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Abstract

Many physical and mathematical models involve random fields in their input data. Examples are
ordinary differential equations, partial differential equations and integro—differential equations with un-
certainties in the coefficient functions described by random fields. They also play a dominant role in
problems in machine learning. In this article, we do not assume to have knowledge of the moments or
expansion terms of the random fields but we instead have only given discretized samples for them. We
thus model some measurement process for this discrete information and then approximate the covariance
operator of the original random field. Of course, the true covariance operator is of infinite rank and hence
we can not assume to get an accurate approximation from a finite number of spatially discretized obser-
vations. On the other hand, smoothness of the true (unknown) covariance function results in effective
low rank approximations to the true covariance operator. We derive explicit error estimates that involve
the finite rank approximation error of the covariance operator, the Monte-Carlo-type errors for sampling
in the stochastic domain and the numerical discretization error in the physical domain. This permits
to give sufficient conditions on the three discretization parameters to guarantee that an error below a
prescribed accuracy ¢ is achieved.

Keywords: covariance operators, eigenvalue decay, approximation of Gaussian-type random fields,
error estimates, Galerkin methods for eigenvalues, finite elements, tapering estimators for sample co-
variance

Subject classification: 41A25, 41A35, 60F10, 65D40

1 Introduction

Mathematical models with random coefficients or random input data have been widely employed to describe
applications that are affected by a certain amount of uncertainty arising from imperfect or insufficient infor-
mation about the problem. The range of applications is broad and diverse and includes uncertainty quantifi-
cation with ordinary differential equations, partial differential equations and integro-differential equations
or problems in machine learning and data analysis in, e.g. oil field modeling, quantum mechanics or finance.

For instance in oil field modeling, a common source of uncertainty stems from the unknown soil pa-
rameters. Often, one assumes a statistical model for the soil, for instance a Gaussian process with specified
mean and covariance, and fits the possibly remaining hyper-parameters of the process to the measured data.
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Moreover in machine learning, a common source of randomness stems from noisy observed data. This ren-
ders all subsequent quantities to be random fields. Again one often assumes a statistical model for the noise,
for instance a Gaussian model, which perfectly fits to the linear Bayesian framework as then the posterior
is also Gaussian. Anyway, let now a probability space (2, F,P) be given, where F denotes a o-algebra of
measurable sets and P is a probability measure on this o-algebra. On this probability space, we consider a
Gaussian random field

k:QxD—=R.

Having such a Gaussian random field at hand, one usually parametrizes it by means of the Karhunen-Loeve
(KL) expansion or a polynomial chaos (PC) expansion [9], which fits to the L? setting, i.e.,

R(w, @) = tho(w)de().
=

This greatly facilitates the subsequent treatment of problems with x modeling their random input or their
random coefficient functions, e.g., by the stochastic Galerkin method or the stochastic collocation method.
Alternatively, in the Banach space setting, one may expand the random field with respect to the hierarchical
Faber basis or some wavelet type basis; see 3] for details.

To further fix notation, a realization of the associated stochastic process is the function

Klw,):D—=R wefixed.
We now can interpret the stochastic process x as a RP-valued random variable, i.e.,
K:Q-RP, wek(w,):D—R,

where R? denotes the set of all maps D — R. Hence, using the notion of a push forward measure, we
define a distribution of this random variable K, and thus the random process «, as

p=PoK 1
Any Gaussian random field x is determined completely by its first two moments, i.e.,

Elk]: D —-R, xw— E[k]=E[x(,z)] and
Covi, :DxD =R, (z,a)—E[(k-E[x(,2)]) (s(,2')—E[x(-,2")])].

For the sake of simplicity, we will assume that « is a centered Gaussian field, i.e., E [K] = 0. This yields
o
Covi(w,z') =: R(w,z) = / K(w, @)r(w, ') dP(w) = Y Nde(@) (@), (1.1)
Q@ =1

where the series is a Mercer-type expansion. We will assume that the eigenvalues are sorted in strictly
decreasing order, i.e.,

AL > A > 2> 0. 1.2)



In the case of multiple eigenvalues the projection onto the eigenspaces, i.e.,

') => Mgz, ') => N Z P (®) P (), (1.3)

LeN LeEN

is to be employed of course, but for reasons of simplicity we will stick here to the notationally simpler
Mercer series instead. By repeating multiple eigenvalues and modifying our approach accordingly, the
more general case of multiple eigenvalues can be covered in an analogous way.

Usually, such an expansion will be truncated yielding a so-called finite noise approximation. To be
precise, the approximation

R(z, ') ~ ~ Rl (x,x") Z)\gqﬁg x') (1.4)

is considered, where the quality of the approximation relies on sharp eigenvalue decay estimates as given
in Theorem later on. This approach however needs the set {¢;} of continuous eigenfunctions of the
covariance operator R in the first place, which is in general unknown. While its knowledge is often a
priorily assumed in the literature for further numerical analysis, such complete information is mostly not
available in practice and such an approach is thus often not viable.

Therefore, in the following, we consider a different situation: We do not assume to have access to the
moments of the random field « in our analysis. Thus we can not compute its Karhunen Loeve expansion
directly as an eigenvalue problem for the integral operator with the covariance functions as kernel. Instead,

we will only assume
3
Coo 1= (/ % (@, e dIP’(w)) < 0. (1.5)

Note that (1.5)) implies uniform bounds on mean and covariance functions of the random field . Indeed, the
definition of the mean function and an application of the Cauchy-Schwarz inequality leads to

it =| [ storae] < [stmta s ([ weorar) (1) <o o

Moreover, we can obtain by the definition of the covariance function and an application of the Cauchy-
Schwarz inequality the bound

Cov(z,x') = /Q (k(-,x) — E[k(-,z)]) (f—@(~,x') —E [H(-,:B/)]) dP

< ([t -t a8) ([ (st) 5 st 2" 0P

<2 (/Q k(- x)? + Ek(,x))? ouP)é (/Q k(- a')? +E [k(-, ")) olIP)é <4C%. (1.7)

Furthermore, we define Cys := (fQ |k (w, -)H?{S(D) dIP’(w)) * < oo for later use as well. We refer to [16,

NI

=

Theorem 5.2] for conditions on x which allow for such types of bounds.
Next we assume some spatial regularity of the random field «.



Assumption 1.1. Let k : Q x D — R and thus K : Q — RP be contained in the Bochner space
L>(Q,H*(D)) forsomes >0, (1.8)

where, for s = 0, we have H°(D) = L?(D). Alternatively, let k : 2 x D — R and thus K : Q — RP be
contained in the Bochner space

L>(Q,H*(D)) forsome s > g (1.9)

Now we introduce a discretization of the function space RP := {f : D — R}. To be precise, we
consider an underlying finite element space of the form

Vi == {ve H(D) : v|x € PPI(K) forall K € T;,} € RP, (1.10)

where 7T}, is a regular quasi-uniform triangulation over the physical domain D with a maximal mesh size
h and [s] € N will depend on the spatial regularity of x. We denote the dimension of V}, by @), < oc.
Moreover, we expect Q;, = O(h~%s%). For the rest of the paper, we will fix some arbitrary basis of V),

V), = span {9,(:) 1<k< Qh}
Here we may employ a nodal basis as well as a discrete orthonormal basis later on. Let 0™ be

T
0 DR, @ (0, 00))

Any function v(®) € V), then admits the expression

T
o =y g i V) = (vf’”, L chi)) € RO
and each function v(®) € V), can be identified with its coefficient vector V() ¢ R@n,
Next we consider the projection map IIy, : L?(D) — Vj,. Thus s = 0 in (I.8)) from Assumption
which is here the weakest assumption possible. Given such regularity, we recall the approximation power
of the L?-projection Iy, .72 : L?(D) — Vj,, which is given in [5, Theorem 4.4.20] as

|lv — thvHH(D) < Cq R vl s (py forallv € H*(D), (1.11)

Vh;L2

lv— HVhUHC(’D) < Cth;chs_% [v]| s (py forallv € H*(D) for s > d/2. (1.12)

Here, the positive constants CHv o and C’th, o depend only on the shape regularity parameter of 7} and
» ;

are independent of the mesh size h.
In contrast to other approaches where the continuous random field x : Q@ xD — R and thus K : Q — R?
are assumed to be completely known, we in the following only assume to have access to

M (w, z) = KW (w) -0 (x), (1.13)

where K (") (w) is a multivariate random variable defined by

T
K®.Q R%, we KM(w) = (K{h)(w), . Kgf(w)) : (1.14)



Furthermore we assume that the coefficients, i.e. the random variables { K ](h) (w)}j=1,--,Q, are independent
identically distributed with a common distribution x("). As we work with centered Gaussian random fields,
we have E [K(h)] =0 ¢ R%,

This resembles more closely the practical situation in real applications where in general the full ran-
dom field K is never completely accessible but only given at a finite number of sample points which stem
from independent measurements in the first place. The random vector K (") is indeed the information we
practically have on the random input.

Note that an alternative approach would be to consider directly the Carleman operator R (see (I.I))) for
centered fields and to approximate it by RM ie.,

R(z,z') ~ RM(x,2') := / kM (w, 2) ™ (w, 2') dP(w)
Q
~ Mt Z £ (W, )M (W, ') =2 R (2, ).

This kernel R(") gives rise to an integral operator f Ipf ()R (x, -)da for which the stochastics is
integrated out. Our aim is however to derive a kernel via sampling estimation instead. But this sampling
is not involved in the above reference kernels R and R at all. Therefore, we consider the kernel R ag
integral kernel on the discretized space V},. In particular, we will have a Mercer-type expansion of the form

RO (a5, ) ZA%” @) wih ¢ (@) = @[ - 01 (a).

This gives rise to a generalized matrix eigenvalue problem and we merely estimate the associated stiffness
matrix from samples.
Now, due to (1.9) from Assumption[I.1} we obtain the estimate

1Ty, 5w, ey < 15 (@2l + 15 (@) = Ty, 5w, )l

< || K(w,leqpy + Cty, o 2 15 (@, M gre(py  for Palmostallw € Q. (1.15)

Hence, after squaring and integrating over {2, we have

< Q/Q | ww, Iy + Clz[vh;ch2s_d I (0, oy ABw) < 22 + 2C%Vh;ch25—dcl2qs.

Thus, with £(") (w, ) := Iy, k(w, -), we obtain

h) %
(/ H w, C(D) d]P’(w)) < 0. (1.16)

Analogously by employing the H* norm instead of the C'(D) norm, we have

_</QH“UZ)(“’")H;(D) ) (/ I (@)l oy AP )>%<oo.



As in the continuous case and (I.7)) , this implies
E [n(h)(-7 :c)] <™ and Cov(z,2') < 4(CM)?  foralla,a’ € D. (1.17)

Furthermore, with the representation (I.13)) and since we deal with (centered) random vectors, the covariance
is given as

S =E [K(h) ® K(h)] _E [K(h)} ®F [K(h)] _E [K“L) o KM e RO¥@n (1.18)

In contrast to the vast majority of the literature, where the covariance is assumed to be known, we only
assume to have given M independent identically distributed discrete samples K §"), o K g\}/}) of the random
variable k. From these finitely many values we merely aim to derive an estimate of the true covariance
function. To this end, we have to deal with the high-dimensional covariance matrix X x) € RQrX@n
Since Q, ~ h™?, this involves the well-known curse of dimension. Consequently the estimation of the
covariance matrix gets more challenging the smaller the values of h get. Therefore, we will assume that the
covariance matrix X p») € R@rX@n has a certain off-diagonal decay, that is

Y € Fo = Fa(Cr1,Crp),

where
Qn
Fo =4 T € R&XCn . (e > |Bkw| < Crac forall 1 < ¢ < Q) and Amax() < Cr
=1,--&h ’_
|k’k7;|1>c

(1.19)

Here, o modulates the speed of decay and Cr.1, Cr.» are positive constants. This specific class of matrices
contains several relevant examples of discrete covariance functions, see [4] and the overview [|6]. Moreover,
the choice of this class of matrices will influence the approximation of continuous covariance functions via
so-called tapering weights, see (4.39). We will make use of the optimal rates derived in [4]. We furthermore
will work with generalized eigenvalue problems. i.e., we do not compute the eigensystem of the covariance
matrix 3 () but instead that of a certain transformed matrix, see (4.14). The eigensystem of this system
gives rise to a computable Mercer-like expansion

L

R(hM ZA (h; M) (z)(h M)( )¢ )( I) ~ R(L;h;M)(w,CCI) — ZAéh;M)qsgh;M)(x)¢§h;M)(w/)7
=1

(1.20)

where the (h; M)-notation indicates that we use an estimator which is based on the M finite samples
K gh), oK g\l/}) and makes use of certain appropriate tapering weights. Moreover L indicates the finite-
noise approximation.

The main aim of this article to derive a bound on the approximation error HR — R(EshiM) H and of its
expectation E [HR — RLhiM) H] . To this end, we couple the discretization parameters L, h, M and consider
their limits h — 0, L — @ — oo, M — 00 to recover the true continuous covariance operator. For the
approximation step with respect to L, we will make use of the optimal decay estimates for the eigenvalues
of the true covariance operator as given [[11l]. For the two approximations steps involving h and M, we



will derive corresponding estimates for the spatial discretization error and the sampling error. Finally we
properly combine the three approximation steps. This coupling is our central result, see Theorem|[5.1] There
we show that the bound

HR _ R(L;h;M)’

9

SL¥ 4 (Lh a) HE(h) = S”(h;M)H

L2(DxD) 22

holds with high probability, where G (L) is a function of the truncation parameter L that depends on spectral
~(h
properties of the true operator associated to R as given in (5.2). Moreover S " denotes the finite element

. . <(hsM . . . .
discretization of the true operator and S (:20) denotes its sampling approximation, c.f. (4.7) and (4.13).
Since sampling involves randomness we are also interested in estimates in expectation. Our second main
result is Theorem[3.2] It states that

E [HR - R(L;h;M)’

L%DXDJ

+ Linexp (~Mp H(DA2, (M™)),

where H (L) is again a function of the truncation parameter L that depends on spectral properties of
the true operator, pp (M) measures the approximation quality of our employed (tapering) estimator, M ()
is a classical finite element mass matrix and p; denotes a constant given in (.54)) which is determined by
the sub-Gaussian property of the involved random variables. This permits to give sufficient conditions on
the three discretization parameters to guarantee that an error below a prescribed accuracy ¢ is achieved.

A novel contribution is the combination of our recent sharp bound (see [[L1]) on spectra of covariance
operators with optimal statistical covariance estimation methods, i.e., we derive an error analysis for the re-
construction of the continuous covariance operator from finite measurements. We believe that the presented
framework is useful if only finite measured information on uncertain problem parameters is available and no
a priori modeling assumption for the random field can be given. Such a situation is indeed often encountered
in many practical problems in uncertainty quantification and machine learning.

The remainder of this paper is organized as follows: In Section[2]we introduce notation and review some
basic facts. In Section[3|we recall the KL-expansion and sharp eigenvalue estimates. In Section[d] we present
the reconstruction of the covariance matrix as stiffness matrix with respect to the finite element discretiza-
tion. We focus on the discrete spatial approximation in Section [4.1) and on the statistical approximation in
Section 4.2l In Section we review some tail estimates for Gaussian random variables. In Section 4.4]
we give bounds on the sampling covariance error. In Section [5| we present our final error estimates for the
covariance operator reconstruction and give sufficient conditions on the three discretization parameters to
guarantee that an error below a prescribed accuracy ~ ¢ is achieved. We give some concluding remarks in
Section

2 Notation and basic facts

We start with some notation. Let two Banach spaces V7 and V5 be given. Then, B(V3, V5) stands for the
Banach space composed of all continuous linear operators from V; to V5 and B(V;) stands for B(V7, V7).
The set of non-negative integers is denoted by N. For any index o € N¢, || is the sum of its components.
The letters L, M and h are reserved for the truncation number of the KL. modes, the number of sampling
points and the mesh size. We write A < B if A < ¢B for some absolute constant ¢ which is independent of



L, M and h, and we likewise write A 2 B. Moreover, for any s € N, 1 < p < oo, we follow [[1] and define
the Sobolev space W*P(D) by

WP(D) = {u € LP(D) : D € LP(D) for 0 < |af < s}.

It is equipped with the norm
1
> DUl )i 1< p < o,
HUHWG,p(’D) = OS|Q‘§S

D° if p = o0.
ogﬂﬁ’;” ull oo (py » if p = 00

The space WP (D) is the closure of C§°(D) in W#P(D). Its dual space is W—5¢(D), with 1/p+1/¢q = 1.
Also we use H*(D) = W*P(D) for p = 2. Finally (-, -)p denotes the inner product in L?(D).

We now recall the classical Monte—Carlo algorithm. To this end, we consider a probability space
(Q2, F,P) and a given probability distribution . Let X1,---, X for M € N be independent identically
distributed real-valued random variables on (2, F,P) with the same associated probability distribution g,
1.€,

P(X,,)(B)) = u(B) forall B € B(R)andall1 <m < M.

m

Here, B(R) denotes the Borel o-algebra. Each random variable X,,, induces a sub o-algebra, defined by
o(Xm) ={X,,'(B) : BeBR)}.

Note that the {o(X,,)}}_, are P-independent because the random variables {X,,}*_, are pairwise in-
dependent, i.e., for every finite set {m1,...my} C N and every By, € o(Xp;) for 1 < j < k, we
have

k k
(B, | =[P (Bn,)-
j=1 j=1

Let f : R — R be a Borel function. Then Y;,, = f(X,,) is also a random variable, with its associated
probability distribution being

P((f o Xm) H(B)) =P(X,,}(f1(B))) = u(f1(B)) forall B € B(R)andall m € N.

m
Therefore, the composite random variables {Y,,,} are also identically distributed, with their generated o-
algebras defined by
o(Ym) ={(foXm) '(B) : BeBR)} ={X,'( : BeB(R)} C o(Xpm).

Consequently, the random variables {Y,,,} are pairwise independent as a result of the independence of the

{Xm}-
Next we introduce a real-valued random variable X equipped with the probability . Let Y be a random
variable defined by Y = f(X). Assume that the first two moments of Y exist. Then its mean and variance

are given as
/ V() dP@) = [ (o X)) dPw) = [ f(o)duta) < o0
Y

VY] = E[Y))? = /R (f(2) — E[Y])? du(z) < oo.



By definition, Y and {Y,,,} have the same mean

and hence, by linearity, we get

Furthermore, we obtain

1 Y 1 M 2 1 M 1
SNy, e[Sy, —EY]) | =cov [ =S Y, — Sy,
] -x| (o) e (G D 2 )
1 M 1 N 1
=37 2 CovVmYa) = g D Cov (Y, V) = 2VIV], @)
m,m=1 m=1

where we used the definition of covariance and the fact that mixed terms vanish due to independence. The
idea of Monte—Carlo is to approximate the mean E[Y] by the estimator E,/[Y] defined by

) 1 M 1 M
EnlY):=1; > Y= i > F(Xm).
m=1 m=1

Then an application of (2.1)) yields the corresponding RMSE error

RMSE := \/E [(EM[Y] - ]E[Y])Q] = \/%V Y]s .

For any € > 0, a combination of Chebyshev’s inequality and the equality (2.1)) shows

P ({ B[V —E[Y]‘ > e}) <2V [EM[Y]} - Mlﬁﬂ(y).
Taking € := ﬁ (V(Y))% for some § > 0, we obtain
P ({‘I@M[Y] - E[Y}’ > \/jlm (V(Y))%D <6

3 Karhunen-Loeve expansion: Continuous level

This section is concerned with the Karhunen-Loé¢ve expansion of the centered Gaussian random field «. Let
L@ (x) be the Lebesgue measure on the physical domain D. For the sake of simplicity, L?(D) and L?(f2)
are short for L?(D;dL@ (z)) and L?(Q; dP). We denote the associated integral operator S : L*(D) —
L2(Q2) by

SU—/ /i(w,-)vdﬁ(d), (3.1)
D



whereas its adjoint operator S* : L2(Q) — L?(D) is defined by
S*v = / K(w, - )vdP(w). (3.2)
Q

Let R : L*(D) — L?(D) be defined by R := S*S. Then R is a non-negative self-adjoint Hilbert-Schmidt
operator with kernel R € L?(D x D) given by

R(z,z') = / K(w, z)k(w,x’) dP(w) = E [5(-, @)k(-, 2')] (3.3)
Q
Moreover, for any v € L?(D), we have

/Rac z(z') dLD (x // k(w, z)k(w, ') dP(w) v(z)dLD (). (3.4)

The standard spectral theory for compact operators [[19]] implies that the operator R has at most countably
many discrete eigenvalues with zero being the only accumulation point and each non-zero eigenvalue has
only finite multiplicity. Let {\,}7°, be the sequence of eigenvalues (with multiplicity counted) associated
to R, which are ordered non-increasingly, and let {¢,}7°, be the corresponding eigenfunctions that are
orthonormal in L?(D). Furthermore, for any )\, # 0, define

w L k(w,x @) (g
) = = /D (w0, @) LD (). (3.5)

One can verify that the sequence {¢/,}22, is uncorrelated and orthonormal in L?(£2) and therefore, {1,}22,
are i.i.d normal random functions. Note that the sequence {\;}7°, can be characterized by the so-called
approximation numbers (cf. [14} Section 2.3.1]). They are defined by

= inf{||R = Tllg2(py : T € F(L*(D)),rank(T) < ¢}, (3.6)

where F(L?(D)) denotes the set of the finite rank operators on L?(D). This equivalency is frequently
employed to estimate eigenvalues by constructing finite rank approximation operators.
The KL expansion of the bivariate function x then refers to the expression

x) = > V b(@)e(w), 3.7)
/=1

where the series converges in L2(Q) ® L?(D) = L?(Q2 x D).

3.1 L-term truncation in case of continuous Karhunen-Loéve expansion

Now we will truncate the KL expansion and discuss the resulting error. The studies on the L-term KL
approximation to random fields are extensive. For example, in [15]], decay rates for the eigenvalues of co-
variance kernels possessing certain regularity were considered and generalized fast multipole methods to
solve the associated eigenvalue problems were studied. The robust computation of eigenvalues for smooth
covariance kernels was treated in [17]]. A comparison of L-term KL truncation and the sparse grids approx-
imation was given in [[10].

10



The result of this section is based on our recent paper [11], which proves a sharp eigenvalue decay
rate under a mild assumption on the regularity of the bivariate function « in the physical domain. To this
end, we recall Assumption [I.T] concerning the regularity of x. Its weaker variant (L.8) states that K €
L>(Q, H*(D)) for some s > 0. Its stronger variant implies that the kernel belongs to H*(D) x H*(D).
The following eigenvalue decay estimate [11, Theorems 3.2, 3.3 and 3.4] will be used repeatedly.

Theorem 3.1. Let (1.9) from Assumption[I.1|hold. Then, there holds

N < Cnl= 37 forall€>1and (3.8)
d s
HZ; ermw] raxm) Céj/lz\/;@ +1)72  when L is sufficiently large. (3.9)

Here, we use the constant (g := diam(D)?*Cem(d, 5)Cext (D, 5) ||/-€||2Lz(Q7HS(D)), where Cop,(d, s) de-
notes an embedding constant between certain Lorentz sequence spaces, and Cext (D, s) is a constant which
depends only on D and s.

The next lemma provides a regularity result for the eigenfunctions {¢,}7°, which follows with operator
interpolation from [[11, Lemma 3.1 & Remark after Assumption 3.1]

Lemma 3.1 (Regularity of the eigenfunctions {¢¢}72,). Let (1.9) from Assumption be valid. Then for
all 0 < B8 < 1, there holds

Bs
d

el s (py < C(D,d, s)¢ when { is sufficiently large. (3.10)

Proof. Assumption (T.9) states that x € L>°(Q, H*(D)) for some s > 0. As [, 1dP(w) = 1, we deduce
k € L?(Q, H%(D)) and

00 0o I
161122, 5 pyy = D Al belTro(py < CamY L €L |l Fro
=1 =1

for all € > 0. Considering the limit e — 0", we infer that el gy < ¢~ for { large. Since 16¢ll pro(py =

~

[l L2(py = 1. the statement follows via an interpolation argument.

Here, C(D,d, s) denotes a positive constant depending only on D, d and s. We also get a bound in the
uniform norm by using Sobolev’s embedding theorem for s = % +e> 94 ie., we have

¢elloy < l1éell gs(py < C(D, d, s)ld = C(D,d)ﬁ%JrE when / is sufficiently large, (3.11)

where we use € > 0 for an arbitrary small number which may change from line to line. The eigenfunctions
{¢¢}72, are optimal in the sense that the mean-square error resulting from a finite-rank approximation of
is minimized [9]]. Thus, the eigenfunctions indeed minimize the truncation error in the L?-sense, i.e.

L

min K(w, @) =Y </ k(w, ' )co(@') dﬁ(d)(x/)> co(x) = DA 312
{Cé(w)b%;lCLQ('D) /=1 D L2(QxD) 0>L
{ce(x)}L_, orthonormal

11



4 Approximation of the covariance matrix

4.1 Spatial approximation

In this section, we investigate the influence of the spatial discretization. Recall that the random field (")
defined in (I.13) is an approximation to the random field x. We assume for the moment to have access to its
covariance function

RM (x, x) :—/ M (w, )k (w, ') dP(w) = E [P (-, 2)sP) (-, 2') 4.1)
Q
and the associated integral operator

x) = / f(")RW (x, ') da’
D
Then we have the following result:

Lemma 4.1 (Semi-discrete spatial approximation error estimate). Let R € L?(D x D) be defined as in (3.3)
and let its numerical approximation Ry, be defined as in @.1). Then it holds

HR(h RH <O, CoCrsh®%, 4.2)

C(DxD) VpiL?

Furthermore, for the associated integral operators ‘R and Ry, it holds

HR - R(h)H < Oy, 12(CosCis + CH Y pe. 4.3)

B(L*(D))

Proof. Using ab — apby, = (a — ap)b + apn(b — by), we obtain

H R _

loonm = 2
C(DxD) x,x’' €D

/Q (n(h) (w, ) — K(w, a:)) M (w, 2 dIP(w)’

+$s;cu1€)D < ") (w, a") — n(w,d)) n(w,a:)d]?(w)’
/ H KW, .)HC(D) Hm(h)(w’ ')HC(D) dP(w)
- Hn (w.) - m(w,oHcm) (e, My AB()
< iy [ 16 gy [P @) ) AP@)
3 [ 10, 1502 ) AP

where we used (I.13)) in the last inequality. This, together with the assumption (1.3), leads to

HR(h)_RHC<DX”>< </ It o ) (/ I5(w, )1y dP(w >>%

<Chn ChsCxh?® -5,

V}L3L2

12



This proves the first assertion (4.2). Now note that

[ FSE . B G P

HUHLQ(D):l

L2(DxD)

Using (3.3) and (4.1)), we observe
2 2
" = "y — RM 4 ) o p(d) /
‘LQ(DXD) /D/D (R(w’w) R (x, @ )) d(L'Y @ L'Y)(x, x")
2
:/ / (/ K(w, )k (w, z') — n(h)(w,x)m(h)(w,w’)dIP’(w)> d(LD @ £LD)(z, z')
pJp \Ja

- /D/D (E [5(,@)r(a) = s, 2)s, m’>}>2 A(LD © LD (z, 2").

Thus, we obtain

HR—R(

e

,i(m,ﬁ(h)} ‘

L2(DxD) - HE [ L2(DxD)

We get by an application of the Jensen’s inequality, i.e., f(EX) < Ef(X) with the convex function f(X) =
| X/ £2(pxp)- the bound

HR—R(h)‘ <E Hfili—ﬁ(h)li(h)‘
L2(DxD) — L2(DxD)
<E [”(m—ﬁ(h))ﬁ‘ + H/ﬂ?(h)(lﬁ—/i(h))‘ }
L2(DxD) L2(DxD)
< th L2 (C CHs + C(h)C(h))h
where we used (I.TT)) in the last step. This proves the second assertion (#.3)). O

We are interested in solving the eigenvalue problem for the operator RWM, ie., we consider finding
(d>§h), )\éh)) € V}, x R such that

(RM6,0) = AP (6, 0®)  foranio® e v, =span {6 : 1<k<Qu}. @4

Using gbéh) = @éh) 0 = Z,?:”l qbg;kﬁ,(ch) € V. we derive for fixed but arbitrary v = V() . g ¢y, |
i.,e, for fixed but arbitrary v ¢ R@n the identity

(h) _ / " | |
(R(h)(beh ’U(h))D o /D /D /Q H(h) (w7 w)ﬁ(h) (w7 € )d]P)((.U)gﬁeh (iL’) dﬁ(d) (ZII)'U(h) ((L’ )dﬁ(d)(a: )
DJDJQ

= [ ([ 5w 0@ 6@)ac0 @) ( [ KOw)- 0V o) ac (@) ) apw)

/Km M® ! KM () MOV qp(w)

T
/Q (V<h>) M®E® () & KO (w)M® o d}P’(w):(V(h)) MWS o, MW@,

13



Here M ") and S are the mass matrix and the stiffness matrix defined by

M® = (@™ g™y, and W = M®x ) M®. 4.5)

Note that the symmetry of the mass matrix M (h) implies the symmetry of S ),
Thus, the corresponding matrix form of the generalized eigenvalue problem (4.4) is to seek the eigenpair

(@ﬁh), )\gh)) € R x Rforl =1,---,Qp, satisfying
S(h)q)éh) _ )\éh)M(h)(I)Eh) (4.6)

This is a generalized eigenvalue problem. We now transform it to a conventional eigenvalue problem. To
this end, observe that the mass matrix M " is symmetric positive-definite, and thus possesses a Cholesky
factorization

MW —. ™ <L<h>>T c RO *Qn

~(h
Now let S ) be a symmetric positive-definite matrix defined by
~(h T
g™ . (20) 2 e L.

= (h)

Then we can solve for (®, ,Aéh)) €R% xRforl=1,---,Qp, satisfying

s"a" — \Mg, @4.7)

~(h
Suppose now that (@2 ), )\ﬁh)) € R@ x R is an eigenpair of (7). Using

S — My M® = LWg" ( L(h))T

we obtain
g ( L(h)) T " — Lzl — \mpmF — 0 prt) ( L<h>) - 3",
Thus, we have shown the equivalence

= (h)

(P, ,/\( )) e R x R is an eigenpair of {@.7) <=

<@§h) — (L(h)> q»é ),)\( )> € R x R is an eigenpair of (@.6).

Note that, with <Z>gh) = <I>2h) 0™ we obtain a Mercer-like representation

Qn L
) = > Aol (@)e)” (@) ~ R =Y Ao @)e (@), @8)
k=1 k=1

forl < L < Qy.
We now give a classical error analysis by means of the approximation theory of conforming finite ele-
ment methods. To this end, consider the error operator

EMW =R -RW . [2(D) - L*(D), (4.9)

which is a self-adjoint operator on L?(D). We have the following error representation.

14



Lemma 4.2. The error operator £ has the property
(S(h)v,v>p = (v,(I =y, 12)R(I + th;L2)U)D forall ve L*(D),

where we use the operator 11y, 12 : L*(D) — Vy, from (I.12).

Proof. For given v € L*(D) and since R(") = Iy, .12 RILy, .12 and (RILy, . p2v — I, 2 Rv,v) = 0, we
obtain

(g(h)’l), ’U)D = ((R — HVh;LQRHVh;L2) v, U)D + (RHVh;LQU — th;L2RU, U)

= ((I = Ty,;22) R (I + 10y, 12) 0,0) 5

D

which gives the assertion. O

A direct consequence of Lemma is the upper bound for the operator norm of £

Hg(h) H < 20th;L2 h* HRHB(B(D),HS(D)) ) (4.10)

B(L*(D))

where we employed (I.12)).
Finally, we are ready to present the main result of this section.

Proposition 4.1 (Conforming Galerkin approximation estimate). Let (1.8)) from Assumption|l.1|hold. Then
there are constants C1, Cy and hg such that

A = | < CIRE forall 0< B < h.
Furthermore, the eigenvectors {gbéh) ?:hl ofR(h) can be selected such that
(h) —13s
H¢g —¢£HL2(D) < CoN,"h®  forall 0 < h < hg.

Here, the constants C and Cy are independent of h and hg > 0 is to be sufficiently small.
Proof. The proof follows from [2, Theorem 9.1]. O

A consequence of Proposition is that, for any ¢ > 0 and for the Lebesgue measure £, there holds
the estimate

£ (Lo = 0| 2 }) <2 /D o — o] aL® = 2o 4

2
< Coe 2N, °h%,

L2(D)
@.11)

4.2 Approximation of the covariance operator from samples

We will approximate the spectral decomposition {.8)), which is based on the unknown stiftness matrix S (h)
by approximating the true covariance matrix 3 p») € RQrx@n et us assume for the moment that we have

15



such an estimate 3" K h>) € R@»*@n where " (]g) is also symmetric. Then by repeating the procedure for

the derivation @D in an analogous way, we obtain the approximations

T .
Sh:) (M(h)> S M® ~ 5" = (M(h)) B\, MW and (4.12)
h; M . ~(h T
g (L(’U) =m0 L® ~ 5" — (2)" =4, L, (4.13)

h; .
and we encounter the following eigenvalue problem: Seek (<I>é ), )\gh’M))

1, , Qp, such that

€ R9 x R for all £ =

G M) _ \(id) (15 (4.14)
~ (h;M h; M h; M N
As S ( is a symmetric matrix, we have that <<I>§ ) <I>g/ )>e = 0 ¢ after normalization. Moreover,
2

we encounter the generalized eigenvalue problem

G(h:M) <I>§’“M) _ Aéh;M) M™ <I,§hsM>_ (4.15)

Analogously, we have the equivalence

~ (M
(@,

. ~T ~ (h: :
((Péh’M) — <L(h)> q)éh’M), )\éh’M)> € R x R is an eigenpair of @.13).

)7 )\gh;M)) € R x R is an eigenpair of (#.14) <=

~(h
Thus we can derive approximations to S " and SV by

Qn
S(h M) _ Z )\ (h; M)(I)(h M) (I’l(ch,M) and SM) — Z)\I(Ch;M)(I,lgh;M) ® (I.éh;M) c ROn¥Qn_

k=1 k=1
(4.16)
Then the eigensystem (4.16) gives rise to a computable Mercer-like expansion
RBM) (g, ') ZA(hM)qﬁhM) z) oM (). (4.17)
Here, we use analogously
M) = M g forall k =1, , Q. (4.18)

T
We observe, using M) = L) (L(h)) € R@nx@n  that

(¢;§h;M)v ¢1(€7;M>>L . <<I,]<€h;M>>T MOHM _ (( L(h))T (M), ( L(m)T q,]g;;w)
2

(‘I’/ih M)

lo

= (h;M)

(B, )ez = S (4.19)
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To bound the sampling error for the eigenvalues, we can apply Weyl’s inequality (see for instance [[12, (Eq.

3.1)]) to any of the two eigenvalue problems (@.14)) or (4.13), respectively. We will focus on (4.14) as @.15))
is a generalized eigenvalue problem, which makes it harder to derive bounds on the eigenvectors. We obtain

A 0] <[5 )| 1< o< min{Qu, L, (4.20)

|
2—2
Now we can take Proposition . T|into account to get that, under Assumption[I.] there are constants C and

hg such that
e = AL < = a0+ [ = 2|

(h;M

< O LR+ Hé(h) S forall 0<h<hpand1<¢<min{Qp, L}.

4.21)

|
2—2

For perturbation bounds on the eigenvectors, see [18]], and for a recent versions of the Davis-Kahan theorem
including randomness, see [13]. We use the variant presented in [20, Corollary 1]. To this end, recall the
assumption that the eigenvalues are ordered non-increasingly, i.e., )\gh) - > )\( ) and A( ) R
/\gZ;M). We define the discrete spectral gap

(5§h;M) = min { ‘)\ (h: M) )\(

(v A@’j{”)’} , with A" = oo and AJIM) = oo, (4.22)

The quantity 5é M) g problematic as it contains )\gh), Agﬁw ). We therefore aim to replace it by a quantity
which only depends on the continuous problem. To this end, we adopt the strategy presented in [20]: Let &,
be the continuous spectral gap defined by

5[ = min{)\£_1 — )\g, )\g — )\g+1} with )\0 = Q. (423)

Assumption 4.1 (Spectral gap). Assume that there is a sufficiently small positive parameter hy < hg and
(M) . . . =(h) .
assume that S ( is a good approximation to S ( ), i.e., for h < hq, there holds

5 2 400l + a8 -5 (4.24)
2—2
Theorem 4.1. Let (4.24) be valid. It then holds
: 1
s > L0 (4.25)
Furthermore it holds
soany _ 308", [T -8
_ — —
H@Z 3, H2 <C D <4C 5 : (4.26)
~(h: ~ . T ~ (h:
where we fixed a sign for <I>éh7M) such that <I>é ) <I>éh M) > 0. Moreover for gi)éh’M) = (L(h)> <I>§€h7M)‘0(h)
the bound
o~ o) R P o NV
La(D) ~ s & ‘
holds.

17



Proof. The first assertion is a generalization of an argument presented in [20] to the case of several dis-

cretization parameters. Recall the discrete spectral gap 5§h;M) in @.22). We show (@.23) by the following
strategy: First, we observe

S0 < o1 — | = )AH—A( LAl A Ay, )
< e = A+ [ = AP + A = ]
Similarly, we obtain
¢ < [Ae = Apya] = )/\e A A AT A - >\£+1}
< ‘Ag . Agm\ n ]A,f,’” _ Ayfl] + (Aygl . AM] .

Using Proposition @ and the fact that the eigenvalues are sorted, i.e., A\y_1 > Ay > Ay 1, we obtain for all
0 < h < hg the bound
, )\( ) py

max { ’)\g,l - )\g’i)l g,

1
4

where we have used the spectral gap assumption (4.24) in the last step. Hence, we infer

A s ool <

1 1
o0 < min {[A) = AP AP = A} + S0 =0 + S0

This inequality implies

1 .
500 < 8" = min { A, = 2|, A - AT |} (4.28)
Moreover, we have
B = N, 3] = A, <A 480 0] < A0+ 0 )
and also
h h (h (h hiM hiM hiM hiM h
G < [\ A = A D A x| A D)y 30 _ 300

Using Weyl’s Theorem, i.e., (4.20), and the spectral gap assumption (d.24), we obtain

s {2 o <[5, < s L

where we have used (4.28)) in the last step. Hence, we obtain
. . . 1 1
o = min { A = A L AE — AL = 2o = 24

where have used again (#.28)) in the last step.
Moreover, we observe

h h;M) || 2 h n)\ T h h;M ~(h) = (hsM)||?
=] (o) 00 (o) —00) [~
La(D) ls
The two other assertions follow directly with the Davis-Kahan theorem as in [20, Corollary1]. O
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~(h) (M ,
Finally, we are left with bounding H S " _ S ( . To this end, we first observe

..
g _ g (L(h))T <2K(h) B 2(}};%)) L) ¢ R@nxQn_

Moreover, we have

=~ M)

Hg(h) 3 ((g(h) - gWM)) © m)eQ

= sup
h; M
((EK(M - E(K.(h))> y7y)€2
RO W) " yi12 ’ (429
verono) | (Z0) g2

where the choice y = LMz is admissible since L is regular. Note here also that we have

i ((329) ) 11? = () 910) s ((229) ) 0

and we observe Apmin <<M(h)>1> =L (M(h)) and A\ ax <<M(h))1> =t (M(h)). Conse-

max min

quently, we obtain the bound

hiM =(h) (M) hiM
Amin (M(h)) HSK(M B E(K”"))Hz—a = HS -5 H2—>2 < Amax <M(h)) HEK(h) B E(K“”)Hz—ﬂ'
(4.30
The matrix norm H Y — E;?(J,\g) ‘2 , will be estimated in probabilistic terms in Section
—

4.3 Sub-Gaussian tails for observed random vectors

In order to invoke recent results for bounding the sampling error, we first need to consider the sub-Gaussian
property of the random variables (1.14), i.e., of the random vector K (h). This random vector consists of the
coefficients of the discrete random field ™ : Q x D — R, i.e.,

Qn
KP(w,2) =3 K ()b (x) = KP(w) - 6(x).
k=1

We mainly focus on two different basis functions. First, we choose {(9,(:1) H<k<@, to be a nodal basis and,
next, we choose {9,@}13 k<@, to be an L?-orthonormal basis.

4.3.1 Nodal basis

To start, let us consider the setting of so-called standard information. To this end, recall the point set
X, ={=z1,...,2g,} C D, which determines the nodal basis functions and thus the degrees of freedom
for the finite element space V. In this case, it holds

Qhn
KM (w,2) = KW(w) 0(x) =Y k" (w,2)0" ().
k=1
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Thus, we have

T
KM Q5RO we KW (w) = (/i(h)(w, T1),. .., m(h)(w,th)> . (4.31)

Since £ is assumed to be a centered Gaussian random field, it follows by definition that the random vector
K™ is also distributed according to a multi-variate Gaussian law, i.e.,

h) NN(O,EK(m)
with
oy = B[ -3 ) (05 1] - e 0]

We can invoke (I.I7) and (LI8), i.e., (X K(h))

[8]] the bound
P {v : (K(h) —E [KWD > t} < exp (-8(;@)9

for any v with ||v||2 = 1. Note that this implies 4(0&1))2 = p~!in the sense of [6, Definition 1].

4(Cxo (h )) . Finally, we obtain by Chernoff’s inequality

4.3.2 [L2-orthonormal basis

Now let us consider the setting of so-called linear information. Here, we can not directly rely on the defi-
nition of a centered Gaussian random field to deduce that the coefficients are distributed with a multivariate
normal law. In this case, the random vector (I.14) gets encoded as

T
KM :Q 5RO wis </ m(h)(w,m)ﬁgh)(ac)dﬁ(d)(m),...,/ K (w, )05 () AL (2 ))
D D

_ / K" (w, )0 () dLD (),
D

where {0](-h) ,j=1,...,Qp} is an Ly-orthonormal basis. The individual random variables are given as
EM: Qo5 R e / k™ (w, )0 (@) AL (). 4.32)
D

Hence, for the expected value, we observe

E k("] / / )0y () AL (x / / (@, ) dP(@)8 () LD ()
- [ = [’“( >]e<’”< )AL (@) =0,

which implies

E[K®)] = / E [ (,2)] 00 (2) L@ (x) = 0.
D
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For the variance, we observe

o [(KW _E [K(h)D ® (K(h) _E [Idh)m —E [K(h) DKW =3, 0,

where
(2K<h>)kk’:/ / Cov,.w (x, )07 (x)0} (¢ ) dada’ (4.33)
’ DJD
and
(S k) < €V | L2pup) < 4(CE)-|D). (4.34)

For all v € R®" with ||[v||o = 1, we have

Qn
h
v- (K(h) -E [K(h)D = Z (n(h)(wj, -),93(» )>L2(D) v ~ N(0,v - Zpmv).
k=1
Furthermore, given « € D, it holds
kM (., x) ~ N (0,Cov, o (x,x)). (4.35)

Therefore we can invoke Chernoff’s inequality to obtain for all z € D and t > 0

(h) - 4
< e ) S YRR
P{ s (w =) >t} < exp< 2C0Vﬂ(h>(m,m)> =P s ey )

which is uniform for € D, see #34). Consequently, we have, for all v € R%" with ||v|2 = 1, the
estimate

2
IP’{‘U- (K(h) _E [K“L)D‘ > t} < exp (W) .

Note that this implies 4(6&))2\7)\ = p~ ! in the sense of [6, Definition 1]. Hence, the random vector K )
obeys a sub-Gaussian bound in the sense of [[7, Eq. (7)]. We will make use of this estimate together with the
results of [7]] to bound the variance of the sampled covariance matrix later on.

4.4 Covariance estimation from samples using tapering and decay assumptions

In this subsection, we focus on the sampling error and specifically on the induced variance of our estimator
for the covariance matrix. We assume in this subsection the parameter h to be fixed. Thus the dimension of
the covariance matrix is given as Q5. We will provide a constructive approach to obtain an estimation to the
covariance matrix 3 ;(»). To this end, with given samples K (mh) form = 1,---, M, let the sample mean
and the maximum likelihood estimator for the covariance matrix 3 ;(n) be [7, Eq. (2)]

M
(M) 1 (m;h)  RQn
K i mz::l K e R and (4.36)
a1 o (h) (h)
SIW o H I ;h I
s = > (K(m ) _K ) ® (K(m ) _K ) € RO*Cn. (4.37)
m=1
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We know from [6, Lemma 1] that the direct covariance estimator (4.37)) suffers from the curse of dimension
with respect to high spatial resolution (J)y,. Consequently, we need a better estimator when )y, is large. To
this end, we follow [6] and assume an off diagonal decay of the covariance matrix X ) € R@nxQn je.,
we assume X ) € Fo = Fo(Cr;1,Cr;2), where

Qh
Fo =14 3 e R*Pn . (max > Bk | < Crac“forall 1 < ¢ < Qp and Apax(E) < Crp
=L &h I
|k:lkfgll>c

(4.38)

Here, Ayax(X) is the maximum eigenvalue of X, and o modulates the speed of decay while Cr,; and Cro
are positive parameters. Now, let weights for any even integer 1 < 7 < @, (see [7, (Eq. 5)]) be given as

1, k— K| <2
W = W (1) =4 2 (1 _ "t’“") L I<|k—K|<T, (4.39)
0, |k — k| >

Then the associated tapering estimator (c.f. [7, (Eq. 4)]) is defined element-wise by

(2(h;M;T)>

<h; M
K® = wk ke (T) ( Kw) - 1<k k' < Qp. (4.40)

k,k!

Note that the estimator EYQ%;T) is self-adjoint. Moreover the bounds
(hsM;r) (hsM;r) 7 +log(Qn)
o [ L R @41

HE[ Ig% T)] — Jgw

2 2
N (4.42)
22

on the variance and the bias hold, see [/, (Eqs. 13 & 14)]. By the triangle inequality we deduce the

(h;

K(h) HURES > K (v 1N expectation as

2 (h;M;7) 2 h;M;7) (h: M) ][]
2—>2] <2<HE[ K® }*EK“” 22 [HEKW *E{EK“‘) ”‘2—%

convergence of 3

(h;M;T
[HEKW "= B

which motivates the choice of the tapering parameter 7 = M %o ,c.f. [7, (Eq. 15)]. This gives the following
result, c.f. [7, Theorem 2 & (Eq. 31)].

Proposition 4.2. For the tapering estimator (4.40) with 7 = M 2a+1 =T, e,

(=0h)) = wk,mMﬁlﬂ) (B%), o 1<hK <Qn, (4.44)
K Kok K k'
there holds the error estimate
(hsM) 2] o aoa2e | log(@n)
[HEK(h) Xpm 2%] S Mot + i (4.45)
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_1 . . 1 . .
if the condition Qy, > M 2e+1 is satisfied. In the case QQ;, < M 2a+1, we can directly use the estimator from

.37)
i(h;M) — 1 ]ZV[: (K(m’h) _ I_{(h)) ® (K(m,h) _ I_{(h)> c RQhXQh

and obtain the bound

< (h; M) 2 Qn
E {HEK(’I> — Tk 2—>2] S M (4.46)
Note that the result is in fact rate optimal.
We introduce the notation
log(Qn) TaFT
M~ 2a+1 + , Qh > M 2a+1
Qpn < M2a+1
1 1
_ M~ 2a+1+%7 Qp > M2+t
Pr(M) = h—d 1 (4.48)
SR Qp < M?2e+1
using Q, ~ sh~ for the definition of j,(M). Then, we obtain the following corollary.
Corollary 4.1. For the tapering estimator (4.40) with T = M %51 the bounds
~((h) =M 1
B[] =8 ]S ok (M) A (M®)) (449)
ﬁ

2[5 -5, = e [ men )] Y (M) £ 30 X (1)

hold.

Proof. First, we obtain by (4.30)
5% -5

4.51)

259

252~ < Amax ( ) HzK(h) — Xk
)

We can apply Jensen’s inequality for the convex function ¥(x) = 22,

¥ (E[X]) < E(X)].
Plugging (4.51) into Jensen’s inequality yields

(0I5 5, J) <o ) - 2 ) ] (307).

Thus, we get from Proposition .2 and with the definition the bound

| 05 (M) A (129}

E [Hg,(h) B g,(h;M)H

2—2
Moreover, we have
g gt 2 @) || H2 2 (h)
< — < .
[H H2—>2] Ama (M ) [ ( K<h> KW) 9| ~ Ph(M) Apax (M )

O]
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Next, we need to verify that Assumption (@.24)), i.e.,

~(h;M)H foralll </ <L,

5 > ACTRZ AL + 4 Hé(h) -5

2—2

holds at least with high probability. To this end, we have the following result:

Proposition 4.3. Let the mesh size h be sufficiently small and M be sufficiently large such that, for all

1<¢<I,

(5 e i 5

L a0, and MG < RISIELO (4.52)

2 16 A (M)
holds. Then we have with probability

2
i 0
po:=1-—2Qp5" exp | —Mp1 MMi<e<t 0 where T = MasT (4.53)

48 Ao (M(h))

that the condition (@ in our spectral gap assumption .1 is satisfied.
Proof. Recall (.30), i.e

~(h) gme SAmm< )HEKW ~Zm

252 2592

Thus, it is sufficient to ensure

> Ao (M(h>) foralll < ¢ < L.

o = 4O + 4280

KM |y
Condition (#.52) reduces this to

ming<¢<r, d¢ H (h; M)
—_— > ||X — X
8 Amax (M(h)> = [[F e T K™

)2—>2'

We aim to show that this inequality is only violated with small probability. To this end, we derive by
repeating the arguments of [7, Lemmata 2 & 3] and [[7, Remark 1] the bound

( Ly
p{|[=ny —E (=], > ¢} <20n57exp <—9Mt m) forall0 <t < pi,  (454)

where p; is a constant, see [7, page 2142], and 7 = M 21, Thus, we obtain with (4.42)) and by setting
1
T = M 22+1 the bound

(h; M) h; M) (h; M) (h;M)
{HEKW — T 252 = t} <P {HEK“L —E [EK“L ”‘2%2 + HE [ KM ] g 252 = t}
<o{|sit -], , sou o) as

Now, let ¢ € (0, p1) be fixed and let M be large enough such that C' M ~ZatT < L. Then, it holds that

DO
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(h;M) (M) t ;
} {HEKW B [ K" ”’2 2 2} < 2Qn5" oxp <_36Mt '01) '

(4.56)

P =

Now, we set  := £ minj<¢<y, & and observe that the second inequality in condition @#52) ensures CM ~ TatT <

17 1
t= 15 Ao (M) minj<y<y, 0¢. Thus, we get

P{HE(}Z;M) TR0

[N

KM 252 8 K"

minlSZSL Oy (h;M) (h; M) t
- s} < p{|? - e [0, > 5
2

minlsgSL 6@

<2Qp5"exp | —Mp:
48 Aax (M<h>)

. (4.57)

using 36 * 82 = 9 x 2% and thus v/36 * 82 = 3 x 2% = 48. This proves the claim. O

This establishes a further central ingredient for our later analysis, namely the optimal bound for the
sampling error.

S Error analysis for covariance operator reconstruction

We are now in the position to derive an overall error bound for the reconstruction of the continuous covari-
ance operator from finite samples. To this end recall the covariance kernel R in (I.1), i.e.,

R(z,x') = /gzm(w,m)n(w', ') dP = ;)\g@(m)d)g(m’).

Furthermore let gbéh;M) be given as in (4.18) and let L € N be a truncation parameter with 1 < L < Q. We
define

RO Z A (@) g (). (5.

We are now interested in the approximation error R — R(E#M) T this end, let us define

- (5 (%))

which is a function of the truncation parameter L that is determined by spectral properties of the unknown
covariance kernel R only.

However, in special cases, it is possible to compute G (L) explicitly. As an example, let us consider Brownian
motion. In the univariate case we have the kernel

R(l) (0,1 = R, Rg)(x,a:’) := min{z, z'}. (5.3)
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Then it is known that

A (0) =772 (z - ;) L (i)Q (20-1)"¢ (i)Q (2N — 1)"2.

Thus, we have

16¢ 8¢

Apw (0) 2 <€2— i)Q N TRV
; .

Finally, we get

Lo A0\ L 4
2 _ R 1 (20+1)%
GRS)(L) = E (53(11 (€)> ~ 61 g Y~ L®  for L large.
B

Moreover, for a two-dimensional Brownian motion, we have the eigenvalues

2\* _ _
)\Rg) (51752) = )\Rg)(fl))\Rg)wg) = <7r> (2@1 — 1) 2(2@2 — 1) 2, 61752 e N.

Hence, we observe

. 2\* _
image(y ) = Ay (7<) = (2) 2= 1)2

™

. . . 4 . .
i.e., the image of A consists up to the pre-factor (%) again of the squared inverses of the odd numbers.

(2)
RB
Hence, we can sort the eigenvalues (ignoring multiplicities) by the ordering in the odd natural numbers.

Moreover, it holds that

(20, —1)(205 — 1) + 1

5 5.4)

)\R(z) (ﬁl,gg) = )\R(l) (1)/\R(1) (]{7(51,52)) , where k(@l, 62) =
B B B

In the general d-dimensional situation, we have

d d—1
— N — (1
A (o) = [ (49 = (Arp @) AV k(G ),

where
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Furthermore, we have with ¢ := k({y,...,44)

0 (0 = (g (1) 5,00(0)

Thus, for the d-dimensional Brownian motion, we get

L@\ L[ Am()\ L
R R 1 (2¢ + 1
G? ., (L) = B = —B | = — ~ L[> for L laree.
Rg>( ) <5R§§” (@) ; ( 5Rg>(€> > K Z :

(=1
5.5

g

Note here that G Rd, (L) is now completely independent of the dimension.
In the general situation, we have the following result:

Theorem 5.1. Let (Q;, > L. Under the condition of Proposition i.e., (4.52) and the assumption
C2h* N1 < 1, there holds with probability pq given in @53) that

|7~ remsn) <L D+ (L ) Hs S”“M)H (5.6)
L2(DxD) ™ 252
with G(L) from (5.2). If we use the assumption Coh® )\Zl < 1 again, we obtain the simplified bound
HR_ R(L;h;M)‘ <L7E7I 4 (L2 +G(L ) Hs S(h;M)H . (5.7)
L2(DxD) ~ 252

Proof. Since (4.52) holds, it is ensured that the condition (4.24) in our spectral gap assumption [4.1]is satis-
fied with the probability py from (@.53). Now recall the definition of R in (I.I), of R(Y) in (T.4), of R(%")
in (.8)) and of R@L:hiM) i (5.1). We will split the proof into three parts. Observe that we can decompose
the approximation error as

R(z,z') — REWM) (g o) = (5.8)
R(z,2') — RV (z,2') + R (x,x') — REM (z, ') + REM (@, 2') — REPM) (g ')
Ey Es EE

The first error term

Ei(z,2') := R(z,x') — R (x,x') Z Meho(x) po() (5.9)
{=L+1

depends solely on the truncation parameter L. The second error term

By(z,z') == RP)(z,z') — REM (2, 2) ZAM Z)\ oM ()  (5.10)

depends on the spatial discretization h and on the truncation parameter L. The third error term

BEs(x,2') := RN (x, 2’y — REMM) (g &)

L L
=S Ao @)l (@) — 37 A I (@) M (o) (5.11)

(=1
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depends on the sample size M, the spatial discretization h and on the truncation parameter L.
To derive a bound for (5.9) we use the orthonormality of the eigenfunctions {¢;}7°, and obtain directly
for the integral operator

& : L*(D) — L*(D), vl—)/El x) AL (z) (5.12)

the identity

N|=

1€01l L2 ()~ 12(p) = 1Bl L2 (D) (Z Az) - (5.13)

{=L+1

Now, we can use inequality (3.8 of Theorem [3.1]and derive the bound

1
0 2 00 1 _1
( > A@> < o@( > 5—45—2> < q;@(/ x—ff—?dx>2 < q311<43+1> Akt
=L d
(=L+1 (=L+1
For the second term (5.10), we have
L
Z Aepe(@ )= A o ()0l (x)
=1 =1
- h “ h
=3 (A=A au@)onl@’) + YN (d0(@) — 0" (@) au(a')
=1 =1
- h
+ 306" (@) (anla) — o (@)
=1
= Eg;l(a?, iU/) + EQ;Q(w, $/) + Ez;g(w, x’).
The orthonormality of {¢;}¢2, and an application of Proposition [4.1]leads to
L 1/2 L 1/2
h sy
=1 =1
I 1/2 c
s 25y —2 1 s
< Cih (Zh A ) < @L 2h°, (5.14)
=1
where the last inequality holds since C2h® )\Zl < 1. This bound implies
Coh® <\ < L~a~ L, (5.15)

Now we turn to Ey.5. The orthonormality of {¢,}72, and the bound )\gl) < M for1l < ¢ < L due to the
Courant min-max principle for decreasing eigenvalues implies

L

Z n]|? s
= A H(ﬁz ~ % )HL2(D) < G3h*L,

=1

| o[22y < 3 (A) [lox o
(=1
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where we used H(bgl) — ¢g‘ ) < CgAZth in the last step, see Proposition Thus, we obtain

L2(D
1
HE2;2”L2(ID><D) < C2h,SL§. (516)
For the term FE» 3 the orthonormality of the series {qﬁe )} /> which stems from the eigenvalue problem
@4), leads to
2 ()2 (m]?
HE2;3HL2(D><D) = Z ()\g > H¢€ - ¢g ‘ L2(D) .
(=1

Thus, we obtain with verbatim the same computations as for (5.16)), the bound
1
||E2§3”L2(D><D) < 02h8L2- (517)

Altogether with the estimates (5.14), (5.16) and (5.17)), we derive

”EQHLQ(DxD) = | B2 + E22 + E2;3||L2(DX1)) =

Ch syl Ch 1,25 g, 1 Ch 1,251
<02 +202> h°L2 < <02+202) Cy'L~a L2 = <02+202> Cy'La s,
(5.18)

For the third term E3 in (5.11)), we proceed in an analogous fashion as in the splitting of (5.10). We then
have the decomposition

_ EL: AL 6 () Z AR GOA) (0 A (1
( (h)y hM ) ¢(h) _|_Z)\ (h; M) ( )_ ¢§h7M)(m)) ¢éh)(m/)

+ 2 (6 @) — o @) 0" ()

1+ E3.0 + E3.3.

tq EM“ ] Mh

Now, for the term F3 1, the orthonormality of the basis {(byl) }E?:hl and an application of (#.20) implies

1
o = (i (A/(gh) _ Agz;M))Q) 2 < LV/? Hg(h) B g(h;M)HHZ‘ 5.19)

To derive an upper estimate for the term F3 2, we will use our bound from Theoremfor the eigenfunction
approximation in (#.27)). Thus we have with probability py that

5",

“¢1§h) B ¢§h;M>‘ 2 HS -5

22 5.20
L2(D) — 6? ’ (520)
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where we note at this point that this bound makes use of from the spectral gap assumption Due
to the orthonormality of the basis {¢g é ", this yields
- - 2
M | ) )| y HS( S(hM)Hz 2 (h:M)\ 2
_ ; ; — ;
= ;()‘e ) H¢z — ¢y ‘ D) <4C ; 5 ()‘z ) :

Hence, we obtain

~ L (AU ’
B2l ooy < 208 = 5" Z( ) |
(=1

Moreover, we can use (.20), i.e.,

’)\gh) _)\éh;M)‘ < Hg(h) _g(h;mHz%’ | <0< min{On, L},

to get

0] < - <[5,

where we used again )\yb) < A¢for1 < /¢ < Lin the last step. This yields with probability pg

N(h N |)\ | 2
RO H Hzﬁz ’
1Bsell pmy <2 |87 = 8" 12 > 5 BENERLY
: (h; M)
For the term £33, we use orthonormality of the {¢, } to get
B2 || ) _ g (hia) |
; ; 2
| =20 2 [ = 0] L, ) = 1EsallFaconry (5.23)
Thus, we again obtain probability pg
(b 5 (M) 2
O . HS -5 H2—>2+‘)\£’
1Bssll ooy < 208" =8| 132 5 NEE %)

/=1
Altogether, combining the inequalities (3.19)), (5.22) and (5.24) we obtain probability pg

1E3]l 2pxpy = [1E31 + E32 + B3l 12 (ppy < 1Bl 2 (ppy + 1E321l L2 (ppy + 1E3:31| L2y
1
~(h)  =(h;M 2\ 2
1 I HS()_S( )H 4N
Lz +4C | Y 22 : (5.25)
2—2 — 52

< Hg(h) B g(fuM)H
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Thus, we get with from the spectral gap assumption [4.1]

5 > 402l + 4|8 -5 > 4|8 - 5" (5.26)
2—2 22
which is satisfied with probability pg, that
~ ~(h: 2 ~ (P 2
A G WLV I e W ICRZIVIS
= <2 = 2 —
> 5 <2y 5 r23- (1)
=1 =1 =1
L +2 Z ( ) = fL +2G*(L). (5.27)
Thus, we obtain, using va + b < y/a + Vb for a,b > 0, that the bound (5.25) reduces to
~(h) ~(M 1 1
I1Bsllaowy < |8 - 5 )H2 (17 + V2oLt +avaca(n), (5.28)
_>

which holds with probability pg. Finally, combining the inequalities (3.13)), (5.18)) and (5.28)) we obtain

|R = RERWO|| < B+ Ea + Ballpep < |Erlpup + | E2llpwn + | Esllpwn -

which shows the assertion. OJ

The bound in Theorem a still depends on H S -8 . This term however involves the M-

dependent sampling approximation (.13)) and is thus a random varlable. In the following, we therefore are
interested in the expected value of the error. To this end, note that we can not use Corollary 41| directly as
we need the spectral gap assumption to be valid. But this is only the case with probability pg, which
needs to be properly be taken care of. Moreover, we need to introduce the quantity

7,

1 2
H(L):= ( min (5@) , (5.29)

48 1<¢<L

which is a function of the truncation parameter L that depends on spectral properties as given in (4.23)) of
the true kernel 12 . For general operators this quantity is not easy to obtain.
However, in the simple case of d-dimensional Brownian motion we can obtain a precise value as

1 L, L 2(d—1) 2
Hpgo (L) = gg5 mind e (0) = 2304 ity (ARE’ (1)) <5R§§) (6))

/=1
2 2
1 2d-1) 1 2\ L ¢ 1 /2\* L ¢
~ 2304 <AR‘“(1)> gl o) Toe\n) B\ oo
7 T/ = (e =) T (-3)
~ L% for L large. (5.30)

Note here that, in contrast to the value G R(@ (L) in (5.5), the dimension enters the overall value of H R (L)
B B

in (5.30) now exponentially.
Altogether, in the general situation, we have the following result.

31



Theorem 5.2. Under the conditions of Proposition[d.3} i.e. (4.52)), with condition (5.13) and with definition

#.4R), there holds

R [HR — R(L;h;M)‘

L2(D><D)] SLi (L% + G(L)> ﬁ’% (M) Ama (M(h))
+Lih~dexp (—Mplﬂ(L)A;jX <M<h>>> : (5.31)

where H (L) is defined in (5.29) and p; denotes a constant given in [#.54).
Proof. From Theorem [5.1] we have with condition (5.19) that

E [HR - R(L;h;M)’

<L 934 hL34+E
x| ST AL [”Ei’)”L?(DXD)]

_2s_ 1
SLTaz +E[HE3HL2(D><D)}
_2s_ 1
SLF 3 B |IBsillpapxp) + 1Bs2ll 2oy + 133l 2o -

The term || E3;1(| 12 (p . py from (5.19) can be handled directly and we obtain with Corollary {4.1| the bound

& (1851l 2sm)| < LB [ -5

1
< LY2p2 (M 5.32
L) S L) (5.32)
Next, we define the set, where the assumption 4.1]is violated, as bad and the good set simply as the comple-

ment of the bad set, i.e.,

My = {w cq. Mili<ecrde Hg,(h) 3 S,(h;M)H }
2—2

4

minsczsd |50 g0 L
= 2—2

Myooq = {w e0: 1

We note that Proposition 4.3 yields

max

| Moaa| < 201,57 exp (—Mplﬂ(L))r? (M(h>)> where 7 = M,

Now, we split the term E [”Eg;j I LQ(DXp)] as follows

E I1Bsll 2oy = / | Esiill 2 pxpy dP(w) + / 1Bl 2oy dP(w),
WE Mpag WeMgood
and we also recall that || Es:2|| 12 (pyp) = B33l 12(pyp) as we have seen in (3:23). In order to treat the

first integral relating to the bad set, we will show that the integrand is point-wise bounded by a deterministic
quantity on Mpag, i.e., that [ Es;j || ;2(pypy < C holds. First, we use @.19) to get at least

= <2 o 2

+2 < 4.
L2(D)
Moreover, we use again (5.21)), i.e.,

2 2
L2(D) L2(D)

‘)\éh;M)‘ < ‘/\ﬁh) 7 )\éh;M)) n ‘)\éh) < Hg(h) _ gv(h;M)Hz_>2 + || -
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Thus, we obtain for j = 2, 3 the bound

L
h;M h ;
1320w = 0% ”H%’— g

ZL: hM)

/=1

. L
hM) 2 2
4;::1(”5 H +\,\K|> <8ZHS H2%2+8;|)\e!
<sr (8" - ~(hM)H +8L [\ [?
and get
”E3;j”L2(’D><D) < 2\/5 L% (Hg(h) B g(h;M)HQ—ﬁ + Al)

using va+b < /a+ Vb for a,b > 0. Hence, we obtain on the bad set

1 =(h) = (kM) 1
| UBslaman @) <2vBLE [ B0 -F"|dpw) + 2VE L Ml
WE Mg W€ Mpaq
For the first term, we use (.49) to get
- —(h: ~ 1
/ g _ S(h,M)H dP(w) < / Hs(h) gl M)H dP(w) < pF (M) Amax (M(h))
WEMpad 2—2 weN 2—2

and thus obtain

/ | Es,
W€ Mpaq

We are left with estimating the integral of || E]| L2(pxp) Over the set Myooq. To this end, we employ the
bound (5.28), which is only valid on the good set as we have the condition (5.26). Recall now

‘L2(D><D) d]P)(w) S 2\/§L%Amax (M(h)> ( ) + 2\[ ’Mbad‘ L2 Al

1Bsllzr < |8 =8| (23 +vaCcLE +4v3CG(L))  on Myous

Thus we get
M)
/ 1Bl 2 (pypy dP(w) < <L2 +V2CL? + 4v2CG(L / H dP(w)
Mgood ood 22
h M)
< (L +V2CLE + 4V2CG(L) ) E H N,
2—2

S (L2 +V2CLE +4v3CG(L )) 2 (M) Amax (M(h)>

Together with Proposition |4.3|and the notation from (4.48]) this completes the proof. O
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6 Discussion

It now remains to put the result of Theorem 5.2 into context. To this end, let us aim at an error bound
E [HR - R(L’h’M)HL?(DxD)] See

with a prescribed, fixed accuracy € > 0 and a small constant c. The question is then: What are the conditions
on the discretization parameters L, i, M to achieve this aim? For the sake of simplicity, we restrict ourselves

here to the situation Apax (M (h)) ~ Amin (M (h)) ~ 1, which is satisfied for instance for any orthonormal

basis Moreover, we assume the smoothness assumption (1.9), i.e., s > d/2. We proceed in a term by term
fashion as follows:

!
For the first term in our error bound (5.31)) we obtain from L~2s/d=1/2 < ¢ directly the condition
L > g~2d/(4s+d)  We also point out that choosing L much larger will destroy the balance of the error
contributions. Hence, we will assume

L. = [emsa]. 6.1)

The coupling (6.1)) influences the choices for & in terms of L via the Proposition[4.3] i.e. (#.52) and the
relation (5.15). We get as sufficient condition on A

h?* < min {H%(L)ALH,A%} Smin {6Ap 11, A2 ¢ 1<0< L} 6.2)

with the notation (5.29).
For the second error term we now assume G(L) = L” for some 4 € R. Thus

1
L2 +GL) <L, with ~:= max{,7}. 6.3)

1 1
Consequently, we have (L% + G(L))pp (M) < L7pg (M). At this point, we note that the clauses in the
definition of pp, (M) in (4.48) make a case distinction necessary.

1

In the case Q) < MTlﬂ with Q, = s?h~¢, we obtain h > sM ~ @a+1) , Thus, with (6.2)), we have the

following inequality for h
M, Y < b, < min {HM(LE))\E;FI, A,;E} : (6.4)
Moreover we get from (#.48)) the bound jy, (M) < h=¢M~1. We therefore infer the inequality
1 -5 3@t g5 _ gy 2T
(L + G(Le))py (M:) S LIM: M. % = M, L.

Thus, we obtain the sufficient condition

__a !
M. *F[) <e (6.5)

'For the nodal basis, we would obtain, after proper scaling, Amax (M (h)) X Amin (M W) ~ h®. The resulting discussion
for this case is left to the reader.
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which implies an error bound of size €. From this condition, we would like to infer a condition on M,. The
sufficient condition (6.3) implies

> 5 2a+1 2a+1
M, >[I <es M. >e  a Ll

i.e., we have a lower bound on M.. This means that we can satisfy (6.4) by making M, sufficiently large
Precisely, we have

_ 2041 20t ) 1 —d(2a+1)
M. >max<{e "« L. * ,(min H%( ))\ESH’/\E .

Furthermore we have for the third error contribution the condition

(6.6)

1 ! 1
L2h-%exp (—M.pyH(L.)) < £ < exp (—M.pyH(L.)) < eL 2h?
We use (6.4) and (6.1)) to observe
1

2d 1 1 _1
ele 2 M, >t =gle  asta| "2 M, *** <el 2 pd
Now, we define M. € N via

M, := argmin {M eN:exp(—Mp1H(L.)) < 5[5_%}_%M_2a1+1

} . 6.7)
Altogether, to ensure an overall error bound of size 4¢ in the case @y, < M 271 this yields the sufficient
conditions

__2d_
LE — [E 4s+d‘|’

— _ 2041 ,72a+1
M. Z max {M

(6.8)
L 1 1 —d(2a+1)
ral A <min {H%(LE)AEZH, )\L}> : (6.9)
he ~ min {M T , ho } (6.10)
where hg stems from Proposition d.1]

Now, we turn to the second clause in the definition of ph(M ) in (@.48), i.e., we consider the case
Qn > M2a71 with Qpn = s?h~?. Then we obtain h < sM "~ @1 and the inequalities (6.4) change to

. 1 A (]
he < mln{H4s (Le)AE (1, A, M. 72t }

(6.11)
i.e., we have no lower bound for h. at this point. Recall @.48), i.e., pp,(M) = M™mt 4 dlog(h~Y)M~1.
2a 2c
Now, we distinguish whether M ~2o+1 < dlog(h™')M ! or M~ 2a+1 > dlog(h~!
we observe that for all 5 > 0 there is a hg > 0 such that

)M~ holds. Moreover,

log(h™1)2 <h P forall h < hg.
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__2a_
Thus for a fixed 8 > 0, we get the chain of inequalities using j (M) = M. **™ + dlog(h- )Mt <
2dlog(hz )Mt

1 1 _1 _B
(L2 + G(L:))pE (M) S L1d? log(hz')aM ™2 S LYh-PM~3 < LIM. 2A, *

5

1 (2s+d)B (2s+d)B+sdy
ds

_1 1
< LgMa 2La s - Ma 2La

Then, using we encounter the sufficient condition

1 (2s+d)BH4sdy | 2(2s+4d)B+2sdy 2d 2(2s+d)B+2sdy
M:?L. %  <eeM.>L. =  ¢l=[cm+d]|" @ 2

to get an error bound of size € for some 3 > 0 and h. < hg. For the third error contribution, we have with
(#@.52)) the sufficient condition

1
! d

1 ! 1
L2hZ%exp (—M.p H(L.)) < ¢ & (L§ e lexp (—Male(LE))> < he

to ensure an error bound of size €. We now define M. € N via

1
M, := arg min {M eN: L2 Vexp (—Mp H(L:)) < M_2a1+1} . (6.12)

Altogether, in the case Q, > M ﬁ, M ~3atT <d log(h_l)M —1 this yields the sufficient conditions

L. = [e-4a], (6.13)

ME Z max {Méa [574§id“’ 2(25+d35+25d’7€_2} ’ (614)
1 é 1 1 1

<L3 e lexp (~Mep H <L5)>) < he < min {H (LA AL, Me 7D, ho} , (6.15)

to ensure an overall error bound of size 3¢, where h stems from Proposition 4.1 and (6.12)) ensures that the
interval for h. is nontrivial.

2a

1 _
Finally, we consider the case Qj, > M2*"" and M. **™" > dlog(h-')Mt. As 1 > 22%, we note,
that, for fixed h,, this inequality can be satisfied if M, is large enough. Moreover, we observe

M~ %51 > dlog(h" )M~ & M%7 > dlog(h™?)
& —d 1Mz < log(h) < exp (—d_lMﬁ> < h.

This yields a lower bound on &, as

1 1

1 1 1 1
exp <—d_1M€2°‘+1> < he < min {H‘*IS(LE))\ESEH, Af M dzart) } . (6.16)

We now define Me € Nvia

~

M, := argmin {M € N:exp (—d_lMﬁ) < Mim} ) (6.17)
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2a

and hence condition (6.16) can be fulfilled for M, > M,.. As we now have pn(M) = M~ 241 4
2c
dlog(h~1)M~! < 2M ™ 2a+1, we obtain the chain of inequalities

@

1 1 _ __a
(Lé +G(Le))pj (Me) S LIM: >+ < LIM, >

Thus, we encounter the sufficient condition

__a |
LIM, ' <ee M. >L: * ¢ a

y(2a+1) 2041

to ensure an error bound of size . For the fourth error contribution, we derive the inequality

1 ! 1 d
LZ h;d exp (—M:p1H(L:)) <e & <L§£_1 exp (—Msle(Le))> < he.. (6.18)

Moreover, we can now define Mé € Nvia

1

1 d _1
M! := argmin {M eN: (Lg e lexp (—Mgle(LE))> < exp <—d—1Mga+1> } : (6.19)

This finally yields the sufficient conditions

2d

L.= [5* 45+d'| , (6.20)

7(2at1) 2a+41 1
S

R L 1 —d(2a+1)
M. > max{ M., M. L. © & ~a ,<min{H4$(L5))\zz+l,)\L's}> (6.21)

1 d 1 1 1
<L52 e exXp (_Msle(Ls))) 5 he 5 min {Hjs (LE))\EZ_H, )‘zsa M, 4@atl) , eXP (—d_lMﬁ) , hg} ,
(6.22)

for the case Q)p, > M ﬁ, M~ mt > dlog(h™')M~! which ensure an overall error bound of size 4e.

Note that we always fix L. in the first place and that we can always satisfy the conditions (6.9), (6.14) and

by choosing M. large enough. This then fixes h. in and fixes the potential intervals for h. in

(6.15) and (6.22)). Of course in practice we would always choose M, as small and h. as large as possible.
We summarize this discussion in a corollary.

d
Corollary 6.1. Fix an accuracy € > 0 and choose L. = ﬂfﬁ]. Then, we the choose M. according to

(6.9), (6.14) and (6.22). Then, we choose h. as in (6.10) or as maximal value of the potential intervals in
(6.15) and (6.22)). Then, in all possible cases, the error bound

< 3e

L .

holds.

Note at this point that a practical goal is to select h. as large as possible and M. as small as possible and
to still ensure an error level of size 3. Hence, we advocate to stick to the second case, where a reasonable
choice as in (6.135) and furthermore for M, as in (6.14) is possible. This leads naturally to the tapering
estimator.
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In general our estimates involve the values of G(L) and H (L), i.e., spectral properties of the unknown
kernel R. These numbers can not be easily determined at all. However, in the case of Brownian motion,
we were able to derive precise values in (3.5)) and (5.30). Now, let us finally consider the most simple case
of univariate Brownian motion and let us discuss the tapering estimator in that situation. The univariate
Brownian motion (i.e., d = 1) was given in (3.3)), i.e.,

R(l) :(0,1)2 = R, Rg)(x7$,) := min{z, z'}.
with eigenvalues )‘Rg) (¢) ~ ¢=2 and the constant from as VR = % The spatial smoothness is

s = 3 — 0 for arbitrary small § > 0. First, we observe for (6.13) that

2

Lo = [em%a] ~ [¢735]. (6.23)
From (6.14), we have
M. = max{ME [e™ 318B+3 _2}

For the term M., defined in (6.12) as

1 1
M, = argmin{MEN LZe texp(=Mp H(L,)) SM_MH},
we first note that solutions x* to the equation

1
LZe Vexp (—Mp H(L.)) = M~ 31

can be written in terms of the product logarithm function W . We have

. 1 1 (2a-+1)
v (2a+1),01H(L5)W<_(2a+1)p1H(LE) <L5 5> )

and due to monotonicity, we have that M, = [x*]. Moreover, we observe that we can make the bound on
M, abit larger by considering o = 0, i.e., we can make the bound independent of «.
To get a bound on h, from (6.15]), we c0n51der the upper bound (as we would like to choose he as large

as possible). Thus, we see that the term H s 7s (Lo)NZ L5 1 dominates the eigenvalue term /\ _ and we obtain

he == min{[s%ow,Mgljho} .

The case of higher dimensional Brownian motion could be done in a similar way. Note to this end that
G is completely independent of the dimension whereas H decays exponentially with the dimension. The
latter exponentially influences the choice for A in and for M, in for growing dimensions.

Finally, let us remark shortly on the cost involved in our resulting approximation algorithm with respect
to L, h, M. The numerical cost do not depend on L directly as L is implicitly contained in h. as L < Qp, ~
h~®. Furthermore it involves O(Mh~2%) operations to assemble the M associated discrete eigensystem
and it involves O(h %) operations to solve the eigensystem in a naive direct way. Moreover note
that there exist faster approximative solution techniques, like multipole or algebraic multigrid methods, with
substantially reduced cost to tackle the task of the eigensystem solution.

A final analysis of the balancing of the cost versus accuracy and thus the corresponding e-complexity of
our approach is left to the reader.
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7 Concluding remarks

We discussed the problem to recover approximately the covariance of a Gaussian random field from a finite
number of discretized observations. To this end, we coupled recent sharp estimates on the eigenvalue decay
of continuous covariance operators with optimal statistical (tapering) estimators for covariance matrices.
The combination of these techniques additionally involved a finite element discretization which made all
operators finite rank and made our approach feasible.

We provided new and sharp error estimates in expectation for the reconstruction of the full covariance
operator taking the number of samples, the finite element discretization and the truncation of the Karhunen
Loeve expansion of the covariance operator and thus its regularity into account.

Note that in contrast to most analytical approaches, we do not need to have access to the continuous co-
variance function. We instead reconstruct the covariance operator from a finite number of discrete samples.
This makes our approach feasible when only measurements of the random coefficients are available. Such a
situation is indeed often encountered in many practical problems in uncertainty quantification and machine
learning.
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