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iii

The fact that some seemingly very special functions, like
the Riemann Zeta function, have such deep connections
with the behavior of integers, of prime numbers, is hard
to explain a priori and in depth. This is really not well
understood to this day. Somehow these entities, these
special analytic functions defined by infinite series, have
been generalized more recently to spaces other than the
plane of all complex numbers, such as to algebraic
surfaces. These entities show connections between
seemingly diverse notions. They also seem to show the
existence (to make a metaphor stimulated by the
subject itself) of another surface of reality, another
Riemann surface of thought (and connections of
thought) of which we are not consciously aware.

Stanistaw Ulam, Adventures of a Mathematician [Ulal



Contents

1__Introductionl
I1.1  Siegel modular forms and the Kitaoka formula) . . . . ... ... ... ... ....
[1.2  Details of the proof] . . . . . . . .. .
[1.3  Higher degrees| . . . . . . . . .
.4 Notation and normalizations . . . . . . . . . . . . .. ... .
[1.5  Acknowledgments|. . . . . . . ...
[2° The case of Sp,(R)|
[2.1 Setting]. . . . ...
EZ.Q Approximate functional equation| . . . . . . .. .. Lo
P33 Diagonal terml. . . . . . . . ..
2.4 Off-diagonal term|. . . . . . . . ..o
2.0 Bound on old formsl . . . . . . ...

13 Siegel modular forms|
3.1  Definitions and first properties|

3.2 An 1somorphism for the imaginary axis|. . . . . . . . . .. ... Lo

3.3 Koecher-Maass series/ . . . . .

4 First manipulations|

4.1 Spectral decomposition and Dirichlet series| . . . . ... ... ... ... ... ...

(42 pproximate functional equation| . . . . . . . ... ..o

EB CUEOM . - -« o o o o e e e
[6_Technical Temmas]

BI Gammafactord . . . . . ..

b.2  The J Bessel tunction and the spectral integrall . . . . .. .. ... ... ... ...

b.3  Stationary phase|l . . . . . ..o
6 Diagonal term|

6.1  The pre-trace formula] . . . . . .. ... Lo

6.2 The tull spectrum|. . . . . . ... o

6.3 The even spectrum| . . . . . . . . . oL L

[6.4  Main term of the pre-trace formulal . . . . . . ... ..o 0000

BE _Sumover Fl . . . . . .
[7 Rank 1 terml

[7.1 First upper bound| . . . . . . ... ...

[72 Analysis of the 1, Q-SUM|. . . . . v v v v v it

7.3 Poisson summation and stationary phasel. . . . . . . ... o000
I8 Rank 2 terml

8.1 Summing over k| . . . . . .

8.2 Analysis of the integral and distance between eigenvalues| . . . ... ... ... ..

8.3 Size of the T, () and C' sums|

iv

19
19
21
21
23

27
27
28
29

31
31
32
33

35
35
36
39
39
43

45
45
46
48



CONTENTS

19 Comments on the proof|

9.1 Complement to Lemma 5.3 . . . . ... .. ... .. ... ...
9.2 Generalization of Lemmal6.3ll . . . . ... ... ... ... ...

[9.3 Orbits of Heegner points| . . . . ... ... ... ... .. ...
[0-4 Volume computation] . . . . . . . . . . ... ... ...

|10 Higher degrees|

[[0.1 Tactorization and Smith normal forml. . . . . . . . . . .. ...
[10.2 The case C'=pls|. . . . . . . . ... L

|IA° Automorphisms of binary quadratic forms|

|A.1 Diagonal and antidiagonal M| . . . . . ... ... .. ... ...
A2 Diagonal Q) . . . . . . .. ..
IJL.;i Ills: s;i!:is: !]!: = []I ...........................
IAd Thecaseac=1. ... ... . ... .. . . ... ...
A5 Thecaseac=—1|. . . . .. .. ... ... ... ...

A6 Summary| . . . . ..

59
59
59
61
62
63

65
65
67

69
69
70
70
70
70
71

73






Chapter 1

Introduction

“Can one hear the shape of a drum?” is a famous question asked by Lipman Bers and reported in
1966 by Mark Kac in his eponymous article [Kac|. More precisely, is it possible for two different
shapes of drums to make the same sound (at least for a mathematician)? This can be formalized
as follows. The sound of a shape is given by the stationary waves on it. They are waves that do
not move but only evolve in amplitude. These can be ordered by frequency. The first one is the
fundamental tone, the pitch of the drum, and the higher ones are harmonic. They add complexity
to the sound.
Mathematically, they are described by the Laplacian

0?2 02
2=~ (5" 57)

on R2. This is a differential operator. The stationary waves are exactly the eigenfunctions of the
Laplacian that vanish on the edge. That is, for a bounded shape D C R2?, the functions f such

that
Af =\,
flan =0.

Moreover, the eigenvalue X is in that case the frequency of the wave, i.e. the pitch of the sound
we hear. The set of all eigenvalues (with multiplicity) is called the spectrum of the Laplacian. The
question of Kac can be therefore reformulated as follows:

Question. Can we have two shapes Dy, Dy C R? with the same spectrum?

The answer is positive and was given in 1992 [GWW]|. For a bounded and nice enough shape,
the spectrum looks as follows:

M=0< A <A< = 0.

More precisely, the eigenvalue zero corresponds to the constant function. All eigenvalues occur with
finite multiplicity, i.e. for a fixed j, there are only finitely many % such that A; = A;. The A; do not
accumulate on a point and are infinite in number. Therefore, lim;_,o, A; = co. Various questions
can be asked about the spectrum and the corresponding eigenfunctions. For example, the Weyl
law [Wey] counts the eigenvalues smaller than a given constant. In particular, it implies that one
can hear the area of the drum.

The Laplacian is highly generalizable. Given a nice enough surface, or more generally a Rie-
mannian manifold M, we can associate a differential operator to it, called the Laplace-Beltrami
operator A. Intuitively, it averages a function over a small neighborhood of a point. This operator
also describes stationary waves on M. For a compact manifold, the spectrum looks similar to the
case of a bounded shape on the plane. Moreover, there is an orthonormal basis of the space of
square-integrable functions that consists of eigenfunctions of A in C*°(M).

A more refined question can be asked in that general setting. It belongs to the field of ergodicity.
This theory asks about the behavior in the long term of a process on a space. It can be seen as
a measurement of chaos. For example, consider a gas molecule moving in a room and bumping
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on other molecules. After a while, one expects that the molecule has approximately an equal
probability to be anywhere in the room. Equivalently, the trajectory of the molecule should fill the
room uniformly. The trajectory is called ergodic.

In a similar way, we can define quantum ergodicity by replacing molecules by waves. One can
think of the movement of water on a puddle after throwing a rock. In that case, we study the
behavior of eigenfunctions of the Laplacian as the eigenvalue, which corresponds to the energy,
goes to infinity. To see how the waves spread, we associate to an eigenfunction f; of eigenvalue A;
the measure |f;(z)|?dz. This describes how the mass of f; distributes. Intuitively, the mass should
spread uniformly as A; — oco. Here dx designates the canonical probabilistic measure associated to
M. The following conjecture formalizes this intuition:

Conjecture (Quantum Unique Ergodicity [RS]). Let M be a compact manifold with negative
curvature. Then, as \j — 00,

\fj(x)|2dx — dx

in the weak™ sense. More precisely, for all ¢ € C*°(M), we have

/N @)l fy(a) Pz /k per

Note that we restricted ourselves to manifolds with negative curvature. These are manifolds
where parallel lines move away from each other. We see, at least intuitively, that it should have the
effect of spreading the waves more evenly. This conjecture is really hard in general and currently
out of reach. But there are special cases with more structure that gives us additional information.
They are called arithmetic manifolds. In short, these objects have a lot of extra symmetries coming
from number theory. More precisely, they are symmetric spaces equipped with a family of normal
operators, called the Hecke algebra. It commutes with the Laplacian, and therefore we can consider
eigenfunctions of both A and all the Hecke operators. These joint eigenfunctions have a lot of
properties. They are used to say more about Quantum Unique Ergodicity and link it to other
questions.

We give an example. We go back to the two-dimensional setting. The upper half-plane is

H:={z+iyecC|y >0}
It is a hyperbolic space with constant curvature —1. There is a natural action of SLy(R) on H

given by Mobius transforms:
a b P +0b
c d Ccz+d

for all z € H. Given a discrete subgroup I' C SLy(R), we get a quotient T\H by the action. Any
compact manifold M without boundary of constant negative curvature —1 can be obtained this
way. In other words, H is the universal cover of such M. Of course, not all quotients give a compact
manifold.

There are discrete subgroups of particular interest. The obvious one is SLy(Z). More generally,
we consider a subgroup I' of finite index in SLg(Z). The surface obtained using such a I' is an
arithmetic surface. It has finite volume and extra symmetries, corresponding to the Hecke operators.
It might not be compact. In that case, it has cusps going to the boundary of H. Smooth functions
defined on such a quotient that are eigenvalues of the Laplacian and have polynomial growth at
the possible cusps are called Maass forms. If they, moreover, vanish at the cusp, in the sense that
their limit there is 0, they are called cusp forms.

There are other perspectives on Maass forms. In particular, they are very important in the
representation theory of the group GLo(R). From this point of view, it is natural to introduce a
holomorphic analog of them. A modular form of weight k with respect to the congruence subgroup
I' is a holomorphic function f: H — C such that

1 f (<Z z> z) — (cz+ ) f(2) for all (Z Z) er,

2. f is holomorphic at the cusps.




That last condition just says that f stays bounded in a cusp. If, moreover, the limit of f as it goes
to a cusp is 0, f is said to be a cusp form. The analog of Quantum Unique Ergodicity is called
the Mass Equidistribution Conjecture [LS]. It considers the measure |fi(2)|?y*dz as k — oo. The
extra factor y* makes the measure invariant under the action of I'. In both the Maass form case
and the holomorphic case, the conjectures were shown to be true for I' = SLy(Z).

Theorem 1.1 (Lindenstrauss [Lin2], Soundararajan [Soul). Quantum Unique Ergodicity is true
for Maass cusp forms that are joint eigenfunctions of all Hecke operators.

Theorem 1.2 (Holowinsky-Soundararajan [HS|]). The Mass Equidistribution Conjecture is true
for cusp forms that are joint eigenfunctions of all Hecke operators.

Remark. From now on, we will not distinguish between the two conjectures and use the term
Arithmetic Quantum Unique Ergodicity or AQUE for both of them. We will also use QUE for the
non-necessary arithmetic case.

Quantum Unique Ergodicity is a statement about equidistribution of the mass of eigenfunctions.
It is possible to ask other questions in this spirit. For example, QUE tells us that the L?-norm of a
sequence of eigenfunctions converges to a constant. But what about other norms? For example, the
sup-norm problem asks about the maximum of an eigenfunction on the space. It is also possible
to restrict f; to a subspace, for example a geodesic, and investigate the equidistribution on it. It
leads us to our topic of interest, restriction norms. These are norms of functions on a space of
lower dimension. In particular, the measure is different and so QUE and other statements cannot
directly tell us something about them.

Restriction norms were introduced by Andre Reznikov in 2004 [Rez]. He considered restric-
tions of eigenfunctions along closed geodesics and circles. He obtained bounds for the L?-norm. In
particular, given a closed geodesic ~, he proved that

11113 = 05 (AY4) (1.1)

for an eigenfunction f on a compact hyperbolic surface with eigenvalue A. In 2008, Peter Sarnak
wrote a letter to Reznikov about his paper [Sar]. Of particular interest to us is the discussion on the
link between these questions in the arithmetic case and the Lindel6f Hypothesis (in Appendix 2 of
the letter). The Lindel6f Hypothesis, as described at the end of Section gives essentially the best
possible bound for the restriction norm. There were a lot of follow-up works on the question in the
arithmetic setting. Ghosh, Reznikov and Sarnak [GRS] proved an optimal lower and upper bound
for Maass forms, proving the best possible exponent O(A€) for all € > 0 for Equation . The
holomorphic case was considered by Blomer, Khan and Young [BKY]. It was not possible to give
the optimal bound in that setting. Matthew Young gave an overview of the question of Quantum
Unique Ergodicity in the restricted setting [Youl|]. Higher rank problems were also considered, e.g.
for SL3(R) [Mar2] or for SL, 1 (R) [LLY].

In the case of the Siegel upper-half plane of degree 2, a result on average was obtained by
Valentin Blomer and Andrew Corbett [BC]. This article inspired our main result. We introduce
that setting in the next section. Other restriction problems for Siegel modular forms were considered
in [LY] and [BKY]. Finally, in the context of a general manifold, not necessarily arithmetic, Burq,
Gérard and Tzvetkov showed the essentially best possible bound for an eigenvalue of the Laplacian
[BGT]. Tt roughly corresponds to Equation in Reznikov’s case. Subsequent improvements in
a non-arithmetic setting were only by a subpolynomial factor.

In Chapter [2] we start with something similar to our main result, Theorem but in a simpler
setting. Let [o(NN) € SLa(Z) be the group of matrices (2 %) with N|c. We consider modular forms
of level N for T'o(N) and restrict them to the imaginary axis. We define the L2-restriction norm

 7[SLy(Z) : To(N)] [
N = TR |

The front factor accounts for the fact that we did not use a probability measure on the quotient
T'o(NV)\H. We consider N(f) in two cases. First, for N = 1 and as k¥ — oo. Second, for k fixed

2, kY
|f(iy) [Py y (1.2)
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and N — co. We restrict ourselves to prime level to avoid technicalities. In both cases, we average
N(f) over the space Sk(N) of cusp forms of weight k£ and level N. More precisely, we define

1
Nov(k, N —_— N(f).
(k. N) = sy feBnZew) (f)
k

The set BR°V(N) is a basis of newforms. They are forms that are not coming from lifts of lower
level.

Theorem 1.3. Let p=1. If kK — oo, then
Nav (k) = Z N(f) =2log(k) + C + O(k~1/%*¢)

dlm Sk FEBR(1)

for an explicit constant C.
Let k be fixed. If p — oo in a sequence of prime number, then

Navlbp) = —— S N(f) = 2log(y/k) + O(1).

dim Sp¥ (p) FEBT (p)

This theorem gives an asymptotic expansion for N(f) on average. If we drop all terms but
one, we get a trivial bound for N(f). A better individual bound is given in [BKY]. They prove
that N(f) < k'/4*< for all ¢ > 0. We highlight a few ingredients of our proof. It is similar in
shape to the proof of our main result, Theorem presented in the next section. Via Parseval’s
identity, we get a period formula for N(f) in terms of the L-function associated to f. We use an
approximate functional equation and the Petersson trace formula to compute the average and get
a diagonal term and an off-diagonal term. The former gives a main term and the latter gives the
error term. For level N > 1, we need to add the old forms to apply the Petersson formula. It gives
an additional error term.

1.1 Siegel modular forms and the Kitaoka formula

In this section, we present a restriction norm problem for a generalization of holomorphic modular
forms, called Siegel modular forms. They are defined with respect to the symplectic group Sp,,, (R).
Detailed definitions are given in Chapter [3] They take arguments in the Siegel upper half-plane

H™ :={Z=X+iY e M,(C)| Z=2' Y >0}

where Y > 0 means that Y is positive-definite. On this space, the symplectic group acts by a
generalization of M&bius transforms. More precisely, for a 2n by 2n matrix ( é 5) in the symplectic

group Sp,,, (R) and Z € H™ | we define

(g g) .7 = (AZ+ B)(CZ + D)™

We can define Siegel modular forms and cusp forms in a natural way. A Siegel modular form of
weight k is a holomorphic function f : H™ — C such that

f <(é g) -Z> — det(CZ + DY*f(2)

for all integral matrices (é B) in the symplectic group. For n > 2, we do not need to add a
condition at the cusp. See also Lemma If n = 1, everything reduces to the classical case of
modular forms, except for the condition at the cusps. We denote by S,in) the set of cusp forms of

weight k. A cusp form f has a Fourier series of the form

S (1) den() 2 i)

T>0
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where the sum is over half-integral positive definite matrices T' € P(Z). We generalize Equation
(1.2) to Siegel modular forms of full level. The L2-restriction norm of a Siegel modular form

fe S,(Cn) to the imaginary axis is

dY
det(Y)(n+1)/2 :

_ 1 Vol(Sp,,, (Z)\H™) /
1£113 Vol(SLy (Z)\ SLy,(R)/ SO(n)) Js, zn (v >0y

The ratio of volumes in front of the integral is there because we did not use probability measures.
The denominator is due to the isomorphism in Equation (3.3). For n = 2, it is equal to g—;. In
that case, SLy(R)/SO(2) = H is the classical upper half-plane. The action of SL,(Z) is given by
U-Y := U'YU. It corresponds to the restriction of the action of Sp,,,(Z) on iY to the second
generator in Equation . The space H(™) has real dimension n(n — 1) and the imaginary axis
has half the dimension.

It is hard to give an individual bound for N(f). As often in analytic number theory, we can say
something on average. From now on, we reduce to n = 2. It is natural to average over the space

N(f): |f(@Y)|* det(Y)*

S,(f) of cusp forms of weight k. As in Theorem we consider

0 S vy

(2)
feB

where B,(CQ) is a Hecke basis of S,(f). The normalization is justified by the dimension formula

dim S,EQ) ~ % [Igu]. Unfortunately, this is not good enough for our purpose so we do a further
average over k € [K, 2K|. For analysis purposes, we average smoothly as follows. Let w : R — Ry
be a smooth test function with support in [1,2] and w = ff w(z)x3dz. We consider the following

average:

17280 k
Nu1) =0 Y w(g) X N (1.3
ke2N feB;(Vz)

The restriction to even k is for technical reasons, going back to the paper of Kitaoka [Kit] on
a Petersson-like formula. It is known that this formula is also valid for odd k (see Remark 1.4
in [CKM]). Likely, our result also extends in a similar fashion. This adds a factor of 2 in the
normalization. Our main result is:

Theorem 1.4 ([Fel]). Let € > 0. As K — oo, we have
Now(K) = 4log(K) + C + O (K~1/2+¢)
for an explicit constant C' that only depends on w.

Valentin Blomer and Andrew Corbett in [BC| have a similar result for another average. They
considered Saito-Kurokawa lifts. They are lifts of holomorphic cusp forms, via an injective map
Sok_2 = Séi)—z — Sl(f) for even k. They also are in one-to-one correspondence with some half-
integral forms of weight k& — 1/2. Blomer and Corbett considered the following average over Saito-
Kurokawa lifts and again over the weight k € [K,2K]:

N§$<K>=wﬁ4kemw(l’§) > N,

(2),SK
feBy,

Their result is similar, except for a larger error term:
NEK(K) = 4log(K) +0(1)

as K — oo. Our result is inspired by their article. At the center of our proof is a generalization of the
Petersson trace formula, where for them, it is a relative trace formula for pairs of Heegner points.
They can apply it after the following manipulation. The Fourier coefficients of a Siegel modular
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forms are over half-integral positive-definite matrices. For Saito-Kurokawa lifts, it is possible to
factorize them with respect to the determinant. They obtain this way a Dirichlet series in the right
shape for their relative trace formula. It is essentially a Rankin-Selberg product of two half-integral
weight cusp forms (see also [DI]). After this initial step, our proof diverges from theirs.

It is possible to rewrite N (f) in terms of some Dirichlet series. This is the first step in the proof of
Theorem [1.4] We call this the period formula. We have an isomorphism P(R) := {Y > 0} — HxR~
given in Equation . For the two pieces on the right side, we have a spectral theory. For H, it is
the decomposition of L?(SLy(Z)\H) into Eisenstein series, cusp forms and the constant functions.
We denote by A a set of spectral components that are also Hecke eigenforms and A, the subset of
even forms. There is a measure d¢ associated to ¢ € A. It is the counting measure on the discrete
part and f—; on the continuous part given by the Eisenstein spectrum E(-,1/2 + it). For R, the
spectral inversion is given by the Mellin transform. In N(f), we compute the square of a function.
We apply the Parseval identity for both spectral decomposition. We get the following proposition:

Proposition 1.5 ([BC|, Proposition 1). Let f € S,(f), ¢ € Ney and L(f x ¢,s) be the Dirichlet
series defined in Equation (3.4)) and G(f x ¢, s) the corresponding gamma factor. Then

w2 o . .
N(f):QSSOW/_OO/AEV|L(f><¢,1/2+zt)G(f><¢,1/2+zt)|2dq§dt.

More details are provided in Section The Dirichlet series L(f x ¢, s) is of particular interest.
We call it a twisted Koecher-Maass series. Despite what the notation might suggest, it is not a
Rankin-Selberg product of the two functions. More precisely, the Dirichlet series runs over half-
integral matrices T'. It features the Fourier coefficients of f at T but ¢ is evaluated at the Heegner
point zp in the sum via the isomorphism in Equation . This series has an analytic extension
to an entire function with a functional equation, given in Proposition [3.5} But it does not have an
Euler product and is not in the Selberg class.

Theorem [I.4] fits into the context of two conjectures. First, there is Arithmetic Quantum Unique
Ergodicity that we discussed above. In our case, the subspace SLy(Z)\P(R) is of infinite measure.
Suppose that AQUE is true, even when we restrict to the imaginary axis. Then the norm N(f)
should diverge to infinity. Our result says that, on average, it is the case. But there is more.
We show in Chapter [J] that f is essentially supported in the imaginary axis on matrices with
k=2 < det(Y) < k2. In Equation , we compute the volume of such matrices. If we conjecture
that f is essentially constant there, then the main term in Theorem [I.4] and in particular the
constant 4 are shown to be consistent with AQUE on the imaginary axis.

Concerning the second conjecture, the period formula leads us to the Lindel6f hypothesis. It
is a consequence of the Riemann Hypothesis. Both can be generalized to L-functions. One would
guess that the latter is false for the Dirichlet series L(f X ¢, s), since it does not belong in the
Selberg class. Nevertheless, we still have a functional equation and some arithmetic inputs. We can
hope that the Lindelof Hypothesis holds. See also [Kim| for supporting evidence. In the simplest
case, Lindelof [Lind] conjectured that

C(1/2 +it) <. t€

for all € > 0. We can generalize it to other parameters of families of L-functions. For example,
given a family of L-function associated to modular form f, of weight k;, the Lindeléf Hypothesis
in the weight aspect says that

L(fkj,S) < /{J;

The Lindelof Hypothesis is open in all instances. ” Trivial” upper bounds are obtained using the
Phragmén—Lindelof principle. This is called the convexity bound. To establish it can be far from
trivial in some cases. Research focuses nowadays on improving bounds beyond convexity for various
families of L-functions. If we input the weight aspect bound to L(f X ¢, s), we get that N(f) < k°.
Theorem can be seen as strong version of Lindelof on average.

1.2 Details of the proof

In this section, we give details of the proof of Theorem We have actually not two but three
averages in the problem:
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1. the sum over k € [K,2K],

2. the sum over the basis B,(f) of weight k,

3. the sum/integral over the spectrum A.

The last average appears in the period formula, presented in Proposition [I.5] Each average gives us
additional cancellations in the various sums and integrals appearing in the problem. The sum over
k is treated using oscillations of Bessel functions. The two other sums are computed using trace
formulae. For the sum over the basis, the relevant formula is the Kitaoka formula that shape the
whole proof. We start to explain this one. For the sum over the spectrum, the pre-trace formula
for SLy(Z) is used.

In the center of our argument is a generalization of Petersson trace formula to Siegel modular
forms of degree 2. It was established by Kitaoka [Kit] to give bounds on Fourier coefficients of Siegel
modular forms. Its shape is as follows. Let T', Q be two half-integral positive-definite matrices. Then
we have

Ck Z 7af(T)af(Q) :#Aut(T)(STNQ

Il £112
+ Y KL@QT:CMys (WW>

(2)
feB¢

rk(C)=1 ¢
rk(C)=2

Here, T' ~ @ if they are related by an isomorphism and the two sums on the right-hand side feature
generalizations of the Kloosterman sum and the J-Bessel function. The number ¢ is related to the
non-zero invariant factor of C. The detailed definitions are given in Section Our main interest
in this formula for us is the sum over S,(f) on the left-hand side. We can take advantage of our
average in N,y (K) with it. The idea is that only the diagonal term, where T ~ @, should contribute
to the main term as k — oo. See [KST] for a supportive statement. Let vr = (af(T»feB,(f)‘ Then

Equation says that vy and vg are approximately orthogonal if T" % Q. The left-hand side of
the formula is called the spectral side and the right-hand side the geometric side. The latter has
three terms, that correspond to matrices of rank respectively 0, 1 and 2.

The Kitaoka formula shapes the proof of Theorem This is shown in Figure We give
more details. The first step in the proof is to introduce the period formula for N(f). Then we can
insert the Kitaoka formula in N,,(K) using an approximate formula. It gives us three terms. The
diagonal one gives us the main term of our asymptotic formula. More precisely, we have in that
case to use the pre-trace formula for SLy(Z). It splits this term into two parts, one of them being
the main asymptotic and the other going into the error term. The rank 1 and rank 2 terms are
both giving error term. The challenge of the proof is to give error terms of the right size for every
part. In the diagonal term, we do not take advantage of the average over k. In the rank 1 and the
rank 2 case, it gives us a better decay for the respective Bessel function. See Lemma and its
application in Chapters[7] and [8] The rank 2 term is the most involved but the other parts all need
a non-trivial argument.

The diagonal term is treated using the pre-trace formula. It gives us a main term where the
distance u appearing in the formula is zero. The terms with u # 0 have to be treated using a
standard counting argument. We also have to extract the even spectrum in the formula using
the T_;1 Hecke operator. After that, we treat the remaining sums and integrals. In particular, a
Dirichlet series over class numbers appears and we have to compute its residue. We input a formula
for the average size of class numbers. The average over k is computed at the end and does not
contribute to this term.

The bound for the rank 1 term is obtained as follows. First, we use the average over k for
the J-Bessel function. If we take a trivial upper bound at this point, we barely miss the desired
main term. Therefore we use additional cancellation in the Bessel function. We have a sum over
Fourier coefficients T, Q. The sum over det(T") —det(Q) has oscillations that we detect using Poisson
summation and a stationary phase argument. The argument is technical but essentially standard.
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Figure 1.1: The shape of the proof

Period formula

[ Kitaoka formula]

[Rank 1 term] [Rank 2 term]

Non-zero term of
[Pre—trace formula

pre-trace formula

| |

4log(K)+C +O(K~1/%+e) FO(K—Y/2+e)  yO(K—1/2+e)

In the rank 2 term, we start by analyzing the cancellation in the Jj,_3/o function with the
average over k. Then we do a stationary phase argument for the resulting function. The question
reduces to a counting problem for a matrix of the form T'Q), where T" and @ are half-integral positive
definite matrices such that the product has close eigenvalues. We do that counting exploiting a
nice identity for the distance between the eigenvalues. In the rank 1 and the rank 2 terms, we only
use trivial bounds on the generalized Kloosterman sums. This is because we have short sums on
C up to some negligible errors and the Kloosterman sums do not depend on k.

1.3 Higher degrees

It is also interesting to consider the generalization of the Petersson formula to Siegel modular
forms of higher degrees. Little is known when the degree is greater than 2. We have a formula
similar to Equation but also with terms of rank higher than 2. They feature generalizations
of Kloosterman sums and Bessel functions. For the Kloosterman sum of degree 3 and full rank, we
obtain a non-trivial bound in Chapter

Theorem 1.6. Let C' be an invertible matriz and Q,T be symmetric positive definite matrices. Let
K®)(Q,T;C) be the symplectic Kloosterman sum defined in Equation (10.1)) for n = 3. Suppose
that C = pl3 for an odd prime p. Then

K(?’)(QT;pIg) — Z e (W) < .

A,D mod p p
AD=I3 mod p

This is inspired by a similar result of Téth in degree 2 [Tét]. We prove it with elementary
techniques, such as the evaluation of the Gauss sum and the Salié sum. When C = pls3, the
exponential sum is over symmetric 3 by 3 matrices modulo p with non-zero determinant. Therefore
a trivial upper bound for K®)(Q,T; pIs) is pb.

This thesis is partially based on the article A Restriction Norm Problem for Siegel Modular
Forms [Fel]. Chapters [4] to [8] are part of the article, with only minor changes and corrections. To
start, we consider the case of Spy(R) = GLy(R) in Chapter [2l We prove Theorem for the level
and the weight aspect. In Chapter [3| we introduce the theory of Siegel modular forms and give
the necessary definitions. Chapter [4 is dedicated to the proof of Proposition the insertion of
the Kitaoka formula and the analysis of the cut-off function given by the approximate functional
equation. Chapter [p] regroups various technical lemmas about the Gamma and Bessel functions
and the stationary phase technique. Chapter [f] is dedicated to the diagonal term of the Kitaoka
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formula. Chapters [7] and [§ treat respectively the rank 1 and rank 2 terms. In Chapter [0} we give
further comments on the proof of Theorem In Chapter we study the setting for higher
degree modular forms on Sp,,, (R). We prove Theoremfor n = 3. Finally, the Appendix gives
a detailed computation of automorphisms of binary quadratic forms.

1.4 Notation and normalizations

We fix a few notations and normalize some objects in this section. What is written here is valid
everywhere unless stated otherwise.

The set P(R) consists of every 2 by 2 symmetric positive-definite matrices and P(Z) is the
subset of elements with integral diagonal and half-integral off-diagonal elements. In particular

iP(R) corresponds to the imaginary axis of the Siegel upper-half plane H(?). A matrix (‘g lc’) in

P(Z) (sometimes written ( ¥) or (3 g )) corresponds to a positive-definite binary quadratic forms
ax? + 2bzy + dy?. Such a form is weakly reduced if 2|b| < a < d. It is reduced if, moreover,

2bl=aora=c=0b>0.

We use the notation coming from matrices and do not introduce the alternative notations used for
quadratic forms. In particular, we consider the determinant of the matrix but not the discriminant
of the associated quadratic form.

A matrix Y € P(Z) also corresponds to a point zy in H, see Equation . The usual funda-
mental domain of SLy(Z)\H is {z = 2 +iy € C | —=1/2 < 2 < 1/2, |z| > 1}. A weakly reduced
matrix Y corresponds to a point in this domain. If Y is reduced and the corresponding point is on
the edge of the fundamental domain, then this point has non-positive real part.

Let t=k—3/2and f € Sl(f) be a Siegel cusp form of weight k& and degree 2. We only consider
even weights. The Fourier series of f is normalized in the following way:

f(2)=">" a(T)det(T)"?e(tx(TZ)).

TeP(Z)

The set of spectral components is denoted by A and A, is the subset of even forms. The
eigenvalue of ¢ € A is Ay and ¢4 is the spectral parameter, given by Ay = % + ti. The constant

function has spectral parameter i/2. We write [ A for the integral over the spectrum with the
corresponding measure, that is %‘f for the continuous part and the counting measure for the
discrete part. The symbol I' is used for the gamma function and the modular group is designated
by SL2(Z). We use the notation e(z) = €2 and the Vinogradov symbols <, >, < and ~.
Finally, we always assume that k, K and p are large enough and € > 0 is small enough to avoid
degenerate cases. We may change the value of € from a display to the next, as long as the new e is

a constant multiple of the first one.
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Chapter 2

The case of Sp,(R)

In this chapter, we prove Theorem [I.3] It is similar to Theorem [I.4] for degree 1 Siegel modular
forms, in other words, classical holomorphic modular forms. We define a restriction norm to the
imaginary axis and we do an average over the space of weight k. Finally, we use Petersson trace
formula to get an asymptotic formula, this time both for the weight and the level aspect. Definitions
for this chapter can be found in [BGHZ] or any other introductory textbook on modular forms.

2.1 Setting

Let k be an integer. We consider modular forms attached to the congruence subgroup T'o(p) :=
{(2%) | ¢=0 (mod p)}. We consider simultaneously the cases p is prime and p = 1. For a Hecke
newform f € SpV(p) = Spe¥(To(p)), we set

o0

Z )(4n) =D 2 (nz)

with a(1) = 1. We consider the restriction norm

V() = TR [ g 2.)

Here, [SL2(Z) : To(p)] =p+1lifp>1land 1if p=1 and

dxdy
172 = / (o) 2y
To(p)\H Yy

We have the Mellin transform

P (S LEL Y
| sty = L)

where L(f,s) = >_ %=. Hence Parseval’s formula gives

m(p+1) 1

M= 3R o

/ 2R |A(F,1/2 +it)|? dt, (2.2)

where the L-function for f has the following completion and functional equation:

Af.s) = Ww, o),

p*2A(f,5) = iFp TV 2A(f,1 — 8),

with |n| = 1.

11
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Lemma 2.1. Inserting an approrimate functional equation, we have

N = - ) Y Oy, g

m,n
with the definition of V' given in Equation (2.3)).

We prove this lemma in Section We consider N(f) on average over the space of weight k.
More precisely, we are looking for an asymptotic formula for

Nalhp) = o S N(P),

~ dim 5% (p) feBm )

where Bp°¥(p) is a Hecke eigenbasis of newforms. The results are given in Theorem where
either k is fixed and p — co or p =1 and k — co. If p > 1, we have

1

N, =
av(kvp) dlm S]rglew(p)

> N(f) = N3(k,p)

f€Bk(p)

where N2 (k, p) is a sum over forms in Sy(1) = SLy(Z) that are lifted in two ways to Si(p). The
precise definition is given in Equation (2.9)). We use the following formula to take advantage of the
average.

Proposition 2.2 (Petersson trace formula, [IK], Corollary 14.23). Let p, k integers, By(p) an
orthogonal basis of Si(p) consisting of Hecke eigenfunctions and m,n € N. Then

re-1) S agmlap(n) _ o o ik 3 S(mno), <4wm) |

2
s I c c

plc

2.2 Approximate functional equation

In this section, we prove Lemma Let f € Sp¢¥(p) be a new form and

19 = 55 [ @ was e oML 1-9)T

~ 2mi
Shifting the contour of the integral and using the functional equation, we get
|A(f,1/2 4 it)|* = 2I(f,1/2 + it)

1 a(m)a(n) /n\® 1 2L(k2+v+it)[(k/2+v—it) (mn\ " dv
—wzwmQﬂgmLf e (Z) 2

v

We set

V(im,n,N) = /OO (%)” QLﬂ'Z /(3) eV’ ok I'(k/2 +(;7;:225%I(‘](€k_/21;_ v —it) (%) - %dt. (2.3)

— 00

Inserting this in Equation (2.2]), we obtain

V- b S

m,n
with decay properties given in the following lemma.

Lemma 2.3. Let m,n, N be integers and A > 0. Then

m J1 n J2 dit iz mn \ —A U A
<\/E> (\/E) dmi grga o N) L k (1+ Nk;2) (14 K2 ]10g(m/n)))
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This can be easily deduced from the following.
Lemma 2.4. Letk > 1, s=o0 +it witho > —1, A >0 and

o wT(k/24 0 +it)T(k/2+ o — it)
G(k,s) = 2" Tk — 1) .

We have, foro >0,t€R
Gk, o +it) = EY2H7G 4 5 (k,t) + Oa(k™4),

where

pitiz/2 2 ' d

dkir dtiz

2\
GA(IC,O’, t) <<A,U,j1,j2 (1 + k> .

We also have P(k/2 4 i\T(k /2 — it
ok (k/ —It(lk) (1)/ —it) :23/2\/@672#/1@(1+O(k71/2+e)).

Proof of both lemmas. We only sketch the proof of the size of V. The rest is similar to the proof
of Equation (4.3). The duplication formula gives

T(k/2+ 0+ it)T(k/2+ o — it)
T(k—1)

k/2 4+ o0 +it)I'(k/2 + o — it)
I((k —1)/2)L(k/2)

We apply Lemma We see that the ratio is of size O(k'/2t27). For V, another vk is given by
the integral over ¢t and the decay properties are easily computed. O

oF =47 I(

2.3 Diagonal term

We apply the Petersson trace formula to N,y (k, p) using Lemma We split this into a diagonal
term, when §,,, = 1, and the off-diagonal term with the sum over c. For the diagonal term, we
have

. 1 p+1 Vn,n,p)
Ndlag _ [Ae)
av (. p) dim Si(p) 127 Z n

with V(n,n, p) defined in (2.3]). We open this definition and insert the n-sum. The v-integral gives
/ eszkF(k/2 +v +2z't)F(k/2 +v—it) Z 21 lpv@
(3) (27’(’) U].—‘(k — ].) - n2v+ v
2 T(k/24+v+it)[(k/24+ v —it) dv
= e 2k , ¢(2v+ 1)p"—
/< 1te) (2m)>°T(k = 1)
D(k/24+v+it)T(k/2 +v —it)
(2m)?*T'(k - 1)

+ Resy—o ok

¢(2v+ 1)p’—

Concerning the middle term, we have (we can take e = 1/2)

o WL (k/2+v+it)D(k/2+ v — it) » AU
/ /( o 2 r)P T —1) C2v+1)p Tdt

—A
o0 t2
<. k72.5+26p71+6/ <1+ k) dt

e k_2+€p_1+6.

We have % =log(z) +O(]z| 1) for Re(z) > 1. Since t < k'/2*€ up to a negligible error, we have

= 2log(k) — log(4) + Ok~ %)
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We also have ((2v + 1) = 5= + v + O(v). Therefore
L(k/24+v+it)'(k/2+v —it)

Resu=o2" @m)2T(k - 1)

L(k/2 ?f;??f)/ 2-#) (;(2 log (k) — log(4) — 21log(27) + log(p)) + 7 + O(k—1+f)> .

Lemma [2.4] also gives

C(2v+ 1)p’—

— 9ok

L(k/2 4 t)[(k/2 —it) 2 —2¢2 —1/24€
2k TG D) = 23/2\/mke 2" /R (1 4+ O(K~Y/2Fe)).

[ TN i)y g,

Finally, we have dim Sp*V(p) = % + O(k + p) and dim Si(1) = & + O(1) (see [Marl]). If p > 1,
we get

- +1 T(k/2+v+it)[(k/2+ v —it) dv
Ndlag p / / v 2k 9 1)p? ==

Therefore

wlk (1 +0 ( p)) 27k 4+ O(kY?+9)) (log(y/pk) + v — log(4m) + O(k~1+€))
= 210g(\/ﬁk’) + 2(’)/ — ]og(471-)) + O(k.—l/2+e) + O(p_l),

If p = 1, we get the same result with an error term of size O(k~1/2*€). This concludes the proof of
the main term.

2.4 Off-diagonal term

The off-diagonal term is

1 p+1 V(m,n p ik S(m,n,c) 4m\/mn
NoE = - :
av (K, p) dim Se(p) 127 ;L Jmn Z Ji—1 p

If p > 1, Lemma tells us that, up to a negligible error, mn < p'*t<k%*¢. At the same time, the
decay of the J-Bessel function gives k' ~¢ < ¥ (see Equation (5.1))). Thus, we have

F
kl

K < pt/Prege,

Since pl|c, we see that the off-diagonal term is negligible if p — occ.
We consider the weight aspect where p = 1. We apply Lemma [2.3] and Equation (5.1]). We fix
€ > 0 small enough. Up to a negligible error, we get

vmn
< , Vmn < ke Im —n| < k~Y2Fem
c
Therefore, ¢ < k¢ and k'~¢ < m,n < k'€, We detect cancellation in the difference between m
and n. Let d = n — m. We know that |d| < k=1/2t¢m up to a negligible error. We fix d = dy
(mod ¢) so that we can see the Kloosterman sum as constant in the d-sum. This adds a sum over
dp (mod ¢). The sum over d is

Vimm+d1), <47r,/m(m T d))

d=do mod ¢ m(m + d) ¢

—_— Z / (mm+tl), (4“/m> e ((do t)h> dt. (2.4)

Rl S Vm(m +t) ¢ ¢
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We applied Poisson summation in the second line. The Bessel function is defined as
1/2 o
Ji(z) = / e(kf)e~ 1w sin0) gg,
—1/2

Let v be a positive function supported on [—2,2] and equal to 1 on [—1,1]. In the f-integral, we
consider

1/2 o
Li(z) = / e(kB)e= 50y (k19| — 1/4)) do

—1/2

Then in the integral J;_1(2) — Lg_1(x), the integrand is 0 when 6 is close to +1. We get

. YVt 6 1) (g 2V/mmED (do —)h
h_z_:oo/ /1/2 m+t) ——"c <(k‘ 1)0 . sin(2m6) + -

: (1 — <k1/1°(|9| - 1/4))) d6 dt.

We do a stationary phase argument in the t-integral. More details about this technique are given
in Section 5.3l We have

d 2y/m(m+t) . (do—t)h| 1 [ m | h
o7 l(k - 10— — sin(276) + Oc] =~ \mae sin(270) — e

We consider the case h = 0 below. If h # 0, the stationary point is

: 2
o= (B ),

The function sin(276) is equal to 1 only at |0 = 1. Since || — > k~1/10, we have [to| > k=1/°m
The function V is negligible for such t3. We apply Lemma to the t-integral. Following the
notations, we have

h
B—a < mk™1/e, R=1+Lc|,
k m
X = ) U = —,
m Vk
Y = kite, Q=m (2.5)

Since k'7¢ < m < k'*¢, we get that the t-integral is
k
<a mk~ 1/24€ ™ (1 + |h|/C> —(1/24€)A

for all A > 0. We take trivial bounds for the #-integral and the h-sum. We see that the contribution
of this term to Equation (2.4)) is O4(k~4).
Now, we consider the integral

1 me+tDL<MMmW+ﬂ> htY o,
h_z_:oo— vm(m +t) g c (C>

We apply Lemma to Ly (z). We know that @ > k=€ up to a negligible error. The derivative
21k — 27z cos(2m0) > k since || — 1 < k710, We have

B—a< k10 R=k,
X =1, U=k,
Y = ke, Q=1 (2.6)
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We get that Ly (z) <4 k~Y10(k=4/2 4 k=94/10) If dy # h, we integrate the t-integral by parts to
get a factor h~2 and sum over h. Taking trivial bounds on the t¢-integral and the h-sum, we see
that the contribution to Equation is O4(k~*). We Tak trivial bounds to the rest of the sums.
The contribution to N2¥(k, 1) of the terms with h = 0 is negligible.

Finally, we consider the case h = 0. We want to estimate

/ /1/2 Vimm+t1) <(k _ 10— Zm(wsm(zﬂe)> do dt.

12 /m(m+1) c

We consider 3 different ranges for the couple of variables (6, m). First, if 6 is big, we can apply
Lemma [5.5] to the t-integral and show that it is negligible. If 6 is small and m is far from some
fixed mg, Lemma applies to the A-integral and shows that it is negligible. Finally, for small 6
and m close to mg, we show that the m-sum has an additional restriction and we estimate trivially
the integral.

More precisely, let 6 = 1/2 — 10e. We consider the case |f] > k~%. For this, we insert a cut-off
function v(k?6) similarly to the above. We apply Lemma [5.5/to the t-integral. We have

d 2y/m(m+t) | 1 m . e
pn l(k 1)0 — sm(2770)] = / p—— sin(270) > k .

Following notations of Section we have the same constants as in Equation except that
R = k=%7¢. Recall that m > k'~¢. We get

/ / V(m,m +t, 1)e<(k_1)9_2m(m—i_t)sin(27n9)> (1—U(k69))d9dt
k-0 <|0]<1/2 ‘

(m+t)

< mk*1/2*5£ <(mk7676k71/276)7.’4 + (mkféfe/\/g)fA>
m

<A kfeA'

Now, we consider the range |0 < k—°. Let ¢, k, m be fixed. Suppose that

(k—1)c
4mm

1’ > k9.

Then we can apply Lemma [5.5] to the 6-integral (recall that ¢/m = o(k~%)):

d% (k—1)0 — M sin(27ﬂ9)] R A VAL ) Vmc(””t) cos(276)
= <(k47mi)c - m(:z +4) cos(2ﬂ'0)> 47Lm
k—1)c 4mm
= <( 4@11) -1+4+0 <T';) +0 (k25)> —

The last expression in parenthesis is of size at least k~¢ since the two big O terms are smaller.
Therefore, the derivative is always > k=% - k1=¢. We apply Lemma to the #-integral. We have
the same constants as in Equation except that f—a=k"%, R=k'""%"“and U = k~°. We get

/ / (m,m + %, 1)6 (k=16 — 20D G 0r0) | v (k) dB e
1/2 Vm(m +t) ¢
< k1/2+6 . ke ((kl—é/kl/Q)—A + (kl—Q(S—e)—A>
< k™A, (2.7)

Applying trivial bounds to the other sums, we see that the two cases above are negligible.
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Finally, if |#| < k7% and there is a mg such that

(k—1)c

=1+0(k™%). 2.8
=100 (28)
This condition restricts the m-sum:
k—1 k-1 -
( )C: ( )C@:1+m0 +O<k—§)
4mm dmmg m m

So |mg —m| < mok~? for m still satisfying Equation For a given m, we estimate trivially

/ / we ((kz —1)0 — Zymim+1) sm (270) ) de dt
o] <k—9

Vm(m +t)
< k1/2+6.k 6-[66
< fL/2=o42e

For m not satisfying Equation we can apply the bound in Equation In total, we have a
contribution of this term to Nof (k, 1) of size

1 (m,m +dy, c) < V(im,m+t,1) dmc\/m(m + 1)

Ly oy xSkl Ve, (i),
[m—mo|<kl/2+e e<ke do mod ¢ m(m +t)

< k12t

We conclude that

o 1 1 Vim _ (m,n,c 4m/mn
N (1) = 5 Tom 2 ot 37 2 ) e ()

<,zzzw

m<klte cgke dy mod ¢

*Z/ mm+t1>J <4W\/m>e((dot)h)dt

h=—c0 vm(m +t ¢ ¢

<. k71/2+e.

This finishes the proof of Theorem in the weight aspect. For the level aspect, we need to bound
the contribution of the old forms. This is done in the next section.

2.5 Bound on old forms

In this section, we estimate the contribution of the old forms. More precisely, for prime level p and
a modular form g € Si(1), we have two lifts, g(z) and p*/2g(pz). The two lifts are not orthogonal.
We use the Gram-Schmidt process to get two orthogonal forms. Let g € Si(1), f1(2) = g(2) and

fo(2) = p"2g(pz) — (0"29(p2), 9(2))g(2).

Then the collection of fi, fo for g in a Hecke basis Bg(1) of Sk(1) is an orthogonal basis of old
forms.

k/2

Lemma 2.5 ([ILS], Lemma 2.4). The inner products between g(z) and p*/“g(pz) have the following

values:

k/2

(9.7 29(p2) = g (p) L g]1%, 2 (p2).

) P 2g(p2), " ?g(p2)) = llgll*.
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We conclude that || f1||* = ||g||? and

2 _ 202 _ 9P 9ED? e (1 AdVPY
L e I !

We used that [As(p)| < 1, thanks to Ramanujan conjecture, which is known in that case. Let

M) = 2L rge— 1) S UGy, .

o127 f)12 —~  mn
We want to bound
rold _ 1 Y Y
Nav (k7p) - dim S]Iclew(p) Z (N(fl) + N(f2)) (29)
gE€BL (1)

in the p aspect. We use Deligne’s bound a4(n) <4 n¢. Of course, g € By(1) does not depend on
p. Therefore ||g(2)||? = [SLa(Z) : Fo(p)]\|g||§L2(Z)\H, where the last norm is taken over SLo(Z)\H
and is independent of p. For fi, we compute

N () = sl = ) Y 2y,

m,n

Lhe Z Z (mn)_l/z'*'e

mLpl/2tek Im—n|<Kk—1/2+em

<<k,e p1/2+26 )

For f, we have || fo||*> ~ [|g]|? and ay, (n) < p'/%ay(n/p)dpm +ag(n) < pt/?ns,), +nc. The second
term gives the same bound as above. In total, we have

N(fo) = &p(k = Mv(m, n,p)

" 2RI 2
<<k,ep Z Z (mn)71/2+6 +p1/2+e
m<<p1/2+‘k \mfn\<<k_1/2+€m
plm pln
>y p1/2+2e_
We estimate the contribution of the old forms to be
N 1 - - 1
N (k,p) = — o — N N e — PP L
av ( ap) dlmS’?CW(p) EBZ(U( (fl) + (f2)) <<k, p p <Lk
g k

This concludes the proof of Theorem in the level aspect.



Chapter 3

Siegel modular forms

In this chapter, we review the basis of the theory of Siegel modular forms. For a more general
introduction, see for example [BGHZl, [KIi, [Fre]. In short, Siegel modular forms are a holomorphic
generalization of modular forms where we replace complex numbers by complex matrices.

3.1 Definitions and first properties

Let n be an integer. We consider n by n matrices with complex coefficients Z = X +1Y € M,,(C).
If Y is symmetric and positive-definite, i.e. it has real positive eigenvalues, we write Y > 0. The
Siegel upper half-plane is

H™ = {Z =X +iY e M,(C) | Z= 2!, Y > 0}.
There is an action of a 2n by 2n matrices group on the upper half-plane. The symplectic group is
Spy,(R) := {M € My, (R) | M*'JM = J},

where J = (I?L o ). Let (4 B) € Sp,,(R) where A, B,C, D are n by n blocks and Z € H™. We
define

(é g) 7= (AZ + B)(CZ + D).

Lemma 3.1. Let M = (4 B) € Spy,(R) and Z = X +iY € H™. Then det(CZ + D) # 0 and
the tmaginary part of M - Z is positive-definite. In other terms, the action above is well defined.

We give a few more properties of Sp,,, (R) and Sp,,,(Z), the restriction of the group to integral
matrices. First, writing (4 B) € Sp,, (R) as above, we have the relationships

A'C, B'D symmetric, A'D - C'B =1,. (3.1)

Actually, it is sufficient that a matrix satisfies the above equations for it to be symplectic. Second,
the symplectic group over R is generated by the following families of matrices:

I, B At 0
(0 In)’ (0 Al)’ % (32
where B is symmetric and A is invertible. Finally, if n = 1, then Spy(R) 22 SL2(R) so the upcoming
definition of modular form is similar to the classical one in that case.

Let f : H™ — C a holomorphic function and k € Z. For n > 2, f is a Siegel modular form of
weight k if

f ((g g) ~Z> — det(CZ + D)* f(2)

for all (4 B) € Sp,,,(Z). Note that for n > 2, we don’t give any condition at the cusps, thanks to
Lemma [3.2] below.

19
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A Siegel modular form f transforms in the following way under the action of the integral
generators of Equation ([3.2)):

f((fg; i>~Z>—f(Z)7 f((ﬁ‘f A()_l)-z)—det(A)kf(Z), 17 2) = det(2)£(2).

Choosing A = —1I,,, we see that f vanishes if nk is odd. It is also possible to show that k& must be
non-negative and only the constant functions occur for £ = 0. We see that f is periodic with respect
to the abelian group given by the first generator in Equation (3.2) with integral B. Therefore, it

admits a Fourier series of the form
k—3/2

£(2)=>"a(T)det(T) =" etx(TZ),

T

where etr(A) := > %(4) Here, T runs over half-integral symmetric matrices with integral entries.
We have added a power of det(T") to the definition for normalization purposes. This moves the
critical line of the associated L-function to % From now on, we write ¢ for k — 3/2. The Fourier
coeflicients are given by the formula

a(T) = det(T) /2 /X y f(Z)etr(~TZ)dX,

for Z =X +1iY and a fixed Y > 0. Here dX =[], ., <, %i; is the Lebesgue measure.

Lemma 3.2 (Koecher’s principle). Let f be a Siegel modular form. Then for T mnot positive
semi-definite, the Fourier coefficient a(T) = 0. Moreover f is bounded on domains of the form
{X +iY e H™ | Y > ¢cl,,} for all ¢ > 0.

Proof. By contradiction, we suppose that there exists a 7" not positive semi-definite with a(T") # 0.
Since T is not positive definite, there exist a vector v with v*Twv < 0. We can complete v to a
unimodular matrix U. If we replace T by U'TU, we can suppose that ¢;; < 0. Now consider the
matrix

1 =z
1
A =
1
Then tr(A'TA) = t112% + O(x) and so a(ATA)e 27 *(A'TA) Jiverges as & — oo and so does the
Fourier series at Z = iI,,. We conclude that a(7T") = 0. O

The Koecher principle restricts the Fourier series to positive semi-definite T > 0. The function
fis a cusp form if a(T) = 0 for det(T) = 0 (these are the T such that T'> 0 but T' # 0). Given a
unimodular matrix U € GL,(Z) with determinant £1, we easily see that

a(U'TU) = det(U)*a(T).
There is an inner product on the space of cusp forms, given by
— dxXdy
f.g ;:/ f(2)g(Z) det(Y )k ———.
(,9) Spy,, (Z)\H™ () ) det(Y)+1
We define the L2-norm of f as || f||3 = (£, f).

Remark. We can introduce a level structure on Siegel modular forms. There are two congruence
subgroups that are usually considered. The parabolic subgroup for n = 2 is

*  Nx % *
- * * *  *x/N
=L g N esn@

Nx Nx Nx *
and the Siegel subgroup is

)= { (2 B) esm@ic =0 moap}.

We can define Siegel modular forms with respect to these subgroups in the usual way.
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3.2 An isomorphism for the imaginary axis

We are interested in restricting Siegel modular forms to the imaginary axis. Let n = 2. There exists
a morphism P(R) — H between the imaginary axis and the upper half-plane. For a half-integral
positive definite matrix M € P(Z), it is given by sending M to the corresponding Heegner point
zpr. This process loses the information on the determinant. We get an isomorphism P(R) & Hx R+
where the second component is the determinant. The converse direction goes as follows. First, we
lift a point in H to the corresponding matrix in SLo(R). The element in P(R) is given by the matrix
times its transposed and multiplied by the determinant. More precisely,

P(R) = H x Rog = SO(2)\ SLy(R) x R,

M= (Z ‘;) o (W,det(M)) ,

r-g'g < (SO(2) - g,7),

Jr Y ! —zy !

r _ _ —(x+1iy,7). 3.3

(l‘y 1 y 1(x2 +y2)> ( y,7) ( )
The last line is an explicit computation of the map. This isomorphism maps the measure % —

(d”;gy, %) and is compatible with the action of SLy(Z) on both sides. If Y is in P(Z), the corre-

sponding point zy € H is called a Heegner point. Note that if Y is a reduced matrix, then zy is in
the fundamental domain of H. We summarize the discussion in the following table:

symmetric positive o positive-definite o Heegner points
definite matrices quadratic forms (for integral forms)
{y >0} {Qz,y)} H x R
_ —BiyJas—p?
Y= (a g) Qy (z,y) = az® + 2fzy + oy = o
p ry = ad — 32
az+b
MtYM Q(CLIU + bv cy + d) czj—_d

Note that this isomorphism also generalizes to higher dimensions:
SO(n)\SL,(R) x Rsg — P (R),
(SO(n)g,r) = /" - g'g.
3.3 Koecher-Maass series

In this section, we define two Dirichlet series associated to a Siegel cusp form f € S,gn). To this
end, we consider the (shifted) Mellin transform

— ; k-lis dy
A(f7 S) - Y0 f(ZY) det<Y) 2 det(y)(n+1)/2 :
This converges for Re(s) large enough. The measure dﬂ(g% is invariant under multiplication

by a scalar. There is an action by SLa(R) on H() via the embedding given by the second generator
in Equation . It is given by A -z = A*ZA. Let P(™(R) be the set of symmetric positive-
definite matrices in M, (R) and P (Z) be the restriction to integral coefficients. The following
computations are valid for Re(s) large enough. This depends on a bound for a(T'), for example
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|a(T)| < det(T)* given in Lemma 12.1 of [KIi]. We have

dy

— 2/2 —2mtr(TY) Elys @
A(f,s) = /Y S o(T) det(T)" 2 de(¥) T+

>071>0
a(T) det(T)/2
_ oy (T) det(T)

/ dy
e(T) SL,, (Z)\P( (R)

—27tr(TY) Elis
€ det(Y) = det(Y)(n+1)/2

TeP()(Z)/ PSL,, (Z)
ay
det(Y)(ntD)/2”

e—27r tr(Y) det(Y) %-&-s

_ > a(T) /
e(T) det(T)Y4s Jsr,, zppon (m)

TeP ™) (Z)/ PSL,(Z)
where ¢(T) = #{U € PSL,(Z) | U'TU = u}. The last integral is computed in Lemma 6.2 of [KIil.
It is equal to

dy

—27tr(Y) s
e det(Y) 2 det(Y)(nJrl)/Q

Gn(s) = /
SLa, (Z\P (™ (R)

- k—1 -1
:2(277)7n8H7T(T71)/2F <2+S— r 5 ) .
r=1

We define

a(T)
Lif:s) = 2 e(T) det (T)1/4+s

TeP () (Z)/ PSL, (Z)
So A(f.s) = L(f.5)Clu(s).

Proposition 3.3 ([Maal, Chapter 15). Let k be an even integer and f € S,in), The function L(f, s)
has a holomorphic continuation to the whole complex plane. Moreover, it is bounded on vertical
strips and it satisfies the functional equation

A(f,5) = (=1)"2A(f,1 - s).

Kaori Imai, in her paper [[ma], gave another perspective. This was generalized by Rainer
Weissauer in unpublished notes and revisited in [AMS]. For the rest of this chapter, we restrict
ourselves to n = 2. We saw in the last section an isomorphism SLg(Z)\P(Z) = SLo(Z)\H X R<.
On the two terms of the right side, we have a spectral theory. Therefore, we can compute the double

spectral inversion of a form f € S ,gQ), that is the Mellin transform and the spectral decomposition
with respect to A. More precisely, let 1Y € H®) be a matrix on the imaginary axis with det(Y) =1

and f € S,(f). We can see f as a function of (zy,r) € H x Rs. We consider

fuley) = M(f) (v, 5) = / " gy

where M(f) is the Mellin transform with respect to the variable r. This is a function of zy € H
that is invariant under the action of SLy(Z). It is natural to decompose it with respect to the
spectral decomposition of L?(SLy(Z)\H). Thus, for ¢ € A, i.e. a Mass cusp form, Eisenstein series
or the constant function, we want to consider

(fsr8) = (M(f)(-9), 9)-

We compute this inner product in Lemma But first, we need to introduce some notations. We
define the twisted Koecher-Maass series

a(T)
R T da e 5.4
S TEP(Z;’SLZ(Z) G(T) det(T)1/4+s T

where a(T') is the T-th Fourier coefficient of f and €(T) = #{U € PSLy(Z) | U'TU = T} is the
number of automorphisms of 7. The corresponding gamma factor is
l ity

G(f x ¢,8) = Gty k,s) = 4(2r)~k-D=21 (2 +s+ 2) r (5 +s— lt;) .

Recall that £ = k — 3/2 and that ¢4 is the spectral parameter of ¢.
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Lemma 3.4 ([Imal, Proposition 3.4, [Maa)], pp. 85-94). Let f € S,(f), peNandseC. If ¢ is
even, we have
(MUY, (= 1)/2 4 5).6) = YEL(F x 6.9)G(F  6.9)

If ¢ is odd, the inner product vanishes.

Proof. First, we rearrange the terms

(M) (k=1)/2+5),¢) = /PSL Z)\H /OOO f(%r)@r%“% do

= k1, d
= Z a(T)det(T)e/2/ / 6727rtr(TY)¢(Z)T%+Sld¢
TeP(Z) PSL2(Z)\H J0 r
oT) ¢ / - ko, dY
det(T)%/? 261 (TY) ) det(YV s 9T
2 T p@ o) detY) = T
TePSL2(Z)\P(R)

The last integral was computed by Maass [Maal, pp. 85-94. He proved that

JE—— 1 k+1— 25
/ 6727rtr(TY)¢(Z) det(Y)kTJrS dY3 _ = f(2ﬂ)
P(R) det(Y)3/ det(T) ="

1r(5+=%)
We obtain that the inner product is

v Z e(T )deigzil/zprs d(zp)(2m)~FH1- 25HF <£ et 2)

TEPSLy (Z)\P(R)

_ VT
1

L(f x 6,5)G(f x ¢,5).
O

Proposition 3.5 ([Ima], Theorem 3.5). The Dirichlet series L(f x ¢,s) extends to an entire
function on C that is bounded in vertical strips and with the functional equation

A(f X ¢,S) = L(f X ¢>S)G(f X ¢,S) = L(f X ¢7 1- S)G(f X (ba 1- S)

Remark. Note that this function does not have an Euler product and is not in the Selberg class.

3.4 The Kitaoka formula

The Petersson formula was generalized by Kitaoka to Siegel modular forms of degree 2 [Kit]. It is
proved in the same way. We consider the Poincaré series

Po(Z)= Y j(n2)Fetr(QyZ2) = Y ho(T)det(T)/?etr(T2),
YET 0o\ Sp, (Z) TeP(Z)

where j((& B),Z) = det(CZ + D). Klingen [KIi] showed that these functions satisfy
(f. Po) = 8ex det(Q)~"2ay(Q),

with ¢ = ?(477)3_2’“F(k —3/2)I'(k — 2). We compute (Pr, Pg) in two different ways: first, using
the above property and second, using an orthonormal basis B,(f) of the space of cusp forms of
weight k. We obtain

_epar(T)as(Q)

Seuh(T) det(T) ™/ = (Po, Pr) = 3 (Po, f){J,Pr) = 64 3 det(TQ)™*=E

jeB® feB®
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The Fourier coefficients hg(T") were computed by Kitaoka. We need to introduce a few notations.
Let C € M3(Z) with det(C) # 0. The generalized Kloosterman sum of rank 2 is

K(Q,T;C):= Y etr(ACT'Q+C7'DT),
(&3)

where the sum is over matrices (& i) € Sps,(Z) in a system of representatives of I'oo\ Spy(Z) /T o
This Kloosterman sum can be factorized with respect to elementary divisors of C. For C =
(Col 01002 ), a trivial upper bound is given by the number of representatives of the quotient, which
gives

IK(Q.T50)| < clex < |det(C)[*/,

We also have square root cancellation for this sum. This was computed by Téth in a mostly
elementary way [T6t].

The rank 1 Kloosterman sum is defined in the following way. This setup comes from a family
of representatives described using Smith normal form. We consider two integers ¢, s and matrices

Ue {(S I)}\GLQ(Z), Ve GLQ(Z)/{((l) I)} (3.5)

P=UQuU' = (,1,"%), S=VITVt= (2,0,

P2/2 pa 52/2 54

and define

Suppose that the bottom right entries of P and S are both equal to s. In that case, we define

* dy$4d2 F dipads + sads + dip1 + dis s
+ N 15405 1P20a2 202 1P1 151 P2S2
H=(P,S;c) :=0p,=s, E E 2 ( - == 2054) )

dy mod c¢ds mod ¢

Here Z* means that the sum is on d; coprime to c. We have the trivial bound |[H* (P, S, c)| < ¢
Finally, the generalized Bessel function is defined in the following way. Let P be a diagonalizable
matrix with eigenvalues equal to the squares of s1,s5 > 0. We define

/2
TJi(P) = /0 Ji(4msy sin(0)) Jy (4 sq sin(6)) sin(0)d6,

where Jj, is the Bessel function of the first kind. Combining everything, we get the following:

Theorem 3.6 ([Kit]). Let k > 6 even, Bl(f) be an orthogonal basis for the space of Siegel modular
forms of degree 2 and weight k. Then

Ck Z le Hf” @ = dg~r# Aut(T)
8(2) 2
Dl 4m+/det(T
5 T 3 S waU VTV g S
c,s>1

T,C
e S TS gre-iqe
det(C)#0

where U, V' run over matrices in Equation (3.5).

Remark. On the right-hand side, the three terms are called, in order, the diagonal term, the rank
1 and the rank 2 terms.

Remark. This was generalized in the level aspect to the Siegel subgroup by Chida, Katsurada and
Matsumoto [CKM]. The only difference for I‘éz)(N) is that we restrict to N|c and N|det(C) in the
second and the third terms.
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It is also possible to generalize the Kitaoka formula to higher degree. Unfortunately, here are
only basic descriptions of the generalized Kloosterman sums and Bessel functions appearing. For
the term of full rank, we get

k
CeM,,(Z) ‘ det(C)\
det(C)#£0
where
KM(Q,T;C) := > etr(AC1Q + C~1DT)

(& 3)€EToc\Sp2, (2)/Tee

as above and

R7QT50) i / etr(~Z7'CTIQC™! = ZT) det(2)*dX,
X

We discuss that topic in more detail in Chapter






Chapter 4

First manipulations

In this chapter, we start the proof of Theorem We prove Proposition [1.5] establish an ap-
proximate functional equation and insert the Kitaoka formula in N,,(K). We then prove decay
properties of the cut-off function appearing in the approximate functional equation.

4.1 Spectral decomposition and Dirichlet series

We recall the discussion in Section We consider the spectral decomposition of L?(SLa(Z)\H).
Let A be a set of bpectral components. For any g € L?(SLy(Z)\H), we have the spectral decom-
position g(z) = [, (g, )¢(z)dp. We also write M(g) for the Mellin transform of g. We have the
Parseval 1dent1t1es for thls decomposition and for the Mellin transform:

dx dy ° Ldr 1 [ )
/ l9(2)? / (g, &) P dg, / lg(r)|Pr*e— = */ [M(g)(c +it)[*dt,
SLo(Z)\H 0 T 27 J_ o

with ¢ € R such that both sides of the equation make sense. We write f(z,7) as a function of
z € Hand r > 0. Let M(f)(z,7) denote the Mellin transform with respect to r. We apply the two
Parseval identities. This gives

dr dz d 1 > . dxd
/ / r)|2rk— Qy / — |IM(f) (2, k/2 +zt)|2dt—2y
SL2(Z)\H S —o0 Y

Ty Lo (Z)\H 2m

1 [ o
o [ [l +in. o Pas

N(f) = — Y2 det(Y kL
(f) 90”ng /SLQ(Z)\’P(R) |f(Z >| et( ) det(Y)3/2

Applying the Parseval identities, we get

N = got s | [ MO k24 ). 0 Pdg .

The Mellin transform can be computed explicitly. The Mellin transform of f is given in Proposition
B4 The result is

We consider the restriction norm

(MU (= 1)/24 ), 0) = YTL(F x 6,906 x 6,5)

For odd ¢, the scalar product inside the r-integral vanishes. For even Hecke-Maass cusp forms ¢,
we have ¢ = ¢ and for Eisenstein series, |L(f x ¢,5)| = |L(f X ¢, s)|. Inserting this in the norm

gives us
N = 2880||f||2/ / A(f x ¢,1/2 4 it)[*do dt.

This concludes the proof of Proposition [T

27
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4.2 Approximate functional equation

Now, we want to evaluate the series L(f X ¢, s) on the critical line using its Dirichlet series. For this,
we compute an approximate functional equation. Note that if f and ¢ are Hecke eigenfunctions,
then L(f x ¢,s) = L(f X ¢, 5) for cusp forms and the constant function and

L(f x E(-,1/2+i1),s) = L(f x E(-,1/2 —i7),5) =v(1/2 —ir)L(f x E(-,1/2 4+ i1), 3)

for Eisenstein series, where

) — 2T UD CRs = 1) r 17T 9201 - )
I o) T (29)

Let vy be v(1/2 — i) with v as above if ¢ an Eisenstein series and 1 if ¢ is a cusp form or the

constant function. Then vg¢(2) = ¢(2) and L(f x ¢,s) = vsL(f x ¢, 3). Consider

I(f x ¢,9) 1/(3)6U2A(f>< ¢,U+S)A(fxq/3,v+1—s)dv

27 v

1 2
=5 (S)e” V¢A(f><¢,v+s)A(f><¢,v—|—1—s)d—vv.

We take s = 1/2+it. The integrand has no poles except for v = 0 and decays rapidly at co. Moving
the path of integration to Re(v) = —3, we get

I(f %, 1/2+it) = 2% /(_3) e”2V¢A(fx¢7v+1/2+it)A(f><¢,v+1/2—it)%+|A(f><¢7 1/2+it)[%.

Using the functional equation of A(f x ¢, s), we get

1 2
— e’ 1/¢,A(f><¢,v+1/2+it)A(f><<Z),v+1/2—it)@
2mi J(_a) v
1 2 ) L du
= — e’ UpA(f X ¢, —v+1/2 —it)A(f x ¢, —v+1/2 +it)—
2mi J(_3) v
1 2 . o odv
=—— e” vgA(f x p,v+1/24+it)A(f x p,v+1/2 —it)—
271 (3) v

=—I(f x ¢,1/2 +it).
We conclude that [A(f x ¢,1/2 + it)|? = 2I(f x ¢,1/2 + it). Now, we expand the Dirichlet series
of L(f X ¢,s) at s=v + 5 +it:

1(f % 6,5) 1/(3) G X 6,0+ 1/2+t)G(f X 60 +1/2 — i)

= omi
a(T)a(Q) det(Q)\ " - dv
o(zr)d(20)—
T,QeP(;PSLQ(Z) e(T)e(Q) det(TQ)1/4+“+1/2 (det(T)) ( T) ( Q) v

_ W@ oo
= T’QGP(%/:PSLQ(Z) E(T)E(Q) det(TQ)3/4 ¢( T)(b( Q)

. <det<@>
det(T)

it
) ! / e G(f X ¢, v+ 1/2+it)G(f x ¢,v+1/2 —it) det(TQ)*”@.
3) v

2mi
This gives for the norm

o 1 > /det(Q)\"
YO=tig Y aeaaa .| (@)

T,QeP(Z)/ PSLa(Z)
1

2mi S

L a(T)a(Q)
A5

e”QG(t¢, k,o+1/2+it)G(ty, kv +1/2 — z’t)(mm)*”%} dt ¢(21)d(2q)de
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Note that only the last term depends on f (for a fixed k). We consider N,, as defined in Equation
(1.3). This is amenable to the Kitaoka formula as stated in

4.3 Cut-off

We define the function V(z1, 29,7, k) as

it
o0 1 P d
/ (172) /ev ¢ G(rk, v+ /24 )G(r kv 4+ 1/2 = it)(@iwa) "t (A1)
(3)

oo \ L1 211

With this definition, we rewrite the norm in a compact way:

2 1
N = 1440 T,QGP(ZX)/:PSLQ(Z) e(T)e(Q) det(TQ)3/4
- /A v<det<T>,det<Q>,t¢,kw(zT)as(me. (4.2)

Lemma 4.1. Let x1,29 > 0, 7 € C such that | Im(7)| < 2, k large enough and A > 0. The function
V' satisfies the following bounds:

i o W i gis i
X1 X9 1., dY d2 dIs U4
k23 tJa _ _ i _V , T2, ’k
(ﬂ) <\/%) ’ dz] dz dris dkis (21, 2, 7, k)

—A
T1x2 —A —A ‘le
<<A7j1’j2,j3,j4k2 (1 + A ) (1 + kl/Q‘ 10g($2/$1)|) (1 + e .
(4.3)

Remark. This lemma is similar to Equations (10.5) in [BC]. There is an error in the derivatives of
21 and z5. The integral over ¢ add an extra k1/2 term for each derivative. Note that the term is
corrected when used later in Section 10.

Proof. We can bound G using the decay of the I' function. We establish the relevant bounds in
the next chapter. First, we consider the inner integral

1 d
Vi(z,t, 7, k) = — / e“zcglG(T, k,o+1/24it)G(r,k,vo+1/2 — it)x_“—v
T (3) v
where x > 0 and the other variables are as above. We prove
i phiathiat, @1 &2 4B dn e ( i) 4 t"+ 7]
xItk272T3278 4d1.j1 dtiz dris dkia ‘/vl(x,t,T, k‘) <<A,]1,]2,_]3,]4 k 1+ A 1+ % .

(4.4)

This is similar to Equation (9.16) in [BC]. In Lemma all the derivatives except the one in z
are already treated. First, we move the v-integral to a large real part Re(v) = A. Then we apply
Lemma[5.2] and get

J

xjd—Vl (x,t, 7, k)

dxi
1 o . o ) dv
=— | € ¢ 'G(r,kv+1/2+it)G(r,k,v+1/2 —it)z™ " (—v)...(—v—j+1)—
211, (A) v
! e Gk, t,7,0)z " (—v) ... (—v —j + 1)d” + 04k
- T — o (U — -
2mi Ja) e ! v !
! 1 £2 247 2\ 4 d
< k3/2+4A7./ e lvl? <1 LUt [ + Im(v) > Ao+ = 1) 4+ Oa(k™)
274 (A) k [0]

_A 2 4 |72 —-A
<,y K2 (%) <1 + k|T|) :
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Now, we move the v-integral to Re(v) = *%' If j = 0, we pick up a pole at v = 0.

i

dxd
1 v? -1 . N . dv
= — e’ ¢, G(r,k,v+1/2+it)G(r,k,v+1/2 —it)a™"(—v)...(—v—j+1)—
211 (—1/4) v
1 d
= — e”QGA(k,t,T,v)x*”(f’u) (v —g+ 1)—v + 350G a(k,t,7,0) + O (k™)
211 (—1/4) v
1 24 |72 + Im(0)2\ * o d
< kl/ZT/ e—"u|2 <1+ ‘7'| 2 m(U) > $1/4|U|”.|v+]71|l
T J(~1/4) [v]
42 241 2\ —4
4 E? (1 kU ]: m(v) ) +OA(k™™)

1/4 t2 2\ —4
<4 k32 ((;4) +5j0> (1+ +k|T|) .

We conclude that Equation (4.4]) holds. We consider now the t-integral. The only derivatives that
we need to consider are the ones in x; and x,. First, we integrate by parts.

0o T it
V(:cl,:c2777k):/ <2> Vi(w120,t, 7, k)dt

0o \ L1

it g4
oo ) » T dj
= / (ilog(w>/x1)) (2) T Vi(@iaa, b k)t

—0o0 il

) —_A e o] t2+ 2 —A
<y K2 (KY2] log (2 /21)]) (1 + x;‘f?) / (1 + km) dt

) T12To\ —A AN
<a,; k2 (k2| log(az/x1)[) (1 + ;142) (1 + |/J)

Considering j = 0 and j = A, we get the correct result for j; = jo = 0 in Equation (4.3). If we
differentiate with respect to 21 or 2, we get an extra factor - respectively i and another factor

x

of size either 1 or k1/2. We conclude that the result holds. O



Chapter 5

Technical lemmas

We gather here various estimates and lemmas for the rest of the thesis. They come from Section 6
of [BC] and Section 8 of [BKY].

5.1 Gamma factors

Lemma 5.1 ([BC], Lemma 22). Letk > 1, s = o+it such that k+oc > 1/2 and A € N, ji, j2 € Ny.
Then

I'(k+s s -
o) = K G (1) 4 O+ 1)),
where A
o dir di2 2\~
J1ti2/2 o i
g i gz C Ao t) Caoiige (1 + k) '
Moreover,

i ren(5) (0. (£-5)).

Lemma 5.2 ([BC|, similar to Corollary 23). Let A > 0, 0 > —=1/4,t € R, 7 € C such that
|Im(7)| <2 and k € 2N. Then

~1/2

, 20+3/4 AN
¢, TG(T ko +1/2410t) a0 k 1+ — .

k
We also have, for v € C,

¢p 'G(T kv + 1/2 4+ it)G(1, kv + 1/2 — it) = Ga(k,t,7,0) + Ope(o),a(k™4),
where

iz /a2 dir diz I
dkiv dtiz dris

2+ 7% + Im(v)2)_A

GA(k’t’T’U) <<A,j1,j2,j3,Re(v) k3/2+4RE(U) (1 * k

Moreover, for t,7 < kY2%¢ we have

2 4t2 2
C;lG(T,k, 1/2 + it)G(T7k, 1/2 — Zt) = mk?’/z exp <_ ]:_T > (1 + O(k—1/2+6)) )

Proof. Using the Legendre duplication formula, I'(2)T'(z + 1/2) = 21722/7['(2z), we get

cx = 27 (4n)3 72k T (k — 3/2)T(k — 2)
= 2y/m(4mr)3 72k Q2k-T/2=2 1 (k 23/2) r <k 21/2) r (k ; 2) r <k g 1)

=27 1(27)3/272kD (k _23/2> r (k _21/2> r (kg2> r (k ; 1) .

31




32

CHAPTER 5. TECHNICAL LEMMAS

Taking the square of the gamma factor, this gives

2
. k—1/2 . ir k—1/2
94 (9 —2k—do—4it T ( + o+t + —) T <7
¢ 'G(r, ko +1/2 + it)? = (2m) 2 2

2-1(27)5/2-2k F(%m)r(k%l/Z)F(%)F(kfl)

k—1/2

2
, ( +0+zt+”> F(’“*TI/Q
— 25(27r)74(0+2t)75/2

P(E22)r () r () ()

Applying Lemma, we get

—A
‘ t+7)?
<o (/2)io+1/2+0+3/4+1/4 (1 ( kT) )

2 2\ —4
<o KO3/ <1+ t +k|T| )
This gives the first formula. Similarly, for the second formula, we compute

e "G, kv + 1/2 +it)G(1, kyv + 1/2 — it)

k—1/2

_ 25(27‘.)741}75/2 (

ot + ”)F(’“QW +v+z’tu‘g)

() ()

F(k_21/2+v—it+%>I‘<k 2 o —%)
L (532)r (5

= 2°(2m) MR (k/2) TR G o (Kt T Im(v)) + Oa o (K + [t + |7])

-4y,

where G 4, is the combination of the functions G4, in Lemma for the four ratios of gamma
functions. We have the following properties for the G4 , function
. . . _A
d’lr diz o3 Im(v)2 + +2 + |7_|2
Jitj2/2+53/2 2 S
g dkJr dtiz dris A0 (K, t, 7, Tm(v)) KA4,0,51,72.73 (1 + L

We used that if & < Im(v)? + ¢2 + |7|2, then k < (Im(v) £t + 7)? for one of the choices of signs
The last equation comes from the corresponding formula in Lemma [5.1} We get

¢y 'G(r,k,1/2 +it)G(, k,1/2 — it)
:25(27T)_5/2F(k /2 4 ey ”)F (k—1/2 ‘ z‘;)r(k 21/2 it+£)r(k—1/2 it z:)

F(k 3/2) (k 1/2) L k 1)

= 2°(27m)%/2(k/2)*? exp (—Q(t /2" + 20=7/2) ) ( UHE))

2k3/2 4% + 72
B () (1 O(kw)) |
™

5.2 The J Bessel function and the spectral integral

Concerning the J-Bessel function, we need the estimates

k
Je(z) <1, Te(z) < (%) , T(z) <z V2,
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The first two are valid for £ > 0 and k£ > 2 and the last one for x > 2k as stated in Equations
(4.1), (4.2) and (4.3) in [Blo|]. They can be deduced from Equations 8.411.13, 8.411.4 and 8.451.1
in [GR]. Moreover, Equation (4.7) in [Blo], which is a correction of Equation 2.12.20 in [PBM],
says that the product of two Bessel functions can be rewritten in the following way:

Ji(4ms sin(a)) Jx (47 s sin(«))

= %Re ( (-kjil) /OOO e ((5% +s5)t + Sin(ta)2> Jk(47T8182t)Cit) : (5.2)

The following lemma is used to take advantage of the average over k:

Lemma 5.3 ([BC|, Lemma 20 and remark afterward). Let z > 0, A >0, K > 1, w:R = C
smooth with support in [1,2], such that w9 (x) <. K7¢. Then there exist smooth functions wg,w_
and wy such that, for all j € Ny, we have

k ) )
> itw (K> Ji_sa(@) = wol@) + €®w, () + € w_(2)
k even
and
wo(z) <4 K4,

& K2\ 41
g V(@) g (“I) o

If & > 2K, we also have wo, wy < K/\/x. Moreover, if w depends on other parameters with control
over the derivatives, so do w4 .

We state a general upper bound for the spectral integral.
Lemma 5.4. Let 21,2 € H with Im(z1),Im(z2) > T and T > 1. Then
[ 16006 <4 TG ).
[te|<T

Proof. We apply the Cauchy-Schwarz inequality. We get

[y, seiis< [ jol0slds

|t<¢>|e<2T [te|<T
1/2 1/2
< |¢(21)|2d¢> < ¢(22)|2d¢> :
</|1%|A<<T /t¢A<<T

We bound the two terms with Proposition 15.8 in [IK]. The hypothesis give

< (T? + TTm(z))"* (T? + TTm(z))"/*

< T+/Im(z) Im(z2).

5.3 Stationary phase

We state in this section two lemma from [BKY] about estimates on oscillating integral. Let w be
a smooth function with support on [a, 8] and h be a smooth function on [a, 8]. We want to bound

the integral
I:/ w(t)e M.

— 00

This depends on the vanishing of 2’ in the interval [a, §].
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Lemma 5.5 ([BKY], Lemma 8.1). LetY > 1, X, U, R,Q > 0. Suppose that

w(t) <; XU, forj=1,2,...
W' (t)] > R,
h(t) <; YQ, forj=2,3,...

Then
I <4 (B—a)X[(QR/VY)™* + (RU)™].

Lemma 5.6 ([BKY], Proposition 8.2). Let0 < § < 1/10, X,U,Y,Q >0, Z =Q+X+Y +p—a+1
be such that

Y>2Z% B—a>U> QZW.
VY
Suppose that
w9 () < XU, forj=0,1,...
R'(t) > YQ2,
h9(t) <; YQ7, forj=1,2,...

and that there exists a unique to € [a, 8] such that h'(tg) = 0. Then

X
<X

<



Chapter 6

Diagonal term

In this chapter, we compute the diagonal term of the Kitaoka formula, where T' ~ Q. For this, we
combine Equations (1.3)) and (4.2) with the Kitaoka formula. We have in particular that det(T) =
det(Q) and €(T) = €(Q). The equation for the diagonal term simplifies to

: 122 k # Aut(T)
NP (K) =—— w () > —
v /2
WKL Y B s e(T)? det(T)

/A V (det(T), det(T), tg, k) |¢(z7)|* do.

We deal with this expression in the following steps. First, we analyze the spectral integral using
the pre-trace formula. This requires a non-trivial argument and takes up an important part of
this chapter. In particular, we need to count Heegner points close to the edge of the fundamental
domain and take care of the restriction to the even spectrum. After that, the rest of the summations
and estimations are handled. We finish by the computation of the average over k.

We fix some notations for this chapter. Let T be a reduced positive-definite matrix of deter-
minant D. It corresponds to a Heegner zp in the fundamental domain via Equation . We use

the notation .
T = « B > zp = M
B 0 a

6.1 The pre-trace formula

First, we do not consider the even spectrum. We apply the pre-trace formula (see for example
[Lwa], Section 10.1). It states that

/AV(det(T),det(T),t,z),k)|¢>(zT)|2d¢>: > w(u(zr,yzr)).

~€ESL2(Z)

The function « is the Harish-Chandra inverse of V and it only depends on the point pair invariant
u(z1,22) = wr‘lz(;:i)zlf(zﬁ. We keep these notations in this chapter. Recall that 7" is reduced, so
2|8 < a < § and the decay properties of V give D < k**¢, up to a negligible error. In particular,
zr is in the classical fundamental domain of T'\H. For the edge of the domain, we pick the pieces

with Re(z) < 0. The goal of the following subsections is to prove the following theorem.

Theorem 6.1. For all e > 0, we have

# Aut(T) ,
L N S A V(det(T),det(T), 1, k) |¢(zr)|” do
TeP(Z;DSLQ 1y D2 de(T)72 /A
_ 2 Aut(T) psie
B TGP(Z)/ZPSLQ(Z) €(T) det(T)*/? A0) + Ok, (6.1)

35
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If we reduce to the even spectrum, we get

4 Aut(T)
2 oy AP AT

# Aut(T 2 1 .
> ( e(T)( )> 2oy (0 + O,

TEP(Z)/ PSLa(Z)

/A V(det(T), det(T), 7, k) |6(=1)|? dé

TEP(Z)] PSLy(Z)

Remark. We will see later that the term with x(0) is of size k®log(k). The two equations tell us
that, on average over T, the terms on the spectral side with u # 0 are of lower size.

To get k, we want to compute the Harish-Chandra inverse transform of the function h(7) =
V(det(T'), det(T'), T, k). We know that this function of 7 is even, decays exponentially and is holo-
morphic in the strip |Im(7)| < 2. Therefore it is suitable for the Harish-Chandra inversion. A first
way to get £ in terms of h is given by Equation (1.62’) in [Iwal:

K(u) = ﬁ /_O:o % /OW(QU +1+2y/u(u+1) cos(@))_%_”dﬁ h(7)7 tanh(77)dr.

At u =0, we get

k(0) = % /00 V(det(T'),det(T), 7, k) tanh(n7)dr. (6.2)

— 00

For u < 1, the O-integral is of size < 1 because 2u + 1 — 24/u(u + 1) is bounded away from 0.
Using the cut-off of V' given in Equation (4.3) and 7tanh(r) = |7| + O(1), we get a trivial bound

K(w) <4 k2 (1 + det(T)Q)A /_O; I7| (1 + |T> s <Ak <1 + det(T>2>A. (6.3)

k* k k4
We also need the following lemma.

Lemma 6.2 ([Iwal, Lemma 2.11). Let z € H with Im(z) > 1/10 and X > 0. We have

#{y € SLa(Z) | u(z,72) < X} </X(X + 1) Im(z) + X + 1,
#{y € SL2(Z) | u(z,7(—2)) < X} </ X(X + 1) Im(z) + X + 1.
VD

Remark. Note that in our case, Im(27) = %= < k'*T€ up to a negligible error.

6.2 The full spectrum

We do not restrict to the even spectrum at first. In this section, we prove a strong decay bound
for k(u) when u is large enough.

Lemma 6.3. Let ¢ > 0, A > 0, T € P(Z) with det(T) < k**¢ and zr € H the Heegner point
corresponding to T via Equation . Then

Z |K(u(zr, vor))| <ae k™
'YGSLQ(Z)

u(zr,yer) >k~ te

Proof. We apply the usual three steps to get the Harish-Chandra inverse transform (see (1.64) in
[Lwa]). This gives

o) = = [ V(det(),det(T), 7 W)
™ — 00

q(v) = %/ﬁw V(det(T), det(T), 7, k) (Vo + 1 + V)% dr,

L L et et (T 4 gy YLV
/{(u)—47r2i/u m/_OOV(d H(T), det(T), 7, ) ~—me o —rdr .
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We recall the decay property of V' with respect to 7, as written in Equation (4.3)):

—A —A
&’ 2 j/2 det(T)2 7]
— 1+ — .
= -V (det(T),det(T), 7, k) <a,; k 1 + B

Let h(1) = V(det(T),det(T"), 7, k). We consider first ¢(v). Since h is holomorphic in a strip, we can
move the integration line to 7+ 7 + 2¢:

/ Ar)T(Vo+ 1+ V) Tdr = (Vv + 14 v)~ / h(t + 20) (1 + 2i) (Vv + 1 + Vo) ¥ dr.
Integrating by parts, we get
dmg(v) = (Vo + 1+ v)™* /_Z h(T + 2i) (7 + 20) (Vv + 1 + Vv)*7dr
= (Vo+ 1+ o) H(=2ilog(Vo+ 1+ )™
: /o:o(h/(r + 20) (T + 20) + h(T + 20)) (Vv + 1 + V0)*7dr

= (Vo F T4+ Vo) (~2ilog(Vo+ 1+ Vo)™
'/OO (WD (1 4 20) (1 4 2i) + jhU D (7 + 20)) (Vo + 1 + Vo) *7dr

-4 =g . det(T)? -4
<aj (Vo+1+) (log(\/v+1+ﬁ)\/E) k(k+y\/%)<1+ = ) .

In particular, we have a saving in k if log(v/v + 1 + /) > k~1/2+</2_ Since log(vv + 1 4+ /v) =
VU 4+ O(v3/?) for small v, this happens if v or u is > k€. We obtain

—A
( )<<Aj(m+f) 4]€3 je/2 (1+detk§ ) > .

Then

, det(T d
r(u) < k392 (1 + = ) !

\/v v+ 1)(v—u)(Vo+ 1+ o)t

We split the integral in the intervals Ju,u + 1] and [u + 1, 00[. We get

dv 1
N TR ) e (Y S TR G D T+ V! / w—u /+

:\/u(u—i-l)(\/u-i- +\/ﬂ) (UJFI)

If u > 1, then we obtain
2 1
+ S < —.
Vulu+1D)(Vu+1+vu)t 2(u+1) u
If u < 1, then we have 1 +u < 1 and
2 n 1 1
Vil Dat 1t ay - 2ut )P SV

In summary, for v > k~17¢, we computed

2\ —A
detlg) ) 1 if w1,

r(u) < jk37I¢/2 (1 + 5

u

. det(T)2\ ™ 1
Ko(u) < k592 (1 + Ck(4)> 7 if u < 1.
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Applying Lemma, we sum over . For k717¢ <« ur < 1, we have

det(T)2>‘A_

S Istulerar] <y k00 (14 250

’YESLQ (Z)
ke <u(zr,yer)<1

So for j large enough, we can cancel all the powers of k. For v > 1, we split into dyadic intervals.
For X > 1, we have /X (X + 1)Im(z) + X + 1 < Xk'T¢. We get

Yo Isuleryer)l=)0 Y k()

’YESLQ (Z) n=0 u€[271)2n+1[
w(zr,yzr)>1
<D 2keR(2)
n=0
0o —A
€e—7J€ det(T)Q —n
gy ke (1+ = 2
n=0
- det(7)2\
<<A,jk4+67j6/2 <1 + ;4 ) ) )
We take j large enough to conclude the proof. O
Now, note that for a Heegner point z = M, v = (‘; g) and z # vz, we have
wos) -z ezt d) — (az 4 b)
4Tm(z) Im(vyz) 4Tm(z)?
_(¢B?—cD — (d—a)apB —ba?)? + (—2¢BVD + (d — a)av'D)?
N 402D ’

In the last line, if the second square is non-zero, we get u(z,vz) > % > % If it is zero, then
2¢8 = (d—a)a. Moreover, the first square is non-zero, since z # ~yz. The first square simplifies then
to (¢f%—cD—(d—a)aB—ba?)? = (—c(B%*+D)—ba?)? = a?(—c6—ba)?. Thus u(z,vz) > a";; > L
in that case. Up to a negligible error, we get that for zp # vz,

1
) > kT2

. 1
u(zp, yzr) > min ((12’ 5

It remains to deal with the 27 and « such that k=27¢ < u < k~'*¢. This gives the error term
in Equation (6.1)). Applying Equation (|6.3) and Lemma we see that

# Aut(T
Y e S > (w(u(er, yer)|
TEP(Z)/ PSLa(Z) eSLa():
det(T)<<k2+e k72’€<<u(zT,'sz)<<k71+€

1 _ det(T)
kS k 1/2+e€
< 2 D qaupn e
adKk2te |BlKa

1

2.5+
<L k50T E -
D/<<k2+s

< k2Ot (6.4)

This concludes the proof of Equation (6.1)). We combine Lemma [6.3] and Equation (6.4]) and get
the correct error term. For the term u = 0, the set {y € SLa(Z) | zpr = yzr} has size 2¢(T') since
it is its lift from PSLo(Z).
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6.3 The even spectrum

In this section, we prove the second equation of Theorem Let T_1 be the —1 Hecke operator
acting by T_14(z) = ¢(—z). We have

2¢(z) if ¢ is even,

(id+T_1) ¢(2) = {0 if ¢ is odd.

This tells us that

[ Vied).den). tp. Wl (er) P

:i / V(det(T), det(T), b, k) (J6(2r)* + [6(—27) | + 2Re(6(2r)é(—21)) ) do-
A

If 2 is a Heegner point, then so is —z7. So we can consider Equation (6.1]) when we replace |¢(zr)|?
by ¢(z)¢p(—%). We apply the trace formula again and we consider first the term with u = 0.
The points z7 and —Z7 are both in the classical fundamental domain. Therefore if there ex-

ists v € SLa(Z) such that v(—z7) = z, it means that zp = —Z7 or that zp is on the edge of
the fundamental domain. In both cases, there is a vy such that vo(—z7) = zr. This gives three
possibilities: 8 = 0 if 20 = —Z7, 8 = —% and |zp| = 1. There 7q is respectively id, ((1) jl) and

(% %). We can post-compose with any v such that yzp = z7. Therefore the term ¢(z7)¢(—27)
has the same number of v with u = 0 as the terms |¢(zr)|? and |¢p(—27)|?. As above, the set
{y € SLy(Z) | zr = vz} has size 2¢(T). If there is such a 7y, we get in total % = 2¢(T) terms
for u = 0. If there is no ~g such that vo(—27) = 27, then the term ¢(z1)¢(—z7) has no term with
u = 0 on the geometric side of the pre-trace. Therefore we only get €(T"). Looking at the table in

Appendix we see that the ratio between # Aut(T") and ¢(T') is 4 if o exists and 2 otherwise.

#Aut(T)

Thus we can write this contribution as %‘:(T). If we combine this with the factor (T)?

Equation , we get in total

1 [ #Au(T)\?

(5 )
as in the second equation of Theorem

We consider now the case u # 0. The only thing that matters in the error term of Equation

above is the distance u(z1,22) between the two points in the trace formula. If u(zy,v(—2z7)) >
k—1*¢, then we conclude as in Lemma[6.3| using the decay of x and Lemmal[6.2] The other case is
when u(zr,v(—27)) < k~17¢. The bound in Equation is also valid in this case. This concludes
the proof of Theorem [6.1

6.4 Main term of the pre-trace formula

We now analyze the term with v = 0 of the pre-trace formula. Applying Theorem we have

: 1272 k # Aut(T) 1 _
diag _ v 1/24€
Na™®(K) = T w(K) D ( e(T) ) saenryaz 0+ O )
ke2N TEeP(Z)/ PSLy(Z)

with %(0) given in Equation (6.2). The error term is the combination of Theorem and trivial

estimates. In Appendix [A] we calculate all the automorphisms of T in GL2(Z). At the end of it, a

table summarizes the computation. We see that %(%)2 is 2 except if T' = (g g) is diagonal,

a =0 or a = 2|F|. In these cases the ratio is equal to 8. Recall the definition of V' in Equation
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[4.1). For T ~ Q, the only part that depends on T is det(T") =2V for Re(v) > 0. We consider
3 # Aut(T)\ 1
e(T) 2det(T)3/2+2v

TEP(Z)/ PSLa(Z)
1 1
=2 Z det(T)3/2+2v +6 Z det(T)3/2+2v

TeP(Z)/ PSL2(Z) TeP(Z)/ PSLa(Z)
# Aut(T)#2¢(T)

=: 2L(v) + 6L(v).
Lemma 6.4. The function L(v) converges for Re(v) > —1/4 and is bounded on vertical strips.

Proof. Let o0 = Re(v). First, we consider the case of T diagonal. We have

1 1 )
Z det(T)3/2F20 — Z (ad)3/22v <((3/2+20)".
TeP(Z)/ PSLa(Z) 0<a<é
T diagonal

Therefore this sum converges for all ¢ > —1/4 and is bounded on vertical strips. The two other
cases are similar:

1 1
Z det(ﬂw - Z (02 — 32)3/2+2v < Z 52+4U <L ((2+40),

T€EP(Z)/ PSLa(Z) 0<28<5 0<s
a=4 0<d

1
Z W: Z (285 — 52)3/2+2T,<<Zz ﬂ5)3/2+2 < ((3/2 +20)%

TEP(Z)] PSLa(Z) 0<2B<6 0<60<f
a=2|8|

Note that these three cases are not disjoint. This is important if one wants to estimate the values
of L explicitly. O
To study L(s), we need the following lemma.
Lemma 6.5 ([BC], remark after Lemma 12). Let
h(D) := #{T € P(Z)/ PSLy(Z) | det(T) = D}
be the class number of the determinant D. We have
~ 4 . .
3 (D)= ?ﬂX‘S/Q — X 4+ 0(X¥/4).
D<X

Remark. Note that in [BC], the determinant D corresponds to the discriminant —4D. We have
h(D) = h(—4D). Hence X must be replaced by 4X between the result there and here.

Lemma 6.6. The function L(v) converges for Re(v) > 0 and can be meromorphically extended to
Re(v) > —1/4 with a unique pole at v = 0 of residue . The extension is bounded on vertical strips
and away from the pole.

Proof. We have

1 h(D)
L(s) = ) det(T)o/2+2 — ) D3/2+20"
TeP(Z)/ PSL2(Z) 0<D

This converges for Re(v) > 0. Let X > 0. Summing the Dirichlet series by parts, we get

h(D) -3/2-20
Z D3/2+2v Z W(D)X %272 4 (3/2 + 20) / Z t5/2+2v

D<X D<X D<t
~ 4 47r dt
_ —3/2—2v _ AT 5,9y 13/2
= Y D)X 5 X +(3/2+ 21;)/1 > h(D pryrT
D<X D<t

4 Xy
+ §X*2“ +(3/2 + 20) /1 gt**?vdt. (6.5)
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The last integral is

X 2v
4 dr XY —1
3/2+2 — 7Tt = —(3/2+ 2 -
e+ [ 7 (324 20) 0 0
For Re(v) > 0, the limit as X — oo converges to 4F 3/ 2“” . Finally,

= 4
Xlir})o Z h(D)X‘3/2_2“ _ §X_2“ _ Xli_rgo(X—l/z—% + O(X—3/4—2U)) —0.
D<X

In total, we have that

4 2+2

5/2+2
1 D<t t / v 9 2v

converges for Re(v) > —1 and v # 0. It is a meromorphic continuation of L(v) with a unique pole
of residue Res,—o L(v) = § and it is bounded on vertical strips and away from v = 0. O

Now, we consider the T-sum combined with the v-integral of Equation (4.1f):

# Aut(T)\° 1
Z < e(T > 2det(T)3/2

T€eP(Z)/ PSLa(Z)
1 d
[ e G kv + 12+ it)Gr kv + 1/2 — it) det (T) 2 E2
271 (3) v
1 d
=— | " Gr kv + 12+ it)G(r, kv + 1/2 — it) (2L(v) + 6L(v)) —
2mi J(3) v

Note that the integrand has a double pole at v = 0. We have the following Taylor expansion for
the gamma factor:

e G kv +1/2 +it)G(1, kv + 1/2 — it) = ¢; ' G(7, k, 1/2 + it)G(7, k, 1/2 — it)
' (k-1/2 T 5
1+U<§F( ) :tzt:t2>4log(27r)>+0(v)

Recall that according to Equation (4.3)), the t- and 7-integral can be cut at k/2+€ up to a negligible
error. Moreover, FTl(z) =log(z) + O(|z|™") so that for t,7 < k'/2F¢

v ‘
Zl% (k 21/2 + it + Z;) — 4log(2n) Zlog —1/2)/2 it +i7/2) — 4log(27) + O(k™Y)
++

= 4log( )+ Co+ O(k 71/2“),

for some constant Cp € R. Let Cy = lim, ,o(L(v) — 5) be the constant term of the Laurent series
of L(v). In conclusion, the pole at v = 0 of the integrand has residue

e G(T,k, 1/2 +it)G (1, k, 1/2 — it) (2; (4 log(k) + Co + O(k:—l/?*e)) + 20 + GE(O)) .

We define D = 2XCy + 2C; + 6L(0). We move the v-integral to Re(v) = —1/4 + ¢ for some fixed
€>0:

= e G kv + 1/2 4+ it)G(r, kyv + 1/2 — it) (2L(v) + 6L(v e
27 J(3) v

=c; 'G(1,k,1/2 +it)G(7, k,1/2 — it) (8; log(k) + D + O(k—1/2+6)>

1 ~ d
b e e G (r kv + 1/2 + it)G(r, kv + 1/2 — it) (2L(v) + 6L(v)) —
271'7, (_1/4+€) v
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We apply the bounds of Lemma to the second term to get

1 d
— eV e G r kv + 1/2 + it)G(r, kv + 1/2 — it) (2L(v) + 6L(v)) —
271'1 (—1/4+€) v
oo £2 2 2\ —4 ~
<<Ak1/2+46/ e’ <1++|T]|€+7“”> (IL(=1/4 + € + iw)| + |L(—1/4 + € + iw)|)dw
2 2\ —4
< ql1/2 e (1+ t +k|7\ )

Using Lemma and 7tanh(7w7) = |7| + O(1), we get
127 kY [ [~ 1 .2
oxt 27 i ¢
o=t —o0 J—c0 Tl J(=~1/4+e¢)

e PG kv 4+ 1/2 +it)G (1, kv + 1/2 — it) (2L(v) + Gi(v))%dtr tanh(77)dr

o0 oo t2 2 —A
<4 K73 / / K1/ <1 + +k|7|> dtt tanh(n7)dT
< K—3 X K1/2+4€ . K1/2 K

< K71+46'

Therefore we conclude that

NOPe(K) = wKZ w <K> E/ / e 'G(T,k, 1/2 +it)G (1, k, 1/2 — it)

kE2N
. <8?:r log(k) + D + 0(k1/2+e)> dtt tanh(r)dr + O(K71/2+6)
3m » |
WK < > / / G(7,k,1/2 +it)G(7,k, 1/2 — it)dtT tanh(7)dr

ke2N

. (8;- log(k)+D+O(k—l/2+e)> +O(K_1/2+E).

Now, we compute an approximation of the ¢-integral using Lemma [5.2] We also replace the gamma
factors outside t,7 < k*/2*¢. This gives an error of size O 4(k~4) for all A > 0, so it is negligible.
We get

G rG(T k, 1/2 4+ it)G(r, k, 1/2 — it)dt
B k
4t2 + |72 _ _
3/2 _ 1/2+€ A
ﬂ5/2k /Ooexp< k )(1+O(k )) dt + O (k=)

3/2\ﬁ p( |k|2> (1+O( 1/2+e))

7T5/2
Lo 7|2 3/2
= ﬁk exp( B ) + O(k>/ %),

We compute the 7-integral using 7 tanh(7) = |7| + O(1). This gives

/OO exp(—72/k)7 tanh(7)dT = 2/00 exp(—72/k) (T + O(1))dr
0

= — kexp(—7*/k)| + OWk)
=k+0Wk).
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We conclude that
oo o0 1
/ / 1 G(r k,1/2 4 it)G(r, k. 1/2 — it)dtr tanh(r)dr = — K2(k + O(VE)) + O(k3/2+)
—o0 J —o0 ™

1, .
= ﬁk5+0(k2~5+ ).

6.5 Sum over k

Recall that w = f12 w(z)z®dz. We saw above that the diagonal term is

wK4 K 3

8 kY s 3D kY »

= | K1 — = K1/,

R 2 w(K>k og(k) + w(K)k +0( )
ke2N ke2N

- 3 N 1 4(8
N (f) = =% w () K (” log(k) + D + O(k—1/2+e)> + oK1+
ke2N

We deduce the main term of Theorem by summing over k. We apply the Euler-MacLaurin
formula for this.

Lemma 6.7 ([IK], Lemma 4.1). Let a,b € Z and f a C' function on [a,b]. Then

b b
> fw=5 [ f(w)dxw( / If’(w)ldw+|f(a)+|f(b)l>~

n€e2N
a<n<b

Let ' = ff w(x)x3 log(z)dz. We get

, 4 K iz 3D K sz
diag — 3 3 —1/2+4€
NL(f) K /K w (—) x” log(z)dz + Sor il /K w (—) z’dr + O(K )

+0 (KI,4 /K2K <[1(w’ (%) 23 log(z) + w (%) z?log(z) +w (%) x2> dx)

4

= OJK3/1 w(z)(zK)3log(xK)dx

3D 2 3 —1/2+e€ —1+e
+ W/l w(z)(zK)3dr + O(K )+ O(K 1)

' 3D
= 4log(K) + 4= + 22 4 O(K~1/2+)
w 2w

= 4log(K) + D' + O(K /%),

Here D’ is a constant that only depends on w, € > 0 is arbitrary and the implied constant depends
only on € and w.






Chapter 7

Rank 1 term

We focus now on the first off-diagonal term of the Kitaoka formula, called the rank 1 term. It
comes from the combination of Equations (1.3)), (4.2) and the Kitaoka formula (Theorem [3.6). Its

shape is
12273 k 1
o 2 (K) 2 TQ) dT g

ke2N T,Q€EP(Z)/ PSLa(Z)

/ V(det(T),det(Q), ty, k)p(21)p(20)dd
S R

CS
+ ¢,s>1U0,V

We have various sums that we need to restrict, up to a negligible error. First, we apply Lemma
E3l The sum over k is

> w (f{) (=1)*2V (det(T) det(Q), ty, k) Jo (4” Vdet(m)) .

CcS
ke2N

We get three terms. The wy term is negligible because all the other sums and integral have a

cut-off that gives a polynomial growth in K. The terms with w; and w_ have the property that
—A /36T Q)
wy (z) <4 K2 (1 + K?z) with z = det(TQ . They also depend on det(T'), det(Q) and t, and

follow the other bounds of Equation (4.3 . In our case, we have

2 z122\ "4 1/2 - |7|? - K>\ 4
wy (z, 21, 22,7, K) <4 K <1+ K4) (1+K/ |log(x2/x1)|) <1+ K) <1+m>

with x as above, x1 = det(T'), z2 = det(Q), T = t4. We also have a control on the derivatives given

by Equation (4.3)) and Lemma

7.1 First upper bound

We prove a first bound for the rank 1 term. Let ¢ > 0. Combining the estimate of Lemma
with Equation , we get 2s2K47¢ < det(TQ) < K*T¢ up to a negligible error. Hence ¢, s =
O(K¢) and K*~¢ < det(TQ) < K**<. Since det(T) — det(Q) <« K~/2¢ det(T), we get K?~¢ <
det(T), det(Q) < K?*¢. Now, we look at the exponential sum H* defined after Theorem It
vanishes unless there are U = (4 «, ) /{£1} and V = (3! %) in GLo(Z) such that

(UQU")g0 = (VTITV g0 = s.
Let T= (%), Q = (3 ¥). Using the inequality % 4 t? > 2rt, this gives

s = avs — 2bvyvz + cvi > 2(v/ac — |b])|vsval,
s = xul + 2yuzuy + zul > 2(vVrz — |y|)|usua).

45
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Since T' and @ are reduced, we have 2(y/ac — |b]) > v/ac > +/det(T) and similarly for Q. If uszuy
or viv3 is non-zero, then we get s > y/det(T) or /det(Q) and both are of size > K'~¢. Since
s = O(K*®) up to a negligible error, this is negligible. Otherwise we have uy = v; = 0 because
¢ > /det(T) > K'=¢ and z > K'~¢. Since U,V € GL3(Z), we have the following choices of
representatives for U and V:

U((l) é) V= j:<0 (1)) (7.1)

We get s = a = x and in particular z,a = O(K*®). Since T and @Q are reduced, we also have
lyl,1b] = O(K€) and K?~¢ « z = ¢ « K?*¢. Therefore there are O(K?t¢ . K3/2t¢) choices for
T and @ and O(K€) choices for ¢,s and U, V. We combine this with other estimates. Recall that
the exponential sum is bounded by ¢?. We use Equation with T = K'/2%¢ and K'7¢ <
Im(z7), Im(2g) < K'*¢. We get that the rank 1 term is bounded by

_ 1 Jer2 )
K4 Z e(T)e(Q) det(TQ)3/4 Z 2203/2 1/2Hi(UQUt VoITY Tt o)

T,QeP(Z)/ PSL2(Z) c,s>1

. (iQdet(TQ))/ wi (Wm,det(T),det(Q),th) d(21)p(2q)do
Aev

CS CS

< K74 . K3‘5+E . K73+6 K€ K2 . K3/2+6
< K*.

7.2 Analysis of the T, )-sum

We need to win extra cancellation somewhere. We do that in the T, Q-sum. We consider A =
det(Q) — det(T). We know that A = O(K?/?*¢) up to a negligible error. We can fix all the
coefficients of @ except z at the cost of K¢ choices. The possible values of A = xz — y? — det(T)
follow then an arithmetic progression as z varies. More precisely, d := y? + det(T) = A (mod z).
Looking at the last table in Appendix we have €(Q)) = 1 unless © = z, which is a negligible case
for K large enough. Similarly, we can suppose that €(T") = 1. The T, Q-sum looks like

1
2 2 (det(T)(det(T) 4+ A))3/4 (7.2)

K2-ekdet(T)<K K2+te \A|<<O(K3/2+E)
A=d mod x

/ . <4w\/det )(det(T >+A),det(T),det(T)+A,t¢,K> d(z1)P(2q)do
Aev ¢

S

HEUQUE, V1TV~ (2\/det )(det( )+A)>.

CS

Recall the definition of H* just after Theorem the representatives of U and V chosen in
equation (7.1) and that s = a = x. We get that

_ t_(# Y _ -1 —t_[c b
P—UQU—(y s)’ S=V"TV _(b s)

Therefore, z = p; and the summand in H* is

. J134d% F dipady + sads + dipy + dis1 T p2S2
c 2csy

_ (dlz) <d154d§¥d1p2d2+82d2+d151 p282>
=e|— e ¥

c 2csy

c

—e <d1A> e (dl(dct(T) + y2)> e <d184d% F legdz + 82d2 + dlSl T p252>

7.3
cs cs c 2c¢sy (7.3)



7.2. ANALYSIS OF THE T, Q-SUM A7

We fix A (mod cs), so that we can see this term as constant in the A-sum. This adds a sum over
d (mod cs) such that d = y? + det(T") (mod s). Now, we consider the spectral integral. Let

L= 1/2) (s —1) _ n oI - s)((2(1 - 8))

YOETTTTG @ T e TeKes)

Lemma 7.1. We have

/A wa (4“/det(T)(det(T) - A)7det(T), det(T) + A, t,, K> O(27)b(2q)d

CcS

— Wy <4W\/det(T)C(;iet(T) + A)7det(T), det(T) + A, K) + O(K25+9),

where the function

1/4 00
'lI]i(iU,l‘l,iUQ,k’) = (x1x2) / w4 (l’,]]],.’l}g,’r, k)
S — 00
2) 7 (22) T L2 — i) )+ v(1)2 4 i) )7 ) O
. — — 12 — 1T )\ X1 12 1T I\X1T —_—
s o 1Z2 1T2 e

(for s fized) satisfies the following bounds:

It ( 1 )j2 ( 1 )j3 ar d» d» W4 (T, 21,72, k)
k1/2 k1/2 dxit daj{Q dxg?’ £\, L1, L2,

/CQ -4 —A _ k1/2
KAz B0 (@rw2) (1 " ) (1 + m]:;?) (1 + (9515”2))

X X1

—A

Proof. We have Im(z7),Tm(2g) > K'~¢ and the spectral parameter t, satisfies |ty| < K'/2+¢
up to a negligible error. In that case, the cusp forms in the spectral decomposition are known to
be negligible and the only terms that remain are the constant terms in the Fourier expansion of
the Eisenstein series and the constant function. Details about the decay of the K-Bessel function
and the Eisenstein series can be found in Lemma 3.1 of [You2]. For the Fourier coefficients of cusp
forms, a polynomial bound like Equation 8.8 in [[wal] suffices. More precisely, let

_/det(T) _/det(Q)
m= =

and
o) = 12D UD s = 1) w079 )01 )
L'(s) ¢(2s) 75T (s)C(25)
Then |v(s)| = 1 and the constant term of the Eisenstein series E(x + iy, s) is y* + v(1 — s)y*==.
We have

/A we (4”Vdet(T)<det(T) T2) Qet(T), det(T) + A, K) $(20)B(2)dd

cs
o 4dmy/det(T)(det(T) + A
:/ w4 ( my/det( )c(se @)+ ),det(T),det(T) —|—A,t¢,K>
i . —iT —iT . ir\ d
(T 2P (0T 2= i)

+ /OO V(T)%dT—‘r O(e_CK)

= 0y <4m/det(T)(det(T) +4) ,det(T),det(T) + A, K> +O(K>5+),

CcS

Note that the bounds and control on the derivatives in the other variables of w4 also apply to
wi. We use |7| < K1/2%¢ s > 1 and |v(1/2 +i1)| = 1 to get the stated bound. O
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Remark. In the definition of w., it is possible to integrate by parts the 7-integral multiple times
for the factors with the terms (yi/y2)*7. It gives a cut-off of the form (k'/2log(ys/y1))~7 and
we can get a strong decay for the other terms. We saw that a = x = s. Hence this is redundant
information with the cut-off on det(Q)/det(T) of Equation in our case.
We also have
1 1

@et(T) 1 AP = denya TOETT,

up to a negligible error. Inserting this, Equation ([7.3)) and the result of Lemma in Equation

, we get
5 deb(T)~"? Y omEeso Y ( . 2v/det(T) (det( )+A)>

K2—ekdet(T)<K K2te d mod cs 3/24€
et d=y?+det(T) mod s |AA‘E<d<§od cs
47 /det(T)(det A
i ( ﬂ'\/ € € ( )+ ),det(T),det(T) + A, k’) +O(K3+6).
CS

7.3 Poisson summation and stationary phase

We apply Poisson summation formula to the A-sum.

S oo <4w\/det(T)(det(T)+A)7det(T)’det(T)+A7K>e( |, 2/det(T) (det( )+A)>

CS CS
A=d mod cs
Z / (4”\/det M) 1 4et(T), det(T) + t,K)
hEZ s
<i2\/det )(det(T )+t)+h(d—t)) u
e .
CS

To analyze this integral, we need to compute the derivative of wi with respect to t. We have

d <47r\/det )(det(T) + ¢)

,det(T),det(T) + ¢, K)

dtwjE cs
B ((Z:wi) <4W\/det csdet( )+t)’det(T)’det( T+t K) dei(zgg)—)kt
+ <dd2wi) (4”\/(1“ Csdet( )+t),det(T),det(T)+t,K>
—A
—2+e —3/2+e e e 1/4 1-2.5 csK?
<a (K te LK +)(d t(T)(det(T) + t)) /4K (1 NI )+t)>

. <1+ det(T)(c;?g(T) +t)>—A (1+ %) “a

More generally, each derivative with respect to t adds a factor of size I —3/2+¢ (up to a constant
depending on j). This is because it either adds a derivative in the first or the third variable of
Wy, or it differentiates a factor of the form (det(T") + ¢)~". All these added factors are of size
< K—3/2%e If |h| > K¢, we integrate by parts, until we can sum over h and get a large enough
power saving. Each derivative in ¢ adds nothing in the worst case. But the h-sum can be a small
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as we want, so we get a strong decay. More precisely,

hd > [ 4mr\/det(T)(det(T) + t)
Z e () / W4 ( ,det(T),det(T) + t,k‘)

CS CS
|h[>K¢ -

. (j:2\/det(T)(det(T) 1) - ht) o

CS

- () (i) S o (AT gty ey 1)

|h|>Ke -

g <:t2\/det(T)(det(T) +t)>

CS

. 00 — —A 2 —A
gelte (cs)? 3.5 K/ csK? det(T)
Lage KN 5 [ . K <1 + dt (14 2= ) 1+ —5

|h|>K*<
esK2 \ det(T)? -4
K4 (1 14+ —— .
o (*detm) <+ K >

Using the cut-off on the other sums, we see that this term is negligible. For small h, we apply the
stationary phase method. The stationary point is

1 [ det(T) h det(T)
cs\ det(T)+ty cs o h? det(T)

Note that A must have the same sign as the left-hand side. There are three cases. If h = 0, then
there is no stationary point. We apply in that case Lemma If h = %1, then ty = 0. We apply
Lemma Otherwise, to > det(T)K ~¢ and w4 is negligible for such t. We apply again Lemma
[.5] Following notations there, we have w = w4 and

ht) = 2n <j:2\/det(T)(det(T) 1)+ h(d— t)) |

CS

In the first and the last case, we get

a= —K3/2+E, /6 — I(a/2+€7
X _ K3.5+6, U _ K1.57
R=K*

Y = K**, Q=K

Lemma [5.5] tells us that the integral is bounded by
<A K3/2+e . K3.5+e[(K2—25/K1+5)—A + K_l'SA].

Using the cut-off on the other sums, we see that these terms are negligible. If t5 = 0, we apply
Lemma [5.6] Following the notations, we get

o= _K3/2+e’ B= K3/2+e’
X = K3'5+E, U — K1'5_€,
Y = K%, K < Q< K>,

Here we mean that there exists a @) in this interval that works. Then the integral is bounded by

< QX < K55-1te _ fAste

VY
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We sum after that over T with K27¢ < det(T) < K?*¢, which gives a contribution of size
K%te . K—3t¢ <« K—1%2¢, The remaining sums are the sum over the other coefficients of @, the
one over d (mod ¢s) and the various =, ¢, s, U, V-sums for the exponential sum H +. They are all
of size K€. The rank one term is therefore bounded by

K% g-lte. ge . gA5te o —1/243¢



Chapter 8

Rank 2 term

In this chapter, we focus on the last error term. It comes from the combination of Equation (|1.3]),
(4.2) and the rank 2 term of the Kitaoka formula (Theorem [3.6)). Its shape is

967 ( k > Z 1

i w =

WK (G N 4 gep (@ st ((T)AQ) deTQ)/!
K(Q,T;C)

/A V(Ae(T). det(Q).to, Ko(er)dlza)do Y- Teiin TTCIQC).

det(C)#0

Using the estimate Jy(z) < (%)k in Equation 1] we get

/2
J(TC™1QC™) = / Jo(4msy sin(0))Jy (4sy sin(6)) sin(0)do < (5;2)k
0

Therefore k?~¢ < 5155 = det(TC1QC~)1/? = dezl(g;(%?)lp < d’if;)o The last estimate comes from
Equation (4.3)), up to a negligible error. Hence det(C) < k¢ and k*~¢ < det(T) det(Q) < k*T.
Using Equation (4.3)), we also have det(T) = det(Q)(1 + O(k~1/2%<)).

The restriction on C' is a bit subtle because there exist infinitely many matrices with a fixed

determinant. We prove later that actually ||C||s < k¢. Lemma 2 in [Blo| gives us already a bound
Icl® < ITHiel. (8.1)

This is because s; > k'~¢, using Equation . Since, without loss of generality, T" and @ are
reduced, we have ||C]|? < det(T)det(Q) < k**¢. Recall also that the generalized Kloosterman
sum K (Q,T;C) is normalized by the factor det(C)3/2. The goal of the chapter is to prove that the
C-sum is short and to detect further cancellation in the T and ) sums coming from the generalized
Bessel function J;. The idea is that if s; and sg are far from each other, 7; should be small. This
is made more precise in Section

8.1 Summing over k

First, we use Lemma@ to take advantage of the average over k. Let s; > so > 0 be the square
root of the two eigenvalues of TC~1QC~*. We want to analyze the sum

/2
> w(k)T(TCTIQCT) = > (k) /0 Jo(4msy sin(a))Jy(47sy sin(a)) sin(a)de,

ke2N ke2N

where

w(k) = w(k, det(T), det(Q), ty) = w (f{) V(det(T), det(Q), t4, k)

51
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and we temporarily drop the other dependencies. Applying Equation (5.2) gives

Y @(k)T(TCQCT)

ke2N

— Re (W ( - 1/2) /“/2/ < 2t Sin(ta)2> 3 w(k)Jé(zlmlth)itsin(a)doé> :

ke2N

We apply Lemma to the sum over k. Using wo(z) <4 min{k’A,x’lﬂ}, we see that the
term with wq is negligible. For the two other terms, we get

< /”/2/ ( s2)t + Sm(ta)Z + 25152t) wi(47T5152t)% Sm(a)do‘) :

We forget about the real part and bound what is inside. We show first a trivial bound for this
integral. We use the bounds on wy of Lemma and the last Equation of (5.1)). As stated in the
remark after Lemma 20 of [BC], this is also valid for wy. We get

/2 in(a)? dt
/ / < s2)t + sm(ta) + 28152t> wi(4773132t)7 sin(«)da

dt
< / ‘wi(47T8182t)| n
0

1 2 \ —1 2\ —€ K2 00
K K dt dt dt
K? 1 1 — —+K —
< </O ( + 8182t) ( + 8182t> t +/1 t * K2 t3/2>

< K*te (8.2)

8.2 Analysis of the integral and distance between eigenvalues

Lemma 8.1. Let wy as above, a >0, 0 < b< 1 and K*7¢ < ¢ < K*¢. If a > K%, then

o b dt
/ e(at—i—t) wi(ct)7 <a K4
0

Proof. Lemma says that ;Tjjwi(ct) <A, tTK2(14 K=¢/t)=4 for all A > 0. By induction, we

have that _ 4
d‘] wi(ct) *(]‘+1) 2 1 B
— ; K= (1 .
a1 At t K

This is because each derivative add either a derivative on w4 (ct) or a ; factor We apply Lemma
Following the notations there, we have

h(t) = 2w (at—l—lt)), B (t) = 2w (a—tbQ),
, . 2mh
hY(t) = ( 1)Jj!tj+1 for j > 2,
. . 1\ 4
w(t) = wit(Ct)7 w(t) a5tV K (1 " Ket) '

The only stationary point ¢ is such that 0 = h'(ty) = a — t2’ that is tg = \/g (it only exists if

a # 0). Let suppose that a > K5. Then in particular ty < K ~3¢ since b < 1. But in that part of
the t-integral, the function w4 is negligible. For ¢t < K ~2¢, we use the bound on w:

/Kze i1 0 (t)dt<< KQ/K% 1y 2 _Adt<< KA
o ela p w4 (C P A o et P A .
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Fort > K~2¢, we apply Lemma We split everything into dyadic intervals [, 2a] with a > K ~2¢.
We use the constants

K2
X =—, U=q,
«
b
Y=1>—, Q =q,
«

R=7ra§27r<a—b2).
«

2c
b dt
/ e (at + t) wi(ct)? <4 K*(raa)™ <4 K- K~ %4q~4,

Lemma [5.5| gives us

This can be summed for a dyadic decomposition of [K~2¢, oo| to get

0 b dt > .
/ elat+ - ) wy(ct)— <4 K204 Z(2JK_2‘)_A < g K2 e=6eA
Fo—2e t t =

Combining both estimates, we have

o0 b dt
/ e <at + > we (ct)— €4 K24,
0

t t
O

Remark. In our case, we have a = (s; + s2)?, b = sin(«)? and ¢ = 47s;sy. Using the various
estimates coming from Equations (4.3) and (8.1), we see that, up to a negligible error, a < K?3¢.
Note that (s1 + s2)2 > 48189 > K27¢. So the term with this sign is always negligible.

8.3 Size of the 7', () and C sums

We are left to analyze the case a = (s; — s2)? < K€¢. We changed the value of € here. In this section
and the next ones, we may change again the value of € from one display to the other. We only do
this if the new € is only a constant multiple of the old one.

The goal of this section is to see which T, @ and C' satisfy the bound (s; — s2) < K€. Note
first that if \; > Ay are the two eigenvalues of M = TC~'QC™?, then

)\1 — )\2 = S% — Sg = (51 — 82)(51 + 52) < K1+26.

This comes from the fact that K?7¢ < 5189 < K27, so that K17¢ <« 81 + 89 < 51 < 59 < K1T¢,
We fix some notations for this section:

a b T Yy _
S T N

0= clQot = (Zf y) 7 M=TQ=TC1QC, M = (myy).

Note that all numbers are integers or half-integers except for ¢;; € detl(C)Z and for z,y,Z €

WZ. But since | det(C)| < K¢, this only creates a negligible difference in terms of estimates
for distances between coordinates. So we treat them as if they were integers in the rest of the
argument and point out where the difference occurs. Recall also that T" and @ are reduced, so
2[b| < a < cand 2|y| < z < 2. In particular, K?~¢ < ac < det(T) < K?¢ and similarly for
Q. Consider (A; — A1)? the square of the difference between the two eigenvalues of M. By the
quadratic formula, this corresponds to the discriminant of the characteristic polynomial of M. We
have
I(Q-i_6 > (/\1 — )\2)2 = tr(M)2 — 4det(M) = (mu — m22)2 + 4m12m21.
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Inserting the values of the product TQ, we get
A = (ai — ¢2)? + 4(ag + b2) (bZ + ¢f)).
We rearrange the second term. Completing the squares with respect to ¢, we have
4(ajj + b2)(bF + cf) = 4dacy® + 4bj(ai + cZ) + 4b*72

~ ~\ 2 ~ ~\2
ovacy + bEEEY _ @8 T A" | s
Jac
b2

1
%(Zacg +b(ai + ¢2))* - %(af —c2)%

ac

We can do a similar computation by completing the square on b. We get

A = (ai — c3)? <1 — Zc) + i@acg] +b(az + c2))?, (8.3)
A = (ai — c3)? <1 - i) + %(255% + j(az + c2))?. (8.4)

Since T' is reduced, < %. We also have 27 > 4% because det(@) > 0. So all the squares in
Equations (8.3) and (8.4) must be bounded by K?*¢. For the first square, we get

ai —cz < K, (8.5)

In particular K27¢ < aZ ~ ¢z < K2+~‘, i.e. ax and cz are of the same size. This is because the
product of the terms is of size det(7Q) > K*~¢ (by Equation (4.3) and considerations at the
beginning of this chapter). Using that a < ¢ and K?~¢ < ac < K?%¢, this equation also gives

14+e€
z—%+o<K >§:E+O(K26).
& &

We introduce the notation: 2 < & < 2 < 2+ O(K*€) as K — oco. Equation (8.5) allows us to
rearrange the right square:

K27 > 2acq + b(ai + c2) ~ 2c(af + b2) ~ 2a(cij + bi).

This gives the two other relations

2+4¢

aj + bz <« P (8.6)
K2+e

€f + b < ——. (8.7)

In particular, we have §j = —2% + O(K*). Using the relation 2|b| < a, we get 2|j| < 2 < &. So Q is
almost in a "reversed” reduced form and in particular K*7¢ < 22 < det(Q) = g5y < K.

Lemma 8.2. Let € >0 and K € 2N. Let T, Q € P(Z) such that K*=¢ < det(TQ) < K**¢ and
det(T) — det(Q) < K37, and C' € My(Z) such that 0 # det(C) < K¢ and |C|| < K**<. If

IC] > K>
then the integral I in Equation satisfies
I <4 K_A7

i.e. |C|| < K2 up to a negligible error.
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Proof. Following the hypothesis, we see that C~! has coefficients in ﬁ(c)Z and |det(C™1)| <
1. Therefore det(C)||C~1|| = ||C|| for the co-norm on Mz(R). So it is equivalent to prove that
|[C1|| < K€. We can use the results of this subsection and the last.

The proof relies on the numbers of non-zero entries in C~!. Because det(C') # 0, there are at
most two zeros and in that last case, C~! is diagonal or anti-diagonal. Since det(C~1) < 1, the
result is obvious in this case. Computing the product Q = C~1QC !, we have

. 2 2
T = xc] + 2yciici2 + zciqy

5 2 2
Z = xcyy + 2yca1can + 2Ch9.

The matrix @ is reduced. Therefore we have 2|yciiciz| < |y[(c?y + ¢2) < 2ac?; + Lz}, and the
same for the second equation. We get

If cip¢00 # 0, then we have Z,Z > z > x. Therefore vz < 2% <« % < % < xz. We deduce
that 2 < 2z and we must have 7 =< ||C71||?z or Z < ||C~!||?z. Then Ty = 2> |C~ |22z and
so [[C7H||2 < det(C) 2 <« 1.

If ¢1p = 0, then we have Z 2 2 > 2z > z. So g5iGe =< 22 > 2(2+ O(KF)) and z > z >
z + O(K*€). Therefore z < x and we can finish as above.

The last case is ca2 = 0. We have % = T2 > 3y¢3,12 80 c12,001 < 1 and Z < mc3; < .
For y, we have

§ = crica1® + (c11622 + c12€21)yY + C12C222 = c21(cn1T + c12y)-
Let suppose that c¢;; > K?¢, so that
24+ O(K®) > || < carennz > K*eorz < K%
This is a contradiction. Therefore ||C|| < K?¢. O

The next lemma is a way to decouple the relationship between the variables.

Lemma 8.3. Let € >0 and K € 2N. Let T, Q € P(Z) such that K*~¢ < det(TQ) < K**¢ and
det(T) — det(Q) < K3/?*¢, and C € My(Z) such that det(C) # 0 and ||C|| < K€. If

ac — det(C)%5z > K3/%+¢

or
a—det(C)z > K~1/2t3

then the integral I in Equation satisfies

I <4 K4,
that is, up to a negligible error,
ac = det(C)%iz + O(K3/%+¢), (8.8)
a=det(C)z + O(K~1/2*ez). (8.9)

Proof. We know that

det(T) = det(Q) + O(K3/#+¢)
& ac — b? = det(C) (&2 — §°) + O(K3/%+). (8.10)
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We want to simplify this using the other equations in this section. We multiply the Equations
and (8.7) together.

(ac)?*J* = (czb+ O(K*T))(azb + O(K>T))
= aciib® + O(bK2+€(aj +c3)+ K4+25),

= g2 = Z5 1+ O(bK* + K%).
ac

We simplified the big O term using Equation (8.5) that tells us that K?~¢ < a% < ¢z < K2T¢
and ac > K?~¢. Inserting this result in Equation (8.10)), we get

ac — B = det(C)* (&% — ) + O(K*/*+°)

= det(C)? (rv - —b2 +O(bK® + K€)> + O(K3/%te)
= det(C)Q%(ac —b%) 4+ O(K53/?+9),
ac
We have 0 # ac — b? < ac. Multiplying by —4Cr, we get

ac = det(0)%2z + O(K3/?+e),
By subtractlon of Equation (8.10)), we also get b* = det(C)?y? + O(K3/2+6) Combining Equations
and ( and recalling that ac,cz > K?~¢ (Equatlonb ) and . we have
det(C)?z(ai — cz) < K¢ det(C)?2
+  alac — det(C)%52) < K3/%*<q,
ca® — det(C)?cz?* < K¢ det(C’)22 + K3/%%¢q,

a® —det(0)?2* < K1+36 + K3/2+f < KiHez? 4 go1/242e2)
a—det(C)z <« K—1/2+2ea - K- 1/2+36~.

The last equation comes from the observation that, on the line above, the two bounds on the right
are smaller than a term on the left. Therefore the two terms must be of the same size. We can
then factorize the left-hand side and simplify. O

Remark. Similarly, we can prove that ¢ — det(C)Z < K~1/2%¢% up to a negligible error.

8.4 Estimate of the rank 2 term

We now gather the results of the chapter and give the bound for the rank 2 term. First, we analyze
the sum coming from the Fourier series and the spectral integral. Each term in the 7', Q-sum has
the following shape. We suppose for the following argument that C' is fixed.

e(T)e(Q) detTQ3/4/7r/2/ <31_5 2t+sin(t0<)2>

/A w_(ﬂslsgtw(z;p)(ﬁ(z(g)d(b%sin(a)da

det(TQ)'/*
< det(TQ) /4. K. K2 . Kl/%%

1

< K1/2+3e

B

We used the following estimates. Recall that det(7T'),det(Q) > K?7¢ and ¢(T),¢(Q) < 1 up to a
negligible error. The integrals over ¢ and « are of size K¢, as seen in Equation (8.2)) (with K2 being
the size of w4 ). The spectral integral is bounded using Lemma Now, we count the number of
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T and Q using the cut-off we computed. First, we fix Q. This also fix Q since C' is fixed. We fix a,
c and b in this order. Equations , (8.5) and give respectively

- z az K1te KQ"'E

Note that in the big O of the first equation, the fraction can be smaller than 1. We also know that
¢z > K?7¢. Therefore to fix T, we have

z K1+e K2+e 1 .
O 1 . . — O K71/2+6 - K1+3E
(Ger+1)- 5 cz> (Cts

E*™" We use the divisor bound, Equation , 7 < Kite,
x> 1and 22 << K?*€ to get that the T @-sum is bounded by

Z Z <K—1/2+e ) Kl-‘,—e K1/2+5 K\{%€

K2-cg i3 K2+e 2||<52+0 (K<)

<

(2 e
KQ—E<<5:5<<K2+€

< Z (K1/2+2£\/§+ \/5) J1/2+4e
K2—e<<ig<<K2+e

< K2+6 . (K1+3€ + K1+6) . K1/2+46

< K3.5+8€.

We have estimated the T, Q-sum, as always up to a negligible error. Now we combine this with
other estimates to bound the term of rank 2. Note that there are O(K€) choices for C by Lemma

We get

9673 1 2
Wit 2 (T)e(Q) det(TQ)3/4 Y. ldet(O)f

T,QeP(2)] PSLa(Z) ©

IC]<«1
det(C)#0
w/2 2 _
/ / < 51— sy t n SlIlEfOé) ) / w_ (ﬂslSQt)¢(zT)¢(zQ)d¢ % sin(«)da
Aey

< K_4 A Ke . K3 5+4e€
< K71/2+26.

This proves the bound on the rank 2 term. Together with the results of Chapters [ and [7] it
concludes the proof of Theorem [T.4]






Chapter 9

Comments on the proof

This chapter is devoted to additional comments on the proof of Theorem It also generalizes
some lemmas that are seen in the course of the proof.
9.1 Complement to Lemma [5.3

The decay of the functions in Lemma for x > 2K can be obtained from the proof in [BC],
Lemma 20. Following notations there, we have wy = Wgt, where

W,h = 76(32/8)/ w(y)/ v(@K‘l/lo)eM(e*z’y)dﬁdy,

— 00 — 00

where w and v have support respectively in [1,2] and [—2,2]. The phase function is

3md P/
(0 2,y) = e +2mly +x (cos (27TK> — 1) .

So we have 1 <y < 2 and 6 € [-2K /19 2K/19]. The derivative of ¢ is

d 3 T . 0
@gb(G,:z:,y) =—% + 21y + 27T? sin <27rK> )

We use the Taylor expansions sin(t) =t + O(t3). We have a stationary point 6y where

. 3 K
sin(276y/K) = <2K - y) pt

ie. Oy =< —%2. We apply Lemma to the #-integral. Following notations there, we have

a,f=+2K/10,
X=1, U=K"1
Y ==z, Q=K.

We see that the integral is bounded by
0X K
L —F0==—F.
VY  Vz
This is also valid for w_ by a similar argument. The last inequality in Equation (5.1)) gives the
same bound for Y-, . .. i*w(k/K)Jy_3/2(x) so this is also valid for wo(z).

9.2 Generalization of Lemma [6.3l

The following is a generalization of the Lemma on the Harish-Chandra inverse transform. It shows
how the decay property of a function on the spectral side of the pre-trace formula transfers to the
geometric side. The proof is basically the same.

59
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Lemma 9.1. Let h(7) be a function satisfying the condition for the Harish-Chandra inversion,
that is holomorphic in the strip Im(7) < 2 and such that
i G
3 2 . I
I h(u) <a,; <1+ T) .

Let k(u) be the Harish-Chandra inverse of h and let e > 0, A >0, T > 1. Then the geometric side
of the pre-trace formula is negligible for u much larger than T—2. More precisely

Z lk(u(z,72))] €a.e T~ (Im(z) +1).
~ESLy(Z)
u(z,yz)>T 2t

Proof. We have (see (1.64) in [Twal):

o) =5 [ erhrar,

:% .
1 o 21T
a() / W) (VT T+ Vo),

:E .
7 1 oo 1 o] 7_ (\/m+\/6)2i‘r7— o
H(u)fwi/u m/wh( ) — dr dv.

We consider first g(v). Since h is holomorphic in a strip, we can move the integration line to
T — T + 2i. Integrating by parts, we get

dmq(v) = (Vo +1+ Vo) (=2ilog(Vo + 1+ V)~
: /OO (K9 (7 + 20) (7 + 20) + jhU ™D (7 4+ 20)) (Vo + 1+ V) *"dr
<a; (Vo T+ o)™ (log(vVo+1+o)T) T,

In particular, we have a saving if u > T—2¢. We obtain

e oo dv
W) <as T / Volo+ Do —u)(Vo+ T+ Vo)t

We split the integral in the intervals Ju,u + 1] and [u + 1, co[. We get

o dv 2 1
/u Vol + 1) (v —u) (Vo + 1+ v)4 < Vulu+1)(Vu+ 1+ u)t * 2(u+1)%

We have either u > 1 or 1 4+ v < u. For u > T—2%¢, we obtain respectively

1
k() <<A,jT1*J€ﬁ if w1,
K(u) <a T20¢ if u <1,

We sum over v. For T72*¢ <« u < 1, we apply Lemma directly and for 1 < u, we split into
dyadic intervals. We compute that

S Is(u(z,72)] € T29(Im(z) + 1),
’YESLQ(Z)
u(z,yz)>T 21

We take j large enough to conclude the proof. O

Remark. We can improve the conditions on h(7). If we ask for it to be holomorphic in the strip
Im(7) <1+, 6 > 0, the proof works again but the bound blows up as § — 0. Conversely, if we
have a larger strip, we gain nothing in the bound with this proof.
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9.3 Orbits of Heegner points

The estimate in Equation (6.4) can also be computed directly. For this, we analyze the distribution
of Heegner points and their orbits. Recall that they lie in the classical fundamental domain for a
corresponding reduced matrix. We use the notation of Chapter [6} We obtain the following result:

Lemma 9.2. Let zp be the Heegner point corresponding to the matriz T. Then

# Aut(T) 5
Y paapr L <
TeP(Z)/ PSLa(Z) ~€ESLa(Z):
det(T)<<k2Jré k7275<<u(zT,’sz)<<}’€71Jr€

Proof. Since u(zr,vz7) is smaller than 1, we have that x(u(z,72)) < k3 by Equation (6.3).

Combining this with %@@ < 1, we see that we only have to show that

1 —1/2+4€
DD GILE 2. <k

TeP(Z)/ PSL2(Z) YESLy(Z):
det(T)<k?te k27 ulzr,yor) <<k e

to get a bound of size O(k*°%€) for Equation . Geometrically, it is clear that zp must be close
to an edge of the fundamental domain if we want it to be close to another point in its orbit. We
make this more precise. There are two types of Heegner points such that u(zr,yzr) is small. First,
suppose zp has large imaginary part, say Im(zp) > 10. For a translation vz = zp + n, n € Z, we

have
2 2.2

- n - n-«
ez ) = S = Ip

Therefore if u(zr,zr +n) < k7'*¢, we get n* < —a—. To compute a bound, we sum over
D' = ad < D < k?*¢. For a fixed D', there are < (D")¥/* choices for a and § by the divisor bound

and there are « choices for 3, so that

1 nN—3/2
) qet(T)772 > < > ()% >0 ) 1

TeP(Z)/ PSLa(Z) v€SL2(Z) translation D'« k2te ad=D"|B|<a/2 p2g 2D1’_F
det(T)<k*** k2T ulzr yar) <k o
D/
IN—3/2+4¢/4 Z
< Z (D ) @ o2kl—e€
D' k2te ad=D'
<<Ek3_1/2+€/2 Z (D/)—1+e/4
D!/ k2+e
Lk

If Im(z7) > 10 and < is not a translation, then |zp| < Im(zy) and Im(yzy) < 1. Therefore
|27 — vzr| > Im(27) — Im(y2zr) < |27| and
e — yzr|? |2z ?

= 1.
u(zr,v2r) 4Tm(zr) Im(727) > Tm(7) > |zp| >

So there is no such v with u(zr,vzr) < k~17¢. Now, we analyze low-lying Heegner points where
Im(z7) < 10. Note that we have |zr|*> = g = 1. If ~y is a translation, then the computation above
shows that u(zr,yzr) > 1. Since the Heegner points are in the fundamental domain and we ruled
out the case where 7 is a translation, Im(yzy) < 1. Hence

|2r — y2r|?

_ _ 2
U(ZT7’72T) 4Im(zT) IIH(’)/ZT) > |ZT ’VZT| .

Any point in the orbit of zr is at least as far as the point zz/|zr| (in the Euclidean distance), as
one can see by growing a circle around zr. Suppose that |zp| — 1 > E(=1+9/2 then we have

o1 |
|20 |?

|20 — 20 /|27 = ller| = 1) > k=1,
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so this rules out this case. Now, if |27 — 1 < k(-179/2 that means

0—«

K92 far| = 1% (Jar| = D(Jer] +1) = |arf* — 1= —

So that § — a < k(=119/2q, In particular, o =< § and 6% < det(T) < k>*¢. Clearly, for such a
zr, there is a finite number of v such that u(zr,vyzr) < Elte (at most 12 when zp is close to

iH'T"\/g, for k large enough). The sum over such T and +y gives

1 3
) det (T2 ) l< > 6 ) > 1

TEP(Z)/ PSL2(Z) such y€SL2(2) S<kite o 181<a/2
det(T)<<k2+€ k—2—€<<u(zT’,YZT)<<k—l+€ S—a<g k(125
< E 573 g o
S klte

«
5,a<<k(*1+6)/25

< Z §-1p(-1+6)/2
5<<k1+e
<12t

Remark. Tt is also possible to do a similar computation on z7 and v such that
K727 uler, y(—77)) < kT
This situation appears when restricting to the even spectrum. In that case, we also have to consider
the points 2z close to the imaginary axis.
9.4 Volume computation

We give a heuristic argument supporting that Theorem is consistent with Quantum Unique
Ergodicity on the imaginary axis. This is based on Appendix C in [BC|. A cusp form f € S,(cz) is
essentially supported on 1Y € iP(R) such that there exists a T € P(Z) with TY having eigenvalues
A1, Mg of size k/4m + O(k1*€). We make this more precise. We use the following estimate:

Proposition 9.3 ([DK]|, Lemma 4.1). Let f € S,(CZ), k>6 and a =13/4, p = —3/4. Then

|ag (T) _ (4m)"k det(T)* 45
1 < (k)

Let Y € P(R) with det(Y’) > 1. We have

F(Y) — f(lY)‘ det(Y)k/2 < Z |a(T)| det(Ty)k/Q det(T)—3/4e—27rtr(TY)

[ £1l2 = 11l
<Y 1 i (47)5k® et (TY)k/2+2-B=2m tx(TY)
oS det(T) F(k)

We consider the function

(47T)kk'a det(Ty)k/2+2—B€—27r tr(TY)

Y — (k)

Note that the rest of the T-sum converges. Recall the Stirling formula log(I'(k)) = klog(k) — k +
O(log(k)). Let \; = ﬁ(l + E;) for i = 1,2 be the eigenvalues of TY. We estimate the logarithm
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of the function above:

(4m)F ke det(TY )k/2+2-Be=2m tr(TY) VSVONDY:
r'(k) = klog | =7

) +k —27(A + A2) + O(log(k))

= P log(1+ B (1 + E2)) — £ (B + ) + O(log(k))

2 2
2 2

R L OGS + E3)) + 0og(k)).

So if we do not have |E;| < k~/2log(k) for i = 1 and i = 2, we get an exponential decay in k.
Note that if F; > 1 or E5 > 1, we already have an exponential decay in the second line of the
equation above. Clearly det(T) > 1. We conclude that, up to a negligible error, det(Y) < k2.
Since |F(Y)| is invariant under Y + Y ! we can also suppose that det(Y) > k=2, We compute
the volume of such Y:

/ / dr dxfy Vol(SLa(Z)\H)4 log(k) + O(1). (9.1)
SLo(Z)\H JE—2<r<k? T

We see that the constant 4 is consistent with QUE.

9.5 Other remarks

Concerning Lemma the literature gives for the average of the class number of primitive dis-
criminants the formula [CI]

™ 2
Y hpim(D) = X3 - X +0(xX3/).
—-D<X 18¢(3) w2

The formula at the end of Section 5.1 in [BC] is for all discriminants. We recall it:

> (D)= 8)(5/2 4X+0(X3/4)
—D<X

It is easy to go from one formula to the other. We just notice the following. Let ax? + bxy + cy? be
a primitive quadratic form of discriminant D < 0 with (a,b,c¢) = 1. It gives rise to a non-primitive
one of the form naz? + nbry + ncy? for any integer n. Its discriminant is n?D. Hence we have

Z h(D) Z hprim(D)"’ Z hprim(D)+ Z hprim(D)+

—-D<X —-D<X —4D<X —9D<X

__ T g3/ 2 1 3/4 1
T 18¢(3) Z n3_ﬁX <an2+0 X anw
> nx+w n<vX

= Txsr Ly oxe,
18 4 +0( )
The opposite way between the two formulae goes by Mobius inversion.
A natural variation of Theorem is to consider the level aspect. For Siegel modular forms,
there are two possibilities: the Siegel subgroup and the paramodular subgroup. We consider the
first one. The Siegel congruence subgroup is

rg”(N):_{(é g>|c_o (modN)}.

We fix a weight K and consider N — oo. The restriction of the action on the imaginary axis to
this subgroup is again SLo(Z). We obtain the twisted Koecher-Maass series in a similar way. The
Kitaoka formula is modified, with N|c in the rank 1 term and N|det(C) in the rank 2 term. We
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do a discussion similar to the start of Chapter [8|to see how large the C-sum is in the rank 2 term.
The conductor of the series is N2k*. Therefore, the approximate functional equation gives a cut-off

det(TQ) < (N2k*)tte.

The generalized Bessel function [J; gives us a cut-off

_ det(TQ)
klrew Y —2 27
< Tt (0)
So that
T
N < det(0) < w < kCNTTe,

We see that the C-sum is short, but not zero, in contrast to Chapter 2} A challenging part in this
problem is to understand the old forms. It is possible to lift forms from each level M|N to level N.
These cusp forms appear in the Kitaoka formula, but they are not well behaved for the Koecher-
Maass series. To make the problem approachable, we can reduce to square-free level or prime level.
Unfortunately, this makes it difficult to average over the level as we did over k € [K,2K] in the
weight aspect. Therefore, we conjecture that our method to prove Theorem does not give an
asymptotic in the level aspect if we do not average over N.



Chapter 10

Higher degrees

In this section, we discuss the higher degree analog of the Kitaoka formula for modular forms on
Spay, (R). The shape of the formula is similar but it has more terms, corresponding to matrices
C' of rank 0 to n. Of central interest are the Kloosterman sum and the Bessel function of “full
rank”. They are the objects that appear in the rank n term of the generalized Kitaoka formula.
The generalized Kloosterman sum is

KM(Q,T;C) = > etr(ACT'Q + €7 D). (10.1)
(& 1)€rec\Sps,(2)/ T

Here for a matrix M, etr(M) = ™M) T = {(% ) | X = X*} and the sum is over a set
of representatives X (C) of matrices in I'«o\ Sp,,,(Z) /I with bottom-left block equal to C. The
generalized Bessel function is

RQTi0) = / etr(~Z71071QC ™ — ZT) det(2)*dX,
X

where Z = X +iY € H™, Im(Z) > 0 is fixed and X runs over symmetric matrices. In the next
section, we show how to factorize K (™ with respect to C. In the last section, we prove a non-trivial
bound in the case n = 3 and C = pls.

10.1 Factorization and Smith normal form

Lemma 10.1 (Smith normal form). Let A € M, ,(Z). There exist matrices U € GL,,(Z),V €
GL,(Z) such that UCV = D is a mxn diagonal matriz with the elements on the diagonal satisfying
dii|dit1,i41 and dy; = 0 for i > rk(A). The d;; are unique up to a unit and called invariant factors.

Notation. Let A, B be two matrices. We set A[B] := B'AB.
Lemma 10.2. For U,V € GL,(Z), we have

KM™(QIUL,TIV];U'CV) = K(Q, T;C).

Proof. Let X(C') be as above. We have

(Ul Ut> X(C) (V V—t> — X(UCV).

This can be deduced from the identity

Ut A =\ [V  (UAV *
ut)J\C D v-t) —\utcv U'DVTt)”
The matrix on the right-hand side is also in Sp,,,(Z) and the identity can be reversed. Moreover,
matrices of the form (Y y—+ ) normalize I'o,. So we have a bijection between X (C') and X (U'CV).
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The lemma is then established by invariance of the trace under conjugation. More precisely,

KM™(Q[U), T[V];UtCV) = > etr(ACTIQ[U] + C1DT[V])
(& j)exwrov)

= > etr(UTTAV)(U'CV)TIQU] + (UTCV) TN (U DV THT[V])
(& p)ex©

= > etr(UTTACT'UTQIUI+ VTICTIXVTITIV])

& b)ex©)

= K"(Q,T;0).

—~

O

Lemma 10.3. Let F, H,C integral diagonal matrices with FH = C, filfit1.i+1, hiilhit1,i41 and
(fan, gnn) = 1. Let r,s € Z such that v fn, + shp, = 1. Then

KU(QUH], T; F) - K™ (Q[F), T: H) = K™(Q,T;0),
where - -
F=rf,F 1, H = shy, H .
In particular, FF + HH = I,,.

Proof. This is done in Lemmas 1, 2 and 3 of Kitaoka’s article [Kit]. The proof applies to larger n
without substantial change. First, we have (& B) € Sp,,,(Z) if and only if

HA HB— FA'D\ (FA FB— HA'D € Sp.(2)
F HD \m FD Pan(Z).

We use the characterization of symplectic matrices given in Equation (3.1). If (& B) € Sp,,(R),
the two other matrices are as well. Conversely, we have

A=FHA+ FFA,

B=2FHA'D + F(FB - HA'D) + H(HB — FA'D),

D=HHD+ FX,D.
We get

tr(HAF~*Q[H] + F~'HDT) + tr(FAH'Q[F| + H'FDT)
=tr(HHAF'HQ+ FFAH'FQ) +tr(F'*H + H 'F)DT)
= tr(A(shpn F H + 1 fun H ' F)Q) + tr(C1DT)
= tr((A((8hnn)? + (7 frn)H)CTIQ) + tr(C~1DT).

We used that HH and F'F are scalar matrices. Finally, notice that sh,,rf,,C~! has integral
entries, so

etr(A((8hnn)? + (7 fun))C Q) = etr(A(shun + 7 fun)2C71Q) = etr(ACT1Q).

It remains to show that the map

A B\ ., ((HA HB-FA'D\ (FA FB-HA'D
¢ D F AD \H FD

is an isomorphism between X (C) and X (F) x X (H). Kitaoka showed in Lemma 2 of [Kit] that
the map and its inverse factor through the double quotient. It can be explicitly verified or using
that the block D (mod CA), where A is the set of integral symmetric matrices, characterizes an
element in the quotient for a given C. O
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In view of the above lemmas, we can suppose that C is an integral diagonal matrix with coef-
ficients that are prime powers, i.e. C = diag(p®',p*1 T2 ... p*1 7+ +an) There are four different
cases. First, there are the cases where a; = 1. Second, if C' = p®I, for a > 1, we can apply Salié’s
estimate as done by Téth [Wil, [T6t] to get square root cancellation. The most technical case is
C = pl,. Finally, if there is an n with «,, > 1, we can make a Taylor series argument to get some
cancellation. We consider the third case for n = 3 and p > 3 in the next section. We do not develop
the other cases in this thesis.

10.2 The case C = pl3

In this section, we prove Theorem Let C' = pI; for an odd prime p. We can rewrite K (%) (Q,T;C)

as
Y et <M> - Y <AQ+W)
AD=I35 mod p p A mod p p
kdet(A)=1 mod p

where k = det(A) (mod p). The sum is over integral matrices A (mod p) such that (p,det(A)) =
1 and A* designates the adjugate matrix of A, with A* = det(A)A~!. Suppose that a;; and
m = a11G22 — a%z are non-zero. We do a change of variable with respect to the diagonal minor
m = A(3|3). More precisely

a1 a2 2 ~ 2
m = = (11022 — Q79 & Q22 :all(m+a12),
a12  a22
a1z a2 a1l a2 a1l a2
k= det(A) = Q13 — Q23 + ass
a13 az3 a13 ag3 a12 a22
= 2
_ a2 ait(m—+a a1l Gi12
Sazz=m|k— a3 ( 12) + as93 .
a13 a23 a13  a23

Therefore ass — m, asz — k is a valid change of variable on matrices A with a7 # 0 and m # 0.
We go from 7 variables with one equation (A = (a;;), k with k£ = det(A)) to 6 variables without
relationships. The computation of the change of variable was done on Sage. We obtain

tr(AQ + kA*T)
= ((a25 +m)(((a3y + m)a13a11 — a12a23)a13 — (a12a13 — a11a93)as3 + k)aiim — aig)kti
2 ((((a2y + m)ai3a@11 — a12a23)a13 — (a12a13 — a11a93)as3 + k)aiam — a1zags)ktio
2 ((a3y + m)ais@ir — arzazs)ktys

+ ((((a3y + m)ars@ir — a12a3)ars — (a12a13 — ar1az3)ass + k)aym — a%g)]_ﬂfw
+ 2 (a12a13 — a11az3)ktas + ((afy + m)aniair — aiy)ktss + (afy + m)aiiges

+ (((afy + m)ai3ai1 — a12a23)a13 — (a12a13 — ar1a2s)ass + k)mgss

+an1qu1 +2a12q12 + 2 a13q13 + 2 a23qes.

This (very long) expression has inverses in aq1,m and k. The degree of the different variables are
summarized in the table below.

Coef. | a;1 @11 a2 a3z as3 m m k
Degree | 2 2 4 2 2 1 1 1

—

(10.2)

We sum tr(AQ + kA*T) over the above variable with the extra condition that a;;mk # 0 (mod p),
so that we can invert them. If a1; = 0, we take a trivial sum over the other variables and get a
bound of size O(p®). If a;; # 0 and m = 0, we get a formula for ass. We take again a trivial bound
on the rest of the variables. Otherwise, we consider the sums in a3 and m. In number theory, there
are essentially two exponential sums that can be computed exactly, the Gauss sum and the Salié
sum. We give their exact values in the next two lemmas.
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Lemma 10.4 (Gauss sum, [IK], Equation (3.38)). Let p be an odd prime and «, 8 be two integers.
The Gauss sum has the following value. If p|la, B, the sum has value p. If (p,a) = 1, it is below
and the sum vanishes otherwise.

Glabin = 3 e(om2+2ﬂn): S e(a(n+o¢ﬁ)2—o¢62):Ep\/ﬁ<z>e(—aﬂ2),

n mod p p n mod p p p

where €, =1 if p=1 (mod 4) and i if p=3 (mod 4).

Lemma 10.5 (Salié sum, [[K], Lemma 12.4). Let p be an odd prime and a, 8 be two integers such
that (p,af) = 1. Then

s 5 ()52 n(l) 5, )

where €, is as above. If plac or p|B but not both, this is a Gauss sum of size \/p. If pla, B, the sum
15 0.

Looking at the table in Equation ([10.2)), we see that we have a Gauss sum in a3 and a
Kloosterman sum in m. We consider the Gauss sum in as3. The coefficients in as3 are

t t a 7 _
aads +2Bass = (a2 —an) (0 ) () k+ aiigss | mas;
tig lo2) \—an
+ [—(a%zm + 1)(112@13@11/%t11 + (2@?27’71 + 1)@13/;t12 — allalgalgmiﬂtzg

ta12ktis — ayiktos + gas — a12a13Mmgss| 2a0s.

We rewrite this as
armazs + (B1m + B2)2as3

with oy, 81, B2 independent of m. Note that m is factorized in the coefficient in front of a3;. We
apply Lemma If pla, since T is positive definite and a1 # 0, we get a relationship for k. In
that case, a trivial bound gives the result, since we only have 5 variables left. If (p, &) = 1, then
we get the following:

G(a, B;p) = €p /P (i‘;) <7:) . <a1m(ﬂfm2 ;2B1ﬂ2m +5§)) '

We are only interested in the variable m. We get a Legendre symbol and two new terms which are
constant or of degree 1 in m and m. The coefficient in m and m that do not depend on as3 were
unaffected by the computation of the Gauss sum. They are the following:

_ ___ t t aila T
Yim + yom = [(aualg —1) <t1; t;z) < 1i113> k+a11q22] m

_ t t aiia = _ _
+ [(auau —1) (751; tii) ( 1i112> (a%Qafg,k—Fan) —|—a§2a%3a11q33 + kqss| m.

We obtain the following Salié sum in m:

() (st

m mod p

We apply Lemma m In all cases, we obtain a result of size O(,/p) or 0. Finally, we use a trivial
bound for the other sums in aq1,a12,a13 and k. In total, we obtain

K@, Tipls)| <p Y S 14p <

ai2,a13 mod p a1,k mod p

This concludes the proof of Theorem [1.6



Appendix A

Automorphisms of binary quadratic
forms

The goal of this appendix is to compute all the automorphisms in GLs(Z) of a binary quadratic

form. We set
[z oy _f(a b
-3 %) w2 3

Here @ is a (weakly) reduced integral quadratic form, that is z,z # 0, 2|y| < z < z, 2y, 2,2 € Z
and det(Q) > 0, and M € GLo(Z). We are looking for the couples (@, M) such that

Q = M'QM.

Note first that if we replace M by —M, we get the same result. Therefore we only consider
matrices up to multiplication by +1. The computation gives

(A1)

2 2., B
OZMtQM—Q:< a“r + 2acy +cz —x abx + (ad + be)y + cdz y>.

abzx + (ad + be)y + cdz —y b2z + 2bdy + d?z — %
We consider the first entry. Using the identity u? + v? > 2|uv|, we have
0 = a’x + 2acy + *z — x > 2|ac|(Vxz — |y|) — = > |acjz — =

Therefore we have |ac| < 1. We have to work a bit more for the other entries. Suppose that |d| > 2.
Then d?> — 1 > 242 and so

0 = b?x 4 2bdy + (d* — 1)z > 2|b|\/d? — 1\/xz — 2|bdy| > 2|bd|(\/3/4vxz — |y|).
Since 4/3/4 > 1/2, we have b = 0. Therefore we have two cases: |d| <1 or b =0.

A.1 Diagonal and antidiagonal M

We begin with the two easy cases of diagonal and antidiagonal M. There are four possibilities up
to multiplication by —1:

=06 %) (586 0)

The identity is an automorphism for any matrix @. Looking at Equation (A.1]), we get respectively
for the other three matrices

0= 0 —2y z—x -2y T —z 0
“\=2y 0 )0\ =2y z—-2/°\ 0 z—x)’
Therefore the conditions on @ are respectively y =0, x =2 Ay =0and z = z.
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A.2 Diagonal @)

We quickly consider the case y = 0, so we can rule out this later. Equation ([A.1)) rewrites as

0= a’r+cz—x abxr + cdz
- abx + cdz or+d?z—z)"

First, if a = 0, then b, ¢ = £1 since the determinant is bc = £1. The first entry gives = z and the
second entry gives d = 0. If ¢ = 0, then a,d = £1 and the diagonal entries vanish. The second entry
gives b = 0. In both cases, we are back to a diagonal or antidiagonal M. Otherwise, if ac = £1,
then the first entry gives z = 0 which is a contradiction. So all these cases fit in the last section.
From now, we suppose that y # 0.

A.3 The case ac=0

If ¢ = 0, then automatically a and d equal £1 since the determinant is ad. That gives the matrices

=06 5

for n a non-zero integer. The other cases can be obtained by multiplying by —1. Looking at

Equation (A.1]), we have

anz + (ad — 1)y n%x + 2dny

0:< 0 anw—l—(ad—l)y)'

So if ad = 1 like in the first case, then z = 0 and there is no such @. In the second case, ad = —1
and we get nz = 2y or nx + 2y = 0. Since x > 2|y, we get n = sgn(y) and = = 2|y|. Now, if a =0
then bc = £1 and we have the matrices

0 1 0 1
=) ()
Equation (A.1]) rewrite as
( z—x (be — 1)y + cnz >
0= ( .

be— 1)y +cnz x4+ 2bny+ (n? —1)z
If bc = 1, then z = 0 and there is no such matrix. Otherwise, x = z and we get the two equations

nx = 2y and nz + 2y = 0. Again, & > 2|y| so n = —sgn(y) and x = 2|y|.

A.4 The case ac=1
We have a = ¢ = +1, without loss of generality say a = ¢ = 1. Therefore the first entry of the
matrix is 2y + z = 0. Since 2|y| <z < z, we get —2y = x = z. Equation (A.I) rewrites as
0= 0 —by—dy—vy
T \-by—dy—y —2b%y+2bdy —2(d* —1)y) "

If b = 0, then the second entry gives d + 1 = 0 so d = —1 and this is compatible with the last
entry. If b # 0, then we have two cases. If d = 0, then the second equation gives b = —1. This is
compatible with the last entry. If d = 41, then the last entry is —2b%y + 2bdy = 0, so that b = d.
There is no such matrix with determinant +1 and it is also incompatible with the second entry.

A.5 The case ac= —1

We have a = —c = +1, without loss of generality say a = —c = 1. So the first entry of Equation
(A.1) gives 2y = z. Since 2|y| < x < z, we have 2y = © = z. The full matrix rewrites

0= 0 by —dy —y
T \by—dy—y 2b%y+ 2bdy + 2d%y — 2y ) -
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If b = 0, then the second entry gives d = —1 and is compatible with the last. If b # 0, then d = 0
gives b = 1 for both equations. If d = £1, then the last entry is 2b%y + 2bdy = 0 so b = —d. This
is incompatible with the second entry that says b = d + 1 (for integral b and d).

A.6 Summary

We summarize the result in the table below. The first column indicates the sign of the determinant
of M. For each matrix M, there is the matrix —M that has the same action on (). Note that except
for the fourth entry, y is always supposed to be non-zero.

on] M [ G ]
+ 1(1) 2) An3(f)
T
I
SEae
I
e
)
" (—11 0_1> <§/ ;;/j)
O
RIEICE)
SCIIIE)
<) (G
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We rewrite the above table in terms of Q. The second column lists all the automorphisms of @
(modulo +id). The three following columns indicate respectively the number of automorphisms in
SL2(Z), in GLy(Z) and the ratio between the two. The number of automorphisms €(Q) in PSLy(Z)
is just half of the number in SLy(Z). The last column gives the corresponding Heegner point

z =

—y+iy/xz—y?
x

_ . Here y # 0 everywhere and y > 0 except in the third row. Recall that if @ is
reduced and = = z or = 2|y|, we can, furthermore, suppose that y > 0. This removes the fifth
and the seventh rows.

9 9 atio eegner pt
Q M SL+(Z) [ GL2(Z) | Ratio | H
z 0 1 0 1 0 .
(6 2) ) R
z 0 1 0 1 0 0 1 0 1 .
(0 :c) 0 1) \o —1>’ -1 o>7(1 o) ! i 2 '
r Yy 1 0 0 1 9 4 9 —y+iy/x2—y?
Yy x 0 1/’\1 0 z
2 oy 1 0 1 1 1, /2y
(y z> (0 1>’<0 1) 2 4 2 |3 Hi%g
2y -y L 0y (1 -1 1., V%
2 ) )0 ) 2 | 1| [
b 0ok )
2y vy 0 1 1 0/ \0 -1 6 19 9 143
v o2y 0 1 1 0 1 1 2
-1 1/{=1 —=1)'\=1 o0
<1 0) <0 1) (1 1)
2y —y 0 1/°\1 0/\0 -1 6 19 9 1+iv/3
-y 2y 0 1 1 0 1 -1 2
-1 —-1)\1t =1/°{1 o0
Other <(1) (1) 2 2 1| ey
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