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On a Multilevel Preconditioner and its Condition
Numbers for the Discretized Laplacian on Full
and Sparse Grids in Higher Dimensions

M. Griebel and A. Hullmann

Abstract We first discretize the d-dimensional Laplacian in (0,1)¢ for varying d
on a full uniform grid and build a new preconditioner that is based on a multilevel
generating system. We show that the resulting condition number is bounded by a
constant that is independent of both, the level of discretization J and the dimen-
sion d. Then, we consider so-called sparse grid spaces, which offer nearly the same
accuracy with far less degrees of freedom for function classes that involve bounded
mixed derivatives. We introduce an analogous multilevel preconditioner and show
that it possesses condition numbers which are at least as good as these of the full
grid case. In fact, for sparse grids we even observe falling condition numbers with
rising dimension in our numerical experiments. Furthermore, we discuss the cost
of the algorithmic implementations. It is linear in the degrees of freedom of the re-
spective multilevel generating system. For completeness, we also consider the case
of a sparse grid discretization using prewavelets and compare its properties to those
obtained with the generating system approach.

1 Introduction

In this paper, we deal with the preconditioning of finite element system matrices
that stem from elliptic partial differential equations (PDEs) of second order. Here,
we are especially interested in the higher-dimensional case. For example, high-
dimensional Poisson problems and high-dimensional convection diffusion equations
result from diffusion approximation techniques or the Fokker—Planck approach. Ex-
amples are the description of queueing networks [Mit97, SCDDO02], reaction mech-
anisms in molecular biology [Sjo07, SLEQ9], or various models for the pricing of
financial derivatives [Kwo08, Rei04]. Furthermore, homogenization with multiple
scales [Al192, CDGO02, Mat02, HSO5] as well as stochastic uncertainty quantifica-
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tion [HSSO08, BNT10, JRO8, NTWO08b, NTW08a, BNTT11, MK10, CDS11] result
in high-dimensional PDEs. Next, we find quite high-dimensional problems in quan-
tum mechanics and particle physics. There, the dimensionality of the Schrédinger
equation [Mes65] grows with the number of considered electrons and nuclei. Then,
problems in statistical mechanics lead to the Liouville equation or the Langevin
equation and related phase space models where the dimension depends on the num-
ber of particles [Bal97]. Furthermore, reinforcement learning and stochastic optimal
control in continuous time give rise to the Hamilton—Jacobi—Bellman equation in
high dimensions [SB98, Mun00, BGGK12]. Finally data mining problems involve
differential operators as smoothing or regularization terms (priors) whose dimen-
sion grows with the number of features of the data [GJP95, GGTO1, SSO1, Heg03,
Gar04].

We want to derive multilevel preconditioners with condition numbers that are
bounded independently of both, the discretization level J and the dimension d. Fur-
thermore, they should possess linear cost complexity with respect to the degrees of
freedom.

We will focus on the model problem of the d-dimensional Laplacian, which has
been intensively analyzed in numerical analysis, albeit mostly for fixed dimension d.
To this end, we first consider the simple case of a discretization based on a uniform
grid using, e.g., piecewise d-linear finite elements. The solution of the resulting sys-
tem of linear equations is computed iteratively. This involves the cost of a matrix-
vector multiplication times the number of iterations needed to achieve a given accu-
racy. Here, a sparse system matrix can usually be applied with a number of floating
point operations that is linear in the number of degrees of freedom. An optimal iter-
ation count which is independent of the number of degrees of freedom is typically
achieved by multiplicative multigrid methods [Yse93, BL11, Hac85, Gri94b], the
additive BPX preconditioner [BPX90, Osw92, Osw94] or wavelet-based methods.
But even if the overall additive or multiplicative preconditioned matrix-vector prod-
uct is linear in the number of degrees of freedom and the number of iterations is
independent of the mesh width, the involved order constants are in general still de-
pendent on the dimension d, which can be an issue in the higher-dimensional case.

Furthermore, the number of degrees of freedom itself is subject to the curse of
dimension [Bel61]. One remedy is the use of so called sparse-grid discretizations.
To this end, regular sparse grids, energy sparse grids [Bun92a, BG99] and general
sparse grids [GKO00, Kna00, GK09, Ham09] have been employed with good suc-
cess. Furthermore, space- and dimension-adaptive extensions exist [GG03, Feul0].
However, the condition number of the resulting system and the cost of a matrix-
vector multiplication are now more difficult to reduce than in the regular full-grid
case. For example, already for a straightforward regular sparse grid discretization,
cf. [GO94], a simple diagonal scaling similar to the case of the BPX-preconditioner
does not result in asymptotically bounded condition numbers in dimensions d > 3.
Here, more complicated basis functions like prewavelets offer a solution [GO95].
Furthermore, the system matrix is not inherently sparse, and a dimension-recursive
algorithm based on the so-called unidirectional principle [BZ96, Bun92b] is needed
to perform the matrix-vector-multiplication in linear time.
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In this paper, we present a new additive preconditioner that is based on the mul-
tilevel idea and relies on isotropic and anisotropic subspaces. We show for the full
grid case that the resulting condition number is bounded independently of the level J
of the discretization and that it is also independent of the dimension d. The cost
complexity is linear in the number of degrees of freedom of the enlarged generating
system with a constant that grows at most polynomially in the dimension. However,
it needs to be mentioned that the enlarged generating system has a factor of about 2¢
more degrees of freedom than there are on the finest mesh. Our preconditioner is ap-
plicable to sparse grid discretizations as well, and the resulting condition number is
now also bounded independently of J for d > 3. Furthermore, it is bounded indepen-
dently of d and we even observe a falling condition number with rising dimension d.
The new preconditioner can also be applied to prewavelet discretizations and then
produces exactly the same condition numbers.

In Sect. 2, we introduce a multilevel discretization, and we present a norm equiv-
alence with dimension-independent constants. Then, in Sect. 3, we introduce the
full grid preconditioner with dimension-independent condition numbers for our en-
larged generating system and discuss its costs. The new approach is extended to
sparse grids in Sect. 4. In Sect. 5 we show that the same results can be obtained for
prewavelet discretizations as well. In Sect. 6 we give numerical results that support
our theory. In fact, for sparse grids, we even observe falling condition numbers with
rising dimension d. Final remarks in Sect. 7 conclude the paper.

2 Discretization

We denote the unit interval by Q = (0, 1) and its d-fold tensor product by 2¢. The
Poisson problem on Q¢ for a given right-hand side f: Q¢ — R with I' = Q¢ and
homogeneous boundary conditions reads as

—Au=f on QY (1)
u=20 on I'.

2.1 Discretization by an Isotropic Full-Grid

Our aim is to discretize problem (1) by piecewise polynomials on a uniform grid and
to precondition the resulting system of linear equations optimally not only with re-
spect to the number of degrees of freedom, but also with respect to the dimension d.
As usual, we define the bilinear form a : H' (2%) x H'(Q4) — R as

a(u,v) = Vu-Vydx
Qd
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and the right-hand side b € H'(Q9)* as
b(v):/gdfvdx.
The weak formulation then reads: Find a solution u € H} (29) that satisfies
a(u,v) =b(v) forall ve Hj(Q%). ()
We discretize H] (29) by the d-fold tensor product of one-dimensional function

spaces. To this end, we first consider a one-dimensional multiresolution scale of
subspaces, i.e

Vicv,cWwzC..., 3)
for which V1" = H}([0,1]) holds with V = U;2_, V;. Here, we assume
Vi=span{¢y;: 1 <i<n} “)

with n; = €(2') locally supported basis functions ¢ri,1 <i < mny, on level [. We
define the d-dimensional tensor product space

Vi=V® -V

and the spaces
Vi=vi®--eV, 5)

which are spanned by the functions
Ori =iy Oy (6)

fori= (i1,...,iq) € NY with 1 <i, <nm;,p=1,...,d.
On level J, the weak problem (2) for VJd then leads to the system

Agyxq7=bg, (7

of Ny := (ny) linear equations with

Agy € RN Nas (Ay )i =a(9yi, s5)

and
Xa.7,ba; € RN (by )i = (f, 01i)12(4)

again for i,j € N¢ with 1 < ip,jp <nj,p=1,...,d. Note that, with a lexicographic
ordering of the degrees of freedom, the system matrix can be expressed as a sum of
Kronecker product matrices, i.e.

d—1
Agg=A1 ;Mg ;+ Z M, 1 /@Ay OMy_ps+Myg_1;@A1y, (8)
p=2
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where A ; € RV is the stiffness matrix of the one-dimensional problem

(99 99y .
(Al,l)zl/*( ox | ox )Lz(Q) for 1<i,j<ny,

and M, ; € R ()" als0 has Kronecker product structure
p
M, ;= ®M1,J
q=1

with M ; € R*">*" and

Miy)ij = (¢20:97,j)12(0) for 1<i,j<n;. €))

2.2 The Multilevel Approach

The system matrix A, ; in (7) for, e.g., linear splines, possesses a condition number
that is of the order ¢(2%/). Thus, classical iterative solution methods for (7) like the
Jacobi method, the steepest descent approach or the conjugate gradient technique
converge successively slower for rising values of J. The same is true for the Gauss-
Seidel and the SOR methods. This problem is remedied by a multigrid method or a
multilevel preconditioner. Then, the number of iterations necessary to obtain a pre-
scribed accuracy is bounded independently of J, cf. [Hac85, Xu92, BL11, Bra07].
To this end, besides the grid and the basis functions on the finest scale J, also the
grids and basis functions on all coarser isotropic scales are included in the iterative
process, i.e. the multiscale generating system

J
U{(pl,i:1§ip§n17p:1,...,d}
=1

is employed. Note that there is work that relates classical multigrid theory to
multiplicative iterative algorithms operating on such a generating system [Gri94b,
Gri%4a]. Furthermore, the BPX-preconditioner [BPX90] can be identified with one
step of the additive Jacobi iteration. Both methods guarantee asymptotically optimal
convergence rates that are independent of J. However, the corresponding rates still
depend on the dimension d.

To overcome this issue, we follow a different approach which relies on all coarser
isotropic and anisotropic scales. To this end, we define the spaces

Vi=V, @2V, (10)

for the multiindices 1 = (1;,...,l;) € N? . Next, we define the index sets
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)a:{l,...,n,l}x-nx{l,.. n,d}

and the associated basis functions

¢l,i:¢11,i1 ~~~~~ ¢ld~,1'd for i:(il,...,id)Exl. (11D

Obviously, it holds Vj = span{¢y; : i € y1}. From now on, nj := || denotes the
number of degrees of freedom of the subspace V}. The isotropic spaces (5) can be
expressed in this setting by V¢ = V;, where 1 = (,...,1), and the isotropic func-
tions (6) are given as ¢ ; = ¢y ; fori € .

Our enlarged generating system includes all basis functions

U {dizien}, (12)

gd
le. 75

where the index set
Fl={1eN:Il.<J} (13)

contains the multiindices 1 of all coarser scales, i.e. | C VJd forl e ﬁjd. Next, the
weak problem (2) for VJd leads with (12) to the enlarged system

Ads%is=ba; (14)

of linear equations, with Kd’j € RNer*Nas and R ,bg; € RV4I, where Ny j :=
d s . ~

(Z{Zl n[) . The matrix A, ; is block-structured with blocks (A4 ;)1 k € R™* for

Lk e ﬁjd, where

(Mg ik)ij = alfni, ¢j) for i€ i€ x

and the right-hand side vector Bd, s consists of blocks (Bd’ IMERM e F Jd , with

((Bd,f)l)iZ(%,i,f)Lz(m) for iey.

Note that the non-unique representation of functions in the enlarged generating sys-
tem (12) results in a non-trivial kernel of Ad - Thus Ad J is not invertible. But the
system (14) is nevertheless solvable since the right-hand side bd_, ; lies in the range
of the system matrix. A solution can be generated by any semi-convergent iterative
method [BP94]. Many convergence results, e.g., for the steepest descent or con-
jugate gradient method, also apply to the semi-definite case, cf. [Gri94b]. There,
the usual condition number k is no longer defined, but the generalized condition
number X, i.e. the ratio of the largest and the smallest non-zero eigenvalue, is now
decisive for the speed of convergence.

Just like in (8), we can express our enlarged system matrix as the sum of Kro-
necker product matrices, i.e.
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d-1
Ayg=A1;OMy_1 5+ Z M, 1AMy s +My1 @Ay,
p=2

~ J J . . . . .
where Ay € REi—1m)*(Ei-17) is the multilevel stiffness matrix of the one-dimen-
sional bilinear form and reads

N IPr; I
(ALs) (1), (k) :( ox’ axJ>L2(.Q)

for 1<i<m,1<j<m,1<0Lk<J.
Furthermore, 1\7Ip71 € RO:{ZI )P (Zy m)” also has Kronecker product structure
o~ p o~
M, ;= ®M1,J
g=1

with M ; € REm)* (X m) and
(M) i) ) = 012 O ) 2y for 1<i<m,1<j<m,1<Lk<J.

Of course, at some point, we need to be able to transform the non-unique solution
X4 of (14) to the unique solution x4 ; of (7). To this end, we assume to have matrices
If € R™>" which are one-dimensional restrictions from level [ to level k for [ > k,
prolongations from level / to level k for [ < k and the identity matrix for / = k. Note
here that the Ij‘ ,k # 1+ 1 can be expressed as just a product of successive 2-level
restrictions and prolongations, respectively, i.e. we have

=L, --I' for >k and L =L_,--- I for I<k. (15

Naturally, the multi-dimensional case is obtained by the product construction
4k
K
¥ = @zllpﬂ . (16)
p:

Then, for Lk € 9}‘1, we can express any block (;&dﬁj)]’k € R and any part (Bd“/)]
as

(Auik =LA 0 and  (bgs)=Dbay . 17
respectively, where J = (J,...,J) is the multiindex that describes the finest level on
the isotropic scale. In the special case of identity matrices, we sometimes abbreviate
If by I; and I} by I, i.e. we drop the superscript if it is equal to the subscript.

Furthermore, let us define the rectangular block-structured matrix §1, JERWX (Ziegm)
by N
Siy=(I|...|5).

Then, we can express the block-structured matrix Sy 7 as
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d
Sas =S,
p=1

and with (17) we obtain

N ~r N N o
Ay =S;,A484y and by; =S, ;ba;.

As a result, we see that X ; = Sy Xy solves (7), if X4 ; is any solution to (14).
Note that we will never set up the matrices S; ; and Sg‘ ; in our implementation, but

compute their application to vectors by a straightforward algorithm in &'(d ~Nd’ 7)
floating point operations using (15) and (16).

In Sect. 3, we will propose a matrix Cy ; that can be applied cheaply to a vector
and acts as a preconditioner on the enlarged system (14) with

R(CasAas) =0(1) (18)
independently of the level J and the dimension d. Since

&(CayAdy) = &(CqsShA4sS4s) = €(SasCasSh AL) |

we can deduce that Cy; := /S\d, Jed’ .]/S\IY; ; is thus a preconditioner for A, ; with a
resulting condition number that is bounded independently of J and d. Before we can
present this preconditioner in Sect. 3, we need to discuss a specific norm equivalence
in the next subsection.

2.3 A Norm Equivalence Based on Orthogonal Subspaces
The multiresolution scale of subspaces (3) induces a sequence of L2-orthogonal
complement spaces (W;);>, with

Vi=Vio1®pW, for [>1, and Vp:={0}. (19)

A recursive application of (19) then yields V; = @ilek. Analogously to the
anisotropic full-grid subspaces W] in (10), we can now define anisotropic orthogonal
complement spaces by the d-fold tensor products

which satisfy Wi C Vj and W; L ;> Wy for 1 # k.
Now, we assume that, due to Jackson- and Bernstein-inequalities [Dah96, Osw94]
for the spaces (V;);>,, we have a one-dimensional equivalence

a 2
i X2 g < | 22

2
jeN L&

< Aanax Y 2% (Wil 72 ) @1
) leN
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for u € HY(2) with u = Y;cywy, where w; € Wj,1 € N, and 0 < Amin < Amax < .
In the following, we will use the symbol ~ to indicate such an equivalence and call
Amin and Amax norm equivalence constants. The next theorem shows that a similar
equivalence exists in higher dimensions with dimension-independent constants.

Theorem 1. For u € H}(Q4), it holds that

d
a(u,u) ~ Z (Z 22[”)””’1”%2(951) for u= Z wi with w € W,1€ N¢ |
leNd " p=1 leNd
(22)

where the constants ),mm and l,%)x associated with (22) are the same as in (21), i.e.
)L<d) = lmin and lmazc = Mmax-

min

Proof. In (4), we have introduced (¢,)}’, as a basis for the space V;. Of course,
there also exists a L2-orthonormal basis (l//j,):Z:’ | of V. Furthermore, we need the or-
thogonal decomposition (a)l,,-)l]=1 of yy,eVyforalli=1,...,n; with @y; € W}, =
1,...,J and

J
Yyi= Z ;.
=1
Next, analogously to (11), we define

vyi(X) =y (x1) . Wi, (xa)  and - ani(x) = oy 4 () - @, (Xa)

foralli€ yyandle .7 Jd This opens a direct way to find orthogonal decompositions
of functions u = } e, 0§y € de by

uzZOﬂi Z oy = Z Zaiwl,i: Z wi

iexy  1e7Y leFzdicx lezd

with
wy = Z oG €W (23)

ieyy

foralll € 7.
Now, we show that the norm equivalence (22) holds for any u € VJd with the
constants Amax and Ay, from (21). We have

d
a(u,u) :p; (pr lg %Yy, 5 pjg' JWJJ)LZ(Qd) (24)
d 9 d
= Z:: g,”gj (8 iV, o, ajWJ,j,,)LZ(Q>ql:[l(‘/fj,iqa‘I’J,jq)LZ(Q) (25)
q7p
d ny
=Y Z s 1) Wiy 5. Z a,@{,p}w,p) . @6)
p=1i'= 1®{zp} L2(Q)

IEXJ
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We obtain (25) by repeated application of the distributive law and by using the
product structure of the L?-scalar product. Then, the orthonormal basis property of
the (yy,);, cancels all terms for iy # jg,q # p, and we get (26). Note that

i:=io{ip}=(i1,....ip-1,ips1,...,iq) and
V@ {iph= (i1, sip1yipipits--sig) -

We can apply the one-dimensional norm equivalence (21) to (26) and get the upper
bound

d J nj nj
<Y ¥ Y 22[?(_2 iy} Oty Y %'@{jp}a’lp»fp>Lz(g> @7
p=1 i'=iofiy} p=1 ip=1 p=1

ieyy

d 7
max Y, Y, Y, Y 22]"(0&601,,75,,,Otjwl,,,j,,)LZ(m' (Wrigs Wi )12 @) (28)

p=lieyyjexylp=1

U

Q0
< 11

_z'ma" Z Z Z Z 221P a‘wlpv’p’alwlp Wp L2 H wlqv’q’wlmlq L2(Q)
=1

p=lieyyiexie 7y 9=
q#p
(29)

=Amax Z (i 22[1)) ( Z Qi Z ala)lJ)Lz(Qd> ’ (30)

lezd p=1 ieyy i€xy

In (27) and (28), we used the distributive law again and reintroduced the terms
we dropped previously. In (29), we replaced the y;,, and y; j, by the decompo-
sitions ):qu 1 @y i, and ):qu 1 O j,» respectively. Then, in (30), we recombined the
product of d one-dimensional L2-scalar products to one d-dimensional L*-scalar
product. Note that the lower bound with A, can be proven in the same way.
Now, in combination with (23), we know that (22) is a norm equivalence with con-
stants ﬂ,éldd)x < Amax and lrildh)l > Amin-

Next, our goal is to prove the sharpness of the estimates, i.e. we will show that
indeed ?Lmdx = Amd and lélm Amin. Since (21) holds for Amax and Apin on V¥, it
also holds on VJ C V¥ with optimal constants Amax (/) < Amax and Amin(J) > Amin.
We now choose umax s € Vy associated with the constant Agax(J) of (21), and plug

the multivariate function

u(X) = thmax. g (*1) - - - Umax7 (Xq)

into (24). This results in an equality instead of an upper bound in (27) with the
constant A,y (J) instead of Apax. Because of

A > Amax(J) 7 Amax for J — oo,
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we can conclude that ),élda)x = Amax. The kr(n‘fr)l-case can be shown analogously. a

The norm equivalence (22) can be found in, e.g., [GK09] or in [GO95] for the 2d-
case, but so far no special attention was paid to the dimension-independence of the
equivalence constants. A remark in that direction can also be found in [CS12].

3 A Dimension-Independent Full Grid Preconditioner

ez In order to
make this result available to our discretization, which is based on the subspaces

), c7g> S€€ Sect. 2, we need an orthogonalization operator, which will be defined

The norm equivalence (22) holds for orthogonal subspaces (W)

in the next subsection. Then, in Subsect. 3.2, we can finally present our new precon-
ditioner.

So far, we have used d and J as subscripts to indicate the dependence on the
dimension and the discretization level. For the following operators and matrices this
dependence is still present, but we will omit these subscripts for better readability.

3.1 Orthogonalization Operator

We now consider the whole multivariate sequence of subspaces V},1 € ﬁjd, which
we denote as

Vi = (Vl)leﬁjd :

For u,v e (Vl)leEZ;J’ we define the scalar product

(ﬁ,l/l\)Ad = Z (M],VI)L2<_Q,1) for u= (ul)le,ffjd and V= (Vl)lefijd‘
lezd

Then, we define the operator P : 9;1 — ‘7;1 by
Pii = (Qw, W)ie 74 »
where Oy, : V4 — W is the standard L?-projection into W}, i.e. it holds
(Owut, W) 12(qay = (U, W1)2(qay  Torall wy € W 31)

for u € V. The following well-known Lemma 1 is the basis for an efficient compu-
tation of Qwu,1 € .Z¢ without an explicit discretization of the spaces Wi.

Lemma 1. There holds the identity

Ow = (QVII _QV11,1)®"'®(QV1[1 _Qvld—l) )



12 M. Griebel and A. Hullmann

where Qy, : V — V| denotes the one-dimensional standard L2-projection into the
space V).

Proof. We abbreviate 71 = (QVzl — QVll—l )®--® (QVzd _ QVld—l)u’ First, we have
to show that z; € W}. It is obvious that z; € V], but we also have to establish the
orthogonality to all vg € Vi for k < Lk # L. To this end, let us pick an index i €
{1,...,d} with k; < I;. Then, we have

(@) 2(@dy = (- ®(Qv, = Qv ) @ -, vk) 204
— (...®(QVII_ —QVI’_)®...M7V]§)L2(Q¢1> =0. (32)

In (32), we used the d-dimensional generalization of the equality
Qv u:vi)1200) = (U, V) 12(0) = (Qvus Vi) 2(q) forall vg € Vi withl—12>k,

which holds since V;, C V;_; C V. Now, we know that z; € W}, but we still need
to show (31). Due to the L2—orthogonality of wj € W to all functions in Vi with
k <1k #1, it holds that

(Zle)LZ(Qd) = ((QVI1 - QV114 ) R ® (Qvld - Q\/l(171 )u7W1>L2(Qd)
= ((QVll X ® QVzd )uan)LZ(_Qd)
== (M,WI)L2(Qd> 5

and thus we have proven that zj = Qwu. a

The operator P can be given in block-diagonal matrix form as P: RN Nas with
blocks (P);x € R"*" and

Py = {QW‘ for 1=k, (33)

0 else

for all Lk € .Z¢, where Qy; € R"*™ is the matrix representation of the operator
w; restricted to the subspace ;. According to Lemma 1, the matrices Qw; can be
i P g {
expressed by

Qui = (I, —I}!_ My, ) "' My @0 (I, _IZ—I(M1Jd*1)711271M171l1) ;
(34

where M ; are the non-hierarchical isotropic mass matrices from (9) with J = [.

Note that, besides the simple 2-level restrictions and prolongations, d applications of

one-dimensional mass matrices and d applications of the inverse of one-dimensional

mass matrices are employed. Both operations can be cheaply executed since only

band matrices are involved here, e.g., tridiagonal matrices for linear splines.

Note furthermore that P possesses the overall Kronecker product structure
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~ d ~
= QP
p=1
with a block-diagonal P; € RM/*N1s | where

P, = diag(1}, B -G (M) 'UM,,,... . —F_ (My ;)" "I, "M, ) .

The block-diagonal structure of Pin combination with the Kronecker product struc-
ture (34) allows for an efficient application of P in our generating system, which
involves €'(d ]Vd 7) floating point operations. A more detailed cost discussion will
be given in Subsect. 3.3. N

Note that even though the matrix P is block-diagonal, it is not symmetric since
its blocks on the diagonal are not symmetrlc This is even more remarkable as the
corresponding operator P: VJ — V] is self-adjoint. In fact, the non-symmetry is a
property only of the matrix representation.

For our preconditioner, we also need to apply pr efficiently. To obtain a favorable
representation of P, we first consider the mapping

Z: RV \7j1

that maps a block-structured vector Xz ;7 = (x14); enleF! of the enlarged generating
system to a collection of subspaces by

Z: %4y~ (Y xidni)e (35)

ien
Note that P and P are linked by P=Z'PZ

Lemma 2. The adjoint VAR de s RV of (35) is given by
VARSTESS /)ZdJ with /)ZdJ = ((ul7(Plvi)Lz(-Qd))iexl,leﬁJd for uw= (ul)leﬁj" .

Proof. Forany v= (). 7 € VJ and X,y € RNas , we have
(2@,1’%] = Y (Y itz = Y, Y ailv ¢i)r2 o0
le7d i€n leFzdien

= (i\dJ’Z*{}\)EZ . I:l

Now, having Z and Z*, we are able to give a computationally efficient representation
of PT.

Lemma 3. It holds that R
=GPG !,

where G : RNwNas s block-diagonal matrix with blocks ((A;).,k € R"*™ gnd



14 M. Griebel and A. Hullmann

(G)n,k:{Ml for 1=K,

0 else

forall Lk € 3‘7 with the mass matrices M) = ®Z:1 M, .

Proof. 1t holds that

(Z'Z%49.54.0) = (2§d,la/Z\3’\d,J)Ajd =Y Y i@, 0) 2 i = 0 ,GYay .

1e7¢ e
and thus Z*Z = G. Then, we can infer
P =(Z'PZ)=Z'P(Z"" ) =GZ'PZG'=GPG™'. O

Note furthermore that the operator Pisa projection, i.e. PP = P. The same is true
for P since L
PP=Z'P22'PZ=Z7"'PPZ=72"'PZ=P.

Finally, we need the following Lemma.

Lemma 4. For a block-diagonal scaling matrix D € RNe*Nas spith blocks (lA))lyk €
R, for 1k € Z¢ and

(ﬁ)lk_{clll for 1=K,

0 else ,

the matrix D commutes with any other block-diagonal matrix B € RN Nas e g
block-structured matrix with blocks (B)1x € R"*" for Lk € Z¢, where

-~ Bk for 1=k,
B pr—
(Bl {O else

and B, € R gre general matrices.

Proof. For ease of notation, we use Kronecker’s & in this short proof. It holds that

(DB)j = Z (D)1.m(B)mx = Z O,.mC10m kBk = 8 kc1Bk

meﬁ}j me?j]
= O kBick = Z OL.mBm Om kCm = Z (ﬁ)l,m(ﬁ)m,k = (BD)y,
meﬁj‘{ meﬂj‘j
and thus DB = BD . O

~

Obviously, Lemma 4 can be applied to, e.g., B=PorB=G.
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3.2 Preconditioner

Now we will present our new preconditioner for the operator matrix K:L 7. To this
end, the most important ingredient is the norm equivalence (22). From Theorem 1
we already know that its constants are independent of the dimension d and bounded
independently of J.

Theorem 2. Let De RN4s*Nas pe g diagonal block-structured scaling matrix with
blocks (D) € R"*"™ and

d
o {70 o 1=

0 else
forall Lk € fld. Then, the generalized condition number of the symmetric matrix
L 'P'D/2A,,D'/2PLT (36)

is bounded asympiotically with respect to J and is completely independent of the
dimension d. Here, L is the Cholesky-factor of G, ie G=LL".

Proof. For any block-structured vector X4 ; € im f’, we have

X0 PTAL PRy =X Ay Ray (37)
=a( ) Y xaiog, Y, Y xion)
leFdicn legdien
d

- % (£

lezd p=1 iex
= Z(ZZZI)ITMIX]

lezy p=
= Xd’JDGXdJ . (39)

In (37), we have used IA’Ad J= Xy s and in (38), we have applied the norm equiv-
alence (22). The levelW1se summation of the mass matrix products was then ex-
pressed using the matrix G in (39). In the following, we need the block-diagonal
factor L of the Cholesky-decomposition

G=LL".
We set yg 5 = IAJTIA)I/ZﬁdJ and obtain with DG = D'/2GD!/2, see Lemma 4, the

equation
<T DO ST D27 T Tnl/2e ST <
Xd’JDGXdJ = Xd_’]D / LL'D / XdJ = yd.JYdJ .
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Then, using the equivalence of (37) and (39), and §d7 = DV 21’:4%7 J, We obtain
the relation o N R
YLD PP A, PD ALY ~ Y Ya (40)

for all ,; € imL"D'/2P with the same favorable constants as in (22). With the
commuting of the matrices Pand D~/ 2 see Lemma 4, the left-hand side of 40)
leads to (36). ~

Finally, we have to show that no v, ; € R¥/ with v, ; Ly, affects the spec-

trum. From the Fund/fflmAental Tlleorg\m of Linear Algebra, from P = (A}ﬁ(A}’l , see
Lemma 3, and from P D!/2 = D!'/2PT we know that

Vas € kerP"D'’L = kerD'/>GPG 'L = kerD'/>’GPL "L~ 'L
— kerPL T . 1)

We dropped the matrix D!/2G from the kernel in the last equality (41), as it is a
full-rank matrix and thus has no effect on the kernel. Obviously, if ?d, ; EkerPLT,
then v, ; belongs to the kernel of the preconditioned system (36). This finally proves
the theorem. a

As a result of Theorem 2, we can express our preconditioner for Xdy Jas
Coy— PD1GPT .
Moreover, this approach also gives us with Kd, 7= §Z A, J/S\d7 7 the preconditioner
Cyy:=S./PD'G'P'S], (42)

for the fine grid system matrix Ay ;. The preconditioned system possesses the same
condition number, i.e. it is also independent of d and bounded independently of J.

3.3 Cost Discussion for the New Preconditioner

So far, we obtained a preconditioner with condition numbers independent of d and
bounded independently of J. Of course, the question is now how high its compu-
tational costs are. Remember that a perfect preconditioner would be A;,} anyway,
but it involves way too many computations. With (42) we now have a preconditioner
Cg4,7 which comes, up to a d- and J-independent constant, close to A;}, but involves
only a number of floating point operations that is linear in the number of degrees of
freedom IV‘L s of the enlarged system.

We will now give a short discussion of the required matrix-vector multiplications
and their costs, also with respect to the dimension d. As stated earlier, the appli-
cation of the matrices S; ; and Sg, ; onto a vector can be implemented by a simple

algorithm that exploits (15) in &'(d - ﬁd, ) floating point operations. The application
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of D! is obviously possible with the same cost complexity. The matrix G needs
however a more elaborate discussion. As it is block-diagonal, its action can be im-
plemented with an algorithm that works subspace by subspace. On every W,1 € .7 Jd ,
the mass matrix M = ®i:1 M, ;, must be inverted. As these matrices have Kro-
necker product structure, the inversion can be realized by the application of M, le to

the dimension p for p = 1,...,d. We assume the functions {¢;}ic,, to be of finite
element type (h-version with fixed polynomial degree) having local support. Conse-
quently, the associated one-dimensional matrices M ;, have band matrix structure
with constant band size and are thus invertible with linear costs'. As a result, we
have a cost of &'(d - m) on each subspace and obtain a cost complexity of & (d - Ny ;)
in total. The same argumentation holds for f’, which has a somewhat more compli-
cated form, see (33) and (34), but also works subspace by subspace, where we can
again exploit a Kronecker product structure. In total, we arrive at costs of &(d -JV[L 7)
for our preconditioner. The application of Ay ; is directly possible? in &'(d? “Nay)
due to the representation of the system matrix as a sum of Kronecker product ma-
trices (8). In comparison, our preconditioner (42) is slightly more expensive since
its costs depend on the enlarged system with 1/\\7d, ; degrees of freedom. However, a
geometric series argument shows that

Nay= 02Ny y) = 0(272) = 62V V) = O(Nyg41) s

and thus the costs for our preconditioner on level J compare simply to the costs for
aregular fine grid system on level J 4 1.

4 Sparse Grids

So far, we have dealt with the preconditioning of an isotropic full grid with &'(Ny ;)
degrees of freedom. They scale exponentially with the dimension d and are thus
impossible to deal with for d > 4 anyway. Under some additional smoothness re-
quirements, sparse grids [BG04] remove this curse of dimension to some extent.
Then, the multivariate multilevel structure is a fundamental necessity for both, a
good preconditioner and the discretization itself. The implementation of a sparse
grid multilevel discretization was already dealt with in [BG04, Feul0]. In the fol-
lowing, we discuss our new preconditioner for the sparse grid case in detail.

! Non-local basis functions (p-version) are likely to result in a Toeplitz-type matrix, which can be
inverted in log-linear time.

2 Note that it is even possible to execute this matrix-vector product in & (d -Ny ) operations by the
successive multiplications of My ; and of AdJM;'J =y _( g;ll I;) ®A1JM[} ® (®Z:p+l I)).
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4.1 Definition

We can use an index set .# C N¥,|.#| < oo, which defines the subspaces included in
some discretization by
Vy=Y V.
le.s

A proper choice of .# now depends — besides the error we want to achieve — on the
smoothness of the function class® for which we want to approximate.

For example, the full grid space VJd from (5) can be described by the index set
F Jd from (13), i.e. VJd = V%z, and has the approximation property*

. 2 _ _
inf (1=l ey < (22 Jul

Vs
with rate # —s and u € Hj(Q%). Its number of degrees of freedom is of the order
0(274). Thus, the accuracy as function of the degrees of freedom deteriorates expo-
nentially with rising d, which resembles the well-known ‘curse of dimensionality’,
cf. [Bel61, BG0O4].

The sparse grid index set

FE={1eN:|I|;, <J+d—1} (43)

circumvents this problem to some extent provided that additional mixed smoothness
u € Hj Q%) is present. For details, see [BG04]. An example for the function
system associated to 5”1‘1 is given in Fig. 1 (right) for the two-dimensional case. The
associated rate of best approximation

mix (

. 2 —2(t—s)J 2
JJpt =l < cl)20 lully

)

is the same> as for the full grid space, i.e.  — s, but the number of degrees of
freedom now is only of the order ¢(2/J¢~!) in J. This is a substantial improvement
of the asymptotics in J in comparison to the full grid case. A-priori H*-optimized
sparse grids need, depending on the available smoothness class, even less degrees
of freedom. For further details, cf. [BG04, GK09].

It is furthermore possible to adapt the index set .# a-posteriori to a given function
by means of a proper error estimation and a successive refinement procedure. This
approach results in adaptively refined sparse grids, see e.g. [Feul0, GG03]. Note
that for both, practical and theoretical reasons, our index set .# needs to satisfy the

3 In this paper, we restrict ourselves to homogeneous boundary conditions and do not introduce
functions at the boundary. However, by u = uga +ur with uga Ir =0and —Auga = f+Aur, we
cover any case with Dirichlet boundary functions ur = gonI .

4 This holds for a range of parameters 0 < s < ¢ < r with r being the order of the spline of the space
construction. In our case of linear splines r = 2 holds.

5 Note that an additional logarithmic term appears in the error estimate for s = 0, cf. [BG04].
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SO,

Level

LOOOUUTOO000N

Fig. 1 The first four levels of a one-dimensional multilevel generating system based on linear
splines (left). Two-dimensional tensorization and the sparse subspace (right)

admissibility condition
le F keN k<l=ke./. (44)

The number of degrees of freedom in the enlarged system for the regular sparse
grid space V. is ﬁs(} = Yjc.um- Note that here again some redundancy is in-
volved, but the asymptotics in J of the number of degrees of freedom remains the
same as for the sparse grid approach based on, e.g., the hierarchical basis [BG04],
that is N3G = /(2774 1) in J.

The weak problem (2) on Vyjd with the generating system

U {dizien} (45)
lesd
now leads to the equation R R
AQGRag =ba7 (46)

Here, the matrix Kg(} is block-structured with blocks (1/&\3(})171( € R for Lk €
4 where

(A5 = a(di dg) for i€ i€

and the right-hand side vector B(si(} consists of blocks (Bg(})l eRM 1 e 74, with

((ng)l)i:(%hf)p(m) for iey.



20 M. Griebel and A. Hullmann

Similar to the full grid case (14), the non-unique representation in an enlarged sparse
grid generating system (45) results in a non-trivial kernel of ASG Thus, AS 17 is not

invertible. But, again, the system (46) is solvable since the right-hand side b d,C} lies
in the range of the system matrix and a solution can be generated by any semi-
convergent iterative method.

We will now describe the enlarged sparse grid system (46) as a submatrix and a
subvector of the enlarged full grid system (14). Note that this is done here for theo-
retical purposes only. In our implementation we of course avoid the full grid system
with ﬁd, J degrees of freedom. In fact, our computational costs stay proportional to

Ndss;, which is substantially smaller, cf. Subsect. 4.3.
Like in (17), we can express the blocks of ASG and bS 4 with respect to (7) by

(A Nk =DA.4 and (65519)1 =Ib,,
forLk € .7 Jd . Now, we can express our sparse grid operator matrix by
329 = ﬁd,JKd,Jﬁg,J ) 47)

and our right-hand side by R o
b3 =Ry bay

where Rd JE R 19 <Nas is a rectangular block-structured matrix with

—~ I for k=1,
(Rahx =
0 else,

forl e fjd,k € ﬁ,d. Note that ﬁzjﬁd,J € RN Nay s o block-diagonal scaling

matrix in the enlarged full grid system which simply sets all vector blocks to zero
~ ~ NSG o, A1SG

that belong to 1 € Z¢ \ .74, and Ry ;RY , € R4/ *NiJ s simply the identity matrix

NSG
on R7d.J,

4.2 Sparse Grid Submatrix and Preconditioner

The proof of Theorem 2 showed that the condition number of C4 ;A4 ; is indepen-
dent of the dimension d and bounded independently of J. We will now extend this
result to the sparse grid case by a submatrix argument. For reasons of simplicity, we
stick here to the case of the regular sparse grid space Vy)]d and the associated matrix
KCSIC}, i.e. to the index set .7 Jd of (43). But note that the following proof works with
any index set .# C N? with .# C F4 ; for which condition (44) is fulfilled.

Theorem 3. The generalized condition number of the symmetric matrix
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5 T IBTR-128T RSGH . H-1/2pT -THT ﬁg(j}xﬁg(}?
Ry /L™ P'D™ /"Ry ;A 7R, D™ /"PLT R, ; € R , (48)

is less than or equal to the condition number of the preconditioned system Cq jA4 7
of the full grid with same dimension d and level J. Thus, the generalized condition

CSGASG
number odeJAd,J with

C35 =R,y PD'G'P'R], (49)
is bounded asymptotically with respect to J and d.
Proof. We recall (40) from the proof of Theorem 2, i.e.

/Y\ZJIAJ*]ﬁf]/zf’TKde’ﬁ*l/zﬁfryd,J ~ Yo Vas (50)

fory, ;€ imL7D!/2P. We obtain equivalence constants, which are at least as good
as those in (40), by the stronger condition

§4s € imR],R,,L7D!/2P C imLD2P ¢ RV |
The image of ﬁg 7 is not enlarged by block-diagonal matrices, and we can safely
replace A4 by ﬁg JASGR, ; on im IAQZ, ;- This gives us
v, L'D72PTR] JASSR, PD T PLTTY,  ~ ] Yay

with the same constants as in (50). Setting 235 = Ry ¥a. results in

< ST B < ST 2SG
Yag =Ry Rayas =Ry 257,
and we obtain
~SG\TH . T-ID-1/2TRT RSCh  PN-1/27-TRT 55G  (5SG\T-SG
(Zd,J) R; /L™ D P Rd,JAd,JRdJPD L RdJZd.J— (ZdJ) Z,g

on
Q. N sm o~ ~mesiaes . s ~msqpe~ RSG
235 € imR,yR] R, L"D"/?P = imR, ;L'D'/*P c R"/ .

It is left to show that vectors V55 with V55 L Z>5 are indeed in the kernel of (48).
We obtain this by

96 € ker(Ry LTD'?P)" = kerP™D'” LR}, = kerD'2GPG LR,
= kerﬁl/zaf’i_TﬁUTl’J = kerﬁfl_Tﬁgﬁj ,
where we have used similar arguments as in the proof of Theorem 2. Altogether,
this proves that the matrix (48) has a generalized condition number that is at least as

good as that for the full grid case, i.e. that of Cy4 ;A ;. Finally, we can rewrite the
preconditioner in the form (49) since
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&(Rs L~'"P"D~'/2RY ,ASSR, ;D2 PL R )
= k(RsyD~'/?PL""R] R, L~ 'P"D'/?R] ;A5 51
= fc(Rd,,PD*G-lPTR; ,Ad7 )= K‘(C dj) (52)

In (51), we used that K(EF) = K(FE) for arbitrary square matrices E and F, and
in (52) we used that Rd JRd_] is the identity on 1deJ, that L-7L~' = G~! and,
finally, that block-diagonal scaling matrices commute with block-diagonal matrices,
see Lemma 4. This proves the theorem. a

4.3 Cost Discussion

It is of course important not to implement the matrix AS - nor the preconditioner
CZC} from (49) naively, if we want to keep their computational costs proportional
to the number of degrees of freedom Ng 7 of the sparse grid. First, let us consider

CSC} in more detail. In fact, all the matrices P, D!, G~! and P” are block-diagonal,
which means that they can be implemented as subspace wise operations. As for
X4, € 1mR 4. all vector blocks (Xg )1 withl € ﬁjd \B% ¢ are zero and get removed

by the final application of Rd’ ; anyway, they do not need to be considered in the
implementation. By the same arguments as in Subsect. 3.3, we obtain that our pre-
conditioner can indeed be applied in &'(d - Njcj}).

An efficient matrix-vector multiplication with the operator matrix K[Sﬁ is how-
ever far more complicated than in the full grid case. One reason is that the index
5”;1 has, unlike ﬁjd, no representation as a Cartesian product, which means that
KZGJ has no Kronecker product structure like Kd_y 7 does. Of course, we must not
use (47), which was given only for theoretical reasons to allow for the submatrix ar-
gument of the last subsection. Instead, we resort to a quite sophisticated dimension-
recursive algorithm based on the so-called unidirectional principle [BZ96, Bun92b]
to perform the matrix-vector-multiplication linearly in the number of degrees of
freedom ﬁjg Typically the associated dimension-dependent constant in the costs

is proportional to 2¢. This factor can however be reduced to d” in the case of the
Laplacian by exploiting the L?-orthogonality between subspaces, see [Feu05]. Then,
the total algorithmic cost of one application of CSGASC} is of the order &(d? - Njg).

So far, we have expressed the computational effort with respect to the enlarged
sparse grid system with NSS‘ degrees of freedom, which has by a factor of about

24 more degrees of freedom than the hierarchical basis [BG04]. We consider this
acceptable, because the number of degrees of freedom of regular sparse grids is of
the order &(2/J471), which is exponential in d anyway. Moreover, the number of
degrees of freedom of energy sparse grids is of the order ¢’(2’) in J, but which
involves a constant that is also exponential in d, cf. [Gri06].
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Note that it is possible to remove the redundancy of our multilevel discretization
via the generating system (45) by using a prewavelet discretization. This seems to
eliminate the 2¢-factor by construction. It however still appears hidden in the setup
of the discrete right-hand side for general functions f. The prewavelet approach and
a new improved preconditioner will be discussed in the next section.

5 Prewavelets

The enlarged generating system introduced some additional difficulties like a non-
trivial kernel of the operator matrix and the need for an orthogonalization operator P.
This can be avoided in the first place if a direct discretization of the orthogonal
subspaces W is available, which is just the case for so-called prewavelets and for
wavelets.

Let us first consider the full grid case. To this end, let us assume that we have
basis functions (y41);c g 1e7d with

Wi =span{yj:i€ &} for le ﬂ}d , (53)

and set 71 := |&|. Note here that we have L?-orthogonality between different levels
by definition, but we have not necessarily L*>-orthogonality within one level. The
multilevel matrix Ay ; € RNa.*Na.s with

(Aas) i) (k) = a(Vii, Viej)  for i€ & je & Lke Ff (54)
results just from the system matrix A, ; of (7) by a change of the basis, since
P wm=v/.
leg¢

Thus, B
Ay =T'AyT,

where T maps from {yj;};. gaesd 1O {95 }icy;- The analogue holds for the right-
hand side by ; € RN¢/ with

(bas)ii = (f, ¥ii) 2(aaypi € &1 € Zf i by =T'byy .

Note here that, in contrast to Ay, the system matrix Ad’ ; is now invertible, since
the functions in (53) form a basis of Vf};.
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5.1 Preconditioner

Now, we will present our preconditioner for prewavelets and discuss its resulting
condition number. To this end, we need a diagonal scaling matrix D € RNa./*Na.s
with blocks (D) x € R " and

d
2Ip\§ _
(D) = (p;z My for 1=Kk, (55)

0 else ,

where the Ij € R™*/ denote identity matrices on the subspaces. Furthermore, we
need the subspace-wise mass matrix G € RN¢/*Nes with blocks (G)1x € R,

where B
_ M; for 1=Kk,
(G = {0 l else .
Here, M € R™* denotes the mass matrix
(Mi)ij = (vai, pi) for ijed.

Then, we have the following theorem:

Theorem 4. The condition number of
DG A,y (56)

is bounded asymptotically with respect to J and is completely independent of the
dimension d.

Proof. We translate the norm equivalence (22) into the matrix-vector setting for
X4y € RNes*Nas and obtain

Ko Axay=a( Y Y mivii, Y Y Bivag)

leF{ieg leFdicg
d 21 2
~ Y (22 p)HZx“q;“ o (57)
d S p=1 ; L*(Q4)
lezd p i€g
d —
= Z ( 221”>)—(lTM1)_(|
legy p=1
= )‘(57 /DGy .

From Theorem 1 we know that the constants in (57) are independent of the dimen-
sion d and bounded independently of J. This concludes the proof. a

In the case of a regular sparse grid with .# = .7, the equality
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Dw=) v (58)

lesd le.7}

holds. The analogue is valid for a general sparse grid with any arbitrary index set .#
for which the condition (44) is satisfied. Thus, the regular sparse grid space )} esd \%
or the general sparse grid space Y < » V1 can both be expressed by the left-hand side
of (58), i.e. with the help of Wj-subspaces. The resulting linear system matrix A3 4 is

just a submatrix of the full matrix® A, ;. Consequently, the condition number for the
sparse grid system is at least as good as the one of (56). Analogously the resulting
right-hand side BES is just a subvector of b ;.

Note here that prewavelets have been frequently used in the past as the ba-
sis functions of sparse grid discretizations [GO95, FeulO] but mostly no spe-
cial attention was paid to the dependence of the condition number on the di-
mension. A simple Jacobi-diagonal scaling of Ad’ J 1is equivalent to replacing the
subspace-wise inversion of the mass matrices G~ in (56) by the identity and the D
from (55) by diag(A,;). This does not affect the asymptotics in J for L?-stable
basis functions, but the condition number of the operator matrix grows now expo-
nentially with the dimension [Feu05]. Sometimes (D)) = 22~ diag(M]) is chosen,
see [GO94, GKO09], which also results in condition numbers that grow with the di-
mension d.

5.2 Cost Discussion

We now have the preconditioner Cy Ji= D !G! for Ad J in prewavelet discretiza-
tion. At first sight, this approach looks 51mpler and more efficient than the more
complicated discretizations A4 ; and A 7 using the enlarged generating system and

the associated preconditioners Cd’ J and ng, respectively. This is due to the fact
that the prewavelet system {y; : i € & }jc.» forms a basis and therefore exhibits no
redundancies. Thus, by a factor of about 2¢ less degrees of freedom are involved
than for the corresponding generating system.

However, there are additional difficulties to be faced in the prewavelet approach,
which should not be underestimated and may give the generating system method
a practical advantage. First, prewavelets are less local than, e.g. the corresponding
multilevel spline basis. Thus, the mass matrix inversions in G~! become more in-
volved. From a programming perspective, the more complicated basis functions and
different types of prewavelet functions near the boundary make the application of
the matrix A, to a vector more difficult. The efficient application of the action
of the sparse grid system matrix Afl 7 onto a vector is even more involved, since
the unidirectional principle strongly relies on the nestedness of the subspaces. If
this is no longer the case, the one-dimensional operators have to be tailored to the

6 Here, the level J of the full grid is to be equal to the level J of the regular sparse grid or equal to
the finest level involved in .# for the general sparse grid.
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specific discretization [FeulO] or the algorithm must switch to a generating system
anyway [Zeill].

Finally, as already mentioned at the end of Subsect. 4.3, the cost complexity of
the setup of the right-hand side b3S also has at least a 2¢-factor if the correspond-
ing integrations are realized by the interpolation of the function f from (1) in our
prewavelet sparse grid space and a subsequent multiplication by the mass matrix
to account for the necessary numerical quadrature. As stated in [Feu05], for gen-
eral functions f, this approach requires the inclusion of boundary functions in the
interpolation step (even if the solution u of our Poisson problem has homogeneous
boundary conditions). Since the d-dimensional hypercube Q¢ has 2¢ faces, an addi-
tional factor of the order 2¢ enters the cost complexity for the setup of the right-hand
side. The dependence of the cost complexity on the dimension d of other techniques
for the assembly of the right-hand side for wavelets and prewavelets with sufficient
accuracy, e.g. by the solution of an eigenvector-moment problem associated with
the coefficients of the refinement equation [DM93], is unknown to us. We however
believe that also these methods involve a factor of at least 2¢ in the d-dimensional
case due to the tensor product construction.

Altogether, the generating system approach from (36) and (48) can be seen as a
simple form of implementation of the prewavelet approach and, indeed, both meth-
ods give exactly the same condition numbers for the piecewise linear case.

6 Numerical Experiments

Now, we give the results of numerical experiments for our new full and sparse grid
preconditioners (42) and (49), respectively. We consider the d-dimensional Laplace
operator on the domain Q¢ = (0, 1) with vanishing Dirichlet boundary conditions.
As locally supported basis functions in (4), we choose on level / the n; = 2! — 1 hat
functions

Ori(x) = max(1 —2' [x—x,],0) ,

which are centered at the points of an equidistant mesh

for i = 1,...,n;. The resulting space U;_,V; is indeed equal to the underlying
Sobolev space H& (£2) up to completion with the H'-norm, see [BG04].

Table 1 shows the generalized condition numbers of the preconditioned matri-
ces (36) and (48) of the enlarged generating systems in the full and sparse grid case
for different dimensions d and levels J. We clearly observe that the full grid condi-
tion numbers are bounded from above by a constant independently of the level J.
Moreover, they are perfectly independent of the dimension as our theory suggests.
The sparse grid condition numbers are even smaller than the corresponding full grid
ones for d > 1, which is in accordance with our submatrix argument from Theo-
rem 3. In Table 2 (top) we give the number of degrees of freedom ﬁgg‘ for various
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values of J and d. Finally, Table 2 (bottom) reveals that the condition numbers of the
sparse grid even decrease with rising dimension d for a fixed level J. For a sparse
grid discretization of the Poisson problem, these numbers clearly show that we are
altogether able to efficiently solve the associated linear systems of equations for
both, quite large values of J and larger dimensions d.

Table 1 Degrees of freedom Nd, ; and Xlg(} and condition numbers K of the preconditioned matri-
ces (36) and (48) for the Laplacian on the unit hypercube with a full- and sparse-grid discretization
for the generating system approach based on linear splines

DOFs ]Vd, ; and IVES' condition number K
level J|full grid  sparse grid |full grid sparse grid
dim=1| 2 4 4 3.40 3.40
3 11 11 4.67 4.67
4 26 26 5.17 5.17
5 57 57 5.84 5.84
6 120 120 6.37 6.37
7 247 247 6.80 6.80
8 502 502 7.16 7.16
9 1013 1013 7.47 7.47
10 2036 2036 7.74 7.74
11 4083 4083 7.96 7.96
12 8178 8178 8.16 8.16
13 | 16369 16369 8.33 8.33
dim=2| 2 16 7 3.40 2.99
3 121 30 4.67 4.46
4 676 102 5.17 5.06
5 3249 303 5.84 5.65
6 14400 825 6.37 6.20
dim=3| 2 64 10 3.40 2.71
3 1331 58 4.67 4.28
4 17576 256 5.17 5.00
dim=4| 2 256 13 3.40 2.51
3 14641 95 4.67 4.12
dim=5| 2 1024 16 3.40 2.36

Finally note that the prewavelet approach from Sect. 5 results in exactly the same
condition numbers.

7 Concluding Remarks

We presented preconditioners Cy 7 (42) and 62(} (49) for an isotropic full grid and
an enlarged sparse grid system, respectively. Both result in condition numbers that
are bounded independently of the level J and are constant or, in the sparse grid case,
even decreasing for rising dimension d.

The computational costs of the preconditioner remained linear in the number of
degrees of freedom. The size of the enlarged systems grows by a factor of about 2¢
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Table 2 Degrees of freedom and generalized condition numbers of the preconditioned sparse grid
system (48) for different dimensions d and levels J

degrees of freedom with respect to the level J
dim| 2 3 4 5 6 7 8 9 10 11 12 13
1 4 11 26 57 120 247 502 1013 2036 4083 8178 16369
2 7 30 102 303 825 2116 5200 12381
3 10 58 256 955 3178 9740
4 13 95 515 2310 9078
5 16 141 906 4746
6 19 196 1456 8722
71 22 260 2192 14778
8 | 25 333 3141
9 | 28 415 4330
10| 31 506 5786
condition number with respect to the level J
dim| 2 3 4 5 6 7 8 9 10 11 12 13
1 (340 467 517 584 637 680 7.16 747 774 796 816 8.33
2 1299 446 506 565 620 6.65 7.04 736
31271 428 500 549 6.06 6.53
41251 412 494 535 595
51236 397 488 523
6 | 224 383 482 517
7 (215 371 477 5.15
8 | 207 360 471
9 200 350 4.66
10| 1.94 341 461

compared to the corresponding basis. This seems a fair price to pay. Better constants
in the respective norm equivalence and associated condition numbers reduce the
number of iterations of Krylov methods and also make corresponding residual-based
error estimates more reliable.

Our new preconditioners can be applied to differential operators other than the
Laplacian. The approach works straightforwardly for constant coefficients or vari-
able coefficients which are separable, i.e. can be written as a product of one-
dimensional diffusion functions, or can be well approximated by a low-rank rep-
resentation. But then the equivalence constants of

(i) = [l gy

i.e. the ellipticity constants, cf. [CS12], at least partly enter the condition estimate
of the resulting system. If they grow exponentially with the dimension d we may
run into problems, though.

In a similar way, equivalences to H*-norms can be dealt with by using diagonal
scaling matrices
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d
~ (Y 2% for 1=Kk,
D)k = pZ::l

0 else,

and the associated G ! if the regularity of the employed basis functions is sufficient.
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