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Abstract

This paper generalizes the non-conforming FEM of Crouzeix and Raviart
and its fundamental projection property by a novel mixed formulation for
the Poisson problem based on the Helmholtz decomposition. The new for-
mulation allows for ansatz spaces of arbitrary polynomial degree and its
discretization coincides with the mentioned non-conforming FEM for the
lowest polynomial degree. The discretization directly approximates the gra-
dient of the solution instead of the solution itself. Besides the a priori and
medius analysis, this paper proves optimal convergence rates for an adaptive
algorithm for the new discretization. These are also demonstrated in numer-
ical experiments. Furthermore, this paper focuses on extensions of this new
scheme to quadrilateral meshes, mixed FEMs, and three space dimensions.

Keywords non-conforming FEM, Helmholtz decomposition, mixed FEM, adaptive FEM,
optimality
AMS subject classification 65N30, 66N12, 65N15

1 Introduction

Non-conforming finite element methods (FEMs) play an important role in com-
putational mechanics. They allow the discretization of partial differential equa-
tions (PDEs) for incompressible fluid flows, for almost incompressible materials in
linear elasticity, and for low polynomial degrees in the ansatz spaces for higher-
order problems. The projection property of the interpolation operator of the P;
non-conforming FEM, also named after Crouzeix and Raviart [21], states that the
L? projection of VH, &(Q) onto the space of piecewise constant functions equals the
space of piecewise gradients of the non-conforming interpolation of Hg () func-
tions in the P; non-conforming finite element space. This property is the basis for
the proof of the discrete inf-sup condition for the Stokes equations [21] as well as
for the analysis of adaptive algorithms [6].

Many possible generalizations of the P; non-conforming FEM to higher poly-
nomial degrees have been proposed. All those generalizations are either based on
a modification of the classical concept of degrees of freedom [23, 22, 41|, are re-
stricted to odd polynomial degrees |20, 3|, or employ an enrichment by additional
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bubble-functions |29, 28|. However, none of those generalizations possesses a cor-
responding projection property of the interpolation operator for higher moments
(see Remark 3.15 below). This paper introduces a novel formulation of the Poisson
equation (in (3.3) below) based on the Helmholtz decomposition along with its dis-
cretization of arbitrary (globally fixed) polynomial degree. This new discretization
approximates directly the gradient of the solution, which is often the quantity of
interest, instead of the solution itself. For the lowest-order polynomial degree, the
discrete Helmholtz decomposition of [4] proves equivalence of the novel discretiza-
tion with the known non-conforming Crouzeix-Raviart FEM [21] and therefore
they appear in a natural hierarchy. In the context of the novel (mixed) formu-
lation, these discretizations turn out to be conforming. Although the complexity
of the new discretization itself is competitive with that of a standard FEM, the
method requires the pre-computation of some function ¢ such that its divergence
equals the right-hand side. If this is not computable analytically, this results in an
additional integration (see also Remark 3.6 below). However, this paper focuses on
the Poisson problem as a model problem to introduce the idea of the new approach
and to give a broad impression over possible extensions as quadrilateral discretiza-
tions (including a discrete Helmholtz decomposition on quadrilateral meshes for
the non-conforming Rannacher-Turek FEM [33] as a further highlight of this pa-
per), the generalization to three dimensions, or inhomogeneous mixed boundary
conditions. The advantages of the new approach in some applications will be the
topic of forthcoming papers [36, 37].

The presence of singularities for non-convex domains usually yields the same
sub-optimal convergence rate for any polynomial degree. This motivates adaptive
mesh-generation strategies, which recover the optimal convergence rates. This
paper presents an adaptive algorithm and proves its optimal convergence. The
proof essentially follows ideas from the context of the non-conforming Crouzeix-
Raviart FEM [6, 32]. This illustrates that the novel discretization generalizes it
in a natural way. Since the efficient and reliable error estimator involves a data
approximation term without a multiplicative power of the mesh-size, the adaptive
algorithm is based on separate marking.

A possible drawback of the new FEMs is that the gradient of the solution Vu is
approximated, but not the solution v itself. This excludes obvious generalizations
to partial differential equations where u appears in lower-order terms.

The remaining parts of this paper are organized as follows. Section 2 defines
some notation. Section 3 introduces the novel formulation based on the Helmholtz
decomposition and its discretization together with an a priori error estimate. The
equivalence with the P; non-conforming FEM for the lowest-order case is proved in
Subsection 3.3. Section 4 summarizes some generalizations. Section 5 is devoted to
a medius analysis of the FEM, which uses a posteriori techniques to derive a priori
error estimates. Section 6 proves quasi-optimality of an adaptive algorithm, while
Section 7 outlines the generalization to 3D. Section 8 concludes this paper with
numerical experiments.
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2 Notation

Throughout this paper  C R? is a simply connected, bounded, polygonal Lip-
schitz domain. Standard notation on Lebesgue and Sobolev spaces and their norms
is employed with L? scalar product (e, e) r2(q)- Given a Hilbert space X, let
L?(Q; X) resp. H¥(Q; X) denote the space of functions with values in X whose
components are in L%(Q) resp. H¥(Q) and let L3(Q) denote the subset of L2()
of functions with vanishing integral mean. The space of L? functions whose weak
divergence exists and is in L? is denoted with H(div,2). The space of infinitely
differentiable functions reads C*°(€2) and the subspace of functions with compact
support in € is denoted with C2°(£2). The piecewise action of differential operators
is denoted with a subscript no. The formula A < B represents an inequality
A < OB for some mesh-size independent, positive generic constant C'; A ~ B
abbreviates A < B < A. By convention, all generic constants C' &~ 1 do neither
depend on the mesh-size nor on the level of a triangulation but may depend on
the fixed coarse triangulation Ty and its interior angles. The Curl operator in two
dimensions is defined by Curl 8 := (95/0x2, —03/0z1) for sufficiently smooth S.
A shape-regular triangulation T of a bounded, polygonal, open Lipschitz do-
main 0 C R? is a set of closed triangles T' € T such that Q = JT and any two
distinct triangles are either disjoint or share exactly one common edge or one ver-
tex. Let E(T') denote the edges of a triangle T' and & := &(T) := [Jpeq E(T) the
set of edges in 7. Any edge E € € is associated with a fixed orientation of the unit
normal vg on E (and 7 = (0,—1;1,0)vg denotes the unit tangent on E). On
the boundary, vg is the outer unit normal of €2, while for interior edges £ ¢ 012,
the orientation is fixed through the choice of the triangles T, € T and T_ € T
with E =T, NT_ and vg := v, | is then the outer normal of T on E. In this
situation, [v]g := v|7, —v|7_ denotes the jump across £. For an edge £/ C 92 on
the boundary, the jump across F reads [v]g :=v. For T € T and X C R", let

9

of total degree < k
Py(T;X) ={v: Q= X |VT €T: vjp € P(T;X)}

P (T;X) = {v T — X

each component of v is a polynomial }

denote the set of piecewise polynomials and Py (T) := Py (T;R). Given a subspace
X C L2(Q;R"), let Iy : L?(Q;R") — X denote the L? projection onto X and let
I abbreviate Ilp, (g;rny. Given a triangle T' € T, let hp = (measy(T))'/? denote
the square root of the area of T" and let hy € Py(7T) denote the piecewise constant
mesh-size with hg|p := hp for all T € T. For a set of triangles M C T, let || o |5

abbreviate
| ®llw :== Z o H%z(T)-
TeM

Given an initial triangulation Ty, an admissible triangulation is a regular triangu-
lation which can be created from Ty by newest-vertex bisection [40]. The set of
admissible triangulations is denoted by T.
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3 Problem formulation and discretization

This section introduces the new formulation based on the Helmholtz decomposition
in Subsection 3.1 and its discretization in Subsection 3.2. Subsection 3.3 discusses
the equivalence with the P; non-conforming Crouzeix-Raviart FEM [21].

3.1 New mixed formulation of the Poisson problem

Given the simply connected, bounded, polygonal Lipschitz domain @ C R? and
f € L?(9), the Poisson model problem seeks u € H{ () with

—Au= finQ and u =0 on 0f. (3.1)
The novel weak formulation is based on the classical Helmholtz decomposition [35]
LX(;R?) = VH(Q) @ Curl(H(Q) N LE()) (3.2)

for any simply connected domain © C R2?, where the sum is orthogonal with
respect to the L? scalar product.

Remark 3.1. Note that for Q C R?, the definition of the Curl implies
H(Curl,Q) := {8 € L*(Q) | Curl B € L*(Q)} = H'(Q).

Define X := L2(Q;R?) and Y := HY(Q) N LE(Q) and let ¢ € H(div, ) satisfy
—dive = f. The novel weak formulation of the Poisson problem (3.1) seeks
(p,a) € X x Y with

(P, @) r2(0) + (¢, Curl @) r2(q) = (0, @) 120y forall g € X,

3.3
(p, Curl B)2(q) = 0 for all g €Y. (3:3)

This formulation is the point of departure for the numerical approximation of Vu
in Subsection 3.2.

Remark 3.2 (existence of solutions). Since CurlY C X, any f € Y satisfies the
inf-sup condition
(g, Curl B)r2(q
[Curl Bl| 2y < sup S e
ex\oy  llallzz@)

This and Brezzi’s splitting lemma [11] imply the unique existence of a solution
(p,a) € X x Y to (3.3). The L? orthogonality of p and Curl a implies

||pH2L2(Q) + HCUHQH%?(Q) = HSOH%Q(Q)'

Remark 3.3 (equivalence of (3.1) and (3.3)). The second equation of (3.3) and
the Helmholtz decomposition (3.2) imply the existence of 4 € H}(Q) with p = V.
Since ¢ € H(div,Q) satisfies —divy = f, the L? orthogonality in (3.2) implies
that any v € H}(Q) satisfies

(P, V) 12(0) = (0, VV) 1200) = (f, ) 12(0)

and, hence, u solves (3.1).
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Remark 3.4 (mixed boundary conditions). Let 02 = I'p UT'y with T'p closed,
I'pNTy =0, and each connectivity component of I'p has positive length. Assume
that the triangulation resolves I'p. Let H_l/Q(FN) denote the space of generalized
normal traces of H(div,Q) functions and let up € H(Q) and g € H '/?(Ty)
in the sense that there holds g = q - v on I'y in the sense of distributions for
some q € H(div,Q). Consider the mized boundary value problem —Au = f in
Q with ulr, = up on I'p and (Vu-v)|ry, = g on I'y. Let H5(Q) denote the
subspace of HY(Q) of functions with vanishing trace on T'p. For I'p = (), define
HL(Q) == HY(Q) N L3(Q). Define

HN(Q):={B €Y | B is constant on each connectivity component of Tn'}.
The Helmholtz decomposition
L*(Q;R?) = VHLH(Q) @ Curl H}(Q)

for mized boundary conditions [24, Corollary 3.1] then leads to the following for-
mulation. Let ¢ € H(div,Q) with —dive = f additionally fulfil the boundary
condition @v|ry = g and seek (p,a) € L*(Q;R?) x HL(Q) with

(P, @) r2(0) + (¢, Curl @) 1210y = (¥, @) 12(0) for all ¢ € L*(;R?),
(p, Curl B) 2y = (Vup, Curl B) 2y for all B € HN(Q).

Since p = ¢ —Curla € H(div, (), the equivalence follows as in Subsection 3.1 and
with

(p-v)ry = (@ -V)|ry — (Curla-v)|ry =g — (Va-7)|ry = 9.

Remark 3.5 (multiply connected domains). If Q C R? is a multiply connected
polygonal bounded Lipschitz domain and 0 = T'p UT' N, such that all parts of T'p
lie on the outer boundary of Q (on the unbounded connectivity component of R*\Q),
then the Helmholtz decomposition of Remark 3.4 still holds and a discretization as
above is then immediate. However, if the Dirichlet boundary I'p also covers parts
of interior boundary, that Helmholtz decomposition does no longer hold: There
exist harmonic functions which are constant on different parts of I'p and, hence,
are neither in VH%D(Q), nor in Curl H}(Q).

Remark 3.6 (computation of ). The computation of ¢ appears as a practical
difficulty because ¢ needs to be defined through an integration of f. If f has some
simple structure, e.g., f is polynomial, this can be done manually, while for more
complicated f, a numerical integration of f has to be employed, but is possible in
parallel.

3.2 Discretization

Let T be a regular triangulation of  and £ € NU {0} and define

Xp(T) == P(T;R?) and  Yj,(7) := Pyt (T)NY.
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The discretization of (3.3) seeks pj, € X, (T) and ay, € Y3, (7T) with

(Phs n) 2() + (qn, Curlag) 2(q) = (@, qn) 2@y for all g € Xp(7),  (3.4.a)
(pn, Curl Br) 2(0) =0 for all By, € (7). (3.4.b)

Remark 3.7. Since there are no continuity conditions on qp € Xp(T) and since
Curl Y, (7) C X, (7), the first equation is fulfilled in a strong form, i.e.,

pp + Curl o, = g p.

In contrast to classical finite element methods, the approximation pn of Vu is a
gradient only in a discrete orthogonal sense, namely (3.4.b). For k = 0, Subsec-
tion 3.8 below proves that this discrete orthogonal gradient property is equivalent
to being a non-conforming gradient of a Crouzeiz-Raviart finite element function.
The main motivation of the novel formulation is the generalization of this scheme
to any polynomial degree k.

Remark 3.8 (existence of discrete solutions). Since Curl Y, (T) C Xp(7), the
discrete inf-sup condition

Curl
[Cul Bull oy < sup AWl

for all By, € Y (7)
amexn@\oy  llanllze)

is fulfilled. This and Brezzi’s splitting lemma [11] imply the unique existence of a
solution (pp,ap) € Xp(T) X Yi(T) to (3.4). The equality in

IPall7 2 + ICurl anll72(q) = Tkell72(q) < llol72()-
follows from the L* orthogonality of p, and Curl ay,.

The conformity of the method and the inf-sup conditions from Remarks 3.2
and 3.8 imply the following best-approximation result.

Theorem 3.9 (best-approximation). The solution (p,a) € X XY to (3.3) and
the discrete solution (pp,ap) € Xn(T) x Yi(T) of (3.4) satisfy

1P = pullr2(e) + [Curl(a — o) 2 (e (3.5)
< i — i Curl(a — . ]
~ <qhglxl;?(cr> Ip=anllz@) + , min [ Curl(e m””(m)

Remark 3.10. A direct analysis of the bilinear form B : (X X Y) X (X X Y) - R
defined by

B((p, @), (¢, 8)) == (p: @) 12(2) + (¢, Curl @) 12y + (p, Curl B) 2(q) (3.6)

for all p,q € X and all o, € Y reveals that the inf-sup constant of B equals 5
and, hence, the constant hidden in < in (3.5) is 5.
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Remark 3.11. The best-approzimation of Theorem 3.9 contains the term

min [|Curl(a — B
5 i [|Curl( Nz
on the right-hand side, which depends on the choice of ¢. This seems to be worse
than the best-approximation results for standard FEMs, which do not involve such
a term. However, if ¢ is chosen smooth enough, then Curl« = ¢ —Vu has at least
the same regularity as Vu, and therefore the convergence rate is not diminished.
On the other hand, the approximation space for p does not have any continuity
restriction and so the first approximation term
min ||p — qnllr2(0 3.7

,in | Ir2(0) (3.7)
18 superior to the best-approzimation of a standard FEM, where p = Vu is approx-
imated with gradients of finite element functions. However, [{2, Theorem 3.2] and
the comparison results of [15] prove equivalence of (3.7) and the best-approximation
with gradients of a standard FEM up to some multiplicative constant.

The following lemma proves a projection property. This means that for any v €
H{} (), the best-approximation of Vv in Xp(7T) is a discrete orthogonal gradient in
the sense that it is orthogonal to Curl Y3, (7T) and so belongs to the set of discrete
orthogonal gradients Wy(7T) defined by

Wh(T) == {qn € Xn(T) | (gn, Curl Bp) 2y = 0 for all B, € Yj,(T)}. (3.8)

The projection property is the key ingredient in the optimality analysis of Sec-
tion 6.

Lemma 3.12 (projection property). It holds that Wy, (T) = Iy, ) VHg (2). More-
over, if Ty is an admissible refinement of T, then x, Wi (Tx) = Wi(T).

Proof. Let ¢ € VHE(Q). Since Curl Y;,(T) € X(7T) and Y, (T) C
nality in the Helmholtz decomposition (3.2) implies for any 5, €

Y, the orthogo-
Y3 (T) that

(ILx, (g, Curl Br) 20y = (¢, Curl B) r2(q) = 0.
This proves Iy, () VHg (€2) € Wy (7). For the converse direction, let py € Wi (7)
and let u € H(Q) be a solution (possibly not unique) to
(HXh(r_T)VU, HXh(‘.T)VU)LQ(Q) = (ph, HXh(‘J’)VU)LQ(Q) for all v € H&(Q)

The orthogonality of pj, — Ilx, @y Vu to VH(Q) implies the existence of o € Y
such that p, — Iy, () Vu = Curla. Therefore, Curla € X;(7T) and, hence, o
is a piecewise polynomial of degree < k + 1 and therefore o € Y3 (7). But since
pn € Wp(7), it holds that

HCUI'IOJ”%Q(Q) = (ph — HXh(g')VU, Curl a)LQ(Q) =0

and, hence, a = 0. This proves Ilx, ) Vu = p, and, therefore, Wj(T) C
HXh(T)VHé(Q).

A similar proof applies in the discrete case and proves ILy, ) Wh (T = Wi (7).

O
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Remark 3.13 (computational costs). Problem (3.4) is equivalent to the problem:
Find (pp, ap) € Xp(T) X Y (T) such that

(Curl By, Curlap) 12(0) = (¢, Curl Br) r2(q) for all By, € Yi(7),
pn = Ux, ()¢ — Curlay.

Therefore, the system matrixz is (in 2D) the same than that of a standard FEM
(up to degrees of freedom on the boundary).

3.3 Equivalence with Crouzeix-Raviart FEM

The non-conforming Crouzeix-Raviart finite element space [21] reads

CRY(T) := {UCR € P (7)

vcR 18 continuous at midpoints of interior edges
and vanishes at midpoints of boundary edges

Since CR}(T) € HE(Q) (if the triangulation consists of more than one triangle),
the weak gradient of a function vcr € CR}(T) does not exist in general. However,
the piecewise version Vicvcr € Po(T;R?) defined by (Vaever)|r := V(ver|r) for
all T € T exists. The P; non-conforming discretization of the Poisson problem
seeks ucg € CRY(T) with

(Vactcr, VacUer)r2() = (frver) 2y for all ver € CRy(T). (3.9)

The lowest-order space of Raviart-Thomas finite element functions [34] reads

(3.10)

2
RTo(T) = {QRT € H(div,Q) VT € T3ar € R%, br € R }

with qRT(x) = ar + brx

The Raviart-Thomas functions have the property that the integration by parts
formula holds for functions in Hg () as well as for functions in CR}(7).

The following proposition proves the equivalence of the P; non-conforming dis-
cretization and the discretization (3.4) for £ = 0. Note that the discretization (3.9)
is a non-conforming discretization, while the discretization (3.4) is a conforming
one.

Proposition 3.14 (equivalence with CR-NCFEM). Let f € Py(T) be piecewise
constant and let ory € RTo(T) satisfy —diverr = f. Then the discrete solution
(pn,an) € Po(T;R?) x (P(T)NY) to (3.4) for k = 0 and the gradient of the
discrete solution ucg € CRY(T) to (3.9) coincide,

Ph = VacUCR.- (3.11)
Proof. The crucial point is the discrete Helmholtz decomposition [4]
Py(T;R?) = Vi CRY(T) @ Curl(PL(T) NY). (3.12)

Since py, is L? orthogonal to Curl(P;(T) NY), this implies p, = Victcr for some
tucr € CRY(T). Let ¢, = Vicucr for some ver € CRA(T). Then g is L2
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orthogonal to Curl(P;(T) NY) and a piecewise integration by parts and (3.4)
imply

(VaclUcr, VacVer) 22() = (Phy @n)12(0) = (@RT Gn) 12(0)

= (—divrr, ver)r2(0) = (f, ver)2(q)-
Hence, ucr = ucg solves (3.9). O

The projection property from Lemma 3.12 generalizes the famous integral mean
property Ve hev = [ p (yr2) Vo for all v € H} () of the non-conforming interpo-
lation operator L.

Remark 3.15 (higher polynomial degrees). For higher polynomial degrees k > 1,
the discretization (3.4) is not equivalent to known non-conforming schemes [23,
20, 21, 28], in the sense that Wi (T) # Ve Vi(T) for those non-conforming finite
element spaces Vi,(T). This follows from Ve Vi (T) € Wi (T) for non-conforming
FEMs with enrichment. A dimension argument shows

dim(Wh (7)) > dimV}, (T)

for the non-conforming FEMs of [23, 20] without enrichment and therefore Wy, (T) #
Ve Vi(T). Moreover, this proves that the generalization of the projection property
to higher moments from Lemma 3.12 cannot hold for those finite element spaces,
in contrast to the discretization (3.4).

4 Extensions

Subsection 4.1 generalizes the novel FEM to quadrilateral meshes and proves a new
discrete Helmholtz decomposition for the ()1 rotated non-conforming Rannacher-
Turek FEM [33]. Subsection 4.2 discusses a discretization with Raviart-Thomas
functions.

4.1 Quadrilateral finite elements

For this subsection, consider a regular partition T of € in quadrilaterals. Define
for the reference rectangle T' = [0, 1]

Qu(T) :={vn € Poy(T) | 3f, g € Pu([0,1]) : vn(z,y) = f(2)g(y)}-
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Given T € T, let ¢p : T — T denote the bilinear transformation from the reference
rectangle to T. For consistency, let P_1([0,1]) := {0} and set
Vou(T) = {ﬁh eY‘ VI €T (B ovr)s € Qu(T) }

( Ja € R,b,c € P 5([0,1]),d, e € Qr1(T)
X}zect(f) — ™ c LQ(f’ R2) SuCh that V(.',U :li\)kfle S R 7
@) =a 20 4 (200) +d@0)

L zh-lgk (@) +e(Z,7
VT € T3pr € X*N(T T) such that

XII;eCt(‘J') =<7 € LQ(Q;RQ) (Th OwT)%“ 0 —1
| T oot )

Then a discretization with respect to the quadrilateral partition seeks p;, € X,geCt (7
and oy, € VQ7/§(T) with

(ph, Qh)LQ(Q) + (g, Curl o) 120y = ( ,qh)Lz(Q) for all ¢ € )(rect (7)),
(ph, Curl Br) r2(q) =0 for all By, € Vg (7).

Let B, € Vo i(7), ie., (Bn oq/)T)]T € Qr(T ) A direct calculation reveals for all
TeT

((Curl By) " o vbr)lr = (V(By o vor o voph)) T °¢T< 1 (1))
~ (V@ovr) Dt owr (5 g).

Let (Browr)(Z,7) = (az¥ + £(2))(67* +¢())) with a,b € R and f, g € P,_1([0,1]).
Then it holds

AR (bghap(R)/0R) | (akThle(§) + o()01 (3)/0F
V(B oyr) = abk (A’f W) * (aﬁkag@/a@) * (bkﬂ’“‘lf(ff) T f@)ag@/aa)

and therefore

@@ ove) (1 )

(oo () 4 (0D (091 d @ o0 )T
=: (pr(2,7)) "

This implies pr € X,ﬁeCt(f) and (V(Bp o)) = (0,1; —1,0)pr. The combination
of the previous equalities leads to

((Curl Bp) o Yr)|r = ( 01 O) D(r') T oyr <(1) _01> pT-

Consequently, Curl 8, € X;°*(T). This and the conformity of the method prove
as in Section 3 the following statements

10
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(i) unique existence of solutions,

(ii) the best-approximation result

1P = pallz2@) + [[Curl(e = an)[ 12

5( min — 4+  min Curl(a — 7
= anlla + | in Curl(a = 6|z )

(iii) the projection property
HXzect (f‘]‘) VHol (Q) g WlieCt ({.T)
for

Wi (T) = {qn € X[UT) | Vn € Vor(T) : (g, Curl By) p2(y = 0} (4.1)

Remark 4.1. The properties (i)-(iii) still hold for any Xp,(T) with Xpeet(T) C
Xu(T) C X.

The remaining part of this subsection proves the equivalence of the lowest-order
rectangular discretization with the non-conforming Rannacher-Turek FEM [33].
To this end, define for the reference rectangle T and the bilinear transformation
vr:T — T,

Q!(T) = span{l,z,y,2” — ¢},
VI'eT: (’Uh o wT)’f € th(f) and

VHT) = S on € L*(9) S vn ds is continuous for all interior . (4.2)
edges E and vanishes at boundary edges F

The following lemma proves a relation between the cardinalities of the quadri-
laterals, nodes, and interior edges of a quadrilateral partition similar to Euler’s
formulae

card(€) 4 card(E(Y)) = 3 card(7),

card(€(2)) + card(N) = 2 card(T) + 1 (4.3)

on triangles. This enables a dimension argument in the proof of the discrete
Helmholtz decomposition in Theorem 4.3 below.

Lemma 4.2 (Euler formula for quadrilateral partitions). Let T be a regular parti-
tion of Q0 in quadrilaterals with edges £, interior edges E(S2), and vertices N. Then
it holds that 3card(T) 4+ 1 = card(E(£2)) + card(N).

Proof. Define a triangulation Ta of €2 in triangles by the division of each quadri-
lateral into two triangles by a diagonal cut. Let € denote the edges of Ta, EA(Q)
the interior edges and Na the vertices. Then the following relations between the
two partitions hold

card(Ta) = 2card(7), card(Ea) = card(&) + card(7),
card(Ea(Q?)) = card(E(Q)) + card(T), card(Na) = card(N).

11
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This and Euler’s formulae for triangles (4.3) prove
card(€(Q)) + card(N) = card(Ea(Q2)) — card(T) + card(Na)
= 2card(Ta) + 1 — card(T) = 3card(T) + 1. O
The following theorem proves that the solution space W;°*(T) from (4.1)

equals the piecewise gradients of functions in V%' (T) on a partition in squares
for k = 1.

Theorem 4.3 (discrete Helmholtz decomposition on squares). Let T be a reqular
partition of Q0 in squares. Then,

X7°UT) = Ve UH(T) & Curl Vi 1(T) (4.4)
and the decomposition is L* orthogonal.

Remark 4.4. The L%-orthogonality in (4.4) still holds for a partition in parallel-
ograms. However, Ve VI (T) € X1 (T) for general quadrilateral partitions.

Proof of Theorem 4.3. Let vy, € Vo' (T) and By, € Vo1(T). A piecewise integra-
tion by parts leads to

(Vactn, Curl Br) 120 vh |V B - TE ds.
L2(Q) =
Eeé

Since T consists of parallelograms, the bilinear transformation ¥ : T — T is
affine and, hence, Oy|g is affine on each edge E € £. This implies that V3, -
TE is constant. Since the integral mean of [vj]g vanishes, this proves the L?
orthogonality.

Let vy, € VE'(T). A computation reveals for all T' € T that there exist fr € R
and gr € R? such that

Von(e,y) = D(p!)T (h( >+gT)

For k =1, X{°*(T) reads

VT € T3ar € R,dr € R? such that
O 1

Xiect((j) ={7 € L2(Q'R2) (Th © ¢T)|f = ( (d)T )
0 -z
o) (1 ) (oo () +)
Since all T' € T are squares, Dy and (0,1; —1,0) commute, and, hence, Vuy, €

X7t (T). Thus, Vae Ve (T)@Curl V1 (T) € X reCt(‘J’) The dimension of VNCX{\IYCOt(‘J')
equals card(€((2)) and the dimension of Curl Vg 1(7T) equals card(N) — 1, while the
dimension of X{**(T) equals 3card(7T). This and Lemma 4.2 prove the asser-
tiom. O

Remark 4.5 (arbitrary quadrilaterals). The best-approxzimation (ii) from above
proves quasi-optimal convergence even for arbitrary quadrilaterals. Standard in-
terpolation error estimates for Vg 1(T) and for Po(T;R?) C XT*Y(T) [19] lead to
first-order convergence rates of h for sufficiently smooth solutions. This should
be contrasted with [33], where quasi-optimal convergence is only obtained for a
modification of (4.2) where VIU(T) is defined in terms of local coordinates.
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4.2 Relation to mixed Raviart-Thomas FEM

This subsection shows that the classical mixed Raviart-Thomas FEM [34] can be
regarded as a particular choice of the ansatz spaces in the new mixed scheme.

Let T denote a regular triangulation of €2 in triangles. Define the space of
Raviart-Thomas functions [34]

Xrr(T) = {grr € H(div,Q) |VT € T: qrrl|r(z) € Pp(T;R?) + Pu(T) z}
and
Yar(T) i= Pea (T) MY
Then the following problem is a discretization of (3.3): Seek (prr, arr) € Xrr(T) X
Yrr(T) with
(PR grT) L2(00) + (gRT, Curlarr)r2(0) = (¢, grr)  for all grr € Xrr(7),
(prr, Curl BrT) 12(0) = 0 for all Srr € Yrr(7).

Since Curl Yrr(T) € Pi(T;R?) and div Curlvgr = 0 for all vgy € Yry(7), it
follows Curl Yrr(T) € Xgr(7). This and the conformity of the method guarantee
as in Section 3 and in Subsection 4.1 the unique existence of solutions, a best-
approximation result, and the projection property

M x () VHy (Q) € Wrr(T)
= {grr € Xrr(T) | VBrT € YRT(T) : (gRT, Curl BRT)2(0) = 0}
The discrete Helmholtz decomposition of |26, 5, 12| proves
Xrr(T) = VR P (T) @ Curl Yrr(7)
with the operator Vi : Pp(T) — Xgrr(T) defined for all vgr € Py(7) by

(4.5)

(VRTURTa qRT)L2(Q) = —(URT, diV qRT)L2(Q) for all qrT c XRT(T).
This decomposition yields the equivalence of (4.5) with the problem: Seek (prr, urT) €
XRT<‘I) X Pk(‘J') with
PRT = VRTURT,

(wRT, dinRT)LQ(Q) = (diV HXRT(T)SO7 wRT)LQ(Q) for all wgrt € Pk('.T).

This is the classical Raviart-Thomas discretization with f replaced by div Iy, ()¢.
Assume now that the right-hand side ¢ € Xgr(7) is a Raviart-Thomas func-

tion. Since by definition Yrr(T) = Y, (7T) with Y3 (T) from Subsection 3.2 and
since agt is the solution of

(Curl Brr, Curl arr) 12(0) = (¢, Curl Brr) 12(0) for all Srr € Yrr(7),
it holds arr = ay, with a; from (3.4). Since ¢ = prr + Curl agr and x, @e =
pn + Curl o, it follows

pn = Ilx, ()PRT-
For k = 0, the equivalence with the Crouzeix-Raviart FEM (3.11) then proves the
identity
Vioucr = Ilx, (7)PRr,

which is also known as Marini identity |3, 27].
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5 Medius analysis

The medius analysis of [25, 15] proves for the discrete solution ucr € CR§(T) to
(3.9) the best-approximation result

IVae(u —ucr)llr2@) S min  [[Vae(u —ver)llr2) +ose(f, 7). (5.1)
UCRECR(I)(‘T)

The following theorem proves a generalization for the discretization (3.4) for the
lowest order case k = 0.

Theorem 5.1 (best-approximation property). Let (p,«) € X x Y be the solution
to (3.3) and (pn, o) € Po(T;R?) x (PL(T)NY) be the solution to (3.4). Then the
following best-approrimation result holds

Ip = pullz2) S lp — Hopll 22y + ose(f, T)
n sup (fiver)re@) — (0, Vacver) 2@ (5.2)
ver €CRE(T)\ {0} [Vacver|lzz (o)

Remark 5.2. If ¢ is a lowest-order Raviart-Thomas function, then it allows for
an integration by parts formula also with Crouzeiz-Raviart functions (see Subsec-
tion 3.3). Therefore, the third term on the right-hand side of (5.2) vanishes. This
and the equivalence with the non-conforming FEM of Crouzeiz and Raviart from
Subsection 3.3 reveal the best-approzimation result (5.1).

The remaining part of this section is devoted to the proof of Theorem 5.1.
The following lemma from [17, 14| is the key ingredient of this proof. Recall the
definition of CR}(T) from Subsection 3.3.

Lemma 5.3 (companion). For any vcr € CR}(T) there exists v € HL(Q) with
the following properties

(i) o Vxe (v — ver) = 0,

(i) Io(v—wcr) =0,

(iii)  [Ihg " (vor = V)| 2(@) + [Vae(ver = 0)lr2(@) S [Vacverllz2(o)- O
Proof of Theorem 5.1. Define qj, := Igp—py, € Py(T;R?). The projection property
of Lemma 3.12 implies that ¢, € Wj(7T) and the discrete Helmholtz decomposition

(3.12) guarantees the existence of vcg € CRY(T) with g, = Vicvcr. Let v €
H} () denote the companion of vcr from Lemma 5.3. Then

(P = pr>an) 2() = (P, Ve (ver — ) r2() + (0, V) 12(0)

(5.3)
— (P> VcUCR) 2(0)-

The properties (i) and (iii) from Lemma 5.3 yield for the first term on the right-
hand side

(P, Vxe(ver — 0))2() = (p — Hop, Vae(ver — v))12(0) (5.4)

S llp = opllrz() [[Vacverl| 2 )

14
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The problems (3.3) and (3.4) lead for the second and third term on the right-hand
side of (5.3) to

(p, VU)r2(0) — (Ph, VicVer) £2(0) = (0, VU)12(0) — (¢: VacUCR) 2(0)-
Since —div e = f, it follows

(¢, V) 2y — (¢, VacVUoR) 12(0)
= (f,v —ver)2() + (f;ver) L2) — (05 VaeVeR) £2(0)-

Properties (ii) and (iii) of Lemma 5.3 prove
= (f,v —ver) 20y S ose(f, T) [ Vaever |l 22(q)-

The combination with (5.3) and (5.4) and a Cauchy inequality yield

(P —phsan)r2) S (Hp — Hopllp2(q) + osc(f, 7T)

4 sup (f7 UCR)LQ(Q) - ((P, VNCUCR)LQ(Q) ”qhH .
ver €CRY(T)\{0} | Vacver|l 22 L2

This and

lp— th%Q(Q) =lp— HOPH%%Q) + HQhH%Q(Q) =lp— HOPH%Q(Q) + (P — Ph, an) 22(0)
prove the assertion. ]

Remark 5.4 (higher polynomial degrees). For k > 1, Remark 3.15 implies that
an analogue of Lemma 5.8 cannot be proved in the same way.

6 Adaptive algorithm

This section defines an adaptive algorithm based on separate marking and proves
its quasi-optimal convergence.

6.1 Adaptive algorithm and optimal convergence rates

Let Ty denote some initial shape-regular triangulation of §2, such that each triangle
T € T is equipped with a refinement edge Ep € E(T). A proper choice of these
refinement edges guarantees an overhead control [7].

Let T(N) denote the subset of T of all admissible triangulations with at most
card(Tp) + N triangles. The adaptive algorithm involves the overlay of two admis-
sible triangulations T, T, € T, which reads

T@T,:={TeTUT,|IK €T, K, €T, withTC KNK,}. (6.1
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Given a triangulation Ty, define for all T € T, the local error estimator contri-
butions by

(T, T) = [y curke pul3agry + e > pnle - 781320,
Ee&(T) (6.2)

pA(T) = |l — Wil Far)
and the global error estimators by

A2 = \2(Ty, Tp)  with AT, M)

> N(T,,T) for any M C Ty,
TeM
ps = 1% (Ty) with (M) = Z 12 (T) for any M C Tp.
TeMm

(6.3)

The adaptive algorithm is driven by these two error estimators and runs the fol-
lowing loop.

Algorithm 6.1 (AFEM).
Input: Initial triangulation Ty, parameters 0 < 04 < 1,0 < pp < 1, 0 < k.
for ¢ =0,1,2,... do
Solve. Compute solution (pg, ap) € Xp(Ty) x Y3 (Te) of (3.4) with respect
to ‘Ig.
Estimate. Compute local contributions of the error estimators (A\?(T;, T))
and (42(T))rer,
if 2 < kAZ then
Mark. The Dérfler marking chooses a minimal subset M, C T, such that
0402 < ATy, My).
Refine. Generate the smallest admissible refinement J;11 of Ty in which
at least all triangles in My are refined.

TeT,

else
Mark. Compute a triangulation T € T with p*(T) < ppu?.
Refine. Generate the overlay Tyy1 of T, and 7.

end if
end for
Output: Sequence of triangulations (J7),cy,, discrete solutions (p¢, cr)een, and
error estimators (A¢)een, and (fe)een, - ¢

Remark 6.2 (separate versus collective marking). The residual-based error esti-
mator \/A? + p? involves the term | —Typl| L2 () without a multiplicative positive
power of the mesh-size. Therefore, the optimality of an adaptive algorithm based on
collective marking (that is k = 0o and X\ replaced by /A2 + u? in Algorithm 6.1)
does not follow from the abstract framework from [13]. The reduction property
(aziom (A2) from [13]), is not fulfilled. Algorithm 6.1 considered here is based on
separate marking. In this context, the optimality of the adaptive algorithm (see
Theorem 6.6) can be proved with a reduction property that only considers \.

Remark 6.3. The step Mark in the second case (u3 > kA2) can be realized by the
algorithm Approz from [7, 16], i.e., the thresholding second algorithm [8] followed

16



Generalization of P1 non-conforming FEM

by a completion algorithm. For this algorithm, the assumption (B1) optimal data
approzimation, which is assumed to hold in the following, follows from the axioms
(B2) and (SA) from Subsection 6.5 [16]. For a discussion about other algorithms
that realize Mark in the second case, see [16].

For s > 0 and (p,a,p) € X x Y x H(div,Q) define

|(p, @, )| 4, = sup N*® inf (\Ip—ﬂthpllmm

S
NeNo  TET(N)

inf Curl(a — —1II .
+ ﬂTelT;h(T) [|Curl(a 57)||L2(Q) + [le Xh(tr)%0||L2(Q)>

Remark 6.4 (pure local approximation class). Since Q is assumed to be a Lip-
schitz domain, all patches in an admissible triangulation T € T are edge-connected,
i.e., for all vertices z € N and triangles T, K € T with z € T N K, there exists
m € Ng and Kg,..., Ky, € T with Ko =T, K, = K, z € Kgn---NK,, and
K; 1NKj €€ foralll <j<m. Under this assumption, [42, Theorem 3.2] shows

: - ~|IVe -1 v e H(Q).
vhePkfl%?mHl(Q)Hv(v vn)ll2) = [IVv =Tk Vol 2y for allv e H ()

Hence,

|(p7 «, (P)‘As ~ ’(p7 «, (P)|.A’S

= sup N* inf ( 11
Ntelgo i) Ip — Ty, (Pl 2(0)

+ HCUI‘]Oé — HXh(‘J') CurlaHLQ(Q) + H(p — HXh(‘T)(PHL2(Q)>'

In the following, we assume that the following assumption (B1) holds for the
algorithm used in the step Mark for u2 > kA2 (see Remark 6.3).

Assumption 6.5 ((B1) optimal data approximation). Assume that |(p,c, )|,
is finite. Given a tolerance Tol, the algorithm used in Mark in the second case
(uZ > kA2) in Algorithm 6.1 computes T, € T with

card(T,) — card(Ty) < Tol~1/(29) and 12(T,) < Tol.

The following theorem states optimal convergence rates of Algorithm 6.1.

Theorem 6.6 (optimal convergence rates of AFEM). For 0 < pp < 1 and suf-
ficiently small 0 < k and 0 < 0 < 1, Algorithm 6.1 computes sequences of tri-
angulations (Tp)een and discrete solutions (pg, ap)een for the right-hand side ¢ of
optimal rate of convergence in the sense that

(card(Ty) — card(Tp))* (Hp = pellz2(a) + [[Carl(a = ar)|[ 12 ) S (s, )y, -
The proof follows from the abstract framework of [16], which employs the

bounded overhead [7] of the newest-vertex bisection, under the assumptions (A1)—
(A4) and (B2) and (SA) which are proved in Subsections 6.2-6.5.
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6.2 (A1) stability and (A2) reduction

The following two theorems follow from the structure of .

Theorem 6.7 (stability). Let T, be an admissible refinement of T and M C TNT,.
Let (p7,,a7,) € Xpn(Ty) X Yi(Ty) and (pr,a7) € Xp(T) x Y3, (T) be the respective
discrete solutions to (3.4). Then,

AT M) = AT, M| S P, — prllzee)-

Proof. This follows with triangle inequalities, inverse inequalities and the trace
inequality from [10, p. 282] as in [18, Proposition 3.3]. O

Theorem 6.8 (reduction). Let T, be an admissible refinement of T. Then there
exists 0 < po < 1 and Ay < oo such that

N(T T\ T) < p2X2(T.T\T) + Aallpy, — prl3aey.

Proof. This follows with a triangle inequality and the mesh-size reduction property
h3 |r < h3|p/2 for all T € T, \ T as in [18, Corollary 3.4]. O

6.3 (A4) discrete reliability

The following theorem proves discrete reliability, i.e., the difference between two
discrete solutions is bounded by the error estimators on refined triangles only.

Theorem 6.9 (discrete reliability). Let T, be an admissible refinement of T with
respective discrete solutions (pr,,ag,) € Xp(Ty) X Yi(Ty) and (pr, ag) € Xp(T) X
Yi(T). Then,

Iy = P11 72(0) + ICwl(ag — ag, )[|72(q) S AT, T\ To) + 43(T, T\ To).

Proof. Recall the definition of W3 (T,) from (3.8). Since py — py, € X (T,), there
exist o3, € Wy(T,) and ry, € Y,(T,) with py — py, = o5, + Curlry,. Since
Wh ((‘T*)J—LQ(Q) Curl Yy, (“T*)a

2 2 2
HU‘-T*HLQ(Q) + chrlr‘T*HLQ(Q) = |lpr _p‘T*HL2(Q)'
The orthogonality furthermore implies that the discrete error can be split as

Ip7 = 3, 12200y = (07 = P2 07, ) p2(00) + (07 — P, Cwrlrg, ) 12

The projection property, Lemma 3.12, proves Ilx, (yyo7, € Wj(T). Hence, prob-
lem (3.4) implies that the first term of the right-hand side equals

(p7 — p7.5 09 ) 2(0) = (Ux, ()% — ¢, 07, ) 2(0) = (Ux, (1)@ — Ux, @309 07, L2(0)-

For any triangle ' € TN T, it holds (ILx, 3¢ — Ilx, (7,)¢)|T = 0. Therefore,

(Ix, e — Ux, (7.9 07.) 20 < Mx, ¢ — Ux, @) ellng, llor @)
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Since Ty is a refinement of T, it holds

My, e — x,@oelng, = x, @) Lx,@e = o)lng, < le —Ix,@elng,-

Let rg € Y3, (7) denote the quasi interpolant from [39] of rq, which satisfies the
approximation and stability properties

1hgt (rg, = ro)llL2g) + 1 Curl(ry, — 7o)l 12(q) S Curlry, || 2 o)
and (rq)|g = (rq,)|g for all edges E € E(T) N E(T,). Since py € Wi(T) and
pr, € Wi(Ty),
(pr — p1,, Curlry, ) 2y = (pr, Curl(ry, — 7)) 12(0)- (6.4)

An integration by parts leads to

(p7, Curl(rg, — 1)) 12(0) = —(curhke p7, 79, — 77) 2(0)

+ / [pr - T|E(rT, — r7) ds.
Eee(m’E

For a triangle ' € TN Ty, any edge E € £(T) satisfies £ € E(T) N E(T,). Hence,
(re)|r = (ry, )| for all T € TN T,. This, the Cauchy inequality and the approxi-
mation and stability properties of the quasi interpolant lead to

—(curke pr, 73, — 17)12(0) S Ay curke prllng, [|Curlry, || 2(q) -

Since (rq)|g = (rq,)|p for all edges E € &(T) N &(T,), the approximation and
stability properties of the quasi interpolant and the trace inequality [10, p. 282]
lead to

Z/E[pT‘TE]E(TT* —ry)ds

Eeég (6.5)

S > hrlllpr 7Bl 72 (g ICurlry, [l 12(q) -
Bee(TNE(T,)

The combination of the previous displayed inequalities yields
lp7 = pr. 1720y S AT, T\ To) + 42T, T\ ).
Since Curlag = Iy, ()¢ — pr and Curlag, = Ilx, 7,9 — p7,, the triangle in-

equality yields the assertion. O

The discrete reliability of Theorem 6.9 together with the convergence of the
discretization proves reliability of the residual-based error estimator. This is sum-
marized in the following proposition.

Proposition 6.10 (efficiency and reliability of the residual-based error estimator).
Let (p,a) € X xY and (pp,ap) € Xp(T) x Y (T) be the solutions to (3.3) and
(3.4) for some T € T. There exist constants Ceg, Crel > 0 with
Cot V(T 7) + 1%(7)) < llp = pall72(q) + [Curl(a = ap) |72 (o
< C2,(0V(T,T) + (7).

Proof. The a priori error estimate from Theorem 3.9 implies the convergence of
the discrete solutions. This and Theorem 6.9 proves the reliability. The efficiency
follows from the standard bubble function technique [43]. O

19



Generalization of P1 non-conforming FEM

6.4 (A3) quasi-orthogonality

The following theorem proves quasi-orthogonality of the discretization (3.4).

Theorem 6.11 (general quasi-orthogonality). Let (T; | j € N) be some sequence
of triangulations with discrete solutions (pj, a;) € Xp(Tj) x Yp(T;) to (3.4). Let
¢ e N. Then,

Z (Hpj —pjfl||%2(g) + [|Curl(a; — O‘jfl)Hiﬂ(Q)) SN+ gy
j=t

Proof. The projection property, Lemma 3.12, proves Hx, (7,_1)pj € Wi (Tj-1) with
Wi, (Tj—1) from (3.8). Hence, problem (3.4) leads to
(ijhpj —pj—l)LQ(Q) = (%HXh(frj_l)pj —ijl)LQ(Q)v
(pjspj —pji—1)r2) = (p,p5) — (¢, Ux, (3,_1)Pi) L2()-

The subtraction of these two equations and an index shift leads, for any M € N
with M >/, to

M M
Z Ip; — Pj—1||%2(9) = Z(%Pj - Hxh(qj,l)pj)w(g)
=0 j=t
M M-1
Z(SO?HX}L( J 1 p] L2 + Z (papj L2 Q) (66)
j=t j=0-1
M
= (¢, pe-1 = Par)r2() + 2 (005 — T, (3, )Pi) r2(9) -
j=0

Since pj — Ilx, (7, ,)pj € Xn(Tj) is L%-orthogonal to Xj,(T;—1), a Cauchy and a
weighted Young inequality imply

M
2 Z(%pj —1Ix, (7, 0)Pi)L2(@)
j=t
- QZ HXh P HXh( T;-1)PPj — HXh(Tj—l)pj)Lg(Q) (6-7)
M
<2Z||HXh yo — I, 3, ellze @ T3 ZHPJ Hx, (7, 1pJHL2
7=t

The orthogonality Ilx, (7,)¢ — Ilx, (7, )Lz Xn(Tj—m) for all 0 < m < j
proves

M

ZHHXh ye —x, (7, 1) 80HL2 ||HXh(iTM)SD—Hxh(72,1)90||%2(9)- (6.8)
=t
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The definition of u, yields

MLy, () — Ux, 7,0 Pll2) = Mx, ) (0 — x99 2 (@)

(6.9)
< pre—1.

The combination of (6.6)-(6.9) and [|p; — Ilx, 7, )Pille2) < Ipj — pi—1llz2()
leads to

1
B D lps = piallZeg) < 2071 + (9. pe1 — PM)12(0)- (6.10)
=t

The combination of the arguments of (6.4)—(6.5) proves

(Curl(ans — av—1), pe-1)r2(0) S Ae—1 [|Curl(ans — 1)l 12(q (6.11)

This, the discrete problem (3.4), and the discrete reliability ||Curl(an — ar—1)||f2(q) S
A¢—1 + py—1 from Theorem 6.9 lead to

(pe—1 — pars Mixy (7, P) 12(0) = (Pe—1 — P, pe—1 + Curlay—1) 12(q)
= (Pe—1 — P pe—1)12() = (Curl(an — ap—1), pe—1)12(0)
S Aot Curl(ans — ap-1) |20y S et + pe—1)*.

This and a further application of Theorem 6.9 leads to
(¢ pe—1 — pM)L2(Q)
= (p— Hxh(n_l)@,}?z-l - pM)L?(Q) + (pe—1 — P, HXh(TZ_l)SO)LQ(Q)
S e = Tx, @ nellz@) 1pe-t = parllzai) + Aeet + 1) 720
< (Nemt + pe—1).

(6.12)
The combination of (6.10) with (6.12) implies
M
Z 1P _pj—1”%2(§z) S A+ 1 (6.13)
j={

The Young inequality, the triangle inequality, and Curla; = Ix, (7,)¢ — p; imply

M
Z [Curl(a; — aj—l)HiQ(Q)
j=t

M M
< 22 1P —Pj—l\\%mz) + 22 ML, (7)) — HXh(ijl)SOH%Q(Q)'
=t =t

Since M > ¢ is arbitrary, the combination with (6.8), (6.9), and (6.13) yields the
assertion. U
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6.5 (B) data approximation

The following theorem together with Assumption 6.5 form the axiom (B) from [16].

Theorem 6.12 ((B2) quasimonotonicity and (SA) sub-additivity). Any admissi-
ble refinement T, of T satisfies

p2(T) < p(T)  and Z p?(T) < p?(K) forall K € 7.

TEeT,
TCK

Proof. This follows directly from the definition of u. O

7 Extension to 3D

This section is devoted to the generalization to 3D. Subsection 7.1 defines the novel
discretization and comments on basic properties, while Subsection 7.2 is devoted
to optimal convergence rates for the adaptive algorithm.

7.1 Weak formulation and discretization

For this section, let Q C R3 be a simply connected, bounded, polygonal Lipschitz
domain in R3. For the sake of simplicity, we also assume that 9 is connected
(i.e., © is contractible). The Curl operator acts on a sufficiently smooth vector
field f: Q@ — R3 as Curl 3 = V A 8 with the cross product or vector product A.
Let H(Curl, Q) denote the space of all 8 € L?(€; R3) with Curl 8 € L?(Q;R3) for
the weak Curl, i.e.,

/v-Curlﬁd:U:/,B-Curlvdaz for all v € C2°(; R?).
Q Q

In contrast to the two-dimensional case, H(Curl, Q) # H'(£2;R3). The Helmholtz
decomposition in 3D reads

L*(Q;R?) = VH(Q) @ Curl H(Curl, Q) (7.1)
and the sum is L? orthogonal. It is a consequence of the identity
{r € H(div,Q) | divr = 0} = Curl H(Curl, Q)
in the De Rham complex [9].
Let ¢ € H(div,Q) with —divep = f. Then the Poisson problem (3.1) is
equivalent to the problem: Find (p,a) € L?(€;R3) x H(Curl, Q) with

(P, )20 + (¢, Curla) 20y = (0, q) 2@y forall g € L*(Q;R?),

7.2
(p, Curl B)2(q) = 0 for all g € H(Curl, ). (7.2)

In contrast to the two-dimensional case, the operator Curl : H(Curl, Q) — L?(2;R?)
has a non-trivial kernel. Classical results [35] characterize this kernel as VH?!(£2).
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To enforce uniqueness, we can reformulate (7.2) as follows. Seek (p,a,w) €

L2(Q;R3) x H(Curl, Q) x (H'(Q) N L3(R)) with

(- @)r20) + (¢, Cwrla) 120y = (@, @) 2y for all g € L*(Q;R?),
(p, Curl B) r2(q) + (B, Vw)2(q) =0 for all g € H(Curl, Q),
(a, V)20 =0 for all v € (H'(Q) N L3(Q)).

Note that {8 € H(Curl,) | Curl 8 = 0} = VH(Q) implies w = 0.

Standard finite element spaces to discretize H (Curl, §2) in 3D are the Nédélec
finite element spaces [30, 31| (also called edge elements) which are known from the
context of Maxwell’s equations. Let T be a regular triangulation of {2 in tetrahedra
in the sense of [19]. The spaces of first kind Nédélec finite elements read

Yai(T) := Po(T;R?) + (z A Py(T; R?)),
YN’k(‘T) = {ﬁh S H(Curl, Q) ‘ VI'eT: ﬁh‘T S YN,k(T)}.

Let X5,(7) := Pi(T;R?). Since Curl Yy (T) C X4 (7T), a generalization of (3.4) to
3D seeks (pp, an) € Xp(T) x Yn i (T) with

,qh)Lz(Q) for all ¢, € Xh(‘T),

(Pryqn)12(0) + (qn, Curlap) r2(g) = (
0 for all gy, € YN’k(‘I).

i (7.3)
(pn, Curl Br) 2(q)

The discrete exact sequence [9] implies that the elements in Yy 1 (7T) with vanishing
Curl are exactly the gradients of functions in Uy (T) := Pry1(T) N HY(Q) N LE(Q).
Therefore, the uniqueness in (7.3) can be obtained in the following formulation.
Seek (pn, an, wp) € Xp(T) x Y i (T) x Up(T) with

(Phs qn) L2(0) + (qn, Curlan) p2) = (@, qn) L2 for all g, € Xp(T),
(ph, Curl ﬂh)LQ(Q) + (Bh, V'U}h)L2(Q) =0 for all g8, € YN,k(‘T), (7.4)
(Ozh, Vvh)Lz(Q) =0 for all vy, € Uh(‘I).

Note that VU, (7) is the kernel of Curl : Yy x(T) — Px(T;R?) and so (7.4) implies
wp, = 0. This variable is introduced in order that (7.4) has the form of a standard
mixed system. The discrete Helmholtz decomposition of [1, Lemma 5.4] proves
that for the lowest order discretization k = 0, py, is a Crouzeix-Raviart function and
so (7.4) can be seen as a generalization of the non-conforming Crouzeix-Raviart
FEM to higher polynomial degrees.

The inf-sup condition follows from VU, (T) C Ynx(7) and Curl Yy x(T) C
X3 (7). This and the conformity of the method lead to the best-approximation
result

1P = phllr2(0) + [Carlle = an)l 2 () + IV (w — wh) 2(0)

< i _ + . Curl(or —
N(qhngl}Izl(’-T)Hp Wl 5her§/11\1£(7)H url(a 5h)||L2(Q)

i V(w — .
+min V(=) 2)
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Since w = wy, = 0, this is equivalent to

[P = pallre) + [Curl(a — an)l 12(q)

< min — + min Curl(a — )
<qhexh(:r)”p Wz BheYN,k(:r)H ( Bh)HLQ(Q))

The following proposition states a projection property similar to Lemma 3.12 for
the two-dimensional case. To this end, define

Zn(T) = {Bn € YNi(T) [ Vor € Un(T) = (Bns Von)r2(0) = 0)},
Wi(T) := {qn € Xn(T) | VBh € Zn(T) : (qn. Curl By) r2(0) = 0}
Since VU(T) is the kernel of Curl : Yy (T) — X5, (7), it holds
Curl Yy 4(T) = Curl Z,, (7).
This implies
Wi(T) = {qn € Xn(T) | VBr € YN i(T) 1 (qn, Curl By) 2y = 0}.

Lemma 7.1 (projection property). Let ¢ € L?(Q;R3) with (q, Curl B2 =0
for all B € H(Curl,Q) (that means that q is a gradient of a H}(Y) function). Then
Ux, 7)q € Wi(T). If Tx is an admissible refinement of T, then lx, Wi (Ts) C
Wi(T).

Proof. Since Curl Yx 4(7) C X (7) and Yn x(T) C H(Curl,Q), the assertion fol-
lows with the arguments in the proof of Lemma 3.12. O

7.2 Adaptive algorithm

This subsection outlines the proof of optimal convergence rates for Algorithm 6.1
in 3D driven by the error estimators A and p defined by the local contributions

N(Te, T) = |hy Curho pullTegry + b D lllpw AvelslZag),
Ee&(T)

pA(T) =l — lx, el 2oy
and (6.3). Here, E(T") denotes the faces of a tetrahedron 7' € T and hy € Py(7)
denotes the piecewise constant mesh-size function defined by hg|p := hp =
meas3(T)'/3. The refinement of triangulations in Algorithm 6.1 is done by newest-

vertex bisection [40]. Let T(NN) denote the space of admissible triangulations with
at most N tetrahedra more than Ty. As in Subsection 6.1, define the seminorm

9)lg, = suwp N°_inf([lp -1
|(ps v, 0)| 4, 132150 ity Ip — Tx, ()Pl 22(0)

inf [|Curl(a — I '
+ 576%1\1,1@(7) H ur (Oé ﬁ‘T)H[p(Q) + ||90 Xh(T)SOHLQ(Q))

Assume that Assumption 6.5 holds. The following theorem states optimal conver-
gence rates for Algorithm 6.1 for 3D.
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Theorem 7.2 (optimal convergence rates of AFEM for 3D). Let s > 0. For
0 < pp < 1 and sufficiently small 0 < kK and 0 < 6 < 1, Algorithm 6.1 computes
sequences of triangulations (Typ)een and discrete solutions (pg, cuy)een for the right-
hand side @ of optimal rate of convergence in the sense that

(card(Ty) — card(Tp))? (Hp — pellr2(o) + [|Curl(e — ozg)HLg(Q) ) S 9)la, -

The proof follows as in Section 6 from (A1)-(A4) and (B) from [16] and the
efficiency of A and p. The proof of efficiency follows with the standard bubble-
function technique [43]. The proofs of the axioms (A1)—(A4) and (B) are outlined
in the following.

The axioms (A1) stability and (A2) reduction follow as in Subsection 6.2 with
triangle inequalities, inverse inequalities, a trace inequality similar to [10, p. 282],
and the mesh-size reduction property h?}* |7 < h3|r/2 for all T € T, \ T. However,
for (A3) quasi-orthogonality and (A4) discrete reliability, the interpolation oper-
ator of [39] cannot be applied directly to r3, € Yx x(T4) as done in the proof of
Theorem 6.9, because Yy x(Tx) € H'(€;R3). This can be overcome by a quasi-
interpolation based on a quasi-interpolation operator from [38] and a projection
operator from [44]. Its properties are summarized in the following theorem.

Theorem 7.3 (quasi-interpolation). Let T, be an admissible refinement of T and
define R(T,T,) :=={T € T | 3IK; € T\ T,3K2 € T with K1 N Ky # 0 and T N
Ky # 0}. Let v3, € Zp(Ts). Then there exists v3 € Yni(T), p € HY(Q), and
® € H'(Q;R3) with

Y7, — 77 =Vp+ P,
(vr, =)l =0 for all T € T\ R(T, T),

1h5 @l 20) + [Vl L2() S [ICurlyg, [l 12(q -

Proof. This follows as in the proof of [44, Theorem 5.3] and with the ellipticity on
the discrete kernel from |2, Proposition 4.6]. O

The differences between the proof of (A4) discrete reliability and the proof
of Theorem 6.9 are outlined in the following. Let (ps,,as,) € Xn(Tx) X Zn(Ty)
and (pr,as) € Xp(T) x Zp(T) denote the discrete solutions to (7.3). As in the
proof of Theorem 6.9, let o7, € Wj,(7T) and ry, € Z,(T,) such that py — py, =
og, + Curlrg,. The first term of the right-hand side of

Ipr — 7. 11> = (p7 — P17, 07, ) 1200) + (P7 — P, Curl vy, ) 2

is estimated as in the proof of Theorem 6.9, while for the second term, the quasi-
interpolant ry € Ynx(T) of ry, with ry, —ry = Vp+ @ for p € HY(Q) and
® € H'(Q;R?) from Theorem 7.3 is employed. This yields

(p7 — p7,, Cwrlry, ) 1200y = (pr, Curl(ry, — 77))12(0) = (p7, Carl @) 12(qy).

A piecewise integration by parts and the arguments of the proof of Theorem 6.9
conclude the proof. The crucial point is that ® € H'(Q;R3) is smooth enough to
allow for a trace inequality.
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(a) (b)
Figure 1: Red-refined triangle and initial mesh for the L-shaped domain.

The proof of (A3) quasi-orthogonality follows as in the proof of Theorem 6.11
with the projection property of Lemma 7.1 and the following modifications in (6.11).
Since (in the analogue notation as in (6.11)) ay—1 € Zp(Te—1) € Yni(Tum),
there exists vy € Zp(Tpr) with Curlyy, = Curlay_y. Theorem 7.3 guaran-
tees the existence of By—1 € Yni(Ti—1), p € HY(Q) and ® € H'(Q;R3) with
any —Ym — Pe—1 = Vp + ®. This implies in (6.11) that

(Curl(an — ap—1), pr—1)r2(0) = (Curl(an —ym — Be—1): pe—1) 2(0)
= (Curl ®,p—1)12(0)-

Since ® € H'(2;R?) is smooth enough, a piecewise integration by parts and the
arguments of the proof of Theorem 6.9 then prove

(Curl(ans — ap—1),pe-1)r2(0) S (A1 + pe—1) [[Curl(ans — 1)l 20 -

This and the arguments of Theorem 6.11 eventually prove the quasi-orthogonality.

8 Numerical experiments

This section presents numerical experiments for the discretization (3.4) for k =
0,1,2. Subsections 8.1-8.3 compute the discrete solutions on sequences of uni-
formly red-refined triangulations (see Figure la for a red-refined triangle) as well
as on sequences of triangulations created by the adaptive algorithm 6.1 with bulk
parameter § = 0.1 and x = 0.5 and p = 0.75. The convergence history plots are
logarithmically scaled and display the error ||p — pp||72(q) against the number of
degrees of freedom (ndof) of the linear system resulting from the Schur comple-
ment. The underlying L-shaped domain  := (—1,1)%\ ([0, 1] x [~1,0]) with its
initial triangulation is depicted in Figure 1b.

8.1 L-shaped domain, I

The function u given in polar coordinates by

u(r, ¢) = r*? sin((2/3)9)
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is harmonic. For the following experiment we choose ¢ = 0 and up := gu with
perturbation function g € H?(Q),

0 if |z < 1/2,
g(z) :== < 16|x|* — 64|z|> + 88|x|?> —48|x| +9 if1/2 < |z| <1,
1 if |x| > 1,

such that g|p = 1 for I' := 9Q \ ({0} x (=1,0) U (0,1) x {0}). Since u|po\r = 0, it
holds uplaq = u. Let By/2(0) := {z € R? | |z| < 1/2} denote the ball with radius
1/2 and midpoint (0,0). Since g|p, ,0) = 0 and u € H?(Q\ By/5(0)), it holds
up € HQ(Q)

For non-homogeneous Dirichlet data, the jump [pp|g-7E is defined for boundary
edges F € &, E C I'p, with adjacent triangle T, by

[onE - 7B = pulTy - TE — Vup - TE.

The error estimator A is then defined by (6.2)—(6.3). The local data error estimator
contributions read

p(T) = |(¢ = Vup) = k(¢ — Vup) |72 (p)-

The global error estimator p is defined by (6.3).

The errors and error estimators for the approximation p, € Py(T;R?) of Vu
for £ = 0,1,2 are plotted in Figure 2 against the number of degrees of freedom.
The errors and error estimators show an equivalent behaviour with an overestima-
tion of approximately 10. Uniform refinement leads to a suboptimal convergence
rate of h?/3 ~ ndof /3 for k = 0,1,2. The adaptive refinement reproduces the
optimal convergence rates of ndof~*+t1)/2 for k = 0,1,2. Figure 3 depicts three
meshes created by the adaptive algorithm for k£ = 0, 1, and 2 with approximately
1000 degrees of freedom. The singularity at the re-entrant corner leads to a strong
refinement towards (0,0), while the refinement for & = 0,1 also reflects the be-
haviour of the right-hand side, i.e., one also observes a moderate refinement on
the circular ring {x € Q | 1/2 < |z| < 1}. The marking with respect to the
data-approximation (,u% > n)\ﬁ in Algorithm 6.1) is applied at the first 7 (resp. 5
and 10) levels for £ =0 (resp. k =1 and k = 2) and then at approximately every
third level.

8.2 L-shaped domain, II

For f = —1 and up = 0 define ¢(z,y) := (1/2)(x,y) with —divep = f.

The error estimators are plotted against the degrees of freedom in Figure 4 for
k = 0,1,2. The error estimators show for k£ = 0, 1,2 a suboptimal convergence rate
of h?/3 ~ ndof ~1/3 for uniform refinement. The adaptive algorithm 6.1 recovers the
optimal convergence rate of ndof ~*t1)/2 Adaptively refined meshes are depicted
in Figure 5 for approximately 1000 degrees of freedom. The strong refinement
towards the singularity at the re-entrant corner is clearly visible. The smoothness
of ¢ € P1(£;R?) implies that the data-approximation error estimator p, vanishes
on all triangulations for k = 1,2. For & = 0, py does not vanish, nevertheless,

since u% < /ﬁ?)\% for all ¢, only the Dérfler marking is applied.
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Figure 2: Errors and error estimators from Subsection 8.1.
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Figure 3: Adaptively refined triangulations for the experiment from Subsection 8.1.
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Figure 4: Error estimators for the experiment from Subsection 8.2.
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Figure 5: Adaptively refined triangulations for the experiment from Subsection 8.2.

8.3 Singular «

This subsection is devoted to a numerical investigation of the dependence of the
error ||p — pullr2(q) on the regularity of a. The exact smooth solution u € C*°(€2)
of

—Au = 2sin(7z) sin(my) in and ulr, =0

reads u(z, y) = sin(7z) sin(my). Define ¢ = Vu+Curl(a) with & € H1(2)\ H?(2)
defined by &(r, ) = r2/3sin(2¢/3). Then ¢ € H(div, Q) with —divp = f.

The errors and error estimators are plotted in Figure 6 against the number of
degrees of freedom. The convergence rate on uniform red-refined meshes for k =
1,2 is h?/3 ~ ndof~1/3 and, hence, the convergence rate seems to depend on the
regularity of a. The errors and error estimators show the same convergence rate.
Figure 7 focuses on the results for kK = 0 and uniform mesh-refinement. The error
[P — prllz2(0) and the error estimator \/A? + 12 show a convergence rate between
h and h?/3, while ||Curl(a — )|l 2 converges with a rate of h?/3 ~ ndof~1/3
due to the singularity of «. This numerical experiment suggests that the error
[P — pnll12(q) does not depend on the regularity of o (at least in a preasymptotic
regime). The triangle inequality implies ||Curl(e — an)|[12(q) < [l = Pall2(0) + 1
This upper bound is also plotted in Figure 7.

Figure 8 depicts adaptively refined meshes for k£ = 0,1,2 with approximately
1000 degrees of freedom. The singularity of « leads to a strong refinement towards
the re-entrant corner. The marking with respect to the data-approximation (u? >
m)\% in Algorithm 6.1) is only applied at levels 1-5, 7, 12, and 18 for £k = 0. All
other marking steps for £ = 0, 1,2 use the Dérfler marking (u2 < kA2).
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