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CONVERGENCE OF NONSMOOTH DESCENT METHODS VIA
KURDYKA-LOJASIEWICZ INEQUALITY ON RIEMANNIAN
MANIFOLDS

S. HOSSEINT*

ABSTRACT. We develop a subgradient-oriented descent method in nonsmooth
optimization on Riemannian manifolds and prove convergence of the method in
the sense of subsequences for nonsmooth functions whose standard models are
strict. Moreover, we present a nonsmooth version of the Kurdyka-Lojasiewicz
inequality and show that a locally Lipschitz C-function defined on an ana-
lytic manifold satisfies this inequality. Finally, we prove that if the objective
function satisfies the Kurdyka-Lojasiewicz inequality and its standard model
is strict, then the sequence of iterates of the subgradient-oriented descent al-
gorithm converges to a singular critical point.

1. INTRODUCTION

We consider the optimization problem

(1.1) min f(z),

zeM

where M is a complete Riemannian manifold of dimension n and f : M — R is
locally Lipschitz on M. In this paper, we develop subgradient-oriented descent
methods for solving (1.1). Much attention has been paid over centuries to un-
derstanding and solving the problem of minimization of functions. Compared to
linear programming and nonlinear unconstrained optimization problems, nonlinear
constrained optimization problems are much more difficult. Since the procedure of
finding an optimizer is a search based on the local information of the constraints
and the objective function, it is very important to develop techniques using geo-
metric properties of the constraints and the objective function. In fact, differen-
tial geometry provides a powerful tool to characterize and analyze these geometric
properties. Thus, there is clearly a link between the techniques of optimization on
manifolds and standard constrained optimization approaches. Furthermore, there
are manifolds that are not defined as constrained sets in R™; an important example
is a Grassmann manifold. Hence, to solve optimization problems on these spaces,
intrinsic methods are used.

Unconstrained smooth optimization algorithms on linear spaces can be classified
into two main categories: line-search descent methods and trust-region methods.
The classical convergence results established for these two classes of methods show
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2 S. HOSSEINT*

that accumulation points of the sequence of iterates are critical points of the objec-
tive function. But the convergence of the whole sequence to a single limit-point is
not guaranteed. Though if it is known that a point x* is an accumulation point of
the sequence of iterates, then in order to have convergence of the whole sequence
to x*, it is sufficient to require that the so-called Kurdyka-Lojasiewicz inequality
holds in a neighborhood of z*; see [2].

In nonsmooth optimization problems on linear spaces, several numerical algo-
rithms have been so far proposed and their convergence results have been studied.
In particular, it has been proved in [18] that convergence of a class of nonsmooth al-
gorithms for locally Lipschitz objective functions, even in the case of subsequences,
only happens if the objective function has a strict standard model. To prove con-
vergence of the whole sequence to a single critical point, nonsmooth generalizations
of Kurdyka-Lojasiewicz were needed to be exploited; see [5, 6].

There are a number of problems that can be expressed as a minimization of a
function over a smooth Riemannian manifold. Applications range from linear alge-
bra to the analysis of shape spaces; see [1] and references therein. Therefore, there
have been some attempts to adapt standard optimization methods to problems on
manifolds. Line-search and trust region techniques were proposed and analyzed on
manifolds by several authors; see, e.g., [1, 19, 20, 21]. For instance; in [19] line-
search optimization methods on Riemannian manifolds are introduced. Moreover,
the requirements on the search direction, focusing on the key property of the an-
gle between the search direction and the negative of the Riemannian gradient are
discussed. Similar to linear cases for proving convergence of the whole sequence of
iterations to a single critical point, an extension of Kurdyka-Lojasiewicz inequality
is required. Lageman [15] extended the Kurdyka-Lojasiewicz inequality for analytic
manifolds and differentiable C-functions in an analytic-geometric category (satis-
fying a certain descent condition, namely, angle and Wolfe-Powell conditions) and
established an abstract result of convergence of the descent method, see [15, Theo-
rem 2.1.22]. It is also worth pointing out [4] which presents an abstract convergence
analysis of inexact descent methods in Riemannian context for functions satisfying
Kurdyka-Lojasiewicz inequality. In particular, without any restrictive assumption
about the sign of the sectional curvature of the manifold, it obtains full convergence
of a bounded sequence generated by the proximal point method, in the case that
the objective function is nonsmooth and nonconvex, and the subproblems are deter-
mined by a quasi distance which does not necessarily coincide with the Riemannian
distance.

Although, the theory and algorithms for optimization of smooth functions on a
Riemannian manifold is a well established topic, the case of nonsmooth function is
not so developed, because results are not so simple. Papers [8, 9, 11, 12] are among
the first papers on numerical algorithms for minimization of nonsmooth functions
on Riemannian manifolds. However, the convergence results established in those
papers show that accumulation points of the sequence of iterates are critical points
of the objective function. But the convergence of the whole sequence to a single
limit-point is not guaranteed.

Our main contributions in this paper are twofold. First, we innovate a non-
smooth descent optimization algorithm for locally Lipschitz functions on Riemann-
ian manifolds. Second, we fill the gap among the convergence results obtained in
previous nonsmooth optimization algorithms on Riemannian manifolds and present
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some requirements to prove the convergence of a nonsmooth descent method to a
single limit-point. To this goal, we extend the Kurdyka-Lojasiewicz inequality for
nonsmooth functions on Riemannian manifolds and prove that a locally Lipschitz C-
function defined on an analytic manifold satisfies this inequality. Then, we consider
a nonsmooth generalization of the Taylor expansion to define a first order model for
a locally Lipschitz function defined on a Riemannian manifold. It is worthwhile to
mention that the generalized directional derivative defines a first order model which
is called a standard model. Moreover, we present a definition of a strict first order
model for a locally Lipschitz function defined on a Riemannian manifold. Finally,
we prove convergence of our proposed descent method to a single limit-point for
a locally Lipschitz objective function defined on a Riemannian manifold satisfying
the Kurdyka-Lojasiewicz inequality with a strict standard model.

2. PRELIMINARIES

In this paper, we use the standard notations and known results of Riemannian
manifolds, see, e.g. [16]. Throughout this paper, M is an n-dimensional complete
manifold endowed with a Riemannian metric (.,.) on the tangent space T, M. As
usual we denote by B(x,d) the open ball centered at  with radius d, by int N (cl N)
the interior (closure) of the set V.

Recall that the set S in a Riemannian manifold M is called convex if every two
points p1, pa € S can be joined by a unique geodesic whose image belongs to S.
For the point x € M, exp,, : U, — M will stand for the exponential function at x,
where U, is an open subset of T, M.

We will also use the parallel transport of vectors along geodesics. Recall that,
for a given curve v : I — M, number #y € I, and a vector Vo € T, (;,) M, there exists
a unique parallel vector field V (¢) along ~(¢) such that V(ty) = Vo. Moreover, the
map defined by V — V(1) is a linear isometry between the tangent spaces T ;) M
and T ,yM, for each t; € I. In the case when v is a minimizing geodesic and
v(to) = x,7v(t1) = y, we will denote this map by L,,, and we will call it the parallel
transport from 7, M to T),M along the curve v. Note that, L, is well defined when
the minimizing geodesic which connects x to ¥, is unique. For example, the parallel
transport L, is well defined when = and y are contained in a convex neighborhood.
In what follows, L, will be used wherever it is well defined. We use of a class of
mappings called retractions:

Definition 2.1 (Retraction). A retraction on a manifold M is a smooth map
R :TM — M with the following properties. Let R, denote the restriction of R to
T.M.
e R,(0,) =z, where 0, denotes the zero element of T, M.
e With the canonical identification Ty, ToM ~ T, M, DR,(0,) = idr,ar,
where idr, pr denotes the identity map on T, M.

By the inverse function Theorem, we have that R, is a local diffeomorphism. For
example, the exponential function defined by exp : TM — M, v € T, M — exp, v,
exp,(v) = (1), where v is a geodesic starting at = with 7/(0) = v, is a retraction;
see [1].

To prove our results, the retractions in this paper must satisfy the following
condition: for all z € M and g € T, M, there exist m; > 0 and my > 0 such that

mallgl| < dist(z, Ra(g)) < ma|lgll,
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where dist is the Riemannian distance on M.
In the present paper, we are concerned with the minimization of locally Lipschitz
functions which we now define.

Definition 2.2 (Lipschitz condition). Recall that a real valued function f defined
on a Riemannian manifold M is said to satisfy a Lipschitz condition of constant k
on a given subset S of M if | f(z)—f(y) |< kdist(z,y) for every x,y € S, where dist
is the Riemannian distance on M. A function f is said to be Lipschitz near x € M
if it satisfies the Lipschitz condition of some constant on an open neighborhood of
x. A function f is said to be locally Lipschitz on M if f is Lipschitz near x, for
every x € M.

Let us continue with the definition of the Clarke generalized directional derivative
for locally Lipschitz functions on Riemannian manifolds; see [10, 13].

Definition 2.3 (Clarke generalized directional derivative). Suppose f: M — R is a
locally Lipschitz function on a Riemannian manifold M. Let ¢, : U, — T, M be an
exponential chart at x. Given another point y € Uy, consider oy ,(t) 1= qS;l(tw), a
geodesic passing through y with derivative w, where (¢y,y) is an exponential chart
around y and D(¢, o ¢;1)(0y)(w) = v. Then, the Clarke generalized directional
derivative of f at x € M in the direction v € T, M, denoted by f°(x;v), is defined

as
fo(l‘; ?]) — limsup f(Uy,v(t)) — f(y) ]
y—x, tl0 t

Using the previous definition of a Riemannian Clarke generalized directional
derivative we can also generalize the notion of the subdifferential to a Riemannian
context.

Definition 2.4 (Subdifferential). We define the subdifferential of f at x, denoted
by 0f(x), as the subset of T, M with support function given by f°(x;.), i.e., for
every v € T, M,

fo(@;v) = sup{(§,v) : £ € 0f(x)}.

Every element of df(z) is called a subgradient of f at z. If x is a solution of the
problem (1.1), then 0 € df(x). Moreover, if 0 € df(x), then z is called a critical
point for f. We say p is a descent direction at x, if there exists o > 0 such that for
every t € (0, ), we have

f(Ry(tp)) — f(z) <0.

It is obvious that if f°(x;p) < 0, then p is a descent direction at z.

We know that the search direction for a smooth optimization problem often has
the form p = —P grad f(z), where grad f(z) denotes the Riemannian gradient of f
at x and P is a symmetric non-singular linear map. Therefore, it is not far from
expectation to use elements of the subdifferential of f at = in Definition 2.5 and
produce a subgradient-oriented descent sequence in nonsmooth problems.

Definition 2.5 (Subgradient-oriented descent sequence). A sequence {px} of nor-
malized descent directions is called subgradient-oriented if there exist a sequence of
subgradients {gi} and a sequence of positive definite linear maps {Py : Ty, M —
T., M} satisfying

A < Anin(Pr) < Apaz(Pr) <A for some 0 < A< A <oo and all k €N,
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where Apmin(Px) and Amaz(Px) denote respectively the smallest and largest eigen-
—Prgr

| Pegrll

3. NONSMOOTH KURDYKA-LOJASIEWICZ INEQUALITY ON RIEMANNIAN
MANIFOLDS

values of Py, such that py =

In this section, we present a nonsmooth version of the Kurdyka-Lojasiewicz
inequality. Then, we prove that a locally Lipschitz C-function defined on an analytic
manifold satisfies the Kurdyka-Lojasiewicz inequality at every point of its domain.

Definition 3.1 (The Kurdyka-Lojasiewicz inequality). A locally Lipschitz function
f: M — R satisfies the Kurdyka-Lojasiewicz inequality at x € M iff there exist
n € (0,00), a neighborhood U of x, and a continuous concave function & : [0,n] —
[0,00) such that

k(0) =0,

K is of class C* on (0,7),

k' >0 on (0,m),

For every y € U with f(x) < f(y) < f(x) +n, we have

K (f(y) — f(2)) dist(0,0f (y)) = 1,
where dist(0,0f(y)) = inf{||v]| : v € If(y)}.
The following lemma states that a locally Lipschitz function f defined on a Rie-

mannian manifold M satisfies the Kurdyka-Lojasiewicz inequality at any noncritical
point x.

Lemma 3.2. Let f : M — R be a locally Lipschitz function defined on a Rie-
mannian manifold M and 0 ¢ Of(x). Then, f satisfies the Kurdyka-Lojasiewicz
inequality at x.

Proof. First we claim that there exist a neighborhood U(z) and a scalar § > 0 such

that for every y € U(x), dist(0,9f(y)) > J. We prove the claim by contradiction,

assume that there exist sequences y; € B(z,1) C c1B(z,1) and v; € df(y;) such
1

that ||v;]| < T Since f is Lipschitz on cl B(z,1), we conclude from Theorem 2.9 in

[10] that L,,,(v;) is a bounded sequence in T, M and has a convergent subsequence
to zero. Moreover, {y;} has a subsequence converging to x, hence Theorem 2.9 in

t
[10] implies that 0 € df(x) as a contradiction. We consider x(t) := 5 and 1 := g
It is obvious that for every y € U(x),
. dist(0,0
W) F@) dist (0,07 (y) = OO oy
which completes the proof. ([

Now we aim to present a class of locally Lipschitz functions satisfying the
Kurdyka-Lojasiewicz inequality on their domains. First we need to recall some
definitions referring to o-minimal structures on (R, +,.) and analytic geometric
categories; see [6].

Definition 3.3 (o-minimal structure). Let O := {O,}nen be a sequence such that
every Oy, is a collection of subsets of R™. O is said to be an o-minimal structure
on the real field (R, +,.) if for every n € N the following conditions are satisfied:
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O, is a Boolean algebra.

IfA€O,, then AXR€ O and R x A € Opy;.

o If A € Opta, then m,(A) € O, where m, is the projection on the first n
coordinates.

o O, contains the family of algebraic subsets of R™.

o O consists of all finite unions of points and open intervals.

We say the elements of O are definable in 0. Moreover, a function f: R” — R
is called definable in O if its graph belongs to O, 1.

Definition 3.4 (An analytic-geometric category). An analytic-geometric category
C assigns to each real analytic manifold M a collection of sets C(M) such that for
all real analytic manifolds M and N the following conditions are satisfied:

C(M) is a Boolean algebra of subsets of M, with M € C(M).

If AeC(M), then AXxR e C(M x R).

If f : M — N is a proper analytic map and A € C(M), then f(A) € C(N).
IfAC M and {U; : i€ A} is an open covering of M, then A € C(M) if
and only if ANU; € C(U;), for all i € A.

For every bounded set A € C(R), the topological boundary OA consists of a
finite number of points.

The elements of C(M) are called C-sets. If the graph of a continuous function
f:A— Bwith A e C(M)and B € C(N) is contained in C(M x N), then f is called
a C-function. The following theorem proves that a locally Lipschitz C-function
defined on an analytic manifold satisfies the Kurdyka-Lojasiewicz inequality at
every point of its domain.

Theorem 3.5. Let f : M — R be a locally Lipschitz C-function defined on an ana-
lytic Riemannian manifold M. Then, f satisfies the Kurdyka-Lojasiewicz inequality
at every & € M.

Proof. Using Lemma 3.2, it is enough to prove that f satisfies the Kurdyka-Lojasiewicz
inequality at every critical point Z. Assume that (®,V) is a local analytic chart of
M around . We can suppose that V is bounded, therefore by the Lipschitzness of
f we conclude that f(V) is also bounded. From [15, Proposition 1.1.5], we deduce
that fo®~! is definable. Moreover, using Theorem 11 of [6] and Theorem 4.1 of [3],
we result that the Kurdyka-Lojasiewicz inequality for f o @1 holds at § := ®(z).
Therefore, there exist n € (0,00) and a concave function & : [0,7] — [0,00) such
that

k(0) =0,

K is of class C* on (0,7),

k' >0 on (0,n),

For every y € ®(V) = U with fo®~1(§) < fo® 1(y) < fo® 1(y) +n we
have

K'(fo® T (y) — fo @71 (y))dist(0,0(f o @) (y)) > 1.

Since @ is analytic on V, we have D® is continuous on V and therefore for ev-
ery compact subset K in V, there exists Cx such that Cx := sup,¢cf [|[D®(y)],
where ||.|| denotes the operator norm. Now we prove that f satisfies the Kurdyka-
Lojasiewicz inequality at Z. We assume that V' is an open set containing Z in V/
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such that K :=clV’ C intV is compact, then we define & := Cgk. It is clear that
for every x € V' with f(z) < f(z) < f(Z) + n, we have

R (f(x) = f(x)) dist(0,0f (x)) = 1.

4. SUBGRADIENT-ORIENTED DESCENT METHODS

In this section, our aim is to present a subgradient-oriented descent optimization
algorithm on a Riemannian manifold and to study the convergence analysis of the
proposed algorithm. Our approach is based on the concept of a first order model
function of the objective function f in a neighborhood of the current iterate, which
can be considered as a nonsmooth generalization of the Taylor expansion. First, we
present the notion of a first order model for a locally Lipschitz function defined on
a Riemannian manifold. The generalized directional derivative defines a first order
model which is called a standard model. Moreover, we present the definition of a
strict first order model for a locally Lipschitz function defined on a Riemannian
manifold. Using an approximation of the standard first order model, we develop
a subgradient-oriented descent optimization algorithm on a Riemannian manifold.
Finally, we prove convergence of our proposed descent algorithm to a single limit-
point for a locally Lipschitz objective function defined on a Riemannian manifold
satisfying the Kurdyka-Lojasiewicz inequality with a strict standard model.

Definition 4.1 (First order model function). Let f : M — R be a locally Lipschitz
function on a Riemannian manifold M. A function ® : TM — R is called a first
order model of f if the following conditions are satisfied:

B|r, pr for every x € M is conver.

®(0,) = f(x) and 0P(0,) C Of (x) for every x € M.

D is upper semicontinuous.

For every x and ¢ > 0, there exists § > 0 such that B(z,0) is convex
and f(y) < ®(exp,(y)) + edist(z,y) whenever dist(x,y) < &, where dist
denotes the Riemannian distance on M.

Definition 4.2 (Standard first order model). Fvery locally Lipschitz function f
has a first order local model, called standard model, defined as follows:

D(vg) = f(2) + [ (25 02)-
Definition 4.3 (Strict first order model). A first oder model ® : TM — R is called
strict at T € M if the following condition is satisfied:
e For every € > 0, there exists 0 > 0 such that B(Z,d) is convex and f(y) <
P(exp, t(y)) + edist(z, y) whenever x,y € B(Z,9).

For a convex function f : M — R, we can define a strict model function ®(v,) :=
foexp, (vy). For a concave function defined on a Riemannian manifold, the standard
model is strict.

Remark 4.4. A locally Lipschitz function f : M — R is called prox-regular at
with respect to o € 9f(Z) if there exist € > 0 and r > 0 such that B(Z, ) is convex
and

F) > £@) + (v,exp; (9) — 5 dist(y, @)%
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whenever dist(y, ) < € and dist(x,Z) < e with y #  and |f(x) — f(Z)| < &, while
|Lyzv — || < € with v € 0f(x); see [13]. Assume that f is a locally Lipschitz
function and — f is prox-regular at Z. Then the standard model of f is strict on a
neighborhood of z.

As our focus in this paper is on subgradient-oriented methods, we use the gener-
alized directional derivative to define our first order model. What is important in
our approach is that we do not use the generalized directional derivative directly
to generate the sequence of directions, because this may be too costly. Instead we
build a so-called working model which we define as follows.

Definition 4.5 (First order working model). A function ®* : T,M — R is called
a first order working model of f around x if

e &% s convex,
o D% (v,) < fo(m;vy) + f(x) for all v, € T, M,
o &7(0,) = f(z) and 09*(0,) C Of(x).

If G is a set containing a finite number of subgradients of f around z, then we
can define ®*(v,) := f(z) + maxyeg (g, Vs).

4.1. Descent step finding algorithm. Our minimization algorithm contains an
inner loop called descent step finding algorithm, in which we find a descent direction
at the current iterate of the minimization algorithm by using first order working
models. Here, we will explain our approach in the descent step finding algorithm:

The idea is that after some iterations of this algorithm, the obtained descent
direction will improve the current z and define the new iterate x*. Indeed, at
counter k of Algorithm 1, we produce a descent direction dj, by solving the following
tangent program with proximity control

1
(4.1) dy, = argmin{ Q% (d) = ®%(d) + F<Pd’ dy: deT,M},
k

where 1/t; > 0 is the proximity control parameter and the first order working
model @ : T, M — R is defined by

Qi(d) = f(z) + ?é%’,f@’ d)

where Gy, is a finite subset of 0f(z). If dj = 0,, then 0, € 0®7(0,) C 0f(x) and
therefore x is a critical point of f. If the solution dj # 0, gives sufficient decrease
in f, it defines by using the retraction the new iterate ™t = R,(d}). If dj is not
satisfactory, we keep = and use the information transmitted by d; to improve the
first order working model. In order to decide whether dj, is satisfactory or not, we
introduce a constant ¢; € (0,1), and compute the quotient

_ f@) = f(Ru(d})
flx) = @5(dy) 7

which reflects the agreement between f and the first order working model. Indeed,

if the working model is close to the true f, we expect pg to be close to one. We

say that agreement between f and the first order working model is acceptable if

pr > c1. Note that in this case, dj defines a descent direction, because

f(@) = ®i(dy) = @5(02) — Px(dy) = Qk(02) — Qi(dy) > 0.
Therefore, f(z) — f(R.(d})) > 0.
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Algorithm 1 Descent step finding by backtracking; (x*,tt, p) = Descent(z, P, t)

1: Require: A Riemannian manifold M, a locally Lipschitz function f: M — R
and a retraction R from TM to M.
2: Parameters: Scalars ¢; € (0,1), c2 € (¢1,1),0<0 <O < 1.
3: Input: Current iterate z, a positive definite matrix P € R™"*™ and ¢ > 0.
4: OQutput: New iterate T, step size ¢ and p.
5: Initialize: k=1,t =t, go € 9f(z) and G; = {go}-
6: find
1

(4.2) dj = argmin{Q7,(d) = ®F(d) + T
where ®7 : T, M — R is defined by ®7(d) = f(z) + maxgeg, (g, d).
7: Compute
f(z) — f(Ra(dy))
@)~ op(dy)
8: if py > ¢ then 2t = R, (d}), t* =t and p = p; and stop.

9: end if
10: Pick g € 0f(x) such that f°(z;d}) = (gk,d}). Include g into the new Gi 1.

(Pd,d): deT,M}.

Pk =

-1
Moreover, include g; = t—Pd,*g into the new Gpy;.

k
11: Compute the test quotient
_ —fo(z, d})

P ) - @)
12: if pp > co then select ¢ € [0tg, Oty], k = k + 1 and go to line 6.
13: else ty41 = tg, k = k 4+ 1 and go to line 6.
14: end if

Suppose that dj, is not satisfactory. Then the first order working model was not
entirely useful, and we need to improve it. Since the quadratic term (Pd, d) in (4.1)
remains unchanged during the step finding algorithm, we have to improve the first
order working model, which is done through adding elements to the set Gi. As the
first order working model is an approximation of the standard first order model,
we need to make sure if the agreement between the first order working model and
O(dy) = f°(z;df) + f(x) is good. In order to decide, we introduce another control
parameter

5 S = el
fx) — ®(dy)’
which reflects the agreement between the first order working model and the standard
first order model. We fix a constant co with 1 > ¢ > ¢1, which plays a role similar
to c¢;. We say that the first order working model is far from the standard first order
model if pg < co.

Suppose that p < ¢; and pr > ¢, it means that the first order working model
is not close to f, however the agreement between the first order model and first
order working model is good. Adding new elements to G would make the first
order working model closer to the standard first order model, but would not suffice
to make the first order working model close to f. Therefore, we have to tighten
proximity control, which means decreasing tj.
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It is left to explain how the first order working model is built. We start with one
subgradient gg and define
O7(d) = f() + max (g,d).
9€G1={g0}
As along as the found direction is not satisfactory, two subgradients will be added
to improve the first order working model. At counter k of Algorithm 1, we pick
g € 0f(z) such that
fo(;dy) = gk, di)
and include g into the new Gy1. Moreover, as we have
0 € 0®F (dy) + t, ' Pdy,

therefore g} := —t; ' Pd} € 09%(d;) C 9f(x). We include
* -1 *
9k = . Pd,
k
into the new Gy 1.

Remark 4.6. Note that if Gy = 9f(x), then py, is always equal to one and therefore
we always reduce the step size in case of non-satisfactory directions. Therefore,
di = —txP~1g, where g € 9f(x) is the projection of 0, onto df(z) with respect to
Ilp-1 = (., P~1.)1/2: see[l1, 12].

The following theorem proves that Algorithm 1 terminates after a finite number
of iterations. It can be proved along the same lines as Theorem 3.1 of [17].

Theorem 4.7. Let f be a locally Lipschitz function on a Riemannian manifold
M and 0 ¢ Of(x). Then after a finite number of iterations k the descent step
finding algorithm finds a subgradient gj; € 0f(x) and a step size t, > 0 such that
T = R, (—t,P1g}) satisfies the descent condition py > ci.

4.2. Minimization algorithm. Now, we present the main algorithm and prove
the convergence result. This algorithm contains all subgradient-oriented algorithms.
Moreover, it is beneficial in practical situations, where the full subdifferential is
inaccessible. In the minimization algorithm, we deal with updating the step size t}
and the matrix P;. Recall that in Algorithm 1 we had a constant ¢; € (0,1), and
computed the quotient
f(x) — f(Ra(d}))
fx) = ®5(dy)

which reflects the agreement between f and the first order working model at every
point x. Indeed, if the working model is close to the true f around z, we expect
pr to be close to one. We mentioned that agreement between f and the first order
working model around x is acceptable if pr > ¢;. In the following algorithm, we
introduce another constant T' € (¢1,1) and we say that agreement between f and
the first order working model around z is good if the quotient is bigger than T'.

As in Algorithm 1 the step size is never increased, we increase the step size if
the agreement between f and the first order working model around the current
iteration is good. If the agreement is only acceptable, then we memorize the last
step size. As we wish to avoid too small step sizes in our convergence analysis,
we put a lower bound T on the step sizes. This part is not obligatory in practice
though.

PE =
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The sequence of matrices in the minimization algorithm can be constant or
even can be considered equal to identity. But we can also use the BFGS strategy
presented in [12] to update this sequence.

Algorithm 2 Minimization algorithm

1: Require: A Riemannian manifold M, a locally Lipschitz function f: M — R
and a retraction R from T'M to M.

2: Parameters: 0< 0 <0 <1,0<c; <I'<,0<A<A<o00,T>0.

Initialize: j =1, ¢] > 0, z1 € M and P, is a positive definite matrix such that

AILE< (1l < ALl with [|2]} = (2, Pz).

@

4: for j=1,2,... do

5: if 0 € 0f(z;) then Stop

6: end if

7: (zj41,t541, p) = Descent(x;, P;,t}) and choose a new Pj 41 such that A|.|| <
1 < AT

8: if p > I then t;, ;| = max{T, 9_113;_’_1}.

9: end if

10: end for

The following theorem proves the convergence in the sense of subsequence of
Algorithm 2. Moreover, convergence to a single critical point can also be proved if
the Kurdyka-Lojasiewicz inequality is satisfied.

Theorem 4.8. Let f: M — R be locally Lipschitz on a Riemannian manifold M
and L = {x € M : f(zx) < f(x1)} be bounded. Assume that xz; is the sequence
generated by Algorithm 2.
o [f the standard model of f is strict and T > 0, then every accumulation
point of x; is critical.
o [f the standard model of f is strict and T = 0, then there exists at least one
accumulation point of x; which is critical.
o [f the standard model is strict and f satisfies the Kurdyka-Lojasiewicz in-
equality, then z; converges to a single critical point. (In this case, T > 0.)

Proof. Assuming 0 ¢ Of(z;), then by Theorem 4.7 we deduce that after a finite
number of iterations k; the descent step finding algorithm finds a subgradient gzj €
Of(x;) and a step size t, > 0 such that z;,1 = ij(—tk].Pflg;;j) satisfies the
descent condition p > c¢1. Set d,’;j = —tg; Pj_1 gzj. Therefore,

(4.3) Flag) = flzjn) = e (f () - @ (di,).

T 1 -1
Since dj = = argmin{®,” (d) + —(P;d,d) : d € T,;M}, we have g; = —DP;d; €
J J thj J J tkj J
Bq)i; (d,’;j), hence the subgradient inequality gives

(gh,—di,) < B2 (0) — B (df,) = f() — @} (d5.).

J
Consequently,

(1.4 I < (7o) — o)
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where || [|7 = (P;d}, . dj,). Now summing (4.4) over j = 1,..., J — 1 on both sides
implies

J-1 1
Z THdeHQ' < —(f(x1) = flz)).
; k; C1

j=1 "
Since dj  is a descent direction, the sequence {f(x;)} is decreasing and {z;} C L
is bounded. Moreover, since f is locally Lipschitz on the compact set L, it can be
proved that it is Lipschitz of some constant K on L which implies that

J—1
; tk1j||dzj|2 < é(f(m) — f(z))) < gd(xl,xJ).

1 1
Therefore, the series > t—||d’,g]||3 is summable and t—||d’,ng? — 0. Since the
k; k;

2

norms || - ||; are uniformly equivalent, we conclude that t—||d’,gj — 0. Now we
k.

J
shall have to deal with two cases;

i)An infinite subsequence {gj }jen converging to zero. We claim that every
accumulation point of {x;};en is critical. Let z* be an accumulation point of
{z;}jen, without loss of generality, we assume that z; — z*, j € N. Since
i, € 0f(x;), by Theorem 2.9 in [10], 0 € 9f(z").

i) Let {gy }jes be an infinite subsequence of g~ with [|g; || = n > 0 forall j € J
and some positive number 7. We first prove that under this assumption, {tx, }jezs
converges to zero. To prove the claim, we assume on the contrary that there exists
7 > 0 such that tx;, > 7 > 0. Moreover, we assume that z* is an accumulation point
of {z;}jez, then there exist subsequences {Lq,qo+ (P))}jeg’s {La,a (d},)}jes and

1

1 1
{t—}jejf converging to P, dx, 7 respectively. Consequently, ¥||P5x|| > n. But
k;

J
1 1

we proved that t—||dzj > = 0, which means ¥||5x\|2 = 0. Hence, either 6z =0 or
kj

1

7= 0, which is a contradiction. Therefore, we conclude that {tx;};cs converges

to zero.
Now we divide J into two classes;

j1C{jENZt;>tkj}, jQC{jéN:t;:tkj}.

Let & be an accumulation point of a subsequence in 71, we show that Z is a critical
point. Without loss of generality, we may assume that x; — £, for j € J1. Suppose
that for j € J; the backtracking rule was applied for the last time at step k; — v;
with v; > 1. Consequently,

f(a;) — f(Ray(d5, )

Pki—v; — - - <y,
S Fay) e, )
and
~ Fla) — o)
pk}j—ljj = > 62'

Fa) -0, (d, )~
Mor(?over, tr; = Ok;—v,tk; v, for uniformly bounded 6, _,,, and g}‘ = 79k_7._u_7.t,;j1 P; dzr,/j €
aq)i;_yj (dy,—,,)- We prove that g7 — 0 and therefore 0 € 9f(Z). First, it is clear
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that that {gj : j € J1} is bounded. Moreover, || _, || is convergent to zero. Now

if g7 does not converge to zero, there exists § > 0 such that [|g;|| > 0 for all j € J1.
Note that

<§;7 - Z_jfuj> < f(xj) - (I)i;—yj( ijv]»)'
Therefore, the left hand side behaves asymptotically like c||g}||[|d} _, || for some
¢ > 0. Hence, we have

CQHd;:?j—l/j” S f(m]) - (I)ijfuj( Zj—l/j)'
Now using the fact that f has a strict standard model, there exists ¢; — 0 such
that
flexpg, (dy,—y,)) — ®(dy;—,) < €5lldi, o, |-

Hence, using the fact that any retraction is a first order approximation for the
exponential map on the manifold, we have that

ﬁ P 4 f(RQ?g( Itjfyj))_q)( ;:;J.,,,j)
kj—v; — Pkj—v; T *
Y Y fas) = Py, (dkj—uj)

Flexp,, (dy, ) = ®(di, ) F(Ra,(dy,_,)) — flexp,, (d; )

< Pk;—v; + T » + j *
flag) =¥, (dy ) flag) =@, (d}, )
€5 KdISt( (dk —vj ) Qpr]( ijuj))

< i—Vj - ’
= Pl T gt Olldy, |

which shows that lim SUpP; o0 Pr;—v; < lim SUP; o0 Ph;—v; < €1 < C2, contradicting
the fact that py; ., > co for every j € J1. This shows that g7 converges to zero.

Now assume that & is an accumulation point of a subsequence of {z,}7,. There-
fore, t7 = t;. But this cannot happen. Since ¢x; is convergent to zero and ¢ > T

To prove the second part of the theorem; we proved that if g,:j has an infinite sub-
sequence {g;‘; }jen converging to zero, then every accumulation point of {z; }jen is
critical. If gk has an infinite subsequence which is bounded below, then as before
we define J; and Jz, since ty; converges to zero in this case, hence there exists an
infinite subsequence of {x] }JG 7, converging to some Z. Using the same argument
as in the first part of the theorem, we can prove Z is critical.

To prove the third part of the theorem, assume that f satisfies the Kurdyka-
Lojasiewicz inequality. We prove that x; converges to a single critical point z*. We
have shown that the sequence x; has at least one accumulation point z*, which is
critical. Assume that L’ is the set of all accumulation points of z;, it is obvious
that L is closed. Since f(x;) is decreasing, f is constant on the set L’. Using the
Kurdyka-Lojasiewicz inequality for every z € L', we may find a neighborhood U (x)
of x and a continuous concave function x, : [0,7,] — [0,00) of class C* on (0,7,)
with k;(0) =0, s, > 0 on (0,7,), such that

ke (f(2') = f(2)) dist(0,0f(2")) =1, 2’ €U(z) with f(z) < f(2) < f(z)+ 7.
By compactness of L', we find finite points x1, ..., x, € L’ such that U(x1), ..., U(x,)
cover L'. Then, we choose ¢ > 0 such that V := {x € M : dlSt(Z' L') <
e} C Ui_1U(wi). Set n = min—y _ ,7g,, £'(t) = max;—1,.. &}, (t) and &(t) =
fg K'(7)dr. We claim that for every € L' and 2’ € V with f(z) < f(z') < f(z)+n,
we have

R (f(@') = f(2)) dist(0,0f(2')) > 1.
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To prove the claim, we find z; such that ’ € U(x;), then

K (f(2") = f(2)) dist(0,0f () = g, (f(2') — f(x:)) dist(0,0f(z")) = 1,

which proves our claim. We assume without loss of generality that f is zero on L'.

‘We know that
1 1
t]THdk]-HQ' < a(f(ﬂﬁj) — f(zj41))-

By concavity of x, we have
i(f(25)) = 6(f(2j41) = & (F (@) (f(2;) = f(2j41)) 2 cm’(f(ﬂfj))illdzj I3,

whenever 0 < f(z;) <1, 0 < f(z;4+1) < n. By the Kurdyka-Lojasiewicz inequality,
we conclude that x'(f(z;)) > ||g||~! for every Clarke subgradient g € Of(x;).
Therefore, &'(f(z;)) > g, | =%, which implies that

w(f(x5)) = K(f(241)) = Clw > Nldg, Il
tr, 1Py |l ’

for some constant A" > 0. This proves the summability of [|dj ||, hence dj; — 0
and dist(Ry, (d;j),xj) — 0. Therefore, z; is a Cauchy sequence converging to z*
and L' = {«*}. Since L’ has at least one critical point of f, we deduce that z* is

critical and the proof is complete.
O
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