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Abstract

In the last decades, the A cold dark matter model has been recognised as the standard model of
cosmology due to its remarkable accuracy in explaining cosmological observations. The measurement
of clustering signal from the large-scale structure using summary statistics like the power spectrum
proved to be a useful tool in constraining the parameters of this standard model of cosmology. With
the advent of upcoming next-generation galaxy surveys, which boast extensive volume coverage and
high galaxy number density, the importance of higher-order statistics like the bispectrum is becoming
more apparent in providing the potential for greatly improving current constraints on cosmological
parameters. They also present additional computational and modelling challenges which this thesis
aims to tackle. The study focuses particularly on modelling the bispectrum using the perturbation
theory to enhance its role in extracting cosmological information beyond two-point statistics.

At first we present findings from testing next-to-leading order perturbation theory expansions of the
matter power spectrum and the bispectrum using N-body simulations, with a focus on the effective
field theory (EFT) of large-scale structure. Results reveal EFT as having the largest range of accuracy
(reach) among perturbation theory models, showcasing its capability to capture small-scale non-linear
effects. The impact of systematic and statistical errors on the model’s reach is also explored.

Next we introduce the use of deep neural networks to model the effect of survey geometry on galaxy
power spectrum and bispectrum. The models demonstrate high accuracy (better than 0.1 per cent) and
computational efficiency. The only challenge in such an approach is creating training datasets for the
bispectrum, which requires significant time investment. However, this step can be accelerated using
massive parallelisation and should not be a challenge in practical applications.

Lastly, the performance of a perturbative galaxy bias expansion up to third order is assessed against
synthetic galaxy catalogues, which replicate the survey characteristics of the next-generation Euclid
spectroscopic galaxy survey. We investigate up to which scales the combination of the real-space galaxy
power spectrum and the bispectrum provide unbiased estimates of the fiducial cosmological parameters,
how well these parameters are constrained. From these tests, it emerges that the combination of the
galaxy power spectrum and the bispectrum modelled using the galaxy bias expansion can accurately
extract the cosmological parameters up to a scale of 0.18 hMpc_l. The study also demonstrates
between 2-5 times more gain in the ability to constrain the cosmological parameters by including the
bispectrum data over just using the power spectrum.
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CHAPTER 1

Introduction

Since the dawn of mankind, humans have wondered about the origins of the world and the cosmos
that surrounds it. In early civilisations, astronomical phenomena and stars have been attributed to
religious beliefs, but they also enabled us to predict the seasons and create calendars. Centuries ago,
the exploration of the skies was veiled in mysticism. A pivotal moment in astronomical advancement,
occurring roughly 400 years ago, was the unveiling of Newton’s law of universal gravitation. This
revolutionary discovery not only laid the groundwork for modern cosmology but also expanded our
understanding of the universe. Gravitation stands as the primary force shaping the Universe’s structure,
but its impact reaches further. It revealed a profound realisation: the same physical laws governing
the Earth govern the celestial realms. The heavens, once deemed otherworldly and mystical, are now
recognised as part of our shared cosmic reality, where Earth, despite its modest scale, was an equal
part of it. Today, we are in an extraordinary era where the origins of the cosmos, the birth of the Earth,
life, and humanity have shifted from legend to quantitative science. When employing Earth-bound
telescopes with meter-size mirrors or even turning to telescopes installed in space we can observe
billions of galaxies of various sizes and shapes, and at various distances away from us - we are by no
means special! All of humanity lives on a tiny planet orbiting a star among the hundreds of billions of
other stars in our Galaxy. To give an impression of this, in Fig. 1.1 we show the image from the James
Webb Space Telescope depicting thousands of background galaxies. Considering that thirty million
similar images cover the full sky, one can not comprehend the vastness of the Universe that surrounds
us.

The science that tries to explain the Universe as a whole is the science of cosmology. It asks the
most basic questions like: How did the Universe emerge? How old and how large is it? What does it
contain? How will it evolve in future? Is it static? Even though these questions sound simple, the
answers to them are complicated and hard to achieve due to our limited capacity to observe everything.
The time scale for cosmological evolution is so much longer than that over which we can make
observations, that it is impossible to completely follow the evolution of objects inside it. Furthermore,
we only have access to the one realisation of the Universe and due to this it is difficult to distinguish
the laws of nature from cosmic coincidences. For example, is it a coincidence that our Universe has a
flat geometry, or is there some kind of physical laws behind it? Answering these questions is also
complicated due to the fact that we can observe the current state of the Universe only very locally,
since those events we can look at lie in our past lightcone. If a source is at distance D, for an observer
it will look At = D /¢ younger than today. However, this fact due to the finite speed of light makes it
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Chapter 1 Introduction

possible to look back into the past and study the evolution of the Universe.

In the last century, despite these challenges we learned that the Universe is bigger than our galaxy
and is expanding (Hubble, 1929), discovered a dark matter (DM) component that does not interact
with light (Zwicky, 1933; Rubin and Ford, 1970) and detected the Cosmic Microwave Background
(CMB) which confirmed the Big Bang hypothesis (Dicke et al., 1965). We discovered that while dark
matter dominates the structure formation in our Universe, dark energy, abbreviated with A, dominates
the total energy budget today and causes the accelerated expansion of the Universe (Riess et al.,
1998). These discoveries formed the basis for the six-parameter model that describes the Universe
as a whole - the A Cold Dark Matter (ACDM) model. It celebrated a great success for the last two
decades and matches remarkably well with many observations from CMB missions like the Wilkinson
Microwave Anisotropy Probe (WMAP) and Planck (Planck Collaboration et al., 2016), as well as
galaxy redshift surveys like the Two-degree-Field Galaxy Survey (Colless et al., 2001) and Baryon
Oscillation Spectroscopic Survey (BOSS) (Dawson et al., 2013). These measurements have given us
much more precise insight into the energy content of the Universe; over two-thirds of it is dominated
by dark energy, while the matter sector is taken up by dark matter, which is five times more abundant
than the baryons.

Despite these successes of ACDM, it is unsatisfactory that the visible matter that can be directly
observed from light sources like stars, galaxies, etc. only makes up roughly 5 per cent of the Universe.
We still have to understand the nature of the rest 95 per cent and reconcile it with the existing theories
of particle physics and general relativity, which currently is the biggest challenge for the ACDM
model. Moreover, there are slight inconsistencies (tensions) among different data sets and numerical
studies that might indicate potential problems for the model. These challenges are intended to be
tackled, at least to some extent, through numerous upcoming experiments that leverage a combination
of data from supernovae, gravitational lensing, the CMB, and the distribution of galaxies on a large
scale. This thesis seeks to contribute to the latter field by examining three-point statistics - an analysis
method that, if implemented correctly, has the potential to significantly enhance our utilisation of the
data generated by these new experiments. In the following section, we will lay out the theoretical
background and discuss the goals and open questions that were addressed in this thesis.
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Figure 1.1: An image of the galaxy cluster known as “El Gordo” taken by the James Webb Space Telescope. El
Gordo acts as a gravitational lens, distorting and magnifying the light from distant background galaxies. Credit:
NASA, ESA, CSA.
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CHAPTER 2

Theory

Studying the large scale structure (LSS) of the Universe is one of the main goals of cosmology. It
has become widely accepted that gravitational instability plays a central role in giving rise to the
wonderful structures seen in galaxy surveys. Extracting the wealth of information contained in galaxy
clustering to learn about cosmology thus requires a quantitative understanding of the dynamics of
gravitational instability and application of sophisticated statistical tools that can best be used to test
theoretical models against observations.

In this chapter we will briefly review the fundamentals of cosmology and the theory of structure
formation based on the use of standard perturbation theory (SPT). We will also briefly discuss
the numerical and statistical methods actively used in the observational cosmology to extract the
information from galaxy surveys.

2.1 Cosmology

2.1.1 The Cosmological Principle

Cosmological Principle (CP) states that on large scales, the Universe should be isotropic and
homogeneous - it looks the same in every direction and it has the same properties at every point. This
is a priori assumption about the Universe and is a reasonable postulate backed up by observations (e.g.
Scaramella et al., 1991; Planck Collaboration et al., 2020a). However, in recent years some evidence
has appeared against the assumption of isotropy. Namely, the Hubble constant (Luongo et al., 2022)
and temperature-luminosity relation of galaxy clusters (Migkas et al., 2021, 2022) appear to be not
isotropic. Even though at the moment one can not rule out systematic errors, there is a possibility the
assumption of isotropy will be revised in the future.

We need to combine the CP with General Relativity (GR). According to GR space-time is described
as a four-dimensional manifold and its properties are defined by metric tensor g,,,. It determines
both the distances between two events and geodesics of free-falling particles, which represent straight
lines (shortest path) following the manifold’s curvature. Distance s is computed from the following
equation:

ds® = g, dx*'dx”, 2.1)

where Einstein’s summation convention is used, which implies summation over the indices that
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Chapter 2 Theory

appear twice. To compute a metric that incorporates CP we need to assume the existence of a set
of fundamental observers - who all experience the Universe in the same way if their clocks are
synchronised, and who all follow the mean motion of matter and radiation. Robertson (1935) and
Walker (1937) showed that by following the above conditions one arrives at the metric

ds? = 2d* - az(t) [d)(2 + fé (x) (d@2 +sin’ 6 d(f)z)] . 2.2)

Here, ¢ is the cosmic time, a(t) is the scale factor, y is the comoving radial coordinate, 6 and
¢ are the angular coordinates on the unit sphere. The above metric in the literature is referred
to as Friedmann-Lemaitre-Robertson-Walker metric (hereafter FLRW metric). The scale factor is
normalised such that a(#;) = 1 today and allows the freedom of homogeneous spatial expansion or
contraction', i.e. it describes the relative size of the Universe. Using the scale factor we can introduce
comoving coordinates X and physical coordinates r that are related via

r=a(f)x. (2.3)

Two observers with no peculiar velocity will always have the same comoving distance in space-time.
Atlast, fx () is the comoving angular diameter distance, which depends on the curvature parameter
K in the following way:

K™ sin (Kl/z/\/) forK >0
e =y x forK =0 (2.4)
(=K)"2 sinh | (=K% | fork <o0.

The parameter K describes the curvature of the space at fixed 1.2 The surface of a sphere with radius y
is then given by 47 fé (x), which differs from the Euclidean value 47 )(2 (in the case of K = 0, where
space becomes flat).

2.1.2 Friedmann Equations

The Universe, as described by the FLRW metric, is not static; it can contract or expand (in fact, ours
does the latter). If we can determine the evolution of the scale factor a(z), we can infer the dynamics
of the Universe on the largest scales. To achieve this, we plug in the FLRW metric into Einstein Field

Equations (EFEs), given as
1 8nG
va - Eg/“,R = C—4T/“, - Ag,uv , (25)
where G is the gravitational constant, 7),,, is the stress-energy tensor, describing the content of energy
in the space-time, A is the cosmological constant (we will explore its meaning later on), R, and

R are Ricci tensor and Ricci scalar, respectively. The latter two are computed from the Riemann

! The scale factor depends only on the cosmic time and can be factored out from the spatial components of the metric tensor.

2 Note the difference from the definition of curvature of the space-time, which in turn is described by the Riemann curvature
tensor in Einstein’s field equations
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2.1 Cosmology

curvature tensor RVW o Via contraction of indices,

R,, = R‘T'W(r (2.6)
and
R = R"‘# = gwR’“’. 2.7)

The meaning behind the EFEs, which is the cornerstone of the GR was elegantly summed up by the
physicist John Wheeler in twelve words: "Space-time tells matter how to move; matter tells space-time
how to curve". In other words, the stress-energy tensor dictates what should be the curvature, and that
curvature, in turn, dictates the motion of the matter described by the said tensor.

The Riemann curvature tensor consists of derivatives of the metric tensor up until the second order.
Therefore, the inputs of EFEs are metric and stress-energy tensors. Plugging in the FLRW metric
(2.2) it can be shown that the type of matter contents must be a homogeneous perfect fluid with the
density p(t) and pressure p(¢). From this calculation, the Friedmann equations can be derived:

2 2 2
a 8nG Kc™  Ac
S === - — +—, 2.8
(a) 3 P + 3 (2.8)
7} 4nG 3p Ac?
X Ly — 2.9
[ )5 @

These equations describe the evolution of the scale factor in time, which is dictated by the r.h.s., i.e.
the different energy densities that were introduced by the stress-energy tensor. The density p and
pressure p correspond to ‘normal’ matter (particles with or without mass, where the latter is also
called radiation). The term with cosmological constant A describes a constant energy density of yet
unknown physical origin. Originally, this constant was introduced by Einstein in the field equations to
allow for a solution that describes a static universe.

In 1928 Edwin Hubble discovered that most galaxies move away from us with a radial velocity v
which on average is proportional to their distance D,

v=H,D, (2.10)

where H is Hubble constant. According to equation (2.10) the Universe is expanding and it is not
static. The value of H, is usually parameterised as

Hy=100hkms™ ' Mpc™", (2.11)

where / is a dimensionless number and accounts for the measurement uncertainty about the value of
H,. Namely, the observations of the early Universe like Baryon-acoustic-oscillation (BAO) and the
CMB suggest a value of & = 0.68 + 0.09 (Planck Collaboration et al., 2016). On the other hand, the
local Universe observations like from supernovae of type Ia (Riess et al., 2022) indicate a higher value
of h =0.73 = 0.1. This tension is statistically significant and poses one of the challenges in modern
cosmology. Therefore, since many other parameters depend on the Hubble constant, £ is still kept
when working in comoving space. In Fig. 2.1 we show the original plot from Hubble (1929) relating
the recession velocity of galaxies to distance. The linear relation between the two is clearly detectable.
However, this diagram was produced using the objects located close-by. For distant objects the relation
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Chapter 2 Theory

becomes non-linear. One can introduce the time-dependent Hubble function, or expansion rate of the
Universe as it is referred to in the literature, H(¢) by taking the time derivative of the equation (2.3).
Therefore the velocity of the expansion v will be

VEr=dx= gr(t) =H(t)r(t). (2.12)

According to this, the Hubble constant is the present value of the expansion rate H, = H(t;). Then one
can define the beginning of the Universe as the event when a(¢) = 0. The evolution of the scale factor
and Hubble function is determined from the Friedmann equations. The solution to these equations
depends on the matter densities in the Universe.

4
[ ]
+1000KM ,/,
P ~
~
p - 3
Oe &
P
° e
500KM S ®
. | o_~% >
£ >
z
§ z (o] L]
¥ ? -
) .-.
DISTANCE
) 0 PARSECS 2210® PARSECS

Figure 2.1: The original recession-velocity-versus-distance plot done by Hubble (1929). Plotted are galaxies
(originally referred to as ‘extragalactic nebulae’) whose velocity has been inferred from the spectroscopy. The
distances were estimated using the variable cepheid stars via their period-luminosity relation by relating the
period of their pulsations to the distance modulus. The solid line is a linear fit to the filled circles that represent
individual galaxies. The dashed line is a fit to the empty circles representing galaxies grouped together. The
slope of the lines indicates the Hubble constant.

2.1.3 The matter contents of the Universe

In addition to two Friedmann equations, following the first law of thermodynamics one can write
down the third equation, the adiabatic equation,

d(pc2a3) =-p d(a3), (2.13)

which tells that the energy density pc2 within a comoving volume changes with the work done by its
expansion or contraction. From this equation, we can determine the time dependence of the matter
components. Assuming that an equation of state p = w p02 holds, solving the adiabatic equation
yields the solution

p(t) = pya >V (2.14)
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2.1 Cosmology

which tells us that density scales with a and exact behaviour depends on w. The equation is normalised
such that py = py(?,), i.e. whena = 1.

In cosmology, one distinguishes between three (main) matter components: pressureless matter,
radiation and vacuum energy.

Pressureless matter consists of particles that have mass (such as protons, neutrons, and electrons)
and are characterised by vanishing pressure (p = 0 and therefore w = 0). This assumption holds if
particles are non-relativistic, i.e. p < wp. Then, equation (2.14) implies that

Pn(t) = pmoa”> (1) (2.15)

i.e. density times volume stays constant, a result that is intuitively apparent from matter conservation.

The next component is radiation, i.e. relativistic massless particles. Its equation of state is
characterised by w = 1/3. Therefore,

pelt) = pa (1) (2.16)

The last component is vacuum energy. It is the energy density of empty space characterised by the
cosmological constant A. Its equation of state is p = —pcz, which implies the unintuitive negative
pressure. Following equations (2.8) and (2.14), we get

Ac?

— 2.17
811G ( )

PAt) = ppo =

The matter density of the Universe is then given by the sum of these three components p = p,+p,+p4.

We also define critical density p.,., which corresponds to the total density for which the Universe is
flat, i.e. when K = 0. Therefore, from equation (2.8) follows

3H;

= . 2.18
811G ( )

Per
If p > p,,, the Universe is positively curved, otherwise, it is curved negatively. Using this we
can define the cosmological density parameters. These dimensionless quantities are defined as the
respective matter densities relative to the critical density,
Q. = Lo (2.19)

Y P
We can further define the total density coefficient of the Universe as , = Q. + Q, + Q,, which is
closely related to the global curvature of the space-time. For a flat universe €2, = 1, for a positively
or negatively curved one it will be £, > 1 and €, < 1, respectively. Using these definitions we can
rewrite the Friedmann equation (2.8) as

Q Q. (1-9Q)
H*(a) = H} —;+—I3’“+—20
a a a

+Q,|. (2.20)

One of the main goals of the observational side of cosmology is to determine the values of these density
parameters and Hubble constant, since by knowing them we can describe the Universe’s expansion
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Chapter 2 Theory

Table 2.1: Cosmological parameters as measured from the CMB (Planck Collaboration et al., 2020a) and
SNela (Brout et al., 2022) observations.

Parameter  Planck 2018 Pantheon+

Q. 0.311 £0.006 0.334 +0.018
Qu 0.689 £0.006 0.666 +0.018
H, 67.66 £ 0.42 73.6 £1.1

history as a solution to the equation (2.20). A lot of effort went into achieving this goal. Modern
cosmology has access to various probes that complement each other which allows us to cross-validate
the different methods for systematic errors and break degeneracies between the parameters. The
basic idea is the following: cosmological observables, like the clustering of galaxies, are sensitive to
cosmological parameters. Therefore, if the observables can be both accurately modeled and measured,
the parameters can be inferred. Some other examples of cosmological probes are CMB, weak-lensing
surveys3 and Supernovae type Ia (hereafter SNela) observations*.

In Table 2.1 we present the results of a few selected cosmological parameters measured from the
CMB (Planck Collaboration et al., 2020a) and SNela (Brout et al., 2022) observations, assuming a flat
Universe i.e. K = 0. While the results from different probes look similar, there are still some tensions
that need to be alleviated either by introducing new physics or reducing systematic errors.

2.1.4 The ACDM model

As we already mentioned in Sect.1 it was revealed through observations that there exist two exotic
matter components: dark matter (DM) and dark energy. This dark sector can not be observed directly,
but there is a lot of indirect evidence that calls for its existence.

DM does not emit electromagnetic radiation; however, its gravitational impact manifests across
various scales. The rotation curves of galaxies, for instance, deviate from the expected drop at large
radii that one would anticipate based on Keplerian rotation influenced solely by visible baryonic
matter (Sofue and Rubin, 2001). A similar rationale applies to hot gas in galaxy clusters — X-ray
measurements infer temperatures so high that, absent the gravitational influence of DM, the gas would
evaporate from the cluster (Allen et al., 2011). Moreover, the cosmic web (defined in Sect. 2.2)
would not assume its observed form without a ‘backbone’ of DM. Clustering processes on large
scales would generally be much weaker (Eisenstein et al., 2005). Theoretical considerations introduce
different types of DM - called cold, warm, or hot - corresponding to non-relativistic, relativistic, or
ultra-relativistic particles. When comparing quantitative predictions for various DM types against
data, it is found that DM in our Universe is cold (Bardeen et al., 1986; Jenkins et al., 1998), therefore
explaining the part of the current concordance model, A Cold Dark Matter (ACDM). Thus, since cold

3 Light is deflected by a gravitational potential, described by GR, causing Gravitational Lensing. Depending on the
strength of the potential there are various lensing regimes. In the weak regime, where the potential is small, cosmological
information is extracted using the statistical methods.

4 SNala are standard candles which means their luminosity and absolute magnitude can be obtained. Their distance is
recovered by comparing their apparent magnitude to the absolute one. This distance is compared to the one inferred from
the redshift which is cosmology-dependent.

10 30th April 2025 12:58



2.1 Cosmology

dark matter is non-relativistic, the matter density parameter Q, is the sum of parameters for DM,
., and baryons, Q. The former was observed to be five times bigger than the latter by surveys like
Planck and BOSS.

The emergence of the concept of dark energy can be traced back to the influential studies by Riess
et al. (1998) and Perlmutter et al. (1999), which were later honoured with a Nobel Prize. Using SNela
as standard candles, they demonstrated that the Universe is presently undergoing accelerated expansion.
Subsequent works have corroborated this observation (for a review see Huterer and Shafer, 2018). An
expansion history of this nature is only feasible if we infer a contribution to the energy budget with
a density that remains constant over time and has negative pressure, a deduction supported by the
Friedmann equations. Within the ACDM framework, this dark energy contribution is encapsulated
through the cosmological constant A. Theoretical extensions go beyond this by describing dark
energy as a dynamic, time-dependent quantity (e.g. Chevallier and Polarski, 2001) and there is a
growing evidence to support such extensions according to the next-generation galaxy surveys (DESI
Collaboration et al., 2024).

2.1.5 Cosmological redshift

We need to construct maps of astrophysical sources in three dimensions to extract cosmological
information from them. While the two-dimensional position on the sky can be easily measured, more
difficult is to obtain the distance along the line of sight. An additional complication arises due to the
fact that we live in an expanding universe with non-Euclidean geometry and due to a finite speed
of light when we observe the Universe we are actually looking back in time. Therefore, there is no
unique defintion of distance. Different concepts of distance have emerged that need to be applied in
the correct context. One common way of dealing with these complications is to introduce the concept
of cosmological redshift as a distance indicator.

Due to the expansion of the Universe, the light the galaxies emit gets shifted towards larger
wavelengths. This redshift z is defined as follows

A
=—-1, 2.21
= (2.21)
where A is the observed wavelength of a spectral line, whose intrinsic wavelength in a rest-frame is A,.
The farther away a source is, the stronger the effect will be. We can find out how the cosmological
redshift relates to scale factor a() and, particularly, to cosmic time ¢.
From FLRW metric, we find for radial light rays that

o cdt’
= — 2.22
X [ a(t) (2.22)
where a comoving distance y between a source and an observer is independent of time by definition.

Since a time interval is the inverse of a frequency v we find that

dy v _a(ty) 1

dt vy a(t) _m:

z+1. (2.23)

In the last step, we have used the equation (2.21). The redshift z can be used as a distance indicator
or to quantify the time span we look in the past when observing the source. The fact that it is easily
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Chapter 2 Theory

accessible through spectroscopic measurements makes it very useful in astronomical surveys.

Astronomical surveys that span a wide portion of the sky and whose goal is the three-dimensional
mapping of the cosmos are called the redshift surveys since the information about the line of sight
distance comes from the measured redshift. Early redshift surveys were limited in size since they
allowed observing one object at a time. From the 1990s, the development of fibre-optic and multi-slit
spectrographs enabled the parallel observation of several hundred galaxies. The earliest example is
2dF Galaxy Redshift Survey (2dFGRS) that in the 1900s and early 2000s observed around 2.4 X 10°
galaxies in the patch of the sky of =~ 1500 deg2 (Colless et al., 2001). A more recent one is the Sloan
Digital Sky Survey IV (SDSS-IV; Albareti et al., 2017), the fourth stage of the custom built 2.5m
telescope at Apache Point Observatory, and of particular interest is their Extended Baryon Oscillation
Spectroscopic Survey (eBOSS; Dawson et al., 2016). eBOSS started in 2014 and concentrated on the
observation of galaxies and quasars, in a range of redshifts (0.6 < z < 2.2) left completely unexplored
by other surveys. Currently the next-generation redshift surveys like Euclid (Laureijs et al., 2011) and
Dark-Energy Spectroscopic Instrument (DESI Collaboration et al., 2016) with their extensive observed
volume and high galaxy number density are at the forefront of mapping the galaxy distribution on
the very large scales. These missions will play an important role in understanding the nature of dark
energy and structure formation on cosmological scales.

2.2 Cosmological structure formation

The real Universe shows structure on scales up to ~ 200 h_lMpC (like in the form of ‘Great Walls’),
which was first detected in the CfA galaxy redshift survey. One of the maps from that survey is shown
in Fig. 2.2.

Besides this wall-like structure, the large filaments of galaxies, and voids in between can be
identified. These correlated structures are created and shaped by gravity. Just as gravity on small
scales pulls together gas particles to form stars, it also pulls together galaxies and matter into patterns
on large scales. These patterns of matter distribution are referred to as large scale structure (LSS) or
‘the cosmic web’. The most natural explanation for the LSS seen in the galaxy surveys is that it is a
result of gravitational amplification of small primordial fluctuations due to the gravitational interaction
of collisionless cold dark matter (CDM) particles in an expanding universe.

All the calculations we performed in the previous sections only describe the homogeneous and
isotropic Universe on the scales above 200 h_lMpc since we invoked CP. However, when we look at
the small portion of the sky we can see planets, stars, and galaxies, which break this homogeneity.
At these small scales, the CP is invalid. The homogeneous Universe can be described through GR
using the mathematical framework of the FLRW metric. However, such models can not account for
the presence of the structure in the Universe. Hence, the homogeneous world models have to be
supplemented by a description of matter inhomogeneities. In other words, we need another theory
that should explain how actually galaxies, galaxy clusters, and the cosmic web form. It is possible to
accomplish this within the context of the cosmological structure formation.

2.2.1 Dark matter as a fluid

In general, structure formation is a very complicated process - it is in principle an N-body problem
where an enormous amount of particles interact with each other through various forces. The
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Figure 2.2: The Great Wall: in redshift surveys of galaxies with radial velocities of cz < 1500 km/s, a large
galaxy structure was discovered located at a redshift of ¢z ~ 6000 km/s. Each dot on this wedge diagram
represents a galaxy. The polar angle denotes the rectascension, whereas the radial coordinate denotes the
redshift of the galaxies, which measures their distances according to Hubble’s law. Source: Geller and Huchra
(1989)

cosmological processes happen on large scales and all forces besides gravity can be safely neglected -
still, it is practically impossible to treat structure formation analytically as an N-body problem. The
solution is to approach this problem in the framework of hydrodynamics and treat matter as a fluid
instead. Therefore, we do not need to follow individual particles, but instead describe the smooth
fields of density p and velocity u.

We can simplify the problem by concentrating on the structure formation of dark matter only and
thus the pressure will be set to zero’. This is justified since the matter component of the Universe
contains much more dark matter than baryons (Planck Collaboration et al., 2020a). Furthermore, we
shall consider matter perturbations on scales much smaller than the horizon scale at a given epoch,
since on large scales the curvature of space-time is important. This allows us to apply the simpler
Newtonian gravitation and avoid the full treatment in the framework of more complicated General
Relativity. Finally, we concentrate on the matter-dominated epoch of the Universe, i.e. where the
matter term in the Friedmann equations dominates. This implies that Q= 0.

3 Since the dark matter in the Universe is collisionless the fluid approximation breaks down on small scales or at late times.
This means that streams of dark matter particles can cross each other without frictional interactions, therefore there is not
a well-defined velocity field u(r), but multi-streams do occur. However, on large scales and at early times, such multiple
streams are unimportant, and the fluid approximation applies.
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Taking all these into account we can write the following fluid equations:

dp(r,t o .
Pél; ) +V, - [pu(r,n] =0 Continuity equation (2.24)
0
61;_ +(u-V,)u=-V,¢ Euler equation (2.25)

quﬁ =4nGp - A Poisson equation (2.26)

The continuity equation (2.24) describes the conservation of mass. The Euler equation (2.25) is the
equation of motion for the fluid. The left-hand side of this equation is the Lagrangian derivative of
the fluid velocity, which describes the change of velocity as measured by an observer who follows
the flow. This change of flow velocity is caused by the acceleration, which in this case provided by
the gravitational acceleration —V,.¢. The Poisson equation (2.26) has been modified to include the
cosmological constant.

Next we rewrite the equations in terms of comoving coordinates

r
=— 2.27
X=- B (2.27)
For the density and velocity field we then have
p(r,1) = p(x,1) (2.28)
u(r,r) =ax+v(x,t) (2.29)

As one can see the velocity field has two components: the Hubble expansion of the homogeneous
Universe and the peculiar velocity v(x, 7). Although p(r) and p(x) describe the same density field,
they are different mathematical functions. Before writing down the equations in comoving coordinates
it is helpful instead of using density field to define a so-called density contrast as

_ A0 - (1)

00 =700

, (2.30)

where p(t) is the mean density. As we mentioned above, if this parameter is small the linear
approximation can be used.

Thus, the fluid equation system in the comoving coordinates is

%+évx- [((1+6)v] =0 (2.31)
% + Zv + é(v -V V= —évxd) (2.32)
Vi = 31?:2‘“5 (2.33)
Here @ is the comoving gravitational potential
® = ¢(ax, 1) + % x| (2.34)
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2.2 Cosmological structure formation

These 3 equations, (2.31), (2.32) and (2.33), form the complete set of evolution equations for the
density contrast ¢ and the peculiar velocity v, coupled via the gravitational potential ®. The trivial
solution 6 = 0, v = 0, @ = 0 corresponds to the unperturbed, homogeneously expanding Universe.
Hence, ¢ and v describe the deviations of the density and velocity field from this homogeneous
expansion.

The equations written in the above form are non-linear and can not be solved analytically. If we
consider small perturbations in the density field and small peculiar velocities, we can linearize the
foregoing equations in the small quantities  and v. In the continuity equation (2.31) the term v¢ is of
second order and will be neglected. The same is true for the term %(V - V,)v in the Euler equation
(2.32), whereas the Poisson equation (2.33) is already linear. The other two then become

s 1

2 lv.v=0 2.35
5 TV V=0 (2.35)
v a 1

N4 _lve, (2.36)
ot a a

where we drop the index on V-operator. since all the spatial derivatives are with respect to comoving
coordinates.

Taking the time derivative of the linearized continuity equation (2.35), and the divergence of the
linearized Euler equation (2.36),

0 |06 1

2l =Z+2Zv.vl=0
ot [(’% a v ’
\Y

—_ . @.’.EV:—qu)
a ot a

and then combining the two resulting equations, together with the Poisson equation (2.33) to replace
the Laplacian of ® yields
8%6 2a05 3HQ,
—_— + — — —
orr a0t 2a°

§=0 2.37)

Even though the density contrast depends on the variables x and ¢, (2.37) does not contain derivatives
with respect to x, nor does x occurs explicitly in coefficients of this linear equation. Hence, (2.37)
is an ordinary differential equation and the solution can be factorised. The general solution to this
equation is

0(x,t) =D (A, (x)+ D_(1)A_(x), (2.38)

where D_ (t) are two linearly independent solutions and A, (x) are two arbitrary functions of position
describing the initial density field configuration. Equation (2.37) together with Friedmann equation
(2.20) determines the growth of density perturbations in the linear regime as a function of cosmology.
D, grows with cosmic time, whereas D _ is a decreasing function. Thus, if at some early time, both
modes were present, the D_ mode would have died away quickly. Therefore, only the growing mode
is relevant for structure formation. The D is called a growth factor.

A closed-form solution for the D, does not exist, but there are some important cases that can be
considered.
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* When Q_, =1, Q, =0 (Einstein-de Sitter (EdS) universe), we have the simple solution
D,=a(t), D_=a(t)?, (2.39)
thus density fluctuations grow as the scale factor.

¢ In the case where there is only matter and vacuum energy, the linear growth admits the integral
representation as a function of Q , and Q,:

5Q, (¢ dd
D,=d’H m / 2.40
a’H(a)— 0 T@H@T (2.40)

In general, it is not possible analytically to solve this integral, but an approximate form of the
growth factor has been derived in Carroll et al. (1992),

Qp(a)
2

Qy(a)
70

5aQ,(a)

S|l (@) - Q) +

D+(a): 1+ 1+

-1
] . (2.41)

2.3 Standard perturbation theory

We will now consider the evolution of density and velocity field beyond the linear approximation. To
do so, we will make an approximation, that is, we will characterise the velocity field by its divergence,
6 = V - v, and neglect the vorticity degrees of freedom. From equation (2.32) we can write the
evolution equation for vorticity, w = V X v, as

ow a 1 | |
—W+ﬁw——Vx[vxw]=—Vx(—v-cr , (2.42)
a

ot a a Jo,

where we have temporarily restored the stress tensor contribution (o7;;) to the conservation of
momentum. We see that if 0;; ~ 0, as in the case of a pressureless ideal fluid, if the primordial
vorticity vanishes, it remains zero at all times. On the other hand, if the initial vorticity is non-zero,
in the linear regime it decays due to the expansion of the universe; however, it can be amplified
non-linearly through the third term in equation (2.42). In what follows, we will assume that initial
vorticity vanishes, thus equation (2.42) together with the equation of state 0;; ~ 0 guarantees that
vorticity stays zero throughout the evolution. It must be noted, that this assumption is only valid as
long as the condition 07;; ~ 0 remains true; in particular, multi-streaming and shocks can generate
vorticity. This is expected to happen at small enough scales.

The general assumption of standard perturbation theory (SPT) is that the linear density field still
dominates on intermediate scales, and non-linear gravitational interaction between particles imposes
only small corrections onto it. Thus it is possible to expand the density and velocity fields about the
linear solutions. Linear solutions correspond to simple (time-dependent) scaling of the initial density
field; thus we can write

5(x, 1) = Z s(x,1),  O(x,1) = Z 0" (x,1), (2.43)
n=1 n=1

16 30th April 2025 12:58



2.3 Standard perturbation theory

where 5" and 6V are linear in the initial density field, ¢ @ and 0 ¥ are quadratic in the initial
density field, etc..

On large scales, when fluctuations are small, linear perturbation theory (PT) provides an adequate
description of cosmological fields. In this regime, different Fourier modes evolve independently
(they do not couple) conserving the primordial statistics. Therefore, it is natural to Fourier transform
equation (2.31), (2.32) and (2.33) and work in Fourier space. Convention for the Fourier transform of
an arbitrary field A(x, ¢) throughout this work will be

Ak, 1) = / Exe T XA (x, 1) (2.44)

When non-linear terms in the perturbation series are taken into account, the equations of motion in
Fourier space show the coupling between different Fourier modes characteristic of non-linear theories.
Taking the divergence of equation (2.32) and Fourier transforming the resulting equations of motion
we get

s 3 3
9ok, 1) +0(k,t) = —/ M(sD(k —kypp) a(k;, k) 6(k;, 1) §(Kk,, 1), (2.45)
ot (2,7)3
A0(Kk, t _ 3 N &’k d’k
59 : ) 4 H(1)0(k, 1) + EQmHz(;)(S(k, = - / WaD(k— K;,) (2.46)

X Bk, Ky) O(ky, 1) 6(Kky, 1),

(6p denotes the three dimensional Dirac delta function, k|, = k; + k,) where the functions

ki (K, - ky)
2

ki, -k
a(kl’kl) = L’ B(kl’kZ) = 2.2
% 203K

(2.47)

encode the non-linearity of the evolution (mode coupling) and come from the non-linear terms in the
fluid equations (2.31), (2.32). From (2.45) and (2.46) we see that the evolution of §(k, 7) and (k, 7) is
determined by the mode coupling of the fields at all pairs of wave vector k; and k, whose sum is k.

Let us first consider the EdS universe, for which Q =1 and ©, = 0. In this case the equations
(2.45) and (2.46) can be formally solved with the following perturbative expansion:

[Se]

S(k,1) = Z ') 6™ (k, 1), Gk 1) =-H(t) i a'(t) 6 ™ (k,1), (2.48)
n=1

n=1

where only the fastest-growing mode is taken into account. At small a, the series are dominated
by their first term, and since 6 M (k) =06 (U(k) from the continuity equation, M (k) completely
characterises the linear fluctuations.

The equations of motion (2.45) and (2.46) determine § () (k) and 6 () (K) in terms of the linear
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fluctuations to be

d3(l1 --~d3q 1 1
5" (k) = / RSN )3(n_1)"6D<k ~ 1) F(@ys -5 9,08 (q) -6 (q,), (2.49)
V4
d3(l1 a -d3q 1 1
Vs

where F,, and G,, are homogeneous functions, which are constructed from the fundamental mode
coupling functions (K, k,) and B(k, k,) according to recursion relations

= Gm(ql”qm)
Fo(@p, - 4,) = mZI B o1y [+ DAtk k) F (G @) 25D

+ zﬁ(kh kZ)Gn—m(qm+1’ cet qn)] ’

S G- q,)
Gultrs 20 = 0, G 5y B k)P (G0 (2.52)

+2nB(k, k)G, (Qs1s - - -5 9)]

wherek, =q,+---+q,,,k, =q,,,; +---+q,, k=k; +k, and | = G| = 1. Particularly, forn =2
we have

2
5 1q-q(q; g2 2[4 -9
F(q,q)=-+-——"2 + 22| +Z , 2.53
(11 02) T 2 q19, \q2 T\ 9192 ( )
2
3 1q-q(q; g2 4[4 -q
G, (q,q) =-+-——= 2+ 2|+ | 21— . 2.54
(1192 = 7 2 i3 \a2 @] T\ a142 (3%

In general, the SPT expansion is more complicated because the solutions at each order become
non-separable functions of 7 and k. In particular, the growing mode at order n does not scale as D (¢)
ora” (1) as in (2.48). It was shown in Scoccimarro et al. (1998) that a simple approximation to the
equations of motion for general ., and , leads to separable solutions to arbitrary order in SPT and
the same recursion relations (2.51) and (2.52) as in the EdS case. Thus, for the arbitrary cosmology,
the perturbative solution will be

S(k,1) = Z DM (k, 1), (k1) =—H(t)f(Q,, Q) Z D16 M (k), (255

n=1 n=1

where f(2,,,92,) =dInD,/dIna. All the information on the dependence of the SPT solutions on
the cosmological parameters €, and Q, is then encoded in the linear growth factor, D_ (7). Although,
this approximation was shown to generate systematic shifts at the per cent level when applied to
three-point statistics like bispectrum (Steele and Baldauf, 2021).

Given knowledge of § () we can construct the density field at a specific time up to an arbitrary order
and incorporate non-linear gravitational clustering to our desired level of accuracy. However, this will

lead to exceedingly intricate analytical expressions. Moreover, it is unclear until which scale k., this
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methodology remains valid and precisely models the actual density field since, at extremely non-linear
scales, multi-streaming will occur and invalidate the fluid approximation on which the entire treatment
is based. We cannot determine this threshold using first principles, so we must compare our theoretical
framework with empirical data to address this issue. This difficulty can be tackled using numerical
N-body simulations, which we will explain in Sect. 2.7. For the time being, we will shift our attention
away from larger scales (and the fluid approximation) towards strongly non-linear scales, where we
will explore a potential theoretical approach in greater detail.

2.3.1 Dark-matter halos

z (h~'Mpc)
log1o(p/pm)

—2 —1 0 1 2
x (h~*Mpc)

Figure 2.3: A dark-matter halo obtained from a high-resolution cosmological N-body simulation (More et al.,
2015). The halo has an approximately spherical shape and is supplied with matter from the outer regions via
anisotropic filaments. The density of the halo is greatest at its center and gradually decreases towards the
outskirts. The white lines visible in the image correspond to different physical criteria utilised to establish the
boundaries of the halo.

At the smallest scales of the cosmic web, where collapse in all three dimensions takes place,
the gravitational N-body interaction is difficult to describe analytically due to limited possibilities.
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To overcome this issue, one way is to utilise the spherical collapse model (Gunn and Gott, 1972),
which assumes a spherically-symmetric mass overdensity in an otherwise uniform universe. This
model proposes that during early times, shells of matter recede from the center of mass due to the
Hubble expansion, causing the physical radius of the overdensity to increase with time. However,
the gravitational attraction of the shells stalls the recession process, and thus the comoving radius
decreases with time. If the initial perturbation is dense enough, the shells will eventually reach a
maximum physical size, known as the turn-around radius, and then collapse. The result of this
collapse is a virialised object of finite size in equilibrium, which is referred to as a dark-matter halo.

The average density of the halo p;, can be computed as p.;, = A, P, (#) Where o (7) is the mean
matter density of the Universe and the overdensity A,;, depends on the cosmological parameters and
in general on time. For an EdS universe it is A,;, = 178 for all 7, for ACDM universe the values vary
between the EdS value at very high redshifts and increases as we approach the current epoch. It can
be shown that collapse happens when the initial overdensity field 6 > 1.68, which means that already
in the linear regime we can identify the locations of halo formation.

The idealised model presented earlier is just a simplification, as reality is a much more complex
process. In actuality, a density perturbation will not exist in isolation, but rather within the
intricate environment of the cosmic web. To account for this, the ellipsoidal collapse model was
introduced (Bond and Myers, 1996), which relaxes the assumption of spherical symmetry. The
formation process and internal structure of haloes remain active fields of research and are investigated
using both analytical and numerical approaches (e.g. Borzyszkowski et al., 2014; More et al., 2015;
Borzyszkowski et al., 2017). Fig. 2.3 shows a halo from an N-body simulation, which is being
assembled through anisotropic streams of matter from the outer regions. The density of the halo is
highest at the center and gradually decreases towards the outskirts. For more details on simulations,
please refer to Sect. 2.7.

Rather than delving into the details of halo formation, our study focuses on larger scales, with
an emphasis on haloes that are modeled as point-like objects and serve as tracers of the LSS. Since
we lack direct access to DM and the cosmic web, which primarily comprises it, we instead observe
discrete objects that follow the LSS due to their physical formation process. Under the assumptions
that DM haloes form in dense regions of the LSS (with denser regions having more massive and denser
haloes; Kaiser, 1984; Bardeen et al., 1986), and that galaxies subsequently form in DM haloes (where
baryons cool and fall into the gravitational potential; Mo et al., 2010), we can utilize this relationship
to make inferences about cosmology from galaxy surveys. This connection between discrete objects
and an underlying continuous distribution is referred to as tracer bias or more specifically halo and
galaxy bias (Desjacques et al., 2018). A more comprehensive and quantitative description of this
concept will be explored in the following section.

2.4 Halo and galaxy bias

Moving from the DM distribution to galaxies generally involves two distinct steps. Initially, we require
a method to connect the DM density field to the DM haloes, followed by another process to populate
these haloes with galaxies (Fry and Gaztanaga, 1993; Cooray and Sheth, 2002; Berlind and Weinberg,
2002). This two-step approach is necessary because a single DM halo may contain multiple galaxies
of varying masses and luminosities, which cannot be directly inferred from the halo’s properties alone.

There are two possible approaches to address this issue. Firstly, one can try to comprehend the
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Figure 2.4: The maps of the galaxy distribution observed by SDSS and the one extracted from the Bolshoi
simulation. Credit: Bettoni (2013).

physical mechanisms that cause bias. This method necessitates a thorough understanding of the
halo formation process (or the arrangement of peaks, which are points in space where the density
field exceeds a particular threshold). Alternatively, one can take a more phenomenological approach,
based on fundamental physical principles, but with the primary aim of developing a practical method
for application in observations. In this study, we will mainly concentrate on the latter approach.
Such a phenomenological model that connects haloes (or tracers in general) to the underlying matter
distribution is called a Eulerian biasing scheme (McDonald and Roy, 2009; Baldauf et al., 2011;
Desjacques, 2013).

The basic assumption is that the overdensity field of galaxies J,(x) is related to the matter density
field 6(x) in some general form 6,(x) = ¥ [], where ¥ is a functional. In Fig. 2.4 we illustrate
the motivation for this assumption: if one puts the map of the survey over the map predicted by the
N-body simulation, they will exhibit remarkable visual statistical similarity. The most simple relation
between these two fields is expressed through linear bias model, i.e. 6, = b;6 (Kaiser, 1984). This
relation only holds true on the very large scales (Gaztanaga and Frieman, 1994).

A biasing scheme is called local if it can be written down in the form of an expansion,

5,(x,1) = Z bo(1) O(x, 1), (2.56)
@]

where O denotes an bias operator and b, the respective bias parameter. The former describes
the properties of the galaxies’ environment on which their density can depend, and the latter are
numbers that do not depend on spatial coordinates, but may certainly depend on galaxy properties
like colour or luminosity. The parameters can be positive or negative, and the larger the absolute
value of a bias parameter is, the more importance the respective operator has for describing the
galaxy field. Historically, the operators O would just be taken as powers of the density field, i.e.
0, =bi6+ b262 + b3(53 + ... (Fry and Gaztanaga, 1993). Research has revealed that these models
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do not entirely capture the halo field. To obtain a more accurate representation, one should consider
other factors, such as different combinations of density field derivatives or even the peculiar velocity
field (Mirbabayi et al., 2015).

Typically, the exact values of bias parameters are not of utmost importance. Instead, in observations
such as galaxy clustering surveys, a bias model is assumed, and the bias parameters are considered
as free parameters of that model, which will be marginalised during the data analysis process (Cole
et al., 2005; Percival et al., 2007; Blake et al., 2010; Granett et al., 2012; Alam et al., 2017). The
primary challenge is to identify a bias model that accurately describes real-world conditions, which is
not a simple task. Equation (2.56) provides a lot of freedom, which must be reduced using reasonable
arguments. While it is mathematically feasible to formulate a comprehensive set of operators or basis
up to a certain expansion order, determining which operators are necessary for a practical physical
context is crucial. Additionally, the minimum scale that one is attempting to model will likely dictate
the need for specific operators. Moreover, one must determine how to link the operators to cosmology
or how to model the operators themselves such that they rely on cosmological parameters.

2.5 Cosmic fields and their statistical description

Until this point, we discussed how the density field evolves in time, and gave the equations that describe
gravitational clustering. In the following section, we shall derive the explicit spatial dependency,
i.e. 0(x). The current explanation of the LSS of the Universe is that the present distribution of
matter on cosmological scales results from the growth of primordial, small, seed fluctuations on an
otherwise homogeneous universe amplified by gravitational instability. Tests of cosmological theories
which characterise these primordial seeds are not deterministic in nature but rather statistical, for the
following reasons:

* We do not have direct observational access to primordial fluctuations, which would provide
definite initial conditions for the deterministic evolution equations.

* The time scale for cosmological evolution is so much longer than that over which we can make
observations, that it is impossible to follow the evolution of single systems. In other words, what
we observe through our past light cone is different objects at different times of their evolution;
therefore, testing the evolution of structure must be done statistically.

The observable Universe is modelled as a stochastic realisation of a statistical ensemble of
possibilities. The goal is to make statistical predictions, which in turn depend on the statistical
properties of the primordial perturbations leading to the formation of LSS.

2.5.1 Statistical homogeneity and isotropy

A random field is characterised by the probability that a specific realisation §(x) of the density
fluctuations occurs. Abstractly a random field can be better described as follows. We assume that
all possible realisations of the density field are smooth so that §(x) can be described, with sufficient
accuracy, by its values on a regular grid in X. Let Xx; be as set of appropriately numbered grid-points,
and let ¢; = 6(x;) be the density contrast at x;. The realization of the random field is then described
by the set of the ¢;, and the random field is characterized by the joint probability distribution

p(él’éz’)d61d62 (257)
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that 6(x;) lies within do; of 6,. Hence, the description of the random fields reduces to a joint probability
distribution of discrete random variables.

We stated in Sect. 2.1 that on large enough scales the Universe is homogeneous and isotropic;
therefore, the density field should share these properties. This is formulated by the requirement that if
all grid points are translated and rotated in the same way, x — R(x+y), where R is a rotation matrix
and y a translation vector, the probability density p must remain unchanged. Thus, the probabilities
depend only on the relative positions.

2.5.2 Two-point correlation function and power spectrum

Given that we are approaching the issue of structure formation from a statistical perspective, it is
logical to incorporate statistical quantities that enable us to provide accurate details regarding the
statistical properties of the random field. Our aim is to establish the mathematical tools necessary for
a precise and quantitative analysis.

We shall now consider second-order statistical properties of a density field 6(x). The two-point
correlation function is defined as the joint ensemble average of the density at two different locations,

£(r) =(6(x)6(x +1)), (2.58)

which depends only on the distance r between the two points due to statistical homogeneity and
isotropy. Here (- - -) denotes the average over the ensemble of realisations of the random field. In
practice, the ensemble average can be replaced with a volume average. In the limit r — 0 it coincides
with the variance of the field

lim £(r) = (6%(x,1)). (2.59)

The density contrast §(x) is usually written in terms of its Fourier components,

3 .
§(x) = / (;ﬂl; 5(k) e, (2.60)

The quantities §(K) are then complex random variables. As §(x) is real, it follows that
5(k) =6 (k). (2.61)

The density field is, therefore, determined entirely by the statistical properties of the random variable
5(k). We can compute the correlators in Fourier space,

(B(K)SK)) = / EPxd’r (§(x)8(x + 1)) e EHK) XK x (2.62)
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which gives,
FREK)) = / Pxdr g (r) e 10O XK x
- 20y 4 K) [ d're(r) e
= (27)’6p(k +K)P(k), (2.63)

where P (k) is by definition the density power spectrum and k = |K|. The inverse relation between
two-point correlation function and power spectrum reads

d’k ik
£(r) = / e P(k)e™T. (2.64)

Hence, the power spectrum and the two-point correlation function are Fourier transform pairs. Both
of these functions give information about how strongly clustered the field is depending on the scale.
In order to extract cosmological insights from the power spectrum, the conventional approach involves
modelling it using a physical framework that incorporates cosmological parameters. Subsequently,
a comparison is made between the modelled power spectrum and the observed power spectrum.
Alternatively, one can utilise the two-point correlation function which contains identical information.
However, performing numerical calculations in Fourier space is frequently preferred due to its reduced
complexity and computational cost.

2.5.3 Gaussian random fields and the Wick theorem

The power spectrum is a well-defined quantity for almost all homogeneous random fields. This concept
becomes extremely useful when one considers a Gaussian field. It means that any joint probability
distribution p(d,, d,, . . . ) of local densities ¢; follows the Gaussian normal distribution.

A Gaussian random field is characterised by the properties:

» the Fourier components (k) are mutually statistically independent,
» the probability density for §(k) is described by Gaussian,

* the joint probability distribution of a number N of linear combinations of the random variables
d(x;) is a multivariate Gaussian.

For Gaussian fields any ensemble average of the product of variables can be obtained by the product
of ensemble averages of pairs. This rule written explicitly for the Fourier modes of density field 6 (x) is

<5(k1) e 5(k2N+1)> =0, (2.65)
(k) -+ (kyy)) [ ] Ga)s)
all pair associations N pairs (i,7)

]—[ 2n)*P(k)op (k; +k;), (2.66)

all pair associations N pairs (i,7)
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where we used (2.63) to express the correlators (5 (k;)d(k ;)) using the power spectrum P(k;). This is
the Wick theorem. Hence, according to this theorem, the correlator vanishes for any odd number of
variables. This theorem is very convenient for quantitative considerations. Therefore, the statistical
properties of the Gaussian random variables §(K) are fully specified by its power spectrum.

General random fields are not Gaussian and to specify a random field, one needs to specify all
N-point correlation functions. Throughout this work, we assume that the density fluctuations in the
early Universe are a realisation of a Gaussian random field, which is justified by observations, since
CMB, which essentially tells us the initial conditions of structure formation, is indeed very close to
Gaussian random field (Planck Collaboration et al., 2020b). However, non-linear evolution of the
density fields due to gravitational instability (i.e. the formation of the LSS and DM haloes) turns it
into a highly non-Gaussian field at the present epoch — this can also be understood from the SPT
equations: At next-to-leading order, i.e. for the calculation of §,,.,, integrals need to be computed
that couple the density fields at different scales k to each other, whereas for Guassian random field the
modes evolve independently.

2.5.4 Three-point correlation function and bispectrum

The three-point correlation function is the lowest-order statistic sensitive to non-Gaussianity. It is
defined similarly to two-point correlation function, by taking an ensemble average of the field at three
different locations,

E3(x1,xp,x3) = (0(x1)0(X,)0(x3)) (2.67)

The Fourier equivalent of the three-point correlation function is the bispectrum B(k, k5, k3), defined
by
(21)3 6 (K, + Ky + K3)B(ky, ky, k3) = (5(k))E(Ky)5(K3)) . (2.68)

As one can notice, the bispectrum is defined only for closed triangles of wavevectors, i.e. where
k; + Kk, + ky = 0. Some of the triangular configurations are shown in Fig. 2.5.

As the bispectrum is a function of both the size and shape of triangles formed by a closed loop
of k-vectors, there is more information encoded in the bispectrum compared to the power spectrum.
Historically, the bispectrum has been considered as a useful tool to learn about the statistical properties
of the primordial density perturbations that seeded structure formation (their degree of non-Gaussianity,
in particular) and to study non-linear physical processes like gravitational dynamics and galaxy biasing.
Furthermore, the bispectrum can be used as an independent statistic to complement the power spectrum
when inferring the cosmological parameters.

Correlation functions are directly related to the multi-point probability function. The physical
interpretation of the two-point correlation function is that it measures the excess over the random
probability that two particles at volume elements dV; and dV, are separated by distance x;, = [X; —X,|,

dP, = n*[1 + &(x,)]dV,dV;, (2.69)

where 7 is the mean density. If there is no clustering (random distribution), ¢ = 0 and the probability
of having a pair of particles is just given by the mean density squared, independent of distance. If
objects are clustered (¢ > 0), the probability is enhanced, whereas if objects are anti-correlated (¢ < 0)
the probability is suppressed. Similarly, for the three-point case, the probability of having three objects
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Figure 2.5: Visual representations of triangles forming the bispectrum, B(k, k,, k3), with various combinations
of triangles satisfying k3 < k, < k;. Source: Jeong and Komatsu (2009)

is given by
dPyy; = n[1+&(xpp) +&(xp3) +&(x31) + &3(x10, X3, x31)|dV,dV,dV; . (2.70)

If the density field is Gaussian &5 = 0, and all probabilities are determined by £(r) alone.

2.5.5 Linear power spectrum

Now we concentrate on the time evolution of the cosmic fields during the matter-dominated epoch.
In this case, as we discussed in Sect. 2.3, diffusion effects are negligible and the evolution can be
expressed in terms of ideal fluid equations that describe the conservation of mass and momentum. As
a result, the evolution of the power spectrum is given by a simple time-dependent scaling of the linear
power spectrum

P(k,z) = D*(z)P.(k), (2.71)

where D(z) is the growth factor. One must note, however, that the linear power spectrum specified
by PL(k)6 derives from the linear evolution of density fluctuations through the radiation domination
era and the resulting decoupling of matter from radiation. This evolution must be followed by using
general relativistic Boltzmann numerical code (Ma and Bertschinger, 1995), although analytic results

© We denote the linear power spectrum interchangeably by Py (k) or by P (k)
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2.5 Cosmic fields and their statistical description

can be used to understand quantitatively the results. The end result is that
P (k)= A, k"™ T?(k), (2.72)

where ng is the primordial spectral index, A, is the normalization of power spectrum, 7'(k) is the
transfer function. The transfer function describes how structures grow differently depending on scale
in linear theory. The growth of fluctuations at a certain scale, denoted as k, relies on when they enter
the horizon’. This timing, whether during the radiation-dominated or matter-dominated era, affects the
outcome. In other words, it depends on which term dominates in the Friedmann equation. When small
perturbations enter during the radiation-dominated era, their growth is prevented until the Universe
transitions into the matter-dominated phase. Additionally, the transfer function takes into account the
impact of free-streaming. This effect varies depending on the type of DM, whether it is cold, warm, or
hot. Different DM particles exhibit varying velocities, where faster particles cluster less than slower
ones and tend to free-stream. Consequently, hot and warm DM lead to a decrease in small-scale
power compared to CDM. This is encoded in the transfer function and depends on the cosmological
parameters in a complicated way, although in cases when the baryonic content is negligible it can
be approximated by a fitting function that depends on the shape parameter I" = Q_ & (Bardeen et al.,
1986). Once the perturbations grow sufficiently, linear theory breaks down, and one needs to follow
the evolution of the density by numerical methods. The initial conditions for these simulations are
provided by (2.72).

The theory provides the basis for understanding the shape of the power spectrum, but the actual
measurement of the fluctuations’ strength, represented by the normalisation constant A, is necessary.
In the past, a specific parametrisation was developed based on observations. It was discovered that
when counting galaxies within a sphere of 8 h! Mpc, the variance of their number N was remarkably
close to one, i.e.

(V= (N
(N)*
According to the latest data (see below), it has been confirmed that the value is actually less than one.
However, the initial concept of quantifying the level of structure by counting collapsed objects within
a specific radius has been retained. One employs the dispersion o2(R) of the density field 0 (x)
when smoothed at a certain radius R,

1. 2.73)

- P 1
P = @) = [ WERPPO = o [P0k T

where W (kR) is the Fourier representation of a top-hat filter function that smoothes the density field.
Setting R = 8 h! Mpc gives the cosmological parameter oy that is constrained to be og ~ 0.8 by
current surveys (e.g. Planck Collaboration et al., 2020a). We see that og o< A, so fixing either of
them uniquely defines the normalisation of the power spectrum.

7 The horizon represents the furthest distance a photon can cover within a specified time period. In other words, it signifies
the maximum spatial separation between two points that allows them to remain causally connected during that time
interval.
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2.6 One-loop standard perturbation theory

As we saw in Sect. 2.3, the dynamics of gravitational instability are non-linear, and therefore non-linear
evolution inevitably leads to the development of non-Gaussian features.

The statistical characterisation of non-Gaussian fields is, in general, a non-trivial subject. The
situation is somewhat different for gravitational clustering from Gaussian initial conditions, which
we deal with in this work. Here it is possible to calculate in a model-independent way how the
non-Gaussian features arise, and what is the most natural statistical description. In particular, since the
non-linearities in the equations of motion are quadratic, gravitational instability generates connected
high-order correlation functions that scale as &, o §§V “at large scales, where &, < 1 and perturbation
theory applies. This scaling can be represented by connected tree diagrams, where each link represents
a two-point function (or power spectrum in Fourier space), since for N points (N — 1) links are
necessary to connect them in a tree-like fashion. In the framework of SPT we found that non-linear
gravitational evolution of the density field can be derived as a perturbative expansion given by the
equation (2.48), which we can use to build the correlators in Fourier space.

<3(1)5(2)3(3)3 = <8(1)8(2)3(3)8(4)3 = +

Figure 2.6: Tree diagrams for bispectrum (left diagram) and trispectrum (right diagram) or three-point and
four-point functions in a real space. Here dots represent the density fields and lines represent the power
spectrums (two-point function in a real space). Source: Bernardeau et al. (2002)

Fig. 2.6 show the tree diagrams that describe the three- and four-point function induced by
gravity. The number of lines coming out of the given vertex is the order in PT that gives rise to
such a diagram. For example, the diagram for bispectrum requires linear and second-order PT,
representing (5,(k;)d;(k,)d, (k3))8. On the other hand, the diagrams for trispectrum require up to
third order in PT. The first term represents (5, (k;)d,(k,)d,(k3)d, (k,)) whereas the second describes
(81 (k))83(ky)8, (k)3 (k).

In general, a consistent calculation of the p-point function induced by gravity to leading order
(tree-level) requires from first to (p — 1)th order in PT. At short scales as &, — 1, there are corrections
to tree-level PT. These are naturally described in terms of diagrams as well, in particular, next to
leading order contributions (one-loop corrections) require from first to (p + 1)th order in PT. These
are represented by one-loop diagrams, i.e. diagrams where there is one closed loop.

Figs. 2.7 and 2.8 show the one-loop diagrams for the power spectrum and bispectrum. The one-loop
corrections to the power spectrum describe the non-linear corrections to the linear evolution, that is,
the effects of mode coupling and the onset of non-linear structure growth.

We can write the power spectrum up to one-loop corrections as

Pspr(k.2) = P& (k. 2) + Pgpr™ (k. 7). (2.75)

8 Subscripts represent the order in perturbation theory
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c

BDd2)z=e— s 4 [Q + Q_.]

Figure 2.7: Diagrams for the two-point correlation or power spectrum up to one-loop. The terms in the square
brackets represent one-loop correction terms given by Egs. (2.77) and (2.78). Source: Bernardeau et al. (2002)

Under the assumption of Gaussian intial conditoins, the leading-order term coincides with the linear

power spectrum, PtsrgeT(k, 7) = [D(z)]2 P; (k), and the one-loop contribution consists of two terms,

P (k,z) = D*(2) [Py (k) + P5(K)] , (2.76)
with
d3
Pyy(k.2) =2 / ﬁ [Fy (& — q. @) 12PL (1K~ aD Py (q) 2.77)
d3
Py(k,7) = 6 / (27“)3F3,5ym<k, 4 —~Q)PL(KPL().- 2.78)

Here P;; denotes the amplitude given by a loop diagram representing the contribution from (5,6 ;) to

the power spectrum. Since we have assumed Gaussian initial conditions P;; vanishes if 7 + j is odd.
Equation (2.77) is positive definite and describes the mode coupling between wave vectors k — q and

q. On the other hand, (2.77) is in general negative and does not describe mode coupling, i.e. it is
proportional to P; (k, 7).

The one-loop expansion for the bispectrum, Bgpy(ky, k5, k3, 2) = Bapr(ky, ko, ks, z)+B;;%°p(kl, ks, k3, 2),

is given by the tree-level part in terms of a single diagram from second order SPT (Fig. 2.6) plus its
permutations over external momenta:

B (ky kg, k3,2) = D*(2) [2Fy gy (Ky, Ky) Py (k)P (ky) + perms.] .

The one-loop contribution consists of four distinct diagrams involving up to fourth-order solutions,

<8(1)6(2)8(3)%=Q ; 4 . <Q : Q<

Figure 2.8: Diagrams for the three-point correlation or bispectrum one-loop corrections. Source: Bernardeau
et al. (2002)

111
B’ = D°(z) [3222 +Blys+ Bl + By | (2.79)
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where
By = 8/ 5Tq)3F2,sym(k] +4q, Q) F oym(-k — 4.9 - k) F, (K, — g, q) (2.80)
X PL(Iky —qD)P(k; +ql),
3
Bly; = 6P (k3) / ((217(])3F3,sym(q - Ky, K3, —@) F, sy (4. K, — q) (2.81)
x P; (|k, — q|)Py(g) + 5 perms.,
3
By =P (k) PL(S) Py (k) [ (‘;'Tq)gFg,symm, G.-q)P(q)+5perms.  (282)
= F2,sym(k2’ k3) [Py (k;)Py3(ky) + Py (ky)Pi3(k;)] + 2 perms.,
3
By = 12P (ky) Py (k3) / (;qu)3F4,sym(q’ —q, -k,, —k3)P; (¢) + 2 perms. . (2.83)

At early times and on large scales, the tree-level SPT accurately describes both the matter power
spectrum and bispectrum. However, in later stages, one-loop corrections lead to an overestimation of
the power spectrum on mildly non-linear scales (k ~ 0.1 & Mpc_l, Crocce and Scoccimarro, 2006;
Carlson et al., 2009; Taruya et al., 2009), and including higher-order terms does not improve the
accuracy of the predictions (e.g. Blas et al., 2014). The reason behind the failure of SPT is well
understood: the loop integrals encompass scales where the assumptions of the theory are no longer
valid, such as the generation of vorticity and velocity dispersion during orbit crossing (e.g., Pueblas and
Scoccimarro, 2009), resulting in a non-perturbative regime of physics. Consequently, the breakdown
of SPT on small scales compromises its predictions for the larger scales.

2.6.1 Effective Field Theory of Large-Scale Structure

The fact that two well-separated scales characterise the Universe, the Hubble scale, over which
perturbations are linear, and the non-linear scale, which marks the scale over which the gravitational
collapse overtakes the Hubble expansion, makes the problem of structure formation suitable for
Effective Field Theory (EFT) treatment. In a system characterised by a wide range of scales, such
theories isolate a set of degrees of freedom and describe them with a simplified model without having
to deal with the complex (and often unknown) underlying dynamics. The impact of physics one
intends to neglect on the degrees of freedom one aims to study is computed as a perturbation theory in
terms of expansion parameters.

The EFT for large-scale structure (Baumann et al., 2012; Carrasco et al., 2012, 2014a,b; Hertzberg,
2014; Porto et al., 2014; Senatore and Zaldarriaga, 2015) aims to provide a concise representation
of the matter density field’s long-wavelength modes by integrating out the shorter-wavelength ones.
Unlike the SPT, the EFT does not rely on the single-stream approximation. Instead, it considers
an effective stress tensor that incorporates all operators involving the long-wavelength density and
velocity fields, along with their derivatives, as permitted by the symmetries of the problem, namely
the equivalence principle, statistical isotropy, and homogeneity. To describe the behaviour of the
system, the effective stress tensor is expanded in a Taylor series with respect to the long-wavelength
fluctuations. This expansion generates an infinite series of unknown parameters, with each parameter
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associated with a specific perturbative order. The parameters of the effective theory serve two purposes.
Firstly, they generate *counterterms’ in the expressions for observables in the EFT, allowing for the
cancellation of the ultraviolet (UV) sensitivity of loop integrals in SPT, meaning their dependence on
the cutoff scale. This cancellation process can be carried out systematically in perturbation theory,
order by order. Secondly, the remaining part of the counterterms, which is independent of the cutoff,
plays a crucial role in quantifying the influence of non-perturbative physics on the long-wavelength
modes. This is achieved by introducing new ’effective’ interactions among these modes. However,
the amplitude of this part can not be determined directly from the effective field theory itself, as it is
unable to account for small-scale physics. Therefore, it must be determined through empirical means,
such as comparison with numerical simulations, or it may be marginalised over during the analysis of
observational data (see, e.g. Ivanov et al., 2020; d’Amico et al., 2020).

The EFT framework postulates the presence of a scale, commonly represented by the wavenumber
k.. where the physics transitions into a non-perturbative regime, rendering the effective description
invalid. Multiple lines of reasoning indicate that the expansion of the low-frequency fields can be
systematically organized, such that the expansion parameter of the perturbation theory becomes k /kyy .
This implies that as the wavenumber k approaches ky; , an increasing number of terms need to be
taken into account to obtain precise expressions for the matter field correlators.

In this thesis, we consider the specific parametrisation of the counterterms appearing in the one-loop
expression for the matter power spectrum and bispectrum presented in (Angulo et al., 2015a). Namely,

Pgpr(k, 2) = Pgpr(k,2) + P, (k,2), (2.84)
where the tree-level counterterm is given by
P, (k.2) = =2¢0(2) [D(2)]* k> Py (k) , (2.85)

and ¢, is undetermined by the theory. In terms of the effective speed of sound for the perturbations,
cy(1)(2), we have ¢, = (27) [D(2)]¢ Lesny (z)]z/kIZ\IL (where ¢ denotes a real constant arising from
the time dependence of the effective stress tensor, see below for further details). Parameter c(, can be
related to ¢, introduced by Angulo et al. (2015a) in the following manner: ¢, is defined as ¢; [D(z)] <,
where [D(z)]"* corresponds to the assumed growth factor of the EFT corrections to the SPT density
fluctuations of order 7.

Similarly, for the one-loop bispectrum EFT introduces four counterterms
BEFT:BSPT+BCO+BC1 +Bcz+BC3 5 (286)
where one of them is also proportional to ¢

B, =co(2) [D()]* (2P (k)) Py (ky) £y (ky.K,) +2 perms.
—2kiPy (ky) Py (ky) Fy (K;, ky) + 5 perms.], (2.87)
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with

(5) - 1 113¢ 1722\ 5 148, 48¢
FY (k) ky) = TPV l(5+ TR )(k +k2) + ( . - )k1 k,

59¢ 1872\ (1 1 2 (7.9 L\ (K k2
+(2+T+T) (P+p)(k1-k2) + §+7+§ k% k2 k; -k,

1 2

2 3
(200, 8 k)

7 7 k%k%

(2.88)

As suggested by some theoretical considerations and fits to simulations ¢ = 3.1 (Foreman and Senatore,
2016). Quadratic contributions from the long-wavelength perturbations to the effective stress-energy
tensor expansion lead to three additional counterterms with the following forms:

B, =-2¢,(z) [D(2)]* ki Py (ky) Py (k;) +2 perms. (2.89)
B, =-2¢,(2) [D(2)] kz%PL(kz)PL(@) +2 perms. , (2.90)
213
k2 kl k3
B, =-c3(2) [D()]* (k, - k3) + ——— | PL(ky) P (k3) +2 perms. (2.91)

2 3

where alongside ¢, we have additional constants ¢, ¢, and c5 (similar to ¢, the [D (2)]¢ scaling
is absorbed in their definition) that need to be either fit to simulations or marginalised over in the
analysis of actual observational data.

While some authors argue that EFT offers a convergent perturbative framework for k < ky; (e.g.
Carrasco et al., 2014a), there are indications that it resembles SPT since it also forms an asymptotic
expansion. This expansion loses accuracy when incorporating higher-order loop corrections, reaching
a point where it no longer aligns with numerical simulations (e.g. Pajer and van der Woude, 2018;
Konstandin et al., 2019). The breakdown of the theory is not caused by short-distance physics but
rather by large contributions arising from mildly non-linear scales.

Ultimately, EFT can be perceived as an enhanced version of SPT, wherein counterterms are
introduced to regulate the UV-sensitive components.

2.7 Numerical simulations

Cosmological simulations or N-body simulations have become a unique testbed to follow the structure
formation in the Universe, and the size and sophistication of these simulations have steeply grown
in the last decades. We have the capability to investigate the development of the cosmic web across
various length scales, ranging from several hundred n! Mpc to smaller sub-kpc scales encompassing
individual DM haloes and their constituent galaxies. However, it is not feasible to encompass this wide
range of scales within a single simulation. Instead, a decision must be made regarding the specific
problem to be addressed, and the simulation setup must be tailored accordingly. In this particular
study, our interest lies not in examining the intricate details of the internal structure of individual DM
haloes or galaxies. Rather, our focus is on the cosmic scales and the statistics derived from them.
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Consequently, we will concentrate on DM-only simulations and omit the inclusion of baryons.

N-body simulations study the behaviour (meaning tracing their position and velocity in time) of
a large number of particles under the influence of the gravitational force in a cubic box of some
size which represents a part of the observable universe. Obviously, when we deal with DM actual
elementary particles can not be simulated since that would require enormous computational power and
in fact is not required to achieve results of cosmological relevance. Instead one uses the representative
particles in the mass range of 107-10" M,.

To set up a simulation one has to fix a few external parameters - the number of DM particles N,
the comoving side length L of the simulation box, and the cosmological parameters. For example,
common numbers are N = 1024° and L = 1 ™' Gpc. The matter content of the Universe is Q, =03

and the critical density is p,, = 27.8 X IOIOh_ZMQ Mpc_3 . Following this a particle mass m,, is of

the order of 100 5! M, , i.e. that of a small galaxy. More particles give better resolution, but such
simulations are more expensive to run. In order to implement the CP and to allow the application
of Fourier transformations, it is common to use the periodic boundary conditions. This means the
particles close to one side of the box will feel the force from the opposite side, and they will enter
from that side when leaving the box.

The force experienced by the i-th particle from the j-th particle can be mathematically expressed as

2
m, (r.—r;)
F,=G Z Lt (2.92)
iz vl

This direct approach of calculating the sum of forces for all N particles at a specific time step and
using it to accelerate them according to the force they feel is the simplest method. Subsequently, in the
next time step, this process is repeated with updated positions and velocities. However, this method
becomes impractical for large N due to its computational cost, which scales quadratically as N 2. To
address this challenge, modern N-body codes, such as the GADGET-2 (Springel, 2005) code, employ a
hybrid technique known as the 7reePM method. This approach divides the force calculation into two
components, targeting large and small scales respectively.

For large scales, the Particle-Mesh method (referred to as the PM method) is utilised. In this
approach, the mass of the point-like DM particles is distributed across a grid using an interpolation
techniqueg. This allows the computation of the potential by solving the Poisson equation. The force
can be easily determined by performing a Fast Fourier Transform (FFT) and multiplying it with i k.
The positions and velocities of the particles are then updated by applying this force using the same
grid interpolation. This method is efficient in terms of speed and memory usage. However, it lacks
accuracy when the separation between particles is only a few grid cells. In such cases, a slower
but more precise Tree algorithm is employed. This algorithm divides the particle distribution into
successively smaller cubes (the initial one being the tree node and the subsequent ones referred to
as leaves) with increasing particle density. The force acting on the particles within these cubes is
calculated using a multipole expansion. Since this method requires a significant amount of memory, it
is reasonable to apply it only to the smallest scales.

In a cosmological simulation, it is necessary to establish the initial density and velocity field, known
as the initial conditions (IC), which can then evolve over time. To determine these IC, we must select

N widely used method is Cloud-In-Cell (CIC), where the mass of one particle is distributed over the adjacent eight grid
points, weighted with the distance to the grid point (Efstathiou et al., 1985).
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an initial redshift, denoted as zj¢, during the matter-dominated epoch. It is crucial to choose zjc
appropriately, ensuring that the random field remains Gaussian while avoiding excessively high values
that would lead to decreased accuracy for small 6. Moreover, choosing an excessively high z;- would
result in unnecessary computational time. Typically, a commonly used value for zy- is approximately
50. For each k, the amplitude of the Fourier modes §(k) are sampled from the following Gaussian
distribution:

5 (k)
R
Here o (k) o< Py (k) and the theoretical linear power spectrum can be computed numerically from
Boltzmann solvers such as the cams (Lewis et al., 2000a; Howlett et al., 2012) at the respective z;c for
a certain input cosmology. This way for the IC we obtain a Gaussian random field with the correct
power spectrum. The next step is to obtain the particle distribution that gives exactly this density field.
To achieve this, we can start by positioning the N particles on a uniform grid. Then, we apply a slight
positional shift to each particle, ensuring that they have the correct Fourier modes 6(k), employing
a technique known as the Zel’dovich approximation (ZA; Zel’dovich, 1970). The shifted position
x(q, t) for a particle at initial position q is given as

plé(k)] =

. (2.93)

X

X(q’ t) = q + D(t)lPl ((I) ’ (294)
where ¥, (q) is called displacement field and is described by its Fourier modes

5(k
Y (q) = —ik% . (2.95)

The ZA is the first-order term within the broader expansion of the displacement field in the context
of Lagrangian Perturbation Theory (LPT). In LPT, the trajectory of each fluid element is traced by
considering its displacement from the initial position q caused by the complete displacement field ¥,
which can be expressed as:

¥(g,1) =Y ¥,(q.1). (2.96)
n=1

Utilizing solely ZA introduces undesirable artefacts in the low-redshift power spectrum, impacting it
at a per cent level. However, these spurious effects can be mitigated by employing higher-order LPT
methods, such as 2LPT (White, 2014), for generating the IC.

2.8 Bayesian statistics in cosmological parameter analysis

Much of this work is dedicated to performing or preparing a cosmological parameter analysis. Hence,
in this section, we want to detail the basic foundations of such an analysis.

In the real-world scenario, we collect some data from a survey and estimate a particular statistic X
(e.g. the power spectrum of galaxies in 20 bins). We wish to interpret this data in terms of a model
M. It will typically depend on some parameters 6, which we want to determine. The goal of the
parameter analysis is to provide estimates of the parameters and their uncertainties, or ideally the whole
probability distribution of @, given the data X. The latter is called the posterior distribution p(6 | X)
i.e. the probability that the measured parameters take certain values after doing the experiment (as
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well as assuming some prior knowledge about the parameters). From p (6 | X) one can calculate the
expectation values of the parameters and their errors.

Often, what may be easily calculable is not this, but rather the opposite, p(X | 8) - i.e. if we know
what parameters are, we can compute the expected distribution of the data. This is the same as the
likelihood that the model parameters describe a given observation, £ (6 | X). However, the likelihood
should not be confused with the probability density over 8, which is the posterior distribution p(8 | X)
and is related to the likelihood through Bayes’ theorem

L(61X) p(6)
p(0X) »(X) . (2.97)
Here, p(6) is called the prior and expresses what we know about the parameters prior to the experiment
being done. This may be the result of previous experiments, or theory (e.g. some parameters, such as
the age of the Universe, may have to be positive). In the absence of any previous information, the
prior is often assumed to be a constant (a ‘flat prior’), meaning all parameters are equally likely. p(X)
is called the evidence and simply acts to normalise the posterior distribution,

p(X) = / deL(0|X)p(0). (2.98)

Since it does not depend on the model parameters it is often ignored when doing a parameter estimation.
However, the evidence does play a role in model selection when more than one theoretical model is
being considered, and one wants to choose which model is most likely to describe the data.

In cosmology, due to the central limit theorem, it is a reasonable assumption that the probability
distribution of X follows a multivariate Gaussian with a covariance matrix C. Therefore the likelihood
is

2
X, 6
L(0]X) o« exp —)% , (2.99)
with

Y (X,0) = [M(6) -X]"C'[M(8) - X] . (2.100)

We can thus calculate the posterior distribution for our cosmological parameters via

_ __X'(X.0

Inp(0|X)=InL(0|X) +1np(0) + const = S +1n p(0) + const. (2.101)

After we have computed a posterior p (6 | X), we are often interested in the marginalised posterior of
a certain subset {6, },.; of parameters (for example, we wish to know the one-dimensional marginalised
posterior of the parameter €2,,). We can achieve that by integrating the posterior over all remaining
parameters

p(0)1%0 =[] [ a0,p01%). .102)

Jjel
When performing a cosmological parameter analysis, we mostly want to report constraints on the
individual marginalised parameters. Usually, we cite a mean of a marginalised posterior and a

corresponding 68.3 per cent credible interval, which corresponds to the interval within one standard
deviation of a Gaussian distribution.
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2.8.1 Markov chain Monte Carlo method

After we have established how to compute the posterior distribution of cosmological parameters, a
cosmological parameter analysis appears feasible. If the problem has two or three parameters, then it
may be possible to evaluate the likelihood on a sufficiently fine grid, locate the peak and estimate the
errors. However, usually, the dimensions of the parameter space in cosmology are larger. Therefore,
as the number of grid points grows exponentially with dimension, it becomes rapidly unfeasible to do
it this way. In fact, it is also very inefficient to do it this way, since most of the hypervolume has a very
small likelihood so is of little interest.

There are various ways to sample the posterior distribution more efficiently, concentrating the
points more densely where the probability is high. The most common method is the Markov Chain
Monte Carlo (MCMC). The aim of MCMC is to generate a set of point whose distribution function
is proportional to the posterior distribution. MCMC makes random draws, by moving in parameter
space in a Markov process - i.e. the next sample depends only on the present one. The resulting
Markov chain of points samples the posterior, so we can estimate all the usual quantities of interest
like mean and variance from it. Furthermore, marginalisation is extremely easy: Instead of taking a
high-dimensional integral, one can ignore the marginalised dimensions of the sampled random walk,
which produces a projected posterior distribution along the parameter axis we are interested in.

The basic procedure to make the chain is to generate a new point #” by taking some step from the
present point € and accepting it as a new point in the chain based on some criteria. The most popular
algorithm is the Metropolis-Hastings algorithm which has the following steps:

* Choose a random initial starting point € in parameter space and compute the target probability
density.

Then at each iteration:

* Generate a step in parameter space from a so-called proposal distribution'® and a new trial
point 8" using this step.

* Compute the acceptance ratio:
p(8"1X)
O=—0" (2.103)
p(8]X)
* Draw a uniform random number u between 0 and 1. If u < «a, the point 8" gets accepted and we
repeat the iteration with 8" as the initial point. Otherwise, the point 8™ gets rejected, and we
repeat the procedure from the start.

The downsides of the Metropolis-Hastings algorithm are choosing the efficient proposal distribution
and the fact that convergence is only ensured after an infinite number of evaluations. If the algorithm
is stopped early, there is a danger that one mistakes a local maximum for a global one and believes that
the random walk has already converged. One method to avoid this is to compute the multiple random
walks with different starting points in parallel. Still, convergence can require many evaluations of the
likelihood function, which can be prohibitive if it is numerically expensive to compute.

10 Usually, but not necessarily, this distribution is chosen to be a multivariate Gaussian distribution.
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2.9 Goals and open questions addressed in this thesis

In this introduction, we have provided an overview of the current state of theory and methodology in
the field of precision cosmology, which seeks to comprehend the entire Universe. We have outlined
the fundamental principles that underpin our prevailing cosmological model, known as the ACDM
model. This six-parameter model encompasses the history and composition of the Universe, including
the densities of enigmatic entities called DM and dark energy. We have underscored the significance
of the close relationship between theory, observations, and numerical simulations as the essential
foundations for scientific advancements in cosmology. The interdependence of these distinct branches
is vital for progress in the field.

In the rest of the study, we will focus in particular on the issue of theoretical modelling of summary
statistics like the power spectrum and the bispectrum. Only an accurate model across a broad range
of scales will allow access to the cosmological information contained in the DM distribution. Our
research can be broken down into three aspects:

1. Up to which scale are the state-of-the-art perturbation theory models (e.g. EFT) for the matter
power spectrum and the bispectrum valid when tested against a very large set of N-body
simulations? How does this scale depend on the assumed survey volume and the systematic
errors introduced by the N-body technique?

2. How well can a deep neural network (DNN) approach model the influence of the survey geometry
on the estimated galaxy power spectrum and the bispectrum?

3. In view of the forthcoming analysis of the Euclid spectroscopic galaxy sample what is the
accuracy of the perturbative galaxy bias expansion in the description of the real-space galaxy
power spectrum and the bispectrum? How well can this model can infer the fiducial bias and
cosmological parameters? How well are these parameters constrained depending on the assumed
scale cuts on the data vectors? Which bias relations allow unbiased parameter inference?
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CHAPTER 3

The reach of next-to-leading-order
perturbation theory for the matter bispectrum

é )
The following summary is based on the publication

* Alkhanishvili, D., Porciani, C., Sefusatti, E., Biagetti, M., Lazanu, A., Oddo, A., and
Yankelevich, V. (2022). The reach of next-to-leading-order perturbation theory for the
matter bispectrum. MNRAS, 512(4):4961-4981

https://doi.org/10.1093/mnras/stac567

For this work, I led the data analysis and implemented the pipelines that computed the theoretical
models for the power spectrum and bispectrum. Cristiano Porciani provided invaluable insight
into many aspects of goodness-of-fit tests and measured statistics. Emiliano Sefusatti provided the
measured power spectrum and the bispectrum from the MiNERvA suite. Matteo Biagetti provided
the Eos simulation suite which was used to cross-validate the primary results. Andrei Lazanu
assisted in the cross-validation of the perturbation theory models. Andrea Oddo and Victoria
Yankelevich provided auxiliary data to estimate the modelled power spectrum and the bispectrum.
Of course, many ideas and analysis choices resulted from discussions with the collaborators, so it
is impossible to disentangle the individual contributions perfectly.

The published paper can be found in App. A.l.
\ y

The perturbation theory of the large-scale structure of the Universe is the widely used method of
obtaining predictions with analytical control. Even though convergence properties of such theories
are still a matter of debate, there is growing evidence that including just the first few terms provides
an accurate approximation of the exact solution. Modern approaches come in various flavours and
sometimes contain free parameters (e.g. EFT). Therefore, it is crucial to identify the range of validity
(or reach as they refer to in the literature) and accuracy before applying them to the observational data.
N-body simulations of CDM are the standard test bed to achieve this.

In this paper, we have used a very large set of N-body simulations (the MINERVA suite)! to test
the next-to-leading-order expansions for the matter power spectrum and bispectrum in five different

! The suite consists of 300 comoving boxes of side length L = 1500 n! Mpc.
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implementations of perturbation theory. Specifically, we have studied how the different models match
the measurements from the simulations as a function of the maximum wavenumber considered k..
Considering the next generation of surveys, such as those to be conducted by DESI and the Euclid
mission, we specifically focus on data at redshift z = 1. The reach of a model is determined as the
minimum value of k.. where the null hypothesis that the N-body data are consistent with the model
predictions is rejected using a )(2 goodness-of-fit test with a significance level of 0.05. To carry out
this analysis, certain assumptions about the covariance matrix of the measurements are necessary. In
both cases, a dedicated version of the )(2 test is employed to ensure that these expressions accurately
approximate the covariance matrix of the measurements extracted from the simulations.

The first part of the paper concentrates on employing the full MiNerva suite while neglecting the
systematic errors in the simulations. The results can be summarised as follows.

1. By analysing the simulation data as a function of &, and fitting the EFT parameters governing
the counterterms’ amplitude, we observe their stability up to a certain maximum wavenumber,
after which they change, indicating that perturbative expansion breaks down beyond this scale and
higher-order corrections become important. The stability region ends at k,,, =0.14 & Mpc_1
for the power spectrum and 0.125 A Mpc_1 for the bispectrum. These specific values define the
default range of scales (k < kg,) used for fitting the EFT parameters.

2. The )(2 goodness-of-fit test for the power spectrum demonstrates that EFT accurately match the
simulations up to k., =0.14 h Mpc_l, while all models without free parameters fail at larger

scales, around k,,,, = 0.06 K Mpc ™'

3. Performing the same test for the bispectrum allows us to rank the models based on their accuracy
range. EFT models have the widest accuracy range, reaching k.. =~ 0.16 - 0.19 hMpc™!
(depending on data binning). RegPT and RLPT follow with a slightly lower range of accuracy

(kpax = 0.10 - 0.14 1 Mpc_l), while SPT has the narrowest range of accuracy (k. =

0.08 A Mpc ™). It's worth noting that the nominal reach of EFT extends beyond kg, indicating

that the model with counterterms fixed using triangle configurations with side length k < kg =

0.125h Mpc_l continues to provide a good fit on slightly smaller scales.

Current surveys of the LSS cover volumes which are one to two orders of magnitude smaller than
the total volume of the MiNERvA simulations. This translates to larger statistical uncertainty around
the measurements of the power spectrum and the bispectrum and thus into more extended ranges
of accuracy for the models. Therefore, we have sub-sampled the MINERVA suite to investigate how
the reach of the models depends on the total volume covered by the simulations. This is useful to
gauge the range of scales that can be probed in the actual galaxy redshift surveys. We have also
approximately accounted for systematic effects introduced by the N-body technique using different
methods. Our main findings are as follows.

4. As expected, due to the larger statistical error bars the reach of the models improves for smaller
volumes as it becomes easier to fit to the data. Considering a Euclid-like survey volume at
z = 1 gives a median reach for SPT of approximately 0.12 & Mpc:_1 for the power spectrum and
0.15 h Mpc_1 for the bispectrum. On the other hand, for EFT we obtain 0.25 & Mpc_l for the
power spectrum and 0.18 A Mpc_1 for the bispectrum. All other models fall in between these
extremes.
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5. The estimated accuracy range of EFT predictions is significantly influenced by the chosen
procedure for fitting the counterterms. When considering the volume of the Euclid-like shell,
using kg = 0.22 h Mpc ! extends the median reach of the EFT model to 0.33 2 Mpc ™" for the
power spectrum and 0.25 & Mpc_1 for the bispectrum. However, this extension comes at the
cost of degradation in accuracy for the full MiNErvA set. Regarding the bispectrum, fitting
only the ¢ parameter from the power spectrum and setting the other three counterterms to zero
provides the highest reach for V < 100, h_3Mpc3. On the other hand, fitting all four parameters
is preferred for larger volumes. Consequently, defining a definitive reach for the models with
free parameters becomes challenging due to these complexities.

6. Accounting for a scale- and shape-dependent bias resulting from the finite mass resolution of
the N-body simulations has a minimal impact on the results, with changes observed to be less
than 10 per cent.

7. On the other hand, a significant difference arises when uncorrelated systematic errors are added
in quadrature to the statistical uncertainties. In such cases, the reach of EFT is dramatically
extended due to the freedom provided by the counterterms. For instance, when considering
the entire MINERVA suite, the EFT model demonstrates a good fit up to scales of 0.40 and
0.27h Mpc_1 for the power spectrum and the bispectrum, respectively. More modest changes
are observed for the models with no fixed parameters, particularly for larger volumes.
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CHAPTER 4

Window function convolution with deep
neural network models

e )
The following summary is based on the publication

¢ Alkhanishvili, D., Porciani, C., and Sefusatti, E. (2023). Window function convolution
with deep neural network models. A&A, 669:L.2

https://doi.org/10.1051/0004-6361/202245156

For this work, I led the data analysis and implemented the pipelines that trained and tested the deep
neural network models for the power spectrum and bispectrum. Cristiano Porciani and Emiliano
Sefusatti provided invaluable insight into many aspects of the effects of the survey geometry on
the observed power spectrum and the bispectrum. Of course, many ideas and analysis choices
resulted from discussions with the collaborators, so it is impossible to disentangle the individual
contributions perfectly.

The published paper can be found in App. A.2.
\ J

Conventional estimators of the galaxy power spectrum and bispectrum are susceptible to the
influence of the survey geometry. Due to the convolution with the survey’s window function, they
produce spectra that deviate from the true underlying signal. Especially on large scales, this bias
becomes statistically significant for current and future generations of experiments. Consequently,
it is crucial to precisely model the impact of the window function on the summary statistics of the
galaxy distribution. Furthermore, to enable the sampling of posterior probabilities during the Bayesian
estimation of cosmological parameters, it is essential that this process remains computationally
efficient. To meet these demands, we have developed a DNN that emulates the convolution with the
window function, and we show that it offers fast and precise predictions.

The purpose of our DNN model is to serve as a proof of concept and to achieve this objective,
we made certain simplifications in our study. Firstly, we utilised the linear power spectrum and
tree-level bispectrum for matter fluctuations. Secondly, we considered a top-hat window function with
a fixed volume, where the number density of tracers remains constant across radial distances from the
observer. While this ideal scenario allowed us to demonstrate the effectiveness of our DNN model, we
believe there is no reason why it cannot accurately predict the effects of more realistic survey masks.
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Building a DNN model requires a training set to fit the model parameters. For this purpose, we have
used the suite of 2000 linear power spectra in the Quijote database (Villaescusa-Navarro et al., 2020)
to build the training set for our DNNs. These spectra were obtained by sampling five cosmological
parameters on a Latin hypercube. From these linear power spectra via convolution, we obtained the
power spectrum and the bispectrum as observed in the survey whose geometry follows the top-hat
window function. In order to benchmark the trained DNN model we also randomly generated 200
samples by employing the same procedure used for the training data set.

It takes less than 10 microseconds to generate DNN predictions for either the power spectrum or
the bispectrum. This is ideal for sampling posterior distributions in Bayesian parameter inference.
Overall, the DNN provides models for the power spectrum and the bispectrum that are accurate to
better than 0.1 per cent.

Generation of the training data set is the bottleneck operation in the DNN approach. It requires a
considerable time investment in the case of the bispectrum. In our case, generating 2000 convolved
bispectra using 64 processor cores took approximately one month of wall-clock time. This phase
can be expedited through extensive parallelisation and potentially by adopting more computationally
efficient formulations for the convolution integral, as proposed by Pardede et al. (2022). However, the
time investment in constructing the training set shouldn’t be a deterrent to adopting the DNN approach.
Even for the relatively straightforward case of the isotropic bispectrum of matter-density fluctuations
in real space, obtaining posterior distributions for the five considered cosmological parameters would
necessitate significantly more than 2000 evaluations of the window-convolved signal. Thus, employing
the DNN model would invariably result in a noticeable speedup. To sum up, we find that utilising the
DNN model is advantageous, as long as the size of the training set remains substantially smaller than
the number of necessary likelihood evaluations in the Bayesian estimation of the model parameters.

44 30th April 2025 12:58



CHAPTER 5

Euclid preparation. Galaxy power spectrum
and bispectrum modelling in real space

This chapter is part of the not-yet published article Euclid Collaboration: Pardede et al., in
prep. which deals with the analysis of the galaxy power spectrum and the bispectrum in real
space. Since the article is in preparation, the results presented here are not yet approved by
the Euclid Consortium. For this work, I led the data analysis and implemented the pipelines
for the real-space galaxy power spectrum and the bispectrum. The Flaghsip I simulations and
the measured power spectrum and the bispectrum were provided by the members of Euclid
Consortium. Of course, many ideas and analysis choices resulted from discussions with the
collaborators, so it is impossible to disentangle the individual contributions perfectly.

5.1 The Euclid mission

In the previous chapters, we discussed cosmology and expansion history of the Universe, the power
spectrum, the bispectrum, galaxy bias, etc. To measure all of these features, one needs to have a
specific survey, which covers a large sky area and redshift range. In this section, we introduce a
promising instrument for such observations - the Euclid satellite Laureijs et al. (2011). The main
goal of Euclid is to understand the physical origin of the accelerated expansion of the Universe. The
mission observes the evolution of cosmic structures by measuring the shapes and redshifts of galaxies
over a large fraction of the sky. With the new observational data, we should be able to better understand
the properties of dark energy, test models of the origin of dark energy, and test GR on different scales.
It is hoped that the mission will aid in understanding dark energy and predicting the future evolution
of the Universe. Another important goal is to explore the nature and properties of dark matter. A final
goal is to reconstruct the initial conditions which led to the present cosmic structure of the Universe.

Euclid is a medium-class mission of the European Space Agency (ESA). The satellite was launched
by a SpaceX Falcon 9 rocket from Cape Canaveral, Florida, on July 1% 2023 and transferred to the
Lagrange point L2 of the Sun-Earth system. The planned mission timeline is 6 years and it will cover
15000 deg2 of the sky in a redshift range z ~ 0.9 — 1.8.

Euclid consists of a 1.2-meter Korsch telescope equipped with imaging and spectroscopic instruments,
VIS and NISP, working in the visible and near-infrared wavelength ranges, respectively.
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Figure 5.1: The artist’s view of the ESA medium class astronomy and astrophysics space mission Euclid . Credit:
ESA

The VIS works in the wavelength range from 500 to 900 nm and has a pixel resolution of 0.1
arcseconds. The large VIS images with their fine angular resolution will be used for many different
purposes, but VIS has been built specifically to make shape measurements of distant galaxies. Their
distortions resulting from weak gravitational lensing by intervening matter allow the matter distribution
to be mapped. Therefore, the dark matter distribution and its changes over the last 10 billion years will
be reconstructed.

The Near Infrared Spectrometer and Photometer (NISP) consists of 16 near-infrared detectors
and covers the same field of view as VIS. The wavelength range of the instrument is between 900
and 2000 nm. The near-infrared photometry data will be combined with the VIS data to derive the
photometric redshifts and rough estimates of the distances of galaxies observed by the VIS. On the
other hand, the spectrometer will accurately measure the distances of ~ 50 million galaxies. NISP
slitless spectroscopic observations will be able to detect Lyman-alpha emission lines across the
Universe, out to redshifts of 1.9, when the Universe was only 3.5 billion years old. The power of this
mode is the combination of good sensitivity to detect an emission line from even very compact distant
galaxies and covering an area corresponding to almost 3 times the area of the full moon on the sky in
every observation.

5.2 Scientific goals

In this chapter in preparation for the analysis of the Euclid spectroscopic sample we explore the limits
of validity of the perturbative galaxy bias model applied to the joint analysis of the power spectrum
and bispectrum (P + B) in real space.

Several recent works provided comparisons of the matter and halo/galaxy bispectrum theoretical
predictions in real space against measurements from N-body simulations, at leading order (Oddo
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Table 5.1: Cosmological and structural parameters of Flagship I simulation.

hooQ  Q 10°xA, n, M, L m,
[~ 'Mpc] [10° M,]
0.67 027 0.049 20943 097 0 3780 23

et al., 2020a; Bose et al., 2020; Oddo et al., 2021; Moradinezhad Dizgah et al., 2021; Ivanov et al.,
2022) and higher order (Baldauf et al., 2015a; Angulo et al., 2015b; Lazanu et al., 2016; Bose and
Taruya, 2018; Eggemeier et al., 2021; Steele and Baldauf, 2021; Baldauf et al., 2021; Alkhanishvili
et al., 2022; Philcox et al., 2022; D’Amico et al., 2022). The most stringent of these tests, involving
simulation volumes of the order of hundreds of cubic Gigaparsec, indicate that the leading-order,
i.e. tree-level prediction for the galaxy bispectrum has a reach of about k_,, < 0.08 & Mpc_1 at any
relevant redshift, while it can provide a good fit to simulations up to k 0.15Ah Mpc_1 for volumes
comparable to those that will be probed by the Euclid mission.

Much of these results assumed dark matter halo catalogues or galaxy catalogues constructed to
reproduce the samples characterising the eBOSS surveys. Here we revisit these earlier investigations
focusing on a galaxy population that we expect to be a fair description of the Euclid spectroscopic
sample. We explore the scale cuts for a joint analysis of the galaxy power spectrum and bispectrum in
real space, as defined by two wavenumbers kﬁax and kﬁax. We will consider a one-loop prediction in
perturbation theory for the power spectrum while we will limit ourselves to the tree-level description
for the bispectrum. We will study the possibility of reducing the parameter space offered by imposing
relations among the bias parameters and how these may lead to systematic errors in the determination
of cosmological parameters.

max S

5.3 Data

In order to determine the range of validity of our reference theoretical models for the real-space power
spectrum and the bispectrum, we require the mock galaxy catalogue generated from the N-body
simulation which spans the same redshift range that will be observed by Euclid . We have used the
real-space galaxy power spectrum and bispectrum estimated from this catalogue to study the range of
validity of our reference theoretical models. In this section, we introduce and discuss this data.

5.3.1 Flagship simulation

Flagship I simulation spans the same redshift range that will be observed by Euclid . Namely,
we have four snapshots that cover the redshift range z € [0.9, 1.8] and were generated using the
PKDGRAV3 (Potter et al., 2017) N-body code. The latter simulated approximately 2 trillion dark
matter particles in a periodic cubic box with a side length of L = 3780 h! Mpc assuming flat ACDM
cosmological model with parameters given in Table 5.1. The mass resolution of the simulation
m, ~ 2.398 X 10” k™! M, allows to resolve the halos with a mass of few 10'® A~! M, which host the
majority of He emission line galaxies that are going to be the main observation targets of the Euclid
survey.
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Table 5.2: Specifications for the HOD galaxy samples used in this analysis. The table lists the total number of
objects N, and the mean number density 7 of the sample. All the considered samples share the same volume,

which coincides with the one of the Flagship I comoving outputs, i.e., 3780 n3 Mpc3 .

z | HOD N, 7
Model 1070 Mpc_3

0.9 1 201816513 3.7

3 110321755 2

1.2 1 108057 141 2
3 55563490 0.0010

1.5 1 69132138 1.3

3 31613213 0.6

1.8 1 24553758 0.5

3 16926 864 0.3

In each snapshot, galaxies were populated through a two-step process. Initially, friend-of-friend
(FOF)" halos were selected with a minimum mass equivalent to that of 10 matter particles. Subsequently,
these halos were assigned galaxies using the halo occupation distribution (HOD) algorithm, aligning
with the central and satellite fractions found in the primary Flagship 1 lightcone catalogue. This
lightcone catalogue, in turn, was designed to replicate the number density and clustering characteristics
based on two distinct Ha profiles referred to as Model 1 and Model 3 in Pozzetti et al. (2016). These
two models are defined by different templates for the evolution of the luminosity function ¢ (L, z)z.
Model 1 employs a conventional Schechter parametrisation (Schechter, 1976), while Model 3 directly
fits real observations. As a result, the Model 1 sample contains nearly twice as many objects as Model
3, which is more conservative in selecting Ha emitters. From now on these models will be referred to
as HOD1 and HOD3.

The total numbers of galaxies for each sample, their number density, and the associated Poisson
shot-noise contribution, defined as the inverse of the sample mean number density, 1/7, are listed in
Table 5.2.

5.3.2 Power spectrum and bispectrum measurements

Given the Fourier transform of the galaxy overdensity field J,(k), the galaxy power spectrum, P, (k),
and the bispectrum, B, (k;, ky, k3), can be defined in terms of the two- and three-point correlators as

(6,(k)) 8,(ky)) = (2m)’ 6 () Py(ky) (5.1)

! The FOF algorithm uniquely defines groups that contain all particles separated by distance less than a given so-called
linking length.

% The luminosity function is a fundamental concept in astronomy and cosmology, particularly in the study of galaxies and
their distribution of brightness (luminosity) in the Universe. The luminosity function tells us how many objects of a
particular luminosity are present in a given volume of space.
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Figure 5.2: The galaxy power spectrum extracted from the Flagship 1 simulation (top) and corresponding
relative statistical uncertainty (bottom). The colour gradient indicates the different redshifts of the snapshots.
The shaded areas indicate the assumed statistical errors of the measurements and the horizontal dashed lines
indicate the Poissonian shot noise.

and

(0 (ky) 6,(Ky) 6,(K3)) = (27m) 6 (K 3) By (k. ky, ks3) , (5.2)

where the angle brackets denote averaging over an ensemble of realisations, dy, is the Dirac delta
function, and k; ; =k; +---+k;.

The PowerI4 (Sefusatti et al., 2016) code was used to estimate the galaxy density in a regular
Cartesian grid of 10242 cells from the galaxy positions. From this field, one obtains the Fourier-space
galaxy density d,(q) sampled at the wavevectors q whose components are integer multiples of the
fundamental frequency ky = 27/L. The power-spectrum estimator is

. 1 2
P_(k) = o , 5.3
o (k) L3Npq§€;|g<q>| (5.3)

where Np is the number of q vectors lying in a bin centered at k and of width Ak. The sum is carried
out over all discrete q vectors satisfying the condition k — Ak/2 < g < k + Ak /2, which is denoted as
q € k. Similarly, the bispectrum estimator is

L%V Z Z Z Ok (d123) 65(dy) 6,(qr) 6,4(q3) , (5.4)

B q€k; qy€k; q3€k;

B(ky ky, ks) =

where 0 (q;,3) is a Kronecker symbol equal to one when q, q, and q5 satisfy the triangle condition
q;,3 = 0 (vanishing otherwise) and N is the number of {q,, q,, q3} triangles located in the ‘triangle
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Figure 5.3: The galaxy bispectrum extracted from the Flagship 1 simulation (top) and its relative statistical
uncertainty (bottom). Results are plotted by ordering the triangular configurations according to condition
k, > ky > k5. In between the two consecutive vertical lines all dots correspond to triangle bins with the same

longest side k|, whereas k, and k5 take all allowed values.
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5.4 Theoretical model

bin’ defined by the sides k; > k, > k5. For this work, we adopt wavenumber bins of width Ak = 2 k,
which in the case of Flagship 1 simulation approximately equals to 0.003 & Mpc_l.

Since we only have a single realization of the simulation and consider relatively large scales, we
approximate the covariance matrices associated with the power spectrum and bispectrum measurements
with their Gaussian contribution, which is limited to the diagonal component, that is the variance. In
the power spectrum case this is (Feldman et al., 1994; Meiksin and White, 1999)

2
op(k) = <= Pg (k) . (5.5)
P

where overline indicates the average over the bin defined by the wavenumber k of the power spectrum
Pg(q), evaluated at the discrete values of ¢ = |q|. To compute this expression we use the theoretical
P, obtained after the first iteration of the fitting procedure to the Flagship measurements.

Similarly, the Gaussian contribution for the bispectrum is given by (see e.g. Scoccimarro et al.,
1998; Chan and Blot, 2017)

6L
T (k1 o k) = TPy (k) Py(ka) Py(ks) (5.6)

Here overline indicates the average over the triangle bin defined by the sides k, k, and k5 of the three
power spectra evaluated at the discrete values ¢, ¢, and g5.

The top panel of Fig. 5.2 shows the measurements of the galaxy power spectrum for the different
snapshots of the Flagship 1 simulation at redshift z = 0.9, 1.2, 1.5 and 1.8. The bottom panel shows
the relative standard deviation, which is below the percent level for k > 0.05 & Mpcfl. Note that,
opposite to the evolution of matter power spectrum, the amplitude of the galaxy power spectrum is
higher as you increase the redshift. This is caused by the presence of a larger galaxy bias at higher
redshift.

Fig. 5.3 shows the measured bispectrum B (top panels) and its relative statistical error (bottom
panels) for all the considered redshifts. We account for all bins {k, k,, k3} that include a closed
triangle {q,, q,,q3} with the constraint k; < k, < kj to avoid double counting and ordered for
increasing values of the wavenumbers. On average the relative errors range between several percent
and 100 depending on the triangle configuration.

5.4 Theoretical model

The theoretical model we use for the galaxy power spectrum depends on the assumed model for
the matter power spectrum for which we adopt the one-loop expression in Standard Perturbation
Theory (SPT, see Bernardeau et al., 2002, for a review) with a counterterm accounting for the
impact of the short-scale perturbations as described in the Effective Field Theory of Large Scale
Structure (EFTofLLSS, Baumann et al., 2012; Carrasco et al., 2012). As we discussed in the Sect.
2.4 the general perturbative expansion of the galaxy density field J, is based on the sum of all the
individual operators that are a function of properties of the environment in which galaxies reside,
such as the matter density field and the large-scale tidal field. Specifically, the sum includes all those
operators that source by the gravity and velocity potentials, ® and ®,, (see Desjacques et al., 2018, for
areview).
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The bias expansion for the galaxy overdensity d,(x) up to third order is given by

84(x) = by 6(x) + %52(@ +bg,Go (P %) + by, [3(X) + b2 sV26(x) + €(x) (5.7)

where ¢ is the matter overdensity, G, and I'; are relevant non-local operators. Each operator is
multiplied by a bias parameter that determines its amplitude. From the equation (5.7) one can identify
the following terms:

1. At leading order the relationship between 6, and 6 is linear and local, and it is characterised by
a linear bias parameter b .

2. Higher order contributions appear as we move to mildly non-linear scales, starting with a term
proportional to 6%, characterised by a quadratic local bias b,. During a spherically-symmetric
gravitational collapse terms with higher powers of 6 become more important and it is expected
for such terms to appear on progressively smaller scales.

3. Even if at the time of formation the relation between the matter and galaxy density fields is
local, non-linear evolution generates the tidal fields. At leading order, the correction to the bias
expansion due to the tidal stress tensor is given by a non-local quadratic bias, b Gy and by the
so-called second-order Galileon operator, G,, defined as

2 2 2
G, (@ %) = [9,0,0(x)] —[v @(x)] . (5.8)

The contribution due to the next-to-leading order correction to the tidal field is represented by
an additional non-local cubic bias, bl"s’ and by the operator

[3(x) = G5 (@ [x) - Go(D, | X) . (5.9)

4. The impact of short-range non-local effects in the galaxy formation process is marked by the
existence of higher derivatives of the gravitational potential. At leading order, the only non-zero
term is proportional to the Laplacian of the matter density field, V26, and its amplitude is
controlled by a bias parameter b2 .

5. The influence of small-scale fluctuations on the galaxy density field at large separations is
governed by an additional stochastic field, denoted as €. Under the assumption of Gaussian
initial conditions, this field is entirely uncorrelated with large-scale perturbations. In the case
of randomly distributed galaxies, the contribution to the galaxy power spectrum arising from
this stochasticity takes the familiar form of the Poisson shot noise, expressed as 1/7, where 7z
represents the mean number density of the selected sample

Using the above bias expansion one can write the galaxy power spectrum in real space as the sum of
the SPT model plus the matter power spectrum counterterm P, (k), correction from higher-derivative
bias Py, 4 (k), and term describing the stochastic contributions P, (k)

Py (k) = Pspr(k) + Pey(k) + Py g (k) + P (k) . (5.10)
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The SPT expression Pgpr(k) is given by
Popr(k) = b PL(K) + Py_joop (k) . (5.11)

where

Pl =2 [ falKo(ak =P Pk - a) 65,7 (0) [ PaKyka -0 P(@)
(5.12)
and P; (k) is the linear matter power spectrum and K, kernels are defined as

b
K> (k. ky) =[91Fz(k1,k2)“'?2"'bg2 S(k.ky) , (5.13)

b 4
K3 (K, Ky, K3) = by Fy(Kk, Ky, k) + ?2 [F (k). k) +eye] = o br, [S(k;, Ky3) S(Ky, ks) +cyc. ]
2
+3 bg, [S(kp ko3) Fy(Ky ks) +eye.] (5.14)

Here F, are the usual matter SPT kernels in the Einstein-de Sitter approximation and

(k; - ky)’
S(kp k) = —5—=— -1 (5.15)
ky k3
The higher-derivative corrections lead to the following term for the galaxy power spectrum:
Pypg.(k)==2b, b2 s k> PL(k) . (5.16)
This has the similar scale dependence as EFTofL.SS counterterm
2. 2.2
P. (k) =-2bjcs k™ P (k) , (5.17)

where cz is the effective sound speed of the matter fluid. Unless we provide extra information on the
above model parameters, the EFT counterterm and higher-derivative correction are degenerate. In this
case, we can define the combination

co:=bict+bb (5.18)

vis

which reduces the dimension of the parameter space. Finally, the stochastic contribution is given by
1

P.(k) =~ (1 rap+ep kz) (5.19)
il

which introduces two free parameters a p and €, » that describe constant and scale-dependent corrections

to the Poissonian shot noise 71"

We also account for the fact that large-scale bulk flows damp and broaden the BAO feature imprinted
on P during early epochs. This is done by implementing the so-called infrared (IR) resummation
procedure. We follow the strategy delineated in Baldauf et al. (2015b) and further developed in
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Blas et al. (2016) and Ivanov and Sibiryakov (2018). The starting point to this is to split the linear
power spectrum into a smooth (no-wiggle) part P, (k), capturing the broadband shape of the power
spectrum, and an oscillating (wiggly) part P, (k), describing the BAO,

Py (k) = P, (k) + Py, (k) . (5.20)

In order to obtain this decomposition, we use one-dimensional Gaussian smoothing described in Vlah
et al. (2016, appendix A) and Osato et al. (2019). The leading-order matter power spectrum reads then

PLO(k) = [in(k) e TP 0] | (5.21)

and the corresponding leading-order galaxy power spectrum (without the stochastic term) is P;‘O =

252
b% P;O. In equation (5.21) the factor e %= accounts for suppression of the wiggle feature. Here X is

defined as .

1 s . .

22 = F 0 dq in [1 - ]O(Q/kosc) + 2]2(‘]/kosc)] > (5-22)

T
where j, is the n-th order spherical Bessel function, k. is the wavenumber corresponding to the
BAO scale 110 47! Mpc and kg is an arbitrary cut-off scale that separates short and long modes.
According to Ivanov and Sibiryakov (2018) it can be shown that > is weakly dependent on the choice
of kg and approaches asymptotic value for kg = 0.2 h Mpc_l, which we assume in equation (5.22).
Finally, in all loop corrections coming from equation (5.11), we replace the P; with equation (5.21)
to obtain the IR-resummed loop corrections Pllli loop(k). Therefore this leads to the IR-resummed
next-to-leading-order galaxy power spectrum

PN (k) = b} [in(k) + e 11k 22) P (0] + PR oo (k) = 200 K2 PEO (k) + P (F) .
(5.23)

The tree-level galaxy bispectrum in real space can be written as the sum of the SPT model
Bgpr (K, Ky, k3) plus the stochastic term B _ (K, k,, k;). Therefore,

B, (k. Ky, k3) = Bgpr(K;, Ky, k3) + B (ky, Ky, K3) (5.24)
where
Bgpr(k;, Ky, k3) = 2 b7 Ky (K, ky) Py (k) Py (ky) +cyc. (5.25)
and
1+« l+a
B (kj Ky, k) = — b7 [Py (k)) + Py(ky) + Py (k)] + ——

)
i
The parameters @ and @, represent the corrections to the Poisson shot noise.

Like the case with the power spectrum, IR-resummation here is done by replacing the instances of

the linear matter power spectrum P; with its IR-resummed variant, the leading-order power spectrum
LO
PLo.

54 30th April 2025 12:58



5.5 Bias relations

5.5 Bias relations

In order to reduce the dimensionality of the parameter space and increase the constraining power of
the summary statistics, it has become standard practice in real data analysis to fix some of parameters
to physically motivated values. In our case, the relations between the bias coefficients can prove useful.
These relations can also help to break the degeneracy between some parameters which makes the
determination of cosmological parameters easier and yields tighter constraints on them.

In this work we test the following bias relations with joint fits of the power spectrum and bispectrum:

1. Since we are analysing synthetic data vectors obtained using a known HOD model, it is possible
to derive a relation for the quadratic local bias b,, from a combination of halo mass function
n(M), the particular HOD model used to populate halos with galaxies, and the halo quadratic
bias. For the latter, we have used the halo quadratic bias relation from Lazeyras et al. (2016). In
this way, it follows that

4 —0.484 — 0.822 b, +0.444b% +0.08 b2, HODI
G, = { ‘ 1 ; (5.26)

b = by — =b

2 23 ~0.015 — 1.58 b, +0.809 b7 +0.025 b, HOD3
Since this relation is based on the particular numbers defining the HOD of our synthetic galaxy
samples, its applicability to real observations is limited. However, this relation can still be used
as a way to determine the consistency among the parameters of the standard one-loop bias
expansion.

2. The influence of nonlinear gravitational evolution in generating a large-scale tidal field is a
well-established phenomenon, even when starting from an initial local relationship 6,(5) (Fry,
1996; Chan et al., 2012). This implies that even if we initially express the density field of
galaxies assuming a purely spherically symmetric gravitational collapse, which involves only
local bias parameters denoted as b,, # 0, tidal contributions emerge at subsequent times due to
gravitational evolution. As a result, this leads to the presence of non-negligible tidal biases.
Assuming that the total number of objects is conserved in time, it is possible to find a relationship
between the late-time non-local parameters and lower order bias parameters, such that:

2

bg, === (by=1)+bg, (5.27)
1 5

br,==g(bi=1)=3bg, +br, 1, ©.25)

where the bias parameters with a subscript £ stand for the corresponding Lagrangian quantities,
i.e., at the time of formation. The previous relations are commonly referred to as coevolution, or
local Lagrangian relations when setting to zero the Lagrangian bias, and have been extensively
used in most real data analyses to fix one or both non-local parameters (see e.g. Feldman et al.,
2001; Gil-Marin et al., 2015; Sanchez et al., 2016; Grieb et al., 2017).

3. An alternative method for determining b , which has demonstrated greater accuracy when
compared to results obtained from N-body simulations and is derived using the excursion set
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Table 5.3: The list of model parameters and assumed uniform prior ranges.

Parameter Uniform prior ranges
b, [0.25,4.00]
b, [-10, 10]
b, [-5.5]
br, [-8,8]
co [h_szcz] [=500, 500]
ap [-1,2]
€ [h_ZMpCZ] [=500, 500]
@ [-1,2]
@ [-1,2]

= QR [0.08,0.18]
h [0.5,1.0]
A /AN [0.5,1.5]

formalism®, has been proposed by Sheth et al. (2013). In this approach, b G, can be expressed as
a quadratic expression involving the linear bias term b, leading to the following relationship

bg, =0.524 - 0.547 b +0.046 b% . (5.29)

In Fig. 5.4 we plot the above relations alongside the marginalised posterior distribution contours
obtained by fitting the theoretical model from Sect. 5.4 with cosmological parameters fixed to its
actual values.

5.6 Likelihood function

We make the simplest and most commonly used assumption to treat the data as generated by an
unbiased estimator with Gaussian measurement errors. Therefore, the likelihood function £ in
logarithmic space can be written as

2
In LX) = —%(M(O) -xX)TCc™'(M(0) - X) + const = —% + const , (5.30)

where M(@) is the theoretical model, which is the function of a set of model parameters #, and
explains the measured data X with the corresponding covariance matrix C.

3 The excursion set method is a cosmological framework used to model the formation of large-scale structures like galaxies
and dark matter halos. It involves smoothing initial density perturbations, tracking their evolution via a random walk, and
determining when regions exceed a critical threshold for collapse, forming bound structures. This method, often linked to
the Press-Schechter formalism, helps predict the distribution of dark matter halos and is integral to understanding cosmic
structure formation and evolution. Extensions include ellipsoidal collapse and merger trees for tracking halo growth.
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Figure 5.4: The bias relations described in Sect. 5.5. Here blue and red contours depict marginalised
posterior contours obtained from fitting to HOD1 and HOD3 Flagship simulation mock galaxy catalogues. The
same-coloured bands mark the 1 o and 2 o errors of the fiducial b obtained by fitting the linear spectrum to
the large-scale limit of the measured power spectrum from these catalogues.
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In this work, we perform the joint fit of the galaxy power spectrum and the bispectrum. Therefore,
X = {Pg, Eg} and M(6) is the corresponding theoretical model described in Sect. 5.4. As we
discussed in Sect. 5.3 the covariance matrix C we consider contains only the leading-order Gaussian
contributions, which have only the diagonal components described by the equations (5.5) and (5.6).

We perform two types of analysis. In the first, we fix the cosmological parameters to the values
used in the Flagship 1 simulation listed in Table 5.1. This allows us to test whether the models
are able to constrain the fiducial bias coefficients obtained from Flagship simulation HOD and
what is the range of validity of these models. Fixing the cosmology helps to improve the precision
and accuracy of the bias coefficients since they are degenerate with the cosmological parameters,
particularly A;. When the cosmological parameters are fixed, the set of 9 parameters of the model is
{by, b,, bGz’ br3, Co»Up, €2, a,}. We refer to this model as “maximal model", since some of them
can be set to zero or fixed using the bias relations. The priors on these parameters are assumed to be
uniform and are given in Table 5.3. In the second type of analysis, we also vary three cosmological
parameters /1, A, and w, to see if the models are able to constrain their fiducial values in an unbiased
way. Introducing these parameters can complicate the sampling of the posterior with the MCMC due
to the strong degeneracy between the bias parameters and A,. Therefore, we choose to sample the
combinations of the two. Instead of sampling A, directly we sample the ratio A = A,/ Agd and the
following redefined bias parameters:

by=A"b,, by=Aby, bg =Abg, bp =A"bp, (5.31)

adopting the same uniform priors. This is a consequence of the fact that the n-th order bias operators in
the equation (5.7) scale proportionally to A2, We keep the spectral index n; and the baryon content
Q,, fixed, as these parameters are constrained well by CMB observations.

With fixed cosmological parameters, we evaluate the posterior distributions using the emcee (Foreman-
Mackey et al., 2013) with the 25 walkers and the affine invariant “stretch move" method from Goodman
and Weare (2010). The number of steps the chains are run is equal to min(lOS, 1007), where T is the
integrated autocorrelation time. To compute the power spectrum and bispectrum models, at each step
we require the linear power spectrum, which is generated from Boltzmann solver CAMB (Lewis et al.,
2000b). The loop corrections to the power spectrum are computed from the custom implementation
of the FAST-PT code (McEwen et al., 2016). When we vary the cosmological parameters, we use the
nested sampler code MultiNest (Feroz et al., 2019). We change the sampler due to longer running
times when varying the cosmological parameters. To speed up the sampling even more we use the
COMET (Eggemeier et al., 2022), which can emulate the one-loop level galaxy power spectrum and the
tree-level bispectrum in the order of milliseconds.

5.7 Results

In this section, the results of our analysis are presented. We first assess the accuracy of the PT-based
theoretical model for P + B by carrying out the fits at fixed cosmology. In this way, we can focus on
modelling the one-loop galaxy bias, test up to which &, the reference model can still provide a good
fit to the data, and compare the performance of the bias relations listed in the Sect. 5.5. Next we repeat
the same by also varying the cosmological parameters /1, w, and A;.

58 30th April 2025 12:58



5.7 Results

Table 5.4: Marginalised mean values of the linear bias b and the shot-noise parameter @ p measured using the
large-scale limit of the ratio P,/P,, presented in equation (5.32).

z | HOD b, ap
Model [ﬁ_l]
0.9 1 1.350 = 0.004 | 0.220 = 0.220
3 1.395 +0.003 | 0.253 = 0.079
1.2 1 1.661 +0.006 | 0.424 +0.152
3 1.751 £ 0.004 | 0.289 = 0.057
1.5 1 1.977 £ 0.007 | 0.386 = 0.104
3 2.030 £ 0.005 | 0.219 £ 0.032
1.8 1 2.474 +0.007 | 0.257 £ 0.039
3 2.486 +0.005 | 0.346 £ 0.018

5.7.1 The fiducial linear bias

The validation of the model with fixed cosmology is carried out against the fiducial values of the linear
bias b, which is determined by making use of the large-scale limit of the measured galaxy and matter
power spectrum. In this regime, we can assume the data is described by the linear power spectrum and
use the simple two-parameter model defined as

I+ap

Py (k) = b} Py (k) + (5.32)
The latter is used to fit the data on scales k,, < 0.08 h Mpc !, which justifies the use of the linear
approximation. The fitted values of b; and ap are listed in the Table 5.4.

5.7.2 Testing the model with fixed cosmology

We first perform a joint analysis of the power spectrum and bispectrum using the models described
in Sect. 5.4 which have 12 free parameters listed in the Table 5.3. In this section, we consider the
models with cosmological parameters fixed to their fiducial values.

We start by assessing the goodness-of-fit of the models by calculating the corresponding p—values4
using the posterior-averaged reduced X2 for each considered Flagship snapshot and various scale cuts
imposed on the P and B statistics indicated by krﬁax and kfm from the hereafter. In Fig. 5.5 we plot
these p-values in four separate panels corresponding to the Flagship snapshots at z = 1.8,1.5,1.2,
and 0.9. With white we indicate that p-value is less than 0.05, meaning that the model is rejected
as a good fit to the data with a 95 per cent confidence level. According to this test, the goodness
of fit is mostly determined by the kflax and is insensitive to the chosen kf:ax. This is expected since
the bispectrum has many more data points than the power spectrum and therefore the computed )(2

value is mostly determined by the former. Overall, one can say that the maximal P + B model with

A p-value, or probability value, is a number describing how likely it is that your data is a good fit to the model.
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Figure 5.5: The goodness of fit test of galaxy P + B model (with fixed cosmology) against the Flagship simulation
mock galaxy catalogues HOD1 and HOD3. Each panel indicates a different snapshot of the simulation and on
the x and y-axis, we indicate the assumed scale cuts on the data vectors. The colours represent the corresponding
p-values (top panels) and FoB with respect to parameter b; (bottom panels). If the p-value is less than 0.05,
the model is a bad fit to the data and we do not plot the corresponding p-value. Similarly, if the FoB is above
2 o critical level, we do not plot the corresponding value.
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kﬁax < 0.4 hMpc ™' and kflax < 0.22 hMpc ™" provides a good fit to the Flagship simulation data for
the redshift z = 1.8 and below that one needs to restrict the bispectrum data up to 0.16 & Mpc_1 to
maintain a good fit.

As a next step, in the same figure, we also quantify how close is the fitted linear bias parameter b,

to the fiducial one with respect to the statistical errors. This is done by computing the figure of bias

(FoB) with respect to b, as,
FoB = /Z A§; S; MG, (5.33)
ij

where A, is the difference between the fitted and fiducial parameters and S is the covariance matrix of
the considered parameterss. Therefore, FoB corresponds to the distance between true and estimated
parameters normalised by their uncertainties. Since the fiducial parameter also has a certain variance
we consider it by adding this variance to the diagonal part of S. We plot the obtained FoB values
for different choices of scale cuts and redshifts. In the panels, the white colour indicates that FoB is
above the value corresponding to 2 o~ deviation between fiducial and fitted bias parameters. According
to this analysis, there is no significant difference between the two for snapshots corresponding
to redshifts above 0.9, whereas, for the latter case, one has to restrict the bispectrum data below
kflax =0.1h Mpc_1 to be consistent with the analysis done using the Flagship HOD. This indicates
the need to include the higher-order PT terms in the theoretical bispectrum to model the stronger
non-linear clustering appearing at lower redshifts.

5.7.3 Comparison between bias relations

We now discuss the performances of bias relations listed in Sect. 5.5. We take the maximal model
with fixed cosmology and impose each of the relations to reduce the number of free parameters from
nine to eight. Since we assume that bias coefficients are physical parameters rather than nuisance ones,
any valid physical relation should not create a significant deviation compared to values recovered
using the maximal model. In Figs. 5.6 and 5.7 for each considered catalogue we plot the fitted
linear bias coefficients, b, with its marginalised 68 per cent credibility limits and compare them
against the fiducial b,. For these runs we vary the kﬁax and fix kf:ax to 0.15 A Mpc_l. At redshift
z = 1.2 every model underestimates the fiducial b, except when using the b,(b;) and b, (b, bg,)
relations. Particularly, in the case of z = 0.9 all models except one assuming the b, (b,) relation from
the equation (5.26) significantly underestimate b;. This is expected since the b,(b;) relation was
obtained from fitting to the data points derived from the Flagship HOD. Overall one can say that for
22 1.2the by (b, b)) relation tends to agree with the maximal model the most and does not induce
the noticeable deviations among the recovered bias coefficients.

We further quantify the performance of the bias relations by computing the difference in Deviance
Information Criterion (DIC) with respect to the maximal model with nine parameters, which we take
as a reference. DIC is defined as

DIC = (D)o + Py - (5.34)

where D = —21n L (deviance, which is averaged over the posterior) and p, = 0.5Var(D) (effective
number of parameters that are constrained by the chain). The difference ADIC below —5 indicates a

3 In this particular case we are considering only one parameter, by, so the covariance matrix will just simply be the variance
of by.
1
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Figure 5.6: First row: comparison of bias parameter b, obtained by fitting the galaxy P + B model (with fixed
cosmology) assuming various bias relations, which are indicated using different colours and error bars depict
the 68 percent credibility intervals. The grey bands mark the 1 and 2 o regions of the fiducial b, obtained by
fitting the linear spectrum to the large-scale limit of the measured power spectrum. Second row: the fitted
values of the bispectrum Poisson shot noise correction @, and corresponding 68 percent credibility intervals
when fitting the maximal model i.e. the model with only the cosmological parameters fixed. Third row: the
difference in DIC with respect to the reference maximal model with nine parameters when assuming the various
bias relations. The difference ADIC < -5 indicates a strong preference against the reference model. Fourth
row: the effective number of parameters py, that is constrained by the chain when imposing bias relations. The
horizontal dotted lines indicate the actual number of parameters 9 and 8 with and without imposed bias relation,
respectively. For reference, we also plot the model with @ = 0 in violet.
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Figure 5.7: Same as in Fig. 5.6 but for the HOD3 mock catalogue case.

strong preference against the reference model. We plot this quantity alongside p, for various redshifts
and over a range of kﬁax in Figs. 5.6 and 5.7. Looking at values of ADIC only the co-evolution
relation b, (b,) is favoured consistently over all the considered redshifts with respect to the reference
model. The b,(b,) relation is only favoured for higher redshifts z = 1.8 and 1.5, while at the later
times, it is shown to be not consistent with the reference model. This is also evident from the fact that
the recovered linear bias b, between these two models differs significantly. The local Lagrangian bias
relation b g, (b)) is strongly disfavoured compared to the reference model on the shorter scales. This
was also confirmed from the bispectrum-only likelihood analysis performed in Oddo et al. (2020b).
The values of py, indicate that on large scales one parameter always remains unconstrained, which
turns out to be a, as it is evident from the bottom panels. Its marginalised posterior distribution fills
up the whole prior range between —1 and 2 for kflax <012 h Mpc_l. When setting @, = 0 (cyan
curves) the value of py, is closer to the actual number of model parameters, indicating that the Markov
chain can constrain all the model parameters.

5.7.4 Testing model with varied cosmology

After investigating the performance of the joint fit of the galaxy power spectrum and bispectrum in real
space at fixed cosmology, we investigate the possibility of these models to recover the cosmological
parameters in an unbiased way. The theoretical model is described in Sect. 5.4 which depends on the 8
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Figure 5.8: Cosmological parameters A, & and w, (top three rows) obtained by fitting the galaxy P + B to the
same statistics measured from the HOD1 snapshot as a function of the scale cut imposed on the power spectrum,
kgax The performance metrics - goodness of fit (in terms of p-values), figure of bias, and figure of merit
are plotted in the bottom three panels, respectively. The last two metrics were computed with respect to the
parameters A, h, and w,. The color gradient indicates the different scale cut on the bispectrum, k2, . The grey
band in the p- Value 1nd1cates the critical value of 0.05 below which the model is rejected as a good fit to the data.
The same bands in FoB panels represent the 68 and 95 percentiles of the corresponding distribution, indicating
1 and 2 o deviations of the fitted cosmological parameters from the actual their values. The FoM panels show
the figure of merit normalized to the one computed at kgax =0.1h Mpc_1 and kfm =0.08h Mpc_1
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Figure 5.9: Same as in Fig. 5.8 but for the HOD3 catalogue.

bias and shot-noise parameters listed in Table 5.3 except setting @, = 0 since it remains unconstrained
as we have discussed in Sect. 5.7.3. However, this time we also vary three cosmological parameters
Ag, w., and h within uniform prior ranges defined in Table 5.3 and others we fix to their fiducial
values defined in Table 5.1. Notice that, in practice, we vary the combination of parameters defined by
equations (5.31), but present the actual bias parameters when discussing the results. This is done to
alleviate degeneracies present between the bias parameters and A in real space, which in turn speeds
up the convergence of MCMC chains.

In Fig. 5.8 we show the fitted cosmological parameters with their marginalised 68 per cent credibility
limits and corresponding metrics for goodness-of-fit, FoB, and figure of merit (FoM). The latter
determines the statistical power in constraining the parameters and for a given set of model parameters
6 it is defined in the following way:

1

FoM= —— (5.35)
det[S(0)]

Here S(6), as in the case of the FoB, is defined as the matrix containing the covariance of the model
parameters, and det(S) is the determinant of S. The latter represents the hyper-volume contained in
the hyper-surface defined by the covariance matrix S. Therefore, the high value of FoM corresponds
to tighter constraints of the model parameters.

The FoB and FoM were obtained with respect to the three varied cosmological parameters. As
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expected, the primordial scalar amplitude A, remains the most problematic to obtain the unbiased fit
for. The constraining power for this parameter is increased by including the short-scale information
coming from the bispectrum, although, in some cases producing biased results due to strong A; -
b, degeneracy in real space. In redshift space, the strong degeneracy can be broken since these two
parameters have a distinct impact on multipoles of the power spectrum and bispectrum. The matter
density parameter w, remains biased on large scales, which is reduced by including the short-scale
information on higher-order bias parameters. For example, including the short-scale information
coming from the one-loop galaxy power spectrum helps to break the degeneracy between w, and
high-order bias parameters, which in turn improves the constraints on w,. This feature is also
reflected on the FoB, particularly, for redshifts 1.8 and 1.5 in Fig. 5.9. For these snapshots when
kP >0.1 hMpc_1 and k2 <0.18 hMpc_1 the values of FoB are reduced.

max max

The goodness-of-fit metric p-value is consistent with what was observed with the fixed cosmology

case. Namely, it weakly depends on the chosen krﬁax and one has to restrict kflax up to 0.12 A Mpec ™
for all the considered snapshots to obtain a good fit.

The FoM increases monotonically with respect to the reference case of the fit assuming kf;ax =
0.1h Mpc_l and kﬁax =0.084h Mpc_l. This increase is larger when moving towards lower redshifts
and adding more nonlinear scales. However, it plateaus after kgax =0.25 hMpc ™" due to entering the
shot-noise-dominated region of the power spectrum where the signal on the cosmological parameters

diminishes.

5.7.5 Comparison with the P-only fits

We now compare the P + B results with the results from the companion paper Euclid Collaboration
et al. (2023), where a similar analysis was performed with the galaxy power spectrum only, modelled
with the same 1-loop galaxy bias model. In the latter case, only the & and w_ parameters were varied.
Different from our analysis the primordial amplitude A was fixed to its fiducial value. We repeat the
same for P + B case and in Fig. 5.10 we compare it to the power-spectrum-only fits in terms of their
one-dimensional marginalised constraints, goodness-of-fit, FoB, and FoM (the latter w.r.t. & and w,).

Adding the extra information from the bispectrum to the power spectrum breaks the nontrivial
degeneracies between second-order and leading-order bias parameters, which biases the marginalised
constraints on these parameters. As a result, in Fig. 5.10 one can observe the improved agreement
of the linear bias b; with its fiducial value on large scales when combining the power spectrum and
bispectrum. The same phenomenon is observed for w_, whose marginalised constraints are biased for
the P-only fits on large scales, but in agreement with its fiducial value when performing P + B fits.

The goodness-of-fit computed in terms of p-values simply demonstrates that due to larger degrees
of freedom, the P + B finds it easier to pass that test, demonstrated by its corresponding p-value, which
is above 0.05 for the considered redshifts. The FoB for both P and P + B fits are below the critical
2 o limit, with P + B slightly favoured on the large scales due to reasons discussed in the previous
paragraph. Finally, as expected the FoM is increased by approximately between 2-5 times when adding
the extra information from the bispectrum. However, we should expect less constraining power from
the actual surveys when including the bispectrum due to redshift-space distortions, systematic errors,
and smaller survey volume than what is considered in this analysis.
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Figure 5.10: Cosmological parameters & and w, (top two rows) obtained by fitting the galaxy P and P + B to the
same statistics measured from the HOD3 catalogue snapshots as a function of the scale cut k%, imposed on
the power spectrum while the scale cut on the bispectrum kﬁax =0.12 hMpc™ ' The performance metrics -
goodness of fit (in terms of p-values), figure of bias, and figure of merit are plotted in the bottom three panels,
respectively. The last two metrics were computed with respect to the parameters /, and w,. The grey bands in
the p-value panels indicate the critical value of 0.05 below which the model is rejected as a good fit to the data.
The same bands in FoB panels represent the 68 and 95 percentiles of the corresponding distribution, indicating
1 and 2 o deviations of the fitted cosmological parameters from the actual their values.
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5.8 Concluding remarks

In this chapter, we carried out an analysis meant to assess the performance of the model for one-loop
galaxy bias over a redshift range that is representative of the spectroscopic galaxy sample that will be
measured but Euclid. We have used a set of four halo catalogues from comoving snapshots of the
Flagship I simulation, at z = (0.9, 1.2, 1.5, 1.8). These snapshots were subsequently populated with
Ha galaxies using HOD procedures based on the Model 1 and 3 from Pozzetti et al. (2016). Each
snapshot has an outstanding volume of 3780° h™3 Mpc3 and high comoving number density, allowing
us to assess the accuracy of the perturbative bias expansion with a high level of precision.

We tested galaxy bias models for the full shape of the real-space galaxy power spectrum and the
bispectrum. This model adopts an Eulerian bias expansion and it is based on the recently developed
EFT modelling, in which the impact of the small-scale physics can be captured by a set of counterterms.
The final parameter space consists of three cosmological parameters: the Hubble parameter #, the
primordial scalar amplitude A, the cold dark matter density parameter w,, plus a set of nine nuisance
parameters, consisting of bias, EFT counterterm and extra parameters representing deviations from
the Poissonian shot-noise.

We first analysed the performance of the combined power spectrum and the bispectrum models, or
P + B, by fixing the cosmological parameters to the input cosmology of the Flagship I simulation.
This way, we focused on modelling the one-loop galaxy bias and compared the performance of the
well-known bias relations, which help to reduce the dimension of the parameter space. Next, we
focused on how well the cosmological parameters are determined using the one-loop galaxy bias.
In all the cases, we determined the range of validity of the model using three different performance
metrics: the goodness of fit, figure of bias (FoB), and the figure of merit (FoM). The last two metrics
were computed on the &, A, w. combination. The results can be summarised as follows:

1. When we fix the cosmology, the goodness of fit is mostly determined by kB

max and is insensitive

to the chosen kf:ax. One needs to restrict the former up to 0.16 & Mpc_1 to maintain a good fit.

On the other hand, the FoB computed on the fiducial b, requires to restriction the bispectrum
data up to kﬁax =0.1 hMpc_l.

2. When performing analysis using the P + B model with fixed cosmology, the co-evolution bias

relation br (b,) is favoured consistently over all the considered redshifts. The b, (b,) relation is

shown to be only favoured for higher redshift z = 1.8 and 1.5, and the local Lagrangian relation

bg, (b,) is strongly disfavoured on the shorter scales.

3. When we also vary the three cosmological parameters mentioned above, the constraining power
of A, is increased by including the bispectrum, but in some cases produces biased results due to
strong A, - b, degeneracy in real space. Including the short-scale information coming from the
one-loop power spectrum reduces the bias for w,. We have to restrict the data vectors according
to limits k- < 0.2 hMpc_1 and k5 < 0.18 hMpc_1 to maintain the FoB under the 2 o

max — max —
limit.

4. The FoM increases monotonically as we add more short-scale information from the power
spectrum and the bispectrum, but plateaus after krﬁax = 0.25 hMpC_l due to entering the
shot-noise dominated region of the power spectrum.
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5. When comparing the fits from P+ B to P-only, while varying only w, and &, the extra information
coming from the bispectrum reduces a bias in w_ on large scales. Furthermore, as expected, the
FoM is increased by factor of 2-5, indicating tighter fits on these parameters.

These results are part of a series of works meant to validate the theoretical framework that will
be used to analyse the large-scale galaxy distribution as observed in the actual measurements of
Euclid. Here we have focused on analysing the performance of the joint fit of the real-space galaxy
power spectrum and the bispectrum, something that stands as an important test for the complementary
analysis that is going to be carried out by Euclid. In parallel, in Euclid Collaboration et al. (2023)
we have focused on modelling of the real-space galaxy power spectrum and found that overall, the
one-loop galaxy bias expansion is sufficiently accurate on the redshift range 1 < z < 2, even deep
in the mildly non-linear regime, at k,, 0.4 hMpc™'. Two additional instalments of the series
(Euclid Collaboration: Camacho et al., in prep., Euclid Collaboration: Pardede et al., in prep.) will
extend the modelling tests to redshift space. In parallel, a different set of papers will be devoted to a
similar analysis of configuration space statistics (Euclid Collaboration: Guidi et al., in prep., Euclid
Collaboration: Kircher et al., in prep., Euclid Collaboration: Pugno et al., in prep.).
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Summary

Due to the non-linear growth of the structure, the cosmic density field typically deviates from Gaussian
distribution. Exploring statistical measures beyond the two-point correlation function presents
new opportunities to harness a wealth of cosmological information. In particular, next-generation
galaxy surveys with their extensive coverage and a high galaxy number density hold the potential for
increasingly precise determinations of the galaxy three-point correlation function and bispectrum.
Analysing these three-point correlation functions can enhance our comprehension of structure growth,
galaxy bias, and primordial non-Gaussianity.

Extracting information from the galaxy bispectrum requires accurate modelling of the bispectrum
of the dark matter density field. In chapter 3 we have summarised the results from Alkhanishvili
et al. (2022), where we have used a very large set of N-body simulations to test the next-to-leading
order perturbation theory expansions for the matter power spectrum and bispectrum in five different
implementations of perturbation theory. Specifically, we studied up to which maximum wavenumber
(scale) k., the models provide a good fit to the simulations. This scale is also referred to as reach
in the literature. We found that the state-of-the-art model Effective Field Theory (EFT) has the
largest reach (k,,,, = 0.14 h Mpc_l) among other perturbation theory models. This is partly owed to
the free parameters that this model has that allow to capture the influence of short-scale non-linear
effects on the large-scale fluctuations. We have also looked at how these results change when one
considers smaller volumes since the volumes observed by current and upcoming surveys are one or
two magnitudes lower than the total volume of the simulations we have considered. As expected, due
to larger error bars around the measurements of the power spectrum and the bispectrum the reach
is dramatically improved. For example, in the case of EFT we obtained the reach of 0.25 & Mpc_1
for the power spectrum and 0.18 & Mpc_1 for the bispectrum. Furthermore, the impact of systematic
errors of the N-body simulations on the above results was tested. We have found that adding small
uncorrelated systematic errors to the statistical ones dramatically extended the reach of EFT model
due to the freedom provided by the counterterms. On the other hand, we found that the correlated
errors like one coming from the finite mass resolution have a minimal impact on the results.

Traditional estimators of the galaxy power spectrum and bispectrum are sensitive to the survey
geometry. They yield spectra that differ from the true underlying signal since they are convolved with
the window function of the survey. For the current and future generations of experiments, this bias is
statistically significant on large scales. It is thus imperative that the effect of the window function
on the summary statistics of the galaxy distribution and their covariance is accurately modelled.
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Moreover, this operation must be computationally efficient to allow sampling posterior probabilities
while performing Bayesian estimation of the cosmological parameters. In chapter 4 we demonstrated
how DNNs can be used to achieve this goal. We trained two models, one for the power spectrum and
another for the bispectrum, which emulate the convolution with the window function. These models
turned out to be accurate to better than 0.1 per cent on a timescale of 10 microseconds. The bottleneck
operation in the DNN approach is the creation of the training data set, which requires a significant
time investment in the case of the bispectrum. We thus conclude that using the DNN model would be
advantageous as long as the size of the necessary training set is substantially smaller than the number
of the required likelihood evaluations in the Bayesian estimation of the model parameters.

In chapter 5 we have assessed the performance of a model for one-loop galaxy bias against the
synthetic data from Flagship I simulation that is representative of the Euclid survey spectroscopic
galaxy sample. We tested galaxy bias models for the full shape of the real-space galaxy power
spectrum and the bispectrum. Namely, we analysed how well the combined two and three-point
statistics in Fourier space can constrain the bias and cosmological parameters. At first, we fixed the
cosmological parameters to the input cosmology of the Flagship I simulation. That way we have
focused on how well the one-loop galaxy bias describes the summary statistics. We found that one
needs to restrict the range of considered wavenumbers for the bispectrum kﬁax upto 0.16 A Mpc_]
to maintain a good fit. Additionally, we investigated which bias relations can help to reduce the
dimensions of the parameter space without degrading the constraining power of the model. We have
found that co-evolution bias relation by, (b,) is favoured over all the considered redshifts. Next, we
have focused on how well the cosmological parameters are determined by the same model. Namely,
we have focused on the Hubble parameter £, the primordial scalar amplitude A, and the cold dark
matter density parameter w.. In this case, the constraining power of A, is increased by including
more bispectrum data, but in some cases, this produces biased results due to strong A-b; degeneracy.
This degeneracy is not an issue in redshift space and only exists in real space. On the other hand, the
constraining power of these parameters increases as one adds more short-scale information but it
plateaues after kf;ax =0.25 hMpc ™' due to entering the shot-noise dominated region of the power
spectrum. Lastly, we demonstrated that including the galaxy bispectrum on top of the galaxy power
spectrum reduces the bias of w_ on large scales and the constraints on the parameters are improved
by 2-5 times. Overall, our analysis shows promising results that three-point statistics will drastically
improve the information harvested from the next-generation surveys and more effort needs to be made
to model it accurately.
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ABSTRACT

We provide a comparison between the matter bispectrum derived with different flavours of perturbation theory at next-to-leading
order and measurements from an unprecedentedly large suite of N-body simulations. We use the x? goodness-of-fit test to
determine the range of accuracy of the models as a function of the volume covered by subsets of the simulations. We find that
models based on the effective field theory (EFT) approach have the largest reach, standard perturbation theory has the shortest,
and ‘classical’ resummed schemes lie in between. The gain from EFT, however, is less than in previous studies. We show that
the estimated range of accuracy of the EFT predictions is heavily influenced by the procedure adopted to fit the amplitude of
the counterterms. For the volumes probed by galaxy redshift surveys, our results indicate that it is advantageous to set three
counterterms of the EFT bispectrum to zero and measure the fourth from the power spectrum. We also find that large fluctuations
in the estimated reach occur between different realizations. We conclude that it is difficult to unequivocally define a range
of accuracy for the models containing free parameters. Finally, we approximately account for systematic effects introduced
by the N-body technique either in terms of a scale- and shape-dependent bias or by boosting the statistical error bars of the
measurements (as routinely done in the literature). We find that the latter approach artificially inflates the reach of EFT models

due to the presence of tunable parameters.

Key words: methods: statistical —theory —large-scale structure of Universe.

1 INTRODUCTION

The three-point correlation function or its Fourier counterpart, the
bispectrum, are the lowest-order clustering statistics that characterize
departures from Gaussianity in the galaxy distribution. Although
these statistics have a long history dating back to the earliest
galaxy redshift surveys (Peebles & Groth 1975; Gaztanaga 1994;
Scoccimarro et al. 2001; Verde et al. 2002; Gaztafiaga et al. 2005;
Pan & Szapudi 2005; Kulkarni et al. 2007; McBride et al. 2011; Gil-
Marin et al. 2015a, b, 2017; Slepian et al. 2017a, b, 2018; Pearson
& Samushia 2018; Gualdi et al. 2019), their importance has always
been rather marginal. On the contrary, they are expected to play a key
role to fully exploit the potential of forthcoming observations such
as those conducted with the Dark-Energy Spectroscopic Instrument
(DESI; DESI Collaboration 2016) and the Euclid satellite (Laureijs
et al. 2011) by improving the estimation of cosmological parameters
and breaking degeneracies that emerge from the analysis of the power
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emiliano.sefusatti @inaf.it (ES)
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spectrum (e.g Chudaykin & Ivanov 2019; Yankelevich & Porciani
2019; Barreira 2020; Gualdi & Verde 2020; Heinrich & Doré 2020;
Agarwal et al. 2021; Eggemeier et al. 2021; Hahn & Villaescusa-
Navarro 2021; Moradinezhad Dizgah et al. 2021; Samushia, Slepian
& Villaescusa-Navarro 2021).

In order to achieve this goal, it is crucial that accurate the-
oretical models are available in the mildly non-linear regime of
perturbation growth. The information we want to retrieve, in fact,
is distributed over many triangular configurations the number of
which grows rapidly with the minimum considered length scale
(Sefusatti & Scoccimarro 2005; Sefusatti et al. 2006; Chan &
Blot 2017). Therefore, an essential feature of the models is that
they give accurate predictions over the widest possible range of
scales. In this paper, we investigate the accuracy of perturbative
models for the bispectrum of the matter density field against
large suites of N-body simulations. This way we test the pri-
mary building block of models for the galaxy bispectrum that
should also address additional sources of non-linearities (e.g.
galaxy biasing and redshift-space distortions) and discreteness
effects.
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Standard perturbation theory (SPT; see Bernardeau et al. 2002,
for a review) has long been the workhorse for theoretical pre-
dictions on clustering statistics in cosmology. Based on the so-
called single-stream approximation (in which velocity dispersion
is neglected), it expands the fluid equations for a self-gravitating
pressureless fluid in terms of the linear density contrast and ve-
locity potential. The evolution of the bispectrum generated from
Gaussian initial conditions to the lowest non-vanishing order in
SPT was pioneered by Fry (1984). Next-to-leading-order (NLO)
corrections were then discussed in Scoccimarro (1997) and Scoc-
cimarro et al. (1998). Over the years, alternative schemes have
been developed to model the growth of cosmological pertur-
bations and the calculation of the matter bispectrum has been
combined with techniques that resum infinite subsets of pertur-
bative contributions in both the Eulerian (Crocce & Scoccimarro
2006a, b; Bernardeau, Crocce & Scoccimarro 2008, 2012; Crocce,
Scoccimarro & Bernardeau 2012) and the Lagrangian descrip-
tions (Matsubara 2008; Rampf & Wong 2012). More recently,
following a general trend in theoretical physics, an effective field
theory (EFT) that approximately describes gravitational instabil-
ity on ‘perturbative’ scales and averages over small-scale fluc-
tuations provided a new framework to model the matter bispec-
trum (Angulo et al. 2015; Baldauf et al. 2015¢). In this case,
feedback from the small scales to the large scales is expressed
in terms of a number of parameters that are fit to observa-
tional data or numerical simulations. This construction appears
to be successful in extending the range of accuracy of the mod-
els. In this work, we compare the different approaches ranging
from SPT to EFT with two large suites of N-body simulations.
Since many of the forthcoming observational probes will concen-
trate on intermediate redshifts, we only consider data at redshift
z=1.

Although several authors already tried to determine the domain
of accuracy (sometimes dubbed the reach or k-reach) of different
perturbative predictions for the bispectrum (e.g. Angulo et al. 2015;
Baldauf, Mercolli & Zaldarriaga 2015b; Lazanu et al. 2016; Steele
& Baldauf 2021), our work critically evidences that the results
depend on a number of factors that have been rarely explored
in depth. In the first place, they depend on the overall volume
covered by the N-body simulations which determines the size
of the statistical uncertainty affecting the measurements. Besides,
when these random errors are small, estimates of the reach are
influenced by systematic shifts due to imperfections of the N-
body technique (which are not easy to model and to account for).
Furthermore, in the case of the EFT, on top of the sheer goodness-
of-fit criterion, one should also consider the consistency (as a
function of the minimum length scale under study) of the best-
fitting values for the parameters that determine the amplitude of
the EFT corrections. In addition, the number of free parameters and
the range of scales used in the fitting procedure might influence
the inferred range of accuracy. By considering all these effects, we
provide a much more comprehensive investigation of the reach of
perturbative models for the matter bispectrum at NLO than what
is already available in the literature. As a byproduct of our study,
we also obtain analogous results for the matter power spectrum
which we use in order to calibrate the EFT corrections for the
bispectrum.

This paper is organized as follows. In Section 2, we briefly review
the PT models we use while, in Section 3, we introduce the simulation
suites and the bispectrum measurements. In Section 4, we describe
how the perturbative models are implemented in practice and how we
use the x? goodness-of-fit test to determine their range of accuracy.
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Our results are presented and critically discussed in Section 5. Finally,
we summarize our findings in Section 6.

2 PERTURBATION THEORY

Given the Fourier transform of the mass-density contrast at redshift
z, 6(k, z), the matter power spectrum, P(k, z), and the bispectrum,
B(k, ks, k3, z), can be defined in terms of the two- and three-point
equal-time correlators as

(8(k1, 2) 8(ks, 2)) = (2 )*Sp(ki2) P(ky, 2), (D
and
(8(k1, 2) 8(ka, 2) 8(ks, 2)) = (27)*Sp(ki23) Bk, ko, ks, 2), 2

where the angle brackets denote averaging over an ensemble of
realizations, dp is the Dirac delta function, and k; ; = k; + - - - + k;.
In this section, we briefly review a number of perturbative methods
that have been used to model P(k, z) and B(k,, k,, k3, z) on quasi-
linear scales and that we will test against numerical simulations.

2.1 Standard perturbation theory

In the standard model of cosmology, the formation of the large-scale
structure of the Universe is dominated by a dark-matter component.
Although the physical origin of dark matter is still unclear, it is
generally assumed that, on macroscopic scales, it can be modelled as
a self-gravitating medium governed by the collisionless Boltzmann
(or Vlasov) equation in a cosmological background. The Vlasov—
Poisson system can be written as a hierarchy of coupled evolution
equations for the velocity moments of the phase-space distribution
function (the so-called macroscopic transport equations).

SPT assumes that the dark matter can be treated as a pressureless
ideal fluid governed by the continuity, Euler, and Poisson equations.
These are obtained by setting to zero the second velocity moment
of the phase-space distribution function and thus correspond to
considering the so-called ‘single-stream’ regime in which there is
a well-defined velocity everywhere.

By considering irrotational flows only, the dynamic equations are
written in terms of two scalar fields, namely the matter-density
contrast and the divergence of the peculiar velocity. The solution of
the linearized transport equations is 8V(k, z) = D(z) 8..(k), where
D(z) denotes the linear growth factor and & (K) is the linear solution
at the time in which D = 1. Following an established practice, we set
D =1 at the present time, corresponding to z = 0.

The fastest growing solution for §(k, z) is written as an expansion
in terms of the linear density contrast. In particular, if we consider
the Einstein-de Sitter (EdS) cosmological model, it follows that

8k, 2) =Y _[DE)]" 8" (K), 3)
n=1
with
) &k - - - &Kk,
§M(Kk) = e Sp(k —Ki..,.) Fu(ky, ..., Kk,)
x (k) - - u(k,), 4)

where the (symmetrized) kernels F, describe the gravitational
coupling between Fourier modes of the linear solution and can be
obtained by recursion relations (Goroff et al. 1986).

Once the statistical properties of é..(k) have been specified, the
expressions above allow us to derive perturbative expansions for the
power spectrum and the bispectrum of the matter density contrast.
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These are conveniently computed by following a diagrammatic
approach which is analogous to the Feynman diagrams in quantum
electrodynamics (e.g. Bernardeau et al. 2002). We classify as ‘tree-
level’ all terms associated with tree diagrams (in the sense of graph
theory) and as ‘loop corrections’ those associated with diagrams
containing n-loops (and that require n 3D integrations).

Under the assumption that § (k) is a Gaussian random field,
the leading-order term for P(k, z) coincides with the linear
power spectrum, Pés(k, z) = [D(2)]* PL(k), where (51.(K) S.(K')) =
(27)*8p(k + K') P_(k), while, for the bispectrum, we have

B (k1. ko, K, 2) = 2[D(2)]* Fa(Ky, ko) PL(ky) PLks)

+ 2 perms. (5)
Accounting for the NLO corrections, we obtain
Pspr(k, 2) = Pse(k, 2) + Popr™ (k. 2). (©)
Bspr(k, ko, K3, 2) >~ Bgpr(ki, ko, K3, 2)

+ B (ky, ko, ks, 7). @)

Their explicit expressions are given in Appendix A.

On large scales and at early times, tree-level SPT provides
an accurate description of both the matter power spectrum and
bispectrum. At late times, however, one-loop corrections over-
predict P on mildly non-linear scales (k ~ 0.1 A Mpc~!, Crocce &
Scoccimarro 2006a; Carlson, White & Padmanabhan 2009; Taruya
et al. 2009) and higher-order terms do not improve the quality of
the predictions (e.g. Blas, Garny & Konstandin 2014). The reason
for the breakdown of SPT is well understood: loop integrals extend
to scales at which the assumptions of the theory do not apply (e.g.
due to the generation of vorticity and velocity dispersion at orbit
crossing, Pueblas & Scoccimarro 2009) and physics becomes non-
perturbative. The failure of SPT on small scales thus corrupts its
predictions for the large scales.

2.2 Renormalized perturbation theory

Higher-order SPT corrections in the expansions for the matter power
spectrum and the bispectrum may have larger amplitudes than lower-
order ones. In other words, increasing the order of the expansions
does not necessarily improve their accuracy (Crocce & Scoccimarro
2006a; Blas et al. 2014). Renormalized perturbation theory (RPT;
Crocce & Scoccimarro 2006a, b, 2008; Bernardeau et al. 2008, 2012;
Crocce et al. 2012) forms one of the first attempts to overcome the
shortcomings of SPT (for an approach based on the renormalization
group, see Matarrese & Pietroni 2007; Pietroni 2008). In RPT, infinite
subsets of SPT diagrams are resummed and organized in terms
of multipoint propagators defined as the ensemble average of the
infinitesimal variation of the evolved cosmic fields with respect to
the linear solutions (see Appendix B). A key property is that all the
statistical quantities, such as the power spectra and the bispectra, can
be expressed in terms of the multipoint propagators. This is known
as the multipoint-propagator expansion or I"-expansion.

RPT has two main advantages over SPT. First, all the contributions
to the power spectrum are positive and adding higher-order terms
improves the range of accuracy of the theory as no cancellations
occur between successive loop corrections. Secondly, the exponential
factor appearing in the high-k limit of the multipoint propagators
effectively damps the contributions to the loop integrals outside the
range of validity of the expansion, thus preventing some of the issues
which occur in SPT.

The matter bispectrum 4963

One can construct a matching scheme for any multipoint propaga-
tor which smoothly interpolates between the resummed behaviour in
the high-k limit and the SPT results at low k (Bernardeau et al. 2012;
Crocce et al. 2012; Taruya et al. 2012). In this paper, we adopt the
form derived in Taruya et al. (2012) which is known as regularized
PT (REGPT). An alternative matching scheme (dubbed MPTBREEZE)
has been proposed by Crocce et al. (2012) and implemented for the
bispectrum in Lazanu et al. (2016). We have verified that REGPT and
MPTBREEZE give nearly identical results and, for this reason, there
is no point in considering both here.

2.3 Lagrangian perturbation theory

In the Lagrangian approach to fluid dynamics, the trajectories of
the fluid elements are characterized in terms of the displacement
field W(p, 7) which links the Lagrangian position p and the Eulerian
position x (at time ) through the relation x(p,?) = p + ¥(p, 7).
Lagrangian perturbation theory (LPT) is derived by using W(p, ¢)
as a perturbative variable (e.g. Zel’dovich 1970; Moutarde et al.
1991; Catelan 1995). In this framework, the Eulerian matter density
can be expressed as

8(k) — /dzpefik'p [e*ik-\l‘(l)) _ 1] , (8)

(where we do not write the time dependence explicitly to simplify
notation) which allows us to write an expression for the power
spectrum

Pk) = /d3A12 e~ ikAR [(e*ik-[‘l’(ln)*‘l‘(pz)]) _ 1] , )
and the bispectrum

Bk, ky, k3) = /d3A12/d3A13€7ik‘(A'z+A'3)

x [<e*ik2'N’(P])*‘I‘(pzﬂ*iky[‘l‘(pl)*‘l‘(ps)]) _ 1} (10)

where A;; = p;i — pj, and the expectation value only depends on the
separation Ay, Ajz due to homogeneity (Fisher & Nusser 1996;
Taylor & Hamilton 1996; Matsubara 2008; Rampf & Wong 2012). A
perturbative expansion of equations (9) and (10) can then be obtained
by means of the cumulant expansion theorem

0 N
(e™¥) = exp [Z(N’? (X", (11)
N=1 :

where (XV).. represents the N order cumulant of the random variable
X. Expanding the powers of X with the binomial theorem, two types
of terms are obtained: those depending on W at one point, and those
depending on W at multiple points. It turns out that, if both sets of
terms are expanded to the same perturbative order, the ‘classical’
LPT results coincide with the SPT expressions for both the power
spectrum and the bispectrum (Matsubara 2008; Rampf & Wong
2012).

2.4 Resummed Lagrangian perturbation theory

On closer inspection, it emerges the classical LPT predictions for P
and B can be improved by reorganizing the perturbative expansion.
The key issue is that, for large Lagrangian separations, the terms
depending on W at one point are much larger than those depending
on W at multiple points. It thus makes sense to keep the first set of
terms inside the argument of the exponential and use the cumulant
expansion only for the second set (Matsubara 2008; Rampf & Wong

MNRAS 512, 49614981 (2022)
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2012). This approach is generally referred to as resummed LPT
(RLPT) as it corresponds to a partial resummation of the perturbative
expansion.! The resulting formulae for calculating P and B to NLO
are presented in Appendix C. In Lazanu et al. (2016), it has been
shown that the RLPT predictions are similar to those of MPTBREEZE.

2.5 Effective field theory of large-scale structure

Effective theories have become a widely used tool in modern physics.
In a system characterized by a wide range of scales, they isolate
a set of degrees of freedom and describe them with a simplified
model without having to deal with the complex (and often unknown)
underlying dynamics. The impact of the physics one wishes to neglect
on the degrees of freedom one desires to study is computed as a
perturbation theory in terms of one or more expansion parameters.

The EFT of large-scale structure (EFT; Baumann et al. 2012;
Carrasco, Hertzberg & Senatore 2012; Carrasco et al. 2014a, b;
Hertzberg 2014; Porto, Senatore & Zaldarriaga 2014; Senatore &
Zaldarriaga 2015) attempts to provide an effective description of the
long-wavelength modes of the matter density field by integrating
out (i.e. averaging over) the short-wavelength ones. Contrary to
the models introduced in the previous sections, the EFT does not
rely on the single-stream approximation and considers an effective
stress tensor that is expressed in terms of all operators of the long-
wavelength density and velocity fields (and their derivatives) allowed
by the symmetries of the problem: the equivalence principle, along
with the assumption of statistical isotropy and homogeneity. The
effective stress tensor is Taylor expanded in the long-wavelength
fluctuations giving rise to an infinite series of unknown parameters
each associated with a perturbative order. These parameters can
be treated as coupling constants in the Wilsonian approach to
renormalization. We can imagine that the theory contains a cutoff (i.e.
the loop corrections are integrated up to a maximum wavenumber)
and the couplings of the effective theory can be changed to enforce
that the physics at low k is always the same when the cutoff is
changed. Therefore, the parameters of the effective theory fulfil
two purposes. In the EFT expressions for observables, they generate
‘counterterms’ which can be used to cancel out the ultraviolet (UV)
sensitivity of the loop integrals in SPT (i.e. their dependence on the
cutoff scale). This can be done order by order in perturbation theory.
Moreover, the remaining cutoff-independent part of the counterterms
should actually quantify the impact of the non-perturbative physics
on the long-wavelength modes by introducing new ‘effective’ inter-
actions among long-wavelength modes. The amplitude of this part,
however, cannot be derived from the EFT (which is blind to small-
scale physics) and must be fixed empirically by comparison with
numerical simulations or marginalized over in the analysis of actual
observational data (see e.g. d’Amico et al. 2020; Ivanov, Simonovié
& Zaldarriaga 2020).

EFT assumes the existence of a scale, generally indicated in
terms of the wavenumber ky; , around which physics becomes non-
perturbative and the effective description becomes meaningless.
Several lines of reasoning suggest that the derivative expansion of
the long-wavelength fields can be organized so that the expansion
parameter of the perturbation theory is k/kx;, meaning that more and
more terms should be considered to get accurate expressions for the
correlators of the matter field as k approaches iy .

INote that RLPT is different from the so-called convolution LPT (e.g. Carlson,
Reid & White 2013) which further extends the partial resummation but has
not yet been applied to the bispectrum.
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The fact that perturbations of all wavelengths (barring virialized
structures) evolve on similar time-scales constitutes a complication
of the theory. It follows from this that the EFT is non-local in
time, i.e. the long-wavelength perturbations depend on the entire
past history of the short-wavelength modes. This is difficult to
treat and, in practical applications, the local-in-time approximation
is almost invariably invoked. We adopt the same strategy in our
study. In particular, we focus on the specific parametrization of the
counterterms appearing in the one-loop expressions for the matter
power spectrum and bispectrum presented in Angulo et al. (2015).
Considering the linear Taylor approximation of the effective stress
tensor in the long-wavelength perturbations gives the EFT power
spectrum to NLO (Carrasco et al. 2014b)

Peer(k, 2) = Pspr(k, 2) + Py (k, 2), (12)
where the tree-level counterterm is given by
Pey(k, 2) = —=2¢o(2) [D@))° K> PL (k) (13)

and ¢¢ is undetermined by the theory. In terms of the effec-
tive speed of sound for the perturbations, cy)(z), we have ¢y =
Q2m) [D(2)]* [cs(|)(z)]2 /kﬁjL (where ¢ denotes a real constant arising
from the time dependence of the effective stress tensor, see below for
further details). Note that our ¢ relates to the parameter ¢, introduced
by Angulo et al. (2015) as cq = ¢; [D(z)]°, where [D(z)]" T ¢ is the
assumed growth factor of the EFT corrections to the SPT density
fluctuations of order n.

Similarly, for the bispectrum to NLO, EFT gives four counterterms
(Angulo et al. 2015; Baldauf et al. 2015b)

Bgpr = BSPT + Bco + B(,‘l + Bcz + BC3~ (14)

(where the dependence on k, ks, k3 and z is left implicit to simplify
notation), one of which is also proportional to ¢y

B, = co(2) [D(2)]* [2 Py (k1) Py (ko) F5Y (K, ks) + 2 perms.

— 2ki P (ky) PL (ko) F> (ki, ko) + 5 perms. ], (15)
with
. 1 113¢  17¢2
FO%K,, ko) = — 5+ + —
> k) == e o [( 4 7
148 48¢?

><(k,2+k§)+(7+TC+T§)k1-k2

59¢ 1822 1 1 )

24 = —+ = )& -k

+(+7+7 k%+k%(1z)

7,9 L\ (K Kk
*(z*z”)@;*k%

200 87;2) (kl-sz}

—5a (16)
77 1212

Xkl'k2+<

Following Angulo et al. (2015), we assume ¢ = 3.1 as suggested by
some theoretical considerations and fits to simulations (Foreman &
Senatore 2016). We note that Baldauf et al. (2015c) find no apprecia-
ble difference between using ¢ = 2 or 3.1. Quadratic contributions
from the long-wavelength perturbations to the effective-stress-tensor
expansion lead to four additional counterterms, only three of which
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are independent. They have the following forms:

B., = —2¢1(2) [D(2)]* ki P.(k2) Pi(k3) + 2 perms., (17)
4 z(kZ : k3)2
B, = =200 [D@I ki — 55— Pulk2) Pu(ks) + 2 perms., (18)
273
. ki-ka k- ks
By = —c3(2) [D(D)]" (ka2 - ks3) [ 2 2 } Py (ko) PL(k3)
2 3
+ 2 perms., (19)

where the effective coupling constants c;, ¢;, and c3 are unknown
(similar to cg, we absorb the [D(z)]¢ scaling in their definition).

Although some authors claim that EFT provides a manifestly
convergent perturbative scheme for k < kyp (e.g. Carrasco et al.
2014a), there are indications that, like SPT, it forms an asymptotic
expansion in which adding higher and higher-loop corrections, at a
certain point, deteriorates the agreement with numerical simulations
(e.g. Pajer & van der Woude 2018; Konstandin, Porto & Rubira
2019). The break down of the theory should not be caused by the
influence of short-distance physics but rather to large contributions
coming from mildly non-linear scales.

At the end of the day, EFT can also be simply seen as an improved
version of SPT in which counterterms are added to regularize the
UV-sensitive contributions.

2.6 IR resummation

Large-scale flows broaden and damp the baryon acoustic oscillation
(BAO) feature imprinted in P, at early epochs. These effects are
poorly captured by Eulerian perturbation theories and are more easily
understood in the Lagrangian framework (Meiksin, White & Peacock
1999; Crocce & Scoccimarro 2008; Taruya et al. 2009). It turns out
that it is possible to account for them by resumming the perturbative
predictions to all orders, a procedure known as ‘IR resummation’
(e.g. Senatore & Zaldarriaga 2015). In the framework of EFT, this
is often implemented following the strategy delineated by Baldauf
et al. (2015a) and further developed in Blas et al. (2016, the method
we use) and Ivanov & Sibiryakov (2018). In order to decompose the
linear power spectrum in smooth and oscillating parts, we use 1D
Gaussian smoothing as described in Vlah et al. (2016, appendix A)
and Osato et al. (2019).

2.7 Time evolution

In all the results described above, time evolution is entirely captured
by the function D(z). This directly follows from equation (3) and
its analogue for the EFT corrections?> which hold true in the EdS
universe only. In general, the second-order SPT solution has the
form D, (z) A(K) + Dop(z) B(K), where Dya(z) and Dyg(z) slightly
differ from [D(z)]? (for their explicit expressions see e.g. appendix A
in Takahashi 2008). Similarly, the third-order solution contains six
different growth factors that deviate a little from [D(z)]3. Previous
studies have shown that assuming the [D(z)]" scaling provides
rather accurate approximations to the matter power spectrum and
bispectrum in the ACDM model (e.g. Scoccimarro et al. 1998;
Bernardeau et al. 2002). For P(k), the leading-order contribution is
unaffected since it only depends on the linear density fluctuations.
Moreover, in the relevant range of wavenumbers, deviations from
the exact solution for the one-loop corrections are well below

2Le. Sprr(k, 2) = 3250 [D()1"H 8% (k) where § = Sspr + Sgrr

The matter bispectrum 4965
the per cent level at z = 1 (Takahashi 2008). For these reasons,
we can safely set Dya(z) = Dip(z) = D(z) in our analysis of
the power spectrum. On the contrary, we use the exact F»
kernel

5 Daa(2) (ki + k) - Ky

F. ki, k) = -
2.acom(ky, ko) 7 D) &

2 Dyp(z) (ki + k2)?k; - ko

R 20
TDEE 2K 0

to compute the tree-level bispectrum in SPT and EFT (but not for
the loop corrections). This is necessary because adopting the EdS
approximation would generate systematic shifts at the per cent level
(Steele & Baldauf 2021) which are comparable with the statistical
errors of the measurements extracted from our very large suites of
simulations (see Section 3). We revisit this issue in Section 5.3.

Since we only consider the matter density field at z = 1, from now
on, we drop the dependence on z of all functions.

3 N-BODY SIMULATIONS

In this section, we introduce the N-body simulations and the estima-
tors we use to test the theoretical models introduced above.

3.1 Simulation suites

We use two sets of N-body simulations, named MINERVA and EOS, run
using the GADGET-2 code (Springel 2005). Our main investigation is
based on the MINERVA set (first presented in Grieb et al. 2016) which
consists of 300 simulations each following the evolution of 10003
dark-matter particles in a periodic cubic box with a side length of
1500 2~! Mpc. In order to perform some additional tests in Section 5,
we complement the MINERVA suite with a subset® of the EOS suite
composed of 10 realizations each containing 1536° particles in a
periodic cubic box with a side length of 2000 4 ~! Mpc.

The simulations follow the formation of the large-scale structure in
flat ACDM cosmological models with parameters given in Table 1.
The linear transfer functions are obtained from the Boltzmann codes
CAMB (Lewis, Challinor & Lasenby 2000; Howlett et al. 2012)
and CLASS (Blas, Lesgourgues & Tram 2011) for the MINERVA and
EOS simulations, respectively. In all cases, the initial particle dis-
placements are computed using the publicly available code 2LPTIC
(Crocce, Pueblas & Scoccimarro 2006) starting from Gaussian initial
conditions.

3.2 Power spectrum and bispectrum estimators

We use the POWERI4 code (Sefusatti et al. 2016) to estimate the
matter density in a regular Cartesian grid containing 5123 cells from
the particle positions. With the FFT algorithm, we obtain the Fourier-
space overdensity 8 sampled at the wavevectors q with Cartesian
components that are integer multiples of the fundamental frequency
kg = 27 /Lyox. Our power-spectrum estimator is

1

Ply=——>" 15, 21
=15 NP§'“" (©3))

box

where Np is the number of q vectors lying in a bin centred at
wavenumber k and of width Ak. The notation q € k means that k

3Information on the EOS suite is available in Biagetti et al. (2017) and at
https://mbiagetti.gitlab.io/cosmos/nbody/eos/.

MNRAS 512, 4961-4981 (2022)
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Table 1. Cosmological and structural parameters for the MINERVA and EOS simulations.

Name ng h Q2 Q2 og # 1;/3 Lipox Viot mp IC Zinitial
sims (h='Mpe)  (h3Gpe®) (100 h~1Mg)

MINERVA 09632  0.695 0.044 0285  0.828 300 1000 1500 1012 26.7 2LPT 63

EOS 0.967 0.7 0.045 03 0.85 10 1536 2000 80 183 2LPT 99

Table 2. Main characteristics of our binning schemes —
see equatlon (23). The total number of measurements for
P and B are indicated with Ny and Ny, respectively, while
kmax gives the maximum wavenumber reached.

s C Ny N kmax(hMpcil)
1 2.0 48 11757 0.20
2 2.5 28 2513 0.24
3 3.0 28 2513 0.36

— Ak/2 < g < k+ Ak/2. Similarly, for the bispectrum, we use

Bk ky ky) = ——— L., Z DD Sadedass (22)

B g ek qrekr q3eks

where q,, 2, and q3 satisfy the triangle condition q;,3 = 0 and Np
denotes the number of triangles contributing to a given ‘triangle bin’
defined by the sides k; > k, > k3 (which do not necessarily form
a closed triangle; Oddo et al. 2020). We consider different binning
schemes characterized by the bin width s = Ak/kr and the central
wavenumber of the first bin ¢ (also expressed in units of k) so that
the centres of all bins are given by

ki=[c+(G—Dslke, i=12,...,Ns. (23)

The parameters we use for the different power-spectrum and bispec-
trum measurements and the maximum wavenumber they reach are
summarized in Table 2. It is worth stressing that we subtract from
P and B the systematic contributions due to Poissonian shot noise
which are anyway smaller than the statistical uncertainties.

Fig. 1 shows the average P obtained from the MINERVA simulations
for the three bin sizes (top panel) and the relative standard error of
the mean (bottom panel). Note that, due to the large number of
realizations we consider, we achieve better than 1 per cent (one per
mille) precision for k > 0.01 A Mpc™" (k > 0.1 Mpc™"). Similarly,
Fig. 2 shows the mean B (top panels) and its standard deviation
(bottom panels). In this case, the relative errors range between 10 per
cent and one per mille depending on the triangular configuration and
the bin size. Dealing with such unusually small random errors (which
cannot be obtained from current observations of galaxy clustering)
calls for a consistent treatment of the systematic errors introduced
by the N-body method (see Section 5.4).

4 MATCHING THE MODELS TO SIMULATIONS

In this section, we explain how we compare the perturbative models
to the measurements extracted from the N-body simulations.

4.1 Binning of theoretical predictions

In order to compare the theoretical predictions with the measure-
ments, we need to account for the finite bin sizes assumed by the
power-spectrum and bispectrum estimators and, possibly, for the
discreteness characterizing the Fourier-space density grid. The most

MNRAS 512, 4961-4981 (2022)
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Figure 1. The mean power spectrum extracted from the MINERVA simulations
(top) and the corresponding statistical uncertainty (bottom).

precise approach to the problem* consists of averaging the theoretical
predictions over the same set of configurations as it is done for the
estimators (21) and (22). Taking these averages, however, is com-
putationally demanding, at least for the bispectrum. A considerable
speedup (at the expense of accuracy) can be achieved by computing
the model predictions for one characteristic configuration per triangle
bin. For instance, Sefusatti, Crocce & Desjacques (2010) considered
the average value of the triplet (ky, k,, and k3) in a bin that from now
on we refer to as the ‘effective’ triangle of a bin. In what follows,
we always use the full average of the theoretical predictions for the
power spectrum and the tree-level bispectrum. On the other hand,
due to the computational demand, we average the loop corrections
for B only for triangle bins with k; < 0.14 7 Mpc™"'. In all the other
cases, we evaluate the corrections using one effective triangle per
bin (after checking that this approximation differs from the exact
prediction by less than the standard error on the mean on the larger
scales for which we have the average).

4.2 Goodness of fit

In order to quantify the goodness of fit of the different models,
we assume Gaussian errors and rely on the x? test. Schematically,
given the mean measurements from the simulations, (D;), and the

4With the exception of point-by-point comparisons on individual realizations
(Roth & Porciani 201 1; Taruya et al. 2012; Taruya, Nishimichi & Jeong 2018;
Steele & Baldauf 2021).
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Figure 2. The mean bispectrum extracted from the MINERVA simulations (top) and its statistical uncertainty (bottom). Results are plotted by ordering the
triangular configurations as in Oddo et al. (2020). In between two consecutive vertical lines, all points correspond to triangle bins with the same longest side
ki, whereas ky and k3 take all allowed values. The colour of the symbols indicates different triangular shapes as illustrated in the bottom middle and right-hand

panels.

corresponding model predictions, M;, we compute the statistic

2 1
Ko = T = S (M, — (D) G (M = (D)) (24)
ij

where v indicates the number of degrees of freedom (i.e. the number
of data points N minus the number of adjusted parameters), the
indices 7 and j run over all possible configurations, and Cj; denotes
the elements of the covariance matrix for the adopted estimators (or
some approximation thereof).

Since we only consider relatively large scales, we use the so-
called Gaussian contribution to the covariance matrix for the power-
spectrum estimates, (Feldman, Kaiser & Peacock 1994; Meiksin &
White 1999)

2 P?

Cij = Np

8ij, (25)
with P; the expected power spectrum in the /" bin and §; the
Kronecker symbol. In order to prevent that the covariance is informed
about the noise in our realizations, we use a smooth function to
compute P; in the expression above. This is obtained by fitting the
outcome of the MINERVA simulations with the expression (Cole et al.
2005)

2

PNL(k)=PL(k)< 15 AK

where Q and A are free parameters. We find that setting Q ~
4h=2Mpc? and A ~ 0.37 h~! Mpc provides a fit that agrees with the
measurements to better than 1 per cent at all the scales considered in
this work.

For the bispectrum, we find that, even at large scales, the Gaussian
approximation underestimates the sample variance from numerical
simulations in a shape-dependent manner, reaching a difference of
order 50 per cent for some squeezed-triangle configurations (see also
Chan & Blot 2017; Colavincenzo et al. 2019; Gualdi & Verde 2020).
For this reason, we use the approximate expression

Cij = (PP P); +2(BB);] 5, @27)
where

6 Lgox
(PPP); = Ny P (k1) Pai (ko) P (k3) (28)

denotes the Gaussian part and the overline indicates the average over
all the configurations contributing to the /" triangle bin while

1 1 1

BB), ~ Beff 2 )
BB =B | 5+ W T Mot

(29)

where B denotes the tree-level bispectrum in SPT evaluated at
the effective wavenumbers using Py, instead of P.. The (BB);
term approximates the actual non-Gaussian contribution due to
configurations that share one k-bin (see e.g. Sefusatti et al. 2006).
The factor of two in equation (27) approximately accounts for
contributions to the covariances that scale as the product of the power
spectrum and the trispectrum. This is justified as the two terms are
expected to be of the same order of magnitude, as shown in recent
studies of the covariance matrix (Barreira 2019; Sugiyama et al.
2020).

In order to assess the accuracy of these approximations to the
diagonal elements of the covariance matrices for P and E‘, we use

MNRAS 512, 4961-4981 (2022)
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the statistic
1
X = 5 T(SC™H, (30)

where S denotes the sample covariance matrix of the measurements
from the MINERVA simulations and C is our model covariance. It is
possible to show that, for Gaussian errors with covariance matrix C,
the statistic N x2 follows a chi-square distribution with N degrees of
freedom (Porciani). Therefore, our approximations for the covariance
matrix should be considered inaccurate if x2 strongly departs from
unity. In this case, any conclusion on the accuracy of the models
based on x2 should be disregarded. Note that our approximations
for the covariance matrices are diagonal, implying that
1 LSy

2 ii
X N 2 Co (€2))
i.e. x2 gives the average ratio between the measured and assumed
variances of the different data points. More complex statistics can be
used to test approximations to the covariance matrix in the general
non-diagonal case (Porciani, in preparation).

Before moving on, it is important to note that we do not account
for the so-called ‘theoretical errors’ — i.e. uncertainties on the per-
turbative predictions reflecting the estimated size of the higher-order
terms that are neglected — as advocated by some authors (e.g. Baldauf
etal. 2016; Steele & Baldauf 2021; Chudaykin, Ivanov & Simonovié
2021). The reason is very simple. We are not trying to determine the
domain of validity of the full perturbative expansion (we are actually
agnostic regarding its convergence). More pragmatically, we simply
want to find out the range of scales for which the one-loop formulae
provide an accurate match to N-body simulations.

In the remainder of this paper, we distinguish between the concepts
of accuracy and validity: the former indicates how closely a pertur-
bative expansion reproduces the exact answer while the latter refers
to the consistency of all the assumptions of the theory. Therefore,
the domain of accuracy and the range of validity of the models
should not be confused. For instance, a model could still provide a
good approximation to the truth on a range of scales although its
assumptions are not valid.

5 RESULTS

In this section, we determine the domain of accuracy of the per-
turbative models for the matter power spectrum and bispectrum we
have introduced in Section 2 by comparing them against N-body
simulations. To start with, we pay particular attention to discussing
how we fix the EFT parameters that determine the amplitude of the
counterterms. Subsequently, we present results as a function of the
total volume used to measure P and B. As a final step, we discuss the
impact of systematic errors introduced by the N-body technique.

5.1 EFT parameters

As mentioned in Section 2.5, the EFT parameters related to the
counterterms need to be determined from the simulation data. In
doing so, we do not distinguish between the actual counterterms
and the renormalized contributions. Therefore, the coefficients we
obtain should be interpreted as simple ‘matching coefficients’ and
not given any particular physical interpretation. Following a common
trend in the literature, we will keep referring to these coefficients as
counterterms.

The EFT power spectrum at one loop only contains the parameter
co for which, following Baldauf et al. (2015b), we can build an

MNRAS 512, 4961-4981 (2022)

estimator starting from equations (12) and (13),

(P(k)) — Pspr(k)
2 k2 P(k)

In the left-hand panel of Fig. 3, we show how ¢, depends on &
when we use the mean power spectrum extracted from the MINERVA
simulations. Within the EFT framework, ¢ is a scale-independent
parameter but our data show that ¢, significantly deviates from its
low-k limit when k > 0.14 2 Mpc™". This is usually interpreted as a
signal that the truncated perturbative expansion breaks down beyond
this scale and higher-order corrections become important (Foreman,
Perrier & Senatore 2016). In the right-hand panel of Fig. 3, we
determine ¢y by fitting Pgrr (with and without IR resummation) to
the mean power spectrum extracted from the MINERVA simulations.
Our results are shown as a function of the maximum wavenumber
used in the fit, k4. The orange line represents the best-fitting value
for the EFT model and the shaded region around it marks the 68
per cent confidence region of the fit. Not surprisingly, it resembles
a smoothed version of the results shown in the left-hand panel.
Considering subsets of 23 MINERVA boxes (which cover the same
total volume as the EOS simulations) only increases the scatter of the
estimates (blue shaded region). Accounting for the IR resummation
(green line) removes the oscillations in the region of the baryonic
acoustic features but does not attenuate the overall scale dependence
for k > 0.14h Mpc~!. Based on these results, we conclude that
the domain of validity of the one-loop EFT expressions for the
power spectrum at z = 1 is k < 0.142Mpc™!. Our results are
consistent with fig. 14 of Baldauf et al. (2015b), even though our
analysis is performed at z = 1 instead of z = 0. Remarkably, the
limiting value we find is also consistent with the blinded challenge
presented in Nishimichi et al. (2020), which uses a total simulation
volume of 566> Gpc® (about half of the volume covered by
the MINERVA suite) at z = 0.61 to test the constraining power for
cosmology of the EFT predictions for the galaxy power spectrum in
redshift space. In this case, the recovered cosmological parameters
show a bias whenever the mock data sets are extended beyond
kmax = 0.14 h Mpc’l. In the remainder of this paper, we use the best-
fitting value of ¢y using kg = 0.14 A Mpc™! as the default option
for Pggr. This gives ¢y = 0.581 £ 0.009 A~2Mpc?. If we simply
rescale this value by [D(z = 1)]72 (thus ignoring any intrinsic time
dependence of ¢(), we obtain 1.525 which closely matches the results
previously obtained at z = 0 using slightly different cosmological
models, methods, and scales (Carrasco et al. 2014b; Angulo et al.
2015; Baldauf et al. 2015c).

The EFT bispectrum at one loop contains four unknown param-
eters and different strategies have been developed in the literature
to determine them. For instance, it is possible to express cj, c¢a,
and c; as a function of ¢y by imposing renormalization conditions
and then fix ¢y from a fit to the power spectrum (Angulo et al.
2015; Baldauf et al. 2015c). An alternative line of attack — which
we follow here — is to treat (at least some of) the EFT parameters
as fit parameters for the bispectrum, trying to avoid overfitting. The
recent and comprehensive study by Steele & Baldauf (2021) gives
evidence supporting the second approach. Two options are available
when fitting ¢(: we can either use the best-fitting value for the power
spectrum or determine it together with the other EFT parameters
only using the bispectrum. We compare these alternatives in Fig. 4,
where we show the dependence of the best-fitting EFT parameters
on the maximum wavenumber considered in the fit. In all cases,
we use the IR resummed model. Focussing on ¢y, we notice that
the fit based on the power spectrum is much more stable and less
uncertain at large scales. It is also worth stressing that the best-

o(k) = — (32)
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Figure 3. The EFT parameter ¢y obtained by matching the model for the power spectrum at one loop to the MINERVA simulations. In the left-hand panel, we
use the estimator given in equation (32), while, in the right-hand panel, we fit the model to the numerical data for k < kg;. Shown are the best-fitting values (solid
lines) and their uncertainty (68 per cent confidence interval, shaded regions). As indicated in the legend, different colours distinguish results obtained with and
without accounting for IR resummation or by considering subsamples of the MINERVA simulations. To improve readability, we do not plot the shaded region for
the IR-resummed EFT case. The vertical line indicates the scale at which a statistically significant departure from the low-k limit is detected for the full data set.
The horizontal line in the left-hand panel shows the result of the fit in the right-hand panel for kg = 0.14 A Mpc ™.
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Figure 4. The best-fitting values (solid lines) and the uncertainties (shaded regions) of the EFT parameters that influence the matter bispectrum at one loop are
shown as a function of the maximum wavenumber of the measurements extracted from the MINERVA simulations. We consider two cases: (i) we fix co using
the power spectrum (Fig. 3) and the other three parameters using the bispectrum (blue) and (ii) we fit all four parameters using the bispectrum measurements
(red). The vertical dashed lines indicate the default value of kg = 0.125 h Mpc™! we use in the remainder of the paper. The insets show the joint 68 per cent
confidence regions for two EFT parameters evaluated for kg, = 0.125 h Mpc~'. The cross indicates the best-fitting values of these parameters.

fitting values are sometimes negative while ¢y > 0 in the theory.
However, we do not give much weight to this consideration since
we do not fit the renormalized counterterms. We also notice that
co and the other EFT parameters are strongly correlated when they
are simultaneously fit from the bispectrum. Their trend with kg in

Fig. 4 clearly shows that this happens at all scales. Such degeneracy
is investigated in more detail in the three insets where we show the
joint 68.3 per cent confidence region for ¢y and a second parameter
estimated at kg, = 0.125 7 Mpc™! while keeping the remaining two
fixed at their best-fitting values. The cross-correlation coefficients
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between ¢y and the other parameters are as high as —0.997 (c)),
—0.872 (¢3), and 0.922 (¢3) indicating that the bispectrum data cannot
isolate the contributions from the different counterterms. We believe
that the large-scale fluctuations of the EFT parameters are largely
influenced by this degeneracy. The fluctuations are, in fact, greatly
suppressed by fixing ¢y to the best-fitting value from the power
spectrum. In this case, the four EFT parameters assume consistent
values for kg < 0.14 2 Mpc™" (which is basically determined by P).
On the contrary, considering smaller scales generates deviations,
especially for ¢, and c3. All this suggests that k = 0.14 h Mpc ™" also
approximately delimits the domain of validity of the one-loop model
for the bispectrum at z = 1. However, the two fitting methods (i.e.
fitting three or four counterterms with the bispectrum) do not provide
fully consistent results for all parameters at kg ~ 0.14 h Mpc™
while they do at kg & 0.125 A Mpc ™! (the actual values are listed in
Table 3). For this reason, unless explicitly stated otherwise, from now
on we fix the EFT parameters for Bggr to the best-fitting values at this
scale using the power spectrum to determine ¢ and the bispectrum
to measure ¢y, ¢z, and c3. Note that, in spite of our unprecedentedly
large data set, only ¢y is precisely determined while ¢y, ¢;, and ¢3 are
compatible with being zero within a few standard deviations. This
suggests that it might be quite challenging to fix the EFT counterterms
for the bispectrum from actual observational data and all what could
be done is to marginalize over them in a Bayesian fashion, possibly
reducing the constraining power for cosmology of the data.

5.2 Power spectrum

If we assume for the moment that the N-body technique does not
introduce any systematic shifts, we can determine the domain of
accuracy of the perturbative models for the matter power spectrum by
directly comparing their predictions to the measurements extracted
from the numerical simulations. The huge volume covered by the
MINERVA simulations results in sub-per cent statistical uncertainties
for the average power spectrum (see Fig. 1). Getting agreement to
this precision would be a major achievement for the models.

In the top panel of Fig. 5, we show the mean power spectrum
extracted from the MINERVA simulations using Ak = kg (symbols with
error bars) and the corresponding bin-averaged models (solid lines
with different colours as indicated by the label). In order to reduce
the span of the data and improve readability, we plot the deviation
from the linear power spectrum in per cent points. Similarly, in the
second panel from the top, we show the same measurements and
models but in terms of their deviation with respect to Pgrr which
provides a better fit to the numerical data. The third panel, instead,
shows the x2 statistic evaluated for the different models as a function
of kmax. This quantity gives a measure of the goodness of fit. In order
to have a reference scale, we highlight the regions bounded by the
one-sided upper and lower 95 per cent confidence limits for the x>
statistic (with the appropriate number of degrees of freedom) with
a grey shaded region. Basically, a model should be rejected at 95
per cent confidence when its x2 lies outside the shaded region. In
practice, we determine the domain of accuracy of the models as
follows: moving from left to right, we look for the first ky,ax at which
%2 lies outside the shaded region. Finally, the bottom panel shows
the st statistic as a function of k. together with the corresponding
95 per cent confidence limits that can be used to evaluate the quality
of our approximation for the covariance matrix.

Coming to the specific outcome of this comparison, Fig. 5
indicates that, although equation (25) systematically overestimates
the variance of our measurements by a few percent, this discrepancy
is hardly statistically significant in the range of scales we consider.
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Moreover, by examining the X,f] curves as a function of k., it
is evident that, when a model begins to break down, x2 increases
very steeply so that the inferred reach is quite insensitive to small
deviations in the size of the error bars. Therefore, we can proceed
further with analysing the x2 curves knowing that this statistic
will be only very slightly underestimated. This provides a clear
ranking for the models based on their domain of accuracy. Not
surprisingly, the first model to break down is Pp. which fits the
MINERVA simulations only for kpy.x < 0.0354 Mpc", followed by
SPT (kpax < 0.06 2 Mpc™1). Since on these relatively large scales
RegPT and RLPT essentially coincide with SPT, they also fail
at the same kp,,. Contrary to SPT, however, they agree with the
simulations to better than 1 per cent up to k ~ 0.152 Mpc~'. The
best agreement is found with the EFT model which fits the MINERVA
simulations accurately for ky., < 0.14h Mpc’l (and never shows
per cent deviations within the explored range of wavenumbers).
Consistently with previous work (e.g. Baldauf et al. 2015a), we
find that IR-resummation improves the fit only beyond its nominal
range of accuracy. One issue worth investigating is that the value
of x2 rises sharply around k &~ 0.125 and 0.14 2 Mpc™', which
causes the EFT models to get rejected on slightly larger scales than
perhaps expected (based on visual inspection of the top panel in
Fig. 5). This is caused by the statistically significant deviation of
two simulation data points around those scales which are clearly
distinguishable in the second panel (from the top) of Fig. 5. After
carefully inspecting individual simulations to understand the origin
of these deviations, we could not reach any clear conclusion.
However, upon re-measuring the power spectrum using narrower
bins in that region, we notice that the deviations form coherent
features within a range of k-values and are not simply due to random
noise.

To cross check our results and also test the models under less
demanding standards, we repeat our analysis using the EOS sim-
ulations which cover a smaller volume (roughly corresponding to
23 MINERVA boxes) and thus give larger statistical error bars. For
simplicity, we only consider the EFT models with and without
IR-resummation. In order to properly compare results obtained
using the MINERVA and EOS suites, we proceed as follow: (i) we
random sample 23 MINERVA boxes from the full set; (ii) we fit
the EFT parameter ¢y to the mean power spectrum of the subset
using kpax = O.l4hMpc"; and (iii) we compute the Xé statistic
as a function of ky,x for the best-fitting cy. Our results are shown
in Fig. 6 where the solid lines represent the mean xZ2 obtained
from the MINERVA subsets and the shaded regions around them
show the corresponding standard deviation. Overall, these findings
are in very good agreement with the x2 curves derived from the
EOS simulations (dot—-dashed lines). Due to the larger statistical
error bars, the nominal reach of the EFT models slightly increases
with respect to the analysis performed with the full MINERVA set.
We find k. < 0.16f8:8f hMpc~! for standard EFT and kpy. <
0.1770:05 h Mpc™" for IR-resummed EFT. Note that this extends
beyond the minimum scale for which ¢y can be assumed to be
constant.

5.3 Bispectrum

In Fig. 7, we investigate the goodness of fit of the different models
for the matter bispectrum by plotting the x2 and x? statistics as
a function of ky,, for various bin sizes. In the bottom panels, we
show two curves: the solid one considers our approximation to
the covariance matrix given in equation (27) while the dashed one
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Table 3. Best-fitting values and uncertainties of the EFT parameters derived with kg, = 0.125 2 Mpc™! in Fig. 4.
The 2 statistic for the best fit is expressed in terms of x2, and v as in equation (24).

Fit X2 co
(h~2Mpc?)

(h~2Mpc?)

Cl 3

2
(h=2 Mpc?) (h—2 Mpc?)

1P + 3B
0P + 4B

171.03/167
171.01/166

0.577 £ 0.013
0.67 £ 0.72

0.177 £ 0.071
0.06 £ 0.90

—0.16 £ 0.27
—0.22 +0.54

0.30£0.23
0.37£0.58

—— Linear —— RLPT
— SPT — EFT
—— RegPT —— EFT. [R-res
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Figure 5. Comparison of the perturbative models for the matter power
spectrum (solid lines) with the mean measurement extracted from the
MINERVA simulations (symbols with error bars) using the bin width Ak =
kg. The top two panels compare the different power spectra to Pr, and Pgpr
whereas the bottom two display the goodness of fit for the models and the
covariance matrix (see Section 4.2 for details). The grey shaded areas in the
top two panels represent deviations smaller than 1 per cent with respect to the
reference models. Those in the bottom two panels, instead, mark the regions
bounded by the upper and lower 95 per cent confidence limits for the x>
distribution with the appropriate number of degrees of freedom. The vertical
dotted line indicates kg = 0.14 - Mpc ™!, which is the largest wavenumber
used to fit ¢ for the EFT models.

refers to the Gaussian part given in equation (28). It is evident that
the Gaussian approximation severely underestimates the variance of
the bispectrum measurements already at large scales and especially
for broader triangle bins. On the contrary, equation (27) provides
average deviations of only a few per cent for all configurations
considered in this work. We believe that this is accurate enough
to get robust estimates of Xé, although, at small scales, the assumed
covariance matrix is nominally incompatible with the scatter seen in

TRt
I‘. -"'"_'?)

. —-= EFT, [R-res (Eos)
0.4H ¢ —-— EFT (Eos)

— EFT, [R-res (Minerva)

—— EFT (Minerva) 7

0.05 0.10 0.15 0.20 0.25 0.30
Fynas [h Mpe ™'

Figure 6. The Xr%: statistic for the EFT and IR-resummed EFT power spectra
evaluated using the EOS suite (dash—dotted) and many different subsets of
23 MINERVA simulations (solid and shaded for mean and standard deviation,
respectively). The grey shaded area highlights the region bounded by the (one-
sided) upper and lower 95 per cent confidence limits for a x? distribution
function with the appropriate number of degrees of freedom. The vertical
dotted line indicates kg;. Both simulation measurements use bins of width
equal to kg.

the simulations (i.e. the black curve lies outside the shaded region in
the plots for x2).

The variations of )(é with knax provide a clear ranking of the
models, Independently of the bin width, the tree-level SPT prediction
breaks down first and one-loop corrections only slightly improve the
range of accuracy of the theory up to knyax =~ 0.08 2 Mpc™!. RegPT
and RLPT provide substantial improvements and accurately match
the MINERVA simulations up to scales between 0.1 and 0.14 2 Mpc ™!
depending on the bin width. Finally, the counterterms in the EFT
bispectra boost the agreement up to kma, =~ 0.16 — 0.19 4 Mpc ™!,
IR-resummation turns out to be relevant only for k > 0.15h Mpc™"
and even marginally for the case of narrow bins, where statistical
errors are larger than the deviations between the model and the data
at the scales of the BAOs.

As we already did with the power spectrum, in Fig. 8, we verify
that using the MINERVA and EOS simulations gives consistent results
for the bispectrum as well. It turns out that the reach of the EFT
models is a bit reduced for the EOS simulations but this is consistent
with random fluctuations. We also note that, for EOS, the EFT
models with and without IR-resummation have practically the same
domain of accuracy as a consequence of the larger uncertainty of the
measurements.

Finally, we test the impact of using the popular EdS approximation
for the second-order kernel F, instead of the more general scheme
we described in Section 2.7. Fig. 9 shows that this modification has
very little influence on our results. No changes in the x?2 are visible
on large scales where error bars are bigger. The only noticeable
differences are: (i) a slight improvement in the reach of SPT when
the EdS approximation is adopted and (ii) a similarly sized increase

MNRAS 512, 4961-4981 (2022)
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Figure 7. As in the bottom two panels of Fig. 5 but for the matter bispectrum.
From top to bottom, we consider three different bin widths, namely kg, 2 kp,
and 3 kg. The dashed lines in the plots for XSZ (bottom panels) refer to the
Gaussian approximation to the covariance matrix.

in the range of accuracy of EFT when the exact second-order kernel
is used. On large scales, the EFT counterterms absorb the differences
between the exact second-order kernel and the EdS approximation
as indicated by the fact that the two EFT models give the identical x>
values whereas the SPT model fails to do so. We have checked that
differences between the two kernels also significantly alter the best-
fitting values for the counterterms, especially for ¢; and c,. These
findings hold true also for wider k-bins.

MNRAS 512, 4961-4981 (2022)

110K

1.05

~21.00

0.95

s
n
T ==
\
1 N
1 Y

0.90
EFT. IR-res (Eos)

= EFT, IR-res (Minerva) i
|/ === EFT(Eos)

——— EFT (Minerva)

L . L L i L L
0.025  0.050 0075 0100 0,125  0.150 0175 0.200

Fanae [ Mpe ']

Figure 8. As in Fig. 6 but for the matter bispectrum.
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Figure 9. As in the top panel of Fig. 7 but comparing models obtained
with the exact second-order SPT kernels (ACDM) and the popular EdS
approximation (see the main text for details).

5.4 Range of accuracy versus surveyed volume

The careful reader might have noticed that our results are more
conservative than other estimates in the literature. This is partially
due to the fact that we use all bispectrum configurations, but mostly
because we use a much larger set of N-body simulations (cf. Angulo
et al. 2015). Current surveys of the large-scale structure of the
Universe cover volumes which are one to two orders of magnitude
smaller than the total volume of the MINERVA simulations. This
directly translates into larger statistical uncertainties for summary
statistics like the power spectrum and the bispectrum and thus into
more extended ranges of accuracy for the models. In this section, we
investigate how the reach of the models depends on the volume
covered by a survey. In doing so, we also need to account for
systematic effects which we have so far neglected. In order to better
evaluate their impact on our conclusions, we start with assuming that
they are of no consequence (we relax this assumption in the next
section).

In the top panels of Figs 10 and 11, we show how the reach
of models for P and B changes with the volume over which the
measurements are performed. These plots are obtained as follows.
(i) We pick a volume V which corresponds to an integer number N
of MINERVA boxes. (ii) We randomly select N MINERVA realizations
(with no repetitions) and compute ( P) and (B) (using Ak = kg for P
and 3 kp for B in order to probe a wider range of scales). (iii) We fit the
EFT counterterms to the numerical data using kg, = 0.14 Mpc’1 for
P and kg = 0.125 h Mpc ™! for B. (iv) We evaluate the Xli statistic
as a function of k. and use it to determine the reach of each
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Figure 10. We define the reach of a model for the power spectrum as the minimum kpay at which the x? goodness-of-fit test rejects the null hypothesis that the
N-body data are consistent with the model predictions at the significance level of 0.05. The top-left panel shows the median reach of 200 subsets of MINERVA
simulations each covering a volume V. Different colours refer to different models as indicated in the label. Solid lines are used for the models with no free
parameters and for our default EFT models (i.e. with kg, = 0.14 A Mpc ™!, highlighted by a horizontal grey line) while the two dashed lines represent the EFT
models with kg = 0.22 2 Mpc™!. The top-right panel shows the median (solid) and the central 68 per cent range (shaded) of the estimated reach for SPT and
the default IR-resummed EFT. The bottom-left panel is analogous to the top-left one but accounts for systematic errors in the simulations by considering an
additional 0.5 per cent error added in quadrature to the random contributions. The dot—dashed line refers to the IR-resummed EFT model obtained by averaging
co over the 200 subsets. Finally, the bottom-right panel shows the reach of the models after approximately correcting the simulation data for the bias introduced
by the finite mass resolution (see the main text for details). The shaded regions encompass the range of variability of the corrections while the solid lines are
taken from the top-left panel and are given as a reference. All panels show three vertical lines indicating: (i) the volume of a redshift bin of width Az = 0.2
centred at z = 1 for a Euclid-like survey (dashed); (ii) the total volume of the EOS simulations (dot—dashed); and (iii) the volume of the PT-challenge simulations
in Nishimichi et al. (2020, dotted). Measurements and models are compared using a bin width of Ak = kg.

model based on the (one-sided) 95 per cent confidence limits for
the chi-squared distribution. (v) We repeat the procedure from step

2020); (ii) V = 8013 Gpc3 which coincides with the total volume
of the EOS simulations (and is approximately a factor 1.5 larger than

(ii) onward 200 times. (vi) We plot the median value of the reach
(top-left panels) and its scatter (top-right panels) as a function of V.

In order to ease the interpretation of our results and facilitate
comparison with the literature, we draw vertical lines marking
three characteristic volumes. From left to right, they are: (i) V =
7.94 h=3 Gpc® which corresponds to a redshift bin centred at z = 1
and of width Az = 0.2 of a Euclid-like survey (Euclid Collaboration

the volume of the simulations used in Baldauf et al. 2015b, c; Steele
& Baldauf 2021); (iii) V = 566 h~3 Gpc3 which is the volume of the
simulation used in the blinded challenge paper of Nishimichi et al.
(2020).

We are now ready to discuss the results presented in the top-left
panels of Figs 10 and 11. As expected, the domain of accuracy
of the models decreases with increasing V. The only exception

MNRAS 512, 4961-4981 (2022)
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Figure 11. As in Fig. 10 but for the bispectrum models and using Ak = 3 kr. In the bottom-left panel, systematic errors were added in quadrature to the
statistical errors of the measurements following the ansatz of Baldauf et al. (2015c¢).

is the case of the EFT bispectrum for which the reach turns out
to be independent of the simulation volume and corresponds to
approximately 0.17 4 Mpc~!. The ranking of the models is pretty
much independent of V, with SPT always being the first to break
down and EFT the last. However, RegPT does better than RLPT for
small V while the order is reversed for large V. It is also worth
noticing that, while RegPT quite significantly extends the reach
of SPT for the power spectrum for V ~ 8 =3 Gpc?, it gives much
smaller improvements for the bispectrum.

The nominal range of accuracy of EFT always extends beyond
kg, (indicated with horizontal grey lines in the figures). This is not
surprising because, when the x2 statistic suggests a good fit at kg, our
definition of the reach will automatically pick a larger wavenumber.
Essentially, what this means is that the EFT fits at kg are good (or
even too good) in terms of 2. We remind the reader that the values
for kg we use are chosen in Section 5.1 based on two criteria: (i)
avoiding that the best-fitting EFT parameters run with kg, and (ii)
requiring consistency between the results obtained from P and B.
However, since Section 5.1 takes into consideration the full MINERVA
set, our selected values might be considered ‘conservative’ when V
is reduced (although we believe we should always perform the most
challenging test for the theory, i.e. use the largest possible volume
to test its basic assumptions like the scale-independence of the free
parameters). For comparison, in the top-left panels of Figs 10 and

MNRAS 512, 4961-4981 (2022)

11, we also show the range of accuracy one would obtain by fitting
the EFT parameters up to kg = 0.22/h Mpc~! (yellow and green
dashed lines). This vastly increases the reach at small V (for both
P and B) but reduces it at large V. In particular, for large enough
volumes, the estimated reach becomes smaller than kg meaning that
it is impossible to get a good fit to the numerical data.

So far we have concentrated on the median range of accuracy
of each model. For this reason, in the top-right panels of Figs 10
and 11, we plot the statistical uncertainty of the estimated reach
as a function of V. In this case, we only consider SPT and IR-
resummed EFT to improve readability. The shaded areas indicate the
central 68 per cent region’ among the 200 sets of simulations with
volume V. It turns out that the error on the reach is by no means
negligible, particularly for EFT which contains free parameters. It
is therefore important to take this into account when comparing
studies based on different simulations. In Fig. 12, we show how
the distribution of the best-fitting amplitudes for the counterterms
varies with V. We consider the IR-resummed EFT model for the
bispectrum, fit ¢y from P and the other counterterms from B, and

5Obviously, this statistic underestimates the actual scatter when V approaches
the total volume of the MINERVA simulations as the different samples mostly
overlap.
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Figure 12. Distribution of the best-fitting EFT parameters as a function of the volume V used to measure the power spectrum and the bispectrum. The data
refer to the counterterms of the IR-resummed EFT model with kg, = 0.125 1 Mpc_l. The parameter ¢ is derived from the power spectrum while ¢y, ¢, and ¢3
are determined from the bispectrum. The top panels show the median (solid) and the central 68 per cent region (shaded) over 200 realisations. The horizontal
dashed lines indicate the values obtained from the full MINERVA simulation suite and given in Table 3. The three vertical lines mark the same volumes as in
Figs 10 and 11. The bottom panels show the signal-to-noise ratio defined as the ratio between the median and and half the central 68 per cent interval.

use kg = 0.125/hMpc~!. Tt is important to notice that, while the
median values of the EFT parameters approximately coincide with
those in Table 3, the scatter around them strongly depends on V.
For the redshift shell in a Euclid-like survey, c;, ¢;, and ¢3 show
a tremendous variability meaning that they cannot be accurately
measured from a single realization. In order to get a signal-to-noise
ratio of order unity for them, it is necessary to consider volumes
V > 50073 Gpc®. As a means to further investigate the impact of
the fitting strategy for the counterterms, in Fig. 13, we consider four
methods in which the EFT parameters are determined in different
ways as indicated in Table 4. For the full MINERVA data set, our
standard choice (1P + 3B) corresponds to the largest reach, while
the one-parameter fit 1P + 0B performs best for V < 50 2~ Gpc?
suggesting that there is no need to use three counterterms when the
surveyed volume is small and the error bars of the measurements
are large. Angulo et al. (2015) reached similar conclusions using
V =27h73Gpc® and kg = 0.1 h Mpc ™" (conjecturing that the other
counterterms give contributions comparable in size to two-loop
corrections). In Fig. 13, there is nothing surprising about the fact that
models with less free parameters can have a larger reach given that
the EFT counterterms are determined using kg, = 0.125 h Mpc™! and
the estimated reach is substantially larger than that. It is interesting
to try to understand why it is preferable to set ¢; = ¢; = ¢3 =
0 for small V. We believe that the reason is related to the fact

0.30

e e
=== EFT, R-tes (0P+1B) = EFT, IR-res (1P+3B) ]
—:= EFT, [Rres (0P+4B) === EFT, IR-res (1P+0B) -
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Kreach [f} \l]:(‘_l]
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Vv [n‘f:i Gp("‘]

Figure 13. As in the top-left and top-right panels of Fig. 11 but for the
IR-resummed EFT model with the counterterms determined as described in
Table 4.

that the expected values given in Table 3 are much smaller than
the scatter seen in Fig. 12. Basically, the fit picks large ‘random’
counterterms in each realization in order to adjust to the specific
noise features.
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Table 4. Schematic description of the methods used
to fit the EFT counterterms in Fig. 13. The symbols
P and B denote parameters determined by fitting (up
to kg = 0.125 A Mpc™!) the power spectrum or the the
bispectrum, respectively. The number O indicates that the
parameter is set to zero.

Method )] Cl ] c3
1P + 0B P 0 0 0
1P+ 3B P B B B
0P+ 1B B 0 0 0
OP + 4B B B B B

030 T .
: | === EFT, IR-res (0P+1B) = EFT, IR-res (1P+3B) :
s | =+= EFT,IR-res (0P+4B) == EFT, IR-res (1P+0B)
0251 “*-.:':_ : n
r L TS
2020+ ' - .
= L 1 i ]
= [ : i -
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20151 : i ]
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Figure 14. As in Fig. 13 but considering a volume-dependent kg (grey line
for the 1P + 3B case, see the main text for details).

Following a suggestion by the reviewer, we also investigate the
case in which kg, is uniquely determined from the simulation volume.
This is motivated by the fact that, in practical applications of the
PT models, one first determines kg, by testing the performance of
the models against mock catalogues with the same volume as the
actual survey. Since the counterterms determined from fitting the
models to the measurements extracted from smaller volumes have
larger uncertainties, the scale dependence of the EFT parameters
will become apparent at higher kg, values. Thus, instead of using
the fixed value of kg = 0.125 h Mpc_1 as above, we now calculate
ks for each considered volume by fitting constants to the curves
given in Fig. 4 and determining the scale at which the x? test rejects
the fit with 68 per cent confidence. As expected, the value of kg
drops as larger and larger volumes are considered (see the grey solid
line in in Fig. 14 which shows kg for the 1P + 3B case). The
other curves in Fig. 14 show the variations of ki, for the EFT
models with the variable kg. Compared to the case with fixed kg
(Fig. 13), we observe a dramatic increase of ke,cn for the models
with extra 3 counterterms for small and intermediate volumes. For
V ~ 8h3Gpc? (representative of a Euclid-like survey), the formal
kieach Of these models is 0.28 & Mpc". Indeed, the combination of
larger statistical errors with the higher value of kg, results in a better
agreement with the simulation data on small scales. Note, however,
that, in this case, kg, is pushed beyond the value for which the theory
is self consistent.

In conclusion, the peculiarity of the EFT approach is the presence
of free parameters in the counterterms that need to be determined
from the measurements. Our results show that the methodology
used to fix the EFT parameters heavily influences the range of
accuracy of the theory. Basically, when the V is small, error
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bars are large, and the counterterms are poorly determined, the
resulting freedom in the EFT parameters boosts the apparent
reach of the models. Care should then be taken to ensure that
results from different studies are properly compared. Moreover,
future studies should carefully investigate if and how the free-
dom in the counterterms impacts the estimation of cosmological
parameters from the galaxy bispectrum that will be measured
by the forthcoming generation of redshift surveys (Oddo et al.
2021).

5.5 Systematic errors

Just like any other numerical method, N-body simulations do not
provide the exact solution to the problem of gravitational instability
and perturbation growth. Modern codes are optimized based on
a trade-off between computation speed and accuracy. Their finite
mass and force resolution, the time-stepping criterion, the integration
method, the way initial conditions are set, and forces are computed
generate small systematic deviations from the exact solution.

Several studies try to quantify the impact of these imperfections
on various summary statistics (e.g. Takahashi et al. 2008; Nishimichi
et al. 2009; Baldauf et al. 2015c; Schneider et al. 2016). However,
the current understanding is not mature enough yet to provide
a robust method for correcting goodness-of-fit statistics such as
our x2. Therefore, simplified approaches are necessary. The most
elementary consists of adding small uncorrelated systematic errors
to the statistical error budget. We follow this approach in the bottom-
left panels of Figs 10 and 11. For the power spectrum, we add a
0.5 per cent systematic error in quadrature to the statistical error
in order to approximately match the numerical results of Schneider
et al. (2016). For the bispectrum, instead, we adopt two different
approaches. First, following Angulo et al. (2015), we consider a
shape- and scale-independent systematic contribution at the 2 per
cent level (again summed in quadrature to the random error). As a
second option, we use the scale-dependent ansatz by Baldauf et al.
(2015c), which provides a fit to the systematic deviations measured
among N-body simulations with different characteristics. In this case,
the (relative) systematic error is

AB ki
—=001+0.02 | ————F—— ], 33)
B 0.5 h Mpc

where, as always, k; denotes the largest side of the triangular
configuration. Since both approaches give very similar results, in
Fig. 11 we only show those obtained with the scale-dependent ansatz.
We are now ready to present our findings. For the models with no
free-parameters, adding small systematic errors only changes the
reach for large values of V, i.e. in every case in which the statistical
errors are smaller than the additional systematic contributions. As a
consequence, the resulting ranges of accuracy show little variations
with V and RegPT turns out to consistently have the largest reach
for all values of V. Conversely, the range of accuracy of EFT is
strongly affected by the inclusion of systematic errors for all V.
What is perhaps more surprising is that the reach of the EFT models
increases with V. This happens because the values assigned to the
EFT parameters scatter among the 200 subsets of simulations. In
particular, when Vis small, the EFT parameters have big uncertainties
and the models cannot provide a good fit to the numerical data for
large kpax. To clarify this further, we investigate what happens when
we use the same EFT parameters for all simulation subsets. In this
case, we use the mean of the values obtained from the individual
sets. Our results are shown with dot—dashed lines in the bottom-
left panels of Figs 10 and 11. The reach for the power spectrum
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and bispectrum are extended to roughly 0.43 and 0.26 4 Mpc™!,

respectively, independently of V. Note, however, that the calibration
of the EFT parameters without using the data is not doable in practical
applications to observational surveys.

Systematic errors affect the accuracy and not the precision of
measurements. Therefore, it is somewhat unnatural to model them
as random uncorrelated errors. For example, it is well known that the
finite mass resolution of N-body simulations leads to the suppression
of density fluctuations on small scales (e.g. Heitmann et al. 2010;
Schneider et al. 2016). In what follows, we propose a simple
parametrization of this effect which allows us to include it in our
error budget as a ‘perfectly correlated’ error. Let us consider an N-
body simulation with particle density 7 and make the educated guess
that, due to the finite mass resolution, §;(K) = 8,,(K) R;(k) where
800 (k) denotes the ideal continuum case. It follows that

Pi(k) = Puo(k) RZ(K), (34)
and
Bi(ky, k», k3) = Boo(ki, ko, k3) Ri(ky) Ri(k2) Ri(ks). 35)

In order to constrain the shape of the function Rj;(k) at z = 1, we
use the power spectra extracted from 30 realizations of the Quijote
simulations (Villaescusa-Navarro et al. 2020) at three different
resolutions, i.e. using 2563, 5123, and 10243 particles within a box
of 1 =3 Gpc®. We find that the following parametrization:

1

B = T A m e

(36)

with

(k) ¢ + ( ¢ )2 +8 ( £ )3 (37)
€ = o JE— R
hMpc~! hMpc~! hMpc~!

accurately reproduces the numerical data up to kya = 0.3 2 Mpc ™.
The ratio between two power spectra obtained with different mass
resolution is

Py (k) R3 ()
Pi, (k) RE,(K)

~1+2AAek), (38)

where AA = A(71,) — A(71;) and we have Taylor expanded the final
result to first order assuming that the corrections are small on the
scales of interest. From the Quijote power spectra, we obtain o =
—0.35 and B = 0.39. In order to estimate A(7irngrva), WE assume
that the correction is negligible at the highest Quijote resolution
and interpolate AA (note that 7iynerya = 0.296 n Mpc’3 while the
Quijote simulations have 7i = 0.017,0.134, and 1.074 h> Mpc™).
We obtain A(7ipnerva) = 0.0188 that corresponds to sub-per cent
corrections over all scales of interest. Eventually, we write the
systematic error (bias) in the summary statistics extracted from an
N-body simulation as

1 _

AB = B; — B

%

—B; A1) [e(ky) + €(ko) + €(k3)]. (40)

In order to apply this result to the MINERVA simulations, we re-scale
our estimate for A(71Mnerva ) by a factor y for which we consider three
possible values, namely 0.5, 1.0, and 1.5. Although these values may
not exactly describe the correction due to the finite mass resolution
in the MINERVA runs, they allow us to conceptually investigate the
effect of a scale- and shape-dependent bias. We thus re-compute the
x> statistic after shifting the measurements from the simulations
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according to the corrections given in equations (39) and (40). Our
results for the reach of the models are displayed in the bottom-right
panels of Figs 10 and 11, where the coloured bands indicate the range
of variability induced by y and the solid lines reproduce the curves
from the top-left panel to emphasize changes. Overall, the impact
of the corrections is rather minor. None the less, a few changes are
worth noticing. For the power spectrum, the IR-resummed EFT at
intermediate volumes shows the most marked improvement. For the
bispectrum, accounting for the bias improves the reach of RegPT
for large V and deteriorates it for both EFT models. Perhaps, the
most important conclusion that one can draw from this test is that its
results are very different from those obtained by simply inflating the
random errors to account for systematics (as routinely done in the
literature). The latter approach, in fact, artificially boosts the reach
of models with free parameters as in the case of EFT. Our study calls
for a better understanding of random and systematic errors in N-body
simulations.

6 SUMMARY

Perturbative techniques based on fluid dynamics are widely used
to study the growth of the large-scale structure of the Universe.
In fact, they often are the only method of obtaining predictions
with analytical control. The convergence properties of perturbation
theory are still a matter of debate but there is mounting evidence
that the resulting expressions for large-scale observables are actually
asymptotic, i.e. only the truncated series expansion (including just
the first few terms) provides an accurate approximation to the exact
solution (e.g. Pajer & van der Woude 2018; Konstandin et al. 2019,
and references therein).

Modern perturbative approaches come in a plethora of flavours
and sometimes contain free parameters. It is thus imperative to
identify their regime of validity and accuracy before applying them to
practical situations. N-body simulations of collisionless dark matter
in a cosmological background are the standard test bed for inferring
the reach of the different models.

The purpose of this study is threefold. First, we use a very
large set of N-body simulations (the MINERVA suite) to test the
NLO expansions for the matter power spectrum and bispectrum in
five different implementations of perturbation theory, namely SPT,
RegPT, RLPT, EFT, and IR-resummed EFT. Secondly, we try to
draw the line that demarcates general results from those affected
by the method used to determine the reach of the models with free
parameters (i.e. EFT and IR-resummed EFT). Thirdly, we explore
a novel way to account for the systematic errors introduced by the
finite mass resolution of N-body simulations.

Specifically, we study how well the different models match the
measurements from the simulations as a function of the maximum
wavenumber considered, k.. Having in mind the forthcoming
generation of surveys, such as those that will be conducted by DESI
and the Euclid mission, we only consider data at z = 1. We define the
reach of a model as the minimum &, at which the x> goodness-of-
fit test rejects the null hypothesis that the N-body data are consistent
with the model predictions at the significance level of 0.05. This
requires making some assumptions about the covariance matrix of
the measurements. We use the Gaussian approximation given in
equation (25) for the power spectrum and a more sophisticated
expression for the bispectrum — see equation (27). In both cases, we
use a dedicated version of the x? test to verify that these expressions
closely approximate the covariance matrix of the measurements
extracted from the simulations.

MNRAS 512, 49614981 (2022)
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In the first part of our study, we consider the full MINERVA suite
and neglect systematic errors in the simulations. Our main findings
are as follows.

(i) By fitting the EFT parameters that determine the amplitude
of the counterterms to the simulation data as a function of kpay,
we find that they remain stable until a maximum wavenumber and
change beyond that (Figs 3 and 4). The stability region ends at
kmax = 0.14 h Mpc ™! for the power spectrum and 0.125 h Mpc™" for
the bispectrum. We use these values to define the default range of
scales (k < kg) over which we fit the EFT parameters.

(ii) The x? goodness-of-fit test for the power spectrum (Fig. 5)
shows that EFT and IR-resummed EFT accurately match the simu-
lations up to kpax = 0.14 4 Mpc_I while all the models without free
parameters fail at much larger scales, i.e. kyax = 0.06 1 Mpc’l.

(iii) Repeating the test for the bispectrum (Fig. 7) provides a clear
ranking for the models based on their reach. The EFT models have
the largest range of accuracy (kmax = 0.16-0.19 h Mpc ™', depending
on the binning of the data) followed by RegPT and RLPT (kpax
~ 0.10-0.14 s Mpc™") and SPT (kpax = 0.08 2 Mpc™!). Note that
the nominal reach of EFT extends beyond kg, meaning that the
model with the counterterms fixed using triangle configurations with
k < kg = 0.125 h Mpc ™' continues to provide a good fit on (slightly)
smaller scales.

Next, by sub-sampling the MINERVA suite, we investigate how
the reach of the models depends on the total volume covered by
the simulations used in our tests. This is particularly useful when
comparing different results in the literature and also to gauge the
range of scales that can be robustly probed in an actual galaxy redshift
survey. In this analysis, we approximately account for systematic
effects introduced by the N-body technique using different methods.
Our key results are as follows.

(iv) Obviously, the reach of the models improves for smaller
volumes as the statistical error bars become larger and it is easier
to fit the data. Considering a redshift bin of width Az = 0.2
centred at z = 1 for a Euclid-like survey, gives a median reach
for SPT of approximately 0.12/4Mpc~' for the power spectrum
and 0.15/h Mpc~! for the bispectrum. On the other hand, for IR-
resummed EFT we obtain 0.25 h Mpc ™! for the power spectrum and
0.18  Mpc ™! for the bispectrum. All the other models lie in between
these extremes (Figs 10 and 11). It is also important to mention
that the scatter of the reach between different realizations with the
same volume becomes rather large for the models that have free
parameters (the central 68 per cent range for EFT extends from 0.19
to 0.34 h Mpc ™! in the case of the power spectrum). This should be
taken into account when comparing results from different studies.

(v) The estimated range of accuracy of the EFT predictions is
heavily influenced by the procedure adopted to fit the counterterms.
For the volume of the Euclid-like shell, using kg = 0.22 A Mpc ™"
extends the median reach of the IR-resummed EFT model to 0.33
and 0.25 h Mpc ™~ for the power spectrum and the bispectrum, respec-
tively, but degrades it for the full MINERVA set. For the bispectrum,
fitting only ¢y from the power spectrum and setting the other three
counterterms to zero gives the largest reach for V < 100 2 =>Mpc>.
Fitting all the four parameters are instead preferred for larger volumes
(Fig. 13). Therefore, it is difficult to unequivocally define a reach for
the models with free parameters.

(vi) The results above are only slightly affected (less than 10 per
cent change) by accounting for a scale- and shape-dependent bias
due to the finite mass resolution of the N-body simulations.
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(vii) The situation is very different when uncorrelated systematic
errors are added in quadrature to the statistical uncertainties, as
assumed in Baldauf et al. (2015¢) and Angulo et al. (2015). In this
case, the reach of EFT is dramatically extended thanks to the freedom
provided by the counterterms. For example, considering the whole
MINERVA suite, we obtain that the IR-resummed EFT model provides
a good fit until 0.40 and 0.27 h Mpc ™" for the power-spectrum and
the bispectrum, respectively. More modest changes are seen for the
models with no fixed parameters at large V.

In order to constrain the cosmological parameters from the galaxy
bispectrum, it is necessary to model galaxy biasing, discreteness
effects, and redshift-space distortions on top of the non-linearities of
the matter density field. It is very well possible that the additional
terms in the expressions for the galaxy bispectrum to NLO will be
degenerated with higher-order terms in the matter models and thus
extend the reach of the more complex mathematical descriptions
beyond the scales determined in this work. Yet, it is pivotal to retain
control over the extent to which this is happening, especially if one
wants to assign a physical meaning to the additional (e.g. bias and
shot-noise) parameters. This is why we believe our work is important.
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APPENDIX A: SPT

The one-loop correction to the matter power spectrum in SPT is

PE®(k, 2) = Piy(k, 2) + Prik. 2), (A

where

Pis(k, 2) = 6 [D)]* PL(k) / Fy(k, q, —q) PL(q), (A2)
q

Py(k, z) = 2[D()]* /[Fz(q, k— @ PL(k —q) Pi(q),  (A3)
q

d’q
and .fq. denotes | GEol
Similarly, for the bispectrum, we have:

leiyl?()p = By + Biy, + B, + Buii, (A4)
with

Bus (ki ko, k3, 2) = 8[D(2)]° /PL (q) P (k2 — q))
q

x PL(ks +4q)) F2(—q, k3 + q)

x ks +q,k—q Fk —q,q) (AS)
B, (ki ka, ks, 2) = 6[D(2)]° P (ks)/PL(Ikz —q)) PL(q)
q
x F3(—q, —k; + q, —k3)
x F, (ky —q, q) + 5 perms. (A6)

Bl k1, k2, k3, 2) = 6 [D(2)1° Pr(k2) PL(ks) Fs” (ko K3)

X /PL (¢) F5(k3,q, —q) + 5 perms. (A7)
q

Buii (ki ko, ks, 2) = 12[D(2)1° (2) Pu (ko) Py (k3)
X / P (q) Fs(q, —q, —Kkz, —k3) + 2 perms..
q

(A8)

APPENDIX B: REGPT
The (p + 1)-point propagator, [P (ky, ..

1 < 575(K, 2) >: Sk — ki) B
P!\ doL(ky)---88L(ky) ’

., Kk, 2), is defined as

(27 )31
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and can be expanded using equations (4) and (B1) as

o0

F(p) = rt(rl::)e + Z FI(‘lp—)IOOP' (B2)
n=1

Ok, ..., k,, 2) = [DR)]? Fyk,, ..., k,) and

T oop (K1 - K, 2) = DI CP 2n — 11!

d3ql e d3qn
X / 7(27[)3" Fouyp

X (1, —q1, - Qs —Qus Ky, oK)

x Pu(q1) -+ PL(gy) = [D(2)] 2"+

= ()

x 1-‘nfloop(kli e kp)y (B3)

where C %’”’1’ denotes the binomial coefficient. Resumming the subset
of terms that provide the dominant contribution at small scales gives
(Crocce & Scoccimarro 2006b; Bernardeau et al. 2008)

. R IDTP o2
F(p)(kl,...,kp,z) L exp{— D) Od} l"l(r’él (B4)

2
where

, 1 [ d&q Pug)
oy ==
¢T3 ) @np g2

(B5)

is the rms value of the 1D linear displacement field. Up to one-loop
order, the regularized propagators which interpolate between the two
asymptotic regimes are (Bernardeau et al. 2012; Taruya et al. 2012)

2 2.2
r'k,z) = D() {1 + % + [D(z)]sz‘_)lm,p(m}
2 2 .2
X exp{—ik [D(ZZ)] Ud} (B6)
2 2 .2
rOwk, ks, 2) = (DI (ann, k) {1 + %}
+ ID@P T ki, kz))
2 2 .2
X exp{—ik [D(ZZ)] % }, (B7)
Ik, ko, ks, 2) = [D(2)] F3ki, ko, ks)
2 2.2
X exp {—7]c [D(ZZ)] 9% } (B8)

In this formalism, the matter power spectrum and bispectrum up
to one-loop corrections can be expressed as (Bernardeau et al. 2008)

Pk, z) = [TV(k, 2)1* P(k)

+2 / [T?(q,k —q,2)]* Pu(q) PL(k — q)), (B9)
q
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B(ki, ko, ks, 2) = 2T @(ky, ko, 2) TV(k1, 2) TV ks, 2)

x Pp(ki) PL(k) + 2 perms.

+ {8 / Ik +q,—q,2) ' (—k; — q,q — ks, 2)
q

Xﬂmb—QAJﬂUWrﬂmﬂﬂh+qWM@}

4 {6 POy, 2) PL(ks) / ro(q - ks, —ks, —q, 2)
q

x I'P(q, k> — q, 2)PL(k2 — gD PL(q) + 5 perms} .

(B10)
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APPENDIX C: RLPT

By combining the Lagrangian perturbative expansion with equa-
tions (9) and (10), one obtains the following expressions at one loop
(Matsubara 2008; Rampf & Wong 2012):

100 k2
Pripr(k) = {PL + PR ok / dg PL(q)}

k2
X exp [—@/dq PL(‘]):| , (&)
4k + k3
Bripr(ki, ko, k3) = | Bgppd 1+ 17223 /dq PL(q)
127

: k2 4+ k2 + k3

1-loop M 2 3
+ Bgpr } exp [ T 12 /dq PL(‘I):| .
(C2)

This paper has been typeset from a TEX/IZTEX file prepared by the author.
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ABSTRACT

Traditional estimators of the galaxy power spectrum and bispectrum are sensitive to the survey geometry. They yield spectra that differ
from the true underlying signal since they are convolved with the window function of the survey. For the current and future generations
of experiments, this bias is statistically significant on large scales. It is thus imperative that the effect of the window function on the
summary statistics of the galaxy distribution is accurately modelled. Moreover, this operation must be computationally efficient in
order to allow sampling posterior probabilities while performing Bayesian estimation of the cosmological parameters. In order to
satisfy these requirements, we built a deep neural network model that emulates the convolution with the window function, and we
show that it provides fast and accurate predictions. We trained (tested) the network using a suite of 2000 (200) cosmological models
within the cold dark matter scenario, and demonstrate that its performance is agnostic to the precise values of the cosmological
parameters. In all cases, the deep neural network provides models for the power spectra and the bispectrum that are accurate to better

than 0.1% on a timescale of 10 us.

Key words. large-scale structure of Universe — methods: statistical — methods: data analysis

1. Introduction

The most common approach to extract cosmological informa-
tion from a galaxy redshift survey involves measuring the power
spectrum and/or the bispectrum of the galaxy distribution. In the
majority of cases, the spectra are derived using traditional esti-
mators (Yamamoto et al. 2006; Bianchi et al. 2015; Scoccimarro
2015) based on the ideas originally introduced by Feldman et al.
(1994, hereafter FKP). One drawback of this method is that
the survey geometry leaves an imprint on the measured spec-
tra, which is difficult to model. The observed galaxy overdensity
field dops(x) does not coincide with the actual fluctuations 6(x).
The reasons are twofold. First, galaxy surveys cover only finite
sections of our past light cone. Second, tracers of the large-scale
structure need to be weighted based on the selection criteria of
the survey. In compact form we write dqps(x) = W(x) 6(x), where
W(x) denotes the window function of the survey. It follows that
the observed power spectrum and the underlying true power P(k)
satisfy the relation (Peacock & Nicholson 1991; FKP)

d3q
@2m)*’

Pops(k) = f [Wa(k — g)* P(q) (1

where W, (k) denotes the Fourier transform of the function W(x)
normalised such that

[W(x)e'** dx
(fweor e

* Member of the International Max Planck Research School (IM-
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W, (k) = @)

Similarly, for the bispectrum we obtain

Bops(ki, ko, k3) = fW3(k1 - q) W3(ko — p) Ws(ks + q + p)

dq dp

2nP 2o ©)

B(q,p,—q - p)

The convolution in Eq. (1) mixes Fourier modes with dif-
ferent wavevectors and modifies the power! significantly on
large scales. Since the survey window is generally not spher-
ically symmetric, it also creates an anisotropic signal in addi-
tion to redshift-space distortions and the Alcock-Paczynski
effect. These consequences need to be accounted for in order
to fit theoretical models to the observational data, in partic-
ular when trying to constrain the level of primordial non-
Gaussianity (e.g., Castorina et al. 2019) or general relativis-
tic effects (e.g., Elkhashab et al. 2022). Two approaches are
possible: by trying to remove the effect from the data (e.g.,
Sato et al. 2011) or accounting for the window in the models
(e.g., de Laix & Starkman 1998; Percival et al. 2001; Ross et al.
2013). This second line of attack is much more popular: start-
ing from an estimate for the window function, a model for

I A different class of estimators based on pixelised maps of the galaxy

density is immune to this problem and directly provides noisy mea-
surements of the unwindowed spectra (see e.g., the so-called quadratic
estimators for the power spectrum in Tegmark et al. 1998 and Philcox
2021b and the cubic estimator for the bispectrum in Philcox 2021a).
However, these estimators are sub-optimal on small scales. Moreover,
at the moment, there is no such estimator for the anisotropic bispectrum
in redshift space.

L2, page 1 of 5

Open Access article, published by EDP Sciences, under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
This article is published in open access under the Subscribe-to-Open model. Subscribe to A&A to support open access publication.



A&A 669, L2 (2023)

Pous(k) is obtained by solving the convolution integral numer-
ically. Developing numerical procedures for fast likelihood eval-
uation is pivotal in multivariate Bayesian inference. For this rea-
son, Blake et al. (2013) reformulated the convolution integrals
as matrix multiplications and made use of pre-computed ‘mix-
ing matrices’ to evaluate the impact of the survey window on the
power spectra averaged within wavector bins. A computation-
ally efficient way to evaluate the effect of the window function
on the multipole moments of the power spectrum in the distant-
observer approximation is presented by Wilson et al. (2017) and
generalised by Beutler et al. (2017) to the local plane-parallel
case (in which the line of sight varies with the galaxy pair). In
this approach the convolution is cast in terms of a sequence of
one-dimensional Hankel transforms that are performed using the
FFTlog algorithm (Hamilton 2000). The key idea is to compress
the information about the window function into a finite number
of multipole moments of its autocorrelation function (see also
Beutler et al. 2014). Further extensions account for wide-angle
effects (e.g., Castorina & White 2018; Beutler et al. 2019).

Evaluating the impact of the survey window on the bispec-
trum has only recently received attention in the literature. From a
computational perspective, performing the six-dimensional con-
volution integral in Eq. (3) is a challenging task that cannot
form the basis of a toolbox for Bayesian inference. It is thus
necessary to develop faster techniques. Inspired by perturba-
tion theory at leading order, Gil-Marin et al. (2015) proposed an
approximation where the monopole moment of the convolved
bispectrum is given by the linear superposition of products of
two convolved power spectra given by Eq. (1). Although this
approximation is accurate enough for the BOSS survey (barring
squeezed triangular configurations, which are excluded from
the analysis by Gil-Marin et al. 2015), it would likely intro-
duce severe biases in the analysis of the next generation of
wide and deep surveys such as Euclid (Laureijs et al. 2011)
or DESI (DESI Collaboration 2016), which will provide mea-
surements with much smaller statistical uncertainties (see e.g.,
Yankelevich & Porciani 2019). Sugiyama et al. (2019) intro-
duced a new bispectrum estimator based on the tri-polar spheri-
cal harmonic decomposition with zero total angular momentum
and showed, in this case, that it is possible to compute the models
for the convolved bispectrum following a FFT-based approach.
The issue of developing a similar method for more traditional
estimators of the bispectrum multipoles (Scoccimarro 2015) has
been recently addressed by Pardede et al. (2022), who derived
an expression based on two-dimensional Hankel transforms
that can be computed using the 2D-FFTlog method (Fang et al.
2020). In this case the survey window is described in terms
of the multipoles of its three-point correlation function. Devel-
oping optimal estimators for these quantities is still an open
problem.

In this Letter we propose employing deep learning as a
method to compute the impact of the survey window function
on theoretical models for the power spectrum and bispectrum.
Specifically, we use a deep neural network (DNN) to approxi-
mate the mapping from the unconvolved to the convolved spec-
tra. This technique allows us to consider multiple cosmological
models, while drastically reducing computer-memory demands
and the wall-clock time of computation with respect to per-
forming the convolution integrals numerically. All these features
are key for building efficient Bayesian inference samplers and
determining the posterior distribution of cosmological param-
eters. The structure of the Letter is as follows. In Sect. 2 we
briefly describe the architecture of our DNN models and intro-
duce the data sets we employ for training and testing them. Our
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results are presented in Sect. 3. We draw our conclusions in
Sect. 4.

2. Methods
2.1. Philosophy and goals

It is well known that artificial neural networks are able to
approximate any arbitrary continuous function of real vari-
ables (Cybenko 1989; White 1990; Hornik 1991). They learn
how to map some inputs (features, in machine learning jargon) to
outputs (labels) from examples in a training data set. The training
process consists of fitting the parameters of the machine (weights
and biases of the neurons) by minimising a loss function that
quantifies how good the prediction is with respect to the correct
result. After the training the accuracy of the model is determined
using the testing data.

In our applications the features that form the input of the
DNN are the spectra P(k) and B(ky, k», k3) evaluated at specific
sets of wavevectors. Different options are available when choos-
ing these sets. For instance, we could use many closely sepa-
rated wavevectors around the output configurations. In this case
the DNN would learn how the convolution integrals mix the con-
tributions coming from different configurations. At the opposite
extreme, we could consider inputs and outputs evaluated for the
very same set of configurations, so that, in some sense, the DNN
model also interpolates among the sparser inputs. We opted for
this second approach, which is more conducive to a simpler
machine learning set-up: choosing a smaller size of features
requires fewer model parameters to be tuned, and the trained
model is evaluated more quickly. The only implicit assumption
here is that the input power spectrum is smooth between the sam-
pled configurations. In our implementation the machine learns to
predict the functions

Pobs(k) Bobs(kl s k27 k3)
P(k) B(ky, ky, k3)

evaluated at the same arguments of the input.

Since this Letter is about giving a proof of concept, for sim-
plicity we only predict the effect of window function on the
linear matter power spectrum and the so-called tree-level bis-
pectrum, which can be trivially computed using the linear power
spectrum (e.g., Fry 1984), neglecting redshift-space distortions
in both cases. Moreover, as an example, we consider a spher-
ically symmetric top-hat window function which assumes the
value of one for distances smaller than the radius R and zero
otherwise. In Fourier space this corresponds to

4r (kR)* j1(kR)
where the symbol j,(x) denotes the spherical Bessel functions of
the first kind and V = 47 R3/3 is the comoving volume enclosed
by the window function. Basically, W, (k) rapidly oscillates (see
Fig. 1) which makes it challenging to numerically compute the
integrals in Egs. (1) and (3). The oscillations are damped, and the
main contribution to the convolution comes from the first peak
at k = 0, which mixes Fourier modes within a shell of width
Ak =~ R™'. Given our assumptions, Rp(k) and Rg(k, k2, k3) only
depend on the modulus of the wavevectors.

Rp(k) =

and Rg(ki, ko, k3) = @

W, (k) = ; &)

2.2. Deep learning models

Since the power spectrum is a smooth function of k, we adopt
the convolutional neural network (CNN) architecture to model
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Rp(k). The first layer of the network applies a convolution to the
input with 16 trainable filters (kernel size 3) and a rectified lin-
ear unit (ReLU) activation function, defined as f(x) = max(0, x).
This is followed by a dropout layer with a rate of 0.5, which
acts as a regulariser and prevents overfitting (Goodfellow et al.
2016). The final layer is a dense one in which the number of
neurons matches the length of the output data vector. Since
the convolved power spectrum must be positive, the last layer
is processed through a softplus activation function of the form
S(x) =In(1 + ).

For the bispectrum, we opt for a different CNN architecture.
We chose this because we organise the data in a one-dimensional
array where each entry corresponds to a different triangular con-
figuration. As a consequence, the sequence of data is not nec-
essarily smooth and we prefer to use a model that can detect
features on multiple scales. The network we chose is based on
the U-Net architecture (Ronneberger et al. 2015), which con-
sists of a contracting path (encoder) followed by an expansive
path (decoder). The former combines convolutional and pool-
ing layers to down-sample the original data, and thus builds a
compressed representation of them. The latter decompresses the
compact representation to construct an output of the desired size.
We include two down-sampling and two up-sampling steps, fol-
lowed by a dropout layer with a rate of 0.5 and a dense layer in
which the number of neurons matches the length of the output
data vector.

For building and training the neural networks, we use the
Keras library (Chollet 2015) under the TensorFlow frame-
work (Abadi et al. 2015). During the training phase, the param-
eters of the machine are adjusted to minimise a loss function
L, which we identify with the mean absolute error (MAE)
L=N'3Y, |yf’r°d/y}““h — 1], where yfred denotes the DNN
prediction, y;““h is the corresponding item in the training data
set, and N is the number of entries in these data vectors. The
minimisation of this loss function (one of the most popular
choices for regression problems) is controlled by the Adam
Optimizer (based on the stochastic gradient descent method,
Kingma & Ba 2014) with an initial learning rate of 0.001, which
is reduced as the training progresses using the inverse time decay
schedule of TensorFlow. In order to prevent overfitting, five per
cent of the training data are set aside as a validation set (i.e.,
these data are not used to fit the network parameters), and train-
ing is automatically stopped early if the validation loss starts to
increase. This step makes sure that the network predicts previ-
ously unseen data more accurately.

2.3. Training and testing data sets

We used the suite of 2000 linear power spectra in the Quijote
database (Villaescusa-Navarro et al. 2020) to build the training
set for our DNNs. These spectra are obtained by sampling five
cosmological parameters on a Latin hypercube over the ranges
defined in Table 1.

For the power-spectrum analysis, we use 47 linearly spaced
wavenumbers in the range [0.004,0.2] A Mpc™"'. The correspond-
ing values for Pys(k) are computed using the 3D FFT method
to evaluate Eq. (1) employing a top-hat window, which cov-
ers a comoving volume of V = 700°h3Mpc® (e, R =
434.25 h~! Mpc).

For the bispectrum we compute the tree-level expression
from the linear power spectra in the Quijote suite. We consider
564 triangular configurations in which the three sides span the
range [0.01,0.2] AMpc~'. In this case the integration in Eq. (3)

10°F 3
102 3

101

[h=2 Mpc?|

10%F 3

|W3(k)|

107

1072F 3

k[hMpc™1]
Fig. 1. Top-hat window function with V = 2007 2~ Mpc?.

is carried out in six dimensions using the VEGAS routine of
the Cuba library (Hahn 2005). To facilitate the convergence
of the numerical integrals, we consider a top-hat window with
V =200° 3 Mpc® (R = 124.07 h~! Mpc).

We generate the test data set by randomly generating 200
sets of cosmological parameters with Latin hypercube sampling.
Since the Quijote database spans a broader region of parame-
ter space compared with that allowed by current observational
constraints, our test data are sampled within a narrower region
mimicking the actual constraints from Planck Collaboration VI
(2020); see the bottom row of Table 1. For each set we com-
pute the linear matter power spectrum using CAMB (Lewis et al.
2000; Howlett et al. 2012) and employ the same procedure used
for the training data set to obtain the convolved power spectra
and bispectra.

3. Results

In the top panels of Fig. 2 we consider one of the test samples for
the power spectrum. The orange triangles in the left panel show
the function Rp(k) computed using Eq. (1): the convolution with
the window function flattens out the power spectrum on large
scales and changes the amplitude of the baryonic acoustic oscil-
lations by a few per cent. Although the window function con-
sidered here is arbitrary, similarly sized (and measurable) cor-
rections are expected for the next generation of galaxy redshift
surveys (see e.g., Fig. 6 in Elkhashab et al. 2022), which should
deliver per cent accuracy for the power spectrum. The black dots
indicate the output of the trained DNN model. The right panel
shows the relative error between the DNN prediction and the
true signal, which is always smaller than 0.1%. To assess the
overall performance of the DNN model, in the bottom panels of
Fig. 2 we plot the MAE:s for each test sample (left) and error per-
centiles over the test samples as a function of the wavenumber.
The residual mean inaccuracy of the model is well below the per
cent level.

The effect of the window function on the bispectrum is much
more pronounced than for the power spectrum and the ratio
Ry (ky, ka, k3) assumes values below 0.5 for some triangle con-
figurations (top left panel in Fig. 3). The DNN model predicts
the corrections accurately in all cases (top right and bottom pan-
els) and vastly outperforms the approximated method introduced
by Gil-Marin et al. (2015), which, for the compact survey vol-
ume considered here, does not accurately reproduce the ampli-
tude of the convolved bispectrum (green circles in the top left
panel).
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Table 1. Parameter spaces spanned by the training and testing data sets.

Data set Qn Qp h n lon

Training [0.1,0.5] [0.03,0.07] [0.5,0.9] [0.8,1.2] [0.6,1.0]
Testing  [0.2,0.4] [0.03,0.06] [0.6,0.8] [0.9,1.11 [0.7,1.0]
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4. Conclusions

In this Letter we employed a DNN model to predict the impact
of the window function on the power spectrum and the bispec-
trum measured in a galaxy redshift survey. Overall, the trained
DNN models show very promising results with sub-per cent
MAE:s for all test samples (well below the statistical uncertainty
expected from the next generation of surveys). These errors can
be further reduced by increasing the size of the training data
set.

Our DNN model is meant as a proof of concept and, for
this reason, we made some simplifications in our study. First,
we used the linear power spectrum and the tree-level bispectrum
for matter fluctuations. Second, we considered a top-hat window
function with a fixed volume in which the number density of
tracers does not vary with the radial distance from the observer.
Although this is an ideal case, we do not see a reason why a
DNN model should not be able to accurately predict the effect of
more realistic survey masks, given an appropriately sized train-
ing sample.

It takes less than 10 microseconds to generate a complete
sample for either Rp(k) or Rg(ki, ky, k3) with the trained DNN.
This is ideal for sampling posterior probabilities in Bayesian
parameter estimation. Our method can be straightforwardly gen-
eralised to the multipoles of the spectra, and could also be
combined with emulators that make predictions for the true
clustering signal (including galaxy biasing) based on pertur-
bation theory (e.g., Donald-McCann et al. 2023; DeRose et al.
2022; Eggemeier et al. 2022). Additional corrections due to bin-
ning the theory predictions in exactly the same way as done
for the measurements (see e.g., Sect. 3.2 in Oddo et al. 2020
and Sect. 4.1 in Alkhanishvili et al. 2022) can be computed
by suitably averaging the output of the DNN model or, more
efficiently, can be accounted for in the model. Since in this
Letter we do not perform a Bayesian inference for cosmological
parameters, we skipped this step when we generated the training
sample.

The bottleneck operation in the DNN approach is the cre-
ation of the training data set, which requires a significant time
investment in the case of the bispectrum (in our case, the calcu-
lation of the 2000 convolved bispectra with 64 processor cores
took approximately one month of wall-clock time). This step can
be sped up using massive parallelisation and, possibly, by relying
on more computationally friendly formulations of the convolu-
tion integral (e.g., Pardede et al. 2022). It is also conceivable that
using larger input vectors that densely sample the wavenumbers
within shells of size Ak around the output configurations might
facilitate the task of the machine, and would thus help to reduce
the training data. The time required to build the training set is not
a good reason to dismiss the DNN approach. Even for the simple
case of the isotropic bispectrum of matter-density fluctuations in
real space, sampling the posterior distribution of the five cosmo-
logical parameters we considered would require many more than
2000 evaluations of the window-convolved signal. Thus, using
the DNN model would lead in any case to a notable speed up.
In any practical application, accounting for redshift-space dis-
tortions, shot noise, and perturbative counterterms would sub-
stantially increase the number of adjustable coefficients in the
perturbative model for the bispectrum (and, correspondingly, the
number of likelihood evaluations needed to constrain them from
experimental data). We thus conclude that using the DNN model
would be advantageous as long as the size of the necessary train-
ing set is substantially smaller than the number of the required

likelihood evaluations in the Bayesian estimation of the model
parameters.
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