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Summary

This thesis contains three articles on inequalities for operators in Euclidean harmonic anal-
ysis.

Chapter 1 consists of the article ‘A degree one Carleson operator along the paraboloid’
[5]. It is concerned with a problem historically motivated by the proof of Carleson’s the-
orem, stating that the Fourier series of a square-integrable function f converges pointwise
almost everywhere to f. Carleson’s theorem is essentially equivalent to an estimate for the
so-called maximally modulated Hilbert transform. We study very rough generalizations,
namely maximally modulated singular integrals along certain submanifolds of R¢. Our
main result are new LP estimates for such operators. The proof combines an overarch-
ing strategy due to Fefferman with several in this context new ingredients, most notably
so-called sparse bounds due to Oberlin and a new square function estimate.

Chapter 2 contains the article ‘On trilinear singular Brascamp-Lieb integrals’ [8]. It
deals with a classification problem for singular Brascamp-Lieb forms and several related
problems. Classical examples of such forms are paraproducts, and more singular represen-
tatives arise in connection with elliptic partial differential equations on Lipschitz domains.
In this more singular context, the theory draws heavily from methods introduced first in
the context of the maximal modulation operators relevant to the first article. However,
these methods do not always apply, different methods are needed depending on the form in
question. We solve the implied classification problem for trilinear singular Brascamp-Lieb
forms, working out the relevant features of the form for different methods to apply. Then
we use this new insight to prove new estimates and some abstract transference principles.

Chapter 3 consists of the article ‘Sharp Fourier extension for functions with localized
support on the circle’ [7]. This article is about the Tomas-Stein restriction inequality for
the circle, one of the starting points of the area of Fourier restriction theory. Among its
many applications are, much in the spirit of the motivation of our first article, some optimal
convergence results for Bochner-Riesz sums of Fourier series in two dimensions. We are
interested in the folklore conjecture that the optimal constant in the Tomas-Stein inequality
is attained by constant functions. Our main result is that the conjectured sharp inequality
certainly holds for functions supported in a small arc on the circle.

The three articles are preceded by an introduction in which we give the historical
motivation for the problems considered in this thesis, elaborate on their connection, and
give a more detailed overview of our results.
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Introduction

In this introduction, we will lay out the motivation for the results in the later chapters of
this thesis and explain their relation to each other. The results in the first article contribute
to a theory that grew out of questions about the convergence of Fourier series.

0.1 Fourier series and maximal modulation operators

Fourier series

Given an integrable function f : [0,1] — C, its Fourier coefficients are defined by

1
fo = [ e an,
0
and its Fourier series is the, a priori formal, sum

Z f(n)€2ﬂinx ]

nez

Fourier series are an incredibly useful tool in both theoretical mathematics and applied
disciplines, due to the fact that the Fourier series of many functions f converges, in some
appropriate way, to f. A simple rigorous statement to this effect is that the Fourier series
of a function f € L?([0,1]) converges to f with respect to the L? norm. This follows from
abstract Hilbert space theory, because the functions x — > form an orthonormal basis
of L2([0,1]).

On the other hand the, from a naive standpoint, more natural question of convergence
of the partial Fourier sums

N
Snf@) = S fln)emina
n=—N

as N — oo at fixed points x is much harder. It is easy to see that it has a negative answer
if convergence is required at all points. For example, let f € L%([0,1]) with

R 0 ifn<o0
%" ifn>1

for some signs €, € {—1,1}. Since the harmonic series diverges, the signs €, can easily be
chosen so that

N
limsup Sy f(0) = lim sup E SLTNS (0.1.1)
n

N—o0 N—o0 n—1



and

N
hmlnf Snf(0) = hmln Z Zn = (0.1.2)

Taking linear combinations of shifts of this f, one can construct functions with Fourier
series that satisfy (0.1.1) and (0.1.2) in any finite set of points and, with some more care,
in any countable set. Katznelson [70] gave an elementary construction showing that even
for every null set with respect to Lebesgue measure there exists a continuous function f
with Fourier series diverging in all points in that set.

This still leaves open the possibility that the Fourier series converges almost everywhere
when f € L?([0,1]). Luzin [86] formulated this as a conjecture in 1915, and it was answered
positively in a celebrated article by Carleson [21] only in 1966.

Theorem 0.1.1 (Carleson [21]). Let f € L?([0,1]). Then for almost every x € [0, 1]

i Sy f(z) = f(=).

The Hilbert transform

The theory of Fourier series in one dimension is intimately connected to the Hilbert trans-
form, and it plays an important role in the proof of Theorem 0.1.1. To emphasize more
clearly the similarity to our later results, we describe the connection in the setting of the
Fourier transform on the real line R rather than for Fourier series on [0, 1]. In this setting,
the Fourier transform of a function f : R — C is defined as

o
fo= [ esaa
—00
and Carleson’s theorem takes the following form.
Theorem 0.1.2 (Carleson [21]). Let f € L*(R). Then for almost every x € R

lim / ]]VV F(©)e™t de = f(x).

N—oo J_

There is no serious difference between Theorem 0.1.1 and Theorem 0.1.2, they follow
from each other by straightforward limiting arguments.
The Hilbert transform is the Fourier multiplier operator H : L?(R) — L?(R) defined by

Hf(€) = —isgn(€) f(€). (0.1.3)

It spans, together with the identity operator, the space of simultaneously dilation- and
translation-invariant operators on L?(R). This space also contains Fourier truncation op-
erators that appear implicitly in Theorem 0.1.2. Explicitly, we can write

| f@eag = S+ imys).
0

The modulation operator My f(z) = e "N f(z) translates the Fourier transform of f by
N:
My f(§) = f(£+N).

[\



This allows expressing also the Fourier truncation at /N in terms of the Hilbert transform

/NOO F(&)e™t d¢ = %M—N(l +iH)My f(z). (0.1.4)

Now, all truncated Fourier integrals in Theorem 0.1.2 are differences of expressions as on
the left-hand side of (0.1.4). Thus, Carleson’s theorem can be rephrased as a statement
about the operators on the right-hand side of (0.1.4), that is, the identity operator and
M_nyHMy.

If f is integrable, then for every x the integral

/ Z Fe)ete de

converges absolutely, so the conclusion of Theorem 0.1.2 holds for f. Such functions are
dense in L?(R). To extend the conclusion of Theorem 0.1.2 to all of L?(R), one then only
needs uniform in N upper bounds for the partial Fourier integrals in terms of the L? norm
of f, or by equation (0.1.4), for the maximally modulated Hilbert transform supy |H My f]|.

These bounds were the main ingredient in Carleson’s proof of Theorem 0.1.2. A slightly
stronger version, due to Hunt, is the following.

Theorem 0.1.3 (Carleson [21]|, Hunt [68]). There exists a constant C > 0 such that for
every function f € L*(R),

< Clfllz2m)-

sup |HM ‘
HNGII?R| M oy <

Other proofs of Carleson’s theorem, also via slightly weaker bounds for the same op-
erator, were later obtained by Fefferman [51] and Lacey and Thiele [77]. Theorem 0.1.3
continues to hold on LP for all p > 1, see [68], and in fact for functions in the Orlicz space
Llog Llog® L, see [2, 82, 41].

Maximal modulation operators

The Hilbert transform H is an example of a singular integral operator. It can be expressed
as

i) =+ [ fa=u) dy.

Some care is needed to make sense of this integral, because the kernel X is not locally
integrable. If f is a Schwartz function, then the integral is well-defined as a principal value
integral, or alternatively via the formula (0.1.3).

Theorem 0.1.3 can be generalized by replacing H by certain other singular integral
operators. One commonly considered class are Calderén-Zygmund operators. They are
defined by convolution with tempered distributions K which agree with a function away
from 0 and satisfies

K@) <1, ¢eR? (0.1.5)

and
0°K (z)| < |z|~ 1 2 e R\ {0} (0.1.6)



for all |a| < m, where m > 1. Such K are called m-Calderén-Zygmund kernels.

The assumption (0.1.5) implies that Calderén-Zygmund operators are bounded on
L?, and the assumptions (0.1.6) on the kernel imply that Calderén-Zygmund operators
are bounded on LP(RY) for 1 < p < oo. The Hilbert transform is an example of a
Calderén-Zygmund operator on R. In higher dimensions, examples arise naturally as (—d)-
homogeneous versions of differential operators.

A generalization of Theorem 0.1.3 to Calderén-Zygmund operators was given by Sjolin.

Theorem 0.1.4 (Sjolin [107]). For every d > 1 there exist m > 1 and C > 0 such that the
following holds. Let K be an m-Calderon-Zygmund kernel and T f = Kxf the corresponding
Calderdn-Zygmund operator. Then for every f € L?(RY)

| sup T2
NeRd

L2 (Rd) < Ol fll L2 ray-

However, we note that for d > 2 Theorem 0.1.4 no longer has any implications for the
convergence of Fourier series. Further far-reaching generalizations of Carleson’s theorem
for Calderén-Zygmund operators have been obtained in [83, 84, 116, 9].

Singular integrals along submanifolds

The first article of this thesis extends the Carleson-Sj6lin bound for maximally modulated
singular integrals beyond Calderén-Zygmund operators to the rougher class of singular
integral operators along submanifolds.

We will fix the manifold to be the paraboloid

P = {(z,|z?) : = R} c R

with d > 2. This is mainly for concreteness; relevant is mainly the positive curvature,
that the dimension of P is at least two and that its codimension is one. Let K be an
m-Calderén-Zygmund kernel on RY as defined above in (0.1.6), satisfying in addition the
cancellation condition

/ K(x)dx =0 (0.1.7)
r<|z|<R

for all » < R. We consider the operator T defined on Schwartz functions f by
Tf(z',zap1) = /Rd f@' =y, zar1 — y1*) K (y) dy, (0.1.8)

where we write x = (2, 2441) € R4TL. Thus, T is given by convolution with the tempered
distribution
W (z) = 6(zas1 — |2'*) K (a)

supported on the paraboloid P. The operator 7' is a singular integral operator that shares
many properties with Calderén-Zygmund operators.

The cancellation condition (0.1.7) together with the curvature of the paraboloid imply
that W is bounded, thus 7" defines a bounded operator on L?(R%*1). Calderén-Zygmund
theory can be adapted to prove that T is also bounded on LP(RT!) when 1 < p < oo
and that various maximal operators associated to T are bounded in the same range, see



[26, 110]. However, it is, for example, an open problem whether the maximal averaging
operator associated to 7' maps L'(R4T1) into L1 (R9*1), see [30], hinting at the additional
difficulties in dealing with operators along submanifolds.

Let V C R4 be a linear subspace. We will consider the partial maximal modulation
operators of T, modulated with frequencies only in V', defined by

Ty f(x) = sup [TMn f|(z). (0.1.9)
Nev

Motivated by Carleson’s and Sjolin’s results, one is led to ask the following question.
Question 1. Does there exist a constant C > 0 such that for all f € L?>(R%H1)

[Trav1 fll L2 a+ry < C| fllp2ma+ry ?

This question was explicitly asked, for d = 1, for the first time in [104], motivated by
a bound for a related maximal operator with polynomial phases due to Pierce and Yung
[101]. Various other results for related operators have appeared since then, see [1, 6, 10,
66, 103, 102].

There are two key obstacles towards Question 1. Firstly, the convolution kernel W of
the operator Tra+1, being supported on a submanifold, is very rough. The existing proofs
of Carleson’s theorem rely heavily on the kernel being locally constant at the correct scales.
This is used, for example, in integration-by-parts arguments. These arguments fail for W
and have to be circumvented.

Secondly, the operator Tpa+: has an exceptionally large group of symmetries. We now
go into detail on this second point.

Symmetries

Every maximal modulation operator as in Question 1 or Theorem 0.1.4 is clearly invariant
under the respective modulations Mpy. This is a key feature for proving estimates for
such operators, because it prevents techniques such as Littlewood-Paley decompositions,
which rely on the existence of a distinguished frequency 0, from working. The modulation
symmetry implies that the absolute frequency at which a function oscillates has no meaning
to the symmetric operator. Instead, one needs to work with finer frequency localizations
into boxes, and exploit relative oscillation of the different localized pieces. The resulting
methods are called time-frequency analysis.

An exceptional feature of Question 1 is an additional symmetry which similarly implies
that time-frequency analysis as used in the proofs of Carleson’s theorem does not directly
apply to it. Namely, the operator Tpa+1 is invariant under the quadratic modulations @ 4
defined by

Quaf(@ xgsr) = A Preac) pof 2,0y AeR. (0.1.10)

Indeed,
MyQaf(z' —y,zap1 — [yl)
= Al P rzari =W Nry £ — g, zarr — |yl?)

. 72
_ ezA(3|x | +xd+1)MN_2A$,f(x/ — Y, Td+1 — \y|2) )



which implies that
TRd+1 QAf - TRd+1 f

In fact, it shows that the same is already true for the operator Tra, 19y with only ‘horizontal’
modulations.

Unfortunately, we are still not able to deal with such larger groups of symmetries. In
this thesis, we will sidestep the issues caused by them by only proving estimates for Ty
when V is a strict subspace of R? x {0}. In that case there are still modulation symmetries
under My for N € V, however there are no exceptional symmetries under @ 4.

A more precise explanation of the obstruction caused by the exceptional symmetry
under the quadratic modulations @4 defined in (0.1.10) in our proof is as follows. In
proving bounds for maximal modulation operators, one starts by fixing for each point x a
frequency N(z), so that the supremum in (0.1.9) is attained at N = N(z) up to a factor two,
say. This is also done in this thesis. The function NV is called the linearizing function. The
above computation shows that the operator with linearizing function N satisfies exactly
the same estimates as the operator with linearizing function N4(x) = N(x)+ Ax’, for every
A € R. Moreover, the same is true for all auxiliary operators constructed in our proof.
However, some estimates in the proof are clearly false in the limit A — oco. Specifically,
consulting our article and the technical definitions therein, it is easy to check that the
density of a set of tiles, which depends implicitly on the function N4, will tend to zero
as A — oo. Thus upper bounds by the density will fail in the presence of the additional
symmetry, however the proof heavily relies on such bounds.

0.1.1 Our results
Maximal modulations of singular integrals along paraboloids

Sidestepping the issue of additional modulation symmetries, there remain the obstacles
that come from the roughness of W. We are able to address them in the first article of this
thesis. Our main theorem is as follows.

Theorem 0.1.5 (Becker [5]). Let d > 2 and let m > 4. Suppose that V = {0}¢ x R or V
is a proper subspace of RY x {0}. Then for all p with

d? + 4d + 2
(d+1)2

there exists C > 0 such that for all m-Calderdn-Zygmund kernels K and all Schwartz
functions f, we have

<p<2d+1)

1TV fll o a1y < Cllflpp@aty -

Our proof of Theorem 0.1.5 is based on a modification of Fefferman’s proof of Carleson’s
theorem in [51]. In addition to various technical complications, the key new ingredients
needed to address the roughness of W are sparse bounds and a square function estimate,
which we will present now.

Sparse bounds

The first new tool we use are certain localized estimates for singular integrals and maximal
averages along the paraboloid, which follow from refinements of so-called sparse bounds.



A collection S of subcubes of R? is called sparse if for every Q € S there exists a
measurable subset F(Q) C @ such that

2E@Q)] = Q|

and such that the sets E(Q) are pairwise disjoint. For a cube @) and an exponent 1 < p < oo,
we denote the p-average of a function f over () by

aw=(igy [ 11722)""

Let X be some operator mapping measurable functions to measurable functions. The term
‘sparse bound’ refers to upper bounds for X of the form

| [xnga| < Y 1Q1sastson (0.1.11)

QeS

where C >0, 1 < p,q < oo and § is a sparse collection which might depend on f and g.

Sparse bounds were introduced in 2013 by Lerner [80, 81], who used them to give a new
proof of the Ay theorem, stating that the operator norm of any Calderén-Zygmund operator
on the weighted space L?(w) grows at most linearly in the so-called Ay characteristic of
the weight w. His technique proved to be very successful, and since then sparse bounds
have been established for many operators in harmonic analysis, often leading to new or
simplified proofs of effective weighted bounds. We refer to [11] for an overview of the
literature. For the singular integral operators along submanifolds of Question 1, sparse
bounds were essentially established by Lacey [74] and Oberlin [97], see also the work of
Cladek and Ou [31].

In this thesis we will use the sparse bounds to obtain good estimates for the operators
1z X for certain sets E. The sets E will be, in some appropriate sense, small, and we need
estimates that quantitatively capture this smallness. To be more precise, we will be given
a partition of R4t into dyadic cubes, and F will satisfy a thinness condition

IENQ| < 6|Q)| (0.1.12)

for all cubes ) in the partition. The operators X we will estimate are likewise ‘adapted’
to the same partition, meaning that there is no contribution of scales smaller than the
scales of the cubes in the partition. We will then establish a refined version of the sparse
bounds of Oberlin [97], which adds to his result the information that in this situation the
sparse collection S can be chosen to only contain cubes refined by the given partition, thus
satisfying (0.1.12). After that, Holder’s inequality in the LY averages in (0.1.11) leads to
the improved bound C'é¢ for the operator norm of the localized operator 15X for some
positive €, which suffices to prove the L? estimates in Theorem 0.1.5.

In the classical setting of Carleson’s theorem, such localized estimates with decay in
0 are significantly easier to prove. This is because in that setting, the relevant X f are
essentially constant on each cube of the given partition, which directly gives an estimate
(0.1.11) with optimal p = ¢ = 1 and a disjoint collection of cubes S, rather than just a
sparse one.



A square function

We introduce another new ingredient to deal with the rough nature of W, a square function
inspired by the article [110] by Stein and Wainger.
Stein and Wainger proved bounds on L? for maximal averages along the parabola
2k

sup27* flz —t,y—t2)dt =: sup f * .

keZ 0 keZ
Their proof goes as follows. Replacing py, by a function ¢y (,y) = 273%p(27 %2, 272Fy) with
rapidly decaying Fourier transform and [ ¢ = py (R?) essentially results in the parabolic
Hardy-Littlewood maximal function, so this operator satisfies the desired L? bounds. It
only remains to control the difference, which can be dominated by a square function:

Sup |f* (e — on)| < (Z f o (e — sok)lz)w-

keZ

By Plancherel’s theorem, the L? norm of the square function is at most

([15@P 3 (o) - ente)ag) .

kEZ

Finally, it follows from standard estimates for the decay of the Fourier transform of py — ¢r,
coming from the curvature of the parabola and the assumption [ = uk(R?), that the
sum over k is bounded. This completes the proof.

A key step of our argument uses an estimate for a similar maximal function in higher
dimensions and with an additional supremum over modulations. Thus, u; will now be the
measure defined by

/fd,uk = \B(O,Qk)|1/ f(@1, 0,27 + 23) da.
B(0,2F)

Like in Stein and Wainger’s argument, the low frequency contributions to ux can be dealt
with using known arguments, here from the proof of Carleson’s theorem in [51]. There
remain certain high frequency truncations ui of up, which for the sake of this discussion
can be thought of as being truncated in frequency so that

i.(6)] < 6,

see (1.5.3) for the correct definition. A square function argument as above shows that the
maximal function supcy f * ui satisfies an improved bound on L?, its norm is at most C4.
In our proof we need, however, estimates for the larger maximal function

sup sup |f % Myl (0.1.13)
k€Z Ne2—+Zx{0}2

involving also a supremum over modulations. With the precise definition of ui at hand it
is not hard to see that the maximal function (0.1.13) is controlled by the positive maximal
average along the paraboloid. Estimating in that way, however, loses the information
about the Fourier support of ui and therefore the § decay. To obtain estimates with good
dependence on ¢ we instead use a more complex square function argument, keeping track
more carefully of the essential Fourier support of the measures ,uz the Fourier transforms
of the measures M Nﬂi-



0.2 Singular Brascamp-Lieb forms

The modulation invariant operators, discussed in the previous section are closely related
to modulation invariant bilinear operators such as the bilinear Hilbert transform

BHT, 5(f1, f2)(z) = /fl(x —at) fa(z — Bt)% dt. (0.2.1)

Besides the similar symmetries of these operators, all known proofs of their boundedness
also draw from the same set of techniques. A more direct manifestation of this connection,
observed by Kova¢, Thiele and Zorin-Kranich in [72, Appendix B3], is that certain estimates
for the so-called triangular Hilbert transform

THT(f1, fo)(z,y) = /fl(:c —t,y) fa(w,y — t)% dt (0.2.2)

would imply Carleson’s Theorem (.1.3 directly.
The second article in this thesis deals with a joint generalization of the forms (0.2.1)
and (0.2.2), so-called trilinear singular Brascamp-Lieb forms

A(f1, f2, f3) = /Rd (M () f2(Tz(2)) f3(T3 () K (o (2)) dz. (0.2.3)

Here, f; : R% — C are measurable functions, II; : R? — R% are linear maps, and K is a
tempered distribution with

02K (©)] < ||, Ja] <m,

for some m > 0. We will call such distributions m-Calderén-Zygmund kernels, noting that
the definition differs slightly from the one given in Section 0.1. The notion of singular
Brascamp-Lieb form was introduced in [47, 48]. The name is inspired by the non-singular
variant without K, for which a fairly complete theory is presented in [13].

The goal of our article is to give criteria on the maps II; and on exponents pi, p2 and
p3 that determine whether the form A satisfies bounds

AL fou £3)] < Ol pon ety Fell o oy 1 3l s g (0.2.4)

for some constant C' > 0 and all functions f;, or not. We call forms A satisfying (0.2.4)
p-bounded, where p = (p1,p2,ps). Proving bounds (0.2.4) is in general a difficult open
problem. Our main contribution is towards the implied classification problem: We work
out the relevant characteristics of A for existing methods to apply.

Before turning to the classification, we briefly give two applications that motivate the
study of singular Brascamp-Lieb forms.

Calderdn’s conjecture and superposition arguments

The bilinear Hilbert transform (0.2.1) was introduced by Calderén in an attempt to prove
bounds for the Calderén commutator [18], which comes up naturally in the theory of elliptic
partial differential equations on domains with Lipschitz boundary; see, for example, the
discussion in [91].



Using Fourier inversion, the bilinear Hilbert transform can expressed - up to a constant
factor - as

BHT 51, fo)(x) = / F1(6) faln) sen(at + Bn)e € de dy,.

On the other hand, the Calderén commutator has the form

Bu(f1, f2)(2) = / F1(&) fa(m)m(€, m)e™ &M d¢ dn

for a function m satisfying m(&,n) = m(A, An) for all £,n € R, A > 0. This function m
is determined by its values on the circle €2 + n? = 1. Suppose that its restriction to that
circle is odd and of bounded variation. Then there exists a finite measure p such that

(&) = [ san(cos(0)¢ + sin(6)n) d(0).

Hence, writing BHTg = BHT ¢ ¢ sin 6:

By, = / BHT, du(0).
0

Caldero6n conjectured that the bilinear operators BHTy for 6 € [0, 7] are uniformly bounded
from L? x L? — L', which by this argument would imply bounds for all operators B,,, of
linear growth in the variation of m on the circle £? + n? = 1.

In this argument the bilinear Hilbert transforms play the role of elementary building
blocks, convex combinations of which give rise to a large class of operators occurring in
applications. We will give a generalization of such superposition arguments in Section 0.2.1.

Calderén’s conjecture was only resolved in 1997 by Lacey and Thiele [76, 78]. They
proved a weaker form of the conjecture, with no control on the #-dependence of the bound.
Uniform bounds for 6 € [0, 7] were shown by Thiele [112] into L1°° and finally by Grafakos
and Li [62] in the precise form needed by Calderén.

Multilinear Ergodic Averages

Another motivation for the study of singular Brascamp-Lieb forms are certain quantitative
pointwise convergence results in ergodic theory. We illustrate this connection using the
example of the triangular Hilbert transform (0.2.2). No bounds for the triangular Hilbert
transform are known. The goal of this section is to motivate its study from applications
that are likewise open problems.

Let (X, A, ) be a probability space. Two commuting and invertible measure preserving
transformations S, T’ induce a Z? action on X. Our object of interest are the bilinear ergodic

averages

1 N

An(f1, f2)(2) = > A(T"2) fo(S ).

n=1

Somewhat similarly as in the setting of Fourier series, L?(X, 1) convergence of these aver-
ages is known, see [34], but pointwise convergence is open.

10



Question 2. Let f1, fo € L*(X). Is it true that the sequence An(f1, f2)(z) converges for
w-almost every x as N — oo?

One approach to proving pointwise convergence, introduced in this setting by Bourgain
[17], is through estimates for the r-variation of the sequence An(f,g). The r-variation of
a sequence (an)nen is defined as

no<---<ngj

J

1/r

lallv> =sup sup (3 fan,, —an, ) "
J =

Then a positive answer to Question 2 would follow, for example, from an estimate

AN (f15 f2) (@) [vrnllzrx) < Clifllczeoll f2ll2x)- (0.2.5)

for some finite r. The Calderén transference principle [19] allows to lift such estimates to
the acting group Z?2, to which one can transfer from R2. In this way (0.2.5) would follow
from the estimate

/ file =ty fala,y — v at < Olfilz I fell2ezy (020

HHT V(T’LHR?

The expression on the left-hand side bears an obvious resemblance to the triangular Hilbert
transform (0.2.2) and motivates its study.

We note that by the same argument there are n-linear ergodic averages associated to
all n-linear singular integral operators. For classical, linear, ergodic averages the argument
here was executed by Birkhoff [15] and in the variational form by Bourgain [17]. For the
bilinear Hilbert transform and the corresponding bilinear ergodic averages it was done in
the papers of Lacey [75], Demeter [37] and Do-Oberlin-Palsson [42].

The two-dimensional situation

We return to the topic of our article, the classification of singular Brascamp-Lieb forms.
An important motivation for us is the article [39] of Demeter and Thiele, where they
considered the two dimensional variants of the bilinear Hilbert transform

BHT?, ,(f1, f2)(x / fi(e + Ay) falz + By)K(y) dy (0.2.7)

for linear maps A, B : R? — R?. After introducing a dualizing function they are special
cases of the notion of singular Brascamp-Lieb form (0.2.3). The latter is more general,
allowing, for example, functions with different-dimensional arguments. We will however
show, as a byproduct of our classification, that the higher-dimensional bilinear Hilbert
transforms are among a small number of interesting cases in which estimates are not either
trivially false or elementary.

Certain linear transformations in the integral and functions in (0.2.7) preserve the form
of the operator but change A, B. The application of such transformations has no effect
on the boundedness properties of the operator. The same applies to singular Brascamp-
Lieb forms (0.2.3). It is therefore natural to classify pairs (A4, B) modulo the implied

11



equivalence relation, and Demeter and Thiele obtained such a classification in [39] in the
two dimensional case (0.2.7).

Their classification identifies a generic, nondegenerate case in which the one-dimensional
methods apply. The new feature in two dimensions are several degenerate cases. For some
of them Demeter and Thiele were able to adapt the one dimensional methods with a more
careful analysis, which they named ‘one and a half-dimensional time-frequency analysis’.
They however left open one very degenerate case, the ‘twisted paraproduct’

/f1($ —s,y) fo(x,y —t)K(s,t)dsdt.

Boundedness in this case was later shown by Kova¢ [71].

Another case with two dimensional functions, which is not mentioned in the classifi-
cation of Demeter and Thiele however included in our notion of singular Brascamp-Lieb
form, is the triangular Hilbert transform (0.2.2). In this case estimates are still open.

Given the understanding of the two-dimensional situation, it is natural to ask the fol-
lowing slightly imprecise questions.

Question 3. Are there additional, qualitatively different phenomena in higher dimensions?
That is, are the nondegenerate methods of Lacey and Thiele, the degenerate fractional-
dimensional time-frequency analysis of Demeter and Thiele and the twisted techniques of
Kovac enough to bound all forms other than the triangular Hilbert transform? Given a
specific form, how can one determine whether they apply or not?

0.2.1 Our results

We will show that the short answer to these questions is no, there are no fundamentally
new phenomena in higher dimensions. We now make this precise.

Quiver representations

A quiver is a directed graph. A quiver representation assigns to each vertex of the quiver
a vector space, and to each arrow a linear map between the corresponding spaces. Quiver
representations are studied in the representation theory of finite dimensional algebras, they
are the modules of certain algebras associated to the quiver. Because of this, we will from
now on call them modules.

The algebraic data (II;);=,.. 3 associated to a singular Brascamp-Lieb form, together
with the implicit vector spaces, constitutes a module of the quiver in Figure 1. There is a
natural notion of isomorphism of modules. This notion corresponds exactly to the equiva-
lence relation discussed above: Two modules are isomorphic if and only if the corresponding
singular Brascamp-Lieb forms can be transformed into one another by linear changes of
variables. Thus, the problem of classifying singular Brascamp-Lieb forms is equivalent to
the problem of classifying modules of the quiver in Figure 1 up to isomorphism.

This is a classical problem in representation theory. Indeed, up to taking adjoints this is
the so-called four subspace problem of classifying configurations of four finite dimensional
subspaces of a finite dimensional vector space. It was solved by Gelfand and Ponomarev
[58] over algebraically closed fields, and Nazarova [94, 95] over R. We note that with
certain mild assumptions on the singular Brascamp-Lieb form, which are satisfied when it

12



Figure 1: Dual of the four subspace quiver

is (p1, p2, p3)-bounded in the Holder range 1/p1+1/pa+1/p3 = 1, the classification problem
reduces to the simpler Kronecker normal form [73].

Classification results

The solution of the four subspace problem in [58] is in terms of a list of indecomposable
modules, each module can be expressed in a unique way as a direct sum of indecomposables.

We prove the following projection theorem, which implies that the direct summands of
the associated module indicate the difficulty of proving estimates for a singular Brascamp-
Lieb form.

For technical reasons, we distinguish the data H = (II;);—o, 3 of singular Brascamp-
Lieb forms and the associated modules M. The module corresponding to the datum H is
denoted My and conversely.

Theorem 0.2.1 (Becker-Durcik-Lin [8]). Let M, M’ be two modules and let p < co. Let
H and H® H' be data with My = M and Mygew = M & M'. Suppose that for each
[-Calderon-Zygmund kernel K we have

[Aaer (K f1, f2, f3)| < Cllfillp [l f2llps | 3]s -

Then there exists a constant C' such that for each 21-Calderdn-Zygmund kernel K we have

AR (K, fi, fo, £3)| < C fillpa | F2llpa [ f5lps -

Using necessary boundedness conditions for singular Brascamp-Lieb forms that follow
from the non-singular results in [13], Theorem 0.2.1 allows us to exclude many indecompos-
able modules as direct summands of bounded singular Brascamp-Lieb forms. This leads to
the following result.

Theorem 0.2.2 (Becker-Durcik-Lin [8]). Let 1 < p < oo and let H be a p-bounded singular
Brascamp-Lieb datum with Hy, Hy, H3 # {0}. Then one of the following holds, with the
notation from Appendiz 2.8.

i) (Bilinear Hoélder-type) There exists an assignment {i, j,k} = {1,2,3} such that p%- =

i =1- ]% and ni,ng,n3g,ng > 0 such that

My & (P(j))®n1 ® (K(j)>®n2 ® (P(k))Gan ® (K(k))69n4 )
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i) (Young-type) We have p = (p1,p2,p3) with p% + p% + p% = 2. If p1,p2,p3 # 1 then
there exist ny,ny > 0 such that

My = Y™ @ 2972
If there is some i € {1,2,3} with p; = 1, then there exist n1,ng,nz,ng > 0 such that
My = Yo" g 2972 g (P())®ms g (K)o

iit) (Loomis- Whitney-type) We have p = (2,2,2) and there exist n1,ne > 0 and a list of
modules My, ..., My from Table 2.4 with

My L% B2 oM, @ --- ® M.

iv) (Holder-type) We have p = (p1, p2, p3) with p% + p% + p%,, = 1. In this case, there exists
a finite list of modules My, ..., My from Table 2.2 such that

My =M, & - & My,

The first two cases are trivial, being essentially built by combining a product and a
linear singular integral operator, or a convolution and a linear singular integral operator.
In these cases the necessary conditions are already sufficient; bounds follow from linear
singular integral bounds and Holder’s or Young’s inequality, respectively. The third case is
more interesting, but all forms in this case can still be bounded by elementary methods, by
combining Plancherel’s theorem and the Loomis-Whitney inequality. These observations
yield the following theorem.

Theorem 0.2.3 (Becker-Durcik-Lin [8]). Let My and p be as in case i), ii) or iii) of
Theorem 2.1.15. Then H is p-bounded.

This leaves the Holder exponent case (iv) as the most interesting one. In that case there

are the four families N,,, C,,, T},,J $§ ) of indecomposable modules, see Table 2.2. The first
two correspond to nondegenerate cases, and boundedness of all singular Brascamp-Lieb
forms associated to direct sums of them is by now well understood, see for example [56].
The family T,, includes the triangular Hilbert transform T; and higher dimensional versions
of it. Bounds for forms in this family, and by Theorem 0.2.1 for any forms containing direct
summands from this family, are therefore likely outside of reach of current methods.

Taking direct sums of modules J gl) yields forms with ‘twisted’ behavior. We prove new
bounds for all such sums as a special case of the following result.

Theorem 0.2.4 (Becker-Durcik-Lin [8]). Letn > 1 and let M = (ng)@J?)EBJS?’)éBCl)@".
Let 2 < p < oo and let H be a singular Brascamp-Lieb datum associated with M. Then
there exists | and C > 0 such that for all I-Calderon-Zygmund kernels K, we have

[Au (K i, f2, £3)] < Cllfillp [ F2llpa [ f3lps -
()

A single J %7 ) leads to fractional time-frequency analysis, whereas multiple modules Jy;
with n > 2, or direct sums including also N,, for some n or C,, with n > 2 introduces both
twisted and modulation invariant features. Currently, there are no bounds for forms of
the latter type in the literature, but there is no fundamental obstruction to proving them.
Together with Theorems 0.2.2 and 0.2.3 this provides our answer to Question 3.
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Method of rotations

We complement the projection Theorem 0.2.1 with a general superposition result, showing
that every Caldéron-Zygmund kernel on R? can be expressed as a superposition of Caldéron-
Zygmund kernels on d — 1-dimensional subspaces of R%.

At its heart is the following proposition about decompositions of mean zero functions
on spheres. Fix d > 3 and denote

Sl =z eR? . |z| =1}

Let o be the normalized (d — 1)-dimensional Hausdorff probability measure on S4~!. Fur-
ther, if v € S9!, let o, be the normalized (d — 2)-dimensional Hausdorff probability
measure on the great circle

(spanv)t N Sdt.

Finally, denote by M, the manifold
{(z,y) € ST x 81+ z.y=0}
and by H§(S% 1) the mean zero functions in the Sobolev space H*®(S971).

Proposition 0.2.5 (Becker-Durcik-Lin [8]). Let d > 3 and s > 1/2. There exists a
constant C > 0 such that the following holds. Let Q € HZ(S1). Then there exists a
function I' : Mg — C such that

o forallv e St

/ (v, 0) doy (6) = 0.
(spanv)tngd—1

and
||F(V7 ')||H§71/2((Spanl/)LﬁSd_l) < CHQHH(S)(S‘Fl) :

® S Mmeasures, we ha'Ue
Q(0)0 () = / (v, 0)0,(60) do(v) .
Sdfl

Moreover, T' can be chosen so that the mapping 2 +— T is continuous from C*(S9~1) into
C*(My), for every k.

The proposition states that every mean zero function Q on S%~! can be expressed as
a superposition of functions I'(v, ) that are supported on the great circles v N S9! and
have mean zero, and that one has control of the H*~%/2 norm of these functions.

A corollary of Proposition 0.2.5 are superposition arguments for singular Brascamp-
Lieb forms in a similar spirit as for the Calderén commutator. However, one should expect
the estimates for the forms with kernels supported on subspaces to be significantly harder
to prove than the estimates for the original form. So this method is unlikely to give new
bounds.
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0.3 Fourier restriction inequalities

We turn to the last article of this thesis, which is about a sharp version of the Tomas-Stein
Fourier restriction inequality.

The classical Fourier restriction problem asks about the possibility of defining the re-
striction of the Fourier transform of a function to a subset of R%. By Plancherel’s theorem,
the Fourier transform is a bijective isometry L?(R%) — L?(R?). Thus, it is not possible to
meaningfully restrict the Fourier transform of an L?(R?) function to a measure zero sub-
set of RY. On the other extreme, the Fourier transform of a function in L'(R?) is always
continuous, so it is well-defined pointwise. In between, the Hausdorff-Young inequality im-
plies that the Fourier transform of an LP(R%) function is in L (R%). However, the Fourier
transform is no longer surjective, so it might still make sense to restrict it to some sets of
measure zero.

Stein observed [50, Page 28] that this is indeed sometimes possible. His result was later
improved by Tomas and then made optimal by Stein [113]. Let o be the arc length measure
on the unit circle

St ={(z,y) : 2 +y* =1} C R

Theorem 0.3.1 (Tomas, Stein [113]). There exists a constant C > 0 such that for all
functions f € L'(R?) N L/°(R?)
© 1/2
(/ |£(&)] do(§)> < CHfHL6/5(R2)- (0.3.1)

Since L'(R2?) N L5/5(R?) is dense in L5/(R?), it follows that there exists a unique
operator
R: LS°(R?) — L%(0)

which agrees with the restriction of the Fourier transform for L!(R?) functions.
The adjoint of the Fourier restriction operator R is the Fourier extension operator

E:I%0) = LS(R?),  f fo.

By duality, the Tomas-Stein inequality (0.3.1) is then equivalent to the adjoint bound for
the extension operator, which reads

1Follzo(rz) < CllF Il r2(o)- (0.3.2)

To illustrate its relevance beyond restricting Fourier transforms of L%® functions, we want
to mention two classical applications of the Tomas-Stein inequality.

Bochner-Riesz summation of Fourier series

For the first application we return to the question of convergence of Fourier series, now of
functions f : [0,1]> — C. Since there is no natural ordering of Z?, one has to choose the
order in which to sum to Fourier series. One natural choice is to sum in order of increasing
magnitude of the frequency, leading to the following question.
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Question 4. Let f € LP([0,1]2). Is it true that the circular Fourier sums

>k, kp)e?mithrmither) (0.3.3)
k2+k3< R

converge to f in LP([0,1]?) as R — 00?

When p = 2 the answer is yes, this is a simple consequence of Plancherel’s theorem.
Surprisingly, however, the answer is no as soon as p < 2, as shown by Fefferman in his
celebrated paper on the ball multiplier [52]. Thus, one is led to introduce a weight of
smoothness A > 0

(oY (1) k<R,
R+ o if k] > R,
in the sums (0.3.3), to make them better behaved.
Question 5. Let 1 < p < co. For which X\ > 0 is it true that for all f € LP([0,1]?), the

Bochner-Riesz sums

200 . .
Z ( a ﬁ) f k1, kg)e?mithierthaze) (0.3.4)

2
kez? RS+
converge to f in LP([0,1]?) as R — oo ?

In the two dimensional setting considered here, this question was resolved for all
1 < p < oo by Carleson and Sjolin [22]. If one is only interested in the range p < 6/5,
however, their result already follows as a simple application of the Tomas-Stein restriction
inequality (0.3.1), see [108, Page 422]. The argument exploits localization of pieces of the
Bochner-Riesz sum to pass from L%° to L2, and then expresses the radial Fourier multipli-
ers inherent in the Bochner-Riesz sum as superpositions of the Fourier restriction operators
onto concentric circles.

Strichartz estimates for the Schrodinger equation

Fourier restriction inequalities find another important application in the theory of dispersive
partial differential equations. The Tomas-Stein inequality is not specific to the arc length
measure on the circle, but holds for many measures supported on manifolds, the relevant
property being the nonvanishing curvature of the manifold. In particular, a similar theorem
applies to the parabola. In that setting inequality (0.3.2) gives information about solutions
of the Schrodinger equation in 1 + 1 dimension

10pu + Au =0,
u(0,z) = f(x).
Taking the Fourier transform of the Schrodinger equation yields
(n — &%), €) = 0.

Thus distributional solutions of the Schrédinger equation are supported on the parabola
¢%2 = 1. Taking a Fourier transform only in = and solving an ODE also yields

Folu)(t,€) = MF f(e),
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giving the more precise formula

a(n, &) = 6(n— €7 £ (&)

The version of the Tomas-Stein extension estimate for the paraboloid can then be stated
either as an LY estimate for the solution of the Schrédinger equation

lu(t, 2)ll o) < CllAllz2@) = Cllf 2 (0.3.5)

or, in a form more closely resembling (0.3.2), as

98l s m2)y < Cllgll L2 (0.3.6)
with o = 8(n — €2)dndé and g(&,7) = f(€).

Sharp constants

Having introduced Fourier restriction inequalities in general, we now turn to the specific
problem considered in this thesis. We are interested in the exact optimal constant C' in the
inequality (0.3.2).

This problem is motivated by work of Foschi [54], who found the optimal constant in
the Tomas-Stein extension inequality from the two dimensional sphere

52:{$€R3 :|x) =1}
Let 09 denote the surface measure on S2.

Theorem 0.3.2 (Foschi [54]). If

1 £1122(09) < 1M1 £2(0)

then -
[foallpamsy < o2l pams).-

In other words, constant functions are maximizers for the Fourier extension inequality
for S2. Foschi also found the sharp constants in inequality (0.3.5) for the parabola and
the cone in two and three dimensions, in that case the maximizers are Gaussians [55]. The
results for the parabola were also independently obtained by Hundertmark and Zharnitsky
[67]. There are numerous other results on sharp constants in extension inequalities in the
literature, for higher-dimensional spheres, other manifolds, some giving full characteriza-
tions of maximizers, some just showing existence or regularity of maximizers, some showing
nonexistence of maximizers. We refer to [96] for a survey of the literature.

For the Tomas-Stein inequality for the circle, Theorem 0.3.1, a characterization of the
extremizers and the sharp constant are, however, still open. It is known that maximizers
exist and are smooth, this was shown by Shao [105, 106]. It is also known by work of
Carneiro, Foschi, Oliveira e Silva and Thiele [23] that constant functions are local maxi-
mizers. In light also of Theorem 0.3.2 it is then natural to make the following conjecture.
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Conjecture 0.3.3. Constant functions mazimize the Tomas-Stein extension inequality for
S, That is, if
1220y < 1l 220
then .
Ifollsme) < 1ol Ls(re)-

In their paper [23], Carneiro, Foschi, Oliveira e Silva and Thiele proposed a program to
prove Conjecture 0.3.3 along the lines of Foschi’s proof of Theorem 0.3.2. They managed
to reduce Conjecture 0.3.3 to a conjecture about positive semidefiniteness of a certain
quadratic form @ on a subspace of L?(T?), where T = R/(277Z). A function f on T? is
called antipodal if it is w-periodic in each argument.

Conjecture 0.3.4. Let
6 6
dr =6(>_e") [ d0;

j=1 j=1

and
Q) = [ e P = 1)(17(610200) — F(61.02.60) 701,05, 60)) S
T

Then Q(f) > 0 for all antipodal f € L*(T3).

0.3.1 Our results

The final article of this thesis establishes a partial result towards Conjecture 0.3.4. It
draws inspiration for a guiding strategy from the two papers [3, 99] of Barker, Oliveira
e Silva, Thiele and Zorin-Kranich. These two papers contain rigorous numerical compu-
tations of the eigenvalues and eigenfunctions of the quadratic form () when restricted to
the finite dimensional space of trigonometric polynomials of degree at most 120. After
various reductions, these numerical results paint a clear picture: There are a small number
of eigenfunctions with very small eigenvalues, and they can be identified to be very close
to the eigenfunctions of the quadratic form

3
M) = [ m@lso)F [Te,
j=1

where m is an explicit nonnegative function. In addition to this, there is a large space of
functions without any noticeable structure, on which the quadratic form seems to be safely
positive, and a few very large eigenvalues. For a more detailed discussion, we refer to [3].

The eigenfunctions of M are, of course, easy to understand. They concentrate around
the level sets of m, which can be computed in the asymptotic range of eigenvalues close
to zero. This analysis shows that they correspond to functions in the original problem
that concentrate near two antipodal points. Motivated by this, we study in our article the
quadratic form @ on such functions. We obtain, after various reductions, an asymptotic
expansion with M as the main term. Then we prove effective bounds to obtain positivity
of the quadratic form for functions under an explicit small support assumption.
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The precise statement is as follows. Let V be the space of all antipodal functions in
L?(T3,R). Let C. be the cylinder of radius ¢ centered at the line R(1,1,1), and define

Vo= {f eV :suppf C Cg/(QWZ)3}.

Theorem 0.3.5 (Becker [7]). Let € = 1/20. Then for all f € V. it holds that Q(f) > 0.
As a consequence, we obtain the following partial result towards Conjecture 0.3.3.

Corollary 0.3.6 (Becker [7]). Let &’ = /3/8z ~ 0.031. If

19llL20) < 11l 22(0)

and g(e") is supported in (—¢',¢') + 77, then

19011 Lo (r2) < 15| Lo R2)-
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Chapter 1

A degree one Carleson operator
along the paraboloid

This chapter consists of the article [5].

1.1 Introduction

This paper advances the program of Pierce and Yung [101] of studying maximally mod-
ulated singular Radon transforms along paraboloids. While their work focuses on certain
polynomial modulations without linear terms and uses TT* methods, our result is the first
instance in this program for degree one polynomials featuring symmetries that mandate
the use of time-frequency analysis.

Our main result is as follows. An m-Calderén-Zygmund kernel on R? is a function
K : R4\ {0} — C satisfying the estimates

0°K ()| < |z~ ol <m, (1.1.1)

and the cancellation property
/ K(z)de =0, 0<r<R. (1.1.2)
B(0,R)\B(0,r)

Let V C R*! be a linear subspace. We consider the maximally modulated singular integral
along the paraboloid defined a priori on Schwartz functions f on R¥*! by

Ty f(x) = sup sup
NeV r<R

iN- 2
/ y Rf(w’—y,wdﬂ—\y!z)emy"y‘ K (y)dy| , (1.1.3)
r<ly|<

where z = (2, 2441) € R? x R = R™! and K is a Calderén-Zygmund kernel.

Theorem 1.1.1. Let d > 2 and let m > %. Suppose that V = {O}d x R orV is a proper
subspace of R? x {0}. Then for all p with

d? +4d + 2

A+ 1) <p<2d+1) (1.1.4)
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there exists C' > 0 such that for all m-Calderon-Zygmund kernels K and all Schwartz
functions f, we have with Ty as defined in (1.1.3)

1TV fll o a1y < Cllflpp@aty -

Note that the singular integral along the paraboloid in (1.1.3) is given by convolution
with the tempered distribution k(z) = §(z411—|2|?)K(2) on R¥1. In terms of the argument
2, the modulation argument N - (y, |y|?>) = N -z in (1.1.3) is a degree one polynomial. This,
and its consequences for the method of proof below, is why we call Ty, a degree one operator.

1.1.1 Motivation

Our interest in the operator (1.1.3) stems from the following result of Pierce and Yung [101],
see also [1]. They prove LP bounds for p € (1,00) for maximally polynomially modulated
singular integral operators along the paraboloid. More precisely, they consider the operator

frosuw| [ 6 =g = PO K() (1.15)

where d > 2 and P ranges over a certain set of polynomials of fixed degree without linear
terms, and without a monomial c|y|?. Note that this excludes exactly the monomials that
are present in (1.1.3). Very recently, Beltran, Guo and Hickman [10] gave a version of the
Pierce-Yung theorem with d = 1, and P ranging over {cy® : ¢ € R}.

The study of maximally modulated singular integrals such as (1.1.3), (1.1.5) has a long
history, starting with Carleson’s [21] proof of pointwise almost everywhere convergence of
Fourier series of L? functions. His proof relies crucially on an L? to L>»> estimate for the
maximally modulated Hilbert transform

f— sup
NeR

/f(w—y)e"Ny;dy : (1.1.6)

Carleson’s theorem was subsequently extended to LP for p € (1,00) by Hunt [68], and to
singular integrals in higher dimension by Sjolin [107]. Other essentially different proofs
of Carleson’s theorem were later given by Fefferman [51] and by Lacey and Thiele [77].
Endpoint questions were considered in [2, 82, 41].

Pierce and Yung’s theorem is motivated by a variation of this theme due to Stein and
Wainger [109]. They investigated maximally polynomially modulated singular integrals

£ sup ‘ [ 1= peroR@) ) (1.1.7)
P

where P ranges over the set of all polynomials of fixed degree without linear terms. They
prove LP bounds for p € (1,00). The harder extension to the operator (1.1.7) with P
ranging over all polynomials of fixed degree was accomplished by Lie [83, 84]. Zorin-
Kranich subsequently gave a version of Lie’s proof with very weak regularity assumptions
in [116].
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1.1.2 Modulation symmetries

We want to discuss the relevance of excluding linear terms in the polynomials in (1.1.5)
and (1.1.7). The methods used by Stein-Wainger to bound the operator (1.1.7), without
linear terms in the modulations, are fundamentally different from the methods employed
by Carleson and Sjolin for the same operator with only linear terms. Stein and Wainger
use a TT™* argument exploiting almost orthogonality of contributions of different scales,
and decay when the polynomial modulation is large [109, Theorem 1]. Sj6lin and Lie on
the other hand use time frequency analysis. This difference in methods is dictated by the
symmetries of the operator. Carleson’s operator (1.1.6), and Sjolin’s higher dimensional
variant, are invariant under the modulations

fr=lz—eNof(z)], NeR?. (1.1.8)

On the other hand, a quick computation shows that the operator (1.1.7) has no symmetries
under the transformations (1.1.8), as long as no linear terms are present in the polynomials
P. To illustrate how this symmetry affects the proof, the reader is invited to use the
modulation symmetry under (1.1.8) to show that [109, Theorem 1] would not be true for
degree one polynomials.

Pierce and Yung sidestep the issue of modulations symmetries via their restrictions on
the linear and quadratic terms of the polynomials. This allows for a T7T* argument in
the same spirit as in [109], but using more sophisticated oscillatory integral estimates. In
contrast, our operators Ty are invariant under linear modulations (1.1.8) with N € V| so
our proof will use time frequency analysis.

1.1.3 Previous results

Pierce and Yung’s bound for (1.1.5) sparked interest in the corresponding operators with
linear modulations.

Roos [103] proved a version of Sjolin’s theorem for anisotropic Calderén-Zygmund op-
erators with scaling symmetry preserving the paraboloid. Roos’s result assumes enough
regularity of the Calderén-Zygmund operator, and his bounds blow up if one approximates
a singular integral along a paraboloid by such operators. In [6], the author improved the
control of this blowup.

Guo, Roos, Pierce and Yung proved in [64] a number of interesting related results for
Hilbert transforms on planar curves. They weaken the maximal operator by first taking an
LP norm in one of the variables, before taking the supremum in the modulation parameter.
Most relevant to us is the following special case of their Theorem 1.2:

P
/ sup / ‘/f(wl — Yy, To — yz)eiNyQ% drydze < C| f|I5, (1.1.9)
NeR Yy

where p € (1,00). They also noted that for p = 2, (1.1.9) holds with the order of dz; dzs
reversed, and also with modulations V¥, by a combination of Plancherel and Lie’s poly-
nomial Carleson theorem.

Finally, Ramos [102] proved bounds for maximal modulations of the one dimensional
Fourier multipliers obtained by restricting the multiplier of the Hilbert transform along the
parabola to a line, uniformly in the choice of line.
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Our Theorem 1.1.1 is the first LP estimate for maximal linear modulations of a singular
integral operator along a submanifold, with - differently from (1.1.9) - the supremum fully
inside the LP norm. We cannot directly compare our result to [64], because they consider
singular integrals along planar curves, while Theorem 1.1.1 assumes that the dimension of
the paraboloid is at least two. However, Theorem 1.1.1 implies a stronger version of the
hypothetical generalization of (1.1.9) to paraboloids of dimension > 2 in the range of p
given by (1.1.4). We stress that our proof does not apply to the one dimensional parabola,
so we do not recover (1.1.9) itself. However, our Theorem 1.1.1 does recover, via projection
and limiting arguments, Sj6lin’s theorem [107] in the full range of exponents p € (1,00).
In particular, it implies the Carleson-Hunt theorem.

1.1.4 Overview of the proof of Theorem 1.1.1

Our proof is an adaptation of Fefferman’s [51] proof of Carleson’s theorem to the setting
of singular integrals along paraboloids. In some parts we also follow the presentation in
[116]. We establish variants of Fefferman’s key time-frequency analysis estimates in this
more singular setting.

The proof starts with a discretization of the operator, in Section 1.2, and a combinato-
rial decomposition into so called forest operators and antichain operators in Section 1.4 (see
Sections 1.2 and 1.3 for the definitions of these operators). These two steps are straightfor-
ward variation of the corresponding steps in Fefferman’s proof. However, differently from
Fefferman, we test the operator with the indicator function of a set F' and use a modified
decomposition adapted to F. This allows us to directly prove weak type L? bounds.

After the decomposition of the operator, the argument proceeds by proving bounds for
antichain operators in Section 1.5, for so called tree operators in Section 1.6 and finally for
forest operators in Section 1.7, see Propositions 1.3.2, 1.3.3 and 1.3.4. Each of these three
steps needs new ingredients for singular integrals supported on submanifolds.

Antichains: A square function argument

To control the antichain operators in Section 1.5, we decompose the kernel k with singular
support on the paraboloid into a smoothened kernel, which is no longer supported just on
a submanifold, and a remainder. The versions of the operator with smoothened kernel are
estimated using the argument of Fefferman (see Lemma 1 and Lemma 2 in [51]). The con-
tribution of the remainder is estimated by a square function. This square function is closely
related to a classical (unmodulated) square function used in [110] to prove boundedness of
the maximal average along the paraboloid. In our square function, there is an additional
summation over modulations compared to the one in [110]. To bound this larger square
function, we rely on the precise decay rate in each direction of the Fourier transform of
the kernel supported on the paraboloid, coming from stationary phase. In addition, we use
that the Fourier transform of the remainder vanishes near a certain subspace.

Trees: Sparse bounds

In Section 1.6 we estimate the tree operators. These are pieces of the operator which can
be modeled by truncated singular integral operators. Fefferman’s argument for this step
(see Lemma 3 in [51]) relies on the fact that the convolution of a function with a truncated
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singular integral kernel is essentially constant at the scale of the lower truncation parameter.
This makes the integral of said convolution over a set which is thin at this scale small. In
contrast, truncated singular integrals along paraboloids are not essentially constant at the
lower truncation scale. Our new ingredient to solve this issue is a Sobolev smoothing
estimate for truncated singular integrals along paraboloids. On a technical level, we use
certain sparse bounds for singular Radon transforms, see Lemma 1.6.2, due to Oberlin [97],
see also [74]. The arguments in Section 1.6 are formulated for a general class of singular
Radon transforms, similar to the setting of [44].

Forests: Square functions and oscillatory integrals

In Section 1.7 we follow Fefferman’s argument (Lemma 4 and Lemma 5 in [51]) to prove
almost orthogonality estimates between tree operators, and combine the estimates for tree
operators to an estimate for forest operators. We prove that tree operators essentially
only act on frequencies close to a central frequency associated to the tree, leading to al-
most orthogonality for trees with sufficiently separated central frequencies. This requires
more work than in [51], because of the singular support of the kernels on the paraboloid.
However, it is within the scope of the square function arguments in [110], [44], used there
to bound maximal averages and maximally truncated singular integrals along paraboloids.
Fefferman’s argument requires certain upper bounds to be local, in the sense that they only
depend on the values of the functions involved on certain sets associated to the trees. To en-
sure this locality we further use estimates for certain oscillatory integrals along paraboloids,
see Section 1.7.2. They replace easier partial integration arguments in [51].

Finally, we deduce LP bounds in Section 1.8, using interpolation and a localization
argument as in [116].

1.1.5 Limitations and further questions

The limitations of our methods are still dictated by the symmetries of the operator. The
restrictions on V' in Theorem 1.1.1 ensure that the operator 7Ty, has only linear modulation
symmetries. If we had R x {0} C V, then T}, would be invariant under the transformations

Fis (@, wgpn) m eNUEPrean) g0 20 Y], N eR. (1.1.10)

Time frequency analysis in its current form seems to be unable to handle such additional
symmetries. For example, with our setup Proposition 1.3.2 fails in the presence of the
symmetry (1.1.10), because the definition (1.3.2) of density used therein is not invariant
under (1.1.10).

Note that for the modulation subspace V' to be compatible with the anisotropic dilation
symmetry of the paraboloid, it can only be the vertical subspace {O}d x R, a subspace of
R? x {0}, or a sum of two such spaces. Then the only remaining case (up to rotation
around the vertical axis) that could conceivably be within reach of current methods is
V =R x {0} x R. Our argument does not handle this V, the particular point of failure
is the square function argument in Subsection 1.5.3. However, we know of no fundamental
obstruction. It is tempting to ask whether the results of this paper can be extended to that
case.

25



The restriction to paraboloids of dimension two or higher in Theorem 1.1.1 is needed in
the square function argument in Subsection (1.5.3). For the parabola this square function
argument fails, because the Fourier transform of a measure on the parabola has too little
decay.

The range (1.1.4) of p in Theorem 1.1.1, which one might conjecture should really be
(1,00), is a consequence of restrictions on exponents in the sparse bounds in Lemma 1.6.2.
These restrictions are related to the LP-improving range for averages along paraboloids. It
is an interesting question whether the range of p can be improved by other methods.
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helpful discussions about this paper. The author was supported by the Collaborative
Research Center 1060 funded by the Deutsche Forschungsgemeinschaft (DFG, German
Research Foundation) and the Hausdorff Center for Mathematics, funded by the DFG
under Germany’s Excellence Strategy - GZ 2047/1, ProjectID 390685813.

1.2 Reduction to a discretized operator

We may assume that V = {0}¢ x R or V = R%! x {0}2. Define anisotropic dilations
Ss(2',wq11) == (2°27,2%%2441). Define the dyadic cubes of scale 0 to be

Do = {k+[0,1)%"! . ke 74T},

and the dyadic cubes of scale s to be Dy := §5(Dg) . The collection of all dyadic cubes is
denoted D = UsezDs. Given a dyadic cube I € Dy, we denote by s(I) = s its scale.
We define dyadic frequency cubes of scale 0 as

Qo= {k+{0}¥x[0,1) : ke {0}¢x7Z}
if V=1{0}¥ xR and as
Qo= {k+[0,1) 1 x {012 : k ezt x{0}?},

if V= R4 x {0}2. The dyadic frequency cubes of scale s are Qs := J_4(€) and the
collection of all dyadic frequency cubes is defined by € := (J,c, Q. A tile is a pair
p = (I,w), where I € D; and w € Q; for some s = s(p) called the scale of p. The collection
of all tiles is denoted by

P = U{(I,w) : I € Ds, we Q).
B/

We decompose the kernel K into pieces localized in dyadic annuli. Fix a smooth function
n supported in [1/8,1/3] such that

Y n@ ) =1, te(0,00)),

SEL

and define K¢(z) = K(x)n(2~°|z|). Then (1.1.1) and (1.1.2) imply that there exists a
constant C' = C(n) with

|0°K(x)| < c275@Hel) o <m,seZ, (1.2.1)
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and that

/Ks(x)dx:(), seL. (1.2.2)
It suffices to estimate the operator
5 4 ,
sup sup |y / F@ =y zap = y?)eN PO K (y) dyl (1.2.3)
NeV s<s s=s

since the difference to Ty is controlled by the maximal average along the paraboloid, by
(1.1.1). Since the sum of integrals in (1.2.3) is continuous in N, we may restrict the
supremum in N to a countable dense subset of V. By monotone convergence, we may
further restrict both suprema to finite subsets of V' and Z x Z. Choosing maximizers for
each x, it suffices to bound the operator

3(x)
Z /f(w' —y,zgr1 — [y N@D G K () dy (1.2.4)

s=s(x)

uniformly over all measurable functions N : R4 — V,s : R4l — Z and 5 : R - Z
with finite range. We fix such functions N, s,s.
For a tile p € P, we define

E(p) ={z €I(p) : N(z) € w(p), s(z) < s(p) <5(x)}

and the operator associated to the tile p

Tpf(x) = 1p@,) /f(:v' —y,zap — [y)e N ORI R ) () dy.

For a subset C C P we write Tc = > _,cc Tp- The operator (1.2.4) is then simply Tp.

Finally, we remove some tiles with unfavourable properties, using an argument due to
Fefferman [51]. A tile is called admissible if 3w(p) C @&(p), where & denotes the unique
frequency cube of scale s(w) — 1 containing w. Then it suffices to show the estimate
|Te,. fllr < C| fllzr, where P,q is the set of admissible tiles, as follows from an averaging
argument analogous to the one in Section 5 of [51]. From now on by tile we always mean
an admissible tile.

1.3 Outline of the proof of weak type L?-bounds for (1.2.4)

By duality and the reductions in the previous section, it suffices to show that there exists
C > 0 such that for each compact set F' C R%"1, there exists a set F' C F' with |F| < |F|
and

115\ TP 252 < C. (1.3.1)

We fix F'. The operators 17T}, do not change upon replacing E(p) by E(p) N F', so we will
assume from now on that E(p) C F for all tiles p. Note that since F' is compact and s,s
and N have finite range, only finitely many operators 7}, are not zero.
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We now make some definitions to state a decomposition for the operator on the left
hand side of (1.3.1). Denote by dimj V' the homogeneous dimension of V' with respect to
the dilations ds, that is

dimy, (R x {0}?) =d — 1, dimy, ({0} xR) =2,
and define the convex cylinder associated to a collection C of tiles by
C(C)={pePy: I, p" €C, 1) CI(p)cI®P)}.

Then the density of a collection C of tiles is defined as

, E\ Y
dens(C) = sup sup sup A\~ dimy VM :
pECAZ1p'eC(C)  1(p)CI(p') 11(p")]
odd "~ Aw(p')Chw(p)

(1.3.2)

where we use the notation Aw = ¢(w) + djog, A(w — c(w)) where ¢(w) is the center of w and
E\p) ={z € I(p) : N(z) € w(p)}.
We define a partial order on the set of tiles by
(I,w)<(I'w) <= ICcI'and W Cw.

An antichain is a set of tiles that are pairwise not comparable with respect to this order.
A set of tiles C is called convex, if p,p’ € C and p < p” < p/ implies p”’ € C. A tree is a
convex collection T of tiles together with an upper bound top(T), i.e. a tile m such that
for all p € T we have p < m. We denote w(T) = w(top(T)) and I(T) = I(top(T)). A tree
is called normal if 31(p) C I(T) for all p € T.

A pair of trees Ty, Ts is called A-separated, if for {i,7} = {1,2} and each tile p; € T
with I(p;) C I(T;) we have Aw(p;) Nw(T;) = 0. An n-forest is a collection of pairwise

210dn_separated, normal trees of density at most 27" that satisfy the overlap estimate
> 1pr) < 2"log(n+2). (1.3.3)
TeF

Proposition 1.3.1. There exists a constant C = C(d) and an exceptional set F with
|F| < |F|/2, such that the set

P ji=1{p€Pua : I(p) N (F\F) # 0}
can be decomposed as a disjoint union

C(n+1)2 C(n+1)3

PF\F: U Z_LJ1 Fn,lU I_LJl An,l 5

n>0
where each Fy,; is an n-forest and each A,,; is an antichain of density at most 27".

Estimate (1.3.1), and therefore weak type L? boundedness of the operator defined in
(1.1.3) then follows from the following estimates for antichain and forest operators.
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Proposition 1.3.2. There exists € = £(d) and C > 0 such that the following holds. Let A
be an antichain of density §. Then

||TA||2—>2 < 0o

Proposition 1.3.3. For each ¢ < % — (d+1) there exist C > 0 such that the following
holds. Let F be an n-forest. Then

| T |l2—2 < C27°7.

We will independently prove Proposition 1.3.1 in Section 1.4 and Proposition 1.3.2 in
Section 1.5. Proposition 1.3.3 is proven using an estimate for trees and an almost orthog-
onality argument. The almost orthogonality argument and the deduction of Proposition
1.3.3 are carried out in Section 1.7. The estimate for single trees is proven in Section 1.6,
and is a mild generalization of the following

Proposition 1.3.4. For each ¢ < % (d+1) there exist C > 0 such that the following
holds. Let T be a tree of density §. Then

| T2 < C6°.

1.4 Tile organization: Proof of Proposition 1.3.1

Let k > 0 and let Dg(F) be the set of maximal dyadic cubes @ with [Q N F|/|Q| > 27 k=1,
Let P<j be the set of tiles p € Paq such that I(p) is contained in some @ € Dy (F) and let
Py :=P<; \ P<;_1. Then we have 1pTp,, = Zkzo 1FT~k, and each p € P}, satisfies that
[I(p) N F|/|I(p)| < 27%. We define
E(p)={xelI(p)nF : N(x)€wp)},

and define M, ; to be the set of maximal tiles p in Py, such that [E(p)|/|I(p)| > 27" 1.
Lemma 1.4.1. The exceptional set

Fre=rnl) U UlzeQ: > 1rp) >1000-2"log(n+2)}

k>0 QED(F) n>k pEM, &
I(p)CQ

satisfies | 1| < |F|/4.
Proof. We have for each J € D

Y H@l<2vtt Y [Ep) <2,

PGMn,k peMn,k

I(p)cJ I(p)CJ
since tiles in 1\~/In7k are pairwise not comparable and hence the sets E(p), p € 1\~/In7k are
pairwise disjoint. We estimate for each @@ € D(F) and each n > k using the John-
Nirenberg inequality:

{zeQ: > 1rp) >1000-2"log(n + 2)}|
peMn,k
I(p)cQ

1000 - 2" log(n + 2 B
< ey exp(—ey 02 B2 0 < (n g2l (1)
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For the last inequality we have used that in this version of the John-Nirenberg inequality,
one can choose ¢; = €2 and ¢y = (26)*1.

Note that the set on the left hand side of (1.4.1) is a disjoint union of cubes I(p) each
of which satisfies |I(p) N F|/|1(p)| < 2%, hence

IFn{ze@: Y 14 >1000-2"log(n +2)}]

peMn,k
I(p)CQ

<27k (n +2)7101Q| < 2(n +2)71%|Q N F.

Summing up, we obtain

> D IFn{zeQ: D> 1pp >1000 -2 log(n + 2)}
k>0 QEDy (F) n>k pEN,, 1
I(p)cQ

_ 1
<23 (n+2) 1R < |F.

kE>0n>k
This completes the proof. ]

After removing the exceptional set Fy, only the tiles in

P, :={pePy:I(p) ¢ F1}

contribute, i.e. we have 1Rd+1\ 7 Tf,k = 1Rd+1\ 7 Tp,. Thus it suffices to decompose the sets
P into forests and antichains.
We define the k-density of a tile p € Py to be

; E\p
densy,(p) := sup sup )\~ dimn VM _
A>1p'ePy:I(p)CI(p') [I(p')|
odd Aw(p')CAw(p)

Then we split each Py into sets H,, = {p € Py : 2771 < densg(p) < 27"}, and
decompose each of them separately into forests and antichains. Note that dens(C) <
sup,cc densg(p) for each C C Py, so all subsets forests and antichains obtained in the
decomposition of H,, ;, have density at most 27".

Lemma 1.4.2. For each k > 0 and n > k, there exists an exceptional set Fn,k such
that |Fp x| < 27F""=2|F|, and such that the set of tiles p € H,x with 1(p) ¢ Fnx can
be decomposed as a disjoint union of O(n + 1) many n-forests and Og((n + 1)?) many
antichains.

Proof. We first note that H,, ;, is convex: Since dens is a decreasing function on tiles with
respect to <, H,, ;. is the difference of two down-sets, and as such convex.

Next, we prune the top n + 2 layers off H,, ,.: Let H:er; be the set of tiles p € H,, ;. for
which there exists no chain p < p; < -+ < pp42 with all p; € H,, j, where we use p < p/
to say that p < p’ and p # p’. Clearly, H:er is the union of at most n 4 2 antichains, so it

suffices to decompose Hg’k =H,;\ H: > and this set is still convex.

30



For n > k > 0, let M, , to be the set of maximal tiles p in Py, that satisfy |E(p)|/|I(p)| >
277~1 By Lemma 1.4.1 and the definition of P}, we then have the overlap estimate

> 1y, <1000 - 2" log(n + 2) . (1.4.2)
pEMn,k

We claim that for each p € H%k, there exists m € M, ;, with p < m. Since p € H%,k’
there exists a chain p < p; < -+ < ppy2 With p,19 € H,, ;. Since all tiles are admissible,
we have 3L 22y (p,, 1 5) C w(p). Since pyi2 € Hy, 1, there exists an odd A > 1 and a tile
p € Py with I(pp42) C I(p') and Aw(p’) C Aw(pni2) such that

[E\ )|
|1 (p")]

Since A is odd, the set Aw(p’) is the disjoint union of A4™» V" cubes w(p”) of tiles p” with
I(p") = I(p'), thus there exists one such p” € Py with [E(p”)|/|I(p")] > 27" L. By
definition of M, i, there is a tile m € M, ; with p” < m. Equation (1.4.3) implies that
A < 2D/ dimp Vgl that

> \dimp Vg—n—1 (1.4.3)

w(m) Ccw(p”) C o(n+1)/ dimy, ch(pn+2) C w(p).

Combining all of this we obtain that p < m, so the claim holds.
For a tile p € H?L’k, let B(p) be the set of tiles m € M,, ,, with p < m. Decompose H%k
into 2n + 10 collections

Ci={pecH,;: 27 <|Bp)| <2}, j=1,....2n+10.

The collections C; are convex, since p < p’ < p” implies B(p") C B(p') C B(p), and by the
overlap estimate (1.4.2) and the claim, their union is Hg,k'

Let U; be the set of maximal tiles in Cj, clearly U, also has overlap bounded by
100 - 2" log(n + 2). For each m € Uj let

T(m):={pecC; : p<m}.

Then the sets T(m) are disjoint: If p € T(m) N T(m’) for m # m/, then B(m) U B(m') C
B(p). But the sets B(m) and B(m’) are disjoint: Else there would be m” with p < m,m’ <
m/, which implies that m,m’ are comparable. But they are both maximal in Cj, so they
cannot be comparable. Hence 2711 > |B(p)| > |B(m)|+ |B(m')| > 2/ 427, a contradiction.
In particular, tiles p € T(m), p’ € T(m/) for m # m’ are not comparable.

The sets T(m) are of course also convex, so they are trees with top m. To obtain
the separation property, we prune the bottom 20dn layers of the trees: We define T~ (m)
to be the set of tiles p € T(m) for which there exists no chain poggn < --- < p1 < p.
Clearly, T~ (m) is the union of at most 20dn antichains. As tiles in different T(m) are
never comparable, Uy,eu,; T (m) is still a union of at most 20dn antichains. Let TO(m) :=
T(m) \ T~ (m), this is still a convex tree with top m. If p € TO(m), then there exists a
chain poggn < -+ < p1 < p in T(m). If m’ # m is such that I(p) C I(m') = I(T(m’)), then
by the last paragraph we must have w(pagg,) Nw(m’) = 0. Since all tiles are admissible, it
follows that 3109w (p) Nw(m’) = 0. Hence the trees TO(m) are 3'%9"_separated.
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Finally, we make the trees normal. For this purpose, let » = 100 + d + 6n. We first
prune the top 7 layers T°F(m) off each TY(m) similarly as in the last paragraph. This
produces another r = Og4(n + 1) antichains. Then we define the exceptional set

Fur=J U (m)\ (1= 27)1(m)),

Jj meU;

where aQ = ¢(Q) + 0log,a(Q — ¢(Q)) is the anisotropic dilate of @ by a factor a about its
center ¢(Q). We have, using that 1 < j < 2n + 10, the Bernoulli inequality and (1.4.2)

|Fogl < (2n+10)- > (d+2)27"|I(m)|
mGUj

< (2n410)-1000-2"log(n +2) - (d+2)-27"- Y |Q|

QED(F)
<279 N Q).

QED(F)
Using the definition of Dy (F') and that n > k we estimate this by
< 2—3n—22k|F| < 2—n—k;—2’F| )
We finally define . ) .
T(m) :={p € T°(m)\ T (m) : I(p) ¢ Fx}.

Then T(m), m € Uj is still a collection of 2!9"_geparated trees, and they are now normal:
If p € T(m) then s(p) < s(m) —r and I(p) C (1 —27")I(m), and therefore 31(p) C I(m).
By the overlap estimate (1.4.2), the collection {T'(m) : m € U,} is the union of at most

1000 n-forests. Thus C; can be decomposed into 1000 n-forests and Og4(n + 1) antichains,
which completes the proof. O

Recall that all antichains in Lemma 1.4.2 have density at most 27", since they are
contained in H, ;. Taking into account all £ > 0, Lemma 1.4.2 then yields a total of
O4((n +1)3) antichains of density at most 27", a total of O((n + 1)?) many n-forests, and
an exceptional set Fp = Uk Fy, i with [Fy| < |F |/4. Combining this with the estimate for

the measure of Fl from Lemma 1.4.1, we obtain Proposition 1.3.1 with F = F1 U Fg.

1.5 Antichains: Proof of Proposition 1.3.2

1.5.1 Decomposition of the kernel

We fix an antichain A of density §. We will decompose Ta, based on a decomposition of
the kernel of the singular Radon transform. Let ps be the measure defined by

[ rane= [ o)y

Then the operator T}, can be expressed as
1,(2) = Loy (@) [ £ = 9™ M), (1.5.1)
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We now decompose the measures js into a smooth part and a high-frequency part, choosing
different decompositions depending on V. For this, we let g9 > 0 be a small enough positive
number such that the exponent of § in Lemma 1.5.3 below is positive.

In the case V = R4 x {0}?, we let ¢! be a smooth bump function supported on
B(0,10071) C R with integral 1, and let

Paeo(T) = 820272001 (272067 %00y1)8(2') . (1.5.2)
We define the low frequency part of us by
Ho(@) = s+ oy oy (@) = 52027 K ()" (27250720 (w410 — |2']?)) (1.5.3)

and the high frequency part by p”? = ps — pl. Note that @L},’EO is a measure supported on
the line 2’ = 0, so ué is essentially frequency localized near the hyperplane ;41 = 0.

In the case V = {O}d x R, we let ¢ be a smooth bump function supported on
B(0,10071) ¢ R? with integral 1, and let

ol (@) = 67502 B pd(27567%00 )5 (2 qy1) - (1.5.4)
We define the low frequency part of us by
ph(x) o= s+ 0l (@)
=50 (5P - ra) KW N (159)

and the high frequency part by pu” = s — pk. In this case, p? is a measure supported on
the hyperplane z441 = 0, and ué is essentially frequency localized near the line £ = 0.
In both cases the low frequency part p' is a function, and one can check using (1.5.3)
or (1.5.5) and (1.2.1) that
i ()| S 501 (p)| ™ (1.5.6)
and
§(deog=s|1(p)|~1  ifi=1,...,d,

oyl - - 1.5.7
| MS(p)(m”N{g ([d+2)209=25|(p)|~ if i =d + 1. ( )

We define operators T, Il), T}f by replacing fig(,) with ,uls (p)? ,ug(p) in (1.5.1), and we define
TA,TX as the sum of T;,,TZ? over all p € A. Then we have TxA = TA + Tﬁ. We prove
estimates for TA and Tg separately in the next two subsections.

1.5.2 The smooth part

Here we estimate the smooth part T%. The argument is the same for V = RI~1 x {0}?
and V = {0}¢ x R. While p is defined differently in these two cases, we will only use the
properties (1.5.6) and (1.5.7) of ul, which hold in both cases.

We define the separation A(p,p’) of a pair of tiles p,p’ to be 1 if w(p) Nw(p') # 0, and
else we define it as

A(p,p') :==sup{A >0 : dw(p) Nw(p) =0 and w(p) N Aw(p’) = 0}.

Then we have the following almost orthogonality estimate.
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Lemma 1.5.1. There exists a constant C' > 0 such that for all tiles p,p’ with s(p) > s(p'),
we have

- A(p,p/)~*
THg, Thg)| < C6 <2d+2)eo’/ g/ ql. 1.5.8
Ty 9. 1,7 9)] 7)) E(p)l | E(p,)l | (1.5.8)

Proof. We abbreviate A = A(p,p’). We have, by Fubini and the definition of Té

(T, Tl g)] < / / L9 (1) L5 9(2)
‘/ei(N(m)—N(zz))'ylué(p) (x1 — y)ui(p,)(xg —v) dy‘ drydrzy. (1.5.9)

The inner integral in (1.5.9) is bounded by C'§=2%0|I(p)|~!, by (1.5.6). This implies (1.5.8)
if A <3, so we will assume from now on that A > 3. Fix x1 € E(p),z2 € E(p') and let

B(0) = by o1~ P 52 7).
By (1.5.6) and (1.5.7), we have the bounds

1 9—s(p")

0id(y)| S 67D ;
9:2(5)] T

i=1,...,d

and

1 ,
0@ (y)| LoD 920 j—q41.
9:2(v)] 3 W)

Since A = A(p,p’) > 3, we have by definition

gllaxdzs@)wi(ml) — Ni(z2)] > (A—=1)/2>A/3

or

220 | Nyp (21) — Naga (w2)] > (A = 1)/2 > A/3.

Integrating by parts in the corresponding direction, we find that

‘/ ei(N(zl)—N(l“z))'ylui(p) (x1 — y)mdy
< A—15—(2d+2)60u<p)’—1 7

which together with (1.5.9) gives the claimed estimate (1.5.8). O

Lemma 1.5.2. Let 1 < q < oo. There exists C > 0 such that for every antichain A of
density & and every tile p

< Ofa
q

Z Ap, ) gy

p'€A,s(p')<s(p)

U 16"

p'€A,s(p’)<s(p)

where k = (1 + dimy, V)~
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Proof. The estimate holds for ¢ = oo with C' = 1, since A(p,p’) > 1 and the sets E(p'),
p’ € A are disjoint. By Holder’s inequality it therefore only remains to show the estimate

for ¢ = 1:
Yoo Ap)EE)Ss U 10|
P'EA,s(p')<s(p) P'EA,s(p')<s(p)

The contribution of tiles with A(p,p’) > 6% is clearly bounded by the right hand side,
since E(p') C I(p') and the sets E(p’) are disjoint. So it remains only to estimate the
contribution of the tiles

A ={p e A :s@p)<s(p), Alp,p) <6 "}.

Let L be the set of maximal dyadic cubes L for which there exists p’ € A’ with L C I(p'),
and there exists no p’ € A’ with I(p’) C L. The set L is a partition of Uyca/I(p), so it
will be enough to show for each L € L the estimate

‘Lﬂ U EG

p EA’

)| < otmrdimaVip) (1.5.10)

Fix L € L. There exists a tile p’ € A’ with I(p/) c L. If I(p/) = L, define p;, = p/, and
clse let py, be the unique tile with I(pz) = L and w(p) C w(py). If A is the smallest odd
number such that A > 507", then we have in both cases that Aw(p’) D Aw(pr). For each
p’ e A" with LN I(p") # 0, it holds that L C I(p”) and w(p”) C Aw(pr). It follows that
for all such p”, we have that L N E(p”) C E(\,pr). Thus

L0 |J E@")I < 1E(56 " p)]
plleA/
<\ dimp V' dens(A)|L! 5 51—ndimh V‘L| ’

giving (1.5.10) and hence the lemma. O
Using the last two lemmas, we can prove our main estimate for 7T’ A.

Lemma 1.5.3. For all 1 < g < 2, there exists a constant C' > 0 such that
ITAll2se < Gz (0%,
where k = 1/(1 + dimy, V).
Proof. Define for each p € A the set
A(p) =1{p' € A : s(p)) < s(p), 3I(p) N3I(p') # 0}

Since T, Il,* g is always supported in 3I(p), we have that

(TR, TR <2 Y (Trg. Tyl

PEA p'eA(p)
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By Lemma 1.5.1, this is bounded up to constant factor by

6 (2d+2502/ )\9\ /!9 Z Alp,p') gy -

peEA p'EA(p

Cubes I(p’) associated to p’ € A(p) are contained in 5I(p), so we may apply Holder’s
inequality in the inner integral with ¢ < 2 to bound this by a constant times

’ A p,p 1]_
2d+2)€0 Z / ]-E |g|Mq| |H Zp GA(p) ( ) E HL‘Z ’

1
P ()17

where Mg = M(g?)'/? is the g-maximal function. Using Lemma 1.5.2 to estimate the
L7 -norm, we estimate this by a constant times

5o —(2d+2)
<o Z/lE 9| Mg

pEA
£ _(2d+2 S—(2d+2
< g7 1 [lglarg] £ 57T g8,

Here we used disjointness of the sets E(p) and L2-boundedness of M7 for ¢ < 2. This
completes the proof. O

1.5.3 The high frequency part

Here we estimate the high frequency part TX.

We start by discretizing modulation frequencies. For this, we let €1 > 0 be a small
positive number, much smaller than g, it will be chosen at the end of this section. We fix
finite subsets M (w) C w of each dyadic frequency cube w, such that the following holds
with p = §°1:

(1) [M(w)] < p~ Y,
(ii) For each N € w, there exists N’ € M (w) with
dpar (N, N') < p275) (1.5.11)
where dp,r denotes the parabolic distance

dpar(N7 N/) = max{lrgiafd |N; — Nz‘/|a |Nagy1 — Nc/l+1’1/2} .

(ii) If w=a+ bw' then M(w) = a + bM ().
For each tile p, we partition the set E(p) into E(p°), ¢ € M(w(p)), such that for all z € E(p)
dpar(N(z),¢) < 651275P) (1.5.12)

We define for a tile p and ¢ € M(w(p)) the operator
1 £(0) 1= Loy [ £l = 0 duly ).
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and we define also

=" > ke,

PEA ce M (w(p))

By (1.5.12), we have for x € E(p°) and all y in the support of ug(p) that
c-y = N(x)-y| <07,

hence

Tof@) — Y Thef(@)] < 61y () / (@ — )l dlat [(3).

ceM(w(p))

Summing this over all p € A and using that the corresponding sets E(p) are disjoint, it
follows that |TX -T X’d| is dominated by 4°! times a mollified maximal average along the

parabola. Thus
ITA = Ty |2 S 070 (1.5.13)

It now remains to estimate the discretized operator Tg’d. By disjointness of the sets E(p°)
and the third property of the sets M(w), we have

Ty f(z) < Sf(x), (1.5.14)

where the square function Sf is defined depending on V' as follows: In the case V =
R9=1 x {0}? it is defined by

(Sf@)?=> > > (€N () () (1.5.15)

SEZL NeZa—1x{0}2 ce M (wo)

with wo = [0,1)4"1 x {0}2, and in the case V = {0}¢ x R it is defined by

(SF@P = 3> 3 @) @P (1516)

SEZ Ne{0}4xZ cE M (wo)
with wp = {0} x [0, 1).

Lemma 1.5.4. There exist C > 0 such that the following holds. Let S be defined by
(1.5.15) or by (1.5.16). Then we have

1S]lamse < CSTEO~TF 21

Proof. We first treat the case (1.5.15). We have
NG :/ €yt lvP) g () dy .
1/8<y|<1/3

Thus we obtain from the method of stationary phase (see e.g. [65], Lemma 7.7.3) and
(1.2.1):

|0 ()] < min{1, €441} . (1.5.17)
Combining this with (1.5.2) yields
A6 (€7 = 1(1 = ¢ (6°€a41))fio (€)° S min{]62 &g |, |€asa |~} (1.5.18)
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Summing up (1.5.18) gives

Z 116 (€ + ¢+ N)I* < Jaga | min[6%08 1], [€aa ]} - (1.5.19)
Nezd=1x{0}?
€' +¢/+N"|<[€q+1]

If [€'] > |€441| then we have

1
IV(E -y + Earmlyl)| = 1€ + Earayl > §|§/| .

Integrating by parts (see e.g. [65], Theorem 7.7.1), we obtain

|i0(€)* < min{1, [¢'|77'}, (1.5.20)
and hence
i1 (©)° < min{6°0¢g 1 [min{1, €71}, €1 (1.5.21)
Summing up estimate (1.5.21) gives
Z |ﬂ8(§+c—|—N)|2 < min{|6%0¢ 112, €411} . (1.5.22)

NezZd—1x{0}?
€' +¢"+N"[>|€a41]

Combining (1.5.19) and (1.5.22) and using min{a, b} < min{(a®b4=1)"/(4+2) b} yields
> g+ e+ NP Smin{d*0/ g%, [€an] T
NeZa-1x{0}2
Using dilation invariance of all assumptions on K this implies
12
S 1aME+ -slc+ NP S min{6T2 722, 4, 227644471}
NezZd-1x{0}2

e1dimy V

Summing in s, and also summing in the < §~ choices of ¢, we obtain

Z Z Z |/’Ls §+ o_ (C+ N))‘Q S 5%_;,_250—81 dith.

SEZL NeZa~1x{0}2 ce M (wo)

This completes the proof in the case (1.5.15) by Plancherel.
Now we deal with the vertical modulation case (1.5.16). The stationary phase estimate
(1.5.17) combined with (1.5.4) yields

|46(6)1* S min{L, €| }|0%0?,

and hence
> g+t NP S |5gP
Ne{0}xZ
Combining the estimates (1.5.20) in the range |{'| > |(§ + ¢+ N)g41| and (1.5.17) in the
range [§'| <[(§+ ¢+ N)aya| gives

S lagE+ e+ NP S

Ne{0}4xZ
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Therefore we have

Y A€+ et NP < min{g*o(¢)?, ¢4
Ne{0}4xZ

As before, this implies the square function estimate (with better dependence on §) using
dilation invariance of all assumptions to sum in s, the bound on the number of summands
to sum in ¢, and then Plancherel. O

Combining the estimate for T in Lemma 1.5.3, for T% — TZ’d in (1.5.13) and for TZ’d
in (1.5.14) and Lemma 1.5.4, and choosing ¢y and then ¢; sufficiently small, we obtain
Proposition 1.3.2.

1.6 Trees: Proof of Proposition 1.3.4

Here we prove a mild generalization of Proposition 1.3.4. We will estimate what we call
generalized tree operators, with general kernels satisfying conditions described below. We
need the estimates in Section 1.7 both for the singular Radon transform and for a version
of it with a smoothened kernel.

1.6.1 General setup
Let in the following us, As, s € Z be any finite measures satisfying the following conditions:

i) ps, As are supported in d5(B(0,1/2)),

i) |ps| < As,

i) 0 (R41) = 0,

v

)
)
)
) we have

max{|D_sAs ()], [ D—spis ()|} < [€]71, (1.6.1)
where D_gpg := 270423 65

v) and there exist 7 > 0 and p,q < 2 such that convolution with D_gAs and D_4pus is
bounded from LP to LY with norm at most 1 for each s.

Relevant for the proof of Theorem 1.1.1 are the measures defined by

/fdus = /Rdf(y,lyIZ)Ks(y) dy, (1.6.2)

[rax= [ sl ene . (1.63)

and smoothened versions thereof. They clearly satisfy conditions i) to iii), condition iv)
follows from standard stationary phase estimates (e.g. [65], Lemma 7.7.3) and for con-

dition v) one can take any (p,q) such that (2,1) is in the interior of the convex hull of

p’q
(1,0),(0,1), (%55, 945) (see [85]).
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1.6.2 Generalized tree operators

With the choice of ps from (1.6.2), the tile operators defined in Section 1.2 can be written
as

Tpf(2) = 1pg) () / flx = y)eNPVdug(y),
and tree operators can be written as
Tef(e) = 3 Tfe) = Y [ flo =9 rap (),
peT s€o(x)
where o(z) := {s(p) : p € T,z € E(p)}. Since T is a subset of the set of all admissible
tiles, the set o(x) is always contained in

J=J(T) :={s € Z : Jw admissible, s(w) = s, w(T) C w},

and convexity of the tree T implies that there are o(x) < &(x ) with

o(z) = T N[e(e), 7).

Motivated by this, we define a generalized tree to be a pair (T,0’), where T is a tree
and o’ is a function associating to each x a set

o'(x)=J N[ (z),0 (z)] Co(x).

The generalized tree operator associated to (T, o) is defined by

Trorf(@) = Y [ - p)e¥vapuy).

s€o’(x)

The above discussion shows that this includes in particular the tree operators defined in
Section 1.3, by choosing s as in (1.6.2) and ¢'(z) = o(z) for each x.

1.6.3 Single tree estimate

We now dominate the generalized tree operators T, by a sum of two simpler operators
Ti1 " and My, resembling a maximally truncated singular integral and a maximal average
along the paraboloid.

Define the unmodulated operator associated to (T, o) by

7' (x)

Torof(x):= Y fxps(@)= > [ ps) (@) -

s€o’(x) s=a’(x)

This is a maximally truncated singular integral along the paraboloid, and it follows from
standard square function arguments as in [110] that T, is bounded on LZ.
Define also the maximal average Mt associated to T

My f(x) = ZHF) | f] % Xs() .

The operator My is bounded above pointwise by the maximal average associated to (As)sez,
which is bounded on L? under our assumptions.
We have the following pointwise estimate for T,/ in terms of T,r ,» and M.
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Lemma 1.6.1. There exists C > 0 such that for each generalized tree (T,c")

Ty f(2)] < [Tur o (e" N W f(y)(2)] + CMr f(2),
where N(T) is the smallest element, in lexicographic order, of w(T).

Proof. Suppose that p € T with s(p) = maxo(x) — k. Then there exists some p’ € T with
s(p') = s(p) + k and x € E(p'). Since N(z) € w(p') and N(T) € w(p'), it follows that

(N(T) = N(x)) -y| < d27*

for all y in the support of p,). Hence we have

Tpf(z) — L T /f T—y D@y, )(y)'

= [1g()(2) / fl@—y) (e — Ny 0 (y)

S; 27k1E(p)(x)|f| * /\s(x) )

using that |ps| < As and [N (®)Y — ¢N(T)y| < 2=k on the support of [s(p)- Summing over
all tiles p € T, we obtain:

‘TT,O'/f(x) - eN(T).xT*T,o’(eiN(T)‘yf(y))(‘r)’

< | f(@) — eV T g (2) / flo—y)e N dp, ., (y)‘
peT
S Z 27’{ Z 1E(p)(x)|f| * )‘s(‘r) :
k>0 peT

s(p)=maxo(z)—k

By disjointness of the sets E(p) for tiles p of a fixed scale, the inner sum is bounded by
M. This completes the proof. O

1.6.4 Low density trees and sparse bounds

Lemma 1.6.1 implies that the operators T, are bounded on L? uniformly over all gener-
alized trees (T,0’). We will now improve this estimate for trees of small density 4, using
sparse bounds for the operators Ty ,» and M. These sparse bounds are variants of bounds
for prototypical singular Radon transforms that were shown by Oberlin [97]. Our setting is
slightly more general than in [97], and we need a more precise estimate, but it still follows
from Oberlin’s proof with only minor modifications.

A collection S of dyadic cubes is called sparse if for each ) € S there exists a subset
U(Q) C Q with |U(Q)| > |Q|/2, such that the sets U(Q) are pairwise disjoint. For every
cube @ and p > 1, we denote by

ar= (155 / rf\pdx)l/p
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the p-average of a function f over (). Finally, given a dyadic cube @) and a tree T, we
define

E(Q) =ET,Q:= |J Ep)
1hese

Lemma 1.6.2 ([97]). Suppose that (p,q) are as in condition v) in Subsection 1.6.1. Then
there exists a constant C' > 0 such that for every generalized tree (T,o’) and all f, g there
exists a sparse collection of cubes S C D such that

] [ T @)oo as

The same statement holds with Tyt o replaced by M.

<O QN arLE@9)30.4- (1.6.4)
Qes

Proof. This follows from the proof of Theorems 1.3 and 1.4 in [97] (note that our ¢ is his
q’), with the following modifications. Firstly, Oberlin considers operators

ng f*M57

SEZL

with e5(z) € [—1,1], where ps is an isotropic dilate of a fixed measure po. In our setting
the us are anisotropic dilates of D_gzug, but Oberlin’s proof goes through in the anisotropic
setting as well. Furthermore, in our setting the measures D_gus are not identical, they
depend on s. However, they satisfy all assumptions of Oberlin’s theorems uniformly in s,
by i) - v) above, and the proof still goes through with this assumption.

It remains to explain why we can insert 1g ) in the g-average over 3Q in (1.6.4). We
explain it for Tyt ./, the argument for Mr is very similar. Oberlin constructs the sparse
collection S by an iterative argument starting from a large cube @Qq, such that f, g are
supported in Qg, 3Qo respectively. The expression on the left hand side of (1.6.4) does not
change if f is restricted to I(T) and ¢ to 3I(T), so we can choose ()9 = I(T). Oberlin
then defines operators T, which in our notation are

TQf(.%') = Z 1E(p) (x)ls(p)EO"(a:) “Hs(p) * (1Qf)(x> > (165)
peT
s(p)<s(Q)

so that Typ, = Tg,. Note that in the sum in (1.6.5) only tiles p with Q@ N3I(p) # 0
contribute. But if s(p) < 5(Q) and Q@ N 3I(p) # B, then I(p) C 3Q. Thus, Ty = 1Ty,
and hence

(Tof,9) = (Tof, 1e)9) - (1.6.6)
Our goal is to estimate
(TQof> 9| = [(TQo f> 1E(Q0)9) -

Oberlin shows that for every dyadic cube @ and every f there exists a collection Q1(Q) of
dyadic cubes such that

(Tof o) <1QUop(dsea+ >, (T f.g). (1.6.7)

Q'e1(Q)
Q'cq

42



This follows from his equations (3.2) and (3.3) and the claims below them. The sparse
collection § is then constructed by starting with Q¢ and iteratively adding for all Q € S
the cubes @1(Q) to S. Combining (1.6.6) and (1.6.7) one obtains (1.6.4) for this S, and
Oberlin shows that S is sparse. This completes the proof. Note that the only change
in our argument compared to Oberlin’s is that we use (1.6.6) to insert 1g) into the
g-averages.

Corollary 1.6.3. Let q be as in v) in Subsection 1.6.1. Then for each ¢ < % — % there
exists C' > 0 such that for each generalized tree (T,o’) with T of density 0, we have

| T o0 || 22 < CO°.
The same statement holds with Tyt , replaced by M.

Proof. Let L = L(T) be the collection of maximal dyadic cubes L such that there exists
some p € T with L C I(p) but there exists no p € T with I(p) C L. This is a partition of
I(T). Define

EL)=Ln |J EW).
p'eT
We claim that for each L € L we have
|E(L)] <6|L]. (1.6.8)

To prove this, fix L € L. By definition of L there exists p € T with I(p) C L. Define py, to
be p if I(p) = L, and else let p;, be the unique tile with I(pr) = L and w(T) C w(p). If
p' € T with I(p') N L # () then we have p;, < p’. Thus

|E(L)| < |E(pr)| < dens(T)|L| < d|L|,
giving the claim (1.6.8). Since L forms a partition of I(T), we have for all Q € D
E@QI< ) IBM@)<6 > |LI <837Q).
LC3Q LC3Q

Thus, for every ¢ > g, we have by Holder’s inequality
(1e@)9)3a.4 < (3728)/7V{g)30,4. (1.6.9)

Now pick (p,q) as in v), and pick ¢ with ¢ < § < 2. We obtain from Lemma 1.6.2 and
(1.6.9)

\ [ T s@)gta) ds| 81 S QU 0nlo)s0s
QEeS
<2617V U)o p(9)30.4
QeS
< 95Y/a-1/d M, fM;
C;g/[](Q) v

S YA izl glle

Here we used boundedness of the p- and §- maximal function on L? for p, § < 2. This yields
the desired result for Ty 5.
For M the proof is exactly the same. O
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Combining Corollary 1.6.3 with Lemma 1.6.1 we obtain an estimate for a single tree
with decay in the density parameter.

Corollary 1.6.4. For each ¢ < % — % there exist C > 0 such for each generalized tree

(T,0’) with T of density 0, we have
[T o |l2—2 < C6°.

Recall from Subsection 1.6.1 that for the measures ps defined by (1.6.2), condition

v) holds for all p,q < 2 such that (1/p,1/q) is in the interior of the convex hull of

(1,0),(0,1), (Z—E, gi;) In this case the condition in Corollary 1.6.4 becomes ¢ < & — m

1.7 Forests: Proof of Proposition 1.3.3

To prove Proposition 1.3.3, it remains to combine the bounds for the operators Tt from
Proposition 1.3.4 for all trees in a forest F. For this, we will show almost orthogonality
estimates for tree operators associated to separated trees.

1.7.1 Basic orthogonality estimates

As afirst step, we show that the adjoint generalized tree operator T, , is frequency localized
near Np. We use the definitions from Subsection 1.6.2.
We let ¥ denote the set of Schwartz functions v such that

(i) v is supported in B(0, 1),
(ii) % has integral 1,
(iii) [0%(z)| < L for all || < 10d,

where L is chosen sufficiently large such that for each £ with |£| > 1, there exists ¢ € ¥

with ¢ (€) =
For ¢ € U, we define the frequency projection Ilg v = Ilg N, by

N f(€) = (1—d(R7(E - N))F(E).

Lemma 1.7.1. For each k < (d+1) there exist C' such that the following holds. For each
generalized tree (T, o’) such that each tile in T has scale at least 0, all R > 1 and all ) € ¥

|Tr o/ g () ll252 < CRT".

Proof. We start by separating the logy(R) largest scales:

T o0 () = Z [ = e ) (1.7.1)

sEa x
525" (x)—logy(R)

+ Z /f z— )NV (y) . (1.7.2)

s€a’(x)
<o’ (z)—logy(R)
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The small scale contribution (1.7.2) is close to the N(T)-modulated operator:

Z /f iN(:r)-y o efiN(T)-y) d,us(y)

560' :r
<o’ (z)—logy(R)

S Y 27 [ife-yldele) SR (113)
s€o’(x)
<7’ (z)—log,(R)

where M? denotes the maximal average associated to A. Here we have used that if s € ¢/(x)
with s =@ (x) — k, then there exists a frequency cube of scale s + k containing N(T) and
N (z), which implies that for all y in the support of us we have |(N(z) — N(T))-y| < 27*.
So to bound (1.7.2), it suffices to show the following estimate for the N(T)-modulated
operator:

Z / D (Mg )@ — 9) dus@)|| < BV2)f]2.
sEo

<7’ (x)— log2 9

Replacing f by eN(T)= f () and taking differences it suffices to show

sup |3 15(5) [ (Mrof)(e ~ ) diss )| | € B2 1]

0<o o<s )

This follows from a standard square function argument, using that by (1.6.1) we have for

allc >0
1= DR Y 1As(©)] S R72722

o<s

Now we treat the large scales (1.7.1), using that only logarithmically many scales con-
tribute at each point. We discretize modulation frequencies. Let v > 0, to be chosen
later. For each dyadic frequency cube w, we fix finite subsets M (w) satisfying conditions
(1), (ii), (iii) in Section 1.5.3, with p = R™7. For each s € Z, let ws be the unique frequency
cube of scale s containing N(T). For each z and each s € o'(x), we pick a frequency
c(x,s) € M(ws) such that dpa(N(2),c(z,s)) < R7727°. By a similar computation as in
(1.7.3)

Z / fla—y) (e NV — e BY) 4 (y)

SEU a:
s>7'(z)—log,(R)

< logy(R)R™TM*f .
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Thus we may replace N(z) by c(x,s) in (1.7.1). We bound the resulting sum by the
number of nonzero summands, which is at most logy(R) at each point z, times the maximal
summand. The maximal summand is controlled by the estimate

< R’ydimh VR—1/2HfH2 )
2

sup sup
520 ceM (s)

/ (e N f)(@ —y)e'? dus(y)

This follows from |(1 — (R~ — N 4 ¢)))||iis(€)] < R~Y227%/2 and a standard square
function argument, using that there are at most R 4™V choices of ¢ for each s. Optimizing
v, we obtain the lemma. O

An immediate corollary are almost orthogonality estimate for separated trees with the
same top cube.

Corollary 1.7.2. For each k < ﬁ there exists C' > 0 such that the following holds. Let
Ty, Ty be a pair of A-separated, normal trees with I(T1) = I(Ty) =: I. Let (T1,01),(T2,02)
be generalized tree operators, with possibly different us. Then

’/T{«170191T{1270292 < CA™"|g1ll2(pyllgall L2 (r - (1.7.4)

Proof. We drop the o; from the notation and write T, 5, = T,. By scaling, we may
assume that the minimal scale of a tile in T; U T5 is 0. Furthermore we may assume that
A > 3, otherwise (1.7.4) follows from L? boundedness of generalized tree operators. Then
it holds by A-separation that |[N(T;) — N(T2)| > A/3.

We let «' = r/(1 — k) < 1/(2(d+ 1)) and v = 1/(1 + #'), define II; = I~ y(T,) for
some function ¢ € ¥, and split up

(T, 91, T1,92) = (IL Ty, 91, U2 T, 92) + (1 — TIh) T, g1, HaTp, g2)
+ (LT, 91, (1 = T2)Trp, go) + (1 — I11) T, g1, (1 — TI2) Trp, g2) -

The first three terms are bounded by A~ lg1llz2(r)ll92ll 2(ry by Lemma 1.7.1, and the last
term is bounded by

(1= Ty) (1 = o) [les2llgn L2y g2l 2y S A Hlgall 2 lgzllz2y -

because ¢ € ¥ and |[N(T;) — N(T2)| > A/3. This gives the desired estimate since yx' =
v—1=k. O

1.7.2 Auxiliary estimates for oscillatory integrals

In this subsection we prepare the proof of a version of Corollary 1.7.2 for a general pair of
separated trees by showing some estimates for oscillatory integrals along paraboloids.

From now on, us and A4 are fixed to be the measures defined in (1.6.2) and (1.6.3). We
define

Xse = T pe * (Aem1 + As + Aspa) (1.7.5)
and xs.e5 = 61 Xs,e1|zy)<s2s- We also define the associated maximal convolution operators
MX!f(x) := supsup | f| * Xspe (1.7.6)

s€Z >0
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MX? f(x) := supsupsup | f| * Xs.c.6 » (1.7.7)
s€Z >0 6>0

where Y(x) = x(—z). Both M*! and MX? are bounded on L?, because they are dominated
by the composition of the Hardy-Littlewood maximal function and maximal averages along
the parabolas in the direction of the coordinate axes {te; +t%e411 : t € R} fori=1,...,d.

Lemma 1.7.3. There exists C' > 0 such that the following holds. For all a,b > 0 with
b>4a, ol N eV, allyy €V and all s > —1 we have

(€™ 1as(y) * a(2)] S DXs,ap(@) + — = Xsa(2) - (1.7.8)

1
ab|N|
Furthermore, if ¢ > 0 has integral 1 and p = ps * p, then

(™Y pl(y)) * Ya(@)] S bXsab * P(T) + === Xsa * 9(T) - (1.7.9)

1
ab|N |
Here we write ¢y (x) = t =4 1p(t ).

Proof. The estimate (1.7.9) follows from (1.7.8) and the triangle inequality. For |z4| <
b2° estimate (1.7.8) also follows directly from the triangle inequality. For |z4| > 02° we
distinguish cases depending on V.

If V =RI! x {0}? then Ny = Ngy1 = 0, and without loss of generality we have that
|Ng—1| > |N|/d. We let § = (y1,...,Y4—2) and put

y = (7, Vh* = [g]? cos(0), /h? — |5]?sin(6)) .
We abbreviate r = y/h? — |§|? and change variables to obtain
[ vata = 26V di )

- / Gala =y 2ars — )N IR K () dy

= / / / T},.5(0)e®7®) dd hdhdy, (1.7.10)

I'h5(0) = Ya(@ — g, 241 — rcos(0), xqg — rsin(d), xq41 — h)
Ks(y,rcos(0),r sin(G))eiN'g

where we put ¢y, 5(0) = Ng_17 cos(f) and

Using (1.2.1) and the assumption s > —1, we find that
T7,5(0)] S a= 227 %, (1.7.11)

Since |z4| > b2° and since |xq — rsin(f)| < a on the support of I'y, 5, we have additionally
that |sin(6)| > b —27%a > b/2. Thus

| N |br

[Nl
2d '

d

|6h,5(0)] > and ¢ 5(0)] < (1.7.12)



Integrating by parts in (1.7.10), we obtain with (1.7.11) and (1.7.12)

r
(1.7.10) /// 4 "y(( ))‘LW ()| d9h dh dg
< ///(13(071))(1(:% — g, xq-1 —rcos(0),xqg —rsin(f), g1 — h)
1 1
—ds( + ) Lge s oy <20 A0 R AR dF

ab|N| T B2[N]|

1
S 274 ——(1p(0.1))a(?’ — ¥, Tar1 — [y[*) dy
/253<|y<25 ab|N| ( ’ ) “

1

<
ab[N]Xw

Now we assume that V = {0}¢ x R. Then we have N’ = 0 and hence

[ a2V dpl) = [0l = gans — PN K ) dy
:/F(t)esztht, (1.7.13)
where this time we have set
0O = [ vala’ = gass — DK ()50t~ lyP) dy
Using (1.2.1) and that s > —1, one finds that |I'(¢)] < a~%"227%. Integrating by parts

in (1.7.13) gives the desired estimate (1.7.8) after a similar, but simpler computation as in
the case V = R4~ x {0}2. O

Lemma 1.7.4. There exists C' > 0 such that the following holds. Let s € Z, a > 0 and
b>27% Let,p €V with (—aN) = 0. Define

bs(x) = (2°0) 72027072 2720 g 0)
and pl = pg ©p,s- Then we have that
o (Nl ()] < Ca2=sh @251 oo (y). (1.7.14)
Proof. We have that
s XN S [ 1606 — a) g, (6) d¢
Sa [ lellons(©)lde
S [ e lo©)] de.

The lemma now follows since 27°b~% < 1 and [||¢|¢(€)]|1 < 1 for ¥ € U, and since the left
hand side of (1.7.14) is clearly supported in [—2%,2°]% x [-225 229]., O
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1.7.3 Main almost orthogonality estimate for separated trees

Lemma 1.7.5. There exists C > 0 such that the following holds. Let T1, T be a pair of
A-separated, normal trees. Then

__1
< CA™ 104 |Wr, g1l L2 (rery)nima)) IW T 921 L2 (1(T1 )N (T2))

’/Tfflngng
for certain operators Wr, depending only on T; with
[Wr,ll2—2 < 1.

Proof. Since the trees are normal, the left hand side vanishes if I(T;) N I(T2) = (. Thus
we may assume without loss of generality that I := I(T9) C I(T;). Note also that we can
always assume that A is sufficiently large, by adding \Ti[ to Wr,. Finally, we assume that
the minimal scale of a tile in T is 0, by scaling.

2(d+1
We fix v := % > 10% >0 and ¢ € ¥ and define ! := g * ©A-,s» Where

o o() = 2 DN (0= AT 272 AT )

Then we decompose T, into a large scales part, a smoothened small scales part and an
error term:

D S B e L)
)

s€o(z
s>7(x)—logy(A)

+ Z) /f(w — )N TV dul(y)

s€o(x
s<a(x)—logy(A)

+ &, (f)
Notice that us, As are supported in d5(B(0,1/3)), so for A sufficiently large the measures

pl and AL also satisfy conditions i) to v). Thus both Tr}l and T%l are generalized tree
operators.

49



We first show that the error term &, is small. We have

(<] Y [ e VT4 )

s€o(x)
s<o(x)—logy(A)

T Z /f YN DY (g, — i) (y)

sEcr
<o ()~ log2<A>

< Y / (@ — )| dlal ()
)

s€o(x)
s<7(x)—logy (A

+sup | > (us — ) x (f(y)eNTVY)]

8<3 5<s<s
sedJ

Here J = J(T;) is as in Subsection 1.6.2. The first term is bounded by A~'M*f(z).
The second term is the maximally truncated singular integral associated to the single scale
operators 1(s)(us — i), applied to e?N(TY f(y). Since

(€)= AL (&) < min{|e|7, |A €]},

this operator has norm < A~7/2 on L?. Thus we have

&, ()l S A2 flla < A710 | £]l2.

It now remains to bound <Tr}_3; 91, Ty, 92) + <T%’; g1, T5,92). We decompose Ty = T} U
T/ UTY, where
T, ={pe Ty : s(p)<—1,3I(p) C I},
={peTi:s(p)>-1,3I(p)NI+#0}

and T/ =T \ (T} U T’l’) Then T is a normal tree with top I. For all p € T}, p' € Ty
we have 2I(p) N (2 + 3)I(p') = 0, this follows from normality of Ty and the fact that all
tiles in TY" with 3I(p ) N I # () have scale at most s(p’) — 2. Thus (T, T g1 T%,92) = 0.

According to the decomposition of T we split 7 r}_«l = T,]l_q,l + T1 TV + T T and similarly
for T3 . We still have (. T/,,gl, Tt,92) = 0, thus

<T’}:‘>§gl7 T’ik:‘292> = <T’:}‘>§gl7 T’ik‘292> + <T'}:‘>£’g17 T'ik:‘292> N (1715)

For the first summand in (1.7.15) we obtain with Corollary 1.7.2

* * —L
(T 1. Tr,92)| S A7 || gull 2y L9l 2oy - (1.7.16)
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For the second summand in (1.7.15) we put v = 2‘2%11 and choose Iy = IIav n(T,) for some
function ¢ € V. If A is sufficiently large then II>T) g is supported in (2 + 1)I(p') for each
tile p’ € Tq, thus we also have (T, ,i,’,;u g1, 12T, g2) = 0. Using this, we expand

(T,

"
1

91:T1,92) = (g1, Ty (1 = M) T, 92) + (T 91 — Tt 91, 11T, 92) - (1.7.17)

/
1

The second term in (1.7.17) is by Cauchy-Schwarz, Lemma 1.7.1 and L?-boundedness of
T,%?,; = T,F,; 1;(t,) bounded by

1 .
AT 104 [[| Tt g1 | + lgulll 2 llg2ll 2y - (1.7.18)

For the first term in (1.7.17) we may assume that N(T2) = 0. Then we have

Th(-T)f@) = S (YO () « pa + f(),
s€o’(z)
s>5(x)—logs(A)

where o'(z) = {s(p) : © € E(p),p € T{}. Using the estimate for the convolution kernels
proven in Lemma 1.7.3 with a = A™", b = A~1/2, we obtain with the notation defined at
(1.7.5)

(€Y g (y)) * - * f(2)]
SJ (Ail/QXs,A*lQA—l/Q + AV?l/ZXs,A*V) * ’f’(l‘) .

Passing the convolutions to the other side in the inner product, we find that the first term
in (1.7.17) is bounded by

log(A) AV V2 (M X g + M*Xgy, | T, g2)
_ 1
< AT | MY gy + M*X gyl 2y lg2ll 2y

where M1X M?X are defined in (1.7.6) and (1.7.7). Since M X and M?X are bounded on
L?, this gives the desired estimate for T, rll_«l.
Now we turn to (T3 g1, Ty, g2). As above, we have

(T g1, T,92) = (T

/
1

91:T1,92) + (TFy91, T, 92) - (1.7.19)
For the first term in (1.7.19) we have again from Corollary 1.7.2 that

1
(T 91, T,92)| S A7 gull 2y 92l 21 - (1.7.20)
For the second term in (1.7.19) we split as before

2%
(Tt

11
1

(1 — o) T, 92) + (T3 g1 — Tigs g1, o Tp, go) - (1.7.21)

91, T,92) = (g1, T ]

a/
The second term in (1.7.21) is by Cauchy-Schwarz and Lemma 1.7.1 bounded by

_1 .
AT 10 ||| T g1 | + g1l 2 llg2ll z2cry - (1.7.22)
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For the first term in (1.7.21), we assume again that N(T2) = 0. Then

Tiy(1-Th)f(x) = Y dawx(NTV(y)) # f(2).
s€o’(x)
5<7(z)—logy(A)

By our assumptions on ¥, we may then further assume that we have (A~”N(T1)) = 0,
since for A sufficiently large |[A7VN(T;)| = A" > 1. By Lemma 1.7.4 with a = A7,
b= A" we have

Yo aex (@NTIVU(Y)) x f2)] S AP x| f| (),

5> logy(A)

where ®(y) = > 5, 2_5(‘“‘3)1[,23725]”[,225’225](y). By Lemma 1.7.3 with a = A™", b
A~1/2 we have for —1 < s < ylog(A) that

a- (N TVl (y) « f ()]
S.; (A71/2X8,A7W7A71/2 + AV?1/2X5,A77) * M|f’((13) .

Similarly as for Tr}l, we obtain from these estimates that the first term in (1.7.21) is
bounded by

1
ATT0d || Mgy + M'"Xgy + M*Xg1 | 225y llg2ll 221 -
This completes the proof. O

1.7.4 Completing the argument for forests

Here we use Lemma 1.7.5 to complete the proof of Proposition 1.3.3. We follow the pre-
sentation in [116].
A row is a union of normal trees with pairwise disjoint top cubes.

Lemma 1.7.6. There exists C' > 0 such that the following holds. Let Ri,Reo be two rows
such that the trees in Ry are A-separated from the trees in Ro. Then

_1
< CA™™1|gy 2]lg2l2 -

'/Tﬁlngf{ng
Proof. We have by Lemma 1.7.5, with W, as defined there:

SDDY

T1€R1 T2€R2

1
< CA™Tod Z Z H W, 1r¢r,)9ill L2 (1¢T1)n1(T2)) -

Ti1ER; T2€R2 1=1,2

/T'I*‘lll(Tl)ngfI*‘Qll(Tg)gQ

‘/ TR, 01 TR,92
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Using Cauchy-Schwarz, disjointness of the cubes I(T;) for T; € R; and ||Wr, |22 S 1, we
estimate:

1/2

< CA~ T H Z Z ||WTi1I(Ti)gi”%Q(I(Tl)ﬂI(Tz))

1=1,2 \T1€R2 T2€R>

1/2

< CA™ T0d H Z W 1(r ngL?

i=1,2 \ T,eR;

1

< CA™T | gy|alga ] -

Proof of Proposition 1.3.3. Let F be an n-forest. By the overlap estimate (1.3.3), we can
decompose F into 2" log(n + 2) rows R,;. Since F is an n-forest, the trees in different rows
are 21097 geparated and have density at most 27". Note also that separation of the rows
implies that the sets F(R;) := Uper, E(p) are pairwise disjoint.

By orthogonality and Corollary 1.6.4, we have that

ITR, |22 Se 27"

for each 7 and each € < % Using this and Lemma 1.7.6 yields

(d+1)
T3l < Tr1e®:)9TR,1E®R;)9 ‘
S (2727 4 2" log(n + 2)27 1710) 3 1, 9113
i
S27%gll3. (1.7.23)
This completes the proof. O

1.8 [P-bounds: Proof of Theorem 1.1.1

Theorem 1.1.1 follows from interpolation, Proposition 1.3.1 and the following LP-estimates
for antichain and forest operators replacing Proposition 1.3.2 and Proposition 1.3.3.

Proposition 1.8.1. For each 1 < p < oo there exists € = £(d,p) > 0 and C > 0 such that
for every antichain A of density &

I Tallp—p < €O

Proof. This follows from interpolation between Proposition 1.3.2 and the trivial bound
|Tallp—p < C(p), which holds since Ts is dominated pointwise by the maximal average
along the paraboloid. O

Proposition 1.8.2. Let p be such that

d? +4d + 2

A+ 1)2 <p<2d+1). (1.8.1)
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There exists C > 0 such that the following holds. Let for eachn >0 and 1 <1 < (n + 1)?
an n-forest ¥y, ; of normal trees be given. Then

n+1)

> > Tr.,

n>0 [=1

<C. (1.8.2)

p—p

Proof. Suppose first that p < 2. We will show that for all 0 < a < d?/(2(d? + 4d + 2))
there exists ¢ > 0 such that for each G C R4 with 0 < |G| < oo it holds with G = {z :
M1g >t} that

gaen 6T, Lallas2 S 192777 (1.8.3)

Using Bateman’s extrapolation argument from [4] (see also [116], Appendix B), (1.8.3)
implies that for p < 2 satisfying (1.8.1)

HTFn,lHval—}LP»OO § 27En

Then (1.8.2) follows by interpolation and summation in n.
To prove (1.8.3), recall that by Lemma 1.6.2 for each tree T, all p > 1 + ﬁ and all
f, g, there exists a sparse collection S with

|<1Rd+1\éT*T1Gfa RS Z |Q|<1Gf>p,Q<1(Rd+1\é)mE(Q)g>p,3Q- (1.8.4)
Qes

If 3Q N (RT1\ G) # 0, then |Q NG| < t|Q|. Using this and Hélder’s inequality, we obtain
with a similar argument as in the proof of Corollary 1.6.3 that for each € < % — A and

d+2
each tree T of density at most 27"

[1gargTerlalla—e Se 727"

By the same argument, the same holds for My and hence for Tr. By orthogonality, the
same estimate holds for row operators Tr. Finally, each forest F,; can be decomposed
into at most 2" log(n + 2) rows, so

H]'Rd+1\éTFnyllG||24>2 < gn/2—en log(n + 2)1/215E .

We obtain (1.8.3) by taking a geometric average of this estimate and (1.7.23).
For the case p > 2 we use that for all 0 < a < % there exists C' > 0 such that

for each G C R™! with 0 < |G| < oo

(d+1) )

(n+1)?
HlG Z Z TFn‘lle-o-l\@HQ_ﬂ < Ct*. (185)

n>0 [=1

Indeed, if we replace the sets E(p) by E(p) \ G, then each tile has density < ¢, so (1.8.5)
follows immediatly from Proposition 1.3.3. Using Bateman’s extrapolation argument for
the adjoint operator and interpolation, we obtain (1.8.2) for all p > 2 satisfying (1.8.1). O
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Chapter 2

On trilinear singular
Brascamp-Lieb integrals

This chapter consists of a joint article [8] with Polona Durcik and Fred Yu-Hsiang Lin.

2.1 Introduction

This article continues the investigation of generalizations of the bilinear Hilbert transform

BHT(f1, fo)(x /f1 (2 4t fg(x+at)1d 0401, (2.1.1)

where the integral is understood as the principal value. Lacey and Thiele in their break-
through Works [76, 78] proved boundedness of BHT from LP' x LP? into LP°, provided that
770 pT + - =1 and pg > 3 This partially resolved a conjecture of Calderén [69].

It is then very natural to ask about higher dimensional versions of (2.1.1), namely the

operators
BHTy(f1, f2) (= / Ji(w + Axt) fo(x + Agt) K (t)dt, (2.1.2)

where A;, Ay : RY — R? are linear maps and K is a Calderén-Zygmund kernel on R?,
defined below in (2.1.3). Demeter and Thiele [39] studied the two dimensional case d = 2
of (2.1.2). The class of such operators is richer than in the one dimensional case, in that
various levels of degeneracies occur depending on A; and As. Demeter and Thiele found
four qualitatively different cases, and prove boundedness for three of them using different
tools. The final case was later resolved by Kova¢ [71], using again different techniques.

In the present paper we extend this classification to the d-dimensional case and in
fact to more general singular Brascamp-Lieb forms, in Theorem 2.1.15. We require some
definitions, which are set up in Sections 2.1.1 to 2.1.3. We use our classification to fully

characterize boundedness at exponents p1, p2, p3 that do not satisfy the Holder relation pil +

p% + p% =1, in Theorem 2.1.16. In Section 2.1.4 we further give three conditional bounds,
Theorem 2.1.17, Theorem 2.1.18 and Theorem 2.1.19. They indicate how the difficulty of
algebraically related cases in the classification compares. We put our classification into
context and discuss which cases are covered by the existing literature in Section 2.1.5.
Finally, we give new bounds for a large class of cases with Holder exponents in Theorem
2.1.23.
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2.1.1 Singular Brascamp-Lieb forms

By duality, bounds for the bilinear operators (2.1.2) are equivalent to bounds for the tri-
linear forms

o fi(z + Aqt) fo(z + Aot) f3(z) K (t)dt do .

Motivated by this, we make the following general definitions.

Definition 2.1.1. An [-Calderén-Zygmund kernel is a tempered distribution K on a
Hilbert space H, such that K agrees with a function away from 0 and such that for any
choice of orthonormal basis, the corresponding partial derivatives of the Fourier transform
K satisfy for all £ # 0

°K (&) < g7, Jal <1 (2.1.3)

Here the Fourier transform of a Schwartz function is defined by

fle) = / ¢ 2EE () dr,

and this definition is extended to tempered distributions by density.

Definition 2.1.2. We define a (trilinear) singular Brascamp-Lieb datum to be a tuple
H = (H; Hy, H, Hy, Hs; 11, 11, II9, II3) of five finite dimensional Hilbert spaces H, H; and
of four surjective linear maps II; : H — H;.

Definition 2.1.3. Given a singular Brascamp-Lieb datum H and a Calderén-Zygumnd
kernel K on Hy, the associated singular Brascamp-Lieb form Ay is the trilinear form
defined a priori on Schwartz functions f; € S(H;) by

Au(K, i fou o) = [ () fo(Tha) fo(Ty) K (o) dor (21.4)
H
Our goal is to study Lebesgue space estimates

MK f1, f2, £3)] < COI fallps [ F2llpa [ F3lps (2.1.5)

for singular Brascamp-Lieb forms and exponents p = (p1,p2,p3). This motivates the
following definition.

Definition 2.1.4. We say that a form Ay and the datum H are p-bounded if there exists [
such that (2.1.5) holds for all fi, f2, f3 and all [-Calderén-Zygmund kernels K. We say that
it is is of Holder type if it is p-bounded for some 1 < p1, p2, p3 < oo with p% + p% + p% =1
We will abbreviate a < p1,p2,p3 <bbya <p <b.

The methods used in previous literature to prove or disprove bounds (2.1.5) vary sub-
stantially depending on H. This shows in the very different methods used in [39] and [71],
and also in the analysis in [39] for different H. The following notion of equivalence is rel-
evant for deciding boundedness of a singular Brascamp-Lieb form, as expressed in Lemma
2.1.6.
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Definition 2.1.5. We call two singular Brascamp-Lieb data H, H' equivalent if there exist
invertible linear maps

0:H—H', ¢i:H —H, i=01,2,3, (2.1.6)

such that
Mop=g;oll;, i=0,1,2,3. (2.1.7)

Lemma 2.1.6. Suppose that H and H' are equivalent singular Brascamp-Lieb data. Then
for all p, the form Ay is p-bounded if and only Ap: is p-bounded.

Lemma 2.1.6 is a direct consequence of changes of variables in the functions and the
integral defining the singular Brascamp-Lieb form.

Our goal is to classify p-bounded singular Brascamp-Lieb forms up to equivalence. Note
that the notions of p-boundedness and equivalence of data are insensitive to the Hilbert
space structures on the spaces in H,H'. Hence, only the underlying vector spaces and
linear maps will be relevant for our classification. However, to make sense of (2.1.3) and
(2.1.5), we need Lebesgue measures on the spaces H, H;, and a norm on Hj. The H, H; are
defined to be Hilbert spaces to simplify the exposition, because Hilbert spaces canonically
have this additional structure. (The same choice is made in [13], for similar reasons.)

Remark 2.1.7. To study quantitative estimates, that is, the size of the constant C
in (2.1.5), one needs a finer equivalence relation than the one given by (2.1.6), (2.1.7).
Namely one should assume that g is a scalar multiple of an orthogonal transformation,
o € R-O(Hy, Hy). This is because only scalar multiples of isometries preserve all quan-
titative assumptions on the Calderén-Zygmund kernels. Equivalence classes modulo this
finer equivalence relation are parametrized by equivalence classes according to Definition
2.1.5 together with an element of GI(H())/(R - O(Hy, H))). The latter can be parametrized
by nonsingular lower triangular matrices with a 1 in the upper left corner.

2.1.2 The four subspace problem

The classification of Brascamp-Lieb data up to equivalence is equivalent to the so-called
four subspace problem, which we now describe.

Definition 2.1.8. A module is a tuple M = (M; My, My, Ma, M3) of a finite dimensional
vector space M and four subspaces M; C M, +¢=0,1,2,3.

Structures M are also called representations (of the four subspace quiver). We call them
modules, because they are modules over the path algebra associated with that quiver. The
interested reader is refered to [40] for a short survey on quiver representations.

Definition 2.1.9. Two modules M and M’ are isomorphic if there exists an invertible
linear map 1 : M — M’ such that

(M) =M, i=0,1,2,3.

If M is isomorphic to M/, we write M = M’.
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The four subspace problem asks for a classification of all modules up to isomorphism.
It was solved by Gelfand and Ponomarev [58] for algebraically closed fields. In the case of
general fields (we are interested in R), the solution was given by Nazarova [94, 95]. See also
[87] for an elementary proof. The solution consists of a list of indecomposable modules,
such that each module is isomorphic to a unique (up to permutation) finite direct sum of
indecomposables.

Definition 2.1.10. The direct sum of two modules M = (M; My, My, Ma, M3) and M’ =
(M'; M, My, M}, M}) is defined to be the module

MoM = (Ma M';My® M), My & Mj, My ® M}, M3 @ M) .

Theorem 2.1.11 (Gelfand, Ponomarev [58]; Nazarova [94, 95]). Let M be a module. Then
there exists a finite sequence of modules M1, Ma, ..., My, from the list in Table 2.1 (possibly
after permuting the subspaces), such that

M=M;®---®&My.
For every such representation
MM, @ &M,
there exists a permutation 7 : {1,...,k} — {1,..., k} such that M; = M;(i), i1=1,...,k.

Remark 2.1.12. The indecomposable modules M; are listed in Table 2.1 only up to
permutation of the subspaces. We give the additional information which permutations give
rise to isomorphic modules for each case in Lemma 2.8.1 in Appendix 2.8. This information
will be used in the proof of Theorem 2.1.15.

We alert the reader that the same classification problem for more than four subspace,
relevant to more-than-three linear forms, is significantly harder. More precisely, the four
subspace problem is the last in this sequence which is tame. For tame classification prob-
lems, there exist for every dimension tuple of the involved subspaces only finitely many
one parameter families of indecomposable modules, plus possibly finitely many additional
indecomposable modules (at least if the underlying field is algebraically closed), see [35].
If a classification problem is not tame, then it is wild. One can show that every wild
classification problem is at least as hard as the classification of finite dimensional modules
up to isomorphism over any finitely generated algebra. For both of these facts, and fur-
ther references, see [43]. In that sense wild classification problems are substantially more
difficult.

Of course, we are not interested in all modules, but just in those corresponding to p-
bounded forms with p < co. This imposes some restrictions, see Lemma 2.2.1 and Lemma
2.2.2. However, even with these additional restrictions, even if we additionally assume the
Holder condition 1/p; + 1/p2 + 1/p3 = 1, the classification problem remains wild for four-
and higher linear forms, see Remark 2.2.3.

2.1.3 Classification of singular Brascamp-Lieb forms

Taking adjoint gives rise to a natural correspondence between the underlying vector spaces
of singular Brascamp-Lieb data and modules.
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Definition 2.1.13. Let H be a singular Brascamp-Lieb datum. The associated module
My is defined to be

Here * denotes adjoints and dual spaces. Conversely, if M is a module, then we associate
to it a singular Brascamp-Lieb datum

*, * * * *, ok * * *
HM — (M ,M07M1,M2,M3,L0,L1,L2,L3).

Here ¢; denotes the inclusion map ¢; : M; — M, and we equip the finite dimensional vector
spaces M*, M7 with any Hilbert space structure.

If we define morphisms of Brascamp-Lieb data to be tuples of (not necessarily invertible)
linear maps ¢, ¢; satisfying (2.1.6) and (2.1.7), then the maps H — My and M — Hyg
become mutually inverse dualities of categories. As a consequence of this fact and Theorem
2.1.11 we immediately obtain a classification of all singular Brascamp-Lieb data.

Theorem 2.1.14. Singular Brascamp-Lieb data H and H' are equivalent if and only if
My and My are isomorphic. For each module M, there exists a singular Brascamp-Lieb
datum H with Mg = M. As a consequence, for every singular Brascamp-Lieb datum H,
there exists a finite list of modules My, ..., My from Table 2.1 such that

Mg = M; @ - ® M. (2.1.8)

This list is unique, up to permutation. Conversely, for every finite list My, ... My there
exists a unique up to equivalence singular Brascamp-Lieb datum H such that (2.1.8) holds.

Most of the singular Brascamp-Lieb forms as in (2.1.8) are not p-bounded for any
p < co. We exclude the case where some p; = co to avoid certain cases where the maps II;
are not surjective on the kernel of Iy, which would complicate our analysis while offering
little additional insight. We have the following classification of p-bounded forms with
P < oo, which will be proved in Section 2.2.

Theorem 2.1.15. Let 1 < p < oo and let H be a p-bounded singular Brascamp-Lieb
datum with Hy,Ho, Hs # {0}. Then one of the following holds, with the notation from
Appendiz 2.8.

i) (Bilinear Hélder-type) There exists an assignment {i,j,k} = {1,2,3} such that pij =

é =1- ;% and ni,ng,n3,ng > 0 such that

My = (PU)E @ (KU)2 0 (PU)E0 o (K)o, (219)

ii) (Young-type) We have p = (p1,p2, p3) with p% + p% + p% = 2. If p1,p2,p3 £ 1 then
there exist ni,no > 0 such that

My = Yo" g 7972 (2.1.10)
If there is some i € {1,2,3} with p; = 1, then there exist n1,na,n3,ng > 0 such that

MH o Y@nl ey Z@nz ® (P(Z))®”3 ) (K(Z))@n‘l . (2111)
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ii1) (Loomis- Whitney-type) We have p = (2,2,2) and there exist ny,ne > 0 and a list of
modules My, ..., My from Table 2.4 with

Mg 2L oB®2 M, @ --- & M. (2.1.12)

iv) (Holder-type) We have p = (p1, p2, p3) with p% + p% + p% = 1. In this case, there exists
a finite list of modules My, ..., My from Table 2.2 such that

The proof of Theorem 2.1.15 uses necessary conditions for boundedness of nonsingular
Brascamp-Lieb forms from [13]. They can be applied to singular Brascamp-Lieb forms
because the Dirac § distribution is a Calderén-Zygmund kernel, and singular Brascamp-
Lieb forms with kernel ¢ simplify to nonsingular Brascamp-Lieb forms. A similar argument
previously appeared in [48].

The singular Brascamp-Lieb forms corresponding to cases i), ii) of Theorem 2.1.15 are
easily seen to be bounded by Hélder’s inequality, Young’s convolution inequality, and clas-
sical linear singular integral theory. The forms corresponding to case iii) are also bounded,
by an elementary argument using Plancherel and the Loomis-Whitney inequality. This is
summarized by the following theorem, which we prove in Section 2.3.

Theorem 2.1.16. Let My and p be as in case i), ii) or iii) of Theorem 2.1.15. Then H
1s p-bounded.

As Theorem 2.1.16 shows, forms of Holder type are the most interesting ones. Showing
boundedness for them is in general open, and contains some difficult problems. We collect
results from the literature, proving bounds in some cases, in Section 2.1.5.

2.1.4 Projection results and method of rotations

The difficulty of estimating singular Brascamp-Lieb forms increases when taking direct
sums of the corresponding modules, in the following precise sense.

Theorem 2.1.17. Let M, M’ be two modules and let p < co. Let H and H® H' be data
with My = M and Mygm = M @& M. Suppose that for each I-Calderdén-Zygmund kernel
K we have

[Amon (K, f1, f2, [3)| < Cllfillp || f2llps | f3]lps -

Then there exists a constant C' such that for each 21-Calderdn-Zygmund kernel K we have

A (K, f1, f2, £3)] < C'\l fillpy L f2llpa ] f3]l s -

Also, in the case J 512) of the classification, the difficulty increases with the parameter n.

Theorem 2.1.18. Let M be a module and let p < oco. Let H,, and H,,_1 be data with

My, =M@ I? and My, =Ma Jf_)l. Suppose that there exists C' such that for each
l-Calderon-Zygmund kernel K we have

A, (K, f1, f2, £3)] < Cllfillpa | 2112 3l s -

Then there exists a constant C' such that for each 2l-Calderén-Zygmund kernel K we have

‘AHn71(K> f17 f27 f3)| < C,Hlepl ||f2HP2Hf3||P3 .
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The same is true for J S) and Jg’)

obtained from J %2) by permuting the subspaces, see Lemma 2.8.1. We do not state similar
theorems for C, or N, because Theorem 2.6.1 already gives unconditional bounds in these
cases. For T, we do not expect an analogue of Theorem 2.1.18 to be true. The reason is
that the associated forms become more singular as n gets smaller, at least judging only by
the number of arguments of the kernel compared to the functions.

In a different direction, it is possible to express forms with a kernel taking d arguments
as superpositions of certain forms with kernels taking d — 1 arguments. Thus bounds for
the former are at most as hard as integrable bounds for the latter. A classical instance of
this idea is the method of rotations, introduced by Calderén and Zygmund in [20], in which
one expresses an odd Calderén-Zygmund kernel as a superposition of Hilbert transforms.
Using this, one can deduce bounds for odd kernel Calderén-Zygmund operators in higher
dimensions from the boundedness of the Hilbert transform. We prove a stronger version
of this fact. Namely, every Calderén-Zygmund kernel in dimension 3 or higher can be
expressed as a superposition of 2-dimensional Calderén-Zygmund kernels on 2-dimensional
subspaces.

This yields the following theorem for singular Brascamp-Lieb forms, which is proved
in Section 2.5. We denote by Gry(V') the Grassmann-manifold of d-dimensional subspaces
of some vector space V. A Calderén-Zygmund kernel on a d-dimensional Hilbert space is
called homogeneous if for all  # 0 it holds K (tx) = t 9K ().

, because they are isomorphic to modules that can be

Theorem 2.1.19. Let H be a singular Brascamp-Lieb datum and suppose that d = dim Hy >
3. Letl > d+1. There exists C' > 0 such that the following holds. For each 6 € Grq_1(Hp),
consider the datum

H(0) = HNII,'(0) = (11,1 (0), 0, H1, Ha, H3; Iy, Iy, 5, 3) .

Here we abuse notation and denote the restriction of Il; to Hal(ﬁ) still by 11;. Suppose that
for all 6 € Gry_1(My) there exists C(0) such that for all homogeneous | — {%1 -Calderon-
Zygmund kernels K on 0, we have

[Aro) (K, f1, f25 f3)| < CO) | frllps [ 2llpa [l S3lps -

Then for all homogeneous 1-Calderén-Zygmund kernels K on Hy, we have

[Au(K, f1, f2, f3)] < C'/C(9) do - [ f1llp: I f2llps 1 f31lps »

where the integration is over Gry_1(Hg) with respect to the unique rotation invariant prob-
ability measure. If d = 2, then the same result is true under the additional assumption that
K is odd.

Remark 2.1.20. The loss of derivatives is a technical consequence of the fact that we
assume Mikhlin bounds (2.1.3) on the Fourier transform of the kernel. If the smoothness
assumptions on the kernels are formulated on the spatial side, then there is no loss of
derivatives.

There is a crucial difficulty in applying Theorem 2.1.19: It assumes quantitative, inte-
grable estimates for the norms of Agg). Such estimates are notoriously hard to prove. See

61



[115], [56] for the strongest currently known results in that direction, which still only apply
to the case Ni. Recall also that to study quantitative bounds, one should use the finer
equivalence relation with (g a scalar multiple of an orthogonal transformation, as described
in Remark 2.1.7.

2.1.5 Positive boundedness results in the literature

It is tempting to conjecture that the conditions in Theorem 2.1.15 are already sufficient.
By Theorem 2.1.16, this would follow from the following conjecture.

Conjecture 2.1.21. All singular Brascamp-Lieb data Hyy with M as in case i) of The-
orem 2.1.15 are p-bounded for all 1 < p < oo with p% + p% + p%) =1.

We now give a list of known boundedness results for forms of Hélder type. With the
exception of Theorem 2.1.23, these results are not new, however some of them have not
been stated in this form anywhere in the literature. In what follows, we will always fix a
basis and identify finite dimensional Hilbert spaces with R"™, for some n.

Note first that the module Cy corresponds simply to Holder’s inequality in three func-
tions. If a datum Hxpg is p-bounded then so is Hymac,, by Fubini and Hoélder’s inequality.
Keeping this in mind, we can ignore Cy in the following discussion.

Coifman and Meyer

The first result on multilinear singular integral operators, due to Coifman and Meyer [33,
32, treats the case M = C{" for n > 1. The singular Brascamp-Lieb form corresponding
to this module is

A(K, f1, f2, f3) = /n /n - fi(@) falz +y) fs(x + 2)K(y, 2) dy dz dx .

These forms are in a sense the least singular among all singular Brascamp-Lieb forms
of Holder type, because the kernel K has the maximum possible number of arguments
compared to the functions.

Time-frequency analysis

Lacey and Thiele [76, 78] proved bounds for the Bilinear Hilbert transform

A(fl,fz,f3)Z/R/Rﬁ(:v)fz(x—i—t)fg(a:#—at)idtd:c,

where a # 0,1. This corresponds to the module Ny, with X = «. Their methods were
subsequently extended to treat also the cases N,, for n > 2, and direct sums thereof. For
n = 2, this was done in [39]. For larger n, proofs can be found in [104, 56].

The techniques introduced by Lacey and Thiele apply to a certain class of multilinear
Fourier multiplier operators more general than (2.1.4). This was first observed in [59, 92],
where it is shown that it suffices if the multipliers satisfy symbol estimates away from
some subspace, which in particular holds if they satisfy symbol estimates away from some
smaller subspace. Using this observation, one can deduce also bounds for forms Ay with
My including summands C,,. The following theorem summarizes this.
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Theorem 2.1.22. Suppose that M s a direct sum of modules N,,, and C,,,, for some finite
sequences n;, m; € N>1. For each 2 < p < oo and each singular Brascamp-Lieb datum H
associated with M, there exists C > 0 and l such that for each l-Calderdn-Zygmund kernel
K

[Aa (K f1s fos f3)] < Cllfallp 1 f2llpa [ £31lps -

One and a half dimensional time-frequency analysis

The conditions of Theorem 2.1.22 are generically satisfied. ‘Degenerate’ cases were first
studied by Demeter and Thiele in [39], for functions of two arguments. There are, up to
permutation of the functions and equivalence, only three degenerate cases when all functions
and kernels have two arguments: J gi), Ny J gi) and J gi) oJ gj ) for i = j. This can be read
off of Table 2.4, noting that changing ¢ and j only amounts to permuting the functions.
Demeter and Thiele develop a ‘one and a half-dimensional’ time frequency analysis, to prove

bounds for the cases J g) and Ny ¢ J gi). Similarly as discussed before Theorem 2.1.22, their
)

proof implies also boundedness of the less singular forms A corresponding to C; & J gz .
Indeed, by performing a discretization of such A as in [39], one arrives at a model form
that still specializes the form (3) in [39, Section 3.1.1], and is consequently bounded by the
argument given there.

Demeter and Thiele further observe that p-bounds for the form Ay, with My = J g),
imply Carleson’s theorem [21] on pointwise convergence of Fourier series of LP! functions.
By Theorems 2.1.17 and 2.1.18, the same is then true whenever My has a direct summand

Jq(f) for any n > 2.

Twisted techniques

Demeter and Thiele left open the last case in their classification, J gi) oJ gj ) for i # j. They
called this case the ‘twisted-paraproduct’. It was later shown to be bounded by Kovac
[71], using very different techniques. Variations of Kovac’s techniques can by applied to
many other multilinear singular Brascamp-Lieb forms with so-called cubical structure, see
[45]. We expect that bounding forms associated with modules containing a direct summand
other than J Y) and C; requires extensions of the time-frequency analysis methods described
above, perhaps in combination with twisted techniques. For N,, this is suggested by the
fact that all known proofs use such techniques, while for J $Z ) the implication for Carleson’s
theorem offers some justification. Thus, the only remaining trilinear singular Brascamp-
Lieb forms that should be attackable using twisted techniques are the ones associated with
AP e1?ei®ec)en n>1.

The following Theorem, which we will prove in Section 2.7, shows that they are indeed
always p-bounded.

Theorem 2.1.23. Let n > 1 and let M = (ng) @J?) @Jgg) @ Cp)P". Let2 < p < o0
and let H be a singular Brascamp-Lieb datum associated with M. Then there exists | and
C > 0 such that for all I-Calderén-Zygmund kernels K, we have

[Aa (K, i, f2, £3)] < Cllfillp [ F2llpa [ f3lps -

63



Note that Theorem 2.1.23 recovers via Theorem 2.1.17 boundedness of the twisted
paraproduct, as well as of certain higher dimensional versions. It further gives a new proof

)

of boundedness of the form associated with J (1] @ Cy, different from the one implicit in
[39].

By a cone decomposition, the proof of Theorem 2.1.23 reduces to two essentially differ-
ent cases. The first case can be treated using bounds for the standard maximal and square
functions, in analogy with the Coifman-Meyer multipliers. In this case we have, in fact,
boundedness in a larger range 1 < p < co. The second case is bounded using twisted tech-
niques, tailored to the specific structure of the form. The arguments rely on intertwined
applications of the Cauchy-Schwarz inequality, integration-by-parts identity, and positivity
arguments. These arguments are applied in a localized setting, which in turn gives the
claimed range of boundedness. It is an open problem to further lower the range of expo-
nents in Theorem 2.1.23. For the twisted paraproduct [71], fiber-wise Calderén-Zygmund
decomposition [14] can be used to extend the range of some exponents. However, similar
arguments do not seem to directly apply in our setting.

The triangular Hilbert transform

The final family of the classification, T, contains and generalizes the so-called triangular
Hilbert transform

A(f17f27f3):/R/R/Rfl($17$2)f2($l+ta$2)f3(x1a$2+t)1dtdx1d$2-

Proving any p-bounds for this form is a hard open problem. We refer to [72] for some
discussion and a partial result. By Theorem 2.1.17, bounding any form associated with a
module M with a direct summand T, is at least as hard as bounding T,,, and therefore also
open. This applies in particular, but not exclusively, to all forms where dim Hy < dim H;
(note that we have dim H; = dim Hy = dim H3 for every H of Hélder type). Indeed, all such
forms must contain an indecomposable direct summand satisfying the same inequality, and
the only such summands are of type T,,. We note that this invalidates a certain claim in
the paper [38], in the case of trilinear forms. More precisely, in [38] boundedness of certain
multilinear singular Brascamp-Lieb forms is shown, which do have a dimension deficit as
above, and it is claimed that the assumptions placed on the forms are generically satisfied.
We believe that this genericity claim is false for trilinear forms.

Further questions

At the time of writing, the above list of cases where p-bounds are known is complete, to
the best of our knowledge. This gives rise to a number of open questions. We consider it
an interesting question whether time frequency techniques and twisted techniques can be
combined, natural test cases are N @ ng) @ ng) or N| & ng) @ JgQ) &) Jgg). More difficult
seems to be the question of bounds for the forms associated with T,,, n > 2. Judging by
the dimension of the space Hj in relation to Hy, Ho, H3 alone, these forms become less
singular as n increases, so these might be useful test cases towards the triangular Hilbert
transform. Finally, it would be interesting to gain a better understanding of the questions
considered in this paper for higher degrees of multilinearity. While a classification in terms
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of direct summands is not possible, see Remark 2.2.3, there might be a different algebraic
description of the properties of modules relevant for proving p-bounds.

2.1.6 Comparison with the literature

We point out that various related objects have been studied under the name singular
Brascamp-Lieb forms. Some completely nondegenerate cases with higher degrees of mul-
tilinearity have been considered in [92, 38|, using time frequency analysis. Some further
multilinear cases with so-called ‘cubical structure’ are studied in [45, 46|, using twisted
techniques. However, there has been no attempt of a systematic study of all degenerate
cases.

Our kernel K always satisfies the single parameter Mikhlin condition (2.1.3). This is in
contrast to related multiparameter problems, which have been studied for example in [12,
89, 90, 93] in connection with fractional Leibniz-rules. In particular, we point out that the
‘tensorization’ of forms to obtain multiparameter forms, as for example in [12], is not the
same as the procedure of taking direct sums of modules associated with singular Brascamp-
Lieb forms. The former is a way of constructing multiparameter forms, while the latter
constructs single parameter forms. However, as the Mikhlin condition (2.1.3) on R" is
implied by an n-parameter kernel condition, known multiparameter bounds imply some of
the one parameter bounds. In particular, we note that the bounds obtained in [12, Theorem
6] for a tensor product of one bilinear Hilbert transform with n many paraproducts imply
boundedness of the forms of type N; & C7.

Another question concerning the kernels is about the optimal regularity [, or more
generally for optimal regularity conditions on the kernel K or the symbol. Classical results
for linear singular integral operators giving such sharp regularity conditions have been
generalized to Coiffman-Meyer type forms C{™ in [114, 63, 88, 79], and to the bilinear
Hilbert transform in [25].
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2.2 The classification: Proof of Theorem 2.1.14 and Theo-
rem 2.1.15

Proof of Theorem 2.1.14. The first claim of Theorem 2.1.14 follows immediately from basic
linear algebra. The remaining claims follow from the first, the classification of modules in
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Theorem 2.1.11 and the facts that clearly My,, = M and Hyg, = H. O

Before proving Theorem 2.1.15, we recall some necessary conditions for a datum H to
be p-bounded for some p < co. They were proven in [48], by adapting similar arguments
for non-singular Brascamp-Lieb inequalities from [13].

Lemma 2.2.1. Let p < oo and suppose that H is p-bounded. Then for each i =1,2,3,
Hi ker HO = HZ'H. (2.2.1)
Furthermore, for each subspace H' C kerIly, it holds that

3 .

dim IT; H’

dim H' < ZmTl (2.2.2)
i=1 !

and if H' = kerIly, then we have equality in (2.2.2).

Proof. Note that the Dirac § distribution is a Calderén-Zygmund kernel. Hence, if H is
p-bounded, then the Brascamp-Lieb form

/Hfl(Hl(l’))fz(Hz(ﬂﬂ))fs(ﬂs(w))5(ﬂo(x)) dr = C/ fi( (2)) fa(Hz(2)) f3(13(2)) de

ker I1g

is bounded on LP' x LP? x LP3. Theorem 1.13 in [13] then immediately gives (2.2.2). The
first condition (2.2.1) follows from the fact that if p; < oo, then the Brascamp-Lieb form
can only be bounded on LPi if II;|yer 11, 1S surjective. ]

Lemma 2.2.2. Suppose that the datum H is of Hélder type. Then for each i =1,2,3, we
have that H = kerIly & kerII;.

Proof. By (2.2.2) we have

3 . .
dim ker IIj = Z% < ZM = dimkerIlj.

i=1 pi - P

In the last step we used that p% + p% + % = 1. So we must have equality in the middle,
hence ITj|ker11, is injective, which gives that kerII; NkerIly = {0}. Combining this with
(2.2.1), we obtain

dim ker Iy = dim II; ker Ilg = dim II; H = dim H — dim kerII; ,
which completes the proof of the lemma. O

Proof of Theorem 2.1.15. Let p < oo and suppose that H is p-bounded. To simplify some
formulas, we will write below ¢; = p{l. By Theorem 2.1.11, we have that

Mu =M & O My

for some modules My, from Table 2.1. By Theorem 2.1.17, each H; = Hwzp, j = 1,...,k,
is p-bounded.
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Recall that Theorem 2.1.11 allows for permutations of the subspaces in the modules in
Table 2.1, see Lemma, 2.8.1 for an exact description of which permutations of the subspace
give rise to nonisomorphic modules. We will denote modules from Table 2.1 by adding the
permutation and the parameter n as subscripts.

We write

H; = (Hj, Hjo, Hj1, Hjo, Hj3, jo, 1, T2, Tj3) -

By condition (2.2.1) of Lemma 2.2.1 and surjectivity of the maps ITj;, we have fori =1,2,3
dim Hji = dim H]’Z’Hj = dim Hji ker Hj() S dim Hj — dim HjO . (223)

By comparing with Table 2.1, this immediately implies that M; 2 IV}, . and M; 2 V; _
for any n or 7.

Suppose next that M; = I, . for some n > 1 and some permutation m. If Hjy corre-
sponds to the second subspace in the block matrix in Table 2.1, then the map II;3 corre-
sponding to the fourth subspace is not surjective on kerIly. Similarly, if H;y corresponds
to the fourth subspace, then the map corresponding to the second one is not surjective on
ker ITo. Thus by (2.2.1) Hjo must correspond to the first or third subspace, and by Lemma
2.8.1 we can assume that it corresponds to the first. By (2.2.2), p must satisfy the Holder
condition q; + g2 + q3 = 1. By permuting the last three subspaces and using Lemma 2.8.1,
we obtain three isomorphism classes of modules, which are exactly J S), 22), J ,(13) in Table
2.2.

Suppose now that M; = II,, » for some n > 0 and some permutation 7. By (2.2.3),
the permutation m must be so that Hjo corresponds to a subspace of dimension n. We
will assume by permuting the functions that Hj3 is the other subspace of dimension n.
Applying (2.2.2) to the full space H' = kerII;5 we obtain

(n+1Dg+(n+1)ge+ng=n+1.

On the other hand, applying (2.2.2) to the one dimensional space H' = kerIL;3 N kerILjo
yields
@t+g=>1.

Since p3 < oo and hence g3 > 0, it follows that n = 0. So in this case, we must have

M; = P®) and p% + p% = 1. Note that swapping the two nonzero subspaces in PU) gives

an isomorphic module, see Lemma 2.8.1. Permuting the functions yields the two additional
possibilities M; = PO or M; = P® | with the corresponding conditions on p.

Next, assume that M; = IV, . for some n > 0 and 7. Suppose first that H;y corre-
sponds to one of the first three subspaces in Table 2.1. We permute the subspaces so that
dim Hj3 = n. Then we get from (2.2.2) that

(n+ g+ (n+1)g+ng=n+1.
Taking H' = ker ILjo N kerII;3, we also have
@tg=>1.

Since p3 < oo it follows that n = 0 and hence M; = K® and p% + piz = 1. Note that

swapping the two nonzero subspaces in P) gives an isomorphic module. Thus, permuting
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the subspaces, only yields the additional possibilities M; = KW or M; = K®, with
corresponding conditions on p. It remains to consider the case where Hj is the last
subspace in Table 2.1. (2.2.2) applied to H' = kerII;; gives in this case

m+1)(@+q@+qp)=n+2.

On the other hand, applying (2.2.2) to each of the one dimensional subspaces kerIL;y N
kerIl;;, 7 = 1,2,3, and adding the resulting inequalities, yields

2(q1+q2+q3) > 3.

Hence n = 0 and p% + p% + p%) =2orn=1and p; = po = p3 = 2. This corresponds to
M; 2Y and M; = L, respectively. Note that all permutations of the subspaces in these
modules corresponding to functions yield isomorphic modules.

Finally assume that M; = V,, . for some n > 0 and 7. Note that all such modules
for fixed n and different = are isomorphic. Applying condition (2.2.2) to H' = ker Iy, we
obtain

n(qr+q+q)=n+1.

On the other hand, applying (2.2.2) to H' = kerILjo NkerIl;;, ¢ = 1,2,3, and adding the
resulting inequalities, yields
20+ a2 +a3) > 3.

Hence,wemusthaveeithern:1andl)il+1%2+]%3:20rn:2andp1:p2:p3:2.

This corresponds to M; = Z and M; = B, respectively.

In the remaining cases, it follows immediately from (2.2.3) that H;o must correspond
to the first subspace. All permutations respecting this give rise to isomorphic modules,
or for modules of type 0 to another module of type 0. From (2.2.2) it then follows that
p% + p% + p% = 1. Case 0 then corresponds to N, case I gives after permuting the subspaces

rise to the Jordan block cases J(®), case I corresponds to C and case I* to T.
Thus the possible choices of p are exactly as in case i) - iv) of Theorem 2.1.15. Collecting
the possible summands for each choice of p completes the proof. O

Remark 2.2.3. We now show that already the classification of n-linear singular Brascamp-
Lieb forms of Holder type is as hard as the classification of representations of the n — 1-
Kronecker quiver, i.e. of tuples of n — 1 linear maps between two finite dimensional vector
spaces, up to isomorphism. This classification problem is wild for n > 3, see for example
Theorem 1 and 2 in [95]. Thus a classification as above is not possible for any n > 3, not
even under the assumption that the forms are of Holder type.

Note that the necessary conditions from both Lemma 2.2.1 and Lemma 2.2.2 continue
to hold for more than three functions, with identical proofs. Suppose the H is a datum of
Holder type. Let a = dim Hy and b = dim H;. By Lemma 2.2.2, we have ker Iy & ker [1; =
H, so we can choose bases of H, Hy and H; such that the matrices of Ily, II; are given by

1, 0
<0> and <Ib> .
Choosing in H;, 2 < i < n, the basis II;(eq+1),...IL;(eq4p), the matrices of I1;,2 < i < n

are given by
A;
(Ib> '
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for certain a x b matrices A;. Let two singular Brascamp Lieb data H,H’ be given, and
assume that they can be transformed into the above normal form with matrices 4; and A,
2 <1 < n, respectively. Then H, H' are equivalent if and only if there exists an invertible

a X a matrix P and an invertible b x b matrix () such that for alli =2,....,n
QAP = A.. (2.2.4)
On the other hand, the datum (As, ..., A,) determines n— 1 linear maps from R® — R

so a representation of the (n — 1)-Kronecker quiver. Two such representations are also
isomorphic if and only if (2.2.4) holds. Thus classifying n-linear singular Brascamp-Lieb
forms of Holder type is as hard as classifying representations of the n — 1-Kronecker quiver.

2.3 Bounds for forms of non-Holder type: Proof of Theorem
2.1.16

We go through the cases one by one. For simplicity we omit the domain of integration
from the notation. Here and in the following sections, we will find constants for various
related inequalities, and by abuse of notation we will denote each of them by the letter C.
In particular, the meaning of C' may change from line to line.

2.3.1 Caseli

Suppose first that H is as in the case i), that is, (2.1.9) holds for i,5,k € {1,2,3}. We
choose coordinates x1 € R™, xo,u € R™2, y; € R™ yo,v € R™. To prove bounds for
Au(fi1, f2, f3), it suffices after a change of variables to prove bounds for

/fj(l‘l, x2) fr (Y1, y2) fix1, y1, x2 + u, y2 + v) K (u,v) dxy dyy dxa dys dudv

= /fj(ﬂﬂl, 2) fr(y1, y2) (fi * K) (21,91, 22, y2) davy dyy davy dys
where K (u,v) = K(—u,—v) and the convolution is in the third and fourth argument only.

Since p; < 0o, we have p; > 1. Thus we can further estimate, using Holder’s inequality for
the exponents p;, p; with % =1- 2% and a linear singular integral bound on f;
5 7

< C/ 1fi (@1, 22) fe(yn, y2)ll o (1 fi@r, y1, 22, y2)ll g dzadys
2,92 2,Y2
By Holder’s inequality and the condition p; = py, this is bounded by

< Cllfallp I f2llp2 [l f3lps »

which completes the proof. If ny = ngy = 0, then the assumption p; < oo is not needed,
and the estimate follows just from Hoélder’s inequality.
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2.3.2 Case ii

Suppose next that H is in the case ii) with p1, pa2, p3 # 1, so (2.1.10) holds. Again we choose
coordinates x1,y; € R™, x9, Y9, 29 € R™ and write the form Ag(f1, f2, f3) after a change
of variables up to a constant as

/f1(961 + y1, 22 + y2) fo(@r, 22 + 22) f3(y1, y2) K (22) day dzo dyr dya dzs .

Using * to denote convolution in the second argument only, we estimate this with Young’s
convolution inequality, and then a linear singular integral bound using that ps > 1, by

< | fllp 1 f2 * Kllpo | f3llps < ClLALIpa 1 22 | f3lps -

Now suppose that there is some ¢ with p; = 1, so (2.1.11) holds. We may assume i = 1,
because the conditions on p are otherwise symmetric. We choose coordinates x3 € R"™3,
x4,24 € R™ and write the form Ag(f1, f2, f3) up to a constant and a change of variables
as

/f1($1 +y1, 22 + y2) o1, w2, w3, 24) f3(y1, Y2 + 22, 23, 4 + 24) K (22, 24) dr dy dz .

We recognize a convolution in the second and fourth coordinate of f3 with K. Applying
Holder’s inequality in 3, x4, using that p% + p% = 1, we bound the last display by

/!f1($1+y17:v2+y2)| 2@y, w2, 23, 20)ll o2, (1f3 %20 K (y1, 92, 23, 20)ll s, dwrdwadyrdys .

By Young’s convolution inequality and then a linear singular integral bound, using that
p2 < oo and hence ps > 1, this is again bounded by C/||fi|lp, || f2llps /3] ps-

2.3.3 Case iii

Suppose finally that H is as in case iii), so (2.1.12) holds. We use Fourier inversion to
express Ag(fi, f2, f3) in terms of the Fourier transforms fl, f2 and f3 Then we apply
the triangle inequality to move absolute values inside and estimate K by 1 using Q 1.3).
The resulting expression is a non-singular Brascamp-Lieb form A in f1, f2 and f3. By
Plancherel’s theorem, the problem thus reduces to checking that this Brascamp-Lieb form
is bounded at exponent (p1,p2,ps3) = (2,2,2). Transferring a Brascamp-Lieb form to the
Fourier side in this way commutes with taking direct sums of the associated modules.
By Lemma 4.8 in [13], a Brascamp-Lieb form is p-bounded if each direct summand is p-
bounded. Thus it suffices to verify (2,2,2)-boundedness of each possible direct summand
of A.

The summand corresponding on the Fourier side to L is the Loomis-Whitney trilinear
Brascamp-Lieb form, since we have

AvL(f1, f2, f3) :/fl(l’yu)fz(yav)f:a(fﬂ+U,?/+U)K(U+U) dx dy du dv

- / P61, 60 + €3 falan €1 + E3)Fa(—61, — &) R (—E3) dey dés dés
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Estimating ||IA( loo < 1, changing variables & + &3 + £ = 7 and shearing the functions
f1, fo, this becomes exactly the Loomis-Whitney inequality trilinear form, which is then
estimated by

I Fill2ll fll2ll 3l = I fill2ll F2ll2 ]l fall2 -

For the summands B we obtain similarly

AB(f1, f2, f3) = /f1(x,y)f2(a: +z,y +u)fs(x + v,z 4+ u)K(u,v) de dy dz dudv

= /fl(—fz — &3,61) fa(€a, —€1) fa(€3, —E2) K (&1 + &2, —E3) d€y dEs dEs

which after estimating HK oo <1 and changing variables is again bounded by the Loomis-
Whitney trilinear form of fl, f2 and f3 For the summands M; from Table 2.4 boundedness
of the summands in A reduces similarly to the Cauchy-Schwarz inequality.

2.4 Proof of the projection theorems, Theorem 2.1.17 and
Theorem 2.1.18

To prove Theorem 2.1.17 and Theorem 2.1.18, we will need to extend Calderén-Zygmund
kernels K on some Hilbert space Hy to kernels on a larger Hilbert space Hy & Hy. The
following lemma allows us to do that.

Lemma 2.4.1. Let d,d’ > 1 and let K be a Calderdn-Zygmund kernel on R, Define
/ - |y|2
K'(z,y) = [z|™" exp T K(z).

For sufficiently small ¢ = ¢(d,d’,l) > 0, the kernel cK'(x,y) is an l-Calderén-Zygmund
kernel on R4+’

Proof. Using that the assumptions on K are invariant under dilations, it suffices by scaling
to show that for [£| =1, |n| < 1 and for |n| =1, |{] < 1 and all |a| <[, we have

0K (€,m)| < 1/c.

Denote the heat kernel by ®(&,t) = t~%2 exp(—n|€|2/t). By a direct computation, we find
that

. . _ul? -
K'(&n) = K(u )1exp< S | > du = /]Rd K(u)®(€ —u,|n?) du. (2.4.1)

Rd Inl Inl?
First, suppose that |n| = 1,|¢| < 1. The derivatives of the heat kernel take the form

D& — u, Inf?) = [n°p (m“ ,Z‘) B(E—u, 1), (2.42)

where p is a polynomial of degree 2|«|. Therefore, using (2.1.3), it holds for |a| <

0 R €n)| < Clal R | (1 Py du <
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Now suppose that || < 1 and |{| = 1. We split up the integral in (2.4.1). Pick a smooth
function ¢ on Ho with 1p(9,1/4) < ¥ < 1p(0,1/2)- Then
Rign) = [(1= o) R@(E ~ u ) du+ [ oR@)a(E - u. o) du
= G1(& Inl*) + Ga(&, Inl*)
Note that the function G1(§,t) solves the heat equation
47TatG1(£7 t) = AfGl(gv t) .

Using this to replace all derivatives in the second argument of (G; by derivatives in &, we

obtain
vl

AL (G (€, Inf?) Zp] (M LGy (&, 1),

for certain polynomials p; that depend only on . It follows that

ol
R b = 3 / pin) (OEAL(1 — o€~ u)R(E — u))) B(u, of?) s
|’Y| , ~
< Z sup [p; (n)| sup [O4,(1 ~ p(u) K (w))]

177|

Since 1—¢ is smooth and supported on the complement of B(0, 1/4) and since |5|+2]v| < 21,
it follows from the Mikhlin condition (2.1.3) for the 2i-Calder6n-Zygmund kernel K that
this is bounded by a constant depending only on .

The derivatives of the second term Gy are given by

G (€ Inf?) = / () R ()0 B(€ — u, [n]?) du

On the support of the integrand, we have |u| < 1/2 and hence 1/2 < [ —u| < 3/2. Further,
we have |n| < 1. Using (2.4.2), we obtain

0°0 (€ — u,[nf?)] SClnl'a'pG‘ 2 |’7|) (€~ u.n?)

2ol -
< Claf= <m| * 1) P <_W> =¢

10°Ga(€,m)| < C|IK]|llgll < C,

which completes the proof of the lemma. O

Hence, we have

Next, we note that in proving Theorem 2.1.17 and Theorem 2.1.18, we may restrict
attention to bounded Calderén-Zygmund kernels. Indeed, every Calderén-Zygmund kernel
K is the weak limit as R — oo of the bounded kernels K defined by

KR(€) = K(©)(p(R7€) — p(R)),

for smooth ¢ with 1p 1) < ¢ < 1pyg). Letting R — oo in the conclusion of either
theorem with kernel K yields the conclusion for the general kernel K.
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Proof of Theorem 2.1.17. We fix a bounded 2I-Calderén-Zygmund kernel K on Hy. By
assumption, for all [-Calderén-Zygmund kernels K’ on Hy ® H|, and all functions Fy, Fy, F3

|Anen (K, F1, Fa, F3)| < C||Fullp, | Folps | F3lps - (2.4.3)
Our goal is to show that there exists C’ such that for all fi, fo, f3

AR (K, fr, fo, £3)| < C fallpa | F2llps [ f5lps -

We choose orthonormal bases of the spaces Hy, H)), so that the inner product becomes the
standard inner product on R™, and we denote the corresponding norm by | - |.

We will apply (2.4.3) to the kernel K’ on Hy® H|, obtained by extending K as in Lemma
2.4.1, thus

2
K/ (2,y) = o~ 8 exp ( :y") K(z).

We pick for i = 1,2, 3, functions F}¥ on H; ® H! defined by

y P
FY (z,y) = fi(x) N 7 exp g7 )

Since the datum H @& H' is by assumption p-bounded, we can apply (2.2.1) and (2.2.2) to
the subspaces ker Iy C ker(IIp & II)), ker ITj, C ker(IIp & ITj;), and ker(IIy & IIj)), to obtain
respectively

3
dim H!
ST > dim B~ dim Hp, (2.4.4)

=1
3 dim H;
Z > dim H — dim Hy

and
dim H/ 4+ dim H;

=dim H' + dim H — dim H|, — dim Hy .
=1

So we must have equality in (2.4.4). Evaluating Apggps with our choice of functions and
kernel yields then

3
Anpew (K, F', F3' , F§') = /Hfi(ﬂi(w))K(Ho(fc))N_d‘mH/+d‘mH5IHo(m)I_d‘mHé

0 (y)° + Mh(y) > + M5(y) > [Mh(y))?
— dyd 2.4.5
X/,exp( T N? “HP) (249
Denote by A(x) the matrix
A(®) = — T 4 — (I + T, 4 T = ———— Ay + —= A
()2 0 0 " N2 [Mo()[2" 7 N2
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Then the Gaussian y-integral in (2.4.5) evaluates to det(A(z))~/2, so

3
(24.5) = / [T £ (0 (ar)) IS (T () N i A0 0 g ()|~ 4000 deet (A () =2 dlr
i=1

(2.4.6)
We claim that there exists constants ¢(H'), C(H') with

det A(z) = c(H) - [Tlp(a)| 2P Ho N =2(m HImdimHo) . (1 4 O(N 2 [Tl (2)?))  (2.4.7)
and . . .
det(A(z))~Y? < C(H) - [y () |4im Ho (dim H'=dim Hp) (2.4.8)

Suppose (2.4.7) and (2.4.8) hold. Because fi, fo and f3 are Schwartz functions and K
is bounded, it follows that the integrand in (2.4.6) is uniformly in N controlled by an
integrable function of x. Using (2.4.7) in (2.4.6) and sending N — oo, we obtain with the
dominated convergence theorem

Au(K, fi fo, f3) = e(H) Jim Apop (K, F{Y, B, )

With the boundedness assumption (2.4.3) on Aggpy, it follows that there exist constants
C’,C"” > 0 such that

[As(K, f1, f2, f3)| < C"limsup [|FY [[py [1E5 llpa 1 E5 llps = ClLf1llpa 122 | f31ps -

N—oo

This completes the proof, up to verifying (2.4.7) and (2.4.8).
To show (2.4.7), we may assume by a base change that A is a diagonal matrix, so that

AL 0 L 0 0 ... 0
0 X ... 0 0 ... 0
aw = o 0w 0 oleLa
1'272 dimHé VR )
0o 0 ... 0 0 ... 0
where A1, ..., Agim g7, are the nonzero eigenvalues of IT)'T1). Then (2.4.7) follows by ex-

panding det A(z) using the Leibniz formula: The diagonal in Ay contributes the first term,
while the contribution of all other terms is controlled by the O(N ~2|TIy(x)|?) term.

To show (2.4.8), we can assume N < C|IIp(z)| for a sufficiently large constant C, since
otherwise it already follows from (2.4.7). But then we have, since Ay > 0

det A(z) > det(%Al) _ N2 o4

> C—QdimH(’)|H0(m)|—2dimH6N—2(dimH’—dimH6) det(Al) ] (249)
Note that det(A;) > 0 because ker ITj N ker IT), N ker IT§ = {0}, which follows from (2.2.2).
Taking (2.4.9) to the power —1/2 then gives (2.4.8). O
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Proof of Theorem 2.1.18. We proceed similarly as in the proof of Theorem 2.1.17. We fix
again a bounded 2[-Calderén-Zygmund kernel K. We further fix n and assume that there
exists C' > 0 such that for each [-Calderén-Zygmund kernel K’

|Am, (K, Fi, Fo, F3)| < Cl[Fulpy || F2lps 173l ps -
Our goal is to show that there exists C” such that for all f, fo, f3

[Am, . (K f1, f2, £3)] < Ol fallp 1 £2llps [ Flps -
2)

Suppose that the singular Brascamp-Lieb datum H,,_; associated with M & J, "7, is

(HoR" ' oR" ' HooR" ' HioR" HyoR"™'  Hy @ R" !, Iy, [T}, 115, I13)

for linear maps II;. Comparing the matrices associated with ngz) and J 22—)1 in Table 2.2
shows that the datum associated with H,, is then given by

(H®R"®R", Hy®R", H ®R", Hy @ R™, Hy & R", I, 11}, I1,, I15) ,
where we have, writing = € H, (y,y,) € R" ! xR, (2,2,) € R""! x R:
Hlﬂ(xv:%y?‘wzvzn) = (Ho(l',y, Z)7yn)7

(2, Y, Yn, 2, 2n) = (M1(2, 9, 2), 2n) ,
I05(2, Y, Y, 2, 2n) = (2 (2,9, 2), 20 + Yn) »
I5(2, Y, Yn, 2, 2n) = (U3(2, 9, 2), 20 + Yn-1) -
We define for : =1, 2,3

2
Fi(x,z,2,) = N-Ypi exp (—ﬁ”) filx, 2),

and we set

2
K'@,y,m) = (@, 9)| " exp (—WK;’;)P) K(e,y).

By Lemma 2.4.1, the kernel K’ is an [-Calderén-Zygmund kernel. We have that

3

Anm, (K', F1, I, F3) :/ 1 (e, y, 2) K (2, )
H@Rnfl@Rnfl i1

1 224 (zn + n)* + (20 + Yn-1)? Yn )
X ———exp | —7L — T dyy, dzp, dx dy dz .
/IR/R (z, y)|N < N? [(z, y)[?

The z, integral can be evaluated by first expanding (z, + yn)?, (2n + yn_1)? and then
completing the square in z,. One obtains that the inner two integrals equal

1 1/exp LU et T V) S S O
(z,9)| V3 Jr 3N? (@, y)2)
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This integral is bounded by, and converges by monotone convergence as N — 0o, to

1
dy, = —.
myle < xy)|2> VB
Using that K is bounded and that fi, fo, f3 are Schwartz functions, we obtain with the
dominated convergence theorem

Am, (K, fi, fo, f3) = Jim V3An, (K', F1, Fy, F3).
Combined with boundedness of Ay, this shows that there exist constants C’, C” > 0 with

[Am,, (K f1s f2, f3)] < C'lijr\;lsup [F s P2 llpo [1F5 s = C7 [l f1llpy [ fallpa I f3llps - O
—00

2.5 Method of rotations: Proof of Theorem 2.1.19

Fix the dimension d > 3. We denote S?~! = {§# € R? : |f| = 1}, and we denote by o
the normalized (d — 1)-dimensional Hausdorff probability measure on S?~'. Further, if
v € 8?1, then we denote by o, the normalized (d — 2)-dimensional Hausdorff probability
measure on the great circle

(spanv)t N Sdt.

Recall that there is an orthogonal decomposition

-
n=0

where H,, is the space of spherical harmonics of degree n on %!, see e.g. [111, Chapter
IV]. Another way to characterize H,, is as the space of eigenfunctions of the spherical
Laplacian corresponding to the eigenvalue A\, = —n(n + d — 2).

We will use the spherical Sobolev spaces H*(S%~!) defined by

HASTY) = {F € LS ¢ 1 1 gsisy = me DIZ2ggisy < 0},

where 7, denotes the orthogonal projection onto H,,. We will also use the Funk transform,
which is the operator T defined a priori on continuous functions F' on S%! by

TF(0) = /F(V) dog(v) . (2.5.1)
We will need the following properties of the Funk transform.
Lemma 2.5.1. Let HS(S%1) be the space of functions in the smoothness s Sobolev space
on 8?1 of mean zero. For all s > 0, the Funk-transform T extends to a contraction
1
T : Hy(S™") — Hy(s"), 1T g — g = -1 <1

Moreover, for all s > 0, the operator T extends to a bounded operator

T : H§(STY) — Ho(s41y,

where § = %.
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The proof of Lemma 2.5.1 relies on the Funk-Hecke formula.

Lemma 2.5.2 (Funk-Hecke formula). Denote by wy, the m-dimensional Hausdorff measure
on S™. Let f :[-1,1] = R be a continuous function. Then for every spherical harmonic
Y,, of degree n and § € ST,

where s
I
n- (1 d=3
=[Sm0 -
—1 CnT (1)
Here C¥(t) denotes the Gegenbauer polynomials, defined via the generating function

(1 =2rt+ %) F = "Cktyrm. (2.5.2)
n>0

Proof. See for example [36], Theorem 1.2.9. O

Proof of Lemma 2.5.1. Let (fi) be a sequence of continuous functions such that fj is sup-

ported in (—1/k,1/k) and fi{ljk fr(t)dt = 1. A computation in coordinates shows that for

every € §9-1

= L fim fi (v 0)o(v)

09(1/) N Wg—2 k—o0

in the sense of weak convergence of measures. Applying Lemma 2.5.2 to the sequence fi
and taking limits, we obtain that
TY, = \Y,

for every spherical harmonic Y,, of degree n, where

d—2

We compute the values of C,,> in 0 and 1 using (2.5.2). Note the identity

(llzv)k _ i (”‘k”‘/’; 1>xn, (2.5.3)

n=0
Combining (2.5.2) and (2.5.3), we have
n/2(2+452-1 . .
C:%Q(O) _ (-1) /2(2%22_1 ) if nis even
0 if n is odd,
and . o
a—z n_|_ —
Cn? (1) =
w-("5"7



Hence |\,| clearly vanishes for odd n. For even n we obtain with the duplication formula
['(2)[(z + %) = /72'72T'(22) and Stirling’s formula

_TE+§ D+ P(d-2) 5y Pd-20("F) 2
af = Fé + f)I‘(n +d— 2)F(% —1) =2 F(g _ 1)1“(714321—1) =0(nz). (2.5.4)

Thus 7" maps H{ into HgJ“S, for 6 = % > 0. Equation (2.5.4) combined with logarithmic
convexity of the I'-function also shows that |Aey| is decreasing, so that

1T\ g —mg = [X2| =

We define the manifold of all pairs of orthogonal vectors in 41
Mg={(r,0) e St x 8. 9.v=0}.

Below we will make use of the fact that the normalized Hausdorff measure on M, disinte-
grates as
dog(v)do(0) = do,(0)do(v) . (2.5.5)

Theorem 2.1.19 is a consequence of the following key proposition.

Proposition 2.5.3. Let d > 3 and s > 1/2. There exists a constant C > 0 such that the
following holds. Let Q € H5(S%1). Then there exists a function T' : My — C such that

o forallv e §41

/ (v, 0) oy (0) = 0. (2.5.6)
(spanv)+tnsd—1
and
T g1 panyirise sy < 12U g5y @5.)
® 1S Mmeasures, we ha'Ue
Q(0)0(0) = / (v, 0)0, () do(v) . (2.5.8)
gd—1

Moreover, T' can be chosen so that the mapping 2 +— T is continuous from C*(S9~1) into
C*(My), for every k.

Proposition 2.5.3 says that any mean zero function on S?~! can be decomposed into
mean zero functions on slices S9! N (spanv)*. We will use this later to decompose
Calderén-Zygmund kernels on R into kernels on (spanv)t, v € S4-1.

Proof of Proposition 2.5.3. For F : S9! — C, we define a candidate solution to (2.5.6),
(2.5.8) by

M) My C, TFI00) = FO) - [ F@)douio).
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The function I'[F] satisfies (2.5.6) by construction. On the other hand, it satisfies (2.5.8)
if and only if, as measures,

0(0)00) = [ [£10)~ [ F)do,)] out6)aoto).
Using (2.5.5) and the definition (2.5.1) of T to simplify the second summand, we obtain
— F(8)o(8) — / TF(v) dog(v) o(6) = (F(6) — T2F(8))o(6).
Thus, (2.5.8) holds if

QO=(1-THF. (2.5.9)

Lemma 2.5.1 now implies that 1 — 72 is invertible on Hg(S9!) for all s > 1/2 and hence
(2.5.9) can be solved for F' for every 2 € H{, and the solution map is continuous. The
function I'(v, -) is up to a constant the restriction of F' to the codimension one submanifold
S4=1 N (spanv)t. Since F' € H§, we obtain with the trace theorem (2.5.7). Finally, we

have for Q € C* that )
F=Y10=>"T"0+)Y T%Q.
1=0 1=0 =3

The first three terms on the right hand side are in C*, since T maps C* into C*. By
Lemma 2.5.1 we have 760 € H**4. Since |T|| yr+a_, yr+a < 1, the second sum converges
0 0

in H**¢ which embedds into C*. Thus the solution map is continuous on C*. O

We will apply Proposition 2.5.3 to the restriction of a homogeneous Calderén-Zygmund
kernel to the sphere S~!. Since our defining assumptions (2.1.3) on Calderén-Zygmund
kernels are formulated on the Fourier side, we need the following lemma to pass to kernels
with prescribed smoothness in space.

Lemma 2.5.4 ([111, Chapter IV, Theorem 4.7]). Let s > d. Let Q € H3(S9 ) be a mean
zero function on S9=t. Then m(&) = Q(&/|€|) defines a homogenous of degree 0 tempered
distribution on R®. The inverse Fourier transform of m is a homogenous of degree —d
tempered distribution on R® which can be written as

() = O (/) 2|
The mapping Q — QF is bounded with bounded inverse from Hg(S* ') into Hi %(S*1).
Proof. See Theorem 4.7 in Chapter IV of [111]. O

Proof of Theorem 2.1.19. Let K be a homogenous [-Calderén-Zygmund kernel and let € :
S9=1 _ C be the function satisfying

R(€) = Q(&/I¢]) + Co, / Q(60) do(6) = 0.

Since K is an [-Calderén-Zygmund kernel, Q € C*(S971), so in particular Q € H{(S91).
By Lemma 2.5.4, the kernel K is then given by

K (x) = Cod + Q*(a/|z[)|z|~,
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and Q* satisfies ||Q2* HH(L)fd < C’||Q||Hé We apply Proposition 2.5.3 to 2*, using that [ > d+1.
We obtain for each v € S9! a function
Q,(0) =T'(v,0)

such that

Q*(0)o(0) = / 0 (0)o,(0)do(v), (2.5.10)

Sd—l
and such that
12 -a-rr2 < Ol g < ClI QI -

We define the kernel Ky(z) = Cod+ 22=L|2|'=4Q% (2 /|z|) on (span @)L. By applying Lemma

wq—2

2.5.4, in the opposite direction, to the function €2}, we find that for all £ € (span 6)+

~ Wy—
Ky(&) = Co+ —=Qp(¢/I€]),
Wd—2
for a function Qg with

19611 yi-372 ga-17(spangyr < CllQ0l g (s0-1) -

Applying finally the Sobolev embedding theorem, we find that there exists a constant C' > 0
such that for each 6 € S9!, the kernel C~'Kjy is an [ — [%W—Calderén—Zygmund kernel
on (span )=,

From (2.5.10), we obtain for each Schwartz function f on R¢ by integration in polar
coordinates:

/f z)dz = Cof(0) + wa— 1/ / fT‘VQ*()dU()dT

r

ot O +w [ [ i) doe)

= Cof(0) + wq— 1/ frv)Qp(v)og(v )@da(e)
Sd 1 Sd 1

= [, Cot@+ 22 [ a0y felel dpo (o) do(o)
Sd—1 Wd—2 J(span 6)+

_ / / F(2) Ko@) dg(z) do(6) (2.5.11)
Sd—1 J(span )+

Here f19 is the d — 1-dimensional Lebesgue measure on (span#)*. Combining (2.5.11) with
Fubini’s theorem, it follows that for all Schwartz functions f1, fa, f3

Au(K, f1, f2, f3) = /Sdl Awi(o) (Ko, f1, f2, f3) do(6) .

Together with the triangle inequality and the assumption of integrable boundedness of the
forms on the right hand side, this completes the proof. ]
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2.6 Proof of Theorem 2.1.22

We will deduce Theorem 2.1.22 from the following multilinear multiplier bound from [56].
Note that the condition (2.6.1) on the multiplier is slightly more general than that obtained
by translating the condition on the kernel of the corresponding singular Brascamp-Lieb
forms. We will exploit this to deduce also bounds for forms with less singular multiplier.

Theorem 2.6.1 ([56, Theorem 1.1]). Let 2 < p1,pa,p3 < oo with p% + piz + pis =1 and
fix a dimension d > 1. There exists | € N such that the following holds. Let T' be the
2d-dimensional subspace {(£1,62,63) € R34 & 4+ & + & = 0} of R3L. Furthermore, let
I CT be a d-dimensional subspace, which can be parametrized in terms of each &,& and
&3. There exists a constant C' such that the following holds. Let M : T' — C satisfy

0% M (€)] < (dist(&, 1)1l la| <. (2.6.1)

Then
/F FE) Fa&2) Fo(€5) M () dpr(€) < Cll il | Folloal £ s -

Theorem 2.6.1 is a special case of the main result in [56]. It can also be deduced by
following the proof of Theorem 2.1.1 in [104]: By a reduction similar to, but slightly more
general than in Section 2.2 of [104], Theorem 2.6.1 reduces to a slightly more general version
of Lemma 2.3.1 in [104]. The only difference to [104] is that the bump functions ¢, ,+ are
possibly different bump functions adapted to position y, frequency 7 and scale ¢, as opposed
to dilation of a fixed bump function. This causes no issues, because the assumptions on M
still guarantee the uniform estimates on ¢, ,+ required in the proof.

Proof of Theorem 2.1.22. Choosing coordinates and swapping the role of f; and f3, we
may express the trilinear form Ay up to a constant as

/fl(fEl +y1, 22 + CL ) fo(z1 + B y1, 2 + CF o) f3 (21, 22) K (y1, y2) dyn1 dy dy das .

(2.6.2)
Here B is the direct sum of the matrices X in the modules N,,, occuring as direct summands
in My. In particular, and that is all we will need, B and I — B are invertible. The matrices
C1 and Cy are direct sums of Izu and I#” respectively, from the direct summands C,,,.
By Fourier inversion, (2.6.2) equals a multiple of

/ Fi(€11,€10) fa(€a1, €29) f3(€31, E32) K (=€11 — Ba1, —Cira — Coban) dur(€).
r
Define the singular subspace

IFe={¢€el : &1+ B&1=0,C1& 2+ Caéao=0}.

Define Dy and D5 to be the direct sum of Qmiﬁni and Qmiﬁni, respectively, where @), is
the m x (m + 1) matrix
0

10 ... 0
0 01

Qm: . .
-1 0 0 ... 1
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Then, the space I'; sits in the larger subspace
I"={¢el : &1+ B&1 =0, Di&12+ Daap =0}

The space I satisfies the nondegeneracy condition of Theorem 2.6.1, because B and I — B
are invertible and because D1, Dy and D; — D are invertible. Indeed, this can be checked
blockwise. The blocks in D; are of the form QmiITTni, the blocks in Dy are of the form
Qmilfni, and the blocks in D; — Dy are of the form QmiI,I% — Qmilfm, each of which are
invertible. We choose

M) = I?(_fl,l — B&1,—Ci&12 — Caéap) .
Then we have for || < m, by (2.1.3)

M (€)| < Onm sup 0P K (=&11 — B, —Ci12 — Cabay)|
BlI<m

< Cm(J€11 + Béaa| + |Ciéig + 0252,2\)7‘04
< CO(dist(€,T,)) 71 < O(dist(g, 7)) 7ol

Here the second to last line follows from the fact that both dist(¢,I's) and the expression

€11+ Béaa

+ [Cié12 + Coba 9|

define norms on the finite dimensional quotient space I'/T's, and are hence comparable.
Theorem 2.1.22 now follows from Theorem 2.6.1. [

2.7 Proof of Theorem 2.1.23

For z € (R™)% we write x = (20, 2), where 2° = (29,29, 29) € (R")3, 2! = (21,2,2)) €

(R™)3, and we write z = (21, 20,23) € (R")3. Reading off of Table 2.2, one finds that a
singular Brascamp-Lieb datum associated with

1 2 3
M= et et aec)n
is H with projections Iy, Iz, II3 : (R™)? — (R™)* and Iy : (R")? — (R")?, given by
I (2, 2) = (x[l)v xgv xgv z3)

Iy (z, 2) = (m(l) + x%,xg + x%,xg,zg + 23),
3(z, 2) = (a:(f + x%,x%,mg + a:é,zl + 23),
y(z, 2) = (m%,x%,xé,zl,@).

A datum with the projections 71, 7o, 73 : (R?)? — (R™)* and 7 : (R")? — (R")?, where
mi(z,2) = (:L‘%,:Eg,xg, z3)

mo(x,z) = (1,‘(1),13%,56%,22),

7T3($, z) = (x?,xg,xé, zl) )
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mo(z,2) = (xl — xo,zl — 23,29 — 23),

is equivalent to the datum H. This can be seen by first performing the change of variables
(2!, 21,20) — (2! — 2% 21 — 23,22 — 23) in the singular Brascamp-Lieb form, relabeling
(29, 2}) to (x1,29), and then replacing K by its reflection in the first fiber K(—-,-,-, ).

Therefore, to prove Theorem 2.1.23, it suffices to show

3 3
[ (T 5wt Kmbe,2) de2)| < T,
(Rm)9 j=1 j=1

We begin with a cone decomp081t10n of K. For a function ¢ponRY d>1,and t >0,
let

whenever 2 < p1,pa,p3 < 0

or(x) = t_dqb(t_lx) )

Let B(0, R) denote the Euclidean open ball centered at 0 with radius R. Let ¢ : R® - R
be a radial Schwartz function with

supp(v)) € B(0,1) \ B(0,1/4),

satisfying [ @(t{)% =1 for each £ # 0. Let & = (&,...,&5) € (R™)? and write

5 oo '
K(¢) = f((f)]lill/o Y(t;€) CZJ . (2.7.1)

We rewrite this as a sum of integrals over five regions, depending on which parameter ¢; is
the smallest. That is, we write

5
K=> K,

=1

where ;
Ki(€) = / (H (t€))t5 1) d(ty, ..., t5),
and
T; = {(t1,ta, t3,ta, t5) € (0,00)° : t; < t; for j # i} .

We denote

B(n) = /1 Then 2,

which is a radial smooth function supported in B(0,1) and for so > 0, it holds ¢,(n) =
o(son) = fSO 1/)(57]) . On each T; we then integrate over all larger parameters t;, giving

5

o= [ R 11 #ee) T

J=1.j#

We will proceed with additional decompositions of the kernels K;. By symmetry in (2.7.1)
and in the projections g, 71, mo, w3, it suffices to consider ¢ = 1 and ¢ = 4 only.
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We begin with ¢ = 1. Here we will decompose the kernel further into Gaussian functions,

which will be convenient later in the proof. Let g be the Gaussian g(z) = e~™*1* | whose
dimension should always be understood from the context. Then we write
dt
ma tg? ’tgl‘ (51752763) (547557§4+€5) ?7
where
5
m(ét) = (H D)6 Pg(6 6,020, €5, €0+ )

Since |£1] is bounded away from zero by the support assumption on 1,/[)\ , the function mq (&, 1)
is smooth in the ¢ variable. Moreover, on the support of mq(£,t), &€ € [~1,1]°". Denote

ci(a,t) = (1 +|a))*"i(a,t),

where the inverse Fourier transform is taken in the £ variable. A standard integration by
parts argument, together with the symbol estimates (2.1.3), gives

le1(a, )] < Co(1 + |af)~o" (2.7.2)

for an absolute constant Cj, provided [ > 22n. The lower bound on [ is chosen crudely
such that the decay of the coefficients c;(a,t) suffices in all of the arguments below. We
remark that we do not aim to optimize our arguments to minimize this bound.

Taking the inverse Fourier transform of m, we write

Ko = /( n)5(1 +lal) =" /0°° c1(a, t) |66 Gi(&1, €2, 63) %G1 (€as G5, &a + &5 )e 2Tk % da.
(2.7.3)

By Fourier inversion,

Ki(mo(m,2) = [ Kai(€)etmi€m@a) ge
(Rm)5

Using the definition of 7wy and (2.7.3), we can therefore write K (mo(x, z)) as a superposition
of the kernels of the form

n

Z/OO/( s ci(a, t)(/\)( €1, — &, —&3) 2" (=81 —62,-6) (8g) (&1, 2, 83)

=170
X€27ri(11+t(a1,a2,a3)) (€1,€2,€3) gt(€4 657 54 N 55) 2mi((z1+taqa)éa+(z2+tas)Es—23(€4+E5)) df @ 7
(2.7.4)
weighted by (1 + |a|) 75", where a = (a1, ...,a5). Here we have also used for convenience

that 0;g is odd and that g is even, and replaced a by —a.
Fixing 4 and ¢, the integral in £ can be viewed as the integral of the function

—

0, —_— o1 .
(n1...,m9) — (359)e(n1, 2, m3)e*™™* (771,712,173)(@Ag)t(m7 775,776)627”@ +t(a1,a2,a3)) (14,15,76)

84



~ 2mi(z1+tag,z2+tas,23)-(n7,m8,
X Gi(n7,ms,m0 )€ (21-+taq,z2+tas,z3)-(n7,m8,M9)

over the five-dimensional subspace
{(m-..,m9) € R™): (n1,m2,m3) = (=14, =15, —76), 100 = =17 — s} -

It equals the integral of the inverse Fourier transform of this function over the orthogonal
complement of this subspace,

{(r1,...,r9) € (R™)® : (r1,72,73) = (ra,75,76),77 =8 = To} .

Therefore, the term for a fixed i in (2.7.4) can be written, up to a constant, as
N dt
(a,t)(0;03n+i9)t((x, z) + r* 4+ (0,0,0, ta,0)) dr 7 (2.7.5)

where r = (7’1,7”2,7’3,7“4) and r* = (r1,re,73,71,72,73, 74,74, 74). Thus, it suffices to bound
the form in which K;(mo(z,2)) is replaced by (2.7.5), with estimates uniform in a. Then
it remains to sum over ¢ and integrate in a. By symmetry, it suffices to prove bounds for
¢ = 1. This will be done in Proposition 2.7.1.

Next we decompose the kernel K4. We write it as K4y = Kg + K7, where

- [T Roaeaea@nemmG)

- | R@ate)a e @ he @ - mme) T

Note that if € is in the support of the integrand in K¢ for a fixed ¢, then 273 < [t&s +t&5| <
22, On the other hand, if ¢ is in the support of the integrand of I/(\7 for a fixed t, then
0 < [t&s + t€5] < 22, but [t&5] > 2712 We will decompose these multiplier symbols further.
To reduce the amount of notation we will use Gaussians for this decomposition as well,
even though one could proceed with other Schwartz functions.

Now we write

[?\6(5):/(”)5(1+|a|)—6n chﬁ(a’t)|t£4|2 ( )|tf4—|—t§5| (€4+§5) —2mia-t€ (it da,

where cg(a,t) = (1 + |a|)%nig(a,t) and

me(€,t) = K (t 7 )P(61)B(E2)P(E3)(€4)Paro (5) ([t G () tEa + 52 Ge(€a + &)

Here, cg(a,t) satisfy the symbol estimate analogous to (2.7.2).
Thus, K¢(mo(x,2)) can be written as a weighted superposition of integrals of the form

/Ooo /(Rn)s 60, )i (61, €2, 63) (D)1 (6)5i (&) (Dg)e (a + &)

10 . L dt
Xe?wz(w zVY,21—23,20—23) 5627rzta§d£7

t
- /< €600 061,62, ) BOENTEE) Bi(€s + )i e rtleneneal (6o
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x 2z Haa 20 Ha5,28) (.85, —Ea—E5) g¢ % _ (2.7.6)

Then, the integral in &4, &5 can be seen as the integral of the function

_—

(0,12, 13) = (Ag)e(m1)Gi (12) (Ag)s ()& 1 Haa 22 e 20): (s
over the subspace
{(m,m2,m3) € (R™)® -y = =i — 12}
It equals the integral of the Fourier transform of this function over the orthogonal comple-
ment
{(r1,72,73) € R™)? : 1| =1rg =13},
Using this and taking the inverse Fourier transform in &1, &2, 3, the display (2.7.6) is up to
a constant equal to

o0 dt
/ / ce(a,t)gi(zt =2 +t(a1, a2, a3))(Ag)i (21 +7+tag)gs (zo+7+tas)(Ag)i(z3+1) dr it
0 n
Thus, it suffices to bound a form with Kg(m(z, z)) replaced by this kernel, with a constant
uniform in a. This will follow from Proposition 2.7.2.
For the kernel K7 we proceed with a similar decomposition but with a factor |t&s
instead of |t&4 + t&5|2. This leads to bounding a form with K7(mo(x, 2))) replaced by

| 2

o0 dt
/ / 07(a,t)gt(x1—a:0+t(a1,a2,ag))(Ag)t(zl+r+ta4)(Ag)t(z2+r+ta5)gt(23+r) drT.
0 n

with a constant uniform in a, where c7(a,t) satisfies a bound analogous to (2.7.2). Note
a symmetry between the last two displays, which can be seen by interchanging 2o and zs3,
translating r — r — tas, and replacing a4 — a5 by a4 in the second display. Bounds for this
form will also follow from Proposition 2.7.2.

To summarize, we have reduced Theorem 2.1.23 to the following two propositions.

Proposition 2.7.1. Let n > 1. Let 2 < p1,p2,p3 < 00 and p% + p% + 1%3 = 1. There exists

a constant C' > 0 such that for each a € (R™)?, c(t) satisfying |c(t)] < 1 for each t > 0, and
all Schwartz functions fi, f2, f3 : (R")* — C,

e (1i[ 33, 2)) 01D i19)0((2,2) +r* + ta) d(a,z,)

3
< O+ [a)™ TT 1£ills, »

i=1
— *x
where r = (r1,19,13,74), r* = (r1,79,73, 71,172,173, 74, 74,T4).

Proposition 2.7.2. Let n > 1. Let 1 < p1,p2,p3 < o0 and pil + p% + p% = 1. There exists

a constant C' > 0 such that for each a € (R™)®, c(t) satisfying |c(t)| < 1 for each t > 0, and
all Schwartz functions f1, f2, f3 : (R")* — C,

’ /Ooo c(t)/( oo (ﬁfj(ﬂj(w, z)))gt(wl — 2% 4 t(a1, a2, a3))(Ag)¢ (21 + 1 + tay)
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dt
Xgi(z2 + 1 +tas)(Ag)e(z3 + 7 + tag) d(z, 2 7“) < C(L+ |a))'o" H Il f5llp; -
7=1

Note that in Proposition 2.7.2, one could decompose the Gaussian in x! — 20 into

another integral of translated Gaussians. Also, the Laplacians could be split into sums of
second order derivatives. This would yield a form that is, schematically, similar to the one
in Proposition 2.7.1. However, we chose not to do this as, it will not be needed for the
proof.

Proposition 2.7.1 will be proven using twisted techniques, while Proposition 2.7.2 will
follow from the classical square and maximal function bounds, similarly as in the case of the
Coifman-Meyer multipliers. We will prove these propositions in the following two sections.

2.7.1 Proof of Proposition 2.7.2

Denote h = Ag. Using the definition of the projections m; and splitting the Gaussian into
tensor products of three lower-dimensional Gaussians, the form we need to bound reads

oo
e [ ot ) nh el 2 ek )
0 R™

dt
X ( H gt(:vjl» — x? + taj)>ht(zl + 7+ tag)gi(zo + r + tas)he(zs + r + ag) d(x, z,7) <
j=1
Integrating in x; and z, using that Gaussians are even and replacing a1, as, ag by —ai, —as,
—ags, it suffices to estimate

[0 [ G © a0 e s © )

dt
X (f3 *3,4 (gt,as @ ht,a4))($oa T) d(xoa T) 7 )

where the subscript *,, m, means that we take 2n-dimensional convolutions with the func-
tions f; in the coordinates min,...,mi(n+1) and man, ..., ma(n+1). Here, all functions
g and h that appear in the tensor products are n-dimensional, we have denoted

Gta; =t " g +ta),

and analogously for hy,;. For two functions ¢, p we also write (¢ ® p)(u,v) = ¢(u)p(v).
Applying Holder’s inequality in ¢ for the exponents (2, 00, 2) and using |c(t)| < 1, we bound
the last display by

o dt\1/2
Lo (10510 G heag) @) 0D (2 520 (00 9 9100”1
(Rm)* *J0 >0

X (/OOO [(f3 %34 (Gr.a5 @ hta,)) (2 )IZdt)l/Qd(a; ).

Applying Holder’s inequality in (2%, p), we estimate this further by

dt\1/2
‘27) ‘ sup\fQ *2.4 (Gt,az @ Gt,as)

H(/ ’fl *1,4 (gt,al & ht,ag)
0

l.

P1
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> dt\ 1/2
X H (/ | f3 %34 (Gt,a5 @ ht,a4)|27)
0

Using bounds for the two-dimensional fiber-wise maximal and square functions, the last
display is bounded by an absolute constant times

(14 1al) ™™ 2 fullpa L f2llp2 1 5 s -

p3

For the maximal function, a polynomial loss in the shift follows by dominating the Gaussian
Gta; < 10(2(1+ ’aj’))nggt(1+|aj‘). For the shifted square function, we have a uniform bound
on L? in the shift a. We also have a weak L' bound with polynomial loss (1 + |a;|)" ",
this follows from the standard proof of weak L! bounds of Calderén-Zygmund operators,
but with an LQ(%)—Vector valued kernel, as in [61, Section 5.6.1]. Interpolation and duality

then give the polynomial loss (1 + |a;|)"*L.

2.7.2 Proof of Proposition 2.7.1

In contrast with the previous section, now we cannot bound the form by the maximal and
square functions of each of the functions f; separately.

To prove Proposition 2.7.1, we will first prove an estimate for a local version of our
form. Local estimates will then be combined into a global estimate using a stopping-time
argument. A finite collection 7~ of dyadic cubes in R¢, d > 1, is called a convex tree if there
exists Q7 € T such that Q C Q7 for every Q € T and if Q,Q" € T and Q C Q' C Q"
then Q" € T. If £(Q) denotes the side-length of a dyadic cube @, we denote

QT = UQGTQ X (E(Q)/Q,K(Q)) .

For f € L2 (R%) we also define a variant of a maximal operator on a tree T

1 1/2
Mf(T) = / )
1= 3 3% (1 o)

where the second supremum is over all cubes Q' with sides parallel to the coordinate axes,
which contain the cube Q.
Let ¢(t) and 1,9, 73 be as in Proposition 2.7.1. Let 74 : (R™)? — (R")* be given by

ma(w, 2) = (21,23, 73, 22) -

We will prove bounds for a more symmetric local quadrilinear form

e (ﬁfﬂw(a@))

A7 o(f1, fo, f3, fa) = (1 + |a|)—16n/

Q

dt
X (0103n+19)¢((x, 2) + r* + ta) d(z, z) dr et

defined for bounded functions f; on R*" and a convex tree 7 in R*". The main step in the
proof of Proposition 2.7.1 is the following estimate, which will be applied with f; = 1.
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Proposition 2.7.3. There exists a constant C > 0 such that for any convex tree T, any
a € (R™)?, and bounded functions f1, fa, f3, f1 : (R")* — C,

4
AT a(f1, fo, f3, f2)] < ClQTT[ M £(T).

i=1

Proof of Proposition 2.7.3. We may assume that the functions f; are real-valued, as oth-
erwise we split them into real and imaginary parts. Interchanging the order of integration,
using the triangle inequality, and |c(t)| < 1, we bound |A1 o(f1, f2, f3, fa)| by

(1+ a) 16" / /
Qr J(R™)7

X ‘ f2($(1)7 l’%, xga 22)f3(x(1)a 1‘(2), :Eév 21)(alg)t($(1) +r+ a4t) dl'(l) dﬂa
Rn

fl(x%, xg, :zzg, 23)f4(x%, :1;%, p%, 22)(81g)t(3§% + 71+ ait) d:z:%
Rn

where

dp = gt((fng,mg,x%, x%) + (ro,73,12,73) + t(ag, as, as, ag), z + (r4,r4,74) + t(az, as, ag))

dt
Xd(.’]?g, $g, $%, .’L’é, Z) dr 7

Applying the Cauchy-Schwarz inequality with respect to dyp bounds this form by (1 +
la]) 716" times the geometric mean of

/QT/( ")
and
/QT/( )T

These two terms are analogous, which can be seen by swapping the roles of acg and :U% in
the second term. Thus, it suffices to proceed with (2.7.7).
We integrate in z; and then expand out the square in (2.7.7). This gives

fi(ad 29,28, 2) fa (e, 2b, 2, 22)(O1g)e (e + 1+ art)dad | dp. (27.7)
- 1(71, X3, 3, 23) fa(@1, Tg, T3, 22) (O19)¢ (21 + 71 + art)day| dp. -

2
f2($(1)a l‘%, :Egv 22)f3($(1)a ng, 1%7 21)(819){,(17(1) + 7+ a4t)dl‘?) d:u .
Rn

/Q /(' v f1($(1)7$87$gyZ3)f4($(1),$%,$%,ZQ)fl(:L'%,xg,xg’23)f4(x%’x%’xé’z2)
T n

dt
x(019)¢((2°, 22) + 7+ u1t) (019)e((z, 23) + 7 + uat)d(x, 29, 23) dr - (2.7.8)

where uy; = (a1, a2, a3, ag), us = (a1, as, ag, ag). _

If n = 1, this expression corresponds to the local form Ay from the dimension four
case in [45]. More precisely, it can be interpreted as the local form applied to a 16-tuple
of functions on R?*, in the case of the identity matrix, and when all but four functions
are set to the constant 1. Applying the result from [45] to this setup yields a variant of
Proposition 2.7.3, where the maximal operators M f; are replaced by (M| fi]4)1/ 4. However,
this is insufficient to establish Proposition 2.7.1. It is therefore essential to view (2.7.8)
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as a variant of the quadrilinear form from the two-dimensional case in [45], but acting on
functions defined on R™ x R3" instead of R x R. The variables are now

0 .1 n 0 ,.0 1 .1 3n
T1,T1 € R ) (1'2,1'3,23),(1'2,5113,22) eR™.

This perspective leads to only one more application of the Cauchy-Schwarz inequality,
which subsequently gives the maximal operators M f; and the desired Holder estimate.
The paper [45] establishes an estimate for this quadrilinear form in the setting of func-
tions on R x R. The argument, however, extends to R” x R3" without significant complica-
tions. Since [45] additionally focuses on other matters, we nevertheless prove the estimate in
our specific setting for the reader’s convenience and to maintain a self-contained exposition.
We will rewrite the form (2.7.8) more concisely, for which we introduce slightly more
general expressions. Let di,do > 1. For y € (R% x R%)2 we write y = (y°,y'), where
y0 = (30,149) € RN x R, y! = (yl,yd) € RE x R% and let ¢ = (q1,q2) € R% x R¥. We
write m = dy + da and identify R% x R% with R™. Define the maps p; : (R™)? — R™ by

p1(y) = 1.99) . ps(y) = (. 3),

pa(y) = (yi,95),  paly) = (yi,93)-
For bounded functions Fy,..., Fy on R™ v € (R™)2 and T a convex tree in R™, we define

4
— pl)—4m oy
Or.(Fu P FoFy) = (1+ o)~ [ ) /(W (j|:|1F3<pJ<y>>)

dt
X(010m119)t(y + (g, q) + vt) dy dq e

Then, (2.7.8) can be recognized as
(L+ [u) "™ O u(fr, fr. fa, f2)

with v = (u1,u2), di = n, do = 3n. Recall that u consists of the components of a and
satisfies |u| < C|a|. Thus, it will suffice to prove

O7u(fr. f1. fa. 2)] < ClQTIM (T2 M fu(T)?. (2.7.9)

To show this estimate, we will remove the localization of the kernel and localize the
functions, similarly as in [45]. This will allow for translation ¢ — ¢ — vt and global
telescoping arguments. For a tree 7 in R we define a region in R

T, =U{Q € T : £(Q) = 2F}.
For F;,T,v as above, o > 1, and 1 < i < m, we define

4
OF, o (F1, Fo, Fy, Fy) = (a+ o)) 4m2/“/ /( - HFlTk )(pj(y ))
2 m m .
j=1

kEZ

dt
X (0iOm+i9)pt(y + (q,q) + vt) dy dq o

where D = D(«) is a 2m x 2m diagonal matrix with diagonal entries djy = 1if 1 <1< d;
or dy +dy <1 < 2dy + do, and dy; = o otherwise. Here, gp; = (det D)~'g;(D~!). We will
only use this expression when either « =1 or v = 0.

(1)

The following lemma will reduce the problem to proving a bound for O+ .1 instead.
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Lemma 2.7.4. There ezists a constant C > 0 such that for any F;,T,v as above,

4
|©7 0 (F1, Fo, F3, Fy) — 9%1,)%1(1?1, Fy, F3, Fy)| < ClQ7| [[ ME(T).
i=1
We will use another lemma, which will reduce the problem of bounding 9%57)0’ ., to bound-

ing the sum of @%QQW 1 # 1, instead.

Lemma 2.7.5. There exists a constant C' > 0 such that for any F;,T,« be as above,

‘Zeﬂm Fy, Py, F, Fy)| < cQn T[MAT.
i=1

We postpone the proofs of these two lemmas until the end of this section and return to
proving (2.7.9).
By Lemma 2.7.4, it thus suffices to show

’@(7},)%1(]01, fi fa, f)| < ClQTIM f1(T)2M f4(T)2.

Note that we can write @g—u 1(f1, f1, fa, fa) in an analogous way as in (2.7.7), by writing

the product of all non-positive terms as a square. Indeed, we can write is as

1 —4m
(1 [u)~ " Y /Qk 1 /R

kEZ

L I ) i) (sl @108 + a1 + axt) dof|

dt
th((ygv y%) + (Q27 Q2) + ((12, as, as, a57a67a9)t) d(ygayéa Q) 7 3

where we have unravelled the definition of u inside the Gaussian. We estimate a non-
centered Gaussian by a centered Gaussian as

g:(- +vt) <102(1 + [v])*® ga(141u))

and apply this to the Gaussian outside of the squared term. We also change variables
q1 — q1 — uit. This gives a constant multiple of the form

a2 (14 u) =m0 | (f1, 1, f1, f1)

with = 2(1 + [(az, a3, as, a5, g, as)|). Since 0‘2d2(1 + |u|)~*™ < O, it will suffice to show
'(71)07a(f15 fl) f47 f4) < C|QT|Mfl(T)2Mf4(T)2 .

Note that by symmetry, @gi-)oa(fl, f1, fa, fa) > 0 for each 1 <i < dj. By Lemma 2.7.5, it
will thus suffice to prove

‘ Z 970a (f1, f1, fas )| < C1QTIM f1(T)2M f4(T)?.

i=d1+1
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To show this inequality, we bound the left-hand side of the last display by

) Y

i=di+1 keZ V2

/R . (Al @, u8) (filn) (i, ¥9) (9ig)ae (49 + q2) dyf

dt
|, ) G s (a1 (o1, 93) (Di9)a (v + a2 (48 ) + (v, 00)) AR )

We apply the Cauchy-Schwarz inequality in 49, y1,¢,t and in the sums, and then expand
out the square, similarly as we did in (2.7.8). This gives an estimate by

- ; 1/2
I (3 Pt finfinf)

je{1,4} i=di+1

For each 1 <1i < m, we have @TOa(fJ’ fjs fj» fj) = 0. Therefore, Lemma 2.7.5 gives

Toa(fjaf]afjafj) < C|QT|MfJ( )

for each 1 < i < m and 1 < j < 4. This finishes the proof of Proposition 2.7.3, up to
verification of Lemmas 2.7.4 and 2.7.5. ]

To prove Lemmas 2.7.4 and 2.7.5 we will need the following Brascamp-Lieb inequality.

Lemma 2.7.6. For any measurable functions Fy, Fy, F3, Fy : R™ — C,

4 4
‘/( . (JH1 Fi(pi()) ) dy| < ]Hl IE; |-

This lemma was proven in the case d = 1 by repeated applications of the Cauchy-
Schwarz inequality in [45, Lemma 3.2]. The proof when the variables are in higher dimen-
sions follows in the analogous way and we omit it.

We will also need an estimate on the boundary of a convex tree from [45].

Lemma 2.7.7 ([45, Lemma 4.1]). There exists a constant C > 0 such that for any convex
tree T in R™,
> 20T (2'2)™) < C1Qr].

keZ
Now we are ready to prove Lemmas 2.7.4 and 2.7.5.
Proof of Lemma 2.7.4. We proceed along the lines of the argument in [45, Section 4] in the

case of the identity matrix. First we use [45, Lemma 3.4], which in the particular case of
the identity matrix gives

(1 [0]) ™™ (010m419)i(y + (g, ) + vt)| < CE>™ Y 27" x(jy + (g, )| < 2"1),
n>0

where x(A) equals 1 if the condition A is satisfied and 0 otherwise. With this and (2.7.2),
we estimate

|@T,U(F17F27F37F4) - 6’(717)1)71(F17F27F37F4)‘
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by an absolute constant times

—4mn = _om n dt
22" Z/ /Tk /z (]Hle(pj(y))l)t Xy~ (¢:9)] < 2" dydg —  (2.7.10)

n>0 keZ

dt
+) 27hmn / // Fy( )t‘Qm —(¢,9)| < 2") dydq — , (2.7.11
220 o ), H! (s D)1 x(y = (a.0)| < 2") dydq 5 (2.711)

where S = {y € R*™ : p;(y) € Tk for all j =1,2,3,4}.
First we estimate the summand in (2.7.10) for fixed n and k by

crom [ f H|F o3 ) (los () — al < 2)) dyda.
k k

where we used p;(q,q) = q. Let E be the set of ¢ € T}, such that the inner integral of the
last display does not vanish. We estimate the last display using Lemma 2.7.6 by

4
c2” 2mk/ H 1F; (w)x(Jw — g < 29)|| 20 dg < C22™|B| [ ME;(T).  (2.7.12)
7j=1

We proceed by estimating |E|. If ¢ € E, then there is y € S}, such that for all j,

pj(y) —q| < 2"FF.

By definition of Sk, pj,(y) & T} for some 1 < jy < 4. Let Q4 be a dyadic cube of side length
2F containing ¢ and let @y be a dyadic cube of side length 2% such that Pio(y) € Qy. Then
Qq € T and @, € Ty. But both @, and @, are contained in the ball B of radius contk
about ¢ for sufficiently large C' > 1. Therefore, there is w € 9T}, N (2*Z)™ such that w € B.
But then ¢ is contained in the ball of radius C2"** about w. This implies

|E| < C2V TR (0T, 0 (252)™) .

Applying this estimate to (2.7.12) and summing in n and k, we obtain for (2.7.10) a upper
bound by a constant times

(Zka# (AT, N (2F7)™ )HMF

kEZ
Lemma 2.7.7 then yields the desired bound for (2.7.10).
It remains to estimate (2.7.11). Fix n and k and estimate the corresponding summand
by
c2- Qm’“/ /S H 1E5(pi () Ix(lpi(y) — gl < 2”*’“)) dydq .
Sk

Let E be the set of ¢ € T} such that the inner integral of the last display is not zero. We
estimate the last display with Lemma 2.7.6 by

022m’f/ H 1Fj(w)x(Jw — q] < 2|l 12,y da .- (2.7.13)
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If p € E, then there is y € S}, such that for all j, |p;(y) — q| < 2"**. By definition of Sy, for
every j there is ¢¥) € Tj, such that pi(y) = ¢\, Using the triangle inequality, we estimate
(2.7.13) by

4
C2” 2m’f/ HHF X(lw — ¢ < 27|12, dg < C22 B[] MFL(T).
7j=1

To obtain the last inequality we may argue as for (2.7.12), because ¢\¥) € Tj,. Similarly as
before, the ball of radius C2"t*+1 about p contains pj and as before we see that it also
contains a point in 9T N (2FZ)™. We estimate

|E| < c2mmthma a1, N (282)™),

sum in n and k, and use Lemma 2.7.7 to conclude the desired bound for (2.7.11). This
finishes the proof of the lemma. ]

Proof of Lemma 2.7.5. We proceed along the lines of the argument in [45, Section 5.2] in
the case of the identity matrix, and streamline the proof in our setting.
Integrating by parts in g, we see that

_zz / @05y + 0.0 da = [ (Bg)oely+ (a.0)) da.

m

Using the heat equation (Ag):p = 27t (g:p), we thus obtain

m
—a'm4n "0 (P, Py, F, Fy)
=1

4 "
= Z/m/R2m H F;lp,) (PJ(?D)) /Zkltat(gtD)(y—F (¢,9)) %dydq.

kEZ j=1

Let k7 be defined by £(Q7) = 2*7. By the fundamental theorem of calculus in ¢, the
last display equals

4
Z/m /RQM H(Flek)(pj(y)))(gng — gor1p) (Y + (0:9)) dy dg

kEZ j=1
4
- /m /RM (H(FleT)(pj(y)))gT“TD(y‘i' (4:9)) dy dg (2.7.14)
j=1
4 4
/m /Rm [L(F15) (et H(Flek+1)(Pj(y)))ggk[)(y+(q,q))dydq. (2.7.15)
= u

We estimate the two terms (2.7.14) and (2.7.15) separately.
First we estimate (2.7.15). Let x be the characteristic function of [—1, 1]*™. We bound

g< CZ e xon .

n>0
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We fix k < k7 and n > 0, and consider

4 4
L (T = TT 0150000 ) orsa o + 3. 0)) dy .
j=1 j=1

Using the distributive law and T} C Tk1, we estimate the integrand as

4 4
’H FlTk p] H FlTk+1 p] )))
]:

J=1

< Z | Fjo L i | (030 (@) 11 1Fi1 73,1005 () -
Jo=1 J#jo
We fix jo. For simplicity of notation we set jo = 1, the other values of jy will be analogous.
Let @ be a cube of side length 2k contained in Ti+1 \ T} and consider

4
/Rm /RQm Filel(p1(y)) ( 11 |Fj1Tk+1|(pj(y)))X2”+kD(y +(g,9)) dydq. (2.7.16)
j=2

Since o > 1, we have y + (q,q) € 2" *a[—1,1]>™. Applying pj, we obtain for 1 < j <4,
pi(y) +q € 2" Fa[-1,1)™
We also have p;(y) € @, so ¢ € P, where
P =2""Fa[-1,1]" - Q.
Thus, for each j = 2,3,4, we have p;(y) € S, where
S =Q+ 2" g[—1,1)™
Thus, we can bound (2.7.16) by

4

2-2m(n+k) (det D) 1|P|/ |Filol(pi(y <H|F L7y,1nsl(pi(y ))) dy .
Jj=2

By Lemma 2.7.6, we estimate this by

4
C2_2m(n+k)(det D)_1’P’|’F11QH2 H 1E517, 1 insll2
j=2

—2m(n+k) -1 12, c3/2( 1L 2\ /2 /1 2\ /2
— 2 (det D)~ P||Q|'/?|S] (@'/QFl) H(S|/SFJ.) .
=2

Next, we crudely estimate (det D)~' = a=2¢2 < 1 and |S[>/2 < C22™a?™|Q|*/2. We also
use that and |Q| = C2™*, |P| < C2™("+k) o™ and that S covers Q. This bounds the last
display by

4
clQma®™ [ MF;(T).
Jj=1
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Summing over the disjoint cubes @ in Tyy1 \ Tk, summing over k < k7, and using that the
regions Ty1 \ Tk are disjoint in @7, we then estimate (2.7.15) by

C(Z e_2n2m”> 3™ Qr| ﬁ MF;(T).

n>0 j=1

Then it remains to sum in n.
It remains to estimate (2.7.14), which is done similarly as (2.7.15) but simpler. Esti-
mating the Gaussian by a superposition of characteristic functions of cubes, we consider

/Rm /Rzm (ﬁ(\FjllQT)(pj(y))>x2n+kD(y +(g,q)) dydq.

j=1
This is then estimated analogously to (2.7.16). O
To finish the proof of Proposition 2.7.2 it remains to do a stopping time argument,
similarly as in [71, 45]. Denote by A(f1, f2, f3) the form in the statement of Proposition
2.7.2. Let Q denote the collection of all dyadic cubes in R*" contained in [-2V, 2V]*" with
side-lengths in [27V,2V] for a large N > 0. By the monotone convergence theorem, we

may assume that in the integral defining A one has (t,p) € Qg. By homogeneity we may
also normalize

1fjllp, =1
for each j = 1,2,3. Thus, it suffices to prove

IA(f1, for f3)] < C(L+ [a]) o
For every triple of integers k = (k1, k2, k3), we define

1
Q|

1/2
Pe={QeQ:2%1 < sup ( / yij2) < 2% for j =1,2,3},
Q2Q @

where the supremum is over all cubes Q' in R*" with sides parallel to the coordinate axes.
Let P;*®* be the collection of all maximal dyadic cubes in P, with respect to set inclusion.
For every () € P, the collection

To=1{Q €P:: Q' CQ}

is a convex tree and for different @ € P;***, the corresponding trees are disjoint. Proposi-
tion 2.7.3 gives

3
‘ATQ,a(fl7f2)f37 1)’ S |Q| Z (|Q
j=1

1 1/2 k1+ko+k
7 1) <1l

Therefore,

(L+[a) T Af fo ) < D D [Aqgalfis fo 5, )] < C ) 2Rtttk N =)

keZ3 QePx kez3 QeP™x
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By disjointness of the maximal cubes, for each j = 1,2, 3,

S o= U o cHmys >y,

QePpax QePpax

where M f; denotes a “quadratic” variant of the Hardy-Littlewood maximal function

Q'>x

ij(x) = sup <‘Ql,’ /Q/ ’f]($>‘2 dx)1/2’

with supremum is over all cubes Q' with sides parallel to the coordinate axes. We split
73 =K1 UKo U K3, where K; = {(k1, ko, k3) kip; > kjipj for j/ =1, 2,3}. Thus,

3
(L+ |al) """ A(f1, fo, f3)] < Z Z futhatha| (1. > C2ki}|

J=1 (k1,k2,k3)eK;

= Z Z 2ijj|{ij > CQkJ'}] H Z 2’?7'/*?

j=1k;€Z 35 bk <pjk; [/py

3 3
<CY IMfl <Cy il < C.
j=1

J=1

This finishes the proof of Proposition 2.7.2.

2.8 List of indecomposable modules

In Tables 2.1-2.4 below we list the modules used in the classification Theorems 2.1.11 and
2.1.15. We specify the modules using block matrices

Ao | Ain | A2 | Ass
Ago | Ao | Az | A3

We define M to be R" for some n, and identify each subspace M; with R™ as well. The

block columns
A
Ag;

for : = 0,1, 2,3 then specify the matrices of the embeddings M; — M defining the module
M, which fixes implicitly also the dimensions of the subspaces M; and of M. Two modules
defined like this are isomorphic if the corresponding block matrices can be transformed into
each other by row operations on the whole matrix and column operations on each block
column. In terms of the corresponding Brascamp-Lieb data, the transposes of the block
columns are the matrices of the maps II;.

Following the notation of [87], we write I, for the n x n identity matrix. We denote by
Jn(A) an n x n Jordan block with eigenvalue X\. An arrow in the superscript of a matrix
indicates that a row or column of zeros is to be added in the direction the arrow points, for
example I} is the (n+ 1) x n matrix with one row of zeros, followed by the n x n identity
matrix in the rows below.
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Finally, the matrix X = X (P, s) in modules 0 and IN,, denotes the companion matrix of
the polynomial (P(t))*, for some s > 1 and an irreducible polynomial P € R[t] with P(t) # ¢
and P(t) #t — 1. The companion matrix of a polynomial Q(t) = t" + a,_1t""* +--- + ag
is the matrix

0 ... 0 —a
1 ... 0 —ai
0 ... 1 —ap_1

with characteristic polynomial @. Note that the conditions on P imply that P(t) =¢ — A
with A # 0,1 or P(t) = t2 — 2\t + p with p > A\2.

The indecomposable modules in Table 2.1 are only listed up to permutation of the
subspaces. The additional information which permutations give rise to non- isomorphic
modules is given by the following lemma, which is Remark 1 in [87].

Lemma 2.8.1 ([87, Remark 1]). For the modules I, W, I*, IV, IV* V V* each permu-
tation of the subspaces that leaves their dimensions invariant gives rise to an isomorphic
module. For the modules of type 0, all permutations of the subspaces give rise to another
module of type 0, but possibly with different X. For module I, swapping the columns 1,3 or
swapping columns 2,4 gives rise to an isomorphic module. Thus there are 6 isomorphism
classes of modules that can be obtained by permuting the subspaces in type 1.

Lemma 2.8.1 can be directly checked by transforming the corresponding block matrices

into each other using the allowed row and column transformations. We omit this and refer
to [87].
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M dim(M, My, My, Ms, Ms) block matrix

I, 0 I, X
0 2n,n,n,n,n
( ) 0 I, I, I,
i 0 | I, | Jn(0)
I 2n,n,n,n,n n n n
( ) 0 I, I, I,
Iniq | Inia | Iy 0
I 2n+1,n+1,n+1,n,n) "O Z? IZ T,
T ¥
Im 2n+1,n,n,n,n+1) Int1 0 In L

m* 2n+1,n+1,n+1,n+1,n)

v 2n+2,n+1,n+1,n+1,n)

* Iny1 | 0 | Tnya | Iy
IV (2n+2,n+1,n+1,n+1,n+2) =
0 Inpr | Int1 | 10
I, 0 Jn(0)| In
A (2n+1,n,n,n,n) 0 I, I, | Jn(0)

n n
V' 2n+1ln+1l,n+1l,n+1n+1) 0 I | Ly | I

Table 2.1: Indecomposable modules of the four subspace quiver, up to permutation of the
subspaces. The following list is a direct result from the diagrams in [87].

M dim(M, Mo, My, Ma, Ms) block matrix
N, (271, n,n,n, n) 0 I I In
(1) In 0 In | Jn(1)
Jn (2”,71, n,n, n) 0 In In In
= In 0 In Jn(o)
Jn (2n7n7 n,n, n) 0 I I In
m I, 0 Jn(o) In
3¢ (2n,n, n,n, n) 0 I, I, I,
I 0 | I | I
C o+ 1,n+1 0 [
n (n+ s+ ,n,n,n) 0 [n [n [n
I L | I
Tn (2n+1’n’n+1’n—|—1,n+l) n 0 n n
0 Invv | Inyt | Insa

Table 2.2: Indecomposable modules corresponding to data of Holder type
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M dim(M, My, My, Ma, Ms) block matrix

0 1 0 1
Y (2,0,1,1,1) - - - :
1 0 0 1
Z (3,1,1,1,1) 0 1 1 0
0 0 1 1
T
L (4,1,2,2,2) oo b L9 L b
o | & | b
| 0 | 5H0)| b
B (5,2,2,2,2) 0 | L | I | A0
00 00 10 10

Table 2.3: Indecomposable modules corresponding to Young’s convolution inequality and
to Loomis-Whitney type inequalities

M  dim(M, My, My, My, Ms) block matrix

PO (1,0,0,1,1) 0 0 I I
P® (1,0,1,0,1) 0 I 0 I
PG (1,0,1,1,0) 0 I I 0
I 0 0 I
(1) 1 1
Ji 0 0 Ji
) 1 1
K (27131707 1) 0 -[1 O Il
T 0 I 0

(3) 1 1

Table 2.4: Indecomposable modules corresponding to Holder’s inequality or Holder’s in-
equality combined with boundedness of a linear singular integral operator
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Chapter 3

Sharp Fourier extension for
functions with localized support on
the circle

This chapter consists of the publication [7] that will appear in Revista Matemdtica Iberoamer-
icana. The copyright is held by the EMS Publishing House GmbH and the article is repro-
duced here in accordance with their copyright policy.

3.1 Introduction

We are interested in the conjecture that constant functions are extremizers for the Tomas-
Stein Fourier extension inequality for the circle

1Follog2) < Cllf Il L2(o)- (3.1.1)

Here o is the arc length measure on the unit circle S' € R? and () = [ e du(€) is the
Fourier transform.

The corresponding conjecture for S? was proven by Foschi [54], and in [23] Foschi’s
argument is adapted to S', and the conjecture of interest is reduced to the following.

Conjecture 3.1.1. The quadratic form
Qf) = /( 1)6(|W1 +wz + w3l = 1)(f (wr, wa, w3)? — f(wi, wa,ws) f (wa, ws, we)) AT
S

is positive semi-definite on the subspace V of all antipodal functions in L?((S1)3,R). Here

we denote .

43 = dS(w) = 60> wi) [[ do(wy),

j=1 j=1
and a function f is antipodal if f(£wi, we, +ws) does not depend on the choice of signs.
Conjecture 3.1.1 has been verified for all functions with Fourier modes up to degree 120

in [99] and [3], via a numerical computation of the eigenvalues of ) on the finite dimensional
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space of such functions. Further, using different methods, in [29] the conjectured sharp
form of inequality (3.1.1) has been established for certain infinite dimensional subspaces of
L?(o) with constrained Fourier support. Our main result establishes Conjecture 3.1.1 for
functions with localized spatial support.

Let C. be the cylinder of radius ¢ centered at the line R(1,1,1), and define

V.= {fe V : supp f(e', €2 %) U k-i-ca}-

Theorem 3.1.2. Let € = 1/20. Then for all f € V. it holds that Q(f) > 0.

Note that since constant functions are in the kernel of @), the same result holds for
Vz @ (1), where 1 is the constant 1 function.

As a corollary, functions with support sufficiently close to a pair of antipodal points
satisfy (3.1.1) with the conjectured sharp constant. Define

197 || L6 (m2)
P(g) i = —F——.
)= el

Corollary 3.1.3. Let ¢/ = \/3/8¢. Suppose that g € L*(c) is such that g(e') is supported
n (—€',e') + nZ. Then ®(g) < ®(1), where 1 is the constant 1 function on S*.

Note that by rotation symmetry, the same holds when g(e') is supported in I + 7Z for
any interval I of length 2¢’.

The constants € and ¢’ in Theorem 3.1.2 and Corollary 3.1.3 are not optimal. Numerical
computations suggest that with our method ¢ can be improved up to about 0.104 and &’
up to about 0.063, see Section 3.7.

The numerical results in [3] suggest that eigenfunctions of @) on the subspace of functions
with Fourier modes up to degree N corresponding to small eigenvalues concentrate in space.
Theorem 3.1.2 shows that @ is positive on all such sufficiently concentrated functions, thus
it should be a useful partial result in establishing positive semi-definiteness of () on the
full space of antipodal functions. A more precise observation by Jiaxi Cheng, a graduate
student in Bonn, is that the smallest eigenvalue is of size ~ N~2log(N), see Section 2 of
[96]. The existence of such an eigenvalue is also explained by the asymptotic formula for
the multiplier m in Lemma 3.4.1, which looks like c[log|z|||z|*> near 0. Unfortunately, we
cannot prove that this is the smallest eigenvalue.

More generally, the topic of sharp Fourier extension inequalities has attracted a lot of
interest in recent years. In the following we consider general dimensions d > 2. Then the
Tomas-Stein extension inequality states that for every

2(d+1)
> = —
q = dd d—1

there exists C(d, q) > 0 such that for all f € L?(S971, o971)
[follaraey < C(d, @) fllz2(0)- (3.1.2)

Here 0% 1 denotes the d — 1-dimensional Hausdorff measure on S¢1.
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It is known that extremizers for (3.1.2) exist when g > gq, for all d, see [49]. At the
endpoint ¢ = ¢4, existence and smoothness of extremizers have been shown for d = 3 in
[27], [28] and for d = 2 in [106], [105]. For higher dimensional spheres d > 4, existence of
extremizers for ¢ = g4 is known conditional on the conjecture that Gaussians maximize the
corresponding extension inequality for the paraboloid, see [57].

For certain specific choices of (d, q), a full characterization of the extremizers of (3.1.2)
is known. Most such results grew out of the work of Foschi [54], who showed that con-
stant functions maximize (3.1.2) for (d,q) = (2,4), and gave a full characterization of all
complex valued maximizers. His method can be adapted for some non-endpoint extension
inequalities on higher dimensional spheres, see [24]. Using different methods, maximizers
of (3.1.2) for some choices of (d,q) with even ¢ > 4 are characterized in [98]. In some
further cases it is known that constant functions are local maximizers. This was shown in
[23] for (d,q) = (2,6), and in [60] for (d, qq) with 3 < d < 60. For further background and
references on sharp Fourier extension inequalities we refer to [53] and [96].
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3.2 Proof of Corollary 3.1.3

Corollary 3.1.3 is a direct consequence of Theorem 3.1.2 and the program formulated in
[23]. We give a brief sketch of the implication here; for the details of the program and
proofs we refer the reader to [23].

Proof of Corollary 3.1.3. Let g € L*(o) be such that g(e') is supported in (—¢’,&’) + nZ.

Define g(x) = g(—x) and
_ [P+

As shown in [23], Step 1 and 2, it holds that ®(g) < ®(g4), and g4 is antipodal and
g4(€%) is supported in (—¢’, ') + 7Z. Define f(w1,ws,ws) = g4 (w1)gx(wa)gy(ws). Then
the function f(e,e2,e?3) is supported in Uy zs k + (—¢',€’)3. Since (—¢’,¢')% is a
subset of the cylinder C N it follows that f € V N Ve, hence Q(f) > 0, by
Theorem 3.1.2. This verifies Conjecture 1.4 in [23] for g4x. Using Step 3, 4 and 5 in [23],
we conclude that ®(g) < ®(1). O
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3.3 Proof of Theorem 3.1.2

3.3.1 Orthogonal decomposition

We consider the sesquilinear form

Blrg)= [ kot +esl =1
(f (w1, w2, w3)g(wr, we, w3) — f(wr, w2, w3)g(ws, ws, we)) dX(w).

By a change of variables, it holds that B(f,g) = B(Rf, Rg), where Rf(w1,ws,w3) =
f(elwr, elwo, elws). Define

Zg={(k1, ko, k3) € (2Z)3 : k1 + ko + k3 = d}

and
Xa={ 3wkt ¢ (@) e 32} € LSV,
keZy

For d # d', the spaces X4 and Xy are eigenspaces of R with different eigenvalues ¢’ and

¢ and hence are orthogonal with respect to B. Note that the orthogonal projection my
onto X4 can be expressed as

1
Wd(f)(wl,WQ,WQ),) — / 6_27mdtf(627”twl, 627mt(,U2, e2mtw3) dt,
0

which implies that 74(Vz) C V.. Therefore, we have that

Ve = P ma(Ve) = PV Xa).

d€eZ dE€Z

Hence, it suffices to show positive semi-definiteness of B on each of the spaces
Xd,s = VN Xg.

3.3.2 Reducing the dimension

From now on, we use the convention that
w; = (cos(6;),sin(6;)), (3.3.1)
and abuse notation by writing f(w(#)) = f(6). We also define

a(f1,02,03) := (cos(61) + cos(f2) + cos(03))* + (sin(h;) + sin(ha) + sin(63))?

= ]wl + wo + w3\2,
so that the weight in the bilinear form B is given by a — 1, and record the useful identity

a(bq,02,03) = 3+ 2cos(6) — 62) + 2cos(f2 — 03) + 2 cos(f3 — 61). (3.3.2)
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The domain of integration w € (S')% in the bilinear form B becomes 6 € R%/(27Z)S.
As we assume that f € Xy for some d, we fully understand how f transforms under
simultaneous rotations of wi,ws,ws by the same angle. We will use this to integrate out
such simultaneous rotations of wy,ws,ws and of wy,ws,ws. These rotations correspond to
shifts of (01, 602,05) and (04, 05,0s) in direction (1,1,1), which makes it natural to choose
the following fundamental domain of R3/(27Z)3 as our domain of integration in 6.

Lemma 3.3.1. Let C be the rhombus with corners

T 27 T T 27

(m, —,0), (—g,—f T (mm0) and (55,5

Then the prism P := C + {(t,t,t) : t € [0,27)} over C of height 2m\/3 is a fundamental
domain for R3/(2nZ)3.
Proof. Denote by p the orthogonal projection onto the hyperplane
H :={(01,09,03) : 01 + 62+ 03 = 0}.
The image of (27Z)3 under p is the hexagonal lattice
A :=7v1 ®Zvy C H,

where
47 2@ 2w 2 4w 27

ST STy and v = (— _2M,
3030 3) awd w=(m o)

It is easy to see that the rhombus C' is a fundamental domain of H modulo the lattice A.
Thus for every z, there exists y with z —y € (27Z)3 and p(y) € C. Then for an appropriate
choice of k € Z, the point z = y + 27k(1,1,1) lies in P, and = — z € (27Z)3.

Conversely, let z,2 € P be such that z — 2/ € (27Z)3. Then p(z) — p(2’) lies in
p((27Z)3) = A, and p(2),p(2') € C. Tt follows that p(z) = p(2'). Thus z—2' € 27Z-(1,1,1),
and from z, 2’ € P it follows that z = 2/. O

In the next lemma, we perform integrations in direction (1,1,1) in (61, 62,603) and
(04,05,06), thereby reducing to a quadratic form depending only on the restriction f|c.
We define the function Ay : C x C — S* by

Aa (0}, 05,05, 01,05, 03) = exp(id - (arg(e”1 + €% + ¢%3) — arg(e'?t + €2 4 ¢%))).
The only property of A\; that will be used in the proof below is that |[A\4| = 1.

Lemma 3.3.2. For alld € Z and all f € X4, we have that B(f, f) equals
127 [ 5a(6) = a(0)(a6) ~ DS ~ Xa(¥'.0)(6) ) M2 6) AW

Here 7—[% denotes the 2-dimensional Hausdorff measure on C.
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Figure 3.1: Left: The lattice %A in the hyperplane H and the fundamental domain C (gray)
of A. The restriction |f||g is supported in the union of the dashed balls and periodic with
respect to %A. Right: One possible choice of a fundamental domain C” such that f|¢ is
supported in the union of the balls (dashed) By, By, B3 and By.

Proof. By Lemma 3.3.1, we have

B(f,f)Z/P P5(w1 + wy + wy — wa — ws — we) (Jwr + wa +ws? — 1)
X

X (‘f(wl?wQ?wS)P - f(w17w27w3) w47w57w6

||:c>

=213 (w1 + wa + ws — wy — ws — we)(Jwr + w2 + wz|? — 1)
CxP
6

X (| f (wr, wa, ws)[* = flwr,wa, ws) fwa, ws,we)) dHE (01,02, 03) ] ] d6;.
j=4

Here we have used that f € Xy, to integrate out simultaneous rotations of all 6 points w;
by the same angle. For z,y € R?, it holds that

0z —y) = 20(|z* — |y|*)d (arg(a) — arg(y)).
Hence, we can rewrite the last expression as
= 47V/3 §(Jwy + wo 4 w3|? — |wy + ws + we|?)
CxP
x §(arg(w) + wa + ws) — arg(wy + ws + we)) (Jw1 + we +ws|* — 1)

6
X (|f(w17w27w3)|2 - f(w1,w2,w3)f(W4,W5,WG)) dHC 01)92793 H ]
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21
= 127T/ / 0(a(01,02,03) — a(b4,05,06))
cxC

x d(arg(wy + wa + ws) — arg(ws + ws + ws) — t)(a(b1,02,03) — 1)

X (|f(w1,w2,u)3)|2 — fw1, w2, ws) f(ewy, etws, etwg)) dtd?—léxC(G).

Since f € X4, we have
f(eltw47 ethf)) eZtWG) = eltdf(w‘la w5, UJ6).

Thus, we can integrate out ¢ and obtain the claimed identity. O

3.3.3 Completing the proof
By Lemma 3.3.2, we have for all d and all f € Xy:

B(f. f) > 12 /C FO)(a(6) — 1) / 5(al0) — a(8)) AHZ(8') AH2,(6)

— 127 /Cz 3(a(8) —a(@)]a(8) — 1| £()[1f(6")| dHZ(8) AHE(6')
=:12n(I — II). (3.3.3)

If f € X, then the restriction of f onto the hyperplane H = {(61,62,63) : 61+62+65 =0}
is supported in %A + B:(0). Furthermore, the function |f| is periodic with respect to %A,
since it is periodic with respect to 7Z3 and invariant under all translations in direction
(1,1,1). Thus it suffices to show the following.

Lemma 3.3.3. Suppose that ¢ < 1/20. Then for all functions f : H — [0,00) that are
periodic with respect to %A and supported in %A + B:(0), it holds that I > II.

Proof. Recall that C' is a fundamental domain of the lattice A. The expressions in the inte-
grals for the terms I and II are A periodic, so we may replace C by any other fundamental
domain C’. Since f is supported in 1A + B(0,¢), there exists a fundamental domain C’
such that f|cr is supported in

2 0w 0w T™2r 7 T w27
B€ s Yy BE o v o9 o e\—™%y Y, & BE -, =,
0,0,00U (3 3 3)U ( 33 3)U ( 3 3 )
=: B U By U B3 U By.
We decompose
4 4
I:Z/ £ (6)]*(a(6) — 1) /5 0")) dHE(0') dHE(0) = > T, (3.3.4)
i=1 7 Bi i=1
m= ) / 8(a(0) — a(0"))|a(8) — 1/ £(0)]|f(6")| AHE () dHE(0)
1<i,j<4 B;xB,;
> I (3.3.5)
1<i4,j<4
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Note that |#| < 7/6 implies, by (3.3.2), that a(f) > 3 + 6 cos(7/3) = 6, and that similarly
|0 —(27/3,—n/3,—n/3)| < 7/6 implies that a(f) < 3. Therefore, for j = 2, 3,4 the measure
d(a(f) — a(¢)) vanishes on By x Bj, thus I1; = I;; = 0.

Next, we record that II1; < I, by Cauchy-Schwarz and since a() > 6 on By:

1 —/ i(a (0))]a(8) — LI FO)IIf (8")|dHZ (0) AHE(9')
<

< 5 5( (0) = a(@))(@(®) — D(FO) + [£(0)]*) dHE (0) dHE (')

\f 2(a(p —1/5@ 0")) dHZ(0) dHE(O') = I;.

The remaining terms are estimated in the next two sections. By Lemmas 3.4.1 and 3.5.1,
we have

101
bt I+ I > 30 / OP1£(0) dH(6) > 9705 / 621£(0) A2 (6)
By

100
> I,
2<4,5<4

which completes the proof. O

3.4 Estimating term [/

Lemma 3.4.1. It holds that
bt I+ Iy = / m(0)£(60)]2 M2 (6), (3.4.1)
B1

where I; is defined in (3.3.4), and m(6) > 306>
Proof. By definition of the I;, equation (3.4.1) holds with

4
= (a(0 +c;) —1/5 (a(0 + ¢;j) — a(0') dHE(9)),

Jj=2

where c¢; is the center of the ball B;. Reversing the argument in the proof of Lemma 3.3.2,
it follows that for x € R?

/ 5(1f? — a(8')) dHE(O)

= 7= [ 8ol = o + 00+ wnP)3(arge) — arglen + w2 + 1) Hda’»
1 3
= ﬁ . Oz — (w1 + w2 +ws)) H do(wj)

Jj=1

:—U*J*U(x)

2v3
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The convolution o * o * ¢ is radial. We set o * 0 % o(x) = p(|z|), giving

4
Z (0 +¢;) — Dp(y/a(d + ¢;)). (3.4.2)
In polar coordinates
01 1 1 1 1
0 | =scos(a)—= [ —1| +ssin(a)—= | 1 (3.4.3)
05 V2 \ g Ve \
we compute in Lemma 3.6.6 the asymptotic expansion
(a(@+cq) — Dp(/a(f + cq)) (3.4.4)
= —125*(3sin?(a) — cos?(a)) log(s) (3.4.5)
— 65%(3sin?() — cos?(a)) log|3sin?(a) — cos®(a)| (3.4.6)
+ 181og 2 s*(3sin?(ar) — cos?(a)) (3.4.7)

+ B,
with
|E| < —180s%logs + 715 when s < 1/20.

As the function a is invariant under permutation of its arguments and constant in direction
(1,1,1), it is invariant under the rotation T' by 27/3 about the line R(1,1,1). Since

co+0(a,s) =T(cs +0(a+4r/3,5) and c3+0(a,s) = T?(cq + 0(a + 27/3, 5)),

we obtain the same asymptotic expansion for a(6 + ¢;)p(y/a(0 + ¢;)), j = 2,3, but with «
replaced by a + 47/3 and a + 27/3.

We now consider (3.4.2). The term (3.4.5) contributes —6+/3s%log(s) to m and the
term (3.4.7) contributes 9v/3 log(2)s2, since for all a

21y

3 .
; (3sin®( 3‘7) — cos?(a + ?)) 3.

For term (3.4.6) we use the sharp estimate

21j

3 . . .
2 2 2

E (3sin?(a + %) — cos*(a + %)) log|3 sin’(a + T) — cos*(a + %)\ < 3log(3),

i=1

which we prove in Lemma 3.6.7. Hence, for s < 1/20,

m(6) > —6+/3s%log(s) + (9v/31log(2) — 3v/31log(3))s? + 90v3s* log s — 62s*
> (6v/310g(20) + 9v/31og(2) — 3v/31og(3) — 94()80[1 2(20) — 62/400)s>
~ 34.906 s,

as claimed. 0
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3.5 Estimating term I/

Lemma 3.5.1. For all 2 <i,j <4 and all f, it holds that

101
II;; < 0121 £(0)|* dH3,(6).
< 57 |, IOPTO)P €330
Proof. We first treat the term Il44, and later explain the changes for the other terms. We
have
1—a(¥) / 2 2 (pf
Iy = 61— 0 0")| dH%(0) dHE (0
w= [ o(1- G @IS a6 anh@)
1 a(C4+9/) / 2 2 /
= ofl- —= 0 0| dH%(0) dHE(0).
[ (i e @@ o) i)

We introduce polar coordinates 6 = 6(s, «) as in (3.4.3) and write also 0’ = 6(t, ). With
the definitions

1—a(cy + 0"

) and gls.0) = |6PAO)

h(s,t,a, B) =

we obtain by changing variables

1144_/%/2”/ / 51 — h(s,t, o B))g(s, a)g(t, 5)@%1 a8, (3.5.1)

Doing a Taylor expansion of 1 — a(cs + 6) at 0 yields (see Lemma 3.6.5)

£ 35in%(8) — cos2(8) 1+ (1, )
s2 3sin?(a) — cos2(a) 1 + ¥(s,a)’

h(s,t,a, B) = (3.5.2)
where (s, ) is a smooth function of s and «, and (s, ) = O(s?). If the last factor in
(3.5.2) were equal to 1, then the inner two integrals in (3.5.1) would simplify to

| ats.pateta s, 5)

for some constant c(a, 3), which is easily estimated using Cauchy-Schwarz. The following
is a perturbed version of this argument.

Fix a, 8 and write h(s,t) = h(s,t,«, 3). Let s(t) be defined implicitly by h(s(t),t) =1
(note that s also depends on « and /). Then

/ / O(1 —h(s,t))g(s,a)g(t, ﬁ) ds dt /8 (t,ﬁ)g(s(t),a)’ash(sl(t) 0] s(i)t dt

c 1 1
= / g(t,B)g(s(t), a) 7 —dt. (3.5.3)
P’ (s(t),a
0 2+ s(t) 1+1/(J(g()t),(l) t

Here we used that

Osh(s,t) = *h(s’t)(2 1 fif(f)oo)
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and hence
2 d(s(h), )
s(t)  1+(s(t),a)

Applying Cauchy-Schwarz, we obtain that (3.5.3) is bounded by

—dsh(s(t),t) =

1/2

€ 1 1
/ g9(t. B)? , = dt
P’ (s(t),a
0 2+ s(0) Ty
1/2
| ststoar ! La) L 3
g(s(t), a - - . (3.5.
P’ (s(t),a
0 2+ 5(0) Ty e

After substituting s = s(¢) in the second integral, its integrand becomes the same as in the
first one, but with the roles of (s,«) and (¢, 5) interchanged. By Lemma 3.6.5, it holds for
s < 1/20 that

1 , 1
<

giving
V(s a
1+9Y(s,a)l = 198

Thus, the factor in the integrals in (3.5.4) is bounded above by 198/395 < 101/200. It
follows that

2 p2m € 1/2 e 1/2
masgs [ ] < / g(t,ﬁ)2dt> ( / g(s,oa?ds) dordp
200 Jo  Jo 0 0 s

101 e 5 dt _ 101 9 2
= 1007‘/0 /0 lg(s, ) 7 100 / | | |f(0)] u(9)

For the other eight integrals the same estimate holds: By the argument in the proof of
Lemma 3.4.1, changing c4 to some other ¢; only changes the expansion in (3.5.2) by a
translation in « and 5. Then the rest of the argument goes through exactly as for Ily4. O

3.6 Technical estimates

Here we prove the computational lemmas that were used in the main argument.
We have the following explicit formula for p (see [23], Lemma 8):

/)(7')—4/1 o
" JA@) m\/i(lg:ﬂ —|—1—u\/%+1+u

(3.6.1)

with

{0 (3+r)(r—1)}
’ 2r )

From this, we obtain the following asymptotic formula.

A(r) = —1 + max
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Lemma 3.6.1. Let p be defined by p(|x|) = o * o *x o(x). Then we have for all r with
r—1] < 1/10

lp(r) + 6log|l — r| — 121log 2| < —22|r — 1|log|r — 1| + 23|r — 1].

We have not tried to optimize the error in this estimate. We give an elementary, self-
contained proof below. For an alternative proof one can use the identity (see [100, p. 17]
or [16, eq. (1.2)])

16 16:1: :
plr) =\ LK ( ’”*1{;63 “ ) ifl<z<3 (3.6.2)
0 if x >3

where

dx

k) — / :
0 V1— 221 — k222
is the complete elliptic integral of the first kind, together with known asymptotics for K (k)

as k /1.
We first prove some auxiliary lemmas.

Lemma 3.6.2. For all § > 0 it holds that

! 1 4 1
0< ———du—1 —-) < =4.
—/0 NoNTET I 8 (5) <3
Proof. We have

1
/0 mdu— —log(d) + 21log (1+\/m)'

Furthermore, by the mean value theorem, there exists 0 < ¢’ < 4 such that

log (14 V14 6) =log(2) + dg(d")

where
0 < g(5) = 1 <1
A A Vito/ito 4
is the derivative of log(1 + /1 + 4). O
Lemma 3.6.3. For all 0 < a,b < 1, we have:
1 ! 1

dx

dx —
1—22Va+1—2vVb+1+2 0 V1—22a+1—zV1+z

<H(m(2)+3)
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Proof. By the mean value theorem, we have for all x > 0
1
yw+1+xru?—u+erﬂ§§b
Hence the left hand side of the claimed inequality is estimated by

1
12)/0 \/l—x\/la—i-l—xd:Eég<10g(i)+;>’

where we applied Lemma 3.6.2. O

Lemma 3.6.4. For all1 > a > 0, we have

1 1 1 8 1 1
dz— ~log (=) < Zalog (1+ =).
/0 (1—|—m)\/1—:c\/a—|—1—gj v QOg(a)‘_2a0g< a)

Proof. We have withv=1—=x

1 1 1
/ dx :/ ! dv
o I+2)VlI—zva+1—=x 0 (2—v)Vova+wv
which can be expanded to equal

1/11dv+1/11dv_“/1 !
2 Jo Vuova+v 2o 2—vw 2 Jo 2—v)Wat+v(Vv+Va+v

Computing the second integral and using Lemma 3.6.2 for the first one yields the main
term log(8/a)/2. For the error estimate we combine Lemma 3.6.2 and the bound

] dv.

! 1 Lo 1
/0 (2—v>¢m(ﬁ+¢m>d”§/o crade=tog (1),

and note that the errors have opposite signs. O
Proof of Lemma 3.6.1. We start with the case r =1 — ¢ < 1. By (3.6.1), we have
1- ! 1
1 8/’(1 —¢€)= / - du.
_1V1_u2\/232a+1_u %"'14'“

Combining Lemma 3.6.3 and Lemma 3.6.4 with a = £2/(2 — 2¢) and b = (4 —€)e/(2 — 2¢),
we obtain that this integral equals

1
2
with

(log (S) + log (%)) + E = 3log(2) — glog(e) —log(2 —2¢) + %log(ll —e)+E

|E| < %(blog (%) + alog (%) + ab+ alog (1 + 2) + blog (1 + %)) (3.6.3)

It is easy to see that

‘%log(ll —¢) —log(2 — 25)! <

| ™
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Further, one verifies that, when 0 < ¢ < 1/10,

1 19 4 4
< — <= )< - ) < _
@< 726, b< 9 log <a> < 3log(2) — 2log(e), log <b) < log(2) — log(e)

and
1 1
log (1 + 7> <log(2) — 2log(e), log (1 + Z) < —log(e).
a
Using this, one can check that
13 1 5
Bl < el <7) e
|E| < g clog {2 + 5¢
To summarize, we have shown that

1-— 3 13 1
Tep(l —¢) — 3log(2) + 3 log(e)’ < Zelog <E> + 3e.
We multiply by 4/(1 — ¢), and use that |4/(1 — ) — 4] < 40¢/9 to obtain
1
Ip(1 —¢e) —121og(2) + 61log(e)| < 22elog <*) + 23e¢.
€
Now we turn to the case 7 =1+ ¢ > 1. There we have

p(1+¢) =

! 1
1 / X du
e Gk \/1—u2\/2i228+1—u\/—(§i§i€+1+u

16 1 1
:4 5 - dwv.
¢ *1\/1—112\/%4—1—1)\/4?22—1—1—1—@

We first approximate the integral. We can argue as in the case r < 1, now with a =
2¢2/(4 — ) and b = 8¢/(4 — £2). The main term is easily seen to be the same as in the
case r < 1, and the error is bounded by

62

5
_ _ < =
1og<1 4) +E< S +E,
with FE satisfying (3.6.3). Now we have

1 800 4 4
< — < — )< — — ) < —
a g, b< 3995 log (a) < 3log(2) — 2log(e), log (b) <log(2) — log(e)

- 15
and

1 201 1
1 (1 f)<1 (—)—21 1 (1 7)<_1 .
og (14— ) <log (155 og(e), log(1+ )= —log(e)

Using this, we obtain
\E|+i<Eelo (1>+25
20 = 1%\ "1~

In other words, it holds that

4 — g2 3 13 1 9
1+¢)—3log(2) + 21 ‘<71 (f Ze.
——p(1+2) —3log(2) + S log(e)| < Telog () + =

We multiply by 16/(4 — 2) and use that |16/(4 — £2) — 4| < 40¢/399 to obtain

1
lp(1+¢) —121og(2) + 6log(e)| < 14elog (g> + Oe.
This completes the proof. O
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Lemma 3.6.5. Let 0 be given by (3.4.3). Then it holds that
aleg +0) — 1 = s2(3sin? () — cos?(a))(1 + ¥ (s, @),

where (s, ) is a smooth function satisfying the following estimates:

7 17
¥(s,0)| < =82 + oost 4 50V

24° 720
14 17

Proof. By the definition of h, the trigonometric identities and the Taylor expansion of cos,
we have

a(cy +6)—1=a((0,0,m)+6) -1
= (cos(61) 4 cos(fy) — cos(63))? + (sin(fy) + sin(fy) — sin(f3))? — 1
=24 2cos(f; — 02) —2cos(fy — 03) — 2cos(b2 — 63)

=2 ((;;;f (61 = 62)*F — (61 — 0)*" — (2 — 6)*") (3.6.4)
k=1 ’
0 _1\k
=y s ((2 ;i P(sin(a), cos(a).
k=1

It follows from (3.6.4) that each Py, vanishes when 6 = 63 and when 6, = 03, which is
equivalent to av = 47 /6, or to cos(a) = /3 sin(a). Hence, the homogeneous polynomial
Pyi(X,Y) vanishes on the lines v/3X +Y = 0 and v/3X —Y = 0. We conclude that for all
k, the factor 3X? — Y2 divides Py, (X,Y). Define Qo by

Qar(X,Y)(3X? = Y?) = (=1)" Py (X, Y).
Then we have, using that Q)2 = 1:
alcs +6) — 1 = s2(3sin?(a) — cos?(a)) (1 + (s, a))
where v is defined by

(s,a) = Zs% 2 ng(cos(a),sin(a)).

k=2

Now we fix k and estimate
p(a) := Pop(sin(a),cos(er)) and g(a) := Qax(sin(a), cos(a)).
By (3.4.3), we have that
01 — 02 = V2 cos(a),

1 V3 27
93 - 91 = _ﬁ COS(O{) — ﬁ Sln( ) = \/5(308(0& + ?)

1 V3 27
t2 — 03 -7 cos(a) + 7 sin(a) = V2 cos( ?)



k ng(X, Y) Q2k(Xa Y)
1 —3X°+Y? 1

2 —0Xx*1 - 18X2Y?% + 7Y4 —3X2-7Y?
3

—5(27X5 + 135X1Y2 + 45X2Yv1 — 31V°) | 1(9X? + 48X?Y?% 4 31Y?)

Table 3.1: The polynomials Py, and Qo for small values of k.

Thus, by (3.6.4),

pla) = 2871 (=1)% (cos(a)?* — cos(ar + Qg)% 2n

Taking derivatives, and noting that the terms inside the brackets are each at most 1, we

obtain:
Ip(a)| <6-2F, |p/(a) <12k2% and |p"(a)| < 24K22F.

Denote

g(a) = p(a) _ p(a) _
3sin®(a) — cos?(a)  (v/3sin() — cos(a))(v3sin(a) 4 cos(a))

If both factors |v/3sin(a) + cos(a)| are at least 1/2, we have that
q(a) <242,

If not, then |a — /6] < 1/5 or |a + 7/6| < 1/5. Without loss of generality we are in the
first case. Then, by Taylor’s formula:

p(@)
a—T1/6

1 1
P/ (%/6)| < gla— /6| sup|p| < T524k72",

hence
’M’ < 15K22F.
a—T7/6

Furthermore, since | — /6| < 1/5,

a—m/6 ‘<2‘ a—7/6
(V3sin(a) — cos(a))(v3sin(a) + cos(a)) ! ~ 1v/3sin(a) — cos(a)
1/5 <9
~ sin(1/5) '

Multiplying the last two estimates, we conclude that |g| < 30k22%. We also directly compute
for small k:
|Qu(sin(av), cos(a))| = | -7 cos*(a) — 3sin?(a)| < 7

and

1 12
|Qe(sin(a), cos(a))| = 5]9 sint(a) + 48 sin’(a) cos?(a) + 31 cos?(a)| < % < 17.
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Plugging in these estimates, we obtain

7 17 . 60k2 7 17
|1,/J(S,Oé)| _752_’_7 4+Z (\/58)216—2<782+ S4+86€ 2s
k

24 720 — (2k)! =24 720
and
> 60k b3 _ 14 17 5,72
—_ < s 2 2s
1Y (s, o )\_24s+1803 +\fz V2s) _24s+1803+ s
as claimed. |

Lemma 3.6.6. Let 0 be given by (3.4.3). Then for all 0 < s < 1/20, we have
(a(cs +6) — Dp(v/ales +0)) = —125(3sin?(a) — cos?(a)) log(s)
— 65%(3sin?() — cos?(a)) log|3sin?(a) — cos?(a)
+ 181og 2 s*(3sin?(a) — cos?(a)) + F,
with
|E| < —180s%log s + 71s™.
Proof. By Lemma 3.6.1, it holds that
(2% = 1)p(z) = —6(2® — 1) log|lz — 1|+ 121log(2)(2* — 1) + (2 — 1) E;
= —6(x* — 1) log|z? — 1| + 18log(2)(z* — 1) + (2* — 1)E;

1
+6(2® — 1)log(1 + =

5@ 1)), (3.6.5)

where
|Eq| < —22|x — 1|log|z — 1| + 23|z — 1.
Denote also the last term in (3.6.5) by E,. We set
r =+/a(cs +0).

Lemma 3.6.5 implies that |x — 1] < |22 — 1] < 2s?. Using this and monotonicity of r logr,
we obtain

|(#2 —1)Ey| < |2? — 1]|(=22|x — 1] log|z — 1| 4+ 23|z — 1|) < —1765" log(s) + 325 (3.6.6)
and
|By| < 6|22 — 1|’ log (1 + %(:1; - 1))’ < 2441, (3.6.7)
By Lemma 3.6.5, it holds that
—6(2? — 1) log|z? — 1]
= —65%(3sin?(a) — cos?())(1 + (s, a))(2log(s) + log(3sin?(a) — cos?(a))
+log(1 +¢(s,a)))

= —125%1og(s)(3sin?(a) — cos?(a)) (3.6.8)
— 652(3sin?(a) — cos?(a)) log|3sin?(a) — cos?(a)| (3.6.9)
— 65%(3sin?() — cos®(a)) log(1 + (s, ))) (3.6.10)
— 65%¢(s, @) (3sin? () — cos*(a))

x (2log(s) + log|3sin?(a) — cos?(a)| + log(1 + ¥(s, @))). (3.6.11)
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The term (3.6.10) is bounded by 18s2|¢(s, a)| < 6s*. The term (3.6.11) is bounded by
—18s5%log(s)[v(s, )| 4 4s2|1(s, a)| + 185%(s,)* < —65Tlog(s) + 2s™.
For the second term in (3.6.5), we have
181og(2)(z* — 1)
= 181og(2)s?(3sin?(ar) — cos?(a)) + 181log(2)s%(3sin?(a) — cos®(a))ip(s, ),  (3.6.12)
with the second term bounded by
271og(2)s2|¢ (s, a)| < 9log(2)s?

Putting together the main terms (3.6.8), (3.6.9) and (3.6.12), and the estimates for the
error terms in (3.6.6), (3.6.7), (3.6.10), (3.6.11) and in (3.6.12), one obtains the lemma. [

Lemma 3.6.7. For all «, it holds that

23: (35in2 (a + 2%) — cos? <a—i— 2%)) log ‘381112 (a+ 2%) — cos? (a + 2%)’

7=1
< 3log(3).
Proof. Let
2 1 2 1 2 47y
aj:sm(a—l—%])—gcos(oz—l—%‘]) 3 3¢ 0s(2a —i—%y)
It is easy to check that
a1 +az+a3=1 and a}+a3+ai=1 (3.6.13)

Defining

b, — % T 41

! 2

(note that aj43 = a;), it follows that
by +by+b3=1 and b? +b24+02=1/2,

hence b1, bs,b3 > 0. Using Jensen’s inequality, we deduce

3
3" a;log(las)) Zb log( J” i- 1' <1ogzb lazllajaly
j=1

|a;j 2]
By (3.6.13), we have that
2aja;-1 = (a; +aj1)° — (af +af_y) = (1 — aj-2)" = (1 — a_,) = 2a;-2(aj—2 — 1).
Thus, using again (3.6.13)

We conclude that

3 3
ZSaj log(|3a;|) = 3log(3) + SZaj log|a;| < 3log 3.
j=1 j=1
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Figure 3.2: The left hand side (solid) and the right hand side (dashed) of (3.7.1).

3.7 Discussion

3.7.1 Optimal value of ¢

An inspection of the above argument shows that Q(f) > 0 for all f € V. as long as

4
1 1
inf - (a(@+c¢;)—1)p(y/a(@+¢cj)) >18r sup ————. (3.7.1)
0eH,|0|<e 2 Jgg ’ ’ s<e,a€]0,21] 2+ 8 1’%’_1/()?3&0)[)

(Non-rigorous) numerical computations suggest that this inequality holds up to ¢ = 0.104.
The constant &’ in Corollary 3.1.3 could then be increased to 0.063.

3.7.2 Fourier coefficients of ()

In [3], some numerical observations on the Fourier coefficients
» — ki ko, k3 i ola 3
B(k,1) := B(w;'wy*ws®, wy ws?wg’)

of B with ky + ko + ks = l1 + l2 + I3 = 0 are discussed. Namely, they are very large only
when k is very close to | and when k? + k3 + k3 ~ 12 + 12 + 2. We can explain this using
Lemma 3.3.2 as follows.

By Lemma 3.3.2 and since A\g = 1, for all f € X the form B(f, f) can be expressed as

/C m(0)|(0)]2 AHZ(0) + /C n(0)5(a(6) — a(0"))1(6)70) AHE(6) AHE(O)

for certain functions m and n.

The first term is a multiplier, hence it acts on the Fourier side by convolution with a
fixed bump function. This bump function decays at least like |k — I|~3, because the third
derivative of m is still integrable. This explains the large coefficients when k is close to .

The Fourier coefficients of the second term are the Fourier coefficients of the measure
p:=n(6)d6(a(f) — a(d")) supported on the 3-manifold

M = {(z,y) € C* : a(z) = a(y)} c RE.
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The measure p has a smooth, bounded density with respect to the Hausdorff measure on
this manifold, except in the critical points of a. The Fourier transform of the parts where the
measure has a smooth, bounded density can be estimated using the method of stationary
phase and are of lower order than the contribution of the critical points. To explain what
happens at a critical point (where det D2a # 0), we choose coordinates 1, x2,y1,y2 for C2,
such that the critical point of a is at 0. After a scaling in a and a linear change of variables,
either

a(z) =22 + 254+ 0(|z)®) or a(x) =22 — 23+ O(z). (3.7.2)

Thus, ignoring higher order terms,
d(a(z) —a(y)) = o(lz* = [y|*) or d(a(z) —aly)) = 6(a] — 23 —yi + y3).

The Fourier transforms of these measures can be explicitly computed, in fact, they are up
to a constant factor their own Fourier transform. Now, a has one local maximum and two
local minima, which together with the above discussion explain why B(k, 1) is very large on
the cone |k|> = |I|2. The contribution of all other critical points is of smaller order, since
the weight n vanishes there.

This discussion can be turned into a rigorous proof that the Fourier coefficients of
concentrate near the cone |k|? = |I|2. However, we can only show that they concentrate in
e.g.

{(k, )+ (K] = 1] < CIK|'2},

and not in an O(1) neighborhood of the cone, because of the higher order terms in (3.7.2).
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