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Introduction

This thesis consists of three essays in economic theory and industrial organization.

The first chapter, The Welfare Implications of Product Recommendations, studies the

implications of informative product recommendations on consumer search, market prices

and welfare. Consumers, who are heterogeneous in search costs, search sequentially for

firms to discover prices and valuations. An industry-profit-maximizing intermediary rec-

ommends a firm to each consumer based on noisy information about consumers’ prefer-

ences. The findings reveal that recommendations not only enhance the efficiency with

which existing consumers find products but also attract high search costs consumers who

would otherwise refrain from participating in the search process. These high search costs

consumers, who rely solely on recommendations, are less price-sensitive, leading to higher

market prices. While high search costs consumers benefit from reduced search efforts, low

search costs consumers are harmed by increasing market prices.

The primary contribution of the first chapter is to extend the literature on competitive

markets with consumer search, building on the foundational works of Anderson and Re-

nault (1999); Wolinsky (1986), by demonstrating that an intermediary can substantially

reshape market structure. While prior research has established that improved consumer

information encourages existing consumers to search for fewer products, often leading to

higher market prices, my work, to the best of my knowledge, is the first to identify that

the participation of previously inactive, less price-sensitive consumers is the key driver

behind rising market prices.

The second chapter, Competition and Consumer Search with Costly Product Returns,

incorporates product returns into a model of price competition and sequential consumer

search. Consumers search for firms to discover prices and observable valuations by in-

curring positive search costs and can return unsatisfactory products by incurring positive

and fixed product return costs. The optimal search rule is stationary: Consumers buy a

product if and only if the observable valuation is above a threshold and return a product if

and only if the total valuation is below some threshold. Importantly, product returns not

only incentivize consumers to buy products but also to search for other products instead

of buying. Equilibrium prices decrease with rising search costs but show a non-monotonic

relationship with return costs, which leads to ambiguous welfare predictions.

This chapter contributes to the understanding of consumer product returns by incor-
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porating product returns into a consumer search model. While most previous research

has focused on monopolies and optimal return policies, I examine a model with multiple

firms where refund policies are mandated rather than chosen by sellers. A key distinction

is that the option to return products incentivizes consumers to continue searching rather

than committing to a purchase, a mechanism absent in monopoly settings. This leads to

a reversal in findings: when pre-purchase information is less costly to acquire, monopo-

lies experience fewer returns due to reduced uncertainty, whereas in competitive markets,

lower information costs increase returns as consumers are encouraged to search further

rather than commit to a purchase.

The third chapter, Information Design in Selection Problems, studies information

design when there is a receiver who selects one out of many alternatives and takes an

action, and a sender who transmits information about the viability of alternatives to

persuade the receiver to select a favorable alternative and take a favorable action. The

main theorem characterizes which distributions of posterior beliefs about the favorable

alternative conditional on selection can be induced by some signal structure. This theorem

facilitates a decomposition of the multi-dimensional information design problem into a

selection persuasion problem and an action persuasion problem. I derive properties of

optimal persuasion for special cases, and analyze applications to advertising and lobbying.

The analysis of the third chapter contributes to the literature on Bayesian Persuasion

and Information Design, building on the seminal research of Kamenica and Gentzkow

(2011); Rayo and Segal (2010), by demonstrating that, in the specific context of selec-

tion problems, a multi-dimensional Bayesian persuasion problem can be reduced to a

corresponding uni-dimensional problem. This reduction allows the application of existing

solution methods to address the problem effectively.

References

Simon P Anderson and Regis Renault. Pricing, product diversity, and search costs: A

bertrand-chamberlin-diamond model. The RAND Journal of Economics, pages 719–

735, 1999. (document)

Emir Kamenica and Matthew Gentzkow. Bayesian persuasion. American Economic Re-

view, 101(6):2590–2615, 2011. (document)

Luis Rayo and Ilya Segal. Optimal information disclosure. Journal of political Economy,

118(5):949–987, 2010. (document)

Asher Wolinsky. True monopolistic competition as a result of imperfect information. The

Quarterly Journal of Economics, 101(3):493–511, 1986. (document)



Chapter 1

The Welfare Implications of Product

Recommendations

1.1 Introduction

There has never been a time when consumer data has been so widely available as to-

day. Among other factors, consumer data is valuable because it enables platforms to offer

personalized recommendations or advertisements. An Ipsos (2018) study finds that in

France, 70% of websites in the sample personalize the ranking of offers. Personalized rec-

ommendations are helpful to consumers, since recommendations provide a starting point

for consumers to search for products they might want to buy. Precise recommendations

significantly shorten the consumers’ time and effort required to find suitable products.

Consequently, personalized product recommendations have become standard practice on

most e-commerce platforms. For instance, CDEI (2020) reports that 35% of purchases on

Amazon come from recommendations.

It may seem that consumers benefit from personalized product recommendations, as

they enable faster and more effortless discovery of suitable products. However, platforms

or intermediaries often use these recommendations to target a broader consumer base,

and numerous studies indicate that personalized recommendations significantly alter con-

sumers’ search behavior.1 These changes can have a profound impact on the market

structure and demand, ultimately affecting market prices and raising concerns about the

broader welfare implications of personalized product recommendations.

This paper aims to study the question of how personalized recommendations of a plat-

form or an intermediary affect consumer search, market prices, and welfare. In particular,

do market prices increase or decrease due to precise product recommendations? The main

finding of this article is that product recommendation not only helps existing consumer to

1For instance, Zhou, Lin, Xiao, and Fang (2024) report that more targeted search results induce
consumers to (i) search less, (ii) buy the featured products more often, and (iii) make fewer unplanned
purchases.
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find suitable products faster but also induces consumers who are unable to find products

without recommendations to participate in the search market. These consumers only

search for the recommended product, and as a result require a lower net utility threshold

to buy a product. Consequently, demand becomes less price-sensitive, and firms set higher

prices in equilibrium.

I incorporate product recommendations into a model of price competition and sequen-

tial consumer search. In particular, I employ a consumer search model with a continuum

of firms and consumers who differ in their search costs and sequentially search for firms

until they buy a product or decide to terminate the search by exercising an outside op-

tion. Heterogeneous search costs have first been studied by Moraga-González, Sándor,

and Wildenbeest (2017) who include heterogeneous search costs into the canonical con-

sumer search framework of Anderson and Renault (1999) and Wolinsky (1986). I depart

from the framework of Moraga-González et al. (2017) in two major ways:

First, consumers can encounter firms that are not a match. If a firm is not a match

to a consumer, the consumer’s match valuation is equal to 0, while a consumer’s match

valuation is independently drawn from some CDF F if a firm is match. I assume that

consumers are initially not only uninformed about valuations and prices but also about

which firms are matches. Ex-ante, each firm is a match for a consumer with some prior

match probability µ P p0, 1q.

Second, an intermediary (for instance, an e-commerce platform) observes a noisy sig-

nal about consumer-firm matches and recommends a single firm to each consumer with

the objective of maximizing industry profits. Consumers observe the intermediary’s rec-

ommendation, and update their belief about which firms are matches. I show that un-

der certain symmetry conditions on the intermediary’s information and recommendation

choice, the recommendation problem results in a match probability η P rµ, 1s for the rec-

ommended firm, and an unchanged and independent match probability for other firms.

I refer to η as the recommendation precision which captures the informativeness of the

intermediary’s information and recommendation choice.

Proposition 1.1 applies the optimal search rule for independent alternatives derived by

Weitzman (1979) to this article’s setting. The optimal search rule of a consumer depends

on her search costs. High search costs consumers are inactive since they do not search

at all as any potential benefits of searching are exceeded by the costs of searching for

products. Consumers with intermediate search costs search for the recommended firm

but not for any other firms as their search costs lie in between the benefits of searching

for the recommended firm and searching for any other firm. I refer to these consumers as

passive search consumers since they only follow the recommendation and do not actively

search for other firms. Lastly, consumers with sufficiently small search costs are referred

to as active consumers. These consumers sample the recommended firm first but continue

to search for other firms if the net benefit from buying from the recommended firm does
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not exceed the continuation value of searching for other firms.

The key impact of product recommendations is that they induce previously inactive

consumers to adopt a passive search strategy. The demand from passive search con-

sumers is inherently less price-sensitive than the demand from active search consumers.

Since product recommendations increase the total mass of passive search consumers, they

also increase the relative mass of passive search consumers in the market to active search

consumers which implies that total demand is less price-sensitive as a result of informative

product recommendations, and that market prices increase. This effect is further exacer-

bated in equilibrium: Since consumers correctly anticipate increasing market prices as a

result of product recommendations in any equilibrium, the continuation payoff of search-

ing will no longer outweigh the search costs for some active search consumers. These

consumers will instead adopt the passive search strategy which increases the share of pas-

sive search consumers in the market, and thus also increases the equilibrium price even

further.

Rising market prices naturally raise concerns about the exact welfare ramifications

of product recommendations. Informative product recommendations offer the innate ad-

vantage of increasing the match probability of the first firm the consumer searches for.

This is crucial to passive search consumers since they do not visit any other firms but

it is also advantageous to active search consumers since they will search for fewer firms

on average before finding a satisfactory product, and thus save on search expenditures.

However, depending on the search costs this effect might be offset by higher market prices.

Corollary 1.1 and Corollary 1.2 show that product recommendations are harmful to low

search costs consumers for which the advantage of searching for fewer firms is small, and

beneficial to high search costs consumers.

While product recommendations induce some inactive consumers to participate in the

search market, participating consumers are more likely to terminate search and exercise

an outside option instead of buying from some firm in the market. Thus, product recom-

mendations increase the extensive margin of demand, but decrease the intensive margin

of demand.2 The resulting effect of product recommendations on equilibrium demand is

ambiguous. This could potentially be concerning for firms since market prices could be in-

efficiently large as a result of product recommendations such that increased market prices

might not outweigh decreasing demand.3 However, Proposition 1.5 shows that firms still

profit from recommendations under weak assumptions.

2I define the extensive margin of demand (in equilibrium) as the mass of consumers searching for at
least one firm, and the intensive margin as the probability that a consumer buys some product conditional
on searching for at least some firm. Equilibrium demand is equal to the product of the intensive and
extensive margin.

3The pricing problem of an individual firm does not internalize that more consumers participate in the
search market when prices are low. When sufficiently many consumers rely only on the recommendation
to find products and competitive pressure is therefore low, the market price is larger than the price firms
would set if firms could commit and credibly collude.
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From a consumer protection point of view, personalized product recommendations im-

ply a trade-off. Precise product recommendations save search costs since consumers find

suitable products faster, but they also increase market prices. This result indicates that

the effects of personalized product recommendations on consumer welfare can be viewed

similarly to the effects of price discrimination. If sellers set personalized prices, there is

also a trade-off: Consumers in low-value market segments benefit from low prices while

high prices harm consumers in high-value market segments, and the effect on consumer

surplus is generally ambiguous. A similar trade-off arises with product recommendations.

Consumers with low search costs are harmed since the value of a recommendation is small

and market prices rise, but high search costs consumers profit since the value of a product

recommendation is large when search costs are large. Although the usage of personalized

prices has long been heavily regulated in the EU and US, the regulation of personal-

ized recommendations based on consumer data has only recently gained policymakers’

attention.4

The welfare effects of recommendations are different from the welfare effects of price

discrimination in a crucial detail. If we assume that low-income consumers are more likely

to have small search costs due to lower opportunity costs and more likely to have a low

willingness to pay in the context of price discrimination, then product recommendations

are beneficial to high-income consumers and harmful to low-income consumers which

is diametric to the welfare effect of price discrimination. Therefore, for a policy-maker

interested in redistributive policies, this article might serve as a cautionary tale on the

welfare consequences of personalized product recommendations.

The paper is structured as follows: In the remainder of the Introduction, I discuss

the related literature. In Section 1.2, the model is formalized. In Section 1.3, I apply

the rule of Weitzman (1979) to derive the optimal consumer search rule with product

recommendations. Section 1.4 solves the firms’ pricing problem, and discusses properties

of the equilibrium price. In Section 1.5, I analyze the effects of product recommendations

on consumers’ and firms’ welfare, and in Section 1.6, some extensions are discussed. All

proofs omitted in the main text can be found in the appendix.

1.1.1 Related Literature

This article builds upon the literature on consumer search, where consumers search to

discover both price and match valuations. The canonical contributions in this literature

are Wolinsky (1986) and Anderson and Renault (1999), who apply the optimal sequential

search rule of Weitzman (1979) to a model of price competition with heterogeneous sellers.

Product heterogeneity avoids the well-known Diamond (1971) Paradox and gives rise to

4Di Noia, Tintarev, Fatourou, and Schedl (2022); Schwemer (2021) discuss recent attempts to regu-
late recommender systems. De Streel and Jacques (2019) provide a comprehensive overview of EU law
regarding personalized pricing.
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a model of monopolistic competition.

In this paper’s model, each consumer receives a product recommendation, which is

indicative of the consumers’ valuation for the recommended product. If the intermediary

has no additional information about consumers’ tastes, the product recommendations are

uninformative, and as a result, this paper’s model reduces to the model of Wolinsky (1986)

with consumers who are heterogeneous in search costs. This framework has been studied

by Moraga-González et al. (2017) who provide conditions for the existence of a symmetric

and pure equilibrium. However, the log-concavity conditions from Moraga-González et al.

(2017) are not sufficient to guarantee existence in my work.

My work is also closely related to the small literature on the effects of prominence on

consumer search because it is optimal for a consumer to sample the recommended firm

first. Armstrong, Vickers, and Zhou (2009) fix a prominent firm which is sampled first

by all consumers. In the market equilibrium, the prominent firm sets a lower price than

all of its competitors since it faces more elastic demand as the proportion of returning

consumers to all consumers sampling a firm is lower for the prominent firm. Unlike Arm-

strong, Vickers, and Zhou (2009), prominence is endogenously determined in my work

via the recommendation of an intermediary. The recommendation is informative about

a consumer’s valuation for the prominent firm such that a consumer has an incentive to

sample the recommended firm first, even if all firms charge the same price. If the envi-

ronment is symmetric (firms are ex-ante identical), each firm has the same probability

of being prominent since the intermediary recommends different firms to different con-

sumers. Consequently, contrary to Armstrong, Vickers, and Zhou (2009), an equilibrium

in which all firms charge the same price still exists.

More closely related are contributions that consider endogenous prominence. Arm-

strong and Zhou (2011) consider models in which firms can pay for prominence. Garcia

and Shelegia (2018) consider a duopoly model in which consumers can observe the pur-

chase decision of predecessors. Since valuations among consumers are assumed to be

positively correlated, the purchase decisions of other consumers are informative about the

consumers’ own tastes. Thus, the purchase decisions of predecessors serve a similar role as

the product recommendation of an intermediary. In Garcia and Shelegia (2018), as well

as in this article, consumers optimally start their search by following their predecessors

or the intermediary’s recommendation, respectively. In the model of Garcia and Shelegia

(2018), this emulation effect decreases the equilibrium price since firms have an incentive

to set low prices in order to increase the share of consumers buying their product, which

in turn also increases the share of consumers starting their search by sampling this firm

in the next period.

I assume that the intermediary’s recommendation is solely based on match probabili-

ties rather than on prices, such that this effect is absent in my model. However, similar

to Garcia and Shelegia (2018), consumers receive information before they search which
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induces some consumers to free-ride on the information, and as a result, consumers search

for fewer firms on average and are less price-sensitive. This learning effect unambiguously

increases the equilibrium price in the setup of Garcia and Shelegia (2018).

The central trade-off in my work is related to a well-known insight: Improved in-

formedness of consumers induces higher market prices. This is a common observation in

the literature of privacy, and information acquisition in multi-product models:

Anderson and Renault (2000) employ a sequential search model and show that con-

sumers who are ex-ante informed about match values and only search to discover prices

exert a negative externality on uninformed consumers who search to discover both match

values and prices. The reason is that the demand of informed consumers is less elas-

tic, which drives up equilibrium prices. A similar effect is present in my model: As

the recommendation of the intermediary increases in precision, consumers who adopt a

passive search strategy and solely rely on the intermediary’s recommendation are less

price-sensitive and exert a negative externality on other consumers.

Rhodes and Zhou (2024) study a sequential search model in which consumers can

perfectly reveal their match valuations to a platform recommending the firm with the

highest match valuation. Similar to my work, consumers are endogenously separated into

different groups. In Rhodes and Zhou (2024), consumers with small privacy costs share

data and consumers with large privacy costs do not. Like the passive search consumers

in my model, consumers who share data are less price-sensitive due to recommendations

and induce a negative externality by driving up the equilibrium price. Minaev (2021)

utilizes a structural model and data from the hotel booking platform Expedia to estimate

that personalized rankings decrease consumers’ search expenditure by 1.1% but decrease

consumers’ utility by 3.6% due to increased prices.

Other works which find trade-offs between recommendations and prices include Ichi-

hashi (2020) and Hidir and Vellodi (2021) who study the data sharing incentives of con-

sumers facing a monopolist selling several varieties of a product. Data sharing consumers

can be provided with the best-fitting variety of the product but pay higher prices.

To the best of my knowledge, my work is the first to identify that, as a result of

product recommendations, increased participation by consumers with high search costs is

a key factor influencing market prices.

I assume that consumers differ in the set of firms they can or want to buy from.

The same assumption is typical in models of oligopoly pricing following Varian (1980)

and Rosenthal (1980). Unlike this literature, I assume that at first consumers do not

initially know which firms are a match, and the match values for firms’ products in

the consideration sets are random and independent. Furthermore, consumers receive an

informative recommendation about which firms are matches, and consumers search for

firms to perfectly reveal the match values. I assume that consumer-firm matches are

symmetric and independent, which is also a common assumption in the oligopoly pricing
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literature (for instance, Ireland (1993); McAfee (1994); Spiegler (2006); Szech (2011)).5

1.2 The Model

I analyze a market with a continuum of firms on the supply side. Each firm i P r0, 1s

chooses a price pi for its product which is produced at constant marginal costs normalized

to 0.

On the demand side, there is a unit mass of consumers. Each consumer is initially

uninformed about match valuations and prices pui, piqiPr0,1s, but can discover valuation and

price of a firm by incurring search costs s. Recall is free but not necessary. Consumers are

heterogeneous in search costs where Gpsq denotes the mass of consumers with search costs

smaller than s P R. For most of the article, I assume that search costs are distributed

uniformly on r0, s̄s.

Furthermore, the match valuation ui of a consumer for the product of firm i P r0, 1s is

assumed to be equal to 0 with probability µ P p0, 1q and otherwise drawn according to an

at-least twice differentiable CDF F with support on r0, v̄s. If ui ą 0, we say that firm i is

a match, and it is not a match if ui “ 0. Each match valuation is drawn independently

from other valuations, and from the search costs. We impose two regularity conditions

on the CDF of match valuations:

Assumption 1.1. (i) 1 ´ F is log-concave, (ii) Πmppq :“ p ¨ p1 ´ F ppqq is concave on

r0, v̄s.6

There exists a single intermediary, for instance a platform. The intermediary has noisy

information about which firms match to consumers and can recommend a single firm to a

consumer. For instance, the intermediary might observe a set of consumer characteristics

that are correlated with which firms are matches. For now, we take a reduced-form

modeling approach: I assume that the recommended firm is a match with probability

η P rµ, 1s, other firms match probabilities are not affected and every firm is recommended

to a single consumer.

I show that this reduced-form approach is the result of an intermediary’s strategic

choice of a recommendation strategy under symmetry conditions in Section 1.6. The rec-

ommendation precision η captures how informative the intermediary’s recommendations

are. If the recommendation precision is equal to the prior match probability pη “ µq, then

the recommended firm is no different from a randomly selected firm. On the other hand,

recommendations are perfectly informative in the sense that consumers can be sure that

the recommended firm is always a match if η “ 1.

5Armstrong and Vickers (2022) provide an excellent overview of the literature and unifying results.
6Πm is concave if and only if ´p f 1

ppq

fppq
ď 2 which is a common assumption in the literature on price

discrimination (see for instance Aguirre, Cowan, and Vickers (2010) or Preuss (2023))
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The timing of the game is as follows. First firms set prices simultaneously. Then, the

recommendations are realized, and the consumers observe which firm is recommended.

Finally, each consumer sequentially searches for firms.7 The game ends if a consumer

buys a product or the outside option is exercised.

If a consumer with search costs s buys a product that she values at u at a price p after

searching for m P N firms, her realized payoff is u ´ p ´ m ¨ s. If a consumer exercises

her outside option after searching for m P N firms, her realized payoff is ´m ¨ s. Each

consumer maximizes her expected payoff. Firms maximize expected profits. The profit

of firm i if mass αi of consumers buy the product of firm i is αipi.

The solution concept is symmetric and pure Perfect Bayesian Nash Equilibrium with

two common restrictions: First, a positive mass of consumers sample at least one firm.8

Second, a consumer does not revise her belief about prices of firms j ‰ i, if she encounters

firm i, for which the actual price pi does not match the expected price p.

1.3 Consumer Search

First, we derive the optimal consumer search rule of a consumer with search costs s P r0, s̄s.

Since we are focusing on pure and symmetric equilibria, suppose that each consumer

expects that firms charge some price p P R`.

Weitzman (1979) shows that if valuations of alternatives are independently distributed,

and the valuation of alternative i is drawn from some CDF Hi, then optimal consumer

search can be characterized by a simple reservation value based index. The reservation

value wipsq of alternative i solves

s “

ż v̄

wipsq

pu ´ wipsqqdHipuq.

The search rule of Weitzman (1979) states that it is optimal to search for alternatives in

decreasing order of reservation values, and to stop searching and take an alternative if

ui ´ pi ě wjpsq ´ p for all alternatives j that have not yet been sampled. Furthermore,

if all remaining net reservation values wjpsq ´ p are negative, the consumer takes the

alternative with the highest net utility ui ´ pi if it is positive and otherwise exercises the

outside option.

In this paper’s model, the valuation for a firm’s product is drawn from F if the firm

is a match and otherwise it is 0. The recommended firm is a match with probability

η while any other firm is a match with probability µ. Therefore, the valuation for the

7After sampling a firm, the consumer decides whether to sample another firm, buy from any of the
sampled firms, or exercise the outside option which yields a payoff of 0. The search stage mirrors Weitzman
(1979) and Wolinsky (1986). I refrain from introducing rigorous definitions of searching strategies.

8This excludes equilibria in which every firm sets high prices (for instance, p ą v̄) and the consumers
never samples any firms because they expect prices to be too high.
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recommended firm is drawn from ηF ` p1 ´ ηqδ0 where δ0 denotes the CDF associated

with the Dirac measure on 0, and the valuation for other firms’ products are drawn from

µF ` p1 ´ µqδ0. Letting

W pxq :“

ż v̄

x

pu ´ xqdF puq

“

ż v̄

x

p1 ´ F puqqdu

denote the incremental benefit of a match when the price is x P R`, the reservation value

for the recommended firm r`psq solves s
η

“ W pr`psqq, and the reservation value for any

other firm satisfies s
µ

“ W prpsqq. Note that the net reservation value for the recommended

firm is positive if and only if

r`psq ě p ðñ s ď s˚
pas :“ ηW ppq

and the net reservation value for other firms is positive if and only if

rpsq ě p ðñ s ď s˚
act :“ µW ppq.

Therefore, the optimal consumer search rule of Weitzman (1979) applied to the setting

of this paper yields the following result.

Proposition 1.1. Suppose that consumers expect prices pi “ p for all firms i P r0, 1s.

The optimal consumer search rule satisfies:

(i) Consumers with search costs s ď µW ppq search for the recommended product first.

They buy if vi ´ pi ě rpsq ´ p. Otherwise, they search for other firms until they find some

firm for which vi ´ pi ě rpsq ´ p.

(ii) Consumers with search costs s P pµW ppq, ηW ppqs search for the recommended

product and buy if vi ě pi. Otherwise, they exercise the outside option.

(iii) Consumers with search costs s ą ηW ppq exercise the outside option immediately

without searching.

The optimal consumer search rule is illustrated in Figure 1.1. Consumers are endoge-

nously separated into three groups: Firstly, active search consumers who start with the

recommended firm and search for firms until the net payoff of some firm exceeds the net

reservation value rpsq ´ p. Secondly, passive search consumers who only search for the

recommended product and buy this product if the match valuation exceeds the price.

Thirdly, inactive consumers who do not search at all.

I assume that s̄ ą ηEF rvs which implies that there always exist inactive search con-

sumers such that product recommendations increase the extensive margin of search. In

the existing literature with homogeneous search costs, it is assumed that every consumer



12 | 1 The Welfare Implications of Product Recommendations

Figure 1.1: Consumers’ search and purchasing rule depends on search costs.

is an active search consumer. In the literature with heterogeneous search costs, there ex-

ist typically inactive consumers with high search costs as well as active search consumers

with low search costs, but no passive search consumers.

1.4 Pricing Equilibrium

It is useful to derive the masses of active search and passive search consumers in the

market. Given the optimal consumer search rule (Proposition 1.1), consumers with search

costs in the interval rµW ppq, ηW ppqs passively follow the recommendation, and consumers

with search costs in r0, µW ppqs actively search for firms. Thus, let

γpaspp, ηq “ GpηW ppqq ´ GpµW ppqq

and

γactpp, ηq “ GpµW ppqq

denote the mass of passive search consumers and active search consumers, respectively.

One very important property of the uniform distribution is that the relative mass of

passive consumers to active consumers is constant in the anticipated price p. That is, for



1.4 Pricing Equilibrium | 13

the uniform distribution we obtain

γpaspp, ηq

γactpp, ηq ` γpaspp, ηq
“ 1 ´

µ

η
.

This property ensures a unique equilibrium. To see why, suppose that the relative

mass of passive consumers is increasing in the expected price. If consumers expect a large

price, a large share of consumers will only search passively for the recommended firm

which induces firms to set a large price and confirm the initial expectation. On the other

hand, if consumers expect small market price, many consumers will actively search for

firms which induces low market prices and again confirms the initial belief. To avoid the

issue of multiple equilibria, we assume that search costs are uniformly distributed such

that the relative mass of passive consumers to active consumers does not depend on price

beliefs.

Since passive search consumers search only for the recommended firm i, the recom-

mended firm is a match with probability η and they buy from the recommended firm if

and only if vi ě pi, the demand induced by passive search consumers is

Dpasppi, pq “ γpaspp, ηq ¨ η ¨ p1 ´ F ppiqq

“
1

s̄
pη ´ µqW ppq ¨ ηp1 ´ F ppiqq

where the second lines follows from the uniform distribution.

Active search consumers buy from a firm if and only if vi´pi ě rpsq´p, and otherwise

search for the next firm. Suppose that some firm sets price pi P R` while all other firms

set prices pj “ p. The probability that an active search consumer with type s ď µW ppq

is buying the product of firm i is

Dactppi, p; sq “ ρp1 ´ F prpsq ` pi ´ pqq
looooooooooooomooooooooooooon

buying from recommended product

`

8
ÿ

m“1

r1 ´ ρp1 ´ F prpsqqs p1 ´ µp1 ´ F prpsqqq
m´1 µp1 ´ F prpsq ` pi ´ pqq

looooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooon

buying from firm i at position m in the search order

“
1 ´ F prpsq ` pi ´ pq

1 ´ F prpsqq
.

Thus, the aggregated demand coming from active search consumers is then given by

Dactppi, pq “

ż µW ppq

0

Dactppi, p; sqgpsqds

“
1

s̄

ż µW ppq

0

1 ´ F prpsq ` pi ´ pq

1 ´ F prpsqq
ds.
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Substituting r̃ “ rpsq yields the following for the demand induced by active search con-

sumers.

Dactppi, pq “
µ

s̄

ż v̄

p

p1 ´ F pr̃ ` pi ´ pqqdr̃.

Letting Dppi, pq “ Dactppi, pq ` Dpasppi, pq denote the total demand, we can state the

firm’s profit maximization problem as follows

max
pi

Dppi, pqpi “
pi
s̄

¨

ˆ

pη ´ µqηW ppqp1 ´ F ppiqq ` µ

ż v̄

p

p1 ´ F pr̃ ` pi ´ pqqdr̃

˙

.

The first-order condition of profit maximization yields pi “
Dppi,pq

´Dppi,pq{Bpi
. In every sym-

metric equilibrium, it must be satisfied that firm i has no incentive to deviate from the

anticipated price, i.e. pi “ p. Thus, a candidate equilibrium price p˚ satisfies

p˚
“

Dpp˚, p˚q

´
BDpp˚,p˚q

Bpi

”
ηpη ´ µqW pp˚qp1 ´ F pp˚qq ` µW pp˚q

ηpη ´ µqW pp˚qfpp˚q ` µp1 ´ F pp˚qq
. (1.1)

Proposition 1.2. There exists a unique equilibrium price p˚ defined by (1.1).

The proof of Proposition 1.2 is contained in the appendix. I show that the equilibrium

candidate condition p “ Dpp, pq{p´
BDpp,pq

Bpi
q has a unique solution p˚ and p˚ P rpa, pms

where pm is the monopoly price and pa is the equilibrium price without recommendations.

Next, I verify that the firm’s profit function Dppi, pqpi is concave in pi which implies that

the unique equilibrium candidate is indeed the unique equilibrium. Usually, the literature

relies on log-concavity of the demand function in pi which implies that the profit function is

quasi-concave such that the first-order condition must constitute a maximum. However,

this approach fails in this paper’s setting. Although the demand from passive search

consumers is log-concave by assumption and an aggregation theorem of Prékopa (1971)

implies that the (aggregated) demand from active search consumers is log-concave, as

pointed out by Moraga-González et al. (2017), total demand is not log-concave in general,

since the sum of log-concave functions is not necessarily log-concave. Instead, I rely on

Assumption 1.1 which implies that the profit functions for active search as well as passive

search consumers is concave which is preserved under summation.

For an interpretation, note that with uninformative recommendations pη “ µq, this

paper’s model reduces to sequential search with consumers who are heterogeneous in

their search costs. As Moraga-González et al. (2017) show, if search costs are uniformly

distributed, there exists a unique equilibrium price pa satisfying pa “
W ppaq

1´F ppaq
, which is

the same condition as (1.1) for η “ µ. When recommendations are informative, some

consumers will only search for the recommended product. These consumers essentially

act as if the market was a monopoly with the recommended firm as the sole supplier.

Therefore, as the recommendation precision η increases, the market price shifts towards
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the monopoly price pm satisfying pm “
1´F ppmq

fppmq
. As a limit case, if the match probability

without recommendations µ is small pµ Ñ 0q, almost all consumers rely on the interme-

diary’s recommendation to find and buy a product, and as a result the equilibrium price

equals the monopoly price.

1.4.1 Comparative Statics of the Equilibrium Price

How do informative product recommendations affect market prices? I show that the

unique equilibrium price defined by (1.1) is increasing in the recommendation precision η,

i.e. informative product recommendations drive market prices up. Intuitively, there are

two reasons why this is the case: First, passive search consumers have less elastic demand

than active search consumers, and second the relative mass of passive search to active

search consumers increases in the recommendation precision.

To see the first point recall that passive search consumers buy (from the recommended

firm) if and only if vi ě pi. Therefore, in any equilibrium the probability that a passive

search consumer buys a product is ηp1´F pp˚qq and marginally increasing the price yields

a marginal demand reduction of ηfpp˚q. Thus, the equilibrium point price elasticity of a

passive search consumer Epas is given by

Epas “
fpp˚q

1 ´ F pp˚q
p˚.

On the other hand, an active search consumer of type s ď µW pp˚q buys from a

sampled firm’s product if and only if vi ě rpsq ` pi ´ p˚. Thus, the equilibrium point

price elasticity Eactpsq of an active search consumer with search costs s is given by

Eactpsq “
fprpsqq

1 ´ F prpsqq
p˚.

Log-concavity of 1´F is satisfied if and only if the hazard rate fp¨q{p1´F p¨qq is increasing,

and by definition of rpsq we have rpsq ě p˚ for all s ď µW pp˚q. Hence, Eactpsq ě Epas, i.e.

demand from active search consumers is more elastic than demand from passive search

consumers.

To see the second point, note that when product recommendations become more in-

formative, some inactive consumers find it worthwhile to search for the recommended

product. This directly increases the relative share of passive search consumers to active

search consumers. In equilibrium, consumers correctly anticipate that the prices increase

and therefore the value of searching beyond the recommended firm of some active search

consumers will be no longer positive. These active search consumers switch to the pas-

sive search strategy which additionally increases the relative share of the passive search

consumers and multiplies the effect on the equilibrium price.
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Figure 1.2: The equilibrium price p˚ for two different match probabilities µ and µ1 as a
function of the recommendation precision η.

Proposition 1.3. The equilibrium price p˚ is increasing in the recommendation precision

η.

Figure 1.2 plots the equilibrium price p˚ as function of the recommendation precision

ρ. When product recommendations are uninformative pη “ µq, the equilibrium price

p˚ equals pa, and increasing the recommendation precision shifts the equilibrium price

towards the monopoly price pm.

Figure 1.2 also indicates that the equilibrium price is decreasing in the prior match

probability µ. This seems to be unintuitive at first, since firms can condition on a match

and as result the price without recommendations pa as well as the monopoly price pm are

independent of µ. However, note that if the prior match probability is small, only very few

consumers with small search costs find it optimal to search beyond the recommended firm.

In other words, the relative share of passive search consumers to active search consumers

is decreasing in the prior match probability which is diametric to the effect of a larger

recommendation precision.

Proposition 1.4. The equilibrium price p˚ is decreasing in the prior match probability

µ.
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1.5 Welfare Analysis

1.5.1 Consumer Surplus

Given that the equilibrium price is increasing in the recommendation precision η, it is

immediate that product recommendation might be harmful to at least some consumers.

To clarify, let p˚ ” p˚pη, µq denote the equilibrium price when the recommendation

precision is given by η and the match probability is µ. As a benchmark, without recom-

mendation pη “ µq we know that consumers are active if and only if s ď s˚
actpµ, µq :“

µW pp˚pµ, µqq and the consumer surplus of type s is simply given by the difference of the

reservation value and the equilibrium price, rpsq ´ p˚pµ, µq. Consumers with search costs

above s˚
actpη, µq do not search and consequently their consumer surplus is equal to 0.

Now suppose, we have informative recommendations pη ą µq. Active search consumers

with search costs s ď s˚
actpη, µq “ µW pp˚pη, µqq search first for the recommended firm.

Either they buy from the recommended firm, or if they do not buy from the recommended

firm, they search for other firms and their continuation payoff is again equal to the net

reservation value rpsq ´p˚pη, µq. Therefore, if s ď s˚
actpη, µq the consumer surplus is given

by

Uactps; pη, µqq “ ´s ` η ¨

ż v̄

rpsq

pu ´ p˚
pη, µqqdF puq

loooooooooooooooomoooooooooooooooon

buying from recommended firm

` rηF prpsqq ` p1 ´ ηqs p rpsq ´ p˚
pη, µq

looooooomooooooon

buying from other firm

q

“ rpsq ´ p˚
pη, µq ` pη ´ µqW prpsqq.

Hence, the consumer surplus of an active consumer is given by the net reservation

value of searching for firm rpsq ´ p˚pη, µq plus pη ´ µqW prpsqq, which reflects the benefit

of receiving a recommendation.

Consumers with search costs s P rs˚
actpη, µq, s˚

paspη, µqs where s˚
paspη, µq “ ηW pp˚pη, µqq

adopt the passive search strategy, i.e. they only search for the recommended firm and buy

from the recommended firm if and only if vi ě p˚pη, µq. Therefore, the consumer surplus

of passive search consumers is given by

Upasps; pη, µqq “ ´s ` η ¨

ż v̄

p˚pη,µq

pvi ´ p˚
pη, µqqfpviqdvi

“ ´s ` ηW pp˚
pη, µqq.
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Now we define the consumer surplus of type s P r0, s̄s as

Ups; pη, µqq “

$

’

’

’

&

’

’

’

%

Uactps; pη, µqq if s P r0, s˚
actpη, µqs

Upasps; pη, µqq if s P rs˚
actpη, µq, s˚

paspη, µqs

0 if s P rs˚
paspη, µq, s̄s

The first result shows that indeed low search consumers are harmed by product recom-

mendations.

Corollary 1.1. There exists search costs s1 such that recommendations are harmful to all

consumers with search costs s ď s1. That is, Ups; pη, µqq is decreasing in η for all s ď s1.

Proof. Note that

lim
sÑ0

BUps; pη, µqq

Bη
“ lim

sÑ0

ˆ

W prpsqq ´
Bp˚pη, µq

Bη

˙

“ W pv̄q ´
Bp˚pη, µq

Bη

“ ´
Bp˚pη, µq

Bη

which is negative by Proposition 1.3. Therefore, there exists some search costs s1 such

that BUps;pη,µqq

Bη
ă 0 for all s ď s1.

We can see that for active search consumers, there exists the price effect Bp˚pη,µq

Bη
ą 0 of

product recommendations which decreases consumer surplus, as well as an effect described

by W prpsqq which increases consumer surplus by enabling active search consumers to find

a match faster, and thereby reduce the expected number of sampled firms. However, for

consumers with small search costs the magnitude of this effect is small and converges to

0 as search costs converge to 0, while the price effect harms all consumers uniformly.

Since low search costs consumers are harmed by product recommendations, it is nat-

ural to ask if high search costs consumers profit from product recommendations. This is

the case if the positive effects of recommendations due to the increased match probability

outweighs the rising equilibrium price. We impose the following condition that ensures

that the slope of the equilibrium price in the recommendation precision η is limited.

Assumption 1.2. Let ϕpxq :“ 1 ´ F pxq ´ fpxq
W pxq

1´F pxq
. Suppose ϕpp˚q ď

µ
η

¨ 1
2η´µ

.

To interpret, note that ϕpxq ě 0 for all x is a necessary and sufficient condition for

log-concavity ofW pxq “
ş1

x
p1´F pzqqdz. Thus, Assumption 1.2 imposes thatW is not too

log-concave at p˚, in the sense that ϕpp˚q is bounded above by the term µ
η

¨ 1
2η´µ

P r
µ

2´µ
, 1
µ

s.

Assumption 1.2 is satisfied by many commonly studied distributions including the uniform

distribution provided that the prior match probability µ is not too small.



1.5 Welfare Analysis | 19

Lemma 1.1. Suppose that Assumption 1.2 is satisfied. Then,

Bp˚

Bη
ă

1

η
¨

W pp˚q

1 ´ F pp˚q
.

This result immediately implies that the increase in market prices is sufficiently small

such that higher recommendation precision benefits every passive search consumer and

more consumers adopt the passive search strategy. In particular, consumers with search

costs s “ s˚
paspη, µq, who are indifferent between adopting the passive search strategy

and not searching at all, adopt the passive search strategy when the recommendation

precision η increases. Additionally, consumers anticipate higher prices in equilibrium such

that consumers with search costs s “ s˚
actpη, µq, who are indifferent between adopting the

active search strategy and adopting the passive search strategy, adopt the passive search

strategy.

Corollary 1.2. Suppose that Assumption 1.2 is satisfied. Then, (i) Upasps; pη, µqq is

increasing in η and (ii) the mass of passive search consumers is increasing in η.

Proof. (i) It is straightforward to show that Upasps; pη, µqq “ ´s`ηW pp˚pη, µqq is increas-

ing in η if and only if
Bp˚

Bη
ď

1

η
¨
W pp˚q

´W 1pp˚q
“

1

η
¨

W pp˚q

1 ´ F pp˚q

which holds by Lemma 1.1.

(ii) Every consumer with search costs in the interval rs˚
paspη, µq, s˚

actpη, µqs is a passive

search consumer. Since the equilibrium price p˚ is increasing in η by Proposition 1.3,

s˚
paspη, µq “ µW pp˚pη, µqq is decreasing in η and s˚

actpη, µq “ ηW pp˚pη, µqq is increasing in

η by (i). Henceforth, the mass of passive search consumers expands at the expense of the

mass of active search consumers and inactive consumers.

Corollary 1.1 and 1.2 are illustrated in Figure 1.3 which plots the consumer surplus

Ups; pη, µqq for fixed µ and two different recommendation precision. When recommenda-

tions are uninformative (η “ µ, green) we can see that low search costs consumers benefit

compared to informative recommendations (η ą µ, blue). For uninformative recommen-

dations, no consumers adopt the passive search strategy. When recommendations are

informative, some consumers who actively searched with uninformative recommendations

as well as some consumers who used to be inactive adopt the passive search strategy.

1.5.2 Equilibrium Demand and Firm Profits

Are more products sold with informative or uninformative recommendations? In light

of Corollary 1.2, the answer might seem straightforward. More precise recommendations

induce some inactive consumers to passively search and thereby increase market partici-

pation which should lead to more sold products. However, some active search consumers
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Figure 1.3: Consumer Surplus as function of search costs for uninformative recommenda-
tions pη “ µ, green) and informative recommendations pη ą µ, blue).

start to adopt the passive search strategy since they anticipate larger prices in equilibrium

when recommendations are more precise. Active search consumers search until they find

a satisfactory product, while passive search consumers buy a product if and only if the

match valuation of the recommended firm is above the price. The extensive margin (how

many consumers participate in the search market) is given by

λextpηq “
1

s̄
ηW pp˚

pη, µqq

while the intensive margin (how many products a participating consumer buys on average)

is given by

λintpηq “ p1 ´
µ

η
q ¨ η ¨ p1 ´ F pp˚

pη, µqq `
µ

η
.

Although the extensive margin is increasing, the intensive margin might be decreasing

since the relative mass µ
η
of active search consumers to participating consumers decreases

in η. However, any passive search consumer is more likely to buy from the recommended

product.9 Corollary 1.3 shows that recommendations decrease the intensive margin at

9That is, η ¨ p1 ´ F pp˚pη, µqq is increasing in η. The partial derivative w.r.t. η is positive if and only
if

Bp˚

Bη
ď

1

η

1 ´ F pp˚q

fpp˚q
.

By Lemma 1.1, we know that Bp˚

Bη ď 1
η

W pp˚
q

1´F pp˚q
ď 1

η
1´F pp˚

q

fpp˚q
where the final inequality stems from Lemma

1.2.
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least for sufficiently imprecise recommendations. This is not surprising since for imprecise

recommendations, there are almost no passive search consumers in the market.

Corollary 1.3. Suppose that Assumption 1.2 is satisfied. The extensive margin λextpηq

is increasing in the recommendation precision η and there exists η1 such that the intensive

margin is decreasing in η P rµ, η1s.

Proof. The extensive margin is increasing if and only if ηW pp˚pη, µqq is increasing in η

which is implied by Lemma 1.1. The intensive margin is decreasing in η if and only if

λ1
intpηq “ ´

µ

η2
` p1 ´ F pp˚

pη, µqq ´ pη ´ µq
Bp˚

Bη
fpp˚

pη, µqq ă 0.

Note that

lim
ηÑµ

λ1
intpηq “ ´

1

µ
` p1 ´ F ppaqq ă 0.

Therefore, there exists η1 such that λ1
intpηq ă 0 for all η ď η1.

Although numerical examples show that the equilibrium demand D˚pηq :“ λextpηq ¨

λintpηq is typically increasing in the recommendation precision, there exists no straightfor-

ward statistical properties that ensure that this is indeed valid in general. Since informa-

tive product recommendation might lead to a reduced equilibrium demand it might also

appear plausible that the equilibrium profits of firms are negatively impacted by product

recommendations. However, Proposition 1.5 shows that this is not a concern as higher

market prices outweigh any potential demand reduction.

Proposition 1.5. Suppose that Assumption 1.2 is satisfied. The equilibrium profits of

firms are increasing in the recommendation precision η.

1.6 Extensions and Variations

1.6.1 Micro-foundations of Recommendations

Up until now, I have taken a reduced-form approach to recommendations: The interme-

diary has been a myopic player who recommended firms in such a way that searching for

the recommended firm resulted in a match with probability η ě µ for every consumer and

every firm has ex-ante the same chance to be recommended.

For exposure, I assume that there exists a single consumer whose search costs are

drawn uniformly from r0, s̄s and each firm is a match with probability µ and the valuation

of matches is drawn independently from F . As usual, there is an equivalent representation

with a unit mass of consumers. I assume that the intermediary has information about

whether a firm is a match to the consumer. We denote θi “ 1 if firm i is a match and

θi “ 0 if it is not a match, so that the state space Θ is given by Θ “ t0, 1ur0,1s.
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For exposure and to avoid issues of non-measurability, I assume that first, nature

draws m P N firms uniformly and independently from the unit interval of firms, and the

intermediary only receives information about the m drawn firms and recommends one

of the m firms. Let I denote the realized set of m firms about which the intermediary

receives information. Since pθiqiPr0,1s are assumed to satisfy independence and with slight

abuse of notation, the prior probability µ of matches in the set I satisfies

µppθiqiPIq “ µp
ř

iPI θiq ¨ p1 ´ µq
pm´

ř

iPI θiq

by definition.10

The intermediary has access to a Blackwell-signal π : ΘI Ñ ∆pSq where S is a finite

signal space. I assume that the intermediary maximizes industry-profits.11

Letting θI “ pθiqiPI , it is well known that any Blackwell-signal induces a distribution

σ over posterior beliefs which satisfy
ř

ξPsuppσ σpξqξpθIq “ µpθIq. We now define a recom-

mendation strategy κ as a function that maps posterior beliefs ξ P supp σ to a probability

distribution over recommended firms. That is, κ : supp σ Ñ ∆pIq and κipξq denotes the

probability that firm i is recommended if the intermediary has posterior belief ξ.

The timing of the game including the strategic intermediary is now as follows: First,

the intermediary chooses a recommendation strategy κ. Next, firms set prices simultane-

ously. Then, the recommended firm is drawn according to the recommendation strategy

and the realized signal of the intermediary. The consumer observes which firm is recom-

mended and searches for firms sequentially.

I impose the following symmetry assumptions on the distribution σ of posterior beliefs

and the recommendation strategy κ:

1. The distribution σ over posterior beliefs is symmetric: That is, for any permutation

ρ on I and any ξ P supp σ there exists ξρ P supp σ such that σpξq “ σpξρq and

ξpθIq “ ξρpθρpIqq for all θI P Θ.

2. The intermediary is restricted to symmetric recommendation strategies: A recom-

mendation κ is symmetric if for any permutation ρ on I, and any ξ P supp σ it holds

that κipξq “ κρpiqpξ
ρq.

Symmetry of σ states that we can permute firms and the information structure does not

change. This is for example satisfied if the intermediary receives an identical and indepen-

dent signal πi : t0, 1u Ñ ∆pSq for any firm i P I. The symmetry of the recommendation

10A continuum of probability measures pPiqiPr0,1s are said to be independent if any finite selection
pPiqiPI satisfy independence.

11This might be the case if for example the intermediary is a platform which obtains a share of the
profits of the sellers operating on the platform. Of course, maximizing objective functions like consumer
surplus or sale probability might be reasonable as well. Since we have solved the sub-game following any
intermediary’s decision (if symmetry is satisfied) other objective functions of the intermediary can be
easily accommodated.
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strategy κ might be interpreted as fairness condition: If the intermediary decides to rec-

ommend firm i with probability α and firm j with probability β when she has posterior

belief ξ, then symmetry implies that with some posterior belief ξ1 which is equal to ξ

except that firms i and j are interchanged, firm i is recommended with probability β and

firm j is recommended with probability α.

Letting ξi “
ř

θIPΘI ,θi“1 ξpθIq denote the probability that some firm i P I is a match

when the posterior belief is ξ, we define the recommendation precision η ” ηpκ, σq as the

probability that some firm is a match conditional on that the firm is recommended. That

is,

ηpκ, σq “

ř

ξPsupp σ σpξqκipξqξi
ř

ξPsupp σ σpξqκipξq

for some firm i P I. The next Proposition shows that the crucial assumptions about

the recommendation process are satisfied. In particular, ex-ante before the intermediary

receives information about the firms, every subset of firms of equal size has the same

chance to be recommended,12 and the recommendation precision does not depend on the

identity of the recommended firm.13 These results ensure that firms are ex-ante symmetric

such that the analysis of Section 1.3 and 1.4 is valid.

Proposition 1.6. Suppose that the symmetry conditions 1. and 2. are satisfied. Then,

(i) firm i is recommended with probability 1{m conditional on i P I.(ii) Ex-ante (before I

is realized) the probability that some firm in the interval ra, bs Ă r0, 1s is recommended is

equal to b ´ a. (iii) The recommendation precision η ” ηpκ, σq is independent of i P I.

Hence, under the symmetry conditions 1. and 2. the equilibrium of the consumer

search and pricing subgame only depends on the induced recommendation precision ρ

and not directly on the specific distribution of posterior beliefs σ and recommendation

strategy κ. If the intermediary is industry-profit maximizing, Proposition 1.5 immedi-

ately implies that the intermediary maximizes the recommendation precision ρ, as more

precise recommendations induce higher industry profits. This raises the question which

recommendation strategy maximizes the recommendation precision.

The answer is straightforward: Maximization of the recommendation precision requires

that the intermediary recommends a firm which she believes has the largest probability

to be a match for the consumer. The following Proposition formalizes this intuition.

Proposition 1.7. κ˚ maximizes ηpκ, σq over all symmetric recommendation strategies if

and only if κ˚ satisfies
ÿ

iPargmax ξi

κ˚
i pξq “ 1

12In the equivalent interpretation with a continuum of consumers, this implies that every firm is
recommended to exactly one consumer.

13Also note that the match probability of firms outside of I is unaffected, as I is a measure zero set.
Since consumers do not observe I but only the recommended firm, this implies that the match probability
of any firm that is not recommended is unaffected and equal to µ.
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for all ξ P supp σ. Furthermore, the equilibrium recommendation precision ηpκ˚, σq is

given by

ηpκ˚, σq “
ÿ

ξPsupp σ

σpξqmax
iPI

ξi.

In light of Corollary 1.1 which states that recommendations are harmful to low search

costs consumers, a policy-maker might be interested in limiting the recommendation pre-

cision. In practice, a policy-maker can influence the intermediary’s recommendation prob-

lem by restricting the intermediary’s access or usage to information. Both options can be

modeled as a shift in the distribution of posterior beliefs σ. We say that a distribution

of posterior beliefs σ is more informative than σ1 if σ is a mean-preserving spread of σ1.

Since Proposition 1.7 establishes that it is optimal for the intermediary to recommend

the “best” firm, it seems natural that a more informative distribution of posterior be-

liefs induces a larger equilibrium recommendation precision. Corollary 1.4 verifies this

intuition.

Corollary 1.4. Suppose that σ and σ1 satisfy symmetry. If σ is more informative than

σ1, then ηpκ˚, σq ě ηpκ˚, σ1q.

Proof. It is well known that σ is a mean-preserving spread of σ1 if and only if

ÿ

xPsupp σ

σpxqcpxq ě
ÿ

xPsuppσ1

σ1
pxqcpxq

for every convex cp¨q. Since ξ ÞÑ maxiPI ξi is convex, the result immediately follows from

Proposition 1.7.

1.6.2 Heterogeneous match probability

Consumers might not only differ in search costs but also in their prior match proba-

bility. For instance, some consumers might have a niche taste looking for a particular

kind of product, while others might find almost any product suitable. In this Section,

I demonstrate how heterogeneous prior match probabilities can be incorporated in the

model.

Suppose that consumers differ in search costs and match probability, and a mass

Gps, µq has search costs smaller than s and match probability smaller than µ. Suppose

that the intermediary recommends a firm to every consumer and this firm is a match with

probability ηpµq ě µ.14 Letting the reservation value r̃ps{µq solve s{µ “ W pr̃ps{µqq and

slightly adjusting the approach from Section 1.3 yields an analogue to Proposition 1.1.

14ηpµq ě µ is a minimal requirement on the recommendation precision since an intermediary can
achieve ηpµq “ µ by recommending a random firm. In order to determine the pricing equilibrium and for
comparative statics, it is also sensible to assume that ηpµq is differentiable and increasing.
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Figure 1.4: Separation of consumers into active search, passive search and inactive con-
sumers for heterogeneous match probability and search costs.

Proposition 1.8. Suppose that consumers expect prices pi “ p. The optimal consumer

search rule satisfies:

(i) Consumers of type ps, µq for which s ď µW ppq search for the recommended product

first. They buy if vi ´ pi ě r̃p s
µ

q ´ p. Otherwise, they search for other firms until finding

some firm for which vi ´ pi ě r̃p s
µ

q ´ p.

(ii) Consumers of type ps, µq for which µW ppq ă s ď ηpµqW ppq search for the recom-

mended product and buy if vi ě pi. Otherwise, they exercise the outside option.

(iii) Consumers of type ps, µq for which s ě ηpµqW ppq exercise the outside option

immediately without searching.

Figure 1.4 illustrates the separation of consumers into active search consumers, passive

search consumers and inactive consumers. Different to Section 1.3, the choice of which

search rule to adapt does not depend only on the search costs but also on the prior match

probability. If the search costs s are smaller than the incremental benefit ηpµqW ppq of

searching for the recommended firm, consumers search for the recommended firm. If

additionally, the search costs are smaller than the incremental benefit µW ppq of searching

for a firm that is not recommended, consumers will search beyond the recommended firm

if the recommended product is not satisfactory.

Thus, the pricing problem of firms is also determined by the relative mass of passive

search consumers who act as if they were in a monopoly to active search consumers who
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potentially visit many firms. It is reasonable to suspect that the comparative statics

and welfare implications of product recommendations are similar to those derived in this

article. However, inferring comparative statics and verifying that the first-order condition

of profit-maximization constitutes a unique equilibrium is not straightforward and not

within the scope of this article.

1.6.3 Full Market Coverage

This article has focused on the case in which the market is partially covered. That is,

regardless of recommendation precision there are consumers with sufficiently small search

costs searching actively for firms as well as consumers with sufficiently large search costs

who are inactive and never buy a product. In this case, the implications of recommen-

dations are mainly driven by the effect that precise recommendations induce inactive

consumers to search for the recommended product and, as a consequence of rising market

price, also active search consumers to adopt the passive search strategy.

Now, we study what happens when the market is fully covered even without product

recommendations. Suppose that the largest search costs s̄ satisfy rps̄q ě pm or equivalently

s̄ ď µW ppmq. As prices above the monopoly price pm cannot be optimal, this implies that

for every consumer the reservation value of searching exceeds the anticipated price in

any equilibrium. Hence, every consumer adopts the active search strategy regardless

of recommendation precision η. Following the derivation from Section 1.4, the demand

function D̃ppi, pq is now entirely driven by active search consumers and can be described

by

D̃ppi, pq “
1

s̄

ż s̄

0

1 ´ F prpsq ` pi ´ pq

1 ´ F prpsqq
ds “

µ

s̄

ż v̄

rps̄q

p1 ´ F pr̃ ` pi ´ pqqdr̃.

As a result, the equilibrium price p̃ when the market is fully covered is characterized by

p̃ “
Dpp̃, p̃q

D̃
Bpi

pp̃, p̃q
“

µ

1 ´ F prps̄qq
.

When the market is fully covered, the equilibrium price is independent of the recom-

mendation precision η. There are two reasons why this is the case: Firstly, in contrast to

Section 1.3, precise product recommendations do not induce any high search costs con-

sumers to participate in the search market since any consumer already adopts an active

search strategy. High search costs consumers induce a negative externality since they

search for fewer firms and drive up the equilibrium price. Second, product recommen-

dations do not change the search and purchase strategy of active search consumers (see

Proposition 1.1) since the intermediary recommends only a single firm, and thus does not

influence the continuation payoff of searching beyond the recommended firm.

Perhaps surprisingly, this immediately implies that the welfare implications of prod-
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uct recommendations are almost completely reversed. Without full market coverage, firm

profits increase in the recommendation precision (Proposition 1.5), while low search costs

consumers are harmed by product recommendations and high search costs consumers

profit from product recommendations (Corollary 1.1 and 1.2). With full market coverage,

firms are unaffected by product recommendations since the equilibrium profits p̃ ¨Dpp̃, p̃q

are independent of the precision of product recommendations, and the surplus of a con-

sumer with search costs s P r0, s̄s is given by

Ũpsq “ rpsq ´ p̃ ` pη ´ µqW prpsqq

which is increasing in the recommendation precision η. Intuitively, all consumers profit

from product recommendations since the first firm has a larger match probability, and

thus consumer search for fewer firms on average and save on search costs, while market

prices are not affected.

The analysis for fully covered search markets clarifies that the crucial economic mech-

anism of product recommendations in partially covered markets is that it incentivizes

high search costs consumers, who were previously inactive, to participate in the market

which causes the demand to become less price-elastic, and thereby induces market prices

to rise.

1.7 Discussion

This article has examined the effects of personalized product recommendations on con-

sumer search, market price, and welfare. I have extended the literature of competition

and sequential consumer search with heterogeneous search costs by introducing an inter-

mediary with information about consumers’ preferences recommending firms.

In this article, I impose a very particular assumption on the structure of match valu-

ations, and the information consumers receive about match valuations due to recommen-

dations: Consumers only have positive and random match valuations if a firm is a match

and the information a consumer receives is only informative about matches and not about

the match valuations.

This assumption is different to how recommendations are modeled in most of the re-

lated literature: For instance, Rhodes and Zhou (2024) assume that consumers sharing

their data receive a recommendation which perfectly reveals the product with the highest

match valuations. In this case, consumers have no incentives to sample beyond the recom-

mended firm which increases the equilibrium price. Therefore, the economic mechanism

driving the results in most of the literature is that existing consumers search less and are

less price-sensitive as a result of informative recommendations.

If the recommendations are only informative about the match probability of the recom-
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mended firm, the demand of active search consumers is unaffected by recommendations.

Therefore, my modeling assumptions isolate and highlight another economic mechanism

which is, to the best of my knowledge, not discussed in the literature: Product recom-

mendations incentivize new, less price-sensitive, consumers to participate which induces

firms to set higher prices.

In particular, one of the main findings is that product recommendations induce a sep-

aration of consumers along their search costs. Low search costs consumers first search

for the recommended firm, but also search beyond the recommended firm if the match

valuation for the product of the recommended product is not satisfactory. Consumers

with intermediate search costs also search first for the recommended firm, but do not

search beyond the recommended firm if the match valuation is unsatisfactory. Finally,

high search costs consumers do not participate in the market. Product recommendations

enable inactive consumers to search for the recommended product. This exerts a negative

externality on all participating consumers as demand of high search costs consumers is

more price-insensitive than of low search costs. As a consequence, product recommenda-

tions lead to higher market prices and harm low search costs consumers.

There are several avenues for future research. First, although recommendations harm

low search costs consumers and benefit high search costs consumers, the effect of rec-

ommendations on total consumer surplus remains ambiguous. Cowan (2016) establishes

conditions which guarantee an overall positive or negative effect on consumer surplus in

the context of third-degree price discrimination. It would be interesting to find analogue

conditions for personalized product recommendation.

Second, as noted by Moraga-González et al. (2017), in order to show existence and

uniqueness of the equilibrium in a sequential search model with heterogeneous search

costs, it is necessary to assume that the supply side consists of infinitely many sellers.

However, Rhodes and Zhou (2024) show by example that an intriguing effect can occur

with finitely many sellers: If the informativeness of the recommendation increases in the

number of sellers, for instance because the intermediary recommends the best product and

has independent information about each seller, then market prices might be increasing in

the number of sellers because more consumers rely on the recommendation and this might

even outweigh larger competition. In theory, this mechanism should also be present in a

version of this article’s model with finitely many sellers.

Lastly, this article has imposed the simplifying assumption that recommendations are

only informative about consumer-firm matches and are not informative about match val-

uations or prices. In practice, recommendation algorithms might be much more nuanced.

For instance, Donnelly, Kanodia, and Morozov (2024) find that personalized recommen-

dations might be an appealing tool to shift demand from best-selling products to niche

products which offer a higher profitability. I view it as a fruitful direction for future

research to study unrestricted recommendation algorithms.
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1.A Appendix

1.A.1 Auxiliary Lemmas

The following auxiliary Lemmas are repeatedly used.

Lemma 1.2. W ppq “
şv̄

p
p1´F pzqqdz is log-concave in p on r0, v̄s. In particular, W ppq

1´F ppq
ď

1´F ppq

fppq
for all p P r0, v̄s.

Proof. First, note that W is at least twice differentiable, and W 1ppq “ ´p1 ´ F ppqq and

W 2ppq “ fppq. Thus, W is log-concave if and only W 1ppq2 ě W ppqW 2ppq for all p P r0, v̄s

which is equivalent to W ppq

1´F ppq
ď

1´F ppq

fppq
. This inequality is satisfied if and only if

ż v̄

p

p
1 ´ F pzq

1 ´ F ppq
´
fpzq

fppq
qdz ď 0.

This is satisfied if the integrand is positive for all z ě p which holds since log-concavity

of 1 ´ F implies
1 ´ F pzq

fpzq
ď

1 ´ F ppq

fppq

for all z ě p.

Lemma 1.3. Let Πm
z ppq “ p1 ´ F pp ` zqqp and let pm solve pm “

1´F ppmq

fppmq
. If p ą pm,

then Πm
z ppmq ą Πm

z ppq for any z ě 0.

Proof. Note that

BΠm
z ppq

Bp
“ p1 ´ F pp ` zqq ´ fpp ` zqp

“ fpp ` zqp
1 ´ F pp ` zq

fpp ` zq
´ pq

ď fpp ` zqp
1 ´ F ppq

fppq
´ pq

ă 0

where the first inequality follows from log-concavity of 1 ´ F (the reverse hazard rate is

decreasing), and the second inequality follows from p ą pm. Thus, p1 ´ F pp ` zqqp ă

p1 ´ F ppm ` zqqpm for any z ě 0.

Lemma 1.4. Dppi, pq is differentiable in pi on p0, v̄q and twice differentiable everywhere

on p0, v̄q except at pi “ p.

Proof. First, note that the problem with naively differentiating Dppi, pq is that

BDppi, pq

Bpi
“ ´pη ´ µqη

BF ppiqq

Bpi
´ µ

ż v̄

p

BF pr̃ ` pi ´ pqq

Bpi
dr̃
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where BF pr̃`pi´pqq

Bpi
is not differentiable at r̃ “ v̄´ pi ` p. Therefore, we first rewrite the

demand function as follows

Dppi, pq “ pη ´ µqηW ppqp1 ´ F ppiqq ` µ

ż v̄

p

p1 ´ F pr̃ ` pi ´ pqqdr̃

“ pη ´ µqηW ppqp1 ´ F ppiqq ` µ

ż v̄`pi´p

pi

p1 ´ F pzqqdz

“

$

&

%

pη ´ µqηW ppqp1 ´ F ppiqq ` µ
şv̄`pi´p

pi
p1 ´ F pzqqdz if pi ă p

pη ´ µqηW ppqp1 ´ F ppiqq ` µ
şv̄

pi
p1 ´ F pzqqdz if pi ą p

.

Now,

BDppi, pq

Bpi
“

$

&

%

´pη ´ µqηW ppqfppiq ´ µpF pv̄ ` pi ´ pqq ´ F ppiqq if pi ă p

´pη ´ µqηW ppqfppiq ´ µp1 ´ F ppiqq if pi ą p
.

Thus, Dppi, pq is differentiable everywhere since left and right derivatives agree for pi “ p.

Further, it can easily be seen that Dppi, pq is twice differentiable everywhere except at

pi “ p (unless limvÑv̄ fpvq “ 0 in which case it is also twice differentiable at pi “ p).

1.A.2 Proof of Proposition 1.2

Outline First, we show that the optimal price cannot be strictly larger than the monopoly

price pm (Lemma 1.5). This implies that we can exclude any prices above pm as the equi-

librium price. Next, Lemma 1.6 establishes that the equilibrium candidate price p˚ is

well-defined, i.e. the first-order condition of profit-maximization paired with the symme-

try condition pi “ p admits a unique solution. Finally, Lemma 1.7 shows that a firm’s

profit function is concave which implies that the solution to the first-order condition solves

the profit-maximization problem.

Lemma 1.5. piDppi, pq is maximized for some pi ď pm where pm solves pm “
1´F ppmq

fppmq
for

any p P r0, v̄s.

Proof. Suppose pi ą pm. We will show that a firm can increase profits by charging the

monopoly price, i.e. pmDppm, pq ą piDppi, pq for all pi ą pm. We have

pmDppm, pq “ pµ ´ ηqηW ppqp1 ´ F ppmqqpm ` µ

ż v̄

p

p1 ´ F pr̃ ` pm ´ pqqpmdr̃

ą pµ ´ ηqηW ppqp1 ´ F ppiqqpi ` µ

ż v̄

p

p1 ´ F pr̃ ` pi ´ pqqpidr̃

“ piDppi, pq.
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where the inequality follows immediately from Lemma 1.3.

Lemma 1.6. There exists a unique solution p˚ to p “
Dpp,pq

´ BD
Bpi

pp,pq
and p˚ P rpa, pms where

pa “
W ppaq

1´F ppaq
is the price without recommendations and pm “

1´F ppmq

fppmq
is the monopoly

price.

Proof. Let

εpp, ηq “
Dpp, pq

´ BD
Bpi

pp, pq
“
ηpη ´ µqp1 ´ F ppqq ` µ

ηpη ´ µqfppq ` µ1´F ppq

W ppq

.

We are going to show that (i) εppa, ηq ě pa, (ii) εppm, ηq ď pm and (iii) Bεpp, ηq{Bp ă 0

for any η P rµ, 1s and p ď pm. By the intermediate value theorem, (i) and (ii) imply that

for every η P rµ, 1s there exists a solution p˚, and (iii) implies that this solution is unique.

Let App, ηq “ ηpη ´ µqp1 ´ F ppqq ` µ denote the numerator of ε and Bpp, ηq “

ηpη ´ µqfppq ` µ1´F ppq

W ppq
denote the denominator. Then, (i) is equivalent to

0 ď Appa, ηq ´ Bppa, ηqpa

“ ηpη ´ µqp1 ´ F ppaqq ` µ ´ pa ¨ pηpη ´ µqfppaq ` µ
1 ´ F ppaq

W ppaq
q

“ ηpη ´ µqp1 ´ F ppaq ´ pafppaqq ` µ

ˆ

1 ´ pa ¨
1 ´ F ppaq

W ppaq

˙

“ ηpη ´ µqfppAq

ˆ

1 ´ F ppaq

fppaq
´

W ppaq

1 ´ F ppaq

˙

` 0

which is satisfied since 1´F ppq

fppq
ě

W ppq

1´F ppq
for all p by Lemma 1.2.

Next, (ii) is equivalent to

0 ě Appm, ηq ´ pmBppm, ηq

“ ηpη ´ µqp1 ´ F ppmqq ` µ ´ pm ¨

ˆ

ηpη ´ µqfppmq ` µ
1 ´ F ppmq

W ppmq

˙

“ ηpη ´ µqp1 ´ F ppmq ´ pmfppmqq ` µ

ˆ

1 ´ pm ¨
1 ´ F ppmq

W ppmq

˙

“ 0 ` µ

ˆ

1 ´
1 ´ F ppmq

fppmq
¨
1 ´ F ppmq

W ppmq

˙

which is satisfied since p1 ´ F ppqq2 ě fppqW ppq for all p by Lemma 1.2.
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Lastly, (iii) is satisfied if and only if

0 ă
BApp, ηq

Bp
Bpp, ηq ´ App, ηq

BBpp, ηq

Bp

“ p´ηpη ´ µqfppqq

ˆ

ηpη ´ µqfppq ` µ
1 ´ F ppq

W ppq

˙

´ pηpη ´ µqp1 ´ F ppqq ` µq

ˆ

ηpη ´ µqf 1
ppq ` µ

d

dp
p
1 ´ F ppq

W ppq
q

˙

“ η2pη ´ µq
2
`

´fppq
2

´ p1 ´ F ppqqf 1
ppq

˘

` µ2

ˆ

´
d

dp
p
1 ´ F ppq

W ppq
q

˙

` ηpη ´ µqµ

ˆ

´fppq
1 ´ F ppq

W ppq
´ p1 ´ F ppqq

d

dp
p
1 ´ F ppq

W ppq
q ´ f 1

ppq

˙

.

which holds since first

fppq
2

` p1 ´ F ppqqf 1
ppq ą 0

by log-concavity of 1 ´ F , and second

d

dp
p
1 ´ F ppq

W ppq
q “

´fppqW ppq ` p1 ´ F ppqq2

W ppq2
ą 0

by Lemma 1.2, and lastly

fppq
1 ´ F ppq

W ppq
` p1 ´ F ppqq

d

dp
p
1 ´ F ppq

W ppq
q ` f 1

ppq ą
p1 ´ F ppqqfppq

W ppq
` f 1

ppq

ą
fppq2

1 ´ F ppq
` f 1

ppq

ą 0.

where the first inequality follows from d
dp

p
1´F ppq

W ppq
q ą 0, the second inequality follows from

Lemma 1.2, and the third inequality follows form log-concavity of 1 ´ F ppq.

Lemma 1.7. The profit function piDppi, pq is concave in pi for all p.

Since piDppi, pq is twice differentiable almost everywhere, as established by Lemma

1.4, it is concave in pi if and only if

0 ą pi
B2Dppi, pq

Bp2i
` 2

BDppi, pq

Bpi
.

If pi ą p, then this inequality amounts to

0 ą ´pη ´ µqηppif
1
ppiq ` 2fppiqq ´ µp2p1 ´ F ppiqq ` pifppiqq

which is satisfied since pi
f 1ppiq
fppiq

ą ´2 by Assumption 1.1 and pi ă pm implies 1´F ppiq
fppiq

ą
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1´F ppmq

fppmq
“ pm ą pi.

And if pi ą p, then the inequality amounts to

0 ą ´pη ´ µqηppif
1
ppiq ` 2fppiqq ´ µp2pF pv̄ ` pi ´ pq ´ F ppiqq ` pipfpv̄ ` pi ´ pq ´ fppiqq

“ ´pη ´ µqηppif
1
ppiq ` 2fppiqq ` µ ¨

ż v̄`pi´p

pi

p´2fpzq ´ pif
1
pzqqdz

which is satisfied since pif
1ppiq ` 2fppiq ą 0 by Assumption 1.1 and this also implies

´2fpzq ´ pif
1pzq ă 0 for all z ą pi since either f 1pzq ě 0 in which case the inequality is

trivially satisfied or f 1pzq ă 0 in which case ´2fpzq ´ pif
1pzq ă ´2fpzq ´ zf 1pzq ă 0.

1.A.3 Proof of Proposition 1.3 and 1.4

Proof. Recall that p˚ uniquely satisfies

p˚
“ εpp˚, µ, ηq :“

ηpη ´ µqp1 ´ F ppqq ` µ

ηpη ´ µqfppq ` µ1´F ppq

W ppq

.

The implicit function theorem implies that p˚ is differentiable around pµ, ηq and

Bp˚

Bη
“

Bεpp˚,µ,ηq

Bη

1 ´
Bεpp˚,µ,ηq

Bp˚

and
Bp˚

Bµ
“

Bεpp˚,µ,ηq

Bµ

1 ´
Bεpp˚,µ,ηq

Bp˚

.

The proof of Lemma 1.6 shows that Bεpp˚,µ,ηq

Bp˚ ă 0. Therefore, Proposition 1.3 is satisfied

if and only if Bεpp˚,µ,ηq

Bη
ą 0 and Proposition 1.4 is satisfied if and only if Bεpp˚,µ,ηq

Bµ
ă 0. It

is straightforward to derive that Bεpp˚,µ,ηq

Bη
ą 0 if and only if

1 ´ F pp˚q

fpp˚q
ą εpp˚, µ, ηq “ p˚

which is satisfied since p˚ ă pm “
1´F ppmq

fppmq
and hence 1´F pp˚q

fpp˚q
ą p˚. Analogously, it is

routine to derive that Bεpp˚,µ,ηq

Bµ
ą 0 if and only if

ηfpp˚
q

ˆ

p˚
´

1 ´ F pp˚q

fpp˚q

˙

`
1 ´ F pp˚q

W pp˚q
p
W pp˚q

1 ´ F pp˚q
´ p˚

q ă 0

which is satisfied since p˚ ą
1´F pp˚q

fpp˚q
by the same arguments as above and p˚ ą pa “

W ppaq

1´F ppaq

and Lemma 1.2 imply that p˚ ă
W pp˚q

1´F pp˚q
.
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1.A.4 Proof of Lemma 1.1

Proof. Again, recall that p˚ uniquely solves

p˚
“ εpp˚, µ, ηq :“

ηpη ´ µqp1 ´ F ppqq ` µ

ηpη ´ µqfppq ` µ1´F ppq

W ppq

.

The implicit function theorem implies that p˚ is differentiable around pµ, ηq and

Bp˚

Bη
“

Bεpp˚,µ,ηq

Bη

1 ´
Bεpp˚,µ,ηq

Bp˚

.

The proof of Lemma 1.6 shows that Bεpp˚,µ,ηq

Bp˚ ă 0 and therefore

Bp˚

Bη
ď

Bεpp˚, µ, ηq

Bη
.

Differentiating ε w.r.t. η and simplifying yields

Bεpp˚, µ, ηq

Bη
“

p2η ´ µqp1 ´ F pp˚qq ´ p2η ´ µqfpp˚qp˚

ηpη ´ µqfpp˚q ` µp
1´F pp˚q

W pp˚q
q

.

Factoring out 1
η

W pp˚q

1´F pp˚q
yields the following upper bound on Bp˚

Bη
:

Bp˚

Bη
ď

Bεpp˚, µ, ηq

Bη

“
1

η

W pp˚q

1 ´ F pp˚q

˜

p2η ´ µq
1 ´ F pp˚q ´ fpp˚qp˚

pη ´ µqfpp˚q
W pp˚q

1´F pp˚q
`

µ
η

¸

.

Hence, Lemma 1.1 holds if

p2η ´ µq
1 ´ F pp˚q ´ fpp˚qp˚

pη ´ µqfpp˚q
W pp˚q

1´F pp˚q
`

µ
η

ď 1

which is equivalent to

p2η ´ µqp1 ´ F pp˚
q ´ fpp˚

qp˚
q ´ pη ´ µqfpp˚

q
W pp˚q

1 ´ F pp˚q
ă
µ

η
.

Note first that p˚ ě
W pp˚q

1´F pp˚q
since log-concavity of W implies that the W ppq{p1´F ppqq is
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decreasing in p, and p˚ ě pA where pA “
W ppAq

1´F ppAq
. Hence,

p2η ´ µqp1 ´ F pp˚
q ´ fpp˚

qp˚
q ´ pη ´ µqfpp˚

q
W pp˚q

1 ´ F pp˚q

ă p2η ´ µqp1 ´ F pp˚
q ´ fpp˚

q
W pp˚q

1 ´ F pp˚q
q ´ pη ´ µqfpp˚

q
W pp˚q

1 ´ F pp˚q

“ p2η ´ µqp1 ´ F pp˚
qq ´ p3η ´ 2µq ¨ fpp˚

q
W pp˚q

1 ´ F pp˚q

ď p2η ´ µqqp1 ´ F pp˚
q ´ fpp˚

q
W pp˚q

1 ´ F pp˚q
q

ď
µ

η

where the second inequality holds since 3η ´ 2µ ě 2η ´ µ and the final inequality holds

by Assumption 1.2.

1.A.5 Proof of Proposition 1.5

Proof. First note that the equilibrium demand is given by

D˚
pηq “ λintpηq ¨ λextpηq

“
W pp˚pη, µqq

s̄
ppη ´ µqη ¨ p1 ´ F pp˚

pη, µqq ` µq .

Dropping 1
s̄
(w.l.o.g.) and letting p˚ ” p˚pη, µq, we have

BD˚pηq

Bη
“ ´

Bp˚

Bη
p1 ´ F pp˚

qq ppη ´ µqη ¨ p1 ´ F pp˚
qq ` µq

` W pp˚
q

ˆ

p2η ´ µqp1 ´ F pp˚
q ´ pη ´ µqη

Bp˚

Bη
fpp˚

q

˙

“ ´
Bp˚

Bη

`

pη ´ µqη ¨ p1 ´ F pp˚
qq

2
` µp1 ´ F pp˚

qq ` pη ´ µqη ¨ W pp˚
qfpp˚

q
˘

` p2η ´ µqW pp˚
qp1 ´ F pp˚

q

“ ´
Bp˚

Bη

`

pη ´ µqη ¨ pp1 ´ F pp˚
qq

2
` fpp˚

qW pp˚
qq ` µp1 ´ F pp˚

qq
˘

` p2η ´ µqW pp˚
qp1 ´ F pp˚

q.

The equilibrium profits Π˚pηq “ D˚pηqp˚ are increasing if and only if

Bp˚

Bη

D˚pηq

p˚
ě ´

BD˚pηq

Bη
.
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The equilibrium price p˚ satisfies by definition (see 1.1)

p˚
“
ηpη ´ µqW pp˚qp1 ´ F pp˚qq ` µW pp˚q

ηpη ´ µqW pp˚qfpp˚q ` µp1 ´ F pp˚qq
“

D˚pηq

ηpη ´ µqW pp˚qfpp˚q ` µp1 ´ F pp˚qq
.

Thus, plugging in BD˚pηq

Bη
and the equation above yields Π˚pηq is increasing if and only if

Bp˚

Bη
p ηpη ´ µqW pp˚

qfpp˚
q ` µp1 ´ F pp˚

qq q

ě

Bp˚

Bη
p pη ´ µqη ¨ pp1 ´ F pp˚

qq
2

` fpp˚
qW pp˚

qq ` µp1 ´ F pp˚
qq q ´ p2η ´ µqW pp˚

qp1 ´ F pp˚
q.

Simplifying yields
2η ´ µ

η ´ µ
¨
1

η

W pp˚q

1 ´ F pp˚q
ě

Bp˚

Bη

which is implied almost immediately by Lemma 1.1.

1.A.6 Proof of Proposition 1.6

Proof. (i) I show that any firms i, j P I have the same ex-ante probability to be recom-

mended if symmetry is satisfied. Let ρ denote a permutation on I such that ρpiq “ j.

The probability that firm i P I is recommended is given by

ÿ

ξPsupp σ

σpξqκipξq “
ÿ

ξPsupp σ

σpξρqκρpiqpξ
ρ
q

“
ÿ

ξPsupp σ

σpξρqκjpξ
ρ
q

“
ÿ

ξPsupp σ

σpξqκjpξq

where the first line follows from symmetry of σ and κ, the second line applies ρpiq “ j

and the last line is implied by symmetry of σ since ξ P supp σ if and only if ξρ P supp σ.

Thus, it immediately follows that every firm in I has a probability of | I |´1“ m´1 to be

recommended by the intermediary. (ii) follows immediately since I is drawn uniformly

from r0, 1s , and the recommended firm is drawn uniformly from I.

(iii) I show that

ρ :“

ř

ξPsupp σ σpξqκipξqξi
ř

ξPsupp σ σpξqκipξq

does not depend on i P I. (i) already clarifies that the numerator is equal to 1{m, and

therefore does not depend on i. Therefore, it remains to show that the denominator does

not depend on i. Let ρ denote the permutation on I for which ρpiq “ j, ρpjq “ i and

ρplq “ l for all l P I, l ‰ i, j. It is immediate that given some posterior belief ξ, the
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probability that firm i is a match ξi satisfies ξi “ ξρρpiq. Thus,

ÿ

ξPsupp σ

σpξqκipξqξi “
ÿ

ξPsupp σ

σpξρqκρpiqpξ
ρ
qξρρpiq

“
ÿ

ξPsupp σ

σpξρqκjpξ
ρ
qξρj

“
ÿ

ξPsupp σ

σpξqκjpξqξj.

where the first line follows from symmetry of σ and κ and ξi “ ξρρpiq, the second line

applies ρpiq “ j and the last line is implied by symmetry of σ since ξ P supp σ if and only

if ξρ P supp σ. Therefore, also the denominator does not depend on the specific firm i P I

such that ρ is well-defined, i.e. does not depend on i.

1.A.7 Proof of Proposition 1.7

Proof. By Proposition 1.6, we have
ř

ξPsupp σ σpξqκipξq “ 1{m for any symmetric recom-

mendation strategy κ. Therefore,

ηpκ, σq “ m
ÿ

ξPsupp σ

σpξqκipξqξi

such that the optimal recommendation strategy maximizes
ř

ξPsupp σ σpξqκipξqξi. Since

ηpκ, σq is independent of i by Proposition 1.6, we get that

ηpκ, σq “ m
ÿ

ξPsupp σ

σpξqκipξqξi

“
ÿ

iPI

ÿ

ξPsupp σ

σpξqκipξqξi

“
ÿ

ξPsupp σ

σpξq

˜

ÿ

iPI

κipξqξi

¸

.

Thus, κ maximizes ηpκ, σq if and only if κ maximizes
ř

iPI κipξqξi for any ξ P supp σ.

Since
ř

iPI κipξq “ 1 this is obviously maximized if and only if κ satisfies

ÿ

iPargmaxj ξj

κipξq “ 1.

Lastly, any κ˚ satisfying the equation above induces a recommendation precision is given

by

ρpκ˚, σq “
ÿ

ξPsupp σ

σpξqmax
iPI

ξi.
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Chapter 2

Competition and Consumer Search

with Costly Product Returns

2.1 Introduction

In both online marketplaces and, to a lesser extent, traditional brick-and-mortar stores,

consumers often face uncertainty about the value or quality of a product when making a

purchase decision. This uncertainty can stem from various factors, such as the inability to

physically inspect or test the product before buying it, particularly in online settings. To

alleviate these concerns and encourage purchases, sellers frequently offer return policies.

In the European Union, return policies are not merely a matter of seller discretion but

are mandated by regulations governing distance sales contracts. These regulations ensure

that consumers have the right to return products bought online or through other distance

sales methods within a specified period, typically 14 days.

At first glance, return policies appear to benefit consumers, offering them the ability to

return unsatisfactory products. However, these policies can present significant challenges

for sellers and the broader public. For sellers, excessive product returns can be expensive.

They must handle the logistics of returns, including processing, restocking, and managing

damaged or unsellable items. These activities result in significant operational costs, which

may lead sellers to raise prices, ultimately impacting consumers negatively. Moreover,

the environmental impact of product returns is a growing concern. The carbon footprint

associated with the transportation of returned goods can be substantial. It is estimated

that returns in the US alone generate approximately 15 million metric tonnes of carbon

emissions annually and contribute 5 billion pounds of landfill waste (Schiffer, 2019).

These concerns raise several questions. First, how do product returns influence con-

sumer behavior in terms of searching for and purchasing products? Second, what are the

determining factors for the number of products returned in a market? Specifically, is the

rate of product returns higher in online markets, where discovering new items is relatively
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easy, or in offline markets, where finding products typically requires more effort? Third,

how do product returns shape consumer demand and competition among firms?

To answer these questions, I incorporate product returns into a model of price compe-

tition and sequential consumer search. In particular, I employ a consumer search model

building on Wolinsky (1986) and Anderson and Renault (1999) with a continuum of firms

offering horizontally differentiated products. Firms set prices simultaneously at the start

of the game and consumers can search for a firm by paying fixed search costs cs and

thereby discover the firm’s price and the observable component θi of the match value

vi “ θi ` εi for the product of firm i. Upon purchasing the product of firm i, the con-

sumer also learns the residual match value εi. If the consumer is dissatisfied with the

match value vi, she can return the product and obtain a full refund by incurring positive

return costs cr.

I leverage the stationarity of the consumer’s decision problem to derive the consumers’

optimal search rule. In equilibrium, a consumer purchases a product if and only if the

observable valuation exceeds a threshold θ˚ and returns the product if and only if the total

match value is below a threshold v˚. The threshold values pθ˚, v˚q satisfy two indifference

conditions: At match value v˚, a consumer is indifferent between (i) keeping the product

and (ii) returning the product and continuing to search following the optimal search rule.

At the threshold θ˚, the consumer is indifferent between (i) purchasing the object and

continuing optimally in the return stage and (ii) continuing the search at another firm

following the optimal search rule.

An important question that arises is how optimal consumer search behavior depends

on the consumer’s ability to return products, as measured by the costs cr associated

with a product return. It is well-established that product return policies make it more

attractive for consumers to purchase a firm’s product, as they have the option to return it

if unsatisfied. However, a key insight of this article is that market-wide return rights also

enhance the appeal of not purchasing a product and continuing the search for alternatives

since the expected value of finding and buying a product is larger with the ability to

return a product.

When product return costs are lower, consumers are generally less inclined to return

products. This is because, first, the costs of returns are reduced, and second, the con-

tinuation payoff from ongoing search is higher. However, the effect on the purchasing

threshold θ˚ is not straightforward. Lower return costs increase both the expected benefit

of purchasing a product and the expected benefit of continuing to search. I show that

the former effect outweighs the latter, making consumers more likely to purchase a prod-

uct when return costs are low. Consequently, easier product returns increase both the

likelihood of purchasing and the probability of subsequently returning the product.

This result poses the question of how product returns impact the demand for a firm’s

product, which is defined as the probability that a consumer buys and does not return



2.1 Introduction | 43

a product of a firm she encounters. Under common log-concavity assumptions, product

returns reduce the demand for a firm’s product. The option to return products encour-

ages consumers to continue searching for alternatives, and thereby increases the expected

number of firms a consumer searches for, and reduces the probability of purchasing from

a firm conditional on searching for this firm.

Given the consumer’s optimal search rule, it is straightforward to derive the demand

functions and the equilibrium price p˚. Under weak assumptions, demand is log-concave

in a firm’s own price, and thus the first-order condition of profit maximization constitutes

an equilibrium in which every firm charges an identical price.

When search costs increase, consumers are less likely to buy as well as retain a firm’s

product, intensifying competition among firms and driving down the equilibrium price.

Conversely, as the costs of returns rise, consumers become less likely to purchase a product

but, contrary to the effect of search costs, more likely to keep it once bought. The

precise effect on equilibrium prices depends on specific parameters and distributional

assumptions, generally leading to a non-monotonic relationship between return costs and

equilibrium price.

The model also predicts how the number of product returns varies with search costs.

Are returns more frequent in markets where products are easily accessible, such as online

platforms, or in markets where products are harder to find, like traditional brick-and-

mortar stores?1 The answer is nuanced since there is a trade-off: When search costs are

low, the continuation payoff from searching is high, increasing the incentive to return a

product and search for a better match. At the same time, lower search costs make it

more likely that a consumer finds and purchases a well-suited product, reducing the need

for returns. I argue that the first effect dominates, leading to more product returns in

markets with lower search costs.

This article might be interpreted as a cautionary tale about the hidden consequences of

product returns. The ability to return unsatisfactory products in a market significantly

alters consumers’ search behavior and can lead to increasing market prices which can

ultimately impact consumers and even firms negatively.

Although product returns are the primary focus, this paper’s model is not limited to

product returns. Consumers can, without any loss of generality, return products only

after deciding which one they wish to keep permanently. Therefore, if a consumer already

owns a product and buys another, they will inevitably need to return one of the two,

regardless of which product they ultimately choose to keep. This implies that the product

returns model is strategically equivalent to a model without returns, where the consumer

incurs search costs cs to observe a product’s price and discover her observable valuation,

and then has the option to further investigate the product at costs cr to observe the

1Of course, I acknowledge that there are other, systemic, differences between an e-commerce platform
and an offline market.
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residual valuation before deciding to buy the product or continue searching for another

one. Hence, the costs of returning a product can be reinterpreted as search costs for the

residual valuation.

This strategic equivalence implies a broader contribution to the literature of consumer

search. Typically, equilibrium prices increase with search costs in consumer search models

involving price discovery. However, this article shows that this insight does not necessarily

hold when consumers have the option to further learn about their valuation before deciding

to buy a product.

The paper is structured as follows: In the remainder of this Section, I discuss the

related literature. In Section 2.2, I introduce the basic model. Section 2.3 deals with

the search problem of the consumers. Section 2.4 solves the firm’s problem, derives the

equilibrium price, and discusses the comparative statics and welfare implications. Section

2.5 includes some extensions and variations of the model. Finally, I conclude this article in

Section 2.6. The appendix includes a detailed treatment of the consumer search problem,

along with all proofs omitted throughout the article.

2.1.1 Related Literature

The literature on consumer search with product returns is quite sparse. To the best of

my knowledge, Petrikaitė (2018) and Janssen and Williams (2024) are the only contribu-

tions that examine product returns building on the canonical consumer search framework

established by Wolinsky (1986) and Anderson and Renault (1999).

Janssen and Williams (2024) explore the interplay between competition in pricing

and refund policies when consumers search for firms and can return products. Their

findings indicate that, in the absence of regulation, product return fees are inefficiently

high, as firms fail to account for the welfare benefits derived from consumers who return

the product and continue to search other firms. In contrast, my analysis assumes that

sellers must provide a free return policy as required by the EU for online sales. Here,

the costs associated with returning a product represent the inconvenience of the return

process and are fixed.

The work of Petrikaitė (2018) is closely aligned to my contribution. Petrikaitė (2018)

also assumes an additive structure of match values where the consumer observes the first

part after searching for a firm and the second part only after purchasing the product, and

the consumer can return the product at fixed return costs. Two insights from Petrikaitė

(2018) are particularly relevant for my work. First, it is a weakly dominant strategy for

consumers to only ever return a product after deciding which product to keep permanently.

Second, product return costs can be reinterpreted as search costs. It is well known that

in models with price-directed search, equilibrium prices can decrease with higher search

costs (see Choi, Dai, and Kim (2018); Haan, Moraga-González, and Petrikaitė (2018);
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Shen (2015)). In this sense, it is not surprising that return costs increase the equilibrium

price in the price-directed duopoly model of Petrikaitė (2018).

Different to Petrikaitė (2018), I consider a model with undirected search (i.e., prices

are not observable prior to search), with infinitely many firms, general distributions of

match values, and positive search as well as return costs. Even though prices are not

observable, and firms therefore do not have an incentive to lower prices in order to be

sampled earlier, the consumers’ ability to return products can still increase market prices

in my model since consumers become less price sensitive when buying products.

Greminger (2022) and Gibbard (2022) both analyze sequential consumer search with

two-stage information acquisition search without prices. Using insights from the multi-

armed bandit problem (see Gittins, Glazebrook, and Weber (2011)), they show that the

optimal policy can be fully characterized by reservation values. In the appendix, I show

that the optimal consumer search policy in my work can also be framed as a reservation

value-based policy. In this way, I extend the consumer search problem of Greminger

(2022) and Gibbard (2022) to search including prices. As a caveat, I assume infinitely

many alternatives (firms) which allows characterizing the optimal search policy without

relying on the literature on multi-armed bandit problems.

There is extensive literature that deals with optimal monopolistic refund policies in

various settings (e.g. Courty and Hao (2000); Matthews and Persico (2007); Shulman,

Coughlan, and Savaskan (2009); Hinnosaar and Kawai (2020); Inderst and Tirosh (2015);

Krähmer and Strausz (2015); Ren and Jerath (2022); von Wangenheim (2024)). This

literature generally finds that there are fewer product returns when consumer information

is improved as there is less uncertainty with improved information.

As an example, Ren and Jerath (2022) consider a monopolistic seller who sets the price

and return policy when consumers can acquire information about their valuation before

buying the product. They find that there are fewer product returns when it is inexpensive

to acquire pre-purchase information. In contrast, my work suggests that low search costs

imply a larger number of returned products, as they lead to a higher continuation payoff

from returning a product and finding a new one. This mechanism is absent in models

with a single seller.

Regarding comparative statics concerning product return costs, my work is also re-

lated to Zhou (2022) who analyzes comparative statics of the canonical Wolinsky (1986)

model when the distribution of match valuations changes. With free product returns, the

consumer can observe the residual match valuation at no costs. Without the option to

return products, she cannot obtain any information about the residual match valuation

before deciding which product to keep permanently. Generally, as the costs of product

returns increase, the effective distribution of match valuations becomes more dispersed.

Similar to Zhou (2022), I find that increased dispersion leads consumers to search for

longer on average, but it does not necessarily result in a higher or lower equilibrium price.
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2.2 The Model

The market consists of a demand and supply side. The supply side is made up of a

continuum of firms. Each firm i P r0, 1s supplies a single indivisible product at some

price pi. The prices ppiqiPr0,1s are chosen simultaneously at the start of the game. On

the demand side, there is a unit-mass of risk-neutral consumers with single-unit demand.

The valuation of consumer j P r0, 1s for the product of firm i is denoted by vij. For the

remaining article, we drop the index j, and denote the valuation for firm i’s product of a

representative consumer as vi. We assume that the valuation vi consists of two additive

parts. An observable valuation θi and a residual valuation εi, where vi “ θi ` εi.

Initially, consumers are uninformed about their valuations pviqi and prices ppiqi. Con-

sumers can learn the price pi of the product of firm i and the observable valuation θi by

searching for firm i. Every time a consumer searches for a firm, she incurs search costs

cs P R`. After observing ppi, θiq, the consumer chooses between buying the product or

searching for another firm.2 If the consumer buys from firm i, she pays price pi and ob-

serves her total valuation vi for the firm’s product. The consumer can return the product

by incurring return costs cr P R` and thereby obtain a refund of the price pi.
3 If the

consumer has searched for m P N firms, has returned k ă m products, and keeps the

product of firm i, her realized utility is vi ´ pi ´ m ¨ cs ´ k ¨ cr. For the majority of the

paper, I impose the simplifying assumption that the consumer must eventually return any

product she does not want to keep. In Section 2.5, I show that this assumption is without

loss of generality under weak conditions.

The observable valuations pθiqi are drawn independently and identically from some

CDFG, and the residual valuations pεiq are drawn identically and independently from each

other and from pθiqi from some CDF H, where H and G are at least twice differentiable

and admit finite moments. Furthermore, to guarantee the unique existence of interior

solutions to the consumer search problem for any pair of pcs, crq of search and return

costs, I also assume that θi and εi have full support on R, i.e. gpxq ą 0 and hpxq ą 0 for

all x P R.
It is useful to derive the distribution of the total valuation vi. We denote the CDF of

vi conditional on θi “ θ as F p¨ | θq. Since vi ă v for some v P R if and only if εi ă v ´ θi,

it is straightforward to see that F pv | θq “ Hpv ´ θq. Therefore, the joint density of

pθi, viq is given by fpθ, vq “ gpθqhpv ´ θq. The joint reliability (or survival) function F̄

of pθi, viq is defined by F̄ pθ, vq “
ş8

θ

ş8

v
fpθ̃, ṽqdθ̃dṽ. I impose the following log-concavity

assumption.

2For simplicity, we assume that the outside option of not buying any product is ´8 (i.e., the consumer
must buy some firm’s product). With infinitely many firms this assumption is without loss of generality,
provided that search costs are sufficiently small.

3The return costs cr represent the effort associated with returning the product. In particular, cr does
not represent a return fee such that firm i does not obtain cr if its product is returned.
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Assumption 2.1. The joint reliability function F̄ of pθi, viq is log-concave.

Assumption 2.1 immediately implies that also the marginal survival functions F̄vpθq :“

F̄ pθ,´8q “ 1 ´ Gpθq and F̄θpvq :“ F̄ p´8, vq are log-concave. As a leading example,

I will illustrate results when the observable valuation θi and the residual valuation εi

independently normally distributed. In the appendix, I show that normality of θiand εi

implies Assumption 1.

Remark 2.1. Suppose that θi „ N pµθ, σ
2
θq, εi „ N pµε, σ

2
εq and pθi, εiqi are independent.

Then, Assumption 1 is satisfied.

The solution concept I impose is symmetric and pure Perfect Bayesian Equilibrium

(PBE) with the following standard restrictions: First, search is undirected. That is, if a

consumer is indifferent between searching for firms i and j then the probability that she

searches for firm i is equal to the probability that she searches for firm j. Second, if a

consumer encounters an off-path price pi ‰ p˚, she does not revise her belief about the

prices of firms j ‰ i.

2.3 Optimal Consumer Search

Suppose that the consumer expects every firm to charge price p˚ P R` .

In theory, a search strategy can be very complex since the decision to purchase a

product or terminate search can depend on the valuations for products that have been

already sampled, bought or even returned. However, as it turns out, the optimal search

strategy will follow a simple stationary cutoff rule: The consumer buys the product of

firm i if and only if the observable (net) valuation θi ´pi is larger than some cutoff θ˚ ´p˚

and terminates search and returns all previously bought products if and only if the total

valuation vi ´ pi is above some cutoff v˚ ´ p˚.

A stationary cutoff strategy has the property that, in equilibrium, the consumer re-

turns product i if and only if θi ě θ˚ and vi ă v˚. In other words, the decision to return

product i is independent of products j ‰ i. Thus, the consumer can also return product

i as soon as she observes vi ă v˚. Hence, it is without loss of generality to assume that a

consumer has to return a product immediately before searching for other products when

focusing on stationary cutoff strategies.

Next, we will derive conditions for the optimal cutoff values pθ˚, v˚q, and thereby

characterize the optimal cutoff search rule. In the appendix, I show that the optimal

cutoff strategy is also the optimal strategy among all strategies. Let Upθ˚, v˚q denote the

consumer’s expected payoff under the pθ˚, v˚q cutoff search strategy. Note that under a

stationary strategy, a consumer never revisits a sampled firm. Thus, the continuation

payoff of continuing to search for new products does not depend on the values of past

products and is equal to the expected payoff U˚ ” Upθ˚, v˚q. When deciding to continue
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the search or keep the current product with value vi and price pi, the consumer keeps the

current product and terminates search if and only if

vi ´ pi
loomoon

payoff of keeping current product

ě U˚
´ p˚

´ cr
loooooomoooooon

expected payoff of returning product i and continuing to search

.

Thus, the valuation cutoff v˚ satisfies v˚ “ U˚ ´ cr.

Now suppose that a consumer has sampled a product and observed the price pi and

the observable valuation θi. When the consumer buys product i, she keeps the product

if and only if vi ě U˚ ´ cr ` ∆i where ∆i :“ pi ´ p˚. Otherwise, she returns the product

and continues to search for new products. Thus, it is optimal for the consumer to buy

product i with observable valuation θi and price pi if and only if

ż 8

U˚´cr`∆i

pvi ´ piqdF pvi | θiq ` F pU˚
´ cr ` ∆i | θiq ¨ pU˚

´ p˚
´ crq

looooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooon

expected payoff of buying product i

ě U˚
´ p˚

looomooon

Expected payoff of
continuing to search

.

which is equivalent to

W pv˚
` ∆i | θiq :“

ż 8

v˚`∆i

pvi ´ v˚
´ ∆iqdF pvi | θiq ě cr.

It is straightforward to show that the left-hand-side is strictly increasing in θi with

limθÑ´8 W pv˚ ` ∆i | θq “ 0 and limθÑ8 W pv˚ ` ∆i | θq “ 8 which implies that for any

v˚ `∆i P R there exists a unique θ˚ such that W pv˚ `∆i | θ˚q “ cr. To fully characterize

pθ˚, v˚q note that we can express the consumer’s expected (gross) payoff Upθ˚, v˚q as

follows:

Upθ˚, v˚
q “ Erv | v ě v˚, θ ě θ˚

s ´ nspθ
˚, v˚

q ¨ cs ´ nrpθ
˚, v˚

q ¨ cr

where nspθ
˚, v˚q denotes the expected number of sampled items and nrpθ

˚, v˚q denotes the

expected number of returned items. Letting F̄ pθ˚, v˚q “
ş8

v˚

ş8

θ˚ fpv | θqgpθqdθdv denote

the probability that a sampled product is bought and kept and letting

Rpθ˚, v˚
q “

ż v˚

8

ż 8

θ˚

fpv | θqgpθqdθdv.

denote the probability that a sampled product is returned, we find that the expected

number of sampled products is

nspθ
˚, v˚

q “

8
ÿ

i“1

p1 ´ F̄ pθ˚, v˚
qq

i´1
“

1

F̄ pθ˚, v˚q
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and the expected number of returned products is

nrpθ
˚, v˚

q “

8
ÿ

i“1

p1 ´ F̄ pθ˚, v˚
qq

i´1Rpθ˚, v˚
q “

Rpθ˚, v˚q

F̄ pθ˚, v˚q
.

Plugging in ns and nr, we obtain

Upθ˚, v˚
q “

1

F̄ pθ˚, v˚q

„
ż 8

v˚

ż 8

θ˚

vfpv | θqgpθqdθdv ´ cs ´ Rpθ˚, v˚
qcr

ȷ

.

Plugging this into v˚ “ Upθ˚, v˚q ´ cr and simplifying we get

ż 8

θ˚

W pv˚
| θqgpθqdθ “ cr ¨ p1 ´ Gpθ˚

qq ` cs.

Proposition 2.1. A strategy is optimal if and only if the consumer buys the product if

and only if θi ´ pi ě θ˚ ´ p˚ and returns the product and searches for a new product if

and only if vi ´ pi ď v˚ ´ p˚, where the threshold values pθ˚, v˚q are the unique solution

to (i) purchasing indifference

W pv˚
| θ˚

q “ cr,

and (ii) search indifference

ż 8

θ˚

W pv˚
| θqdGpθq “ cs ` cr ¨ p1 ´ Gpθ˚

qq.

In the appendix, I show that firstly purchasing indifference and search indifference

define a unique solution, and secondly we provide a rigorous definition of a search strategy

and show that the consumer has no incentive to deviate from the cutoff strategy pθ˚, v˚q

to a non-stationary strategy.

W pv | θq describes the incremental benefit of buying a product when the observable

valuation is θ and the consumer already owns a product with value v. If the consumer

already owns a product, the costs of buying another product are equal to the return costs

since the consumer has to return one additional item regardless of which product she

decides to keep. Thus, (i) implies that at the optimal thresholds pθ˚, v˚q the consumer is

indifferent between purchasing a product with observable valuation θ˚ and not purchasing

the product when she owns a product with value v˚. The search indifference condition

(ii) implies that the expected incremental benefit
ş8

θ˚ W pv˚ | θqdGpθq when the consumer

owns a product with value v˚ and buys any product with observable valuation above θ˚

is equal to the expected search and return costs.4

4The purchase and search indifference conditions can also be obtained by solving for the first-order
conditions of maxθ˚,v˚ Upθ˚, v˚q. It is straightforward to show that

BUpθ˚, v˚q

Bθ˚
“ 0 “

BUpθ˚, v˚q

Bv˚
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2.3.1 Asymptotics of Optimal Consumer Search

It is insightful to examine the effects on consumer search behavior under two distinct

scenarios: Product returns are prohibited pcr Ñ 8q and product returns are costless

pcr Ñ 0q.

Corollary 2.1. The optimal search strategy pθ˚, v˚q satisfies

(i) limcrÑ8pθ˚, v˚q “ pw8,´8q where w8 satisfies cs “
ş8

w8
pθ ´ w8qdGpθq, and

(ii) limcrÑ0pθ
˚, v˚q “ p´8, w0q where cs “

ş8

w0
pv ´ w0qdFθpvq and Fθpvq “

ş8

´8
F pv |

θqdGpθq.

When product returns are prohibited, the consumer will never return any product

pv˚ “ ´8q since it is too costly to do so. In this case, consumers always receive the

random payoff ε „ H independent of the decision which product to buy. Therefore,

only the observable valuation θ of a product influences the search and purchase decision

of consumers, and a consumer buys a product if and only if the observable valuation is

above the reservation value w8 solving cs “
ş8

w8
pθ ´ w8qdGpθq. Hence, consumer search

reduces to the search problem of Anderson and Renault (1999); Wolinsky (1986) where

the reservation value of searching is given by w8.

On the other hand, when product returns are costless pcr “ 0q, it is without loss to

observe the total valuation vi “ θi ` εi by purchasing any sampled products pθ˚ “ ´8q.

Therefore, the search problem is analogous to a search problem without product returns

where the consumer can directly observe the valuation vi „ Fθ where Fθ is the ex-ante

distribution of the valuation for some product i. In this case, the consumer terminates

search if and only if the valuation of a product is larger than the reservation valuation w0

solving cs “
ş8

w0
pv ´ w0qdFθpvq.

Thus, the canonical model of sequential search can capture both no product returns

and free product returns but not costly product returns.

2.3.2 Comparative Statics of Optimal Consumer Search

How do the costs of searching for products or returning products affect consumer search

behavior? The purchase threshold θ˚ optimally trades off searching for another product

and purchasing the product, and the return threshold v˚ optimally trades off searching for

other products subsequent to returning the current product and terminating the search

by keeping the current product permanently.

First, we study how search costs affect the purchase and return thresholds which jointly

determine consumer search. An increase in search costs cs reduces the continuation payoff

of searching for another product. However, higher search costs also reduce the continu-

ation payoff of buying a product since there is a positive probability that the consumer

if and only if pθ˚, v˚q jointly solve purchase and search indifference.
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returns the product and continues to search for another product. Since the consumer

keeps the product with positive probability, the reduction of the continuation payoff of

immediately searching for another product is larger, and, as a result, the consumer is

more inclined to buy any given product when search costs are large, i.e. θ˚ is decreasing

in search costs. Analogously, the consumer is more inclined to keep a bought product and

terminate the search, i.e. the return threshold v˚ is also decreasing in cs.

Proposition 2.2. The purchase threshold θ˚ and the return threshold v˚ are decreasing

in search costs. In particular,

Bθ˚

Bcs
“

Bv˚

Bcs
“ ´

1

F̄ pθ˚, v˚q
ă 0.

Next, we study the effects of changes in the return costs cr. An increase in return costs

also reduces the continuation payoff of searching for another product because searching

for another product entails buying and returning this product with positive probability.

Further, larger return costs also directly disincentivize consumers to return products.

Unsurprisingly, this causes the return threshold v˚ to decrease.

For the purchase decision, there is a trade-off: The continuation payoff of searching for

another product is smaller but also the continuation payoff of buying the current product

is smaller since the consumer cannot freely return the current object in case she is not

satisfied with the product. To see which effect dominates, it is instructive to consider

the decision of a consumer at the margin: Suppose that a consumer searches for firm i

and discovers an observable valuation of θi “ θ˚ (and price pi “ p˚). In other words, the

consumer is exactly indifferent between buying the product of firm i and searching for

another firm. Now suppose we increase the return costs cr marginally. Will the consumer

with observable valuation θ˚ buy the product or search for another firm? When the

consumer buys a product she returns the product with probability 1 ´ F pv˚ | θ˚q. On

the other hand, when she samples the next product she returns the next product with

probability Eθr1 ´ F pv˚ | θq | θ ě θ˚s conditional on buying the next product. Therefore,

a consumer at the margin is more likely to return the current product than to return

the next product. As a consequence, an increase in return costs induces the consumer to

be more selective when it comes to buying a product, i.e. the purchase threshold θ˚ is

increasing in cr.

Proposition 2.3. The purchase threshold θ˚ is increasing in return costs and the return

threshold v˚ is decreasing in return costs. In particular,

Bθ˚

Bcr
“

1

1 ´ F pv˚ | θ˚q
´

1

E r1 ´ F pv˚ | θq | θ ě θ˚s
ą 0

and
Bv˚

Bcr
“ ´

1

E r1 ´ F pv˚ | θq | θ ě θ˚s
ă 0.
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Figure 2.1: Optimal thresholds for varying return costs cr where pθi, εiqi „iid N p0, 1q and
cs “ 0.15.

Figure 2.1 illustrates Proposition 2.3 and Corollary 2.1 for the case when observable

and residual valuations are standard normally distributed.

While it is difficult to empirically observe or estimate the threshold values pθ˚, v˚q, it

is much more convenient to observe the average number of products a consumer samples

before buying a product and the average number of returned products. These quantities

correspond to nspθ
˚, v˚q and nrpθ

˚, v˚q in an equilibrium of the model, respectively.

We have seen in Proposition 2.2 that the consumer is more inclined to purchase a sam-

pled product and less inclined to return a purchased product when search costs rise. Both

effects imply that the expected number of sampled products decreases. Regarding the

expected number of returned products nrpθ
˚, v˚q we can easily see that nr is determined

by the odds of a product return conditional on buying the product, i.e.

nrpθ
˚, v˚

q “
Rpθ˚, v˚q{p1 ´ Gpθ˚qq

F̄ pθ˚, v˚q{p1 ´ Gpθ˚qq
“

ErF pv˚ | θq | θ ě θ˚s

Er1 ´ F pv˚ | θq | θ ě θ˚s
.

When a consumer is more inclined to purchase a product, the expected match valuation

of a bought product decreases which increases the probability of a product return for a

fixed return threshold v˚. On the other hand, the threshold v˚ of a product return
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decreases in search costs as well which decreases the probability of a product return. The

next Proposition shows that the latter effect dominates the first effect such that fewer

products are returned when search costs are low. Intuitively, rising search costs affect

the product return decision more acutely than the purchase decision because for the

purchasing decision the consumer optimally trades off the decision between purchasing a

product and searching for a new product where both options are affected by increasing

search costs since purchasing a product entails a product return with subsequent search

with positive probability.

Proposition 2.4. The expected number of sampled products nspθ
˚, v˚q and the expected

number of returned products nrpθ
˚, v˚q are decreasing in search costs cs.

The consequences of rising return costs on the number of sampled and returned prod-

ucts are very similar to the effect of rising search costs. First, it is straightforward and

unsurprising to see that larger return costs induce fewer product returns. The effect of

rising return costs on the number of sampled products is more nuanced. By Proposition

2.3, the consumer is more selective regarding purchasing a product but less selective re-

garding returning the product. However, rising return costs affect the purchasing decision

only indirectly via the probability that a product is returned after purchase, while the

product return decision is directly affected. This intuition suggests that again the nega-

tive effect stemming from the product return decision outweighs the positive effect from

the purchasing decision such that fewer products are sampled when product return costs

are large. Proposition 2.5 confirms this intuition.

Proposition 2.5. The expected number of sampled products nspθ
˚, v˚q and the expected

number of returned products nrpθ
˚, v˚q are decreasing in return costs cr.

2.4 Price Equilibrium and Welfare

I now characterize the symmetric equilibrium price. Suppose firm i assumes that every

other firm charges price p˚ and the consumer expects every firm to charge price p˚. As

consumers do not observe deviations before searching, every firm i maximizes profits Πppiq

when other firms charge price p˚ and the consumer searches for firm i. Since production

costs are normalized to 0, profits of firm i are simply given by Πppiq “ Dppiqpi where

Dppiq is firm i’s demand function conditional on the consumer searches for firm i.

By Proposition 2.1, a consumer buys from firm i if and only if θi ě θ˚ ` ∆i and

vi ě v˚ ` ∆i where ∆i “ pi ´ p˚. Hence, firm i’s demand function can be expressed by

Dppiq ”

ż

θ˚`∆i

p1 ´ F pv˚
` ∆i | θqq gpθqdθ “ F̄ pθ˚

` ∆i, v
˚

` ∆iq.
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Any symmetric equilibrium requires pi “ p˚, and thusDpp˚q “ F̄ pθ˚, v˚q denotes the equi-

librium demand. The first-order condition of firm i’s maximization problem maxpi Dppiqpi

is given by

pi “
Dppiq

´D1ppiq
.

By inspection of Dp¨q, it is immediate that

D1
ppiq “

BF̄ pθ˚ ` ∆i, v
˚ ` ∆iq

Bθ˚
`

BF̄ pθ˚ ` ∆i, v
˚ ` ∆iq

Bv˚
.

Applying the symmetry condition pi “ p˚ yields that a candidate equilibrium price satis-

fies

p˚
“

F̄ pθ˚, v˚q

´BF̄ pθ˚, v˚q{Bθ˚ ´ BF̄ pθ˚, v˚q{Bv˚
.

As usual, the first-order condition only constitutes an equilibrium if the demand is

“well-behaved”. In particular, a sufficient condition common in the literature is that a

firm’s demand function is log-concave in the firm’s own price. Log-concavity of the joint

reliability function F̄ suffices to ensure log-concavity of a firm’s demand function.

Lemma 2.1. Suppose that Assumption 2.1 is satisfied. Then, Dppiq is log-concave in pi

for all pp, θ˚, v˚q.

Proof. F̄ pθ, vq is log-concave by Assumption 2.1. Therefore, in particular

log F̄ pθ˚
`pi´p, v

˚
`pi´pq ě α log F̄ pθ˚

`p1
i´p, v

˚
`p1

i´pq`p1´αq log F̄ pθ˚
`p2

i ´p, v˚
`p2

i ´pq

for all α P r0, 1s, pi, p
1, p2 P R such that pi “ αp1 ` p1 ´ αqp2. This immediately implies

logDppiq ě α logDpp1
iq ` p1 ´ αq logDpp2

i q,

i.e. the firm’s demand function is log-concave in its price.

Because of log-concavity of the demand function, the candidate equilibrium price p˚

constitutes the unique symmetric equilibrium.

Proposition 2.6. There exists a unique equilibrium price p˚ which satisfies

p˚
“

F̄ pθ˚, v˚q

´BF̄ pθ˚, v˚q{Bθ˚ ´ BF̄ pθ˚, v˚q{Bv˚

“

ş

θ˚p1 ´ Hpv˚ ´ θqqgpθqdθ

´
ş

θ˚p1 ´ Hpv˚ ´ θqqg1pθqdθ
.
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2.4.1 Comparative Statics of the Equilibrium Price

In search models with price discovery, it is common that larger search costs induce a

larger equilibrium price. The next Proposition shows that this result continues to hold in

this paper’s model. As discussed, larger search costs imply that the threshold value θ˚ of

purchasing the product as well as the threshold value v˚ of keeping the product decrease.

Both effects tend to increase the equilibrium price.

Proposition 2.7. The equilibrium price is increasing in search costs. That is, Bp˚

Bcs
ą 0.

In Section 2.5, I provide a detailed discussion showing that return costs can be inter-

preted as search costs of a two-stage consumer search model. Therefore, naive intuition

suggests that the equilibrium price p˚ is also increasing in return costs. However, this turns

out not to be valid in general. Under mild conditions, the equilibrium price decreases when

consumers become more selective when returning products p
Bp˚

Bv˚ ă 0q and also decreases

when consumers become more selective when purchasing products p
Bp˚

Bθ˚ ă 0q. Applying

the chain rule of differentiation yields

Bp˚

Bcr
“

Bp˚

Bθ˚
loomoon

ă0

Bθ˚

Bcr
loomoon

ą0

`
Bp˚

Bv˚
loomoon

ă0

Bv˚

Bcr
loomoon

ă0

.

This shows that two opposing forces influence equilibrium prices. First, higher return

costs induce consumers to be more selective when purchasing products pBθ˚

Bcr
ą 0q, which

lowers the equilibrium price (Bp˚

Bθ˚
Bθ˚

Bcr
ă 0q. Second, higher return costs cause consumers

to be less selective when returning products (Bv˚

Bcr
ă 0q, prompting firms to raise prices

p
Bp˚

Bv˚
Bv˚

Bcr
ą 0q.

If the return costs are small (cr « 0), then almost any consumer purchases the product

pθ˚ “ ´8q. Thus, marginally increasing the purchasing threshold has almost no effect

pgpθ˚q « 0) such that the increase in the equilibrium price due to a less selective product

return decision dominates the negative effect on the equilibrium price due to a more

selective purchasing decision.

Proposition 2.8. There exists c̄ such that the equilibrium price is increasing in return

costs for all cr ď c̄.

However, in general, it is ambiguous which effect dominates such that the equilibrium

price is not monotone. To see why, it is instructive to consider the asymptotic cases cr Ñ 0

and cr Ñ 8. Corollary 2.1 argues that in both cases the model is equivalent to the model

of Wolinsky (1986) where valuations are drawn from g if cr Ñ 0 and drawn from g ˚ h if

cr Ñ 8. If Erεis “ 0, then g ˚ h is a mean-preserving spread of g.5 However, a mean-

preserving spread is not sufficient to induce a larger equilibrium price as Zhou (2022)

5g ˚ h denotes the convolution of g and h, i.e. pg ˚ hqpvq “
ş8

´8
gpθqhpθ ´ vqdθ.
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Figure 2.2: Equilibrium price p˚ for varying return costs cr where pθi, εiqi „iid N p0, 1q

and cs “ 0.75.

shows, and furthermore there exists no simple stochastic order that induces monotone

equilibrium prices. Thus, it is unsurprising that the equilibrium price is not monotone

in this paper’s model with costly product returns. Figure 2.2 depicts the equilibrium

price for varying return costs when the observable and residual valuations are standard

normally distributed.

2.4.2 Welfare Analysis

How does the ability of consumers to return products affect consumer surplus, industry

profits, and total surplus?

First, since every consumer keeps exactly one product and there are no production

costs, (equilibrium) industry profits are simply equal to the equilibrium price p˚. In par-

ticular, product returns do not necessarily diminish or increase the profits of sellers. For

instance, Figure 2.2 illustrates that the equilibrium price, and consequently industry prof-

its, are maximized at an intermediate level of return costs when observable and residual

valuations follow a standard normal distribution and cs “ 3{4.

Second, consumer surplus CSpcs, crq is defined as the expected utility of a consumer.
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Figure 2.3: Consumer Surplus for varying return costs cr where pθi, εiqi „iid N p0, 1q and
cs “ 0.75.

That is,

CSpcs, crq :“ Erv | v ě v˚, θ ě θ˚
s ´ nspθ

˚, v˚
q ¨ cs ´ nrpθ

˚, v˚
q ¨ cr ´ p˚

“ v˚
` cr ´ p˚

where the second equality stems from the search indifference condition of optimal search.

Unsurprisingly, consumer surplus is decreasing in search costs. When it is more difficult

to find new products, the consumer’s expected match value of a kept product decreases,

while the equilibrium price increases. The first effect persists when considering changes in

the costs of returning a product. However, since the equilibrium price is non-monotonic,

a decrease in the price of the product might offset increasing return costs. Figure 2.3

shows that consumer surplus can indeed be non-monotonic with respect to return costs.

Proposition 2.9. If the equilibrium price is increasing in return costs, then consumer

surplus is decreasing in return costs. In particular, there exists c̄ such that consumer

surplus is decreasing in return costs for all cr ď c̄.

Proof. The first statement immediately follows if Bpv˚ ` crq{Bcr ă 0 which is proven in

Proposition 2.10. The second statement is an immediate implication of the first statement

and Proposition 2.8.
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Lastly, total surplus TSpcs, crq is defined as the sum of consumer surplus and industry

profits. That is,

TSpcs, crq “ CSpcs, crq ` Πpcs, crq “ v˚
` cr.

Although consumer surplus and industry profits are non-monotonous in the return

costs, total surplus is decreasing in return costs. Since the equilibrium price does not

affect total surplus, larger return costs as well as larger search costs hinder consumer

from finding a well-matched product.

Proposition 2.10. Total surplus is decreasing in return costs and search costs.

Proof. Applying Proposition 2.3 and 2.2, respectively, immediately yields

BTS

Bcr
“ ´

1

Er1 ´ F pv˚ | θq | θ ě θ˚s
` 1 ă 0

and
BTS

Bcs
“ ´

1

F̄ pθ˚, v˚q
ă 0.

2.5 Extensions and Variations

2.5.1 Sequential Learning

In this section, I study the following variant of the model: Consumers do not have product

return rights, but after they have searched for a product and observed the price pi and

the observable valuation θi, they can investigate the product by incurring costs cr to also

observe the residual valuation εi. Finally, only after observing εi can the consumer buy

the product. Consequently, this variant of the model integrates a two-stage search process

into the frameworks proposed by Wolinsky (1986) and Anderson and Renault (1999).

This model fits a number of sale mechanisms observed in practice: Consider a poten-

tial buyer searching for a pre-owned car. First, the buyer searches for cars and obtains

superficial information about the car such as model, production year and mileage. All the

information that is readily available constitutes the observable valuation θi. If the con-

sumer is interested in the car, she can investigate the car more closely and do a test drive

to observe the residual valuation εi. Only after doing the test drive can the consumer

decide to buy the car or to look for another car to buy.

This model is equivalent to the model with product returns in the following way: It

is optimal to buy a product in the product return model if and only if it is optimal to

investigate a product in the sequential learning model, and it is optimal not to return a

product in the product return model if and only if it is optimal to buy a product in the
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sequential learning model. To see this, let p˚ be the price a consumer expects and let

Upθ˚, v˚q denote the expected payoff (without the price) when the consumer investigates

a product if and only if θi ´pi ě θ˚ ´p˚ and buys a product if and only if vi ´pi ě v˚ ´p˚.

Similar to Section 2.3, it follows that

Upθ˚, v˚
q “ Erv | v ě v˚, θ ě θ˚

s ´ cs ¨
1

F̄ pθ˚, v˚q
´ cr ¨

1 ´ Gpθ˚q

F̄ pθ˚, v˚q
.

It is optimal to buy product i if and only if

vi ´ pi ě Upθ˚, v˚
q ´ p˚.

Therefore, it is optimal to investigate product i with observable valuation θi if and only

if

ż

Upθ˚,v˚q`∆i

pvi´piqdF pvi | θiq`F pUpθ˚, v˚
q`∆i | θiq¨pUpθ˚, v˚

q´p˚
q´cr ě Upθ˚, v˚

q´p˚.

Plugging in Upθ˚, v˚q and simplifying yields the same optimality conditions as in

Proposition 2.6.

The intuitive reason for the equivalence is as follows: In the model with product

returns, there is no loss for consumers to keep all bought items until deciding which

product to keep. Thus, when the consumer has already bought one product, buying

another product guarantees that the consumer has to eventually return one additional

product which results in additional costs cr. Thus, buying the product in the product

return model reveals the residual valuation at costs cr which is strategically equivalent

to investigating the product in the sequential learning model. The only difference in the

equilibrium of the models concerns the equilibrium payoff of the consumer. Since the

consumer has to pay costs cr every time she investigates a product in the model without

product returns, while the consumer does not pay return costs cr for the product she

keeps in the model with product return, the equilibrium payoff without product returns

is smaller by exactly cr.

As a result, the demand functions of firms coincide in both models and thus also the

equilibrium price coincides. Hence, the equilibrium price p˚ is not monotone in the costs

cr of investigating a product, which is surprising because a robust result in the literature

of sequential consumer search is that market prices are increasing in search costs if prices

are not observable prior to search. Thus, this article contributes to the broader literature

on price competition with sequential consumer search by showing that this result does not

necessarily hold true if learning about a particular product unfolds sequentially and the

consumer can decide to quit the process of learning and search for a new product instead.
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2.5.2 Product Return Handling and Production Costs

In practice, firms incur costs both in producing products and handling product returns.

In this extension, I examine how positive product return handling costs and production

costs affect the equilibrium price.

First, suppose that a firm incurs costs β ě 0 when producing a product. I assume that

a firm can sell a returned product again such that β is only incurred when a consumer

buys and keeps a product. Second, suppose that a firm incurs costs γ ě 0 when handling

a product return.

Product return handling and production costs do not affect consumer search, so the

optimal consumer search behavior remains as defined by Proposition 2.1. Suppose that

firm i and the consumer expect every other firm to charge price p˚. Firm i’s profit

maximization problem is given by

max
pi

F̄ pθ˚
` pi ´ p˚, v˚

` pi ´ p˚
qppi ´ βq ` γ ¨ Rpθ˚

` pi ´ p˚, v˚
` pi ´ p˚

q

where

Rpθ˚
` pi ´ p˚, v˚

` pi ´ p˚
q “

ż

θ˚`∆i

Hpv˚
` ∆i ´ θqgpθqdθ

is the probability of a product return. It is straightforward to derive that if a symmetric

equilibrium price p˚pβ, γq exists, then

p˚
pβ, γq “ p˚

p0, 0q ` β ´ γ ¨ p1 ´
gpθ˚q

ş

θ˚p1 ´ Hpv˚ ´ θqqp´g1pθqqdθ
q

where p˚p0, 0q is the equilibrium price without product return handling and production

costs (Proposition 2.6). Perhaps surprisingly, product return handling costs can lead to

smaller market prices. Intuitively, large product return handling costs might incentivize

firms to lower the number of product returns by decreasing the price.6

For example, consider the case where product return costs are small pcr Ñ 0q. By

Corollary 2.1, this implies that a consumer always buys the product pθ˚ Ñ ´8q. Thus,

gpθ˚q Ñ 0 such that

lim
crÑ0

p˚
pβ, γq “ p˚

p0, 0q ` β ´ γ.

For small return costs cr, the effect of product return handling costs is exactly diametri-

cally opposed to the effect of production costs. When consumers always buy the product

and the only decision is whether to return or keep it, the firm either incurs production

costs if the consumer keeps the product or product return handling costs if the consumer

returns it.

6Note that this is not true in general. When a firm increases its price, fewer consumers buy the
product. However, conditional on buying the product, more consumers might return it, meaning that the
probability of a product return Rpθ˚ `pi ´p˚, v˚ `pi ´p˚q does not necessarily decrease as pi increases.
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2.5.3 What if consumers can keep numerous products?

Throughout this article, we have assumed that consumers must return all but one product

they have bought. This is obviously an unrealistic assumption. When a consumer finds

that the price of a product is lower than the costs of returning it ppi ă crq, it is more

beneficial for the consumer to keep the product rather than return it because the refund

the consumer would receive is not enough to cover the return costs.

A simple solution to this issue might be to impose that the return costs cr are smaller

than the equilibrium price p˚. However, the option for consumers to keep a product they

do not want because returning it is not worthwhile could still disrupt the price equilibrium

outlined in Proposition 2.6. This is because firms might be incentivized to set the price

at pi “ cr, ensuring that consumers retain the product even if they are dissatisfied with

it after purchase.

To ensure that firms do not find it optimal to set prices at pi ď cr, we can assume that

their production costs are greater than the consumer’s product return costs, i.e. β ą cr.

This immediately implies that no firm would want to set prices at pi ď cr ă β since

doing so would result in a loss for each sale. Thus, we can interpret the assumption that

consumers keep only one product permanently as focusing on a market where products

have at least some minimal value such that the refund from returning a product outweighs

the return costs.

2.6 Discussion

This paper has incorporated consumers’ ability to return products into a general model

of consumer search and price competition.

The findings show that optimal consumer search is defined by two threshold values.

Consumers with valuations at these thresholds are indifferent between purchasing a prod-

uct and continuing their search, as well as between keeping a product and searching for

alternatives. Unlike research on product returns with single sellers, this chapter has shown

that the option to return a product in a search market not only incentivizes consumers

to make purchases but also encourages them to continue searching for alternatives. As a

result, the probability that consumers purchase from a firm they have searched decreases

with product returns.

The option of returning products makes consumers less selective in their initial pur-

chases which raises market prices. However, consumers become more selective in returning

products, prompting firms to lower prices. Overall, the relationship between the equilib-

rium price and product return costs is non-monotonic. This is surprising because return

costs can be viewed as the costs of revealing a product’s residual value before deciding

whether to ultimately purchase the product or continue searching.
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There are several directions for future research. First, future research could explore

more general signal-valuation structures beyond those considered in this paper. In this

paper, I analyze the specific case where the conditional CDF of the valuation based on

the signal θ is given by F pv | θq “ Hpv ´ θq for some CDF H. It is straightforward to

show that pθ˚, v˚q remains the optimal stationary strategy even for general conditional

distributions, as long as the following mild conditions hold: (i) pθ, vq has full support,

(ii) F pv | θ1q ă F pv | θq for any θ1 ă θ and (iii) limθÑ´8 F pv | θq “ 1 as well as

limθÑ8 F pv | θq “ 0. Nevertheless, establishing comparative statics and showing existence

and uniqueness of the equilibrium price for general signals is beyond the scope of this

chapter.

Second, I have assumed that a consumer incurs costs cr for each product she returns.

In practice, the product return costs might be more nuanced. For instance, returning mul-

tiple products at once might be cheaper than returning each product separately. Another

avenue for future research is to explore more general return and refund policies. Sellers

are mandated in the EU to offer the option of free product returns within 14 days. How-

ever, many sellers compete by extending this period to 30 or even 100 days. Additionally,

sellers vary in their exact implementation of warranty policies.

Third, I have restricted attention to infinitely many sellers. Greminger (2022) and Gib-

bard (2022) show that reservation value based policies remain optimal in related models

with two-stage information acquisition and finitely many firms. A promising research di-

rection would be to investigate whether the results hold when considering a finite number

of sellers.
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2.A Appendix

2.A.1 Proof of Remark 2.1

Proof. I show that the joint density f of pθ, vq is log-concave. This implies that the

reliability function F̄ pθ, vq “
ş8

θ

ş8

v
fpθ̃, ṽqdθ̃dṽ is log-concave on its support (see for ex-

ample An (1998)). Let ϕ denote the density function of the univariate standard normal

distribution. The joint density f of pθ, vq is given by

fpθ, vq “ ϕp
θ ´ µθ

σθ
q ¨ ϕp

v ´ θ ´ µε

σε
q

“
1

2σεσθπ
exp

ˆ

´
1

2
p
v ´ θ ´ µε

σε
q
2

´
1

2
p
θ ´ µε

σθ
q
2

˙

,

Letting c “ logp 1
2σεσθπ

q, we obtain

log fpθ, vq “ c ´
1

2
p
v ´ θ ´ µε

σε
q
2

´
1

2
p
θ ´ µε

σθ
q
2

which is concave on R2 if and only if

0 ą x2
B2 log fpθ, vq

Bθ2
` 2xy

B2 log fpθ, vq

BθBv
` y2

B2 log fpθ, vq

Bv2

for all px, yq P R2. Calculating the derivatives and plugging in yields

x2
B2 log fpθ, vq

Bθ2
` 2xy

B2 log fpθ, vq

BθBv
` y2

B2 log fpθ, vq

Bv2

“ x2p´
1

σ2
ε

´
1

σ2
θ

q ` 2xyp
1

σ2
ε

q ` y2p´
1

σ2
ε

q

“ ´
x2

σ2
θ

´
1

σ2
ε

px ´ yq
2

ă 0.

2.A.2 Proof of Proposition 2.1

Outline In the following, I will provide a rigorous proof of the optimality of the cutoff

strategy pθ˚, v˚q defined in Proposition 2.1. First, I show that pθ˚, v˚) is well-defined, i.e.,

search and purchasing indifference admit a unique solution. Next, I provide a rigorous

definition of the search game and search strategies. This enables a rigorous redefinition

of the cutoff strategy pθ˚, v˚q in terms of reservation values. Finally, I show that the

consumer has no incentive to deviate from the optimal cutoff strategy.



64 | 2 Competition and Consumer Search with Costly Product Returns

To begin with, I show that pθ˚, v˚q is well-defined.

Lemma 2.2. Let pcs, crq P R2
`. There exists a unique solution pθ˚, v˚q P R2 to the

following system of non-linear equations:(i)

W pv | θq “ cr,

and (ii)
ż 8

θ

W pv | θ̃qdGpθ̃q “ cs ` cr ¨ p1 ´ Gpθqq.

Proof. We impose F pv | θq “ Hpv ´ θq such that W pv | θq “
ş8

v
p1 ´ F pz | θqqdz is

continuous in θ and, limθ˚Ñ´8 W pv | θ˚q “ 0 and limθ˚Ñ8 W pv | θ˚q Ñ 8 for any v.

Also, note that
BW pv | θq

Bθ
“ ´p1 ´ F pv | θqq ă 0

for any v P R. Thus, the intermediate value theorem implies that for any cr ą 0 there

exists a unique θ˚pv, crq such that W pv | θ˚pv, crqq “ cr. Hence, the system of non-linear

equations has a solution if and only if there exists v˚ P R satisfying

cs “

ż 8

θ˚pv˚,crq

pW pv˚
| θq ´ crqdGpθq.

We define Wpvq “
ş8

θ˚pv,crq
pW pv | θq ´ crqdGpθq and we want to show that (i) W is strictly

decreasing in v˚, (ii) Wp´8q ą cs and (iii) Wp8q ă cs.

To show (i) note that

BWpvq

Bv
“ ´

Bθ˚pv, crq

Bv
pW pv | θ˚

pv, crqq ´ crq `

ż 8

θ˚pv,crq

BW pv | θq

Bv
dGpθq

“ 0 ´

ż 8

θ˚pv,crq

p1 ´ F pv | θqqdGpθq

ă 0.

For (ii) and (iii) note that limvÑ´8 θ
˚pv, crq “ ´8 and limvÑ8 θ

˚pv, crq “ 8. Thus,

lim
vÑ´8

Wpvq “

ż 8

´8

ż 8

´8

p1 ´ F pz | θqqdzdGpθq

“ 8

and

lim
vÑ8

Wpvq “ 0.

Thus, the intermediate value theorem implies that for any pcr, csq P R2
` there exists a

unique solution pθ˚, v˚q such that Wpv˚q “ cs and θ˚ “ θ˚pv˚, crq which means that
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pθ˚, v˚q is the unique solution to (i) and (ii).

Next, I provide a definition of a search strategy. At any point of the game, we can

partition the set r0, 1s of firms as follows: If the consumer has bought the product of firm

i, then i P B. If the consumer has sampled firm i but has not (yet) bought the product

of firm i, then i P S, and if the consumer has not yet sampled firm i, then i P U . We

denote the history h of search by h “ pU, S,B, pθjqjPS , pvjqjPB, ppjqjPSYBq. The history of

search includes all relevant information the consumer has about firms. That is, which

firms she has sampled pSq and the observable valuation for sampled products pθjqjPS,

which products she has bought pBq and the (total) valuation for bought products pvjqjPB

and finally the prices of firms she has encountered ppjqjPSYB.

At any point of the game (that is, for any history) the consumer can decide between

either sampling a firm that has not yet been sampled (denoted by action i P U), buying

a product of a sampled firm (denoted by action i P S), and terminating search, keeping

an already bought product, and returning all other bought products (denoted by action

i P B).7 The search process ends once the consumer decides to take action i P B. Let H
denote the set of all histories. We define a strategy σ̃ as a function that maps histories

to actions. That is σ̃ : H Ñ U Y S Y B.8

Now, I redefine the stationary cutoff strategy pθ˚, v˚q. For any firm i P tU, S,Bu, the

reservation value ri of firm i is defined by

� If i P B, then ri “ vi

� If i P S, then ri solves cr “ W pri | θiq

� If i P U , then ri “ v˚.

Furthermore, define pi “ p˚ for any i P U . Consider a strategy σ satisfying

σphq P arg max
iPr0,1s

ri ´ pi.

First, we show that σ reduces to the cutoff strategy pθ˚, v˚q along the equilibrium path

(that is, for any history h that can occur if the consumer does not deviate from σ).

Remark 2.2. Suppose that the consumer employs strategy σ. Along any equilibrium path,

the consumer takes actions i P B if and only if vi ´ pi ě v˚ ´ p˚ and takes action i P S if

and only if θi ´ pi ě θ˚ ´ p˚.

Proof. Fix some history h. If the consumer did not deviate from σ prior to h, there can

exist at most one i P tS Y Bu for which ri ´ pi ě v˚ ´ p˚.

7As noted, it is (weakly) dominant to return bought products when terminating search. Thus, it is
without loss of generality to “bundle” product returns with the termination of search.

8For simplicity we consider pure strategies and assume that the consumer uniformly randomizes over
actions whenever she is indifferent between actions.
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We can easily see this by induction: At the start of the game this condition is vacuously

satisfied since S Y B “ H. If this condition is satisfied for some history h, then either

there exists no firm i P tS Y Bu for which ri ´ pi ě v ´ p˚ in which case the consumer

samples a new firm such that in the directly following history, there can be at most one

firm (the new firm) for which ri ´ pi ě v´ p˚, or there exists exactly one firm i P tSYBu

for which ri ´ pi ě v ´ p˚. Then the consumer terminates search if i P B such that this

condition holds since the game is over or the consumer buys the product of firm i if i P U

in which case in the following history only firm i might satisfy ri ´ pi ě v ´ p˚.

Since there exists at most one firm i P tSYBu for which ri´pi ě v˚ ´p˚, the consumer

either samples a new firm if no firm exists, or the consumer takes action i P B if and only

if vi ´ pi ě v˚ ´ p˚ or she takes action i P S if ri ě v˚ ` ∆i which is equivalent to cr ď

W pv˚ `∆i | θiq. Integration by parts shows thatW pv˚ `∆i | θiq “
ş

v˚`∆i
p1´Hpz´θiqqdz

and therefore

W pv˚
` ∆i | θ˚

` ∆iq “ W pv˚
| θ˚

q “ cr

which implies W pv˚ ` ∆i | θiq ě cr if and only if θi ě θ˚ ` ∆i. Hence, we have shown

that the consumer takes action i P S if and only if θi ´ pi ě θ˚ ´ p˚.

Thus, Proposition 2.1 is immediately implied by the following result.

Proposition. Let pi :“ p˚ for all i P U . The strategy σ defined by

σphq “ arg max
iPr0,1s

ri ´ pi

is optimal.

Proof. By the one-shot deviation principle, a strategy σ is optimal if and only if the

consumer has no incentive to deviate from σ at a single history h.

Hence, fix a history h and suppose the consumer has not yet deviated from σ prior

to h. We will show that this implies that the consumer has no incentive to deviate from

σphq. That is, we verify that there exists no profitable deviation for the three cases (a)

σphq P B, (b) σphq P U and (c) σphq P S.

(a) Suppose that σphq “ i P B. That is, σ prescribes to terminate search, keep product

i and return all other bought products. The continuation payoff from following σ is

V phq “ vi ´ pi ´ p| B | ´1q ¨ cr

since the net payoff from buying i is vi ´ pi and the consumer return costs p| B | ´1q ¨ cr

from returning any product j P B except product i .

Let θ˚prq solve cr “ W pr | θ˚prqq. Note that σphq “ i P B requires ri ´ pi ě rj ´ pj for

all j P r0, 1s which implies (i) vi ´ pi ě vj ´ pj for all j P B, (ii) θj ď θ˚pvi ´ pi ` pjq for
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all j P S, (iii) vi ´ pi ě v˚ ´ p˚. (i) implies that deviating to some j P B is not profitable.

Deviating to some j P S (and following σ thereafter) yields continuation payoff

ṼjPSphq “

ż

vi´pi`pj

pvj ´ pj´ | B | crqdF pvj | θjq ` F pvi ´ pi ` pjqpvi ´ pi´ | B | ¨crq

“ ´cr ` V phq ` W pvi ´ pi ` pj | θjq

ď V phq

where the inequality is implied by θj ď θ˚pvi´pi`pjq. Thus, it is not profitable to deviate

to j P S. Lastly, consider a deviation to j P U and suppose that the consumer follows σ

thereafter. Then, she will buy product j if and only if rj ´p˚ ě vi ´pi which is satisfied if

and only if θj ě θ˚pvi ´ ∆iq. Otherwise she will keep product i and terminate search. In

case she buys product j she will keep product j if and only if vj ě vi ´ ∆i and otherwise

she keeps product i. Thus, a deviation to j P U yields continuation payoff

ṼjPUphq “ ´cs ` Gpθ˚
pvi ´ ∆iqqV phq

`

ż

θ˚pvi´∆iq

ˆ

´cr `

ż

vi´∆i

pv ´ p˚
qdF pv | θq ` F pvi ´ ∆i | θqV phq

˙

dGpθq

“ ´cs ` Gpθ˚
pvi ´ ∆iqqV phq `

ż

θ˚pvi´∆iq

p´cr ` V phq ` W pvi ´ ∆i | θq dGpθq

“ V phq ´ cs `

ż

θ˚pvi´∆iq

pW pvi ´ ∆i | θq ´ crq dGpθq.

Plugging in cs “
ş

θ˚ pW pv˚ | θq ´ crq dGpθq where θ˚ ” θ˚pv˚q yields

ṼjPUphq “ V phq ´

ż

θ˚

pW pv˚
| θq ´ crq dGpθq `

ż

θ˚pvi´∆iq

pW pvi ´ ∆i | θq ´ crq dGpθq

ď V phq

where the inequality is implied by v˚ ď vi ´pi `p˚.9 Hence, it is not profitable to deviate

when strategy σ prescribes to keep product i and terminate search (σphq “ i P B).

(b) Suppose that σ prescribes to sample a new firm pσphq P U). This requires that

v˚ ´ p˚ ě vi ´ pi for all i P B and θi ď θ˚pv˚ ´ p˚ ` piq for all i P S. Following σphq P U

9Note that λpxq :“
ş

θ˚pxq
pW px | θq ´ crq dGpθq is decreasing in x since

λ1pxq “ 0 `

ż

θ˚pxq

BW px | θq

Bx
dGpθq ă 0.
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yields continuation payoff

V phq “ U˚
´ p˚

´ | B | ¨cr

“ v˚
´ p˚

´ p| B | ´1q ¨ cr.

Deviating to i P B yields continuation payoff vi ´pi ´p| B | ´1q ¨cr which is not profitable

since v˚ ´p˚ ě vi ´pi. Thus, consider a deviation to i P S. This yields continuation payoff

ViPSphq “

ż

v˚`∆i

pvi ´ pi´ | B | ¨crqdF pvi | θiq ` F pv˚
` ∆i | θiqp´cr ` V phqq

“ V phq ´ cr ` W pv˚
´ p˚

` pi | θiq

ď V phq.

where the inequality is implied by θi ď θ˚pv˚ ´ p˚ ` piq. Hence, we have shown that it is

not profitable to deviate when σ prescribes to sample a new firm.

(c) Suppose that σphq “ i P S. That is, σ prescribes to buy the product of firm

i. This requires that (i) θi ě θj for all j P U , (ii) θi ě θ˚pvj ´ pj ` piq for all j P B

and (iii) θi ě θ˚pv˚ ` ∆iq. We will show that there exists no incentive to deviate to

either j P U or j P B if θi “ θ˚pv˚ ` ∆iq. It is straightforward to show that if the

consumer has no incentive to deviate for θi “ θ˚pv˚ ` ∆iq, she also does not deviate for

θi ą θ˚pv˚ ` ∆iq. Hence, suppose that θi “ θ˚pv˚ ` ∆iq. Then, the continuation payoff

from following σphq “ i P S is

V phq “

ż

v˚`∆i

pvi ´ pi´ | B | ¨crqdF pvi | θiq ` F pv˚
` ∆iqpU˚

´ p˚
´ p| B | `1q ¨ crq

“ v ´ p˚
´ | B | ¨cr ´ W pv˚

` ∆i | θ˚
pv ` ∆iqq

“ U˚
´ p˚

´ | B | ¨cr

which is intuitive because the consumer is indifferent between buying product i and con-

tinuing to search for new firms for θi “ θ˚pv˚ ` ∆iq. This implies in particular that the

consumer has no incentive to deviate to j P U if ri ą v˚ and i P U . Next, consider a

deviation to j P B. That is, the consumer terminates search and keeps an already bought

product j and returns all other products instead of buying product i P S. Since j P B,

and the consumer has not deviated previously it follows that vj ´pj ď v˚ ´p˚. Therefore,

the continuation payoff of deviating to j P B is

vj ´ pj ´ p| B | ´1q ¨ cr ď v˚
´ p˚

´ p| B | ´1q ¨ cr

“ U˚
´ p˚

´ | B | ¨cr

“ V phq.
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Lastly, consider a deviation to j P U. That is, the consumer decides to buy the product

from another firm j instead of firm i. Since the consumer has not deviated prior to history

h, we know that θj ď θ˚pv˚ ` ∆jq. It can be easily shown that the continuation payoff of

deviating to j P U is given by

ṼjPUphq “ V phq ´ cr ` W pvi ` ∆j | θjq ď V phq.

Thus we have shown that the consumer has no incentive to deviate from σphq for any

history h which can occur under the assumption that the consumer has not deviated from

σ previously. Then, σ is optimal by the one-shot deviation principle.

2.A.3 Proof of Corollary 2.1

Proof. From Proposition 2.1, we know that the optimal thresholds pθ˚, v˚q satisfy purchase

indifference

W pv˚
| θ˚

q “ cr

and search indifference
ż 8

θ˚

pW pv˚
| θq ´ crqdGpθq “ cs.

Note that

W pv | θq “

ż 8

v

p1 ´ F pz | θqqdz “

ż 8

v

p1 ´ Hpz ´ θqqdz

(i) Suppose that cr Ñ 8. Then W pv˚ | θ˚q “ cr implies

lim
crÑ8

ż 8

v˚

p1 ´ Hpz ´ θ˚
qqdz “ 8

which can only be satisfied if limcrÑ8 v
˚ “ ´8 or limcrÑ8 θ

˚ “ 8. However, if limcrÑ8 v
˚ ą

´8 and limcrÑ8 θ
˚ “ 8, then

lim
crÑ8

ż 8

θ˚

W pv˚
| θqdGpθq “ 0

which contradicts search indifference. Therefore, the optimal strategy pθ˚, v˚q must satisfy



70 | 2 Competition and Consumer Search with Costly Product Returns

limcrÑ0 v
˚ “ ´8. Hence,

0 “ lim
crÑ8

W pv˚
| θ˚

q ´ cr

“ lim
crÑ8

ˆ
ż 8

v˚

zfpz | θ˚
qdz ´ p1 ´ F pv˚

| θ˚
qv˚

´ cr

˙

“

ż 8

´8

zfpz | lim
crÑ8

θ˚
qdz ´ lim

crÑ8
rp1 ´ F pv˚

| θ˚
qv˚

´ crs

“ Erv | θ “ lim
crÑ8

θ˚
s ´ lim

crÑ8
pp1 ´ F pv˚

| θ˚
qv˚

´ crq

provided that limcrÑ8 θ
˚ P R. Thus,

Erv | θ “ lim
crÑ8

θ˚
s “ lim

crÑ8
pp1 ´ F pv˚

| θ˚
qv˚

´ crq.

Search indifference is satisfied if and only if
ş8

θ˚ pW pv˚ | θq ´ crq gpθqdθ “ cs. Letting

cr Ñ 8, we get

lim
crÑ8

ż 8

θ˚

pW pv˚
| θq ´ crqgpθqdθ

“ lim
crÑ8

ż 8

θ˚

ˆ
ż 8

v˚

zfpz | θqdz ´ p1 ´ F pv˚
| θqv˚

´ cr

˙

gpθqdθ

“

ż 8

limcrÑ8 θ˚

ˆ
ż 8

´8

zfpz | θqdz ´ lim
crÑ8

p1 ´ F pv˚
| θqv˚

´ cr

˙

gpθqdθ

“

ż 8

limcrÑ8 θ˚

ˆ

Erv | θs´Erv | lim
crÑ8

θ˚
s

˙

gpθqdθ

“

ż 8

limcrÑ8 θ˚

ˆ

θ ` Erεs ´ p lim
crÑ8

θ˚
` Erεsq

˙

gpθqdθ

“

ż 8

limcrÑ8 θ˚

ˆ

θ ´ lim
crÑ8

θ˚

˙

gpθqdθ

“ cs

where the third equality uses Erv | θ “ limcrÑ8 θ
˚s “ limcrÑ8pp1´F pv˚ | θ˚qv˚ ´ crq and

the fourth equality stems from Erv | θs “ θ ` Erεs.

(ii) Suppose cr Ñ 0. Then W pv˚ | θ˚q “ cr implies

lim
crÑ0

ż 8

v˚

p1 ´ Hpz ´ θ˚
qqdz “ 0

which can only be satisfied if limcrÑ0 v
˚ “ 8 or limcrÑ0 θ

˚ “ ´8. However, if limcrÑ0 v
˚ “

8, we obtain limcrÑ0

ş8

θ˚ W pv˚ | θqdGpθq “ 0 for any θ˚ P R Y t´8,8u which is a

contradiction to search indifference. Thus, the optimal strategy pθ˚, v˚q must satisfy



2.A Appendix | 71

limcrÑ0 θ
˚ “ ´8. Consequently, search indifference implies

lim
crÑ0

ż 8

´8

W pv˚
| θqdGpθq “ cs

It is straightforward to show that

ż 8

´8

W pv˚
| θqdGpθq “

ż 8

v˚

pv ´ v˚
q

ˆ
ż 8

´8

fpv | θqdGpθq

˙

dv,

and therefore

lim
crÑ0

ż 8

v˚

pv ´ v˚
qfθpvqdv “

ż 8

limcrÑ0 v˚

pv ´ lim
crÑ0

v˚
qfθpvqdv “ cs.

2.A.4 Proof of Proposition 2.2

Proof. First note that
BW pv | θq

Bv
“ ´p1 ´ F pv | θqq

and
BW pv | θq

Bθ
“

ż 8

v

fpz | θqdz “ 1 ´ F pv | θq “ ´
BW pθ, vq

Bv
.

Next, by Proposition 2.1, pθ˚, v˚q satisfy W pv˚ | θ˚q “ cr (purchase indifference) and
ş8

θ˚pW pv˚ | θq ´ crqdGpθq “ cs (search indifference). Differentiating purchase indifference

w.r.t. cs yields

0 “
BW pv˚ | θ˚q

Bθ˚

Bθ˚

Bcs
`

BW pv˚ | θ˚q

Bv˚

Bv˚

Bcs

“ p1 ´ F pv˚
| θ˚

qq

ˆ

Bθ˚

Bcs
´

Bv˚

Bcs

˙

which immediately implies Bθ˚

Bcs
“ Bv˚

Bcs
. Differentiating search indifference w.r.t. cs yields

1 “

ż 8

θ˚

BW pv˚ | θq

Bv˚

Bv˚

Bcs
dGpθq “ ´

Bv˚

Bcs

ż 8

θ˚

p1 ´ F pv˚
| θqdGpθq.

Hence, we obtain
Bθ˚

Bcs
“

Bv˚

Bcs
“ ´

1

F̄ pθ˚, v˚q
.

where F̄ pθ˚, v˚q “
ş8

θ˚p1´F pv˚ | θqdGpθq denotes the probability that a consumer buys a

sampled product.
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2.A.5 Proof of Proposition 2.3

Proof. Proposition 2.1 shows that pθ˚, v˚q satisfies W pv˚ | θ˚q “ cr (purchase indiffer-

ence) and
ş8

θ˚pW pv˚ | θq ´ crqdGpθq “ cs (search indifference). Differentiating purchase

indifference w.r.t. cr yields

1 “
BW pθ˚, v˚q

Bθ˚

Bθ˚

Bcr
`

BW pθ˚, v˚q

Bv˚

Bv˚

Bcr

“ p1 ´ F pv˚
| θ˚

qq

„

Bθ˚

Bcr
´

Bv˚

Bcr

ȷ

which is equivalent to
Bθ˚

Bcr
“

1

1 ´ F pv˚ | θ˚q
`

Bv˚

Bcr
.

Differentiating search indifference w.r.t. cr we obtain

0 “

ż θ̄

θ˚

ˆ

BW pθ, v˚q

Bv˚

Bv˚

Bcr
´ 1

˙

dGpθq

“ ´
Bv˚

Bcr

ż 8

θ˚

p1 ´ F pv˚
| θqqdGpθq ´ p1 ´ Gpθ˚

qq

This is equivalent to
Bv˚

Bcr
“ ´

1

Er1 ´ F pv˚ | θq | θ ě θ˚s

which in turn yields

Bθ˚

Bcr
“

1

1 ´ F pv˚ | θ˚q
´

1

Er1 ´ F pv˚ | θq | θ ě θ˚s
ą 0.

2.A.6 Proof of Lemma 2.3

The following result is useful to prove Propositions 2.4 and 2.5. Also recall that Assump-

tion 2.1 implies that F̄v “ 1 ´ G is log-concave.

Lemma 2.3. Suppose that 1 ´ G is log-concave. Then,

ż 8

θ˚

fpv˚
| θqgpθqdθ ě pF pv˚

| θ˚
q ´ ErF pv˚

| θq | θ ě θ˚
sq gpθ˚

q

for any pθ˚, v˚q P R2. This implies in particular,

F̄ pθ˚, v˚q

´
BF̄ pθ˚,v˚q

Bθ˚ ´
BF̄ pθ˚,v˚q

Bv˚

ď
1 ´ Gpθ˚q

gpθ˚q
.
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Proof. Note that

F pv˚
| θ˚

q ´ E rF pv˚
| θq | θ ě θ˚

s “ F pv˚
| θ˚

q ´

ż 8

θ˚

F pv˚
| θq

gpθq

1 ´ Gpθ˚q
dθ

“ F pv˚
| θ˚

q ´
rF pv˚ | θqGpθqs

8

θ˚ `
ş8

θ˚ fpv˚ | θqGpθqdθ

1 ´ Gpθ˚q

“ F pv˚
| θ˚

qp1 `
Gpθ˚q

1 ´ Gpθ˚q
q ´

ż 8

θ˚

fpv˚
| θq

Gpθq

1 ´ Gpθ˚q
dθ

“

ż 8

θ˚

fpv˚
| θq

ˆ

1 ´ Gpθq

1 ´ Gpθ˚q

˙

dθ

where the second line follows from integration by parts, and the fourth line follows from

F pv˚
| θ˚

q “

ż v˚

´8

hpv ´ θ˚
qdv

“

ż 8

θ˚

hpv˚
´ θqdθ “

ż 8

θ˚

fpv˚
| θqdθ.

Thus,

pF pv˚
| θ˚

q ´ E rF pv˚
| θq | θ ě θ˚

sq gpθ˚
q “

ż 8

θ˚

fpv˚
| θq

ˆ

1 ´ Gpθq

1 ´ Gpθ˚q
gpθ˚

q

˙

dθ

ď

ż 8

θ˚

fpv˚
| θqgpθqdθ

where the inequality can be easily verified since log-concavity of 1 ´ G implies gpθ˚q

1´Gpθ˚q
ď

gpθq

1´Gpθq
for all θ ě θ˚.

Next, note that applying this inequality yields

F̄

´ BF̄
Bθ˚ ´ BF̄

Bv˚

“

ş8

θ˚p1 ´ F pv˚ | θqqgpθqdθ

p1 ´ F pv˚ | θ˚qqgpθ˚q `
ş8

θ˚ fpv˚ | θqgpθqdθ

ď

ş8

θ˚p1 ´ F pv˚ | θqqgpθqdθ

p1 ´ F pv˚ | θ˚qqgpθ˚q ` pF pv˚ | θ˚q ´ E rF pv˚ | θq | θ ě θ˚sq gpθ˚q

“
1

gpθ˚q
¨

ş8

θ˚p1 ´ F pv˚ | θqqgpθqdθ

E r1 ´ F pv˚ | θq | θ ě θ˚s

“
1 ´ Gpθ˚q

gpθ˚q
.
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2.A.7 Proof of Proposition 2.4

Proof. Remember that nspθ
˚, v˚q “ F̄ pθ˚, v˚q´1 where F̄ pθ˚, v˚q “

ş8

θ˚p1´F pv˚ | θqqgpθqdθ.

Therefore, ns is decreasing in cs if and only if F̄ is increasing in cs. We have

BF̄ pθ˚, v˚q

Bcs
“

BF̄ pθ˚, v˚q

Bθ˚

Bθ˚

Bcs
`

BF̄ pθ˚, v˚q

Bv˚

Bv˚

Bcs

“ ´
1

F̄ pθ˚, v˚q
p
BF̄ pθ˚, v˚q

Bθ˚
looooomooooon

ă0

`
BF̄ pθ˚, v˚q

Bv˚
looooomooooon

ă0

q ą 0

where the first equality is obtained by applying the chain rule of differentiation and the

second equality follows from Proposition 2.2.

Next, recall that nrpθ
˚, v˚q “ Rpθ˚, v˚q{F̄ pθ˚, v˚q whereRpθ˚, v˚q “

ş8

θ˚ F pv˚ | θqgpθqdθ.

Thus, nr is decreasing in cs if and only if

0 ă
BR

Bcs
¨ F̄ ´

BF̄

Bcs
¨ R

“ p
BR

Bθ˚

Bθ˚

Bcs
`

BR

Bv˚

Bv˚

Bcs
q ¨ F̄ ´ R ¨ p

BF̄

Bθ˚

Bθ˚

Bcs
`

BF̄

Bv˚

Bv˚

Bcs
q

“ ´
BR

Bθ˚
´

BR

Bv˚
´
R

F̄
¨ p´

BF̄

Bθ˚
´

BF̄

Bv˚
q

where the last equality follows from Bθ˚

Bcs
“ Bv˚

Bcs
“ ´ 1

F̄
. Note that Rpθ˚, v˚q “ p1´Gpθ˚qq ´

F̄ pθ˚, v˚q. Therefore,

´
BR

Bθ˚
´

BR

Bv˚
´
R

F̄
p´

BF̄

Bθ˚
´

BF̄

Bv˚
q “ gpθ˚

q `
BF̄

Bθ˚
`

BF̄

Bv˚
´

ˆ

1 ´ Gpθ˚q

F̄
´ 1

˙

p´
BF̄

Bθ˚
´

BF̄

Bv˚
q

“ gpθ˚
q ´

1 ´ Gpθ˚q

F̄
p´

BF̄

Bθ˚
´

BF̄

Bv˚
q

which is strictly positive by Lemma 2.3.

2.A.8 Proof of Proposition 2.5

Proof. Remember that nspθ
˚, v˚q “ F̄ pθ˚, v˚q´1 where F̄ pθ˚, v˚q “

ş8

θ˚p1´F pv˚ | θqqgpθqdθ.

Therefore, ns is decreasing in cr if and only if F̄ pθ˚, v˚q is increasing in cr. We have

BF̄ pθ˚, v˚q

Bcr
“

BF̄ pθ˚, v˚q

Bθ˚

Bθ˚

Bcr
`

BF̄ pθ˚, v˚q

Bv˚

Bv˚

Bcr
.
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By Proposition 2.3, we have

Bv˚

Bcr
“ ´

1

Er1 ´ F pv˚ | θq | θ ě θ˚s

“
1 ´ Gpθ˚q

F̄ pθ˚, v˚q

and

Bθ˚

Bcr
“

1

1 ´ F pv˚ | θ˚q
´

1

Er1 ´ F pv˚ | θq | θ ě θ˚s

“
gpθ˚q

´
BF̄ pθ˚,v˚q

Bθ˚

´
1 ´ Gpθ˚q

F̄ pθ˚, v˚q
.

Therefore,

BF̄ pθ˚, v˚q

Bcr
“ gpθ˚

q ´ p1 ´ Gpθ˚
qq

˜

´
BF̄ pθ˚,v˚q

Bθ˚ ´
BF̄ pθ˚,v˚q

Bv˚

F̄ pθ˚, v˚q

¸

ě gpθ˚
q ´ p1 ´ Gpθ˚

qq ¨
gpθ˚q

1 ´ Gpθ˚q

“ 0.

where the inequality follows from Lemma 2.3.

Next, recall that nrpθ
˚, v˚q “ Rpθ˚, v˚q{F̄ pθ˚, v˚q whereRpθ˚, v˚q “

ş8

θ˚ F pv˚ | θqgpθqdθ.

First, note that
BR

Bcr
“

BR

Bθ˚
loomoon

ă0

Bθ˚

Bcr
loomoon

ą0

`
BR

Bv˚
loomoon

ą0

Bv˚

Bcr
loomoon

ă0

ă 0

This implies that nr is decreasing in cr since

Bnr

Bcr
“

1

F̄ 2
¨ pF̄ ¨

BR

Bcr
loomoon

ă0

´R ¨
BF̄

Bcr
loomoon

ą0

q ă 0.

2.A.9 Proof of Proposition 2.7

Proof. Applying the chain rule of differentiation, we obtain

Bp˚

Bcs
“

Bθ˚

Bcs

Bp˚

Bθ˚
`

Bv˚

Bcs

Bp˚

Bv˚
.
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By Proposition 2.2, we have

Bp˚

Bcs
“ ´

1

F̄ pθ˚, v˚q
p
Bp˚

Bθ˚
`

Bp˚

Bv˚
q.

From Proposition 2.6, it is immediate that Bp˚

Bθ˚ `
Bp˚

Bv˚ is proportional to

´p
BF̄

Bθ˚
q
2

´ p
BF̄

Bv˚
q
2

´ 2
BF̄

Bθ˚
¨

BF̄

Bv˚
` F̄ ¨

„

B2F̄

pBθ˚q2
`

B2F̄

pBv˚q2
` 2

B2F̄

Bθ˚Bv˚

ȷ

which is negative by log-concavity of F̄ .10 The equilibrium price p˚ is therefore increasing

in search costs, i.e. Bp˚

Bcs
ą 0.

2.A.10 Proof of Proposition 2.8

Proof. As aforementioned, we have

Bp˚

Bcr
“

Bp˚

Bv˚

Bv˚

Bcr
`

Bp˚

Bθ˚

Bθ˚

Bcr
.

We want to show (i)

lim
crÑ0

Bp˚

Bv˚

Bv˚

Bcr
ą 0

and (ii)

lim
crÑ0

Bp˚

Bθ˚

Bθ˚

Bcr
“ 0

which jointly imply limcrÑ0
Bp˚

Bcr
ą 0.

By Corollary 2.1, we know that limcrÑ0 θ
˚ “ ´8 and limcrÑ0 v

˚ “ w0. Note that this

implies limcrÑ0 Er1 ´ F pv˚ | θq | θ ě θ˚s “ 1 ´ Fθpw0q. Thus,

Bp˚

Bθ˚

Bθ˚

Bcr
“

˜

´ BF̄
Bθ˚ p BF̄

Bv˚ ` BF̄
Bθ˚ q ` p B2F̄

Bθ˚2 ` B2F̄
Bv˚Bθ˚ q ¨ F̄

p BF̄
Bv˚ ` BF̄

Bθ˚ q2

¸

p
gpθ˚q

´ BF̄
Bθ˚

´
1 ´ Gpθ˚q

F̄
q

“
1

p BF̄
Bv˚ ` BF̄

Bθ˚ q2
pApθ˚, v˚

q ` Bpθ˚, v˚
qq

10F̄ is log-concave if and only if

α2 ¨ p
BF̄

Bθ˚
q2 ` β2 ¨ p

BF̄

Bv˚
q2 ` 2αβ ¨

BF̄

Bθ˚
¨

BF̄

Bv˚
ě F̄ ¨

„

α2 B2F̄

pBθ˚q2
` β2 B2F̄

pBv˚q2
` 2αβ

B2F̄

Bθ˚Bv˚

ȷ

for all α, β P R. Setting α “ β “ 1 yields the desired inequality.
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where

Apθ˚, v˚
q “ gpθ˚

qp
BF̄

Bv˚
`

BF̄

Bθ˚
q `

p B2F̄
Bθ˚2 ` B2F̄

Bv˚Bθ˚ q

´ BF̄
Bθ˚

gpθ˚
q

“ gpθ˚
qp

BF̄

Bv˚
`

BF̄

Bθ˚
q ` g1

pθ˚
q

Ñ 0

as θ˚ Ñ ´8 and v˚ Ñ w0 and

Bpθ˚, v˚
q “

BF̄

Bθ˚
loomoon

Ñ0

p
BF̄

Bv˚
`

BF̄

Bθ˚
q
1 ´ Gpθ˚q

F̄
´ p

B2F̄

Bθ˚2
`

B2F̄

Bv˚Bθ˚
loooooooomoooooooon

Ñ0

q ¨ p1 ´ Gpθ˚
qq Ñ 0

such that limcrÑ0
Bp˚

Bθ˚
Bθ˚

Bcr
“ 0. Next, note that

p
BF̄

Bv˚
`

BF̄

Bθ˚
q
2

¨
Bp˚

Bv˚

Bv˚

Bcr
“

ˆ

´
BF̄

Bv˚
¨ p

BF̄

Bv˚
`

BF̄

Bθ˚
q ` p

B2F̄

Bv˚2
`

B2F̄

Bv˚Bθ˚
q ¨ F̄

˙

´p1 ´ Gpθ˚qq

F̄

“ ´
BF̄

Bv˚
p´

BF̄

Bv˚
´

BF̄

Bθ˚
q
1 ´ Gpθ˚q

F̄
´ p

B2F̄

Bv˚2
`

B2F̄

Bv˚Bθ˚
qp1 ´ Gpθ˚

qq

Note that limcrÑ0
BF̄
Bv˚ “

ş8

´8
fpw0 | θqgpθqdθ “ fθpw0q, limcrÑ0 ´ BF̄

Bθ˚ “ 0, limcrÑ0p1 ´

Gpθ˚qq “ 1, limcrÑ0 F̄ pθ˚, v˚q “ 1 ´ Fθpw0q. Thus,

lim
crÑ0

ˆ

B2F̄

Bv˚2
`

B2F̄

Bv˚Bθ˚

˙

“ lim
crÑ0

ˆ

´

ż

θ˚

f 1
pv˚

| θqgpθqdθ ` fpv˚
| θ˚

qgpθ˚
q

˙

“ ´

ż 8

´8

f 1
pw0 | θqgpθqdθ

“ f 1
θpw0q.

Therefore,

lim
crÑ0

Bp˚

Bv˚

Bv˚

Bcr
“

1

1 ´ Fθpw0q
`

f 1
θpw0q

fθpw0q2
,

which is strictly positive since log-concavity of F̄ implies that the marginal survival func-

tion F̄θ “ 1 ´ Fθ is also log-concave.

Thus, we have shown that

lim
crÑ0

Bp˚

Bcr
“ lim

crÑ0

Bp˚

Bv˚

Bv˚

Bcr
loooooomoooooon

ą0

` lim
crÑ0

Bp˚

Bθ˚

Bθ˚

Bcr
loooooomoooooon

“0

ą 0.
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sumer search. International Journal of Industrial Organization, 61:223–255, 2018.

2.1.1

Toomas Hinnosaar and Keiichi Kawai. Robust pricing with refunds. The RAND Journal

of Economics, 51(4):1014–1036, 2020. 2.1.1

Roman Inderst and Gilad Tirosh. Refunds and returns in a vertically differentiated in-

dustry. International Journal of Industrial Organization, 38:44–51, 2015. 2.1.1

Maarten Janssen and Cole Williams. Consumer search and product returns in e-commerce.

American Economic Journal: Microeconomics, 16(2):387–419, 2024. 2.1.1

Kinshuk Jerath and Qitian Ren. Consumer search and product returns. Working

Paper, 2023.

Daniel Krähmer and Roland Strausz. Optimal sales contracts with withdrawal rights.

The Review of Economic Studies, 82(2):762–790, 2015. 2.1.1

Steven A Matthews and Nicola Persico. Information acquisition and refunds for returns.

2007. 2.1.1
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Chapter 3

Information Design in Selection

Problems

3.1 Introduction

Economic decision problems often consist of selection problems under uncertainty: Sell-

ers select products to advertise with limited information about consumer preferences.

Politicians implement one out of many alternatives without perfect information about

the identity of the most beneficial alternative. Employers choose which applicant to hire

based on noisy information about applicants’ productivity. In all of these situations,

decision-makers must weigh the available information and make a choice based on what

they believe to be the best option.

This paper employs a Bayesian Persuasion model to study how a sender can manipulate

a receiver’s beliefs about the best alternative. More specifically, I assume that the receiver

takes a decision consisting of a selection and an action. The objective of information

disclosure by the sender is twofold: The sender wants to persuade the receiver to select

a favorable alternative and take a favorable action. For example, a politician may choose

one out of many policy proposals to implement (selection) and decide how much money

to allocate towards it (action). In this scenario, a think tank may disclose information

about the proposals’ viability in order to convince the politician to select a particular

proposal and to maximize the funding allocated toward it.

The main result decomposes the multi-dimensional Bayesian Persuasion problem into

two sub-problems: The Selection Persuasion problem, which involves persuading the

receiver to select the favorable alternative and the Action Persuasion problem, which

entails persuading the receiver to take a favorable action conditional on the selection of

the favorable alternative.

Selection Persuasion and Action Persuasion may form a trade-off: Suppose that the

politician implements the policy proposal he expects to be the most viable and suppose
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that the amount of money allocated towards the chosen proposal is increasing in the ex-

pected viability of the proposal. If a think tank wants to increase the probability that

the politician chooses a particular proposal, it can pool together states of the world in

which that proposal is the most viable with states in which it is not the most viable.

However, the downside is that this pooling decreases the expected viability of the partic-

ular proposal conditional on selection of the proposal, which in turn reduces the amount

of money that the politician is willing to invest. Therefore, the objective of persuading

the politician to select the think tank’s preferred proposal may interfere with the think

tank’s objective of increasing the funding allocated toward the preferred proposal.

Formally, this paper studies a Bayesian Persuasion model with an N -dimensional state

of the world pθ1, ..., θNq where θk is interpreted as the viability of alternative k which affects

the sender’s and receiver’s payoffs only if the receiver selects alternative k. It is well

known that solving multi-dimensional Bayesian Persuasion models is challenging. The

main problems are first that concavification methods are not helpful due to a large state

space, and second, restricting attention to posterior means does not per se significantly

simplify the problem since there is no tractable characterization of the convex order when

the dimensionality is larger than one.

When it comes to selection problems, the distribution of a receiver’s posterior beliefs

can only affect the sender’s expected payoffs in two ways. First, it can impact the prob-

ability that the receiver chooses the sender’s preferred option. Second, it can influence

the distribution of the receiver’s belief regarding the viability of the sender’s preferred

alternative, given that it has been selected by the receiver. We refer to this distribution

as the conditional selection distribution. This observation facilitates a transformation of

the multi-dimensional Bayesian persuasion problem into a problem that involves selecting

pairs pp, σq of a selection probability p P r0, 1s and a conditional selection distribution

σ P ∆pr0, 1sq. It is natural to ask which pairs of selection probability and conditional

selection distribution can be induced through some signal structure.

I provide a tractable solution to this question: First, I argue that the optimal selection

probability p must be at least as large as the selection probability induced by full infor-

mation, pF . The main theorem demonstrates that for any fixed selection probability p in

the range of rpF , 1s, there is a unique most-informative conditional selection distribution,

denoted as FCMSS
p . In other words, a pair of selection probability and conditional distri-

bution pp, σq can be induced by some signal structure if and only if σ is a mean-preserving

contraction of FCMSS
p . The most informative conditional selection distribution FCMSS

p is

induced by a cutoff-mean signal structure (CMSS), which reveals the average viability of

alternatives 1, ..., N if the average viability is below a certain threshold and fully discloses

the viability of alternatives 1, ...N if the average viability is above the threshold.

The characterization of feasible decomposition pairs disentangles selection persuasion

from action persuasion. Selection persuasion refers to the sender’s selection of a probabil-
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ity p within the range rpF , 1s, which determines the probability that the receiver selects the

sender’s preferred alternative. On the other hand, action persuasion concerns the sender’s

choice of a mean-preserving contraction of FCMSS
p , which determines the receiver’s action

conditional on the selection of the preferred alternative of the sender. Thus, the action

persuasion problem for a fixed selection probability resembles a classical uni-dimensional

Bayesian Persuasion problem. Therefore, methods provided by the literature on Bayesian

Persuasion can be used to address the action persuasion problem for fixed selection prob-

abilities. Some examples of such methods include those developed by Dworczak and

Martini (2019); Gentzkow and Kamenica (2016); Kleiner, Moldovanu, and Strack (2021);

Kolotilin (2018); Kolotilin, Mylovanov, and Zapechelnyuk (2022). Once a solution to the

action persuasion problem is found, solving the selection persuasion problem becomes a

straightforward optimization task.

I analyze two economic applications of the model. Example 3.1 studies the politician-

think tank application. The think tank derives a fixed payoff c ą 0 if the politician selects

policy proposal i˚ “ 1 out of N policy proposals, and an additional payoff which is linear

in the funding allocated towards policy proposal 1. Using the decomposition approach,

I show that a cutoff-mean signal structure solves the think tank’s persuasion problem,

implying that the politician is either fully informed about the viability of all proposals or

fully informed about their average viability. Cutoff-mean signal structures range from only

revealing the average viability of the policy proposal to complete information depending

on the specific cutoff. I establish that the optimal cutoff is determined by the think

tank’s relative incentive to maximize the funding allocated to policy proposal 1 versus

maximizing the probability of the politician selecting proposal 1.

Example 3.2 considers the case of a salesperson who aims to persuade consumers to

buy a particular product, say product 1, out of N products by disclosing information

about the products’ quality. For the consumers to purchase product 1, they must prefer

product 1 over all other products as well as prefer buying product 1 to not buying any

product. In this context, selection persuasion determines the probability that consumers

prefer product 1 over all other products, and action persuasion determines the proba-

bility that the consumers prefer buying product 1 to not buying the product. I use the

decomposition approach to derive the optimal information disclosure by the salesperson.

Under optimal information disclosure, the consumers strictly prefer product 1 to all other

products whenever they purchase product 1 but are indifferent between buying product

1 and not buying any product.

This chapter is organized as follows: In the remainder of this section, we discuss the

related literature. In Section 3.2, the model is presented. Section 3.3 characterizes which

pairs of selection probability and conditional selection distribution can be induced by

some signal structure and thereby disentangles the persuasion problem into selection and

action persuasion. Section 3.4 studies optimal persuasion. In Section 3.5, we discuss
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comparative statics of the model. In Section 3.6, I analyze economic applications, and

in Section 3.7, I provide some extensions and limitations of the approach. Section 3.8

discusses the related literature, and Section 3.9 concludes. All omitted proofs can be

found in the appendix.

3.2 The Model

The Setup There are N alternatives. Each alternative is either viable pθ̃i “ θ̄q or

not viable pθ̃i “ θq. The joint probability function f of pθ̃1, ..., θ̃Nq is assumed to be

exchangeable.1 2 We denote the probability of θ̃i “ θ̄ by qF P p0, 1q.3 Unless stated

otherwise, I normalize θ̄ “ 1 and θ “ 0.

We study a Bayesian Persuasion game with two players: A sender (S) transmits infor-

mation about pθ̃1, ..., θ̃Nq to a receiver (R) who observes a signal realization and optimally

takes a decision. A decision consists of a selected alternative k P N :“ t1, ..., Nu, and an

action a P A where A is an (arbitrary) action set.

Given the decision pk, aq and state of the world pθ1, ..., θNq, the receiver’s payoff satisfies

uRppk, aq, pθ1, .., θNqq ” uRpa, θkq for some payoff function uR : Aˆtθ, θ̄u Ñ R. That is, the
selection of an alternative affects the payoffs of the receiver only through the underlying

viability of the selected alternative, and the viabilities of other alternatives do not affect

payoffs.

The sender’s payoff function is assumed to satisfy

uSppk, aq, pθ1, ..., θNqq “

$

&

%

uSpa, θkq if k “ 1

0 if k ‰ 1
,

where uSpa, θkq ě 0 for all pa, θkq P Aˆ tθ, θ̄u. Thus, we assume that the sender obtains a

positive payoff which depends on the receiver’s action and the underlying viability only if

the receiver selects a particular alternative which is (without loss of generality) alternative

1. Hence, the sender’s primary objective is to persuade the receiver to select alternative 1.

The sender’s secondary objective is to persuade the receiver to select an action maximizing

uSpa, θkq.

The game is as follows: First, the sender chooses a signal structure τ consisting of

a (finite) signal space S and a disclosure rule τp¨ | ¨q : tθ, θ̄uN Ñ ∆pSq where τps | θq

denotes the probability that signal s P S is sent if the state of the world is θ P tθ, θ̄uN .4

1To avoid special cases in the proofs we assume that f has full support on tθ, θ̄uN . All results hold
without the full support assumption.

2f is exchangeable if fpθ1, ..., θN q “ fpθsp1q, ..., θspNqq for any pθ1, ..., θN q P t0, 1uN and permutation
s on t1, ..., Nu.

3Formally, qF “
ř

θ´iPtθ,θ̄uN´1 fpθ̄, θ´iq which does not depend on i since f is exchangeable
4The restriction to finite signal spaces is without loss of generality since the state space is finite
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Then, the state of the world pθ1, .., θNq P tθ, θ̄uN is realized, and the receiver observes

a signal realization s P S drawn according to τp¨ | θq. Finally, the receiver takes a

decision pk, aq P N ˆ A and payoffs are realized. Both, receiver and sender, are risk-

neutral expected utility maximizers. The solution concept is sender-preferred Bayesian

Nash Equilibrium.

Receiver’s Decision Problem Suppose that the receiver has some posterior belief

pq1, ..., qNq where qi denotes the probability the receiver assigns to θ̃i “ 1.5 The optimal

decision pk˚, a˚q maximizes the receiver’s expected payoff given posterior belief pq1, ..., qNq.

That is, the receiver solves

max
pk,aqPNˆA

qku
R

pa, θ̄q ` p1 ´ qkquRpa, θq.

Let URpqkq“ maxaPA qku
Rpθ̄, aq ` p1 ´ qkquRpθ, aq denote the continuation payoff of the

receiver when he selects an alternative with posterior belief qk. I assume that UR is strictly

increasing in qk. This assumption is trivially satisfied when uRpa, θ̄q ą uRpa, θq, i.e. the

receiver strictly prefers viable alternatives over not-viable alternatives for any action.6

Under this assumption, the receiver selects the alternative that is the most likely to be

viable. That is, an optimally selected alternative k˚ satisfies

k˚
P argmax

iPN
qi. (3.1)

The set of optimal actions can then be expressed as

a˚
pq1, ..., qNq ” a˚

pmax
i
qiq “ argmax

aPA

´

pmax
iPN

qiqu
R

pθ̄, aq ` p1 ´ max
iPN

qiqu
R

pθ, aq

¯

. (3.2)

Sender’s Persuasion Problem The sender commits to a signal structure τ consisting

of a finite signal space S and a disclosure rule τp¨ | ¨q : tθ, θ̄uN Ñ ∆pSq. Each signal s P S

induces a posterior belief qs P r0, 1sN obtained by Bayes’ rule, and each signal structure

pS, πq induces a distribution of posterior beliefs. It is well known that a distribution

G P ∆r0, 1sN can be induced by some signal structure if and only if G is dominated

by the prior F in the convex stochastic order, denoted by G ďcx F (Elton and Hill,

1992; Strassen, 1965).7 Given the restriction to sender-preferred equilibria, and that the

(Kamenica and Gentzkow, 2011).
5Formally, a posterior belief is a joint distribution η P ∆pt0, 1uN q. It is straightforward to observe

that only the N uni-dimensional marginal distributions η1, ..., ηN affect payoffs such that we can identify
each posterior belief by the tuple pq1, ..., qN q P r0, 1sN where qi “ ηipθ̄q.

6To see that this property is not necessary, consider the payoff function uRpa, θq “ θ ´ pa ´ θq2 and
let A “ R, θ̄ “ 1, θ “ 0. It is straightforward to verify that URpqq “ q2 and that uRpa, θ̄q ą uRpa, θq is
not satisfied for any a ď 0.

7It is said that G is dominated by F in the convex order, G ďcx F , if and only if
ş

cpqqdGpqq ď
ş

cpqqdF pqq for any convex c : RN Ñ R.
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receiver’s optimal selection and action satisfy (3.1) and (3.2), we can express the sender’s

expected continuation payoff from inducing posterior belief q “ pq1, ..., qNq as

US
pqq “

$

&

%

USpq1q :“ maxaPa˚pqq q1u
Spa, θ̄q ` p1 ´ q1qu

Spa, θq if q1 “ maxiPN qi

0 otherwise
. (3.3)

The sender’s persuasion problem can now be stated as maximizing her expected payoff

over all distributions of posterior beliefs that can be induced by some signal structure.

Formally,

max
G:GďcxF

ż

US
pqqdGpqq. (3.4)

We study two economics applications of the general framework.

Example 3.1 (Lobbying). There is a politician (receiver) who decides (i) which policy

proposal k “ 1, ..., N to implement and (ii) how much money a P R` to spend on the

selected proposal. Each proposal can either be viable pθi “ θ̄q or not viable pθi “ θq. The

politician’s payoff from pk, aq is assumed to be aγ{γ ´ a if θ̃k “ θ̄ and ´a if θ̃k “ θ where

γ P p0, 1q. There is a think tank (sender) which has payoff c` d ¨ a for some c, d ą 0 if the

receiver selects alternative 1, and 0 otherwise. The think tank can persuade the politician

by designing a signal structure pS, πq.

Example 3.2 (Advertising). There is a salesperson (sender) who can disclose information

about the quality θ1, ..., θN of products 1, ..., N . There is a consumer (receiver) who

decides whether to purchase a product or exercise an outside option which yields a payoff

of t P p0, 1q. The consumer’s payoff from purchasing product k is θk P tθ, θ̄u. If the

consumer purchases product 1, the salesperson receives a positive commission such that

the salesperson’s objective is to maximize the probability that the consumer buys product

1.

3.3 Decomposing the Problem

3.3.1 Decomposition Approach

The multi-dimensional Bayesian persuasion problem (3.4) for arbitrary continuation pay-

off USp¨q is known to be a difficult problem because there is no convenient characterization

of the convex order for dimensions two or greater.8 However, in the specific model of this

paper the sender’s expected continuation payoff USpqq has a simple structure: The con-

tinuation payoff is either 0 or only depends on the posterior belief q1 about the first

alternative if the receiver selects alternative 1. Hence, the expected payoff of the sender

8If N “ 1, then G ďcx F if and only if G is a mean-preserving contraction of F defined by
şx

´8
Gpzqdz ď

şx

´8
F pzqdz for all x with equality at x “ max supp F .
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only depends on the probability that alternative 1 is selected and the distribution of the

belief about alternative 1 conditional on selection of alternative 1.

Therefore, we decompose any multi-dimensional distribution G of posterior beliefs into

the induced probability pG that the receiver selects alternative 1 and into the induced

distribution of q1 conditional on selection of alternative 1. Formally, for any G P ∆r0, 1sN

we define

1. The selection probability pG “ PrGpq̃1 “ maxi q̃iq, and

2. The conditional selection distribution σGpxq “ PrGpq̃1 ď x | q̃1 “ maxi q̃iq for any

x P R.

Proposition 3.1. The sender’s expected continuation payoff from G only depends on

ppG, σGq. In particular,

ż

US
pqqdGpqq “ pG

ż

US
pxqdσGpxq.

Proof. Since it is without loss of generality to restrict attention to finite signal spaces,

it is without loss of generality to restrict attention to discrete distributions of posterior

beliefs. Thus, G admits a probability function g, and

ż

US
pqqdGpqq “

ÿ

qPsupp G

gpqqUS
pqq

“
ÿ

qPsupp G, q1“maxi qi

gpqqUS
pq1q ` 0

“ pG
ÿ

qPsupp G, q1“maxi qi

gpqq

pG
US

pq1q

“ pG
ÿ

q1Psupp σG

PrGpq̃1 “ q1 | q̃1 “ max
i
q̃iqU

S
pq1q

“ pG

ż

US
pxqdσGpxq.

where the second equality follows from (3.3).

The approach of this paper is to maximize pG
ş

USpxqdσGpxq over all feasible decompo-

sition pairs ppG, σGq as opposed to the standard approach of maximizing
ş

USpqqdGpqq

over all feasible distributions of posterior beliefs G. We say that a pair pp, σq of selec-

tion probability p P r0, 1s and conditional selection distribution σ P ∆r0, 1s is feasible if

pp, σq “ ppG, σGq for some G P ∆r0, 1sN satisfying G ďcx F . This definition gives rise to

the decomposed persuasion problem

max
pp,σq feasible

p

ż

US
pxqdσpxq. (3.5)
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Proposition 3.1 implies that the decomposed persuasion problem is equivalent to the

persuasion problem.9 In the remaining section, we will show that the decomposed persua-

sion problem is tractable and related to the standard uni-dimensional Bayesian Persuasion

problem over posterior means.

3.3.2 Undominated pp, σq

As a first step, I argue that it can never be optimal for the sender to choose a signal

structure for which the receiver selects an alternative k ‰ 1 in a state of the world

pθ1, ..., θNq P tθ, θ̄uN satisfying either θ1 “ θ̄ or θ1 “ ... “ θN “ θ. Note that in those

states of the world, the receiver would select alternative 1 if he knew the state.

We say that a signal structure pS, πq is undominated if for any s P S such that qs1 ‰

maxi q
s
i , then πps | θq “ 0 for all θ P tθ, θ̄uN satisfying either θ1 “ θ̄ or θ1 “ ... “ θN “ θ.

Thus, a signal structure is undominated if the receiver selects alternative 1 with probability

1 in states of the world for which he would choose to select alternative 1 if he knew

the state. Consequently, we say that pp, σq is undominated if pp, σq is induced by some

undominated signal structure. The next Lemma argues that we can restrict attention to

undominated pp, σq when searching for a solution to the decomposed persuasion problem

(3.5).

Lemma 3.1. There exists an undominated pp, σq that solves the decomposed persuasion

problem (3.5). If USpxq ą 0 for any x P r0, 1s, any solution pp, σq to the decomposed

persuasion problem is undominated.

The proof works as follows: Suppose that a signal structure pS, πq is dominated.

We can improve upon this signal structure by fully disclosing a state of the world θ

satisfying θ1 “ θ̄ or θ1 “ ... “ θN “ θ whenever the signal structure pS, πq sends a signal

s for which the receiver does not select alternative 1. This construction increases the

selection probability without changing the continuation payoff from other signals. Thus,

the sender weakly prefers the newly constructed signal structure and strictly prefers this

signal structure if the continuation payoff when the receiver selects alternative 1 is positive.

Undominated pp, σq have two important properties: First, the selection probability

p is bounded below by the selection probability of full information pF “ fpθ, ..., θq `
ř

θ´i
fpθ̄, θ´iq since the receiver always selects alternative 1 whenever he would select

alternative 1 if he had full information. Second, the expected value of any conditional

selection distribution σ only depends on the selection probability p.

Lemma 3.2. Any undominated pp, σq satisfies p ě pF and
ş

xdσpxq “
qF
p
.

9Equivalence refers to (i) G˚ solves (3.4) if and only if ppG˚ , σG˚ q solves (3.5), and (ii) the value of
maximization problem (3.4) is equal to the value of maximization problem (3.5).
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3.3.3 Characterization of Feasibility

In order to solve the decomposed persuasion problem (3.5), we have to characterize which

decomposition pairs pp, σq are feasible.

First, consider any fixed selection probability p. It is always possible to decrease the

informativeness of the conditional selection distribution in the sense of mean-preserving

contraction by pooling signal realizations for which the receiver selects alternative 1, and

leave signal realizations for which the receiver selects alternative k ‰ 1 unchanged. Lemma

3.3 formalizes this intuition.

Lemma 3.3. Suppose that σ1 is a mean-preserving contraction of σ. If pp, σq is feasible,

then pp, σ1) is feasible.

While it is always possible to decrease informativeness of the conditional selection

distribution without changing the selection probability p, increasing the informativeness

of the conditional selection distribution is bounded. Intuitively, for any fixed selection

probability p, the sender cannot reveal information that allows the receiver to select a

viable alternative with higher precision.

In particular, suppose that the receiver always selects alternative 1, i.e. p “ 1. Since

the prior distribution F is symmetric, the receiver has to be indifferent between selecting

alternative 1, ..., N with probability 1. That is, a minimal requirement on any distribution

of posterior beliefs G which induces a selection probability equal to 1 is that q1 “ ... “ qN

for all q P supp G. The most informative distribution of posterior belief satisfying this

condition is the distribution of posterior beliefs induced by disclosing the average state

of the world
ř

θi{N since any information that is not less informative than revealing the

average state can be used to distinguish alternative 1 from other alternatives, and thereby

decreases the selection probability to less than 1. As a consequence, Lemma 3.3 implies

that if p “ 1, then pp, σq is feasible if and only if σ is a mean-preserving contraction of

the CDF of the average viability FMean.10

The main theorem extends this logic to any fixed selection probability p P rqF , 1s.

We define a cutoff-mean signal structure (CMSS) by a cutoff θ˚ P r0, 1s on the average

viability of a state such that the signal structure discloses the average state
ř

θi{N if
ř

θi{N is below some cutoff θ̄, and discloses the complete state of the world pθ1, ..., θNq

if
ř

θi{N is above the cutoff θ˚. If the average state
ř

θi{N is exactly equal to the cutoff

θ˚, a cutoff-mean signal structure randomizes between disclosing the average state of the

world and the complete state of the world.

Symmetry of the receiver’s prior belief implies that the receiver is indifferent between

selecting alternatives 1, ..., N , whenever the average state of the world is revealed. Since

10The probability function fMean is defined by fMeanpk{Nq “
ř

θ:
ř

θi“k fpθ1, ..., θN q for k “

0, 1, ..., N . Since f is exchangeable, we get fMeanpk{Nq “
`

N
k

˘

fpθ1, ..., θN q for any pθ1, ...θN q such that
ř

θi “ k.
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we focus on sender-preferred equilibria, the receiver selects alternative 1 whenever he

is indifferent. Thus, the larger the cutoff θ˚ of a cutoff-mean signal structure is, the

larger the probability is that the receiver selects alternative 1. For every p P r0, 1s, there

exists a unique cutoff-mean signal structure such that the receiver selects alternative 1

with probability p. I refer to the cutoff mean signal structure that induces a selection

probability of p as (the) p-cutoff-mean signal structure pp-CMSS).

The p-CMSS induces a conditional selection distribution FCMSS
p defined by

FCMSS
p pxq “

$

’

’

’

&

’

’

’

%

FMeanpxq

p
if x ă pFMeanq´1pypq

yp
p

if pFMeanq´1pypq ď x ă 1

1 if x ě 1

where yp P rFMeanp0q, ps solves
ş

xdFCMSS
p pxq “

qF
p
.11 Lemma 3.4 in the appendix con-

firms that FCMSS
p is well-defined, i.e. yp exists and is unique, and FCMSS

p is a CDF for

any p P rpF , 1s.

Theorem 3.1. An undominated pp, σq is feasible if and only if σ is a mean-preserving

contraction of FCMSS
p .

Two key observations indicate why the conditional selection distribution FCMSS
p in-

duced by the p-CMSS is more informative than any other feasible conditional selection

distribution. First, whenever the receiver selects alternative 1, he is either indifferent be-

tween selecting alternative 1 and selecting any other alternative or is fully convinced that

alternative 1 is viable. Second, compared to any other signal structure satisfying the first

property, the receiver is the least convinced of the viability of alternative 1 whenever the

receiver is indifferent between selecting alternative 1 and selecting any other alternative.

Thus, among all signal structures for which the receiver selects alternative 1 with proba-

bility p, a cutoff-mean signal structure spreads out the posterior belief about alternative

1 as much as possible, which results in the most informative feasible conditional selection

distribution.

3.3.4 Selection and Action Persuasion

Theorem 3.1 and Lemma 3.1 disentangle the sender’s persuasion problem into a selection

persuasion and action persuasion problem.

Corollary 3.1. The persuasion problem (3.4) is equal to

max
pPrpF ,1s

p ¨

„

max
σPMPCpFCMSS

p q

ż

US
pxqdσpxq

ȷ

. (3.6)

11pFMeanq´1 denotes the generalized inverse of FMean. That is, pFMeanq´1pyq “ suptx : FMeanpxq ď

yu.
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We can interpret the sender’s persuasion problem as follows: First, the sender chooses

the probability that the receiver will select alternative 1. Then, in the second stage,

the sender decides how much information to disclose about alternative 1 while keeping

the selection probability p fixed. The second stage resembles a standard uni-dimensional

Bayesian Persuasion problem in which the receiver’s action only depends on the posterior

mean and the prior distribution is given by FCMSS
p . We refer to the inner-maximization

problem pp-)action persuasion, and given the value function

V ppq :“ max
σPMPCpFCMSS

p q

ż

US
pxqdσpxq,

we refer to the outer-maximization problem maxpPrpF ,1s pV ppq as selection persuasion. The

focus of this article is on the selection persuasion problem since there are a number of

articles characterizing solutions to the action persuasion problem, e.g. Dworczak and

Martini (2019); Gentzkow and Kamenica (2016); Kleiner, Moldovanu, and Strack (2021);

Kolotilin (2018). In the next subsection, I derive some properties of optimal persuasion

which will be useful in applications.

3.4 Optimal Persuasion and Trade-off

Providing a solution to the selection persuasion problem is difficult since the selection

persuasion problem depends on the value of the action persuasion problem which is not

known in the general case. In this section, we provide solutions for special classes of the

sender’s expected continuation payoffs.

Non-Increasing Sender Payoffs First, suppose that the continuation payoff US is

non-increasing, which means that the sender wants to persuade the receiver to select

alternative 1 and conditionally on selection of alternative 1, she prefers that the receiver

believes that alternative 1 is not viable. In this case, there is no trade-off: Relative to full

information, the sender can increase the selection probability, and reduce the receiver’s

belief about the viability of alternative 1 at the same time by pooling states in which

alternative 1 is viable with states for which alternative 1 is not viable, for instance by

disclosing the average viability of alternatives.

Proposition 3.2. Suppose that US is non-increasing. Then, there exists a solution pp, σq

to (3.6) for which p “ 1 (any solution pp, σq satisfies p “ 1 if US is strictly decreasing).

Proof. We show that the value of the p-action persuasion problem, V ppq is non-decreasing

in p which implies that pV ppq is non-decreasing in p, and hence, p “ 1 solves

maxpPrpF ,1s pV ppq.
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Let p1, p P rpF , 1s, p1 ě p. From the definition of FCMSS
p , it is straightforward to see

that FCMSS
p ěfosd F

CMSS
p1 . Consider an arbitrary σ P MPCpFCMSS

p q and note that σ P

MPCpFCMSS
p q and FCMSS

p ěfosd F
CMSS
p1 implies FCMSS

p1 ďicv σ. where ďicv denotes the

increasing concave order. Then, by Shaked and Shanthikumar (2007) Theorem 4.A.6.(c),

there exists σ1 such that σ1 ďfosd σ and σ1 P MPCpFCMSS
p q. Therefore, if US is non-

increasing, then
ş

USpxqdσpxq ď
ş

USpxqdσ1pxq such that V ppq ď V pp1q which implies

that pV ppq is non-decreasing in p.

If US is non-decreasing, the sender faces a trade-off: She wants to persuade the receiver

to select alternative 1 but also prefers that the receiver is convinced of the viability

of alternative 1 conditional on selection of alternative 1. Any increase of the selection

probability above pF requires pooling states in which alternative 1 is viable with states

for which alternative 1 is not viable which in turn decreases the expected viability of

alternative 1 conditional on selection.

Sufficiently Concave Sender Payoffs We identify a large class of sender preferences

such that the trade-off is always resolved in favor of increasing the selection probability,

and in particular in favor of not revealing any information. Let c̄opUSqp¨q denote the

concavification of USp¨q.12

Proposition 3.3. If USpqF q “ c̄opUSqpqF q, then p1, δqF q (which corresponds to an unin-

formative signal structure) is optimal.

Proof. By 3.1, the optimal pp, σq solves maxpPrpF ,1s p ¨ V ppq where V ppq “

maxσPMPCpFCMSS
p q

ş

USpxqdσpxq. Any σ P MPCpFCMSS
p q satisfies

ş

xdσpxq “ qF {p, and

thus V ppq ď c̄opUSqp
qF
p

q which implies that maxpPrpF ,1s pc̄opU
Sqp

qF
p

q is an upper bound on

the sender’s persuasion value. Note that

max
pPrpF ,1s

pc̄opUS
qp
qF
p

q ď max
pPrpF ,1s

pc̄opUS
qp
qF
p

q ` p1 ´ pqc̄opUS
qp0q

ď max
pPrpF ,1s

c̄opUS
qpp

qF
p

` p1 ´ pq ¨ 0q

“ c̄opUS
qpqF q “ US

pqF q

where the first inequality is satisfied since c̄opUSqp0q ě USp0q ě 0 and the second in-

equality is satisfied since c̄opUSq is concave by definition. Thus, the sender’s continuation

payoff from inducing any pp, σq is bounded above by USpqF q which is the no-information

value.

Convex Sender Payoffs When US is convex, the p-action persuasion problem has the

trivial solution FCMSS
p . Thus, some cutoff signal structure must be optimal for convex

12That is, c̄opUSq is the smallest concave function that is everywhere larger than US .
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continuation payoffs. The next proposition characterizes the exact cutoff x˚, and the

corresponding selection probability p˚.

Consider the set Θ̄pkq of states of the world with average state x “ k{N for some

k “ 1, ..., N . This set contains all states of the world for which exactly k alternatives are

viable. Since the prior is exchangeable, all states of the world in Θ̄pkq are equally likely.

If the sender pools all of these states together, she receives a continuation payoff USpxq

since the receiver has posterior belief px, ..., xq and is indifferent among all alternatives,

so selects alternative 1 with probability 1. On the other hand, if the sender separates all

of these states, the receiver selects alternative 1 if and only if a state realizes in which

alternative 1 is viable which occurs with probability x. Therefore, she receives an expected

continuation payoff of xUSp1q.

Let x̄ “ mintx : USpxq ď xUSp1qu denote the threshold average viability for which the

sender is indifferent between revealing the average viability and disclosing the state of the

world. Since US is convex and USp0q ě 0, the sender prefers fully disclosing the viability

of alternatives to disclosing the average viability if and only if the average viability exceeds

x̄. Finally, since an alternative is either viable pθ “ θ̄ ” 1) or not viable pθ “ θ ” 0),

the average viability has positive support only on t0, 1{N, ..., 1u such that the exact cutoff

x˚ cannot be equal to x̄. Therefore, we define x˚ “
tNx̄u

N
as the largest average viability

for which the sender prefers disclosing the average viability to disclosing the state of the

world fully. The next Proposition, illustrated in Figure 3.1, shows that it is optimal to

pool all states with the same average viability if the average viability is below x˚ and

disclose states with an average viability above x˚.

Proposition 3.4. Suppose that US is convex. Then, pp˚, FCMSS
p˚ q is optimal where p˚ “

FMeanpx˚q `
ř

xąx˚ fMeanpxqx.

As an immediate consequence, we obtain a sufficient condition for the optimality of

full information.

Corollary 3.2. Suppose that US is convex and USp0q “ 0. Then, ppF , F
CMSS
pF

q (which

corresponds to full information) is optimal.

We close the section by arguing that under mild conditions, full information can never

be optimal provided that the number of alternatives is sufficiently large. If the sender

obtains a fixed payoff guarantee c ą 0, when the receiver selects alternative 1 irrespec-

tive of the selected action, then full information is never optimal with sufficiently many

alternatives.

Proposition 3.5. Suppose there exists some c ą 0 such that USpxq ą c for all x, and

suppose that N ě
USp1q

c
. Then, full information is not optimal.

Proof. I show that the sender can improve upon full information. Consider the signal

structure that pools all states pθ1, ..., θNq such that
ř

θi{N “ 1{N , and fully discloses
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Figure 3.1: Proposition 3.4 illustrated for N “ 5 alternatives

any other state of the world. This signal structure differs from full information if and

only if nature draws a state pθ1, ..., θNq with average state equal to 1{N . Among all of

these N states, the receiver selects alternative 1 under full information only in the state

p1, 0, ...0q while under this signal structure the receiver always selects alternative 1, and

beliefs alternative 1 is viable with probability 1{N . Therefore, this signal structure yields

a larger sender’s expected payoff if and only if USp 1
N

q ą 1
N
USp1q, which is satisfied under

the assumptions of the Proposition.

3.5 Comparative Statics

How does the value of persuasion V ˚
N change in the number N of alternatives? The

main comparative statics result establishes that the sender’s value of persuasion is non-

increasing in the number of alternatives. A naive intuition is that it is more difficult for the

sender to persuade the receiver to select alternative 1 when there are more alternatives.

However, note that this intuition is misleading because the sender can always induce a

selection probability of 1 by not revealing any information, or by revealing the average

state of the world.

The correct intuition is that given some selection probability p, it becomes more diffi-

cult to persuade the receiver to select favorable actions when the number of alternatives

increases. To convey the idea behind this intuition, suppose the following: The optimal

selection probability is p “ 1 for any number of alternatives (for example because USp¨q

is non-increasing by Proposition 3.2) and the viabilities pθ̃1, ..., θ̃Nq are identically and

independently distributed. Theorem 3.1 implies that for p “ 1 any conditional selection
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distribution σ P MPCpFMean
N q is feasible where FMean

N denotes the CDF of
ř

θ̃i{N . The

weak law of large numbers implies that FMean
N converges to the degenerate distribution

δqF . Furthermore, it is known (Müller and Stoyan (2002), Corollary 1.5.24) that FMean
N`1

is a MPC of FMean
N`1 , i.e. the convergence of FMean

N to δqF is monotone in the convex

stochastic order which implies that the set of feasible conditional distributions collapses

as N increases, and the value of the persuasion problem decreases. The proof of The-

orem 3.6 extends this argument to all exchangeable random variables and any selection

probabilities.

Suppose that the N states of the world are distributed according to some exchangeable

probability function fN for all N P N. We assume that increasing the number of alterna-

tives from N to N ` 1 does not alter the joint distribution of the first N alternatives.13

That is,

fN`1pθ1, ..., θN , θq ` fN`1pθ1, ..., θN , θ̄q “ fNpθ1, ..., θNq for allN P N.

Let V ˚
N denote the value of persuasion when there are N P N alternatives. That is,

V ˚
N “ maxpPrpF ;N ,1s p ¨ maxσPMPCpFCMSS

p;N q

ş

USpxqdσpxq where pF ;N denotes the probability

that alternative 1 is selected from N P N alternatives under full information and FCMSS
p;N

denotes the p-cutoff-mean conditional distribution when there are N alternatives.

Proposition 3.6. The value of persuasion V ˚
N is non-increasing in the number of alter-

natives N .

3.6 Applications

3.6.1 Lobbying

This section applies the decomposition approach to analyze Example 3.1. Given some pos-

terior belief pq1, ..., qNq P r0, 1sN , the politician solves the decision problem maxpk,aq qka
γ{γ´

a. It is straightforward to verify that the optimal decision pk˚, a˚q satisfies k˚ P argmaxi qi

and a˚pq1, ..., qNq ” a˚pmax qiq “ pmax qiq
1{p1´γq. Therefore, the think tank’s continuation

payoff from inducing pq1, ..., qNq is

US
pq1, ..., qNq “

$

&

%

c ` d ¨ pq1q
1{p1´γq if q1 “ maxi qi

0 if q1 ‰ maxi qi
.

13This is a minimal assumption to compare the persuasion problem with N ` 1 alternatives to the
persuasion problem with N alternatives. Intuitively, this implies that the N dimensional problem is
equivalent to the N`1 dimensional problem if the sender and receiver were forced to ignore the pN`1qth
alternative.
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Corollary 3.1 implies that the think tank’s decomposed persuasion problem is

max
pPrpF ,1s

p ¨

„

max
σPMPCpFCMSS

p q

ż

`

c ` dx1{p1´γq
˘

dσpxq

ȷ

.

Since x ÞÑ c` dx1{p1´γq is convex for any γ P p0, 1q, we can apply Proposition 3.4 to solve

the think tank’s problem. Let x̄ “ mintx P r0, 1s : xpc`dq ě c`dx1{p1´γqu and x˚ “
tNx̄u

N
.

Proposition 3.7. pp˚, FCMSS
p˚ q is optimal where p˚ “ FMeanpx˚q`

ř

xąx˚ fMeanpxqx, and

x˚ is non-decreasing in c
d
. In particular,

(i) Suppose that c
d

ą γ{p1 ´ γq. Then, p1, FMeanq (revealing average state) is optimal,

and

(ii) Suppose that c
d

ă
1´p 1

N
qγ{p1´γq

N´1
. Then, ppF , F

CMSS
pF

q (full information) is optimal.

There are a couple of noteworthy points: First, in any state of the world, it is optimal

to either fully disclose the state, or pool the state together with all other states of the

world with the same average state of the world. Further, the optimal signal structure

discloses the state of the world if and only if the average state of the world is above a

cutoff. Second, the optimal cutoff x˚ is determined by the number of alternatives N , the

relative incentive c
d
of maximizing money spent versus selection of alternative 1, and the

politician’s risk aversion parameter γ.

If the think tank’s priority is to persuade the politician to select alternative 1 (that is,
c
d
is sufficiently large), then it is optimal to reveal the average viability of an alternative.

In this case, the politician is indifferent among all alternatives, and selects alternative 1

with probability 1. If the think tank’s priority is to maximize the expected money spent

by the politician on alternative 1 (that is, c
d
is sufficiently small), then full information is

optimal. Full information maximizes the expected money spent on alternative 1 among

all signal structures, since the politician is risk averse and as a result, the optimal amount

a˚p¨q of money allocated towards the selected proposal is convex in the politician’s belief

that the selected alternative is viable.

Third, when the number of alternatives is sufficiently large, full information is never

optimal.14 As the number of alternatives gets large, the loss of pooling all states of the

world in which exactly one alternative is viable instead of disclosing these states, is given

by N´1
N
c ą 0 while the gain is given by 1

N
da˚p1q which converges to 0.

3.6.2 Advertising

In this section, we will analyze Example 3.2. First, note that a consumer with posterior

belief pq1, ..., qNq purchases product 1 if and only if q1 “ maxi qi and q1 ě t. Therefore,

14This is also implied by Proposition 3.5 since limNÑ8p
1´p 1

N q
γ{p1´γq

N´1 q “ 0.
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the salesperson’s payoff from inducing a posterior belief pq1, ..., qNq is

US
pq1, ..., qNq “

$

&

%

1q1ět if q1 “ maxi qi

0 if q1 ‰ maxi qi
.

Corollary 3.1 implies that the salesperson’s persuasion problem is

max
pPrpF ,1s

p ¨

„

max
σPMPCpFCMSS

p q

ż 1

t

dσpxq

ȷ

.

If t ď qF , the consumer will buy product 1 with a probability of 1, even if he receives no

additional information beyond the prior information. Therefore, to ensure that the prob-

lem is non-trivial, we assume that qF ă t. It is straightforward to solve the salesperson’s

decomposed persuasion problem:

Proposition 3.8. The salesperson’s persuasion value (the maximal probability with which

consumer buys product 1) is qF
t
. In particular,

(i) Suppose that t ď
qF
pF
. Then, p

qF
t
, δtq is optimal.

(ii) Suppose that t ě
qF
pF
. Then, ppF , p1 ´ αqδ0 ` αδtq is optimal where α “ 1

t
qF
pF
.

Under the non-triviality assumption, the threshold t is larger than the prior belief that

a product is viable such that the salesperson has to persuade the consumer. In case piq, the

optimal decomposition pair p
qF
t
, δtq can be interpreted as follows: First, the salesperson

reveals all states of the world perfectly if the average state of the world is above some

cutoff and discloses the mean state of the world if the average state of the world is below

some cutoff where the cutoff is set such that the consumer selects alternative 1 with

probability qF {t. In the next step, the salesperson pools all signal realizations together

for which the receiver prefers product 1 over all other products.

As an example, consider N “ 3 i.i.d. products where product i “ 1, 2, 3 is viable with

probability 1{2, and suppose that the consumer’s threshold is t “ 4{7. Then, the optimal

signal structure can be obtained by first considering the cutoff-mean signal structure for

which the consumer prefers product 1 over products 2 and 3 with probability qF {t “ 7{8.

This cutoff-mean signal structure is the signal structure that reveals the state of the world

if
ř

θi{3 ě 2{3 (either 2 or all 3 products are viable) and reveals the average state of the

world if
ř

θi{3 ď 1{3 (one or no products are viable). For this signal structure, the

consumer only prefers product 2 or 3 over product 1 if the state of the world is pθ, θ̄, θ̄q

which occurs with probability 1{8. In the next step, the salesperson pools all signal

realizations together on a signal realization except for the signal realization revealing

pθ, θ̄, θ̄q. It is straightforward to calculate that the receiver’s posterior belief conditionally

on receiving the pooled signal realization is t “ 4{7 such that the consumer buys product

1 with probability qF
t

˚ 1 “ 7{8.
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If the threshold t is sufficiently large (Case piiq), the procedure of case piq is no longer

optimal: If t is large, pooling all states for which the consumer would purchase product 1

on a single signal might not be sufficient to ensure that the consumer prefers to purchase

product 1 over selecting the outside option. The optimal signal structure first separates

all states in which the consumer purchases product 1 from states in which the consumer

purchases products 2 or 3, and then either separates pθ, ..., θq from states of the world

in which product 1 is viable or pools states for which product 1 is viable with pθ, ..., θq

in such a way that the receiver is exactly indifferent between purchasing product 1 and

selecting his outside option.

3.7 Extensions and Limitations

3.7.1 Asymmetric Priors

Up until now, it has been assumed that the prior belief about the states of the world

pθ1, ..., θNq is exchangeable. If there are N “ 2 alternatives, this assumption is satisfied if

and only if pθ̄, θq is equally likely as pθ, θ̄q.

I illustrate that the approach of this paper can be adjusted to account for asymmetric

priors, at least for two alternatives. Suppose that a priori it is less likely that the sender’s

preferred alternative (alternative 1) is viable, i.e. fpθ̄, θq ă fpθ, θ̄q.15

Further, suppose first that the sender wants to maximize the probability that the

receiver selects alternative 1. Disclosing the mean state of the world 1
2
pθ1`θ2q or disclosing

no information induces the receiver to be indifferent between choosing alternative 1 and

alternative 2 with an exchangeable prior. However, the receiver selects alternative 2 when

alternative 2 is ex-ante more likely to be viable, and the receiver only knows that the

average viability. As a consequence, achieving a selection probability of p “ 1 is not

feasible.

Instead, the sender can maximize the selection probability by fully disclosing pθ̄, θq

with probability 1´ fpθ, θ̄q{fpθ̄, θq, and otherwise disclosing the mean state of the world.

This results in a selection probability of pmax “ fpθ̄, θ̄q`2fpθ, θ̄q`fpθ, θq, while revealing

as much information about θ1 as possible. Conversely, with full information the receiver

selects alternative 1 whenever pθ̄, θ̄q, pθ, θq or pθ̄, θq is realized. Therefore, full information

reveals as much information as possible about θ1 for a selection probability of pF “

fpθ̄, θ̄q ` fpθ̄, θq ` fpθ, θq.

For any p P rpF , pmaxs, define

αppq :“
p ´ fpθ̄, θ̄q ´ fpθ, θq

2fpθ̄, θq
.

15The diametric case in which the sender’s preferred alternative is more likely to be viable can be
analyzed similarly.
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The adjusted p P rpF , pmaxs cutoff mean signal structure is defined as follows: If pθ1, θ2q “

pθ̄, θ̄q or pθ1, θ2q “ pθ, θq reveal the states of the world perfectly. If pθ1, θ2q “ pθ, θ̄q disclose

pθ1, θ2q with probability 1´αppq ¨fpθ̄, θq{fpθ, θ̄q and with probability αppq ¨fpθ̄, θq{fpθ, θ̄q

send a signal that reveals the average state of the world s “ 1
2
pθ̄` θq. Finally, if pθ1, θ2q “

pθ̄, θq disclose the states of the world perfectly with probability 1 ´ αppq and reveal the

average state of the world by sending signal s “ 1
2
pθ̄ ` θq with probability αppq.

It is straightforward to verify that (i) the receiver remains indifferent upon receiving

a signal that reveals the average state of the world, (ii) an adjusted p-CMSS indeed

induces a selection probability of p. Additionally, it can be shown that analogously

to Theorem 3.1, the adjusted p-CMSS reveals as much information as possible about

alternative 1 in the sense that the conditional selection distribution of any other signal

structure inducing a selection probability p must be a mean-preserving contraction of the

conditional distribution induced by the adjusted p-CMSS.

This result clarifies that two properties are important for the role of the CMSS as

most informative signal structures. First, under any CMSS, whenever the receiver selects

alternative 1, he is indifferent between selecting alternative 1 and any other alternative.

Second, any CMSS achieves the first property without pooling any two states of the

world pθiqi“1,..,N and pθ1
iqi“1,...,N for which the receiver would select alternative 1 if he

knew the state since pooling these states degrades the information about alternative 1

without changing the selection probability. If the viability of any alternative is binary

pθi P tθ, θ̄uq, the receiver selects alternative 1 whenever he expects alternative 1 to be

the most viable pq1 “ maxi qiq and there are two alternatives, a unique signal structure

satisfies these two properties and induces a selection probability of p P rpF , pmaxs - the

(adjusted) p-CMSS.

3.7.2 Continuous State Space

One critical assumption is that each alternative is either completely viable pθi “ θ̄ “ 1q or

not viable at all pθi “ θ “ 0q. In this subsection, I illustrate that the characterization of

feasibility fails to have a tractable structure for any selection probability p P ppF , 1q when

the viabilities are continuously distributed. For this subsection, I assume that there are

two alternatives and pθ̃1, θ̃2q are distributed on r0, 1s2 according to some differentiable and

exchangeable CDF F . First, if the receiver’s optimal action only depends on the expected

viability pq1, ..., qnq of alternatives, Proposition 3.1 holds and we can still apply the de-

composition approach. However, this decomposition approach is only useful because the

set of feasible conditional selection distributions has a familiar and well-studied structure

for binary states of the world, i.e. pp, σq is feasible if σ is a mean-preserving contraction

of FCMSS
p .

Following the discussion of the last subsection, the most informative conditional se-
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lection distribution is induced by a signal structure that leaves the receiver indifferent

between selecting alternative 1 and 2 whenever he selects alternative 1 and does not pool

two or more states pθ1, θ2q for which θ1 ě θ2.

For a selection probability of p “ 1, there is an (essentially) unique signal structure

that satisfies these properties: The signal structure that pools state pθ1, θ2q with state

pθ2, θ1q for all pθ1, θ2q P r0, 1s2. For this signal structure, the receiver is indifferent between

selecting alternative 1 and 2 since fpθ1, θ2q “ fpθ2, θ1q by exchangeability and it obviously

does not pool any two states for which θ1 ě θ2. Also, for a selection probability of

p “ pF “ 1{2, the fully informative signal is the unique signal structure that satisfies

these properties.

However, for an intermediate selection probability p P ppF , 1q there does not exist a

unique signal structure. To provide an intuition as to why this is the case, suppose that the

sender wants to induce a selection probability just below 1, i.e. p “ 1 ´ ε for a vanishing

ε. A natural starting point is the most-informative signal structure for p “ 1, which

pools pθ1, θ2q with pθ2, θ1q. In order to reduce the selection probability and still satisfy

the necessary conditions for a most-informative signal structure, some permutation pairs

pθ1, θ2q, pθ2, θ1q must be disclosed instead of pooled.

We compare two alternative ways of breaking up the pooled permutation pairs. First,

pooling all permutation pairs except for a small neighborhood around the pairs p0, 1q, p1, 0q,

and second, pooling all permutation pairs except for a small neighborhood around the

pairs p1, 0q, p0, 1{2q. Separating pairs around p0, 1q and p1, 0q reduces the probability mass

of the conditional selection probability near 1{2 and transfers this probability mass to 1

since when p1, 0q is pooled with p0, 1q the receiver expects the viability of 1 to be 1{2 and

when it is separated the receiver selects alternative 1 for the state of the world p1, 0q and

expects the viability of alternative 1 to be equal to 1. On the other hand separating pairs

near p0, 1{2q and p1{2, 0q transfers probability mass from 1{4 to 1{2. The resulting condi-

tional selection distributions cannot be ordered in terms of mean-preserving contractions.

This limitation clarifies why it is crucial that the state space is binary for each alter-

native. Note that if there are more than two alternatives and the state space is binary

for each alternative, there also exists more than one signal structure for a fixed selection

probability p, which leaves the receiver indifferent between selecting different alternatives

whenever he selects alternative 1 and does not pool two or more states for which the

receiver would select alternative 1.

However, the crucial difference between a binary state space and a continuous state

space is that for a binary state space all conditional selection distributions obtained by

signal structures satisfying the two above mentioned properties can be ordered in terms

of mean-preserving spreads: To illustrate, let N “ 3 and let θi P t0, 1u for all i “ 1, 2, 3.

Instead of pooling all states of the world with the same mean with and below the cutoff

mean 1{3, the sender could pool all states of the world with a mean above 1{3. The
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first signal structure (the CMSS), transfers probability mass from 2{3 to 1 relative to

pooling all states of the world with the same mean, while the second signal structure

transfers probability mass from 1{3 to 1, relative to pooling all states of the world with

the same mean. It can be easily verified that the first conditional selection distribution

is a mean-preserving spread of the second conditional selection distribution since we can

obtain the second distribution from the first by pooling probability mass from 1{3 with

the new probability mass on 1.

3.7.3 Asymmetric Selection

Lastly, I have assumed that the receiver selects the alternative that is the most likely

to be viable. That is, if the receiver has a posterior belief pq1, q2q, the receiver selects

alternative 1 if and only if q1 ě q2. Now, suppose that the receiver is biased against

alternative 1 such that the receiver selects alternative 1 if and only if q1 ě q2 ` δ for some

δ ą 0. Importantly, and contrary to the case with a symmetric selection, the receiver

would not select alternative 1 if he knew that the state of the world is pθ, θq or pθ̄, θ̄q.

Thus, the selection probability under full information pF is equal to fpθ̄, θq. If the sender

wants to induce a larger selection probability, then it is necessary to pool pθ̄, θq with one

of the remaining states. However, unlike the case with symmetric selection, there is no

most informative way of doing this.

It seems natural that the sender might first pool pθ̄, θq with pθ̄, θ̄q so that the receiver

is exactly indifferent between alternative 1 and alternative 2, and next (if possible) pool

pθ̄, θq with pθ, θq. However, the optimality of this scheme heavily depends on the spe-

cific properties of the sender’s continuation payoff USp¨q. A characterization of feasible

selection pairs, similar to Theorem 3.1, is beyond the scope of this chapter.

3.8 Related Literature

This paper is related to the literature on Bayesian Persuasion initiated by Kamenica

and Gentzkow (2011) and Rayo and Segal (2010). Closely related are articles that take

a belief-based approach to information disclosure. Kamenica and Gentzkow (2011) and

Aumann, Maschler, and Stearns (1995) show that a distribution of posterior beliefs can

originate from Bayesian updating given some signal structure if and only if the distribution

of posterior belief averages back to the prior belief.

Depending on the application, only some statistic of the distribution of posterior be-

liefs might be of interest. A common assumption is that only the mean of a posterior

belief is relevant. Strassen’s theorem (Strassen, 1965) implies that a distribution of pos-

terior means can be induced by some signal structure if and only if the distribution of

posterior means is dominated in the convex order by the distribution F of the posterior
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means induced by full information. If the state of the world is drawn from a subset of

the real line, the convex order is equivalent to the mean-preserving spread order. Kleiner

et al. (2021) characterize the extreme points of the set of CDFs dominated in the mean-

preserving spread order by F . In a recent contribution, Yang and Zentefis (2022) consider

problems in which preferences only depend on posterior quantiles. They show that a

distribution of posterior quantiles is consistent with some signal structure if and only if

the distribution is in a first-order stochastic interval by an upper and a lower truncation

of the prior. In contrast, this article studies selection problems in which for any posterior

belief the sender’s expected payoff only depends on (i) whether the receiver selects the

sender’s favorite alternative and (ii) the marginal distribution of sender’s favorite alter-

native conditional on (i), and we show that a decomposition pair pp, σq is consistent with

some signal structure if and only if σ is a MPC of a most-informative distribution FCMSS
p .

The literature on multi-dimensional Bayesian persuasion is relatively sparse. Tamura

(2018) studies Bayesian persuasion with a multi-dimensional state space and assumes a

linear-quadratic specification of sender and receiver payoffs which reduces the sender’s in-

formation disclosure problem to a choice of a covariance matrix of the receiver’s posterior

expectation. In contrast, I assume that the receiver solves a selection problem, i.e. the

receiver selects one out of many alternatives and chooses an action for the selected alter-

native. In this setting, the sender’s information disclosure problem reduces to a choice of

a selection probability and a conditional selection distribution.

Applications of multi-dimensional Bayesian persuasion include Armstrong and Zhou

(2022) who study how information disclosure of consumers’ valuations over products af-

fects competition between firms, and Lee (2021) who analyzes how an intermediary opti-

mally persuades a consumer to buy a product from a recommended seller by strategically

releasing information about match values as well as sellers’ types. None of these papers

offer a general approach to multi-dimensional Bayesian persuasion problems: Lee (2021)

employs a guess-and-verify approach to solve the problem. Armstrong and Zhou (2022)

reduce their problem to a uni-dimensional problem by restricting attention to two firms

and cases in which the consumer always wants to buy the product such that only the

(one-dimensional) difference in valuations is relevant.

Closest to this paper is Ichihashi (2020), which investigates the disclosure problem of

a consumer who provides a multi-product seller with information about their valuations

for various products. This information is then used by the seller to recommend a product

to the consumer and price discriminate. Thus, Ichihashi (2020) studies a specific selection

problem: the seller’s selection is a recommended product and the seller’s action is the price

charged for the recommended product. However, there are several important differences

between my work and Ichihashi’s. First, while Ichihashi’s model assumes that the sender

is ex-ante indifferent between products, in my model the sender seeks to persuade the

receiver to select a specific option. Second, whereas Ichihashi’s focus is solely on the
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recommendation and pricing problem of multi-product sellers, I consider general selection

problems. As a caveat, I restrict attention to binary state spaces. Finally, Ichihashi

(2020) analyzes properties of the optimal information structure without characterizing

it, whereas the approach of this paper can be used to explicitly characterize optimal

information structures.

3.9 Conclusion

This chapter has studied the information design problem of a sender who wants to per-

suade a receiver to select favorable alternatives and take actions favorable to the sender.

Under the assumption that the receiver finds it optimal to select the alternative he be-

lieves to be the most viable, I have used a decomposition approach to reformulate the

multi-dimensional information design problem into a selection persuasion and an action

persuasion problem. This decomposition separates the problem of finding the optimal sig-

nal structure that maximizes the sender’s payoff from the receiver’s selection from finding

the optimal signal structure that maximizes the sender’s payoff from the receiver’s actions,

given some selection probability. For particular sender preferences, I have characterized

the optimal solutions, and established that the sender never benefits from increasing the

number of alternatives. The results were applied to analyze economic applications.

The approach in this paper requires three restrictions: First, the prior distribution

f is exchangeable. Second, the payoff function of the receiver is symmetric across alter-

natives. Third, every alternative is either viable pθk “ θ̄q or not viable pθk “ θq. The

approach can be generalized to asymmetric prior distributions. However, the second and

third restrictions are more substantial. Generalizations to non-binary state spaces and

asymmetries in the payoff function are left as directions for future research.
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3.A Appendix

3.A.1 Proof of Lemma 3.1

Proof. I show that we can improve upon any dominated signal structure pS, πq by con-

structing a related undominated signal structure pS̃, π̃q. Let qs;π denote the posterior

beliefs induced by signal structure pS, πq and signal realization s. We define Q “ tq P

r0, 1sN : q1 “ maxi qiu as the set of all posterior beliefs for which the receiver selects

alternative 1.

The persuasion value of pS, πq is

V ppS, πqq “
ÿ

sPS

p
ÿ

θPtθ,θ̄uN

fpθqπps | θqqUS
pqs;π

q

“
ÿ

sPS:qsPQ

ÿ

θPtθ,θ̄uN

fpθqπps | θqUS
pqs;π1 q.

Let TpS,πq denote all signal realization and state of the world pairs ps, θq such that the

receiver would select alternative 1 if he knew the state θ but does not select alternative

upon learning that the signal realization is s. That is,

TpS,πq “
␣

ps, θq P S ˆ tθ, θ̄u
N : πps | θq ą 0,

`

θ1 “ θ̄ or θ1 “ ... “ θN “ θ
˘

, qs;π
R Q

(

.

A signal structure pS, πq is said to be undominated if TpS,πq “ H and a signal structure

pS, πq is dominated if and only if TpS,πq ‰ H.

Let ps˚, θ˚q P TpS,πq and consider pS̃, π̃q defined by S̃ “ S Y tsθ˚u and

π̃ps | θq “

$

’

’

’

&

’

’

’

%

0 if s “ s˚ and θ “ θ˚

πps˚ | θ˚q if s “ sθ˚ and θ “ θ˚.

πps | θq otherwise

In words, π̃ mirrors π except that in state θ˚, the new signal structure π̃ fully discloses

θ˚ whenever π sends signal s˚. Note that qs˚;π R Q implies qs˚;π̃ R Q and qs;π “ qs;π̃ for

any s P Szts˚u. Further,

Q Q qsθ˚ ;π̃
“

$

&

%

p1, q
sθ˚ ;π̃
2 , ..., q

sθ˚ ;π̃
N , q if θ˚

1 “ θ̄

p0, 0, ...0q if θ˚
1=...=θ˚

N=θ
.
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The persuasion value of pS̃, π̃q is

V ppS̃, π̃qq “
ÿ

sPS̃

ÿ

θPtθ,θ̄uN

fpθqπps | θqUS
pqs;π̃

q

“
ÿ

sPS:qsPQ

ÿ

θPtθ,θ̄uN

fpθqπps | θqUS
pqs;π1 q ` fpθ˚

qπps | θ˚
qUS

pq
sθ˚ ;π̃
1 q

“ V ppS, πqq ` fpθ˚
qπps | θ˚

qUS
pq

sθ˚ ;π̃
1 q.

ě V ppS, πqq

where the inequality is strict if USpxq ą 0 for any x. We can use this procedure iteratively

to eliminate any ps, θq P TpS,πq, and end up with an undominated signal structure that

improves upon pS, πq.

3.A.2 Proof of Lemma 3.2

Proof. Suppose that pp, σq can be induced by an undominated signal structure pS, πq.

Recall that the receiver only selects alternative 1 upon learning a signal realization s P S

if the induced posterior belief qs,π satisfies qs,π P Q “ tq P r0, 1sN : q1 “ maxi qiu. The

selection probability p is given by

p “
ÿ

θ1,...,θN

fpθ1, ..., θNq
ÿ

sPS:qs,πPQ
Prps | θ1, ..., θNq

ě
ÿ

θ:θ1“θ̄ or θ1 “ ... “ θN “ θ

fpθ1, ..., θNq
ÿ

sPS:qsPQ

Prps | θ1, ..., θNq

“
ÿ

θ:θ1“θ̄ or θ1 “ ... “ θN “ θ

fpθ1, ..., θNq “ pF .

Further note that by definition pp, σq “ ppG, σGq for some undominated G and any un-

dominated G has to satisfy q1 “ 0 for any q P psupp GqzQ. Thus,

p

ż

xdσpxq “
ÿ

qPsupp GXQ
gpqqq1

“
ÿ

qPsupp G

gpqqq1

“ qF .

where the last equality is implied by G ďcx F .
16

16G ďcx F immediately implies that
ř

qPsupp G gpqqlpqq “
ř

qPsupp G fpqqlpqq for any linear lp¨q.
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3.A.3 Proof of Lemma 3.3

Proof. Suppose that σ1 P MPC(σq. Let supp σ1 “ tx1
1, ..., x

1
Mu. Then, for any x P supp σ

there exists a probability vector αx “ pαx
1 , ..., α

x
Mq such that

ÿ

xPsupp σ

αx
i x “ x1

i

and
ÿ

xPsupp σ

αx
i σpxq “ σpx1

iq.

Now suppose that pp, σq is feasible. I.e., there exists some G for which G ďcx F

and pp, σq “ ppG, σGq. Recall that the receiver only selects alternative 1 if the posterior

belief satisfies q P Q “ tq1 P r0, 1sN : q1
1 “ maxi q

1
iu. For any x P supp σ, define

the set of posterior beliefs corresponding to x as Qpxq “ tq P Q : q1 “ xu. For any

q P Qpxq “ tq P r0, 1sN : q1 “ maxi qiu, we define the relative proportion of q as

βq “ gpqq{
ř

q1PQpxq
gpq1q. Now, define the distribution of posterior beliefs G1 by

g1
pq1

q “

$

’

’

’

&

’

’

’

%

gpq1q if q1 R Q
ř

xPsupp σ α
x
i

ř

qPQpxq
gpqq if q1 “

ř

xPsupp σ α
x
i

ř

qPQpxq
βqq for some i “ 1, ..., N

0 otherwise

.

Note that we construct G1 by pooling probability mass from points on the support of

G onto its barycenter. Thus, G1 is a fusion of G (Elton and Hill, 1992) which is equivalent

to G1 ďcx G.

Observe that pG1 “ pG “ p, and

σG1px1
iq “

1

pG
p

ÿ

xPsupp σ

αx
i

ÿ

qPQpxq

gpqqq

“
ÿ

xPsupp σ

αx
i

¨

˝

1

pG

ÿ

qPQpxq

gpqq

˛

‚

“
ÿ

xPsupp σ

αx
i σpxq “ σpx1

iq.

Hence, G1 has decomposition pp, σ1q, which shows that pp, σ1q is feasible.
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3.A.4 Proof of Theorem 3.1

First, we show that FCMSS
p is well defined. Let

FCMSS
p px; yq “

$

’

’

’

&

’

’

’

%

FMeanpxq

p
if x ă pFMeanq´1pyq

y
p

if pFMeanq´1pyq ď x ă 1

1 if x ě 1

(3.7)

Note that FCMSS
p pxq :“ FCMSS

p px; ypq where yp solves
ş

xdFCMSS
p px; ypq “

qF
p
.

Lemma 3.4. FCMSS
p is well-defined. That is,

ş

xdFCMSS
p px; yq “

qF
p
has a unique solution

yp and FCMSS
p p¨q “ FCMSS

p p¨; ypq is a CDF.

Proof. First, we argue that FCMSS
p px; yq is a CDF for any y P r0, ps. By definition, FCMSS

p

is right-continuous, and FCMSS
p pxq “ 0 for any x ă 0 as well as FCMSS

p pxq “ 1 for any

x ě 1. Note that y
p

ě
FMeanpxq

p
for any x ď pFMeanq´1pyq and y

p
ď 1 since y ď p . Thus,

FCMSS
p px; yq is a CDF for any y P r0, ps.

Next, we show that µ̄ppyq :“
ş

xdFCMSS
p px; yq “

qF
p

has a unique solution yp P

rFMeanp0q, ps. Note that µ̄ppyq is continuous and strictly decreasing in y, and

µ̄ppFMean
p0qq “ 1 ´

FMeanp0q

p

“
1

p
pp ´ fp0, ..., 0qq ě

qF
p

where the second equality follows from FMeanp0q “ fp0, ..., 0q, and the inequality follows

from p ě pF “ qF ` fp0, ..., 0q. Also, observe that

µ̄pppq “
1

p

ż pFMeanq´1ppq

0

xdFMean
pxq

ď
1

p

ż 1

0

xdFMean
pxq

“
qF
p
.

where the first equality follows from supp FCMSS
p p¨, y “ pq Ď r0, pFMeanq´1ppqs and

the final equality follows since FMean has expected value qF .

The intermediate value theorem implies that for any p P rpF , 1s there exists some

yp P rFMeanp0q, ps such that µ̄ppypq “
qF
p
, and it is unique since µ̄pp¨q is strictly decreasing

in y.

We need the following Lemma to prove Theorem 3.1.

Lemma 3.5. Let pp, σq be undominated. The following statements are equivalent:
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(i)
şx

0
FMeanpzqdz ě

şx

0
p ¨ σpzqdz for all x P r0, 1s.

(ii)
şx

0
FCMSS
p pzqdz ě

şx

0
σpzqdz for all x P r0, 1s with equality at x “ 1.

Proof. Note that by Lemma 3.2, we know that p P rpF , 1s and
ş

xdσpxq “ qF {p.

”piiq ùñ piq” Suppose that
şx

0
FCMSS
p pzqdz ě

şx

0
p ¨ σpzqdz with equality at x “ 1.

From the definition of FCMSS
p , it is immediate that 1

p
FMeanpzq ě FCMSS

p pzq for all z P

r0, 1s which implies piq.

”piq ùñ piiq” Suppose that
şx

0
FMeanpzqdz ě

şx

0
p ¨ σpzqdz for all x P r0, 1s. We want

to show that
şx

0
FCMSS
p pzqdz ě

şx

0
σpzqdz for all x P r0, 1s with equality at x “ 1.

Case 1: Let x “ 1. By definition of FCMSS
p , we have

ş

xdFCMSS
p pxq “ qF {p. Integration

by parts yields that
ş1

0
σpzqdz “ 1 ´

ş

xdσpxq “ 1 ´ qF {p, and
ş1

0
FMeanpzqdz “ 1 ´

ş

xdFCMSS
p pxq “ 1 ´ qF {p Thus,

ż 1

0

FCMSS
p pxqdx “

ż 1

0

σpzqdz.

Case 2: Let x P rpFMeanq´1pypq, 1q. Note that
şx

0
FCMSS
p pzqdz ě

şx

0
σpzqdz if and only

if
ż 1

x

σpzqdz ě

ż 1

x

FCMSS
p pzqdz “ p1 ´ xq

yp
p
.

which is satisfied for all x P rpFMeanq´1pypq, 1q if and only if it is satisfied for x “

pFMeanq´1pypq (left-hand side concave and decreasing, right-hand side linear and decreas-

ing in x). Now,

ż 1

pFMeanq´1pypq

σpzqdz “

ż 1

0

σpzqdz ´

ż pFMeanq´1pypq

0

σpzqdz

ě 1 ´
qF
p

´

ż pFMeanq´1pypq

0

FMeanpzq

p
dz

“

ż 1

0

FCMSS
p pzqdz ´

ż pFMeanq´1pypq

0

FCMSS
p pzqdz

“

ż 1

pFMeanq´1pypq

FCMSS
p pzqdz

where the inequality is implied by piq and the second equality follows from FCMSS
p pzq “

FMeanpzq{p for all z ă pFMeanq´1pypq.

Case 3: Assume x ă pFMeanq´1pypq. In this case, FCMSS
p “ FMeanpzq for all z ď x

such that
şx

0
FCMSS
p pzqdz ě

şx

0
σpzqdz immediately follows from piq.

Now we are ready to present the proof of Theorem 3.1.

Proof. ” undominated pp, σq feasible ùñ σ is a MPC of FCMSS
p ” :

We argue that
şx

0
FMeanpzqdz ě

şx

0
p ¨ σpzqdz for any x P r0, 1s, which is equivalent

to σ P MPCpFCMSS
p q by Lemma 3.5. If pp, σq is feasible, then there exists G P ∆r0, 1sN
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satisfying G ďcx F such that pp, σq “ ppG, σGq. If G ďcx F , then Ḡ is a MPC of FMean.

In order to see this, let c : R Ñ R be convex and note that

ż

cpxqdGMean
pxq “

ż

cp
ÿ

i

xi{NqdGpxq ď

ż

cp
ÿ

i

xi{NqdF pxq “

ż

cpxqdFMean
pxq.

Next, we argue that pG ¨ σGpxq ď GMeanpxq for any x P r0, 1s. Observe that

1

pG
GMean

pxq “
1

pG
PrGp

ÿ

qi{N ď xq

“
1

pG

´

pGPrGp
ÿ

qi{N ď x | q P Qq ` p1 ´ pGqPrGp
ÿ

qi{N ď x | q R Qq

¯

ě PrGp
ÿ

qi{N ď x | q P Qq.

ě PrGpq1 ď x | q P Qq

“ σGpxq

where the second equality follows from the law of total probability, and the second in-

equality holds since q1 ě
ř

qi{N for any q P Q. Since GMean is a MPC of FMean , we

know that
ş

GMeanpzqdz ď
şx

0
FMeanpzqdz for any x P r0, 1s. Thus, we obtain

ż x

0

pGσGpzqdz ď

ż x

0

GMean
pzqdz ď

ż x

0

FMean
pzqdz.

Hence, σ P MPCpFCMSS
p q by Lemma 3.5.

”σ is a MPC of FCMSS
p ùñ undominated pp, σq feasible ”:

Suppose that σ is a MPC of FCMSS
p where p P rpF , 1s. Lemma 3.3 implies that pp, σq is

feasible if pp, FCMSS
p q is feasible. Thus, it remains to show that pp, FCMSS

p q is feasible. We

construct a signal structure that induces pp, FCMSS
p q. We define the cutoff-mean signal

structure pS, τq with parameters px̄, αq P r0, 1s2 by signal space S “ t 1
N
, ..., N´1

N
u
Ť

tθ, θ̄uN

and disclosure rule

τps | θ1, ..., θNq “

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

1 if
ř

θi{N ă x̄ and s “
ř

θi{N

α if
ř

θi{N “ x̄ and s “
ř

θi{N

1 ´ α if
ř

θi{N “ x̄ and s “ pθ1, .., θNq

1 if
ř

θi{N ą x̄ and s “ pθ1, .., θNq

0 otherwise

.

That is, the cutoff-mean signal structure with parameters px̄, αq fully discloses a state

pθ1, ..., θNq if the average state is
ř

θi{N is above a cutoff x̄, discloses the average state
ř

θi{N if the average state is below x̄, and randomizes between disclosing state and

average state if
ř

θi{N “ x̄.
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Remember that yp solves
ş

xdFCMSS
p px; yq “ qF {p and FCMSS

p p¨q :“ FCMSS
p p¨ ; ypq. Let

xp “ pFCMSS
p q´1pypq and αp “ pyp ´ limxÕxp F

CMSS
p pxqq{fCMSS

p pxpq. Therefore,

ż

xdFCMSS
p pxq “

ÿ

xăxp

fMeanpxq

p
x `

fMeanpxpqαp

p
¨ xp ` p1 ´

yp
p

q ¨ 1 “
qF
p

which is equivalent to p “ yp ` qF ´
ř

xăxp
fMeanpxqx ´ fMeanpxpqαp ¨ xp.

We show that the pxp, αpq-cutoff-mean signal structure induces pp, FCMSS
p q.

First, note that the receiver selects alternative 1 whenever he receives some signal

s “
ř

θi{N or a signal s “ pθ1, ..., θNq for which θ1 “ 1. Thus, the induced selection

probability is

pαp,xp “
ÿ

xăxp

fMean
pxq ¨ 1 ` fMean

pxpqαp ` fMean
pxpqp1 ´ αpqxp `

ÿ

xąxp

fMean
pxqx

“ yp ` fMean
pxpqp1 ´ αpqxp `

ÿ

xąxp

fMean
pxq ¨ x

“ yp `
ÿ

x

fMean
pxqx ´

ÿ

xăxp

fMean
pxqx ´ fMean

pxpqαpxp

“ qF ` yp ´
ÿ

xăxp

fMean
pxqx ´ fMean

pxpqαpxp

“ p.

Then, the induced selection distribution σαp,xp is given by

σpxq “

$

’

’

’

&

’

’

’

%

1
p
FMeanpxq if x ă xp

1
p

`

FMeanpxp ´ 1
N

q ` FMeanpxpqαp

˘

“
yp
p

if x P rxp, 1q

1 if x ě 1

“ FCMSS
p pxq.

which completes the proof.

3.A.5 Proof of Proposition 3.4

Proof. Since US is convex, it immediately implies that FCMSS
p is optimal in the p-action

persuasion problem for any p P rpF , 1s. Each p corresponds to some pxp, αpq where xp P

t0, 1
N
, ..., 1u and αp P r0, 1s such that p “ pαp,xp (see proof of Theorem 3.1). The sender’s

expected payoff from FCMSS
p is

ÿ

xăxp

fMean
pxqUS

pxq`αpf
Mean

pxpqUS
pxpq`p1´αpqfMean

pxpqxpU
S

p1q`US
p1q

ÿ

xąxp

xpf
Mean

pxq.
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It is straightforward to see that the maximum must be achieved at some αp P t0, 1u.

Further, note that pxp, 0q achieves the same payoff as pxp ´ 1
N
, 1q, so setting α “ 1 is

without loss of generality. Assuming that p “ p1,xp , the payoff from FCMSS
p is

ÿ

xďxp

fMean
pxqUS

pxq ` US
p1q

ÿ

xąxp

xpf
Mean

pxq.

Therefore, the optimal selection probability is the selection probability p P rpF , 1s corre-

sponding to the cutoff xp where xp solves

max
xpPt0, 1

N
,...,1u

Λpxpq :“
ÿ

x

fMean
pxq

“

1xďxpU
S

pxq ` 1xąxpxU
S

p1q
‰

.

Thus, the optimal cutoff x satisfies Λpxq ´ Λpx1q ě 0 for all x1 P t0, 1
N
, ..., 1u.

Let x̄ “ mintx P r0, 1s : USpxq “ xUSp1qu and x˚ “ tNx̄u{N . We show Λpxq ě

Λpx´ 1
N

q for any x ď x˚ such that x´ 1
N

ě 0, and Λpxq ě Λpx` 1
N

q for any x ě x˚ such

that x ` 1
N

ď 1, which implies by induction that x˚ P argmaxxpPt0, 1
N
,...,1u Λpxpq.

Suppose that 1 ´ 1
N

ě x ě x˚. Note that px ` 1
N

q P rx˚, 1s implies that USpx ` 1
N

q ď

px ` 1
N

qUSp1q since US is convex. Thus,

Λpxq ´ Λpx `
1

N
q “ fMean

px `
1

N
q

„

US
p1qpx `

1

N
q ´ US

px `
1

N
q

ȷ

ě 0

for any x P tx˚, ..., 1 ´ 1
N

u.

Suppose that x ď x˚. Note that x˚ ď x̄, and thus x ď x̄ which implies USpxq ě xUSp1q

by convexity of US and by USp0q ě 0. Hence,

Λpxq ´ Λpx ´
1

N
q “ fMean

pxq
“

US
pxq ´ xUS

p1q
‰

ě 0

for any x P t 1
N
, ..., x˚u.

3.A.6 Proof of Proposition 3.6

Outline Proposition 3.6 is proven by Lemma 3.6, 3.7, and 3.8. Lemma 3.6 shows that

the CDF of the average viability FMean
N is monotonically decreasing in N in the sense of

the stochastic convex order. This Lemma generalizes a result of Müller and Stoyan (2002)

(Corollary 1.5.24) to exchangeable (and binary) random variables. Lemma 3.7 shows that

this property is inherited by any cutoff-mean conditional selection distributions. That is,

FCMSS
p;N`1 P MPCpFCMSS

p;N q for any p P rpF ;N , 1s.
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Lemma 3.7 immediately implies that

V ˚
N ě max

pPrpF ;N ,1s
p ¨ max

σPMPS(FCMSS
p;N`1 q

ż

US
pxqdσpxq

which implies V ˚
N ě V ˚

N`1 if a selection probability p P rpF ;N , 1s is optimal in the pN ` 1q-

dimensional problem. Lemma 3.8 implies that V ˚
N ě V ˚

N`1 if p P rpF ;pN`1q, pF q is optimal

in the pN ` 1q-dimensional problem, and thus completes the proof of Proposition 3.6.

Lemma 3.6. FMean
N is a MPS of FMean

N`1 for all N P N

Proof. Note that fMean
N has positive probability on t0, 1

N
, ..., 1u while fMean

N`1 has positive

probability on t0, 1
N`1

, ..., 1u. Furthermore,

fMean
N p

i

N
q :“

ÿ

θ1,...,θN :
ř

θj“i

fNpθ1, ..., θNq

“

ˆ

N

i

˙

fNp1, ..., 1
loomoon

i

, 0, ..., 0
loomoon

N´i

q

where the second equality holds since f is exchangeable.

Let i P t1, ..., Nu, and note that
řN`1

j“1 θj “ i can only be satisfied if either
řN

j“1 θj “ i

and θN`1 “ 0 or
řN

j“1 θj “ i ´ 1 and θN`1 “ 1. We denote the distribution of θN`1

conditional on θ1, ..., θN by fN`1pθN`1 | θ1, ..., θNq. Since pθiqi are exchangeable, fN`1p¨ |

θ1, ..., θNq can only depend on
řN

j“1 θj. To save on notation, we denote αi “ fN`1pθN`1 “

1 |
řN

j“1 θj “ iq which yields

fNp1, ..., 1
loomoon

i´1

, 0, ..., 0
loomoon

N´i`1

qαi´1 “ fN`1p1, ..., 1
loomoon

i

, 0, ..., 0
loomoon

N`1´i

q “ fNp1, ..., 1
loomoon

i

, 0, ..., 0
loomoon

N´i

qp1 ´ αiq.

With these insights, we can rewrite fMean
N`1 as follows

fMean
N`1 p

i

N ` 1
q “

ˆ

N ` 1

i

˙

fN`1p1, ..., 1
loomoon

i

, 0, ..., 0
loomoon

N`1´i

q

“

„ˆ

N

i ´ 1

˙

`

ˆ

N

i

˙ȷ

fN`1p1, ..., 1
loomoon

i

, 0, ..., 0
loomoon

N`1´i

q

“

ˆ

N

i ´ 1

˙

fNp1, ..., 1
loomoon

i´1

, 0, ..., 0
loomoon

N´i`1

qαi´1 `

ˆ

N

i

˙

fNp1, ..., 1
loomoon

i

, 0, ..., 0
loomoon

N´i

qp1 ´ αiq

“ fMean
N p

i ´ 1

N
qαi´1 ` fMean

N p
i

N
qp1 ´ αiq

Thus, the probability mass of fMean
N`1 on i

N`1
can be obtained by taking fraction αi´1
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of the probability mass of fMean
N on i´1

N
and fraction p1 ´ αiq of the probability mass of

fMean
N on i

N
.

Further, note that

fMean
N p i

N
qp1 ´ αiq

`

N
i

˘ “ fN`1p1, ..., 1
loomoon

i

, 0, ..., 0
loomoon

N`1´i

q “
fMean
N p i´1

N
qαi´1

`

N
i´1

˘

which implies

fMean
N p

i ´ 1

N
qαi´1 “

i

N ` 1 ´ i
fMean
N p

i ´ 1

N
qp1 ´ αiq

Pooling fraction αi´1 of the probability mass of i´1
N

and fraction p1´αiq of the probability

mass of i
N

yields a barycenter of

fMean
N p i´1

N
qαi´1

fMean
N p i´1

N
qαi´1 ` fMean

N p i
N

qp1 ´ αiq

i ´ 1

N
`

fMean
N p i

N
qp1 ´ αiq

fMean
N p i´1

N
qαi´1 ` fMean

N p i
N

qp1 ´ αiq

i

N
“

i

N ` 1
.

This shows that the probability function fMean
N`1 can be obtained by pooling probability

mass of neighboring points on the support of fMean
N together on its barycenter. Thus,

fMean
N`1 is a fusion of fMean

N , which is equivalent to FMean
N`1 P MPC(FMean

N q (Elton and Hill,

1992).

Lemma 3.7. Let p P rpF ;N , 1s . Then, FCMSS
p;N`1 is a MPC of FCMSS

p;N .

Proof. From Lemma 3.6 we know that FMean
N is a MPS of FMean

N`1 for all N P N. Therefore
şx

0
FMean
N pzqdz ě

şx

0
FMean
N`1 pzqdz for all x P r0, 1s with equality at x “ 1.

Remember that FCMSS
p;N pxq :“ FCMSS

p;N px; yp;Nq where FCMSS
p;N px; yq is defined in (3.A.4)

and yp;N solves
ş

FCMSS
p;N px; yp;Nqdx “ 1 ´

qF
p
. Hence, by definition, FCMSS

p;N and FCMSS
p;N`1

both yield an expected value of qF
p
. Therefore,

ş1

0
FCMSS
p;N pzqdz “

ş1

0
FCMSS
p;N`1 pzqdz. Suppose

for the moment that yp;N`1 ě yp;N . Denote xp;N “ pFCMSS
p;N q´1pyp;Nq and define xp;N`1

analogously. Then,

ż x

0

FCMSS
p;N pzqdz “

$

&

%

şx

0
FMean
N pzqdz if x ď xp;N

şxp;N

0
FMean
N pzqdz ` px ´ xp;Nqyp;N if x ě xp;N

Let

ψppxq :“

ż x

0

FCMSS
p;N pzqdz ´

ż x

0

FCMSS
p;N`1 pzqdz

“

ż 1

x

FCMSS
p;N`1 pzqdz ´

ż 1

x

FCMSS
p;N pzqdz

We want to show that ψppxq ě 0 for all x P r0, 1s and p P rpF ;N , 1s which implies



114 | 3 Information Design in Selection Problems

FCMSS
p;N`1 P MPCpFCMSS

p;N q. Suppose first that xp;N ď xp;N`1. Then,

ψppxq “

$

’

’

’

&

’

’

’

%

şx

0
pFMean

N pzq ´ FMean
N`1 pzqdz if x ď xp;N

ψppxp;Nq `
şx

xp;N
pyp;N ´ FMean

N`1 pzqqdz if xp;N ă x ă xp;N`1

´p1 ´ xqpyp;N ´ yp;N`1q if x ě xp;N`1

.

In the first case, ψppxq ě 0 since FMean
N`1 P MPCpFMean

N q. In the last case ψppxq ě 0

since yp;N`1 ě yp;N , and for the second case, ψppxq ě mintψppxp;Nq, ψppxp;N`1qu,17 and

thus ψppxq ě 0 for all x. Now, suppose that xp;N ě xp;N`1. Then,

ψppxq “

$

’

’

’

&

’

’

’

%

şx

0
pFMean

N pzq ´ FMean
N`1 pzqdz if x ď xp;N`1

ψppxp;N`1q `
şx

xp;N`1
pFMean

N pzq ´ yp;N`1qdz if xp;N`1 ă x ă xp;N

´p1 ´ xqpyp;N ´ yp;N`1q if x ě xp;N`1

.

The first and last cases are analogous, and in the second case we have that ψppxq ě

ψppxp;Nq ě 0.18 Hence,
şx

0
FCMSS
p;N pzqdz ´

şx

0
FCMSS
p;N`1 pzqdz ě 0 with equality at x “ 1 such

that FCMSS
p;N is a mean-preserving contraction of FCMSS

p;N`1 .

The remainder of the proof argues that yp,N`1 ě yp,N is indeed the case. First, note

that
ş1

0
FCMSS
p;N px; yqdx is strictly increasing in y, and second, it holds that for any y P r0, 1s,

ż 1

0

FCMSS
p;N px; yqdz ě

ż 1

0

FCMSS
p;N`1 px; yqdz.

First, suppose that y satisfies pFCMSS
p;N`1 q´1pyq ě pFCMSS

p;N q´1pyq. In this case,

ż 1

0

FCMSS
p;N pz; yqdz “

ż pFCMSS
p;N q´1pyq

0

FMean
N pzqdz `

ż 1

pFCMSS
p;N q´1pyq

ydz

ě

ż pFCMSS
p;N q´1pyq

0

FMean
N`1 pzqdz `

ż 1

pFCMSS
p;N q´1pyq

ydz

ě

ż pFCMSS
p;N`1 q´1pyq

0

FMean
N`1 pzqdz `

ż 1

pFCMSS
p;N`1 q´1pyq

ydz

“

ż 1

0

FCMSS
p;N`1 pz; yqdz.

where the first inequality is implied by FMean
N`1 P MPCpFMean

N q and the second inequality

is obtained by replacing pFCMSS
p;N q´1py) with pFCMSS

p;N`1 q´1pyq.

17Let x P pxp;N , xp;N`1q. Then, ψ1
ppxq “ yp;N ´ FMean

N`1 pxq which implies that ψp is concave in x. By
continuity, limxÑxp;N

ψppxq “ ψppxp;N q and limxÑxp;N`1
ψppxq “ ψpxp;N`1q. Concavity implies quasi-

concavity, and thus ψppxq ě mintψpxp;N q, ψpxp;N`1qu.
18Let x P pxp;N`1, xp;N q. Then, ψ1

ppxq “ FMean
N pxq ´ yp;N`1 ă 0 since yp;N`1 ě yp;N “ FMean

N pxp;N q.
By continuity, limxÑxp;N`1

ψppxq “ ψpxp;N`1q such that ψppxq ě ψppxp;N q ě 0.
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If pFMean
N q´1pyq ě pFMean

N q´1pyq, then

ż 1

0

FCMSS
p;N pz; yqdz ´

ż 1

0

FCMSS
p;N`1 pz; yqdz “

ż pFCMSS
p;N`1 q´1pyq

0

ppFMean
N`1 qpzq ´ pFMean

N qpzqqdz

`

ż pFCMSS
p;N q´1pyq

pFCMSS
p;N`1 q´1pyq

ppFMean
N`1 qpzq ´ yqqdz ` 0

ď

ż pFCMSS
p;N q´1pyq

0

ppFMean
N`1 qpzq ´ pFMean

N qpzqqdz

ď 0

where the inequality is obtained by replacing y with pFMean
N q´1pzq and pFMean

N q´1pzq ď y

for all z ď pFMean
N q´1pyq.

In any case, we obtain
ş1

0
FCMSS
p;N pz; yqdz ě

ş1

0
FCMSS
p;N`1 pz; yqdz for any y. Since

ş1

0
FCMSS
p;N pz; yqdz and

ş1

0
FCMSS
p;N`1 pz; yqdz are increasing in y as well as

ż 1

0

FCMSS
p;N`1 pz; yp;N`1qdz “

ż 1

0

FCMSS
p;N pz; yp;Nqdz,

this implies yp;N`1 ě yp;N .

Lemma 3.8. Suppose that the selection probability p P rpF ;N`1, pF ;Nq solves the sender’s

pN ` 1q-dimensional selection persuasion problem. Then, the value of persuasion in the

pN ` 1q- dimensional problem is bounded above by the value of selecting pF ;N in the N-

dimensional problem. That is,

p ¨ max
σPMPC(FCMSS

p;N`1 q

ż

US
pqqdσpqq ď pF ;N ¨ max

σPMPC(FCMSS
pF ;N ;N q

ż

US
pxqdσpxq.

Proof. Suppose V ˚
N`1 “ pmaxσPMPC(FCMSS

p;N`1 q

ş

USpqqdσpqq for some p P rpF ;pN`1q, pF ;Nq.

Note that σ P MPC(FCMSS
p;N`1 q implies

ş

xdσpxq “ qF {p such that

V ˚
N`1 ď p ¨ max

σ:
ş

xdσpxq“qF {p

ż

US
pqqdσpqq

“ pc̄opUS
qp
qF
p

q

“ p

„

qF {p ´ q2
q1 ´ q2

US
pq1q `

q1 ´ qF {p

q1 ´ q2
US

pq2q

ȷ

“
1

q1 ´ q2

“

qF pUS
pq1q ´ US

pq2qq ` ppq1U
S

pq2q ´ q2U
S

pq1qq
‰

where q1 ě qF {p ě q2 and the existence of q1, q2 is implied by Carathéodory’s theorem.

Optimality of p implies that q1U
Spq2q ě q2U

Spq1q. Too see this, suppose for a contra-
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diction that q2U
Spq1q ą q1U

Spq2q. Under this assumption, we obtain

V ˚
N`1 ă

1

q1 ´ q2
qF pUS

pq1q ´ US
pq2qq

ă
qF

q1 ´ q2
pUS

pq1q ´
q2
q1
US

pq1qq

“
qF
q1
US

pq1q.

Thus, the sender’s optimal payoff is smaller than qF
q1
USpq1q. However, this is a contra-

diction since the sender can induce some payoff U˚ ě
qF
q1
USpq1q by choosing pp, σq where

p “ maxtpF ;N`1,
qF
q1

u and

σ “

$

&

%

δq1 if p “ qF {q1
qF {pF ;N`1

q1
δq1 ` p1 ´

qF {pF ;N`1

q1
qδ0 if p “ pF ;N`1

.

Now, note that the full information conditional distribution FCMSS
pF ;N ;N has support on

t0, 1u. Therefore, σ P MPC(FCMSS
pF ;N ;Nq if and only if σ has the same expected value as

FCMSS
pF ;N ;N (Elton and Hill, 1992). That is,

ş

xdσpxq “
qF

pF ;B
. Thus, the concavification result

of Kamenica and Gentzkow (2011) implies that

V ˚
NppF ;Nq :“ max

σPMPC(FCMSS
pF ;N ;N q

ż

US
pxqdσpxq “ c̄opUS

qp
qF
pF ;N

q.

Therefore, we can bound the value of selecting pF ;N in the N -dimensional problem,

pF ;NV
˚
NppF ;Nq, as follows:

pF ;NV
˚
NppF ;Nq “ pF ;N c̄opU

S
qp

qF
pF ;N

q

ě pF ;N

„

qF {pF ;N ´ q2
q1 ´ q2

US
pq1q `

q1 ´ qF {pF ;N

q1 ´ q2
US

pq2q

ȷ

“
1

q1 ´ q2

“

qF pUS
pq1q ´ US

pq2qq ` pF ;Npq1U
S

pq2q ´ q2U
S

pq1qq
‰

ě
1

q1 ´ q2

“

qF pUS
pq1q ´ US

pq2qq ` ppq1U
S

pq2q ´ q2U
S

pq1qq
‰

ě V ˚
N`1

where the first inequality stems from concavity of c̄op¨q, the second inequality immediately

follows from pF ;N ě p and q1U
Spq2q ě q2U

Spq1q and the final inequality follows from the

bound on V ˚
N`1 derived above.
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3.A.7 Proof of Proposition 3.7

Proof. Recall that by Proposition 3.4, pp˚, FCMSS
p˚ q is optimal where p˚ “ FMeanpx˚q `

ř

xąx˚ fMeanpxqx, and x˚ “ tNx̄u{N where x̄ “ mintx P r0, 1s : USpxq ď xUSp1qu.

Let ψpxq :“ 1
d
pUSpxq ´ xUSp1qq such that x̄ “ mintx P r0, 1s : ψpxq ď 0u. First, note

that

ψpxq “
c

d
` x

1
1´γ ´ xp

c

d
` 1q “ p1 ´ xq

c

d
` x

1
1´γ ´ x,

which is non-decreasing in c{d for any x P r0, 1s which immediately implies that x̄ is

non-decreasing in c{d.

piq Suppose that γ{p1 ´ γq ă c{d. Then,

ψ1
pxq “

1

1 ´ γ
x

γ
1´γ ´ p

c

d
` 1q

ď
1

1 ´ γ
´ p

c

d
` 1q

“
γ

1 ´ γ
´
c

d

ă0

which implies ψpxq ą ψp1q “ 0 for all x ă 1. Thus, x˚ “ x̄ “ 1, which implies p˚ “

FMeanp1q “ 1.

piiq Next, suppose that c{d ă
1´p 1

N
qγ{p1´γq

N´1
. We want to show that ψpxq ă 0 for

all x ě 1
N

which implies x̄ ă 1{N and consequently x˚ “ 0. Note that ψp1q “ 0

and since ψ is convex, ψpxq ă 0 for all x P r 1
N
, 1s if ψp 1

N
q ă 0. It is straightforward

to verify that ψp 1
N

q ă 0 if and only if c
d

ă
1´p 1

N
qγ{p1´γq

N´1
. Thus, x˚ “ 0 which implies

p˚ “ FMeanp0q `
ř

xąx˚ fMeanpxqx “ fMeanp0q ` qF “ pF .

3.A.8 Proof of Proposition 3.8

Proof. Suppose the non-triviality condition t ą qF is satisfied. Let the value of the p-

action persuasion problem be denoted by

V ppq “ max
σPMPCpFCMSS

p q

ż

US
pxqdσpxq

where USpxq “ 1xět. Note that

V ppq ď c̄opUS
qp
qF
p

q “

$

&

%

1
t
qF
p

if qF {p ď t

1 if qF {p ě t
.
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Therefore, we can bound the sender’s persuasion value V ˚ from above as follows:

V ˚
“ max

pPrpF ,1s
pV ppq ď max

pPrpF ,1s

$

&

%

1
t
qF if qF {t ď p

p if qF {t ě p

“
qF
t
.

piq Suppose that t ď
qF
pF
. It is straightforward to verify that p

qF
t
, δtq is feasible if t ď

qF
pF

and induces an expected payoff of qF
t
which proves piq.

piiq Suppose that qF
pF

ď t. Note that ppF , p1 ´ αqδ0 ` αδtq is feasible if and only if

α P r0, 1s which is equivalent to t ě
qF
pF
, and ppF , p1 ´ αqδ0 ` αδtq achieves an expected

payoff of pFα “
qF
t
.
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