quark color triplet. In this sense, it is the vacuum that perceives a difference between the
members of a weak-isospin doublet below Agw, thus leading to the spontaneous breaking of the symmetry.

"In fact, these perturbative expansions are known to have limitations also for low and intermediate
energies. Although quantum electrodynamics, for example, yields meaningful results in all practical cal-
culations, the series is expected to diverge when going beyond a certain order in the expansion. When
thinking in terms of FEYNMAN diagrams, this is due to the fact that the growth in the number of diagrams
for higher orders outweighs the suppression from the corresponding power of the coupling constant.
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The theory of the strong interactions, on the other hand, behaves exactly opposite to this:
quarks and gluons interact weakly at high energies, thereby allowing for the use of per-
turbative methods in the ultraviolet regime, but the coupling strength grows large for low
and intermediate energies, rendering a perturbative expansion ill-defined in this regionﬁ
Having a coupling constant that diminishes with increasing energy, quantum chromody-
namics is said to be asymptotically free, meaning that the interactions between quarks and
gluons become asymptotically weaker and that both building blocks resemble free, i.e.,
non-interacting, particles at high energies. Crucially, however, the theory shows another
peculiar feature, namely color confinement, stating that quarks and gluons do not actually
materialize as tangible particles under ordinary conditions but only manifest themselves
in color-neutral hadronic bound states, which thus represent the pertinent degrees of free-
domﬂ The spectrum of hadrons consists of so-called mesons, which are quark—antiquark
bound states and thus bosons, and baryons, which are bound states of three (anti-)quarks
and thus fermions, as well as further exotic structures such as tetra- or pentaquarks, that
is bound states of four or five quarks. While the strong force also mediates interactions
among hadrons, it shows rather distinct characteristics within this scope, in particular a
comparatively short effective range due to the color-neutral nature of hadrons [16, 18-21].
To treat the non-perturbative domain of quantum chromodynamics, various approaches
have been developed over the years. Among these methods are effective field theories, dis-
persion relations, and quantum chromodynamics on the lattice, as will be briefly discussed
in turn below. The first of these techniques follows the rationale to alter the degrees of
freedom, i.e., instead of expressing strong interactions at low and intermediate energies
using occult quarks and gluons, effective field theories provide a formulation in terms of
hadrons—similar to how it is non-essential to know anything about atoms to describe the
motion of a ball. By constructing LAGRANGE densities that implement the relevant sym-
metries and establishing an ordering scheme that allows one to organize all possible contri-
butions with regard to their relative importance, effective field theories yield a perturbative
framework to calculate processes involving hadrons. The paradigm of such a theory is chi-
ral perturbation theory, which is based on the approximate chiral symmetry of quantum
chromodynamics for light quarks. Dispersion relations, in contrast, are based on a non-
perturbative ansatz and thus represent a very different approach. Here, the main ingre-
dients are the fundamental principles of analyticity (relating to causality), unitarity (cor-
responding to probability conservation), and crossing symmetry, which can be translated
into a model-independent tool to reconstruct physical amplitudes from their discontinu-
ities (containing information on intermediate states and their interactions). Finally, solving
quantum chromodynamics on the lattice provides a numerical, likewise non-perturbative,
approach in which space-time is discretized on a finite grid of points with non-zero spac-
ing. To recover the continuum limit of quantum chromodynamics, it is necessary to con-
sider (the limit of) an infinitely large grid and take the lattice spacing to zero [22H25].

8This behavior of quantum chromodynamics invariably holds true as long as there are no more than 16
quark flavors in nature, which all observations to date seem to confirm.

9The phenomenon of confinement is commonly visualized by means of an untearable rubber band
that is attached to the quarks; separating the quarks from each other by exerting a force increases the
potential energy of the system, to the point where it becomes energetically favorable to create, e.g., a
quark—antiquark pair from the vacuum to form two hadrons with each having one (shorter) rubber band.
As opposed to asymptotic freedom, confinement currently still lacks an analytic proof and is therefore
merely a hypothesis, albeit a heuristically well-founded one.



The great success of the standard model in explaining a large variety of phenomena
quickly led to its general acceptance in the scientific community. However, the standard
model in its current form is known to be incomplete. Besides the discussed incompatibility
with gravity, the theory also fails to account for several cosmological phenomena such as
dark matter and the apparent matter—antimatter asymmetry in the universe. More specif-
ically, measurements suggest that the mass of the visible matter in the universe adds up
to a mere ~ 5% of the total mass—energy content of the universe. Another ~ 27% can be
attributed to some hypothetical substance that seems to be hidden from our sight because
it does not interact with light—the so-called dark matter—and the remaining ~ 68% are
ascribable to an enigmatic drive referred to as dark energy. While dark matter is needed
to interpret a number of astronomical observations related to gravitational effects within
the general theory of relativity, dark energy is conceived as the origin of the force that
induces the accelerated expansion of the universe. These two entities share the property
of being oblivious to photons but, other than that, manifest very differently: dark matter
pulls galaxies together, whereas dark energy counters gravity and pushes them apartm
The asymmetry between matter and antimatter, on the other hand, relates to the pecu-
liarity that there appears to be an enormous abundance of matter against antimatter in
the universe—in fact, everything around us almost exclusively consists of matterE In
addition to these phenomena, the standard model is presently also ineligible to address
oscillations between different flavors of neutrinos; such transitions are experimentally ob-
served, though, and require non-vanishing neutrino masses, whereas neutrinos are assumed
to be massless within the standard model. There are further open questions that, to some
degree, have a philosophical character and to which the standard model does not provide
an answer either. These are questions that can be classified as problems of naturalness,
in particular the hierarchy and the fine-tuning problem; a discussion of these is, however,
beyond the scope of these prolegomena [, 1T, 26H28].

Today, there exist a plethora of extensions of the standard model that attempt to
resolve, at least partially, issues like those described above. Still, identifying the proper
extension to account for these so-called physics beyond the standard model proves to be
a formidable task. Aside from cosmological studies of, e.g., dark matter or the matter—
antimatter asymmetry, the search for new physics can be divided into two main categories:
the energy frontier and the precision frontier. Of these, the energy frontier is mostly con-
cerned with the discovery of (very) heavy particles in collisions performed at unprecedented
energies, as, e.g., predicted by grand unified theories or possible within the framework of
supersymmetry. The precision frontier, on the contrary, involves scrutinizing imprints of
physics beyond the standard model on observables that either have a minor background
from the standard model or can be calculated to a very high precision within the theory. In
this thesis, we discuss three such precision observables: the anomalous magnetic moment of
the muon, which is the subject of discussion in [Part I|and its rare semileptonic
n") decays, which are investigated in [Part H|; and B — v* form factors, which are studied
in[Part TTIl The[Synthesis|of the thesis summarizes the main results of these parts and gives
a condensed outlook; some fundamental material is collected in the part.

10 An illustrative analogy for the expansion of the universe is a lightly inflated balloon with two dots on its
surface; similar to how the balloon expands upon further inflation, space-time can be pictured to expand,
and similar to how the distance between the dots increases upon inflation—albeit the dots themselves are
stationary—stellar objects can be visualized to move apart.

1 Only a fraction of this imbalance can be explained within the standard model.
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Foundations

In this part of the thesis, we establish the definitions and conventions that will be used
throughout this work. Furthermore, we collect and derive several formulae and identities
that are employed in the main part, and we outline certain topics that are essential for
this dissertation. For easy reference, the contents presented here are collectively listed in
the [Foundations index] right after the at the end of this work.

Definitions and conventions

MINKOWSKI space

The MINKOWSKI space is one of the most prominent concepts of modern particle physics.
It unifies time and three-dimensional space into a four-dimensional vector space M = R3
referred to as space-time and thus allows for an elegant incorporation of EINSTEIN’s theory
of relativity into the formulation of, e.g., quantum field theory. We equip this vector space
with a scalar product using the metric tensor

g:diag(17_17_17_1) (3)

of signature (+, —, —, —), as opposed to g = diag(—1,1,1,1) with signature (—, 4+, +,+),
which, on the contrary, is more common in mathematics and other fields of physics [I, 2].
For two vectors a,b € M, this induces

a-b= a“bu = aub“ = a,ugw/bl/ = auguuby

3 3
= aobo - Zaibi = aObO — Zazbl (4)
=1 =1

Here, we implicitly introduced the EINSTEIN summation convention, implying a summa-
tion over all values of Greek indices appearing once as an upper and once as a lower index
in a single term. Likewise, two lower or two upper Latin indices in a single term commonly
involve a summation, but we will generally make such sums explicit to avoid ambiguity.
It is customary in many applications to omit the multiplication sign in the scalar product,
i.e., to write ab = a - b. Most notably, this abuse of notation facilitates the differentiation
between the MINKOWSKI scalar product and the Euclidean scalar product

3 3
c-d:Zcidi:Zcidi, (5)
i=1 i=1

with ¢,d € R3, which can further be distinguished by the boldface font that we use to
depict three-dimensional vectors.
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Foundations

LEVI-CIVITA symbol

We define the four-dimensional LEVI-CIVITA symbol as

etopipzps — (m(0)m(1)w(2)7(3) — G(W)GOHS, (6)
where 7 € Sym({0,1,2,3}) is the permutation that fulfills 7(i) = p; and €(m) is its
signature. Throughout this thesis, we adopt the convention €?'?® = +1 (or, equivalently,

€0123 = —1). Disregarding any mathematical details on the notion of tensors [3], we will
refer to the LEVI-CIVITA symbol as the LEVI-CIVITA tensor in this work.

Natural units

Throughout this thesis, we work in natural units, i.e., we set the speed of light ¢ and the
reduced PLANCK constant A to unity.

Fermionic field operators

In quantum field theory, particles are represented as the quanta of field operators. Fermions,
i.e., particles of half-integer spin, in particular, are described by fermionic field operators
U(x), which are multi-component objects ¥;(t,z) = [¥(x)]; that obey the equal-time
anticommutation relations [4]

{(0i(@), 0(y)} =0, (@) U@} =0, {U).¥i(y)}="@-y0d; 7
Here, the components 4, j of two fermionic fields that describe distinct fermion species act

as if they were two independent components of a single type of fermion.
For spin-1/2 fermions, the free fields can be expanded according to [5]

d3 1 —ipz ST s ipx
V0 = [ Gl S [ 0 0 ) 0

where the sum extends over the two spin projections s; a? () and bfo(ﬂ are annihilation

P
(creation) operators for fermions and antifermions of spin projection s, three-momentum
p, and energy E, = (p> + m?)Y/2, respectively, with m being the mass of the fermion

species; u®(p) and v*(p) are the corresponding four-component DIRAC spinors. Similar
expressions apply for bosons, i.e., particles of integer spin, with the anticommutators
replaced by commutators, which, however, will not be needed for this thesis.

Gamma matrices

The gamma matrices {y"},—0.1,23 are generators of the DIRAC algebra; they satisfy the
defining anticommutation relation [4]

{n" 7"} = 29" (9)
In the course of this thesis, we will use the FEYNMAN slash notation A = A,y" and denote
the DIRAC adjoint by B = BT70. We further define a fifth gamma matrix via

i v
¥ =" = = et (10)

where the sign in the last equality is due to the chosen convention of the LEVI-CiviTa
tensor.
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Definitions and conventions

Chirality projection operators

Using the fifth gamma matrix, we introduce the projection operators P/ = (1 F 5)/2,
which project onto the left- and right-chiral components of a DIRAC spinor, respectively [5].
The properties Pp, + Pr =1, Pg/R = PR, and Pr rPr/r = 0 are readily verified.
Time ordering

Time ordering will be denoted by an operation T acting on a product of either bosonic or

fermionic field operators {OF(z;) iz, N, pi = (17, - .. ,,uf-\/[i), according to [6]
Ho(1) Mo (N) . .
T{OM () ... OB (2x)} = 00(1) (To1)) - - - OO’(N) (T () if bosonic, ()
! N 6(0)052’1()1) (To1)) - - (’)g&%’) (To(ny), if fermionic.

Here, with all x? different, ¢ € Sy is the permutation that orders the expression such
that :Bg(l) > > :1:2( y and (o) is its signature. The potential sign for fermionic field
operators arises from their anticommutative property. We will only encounter the special
cases N = 2, M; <1 in this thesis, for which time ordering reduces to [5]

T{O ()05 (4)} = 0(=° — )0} ()05 (y) 6y - 2°) 0y ()0 (2). (1)
where 0(2%) = 1,05 is the HEAVISIDE step function; the upper sign holds for bosonic
and the lower sign for fermionic field operators. In this dissertation, we will further only
consider bosonic field operators in time-ordered products, so that, in principle, we do not
have to bother about this relative sign.

KALLEN function
The KALLEN function

Ma, b, ¢) = a® + b* + ¢ — 2ab — 2ac — 2bc (13)
frequently appears as a kinematic function in the description of scattering and decay
processes in particle physics. It is readily verified to be symmetric in all of its arguments.
Fine-structure constant
The dimensionless fine-structure constant o = €?/(4r) is commonly used in place of the
electric charge e. Its numerical value can be approximated as o =~ 1/137.036 [7].
Particle abbreviations

For convenience, we introduce the following abbreviations in the notation of vector mesons:

p = p(770), w = w(782), ¢ = $(1020),
o = p(1450), W' = w(1420), ¢ = $(1680),
P’ = p(1700), w"” = w(1650), ¢" = $(2170), (14)
K* = K*(892). Furthermore, we write
a1 = a1(1260), £1 = f1(1285), £l = £1(1420) (15)

for the relevant axial-vector mesons and 1’ = 1/(958) as well as as = a2(1320).
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Foundations

Formulae and identities

LORENTZ transformations

LORENTZ transformations are those transformations A that leave the MINKOWSKI scalar
product invariant, i.e., (Aa)-(Ab) = a-b for a,b € M. In practice, we will use the elements
referred to as boosts and rotations [5] to transform between different reference frames in
a way consistent with relativity; parity and time reversal are irrelevant for our purposes.

Consider a particle with momentum p = (E, p)T, i.e., energy F and three-momentum
p, in a fixed frame of reference; its velocity 3 is given by [7]

P
B=T. (16)

We denote the momentum of the particle in a frame that moves with velocity 3 relative
to the fixed frame by p* = (E*,p*)T. The three-momenta can be split into parts that are
parallel and parts that are perpendicular with respect to the velocity of the moving frame

as per pi*) = p‘(‘*) —i—p(f). Defining p‘(‘*) = |p|(|*)\ and S = |B¢|, we then have

« _ B _ B p™ B

PIV=Pg = s B (17)
The momenta p and p* are related by a LORENTZ transformation according to [7]
L v b 0\ [ E
ppl=-nB xn Oflp]|, (18)
P 0 0 1/ \ps

where v¢ = (1 — Bf)*l/Q is the so-called LORENTZ factor and p(f) = ]p(f)] are the magni-

tudes of the perpendicular components of the three-momenta p*). Note that, in fact, we
have p| = p, also for the vectors and not only for their magnitudes p ] and p,. Hence,
the full momentum p* after the LORENTZ transformation is given by

(E*> _ ( E* ) _ ( 1 E —vBep| ) _ ( %E — (B¢ - p) )
p* p|+ P [vepy — B E] % +p1 P — wEBs + p1.

E — .
=( ool ) ) (19
Y5 B —vEBs +p)

Given the particle’s momentum in the frame moving with velocity B; instead, its
momentum in the initially fixed frame can be obtained with the inverse transformation

E v wbe 0\ (£
p =B % O) [P ], (20)
which is equivalent to the transformation in with 8y — —B. The full momentum
p then turns out to be
(E) _ WE* + % (B - p*) (21)
P YO B oy B By +pf )

It is straightforward to verify that the above group of transformations indeed leaves the
scalar product p; - p2 of two momenta p1,ps € M invariant.
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Formulae and identities

DIRAC equation
The motion of free spin-1/2 particles is governed by the DIRAC equation [4]
(i@ — m)¥(z) =0, (22)

where ¥(z) is a fermionic field whose quanta have mass m. For the corresponding DIRAC
spinors u®(p) and v*(p), this implies

(p —m)uw’(p) =0, (p+m)o°(p) =0 (23)

in momentum space. The DIRAC equation for the adjoint fermionic field ¥(z) reads

— —
()9 +m) = 0, (24)
as readily obtained from [Eq. (22), and the spinor analogs become
w*(p)(p —m) =0, v*(p)(p +m) = 0. (25)

Translation of field operators
)

Consider a pair of field operators Oz(i 12(7) that are allowed to have vector structure in
LORENTZ space. Their transformation property under translations is given by [4]

O (x + a) = PO (z)e P, (26)

with P, = id, being the four-momentum operator from the POINCARE algebra that gen-
erates infinitesimal translations. For the time-ordered product of the two field operators,
we then deduce

(k. BIT{OP (2)OF (1)} |p, ) = e 0(a® — 1) {k, IOV (2)e" OF (0) p, )
£ e50(y0 — 1) (k, 8|05 (0)e O (2)[p, )
= e R (20 — 19) (k, 5lOW (z — y)OP) (0)[p, o)
+ WPy — 20) (k, BOS (0)OF (@ — ) lp, o)
= e(=0) (1 BIT{OW (2 — 1) O (0)}p, ) (27)
and, in complete analogy,
(k. BIT{O1 ()0 ()}, @) = o (k. BIT{OP (0O (y = )}pr ). (28)

Two special cases that are particularly relevant for this thesis follow for |k, 3) = |0) being
the vacuum and y = x, i.e., a set of local field operators, namely

(OIT{OM ()05 ()} |p, @) = ¢ (O T{O (z — y)OF (0)}p, @)
= o7 (0| T{OW (0) 0 (y — 2)}p, ) (29)

and

(k, BIT{O ()08 (x)}p, ) = **=P) (k, 5IT{OW (0005 (0)}|p,a) . (30)
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Foundations

Equal-time commutators

In the following, we investigate equal-time commutators of the type

= [0} ()01 (&), 61 (H) O pa )], (31)

where 7 = (2° = 0,2)T, § = (¥° = 0,y)7T, and f € {a,b,c,d} labels the flavor of the
corresponding fermionic field 1¢(z). Here, the operators O(“ )1 o are assumed to have a
structure in DIRAC space and, potentially, LORENTZ space, e.g., composed of gamma
matrices and numerical factors such as charges.

It is instructive to first consider a similar commutator for a single flavor of fermions
and operators without LORENTZ structure, namely

¢ = [0 (2)019(), ¥ (7) O20(H)]
= (01)ij(O2)mnlW] (2)15(2), v}, (7)0n (@), (32)

where s € {i,j,m,n} labels the respective spinor component in DIRAC space, as induced
by the four-component fermionic fields, and we used that the components of the operators
O; correspond to commuting numbers. Here and in the following, a summation over
repeated Latin indices is implicit. We then apply the identity

[AB,CD] = A{B,C}D — AC{B,D} +{A,C}DB — C{A,D}B (33)
to obtain

¢ = (01)i(O2)mn (V] () {005(2), 01, (7)Y (5) — 0T @)W} () {15(Z), ¥u(7)}
+ {0l (@), 0], () n (@0 () — oL @D {0 (@), va(@)}ei(2).  (34)

Inserting the canonical equal-time anticommutation relations for fermionic fields, [Eq. (7)
we find

¢ = (01)i(02)mn (0 (& — Y)3jm ] (2)¢n (5) — 0P (@ — y)dint, (905 (2))
= 63z — y) (41(2)010:0(7) — T (§) 0:2019()). (35)
Let us now consider for which analogous arguments—in particular the com-
muting property of the components of the operators O)—lead to
¢ = (OF)i1(OY ) mnlt0] ()05 (@), ] ()0 (7))
= (O (O Y (8] (@) {05 (2), 0F 0 () Yo (7) — w STV () (00,5 (®), Vi (9))
+ {%,i(f)a B 1 () Yo ()00, (Z) — (7){%,1-(5?)7 Van(9) o5 (T))
= (OO ) (8 (& — )0 jmbetd] ()0 (F) — 6<3><m — ) Binaa¥l o (7)0,5(2))
= 60 (@ — ) (601 (@) 0P O () — S0at?l ()O3 OV (2)). (36)

Here, we used that the anticommutation relations for fields of different flavors act as if these
were different spinor components of a single flavor. The rationale behind this behavior
is that each spin component of a single fermionic field, just like the field components of
different flavors, actually represents an independent degree of freedom.
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Formulae and identities

CHISHOLM identity

Due to the four-dimensional nature of space-time, the identity [§]
1P y,y5 = A — gMi P + gHPyY — gt Pt (37)

holds, which we refer to as the CHISHOLM identity in the course of this thesis. It is
straightforward to show its validity via a proof by cases, for which we introduce the abuse

of notation2
1 =0
(_1),,, — 9 M 9 (38)
-1, pu=1,23.

We first consider the case with at least two indices from the tuple (u, v, p) being equal,
so that, due to the antisymmetry of the LEVI-CIVITA tensor, [Eq. (37)|reduces to

YA AP = gHyP — ghPy” 4 gt Pt (39)

Using the defining property of the DIRAC algebra, and (79)2 = 1 = —(v*)? [{] for
k =1,2,3, we then find

Ak, p=v=np,
—DkyP, p=v#p,
—(=Dky", p=p#v,
(=D)"*,  v=p#u,

and the right-hand side of agrees with this expression because the metric tensor
fulfills g" = (—1)* for u = v and zero otherwise.

For the second case, we assume all indices from the tuple (u,v,p) to take distinct
values. In this case, g"¥ = 0 for all metric tensors of so that the CHISHOLM
identity becomes

(40)

—eP7 0y P = tyrAP, (41)

where we inserted the definition of ~s, Here, the implicit sum over the index o
collapses to a single term because ¢ necessarily needs to be different from u, v, and p. We
note that the left-hand side of the above equation is antisymmetric under the exchange
of any of the two indices u < v, u <> p, or v < p; naturally, the same applies to the
right-hand side due to the DIRAC algebra. Hence, we can, without loss of generality,
restrict ourselves to the permutations (i, v, p) = (0,1,2),(0,1,3),(0,2,3),(1,2,3). Using
that v, = (—1)"+* numerically, the left-hand side of yields

V128704192 ( )=1(0,1,2),

nuvpo 0~,1.2.3 _ 01327071737 (,LL,V,p) (O 1a3)a
e e (0231023 (42)

42 (v, p) =(0,2,3),

1230,.)/1,>/2,),37 ( ) ( , )7

which trivially equals the right-hand side.

12This notation is to be understood numerically, i.e., it makes sense only for a given value of the index,
but it does not induce any kind of LORENTZ covariance.
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Foundations

N-body phase space

For the description of scattering and decay processes, we need the differential n-body
phase space [7]

n

d®,(P;p1,...,pp) = (2m)16W (P — sz) 11 & (43)

39,0
=1 i=1 (2m)72p;

Here, P is the total momentum of the incoming state and {pi}i:17,,_7n are the momenta of
the outgoing particles, with pg = (p +m; )1/ 2 their energies and m; the corresponding
masses. For decay processes, P is a single momentum, while for scattering processes, P is a
sum of the momenta of the incoming particles; in practice, we will only encounter scattering
reactions with two incoming particles, so that here, P = P; + P, for our purposes. The
integration of is performed over the whole domain of the integration variables p;.
Given that the integration volumes d3p;/[(27)32p)] are LORENTZ-invariant quantities [5],
the integrations can be carried out in distinct, conveniently chosen reference frames.
The phase space takes a remarkably simple form for n = 2, namely [5]

[PNis
ddy(P; =0(E - —=2 dQcMs- 44
2(P;p1,p2) = 0(Ecums — (m1 +my)) 62 Boygs (L 0MS (44)
Here, all quantities are given in the center-of-mass system, as indicated by the subscript
“CMS”. The differential solid angle is denoted by d€2cms, which needs to be integrated over
the two-sphere S? = {r € R3: |r| = 1}; Ecwus is the total energy of the incoming state,
out

and |pQs| depicts the magnitude of the three-momentum of either outgoing particle.
In the following, we derive the recursion relation [7]

dq2

d®,(P;p1,...,pn) =d®(¢;p1, -, 05) APp—j11(Pi ¢, Dj+15 - -, Pn) 5 (45)

where j < n and ¢ = Zn 1 Pm- This formula allows one to split the n-body phase space
into a product of two smaller phase spaces, which is particularly useful for the description of
processes with subsequent decays of other decay products. Since the integration measures
are intertwined, the order of the differentials becomes crucial in the integral form of the
relation,

d3p; "
/d@ (P;p1y.--yPn) / / o 32q / H o 3prZ 271.)45(4)(13*(17 Zpl>

I=j+1
d? Dk (4)
/H o 32p )45 4 <q - mz::lpm) (46)

The LORENTZ invariance of the integration measures implies that one can choose different
frames to perform the various integrations separately. Note that we omitted brackets
around the products of phase-space measures in for notational convenience; it is
important to keep in mind, however, that these products implicitly refer to the integral
measures only here and in the following.
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To prove the recursion relation, we observe the following representations of unity:

1= [ e 90 o= ) = [ e 50 a- St

1= / ds (27)d(s — ¢?). (47)
27
Here, 6(¢%) in the first representation eliminates unphysical negative-energy solutions; it
can be inserted without changing the result due to the assumption of positive energies,
in 1 pY, > 0. We can obtain a third representation of unity by combining the two
representations, leading to

1= [ [ St emats - e (o S )0l
m=1

J
45(4) (o —
/ / 271' 32 0 (27[') 0 (q n;pm) qO:(qQ—i-s)l/?. (48)
In the second line, we applied the formula [9]
d(z — )
o(f(x)) = e —— 49
VD= 2. T (49

of f
which holds for functions f(x) that possess a finite set of simple zeroes and implies
sy ) i )
5(s—q*) =0((¢")° —q* =) = (50)

2v/q% + s

Next, we rewrite the differential n-body phase space, as

n i n d .
d®,(P;p1,...,pn) = (2m)*5 4)( sz) H G 32p0 H @n 52]9 (51)

By multiplying this equation with the representation of unity given in [Eq. (48)| and per-
forming the remaining integrations over the phase-space variables p;, we obtain

d3p; -
/dq) (P pl,..-,pn / / 2 32(] / H 27T 52]9 )45(4)<P—§_;pl>
d3
/H o ggp (2m) 45(4)( me)

This formula is readily verified to be equivalent to To this end, we note that
both delta distributions have to be fulfilled simultaneously, so that 6(*)(P — Soip) =
sW(P —q-— El":j_H p) in the first line; furthermore, ¢° = (g% + 5)/? implies s = ¢2.

2+S 1/2 (52)
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Decay rate

For an unstable particle with momentum P and mass M decaying into n particles with
momenta {p;};=1, » and masses m;, the differential decay rate is given by [7]

1
dT'(P = p1,...,pn) = W\M(P = D1y 0n) AP (P D1, Pn), (53)

where M(P — p1,...,pn) is the invariant amplitude describing the process. In many
cases, one is interested in unpolarized decay widths; in this case, the absolute square of
the amplitude further needs to be averaged over the polarizations as well as the spins of
the initial particles, if applicable, and summed over those of the final state. This procedure
is commonly referred to as spin-averaging or spin-summing, which we also follow in this
thesis. We reserve for ourselves to not make this procedure explicit in all formulae and,
where not otherwise stated, assume squared amplitudes to also involve spin-averaging and
spin-summing. With indistinguishable particles in the final state, an additional symmetry
factor needs to be taken into account upon integrating [Eq. (53)f more specifically, one
gets a factor 1/m! per m identical particles. The rationale behind this factor is that
one is counting the possible momentum configurations (p;,,...,p; ) = (pia(l), D),
o€ Sy and {i1,...,im} € {1,...,n}, multiple times in the naive phase-space integration.
Dividing the calculated decay width by the total width I' of the decaying particle, one
obtains the so-called branching ratio B(P — p1,...,Dn).
Using the differential decay rate for two outgoing particles, n = 2, becomes

o(m)

out

dL(P — p1,p2) = 0(M — (mq + mz))m‘M(P — p1,p2)[2 dQcwms. (54)

out

Here, the magnitude of the three-momentum is given by [pQls| = M(M?2,m?,m3)1/2/(2M)
and we used Ecms = M. Consequently, the integration is trivial to carry out if the
amplitude does not induce any angular dependence, leading to

out

L(P — p1,p2) = S|§7rcj\hﬁ,s§ |M(P = p1,p2) 2 0(M — (m1 + m2)). (55)

For indistinguishable final-state particles, we have S = 1/2 because (p;, ps) = (P9, P;) is
counted twice in the integration, whereas S = 1 otherwise.

Cross section

Together with decay rates, cross sections are among the most important observables in
particle physics. Consider two particles with momenta P;, P> and masses M;, My that
scatter into n particles with momenta {p; }i=1,. n. Once M(Py, P, — p1,...,py) is known,
the differential cross section is determined according to [7]

1
do(P1,Po = p1,...,pn) = E|M(P17P2 = D1y )P AP (PL+ Pospr, ... pn). (56)

Here, the kinematic factor F = [(P; - Py)? — M?M2])'/? becomes F = |pi};s|+/s in the
center-of-mass system, where [pifq| = A(s, MZ, M2)'/2/(25s'/2) is the magnitude of the
three-momentum of either incoming particle and s = (P; + P»)2. If the final state contains
indistinguishable particles, symmetry factors similar to those considered for the decay
width need to be accounted for upon performing the phase-space integration.
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Three-body phase space for decays

In the following, we deduce several convenient forms for the phase space of three-body

decays. The description of two-particle scattering reactions with three particles in the

final state is more intricate and, in essence, equals that of decays with four particles in

the final state; due to one more particle being involved, two additional angles need to be

taken into account here. Although such phase spaces will also be used throughout this

thesis, we restrict ourselves to the phase space for three-body decays as an example here.
We start by using the recursion relation stated in [Eq. (45)|to write

2

d®3(P;p1,p2, p3) = d®a(q; p1, p2) dP2(P;q,p3) 0;7,
where ¢ = p1 + po is the momentum of the subsystem that consists of the particles with
momenta p; and ps. In order to insert the explicit form of the two-body phase space
given in it is convenient to first analyze the kinematics of the process in the
corresponding center-of-mass systems. For d®s(q;p1,p2), we consider the center-of-mass
frame of the particles with momenta p; and py. In this frame, we denote the explicit
four-momenta by p; = (Ej,p7)T and p5 = (E;, —p7})T, where the magnitude of the three-
momentum and the corresponding energies are found to be

(57)

g2, m3,m3) o ¢ +m? —m3 B - @ —m?+m3

*|
(RN Nz N

with Efyg = Ef + E3 = 1/¢%. To evaluate d®2(P; ¢, p3), we look at the rest frame of the
decaying particle; this frame coincides with the center-of-mass system of the subsystem
described by ¢ and the particle with momentum p3. Here, we write ¢ = (E4,q)T and
b3 = (E.?n _q)T7 where

(58)

A(M2, g%, m3)
2M ’

with Ecms = Ey + E3 = M.
Using |[Eq. (44)| together with the above kinematics, [Eq. (57)| becomes

d®3(P;p1,p2. p3) = 0(V/ a2 — (m1 +m2))0(M — (\/q% + mg))sm/? dg* dQ} €.
(60)

The solid angles d2] = (cos 07, ¢7) and dQy = (cos b, ¢,) are given with respect to the par-
ticle with momentum p; and the subsystem with momentum ¢ in the coordinate systems
associated with the center-of-mass frames investigated above, see When inter-
ested in spin-averaged observables, it is possible to perform all but one angular integrations
of by rotating the coordinate systems appropriately. For this purpose, we align
the three-vector g along the z-axis and place p] in the xz-plane, which we choose to match
the z*z*-plane, i.e., ¢ = |q|(0,0,1)T and pj = |pj|(sinf,0,cos#)T, with 0 = 6] = <(p7,q)
the only non-trivial angle of the process, see Performing the integrations over the

trivial angles in [Eq. (60), we then find

M2 4 ® — m2 M2 2 P
_ +q°—m3 By = g +m3 (59)

2M ’ 2M ’

lq| = Ey

Ip7llql

— L dg®dcosd. (61
64713 M/ q> 1 (61)

d®s3(P;p1,p2,p3) = 9(\/(172—(7711 —|—m2))0(M—(\/q72+m3))
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Figure 2: The coordinate systems associated with the center-of-mass frames discussed in
the text before (left) and after (right) performing the rotations that render three angles
trivial in the phase-space integration. Note that we chose the z* axis to be aligned with
the direction of g already in the initial illustration for pure convenience. Moreover, the
origins of the coordinate systems are put on top of each other in the final representation.

It is further possible to replace the angular integration by an integration over k2, where
k = po+p3. To this end, we use and perform a LORENTZ transformation from the
center-of-mass system of the particles with momenta p; and po, described by the explicit
four-vectors pj and p3 in this frame, to the rest frame of the decaying particle, where
p1 = (E1,p;)T and ps = (Fa,p,)T. This leads to

Yq(ET + Bylpi| cos0) Vq(E5 — Bylpi| cos0)
*| sin 6 —|p¥|sin @
P = ‘p1| , Py = ‘p1| , (62)
0 0
V(B¢ BT + |pi| cos ) Yq(BeE5 — |pi| cos )

where 5, = |q|/E; and v, = (1 — ,6’3)‘1/ 2. With py and ps given in a unique reference
frame, we can then calculate k? = (Es + E3)? — (py — q)? to obtain

dcosf| ’ (63)

Vi

‘ dk? ‘_ 2M |pil|q|

and, hence,

1
dq)3(P;p17p27p3) = 0(\/(]72 - (ml + m2))0(M - (\/q72+ m3))mdq2 dk2 (64)

3By noting that dg?/d+/q? = 21/¢2, we can also replace the differential dg® by 2,/qd/q?.
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The integration over k2 is to be performed over a fairly complicated region. This
is most conveniently seen by repeating the above calculation with ¢* = (Ej,q*)T and
s = (E3,p3)7, i.e., by using to transform the momenta ¢ and p3 from the rest
frame of the decaying particle to the center-of-mass system of the particles with momenta
p1 and pg instead. In this case, we find ¢* = (E,0,0,0)T and p3 = (E3,0,0, —|p3|)T, with

AM2 2 2 M2_ 2 2
py = VAL Em) e Moo (g

D3 2\/q>2 ’ q 3_2—\/?.

Then, we have
k2 = (B3 + E5)? — (Ipif* + [P35 + 2[pi||p3| cos 6), (66)

which reproduces |[Eq. (60)| due to |p3| = |q|M/+/q?. For the integration domain of k2, we
now note that 6 € [0, 7], that is cosf € [—1,1], so that the minimum and maximum are
obtained if the three-vectors are (anti-)parallel [7],

B = (B3 + B3 — (/52— m3 /()2 —m )" (67)

In order to simplify calculations with the integration domain, we can perform yet
another variable transformation to v = k? — 12, where | = p; + p3. To this end, we define
the LORENTZ invariant 3 = ¢ + k? + [2, which fulfills ¥ = M? + m? + m3 + m3 because
of momentum conservation, P = p; + p2 + p3. With X, we can write

Y- +v Y—q¢®—v

K== e v=22+P2-3%,  (68)

2

so that the Jacobian of the transformation (¢2, k?) — (¢?,v) is given by

dg®  dg? 1 0
12z dv
J, = 1 = 69
v dk? dk? 1 1) (69)
dg? dv 2 2

where |det J,| = 1/2[1%] Hence, [Eq. (64)] becomes

1
d®s(P;p1,p2,p3) = 0(V/q? — (m1 + ma))6 (M — (Va® + m3))mdq2 dv.  (70)

For the domain of integration, we can use the explicit four-momenta to calculate

(M2 B m?&)(m% — m?) B COSH\/)\(MQa q2a m%)\/)‘(q2v m%a m%)
q* ’

UV =

(71)

with cos§ € [—1,1], or insert|Eq. (67)|into v = 2k?+¢*—3, both leading to the boundaries

_ (M2 —m3)(m3 —m}) F VAM?, ¢%, m3) /A, mi, m3) (79)
7 '

Vmin/max

Here, the integration region vanishes (Vmin = Vmax) at the boundaries of the phase space
in g2 € [(my +m2)?, (M —m3)?].

1n our case, the same result is obtained by differentiating k% with respect to v, yielding dk? = dv/2.
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Unitarity and dispersion relations

The principle of maximal analyticity [10] states that physical amplitudes are functions in
the complex plane that are analytic in all continuous variables except for a countable set
of poles and branch points associated with physical states. In particular, the connection
between singularities and physical intermediate states can be made explicit by means of
the unitarity relation. Due to probability conservation, the S-matrix—which describes
the transition between initial and final states—fulfills STS = 1 [4]. Writing S = 1 +iT,
we separate the interaction part 7' of the S-matrix from the trivial component that is
accounted for by unity; the amplitude M(i — f) is then defined via

(fIT]i) = (2m)*6W (p; — py)M(i — f), (73)

where p; and py denote the total momenta of the initial state |i) and final state |f),
respectively. Consequently, unitarity of the S-matrix implies

T—T" =iT'T, (74)

and, hence,
MG = )= M(F 1) =1 [ dBu(pispa) MG > 0lM(F > n)', (75)

where we inserted a complete set of (discrete and continuous) n-body intermediate states [5]
with momentum p,, ¥ |n)(n| = ]1 and omitted a common factor of 6™ (p; — p;) for
overall momentum conservation on both sides of the equation.

For practical purposes, we restrict ourselves to two-particle initial and final states in
the following, |i) = |i1,42), |f) = |f1, f2), with the corresponding momenta denoted by
p1 through p4. In this case, LORENTZ covariance dictates the amplitude to be a function
of the MANDELSTAM variables s = (p; + p2)2, t = (p1 — p3)?, and u = (p; — p4)? only,
M(i — f) = M(s,t,u), where s+t +u = Z?:l m?, and m; is the mass of the particle
described by p;j. The case of forward scattering, |i) = |f) with p; = py, leads to the
so-called optical theorem [5]

Im M(i — i) = 2|pehs|v/s Y o(i = n), (76)

see |[Eq. (56)} To go beyond the scattering in forward direction, we note that [11]
MG — f) = lim M(s+ie, t,u),
e—0t
M(f —i)" = lim M(s —iet,u), (77)

e—0t

so that |[Eq. (75)| translates to
discsM(s, t,u) = lim [M(s +ie, t,u) — M(s —ie, t, u)]

e—0t

=13 [ du(pispa) Ml > M(F > )" (78)

15Note the abuse of notation in generically labeling an n-body intermediate state by |n) for, in particular,
there can be more than one n-body intermediate state, e.g., |7).
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Im 2

Figure 3: The closed contour C that encircles s and avoids the branch cut starting at s¢pr,
leading to the dispersion relation given in [Eq. (80)[ upon R — oo.

Assuming that SCHWARZ’ reflection principle [9] holds further implies M(s — i€, t,u) =
M(s + ie, t,u)*['% leading to discsM(s,t,u) = 2ilim,_ o+ Im M(s + i€, ¢,u) and thus a
purely imaginary discontinuity, in analogy to Taken together, the amplitude
acquires a contribution to its imaginary part—or, more generally, a discontinuity—with
each intermediate state that can go on shell; neglecting effects from crossed-channel sin-
gularities and denoting the threshold of the lowest-lying intermediate state by s, the
discontinuity consequently vanishes for s < sgp;.

Dispersion relations provide a tool to reconstruct physical amplitudes from their discon-
tinuities. The foundation of dispersion relations is given by CAUCHY's integral formula [9],

stating that
f(s) = — /é az 1) (79)

2mi zZ— 8

for a complex function f(z) that is analytic within the region bounded by and on the closed
contour C encircling the (arbitrary) point s. Supposing that f(s) has a single branch cut
that starts at sg,, and choosing the contour as depicted in "l one then finds

= g [ ae el -

27 e Tr— s

if the function falls of sufficiently fast for |s| — oo, f(s) = O(s%), d < 0. As will be
discussed next, a weaker asymptotic decrease of f(s) requires the introduction of so-called
subtractions: for one thing, the contribution from the arc depicted in does not
vanish and for another thing, the integral given in does not converge in this case.

$Here, the usual (but restrictive) argument from the physical perspective is that M(f — i) = M(i — f)
due to symmetry, which, together with [Eq. (77)] yields the desired property; see also Ref. [T1].

"For simplicity, we disregard further right-hand cuts (s > 0) as well as left-hand cuts (s < 0) here. The
latter, especially, may emerge from crossed-channel singularities in, e.g., ¢t or u; see also
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Subtracted dispersion relations

The dispersion relation given in[Eq. (80)|is valid provided that the integrand falls off suffi-
ciently fast, f(s) = O(s?), d < 0. For f(s) ~ 5% a € [n—1,n), n € N~g, asymptotically, in
particular, it is possible to establish the convergent, n-times subtracted dispersion relation

I (s—si) [ . discf(x)
e M vy arr? s

Here, {s;}i=1,...n is a set of subtraction points that fulfill s; < S¢ne; Pn—1(s) is a polynomial
of degree n — 1 in s, which induces n undetermined subtraction constants. The dispersion
relation is thus rendered convergent at the cost of introducing a set of free parameters.

We prove by induction, starting with the initial case n = 1. To this end,
assume f(s) ~ s® asymptotically with some b € [0,1) and consider the function

f(s) — M (82)

S — 851

f(s) = Pu1(s) +

Since f(s) ~ s’ be [~1,0), for s — oo, with f(s1) finite due to L’HOSPITAL’s rule [9], we
can use [Eq. (80)|to write f(s) in terms of an unsubtracted dispersion relation as per

F(s) = 11/OO da discf(z) 1 /°° de discf(x) . (83)

27ri r—s 27 s (@ —8)(z — 1)

Here, we used that (z 4-ie — s;)~! = (z — s;) 7! + O(€) and thus

Hence, we find »
_ s—s1 [ discf(x
f(S)—f(51)+2m/sthrd$(x_s)(wa (85)

where Py(s) = f(s1) is a polynomial of degree zero in s, in accordance with [Eq. (81)
For the induction step n — n + 1, take f(s) ~ s¢ for ¢ € [n,n + 1) and define

F(s) = f(s) — f(5n+1)' (36)

$ = Sn+1

Since f(s) ~ s* with a € [n — 1,n), we can use our induction statement for n to write

o) = Pas(e) « Dimlo =30 [ disef(
f(s) = Pa_i1(s) + = LLmd(w—ﬁﬂyﬂx—%Y (87)

Using i.e., discf(z) = discf(z)/(x — sni1), and rearranging the resulting equa-

tion, we obtain

s —si) [ iscf(z
F6) = i)+ = s Paca(e) + L2 [0 Sl (o

T2 (@ = s5)

with P,(s) = f(sp+1) + (s — Sp+1)Pn—1(s) a polynomial of degree n in s, as claimed.
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An alternative representation of n-times subtracted dispersion relations is found by
performing an n-fold differentiation of [Eq. (81)| with respect to s, leading to

d”f(s) nl! /°° discf(x)
=L e 89
dsn 2mi Jy,, v (x — s)ntl’ (89)
which is equivalent to
n n . o0 : | [ele} :
ar szl(s‘ Si) de dlscnf(x) _ nf / de discf(z) (90)
dsm 27 s (@ = 8)[Ticy(z = 55) 2mi Jg,  (x—s)ntl

because P,,_1(s) is a polynomial of degree n — 1, vanishing upon n-fold differentiation.
To prove [Eq. (89), we again proceed by induction. With

F(s) = Py(s) + 221 /OO gy discf(@) (01)

27i (x —s)(z—s1)

the initial case n = 1 follows as

df(s) 1/Oodxdiscf(x)(x—s)+discf(:1:)(s—51)_ 1 /°° discf(x)

(x —s)%(z — s1) T 2mi dz (x —s)2 (92)

ds 27

Sthr

For the induction step n — n + 1, we start from [Eq. (81)|for n + 1,

15 (s —s5) [ discf(z)
i (5 = s1) / oo (93)

2m VT2 (@ —s5)
so that, using [/} (s — si) = (5 — spy1 + 2 — ) [[72 (s — i),
d"tf(s) B d" [T (s — s4) /°° d discf(x)
Sthr ! ($ - S

dsntl  dsntl 27 M (= s5)

_m/mdx Hdlscf(‘f)} (94)

o )

Sthr

f(s) = Pa(s) +

Here, the second term is a product of a polynomial of degree n in s and an integral that
is independent of s; hence,

) 7, o
dsntl dsds” 27 s (@ = 8) [Tic (@ — s5)
d n! [ discf(x)
S R LA
ds2mi Jg v (x — s)ntl

(95)

upon inserting the induction statement in the form [Eq. (90)l Finally, performing the

derivative leads to
d"tf(s)  (n+1)! /°° de discf(x)
s (
thr

dsntl 27 x — s)nt2’

as claimed in Note that one can in principle start from an unsubtracted dispersion
relation for f(s) to arrive at [Eq. (89)in a straightforward manner. However, since the
corresponding integral does not necessarily converge, swapping the order of differentiation
and integration is a potentially invalid operation.

(96)
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CAUCHY principal value and SOKHOTSKI-PLEMELJ theorem

The CAUCHY-principal-value prescription allows to assign meaningful values to certain
types of otherwise ill-defined integrals. To illustrate the concept, we consider the exam-

ple [9]

b -5 q b1 oo b1
/ dr — = lim dr — 4+ lim dz — = lim dz — + lim dx —
—a x 514)0"' —a X 624}0"" 52 X 514)0"' a X 524)0"' 52 X
= lim logd; —loga +logh— lim logds, 97
51~>O+ g ! g g 624)0+ g 2 ( )

with a,b > 0, which is not well-defined due to the logarithmic divergence at x = 0 and the
independence of the limits in approaching zero, e.g., o = 2d1. For such an integral over
a function f(x) with an isolated singularity at xg, z; < z¢9 < x,, the CAUCHY principal
value is defined as [9]

]5“ dz f(x) = lim [/:0_5 dz f(z) + /xu dz f(:z:)] (98)

§—0F l z0+6

By imposing the use of a single infinitesimal parameter ¢ for the limit, the CAUCHY
principal value of the integral investigated in thus evaluates to a finite and definite

result,
b1 -1 b1
][ dr = = lim [/ d:v+/ dx} =logb — loga. (99)
e X 50+ | S, x 5 x

For our purposes, in particular, the CAUCHY principal value becomes relevant when
calculating integrals of the form [12]
o f(x)

Ji(zo) = lim de —————
(z0) =0t Sy, x — z £ i€’

(100)

with z; < z¢ < x4, as before, and f(z) continuous on the integration interval and non-
singular in a neighborhood of it; through the infinitesimal shift of xzg into the complex
plane, the integration along the real line avoids the pole of the integrand for ¢ = 0 at

x = xg. We can rewrite [Eq. (100)| according to
T4 (z0) :][ dz /(@) + lim dz /(@) , (101)

. T—xp 60t JeE T — o

where Cgc is the arc specified by the contour $(:;t = 29 — deTit t € [0, 7]. The integral over

the arc evaluates to
f(z) i

. _ . . _ :Flt — .
615(1)1+ - dzx P :Flélg(?+ ; dt f(zo — 6e™) = Fim f(zo) (102)

by expanding f(zg — 6eT) = f(x0) — deT f/(x0) + O(62) under the integral. Hence, we
obtain the SOKHOTSKI-PLEMELJ formula

J4(z0) :][ ' dz
7

/ (920 = inf (x0). (103)

€T —

If o was not contained in the integration interval, the imaginary part would vanish.

8For a more general version of the SOKHOTSKI-PLEMELJ theorem, see, e.g., Ref. [13].
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Advanced topics

Symmetries and quantum numbers

Symmetries are among the most important concepts of modern physics. They enable us to
group the vast amount of particles we know of today into certain categories and determine
whether a given scattering or decay process is forbidden, suppressed, or allowed. Here,
a crucial role is played by the discrete symmetries parity, charge conjugation, and time
reversal, the product of which is conserved in all cases relevant to us according to the ven-
erable CPT theorem [I4, I5]. Electromagnetic interactions do, in fact, conserve all three
of these symmetries separately. Phenomenologically, the same holds true for the strong
interactions, even though the #-term of quantum chromodynamics in principle implicates
violations of parity and time reversal while conserving charge conjugation. The weak
sector, on the other hand, generally induces parity, charge-conjugation, and time-reversal
violations; when disregarding the complex phase of the CABIBBO-KOBAYASHI-MASKAWA
matrix, though, the weak interactions still conserve the combination of parity and charge
conjugation, i.e., time reversal as per the CPT theoremF;g] Presently, no conventional
mechanism to generate an interaction that conserves only parity—and thus violates charge
conjugation and time reversal—is known within the realm of the standard model [16}, [17].

Beyond the (potential) conservation of the quantum numbers associated with the dis-
crete symmetries discussed above, charge, (angular—including spin) momentum, and en-
ergy are paradigms of universally conserved quantities. For a system of particles, the
allowed values of total angular momentum are obtained following the rules of angular-
momentum addition. Furthermore, the total parity is given by the product of the intrinsic
parities of the individual particles and, for the example of a two-particle system, an addi-
tional contribution P = (—1)% from a relative orbital angular momentum L between these.
Since the intrinsic parity of antifermions is opposite to that of fermions—contrary to (an-
ti-)bosons with equal parities—fermion—antifermion systems have a parity of P = (—1)+1.
Regarding charge conjugation, we note that a definite charge parity can only be assigned to
electrically neutral particles that are their own antiparticles, neutral particle—antiparticle
systems, and systems composed of such eigenstates. In the second case, in particular, the
charge parity reads C' = (—1)L+S for scalar bosons and fermions, where S' is the total spin
of the system and L is the relative orbital angular momentum between its constituents. For
systems of particles or compounds thereof with a definite behavior under charge conjuga-
tion, the total charge parity is given by the product of the corresponding charge parities.

To classify particles, one commonly uses the notation J(©), denoting the total angular
momentum, parity, and charge-conjugation parity of the state, respectively. Another
(approximately conserved) quantum number of paramount importance to us is isospin,
which is associated with an approximate symmetry of the strong interactions and coupled
in analogy to spin. By combining charge conjugation with isospin, we can assign a so-called
G-parity to a broader spectrum of particles than possible with charge parity. Together
with isospin and G-parity, the classifying notation for particles as described above can then
be extended to I¢(JFPC). There are further (additive) quantum numbers like the baryon
and lepton number or the flavor quantum numbers strangeness, charm, bottomness, and
topness; a discussion of these is, however, beyond the scope of this summary.

¥Describing a parity-conserving process with an odd number of particles behaving unnatural under
parity, e.g., pseudoscalar and axial-vector mesons, requires the amplitude to involve a LEVI-CIVITA tensor.
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Form factors and vector-meson dominance

In the context of this thesis, form factors refer to functions that parameterize the (non-
perturbative) electromagnetic interactions of hadronic matter. One of the most basic
examples in this regard is the pion vector form factor FY (¢?), which is defined via

(7 ()™ (p)| T (0)10) = (0 — p)"Fy (¢°), (104)
with ¢ = p’ + p and

Jem(@) = @(z)Q"q(x),  q(z) = (u(z),d(z),s(2))T, Q= %diag(l—la—l)- (105)

This form factor entails information on the respective wmy coupling, that is either the
creation (annihilation) of a pair of charged pions from (into) a photon or—through crossing
symmetry—the scattering of a charged pion in an electromagnetic field. If the scattering
induces the conversion of a hadron into another particle, the functions are commonly called
transition form factors;[zcl a simple example is the electromagnetic transition of a vector
into a pseudoscalar meson or crossed processes thereof, i.e., the coupling V' P~ in general.
In particular, this definition includes the conversion of a hadron into an additional photon,
e.g., the vertex A+, which describes the coupling of an axial-vector meson to two photons.

The interaction of hadrons with photons (JP¢ = 177) can be modeled using the
framework of vector-meson dominance [I8-25]; see Refs. [26H28] for pedagogical and more
recent reviews. At the foundation of vector-meson dominance is the assumption that the
electromagnetic interactions of hadrons are mediated by neutral p-, w-, and ¢-like vector
mesons (JPY = 177). Without requiring insights into the underlying theory of quantum
chromodynamics, this hypothesis leads to a remarkably accurate description of the low-
and intermediate-energy region in a vast amount of applications. More specifically, some
form factor F(q?,... ,qJQV), with photons of momenta {¢;};=1,.. n coupling to hadronic
matter via the vector mesons {V; j } j=1,....m specified above, can then effectively be param-
eterized as a sum of propagator poles and a priori undetermined (dimensionless) coupling
constants {C;}j—1,. a according to

M2

M
F(di,. . an) = (DN ¢y Z + - (106)

7=1 i=1

In principle, the sum extends over all combinations of vector mesons that are allowed
by symmetry, and the factor (—1)" ensures the normalization F(0,...,0) = Z;‘il Cj;
in practice, it usually suffices to take into account the few lowest-lying vector mesons to
obtain an adequate representation. In writing we assumed the narrow-width
approximation for the vector mesons, i.e., that their widths are negligible compared to
their masses. To provide a realistic description of broad resonances, especially, we will
incorporate the (in general energy-dependent) widths of the vector mesons by means of
BREIT-WIGNER propagators, which implies M2 Vi, ]\42 —1\/51“‘/2 ; qz) in the denomi-
nators. We will also consider dispersively improved variants of the propagators—so-called
spectral representations—which improve the analyticity properties of the form factors.
Further extrinsic information on the form factors, such as their high-energy behavior, can
be implemented, e.g., by an appropriate choice of the coupling constants C}.

20We will not be strict about this naming scheme throughout the dissertation and, in some cases, refer
to what are actually transition form factors merely as form factors.
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Energy-dependent widths and spectral representation

The width of a particle is a result of its instability and the decay into other particles in
an interacting theory. For an unstable resonance R with mass Mp, the energy-dependent
width can be parameterized in terms of its partial widths I'p_, x, into the available decay
channels X; as per]

Z ’YR*X r Rosx,- (107)
’YR—>X

Here, FR(M}%) = I'p corresponds to the total width of the resonance, and the functions
YRr-x,(q?) can be constructed by considering the formulae of the decay widths T'(R — X;)
for variable mass, Mg —> \/>2 The proper threshold behavior is implicit in the above,
i.e., YR—x,(¢%) = 0 for ¢* < si, , with s!; being the threshold for the decay R — X;. If
I'r /M r < 1, the precise parameterization of the energy-dependent width in the BREIT—
WIGNER propagator

PpV(¢?) = (108)

1

> — M3 +iy/¢*Tr(¢?)
plays a minor role. Consequently, using a constant width, \/q;2 I'r(¢?) ~ MRI'R in the
propagator, is expected to yield a reasonable approximation; in general, this does, however,
induce unphysical imaginary parts below the threshold and spoil the analytic structure.

While the above energy-dependent widths have the proper threshold behavior, they
typically feature an unphysical steep rise for large ¢?, which can be particularly prob-
lematic once inserted into loop processes. In the following, we will establish a spectral
representation of the BREIT-WIGNER propagators to improve their analyticity proper-

ties. To this end, we postulate an unsubtracted dispersion relation, see _ for a
dispersively improved propagator P *P(¢?) according to
. 1 00 d PdlSC 1 oo I PdlSC
) = o [ Sl L g P
27l Jg,, r—q? T Json r—q?

where sgn, = min{s; } is the lowest threshold immanent inm marking the onset of
the (first) branch cut; the evaluation of the imaginary part along the branch cut implicitly
involves * — x +ie (¢ — 0T). By identifying the spectral function with the imaginary
part of the BREIT-WIGNER propagator, Im [Pa¢(z)] = Im [PEW (z)], we find

Pgisp(QQ):_}T/ood W’ (110)
with
o [PRY(0)] = v (111)

(x — M3)? 4 aTg(z)?
Using the SOKHOTSKI-PLEMELJ theorem, [Eq. (103), we can compute this expression in-
finitesimally close to the branch cut, especially, by means of

1 ) I PBW
lim PYP(2 +ie) = ][ dp PR @]y pw g2y (112)
™ S

2 _
e—0t hr q x

where 0(q? — syny) for the imaginary part is implied by the factor T'g(z) in Im [PEW (¢?)].

21For all practical purposes, we will only take into account the dominant decay channels. In this case,
the partial widths have to be rescaled such that FR(MI%) = I'r holds true.
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BARDEEN-TUNG—TARRACH procedure

In the following, we outline a procedure that allows one to decompose amplitudes for
processes involving photons into LORENTZ structures and form factors free of kinematic
singularities and zeroes, as developed by BARDEEN, TUNG, and TARRACH [29] 30]. While
dynamic singularities, i.e., poles and cuts of genuinely physical nature, are inherent to
the amplitude and dictate the analytic structure of the form factors, those of kinematic
origin correspond to redundant singularities in the external momenta. Kinematic zeroes,
in contrast, refer to sets of constraints in the form of linear dependencies. Crucially, the
singularity-free property of the form factors is a requirement to set up dispersion relations,
with the zero-free property rendering any ad hoc subtractions unnecessary [29].

To illustrate the convenience of the method established by BARDEEN, TUNG, and TAR-
RACH, let us consider a generic tensor matrix element MH*1HN(qy ..., qN,DP1y---,PM);
with @ = {¢;}i=1,...ny being photon momenta and P = {p;};—1 . a the momenta of the
remaining external particles@ for ease of notation, we omitted further LORENTZ indices
from, e.g., massive spin-1 particles, as may be present among the particles described by p;.
The full amplitude is obtained upon contracting the tensor matrix element with the po-
larization vectors of the photons and, potentially, multiplying by any additional fermionic
spinors. We now expand the tensor matrix element in terms of a basis of LORENTZ struc-
tures {LZI"'“N};C:L._,L and associated form factors {Fj}xr=1,. 1 according to

L
MIEN(Q, P) = 3" LI (Q, P) Fr({Q, PY), (113)
k=1

where {Q, P}? indicates all independent scalar invariants that can be built with the two
sets of momenta. With the holistic amplitude having only dynamic singularities [29], kine-
matic singularities in the structures imply that the form factors must develop kinematic
zeroes at the same points to mutually cancel and vice versa; similarly, linear dependencies,
i.e., kinematic zeroes, in the structures are linked to kinematic singularities in the form
factors. Had we considered an amplitude for a process without massless gauge bosons, the
construction of a basis free of kinematic singularities and zeroes would be rather straight-
forward: singularities in the structures could be avoided by choosing polynomials in the
four-momenta to construct the tensor basism and apparent zeroes from, e.g., the discrete
symmetries parity, charge conjugation, and time reversal could readily be eliminated; see
Refs. [29-31] and references therein. In what follows, we assume to consist of
such a polynomial tensor basis with the trivial kinematic zeroes removed.

On account of the WARD identity, which is a special case of the WARD-TAKAHASHI
identity in quantum electrodynamics and intimately related to gauge invariance, the pho-
tons, for all ¢;, enforce [4] [5]

QiHiMulmuN(QL"')Q]\Upb'"7pM) =0 (114)
in physical kinematic configuration, i.e., with non-photon external asymptotic-state par-
ticles assumed on shell. Hence, [Eq. (113)| must additionally obey equations of the form

L

0=72 [a, Ly "™ (Q. P)|Fr({Q, P}?), (115)
k=1

22Momentum conservation does, in fact, reduce the number of linearly independent momenta by one.
Z3Note that the structures possibly hold gamma matrices and might thus also reside in DIRAC space.
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which induce a linear dependence, i.e., kinematic zeroes, among the form factors and
thus lead to non-trivial complications in the procedure described above. In principle, the
resulting equations can be solved manually to obtain a subset of independent form factors;
however, besides posing an in general tedious task, such an approach does not guarantee
the absence of further kinematic zeroes in the remaining form factors [29].

Instead, we follow Refs. [29, 30] and define a set of gauge projectors {Z;"""};=1, . N,

Vi i
ki'q;

TVt = griki :
ki - q;

i (116)
where k; is any momentum from ¢ or P that is distinct from qi@ Let us start by
investigating the properties of these gauge projectors. First of all, we observe that

Gi, T =0, (117)

so that contracting the gauge projectors with any tensor, e.g., TH1*N  gives a gauge-
invariant quantity, qi,/iIi”imT #1--#N = (. Furthermore, given a gauge-invariant tensor,
e.g., GM-IN with g; , GM 'V = 0, we have

i, GHU i N = QR Vi N (118)

In other words, applying the gauge projectors to already gauge-invariant quantities has
no effect beyond some trivial relabeling. Another property reads

%, K =0, (119)

i.e., terms proportional to k! vanish upon contraction with the gauge projectors.
Applying the full set of projectors to the matrix element given in [Eq. (113)|leads to

L
M@ p) =3 [(Hm)w Q. P)| Ful{Q. PY?)
Z Q.P) Ful{Q. PY). (120)

where J C {1 ., L}. Due to the properties of the gauge projectors shown above, the
structures {Ll’1 VN Y es and thus MV1-vN (Q, P) satisfy gauge invariance by construction.
At the same time, the number of (non-zero) structures is potentially reduced, eliminating
linear dependencies induced by at least partly, with the form factors {F,,}mes
remaining free of kinematic singularities as a subset of the initial form factors. How-
ever, due to kinematic singularities in the structures E,’%"'”N that arise from the poles
P(ki,q;) = k; - q; of the projectors, additional kinematic zeroes can be present among the
form factors [29]. To remove the singularities in the structures, we proceed as follows [30]:

e climinate as many highest-order poles [ [, P(k;, g;) as possible by constructing linear
combinations of the structures with non-singular coefficients;

e if no more highest-order poles can be removed in this way, reduce the order of these
poles by one by multiplying the corresponding structures with some P(k;, g;);

24The results obtained with different choices for k; will be physically equivalent [29].
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e repeat this procedure with the now highest-order poles and continue until no poles
are left in the structures.

We thus obtain a basis of structures {E;’Ll'””N tner and associated form factors {fn}ne I
with I C J, that are free from kinematic singularities and zeroes originating from gauge
invarianceﬁ With all other kinematic singularities and zeroes eliminated already in

Eq. (113)] the final form of the matrix element is given by
M= (Q, P) = 3 LN (Q, P) Fu({Q. PY2). (121)
nel

In order to compare different tensor bases with each other, we consider two such bases
{LEENY g oand {S;‘l"'“N}j:L...,H, with any dependence of the structures on the
momenta being suppressed for notational convenience@ Either of these bases can be
expressed in terms of the respective other by means of

H
B oS e peesoggee, g

where f3;; are the corresponding coefficients, |{8;}ij=1,.. 0| = H 2. Contracting both sides
of this equation with the structures {S}""#¥},_; g results in the system of equations

H
Lé“muNSkm---uN = Zﬁijsg““”#NSkm---mw (123)
j=1
which gives H independent equations for each ¢ = 1,..., H that can be solved for f3;;.

Let us further denote the form factors associated with the two bases by {Fi}ti=1, . #m
and {G;}j=1,..H, respectively, again suppressing any dependence on the scalar invariants.
For the tensor matrix elements, we then write

H H
My = 3 L, M =S gnG (12

=1 j=1

With the two bases describing the same process, we have My N = M/E#N and thus

ZLM HN Z ,BWSM HN ZSM MNg (125)

=1 i,7=1

Consequently, the form factors are related according to

H H
G =Y BiyFi=>_ BLF & G=pTF. (126)
=1 i=1

Z5Here, we assume the existence of such a basis, which is not necessarily given; see, e.g., Refs. [30 [32].

26 Although, in principle, similar relations as derived here can be obtained if the two sets of structures
have different dimensions H;, and Hg, such a comparison would lack definiteness because at most one of
the sets can constitute a basis. In this case, 8 would not correspond to a square matrix and the relations
between the bases could, in particular, not be inverted.

34



Advanced topics

Anomalous magnetic moment of the muon

The spin s of the muon induces an intrinsic magnetic moment [33, 34]

e
n= —gu%& (127)

which leads to an interaction o p - B with a magnetic field B (or, in general, with an
electromagnetic field, i.e., a photon). For the gyromagnetic ratio, the DIRAC equation
predicts g, = 2; the corresponding tree-level process is illustrated in the top-left diagram
of This value is subject to higher-order corrections, motivating the definition of
the anomalous magnetic moment of the muon as the relative deviation from g,, = 2,

9u — 2

a =T (128)
Within the standard model, the corrections are conveniently divided into contributions
from quantum electrodynamics, the electroweak sector, and those of hadronic nature ac-
cording to aEM = GBED + aEW + azad. Regarding the first of these, SCHWINGER pioneered

the calculation of the leading-order result [35] 36]

aQEP L0 — % 116140972 x 10711, (129)
# 2

which, by far, gives the largest contribution to aiMﬂ see the top-right diagram of
Beyond this one-loop result, corrections from quantum electrodynamics have presently
been calculated up to five-loop order, yielding [37, 38|

aQEP: 0(@) = 116584 718.931(104) x 10711, (130)

as also compiled in Ref. [39]. This figure accounts for all but 1 — a 2" /aS® = 63 parts

per million of the current experimental world average’s central value [40-45],
a® =116 592059(22) x 1071, (131)

Electroweak corrections comprise at least one of the electroweak gauge bosons W, Z
or the H1GGS boson H; two of the dominant one-loop diagrams are obtained by replacing
the photon in the top-right diagram of by a Z or H boson. The final result quoted
in Ref. [39], including two-loop contributions, reads [46], 47]

a;, "V = 153.6(1.0) x 107", (132)

While the uncertainties on agED and a;,;" are under sufficient control, the non-pertur-

bative nature of the strong interactions impedes a reliable determination of the hadronic
contributions. Here, the coupling of hadrons to muons necessarily proceeds via photons,
W, Z, or HIGGS bosons since quantum chromodynamics does not allow for a direct cou-
pling to leptons. The hadronic corrections then decompose further into those attributable
to either hadronic vacuum polarization or hadronic light-by-light scattering as per aﬁad =

EW
I

aEVP + aELbL; the leading-order insertions of hadronic vacuum polarization and hadronic
light-by-light scattering as related to the magnetic moment of the muon are depicted in the
bottom-left and bottom-right diagrams of Given the high precision of the experi-
mental value, and the expected improvements beyond this result, higher-order
insertions have to be taken into account as well, which include the following [48-H50]:

*"Note that SCHWINGER’s result was misprinted in the original publication, Ref. [35]; see also Ref. [36].
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o R

2 2 jz 2

Figure 4: Diagrammatic illustration of the magnetic moment of the muon at tree level (top
left), its leading-order correction in quantum electrodynamics (top right), and the leading-
order insertions of hadronic vacuum polarization (bottom left) and hadronic light-by-light
scattering (bottom right). The shaded blobs represent hadronic intermediate states.

e an additional photon exchange between the muon legs or a second hadronic/leptonic
vacuum polarization bubble on the photon line in the bottom-left diagram of

e a leptonic vacuum polarization bubble on one of the photon lines connected to the

muon legs in the bottom-right diagram of

see also the compilation in Ref. [39]. Furthermore, the interpretation in terms of hadronic
intermediate states as the relevant degrees of freedom has to be reconciled with quark-loop
contributions and matched to short-distance constraints, a discussion of which is, however,
beyond the scope of this compendium; for extensive reviews, see Refs. [33]34],39]. After all,
there are two modern approaches to calculate aﬁad: either using a data-driven dispersive
method or by solving quantum chromodynamics numerically on the lattice; see Ref. [39]
and references therein. The former strategy requires data on eTe~ — hadrons to compute
aEVP and, inter alia, information on the axial-vector transition form factors A — ~v*~*,
A = f1,f],a1, to determine aELbL. According to the theory consensus of Ref. [39], the
total standard-model prediction, including results from both approaches, is then given
by [37, 38, [46H63]

a™M = 116591 810(43) x 1071, (133)
which differs from by 5.20 and potentially hints at physics beyond the standard
model. Rather recently, the CMD-3 measurement of ete™ — 7tnx~ [64] [65] raised a
puzzle in the data-driven evaluation of hadronic vacuum polarization, which Ref. [39]
quotes as GEVP = 6845(40) x 107! [48, 49| FIH55]; this puzzle and further tensions with
determinations from the lattice community are briefly addressed in of this thesis.
Therein, we also discuss the contribution from hadronic light-by-light scattering obtained
with the phenomenological approach in more detail. When including results from both
approaches, on the contrary, Ref. [39] quotes aj;“Pt = 92(19) x 10! [34} 50, 5663, 66-70].
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Tensor loop integrals and PASSARINO—-VELTMAN decomposition

The PASSARINO-VELTMAN decomposition |71}, [72] is based on the fact that any one-loop
integral can be reduced to a finite sum of predefined master integrals. To illustrate the
reduction procedure, we consider the one-loop topology of FEYNMAN diagrams depicted
in Such an N-point one-loop diagram leads to the generic expression [73]

_ [ A% F(k,p1,...,pN)
Dy = / (27r)4 [k;2 — m%] [(q1 + k;)2 — m%] [(q2 + k)Q — mg] - [(QN—I i k‘)2 — m?\/]’ (134)

where ¢; = 23:1 pj, with gy = 0 due to momentum conservation; for notational conve-
nience, we suppress the (+ie)-prescription in the propagators here and in the following
and, ad libitum, omit the arguments of, e.g., Dy that remain after performing the loop
integration@ The function F'(k,p1,...,pn) can consist of scalar invariants formed with
polarization vectors, spinors, gamma matrices, and polynomials in the loop momentum k
and the external momenta {p;}i=1,. N@ We can separate the dependence on the loop mo-
mentum in F(k,p1,...,pn) from the rest, e.g., by writing k - p; = k,p!’. Hence, m
can be written as a sum of integrals of the form

[ A% o0
Iy = / )3 k2 —m?] (g1 + k)2 — m3] [(q2 + k)2 — m3] .. [(qn—1 + k)% — mZ]’ (135)

multiplied by and contracted with the corresponding polarization vectors, spinors, gamma
matrices, and polynomials in the external momenta as well as scalar invariants thereof. In
general, the I§; are tensor loop integrals and the f#(k) tensor fields, p = (p1, ..., pr). If
fH*(k) ~ 1 does not depend on k, the integral is referred to as a scalar loop integral. With
fH(k) ~ f(k?) being a scalar function of k% only, we can use k? = k? — m? +m? and shift
the loop momentum as per k — k—p; to decompose the expression into a sum of scalar and
purely tensor loop integrals, where the latter have no dependence on k? in the numerator
left, i.e., f*(k) ~ kM ... kHr. Similarly, the most general case, with f#(k) containing both
factors of k2 and tensor structures k%, can be reduced to a sum consisting of scalar and
purely tensor loop integrals only. Consequently, we will, without loss of generality, assume
fH(k) ~ {1,k ...k} in the following.

From a dimensional analysis, one finds that I]’\‘, holds ultraviolet divergences, i.e.,
divergences that are due to the integration region of large momenta, if the rank r of loop
momenta in f#(k) is such that r > 2N — 4; here, equality yields a logarithmic divergence.
Since r = 0 for scalar loop integrals, only one- and two-point scalar loop integrals can
be ultraviolet divergent. Renormalizable quantum field theories, such as the standard
model [74], obey r < N [73], so that ultraviolet divergences are restricted to a very narrow
set of integrals in these theories, see A discussion of other types of divergences,
e.g., infrared divergences, which originate from integration regions of small momenta and
are related to the presence of massless particles, is beyond the scope of this compendium.
Divergent loop integrals are most conveniently regularized in the framework of dimensional
regularization [75], in which becomes an integral in D = 4 — 2¢ dimensions,

i [0 (k)
v e TR [ e e R TR RN
136

2870 include (energy-dependent) widths, one can use the spectral representation given in [Eq. (110)
29Closed fermion loops yield an additional factor of (—1).
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Figure 5: A topological subset of one-loop FEYNMAN diagrams, leading to a generic ex-
pression of the form given in [Eq. (134) as discussed in the main text.

Here, p is a dimensionful parameter that is introduced to retain the mass dimension of I%;,
and the generalization of the four-vectors and the MINKOWSKI scalar product to D space-
time dimensions is implicitly understoodm In what follows, we will write all integrals
in their dimensionally regularized form, irrespective of their convergence; if the integral
converges in D = 4, the implied limit ¢ — 0T can, in principle, be taken at any stage.

The condition » < N in renormalizable theories motivates the definition of the following
scalar and tensor loop integrals [TIH73]: the tadpole diagram

wp [dPk 1

Ao(mi1) = p ) ma (137)
the bubble diagrams
dPk 1
B — 4—D/
olprmme) =1 | S i+ R - )
. dPk kHs kP EY
BH# =pt P / 138
o) =0 | S el s om0
the triangle diagrams
dPk 1
Col(p1, : ptP / ,
(1o ) i 7 — (s + K7 — m(aa + R7 — )
dPk kM KHEY s kFEY B
CHhvspvo 4 D/ )
(o 1) i 07— nil(@r + K7 — (g + K7 — )
(139)

39Note that the external quantities that we separated from the tensor integral, as, e.g., the gamma
matrices, have to be analytically continued to D dimensions as well. For the fifth gamma matrix, s, in
particular, this is problematic on its own [75].
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N=1 N=2 N=3 N=4 N=5 N=6 N=7

r=0 oo 00

r= 0 00

r=2 [o0] 00 00

r=3 [0]  [od] 00

r=4 [oo]  [oo]  [od] 00

r=5 [0]  [oo]  [oo]  [od]

r=06 [oo]  foo]  [oo]  [oo]  [oc]

r=7 [0]  [oo]  foo]  [oo]  [oo] [ ]

Table 1: The ultraviolet behavior for loop integrals of the form given in Here,
infinities and empty cells indicate diverging and converging integrals, respectively; zeroes
symbolize integrals that show up as divergent from simple power counting but vanish upon
explicit calculation. Square brackets flag integrals that do not exist in renormalizable
quantum field theories such as the standard model.

and the box diagrams

Do (p1, p2, p3, m1, ma, ms3, my)

4D dPk 1

! / ir2 (k2 — m3][(q1 + k)2 — m3][(qz + k)2 — m3)[(gs + k)2 —m3)’
Dk prospva (p1 , D2, P3, M1, M2, M3, m4)

4D dPk kH kMK KPRV K kREY kKPS

- / ir? [k2 —mi][(q1 + k)2 — m3][(g2 + k)2 — m3][(g3 + k)* — m3]’

(140)

and an extension of this scheme to higher (N, r) is straightforward; writing the integration
measures with a factor 1/(ir?) is purely conventional. Note that a tadpole integral with
r =1, A¥(mq), vanishes for symmetry reasons, as readily verified via the transformation
k — —k; see also for N =1 and odd r. This is in line with the observation
that LORENTZ covariance would dictate such an integral to be proportional to a structure
with a free LORENTZ index, of which there is none among the arguments of a tadpole
diagram. Since the scalar integrals have no structure in LORENTZ space, they can only
depend on scalar invariants formed with the specified arguments, which we refrained from
making explicit in their arguments to ensure a consistent notation with the tensor integrals.
Following the procedure developed by PASSARINO and VELTMAN [71], the tensor integrals
can—based on LORENTZ covariance—be reduced to a linear combination of scalar loop
integrals. Crucially, the intrinsically four-dimensional nature of space-time further allows
to reduce scalar loop integrals with IV > 4 to a sum of scalar loop integrals with N = 4; see
Refs. [73, [76] and references therein. Consequently, any one-loop integral can be written
in terms of the four master integrals Ag(m1), Bo(p1, m1,m2), Co(p1,p2, m1, ma, m3), and
Dy (p1,p2, p3, m1, ma2, m3, my), whose analytic expressions can be fairly complicated, being
composed of functions including (di-)logarithms and terms singular in D — 4 |72} [76].
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In order to outline the modus operandi of the PASSARINO—VELTMAN decomposition,
we observe that LORENTZ covariance dictates an expansion of the tensor loop integrals
according to

B*(p1,m1,mg) = pi' By,
B" (p1,m1,mg) = g" Boo + ) py Bi1 (141)

for the bubble integrals,

C*(p1, p2, m1, ma, m3) = p{'C1 + phCs,

2
C* (p1,p2, M1, m2, m3) = g""Coo + Z Ly ACH

ij=1
2 2

CH(py, pa, my,ma,m3) = Y _(g"pf + g"pY + g"*pl)Co0i + > pl'PipiCije  (142)
i=1 ig,k=1

for the triangle integrals, and

Du(p17p27p3)m17m27m37m4) -Dl +p -DQ +p3D37

DNV(p1’p27p3,ml’ ma, m37m4) = g“VDOO + Z pfp]VDZJ’

ij=1
3 3

DF"*(p1, p2, p3, m1, M2, m3, myg) = Z(QWP? + 9" P} + 9P}’ ) Dooi + Z P PPk Diji,
=1 ,7,k=1

D“mﬂ(m,pzaps,ml, ma, ms3,myg) = (g g% + g"*g"P + g"P ") Doooo

+ Z (9" D] + g"Pi] + Pl ps + g"°vl'p] + g"P Pl + g*°PlipY) Doois
i,j=1

+ Z pzp]pkpl Z]kl (143)
1,7,k,l=1

for the box integrals. Here, the coefficient functions {Bj, Boo, B11, ...} carry indices in
a suggestive way, indicating the momenta they are associated with; their dependence
on the available LORENTZ invariants is suppressed for notational convenience. Due to
the symmetry of the tensor integrals under permutations of the indices, see
the coefficient functions fulfill certain relations; some of these, e.g., a unique
Cooi, have already been incorporated in [Eq. (141)HEq. (143), while others, such as C1a =
Cs1, are straightforward to deduce. Similarly, symmetry forbids the parity-odd LEVI-
CIVITA tensor to be part of the above expansions. By contracting [Eq. (141)HEq. (143)|
with the respectively available LORENTZ structures, one obtains a system of equations that
can be solved to yield expressions for the coefficient functions in dependence of scalar loop
integrals only. We demonstrate this procedure exemplarily for the two-point loop integrals
here; the three- and four-point integrals require significantly more algebraic effort, which
is most conveniently performed using GRAM matrices [71], (73] [76].
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In the two-point case, the available quantities to contract [Eq. (141)[ with are p¥, g"”,
and p/'pY, leading to

p1uB"(p1,m1,mg) = p*~P 42k Pk =piB; (144)
! Y in2 [k —m|[(pr+ k)2 —-md
g B (pr, m1, my) M4_D/ o a DBy + piB
v 1,M1, M) = : = D Boo 11,
g ir? [k2 — mi]{(p1 + k)* — m3] '
v _p [dPk (p1-k)?
P1up1B" (p1,m1,ma) = H4 D/ in? [k2 — m%][(pl + k)2 — m%] = p%BOO + (P%)QBH’

where we inserted ¢; = p;. Rewriting

[(p1 + k)2 — m3] — (k* —m3) + (m3 — mF — p})
2

p -k = (145)

and shifting k& — k — p1 in one of the resulting integrals, the first integral equation giveﬂ

g, — Aolm1) — Ao(ma) + (m3 —mi — p?)Bo(p1,m1, mg) 146
b 2p? ' (146)

For the second equation, we proceed in analogy, using k? = k? — m% + m%, to find
DByo + piBi1 = Ao(ma) +m3 Bo(p1, mi1, ms). (147)

The third equation requires some more algebra but otherwise similar techniques, resulting
in

D D
2 212 4-D Piu A7k k* / d7k s
B B = o> B
pl 00 + (pl) 11 1% 9 |:/ i7r2 k2 — m% i7T2 (pl + k)Q — m%
dPk kH
+ (m3 —m} - p} / -
(m3 1P ir? [k2 —m3][(p1 + k)2 — m3]

_ PiAo(me) + (m3 — mi — p?)piBy
2 )

(148)

where we additionally used that a one-point tensor loop integral vanishes. We can solve
the two equations containing Byg and Bi; to obtain

Ao(1m2) + 2m3 By(p1,m1,m2) — (m3 —mi — pi) By
2(D-1) ’
Ao(mg) + (m% — m% — p%)Bl — 2Bgo
Zp% ’
with Bj as specified in|Eq. (146), In principle, we can thus write By, Boo, and Bj; solely in
terms of the scalar loop integrals Ag and By, each with fairly complicated expressions, how-

ever. Similar relations apply for the higher tensor integrals, where the coefficient functions
{C4,Cq,Cyo, ...} can be written in terms of scalar loop integrals with smaller or equal N.

Boo =

B =

(149)

31Note that the case p? = 0 is a known limitation of the PASSARINO-VELTMAN procedure and needs to
be treated separately. Similar problems can appear in other loop integrals and particle kinematics, which,
in matrix notation, correspond to vanishing GRAM determinants |73}, [76].
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Scalar loop integrals

In the following, we derive an analytic expression for the scalar loop integral Ag(my) and
outline the calculation of By(p1,m1,m2) [72]. To this end | we will use the formula [12]

/de - Al e (_1)an/2AD/2_nF(nl“_(nl))/z)’ (150)

with the gamma function I'(z) being expandable around its poles at z € {0,—1,—-2,...}
according to [12]

I'(e) = = —m + O(e),

e

T(—n+¢) (=171 +§n:1+(9() forn e N (151)
—n+e) = - — - € or n .
n! P TE = ] 3 >0
Here, ¢ — 07 is infinitesimal and g =~ 0.5772 is the EULER—MASCHERONI constant. The
tadpole integral, for D = 4 — 2¢, then becomes

2\ € 2
Ao(my) = —m3 (;Lm%) [(—1+4¢) =m? [1 — e+ 1+ log (&) + (’)(e)] ,  (152)
where we used z¢ = e€1°8% = 1 +elog x4+ O(e?). Crucially, the simplification of logarithms,
e.g., using log(a/b) = loga — logb, needs to be done with due diligence here, depending
on the actual values of their possibly complex arguments.

For the calculation of By(p1, m1, mg2), we rewrite the bubble integral by introducing a
FEYNMAN parameter [5], leading to

JA=D 1 )
Bo(p1,m1,m2) = ——; /de/ do ‘ —
. 0 [allpr +k)? —m3 +id + (1 - a)[k? — m} +ie]
=D i 1
= Pk [ d 153
im?2 / /() @ [kQ—AB—i-ie]?’ ( )

where we defined Ap = Ag(a) = pfa(a — 1) — m?(a — 1) + am3 and shifted the loop
momentum k£ — k — api. Hence, we can use |[Eq. (150)|to find

1 NQ € 1 1 UQ
Balpmng) = [ do (L) r0 =Lt [Caaton (L) w000, sy

and performing the remaining integration, one obtains [77]

1 2 m2 —m? — p? m2
By(p1,m1,mz) = = — 5 + 2+ log < K 2) +—=2———Llog <§> (155)
€ Ty 2pq m3
P1 2mims

Closed expressions for the three- and four-point scalar loop integral are more intricate
and, among other things, additionally involve dilogarithms [72] [76]; a further discussion
of analytic expressions for these integrals is, however, beyond the scope of this summary.

32 Alternatively to the strategy pursued here, the finite parts of the scalar loop integrals could also be
calculated by determining the discontinuity of the respective diagram and evaluating a dispersion relation.
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Conformal mappings and z expansion

Complex functions f(z) that preserve the magnitude and orientation of angles at which
curves intersect are called conformal mappings [13]. It can be shown that this prop-
erty follows for holomorphic—that is analytic—functions that fulfill f’(z) # 0; as being
a holomorphic bijection implies f’(z) # 0, biholomorphic mappings, especially, are con-
formal [78]. A vast collection of examples of conformal mappings can, e.g., be found in
Ref. [79]. By RIEMANN’s mapping theorem [I3] [78], we further know that every simply
connected and open proper subdomain of the complex plane is conformally equivalent to
the open unit disk D = {z € C: |z| < 1}, i.e., there exists a conformal mapping from that
subdomain to DE Hence, conformal mappings provide a tool to bring physical problems
into a canonical form and allow for the application of certain techniques related to func-
tional optimization [80]. In particular, this applies to the analyticity domain of scattering
amplitudes and form factors, which can thus be mapped onto the unit disk D.

In the following, we will study a specific conformal mapping in more detail. Consider
the functionf

_Vir—t—+Vir—1o

CViR—t+ ViR —to’
which, as we will demonstrate, maps the complex plane cut along the real axis for t > tg,
C~ = C\[tr, 00), conformally onto the open unit disk, z(¢): C~ — D, see Here, tg is
a free parameter from the analyticity domain that gets mapped to the origin, z(ty) = 0; for
definiteness, we choose this parameter to be real, tg < tg [80]. The square-root branch cut
of requires the introduction of two RIEMANN sheets to provide a continuous func-
tion. If not otherwise stated, we will restrict ourselves to the first (physical) sheet in what
follows, arg[tr —t] € (—m, ), where the evaluation on the cut is defined by the infinitesimal
limit from above, t — t* =t +1ie (e — 0T) for ¢ > tg, corresponding to arg[tg — t] = —;
taking the limit ¢ — ¢t~ = t —ie, on the other hand, results in arg[tg —t] = 7. The analytic
continuation to the second RIEMANN sheet will be outlined at the end of our discussion.

We start by showing that [Eq. (156)| maps the cut complex plane C~ into D, i.e.,

1. |z2(t)] < 1lfort e C.

(1) = 2(t, to) (156)

Indeed, for t € C~, we have tgr —t = el with ¢ € (—m,7) and 0 < r = [t — t| < o0, SO
that

Vreos(p/2) + ViR — to +1y/rsin(p/2)
(TR —to — 2/r/ER — focos(p/2) \ /2
N <r+tR—t0+2\/77\/tR—tocos(<p/2)> <l (157)

In particular, the analytic segments of the real axis map onto the reals according to

2. z(—o0 < t < tp) €[0,1);

3. 2(to <t < tg) € (—1,0].

33The OsGoOD-CARATHEODORY theorem asserts the existence of a continuous extension of the mapping
to the boundary if the subdomain is bounded by a simple closed contour [13].

341n the literature, this mapping is sometimes written with an additional prefactor of (—1); see, e.g.,
Ref. [80]. The generalization of the results presented here to this convention is straightforward.
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Imt Imz

Figure 6: Illustration of the cut complex plane €~ (left) that is mapped onto the open
unit disk D (right) by z(t),|Eq. (156) The upper (lower) rim of the branch cut is mapped
onto the lower (upper) unit semicircle; see text for more information.

For the former of these, we note that z(t<y,) > 0 for t<;, € (—o0, tp] and thus also

VIR i TVt (158)
VIR —t<ty + ViR —to

by the triangle inequality |a+b| < |a|+|b|, with equality holding if and only if a and b are

both non-negative or non-positive. Concerning the latter interval, ¢>;, € [to, tr) results in

2(t>t,) < 0 and z(t>4,) = —|2(t>4,)| > —1 by a similar argument to the above.
Evaluating infinitesimally close to the branch cut, we observe that

Z<t§to) = ‘Z(této)’

4. the upper (lower) rim of the cut, t© =t +ie (¢t~ =t —ie), t > tg, is mapped onto
the unit semicircle & = e with 6 <0 (6 > 0).

To deduce this, we first establish |2(t*)| = 1 for ¢ > tg, as can be obtained from the

second equality of [Eq. (157)} with ¢ = ¢+ (¢ = t~) corresponding to ¢ = —m (p = ) and
r =t —tg > 0. Furthermore,

z(t) =

r— IR + to + 2iy/F/IR — Lo sin(p/2) (159)
r+tr —to + 2y/7V/Ir — o cos(ip/2)

gives
—t t 2iy/ry/tr — t
s(pt) = TR0 FAVTVIR — o (160)
r+tr —to
and since [z2(t%)| = 1, we may write z(t%) = ) For some general z = Rel?, the
argument can be determined via
R
0 = sgn[lm z] arccos ( 22)7 (161)
which, in our case, leads to
ir —to
0(tF) = 1-2————— ) €0, 7). 162
() = Farccos (12200 ¢ o, (162)
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Moreover, we find the special values
5. Z(tR> = —1;
6. limy 100 2(f) = 1.

Both z(tgr) = —1 and limy_, o 2(t) = 1 are, in fact, direct consequences of [Eq. (156)
whereas lim;_,oo 2(t) = limy_,o0 2(t*) = 1 follows from 6(t%) = 0 for r — oo, see [Eq. (162)
Next, we want to prove that

7. z(t): C~ — D is biholomorphic, with the inverse mapping
to(1+ 2)% — 4t
Hz) = o1+ 2) RZ
(1—2)?
In order to show injectivity, we take t1,to € C~ and calculate
z(t1) = z(t2) & (Vir —t1 —Vir — to ) (ViR —t2 + Vir — t0)
= (\/tR — 19 — \/tR — to)(\/tR — i1+ \/tR - to) &t = ta, (164)

where we used that the denominator of [Eq. (156)[ does not vanish anywhere (|z(¢)| < 1).
For surjectivity, we need to find a t, € C~ Vz, € D such that z(t;) = z,. This t, = t(zy)
is readily found with [Eq. (163), which thus gives the inverse mapping, as claimedﬂ

VT2 0P -1 (+z)/(-z) -1 _
VAt a0 —wp+l (tz)/0—z)+1

(163)

2(t(zy)) = 2y (165)

Here, squaring 1 + z, = pe'®, a € (—7/2,7/2), and subsequently taking the square
root is a trivial operation to carry out since we remain on the principal branch, that is
arg[(1 + z;)?] € (—m,7m). For w = 1 — z,, however, squaring leads to w? = w?, with
W = z, — 1, and we have to choose the proper value of Vw2 = V@2 by hand. To this end,
we note that upon squaring w = pe'®, m/2 < |a| < 7, the value of the argument exceeds the
domain of the principal branch, thus necessitating the addition of an appropriate multiple
of 27 to remain on the first RIEMANN sheet. For w = pe'®, on the contrary, we have
a € (—m/2,7/2), as for 1+ z,, and thus remain on the principal branch, arg w? € (—m, 7).
The proper choice for the square root is then found to be given by Vw2 = Va2 = w;
see for a graphical illustration. What remains to be proven is that z(¢): C~ — D
is holomorphic, which we will do by writing it as the composition of three (trivially)
holomorphic functions with matching (co-)domains. Consider [13] [79]

f(t) =tgr —t, holomorphic on C, ¢g(z)=+/2z, holomorphic on C\ (—o0,0],

z—/Ir — 1o .
h(z) = —————, holomorphic on C\ {—+/tg — o}, 166
( ) 2+ \/m p \{ R 0} ( )
in terms of which z(t) = h(g(f(t))). We start by observing that f(t) is holomorphic on
C~ because it is holomorphic on C, and the domain is mapped according to f(C~) = C™,
with €~ = C\ (—o0,0]. The function g(z) is holomorphic on the resulting region C~ and
we have g(C™) = 9, $H = {z € C: Rez > 0}. Furthermore, h(z) is holomorphic on § as

its only non-analytic point is —/tgr — tg & $; here, we already know that h($) = D.

35The value provided by [Eq. (163)| for z, € D necessarily also fulfills #(z,) € C~ because otherwise,
ze = 2(t(22)) € D for some t(z,) € [tr,00), which contradicts what we have shown before.
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Imw Imw
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Figure 7: Tlustration of Vw? = Vw? = w for w = 1 — z, (top left and top right) and

w = z; — 1 (bottom left and bottom right) by choosing the appropriate branch of the
square-root function for two exemplary values of z, € D; see text for details.

As we have argued in the beginning, the square-root branch cut of [Eq. (156)|leads to
the emergence of a second (unphysical) RIEMANN sheet, with our discussion having been
restricted to the first (physical) sheet up to this point. To show that

8. the analytic continuation to the second RIEMANN sheet is given by z11(t) = 1/2(t),

we impose 217(t7) = z(t*) upon crossing the cut on the negative real axis at ¢ = —7 and
use SCHWARZ’ reflection principle [9], z(t*) = z(t)*@ Accordingly, we obtain

a(tT)=2(t7) = 2(t7)" = ) (167)
where we used that 1 = |2(t7)|? = z(¢t7)2z(¢™)* in the last step, and the continuation away
from the cut, z11(¢) = 1/2(t), follows by uniqueness. Since |z(¢)| < 1 on the first RIEMANN
sheet, points on the second sheet are mapped to the exterior of the unit disk, |z11(¢)] > 1.

The mapping given in can be modified to additionally account for a left-hand
cut along t < tr, [80)],

ViRt CVE— 1 C:\/tR—to (168)

ViR —t+CVE— 1L Vio — 1t

A further discussion of this extension is, however, beyond the scope of this compendium.

z(t)

36The conditions needed for ScHWARZ’ reflection principle to hold are readily checked to be met. How-
ever, it is also straightforward to verify explicitly that z(¢) fulfills, especially, z(tT) = 2(t~)*, see[Eq. (160)
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The usage of conformal mappings in solving physical problems has a long history,
including but not being restricted to applications in high-energy physics [RIH84]. One
such application is the determination of dispersive bounds for hadronic form factors, as
will be discussed in the following, based on an example from Ref. [80]. To this end, we
consider the vacuum—vacuum two-point correlation function

Iy, (q) = i/d4:v e (0| T{J ()1, (0)}[0) , (169)

where JlY(m) = @2(x)yuq1 () is a vector quark-transition current, and the corresponding
correlator for, e.g., the axial-vector current J;}(az) = @2(x)yuy5q1(x) can be treated in
complete analogy. By means of LORENTZ covariance, we may expand this tensor in terms
of two polarization functions according toE]

Y qudy v qudv v
1) = (%4 - g, () + Y (), (170
with IT¥.(¢?) and IIY (¢?) denoting the transversal (spin-1) and longitudinal (spin-0) com-
ponents, respectively. To project H:{V(q) onto these scalar functions, we can use

v 1/ q¢"q” v v tq” v v v
Péf(q)—<qq§—g“>, @=L, P3P = g (T

3

i.e., H¥7L(q2) = Péff’L(q)HXV(q), as readily verified. Crucially, IIY.(¢?) and I (¢?) fulfill
dispersion relations of the form given in [Eq. (89), with the number of subtractions deter-
mined from the asymptotic behavior predicted by perturbative quantum chromodynamics
in the deep Euclidean region [85], which, in our case, leads to [80]

V() = 1Y (¢%) 1 /Oo tdisctH}F/(t)
A R T ER 7 S ()
Xt (%) = dify(e®) _ 1 / ™ gy QeI () (172)
L dq? 27 Jo (t—q%)%
Perturbative quantum chromodynamics can further be used to compute X}/,L(QZ) in the
region of (space-like) ¢> where non-perturbative effects are absent. The hypothesis of
quark-hadron duality then states that the resulting spectral functions can be analytically
continued to match the description in terms of hadrons [80]. Consequently, we can equally
use unitarity to write [86], 87|

discp M p(¢?) = PEL@ 1S [ d@ulaipnee ) QLY O el O |, (173

with the sum, in principle, extending over all hadronic n-body intermediate states that
couple the given vector current to the vacuum. In practice, however, one usually takes
into account the lowest terms only, which allows us to obtain lower bounds on the spectral
functions in as the higher states, in particular, yield positive contributions [80)].

"For a conserved current, 9".J) (z) = 0, we would have 0 = ¢*IT)}, (¢) = ¢, I} (¢*), so that the longitu-
dinal polarization function needed to vanish, ITY (¢*) = 0.
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For illustrative purposes, we will restrict ourselves to the lightest pair of pseudoscalar
mesons in what follows, with one of them containing a quark ¢; and the other a quark s,
in line with the content specified by J/Y(m) The corresponding matrix element required
to calculate the contribution to the unitarity sum is related to [80]

2 _ /2 m2 — m/2

(P'(p")| 1) (0)|P(p)) = (PM—FPL—mTqM)f;_)P/(qZ)—FTqM IS e (174)

via crossing symmetry, where m and m’ are the meson masses and ¢ = p — p’. Using the
kinematics of the crossed process, p’ — —p’, ¢ = p+ p/, and inserting the two-body phase

space, we thus obtain

)\ 2, 2’ 12
Cmim®) penl®, (75)

. 1
dlscq2H¥’L(q2) > 9(\/q»2 — (m+ m’)) S

Witﬂigl
*

Ax(@®) = P (q) (0].7Y (0)|P(p) P'(p")) (0] (0)| P(p) P’ (p'))

g2, m?,m'
g\fﬁﬁp/(q%ﬁ A=T,

3q2
N (m? —(7171’2)2 1)
B E— [fep (@), A=L.
Hence, [Eq. (172)| becomes
L= wr@Olfpp (8 i(t — )Pt — )32
Vi2) > d PP £ — +
XT(q ) = ori \/t+ (t — q2)3 ’ U)T( ) 24712 ’
L Ol (0P i (¢ £ — )1
Vi2) > d P—P t) = 177

where we defined ¢+ = (m £ m’)? for the (pseudo—)threshold@ By including more states
in the unitarity sum, 7.e., other two-particle and higher intermediate states but also the
disregarded one-particle intermediate states, these bounds can gradually be refined.

For the parameterization of the form factors, we will postulate a series expansion in
the conformal variable z(t), which shows an improved rate of convergence as
compared to an expansion in, e.g., t [88, 89]; this effect can be enhanced by optimizing
the choice of the parameter ¢y [80], in such a way that, generally, only the first few terms
of the expansion are needed to obtain a reasonable approximation. More specifically, the
z expansion for some form factor F'(t) that is analytic within the complex plane cut for
t >t reads

F(t) =Y anz(t)", (178)
n=0

38We omit a discussion about potential isospin degeneracy factors arising from different charge channels.
39The common notation t+ = (m 4 m’)? for the (pseudo-)threshold—instead of tr = (m + m’)>—is not
to be confused with t* =t 4 ie (¢ — 07), as introduced for the preceding discussion of [Eq. (156)

48



Advanced topics

where a,, € R if F(t) obeys SCHWARZ’ reflection principle and dim|a,| = dim[F'(¢)]. The
monomials z(t)” = " = €™ are orthonormal on the unit circle 9D = {z € C: |2| =1}
with respect to the scalar product

1 dz N
) =5 | FGrac), (179)
that is -
e =5 [ asdm g, (150)

To find the Jacobian for the variable transformation ¢ — z(¢) in the integrals of [Eq. (177)|
we note that [Eq. (163)| yields

(ty —to)[1 — R*(4 — R?) +2R?cos(20)] + 4iR(1 — R?)(t4 — to)sinf
(1+ R?2 —2Rcosf)?

tHz) =t, — (181)

for some general z = Rel’. From the upper and lower unit semicircles, i.e., 2+ = % with
6F € [0, +7], we thus recover tT = ¢(6F) infinitesimally below and above the cut,

4 —to .
HOF) = to + 2——— Fie. 182
(6%) =to+ 1—cosfr € (182)
Here, the inverse function
- t —to
O(t*) = Farccos [ 1 — 2 — (183)
—to

is in accordance with [Eq. (162)| upon inserting t, — t = rel¥ and taking ¢ = ¥, and we
identify 6* = 6(+F). Consequently, we have

1 dz 2 1 o -2 " 2
o | EIraer = - ([ 0o ireone e [Castreenr)
00 + t4 —
_ ;ﬂ(/t+ dt defé )\F(t+)]2+/oo at d‘)éi )]F(t_)\2)
(9] +
_ i/t dt‘deg e, (184)
where
W, s

dt T (t —to)V/T — Ly
and we assumed SCHWARZ’ reflection principle for F(¢) in the last step. Since |z(t)| =1
on the cut, we can further replace the Jacobian by

dz(t%)
dt

dz(tF) do(t*)
doF  dt

dot)
| de

, (186)

with the identification z* = z(tT). Moreover, we can use the scalar product defined
in [Eq. (179)| to project onto the coefficients of the expansion in [Eq. (178)l Due to the
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orthonormality of the monomials z(¢)" = £" = ¢ on the unit circle, we deduce

am = (£, F(t)) ! < / ’ Ao~ F(t(07))e ™ + /0 " a0+ F(t(9+))eime+)

:g .

_ 1 {pp o ) cos(mb™ " T Im )] sin(mf™
_ﬂ(/o A Re [F(t(6" ] cos(md®) + [ a0 I [F(60 )] sinnd >)
0

VAN _ _ _ o _
:( / A6~ Re [F(t(67))] cos(mf~) + / A6~ Im [F(¢(67))] sin(m8 )>, (187)

T —r -7

where we used that

0 o 00 + . ty - S
/ A0~ F(4(07))e ™ = / at U7 pr(eimoe) — / at 30U = yeeimoe)
ty dt o dt

—T

= /ﬂdg-ﬁ- F(t(9+))*eim6+,
0
/ﬂ' do+ F(t(9+))e—im9+ _ /t+ dar d@((ii_) F(t_)e_imo(ti) _ /00 gt de(gi+) F(t+)*eim9(t+)
0 [e'¢) [
= /0 o™ F(t(07)) ™. (188)
Hence, we find
w = 2 7 0% Re +yy L O o _
0=1 /0 40" Re F(6)) =~ [ 0 RelF(H67))], (189)

and since F'(t) was assumed to be analytic, i.e., am<o = 0 [90], we obtain

/7T dft Re [F(t(67))] cos(mbT) = /7r dO* Im [F(t(67))] sin(mf™),
0 0
0

0
/ df~ Re[F(t(67))] cos(mb™) —/ df™ Im [F(t(67))] sin(mb ™), (190)

—T —T

which leads to (m > 0)

=2 / " 46% Re [F(1(6%))] cos(mb™) = 2 / " 46% Im [F(4(67)] sin(mf),
™Jo ™ Jo
0 0

_2 / 0~ Re [F(£(07))] cos(mf~) = > / 40~ Tm [F(£(67))]sin(m6™).  (191)

™ J)_n T J—n

Transforming to the variable ¢, the above formulae become (m > 0)

1 deEE)
ap = 7r/t+ dt’ " Re F(t%), (192)
00 + 00 +
Ay = 72r/t+ dt’deg ) Re F(t*) cos(mf(t%)) = 72r/t+ dt‘de(t ) Im F(t%) sin(mf(tF)).
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Advanced topics

Coming back to [Eq. (177), we use [Eq. (184) and rewrite these inequalities as

12 2 [T o A OF = 5 [ Flonth ) P
vz [ e o ) OF = 55 [ T, e P,
(193)
where we defined
(t—t0)2(t —t-)%2(t —to)
lpr(t, q )|2 487rXT( )( N —t0)1/2t2(t— ) 30
) == B =) 2 1) (194)

16 (@)t — to) 22(t— 22

)

Performing series expansions for F*0(t) = ¢p1.(t, ¢*) f7 Ip P,( ) as given in m re-
quires analyticity within the open unit disk D. Here, ¢11,(t, ¢ 2) are so-called outer func-
tions, which can, in principle, be continued to functions analytic within D from their
modulus on the boundary through an integral representation [80]. A mathematically rig-
orous treatment of this is, however, beyond the scope of this summary and also involves
a discussion of HARDY spaces; see, e.g., Refs. [91H95| for extensive reviews. For our pur-
poses, it suffices to observe that the functions ¢ 1(t,¢?) = \/|érL(t, ¢2)|? can effectively
be rendered analytic within D by replacing poles and branch points as pe

(L) - () 99

Crucially, we have z(X, X) =0, and |2(t, X)| = 1, t > t,, leaves the modulus on the unit
circle unchanged, see [Eq. (156)| and the discussion thereof; various applications of this
method can, e.g., be found in Refs. [96HI0I]. For our example, this procedure results in

ontt) = v () () () ()™
_ 1/2 _ 1/4 _ 1/2

FHEOS [167mx7 (¢ )t]T/t?_(m —to)1/4 (Z(Et0)> <zt(+t,t+t)> (zt(_t,tt)> < ;E]t’tot))
< () 196
< ¢? —t ) (196)

Wlth the trivial simplification z(¢,¢;) = 1. Another complication arises if the form factors
1 Pl P,( ) possess subthreshold singularities—that is poles on the real axis below the onset
of the branch cut—since the form factors will be non-analytic at these pomts@ Let ¢,
be the position of such a subthreshold pole and z, = z(p, to), where |z,| < 1 as t, < t4.
To render the corresponding form factor analytic within the open unit disk D without
changing its modulus on the boundary, we can multiply it by the BLASCHKE factor [80]

zZ— Z
B(zz) = 7=, (197)
p

40We use —z(t, X ) instead of z(t, X) because z(t, X) > 0 for —oco < t < X and z(t, X) < Ofor X <t < ty.
4! Above-threshold poles are, e.g., discussed in Refs. [T0Z, 103].

o1



Foundations

which is a representative from a class of functions called inner functions [91H93|; as for
outer functions, a general discussion of these is beyond the scope of this compendium.
Trivially, we have B(zp, z,) = 0 and z, is the only zero of the function@ Furthermore,
the BLASCHKE factor indeed has the following properties:

1. B(z, zp) is analytic for |z| < 1;
2. |B(z,2p) | < 1for |z| < 1;
3. |B(z,2p)| =1 for |z| = 1.
These statements are direct consequences of the identity

2(t,t0) — 2(tp, to)
T 2ty f0) 2 (1 to)

and the properties we have shown for in fact, B(z,2p): D — D thus maps
the open unit disk D conformally onto itself. Since the modulus of the BLASCHKE factor
on the unit circle is unity, the form factors F+0(¢) = B(z(t), z(t;,r’o))qST,L(t,qz) ]}Lﬂp, (t)
fulfill the same boundary conditions as specified in namely

B(z,zp) = B(2(t,t0), 2(tp, to)) =

= z(t,tp) (198)

1 d
12 50 | SIBG e, ) L p ()P
1

12 5 [ EIBG 6ue), ) o () (199
™ Jop 2

For simplicity, we here assume t, ¥ to be the only subthreshold poles of the form factors,
where z; 0= z(t; ’0); the extension to several subthreshold poles is trivial and requires
the multiplication with additional BLASCHKE factors. Expanding F™9(¢) in a series in

powers of the conformal variable z(t),
" o
FHO(t) = "atfz(t)", (200)
n=0

and using [Eq. (180)| for z(¢) on the unit circle, we obtain the so-called dispersive (or
unitarity) bounds

1> i(aj{ﬁ)? (201)
n=0

Depending on the context, the BLASCHKE factor B(z, z,) is sometimes replaced by the
inverse of a simple pole R(t) = (1 —t/t,)!, in which case the series expansion is referred
to as a simplified series expansion [100} [104]; see also the application in [Part I1I| of this
thesis.

“?Note that the only pole of the function, 1/z;, is not contained in D, as |1/z}| > 1 due to |z,| < 1.
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Prologue

The anomalous magnetic moment of the muon a, is one of today’s most precisely mea-
sured quantities and as such demands similarly precise calculations on the theoretical
side, with a longstanding tension between the experiment and the standard-model pre-
diction potentially hinting at physics beyond the standard model. For the data-driven
calculations, robust input for the transition form factors of axial-vector mesons—i.e., the
scalar functions that parameterize their non-perturbative coupling to two electromagnetic
currents—is crucial for estimating the hadronic light-by-light contribution to a,, in partic-
ular, for intermediate photon virtualities and the transition to short-distance constraints B
At present, the axial-vector contribution included in the standard-model prediction for
a, [9-33] 66H68] is responsible for a large fraction of the final phenomenological uncer-
tainty, aELbL = 92(19) x 10711 [0 R2H3T, 59-64], especially, when taking into account
the interplay with short-distance constraints. In view of the (expected) experimental im-
provements beyond the world average including run-1 data from Fermilab [34-38]—with
the latter providing a precision comparable to that of the Brookhaven measurement—the
uncertainty in the hadronic light-by-light contribution should be reduced by another factor
of 2 to ensure that it does not play a role in the interpretation of the experiment [54] [56].

The author of this thesis investigated the transition form factors of axial-vector mesons
already throughout his master’s thesis [I15]. Therein, many foundations have been out-
lined in great detail, including an evaluation of some of the data available at that time
in a preliminary vector-meson-dominance framework, which eventually formed the basis
for the analysis presented in this part of the dissertation. Since the formalism has been
thoroughly refined and a comprehensible account would otherwise be cumbersome, some
important contents and formulae of the author’s master’s thesis are recapitulated in this
work; chapters that contain such peculiarities are provided with a footnote that summa-
rizes any potential parallels. However, it shall be emphasized that no parts of the author’s
master’s thesis have been replicated for this work, and possible duplications are condensed
in such a way that the overlap is minimized.

The data-driven analysis of the axial-vector transition form factors performed in this
thesis is based on the decomposition of the corresponding amplitude into the three Lo-
RENTZ structures and form factors obtained in Ref. [93], which follows from a procedure
by BARDEEN, TUNG, and TARRACH [94, [95] and ensures the absence of kinematic singu-
larities, thus allowing for a dispersive treatment. This decomposition is briefly reviewed
by the author of this dissertation, along with a discussion of the short-distance constraints
on the form factors that follow from the light-cone expansion, as derived in Ref. [93]. In

It U(3) symmetry is assumed, it suffices to determine the transition form factors for the fi to be able
to estimate the effect of the entire triplet including the f; and a;.
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Prologue

the next step, the form factors are decomposed into their isospin components, which are
subsequently linked to each other by the author under the assumption of U(3) symmetry
and using the mixing angle of the J©¢ = 17+ axial-vector nonet determined by the L3
collaboration [7, [§].

Following these general considerations, the isovector components of the transition form
factors are parameterized using two distinct vector-meson-dominance ansétze, includ-
ing the implementation of energy-dependent widths and dispersively improved variants,
which have been constructed in joint efforts by the author of this dissertation, Martin
HOFERICHTER, and Bastian KUBIS; here, an implicit change of basis for the transition
form factors that proves convenient for the vector-meson-dominance framework has been
worked out by the author of this thesis and its consequences on the asymptotic constraints
are analyzed accordingly. For the isoscalar components of the form factors, a simplified
vector-meson-dominance parameterization is utilized by the author, as agreed upon with
Martin HOFERICHTER and Bastian KUBIS in extensive discussions. In order to arrive at
a description of the transition form factors that is valid in the whole energy range, the
vector-meson-dominance parameterizations are then complemented by asymptotic con-
tributions, obtained by rewriting the expressions resulting from the light-cone expansion
into double-spectral representations, which the author of this thesis deduced in analogy
to Refs. [26], 27, 135].

Due to the LANDAU-YANG theorem [I} 2], see also Ref. [115], any experiment sensitive
to the axial-vector transition form factors needs to involve at least one virtual photon,
which complicates their measurement. Phenomenologically, the situation is best for the
f1 resonance, for which available data on ete™ — ete™f1 [BHT], f1 — 47 [99], f1 —
py 199, [100], f1 — ¢y |99, 101], and f; — eTe™ [102] is studied in this part of the thesis.
To extract information from these processes, the corresponding observables are calculated
within the scope of the established vector-meson-dominance framework by the author of
this dissertation. For the one-loop process fi — eTe™, the calculation is performed by
means of a PASSARINO-VELTMAN reduction by the author, carried out and evaluated in
an automated way using FeynCalc [139-141), FeynHelpers [142144], and Loop Tools [145].
This is supplemented by an alternative strategy pursued by Martin HOFERICHTER, who
performed the calculation in a direct way via the introduction of FEYNMAN parameters,
resulting in analytic expressions that lead to numerical values in agreement with those from
the automated method, as has also been cross-checked by the author of this thesis H Using
the compiled constraints, a global x? fit is carried out; for this combined phenomenological
analysis, the fit for the branching ratio of f; — py from the Particle Data Group [99] is
further assessed to be flawed, so that, instead, a revised fit is used by the author.

In the appendices of this part of the thesis, the asymptotic contributions in their
double-spectral form are generalized to partly include mass effects from the light-cone ex-
pansion, as derived by the author of this thesis with the assistance of Martin HOFERICHTER.
Furthermore, the phenomenological Lagrangians and couplings needed for the main part
of the analysis are discussed in the appendices, where the author benefitted from keen
insights of Martin HOFERICHTER and Bastian KUBIS. The appendices also contain a
comparison—worked out by the author of this dissertation—of the proposed form-factor

#The calculation using FEYNMAN parameters provides an independent cross-check of the evaluation
with LoopTools [145], which acts as a black box, in particular regarding the proper analytic continuation
in the arguments of the loop functions.
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parameterizations with previous ansédtze from the literature. Finally, the appendices in-
clude a calculation of the branching ratio for fi — 4x via the a17 intermediate state, which
was performed by the author of this thesis to explain the discrepancy observed between
the callculation of fi — 4w proceeding via the pp intermediate state and the experimental
value 8

$Note also that all plots in this part of the thesis have been created by the author of the dissertation.

63






Chapter 1

Introduction

The interaction of an axial-vector resonance A with two electromagnetic (EM) currents, as
parameterized in terms of their transition form factors (TFFs), is subject to the venerable
LANDAU-YANG theorem [I}, 2], which states that a spin-1 particle cannot decay into two
on-shell photons. Accordingly, the decay A — ~~ is forbidden, and the simplest process
from which information on the general A — ~*v* matrix element can be extracted is
the singly-virtual process. Such measurements are available from the (space-like) reaction
ete” = ete " Afor A= f; and A = f] [3-8|, providing results for the so-called equivalent
two-photon decay width r ~—from which the mixing angle between the two f; states can
be deduced—as well as some constraints on the momentum dependence of the process.
Assuming U(3) symmetry then allows some inference also for A = ay, but other direct
phenomenological input is scarce.

Recently, renewed interest in the EM properties of axial-vector resonances has been
triggered by hadronic corrections to the anomalous magnetic moment of the muon, with
the standard-model (SM) prediction [9H33] according to the theory consensus of Ref. [9],

ap™M = 116591810(43) x 1071, (1.1)
differing from experiment including run-1 data from Fermilab [34H3§],
a® = 116592061(41) x 107, (1.2)

by 4.20E] While the uncertainty is at present dominated by hadronic vacuum polarization
(HVP), with an emerging tension between the determination from ete™ data [9, [14H20]
and quantum chromodynamics (QCD) on the lattice [9, 40-49], see Refs. [50-53], the
precision (expected) from the Fermilab [54] and J-PARC [55] experiments demands that
also the second-most-uncertain contribution, hadronic light-by-light (HLbL) scattering,
be further improved [56]@ The uncertainty of the current phenomenological estimate,
aptPl = 92(19) x 1071 [9, 22311, 59-64], is dominated by the intermediate- and high-
energy regions of the loop integral. In fact, while at low energies the few dominant hadronic

!The tension increases to 5.20 when comparing to the experimental world average including, in addition,
the recent analysis of run-2 and run-3 data from Fermilab [39], a5 = 116 592 059(22) x 10~ '".

2Using the latest eTe™ — 77~ data from CMD-3 [57] 58] to determine the HVP contribution, the
tension in a, reduces drastically. The origin of the disagreement with the other e*e™ measurements is
subject to ongoing research and requires further investigation before a conclusive judgement can be made.
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channels can be taken into account explicitly in a dispersive approach [65H7I]—in terms
of pseudoscalar TFFs and partial-wave amplitudes for v*v* — 7 [T2H77]—multi-hadron
channels become relevant between (1-2) GeV, which ultimately need to be matched to
short-distance constraints for the HLbL amplitude [22] 29431l [78-83]. At these interme-
diate energies, though, the potentially most sizable contribution originates from hadronic
channels that include axial-vector resonances, especially in view of the role they may play
in the transition to the asymptotic constraints [22] [61], 64, 84-87]. So far, however, the
available estimates of axial-vector contributions are model dependent, both because eval-
uated with a Lagrangian model for the HLbL tensor itself and because of uncertainties
in the interaction with the EM currents, i.e., their TFFs. Further efforts to improve the
uncertainty of the HLbL contribution in lattice QCD are ongoing as well [88-92].

As a first step to improving this situation, a systematic analysis of the axial-vector
TFFs has been presented recently in Ref. [93], including the decomposition into LORENTZ
structures that guarantee the absence of kinematic singularities in the TFFs, following
the recipe of BARDEEN, TUNG, and TARRACH (BTT) [94], 95], and the derivation of
short-distance constraints in analogy to the light-cone expansion (LCE) of BRODSKY and
LeEPAGE (BL) [96H98|. Here, we provide a comprehensive analysis of the TFFs of the fi,
for which the most phenomenological input is available. In addition to ete™ — ete™ f1 [5-
7], there is data available for f; — 4x [99], fi — py [99, 00|, fi — ¢y [99, 10T], and,
more recently, fi — ete™ [102], all of which probe different aspects of the TFFs, as we
will study in detail in this part of the thesis.

Given that there are three independent TFFs, in contrast to just one in the case of
pseudoscalar mesons, a full dispersive reconstruction, as done in Refs. [26, 27, T03H107]
for the 7° or in progress for n, n' [I08-112], appears not feasible given the available
data. Accordingly, we will study the simplest vector-meson-dominance (VMD) ansatz
to elucidate which parameters can presently be determined from experiment. In con-
trast to previous work [I13] [I14], our parameterization ensures the absence of kinematic
singularities, includes short-distance constraints, and accounts for the spectral functions
of the isovector resonances. In particular, we critically examine which of the processes
listed above do allow for an unambiguous extraction of TFF properties. We focus on the
f1 — ete™ decay, evidence for which has been observed only recently by the SND collab-
oration [102], with future improvements possible in the context of the ongoing program
to measure ete~ — hadrons cross sections. Further, since this process involves a loop
integration that depends on all three TFFs, it should provide some sensitivity also to the
doubly-virtual TFFs, which are particularly difficult to measure otherwise.

The outline of this part of the thesis is as follows: in we review the BTT
decomposition of the A — y*+* matrix element and the asymptotic constraints. In
we then construct a minimal VMD ansatz as well as an extended version and study their
asymptotic behavior. The tree-level processes ete™ — eTe™ f1, fi — 4m, and f; — V&
(V = p,¢,w) used to constrain the parameters are discussed in followed by the
fi — ete™ decay in[Ch. 5 The full phenomenological analysis is provided in[Ch. 6] before
we summarize our findings in [Ch. 7] Further details are provided in the appendices.
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Chapter 2

LORENTZ decomposition and
BRODSKY—LEPAGE limit"

The matrix element for the decay of an axial-vector meson into two virtual photons,
A(P,Aa) — v*(q1, M) (g2, A2), is given by [93]

(V" (a1, A)7 (g2, M) AP, Aa)) = i(21) W (g1 + g2 — P) M({A, Aa} = {7 M HA A })

in terms of the helicity amplitudes 2
M{A X} = {7 A H " X)) = 62521*(Q1)€32*(Q2)€8\¢A (PYM™%(q1, q2), (2.2)
where we introduced the tensor matrix element MH**%(q1, q2) by means of
M ({P, A4} = a1,42) = eg* (P) M (q1, g2)
=i [ dledn T T @) T ONAPAD). (23

In deriving these relations, the axial-vector meson is treated as an asymptotic state in the
narrow-width approximation; furthermore, the EM quark current is given by

Jem(@) = @(x)2y"q(x),  q(z) = (u(x),d(x),s(2))T, Q= édiag(l —-1,-1).  (24)

2.1 LORENTZ structures

Following the BTT approach [94, [95], the tensor matrix element MH***(q1,q2) can be
decomposed into three independent LORENTZ structures and scalar functions fi(q%,q%)
that are free of kinematic singularities, with the result [93]

3

1 v
Muya(qla QQ) = m72 Z triu a(le QZ)IZ(qfv q%)? (25>
A =1

TThe decomposition of the amplitude into structures and form factors, including their symmetry prop-
erties, and the formula for the equivalent two-photon decay width briefly summarized in this chapter have
already been detailed in the master’s thesis of the author [115].
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Chapter 2. LORENTZ decomposition and BRODSKY—-LEPAGE limit

where m 4 is the mass of the respective axial-vector meson and

T (a1, 02) = P q1 502, (0 — 43),
T3 (a1, 42) = Va1 502,01 + € a2547,
T (q1,q2) = €"q1 52,05 + € PG5, (2.6)

Under photon crossing (u <> v and q1 <> ¢2), the structures transform according to
" (g2, q1) = =T (q1, q2) and T5"* (g2, 1) = —T4"*(q1,q2), so that for the form fac-
tors we find F1(q3,¢%) = —F1(¢?,¢3) and Fa(q3,q?) = —F3(q?,q3) on account of BOSE
symmetry, MH%(qi, g2) = M"F*(ga,q1). The prefactor i/m? in has been chosen
to obtain dimensionless TFFs F;(¢?, ¢5) with real-valued normalization.

The LANDAU-YANG theorem [}, 2] forbids the decay into two on-shell photouns, i.e., at
least one photon has to be virtual. In particular, the decay Widthﬁ

1

LA = yy) = ET—

IM(A = 7)? (2.7)

vanishes [93], where | M (A — ~7)|? is the squared spin-average of the helicity amplitudes,
Eq. (2.2)] for on-shell photons. Instead, the so-called equivalent two-photon decay width

is defined as [5]E|
~ . 1m? .
ry, = 121111 5—;1“(14 — YLYT)s (2.8)
q1—>0 ql

where the spin-averaged (longitudinal-transversal) width is given by

: (2.9)

75=0

1 0X2|A
D(A = ~fyp) = 3 > / dr Ai'yf‘,y*
Aa=0,%+
Ao==%

and the differential decay width for fixed polarization reads

2 2 2
PYRYIEVA 1 /\(mA7q1>q2)

dP * * -
A=ty 32m2m? 2ma

IMHA A} = (75 A3 A2 PdQ, (2.10)

with the center-of-mass solid angle Q. In terms of the JF;(q?, ¢3), one has [93]

~ 7'1'042 71’0[2
I, = Em|f2(0,0)\2 = 5 malF5(0, 0)2. (2.11)

2.2 Asymptotic constraints

In analogy to the asymptotic limits of the pseudoscalar TFF derived in Refs. [96-98], one
can use a LCE to obtain the asymptotic behavior of the axial-vector TFFs. Using the

3This expression includes a factor 1 /2 due to the indistinguishability of the two on-shell photons.
4The equivalent two-photon decay width is sometimes defined without the factor of 1/2, see Ref. [T16].
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distribution amplitudes from Refs. [I17], 118], the asymptotic behavior is given by [93]
Filat, a3) = O(1/q}),

Falq?,q3) = F$im? /1 du up(u) +0(1/¢%)
b2 AT (ug? + (1 — u)g3 — u(l — u)ym?)? e
! (1 —u)o(u)
Fs3(q?,¢3) = —F5im 3/du +0(1/¢%), 2.12
where we generically denoted powers of asymptotic momenta by ¢; = ¢1,¢2, and the

wave function ¢(u) = 6u(l — u) is the asymptotic form that already contributes to the
pseudoscalar case. In writing [Eq. (2.12)) we furthermore introduced an effective decay
constant

F§f =4 " C.F}, (2.13)
a
where the decay constants F'§ are defined via

(01055 4O AP, An)) = Firnacy. (214

The GELL-MANN matrices A, and the conveniently normalized unit matrix Ag = \/2/73 1
determine the flavor decomposition, with the flavor weights C; in the effective decay
constant given by C, = 1/2Tr[Q?)\], i.e., Cy = 2/(3V/6), C3 = 1/6, and Cg = 1/(6v/3).

We retained the leading mass effects in the denominators of but stress that
this does not suffice for a consistent treatment of such corrections; we will thus mostly
set m4 = 0 in the denominators when implementing the short-distance constraints and
address the treatment of the leading mass effects in[App. Al Rewriting the results in terms
of the average photon virtuality Q2 and the asymmetry parameter w,

2 2 2 2
Q2= i -2HJ2 € [0, 00), w="14 +q§ e [-1,1], (2.15)
q7 T 45

one finds the scaling [93)]
fl(Q%Q%) = 0(1/Q6)7

eff, .3
ﬂ(q%,q%):FAQTAfxw)w(l/QG), =23 (2.16)
with 3 3+ 1 1
fos(w) = £ 3<3¢2 4 8 w;;ij)logl;Z). (2.17)

The asymmetry functions f5/3(w) are shown in where we also illustrate the values
of the function fo(w) for the limiting cases w = —1 (¢ =0), w =0 (¢ = ¢3), and w = 1
(q3 = 0); since fo(—w) = — f3(w), the analogous limits for f3(w) follow accordingly.

More specifically, the symmetric doubly-virtual and singly-virtual asymptotic O(1/¢*)
limits of the TFFs—the latter often being referred to as the BL limit—become

FSm?, 3Feftm3
fQ(q27q2) == 2 4 +O(1/q ) fQ(q270) M—’_O(l/q )7
F 3Feftm?
F3(¢*,q%) = gq A +0(1/¢%),  F3(0,¢°) = —% +0(1/¢%, (218
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.fz(l):3/4
f2(0) =1/2 \
— B— f2(w
3 ]
= 0 — fa(w
—1-
—92
-3 T T T
-1 —0.5 0 0.5 1

Figure 2.1: Asymmetry functions fo(w) and f3(w), [Eq. (2.17) with values for the limiting
cases w = —1,0,1 of fo(w), corresponding to ¢ = 0, ¢ = ¢3, and ¢3 = 0, respectively.
The analogous limits for f3(w) follow from fo(—w) = — f3(w).

while the expressions for F5(0,¢?) and F3(¢?,0) diverge. Given that the derivation of
Eq. (2.12) can only be justified from the operator product expansion (OPE) for |w| <
1/2 [119, 120], the singly-virtual limits need to be treated with care’] However, physical
helicity amplitudes only depend on the well-defined limits in in such a way
that the problematic limits F5(0,¢?) and F3(¢?,0) do not contribute to observables. We
will return to this point in the context of the f; — eTe™ loop integral.

®In soft-collinear effective theory (SCET), the BL factorization can be derived with the kernel corre-
sponding to the perturbatively calculable SCET WILSON coefficient and the wave function to the non-
perturbative matrix element of a SCET operator [I2IHI23]. The asymptotic result as given in
follows in the limit of conformal symmetry of QCD [124].
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Vector-meson dominance!

Given the scarcity of data for axial-vector resonances, we will perform our phenomenolog-
ical analysis in the context of a VMD description, which has proven to provide successful
approximations for a plethora of low-energy hadron—photon processes [125H130]. Most
notably, the underlying assumption that the interaction is dominated by the exchange of
vector mesons predicts the charge radius of the pion at the level of 10%. Even though
the ensuing model dependence is hard to estimate a priori, this approach allows us to
analyze all experimental constraints simultaneously in a common framework, which could
be refined as soon as improved data becomes available.

To construct VMD representations of the TFFs as defined in it is convenient to
recast them in terms of their symmetric (s) and antisymmetric (a) combinations

F1
fag(q%,qg) = FQ(Q%,Q;) +F3(Q%7qg)’
Fo

(41, 43) — Falqi, 43), (3.1)
with the indicated symmetry properties under the exchange of momenta, q% ~ q%. Con-

sequently, the basis of structures transforms according to
TE(q1,q2) = T{" (01, q2)
= "Pq1500, (a7 — 43),

1 Vi 4
T *(q1,q2) = 3 [T (g1, q2) + T4 (a1, q2)]

1 1
= SN0, (ea”mq’f + 6“““15) + 5 € (q2507 + 01503,
3 1
T (@1, ) = 51" (01, 02) = T8 (01, ¢2)]
1 vV, v 1 v
= 9Npe2y (Ea Bvqit - eauﬁv%) + §€W B(ng‘ﬁ - %5‘]5), (3.2)

TThe (anti-)symmetrization of the form factors carried out in this chapter has already been performed
in the master’s thesis of the author [115], along with a preliminary estimate for the ratio of isoscalar
to isovector contributions. Moreover, a predecessor model of the (dispersively improved) minimal VMD
representation for the isovector contributions presented here has already been discussed therein, using,
however, more elementary parameterizations for the energy-dependent widths and spectral representations.
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where these functions fulfill the same symmetry properties under photon crossing. Given
this alternative basis, the equivalent two-photon decay width, [Eq. (2.11), becomes

7TO£2

Loy = —g MalFe(0,0), (3.3)

and the tensor matrix element of [Eq. (2.5)| takes the form

M (g1, q2) = > T q, @) Fildd 63) (3.4)

i
oy
mA ’L':al,aQ,S
3.1 Quantum numbers and mixing effects

Since by far the best phenomenological information is available for the f;, we will focus on
this resonance in this part of the thesis but remark that information on the f] and the a;
can be derived when assuming U(3) flavor symmetry. As a first step towards constructing
our VMD ansatz for the TF FSE we review the relevant quantum numbers and mixing
patterns. From the G-parity of the fi, G = +, it is immediately clear that both photons
have to be either in their isoscalar or isovector state when neglecting isospin-breaking
effects. Hence, the VMD coupling can only proceed via pp-like or via some combination
of an w- and ¢-like vector meson, each of which will in turn be discussed in and
respectively. As we will show in the following, it is the isovector channel that
dominates, with isoscalar corrections typically at the level of 5%.

To this end, we have to take into account mixing effects between the (physical) mesons
of the corresponding JP'¢ = 17+ axial-vector nonet, i.e., the mixing pattern [99]

i) [ cosfla sinfy 1O (3.5)
1 ~ \—sinfy cosfy 18]’ '

where fO and f® denote the isoscalar singlet and octet states of the JF¢ = 17+ nonet
and 04 is the corresponding mixing angle. Pure octet/singlet mixing is reproduced for
04 = m/2, whereas ideal mixing is obtained for 64 = arctan(1/v/2).

Including only the two resonances f; and f], the U(3) parameterization of the J’¢ =
1T+ axial vectors reads

2 r0 1 £8
VA + 0 0
0 0 VA - 2

I

and when splitting the charge matrix into isovector and isoscalar components according

to @ = Q3 + s,

1 1
Qs = §diag(1a -1, 0)7 Qs = édiag(lv 1,-2), (3.7)

SRelated models for the f; have previously been constructed in the literature [T13} [114]; see[App. C|for
a more detailed comparison.
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3.2. Isovector contributions

one finds
3 / _ .
Te[®4 Q3 Q4] = J1,(V2cos 04 +sinfy) + f1,(cosba ﬂsmgA)?
1 e
f1,(V2cosf4 —sinfa) — f] (cosOa ++/2sinf4)
Tr(®/ Qs Qs] = —- 1p (38)

6v/3 ‘

Using the mixing angle 04 = 62(5)°, as determined by the L3 collaboration [7), 8], see
one thus finds that the ratio Rg/y of isoscalar to isovector contributions for the

f1yy coupling is given by

V2 — tan 64

RSN = 3 /5T vt —4.7(3.4)%. (3.9)

3.2 Isovector contributions

For the isovector contributions to the TFFs in [Eq. (3.1), we include the p and the p’ since
this is the minimal particle content that produces a non-vanishing contribution for the
antisymmetric TFFs. We propose the minimal parameterizations

Ch, , M2M?2
filz/gl(q%aqg) =75 5, - 5 312/2 ,02 L 2 - 5 o (q1 > QQ),
(g1 — M7 +ivaiTpla)) (a3 — My +1v/ a3 T (g3))
CsM,)

FIEN et 63) =

. . : (3.10)
(67 — M2 +i\/qiTp(q})) (a3 — M2 +1iy/q5Tp(q3))

where T'y(¢?) and ry (¢?) are yet to be specified energy-dependent Widthsﬂ Moreover,
pp’ and p'p’ terms will be added to Fs(qf, ¢5) below, to help incorporate the asymptotic
constraints from We adopt the dispersion-theoretical point of view to model
the singularities of the TFFs based on vector-meson poles and refrain from constructing
these using effective Lagrangians in order to facilitate the implementation of high-energy
constraints.

Concerning the energy-dependent width Fp(qz), the decay p — 7w is described by

Yo (G°) (¢2 — 4M2)3/2
Fp(q2) = 9((]2 - 4M72) 'Ypf (MQ)va ’Yp—)ﬂ'ﬂ(q2) = T, (311)
T P

where ’yp_>7r7r(q2) is constructed to be in accordance with the behavior of the decay width
for variable Mg = ¢?, see and I', is the total width of the p meson. For
the energy-dependent width I',(g”), on the other hand, we will consider two different
parameterizations: first, we assume the decay channel p’ — 47 to be dominant and thus
adopt the near-threshold behavior of the four-pion phase space [131], 132]. Secondly, we
construct a spectral shape from the decay channels p) — wn (w — 37) and p/ — 7,

"In writing the propagator poles of our VMD model with energy-dependent widths, we stick to the
convention of Ref. [106].
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Chapter 3. Vector-meson dominance

neglecting, however, another significant contribution from p’ — a7 (a1 — 37) [99]. These
parameterizations read

2 2 _ 219/2
/ 16M2)
F(Z}W) ) =0(¢* - 16]\/./3 =and ) ) Ty, o) = (4 = )
P (¢°) ( )%, 47r(M§/) P pr—ar(q7) (2)2

where 7, _,4-(¢?) is taken from Refs. [131), [132] and T is the total decay width of the p’
meson, and

(3.12)

I‘(w7r,7r7r)(q2) o 9((]2 _ (Mw + M )2) ’Yp’—)urr(qQ) T,
/ = ™ wm
r Vp/%wrr(Mgf) P
2
Wp'»mr(q )
+6(¢> —AM?) LTS (3.13)
( )'Vp’—nrﬂ'(Mi/) p =TT
where
A q2,M2,M2 3/2 q2 — 4AM2)3/2
’7p’—>w7r(q2) = ( (q2w)3/27r) ) ’Yp’—>7r7r(q2) = ((]27r) (314)

Estimates for the branching fractions required to evaluate these expressions are provided

in[{App. Bl Finally, the standard form of the p — w7 spectral function in [Eq. (3.11)| proves

disadvantageous for the evaluation of the superconvergence relations in due to
its high-energy behavior. We thus follow Refs. [133] 134] and introduce barrier factors
according to

M2 — 4M2 + 4p%,
q> — AMZ +4pf

—
=
—
=
(]
N—
I
—

o(d?) pr = 202.4MeV,

@ () =1M(g?) Ve (3.15)

where concurrent adjustments to the p’ — 77 channel of F/(;Z”’M)(f), Eq. (3.13) are
implied. In the end, the numerical impact of the choice of the p spectral function is

subdominant, and our results will be shown for F,()2)(q2) (both for the p and the 27 com-

ponent of Fg‘,‘]ﬂ’m)(qZ)), which is identified as the best phenomenological description for
the p meson in Ref. [133].

For the one-loop process fi — eTe™ discussed in we will use dispersively im-
proved variants of the isovector form factors to ensure the correct analyticity properties
when inserting the TFFs into the loop integral. The corresponding spectral representations
are constructed from the energy-dependent widths, i.e.,

o Co M2M2 ¢ o o .
Fioiah @) = = | PP (gd) PP (g3) — PO (a}) P (63) .
a
~ CsM* .
FNat 6d) = — 2B (a)) PP (a3), (3.16)
S

where the dispersive p and p’ propagators are given by

. 1 [ Im [PBWV (2
P;hsp(q2) — _/ dz 2[ p ()] ’
T Jam2 q° —x + 1€

(3.17)

p T

. 1 [~ Im[PBW
Pd/lsp(qQ) — _/ dy 2[ p _{_(y)] '
Sthr ¢ —yTie
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3.2. Isovector contributions

Pp’(q2) Na Ns Ns

() 0577097 0.805  0.805(1 — €1 — €2) + 0.5777003 ey +0.41470 %6,
Plmm (g2) 0,642,009 0.805  0.805(1 — €1 — €2) + 0.642709%%6; 4 0.51270:9%¢,

Table 3.1: Numerical values of the normalization constants given in [Eq. (3.19)| and
Eq. (3.22)l The uncertainties refer to the variation I';y = (400 £ 60) MeV, see [App. E

The BREIT-WIGNER (BW) spectral functions are

—vz T, (x
hm [P ()] = 7= 1\4:%’/;2 + EL‘F)p(xV’
T [P ()] = o

(y — M3)? +yly(y)*

and the threshold sy, = 16M2,4M? depends on the choice of I'y(¢?), [Eq. (3.12)| or

Eq. (3.13)l The normalization constants N, and Ny are introduced in order to retain the
normalizations C,

a1 2 and Cs of the form factors from [Eq. (3.10

Na = MZM} PSP (0) P3P (0),

Ny = M PSP (0) PSP (0), (3.19)
i.e., to ensure that the constants Cj, /2 and Cy carry the same meaning in the original
and the dispersively improved VMD parameterizations, see With these conven-
tions, we will drop the distinction between JF;(q?,¢3) and F;(q?,q3) in the following, the
understanding being that f; — eTe™ is evaluated with the dispersively improved variants.
Given that excited p mesons need to be introduced for the antisymmetric TFFs, it is
natural to consider an extended VMD parameterization of the symmetric form factor that
includes pp’ and p'p’ terms,

(1 — €1 — EQ)M;}

FI=Y gt ¢d) = ¢ . .
’ (g3 — M2 +i/@To(a)) (@3 — M2 +1v/a3T,(a3))

(e1/2)M2M?
+ , .
(@F = M2+ T,(60)(a3 — M2 +1V/ G Ty (43))
(@f = M2+ Ty (D) (a3 — M2 +iv/a3T(a3))
ea M2,
n s (3.20)

(@ — M2 +i/@Tp(g))(@3 — M2 +iV@BT (@) |
which is normalized in such a way that F/=1(0,0) = Cs = FI/=1(0,0). Here, ¢; and e

could be treated as additional free parameters, but we will instead use this freedom to

match to the asymptotic constraints in Similarly to |[Eq. (3.16), the spectral
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Chapter 3. Vector-meson dominance

representation for F/=1(¢2, ¢2) is given by

FI=1,2 2 Cs 4 pdisp 2\ pdisp 2 Ele?Mp% disp/ 2\ pdisp, 2
Fso (ql,@):ﬁ[(l—q—@)MpPp Pai) B (@) + —— B, (1) B, (42)
S
61M2/M2 : . . .
——5 LBy (@) PP (g3) + My By () Py (a3) |, (3.21)

with normalization

Ny = (1 — €1 — e2) M PSP (0) P& (0)

+ el M2 M3 PSP (0) PSP (0) + eo M) P3P (0) PSP (0), (3.22)

see [Table 3.11

3.3 Isoscalar contributions

In the following, we estimate the isoscalar contributions to the TFFs of under
the assumption of U(3) flavor symmetry, where we will include the resonances w and ¢
as well as their excited equivalents w’ and ¢’ into our parameterization. Mixing effects
between the (physical) mesons of the corresponding J7¢ = 17~ vector-meson nonets are
taken into account via the pattern [99]

w() _ [ cos Oy sinfy o w0() (3.23)
o) —sinfy,¢) cost w3()
where w?) and w8() denote the isoscalar singlet and octet states of the respective vector-
meson nonet with mixing angle 6,,,. For our considerations, we assume both nonets to be

ideally mixed, i.e., fy = arctan(1/v/2) = 6y~. Finally, we need the U(3) parameterization
of the JP¢ = 1=~ vector mesons, which reads

po(/) _|_ w(/) O 0
o/ = 0 O 1w 0 (3.24)
0 0 —v2¢")

when including only the aforementioned resonances.
Since the U(3) couplings fiwe, fiw'¢, and fiwe’ vanish for ideally mixed vector mesons,
we propose the minimal parameterizations

/ 2 2 /
FI=0q2,¢3) = CajeMoly CRnMIMG (@1 < a2)
)= Ry (g~ 02) T (- M2 e - M) |
DD 1 rd
B waM4 Cs*M
FING) = e 329

(¢f — M2)(a5 — M2) ~ (af — M3) (g5 — M)

The resonances w and ¢ should be well described by a narrow-resonance approximation—
with M‘Q/ — M‘Q/ — ie for time-like applications—while for a realistic description of the
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3.4. Asymptotics

excited-state isoscalar resonances, their widths would need to be taken into account. Due
to the expected smallness of the isoscalar contributions, see we refrain from
giving an extended VMD parameterization analogous to

With the U(3) parameterization of the axial-vector mesons, @ﬁ, and the charge matrix
Q from the ratios of isoscalar to isovector couplings are found to b

. 9 0
Cor o T@REYOYN o Te[ @Ol Tr(®F Q)
81/2 s 1pWre “s - (3 26)
’ (I) - 9 .
Coe~ G~ miajerall o TieQ), el 0], 0

) ")
cL oo Tr[®; o) @) |

a1/2

Q)
Lo ToY Qs i@y Q]

e 05 2(V2—2tanfy)

9(v2+tanfya)

Cae G Tr[@do) oY) p(/)Tr[é}l’QHpaTr[q)g(/)Q]

/
fipupvps |p(5)

which, using the mixing angle §4 = 62(5)° as determined by the L3 collaboration |7, §],
see implies

Gy, cew 1 oy _ 2
RY = 2 _ s _ = RO = 2 = == = —0.158(34). 3.27
Cal/2 Cs 9, Ca1/2 CS ( ) ( )

The additional suppression in [Eq. (3.9)| then results from a cancellation between w and ¢

contributions
Rs/y = R + R? = 11.1% — 15.8(3.4)% = —4.7(3.4)%. (3.28)

In practice, we will restrict the analysis of isoscalar contributions to the symmetric TFF.
For one thing, F5(¢?,q3) gives the dominant contribution to the observables, so that the
most important isoscalar correction is expected from there. In addition, we would need
to include the excited w’ and ¢’ states for the antisymmetric TFFs, incurring significant
uncertainties from their spectral functions and, especially for the f; — eTe™ application,
the asymptotic matching due to their large masses. Alternatively, isoscalar antisymmetric
TFFs could be produced via deviations from ideal ¢—w mixing, but, again, the uncertainties
would be difficult to control. For these reasons, we conclude that the isoscalar contributions
to the antisymmetric TFFs should be irrelevant at present, with future refinements possible
once better data becomes available.

3.4 Asymptotics

The VMD representations for the TFFs should comply with the asymptotic constraints
reviewed in mainly to ensure that the f; — eTe™ loop integral does not receive
unphysical contributions in the high-energy region; we will focus on the isovector ampli-
tudes, given the strong suppression of the isoscalar contributions. Translated to the basis

8The notation is to be understood in such a way that, for each term, the prefactor of the fields indicated
as a subscript is taken, with the U(3) parameterizations from [Eq. (3.6)| [Eq. (3.7)} and [Eq. (3.24)] In the
ratios, only the traces are relevant as the common Lagrangian parameters cancel.
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Chapter 3. Vector-meson dominance

— fa(w)
—  fs(w)

—21 faz( )_> -

~

-1 -0.5 0 0.5 1

Figure 3.1: Asymmetry functions f,, (w) and fs(w), |Eq. (3.29)} with values for the limiting
cases w = —1,0, 1, corresponding to ¢? = 0, ¢ = ¢3, and q3 = 0, respectively.

of (anti-)symmetric TFFs, we have

Far (63, 63) = (1/Q6)

Fel 3 3—w?  1-—

Faz(Ql Q2) f1Q4 flfaQ( )+O(1/Q6)7 Jag (W) = A3 <6+ ww 10g1+2)’
F

Rl = D ) £ 0@, ) = (2w s 1), 29

see [Fig. 3.1} The symmetrical doubly-virtual O(1/¢*) limits become (\ ~ 1)

6Feff Feff
FaQ(qQ,AqQ):—Tﬁk(A)JrO(l/qG), VANSE f1q4 A +0(1/¢%,

3N — (N2 +4x+1)logA—3

F) = (A — 1)

=0\ —1), (3.30)

but, upon symmetrization, all singly-virtual limits of F,, /S(q%, q3) diverge. For this reason,
the asymptotic limits for F,, /S(q%, q3) cannot be considered in isolation but need to be
implemented in such a way as to reproduce the physical behavior of F; 3 (2,43).

We first consider the asymptotic behavior of the minimal VMD parameterization,
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3.4. Asymptotics

Far (61, 43) Far(at, 3) Fo(dd, @) Falai,a3)
G G=0 ¢,~¢ d,p=¢ =0
LCE /45 1/qf 1/q" 1/q" /gt
VMD (isovector) 1/¢° 1/¢3 1/¢° 1/¢* 1/¢3
VMD (isovector) 1/¢° 1/¢3 1/¢5 1/4% 1/q}

Table 3.2: Comparison of the asymptotic behavior of the TFFs as predicted by the LCE,
IEq. (3.29)|and [Eq. (3.30), with the implementation in the VMD representations, [Eq. (3.10)]
and [Eq. f3.2021 The doubly-virtual limits of \71\\/[/D are tailored to decrease as 1/¢°%, so that
the behavior of the LCE is reproduced by adding Note that from the LCE,
both F»(0,¢?) and F3(q¢?,0) and thus also all singly-virtual limits of F,, /S(q%, q3) diverge,
whereas F3(0,¢%) = —F2(q?,0) for the well-defined singly-virtual limits.

Eq. (3.10]
- A—11 _ 1
=1, 2 2 =1, 2
]:al/g(q 7)‘Q)O( A2 qiﬁa ]:al/g(q 70)O<?a
- 1 - 1
FIEUP, ) x pr FI=1(¢2,0) 2 (3.31)

In this case, the scaling is correct in the doubly-virtual direction of filz/l(q%, q%), while

.7-'2{2: L(¢?,43) drops too fast and the well-defined singly-virtual limits too slowly, see
Phenomenologically, the symmetric TFF gives the dominant contribution to
fi — ete™, see so that the coefficient also deserves some attention here. Com-
paring the asymptotic limit of [Eq. (3.10)| with [Eq. (3.30), the VMD ansatz for Fs(q3, ¢3)
implies the estimate

4

CsM
= —5% =159(19) MeV (3.32)

Feﬂ —
VMD m
fi

J1

for the effective decay constant defined in [Eq. (2.13)] where we already used the L3 result
for Cy including the isoscalar contribution; see [Eq. (4.7) below. Within uncertainties, this
value agrees with the result from light-cone sum rules (LCSRs) [93] 11§,

ff
Fp

LCSRs = 146(7)LCSRS(12)0A MeV, (333)
so that even the minimal VMD ansatz should display a reasonable asymptotic behavior.
To go beyond this minimal implementation, we now turn to the extended VMD ansatz
for Fs(q3,q3). We follow the strategy from Refs. [26, 27] and add an explicit asymp-
totic term that incorporates the correct doubly-virtual behavior, obtained by rewriting
in terms of a dispersion relation; see also Ref. [135]. Accordingly, we need to
ensure that the isovector VMD contribution to F4(¢?, ¢?) behaves o< 1/4°, resulting in

4 2772
, = QoM +aMiMy (3.3
= . . .
M} — M},
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Chapter 3. Vector-meson dominance

This leaves the freedom to choose €1, which we use to implement the physical singly-virtual
scaling of F3=1(¢%,0) = [FL=1(¢?,0) + FI=1(¢*,0)]/2 o< 1/¢*, leading to

Car (M — M) + CsMZM?,
Co(M2 — M?2)? '

(3.35)

€1 = —

Further, the coefficient of 1/¢* in the resulting .7-"2[ =1(¢?%,0) only depends on Cy, and match-
ing to [Eq. (2.18)|implies
2772
_ CsM; M
51w T 6m?
1

reasonably close to the LCSR estimate of In general, the choice for €; in
Eq. (3.35)|enforces the expected singly-virtual behavior at the expense of a large coefficient,
e.g., €0 = —1.08 for Cy, = 0, so that a better low-energy phenomenology might be achieved
when considering €; a free parameter instead. We will continue to use as
a benchmark scenario in comparison to the minimal VMD ansatz, keeping this caveat
regarding €; in mind.

In choosing the above € /5, we did not take the spectral representations of
and into account, which would lead to a set of superconvergence relations that
need to be fulfilled, but instead made an approximate choice in terms of and

Eq. (3.10)l More specifically, these superconvergence relations read

= 95(12) MeV, (3.36)

C.
O(1/¢%) = < ;4 [(1 — €1 — ) MPYPO + e M2 M2 POPY + egM;f/PS,PS/],
S
Cy, M2 M?, _ _
4y ey 050 0 50
O(l/q )_7W|:PPPP/7PP/PP:| (337)
Cs ipop0 | OMIMG oo 0 50 4 0 B0
- W[(l — €1 — GQ)MPPPPP + f(PPPPI + Pple> + EZM,O/P/)’P,O/]’
where we defined
1 [ _ 1 [ Im [PBW(z
Ppoz—/ dz Im [PPW(2)], sz—/ dxM,
T Jamz T JaMm2 T
1 [ _ 1~ Im [PPWV(y
Py = —W/ dyIm [PFY (y)], Py = —W/ dy M (3.38)
Sthr Sthr
Solving this for €5 and €1, we find (note that ﬁg and ﬁg, drop out)
2 p0)2 2 p0 372 po
. (1 —e)(M;P))" + et MyP)M2 P))
- 2 2 ’
(MZFD)” = (M Fy)
Ca 2 p0)2 2 p03Y2] 4 Cs A2 p0ps2 po
€ = —2 N: [(MPPP) B (Mp’Pp’) ] + WSMpPpMp’Pp’ (3 39)
Cs ’ :
~(MZP) - .7\/[/)2,Pp0,)2
in accordance with [Eq. (3.34)| and [Eq. (3.35)[ upon the replacements
2 2 p0 2 2 50
M, — M;P), My — My Py,
C C.
Coy — ﬁ Cs — ﬁ (3.40)
a S
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3.4. Asymptotics

2 47 W, T
L) T TH(e?) T (g2)

P 1.023  0.718.0050  0.918,00%2

Table 3.3: Numerical values of P,? and Pf?,, Eq. (3.38)|7 as obtained with the parameter-

oo 2 4 ,
izations I‘E, )(q2), F,W)(QQ), and I‘gﬁm 7rTF)(qQ), Eq. (3.15), [Eq. (3.12)] and [Eq. (3.13), and
needed for [Eq. (3.39)l The uncertainties refer to the variation T’y = (400 £ 60) MeV, see

Numerical values for Pp0 and P/?, are collected in |Table 3.3] These results show that most
correction factors are close to unity, in which case the only potentially significant correction

arises from the different normalizations N, and Ny for €1, see However, our

(wmr, 7T7r)(

central results will employ I'}, ¢?), and given the abovementioned caveats in the choice
of €1, we conclude that the naive VMD expressions [Eq. (3.34) and [Eq. (3.35) are sufficient
at the current level of accuracy.

The doubly-virtual behavior is implemented as follows [26] 27]: first of all, we rewrite
the asymptotic form factors F»(q?, ¢3) and F3(q?, ¢5) from[Eq. (2.12)|into a double-spectral
representation, which allows us to isolate the different energy regions, in particular those
that give rise to the correct asymptotic limits. Setting m 4 = 0 in the respective integrands

of we observe that

a [ ¢(u)
Folqf, —F3 m3/ du + O(1 ?,
(Q1 QQ) Aaq% 0 uq% (1 _u)qg (1/4)
a [ ¢(u)
F3(q3, Fst / d O(1/4° 3.41
3(4t,93) = AmA% “uq%+(1—u)q§+ (1/q7) (3.41)

take exactly the same form as for the pseudoscalar case, except for the partial derivatives
with respect to ¢?. Accordingly, the same arguments as in Refs. [26, 27, [135] apply,
and the integral over the wave function can formally be expressed by a double-spectral
representation,

1 asym(x )
(¢, 3 :/ du—y oW1 dx/ d (342
(@ 0) = | du o 71'2 Veo-du-a O

To identify the double-spectral density pasym(x, y), we transform u — —¢3/(x — ¢3) for
space-like ¢, leading to

1 [, ImlI(z,q3) ™ x
12,2_/d’2, ImI(z,q5) = — . 3.43
(a1, 22) = — A e m(z,q3) x_q%QS P (3.43)

We then write Im I(z,¢3) in terms of another dispersion relation to obtain

1 . 3rzy 0% 1
P (x,y) = Edlscy [ImI(z,y)] = 5 B2 disc, pramnl £ (3.44)
where we inserted ¢(u) = 6u(l — u). Using the SOKHOTSKI-PLEMELJ theorem, we have
. 1 1 .
discy = — — — | = 2imd(x — y), (3.45)
T —Yy r—y—1l€ T —y-+ile
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Chapter 3. Vector-meson dominance

and, hence,

PV 2, y) = 3rayd” (x — y). (3.46)

The asymptotic form arises from the high-energy part of these integrals, so that, to avoid
overlap with the VMD contribution at low energies, we impose a lower cutoff sy,, which, in
the language of LCSRs, could be identified with the continuum threshold. Evaluating the
partial derivatives and dropping surface terms in the evaluation of the § distribution [26
27], we find (note that the chain rules gives §"(z — y) = —9,0,0(x — y))

psym
Fy¥™qt,¢3) = —F§ [ / dx/ WA Ez’ij)qQ) +0(1/qf)
1 2
3/ Q1Q2
=3F dz +0(1/q;
R e @Pe—gp o)

00 2
+q7)
:3Feffm3/ dz Q2(x 1 +0O(1 qi67
AT (x—ql)g( - 43)? (1/a5)

asym 2 eff 3 Q1 y+q2)
Favm(2 o2y /d S s+ OUa) (3.47)

By construction, the asymptotic contributions in this form saturate the doubly-virtual
limits of while not affecting the singly-virtual contributions F2(¢?,0), F3(0, ¢?)
already taken into account via the extended VMD representation. The opposite (unphys-
ical) cases F2(0,¢?), F3(q?,0), which do not contribute to helicity amplitudes, yield

?)Feﬁm3 3reftm3
F2(0,¢%) = Siqf‘ +0(1/q"), F3(¢?,0) = ﬁ +0(1/q") (3.48)

in the double-spectral form and are equally suppressed in the f; — eTe™ loop integral,
ee[Ch. 5 Given that my > 1GeV, it is also worthwhile to consider the potential impact
of mass corrections to the asymptotic constraints; a formulation in terms of a generalized
double-spectral density is given in[App. Al

In conclusion, the extended VMD ansatz together with the asymptotic contribution
of complies with the short-distance constraints of apart from the
singly-virtual behavior of F,, (¢, ¢3) and small violations due to the isoscalar contributions
of the form factors, see As we will demonstrate below that F,, (¢%,q3) gives
the smallest contribution to the f; — eTe™ loop integral, see the resulting
VMD representation should provide a decent approximation to its high-energy part. In
particular, the sensitivity to the high-energy assumptions can be monitored by comparing
the two VMD variants constructed in this chapter.
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Tree-level processest

The VMD parameterizations constructed in the previous chapter involve the free pa-
rameters Cy,, C,,, and Cs (and, for the extended variant, the onset of the asymptotic
contributions sy,). In the following, we collect the available data that can, in principle, be
used to determine these parameters, starting with the processes in which the TFFs appear
at tree level:

1. eTe” — eTe” fi, which mainly determines the equivalent two-photon decay width

T4}, see
2. f1 — 4, sensitive to the TFFs via f; — pp — 4, see

3. f1 — pvy, whose branching fraction and helicity components encode information on
the TFFs, see

In a more rigorous, dispersive reconstruction of the TFFs, the (partially) hadronic final
states would serve as input to a determination of their discontinuities. The strategy to in-
vestigate the impact of these reactions on a determination of the various TFFs has already
been followed in Refs. [113] [114], albeit with rather different form factor parameterizations.
Moreover, we investigate the following tree-level decays:

4. fi — ¢v and fi — w7y, where the measured branching fraction of the former al-
lows for a consistency check of our U(3) assumption for the isoscalar TFFs, and
the latter predicts a branching ratio that can be confronted with potential future

measurements, see

4.1 eTe” — ete fi

In contrast to (pseudo-)scalar or tensor resonances, axial-vector resonances are only visible
in eTe™ collisions, see provided that at least one of the photons is off shell—an

fThe L3 data for ete™ — ete™ f1 analyzed in this chapter has already been studied to some extent
in the author’s master’s thesis [IT15], in particular regarding the matching of a monopole ansatz to the L3
dipole parameterization. Furthermore, formulae for the branching ratios of f1 — 4w and fi — pvy as well
as the ratio of the p-meson’s helicity amplitudes for the latter process were derived therein; however, this
was done only for the simplest variant possible, i.e., in the minimal VMD parameterization and without
potential contributions from excited vector mesons.
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e

Figure 4.1: FEYNMAN diagram for two-photon hadron formation in electron—positron
scattering.

immediate consequence of the LANDAU-YANG theorem [Il, [2]. The required challeng-
ing measurements have been performed for the f; and f], by the MARK II [3|, 4], the
TPC/Two-Gamma [5], [6], and, more recently, by the L3 [7, 8] collaborations. With both
measurements required to constrain the mixing angle #4 from the data, we will restrict
our analysis to the L3 data, given that it is more accurate than the results from the
preceding experiments. The L3 analyses are based on the model of Ref. [136], which as-
sumes Fi(q?,q5) = 0 for the first form factor from and uses a dipole ansatz for
fQ(qQ, 0) = —./—"3(0,(]2), with

Fn(0,0)
(1—q*/A)*

Under the assumption B(f] — KKn) = 1-—which appears justified in light of the small-
ness of the other available channels [99]—the measured parameters are

Fp(q?,0) = (4.1)

It = 3.5(6)(5) keV, Ay, = 1.04(6)(5) GeV,
/1 = 3.2(6)(7) keV, Agy = 0.926(72)(32) GeV, (4.2)
where the quoted uncertainties are statistical and systematic, respectively. Employing the

two-photon decay widths of the f; and f], the mixing angle of the J©¢ = 17+ axial-vector
nonet as defined in [Eq. (3.5)| can be extracted as follows: one calculates the coupling of

the axial-vector mesons f; and f{ to two photons in analogy to yielding

J1,(2v/2cos 04 +sinf4) + fl,(cos04 — 2v/2sin64)
3v3 ’

so that using the formula for the equivalent two-photon decay width f’y'ya Eq. (2.11), one
finds

Tr[® QQ] = (4.3)

2
mp 2
= cot“(04 — o), (4.4)

2v/2 4 tanfy4
1-— 2\/5‘6&119,4

F’];}Y mpr

T my

where 6y = arcsin(1/3). Solving for 64 and inserting the above values for ff;ly and ff;%,
one finds the result of Refs. [7], [§],

0.4 = 62(5)°, (4.5)

where the statistical and systematic uncertainties have been added in quadrature.
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Next, the measurement of f% determines the normalization of the symmetric TFF,
|Cs| = | FI=1(0,0)| when neglecting the isoscalar contributions, according to [Eq. (3.3

|Cs| = 0.89(10). (4.6)

Taking into account the isoscalar contributions and, in particular, the ratios R and R?
of isoscalar to isovector couplings, [Eq. (3.27)] the normalization of the symmetric TFF
becomes |FI=1(0,0) + FI=9(0,0)| = (1 + R¥ + R?)|Cs| = 0.953(34)|Cs|, resulting in

Cy| = 0.93(11), (4.7)

which is slightly larger than [Eq. (4.6), as expected from the negative ratio found in the
estimate of In the following, we will use [Eq. (4.7)| for the normalization of the

symmetric TFF.
In addition, [Eq. (4.2)| determines the slope of F5(q?,0), based on the assumption of a
dipole form. The asymptotic behavior matches onto [Eq. (2.18)| with [93)]
4
CSAf 1

= 3
L3 6m 7

ff
Fy

= 86(28) MeV, (4.8)

below both the LCSR estimate, and the effective decay constant implied by
VMD, though close to the scale derived from the singly-virtual behavior of
the extended VMD representation, The uncertainty in is mainly
driven by the dipole parameter Ap. In fact, most of the data points measured by the L3
collaboration lie well below the obtained dipole scale, in such a way that the data should
be similarly well described by a monopole ansatz,

Fn(0,0)

2
= —— 4.
]:M(an) 1_q2/A12\/[’ ( 9)

when adjusting the slopes of the parameterizations to coincide at ¢> = 0. The correspond-
ing monopole scale becomes
Ap
Ay = ﬁ =0.74(6) GeV = M, (4.10)

thus providing strong motivation for the VMD representation constructed in [Ch. 3

To constrain the singly-virtual VMD limits further, we need to match the L3 param-
eterization onto the full description of the eTe™ — ete™ f cross section, which depends
on the combination [93]

2 2 2 2 2 2
q q 2q 2 —q q
’(1 - >F1(q2,0) — =5 P2, 0)| — —5|R(e?0)]" = —- <2 -5 )\fD(q270)!2-
mfl mfl mfl mfl mfl
(4.11)

9Matching the effective decay constant in the doubly-virtual direction to the quark model of Ref. [136]
instead, one would obtain Ff'| . = CsA}, /(4m},) = 129(42) MeV, closer to [Eq. (3.32)| and [Eq. (3.33)}
This reflects the factor 3/2 by which the relative coefficients of the singly- and doubly-virtual limits differ

between the quark model and the BL prediction [93].
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The normalization agrees by construction, while matching the slopes at ¢> = 0 leads to

r 2 2 2 (A2 2\2 27
i: 1 L+£+R7¢+Mp'_MP Ca1+Ca2_mf1(MP’_MP) Ca, (4.12)
A% Nuo _Mg M2 M; MgMg, Cs MgM;l,Nw(b Cs | ’
for the minimal VMD representation and
r 2 2 2 (g2 2\2 27
2 _ L1 1 R R My Mc, oy O - MY Cu N
A, Noo | MZMZTMZUMZUOMZMZL Co MAMAN. \ G ‘

for the extended one. The factor Noy = 1+ R* + R? arises from accounting for the
isoscalar terms in the normalization, see [Eq. (4.7)

4.2 .fl — 47

In addition to eTe™ — eTe™ fi, the normalization of the symmetric TFF would be ac-
cessible in the process fi — pp — 4m if the p intermediate states largely saturated the
decay within regions of the phase space reasonably close to their mass shell. In fact, up
to corrections due to the two-pion channel p’ — 777~ such an identification appears
natural within the VMD approach. In constructing an amplitude M(f; — 777 7 77),
which can be obtained by means of M(f; — p°*p°") and the prm coupling dictated by
only the symmetric form factor F/=!(¢?, ¢3) and the symmetric LORENTZ struc-
ture T¢"*(q1,q2) are relevant under the above assumptions and when restricting to the
minimal VMD parameterization. More specifically, we use the amplitude M(f; — v*v*)
in the decomposition of and remove the external photons by dropping the rele-
vant p-meson propagator poles and the factors of e, at the same time dividing by the p~y

coupling g,+, [Eq. (B.7)l for each cut photon. In doing so, we arrive at

* * O * *
M(fr = 0" ") = = ea)e)(@2)ea(P)

x [qlngV (eo‘”’”Qi‘ — P 7qS) + P (qa 507 — qmqg)}y (4.14)

where we defined Cy,, = C’SM;l / (m%@%). Observing that there exist two diagrams for
fi = mTr~ w7~ due to the indistinguishability of the two 7+ and 7~ —see we
use the prm coupling as prescribed by to deduce

2Cf 927r7r
M(fy »7rnntr) = ; s X €a(P)e?
(¢ — M2+ Va2 Tp(qd)) (a3 - M7+ Va3 Ty(43))
x [(Mﬁ + (p1-p2)) k1 gkay (p2 — p1)p — (Mf + (k1 kQ))p15p2“(k2 N kl)”}
+ (p1 < F1). (4.15)

Here, the momenta are defined as in |Fig. 4.2| and the pions are on shell, p% /2= M2 = k% /2°
Given this amplitude, one can calculate the decay width and thus branching ratio via
the four-body phase-space integration of

1
dl(fy = natn ntr) = 2m; ‘M(fl — 7T+7T77T+7T7)‘2dq)4(P§p17P27khk?)- (4.16)
1
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N

) T

Figure 4.2: FEYNMAN diagrams for fi — 7t7~ 7 7~ via two p mesons. Since the two 7™
and 7~ are each mutually indistinguishable, there exist two contributions (left and right).

We use the differential four-body phase space d®4(P;p1, p2, k1, k2) in the form [99]

2 3.2

d®4(P;p1,p2, k1, k2) = dP2(q1; p1, p2) dPa(qe; k1, k2) dP2(P; g1, g2) C;% %, (4.17)
where d®o(P; q1,q2), dP2(q1;p1,p2), and dPs(ge; k1, k2) are the respective two-body phase
spaces of the subsystems {p(q1), p(g2)}, {71 (p1), 7 (p2)}, and {7 (k1), 7 (k2)}. Since the
integration volumes of the phase spaces are LORENTZ invariant, each two-body phase space
can be evaluated in the corresponding center-of-mass frame, and we have to perform an
explicit LORENTZ transformation from the center-of-mass frames of {7+ (p1), 7~ (p2)} and
{7 (ky1), 7 (k2)} into the one of {p(q1), p(g2)} in order to evaluate scalar products of the
kind (p; - k;), i,j € {1,2}, appearing in |[M(fi — ntm 7t77)% see, e.g., Ref. [137]
for more detailsm We perform the phase-space integration numerically with the Cuhre
algorithm from the Cuba library [I138], where the energy-dependent width I',(¢?) is as

specified in [Eq. (3.15)] and obtain [115]
T(fi = nta 7tm7) = |Cs*|gpy || gprn|* X 0.63 x 10710 GeV. (4.18)

Combining the above result with the values |gyy| = 4.96 and |gyxr| = 5.98, |[Eq. (B.3)[and
Eq. (B.11)} we find the branching ratio to be given by

B(fi = nta—ata) = |Csf? x 0.215(10)%. (4.19)
The comparison with the experimental ratio B(f; — atn~ 77w ™) = 10.9(6)% [99] yields
|Cs] = 7.1(3), (4.20)

in serious disagreement with

Including p’ contributions within the minimal VMD representation, there are four
additional diagrams as compared to [Fig. 4.2 that is two for the intermediate state (p, p’)

10While two diagrams contribute, as shown in the decay rate involves an additional symmetry
factor of S = 1/(2!)? because of the two pairs of indistinguishable particles in the final state.
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r® p® @ e o)

S

0.63 0.01 0.00 0.16 0.01 0.00

1—‘al FaZ FalyaZ
0.02 0.18 —0.06

rd, oy r®, 1@, rd®, 1f,
—0.12 0.54 —-0.01 0.0 0.00 0.00

Table 4.1: Decay rates (in units of 107° GeV) needed for the evaluation of [Eq. (4.21)[and
Eq. (4.23)] The p and p’ spectral functions are evaluated with [Eq. (3.15)| and [Eq. (3.13)]

respectively. The latter variant is chosen for consistency with the estimate of the p’ — 7
coupling via [Fq. (4.22)], see |[App. B}

and two for (p’, p). The corresponding master formula then takes the form

L(f1 — 7T+7T—7T+7T—) = ’9P7‘4’gp7r7r‘4 [051 Kzral + C§2H2F32 + Csrgl) + Ca, Caz’%zrahm

+ oy GO, + G, csﬂrggs} : (4.21)
where )
M / a / / /
K = 14 gﬂgp o _ 9p'v9p' 7 ~ _07, (422)

B Mg 9o/~ Gprr 9pyYprm

see [Eq. (B.23)f the numerical values of the defined decay rates are collected in [Table 4.1

For the extended VMD representation, yet two additional diagrams with the intermediate
state (o', p') have to be taken into account, resulting in the master formula

F(fl — 7T+7T_7T+7T_) = |gp'y’4’gp7r7r‘4

X [C’gl K2T, + C§2ﬁ2FaQ +C? [(1 — e —e) T + 262713 4 2673)

S

+(1—¢€ — eg)elﬂf(4) +(1—¢€ — 62)62%2F§5) + 6162&3F£6)}

4 Cay Coy 2Ty y + Cay Cs [(1 — €1 —e)rl'M 4+ 61/€2Fg21)7s + e9x°T3) ]

al,s al1,s

+ Cy, Cs [(1 —€ — 62)/%1—‘(%)75 + eszg),S + egm?’FQSH ; (4.23)

see for the numerical values of the decay rates. The numerical pattern shows
that even though the coupling « itself is O(1), p’ contributions are significantly suppressed,
both due to the propagators in and because the p’ can never be on shell in the
available phase space. For the solutions of the global phenomenological analysis in [Ch. 0]
we find that the interference effects tend to even slightly reduce the branching ratio in the
minimal VMD case, while the large values of (1 — €; — €3) in the extended VMD fits can
increase B(f1 — mtn 7T w™) to the level of 1%, still far below the experimental value.
The reason for this incompatibility can be understood as follows: the available phase
space prohibits the two p mesons from being simultaneously on shell, and the corresponding
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f1

Figure 4.3: FEYNMAN diagram for f; — p7y consistent with M(f; — v*v%).

loss of resonance enhancement for two intermediate p mesons implies that other decay
mechanisms become more important. A candidate for such a mechanism is given by the
decay f1 — aym — prm — 4m; see[App. D for an estimate of this decay channel. From this
analysis, we indeed infer that the intermediate state a7 likely saturates the decay width
to a large extent, so that we have to conclude that the decay fi — 47 does not allow one
to extract further information on the f; TFFs. We will thus disregard this input entirely
and adopt for the symmetric normalization. With the couplings Cj,,, C,,, and
Cs all assumed real, we will further fix the global sign by demanding that Cs be positive,

Cs = 0.93(11). (4.24)

4.3 fi1— py

The construction of the amplitude for f; — py proceeds along the same lines as for
f1 — 4w, via M(fy — v*v*), either by using the minimal or the extended VMD parame-
terization. By definition, this decay channel only probes the isovector contribution, up to
negligible isospin-breaking effects.

For the amplitude M(f; — p7y), we then proceed as stated above, starting with the
minimal VMD ansatz, and consider the p meson and photon on shell, ¢ = M 3, @3 =0,
and €*(q1) -1 = 0 = €*(q2) - g2, which also implies I',(¢3 = 0) = 0 =T',/(¢5 = 0) according
to[Eq. (3.11)HEq. (3.15)l The corresponding diagram is depicted in and we find

M(fr = p7) = Crpep(ar)e,(a2)ea(P)

M? M?
X | Ca € q1 502, (¢ — ¢3) + TPCaQEQW’BQQg + TPCSGQ”V’E}Q% , (4.25)

where we introduced Cfy,, = eM 3 / (§p7m?cl). The branching ratio of the decay is given by

BiC2 + By (C2, + C? + 2C,,Cs) — Bs(Cay Cay + Ca, Cs)
Iy ’

B(fi — py) = (4.26)

where—as throughout this part of the thesis—the coupling constants are assumed to be
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B(fl — p7Y)

% 022

Figure 4.4: Surface plot of B(f1 — pvy) (blue-yellow textured), [Eq. (4.26), using the
central value of Cs = 0.93(11), together with the central value of B(f1 —

py) = 4.2(1.0)% (red), see
purely real and we defined the coeflicients

algpn[* (m3, — M2)° g My (m3, — Mp)” (3, + M)

By = , By = L ,
! 24m, 2= 96m,
a 2M2(m2 — M2
By = 9 *A; (5, — M) . (4.27)
24mf1

As depicted in the solution of in terms of the unknown couplings
Ca, and Cy, represents an ellipse, where we used the central values of Cs = 0.93(11)
and B(f1 — py) = 4.2(1.0)%, see to illustrate the cut surfaces. Although it is
straightforward to actually solve for such an equation, we refrain from doing so
here as there exists no unique solution without further input.

The equivalent amplitude in the extended VMD representation reads

M(fr = p7) = Crpen(@)es(q)ea(P) (4.28)

C.. *vBy _ %C %C 1-9 apvf3
X |Ca,€ Chgq%(q 43) + €l Q2 + 5 € |€ Q23|

the only difference compared to the minimal VMD parameterization being that Cs —
Cs = (1 — €1/2 — €2)Cs. Hence, the branching ratio given in [Eq. (4.26)| becomes

- B1C2 + By(C2 +C2 +20,,0,) — B3(C,,C., + Cy. C.
B+ ) - 2Bt ELIRA) BTt ) (a

which, when inserting € and €5 from simplifies to

B1C2, + BoC? — B3C,, Cs
T; ’

B(f1 — pv) = (4.30)
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Figure 4.5: FEYNMAN diagram for f; — py — w7~y consistent with M(f; — v*v*).

where we defined the coeflicients

_ M4 _ M?
By = ——" B, B3=—"
(M3 — M?2)? M? — M2

Bs. (4.31)
In this variant, the dependence on C,, thus drops out of the branching fraction, which is
a subtle consequence of the correlation between Cy, and Cs imposed via the singly-virtual
high-energy behavior, see

Another measured quantity of interest with regard to f; — py is the ratio of the p-
meson’s helicity amplitudes in its rest frame, which is accessible through the subsequent
decay p — 77w~ . In a similar manner to how we obtained the f; — py amplitudes in
IEq. (4.25)| and [Eq. (4.28)] we can construct an amplitude for f; — py — 7777, where
we indeed consider the subsequent decay of an on-shell p meson and furthermore use the
prm coupling given by the process is depicted in [Fig. 4.5

Imposing ¢ = MpQ, thus also T',(¢} = Mg) = I', according to [Eq. (3.15)|, @B =0=
¢*(¢2) - g2, and p} = M7 = p3, we find

— C TTT %
M(fr = py = ) = RIS (qo)ea(P) (2 — pa) (4.32)
pltp
2

v « a MP2 apvf MP auvf
X [Cale“ Tq1892,(4) — ¢5) + 703«26 HPqa5 + TCSE a QQﬂ}

. o . . . 2 ~ 2 .
with the minimal VMD parameterization, where the constant Cr,y = eM7/(g,ym¥,) is

defined as in[Eq. (4.25)| The equivalent expression M (fi — py — 77w~ 7) in the extended
VMD variant is obtained for Cs — Cs5 = (1 — €1/2 — €2)Cs. Transforming into the rest

frame of the p meson, one finds the spin-averaged amplitude squared to be of the form
IM(fr = py = 7t y) ‘2 = Mrprsin® 0+, + My, cos® 0+, (4.33)
where 0+ is the angle between the final-state 7w+ and photon, and
M 2m>2 M?

fi77p
. _ 4.34
7 Mar (M2 - 2(m3, — M2)Ca, /(Cay + Cs)] (4.34)

is the corresponding ratio of the longitudinal and transversal p-meson helicity amplitudes.
In the extended VMD case, one again needs to replace Cs — Cs = (1 —¢€1/2 — €2)Cs, which
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Toy

—
PN ORI I )

Figure 4.6: Surface plots of 7,y (blue-yellow textured), [Eq. (4.34)] using the central value
of Cs = 0.93(11), |[Eq. (4.24)] together with the central value of the measurement r,, =
3.9(1.3) [100] (red) from two different perspectives (left and right).

then further simplifies to

~ 2 A2 74
~ Mpp melMpMp’

T = —= =
T Mpr [M2M2 - 2(m3 — M2)(M2 — M2)Cy, /Cs)”

(4.35)

when inserting €; and ey from [Sec. 3.4l The coupling C,, therefore does not contribute to
either fi — py observable in the extended VMD ansatz.

The solution of in terms of the unknown couplings Cy, and C,, is given by
four unconnected straight lines, as apparent from [Fig. 4.6) where we used the central values

of Cs = 0.93(11), [Eq. (4.24) and the measurement r,, = 3.9(0.9)(1.0) = 3.9(1.3) [100] for

illustration. Similar to the discussion regarding B(f1 — p7), we refrain from giving the
explicit form of the solution here and postpone the phenomenological analysis to [Ch. 6]

4.4 f; — ¢v and f1 = wy

The branching ratio of f; — ¢y has been measured experimentally, B(fi — ¢v) =
0.74(26) x 1072 [99, [10I], and thus allows for another consistency check of our VMD
representations, in particular the U(3) assumptions for the isoscalar TFFs. Similarly, we
can predict the branching fraction for f; — w+y once all the parameters are determined,
which could be confronted with potential future measurements.

In complete analogy to we construct amplitudes for f; - Vv, V = ¢, w, i.e.,

M(fr = V) = Crva(a)e (a2)ea(P) (4.36)

/ M? , M2
% |:C;/1V 6“"ﬂ7q1qu7(qf‘ _ qga) + TVC;/QV eauuﬁq2ﬁ 4 TVCSVVEOMVB(EB]’
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where we defined Cy, = eMZ/ @va?q)- In terms of the ratio RV = R?, R¥ of isoscalar
to isovector couplings, [Eq. (3.27) the branching ratio of the decay is given by

BYC2 + BY (C2, + C2 4 2C,,C.) — BY (CayCay + Ca, Cs)

B(fi = Vy) = (R")? T
f

, (4.37)

cf. [Eq. (4.26)] where we defined the coefficients

algv 2(m?3, — MZ)® olgva > ME (m?, — M2)®(m3, + M)

BY = By =
1 24m$, ’ 2 96m$, ’
29 12 2 2\4
py = v P (my, = M7) (4.38)
3 24m9,

The generalization to the extended VMD representation would be straightforward once
applied to the isoscalar sector.
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Chapter 5
f1 — eTe T

As the discussion in shows, the constraints from ete™ — eTe™ fi, fi — 4w, and
f1 — pvy do, in general, not suffice to reliably determine all three free VMD parameters,
with the branching fraction of f; — 4m not providing any additional input at all due to
significant contamination from decay channels not related to the TFFs. In this way, the
evidence for the decay f; — e*e™ reported by the SND collaboration [102] is extremely
interesting because future improved measurements of the decay have the potential to
overconstrain the system of Cy,, Ca,, and Cs, as we will demonstrate in [Ch. 6] In this
chapter, we provide the required formalism to extract information on the f; TFFs from
its decay into ete™; cf. also Ref. [113].

The FEYNMAN diagram for the one-loop process is depicted in and the general
form of the amplitude is

M(f1 — eTe™) = ete,(P)as (p1)y"y° Ar (m%,mg = 0,m? = 0)v"(p2), (5.1)
which implies
4e8m>
(M= et = —5TH AP (5.2)
for the spin-averaged amplitude squared and a decay width of
64mat
D(fi —»ete) = %mlﬁ (5.3)

Here and in the following, the arguments of the reduced amplitude A; will be suppressed
and we will work in the limit m,. = 0. To extract A; from the full amplitude, we first
consider the amplitude M(f; — v*v*) and recast it into the more convenient form

2
M(fr=7") = —¢ & [fal(q%,q%)eu(m)ey(q2)6a(P)q15q27(q1 —q5) (5.4)
fi
1 * * *
-5 [P (07, 3) + Fslat, )] €5 (a2)en(P)azp[ar el )af — € (a1)qi)
1 * * (0% *
+ 5 [Fur (@ 3) = Fulah, )] 5 (@) (P)asg gz, i (a2)a5 — € (a2) 3] -

fThe generic forms of the amplitude and decay width for fi — e*e™ stated in this chapter have already
been derived in the master’s thesis of the author [I15]; the explicit expressions and calculations have,
however, been thoroughly refined for this thesis, among other things regarding novel contributions not
considered in Ref. [I15] and an analytic cross-check for the numerical evaluation of the loop integral.
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f1 Alk

A

Figure 5.1: FEYNMAN diagram for the decay of the axial-vector meson f; into an electron—
positron pair.

Inserting this amplitude into the quantum-electrodynamics (QED) loop, the full amplitude
can be written as

4ie? Ak kHEP K
7) = —5€a(P) P, oo’ 15T (66 5.5
M(fl — e e ) m%e ( ) Hu (pl)f)/ﬁfy v (pQ)/ (271')4 kgq%q% al(QlaQZ) ( )
i€4 —S 5.r
+ —5-€e5(P)u’ (p1) 7" v" (p2)
My

&'k KRS, I,
% /szq%q%[(% — ) Fay (i, 03) — (2 + @) Fs(di, 43)]

- 4
1€
+ —5€u(P)u* (p1)7*7°v" (p2)
2mf1
/ Ak [26263 + K2( + @3)| Fs(a?. 63) + k% (aF — 43) Fas(a}. 43)
(2m)4 k24343 ’

where we have used the on-shell condition for the fermions, neglected their masses, and
written the loop integration in the most symmetric WayE In particular, rewriting the
TFF combinations as

(63 — ) Far (6, 03) — (63 + ) Fu(d2, 43) = —243 Fa(q?, 43) + 263 F3(q, 43),
24103 + k(6 + @3)| Fo(d}, B) + K2 (6 — 03) Fao (63, @3) = 2(K* + ¢3)ai Fo(ai, 3)  (5.6)
—2(k* + q1)a5 F3(at . 3)

shows that the ill-defined BL limits—see and the subsequent comment—always
appear suppressed by the respective on-shell virtuality, as expected from the form of the
physical helicity amplitudes. We conclude that these integration regions will therefore
be of minor importance. Moreover, all remaining integrals are ultraviolet and infrared
convergent by inspection of the parameterization of the form factors in and
Eq. (3.20)f However, inserting the (isovector) VMD expressions directly into the loop
integral would produce unphysical imaginary parts, which can be avoided by using the
spectral representations of [Eq. (3.16) and [Eq. (3.21)instead, ensuring the correct analytic
properties.

1By the most symmetric way, we refer to a symmetrization over two forms of the initial term [115]
I = [d*%qi%q;2[2(p1 - p2) + 2K%] Fu(qi, 3), namely I, = [d*kqy?q;(m3, +2k%)Fu(qi, ¢3) and I, =
Jd*ka; a3 (m3, +2(p1 — p2 — k)*)Fs(q7, ¢3), which are related via a momentum shift k&' = p1 — p2 — k
in the loop integral and the symmetry property of Fs (q%7 q3 ).
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We performed the remaining PASSARINO-VELTMAN (PV) reduction in two ways:

(i) in an automated way using FeynCalc [I39-141], FeynHelpers [142] (which merges
FeynCalc with FIRE [143] and Package-X [144]), and LoopTools [145];

(ii) directly by introducing FEYNMAN parameters in [Eq. (5.5)]

Decomposing the amplitude as
M(fi = ete”) = e'eu(P)a° (p)y"y° A’ (pa), (5.7)
Ar= (D7 4 D7) Cay + (D571 + D57%) Cay + (D57 + D) Cs + Dasym,
the latter approach, in the minimal VMD ansatz, leads to the representation
MZM,

D1/2 - 167T4N m

/ dl‘/ dy/ dzIm PBW )] Im [P (y)]fl/Q(J:?y?vafl)a
4M2 Sthr

Dy~ m /4M2 da /4M2 dy / dzTm [PPY (@)] Tm [PEY ()] fa(, 9, 2. my,),
(5.8)

where
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Chapter 5. f1 — eTe™

and the correct analytic continuation is specified by x — x—ie, y — y—ie in the logarithms.
Similar expressions apply for the isoscalar parts and the extended VMD parameterization,
the latter including the asymptotic contribution

Feff
Diasym = / dz / dz fasym(x, 2, my,),

= _Z) —Z — z z 23
fasym—%(xiz)((172)733)2[(2 )22(8 — 232 + 2727 — 142%)

— 22(32 — 1002 + 1312% — 762° + 142") + 2 (16 — 462 + 512% — 1823)}

1—
+ M (2217 = 872 4 3722 — 142%) + 3(2 + 112 = 172 +102%) — 32%(22 + 1)]
22(2(z+2)+22(5—22) —97%) . 2(1—2)—Z
1 . 11
2(z —2)4 ©8 —Tz (5.11)

In all cases, the numerical integration is performed with the Cuhre algorithm from the
Cuba library [138].
For the numerical analysis, we further write the coefficients in [Eq. (5.7) according to

_ _ . my o _
D, = Dil_l + D{_O, 1 =1,2,3, Dasym = lTétleasymv
P
pi=t = P preo 0, i=1,2 DI=0 = R¥D$* + R?DY?
7 - Na ) 7 — Y — 4 3 - 3 3
1 Dpp(l — €1 — 62) + D3 61 + Dp -1 Dpp 519
‘VMD N, ’ }VMD N, (5.12)

where the prefactor for Dagyn, is motivated from to ensure that the resulting
dimensionless coefficients can be compared in a meaningful way. Our numerical results are
shown in[Table 5.1} including the uncertainties from the variation in I';y. Even after taking
the change in the normalizations into account, see these results show that the
uncertainties due to the spectral shape and the width itself can lead to comparable effects.

To be able to better compare the various contributions, we also show the coefficients
including their normalizations, see where we used the value of for
the asymptotic contribution. These numbers show that the symmetric contribution still
produces the largest coefficient, but not by much. Accordingly, the fi — eTe™ decay
proves sensitive to the antisymmetric TFFs, about which not much is known at present.
For the extended VMD ansatz, this observation implies an important caveat regarding
the numbers shown in the table, which have been produced under the assumption that
Ca, = 0. In this case, one observes distinct differences between the two VMD versions,
which can be traced back to the different weight given to the pp’ contribution. Finally,
the real part of the isoscalar coefficient comes out larger than expected from
this is due to the fact that the loop integral is effectively regularized by the vector-meson
mass, and the masses of w and ¢ differ by a sufficient amount that the cancellation in
between the two contributions becomes less effective. The imaginary part of
the loop integral is finite also in the infinite-mass limit, so that its size complies better
with the expected isoscalar suppression.
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(4m), 9 (wm,mm) ;9
L, (q) Ly ()

DY x 10> (—0.126)T0020 + (—1.501) 59901 (—0.173) 70930 + (—1.659)T919% i

DY x 10° (-0.978) 003 + 159370041 (~1.032)705 + 175575150
DEP x 103 3.189 + 2.3381

D& x 103 4.66,032 + 0.8870-0oi 5.26, 038 +0.99, 0001
DE* x 103 6.787999 4 0.06+5:90 i 8.85 111 1 0.00+0:0%
Dg¥ x 103 3.835 + 3.1931

D% x 10° 8.736 + 3.7751

Dasym x 103 0.146 0.038 0.019 0.011

Table 5.1: Numerical results for the constants defined in [Eq. (5.12)| for the two p’ spectral

functions I'y(¢%) = F;%W)(qQ), Eq. (3.12), and T'y(¢?) = I‘gjm’ﬂﬁ)(qQ), Eq. (3.13)l The
uncertainties refer to the variation I'y = (_400 + 60) MeV, see [App. k| which gives the
dominant parametric effect. The constant D,gyr, is given for the reference points /s, =

1.0GeV,1.3GeV,1.5GeV, 1.7 GeV.

Since the coupling constants are real, we use the decay width from [Eq. (5.3)|to obtain
a branching ratio of

Engl + EQC§2 + EgCS2 =+ E1,2Ca10a2 =+ El’gCalCS + EQ}gCaZCS

B(f1 — 6+e_) =
Ly
+ El,asymoal + EQ,asymCaz + ES,asymCs + Easym7 (513)
Ly
where we defined
64mat
E@ZW|D1|2, i=1,2,3,
12873 atm N .
E;j = ————LRe[D;D], (i,5)=(1,2),(1,3),(2,3), (5.14)
1283 atm . 64m3atm
Ei,asym = %Re [DiDasym]7 1=1,2,3, Easym = %‘Dasympy

and the terms involving D,sym are only included in the extended VMD representation.
Similarly to the solution of in terms of the unknown couplings
Ch,, and Cj, represents an ellipse in the minimal VMD case, which, however, changes for
the extended VMD representation, see Here, we used the central value of Cs =
0.93(11), to remove one unknown and set /s, = 1.3 GeV for the asymptotic
contribution [26, 27]. In fact, the results in [Table 5.1] and [Table 5.2 show that Dagym
remains small for a wide range of matching scales sy, so that the details of the matching
play a minor role in view of the present experimental uncertainties. For definiteness, we
will continue to use /s, = 1.3GeV in the following, with the understanding that the
matching can be refined once improved data becomes available, along the lines described

in (App. A
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g )

DI=1 x 108 (—0.218)75037 + (=2.601) 00071 (—0.269)%5:033 + (—2.583) g
D=t x10? (—1.695) 0005 + 2-760 005 i (—1.606) 0023 + 2.7323 003 i
D5=H yp X 10° 3.961 4 2.9041

DIt o x 103 2.16370 17 + 3.592 0 (0r i 1.93070 135 + 3.685 0 (g i
DE=0 x 103 —0.95(30) — 0.24(13) i

Disym x 10 0.125(12) 0.032(3) 0.017(2) 0.009(1)

Table 5.2: Coefficients from |[Eq. (5.12), based on [Table 5.1 and the normalizations from
For the extended VMD version, the result in general depends on €;9; here,

we show the special case for C,, = 0. For Dézo and Dasym, the error is propagated from
[Eq. (3.27) and [Eq. (3.33)] respectively.

In order to solve for all couplings, we need to consider a combined analysis of all
constraints, see However, given that the biggest contribution tends to come from
the symmetric term, see [Table 5.1}, it is instructive to study the case Cy, = 0 = C,, and
consider the f; — eTe™ decay as an independent determination of Cy. For the minimal
VMD ansatz, we find

Cs = 17758, (5.15)

where the isoscalar contribution implies an increase by about 0.3(1). The extended variant

giveslﬂ

Cs =1.9M08 (5.16)

where the uncertainties from the dependence on the p’ spectral function, its width, and the
asymptotic contribution, ACs < 0.03, are negligible compared to both the experimental
error and the uncertainty from the isoscalar contribution. Both values are larger than the
L3 result given in indicating that a significant contribution from the antisym-
metric TFFs should indeed be expected, which in view of the results from is
well possible with plausible values of Clj, /2 Finally, the difference between and

Eq. (5.16)| gives a first estimate of the sensitivity to the chosen VMD ansatz.

2Due to the interference with the asymptotic contribution, there are, in principle, two solutions, which,
however, are very close in magnitude.
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Do
(=)

B(fi — efe”) x 108

K3 k3

Figure 5.2: Surface plots of B(f1 — eTe™) (blue-yellow textured), |[Eq. (5.13)} as obtained
with the minimal (fop) and extended (bottom) VMD parameterization (reference point

V/3m = 1.3GeV for the latter) and using the central value of Cs = 0.93(11), [Eq. (4.24)]
Lg% = I‘E;/m)(qQ) (left), [Eq. (3.12)| and T'\(¢?) = I‘E)U,m’m)(q2) (right), [Eq. (3.13)} to-

gether with the central value of the measurement B(f; — ete™) = 5.1757 x 1079 [102]
(red).
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Chapter 6

Combined phenomenological
analysis

In this chapter, we perform a global analysis of the experimental constraints from eTe™ —
ete™ f1, fi = pv, and fi — ete”. We will also consider f; — ¢~ due to its relation via
U(3) symmetry but not include f; — 4x for the reasons stated in [Sec. 4.2| and [App. D}
Most of the input quantities follow in a straightforward way from the experimental ref-
erences and the compilation in Ref. [99], see except for the branching fraction
of the py channel, for which the fit by the Particle Data Group (PDG) and the direct
measurement by VES [100] disagree by 2.50.

The PDG fit proceeds in terms of the five branching fractions for f; — 4w, ao(980)7
(excluding ag(980) — K K), nrr (excluding ag(980)7), K K7, and py, including data on

1. D(fi = KK7)/T(f1 — 4m) [146-148],

1 — 4m)/T(f1 — nrr) 149, [150],

1= py)/T(f1 — 4m) [151],
f1 = ao(980)7 [excluding K Kn)/T(f1 — nrr) [149, 152, 153],

I(f
I(f
I'(
I'(

fi = KKn)/T(fi — nrr) [149, 152H156],

SEE A S

L(fr = nrm)/T(fr — py) (153, 154, 157],

however, with the notable exception of the constraint from Ref. [1OOHT_3-I This fit has
a reduced x?/dof = 24.0/14 = 1.71, reflecting the significant tensions in the data base.
These tensions become aggravated when including Ref. [I00] in the fit, leading to a slightly
smaller py branching fraction of 5.3%, with x?/dof = 33.5/15 = 2.23. The origin of the
tensions can be traced back to the input for I'(f1 — n7mw)/I'(f1 — p7v), which is measured
as 21.3(4.4) [153], 10(1)(2) [154], and 7.5(1.0) [157]["] with some additional sensitivity to
the py channel from I'(f1 — pv)/T'(f1 — 4m) [151].

13Reference [T00] only quotes the final py branching fraction but not T'(fi — nar)/T(fi — pv), as
measured in the experiment; however, the nmm branching fraction from Ref. [I58] is very close to the one
from Ref. [99], rendering the systematic error from the conversion negligible.

' The latter value is given as 5.0(7) in Ref. [I57] for nwT7~ and has thus been increased by the isospin
factor 3/2 in the PDG listing. There is also a limit B(fi — pvy) < 5% at 95% confidence level from
Ref. [159], in tension with Refs. [I54} [157].
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Chapter 6. Combined phenomenological analysis

Reference B(f1 — pv) T oy B(f1 — ¢v) B(f1 —ete)
VES [100] 2.8(9)%  3.9(1.3)

PDG [99] 6.1(1.0)%

Our fit 4.2(1.0)%

Serpukhov [99, [T01] 0.74(26) x 1073

SND [102] (5.1737) x 1079

Table 6.1: Summary of the experimental measurements used in our global analysis. In

addition, we use the L3 data for eTe™ — eTe™ f1, see

The main reason why the fit prefers the pvy branching fraction from Refs. [154], 157]
is that the x? minimization is set up in terms of I'(f; — nnr)/T(f1 — p7y) rather than
the inverse quantity, as would be canonical given that I'(f; — pv) is the smallest of the
fit components and could thus be treated perturbatively. Using I'(f1 — pv)/I'(f1 — nnn)
in the minimization instead gives a similar x?/dof = 24.9/14 = 1.78 but reduces the py
branching fraction to 4.9(9)% (including the scale factor from Ref. [99]), close to the naive
average of Refs. [I51l 153], 154, 157] when taking the respective normalization channel
from the fit. Including, in addition, the measurement from Ref. [I00], we find x?/dof =
28.6/15 = 1.91 and

B(f1 — 47) = 33.4(1.8)%  [32.7(1.9)%],
B(f1 — ap(980)7 [excluding ag(980) — K K]) = 38.6(4.2)% [38.0(4.0)%),
B(f1 — nrm [excluding ag(980)x]) = 14.6(4.1)% [14.0(4.0)%)],
B(fi — KKx) =9.2(4)% [9.0(4)%],
B(f1 — py) = 4.3(8)% [6.1(1.0)%],  (6.1)

where the results of the PDG fit are indicated in brackets (for better comparison, the
same channel-specific scale factors have been applied as in Ref. [99]). Finally, the limit
from Ref. [159] tends to further reduce the average a little, which, together with a slightly
increased scale factor when including Refs. [100, [159], leads us to quote

B(f1 — py) = 4.2(1.0)% (6.2)

as our final average for the subsequent analysis, see While our main argument
in favor of this procedure is the avoidance of a fit bias towards the larger py branching
fractions, one may also compare with theoretical expectations. The models considered in
Refs. [153] 160H163] do, in general, prefer smaller py branching fractions, but the spread
among the models is too large to make that comparison conclusive.

The results of the global analysis are shown in [Table 6.2 and [Table 6.3] restricted to
(wm,7mr) ( )

the parameterization I‘ due to the dominant experimental uncertainties. The
latter are propagated as given in except for B(fi — ¢), for which we use
B(fi — ¢7)/(R?)? = 3.0(1.6)% in the minimization, including the uncertainty on R?
from As a side result, [Table 6.2] and [Table 6.3| also contain predictions for
the branching fraction of the yet unmeasured decay f; — w7y. The outcome in the four
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f1— oy No Yes

Solution 1 Solution 2 Solution 1 Solution 2
x2/dof 2.72/2=1.36 6.60/2 =330 8.67/3=2.89 828/3=2.76
p-value 0.26 0.04 0.03 0.04
Cs 0.97(13) 1.01(18) 0.95(18) 0.99(17)
Cay —0.23(13) 0.91(21) —0.09(14) 0.80(17)
Ca, 0.51(21) 0.53(39) 0.17(25) 0.34(30)
Psay 0.43 0.41 0.21 0.31
Psas —0.42 —0.13 —0.50 —0.37
Dayas —0.44 0.77 —0.29 0.66
B(f1 — eTe™) x 10° 2.7(6) 0.7(3) 1.8(6) 0.7(3)
B(f1 — ¢) x 103 2.5(1.3) 1.5(1.1) 1.3(8) 1.1(7)
B(fi = wy) x 10° 5.6(1.7) 4.4(2.2) 2.7(1.3) 3.3(1.4)

Table 6.2: Best-fit results for the three VMD couplings Cs, C,,, and Cy, in the minimal
VMD representation. Each fit includes the constraints from the normalization and slope of
the TFF measured by L3 in ete™ — eTe™ fi as well as from B(f1 — p), 7py, and B(f1 —
ete™). In addition, we show the variants including B(fi — ¢) as a sixth constraint,
assuming U(3) symmetry. The uncertainties include the scale factor S = /x2/dof. We
also show the correlations p;; among the three couplings and the value of B(f1 — eTe™)
preferred by each fit. Since the experimental uncertainties dominate by far in the case of
B(f1 — ete™), we only show the results for Fgfﬂ’m) (y) and \/s;m = 1.3GeV and do not
include the theory uncertainties discussed in detail in The uncertainties quoted for
B(f1 — V#) refer to the fit errors and R but do not include any U(3) uncertainties.

cases considered—minimal and extended VMD representations, each with and without
the constraint from B(f; — ¢y)—is illustrated in [Fig. 6.1 and [Fig. 6.2| In all cases, the
parameter C;s is by far best constrained; its value hardly changes compared to the L3
reference point given in with a slight preference for a small upward shift. The
main distinctions concern the couplings Cy, and C,,, with qualitative differences between
the two VMD scenarios. In each case, we find two sets of solutions, corresponding to a
small negative value of C,, (Solution 1) or a sizable positive one (Solution 2), respectively,
both of which are shown in the tables and figures. In most cases, Solution 1 is strongly
preferred, the exception being the minimal VMD fit including B(fi — ¢7), in which
Solution 2 displays a slightly better fit quality.

In the minimal VMD representation, all constraints are sensitive to C,,, but especially
once including B(f1 — ¢7), a significant tension among the different bands emerges. In
Solution 2, the region preferred by all constraints but B(f; — e*e™), which thus dominate
the fit, would imply a much smaller value of B(f; — e*e™) than reported by SND [102],
while Solution 1 is better in line with the SND result. An improved measurement of
B(fi — ete™) could therefore differentiate between these scenarios. In addition, we
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f1— oy No Yes
Solution 1 Solution 2 Solution 1 Solution 2

x2/dof 2.25/2 =112 4.40/2 =220 4.01/3=1.34 7.53/3=2.51
p-value 0.33 0.11 0.26 0.06
Cs 1.00(10) 1.02(14) 1.00(11) 1.02(15)
Cay —0.18(12) 0.85(14) —0.19(12) 0.85(15)
Cay 1.03(36) 1.17(32) —0.20(29) 0.13(47)
Psay 0.10 0.86 0.10 0.86
Psas 0.00 0.21 —0.34 —0.32
Payas 0.08 0.19 0.18 —0.27
€1 2.59(1.33) 3.00(1.15)  —1.79(1.01)  —0.64(1.65)
B(f1 — ete™) x 10° 5.1(3.3) 5.1(4.7) 1.5(4) 0.3(4)
B(f1 — ¢ny) x 103 4.4(2.4) 3.4(2.0) 0.8(6) 0.8(7)
B(fi = wy) x 10° 9.1(3.1) 6.8(2.2) 1.9(1.0) 3.3(1.1)

Table 6.3: The same as|Table 6.2| but for the extended VMD case, including the resulting
parameter €7.

compare the resulting relevant form factor combination to the L3 dipole fit—see
in While some tension is expected due to the singly-virtual asymptotic behavior
of Fa,(¢3,43), see he resulting curves for Solution 2 start to depart from the
L3 band already around /@2 = 0.5 GeV, which further disfavors this set of solutions.

In the extended VMD representation, the dependence on C,, disappears in all ob-
servables apart from B(f; — ete™) and, where applicable, B(fi — ¢7v). Accordingly,
in the fit without the latter, the value of C,, is solely determined by B(f; — ete™),
and the best-fit value of this branching fraction thus coincides with the input. There is
good consistency among the other constraints, as reflected by a reduced x? around unity;
in this case, an improved measurement of B(f; — eTe™) could thus be interpreted as a
determination of C,,. Once B(f; — ¢) is included, one obtains an additional constraint
on C,,, which, however, needs to be treated with care. First, the uncertainties on R? have
been included in the fit, but in addition, there are U(3) uncertainties that are difficult to
quantify. Moreover, the isoscalar contributions have been treated in their minimal variant
throughout, but if excited w’ and ¢’ states were included, the dependence on C,, would
again change, even disappear in a scenario similar to the extended VMD representation
constructed for the isovector contributions. Since the fit including B(f; — ¢vy) favors
a value of B(fi — ete™) smaller than SND (for Solution 1 similar in size to the ones
for Solution 1 in the minimal VMD case), an improved measurement of B(f; — ete™)
would also allow one to differentiate between these scenarios. In addition to the worse y?,
Solution 2 is again disfavored by the comparison to L3, see |Fig. 6.3

In contrast, for Solution 1 of both the minimal and the extended VMD fit, departures
from the L3 dipole only arise around \/@ = 1GeV, which implies agreement with all data
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Figure 6.1: Contours in the C,,~Cj, plane for the best-fit value of Cs in the minimal VMD
representation: for Solution 1 (left) and Solution 2 (right), without (upper) and including
(lower) the constraint from B(f; — ¢7v). The best-fit region is indicated by the Ax? =1
ellipse (inflated by the scale factor).

points of Ref. [7] but the last one (centered around \/@ = 1.8 GeV, where the curves still
agree within uncertainties). In fact, a large part of the pull is a result of the slightly
increased value of Cy from the global fit, while the impact of the asymptotic behavior of
Fay (—Q2%,0) remains small. Finally, we observe that most extended VMD fits require a
substantial p’ contribution, as reflected by the large values of ¢; shown in In
fact, for the fit without B(f1 — ¢), it even exceeds the coefficient of the p contribution,
which could be considered an indication that smaller values of B(f; — eTe™) are preferred.
We also implemented a variant of the extended VMD fit in which ¢; was allowed to float
freely, but this did not improve the fit quality, with results for €; consistent with the ones
imposed via [Eq. (3.35)
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Figure 6.2: Contours in the Cy,~Cy, plane for the best-fit value of Cy in the extended
VMD representation: for Solution 1 (left) and Solution 2 (right), without (upper) and
including (lower) the constraint from B(f; — ¢7). The best-fit region is indicated by the
Ax? = 1 ellipse (inflated by the scale factor). We do not consider equivalent solutions
with very large negative C,,, as arise without the B(f1 — ¢7) constraint. Further local
minima when including B(f1 — ¢7) mirror the indicated Solutions 1 and 2 on the lower
branch of the ellipse but display a worse x?/dof and are thus discarded.
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Figure 6.3: Comparison of the fit solutions for the effective form factor probed in eTe™ —
ete” fi with the L3 measurement [7], according to for the minimal VMD
representation (left) and the extended one (right). The L3 dipole band includes the
uncertainties on |Fp(0,0)| and Ap, as given by [Eq. (4.2)] added in quadrature; our bands

propagate the uncertainties from | Table 6.2] and | Table G.Zﬂ respectively.
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Chapter 7

Summary and outlook

In this part of the thesis, we performed a comprehensive analysis of the TFFs of the axial-
vector resonance fi, motivated by its contribution to HLbL scattering in the anomalous
magnetic moment of the muon. Our study is based on the available constraints from
ete™ —ete f1, f1 = 4m, f1 — pv, f1 — ¢y, and f; — eTe™, all of which are sensitive
to different aspects of the f; — ~*y* transition. Since the amount of data is limited, a
completely model-independent determination of all three TFFs is not feasible at present,
leading us to consider parameterizations motivated by VMD. To assess the sensitivity to
the chosen parameterization, we constructed two variants: a minimal one that produces
non-vanishing results for all TFFs and an extension that improves the asymptotic behavior
by matching to short-distance constraints. In each case, this leaves three coupling con-
stants as free parameters, Cs, C,,, and C,,, for the symmetric and the two antisymmetric
TFFs, in terms of which the analysis is set up.

As a first step, we derived master formulae for all processes in terms of these couplings
and performed cross-checks when analyzing each process in terms of the dominant coupling
Cs. This reveals that the decay fi — 4w does not provide further information on the TFFs,
as the mechanism f; — a;m — pnm — 47 likely dominates with respect to fi — pp — 4n
and only the latter can be related to the f; TFFs. The process is thus discarded in the
subsequent analysis. For the remaining observables, we performed detailed uncertainty
estimates, including the subleading isoscalar contributions, the properties of the p’ meson
and its spectral function, and the matching to short-distance constraints. In all cases, we
conclude that the dominant uncertainties are currently of experimental origin.

Combining all constraints in a global fit, we found that the symmetric coupling C is
by far best determined, with substantial differences in C,, and C,, among the different
scenarios; see [Table 6.2] [Table 6.3] [Fig. 6.1, and [Fig. 6.2] for our central results. Out
of two sets of solutions—Solution 1 with a small negative value of C,, and Solution 2
with a sizable positive one—the former is in general preferred by the fit, with Solution 2
further disfavored by the comparison to space-like ete™ — ete™ f; data, see In
the case of the minimal VMD representation, we observed some tension between B(f; —
ete”) and the remaining constraints especially when including B(fi — ¢) in the fit,
leading to a preference for a branching fraction below the value recently reported by the
SND collaboration. In the extended parameterization, the dependence on C,, disappears
from all observables but B(f; — e*e™) and, where applicable, B(f1 — ¢7), but limited
information about the isoscalar sector together with necessary U(3) assumptions render
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Chapter 7. Summary and outlook

the latter constraint less reliable. While the f; — ¢ branching fraction seems to prefer
a smaller value of B(f; — eTe™) (similar to the minimal VMD fit), we conclude that the
parameter that controls its size, C,,, is largely unconstrained at the moment and would
thus profit most from an improved measurement of B(f; — ete™).

In general, new measurements of B(fi — eTe™)—as possible in the context of eTe™ —
hadrons energy scans at SND and CMD-3—would be highly beneficial to further constrain
the f; TFFs, given that the resulting constraints are complementary to other observables,
in particular, providing sensitivity to doubly-virtual kinematics and the antisymmetric
TFFs. Apart from a more reliable determination of C,,, one could also validate and, if
necessary, refine the underlying VMD assumptions. Furthermore, improved measurements
of ete™ — eTe™ fi would be valuable to further constrain the singly-virtual TFFs—in par-
ticular the asymptotic behavior of F,, (¢?,0)—ideally adding new data points above 1 GeV
and using the full momentum dependence given in to avoid the corresponding
limitation in the interpretation of the L3 data. Such analyses are possible at BESIII [164]
and Belle II [I65]. To go beyond VMD parameterizations, the energy dependence in the
(dispersively improved) BW propagators would need to be constrained by data, which
would require differential information on f; decays. At the moment, our analysis gives a
first summary of the combined information on the f; TFFs that can be extracted from
the available data in terms of simple parameterizations.
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Appendix A

Asymptotic behavior including
mass effects

In this appendix, we generalize the considerations of Refs. [26], 27] regarding a double-
spectral representation of the BL scaling to include mass effects that arise from the kine-
matic variables in the denominator. Starting from

8 1
8 1 qb(u
2 6

see [Eq. (2.12)) we see that the asymptotic behavior of the axial-vector TFFs can still be
deduced from the simpler pseudoscalar case, which leads us to study the generic integral

_ 1
I(q7,q3,m%) :/0 du w2 _u¢(2“> (A.2)

Vg3 — u(l — u)m?’
which, in the case q% =—-Q*= q%, evaluates to

6[1— 2 log 4+5+\/E]
Q% VE@+E TVAFE-VE
2

__i § 72 £ 4 _m
- g(1-feRe- o). e-m @

Given the large masses of the axial-vector mesons, m = my4, such corrections in £ may
become relevant and [Eq. (A.2)| defines a convenient test case to study their impact.
As a first step, we observe that can still be formulated as a single dispersion

i(_Q27 _Q27 m2) =

relation [I35] via the transformation z = — (g3 — m?u)(1 — u)/u,
~ 1 [ Iml(z,¢3,
I(q%,q%,ﬂ’ﬂ):/ dz ( 2 )a
T Jo L= Ch
- 3 ((z—y)? —m*(z +y)
Im I(z,y, m? —< —xz+y]l, A4
(z,y,m") = 5 oy ) Y (A.4)
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Appendix A. Asymptotic behavior including mass effects

where y = ¢3 has been assumed space—like. Analytic continuation in ¢3 then allows one to
rewrite the imaginary part in [Eq. (A.4)|in terms of another dispersion relation, leading to

P42 o2 / d / d px Yy, m )
(g1, 45, m x i Py
2 2 2
- [1+ log <1—m> %bg <1—m2>]
q a3
+L1q2 d:n/ _”” Y, 1 ~ (A.5)
1’ 91)9(3/ QQ)

with the double-spectral function

7 (v —y)? —m?(x
plx,y,m?) = %discy [Imf(m,y,mz)] = 3m@=y) (= + y)H( — Az,y,m?)). (A.6)

m! —A(.%', Y, mQ)
Here, the unsubtracted and subtracted dispersion relations of [Eq. (A.5)| are related via
1 1 2 1 1 >
=44 L L E— (A.7)
r—q v x(r—q) y—a Yy yly—a)

Restricting the integration in x, y should then allow one to isolate the asymptotic con-
tributions while keeping the leading mass corrections. In the subtracted version, the
singly-virtual limits become explicit since, with one qi2 =0,

T R

2

Further, to make the connection with the massless limit of [Eq. (3.47)] which amounts

to
dx

o
I(qi,q3) = 3Q1QQ/ )
sw (2= @) (2 — G3)?
see |[Eq. (3.42)} we first note that this variant had been constructed in such a way that the

singly-virtual contributions are removed, suggesting a matching in the limit ¢ = —Q? =
q3, in which

s | e v o (p) (%) vo((3))]
at | ooere—ar- ol et Q? Q) )|

(A.10)
To evaluate in the same limit, we symmetrize the integration to v = = + y,
w = x — y and introduce a step function #(v — vy,). In these variables, the w integration
extends between w4 = +v/2m?2v — m#, which shows that in the massless limit, the double-
spectral density indeed collapses to a § distribution, see m For q% =—-Q? = q% ,
the w integration can be performed analytically, leading to

m—0

I(gl.¢3.m*» ™=

(A.9)

22 2oy 60 [ (v+2Q%)° —mv _
=, Q,m)—m4/vm dv((v+2Q2)\/(v+2QQ)2—2m2v+m4 !
0o 2
e [ o =

o) () vo((@))] -een

The first three terms in the expansion thus match upon the identification vy, = 4sp,.
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Appendix B

Phenomenological Lagrangians®

In this appendix, we define the Lagrangians used for the pvy, pmm, and pwr couplings and
discuss the information that can be extracted for their p’ analogs. In particular, we derive
estimates for the branching ratios B(p’ — nw) and B(p' — wm), which are necessary

inputs for the construction of the energy-dependent width Fgﬁm’m) (¢?) in [Eq. (3.13)
For the coupling of photons to the vector mesons {p,w, ¢, o/, ...}, we use the effective

interaction Lagrangian [129]

/
ﬁvy:—eF“”<p"”+w“”+¢“”+p‘”+...), (B.1)
2 Jov  Gwy 9oy Yo'y

where FH = OFAY — 0V A* is the EM field strength tensor with the photon field A*,
{p,(g, p,(l)}, {wuv,wy}, and {@,, ¢, } are the respective vector-meson equivalents, and the
ellipsis refers to excited isoscalar vector mesons that we omit from the following discussion
for simplicity. The couplings of the three ground-state vector mesons are linked via SU(3)
symmetry according to gpy : Guy : gpy = 1 : 3 : 3/v/2 [129], with the sign of 9oy adjusted
according to In the following, we neglect complex phases associated with actual
pole residues (which are known to be tiny [166]) and work with the phase convention

sgn g,y = +1. From the Lagrangian, the partial decay width of the vector mesons into

ete™ follows as
A’ < 2m2)
'V —sete) = 14 =—2 )/ M2 — 4m2. B.2

For the p meson, one can solve for the coupling and insert the (experimental) value I'(p —
ete™) =7.04keV [99] to find

Gpy = 4.96. (B.3)

This value agrees well with the residue |g,,| = 4.9(1) extracted from the pion vector form

factor [166] and is also close to the expectation from SU(3) symmetry, gﬁg ® = Gury/3 =
5.6, where g, can similarly be extracted from I'(w — eTe”) = B(w — ete ), =
0.625keV [99],

Gury = 16.7. (B.4)

fThe momentum-independent coupling of photons to vector mesons as well as the coupling of vector
mesons to pions obtained in this appendix have already been derived in a less sophisticated manner and
only for the non-excited vector mesons in the master’s thesis of the author [115].
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Appendix B. Phenomenological Lagrangians

Furthermore, one can use I'(¢p — eTe™) = 1.27keV to solve for the coupling of the ¢

meson, yielding
9oy = 13.38. (B.5)

For the VMD application considered in this part of the thesis, we also need a formu-
lation in which the coupling of photons to vector mesons is momentum independent, with
the respective vector meson considered on shell. Such a coupling can formally be defined
via the Lagrangian

Lyy = eAr (gmpn + Gur Wy + Gpry Pp + §ppr +. ')v (B.6)
where matching the amplitudes resulting from [Eq. (B.1)land [Eq. (B.6)|for on-shell mesons
determines )

- M
gV’y

In particular, we carry over the sign convention for the coupling constants gy, from gy,
above.

In order to describe the coupling of (uncharged) isovector vector mesons to two pions,
we employ the effective interaction Lagrangian [129]

£p(/)m = (gmmpu + gp/mpL) (7T+(9“7T_ — 7r_8“7r+), (B.8)

where 7% denote the pion fields of definite charge and the coupling to two neutral pions
is forbidden by BOSE symmetry. For p(’) — T, we thus find the decay width

M) |9,0) e | A2\ 32
(o) — xtr—) = 22 pimml (1 s ) B.9
(p ) 187 M,?(/) (B.9)
A VMD ansatz for the pion vector form factor||
M? : M,
FY(¢%) ~ 2 ) i p (B.10)

Yoy Mg — ¢ —i@Tp(q?) 9oy Mg, —q?— i«/qQFp/(qQ)’

dictates gprr to have the same sign as g,, so that under the assumption I'(p — 777 ~) =
I', [99], we obtain
Gprr = 5.98, (B.11)

again close to the actual residue |gyrr| = 6.0170 02 [167].

Finally, starting from the anomalous interaction Lagrangian Eg’zb given in Ref. [129],
we write down the Lagrangian that describes the coupling of the neutral isovector vector

mesons to wﬁo,

uvap
pNwr = ‘ 9 (86770) |:gpw7r [(8}L pu)wa + (auwu)pa] + 9pwn [(au p;)wa + (8uwu)p;]} .
(B.12)

15Strictly speaking, this form is based on [Eq. (B.6)|rather than [Eq. (B.1)| but the difference essentially

amounts to a constant that does not affect the relative signs.

L
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The corresponding p/ — wm decay width is given by

2
D (g — wr) = 9enl A3, M2, M2)P

B.13
967rM§’/ ( )

In the following, we estimate the couplings |gy~|, |gpxr|, and |gywr| as well as the
relevant signs between these. One purpose is the construction of the energy-dependent
width FS?”T’M) (¢?) in[Eq. (3.13)] which—besides the shape of the decay widths I'(p’ — 7)
and I'(p’ — wm)—requires the branching ratios B(p’ — n7) and B(p’ — wn) as input. In
addition, this allows us to assess the relative importance of p’ contributions in f; — y*~*
as compared to those in f; — 4.

Analyses of the pion vector form factor using improved variants of suggest
a p' contribution relative to the dominant p therein of an approximate strength [104, 168,
169]

9pnn/9py L (B.14)
Gprr/ 9oy 10
On the other hand, the w — 7y* TFF [104, [170] can be approximated in a VMD framework

according to

2 7\[2
g M [P /
f ﬂ_(qz) o Jowm P p'wm p

Gov M2 —q* —iV/PTp(q?) 9y M2 — 2 =i/ Ty (g?)

The asymptotic behavior f.,.(¢?) = O(q~*) [96] 97, 171, 172] implies the superconvergence
sum-rule constraint

(B.15)

2
Goten! g _ Mg ~ L (B.16)
9pwn / 9pvy M o 4
on the couplings of [Eq. (B.15), which is consistent with the experimental analysis of
Ref. [170]. From the experimental width I'(w — 7y) = 0.71 MeV [99] and the correspond-

ing formula [104]

a(MZ — M)
2403

we furthermore obtain the normalization |f,..(0)| = 2.3GeV~! and thus

[Nw—my) = ‘fwﬂ(0)|2a (B.17)
Gpwn ~ 15.4GeV ! (B.18)
when combined with [Eq. (B.16)] choosing a positive sign convention for f,-(0). Moreover,

from [Eq. (B.14)| and [Eq. (B.16)] one deduces the ratio

Iom o 6.4GeV, (B.19)
9p'wr

so that under the assumption I'y ~ I'(p’ — 7m) + I'(p' — wm)—neglecting another
significant contribution from p’ — a7 (a1 — SW)E—one can use [Eq. (B.9)[and [Eq. (B.13)|
to obtain

|G| = 1.60, |prwn| = 10.3GeV L. (B.20)

16References [T73] [174] show that ete™ — aim, the second-largest subchannel of ete™ — 47 beyond
e"e” — wm, is already important at the p’ mass. Adding the aim channel will decrease the g,/ .. and
gp'wn couplings in parallel, with the ratio of branching fractions B(p’ — nm)/B(p’ — wm) kept fixed, but
they will not add up to 100% anymore.

+
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The branching ratios then become
B(p — 7m) ~ 6%, B(p' — wr) ~ 94%, (B.21)
and, for completeness, the p’y coupling is estimated as
|9pry| = 13.3. (B.22)

The estimate agrees with the expectation that the p’ should be largely inelastic,
and the resulting spectral function in thus essentially defines an estimate of
the 47 channel dominated by wmw. We stress that these considerations should only be
considered rough estimates, the main point being to define another plausible variant that
allows us to assess the sensitivity of our results to the assumptions made for the p’ spectral
function. Finally, for our analysis of f; — 47 including effects of the p’, we require the
ratio of coupling constants

Ie'mm 90 0.7, (B.23)
Gpmm Gpry

118



Appendix C

Comparison to the literature?

In this appendix, we briefly compare the basis of LORENTZ structures and TFFs as well as
the parameterization of the latter for the f; used in this part of the thesis to the previous
analysis of Refs. [I13] [114]. Since the TFFs are not (anti-)symmetrized in Ref. [113], we
use the basis introduced in for our comparison, that is, in particular, the structures

from [Eq. (2.6)] When using to translate the amplitude M(f; — v*v*) from
Ref. [113] to the tensor matrix element given in [Eq. (2.5)] we find the structures to be

related by

Ty (@15 22) = =T (91, ¢2),
T3y (@15 a2) = =157 (91, ¢2),
T3 (s a2) = 157 (a1, ¢2) (C.1)

and the TFFs to be linked via

FI (2 2 = 4nFi(, ),
}_[11%]( % 5) — 7477]:3(61%7(13)
.7:1113]( % %) = 47r.7'-2(Q1vQ2) (2

While the structures are thus identical to ours except for two global signs and a permuta-
tion, the additional factor of 47 in the TFFs appears due to the fact that the fine-structure
constant o is used in the definition of their matrix element instead of the factor e. The

symmetry properties of the TFFs in their basis are given by _7-"1ll 2 (g3,¢3) = 11113J( ,q3)

and .7:[113]( @3,.q¢) = féllg](ql,%) where an (anti-)symmetrization similar to [Eq. (3.1)

would be straightforward. Moreover, the two-photon decay width, [Eq. (2.11), becomes

P = o ma F(0,0) = Soo—mal 770, 0) 2 (C3)

The strategy that is used in Ref. [IT13] to determine the explicit parameterization of the
TFFs in line with a VMD model is, in fact, quite different from our approach—above all,

fThe mapping to the basis of structures and form factors of Ref. [IT3] performed in this appendix has
already been detailed in the master’s thesis of the author [I15], however, with no further discussion, e.g.,
about the actual VMD nature of the reference’s parameterization of the form factors.
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like parameterization for the form factors ]-"}113] (¢?,q3) as we did in [Eq. (3. L three

their model does not correspond to a strict VMD ansatz. Instead of proposing a VMD-
(3.10)
form factors h;(q?,q3) are introduced, based on which an amplitude M(f; — p° p") is

constructed by replacing ]-'}113] (¢1,43) — hi(qi,q3) in M(fi — 7*v*); analogously, two
complex coupling constants g; and go are introduced to construct an amplitude M(f; —
p7y). We object that such complex couplings are allowed since the resulting imaginary
parts need to reflect the actual analytic structure of the amplitude. Moreover, the explicit
form of the h;(¢3,q3), accounting for an off-shell dependence of the p mesons, introduces
unphysical kinematic singularities.

By employing a py coupling similar to the one we introduced by means of
the form factors ]5}113] (¢2,¢%) and h;(q?,q3) are then related to each other in Ref. [I13],
where the latter can further be linked to the coupling constants g; and go. Using the p~y
coupling in the convention of this thesis, the form factors are found to be

egr(M; —iM,T,) (a3 — af)
9oy (@3 — M2+ iM,T,) (g5 — M2+ iM,T,)’
egaM2(M?2 —iM,Tp)
gm(q% - ME + iMpr)(q% - Mg + iMpr)’

FH G 6) =

FI (2 g2) = — (C.4)

/3

the width I', being the (energy-independent) total width of the p meson, as opposed to our
energy-dependent parameterization of[Eq. (3.11)and [Eq. (3.15)] Moreover, the magnitude
of the couplings g1 and g9 is determined in Ref. [113] by making use of experimental data
on fi — pv, see the relative phase between these coupling constants remains
undetermined, despite using, in addition, input from f; — 4.

By rewriting [Eq. (C.4)|as

egl(Mp2 —iM,I')) egl(M —iM,I',)

‘7:1113J( 7q%) = - )
9oy (@7 — M2 +iM,T),)  gpy (g5 — M2 +iM,T))

(C.5)

one observes that F 1113J(q%, q%) does not correspond to a VMD ansatz in the strict sense
but rather arises from two diagrams, each being composed of one direct photon coupling
and one VMD-like p coupling. As we argued in[Ch. 3 an actual VMD representation of the
antisymmetric TFFs requires the introduction of a second multiplet. Further,
shows that the second and third TFFs are parameterized symmetrically, ¢.e., the antisym-
metric part is neglected. In either case, we contend that the f; — 4w decay does not
allow one to extract information on the f; TFFs, for the reasons described in and
[App. D]

Finally, we would like so stress that, in addition to using complex couplings, con-
stant widths are problematic when inserted into the f; — eTe™ loop integral, leading to
imaginary parts below the respective thresholds and thus distorting the analytic struc-
ture. Given, in addition, the appearance of kinematic singularities and a different high-
energy behavior, it is difficult to compare our phenomenological results to the ones of
Refs. [113, [I14].

120



Appendix D

f1 > aym — prw — 4w

In order to investigate whether the intermediate state aj(— pm)m can account for the
discrepancy in the branching ratio of f; — 4w found in we use the effective
interaction Lagrangians

g
‘Cf1a17r = %a‘yaﬁ(aﬁij [(au a%u)floz + (8ﬂflv)a1ia]’
Loy pr = galpﬂ(afﬂpuw+ — afﬂp“ﬂ_), (D.1)

where Ly 4, is constructed in analogy to [Eq. (B.12)] and L, ,r represents the simplest
Lagrangian possible, the relative sign originating from isospin symmetrym Before con-

structing an amplitude for f; — a;m — prm — 47w, we will in the following estimate the
couplings gf,q,~ and (the magnitude of) gq, pr-

For the estimate of gf 4,x, We start from the observation that the WESS-ZUMINO-
WITTEN anomaly [99] 175, [176]

_ -1

Froy44+(0,0) = F = 0.2745(3) GeV (D.2)

is largely saturated by the VMD ansatz
M2M2
9pwn
059+ (0,0) ~ + (@1 ¢ @2)
F TEy* GpvGury M2 - q1 /¢ F (h - qg) ?=0=q3

2 2 F,F,

= “pem _ Zpemple () 37 GeV L, (D.3)

oy Gury MpM,,

where we used [Eq. (B.3)| [Eq. (B.4), and [Eq. (B.18)| The decay constants of the p and w
meson,

O[T 0) [V (p, Av)) = Fv Myeu(p), V =p,w, (D.4)
are related to our previous notation by gy~ = My /Fy. The rough agreement between

[Eq. (D.2) and [Eq. (D.3)| suggests that an estimate of the axial-vector analogs can be
obtained in a similar manner, leading to the axial-vector-meson-dominance ansatz

20t a1mFu F
(0,0) ~ M7 (D.5)

M, M fy

Fﬂ.O,y*,Y*

1"To see this, consider Lq; pr o T&“[ [al, w]], where, e.g., p = p't, with p’ the isospin fields and 7 the
PauLl matrices. Then, La,pr X €551p0" a17r and transformlng from the isospin bas1s to charge states e.g.,

ot = (p* £ip?)/V2, pong,givesllaumo<a1p07r+ afp’n” +afp m’ —arpT +alptaT —adpTnT.
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with the corresponding decay constants defined by

(014(0)7,75Qq(0)|A(p, Aa)) = Famaeu(p), A=a, fi. (D.6)

Comparing the two parameterizations results in

9fraim FPFw Ma, M fy
Gpwn MpM., Fq, Fy,

where we used Fy,, = 168(7) MeV, Fy, = 87(7) MeV [93, [11§].

An estimate of |gq,pr| is obtained by calculating the decay width of a1 — pm and
matching to the experimental width under the assumption I'(a; — pm) = I'y,, taking into
account that T'(a; — pr) = T(af — p™7°) + T(af — p'7%) = 2T'(af — pO7%) for the
charged channel due to the two possible final states for a decaying a] or a;. We ﬁndlﬂ

~ 1.3, (D.7)

|galp7r|2 |pp| |pp’2 |ga1p7r|2 |pp|
(a1 — pr) = Jaerl Pl (4 - , D.8
(a1 = pr) 8t mZ * 3M?2 8w m2, (D-8)

where |p,| = \/A\(m2 , M2 M2)/(2m,,) is the magnitude of the three-momentum in the
P ai p 7T 1

center-of-mass frame, yielding
|gaipr|l = (3.7...5.7) GeV, (D.9)

where the given variation is due to the width of the a;.
The amplitude for f; — a;m — pnm — 47 can be constructed with [Eq. (D.1) and
where eight diagrams have to be taken into account, see [Fig. D.1| leading to

Ma=(fL = 7T+7T_7T+7T_) = : 9fra1wY9a; prYprm .
(P2, = m2, +iy/PETa, (92)) (02 — M2+ 1\/27%Fp(p§))

X (P s |26 p L+ KRS (py = p)°] + (0 0 k) + (s 4 Ky)
+ (p+ < kyp— o k) = (ks < ko) — (ky © ko p- < k)

— (bt ko pr o ki) — (ky © ko ypr <k p- & ko), (D.10)
with the momenta defined as in [Fig. D.1|and the pions on shell, p2 = M2 = k%. For the
energy-dependent width of the a; meson, we choose an ansatz based on [Eq. (D.8)]

A(g?, M2, M2)

@7
(D.11)

and the energy-dependent width I',(¢?) is as specified in [Eq. (3.15)l The decay width and
thus branching ratio can then be calculated via the four-body phase-space integration of

1
Al (fi = 7 ntn) = }/\/laﬂr(fl — 7T+7T77T+7T7)‘2d(1)4(P;p+,p_,k+, k_).

a 2my,
(D.12)

2
Y xq
Fa (@) = 0( — (M, + M%) 2= @) p ) =
’Ya1—>p7r(ma1)

8Note that, in addition to the expected S-wave phase space, the Lagrangian L, on also produces a
numerically small D-wave contribution proportional to \pp|3, which—strictly speaking—would only vanish
when performing a partial-wave projection. Given the uncertainties inherent in the fi — a1m — prm — 4n
estimate presented here, especially in view of the width and spectral shape of the a1, a more refined
treatment is not warranted and we simply remove these terms in
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Figure D.1: FEYNMAN diagrams for f; — 77~ w7~ via a;w. Since the two 7 and 7~
are each mutually indistinguishable, there exist eight diagrams in total, that is four dia-
grams with af (left) and four diagrams with a; (right), which are obtained by permuting
the momenta appropriately.

Although we could proceed in complete analogy to see in particular [Eq. (4.16)]
and [Eq. (4.17) it is instructive to write the differential four-body phase space differently

from [Eq. (4.17), namely in the form [99]

dp2, dp?
d®4(P;py,p—, ky, k_) = dPo(pp; py, p—) dP2(pay; Pps kv ) dP2(P; Pay, k) o o
(D.13)

where d®o(P;pa,,k—), dP2(pa,;Pp, k+), and dPa(p,; p4,p—) are the respective two-body
phase spaces of the subsystems {a1(pa, ), 7~ (k=) }, {p(pp), 7" (k+)}, and {7 " (p4), 7 (p—)}.
As argued in each two-body phase space can be evaluated in the correspond-
ing center-of-mass frame, and we have to perform an explicit LORENTZ transformation
from the center-of-mass frames of {aj(pa,), 7 (k—)} and {7 (p1), 7 (p—)} into the one
of {p(p,), 7" (k4)} in order to evaluate all the scalar products appearing in Mg, -(f1 —
7r+7r_7r+7r_)]2H We perform the phase-space integration numerically with the Cuhre
algorithm from the Cuba library [138], obtaining

Con(fi = 777705 77) = (g parm 2 Gar pr P Gprn > X (3.27...2.46) x 1077 GeV. (D.14)

Combining the above result with [gf,a,x] & 1.3 x 15.4GeV ™!, |gaypr| = (3.7...5.7) GeV,
and |gprr| = 5.98, [Eq. (D.7)| [Eq. (B.18)| [Eq. (D.9)} and [Eq. (B.11), we find the branching
ratio to be given by

Buyr(fi = 7fa 7t 77) = (2.8...5.0)%, (D.15)

in fair agreement with the experimental value B(f; — 7tn 77w ~) = 10.9(6)% [99]. We
also considered the variant of this estimate obtained when further approximating the decay
fi = aim — prm — 4w by fi — a1m — pww, assuming that the p decays into two charged
pions only:

Corr(fi = p77) = |9 frarn |2 Garpr|* X (2.40...2.06) x 1077 GeV (D.16)

19As in [Sec. 4.2] the decay rate involves an additional symmetry factor of S = 1/(2!)? due to the two
pairs of indistinguishable particles in the final state.
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and
Ba,x(fi — prm) = (5.8...11.8)%, (D.17)

leading to a result closer to the experimental branching fraction, which indicates that p
dominance in this decay mode is again subject to sizable corrections. In both estimates,
given that the VMD saturation of the anomaly, [Eq. (D.3), actually overpredicts the ex-
pected value, a somewhat smaller value of |gf,q,~| may be favored.

We stress that the estimates presented here are merely supposed to give an indication
for why the VMD description of f; — 47 in is in serious disagreement with
the experimental branching ratio, i.e., we do not claim to have a reliable prediction for
Bax(fi — mta~nTx7), as, in particular, the uncertainty in assuming an axial-vector
saturation of the anomaly is difficult to quantify. Still, the arguments leading to
and should make plausible that the intermediate state aim can indeed cover
the experimental branching ratio to a large degree, thus rendering the f; — 4w decay
unsuitable for extracting information on the f; TFFs.
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Appendix E

Constants and parameters

In this appendix, we collect the particle masses and decay widths used throughout this part
of the thesis, see Isospin-breaking effects can safely be neglected, in particular,
the pion mass is identified with the mass of the charged pion. Some comments are in
order, however, regarding the treatment of broad resonances, most notably the p’ and, to a
lesser extent, the p. Especially for the former, the quoted masses and widths are strongly
reaction dependent, as referring to BW parameters rather than the model-independent
pole parameters. We thus need to make sure that we use determinations that apply to
the channels we consider here. Since the main application concerns the description of
multi-pion decay channels in the VMD propagators, both for the p and the p/, it appears
most natural to consider reactions that provide access to both resonances, which points
towards the decay 7 — mrv; from Ref. [168] and the scattering process ete™ — 7 from
Ref. [177]. In particular, this allows us to see if there are relevant systematic differences
between the charged and neutral channel. For the p, the mass parameter agrees well
between all channels, but while there is also good agreement between Refs. [168, [177] for
the width, the compilation from Ref. [99] quotes a significantly lower value for the neutral
channel. Accordingly, we will use its p parameters from the charged channel in our analysis.
Regarding the p’, the mass from Ref. [99] lies halfway between Refs. [168], [177], with a
width that agrees well with both channels within uncertainties. We will therefore take
over the recommended parameters for the p/.
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Appendix E. Constants and parameters

Quantity Variable Value Reference
Mass pion M, 139.57 MeV
Mass a1(1260) May 1230(40) MeV
Mass f1(1285) my, 1281.9(5) MeV
Mass f1(1420) my; 1426.3(9) MeV
Mass w(782) M, 782.65(12) MeV
Mass $(1020) M,  1019.461(16) MeV
Mass p(770) (charged) M, 775.11(34) MeV [99]
Mass p(1450) M,y 1465(25) MeV
Total width a; (1260) To,  (250...600) MeV
Total width f;(1285) T, 92.7(1.1) MeV
Total width f;(1420) Ly 54.5(2.6) MeV
Total width p(770) (charged) r, 149.1(8) MeV
Total width p(1450) T, 400(60) MeV
Mass p(770) (charged) M, 774.9(6) MeV
Mass p(1450) (charged) M, 1428(30) MeV 1165
Total width p(770) (charged) r, 148.6(1.8) MeV
Total width p(1450) (charged) ry 413(58) MeV
Mass p(770) (neutral) M, 775.02(35) MeV
Mass p(1450) (neutral) M,y 1493(15) MeV 77
Total width p(770) (neutral) r, 149.59(67) MeV
Total width p(1450) (neutral) ry 427(31) MeV

Table E.1: Selected masses and decay widths from Ref. [99], in comparison to the p and
p' parameters from Refs. [168, [177].
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Prologue

With the publication of Ref. [32], the author of this thesis calculated the cross section of the
process eTe” — fim T~ within the framework established in This cross section had
been measured by the BaBar collaboration in the year 2007 [11], where the f; was observed
in the decay f1 — nmtn~, and, rather recently, in 2022 [12], with an f; signal reported in
the channel f; — KK +7F. Although the analysis presented in Ref. [32] suggests that the
cross section for ete™ — fimT 7w~ displays prominent resonance features from excited p
resonances not included in the parameterization proposed in such as the p(2150), the
underlying formalism ought to largely respect the data when the latter is interpreted as an
upper limit, in particular in the asymptotic regime. Contrary to this constraint, however,
the cross section that the author of this dissertation calculated exceeded the data by at
least an order of magnitude. By a thorough investigation and from insightful discussions
with Martin HOFERICHTER and Bastian KUBIS, the author was able to identify the major
reason for this mismatch to be related to the asymptotic behavior of the transition form
factors in the singly-fixed direction, i.e., in kinematic configurations with one virtuality
kept fixed at a finite but non-zero value The idea to use the eTe™ — firtn~ data
as an upper bound on the non-resonant background then evolved further into the revised
analysis presented in this addendum. Crucially, besides implying stringent limits on the
high-energy behavior of the transition form factors, the inclusion of the eTe™ — fimta™
data within an improved vector-meson-dominance framework allows for an unambiguous
determination of the couplings corresponding to the two antisymmetric TFFs.

The fundamental ideas for the refined parameterizations considered in this addendum
were developed in joint efforts by the author of this dissertation, Martin HOFERICHTER,
and Bastian KUBIS during a one-week visit of Martin HOFERICHTER to the University
of Bonn. More specifically, this concerns the assessment of the minimal particle content
necessary to construct transition form factors in a vector-meson-dominance framework that
individually obey the asymptotic constraints predicted by the light-cone expansion [§], in
particular with regard to the steep decrease in the singly-fixed direction required by the
ete” — firtn~ data [11, [12]. Ultimately, and with the aim to treat the isovector and
isoscalar components of the transition form factors equally, this required the inclusion of
yet another multiplet of isovector and isoscalar vector mesons.

After an extensive discussion of the revised parameterizations and an analysis of

TLimits of this type have not been analyzed inat all, where, instead, only the singly- and doubly-
virtual limits of the transition form factors were considered. Besides the issue in the singly-fixed direction,
there is also some potential finetuning involved in this parameterization, given that two of the form factors
are intertwined according to Note furthermore that the isovector and isoscalar transition form
factors were not treated equally in since no extended vector-meson-dominance parameterization
was constructed for the isoscalar component therein.

139



Prologue

their asymptotic properties, formulae for the observables related to ete™ — eTe™ f1 [,
fi = Vy 18], V = p,w, ¢, and fi — eTe™ [5] are derived by the author of this thesis,
which is done in close analogy to While the fi — eTe™ calculation is performed via a
PASSARINO-VELTMAN reduction by the author, carried out and evaluated in an automated
way using FeynCalc [42-44] and Collier [45-48], Martin HOFERICHTER contributed an in-
dependent cross-check of those results by using the analytic expressions—obtained in a di-
rect way by introducing FEYNMAN parameters—provided in DH Furthermore, the cal-
culation of the ete™ — fimTm~ cross section within the refined vector-meson-dominance
framework is outlined in great detail by the author of this dissertation. With the com-
piled constraints, a combined phenomenological analysis is performed in terms of a y? fit;
here, the author benefitted, in particular, from discussions with Martin HOFERICHTER
and Bastian KUBIS on how to include the ete™ — fimTn~ data in the fit in a meaningful
way. Finally, under the assumption of U(3) symmetry, parameterizations for the transi-
tion form factors of the f] and a; are proposed by the author, where the assistance of
Martin HOFERICHTER proved valuable in constructing, especially, the form factors of the
a1, given its different isospin structure and the resulting intricacyX

I'The native Fortran library Collier is used in C++ through the interface published in Ref. [49], to the
development of which the author of this dissertation made significant contributions.
*Note also that all plots in this addendum have been created by the author of this dissertation.
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Chapter 8

Introduction

With the compilation of the constraints on the f; TFFs that follow from the radiative
decays fi1 — py [IL2] and f1 — ¢ [1,13] as well as eTe™ — eTe™ f1 [4] and f1 — eTe™ [5]
in we improved on previous work [0} [7] by employing parameterizations that ensure
the absence of kinematic singularities [8HI0], include short-distance constraints [8], and
incorporate the spectral functions of the isovector resonances. However, our conclusion
was that the exploited data is not sufficient to identify a unique solution for all three
TFFs; especially the normalizations of the two antisymmetric TFFs and the momentum
dependence of all three TFFs were only poorly determined. In the future, these limitations
could be overcome by better data for ete™ — eTe™ f; and f; — eTe™, the latter process, in
particular, being a very interesting observable, yet not at the current level of precision [5];
in this addendum, we instead propose to study existing data for eTe™ — fimr 7~ |11, 12]@
This process is also sensitive to all three TFFs, for one photon virtuality centered at the
p mass and the other one determined by the center-of-mass energy of the eTe™ pair.
Phenomenologically, the reaction displays prominent resonance features from excited p
resonances [32], primarily the p(2150), but, when interpreted as a limit on the non-resonant
contribution, entails powerful constraints on the TFFs of the fi, both on the asymptotic
behavior and the respective normalizations.

The outline of this addendum is as follows: in [Ch. 9] we define improved VMD pa-
rameterizations that implement the asymptotic behavior observed in ete™ — fimTn™.
We then summarize the relevant observables in the new VMD framework and present the
formalism in which we will analyze ete™ — fimrT7~ in The phenomenological
analysis, including a review of the data base, a global fit, and a summary of the resulting
TFF parameterizations, will be presented in before concluding in [Ch. 12| Finally,
in [App. F] we collect the constants and parameters used throughout this addendum.

20The measurement of the ete™ — 2(xt7 ")y [II] and ete™ — KsK*nTata~ [12] cross sections, in
which the f1 peak can be identified, is partly motivated by HVP. The impact of such high-multiplicity chan-
nels on the HVP contribution to a,, though, is much smaller than the current tensions observed between
data-driven evaluations [I3H24] and lattice QCD [2529), e.g., al V' [2(7F 7~ )n] = 0.8(1) x 10~ ' [I8], which
is at the same level as potential uncertainties from O(a*) hadronic corrections [30]. The CMD-3 measure-
ment of eTe™ — 3(x 77 )" [31] includes results for ete™ — 2(7" 7~ )n but no additional information on
ete” — f17r+7r7,
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Chapter 9

Vector-meson dominance

The minimal particle content necessary for a VMD construction of TFFs that individually
obey the asymptotic constraints [8] discussed in requires the inclusion of three
multiplets. More specifically, we will use p, p/, and p” for the isovector contributions and
w, ', W as well as ¢, ¢', ¢ for the isoscalar contributions. The introduction of a third
multiplet, as required to obtain the correct asymptotic behavior for the antisymmetric
TFFs, goes beyond the parameterizations of ultimately, because the data on ee™ —
fimTn~ demands such a steep decrease, including in kinematic configurations in which
one virtuality is kept fixed at a finite but non-zero value.

9.1 Isovector contributions

In the space-like region, qi2 < 0, we propose to extend the isovector parameterizations from
as follows:

(1) (2) 2772 (1) ar2ar2
]_-[:1((]% q%) —C [(1 — €ayyy T Ea1/2)MpMpl n Eal/QMpMpu
9 - a
o173 v | @ - M@ - M2) (@ - M) - M3

(2 ar2 172
€ Mp/Mp//

a1/2

+ - (ql x4 CI2>7
(af — M2) (a3 — M2)
m_ @ (1) jo 172 172
Fiata3) = Cs[ (- —aDM, (& /MM,
” (¢f — M2) (a5 — M2) (i — M2)(g5 — M)
(e /2) M2 M2 2, o)
+ , :
(¢f — M) (g5 — M2) (a7 — M) (a5 — M)

first given in this form to emphasize that, upon a partial-fraction decomposition, each term
corresponds to adding vector-meson propagators with fixed coefficients. To implement the
correct singly-virtual asymptotic behavior, we choose

[ M, (2 M,
a 2 2 27 a 2 2 27
12 " T2, — M2+ M? 12 T MZ,— M2+ M3
2M?M? 4
) = 5" S0k e = 2Mp 2)2° (9.2)
(M2 — M2) (M2 — 12)
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Chapter 9. Vector-meson dominance

leading to

Cﬁ1/2<PM:)1M;1’M;1”(q% B q%)
(a7 — M2)(q5 — M2)(q7 — M2) (g5 — M2) (g} — M%) (g3 — M2,)’

=1, .2 2
Far, (41, %) =

p p
C MAM?A
FI7at a3) = — e (9.3)
(g7 — M2) (a5 — M) (a7 — M7) (a5 — M3)

with
Gy = (M2, — M2,) (M, — MZ)(ME, — M) 0.0
M‘%//M{%/M‘%(M{%// - M‘2// + M‘%’)

The resulting asymptotic behavior of the TFFs becomes

1 1-Xx1
I=1,.2 2 I=1/2 y 2
fal/Q(Q1>Q2)0<q421 fal/Q(Q7)\Q)O< 23 @7
_ 1 _ 1
Fi=Nat a3) o< FH@ ) = 5, (9.5)
2

with ¢} fixed to a finite value distinct from ¢35 (left) and in the doubly-virtual direction
(right). Crucially, the singly—virtual asymptotics now match the LCE result from
for arbitrary fixed ¢?, which, for ¢ = M 2, is mandatory for a realistic description of the
efe” — firTn~ data (the opposite case with fixed g3 follows from symmetry)ﬂ For
time-like applications, the replacements M? — M? —iMT apply in the denominators of
Eq. (9.3)] i.e., after imposing the asymptotic behavior of the TFFs; due to the large widths
of the p-like mesons, a narrow-width approximation, M? — M? — ie in the denominators,
in general becomes insufficient here. A consequence of the faster decrease in the singly-
virtual directions concerns an even faster decrease in the doubly-virtual case, much below
the LCE expectation. Accordingly, in the final representation for the TFFs, we add the
asymptotic contribution [8] B3H35]

2 2 2
+ (g} + 43)
]:asym , _ 3Feﬂ / dz q1q2 z 1 2 7
(CII q2) mf1 QI x_q%)g(x_q%)g
Fam(2 2 = 3Fefyd /°° 4y @+ B) @ — gia3) — 2(af — 6)° (9.6)
T " o (z = a)*( - a3)? ’

as derived in where s, is a parameter that determines the scale of the transition.
The implementation of these asymptotic contributions, or their variant including mass
effects, see [App. Al becomes relevant for the axial-vector contributions in the HLbL loop
integral. Here, we focus on the determination of the low-energy couplings in the VMD
component of the parameterization, as can be obtained from, inter alia, ete™ — firtrm

21For .7-";1: Y(¢3,43), the LCE predicts an even faster decrease in the singly-virtual direction, but we do
not consider yet another multiplet for the following reasons: (i) information from the LCE on this TFF
is limited, 4.e., no non-vanishing contribution survives at O(l/Q4), in such a way that, in contrast to
the other TFFs, we cannot add an LCE term to repair the behavior in the doubly-virtual direction and
thus need to choose a compromise; (ii) the fit to ete™ — firT 7~ produces a small coupling C,,, in line
with the LCE suppression; (iii) another multiplet would have a mass already in the energy range in which
the data is to be described, so that no meaningful suppression could be generated even when introducing
another state.

144



9.2. Isoscalar contributions

9.2 Isoscalar contributions

In complete analogy to the above, the isoscalar parts of the form factors are parameterized
according td??]

Fl= O(Q q ) Z a1/2CVM4Mé’Mé”(q1 q2)
ay/2 V4142 Vo w¢( — M{) (a3 — M) (af — M{) (63 — M) (af — M) (a3 — M)

CY MEM,
2 G MDNE - ME)E T

FI=%et, 63) =

(9.7)
V=w,p

with the same asymptotic properties as in Again, time-like applications imply
the replacements M? — M? —iMT in the denominators since the large widths of the
excited isoscalar resonances do not allow for a narrow-width approximation. Finally,
under the assumption of U(3) symmetry, the isoscalar coupling constants can be related
to the isovector analogs, leading to the same approximations as in

RY = C;Jl/Q _ g 1
Ca‘l/Z CS 9
Cal/2 C(z) 2\/>

R? =

= ——cot(f0a+6;) =—-0.1 4 .
Ca1/2 . 9 cot(fa +61) 0.158(34), (9.8)

with 6; = arctan v/2 = (7 + 26p)/4, 6y = arcsin(1/3), and 64 = 62(5)° [4, [36].

22We assume ideal mixing for the vector mesons, which prevents crossed terms involving w and ¢ states.
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Chapter 10

Observables

10.1 ete” = efte fi

Within the modified VMD framework, the determination of the normalization of the sym-
metric TFF via the equivalent two-photon decay width, naturally remains un-
changed. Taking into account the isoscalar contributions, |F/=1(0,0) + F/=9(0,0)| =
(1+ R® + R?)|Cs| = 0.953(34)|Cs|, we thus carry over [Eq. i4.7i7

Cs = 0.93(11), (10.1)

adopting the sign convention established in

The singly-virtual VMD limits can be further constrained according to [Eq. (4.11)
where matching the slopes at ¢> = 0 with the parameterizations from this addendum
leads to

A2 Nug|MZ M MZ T MZ Mg Mg, '
Car + Cay ™7, (Cp+ CGR? + R 1 C, 2
wRY 4+ (4R?) =1 g =)
+ (CP + C + C¢ ) Cs Nw¢ Cs

Here, the factor N,y =14 R* + R? accounts for the isoscalar terms in the normalization
and Ap = 1.04(6)(5) GeV [4] is as specified in [Eq. (4.2)
10.2 f; — pvy and f; — oY

From the procedure outlined in [Ch. 4] it is straightforward to obtain the branching ratio
of fi = V~,V =p,w, ¢, for the improved VMD parameterizations in the form

,BY (C)" + BY (G, + CY)” — BYCY (Cy; + V)

B(fi = Vv) = (RY) v . (10.3)
where the coefficients B} are as defined in [Eq. (4.38)| and the couplings
Carjo = Ja Ca s Y = JYCs (10.4)
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Chapter 10. Observables

are rescaled by
S oMb v M
a 2 2 2 s 2 2
My, — My, + My My, — My,

The normalizations RV, V = w, ¢, are given by [Eq. (9.8)|and R? = 1.
Similarly, for V' = p, the ratio of helicity amplitudes for f; — py — 777~ results

from a straightforward modification of the result presented in

(10.5)

poo— ML 2m3, My (10.6)
77 Mrr (M2 —2(m} MQ)Cal/(CaQJrC)}
where My, and Myt are as defined in
10.3 f; — eTe™
We follow and write the decay rate for fi — eTe™ as
64 3.4
D(fi = eter) = oA, (10.7)

where the scalar amplitude A; is implicitly defined by [Eq. (5.1)|and, according to|Eq. (5.7)]
further decomposes into terms proportional to the three VMD couplings (with isoscalar
and isovector coefficients Di[ ) and an asymptotic contribution D,gym,

Ay = (D{7' + D{°)Cy, + (D571 + DIZ0)Co, + (D57 + DE7%)Cs + Dagym. (10.8)
For the case of products of narrow-resonance propagators as in [Eq. (9.1)] with squared
masses  and y, the integral representation

xy 1
D; = W ; dz fi(x,y, z,my,) (10.9)

applies, with the analytic expressions for the functions f;(x,y, 2z, my, ) given in
In that chapter, we also provided evaluations of the asymptotic contribution Dagym and
studied in detail the sensitivity of the integrals to the spectral functions assumed for
p and p’ resonances when going beyond a narrow-resonance picture, to avoid unphysical
imaginary parts in the loop integrals [37H39]. In the decay region of the f;, by far the most
important correction arises from the width of the p; here, we provide a simple evaluation
of B(fi — ete™) for the representations constructed in that captures this main
effect, to ensure that our final solutions do not conflict with the SND measurement [5].
To this end, we replace

Ca1/2 MZ'M[?”(MP%/ - Mg/)(Q% - q%)

Nal/Q (q% - Mz’)(q% - MQ)( 2 - MQ//)(Q% - Mﬁ//)

1 (M2, — 2)(M? — 2)p(x)
/4Mgd (M2, = M2 + 2)(¢? — o) (@} — )’

=1, 2 2
fal/g(%a%) -

- C M} wyp(w)p(y)
fsl_l q27 q2 N s / d.il'} / 1010
( 1 2) N2 ( M2) M2 AM2 4M2 ql —w)(q%_y) ( )
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10.4. ete™ = fip

Narrow-resonance limit Spectral function for p

D=t x 103 0.23 — 1.68i 0.15 — 1.42i
D=1 x 103 —1.70 4+ 1.81i —1.36 + 1.64i
Di=t %103 1.25 + 4.38i 3.00 +4.101
DY x 103 0.30 — 1.65i

DY x 103 —1.89 + 1.81i

Dy x 103 1.06 + 4.61i

DY % 103 —0.98 — 1.09i

DS x 103 0.19 + 2.42i

DY x 103 6.02 + 5.97i

Dasym x 10° 0.125(12) 0.032(3) 0.017(2) 0.009(1)

Table 10.1: Numerical values for the coefficients D/ in m (obtained using the Cuba
library [51]). The total isoscalar one follows as D/=0 = R¥ D¥ —I—Rd’Df, and Dagym is given
for the matching points /sy, = 1.0GeV,1.3GeV,1.5GeV, 1.7 GeV. The left column gives
the reference point for which the widths of all vector mesons are neglected and the right
column the more realistic case that includes the spectral function of the p (used as input

for [Table 11.9).

in [Eq. (9.3) where the normalizations Ny, ,, Ns of the spectral function p(z) (taken from
Eq. (3.15)[]40, 41]) are determined by demanding that the meaning of the couplings Cy, /20
's remain unaltered compared to the zero-width limit; numerical results for the coefficients

D; are collected in [Table 10.1}*°| Once improved data on B(f; — eTe™) becomes available,
more refined analyses can be performed along the lines of and Ref. [50)].

10.4 ete™ — fip

The scattering process ete™ — fimTm~ probes the f; TFFs in the time-like region via
ete™ — v* = fip — firTn~, see|Fig. 10.1l For our analysis, we thus define amputated
f1 — py* form factors, which are related to v* — fip via crossing symmetry, according to

P = 0, [L e SN GLMIG) Ol
% — My g5 — My, (g3 — Mj)(qz — M)
o Cay 2Ca
(g5 — M2 +iMpTy) (g5 — M3, +iMpT )’
P o[ e M (PN ek
g — Mj a5 — M, (43 — M2)(a5 — M)
— - Cace (10.11)

(¢35 — M2 +iM,Tp) (g5 — My +iMyT )’

*3Besides the analytic evaluation using the functions f;(x,y, z,my, ), we performed cross-checks by means
of a PV decomposition, obtained with FeynCalc [42H44], and the subsequent calculation of the loop integrals
with Collier [45H49).
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Figure 10.1: FEYNMAN diagram for ete™ — fip — fimT 7~ consistent with M(v*

f10%7).

where
2172 172 2 2 4774
] MpMp,Mpu(Mp,,—Mp,) Es MpMp/
- 2 2 r2 2 ) =52 _ a2
Mp// Mp/+Mp Mp, Mp

(10.12)

and a width has been inserted into the denominators for the time-like application.

As a first approximation, we consider the case in which the process eTe™ — fin'r
is described by eTe™ — fip, see whose amplitude can be constructed from
[Eq. (3.4)land [Eq. (9.1)| by amputating the p propagator,

M = fip”) = =
Y
X [Taﬁm(—%, 42)Far (43) + TH* (—q1, 42) Fan (03) + T (—an, Q2).7?s(qg)],
and the prefactor follows in analogy to the derivation of f; — V7 in with g, as

defined in [Eq. (B.7). In order to determine the amplitude for ete™ — ~v* — fip, we
calculate the diagram shown in leading to

2

e

eu(a)en(q2)e (P) (10.13)

* « oy 07 (p1)u” (p
6#((11)6&(13)—( ) . (p2) (10.14)
Iy ™My, 7

x (T8 (=1, 00) Fas (63) + TE (—01, 02) Foa () + T2 (1, 02) ()|

M(eTe™ — fip) =

)

2_
qlfMg

where we dropped an unobservable overall phase.
Spin-averaging the squared amplitude and performing the angular integration, we find

e lgoy*lp, (s + 2m2)
38471'm6 M2s3|p,|

X [Tal a1 QIa |]:a1 )‘ az az CJ17 ‘]:az ’ +Tss % “/—: |
(5)] + 2T 5(a7, s)Re [Fay (5)F (5)]
(10.15)

o(cte™ = fip)(s) =

+2Ta1,a2 Q17 [
+ 2Ty, o(df, >Re [Fes ) )fs*(s)]}

ai=M3
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10.5. eTe” — fin'mw

Figure 10.2: FEYNMAN diagram for eTe™ — fip consistent with M(y* — f1p%).

for the total cross section, with s = qg, initial- and final-state momenta

/s — 4dm? )\(s,q%,mfﬁ)

|p.| = 5 ; Ip,| = BN (10.16)
and the kinematic functions
Toy a1 (415 8) = 4A(s, qf, m},)?, (10.17)
az,az(‘hvs) m$ (s +q7) —m}, (s* + ¢l —65¢7) —mF, (s —a))* (s + ) + (s — ¢3)",
Tis(qiss) = mfl(s +qi)(m}, — s* — qi +18sq7) —m, (5* + g + 14sq?) + (s — q1)?,
Tora z(q%,S) 2A(s, 5, m%,)[(s — q1)® — m}, (s + a})],
ws(al, 8) = =2X(s, a1, m},) (s — qi) (s + ¢ —m7,),
Toa(at,s) = =(s = af) [mS, = mi (s +q2) = m3, (2 + g — 6sa}) + (5 — ¢})*(s + a})]

In a compact way, the cross section can be expressed in terms of the amputated helicity
amplitudes [§]

— )\(Saq%vmz ) — q%<m Q1 + 8) — S(m2 + Q% - S) —
Hopolat,s) = = g Fils) = =g Fals) = = 3(),
my, miy, my,

2 2 _ g2
_ qis = s(m i —$) -
Hopie(af. 8) = o Lo Fals) + =0 —g——F(s),

ngfl ngfl

2 2 2

qi(ms, —qi —8) - q25 —
Hyy—(q}.5) = — ;15 s F2(3) — gL Fals) (10.18)

1y 1y,

with polarization-vector normalizations &2 = ¢2, £2 = s, leading to

~ e*|gpy 2P, (s + 2m?2)
olete = fip)(s) = - ’;w;%g‘m Z\HA , (10.19)

and the sum extends over the three amplitudes in [Eq. (10.18)|

10.5 efte™ — fimtnm™

To obtain a reasonable threshold behavior, it is mandatory to go beyond the approximation
of a narrow p and instead consider the full amplitude ete™ — fimt7~. To this end, we
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use
M(p = 777) = gprnen(pp) (- — p4)H, (10.20)

see also [Eq. (B.8)] to calculate the diagram shown in [Fig. 10.1} leading to

e’g (- —p)u  (p1)wu"(p2)
M(ete™ = fintr™) = =220 (P) b - (10.21)
gpvm?c1 gt — M2 4iM,T, a3

X {Taﬁya(_QM Q2)fa1 (Q%) + Tééya(—QIa qQ)J_:aQ (CIS) + Tsuya(_qh Q2)~7?s(Q%) )

where we again dropped an unobservable phase. From the spin-averaged squared matrix
element and after carrying out the angular integrations, we obtain the differential cross
section

do(ete™ — fintn™)
dg?

64‘gp7r7r’2|9m‘2’pp|(3 +2m2)(q} — 4M2)3/?

18432m3mG M3s3\/q7|p.|[(¢f — M2)? + M2T?2]

(s) =

X [Ta1,a1 Q17 ‘}—al ‘ +Ta2,a2(qh Jrag | +Tss Q17 ‘-7: ‘
+ 2Ta1,a2(q17 )Re [ ( ) ( )] + 2Ta1,S(QI’ S)R [‘FM (5)]:5*(8)]
+ 2T, (. 5)Re [Foy ()72 ()] . (10.22)

with the kinematic functions 7; j (¢, s) as in[Eq. (10.17)} in terms of the amputated helicity
amplitudes, we obtain

do(ete™ — fintn™)

dq%

e gprnrl? |90y 2 IP,| (s + 2m2) (¢} — AM2)3/2
115271'3M1§83\/q%|p6] [(¢2 - M2)? + Mgrg]

(5) =

(10.23)
In general, the remaining integration over ¢ needs to be performed numerically, but it is
instructive to consider the limit of a narrow resonance [52],

s
%
(q% —Mg)z—l-MgF% M,T,

In this approximation, together with [Eq. (B.9)]

’gpww‘Q(Mg - 4M72)3/2
A8T M2 ’

§(qi — M7). (10.24)

r,= (10.25)

the ¢? integration of [Eq. (10.23)indeed reproduces |[Eq. (10.19)l For the phenomenological
analysis of the eTe™ — fim 7~ data, we will use the full expression given in [Eq. (10.22
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Chapter 11

Phenomenological analysis

11.1 Data input for ete™ — ete f; and f; — Vv

The experimental data we will use for the space-like reaction ete™ — eTe™ fi and the
radiative decays fi — V' is summarized in For the former, this concerns
normalization and slope from the L3 experiment [4], with isoscalar corrections evaluated
using the mixing angle that follows from a combined analysis with the analogous quantities
for the f] [36], see|Sec. 4.1 and |Sec. 10.1} For B(f; — p7), we use the results of the global
fit from [Ch. 6] including data on I'(fi — KKn)/T(fi — 4m) [53H55], T(f1 — 47)/T(fi —
nrm) |56, 57, T(fi — pv)/T(f1 — 47) [58], T(f1 — ao(980)7 [excluding K K])/T'(f1 —
nrr) |56, B9, [60], T'(fi — KKm)/T(fi — nrr) [56, 5963], and T'(fi — py)/T(f1 —
nrm) [2, 60, 61, 64]. For B(fi — ¢), there is a single measurement from Ref. [3], and,
similar to we will consider fit variants with and without this additional input,
given both the tenuous data situation and the required U(3) assumptions@ Finally, two
event candidates for f; — ete™ have been observed in Ref. [5], which, when interpreted
as a signal, translates to B(f; — ete™) = 5.11@? x 1079, while being quoted as B(f; —
ete™) < 9.4 x 1072 (90% C.L.) in Ref. [I]. In we performed a detailed analysis of
the constraints that can be obtained from the dilepton decay, but in view of its unclear
status and large uncertainties, we do not include this channel in our global fit here and
instead focus on eTe™ — fim 7. Further input parameters are collected in

11.2 Data input for ete™ — fimTn~

The process eTe™ — fimTm~ has been measured in two different decay channels, f; —
nrm [II] and f; — KKn [12]. The data for the cross section from both reconstruction
methods is well compatible, indicating that systematic errors are smaller than the statis-
tical uncertainties of the measurements. In the following, we will therefore assume that
the data is indeed dominated by statistics.

Next, around /s ~ 2GeV, the cross section displays resonance structures [32], most
prominently the p(2150) and, potentially, further excited p states. This implies that we
cannot expect our theoretical description based on to provide an adequate

#The limit B(f1 — ¢7) < 0.45 x 107 [I, B1] (95% C.L.) supports a rather small branching fraction to
¢, indicating a value at the lower end of the range from Ref. [3]. Both measurements are also consistent
with B(fi — ¢v) < 0.9 x 1072 [2] (95% C.L.).
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Chapter 11. Phenomenological analysis

Quantity Value Reference
T} [keV] 3.5(6)(5) g
Ag [GeV] 1.04(6)(5) [4]
B(f1 — p7) 4.2(1.0)% Ch. 6
Ty 3.9(1.3) 2]
B(f1 — ¢v) 0.74(26) x 1073 1, 3]

Table 11.1: Data for ete™ — eTe™ f; and f; — V7 used in our analysis.

fit to the data, because p excitations beyond the p” are not included. However, the
data still provides a valuable upper bound for the background contributions that our
TFF parameterizations do describe; in fact, this constraint proves extremely stringent,
immediately ruling out, by at least an order of magnitude, parameterizations that do not
implement the doubly-virtual asymptotic behavior of Even more, writing the
cross section in terms of the couplings Cl, /20 Cs, one observes that moderate cancellations
among the different terms are required to obey the upper limit implied by the ete™ —
fimrTr~ data. With Cy reasonably well determined from the L3 equivalent two-photon
decay width, this thus implies a valuable constraint on the antisymmetric TFFs.
To quantify this constraint, we proceed as follows: we first define the x? function

nBZaB:ar (U($i7 CS) Calvcaz) - O—fxp

)? ex
=T (50,0 o, Cun) = 07,

1

XIQBaBar(CS7 Cal? Ca2) =
=1
(11.1)

where npagar = 52 is the combined number of data points from Refs. [I1, 2], o7 and

(2

Ao are central value and error at center-of-mass energy ,/s;, respectively, and the
HEAVISIDE function demands that contributions to X}23aBar only arise when the theoretical
model exceeds the central value of the data, thus not penalizing a potential excess of the
latter due to excited p resonances. Interpreting this y? function in the usual statistical
sense, however, puts an undue emphasis on the eTe™ — fim 7~ data, especially in view
of the uncertainties from the contamination of resonant contributions. For this reason, we
instead study contours in the C,,~Cl,, plane for which x3, 5, /dof = 1 at a given value
of Cs, which should provide a reasonable measure of the consistency of the encompassed
values of U, ,, with the experimental constraints. We repeat this procedure for the relevant
range of Cs and formulate the resulting constraint on Cl, J» In terms of an ellipse whose

parameters are interpolated as a function of Cs. The final constraint is then written as

X]Z?)aBar, eff(CSv Cal’ Ca2) = AszaLCa_lAyaw (11'2)
where 0
C - Ca

Ay, = = ) , (11.3)
(Cag - 25,(2))

(0)

with the central values C. and the covariance matrix Cy—which are determined via the

ay/2
X]23aBar /dof = 1 contour ellipse—implicitly depending on Cj; this effective x? function is
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11.3. Global fit

Ji— ¢y
No Yes
x2/dof 5.6/3 = 1.86 18.1/4 = 4.52
p-value 0.13 1.2 x 1073
Cs 0.95(13) 0.76(16)
Cay —0.16(18) —0.07(18)
Ca, 0.47(25) 0.09(32)
Psay 0.34 0.31
Psas —0.11 —0.34
Payas —0.52 —0.35
B(f1 — ¢7) x 103 3.4(1.7) 1.6(1.0)
B(f1 = wy) x 103 5.5(1.6) 2.5(1.1)
B(fi — eTe™) x 10° 2.2(6) 1.2(5)
B(f] — ¢7) x 10? 11.0(3.0) 5.2(2.2)
B(f{ — py) x 103 4.8(2.6) 2.2(1.4)

Table 11.2: Best-fit results for the three VMD couplings C, C,,, and Cy,. The fit includes
the constraints from the normalization and slope measured by L3 in eTe™ — eTe™ f1,
from B(fi — pv), 7py, and o(ete™ — fimTr7) as well as, in the right column, from
B(f1 — ¢7v). All uncertainties are inflated by the scale factor S = y/x?/dof. The table
also shows the correlations p;; among the three couplings and the values of B(f; — V),
V =w, ¢, and B(f1 — ete™) implied by the fit result (the latter for \/s,, = 1.3GeV). The
uncertainties for B(f; — V=) include the fit errors and AR? but no additional estimate
of U(3) uncertainties. The predictions for B(f; — ¢7v) and B(f] — p7v) use the U(3)

relations from [Eq. (11.5

then used as input in the global fit, counted as two data points in the number of degrees
of freedom. Our procedure is further motivated by the fact that the constraints imposed
by the cross-section measurements at different energies will be highly correlated: if the
upper limit is fulfilled at some point s; for a set of couplings C,,, C,,, Cs, the smoothness
of the cross section makes it likely that the same holds true at neighboring points.

11.3 Global fit

The results of the global fit are summarized in [Table 11.2] [Fig. 11.1, and [Fig. 11.2] for
variants with and without the U(3) constraint from B(f; — ¢7y). Without this input, we
observe reasonable consistency among the various constraints, with a final value for Cs
close to the L3 value in The coupling C,, comes out consistent with zero, while
a non-zero value of Cy, is obtained at 2o significance. Crucially, owing to the inclusion of
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2 2
L3 Slope L3 Slope
— B(fi—p) B(fi = pv)
1 G 14 Tpy

— o(ete = firtn) B(fi = ¢)

o(ete” — firtn™)

Figure 11.1: Left: constraints in the C,,—C,, plane for the respective best-fit value of
Cs (see from L3 normalization and slope, B(fi — pY), rpy, and o(efe™ —
fimrtn™). The gray ellipse represents the result of the global fit. Right: the same figure
for the global fit including, in addition, B(f; — ¢7).

the BaBar data on ete™ — firtn~ [11, [12], we are now able to provide an unambiguous
solution for all three TFFs, including the two antisymmetric ones encoded in Cly, PO he
best-fit point lies within the ellipse from o(ete™ — fir 7 ™), and, accordingly, the central
line in respects the bound for almost all data points, leaving a deficit that could
be well explained by a p(2150)-resonance signal. Moreover, the resulting prediction for
B(f1 — eTe™) is consistent with SND [5], suggesting a potential signal at the lower end
of their range. In contrast, the prediction for B(f; — ¢7) comes out slightly too large in
comparison to Ref. [3], in tension at the level of 1.50.

The same tension is visible in the global fit including B(fi — ¢7), as the x?/dof
deteriorates appreciably. Including the resulting scale factor S = 2.1 in the error estimates,
all three couplings are consistent with the global fit without B(f; — ¢), but Cs decreases
compared to L3 and the central value of Cj, moves much closer to zero. Within the sizable
uncertainties, the cross section for eTe™ — fim T~ is still consistent with the experiment,
but the central line exceeds the data above the p(2150), in accordance with the best-fit
point in lying slightly outside the o(eTe™ — fimtn™) ellipse. The resulting
prediction for B(f; — eTe™) is still consistent with SND, and B(f; — ¢v) now agrees by
construction. also includes the predictions for B(f1 — w7y), B(f] — ¢7), and
B(f1 — p), the latter two being related to the already determined couplings via the U(3)

arguments in [Sec. 11.4

11.4 Final representations

To summarize, we propose that the low-energy contributions to the TFFs of the f; be
described by the parameterizations

3 RPCy,  CoMAMA MY, (g2 — ¢3)
ffl’f’l(q%,qg)z(z S

22 ¢; — M2) (a5 — M2)(a7 — M%) (a5 — M) (a7 — M2) (a5 — M2,)’
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11.4. Final representations

§  BaBar 2007 {  BaBar 2021 —— Global ﬁtJ
1.5 3
2.51
) )
= 14 = 9
i o
5 3
= = 15
T T
‘Q.) "LJ
%05 o1
S 5
| i
ol : | RlssFi3! ‘ o L 1L/ ﬁhl Jﬂﬂs Bt e
my, +2M; 2 3 4 5 my, +2M; 2 3 4 5

V3[GeV) V3 [GeV)

Figure 11.2: Comparison of our global fit results to the BaBar data [11}, [12] for o(ete™ —
firtn™), without (left) and including (right) the constraint from B(f; — ¢7). The red
line denotes the central result, and the band reflects the uncertainties propagated from
Cs, Ca,, and C,,.

RPCsMy M,
(aF = M) (a3 — Mp)(qf — M3) (g5 — M7)’
RVCal/zcvMé'Mé’Mé” (4f — &)

féf1,[=0(q27q2) _ 7
) = Y IR @M - M — MR — W@~ )

FI=N et 63) =

RV CsMEME,

FI=0GE, 63) = :
S e Y3 [V e I TER A T

(11.4)

see [Eq. (9.3), [Eq. (9.4)} [Eq. (9.7), and [Eq. (9.8)) with the couplings Cs, Ca,, and C,, as
determined in [Table 11.2) (and R” = 1). These low-energy contributions are then to be
supplemented by the asymptotic contributions from the LCE, see to arrive at a
complete description.

In order to estimate the impact of f{ and a1, we also quote the corresponding expres-
sions that follow from U(3) symmetry. For the f], the analogous results are obtained by
replacing

R — RS)“{ = cot(64 + 01) = —0.50(11),

1
RY — R‘}){ =9 cot(f4 + 61) = —0.06(1),

R® > R = V2 —0.31, (11.5)

1 9
where the errors only refer to the uncertainties propagated in 8 4, cf. The coef-
ficients in show that isoscalar contributions will become much more important
for the f] than for the f1, especially the ¢. This observation is reflected by some evidence
for a signal in the decay to the ¢v final state, B(f] — ¢7v) = 3(2) x 1073 [61], which,
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within uncertainties, agrees with the predictions from for the fit including
B(f1 — ¢7), while the fit without B(f; — ¢y) predicts a larger branching fraction. The
same reference also gives a limit B(f{ — py) < 0.02 (95% C.L.), in agreement with both
fits from

The TFFs of the a; display a different isospin structure, with one isoscalar and one
isovector photon each. Moreover, for ideal mixing, there is no contribution from the ¢
and its excitations, so that only contributions of the type p—w survive. Accordingly, the
overall scaling compared to the couplings in the f; TFFs is measured relative to the sum
of all isovector and isoscalar contributions, leading to

1+ R+ R* 2
V3cos(04 —0p) 3sin(0a + 01)

Ry, = = 0.75(3). (11.6)

Choosing a symmetric decomposition of (y, onto the p and w contributions, we obtain
Ra10a1/2 V CPCWMgMpQ’Mg”ML%ME}’ME;”(q% o q%)

4i — M2) (a5 — M2)(q7 — M7%)(a5 — M2,)(a7 — M2) (g5 — M2)

+ (p ¢ w),

Fal (dt a3) = o

Ry CsM2M2 M2M?,
(¢ — M2) (a5 — M2) (g7 — M7)(g5 — M)

Foat a3) = 5 +(p & w). (11.7)
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Conclusions

The TFFs of axial-vector mesons are key input quantities for a data-driven evaluation of
HLbL scattering in the anomalous magnetic moment of the muon, yet they are notoriously
poorly determined from experiment. Here, we performed a global analysis of all experi-
mental constraints available for the f; and outlined how the f{ and ay contributions can
be estimated from U(3) symmetry. A crucial role is played by data for the cross section of
ete” — fimtn~, which provides valuable input on the asymptotic behavior and allowed
us to find an unambiguous solution also for the antisymmetric TFFs.

The process eTe™ — fimtn~ probes all three TFFs at one photon virtuality deter-
mined by the center-of-mass energy and the other one by the 77~ invariant mass, which,
in turn, is dominated by the p. Accordingly, the data extending from threshold up to
about 4.5 GeV is sensitive to the asymptotic behavior for one virtuality fixed at the p
mass. The corresponding constraint demonstrates that the asymptotic behavior predicted
by the LCE needs to set in early, for otherwise, the cross section exceeds the data by an
order of magnitude. We implemented this conclusion using a VMD ansatz, leading to the
parameterizations summarized in To account for contributions from even higher
excited p resonances, such as the p(2150), we formulated the quantitative analysis as an
upper limit, which still entails valuable constraints especially on the otherwise poorly de-
termined couplings characterizing the antisymmetric TFFs. The global fit, see
shows good consistency with the data for ete™ — eTe™f; and f; — pv, predicting a
branching fraction for f; — eTe™ at the lower end of the signal strength reported by
SND. Some tension is observed with fi — ¢y, which might point towards limitations of
U(3) symmetry and/or the data base.

The final parameterizations describe the TFFs at low and intermediate virtualities, to
be supplemented by an additional term from the LCE [§], see also that ensures
the correct asymptotic behavior also in the doubly-virtual direction. Using this combined
input, work is ongoing to evaluate the axial-vector contributions both in the HLbL basis
of Ref. [65] and in the formalism of Ref. [66]. In combination with the short-distance
constraints from Refs. [67H69], the results presented here will thus be instrumental to arrive
at a complete data-driven evaluation of HLbL scattering and to reduce the uncertainties
to the level required by the final precision expected from the Fermilab experiment.
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Appendix F

Constants and parameters

In we collect the masses and decay widths used in this part of the thesis, in
large part taken from Ref. [I]. For most quantities, possible effects from isospin breaking
can be safely neglected, but some ambiguity arises for the mass and width of the p. For
the eTe™ — fimtm~ process as the focus of this part, it would be natural to identify
the p parameters with the p®, whose width is quoted at an appreciably lower value than
for the charged channel. However, we follow the arguments from observing that
determinations sensitive also to the excited p states both in the neutral [70] and charged
mode [71] tend to support the charged-channel values from Ref. [I] and, therefore, use the
latter ones throughout. In particular, via this determines |g,rr| = 5.98, in
good agreement with dispersive determinations [72], [73]; see also Similarly, the
photon couplings are calculated from with the branching fractions from Ref. [1],
leading to

gpy| = 4.96,  |guy| = 1651, |gg,| = 13.40, (F.1)

slightly deviating from the values given in [App. B| due to updated input quantities. Fi-
nally, we quote the values for masses and decay widths of the axial-vector resonances
from Ref. [I]. For the aj, the (reaction-dependent) BW parameters can also be com-
pared to attempts to extract the pole position from 7 — 3wy, data, /Sq, = Mg, —
ily, /2 = [1209(4)(T§?) — i288(6)(F15)] MeV [74]. In addition, Ref. [I] quotes the aver-
age I'y, = 420(35) MeV [75, [76], in line with the center of the estimated range quoted
in Based on the same two references, one would conclude the mass average
me, = 1250(20) MeV.
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Appendix F. Constants and parameters

Quantity Variable Value Reference
Mass pion M, 139.57 MeV
Mass f1(1285) mpy, 1281.9(5) MeV
Mass f;(1420) my 1426.3(9) MeV
Mass a1(1260) May 1230(40) MeV
Mass w(782) M, 782.66(13) MeV
Mass w(1420) M., 1410(60) MeV
Mass w(1650) M, 1670(30) MeV
Mass ¢(1020) M, 1019.461(16) MeV
Mass ¢(1680) My 1680(20) MeV
Mass ¢(2170) My 2163(7) MeV 1
Mass p(770) (charged) M, 775.11(34) MeV
Mass p(1450) M, 1465(25) MeV
Mass p(1700) M, 1720(20) MeV
Total width f;(1285) T, 22.7(1.1) MeV
Total width f;(1420) Ty 54.5(2.6) MeV
Total width a;(1260) Ty, (250...600) MeV
Total width p(770) (charged) r, 149.1(8) MeV
Total width p(1450) T, 400(60) MeV
Total width p(1700) Ly 250(100) MeV
Mass p(770) (charged) M, 774.9(6) MeV
Mass p(1450) (charged) M,y 1428(30) MeV
Mass p(1700) (charged) M, 1694(98) MeV (70
Total width p(770) (charged) I, 148.6(1.8) MeV
Total width p(1450) (charged) Iy 413(58) MeV
Total width p(1700) (charged) Ly 135(62) MeV
Mass p(770) (neutral) M, 775.02(35) MeV
Mass p(1450) (neutral) M, 1493(15) MeV
Mass p(1700) (neutral) M, 1861(17) MeV i71]
Total width p(770) (neutral) r, 149.59(67) MeV
Total width p(1450) (neutral) ry 427(31) MeV
Total width p(1700) (neutral) Ly 316(26) MeV

Table F.1: Masses and decay widths from Ref. [I] as used in this part of the thesis (first
panel), in comparison to the p, p/, and p” parameters from Refs. [70] [T1].

162



References

[1] R. L. WORKMAN et al. |Particle Data Group|, PTEP 2022, 083C01 (2022).
[2] D. V. AMELIN et al. [VES]|, Z. Phys. C 66, 71 (1995).

[3] S. I. BITYUKOV et al., Phys. Lett. B 203, 327 (1988).

[4] P. ACHARD et al. [L3|, Phys. Lett. B 526, 269 (2002) [arXiv:hep-ex/0110073).

5] M. N. ACHASOV et al. [SND], Phys. Lett. B 800, 135074 (2020) [arXiv:1906.03838
[hep-ex]].

[6] A. S. RUDENKO, Phys. Rev. D 96, 076004 (2017)| |arXiv:1707.00545 |[hep-phl|.

[7] A. I. MILSTEIN and A. S. RUDENKO, Phys. Lett. B 800, 135117 (2020)
[arXiv:1909.07938 |hep-ph]|]|.

[8] M. HOFERICHTER and P. STOFFER, JHEP 05, 159 (2020)| [arXiv:2004.06127
[hep-ph]|.

[9] W. A. BARDEEN and W. K. TuNG, Phys. Rev. 173, 1423 (1968), |[Erratum: Phys.
Rev. D 4, 3229 (1971)].

[10] R. TARRACH, Nuovo Cim. A 28, 409 (1975).

[11] B. AUBERT et al. |[BaBar|, Phys. Rev. D 76, 092005 (2007) |arXiv:0708.2461
[hep-ex]|, [Erratum: Phys. Rev. D 77, 119902 (2008)].

[12] J. P. LEES et al. [BaBar|, Phys. Rev. D 107, 072001 (2023) [arXiv:2207.10340
[hep-ex]].

[13] M. DAVIER, A. HOECKER, B. MALAESCU, and Z. ZHANG, Eur. Phys. J. C 77, 827
(2017)| |arXiv:1706.09436 |hep-ph]|.

[14] A. KEsHAVARZI, D. NOMURA, and T. TEUBNER, Phys. Rev. D 97, 114025 (2018)
[arXiv:1802.02995 |hep-ph]]|.

[15] G. COLANGELO, M. HOFERICHTER, and P. STOFFER, JHEP 02, 006 (2019)
|arXiv:1810.00007 |hep-ph]].

[16] M. HOFERICHTER, B.-L. Hoip, and B. Kusis, JHEP 08, 137 (2019)
|arXiv:1907.01556 |hep-ph]|]|.

163


http://dx.doi.org/10.1093/ptep/ptac097
http://dx.doi.org/10.1007/BF01496581
http://dx.doi.org/10.1016/0370-2693(88)90562-X
http://dx.doi.org/10.1016/S0370-2693(01)01477-0
https://arxiv.org/abs/hep-ex/0110073
http://dx.doi.org/10.1016/j.physletb.2019.135074
https://arxiv.org/abs/1906.03838
https://arxiv.org/abs/1906.03838
http://dx.doi.org/10.1103/PhysRevD.96.076004
https://arxiv.org/abs/1707.00545
http://dx.doi.org/10.1016/j.physletb.2019.135117
https://arxiv.org/abs/1909.07938
http://dx.doi.org/10.1007/JHEP05(2020)159
https://arxiv.org/abs/2004.06127
https://arxiv.org/abs/2004.06127
http://dx.doi.org/10.1103/PhysRev.173.1423
http://dx.doi.org/10.1007/BF02894857
http://dx.doi.org/10.1103/PhysRevD.76.092005
https://arxiv.org/abs/0708.2461
https://arxiv.org/abs/0708.2461
http://dx.doi.org/10.1103/PhysRevD.107.072001
https://arxiv.org/abs/2207.10340
https://arxiv.org/abs/2207.10340
http://dx.doi.org/10.1140/epjc/s10052-017-5161-6
http://dx.doi.org/10.1140/epjc/s10052-017-5161-6
https://arxiv.org/abs/1706.09436
http://dx.doi.org/10.1103/PhysRevD.97.114025
https://arxiv.org/abs/1802.02995
http://dx.doi.org/10.1007/JHEP02(2019)006
https://arxiv.org/abs/1810.00007
http://dx.doi.org/10.1007/JHEP08(2019)137
https://arxiv.org/abs/1907.01556

References

[17] M. DAVIER, A. HOECKER, B. MALAESCU, and Z. ZHANG, Eur. Phys. J. C 80, 241
(2020)| |arXiv:1908.00921 |hep-phl|, [Erratum: Eur. Phys. J. C 80, 410 (2020)].

[18] A. KESHAVARZI, D. NOMURA, and T. TEUBNER, Phys. Rev. D 101, 014029 (2020)
[arXiv:1911.00367 [hep-ph]|]|.

[19] B.-L. Hoib, M. HOFERICHTER, and B. KUBIs, Eur. Phys. J. C 80, 988 (2020)
|arXiv:2007.12696 |hep-ph]].

[20] D. STAMEN, D. HARIHARAN, M. HOFERICHTER, B. KUBIS, and P. STOFFER, Eur.
Phys. J. C 82, 432 (2022)| [arXiv:2202.11106 [hep-ph]].

[21] G. CoLANGELO, A. X. EL-KHADRA, M. HOFERICHTER, A. KESHAVARZI,
C. LEHNER, P. STOFFER, and T. TEUBNER, Phys. Lett. B 833, 137313 (2022)
|arXiv:2205.12963 |hep-ph]].

[22] G. COLANGELO, M. HOFERICHTER, B. KUBIs, and P. STOFFER, JHEP 10, 032
(2022)| [arXiv:2208.08993 [hep-ph]].

[23] M. HOFERICHTER, G. COLANGELO, B.-L. Hoip, B. KuBis, J. Ruiz DE ELVIRA,
D. ScHuH, D. STAMEN, and P. STOFFER, Phys. Rev. Lett. 131, 161905 (2023)
|arXiv:2307.02532 |hep-ph]].

[24] M. HOFERICHTER, B.-L. Hoip, B. KuBis, and D. Scuus, JHEP 08, 208 (2023)
|arXiv:2307.02546 |hep-ph]].

[25] S. BORSANYI et al. [BMWec|, Nature 593, 51 (2021) |arXiv:2002.12347 |hep-lat]|.
[26] M. CE et al., Phys. Rev. D 106, 114502 (2022) [arXiv:2206.06582 [hep-lat]].

[27] C. ALEXANDROU et al. [ETM], Phys. Rev. D 107, 074506 (2023) |arXiv:2206.15084
[hep-lat]].

[28] A. Bazavov et al. [Fermilab Lattice, HPQCD, MILC], Phys. Rev. D 107, 114514
(2023) [arXiv:2301.08274 [hep-lat]].

[29] T. BLUM et al. [RBC, UKQCD], Phys. Rev. D 108, 054507 (2023)
|arXiv:2301.08696 |hep-lat]|.

[30] M. HOFERICHTER and T. TEUBNER, Phys. Rev. Lett. 128, 112002 (2022)
|[arXiv:2112.06929 |[hep-ph]].

[31] R. R. AKHMETSHIN et al. [CMD-3|, Phys. Lett. B 792, 419 (2019)
|arXiv:1902.06449 |hep-ex]]|.

[32] X. Liu, Q.-S. ZHOU, and L.-M. WANG, Phys. Rev. D 106, 094012 (2022)
[arXiv:2209.11525 |hep-ph]|]|.

[33] A. KHODJAMIRIAN, Eur. Phys. J. C 6, 477 (1999) |arXiv:hep-ph/9712451].
[34] M. HOFERICHTER, B.-L. Hoip, B. KuBis, S. LEUPOLD, and S. P. SCHNEIDER,

Phys. Rev. Lett. 121, 112002 (2018) |arXiv:1805.01471 [hep-ph]]|.

164


http://dx.doi.org/10.1140/epjc/s10052-020-7792-2
http://dx.doi.org/10.1140/epjc/s10052-020-7792-2
https://arxiv.org/abs/1908.00921
http://dx.doi.org/10.1103/PhysRevD.101.014029
https://arxiv.org/abs/1911.00367
http://dx.doi.org/10.1140/epjc/s10052-020-08550-2
https://arxiv.org/abs/2007.12696
http://dx.doi.org/10.1140/epjc/s10052-022-10348-3
http://dx.doi.org/10.1140/epjc/s10052-022-10348-3
https://arxiv.org/abs/2202.11106
http://dx.doi.org/10.1016/j.physletb.2022.137313
https://arxiv.org/abs/2205.12963
http://dx.doi.org/10.1007/JHEP10(2022)032
http://dx.doi.org/10.1007/JHEP10(2022)032
https://arxiv.org/abs/2208.08993
http://dx.doi.org/10.1103/PhysRevLett.131.161905
https://arxiv.org/abs/2307.02532
http://dx.doi.org/10.1007/JHEP08(2023)208
https://arxiv.org/abs/2307.02546
http://dx.doi.org/10.1038/s41586-021-03418-1
https://arxiv.org/abs/2002.12347
http://dx.doi.org/10.1103/PhysRevD.106.114502
https://arxiv.org/abs/2206.06582
http://dx.doi.org/10.1103/PhysRevD.107.074506
https://arxiv.org/abs/2206.15084
https://arxiv.org/abs/2206.15084
http://dx.doi.org/10.1103/PhysRevD.107.114514
http://dx.doi.org/10.1103/PhysRevD.107.114514
https://arxiv.org/abs/2301.08274
http://dx.doi.org/10.1103/PhysRevD.108.054507
https://arxiv.org/abs/2301.08696
http://dx.doi.org/10.1103/PhysRevLett.128.112002
https://arxiv.org/abs/2112.06929
http://dx.doi.org/10.1016/j.physletb.2019.04.007
https://arxiv.org/abs/1902.06449
http://dx.doi.org/10.1103/PhysRevD.106.094012
https://arxiv.org/abs/2209.11525
http://dx.doi.org/10.1007/s100520050357
https://arxiv.org/abs/hep-ph/9712451
http://dx.doi.org/10.1103/PhysRevLett.121.112002
https://arxiv.org/abs/1805.01471

References

[35] M. HOFERICHTER, B.-L. Hoip, B. KuBis, S. LEUPOLD, and S. P. SCHNEIDER,
JHEP 10, 141 (2018)| [arXiv:1808.04823 [hep-ph]|.

[36] P. ACHARD et al. [L3], JHEP 03, 018 (2007).

[37] E. L. LoMON and S. PACETTI, Phys. Rev. D 85, 113004 (2012) |arXiv:1201.6126
[hep-phl|, [Erratum: Phys. Rev. D 86, 039901 (2012)].

[38] B. MoussaLLAM, [Eur. Phys. J. C 73, 2539 (2013) [arXiv:1305.3143 [hep-ph]].

[39] A. CRIVELLIN and M. HOFERICHTER, Phys. Rev. D 108, 013005 (2023)
|arXiv:2211.12516 |hep-ph]].

[40] C. ADOLPH et al. [COMPASS|, Phys. Rev. D 95, 032004 (2017)| [arXiv:1509.00992
[hep-ex]].

[41] F. voN HIPPEL and C. QUIGG, Phys. Rev. D 5, 624 (1972).
[42] R. MERTIG, M. BOHM, and A. DENNER, Comput. Phys. Commun. 64, 345 (1991).

[43] V. SHTABOVENKO, R. MERTIG, and F. ORELLANA, Comput. Phys. Commun. 207,
432 (2016)| [arXiv:1601.01167 [hep-ph]|.

[44] V. SHTABOVENKO, R. MERTIG, and F. ORELLANA, Comput. Phys. Commun. 256,
107478 (2020) [arXiv:2001.04407 [hep-ph].

[45] A. DENNER and S. DITTMAIER, Nucl. Phys. B 658, 175 (2003)
|arXiv:hep-ph/0212259).

[46] A. DENNER and S. DITTMAIER, Nucl. Phys. B 734, 62 (2006)
|arXiv:hep-ph/0509141].

[47] A. DENNER and S. DITTMAIER, Nucl. Phys. B 844, 199 (2011)| [arXiv:1005.2076
[hep-ph]].

[48] A. DENNER, S. DITTMAIER, and L. HOFER, Comput. Phys. Commun. 212, 220
(2017)| [arXiv:1604.06792 [hep-ph]].

[49] H. SCHAFER, M. ZANKE, Y. KORTE, and B. KuBis, Phys. Rev. D 108, 074025
(2023)| |arXiv:2307.10357 |hep-ph]|.

[50] M. HOFERICHTER, B.-L. Hoip, B. KusBrs, and J. LUDTKE, Phys. Rev. Lett. 128,
172004 (2022)| [arXiv:2105.04563 [hep-ph]|.

[51] T. HAnN, Comput. Phys. Commun. 168, 78 (2005) |arXiv:hep-ph/0404043].

[52] M. HOFERICHTER, B. KUBIS, and D. SAKKAS, Phys. Rev. D 86, 116009 (2012)
|[arXiv:1210.6793 |[hep-ph]].

[53] T. A. ARMSTRONG et al. [WA76], |Z. Phys. C 43, 55 (1989).
[54] T. A. ARMSTRONG et al. [WA76], Phys. Lett. B 228, 536 (1989).
[55] D. BARBERIS et al. [WA102], Phys. Lett. B 413, 225 (1997)| [arXiv:hep-ex/9707022].

165


http://dx.doi.org/10.1007/JHEP10(2018)141
https://arxiv.org/abs/1808.04823
http://dx.doi.org/10.1088/1126-6708/2007/03/018
http://dx.doi.org/10.1103/PhysRevD.85.113004
https://arxiv.org/abs/1201.6126
https://arxiv.org/abs/1201.6126
http://dx.doi.org/10.1140/epjc/s10052-013-2539-y
https://arxiv.org/abs/1305.3143
http://dx.doi.org/10.1103/PhysRevD.108.013005
https://arxiv.org/abs/2211.12516
http://dx.doi.org/10.1103/PhysRevD.95.032004
https://arxiv.org/abs/1509.00992
https://arxiv.org/abs/1509.00992
http://dx.doi.org/10.1103/PhysRevD.5.624
http://dx.doi.org/10.1016/0010-4655(91)90130-D
http://dx.doi.org/10.1016/j.cpc.2016.06.008
http://dx.doi.org/10.1016/j.cpc.2016.06.008
https://arxiv.org/abs/1601.01167
http://dx.doi.org/10.1016/j.cpc.2020.107478
http://dx.doi.org/10.1016/j.cpc.2020.107478
https://arxiv.org/abs/2001.04407
http://dx.doi.org/10.1016/S0550-3213(03)00184-6
https://arxiv.org/abs/hep-ph/0212259
http://dx.doi.org/10.1016/j.nuclphysb.2005.11.007
https://arxiv.org/abs/hep-ph/0509141
http://dx.doi.org/10.1016/j.nuclphysb.2010.11.002
https://arxiv.org/abs/1005.2076
https://arxiv.org/abs/1005.2076
http://dx.doi.org/10.1016/j.cpc.2016.10.013
http://dx.doi.org/10.1016/j.cpc.2016.10.013
https://arxiv.org/abs/1604.06792
http://dx.doi.org/10.1103/PhysRevD.108.074025
http://dx.doi.org/10.1103/PhysRevD.108.074025
https://arxiv.org/abs/2307.10357
http://dx.doi.org/10.1103/PhysRevLett.128.172004
http://dx.doi.org/10.1103/PhysRevLett.128.172004
https://arxiv.org/abs/2105.04563
http://dx.doi.org/10.1016/j.cpc.2005.01.010
https://arxiv.org/abs/hep-ph/0404043
http://dx.doi.org/10.1103/PhysRevD.86.116009
https://arxiv.org/abs/1210.6793
http://dx.doi.org/10.1007/BF02430610
http://dx.doi.org/10.1016/0370-2693(89)90989-1
http://dx.doi.org/10.1016/S0370-2693(97)01141-6
https://arxiv.org/abs/hep-ex/9707022

References

[56] A. GURTU et al. [Amsterdam-CERN-Nijmegen-Oxford|, Nucl. Phys. B 151, 181
(1979).

[57] T. BoLTON et al. [MARK III|, Phys. Lett. B 278, 495 (1992).
[58] D. COFFMAN et al. [MARK III|, Phys. Rev. D 41, 1410 (1990).
[59] M. J. CORDEN et al., Nucl. Phys. B 144, 253 (1978).

[60] R. DICKSON et al. [CLAS], Phys. Rev. C 93, 065202 (2016)| |arXiv:1604.07425
[nucl-ex]]|.

[61] D. BARBERIS et al. [WA102], Phys. Lett. B 440, 225 (1998) [arXiv:hep-ex/9810003].

[62] J. H. CAMPBELL, S. LicHTMAN, F. J. LOEFFLER, D. H. MILLER, R. J. MILLER,
W. J. MILLER, and R. B. WILLMANN, Phys. Rev. Lett. 22, 1204 (1969).

[63] C. DEFOIX, A. DO NASCIMENTO, J. S. O’ NEALL, J. S1auD, R. BIZZARRI,
L. DoBRZYNSKI, S. N. GANGULI, L. MONTANET, S. REUCROFT, and
T. YAMAGATA, Nucl. Phys. B 44, 125 (1972).

[64] T. A. ARMSTRONG et al. [WA76|, Z. Phys. C 54, 371 (1992).

[65] G. COLANGELO, F. HAGELSTEIN, M. HOFERICHTER, L. LAUB, and P. STOFFER,
Eur. Phys. J. C 81, 702 (2021) |arXiv:2106.13222 |hep-ph]|.

[66] J. LOUDTKE, M. PROCURA, and P. STOFFER, JHEP 04, 125 (2023)
|[arXiv:2302.12264 |[hep-ph]||.

[67] J. BIINENS, N. HERMANSSON-TRUEDSSON, L. LAUB, and
A. RODRIGUEZ-SANCHEZ, JHEP 10, 203 (2020) [arXiv:2008.13487 |hep-ph]].

[68] J. BIINENS, N. HERMANSSON-TRUEDSSON, L. LAUB, and
A. RODRIGUEZ-SANCHEZ, JHEP 04, 240 (2021) |arXiv:2101.09169 |hep-ph]].

[69] J. BIINENS, N. HERMANSSON-TRUEDSSON, and A. RODRIGUEZ-SANCHEZ, JHEP
02, 167 (2023) |arXiv:2211.17183 |hep-ph]]|.

[70] M. FUJIKAWA et al. [Belle], Phys. Rev. D 78, 072006 (2008)| [arXiv:0805.3773
[hep-ex]].

[71] J. P. LEES et al. [BaBar], Phys. Rev. D 86, 032013 (2012) [arXiv:1205.2228
|hep-ex]]|.

[72] R. GARCIA-MARTIN, R. KAMINSKI, J. R. PELAEZ, and J. Ruiz DE ELVIRA, Phys.
Rev. Lett. 107, 072001 (2011)| [arXiv:1107.1635 [hep-ph]].

[73] M. HOFERICHTER, B. KuBIS, and M. ZANKE, Phys. Rev. D 96, 114016 (2017)
|[arXiv:1710.00824 |hep-ph]|]|.

[74] M. MIKHASENKO, A. PILLONI, M. ALBALADEJO, C. FERNANDEZ-RAMIREZ,
A. JACKURA, V. MATHIEU, J. NYS, A. RopAs, B. KETZER, and A. P.
SzczEPANIAK [JPAC], Phys. Rev. D 98, 096021 (2018) |arXiv:1810.00016 |[hep-ph]].

166


http://dx.doi.org/10.1016/0550-3213(79)90433-4
http://dx.doi.org/10.1016/0550-3213(79)90433-4
http://dx.doi.org/10.1016/0370-2693(92)90591-Q
http://dx.doi.org/10.1103/PhysRevD.41.1410
http://dx.doi.org/10.1016/0550-3213(78)90369-3
http://dx.doi.org/10.1103/PhysRevC.93.065202
https://arxiv.org/abs/1604.07425
https://arxiv.org/abs/1604.07425
http://dx.doi.org/10.1016/S0370-2693(98)01264-7
https://arxiv.org/abs/hep-ex/9810003
http://dx.doi.org/10.1103/PhysRevLett.22.1204
http://dx.doi.org/10.1016/0550-3213(72)90274-X
http://dx.doi.org/10.1007/BF01559454
http://dx.doi.org/10.1140/epjc/s10052-021-09513-x
https://arxiv.org/abs/2106.13222
http://dx.doi.org/10.1007/JHEP04(2023)125
https://arxiv.org/abs/2302.12264
http://dx.doi.org/10.1007/JHEP10(2020)203
https://arxiv.org/abs/2008.13487
http://dx.doi.org/10.1007/JHEP04(2021)240
https://arxiv.org/abs/2101.09169
http://dx.doi.org/10.1007/JHEP02(2023)167
http://dx.doi.org/10.1007/JHEP02(2023)167
https://arxiv.org/abs/2211.17183
http://dx.doi.org/10.1103/PhysRevD.78.072006
https://arxiv.org/abs/0805.3773
https://arxiv.org/abs/0805.3773
http://dx.doi.org/10.1103/PhysRevD.86.032013
https://arxiv.org/abs/1205.2228
https://arxiv.org/abs/1205.2228
http://dx.doi.org/10.1103/PhysRevLett.107.072001
http://dx.doi.org/10.1103/PhysRevLett.107.072001
https://arxiv.org/abs/1107.1635
http://dx.doi.org/10.1103/PhysRevD.96.114016
https://arxiv.org/abs/1710.00824
http://dx.doi.org/10.1103/PhysRevD.98.096021
https://arxiv.org/abs/1810.00016

References

[75] P. D’ARGENT, N. SKIDMORE, J. BENTON, J. DALSENO, E. GERSABECK,
S. HARNEW, P. NaIik, C. PROUVE, and J. RADEMACKER, JHEP 05, 143 (2017)
|arXiv:1703.08505 |hep-ex]|.

[76] M. AGHASYAN et al. [COMPASS], Phys. Rev. D 98, 092003 (2018)
|arXiv:1802.05913 |hep-ex]]|.

167


http://dx.doi.org/10.1007/JHEP05(2017)143
https://arxiv.org/abs/1703.08505
http://dx.doi.org/10.1103/PhysRevD.98.092003
https://arxiv.org/abs/1802.05913




Part 11

The semileptonic decays
77(’) — w0¢T¢~ and n’ — neT¢~ in
the standard model

based on a project

in collaboration with
Hannah SCHAFER, Yannis KORTE, and Bastian KUBIS

published in
Phys. Rev. D 108, 074025 (2023) |arXiv:2307.10357 |[hep-ph]]

169


https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.074025
https://arxiv.org/abs/2307.10357




Prologue

Due to their strongly suppressed decay rates within the standard model, the semilep-
tonic decays n) — 7%+¢~ and ¥ — nlt0~, £ = e, p, are considered rare processes.
The reason for this strong suppression is an implicit consequence of the conservation of
charge-conjugation symmetry within strong and electromagnetic interactions—the pri-
mary forces mediating these decays. More specifically, the positive intrinsic charge parity
of the pseudoscalar mesons requires the underlying decay mechanism to involve an even
number of photons—each possessing an odd intrinsic charge parity—so that the processes
are driven in terms of a one-loop diagram with two photons at lowest order. Contribu-
tions from physics beyond the standard model [1H6], on the other hand, can be mediated
through charge-conjugation-violating mechanisms, i.e., via a one-photon exchange, and
thus proceed at tree-level, potentially countering the suppression that would otherwise
be characteristic for such a contribution in comparison to the standard-model prediction.
For this reason, the aforementioned semileptonic n”) decays are excellent candidates for
searches for physics beyond the standard model, with any signal conclusively deviating
from the standard-model value giving a distinctive indication of new physics. In order
to unambiguously interpret experimental measurements [16-18), [46-48] in this regard, the
theoretical calculations need to be performed with high precision and specify a reasonable,
conservative uncertainty estimate, in particular in light of the improved results expected
from the REDTOP collaboration [49, 50], which plans to search for rare decays with an
unprecedented number of n) events.

The author of this thesis started to work on the project presented in this part of
the dissertation in the year 2021. At that time, Hannah SCHAFER was investigating
semileptonic ) decays as part of her master’s thesis [91], providing an estimate within
the framework of plain vector-meson dominance that improved on previous analyses [30]
by taking into account the dependence on the photon virtualities in the parameterizations.
Indeed, this additional momentum dependence has significant effects on the final results,
as will be demonstrated in this part of the thesis. Given the initially underestimated
complexity of the problem, the early advisory role of the author soon came to be a full-
time involvement in the project, which took another one and a half years to be finalized;
ultimately, this culminated in the development of a C++ interface [75] for the native Fortran
library Collier [77H80], which—somewhat obscurely—solved many of the difficulties that
formerly had to be overcome with Collier’s competitor Loop Tools [81], as will be explained
in the course of this dissertation

The analysis of the semileptonic n() decays performed in this thesis is based on the

*Moreover, in the process of work on this project, the author of this thesis found an error in the
calculations of Ref. [30], which eventually led to the publication of an Erratum to that article.
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assumption that the underlying two-photon processes n) — 70~4*~y* and 1’ — ny*y* are
dominated by the exchange of vector mesons [12HI4], 29]. Accordingly, the calculation
of the full semileptonic amplitudes requires knowledge of the corresponding vector-to-
pseudoscalar transition form factors [31), 32], the normalizations of which are determined
from phenomenological input [I5] in this thesis, as carried out independently by the author
of this dissertation and Hannah SCHAFER.

Having spelled out the amplitudes for the semileptonic decays, the momentum de-
pendence of the form factors is modeled using vector-meson dominance—including con-
straints from isospin and U(3) flavor symmetry—for which various parameterizations are
discussed by the author. More specifically, this includes a monopole as well as a dipole
ansatz, with the latter tailored such that the expected high-energy behavior [41H45] is
ensured; furthermore, for each of these, a variant that assumes constant widths for the
vector mesons as well as a modification thereof that incorporates the energy dependence of
the significant widths [69-71] is examined, implemented in terms of dispersively improved
BREIT-WIGNER propagators. For reference, an ansatz corresponding to a point-like in-
teraction is considered, which drops any dependence on the photon virtualities in the
vector-to-pseudoscalar transition form factors [30]. The foundations for all these parame-
terizations have been worked out by the author of this dissertation in collaboration with
Hannah SCHAFER and Bastian KuBIS, following which Hannah SCHAFER focused on the
explicit construction of the monopole form factors for both constant and energy-dependent
widths, benefitting from the assistance and cross-checks of this thesis’ author; the thesis’
author, on the other hand, concentrated on the construction of the dipole variants, which
were subsequently cross-checked by Hannah SCHAFER. Next, contributions beyond the
vector-meson-dominance model are analyzed by studying S-wave rescattering effects for
the decay n — 7°¢+¢~, which is based on a dispersive framework established by, among
others, Yannis KORrTE [28| 82-86], 02]. Although the author of this thesis contributed to
several discussions on this part, the actual implementation of the scalar rescattering effects
was developed by Hannah SCHAFER, Yannis KORTE, and Bastian KUBIS.

The following phenomenological analysis is performed in terms of integrated branch-
ing ratios as well as singly- and doubly-differential decay widths, obtained by performing
a PASSARINO-VELTMAN decomposition of the amplitude with FeynCalc [72-74] and the
subsequent numerical evaluation with Collier; here, the differential distributions are re-
stricted to the variants assuming constant widths for the vector mesons. Crucially, the
numerical evaluation of certain loop functions with LoopTools resulted in severe numeri-
cal instabilities for the variant with energy-dependent widths, as is discussed in detail by
the author of this dissertation. Through insightful discussions with Bastian KUBIS, the
author was able to ascribe these problems to very specific regions of the phase space and
was the first to suggest the use of the library Collier. Ultimately, this led to the devel-
opment of a C++ interface for the native Fortran library Collier, with an instrumental
role played by the author of this thesis, benefitting, in particular, from the assistance of
Andreas NOGGA. The numerical computations for the phenomenological analysis were
split as follows: while the benchmark scenario of a point-like interaction has been calcu-
lated independently by the author of this dissertation and Hannah SCHAFER, the author
mainly focused on calculating the observables with the monopole form factors for both
constant and energy-dependent widths; of these, the integrated branching ratios were
cross-checked by Hannah SCHAFER. Hannah SCHAFER, on the other hand, concentrated
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on calculating the integrated branching ratios with the dipole parameterizations, which
were subsequently cross-checked by the author of this thesisBl The numerical evaluation
of the scalar rescattering effects was entirely performed by Hannah SCHAFER and Yannis
KORTE. Furthermore, to normalize the integrated branching ratios of the semileptonic
decays to their corresponding two-photon analogs, the branching ratios for n() — 70y~
and ' — 1y, along with the complementary differential distributions, are calculated by
the author of this thesis, which have also been reproduced by Hannah SCHAFER.

In the appendices of this part of the thesis, arguments needed for the construction
of the vector-meson-dominance form factors and the determination of the relative signs
between these are outlined, which were obtained independently by the author of this thesis
and Hannah SCHAFER, resorting to keen insights of Bastian KusisE

#The differential distributions for the dipole variant given in this part of the thesis were calculated by
the author of the dissertation and are not included in the published article.

$Note also that all plots except for [Fig. 5.1| and [Fig. 5.2|in this part of the thesis have been created by
the author of the dissertation.
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Chapter 1

Introduction

Within the SM of particle physics, both the strong and EM interactions conserve the
symmetries parity (“P”), charge conjugation (“C”), and time reversal (“T”) separately. For
this reason, the decays n) — 7%+¢~ and o/ — n¢*¢~ can—mediated via the strong and
EM force—only proceed via a C-even two-photon mechanism due to C(n)) = +1 = C(x9),
that is they appear as one-loop processes at lowest orderE] As aresult, the SM contribution
to those decays is strongly suppressed, rendering them well-suited candidates for searches
for physics beyond the SM (BSM). In fact, BSM contributions to the discussed decays,
either mediated via a C-odd one-photon exchange [IH4] or due to other BSM mechanisms
such as new light scalars [5] and unconventional sources of CP violation [6], are themselves
subject to ongoing analyses.

Historically, calculations of n — 7%¢T¢~ were based on different models for the n —
70y*y* vertex as the conversion v*y* — ¢/~ depends solely on QED and is thus straight-
forward. This is not unlike the rare dilepton decays of the lightest flavor-neutral pseu-
doscalars, P — ¢4, P = 7°, n, 7/, similarly loop-induced and completely calculable
once the corresponding P — v*y* TFFs are known; see Refs. [7HI] for recent work and
references therein. For these decays, a reasonable behavior of the TFFs for large photon
virtualities is not only a requirement for a precision calculation but a necessity to regular-
ize the otherwise ultraviolet-divergent loop integral. This was equally recognized in early
theoretical work on 1 — 7°¢* ¢~ in the late 1960s, which was based on the simplest possi-
ble, point-like effective operator for  — 7%~ [10, [I1]: the loop was rendered finite either
with an ad hoc form factor [I0] or reconstructed dispersively from the unambiguously
calculable imaginary part with a finite energy cutoff [I1I]. As the effective operator only
contained S-wave interactions in both cases—leading to helicity suppression of the result-
ing dilepton mechanism—these calculations only determined a subdominant contribution,
underestimating, in particular, the n — 7% e~ rate by orders of magnitude.

On the other hand, a first VMD model calculation [I2], which based the n — 7%y
amplitude on p and w exchange, required no such further regularization: the additional
vector-meson propagators, singularities in the crossed channels providing so-called left-
hand cuts, dampen the high-energy behavior sufficiently such that the loop integral is
convergent, see[Fig. 1.1l Here, the coupling constants for the V' — P~ transition, V = p,w,
P = n,7%largely unknown at the time—had to be estimated in a quark model; in
this way, realistic rates B(n — 7ete™)/B(n — 7’yy) ~ 10~° were obtained. In the

LContributions from the weak interactions are also required to vanish at tree level.
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Chapter 1. Introduction

Figure 1.1: The t- (left) and u-channel (right) diagrams that contribute to n() —
[0 /n)¢+¢~ under the assumption that the underlying two-photon amplitudes are dom-
inated by the exchange of the vector mesons V = p,w, ¢.

1990s, the two decays n — m’eTe™ and n — 7ut ™ were reconsidered by calculating
unitarity bounds [I3,14]. These are based on the observation that the amplitude n — 70y
(with real photons) model-independently determines the imaginary part of the dilepton
amplitude, thus providing a lower limit on the corresponding rates. The diphoton decays
were calculated in VMD, supplemented with scalar ag(980) exchange [13], or based on
a constituent-quark-box model [I4]; the numerical results of these older calculations are
collected in

Today, we understand the mechanism for n — 7%y (and the related 7’ decays) much
better, while precision calculations are still a challenge. Chiral perturbation theory [19]
allows us to understand this reaction in terms of a systematic expansion at low momenta,
where the dominant contribution originates from a set of next-to-next-to-leading-order
counterterms |20} 2I], whose size can phenomenologically be estimated in terms of vector-
meson exchanges. The resulting predictions agree with the data [22H24] rather well [25],
and rescattering corrections in the scalar channel [26, 27] are moderate in size [28]. Sim-
ilarly, vector-meson exchanges dominate the decays ' — 7%y and ' — nyy [29], with
only minor S-wave corrections to the v spectra.

The most recent theoretical work on the decays n\") — 79%t¢~ and 5/ — ntte~ [30]
employs this modern knowledge to a large extent. Using the current phenomenological
information on vector—pseudoscalar—photon couplings, it once more models the two-photon
amplitudes with a VMD ansatz, superseding Ref. [12] by retaining all lepton-mass effects
and Ref. [I3] by calculating the real parts of the amplitudes explicitly. Perhaps surprisingly,
what has still not been implemented is the dependence on the photon virtualities, i.e., the
vector-to-pseudoscalar TFFs [31 [32]. These have garnered significant interest in the last
few years, both phenomenologically [33H36] and, in particular for the p — = TFF, on
the lattice [37H40]. Furthermore, the behavior of these form factors for asymptotically
large momentum transfers is known [41H45]. This is the major novelty of the analysis
presented in this part of the thesis and the main advance compared to Ref. [30]: by
providing a realistic model for () — 7%9*y* and 7/ — ny*y*, including the dependence
on the photon virtualities, we are able to give a more reliable prediction for the rates of the
corresponding dilepton decays in the SM. Furthermore, by lifting the (somewhat artificial)
dependence of the loop regularization on the left-hand cuts, we can, for the first time, also
test the effect of S-wave rescattering contributions. Varying the form-factor models allows
us to assess the remaining theoretical uncertainties of our predictions.

Experimentally, the decay n — 7’eTe~ has been searched for since the 1960s [46-48],
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Branching ratio Ancillary information Reference

n— nlete” 9.9 x 1079 VMD model [12]
n— mlte” 84738 x 1071 Unitarity bounds, VMD model [13]
n— mlete”  9.2(1.5) x 1071 Quark-box model, m, = 330 MeV [14]
) O 3.8113 x 10710 Unitarity bounds, VMD model 1121
6.9f§:g x 10719 As above, supplemented by ag
n— moutu 3.3(5) x 107 Quark-box model, m, = 330 MeV [14]
n— mlete” <7.5x1076 3 x 107 7 events WASA-at-COSY [16]
n—aoutu <5x1076 2 x 107 7 events Dzhelyadin et al. [17]
n — nlete” <1.4x1073 1.3 x 105 i’ events CLEO [18]
n — moutp~ <6x107° 107 7' events Dzhelyadin et al. [17]
n — nete” <24 x1073 1.3 x 10% 7/ events CLEO [18]
n = nutuT <1.5x107° 107 7' events Dzhelyadin et al. [17]

Table 1.1: Historical theoretical results on the branching ratio for n — 7%/~ and ex-
perimental upper limits for the different decay channels n") — [70/n]¢*¢~, the latter at
90% confidence level. For reasons of consistency with the experimental upper limits, we
converted the theoretical results from decay widths to branching ratios by using an up-to-
date central value [15] for the n width; see for the numerical values used in this
part of the thesis.

motivated by the search for possible C violation in the strong and EM interactions. To
date, only upper limits have been established for all decays studied in this part of the
thesis, the most rigorous ones being collected in The most stringent upper
limits, those for n — 7%%e™ from WASA-at-COSY [I6] and for  — 7%t p~ from
Lepton-G [17], are still more than three orders of magnitude above the theoretical SM
branching ratios; for the 7’ decays, this margin is even larger. There is, even so, the
prospect of improved experimental results by the REDTOP collaboration [49, [50], which
plans to search for rare decays with an unprecedented number of  and 7’ events.

This part of the thesis is structured as follows: in we construct the amplitudes
for n) — 7% t¢~ and 1/ — nlT¢~ as well as the corresponding two-photon analogs, with
the latter serving as normalization channels. For the semileptonic decays, a set of form
factors that incorporate the non-perturbative physics of the process is introduced and their
normalizations are determined from phenomenological input. These form factors are then
parameterized in by means of two distinct VMD models, including the construction
of dispersively improved variants. In [Ch. 4] we discuss the calculation of observables—
branching ratios as well as differential distributions—via a PV decomposition, and scalar
rescattering contributions are analyzed in [Ch. 5] Our numerical results are discussed

2Note that those upper limits were obtained assuming a flat DALITZ-plot distribution, which our results
indicate to be an insufficient assumption; see the discussion in
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Chapter 1. Introduction

in [Ch. 6] and we summarize our findings in [Ch. 7} Further details are provided in the
appendices.
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Chapter 2

Amplitudes

The construction of the C-even decay amplitudes for

N (P) = 7°(po)t* (p1 )™ (p-),
1 (P) = n(po)t* (p+ ) (p-), (2.1)
where £ = e, u, is based on the assumption that the underlying n) — 7%4*~* and ' —

ny*y* amplitudes are dominated by the exchange of the vector mesons V = p,w, ¢, see
For our analysis, we define the MANDELSTAM variables

s=(py +p-)>% t=(p— +po)* u=(ps +po)? (2.2)

which describe the invariant mass squares of the lepton pair and the lepton—pseudoscalar
subsystems, respectively; they fulfill the relation ¥ = s+t +u = Msw + Mzo T Qm?.

The relevant vector-to-pseudoscalar TFFs Fi p(q?) are defined as per
(POITM OV (pv)) = eepvape” (pv)p*d" Fvp(d®), (2.3)

where JEM(CC) = e(2u(z)yu(x) — d(z)y,d(z) — 3(x)v,s(z))/3 denotes the EM current and
g = py — p. The normalizations |Fy p(0)| at the real-photon point can be derived from
phenomenological input in a straightforward manner,

o(ME — M3

I(V — Py) = T | Fvp(0)|2,
1%
a M2 o M2 3
(P —Vy) = a(Mp — My)” I;MS v) | Fvp(0)]2, (2.4)
P

leading to [Table 2.1 with input from Ref. [I5].
Using [Eq. (2.3)]and summing over the ¢- and u-channel diagrams shown in [Fig. 1.1] as
well as V = p,w, ¢, we find the amplitude M = M(n") = [z0/5]¢+£7) to be given by

22
1
M = 2 E /d4k951/32@“1/1&1/31eﬂzuzazﬂzpalkul (POQkM? — P*2rz 4 kazllm)
1%

x PPV ((P = k)?) Py (k) Py (L= £)) Fuor () Furro sy (1= K)?)
v k_p++mf ]ﬁ,—%ere

Y4y Y2 |y, (2.5)
(h—p3)? — m? k2 —mi "

X Ug [7
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Chapter 2. Amplitudes

I'/ keV [15] | Fvp(0)|/ GeV!
p — moy 69(12) 0.73(6)
w — 1oy 725(26) 2.33(4)
¢ — w0y 5.61(21) 0.1355(26)
p—ny 44.2(3.1) 1.58(6)
w =y 3.91(35) 0.449(20)
¢ — Yy 55.3(1.1) 0.691(7)
n — py 55.5(1.9) 1.299(23)
n — wy 4.74(20) 0.401(9)
¢ —n'y 0.264(9) 0.712(12)

Table 2.1: The normalizations |Fy p(0)| at the real-photon point obtained from [Eq. (2.4
and phenomenological input determined from Ref. [I5]; see also [Table D.1

with 45 = us(p—) and v, = v,(p4). Here, we defined | = p4 + p_ and the BW propagators

1 1
PBW (2} — P(?) = ——
Vi) > — MZ +iMyTy’ (@) =m0

(2.6)

where My, is the mass of the respective vector meson and I'y its width. Due to their
narrowness, a constant-width approximation is well justified for the w and ¢, whereas
the broad p meson necessitates an energy-dependent width to avoid sizable (unphysical)
imaginary parts below threshold. We will implement such a parameterization for the p in
using a dispersively improved BW propagator. Our final results will be quoted
for both a variant “CW” with constant widths for all vector mesons and a variant “VW”
that instead employs an energy-dependent width for the p.

For the eventual computations, it will turn out useful to apply the DIRAC equation
and make the replacements

as’yﬁ(k _¢+ + mf)
fLsVV(]Z’_ - % + mf)

Vv = (Y kY = 20597 Yoy,
Vo = 0s(20" 7" = v k7" )or (2.7)

in [Eq. (2.5)
The branching ratios of the semileptonic decays are commonly normalized to the two-
photon analogs

1" (P) = 7°(po)y(a1)7(a2),
' (P) = n(po)y(q1)7(g2); (2.8)

see also For these decays, we define the MANDELSTAM variablesﬂ

s=(q+q)% ty = (g2 +po)% wy = (q1 + po)?, (2.9)

3Note that the MANDELSTAM variable s = (P — po)? is identical in the semileptonic and the diphoton
case.
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Figure 2.1: The two diagrams contributing to the two-photon decays ) — [79/n]y7,
which are related via q1 <> ¢2 (left and right).

which fulfill ¥, = s+, +uy, = M;m + Mﬁo I and denote the corresponding helicity
amplitudes by H/\)\/ = H)\)\/(S, t,y),

(1l V(o X)ISIO () ] (o)) = i2m) 18D (P + po — a1 — g2) dma 20 Hy
(2.10)
Here, A") are the helicities of the photons and we factored out the dependence of the electric
charge e = 4ma and the azimuthal angle . Using and the normalization of
the form factors, |Cypy| = |Fyp(0)], as will be introduced in we obtain the VMD
helicity amplitudes

Hyy = 57 (@)e3? ™ (@2) D Cuyon Crimo iy [P (6) Ho oy + PP (uy) H 0] (211)
%

where €3 (g;) denote the polarization vectors of the outgoing photons and

t _ M2 v B1, ve B2
Ha1a2 =g €prvion B CusvaazBoPy 41 Py 42

Hglag = 9M1M26u1u1a151 EMszazﬂngl qlﬁlwqu’ (2.12)

with py = g2 +po and py = ¢1 + po being the momenta of the intermediate vector mesons.
In principle, the contractions can be carried out, leading to the cumbersome expressions

Llg
H(t)qag = 5 |: 2 (MTQrO/n(M?rO/?] - E'Y) + t'Y(u'Y - S)) + (Mzo/n - tv)pSHQTQ + Spglp(O)Q

+ 50" a5 + (Mo, — uy)ay > + (Mo, + t9)d5 a7 + (Mo ) — us)d5 652 |

HY ., = H],

1oz (e%1e31 ‘q1<—>q2 (tyruy)”

(2.13)

However, when discussing observables related to the two-photon decays in [Ch. 4] the form
given in |Eq. (2.12)| proves more convenient for the actual calculationsﬁ

4Similarly, the contractions in[Eq. (2.5)|could be carried out. In this case, the resulting expression is even
more cumbersome and the to-be-performed loop integration renders such an operation rather pointless.
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Chapter 3

Form factors

In order to parameterize the form factors Fy p(q?), we use the framework of VMD. As a
consequence, the photon couplings at the V P~y* vertices of the diagrams in [Fig. 1.1| are
mediated via two intermediate vector mesons V; and V5, see[Fig. 3.1 We will construct two
distinct such models: a monopole parameterization “MP” with V; = p,w, ¢ and a dipole
ansatz “DP” with V; = p), w(), () that ensures the expected high-energy behavior of the
form factors [41H45]. For reference, we also include a model calculation “PL” with constant
form factors, i.e., a point-like interaction, which closely resembles the parameterization of
Ref. [30].

The conservation of isospin—and thus G-parity combined with C—imposes fundamen-
tal constraints on V7 and V5 in dependence of the initial and final states as well as the t-
or u-channel vector meson V. However, some of the couplings, namely n)w¢®), n)gw(),
7pp"), and 70¢p"), are, although isospin-allowed, vanishing under the assumption of U(3)
flavor symmetry and ideally mixed vector-meson multiplets, see [App. Al Since the contri-
bution of V' = ¢ would otherwise vanish entirely for 77(’ ) — 7904~ we nonetheless include
the OKUBO-ZWEIG-T1zUKA-suppressed (OZI-suppressed) [51-53] couplings 7%¢p!") in our
calculations; the remaining vector mesons V; are collected in

3.1 Monopole model

The MP model only takes the lowest-lying vector mesons p, w, and ¢ into account, so that
the form factors are parameterized according to

Fvp(d®) = Cyp, MEPEVY (¢%), (3.1)

with the assignments of V; € {p,w, ¢} specified in Here, we assume |Cypy| =
|Fvp(0)] at the real-photon point, see which determines the coupling constants
Cypy up to an overall phase. This assumption omits corrections due to the constant,
non-zero widths in the BW propagators, which are negligible for V' = w, ¢ but potentially
significant for V = pE| Since the energy-dependent width of the p meson will be chosen to
have the proper threshold behavior, these complications only exist for the variant CW but
not VW. In the following, all coupling constants are assumed to be real; to fix the relative

®Note that PEWY(0) ~ —1/M%, so that Fyp(0) = —Cyvpy, which, however, corresponds to an unob-
servable overall phase.
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n(/) @ NNNANAN

7T0/77 @ NNNANAN

Vs

Figure 3.1: The modeling of the two-photon decay mechanism in the VMD framework via
two vector mesons V; and V5. Constraints on (V7, V) in dependence of the initial and

final state as well as V' are given in

signs between them, we resort to U(3) flavor symmetry and analyses of ete™ — 37 and
ete” — my [54H56], see [App. Al Without loss of generality, we adopt a positive sign for
the coupling C,,, and establish the consistent sign convention compiled in

3.2 Dipole model

By including the next-higher multiplet of vector mesons, p’, w’, and ¢, and tuning a
free parameter ey accordingly, the expected asymptotic behavior Fy p(q?) o< ¢=* of the
vector-to-pseudoscalar TFFs [41H45] can be obtainedﬁ For the DP model, we thus make
the ansatz

Fvp(a®) = Ovpy [(1 = )M PPV (¢%) + e, M3, PRV (67)], (3.2)

where we assume the excited vector states to couple according to the exact same symmetry
restrictions as the ground-state multiplet, cf. PBW (¢?) is defined as in
with My and I'ys the mass and width of the respective excited vector meson. Due to
the large widths of the excited vector mesons, a constant-width approximation leads to a
rather poor description of these mesons, however. We will therefore, analogously to the p
and based on energy-dependent widths, construct dispersively improved BW propagators
for p/, &', and ¢ in leading to replacements of the kind PPV (¢%) — P‘(}I,SP(QZ).
Similarly to the MP, our final results for the DP will be quoted for both the variant
CW with constant widths for all vector mesons and the variant VW, i.e., using constant
widths for the w and ¢ but energy-dependent ones for p"), ', and ¢/. The form factors
in are assumed to be normalized such that Fy p(0) = —Cy py, which, as for the
MP, holds up to potential corrections due to the constant widths in the propagators. In
order to obtain the desired high-energy behavior, the free parameter needs to be chosen
as ey = M2 /(MZ — MZ,).

3.3 Spectral representation

While the variant CW yields a simple approximate description, the large widths of the
mesons p!), ', and ¢ actually require an energy-dependent parameterization to avoid

®Data on both eTe™ — wr® [57] and eTe™ — p%n [5860] suggests that the required cancellation indeed
largely occurs between the contributions of the two lowest vector states, i.e., p and p’ in those cases.
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Vrly Vny
14 p w @ p w @
Vi w® 0 0 0 0 0

Table 3.1: The constraints on the vector mesons V; of in dependence of V' derived
from isospin conservation and U(3) flavor symmetry with ideally mixed vector-meson
multiplets. We include the OZI-suppressed couplings gbﬂop(’); see text and for
more information.

significant (unphysical) imaginary parts below thresholdm In this section, we construct
these energy-dependent widths; to ensure the correct analytic properties when inserting
the form factors into the amplitude, we will furthermore introduce dispersively
improved variants [68] of the form factors that contain a pU)-, w'-, or ¢/-meson propagator,
which lay the foundation for the variant VW in both the MP and DP model.

For the p meson, we will use the energy-dependent width [69]

Yo—rta— (q2>

Tp(?) = 0(¢* — 4M2) F(@*)Ty,
g " Yp—mtn— (M,g) g
(q2 _ 4M2i)3/2
Yo—mtm— (q2) = qg = > (33)
where the so-called barrier factor [70] [71]
V@ M2 — AM2, + 4p?
f@) = VLT T TR 9024 MoV, (3.4)

M, ¢*—4M2, +4p3

has been introduced to ensure convergence of the superconvergence relations evaluated in
below. We calculate the dispersive p propagator via

‘ 1 [ Im[PEWV(x)]
Pdlsp 2\ _ / d \%
v @) T S v @ —x+ie’

Im [PPW (2)] = (@ — M2)? + 2Ty ()%’

where sihy = 4M§i is the threshold for p — 7w+t7~. The spectral representations of the
form factors Fy p(q?) for VP € {pn"),wr®, ¢7°} are thus given by

Cypy

Fvp(d®) = N M P (), (3.6)
P
where the normalization constant
N, = —M}PS(0) ~ 0.898 (3.7)

"In principle, such unphysical imaginary parts could be avoided for the p exchange by reconstructing
the latter in terms of dispersion relations for )7 — 7n [0, 61 62] and ) — 7ay™) [60, 63H65]; cf.
also Refs. |66l [67]. We refrain from further refining the amplitude in such a way here.
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Cproy Clonon Croy
+ + -
Comy Comy Cony
+ + -
Con'y Clony Con'~
+ + +

Table 3.2: The signs sgn[Cy p,| of the coupling constants defined in [Eq. (3.1), Here, we
fixed the global sign of Cy;, to be positive; see |[App. Al for details.

is introduced to retain .7?V p(0) = —Cy p,, i.e., to ensure that the coupling constants have
the same meaning in the original and the dispersively improved VMD parameterization.
For reasons of consistency, we also replace the p propagator in the left-hand cuts, wa(cﬂ)

in [Eq. (2.5) by a dispersively improved variant,

1 )
PY(e%) = S P P (@), (3.8)
P
where the normalization constant
NJHC =ML, PIP (M) ~ 1 (3.9)

is introduced in order to retain wa(Mg) = 1/(iM,I'y), in line with the VMD assump-
tion To evaluate PSISP(MPQ), we use the SOKHOTSKI-PLEMELJ theorem, leading to

. 1 [  Im[PPWV(z
PSISP(MPQ) — ][ dx [ P ( )]
m Sthr

+ilm [PPV(M2)). (3.10)
With the above conventions, we will drop the distinction between Fy p(¢%) and Fy p(q?)
in the following, and it will always be clear from context which representation is used.

For the dipole variant, the widths of the excited vector mesons p’,w’, ¢’ are modeled
using the dominant quasi-two-particle thresholds. We condense the decays p/ — wm,
W' — pr, and ¢’ — K*K in the notation V/ — V P, such that

Y ove(g?)
Tyi(¢%) = 0(q* — (My + Mp)?) 22 Ty,
vila) =0 (My ») )'YV’—>VP<M‘2//) v
g2, M3, M3)3/?
2y My, Mp
")/V/_>VP(q ) = (q2)3/2 . (311)

Here, we disregard any distinction between the various charge channels and use the neutral
masses for the numerical evaluation. The dispersive p’, w’, and ¢’ propagators and spectral
functions are defined similarly to [Eq. (3.5)l with the threshold sy, = (My + Mp)2. In

analogy to the dipole form factors read

= Cvp
-FVP(CI2) = TW [(1 - EW)M\ZQPW@Q) + EWMXQ/Z/PV;(QQ)]’ (3.12)
Vi

8We ignore the fact that the p pole in the complex plane does not exactly agree with the BW parameters.
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¢ (—0.47)78:5 N, 0.9970:53
€ (—0.43)73% N, 1.10%347
e (—0.42)7008 Ny 1.037503

Table 3.3: The values of the parameter ey derived from the superconvergence relations,

Eq. (3.15), and the normalization constants of [Eq. (3.13)l Here, tiny imaginary parts in
the normalization constants have been neglected. The uncertainties refer to the variations

of I'y, Iy, and Ty, see and are omitted in the subsequent analysis.

V}Sp(q2)}, where the simplifying assumption of constant widths

for w and ¢ propagators is always implicitly understood. Here, we introduced the normal-
ization constants

with Pvl_f(q2) € {P]Vf/W (¢%), PS

Ny = —[(1 = ev)M{ Py (0) + ey M7 Py (0)], (3.13)

which ensure ]?VP(O) = —Cyp,. The parameters ey have to be tuned differently in the
dispersively improved variant, namely via the superconvergence relations

0=(1—-ey)MZPY + ey MZ PY,,

1, V:wa¢7

v —1/ dz Im [P‘I/BW(:L‘)], V=p" W &,
T

Sthr
such that terms of O(1/¢?) in the form factors cancel. We collect the numerical results for

_ Mgy
MZPY — MZ,FY,

€v (3.15)

and ]VV in [Table 3.3] where we include the uncertainties due to the large errors on I'y;
in what follows, their effect is, however, assumed to be insignificant and thus discarded.

187






Chapter 4

Observables

The phenomenological analysis in this part of the thesis will be performed in terms of
doubly- and singly-differential decay widths as well as integrated branching ratios. We
define v = t — u, in terms of which the twofold differential decay width dI' = dI'(n(") —
(70 /n)¢+4) is given by [15]

1

51278 M3,,
n

dr |M|?ds dw. (4.1)

Here, |M|? is the spin-summed square of the amplitude, [Eq. (2.5), and the integration
region is bounded by the available phase space

s € [4m2, (M, — Mﬂom)2], V € [~Vmax; Vmax|, Umax = 0(8)V/ A(s), (4.2)
with
4mj 2 2
o) =1~ . As) = A(M20,5, M2 ). (43)

The singly-differential decay width dI"/ds follows from an integration of over v,

and the branching ratio
r

Lo

B — [x°/nlete) = (4.4)

is obtained after performing the full three-body phase-space integration, i.e., by addition-
ally integrating over s.

In order to calculate |M|?, we perform a PV decomposition of with Feyn-
Calc [72H74) after inserting explicit expressions for the form factors. For both the MP and
DP model and in both variants CW and VW, this results in an expression of the generic
form

M = 16707 [ MY + MESME"], MEO" = 3 Cpaty®”,
|4

Mqé%D = MyUsUr, Ma%)D = Uslp,Ur, Cy = Cvn(/),ycv[ﬂomh, (4.5)
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Chapter 4. Observables

C,/GeV? C,/GeV™2  (C,/GeV 2

n — 700t 1.16(11) 1.05(5)  0.0936(20)
I 0.95(8)  0.937(26) —0.0965(25)
n — nlteT 2.05(8) 0.180(9)  —0.492(10)

Table 4.1: Numerical values of the coupling constants defined in [Eq. (4.5)|for the different
processes.

where the quantities MQ‘L/O Y account for the different vector-meson contributions in the
result of the PV decomposition, c¢f. the sum in [Eq. ( _ (2.5)f they amount to cumbersome ex-
pressions containing PV functlonsﬂ The numerical values of the process-specific coupling
constants Cy are provided in Upon squaring and spin-summing, the above
amplitude leads to

(M| = 2567 [C2 [ M, > + C2 [ Muwl|* + CF [ Mg 4/
+ CoC [Mp|? + CpCy M, 4|2 + CCy | Moy o] (4.6)
where we defined
(Muy|? = [MEap P IMP? + [MEES P IME 2 + 2 MEER Re [My M),
Myive|? = 2 |MELD[PRe [MYWME*] + 2 | MEEL [P Re [ME ME2V"]
+ 2 MEED Re [M MY + M MiL"] (4.7)

for V1 # Vs, with

A u0v )‘(5) B V2
‘MQ%:DF = #7

MEED" = —2miv. (4.8)

(M&p|* = 2mi (s — 4mg),

Similarly to the semileptonic decays, the branching ratio of the two-photon analogs is

defined by

r
B — [7°/nyy) = T (4.9)
e

where T, = T'(n\") — [7°/n]y7) and

2
dr, = o M3<,) |H|*ds dv,, (4.10)
with the phase space being bounded by
s €10, (M, — Mﬂ.O/n)Q], vy € [y v, vy =/ A(s). (4.11)

9These expressions are attached as text files to the published article [75].
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Due to the indistinguishability of the two photons in the final state, an additional factor
of 1/2 has to be taken into account upon integration. From [Eq. (2.11), one finds the
polarization-summed amplitude squared

— 1
P = | 30 8 (1P ) U [P P2+ 2R [Py 1) P ) 7
\%4

+ ) 20%0y, (Re [Py (t5) P, ()] |H[? + Re [Py (uq) Py, (uy) ] [H 2

(V1,V2)

e [P (0P, () + P )P () ) (412

where the second sum extends over (Vi,V2) = (p,w), (p, ¢), (w, ¢) and we introduced

’Ht’t|2 OéldlgocgdgHt Ht~

=g aragttaran
w2 a1t 02 I7U u
|H =g g Halang1d27
taw|2 . aide a0 1yt u
’H - g g HalangldQ‘ (413)

As in the propagators Py (z) are to be understood as BW propagators for all
V in the CW approximation and BW propagators for V = w, ¢ but dispersively improved
variants for V' = p in the variant VW. For the numerical implementation of the dispersively
improved variants in we use the SOKHOTSKI-PLEMELJ theorem to rewrite

Eq. (3.5)| according to

P‘c,hSp(s) = % ][OO dz Im?i‘t(x)] +ilm [PV (s)], (4.14)

and 0(s — sny) for the imaginary part is implied by Im [P‘];W(s)]. The principal-value
integral can then be written in terms of a once-subtracted dispersion relation,

: 1 [~ Im[PBW - ©  Im[PEW
Pl v (g) — — ][ do V@] paiw. gy 4 8 ][ ar P 4
Sthr Sthr

T r—s ™ z(x — s)
where
< Im[PEV(z)] [~ Im[PEV(z)] - Im [PEV(s)]  Im[PEV(s)] Sthr
A A A=
(4.16)

with f;ﬁ 1/[z(x — s)] solved analytically|"”| Inserting the kinematics of the process, the
expressions given in [Eq. (4.13)|simplify to
t42 02 | 4202 4 .2
[HY'|" = [HY|” 4 t5(s” + u3),
2 = [HOP 4 a2(2 4 2),
2 = O (2 + s, (4.17)
where we defined

[HOP? = Mo ), (% + 83+ 0 + 28t + 250, + 4tyuy ) — 2M7 ), Sty — 2M o 3n + J\(fﬁo /n).
4.18

10Had we not subtracted the dispersion relation, the analytic integration would not have converged.
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Chapter 4. Observables

Finally, we consider the normalized semileptonic branching ratio

B(n") — [x°/nlete7)
B(n") — [70/nlyy)

which is particularly useful from the theoretical point of view since it reduces the effect of
the uncertainties from the coupling constants.

We perform the phase-space integrations of the differential decay widths, and
Eq. (4.10), numerically with the Cuhre and Vegas algorithm from the Cuba library [76].
For the numerical evaluation of the PV functions contained in the quantities MV(O)U, see
we use Collier [TTH 80HE| The integration is carried out following the decompo-

sition of [Eq. (4.6)|and [Eq. (4.12)]

B — [z mete) = (4.19)

Ty = C20) + C200), + C3r0) + C,CT0) + C,Cul) + €00 (4.20)

9 )V2 are listed in [App. B

numerical results for the decay rates I'

1A C++ interface to the native Fortran library Collier written for this purpose, including an executable
demo file, is attached as supplemental material to the published article [75].
12 . . . .
In we also discuss some peculiar problems that we observed when evaluating the PV functions
with LoopTools [81] instead of Collier.
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Chapter 5

Scalar rescattering contributions

While there are strong arguments in favor of the VMD model capturing the most significant
contribution to the semileptonic n) decays, we will furthermore assess the numerical
impact of scalar rescattering contributions based on a paradigmatic calculation for n —
70¢T¢~. For the 1’ channels, the vector mesons have sufficient energy to go quasi on shell,
so that an even stronger leverage of the VMD mechanism is expected.

5.1 Isolating the S-wave in the hadronic subamplitude

With the decay n — 7%/~ being driven by the two-photon intermediate state, as dis-
cussed in we first revisit the hadronic subprocess n — 7%yy. The corresponding
subamplitude H)yys, see [Eq. (2.10)} can be written by means of a tensor amplitude H,,
according to

ANy = (@) (2) Huw (5.1)

€ 9 i 17 I 9 9 17 .

in the following. For on-shell photons, the tensor amplitude H*” can be expanded in terms
of two tensor structures Tl”/'/2 that manifestly fulfill the WARD identity [2§],

S
" = 59"”—(1561%

T3" = 2sAMAY +4(q1 - A)(g2 - A)g"” — 4(qz - A)AVq] — A(q1 - A)gy A, (5-3)

with A# = (P + pg)#, and two scalar amplitudes as per

H" = A(s,t)T1" + B(s, ty)T4". (5.4)
Contracting with the polarization vectors yields
s
Hiy(s,ty) = —§A(s,t7) - S[Q(Mg + M2%) — s]B(s,t,),
Ho(5,8) = [(85 — 19)? = Aoy ()] B5, 1), (5.5)
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Chapter 5. Scalar rescattering contributions

n/K n/K gl

WO/K WO/R Y

Figure 5.1: The two intermediate states 7°7/K K that contribute to the two-photon am-
plitudes; the dispersive representation of the amplitudes is constructed in Ref. [2§].

where we introduced the abbreviation Ao, (s) = A(s, M2, Mg) In order to isolate the
S-wave, we neglect D- and higher partial waves, which requires the elimination of the
entire contribution from Hy_(s,t,) since its partial-wave expansion starts with D-waves.
Consequently, we have to impose B(s,t,) = 0, and, hence, the S-wave contributes only
through the tensor structure 7{". Furthermore, setting B(s,t,) = 0 allows us to use the

S-wave amplitude hZ , (s)|1—o to fix the scalar amplitude A(s,t.,) via[Eq. (5.5)|

As) = ~2 B, (). (5.6)

Note that hJ , (s) features a soft-photon zero at s = 0, so that A°(s) has no singularity at
s = 0 despite the factor of 1/s.

5.2 Rescattering effects in the hadronic subprocess

In Ref. [28], the rescattering effects in n —>77r0*y’y are described through a coupled-channel
analysis, taking into account 7% and KK intermediate states, cf. Using the
OMNES matrix (s) for the 7%n/(KK)j—1 system constructed therein, one obtains the

dispersive representation
() =0 ()= S (3 o (5500)
[ ()]

k(l),-q--s-(s)

for the S-wave amplitudes, with s,0, = (M0 4+ M,;)? being the threshold for the 7%
intermediate state and sy = —(Mg — M%) (ME — Mg)/M‘Q/ the onset of the left-hand cut.
Here, we include the VMD contributions from the p, w, and ¢ mesons for the 7% channel
(th’K(s)) and the K* for the K K channel (kzzz(s)) in the zero-width approximation. Using
the polarization vectors from and the coupling constants Cy defined in
the 7%%-channel VMD amplitude for photons with (A, \’) = (+, +) and the corresponding
S-wave amplitude are given by

CV St»y

HY, (s,ty) = 1ME 1 —ie + (ty <> uy), (5.8)
M? X 1 2MZ — (M2 4+ M%) +s
hﬂ(é‘) - % f/gv 08 XV(S) i 1% Xy (s) = - 172 )
Non(s) — Xv(s) = Alon(8)
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5.3. Loop calculation

n I
Wi
T
\
Vs
70 as

Figure 5.2: The triangle loop contributing to 7%y — ¢+¢~, which contains the tensor
amplitude H" that captures the rescattering effects in 7% — ~4*4*, with the photon
virtualities modeled via vector-meson propagators. This process is related to the corre-
sponding n decay via crossing symmetry.

where the logarithm induces the left-hand cut starting from sy. The VMD contribution
to the K K channel, K}r/ +(s,t,), can be treated in complete analogy; for this channel, our
representation additionally includes the QED BORN term projected onto isospin I =1,

\/§8MI2(
(ty = M) (uy = ME.)’

2V 2M? 1 AM?2
_2v2 K1, +O'K(S)7 ox(s) =1 — K,
sok(s) 1—o0k(s) s

KPS (s,1,) =

kO,BORN (8)

oo (5.9

Moreover, the soft-photon zero is already implemented in the remaining subtrac-
tion constants a and b are determined in accordance with Ref. [28], where one of them is
fixed by incorporating an ADLER zero at s = Mg and the other one is fit to experimental
data.

Subtracting the VMD contributions, [Eq. (5.8)|, from the full S-wave amplitude h9_, (s),
Eiq. (5.7)} allows us to isolate the rescattering effects in [Eq. (5.6)| according to

Ml =2 (19~ X ) (5,10

V=pw,$

With this, we can construct an S-wave tensor amplitude that only contains the rescattering
contributions in the form
' = A}

resc

(s)T1 . (5.11)

5.3 Loop calculation

To calculate the contribution of S-wave rescattering effects to the decay n — 7°¢+4~, we
use |Eq. (5.11)‘ for the  — 70y*~* vertex, which reduces the loop from a box to a triangle
topology, see [Fig. 5.2l The QED subamplitude for v*y* — ¢4~ is denoted by L*’ in
the following; its construction (at tree level) is straightforward and after simplifying with

Eq. (2.7), one finds

20" —
(r— —@1)* —mj + Pl (5:12)

L™ =

Note that we do not have to perform the S-wave projection of the QED subamplitude,
since this is implicit in the loop integration. Furthermore, to avoid double counting, we
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Chapter 5. Scalar rescattering contributions

do not include the crossed channel, which is described by the same amplitude due to the
symmetry of the triangle loop.

When taking into account the photon virtualities, the gauge-invariant tensor structure
T1", in particular, acquires additional terms [82H84],

2_ 2
S$—d41 —¢q v
T (41, 43) = %g“ — ¢hdy- (5.13)
The dependence on the photon virtualities is then further modeled by including factors of
M‘%P‘]?W(qz) for both photons, resulting in the hadronic tensor amplitude

H"™ (i, 43) = M, PR () M3, P3N (63) Avese ()T (dF, 63). (5.14)

This is a naive generalization to virtual photons that corresponds to a scalar-resonance
approximation, which we deem a sufficient approximation in the context of the semileptonic
decays. It avoids the known complications from, e.g., the modified partial-wave projections
of the VMD amplitudes; see Refs. [85] 86] for a more rigorous treatment. The prescription

in [Eq. (5.14)|is consistent with the monopole model for the form factors constructed in

3l The rescattering contributions to the  — 7%¢*¢~ amplitude are then given by

2 Ty (2 2
iM(s) = & / dhq NG B) (5.15)
i (g1 +i€) (g3 + ie)
with g2 =py +p- — @1
Understanding the S-wave amplitude as an enhancement due to the a(980) resonance
with I¢(JP¢) = 17(0%F), only the combination of p and w is allowed for the vector
mesons V7 and V5, so that the S-wave rescattering contributions become

T (q3,43) Ly
(¢ +i€)(q3 + ie)

(5.16)

resc

ia?
Mi(s) = = MEMEAS (o) [ dlan PRV () PEY ()

As a consequence of the reduction from a box to a triangle loop, and with T}"(¢?, ¢3)
O(q?), the integral is convergent only because of the dependence on the photon virtual-
ities introduced in Contracting the tensor structures and performing a PV
decomposition allows one to separate a factor of mys/ (M/?Mf,), with only the @sv, spinor

structure from [Eq. (4.5)| contributing, resulting in
M(s) = 16m%ia2s A (s) M (5) MEp, (5.17)

where Mvﬁ”(s) contains the remaining PV master integrals.
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Chapter 6

Results and discussion

We present the results for the semileptonic decays in the form of branching ratios as well as
singly- and doubly-differential decay widths; of these, the branching ratios are particularly
convenient to demonstrate the effects of the different form-factor models. Furthermore,
we examine the contribution of scalar rescattering effects to the branching ratios and
normalize the latter to the corresponding two-photon analogs. For all of our results, the
quoted uncertainties stem from the experimental uncertainties that enter via the coupling
constants and amount to ~ 10%. The uncertainties from the numerical integration, on
the other hand, are at least one order of magnitude smaller and therefore omitted.

6.1 Differential decay width

The doubly- and singly-differential distributions of the semileptonic decays exhibit distinct
characteristics, with the most prominent differences being observable between the decays
with electrons and muons in the final state, see [Fig. 6.1HFig. 6.3l While the majority
of the doubly-differential distribution for the electron channels is contained in a small
fraction close to the threshold in the invariant lepton mass, the decays with muons in the
final state display a spread-out distribution that covers large parts of the available phase
space. For the electron final state, in particular, it is important to take into account the
region close to the threshold in the invariant lepton mass, both when integrating over
the phase space and when performing measurements, as significant parts of the decay
width are readily missed otherwise. Furthermore, the logarithmic scale shows that the
distributions possess a minimum for v = 0, where v « cosf,, with 6, the s-channel
scattering angle. With only even partial waves contributing to the decays, this feature can
be attributed to the dominance of D-waves over the helicity-suppressed S-waves—which
do not show such an angular distribution—whereas for the muon channels, this suppression
is less pronounced. Beyond the difference in the final-state leptons, the principal visible
differentiations concern the size of the phase space, which is significantly larger for ' —
70¢+t¢~ than for n — 7% ¢~ and ' — nl*0—.

For all decay channels, the obtained DALITZ plots do not follow a flat distribution,
which was assumed for the experimental analysis of n — 7’ete™ in Ref. [I6]. While
this assumption is justified for a potential C-violating contribution [4], it is insufficient
for the SM result; we therefore propose a reevaluation of the experimental data and a
reassessment of the reported upper limit.
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Chapter 6. Results and discussion
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Figure 6.1: DALITZ plots for the MP model in the variant CW, normalized to the max-
imum value within the available phase space of the respective channel, dI'/(dsdv) =

[dI'/(ds dv)]/[max d'/(ds dv)].
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6.2. Branching ratios in the different models

1077 1076 107° 107 1078 1072 107! 10°
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Figure 6.2: Logarithmic DALITZ plots for the electron channels with the MP model in
the variant CW, normalized to the respective maximum value within the available phase

space; see also

The singly-differential distributions for the electron channels explicitly resolve a strong-
ly peaked structure for invariant lepton masses close to the threshold and a subsequent
rapid decrease. For muons in the final state, the singly-differential distribution is much
different, with a broad peak that is situated further in the center of the phase space.
This behavior is in correspondence with the observation that for my ~ 0, the threshold in
s approximately collapses to the threshold of the two-photon intermediate state, s = 0,
where the two-photon cut induces a behavior « log(s) [12]. Hence, for the electron final
state, this logarithmic divergence manifests itself as a peak close to the threshold in s,
regularized by a phase-space factor and forced to zero at s = 4m§, see m whereas
the muon channels have a much higher threshold, far from the logarithmic divergence.

6.2 Branching ratios in the different models

The sensitivity of the semileptonic decays to the different form-factor parameterizations,
i.e., a point-like, monopole, or dipole interaction, each with constant or energy-dependent
widths, can be probed by comparing the results for the branching ratios collected in
MTable 6.11

Our results for  — 7%*¢~ obtained with constant form factors and widths are com-
patible with the results of Ref. [30], which similarly assumed a point-like interaction.
Instead of determining the coupling constants purely from phenomenology, the authors
modeled these using a symmetry-driven quark model, which results in only slightly differ-
ent numerical values. For the n’ decays, on the other hand, we find significant disagree-
ment, which might be due to numerical difficulties when calculating the box diagrams in
a non-automated way via FEYNMAN parameters.

Implementing non-trivial form factors leads to a significant decrease of the branching
ratio for all decays, with the muon channels being subject to a larger reduction than the
electron channels and the 1’ decays to less reduction than the n decays. More specifically,
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Figure 6.3: Singly-differential decay widths in the MANDELSTAM variable s, obtained with
the MP model in the variant CW. Here, the inlays amplify the behavior close to the
lower threshold of the phase space, where the distribution shows a strong peak for the
channels with electrons in the final state. The uncertainty is entirely due to the dominant

phenomenological uncertainty of |Fy p(0)|, see [Table 2.1
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6.2. Branching ratios in the different models

Branching ratio/10~?

PL MP DP Ref. [30]
CW 2.10(23 1.35(15 1.33(15

n— mlete” (23) (15) (15) 2.0(2)
VW 2.06(22) 1.40(15) 1.36(15)
CW 1.37(15 0.70(8 0.66(7

o (15) ®) D
VW 1.32(14) 0.71(8) 0.67(7)
CW 3.82(33 3.08(27 3.14(27

o Oete (33) (27) @0 s
VW 3.81(33) 3.30(28) 3.30(28)
CW 2.57(23 1.69(15 1.68(15

o O (23) (15) W5 )
VW 2.53(23) 1.81(16) 1.81(16)
CW 0.53(4 0.48(4 0.49(4

e (1) () D e
VW 0.51(4) 0.50(4) 0.50(4)
CW  0.287(26 0.213(18 0.207(18

VW 0.280(25) 0.225(20) 0.240(21)

Table 6.1: The branching ratios of the semileptonic decays, resulting for the
models PL, MP, and DP in both variants CW and VW. The uncertainty is entirely due to
the dominant experimental uncertainty of |Fy p(0)|, see For reference, we also
give the corresponding results from Ref. [30], where we added the quoted uncertainties in
quadrature.

the decrease amounts to ~ 35% for n — mVete™ and ~ 50% for n — 7u*p~. For

n' — w00+ ¢~, the branching ratio is reduced by ~ 20% for electrons and ~ 35% for muons
in the final state. Regarding n’ — n¢™¢~, the branching ratio decreases by ~ 10% for
electrons and ~ 25% for muons in the final state. This gives strong indication that the
photon virtualities cannot be neglected in the analyzed processes, since constant form
factors are likely to overestimate the decay widths.

The dipole form factors, which feature the expected high-energy behavior ~ 1/¢*, fur-
ther assess the sensitivity on the precise parameterization of the form factors. Compared
to the variation observed between constant form factors and the monopole parameteri-
zation, their effect is, however, negligible, leading to a further decrease for n — 7%¢*¢~,
n — mutp~, and B’ — nutp~ and a slight increase for y — 7% Te™ and 1’ — nete,
both not exceeding the level of 5%.

Using spectral representations to implement energy-dependent widths for the broad
vector mesons, i.e., p(’ ), o', and ¢/, leads to a decrease in the branching ratio of less than
4% for all decays with constant form factors and an increase of not more than 8% both in
the monopole and dipole models, with the exception of 7' — nu™u~, where the increase
even reaches ~ 15%.
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Chapter 6. Results and discussion

Branching ratio
VMD Rescattering Mixed

n— nlefe”  1.36(15) x 107 25 x 10713  4.6x 10713
n—mutum  0.67(7)x 107 28 x 1071t —26x 107!

Table 6.2: The scalar rescattering contributions to the branching ratio of n — 7%¢+¢—,
Eq. (6.1), separated into the pure rescattering and mixed term, as well as the corresponding

VMD contributions from for comparison.

All these variations are more or less small compared to the difference between the
results in the PL model and any other model and mostly even small compared to the phe-
nomenological uncertainties. We thus infer the semileptonic decays to be rather insensitive
to the precise parameterization of the photon virtualities in the form factors. At the same
time, this justifies why we restricted our discussion of the DALITZ and singly-differential
plots in to the monopole model, as finer details are hardly discernible; see the

dipole analogs provided for completeness in

6.3 Scalar rescattering contributions

Adding the S-wave rescattering contributions for n — 7%/~ to the VMD amplitude
leads to two additional terms on the level of the squared amplitude: one pure rescattering
term and one interference term,

M+ M|* = M2+ IM? + 2Re [MM*]; (6.1)

see for the contributions to the branching ratio[?] For n — n%%te~, both
the rescattering and the mixed contribution are suppressed by O(10~*) compared to the
VMD result. This order of magnitude seems reasonable, given that coupling a scalar
resonance to two leptons requires a spin flip, resulting in an amplitude proportional to
my. For n — 7%t ™, the rescattering and mixed contributions are at the level of 5% in
comparison to the VMD contributions, still notably below the uncertainties of the latter.
In addition, the two contributions have opposite signs and thus largely cancel, leading to
a suppression of O(1073).

A similar order of magnitude is expected for the corrections to the decays n' —
[0 /n)¢te~, an explicit demonstration of which is, however, beyond the scope of this
thesis.

6.4 Photonic decays and normalized branching ratios

The primary motivation for calculating the branching ratio of the two-photon decays
n") — [7%/n]yy within our VMD framework is the normalization of the corresponding

1311 light of their negligible contribution, we refrain from calculating uncertainties on the rescattering
effects. Apart from the impact of the errors on the coupling constants C'yv within the dispersive integral
in such a calculation would also have to take into account the uncertainties from fixing the
subtraction constants as estimated in Ref. [2§].
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6.4. Photonic decays and normalized branching ratios

Branching ratio/10~%

CW VW
n — 70y 1.21(13) 1.18(13)
7 — myy 27.8(1.7) 28.1(1.8)
n =y 1.10(8) 1.10(8)

Table 6.3: Branching ratios of the two-photon decays, |[Eq. (4.9)] in both variants CW
and VW. The uncertainty is entirely due to the dominant experimental uncertainty of

|Fvp(0)], see [Table 2.1

semileptonic decays, [Eq. (4.19); numerical results for both observables are collected in
[Table 6.3] and [Table 6.4] respectively. Currently, however, there is also thriving inter-
est in resolving a discrepancy arising from an updated experimental measurement of the
n — myy decay [87]. The effect of implementing dispersively improved p propagators
for the two-photon decays amounts to less than 2% and is therefore insignificant as the
phenomenological uncertainties range between (6-11)%.

Our branching ratios with constant widths are in agreement with the VMD results of
Ref. [29]; supplementing those with a linear-o-model scalar contribution and chiral loops,
the authors quote B(n — 7wyy) = 1.35(8) x 1074, B(n — 7%yy) = 2.91(21) x 1073,
and B(n' — nyy) = 1.17(8) x 10~* based on empirical couplings. These results are
slightly larger than the plain VMD numbers but still compatible within uncertainties,
indicating that the effects of these model extensions are insignificant at the current level
of precision [29].

The dispersive analysis of 7 — 7%y~ [28] referenced in also includes the as tensor
resonance as well as isospin-breaking 77~ contributions, with the result B(n — 7Vyy) =
1.81f8:§g x 10~* showing a ~ 50% discrepancy with the VMD model. This deviation can
be traced back largely to the as contribution, suggesting that the impact of this resonance
might be relevant for n — 794+, specifically at very low diphoton invariant masses.

In light of this finding, it is important to note that we have not included any tensor-
meson effects for n — 7%+ ¢~ in For electrons in the final state, the lower threshold
in s is close to the two-photon threshold, so that an effect of similar size as in the photonic
case is within the bounds of possibility; the higher threshold for muons, on the other
hand, is expected to exclude the region where the ao resonance is most relevant. For the
n’ decays, the exchanged vector mesons can go quasi on shell, so that the VMD mechanism
is even more likely to dominate the effect of the tensor resonance.

While our results for the two-photon decays of the 1’ meson are compatible with the
experimental results from BESIII, B(n’ — 7%yy) = 3.20(24) x 1073 [88] and B(y' —
nyy) = 8.3(3.4) x 107° [89”E| the experimental situation for n — 7%yy is presently
inconclusive. For this decay, the PDG average B(n — 7’y7) = 2.55(22) x 10~ [I5]—the
main input being B(n — 70y7) = 2.52(23) x 10~ from the A2 experiment at MAMI [24]—
is in agreement with the theoretical calculation performed in Ref. [28] but in severe tension

Here and in the following, we combine statistical and systematic uncertainties of experimental branch-
ing ratios in quadrature for simplicity.
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Chapter 6. Results and discussion

Normalized branching ratio/10~°

PL MP DP
o4 CW  17.422(28) 11.197(11) 11.032(9)
n—mete
VW 17.510(20) 11.855(7) 11.531(4)
o+ _  CW  11.371(20) 5.781(7) 5.450(6)
n—mutp
VW 11.197(25) 6.020(10) 5.647(5)
CW 1.37(7 1.11(6 1.13(6
o s m0et e (7) (6) (6)
VW 1.36(7) 1.17(6) 1.18(6)
L o4 CW 0.92(5) 0.610(35) 0.603(35)
n = mutu
VW 0.90(5) 0.64(4) 0.65(4)
, L CW 4.77(7) 4.38(6) 4.41(6)
n —>7’]6 e
VW 4.65(7) 4.56(7) 4.56(7)
, LW 2.60(6) 1.93(4) 1.88(4)
n = nptp
VW 2.54(5) 2.05(4) 2.18(4)

Table 6.4: The same as but for the normalized branching ratios of the semilep-
tonic decays, Due to partial cancellations in this ratio, the quoted uncertainties
are given with the caveat that they are likely to underestimate the true uncertainty; see
main text.

with the preliminary result from the KLOE-2 collaboration, B(n — 79y7) = 0.99(26) x
10~* [87], which corroborates the older KLOE measurement B(n — 7%yy) = 0.84(30) x
10~* [90] and is consistent with the VMD-only result.

The results for the normalized branching ratio can be found in and the
discussion of the differences between the distinct form-factor parameterizations is analo-
gous to Due to partial cancellations in this ratio, the quoted uncertainties are
reduced drastically, however with the caveat that they are likely to underestimate the true
uncertainty, given that some neglected systematic effect beyond the error estimates of the
couplings potentially becomes dominant here. At the same time, potential corrections to
the semileptonic branching ratios that are not included in the plain VMD model, e.g., the
as resonance, are assumed to partially cancel as well because they emerge in the hadronic
part of the amplitudes that is shared with the photonic decays.

The doubly- and singly-differential decay widths for the two-photon decays are de-
picted in While the n decay does not show much structure in either plot—being
dominated by a D-wave at low and an S-wave at high diphoton invariant masses—the
n' decays are dominated by vector-meson resonances that can go quasi on shell. The w
resonance is clearly visible as two narrow bands in the DALITZ plots and as a peak in
the singly-differential distributions, whereas the p is disguised in comparison due to its

204



6.4. Photonic decays and normalized branching ratios
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Figure 6.4: DALITZ plots for the two-photon decays in the variant CW (top), normal-
ized to the maximum value within the available phase space of the respective channel,
dl’,/(dsdv,) = [dT,/(dsdv,)]/[maxdl,/(dsdv, )], and singly-differential decay widths
in the MANDELSTAM variable s, obtained in the variant CW (bottom).

much larger width and the scaling o< M,/T",. The angular dependence perceivable as a
less saturated band in the DALITZ plots and as a dip in the singly-differential distributions
can be attributed to the fact that the w — [7%/n]y decay must be in a P-wave due to

parity.
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Chapter 7

Summary

We have reanalyzed the SM contribution to the semileptonic decays n) — 79¢T¢~ and
n' — nl+t¢~, where £ = e,pu. Since C parity is conserved in the strong and EM inter-
actions, these processes are mediated via a two-photon mechanism and therefore loop-
induced. This two-photon mechanism is known to be dominated by vector exchanges; as
a major improvement compared to the existing literature, we have, for the first time, im-
plemented a realistic dependence of the hadronic subprocess on the photon virtualities via
vector-to-pseudoscalar TFFs. To assess the sensitivity to the chosen parameterizations,
we compared three different schemes: constant couplings (as a reference point), monopole
form factors, and dipole form factors, with the dipole model being motivated by having
the correct asymptotic behavior at high virtualities; in addition, we probed the impact
of using energy-dependent widths for the vector mesons by constructing dispersively im-
proved variants of the form factors. Non-trivial form factors turn out to be important in
order not to overestimate the branching ratios, and we thereby improve previous theoreti-
cal results for the semileptonic n") decays. On the other hand, the observables are mostly
insensitive to the details of the parameterization at the level of uncertainty induced by
the phenomenological coupling constants.

All predicted branching ratios are, as expected, well below the current experimental
upper limits. For the latter, we however recommend a reanalysis, given the far-from-flat
DaLiTZ-plot distributions of the SM contributions. With improved experimental sensitiv-
ities in the future, our theoretical branching ratios of these rare n") decays can hopefully
be compared to experiment and thus help cast a light on possible symmetry violations
and BSM physics in the light-meson sector.
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Appendix A

U(3) flavor symmetry

For the U(3) parameterizations of the pseudoscalar and vector-meson multiplets, we write

0, V2nt+y
N T + 5 \0/5 0
_ 0 n+n’
o = 0 T+ 7 fO ,
0 0 —V2n+2n/
V3
A+ wl) 0 0
(p}f(/) = 0 _pg(,) + wl(l/) 0 s (Al)
0 0 V24

where we only retain flavor-neutral states. Here, mixing effects between the (physical)
mesons are taken into account via the pattern

7\ [ cosfp sinfp\ (m

n —sin 9]3 (o)) 0P UL ’
w® _ [ cos Oy sinby WEI) (A.2)
o) —sinfy¢)  costy Ws(s/) 7 |

with 71, ng and wgl), wg) denoting the isoscalar singlet and octet states of the pseudoscalar
and vector-meson multiplets, respectively. In the above, the mixing angles are assumed
to be given by 0p = arcsin(—1/3) for the pseudoscalar nonet (canonical mixing) and

0y() = arcsin(1/+/3) for the vector mesons (ideal mixing). We furthermore introduce the
charge matrix according to

0= %diag(l _1,-1). (A.3)

Using we calculate T‘r[@PCI)L/q)‘V/(/)] to find the allowed couplings n") pp"),
NVww®, nVpd") | 70pw? | and 7lwp). To derive the relative signs between the corre-
sponding coupling constants Cy p, introduced in |Sec. 3.1|7 we calculate Tr[®F (IDZ Q] and
take the appropriate ratios of coefficients that emerge in [Eq. (2.5)l For our analysis, we
furthermore include the OZI-suppressed coupling Cy0., whose sign cannot be determined
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Chapter A. U(3) flavor symmetry

from U(3) symmetry. Instead, we resort to analyses of ete™ — 37 and ete™ — my [54-
50], which suggest that the product of the ¢y and ¢my couplings carries a relative sign
as compared to the product of the w~ and wny couplings. Hence, calculating Tr[@ZQ]
indicates a relative sign between Cyro, and C,0,. Fixing the sign of Cyyy to be positive,

the sign convention of follows.
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Appendix B

Intermediate results

The numerical values of the decay rates FE/Z)VQ defined in [Eq. (4.20)] for a point-like

interaction (“PL”), monopole form factors (“MP”), and dipole form factors (“DP”), are

collected in [Table B.1] and [Table B.2; for I'y, y,, we used Collier to evaluate the PV
0)v

functions contained in ./\/lqﬁ/( . Using LoopTools for the evaluation of the PV functions
instead, we observed severe numerical instabilities for some integrations in the variant
VW. These issues were most extreme in I'y, y, with at least one V; = ¢ for the decays
n") — mY%te~ but also notably problematic in I, for n’ — nete™. They can be
traced back to problems with the evaluation in certain regions of the phase space and
might be related to vanishing GRAM determinants in the PV reduction procedure; their
exact origin remains obscure to us, however, in particular because a decomposition into
coefficient functions does not improve this behavior and the evaluation with Collier using
scalar functions does not suffer from such instabilities. In [Fig. B.1l we illustrate the
described issues by calculating the MP model in the variant CW, with both Collier and
LoopTools, using a mass of the p that varies around its physical value and I', = 0 in the
BW propagator of the p. This breakdown mimics the variant VW to the effect that the
shown curves correspond to the integrands that subsequently would have to be integrated
over the spectral parameter y = M, +xT',.
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Appendix B. Intermediate results

T,/ MeV® Ty, ./ MeV® Ty ,/MeV® T,/ MeV® T,/ MeV® T, 5/ MeV?

CW  0.5302 1.077 0.6041
PL 0.5684 0.1864 0.6485
VW 0.4992 1.065 0.6060
nomete yp CW 03463 0.3627 0.1093 0.6914 0.3707 0.3966
VW 0.3422 0.3814 0.1151 0.7226 0.3945 0.4174
op CW 03419 0.3573 0.1033 0.6814 0.3615 0.3835
VW 0.3285 0.3630 0.09942 0.7160 0.3869 0.3903
CW  0.3440 0.7022 0.4222
PL 0.3686 0.1383 0.4498
VW 0.3123 0.6785 0.4136
no Ot yp CW 01772 0.1870 0.06392 0.3569 0.2029 0.2173
VW 0.1697 0.1972 0.06742 0.3657 0.2123 0.2293
bp CW  0.1674 0.1764 0.05756 0.3366 0.1888 0.2009
VW 0.1603 0.1802 0.06073 0.3473 0.1916 0.2102
154. 405.1 125.
pr, CW 1546 283.5 57.20 05 51 183.3
VW 152.8 406.5 138.9
f o et yp OW 12538 227.7 37.08 323.0 82.41 126.6
VW 133.7 241.9 39.93 349.2 103.0 135.4
op CW 1281 232.0 35.95 328.3 84.42 128.8
VW 1315 253.1 38.66 340.9 101.0 134.6
CW 1212 284.5 131.0
PL 169.8 55.13 168.1
VW 116.9 981.7 139.1
W mot yp CW 8002 111.0 30.42 185.6 70.21 94.91
VW 83.84 119.3 32.79 199.8 84.77 101.9
op W 79.10 109.8 28.68 183.4 68.78 92.80
VW  80.95 121.1 29.78 201.0 82.23 97.28
19. . .
p, W 1968 50.07 6.701 60.79 8.303 14.86
VW 1947 60.64 10.11
- CW  16.44 48.56 —1.684
n —nete”  \p 48.33 5.100 10.79
VW 1850 57.98 6.724
bp CW 1654 51.24 4.902 47.02 —2.518 12.45
VW 1837 46.79 4.827 57.81 6.109 10.82
12.4 1. 10.52
pr, W o 20.56 4.847 31.57 0-5 15.70
VW 12.38 31.86 11.66
- 24 19. 2.342
W = nutps yp OV 8240 16.03 3.170 9.66 3 9.959
VW 9471 24.59 6.988
bp CW 7980 16.28 2.944 18.15 1.682 10.13
VW 10.05 15.35 2.937 23.61 6.266 9.555

Table B.1: Numerical results for the decay rates defined in [Eq. (4.20)| for the models PL,
MP, and DP in both variants CW and VW, rounded to four significant digits.

212



r7),/MeV® T2 ,/MeV® T7 /MeV® T7,/MeV® T7 /MeV® T,/ MeV®

o CW 3.154 x 10* A 5 6.175 x 10* 3.218 x 10* A
n — m0yy 3.193 x 10 8.719 x 10 3.335 x 10
VW 2.921 x 10* 6.108 x 10* 3.189 x 10*

, o CW 3.088x 10" s ¢ 1.097 x 10® 1.115 x 107 ;
n — 7Oyy 4.586 x 108 4.286 x 10 1.884 x 10
VW 3.341 x 107 1.130 x 10® 1.386 x 107
CW 3.203 x 106 1.425 x 107 2.031 x 10°
n — nyy 6.537 x 107 4.473 x 10° 7.406 x 10°
VW 3.280 x 106 1.411 x 107 5.056 x 10°

Table B.2: Numerical results for the decay rates defined in [Eq. (4.20)|in both variants CW
and VW, rounded to four significant digits.
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Figure B.1: Benchmark between Collier and LoopTools for the MP model in the variant

CW with a varying p mass and I', = 0 in the BW propagator; see also main text. The

uncertainties on the problematic values resulting with LoopTools—which are not shown

here—are rather large, some of them reaching ~ 100%, whereas all other, compliant values

have uncertainties below 1%.
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Appendix C

Plots for the dipole model

In [Fig. C.1HFig. C.3, we depict the singly- and doubly-differential decay widths for the
DP model in the variant CW, which are virtually indistinguishable from the MP analogs,

1g. 6.1HF1g. 6.3
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Figure C.1: The same as|Fig. 6.1 but for the DP model.
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Figure C.2: The same as|Fig. 6.2 but for the DP model.
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Appendix C.

Plots for the dipole model
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Figure C.3: The same as [Fig. 6.3 but for the DP model.
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Appendix D

Constants and parameters

We collect the masses and widths used throughout the calculations in this part of the

thesis in [Table D.11
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Appendix D. Constants and parameters

Quantity Variable Value [15]
Mass 7° M0 134.9768(5) MeV
Mass 7+ M, .+ 139.57039(18) MeV
Mass K Mg 497.611(13) MeV
Mass 7 M, 547.862(17) MeV
Width 7 r, 1.31(5) keV
Mass 7/(958) M,y 957.78(6) MeV
Width 7(958) T,y 188(6) keV
Mass p(770) M, 775.26(23) MeV
Width p(770) T, 147.4(8) MeV
Mass w(782) M, 782.66(13) MeV
Width w(782) T, 8.68(13) MeV
Mass K*(892) M+ 895.55(20) MeV
Mass ¢(1020) M, 1019.461(16) MeV
Width ¢(1020) T, 4.249(13) MeV
Mass p(1450) M, 1465(25) MeV
Width p(1450) T, 400(60) MeV
Mass w(1420) M., 1410(60) MeV
Width w(1420) T 200(190) MeV
Mass ¢(1680) M,y 1680(20) MeV
Width ¢(1680) Ty 150(50) MeV

Table D.1: The masses and widths needed for the calculations in this part of the thesis,
with the values taken from Ref. [I5]. For the p() and the K*), the parameters are identified
with those of the neutral mesons.
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Prologue

The CABIBBO-KOBAYASHI-MASKAWA matrix determines the strength of charged-current
weak transitions by parameterizing the mismatch between mass and weak eigenstates.
Two of its elements, |V,;| and |V, are, for instance, accessible in weak decays of charged
B mesons, that is hadrons containing one b and one u (anti-)quark. More specifically, the
former of these matrix elements can be extracted from, e.g., B~ — ¢~ 1y, an important
background to which is given by B~ — ¢~y [1,145]. This radiative process is of interest in
itself and has been studied extensively in the literature, in particular regarding its factor-
ization properties [46-49], for which so-called B-meson light-cone distribution amplitudes
are of special importance [50H52]. These distribution amplitudes involve a set of a priori
undetermined parameters, among other things the inverse moment A\g, which, conversely,
is relevant also for non-leptonic B-meson decays [51]. Since a reliable calculation of Ap is
difficult with theoretical methods [1], an experimental determination using the branching
ratio of B~ — ¢~y has been proposed in the literature [1]. While such measurements
are possible with the Belle IT experiment [53], they are difficult to perform with the LHCD,
given that the photon cannot be reconstructed easily with its detector [3]. The four-lepton
decay B~ — ¢~ p,0")= ¢+ with the production of a lepton—antilepton pair from a virtual
photon, on the other hand, has been identified as a suitable candidate for studies with
both the Belle II and the LHCDb experiment [28§], at the same time retaining some sensitiv-
ity to Ap [3]. Beyond providing valuable information on B-meson light-cone distribution
amplitudes, the four-lepton decay can also be used to probe our understanding of the
standard model [3], which is the main objective of the analysis in this part.

The analysis of the four-lepton decay B~ — £~/ ~0'*, { = e, u, 7, V' = e, u, presented
in this part of the thesis employs dispersive methods to study the underlying B — ~* form
factors. While a dispersive treatment naturally implies that the form factors comply with
the fundamental principles of analyticity and unitarity, it also involves some challenges.
Most importantly, the decomposition of the amplitude describing the process needs to
be chosen such that the basis of form factors is free of kinematic singularities; dynamic
singularities, i.e., poles and cuts of genuinely physical nature, on the contrary, are inherent
to the amplitude and dictate the complex analytic structure of the form factors. Although a
procedure to obtain such a singularity-free basis for photon processes—the crucial property
being gauge invariance—has been developed by BARDEEN, TUNG, and TARRACH [10} [11],
it is not straightforward to apply this method to the amplitude in question; this is due
to the fact that gauge invariance is only manifest when including the charged lepton’s
final-state radiation, which, in turn, leads to an ambiguity, as will be explained in detail
in this part. The derivation of a basis with form factors free of kinematic singularities
was indeed an open problem for this project, which Stephan KURTEN had been working
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on already before the author of this dissertation started to investigate B — ~* form
factors. Having familiarized himself with the BARDEEN-TUNG-TARRACH procedure for
the analyses presented in and its the author eventually joined this
project in the year 2021.

After introducing a hadronic and a final-state-radiation tensor by splitting the ampli-
tude for the process B~ — ¢~ yy* into its (non-)perturbative parts—performed indepen-
dently by the author and Stephan KURTEN—explicit formulae for the final-state-radiation
piece, including lepton-mass effects, are derived by the author of this thesis. While Stephan
KURTEN focused on calculating the final-state-radiation tensor in the limit m, = 0 [I}, 3],
the author extended this result to also account for non-vanishing lepton masses [16, [17].
The formula including lepton masses, in particular, needs to be recast into a form that
allows for a unified analysis of the hadronic and the final-state-radiation tensor, which is
carefully deduced in this dissertation. Next, the role of gauge invariance for B~ — £~ py*
is discussed, which is shown to be fulfilled only for the sum of both tensors and thus
rules out a straightforward application of the BARDEEN—TUNG—TARRACH procedure. In
order to transfer the ideas developed by BARDEEN, TUNG, and TARRACH to the problem
at hand, the hadronic tensor is then decomposed into homogeneous and inhomogeneous
parts by the author of this dissertation, with the homogeneous part referring to a contribu-
tion that individually complies with gauge invariance. Furthermore, the hadronic tensor
is demonstrated to contain a pseudoscalar component, which is described in terms of an
associated tensor, similar to the hadronic equivalent. Performing an analogous decompo-
sition of the pseudoscalar tensor into homogeneous and inhomogeneous parts, an essential
condition on the established inhomogeneities is derived by the author of this thesis, who
benefitted from insightful discussions with Bastian KUBIS and Danny VAN DYK as well
as cross-checks by Stephan KURTEN along the way of the derivation. With the defined
quantities, amplitudes for the process B~ — £~ 0’ ¢'T are calculated, which, for ¢ # ¢/,
was done independently by the author and Stephan KOrTENE

Following these general considerations, the homogeneous part of the hadronic tensor
is decomposed into a set of LORENTZ structures and form factors free of kinematic sin-
gularities, which is done using a method based on the procedure by BARDEEN, TUNG,
and TARRACH, as developed by the author of this thesis in collaboration with Stephan
KURTEN, Bastian KUBIS, and Danny VAN DYK. For the inhomogeneous parts of the
hadronic and the pseudoscalar tensor, generic parameterizations consistent with all the
priorly imposed gauge constraints are specified by the author. These parameterizations
induce a set of free parameters, which are studied by comparing with previous choices
from the literature [1I, 4} [5 [14HI7) [19]; this comparison was carried out by both the author
of this dissertation and Stephan KUrTENH Here, particular emphasis is put on the aspect
of the singularity-free property of the form factors, i.e., which choices lead to an extension
of the homogeneous part of the hadronic tensor that is eligible for a dispersive treatment.
Having analyzed explicit choices for the free parameters, the inhomogeneity is shown to
be restricted to a very specific form under three reasonable assumptions, as deduced by
the author of this thesis. Together, these considerations lead to definite choices for the

“The amplitude for £ = ¢’ given in this part of the thesis was calculated by the author of the dissertation
and is not discussed in the published article.

Studying the parameterization from Ref. [5], the author of this thesis, Stephan KURTEN, and Danny
VAN DYK found an error that led to the publication of an Erratum to that article.
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inhomogeneous parts of the hadronic and the pseudoscalar tensor, for which projectors—
derived independently by the author and Stephan KURTEN—are given that allow one to
obtain singularity-free form factors from a hadronic tensor in an arbitrary basis.

By establishing a set of dispersion relations [23, 24], the B — ~* form factors are then
related to the well-known B — V, V = w, p, analogs [9]; the corresponding calculation
was first performed by Stephan KURTEN and subsequently cross-checked by the author of
this dissertation. Here, the structures and form factors needed to describe B — V' [25] are
reviewed in great detail, including the parameterization of the form factors by means of a
series expansion in a conformal variable [9]. Proposing a similar expansion for the B — ~*
form factors, with the additional momentum dependence of the photon being modeled
using a vector-meson-dominance ansatz, explicit parameterizations for the B — ~* form
factors are obtained by inferring the undetermined parameters from the available input
on B — V through the dispersion relations; this result was derived by Stephan KURTEN
with the assistance of this thesis’ author as well as keen insights of Bastian KUBIS and
Danny vAN DYK.

The phenomenological application of the formalism consists of the calculation of in-
tegrated branching ratios and forward-backward asymmetries for B~ — ¢~ ppl/=¢'T as
well as differential distributions for ¢ # ¢’ E' In the case of distinct lepton flavors, ¢ # ¢/,
the angular integrations are performed analytically by the author of this thesis. The
remaining integrations need to be carried out numerically, where the analysis was split
as follows: while the author focused on propagating the uncertainties using an analytic
method, Stephan KURTEN concentrated on conducting a statistical error analysis; both
approaches yielded results that are in good agreement within uncertainties and were even-
tually also reproduced by the respective other party. Additional cross-checks for ¢ # ¢
are obtained by also performing the angular integrations numerically, as implemented by
the author of this thesis. In fact, for £ = ¢, all integrations are carried out numerically by
necessity, which is clarified in detail in this part.

In the appendices, formulae related to the hadronic and the pseudoscalar tensor are
derived [IJ, B] by the author, which were also verified by Stephan KURTEN. Further-
more, the appendices elaborate on the arguments that lead to the constrained form of
the inhomogeneity. Besides giving additional information on the modified BARDEEN—
TUNG-TARRACH procedure, the appendices also contain the explicit formulae for the
form-factor projectors. Further details on the kinematics of the processes B~ — £~ py*
and B~ — {0/~ ¢'" are included in the appendices as well, which were deduced inde-
pendently by the author and Stephan KURTEN. Moreover, the asymptotic behavior of the
transition form factors is discussed in the appendices [15], which was first obtained by
Stephan KURTEN and subsequently cross-checked by this thesis’ author [l

$The results for the observables with £ = ¢’ as well as the differential distributions given in this part of
the thesis were obtained by the author of the dissertation and are not included in the published article.

INote also that all plots except for in this part of the thesis have been created by the author
of the dissertation.
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Chapter 1

Introduction

The radiative leptonic decay B~ — £~ 17y is considered an excellent source of information
on the leading-twist B-meson light-cone distribution amplitude (LCDA) by elucidating the
inner structure of the B meson [IH3]. However, measurements of this decay are likely only
possible with the ongoing Belle IT experiment, which precludes leveraging the upcoming
large datasets from the LHC—primarily the LHCb—that will become available from run 3
onwards. The four-lepton decay of the B meson, B~ — £~ 70!~ 0't, with ¢/ # £, /") = ¢, p,
has been identified as a suitable candidate for studies with data from both Belle II and
the LHC. This decay has been studied to some extent in the literature, with a variety of
models for the relevant B — ~* form factors [4H7]. Nevertheless, its usefulness to extract
B-meson LCDA parameters is hampered by the need to describe a virtual photon in the
time-like region, which requires a particularly careful treatment.

We propose a dispersive approach for B — v*, which is based on the fundamental prin-
ciples of analyticity and unitarity, where we apply methods that were originally developed
for dispersive analyses of low-energy processes in the time-like region—see, e.g., Ref. [§]
and references therein for an application to the pion vector form factor—to hadronic TFFs
of B mesons. By establishing a set of dispersion relations in the photon momentum, we
relate the isoscalar and isovector components of the B — ~* transition inherent to the
hadronic part of the amplitude through B~ — ¢~ py*(— £~¢'") to available input on
B — wand B — p [9]. In doing so, we use a VMD ansatz, but our results provide the
foundation for more sophisticated future analyses. Here, our approach, in particular, has
the potential to enable the transfer of information from the region of time-like photon
momenta to the space-like region, where the sensitivity to the LCDA parameters is less
affected by soft interactions [3]. Since using dispersion relations requires the form fac-
tors to be free of kinematic singularities, we present a modification of the BTT [I0, 1]
procedure—which has not been designed for hadronic form factors in weak transitions—
that allows us to obtain such a set of form factors. At this, we face a problem: the
separation of the amplitude into a hadronic term—containing the non-perturbative dy-
namics of the process—and a final-state-radiation (FSR) term turns out ambiguous; the
two terms are not individually gauge invariant but only their sum is. A further issue is
the lack of definite angular-momentum and parity quantum numbers of the form factors.
Our modification to the BTT procedure addresses this issue, where we take special care
not to spoil the singularity-free structure.

To ensure a consistent treatment of lepton-mass effects, we work with non-zero lepton
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Chapter 1. Introduction

masses throughout our analysis; taking the limit m,;) — 0 in our formulae remains possible
at all reasonable stages. While the considerations in this part of the thesis are restricted
to the decay of a negatively charged B meson, the decay of a positively charged B meson
can be calculated in complete analogy, with minor adjustments to the given formulae and
identical numerical results.

The outline of this part of the thesis is as follows: in[Ch. 2] we introduce the Lagrangian
of the weak effective theory (WET) that describes semileptonic b — ufv transitions. The
amplitude for B~ — ¢~ py*(— £~ ¢'") and its decomposition into a hadronic tensor and an
FSR piece is discussed in[Ch. 3] Using our modified BTT procedure, the hadronic tensor is
then parameterized in terms of four form factors that are free of kinematic singularities in
[Ch. 4] where the ambiguity arising from the separation of the full amplitude is a subject of
special attention. In[Ch. B we establish a set of dispersion relations that relate the B — +*
transition inherent to the hadronic part of the amplitude to available input on B — V'
form factors, V = w, p, and provide predictions for the B — v* form factors. Using these,
we present numerical results for the branching ratios and integrated forward—backward
(FB) asymmetries of the process B~ — £~ ul!~ ', with { = e,u,7 and ¢ = e, pu, in
[Ch. 6] where we additionally provide differential distributions of the decay width and FB
asymmetry for ¢/ # £. We conclude and give a brief outlook in Some supplementary
material is outsourced to the appendices.

234



Chapter 2

Weak effective theory

At the energy scale of the B meson, the SM’s flavor-changing processes are conveniently
described within an effective field theory [12} 13]. The leading terms in this theory arise
at mass dimension six, with higher-dimensional operators being suppressed by at least
sz/MI?V ~ 0.4%. Moreover, such an effective field theory allows us to transparently
include potential BSM effects as long as new matter fields and mediators live above the
scale of electroweak symmetry breaking. For b — wfv, transitions, in particular, we use
the effective Lagrangian

4G
£t = STV S CI O™ e 2.

where Gp is the FERMI constant as measured in muon decays, V,; is the CABIBBO—
KOBAYASHI-MASKAWA (CKM) matrix element for the b — wu transition, and C*% =
C}‘M”(u) are the so-called WILSON coefficients at the scale p that are multiplied with the
local field operators OZ-MV = OZ»“MV(CC). A convenient basis of operators up to dimension
six and with only left-handed neutrinos is given by

Oftim = [a(z)y “Pm )] [EyyPri(a)],

Oy = [18@)Pu(ayb(a)] [£a) Pro(z)],
O = [u(x)o* ( )][ ()0 Prve(z)], (2.2)

where, in the SM, C“b€”|SM = 14+ O(a) and C***|gy = 0 for all other WILSON coefficients.
To leading order in the EM interaction, matrix elements of the above operators factorize
into matrix elements of a purely hadronic and a purely leptonic current. For our analysis,
we limit ourselves to the SM operator O“M” and—implicitly—to the scalar operator (9““”
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Chapter 3

Hadronic tensor

We first study the decay B~ (p) — £~ (pe)ve(py)v*(q), k = pe + pv, whose amplitude in the
SM is given by [I]

V2
up to corrections of O(a). It is convenient to write the WET operator in terms of the
leptonic and hadronic weak currents Ji () = £(x)y" (1 —7s5)ve(x) and Jy(z) = u(x)y” (1 -
75)b(x) according td]

M(B™ = oY) = (" oy |OVL | B7) (3.1)

1
OpL = 771, (0) Ry (0). (3:2)
Within the framework of the WET, there are two possible diagrammatic ways for the
emission of the (virtual) photon: either from the constituents of the B meson or from the
charged final-state lepton; the respective diagrams are shown in [Fig. 3.1

At leading order in the EM coupling, the hadronic matrix element on the right-hand

side of can be written as
(€ o0 Vi (0 OB ) = ey (€7l by (0)0) [ e (T (s )T 0D} B)

O OB [ dhoo® (5 T (I ()T 0)10)]
= eez [QBLVTﬁu(k7 q) + Q¢Thgg (e, Pus Q)L (3.3)

where e is the elementary charge and €, = e:;(q; A) the polarization vector of the outgoing
photon with momentum ¢ and polarization A. Furthermore,

T (@) = a(2)Qy (@) + > Qul(w)y"L(x) (3.4)
l

is the EM current, with ¢(z) = (u(x),d(z), s(z), c(x),b(x))T, Q = diag(2,-1,-1,2,—1)/3
the quark charge matrix, and g = —1 = @y the charge of the B meson and lepton in
units of e. With the aim to render the transfer of our analysis to the positively charged
channel more transparent, we will explicitly retain factors of Q@5 = @)y in our formulae; it

!Translational invariance implies that we can fix z = 0 for the WET operator in the matrix elements

evaluated below; see also the part of this thesis.
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Chapter 3. Hadronic tensor

Vy

Figure 3.1: The FEYNMAN diagrams contributing to the decay B~ — ¢~ 1yy* at dimension
six in the WET on the hadronic level: pole and cut contributions of Tf” (k, ¢), e.g., from
the intermediate states B in k? or 77 in ¢ (left) and emission from the charged final-
state lepton in The (pe, pvy @) (right). The hadronic tensor Tj” (k, ¢) and the FSR tensor
Tisr (Pe, Py, q) are defined in [Eq. (3.5) and [Eq. (3.6)| respectively. Note that an effective
four-particle vertex is discarded here since it contributes at dimension eight in the WET.

is, however, to be kept in mind that further modifications of the spinor structure apply
beyond this simple alteration. In we moreover introduced the leptonic matrix
element L, = vy, (1 — v5)vp, with @y = uy(ps) and vy = vz(p,), the hadronic tensor
T (k. q),

QBT (k.q) = / A e (O] T{ It (2) T (0)} B), (3.5)

and the FSR tensor Ty (pe, pv, ),

QZT#SR(pfvaQ) = —ipr,,/d4x el?” <€7ﬁ5|T{JgM(‘T)J\ZIJ\](O)}‘O> ’ (3'6>

where fp is the decay constant of the B meson, (0|a(0)y”~v5b(0)|B~) = ifpp”. While the
hadronic tensor T};” (k, ¢) describes the genuinely non-perturbative physics of the process,
TlffSR(pg,p,,, q) comprises the FSR from the charged lepton and can be reduced to the B-
meson decay constant fp and an entirely perturbative remainder. The hadronic tensor can
be decomposed into a set of LORENTZ structures and associated scalar-valued functions,
which are customarily referred to as the B — ~* form factors. It is the purpose of this
part of the thesis to study these form factors within a dispersive framework, which requires
knowledge of their singularity structure in the two independent kinematic variables and
of the form factors’ asymptotic behavior, see [Ch. 4]

In the case of a massless charged lepton, one finds the remarkably simple result [T}, 14}
5, 14, [15]

Ttsg o(Pes Pvsq) = fBLY (3.7)

for the FSR tensor, whereas the case of non-zero mass leads to the more intricate for-
mula |16, [17]

+q+my
Ty, \Dus ) = S L/t bkl
1SR m, (e Pvs @) = [B(De + Py + @)uliey (e + 07 —m2

"
2p, +1q - (1— ,75)1}1_/]. (3.8)

= fp| L' +mptly———5——
(pe +q)* — mj
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For our purpose, it proves convenient to bring the FSR contribution into such a form that
it shares a common factor of L, with its hadronic counterpiece, 1i.e.,

(0~ oy | Ry (0) 11, (0) | BT) = eQpe, [T] (K, ¢) + T (pes Py 4)] Lo (3.9)

It is straightforward to achieve such a description for the massless case, my, = 0, from
Eq. (3.7)l For the massive case, my # 0, we make use of the DIRAC equation and the

CHISHOLM identityﬂ in [Eq. (3.8)|to obtain

Tlf“LSR,mZ (pespv,q) = fB [g’“’L,, + ma WM’YV’Y“’YPQ — Y5)Up
= /B {QWLV + ml;y wﬁ%%(l —5)Up
- aeM?’”ﬂ —Y5)vp + WM%O —Y5)Vp
— iEV“pUWW%%%(l - 75)00}, (3.10)

leading to

20,07 + 0ia” + ¢"'pf — (pe - )9 + ie"P7 (py) p4o
(pe + q)? —m2

Ther (e, vy @) = fB 9" +

}, (3.11)

which is valid only when contracted with the leptonic matrix element L,,E|
Due to gauge invariance, the full amplitude necessarily complies with the WARD iden-
tity
6 [Th1" (K, q) + Tipp (pes ooy )] Ly = 0. (3.12)
However, the hadronic and the FSR tensor are not individually gauge invariant but sat-
isty [T, 4, 5]

qHTﬁLV(ka Q) = _fB(k + Q)Vv
4. Tpsp (Pes poy @) = f(k +q)", (3.13)
see [App. A] so that gauge invariance indeed only holds for the sum of both contributions.

Based on [Eq. (3.13)l we split the hadronic tensor into a homogeneous and an inhomoge-
neous part by means of T} (k, q) = T} 1o (k- @) + T} (k,q), which obey

H,inhom.

qlf‘TI{Ijﬁjom,(k;7 q) = 07
qMTg,Vinhom.(k7 q) = _fB(k =+ Q)V~ (314)

Up to this point, we have not made any choice on the LORENTZ decomposition of the
hadronic tensor Tﬁ“’(kz, q) or its (in-)homogeneous part. In|App. Al we demonstrate that

any such choice leads to the relation

ko Tl o, (k@) = Th (K, @) + f3(k + )" = ko Tl ynom. (k> @), (3.15)

H,inhom.

2The CHISHOLM identity is derived in the Foundations]| part of this thesis.

3Note that one can, in principle, further make the replacement p; — k” in[Eq. (3.11)| by virtue of the
DIRAC equation for the neutrino.
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Chapter 3. Hadronic tensor

where the pseudoscalar tensor T# (k,q) is defined in terms of the pseudoscalar weak current
Jp(z) = u(z)ysb(x) via

QpTH(k,q) = (mb+mu)/d4xeiqx (0| T{ Iy (2) Jp (0)}|B7), (3.16)

with my, and m,, being the MS masses of the b- and u-quarks. As also shown in
this tensor is not gauge invariant but, similar to [Eq. (3.13)} fulfills

uWTh (K, q) = — fem. (3.17)
For this reason, we proceed in analogy to [Eq. (3.14)| and split T} (k,q) = T} .., (k. q) +
Th inhom. (k, @), where

qMTlg,hom.(k7 Q) =0,
qﬂTIéL,inhom.(k7 q) = _meZB‘ (318)

In the following, we additionally impose that the homogeneous part of the hadronic tensor
fulfills

|

kVTII;Z/hOIH(k’ Q) = Tllj,hom.(k7 Q), (319)
which, using [Eq. (3.15)| leads to the condition
Tg,inhom.(k’i7 Q) + fB(k + Q) —k T{f inhom. (]6, Q) =0. (320)

The constraint given in corresponds to an intrinsically natural choice because it
links one of the hadronic form factors of the axial-vector current to that of the pseudoscalar
current, as is the case with hadronic form factors in other weak transitions, too.

The tensors Tl" (k, ¢) and Thgg (pe, Py, g) emerge in predictions for the decay B~ (p) —

= (pe)ve(p) '~ (q1)0F (q2), with € # £, ¢ = q1 + qo,

4
M(B™ = ol 0 = GrVub (0=~ 0| O% | B
\/E )
_ GrVa e? y 5
F\‘[ : QQ [TIfIL (k’q) +T#sﬁ(p€;pr)] l,uLya (321)
where we introduced the leptonic matrix element I, = tgy,vp, with @y = tp(gq1) and

vp = vp(ge). It is straightforward to calculate the spin-summed amplitude squared,

€4G2 Vv b 2
e SRR o)

x [T5°(k, ) + Togn e )] S 0dh Y. LLLE,  (3.22)

spins spins

|IM(B™ — £~ o0~ 02

where taking the trace in DIRAC space yields

o = 4[ql'qs + dhat — (a1 - @2) + milg"],

spins

> L = 8[pypl + pip] — (pe - p)g”? — i€ (pe) p(p1)o ) (3.23)

spins
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Figure 3.2: Two of the four diagrams contributing to the decay B~ — {~ v,/~ T with
identical lepton flavors; see also The other two diagrams are obtained by inter-
changing p; <> ¢1, which implies k - k = ¢ + p, and ¢ — ¢ = ps + ¢o.

The discussion of the decay with identical lepton flavors, ¢/ = ¢, is more involved [4} [I§]
since an additional set of diagrams has to be taken into account due to the interchange-
ability of two final-state fermions, see In this case, the amplitude can be written
as

M(B™ = "~ = M(B™ — ("0~ 0'F)

vy — (P @), (3.24)

where concurrent adjustments to the DIRAC spinors in the expressions [, and L, are

implied, and we have K — k = ¢1 + p, and ¢ — ¢ = py + g2 for the term indicated by
(pe <> q1); the relative minus sign between the two contributions arises from a simple
counting of permutations in the corresponding WICK contractions. For the spin-summed
amplitude squared, we then find

(M(B™ = 7o €7)]? = [|M(B™ = € ol = )| ,_, + (pe <> @1)]
=T MBT S ol )|, % (pe & 1) +hee]. (3.25)

spins

Upon integration over the phase space, the first two terms are related by a LORENTZ trans-
formation, |[M(B~ — £~ = 0') 2|, _, + (pe > q1) = 2|M(B~ — £l ~'F)]? Z,:Zﬁ S0
that the complications of the decay B~ — ¢~ i/~ ¢T with identical leptons in principle
reduce to the evaluation of the interference term. An additional peculiarity of the interfer-
ence term is that the summation over the spins does not factorize into two separate sums
as in but needs to be performed with a single trace, leading to a cumbersome

expression that we refrain from providing here.

4The factor of 2 is eventually countered by an additional factor of 1/2 that has to be taken into account
for the decay with identical lepton flavors to avoid double counting in the phase-space integration.
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Chapter 4

B — ~* form factors

For the parameterization of the homogeneous part of the hadronic tensor, we develop
a method that closely resembles the BTT procedure |10, 1I]; in contrast to the native
BTT procedure, our modification ensures that the emerging form factors have definite
angular-momentum and parity quantum numbers, see leading to the result

174 1 v 4
T hom. (k@) = me[(k Qg™ — k'q¢" | F1(K*, ¢%)

1 1¢? k-
+ [k = S+ - P | Rk ¢?)

mpg k‘2 ?q
+1[k7'qquku_q2kukl/ fg(lﬁQ q2)_+_i€,uzxpok q F4(k2 q2) (4 1)
mp L k2 2 ) mp pdo d)- .

Here, the factors of mp and the imaginary unit render the form factors dimensionless
and—with the phase of the B meson chosen appropriately—real-valued below the onset
of the first branch cut. The form factors Fi(k?,¢?) and Fa(k?, ¢*) have axial-vector,
F3(k?, %) has pseudoscalar, and F4(k?, ¢?) vector quantum numbers with respect to the
weak currentﬂ assuming no modification due to the inhomogeneous part T} 1o (¥, 9),
they are free of kinematic singularities in k? and ¢ as well as kinematic zeroes in ¢2.
However, to ensure a finite amplitude at k* = 0, the relation F»(0,q?) = F3(0,¢?) must
hold for all ¢2.

The relations given in constrain the inhomogeneous part of the hadronic
tensor to the generic form
kHEY kHq”

k-q +Ck‘-q

Iy v
+(1fb)qq2 +(1—a—c)qqg . (4.2)

H,inhom.

T (kig) = —f5 [ag“” b

where a = a(k?,¢?), b = b(k?,¢?), and ¢ = c(k?, ¢?) are arbitrary real-valued coefficients.
Given that the inhomogeneity is entirely due to the axial-vector part of see
[App. A] the LEVI-CIVITA tensor does not carry the proper quantum numbers to be part
of this expression. On account of the inhomogeneous part of the pseudoscalar
tensor furthermore takes the generic form

i1 ¢

Jet
P inhom. (K> 4) = —fpm% dm +(1- d)q7 , (4.3)

®Note that for on-shell photons, only the form factors Fi(k?,¢?) and Fi(k?,¢?) contribute, which
correspond to transverse polarizations.
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Chapter 4. B — ~* form factors

a b c T{;Znhom_ (k,q) d T{;’inhom (k,q) References
A1 PEs 0 —fagr o GEEE] 2L ppmd 2 1517, [19]
B0 e e —IeEEE vaip Iembig o I
N e D fp [m A — ER e ] ]
T T R A e -

Table 4.1: The ansétze for the inhomogeneous part of the hadronic tensor used in the
literature, expressed as in for specific choices of the coefficients a, b, and c¢. Also
shown are the resulting inhomogeneous parts of the pseudoscalar tensor, and
its associated coeflicient d, The basis for the homogeneous part of the hadronic
tensor differs from our choice, in some of the references. A thorough discussion
of the various choices can be found in the main text.

where d = d(k?, ¢?) is an arbitrary real-valued coefficient. Adopting the condition imposed

in [Eq. (3.20)} we find that

(1+a+c)(k-q)+ bk?
mi

d = , (4.4)

which fixes T}, 1o (k,q) once T}, (k,q) is specified. We collect four different choices
for the coefficients, labeled A through D, in With regard to the dispersive
treatment of the form factors in our analysis, i.e., the requirement of their singularity-
free structure, we are faced with the question of what an appropriate choice for these
coeflicients is.

Among the inhomogeneous parts of the hadronic tensor listed in A is the
only choice that introduces a term singular in [2(k - ¢) + ¢*] = (m% — k?). It is evident
that this k2-pole is associated with an intermediate B meson [19], as sketched in the left
diagram of see also The choices B and C, on the other hand, introduce
terms singular in [(k - ¢) + ¢?] and (k - q), respectively, which correspond to ¢?-dependent
pole positions in the variable k?; these are not associated with any hadronic intermediate
state and are therefore not of dynamic but kinematic origin. Choice D corresponds to
a structure that is orthogonal to all BTT structures and might thus lead to the false
conclusion that it leaves the form factors of unaffected and accordingly free of
kinematic singularities. However, this choice exhibits a pole in ¢, adversely suggesting
the emergence of a dynamic photon pole, which, working at fixed order in QED, cannot
arise. In fact, the behavior o< 1/¢% would lead to a double pole < 1/¢* in
a feature that is to be avoided in any amplitude. As a consequence of this double pole,
choice D is—in addition to the kinematic nature of the ¢ pole—disqualified by its effect
on the longitudinal B~ — £~ Dpy* helicity amplitude.

To further illustrate this effect, we investigate the B~ — ¢~ 1yy* amplitude in more
detail. From |[Eq. (3.1)[ and [Eq. (3.9) one finds the squared spin-summed amplitude for
photons with polarization A to be given by

T — 2 ezG%Wub’Z * % v
IM(B™ = vy (N))] :f%(% Aealq; A) [TH (kvq)+TFSR(p£7pV7q)]
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Figure 4.1: FEYNMAN diagram illustrating the B-meson pole in the variable k? as part of
the hadronic tensor Tf;" (k, q); see also the left diagram of [Fig. 3.1

X [Tgﬁ(k’ q) + TFaSﬁR(pbpl/? q)]T Z LVLT N (45)

spins

see [App. D] for details on the kinematics. For a longitudinal photon, A = 0, this matrix
element ought to vanish in the limit ¢> — 0, i.e., for an on-shell photon. Using choice D,
one does, however, find that the matrix element diverges o f%, independent of any choice
of form factors. The discussion of such divergent contributions is not purely academic: in
Ref. [5], a supposed collinear enhancement of the B~ — £~ 1,0~ ¢'* decay rate is discussed,
which is caused by such an unphysical behavior as ¢> — 0. Therein, a different choice
is made for the decomposition of the homogeneous tensor, in combination with choice D
for the inhomogeneous part and an inconsistent treatment of the charged lepton’s finite
mass in the FSR term. Using the formulae of Ref. [5] and our result for the FSR tensor,
Eq. (3.11)) we validated that treating the effects of a finite lepton mass consistently resolves
this issue and eliminates the supposed contribution due to a longitudinal on-shell photonﬁ
This leads us to infer that the supposed collinear enhancement is not a physical feature of
the B~ — (~ 0!~ ¢'" decay rate.

Moreover, we can draw conclusions from the results for the hadronic tensor in the de-
cay KT — (Typy*(— £~¢'F), where an explicit calculation in chiral perturbation theory
at next-to-leading order [16} [I7] confirms that choice A yields form factors that are free of
kinematic singularities. Transforming between choice A and any other choice of
modifies the homogeneous part through the incorporation of kinematic singularities; con-
sequently, the assumption that choice A leads to form factors free of kinematic singularities
unavoidably implies the emergence of such singularities for all the other choices considered
here.

Under some rather general, reasonable assumptions, it is possible to deduce that the
inhomogeneous part of the hadronic tensor ought to be of the form

(2kH + ¢")kY + (1 — a) (2k* + q*)q”
2(k-q)+¢*

in combination with the BTT basis of [Eq. (4.1)| for the homogeneous part, see |[App. A

Here, a is an a priori undetermined real-valued coefficient that does not depend on any
of the momenta. The assumptions underlying the above form are the following:

TH hom. (ky @) = —fB |agh” +

H,inhom.

(4.6)

This has since been confirmed to us by the authors of Ref. [5] and is revised in an Erratum.
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Chapter 4. B — ~* form factors

e there exists a unique choice for the coefficients in [Eq. (4.2) that leaves the form
factors free of kinematic singularities;

14

< hom. (K5 @) cancel and no new such poles are

e the apparent kinematic poles in T}
introduced;

e a dynamic B-meson pole appears at most in the pseudoscalar form factor F3(k?, ¢?).

Consequently, the inhomogeneous part of the pseudoscalar tensor, [Eq. (4.3)] turns out to
be given by

n _ o 2KH g K — (k- q)q"
TP,inhom.(k7q) - _fB mBW - ( - a’) 2(k ) q) + q2 (47)
Furthermore, assuming that ¢ = 1 meets the above requirements, which corresponds to
choice A from [Table 4.1] it is straightforward to verify that any other choice of @ would
introduce a dynamic pseudoscalar B-meson pole in the axial-vector form factors Fi(k?, ¢%)
and Fo(k?, ¢?).

For the reasons stated above, we make A the default choice and parameterize the
hadronic tensor as

(2k" + gk

2(k - q) + ¢? (4.8)

T (k, @) = Tl (k) — i [gw +

in the following. This yields a total of six independent LORENTZ structures, which form a
basis—see the discussion in the appendix of Ref. [4]—and thus allow us to find projectors
P (k,q) that fulfill

]:i(k27q2)7 izla"‘747

fs/mp,  i=56. 49

Pzpz/(k¢ Q)TI{IW(kv Q) = {

Explicit formulae for these projectors are provided in [App. C
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Chapter 5

Dispersion relations and z
expansion

For our analysis, we split the form factors with respect to the photon’s isospin according
to Fi(k%,¢%) = FI=0(k?,¢*) + FI=H(k?,¢%), i = 1,...,4. To parameterize the form factors
in accordance with analyticity and unitarity, we will establish a set of dispersion relations
for each component and assume the underlying discontinuities to be dominated by the
one-body intermediate states w and p, respectively, which allows us to relate the B — ~*
form factors to the B — V, V = w, p, analogs. In doing so, we neglect contributions due to
B — ¢ in the isoscalar components for two reasons: first, these contributions are expected
to be small due to the OZI mechanism [20-H22], and secondly, we lack non-perturbative
input for the B — ¢ form factors. Beyond that, we also do not model contributions from
further excited states, such as w’ and p/. As a consequence, we provide our principal
phenomenological results for the region ¢ < 1 GeV?.

Based on the discontinuitym of the form factors with respect to ¢ and for
fixed k2 is given by [23, 24]

disc,e QpF;i(k?, ¢°)] = disc,2 [P (k, )QBTY (k. q)] (5.1)

= Punla) i3 [ A®u(gir, . ) 01T, O)n) (nlF5(0)1 ) |

Here, we use the n-body phase-space volume

d3p;
d®n(g;p1,- -, pn) = (27)*6W (g — P) H (%)73;;00
j j
d4p]

4¢(4 j 2 2 0
= (2m)*W (- P[] @) (2m)d(p; — M;)0(p;), (5.2)
J
where P, = Zj p; is the total momentum of the intermediate state. Assuming the dis-
continuities of the isoscalar and isovector components to be dominated by the one-body
intermediate states w and p, respectively, we use

/ D, (g: P pn) F(Po) = 205(4% — M2)f(q) (5.3)

"Note that in the discontinuity, the z-dependence of the EM current Jk,, () turns into the § distribution
for momentum conservation, which, on the other hand, is absorbed into d®,(g; p1,...,pn) here.
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Chapter 5. Dispersion relations and z expansion

for the one-body phase-space volume to obtain
dise,p[QuF! (F.4%)] = o (k) 23 8(a2 = ME) (01t OV (4. 1)
A
X (Vg MIT(0)|B7) (5.4)
with V =w for I =0 and V = p for I = 1. For the above matrix elements, we employ [9]
1 n
<0|JEM(O)‘V(% A) = ;dVMVfV,
14 — ,,7:! 1{e3% vo
(Vg MIJu(0)|B™) = o [Py (k, q)V IV (K?) + Py (k, ) ATV (K?)

+ Py (k, ) AFY () + PR (k, ) AT (K7)], (5.5)

where the structures are given by [9]

va 2MV V.o v 1 2 2\ va v v\ 1.0
2i 2My, k2
pro— _© vafry k., pro — {ku o kY 4+ 9g" ]ka’ 5.6
U T My T k2 m2B—M3( +24°) (5:6)

with the phases adjusted to our convention. Here, d, = Qu,+ Q4 =1/3,d, = Qu—Qq = 1,
and the composition of the w and p wave function is accounted for by the factors ¢, =
V2 = cp. Furthermore, the decay constant of the respective vector meson is denoted by
fv and n* = n*(q; \) represents the polarization vector of the incoming vector meson with
momentum ¢ and polarization . The form factors VE=V(k?), AB=V(k?), AD=V (k?),
and AP~V (k?) in are given in the so-called traditional basis and account for a
vector-, two axial-vector-, and a pseudoscalar-like B — V transition. Using the additional
relation [9, 25]

E2(mp + My)(m% — k? + 3MZ) APV (K?) + 2My Ay (K2) AP~V (K?)
16mpME(m% — MZ) ’
(5.7)
where Ay (k%) = A(m%, k?, M%), we can express all form factors in terms of VB~V (k?),
AB=V(K2), ARV (K?), and AB™V (k?), which fulfill the exact relation [J]

AIBQ—>V(k;2) —

_ SmpMyA15(0)

Ap(0
0= " -

(5.8)

The generic parameterization of FE7V (k?) € {V(k?), A1(k?), A1a(k?), Ao(k?)} in terms
of a simplified series expansion in the conformal variable

oy (t) = Vi Z = Vi o (5.9)
Vie—t+ Vi —toly_,,

with tg = (1 — \/1 —t_/ty )ty and ty = (mp + My)?, is given by [9]

FPOV () = Ryp(K%) Y i [zv () = 2v ()Y, (5.10)

320

248



FB=V(EY) JP mye al af’w ag’w ag’p afp ag’p
VBE=V(k%) 17 mp. 0.304(38) —0.83(29) 1.7(1.2) 0.327(31) —0.86(18) 1.80(97)
AB2V(E2) 1T mp, 0.243(31)  0.34(24) 0.09(57) 0.262(26)  0.39(14) 0.16(41)
ABPV(E?) 1T mp, 0.270(40)  0.66(26) 0.28(98) 0.297(35)  0.76(20) 0.46(76)
AB=V(K%) 0 mp 0.328(48) —0.83(30) 1.4(1.2) 0.356(42) —0.83(20) 1.3(1.0)

Table 5.1: The quantum numbers J¥, resonance masses m ;r, and numerical values
(rounded to two significant digits) of the series coefficients «; V" [9] for the z expansion
of the form factors F57V(k?), truncated after three summands, see The
corresponding values of the resonance masses can be found in [App. G| Due to parity
conservation of the strong interactions, no form factor with J* = 0% exists. For the exact

. FV . .
numerical values of a;’ and the covariances as well as correlations between these, see

Ref. [9]. Note that agl oV and agl 2V are not independent but have to fulfill the exact

relation given in [Eq. (5.8

where the series is truncated after three summands; this truncation is imposed by the B —
V' parameters provided in Ref. [9]. In this expansion, the dominant subthreshold poles of
the B — V form factors are taken into account through the term R;r = (1 — k2/m3p)_1,
where J? refers to the angular-momentum and parity quantum number of the respective

form factor, see

The isoscalar and isovector form factors can then be reconstructed from

1 o0 discs[QBf-I(k:2 s)]
/1.2 2 i )
QB 7 ( »q ) ) i/sthr § s q2 ) (5 )

where sy, = 9M2,4M2 for I = 0, 1, respectively. In the above, no subtractions are needed
for convergence since the discontinuities drop off as 1/¢? asymptotically, see |[App. E
Inserting [Eq. (5.4)|into [Eq. (5.11) and using the polarization sum of the w and p mesons,

* quqv
DG (@A) = —gu + 7 (5.12)
A 1%

we obtain the VMD result for the B — ~* form factors,

16mpMZABV (K?) — (mp + My)(m% — k? — M2) APV (k?)
Av(k?)(q* — M) ’

dmp(m% — k2 — MZ)AB7V (k%) — (mp + My )k2 AP~V (k?)
Av (k2)(q? — M) ’

QpFl (K, ¢*) = My Cy

QpFi(k*, ¢*) = 2My Cy

AEV ()
¢ — My’
VB—>V(k2)
(mp + My)(¢* — M)’
where Cy = mp fydy. Compared to Fi(k?,¢?) and F4(k?, ¢?), the form factors Fa(k?, ¢?)

and F3(k?, ¢®) enter observables with a relative suppression factor of ¢2, thereby ensuring
that unphysical longitudinal on-shell photons do not contribute.

QpF3 (k. q¢*) = Cy

(5.13)

QpFi(k* ¢*) = MyCy
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Chapter 5. Dispersion relations and z expansion

Fi(k*,¢*) JP myr  Ng N{| Ng, Nf, N?, N7,

Fi(k%,¢®) 17 mp, 0.0156(30)—0.033(19) 0.003(85) 0.0557(88) —0.115(48) 0.01(24)
Fo(k?,¢%) 17 mp, —0.186(27) 0.39(14) —0.17(52) —0.676(79) 1.34(41) —0.6(1.5)
F3(k%,¢®) 0 mp —0.186(27) 0.47(17) —0.80(71) —0.676(79) 1.58(39) —2.5(2.0)
Fu(k?,¢%) 17 mp-—0.0222(28) 0.061(21) —0.125(91) —0.0795(75) 0.209(44) —0.44(23)

Table 5.2: The quantum numbers J, resonance masses m P, and numerical values
(rounded to two significant digits) of the normalizations NiV- for the z expansion of the
form factors F;(k?, ¢?), truncated after three summands, see The corresponding
values of the resonance masses can be found in m Our uncertainties on the normal-
izations take into account the uncertainties on the series coefficients af only, which, by
far, give the dominant contribution. For the covariances between the normalizations, see
m Note that Ny o and N3 o are identical due to the exact relation given in [Eq. (5.8)
(or, equivalently, the condition (0, ¢%) = F3(0,¢?) imposed below [Eq. (4.1))).

Naturally, we now aim to use an expansion similar to for the B — v* form
factors,
QpF!(K.¢%) = Ryr(K) Y B15(a))[zv () — 2v (O)F, (5.14)
§>0
where the form factors have definite angular-momentum and parity assignments, with the
term R;p(k?) again accounting for the dominant subthreshold poles in the variable k2. In
contrast to the series coefficients have a dependence on ¢, for which we will
assume VMD and use an ad hoc BW ansatz,

Bi(@®) = NPV (¢?). (5.15)

At this, it is justified to use a monopole ansatz since the form factors drop off as 1/¢?
asymptotically, see [App. E| Because of its smallness, we use a constant approximation
for the w decay width above the 37 threshold, whereas we incorporate the broad p width
energy-dependently,

ML% PBW( ) M2
MtgtiiiMwa’ —q —1\/ F

Here, the proper threshold behavior is implied for the w, i.e., Ty, = 0 for ¢*> < 9M?2, and
the energy-dependent width of the p is parameterized according to [20]
7 - A

2
Tyl = 0(g? —4M2>mr Ym0 = 03

PPV(¢?) =

(5.16)

(5.17)

The normalizations N; V can be computed by inserting |Eq (5.10) |and |Eq 14)| into

K; k? K!, (K K, (k?
QBﬂl(kQ, 2) = z,Alz( )AB—>V(k2)+ z,Al( )AB—>V(k2)+ z,Ao( )AB—W(kz)

Q_M‘Q/ 12 q2_M{%’ 1 q2—M‘2/ 0
KL (k2 .

+ ;’_V(MQ)VB*V(H), = ki hlav (k) — 2 (), (5.18)
q |4 3>0

250



[ F1(k?, ¢%)]
<
[ Fa(k?, )|

—_

3 40

5 20
10

0 5.9 0
GQ)

0.5
7 [Gev

&
o 0 N

i [Gev

40 5
% 20 %/ 2.5
ar] <
5 10 i 10
0 5 ,&'\ 0 5 ,&’\
1 o 1 g
0.5 0 4»@ 0.5 0 %\O
0 A 0 A

7| Gev? 7 Gev?

Figure 5.1: Three-dimensional plots showing the absolute values of the full form factors,
in the range k2 € [0, 10] GeV? and ¢ € [0, 1] GeV?. The peak of the w resonance
is clearly visible, while the p resonance is lower in magnitude due to the scaling oc M,/T’,
and hardly discernible here.

with coefficients /ﬁ;{ljp that can be determined from an expansion of around
21 (k?) = 21(0). Using the numerical values from to match both sides of the
above equation at ¢?> = 0, order by order in the conformal variable, results in the normal-
izations collected in Adding both isospin components, the full form factors can
further be written as

QpFi(k*,¢*) = Qp[F/=°(K*,¢*) + F/= (K, ¢*)]
=Rye(K*) Y NGPPY () [ev (K2) — 2v (0)). (5.19)

We present three-dimensional plots of the absolute values of the full form factors, [Eq. (5.19)]
in In addition, we provide two-dimensional plots, including uncertainties and
with k2 = 1 GeV? and ¢® = 1 GeV? fixed, in [Fig. 5.2/ and [Fig. 5.3, where we also show the
absolute values of the isoscalar and isovector components separately.
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Chapter 5. Dispersion relations and z expansion

— F(?=1GeV? ¢ -~ FIF02 = 1GeV?, ¢?) FIFYK? = 1GeV?, ¢?)

| (k2 = 1GeV?, ¢?)]

30 3

Figure 5.2: Two-dimensional plots of the absolute values of the form factors’ isoscalar
and isovector components as well as the sum of these for k? = 1 GeV? fixed in the range
¢® € [0,1.25] GeV2. Additionally shown are the uncertainties of the corresponding contri-

butions.

252



— Fi(k ¢ =1GeV?) - FIROR?, ¢ =1GeV?) o FIFURY =1 GeVZ)]

03
E 0.2 E )
— —
Il Il
& &
= 01 =
= o
S [
0+ 0
0 2 0 2 4 6 8 10
k2 [GeV?) k2 [GeV?
3 0.3
E 27 E 0.2
Il Il
u NT
= = o1
w w
0 | 0 |
0 2 1 6 8 10 0 2 1 6 8 10
k2 [GeV? k2 [GeV?

Figure 5.3: The same as but with ¢> = 1GeV? fixed and in the range k? €
[0,10] GeVZ.
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Chapter 6

Phenomenology

The decay B~ — £~ v/~ ¢'" provides a rich phenomenology through a large number
of angular observables, which arise from the differential decay width dI' = dI'(B~ —
ol =0,
1
dl’ = r’M|2d‘P4(P;pe7pu>Q1, q2)- (6.1)
mp

Here, |M|? = |[M(B~ — £~ '~ 0'F)|? is given by [Eq. (3.22)| for ¢ # ¢ and [Eq. (3.25
for ¢/ = ¢; the LORENTZ-invariant four-body phase space is conveniently split according
to [27]

dk? d¢?

d®4(p; pe, P, 1, q2) = dPa(p; k, q) dP2(k; pe, py) dP2(q; g1, g2) o o (6.2)

where d®s(p; k, q), d®2(k; pe, py), and dPo(q; g1, q2) are the respective LORENTZ-invariant
two-body phase spaces of the {£7u(k), £'=€"*(q)}, {¢~(pe), e(py)}, and {€'~(q1), £ (g2)}
subsystems. The fivefold differential decay rate reads

dr _|pllpdlpe

dk2dq2d dw d 9, dp 2 26./L2 2|M‘2’ (6.3)
@ dcos iy deost, dp  4096m2m0Vi2 /@2

where Yy and 9., are the polar angles of £~ (pg) and ¢~ (q1) in the center-of-mass frames
of {07 (pe),e(py)} and {€'~(q1), € " (q2)}, respectively, and ¢ is the relative azimuthal
angle between the planes of these two subsystems. Moreover, |p,|, |p,|, and |p| are the
magnitudes of the three-momenta of the photon and the negatively charged leptons in
the respective center-of-mass frame; further details on the kinematics and the four-body
phase space are provided in For ¢/ # /, the angular integrations can be performed
analytically, leading to

4
fzz' 2112 Jij 12 2\ (2 2
T = [Z L 23 R R ) 6. 0) (6.4
7>

G Viw*ep, ||pollpe|

8192m%m6v/k2/q10 ’

4
+2fp) ;f;;Re [Fi(k?, )] + f5,5f%} , N=
=1
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Chapter 6. Phenomenology

where the dependence of the functions f;; = f;;(k? ¢*) on the lepton masses my( is
suppressed; the resulting expressions for these functions are collected in [App. Fl The
remaining integrations over k? and ¢ have to be performed numerically,

d°r
2 2

where the available phase space is bounded by the region k% € [m2, (mp — m)z] and
q* € [4m2, (mp — my)?]. Our results will be quoted for the branching ratio, B = I'tp/h,
where 75 is the lifetime of the charged B meson.

Beyond the integrated decay rate, another observable of interest is the FB asymmetry,

App = App(k?, ¢%), which is defined as

d°T
dk? dg? d cos Yy d cos 9, dg
(6.6)
and provides a complementary probe of the form factors. As for the decay width, the
integration over the angles can be performed analytically for ¢ # ¢, resulting in

azr \
App = (dkqu2) /dcos Yy d cos ¥ dp sgncos D]

d2r -1 1 i ! 9i.j *
Ao = (Grgg) V|2 SO +2 3 SRR T (0 )
i=1 1=1
7>t

4
#2003 R (R )+ 453, (©.7)
=1

where the functions g; ; = gi,j(kQ, q?) also depend on the lepton masses my and their
explicit expressions are collected in [App. F} Experimentally, it is convenient to access the
integrated asymmetry

d°T >
dk? dg? d cos Yy d cos 9, dp/’
(6.8)

2 -1
(ApB) = <dk(:i2(I1‘qQ> /dcos Yw d cos ., dp sgnlcos 19W]<

where (---) denotes the integration over a suitable bin in the variables k% and ¢

We provide numerical results for both observables for the process B~ — £~ 0/~ {'T,
with ¢ € {e,u,7} and ¢ € {e,u}; see for ¢/ # ¢ and for ¢/ = /.
Decays involving a 7~ 7T pair are not considered here, since the corresponding threshold
is large compared to our asserted upper cutoff in the variable ¢?. While parts of the
decay with identical lepton flavors can, in principle, be treated in complete analogy to the
case with distinct leptons—see the discussion at the end of [Ch. 3}—the interference term
necessarily requires all integrations to be performed numerically because the variables k2
and ¢ introduce an angular dependence in the form factors. Furthermore, an additional
factor of 1/2 has to be taken into account for the decay with identical lepton flavors in
order to avoid double counting in the phase-space integration. Our results are obtained

(i) after integrating over the full phase space in k? and ¢;

(ii) after integrating over the phase space with an upper cutoff at ¢> = 1 GeV?;
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Upper cutoff  Branching ratio/10~8 App

None 3.19(43)n(25)v,

B™ — e Uy T
‘ ¢ = 1GeV? 3.13(42) v (25)1,

None 3.78(47)n(30)y,

B~ — p e et
g ¢ = 1GeV? 3.72(46) 5 (30)y,

B™ = 1t e et
¢? =1GeV? 2.72(27)n (22)v:

None 1.77(23) v (14)y,

¢® = 1GeV? 1.75(23) v (14)y,

)
) )
) )
) )
None 2.75(27)n(22)y,, —0.500(18) v
) )
B™ = 1 vt i ;

Table 6.1: Numerical results for the branching ratio and FB asymmetry, see and
for B~ — £~ ipl!=0'", ' # £, in the SM. The quoted uncertainties originate from
the uncertainties on the normalizations NZVJ and V,p, respectively. Due to the absence
of CP violation in the SM, the results for the CP-conjugated decay modes are identi-
cal. Within uncertainties, our predictions for the branching ratio of the process B~ —
e Uep~ put agree well with Ref. [5], B(B~ — e D~ put) = (3.01x1078,2.96 x 107%), with-
out and with an upper cutoff, respectively. For the process B~ — p~,e~e™, however, our
results are in strong tension with Ref. [5], B(B~ — p~ e et) = (6.38x1077,6.37x1077),
which can be attributed to the unphysical collinear enhancement inferred therein{” see the
discussion in The results of Ref. [4], table 2, are—within their uncertainties—
compatible with our results; note the numerically insignificant impact of the slight differ-
ence in the upper integration boundary used therein.

“The tension with our result for the electron channel is reduced but not removed entirely with the
results quoted in the Erratum to Ref. [5].

and for ¢/ = /¢, due to the indistinguishability of the two final-state fermions, additionally
(iii) with a cutoff at min{q¢?, ¢} = 1 GeV?, mimicking the LHCb measurement [28]

Beyond the ¢> = 1 GeV? cutoff, the omission of the ¢ meson and further resonances intro-
duces a hardly quantifiable model uncertainty, so that variant (ii) provides our principal
results for £ # ¢; modeling the contributions beyond the cutoff seems possible in light
of similar efforts in the case of B — mm form factors [29, B0] and is left for future work.
For ¢ = /', the situation is more intricate: while a cutoff according to variant (ii) is in-
appropriate here for physical reasons, it is important to note that the cutoff implied by
variant (iii) still entails the critical region through one of the variables. With the caveat
that a more realistic comparison to the experiment inevitably requires the inclusion of the
¢ meson and, potentially, yet higher resonances, we thus designate variant (iii) to yield
our principal results for ¢ = ¢'.

8For the variant with the LHCb cutoff, the integrations of all terms—as opposed to the interference
term only—have to be performed numerically since g2 and thus the cutoff depends on the angles.
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Chapter 6. Phenomenology

Upper cutoff Branching ratio/10~8 App
None 3.43(43)n(27) v, —0.410(41) 5
B~ e vee et 2 =1GeV? 3.31(42) N (26) v, —0.416(42) 5
LHCb 3.35(42) N (27)v, —0.413(40) 5
None 3.15(42)n (25) v, —0.366(31) n
B™ = pm oy pt 2 =1GeV? 3.07(41) N (24) v, —0.370(31) 5
LHCb 3.08(42) N (25)v,, —0.372(32) 5

Table 6.2: The same as but for ¢/ = ¢. Here, the interference term yields a
negative correction to both observables at the level of 10% for the electron channel and
1% for the muon channel. This observation is in line with what was found in Ref. [I§],
with consistent numerical results for the branching ratio of the muon channel within
uncertainties, B(B~ — p~v,u" ) = (2.82 x 1078,2.73 x 1078), without cutoff and with
the LHCD cutoff, respectively. Our values are also compatible with Ref. [4]. Although
our result for the muon channel is incompatible with the current experimental upper limit
B(B™ = p~vup~ ) < 1.6 x 1078 determined by the LHCb collaboration [28], it is in far
better agreement than the prediction cited therein, B(B~ — p~,u~put) = 1.3x 1077 [31].

In order to cross-check the results obtained with the functions f;; and g; ; after per-
forming the angular integrations analytically for ¢/ # ¢, we further implemented a variant
with the phase-space integration performed numerically over all variables also in this case,
leading to results that are consistent with Moreover, we performed a statistical
error analysis for these decays, using 50000 samples drawn from a multivariate normal
distribution, to assess the relevance of subtleties such as the distinction between the mean
and median or regarding the propagation of uncertainties. Doing so, we found results
compatible with the analytic method, with a difference ~ 1% between mean and median
being overshadowed by the uncertainty and a ~ 1% asymmetry between upper and lower
uncertainties corresponding to approximately symmetrical errors. Naturally, both margins
are expected to decrease further once increasing the sample size.

Besides the integrated observables, we additionally provide two-dimensional plots of
the doubly-differential distributions of the decay width d2I'/(dk?dq?) and the angular
FB asymmetry Apg(k?,¢?) for ¢ # ¢ in [Fig. 6.1] and [Fig. 6.2] respectively, with either
k? = 1GeV? or ¢2 = 1 GeV? fixed.
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Figure 6.2: The same as|Fig. 6.1{but for the doubly-differential FB asymmetry Apg(k?, ¢?).
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Chapter 7

Summary and outlook

In this part of the thesis, we used dispersive methods to study the B — ~+* form fac-
tors underlying the decay B~ — (~ipl'~¢'T. We separated the full B~ — (i d'— '
amplitude into a non-perturbative hadronic tensor and a perturbative FSR piece and, in
doing so, thoroughly investigated the properties of these individual objects. From our
studies of these, we inferred that the separation leads to an ambiguity concerning the
dispersive treatment; more specifically, it complicates the effort to find a decomposition of
the hadronic tensor into LORENTZ structures and form factors that are free of kinematic
singularities. As a remedy, we discussed in great detail how the hadronic tensor can be
split into a homogeneous and an inhomogeneous part, with the homogeneous part being
chosen such that it contains form factors with well-defined angular-momentum and par-
ity quantum numbers. From these considerations, we proposed a decomposition of the
homogeneous part into a set of LORENTZ structures and four form factors that are free
of kinematic singularities in both the weak momentum and the photon momentum, thus
rendering a dispersive treatment possible. For the parameterization of the inhomogeneous
part, we considered several choices from the literature and investigated their effect on the
full amplitude in great detail, in particular with regard to the singularity-free property of
the form factors. Under a few reasonable assumptions, we were able to deduce that the
inhomogeneous part ought to be of a very specific form, which allowed us to eliminate
all choices from the literature but one for our analysis. Another major advancement of
our analysis is the consistent treatment of non-zero lepton masses in the FSR piece at all
stages.

Having found a decomposition of the hadronic tensor with form factors that are free
of kinematic singularities, we split these into their isospin components and established a
set of dispersion relations that relate the B — ~v* form factors to the well-known B — V,
V = w, p, analogs. The B — V form factors were expanded in a series in the conformal
variable z(t), with the dominant subthreshold poles taken into account via a plain pole
factor. Performing a similar series expansion for the B — ~* form factors and using a
VMD ansatz for the virtual photon, we provided a parameterization of these form factors
in the region below the onset of the ¢ meson.

Using our framework, we carried out a phenomenological analysis by means of the
branching ratio and the integrated FB asymmetry of the decay B~ — £~ 0/~ ¢'", with
¢ =e,u,7 and ¢’ = e, u, and, for ¢’ # £, the doubly-differential distributions of the decay
width and FB asymmetry. The numerical results obtained for the branching ratio and
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Chapter 7. Summary and outlook

FB asymmetry agree with recent determinations from the literature to a large extent but
exceed the current experimental upper limits for ¢ = ¢, albeit showing less tension than
earlier theoretical estimates.

Possible future improvements of our framework involve the inclusion of the contribution
from the ¢ meson and the replacement of the resonant p by a description of the two-pion
intermediate state, in which the p can be included model-independently through pion-
pion rescattering [32]. The B — ~* form factors are then obtained via a dispersion
relation in a similar way to the reconstruction of, e.g., the n) TFFs from 77 intermediate
states [33], 34].
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Appendix A

Tensor identities’

In this appendix, we derive the identities for the hadronic tensor T (k,¢) and the pseu-
doscalar tensor 15 (k, ¢) given in [Eq. (3.13)| [Eq. (3.15)| and [Eq. (3.17), where we further
argue that the LEVI-CIVITA tensor cannot be present in the inhomogeneous part of the
hadronic tensor, Moreover, we elaborate on the arguments that lead to the

constrained form of the inhomogeneity in [Eq. (4.6)|

A.1 Hadronic tensor

The identity for the hadronic tensor stated in [Eq. (3.13)| can be derived in two instructive
ways. For both variants, we start from [Eq. (3.5)] and perform an integration by parts,
assuming that the surface term can be dropped, leading to

l@uTH (k.0) = =i [ a% 10,697 QT (T (@) T O} B )
=i [ e, Q1T @) THOHE ). (A1)

Inserting the definition of the time-ordered product and using that the EM current is
conserved, 9, Jh\(z) = 0, we find

0.[@sTy" (k,q)] =1 / dz ' (0[0(2°) [T (2), JH(O)]1BT)

—i / e (0][.12y (&), J4(0)][B"). (A.2)

where Z = (2° = 0,2)T. For the first variant of the derivation, we then apply an appro-
priate LORENTZ transformation and write ¢ = (1/¢2,0), so that

0u[QBTY" (k, @) = 1 (0|[Qem, JH(0)]|B ™), (A.3)

where the charge Qpy = [ &3z J2\;(Z) associated with the conserved EM current acts as
the generator of the global U(1)gm symmetry. Under this symmetry, gf(x) — e Qs qf(z),

9Some of the commutation relations and formulae for the time-ordered product of two currents implicitly
utilized in this appendix are derived for generic expressions in the part of the thesis.
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where the quark field g¢(z) € {u(z),b(x)} holds the U(1)gm charge Q, = 2/3, Qy = —1/3,
with the hadronic weak current Jf(z) = @(x)y”(1 — v5)b(x) transforming according to

JH(0) — JH(0) = e~ H(@=Qu (0). (A.4)
Infinitesimally, this corresponds to the variation

5J5(0) = —i(Qs — Qu)JH(0), (A.5)

and thus, by NOETHER’s theorem,

0u[QBTH" (k, q)] = —1(Qp — Qu) (01J5(0)|B7) . (A.6)

Inserting the definition of the hadronic weak current and using (0| (0)y”b(0)|B~) = 0,
which holds due to the pseudoscalar nature of the B meson, as well as the defining relation
of the B-meson decay constant, (0|a(0)y"~v5b(0)|B~) = ifpp”, we finally arrive at

0.QBTY" (k,q)) = —QpfBp", (A7)

where Qp = Qp — Q. An interesting by-product from the last step is the observation
that the inhomogeneity of the hadronic tensor is entirely due to its axial-vector part. In
other words, the vector part of the hadronic tensor is completely homogeneous, so that
the LEVI-CIVITA tensor indeed cannot be part of the inhomogeneity.

Since the LORENTZ transformation performed in the above calculation is somewhat
problematic—in particular in view of the photon’s massless nature—we additionally give
a derivation that starts from [Eq. (A.2)|and spares such an intermediate step. To this end,
we explicitly calculate the commutator

Tona(®), THO)] = [ D2 Qrah(@)ap(@) + - Qe (@)e(@), ul (0177 (1 = 75)b(0)]
f L

= 69(2) (Quu' (2)7°7" (1 = 75)b(0) — Quu' (017" (1 —75)b(2)), (A-8)

where we inserted the definition of the hadronic weak current and the EM current Jg(x) =
g(x) 9" q(x) + >, Qel(x)y"¢(x) as well as the canonical equal-time anticommutation re-

lations for fermionic fields. Hence, |[Eq. (A.2)| yields

0ulQBTy" (k,q)] = —1(Qy — Qu) (01J1(0)|B7), (A.9)
which is equivalent to[Eq. (A.6)} so that following the remaining steps of the first derivation
again results in [Eq. (A.7)]

In order to prove [Eq. (3.15)| we start by using translational invariance of the vacuum
to rewrite the hadronic tensor, [Eq. (3.5), as
QuTH () = [ a0 QT (1 (0) T4~} B)

- / a6 (O[T L4 (2) Ty (0)}B) (A.10)
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A.1. Hadronic tensor

where we transformed z — —z in the integral and used that ¥ = p — ¢q. By means
of an integration by parts and a differentiation of the HEAVISIDE step function in the

time-ordered product, we then find, similar to
BlQuT () =1 [ dte ™ OT(0, () oy (0))|B7)
41 [ doe e 0]l @). 015" (A1)
Here, the DIRAC equation implies
Oy Jf(x) = i(my, — myp)Js(x) — i(my, + myp)Jp(z), (A.12)

with the scalar weak current Jg(x) = 4(x)b(x) and the pseudoscalar weak current Jp(z) =
u(x)ysb(x), so that

ko QBT (k. q)] = (my + ma) /d4fv e (0T {Jp (2) i (0)}[ B™)
+i [ doe e 0l @). OB (A13)
where we used that a scalar—vector current—current matrix element for the transition
B-meson to vacuum vanishes due to conservation of angular momentum and parity,

(0|T{Js(x)J5\(0)}|B~) = 0. Using translational invariance of the vacuum once more,
we thus obtain

ky[QBTY" (k, )] = QBTH (K, q) + /d?’xe Fe0I[ TR (2), T (0)]1B7) (A.14)
with the pseudoscalar tensor
QBTy (k. q) = (mp + ma) /d433 ¢ (0] T{ Sy () Jp (0)}B7) (A.15)
From an explicit calculation of the commutator in the second term of
(@), T (0)] = [ (@)(1 = 75)b Zczfq a0+ 3 Qett (0)°"£(0)|

= 6%(2) (Quul (2)7° (1—75) (0) — Quul (07" (1 — 75)b(2)), (A.16)
similar to we finally arrive at

ku[QBTII—ILV(Iﬁ Q)] = QBTg(ka Q) + QBfB(k =+ Q)Mv (A17)
which is equivalent to [Eq. (3.15)| after inserting the decomposition of the hadronic tensor
into its homogeneous and inhomogeneous parts, 74" (k, ¢) = TI’;Vhom (k,q)+ Tanhom (k,q).
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A.2 Pseudoscalar tensor

For the derivation of [Eq. (3.17)| we proceed in analogy to the previous section and use the
definition of the pseudoscalar tensor, [Eq. (3.16), to calculate

Gl QBT (kg)] = i(my + my) / a0, (0T { Tty (2)Jp (0)} [ B)
— i(mp + M) / B eiee (0|[J0 (7). Jp(0)][B) . (A.18)

An explicit calculation of the commutator, similar to [Eq. (A.8)]

[T (@ [Z Qrdf(@)as (2) + Z Qutl (2)¢(z), uf (0)7°15b(0)]
(x)(Quu (2)7°955(0) — Quu' (0)7y%45b(2)), (A.19)
results in
qul@BTE (K, q)] = —i(my + mu)(Qp — Qu) (0]Jp(0)|B™) . (A.20)

In order to calculate (0|.Jp(0)|B~) = (0|u(0)y5b(0)| B~ ), we observe that, due to translation
invariance of the vacuum,

if5p” = (01a(0)7"75b(0)| B™) = (0la(x)y"ysb(x)| B™) &P, (A.21)
and differentiating both sides of the equation gives
<> . .
0 = (0]a(x)@ysb(x)| B™) € +ip, (Ola(z)y"y5b(x)| B~) P
= i(my + mu) (0la(x)ysb(2)| B™) e — fpmi, (A.22)

where we used the DIRAC equation and p? = mQB. Then, again by translational invariance
of the vacuum, we obtain

2
(0[u(0)ysb(0)|B™) = —ifp—7"— (A.23)

mp —|— mu
so that [Eq. (A.20)|finally becomes

0. [QBTE (k, )] = —Qpfemy. (A.24)

A.3 Constrained form of the inhomogeneity

The inhomogeneity in the constrained form stated in [Eq. (4.6)| was based on the three
assumptions that

(i) there exists a unique choice for the coefficients in [Eq. (4.2)| that leaves the form
factors free of kinematic singularities;

(ii) the apparent kinematic poles in TH nhom (K5 @) cancel and no new such poles are
introduced;
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A.3. Constrained form of the inhomogeneity

(iii) a dynamic B-meson pole appears at most in the pseudoscalar form factor F3(k2, ¢).

In the following, we analyze the consequences of (i)—(iii) in more detail and outline how
Eq. (4.6)| follows from these assumptions. We start by examining (ii) with the additional
constraint that the coefficients of the generic inhomogeneity

[ O

k-q +Ck~q

q"'k” q'q”
1-b l—a—c
( )q + ( >q2

T+ (k,q) = —fBlag" +b

H,inhom.

. (A.25)

see [Eq. (4.2) cancel the trivial poles but do not show an explicit dependence on ¢* (and,
for a, also on k?) beyond that, i.e.,

a=a, b= (k-q)b, c=(k-q)é (A.26)

with some reduced coefficients @, b = b(k?), and ¢é = é(k?); that this is indeed a necessary
condition to also fulfill (i) and (iii) will be shown subsequentlyﬂ For the residual poles in
T (k,q) to be cancelled, we thus need

H,inhom.

~

b |
(1—5) 1—*(mB kQ—Q) q2

2
(1—a—c):1—&—%(m23—k2—q2)o!cq2, (A.27)
which implieﬂ
. 2 21 -a)
b= — = A.28
2(k - q) + ¢? Tkt (4.28)

Inserting this into the generic form of the inhomogeneity leads to [Eq. (4.6)]

(A.29)

v s KPR 4 (1 —a) (2K + gt)g”
Tglnhom (k7Q) = _fB |:CLgM —+ ( q ) ( )( q )q :|

2(k-q) +¢?

In order to show that (i) and (iii) require @ to have no dependence on k? or ¢ and b
as well as ¢ to have no dependence on ¢2, we consider the family of vectors

~

N A 1 1 2 v k- v v v
Slan, by, én] = (mB[(k-q) . } [ZQkuk - T;Jqﬂk; T ghg” — ¢! }7

1 (k-q ,, ,
[2%

k k

~ q,uku
+[1 = (k- q)bn] 7

2WW]£<WW@%mmPWW+%MW+QWf
B

+[1—an — (k- q)é ]qu ]) , (A.30)

composed of the homogeneous and inhomogeneous basis structures, [Eq. (4.1) and [Eq. (4.2)}
with the trivial (k - ¢) poles of the latter cancelled according to (ii). The corresponding
vector with the form-factor basis is given by

Glan,bus ] = (F1 (K% 4%), F (K%, ¢%), F3 (K2, ¢°), R (K%, q2), —fm/ms) . (A3)

10The independence of G on k? is not needed to deduce[Eq. (A.28)‘but still follows from our assumptions.
" Note that [2(k - q) + ¢°] = (m% — k?) is not considered an explicit dependence on ¢>.
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i.e., T (k, q) = Slan, b, én) - Glan, by, én]. Let (af, Bf, ¢¢) be the unique choice of reduced
coefficients that yields form factors free of kinematic singularities and with a dynamic B-
meson pole at most in .7-"3f (k2,¢%), in line with our assumptions (i)—(iii). We then consider
the transformation to a basis arising from a different choice (as, b, ¢s) # (ay, b £.Cf),

1 0 0 00
X R 0 1 0 00
Slas, bs, ¢s] = MS[ay, by, ¢¢l, M= 0 0 1 0 01, (A.32)
0 0 0 10
Msi Msz Msz 0 1
where
S af—as)+ (¢g — ¢s)(k -
Msy = m(ér — &), Msz = sz( ! ) (qgf X q),
ap —as) + (by — bs)k® + (&5 — é5)(k -
M53:m2B(f ) + (by q)2 (¢r —es)( Q)’ (A.33)
with the form factors accordingly being subject to the transformation
g[d&g&és] = (MT)ilg[&f,vaéf] (A34)
T
= (FGR2 ), F 0, ), Fy (R, ), Fi(k, %)~ f /s
~ ~ é - és
= (F 02 + mpfoler — 6, F (. —mpfs 5= +mpfs
2(ar — as) + (¢4 — é5) (Mm% — k2 ér — &y
X ( ! ) (qug )( 4 )7fg(k27q2)_meB f2 +meB
2(ay — as) + 2(by — bs)k? + (¢f — &) (m% — K2 T
X ( f 5) ( f quz ( f 5)( B )’fg(kQ’qQ)’_fB/mB) )

In contradiction to the assumed uniqueness of (ay, b £, Cy), the form factor basis G[as, b, Cs]
could be rendered free of kinematic singularities and with a dynamic B-meson pole at most
in the pseudoscalar form factor if either of the coefficients a, I;, or ¢ were allowed to depend
on ¢2, e.g., by choosing af = as, Bf =q¢® = 2bs, cf = q®> = 2¢,. We thus infer that all of
the reduced coefficients ought to be independent of ¢?, for otherwise, an infinite tower of
valid bases would emerge. Even then, choosing the reduced coefficients such that b = bs
and

2(as —a f)

A.
mQB — k2 (A.35)

Gp— by =
leads to F35 (k?, ¢*) and F5 (k?, ¢*) being free of kinematic singularities; for a basis consistent
with (iii), however, we would need (a5 — af)  (m% — k?) to cancel the dynamic B-meson
poles arising in F3 (k2 ¢%) and F5(k?, ¢%). Consequently, to ensure uniqueness, we require
a to also be independent of k2, making it a constant parameter.
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Appendix B

BARDEEN-TUNG—-TARRACH
decomposition

In this appendix, we outline the modification to the BTT procedure [10, [I1] that leads
to the decomposition of the homogeneous part of the hadronic tensor into the LORENTZ
structures and form factors given in[Eq. (4.1)l To this end, we recall that the homogeneous
part fulfills

4T hom. (k@) = 0 (B.1)
and that we additionally impose
!
T om. (K2.6) = T pom. (K1 0), (B.2)

see |Eq. (3.14)| and |Eq. (3.19)|, with quTlé"hom.(k,q) = 0. Hence, we can split Tﬁtjjhom.(k:,q)
according to

kl/
ﬁv
where qufgfhom.(k,q) =0= kl,’fl’_ﬁom‘(k,q). In the above, Tl’j’hom.(k:,q) enters with a

Tgﬁlom. <k7 q) = j\:‘I'fll‘,yhom. (k7 q) + Tg,horn. (k? q) (BS)

factor k”/k* due to its pseudoscalar nature; cf. the fact that the spin-0 component of a
spin-1 field is of time-like polarization. Since the explicit k2-pole attached to TléL7hom.(k’ q)
is thus an inherent feature of the pseudoscalar contribution, it needs to be regularized
either by a zero in the accompanying form factor or by a corresponding pole contribution
within Tvﬁwhom(k, q). We follow the second approach and perform the BTT procedure for

Th om. (K, q) and Tﬁiom.(k, q) separately, where we use the native blueprint for the former

and a variant that introduces an explicit k%-pole to cancel the aforementioned pole of the
pseudoscalar contribution for the latter.

We first perform the BTT procedure for T}
blocks for the LORENTZ structures are

{Lg,hom.,i} = {kﬂ7 qﬂ}’ <B4)

and gauge invariance in the form quTlé” hom. (B, @) = 0 is imposed by means of

v
,hom.

(k, q), where the only available building

(T8 o Y =T {8 o s} o — g K4 B.5
P,hom.,iJ — a P hom. i f» =g L. p . ( . )
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Appendix B. BARDEEN-TUNG—TARRACH decomposition

The resulting set
2
T q
{L6 hom.i} = {O»QN - qu“} (B.6)

consists of a single non-vanishing structure with a pole in (k- ¢). Following the original
recipe, this irreducible pole is to be eliminated by multiplying with (k - ¢), leading to the
structure

Eg,homA = (k ’ Q)qu - q2k”- (B?)

In order to perform the BTT procedure for Tg”hom (k, q), we note that the interaction
is of the form V' — A. Hence, the available buildmg blocks for the LORENTZ structures are
given by

Lt hom.it = {9 KR kY 'K ¢ q”, € *Pipgo }, (B.8)

and we impose qMTI‘{“;mm_(k:, q9)=0=k Tﬁ‘iom (k,q) by means of

3 v Ty pv kHE"
{LH hom. z} 7 O‘{LH hom. ’L}I ’ " = g - 7 (Bg)

The resulting set

2
Eﬁfhom"i} = {g’“’ — Z—q 0,0,0, ?k“k” - kq—'qk“q” q“k” +q"q” 6“”p"kpqg}
(B.10)
contains structures with poles in (k-q) as well as k2. While we explicitly keep the k? poles,
as mentioned above, we remove one of the two poles in (k - ¢) by following the original
procedure, i.e., by taking an appropriate linear combination with non-singular coefficients

and multiplying the remaining pole by (k - ¢). This leads to the minimal |10} 1] set

k?

T T 2
{LH hom. z} = {(k ’ q)Lﬁ,,/hom.,P Lﬁyhom b5 L’lIfIVhom , 10 Lﬁyhom. 6} (Bll)
q° k- -
= {(k‘ CQ)g" — KT, SRR — R & L Ll kaa}-

Combining [Eq. (B.7)| and [Eq. (B.11)| with [Eq. (B.3)| the homogeneous part of the
hadronic tensor thus takes the form given in [Eq. (4.1)
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Form-factor projectors

In this appendix, we collect the formulae for the projectors P/ (k,q) introduced in m
that fulfill ,Pi,uy(ka Q)Tlflw(ka q) = fi<k27 q2)7 i = 17 s 747 and Piuu(ka q)TgV(k7 Q) - fB/mB7
i = 5,6, for an arbitrary choice of basis for T}" (k, ¢) [35-H38]:

ipuu(k q) _ k-q g,uz/ 3q2(k ) Q) KRRV (k ) q)2 + 2]{32(]2 s
mp 1 2[(k - q)% — k2¢?] 2[(k - q)% — k2¢g?)? 2[(k - q)% — k2?2
. 2 2 .
_ 3(k Q) qukl/ + 3k (k; Q) q,uqz/7
2[(k - q)* — k2¢?? 2[(k - q)* — k2¢?)?
1 - k2 w o, 2k + k¢, 3k%2(k - q) oy
EE%(hw_ﬂ%@P—Wfﬁ +ﬂ%@V—W¥Pkk ﬂ%@ﬁ—ﬂﬂﬁ
3k%(k - q) - Ry "
_ﬂ%-wl—Wquk +%%-®”—Wquq’
1 1 2k2
—PM(k,q) = kP LY — g
mg 3 (k) (k-q)? — k%¢? (k- q)? = 2@)2(k - @) + 43
k2 y
- 2 2,2 574",
[(k-q)* = k2¢*|[2(k - q) + %]
1 . i oo
k-q k?
M q)=—— 2 bRV hg¥
mBPE) ( ,Q) (kq)Q—kquQ +(k‘q)2—k‘2q2q q,
2
v q y k-q y
mpPg" (k,q) = W—_unk - (k-q)z——k?qu“q : (C.1)

At this, an ambiguity is hidden in how to collect the terms of the inhomogeneous part

into basis structures in [Eq. (4.8)| since different such choices will lead to another set of
. . . =uv

projectors than the one given above. However, any difference P; (k, q) between two sets

of valid projectors is of the form

Py (k,q) = A" [k [(k - q) + ¢*] — ¢"[(k - @) + k7] (C.2)
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for i = 3,5,6, with the coefficients A; = A;(k?, ¢*) given by

Ag = 2m;Bk2 [xl(zz —y2) +x2(y1 — 21) — Y122 + ?/221]’
As = _ 2k %) + [2[:1:1(92 —1) —z2(pn — 1) +y1 —y2] (k- q)
+ [#1(22 — 1) —@a(z1 — 1) + 21 — 2’2]q2}a
Ag = _W [2(z1y2 — 2o (K - @) + (2122 — 221)¢7], (C3)

D =mp[(k-q)* = k¢*][2(x1 — 1) (k- q) + (21 — 21)¢*] [2(x2 — y2) (k - q) + (22 — 22)¢7].

Here, z;, y;, and z; account for the splitting of the inhomogeneous contribution in[Eq. (4.8)
into two basis structures according to

R 2kM kY q"k”
T k,q)=— g™ + yi i ’
H,mhom.( ’Q) fB{SUg +y2(k~q)+q2+22(k"Q)+q2
2kHEY q"k”
l—2)g" +(1—yi)si———5+ (1 —2) s, (C4
(1 —ai)g"” +( y)Q(k.q)%_qz ( %)Z(k-q)+-q2} (©4)

where the projectors of [Eq. (C.1)| correspond to z; = 1, y; = 0 = z;. Hence, we find

Piuu(ka Q)Tgiom.(ka Q) = Az [QMTléIliom.(k? Q)] [ku[(k ’ Q) + q2] - QV[(k : Q) + k2]]
=0,
P (ks ) T o, (B, @) = Ai [au T o, (ks O] ko [(k - @) + ) = au[(k - q) + &]]
= Ail[—fB(k+ )" [k [(k - @) + ¢*] — a[(k - q) + k7]
~0. (C.5)

For i = 1,2, 4, on the other hand, the projectors are independent of the particular choice of
how the terms of the inhomogeneous part are collected into basis structures, i.e., 4; = 0.
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Appendix D

Kinematics

In this appendix, we present some details on the kinematics for the processes B~ — £~ pvy*
and B~ — 7YY A A which are needed to calculate the squared spin-summed amplitudes
IM(B~ — £~ 5py*)|? and [M(B~ — £~ ppl!=0')|2.

D.1 B~ — ¢y

For a consistent treatment of the kinematics in the process B~ — ¢~ vpv*, all momenta and
polarization vectors have to be evaluated in a single frame of reference. To this end, we
calculate the corresponding quantities in the center-of-mass frames of the {¢~7,(k),v*(q)}
and {¢~(p¢), 7¢(py)} subsystems and perform a LORENTZ transformation of the latter to
the former frame.

In the center-of-mass frame of {¢~7(k),v*(q) }, one finds the magnitude of the photon’s
three-momentum and the energies

p,| = b W) _mb R = mh kg (D.1)
Pyl = 2mp ’ W 2mp ’ T 2mp ' '
The four-momentum of the leptonic subsystem thus reads

k: (EW70707 ‘p"/‘)T7 (D.2)

and, accordingly, the four-momentum of the photon and its polarization vectors are given
by

1
= (FE,,0,0,— T, e(g; \==+1)=F—(0,1,Fi,0)7,
1 1
6((]; A= 0) = E(_|p'y|70707EV)T7 6((]; A= T) = E(E77Oa 0, _|p7|)T’ (D3)

where any physical observable is necessarily independent of £ = /¢2.
In the center-of-mass frame of {¢~(py), 7¢(py)}, we have

k‘g—m% k:2—|—m% k‘2—m§

_ Mo B = B, — D.4
Pl 2Vk2 N W2 (D-4)
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Appendix D. Kinematics

for the magnitude of the negatively charged lepton’s three-momentum and the correspond-
ing energies. Hence, transforming the subsystem {¢~(p;),7¢(py)} to the center-of-mass
frame of {¢~vy(k),~v*(q)}, the four-momenta of the leptons are found to be

Yw (Ee + Bw|p| cos dw) Yw (Ev — Bw|p| cos dw)
sin ¥ — sin v
0 0

Yw (Bw Ee + |py| cos Vw) Yw (Bw E, — |py| cos Vw)

—-1/2

where Bw = |p,|/Ew, yw = (1 - BE) , and Yy is the polar angle of £~ (py) in the

center-of-mass frame of {¢~(p;), ve(py)}-

D.2 B~ — Ll

In addition to the magnitudes of three-momenta [p. | and |p,| in the center-of-mass frames
of {¢~vy(k),v*(¢)} and {¢~ (p¢), ve(py)}, respectively, we need the three-momentum and
energy of the leptons in the center-of-mass frame of {£'~(q1),¢(g2)} to describe the

process B~ — (" pl'— 't
/2 2
q* — 4ms, 2
v " By = YL (D.6)

|p£’ ‘ - 9 ) 9

Furthermore, two additional angles besides ¥y are necessary here: the polar angle 9,
of ~(q1) in the center-of-mass frame of {¢'~(q1),¢"(q2)} and the azimuthal angle ¢
between the decay planes of the subsystems {¢~(p¢), 7(p,)} and {€~(q1),¢*(q2)}, see
A transformation of the subsystem {¢'~(q1),¢"(g2)} to the center-of-mass frame
{0~ y(k), £~ *(q)} then yields the four-momenta

Y+(Ee + By[pe| cosd) Y+(Ep = By|pe| cosdy)
—|py| sin ¥, cos /| sin ¥, cos
Q= P sin b, cos o ;o @= Py | sin vy cos o , (D7)
—|py|sindd, sin ¢ |pyr| sindy sin g
Yo (=ByEp — |pp| cosv) Y~ (=ByEp + |py| cos )
where (3, = ’p'y|/E’Y7 Yy=(1- 63)_1/2'
For the four-body phase space, we used
dk? dg¢?
d®4(p; pe; pus 41, g2) = dPa(p; k, q) dP2(k; pe, pu) dP2(q; 41, g2) or on (D.8)
in [Eq. (6.2), where
1 |p,l 1 |p
d®s(p; k,q) = 40 d®s(k; = ——dQw,
2(]97 7Q) 1672 mp B 2( 7]9@7101/) 1672 \/]{,‘72 w
1 /
Py (D.9)

d(I)2((:Z7 q1aQQ) = 1677'2 \/qu ol

are the two-body phase spaces of the subsystems {£~y(k), ¢~ 0'"(q)}, {¢~(pe),ve(py)},
and {¢'~(q1),¢' " (g2)}, respectively. Here, dQp, dQw, and d2, denote the differential solid
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D.2. B- = ("l 0t

/ o+ B Ve \

¢*-plane / \ k*plane

Figure D.1: Illustration of the decay B~ — £~ u,0'~¢'", with the two decay planes of the
leptonic subsystems and the three angles necessary to describe the process.

angles in the corresponding center-of-mass frames. Three of the six angular integrations
can be rendered trivial by rotating the coordinate system appropriately, leading to the
expression

1 ’
A4 (0; per por 41, 02) = PP 1Pe g o gy dcos, dpdi?dg?  (D.10)

204870 mp VEZ /g2

for the four-body phase space, with the remaining angles being as illustrated in
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Appendix E

Asymptotics

In this appendix, we show that the form factors F/(k?, ¢?) introduced in as well
as their discontinuities drop off as 1/¢? asymptotically. This behavior was assumed to
avoid subtracting the dispersion relation of and justified the monopole ansatz
for the form factors in We determine the form factors’ asymptotic behavior for
¢*> — oo by inspecting the results of a calculation of the B — ~4* form factors within an
OPE [15]. For our purposes, it suffices to inspect the leading-power terms within this OPE,
which are illustrated diagrammatically in [Fig. E.I] The OPE uses an interpolating quark
current for the B meson, namely [I5] Jp(x) = u(x)ys5b(z), which fulfills (0|Jp(0)|B~) =
—ifpm%/(mp + my), see Calculating the sum of the two diagrams depicted
in we find

Xéy(k,q):e/ d41 Tr[— i(l_¢+mu) ;i +my) N 5)i(lﬂé—+mb)

o N . AT (L4 k)2 = mj
i(] — My, i m i(l +¢+m
- 5((/_ k})é;r_ mg Y (1 = 75) ggjmg)Qi% (3 n q?Q - T:g :
(E.1)

where [ is the loop momentum, ¢> < 0 is large, and the isospin charges are given by

(QI=°,QI=0%) = (1/6,—-1/3) and (QI=", Q") = (1/2,0).

For the discontinuities, it then follows that

discqz}".I’OPE(kQ, %) oc disc,e [P (k, q)Xiy(k, )], (E.2)

2

and the asymptotic behavior for large ¢> < 0 is found to be given by [38]
. opP
dlSCq2.7:iI’ E(kQ, ) ~1/¢, (E.3)

rendering the dispersion integrals convergent without any subtractions.
Similarly, we find
FIOPRRE, ¢) ~ 1/ (E4)

)

for the asymptotic behavior of the form factors, which justifies a monopole ansatz in the
framework of VMD.
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Appendix E. Asymptotics

Figure E.1: The leading-order diagrams in the OPE for the form factors F;(k?, ¢%). Dia-
grams contributing at a higher order in the OPE are neglected here.
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Appendix F

Intermediate results

In this appendix, we collect the covariance matrices for the normalizations NX]. from
Table 5.2l and the functions f; ; and g; ; introduced in [Eq. (6.4) and [Eq. (6.7)]

F.1 Covariance matrices

For reasons of consistency with the rounding of the normalization uncertainties, we round
the numerical values in the covariance matrices to four significant digits. Since the input
used to determine the normalizations does not exhibit a correlation between the param-
eters of the w and p mesons, the normalizations Ny¥; and Nj p ;; are uncorrelated, i.e.,
COV(NZ“’], N,’:l) =0 for all ¢, 5, k, [, so that our results can be collected in two 1ndependent
(12 x 12) matrices.

For the covariances between the normalizations Ny, we find

6 x Cov(N{j, Nt )mn (F.1)

9.186 —11.29 66.84 16.05 —65.26 739.2 16.05 5791 —-371.5 —7.348 —37.43 135.1
—11.29 378.7 —1444 —151.5 491.6 —3209 —151.5 —186.7 1270 2.220 —241.8 353.4
66.84 —1444 7180 991.8 —5858 24670 991.8 -—911.2 —1778 —6.404 558.3 —1611
16.056 —151.5 991.8 7404 —1134 7731 7404 2429 —6410 13.70 3.901 134.0
—65.26 491.6 —5858 —1134 20370 —52440 —1134 14440 —31960 —9.187 986.6 —2592
739.2 —3209 24670 7731 —52440 266600 7731 —9322 46070 —-305.2 —3351 16080
16.056 —151.5 991.8 7404 —1134 7731 7404 2429 —6410 13.70 3.901 134.0
57.91 —186.7 —911.2 2429 14440 —9322 2429 28910 —63340 15.82 682.5 204.0
—=371.5 1270 —1778 —6410 —31960 46070 —6410 —63340 498000 144.6 —1346 13990
—7.348 2.220 —6.404 13.70 —9.187 —305.2 13.70 15.82 144.6 7.794 34.85 —134.1
—37.43 —241.8 558.3 3.901 986.6 —3351 3.901 682.5 —1346 34.85 450.4 —1108
135.1 3534 —1611 134.0 —2592 16080 134.0 204.0 13990 —134.1 —1108 8249

where m = (3i + j — 2) and n = (3k + [ — 2) denote the rows and columns of the matrix,
respectively. At this, it is to be noted that N3, = Ng, see the discussion in SO
that one row and one column of the matrix is, in fact, redundant, reducing the degrees of
freedom to an (11 x 11) matrix]’

2Due to this redundancy, the covariance matrix becomes positive definite only after removing the
respective row and column.
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Appendix F. Intermediate results

In the same way and with the analogous caveat N£ 0= N:)’:O, we find the covariances
between the normalizations lej ; to be given by
10° x Cov(NL;, NE Jmn (F.2)
7.758 —25.35 132.8 17.88 —47.77 705.8 17.88 70.38 —233.2 —5.403 —18.46 46.61
—25.35 231.1 —988.0 —151.1 393.9 —-3906 —151.1 —389.7 7.717 12.95 —55.78 —26.32
132.8 —988.0 5543 1059 —5304 26800 1059 411.8 —3620 —55.19 —90.41 —25.79
17.88 —151.1 1059 631.5 —1626 7978 631.5 1294 2278 9.762 —-23.75 —12.89
—47.77 393.9 —5304 —1626 17200 —43390 —1626 7476 —12080 —44.36 814.8 —1798
705.8 —3906 26800 7978 —43390 224000 7978 2795 15740 —248.9 —2166 8948
17.88 —151.1 1059 631.5 —1626 7978 631.5 1294 —2278 9.762 —-23.75 —12.89
70.38 —389.7 411.8 1294 7476 2795 1294 14980 -16040 —29.65 443.1 795.0
—233.2 7.717 —3620 —2278 —12080 15740 —2278 —16040 396500 42.62 123.5 27430
—5.403 12.95 —55.19 9.762 —44.36 —248.9 9.762 —29.65 42.62 5.693 16.05 —56.63
—18.46 —55.78 —90.41 —23.75 814.8 —2166 —23.75 443.1 123.5 16.05 197.2 —383.9
46.61 —26.32 —25.79 —12.89 —1798 8948 —12.89 795.0 27430 —56.63 —383.9 5497

F.2 Functions f;; and g;;

For the functions f; ; introduced in [Eq. (6.4), we obtain

64mk? g3 (k3 + K*)[A(m3, k%, ¢°) + 6k%¢”] 2 321k2 A P A(mB, K2, ¢%)

fi1= 012 ; f33 =mj Y ;

_6amkr i P (kY + B A(K, ¢7) 647k @3 (K3 4 E*)AM(mE, k2, )
fie=— 72 ; faa= 012 ;

_ 32mk2 gl (KL + K[ A(mp, B2, ¢°) + 12K2¢?] F 3
f2,2 - 9](;4 ( N )
and

1287¢?
frs = mi =t [ [AR, %) = K] — KBR[AR, %) — 2m7] L (K, )]
1287¢2 ¢*
fos = —mi—— 5 |3K2 = [3kBR? + ()% L (K, )
9 647rq_%q2

fas = —miga s (K2 [k2 A (K2, ¢P) + 2K2(k} + 282)]
B —

— 2kB K (kK + K2 k3) Lp (K2, qZ)} :

1287mq?
fus = —m? - + [k{A(k:?, &%) — K2 [kBA (K, ¢%) — 2k% ¢%] Lp (k?, q2)],

I 5 128mq%
=—m
5 C3(K2)2K2 (K2 2 (K2 + K2) + m2(k%)?]

x [k% [k%(k?g +E2)[kE — AR, ¢*)] [4(K2)? + K2 [8KE + A(K?, ¢)] + 4(kB)?]

+my [4(K2 )P [kE — A(K?, ¢%)] + 8kR(k?)? 2k — A(K, ¢°)]
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+ (kB)*K2 [13k5 — 5A(K?, ¢%)] + 2(kB)°[2kE — A(K, ¢°)]]
+ 8me(k129)2(k3 + k2 >]
+ 2K K2 [KB[AK?, ¢7) — 20] — 202 (K, + 2) — 4md (0 + 2]
< R0 + ) + m%<k%>2}LD<k2,q2)}, (F.1)
where we defined
Kp=mp—k,  ki=Kxmi ¢ =¢+2mp,  ARLP) =k -

L+(k27 q2) —L_ (k27 q2)
A(m%, k2, %)

k2 /A(mE, k2, ¢?)
Lp= b ) (F.5)

, Li(k%¢®) =log |1+
(. 7) g< FZR2 + k2 2

All other, unlisted functions vanish, i.e., fi3 = fi4a = fo3 = fou = f34 = 0. Given the

scaling with the lepton mass, one finds that this set further reduces to four functions in

the chiral limit m, = 0.

For the functions g; ; introduced in [Eq. (6.7), we find

,327k2 43 q*\[A(m;, k2, ¢?) 327k g3 A(K?, ¢*) /Mm%, k2, ¢?)
913 =m; 3k:2 y G1a= 3 , (F.6)
L 167k2 1 * A(K?, ¢%) [ A(mE, k2, ¢°) 64mk? ¢35 ¢*\/ A(m%, k2, ¢?)
92,3 = —My 34 y 924 = — 3
and
321mq> ~
g5 =migy 202)2\A(m3, 12, @) — 4(k5) K2 [A (K2, ¢2) — 2m3] Lo (K2, ¢))
327 -
925 = iﬁ (62 2/ My, 2, g2) + 432 [3KBR? + (12)2) Lo (K2, ¢%)|.
12872 ¢? ~
935 = miT;(k?gk? + k22 Lp (K2, ¢%),
5 1287k q? ~
gu5 = mi— [2/& (AR, ¢2) — k3] + k?BA(k?,q?)}LD(k?, ),
9 2567Tk2qi
=m
P50 =312 12 (62 2 (K2, + k2) + m2 (k)2 K2 A(k2, ¢2) + 2k2¢]
(KB P08 + 12)(a? + 2m)y /N0 k2.
+ [R2 AR %) + 262¢%] [md (K%)? + k2 ¢* (k% + K2)] (F.7)

X |4m(k% + K2) + 2[(KB)? + (K2)? + kK2 ] — K3AGK, ¢%)| Lo(k?, qZ)] ,
where we additionally defined

1 ARZ K2 q* (KR + k2) + 4mj (k) K

Lp= o
T Do AR 2T

(F.8)
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All other, unlisted functions vanish, i.e., g11 = ¢g22 = 933 = gaa = g12 = g34 = 0.
Again, from the scaling with the lepton mass, one finds that this set further reduces to
two functions in the chiral limit m, = 0.
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Appendix G

Constants and parameters

We collect the constants and parameters used throughout the analysis in this part of the

thesis in [Table G.11
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Appendix G. Constants and parameters

Quantity Variable Value Reference
Mass 7+ M, 139.57039(18) MeV
Mass B* mp 5279.34(12) MeV
Mass B* mp« 5324.71(21) MeV
Mass B mp, 5725.9125 MeV
Mass p(770) M, 775.26(23) MeV [27]
Mass w(782) M, 782.66(13) MeV
Lifetime B* B 1638(4) fs
Width p(770) r, 147.4(8) MeV
Width w(782) Iy, 8.68(13) MeV
Decay constant p(770) fo 216(3) MeV i
Decay constant w(782) fu 197(8) MeV
Decay constant B+ IB 190.0(1.3) MeV [39H43]
CKM matrix element b — u |Vl 3.77(15) x 1073 [44]

Table G.1: The masses, widths, and other physical parameters needed for the calculations
in this part of the thesis. For the p meson, the parameters are identified with those of the
neutral p°.
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Synthesis

The standard model of particle physics has proven extremely successful in describing a
plethora of phenomena at small length scales. However, besides its fundamental incom-
patibility with gravity, the existence of dark matter and the apparent matter—antimatter
asymmetry in the universe are examples that give definite proof of its incompleteness.
Naturally, any substantial extension of the standard model either needs to involve heavy
or weakly coupled particles as experimental evidence from particle colliders remains scarce.
There is further indication of physics beyond the standard model from so-called precision
observables, which aim at scrutinizing the imprint of new physics on observables that ei-
ther are strongly suppressed in the standard model or can be calculated to a very high
precision within the theory. In this thesis, we discussed three different standard-model
probes at the precision frontier: the anomalous magnetic moment a, of the muon, rare
semileptonic n(") decays, and B — 4* transition form factors.

The longstanding tension between the experiment and the standard-model prediction
for a,, potentially hints at physics beyond the standard model. With the uncertainty on the
standard-model value being dominated by hadronic contributions, efforts on the theoretical
side are mostly concentrated on the improvement of the latter. Although the subprocess
hadronic light-by-light scattering contributes with a comparably small central value, its
uncertainty presently comes close to the one of hadronic vacuum polarization. Here, an
important role is played by axial-vector mesons—so far evaluated with a Lagrangian model
for the hadronic light-by-light tensor—since they are responsible for a large fraction of the
current light-by-light uncertainty. In order to improve this situation, we performed a data-
driven analysis of the axial-vector transition form factors—the relevant input quantities
for a dispersive evaluation of a,—in and its Given the available data,
the analysis is set up for the transition form factors of the f;, and information on the
entire triplet including the f] and a; is obtained under the assumption of U(3) symmetry.

In view of the intended dispersive application, we employed a decomposition of the
A — v*~* amplitude into LORENTZ structures and form factors free of kinematic singular-
ities. Using this basis, we put forward various vector-meson-dominance parameterizations
for the transition form factors, which primarily differ in their high-energy behavior, as
motivated by the inclusion of distinct short-distance constraints from the light-cone ex-
pansion. To obtain a description of the form factors that is valid in the whole energy range,
the vector-meson-dominance components were further complemented by asymptotic con-
tributions from this expansion. For each of the proposed parameterizations, we performed
a combined phenomenological analysis to extract information on the free parameters of the
model. Our final result given in the [Addendum to Part I] consists of two sets of solutions
for the coupling constants that emerge within the vector-meson-dominance framework.
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Together, the form-factor parameterizations for the triplet of axial-vector mesons estab-
lished in this thesis pave the way for a revised evaluation of the axial-vector contributions
to a,. Here, the two scenarios of coupling constants following from our global fit serve as
an estimate for the systematic uncertainty, and work is ongoing to determine their effect
on the anomalous magnetic moment of the muon. Crucially, the dominant uncertainties
of our result are of experimental origin; the process fi — eTe™, especially, presently suf-
fers from large error bands and needs experimental clarification, but the majority of the
remaining data demands a revision as well. One naive leverage point to refine our anal-
ysis thus is the improvement of the existing experimental data or measurements of novel
observables that entail additional constraints on the axial-vector transition form factors.
While a full dispersive analysis does not seem feasible at the moment as it requires differ-
ential data on fi decays, it might become viable in the distant future. To go beyond the
essential solicitation for improved data, it would furthermore be interesting to study the
form factors by means of a completely different approach. Performing a calculation using,
e.g., a dynamic model instead of a data-driven analysis might, in particular, give further
insight into the hierarchy of the three transition form factors of axial-vector mesons.

The semileptonic decays n) — 70¢T¢~ and ' — nlt¢~, £ = e, u, analyzed in
provide another probe of the standard model at the precision frontier. Due to the strong
suppression of the corresponding decay rates within the standard model, they are consid-
ered rare processes, and any experimental signal conclusively deviating from the standard-
model value would hint at new physics. Currently, experimental results are limited to up-
per bounds on the branching ratios, but the prospect of improved measurements from the
REDTOP collaboration calls for updated high-precision calculations—thus far carried out
under rather radical assumptions—with reasonable, conservative uncertainty estimates.

For our analysis, we constructed amplitudes for the respective semileptonic n’) decays
by assuming the underlying processes n) — 7%*y* and 1/ — ny*+* to be dominated
by the exchange of vector mesons. The relevant V' — P~* transitions were modeled in
terms of a set of form factors, for which we proposed numerous vector-meson-dominance
parameterizations. In essence, these variants differ in the assumptions about their high-
energy behavior, with the normalizations and relative signs determined from phenomeno-
logical input and U(3) symmetry. Using the established framework, we calculated singly-
and doubly-differential decay widths as well as integrated branching ratios for both the
semileptonic and the two-photon decays. Our results for the former demonstrated that the
DALITZ plots exhibit a non-flat behavior and that the additional, non-trivial momentum
dependence of the vector-to-pseudoscalar transition leads to a significant decrease in the
decay rates; the precise parameterization of this dependence was found to be of secondary
importance, however. To go beyond the vector-meson-dominance model, we also analyzed
S-wave rescattering effects for n — 7°¢*¢~, which were found to be negligible.

The semileptonic n) decays investigated in this thesis are considered promising can-
didates to search for a host of effects beyond the standard model, including

e a tree-level contribution to the processes from a C- and CP-violating one-photon
exchange. Given the loop- and coupling-induced suppression of the symmetry-
conserving two-photon mechanism, such a contribution has the potential to produce
branching ratios that exceed those from within the standard model. Since our analy-
sis showed that the relative standard-model background is even smaller than priorly
estimated, the scenario of observing a discernable excess seems yet more likely than
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before; here, our results obtained with the different models allow one to assess the
systematic uncertainty. While the C-conserving and C-violating mechanisms do not
interfere at the level of decay rates, they can lead to an asymmetry in the DALITZ
plots, which, in fact, gains in sensitivity if both contributions are of comparable size.
The differential distributions provided in this thesis are to nurture the endeavor of
corresponding measurements, illustrating that the flat behavior that was previously
assumed for the DALITZ plots yields an insufficient description.

e Another source of new physics that can be probed with the discussed n") decays is the
simultaneous violation of P and CP. Similar to the violation of C described above,
signals of this type can manifest themselves in interference patterns, where the viola-
tion of P requires an analysis of polarization observables instead of differential decay
distributions. Not only are these quantities more difficult to measure, but the P-
violating mechanism underlies stringent bounds from studies on the neutron’s electric
dipole moment, which renders these effects less favorable to search for physics beyond
the standard model. Still, the formalism established in this thesis provides the means
to calculate the standard-model contribution to the implied polarization observables,
which would be useful for the interpretation of prospective measurements.

e The decays n\") — 700t ¢~ and 1 — nfT¢~ can further be used to search for new light
scalar particles; detecting these weakly coupled particles requires the identification
of resonance structures in the corresponding lepton—lepton spectra. Although such
degrees of freedom could additionally violate the symmetries of the standard model,
they may also emerge as symmetry-conserving features, e.g., a HicGs-like scalar.

There are further effects beyond the standard model that can be tested with the semilep-
tonic n") decays considered in this thesis, e.g., the simultaneous violation of C and P
together with CP. Moreover, the two-photon decays n) — 704*~v* and 1/ — ny*y*
themselves provide an excellent playground to scrutinize new physics.

In we investigated B — ~* form factors in the context of the four-lepton
decay B~ — £ il 0", £ = e,u,7, {' = e,u. Besides entailing valuable information
on the leading-twist B-meson light-cone distribution amplitude through the transition
form factors, the four-lepton decay also qualifies as a candidate for performing precision
tests of the standard model. While we utilized a vector-meson-dominance ansatz for the
phenomenological analysis in this thesis, the developed framework is based on dispersive
methods and, as such, provides the foundation for more sophisticated future analyses.

To construct an amplitude for the process B~ — £~ 1,0/~ ¢'", we first studied the decay
B~ — {~ppy*, improving on previous results from the literature by retaining the effects
from non-zero lepton masses. The deduced amplitude was decomposed into LORENTZ
structures and form factors free of kinematic singularities, with the latter parameterized
in terms of a series expansion in a conformal variable and the momentum dependence of
the virtual photon being incorporated under the assumption of vector-meson dominance.
By establishing a set of dispersion relations for the transition form factors, we determined
the free parameters of our model using available input from the literature. As a phe-
nomenological application of our formalism, we calculated integrated branching ratios and
forward-backward asymmetries for B~ — £~ il'~¢'T, for both £ # ¢ and ¢ = /', as well
as the corresponding differential distributions for the case of distinct lepton flavors.
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The theoretical predictions for the decay B~ — ¢~ '~ ¢’ provided in this thesis can
be confronted with experimental measurements from, e.g., the Belle II and the LHCb
experiment to probe our understanding of the standard model. Currently, though, there
exists only a single measurement for this process, which sets an upper limit for the branch-
ing ratio of the identical-lepton channel B~ — p~,u~ pt. Improving this measurement
and determining a central value is a crucial step to stimulate further progress at this
frontier, but experimental analyses of the other channels—preferably also for the case of
distinct lepton flavors—are needed likewise. As soon as the experimental results attain a
sufficiently high precision, our formalism can be refined by, e.g.,

e including additional contributions from the ¢ meson and other—excited—states in
our vector-meson-dominance framework. Such an extension requires non-pertur-
bative input on, inter alia, B — ¢ form factors—as relevant for B~ — ¢~ pp¢—which
is presently lacking; the determination of these form factors would thus also prove
advantageous for a better understanding of the B — ~* analogs.

e Additionally, the resonant contribution from the p meson could be replaced by a
dispersive description in terms of the two-body intermediate state wm, for which
the formalism developed in this thesis is an essential requirement. However, this
refinement necessitates currently unavailable input on B — ww form factors—as
pertinent to B~ — £~ ym~ 7 "; here, too, one could thus leverage the knowledge on
the B — 7m transition to improve one’s understanding of B — v* form factors.

The B — ~* form factors can further be used to extract information on the leading-twist
B-meson light-cone distribution amplitude by comparing with predictions from collinear-
factorization approaches. Here, our dispersive framework allows for the transfer of infor-
mation from the region of time-like photon momenta—as accessible experimentally or by
studying quantum chromodynamics on the lattice—to the space-like region; in this way,
the sensitivity to the extracted parameters is enhanced because the contamination from
soft contributions within the collinear-factorization approaches is reduced.
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Glossary

Acronyms

BL BRODSKY-LEPAGE

BSM beyond the standard model
BTT BARDEEN-TUNG-TARRACH
BW BREIT-WIGNER

CKM CABIBBO-KOBAYASHI-MASKAWA
EM electromagnetic

FB forward—backward

FSR final-state radiation

HLbL hadronic light-by-light

HVP hadronic vacuum polarization
LCDA light-cone distribution amplitude
LCE light-cone expansion

LCSR light-cone sum rule

OPE operator product expansion
0z1 OKUBO—ZWEIG-TIZUKA
PDG Particle Data Group

PV PASSARINO-VELTMAN

QCD quantum chromodynamics
QED quantum electrodynamics
SCET soft-collinear effective theory
SM standard model

TFF transition form factor

VMD vector-meson dominance

WET weak effective theory
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Particles
ai a1(1260)
a CLQ(1320)
Ji o f1(1285)
1 fi(1420)
6 6(1020)
@ ¢(1680)
¢ 6(2170)
n" 7'(958)
K*  K*(892)
p  p(770)
P p(1450)
o p(1700)
w  w(782)
W w(1420)
w”  w(1650)






Foundations index

anomalous magnetic moment, [35]
L hadronic light-by-light scattering
L hadronic vacuum polarization

BARDEEN-TUNG-TARRACH procedure,

Lgauge invariance, WARD identity

| kinematic singularities and zeroes

Ltraunsforming between tensor bases
CAUCHY principal value, 2§
chirality projection operators,
CHISHOLM identity, [I7]
conformal mappings,

L2 mapping
cross section, [20]
decay rate, [20]

Ldouble counting, symmetry factors

Ls.pin—avemging, spin-summing
DIRAC equation,
dispersion relations,

L crossed-channel singularities

Lright- and left-hand cuts
energy-dependent widths, [31]

L constant-width approximation
equal-time commutators, [I6]
fermionic field operators,

L DirAC spinors

Lequal—time anticommutation relations
fine-structure constant, [I3]
form factors,

L pion vector form factor

L transition form factors
gamma matrices, [12]

L DIrAC adjoint

L FEYNMAN slash notation
KALLEN function,

LEVI-CIVITA tensor,
LORENTZ transformations, [T4]
MINKOWSKI space,

Lscalar product, summation convention

Lspace—time
natural units,

N-body phase space,

L recursion relation

Ltwo—body phase space

PASSARINO-VELTMAN decomposition, 0]

L coefficient functions
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quantum numbers, [29]

Langular momentum, spin

L(:harge parity, parity

LG—parity, isospin
scalar loop integrals, 2]

lFEYNMAN parameters
SOKHOTSKI-PLEMELJ theorem,
spectral representation,

Ldispersively improved propagators

Lspectral function
subtracted dispersion relations,
symmetries, [29]

Lcharge conjugation

Lparity

L time reversal
tensor loop integrals, [37]

L master integrals

Lultraviolet and infrared divergences
three-body-decay phase space, [21]
time ordering,

L HEAVISIDE step function
translation of field operators,
unitarity relation, [24]

Lamplitude M, S-matrix, T-matrix

L branch points, poles

L discontinuity
vector-meson dominance, [30]

L BREIT-WIGNER propagator

L narrow-width approximation
z expansion, [7]

Ldispersive bounds, unitarity bounds

L subthreshold poles
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