
The Effects of Differential Constraints and
Surface Energies on Scaling Laws for

Singular Perturbation Problems

Dissertation

zur

Erlangung des Doktorgrades (Dr. rer. nat.)

der

Mathematisch-Naturwissenschaftlichen Fakultät

der

Rheinischen Friedrich-Wilhelms-Universität Bonn

vorgelegt von

Camillo Tissot

aus

Lauf an der Pegnitz, Deutschland

Bonn 2025



Angefertigt mit Genehmigung der Mathematisch-Naturwissenschaftlichen Fakultät
der Rheinischen Friedrich-Wilhelms-Universität Bonn

Gutachterin/Betreuerin: Prof. Dr. Angkana Rüland

Gutachter: Prof. Dr. Hans Knüpfer

Tag der Promotion: 26.09.2025

Erscheinungsjahr: 2025



Acknowledgments

Completing this PhD has been a long journey and I would like to take this opportunity to
express my sincere gratitude to the many people who supported me along the way. First
and foremost, I owe my deepest thanks to my advisors Hans Knüpfer and Angkana Rüland
for their invaluable guidance and support throughout my research. Your encouragement,
especially when I did not make any progress, meant a lot to me. You always found the
time to answer my questions and gave valuable feedback. I learned a great deal from you
and your insights and I am truly grateful I had the opportunity to work with you.

I would also like to thank my research group and collaborators for creating a supportive and
inspiring environment. You made this journey both productive and cheerful. I especially
want to thank Denis Brazke, Lennart Machill, and Antonio Tribuzio for your invaluable
help with this thesis. Your contributions, both academic and personal, were indispensable.
Moreover, I would like to thank the HCM and BIGS here in Bonn for their financial
support.

Finally, I would like to express my sincere gratitude to my family. Your constant support
and readiness to assist, especially during my many moves, provided the foundation I
needed to focus on my studies. Knowing I could always rely on you gave me the strength
to finish this journey. A special thank you goes to Sabine Gross. Your encouragement and
belief in me helped me through all times.

iii





Abstract

Motivated by mathematical models for phase transformations, arising, for example, in
shape-memory alloys, and for micromagnetism in ferromagnetic materials, we study a
class of A-free differential inclusions quantitatively. For this reason, we consider singular
perturbation models of differential inclusions under an A-free constraint and determine
the scaling in the singular perturbation parameter. The focus of this thesis is to characterize
the influence of the order of the operator on the possible scaling laws and to show that the
model is robust under changes of the surface energy. The first is achieved by establishing
lower bounds for the compatible and incompatible two-well problem. It turns out that the
scaling is determined by the maximal vanishing order on the sphere of the symbol of the
differential operator applied to the compatible direction. These lower bounds are proven
to be optimal for the divergence operator and for a higher order generalization of the curl
and curl curl operators as an annihilator of symmetrized derivatives. The influence of
the surface energy is studied by comparing sharp and diffuse interface models, as well
as suitable interpolations of these. We deduce the lower bound for the diffuse model by
estimating the energy from below through the sharp interface model and complement
them with matching upper bounds for a model class of wells in the case of the curl operator.
Furthermore, an N -well setting giving rise to higher order laminates for the curl operator
is studied. If the energy penalizes only oscillations in a certain direction, we observe
that for almost all directions this anisotropic energy scales like the full isotropic energy.
The exceptional directions are those, where the anisotropic energy does not penalize the
oscillations of the “inner-most” laminate. The scaling for these matches the ones of a lower
order laminate. Furthermore, a non-algebraic scaling law for a divergence-free T3 structure
is discussed. This result quantifies the dichotomy between the rigidity of exact solutions
and the flexibility of approximate solutions for the associated inclusion.
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Introduction 1
In this thesis we study scaling laws for a model class of differential inclusions. Scaling
laws allow us to extract fine properties of different microstructures arising in certain
problems in the calculus of variations and provide information on the involved length
scales. A prominent application in research is given by gradient inclusions to understand
the microstructures arising in shape-memory alloys. For these alloys the observable
microstructures are associated to minimizers or minimizing sequences of the elastic energy
corresponding to the gradient inclusion.

Here, we consider a variational model for the differential inclusions, that is we allow
the values to deviate from the prescribed ones and measure the cost of this deviation by
a suitable elastic energy. This energy is then singularly perturbed by a surface energy,
and the scaling of the minimal energy in the perturbation parameter ε > 0 is deduced.
Besides determining the involved length scales, scaling laws show the preference of
certain microstructures in terms of the singularly perturbed energy. Moreover, they provide
quantitative versions of (qualitative) rigidity and flexibility results. As a prominent example
is given by shape-memory alloys we start with a short introduction on the mathematical
model of these alloys and give a heuristic explanation of the shape-memory effect.

1.1 Shape-memory alloys

Shape-memory alloys are special materials that undergo a solid-solid phase transition when
the temperature changes, that is their crystalline structure changes abruptly when a certain
critical temperature is reached. The striking and intriguing property of the shape-memory
alloys is that the body returns back to its original shape when deformed and then heated
above the critical temperature [Bha03]. The material thus “remembers” that shape even
when deformed. This is called shape-memory effect and has many possible applications as
for example in medicine and aviation [MLSG14]. One advantage of those materials is that
due to the shape-memory effect, they can be stored in a compact way for transport, and
after heating the material returns to its desired shape. Alternatively, it is possible to use
shape-memory alloys as actuators, where the start of the motion is temperature dependent.
One famous example in applications for its physical properties is an alloy of Nickel and
Titanium, called Nitinol or NiTi [MLSG14].

From a crystallographic point of view, the crystalline structure of the material changes in
the phase transformation. In the high temperature regime, the so-called austenite phase,
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the structure is highly symmetric and there is a unique variant of the crystalline structure.
When cooled such that the solid-solid phase transition takes place, the material changes to
the so-called martensite phase, in which the crystalline symmetry reduces [Bha03]. Due to
this, there are multiple preferred lattice structures. With this it is possible to explain the
shape-memory effect. Taking a material in the martensite phase and deforming it, there
are regions of the different variants of the lattice structure. After heating the deformed
body above the critical temperature the crystalline grid changes to the austenite phase,
hence there is only one preferred variant. The material has to return back to its original
shape to accommodate to the presence of only one variant, thus the shape-memory effect
is observable.

Using the Cauchy-Born hypothesis [Bha03, Section 3.3], the mathematical analysis of this
phenomenon is carried out using a continuum model. Assume that the material sample in
its reference configuration is given by Ω ⊂ R3 and assume for simplicity that the sample Ω
has a spatially constant temperature θ ∈ [0, ∞). Denote by θcrit > 0 the critical temperature
at which the phase transition from austenite to martensite is taking place. The material
is subject to the deformation y : Ω → R3, where the vector y(x) describes the position
of the point x ∈ Ω in the deformed configuration. We model the martensite phase, i.e.,
the temperature is below the critical temperature θ < θcrit, by defining a compact set of
admissible deformation gradients K(θ) ⊂ R3×3. For an exactly stress-free state, we impose
∇y(x) ∈ K(θ) pointwise for each x ∈ Ω. In physical applications, the set K(θ) fulfills frame
invariance, i.e.,

RK(θ) ⊂ K(θ) for all R ∈ SO(3),

and the material symmetry assumption

K(θ)H ⊂ K(θ) for all H ∈ P,

where P ⊂ SO(3) is the (local) symmetry group of the material. In the austenite phase
(without thermal expansion), there is only one variant which is given by K(θ) = SO(3)
for θ > θcrit. The solid-solid phase transition causes a loss of symmetry and therefore in
the martensite phase there are multiple variants K(θ) = ⋃N

j=1 SO(3)Aj for θ < θcrit and
specific Aj ∈ R3×3. At the critical temperature θ = θcrit both phases can be present and
thus

K(θcrit) =
N⋃

j=1
SO(3)Aj ∪ SO(3).

We refer to [Bha03; Mül99b] for a more detailed introduction of the mathematical model
of shape-memory alloys.

In the literature, two methods are prominent to simplify the frame invariant model. The
first is to neglect frame invariance, that is one assumes K(θ) to be a discrete set of finite wells
K(θ) = {A1, A2, . . . , AN }. This simplified model helps to get a fundamental understanding
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of differential inclusions and the corresponding microstructures and scaling laws without
the rotational invariance. In particular, it helps to understand the phenomenology of the
corresponding microstructures with the mathematical advantage of having a discrete set
of wells. This type of model has for example been studied quantitatively in the famous
articles by Kohn and Müller [KM92a; KM94]. The second simplification is to consider
the geometrically linearized model. For this assume that y(x) = x + δu(x) with δ > 0 and
the displacement field u : Ω → R3. Thus, for small δ the deformation gradient ∇y(x) is
close to the identity. Using the fact that the tangent space of SO(3) at the identity is
given by skew(3) = {M ∈ R3×3 : MT = −M}, we consider a skew(3) invariance instead
of the SO(3) invariance as an approximation. By considering ∇symu = 1

2(∇u + (∇u)T )
instead of the full gradient, we “remove” the skew-symmetric part. In other words,
frame invariance is replaced by an invariance under infinitesimal rotations, i.e., a skew(3)
invariance. Therefore only the symmetrized gradient carries information on the state.
For small deformations, it thus is reasonable to consider the inclusion ∇symu ∈ Ksym(θ),
where Ksym(θ) does not fulfill the frame invariance anymore. The geometrically linearized
model likewise has the advantage of a discrete set of wells Ksym(θ). The relation of the
nonlinear model (with frame invariance) and the geometrically linear model (model with
symmetrized gradient) has been studied for example in [Bha93; BJ92; Koh91; Sch08]. To
simplify the notation, we will omit the temperature dependence in the following.

1.2 Differential inclusions

Building on the above described model for shape-memory alloys, and aiming for a more
fundamental understanding of differential inclusions, we turn to the setting of A-free
differential inclusions. This is a possible way of generalizing the gradient (and symmetrized
gradient) inclusions by changing the constraint of being a gradient (or symmetrized
gradient). In this way we gain a deeper analytical insight into (general) differential
inclusions without frame invariance such as the existence of non-trivial solutions. In
particular, it is possible to consider both cases ∇u ∈ K or ∇symu ∈ Ksym in this framework
and find shared properties of solutions and identify differing behaviors.

1.2.1 A-free differential inclusions

The underlying concept of the aforementioned generalization is the Poincaré lemma. In R3

it is equivalent to impose the constraint that a map v : R3 → R3×3 is a gradient field, that is
there exists u : R3 → R3 such that v = ∇u, and that curl v = 0. Similarly it holds v = ∇symu

if and only if curl curl v = 0 in R3, see for example [Rül16b, Lemma 1]. Therefore, instead
of v ∈ K under the constraint curl v = 0, we consider differential inclusions of the type
v ∈ K such that A(D)v = 0 in Rd for d ≥ 2, where the differential equation is to be
understood in the distributional sense. For this we consider a homogeneous linear constant
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coefficient differential operator A(D) : C∞(Rd; W ′) → C∞(Rd; W ) of order m ∈ N for
some finite dimensional vector spaces W ′ and W , defined for v ∈ C∞(Rd; W ′) by

A(D)v :=
∑

|α|=m

Aα∂αv. (1.1)

Here, Aα : W ′ → W are linear maps for α ∈ Nd and we use the multi-index notation, see
Section 1.7.2 below. By the identification W ′ ∼= Rn with n = dim W ′, in the following
we only consider the case W ′ = Rn. Further, let K ⊂ Rn be a compact set. The exact
solutions/stress-free states in Ω ⊂ Rd (d ≥ 2) are given as the solutions v : Rd → Rn of the
differential inclusion

{
v ∈ K in Ω,

A(D)v = 0 in D′(Rd),
(1.2)

see Section 1.7.2. Here and in the following, we will always assume Ω to be an open
bounded Lipschitz domain, i.e., it is open, bounded, simply connected, non-empty, and has
a Lipschitz boundary ∂Ω.

Besides the study of microstructures for martensitic phase transitions, A-free differential
inclusions can be used in the field of micromagnetism. There, following for example
[DKMO06], the micromagnetic energy of the magnetization m : Ω → S2 in a ferromagnetic
sample Ω ⊂ R3 without an external field can be written as

E(m) = Eaniso(m) + εEsurf(m) + Estray-field(m), ε > 0.

The different energy contributions are the anisotropic energy Eaniso favoring certain
directions depending on the ferromagnetic material, the interfacial energy Esurf penalizing
the oscillation of m, and the stray-field energy Estray-field which is proportional to

Estray-field(m) ∼
∫

R3
|∇u|2 dx, ∆u = div m, (1.3)

i.e., it favors divergence-free magnetizations m. For the equation ∆u = div m, the magne-
tization is extended by zero outside of Ω, and the equation is to be understood in the sense
of distributions in R3. The stray-field energy models the influence of the magnetic field
induced by the magnetization on itself. Thus, it favors charge free magnetizations, which
corresponds directly to div m = 0. Due to the three contributions there are competing
effects. The anisotropic energy favors configurations m such that m ∈ K, where the
set K ⊂ S2 is given by the favored directions in Eaniso. As oscillations are penalized by
the surface energy, the first two energy contributions combined favor large regions of
a constant magnetization with favorable direction. The stray-field energy on the other
hand favors oscillation in the sense that it prefers divergence-free magnetizations. Thus,
depending on K, the stray-field energy is smaller for oscillating magnetizations. Therefore,
the understanding of the differential inclusions m ∈ K under the constraint div m = 0
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provides a possible first step for the analysis of the total energy. Settings like this have
for example be studied in [CK98; CKO99]. This motivates to consider the divergence as a
second model operator in what follows below.

1.2.2 Exact solutions

Fundamental for the following analysis is an understanding of stress-free states, that is
solutions to (1.2). An example of an exact solution is the constant function v(x) = A ∈ K.
A natural question then is whether non-trivial, i.e., non-constant solutions, exist. To give an
answer to this, we have to introduce the associated symbol of the operator A(D), defined
for ξ ∈ Rd by

A(ξ) :=
∑

|α|=m

Aαξα, (1.4)

and the wave cone

ΛA :=
⋃

ξ∈Sd−1

kerA(ξ) ⊂ Rn. (1.5)

For the two-well problem K = {A, B} there are non-trivial solutions if A − B ∈ ΛA. Taking
such A, B ∈ Rn, there is a ξ ∈ Sd−1 such that A(ξ)(A − B) = 0. Without loss of generality
we can assume ξ1 ̸= 0. Defining then

v(x) := (A − B)h(x · ξ) + B, (1.6)

for h : R → {0, 1}, e.g., h(t) = χ(−∞,0)(t), yields a solution to (1.2). Indeed, for this choice
of h, we directly verify A(D)v = 0, i.e., (1.27) below, that is for every φ ∈ C∞

c (Rd; W ) it
holds that

∫

Rd
v · A(D)∗φ dx =

∑

|α|=m

(−1)m
∫

{x∈Rd:x·ξ<0}
Aα(A − B) · ∂αφ dx

=
∑

|α|=m

(−1)mξ−m
1

∫

{x∈Rd:x·ξ<0}
Aα(A − B)ξα · ∂m

1 φ dx

= (−1)mξ−m
1

∫

{x∈Rd:x·ξ<0}
A(ξ)(A − B) · ∂m

1 φ dx = 0.

Such one-dimensional functions are called simple laminates and form an important class of
solutions to (1.2).

It turns out that this is an equivalent characterization.

Lemma 1.1 ([DPR18, Theorem 1.2(A)]). Let Ω ⊂ Rd be an open bounded Lipschitz domain,
let A(D) be a differential operator as given in (1.1) and let K = {A, B} for A, B ∈ Rn.
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Consider the wave cone ΛA defined as in (1.5).

(i) Compatible states: If A − B ∈ ΛA there exists a solution v ∈ L∞(Rd;Rn) to (1.2) that
is not constant in Ω.

(ii) Incompatible states: If A − B /∈ ΛA every solution v ∈ L∞(Rd;Rn) to (1.2) is constant
in Ω.

The differential inclusion (1.2) has a non-trivial solution if and only if A − B ∈ ΛA.

Here and in the following we give slightly adapted versions of the results from the literature
to be consistent in the presentation and notation. We call two wells A and B compatible if
A − B ∈ ΛA. For A(D) = curl the result recovers the Hadamard jump condition, cf. [BJ87,
Proposition 1], where two matrices A, B ∈ Rd×d = Rn are compatible if rank(A − B) = 1,
i.e.,

A − B = a ⊗ ξ, for some a, ξ ∈ Rd \ {0}. (1.7)

As observed in the case of compatible wells, a class of solutions is given by simple laminates,
i.e., maps of the form as in (1.6). For any µ ∈ ΛA, we define the set of possible directions
of lamination (of µ and 0) by

VA,µ := {ξ ∈ Rd : A(ξ)µ = 0}. (1.8)

We remark that depending on the differential operator A(D), there might be more types
of solutions to (1.2) besides simple laminates. In particular, introducing the set of super-
compatible states

IA :=
⋂

ξ∈Sd−1

kerA(ξ) =
⋂

|α|=m

ker Aα, (1.9)

we notice that any map v ∈ L∞(Rd; {A, B}) with A − B ∈ IA is a solution to (1.2) with
K = {A, B}, cf. [RRT23, Theorem 1(iii)] or the summary in Section 2.2 below. This
shows that the A-free constraint is trivially fulfilled for functions taking values in super-
compatible states. Operators such that there are no super-compatible states, i.e., such that
IA = {0}, are called cocanceling operators. One example of a cocanceling operator is the
curl operator.

For more than two wells, the question if there are non-trivial solutions becomes more
challenging. Already for the case A(D) = curl, i.e., for gradient inclusions, this is a
non-trivial question that has been studied in the literature. As seen above in Lemma 1.1,
the two-well problem for gradient inclusions with two incompatible wells is rigid for exact
solutions, i.e., there are only trivial solutions. This also holds for up to four pairwise
incompatible wells [CK02; Šve91], but for five wells the rigidity of exact solutions is lost.
There are five matrices T5 = {A1, A2, A3, A4, A5} ⊂ R2×2

sym with Aj − Ak /∈ Λcurl for j ̸= k
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and such that there is a non-affine Lipschitz function u : R2 → R2 with ∇u ∈ T5 almost
everywhere [Kir03]. In this instance, we say that exact solutions for these five wells are
flexible. This field of research is connected to convex integration. In the case A(D) = curl
for the above mentioned five wells, a non-trivial solution is given by a convex integration
solution, see for example [MŠ99] and the references therein.

1.2.3 Approximate solutions

Turning now to a weaker notion of a solution to (1.2), we say a sequence (vj)j∈N ⊂
L1

loc(Rd;Rn) is an approximate solution, if for every j ∈ N we have A(D)vj = 0 in the
distributional sense, and

∫

Ω
dist(vj , K) dx → 0

as j → ∞. As for exact solutions, we analyze rigidity and flexibility properties of ap-
proximate solutions. Given a compact set K ⊂ Rn, we say approximate solutions of the
differential inclusion (1.2) are rigid if for every approximate solution (vj)j∈N there is an
A ∈ K such that, up to a subsequence, vj → A in L1 as j → ∞. As in the case of exact
solutions, a rigidity result for the two-well problem for incompatible states was shown in
[DPR18]. The result, slightly adapted to our notation, is as follows.

Lemma 1.2 ([DPR18, Theorem 1.2(B)]). Let Ω ⊂ Rd be an open bounded Lipschitz
domain, let A(D) be given as in (1.1). Consider the wave cone ΛA defined as in (1.5) and
K = {A, B} ⊂ Rn with A − B /∈ ΛA. Let (vj)j∈N ⊂ L1

loc(Rd;Rn) be such that A(D)vj = 0
in D′(Rd) for all j ∈ N and

∫

Ω
dist(vj(x), {A, B}) dx → 0 as j → ∞.

Then, up to a subsequence, in the limit j → ∞ it holds either
∫

Ω
|vj(x) − A| dx → 0 or

∫

Ω
|vj(x) − B| dx → 0.

To complement the above discussion of exact solutions of the gradient inclusions (A(D) =
curl), we note that approximate solutions for three pairwise incompatible wells are rigid
[Šve91], see also [Rin18, Theorem 8.11]. In contrast to exact solutions rigidity of ap-
proximate solutions is not guaranteed for four pairwise incompatible wells. These four
wells given in (1.20), named after Tartar, have been studied intensively in the literature
[AH86; BFJK94; CK02; FS08; KMŠ03; Tar93]. The approximate solution (∇uj)j∈N is
constructed as an infinite order laminate on different length scales vanishing in the limit
j → ∞. Starting with a simple laminate of one of the four wells and a suitable auxiliary
matrix, we replace the parts in Ω where we used the auxiliary matrix by a second order

1.2 Differential inclusions 7



x11

x22

A1

A2

A3

A4
J4

J1
J2

J3

Figure 1.1: The four diagonal wells A1, A2, A3, A4 of the Tartar square with the auxiliary matrices
J1, J2, J3, J4 in blue. The compatible directions are shown as lines connecting the
wells. More details on its structure are provided in Section 1.5.2.

laminate, formed by a different well and a new auxiliary matrix. Continuity of uj can be
guaranteed by a cut-off argument similar to (1.15) below. See Figure 1.1 for an illustration
of the Tartar square and the auxiliary matrices.

Iterating the procedure, we get an infinite order laminate, where in the limit j → ∞
we only take values in the wells but we defined a non-affine deformation. Below in
Section 1.5.2 we will also introduce wells giving rise to higher order laminates, but not to
an infinite order.

1.3 Variational model

The above observations regarding rigidity and flexibility of exact and approximate solutions
are of qualitative nature, i.e., approximate solutions do not quantify the error of their
deviation to (1.2). In this thesis a singularly perturbed model is used to make these results
quantitative in the sense of a scaling law. For this we consider an L2-based elastic energy
with a higher order perturbation by a surface energy to penalize oscillation. Furthermore,
to rule out trivial solutions and enforce oscillation, we impose exterior data F ∈ Rn on v.
In this model we have to use exterior data of the form v = F outside of Ω, as in general we
do not have a trace of v. As the differential constraint A(D)v = 0 is on the whole space Rd,
we therefore ensure that only “compatible” jumps at the boundary are admissible. Taking
for example A(D) = curl with an open bounded Lipschitz domain Ω, we know that v = ∇u

for some function u and as v = F outside Ω, we have u(x) = Fx outside Ω. In particular
it satisfies the Dirichlet boundary data u(x) = Fx on ∂Ω. We also adapt the notion of
exact and approximate solutions accordingly to fulfill the condition v = F outside Ω. In
particular, for the compatible two-well problem and an incompatible boundary data F /∈ K,
we might lose the existence of exact solutions satisfying the condition v = F outside Ω.
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1.3.1 Singularly perturbed energy

For a quantitative study of rigidity and flexibility properties of the A-free differential
inclusion (1.2) let Ω ⊂ Rd be an open bounded Lipschitz domain for d ≥ 2, K ⊂ Rn be
compact and F ∈ Rn. We define the L2-based elastic energy as

EA
el (v, χ) :=

∫

Ω
|v − χ|2 dx, (1.10)

with the sets of admissible functions

v ∈ DA
F := {v ∈ L2

loc(Rd;Rn) : A(D)v = 0 in D′(Rd), v = F in Rd \ Ω},

χ ∈ L2(Ω; K).
(1.11)

That is, the elastic energy measures the L2-distance from an A-free map v, to the set
of states K. The advantage of this formulation is that we remove the non-convexity of
v 7→ dist(v, K) by introducing the phase indicator χ. With a slight abuse of terms, we call
F the boundary data.

For the quantitative study of rigidity and flexibility, we singularly perturb the elastic energy
by a surface energy. With the phase indicator in hand, we penalize each change of phase
in χ by setting

Esurf(χ) := ∥Dχ∥T V (Ω), χ ∈ BV (Ω; K), (1.12)

and define for ε > 0 the total energy by

EA
ε (v, χ) := EA

el (v, χ) + εEsurf(χ). (1.13)

We refer to Section 1.7.2 for the definition of the total variation norm ∥Dχ∥T V (Ω).

The minimization of the total energy EA
ε instead of the elastic energy EA

el selects mi-
crostructure. Indeed, due to the (general) lack of exact solutions for prescribed boundary
data, in the minimization of EA

el we can not distinguish between simple laminates and
branching structures, cf. Figure 1.4 and the discussion in Section 1.3.3. In EA

ε , taking the
regularizing effect of the higher order term in the surface energy into account, we can differ
between these types of microstructures. In particular, minimizing EA

ε stops arbitrary fine
oscillations on a length scale depending on ε. Moreover, the higher order term Esurf, due
to its regularizing effect, implies better compactness properties of the energy functional.

Turning back to the micromagnetic energy model (1.3), we notice that for “strong” stray-
field energies it is a reasonable approximation to assume div m = 0. This implies that the
energy then resembles the energy introduced here in (1.13) with an additional difficulty
arising due to the (non-convex) constraint |m| = 1 almost everywhere in Ω.

1.3 Variational model 9



1.3.2 Boundary data

Before we discuss scaling laws in Section 1.3.3 below, let us comment on the boundary
data F . It is (usually) chosen from the A-quasi-convex hull of the compact set K ⊂ Rn,
defined by

Kqc := {F ∈ Rn : f(F ) ≤ sup f(K) for all A-quasi-convex f : Rn → R}.

We postpone the definition of A-quasi-convex functions to Section 1.7.2. As every convex
function is A-quasi-convex, we have Kqc ⊂ Kconv with the (closed) convex hull of K
denoted by Kconv. For simplicity, in the instance of two wells K = {A, B} we will use
F ∈ Kconv \ K. This way, we include incompatible boundary data for incompatible wells.
Indeed, for A(D) = curl, we have for example {0, Id}qc = {0, Id} ≠ {λ Id : λ ∈ [0, 1]} =
{0, Id}conv.

We further define the ΛA-convex hull, or lamination convex hull

Klc :=
⋃

j∈N
K(j), (1.14)

with

K(1) := K, K(j+1) := K(j) ∪ {λA + (1 − λ)B : A, B ∈ K(j), A − B ∈ ΛA, λ ∈ (0, 1)}.

The elements of K(j) \ K(j−1) are called laminates of order j.

Note that in the notation of the sets Kqc and Klc we omit the dependence on the operator
A(D). For A(D) = curl, we have the following well known chain of inclusions for compact
sets K:

Klc ⊂ Kqc ⊂ Kconv,

see for example [Mül99b].

The set Kqc is the natural choice for the boundary data, as it consists of those affine
deformations F that are “macroscopically stress-free”. For A(D) = curl, the minimal
energy inf∇u∈Dcurl

F
infχ∈L2(Ω;K) Ecurl

el (∇u, χ) vanishes for F ∈ Kqc. This can be seen by
analyzing the relaxed energy functional of

inf
χ∈L2(Ω;K)

Ecurl
el (∇·, χ) =

∫

Ω
dist2(∇·, K) dx,

for more details we refer to [Rin18, Chapter 8.3].

As mentioned above, due to the boundary condition we might lose the existence of exact
solutions to our differential inclusion with prescribed boundary data. For A(D) = curl we
now give an example of an approximate solution for the compatible two-well problem
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r
∼ r

Figure 1.2: Illustration of a cut-off simple laminate on scale r, with the region of the cut-off
highlighted in blue. The simple laminate without cut-off is shown by dashed lines,
where a laminate on scale 2r is depicted in purple.

satisfying the boundary data. Let K = {A, B} be a set of two compatible wells A−B ∈ Λcurl
with the boundary data Fλ = λA + (1 − λ)B for some λ ∈ (0, 1). We define the simple
laminate v = ∇u as in (1.6) by using a potential u. Assume that we can laminate in
direction ξ ∈ Sd−1, i.e., A − B = a ⊗ ξ for some a ∈ Rd \ {0}. We fix the laminate of A − Fλ

and B − Fλ in direction ξ on the scale r > 0 by setting

ũr(x) :=





(1 − λ)(A − B)x for x · ξ ∈ [0, λr),
−λ(A − B)x + λra for x · ξ ∈ [λr, r),

where we extend the function r-periodically in direction ξ. This function is Lipschitz
continuous with |ũr(x)| ≤ λ(1 − λ)|a| and satisfies ∇ũr(x) + Fλ ∈ K almost everywhere,
but it is not admissible in the sense of ∇ũr + Fλ /∈ Dcurl

Fλ
, cf. (1.11). Defining the cut-off

simple laminate vr := ∇ur, where

ur(x) := min
{

dist(x,Rd \ Ω)
r

, 1
}

ũr(x) + Fλx ∈ H1(Ω;Rd), (1.15)

we indeed have vr ∈ Dcurl
Fλ

, cf. Figure 1.2.

Thus, for two compatible wells, we construct a cut-off simple laminate with volume
fractions of the two phases corresponding to the boundary data. This in turn defines an
approximate solution and minimizing sequence of the elastic energy Ecurl

el (for suitable
chosen phase indicator χ), see (1.10) for its definition. More precisely, if χr(x) :=
∇ũr(x) + Fλ ∈ K, it holds that EA

el (vr, χr) ≤ Cr for some constant C > 0. Furthermore,
with this we motivate the definition of laminates of higher order.

In the case A(D) = curl, consider for a suitable choice of K a boundary data F ∈
K(2) \ K(1) ̸= ∅. Then there are four (not necessarily different) wells A1, A2, A3, A4 ∈ K
such that

F = µ(λ1A1 + (1 − λ1)A2) + (1 − µ)(λ2A3 + (1 − λ2)A4), λ1, λ2, µ ∈ (0, 1).

Therefore it is possible to first construct a cut-off simple laminate of λ1A1 + (1 − λ1)A2
and λ2A3 + (1 − λ2)A4 satisfying the boundary condition, and then replace the cells of the
corresponding phase by cut-off simple laminates of A1 and A2, and A3 and A4, respectively.
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A3

A1 A2

Figure 1.3: Schematic picture of a second order laminate. Shown is a possible choice of χ
for a laminate of A1 and A2 inside the laminate of 1

2 A1 + 1
2 A2 and A3 for F =

1
3 ( 1

2 A1 + 1
2 A2) + 2

3 A3.

Hence, we have constructed a laminate within a laminate, or in other words a second
order laminate, justifying the name for the elements of K(2) \ K(1), cf. Figure 1.3.

Related to the analysis of these macroscopically stress-free states is the theory of relaxation
of the energy functional. Prominent tools are the relaxation of the energy using the A-
quasi-convex envelope of the integrand or the so-called (gradient) Young measures, which
are a probabilistic description of the asymptotic behavior of minimizing sequences. As
these are not content of this thesis, we refer to [FM99; Mül99b; Rin18] for an introduction
and examples of applications.

1.3.3 Scaling laws

As discussed in the previous sections, we consider the energy of the form EA
ε (v, χ) as

in (1.13) with v ∈ DA
F , F ∈ Kqc \ K, and χ ∈ BV (Ω; K), cf. (1.11). Understanding the

behavior of the optimal energy infχ∈BV (Ω;K) infv∈DA
F

EA
ε (v, χ) in the limit ε → 0 allows

us to draw conclusions about the microstructures arising in the corresponding A-free
differential inclusion (1.2).

One way to achieve this understanding is by showing a scaling law of the form

C−1s(ε) ≤ inf
χ∈BV (Ω;K)

inf
v∈DA

F

EA
ε (v, χ) ≤ Cs(ε) (1.16)

with a scaling s : [0, ∞) → [0, ∞) and a constant C > 0 independent of ε. To elaborate on
an example of application, let us consider the compatible two-well problem for A(D) =
curl, i.e., we aim at analyzing

∇u ∈ {A, B}

for the two compatible matrices A, B ∈ Rd×d with the boundary data Fλ = λA + (1 − λ)B
quantitatively.
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As we have seen above in (1.15), a particular approximate solution is given by a (cut-off)
simple laminate. Plugging this simple laminate on scale r > 0 into the energy, and choosing
χr = ∇ũr + Fλ ∈ {A, B}, yields for some constant C > 0 independent of ε

Ecurl
ε (∇ur, χr) ≥ C(r + εr−1).

Hence, after choosing the ε-dependent length scale r ∼ ε1/2, we get a lower bound on the
ε behavior of this simple laminate as

Ecurl
ε (∇ur, χr) ≥ Cε

1
2 .

In the seminal works by Kohn and Müller [KM92a; KM94] it was shown that the (scalar-
valued) compatible two-well problem scales like ε2/3, i.e., there is a constant C > 0,
independent of ε, such that

C−1ε
2
3 ≤ inf

χ∈BV (Ω;{A,B})
inf

v∈Dcurl
Fλ

Ecurl
ε (v, χ) ≤ Cε

2
3 .

Therefore, simple laminates are not optimal microstructures. The upper bound on the
optimal energy is derived by an explicit construction, which then is a good indicator on
how an optimal microstructure might look like. A word of caution: as the constants C and
C−1 in the scaling law are not matching, we do not know how the optimal microstructure
looks like. Nonetheless with the scaling law, we rule out certain structures, e.g., simple
laminates, as the corresponding energy has a non-optimal scaling behavior in ε. The elastic
energy favors a high oscillation at the boundary as we have seen in the example of the
cut-off simple laminate. Therefore, a simple laminate costs a lot of surface energy away
from the boundary, cf. Figure 1.4(A). The idea of the upper scaling bound is to construct
a microstructure refining towards the boundary and having less interfaces in the bulk of
Ω, cf. Figure 1.4(B). By this it still complies with the high oscillation at the boundary but
has a smaller interfacial energy in Ω. This comes at the expense that the normal vector
between the different phases slightly changes. As the difference of the matrices at an
interface needs to be a rank-one matrix, see (1.7) above, the deformation gradient needs
to be adjusted and some elastic energy is produced. The scaling law shows that the balance
of elastic energy and surface energy for a branching construction is preferred in contrast to
the simple laminate. Branching constructions are also justified by physical observations in
shape-memory alloys, see for example [Sei+20]. The observations by Kohn and Müller are
complemented by Conti, who showed that asymptotically the minimizer of the energy is
self-similar [Con00].

1.3.4 Quantitative rigidity and flexibility

Besides the explicit information about microstructures as discussed in the previous section,
scaling laws offer quantitative results about the rigidity or flexibility of exact and approx-
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(A) Simple laminate construction. (B) Branching construction, see [RTTZ25, Figure
6(B)].

Figure 1.4: Schematic pictures for a laminate and branching construction with the same oscillation
at the boundary. In the bulk the branching construction has less interfaces than the
simple laminate. Both pictures show a suitable choice of the phase indicator χ with
different colors representing different phases.

imate solutions to the differential inclusion (1.2). Contrary, the results by De Philippis,
Palmieri, and Rindler [DPR18] in Section 1.2, concerning rigidity of exact and approximate
solutions are qualitative. They do not measure the deviation (of approximate solutions)
from the wells K or the amount of phase transitions. Quantitative versions of these results
can be derived by analyzing the minimum energy of (1.13). The elastic energy (1.10) mea-
sures the deviation from the wells. Further, the surface energy penalizes the complexity of
(approximate) solutions by measuring the rate of oscillation. By prescribing the boundary
data F /∈ K, we ensure (for not super-compatible wells) that there are no trivial solutions,
i.e., constant exact solutions or approximate solutions converging to a constant state.

Notice that if there exists an exact solution to (1.2) satisfying the boundary data, the
minimal elastic energy is achieved and is equal to zero. For non-constant solutions there
is at least an energy contribution of the order ε, due to the surface energy. If this exact
solution v = χ were in BV , we could further deduce Eε(v, χ) ≤ Cε for some constant
C > 0 independent of ε. In contrast, if approximate solutions do not exist, the infimum
of the elastic energy is not zero, in particular for the total energy in (1.13) it holds that
Eε(v, χ) ≥ C > 0 uniformly in ε. Moreover, if there is an approximate solution (vj)j∈N
satisfying the boundary data such that ∥vj∥L∞(Ω) ≤ C < ∞, it holds that

inf
v∈DA

F

inf
χ∈L2(Ω;K)

EA
el (v, χ) = 0.

Thus, a scaling law as in (1.16), for example in [KM92a; KM94], measures the rigidity
of the differential inclusion. If the scaling s(ε) > 0 vanishes in the limit, it implies the
existence of an approximate solution satisfying the boundary data. Moreover, for s(ε) > ε,
we can exclude the existence of exact solutions in BV . By measuring deviations from
the wells and penalizing oscillation, which are necessary to fulfill the boundary data, we
“quantify the flexibility/rigidity” of the solution. Therefore, we say that a scaling law
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provides a quantitative description of the rigidity of the differential inclusion.

As we discussed, if the scaling is greater than ε, there cannot be an exact BV -solution to
(1.2). To this end, it is an intriguing question if more information on the regularity of
exact solutions can be inferred from a scaling law. This is content of [RTZ19], where the
threshold regularity of exact solutions is discussed. In [RTZ19, Theorem 1], it is proven
that for a C1,1 domain Ω if there is an exact solution to the gradient inclusion

∇u ∈
N⋃

j=1
SO(d)Aj almost everywhere in Ω,

∇u = F almost everywhere outside Ω,

with ũ(x) := u(x) − Fx − b for some b ∈ Rd satisfying ũ ∈ H1+s(Rd;Rd) and supp(ũ) ⊂ Ω
for some s ∈ R, it holds that

inf
∇u∈Dcurl

F

∫

Ω
dist2(∇u,

N⋃

j=1
SO(d)Aj) dx + ε2

∫

Ω
|∇2u|2 dx ≤ Cε2s. (1.17)

In particular, if in this framework a (lower) scaling law is known, there cannot exist exact
solutions of higher regularity corresponding to the scaling law. Notice that in most of
the problems arising in this thesis, the problems are rigid in the sense that there are
no solutions (satisfying the boundary condition) with zero elastic energy. The SO(d)
invariance makes the problem less rigid and exact solutions exist for some F ∈ Kqc, see for
example [DR20; MŠ99; RZZ18]. Still, it motivates the connection between the regularity
of solutions to (1.2), hence also the rigidity of the problem, and the scaling law.

1.4 Guiding questions

Based on these observations, the main focus of this thesis is to discuss the following two
guiding questions:

(Q1) What is the influence of the order of the differential operator on the possible scaling
behaviors?

(Q2) How does the choice of surface energy influence the scaling law?

Let us elaborate on these questions. Motivated by the article by Chan and Conti [CC15] for
the two-well problem with A(D) = curl curl, the scaling of the minimum energy of (1.13)
can be either ε2/3, as in [KM92a; KM94], or it can be ε4/5. For the gradient inclusion,
i.e., A(D) = curl a first order operator, the scaling can only be ε2/3, see the discussion in
Section 2.2 below. This already suggests that the order of the operator plays a crucial role
in the possible scaling laws that can occur. In the following, we will analyze the role of
the differential operator for the (compatible) two-well problem. It turns out, see [RRT23;
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RRTT24], that the maximal vanishing order on the sphere of the multiplier |A(ξ)(A − B)|
determines the scaling, where A is defined in (1.4). As the order of the operator determines
the possible vanishing orders, it particularly classifies the possible scaling laws. We refer to
Chapters 2 and 3 for more details.

Above in (1.13), we penalize changes of phase by the total variation of the derivative of
the phase indicator. Other natural choices would be a surface energy depending on ∇v,
e.g., the L2-norm in Ω of the gradient squared for v ∈ H1

loc(Rd;Rn) (with a factor ε2) as
in (1.17) or the TV -norm of the distributional derivative Dv for v ∈ BV (Ω;Rn). It is
therefore natural to ask whether the choice of surface energy influences the scaling law,
which is content of question (Q2).

It is convenient for our analysis to consider the surface energy defined in (1.12), as in
contrast to ∥∇v∥2

L2(Ω), it does not introduce a second length scale for the transition layers
of v. Another advantage of this choice of surface energy is that the inclusion v ∈ K is
decoupled from the two constraints A(D)v = 0 and the boundary condition.

1.5 Model settings

Now we introduce the different model scenarios which we will analyze in the following
sections below.

1.5.1 Operators

The main focus of the analysis in this thesis are the two differential operators (acting
row-wise on matrix fields)

(curl v(x))kjℓ = 1
2(∂ℓ(vkj)(x) − ∂j(vkℓ)(x)) ∈ R, v : Rd → Rd×d, k, j, ℓ = 1, . . . , d

(div v(x))k =
d∑

j=1
∂j(vkj) ∈ R, v : Rd → Rn̄×d, k = 1, . . . , n̄.

Here and in the following, we denote by {e1, . . . , ed} ⊂ Rd the canonical basis of Rd.

We study the curl operator for the reasons highlighted in Section 1.1, and the divergence
operator for its applications in micromagnetism and as a very flexible operator as explained
below. Furthermore, the divergence operator always gives rise to lower bounds for the
A-free setting, as we will discuss in Section 2.4. For both operators, we consider the m-th
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order generalized operator. For the curl operator, we define for v : Rd → Sym(Rd; m) :=
{M ∈ (Rd)⊗m : M is symmetric}

curlm : C∞(Rd; Sym(Rd; m)) → C∞(Rd; (Rd)⊗2m),
[curlm v]i1j1i2j2...imjm

:= αi1j1 ◦ αi2j2 ◦ · · · ◦ αimjm(∂m
j1...jm

vi1...im), ik, jk ∈ {1, 2, . . . , d},

k ∈ {1, 2, . . . , m},

with the alternation operator in the indices jk, jℓ defined by

αjkjℓ
(Mj1...jk...jℓ...j2m) := 1

2 (Mj1...j2m − Mj1...jℓ...jk...j2m) . (1.18)

The tensor notation is introduced in Section 1.7.2 below.

Here a comment on the case m = 1 is required. The operator A(D) = curl1 acts on
functions v : Rd → Rd instead of v : Rd → Rd×d as defined above. In the following, when
we refer to the curl operator, we are referring to the curl operator on matrix fields, acting
on the rows like curl1. For m = 2 we have curl2 v = 0 if and only if curl curl v = 0, and
furthermore, it holds curlm v = 0 for v ∈ C∞

c (Rd; Sym(Rd; m)) if and only if there exists
u ∈ C∞

c (Rd; Sym(Rd; m − 1)) with v = Dsymu [Sha94, Theorem 2.2.1].

The higher order divergence operator is the adjoint of the m-th derivative (with a suitable
choice of L2-scalar product). It is defined by

divm : C∞(Rd;Rn̄ ⊗ Sym(Rd; m)) → C∞(Rd;Rn̄)
(divm v)j :=

∑

1≤i1≤i1≤···≤im≤d

∂m
i1i2...im

vji1...im , j ∈ {1, 2, . . . , n̄}.

To compare the two operators A(D) = div and A(D) = curl, we first notice that both
operators are cocanceling, that is there are no super-compatible states for both operators,
i.e., IA = {0}. Moreover, both have a potential: On the one hand, for the curl operator,
curl-free maps are given by gradients due to the Poincaré lemma. In terms of explicit
constructions, this has the advantage of a straightforward method of defining curl-free
functions satisfying the boundary condition. On the other hand, for div-free functions the
potentials are more involved. To give an example, we consider d = 3 and n̄ = 1 for the
divergence operator. In this case, divergence-free functions are given by ∇ × u for some
function u : R3 → R3 with

∇ × u := 2




(curl1 u)32
(curl1 u)13
(curl1 u)21


 =




∂2u3 − ∂3u2
∂3u1 − ∂1u3
∂1u2 − ∂2u1


 .

To be more precise, for both operators it holds that the rank of A(ξ) is constant for all ξ ̸= 0,
they are constant-rank operators. This already implies the existence of a potential under
suitable conditions, see [Rai19, Theorem 1, Lemma 2]. Secondly, the divergence operator
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is more flexible than the curl operator. For the curl operator the only possible solutions
to (1.2) with K = {A, B} (without boundary data) are locally simple laminates [BJ87,
Proposition 1]. In contrast to that, for the divergence operator A(D) = div, two wells can
be compatible in more than one direction and thus different solutions are possible. To
elaborate, let us consider the div-free two-well problem (d = 3, n̄ = 1)

v(x) ∈ {0, e1} ⊂ R3, div v = 0 in D′(R3),

where the equation is to be understood as in (1.27) below. For every bounded domain
U ⊂ R2 with smooth boundary the function v(x) = χU (x2, x3)e1 ⊗ e1 is a solution.
Indeed, as the divergence is the adjoint operator of the gradient, i.e., div∗ = ∇, for any
φ ∈ C∞

c (R3;R) we have
∫

R3
v(x) · div∗ φ(x) dx =

∫

{x∈R3:(x2,x3)∈U}
e1 · ∇φ(x) dx

=
∫

R

∫

∂U
φ(x1, x′)(nU (x′) · e1) dH1(x′) dx1 = 0.

Here we denote by nU ∈ R3 the unit normal of R × U , which satisfies nU (x′) · e1 = 0 for
H1-almost every x′ ∈ ∂U . This is an advantage of the divergence operator over the curl as
it is possible to have more degrees of freedom. As a final remark, below in Section 2.4 we
will discuss that all m-th order operators can be transformed to the case A(D) = divm by
a linear transformation and adaptation of the wells in K.

To conclude this section, let us give two examples for the set VA,µ, defined in (1.8). For
A(D) = curl, we have for µ ∈ Rd×d

(A(ξ)µ)kjℓ = 1
2(ξℓµkj − ξjµkℓ) = 1

2

(
ξℓ

ξj

)
×
(

µkℓ

µkj

)
= 0,

where the last equality holds if and only if the two-vectors (ξℓ, ξj)T and (µkℓ, µkj)T are
linearly dependent. In particular this implies A(ξ)µ = 0 if and only if the rows of µ are
parallel to ξ, i.e., there is a ∈ Rd such that µ = a ⊗ ξ. With this, we deduce that

Λcurl = {a ⊗ ξ : a ∈ Rd, ξ ∈ Sd−1}.

For µ = a ⊗ ξ ∈ Λcurl it holds

Vcurl,µ = span(ξ).

Similarly for A(D) = div, we have for any µ ∈ Rn̄×d

(A(ξ)µ)k =
d∑

j=1
ξjµkj = (µξ)k = 0
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if and only if ξ ∈ ker µ and therefore

Λdiv = {µ ∈ Rn̄×d : dim(ker µ) ≥ 1}.

For µ ∈ Λdiv it holds

Vdiv,µ = ker µ.

Comparing these observations, we again notice the difference in flexibility of those two
model operators. Whereas the set of possible directions of lamination for the curl operator
is always one-dimensional, for the divergence it is up to d − 1-dimensional.

1.5.2 Wells

Besides these model operators, we also consider the following model wells. Most prominent
is the compatible (but not super-compatible) two-well problem A − B ∈ ΛA \ IA. This is
the first step of understanding scaling laws for more involved microstructures. Building on
the two-well problem, we consider the “staircase” structure for gradient inclusions giving
rise to higher order laminates that is studied in [RT23b]. For A(D) = curl and N ≤ d + 1
consider the N -well structure KN ⊂ Rd×d

diag defined by

KN := {A1, A2, . . . , AN },

A1 = 0, A2 = diag(1, 0, . . . , 0),

A3 = diag(1
2 , 1, 0, . . . , 0), A4 = diag(1

2 ,
1
2 , 1, 0, . . . , 0),

Aj = diag(1
2 , . . . ,

1
2 , 1, 0, . . . , 0), j = 5, 6, . . . , N.

(1.19)

The wells are depicted in Figure 1.5(A). These wells are chosen such that the Λcurl-convex
hull Klc

N , cf. Section 1.3.2, is a finite union of line segments. Each line segment corresponds
to a higher order laminate and thus, to an increasing complexity of the microstructure. To
be more precise, the laminates of order j ∈ {1, 2, . . . , N − 1} are given by

K(j) \ K(j−1) = {diag(1
2 , . . . ,

1
2 , λ, 0, . . . , 0) : λ ∈ (0, 1)}.

There are j − 1 many entries 1
2 . We already mentioned another example for A(D) = curl:

the Tartar square in R2×2
diag, defined by

T4 := {A1, A2, A3, A4},

A1 = diag(−1, −3), A2 = diag(−3, 1), A3 = diag(1, 3), A4 = diag(3, −1).
(1.20)
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A(D) = curl

(A) Structure of the N diagonal wells in (1.19).
The set K(1) is highlighted in blue and K(2) \
K(1) in purple. The dotted line illustrates the
connection to A5 in the fourth dimension.

x22

x33

x11

A1

A2

A3

S1

S2

S3

A(D) = div

(B) The three wells in T3 with the auxiliary ma-
trices S1, S2, S3 highlighted in blue.

Figure 1.5: The N wells in (1.19) for A(D) = curl and the three wells in (1.21) for A(D) = div.
Compatible connections in the wave cone are shown as solid lines.

In T4 there are no rank-one connections, hence we have T lc
4 = T4, still there are observable

“macroscopic” affine transformations as

T qc
4 = {J1, J2, J3, J4}conv ∪

4⋃

j=1
[Aj , Jj ],

with the auxiliary matrices

J1 = diag(−1, 1), J2 = diag(1, 1), J3 = diag(1, −1), J4 = diag(−1, −1),

see [Rin18, Proposition 9.4]. These wells are illustrated in Figure 1.1.

Finally, for A(D) = div, highlighting the flexibility of the operator compared to A(D) =
curl, we consider a T3 structure due to [GN04], which is an analogous structure to the
Tartar square for A(D) = curl. It is given by

T3 := {A1, A2, A3} ⊂ R3×3
diag,

A1 = diag(0, 0, 0), A2 = diag(−1
2 ,

2
3 , 3), A3 = diag(1, 1, 1).

(1.21)

Similarly to the Tartar square T4, we have T lc
3 = T3, but the div-quasi-convex hull is given

by

T qc
3 = {S1, S2, S3}conv ∪

3⋃

j=1
[Aj , Sj ],
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with the auxiliary matrices

S1 = diag(0,
2
3 , 2), S2 = diag(1

2 ,
2
3 , 1), S3 = diag(0,

1
3 , 1).

This is shown in [PS09, Theorem 2] and the matrices are depicted in Figure 1.5(B).

For three divergence-free wells that are pairwise incompatible it is shown in [PP04] that
exact solutions (without boundary conditions) are rigid, in particular this applies to the
set T3. In [GN04] flexibility of approximate solutions (without boundary conditions) for
the T3 structure is shown. The scaling law associated to the T3 structure in [RRT23] relies
on both these results. The lower bound resembles the rigidity of the exact solutions and
the upper bound uses the construction from [GN04]. We refer to Section 2.3 below for a
discussion of the latter scaling law.

1.5.3 Modifications of the variational model

To answer question (Q2), we study different types of singularly perturbed energies. In
Chapter 4 below, we consider an anisotropic version of EA

ε for A(D) = curl, defined for
ν ∈ Sd−1 by

Eε,ν(u, χ) := Ecurl
ε,ν (∇u, χ) :=

∫

Ω
|∇u − χ|2 dx + ε∥Dνχ∥T V (Ω), (1.22)

for u ∈ H1(Ω;Rd×d) with u(x) = Fx on ∂Ω for some F ∈ Kqc \ K and χ ∈ BVν(Ω; K).
Here, BVν(Ω; K) denotes an anisotropic BV space, see Section 1.7.2 for the definition
of the space and the total variation norm ∥Dνχ∥T V (Ω). By studying this anisotropic
energy as an interesting prototypical modification of the energy (1.13), we are able to
understand the robustness of the model in terms of choices of a sharp interface surface
energy. Furthermore, instead of a sharp interface model, we analyze diffuse energy models
of the form

EA
ε,p,q(v, χ) :=

∫

Ω
|v − χ|p + εq|∇v|q dx, p, q ∈ [1, ∞)

for χ ∈ Lp(Ω; K) and v ∈ Lp
loc(Rd;Rn) such that

A(D)v = 0 in D′(Rd), v = F outside Ω, ∇v ∈ Lq(Ω;Rn×d).

Besides passing from the L2-based framework to an Lp-based one in the elastic energy,
also the structure of the interfaces changes. As the phase indicator χ is not necessarily
a function of bounded variation anymore, a minimization in χ ∈ Lp(Ω; K) yields the
energy

EA
ε,p,q(v) := inf

χ∈Lp(Ω;K)
EA

ε,p,q(v, χ) =
∫

Ω
distp(v, K) + εq|∇v|q dx. (1.23)

1.5 Model settings 21



The interpretation changes for q > 1 as sharp interfaces are ruled out by the higher
regularity assumption on v. In this model the changes of phases that are penalized
by the surface energy are in a transition layer of a certain width. For q = 1 we also
allow v ∈ BVloc(Rd;Rn) with v = F outside Ω and therefore the transition layers are
concentrated on lines. In this case the L1-norm is replaced by a TV -norm of the measure
Dv.

Another possible regularization to stop the increasing oscillation of minimizing sequences
at a certain length scale is to discretize the domain and thus the functions. This can be
interpreted as a surface energy as fine oscillations are penalized (by a restriction of the
domain). Moreover, as we use a triangulation of the domain, this energy is related to the
numerical analysis of the elastic energy and was already studied in related models for
example in [Chi99; CM99; Lor09]. In two dimensions and for A(D) = curl we change
the set of admissible functions to model the discretized energy. For this we define the two
reference triangles for small h ∈ (0, 1) by

Th := {x ∈ [0, h)2 : x2 < h − x1}, T ′
h := {x ∈ [0, h)2 : x2 ≥ h − x1}.

With this in hand, we fix the rotated triangulation for R ∈ SO(2) as

T R
h := RTh = {Rτ : τ ∈ Th}, Th := {Th + z : z ∈ hZ2} ∪ {T ′

h + z : z ∈ hZ2}. (1.24)

The set of admissible functions is chosen such that ∇u and χ are constant on the triangles.
More specifically, we define for p ∈ [1, ∞)

Dp,R
h,F := {u ∈ W 1,p

loc (R2;R2) : u is affine on each triangle τ ∈ T R
h , u(x) = Fx outside Ω},

CR
h := {χ ∈ L∞(R2; K) : χ is constant on each triangle τ ∈ T R

h }.

(1.25)

For the discretized model we only consider the Lp-based elastic energy

Ep
el,h(u, χ) := Ep,curl

el (∇u, χ) :=
∫

Ω
|∇u − χ|p dx, (1.26)

for u ∈ Dp,R
h,F , χ ∈ CR

h for some F ∈ Kqc \ K.

1.6 Relation to the literature

As energies of the form (1.13) play an important role in the study of shape-memory alloys,
there is a vast literature on scaling laws for singularly perturbed models. With regards to
our model examples, there are already several known related scaling laws. In the articles
by Kohn and Müller [KM92a; KM94] the scaling of the compatible two-gradient problem
was shown to be ε2/3. As was hinted by the results of Chan and Conti [CC15], that even

22 Chapter 1 Introduction



include the frame invariance, the two-symmetrized-gradient problem scales either like ε2/3

or ε4/5 depending on the number of compatible directions in the set K, cf. Section 3.2.1.
For the Tartar square, upper scaling bounds were derived in [Chi99; Win97] and an almost
matching lower bound was recently shown by Rüland and Tribuzio [RT22]. To be more
precise, consider T4 as given in (1.20), then for A(D) = curl and F ∈ T qc

4 \ T4 for all
γ ∈ (0, 1) there are constants C, cγ , c > 0 where C and c are independent of γ such that
for ε sufficiently small

C−1 exp(−cγ | log ε| 1
2 +γ) ≤ inf

χ∈BV ((0,1)2;T4)
inf

∇u∈Dcurl
F

Ecurl
ε (∇u, χ) ≤ C exp(−c| log ε| 1

2 ),

see [RT22, Theorem 1]. The question whether γ can be set to zero is still an open
question.

Contrary, the scaling of the N -well problem KN in (1.19) with boundary data for an ℓ-th
order laminate F ∈ K(ℓ)

N \ K(ℓ−1)
N was deduced in [RT23b, Theorem 1.4], i.e.,

C−1ε
2

ℓ+2 ≤ inf
χ∈BV ((0,1)d;KN )

inf
∇u∈Dcurl

F

Ecurl
ε (∇u, χ) ≤ Cε

2
ℓ+2 .

These results show that higher order laminates give rise to larger scaling bounds. Further-
more, the scaling of the Tartar square is larger than any order of lamination, resembling
again the infinite order of lamination for the flexibility of approximate solutions:

ε
2
3 ≪ ε

1
2 ≪ ε

2
ℓ+2 ≪ exp−cγ | log ε|

1
2 +γ

for ℓ ≥ 3, γ ∈ (0,
1
2).

This shows that scaling laws are also a useful tool to measure the complexity of the
observable microstructures.

Moreover, in [RT23b], the scaling of the compatible two-well problem for A(D) = curl
was studied for an Lp-based elastic energy using localization methods in real space as in
[CC15]. For two wells K = {A, B} ⊂ R2×2 with A − B = e1 ⊗ e1 and F ∈ Kqc \ K, it is
shown in [RT23b, Theorem 1.1] that there is a constant C > 0 such that for every ε ∈ (0, 1)
it holds that

C−1ε
p

p+1 ≤ inf
u∈W 1,p

loc (R2;R2):∇u∈BV ((0,1)2;R2×2),
u(x)=F x outside (0,1)2

Ecurl
ε,p,1(∇u) ≤ Cε

p
p+1 .

Other areas of research related to the study of A-free differential inclusions are the
methods of compensated compactness [DiP85; GR22; GRS22; MT97; Rai24; Tar79; Tar83],
generalized Korn-type inequalities [GLN23; GLN24; GRV24], the study of the Aviles-Giga
functional [LLP20; LLP22], results regarding A-quasi-convexity and lower semicontinuity
of functionals [ADR20; BMS17; CG22; FM99; Rai19; SW21], and properties of such
operators A(D) [ADHR19; BDG20; DPR18; DR16] to name some examples. As discussed
above in Sections 1.1 and 1.2.1 our models are related to shape-memory alloys. For the
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modeling of the latter we refer to [Bha03; BJ87; BJ92; MLSG14] and to [Mül99b; Rül25]
for a further introduction into its mathematical analysis. An evolutionary model has for
example been studied in [KK16; KMR05; Mai04]. The framework of micromagnetism
is studied in [BK23; DKMO06; DKO06; KMN19; KS21; Ott02]. We complement these
references by the following non exhaustive lists of qualitative references related to rigidity
and flexibility properties for gradient inclusions with frame invariance [CDK07; MŠ99]
or in the context of linearized elasticity [RS23; Rül16b]. Quantitative statements can be
found in [CM04; DM95; DS06; FJM02; LLP24] (with frame invariance) and in [CO12;
Lew23] (linearized elasticity). Similar results without an (infinitesimal) frame invariance
assumption for different operators A(D) can be found in [BJ87; CK02; DPR18; FS18;
MŠ03; PP04; ST23]. Besides the above mentioned results on scaling laws [CC15; KM92a;
KM94; RT22; RT23b], similar results were discussed in the framework of nucleation
[AKKR24; CDMZ20; KK11; KKO13; KO19; RT23a; TZ25], micromagnetism [CK98; CKO99;
KM11], compliance minimization [KW14; KW16] and other related models [CDZ17; Chi99;
Cho01; CM99; CO09; Lor01; Lor09; RT24; Zwi14].

1.7 Outline and Notation

1.7.1 Outline of the thesis

First in Chapter 2 we discuss the results of [RRT23]. There the general scaling of the
two-well problem for first order differential operators A(D) is studied and further, the
scaling law for the T3 structure from (1.21) for the divergence operator A(D) = div is
deduced. The scaling for the T3 structure is the corresponding analogous result to the
scaling of the Tartar square in [RT22] with the additional difficulties due to the higher
flexibility of the divergence operator.

Afterwards, in Chapter 3 we summarize [RRTT24], in particular we will discuss the
generalized scaling in the context of the two-well problem for higher order differential
operators with the assumption that VA,A−B, cf. (1.8), is a finite union of vector spaces.
The results are applied to the operators curlm and divm introduced in Section 1.5.1 and
matching upper bounds are deduced. Therefore the optimality of the lower bounds are
shown in the considered cases.

In Chapter 4 we turn to [RTTZ25], where the role of the choice of the surface energy is
discussed. In particular, we will characterize assumptions on anisotropic surface energies
of the form ∥Dνχ∥T V (Ω) such that they generate the same “full” scaling as in the isotropic
version. Moreover, a class of diffuse or fractional surface energies is considered. For the
fractional surface energies, we use the same Fourier based methods as for the anisotropic
surface energies. Furthermore, it is shown that the lower bounds on the sharp interface
model as in (1.13) provide lower bounds for the diffuse variants of the energy. As a final
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version of penalization of oscillation, the discretization from Section 1.5.3 is considered. To
conclude, in Chapter 5 the questions (Q1) and (Q2) are linked to the content of Chapters 2
to 4 and some open problems are discussed.

1.7.2 Notation

As mentioned above, the differential constraint is defined in a weak form, asking for
A(D)v = 0 in the distributional sense, i.e.,

∫

Rd
v · A(D)∗φ dx = 0 (1.27)

for all φ ∈ C∞
c (Rd;Rn), where the adjoint operator of A(D), cf. (1.1), is given by

A(D)∗ = (−1)m
∑

|α|=m

A∗
α∂α.

In Section 1.3.2, Kqc is introduced in duality to A-quasi-convex functions. We denote by
Td := Rd/Zd the d-dimensional torus. Following [FM99], we say a function f : Rn → R is
A-quasi-convex if

f(F ) ≤
∫

Td
f(F + w(x)) dx,

for all F ∈ Rn and all one-periodic functions w ∈ C∞(Td;Rn) such that A(D)w = 0 and∫
Td w(x) dx = 0. In particular, for A(D) = curl, we recover the well-known definition of

quasi-convexity.

The arguments in this thesis heavily rely on the Fourier transform. On the one hand, for
functions v ∈ C∞

c (Rd;Rn) it is given by

v̂(ξ) := F [v](ξ) := (2π)− d
2

∫

Rd
v(x)e−iξ·x dx, ξ ∈ Rd,

and is extended to functions v ∈ L2(Rd;Rn) by the density of C∞
c (Rd;Rn) in L2(Rd;Rn).

On the other hand, for one-periodic functions v ∈ L2(Td;Rn) it is defined by

v̂(k) := F [v](k) :=
∫

Td
v(x)e−2πik·x dx, k ∈ Zd.

With a slight abuse of notation, we use the same notation for both Fourier transformations.
For a general overview of Fourier theory, we refer to [Gra14].

The surface energy in (1.12) is chosen as the total variation norm of the distributional

1.7 Outline and Notation 25



derivative of a function χ ∈ BV (Ω;Rn). It is given by

∥Dχ∥T V (Ω) := sup
{∫

Ω
χ · div φ dx : φ ∈ C1

c (Ω;Rn×d), ∥φ∥∞ ≤ 1
}

.

Similarly, for the anisotropic surface energies discussed in Section 4.1 and a direction
ν ∈ Sd−1, we denote the directional distributional derivative of χ : Ω → Rn by Dνχ, i.e., it
holds

∫

Ω
χ∂νφ dx = −

∫

Ω
φ d(Dνχ) for all φ ∈ C∞

c (Ω;R).

The total variation norm of this measure is given by

∥Dνχ∥T V (Ω) := sup
{∫

Ω
χ · ∂νφ dx : φ ∈ C1

c (Ω;Rn), ∥φ∥∞ ≤ 1
}

.

We denote by BVν(Ω;Rn) the space of functions χ ∈ L1(Ω;Rn) for which the distributional
derivative in direction ν is a finite Rn-valued Radon measure satisfying ∥Dνχ∥T V (Ω) < ∞.
For more details on functions of bounded variation we refer to [AFP00].

In the analysis of higher order operators, we also use the multi-index notation. For l ∈ Nd

the absolute value is given by |l| = ∑d
j=1 lj , the factorial by l! = ∏d

j=1 lj , the multinomial

coefficient by
(|l|

l

)
= |l|!

l! , and the power of a vector ξ ∈ Rd by ξl = ∏d
j=1 ξ

lj
j , analogously

∂α = ∂l1
1 · · · ∂ld

d .

For the discussion of the operator A(D) = curlm, we use the following notation for tensors.
We write e1, . . . , ed ∈ Rd for the standard basis vectors in Rd. Let M ∈ (Rd)⊗m be an
m-tensor over Rd, m ≥ 1. We denote its components for j1, j2, . . . , jm ∈ {1, . . . , d} by

Mj1j2...jm
:= M [ej1 , ej2 , . . . , ejm ] ∈ R.

We call an m-tensor symmetric, and write M ∈ Sym(Rd; m) if

Mj1...jm = Mjτ(1)...jτ(m) ,

for all permutations τ ∈ Sm. We recall the definition of the alternation operators αjkjℓ
from

(1.18) and similarly introduce the symmetrization operator σj1...jm in the indices j1, . . . , jm

by

σj1...jm(Mj1...jm) = 1
m!

∑

τ∈Sm

Mjτ(1)...jτ(m) , for M ∈ (Rd)⊗m.

With this we set the symmetrized tensor product of vectors a1, . . . , am ∈ Rd to be given by

a1 ⊙ · · · ⊙ am := σ1...m(a1 ⊗ · · · ⊗ am)

with the tensor product (a1 ⊗ · · · ⊗ am)j1...jm = ∏m
ℓ=1 aℓ

jℓ
. We denote by a⊙k the k times
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symmetrized tensor product of a ∈ Rd with itself. Furthermore, for two vectors a, b ∈ Rd

we define the antisymmetric tensor product by

a ⊖ b := 1
2(a ⊗ b − b ⊗ a),

and with a slight abuse of notation, we introduce the symmetric tensor product of antisym-
metric tensors as

(a1 ⊖ b1) ⊙ · · · ⊙ (am ⊖ bm) := 1
m!

∑

τ∈Sm

(aτ(1) ⊖ bτ(1)) ⊗ · · · ⊗ (aτ(m) ⊖ bτ(m)). (1.28)
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The two-state problem and a T3
structure for the divergence

2
Contribution of author

In this chapter we summarize the results of [RRT23], which is a joint project
of Angkana Rüland, Bogdan Rai̧tă, and the author of this thesis. The article is
reproduced in Appendix A and is published as:

B. Rai̧tă, A. Rüland, and C. Tissot. “On scaling properties for two-
state problems and for a singularly perturbed T3 structure”. In: Acta
Applicandae Mathematicae 184.5 (2023). DOI: 10.1007/s10440-023-
00557-7

All authors contributed equally to this project.

In [RRT23] a first step to answering question (Q1) is accomplished. There the scaling
behavior of the singularly perturbed energy (1.13) corresponding to the A-free inclusion
(1.2) for two wells is determined. For two compatible but not super-compatible states it is
further assumed that the operator A(D) is a first order operator, i.e., m = 1 in (1.1).

The rigidity of exact solutions shown in [DPR18] for incompatible wells is made quantita-
tive by showing a lower scaling bound in the volume of the domain Ω. For super-compatible
states the minimal energy is zero as due to the super-compatibility jumps of the wells
(and the boundary condition F ∈ Kconv \ K) are admissible. Moreover, it is shown that for
finitely many wells that are not pairwise super-compatible, the model can be reduced to
that of a cocanceling operator, i.e., IA = {0}, cf. (1.9). Thus, without loss of generality
for not super-compatible wells we can always assume IA = {0}. For compatible but not
super-compatible states it is shown that the lower scaling bound of ε

2
3 for A(D) = curl,

deduced in [KM92a; KM94], is generic for general first order differential operators A(D).
In the particular case of A(D) = div this lower bound is complemented by a matching
upper bound using a branching construction. It is further observed that the order of the dif-
ferential operator A(D) plays a crucial role in the possible scaling. Building on the scaling
laws in [CC15] for the curl curl operator A(D) = curl curl and for a particular choice of
two wells, the ε

4
5 -lower scaling bound of [CC15] is recovered. This in particular shows that

for second order operators we can not always expect a lower scaling bound of ε
2
3 . Besides

the scaling of the two-well problem for first order differential operators, the T3 structure in
(1.21), introduced in [GN04], for the divergence operator A(D) = div is analyzed and an
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(almost matching) scaling law similar to that in [RT22] is shown. Moreover, the role of the
divergence operator for the deduction of lower bounds is explained.

2.1 Fourier characterization of the elastic energy

The fundamental ingredient of the Fourier based analysis of the two-well problem is given
by a Fourier representation of the elastic energy. It turns out that for any χ ∈ L2(Ω; K),
extended by F outside of Ω, we have

inf
v∈DA

F

EA
el (v, χ) ≥ c

∫

Rd

∣∣∣∣A( ξ

|ξ|)(χ̂ − Fχ̂Ω)
∣∣∣∣
2

dξ, (2.1)

for a constant c > 0, see [RRT23, Lemma 3.1]. Here, we denote by χΩ the indicator
function of the set Ω. For the sake of exposition, here and in the following we will not
state the explicit dependencies of constants. They depend on various quantities such as
Ω, K, F but are independent of ε and the functions v and χ. The quantities they depend
on can be found in Appendices A to C or the given references.

The estimate (2.1) is shown by a projection argument in Fourier space, where we choose
v̂(ξ) as the pointwise projection of χ̂(ξ) onto kerA(ξ), potentially not complying with
the boundary data anymore. For two wells K = {A, B} ⊂ Rn with boundary data
Fλ = λA+(1−λ)B ∈ Kconv\K for λ ∈ (0, 1), we write χ = χAA+χBB with χA+χB = χΩ.
Then (2.1) implies that

inf
v∈DA

Fλ

EA
el (v, χ) ≥ c

∫

Rd

∣∣∣∣A( ξ

|ξ|)(A − B)
∣∣∣∣
2

|(1 − λ)χ̂A − λχ̂B|2 dξ. (2.2)

The estimate (2.2) is stated in [RRT23, Corollary 3.2]. This “characterization” of the
elastic energy has the advantage of the visibility of the multiplier structure of ρ(ξ) :=
|A(ξ)(A − B)|2: Whenever ρ(ξ) restricted to the unit sphere is bounded away from zero,
the energy is coercive. The lower scaling bounds for the two-well problem then are based
on a careful analysis of this multiplier.

2.2 The two-well problem

The lower scaling bounds for the three cases of the two-well problem, incompatible,
compatible but not super-compatible, and super-compatible, are an immediate consequence
of the Fourier characterization in (2.2). Indeed, for incompatible wells, the multiplier ρ(ξ)
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only vanishes in the origin, thus there is a constant C > 0 such that ρ(ξ) ≥ C > 0 for all
ξ ∈ Sd−1. In particular, for a new constant c′ > 0 we get

inf
v∈DA

Fλ

EA
el (v, χ) ≥ c′

∫

Rd
|(1 − λ)χA − λχB|2 dx ≥ c′ min{(1 − λ)2, λ2}|Ω|,

shown in [RRT23, Corollary 3.2].

For compatible but not super-compatible wells A and B the multiplier has a non-trivial
zero set given by VA,A−B, cf. (1.8). In [RRT23, Theorem 1(ii)] the lower bound for the
total energy EA

ε under the assumption that A(D) is a first order operator is shown to be

inf
χ∈BV (Ω;{A,B})

inf
v∈DA

Fλ

EA
ε (v, χ) ≥ Cε

2
3 .

This estimate uses a splitting argument in Fourier space as used in [CKO99; KW16].

A crucial ingredient is the linearity of the map ξ 7→ A(ξ), as then VA,A−B is a vector space.
We split Rd into

Rd = VA,A−B ⊕ V ⊥
A,A−B.

Then, the elastic energy provides a control over |(1 − λ)χ̂A − λχ̂B| for frequencies “close”
to VA,A−B and the surface energy provides a high frequency control, cf. [KKO13]. For
A(D) = div and Ω = (0, 1)d this lower bound is complemented by a matching upper bound
using a branching construction as done for example in [KM92a; KM94] for the operator
A(D) = curl. Here the higher flexibility of the divergence operator in contrast to general
first order operators is convenient, as it ensures that the branching construction still defines
a divergence-free function.

For two super-compatible wells A and B with boundary data Fλ = λA + (1 − λ)B, we
notice that the map defined by

v(x) :=





A, x ∈ Ω,

Fλ, x /∈ Ω,

is admissible, i.e., v ∈ DA
Fλ

. Therefore the optimal energy vanishes [RRT23, Theorem
1(iii)]. The reduction to cocanceling operators for finitely many wells, that are pairwise
not super-compatible, then is achieved by a projection of the images of v and χ onto
I⊥

A combined with the observation that for the super-compatible two-well problem the
problem is essentially unconstrained.

Besides the scaling of compatible wells for first order operators, the special case for a
two-well problem for the second order operator A(D) = curl curl is considered. In this
instance a lower ε

4
5 -scaling bound motivated by [CC15] is derived. In this particular

example VA,A−B still is a vector space, thus our arguments are applicable. The difference
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in scaling arises due to the different vanishing order of the multiplier ρ(ξ). This is discussed
in more detail in Chapter 3.

2.3 A T3 structure for the divergence operator

Besides the two-well problem, to elaborate on the higher flexibility of the divergence
operator, a quantitative version of a T3 structure is considered. The methods used are
an adaptation of the arguments in [RT22], where instead of A(D) = curl for the Tartar
square K = T4, cf. (1.20), we analyze A(D) = div using the wells K = T3 in (1.21). We
recall that the divergence-free inclusion for T3 is rigid for exact solution but flexible for
approximate solutions [GN04; PP04]. The scaling resembles the scaling for the Tartar
square shown in [RT22], cf. Section 1.6.

Theorem 2.1 ([RRT23, Theorem 2]). Let Ω = (0, 1)3, let T3 be the three-well set given in
(1.21), and let F ∈ T qc

3 \ T3. We consider the energy Ediv
ε as above in (1.13) with the set

of admissible functions Ddiv
F in (1.11) for the divergence operator A(D) = div. Then, there

are constants C = C(F ) > 1 and c = c(F ) > 0 such that for every γ ∈ (0, 1
2) there are

ε0 = ε0(γ, F ) > 0 and cγ > 0 such that for every ε ∈ (0, ε0) it holds that

C−1 exp(−cγ | log ε| 1
2 +γ) ≤ inf

χ∈BV (Ω;T3)
inf

v∈Ddiv
F

Ediv
ε (v, χ) ≤ C exp(−c| log ε| 1

2 ).

Moreover, we have the following related result.

Proposition 2.2 ([RRT23, Proposition 1.2]). Let Ω = (0, 1)3 and let T3 be the three-well
set given in (1.21), and let F ∈ T qc

3 \ T3. We denote by χjj the diagonal entries of the
matrix field χ ∈ BV (Ω; T3) and by Ediv

ε the singularly perturbed energy as in (1.13) for the
operator A(D) = div with Ddiv

F defined as in (1.11). Then, there is ε0 > 0 such that for every
γ ∈ (0, 1

2) there is a constant cγ > 0 such that for every ε ∈ (0, ε0) it holds

3∑

j=1
∥χjj −

∫

Ω
χjj(y) dy∥2

L2(Ω) ≤ exp(cγ | log ε| 1
2 +γ)( inf

v∈Ddiv
F

Ediv
ε (v, χ))

1
2 .

This result measures both the rigidity of exact solutions and the flexibility of approximate
solutions quantitatively. The left-hand side measures the deviation of χ to a constant,
reflecting the rigidity. In particular, if infv∈Ddiv

F
Ediv

ε (v, χ) = 0, χ needs to be constant.
Notice however that due to the lack of exact solutions satisfying the boundary data the
energy never vanishes. On the right-hand side the “cost” of this deviation is controlled in
terms of the energy with a multiplicative factor. This large factor reflects the flexibility of
the problem as it allows large deviations of χ from a constant state while the energy on
the right-hand side remains small.
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The proofs of these results rely on a similar Fourier characterization of the elastic energy as
for the two-well problem in Section 2.2. For its derivation, the explicit operator A(D) = div
is plugged into (2.1). Instead of exploiting the two-well structure, it is used that the wells
are diagonal matrices. Moreover, in contrast to the continuous Fourier transform, we
extend the functions v and χ one-periodically and use the discrete Fourier transform.

The diagonal entries of the phase indicator in its Fourier representation then concentrate
in truncated cones around planes, whereas the Fourier mass outside these cones can be
controlled in terms of the energy. By the structure of the three matrices, i.e., that each
diagonal entry determines the others, the size of the cones can iteratively be reduced.
This cone reduction argument is an adaptation of the argument introduced by Rüland
and Tribuzio [RT22; RT23b] in the curl-free setting, where the cones are around one-
dimensional vector space. After a certain number of iterations only the mass in the zero
frequency is not controlled in terms of the energy, yielding Proposition 2.2. Controlling the
mean of χjj then gives the lower bound. The upper bound construction is based on an
infinite order lamination, quantifying the flexibility of approximate solutions.

2.4 Role of the divergence operator

As a final part in [RRT23, Appendix B] the role of the divergence operator is studied.
The special property is that lower bounds for the m-th order divergence operator provide
corresponding lower bounds for any m-th order differential operator. More precisely, for
any constant coefficient, homogeneous, linear differential operator A(D) of order m there
is a linear transformation

ωm : Rn → W ⊗ Sym(Rd; m), (ωm(x))ji1···m := (A∑m

ℓ=1 eiℓ
x)j .

such that

A(D) =
∑

|α|=m

Aα∂α = divm ◦ ωm,

with α = ∑m
ℓ=1 eiℓ

∈ Nd understood as a multi-index as in Section 1.7.2. For any v ∈ DA
F

it holds ωm ◦ v ∈ Ddivm

ωm(F ). Moreover, for cocanceling operators the transformation ωm is
injective as ker ωm = IA. Using this transformation, we deduce the lower bounds for any
differential operator [RRT23, Proposition B.2].
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The compatible two-well
problem for higher order
operators

3

Contribution of author

In this chapter we summarize the results of [RRTT24], which is a joint project of
Angkana Rüland, Bogdan Rai̧tă, Antonio Tribuzio, and the author of this thesis. The
article is reproduced in Appendix B and is published as:

B. Rai̧tă, A. Rüland, C. Tissot, and A. Tribuzio. “On scaling properties
for a class of two-well problems for higher order homogeneous linear
differential operators”. In: SIAM Journal on Mathematical Analysis 56.3
(2024), pp. 3720–3758. DOI: 10.1137/23M1588287

All authors contributed equally to this project.

Building on the results of [RRT23], as discussed in Chapter 2, in [RRTT24] possible scaling
laws for higher order operators are derived. In Section 2.2 above, we observed that the ε

2
3 -

lower scaling bound is generic for first order operators. Furthermore, for A(D) = curl curl
the compatible two-well problem can also give rise to an ε

4
5 -scaling law. In [RRTT24]

this observation is generalized to a class of higher order operators. In particular, for
A(D) = curlm scaling laws of the form ε

2L
2L+1 are shown for L ∈ {1, 2, . . . , m}, where

the precise scaling depends on the structure of A − B. Additionally, the same behavior
for A(D) = divm is observed. For this the underlying structure relevant for the scaling
behavior is made explicit and the key factor for understanding the lower bound using
Fourier (localization) methods is identified.

3.1 Lower scaling bound for higher order operators

Using similar ideas as in Section 2.2 the lower scaling bound for the two-well problem
for an m-th order differential operator is shown under the assumption that VA,A−B is a
finite union of linear spaces. The scaling then is determined by the vanishing order of the
multiplier that arises when rewriting the elastic energy in its Fourier representation. The
maximal vanishing order on the unit sphere (vanishing order) L[ρ] of a 2m homogeneous
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polynomial ρ ∈ R[ξ] with zero set V = ρ−1({0}) is defined by, cf. [RRTT24, Definition
1.3],

L[ρ] := min
{

ℓ ∈ N : inf
ξ∈Sd−1\V

ρ(ξ)
distV (ξ)2ℓ

> 0
}

.

For A − B ∈ ΛA \ IA assume that ρ(ξ) := |A(ξ)(A − B)|2 has vanishing order L :=
L[ρ] ∈ N and that V := VA,A−B = ρ−1({0}) is a finite union of linear spaces, then for
Fλ = λA + (1 − λ)B with λ ∈ (0, 1) there are constants ε0 > 0 and C > 0 such that for
every ε ∈ (0, ε0) it holds

inf
χ∈BV (Ω;{A,B})

inf
v∈DA

Fλ

EA
ε (v, χ) ≥ C min{(1 − λ)2, λ2}ε

2L
2L+1 , (3.1)

see [RRTT24, Theorem 1.4]. This result hence gives rise to a new class of scaling laws and
quantifies the relation of the scaling and the order of the differential operator A(D).

While for first order operators, as seen in Section 2.2, the multiplier carries a linear structure
for higher order operators the vanishing order can be higher and thus the scaling might be
different. This complements the observation in [RRT23], where for A(D) = curl curl the
ε

4
5 -lower scaling bound is shown.

Similar to Section 2.2, the proof is based on the Fourier representation (2.2) of the elastic
energy from Section 2.1. This characterization of the elastic energy, combined with the
definition of the vanishing order of the multiplier yields

inf
v∈DA

Fλ

EA
el (v, χ) ≥ C

∫

Rd

distV (ξ)2L

|ξ|2L
|(1 − λ)χ̂A − λχ̂B|2 dξ, (3.2)

where we write χ = AχA + BχB as in Sections 2.1 and 2.2. The proof of the lower scaling
bound then is based on a splitting argument in Fourier space. We decompose Rd into a
high frequency region, a region for small frequencies “far away” from the zero set V , and
the remaining frequencies “close” to V , see Figure 3.1. In the high frequency region, we
control the Fourier mass of |(1 − λ)χ̂A − λχ̂B| in terms of the surface energy, cf. [KKO13].
For the small frequencies away from V the elastic energy is elliptic and thus, it provides a
corresponding frequency control. The Fourier mass of |(1 − λ)χ̂A − λχ̂B| in the remaining
frequencies is controlled by an absorption argument using the uniform support of the
functions χ in Ω.

3.2 Applications

With the two model examples curlm and divm in mind, the above scaling estimate is
applied to these operators for certain choices of A and B. This in particular generalizes
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V1

V2

Figure 3.1: Splitting of Fourier space into regions of different energy estimates for the two-well
problem. Here, VA,A−B = V1 ∪ V2 is a union of two linear spaces. Inside the blue
cylinders an absorption argument is applied. Outside the purple ball (dashed) we
use a high frequency estimate in terms of the surface energy. Inside the purple ball
and outside the cylinders we have control over the frequencies in terms of the elastic
energy using (3.2).

the observation made in [RRT23] on the lower scaling bound for A(D) = curl curl based
on the results by Chan and Conti [CC15].

3.2.1 Application to curlm

To show the lower bounds for A(D) = curlm, we aim to apply (3.1). The novelty of
the remaining steps required to show the lower bound therefore lies in calculating the
vanishing order of the associated multiplier and verifying that the zero set is indeed a
finite union of linear spaces. We do not consider any A, B such that A − B ∈ Λcurlm but
restrict ourselves to A − B = e⊙l1

1 ⊙ · · · ⊙ e⊙ld
d ∈ Λcurlm for l ∈ Nd such that |l| = m, where

the notation is introduced in Section 1.7.2. These form a basis of the wave cone (1.5), cf.
[RRTT24], and already give rise to a large class of scaling laws.

As an auxiliary result as in [RRTT24, Lemma 2.2] we make the form of A(ξ)(e⊙l1
1 ⊙· · ·⊙e⊙ld

d )
explicit as

A(ξ)(e⊙l1
1 ⊙ · · · ⊙ e⊙ld

d ) = (e1 ⊖ ξ)⊙l1 ⊙ · · · ⊙ (ed ⊖ ξ)⊙ld ,

where the symmetric tensor product of antisymmetric tensors is defined in (1.28). This
implies that V = ⋃

j:lj ̸=0 span(ej) is indeed a finite union of linear spaces. Moreover, we
use this representation to determine the vanishing order, and in particular show

|A( ξ

|ξ|)(e
⊙l1
1 ⊙ · · · ⊙ e⊙ld

d )|2 ≥ C
distV (ξ)2L

|ξ|2L

for a constant C > 0 and L = maxj=1,...,d lj , see [RRTT24, Lemma 3.4]. Thus, we apply
the lower bound in (3.1) to A(D) = curlm with the vanishing order L = maxj=1,...,d lj to
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show the desired lower scaling of the form as in Theorem 3.1 below:

inf
χ∈BV (Ω;{A,B})

inf
v∈Dcurlm

Fλ

Ecurlm
ε (v, χ) ≥ Cε

2L
2L+1 .

The matching upper bound is provided in two dimensions on the unit cube based on
the branching construction in [CC15]. For m > 2, a careful adaptation is required to
accommodate for the boundary data. The construction gives an explicit potential, i.e.,
a map u : Ω → Sym(R2; m − 1) fulfilling the boundary condition u(x) = Fx on ∂Ω, and
then we set v := Dsymu which is curlm-free by construction. The idea is to set all but one
components in the energy density to zero.

Starting from the components of Dsymu−Fλ−(χ−Fλ) corresponding to A−B = e⊙l1
1 ⊙e⊙l2

2 ,
i.e., those for which the components of A − B are not vanishing, we set all components
to zero, except the one for the index (1, . . . , 1) or (2, . . . , 2). This yields a system of
differential equations on the level of the potential u, which are then solved iteratively. The
non-vanishing energy contribution is carried by the last component, i.e., the one which is
not set to zero. Depending on l this is either the energy contribution of u1...1 or u2...2. To
ensure that this iteration is possible while still ensuring to satisfy the boundary condition,
the assumption F = F1/2 = 1

2(A + B) is made. The scaling then is determined by how
many times the above mentioned iteration can be carried out, i.e., l1 or l2.

Together these results yield the scaling for a class of two-well problems for A(D) = curlm.
This in particular verifies the optimality of (3.1) in the considered cases.

Theorem 3.1 ([RRTT24, Theorem 1.2]). Let d, m ∈ N, d ≥ 2, and let l ∈ Nd with |l| = m.
Let Ω ⊂ Rd be an open, bounded Lipschitz domain. Consider A, B ∈ Sym(Rd; m) such that
A − B = e⊙l1

1 ⊙ · · · ⊙ e⊙ld
d , see Section 1.7.2 for the notation, and Fλ = λA + (1 − λ)B

for λ ∈ (0, 1). For the operator A(D) = curlm let Ecurlm
ε be as above in (1.13) with the set

of admissible functions Dcurlm
Fλ

given in (1.11). We set L := maxj=1,...,d lj . Then there are
constants C = C(Ω, d, m) > 0 and ε0 = ε0(Ω, d, m, λ) > 0 such that for every ε ∈ (0, ε0) it
holds

inf
χ∈BV (Ω;{A,B})

inf
v∈Dcurlm

Fλ

Ecurlm
ε (v, χ) ≥ C min{(1 − λ)2, λ2}ε

2L
2L+1 .

Moreover, for d = 2, Ω = (0, 1)2 and λ = 1
2 there exists C ′ = C ′(m) > 1 such that for

L = max{l1, l2} and for any ε ∈ (0, ε0) it holds

C ′−1ε
2L

2L+1 ≤ inf
χ∈BV (Ω;{A,B})

inf
v∈Dcurlm

F1/2

Ecurlm
ε (v, χ) ≤ C ′ε

2L
2L+1 .

38 Chapter 3 The compatible two-well problem for higher order operators



3.2.2 Application to divm

As a second application, recalling Section 2.4 the higher order divergence operator is
analyzed. Following the above ideas, we first explicitly determine the symbol A and the
vanishing order, allowing us to apply the estimate in (3.1).

For A − B = v ⊗ e⊙l1
1 ⊙ · · · ⊙ e⊙ld

d for some v ∈ Rn̄ and l ∈ Nd with |l| = m, it holds for
A(D) = divm that

A(ξ)(A − B) =
(

m

l

)−1

ξlv,

and hence V = Vdivm,A−B = ⋃
j:lj ̸=0 span(ej)⊥, cf. [RRTT24, Lemma 2.3]. The vanishing

order is given by L = m − minj=1,...,d lj . Plugging this into (3.1) then yields the lower
scaling bound

inf
χ∈BV (Ω;{A,B})

inf
v∈Ddivm

Fλ

Edivm

ε (v, χ) ≥ C min{(1 − λ)2, λ2}ε
2L

2L+1 ,

see [RRTT24, Lemma 3.7].

In two dimensions the upper bound for A(D) = curlm can be transformed to provide a
corresponding upper bound for A(D) = divm. This is a consequence of the fact that the
two operators are related by a change of coordinates, e.g., for m = 1 the two operators
only differ by a rotation. Thus, the upper bound construction for A(D) = curlm also
implies the optimality of the lower bound in two dimensions for A(D) = divm.
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The effect of surface energies 4
Contribution of author

In this chapter we summarize the results of [RTTZ25], which is a joint project of
Angkana Rüland, Antonio Tribuzio, Christian Zillinger, and the author of this thesis.
The article is reproduced in Appendix C and is available as a preprint at:

A. Rüland, C. Tissot, A. Tribuzio, and C. Zillinger. On surface energies
in scaling laws for singular perturbation problems for martensitic phase
transitions. 2025. arXiv: 2507.06773 [math.AP]

All authors contributed equally to this project.

In [RTTZ25] the role of the surface energy is analyzed. In the first part, anisotropic surface
energies for A(D) = curl of the form (1.22) are considered. These only penalize an
oscillation in a certain direction. For the model wells in KN , cf. (1.19), we provide a
characterization of the directions, which yield the same scaling for the anisotropic energy
as for the isotropic case in [RT23b]. It turns out that only the “inner-most” lamination
needs to be penalized to observe the same scaling. For a finite number of degenerate
directions the scaling resembles that of a lower order laminate, depending on the relation
of the anisotropic direction ν and the wells KN . These observations then are used to also
show lower bounds for an (anisotropic) fractional surface energy penalization, where for
s ∈ (0, 1

2) the surface energy is given by the Hs-seminorm of χ instead of the total variation
norm of Dχ.

In the second part, diffuse surface energies are considered. Based on a Modica-Mortola
type argument [MM77], similar to [KK11], it is shown that an energy of the form as in
(1.23), i.e.,

EA
ε,p,q(v, χ) =

∫

Ω
distp(v, K) + εq|∇v| dx,

is bounded from below by the sharp interface model with a surface energy as in (1.12).
In particular, we use the lower scaling bounds from Chapters 2 and 3 to also directly
deduce the same lower bounds for the diffuse energy model. For A(D) = curl and K3 as in
(1.19) for three wells in two dimensions d = 2, these lower bounds are complemented by
matching upper bounds. This shows that also the diffuse surface energies give rise to the
same energy scaling as the sharp interface model analyzed in [RT23b]. Analogous results
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hold when the isotropic surface energy
∫

Ω |∇v|q dx is replaced by the anisotropic version∫
Ω |∂νv|q dx for some ν ∈ Sd−1.

For A(D) = curl and in two dimensions d = 2, in the last part, oscillations on a scale
finer than h are prevented by a discretization instead of an additional surface energy. For
this the triangulation in (1.24) is used and ∇u and χ are assumed to be constant on the
triangles, cf. (1.25). The scaling of the wells in (1.19) for N = 3 is determined, where the
precise scaling depends on the orientation of the triangulation. In particular the scaling
bounds from the anisotropic energy are recovered. The lower bounds are complemented
by upper bounds, which are a piecewise affine interpolation of the already known upper
bounds for the sharp interface model.

In addition to the model example of KN , and in particular K3, also the Tartar square, cf.
(1.20) is used for a better understanding of the different surface energies.

4.1 Anisotropic surface energies

Let us recall the anisotropic energy from (1.22) that is we only consider A(D) = curl and
the anisotropic surface energy as defined (1.22).

As mentioned above only a penalization of the “inner-most” laminate is required to preserve
the isotropic scaling. Heuristically this can be explained by the following observation in
terms of the upper bound. For simplicity, let us consider (cut-off) simple laminates instead
of branching constructions as discussed in (1.15). In the case of a second order laminate
where only the inner, i.e., second order laminate, is penalized by the surface energy, we
first construct the outer laminate on a certain scale r. This scale r is not penalized by
the surface energy as the lamination is in the degenerate direction. Inside this laminate,
we now construct the inner laminate on a scale r2 < r for which we have to do a cut-off
towards the boundaries of the cells. As the oscillation of the second laminate is penalized,
we assume that its scale is not finer that ε, hence, the cut-off area has a width of order
r2 > ε. Indeed, as explained in (1.15) the size of the cut-off area is proportional to the
scale on which we are laminating. In particular the elastic energy due to the cut-off is
of an order larger than ε times the length of the side of the cells, i.e., the length of the
interfaces of the first order laminate, see Figure 4.1. This suggest that a second order
laminate always gives rise to an energy contribution which is larger than the (isotropic)
surface energy contribution of the first order laminate.

In [RTTZ25] these observations are made explicit for the wells in (1.19) and for Ω = (0, 1)d.
Taking F ∈ K(ℓ)

N \ K(ℓ−1)
N , cf. (1.14), and ν · e1 ̸= 0, we recover the isotropic scaling, else,

the scaling depends on ν according to the following result.

Theorem 4.1 ([RTTZ25, Theorem 2]). Let d ≥ 2, N ≤ d + 1, Ω = (0, 1)d, ν ∈ Sd−1, and
ℓ ∈ {1, 2, . . . , N − 1}. Consider the set KN ⊂ Rd×d given in (1.19) and F ∈ K(ℓ)

N \ K(ℓ−1)
N ,
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Figure 4.1: Illustration of the second order laminate in the anisotropic case. The elastic energy
contribution of the cut-off in the second order laminate (highlighted in blue) amounts
to a larger order than the interfacial energy of the first order laminate with an isotropic
surface energy, i.e., r2

r ≥ ε
r .

and let Eε,ν be the energy given in (1.22) with the corresponding set of admissible functions
Dcurl

F in (1.11) for A(D) = curl. Then, there are constants C = C(d, F, ℓ) > 0 and
ε0 = ε0(d, F, ℓ, ν) > 0 such that for any ε ∈ (0, ε0) it holds

inf
χ∈BVν(Ω;KN )

inf
u∈Dcurl

F

Eε,ν(u, χ) ≥ C
ℓ−1∑

j=0
|νj+1|

2
ℓ−j+2 ε

2
ℓ−j+2 .

The lower bound is based on [RT23b] and uses similar Fourier localization methods as
the proof of the two-well problem, cf. Sections 2.2 and 3.1. Due to a non-linear relation
between the wells in KN the localization argument is improved by a cone reduction
argument similar to the cone reduction for the divergence-free T3 structure in Section 2.3.
In two dimensions for N = 3, upper bounds are provided, where the construction relies
on the one in [RT23b] and the ν dependence is made explicit. Moreover, for the Tartar
square it is observed that for any choice of ν ∈ S1 in the anisotropic energy the scaling
from [RT22] is recovered.

In [RTTZ25], using the discrete Fourier transform, cf. Section 1.7.2, on Ω = (0, 1)d for
the one-periodic extension of χ ∈ BV (Ω; K), it is further observed that for (anisotropic)
fractional surface energies of the form Esurf,s,ν(χ)2s := ∑

k∈Zd |k · ν|2s|χ̂(k)|2 for s ∈ (0, 1
2)

the same methods are applicable. Thus, the scaling also holds for this type of surface
penalization. The upper bound in two dimensions is a consequence of an interpolation
inequality, as the surface energy is bounded from above by the sharp interface variant
Esurf,s,ν(χ) ≤ C∥Dνχ∥T V (Ω) for χ ∈ BVν(Ω; K) for some constant C > 0 independent of s.
The precise statements are given in [RTTZ25, Theorem 4].
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4.2 Diffuse surface energies

Based on an argument by Knüpfer and Kohn [KK11] it is proven that the diffuse energy
given in (1.23) is bounded from below by the sharp interface energy for a suitable choice
of the phase indicator χ. For this let K = {A1, . . . , AN } ⊂ Rn be a discrete set and
take F ∈ Kqc \ K. Then we have, as shown in [RTTZ25, Proposition 4.3], that for any
v ∈ Lp(Ω;Rn) such that A(D)v = 0 in D′(Rd), v = F outside Ω, and ∇v ∈ Lq(Ω;Rn×d)
there is χ ∈ BV (Ω; K) such that

∫

Ω
distp(v, K) + εq|∇v|q dx ≥ C

(∫

Ω
|v − χ|p dx + ε∥Dχ∥T V (Ω)

)
.

An analogous result for an anisotropic version is shown in [RTTZ25, Theorem 3].

This is achieved by projecting the image of v on a particular direction ζ such that the
number of wells in K · ζ is the same as in K. For the projected energy with one-dimensional
image, by a Modica-Mortola type trick and the co-area formula, we quantify the energy
contribution of changes of phases in v. We then define χ · ζ via a projection of v · ζ onto
K · ζ. The remaining components of χ then are fixed by the one-to-one correspondence of
K and K · ζ.

Similar upper bounds for the diffuse energy are derived. For given v ∈ DA
F ∩BVloc(Rd;Rn)∩

L∞(Rd;Rn) and χ ∈ BV (Ω; K) there is a function vε ∈ Lp(Ω;Rn) with A(D)vε = 0 in
D′(Rd), vε = F outside Ω, and ∇vε ∈ Lq(Ω;Rn×d), such that

∫

Ω
distp(vε, K) + εq|∇vε|q dx ≤ C

(∫

Ω
|v − χ|p dx + ε∥Dχ∥T V (Ω)

+ ε∥Dv − Dχ∥T V (Ω) + εPer(Ω)
)

.

(4.1)

This result can be found in [RTTZ25, Lemma 4.4]. In particular, for our model application,
i.e., A(D) = curl, p = 2, and K = KN , we can apply both estimates. Moreover, the
functions used as competitors for the upper bounds (d = 2) in the scaling laws satisfy

∥Dv − Dχ∥T V (Ω) ≤ C∥Dχ∥T V (Ω).

Hence, these results provide matching upper and lower bounds for the diffuse surface
penalization for K = K3, see [RTTZ25, Corollary 1.5].
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4.3 Discretization

For the discretization of the elastic energy (for A(D) = curl and d = 2) we consider
the triangulation T R

h for some rotation R ∈ SO(2) defined in (1.24), the energy Ep
el,h in

(1.26), and the sets of admissible functions u ∈ Dp,R
h,F and χ ∈ CR

h defined for p ≥ 1 and
F ∈ Kqc \ K in (1.25).

As it was for example observed in [CM99], there is a non-trivial energy contribution in the
bulk of Ω if the grid is misaligned with the potentially possible direction of lamination. If
the direction of lamination is aligned with the grid of the discretization, i.e., if the direction
of lamination is orthogonal to an edge of the triangles, there is no energy contribution
besides the cut-off area. For higher order laminates, the same phenomenon as observed for
the anisotropic surface penalization in Section 4.1 is present. Thus only the “inner-most”
laminate needs to be misaligned with the triangulation to observe the same scaling as
in the sharp interface model. To prove this, a lower bound in terms of an anisotropic
singular perturbation energy is shown, where the grid size h is taking the role of the (small)
singular perturbation parameter. Settings of finitely many wells K = {A1, . . . , AN } with
boundary data F ∈ Kqc \ K such that there is at most one possible direction of lamination
w ∈ Sd−1 are studied. Then, as shown in [RTTZ25, Theorem 5], for any u ∈ Dp,R

h,F and
χ ∈ CR

h , setting ν ∈ Sd−1 with ν · w = 0, it holds for sufficiently small h that

Ep
el,h(u, χ) ≥ C

(∫

Ω
|∇u − χ|p dx + h∥Dνχ∥T V (Ω) + h

)
.

The additional term h is a consequence of the incompatibility of the boundary data with the
wells and the triangulation. To be more precise, due to the boundary data, any admissible
function contributes to the energy in a non-vanishing part of the h-neighborhood of the
boundary.

Turning back to the three-well setting K3 (see (1.19) for N = 3 and d = 2), we notice that
the only rank-one connection present is in direction e1, thus for rotations R such that e1 is
not orthogonal to any edge of the triangle RTh, we get

Ep
el,h(u, χ) ≥





Ch
2
3 , F ∈ K(1)

3 \ K3,

Ch
1
2 , F ∈ K(2)

3 \ K(1)
3 .

For rotations such that e1 is orthogonal to an edge of the triangle RTh, we have the scaling
as in the degenerate anisotropic case

Ep
el,h(u, χ) ≥





Ch, F ∈ K(1)
3 \ K3,

Ch
2
3 , F ∈ K(2)

3 \ K(1)
3 ,

see [RTTZ25, Corollary 1.6]. Notice that the scaling for first order laminates is not zero,
but h.
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The (matching) upper bounds are following the same ideas as in [Chi99; CM99; Lor09].
For this we take the competitors for the corresponding upper bounds in the sharp interface
model (1.13) and define their affine interpolation on the triangles. For the phase indicators
we take the constant interpolations on the triangles. This yields the upper bounds in the
discrete setting.
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Conclusion 5
Let us summarize the observations and results of this thesis. We presented different scaling
laws for general A-free differential inclusions and explicit examples of scaling laws for
both A(D) = curlm and A(D) = divm. In particular, lower scaling bounds for the two-well
problem for general operators A(D) were investigated and the optimality of those scaling
estimates for A(D) = divm and A(D) = curlm were shown. Moreover, we derived the
scaling for a T3 structure for the divergence operator as given in (1.21). We characterized
the energy scaling for anisotropic surface energies for an N -well problem that gives rise to
higher order laminates and showed that the scaling remains the same if the sharp interface
energy is replaced by a diffuse (or fractional) surface energy. It is even possible to replace
the surface energy by a discreteness assumption to deduce the same scaling behavior.
These results show that the model we consider is robust under changes of the surface
energy and the scaling stays unchanged even for highly degenerate anisotropic surface
energies. Besides the explicit scaling laws, we discussed a useful Fourier characterization
of the elastic energy, general relations between diffuse and sharp interface energies, and a
relation of the discrete energy to the (anisotropic) sharp interface energy.

The lower bounds in the scaling laws rely on Fourier methods. The first step to deduce
the lower bound is the Fourier characterization of the form (2.1) followed by a splitting
argument in Fourier space to control the total energy from below. For higher order
laminates we apply an iterative reduction argument in Fourier space to improve the scaling.
The optimal scaling then corresponds to the maximal possible number of iterations of this
reduction argument, which is given by the order of lamination of the boundary data. In
the case of the T3 structure discussed in Section 2.3 a similar reduction argument yields
the lower scaling bound where the number of iterations is not determined by the boundary
data but chosen to be optimal for the behavior in ε. The upper bounds (with the exception
of the infinite order laminate for the T3 structure in the case of A(D) = div) are given by
branching constructions. These branching constructions compared to laminates, provide
a better balance of the elastic energy and the surface energy. Due to the incompatibility
of the boundary data and the wells, the elastic energy favors a high oscillation of simple
laminates. This high oscillation results in a large contribution of the surface energy.
Branching structures enable us to preserve that high oscillation close to the boundary
whereas they “save” surface energy away from the boundary which becomes small for
less changes of phases. The scaling laws particularly imply that a branching structure is
favorable over the simple laminate structure, but they do not imply that these are the
optimal structures. However, in [Con00] a further step to understand the microstructures
of the singularly perturbed energy was accomplished by showing that the minimizers of the
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energy in [KM92a; KM94] for A(D) = curl with two compatible wells are self-similar.

The upper bounds for the fractional surface energies are a consequence of an interpolation
argument, bounding the fractional surface energy from above by the sharp surface energy.
For the diffuse setting, the upper bounds are given by the upper bound v of the sharp
interface setting, where the function v is mollified on the scale ε. The explicit estimates
then consist of a careful analysis of those mollified functions and can then be reduced to
the known cases of the sharp interface model. The discrete upper bounds, analogously,
are an affine interpolation of the upper bounds for the sharp interface model. Therefore
this shows the robustness of the model under changes of the surface energy to determine
the scaling law. In particular, it is possible to choose one specific convenient model for the
analysis. For the methods used here this is the case for the sharp interface energy given in
(1.13) as Fourier methods are available and it does not introduce a second length scale for
the transition layers.

5.1 Discussion of the guiding questions

With these results, we formulate answers to the questions (Q1) and (Q2).

• Ad (Q1): The order of the operator plays a major role for the possible scaling
laws. For higher orders m of the operator, there is a larger class of possible scaling
behaviors for the singularly perturbed energy. The scaling of the two-well problem is
determined by the vanishing order of the multiplier |A(ξ)(A − B)|. In particular, the
possible scaling laws are determined by the order of the operator A(D) and A − B.
With this, at least for the two-well problem, we obtained a deep understanding of
the influence of the order of the operator on the scaling behavior. By this result, we
can deduce lower bounds by determining the vanishing order of the corresponding
multiplier. The key ingredient for this observation is the Fourier representation of
the elastic energy in Section 2.1. The optimality of these lower bounds was proven
for certain model cases. For general operators A(D) and wells A, B the optimality of
the lower bound has to be analyzed separately. The upper bounds for A(D) = curlm
suggest that the scaling is optimal in the cases relevant for applications.

• Ad (Q2): The choice of the surface energy plays a minor role. In particular, by the
results discussed in Chapter 4, we explained that a large class of natural choices of
the surface energy yields the same scaling as the energy defined in (1.13). Thus, it
is justified to consider the sharp energy model. We discussed that diffuse surface
energies and discrete energies can be bounded from below by the corresponding
sharp interface model. Moreover, by considering explicit examples, we expect that
in the most cases the resulting lower scaling bounds for the diffuse and discrete
energies are optimal. We can adapt the constructions of the upper bounds for the
sharp interface model to define an upper bound for the diffuse or discrete energies.
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If we have a control over the deviation of interfaces of the function v to the phase
indicator χ, one can provide a corresponding upper bound. Moreover, a large class
of anisotropic surface energies is expected to give rise to the same scaling laws
as the analogous isotropic model. To justify this claim, we studied an explicit N -
well structure for A(D) = curl. There, as long as the anisotropic surface energy
penalizes the inner-most laminate, the energy scaling of the isotropic surface energy
is recovered. In terms of the lower bound this is based on the cone reduction
argument as introduced in [RT22; RT23b] with particular care in the explicit choice
of the non-linear relation of the diagonal entries. A similar behavior is expected to
be valid for other choices of wells and operators.

5.2 Follow-up questions

To conclude this thesis, let us comment on some open questions that could be studied in
the future.

5.2.1 Higher order laminates for higher order operators

One natural problem to consider is to combine the results for higher order operators in
[RRTT24], discussed in Chapter 3, with the observations regarding higher order laminates
made in [RT23b] and [RTTZ25], discussed in Chapter 4. For a more detailed answer
to question (Q1), it is of interest to determine the scaling of higher order laminates for
higher order operators as for example A(D) = curl curl. One difficulty is that the Fourier
multipliers for the diagonal components of χ might have different vanishing orders and
thus a more careful argument may be required. Furthermore, the ΛA-convex/A-quasi-
convex hull might look different and thus more complicated for higher order operators. To
elaborate on this, consider A(D) = curl curl and K = K3 as in (1.19) in two dimensions.
In this case it holds

A3 − A2 =
(

−1
2 0

0 1

)
=
( 1√

2
1

)
⊙
(

− 1√
2

1

)
,

and thus A3 −A2 ∈ Λcurl curl, therefore λA3 +(1−λ)A2 ∈ K(1) for all λ ∈ [0, 1]. This shows
that the lamination convex hull looks more complicated than in the case A(D) = curl and
extra care is needed. For a similar staircase structure as for the curl operator, it might be
necessary to adapt the wells.

It is suspected that for a similar staircase structure in K the different vanishing orders of
the diagonal entries play a crucial role, but the order of the different vanishing orders does
not. To be more precise, assume that the Fourier multiplier corresponding to the diagonal
entry χjj has vanishing order Lj . Any reordering of the wells such that the set of vanishing
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orders remains the same (taking into account how often they occur) may give rise to the
same scaling law. We motivate this conjecture by commenting on the strategy for the
derivation of lower bounds in Fourier space. Here the cones are iteratively truncated as
done in the proof of Theorem 3.1. The new truncation parameter in the reduction of the
cones in Fourier space depends on the vanishing order. Thus, the “final” cut-off parameter,
i.e., the one relevant for the scaling, may depend on the number of the different vanishing
orders but not on the order in which they appear.

Building on this and the results presented in Chapter 4 one can ask whether in this setting
anisotropic surface energies provide the same scaling. Also here it would be interesting to
transfer the results obtained in the gradient case to higher order differential operators. We
conjecture that also in this setting only the inner-most laminate is required to be penalized
for the same (isotropic) scaling laws to hold. As for the curl curl operator, and similar
for other operators, there can be more than one compatible direction for the inner-most
laminate, it may be required that the anisotropic energy provides control in more than one
direction. Thus, the degenerate setting, where the inner-most laminate is not penalized (in
all directions), needs to be analyzed more carefully. Moreover, another difficulty arises
as for this case certain vanishing orders might not influence the scaling. In contrast to
the conjecture above, the order of the vanishing orders might play a role as only certain
vanishing orders are influencing the anisotropic scaling law.

For the upper bounds additional difficulties arise if we have to construct higher order
branching structures as in [RT23b]. Already for the curl curl operator particular care is
required as the cells of the second order branching are not given by rectangles or linear
deformations of such but have a curved boundary, cf. [CC15; RRTT24].

5.2.2 Generalizations of results

Besides this problem that further elaborates on the influence of the order of the operator,
we could aim for more generality trying to remove some of the assumptions in the above
presented results. The lower bound in (3.1) relies on the assumption that the zero set is
given by a finite union of linear spaces. Without this assumption, instead of the union of
vector spaces the zero set is a projective variety and therefore we could lose the linear
structure. In the presented arguments the distance to the zero set is used, therefore, for
a projective variety the argument is possibly more involved. Additionally, without the
assumption on the zero set, we may require extra care for the absorption argument in the
neighborhood of VA,A−B used for the low frequency control.

Another interesting problem would be to show the L2-based diffuse energy scaling law
using similar Fourier methods as for the sharp interface energy. In [RTTZ25], cf. Section 4.2,
the diffuse energy is compared to the sharp version of the energy. One difficulty for
a treatment directly with the Fourier methods is that due to the diffuse interfaces a
second length scale arising from the second gradient is present. This length scale is not
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present when penalizing the energy with the total variation of the phase indicator. As
the minimization in v = ∇u not only happens on the level of the elastic energy but also
the surface energy, the multiplier is not given by |A(ξ)(A − B)|. The analysis of this new
multiplier may be more challenging due to the second length scale which needs to be
considered in the Fourier methods.

The results discussed in Chapter 4 could also be generalized. Anisotropic surface energies
have been studied for the model class of wells defined in (1.19) (and the Tartar square
(1.20)). An interesting follow-up question is whether the same results hold for other
structures and operators. It is thus natural to aim at showing similar results in a more
general fashion. Similarly, the optimality of the lower bound for the diffuse energies has
only been shown in the instances of A(D) = curl and K = K3. To show similar estimates
for other choices of K, we could invoke (4.1) to relate upper bounds of the sharp interface
model to the diffuse interface model.

A possible generalization regarding the model is to consider a soft boundary condition
instead of the hard boundary data v = F outside Ω. This was already done in [KM92a;
KM94], where instead of prescribing the exact value of v outside of Ω (or on ∂Ω), deviations
from F are admissible but penalized by a suitable energy. Further, a systematic study of
periodic functions with a prescribed average condition on v might be an intriguing research
question.

Furthermore, building on the micromagnetic energy as introduced in Section 1.2.1, it is
interesting to incorporate strict non-convex constraints on the admissible functions. In the
case of micromagnetism this corresponds to |v| = 1 almost everywhere in Ω. Our Fourier
based methods would still be applicable, as there the minimization is considered over a
larger set of functions, the optimality of the lower bound, however, might be lost due to
that constraint. For the upper bounds a more careful construction might be required.

5.2.3 Related models

Instead of generalizing the results for the models introduced in this thesis, also certain
modifications of the model give rise to many interesting problems. The models discussed
in this thesis neglect frame invariance whereas frame invariance is an important physical
concept for large deformations. As discussed in Section 1.1 for gradient inclusions a
possible approximation for small deformations is to consider A(D) = curl curl, i.e., the
symmetrized gradient instead of the gradient. Nonetheless understanding settings with
full SO(d) invariance, as done in [CC15], is of great significance for research. The above
models are a good step towards that understanding, still are not yet the complete picture.
It is not clear whether the methods presented here allow for a proof of scaling laws for
models with frame invariance. The Fourier methods as discussed in this thesis heavily
relied on the fact that χ only attains values in a discrete set, therefore an adaptation of the
methods to this case seems to be challenging. Still, especially the results for the anisotropic
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surface energies in Section 4.1, suggest the advantages of these Fourier methods. Moreover,
the arguments to relate diffuse and sharp interface models in Section 4.2 rely on the
discreteness of the set K. Showing a similar result for sets K with SO(d) invariance
therefore is still subject to research. The results in [CC15] rely on localization methods
in real space instead of Fourier space. An additional question would be to extend these
techniques to frame invariant models for more than two wells.

A further related model is that of nucleation. In terms of shape-memory alloys this models a
nucleus of martensite inside austenite, thus we still study energies of the form (1.13). The
set Ω models the martensite phase and hence, the set in which the inclusion ∇u ∈ K has to
hold. In contrast to the model we considered above, Ω is not fixed but variable with fixed
volume |Ω| = V . We then aim to determine the scaling in the prescribed volume V of the
martensite phase. The shape of the nucleus has to be chosen suitable to accommodate for
the compatibility or incompatibility to the austenite phase. This has already been studied in
some instances as mentioned in Section 1.6, e.g., in [KK11; TZ25], also in connection with
Fourier methods [KKO13; RT23a]. It would be an interesting task to analyze nucleation
problems in the context of A-free differential inclusions and for different types of surface
energies.
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evolution in shape-memory-alloy single-crystals, in particular in CuAlNi”. In:
Meccanica 40 (2005), pp. 389–418. DOI: 10.1007/s11012-005-2106-1.

Bibliography 57

https://doi.org/10.1007/978-1-4939-1194-3
https://doi.org/10.1007/978-1-4939-1194-3
https://doi.org/10.1016/j.jfa.2022.109596
https://doi.org/10.1016/j.aim.2024.109490
https://www.mis.mpg.de/publications/preprint-repository/lecture_note/2003/issue-16
https://www.mis.mpg.de/publications/preprint-repository/lecture_note/2003/issue-16
https://doi.org/10.1098/rspa.2010.0316
https://doi.org/10.1098/rspa.2010.0316
https://doi.org/10.1002/zamm.201500209
https://doi.org/10.1002/cpa.21448
https://doi.org/10.1007/s00332-011-9105-2
https://doi.org/10.1080/01418619208201585
https://doi.org/10.1002/cpa.3160470402
https://doi.org/10.1007/s00205-018-1332-3
https://doi.org/10.1007/s00205-018-1332-3
https://doi.org/10.1007/s11012-005-2106-1


[KMŠ03] B. Kirchheim, S. Müller, and V. Šverák. “Studying nonlinear pde by geometry
in matrix space”. In: Geometric analysis and nonlinear partial differential
equations. Ed. by S. Hildebrandt and H. Karcher. Berlin, Heidelberg: Springer,
2003, pp. 347–395. DOI: 10.1007/978-3-642-55627-2_19.

[KO19] H. Knüpfer and F. Otto. “Nucleation barriers for the cubic-to-tetragonal phase
transformation in the absence of self-accommodation”. In: ZAMM - Journal of
Applied Mathematics and Mechanics / Zeitschrift für Angewandte Mathematik
und Mechanik 99.2 (2019), e201800179. DOI: 10.1002/zamm.201800179.

[Koh91] R. V. Kohn. “The relaxation of a double-well energy”. In: Continuum Me-
chanics and Thermodynamics 3.3 (1991), pp. 193–236. DOI: 10 . 1007 /
BF01135336.

[KS21] H. Knüpfer and W. Shi. “Γ-limit for two-dimensional charged magnetic zigzag
domain walls”. In: Archive for Rational Mechanics and Analysis 239.3 (2021),
pp. 1875–1923. DOI: 10.1007/s00205-021-01606-x.

[KW14] R. V. Kohn and B. Wirth. “Optimal fine-scale structures in compliance mini-
mization for a uniaxial load”. In: Proceedings of The Royal Society of London.
Series A: Mathematical, Physical and Engineering Sciences 470.2170 (2014),
p. 20140432. DOI: 10.1098/rspa.2014.0432.

[KW16] R. V. Kohn and B. Wirth. “Optimal fine-scale structures in compliance mini-
mization for a shear load”. In: Communications on Pure and Applied Mathe-
matics 69.8 (2016), pp. 1572–1610. DOI: 10.1002/cpa.21589.

[Lew23] M. Lewicka. Calculus of variations on thin prestressed films—asymptotic
methods in elasticity. Asymptotic Methods in Elasticity. Vol. 101. Progress in
Nonlinear Differential Equations and their Applications. Cham: Birkhäuser,
2023. DOI: 10.1007/978-3-031-17495-7.

[LLP20] X. Lamy, A. Lorent, and G. Peng. “Rigidity of a non-elliptic differential
inclusion related to the Aviles-Giga conjecture”. In: Archive for Rational
Mechanics and Analysis 238.1 (2020), pp. 383–413. DOI: 10.1007/s00205-
020-01545-z.

[LLP22] X. Lamy, A. Lorent, and G. Peng. “On a generalized Aviles-Giga functional:
compactness, zero-energy states, regularity estimates and energy bounds”.
In: Communications in Partial Differential Equations 47.11 (2022), pp. 2270–
2308. DOI: 10.1080/03605302.2022.2118609.

[LLP24] X. Lamy, A. Lorent, and G. Peng. “Quantitative rigidity of differential in-
clusions in two dimensions”. In: International Mathematics Research Notices
2024.8 (2024), pp. 6325–6349. DOI: 10.1093/imrn/rnad108.

[Lor01] A. Lorent. “An optimal scaling law for finite element approximations of
a variational problem with non-trivial microstructure”. In: ESAIM: Mathe-
matical Modelling and Numerical Analysis 35.5 (2001), pp. 921–934. DOI:
10.1051/m2an:2001143.

58 Bibliography

https://doi.org/10.1007/978-3-642-55627-2_19
https://doi.org/10.1002/zamm.201800179
https://doi.org/10.1007/BF01135336
https://doi.org/10.1007/BF01135336
https://doi.org/10.1007/s00205-021-01606-x
https://doi.org/10.1098/rspa.2014.0432
https://doi.org/10.1002/cpa.21589
https://doi.org/10.1007/978-3-031-17495-7
https://doi.org/10.1007/s00205-020-01545-z
https://doi.org/10.1007/s00205-020-01545-z
https://doi.org/10.1080/03605302.2022.2118609
https://doi.org/10.1093/imrn/rnad108
https://doi.org/10.1051/m2an:2001143


[Lor09] A. Lorent. “The regularisation of the N -well problem by finite elements and
by singular perturbation are scaling equivalent in two dimensions”. In: ESAIM.
Control, Optimisation and Calculus of Variations 15.2 (2009), pp. 322–366.
DOI: 10.1051/cocv:2008039.

[Mai04] A. Mainik. “A rate-independent model for phase transformations in shape-
memory alloys”. PhD thesis. Universität Stuttgart, 2004. DOI: 10.18419/
opus-4749.

[MLSG14] J. Mohd Jani, M. Leary, A. Subic, and M. A. Gibson. “A review of shape
memory alloy research, applications and opportunities”. In: Materials &
Design 56 (2014), pp. 1078–1113. DOI: 10.1016/j.matdes.2013.11.084.

[MM77] L. Modica and S. Mortola. “Un esempio di Γ−-convergenza”. In: Unione
Matematica Italiana. Bollettino. B. Serie V 14.1 (1977), pp. 285–299.

[MŠ03] S. Müller and V. Šverák. “Convex integration for Lipschitz mappings and
counterexamples to regularity”. In: Annals of Mathematics 157.3 (2003),
pp. 715–742. DOI: 10.4007/annals.2003.157.715.

[MŠ99] S. Müller and V. Šverák. “Convex integration with constraints and appli-
cations to phase transitions and partial differential equations”. In: Jour-
nal of the European Mathematical Society 1.4 (1999), pp. 393–422. DOI:
10.1007/s100970050012.

[MT97] F. Murat and L. Tartar. “H-convergence”. In: Topics in the mathematical
modelling of composite materials. Ed. by A. Cherkaev and R. V. Kohn. Vol. 31.
Progress in Nonlinear Differential Equations and Their Applications. Boston,
MA: Birkhäuser Boston, 1997, pp. 21–43. DOI: 10.1007/978-1-4612-2032-
9_3.

[Mül99b] S. Müller. “Variational models for microstructure and phase transitions”. In:
Calculus of variations and geometric evolution problems. Vol. 1713. Lecture
Notes in Mathematics. Berlin, Heidelberg: Springer, 1999, pp. 85–210. DOI:
10.1007/BFb0092670.

[Ott02] F. Otto. “Cross-over in scaling laws: a simple example from micromagnetics”.
In: Proceedings of the International Congress of Mathematicians. Ed. by L.
Tatsien. Vol. III: Invited Lectures. Beijing: Higher Education Press, 2002,
pp. 829–838.

[PP04] M. Palombaro and M. Ponsiglione. “The three divergence free matrix fields
problem”. In: Asymptotic Analysis 40.1 (2004), pp. 37–49. DOI: 10.3233/asy-
2004-643.

[PS09] M. Palombaro and V. P. Smyshlyaev. “Relaxation of three solenoidal wells
and characterization of extremal three-phase H-measures”. In: Archive for
Rational Mechanics and Analysis 194.3 (2009), pp. 775–722. DOI: 10.1007/
s00205-008-0204-7.

Bibliography 59

https://doi.org/10.1051/cocv:2008039
https://doi.org/10.18419/opus-4749
https://doi.org/10.18419/opus-4749
https://doi.org/10.1016/j.matdes.2013.11.084
https://doi.org/10.4007/annals.2003.157.715
https://doi.org/10.1007/s100970050012
https://doi.org/10.1007/978-1-4612-2032-9_3
https://doi.org/10.1007/978-1-4612-2032-9_3
https://doi.org/10.1007/BFb0092670
https://doi.org/10.3233/asy-2004-643
https://doi.org/10.3233/asy-2004-643
https://doi.org/10.1007/s00205-008-0204-7
https://doi.org/10.1007/s00205-008-0204-7
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On scaling properties for
two-state problems and for a
singularly perturbed T3 structure

A

This chapter contains the article [RRT23]. Reproduced is the version published as B.
Rai̧tă, A. Rüland, and C. Tissot. “On scaling properties for two-state problems and for a
singularly perturbed T3 structure”. In: Acta Applicandae Mathematicae 184.5 (2023). DOI:
10.1007/s10440-023-00557-7 under a Creative Commons Attribution 4.0 International
License. The article is reproduced in accordance with the terms of its Open Access license,
see http://creativecommons.org/licenses/by/4.0/.

A summary of the article is given in Chapter 2.
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Abstract
In this article we study quantitative rigidity properties for the compatible and incompatible
two-state problems for suitable classes of A-free differential inclusions and for a singularly
perturbed T3 structure for the divergence operator. In particular, in the compatible setting of
the two-state problem we prove that all homogeneous, first order, linear operators with affine
boundary data which enforce oscillations yield the typical ε

2
3 -lower scaling bounds. As

observed in Chan and Conti (Math. Models Methods Appl. Sci. 25(06):1091–1124, 2015)
for higher order operators this may no longer be the case. Revisiting the example from Chan
and Conti (Math. Models Methods Appl. Sci. 25(06):1091–1124, 2015), we show that this
is reflected in the structure of the associated symbols and that this can be exploited for a
new Fourier based proof of the lower scaling bound. Moreover, building on Rüland and
Tribuzio (Arch. Ration. Mech. Anal. 243(1):401–431, 2022); Garroni and Nesi (Proc. R.
Soc. Lond., Ser. A, Math. Phys. Eng. Sci. 460(2046):1789–1806, 2004, https://doi.org/10.
1098/rspa.2003.1249); Palombaro and Ponsiglione (Asymptot. Anal. 40(1):37–49, 2004),
we discuss the scaling behavior of a T3 structure for the divergence operator. We prove that
as in Rüland and Tribuzio (Arch. Ration. Mech. Anal. 243(1):401–431, 2022) this yields a
non-algebraic scaling law.
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1 Introduction

Rigidity and flexibility properties associated with (nonlinear) differential inclusions for the
gradient have been objects of intensive study. They arise in a variety of applications, in-
cluding the analysis of PDEs, e.g. the study of regularity of elliptic systems [5–7], fluid
dynamics [8, 9], geometry [10–13] and various settings in the materials sciences, e.g. the
study of patterns in shape-memory alloys [14–19]. Motivated by applications of microstruc-
tures in composites [20, 21], optimal design problems [22–24] and micromagnetics [25, 26]
as well as by recent developments on more general differential inclusion problems [27–29],
in this article we study two instances of quantitative rigidity and flexibility properties of
differential inclusions for more general operators. On the one hand, we consider constant-
coefficient, homogeneous, linear differential operators for which we discuss quantitative
versions of the compatible and incompatible two-state problems. On the other hand, we
investigate quantitative properties of a T3 structure for the divergence operator.

1.1 On Quantitative Results for the Two-Well Problem for A-Free Differential
Inclusions

A-free differential inclusions arise in many different settings, including linearized elasticity
[30, 31], liquid crystal elastomers [32, 33] and the study of the Aviles-Giga functional [34,
35] to name just a few examples. They have been systematically investigated in the context
of compensated compactness theory in classical works such as [36–39] but also in more
recent literature on compensated compactness theory [40–46], in truncation results [47], in
classical minimization and regularity questions in the calculus of variations [48–51] and in
the context of fine properties of such operators in borderline spaces [27, 52–54]. In the recent
articles [27, 28] general A-free versions of the incompatible two-well problem in borderline
spaces and the study of TN structures have been initiated. Motivated by these applications,
in the first part of this article, we seek to study quantitative versions of the compatible and
incompatible two-state problems.

Before turning to the setting of general A-free differential inclusions, let us recall the
analogous “classical” setting for the gradient: Inspired by problems from materials science
and phase transformations, the exact and approximate rigidity properties of differential in-
clusion problems for the gradient [14] (see also [18, 55–57]) with and without gauge invari-
ance have been considered. For two energy wells without gauge invariances this amounts to
the study of the differential inclusion

∇v ∈ {A,B} in � (1)

for A,B ∈ Rd×d , A �= B and � ⊂ Rd a bounded Lipschitz domain. It is well-known that
depending on the compatibility of the wells, a dichotomy arises:

• On the one hand, for incompatible wells, i.e. if B −A ∈ Rd×d is not a rank-one matrix, the
differential inclusion (1) is rigid both for exact and approximate solutions: Indeed, if A,
B are incompatible, (1) only permits solutions with constant deformation gradient, which
is in the following referred to as the rigidity of the two-state problem for exact solutions.
Moreover, in this setting one has that for sequences ∇uk with dist(∇uk, {A,B}) → 0 in
measure, it necessarily holds that along a subsequence ∇uk → A or ∇uk → B in measure.
We will refer to this as rigidity of the two-state problem for approximate solutions.

We remark that various far-reaching generalizations of these results have been ob-
tained: For settings with SO(d) symmetries a quantitative version of such a result was
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deduced in [58]; a further proof was found in [59]. The one-state problem with continu-
ous symmetry group was studied in [60, 61].

The article [27] investigates a similar problem for two incompatible wells for a general
constant coefficient, homogeneous, linear differential operator A(D), providing qualita-
tive rigidity results for the associated exact and approximate differential inclusions, in-
cluding L1-based frameworks.

• On the other hand, if the wells are compatible, i.e. if B − A ∈ Rd×d is a rank-one matrix,
then simple laminate solutions of (1) exist, in which the deformation gradient oscillates
between the two fixed values A, B and is a one-dimensional function depending only on
the direction determined by the difference B − A. Due to the failure of rigidity on the
exact level, also rigidity on the approximate level cannot be expected without additional
regularization terms.

In the first part of this article we seek to consider quantitative, L2-based variants of these
type of results for more general, linear differential operators A(D). In this context, we will
consider the following two guiding questions:

• Quantitative incompatible rigidity. For a constant coefficient, homogeneous, linear dif-
ferential operator A(D) and two incompatible wells, i.e. A,B ∈ Rn such that B − A /∈
�A, cf. (5) for the definition of the wave cone, do we have a quantitative rigidity result
in terms of domain scaling for prescribed boundary data which are a convex combination
of the two states? Here the dimension n depends on the operator A(D); for A(D) = curl
(which corresponds to the gradient setting from (1) above) we would for instance consider
n = d × d .

More precisely, we seek to study the following question: Let A,B ∈ Rn be such that
B − A /∈ �A. Is it true that

Eel(u,χ) =
ˆ

�

|u − χAA − χBB|2dx ≥ C(A,B,λ)|�|,

if u : Rd → Rn, A(D)u = 0 in Rd , χ := AχA + BχB ∈ {A,B} in � and χA,χB ∈ {0,1}
with χA + χB = 1 and if for some λ ∈ (0,1) we have that u = Fλ := λA + (1 − λ)B in
Rd \ �?

• Quantitative compatible rigidity. Let us next consider two compatible wells A,B ∈ Rn,
i.e. let A,B ∈ Rn be such that B − A ∈ �A, see (5) below, and let us again consider
boundary data Fλ := λA + (1 − λ)B for some λ ∈ (0,1) as above and with the set of
admissible functions given by DFλ

in (10). For a singularly perturbed energy similarly as
in (15) is it true that as in [62, 63] also in the setting of a more general constant coefficient,
homogeneous, linear differential operator A(D) the following bound holds

inf
χ∈BV (�;{A,B})

inf
u∈DFλ

(Eel(u,χ) + ε

ˆ

�

|∇χ |) ≥ Cε2/3?

In what follows, we will formulate the set-up, the relevant operator classes and our results
on these questions.

1.2 Formulation of the Two-State Problem for A-Free Operators in Bounded
Domains

Following [27, 28, 48], we consider a particular class of linear, homogeneous, constant-
coefficient operators. The operator A(D) : C∞(Rd;Rn) → C∞(Rd;Rm) of order k ∈ N is
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given in the form

A(D) :=
∑

|α|=k

Aα∂
α, (2)

where α ∈ Nd denotes a multi-index of length |α| :=∑d

j=1 αj and Aα ∈ Rm×n are constant
matrices. Seeking to study microstructure, in the sequel we are particularly interested in
non-elliptic operators. Here the operator A(D) is said to be elliptic if its symbol

A(ξ) :=
∑

|α|=k

Aαξ
α (3)

is injective for all ξ �= 0. If A(D) is not elliptic, there exist vectors ξ ∈ Rd \ {0} and μ ∈
Rn \ {0} such that

A(ξ)μ = 0. (4)

The collection of these vectors μ ∈ Rn \{0} forms the wave cone associated with the operator
A(D):

�A :=
⋃

ξ∈Sd−1

ker(A(ξ)). (5)

The relevance of the wave cone �A for compensated compactness and the existence of mi-
crostructure is well-known. For instance, for any pair (μ, ξ) as in (4) it is possible to obtain
A-free simple laminate solutions. These are one-dimensional functions u(x) := μh(x · ξ),
where h : R → {0,1}, which obey the differential constraint A(D)u = 0 due to the choice
of μ, ξ and u ∈ {0,μ}. More generally, if k = 1, and for μ ∈ �A (see, for instance, [64]) it
holds that

u(x) := μh(x · ξ1, . . . , x · ξ
)

is a solution to the differential equation A(D)u = 0 for vectors ξ1, . . . , ξ
 ∈ Rd \ {0} forming
a basis of the vectorspace

VA,μ := {
ξ ∈ Rd : A(ξ)μ = 0

}
. (6)

For the row-wise curl operator (n = d × d) this is an at most one-dimensional space, while
for the row-wise divergence operator (n = m×d), it is a space of possibly higher dimension
as Vdiv,μ = kerμ, leading to substantially more flexible solutions of the associated differen-
tial inclusions than for the curl.

In order to study microstructures arising as solutions to the two-state problem, for the
above specified class of operators, analogously as in the gradient setting, we consider the
following A-free differential inclusion with prescribed boundary values:

u ∈ K in �,

A(D)u = 0 in Rd ,
(7)

with K ⊂ Rn, and � ⊂ Rd an open, bounded, simply connected domain, with appropriately
prescribed boundary data. For the two-state problem we consider K = {A,B} ⊂ Rn.
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Now, in analogy to the gradient setting, on the one hand, we call the differential inclusion
for the two-state problem (7) incompatible if it is elliptic in the sense that B − A /∈ �A. In
this case it is proved in [27] that both the exact and approximate differential inclusion (7)
are rigid. We emphasize that incompatibility in particular excludes the presence of simple
laminates. On the other hand, the differential inclusion (7) is said to be compatible if B−A ∈
�A. In this case, also in the setting of more general operators, a particular class of solutions
to (7) consists of (generalized) simple laminates. Moreover, in the compatible setting, we
further distinguish a particular case: We consider the subspace

IA :=
⋂

ξ∈Rd

ker(A(ξ)) =
⋂

|α|=k

ker(Aα). (8)

This is the space of values that are (algebraically) unconstrained by A(D), meaning that for
all u ∈ L2(Rd; IA), we have that A(D)u = 0 without taking any regularity constraints on u.
In the case of IA = {0}, the operator A(D) belongs to the class of cocanceling operators,
introduced in [65].

We seek to study both settings and the resulting microstructures quantitatively in the
spirit of scaling results as, for instance, in the following non-exhaustive list involving differ-
ent physical applications [2, 22, 62, 63, 66–77]. To this end, for � ⊂ Rd an open, bounded,
Lipschitz set, we introduce elastic and surface energies and consider their minimization for
prescribed, not globally compatible boundary data Fλ = λA+ (1 −λ)B for some λ ∈ (0,1),
where again the set of states is given by K = {A,B}.

Motivated by the applications from materials science, we study the following “elastic
energy”

Eel(u,χ) :=
ˆ

�

|u − χ |2dx, (9)

which we minimize in the following admissible class of deformations

u ∈ DFλ
:= {

u ∈ L2
loc(R

d;Rn) : A(D)u = 0 in Rd , u = Fλ in Rd \ �
}
, χ ∈ L2(�;K).

(10)

For ease of notation, here and in what follows, we often use the convention that χ := χAA+
χBB with χA,χB ∈ L2(�; {0,1}) and χA + χB = 1 in �. Moreover, we further use the
notation

Eel(χ;Fλ) := inf
u∈DFλ

Eel(u,χ).

In addition to the “elastic” energy contributions, we also introduce a surface energy con-
tribution of the form

Esurf (χ) :=
ˆ

�

|∇χ |, χ ∈ BV (�;K) (11)

and consider the following singularly perturbed elastic energy for ε > 0

Eε(u,χ) := Eel(u,χ) + εEsurf (χ), (12)

and correspondingly

Eε(χ;Fλ) := Eel(χ;Fλ) + εEsurf (χ) = inf
u∈DFλ

Eε(u,χ).
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We note that this can be defined for an arbitrary set of states K and suitable boundary data
Fλ.

With these quantities in hand, we can formulate the following quantitative rigidity results
for the two-state problems:

Theorem 1 Let d,n,m,k ∈ N, n > 1. Let � ⊂ Rd be a bounded Lipschitz domain, and
let A(D) be as in (2) with the wave cone �A given in (5) and let IA be given in (8). Let
A,B ∈ Rn and let χ = χAA + χBB ∈ L2(�; {A,B}). Further, let the elastic and surface
energies Eel , Esurf be given as in (9) and (11), respectively. For λ ∈ (0,1) set Fλ = λA +
(1 − λ)B ∈ Rn and consider DFλ

as in (10). The following results hold:

(i) Incompatible case: Assume that B −A /∈ �A. Then there is a constant C = C(A,B) >

0 such that,

inf
χ∈L2(�;{A,B})

inf
u∈DFλ

Eel(u,χ) ≥ C(min{λ,1 − λ})2|�|.

(ii) Compatible case: Assume that A(D) is one-homogeneous, i.e. k = 1 in (2), and
that B − A ∈ �A \ IA. Then, there exist C = C(A(D),A,B,�,d,λ) > 0 and ε0 =
ε0(A(D),A,B,�,d,λ) > 0 such that for ε ∈ (0, ε0)

inf
χ∈BV (�;{A,B})

inf
u∈DFλ

(Eel(u,χ) + εEsurf (χ)) ≥ Cε2/3.

Furthermore, if we assume A(D) = div and � = [0,1]d , then there exists a constant
c = c(A,B,λ) > 0 such that for ε > 0 we also have the matching upper bound

inf
χ∈BV (�;{A,B})

inf
u∈DFλ

(Eel(u,χ) + εEsurf (χ)) ≤ cε2/3.

(iii) Super-compatible case: Assume that A − B ∈ IA. Then,

inf
χ∈BV (�;{A,B})

inf
u∈DFλ

(Eel(u,χ) + εEsurf (χ)) = 0.

We highlight that in our discussion of the compatible case, we have restricted ourselves
to operators of order one. This is due to the fact that for higher order operators it is expected
that more complicated microstructures may arise. This is also reflected in the Fourier space
properties of the symbol A. We refer to Sect. 3.5, see Proposition 3.10, for a brief discussion
of this, illustrating that the scaling may, in general, be no longer of the order ε

2
3 in the higher

order setting.
Let us discuss a prototypical example of the above results:

Example 1.1 As an example of the above differential inclusion, we consider the case in
which A(D) = div : C∞(Rd;Rm×d) → C∞(Rd;Rm) row-wise for matrix fields u : Rd →
Rm×d . In this case the boundary value problem under consideration turns into the following
differential inclusion:

u ∈ {A,B} in �,

divu = 0 in Rd ,

u = Fλ in Rd \ �,
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for some Fλ := λA + (1 − λ)B , λ ∈ (0,1). Such differential inclusions are related to appli-
cations in shape-optimization as, for instance, in [22].

The divergence is applied row-wise to matrix fields u : Rd → Rm×d , i.e. A(D)u =∑d

j=1(∂ju)ej with the matrix vector product. Hence A(ξ)M = Mξ for M ∈ Rm×d and thus
the wave cone is given by

�div = {M ∈ Rm×d : there is ξ ∈ Rd with Mξ = 0}.
Moreover the divergence is a cocanceling operator as Idiv = {0}.

We emphasize that Example 1.1 is indeed a prototypical example and plays a central
role in the study of first order operators in that all first order operators can be reduced to
this model operator by a suitable linear transformation, see [28, Appendix] and also Sect. B
below. We emphasize that this reduction is particularly useful if the differential inclusion is
incompatible or if the boundary data are in �A \ IA. As a consequence, quantitative lower
bound estimates for incompatible differential inclusions for first order operators, e.g. for
TN structures as qualitatively studied in [28], or for compatible, but not super-compatible
boundary data can be deduced from the ones of the divergence operator (see Proposition B.2
and, in general, the discussion in Sect. B). A reduction to an equivalent problem for a mod-
ified operator and modified boundary data to the setting involving a cocanceling operator
will be discussed in Sect. 3.4, see Proposition 3.8 and Corollary 3.9.

1.3 Quantitative Rigidity of a T3 Structure for the Divergence Operator

In the second part of the article, building on the works [2–4] and motivated by the high-
lighted considerations on the role of the divergence operator, we study the quantitative rigid-
ity of the T3 configuration

u ∈ {A1,A2,A3} a.e. in �, divu = 0 in R3, (13)

where � = [0,1]3, u : R3 → R3×3 and

A1 = 03×3,A2 =
⎛

⎝
− 1

2 0 0
0 2

3 0
0 0 3

⎞

⎠ ,A3 = Id3×3. (14)

By virtue of the results from [3, 4] this problem is flexible for approximate solutions but
rigid on the level of exact solutions:

• More precisely, on the level of exact solutions to (13), only constant solutions u ≡ Aj for
j ∈ {1,2,3} obey the differential inclusion.

• Considering however approximate solutions, i.e. sequences (uk)k∈N such that

dist(uk, {A1,A2,A3}) → 0 in measure as k → ∞, divuk = 0 for all k ∈ N,

there exists a sequence of approximate solutions (uk)k∈N for (13) such that there is no sub-
sequence which converges in measure to one of the constant deformations {A1,A2,A3}.

Compared to the setting of the gradient, for the divergence operator rigidity for approximate
solutions is already lost for the three-state problem (while this arises only for four or more
states for the gradient [78, 79], see also [18] for further instances in which the Tartar square
was found and used).

76 Appendix A On scaling properties for two-state problems and for a singularly per-
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As in [2] we here study a quantitative version of the dichotomy between rigidity and
flexibility: We consider the singularly perturbed variant of (13) as in Sect. 1.2

Eε(u,χ) :=
ˆ

�

|u − χ |2dx + ε

ˆ

�

|∇χ | (15)

under the constraint u ∈ DF , cf. (10), with A(D) = div and where F ∈ {A1,A2,A3}qc (see
Sect. 2 for the definition of the A-quasi-convexification of a compact set). Here the function
χ ∈ BV (�; {A1,A2,A3}) denotes the phase indicator of the “phases” A1, A2, A3, respec-
tively.

Adapting the ideas from [2] to the divergence operator in three dimensions, we prove the
following scaling result:

Theorem 2 Let � = [0,1]3 and let K = {A1,A2,A3} with Aj , j ∈ {1,2,3} given in (14),
F ∈ Kqc \ K, Eε be as in (15) above for the divergence operator A(D) = div, and consider
DF given analogously as (10). Then, there exist constants c = c(F ) > 0 and C = C(F) > 1
such that for any ν ∈ (0, 1

2 ) there is ε0 = ε0(ν,F ) > 0 and cν > 0 such that for ε ∈ (0, ε0)

we have

C−1 exp(−cν | log(ε)| 1
2 +ν) ≤ inf

χ∈BV (�;K)
inf

u∈DF

Eε(u,χ) ≤ C exp(−c| log(ε)| 1
2 ).

Let us comment on this result: As in [2] we obtain essentially matching upper and lower
scaling bounds with less than algebraic decay behavior as ε → 0, reflecting the infinite order
laminates underlying the T3 structure and the fact that the problem is “nearly” rigid. As in
[2] a key step is the analysis of a “quantitative chain rule in a negative Sobolev space”
which results from the interaction of Riesz type transforms and a nonlinearity originating
from the “ellipticity” of the differential inclusion. Both in the upper and the lower bound,
these estimates for the divergence operator however require additional care due to the three-
dimensionality of the problem. In the upper bound construction this is manifested in the use
of careful cut-off arguments; in the lower bound, a more involved iterative scheme has to be
used to reduce the possible regions of concentration in Fourier space.

Similarly, as in [76] the scaling law from Theorem 2 is obtained as a consequence of a
rigidity estimate encoding both the rigidity and flexibility of the T3 differential inclusion (in
analogy to the T4 case from [76, Proposition 3]).

Proposition 1.2 Let � = [0,1]3 and let K = {A1,A2,A3} with Aj , j ∈ {1,2,3} given in
(14), F ∈ Kqc \K. Let χjj denote the diagonal entries of the matrix field χ ∈ BV (�;K) and
denote by Eper

ε (χ;F) the periodic singularly perturbed energy (see (32) and Sect. 4.3.2).
Then, there exists ε0 > 0 such that for any ν ∈ (0,1) there is a constant cν > 0 such that for
ε ∈ (0, ε0) we have

3∑

j=1

‖χjj − 〈χjj 〉‖2
L2([0,1]3)

≤ exp(cν | log(ε)| 1
2 +ν)Eper

ε (χ;F)
1
2 .

We emphasize that in parallel to the setting of the Tartar square, this estimate quanti-
tatively encodes both rigidity and flexibility of the differential inclusion, as it measures the
distance to the constant state (and thus reflects rigidity of the exact differential inclusion) but
also quantifies the “price” for this in terms of a “high energy” scaling law (and thus reflects
the underlying flexibility of the approximate problem). Moreover, due to the flexibility of the
differential inclusion, we stress that such an estimate can only be inferred for a combination
of elastic and surface energies.
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1.4 Outline of the Article

The remainder of the article is structured as follows: After briefly recalling relevant notation
and facts on convex hulls related to the operator A(D), we first discuss the compatible and
incompatible two-state problems in Sect. 3. Here we begin by discussing the incompatible
setting, which is a consequence of direct elliptic estimates in Sect. 3.2 and then turn to
the lower bounds for the compatible setting in Sect. 3.3. The super-compatible case is then
treated in Sect. 3.4. It is also in this section that we discuss a reduction to cocanceling
operators. We revisit the scaling of a prototypical higher order operator from [1] in Sect. 3.5
and explain how our scheme of deducing lower bounds also yields a quick Fourier based
proof of the lower scaling bound from [1].

In Sect. 4 we then turn to the T3 differential inclusion, for which we first prove upper
bounds in Sect. 4.1 and then adapt the ideas from [2] to infer essentially matching lower
bounds in Sect. 4.2.

In the Appendix, we complement the general lower bounds for first order differential op-
erators with upper bounds for the specific case of the divergence operator (Sect. A). More-
over, in Sect. B.1 we discuss the reduction to the divergence operator.

2 Notation

In this section we collect the notation which is used throughout the article.

• For a set U , we denote by dU the (possibly smoothed-out) distance to this set: dU(x) =
dist(x,U) = infy∈U |x −y| and denote by χU the (in some places smoothed-out) indicator
function of this set.

• For a set U with finite measure and a function f : U → Rn we denote the mean by
〈f 〉 = 1

|U |
´

U
f dx.

• For a function f ∈ L2(Td) or f ∈ L2(Rd) we denote the Fourier transform by

F(f )(k) = f̂ (k) = (2π)− d
2

ˆ

Td

e−ik·xf (x)dx (k ∈ Zd)

or

F(f )(ξ) = f̂ (ξ) = (2π)− d
2

ˆ

Rd

e−iξ ·xf (x)dx (ξ ∈ Rd).

For a function h ∈ L∞(Rd), we denote by h(D) the corresponding Fourier multiplier

h(D)f = F−1(h(·)f̂ (·)).
• We usually denote the phase indicator by χ ∈ L2(�;K), with the component functions

given by χ = (χi), i ∈ {1, . . . , n}. Moreover, we use F ∈ Kqc (where Kqc is introduced
below) as the exterior data.

• The set of admissible ’deformations’ u for an operator of order k ≥ 1 is given by
DF := DA

F := {u ∈ L2
loc(Rd;Rn) : A(D)u = 0 in Rd , u = F in Rd \ �̄}. Here the equa-

tion A(D)u = 0 is considered in a distributional sense.
• As introduced in Sect. 1.2, for F ∈ Kqc we consider the elastic energy with u ∈ DF ,

χ ∈ L2(�;K):

Eel(u,χ) =
ˆ

�

|u − χ |2dx, Eel(χ;F) = inf
u∈DF

Eel(u,χ), (16)
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and, for χ ∈ BV (�;K), the surface energy as the total variation norm:

Esurf (χ) = ‖∇χ‖T V (�) =
ˆ

�

|∇χ |. (17)

• The total energy with ε > 0 is given by Eε(u,χ) = Eel(u,χ) + εEsurf (χ).
• We write f ∼ g if there are constants c,C > 0 such that cf ≤ g ≤ Cf .
• We use the notation ‖ · ‖Ḣ−1 for the homogeneous H−1 semi-norm for f ∈ H−1(T3;R):

‖f ‖2
Ḣ−1 =

∑

k∈Z3\{0}

1

|k|2 |f̂ (k)|2.

We further recall the notions of the �A-convex hull of a set (see [64]) and the A-quasi-
convex hull of a set:

• Let �A ⊂ Rn be the wave cone from (5) and let K ⊂ Rn be a compact set. For j ∈ N, we
then define K(j) as follows:

K(0) := K,

K(j) := {M ∈ Rn : M = λA + (1 − λ)B : A,B ∈ K(j−1), B − A ∈ �A, λ ∈ [0,1]}.
Moreover, we define the �A-convex hull Klc:

Klc :=
∞⋃

j=0

K(j).

We define the order of lamination of a matrix M ∈ Rn to be the minimal j ∈ N such that
M ∈ K(j). In analogy to the gradient case, we will also refer to Klc as the laminar convex
hull.

• We recall that the A-quasi-convex hull Kqc of a compact set K ⊂ Rn is defined by duality
to A-quasi-convex functions [48]. We recall that the div-quasi-convex hull of the T3 ma-
trices from (13), (14) has been explicitly characterized in [21, Theorem 2] to consist of the
union of the closed triangle formed by the matrices S1, S2, S3 and the three “legs” formed
by the line segments AjSj . The matrices S1, S2, S3 ∈ R3×3 are introduced in Sect. 4 be-
low. Given the set {A1,A2,A3} ⊂ R3×3 from (13), (14), as in the gradient case, we denote
its A-quasi-convex hull by {A1,A2,A3}qc .

3 Quantitative Results on the Two-State Problem

In this section, we study quantitative versions of the two-state problem for general, linear,
constant coefficient, homogeneous operators, always considering the divergence operator as
a particular model case.

Building on the precise formulation of the problem from (7), in Sect. 3.1, we first charac-
terize the elastic energies in terms of the operator A(D). With this characterization in hand,
using ellipticity, we next prove the quantitative L2 bounds in the incompatible two-well case
(Sect. 3.2) and lower ε

2
3 -scaling bounds for the compatible case with first order, linear oper-

ators (Sect. 3.3). In Sect. 3.4, we prove Theorem 1(iii) and deduce a reduction to cocanceling
operators. In Sect. 3.5 we briefly discuss the role of degeneracies in the symbol of the elastic
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energies which may arise for higher order, linear differential operators and which may thus
lead to an alternative scaling behavior different from the ε

2
3 -scaling bound.

Finally, in Sect. A we complement the lower bounds from this section with matching up-
per bounds for the special case of A(D) = div. Similar constructions are also known for the
gradient, the symmetrized gradient and lower dimensional problems from micromagnetics
[1, 66, 73, 74, 80].

3.1 Elastic Energy Characterization

We begin by recalling an explicit lower bound for the elastic energy in terms of the operator
A(D) (see, for instance also [49, discussion before Lemma 1.17]) in an, for us, convenient
form. In everything that follows, we will assume d > 1.

Lemma 3.1 (Fourier characterization of the elastic energy) Let d,n, k ∈ N. Let � ⊂ Rd

be a bounded Lipschitz domain with associated indicator function χ� and let K ⊂ Rn. Let
A(D) =∑

|α|=k Aα∂
α be as in (2) with the symbol A, cf. (3), and Eel be as in (16) and F ∈

Kqc . Then there is a constant c = c(A(D)) > 0 such that for any χ ∈ L2(�;K), extended
by zero outside of �,

Eel(χ;F) ≥ inf
A(D)u=0

ˆ

Rd

∣∣∣(u − F) − (χ − Fχ�)

∣∣∣
2
dx

=
ˆ

Rd

∣∣∣A(ξ)∗(A(ξ)A(ξ)∗)−1A(ξ)(χ̂ − F χ̂�)

∣∣∣
2
dξ

≥ c

ˆ

Rd

∣∣∣∣A(
ξ

|ξ | )(χ̂ − F χ̂�)

∣∣∣∣
2

dξ,

where the infimum is taken over all u ∈ L2
loc(Rd;Rn) that fulfill A(D)u = 0 in Rd .

Proof The proof follows from a projection argument in Fourier space.
Step 1: Whole space extension, Fourier and pseudoinverse of the differential operator.

We begin by transforming our problem to one on the whole space Rd , introducing the whole
space extension w := u − F :

Eel(u,χ) =
ˆ

�

∣∣∣u − χ

∣∣∣
2
dx =

ˆ

�

∣∣∣u − F − (χ − F)

∣∣∣
2
dx

=
ˆ

Rd

∣∣∣w − (χ − Fχ�)

∣∣∣
2
dx,

where we have extended all functions in the integrand by zero outside of �.
In the following, we write χ̃ := χ − Fχ�. Fourier transforming the expression for the

elastic energy then leads to

Eel(u,χ) =
ˆ

Rd

∣∣∣ŵ − ˆ̃χ
∣∣∣
2
dξ.

Further, seeking to deduce a lower bound, we relax the boundary data for w, obtaining

Eel(χ;F) = inf
u∈DF

ˆ

�

|u − χ |2dx = inf
w∈D0

ˆ

Rd

|w − χ̃ |2dx ≥ inf
A(D)w=0

ˆ

Rd

|ŵ − ˆ̃χ |2dξ.
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Minimizing the integrand ŵ (and still denoting the minimizer by ŵ) for each fixed mode
ξ ∈ Rd \ {0}, we infer that

∣∣∣ŵ(ξ) − ˆ̃χ(ξ)

∣∣∣=
∣∣∣
ker A(ξ)

ˆ̃χ(ξ) − ˆ̃χ(ξ)

∣∣∣=
∣∣∣
ran A(ξ)∗ ˆ̃χ(ξ)

∣∣∣

=
∣∣∣A(ξ)∗(A(ξ)A(ξ)∗)−1A(ξ) ˆ̃χ(ξ)

∣∣∣,

where we view A(ξ)A(ξ)∗ : ran A(ξ) → ran A(ξ) as an isomorphism. This directly implies
the claimed lower bound for Eel(χ;F) in terms of the symbol A and its pseudoinverse.

Step 2: Proof of the final estimate. Now to show the final estimate for the elastic energy,
we seek to bound |A(ξ)∗(A(ξ)A(ξ)∗)−1A(ξ)x| for every ξ ∈ Rd , x ∈ Rn from below in
terms of |A(ξ)x|. As the projection operator is zero-homogeneous, we can reduce to ξ ∈
Sd−1, and thus can use the continuity of Sd−1 � ξ �→ A(ξ) and the compactness of Sd−1 for
the desired bound: For any x ∈ Rn, ξ ∈ Sd−1 it hence holds

∣∣∣A(ξ)x

∣∣∣=
∣∣∣A(ξ)A(ξ)∗(A(ξ)A(ξ)∗)−1A(ξ)x

∣∣∣

≤
∣∣∣A(ξ)∗(A(ξ)A(ξ)∗)−1A(ξ)x

∣∣∣ sup
ξ∈Sd−1

(|A(ξ)|).

As A(D) �= 0, we have that 0 < supζ∈Sd−1 |A(ζ )| ≤ C < ∞. Dividing by this and plugging
this into the expression with the pseudoinverse, we obtain

Eel(u,χ) ≥
ˆ

Rd

∣∣∣A(ξ)∗(A(ξ)A(ξ)∗)−1A(ξ) ˆ̃χ
∣∣∣
2
dξ

≥ 1

supζ∈Sd−1 |A(ζ )|2
ˆ

Rd

∣∣∣A(
ξ

|ξ | )
ˆ̃χ
∣∣∣
2
dξ,

which concludes the argument. �

We emphasize that we are relaxing the boundary conditions for ŵ(ξ) := 
ker A(ξ)
ˆ̃χ(ξ)

as we do not calculate the projection of χ onto DF , hence the above Fourier bounds only
provide lower bounds for the elastic energy.

We apply the lower bound from Lemma 3.1 to the two-well problem:

Corollary 3.2 Let d,n ∈ N. Let �, A(D), A, Eel be as in Lemma 3.1. Consider K =
{A,B} ⊂ Rn with Fλ = λA + (1 − λ)B for λ ∈ (0,1). Then there exists a constant
C = C(A(D)) > 0 such that for any χ = χAA + χBB ∈ L2(�;K), extended to Rd by zero,
it holds

Eel(χ;Fλ) ≥ C

ˆ

Rd

∣∣∣∣((1 − λ)χ̂A − λχ̂B)A(
ξ

|ξ | )(A − B)

∣∣∣∣
2

dξ.

Proof Using the expression of Fλ in terms of A, B , λ yields A − Fλ = (1 − λ)(A − B) and
B − Fλ = −λ(A − B). Thus, the fact that χ = χAA + χBB and Lemma 3.1 imply

Eel(χ;Fλ) ≥ C

ˆ

Rd

∣∣∣∣A(
ξ

|ξ | )(χ̂ − Fλχ̂�)

∣∣∣∣
2

dξ

= C

ˆ

Rd

∣∣∣∣((1 − λ)χ̂A − λχ̂B)A(
ξ

|ξ | )(A − B)

∣∣∣∣
2

dξ. �
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Remark 3.3 (The divergence operator) As seen in Example 1.1, in the case of A(D) = div,
we have for u ∈ C∞(Rd;Rd×d) (note that we chose square matrices out of simplicity)

A(D)u =
d∑

i=1

(∂iu)ei ∈ C∞(Rd;Rd).

With this we can calculate

A(ξ)M =
d∑

i=1

ξiMei = Mξ.

This, in particular, shows that the adjoint operator is given by A(ξ)∗ : Rd → Rd×d with

A(ξ)∗x = x ⊗ ξ.

Therefore A(ξ)A(ξ)∗x = (x ⊗ ξ)ξ = |ξ |2x, and the projection in the lower bound for the
elastic energy of Lemma 3.1 takes the desired form

A(ξ)∗
(
A(ξ)A(ξ)∗

)−1
A(ξ)M = 1

|ξ |2 (Mξ ⊗ ξ).

Furthermore it holds
∣∣∣A(ξ)∗

(
A(ξ)A(ξ)∗

)−1
A(ξ)M

∣∣∣=
∣∣∣A(

ξ

|ξ | )M
∣∣∣.

3.2 The Incompatible Two-Well Problem and Scaling

As a first application of the Fourier characterizations from the previous section, we prove a
quantitative lower bound for the incompatible two-well problem. We emphasize that – as in
[27] – this argument is an elliptic argument and thus can be applied to all linear, constant
coefficient homogeneous operators. Indeed, the following result holds:

Proposition 3.4 Let d,n ∈ N. Let � ⊂ Rd be a bounded Lipschitz domain, let A(D) be
given in (2) and A,B ∈ Rn with B − A /∈ �A, cf. (5), further let Fλ = λA + (1 − λ)B

for some λ ∈ (0,1), and let Eel be as in (16) with DFλ
given in (10). Then there is C =

C(A,B,A(D)) > 0, such that for any χ ∈ L2(�; {A,B})
inf

u∈DFλ

Eel(u,χ) ≥ C min{λ,1 − λ}2|�|.

Proof By virtue of Corollary 3.2, we have the lower bound

Eel(χ;Fλ) ≥ C

ˆ

Rd

∣∣∣∣((1 − λ)χ̂A − λχ̂B)A(
ξ

|ξ | )(A − B)

∣∣∣∣
2

dξ,

where the constant only depends on the operator A(D).
As (A − B) /∈ ker A(ξ) for all ξ ∈ Rd and thus |A(ξ)(A − B)| > 0 for any ξ ∈ Rd ,

by continuity of ξ �→ A(ξ) and compactness of Sd−1, this implies |A(
ξ

|ξ | )(A − B)| ≥
C(A,B,A(D)) > 0. Hence,

Eel(u,χ) ≥ C2
ˆ

Rd

|(1 − λ)χ̂A − λχ̂B |2dξ = C2
ˆ

Rd

|(1 − λ)χA − λχB |2dx

82 Appendix A On scaling properties for two-state problems and for a singularly per-
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≥ C2(

ˆ

�A

(1 − λ)2dx +
ˆ

�B

λ2dx) ≥ C2 min{λ,1 − λ}2|�|,

where �A := supp(χA) ⊂ � and �B := supp(χB) ⊂ �. �

Remark 3.5 We emphasize that this result can be viewed as an incompatible nucleation
bound.

3.3 The Compatible Two-Well Case and Scaling

We next turn to the setting of two compatible wells and restrict our attention to first order

operators. In this case, we claim the following ε
2
3 -lower scaling bound. This is in analogy

to the situation for the gradient which had first been derived in the seminal works [62, 63].

Proposition 3.6 Let d,n ∈ N. Let � ⊂ Rd be a bounded Lipschitz domain and let A(D)

be a first order operator as in (2). Let A,B ∈ Rn be such that B − A ∈ �A \ IA where
�A and IA are given in (5) and (8), and define Fλ := λA + (1 − λ)B for some λ ∈ (0,1).
Let Eε := Eel + εEsurf be given in (12) with DFλ

defined in (10). Then, there exist C =
C(A(D),A,B,�,d,λ) > 0 and ε0 = ε0(A(D),A,B,�,d,λ) > 0 such that for any ε ∈
(0, ε0) we have

ε2/3 ≤ C inf
χ∈BV (�;{A,B})

inf
u∈DFλ

Eε(u,χ).

In order to deal with the compatible case, we invoke the following (slightly generalized)
auxiliary results from [2], see also [23, 71], which we formulate for a general Fourier mul-
tiplier m:

Lemma 3.7 (Elastic, surface and low frequency cut-off ) Let d,n,N ∈ N. Let � ⊂ Rd

be a bounded Lipschitz domain. Let m : Rd → RN be a linear map and denote by
V := kerm � Rd its kernel and by 
V : Rd → V the orthogonal projection onto V . Let
f ∈ BV (Rd; {−λ,0,1 − λ}) for λ ∈ (0,1) with f = 0 outside � and f ∈ {−λ,1 − λ} in �.
Consider the elastic and surface energies given by

Ẽel(f ) :=
ˆ

Rd

|m(
ξ

|ξ | )f̂ (ξ)|2dξ, Ẽsurf (f ) :=
ˆ

�

|∇f |.

Then the following results hold:

(a) Low frequency elastic energy control. Let μ > 1, then there exists C = C(m,�) > 0
with

‖f̂ ‖2
L2({ξ∈Rd : |
V (ξ)|≤μ}) ≤ Cμ2Ẽel(f ).

(b) High frequency surface energy control. There exists C = C(d,λ) > 0 such that for μ >

0 it holds

‖f̂ ‖2
L2({ξ∈Rd :|ξ |≥μ}) ≤ Cμ−1(Ẽsurf (f ) + Per(�)).

Proof of Lemma 3.7 Since the property (b) is directly analogous to the one from [2, Lemma
2], we only discuss the proof of (a) which requires some (slight) modifications with respect
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to [2] (and [23]). We thus present the argument for this for completeness. We split ξ =
ξ ′ + ξ ′′, where ξ ′ ∈ V ⊥ �= {0}, ξ ′′ ∈ V = kerm. With this in hand and by the linearity of m it
holds

m(
ξ

|ξ | ) = m(
ξ ′ + ξ ′′

|ξ | ) = m(
ξ ′

|ξ | ) = M
ξ ′

|ξ |
for some matrix representation M of m. Hence, using ξ ′ ⊥ kerm, there is c = c(m) > 0 such
that

Ẽel(f ) =
ˆ

Rd

|m(
ξ

|ξ | )f̂ (ξ)|2dξ ≥ c

ˆ

Rd

| ξ ′

|ξ | f̂ (ξ)|2dξ.

With this in hand, we argue similarly as in [23] and [2]: For a, b ∈ R, a, b ≥ 0 and the
orthogonal splitting ξ = ξ ′ + ξ ′′ from above, it holds that

1

c
Ẽel(f ) ≥

ˆ

Rd

∣∣∣∣
ξ ′

|ξ | f̂
∣∣∣∣
2

dξ =
ˆ

Rd

|ξ ′|2
|ξ ′|2 + |ξ ′′|2 |f̂ |2dξ

≥ 1
a2

b2 + 1

ˆ

{|ξ ′|≥ 1
a , |ξ ′′|≤ 1

b
}

|f̂ |2dξ

= 1
a2

b2 + 1

ˆ

{|ξ ′′ |≤ 1
b
}

⎛

⎜⎝
ˆ

V ⊥

|f̂ |2dξ ′ −
ˆ

{|ξ ′ |< 1
a }

|f̂ |2dξ ′

⎞

⎟⎠dξ ′′

≥ 1
a2

b2 + 1

ˆ

{|ξ ′′|≤ 1
b
}

⎛

⎝
ˆ

V ⊥

|f̂ |2dξ ′ −
(

2

a

)dimV ⊥

sup
ξ ′∈V ⊥

|f̂ |2
⎞

⎠dξ ′′.

(18)

Using the notation f (ξ) = f (ξ ′, ξ ′′), setting

adimV ⊥ := 2dimV ⊥+1 sup
ξ ′′∈V

supξ ′∈V ⊥ |f̂ (ξ ′, ξ ′′)|2
´

V ⊥ |f̂ (ξ ′, ξ ′′)|2dξ ′ ,

and using Plancherel’s identity, the L∞ − L1 bounds for the Fourier transform and Hölder’s
inequality, we obtain that

adimV ⊥ ≤ 2dimV ⊥+1 sup
ξ ′′∈V

‖Fξ ′′f (·, ξ ′′)‖2
L1(V ⊥)

‖Fξ ′′f (·, ξ ′′)‖2
L2(V ⊥)

≤ C(�)2dimV ⊥+1.

In particular, the constant a is well-defined. Returning to (18), we consequently deduce
that for b ∈ (0,1)

Ẽel(f ) ≥ C(�,m)b2
ˆ

{ξ :|ξ ′′|≤ 1
b
}
|f̂ |2dξ.

Choosing b = μ−1 < 1 and noting that {ξ ∈ Rd : |
V (ξ)| ≤ μ} = {ξ ∈ Rd : |ξ ′′| ≤ 1
b
} im-

plies the claim. �
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With Lemma 3.7 in hand, we turn to the proof of the lower bound in Proposition 3.6:

Proof of the lower bound in Proposition 3.6 Since B − A ∈ �A \ IA, there exists ξ ∈ Rd \ {0}
such that A(ξ)(B − A) = 0. As A(D) is a first order operator, we have that A(ξ) is linear in
ξ ∈ Rd . In particular, we have that the set, cf. (6),

VB−A := VA,B−A = {ξ ∈ Rd : A(ξ)(B − A) = 0} �= {0}

is a linear space. Rewriting Rd � ξ = ξ ′ + ξ ′′ with ξ ′ ∈ V ⊥
B−A and ξ ′′ ∈ VB−A as in the proof

of Lemma 3.7, then Corollary 3.2 implies that

Eel(χ;Fλ) ≥ C

ˆ

Rd

|((1 − λ)χ̂A − λχ̂B)A(
ξ

|ξ | )(A − B)|2dξ,

Esurf (χ) =
ˆ

�

|∇(χ − Fλ)| =
ˆ

�

|∇((1 − λ)χA − λχB)(A − B)|dx

≥ C

ˆ

�

|∇[(1 − λ)χA − λχB]|,

(19)

for a constant C depending on the operator A(D) and on A − B .
Now, setting m(ξ) := A(ξ)(A − B) and f := (1 − λ)χA − λχB , yields the applicability

of Lemma 3.7 with V = VB−A � Rd . This is the only place where we use the assumption
that A − B /∈ IA. We deduce that by (19) and the decomposition of Rd into the two regions
from Lemma 3.7 we have for μ > 1

‖f ‖2
L2 ≤ 2

(
‖χ{|ξ |≥μ}(D)f ‖2

L2 + ‖χ{|ξ ′′ |≤μ}(D)f ‖2
L2

)

≤ C
(
μ2Eel(χ;Fλ) + (μ−1ε−1)εEsurf (χ) + μ−1 Per(�)

))
,

where the constant C depends on A(D), A, B , �, d , λ. Now choosing μ = ε− 1
3 > 1, noting

that then μ−1ε−1 = ε− 2
3 for ε < 1, we obtain

‖f ‖2
L2 ≤ C

(
ε− 2

3 Eε(χ;Fλ) + ε
1
3 Per(�)

)
,

where Eε(χ;Fλ) := Eel(χ;Fλ) + εEsurf (χ). Using the lower bound

‖f ‖2
L2 =

ˆ

Rd

|(1 − λ)χ̂A + λχ̂B |2dξ =
ˆ

Rd

|(1 − λ)χA + λχB |2dx ≥ (min{λ,1 − λ})2|�|,

then implies that

ε
2
3 ≤ C(Eε(χ;Fλ) + ε Per(�)).

Finally, for ε ∈ (0, ε0) and ε0 = ε0(A(D),A,B,�,d,λ) > 0 sufficiently small, the perime-
ter contribution on the right hand side can be absorbed into the left hand side, which yields
the desired result. �
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3.4 The Super-Compatible Setting: Proof of Theorem 1(iii) and Reduction to
Cocanceling Operators

In this subsection we will show that if we are in the setting in which the estimates of the
previous subsection degenerate, i.e., A(ξ)(A − B) = 0 for all ξ ∈ Rd , then in fact there can
be no non-trivial bound from below. We will however also show that, in general for pairwise
not super-compatible wells, it is possible to reduce to an equivalent minimization problem
in the setting of cocanceling operators for suitably modified boundary data.

Proof of the super-compatible case in Theorem 1 It suffices to give an upper bound construc-
tion with zero total energy. To this end, we consider χ = Aχ� and u = Aχ� + FλχRd\� and
observe that

A(D)u = A(D)(u − B) = A(D)[(χ� + λχRd\�)(A − B)] = 0.

As a consequence, u is admissible in the definition of the elastic energy and the elastic
energy vanishes. Moreover, since χ = A in � we also have the vanishing of the surface
energy. This concludes the argument. �

We will show that for two not super-compatible wells, we can always assume that
IA = {0}, in which case we work in the class of cocanceling operators introduced by Van
Schaftingen in [65].

Proposition 3.8 Let n,d, k ∈ N, let � ⊂ Rd be a bounded Lipschitz domain, A(D) a differ-
ential operator of order k as in (2) with IA given in (8). For χ ∈ L2(�;K) for some compact
set of states K ⊂ Rn let Eel(χ;F) be as in (9) for F ∈ Kqc, cf. Sect. 2. Then for the restricted
operator Ã(D) : C∞(Rd; I⊥

A) → C∞(Rd;Rm) there exists a function χ⊥ ∈ L2(�,
I⊥
A

K)

such that

Eel(χ;F) = EÃ
el (χ⊥;F⊥) = inf

u⊥∈DÃ
F⊥

ˆ

�

|u⊥ − χ⊥|2dx.

Here we denote the orthogonal projection of F onto I⊥
A by F⊥.

Proof We use the orthogonal decomposition Rn = I⊥
A ⊕ IA to write

u = u⊥ + uI , χ = χ⊥ + χI ,

with u⊥ : Rd → I⊥
A , uI : Rd → IA, χ⊥ : � → I⊥

A , χI : � → IA. By orthogonality we can
also split the elastic energy

Eel(u,χ) =
ˆ

�

|u − χ |2dx =
ˆ

�

|u⊥ − χ⊥|2dx +
ˆ

�

|uI − χI |2dx.

Defining the restricted operator Ã(D) : C∞(Rd; I⊥
A) → C∞(Rd;Rm), Ã(D)u⊥ :=

A(D)u⊥ and the restricted space of admissible functions as in (10)

DÃ
F⊥ := {u⊥ ∈ L2

loc(R
d; I⊥

A) : Ã(D)u⊥ = 0 in Rd , u⊥ = F⊥ in Rd \ �̄},

we see that for u ∈ DF it holds u⊥ ∈ DÃ
F⊥ , with F⊥ = 
I⊥

A
F , and uI = F − F⊥ outside �.
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Thus, after minimizing the elastic energy in u, it holds

inf
u∈DF

Eel(u,χ) = inf
u⊥∈DÃ

F⊥

inf
uI ∈L2

loc
(Rd ;IA),uI =F−F⊥ in �̄c

ˆ

�

|u⊥ − χ⊥|2dx +
ˆ

�

|uI − χI |2dx.

As we have seen in the proof of Theorem 1(iii), the second term involving uI vanishes
and hence,

Eel(χ;F) = EÃ
el (χ⊥;F⊥).

This reduces the elastic energy to the case of a cocanceling operator as indeed IÃ =
{0}. �

As the surface energy does not depend on the operator A(D), this result yields:

Eε(χ;F) = EÃ
el(χ⊥;F⊥) + εEsurf (χ).

As a corollary, we apply this to the N -well problem:

Corollary 3.9 (Finitely many, pairwise not super-compatible wells) Under the same as-
sumptions as in Proposition 3.8, with χ ∈ BV (�;K), for the special case that K :=
{B1, . . . ,BN } ⊂ Rn for N ∈ N such that Bj , j ∈ {1, . . . ,N}, are pairwise not super-
compatible, i.e. Bi − Bj /∈ IA for i �= j , there exists a constant C = C(B1, . . . ,Bn) > 1
such that

C−1Esurf (χ⊥) ≤ Esurf (χ) ≤ CEsurf (χ⊥).

In particular, it hence holds that

Eε(χ;F) ∼ EÃ
ε (χ⊥;F⊥).

Proof Writing χ = ∑N

j=1 Bjχ�j
with χ�j

∈ BV (�; {0,1}), ∑N

j=1 χ�j
= 1 in �, we can

calculate

|∇χ | =
∑

i<j

|Bi − Bj |Hd−1(∂∗�i ∩ ∂∗�j),

|∇χ⊥| =
∑

i<j

|(Bi − Bj)⊥|Hd−1(∂∗�i ∩ ∂∗�j),

where we denote the reduced boundary of a set E with finite perimeter by ∂∗E and used the
notation from above for B ∈ Rn to write B⊥ = 
I⊥

A
B .

By assumption, for i < j it holds Bi −Bj /∈ IA, and therefore also the projection satisfies
(Bi −Bj)⊥ �= 0. This implies |(Bi −Bj)⊥| > 0 for all tupels (i, j) such that i < j and hence

there is a constant 0 < C−1 <
|Bi−Bj |

|(Bi−Bj )⊥| < C such that

0 < C−1|∇χ⊥| ≤ |∇χ | ≤ C|∇χ⊥|.

This together with Proposition 3.8 concludes the proof. �
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We emphasize that Corollary 3.9 in particular holds in the context of Theorem 1. There-
fore in the statement of Theorem 1(ii) we can assume without loss of generality that
IA = {0}. In fact, note that in the crucial bound of Corollary 3.2 we have

A(ξ)(A − B) = A(ξ)(A⊥ − B⊥) = Ã(ξ)(A⊥ − B⊥)

for |ξ | = 1.

3.5 Some Remarks on the Compatible Two-State Problem for Higher Order
Operators

We conclude our discussion of lower scaling bounds by commenting on the case of the com-
patible two-well problem for higher order operators. Here the situation is still less transpar-
ent, yet some remarks are possible.

Indeed, on the one hand, it is known that, in general, for operators of order k ≥ 2 the
two-well problem does not have to scale with ε

2
3 . In order to illustrate this, we consider

the specific operator A(D) := curl curl. This operator is the annihilator of the symmetrized
gradient e(v) := 1

2 (∇v + (∇v)t ). We consider the following quantitative two-state problem
(for d = 2)

Eε(v,χ) := Eel(v,χ) + εEsurf (χ)

:=
ˆ

[0,1]2

∣∣∣∣e(v) −
(

1 0
0 1 + α(1 − 2χ)

)∣∣∣∣
2

dx + ε

ˆ

[0,1]2
|∇χ | (20)

with e(v) ∈ DA
F , χ ∈ BV ([0,1]2; {0,1}), α ∈ (0,1) and study the corresponding minimiza-

tion problem with prescribed boundary data F :=
(

1 0
0 1

)
.

Proposition 3.10 Let Eε(v,χ) and F be as in (20). Then there exists ε0 = ε0(α) > 0 such
that for ε ∈ (0, ε0) it holds that

inf
χ∈BV ([0,1]2;{0,1})

inf
e(v)∈DA

F

Eε(v,χ) ∼ ε
4
5 .

We remark that this observation is not new; indeed, a geometrically nonlinear version
of this had earlier been derived in [1, Theorem 1.2]. As observed in [1] the reason for the
different scaling in Proposition 3.10 and [1, Theorem 1.2], compared to the more standard
ε

2
3 behavior from Theorem 1, consists of the higher degeneracy of the multiplier associ-

ated with the energy which is manifested in the presence of only one possible normal in
the (symmetrized) rank-one condition. On the level of the multiplier this can be seen as
A(ξ)(e2 ⊗ e2) = ξ 2

1 , opposed to A(ξ)(
e1⊗e2+e2⊗e1

2 ) = −ξ1ξ2, has only one root of multiplic-
ity two instead of two roots of single multiplicity on the unit sphere. For convenience of the
reader and in order to illustrate the robustness of the above approach within geometrically
linear theories, we present an alternative short proof (of the lower bound) of Proposition 3.10
based on our Fourier theoretic framework. We note that in the geometrically linear setting
this provides an alternative to the approach from [1] in which the lower bound for the en-
ergy is deduced by a local “averaging” argument, considering the energy on representative
domain patches with the expected scaling behavior.
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Proof Step 1: Lower bound. We note that the lower bound for this setting directly follows
from our arguments above: Indeed, for A − B = 2αe2 ⊗ e2, we obtain that

A(ξ)(B − A) = 2αξ × (
ξ × (e2 ⊗ e2)

)t = 2αξ 2
1 .

With this in hand, an analogous argument as in Lemma 3.7 and, in particular, in (18) implies
that

‖χ̂‖2
L2({ξ∈R2: |k2|≤μ}) ≤ Cμ4Eel(χ;F), (21)

where we have used that in this situation the multiplier is given by m(ξ) = A(ξ)(B − A) ∼
ξ 2

1 . The different exponent of μ in (21) (compared to the one from Lemma 3.7(a)) is a
consequence of the degeneracy of the symbol m(ξ) and the higher order of the operator
curl curl (or put, more concretely, the quadratic dependence ξ 2

1 ). Hence, replacing the bound
from Lemma 3.7(a) by the one from (21) and carrying out the splitting as in the proof of
Theorem 1, we obtain the following optimization problem: For f := 1 + α(1 − 2χ)

(1 − α)2 ≤ ‖f ‖2
L2 ≤ ‖χ{|ξ |≥μ}(D)f ‖2

L2 + ‖χ{|ξ ′′ |≤μ}(D)f ‖2
L2

≤ C
(
μ4Eel(χ;F) + (μ−1ε−1)εEsurf (χ) + μ−1 Per(�)

)
.

Choosing μ ∼ ε− 1
5 and rearranging the estimates then imply the claim.

Step 2: Upper bound. The associated improved upper bound makes use of the vectorial
structure of the problem in contrast to the essentially scalar “standard ε2/3 construction”
(see the arguments below). Recalling that the nonlinear construction from the proof of [1,
Lemma 2.1] also yields a construction with the desired scaling for the geometrically lin-
earized problem, we do not carry out the details of this but refer to [1, Lemma 2.1] for
these. �

On the other hand, the arguments from [1, 73, 74, 81] show that still for A(D) = curl curl
if A − B = γ (e1 ⊗ e2 + e2 ⊗ e1) for γ ∈ R \ {0}, then one recovers the ε2/3 scaling for the
symmetrized gradient differential inclusion. In this case, the symbol reads m(ξ) = A(ξ)(B−
A) ∼ ξ1ξ2 and the operator is “less degenerate”.

We expect that the scaling behavior of general higher order operators is in many inter-
esting settings directly linked to the degeneracy of the symbol A(ξ)(B − A). We plan to
explore this in future work.

4 Quantitative Rigidity of the T3 Structure from (13), (14) for
A(D) = div

In this section, we consider the T3 structure for the divergence operator introduced in (13),
(14). The upper bound construction is given by an approximate solution of the type de-
scribed in the introduction. The lower bound is motivated by the rigidity of exact solutions
as outlined in Sect. 4.3.1.

4.1 The Upper Bound Construction – an Infinite Order Laminate

To begin with, we construct an infinite order laminate similar to the one for the Tartar square
(cf. [2, 82, 83] for quantitative versions of this). This is based on [3] and will yield the
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Fig. 1 The diagonal matrices A1,
A2, A3, S1, S2, S3 with the
dashed lines depicting the
connections in the wave cone for
A(D) = div and the
Voronoi-regions of Ai shown by
the lines. As shown in [21] the
set Kqc is given by the inner
triangle formed by S1S2S3 and
the “legs” connecting Sj and Aj

for j ∈ {1,2,3}

upper bound estimate from Theorem 2. We recall that for the divergence operator, instead
of requiring rank-one connectedness for the existence of a laminate as for the curl, in our
three-dimensional set-up we need rank-one or rank-two connectedness as can be seen from
the wave cone for the divergence operator, cf. (5). As a consequence, for two matrices A,B ∈
R3×3 such that rank(B − A) ≤ 2 there exists a piecewise constant map u : R3 → R3×3 such
that u ∈ {A,B} a.e. in � and divu = 0. The lamination can be done in any direction of the
kernel ker(B − A) �= {0}.

Considering now the matrices A1, A2, A3 given in (14), we observe that rank(Ai −Aj) =
3 for i �= j . Following [3], we introduce auxiliary matrices S1, S2, S3 ∈ R3×3.

S1 =
⎛

⎝
0 0 0
0 2

3 0
0 0 2

⎞

⎠ , S2 =
⎛

⎝
1
2 0 0
0 2

3 0
0 0 1

⎞

⎠ , S3 =
⎛

⎝
0 0 0
0 1

3 0
0 0 1

⎞

⎠ . (22)

It then holds for i = 1,2,3 that

ker(Si − Ai) = span(ei), Si = 1

2
(Ai+1 + Si+1),

where A4 = A1, S4 = S1. As proved in [21, Theorem 2], the A-quasi-convex hull
{A1,A2,A3}qc can be explicitly characterized as the convex hull of the matrices S1, S2,
S3 together with the “legs” given by the line segments AjSj for j ∈ {1,2,3}, cf. Fig. 1.

For simplicity and definiteness, we first assume, that u = F = S3 outside � = [0,1]3. In
this setting we prove the following energy estimate:

Proposition 4.1 Let � = [0,1]3, K = {A1,A2,A3} for the particular choice of matrices in
(14) and let Eε be as in (12) and ε ∈ (0,1). Then for any r ∈ (0, 1

4 ) with r−1 ∈ 4N there are
sequences u(m) ∈ W 1,∞(R3;R3×3), such that divu(m) = 0, u(m) = F := S3 outside [0,1]3,
and χ(m) ∈ BV (R3;K), and a constant C = C(F) > 1 with

Eε(u
(m),χ(m)) ≤ C

(
2−m +

m∑

k=1

2−kr + r + ε
1

rm

)
.

In order to achieve this, in the next subsections, we iteratively construct a higher and
higher order laminate (depending on ε > 0). As in the setting of the Tartar square, we keep
track of the surface and elastic energy contributions which arise in this process.
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4.2 Proof of the Upper Bound from Theorem 2

We split the proof of the upper bound from Theorem 2 into several steps which we will carry
out in the next sections and then combine in Sect. 4.2.4.

First, we start by a simple lamination of A1 and S1 to obtain regions in which u ∈ K
holds and to satisfy the exterior data condition u = F = S3 = 1

2 (A1 + S1) outside �. This
is followed by a similar construction replacing S1 by a lamination of A2 and S2 achieving
a second order laminate. Iterating the procedure of replacing Sj by a lamination of Aj+1

and Sj+1 (with the convention that A4 = A1, S4 = S1) yields Proposition 4.1. Finally, we
optimize the parameter r and the number of iterations depending on ε in order to show the
desired upper bound estimate in Proposition 4.3.

As we will use a potential for the laminates, we will define a “profile-function” once
in a more general form and will then refer to this in our construction for the higher order
laminates.

Lemma 4.2 Let R = [a1, b1] × [a2, b2] × [a3, b3] ⊂ R3 be an axis-parallel cuboid, then for
any direction ej with j ∈ {1,2,3} and any scale r > 0 such that

bj −aj

r
∈ N there is a contin-

uous function fj ( · ;R, r) : R → R3×3 satisfying the following properties:

• The function fj ( · ;R, r) only depends on the j -th coordinate xj and is r-periodic.
• It holds fj (x;R, r) = 0 if x ∈ R is such that x = (x1, x2, x3) lies in one of the planes

characterized by xj ∈ aj + rN0.

• The matrix-valued function curlfj (x;R, r) only attains the values ± Sj −Aj

2 , where Aj , Sj

is given as in (14) and in (22), respectively. Furthermore, the volumes of the level sets are
equal, i.e. |{x ∈ R : fj (x;R, r) = Sj }| = |{x ∈ R : fj (x;R, r) = Aj }| = 1

2 |R|.
Proof Without loss of generality by a translation, we may assume that R = [0, b1]×[0, b2]×
[0, b3] for b1, b2, b3 > 0. We consider the continuous one-periodic extension of the function

h : [0,1) → R, h(t) :=
{

1
2 t t ∈ [0, 1

2 ),
1
2 (1 − t) t ∈ [ 1

2 ,1).

Furthermore, we define the matrices

M1 :=
⎛

⎝
0 0 0
0 0 − 2

3
0 2 0

⎞

⎠ , M2 :=
⎛

⎝
0 0 1
0 0 0
2 0 0

⎞

⎠ , M3 :=
⎛

⎝
0 1 0

− 2
3 0 0

0 0 0

⎞

⎠ ,

satisfying ej × Mj = Sj − Aj . With this at hand we define fj ( · ;R, r) : R → R3×3:

fj (x1, x2, x3;R, r) := rh(
xj

r
)Mj .

It follows directly, that fj ( · ;R, r) is continuous, only depends on xj , is r-periodic, and

vanishes for xj ∈ rN0. Lastly, we note that curlfj (x;R, r) = h′( xj

r
)ej × Mj ∈ {± Sj −Aj

2 }
and that indeed |{x ∈ R : fj (x;R, r) = Sj }| = |{x ∈ R : fj (x;R, r) = Aj }| = 1

2 |R|. �

4.2.1 First Order Laminates

We use a potential v : R3 → R3×3 to construct our laminates attaining the prescribed exterior
data, i.e. we consider the row-wise curl: u = curlv.
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As S3 = 1
2A1 + 1

2 S1 and (S1 − A1)e1 = 0 the first order lamination is in the e1-direction.
We seek to use Lemma 4.2 to construct v, but have to adapt the boundary condition. For

this we define a mapping S̃3 : R3 → R3×3 with curl S̃3 = S3 = F . A possible choice for S̃3 is
given by the following matrix-valued function

S̃3(x) :=
⎛

⎝
0 0 0
0 0 − 1

3x1

0 x1 0

⎞

⎠ .

Furthermore, we also define the cut-off function

φ : R → [0,1], φ(t) =

⎧
⎪⎨

⎪⎩

0 t < 1
8 ,

4t − 1
2 t ∈ [ 1

8 , 3
8 ],

1 t > 3
8 .

With this, we define the (continuous) potential for r ∈ (0, 1
4 ), r−1 ∈ 4N by using

Lemma 4.2 for j = 1, R = [0,1]3:

v(1) : � → R3×3,

v(1)(x) = φ(
1

r
d∂�(x))f1(x;�,r) + S̃3(x),

where d∂�(x) denotes a smoothed-out distance function to the boundary ∂�. Without
change of notation, we consider the (continuous) extension of v(1) to R3 by S̃3(x), which is
possible, as v(1)(x) = S̃3(x) on ∂�.

We then set

u(1) := curlv(1),

and note that in � it holds

u(1)(x) = curlv(1)(x)

= φ′(
d∂�(x)

r
)h(

x1

r
)∇d∂�(x) × M1 + φ(

d∂�(x)

r
) curlf1(x;�,r) + F

= φ′(
d∂�(x)

r
)h(

x1

r
)∇d∂�(x) × M1 + φ(

d∂�(x)

r
)h′(

x1

r
)(S1 − A1) + 1

2
(S1 + A1).

With these considerations, we have obtained the following properties: It holds divu(1) =
div(curlv(1)) = 0 in R3, u(1)(x) = F in R3 \ � and for x ∈ � \ d−1

∂�([0, 3
8 r]) we have u(1) ∈

{A1, S1}. In other words, our deformation u(1) is a divergence-free function satisfying the
desired boundary conditions and which, outside of the cut-off region, is a solution to the
differential inclusion u(1) ∈ {A1, S1}.

With the higher order laminates in mind we rephrase this using the decomposition of �

into the three disjoint parts consisting of the S1-cells, the A1-cells and the cut-off region. To
be more precise, we define

R(1) := {x ∈ � : φ(
d∂�(x)

r
) = 1, u(1) = S1},

Q(1) := {x ∈ � : φ(
d∂�(x)

r
) = 1, u(1) = A1},
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Fig. 2 The x3 = 1
2 slice of the

projection χ(1) , blue represents
A1, red A2 and green A3. (Color
figure online)

C(1) := {x ∈ � : φ(
d∂�(x)

r
) < 1}.

Indeed it holds � = R(1) ∪Q(1) ∪C(1) and |C(1)| = 6 3
8 r and by Lemma 4.2 we know |R(1)| ≤

1
2 |�| = 1

2 .
Choosing χ(1) = 
Ku(1) as the pointwise orthogonal (with a fixed choice for the not

uniquely defined points) projection of u(1) onto K, see Fig. 2 for an illustration, up to a
uniformly bounded constant, the elastic energy can be bounded by the measure of the region
in which u(1)(x) = S1 and the cut-off region:

Eel(u
(1), χ(1)) =

ˆ

�

|u(1) − χ(1)|2dx ≤ C
(
|R(1)| + |C(1)|

)

≤ C
(1

2
|�| + 6

3r

8

)
≤ C

(1

2
+ 3r

)
.

Furthermore, the surface energy is bounded by counting the interfaces at which χ(1) may
jump. This consists of at most 2

r
interfaces in the interior and at most 2

r
+ 2 · 6 ≤ 8

r
new

interfaces in the cut-off region. For r ∈ (0, 1
4 ), the surface area is thus controlled by

Esurf (χ(1)) =
ˆ

�

|∇χ(1)| ≤ C
10

r
.

4.2.2 Second Order Lamination

After this first order lamination, the differential inclusion u ∈ K with divu = 0 holds only
in Q(1). In order to further reduce the energy, we now replace each of the 1

r
many cuboids

in R(1) for which u(1) = S1 = 1
2A2 + 1

2S2 by a lamination in the e2-direction. For this, we
modify the potential v(1) in these regions:

For x ∈ R(1) and for r2 ∈ (0, r
2 ), r−2 + 3

4r
∈ N, we define with the help of Lemma 4.2

v(2)(x) = φ(
d∂R(1) (x)

r2
)f2(x;R(1), r2) + f1(x;�,r) + S̃3(x)

and v(2)(x) = v(1)(x) else. Here, and in the following, we use the notation fj (x;R(1), r)

for R(1) which is not a cuboid but an union of disjoint cuboids and mean depending on x

the corresponding connected cuboid. By this v(2) defines a continuous map, as inside R(1)
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the cut-off attains the constant value one and therefore v(1)(x) = f1(x;�,r) + S̃3(x) for
x ∈ ∂R(1). By construction, the map u(2) := curlv(2) is divergence free, i.e. the interfaces are
compatible.

As in the construction for first order laminates we set χ(2) = 
Ku(2), and define the sets

R(2) := {x ∈ R(1) : φ(
d∂R(1) (x)

r2
) = 1, u(2) = S2},

Q(2) := {x ∈ R(1) : φ(
d∂R(1) (x)

r2
) = 1, u(2) = A2},

C(2) := {x ∈ R(1) : φ(
d∂R(1) (x)

r2
) < 1}.

Then indeed again we have the decomposition R(1) = R(2) ∪Q(2) ∪C(2) with |R(2)| ≤ 1
2 |R(1)|

and |C(2)| ≤ 1
r

3
8 r26 as the volume of the cut-off region can be bounded by the number of

cells in R(1) times 3
8 r2 times six times the area of the biggest face.

As the elastic energy vanishes in Q(2), we obtain

Eel(u
(2), χ(2)) =

ˆ

�

|u(2) − χ(2)|2dx ≤ C
(
|R(2)| + |C(2)| + |C(1)|

)

≤ C
(1

4
+ 3r + 3

2
r
)
.

Indeed, this follows from the fact that we have improved our deformation in half the volume
of the region in which u(1) /∈ K but have added a new cut-off region in each cuboid in which
we do the second order lamination. For the surface energy it holds

Esurf (χ(2)) ≤ C(
10

r
+ 1

r

10

r2

r

2
) = C(

10

r
+ 5

r2
),

as we add at most 4
r2 + 12 ≤ 10

r2 many new faces in each one of the 1
r

many cuboids and as
each surface has a surface area of size at most r

2 .

4.2.3 Iteration: (m+1)-th Order

Without loss of generality, we assume that the (m + 1)-th order lamination will be in e1-
direction, i.e. m = 3j for some j ∈ N. Else, we only have to adapt the corresponding roles
of the directions.

We define iteratively the (m + 1)-th potential with the help of the sets R(m), for this we
set (for given v(m), u(m) = curlv(m))

R(m) := {x ∈ R(m−1) : φ(
d∂R(m−1) (x)

rm
) = 1, u(m) = S3},

Q(m) := {x ∈ R(m−1) : φ(
d∂R(m−1) (x)

rm
) = 1, u(m) = A3},

C(m) := {x ∈ R(m−1) : φ(
d∂R(m−1) (x)

rm
) < 1}.

Inside R(m) we then define v(m+1) by

v(m+1)(x) = φ(
d∂R(m) (x)

rm+1
)f1(x;R(m), rm+1) +

m∑

k=1

f[k](x;R(k−1), rk) + S̃3(x),
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Fig. 3 One S3-cell with the
corresponding lamination in
e1-direction. In green/red/orange
the inner boundary of the cut-off
region is depicted. (Color figure
online)

[k] =

⎧
⎪⎨

⎪⎩

1 k ≡ 1 mod 3,

2 k ≡ 2 mod 3,

3 k ≡ 0 mod 3,

and v(m+1)(x) = v(m)(x) else for x /∈ R(m). By induction we see that v(m+1) is continuous,

that for x ∈ R(m) such that φ(
d
∂R(m) (x)

rm+1 ) = 1 it holds that u(m+1) := curlv(m+1) ∈ {A1, S1}
and that we have the decomposition R(m−1) = R(m) ∪ Q(m) ∪ C(m) with |R(m)| ≤ 1

2 |R(m−1)|,
|C(m)| ≤ C2−m rm

rm−1 = C2−mr for a universal constant C > 0 independent of m, r . This

follows from the fact, that the number of cuboids in R(m) is bounded by C 2−m

rm−1rm−2rm−3 and
that the biggest face of each cuboid has an area of at most rm−2rm−3.

As the previous cut-offs still contribute to the total energy, we obtain the following elastic
energy bound (χ(m+1) := 
Ku(m+1))

Eel(u
(m+1), χ(m+1)) ≤ C

(|R(m+1)| ∪
m+1⋃

k=1

|C(k)|)= C

⎛

⎝2−m + r +
m+1∑

j=0

2−j r

⎞

⎠ .

This bound resembles the (iterative) decomposition of � = R(1) ∪ Q(1) ∪ C(1) = R(m+1) ∪⋃m+1
k=1 Q(k) ∪⋃m+1

k=1 C(k) and the fact that um+1 = χ(m+1) in
⋃m+1

k=1 Q(k).
For the surface energy, we again calculate the new contribution of the next order lam-

ination and then sum over all previous ones. Each new face has a surface area of at most
rm

2
rm−1

2 . In each S3-cell, we add rm−2

rm+1 new faces in the lamination and at most rm−2

rm+1 + 12

ones for the cut-off, cf. Fig. 3. Since we have at most C 2−m−1

rmrm−1rm−2 new cells the surface
energy is increased by

C2−m 8

rmrm−1rm−2
(
rm−2

rm+1
+ (surf. in cut-off ))

rm

2

rm−1

2
≤ C2−m 1

rm+1
,

yielding the following overall surface energy bound:

Esurf (χ(m+1)) ≤ C

⎛

⎝
m+1∑

j=1

2−j r−j

⎞

⎠≤ C

rm+1
.

For the total energy this implies

Eε(u
(m+1), χ(m+1)) ≤ C

⎛

⎝2−m + r +
m∑

j=1

2−j r + ε
1

rm+1

⎞

⎠ .

95



Scaling for the Two-State Problem and a T3 Structure Page 27 of 50 5

With this we have shown the claimed upper bound and have thus concluded the proof of
Proposition 4.1. �

4.2.4 Combining the Estimates: Proof of the Upper Bound in Theorem 2

With the previous construction in hand, we conclude the upper estimate from Theorem 2:

Proposition 4.3 Let � = [0,1]3, K = {A1,A2,A3} for A1,A2,A3 ∈ R3×3 be given in (14),
let ε ∈ (0,1), and let Eε be as in (12), F ∈ Kqc \ K and DF given in (10). Then there are
constants c > 0 and C > 1, only depending on the boundary data F , such that

inf
u∈DF

inf
χ∈BV (�;K)

Eε(u,χ) ≤ C exp(−c| log ε| 1
2 ).

Proof Step 1: Conclusion of the argument for F = S3. Using the sequences constructed in
the construction from Proposition 4.1, implies

Eε(u
(m),χ(m)) ≤ C

(
2−m +

m∑

k=1

2−kr + r + εr−m

)
≤ C

(
2−m + r + εr−m

)
.

Optimizing the value of r depending on ε > 0, we require that r ∼ ε
1

m+1 . Finally, we
balance the resulting contributions and seek for the optimal number of iterations m. This is

given by 2−m ∼ ε
1

m+1 , that is m ∼ | log ε| 1
2 .

Plugging this into the upper bound results in

Eε(u
(m),χ(m)) ≤ C exp

(
− log(2)| log(ε)| 1

2

)
.

This concludes the proof for the special case F = S3.
Step 2: Conclusion of the argument for a general boundary datum. The situation of other

boundary data F ∈ Kqc can be reduced to the one from Proposition 4.3 by at most two
further iterations. Indeed, a general matrix F ∈ R3×3 in the convex hull of S1, S2, S3, can be
represented as

F = λF1 + (1 − λ)F2 = λ(ν1Aj + (1 − ν1)Sj ) + (1 − λ)(ν2Ak + (1 − ν2)Sk)

with λ, ν1, ν2 ∈ [0,1], j, k ∈ {1,2,3} and k �= j . Hence, after two additional iterations com-
pared to the argument from above, we arrive at similar iterative procedures as in the previous
subsections. In case that F is an element of one of the legs SjAj a single iteration suffices
to reduce the situation to the above argument. This proves the result for a general boundary
condition F ∈ Kqc \ K. �

4.3 Proof of the Lower Bound

In this section, we present the proof of the lower bound from Theorem 2. To this end, sim-
ilarly as in [2], we mimic and quantify the analogous argument from the stress-free setting
which we briefly recall in the following Sect. 4.3.1 and for which we will provide a number
of auxiliary results in Sect. 4.3.2. The main argument, given in Sect. 4.3.3, will then consist
of a bootstrap strategy, similar to [2], in which we iteratively reduce the possible regions of
mass concentration in Fourier space.
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Contrary to the previous section, in what follows we will work in a periodic set-up.
Since the energy contributions on periodic functions provides a lower bound on the energy
contributions of functions with prescribed Dirichlet boundary conditions, we hence also
obtain the desired lower bound for the setting of Dirichlet boundary conditions. Indeed, for
the elastic energy this is immediate; for the surface energy there is at most an increase by a
fixed factor (see the discussion in Lemma 4.5 in Sect. 4.3.2).

4.3.1 The Stress-Free Argument

We begin by recalling the argument for the rigidity of the exact inclusion, as we will mimic
this on the energetic level.

Proposition 4.4 Let u : [0,1]3 → R3×3 be a solution to the differential inclusion (13)-(14).
Then, there exists j ∈ {1,2,3} such that u ≡ Aj in [0,1]3.

Proof In the exactly stress-free setting in which the differential inclusion is satisfied exactly,
i.e. u ∈ {A1,A2,A3}, the observation that divu = 0 and that u is a diagonal matrix leads to
the following three equations

∂1u11 = 0, ∂2u22 = 0, ∂3u33 = 0,

where ujj denote the diagonal components of the matrix u. As a consequence,

u11 = f1(x2, x3), u22 = f2(x1, x3), u33 = f3(x1, x2).

Next we note that the values of ujj determine the ones for ukk if j �= k, i.e. there are functions
hk,j such that hk,j (ujj ) = ukk . Hence, comparing the functions u11 and u22, we first obtain
that u11 and u22 can only be functions of x3. Indeed it holds

∂2u11(x) = ∂2
(
h1,2(u22(x))

)= ∂2
(
h1,2(f2(x1, x3))

)= 0, (23)

and analogously ∂1u22(x) = 0. Comparing this to u33, we obtain that all three functions must
be constant. Hence, any solution to the (exact) differential inclusion must be constant and
u is equal to one of the three matrices A1, A2, A3 globally. The exact problem is hence
rigid. �

Using the ideas from [2], we seek to turn this into a corresponding scaling result. The
main difference that arises can be seen in the qualitative rigidity argument above: Instead
of comparing only two diagonal entries like in [2], we have to compare twice to deduce
that the map is constant. This will be seen in the quantitative argument for the lower bound
below. Whereas in [2] there are cones around a single axis (the diagonal entries only depend
on one variable), we consider cones around a plane (the diagonal entries depend on two
variables). Furthermore, the bootstrap argument will be slightly modified as it resembles the
comparison of the diagonal entries in the qualitative argument given above.

4.3.2 Reduction to the Periodic Setting and Auxiliary Results for the Elastic Energy

In this subsection, we provide a number of auxiliary results which we will exploit in the
following bootstrap arguments for deducing the lower bound. As a first step, we reduce to
the situation of periodic deformations.
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Lemma 4.5 Let � = [0,1]3, let K := {A1,A2,A3} be as in (14) and F ∈ Kqc \ K. Let
Eε(u,χ) be given by (15) and set

Eper
ε (u,χ) :=

ˆ

T3
|u − χ |2dx + ε

ˆ

T3
|∇χ |.

Let further Dper

F := {u : R3 → R3×3 : divu = 0 in R3, 〈u〉 = F }, where 〈u〉 := ´

T3 u(x)dx.
Assume that Eε(u,χ) ≤ 1 and that there is ε0 > 0 such that for any ν ∈ (0, 1

2 ) there is cν > 0
such that for any ε ∈ (0, ε0) it holds that

Eper
ε (u,χ) ≥ exp(−cν | log(ε)| 1

2 +ν). (24)

Then, there exists a constant C > 1 such that for ε̃0 = ε̃0(ν) > 0 sufficiently small

C−1 exp(−cν | log(ε)| 1
2 +ν) ≤ inf

χ∈BV ([0,1]3;K)

inf
u∈DF

Eε(u,χ)

for all ε ∈ (0, ε̃0).

Proof In order to infer the lower bound, we show that any function u : [0,1]3 → R3 with
constant boundary data can be associated with a suitable periodic function which has the
boundary data of u as its mean value and satisfies related energy estimates. Indeed, for given
u ∈ DF , we view it as a function on T3 by restriction. By the prescribed boundary data it
still satisfies the differential constraint and further the mean value property. Moreover,

inf
u∈Dper

F

E
per

el (u,χ) := inf
u∈Dper

F

ˆ

T3
|u − χ |2dx ≤ inf

u∈DF

Eel(u,χ).

Next, viewing χ : [0,1]3 → K as a periodic function χ̃ : T3 → K, we infer that
ˆ

T3
|∇χ̃ | ≤

ˆ

[0,1]3
|∇χ | + C.

Now, due to (24), we obtain that

exp(−cν | log(ε)| 1
2 +ν) ≤ inf

χ∈BV (T3;K)

inf
u∈Dper

F

Eper
ε (u,χ) ≤ inf

χ∈BV ([0,1]3;K)

inf
u∈DF

Eε(u,χ) + Cε.

For ε̃0(ν) > 0 sufficiently small, the last right hand side term may thus be absorbed into the
left hand side, yielding the desired result. �

With this result in hand it suffices to consider the periodic set-up in the remainder of
this section. This will, in particular, allow us to rely on the periodic Fourier transform in
deducing lower bounds for the elastic energy. In what follows all (semi-)norms will thus be
considered on the torus. With a slight abuse of notation, we will often omit this dependence.

Lemma 4.6 Let F ∈ Kqc \K, where K = {A1,A2,A3} with Aj in (14), and E
per

el and Dper

F be
as in Lemma 4.5 and as in (10). Then, it holds for any χ ∈ L2(T3;K) and for E

per

el (χ;F) :=
infu∈Dper

F

´

T3

∣∣u − χ
∣∣2dx

E
per

el (χ;F) =
∑

k∈Z3\{0}

3∑

i=1

k2
i

|k|2 |χ̂i,i |2 + |χ̂ (0) − F |2,
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where χi,i are the diagonal entries of χ and χ̂ is the (discrete) Fourier transform of χ .

Proof We first calculate E
per

el (u,χ) in Fourier space

E
per

el (u,χ) =
ˆ

T3
|u − χ |2dx =

∑

k∈Z3

|û − χ̂ |2,

which allows us to characterize minimizers of the elastic energy.
In order to minimize this elastic energy in u ∈ Dper

F , û has to be the (pointwise) orthog-
onal projection of χ̂ onto the orthogonal complement of k, as the differential constraint
divu = 0 reads iûk = 0 in Fourier space. Noting that the row-wise orthogonal projection of
a matrix M onto span(k) can be written as 
k(M) = (M k

|k| ) ⊗ k
|k| , the optimal û is given by

û = 
k⊥ χ̂ = (Id−
k)χ̂ = χ̂ − (χ̂
k

|k| ) ⊗ k

|k|
for any k ∈ Z3 \ {0}.

Returning to our energy, this yields

E
per

el (χ;F) = E
per

el (u,χ) =
∑

k∈Z3\{0}
|χ̂ − (χ̂

k

|k| ) ⊗ k

|k| − χ̂ |2 + |F − χ̂ (0)|2

=
∑

k∈Z3\{0}
|χ̂ k

|k| |
2 + |χ̂ (0) − F |2

=
∑

k∈Z3\{0}

3∑

i=1

k2
i

|k|2 |χ̂i,i |2 + |χ̂ (0) − F |2

and shows the claim. �

Next, following the ideas from [2], for μ,λ > 0, j = 1,2,3, we introduce the cones

Cj,μ,λ = {k ∈ Z3 : |kj | ≤ μ|k|, |k| ≤ λ}, (25)

and their corresponding cut-off functions mj,μ,λ(k) ∈ C∞(Cj,2μ,2λ \ {0}; [0,1]) fulfilling
mj,μ,λ = 1 on Cj,μ,λ, supp(mj,μ,λ(k)) ⊂ Cj,2μ,2λ and the decay properties in Marcinkiewicz’s
multiplier theorem (see, for instance, [84, Corollary 6.2.5]). The corresponding cut-off mul-
tiplier is thus defined by

mj,μ,λ(D)f = F−1(mj,μ,λ(·)f̂ (·)). (26)

Furthermore, we use the following results which are shown in [2, Lemma 2, Lemma
3, and Corollary 1]. Following the conventions from [75], with slight abuse of notation
compared to our setting in the first part of the article, in the whole following section, we
now use d to denote the degree of some suitable polynomials and no longer the dimension
of the ambient space which in the whole section is simply fixed to be equal to three.

Lemma 4.7 Let β, δ,μ,λ > 0. Let mi,μ,λ(D) denote the Fourier multipliers associated with
the cones Ci,μ,λ for i ∈ {1,2,3} as defined in (25) with the corresponding multipliers given
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in (26). Let fi ∈ L∞(T3) ∩ BV (T3) for i = 1,2,3 and let hj,i : R → R be nonlinear poly-
nomials (of degree d) with hj,i(0) = 0 such that hj,i(fi) = fj for i �= j . If

3∑

i=1

‖∂ifi‖2
Ḣ−1 ≤ δ,

3∑

i=1

‖∇fi‖T V ≤ β,

then there exist constants C = C(hi,j ,‖fi‖∞), C ′ = C ′(hi,j ,‖fi‖∞, d), C0 = C0(hi,j ,

‖fi‖∞, d) > 0 such that for any γ ∈ (0,1) we have for any i �= j

3∑

k=1

‖fk − mk,μ,λ(D)fk‖2
L2 ≤ C(μ−2δ + λ−1β),

‖fi − hi,j (mj,μ,λ(D)fj )‖L2 ≤ C ′

γ 12d
‖fj − mj,μ,λ(D)fj‖1−γ

L2 ,

‖hi,j (mj,μ,λ(D)fj ) − mi,μ,λ(D)fi‖2
L2 ≤ C0

γ 24d
max{(μ−2δ + λ−1β)1−γ ,μ−2δ + λ−1β}.

Here we choose the constants such that C0 > 2C + 2C ′2 + 3.

Let us comment on these bounds: The functions fi are representing the diagonal en-
tries of the phase indicator χ ∈ BV ([0,1]3;K). Thus the first estimate corresponds to a
first frequency localization by exploiting the surface energy control for the high frequen-
cies and the ellipticity of the elastic energy away from the cones Cj,μ,λ. It can be viewed
as a quantified version of the statement that u11 is a function only depending on x2, x3 in
Proposition 4.4. The second estimate is a commutator bound that arises from the nonlinear
relation hi,j (fj ) = fi for i �= j . The third estimate combines the first two bounds. The sec-
ond and third estimate will form the core tool to iteratively decrease the Fourier support of
the characteristic functions of our phase indicators. We will detail this in the remainder of
the article.

Remark 4.8 It is possible to make the mappings hj,i for i, j ∈ {1,2,3}, i �= j explicit for the
choice of matrices A1, A2, A3, cf. (14). To this end, we may, for instance, consider

h1,2(x) = 14

9
x2 − 5

9
x, h1,3(x) = 14

3
x2 − 11

3
x,

h2,1(x) = 21

4
x2 − 17

4
x, h2,3(x) = −21

2
x2 + 23

2
x,

h3,1(x) = − 7

12
x2 + 19

12
x, h3,2(x) = − 7

18
x2 + 25

18
x.

4.3.3 Comparison Argument in Fourier Space

In this section, we carry out the iterative bootstrap argument which allows us to deduce the
final rigidity result.

As a first step of the bootstrap argument, we invoke the results from above which allow
us to decrease the region of potential Fourier concentration from the cone C1,μ,λ to a cone
C1,μ,λ′ with λ′ < λ. This resembles (23) in the exactly stress-free setting in a quanitified
version. As f1 is determined by f2 and f3 with the help of h1,j we can reduce λ, similarly
as in our reduction of the dependences of u11 in Proposition 4.4.
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Fig. 4 Illustration of the cones
C1,μ,λ (red) and C2,μ,λ (blue),
and also of C2,μ,λ + C2,μ,λ in
Fourier space. (Color figure
online)

Lemma 4.9 Under the same conditions as in Lemma 4.7 and for

λ > 0, μ ∈ (0,
1

2
√

2d2 + 1
), λ′ ∈ (

1√
2

4dλμ√
1 − 4μ2

, λ)

it holds

‖f1 − m1,μ,λ′(D)f1‖2
L2 + ‖f2 − m2,μ,λ(D)f2‖2

L2 + ‖f3 − m3,μ,λ(D)f3‖2
L2

≤ 10
C0

γ 24d
max{(μ−2δ + λ−1β)1−γ ,μ−2δ + λ−1β}.

Here the constant C0 is chosen to be the same as in Lemma 4.7.

Remark 4.10 We remark that the interval for λ′ is chosen such that it holds C1,2μ,2λ \
C1,2μ,2λ′ ⊂ {max{|k2|, |k3|} > 4dμλ} ∩ C1,2μ,2λ and the one for μ such that 1√

2
4dλμ√
1−4μ2

< λ,

i.e. the interval for λ′ is non-empty.

Proof We first observe that the Fourier transform of hi,j (mj,μ,λ(D)fj ) is given by a convo-
lution of the function mj,μ,λf̂j with itself. Hence, the support of hi,j (mj,μ,λ(D)fj ) is con-
tained in the d-fold Minkowski-sum of Cj,2μ,2λ with itself. For j = 2,3 it therefore holds
that

F
(
h1,j (mj,μ,λ(D)fj )

)
(k) = 0 for |kj | > 4dμλ.

Further we introduce the sets K2 = {|k2| > 4dμλ}, K3 = {|k3| > 4dμλ} and consider the
corresponding Fourier multipliers of the smoothed-out indicator functions χK2(D), χK3(D),
χK2∪K3(D). This implies for i = 2,3

χKi
(D)h1,i (mi,μ,λ(D)fi) = 0. (27)
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With this we can show that the Fourier mass concentrates in a cone with smaller truncation
parameter, depicted in Fig. 4: Indeed, in Fourier space χK2∪K3 ≤ χK2 + χK3 . Thus,

‖χK2∪K3(D)m1,μ,λ(D)f1‖2
L2 ≤ ‖(χK2(D) + χK3(D))m1,μ,λ(D)f1‖2

L2

≤ 2‖χK2(D)m1,μ,λ(D)f1‖2
L2 + 2‖χK3(D)m1,μ,λ(D)f1‖2

L2 .

(28)

Invoking (27) together with the bounds from Lemma 4.7, then implies for i = 2,3

‖χKi
(D)m1,μ,λ(D)f1‖2

L2 = ‖χKi
(D)

(
m1,μ,λ(D)f1 − h1,i (mi,μ,λ(D)fi)

)‖2
L2

≤ ‖m1,μ,λ(D)f1 − h1,i (mi,μ,λ(D)fi)‖2
L2

≤ C0

γ 24d
max{(μ−2δ + λ−1β)1−γ ,μ−2δ + λ−1β}.

Combined with (28) this yields

‖χK2∪K3(D)m1,μ,λ(D)f1‖2
L2 ≤ 4

C0

γ 24d
max{(μ−2δ + λ−1β)1−γ ,μ−2δ + λ−1β}.

We observe that by the choice of the parameters C1,2μ,2λ\C1,2μ,2λ′ ⊂ (K2 ∪K3)∩C1,2μ,2λ,
and thus |m1,μ,λ(k) − m1,μ,λ′(k)| ≤ χK2∪K3(k)m1,μ,λ(k). Therefore,

‖m1,μ,λ(D)f1 − m1,μ,λ′(D)f1‖2
L2 ≤ ‖χK2∪K3(D)m1,μ,λ(D)f1‖2

L2

≤ 4
C0

γ 24d
max{(μ−2δ + λ−1β)1−γ ,μ−2δ + λ−1β}.

In conclusion, (for C0 ≥ C)

‖f1 − m1,μ,λ′(D)f1‖2
L2 + ‖f2 − m2,μ,λ(D)f2‖2

L2 + ‖f3 − m3,μ,λ(D)f3‖2
L2

≤ ‖f2 − m2,μ,λ(D)f2‖2
L2 + ‖f3 − m3,μ,λ(D)f3‖2

L2

+ 2‖f1 − m1,μ,λ(D)f1‖2
L2 + 2‖m1,μ,λ(D)f1 − m1,μ,λ′(D)f1‖2

L2

≤ 2C(μ−2δ + λ−1β) + 8
C0

γ 24d
max{(μ−2δ + λ−1β)1−γ ,μ−2δ + λ−1β}

≤ 10
C0

γ 24d
max{(μ−2δ + λ−1β)1−γ ,μ−2δ + λ−1β}. �

Let us stress that the decomposition into K2 and K3 is in analogy to the two compar-
isons from Proposition 4.4 in order to show that u11 is constant. The set K2 resembles the
comparison of u11 and u22 to show that u11 is constant in x2 and the set K3 resembles the
comparison of u11 and u33 to show that u11 does not depend on x3.

Applying the previous result for all three directions simultaneously then yields the fol-
lowing corollary which will serve as the induction basis for the subsequent inductive boot-
strap argument.

Corollary 4.11 (Induction Basis) Let β, δ,μ,λ > 0 and let Ci,μ,λ be the cones in (25) with
corresponding multiplier mi,μ,λ(D), cf. (26), for i = 1,2,3. Further let fi , hj,i be functions
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as in Lemma 4.7. Let C0 > 0, γ ∈ (0,1) and d ≥ 0 be the constants from Lemma 4.7. For
λ0 = λ > 0, μ ∈ (0, 1

2
√

2d2+1
), λ1 ∈ (

4dμλ0√
2
√

1−4μ2
, λ0) it holds that

‖f1 − m1,μ,λ1(D)f1‖2
L2 + ‖f2 − m2,μ,λ1(D)f2‖2

L2 + ‖f3 − m3,μ,λ1(D)f3‖2
L2

≤ 30C0

γ 24d
max{(μ−2δ + λ−1β)1−γ ,μ−2δ + λ−1β}.

With Corollary 4.11 in hand, we now iteratively further decrease the Fourier supports. To
this end, we will invoke the commutator bounds from Lemma 4.7.

Lemma 4.12 (Iteration process) Let β, δ > 0 and let Ci,μ,λ be the cones in (25) with cor-
responding multiplier mi,μ,λ(D), cf. (26), for i = 1,2,3. Further let μ ∈ (0, 1

2
√

2d2+1
),

λ > 0, and let fi , hj,i be functions as in Lemma 4.7. Let C0 > 0, γ ∈ (0,1) and d ≥ 0
be the constants from Lemma 4.7. Let λk > 0 be a sequence for k ∈ N with λ0 = λ and
λk ∈ (

4dμλk−1√
2
√

1−4μ2
, λk−1). It then holds for every k ∈ N \ {0}

‖f1 − m1,μ,λk
(D)f1‖2

L2 + ‖f2 − m2,μ,λk
(D)f2‖2

L2 + ‖f3 − m3,μ,λk
(D)f3‖2

L2

≤
(

30C0

γ 24d

)k

max{(μ−2δ + λ−1β)(1−γ )k ,μ−2δ + λ−1β}.

Proof We prove the statement by induction on k with the induction basis given by Corol-
lary 4.11. Assume that for some arbitrary but fixed k ∈ N it holds

‖f1 − m1,μ,λk
(D)f1‖2

L2 + ‖f2 − m2,μ,λk
(D)f2‖2

L2 + ‖f3 − m3,μ,λk
(D)f3‖2

L2

≤
(

30C0

γ 24d

)k

max{(μ−2δ + λ−1β)(1−γ )k ,μ−2δ + λ−1β}.
(29)

Now for the induction step k �→ k + 1 we carry out the same argument as above to show

‖f1 − m1,μ,λk+1(D)f1‖2
L2 + ‖f2 − m2,μ,λk+1(D)f2‖2

L2 + ‖f3 − m3,μ,λk+1(D)f3‖2
L2

≤
(

30C0

γ 24d

)k+1

max{(μ−2δ + λ−1β)(1−γ )k+1
,μ−2δ + λ−1β}.

(30)

We argue as in the induction basis and present the calculations only for the first term on
the left hand side of (30). By the triangle inequality,

‖f1 − m1,μ,λk+1(D)f1‖2
L2

≤ 2‖f1 − m1,μ,λk
(D)f1‖2

L2 + 2‖m1,μ,λk
(D)f1 − m1,μ,λk+1(D)f1‖2

L2 .

The first contribution is already of the desired form. It thus remains to consider the sec-
ond contribution. For this we consider an analogous argument as before: Let Kk

2 := {|k2| >

4dμλk}, Kk
3 := {|k3| > 4dμλk}. Then, since χKk

j
(D)h1,j (mj,μ,λk

(D)fj ) = 0 on Kk
j ,

‖m1,μ,λk
(D)f1 − m1,μ,λk+1(D)f1‖2

L2 ≤ ‖χKk
2 ∪Kk

3
(D)m1,μ,λk

(D)f1‖2
L2

≤ 2
3∑

j=2

‖χKk
j
(D)(m1,μ,λk

(D)f1 − h1,j (mj,μ,λk
(D)fj ))‖2

L2
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≤ 2
3∑

j=2

‖m1,μ,λk
(D)f1 − h1,j (mj,μ,λk

(D)fj )‖2
L2

≤ 4
3∑

j=2

[‖m1,μ,λk
(D)f1 − f1‖2

L2 + ‖f1 − h1,j (mj,μ,λk
(D)fj )‖2

L2 ]

= 8‖m1,μ,λk
(D)f1 − f1‖2

L2 + 4
3∑

j=2

‖f1 − h1,j (mj,μ,λk
(D)fj )‖2

L2 . (31)

Again for the second right hand side contribution in (31) we use Lemma 4.7:

‖f1 − h1,j (mj,μ,λk
(D)fj )‖2

L2 ≤ C ′2

γ 24d
(‖fj − mj,μ,λk

(D)fj‖2
L2)

1−γ .

Using the inductive hypothesis (29), overall, we arrive at the following upper bound

‖f1 − m1,μ,λk+1(D)f1‖2
L2

≤ 2‖f1 − m1,μ,λk
(D)f1‖2

L2 + 16‖m1,μ,λk
(D)f1 − f1‖2

L2

+ 8
C ′2

γ 24d

∑

j

(‖fj − mj,μ,λk
(D)fj‖2

L2)
1−γ

≤ 18‖f1 − m1,μ,λk
(D)f1‖2

L2

+ 16
C ′2

γ 24d

(
(
30C0

γ 24d
)k max{(μ−2δ + λ−1β)(1−γ )k ,μ−2δ + λ−1β}

)1−γ

.

Arguing symmetrically for f2 and f3 then yields:

‖f1 − m1,μ,λk+1(D)f1‖2
L2 + ‖f2 − m2,μ,λk+1(D)f2‖2

L2 + ‖f3 − m3,μ,λk+1(D)f3‖2
L2

≤ 18(‖f1 − m1,μ,λk
(D)f1‖2

L2 + ‖f2 − m2,μ,λk
(D)f2‖2

L2 + ‖f3 − m3,μ,λk
(D)f3‖2

L2)

+ 48
C ′2

γ 24d

(
(
30C0

γ 24d
)k max{(μ−2δ + λ−1β)(1−γ )k ,μ−2δ + λ−1β}

)1−γ

≤ 18

(
30C0

γ 24d

)k

max{(μ−2δ + λ−1β)(1−γ )k ,μ−2δ + λ−1β}

+ 48
C ′2

γ 24d

(
(
30C0

γ 24d
)k max{(μ−2δ + λ−1β)(1−γ )k ,μ−2δ + λ−1β}

)1−γ

.

Using that 2C ′2 ≤ C0, 1 − γ ∈ (0,1) and that C0
γ 24d ≥ 3, leads to

‖f1 − m1,μ,λk+1(D)f1‖2
L2 + ‖f2 − m2,μ,λk+1(D)f2‖2

L2 + ‖f3 − m3,μ,λk+1(D)f3‖2
L2

≤ 18

(
30C0

γ 24d

)k

max{(μ−2δ + λ−1β)(1−γ )k ,μ−2δ + λ−1β}

+ 24
C0

γ 24d

(
30C0

γ 24d

)k

max{(μ−2δ + λ−1β)(1−γ )k+1
, (μ−2δ + λ−1β)1−γ }
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≤ 6C0

γ 24d
(
30C0

γ 24d
)k max{(μ−2δ + λ−1β)(1−γ )k+1

,μ−2δ + λ−1β}

+ 24C0

γ 24d
(
30C0

γ 24d
)k max{(μ−2δ + λ−1β)(1−γ )k+1

,μ−2δ + λ−1β}

= (
30C0

γ 24d
)k+1 max{(μ−2δ + λ−1β)(1−γ )k+1

,μ−2δ + λ−1β}.

This concludes the proof. �

Now with the inductive procedure of reducing regions of Fourier space concentration in
hand, we turn to the proof of the lower bound in Theorem 2 and the argument for Proposi-
tion 1.2.

Proof of the lower bound in Theorem 2 and proof of Proposition 1.2 We argue in two steps,
first fixing the free parameters and then exploiting the boundary conditions.

Step 1: Choice of parameters and proof of Proposition 1.2. We seek to invoke
Lemma 4.12 expressing the bounds in terms of our energies, i.e. setting δ = E

per

el (χ;F) :=
infu∈DF

E
per

el (u,χ), β = E
per

surf (χ), and λ−1 = μ−2ε. Moreover, we use the notation

Eper
ε (χ;F) := E

per

el (χ;F) + εE
per

surf (χ). (32)

By virtue of Lemma 4.6 we obtain that for fi := χi,i indeed
∑3

j=1 ‖∂ifi‖2
Ḣ−1 ≤ δ. It follows

directly that also
∑3

i=1 ‖∇fi‖T V ≤ β and therefore the conditions in Lemma 4.7 are fulfilled.
As a consequence, the above iteration in Lemma 4.12 is applicable. With this in mind, we
choose μ = εα for some α > 0 to be specified. Therefore,

λ = λ0 = ε2α−1

and thus since without loss of generality Eper
ε (χ;F) := infu∈DF

E
per

el (u,χ)+εE
per

surf (χ) ≤ 1
(having the upper bound from Proposition 4.3 in mind), we deduce

3∑

j=1

‖fj − mj,μ,λk
(D)fj‖2

L2 ≤ (
30C0

γ 24d
)kε−2αEper

ε (χ;F)(1−γ )k . (33)

We further choose

λk = (2
√

2d2 + 1μ)kλ0 = Mkε(2+k)α−1,

where M = M(d) = 2
√

2d2 + 1 > 2. This is admissible in the sense of the assumptions in
Lemma 4.9 since λk

λk−1
= 2

√
2d2 + 1μ ∈ ( 1√

2
4dμ√
1−4μ2

,1).

Next, for α = α(ε) ∈ (0,1) and ε > 0 we choose k ∈ N to be given by

k :=
⌈

(1 − 2α)| log ε| + log 2

α| log ε| − logM

⌉
≤
⌈

1 + logM

| log ε|
α − logM

| log ε|

⌉
.

This ensures that λk ≤ 1
2 . In what follows, we will choose the parameters ε, α such that

logM

| log ε| ≤ α
2 which implies k ≤ 4

α
. Exploiting the discrete Fourier transform, then yields

‖fj − mj,μ,λk
(D)fj‖2

L2 =
∑

ξ∈Z3\{0}
|f̂j (ξ)|2 = ‖fj − 〈fj 〉‖2

L2 ,
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and hence, by (33) results in the estimate

3∑

j=1

‖fj − 〈fj 〉‖2
L2 ≤ (30C0

γ 24d

) 4
α ε−2αEper

ε (χ;F)(1−γ )
4
α
.

Using that (1 − γ )
4
α ≥ 1 − 4

α
γ , we set γ := α

8 ∈ (0,1) which leads to the bound

3∑

j=1

‖fj − 〈fj 〉‖2
L2 ≤ (

30C0824d
) 4

α α− 96d
α ε−2αEper

ε (χ;F)
1
2 .

Next, we fix the parameter α > 0: Observing that for any ν > 0 there exists α0 > 0 such
that for α ∈ (0, α0) it holds that

α− 96d
α = exp

(
96d log(α−1)α−1

)≤ exp
(96d

νe
α−1−ν

)= exp(C(ν)α−1−ν), (34)

we choose α = | log ε|− 1
2+ν for all ε ∈ (0, ε0) with ε0 > 0 still to be chosen. In particular, for

ε0 > 0 sufficiently small, such that | log ε| 1
2 ≥ 2 logM , (34) holds and also logM

| log ε| ≤ α
2 holds

as required above.
As a consequence, for ν ′ := ν

4+2ν
∈ (0, 1

2 ) we arrive at

3∑

j=1

‖fj − 〈fj 〉‖2
L2 ≤ exp(cν′ | log ε| 1

2 +ν′
)Eper

ε (χ;F)
1
2 .

Step 2: Conclusion. In order to conclude the estimate, we derive a lower bound for∑3
j=1 ‖fj − 〈fj 〉‖2

L2 . For this we recall that fj = χj,j is the j -th diagonal entry of the phase

indicator χ and hence
∑3

j=1 ‖fj − 〈fj 〉‖2
L2 = ‖χ − 〈χ〉‖2

L2 . Thus, by the mean value condi-
tion in Dper

F ,

|〈χ〉 − F |2 = |〈χ〉 − 〈u〉|2 ≤
ˆ

T3
|u − χ |2dx ≤ E

per

el (u,χ),

and, furthermore, as the left hand side is independent of u,

|〈χ〉 − F |2 ≤ E
per

el (χ;F).

Overall this implies for the total energy Eper
ε (χ;F) = E

per

el (χ;F) + εE
per

surf (χ)

dist2(F,K) ≤
ˆ

T3
|χ − F |2dx ≤ 2

ˆ

T3
|χ − 〈χ〉|2dx + 2

ˆ

T3
|〈χ〉 − F |2dx

≤ 2 exp(cν′ | log ε| 1
2 +ν′

)Eper
ε (χ;F)

1
2 + 2E

per

el (χ;F)

≤ 2 exp(cν′ | log ε| 1
2 +ν′

)Eper
ε (χ;F)

1
2 + 2Eper

ε (χ;F)
1
2

≤ 4 exp(cν′ | log ε| 1
2 +ν′

)Eper
ε (χ;F)

1
2 .

Finally, solving for Eper
ε (χ;F) shows the desired estimate

Eper
ε (χ;F) ≥ 2−4 exp

(− 2cν′ | log ε| 1
2 +ν′)

dist4(F,K).
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Fig. A.1 Self-similar
construction in Proposition A.3.
(Color figure online)

The desired claim follows by an application of Lemma 4.5. �

Appendix A: Branching, Upper Bound for the Two-State Problem for
the Divergence Operator

We complement our lower bounds for the compatible two-well problem from Sect. 3 by an
upper bound in the case of the divergence operator acting on matrix fields as introduced in
Example 1.1. For simplicity, we only consider square matrices, i.e. m = d , and like before
in Sect. 3 only consider the case d > 1 in the following. For earlier, closely related, three-
dimensional constructions in the context of compliance minimization problems we refer to
[24]. While the ε

2
3 construction is by now rather “standard” [1, 62, 63, 80], our argument

does provide a slightly different perspective, in that, in arbitrary dimension, we can ensure
boundary conditions on all faces of the domain � = [0,1]d (see the upper bound construc-
tion for [76, Theorem 3] for a similar construction for the gradient).

In deducing the upper bound for the divergence operator, we first provide a construction
in a unit cell (Lemma A.1) and iterate this construction (Proposition A.3). This yields a
construction which attains the boundary data in two directions. In order to attain these also
on the remaining sides we use the flexibility of the wave cone for the divergence operator
(Proposition A.5). We remark that in two dimensions there would be no modification with
respect to the gradient construction since there the curl and divergence only differ by a
rotation of 90 degrees.

In our unit cell branching construction, we do not work on the level of the potential, but
directly consider the problem on the level of the wells. In this context, we recall the com-
patibility conditions for laminates formed by the divergence operator which is determined
by the associated wave cone: For M ∈ Rd×d , we have that M ∈ ker A(ξ) if and only it holds
Mξ = 0.

With this in hand, we introduce an auxiliary matrix which will play an important role in
our construction: Let A,B ∈ Rd×d be such that (B − A)e1 = 0 and let n = e1 + γ2ν for a
unit vector ν perpendicular to e1 and for some γ2 ∈ R, γ2 �= 0. We then define Eν by

Eν = γ2(B − A)ν ⊗ e1 (A.1)
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and the associated “perturbed” matrix Ãν = A + Eν . By construction, this matrix obeys the
identities

(Ãν − A)ν = 0, (B − Ãν)n = 0. (A.2)

This in particular allows for interfaces of Ãν and A with normal ν and of Ãν and B with
normal n which we will use in our branching construction below.

Lemma A.1 For 0 < l < h ≤ 1, we define ω = [0, l]× [0, h]× [0,1]d−2. Let A,B ∈ Rd×d be
such that (B − A)e1 = 0 and let Fλ = λA + (1 − λ)B for some λ ∈ (0,1). Then there exists
u : Rd → Rd×d such that

divu = 0 in Rd ,

u = Fλ for x1 ∈ (−∞,0) ∪ (l,∞).

Furthermore, there exist χ ∈ BV (ω; {A,B}) and a constant C = C(A,B) > 0 such that for
any ε > 0 the localized energy can be bounded by

Eε(u,χ;ω) :=
ˆ

ω

|u − χ |2dx + ε

ˆ

ω

|∇χ | ≤ C(1 − λ)2 l3

h
+ 5εh.

Proof We consider the following partition of the domain ω into subdomains:

ω1 = {x1 ∈ (0,
λl

2
)}, ω2 = {x1 ∈ (

λl

2
,
λl

2
+ (1 − λ)l

2h
x2)},

ω3 = {x1 ∈ (
λl

2
+ (1 − λ)l

2h
x2, λl + (1 − λ)l

2h
x2)}, ω4 = {x1 ∈ (λl + (1 − λ)l

2h
x2, l)}.

Based on this we define

u(x) =

⎧
⎪⎨

⎪⎩

A x ∈ ω1,

B x ∈ ω2 ∪ ω4,

A + Ee2 x ∈ ω3,

χ(x) =
{

A x ∈ ω1 ∪ ω3,

B x ∈ ω2 ∪ ω4,

where Ee2 is given in (A.1) for n = e1 − (1−λ)l

2h
e2. We highlight that u is independent of xk

for k ≥ 3. By definition of Ee2 , the characterization of the wave cone (5) for the divergence
operator and the remarks on laminates in (A.2), this defines an divergence-free mapping.
Further, as (B − Fλ)e1 = (A − Fλ)e1 = 0, the exterior data are attained in x1 ∈ (−∞,0) ∪
(l,∞).

To calculate the energy, we observe, that the only contribution to the elastic energy is
given in ω3. Hence,

Eel(u,χ;ω) :=
ˆ

ω

|u − χ |2dx =
ˆ

ω3

|A + Ee2 − A|2dx

= |Ee2 |2|ω3| = |(B − A)e2|2 (1 − λ)2λl3

8h
.

As the surface energy is determined by the interfaces between ωj and ωk , we obtain (l < h)

Esurf (χ;ω) :=
ˆ

ω

|∇χ | = h + 2

√
(1 − λ)2l2

4
+ h2 ≤ h + 2h

√
(1 − λ)2

4
+ 1 ≤ 5h.
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Fig. A.2 Setting of Lemma A.2

This shows the claim. �

As for analogous constructions for the gradient, we will use this unit cell as a building
block in order to achieve a self-similar construction attaining the boundary data on two
directions. For this to be admissible in the sense of an A-free map, we rely on the following
lemma. It shows that for first order operators corners in which interfaces meet do not give
rise to singularities.

Lemma A.2 Let d,n,m ∈ N and let A(D) =∑d

j=1 Aj∂j : C∞(Rd;Rn) → C∞(Rd;Rm) be
a homogeneous, linear operator of degree one with symbol A given in (3) and let �j , j =
1, . . . , l, be a polygonal set (the set is defined as the intersection of half spaces) with outer
unit normal nj such that

• Rd =⋃l

j=1 �j ,
• the two sets �j , �j+1 have one common face (l + 1 = 1),
• and such that they meet in one point, i.e.

⋂l

j=1 �j = {x0},
cf. Fig. A.2. Assume further that Bj ∈ Rn, j = 1, . . . , l, are such that Bj −Bj+1 ∈ ker A(nj ).
Then the map

u(x) = Bj for x ∈ �j

is A-free.

Proof First we note that u is indeed well-defined by the properties of �j , further we notice
that for M ∈ Rn and U ⊂ Rd a Lipschitz domain it holds for ϕ ∈ C∞

c (Rd;Rm)

ˆ

U

M · (A(D))∗ϕdx =
d∑

k=1

ˆ

U

M · ∂k(A
t
kϕ)dx =

d∑

k=1

ˆ

∂U

M · (At
kϕ)nkdHd−1

=
ˆ

∂U

A(n)M · ϕdHd−1.

With this it holds

ˆ

Rd

u · (A(D))∗ϕdx =
l∑

j=1

ˆ

�j

Bj · (A(D))∗ϕdx =
l∑

j=1

ˆ

∂�j

A(nj )Bj · ϕdHd−1.
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Moreover on ∂�j ∩ ∂�j+1 it holds that nj+1 = −nj and thus by the assumptions on Bj

ˆ

Rd

u · (A(D))∗ϕdx =
l∑

j=1

ˆ

∂�j ∩∂�j+1

A(nj )(Bj − Bj+1) · ϕdHd−1 = 0.

As ϕ was arbitrary the claim follows. �

With Lemma A.2 in hand, we now iterate the unit cell-construction from Lemma A.1, as
illustrated in Fig. A.1.

Proposition A.3 Let d,n ∈ N. Let � = [0,1]d , let A,B ∈ Rn be such that B − A ∈ �div, cf.
(5), and let Fλ = λA+ (1−λ)B for some λ ∈ (0,1). Let Eε be as in (12). Then there exist u :
Rd → Rd×d and χ ∈ BV (�; {A,B}) with divu = 0 in Rd and u = Fλ for (x1, x2) /∈ [0,1]2

such that for any ε ∈ (0,1) and any N ∈ N

Eε(u,χ) ≤ C(
1

N2
+ εN)

for some constant C = C(A,B,λ) > 0.

Proof Without loss of generality we may assume (B − A)e1 = 0, i.e. B − A ∈ ker A(e1) for
A(D) = div. Let θ ∈ ( 1

4 , 1
2 ). We argue symmetrically in the upper and lower half of the cube,

i.e. we give the construction of u on [0,1]× [ 1
2 ,1]× [0,1]d−2 and define u on the lower half

by symmetry. We define for N ∈ N and for j ∈ N0

yj = 1 − θj

2
, lj = 1

2jN
,hj = yj+1 − yj = θj 1 − θ

2
.

Furthermore, let j0 ∈ N be the maximal j ∈ N such that lj < hj . We set

ωj,k =
(
(klj , yj ) + [0, lj ] × [0, hj ]

)
× [0,1]d−2,

for k ∈ {0,1, . . . ,N2j − 1}, j ∈ {0,1, . . . , j0}; for k ∈ {0,1, . . . ,N2j0+1 − 1}, j = j0 + 1 we
set

ωj0+1,k =
(
(klj0+1, yj0+1) + [0, lj0+1] × [0,

θj0+1

2
]
)

× [0,1]d−2.

Let uj , χj in [0, lj ] × [0, hj ] × [0,1]d−2 be given by Lemma A.1 for j = 1, . . . , j0. Further,
in the layer j = j0 + 1 we interpolate with the desired boundary data by a cut-off argument:
To this end, we introduce the cut-off function φ : [0,∞) → [0,1] and the profile h : [0,1] →
[0,∞) by setting

φ(t) =

⎧
⎪⎨

⎪⎩

1 t ∈ [0, 1
2 ],

−4t + 3 t ∈ ( 1
2 , 3

4 ),

0 t ≥ 3
4 ,

h(t) =
{

(1 − λ)t t ∈ [0, λ),

λ(1 − t) t ∈ [λ,1].

We consider the function ũj0+1 : [0, lj0 ] × [0, θj0+1

2 ] × [0,1]d−2 defined via

ũj0+1(x) = − 2lj0+1

θj0+1
φ′( 2x2

θj0+1

)
h
( x1

lj0+1

)
((A − B)e2) ⊗ e1
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+ φ
( 2x2

θj0+1

)
h′
( x1

lj0+1

)
(A − B) + Fλ.

The associated phase indicator is defined by

χj0+1(x) = χ(0,λlj0 )(x1)A + χ(λlj0 ,lj0 )(x1)B.

We note that χj0+1(x) = h′( x1
lj0+1

)(A−B)+Fλ and moreover for x2 < 1
2 it holds ũj0+1(x) =

χj0+1(x) and for x2 > 3
4 correspondingly ũj0+1(x) = Fλ. Furthermore, for x1 ∈ {0, lj0+1}, we

know h(
x1

lj0+1
) = 0 and thus (ũj0+1(x) − Fλ)e1 = φ(

2x2
θj0+1 )h′

(
x1

lj0+1

)
(A − B)e1 = 0.

With the help of this construction we meet the prescribed data for x2 ≥ 1, and we can
define u in the upper half of the full cube:

u(x) =
{

uj (x − (klj , yj )) x ∈ ωj,k,

ũj0+1(x − (klj0 , yj0+1)) x ∈ ωj0+1,k.

For the lower half of the cube we argue similarly, mirroring the unit cell construction of
Lemma A.1, i.e. instead of Ee2 we consider E−e2 . We define χ in [0,1]d analogously.

We note, that this defines a divergence free mapping, as all the laminations are in com-
patible directions as (B − A)e1 = 0 and by the choice of Ee2 in (A.1). Lemma A.2 shows,
that this function is divergence-free even thought interfaces meet in corners. Moreover, we
can bound the energy in the ωj0+1,k cells for any k ∈ {1, . . . ,N2j0+1 − 1}:

|ũj0+1(x) − χj0+1(x)|2 =
∣∣∣
2lj0+1

θj0+1
φ′( 2x2

θj0+1

)
h
( x1

lj0+1

)
((A − B)e2 ⊗ e1)

− (φ
( 2x2

θj0+1

)− 1)h′
( x1

lj0+1

)
(A − B)

∣∣∣
2

≤ C(A,B,λ)
( l2

j0+1

θ2j0+2
φ′2
( 2x2

θj0+1

)+ 1
)
,

and, since lj0+1 ≥ hj0+1 and θj0+1 ∼ hj0+1,

ˆ

[0,lj0+1]×[0, θj0+1
2 ]×[0,1]d−2

|ũj0+1 − χj0+1(x)|2dx ≤ Clj0+1(

ˆ 1

0

l2
j0+1

θj0+1
φ′2(t)dt + θj0+1)

≤ C(
l3
j0+1

θj0+1
+ lj0+1θ

j0+1)

≤ C
l3
j0+1

hj0+1
.

Furthermore, the surface energy is bounded by Esurf (χj0+1;ωj0+1,k) ≤ C(A,B,λ)hj0+1.
Overall, we have a function defined on [0,1]d and can extend it to be Fλ for (x1, x2) /∈

[0,1]2. The energy then can be bounded by

Eε(u,χ) ≤ 2
j0+1∑

j=0

N2j −1∑

k=0

Eε(uj ,χj ;ωj,k) ≤ C

j0+1∑

j=0

N2j (
l3
j

hj

+ εhj )
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≤ C

j0+1∑

j=0

(
l2
j

hj

+ ε
hj

lj
) = C

j0+1∑

j=0

1

N2
(

1

4θ
)j + εN(2θ)j

≤ C(
1

N2
+ εN). �

Remark A.4 We remark that in the situation of the divergence operator, there are situations
with substantially more flexibility than for the gradient: If for the two wells A,B ∈ Rd×d

it does not only hold that (B − A)e1 = 0 but also that (B − A)e2 = 0, there would not be
any elastic energy contribution involved. In this situation, for the above construction, we
would only have contributions to the surface energy, as then Ee2 = 0 and hence A + Ee2 =
A ∈ {A,B}. In particular, for boundary data which are only attained on two directions this
would yield a linear scaling law in ε. For curl free mappings as in gradient inclusions, this
is not possible, as the direction of lamination is unique in that case, i.e. Vrot,λ is at most
one-dimensional.

As a last auxiliary step towards the upper bound construction from Theorem 1, in order
to achieve the exterior data on all sides of the unit cube, we adapt the branching construction
similarly as in [75], as the construction from Proposition A.3 does not yet satisfy Fλ at, e.g.,
x3 = 0. Thus, we combine Proposition A.3 with a further domain splitting for which we
split [0,1]d into different regions. In each region, we prescribe a different direction for the
branching construction from Proposition A.3. To this end, we use that the choice of e2 in the
above results was arbitrary and we also can choose any other direction ej for j ∈ {2, . . . , d}.
Combined with compatibility conditions at the resulting interfaces, this will allow us to
deduce the desired branching construction.

Proposition A.5 Under the same assumptions as in Proposition A.3 there exist u : Rd →
Rd×d , χ ∈ BV (�; {A,B}) and a constant C = C(A,B,λ) > 0 such that u ∈ DFλ

for Fλ =
λA + (1 − λ)B (λ ∈ (0,1)) and for any ε ∈ (0,1) and N ∈ N it holds

Eε(u,χ) ≤ C(
1

N2
+ εN).

Proof For simplicity, we first carry out the details for the case d = 3 and then only comment
on the changes in the case of arbitrary dimension. We split [0,1]3 into the following four
parts and use different branching directions in each part: Let

�±
2 = {x ∈ [0,1]3 : ±(x2 − 1

2
) ≥ 0,

1

2
− |x2 − 1

2
| ≤ 1

2
− |x3 − 1

2
|},

�±
3 = {x ∈ [0,1]3 : ±(x3 − 1

2
) ≥ 0,

1

2
− |x3 − 1

2
| ≤ 1

2
− |x2 − 1

2
|},

and consider the upper (�+
j ) and lower (�−

j ) halves separately as in the proof of Proposi-
tion A.3.

Next, we define u2 in �+
2 and u3 in �+

3 using Proposition A.3: The function u2 is given
by the function from Proposition A.3 above, whereas u3 is obtained from u2 by exchanging
roles of e2 and e3, i.e. the branching is done in e3 direction and we use Ee3 instead of Ee2 .
For ν ∈ {e2, e3} the error matrix Eν is given in (A.1). We then define the overall deformation
u in �+

2 ∪ �+
3 by

u(x) =
{

u2(x) x ∈ �+
2 ,

u3(x) x ∈ �+
3 .
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Fig. A.3 The three-dimensional
branching construction to achieve
the boundary data on all sides.
The shaded regions are the
diagonal interface at x2 = x3
with the interfaces of A + Ee2
and A + Ee3 marked in orange

This construction is depicted in Fig. A.3. As above u is defined in the lower halves �−
2 , �−

3
by symmetry.

We claim that this overall construction is divergence-free. In the individual regions �+
2

and �+
3 this follows by Proposition A.3. It thus remains to discuss the compatibility at the

interface x2 = x3. Since all other values of u are given by (matching domains in which)
u ∈ {A,B}, it suffices to discuss the compatibility of the error matrices Ee2 and Ee3 at this
interface. To this end, we however note that (Ee3 − Ee2)ζ = 0 for all ζ ∈ span(e2, e3), i.e.
also this interface is admissible. This shows that u indeed defines a divergence free map.

The upper bound for the elastic and surface energies from Proposition A.3 remains valid,
thus yielding the claimed estimate which concludes the proof of the proposition.

In order to show the d-dimensional result, we split [0,1]d into 2d − 2 regions �±
j :=

{x ∈ [0,1]d : ±(xj − 1
2 ) ≥ 0, 1

2 − |xj − 1
2 | = min2≤k≤d

1
2 − |xk − 1

2 |} for j = 2, . . . , d and
argue as above. �

Finally, with Proposition A.5 in hand, we immediately obtain the proof of the upper
bound construction from Theorem 1 for the divergence operator.

Proof of the upper bound in Theorem 1 In order to deduce the upper bound of Theorem 1, we
choose N ∼ ε− 1

3 , which shows the claim. �

Remark A.6 (Generalizations) Building on the ideas from the gradient case and the ones from
above one can formulate (rather restrictive) conditions, allowing for similar constructions for
more general linear, constant coefficient differential operators. A key difficulty here consists
in the “hard form” of the prescribed boundary conditions. When considering “softer forms”
of these, as for instance in [66], constructions for general constant coefficient operators with
the desired boundary conditions would be feasible under much more general conditions by
using Fourier theoretic arguments as in [74]. We do not pursue these ideas here but postpone
this to possible future work.
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Appendix B: On the Role of the Divergence Operator

Following [28], in this section we highlight the relevance of the divergence operator which
also partially motivates our discussion of the scaling law for the T3 problem from Sect. 1.3.

To this end, we first recall that considering any first order homogeneous constant co-
efficient differential operator A(D) = ∑d

j=1 Aj∂j : C∞(Rd;Rn) → C∞(Rd;Rm), we can
rewrite A(D)u = divω1(u) with a linear map ω1 : Rn → Rm×d . Indeed, let us define

ω1 : Rn → Rm×d , ω1(x) = ( n∑

k=1

A
j

ikxk

)
i=1,...,m,
j=1,...,d

.

Let u ∈ C∞(Rd;Rn), then it holds A(D)u = (div◦ω1)(u) for the row-wise divergence.
Indeed this can be generalized for higher order operators A(D)u =∑

|α|=k Aα∂αu, where
Aα ∈ Rm×n are coefficient matrices, as follows. For this we denote the space of symmetric k

tensors on Rd by Sym(Rd , k). Let the k-th order divergence be given as

divk : C∞(Rd;Rm ⊗ Sym(Rd , k)) → C∞(Rd;Rm),

(divk u)j :=
∑

1≤i1≤···≤ik≤d

∂i1 . . . ∂ik uji1...ik .
(B.3)

For k = 1 this is exactly the row-wise divergence as mentioned above.

Remark B.1 This definition is natural in that sense that this operator (up to a sign) is the
adjoint of the k-th derivative Dk .

The linear map ωk : Rn → Rm ⊗ Sym(Rd , k) then takes the form

(ωk(x))ji1...ik :=
(
A
∑k

l=1 eil x
)

j
(B.4)

and by this choice it holds A(D)u = (divk ◦ωk)(u) for any u ∈ C∞(Rd;Rn) and kerωk =
IA =⋂

|α|=k kerAα . In what follows, we omit the k dependence of ω = ωk in the notation.
With this in hand, it is possible to bound the energy for a general homogeneous linear

operator A(D) (of order k) by the corresponding energy for the (k-th order) divergence (cf.
[28, Appendix] for the corresponding qualitative result in the case k = 1).

Proposition B.2 Let d,n, k ∈ N, K ⊂ Rn, and let � ⊂ Rd be a bounded Lipschitz domain.
Let A(D) be a k-th order homogeneous linear differential as in (2) and the elastic and sur-
face energies be given by (16) and (17). Moreover let ω = ωk be the linear transformation
in (B.4) and divk the generalized k-th order divergence in (B.3) with the corresponding en-
ergies Edivk

el , Edivk

surf . Then there exist constants C1,C2 > 0 such that for any χ ∈ BV (�;K),
F ∈ Rn

Eel(χ;F) ≥ C1E
divk

el (ω(χ);ω(F)),

Esurf (χ) ≥ C2E
divk

surf (ω(χ)).

Moreover if A(D) is cocanceling (and thus ω is injective), it also holds for all u ∈ DF ,
χ ∈ BV (�;K) (cf. (10))

Eel(u,χ) + εEsurf (χ) ∼ Edivk

ε (ω(u),ω(χ)) + εEdivk

surf (ω(χ)).
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Proof In order to obtain the desired result, we use the pointwise bound |u − χ | ≥ C|ω(u) −
ω(χ)| and consider the adapted boundary data: For any u ∈ DF with DF denoting the set
from (10), the composition ω(u) satisfies divk ω(u) = A(D)u = 0 in Rd and ω(u) = ω(F)

in Rd \�. In other words, it holds that ω(u) ∈ Ddivk

ω(F ) for the divergence operator and bound-

ary data ω(F). For the elastic energy (denoting by Edivk

el , Ddivk

ω(F ) the energy and domain for
the divergence operator) this implies

Eel(u,χ) =
ˆ

�

|u − χ |2dx ≥ C

ˆ

�

|ω(u) − ω(χ)|2dx = CEdivk

el (ω(u),ω(χ)), (B.5)

Eel(χ;F) ≥ C inf
u∈DF

ˆ

�

|ω(u) − ω(χ)|2dx ≥ C inf
u:ω(u)∈Ddivk

ω(F )

ˆ

�

|ω(u) − ω(χ)|2dx.

We emphasize that, in general, this only yields lower bound inequalities since ω is possibly
not injective and thus there may be deformations u with A(D)u = 0 and u �= F outside �

but still fulfilling ω(u) = ω(F) outside � (see the example in Sect. B.1 below). Replacing
now ω(u) by a general function w : Rd → Rm ⊗ Sym(Rd , k) such that w ∈ Ddivk

ω(F ) yields

Eel(χ;F) ≥ C inf
w∈Ddivk

ω(F )

ˆ

�

|w − ω(χ)|2dx = CEdivk

el (ω(χ);ω(F)).

Furthermore, as |∇χ | ≥ c|∇(ω(χ))|, we can also bound the surface energy

Esurf (χ) =
ˆ

�

|∇χ | ≥ c

ˆ

�

|∇(ω(χ))| = cEdivk

surf (ω(χ)). (B.6)

In the case of a cocanceling operator ω is injective and we also have the bounds |u−χ | ≤
C|ω(u) − ω(χ)|, |∇χ | ≤ C|∇(ω(χ))|, thus in (B.5) and (B.6) also the matching upper
bounds hold, which concludes the proof. �

As a consequence, lower bounds for the divergence operator often also imply lower
bounds for more general operators. A particular setting (see [28]) for instance arises in the
three state problem with K = {A1,A2,A3} being such that Aj − Ak /∈ �A. In this case also
ω(K) consists of three states which is a result of the fact that the kernel of ω is given by

ker(ω) =
d⋂

j=1

kerAj =
d⋂

j=1

ker A(ej ) = IA.

In particular, if we find a T3 structure for a general linear, homogeneous, constant coefficient,
first order differential operator A(D) such that it is mapped to the T3 structure in Sect. 4, we
can exploit the same lower bound as for the divergence operator. In addition to the relevance
of the divergence operator for applications, this argument serves as an additional motivation
for focusing particularly on the divergence operator in this article.

Moreover with Proposition 3.8 in mind, also for pairwise non super-compatible wells,
we can assume without loss of generality that IA = {0} and thus ω in injective.

B.1 Comparison of the Two-State Problem for the Divergence Operator

In this section, we discuss the comparison between the general two-state problem for linear,
homogeneous differential operators and the one for the (k-th order) divergence operator. In
particular, this yields yet another proof of the compatible case in Theorem 1.
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In the calculations from the first part of Sect. B, we notice that for an injective map ω we
can also bound the quantities Eel(u,χ), Esurf (χ) from above with the corresponding term
in which u, χ are replaced by ω(u), ω(χ); hence for IA = {0} it holds

Eε(u,χ) ∼ Edivk

ε (ω(u),ω(χ)).

We here emphasize that this only holds on the level of fixed u, χ and that after the mini-
mization in u, this does not necessarily yield a two-sided comparison of the energies any
more. Indeed, while the lower bound estimates always hold (cf. Proposition B.2), this may
not be true for the upper bound estimates. In fact, even if IA = {0}, we can at the moment
not exclude that there may be w ∈ Ddivk

ω(F ) \ ω(DF ). We postpone a further discussion of this
to future work.

The advantage of IA = {0} is that we do not lose wells in that sense that for IA = {0}
also kerω = {0} and thus, ω is injective. As seen above in Sect. 3.4 for two wells A,B ∈
Rn, A − B /∈ IA we can restrict to Ã(D) which fulfills IÃ = {0}. This implies that for
two compatible wells, which are not super-compatible, in deducing lower scaling bounds,
we can use the corresponding lower bounds of the divergence operator as we do not lose
information.

Example B.3 In concluding this section, we give an example of an operator which is not
cocanceling. Considering d = 2, n = 3, m = 1 and

A(D)u = ∂1u2 + ∂2u3,

implies that ω : R3 → R1×2, ω(x) = (x2, x3) and ker(ω) = span(e1) = IA.
The reduced operator Ã(D) would act on mappings taking values only in {0}×R2 ⊂ R3.
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1.1. The classical two-well problem for the gradient. In order to put our
results into perspective, let us first recall the classical (compatible) two-well problem
for the gradient. The qualitative and quantitative compatible two-well problem for the
gradient without gauge invariance is a well-studied problem motivated by questions
from materials science [3, 34, 4]. In its quantitative forms it is a prototypical problem
in the vector-valued calculus of variations, giving rise to pattern formation problems.

As a first qualitative observation, one notes that the only exact solutions to the
differential inclusion corresponding to the compatible two-well problem

\nabla v \in \{ A,B\} a.e. in \Omega , v \in W 1,\infty 
loc (\BbbR d;\BbbR d),(1)

with A,B \in \BbbR d\times d and rank(A - B) = 1, are so-called simple laminates [3, 34]. These
solutions are locally of the form v(x) = f(n \cdot x) + affine function, where f : \BbbR \rightarrow \BbbR d

and n \in \BbbS d - 1 is (up to its sign) determined by the relation A - B = a\otimes n for some
a \in \BbbR d. In particular, for \lambda \in (0,1) and F\lambda := \lambda A+ (1 - \lambda )B, there are no solutions
to (1) with \nabla v= F\lambda in \BbbR d \setminus \Omega if \Omega is, e.g., bounded.

When viewing the two-well problem energetically, by minimizing elastic energies
of the form

Eel(v,\chi ) :=

\int 

\Omega 

| \nabla v - \chi AA - \chi BB| 2dx,

where for every x \in \Omega we let \chi (x) := \chi A(x)A + \chi B(x)B \in \{ A,B\} , \chi A(x), \chi B(x) \in 
\{ 0,1\} , among

\scrD F\lambda 
:=
\Bigl\{ 
v \in W 1,2

loc (\BbbR 
d;\BbbR d) : \nabla v= F\lambda in \BbbR d \setminus \Omega 

\Bigr\} 
,

a rather different behavior emerges: Although no exact solutions to (1) exist, due to
the lack of lower-semicontinuity it still holds that inf\chi \in L2(\Omega ;\{ A,B\} ) infv\in \scrD F\lambda 

Eel(v,\chi ) = 0. The boundary conditions enforce oscillations and thus result in in-
finitely fine-scale structure [3, 34, 4]. A relaxation leads to the notion of gradient
Young measure solutions, a type of generalized solutions (parametrized measures)
which describe the oscillatory behavior of minimizing sequences.

Motivated by the discrepancy between the exact differential inclusion and its en-
ergetically quantified version and seeking to study finer properties of the two-well
problem, an important class of models consists of singular perturbation models, pe-
nalizing fine oscillations. Instead of only minimizing the elastic energy, one here also
considers additional (regularizing) surface energies

Esurf (\chi ) :=

\int 

\Omega 

| \nabla \chi | ,

and

E\epsilon (v,\chi ) :=Eel(v,\chi ) + \epsilon Esurf (\chi ).

Here
\int 
\Omega 
| \nabla \chi | denotes the total variation norm of \nabla \chi , the distributional gradient of

\chi \in BV (\Omega ; \{ A,B\} ). Due to the higher order regularization term, the energy no longer
permits arbitrarily fine oscillations but introduces a length scale depending on \epsilon > 0
and thus selects microstructure, e.g., it can distinguish between simple laminate and
branching type structures [30, 31]. Comparing the regularized singular perturbation
problem and the nonregularized ``elastic"" energies, it is particularly interesting to
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investigate the limit \epsilon \rightarrow 0 and the scaling behavior of the singular perturbation
problem in \epsilon > 0 as \epsilon \rightarrow 0. In this context, the celebrated results [30, 31] assert
that the minimal energy does not display the scaling behavior of simple laminates
but that of branching type structures (at least in generic, nondegenerate domain
geometries); see also [8]. In [11] this observation is further strengthened by proving
that minimizers are asymptotically self-similar. The scaling behavior of these energies
thus encodes important information on the interaction of the differential constraint
(i.e., the condition of dealing with gradients) and the nonlinearity (i.e., the two-well
nature of the problem). Motivated by problems from materials science, similar \epsilon 

2
3

results have been obtained for generalizations of the differential constraint, including,
for instance, divergence and symmetrized gradient constraints [5, 6, 32, 10]. However,
it was pointed out in the work [8] that the scaling behavior does not always have to
be of the order \epsilon 

2
3 . Indeed, in [8] in a ``degenerate"" setting (with only one rank-one

direction, compared to the generic setting of two rank-one directions) a scaling of the
order \epsilon 

4
5 was observed.

1.2. The compatible two-well problem for constant coefficient, linear
differential operators. Motivated by the outlined problems from materials science
and the qualitative study of the incompatible two-well problem from [19] for homo-
geneous linear differential operators, in [39], we started to systematically study the
scaling properties of the compatible two-well problem depending on the class of differ-
ential operators at hand. To this end, we considered general, homogeneous, constant
coefficient, linear differential operators

\scrA (D)u :=
\sum 

| \alpha | =m

A\alpha \partial 
\alpha u

for u : \BbbR d \rightarrow \BbbR n, A\alpha \in \BbbR k\times n. The two-well problem from (1) then turns into: Find
u\in L2

loc(\BbbR 
d;\BbbR n) such that

u\in \{ A,B\} in \Omega ,

\scrA (D)u= 0 in \BbbR d distributionally,

u= F\lambda in \BbbR d \setminus \Omega ,
(2)

where A - B \in \Lambda \scrA \setminus I\scrA and F\lambda = \lambda A+ (1 - \lambda )B with \lambda \in (0,1). Here

\Lambda \scrA :=
\bigcup 

\xi \in \BbbS d - 1

ker\BbbA (\xi )(3)

denotes the wave cone introduced in [48, 35] and

I\scrA :=
\bigcap 

\xi \in \BbbS d - 1

ker\BbbA (\xi )(4)

is the set of supercompatible states introduced in this context in [39], where we denote
the symbol of \scrA (D) by

\BbbA (\xi ) :=
\sum 

| \alpha | =m

A\alpha \xi 
\alpha .(5)

It is known that the wave cone generalizes the presence of rank-one connections for the
curl operator and that it is possible to construct generalized simple laminates from it.
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Indeed, for h : \BbbR \rightarrow \{ 0,1\} , A - B \in \Lambda \scrA , and \xi \in \BbbR d such that A - B \in ker\BbbA (\xi ), the
function

u(x) := (A - B)h(\xi \cdot x) +B

is a one-dimensional solution to u\in \{ A,B\} , \scrA (D)u= 0.
Similarly as in the case of the gradient inclusion, it is possible to associate a

singular perturbation problem to (2). To this end, we consider

E\scrA 
\epsilon (\chi ;F\lambda ) :=E\scrA 

el (\chi ;F\lambda ) + \epsilon E\scrA 
surf (\chi ) := inf

u\in \scrD \scrA 
F\lambda 

\int 

\Omega 

| u - \chi | 2dx+ \epsilon 

\int 

\Omega 

| \nabla \chi | ,(6)

where \chi \in BV (\Omega ;\{ A,B\} ) and

\scrD \scrA 
F\lambda 

:=
\Bigl\{ 
u\in L2

loc(\BbbR 
d;\BbbR n) : \scrA (D)u= 0 in \scrD \prime (\BbbR d), u= F\lambda in \BbbR d \setminus \Omega 

\Bigr\} 
.(7)

In the following we will often omit the superscript \scrA in the notation of the energy E\scrA 
\epsilon 

and the set \scrD \scrA 
F\lambda 

. We remark that the outlined setting easily generalizes to operators

acting on fields u : \BbbR d \rightarrow V with V being a (real) vector space of dimension n. In
particular, in what follows we will consider the cases V = Sym(\BbbR d;m) and V =
\BbbR k \otimes Sym(\BbbR d;m) (see section 2.2).

Within this setting, in the article [39], as one of the main results, the first three
authors proved that for first order, constant coefficient differential operators, the lower
\epsilon 

2
3 scaling behavior is generic, provided that the wells are chosen to be compatible but

not supercompatible.

Theorem 1.1 (see [39, Theorem 1]). Let d,n\in \BbbN . Let \Omega \subset \BbbR d be open, bounded,
and Lipschitz. Let \scrA (D) be a homogeneous, constant coefficient, linear, first order
differential operator and A,B \in \BbbR n such that A - B \in \Lambda \scrA \setminus I\scrA ; see (3) and (4). Let
\lambda \in (0,1), F\lambda = \lambda A + (1  - \lambda )B and let E\scrA 

\epsilon be as in (6) above. Then, there exist
constants C = C(\scrA (D),\Omega , d, \lambda ,A,B) > 0 and \epsilon 0 = \epsilon 0(\scrA (D),\Omega , d, \lambda ,A,B) > 0 such
that for any \epsilon \in (0, \epsilon 0)

inf
\chi \in BV (\Omega ;\{ A,B\} )

E\scrA 
\epsilon (\chi ;F\lambda )\geq C\epsilon 

2
3 .

While our result illustrates that the lower bounds from the two-well problem for
the gradient persist for general first order operators, our argument strongly relied on
the linearity of the associated first order symbols and the linear structure of the null
set of

\xi \in \BbbR d \mapsto \rightarrow \BbbA (\xi )(A - B).(8)

Revisiting the example from [8] (which involves a second order differential operator)
we could prove that the vanishing order of (8) gives rise to a different, non-\epsilon 

2
3 -scaling

behavior which had first been identified in [8]. It however remained an open problem
to investigate the behavior of more general, higher order operators. In this context,
central questions are the following:

(Q1) What scaling behavior can emerge for higher order, homogeneous linear oper-
ators for their associated singularly perturbed compatible two-well problems?

(Q2) Can one identify structural conditions (for \scrA (D) and A - B \in \Lambda \scrA \setminus I\scrA ) giving
rise to certain scaling behavior?
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In the present article, we begin to systematically investigate these questions by con-
sidering a rather general class of homogeneous, linear differential operators and by
deducing lower bound estimates for these. These lead to nonstandard, non-\epsilon 

2
3 -lower

bound scaling behavior which is directly associated with the structure of the symbol
(8). For a particular class of operators generalizing the symmetrized gradient and a
class of particular wells and boundary data we complement these lower bounds with
matching upper bounds proving their optimality.

1.3. Outline of the main results. Continuing our investigation from [39], it is
our objective to investigate the scaling properties of higher order compatible two-well
problems. To this end, on the one hand, we study specific families of such operators
in detail. On the other hand, we systematically investigate the lower bound scaling
behavior for a rather general class of constant coefficient, homogeneous, linear differ-
ential operators. Our results and in particular the specific example classes illustrate
that, in general, for higher order, homogeneous, linear differential operators different
scaling behavior may arise than for first order operators. More precisely, we show
that the scaling behavior for our classes of operators depends in a precise way on the
maximal vanishing order of the associated symbol restricted to the unit sphere. This
generalizes and systematizes the example from [39, section 3.5] which was based on
the results from [8] and provides further, new scaling laws of higher order.

In order to explain this, let us describe the precise set-up of our problem. In what
follows, we will first focus on a family of homogeneous, higher order linear differential
operators, generalizing the curl (and curl curl) operators as well as their associated
potentials. In a second step, we will then discuss a rather general class of lower scaling
bounds for which the estimates will be determined by the maximal vanishing order of
the associated symbol (8) restricted to the unit sphere.

1.4. Scaling results for generalized symmetrized gradients. Let us begin
by considering the case of the curl (and curl curl) operator and its generalizations. It
is the content of Poincar\'e's lemma that for a simply connected domain a one-tensor
field (i.e., a vector field) is a gradient if and only if its curl vanishes. Similarly, it
is well-known and often used in geometrically linearized elasticity that a symmetric
two-tensor field (i.e., a symmetric matrix field) on a simply connected domain is a
symmetrized gradient if and only if it satisfies the Saint-Venant compatibility condi-
tions. More precisely, on the whole space, a necessary and sufficient condition for
a tensor field u : \BbbR d \rightarrow \BbbR d\times d

sym to be a symmetrized derivative associated with some

v :\BbbR d \rightarrow \BbbR d, i.e.,

u= e(v) :=Dsymv :=
1

2
(\nabla v+ (\nabla v)t),

is given by the vanishing of the curl curl operator, or equivalently the validity of the
system of differential equations given by

\partial 2
kluij + \partial 2

ijukl  - \partial 2
jkuil  - \partial 2

ilujk = 0, i, j, k, l \in \{ 1, . . . , d\} .

Higher order symmetric tensors play a major role in inverse problems and tensor
tomography. In the Euclidean setting, the ray transform is given by

Im :C\infty 
c (\BbbR d; Sym(\BbbR d;m))\rightarrow C\infty (T\BbbS d - 1),

Imf(x, \xi ) :=

\int 

\BbbR 

d\sum 

i1,...,im=1

fi1\cdot \cdot \cdot im(x+ t\xi )\xi i1 . . . \xi imdt.
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Seeking to recover the higher rank tensor f from measurements of Imf , a (generalized)
Helmholtz type decomposition into a potential and solenoidal part plays a major role
(see, for instance, [36, 25, 37, 46] dealing with geometric versions of the ray trans-
form). Indeed, it is at best the solenoidal part of f which can be reconstructed from
the knowledge of Im, while the potential part is characterized by the generalized
Saint-Venant compatibility conditions and cannot be inferred from the measurements
of Imf . Hence, additional structural conditions, such as the two-valuedness, of the
potential part may be imposed and investigated.

Following [46, Chapter 2], in this article as a model class of higher order differ-
ential operators we will study such generalizations of the Saint-Venant compatibility
condition for higher rank tensors fields

u :\BbbR d \rightarrow Sym(\BbbR d;m) :=
\Bigl\{ 
M \in (\BbbR d)\otimes m :M is symmetric

\Bigr\} 

and their interaction with the nonlinear constraint given by the two-well problem.
More precisely, for u : \BbbR d \rightarrow Sym(\BbbR d;m), we consider the mth order differential
operator \scrA (D) with

[\scrA (D)u]i1j1i2j2...imjm := \alpha i1j1 \circ \alpha i2j2 \circ \cdot \cdot \cdot \circ \alpha imjm

\bigl( 
\partial m
j1...jmui1...im

\bigr) 
.(9)

Here, by \alpha ikil we denote the alternation operator in the indices ik, il by

\alpha ikil(Mi1...ik...il...i2m) :=
1

2
(Mi1...i2m  - Mi1...il...ik...i2m) .

Now the differential operator \scrA (D) generalizes the Saint-Venant compatibility condi-
tions in the sense that it holds (for compactly supported maps) that \scrA (D)u = 0 for
u :\BbbR d \rightarrow Sym(\BbbR d;m) if and only if u is the symmetrized derivative of a tensor valued
map [46, Theorem 2.2.1]. In this context, we say that a mapping u :\BbbR d \rightarrow Sym(\BbbR d;m)
is a symmetrized derivative if there is v :\BbbR d \rightarrow Sym(\BbbR d;m - 1) such that u=Dsymv;
cf. (12) in section 2.1. We consider some specific examples of this set-up in Example
2.1 in section 2.2.

Generalizing the \epsilon 
2
3 -scaling result for the gradient inclusion from [30, 31] and

the observations made in [8] that for \scrA (D) = curl curl there are instances of an \epsilon 
4
5 -

scaling, we prove the following analogous result to Theorem 1.1 for this model class
of operators.

Theorem 1.2 (symmetrized derivative). Let d,m \in \BbbN , d \geq 2, and l \in \BbbN d. Let
\Omega \subset \BbbR d be an open, bounded Lipschitz domain. Let E\scrA 

\epsilon (\chi ;F ) be as above in (6) with
the operator \scrA (D) given in (9). Then the following scaling results hold:

\bullet Sharp scaling bounds for d= 2, \lambda = 1
2 . Let d= 2, A - B = e\odot l1

1 \odot e\odot l2
2 (see (13)

for the symmetric tensor notation) such that l1 + l2 =m and F = 1
2A+ 1

2B.
Moreover let \Omega = (0,1)2. Then there exist constants C > 1 and \epsilon 0 > 0
(depending on m) such that for L :=max\{ l1, l2\} and for any \epsilon \in (0, \epsilon 0)

C - 1\epsilon 
2L

2L+1 \leq inf
\chi \in BV (\Omega ;\{ A,B\} )

E\scrA 
\epsilon (\chi ;F )\leq C\epsilon 

2L
2L+1 .

\bullet Lower scaling bounds for d \geq 2. Let d \geq 2, A - B = e\odot l1
1 \odot e\odot l2

2 \odot \cdot \cdot \cdot \odot e\odot ld
d

such that
\sum d

j=1 lj = m and F\lambda := \lambda A+ (1 - \lambda )B for some \lambda \in (0,1). Then
there exist C > 0 and \epsilon 0 > 0 (depending on d,m,\Omega and \epsilon 0 also depending on
\lambda ) such that for L :=maxj\in \{ 1,2,...,d\} lj and for any \epsilon \in (0, \epsilon 0)

Cmin\{ 1 - \lambda ,\lambda \} 2\epsilon 2L
2L+1 \leq inf

\chi \in BV (\Omega ;\{ A,B\} )
E\scrA 

\epsilon (\chi ;F\lambda ).
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Let us comment on the assertions of the theorem. First, we remark that the
scaling laws in Theorem 1.2 represent a new class of scaling laws for the two-well
problem for higher order, linear differential operators. Second, this class of operators
systematizes the observations from [8] and [39, section 3.4] in which a non-\epsilon 

2
3 -scaling

behavior emerges and which is determined by the vanishing order of the associated
symbols on the unit sphere. We also mention that for this class of differential operators
modeled on generalizations of the gradient and symmetrized gradient, our results from
Theorem 1.2 do not cover all possible settings of A,B such that A - B \in \Lambda \scrA . Indeed,
our choices of A - B form a basis of the wave cone and yield the scaling behavior on
these basis vectors. This, however, does not yield the scaling behavior of a general
element in the wave cone. We seek to return to this in future work. Finally, let us
comment on the constraints in the upper bound constructions in Theorem 1.2. The
condition that \lambda = 1

2 provides strong symmetry properties. In particular, it allows for
both odd and even reflections of certain building block constructions (see Lemma 4.2).
For general \lambda \in (0,1)\setminus \{ 1

2\} only weaker replacements (of odd reflections) are available
which do not allow for an immediate generalization to an arbitrary choice of \lambda \in (0,1)
and general tensor order. We further remark that providing matching upper bound
constructions in higher dimensions d> 2 leads to new technical difficulties even in the
case of the model operators. Indeed, in this case one would need to ensure the validity
of the prescribed Dirichlet data on all sides of the cube. The construction given in this
article only achieves the boundary datum on four sides, and would thus have to be
modified correspondingly to achieve an admissible deformation in higher dimensions.
To account for this, ``rotation-type"" arguments have been introduced in [39, 45] to
match the Dirichlet data on all faces. It is expected that---at the expense of additional
technicalities---similar ideas could also be of relevance in our context for the model
operators under consideration. Finding matching upper bound constructions under
the given strong Dirichlet conditions for general operators beyond model settings,
however, remains a major challenge.

We show in Lemma 3.7 that a similar result as stated in Theorem 1.2 holds for
the mth order divergence, which is defined in (19).

1.5. Lower bounds for a class of linear, homogeneous differential op-
erators. Building on the specific example of the higher order curl and its potential,
the generalized symmetrized derivative, we seek to study the scaling behavior of more
general two-well problems for homogeneous, constant coefficient, linear differential
operators. To this end, we systematically deduce lower scaling bounds for a rather
large class of linear operators. As in the previous section, we consider singular pertur-
bation problems as in (6), (7). A crucial role to determine lower bounds is played by
the polynomial p(\xi ) = | \BbbA (\xi )(A - B)| 2; cf. [39, Corollary 3.2]. To that end, we intro-
duce the maximal vanishing order on the unit sphere of the nonnegative, homogeneous
polynomial p :\BbbR d \rightarrow \BbbR .

Definition 1.3 (maximal vanishing order on the unit sphere). Let p\in \BbbR [\xi ] be a
nonnegative, 2m homogeneous polynomial. Let V denote the zero set of p. We then
define the maximal vanishing order L[p] of p as

L[p] :=min

\biggl\{ 
\ell \in \BbbN : inf

\xi \in \BbbS d - 1\setminus V

p(\xi )

distV (\xi )2\ell 
> 0

\biggr\} 
,

where we denote the distance function to V by

distV (\xi ) := inf\{ | \xi  - \zeta | : \zeta \in V \} .(10)
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With this notion in hand, we prove corresponding lower bound scaling estimates
which hold for a large class of homogeneous, constant coefficient, linear differential
operators \scrA (D).

Theorem 1.4. Let d,m\in \BbbN , d\geq 2. Let \Omega \subset \BbbR d be an open and bounded Lipschitz
domain. Let \scrA (D) be a homogeneous, constant coefficient, linear differential operator
and A,B \in \BbbR n such that A - B \in \Lambda \scrA \setminus I\scrA . Let p(\xi ) = | \BbbA (\xi )(A - B)| 2 have the maximal
vanishing order equal to L\leq m (cf. Definition 1.3) and further assume V = p - 1(0) to
be a finite union of vector spaces. For \lambda \in (0,1) consider F\lambda = \lambda A+ (1 - \lambda )B and let
E\scrA 

\epsilon be as in (6) above. Then, there exist constants C =C(\scrA (D),A,B,d,m,\Omega , V )> 0
and \epsilon 0 = \epsilon 0(\scrA (D), \lambda ,A,B,d,m,\Omega , V )> 0 such that for any \epsilon \in (0, \epsilon 0)

inf
\chi \in BV (\Omega ;\{ A,B\} )

E\scrA 
\epsilon (\chi ;F\lambda )\geq Cmin\{ 1 - \lambda ,\lambda \} 2\epsilon 2L

2L+1 .

Let us comment on this. First, we highlight that for the special case of the higher
order curl and its potential, the generalized symmetrized gradient, the lower bound
from Theorem 1.4 coincides with the lower bounds from Theorem 1.2. Given the
matching upper bounds for d = 2, \lambda = 1

2 and arbitrary tensor order m \in \BbbN these are
indeed optimal. The estimates from Theorem 1.4 are obtained by a combination of
general high frequency bounds, quantitative coercivity estimates away from the zero
set of p, and low frequency bounds for which we use careful localization arguments.
Apart from the setting of the higher order curl and d = 2, \lambda = 1

2 , we do not know
whether the bounds from Theorem 1.4 are optimal. We plan to study associated upper
bound constructions in future work. Second, we point out that the assumption on V
is such that the theorem is applicable for the model operators curl, curl curl, div (and
their higher order generalizations). From a technical point of view, it allows for an
easier splitting argument in Fourier space. Without the assumption that V is a finite
union of linear spaces, more complicated structures may arise. It is feasible that cov-
ering arguments can be used to reduce these to similar settings as for the vector space
case. For clarity of presentation, however, we do not discuss this in the present article.

1.6. Relation to the literature. The two-well problem and more generally
the N -well problem are intensively studied questions in the nonconvex calculus of
variations [34, 18, 26, 27, 9, 40]. They are closely related to questions on pattern
formation in various materials, including, for instance, shape-memory alloys. By
now there is a large literature also on quantitative results for associated singular
perturbation problems which build on the seminal works of [30, 31], including, for in-
stance, the articles [1, 8, 12, 16, 15, 14, 7, 6, 5, 21, 28, 29, 41, 42, 43, 45, 44]. While
generalizations of the differential inclusions from materials science to more general
linear differential operators were already studied in the context of compensated com-
pactness [48, 49, 50, 35, 20, 17], renewed interest in the associated problems in the
calculus of variations has recently arisen in the context of investigating structure con-
ditions, e.g., in the context of Korn-type inequalities [22], compensated compactness
[24, 23, 33, 38], and regularity results [13] and also in the context of N -well problems
[19, 39, 47].

1.7. Outline of the article. The remainder of the article is structured as fol-
lows. After briefly recalling and fixing notation in section 2, in section 3 we turn to
the derivation of lower scaling bounds. To this end, we first deduce lower bounds for
the symbol and then translate these into scaling behavior, identifying the maximal
vanishing order of the associated symbol on the unit sphere as the determining in-
gredient for these estimates. In section 4 we complement these bounds with upper
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scaling bounds in the case of the generalized symmetrized gradient in two dimensions
and specific boundary data but with general tensor order.

2. Notation and preliminaries. In this section we collect some background
on the tensors under consideration. In particular, we recall a characterization for the
higher order curl by the Saint-Venant conditions and compute the wave cone for the
higher order curl and divergence.

2.1. Tensor notation. We denote the space of rank m-tensors by Tm(\BbbR d) =
(\BbbR d)\otimes m; the elements are thus multilinear maps M :

\prod m
j=1\BbbR 

d \rightarrow \BbbR with compo-
nents given by Mi1i2...im =M(ei1 , ei2 , . . . , eim), where i1, . . . , im \in \{ 1, . . . , d\} and with
e1, . . . , ed being the canonical basis of \BbbR d. The subspace of symmetric m-tensors is de-
noted by Sym(\BbbR d;m)\subset Tm(\BbbR d), i.e., they satisfy M(v1, . . . , vm) =M(v\tau (1), . . . , v\tau (m))

for any permutation \tau \in Sm and v1, . . . , vm \in \BbbR d.
By \sigma i1...im we denote the symmetrization operator in the indices i1, . . . , im which

is defined as

\sigma i1...im(Mi1...im) =
1

m!

\sum 

\tau \in Sm

Mi\tau (1)...i\tau (m)
, M \in Tm(\BbbR d).

Similarly, we define the alternation operators \alpha ikil as

\alpha ikil(Mi1...im) =
1

2

\Bigl( 
Mi1...im  - Mi1...ik - 1ilik+1...il - 1ikil+1...im

\Bigr) 
,(11)

where, without loss of generality, we have assumed that ik < il.
We say a mapping u : \BbbR d \rightarrow Sym(\BbbR d;m) is a symmetrized derivative if there is

v :\BbbR d \rightarrow Sym(\BbbR d;m - 1) such that

ui1...im = [Dsymv]i1...im := \sigma i1...im(\partial i1vi2...im) =
1

m!

\sum 

\tau \in Sm

\partial i\tau (1)
vi\tau (2)...i\tau (m)

.(12)

We refer to u as the symmetrized derivative of v.
Using the tensor product of vectors given by [v1 \otimes \cdot \cdot \cdot \otimes vm]i1...im =

\prod m
k=1 v

k
ik

for

v1, . . . , vm \in \BbbR d, i1, . . . , im \in \{ 1, . . . , d\} , we introduce the symmetric tensor product of
vectors by setting

v1 \odot \cdot \cdot \cdot \odot vm = \sigma 1...m(v1 \otimes \cdot \cdot \cdot \otimes vm)(13)

for v1, . . . , vm \in \BbbR d. Both definitions can be adapted for tensor products of tensors
instead of vectors, as these elementary tensors form a spanning set; thus for M,N \in 
Tm(\BbbR d), we can write

M =
d\sum 

i1,...,im=1

Mi1...imei1 \otimes \cdot \cdot \cdot \otimes eim , N =
d\sum 

j1,...,jm=1

Nj1...jmej1 \otimes \cdot \cdot \cdot \otimes ejm

and therefore we have

M \otimes N =
d\sum 

i1,...,im,j1,...,jm=1

Mi1...imNj1...jmei1 \otimes \cdot \cdot \cdot \otimes eim \otimes ej1 \otimes \cdot \cdot \cdot \otimes ejm .

An analogous operation is defined for symmetric tensors (for which an additional
symmetrization is necessary). Moreover this can also be defined for tensors of different
order. For convenience of notation, for ek \in \BbbR d and j \in \BbbN we also set

e\odot j
k := ek \odot \cdot \cdot \cdot \odot ek,

where the symmetrized product on the right-hand side is j times with itself.
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In order to simplify the notation, we will use standard notation for multi-inidices
l \in \BbbN d. For given l= (l1, . . . , ld) \in \BbbN d the absolute value is given by | l| =\sum d

j=1 lj , the

factorial by l! =
\prod d

j=1 lj !, and the multinomial coefficient by
\bigl( | l| 
l

\bigr) 
= | l| !

l! . Moreover, for

a given vector \xi \in \BbbR d we use the convention that \xi l :=
\prod d

j=1 \xi 
lj
j and \partial l = \partial l1

1 . . . \partial ld
d .

2.2. Example operators. Using the alternation operators \alpha ij from (11), we
consider the generalized Saint-Venant compatibility operator as the first example of
an mth order operator \scrA (D) :C\infty (\BbbR d; Sym(\BbbR d;m))\rightarrow C\infty (\BbbR d;T 2m(\BbbR d)) defined by

[\scrA (D)u]i1j1...imjm = \alpha i1j1 \circ \cdot \cdot \cdot \circ \alpha imjm

\bigl( 
\partial m
j1...jmui1...im

\bigr) 
.(14)

We provide the explicit formulas for this operator in the case m \in \{ 1,2,3\} and
d= 2.

Example 2.1 (d = 2). Fixing the spatial dimension d = 2, the compatibility
conditions, which are given by a system of equations for general dimension d, become
particularly transparent. More precisely, due to symmetry (see (15) below), they
simplify to the single equation [\scrA (D)u]12...12 = 0. Considering tensors of order m =
1,2,3, we obtain the following compatibility conditions.

\bullet m= 1: In this case we compute that [\scrA (D)u]ij =
1
2 (\partial jui  - \partial iuj) and thus

\scrA (D)u= 0 if and only if \partial 1u2  - \partial 2u1 = 0.

This is the well-known case of the characterization of gradients by means of
Poincar\'e's lemma.

\bullet m= 2: In the case of second order tensors we observe that

[\scrA (D)u]ikjl =
1

4

\bigl( 
\partial 2
kluij + \partial 2

ijukl  - \partial 2
ilukj  - \partial 2

kjuil

\bigr) 
.

Hence,

\scrA (D)u= 0 if and only if \partial 2
11u22 + \partial 2

22u11  - 2\partial 2
12u12 = curl curl u= 0.

This corresponds to the classical characterization of the symmetrized gradient
by means of the Saint-Venant conditions.

\bullet m= 3: For third order tensors, also only one independent equation remains:

\scrA (D)u= 0 if and only if

[\scrA (D)u]121212 =
1

8

\bigl( 
\partial 3
222u111  - \partial 3

111u222 + 3\partial 3
211u122  - 3\partial 3

221u112

\bigr) 
= 0.

This is the characterization of being a symmetrized derivative. We emphasize
that analogous characterizations can be obtained for tensors of arbitrary order
and dimension.

Also beyond the case d= 2, the Saint-Venant operator characterizes symmetrized
derivatives: A function f \in C\infty 

c (\BbbR d; Sym(\BbbR d;m)) fulfills \scrA (D)f = 0 if and only if f
is a symmetrized derivative [46, Thm. 2.2.1, eq. (2.4.6), (2.4.7)]. In what follows, we
will therefore also refer to the Saint-Venant operator as a higher order curl operator.

By definition of \scrA (D), we have the following (anti)symmetries:

[\scrA (D)u]i\tau (1)j\tau (1)i\tau (2)j\tau (2)...i\tau (m)j\tau (m)
= [\scrA (D)u]i1j1...imjm for all \tau \in Sm,

[\scrA (D)u]i1j1...imjm = - [\scrA (D)u]j1i1i2j2...imjm .
(15)
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In what follows, we will make use of these symmetries to further determine the
symbol of \scrA (D), as defined in (5). For \xi \in \BbbR d, componentwise, it is given by

[\BbbA (\xi )M ]i1j1...imjm = \alpha i1j1 \circ \cdot \cdot \cdot \circ \alpha imjm(\xi j1 . . . \xi jmMi1...im)

= \alpha i1j1 \circ \cdot \cdot \cdot \circ \alpha imjm(M(\xi j1ei1 , . . . , \xi jmeim))

= 2 - mM(\xi j1ei1  - \xi i1ej1 , . . . , \xi jmeim  - \xi imejm)

(16)

for M \in Sym(\BbbR d;m). Moreover, by multilinearity for any orthonormal basis v1, . . . , vd
it holds that

[\BbbA (\xi )M ](vi1 , vj1 , . . . , vim , vjm)

= 2 - mM ((\xi \cdot vj1)vi1  - (\xi \cdot vi1)vj1 , . . . , (\xi \cdot vjm)vim  - (\xi \cdot vim)vjm) .
(17)

Using these observations, we rewrite the symbol of the higher order curl in a concise
way.

Lemma 2.2. Let M = a1 \odot \cdot \cdot \cdot \odot am for a1, . . . , am \in \BbbR d. For \xi \in \BbbR d and \BbbA as in
(16), we have

\BbbA (\xi )M = (a1 \circleddash \xi )\odot \cdot \cdot \cdot \odot (am \circleddash \xi ).(18)

Here we use the symbol \circleddash to denote the antisymmetric tensor product of two vectors,
i.e., a\circleddash b= 1

2 (a\otimes b - b\otimes a) for a, b\in \BbbR d, and consider the symmetrized tensor product
of tensors:

(a1 \circleddash \xi )\odot \cdot \cdot \cdot \odot (am \circleddash \xi ) :=
1

m!

\sum 

\tau \in Sm

(a\tau (1) \circleddash \xi )\otimes \cdot \cdot \cdot \otimes (a\tau (m) \circleddash \xi )

=
1

m!
2 - m

\sum 

\tau \in Sm

(a\tau (1) \otimes \xi  - \xi \otimes a\tau (1))\otimes \cdot \cdot \cdot \otimes (a\tau (m) \otimes \xi  - \xi \otimes a\tau (m)).

Proof. By (16), we have

[\BbbA (\xi )M ]i1j1...imjm =
1

m!

\sum 

\tau \in Sm

\Biggl( 
m\prod 

k=1

1

2
a\tau (k) \cdot (\xi jkeik  - \xi ikejk)

\Biggr) 

=
1

m!

\sum 

\tau \in Sm

\Biggl( 
m\prod 

k=1

1

2
([a\tau (k) \otimes \xi ]ikjk  - [\xi \otimes a\tau (k)]ikjk)

\Biggr) 

=
1

m!

\sum 

\tau \in Sm

\Biggl( 
m\prod 

k=1

[a\tau (k) \circleddash \xi ]ikjk

\Biggr) 

=
1

m!

\sum 

\tau \in Sm

\bigl[ 
(a\tau (1) \circleddash \xi )\otimes \cdot \cdot \cdot \otimes (a\tau (m) \circleddash \xi )

\bigr] 
i1j1...imjm

.

This shows the claim.

Motivated by [39, Appendix B], i.e., by the fact that lower bounds on E\scrA 
\epsilon for any

mth order homogeneous, constant coefficient, linear differential operator \scrA (D) can be
deduced by lower bounds for the mth order divergence, as a second model example
of an mth order operator we consider the mth order divergence

\scrB (D) = divm :C\infty (\BbbR d;\BbbR k \otimes Sym(\BbbR d;m))\rightarrow C\infty (\BbbR d;\BbbR k),

[divmu]j :=
\sum 

1\leq i1\leq \cdot \cdot \cdot \leq im\leq d

\partial m
i1...imuji1...im , j \in \{ 1, . . . , k\} ,(19)
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for some integer k \geq 1. It is straightforward to extend this definition (and all the
results obtained in what follows for divm) to mth order divergence-type operators
acting on fields u : \BbbR d \rightarrow W \otimes Sym(\BbbR d;m), where W is a (real) k-dimensional vector
space. We denote the symbol of \scrB (D) by \BbbB .

Similarly as in Lemma 2.2, we give a precise formulation for the symbol of \scrB (D)
on a basis of \BbbR k \otimes Sym(\BbbR d;m).

Lemma 2.3. Let v\in \BbbR k and let M=v\otimes e\odot l1
1 \odot \cdot \cdot \cdot \odot e\odot ld

d for a partition
\sum d

j=1 lj=m.
The symbol of \scrB (D) is given by

\BbbB (\xi )M =
l1!l2! . . . ld!

m!

d\prod 

j=1

\xi 
lj
j v=

\biggl( 
m

l

\biggr)  - 1

\xi lv

with l= (l1, l2, . . . , ld)\in \BbbN d, \xi \in \BbbR d.

Proof. Let M = v\otimes e\odot l1
1 \odot \cdot \cdot \cdot \odot e\odot ld

d for some v \in \BbbR k. Using that for 1\leq i1 \leq i2 \leq 
\cdot \cdot \cdot \leq im \leq d

[M ]ji1...im =

\left\{ 
 
 
vj

l1!l2! . . . ld!

m!
,

i1, . . . , il1 = 1, il1+1, . . . , il1+l2 = 2, . . . ,
im - ld+1, . . . , im = d,

0 else,

we obtain

[\BbbB (\xi )M ]j =
\sum 

1\leq i1\leq i2\leq \cdot \cdot \cdot \leq im\leq d

\xi i1\xi i2 . . . \xi imMji1...im = \xi l11 \xi l22 . . . \xi ldd vj
l1! . . . ld!

m!

= vj

\biggl( 
m

l

\biggr)  - 1

\xi l.

In what follows, we will consider the extensions of \scrA (D),\scrB (D) to distributional
derivatives by duality.

2.3. Computation of the wave cones for symmetrized derivatives and
the higher order divergence. With the above discussion in mind, in what follows,
we consider the differential operators given by (14) and (19). We next identify the
associated wave cones.

Lemma 2.4 (higher order curl). For \xi \in \BbbR d let \BbbA (\xi ) be given by (16), where the
operator \scrA (D) is given in (14). The kernel of \BbbA (\xi ) is given by

ker\BbbA (\xi ) = span
\Bigl\{ 
\sigma 1...m(v1 \otimes \cdot \cdot \cdot \otimes vm) : vi \in span(\xi ) for some i\in \{ 1, . . . ,m\} 

\Bigr\} 

= span
\Bigl\{ 
\xi \odot a2 \odot \cdot \cdot \cdot \odot am : a2, . . . , am \in \BbbR d

\Bigr\} 
.

Proof. We prove the claim of the lemma by showing that being in the span of
\{ \xi \odot a2 \odot \cdot \cdot \cdot \odot am : a2, . . . , am \in \BbbR d\} is both necessary and sufficient for being an
element of the kernel.

For simplicity we may assume that \xi = e1 as by the homogeneity of \BbbA we have
ker\BbbA (\xi ) = ker\BbbA ( \xi 

| \xi | ) and further we can choose an orthonormal basis v1, . . . , vd such

that v1 =
\xi 
| \xi | , and thus

[\BbbA (\xi )M ](vi1 , vj1 , . . . , vim , vjm) = | \xi | m[\BbbA (v1)M ](vi1 , vj1 , . . . , vim , vjm).
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This change of basis can be seen in (17).
Having fixed this, we seek to show that

ker\BbbA (e1) = span
\Bigl\{ 
e1 \odot a2 \odot \cdot \cdot \cdot \odot am : a2, . . . , am \in \BbbR d

\Bigr\} 
.

First, let M = e1 \odot a2 \odot \cdot \cdot \cdot \odot am. The inclusion span\{ e1 \odot a2 \odot \cdot \cdot \cdot \odot am :
a2, . . . , am\in \BbbR d\} \subset ker\BbbA (e1) is then immediate. Indeed, by (18), we see that \BbbA (\xi )M=0,
since e1 \circleddash e1 = 0.

For the converse inclusion, we assume that M \in ker\BbbA (e1). Using (16), we consider
the components given by i1, . . . , im \not = 1:

[\BbbA (e1)M ]i11...im1 =M(ei1 , . . . , eim) =Mi1...im = 0.

Furthermore, as ek1 \odot \cdot \cdot \cdot \odot ekm for 1 \leq k1 \leq k2 \leq \cdot \cdot \cdot \leq km \leq d forms a basis of
Sym(\BbbR d;m) and as we have seen, the only nonvanishing components of M are those
with at least one 1 in the index, we can write

M =
d\sum 

i1,i2,...,im=1

Mi1i2...imei1 \otimes ei2 \otimes \cdot \cdot \cdot \otimes eim

=
\sum 

1\leq i1\leq i2\leq \cdot \cdot \cdot \leq im\leq d

\biggl( 
m\sum m

p=1 eip

\biggr) 
Mi1...imei1 \odot \cdot \cdot \cdot \odot eim

=
\sum 

1\leq i2\leq \cdot \cdot \cdot \leq im\leq d

\biggl( 
m

e1 +
\sum m

p=2 eip

\biggr) 
M1i2...ime1 \odot ei2 \odot \cdot \cdot \cdot \odot eim .

This shows that indeed M \in span\{ e1 \odot a2 \odot \cdot \cdot \cdot \odot am : a2, . . . , am \in \BbbR d\} .
In concluding this section, we also consider themth order divergence and compute

the structure of its wave cone.

Lemma 2.5 (higher order divergence). Let \scrB (D) be the mth order divergence
given by (19). Then the wave cone of \scrB (D) is given by (\xi \in \BbbR d)

ker\BbbB (\xi ) = span
\Bigl\{ 
v\otimes (a1 \odot \cdot \cdot \cdot \odot am) : v \in \BbbR k, aj \cdot \xi = 0 for some j \in \{ 1, . . . ,m\} 

\Bigr\} 
.

Proof. We show the claim by using that ker\BbbB (\xi ) = (ran\BbbB (\xi )\ast )\bot , as the adjoint
has a simple structure.

Indeed, considering the scalar product on symmetric tensors S,T \in Sym(\BbbR d;m)
given by S \cdot T =

\sum 
1\leq i1\leq \cdot \cdot \cdot \leq im\leq d Si1...imTi1...im , the adjoint is given by

\BbbB (\xi )\ast w=w\otimes \xi \otimes \xi \otimes \cdot \cdot \cdot \otimes \xi =w\otimes \xi \odot m \in \BbbR k \otimes Sym(\BbbR d;m), w \in \BbbR k.

Thus the kernel is given by

ker\BbbB (\xi ) = \{ w\otimes \xi \odot m :w \in \BbbR k\} \bot 

= span
\Bigl\{ 
v\otimes (a1 \odot \cdot \cdot \cdot \odot am) : v \in \BbbR k, aj \cdot \xi = 0 for some j

\Bigr\} 
.

This shows the statement.
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3. Lower bound scaling results. With the characterization of the wave cones
for the higher order curl and the higher order divergence in hand, in this section we
turn to the proof of (general) lower scaling bounds. The core of this consists of an
adaptation of the lower bound argument from [39] allowing us to deal with rather
general zero sets consisting of a union of linear subspaces; see section 3.1.

To be more precise, we have the following lower bound of the energy for a general
homogeneous, constant coefficient, linear operator \scrA (D) and two wells A,B \in \BbbR n

with F\lambda = \lambda A + (1  - \lambda )B: Writing \chi = f(A  - B) + F\lambda \in BV (\Omega ;\{ A,B\} ) with f \in 
BV (\Omega ;\{ 1 - \lambda , - \lambda \} ) (extended to \BbbR d by zero), [39, Corollary 3.2] states

E\scrA 
\epsilon (\chi ;F\lambda )\geq C

\biggl( \int 

\BbbR d

\bigm| \bigm| \bigm| \BbbA 
\biggl( 

\xi 

| \xi | 

\biggr) 
(A - B)

\bigm| \bigm| \bigm| 
2

| \^f | 2d\xi + \epsilon 

\int 

\Omega 

| \nabla f | 
\biggr) 
.(20)

Here and in the following, for every f \in L2(\BbbR d) we denote its Fourier transform by

\^f(\xi ) := (2\pi ) - 
d
2

\int 

\BbbR d

e - i\xi \cdot xf(x)dx.

Moreover, we recall the definition of the distance function (cf. (10) in Definition 1.3)
and note that distV is positively 1-homogeneous for V being a finite union of vector
spaces. Now for the polynomial p(\xi ) = | \BbbA (\xi )(A - B)| 2 having the maximal vanishing
order L (cf. Definition 1.3), we can further bound

E\scrA 
\epsilon (\chi ;F\lambda )\geq C

\biggl( \int 

\BbbR d

distV (\xi )
2L

| \xi | 2L | \^f | 2d\xi + \epsilon 

\int 

\Omega 

| \nabla f | 
\biggr) 
.

Thus, to control the lack of coercivity near the zero set V of p, we can consider the
multiplier to be given by distV (

\xi 
| \xi | )

2L.

3.1. Scaling results. In this subsection, we provide the central estimates for
our lower scaling bounds in the case that the symbol of the operator vanishes on a
union of vector spaces. Let \Omega \subset \BbbR d be a bounded set. We will work with functions
f \in L2(\Omega ) which we identify with their extensions by zero to the full space without
mention.

As a central result in this section, we prove the following bounds.

Proposition 3.1. Let d\in \BbbN , d\geq 2. Let L be a positive integer and let \Omega \subset \BbbR d be
an open, bounded Lipschitz domain. Suppose that V \subset \BbbR d, V \not = 0 is a union of finitely
many linear spaces of dimension at most d - 1. Then the following estimates hold for
every \eta > 1:

(i) For any \delta \in (0,1) there exists \alpha = \alpha (\delta ,\Omega , V )\in (0,1) such that
\int 

distV (\xi )\leq \alpha 

| \^f | 2d\xi \leq \delta 

\int 

\BbbR d

| \^f | 2d\xi for f \in L2(\Omega ).

(ii) For all \alpha > 0

\int 

distV (\xi )\geq \alpha ,| \xi | \leq \eta 

| \^f | 2d\xi \leq 
\Bigl( \eta 
\alpha 

\Bigr) 2L \int 

\BbbR d

distV (\xi )
2L

| \xi | 2L
| \^f | 2d\xi for f \in L2(\Omega ).

(iii) We have that
\int 

| \xi | \geq \eta 

| \^f | 2d\xi \leq C(d)\| f\| \infty \eta  - 1

\biggl( \int 

\Omega 

| \nabla f | + \| f\| \infty Per(\Omega )

\biggr) 
for f \in L\infty (\Omega )\cap BV (\Omega ).
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Summing the three estimates, with the constant \alpha from (i), and absorbing the right-
hand side of (i), we obtain that for any f \in L\infty (\Omega )\cap BV (\Omega ),
\int 

\BbbR d

| \^f | 2d\xi \leq C
\Bigl( \eta 
\alpha 

\Bigr) 2L \int 

\BbbR d

distV (\xi )
2L

| \xi | 2L
| \^f | 2d\xi +C\eta  - 1\| f\| \infty 

\biggl( \int 

\Omega 

| \nabla f | + \| f\| \infty Per(\Omega )

\biggr) 
,

where the constant C > 0 depends on \delta , d.

The proof of (ii) is immediate from the definition of the domain of integration
on the left-hand side. The proof of (iii) is known from [29]. The proof of (i) requires
more attention, so we extract a relevant slicing lemma.

Lemma 3.2. Let f \in L2(\Omega ), 1\leq s\leq d, be a positive integer. Write \xi = (\xi \prime , \xi \prime \prime ) for
\xi \prime \in \BbbR s, \xi \prime \prime \in \BbbR d - s. We have that for \scrH d - s-a.e. \xi \prime \prime \in \BbbR d - s

ess sup\xi \prime \in \BbbR s | \^f(\xi \prime , \xi \prime \prime )| 2 \leq 
\biggl( 
diam\Omega 

2\pi 

\biggr) s \int 

\BbbR s

| \^f(\xi \prime , \xi \prime \prime )| 2d\xi \prime .(21)

Proof. It is instructive to first cover the case s= d. Then we have that

\| \^f\| L\infty \leq (2\pi ) - 
d
2 \| f\| L1 \leq (2\pi ) - 

d
2\scrL d(\Omega )1/2\| f\| L2

\leq (2\pi ) - 
d
2 (diam\Omega )d/2\| f\| L2 =

\biggl( 
diam\Omega 

2\pi 

\biggr) d/2

\| \^f\| L2 .
(22)

To show the claim for s \leq d, we first notice that by Fubini's theorem, the right-
hand side in (21) is finite for \scrH d - s a.e. \xi \prime \prime . The required estimate follows from (22)
applied to g = \scrF \xi \prime \prime f( \cdot , \xi \prime \prime ), provided we show that g has compact support in \BbbR s of
diameter at most diam\Omega . Let \omega be the projection of \Omega on \BbbR s, so that diam\omega \leq diam\Omega .
Moreover, f(x\prime , x\prime \prime ) = 0 for all x\prime \in \BbbR s \setminus \omega . Therefore,

g(x\prime ) = (2\pi ) - 
d - s
2

\int 

\BbbR d - s

f(x\prime , x\prime \prime )e - ix\prime \prime \cdot \xi \prime \prime dx\prime \prime = 0 for x\prime \in \BbbR s \setminus \omega 

so g is supported inside \omega . The proof is complete.

We can now return to the proof of Proposition 3.1 above.

Proof of Proposition 3.1. It remains to prove (i). To do this, we first assume that
V is a linear space, which we identify with \BbbR d - s for some 1 \leq s \leq d  - 1. Writing
coordinates \BbbR d \ni \xi = (\xi \prime , \xi \prime \prime ) with \xi \prime \in \BbbR s = V \bot , \xi \prime \prime \in \BbbR d - s, we control, with \alpha > 0 to
be determined,

\int 

| \xi \prime | \leq \alpha 

| \^f | 2d\xi =
\int 

\BbbR d - s

\int 

| \xi \prime | \leq \alpha 

| \^f(\xi \prime , \xi \prime \prime )| 2d\xi \prime d\xi \prime \prime 

\leq C(s)\alpha s

\int 

\BbbR d - s

ess sup\xi \prime \in \BbbR s | \^f(\xi \prime , \xi \prime \prime )| 2d\xi \prime \prime 

\leq C(s)

\biggl( 
1

2\pi 
\alpha diam\Omega 

\biggr) s \int 

\BbbR d - s

\int 

\BbbR s

| \^f(\xi \prime , \xi \prime \prime )| 2d\xi \prime d\xi \prime \prime ,

where to obtain the last inequality we use Lemma 3.2; here C(s) denotes the area of
the s - 1 dimensional unit sphere. This is enough to conclude the proof of this case
by taking \alpha = \alpha (\delta ,\Omega , V ) small enough.

In the general case of a finite union of linear spaces, i.e., V =
\bigcup N

j=1 Vj , where each
Vj is a linear space, by the previous step, there exists \alpha = \alpha (\delta ,\Omega , V )> 0 such that

\int 

distVj
(\xi )\leq \alpha 

| \^f | 2d\xi \leq \delta 

N

\int 

\BbbR d

| \^f | 2d\xi .

136 Appendix B On scaling properties for a class of two-well problems for higher order
homogeneous linear differential operators



SCALING FOR HIGHER ORDER TWO-WELL PROBLEMS 3735

It follows that
\int 

distV (\xi )\leq \alpha 

| \^f | 2d\xi \leq 
N\sum 

j=1

\int 

distVj
(\xi )\leq \alpha 

| \^f | 2d\xi \leq 
N\sum 

j=1

\delta 

N

\int 

\BbbR d

| \^f | 2d\xi ,

which concludes the proof.

With the results of Proposition 3.1 in hand, we turn to the first lower scaling
bounds.

Proposition 3.3 (lower scaling bounds). Let d,L \in \BbbN , d\geq 2. Let \Omega \subset \BbbR d be an
open, bounded Lipschitz domain. Let V \subset \BbbR d, V \not = 0 be a union of finitely many linear
spaces of dimension at most d - 1. For f \in BV (\BbbR d;\{  - \lambda ,0,1 - \lambda \} ) for \lambda \in (0,1) with
f = 0 in \BbbR d \setminus \Omega , f \in \{ 1 - \lambda , - \lambda \} in \Omega , we consider the energies given by

\~Eel(f) :=

\int 

\BbbR d

distV (\xi )
2L

| \xi | 2L | \^f | 2d\xi , \~Esurf (f) :=

\int 

\Omega 

| \nabla f | .

Then there exist \epsilon 0 = \epsilon 0(d,\lambda ,L,\Omega , V )> 0,C =C(d,L,\Omega , V )> 0 such that for \epsilon \in (0, \epsilon 0)
we have the following lower bound:

\~E\epsilon (f) := \~Eel(f) + \epsilon \~Esurf (f)\geq Cmin\{ 1 - \lambda ,\lambda \} 2\epsilon 2L
2L+1 .

Proof. As V is a union of finitely many linear spaces of dimension at most d - 1,
we can apply Proposition 3.1 for any \eta > 1. Thus, as \| f\| \infty \leq 1, there exist a constant
C =C(d)> 0 independent of \eta and \alpha = \alpha (\Omega , V )\in (0,1) such that

\int 

\BbbR d

| \^f | 2d\xi \leq C
\Bigl( \Bigl( \eta 

\alpha 

\Bigr) 2L
\~Eel(f) + \eta  - 1 \~Esurf (f) + \eta  - 1Per(\Omega )

\Bigr) 

\leq C\alpha  - 2L
\Bigl( 
\eta 2L \~Eel(f) + (\eta \epsilon ) - 1\epsilon \~Esurf (f) + \eta  - 1Per(\Omega )

\Bigr) 
.

Taking now \eta = \epsilon  - 
1

2L+1 > 1, it follows that\int 

\BbbR d

| \^f | 2d\xi \leq C\epsilon  - 
2L

2L+1 \~E\epsilon (f) +C\epsilon 
1

2L+1Per(\Omega )

for some constant C = C(d,L,\Omega , V ) > 0. As f \in L2(\Omega ;\{ 1 - \lambda ,\lambda \} ) we can bound the
L2 norm from below, thus by Plancherel's identity we infer\int 

\BbbR d

| \^f | 2d\xi =
\int 

\BbbR d

| f | 2dx\geq min\{ 1 - \lambda ,\lambda \} 2| \Omega | .

Choosing now \epsilon 0 = \epsilon 0(d,\lambda ,L,\Omega , V ) such that C\epsilon 
1

2L+1

0 Per(\Omega )\leq 1
2 min\{ 1 - \lambda ,\lambda \} 2| \Omega | , we

obtain

C - 1 1

2
min\{ 1 - \lambda ,\lambda \} 2| \Omega | \epsilon 2L

2L+1 \leq \~E\epsilon (f),

which is the desired inequality.

Proposition 3.3 directly leads to the proof of Theorem 1.4.

Proof of Theorem 1.4. By definition of the maximal vanishing order and from
(20), there exists a constant C =C(\scrA (D),A,B)> 0 such that

E\epsilon (\chi ;F\lambda )\geq C

\biggl( \int 

\BbbR d

distV (\xi )
2L

| \xi | 2L | \^f | 2d\xi + \epsilon 

\int 

\Omega 

| \nabla f | 
\biggr) 
.

Here f \in BV (\Omega ;\{ 1 - \lambda , - \lambda \} ) is determined by \chi = (A - B)f +F\lambda and extended to \BbbR d

by zero. For this we can apply Proposition 3.3 as by assumption V is a finite union
of vector spaces and V \not = 0 as A - B \in \Lambda \scrA . This shows the desired claim.
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3.2. Applications. As consequences of the estimates from the previous section,
we can deduce lower scaling bounds for the higher order curl and the higher order
divergence operators. Both fall into the class of operators for which Proposition 3.1
is applicable. In order to infer this, we begin by providing lower bound estimates for
the associated multipliers.

Lemma 3.4 (the higher order curl). Let d,m \in \BbbN , d \geq 2. Let \scrA (D) : C\infty (\BbbR d;
Sym(\BbbR d;m))\rightarrow C\infty (\BbbR d;T 2m(\BbbR d)) be the operator from (14) with its symbol \BbbA (\xi ) given
in (16) and for

\sum d
j=1 lj = m let M = e\odot l1

1 \odot \cdot \cdot \cdot \odot e\odot ld
d , V := \{ \xi \in \BbbR d : \BbbA (\xi )M = 0\} ,

and L=maxj=1,...,d lj \leq m. Then,

V =
\bigcup 

j:lj \not =0

span(ej),(23)

and there exists a constant C =C(d,m)> 0 such that

\bigm| \bigm| \bigm| \bigm| \BbbA 
\biggl( 

\xi 

| \xi | 

\biggr) 
M

\bigm| \bigm| \bigm| \bigm| 
2

\geq C
distV (\xi )

2L

| \xi | 2L .(24)

Proof. We note that the equality in (23) follows from the characterization of
the kernel of \BbbA (\xi ) in Lemma 2.4. Indeed, by the assertion of Lemma 2.4 for M =
e\odot l1
1 \odot \cdot \cdot \cdot \odot eldd the roots of \BbbA (\xi )M = 0 are given by \xi \in \bigcup j:lj \not =0 span(ej).

In order to deduce (24) it suffices to prove that

inf
\xi \in \BbbS d - 1\setminus V

\bigm| \bigm| \bigm| \BbbA (\xi )M
\bigm| \bigm| \bigm| 
2

distV (\xi )2L
>C \geq 0

for some constant C > 0.
To show this claim, we fix \delta \in (0, 12 ) such that distV (\xi ) \geq \delta for \xi \in \BbbS d - 1 implies

| \BbbA (\xi )M | 2 \geq C for some constant C = C(\delta ,\BbbA ) > 0. We consider two cases for \xi \in 
\BbbS d - 1 \setminus V .

First, if distV (\xi )\geq \delta , then it holds that

\bigm| \bigm| \bigm| \BbbA (\xi )M
\bigm| \bigm| \bigm| 
2

distV (\xi )2L
\geq 
\bigm| \bigm| \bigm| \BbbA (\xi )M

\bigm| \bigm| \bigm| 
2

\geq C > 0.

It thus remains to consider the case that distV (\xi ) < \delta . In this case there exists
j \in \{ 1, . . . ,m\} such that lj \not = 0 with distV (\xi )

2 = 1 - \xi 2j and therefore also min\{ | \xi \pm ej | \} <
\varepsilon (\delta ) with \varepsilon (\delta ) \rightarrow 0 as \delta \rightarrow 0. Without loss of generality | \xi  - ej | 2 < \varepsilon . Thus, there
exists w \bot ej , | w| = 1, and \rho \in (0, \varepsilon ) such that \xi =

ej+\rho w\surd 
1+\rho 2

. In the following we write

\~\xi = ej + \rho w.
Using the structure of M = e\odot l1

1 \odot \cdot \cdot \cdot \odot e\odot ld
d , (18), and that ej \circleddash \~\xi = \rho (ej \circleddash w),

we calculate

\BbbA (\~\xi )M = \rho lj (e1 \circleddash \~\xi )\odot l1 \odot \cdot \cdot \cdot \odot (ej \circleddash w)\odot lj \odot \cdot \cdot \cdot \odot (ed \circleddash \~\xi )\odot ld .

Moreover, as \rho < 1 and as lj \not = 0, we know distV (\~\xi ) = \rho and therefore

\bigm| \bigm| \bigm| \BbbA (\xi )M
\bigm| \bigm| \bigm| 
2

distV (\xi )2L
= (1+ \rho 2)L - m\rho 2lj - 2L

\bigm| \bigm| \bigm| (e1 \circleddash \~\xi )\odot l1 \odot \cdot \cdot \cdot \odot (ej \circleddash w)\odot lj \odot . . . (ed \circleddash \~\xi )\odot ld
\bigm| \bigm| \bigm| 
2

.

(25)

138 Appendix B On scaling properties for a class of two-well problems for higher order
homogeneous linear differential operators



SCALING FOR HIGHER ORDER TWO-WELL PROBLEMS 3737

Due to the convergence of 1+\rho 2 and | (e1\circleddash \~\xi )\odot l1 \odot \cdot \cdot \cdot \odot (ej\circleddash w)\odot lj \odot \cdot \cdot \cdot \odot (ed\circleddash \~\xi )\odot ld | 2
to nonzero numbers for \delta \rightarrow 0 (and thus \varepsilon , \rho \rightarrow 0), these are uniformly bounded
from below for \delta > 0 sufficiently small. Furthermore, lj  - L < 0 and therefore
\rho 2lj - 2L \rightarrow \infty if lj \not =L or \rho 2lj - 2L \rightarrow 1 if lj =L, hence also this factor is bounded from
below. In conclusion, also in the second case we have the existence of some constant
C =C(\delta ,\BbbA )> 0 such that

\bigm| \bigm| \bigm| \BbbA (\xi )M
\bigm| \bigm| \bigm| 
2

distV (\xi )2L
\geq C > 0.

Combining both cases for small enough \delta > 0 shows the claim.

Similarly as for the higher order curl, we deduce a lower order bound for the
higher order divergence.

Lemma 3.5 (the higher order divergence). Let \scrB (D) be given as in (19) and
for l \in \BbbN d with | l| = m let M = v \otimes e\odot l1

1 \odot \cdot \cdot \cdot \odot e\odot ld
d \in \BbbR k \otimes Sym(\BbbR d;m). We set

V = \{ \xi \in \BbbR d :\BbbB (\xi )M = 0\} and let L=m - minj=1,...,d lj \leq m. Then

V =
\bigcup 

j:lj \not =0

span(ej)
\bot ,

and there exists a constant C =C(d,m,v)> 0 such that

\bigm| \bigm| \bigm| \bigm| \BbbB 
\biggl( 

\xi 

| \xi | 

\biggr) 
M

\bigm| \bigm| \bigm| \bigm| 
2

\geq C
distV (\xi )

2L

| \xi | 2L .

Proof. By virtue of Lemma 2.3 the symbol \BbbB ( \xi 
| \xi | )M is given by \BbbB (\xi )(v \otimes e\odot l1

1 \odot 
\cdot \cdot \cdot \odot e\odot ld

d ) =
\bigl( 
m
l

\bigr)  - 1
\xi lv and therefore V =

\bigcup 
j:lj \not =0 span(ej)

\bot . Thus the distance to the
zero set is given by

distV (\xi )
2 = min

j:lj \not =0
| \xi j | 2.

Moreover, we use that for any \xi \in \BbbS d - 1 there is k such that | \xi k| 2 \geq 1
d and that

L\geq m - lk and therefore

min
j:lj \not =0

| \xi j | 2L \leq min
j:lj \not =0

| \xi j | 2(m - lk) =
\prod 

p:lp \not =0,p\not =k

min
j:lj \not =0

| \xi j | 2lp \leq 
\prod 

p:lp \not =0,p\not =k

| \xi p| 2lp =
\xi 2l

\xi 2lkk

\leq dm\xi 2l.

Using the chain of inequalities above together with the fact that | \BbbB (\xi )M | 2 \geq C(v)\xi 2l,
for \xi \in \BbbS d - 1 there holds

| \BbbB (\xi )M | 2 \geq C(d,m,v)distV (\xi )
2L

and the claim follows.

As these two lemmas will be used to derive lower scaling bounds in section 3.2,
we comment on the choice of L.

Remark 3.6. The values of L in Lemmas 3.4 and 3.5 are indeed the maximal
vanishing order; cf. Definition 1.3. Let us elaborate on this statement:
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(i) For the higher order curl, we obtain the characterization of the constant L
as follows. By Lemma 3.4, we immediately infer that L = maxj=1,...,d lj is
an upper bound for the maximal vanishing order. To prove that L coincides
with the maximal vanishing order, consider L\prime <L. Working as in the proof
of Lemma 3.4 with L\prime in place of L, by (25) and the fact that there exists
j \in \{ 1, . . . , d\} such that lj  - L\prime > 0, we obtain

inf
\xi \in \BbbS d - 1\setminus V

| \BbbA (\xi )M | 2
distV (\xi )2L

\prime = 0.

(ii) Similarly as above, for the higher order divergence, Lemma 3.5 yields that
L = m  - minj=1,...,d lj is an upper bound for the maximal vanishing order.
Now, let L\prime <L. Then it holds that

inf
\xi \in \BbbS d - 1\setminus V

| \BbbB (\xi )M | 2
distV (\xi )2L

\prime = 0.

Indeed, choosing \xi 
(k)
j = 1

k for j \not = j0 (where j0 is an index such that L=m - lj0)

and \xi 
(k)
j0

=
\sqrt{} 
1 - d - 1

k2 yields

(\xi (k))2l

distV (\xi (k))2L
\prime \leq 

k - 2(m - lj0 )
\bigl( 
1 - d - 1

k2

\bigr) lj0
k - 2(m - lj0 - 1)

=

\bigl( 
1 - d - 1

k2

\bigr) lj0
k2

\rightarrow 0.

This indeed proves that our choices of L in Lemmas 3.4 and 3.5 correspond to the
maximal vanishing orders for these operators.

With the above observations in hand, for the higher order curl and divergence we
then obtain the following lower bound estimates.

Proof of lower bounds in Theorem 1.2. By (20) and Lemma 3.4 it holds, with V
and L as in Lemma 3.4, that

Eel(\chi ;F\lambda )\geq C

\int 

\BbbR d

\bigm| \bigm| \bigm| \bigm| \BbbA 
\biggl( 

\xi 

| \xi | 

\biggr) 
(A - B) \^f

\bigm| \bigm| \bigm| \bigm| 
2

d\xi \geq C

\int 

\BbbR d

distV

\biggl( 
\xi 

| \xi | 

\biggr) 2L

| \^f | 2d\xi 

with f = (1 - \lambda )\chi A  - \lambda \chi B and a constant C =C(d,L)> 0. Extending f outside of \Omega 
by zero, we can apply Proposition 3.3 and infer that

E\epsilon (\chi ;F\lambda )\geq Cmin\{ 1 - \lambda ,\lambda \} 2\epsilon 2L
2L+1 .

This concludes the proof.

Analogously, in the setting of the higher order divergence we infer the following
lower bounds.

Lemma 3.7. Let d,m \in \BbbN , d \geq 2, and l \in \BbbN d. Let \Omega \subset \BbbR d be an open, bounded
Lipschitz domain. Let E\scrB 

\epsilon (\chi ;F ) be as above in (6) with the operator \scrB (D) = divm

given in (19). Then the following scaling results hold: Let A - B = v \otimes e\odot l1
1 \odot e\odot l2

2 \odot 
\cdot \cdot \cdot \odot e\odot ld

d for some v \in \BbbR k and such that
\sum d

j=1 lj = m and let F\lambda := \lambda A+ (1 - \lambda )B
for some \lambda \in (0,1). Then there exists C > 0 and \epsilon 0 > 0 (depending on d,m,\Omega , v,
and \epsilon 0 also depending on \lambda ) such that for L :=m - minj\in \{ 1,2,...,d\} lj \leq m and for any
\epsilon \in (0, \epsilon 0)

Cmin\{ 1 - \lambda ,\lambda \} 2\epsilon 2L
2L+1 \leq inf

\chi \in BV (\Omega ;\{ A,B\} )
E\scrB 

\epsilon (\chi ;F\lambda ).
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As in Theorem 1.2, for d = 2 this lower bound is optimal for \lambda = 1
2 . In two

dimensions the curl and divergence operators only differ by a rotation; therefore this
is to be expected once the result for the symmetrized derivative is proved (see Theorem
1.2). In section 4 we will further comment on this.

Proof of Lemma 3.7. This is a direct consequence of applying Theorem 1.4 with
L=m - minj=1,...,d lj ; cf. Lemma 3.5.

Remark 3.8 (comparison of mth order curl and divergence). Comparing the
results from Lemmas 3.4 and 3.7 and noting that the exponents indeed originate from
the maximal vanishing order (cf. Remark 3.6), we observe that since the function
\BbbR \ni t \mapsto \rightarrow 2t

2t+1 \in \BbbR is monotone increasing, the bounds for the higher order curl are, in
general, substantially tighter than for the divergence. Indeed, denoting by \scrA (D) the
higher order curl from (14) and by \scrB (D) the higher order divergence from (19) for
m\in \BbbN fixed, l \in \BbbN d with | l| =m and v \in \BbbR k, with the notation from Definition 1.3, it
follows that

L
\Bigl[ 
| \BbbB (\xi )v\otimes el11 \odot \cdot \cdot \cdot \odot eldd | 2

\Bigr] 
:=m - min

j=1,...,d
lj

\geq max
j=1,...,d

lj =:L
\Bigl[ 
| \BbbA (\xi )el11 \odot \cdot \cdot \cdot \odot eldd | 2

\Bigr] 
.

We highlight that this is consistent with the fact that the higher order divergence
yields lower bounds for general symbols (cf. [39, Appendix B]).

4. Upper bound constructions. In this section we provide the arguments for
the upper bounds in Theorem 1.2 in the setting in which d = 2, \lambda = 1

2 and with
m\in \BbbN general. We emphasize that for m\in \{ 1,2\} (and general \lambda \in (0,1)) these results
are known (cf. [8]). In order to deduce these in the case of higher order tensors we
mimic the construction from the setting in [8] and adapt it correspondingly. We split
our discussion into first dealing with the highest possible maximal vanishing order in
which M := A  - B = e\odot m

1 and then make use of this construction to also infer the

result for the intermediate cases M :=A - B = e\odot l
1 \odot e

\odot (m - l)
2 , l \in \{ 1, . . . ,m - 1\} .

In what follows, for convenience, we introduce the following notational convention.

Convention 4.1. In order to simplify the notation for d= 2, we use the symme-
tries of the tensors and define for M \in Sym(\BbbR 2;m)

\~M0 =M1...1, \~M1 =M1...12, \~Mk =M1...12...2, \~Mm =M2...2,

where for \~Mk there are k many twos and m - k many ones in the index. Thus, the
``new"" index counts how many twos appear in the index as by symmetry of M the
order of the indices 1 and 2 does not matter. Analogously, we will use this notation
for symmetric tensor fields, in particular, for the map u : \BbbR 2 \rightarrow Sym(\BbbR 2;m) and
the potential v : \BbbR 2 \rightarrow Sym(\BbbR 2;m  - 1); cf. (12). With this notation it holds for
k= 1, . . . ,m - 1 that

\~u0 = \partial 1\~v1, \~uk =
m - k

m
\partial 1\~vk +

k

m
\partial 2\~vk - 1, \~um = \partial 2\~vm - 1.

Indeed, here we have used that for (i1 . . . im) = (1 . . .12 . . .2)
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\~uk = u1...12...2 = ui1...im =
1

m!

\sum 

\tau \in Sm

\partial i\tau (1)
vi\tau (2)...i\tau (m)

=
1

m!

\sum 

\tau \in Sm:i\tau (1)=1

\partial 1\~vk +
1

m!

\sum 

\tau \in Sm:i\tau (1)=2

\partial 2\~vk - 1

=
| \{ \tau \in Sm : \tau (1)\in \{ 1,2, . . . ,m - k\} \} | 

m!
\partial 1\~vk

+
| \{ \tau \in Sm : \tau (1)\in \{ m - k+ 1,m - k+ 2, . . . ,m\} \} | 

m!
\partial 2\~vk - 1

=
(m - k)(m - 1)!

m!
\partial 1\~vk +

k(m - 1)!

m!
\partial 2\~vk - 1 =

m - k

m
\partial 1\~vk +

k

m
\partial 2\~vk - m.

As it will be of relevance in our constructions below, we recall that, for d = 2,
by the antisymmetry properties of \scrA (D)u, it holds that \scrA (D)u = 0 if and only if
[\scrA (D)u]12...12 = 0. Moreover it holds that

[\scrA (D)u]12...12 =
m\sum 

k=0

\Bigl( 
( - 1)k2 - m

\biggl( 
m

k

\biggr) 
\partial k
1\partial 

m - k
2 \~uk

\Bigr) 
,(26)

as every time we switch an index one and an index two we multiply by a factor of
( - 1) and there are exactly

\bigl( 
m
k

\bigr) 
possibilities to switch k distinct twos and ones.

4.1. Cell construction. In this section, we consider the case M = e\odot m
1 , which

has the largest possible maximal vanishing order. Following [8], we begin with a unit
cell construction (Lemma 4.2) in which the higher vanishing order of our symbols
will be turned into higher order scaling properties. This construction requires more
careful considerations than for the case of first or second order tensors, as for m\geq 3,
in general, one cell does not suffice to achieve the desired boundary conditions. Next,
we will introduce a suitable cut-off procedure and combine these ingredients into a
branching construction in section 4.2. The construction will be carried out on the
level of a potential, i.e., a map v :\BbbR 2 \rightarrow Sym(\BbbR 2;m - 1), and then we set u=Dsymv.
To ensure that \~vk (see Convention 4.1 for the notation) attains the desired boundary
conditions, we will use a suitable reflection argument.

Lemma 4.2 (unit cell construction). Let m\in \BbbN and \scrA (D) be as in (14) for d= 2.
For 0< l\leq h\leq 1 let \omega = (0,2ml)\times (0, h). Let A,B \in Sym(\BbbR 2;m) be such that A - B =
e\odot m
1 and let F = 1

2A+ 1
2B. Define for u\in L2

loc(\BbbR 
2; Sym(\BbbR 2;m)), \chi \in BV (\omega ;\{ A,B\} )

Eel(u,\chi ;\omega ) :=

\int 

\omega 

| u - \chi | 2dx, Esurf (\chi ;\omega ) :=

\int 

\omega 

| \nabla \chi | .

Then, there exist a potential v : \omega \rightarrow Sym(\BbbR 2;m - 1), a function f \in BV (\omega ;\{ \pm 1
2\} ),

and a constant C =C(m)> 0 such that with u :=Dsymv + F and \chi := (A - B)f + F \in 
BV (\omega ;\{ A,B\} ) it holds that

Eel(u,\chi ;\omega )\leq C
l2m+1

h2m - 1
, Esurf (\chi )\leq Ch.

Furthermore it holds that \partial 1\~v0 = f and the following boundary conditions are satisfied:
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v(0, y) = v(2ml, y) = 0, y \in [0, h],

v(x,0) =

\biggl( 
 - 1

2
x\chi [0, l

2 )
(x) +

1

2
(x - l)\chi [ l2 ,l]

(x)

\biggr) 
e
\odot (m - 1)
1 , x\in [0, l],

v(x,0) = - v(x - 2j l,0), x\in [2j l,2j+1l],

j \in \{ 0,1, . . . ,m - 1\} ,

v(x,h) = - 1

2
v(2x,0), x\in [0,2m - 1l],

v(x,h) =
1

2
v(2x - 2ml,0), x\in [2m - 1l,2ml],

\~vk(x,0) = \~vk(x,h) = 0, x\in [0,2ml],

k \in \{ 1, . . . ,m - 1\} .

Proof. We adopt the ideas from the upper bound construction in [8] to our con-
text. To achieve this, we first reduce to the setting of F = 0 by subtracting the
boundary data:

Eel(u,\chi ;\omega ) =

\int 

\omega 

| (u - F ) - (\chi  - F )| 2dx.

Hence, without loss of generality we may assume F = 0 and therefore 1
2A+ 1

2B = 0.
Using this we introduce a function f : \omega \rightarrow \{ \pm 1

2\} such that the phase indicator
reads \chi = (A  - B)f = fe\odot m

1 . Plugging this into the elastic energy and recalling
Convention 4.1, we obtain

Eel(u,\chi ;\omega )\leq C(m)

\int 

\omega 

| \~u0  - f | 2 +
m\sum 

j=1

| \~uj | 2dx

=C(m)

\int 

\omega 

| \~u0  - f | 2 +
m - 1\sum 

j=1

| \~uj | 2 + | \~um| 2dx.

Let us next outline the idea of constructing the tensor u. To this end, we will
first fix \~u0 using the construction from [8], which leads to | \~u0  - f | = 0. Iteratively,
we will then define the remaining \~uk by setting them to zero except for \~um. This will
lead to an energy bound of the form

Eel(u,\chi ;\omega )\leq C

\int 

\omega 

| \~um| 2dx,

where \~um is determined by all the other components through the constraint\scrA (D)u=0.
In comparison to the cases ofm= 1,2, i.e., of the curl and curl curl operator, for higher
m the argument to achieve the boundary condition is more involved. To ensure this,
we rely on an (iterative) reflection-type argument. We split the proof into several
substeps carrying this out successively.

Step 1: Preliminary definitions and outline of the strategy. In order to implement
the outlined strategy, we first define a monotone function \gamma \in C\infty (\BbbR ; [0,1]) such that

\gamma (t) = 0 for t\leq \delta , \gamma (t) = 1 for t\geq 1 - \delta for some \delta \in 
\biggl( 
0,

1

4

\biggr) 
.

We start by giving the arguments in a smaller cell \omega 0 := [0, l]\times [0, h] which we will
reflect suitably to achieve zero boundary values for the potential. We split \omega 0 into
three subregions given by (cf. [8]):
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\omega 1 :=

\biggl\{ 
(x, y)\in \omega 0 : x\in 

\biggl[ 
0, \gamma 

\Bigl( y
h

\Bigr) l

4

\biggr) \biggr\} 
,

\omega 2 :=

\biggl\{ 
(x, y)\in \omega 0 : x\in 

\biggl[ 
\gamma 
\Bigl( y
h

\Bigr) l

4
,
l

2
+ \gamma 

\Bigl( y
h

\Bigr) l

4

\biggr) \biggr\} 
,

\omega 3 :=

\biggl\{ 
(x, y)\in \omega 0 : x\in 

\biggl[ 
l

2
+ \gamma 

\Bigl( y
h

\Bigr) l

4
, l

\biggr] \biggr\} 
.

We define

f(x, y) :=

\left\{ 
   
   

1

2
, (x, y)\in \omega 1 \cup \omega 3,

 - 1

2
, (x, y)\in \omega 2.

This is illustrated in Figure 1.
Our next goal is to set \~u0 = f and then to iteratively fix the other components

such that \~uk = 0 for k \in \{ 1, . . . ,m  - 1\} . To this end, we use a potential v : \omega \rightarrow 
Sym(\BbbR 2;m - 1) and define \~v0 by integration of \~u0 = \partial 1\~v0 in \omega 0. We then fix \~v0 by a
reflection-type argument in the remainder of \omega = [0,2ml]\times [0, h]. More precisely, we
define

\~v0(x, y) :=

\left\{ 
       
       

1

2
x, (x, y)\in \omega 1,

 - 1

2
x+ \gamma 

\Bigl( y
h

\Bigr) l

4
, (x, y)\in \omega 2,

1

2
(x - l), (x, y)\in \omega 3.

Therefore we have in \omega 0

\partial 1\~v0(x, y) =

\left\{ 
  
  

1

2
, (x, y)\in \omega 1 \cup \omega 3,

 - 1

2
, (x, y)\in \omega 2,

\partial 2\~v0(x, y) =

\left\{ 
 
 
0, (x, y)\in \omega 1 \cup \omega 3,

\gamma \prime 
\Bigl( y
h

\Bigr) l

4h
, (x, y)\in \omega 2.

Implementing the above outlined idea, we seek to define the \~vk by setting \~uk = 0
for k \in \{ 1, . . . ,m - 1\} . As a consequence, we iteratively solve the equations

\left\{ 
     
     

1

m
\partial 2\~v0 +

m - 1

m
\partial 1\~v1 = 0,

k

m
\partial 2\~vk - 1 +

m - k

m
\partial 1\~vk = 0, k \in \{ 2, . . . ,m - 2\} ,

m - 1

m
\partial 2\~vm - 2 +

1

m
\partial 1\~vm - 1 = 0,

with the boundary condition \~vk(0, y) = 0. The function \~vk is then defined in terms of
\~vk - 1 by

\~vk(x, y) := - k

m - k

\int x

0

\partial 2\~vk - 1(t, y)dt.(27)
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l

l
2

l
2

l
4

h

\theta h

\theta 2h

Fig. 1. An illustration of the branching construction used in Lemma 4.5. The individual unit
cell constructions from Lemma 4.2 are iteratively combined into a construction refining in the e2
direction. In blue is the region where \~u0 = \~A0, and red corresponds to \~u0 = \~B0. The dashed
horizontal lines depict the region in which we have a simple laminate. As in [8] for m\geq 2 we need
the curves separating the domains to be of a sufficiently high regularity (see the discussion in Remark
4.3). The unit cell and its copies are highlighted with a green box. Moreover, for m \geq 3, we need
to do the reflection-type argument outlined in Lemma 4.5 to ensure zero boundary values at the left
and right. (Color online.)

Notice that \~v0(l, y) = 0, but for larger k \geq 1 this in general fails. Thus, we use
appropriate reflection arguments in order to attain a zero right-boundary condi-
tion. Indeed, using the fact that  - \~v0(x, y) fulfills \partial 1( - \~v0) \in \{ \pm 1

2\} , we implement
a reflection-type argument in the cell [0,2l]\times [0, h], i.e., for x\in [l,2l], we set

\~v0(x, y) = - \~v0(x - l, y).

This, by the iterative definition (27), immediately implies that \~v1(2l, y) = 0. By
exploiting yet another reflection argument, i.e., for x\in [2l,4l]

\~v0(x, y) = - \~v0(x - 2l, y),
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and the fact that \~v1(2l, y) = 0, this ``reflection"" property carries over to \~v1 in the sense
that for x\in [2l,4l], we then have \~v1(x, y) = - \~v1(x - 2l, y). By this, it then also follows
that

\int 4l

0

\~v1(x, y)dx= 0,

which in turn ensures that \~v2(4l, y) = 0. As this still does not suffice to ensure zero
boundary conditions for \~vk for k \geq 3, we iterate further this reflection in the next
steps.

Step 2: Definition of \~v0 : \omega \rightarrow \BbbR . Building on the outlined reflection idea, we
define \~v0 : \omega \rightarrow \BbbR to be given by

\~v0(x, y) :=

\left\{ 
     
     

1

2
x, (x, y)\in \omega 1,

 - 1

2
x+ \gamma 

\Bigl( y
h

\Bigr) l

4
, (x, y)\in \omega 2,

1

2
(x - l), (x, y)\in \omega 3,

for x\in [0, l],

\~v0(x, y) := - \~v0(x - 2j l, y) for x\in [2j l,2j+1l], j \in \{ 0,1, . . . ,m - 1\} .
As \~v0(0, y) = \~v0(l, y) this function is continuous and well-defined and \~v0(2

j l, y) = 0 for
all j \in \{ 1, . . . ,m\} . Furthermore, it holds that \partial 1\~v0(x, y)\in \{ \pm 1

2\} and for y \in [0, \delta h]

\~v0(x, y) =

\left\{ 
              
              

 - 1

2
x, x\in 

\biggl[ 
0,

l

2

\biggr) 
,

1

2
(x - l), x\in 

\biggl[ 
l

2
, l

\biggr) 
,

1

2
(x - l), x\in 

\biggl[ 
l,
3

2
l

\biggr) 
,

 - 1

2
(x - 2l), x\in 

\biggl[ 
3

2
l,2l

\biggr] 
.

For y \in [(1 - \delta )h,h] and x\in [0, l] we have

\~v0(x, y) =

\left\{ 
         
         

1

2
x, x\in 

\biggl[ 
0,

l

4

\biggr) 
,

 - 1

2

\biggl( 
x - l

2

\biggr) 
, x\in 

\biggl[ 
l

4
,
3l

4

\biggr) 
,

1

2
(x - l), x\in 

\biggl[ 
3l

4
, l

\biggr] 
,

which, for x\in [0, l], can be written as

\~v0(x, y) = - 1

2
\~v0(2x,0).

Iteratively, by using that \~v0(x, y) = - \~v0(x - 2j l, y) for x\in [2j l,2j+1l], j \in \{ 0, . . . ,m - 1\} ,
this carries on, and hence

\~v0(x,h) = - 1

2
\~v0(2x,0), x\in [0,2m - 1l],

\~v0(x,h) =
1

2
\~v0(2x - 2ml,0), x\in [2m - 1l,2ml].
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In the end, we also define f : \omega \rightarrow \{ \pm 1
2\} to be given as f(x, y) = \partial 1\~v0(x, y).

Step 3: Definition of \~vk : \omega \rightarrow \BbbR . With \~v0 defined on \omega , we iteratively define
\~v1, \~v2, . . . , \~vm - 1 on \omega by using the equation for the potential. We define iteratively for
k \in \{ 1,2, . . . ,m - 1\} 

\~v1(x, y) := - 1

m - 1

\int x

0

\partial 2\~v0(t, y)dt, \~vk(x, y) := - k

m - k

\int x

0

\partial 2\~vk - 1(t, y)dt.

As shown in Step 4 below these functions are Lipschitz continuous. By this definition,
it holds for a.e. (x, y)\in \omega 

k

m
\partial 2\~vk - 1(x, y) +

m - k

m
\partial 1\~vk(x, y) = 0, k \in \{ 1,2, . . . ,m - 1\} .(28)

We now claim that for k \in \{ 1, . . . ,m - 1\} the following properties are satisfied:

\int 2k+1l

0

\~vk(t, y)dt= 0,(29)

\~vk(x, y) = - \~vk(x - 2j+kl, y) for x\in [2j+kl,2j+1+kl],(30)

j \in \{ 0,1, . . . ,m - 1 - k\} ,
\~vk(2

j+kl, y) = 0= \~vk(0, y) for j \in \{ 0,1, . . . ,m - k\} .(31)

Properties (30) and (31) will be proved by finite induction in Steps 5 and 6 below.
Property (29) then directly follows from (30).

Step 4: Regularity of \~vk. We claim that each \~vk is Lipschitz continuous. We
will first discuss this only in \omega 0 := [0, l] \times [0, h] and will then comment on how this
immediately implies Lipschitz continuity on the full cell \omega .

Let G : \omega 0 \rightarrow \BbbR be of the form G(x, y) = G1(x, y)\chi \omega 1
(x, y) +G2(x, y)\chi \omega 2

(x, y) +
G3(x, y)\chi \omega 3

(x, y) with Gj being Lipschitz functions. Notice that both f and \partial 2\~v0
have this form.

Claim 1: Let g(x, y) =
\int x

0
G(t, y)dt; then g is Lipschitz and \| \nabla g\| L\infty (\omega 0) \leq 

C(\| G\| L\infty (\omega 0) +
\sum 3

j=1 \| \partial 2Gj\| L\infty (\omega j)), where C > 0 depends on l, l
h ,\| \gamma \prime \| L\infty .

Indeed: For every (x1, y1), (x2, y2)\in \omega 0 we have

| g(x2, y2) - g(x1, y1)| =
\bigm| \bigm| \bigm| \bigm| 
\int x2

0

G(t, y2)dt - 
\int x1

0

G(t, y1)dt

\bigm| \bigm| \bigm| \bigm| 

\leq 
\bigm| \bigm| \bigm| \bigm| 
\int x2

0

G(t, y2) - G(t, y1)dt+

\int x2

x1

G(t, y1)dt

\bigm| \bigm| \bigm| \bigm| .

For a.e. t \in (0, l), G(t, \cdot ) \in BV ((0, h)) and by the representation theorem of one-
dimensional BV functions (see, e.g., [2, Theorem 3.28 and Corollary 3.33])

\int x2

0

G(t, y2) - G(t, y1)dt=

\int x2

0

\biggl( \int y2

y1

\partial 2G(t, s)ds+

\int y2

y1

[G](t, yt)d\delta yt
(s)

\biggr) 
dt,

where \partial 2G denotes the absolutely continuous part of the derivative of G, [G](t, yt) is
the amplitude of the jump of G(t, \cdot ) in yt, and \{ (t, yt)\} = (\cup 3

j=1\partial \omega j)\cap (\{ t\} \times (y1, y2))

which is unique for fixed t\in (0, l)\setminus \{ l
4 ,

l
2 ,

3l
4 \} by definition of the sets \omega j (see Figure 1).

Without loss of generality we assume y1 \leq y2 and obtain that the last term above can
be controlled as
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\bigm| \bigm| \bigm| \bigm| 
\int x2

0

\int y2

y1

[G](t, yt)d\delta yt
(s)dt

\bigm| \bigm| \bigm| \bigm| =
\bigm| \bigm| \bigm| \bigm| 
\int x2

0

[G](t, yt)\chi (y1,y2)(yt)dt

\bigm| \bigm| \bigm| \bigm| 

\leq 4\| G\| L\infty (\omega 0)
l

4

\bigm| \bigm| \bigm| \gamma 
\Bigl( y2
h

\Bigr) 
 - \gamma 
\Bigl( y1
h

\Bigr) \bigm| \bigm| \bigm| .

Combining the three formulas above, by regularity of \gamma , we obtain

| g(x2, y2) - g(x1, y1)| \leq 
\bigm| \bigm| \bigm| \bigm| 
\int x2

0

\int y2

y1

\partial 2G(t, s)dsdt

\bigm| \bigm| \bigm| \bigm| +
\bigm| \bigm| \bigm| \bigm| 
\int x2

0

[G](t, yt)\chi (y1,y2)(yt)dt

\bigm| \bigm| \bigm| \bigm| 

+

\bigm| \bigm| \bigm| \bigm| 
\int x2

x1

G(t, y1)dt

\bigm| \bigm| \bigm| \bigm| 

\leq l| y2  - y1| 
3\sum 

j=1

\| \partial 2Gj\| L\infty (\omega j) +
l

h
\| \gamma \prime \| L\infty \| G\| L\infty (\omega 0)| y2  - y1| 

+ | x2  - x1| \| G\| L\infty (\omega 0),

which yields the claim by recalling the condition 0< l\leq h\leq 1.
Since we seek to iterate this, we need to prove that \partial 2g has the same structure

as G if we start with Gj sufficiently regular.
Claim 2: Let G be as above with Gj \in C\infty (\omega j). Then there exist functions

\~gj \in C\infty (\omega j), j \in \{ 1,2,3\} , such that \partial 2g(x, y) = \~g1(x, y)\chi \omega 1
(x, y)+ \~g2(x, y)\chi \omega 2

(x, y)+
\~g3(x, y)\chi \omega 3(x, y).

Indeed: We have

g(x, y) =

\int x

0

G(t, y)dt=

3\sum 

j=1

\int x

0

Gj(t, y)\chi \omega j (t, y)dt=

3\sum 

j=1

\int 

((0,x)\times \{ y\} )\cap \omega j

Gj(t, y)dt.

By definition ((0, x) \times \{ y\} ) \cap \omega j = (min\{ aj(y), x\} ,min\{ bj(y), x\} ) \times \{ y\} for a1 = 0,
b1(y) = a2(y) =

l
4\gamma (

y
h ), b2(y) = a3(y) =

l
2 + l

4\gamma (
y
h ), b3(y) = l. Note that aj , bj \in C\infty .

Denoting

gj(x, y) =

\int x

aj(y)

Gj(t, y)dt,

which are C\infty functions in y, we get

g(x, y) =
3\sum 

j=1

\bigl( 
gj(x, y)\chi \omega j

(x, y) + gj(bj(y), y)\chi \~\omega j
(x, y)

\bigr) 
,

where \~\omega 1 := \omega 2 \cup \omega 3, \~\omega 2 := \omega 3, and \~\omega 3 := \emptyset . By Claim 1 we know that g is Lipschitz
and therefore \partial 2g(x, y) is given by calculating the derivative almost everywhere, thus

\partial 2g(x, y) =
3\sum 

j=1

\Biggl( 
\partial 2gj(x, y)\chi \omega j

(x, y) +

\biggl( 
d

dy
gj(bj(y), y)

\biggr) 
\chi \~\omega j

(x, y)

\Biggr) 
.

Since \~\omega j can be written as suitable unions of \omega k, k \in \{ 1,2,3\} , the claim follows by
recalling the higher regularity of gj and bj . Without assuming Claim 1, it is possible
to calculate the distributional derivative, in which the singular measures cancel out.
Thus this calculation would provide a second argument for Claim 1, together with the
fact that \partial 1g \in L\infty by the fundamental theorem of calculus.
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Applying iteratively the two claims above, we conclude the Lipschitz regularity
of \~vk. We highlight that the L\infty bounds below are only a priori bounds and will be
improved later in Step 8.

Claim 3: For every k \in \{ 0,1, . . . ,m - 1\} , \~vk : \omega \rightarrow \BbbR is Lipschitz continuous and
\| \~vk\| L\infty (\omega ),\| \nabla \~vk\| L\infty (\omega ) \leq C(m,\| \gamma \| Cm , l, h).

Indeed: We reason by finite induction. By Claim 1, applied to G= f , \~v0 complies
with Claim 3, and by Claim 2 it has the desired structure.

Assume, by induction, that \~vk - 1 complies with Claim 3 and is such that \partial 2\~vk - 1 =\sum 3
j=1G

(k - 1)
j \chi \omega j . Then applying Claim 1 with Gj = - k

m - k\partial 2\~vk - 1\chi \omega j , we obtain that
\~vk complies with Claim 3 and has the desired structure.

In the end we notice that if (x, y)\in \omega 0 + (l,0), then

\~vk(x, y) = \~vk(l, y) - 
k

m - k

\int x

l

\partial 2\~vk - 1(t, y)dt,

from which we immediately infer that \~vk is Lipschitz also in [0,2l]\times [0, h] and, again
by finite induction, we obtain the claim in the full domain \omega .

Step 5: Induction basis; properties for \~v1. Properties (29)--(31) are shown by
induction, with the induction basis being given by k = 1. We note that \partial 2\~v0(x, y) =
\gamma \prime ( yh )

l
4h\chi \omega 2

(x, y) for x\in [0, l]. Spelling out the definition

\~v1(x, y) = - 1

m - 1

\int x

0

\partial 2\~v0(t, y)dt

yields for x\in [0,2l]

\~v1(x, y) =

\left\{ 
                 
                 

0, (x, y)\in \omega 1,

 - 1

m - 1
\gamma \prime 
\Bigl( y
h

\Bigr) l

4h

\biggl( 
x - \gamma 

\Bigl( y
h

\Bigr) l

4

\biggr) 
, (x, y)\in \omega 2,

 - 1

m - 1
\gamma \prime 
\Bigl( y
h

\Bigr) l2

8h
, (x, y)\in \omega 3 \cup \omega 1 + (l,0),

1

m - 1
\gamma \prime 
\Bigl( y
h

\Bigr) l

4h

\biggl( 
x - 3l

2
 - \gamma 

\Bigl( y
h

\Bigr) l

4

\biggr) 
, (x, y)\in \omega 2 + (l,0),

0, (x, y)\in \omega 3 + (l,0).

Thus, indeed it holds that \~v1(0, y) = \~v1(2l, y) = 0.
Let us show (30) and (31) for k = 1, i.e., \~v1(x, y) =  - \~v1(x  - 2j2l, y) for x \in 

[2j+1l,2j+2l] and \~v1(2
j+1l, y) = 0 with j \in \{ 0, . . . ,m - 2\} . To this end, let x \in [2l,4l],

then

\~v1(x, y) = - 1

m - 1

\int x

0

\partial 2\~v0(t, y)dt= \~v1(2l, y) - 
1

m - 1

\int x

2l

\partial 2\~v0(t, y)dt

= - 1

m - 1

\int x

2l

 - \partial 2\~v0(t - 2l, y)dt=
1

m - 1

\int x - 2l

0

\partial 2\~v0(t, y)dt

= - \~v1(x - 2l, y).

This also implies \~v1(4l, y) = - \~v1(2l, y) = 0. Therefore, assuming by induction that for
some j0 \in \{ 0,1, . . . ,m - 2\} it holds that \~v1(2

j+1l, y) = 0 for j \in \{ 0,1, . . . , j0\} and also
(30) holds for x\in [0,2j0+1l], then for x\in [2j0+1l,2j0+2l] we have
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\~v1(x, y) = - 1

m - 1

\int x

0

\partial 2\~v0(t, y)dt= \~v1(2
j0+1l, y) - 1

m - 1

\int x

2j0+1l

\partial 2\~v0(t, y)dt

=
1

m - 1

\int x

2j0+1l

\partial 2\~v0(t - 2j0+1l, y)dt=
1

m - 1

\int x - 2j0+1l

0

\partial 2\~v0(t, y)dt

= - \~v1(x - 2j0+1l, y).

This shows that (30) holds also in [2j0+1l,2j0+2l] and, moreover, as a consequence we
have \~v1(2

j0+2l, y) = - \~v1(2
j0+1l, y) = 0.

Step 6: Induction step; properties for \~vk. Assuming now that (29)--(31) hold for
1, . . . , k - 1, we seek to prove that they also hold for k. By definition, we have

\~vk(x, y) = - k

m - k

\int x

0

\partial 2\~vk - 1(t, y)dt.

As
\int 2kl

0
\~vk - 1(t, y)dt= 0 by (29) for k - 1, we deduce \~vk(2

kl, y) = 0= \~vk(0, y).
As for k = 1, we next deduce (30) and (31) inductively. We start by giving the

argument for (30) for j = 0: Let x\in [2kl,2k+1l], then

\~vk(x, y) = - k

m - k

\int x

0

\partial 2\~vk - 1(t, y)dt= \~vk(2
kl, y) - k

m - k

\int x

2kl

 - \partial 2\~vk - 1(t - 2kl, y)dt

=
k

m - k

\int x - 2kl

0

\partial 2\~vk - 1(t, y)dt= - \~vk(x - 2kl, y).

Again, as in the case k= 1, this can be continued iteratively. Assume \~vk(2
j+kl, y) = 0

for j \in \{ 0,1, . . . , j0\} and also that (30) holds in [0,2j0+kl]; then we have for x \in 
[2j0+kl,2j0+k+1l]

\~vk(x, y) = \~vk(2
j0+kl, y) - k

m - k

\int x

2j0+kl

\partial 2\~vk - 1(t, y)dt

= - k

m - k

\int x

2j0+kl

 - \partial 2\~vk - 1(t - 2j0+kl, y)dt

=
k

m - k

\int x - 2j0+kl

0

\partial 2\~vk - 1(t, y)dt= - \~vk(x - 2j0+kl, y).

Thus (30) holds in [0,2j0+1+kl] and, moreover, by an application of (30), we have
\~vk(2

j0+1+kl, y) = - \~vk(2
j0+kl, y) = 0, i.e., (31) also holds for j = j0 + 1. By induction,

and the above arguments, we have shown (29)--(31) for k \in \{ 1, . . . ,m - 1\} , where we
stop at order m - 1 to obtain v : \omega \rightarrow Sym(\BbbR 2;m - 1).

Step 7: Conclusion of the construction. As \gamma \prime (t) = 0 for t \in [0, \delta ] \cup [1 - \delta ,1], we
have

\partial 2\~v0(x, y) = 0 for y \in [0, \delta h]\cup [(1 - \delta )h,h],

and therefore for k \in \{ 1, . . . ,m - 1\} it holds that

\~vk(x, y) = 0 for y \in [0, \delta h]\cup [(1 - \delta )h,h].

Considering (31) for k \in \{ 1, . . . ,m  - 1\} and j = m  - k, we see that \~vk(2
j+kl, y)

= \~vk(2
ml, y) = 0. In particular, due to the size of \omega , it holds that \~vm - 1(2

ml, y) = 0.
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Step 8: Energy estimates. In conclusion, we have v : \omega \rightarrow Sym(\BbbR 2;m - 1) with
v(x, y) = 0 for x \in \{ 0,2ml\} and, moreover, \~vk(x, y) = 0 for k \in \{ 1, . . . ,m - 1\} at y = 0
and y= h. Setting now u=Dsymv it holds that

u(x, y) = f(x, y)e\odot m
1 + \partial 2\~vm - 1(x, y)e

\odot m
2 , (x, y)\in \omega ,

by the iterative definition of \~vk. Choosing \chi (x, y) := f(x, y)e\odot m
1 \in BV (\omega ;\{ A,B\} ) we

therefore have

Eel(u,\chi ;\omega )\leq C(m)

\int 

\omega 

| \partial 2\~vm - 1| 2dx.(32)

It remains to provide the bound for \partial 2\~vm - 1. To this end, we consider \~wk :

[0,2m] \times [0,1] \rightarrow \BbbR defined as \~wk(x
\prime , y\prime ) := hk

lk+1 \~vk(lx
\prime , hy\prime ). Notice that w coincides

with v when l= h= 1; it is indeed just a rescaled version of v. Since w is a particular
choice of v (when l= h= 1), it has the same structure, i.e., it solves the same system
(with rescaled f). Indeed, for k \in \{ 1, . . . ,m - 2\} we obtain

k\partial 2 \~wk - 1(x
\prime , y\prime ) + (m - k)\partial 1 \~wk(x

\prime , y\prime )

= k\partial y\prime 

\biggl( 
hk - 1

lk
\~vk - 1(lx

\prime , hy\prime )

\biggr) 
+ (m - k)\partial x\prime 

\biggl( 
hk

lk+1
\~vk(lx

\prime , hy\prime )

\biggr) 

= (k\partial 2\~vk - 1(lx
\prime , hy\prime ) + (m - k)\partial 1\~vk(lx

\prime , hy\prime ))
hk

lk
= 0.

We also have

\partial 1 \~w0(x
\prime , y\prime ) = \partial x\prime 

1

l
\~v0(lx

\prime , hy\prime ) = \partial 1\~v0(lx
\prime , hy\prime ) = f(lx\prime , hy\prime ).

By Claim 3 in Step 4, applied to l= h= 1, we get \| \~wk\| L\infty ,\| \nabla \~wk\| L\infty \leq C(m,\| \gamma \| Cm)
for every k \in \{ 0,1, . . . ,m - 1\} . Finally,

| \partial 2\~vk(x, y)| =
lk+1

hk
| \partial y \~w(x/l, y/h)| =

lk+1

hk+1
| \partial 2 \~w(x/l, y/h)| \leq C(m,\| \gamma \| Cm)

lk+1

hk+1
.

Plugging this for k=m - 1 into the above estimate (32) yields

Eel(u,\chi ;\omega )\leq C(m)

\int 

\omega 

l2m

h2m
d(x, y) =C(m)2m

l2m+1

h2m - 1
.

To bound the surface energy, we note that f = \partial 1\~v0 has only two interfaces in the
interior of each ([0, l] + jl)\times [0, h] cell. Thus, we can bound the surface energy, using
l < h, by

Esurf (\chi ;\omega ) =

\int 

\omega 

| \nabla \chi | \leq C2m

\left( 
 2

\int h

0

\sqrt{} 
1 +

\biggl( 
\gamma \prime 
\Bigl( y
h

\Bigr) l

4h

\biggr) 2

dy+ 2h

\right) 
 

\leq C(m,\| \gamma \prime \| \infty )h.

Remark 4.3. Let us comment on three technical aspects of the previous
construction:

\bullet The function \gamma . A possible choice for the function \gamma as in the proof of Lemma
4.2 is given by

\gamma (t) =
h(t - \delta )

h(1 - \delta  - t) + h(t - \delta )
,
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where h :\BbbR \rightarrow \BbbR is the smooth function defined by

h(t) =

\Biggl\{ 
e - 

1
t , t > 0,

0, t\leq 0.

Moreover, we emphasize that for A  - B as above, it would be sufficient to
require \gamma \in Cm(\BbbR ; [0,1]) instead of \gamma \in C\infty (\BbbR ; [0,1]).

\bullet The off-set \delta . We point out that the off-set \delta on the top and bottom layers
in our unit cell construction is not necessary. It is, however, convenient as by
virtue of this off-set, we immediately obtain that the ``corner"" arising at the
meeting point of \omega 1 and \omega 2 does not result in losing the \scrA -freeness of u. Thus,
later when we combine the unit cell constructions into a self-similarly refining
construction, we will automatically obtain compatibility at these corners. If
we would choose \delta = 0, we would need to require \gamma (k)(t) = 0 for t\in \{ 0,1\} for
k \in \{ 1, . . . ,m\} ; cf. [8].
Moreover, by this \delta off-set, we can directly observe that \~vk(x,0) = \~vk(x,h) = 0
for k \in \{ 1, . . . ,m - 1\} .

\bullet In Lemma 4.2, we could reduce the size of \omega to [0,2m - 1l]\times [0, h], as we do

not require
\int 2ml

0
\~vm - 1(t, y)dt = 0, but it is sufficient for our construction to

have \~vm - 1(2
m - 1l, y) = 0, as we are interested in Dirichlet boundary data.

With the unit cell construction in hand, we proceed to the definition of a suitable
cut-off layer which will be used in the top and bottom boundary regions of our self-
similarly refining construction in the next section.

Lemma 4.4 (cut-off layer). Let m \in \BbbN and \scrA (D),A,B,F be as in Lemma 4.2.
For 0 < h \leq 2l \leq 1, let \omega = (0,2ml) \times (0, h) and let Eel(\cdot , \cdot ;\omega ),Esurf (\cdot ;\omega ) be as in
Lemma 4.2. Then there exists a potential v : \omega \rightarrow Sym(\BbbR 2;m - 1) such that

v(0, y) = v(2ml, y) = 0 for y \in [0, h],

v(x,h) = 0 for x\in [0,2ml],

v(x,0) =

\left\{ 
    
    

 - 1

2
xe

\odot (m - 1)
1 , x\in 

\biggl[ 
0,

l

2

\biggr) 
,

1

2
(x - l)e

\odot (m - 1)
1 , x\in 

\biggl[ 
l

2
, l

\biggr] 
,

for x\in [0, l],

v(x,0) = - v(x - 2j l,0) for x\in [2j l,2j+1l], j \in \{ 0,1, . . . ,m - 1\} .

Moreover, there exist f \in BV (\omega ;\{ \pm 1
2\} ) and a constant C = C(m) > 0 such that

\chi = (A - B)f + F , u=Dsymv+ F , and

Eel(u,\chi ;\omega )\leq C
l2m+1

h2m - 1
, Esurf (\chi ;\omega )\leq Ch.

Proof. We consider a smooth cut-off function \phi : [0,\infty )\rightarrow [0,1] such that \phi (t) = 1
for 0 \leq t < 1

2 and \phi (t) = 0 for t > 3
4 , e.g., a function of a similar form as in Remark

4.3. Let

v : \omega \rightarrow Sym(\BbbR 2;m - 1),

v(x, y) = \phi 
\Bigl( y
h

\Bigr) 
\~f(x)e

\odot (m - 1)
1 ,
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where for x\in [0, l]

\~f(x) =

\left\{ 
    
    

 - 1

2
x, x\in 

\biggl[ 
0,

l

2

\biggr) 
,

1

2
x - 1

2
l, x\in 

\biggl[ 
l

2
, l

\biggr) 
,

\~f(x) =  - \~f(x  - 2j l) for x \in [2j l,2j+1l] for j \in \{ 0,1, . . . ,m  - 1\} , and \~f(x) = 0 for
x /\in [0,2ml]. Notice that \~f is continuous in [0,2ml] since \~f(0, y) = \~f(l, y) = 0. It is
direct that v(x, y) = 0 for y > 3

4h and that the properties for y = 0 hold. Moreover,

we have | \~f(x)| \leq l
4 . The phase indicator is given by

\chi (x, y) =Dsym
\Bigl( 
\~f(x)e

\odot (m - 1)
1

\Bigr) 
+ F = f(A - B) + F,

where f = \~f \prime \in \{ \pm 1
2\} . As \phi ( yh )

\~f(x)e
\odot (m - 1)
1 = 0 for y \geq 3

4h or for x /\in [0,2ml] the
boundary data condition is fulfilled.

It thus remains to provide the estimate for the energy contribution in \omega . For the
elastic energy, we notice that with u=Dsymv+ F

| u - \chi | 2 =
\bigm| \bigm| \bigm| Dsym

\Bigl( \Bigl( 
\phi 
\Bigl( y
h

\Bigr) 
 - 1
\Bigr) 
\~f(x)e

\odot (m - 1)
1

\Bigr) \bigm| \bigm| \bigm| 
2

\leq C(m)

\Biggl( 
1

4
| 1 - \phi 

\Bigl( y
h

\Bigr) 
| 2 +

\bigm| \bigm| \bigm| \bigm| \~f(x)
1

h
\phi \prime 
\Bigl( y
h

\Bigr) \bigm| \bigm| \bigm| \bigm| 
2
\Biggr) 

\leq C(m)

\biggl( 
1 +

l2

h2

\biggr) 
.

Thus,

Eel(u,\chi ;\omega )\leq C(m)

\biggl( 
1 +

l2

h2

\biggr) 
lh\leq C(m)

l3

h
\leq C(m)

l2m+1

h2m - 1
,

as h \leq 2l. Moreover, since the interfaces are given by straight lines and since \chi is
bounded, we also have

Esurf (\chi ;\omega )\leq C(m)h.

Combining the two bounds hence yields the desired result.

4.2. Highest vanishing order. With the unit cell construction and the cut-off
function the two central ingredients of our construction are in place. We now combine
these into the usual branching construction. For the construction to work, we make use
of the fact that by the choice \lambda = 1

2 we have that for v given in Lemma 4.2 the function
 - v still satisfies the desired properties, most importantly \partial 1( - \~v0) = \~u0 \in \{ \pm 1

2\} .
Lemma 4.5. Let m \in \BbbN , \Omega = (0,1)2 and A,B be as in Lemma 4.2 and let F =

1
2A+ 1

2B. Consider the operator \scrA (D) given in (14) and let the energy E\epsilon (u,\chi ) for
u\in \scrD F , defined as in (7), and \chi \in BV (\Omega ;\{ A,B\} ), be given by

E\epsilon (u,\chi ) =

\int 

\Omega 

| u - \chi | 2dx+ \epsilon 

\int 

\Omega 

| \nabla \chi | .
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Then for every N \in 2m\BbbN ,N \geq 4 there exist u : \BbbR 2 \rightarrow Sym(\BbbR 2;m), f \in BV (\Omega ;\{ \pm 1
2\} )

with \scrA (D)u= 0 in \BbbR 2, u= F outside \Omega , and a constant C = C(m)> 0 such that for
any \epsilon > 0 it holds that

E\epsilon (u,\chi )\leq C(N - 2m + \epsilon N),

where \chi = f(A - B) + F \in BV (\Omega ;\{ A,B\} ).
Proof. We argue as in [8, 39, 43]. Let \theta \in (2 - 

2m
2m - 1 ,2 - 1) and consider the splitting

\Omega =\Omega + \cup \Omega  - with \Omega + = [0,1]\times [ 12 ,1],\Omega  - = [0,1]\times [0, 12 ]. In what follows, we give the
construction of u and \chi on \Omega +. For given N \in 2m\BbbN ,N \geq 4, we define

yj = 1 - \theta j

2
, lj =

1

2jN
, hj = yj+1  - yj , j \in \BbbN \cup \{ 0\} ,

and set j0 \in \BbbN as the maximal j satisfying lj <hj . This is possible as, due to N \geq 4,
we have l0 <h0. In what follows, we use Lemma 4.2 in the cells \omega j,k (see the definition
below) to achieve a refinement toward y= 1. For the sake of clarity of exposition, we
define a construction on [0,+\infty ]\times [ 12 ,1] and then restrict it to \Omega +.

For this, let v(j) be the map defined on [0,2mlj ]\times [0, hj ] according to Lemma 4.2
(with off-set at top and bottom fixed by \delta = 1

10 ) for j \in \{ 0,1, . . . , j0\} ; in particular
v(j) : [0,2mlj ]\times [0, hj ]\rightarrow Sym(\BbbR 2;m - 1) is such that it satisfies the boundary conditions

from Lemma 4.2. Moreover, let v(j0+1) be the map defined on [0,2mlj0+1]\times [0, \theta 
j0+1

2 ]

according to Lemma 4.4, which is applicable due to \theta j0+1

2 = (1  - \theta ) - 1hj0+1 \leq (1  - 
\theta ) - 1lj0+1 < 2lj0+1. In the following we will write hj0+1 =

\theta j0+1

2 .
We extend v(j) for j \in \{ 0,1, . . . , j0+1\} (without relabeling) onto [0,+\infty ]\times [0, hj ]

as

v(j)(x, y) := - v(j)
\Bigl( 
x - 2m+m\prime 

lj , y
\Bigr) 

for x\in 
\Bigl[ 
2m+m\prime 

lj ,2
m+m\prime +1lj

\Bigr] 
, m\prime \in \BbbN .

Notice that v(j)(\alpha 2mlj , y) = v(j)(2mlj , y) = 0 for every \alpha \in \BbbN . Thus v(j)(\beta , y) = 0 for
every \beta \in \BbbN , in particular v(j)(1, y) = 0.

With this we define v on the upper half \Omega + as follows:

v(x, y) = ( - 1)jv(j)(x, y - yj) for (x, y)\in [0,1]\times [yj , yj+1].

We have that v(j)(x,0) =  - v(j - 1)(x,hj - 1) for x \in [0,1]. Indeed, by Lemmas 4.2
and 4.4, this is true for x \in [0,2mlj ]. Assuming that it is true for x \in [0,2m+m\prime 

lj ],
by definition of v(j), and using the fact that lj - 1 = 2lj , we infer that for x \in 
[2m+m\prime 

lj ,2
m+m\prime +1lj ] we have

v(j - 1)(x,hj - 1) = - v(j - 1)
\Bigl( 
x - 2m+m\prime  - 1lj - 1, hj - 1

\Bigr) 
= - v(j - 1)

\Bigl( 
x - 2m+m\prime 

lj , hj - 1

\Bigr) 

= v(j)
\Bigl( 
x - 2m+m\prime 

lj ,0
\Bigr) 
= - v(j)(x,0).

Moreover, as already pointed out, it holds that v(j)(0, y) = v(j)(1, y) = 0; thus we can
extend v(x, y) = 0 for x< 0 and x> 1. Finally, as v(j0+1)(x,hj0+1) = 0, we can deduce
v(x,1) = ( - 1)j0+1v(j0+1)(x,hj0+1) = 0, and thus we can set v(x, y) = 0 for y\geq 1.

Now let us turn to proving the energy estimate. We denote now

\omega j,k := (k2mlj , yj) + [0,2mlj ]\times [0, hj ], k \in \{ 0,1, . . . ,N2j - m  - 1\} , j \in \{ 0,1, . . . , j0\} ,
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and

\omega j0+1,k := (k2mlj0+1, yj0+1) + [0,2mlj0+1]\times [0, hj0+1].

Setting f = \partial 1\~v0, u=Dsymv+ F , which is \scrA -free, and \chi = f(A - B) + F , we have

E\epsilon (u,\chi ;\omega j,k) =E\epsilon 

\Bigl( 
( - 1)jDsymv(j) + F, ( - 1)j\partial 1\~v

(j)
0 e\odot m

1 + F ; [0,2mlj ]\times [0, hj ]
\Bigr) 

=E\epsilon 

\Bigl( 
Dsymv(j) + F,\partial 1\~v

(j)
0 e\odot m

1 + F ; [0,2mlj ]\times [0, hj ]
\Bigr) 

\leq C(m)

\Biggl( 
l2m+1
j

h2m - 1
j

+ \epsilon hj

\Biggr) 
,

where we used the estimates in Lemmas 4.2 and 4.4 for the corresponding index j.
By symmetry we can repeat the same construction in \Omega  - by replacing e2 with

 - e2. Therefore we obtain an \scrA -free map u attaining the exterior data u= F outside
\Omega and an associated phase indicator \chi . Moreover, it holds that

E\epsilon (u,\chi )\leq 2

j0+1\sum 

j=0

N2j - m - 1\sum 

k=0

\Bigl( 
E\epsilon (u,\chi ;\omega j,k) + \epsilon Per(\omega j,k)

\Bigr) 

\leq 2C

j0+1\sum 

j=0

N2j - m - 1\sum 

k=0

\Biggl( 
l2m+1
j

h2m - 1
j

+ \epsilon hj

\Biggr) 
= 2C

j0+1\sum 

j=0

N2j - m

\Biggl( 
l2m+1
j

h2m - 1
j

+ \epsilon hj

\Biggr) 

= 2C(m)

j0+1\sum 

j=0

\Biggl( 
l2mj

h2m - 1
j

+\epsilon 
hj

lj

\Biggr) 
\leq C(m)

j0+1\sum 

j=0

\Bigl( 
N - 2m(22m\theta 2m - 1) - j +N(2\theta )j

\Bigr) 

\leq C(m,\theta )(N - 2m + \epsilon N),

which concludes the argument.

4.3. Intermediate cases and proof of the upper bounds in Theorem 1.2.
In this section, we use the construction from section 4.2 in order to deduce an analo-
gous construction for the case of intermediate vanishing orders for whichM :=A - B =
e\odot l
1 \odot e

\odot (m - l)
2 , where l,m - l \not = 0.

In contrast to the highest vanishing order setting, mimicking the construction
from above, we now are confronted with the fact that the term involving \chi is paired
with two different components of the potential v, i.e.,

Eel(D
symv,\chi )\sim 

\int 

\Omega 

\bigm| \bigm| \bigm| \bigm| 
l

m
\partial 1\~vm - l +

m - l

m
\partial 2\~vm - l - 1  - \~\chi m - l

\bigm| \bigm| \bigm| \bigm| 
2

+H(Dsymv)dx,

since now \chi is nondiagonal.
In order to deal with this, we make the ansatz that \~vm - l - 1 = 0 or \~vm - l = 0

(depending on whether l or m - l is larger) and apply the construction from Lemma
4.2 to define the other components in the energy. Using then the corresponding
equations as in the proof of Lemma 4.2, we set all but the last of the components for
a smaller or bigger index, respectively, to zero.

Lemma 4.6. Let m, l \in \BbbN with 0 \leq l \leq m, \Omega = (0,1)2 and let A,B be such that

A - B = e\odot l
1 \odot e

\odot (m - l)
2 and F = 1

2A+ 1
2B. Consider the operator \scrA (D) given in (14)

and let the energy E\epsilon be given as in Lemma 4.5. We define L :=max\{ l,m - l\} . Then
for every N \in 2L\BbbN ,N \geq 4, there exist a deformation u : \BbbR 2 \rightarrow Sym(\BbbR 2;m), a phase
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indicator \chi : \BbbR 2 \rightarrow \{ A,B\} with \scrA (D)u = 0 in \BbbR 2, u = F outside \Omega , and a constant
C =C(m)> 0 such that for any \epsilon > 0 it holds that

E\epsilon (u,\chi )\leq C(N - 2L + \epsilon N).

Proof. The idea is to reduce the order of the tensor such that effectively we can
use Lemma 4.5. As before, without loss of generality, F = 0 and therefore A =
1
2e

\odot l
1 \odot e

\odot (m - l)
2 ,B = - 1

2e
\odot l
1 \odot e

\odot (m - l)
2 . In order to reduce the order, for \chi = f(A - B),

we estimate

Eel(u,\chi )\leq C(m)

\Biggl( 
m - l - 1\sum 

k=0

\int 

\Omega 

| \~uk| 2dx+

\int 

\Omega 

| \~um - l  - f | 2dx+
m\sum 

k=m - l+1

\int 

\Omega 

| \~uk| 2dx
\Biggr) 
,

where f(x)\in \{ \pm 1
2\} . Since the case l=m (and symmetrically l= 0) has already been

considered in Lemma 4.5, we only present the construction for the setting 0< l <m.
In this case, the ansatz is to set \~uk = 0 for either k \leq m - l - 1 or for k \geq m - l+ 1
(depending on whether l >m - l or m - l > l) and to use Lemma 4.5 for the remaining
components.

Without loss of generality let l\geq m - l; else change the roles of x and y and adapt
the coefficients accordingly. Denoting by \=\scrA (D) the operator for lth order tensors, we
invoke Lemma 4.5 for m = l \not = 0 to define w : \BbbR 2 \rightarrow Sym(\BbbR 2; l) with \=\scrA (D)w = 0 in
\BbbR 2, w = 0 outside \Omega , and f : \BbbR 2 \rightarrow \{ \pm 1

2\} such that f(A\prime  - B\prime ) : \BbbR 2 \rightarrow \{ A\prime ,B\prime \} with

A\prime = 1
2e

\odot l
1 ,B\prime =  - 1

2e
\odot l
1 . We then define \~uk := ( - 1)l - m2m - l l!k!

m!(k - (m - l))! \~wk - (m - l) for

k \geq m - l and \~uk = 0 else. Moreover, we set \chi := f(A - B) = fe\odot l
1 \odot e

\odot (m - l)
2 : \BbbR 2 \rightarrow 

\{ A,B\} . Then u defined by u1...12...2 = \~uk fulfills u = 0 outside \Omega and defines indeed
an \scrA -free map as by (26):

[\scrA (D)u]1212...12 =
m\sum 

k=0

\Bigl( 
( - 1)k2 - m

\biggl( 
m

k

\biggr) 
\partial k
1\partial 

m - k
2 \~uk

\Bigr) 

=
m\sum 

k=m - l

( - 1)k2 - m

\biggl( 
m

k

\biggr) 
\partial k
1\partial 

m - k
2 ( - 1)l - m2m - l l!k!

m!(k - (m - l))!
\~wk - (m - l)

=

l\sum 

k=0

( - 1)k2 - l l!

(m - (k+m - l))!k!
\partial k+m - l
1 \partial 

m - (k+m - l)
2 \~wk

= \partial m - l
1

l\sum 

k=0

( - 1)k2 - l

\biggl( 
l

k

\biggr) 
\partial k
1\partial 

l - k
2 \~wk = \partial m - l

1 [ \=\scrA (D)w]12...12 = 0.

Furthermore, it holds that

E\epsilon (u,\chi )\leq C

\Biggl( \int 

\Omega 

| \~w0  - f | 2dx+

l\sum 

k=1

\int 

\Omega 

| \~wk| 2dx+ \epsilon 

\int 

\Omega 

| \nabla f | 
\Biggr) 
=C \~E\epsilon (w,fe

\odot l
1 )

\leq C(N - 2l + \epsilon N),

where \~E\epsilon (w,fe
\odot l
1 ) denotes the corresponding energy for l tensors. Since l \geq m  - l,

this yields that

E\epsilon (u,\chi )\leq Cmin\{ N - 2l + \epsilon N,N - 2(m - l) + \epsilon N\} =C(N - 2L + \epsilon N),

which therefore concludes the proof.
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We combine the estimates from Lemmas 4.5 and 4.6 into the proof of the upper
bound scaling result.

Proof of upper bounds in Theorem 1.2. To show the upper bounds, we use Lemmas
4.5 and 4.6 and optimize in N ; thus we choose N \sim \epsilon  - 

1
2L+1 and therefore

E\epsilon (\chi ;F )\leq E\epsilon (u,\chi )\leq C(N - 2L + \epsilon N)\leq C\epsilon 
2L

2L+1 .

Last but not least, we remark that the results for the higher order curl also imply
a corresponding result for the higher order divergence in d= 2.

Corollary 4.7 (higher order divergence). Let m,k \in \BbbN . Let \Omega = (0,1)2 \subset \BbbR 2

and E\scrB 
\epsilon as in (6) for the mth order divergence \scrB (D) = divm as in (19). Consider

A,B \in \BbbR k\otimes Sym(\BbbR 2;m) such that A - B = v\otimes e\odot l
1 \odot e

\odot (m - l)
2 for l \in \{ 0,1, . . . ,m\} , v \in \BbbR k,

and F = 1
2A+ 1

2B. Then there exist \chi \in BV (\Omega ;\{ A,B\} ) and C =C(m)> 1 such that
for L :=m - min\{ l,m - l\} =max\{ l,m - l\} 

E\epsilon (\chi ;F )\leq C\epsilon 
2L

2L+1 .

Proof. First we notice that, without loss of generality, we can assume k = 1 by
working componentwise and moreover, using the notation of Convention 4.1, divmu=\sum m

j=0 \partial 
j
1\partial 

m - j
2 \~um - j . The idea is to use the \scrA -free setting for \scrA as in Lemma 4.6 and

then transform u\prime , \chi \prime (defined below) such that we are in the divergence-free setting.
To simplify the notation, set

\alpha (m,j) = ( - 1)j2 - m

\biggl( 
m

j

\biggr) 
\not = 0

such that [\scrA (D)u\prime ]12...12 =
\sum m

j=0\alpha (m,j)\partial j
1\partial 

m - j
2 \~u\prime 

j . By an application of Lemma 4.6,

for N \in 2L\BbbN , A\prime ,B\prime \in Sym(\BbbR 2;m) defined componentwise by \~A\prime 
j = \alpha (m,j) - 1 \~Am - j ,

\~B\prime 
j = \alpha (m,j) - 1 \~Bm - j , and for F \prime = 1

2A
\prime + 1

2B
\prime there exists u\prime : \BbbR 2 \rightarrow Sym(\BbbR 2;m),

\chi \prime : \BbbR 2 \rightarrow \{ A\prime ,B\prime \} such that u\prime = F \prime outside \Omega and \scrA (D)u\prime = 0. We can apply
Lemma 4.6 after a rescaling, as for the above definition of A\prime ,B\prime we have A\prime  - B\prime =

\alpha (m, l) - 1e
\odot (m - l)
1 \odot e\odot l

2 . This can be seen by considering \widetilde (A\prime  - B\prime )j = \~A\prime 
j  - \~B\prime 

j =

\alpha (m,j) - 1 \cdot \widetilde (A - B)m - j and using that A - B = e\odot l
1 \odot e

\odot (m - l)
2 . Moreover it holds that

E\scrA 
\epsilon (u\prime , \chi \prime )\leq C(N - 2L + \epsilon N)

with a constant C > 0 only depending on m. Setting now

\~um - j := \alpha (m,j)\~u\prime 
j , \~\chi m - j := \alpha (m,j)\~\chi \prime 

j ,

we observe that

divmu=

m\sum 

j=0

\partial j
1\partial 

m - j
2 \~um - j = [\scrA (D)u\prime ]12...12 = 0

and that outside \Omega we have

\~um - j = \alpha (m,j)\~u\prime 
j = \alpha (m,j) \~F \prime 

j = \alpha (m,j)
\Bigl( 1
2
\~A\prime 
j +

1

2
\~B\prime 
j

\Bigr) 
= \~Fm - j .

Thus u is admissible and \~\chi m - j = \alpha (m,j)\~\chi \prime 
j \in \{ \~Am - j , \~Bm - j\} . To bound the energy

we notice that

| u - \chi | 2 =
m\sum 

j=0

\biggl( 
m

j

\biggr) 
| \~uj  - \~\chi j | 2 \leq C(m)| u\prime  - \chi \prime | 2, | \nabla \chi | \leq C(m)| \nabla \chi \prime | ,

and therefore E\scrB 
\epsilon (u,\chi )\leq C(m)E\scrA 

\epsilon (u\prime , \chi \prime )\leq C(m)(N - 2L+\epsilon N). Choosing N \sim \epsilon  - 
1

2L+1

concludes the proof.
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ON SURFACE ENERGIES IN SCALING LAWS FOR SINGULAR
PERTURBATION PROBLEMS FOR MARTENSITIC PHASE TRANSITIONS

ANGKANA RÜLAND, CAMILLO TISSOT, ANTONIO TRIBUZIO, AND CHRISTIAN ZILLINGER

Abstract. The objective of this article is to compare different surface energies for multi-well
singular perturbation problems associated with martensitic phase transformations involving
higher order laminates. We deduce scaling laws in the singular perturbation parameter which
are robust in the choice of the surface energy (e.g., diffuse, sharp, an interpolation thereof
or discrete). Furthermore, we show that these scaling laws do not require the presence of
isotropic surface energies but that generically also highly anisotropic surface energies yield
the same scaling results. More precisely, the presence of essentially generic partial directional
derivatives in the regularization terms suffices to produce the same scaling behaviour as in
the isotropic setting. The only sensitive directional dependences are directly linked to the
lamination directions of the well structure – and even for these only the “inner-most” lamination
direction is of significance in determining the scaling law. In view of experimental applications,
this shows that also for higher-order laminates, the precise structure of the surface energies
– which is often very difficult to determine experimentally – does not have a crucial impact
on the scaling behaviour of the investigated structures but only enters when considering finer
properties.
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1. Introduction

Surface energies play an important role in singular perturbation models for solid-solid phase
transformations. Combined with elastic energies, they introduce a natural length scale into the
models. Thus, the combination of elastic and surface energies provides important information
on the different length scales present in the experimentally observed microstructures. However,
from an experimental point of view, surface energies are notoriously difficult to measure and
are often highly anisotropic. It is thus of particular significance to investigate the robustness of
singular perturbation models with respect to different choices of surface energy regularizations.
The purpose of this article is to prove that the scaling behaviour is robust with respect to a
rather large class of modifications of the surface energies and that the resulting scaling laws
do not depend on the fine structure of the singular perturbation term. In fact, only minimal
requirements are necessary, which only depend on very basic information on the model, even if
higher order laminates are involved.

We are particularly interested in martensitic phase transformations in shape-memory alloys.
These materials are typically metal alloys such as CuAlNi or NiTi which undergo a first order,
diffusionless, solid-solid phase transformation. In this transition symmetry is reduced from the
high to the low temperature phase which gives rise to multiple energy wells and complex material
behaviour.

In this article, we will consider simplified models without gauges for the formation of microstruc-
tures in these materials which are governed by energies of the following form [Bha03, Mül99]

Eϵ(u) := Eel(u) + ϵEsurf (u).(1)

Here u : Ω ⊂ Rd → Rd denotes the deformation with respect to the reference configuration Ω
and Eel(u) :=

´

Ω
dist2(∇u,K)dx models the elastic energy. Typically, the energy density is of

multi-well nature with K ⊂ Rd×d a prescribed set in matrix space corresponding to the energy
wells of the respective model. The main focus of this article is on the structure of the second
energy contribution in (1), Esurf (u), which models a surface energy. The parameter ϵ > 0 is
material specific and typically small. Mathematically, the surface energy provides a higher order
regularizing contribution which penalizes fine-scale oscillations in ∇u. In what follows below, we
will consider different models for Esurf (u). Our objective is to prove that for our model class of
martensitic phase transformations, the investigated scaling laws typically do not depend on the
precise structure of the surface energies. On the contrary, relatively “rough” information suffices
to produce equivalent scaling laws. In order to illustrate this, we discuss different prototypical
model classes for microstructures in shape-memory alloys.
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1.1. Sharp surface energies. We begin by considering sharp interface models. In particular,
we focus on settings involving anisotropy. Here, we specify the set-up from (1) as follows

Eϵ(u, χ) := Eel(u, χ) + ϵEsurf (χ) :=
ˆ

Ω

|∇u− χ|2dx+ ϵ
∑

ν∈N
∥Dνχ∥T V (Ω).(2)

For given F ∈ Rd×d, u ∈ AF models the deformation, where
AF := {v ∈ H1(Ω;Rd) : v(x) = Fx on ∂Ω},(3)

while χ : Ω → K ⊂ Rd×d represents the phase indicator.
As all the considered quantities are translation invariant, we could also consider a boundary

condition of the form u(x) = Fx+ b on ∂Ω for some b ∈ Rd. For the sake of simplicity, we assume
b = 0.

In our study below, the set K will represent the wells of phase transformation models with a
discrete set of minima for the energy density (i.e., we do not consider typical gauges such as SO(d)
or Skew(d) invariances in our model). The surface energy under consideration ∥Dνχ∥T V (Ω) is of
sharp-interface nature and highly anisotropic, depending only on specified linearly independent
directions ν ∈ N ⊂ Sd−1 with #N ≤ d (see Section 2.2 for further discussion and definitions). In
what follows below, we will discuss minimal conditions on the choice of the directions ν ∈ N in
order to ensure “generic” behaviour in the scaling laws – thus proving their robustness in this
choice of surface energy. In particular, in many instances it suffices that N consists of a single,
non-degenerate direction N = {ν}. We will investigate scaling laws for energies of the type (2)
for various possible choices of the set K and discuss microstructures of different complexities.

1.1.1. The two-well problem. We begin with an essentially scalar setting by considering K = {A,B}
with rank(A−B) = 1. In this setting, the expected microstructure consists of a branched version
of twinning [KM94, KM92]. Such structures play an important role in austenite-martensite
interfaces [KM94, KM92, CO12, CO09, Sim21b, Sim21a]. As already highlighted in the seminal
works [KM94, KM92], in order to observe this phenomenon, it is not necessary to include all
directional derivatives in the singular perturbation term. As expected from the experimental
microstructure and the almost one-dimensional character of the problem, it suffices to regularize
in the direction of oscillation. Hence, the scaling of the fully surface regularized and of the only
in direction of oscillation regularized model behave analogously. We recall this in the following
proposition (cf. [KM94, KM92]).

Proposition 1.1. Let A,B ∈ Rd×d be such that A − B = a ⊗ e1 for some a ∈ Rd \ {0}. Let
Ω = (0, 1)d and Fα = αA+ (1 − α)B for some α ∈ (0, 1). Let ν ∈ Sd−1 be such that ν · e1 ≠ 0.
Consider for N = {ν}, u ∈ AFα

, cf. (3), and χ ∈ BVν(Ω; {A,B}) the energy Eϵ(u, χ) as defined
in (2). There are constants C = C(d, α, |A − B|) > 0 and ϵ0 = ϵ0(d, α, |A − B|, |ν1|) > 0 such
that for any ϵ ∈ (0, ϵ0)

inf
χ∈BVν (Ω;{A,B})

inf
u∈AFα

Eϵ(u, χ) ≥ C−1|ν1| 2
3 ϵ

2
3 .

Here ν1 denotes the e1 component of the vector ν.
In two dimensions the matching upper bounds hold, i.e. for d = 2 and every ϵ ∈ (0, ϵ0) there

are u ∈ AFα
and χ ∈ BVν(Ω; {A,B}) such that

Eϵ(u, χ) ≤ C|ν1| 2
3 ϵ

2
3 .

Moreover (in d dimensions), if ν · e1 = 0, then under the above assumptions for all ϵ > 0
inf

χ∈BVν (Ω;{A,B})
inf

u∈AFα

Eϵ(u, χ) = 0.
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4 ANGKANA RÜLAND, CAMILLO TISSOT, ANTONIO TRIBUZIO, AND CHRISTIAN ZILLINGER

A1 A2

A3

Figure 1. The Lorent three-well setting. The first order laminates are shown
in blue, the second order laminates in orange.

Here and below the space BVν(Ω; {A,B}) denotes an anisotropic version of the space BV in
which BV regularity is only required in the direction ν ∈ Sd−1. We refer to Section 2.2 for the
precise definition of it.

Remark 1.2. The matching upper bound can also be generalized to hold in higher dimensions.
For the sake of simplicity we do not discuss this in this article; the construction for an isotropic
surface penalization can, for instance, be found in [RT23b, Section 6.2].

1.1.2. The three-well problem of Lorent. With the almost one-dimensional two-well problem in
mind, we turn to models involving higher order laminates. Here a model problem is given by the
three-well configuration of Lorent [Lor01]. In this setting, we have (up to normalization)

K3 := {A1, A2, A3} with A1 =
(

0 0
0 0

)
, A2 =

(
1 0
0 0

)
, A3 =

( 1
2 0
0 1

)
.(4)

These three matrices are chosen such that rank(A1 −A2) = 1, but neither A1 nor A2 are rank-one
connected with the well A3. The lamination convex hull Klc

3 of K3 and, hence, the observable
microstructure, consists of laminates up to second order (we recall notions such as lamination
convexity in Section 2.1). The first order laminates K1

3 consist of convex combinations of the
wells A1, A2 while the second order laminates K2

3 are obtained by a convex combination of the

well A3 with the auxiliary matrix
( 1

2 0
0 0

)
(see Figure 1). More precisely,

K1
3 := K(1)

3 \ K3 =
{(

α 0
0 0

)
: α ∈ (0, 1)

}
, K2

3 := K(2)
3 \ K(1)

3 =
{( 1

2 0
0 α

)
: α ∈ (0, 1)

}
.(5)

In [RT23b] in the setting with isotropic surface energies, the different scaling behaviour of
microstructures with affine boundary conditions was deduced with the behaviour depending only
on the complexity of the boundary data encoded in their lamination order. Here we prove that
this remains valid, if in (2) we consider generic regularization directions. Indeed, due to the
one-dimensional structure of the lamination convex hull, it suffices to choose N = {ν} such that
ν · e1 ̸= 0 in order to recover the scaling from [RT23b] in which we considered the full gradient
in the surface energy. If, however, ν = ±e2, then, the setting indeed changes and the scaling
behaviour becomes that of a laminate of one order less.

Theorem 1. Let K3 be given by (4), Ω = (0, 1)2, and ν ∈ S1. Consider the energy Eϵ(u, χ) as
in (2) with N = {ν}, u ∈ AF , cf. (3), for F ∈ Klc

3 \ K3, and χ ∈ BVν(Ω; K3). Let K1
3 and K2

3 be
as in (5). We then have the following scaling laws:

(i) First order laminates: For F ∈ K1
3 there are constants C = C(F ) > 0 and ϵ0 = ϵ0(F, ν) >

0 such that for any ϵ ∈ (0, ϵ0)

C−1|ν1| 2
3 ϵ

2
3 ≤ inf

χ∈BVν (Ω;K3)
inf

u∈AF

Eϵ(u, χ) ≤ C|ν1| 2
3 ϵ

2
3 .
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(ii) Second order laminates: For F ∈ K2
3 there are constants C = C(F ) > 0 and ϵ0 =

ϵ0(F, ν) > 0 such that for any ϵ ∈ (0, ϵ0) we have

C−1
(

|ν1| 1
2 ϵ

1
2 + |ν2| 2

3 ϵ
2
3

)
≤ inf

χ∈BVν (Ω;K3)
inf

u∈AF

Eϵ(u, χ) ≤ C
(

|ν1| 1
2 ϵ

1
2 + |ν2| 2

3 ϵ
2
3

)
.

Remark 1.3. We highlight that the estimate from case (ii) for the second order laminates in fact
includes matching bounds for both the non-degenerate case in which ν · e1 ≠ 0 and the degenerate
case in which ν · e1 = 0. Indeed, by a case distinction, for F ∈ K2

3, on the one hand, if ν · e1 ̸= 0
and if ϵ0 > 0 is sufficiently small we have that

C−1|ν1| 1
2 ϵ

1
2 ≤ inf

χ∈BVν (Ω;K3)
inf

u∈AF

Eϵ(u, χ) ≤ C|ν1| 1
2 ϵ

1
2 .

On the other hand, if ν · e1 = 0, then

C−1|ν2| 2
3 ϵ

2
3 ≤ inf

χ∈BVν (Ω;K3)
inf

u∈AF

Eϵ(u, χ) ≤ C|ν2| 2
3 ϵ

2
3 .

1.1.3. Settings involving a higher number of wells. In order to illustrate that the above phenomenon
is no coincidence, we show that it persists for a certain class of diagonal wells KN having one-
dimensional lamination convex hulls, which had also been discussed with a full surface energy
regularization in [RT23b]. Indeed, for N ≤ d+ 1 we consider

KN := {A1, A2, . . . , AN } ⊂ Rd×d
diag,

with
A1 = 0, A2 = diag(1, 0, . . . , 0),

A3 = diag(1
2 , 1, 0, . . . , 0), A4 = diag(1

2 ,
1
2 , 1, . . . , 0),

Aj = diag(1
2 ,

1
2 , . . . ,

1
2 , 1, 0, . . . , 0),

(6)

for j = 5, 6, . . . , N , where for Aj the entry 1 is at the (j − 1)-th diagonal entry. For d = 2 and
N = 3 the set K3 is exactly the one defined in (4) above. As in Section 1.1.2, we again obtain a
structure such that the lamination convex hull of the set KN consists of one-dimensional segments
(see Figure 2): For 2 ≤ ℓ ≤ N − 1

K1
N := K(1)

N \ KN = {diag(α, 0, 0, . . . , 0) ∈ Rd×d : α ∈ (0, 1)},

K2
N := K(2)

N \ K(1)
N = {diag(1

2 , α, 0, . . . , 0) ∈ Rd×d : α ∈ (0, 1)},

K3
N := K(3)

N \ K(2)
N = {diag(1

2 ,
1
2 , α, 0, . . . , 0) ∈ Rd×d : α ∈ (0, 1)},

Kℓ
N := K(ℓ)

N \ K(ℓ−1)
N = {diag(1

2 ,
1
2 , . . . ,

1
2 , α, 0, . . . , 0) ∈ Rd×d : α ∈ (0, 1)},

where Kℓ
N then has (ℓ − 1) entries 1/2, cf. Section 2.1 for the definition of K(ℓ)

N . Also in this
setting, we show that in terms of lower bounds only the direction of the “inner-most” lamination
is relevant for the scaling of the singularly perturbed model (2), i.e. to obtain the “classical”
isotropic scaling only ν · e1 ̸= 0 is necessary.

Theorem 2. Let d ≥ 2, N ≤ d + 1, Ω = (0, 1)d, ν ∈ Sd−1, KN be given by (6), and ℓ ∈
{1, 2, . . . , N − 1}. Consider the energy Eϵ(u, χ) given in (2) with N = {ν}, u ∈ AF for
some F ∈ Kℓ

N , cf. (3), and χ ∈ BVν(Ω; KN ). Then, there are C = C(d, F, ℓ) > 0 and
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Xj−2,j−2

Xj−1,j−1

Xjj

Aj−1

Aj

Aj+1

Figure 2. Illustration of the relation between Aj−1, Aj , Aj+1 ∈ KN for 3 ≤ j ≤
N − 1. The lines show rank one connections, where the dashed line is connected
to the structure spanned by the previous wells. The set Kj−1

N is highlighted in
blue.

ϵ0 = ϵ0(d, F, ℓ, ν) > 0 such that for any ϵ ∈ (0, ϵ0)

inf
χ∈BVν (Ω;KN )

inf
u∈AF

Eϵ(u, χ) ≥ C

ℓ−1∑

j=0
|νj+1| 2

ℓ−j+2 ϵ
2

ℓ−j+2 .

Remark 1.4. As above, the bound in Theorem 2 includes various individual estimates which
arise depending on the dominating degree of degeneracy of the data with respect to the direction
ν ∈ Sd−1. Indeed, by considering different cases for ν, we can also state the following lower
scaling estimates:

(i) For F ∈ Kℓ
N and ν · e1 ̸= 0 there are C = C(d, F, ℓ) > 0 and ϵ0 = ϵ0(d, F, ℓ, ν) > 0 such

that for any ϵ ∈ (0, ϵ0)

inf
χ∈BVν (Ω;KN )

inf
u∈AF

Eϵ(u, χ) ≥ C|ν1| 2
ℓ+2 ϵ

2
ℓ+2 .

(ii) For F ∈ Kℓ
N , 0 < k < ℓ and ν · e1 = ν · e2 = · · · = ν · ek = 0 and ν · ek+1 ̸= 0 there are

C = C(d, F, ℓ) > 0 and ϵ0 = ϵ0(d, F, ℓ, ν) > 0 such that for any ϵ ∈ (0, ϵ0)

inf
u∈AF

inf
χ∈BVν (Ω;KN )

Eϵ(u, χ) ≥ C|νk+1| 2
ℓ−k+2 ϵ

2
ℓ−k+2 .

(iii) For F ∈ Kℓ
N and ν·e1 = ν·e2 = · · · = ν·eℓ = 0 we have infχ∈BVν (Ω;KN ) infu∈AF

Eϵ(u, χ) =
0.

We expect that this behaviour is sharp in the sense that there are matching upper bound
constructions. As, however, already the upper bounds in [RT23b] were rather involved, we do not
discuss these here.

1.1.4. Main ideas for the sharp interface anisotropic surface energies. Let us briefly comment on
the ideas for the derivation of the above scaling laws with anisotropic surface energy contributions.
As in [RT23b] these results rely on a Fourier space perspective on the elastic and surface energies
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[Koh91, CO09, CO12, RT23a, RT22]. In all these results, the role of the surface energy is to
control high frequencies. While in the previous works this was done in an isotropic way with a
frequency cut-off in all directions, we here leverage on the fact that the (diagonal) components of
the phase indicator are already controlled by the elastic energy in most directions. In fact, in
all the above models, the elastic energy provides strong control outside of certain cones along
one-dimensional axes. Hence, only for these directions high frequency control becomes necessary.
As a second ingredient, we exploit that the components of the phase indicator in the respective
cones are not independent but are all functions of the inner-most one. This allows us to reduce
the high frequency control even further and to require a singular perturbation regularization only
in a single direction which is given by the direction of the inner-most component.

1.2. Diffuse Lq-based surface energies. Next, we turn to Lq-based diffuse surface energies
with microstructures governed by energy functionals of the following form:

Eϵ,q(u, χ) :=
ˆ

Ω

|∇u− χ|2dx+ ϵq
∑

ν∈N

ˆ

Ω

|∂ν(∇u)|qdx, q ≥ 1,(7)

with N ⊂ Sd−1. As above, we will be particularly interested in anisotropic variants of this energy
with #N ≤ d a finite set of linearly independent directions. Here, due to the regularizing property
of the surface energy, a novel phenomenon arises compared to the sharp structures which renders
their analysis more challenging: due to the diffuse regularization, a second length scale emerges,
which regularizes the “zig-zag” structures. This is already observed in one-dimensional models
[Mül93], see also [AM01]. In contrast to the sharp setting from above, we hence do not discuss
these energies in Fourier space (although we believe that such a strategy should be possible) but
deduce direct lower bounds in terms of the sharp energies.

Moreover, as the same arguments apply if the gradient is replaced by the symmetrized gradient
∇symu = 1/2(∇u + ∇uT ) we prove the results in a more general framework in order to be
applicable also for this case. For this let p, q ∈ [1,∞), F ∈ Rn, ν ∈ Sd−1, r ∈ Sn−1, and L(D) a
differential operator. We consider functions

U ∈ {U ∈ Lp
loc(Rd;Rn) : U = F outside Ω, ∂ν(U · r) ∈ Lq(Rd;R), L(D)U = 0 in Rd},

where the equation L(D)U = 0 holds in the distributional sense in Rd. For L(D) = curl, this
translates directly to U = ∇u for some u ∈ W 1,p(Ω;Rd) such that u(x) = Fx on ∂Ω.

Since this is not the main focus point of our article, in the following we will consider L(D) ∈
{curl, curl curl} but the same result holds for a more general class of operators, as for instance
those considered in [RRTT24].

Theorem 3. Let d ≥ 2, n ≥ 1, let p, q ∈ [1,∞), ν ∈ Sd−1, r ∈ Sn−1, and Ω ⊂ Rd be a bounded
Lipschitz domain and let K = {A1, . . . , AN } ⊂ Rn. For any U ∈ Lp(Rd;Rn) with U = 0 outside
Ω and ∂ν(U · r) ∈ Lq(Rd;R), χ ∈ L∞(Ω; K), there exists χ̃ ∈ L∞(Ω; K) with χ̃ · r ∈ BVν(Ω; K)
and a constant C = C(K, p, q) > 0 such that for any ϵ > 0
ˆ

Ω
|U − χ|p + ϵq|∂ν(U · r)|qdx ≥ Cϵ∥Dν(χ̃ · r)∥T V (Ω) and

ˆ

Ω
|U − χ|pdx ≥ C

ˆ

Ω
|U − χ̃|pdx.

In particular,
ˆ

Ω
|U − χ|p + ϵq|∂ν(U · r)|qdx ≥ C

2

(
ˆ

Ω
|U − χ̃|pdx+ ϵ∥Dν(χ̃ · r)∥T V (Ω)

)
.

This relies on Modica-Mortola type arguments which have been discussed in various contexts
in the literature [MM77, KK11, Zwi14, CC14], in particular, we follow the argument from [KK11].
Here the surface energy is even more degenerate than in the previous section in the sense that we
only consider a single component of U or χ̃. We further elaborate on this additional degeneracy
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in Remark 3.4. We emphasize that the same estimates remain valid for the full data in which
U · r and χ̃ · r are replaced by U and χ̃, respectively.

Together with the associated upper bound constructions, as a corollary, in our setting involving
higher order laminates, we directly obtain that the scaling behaviour of the microstructures from
the previous subsection is unchanged. As an example, we formulate this for the Lorent three-well
problem from above where we consider U = ∇u:

Corollary 1.5. Let q ∈ [1,∞), K3 be given by (4), Ω = (0, 1)2, ν ∈ S1, and consider for ϵ > 0,
F ∈ Klc

3 \ K3, u ∈ AF , cf. (3), such that ∂ν∇u ∈ Lq(Ω;R2×2), and χ ∈ L∞(Ω; K3) the energy
Eϵ,q given by (7) with N = {ν}. The following scaling laws hold:

(i) First order laminates: For F ∈ K1
3 there is a constant C = C(F, q) > 0 and ϵ0 =

ϵ0(F, q, ν) > 0 such that for any ϵ ∈ (0, ϵ0)

C−1|ν1| 2
3 ϵ

2
3 ≤ inf

χ∈L2(Ω;K3)
inf

u∈AF

∂ν ∇u∈Lq(Ω;R2×2)

Eϵ,q(u, χ) ≤ C|ν1| 2
3 ϵ

2
3 .

(ii) Second order laminates: For F ∈ K2
3 there is a constant C = C(F, q) > 0 and ϵ0 =

ϵ0(F, q, ν) > 0 such that for any ϵ ∈ (0, ϵ0)

C−1
(

|ν1| 1
2 ϵ

1
2 + |ν2| 2

3 ϵ
2
3

)
≤ inf

χ∈L2(Ω;K3)
inf

u∈AF

∂ν ∇u∈Lq(Ω;R2×2)

Eϵ,q(u, χ) ≤ C
(

|ν1| 1
2 ϵ

1
2 + |ν2| 2

3 ϵ
2
3

)
.

1.3. Fractional L2-based surface energies. Building on the Fourier analysis from the sharp
interface setting, we also consider fractional models for surface energies. To this end, for K ⊂ Rd×d

and s ∈ (0, 1
2 ), we define the fractional (directional) Sobolev space on the torus using the Fourier

transform, cf. (19),

Hs
ν(Td;Rd×d) = {u ∈ L2(Td;Rd×d) :

∑

k∈Zd

(1 + 4π2|k · ν|2)s|û(k)|2 < ∞}(8)

and set for χ ∈ Hs
ν(Td; K)

Es
surf (χ) :=


 ∑

k∈Zd\{0}
|k · ν|2s|χ̂(k)|2




1
2s

.

For s < 1/2 it then holds BVν(Td; K) ⊂ Hs
ν(Td; K), see the proof of Theorem 4. Moreover, in the

following by extending χ ∈ L2((0, 1)d; K) one-periodically, we view it as a function on the torus
χ ∈ L2(Td; K) and define the space Hs

ν((0, 1)d;Rd×d) analogously. The power of 1/2s is chosen
such that the surface energy admits the correct behaviour in the length of interfaces. In addition,
by the choice of ν ∈ Sd−1 we also focus in this nonlocal context on anisotropic settings. The full
energy is then defined to be

Eϵ,s(u, χ) :=
ˆ

Ω

|∇u− χ|2dx+ ϵEs
surf (χ).(9)

We prove that also in this setting, the scaling laws from Section 1.1 remain valid.

Theorem 4. Let d ≥ 2, N ≤ d + 1, s ∈ (0, 1
2 ), Ω = (0, 1)d, ν ∈ Sd−1, and let KN be defined

in (6), and ℓ ∈ {1, . . . , N − 1}. For F ∈ Kℓ
N , cf. Section 2.1, consider the energy Eϵ,s(u, χ)

defined in (9) for u ∈ AF , cf. (3), and χ ∈ Hs
ν(Ω; KN ). Then there are C = C(d, F, s, ℓ) > 0 and
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ϵ0 = ϵ0(d, F, s, ℓ, ν) > 0 such that for any ϵ ∈ (0, ϵ0)

inf
χ∈Hs

ν (Ω;KN )
inf

u∈AF

Eϵ,s(u, χ) ≥ C




ℓ−1∑

j=0
|νj+1| 2

ℓ−j+2 ϵ
2

ℓ−j+2


 .

Moreover, for d = 2 and N = 3 a matching upper bound holds

inf
χ∈Hs

ν (Ω;K3)
inf

u∈AF

Eϵ,s(u, χ) ≤ C−1




ℓ−1∑

j=0
|νj+1| 2

ℓ−j+2 ϵ
2

ℓ−j+2


 .

As above, this shows the robustness of the scaling bounds with respect to possible choices
of the (anisotropic) surface energies. While we only discuss the upper bound in the case of the
Lorent three-well problem, our interpolation strategy of Section 3.4 shows that the fractional
energy bounds are sharp whenever they are sharp in the sharp interface settings.

1.4. Discrete models. As a last prototypical setting we turn to discrete models as regularized
versions of continuum models. It is well-known [Dol03, Lor01, Lor09, CM99, ALP17] in the
context of shape-memory alloys and, more generally, in phase transition problems [BC07] that
under suitable conditions, discretizations lead to surface-type energies in a first order expansion.
In fact, [Lor09] proved the equivalence of scaling laws for continuous singular perturbation models
with isotropic surface energy regularization and a class of associated discrete models. The article
[Lor09] even considered settings in the presence of gauges, i.e., with the full SO(2) symmetry.
These results, hence, prove that also for shape-memory type models, one expects that – provided
that the lattice structures and the rank-one geometry of the wells match – the scaling behaviour
in the discretization parameter corresponds to that of the associated singular perturbation model.

Similarly as above, in this section, we seek to extend these observations to anisotropic scenarios.
As above, we search for minimal conditions on the lattice with respect to the geometry of the wells
to guarantee this behaviour. For a fixed class of lattice structures, we here show that discrete
energies with an “anisotropic lattice structure” can be compared to singular perturbation models
with anisotropic surface regularization contributions.

1.4.1. The discrete set-up. In order to outline our result, let us introduce some notation. We
consider a specific choice of lattice structure. Here the triangulation is given by using the following
“upper” and “lower” triangles (see Figure 3(a))

Th := {x ∈ [0, h)2 : x2 < h− x1}, T ′
h := {x ∈ [0, h)2 : x2 ≥ h− x1},(10)

and, hence,
Th :=

{
Th + z : z ∈ hZ2} ∪

{
T ′

h + z : z ∈ hZ2} .
We also consider rotated variants of this triangulation (see Figure 3(b)), that is for R ∈ SO(2),
consider

T R
h := RTh =

{
R(Th + z) : z ∈ hZ2} ∪

{
R(T ′

h + z) : z ∈ hZ2} .(11)
Given the lattice structure, we associate an energy to it: For Ω ⊂ R2 bounded and polygonal,

F /∈ K, and p ∈ [1,∞), we define the sets of admissible functions
Ap,R

h,F := {u ∈ W 1,p
loc (R2;R2) : u is affine on each triangle τ ∈ T R

h , u(x) = Fx outside Ω},
CR

h := {χ ∈ L∞(R2; K) : χ is constant on each triangle τ ∈ T R
h }.

(12)

We consider the energy given by

Ep
el,h(u, χ) :=

ˆ

Ω
|∇u− χ|pdx, for u ∈ Ap,R

h,F , χ ∈ CR
h .(13)
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Th

T ′
h

h

(a) Illustration of the upper
and lower triangles as defined
in (10).

h

(b) Triangulation T R
h of (0, 1)2 (highlighted in blue) with h =

1/6 and R a rotation by 15◦.

Figure 3. Illustration of the definition of triangulations used in this section.

We highlight that by the choice of the admissible deformations this corresponds to a discrete
energy. Upper bounds for multi-well energies of this type have been systematically investigated in
[Chi99] for a rich class of well structures. The two-well problem had been studied with matching
upper and lower bounds in [CM99]. We also refer to [CCK95, BP04] for further upper bound
constructions and matching lower bounds on the two-well problem.

For ease of notation, in this section we consider the row-wise cross product of a vector and a
matrix defined by

(v ×M)j := v1Mj2 − v2Mj1, v ∈ R2,M ∈ R2×2, j = 1, 2.
In particular, using this notation, there is a rank-one connection between two matrices A,B ∈ R2×2,
i.e., A−B = a⊗ n for a, n ∈ R2 \ {0}, if and only if A ̸= B and

n× (A−B) = 0.
Given this set-up, our main result is given by the following comparison estimate.

Theorem 5. Let Ω ⊂ R2 be an open, bounded polygonal domain. Let R ∈ SO(2). Let K =
{A1, A2, . . . , AN } ⊂ R2×2 and F /∈ K. Let p ∈ [1,∞) and consider T R

h defined in (11), and the
discrete energy Ep

el,h(u, χ) for u ∈ Ap,R
h,F and χ ∈ CR

h , cf. (12), defined in (13). Then the following
results hold:

(i) Isotropic setting: Assume that for any Aj , Ak ∈ K with j ̸= k it holds

(Re1) × (Aj −Ak) ̸= 0, (Re2) × (Aj −Ak) ̸= 0,
(
R
(

1/
√

2
1/

√
2

))
× (Aj −Ak) ̸= 0.(14)

Then, there are constants C = C(K, R, p, F,Ω) > 0 and h0 = h0(Ω, R, p) > 0 such that
for all h ∈ (0, h0)

Ep
el,h(u, χ) ≥ C

(
ˆ

Ω
|∇u− χ|pdx+ h∥Dχ∥T V (Ω) + h

)
.
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In particular, we have

inf
u∈Ap,R

h,F

inf
χ∈CR

h

Ep
el,h(u, χ) ≥ C

(
inf

χ∈BV (Ω;K)
inf

u∈W 1,p(Ω;R2)
u(x)=F x on ∂Ω

ˆ

Ω
|∇u− χ|pdx+ h∥Dχ∥T V (Ω) + h

)
.

(ii) Anisotropic setting: Assume that there exists v ∈
{
e1, e2,

(
1/

√
2

1/
√

2

)}
such that for any

j ̸= k

(Rw) × (Aj −Ak) ̸= 0, for every w ∈
{
e1, e2,

(
1/

√
2

1/
√

2

)}
\ {v}.(15)

Then, there are constants C = C(K, R, p, F,Ω, v) > 0 and h0 = h0(Ω, R, p) > 0 such that
for all h ∈ (0, h0)

Ep
el,h(u, χ) ≥ C

(
ˆ

Ω
|∇u− χ|p + h∥DRνχ∥(Ω) + h

)
,

with ν ∈ S1 such that ν · v = 0.

We emphasize that the result on the isotropic case is not new. It only recovers the setting
already analysed in [Lor09] for the general N -well problem in two-dimensions which in [Lor09] is
even considered with SO(2) symmetry. In the two-well case, it recovers the result from [CM99].
Our main contribution is the bound in the anisotropic setting. Its proof relies on similar ideas as
in [Lor09].

1.4.2. Applications. We will consider two prototypical examples – the Lorent three-well setting
and the Tartar square. In both settings, it is interesting to trace the effects of anisotropy.

We begin by discussing the discrete version of the Lorent three-well problem, introduced in
Section 1.1.2. It admits laminates up to order two.

Corollary 1.6. Let Ω = (0, 1)2, R ∈ SO(2), T R
h be the triangulation defined in (11), K3 be

given in (4), and F ∈ Klc
3 \ K = K1

3 ∪ K2
3, cf. (5). Let Eel,h(u, χ) := E2

el,h(u, χ) be defined in
(13) for p = 2 and u ∈ A2,R

h,F , χ ∈ CR
h , cf. (12). Then there are constants C = C(R,F ) > 0 and

h0 = h0(R,F ) > 0 such that one of the following applies.
(i) Isotropic setting. If R ∈ SO(2) is such that RT e1 /∈ {±e1,±e2,±2−1/2(e1 + e2)} we

have for any h ∈ (0, h0)

inf
u∈A2,R

h,F

inf
χ∈CR

h

Eel,h(u, χ) ≥
{
Ch

2
3 , F ∈ K1

3,

Ch
1
2 , F ∈ K2

3.

(ii) Anisotropic setting. If RT e1 ∈ {±e1,±e2,±2−1/2(e1 + e2)} it holds for any h ∈ (0, h0)

inf
u∈A2,R

h,F

inf
χ∈CR

h

Eel,h(u, χ) ≥
{
Ch, F ∈ K1

3,

Ch
2
3 , F ∈ K2

3.

Moreover, the matching upper bounds hold, that is for every h ∈ (0, h0)

inf
u∈A2,R

h,F

inf
χ∈CR

h

Eel,h(u, χ) ≤
{
C−1h

2
3 , F ∈ K1

3,

C−1h
1
2 , F ∈ K2

3,

in the isotropic setting, and

inf
u∈A2,R

h,F

inf
χ∈CR

h

Eel,h(u, χ) ≤
{
C−1h, F ∈ K1

3,

C−1h
2
3 , F ∈ K2

3,

in the anisotropic setting.
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Let us comment on these results. In the isotropic setting, we recover the lower scaling bounds
from the continuous setting. A discretized version of the upper bounds from the continuous
setting shows that these estimates are sharp. The more interesting setting arises in the anisotropic
situation. Here, for second order laminate boundary conditions, the lower bounds also match the
anisotropic ones in the Lorent three-well problem in Theorem 1. For boundary data consisting
of first order laminates, we observe a difference to the continuum – due to the limitation of the
size of the lengths scales, a scaling bound of the order h emerges in the discrete setup, while
it vanishes completely in the continuum. Again, a discretization of the upper bounds from the
continuous setting yields the sharpness of these estimates. We expect that similar behaviour is
observed for other well configurations.

As a second example and as an extreme case, we consider the setting of the Tartar square.
This is a setting of four diagonal matrices which play a prominent role both in inner-mathematical
settings [Tar93, MŠ03, FS08] and materials [CS13, BFJK94, IKR+24]. Indeed, while these four
diagonal matrices are pairwise incompatible, they still admit microstructure and display a first loss
of rigidity in that approximate solutions become flexible. They are given by T4 := {A1, A2, A3, A4}
with

A1 =
(

−1 0
0 −3

)
, A2 =

(
−3 0
0 1

)
, A3 =

(
1 0
0 3

)
, A4 =

(
3 0
0 −1

)
.(16)

As is well-known in the case of the Tartar square, we have that T lc
4 = T4, but its quasiconvex

hull is given by T qc
4 := {J1, J2, J3, J4}conv ∪

4⋃
j=1

[Aj , Jj ] (see [Rin18, Theorem 9.4]), where for a

set M ⊂ Rd×d, the notation M conv denotes the convex hull of M . Here the auxiliary matrices
J1, . . . , J4 are given as

J1 =
(

−1 0
0 −1

)
, J2 =

(
−1 0
0 1

)
, J3 =

(
1 0
0 1

)
, J4 =

(
1 0
0 −1

)
.(17)

With this notation in hand, we prove the following scaling law for the discrete version of the
Tartar energy.

Corollary 1.7. Let Ω = (0, 1)2, R ∈ SO(2), and let T4 = {A1, A2, A3, A4} be the Tartar square
given in (16) and let F ∈ T qc

4 \ T4. Consider the discrete energy Eel,h(u, χ) := E2
el,h(u, χ) for

u ∈ A2,R
h,F , χ ∈ CR

h , cf. (12), defined in (13). Then, for any R ∈ SO(2) and any η > 0 there exist
constants Cη > 0, C = C(F,R) > 0 and h0 = h0(F,R) > 0 such that for all h ∈ (0, h0)

inf
u∈A2,R

h,F

inf
χ∈CR

h

Eel,h(u, χ) ≥ C exp(−Cη| log h| 1
2 +η).

Let us comment on this result. Contrary to the setting from Corollary 1.6, the lower scaling
bound holds for all lattice structures in our class of lattices, independently of the choice of the
rotation R. This is due to the fact that the Tartar square is extremely rigid, in the sense that
no rank-one connections are present. Hence, independently of the precise lattice structure, the
lower bound directly follows from an application of the isotropic setting from Theorem 5 for any
rotation R ∈ SO(2). We remark that the lower bound is essentially sharp. An upper bound of
the form C−1 exp(−C ′| log h| 1

2 ) (with a constant C ′ > 0) had been deduced in [Chi99]. The loss
of η > 0 in the exponent in Corollary 1.7 is expected to be a technical artifact, which had already
been present in the discussion of its continuous counterpart in [RT22].

1.5. Relation to the literature. Let us connect our results to the literature on martensitic
phase transformations. In the literature, martensitic phase transformations are considered with
various types of surface energies, including sharp [KM94, KM92, CO12, CO09], diffuse [Zwi14],
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mixed ones [BMC09] and discrete regularizations [Dol03, Lor01, Lor09, BC07]. In fact, Lorent
[Lor09] proved that under additional technical assumptions on the finite element discretization,
for a model with frame indifference, the discrete and continuous, diffuse energies are scaling
equivalent. We refer to [KK11, CC14, CC15, CDZ17, KO19, RTZ18, RRT23, RT24, GRTZ24,
TZ25, AKKR24, IKR+24] for further results on scaling laws for shape-memory alloys with various
types of surface energy regularizations. Also experimentally, one observes different transitions: In
[BVTA86] one observes atomistically sharp interfaces while in [MVTA86] rather diffuse boundaries
are observed. Measurements of surface energies are experimentally notoriously difficult and,
hence, the precise structure is often not known. Thus, it is particularly important to deduce
mathematical results independently of the precise form of the surface energies. By discussing
the scaling laws from [RT23b, RT22] in the context of various surface regularizations, it is our
objective to illustrate and prove that these results are rather robust in the choice of the surface
energies and to identify for an interesting class of martensitic phase transformations minimal
anisotropic conditions recovering the known scaling laws for isotropic singular perturbation
contributions.

1.6. Outline of the article. The remainder of the article is structured as follows. We begin
by discussing some preliminary results in Section 2. In particular, we recall the relevant BV
set-up and the associated high-frequency bounds and the Fourier analysis from [RT22, RT23b].
In Section 3 we turn to the setting of anisotropic, sharp surface energies. We present both upper
and lower bound results in the outlined highly anisotropic settings and thus provide the proofs of
Theorems 1 and 2. In Section 4 we turn to the discussion of diffuse energies. Here we provide
comparison results such as Theorem 3 which relate diffuse surface energies with the sharp energies
and also present the lower bounds in the setting of anisotropic fractional energies. Finally, we
consider discrete (anisotropic) situations in Section 5 and present the proof of Theorem 5 and the
applications from Corollaries 1.6 and 1.7.

2. Preliminaries

In this section, we collect various auxiliary results which we will use in the following sections.

2.1. On the lamination convex hull. For the convenience of the reader we recall the lamination
convex hull of a set K ⊂ Rd×d.

Definition 2.1. Let K ⊂ Rd×d. The lamination convex hull Klc of K is given by

Klc :=
∞⋃

j=0
K(j),

where

K(0) := K, K(j) := {λA+ (1 − λ)B : A,B ∈ K(j−1), λ ∈ [0, 1], rank(A−B) = 1}.

For j ≥ 1, we refer to the elements of Kj := K(j) \ K(j−1) as laminates of order j.

In what follows below, we will prove that in our geometric settings with anisotropic surface
energies, the interaction between the directional dependences in the anisotropy (in the surface
energies) and the lamination orders of the boundary data will determine the scaling behaviour of
the investigated microstructures.
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2.2. Directional derivative in a BV sense. Given Ω ⊆ Rd open, for a function f ∈ BV (Ω;Rn)
we denote the total variation norm of the measure Df by ∥Df∥T V (Ω). Building on the definition
of BV functions, we consider functions for which only a single directional derivative exists as
a measure. Let f ∈ L1(Ω;Rn) and ν ∈ Sd−1. We write f ∈ BVν(Ω;Rn) if the distributional
derivative of f in direction ν is a Rn-valued Radon-measure, denoted by Dνf , i.e. for every
ϕ ∈ C∞

c (Ω;Rn) it holds that
ˆ

Ω
f · ∂νϕdx = −

ˆ

Ω
ϕ · d(Dνf).

The total variation norm of this measure, again denoted by ∥Dνf∥T V (Ω), is given as

∥Dνf∥T V (Ω) = sup
{
ˆ

Ω
f · ∂νϕdx : ϕ ∈ C1

c (Ω;Rn), ∥ϕ∥∞ ≤ 1
}
.

As shown in [AFP00, Thm 3.103], for f ∈ BVν(Ω;Rn) it holds

∥Dνf∥T V (Ω) =
ˆ

Ων

∥Dfν
y ∥T V (Ων

y)dy,(18)

where we introduce the notation

Ων := Πν⊥Ω ⊂ Rd

as the orthogonal projection of Ω onto ν⊥, and for y ∈ Ων , we set

Ων
y := {t ∈ R : y + tν ∈ Ω} ⊂ R.

Hence, the total variation norm of Dνf is given by integration of the one-dimensional total
variation norms of the distributional derivatives of

fν
y : Ων

y → Rn, fν
y (t) := f(y + tν).

In particular, for f ∈ BVν(Ω;Rn) for almost every y ∈ Ων we have fν
y ∈ BV (Ων

y ;Rn).
As a remark, let E ⊂ Ω be a set of finite perimeter, then it holds

∥DνχE∥T V (Ω) =
ˆ

∂E∩Ω
|n∂E · ν|dHd−1,

where n∂E is the outer unit normal of E. We will often exploit this in the sequel.

2.3. Directional high frequency control. As a preparation for our discussion of sharp energies,
we deduce lower bounds for the surface energies. Here we follow similar ideas as in [CO12, CO09,
RT22, RRT23] but with only directional control for the surface energies. For the convenience
of the reader, we hence recall the arguments. These arguments use Fourier methods, thus let
us recall the definition of the Fourier transform of one-periodic functions u ∈ L2(Td;Rn) as
F [u] ∈ ℓ2(Zd;Cn)

F [u](k) := û(k) :=
ˆ

Td

u(x)e−2πik·xdx, k ∈ Zd.(19)

In the following, we often consider the one-periodic extension of a function u ∈ L2((0, 1)d;Rn)
without changing the notation and hence also define the Fourier transform of such functions as
above.

In order to motivate our arguments in the following sections, we recall part of the strategy
from the isotropic setting from [CO12, CO09, RT22, RRT23] in two dimensions. As a central
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ingredient for the lower bound, we use the surface energy to control high frequencies. More
precisely, viewing χ ∈ BV ((0, 1)2; K) as a periodic function, we have

∑

|k|≥λ

|χ̂(k)|2 ≤ Cλ−1(∥Dχ∥T V ((0,1)2) + Per((0, 1)2)).

As a complementary step, the elastic energy is used to control the frequencies of the associated
“multiplier” in the form of a coercivity bound in the complement of certain non-elliptic regions.
The analysis of these multipliers shows that the only regions without coercivity are given by the
complement of cones (cf. the discussion below). As a consequence, it seems natural to conjecture
that it suffices to have only control of high frequencies in direction of the axes of these cones
instead of requiring control in all directions.

Our first step towards the anisotropic setting, thus, is showing an analogous high frequency
control as above, but using only a single direction.

Lemma 2.2. Let d ≥ 2, n ≥ 1, let Ω = (0, 1)d, ν ∈ Sd−1, and f ∈ BVν(Ω;Rn) ∩ L∞(Ω;Rn),
then there is a constant C = C(d) > 0 independent of ν and f , such that for any λ > 0 it holds

∑

k∈Zd:|k·ν|≥λ

|f̂(k)|2 ≤ Cλ−1∥f∥L∞
(
∥Dνf∥T V (Ω) + ∥f∥L∞Per(Ω)

)
,

where we extend f one-periodically.

Proof. We preliminarily notice that, in the case λ ≤ 1, the statement is straightforward. Indeed,
∑

k∈Zd:|k·ν|≥λ

|f̂(k)|2 ≤ ∥f∥2
L2(Ω) ≤ ∥f∥2

L∞(Ω) ≤ λ−1∥f∥2
L∞(Ω),

which yields the statement by taking C ≥ Per(Ω)−1. We are then left to prove the result in the
case λ > 1.

We use the notation introduced in Section 2.2, i.e. we set Ων = Πν⊥Ω the orthogonal projection
of Ω onto ν⊥, and for y ∈ Ων we set Ων

y = {t ∈ R : y + tν ∈ Ω}. For given f ∈ BVν(Ω;Rn), we
consider the one-periodic extension of f . Thus, let us first consider f ∈ BVν(Td;Rn).

Step 1: Estimate on a difference quotient. We claim that, for every |h| < 1
ˆ

Td

|f(x+ hν) − f(x)|
|h| dx ≤ ∥Dνf∥T V (Td).(20)

To show (20), we begin by noting that for a given connected domain of integration Q ⊂ Rd

and for fν
y ∈ BV (Qν

y ;Rn), by the Fundamental Theorem (and approximation), we obtain that
ˆ

Qν
y∩(Qν

y−h)
|fν

y (t+ h) − fν
y (t)|dt ≤ |h|∥Dfν

y ∥T V (Qν
y).

We choose Q ⊂ Rd as a rotated cube with one face in direction ν, such that Ω ⊂ Q∩ (Q− hν),
see Figure 4. Thus, by (18) and the periodicity of f
ˆ

Td

|f(x+ hν) − f(x)|dx ≤
ˆ

Q∩(Q−hν)
|f(x+ hν) − f(x)|dx

=
ˆ

Qν

ˆ

Qν
y∩(Qν

y−h)
|fν

y (t+ h) − fν
y (t)|dtdy

≤ |h|
ˆ

Qν

∥Dfν
y ∥T V (Qν

y)dy = |h|∥Dνf∥T V (Q) ≤ |h|C(Q, d)∥Dνf∥T V (Td),

where the constant C(Q, d) ≥ #{z ∈ Zd : (Ω + z) ∩ Q ≠ ∅} > 0 is chosen large enough and
independent of ν such that it is larger than the number of copies of Ω required to cover Q.
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Ω
Ω + hν

Q

Figure 4. Illustration of the choice Q, with Q ∩ (Q− hν) highlighted in blue.

Step 2: Fourier estimate. Let f ∈ BVν(Ω;Rn) ∩ L∞(Ω;Rn) be as in the statement. Then by
step 1, the one-periodic extension, still denoted by f , satisfies
ˆ

Td

|f(x+ hν) − f(x)|2
|h| dx ≤ 4∥f∥L∞

ˆ

Td

|f(x+ hν) − f(x)|
|h| dx ≤ 4C∥f∥L∞∥Dνf∥T V (Td).

With this estimate in hand, we can reformulate the difference quotient in Fourier space which
turns the estimate into

4C∥f∥L∞∥Dνf∥T V (Td) ≥ |h|−1
∑

k∈Zd

|(e2πihk·ν − 1)f̂(k)|2.

Integrating this inequality for L < 1 over h ∈ (−L,L), we get

8LC∥f∥L∞∥Dνf∥T V (Td) ≥ L−1
ˆ L

−L

∑

k∈Zd

|e2πihk·ν − 1|2|f̂(k)|2dh

= L−1
∑

k∈Zd

|f̂(k)|2
ˆ L

−L

|e2πihk·ν − 1|2dh.

Calculating the integral on the right-hand side yields for k · ν ̸= 0
ˆ L

−L

|e2πihk·ν − 1|2dh =
ˆ L

−L

(2 − 2 cos(2πhk · ν))dh =
[
2h− 2 sin(2πhk · ν)

2πk · ν
]L

h=−L

= 4L− 4 sin(2πLk · ν)
2πk · ν ≥ 4L− 2

π|k · ν| .

Hence, after restricting the series in k to |k · ν| ≥ L−1

8LC∥f∥L∞∥Dνf∥T V (Td) ≥ L−1
∑

|k·ν|≥L−1

|f̂(k)|2(4L− 2
π|k · ν| )

≥ L−1
∑

|k·ν|≥L−1

|f̂(k)|2(4L− 2
πL−1 )

= 4π − 2
π

∑

|k·ν|≥L−1

|f̂(k)|2.

Setting L = λ−1 < 1, and observing that ∥Dνf∥T V (Td) ≤ ∥Dνf∥T V (Ω) + ∥f∥L∞Per(Ω), shows
the statement. □
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2.4. Fourier localization. In this section we recall some of the relevant tools to derive our
Fourier-based lower bounds in Section 1.1. They build on the strategy from [RT23b], see also
[CO09, KW16]. For this we introduce the following truncated cone for j ∈ {1, 2, . . . , d} and
µ, λ > 0

Cj,µ,λ := {k ∈ Zd : |k|2 − k2
j ≤ µ2|k|2, |kj | ≤ 2

|ν1|λ},(21)

and the following (infinitely extended) cones
Cj,µ := {k ∈ Zd : |k|2 − k2

j ≤ µ2|k|2}.(22)
For these cones let mj,µ,λ(D),mj,µ(D) be the corresponding Fourier multipliers acting on f ∈
L2(Td;R) as

mj,µ,λ(D)f(x) =
∑

k∈Zd

mj,µ,λ(k)f̂(k)e2πik·x.

They are given (for instance) by

mj,µ,λ(k) =
(
1 − φ(2|k|)

)
φ
(
√

|k|2 − k2
j

µ|k|
)
φ
( |ν1||kj |

2λ

)
+ φ(2|k|) ∈ C∞(Rd),

mj,µ(k) =
(
1 − φ(2|k|)

)
φ
(
√

|k|2 − k2
j

µ|k|
)

+ φ(2|k|) ∈ C∞(Rd),

(23)

where
φ ∈ C∞([0,+∞); [0, 1]), φ(x) = 1, φ′(x) ≤ 0, x ∈ [0, 1], φ(x) = 0, x /∈ (0, 2).

Thus the multipliers satisfy for k ∈ Zd

mj,µ,λ(k) = 1, k ∈ Cj,µ,λ, mj,µ,λ(k) = 0, k /∈ Cj,2µ,2λ,

mj,µ(k) = 1, k ∈ Cj,µ mj,µ(k) = 0, k /∈ Cj,2µ.

With this choice of multipliers we are able to apply Marcinkiewicz’s multiplier theorem [Gra08,
Cor. 6.2.5] (combined with the transference principle [Gra08, Thm. 4.3.7]). These multipliers
have been considered in the context of shape-memory alloys in [RT22, RT23b].

We start by giving a Fourier interpretation of the elastic energy. For notational convenience,
here and in what follows below, we will use the notation Rd×d

diag to denote the diagonal matrices.

Lemma 2.3. Let d ≥ 2 and Ω = (0, 1)d. For u ∈ H1
0 (Ω;Rd) and χ ∈ L2(Ω;Rd×d

diag) let the elastic
energy Eel(u, χ) be given by

Eel(u, χ) =
ˆ

Ω
|∇u− χ|2dx.

Then,

Eel(u, χ) ≥ |χ̂(0)|2 +
∑

k∈Zd\{0}

d∑

j=1

|k|2 − k2
j

|k|2 |χ̂jj(k)|2,

where we consider the one-periodic extensions of u and χ without changing the notation.

Proof. We consider the one-periodic extensions of u and χ and switch to Fourier space

Eel(u, χ) = |χ̂(0)|2 +
∑

k∈Zd\{0}
|2πiû⊗ k − χ̂|2.
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For any given χ, we solve the related Euler-Lagrange equation. That is, we choose û(k) such that
it fulfils

2πi(û⊗ k)k = χ̂k, k ̸= 0.
Plugging this choice of û(k) into the above Fourier representation and using that χ is diagonal
then gives the desired result. □

Combining Lemmata 2.2 and 2.3, we can deduce a first Fourier localization argument.

Lemma 2.4. Let d ≥ 2, Ω = (0, 1)d, and ν ∈ Sd−1 be such that ν · e1 ̸= 0. Consider the energy
to be given for ϵ > 0 and χ ∈ BVν(Ω;Rd×d

diag) ∩ L∞(Ω;Rd×d
diag) by

Eϵ(χ) = inf
u∈H1

0 (Ω;Rd)

ˆ

Ω
|∇u− χ|2dx+ ϵ∥Dνχ∥T V (Ω).

Extending χ one-periodically and considering the cones C1,µ,λ and Cj,µ for µ ∈ (0, |ν1|
2 ), λ > 0,

and j = 2, 3, . . . , d defined in (21) and (22) it holds
∑

k /∈C1,µ,λ

|χ̂11(k)|2 +
d∑

j=2

∑

k /∈Cj,µ

|χ̂jj(k)|2 ≤ C
(
µ−2 + ∥χ∥L∞(λϵ)−1)Eϵ(χ) + C∥χ∥2

L∞λ−1Per(Ω),

where C = C(d) > 0 is a constant independent of ν, µ, λ and χ.

Proof. By Lemma 2.3, we get

inf
u∈H1

0 (Ω;Rd)

ˆ

Ω
|∇u− χ|2dx ≥

d∑

j=1

∑

k∈Zd

|k|2 − k2
j

|k|2 |χ̂jj(k)|2,

where we set the multiplier to be equal to one for k = 0. For j ∈ {1, . . . , d} and k /∈ Cj,µ it
therefore holds

|k|2 − k2
j

|k|2 > µ2,

and thus
d∑

j=1

∑

k /∈Cj,µ

|χ̂jj(k)|2 ≤ µ−2
d∑

j=1

∑

k∈Zd

|k|2 − k2
j

|k|2 |χ̂jj(k)|2 ≤ µ−2 inf
u∈H1

0 (Ω;Rd)

ˆ

Ω
|∇u− χ|2dx.(24)

To improve the estimate on χ11 to a bound outside of the truncated cone C1,µ,λ instead of in
the complement of the infinitely extended cone C1,µ, we note that due to the assumptions that
ν · e1 ̸= 0 and µ < |ν1|

2

{k ∈ Zd : |k|2 − k2
1 ≤ µ2|k|2, |k · ν| ≤ λ} ⊂ C1,µ,λ.

Indeed, for k = (k1, k
′) and ν = (ν1, ν

′) ̸= ±e1, using that µ < |ν1|
2 , we have µ2/(1 − µ2) ≤

|ν1|2/(4|ν′|2). Hence, for k such that |k · ν| ≤ λ and |k′|2 = |k|2 − k2
1 ≤ µ2|k|2, by exploiting the

reverse triangle inequality we observe that

|k · ν| = |k1ν1 + k′ · ν′| ≥ |k1||ν1| − µ|k||ν′| ≥ |k1|
(

|ν1| − µ|ν′|√
1 − µ2

)
≥ |k1| |ν1|

2 .(25)

Hence, it holds that

|k1| ≤ 2
|ν1|λ.

Note, that here it is of importance that ν1 ̸= 0.
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By (24) and Lemma 2.2 it follows that
∑

k /∈C1,µ,λ

|χ̂11(k)|2 ≤
∑

k /∈C1,µ

|χ̂11(k)|2 +
∑

|k·ν|>λ

|χ̂11(k)|2

≤ µ−2
∑

k∈Zd

|k|2 − k2
1

|k|2 |χ̂11(k)|2

+ C(d)λ−1∥χ11∥L∞
(
∥Dνχ11∥T V (Ω) + ∥χ11∥L∞Per(Ω)

)
.

Summing this estimate and (24) for j = 2, 3, . . . , d, we get for χ ∈ L∞(Ω;Rd×d
diag)

∑

k /∈C1,µ,λ

|χ̂11(k)|2 +
d∑

j=2

∑

k /∈Cj,µ

|χ̂jj(k)|2 ≤ C(d)(µ−2 + ∥χ∥L∞(λϵ)−1)Eϵ(χ)

+ C(d)∥χ∥2
L∞λ−1Per(Ω).

□

With this result we have a combination of an ellipticity estimate of the form (24) and a high
frequency control in one direction using Lemma 2.2. The next result provides a low frequency
control, with similar methods as in [RT23b, Lem. 4.2].

Lemma 2.5. Assume that the same conditions hold as in Lemma 2.3 and further assume that
infu∈H1

0 (Ω;Rd) Eel(u, χ) > 0. Viewing χ ∈ L2(Ω;Rd×d
diag) as a function on Td, there is a constant

C > 0 such that for any λ̄ > 1
∑

|k1|≤λ̄

|χ̂11(k)|2 ≤ Cλ̄2 inf
u∈H1

0 (Ω;Rd)
Eel(u, χ).

Proof. The proof relies on the diagonal structure of χ and the zero boundary data which we
impose on the functions u. For u ∈ H1

0 (Ω;Rd), seen as a function on Td, it holds by Poincaré’s
inequality in x2 and as χ12 = 0

∑

|k1|≤λ̄

|û1(k)|2 ≤
ˆ

Ω
|u1(x)|2dx ≤

ˆ

Ω
|∂2u1(x)|2dx

=
ˆ

Ω
|∂2u1 − χ12|2dx ≤ Eel(u, χ).

Choosing v ∈ H1
0 (Ω;Rd) such that Eel(v, χ) ≤ 2 infu∈H1

0 (Ω;Rd) Eel(u, χ), where we use that
infu∈H1

0 (Ω;Rd) Eel(u, χ) > 0, implies for λ̄ > 1
∑

|k1|≤λ̄

|χ̂11(k)|2 ≤ 2
∑

|k1|≤λ̄

(
|∂̂1v1(k) − χ̂11(k)|2 + |2πik1v̂1(k)|2

)

≤ 2Eel(v, χ) + 8π2λ̄2
∑

|k1|≤λ̄

|v̂1(k)|2

≤ Cλ̄2Eel(v, χ) ≤ 2Cλ̄2 inf
u∈H1

0 (Ω;Rd)
Eel(u, χ)

which yields the result. □

As a final ingredient, for more than two wells, we rely on a commutator estimate. With this we
can use the truncation of one cone, cf. Lemma 2.4, and carry it over to another one and reduce
its size in the process. This gives rise to an iterative procedure, where the number of iterations
determines the scaling in Theorems 1 and 2.
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Lemma 2.6 ([RT22, Lem. 3], [RT23b, Prop. 4.6]). Let d ≥ 2, Ω = (0, 1)d, ν ∈ Sd−1 with
ν · e1 ̸= 0. For µ ∈ (0, |ν1|

2 ) and λ > 0, let m1,µ,λ(D) be given by (23). Moreover, for t > 0 let
ψt(x) = max{|x|, |x|t}. Let f1, f2 ∈ BVν(Ω;R) ∩ L∞(Ω;R) and let g : R → R be a polynomial of
degree two with f2 = g(f1). Then for any γ ∈ (0, 1) there is a constant C = C(g, γ, ∥f1∥L∞) > 0
such that

∥f2 − g(m1,µ,λ(D)f1)∥L2 ≤ Cψ1−γ (∥f1 −m1,µ,λ(D)f1∥L2) .

Proof. By the triangle inequality we can assume without loss of generality that g(x) = x2.
Invoking Hölder’s inequality, we get

∥f2 − g(m1,µ,λ(D)f1)∥L2 =
∥∥∥f2

1 − (m1,µ,λ(D)f1)2
∥∥∥

L2

≤ ∥f1 −m1,µ,λ(D)f1∥L2+2γ ∥f1 +m1,µ,λ(D)f1∥
L

2+2γ
γ
.

By virtue of the interpolation inequality of Lp spaces and the Lp-Lp multiplier bounds from
Marcinkiewicz’s theorem and the transference principle [Gra08, Cor. 6.2.5, Thm. 4.3.7], we get
the desired estimate. For details we refer to [RT23b, Prop. 4.6]. □

Corollary 2.7. Let d ≥ 2, Ω = (0, 1)d, ν ∈ Sd−1 with ν · e1 ̸= 0, λ > 0, and µ ∈ (0, |ν1|
16 ). Let

χ ∈ BVν(Ω;Rd×d
diag) ∩ L∞(Ω;Rd×d

diag), extended one-periodically, and suppose that
d∑

j=2
αjχjj = g(χ11),

for a polynomial g : R → R of degree two and coefficients αj ∈ R. Let mj,µ,λ and mj,µ be as in
(23). Then for any γ ∈ (0, 1) there is C = C(d, g, γ, ∥χ11∥L∞) > 0 such that

∥∥∥
d∑

j=2
αjmj,µ(D)χjj − g(m1,µ,λ(D)χ11)

∥∥∥
L2

≤ Cψ1−γ(∥χ11 −m1,µ,λ(D)χ11∥L2)

+
d∑

j=2
|αj |∥χjj −mj,µ(D)χjj∥L2 .

(26)

Moreover, there is M > 0 such that for λ2 = Mµλ < λ it holds that
d∑

j=2
|αj |∥χjj −mj,µ,λ2(D)χjj∥L2 ≤ Cψ1−γ(∥χ11 −m1,µ,λ(D)χ11∥L2)

+ 2
d∑

j=2
|αj |∥χjj −mj,µ(D)χjj∥L2 .

Proof. The first statement is a direct consequence of Lemma 2.6 and the triangle inequality:
∥∥∥

d∑

j=2
αjmj,µ(D)χjj − g(m1,µ,λ(D)χ11)

∥∥∥
L2

≤
∥∥∥

d∑

j=2
αjmj,µ(D)χjj −

d∑

j=2
αjχjj

∥∥∥
L2

+
∥∥∥

d∑

j=2
αjχjj − g(m1,µ,λ(D)χ11)

∥∥∥
L2

≤
d∑

j=2
|αj |∥χjj −mj,µ(D)χjj∥L2 + ∥f2 − g(m1,µ,λ(D)f1)∥L2 ,
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with f1 = χ11 and f2 =
∑d

j=2 αjχjj .
To see the second claim, we note that, since the support of F [g(m1,µ,λ(D)χ11)] is contained in

C1,2µ,2λ + C1,2µ,2λ (in the sense of the Minkowski sum), there is an M > 0, independent of µ, λ,
ν, such that with λ2 = Mµλ

F [g(m1,µ,λ(D)χ11)](k) = 0, for |kj | > 2
|ν1|λ2, for any j ∈ {2, . . . , d}.(27)

Furthermore, we use that |mj,µ(k) −mj,µ,λ2(k)| ≤ χ{k:|kj |≥ 2
|ν1| λ2}(k)mj,µ(k), thus

∥mj,µ(D)χjj −mj,µ,λ2(D)χjj∥L2 ≤ ∥χ{k:|kj |≥ 2
|ν1| λ2}(D)mj,µ(D)χjj∥L2 ,

and after an application of the triangle inequality
∥χjj −mj,µ,λ2(D)χjj∥L2 ≤ ∥χjj −mj,µ(D)χjj∥L2

+ ∥χ{k:|kj |≥ 2
|ν1| λ2}(D)mj,µ(D)χjj∥L2 .

(28)

Here, with slight abuse of notation, we define χ{k:|kj |≥ 2
|ν1| λ2}(D) as the Fourier multiplier associ-

ated with the function χ{k:|kj |≥ 2
|ν1| λ2}(k) in Fourier space.

Using the fact that as µ < 1
2

√
2 we have mj,µ(k)mℓ,µ(k) = δ0(k) for j ̸= ℓ, we see that

mj,µ(D)χjj and mℓ,µ(D)χℓℓ have disjoint Fourier support away from zero. In particular the
functions αjχ{|kj |≥2|ν1|−1λ2}(D)mj,µ(D)χjj have pairwise disjoint Fourier support, hence, after
summing (28) over j = 2, . . . , d with the weights |αj |, we get

d∑

j=2
|αj |∥χjj −mj,µ,λ2(D)χjj∥L2 ≤

d∑

j=2
|αj |∥χjj −mj,µ(D)χjj∥L2

+ C(d)
∥∥∥

d∑

j=2
αjχ{|kj |≥ 2

|ν1| λ2}(D)mj,µ(D)χjj

∥∥∥
L2
.

(29)

In the following, we write k = (k1, k
′) with k′ = (k2, . . . , kd) ∈ Zd−1 and also use |k′|∞ =

max{|k2|, . . . , |kd|}. Since µ < 1
4 , we remark that χ{|kj |≥ 2

|ν1| λ2}(k)mj,µ(k) = χ{|k′|∞≥ 2
|ν1| λ2}(k)mj,µ(k)

for j = 2, . . . , d and moreover by (27), we can further control the second term in (29) as follows
∥∥∥

d∑

j=2
αjχ{|kj |≥ 2

|ν1| λ2}(D)mj,µ(D)χjj

∥∥∥
L2

=
∥∥∥χ{|k′|∞≥ 2

|ν1| λ2}(D)
( d∑

j=2
αjmj,µ(D)χjj − g(m1,µ,λ(D)χ11)

)∥∥∥
L2

≤
∥∥∥

d∑

j=2
αjmj,µ(D)χjj − g(m1,µ,λ(D)χ11)

∥∥∥
L2
.

(30)

Thus, gathering (29), (30) and the first statement (26), we can conclude
d∑

j=2
|αj |∥χjj −mj,µ,λ2(D)χjj∥L2 ≤ (C(d) + 1)

d∑

j=2
|αj |∥χjj −mj,µ(D)χjj∥L2

+ C(d)ψ1−γ(∥χ11 −m1,µ,λ(D)χ11∥L2).

□
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Let us compare the use of the nonlinear relation with the one from [RT23b]. In [RT23b]
the nonlinear relation is exploited in the form χkk = g(

∑
j ̸=k αjχjj). This strategy hence

requires working with truncated cones in all but one direction. In contrast, in the formulation
of Corollary 2.7, since the polynomial relation is inverted, it is clear why there is only a single
truncation necessary in order to “propagate” the truncation to the other diagonal entries.

Remark 2.8. In the sequel, when dealing with higher order laminates, we need to iterate the cone
localization from above. For this reason, we will exploit the following variant of Corollary 2.7,
whose proof is identical.

In the context of Corollary 2.7, let 1 ≤ k ≤ d be the component we want to (further) localize
and let λk > 0 denote the localization length of χkk. If χkk has the nonlinear relation

d∑

j=k+1
αjχjj = g(χkk)

then, for any γ ∈ (0, 1) and given λk+1 = Mµλk it holds that
d∑

j=k+1
|αj |∥χjj −mj,µ,λk+1(D)χjj∥L2 ≤ Cψ1−γ

(
∥χkk −mk,µ,λk

(D)χkk∥L2
)

+ 2
d∑

j=k+1
|αj |∥χjj −mj,µ(D)χjj∥L2 .

We will also apply Corollary 2.7 and the above variant by replacing ν · e1 with ν · en for some
1 ≤ n ≤ d, with the definitions of Cj,µ,λ, Cj,µ,mj,µ,λ and mj,µ modified accordingly.

2.5. Fractional surface energies in L2-based settings. For the proofs of the lower bound
of Theorems 1 and 2 we invoke Fourier methods, relying on Lemma 2.2 for the surface energy.
Therefore we can also replace the sharp surface energy by a fractional L2-based surface energy,
giving rise to a similar high frequency control as in Lemma 2.2.

By extending χ ∈ L∞((0, 1)d;Rd×d
diag) one-periodically, we consider for s ∈ (0, 1

2 )

Es
surf (χ) :=


 ∑

k∈Zd\{0}
|k · ν|2s|χ̂(k)|2




1
2s

.

It then follows directly that it holds

 ∑

k∈Zd:|k·ν|≥λ

|χ̂(k)|2



1
2s

≤ λ−1Es
surf (χ).

Based on this observation, we have an analogous result as in Lemma 2.4.

Lemma 2.9. Let d ≥ 2, Ω = (0, 1)d, and ν ∈ Sd−1 such that ν · e1 ̸= 0. Consider for ϵ > 0,
s ∈ (0, 1

2 ) and χ ∈ Hs
ν(Ω;Rd×d

diag), cf. (8), the following energy

Eϵ,s(χ) = inf
u∈H1

0 (Ω;Rd)

ˆ

Ω
|∇u− χ|2dx+ ϵEs

surf (χ).

Then, it holds
∑

k ̸∈C1,µ,λ

|χ̂11(k)|2 +
d∑

j=2

∑

k /∈Cj,µ

|χ̂jj(k)|2 ≤ ψ2s

(
(µ−2 + (λϵ)−1)Eϵ,s(χ)

)
,
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where, for µ ∈ (0, |ν1|
2 ), λ > 0, the cones C1,µ,λ, Cj,µ are given as in (21) and (22), and

ψt(x) = max{|x|, |x|t} for t > 0.

Proof. We argue as in the proof of Lemma 2.4. By Lemma 2.3 we have

Eϵ,s(χ) ≥
d∑

j=1

∑

k∈Zd

|k|2 − k2
j

|k|2 |χ̂jj(k)|2 + ϵ


 ∑

k∈Zd\{0}
|k · ν|2s|χ̂(k)|2




1
2s

.

Consequently, for j ∈ {1, . . . , d} and k /∈ Cj,µ we have |k|2 − k2
j ≥ µ2|k|2 and, hence,

d∑

j=1

∑

k /∈Cj,µ

|χ̂jj(k)|2 ≤ µ−2
d∑

j=1

∑

k∈Zd

|k|2 − k2
j

|k|2 |χ̂jj(k)|2 ≤ µ−2Eϵ,s(χ).

For the surface energy it is immediate that it holds
∑

|k·ν|≥λ

|χ̂(k)|2 ≤ λ−2s
∑

k∈Zd\{0}
|k · ν|2s|χ̂(k)|2 ≤ (λϵ)−2sEϵ,s(χ)2s.

Moreover, if we combine both the above estimates we arrive at

∑

k /∈C1,µ,λ

|χ̂11(k)|2 +
d∑

j=2

∑

k /∈Cj,µ

|χ̂jj(k)|2 ≤
d∑

j=1

∑

k /∈Cj,µ

|χ̂jj(k)|2 +
∑

|k·ν|≥λ

|χ̂11(k)|2

≤ µ−2Eϵ,s(χ) + (λϵ)−2sEϵ,s(χ)2s

≤ 2 max{(µ−2 + (λϵ)−1)Eϵ,s(χ),
(
(µ−2 + (λϵ)−1)Eϵ,s(χ)

)2s}
= 2ψ2s((µ−2 + (λϵ)−1)Eϵ,s(χ))

and the result is proven. □

As we will see below in Section 3 an estimate of this form is sufficient to deduce the lower
scaling estimates, consequently, we will be able to generalize Theorem 2 to fractional surface
energies as stated in Theorem 4.

3. Sharp surface energies – Proofs of Theorems 1 and 2

In this section we focus on the sharp anisotropic surface energies introduced in Section 1.1 and
seek to identify minimal assumptions on the surface energy in order to ensure the same scaling as
with isotropic surface energy penalizations.

3.1. Two-well problem. As motivation, we begin by considering a simple two-well gradient
inclusion ∇u ∈ {0, e1 ⊗ e1}. In the standard models in the literature a quantification of this
problem is most often considered with an isotropic surface penalization. There are also instances
where only the oscillation in e1 direction is penalized, as for instance in the seminal works
[KM94, KM92, Con00]. As we view the two-well problem as a prototypical model set-up which
we will then, in the following sections, generalize to more complex microstructures, we briefly
present the proof of Proposition 1.1.

We use similar Fourier methods as in [RT22, RT23b] and argue in three steps. We first give
the arguments for the lower and upper bounds in the case of ν · e1 ≠ 0, afterwards we present
the upper bound construction for ν · e1 = 0. With this we have a full characterisation of which
directions are required in the surface energy to have the same scaling as the isotropic surface
penalization.
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Proof of Proposition 1.1 for ν · e1 ̸= 0. Step 1: Lower bound. We first assume that Fα = 0 and
A−B = e1 ⊗ e1, namely A = (1 − α)e1 ⊗ e1, B = −αe1 ⊗ e1. The general case will be recovered
at the end of the proof. We define for χ ∈ BVν(Ω; {A,B})

Eϵ(χ) := inf
u∈AFα

Eϵ(u, χ) = inf
u∈AFα

ˆ

Ω
|∇u− χ|2dx+ ϵ∥Dνχ∥T V (Ω).

Thus, after extending χ and ∇u one-periodically, we can apply Lemma 2.3 to obtain
ˆ

Ω
|∇u− χ|2dx ≥

∑

k∈Zd\{0}

|k|2 − k2
1

|k|2 |f̂ |2 + |f̂(0)|2,

where we wrote f = χ11 ∈ BVν(Ω; {1 − α,−α}).
Lemma 2.4 then implies for µ ∈ (0, |ν1|

2 ), λ > 1
∑

k /∈C1,µ,λ

|f̂(k)|2 ≤ C(d, α)
(

(µ−2 + (λϵ)−1)Eϵ(χ) + λ−1Per(Ω)
)
,

where the truncated cone C1,µ,λ is defined in (21).
Moreover, by an application of Lemma 2.5 for λ̄ = 2

|ν1|λ > 1, for λ > 1 > |ν1|
2 ,

∑

|k1|≤2λ/|ν1|
|f̂(k)|2 ≤ C

λ2

|ν1|2Eϵ(χ).(31)

With this, we have control over the Fourier mass of f in the whole space partitioned into
Zd = (Cc

1,µ,λ ∩ Zd) ∪ {k ∈ Zd : |k1| ≤ 2
|ν1|λ}, cf. Figure 5, as follows

∑

k∈Zd

|f̂(k)|2 ≤
∑

|k1|≤2λ/|ν1|
|f̂(k)|2 +

∑

k /∈C1,µ,λ

|f̂(k)|2

≤ C

(
λ2

|ν1|2 + µ−2 + (λϵ)−1
)
Eϵ(χ) + Cλ−1Per(Ω).

To balance the first two terms λ2ν−2
1 + µ−2, the optimal choice of µ is µ ∼ λ−1|ν1|, e.g.

µ = |ν1|
2 λ−1 < |ν1|

2 . This yields
∑

k∈Zd

|f̂(k)|2 ≤ C

(
λ2

ν2
1

+ (λϵ)−1
)
Eϵ(χ) + Cλ−1Per(Ω),

which again we optimize in λ, by choosing λ = |ν1| 2
3 ϵ−

1
3 > 1 for ϵ < |ν1|2.

By this choice, and as
∑

k∈Zd |f̂(k)|2 =
´

Ω |f(x)|2dx ≥ min{1 − α, α}2, after an absorption of
the perimeter term into the left-hand side, we derive the lower scaling bound for ϵ < ϵ0(|ν1|, α, d)

Eϵ(χ) ≥ C|ν1| 2
3 ϵ

2
3 .

Fixing ϵ0 < |ν1|2 we can also ensure λ > 1 as required above.
For the general case Fα ̸= 0 and A − B = a ⊗ e1 for a ∈ Rd \ {0} we consider the func-

tions ũ = R(u − Fαx), χ̃ = R(χ − Fα) with a rotation R ∈ SO(d) such that Ra = |a|e1, then
χ̃ = |a|fe1 ⊗ e1, and we can apply the above arguments as Eϵ(χ̃) ∼ Eϵ(χ).

Step 2: Upper bound. Since simple branching constructions are well-understood (cf. [KM94,
CC15]), our sole goal in this step is to make the ν1 dependence of the prefactor explicit. For this,
our proof is only a minor adaptation of the “usual” branching construction (see, for instance,
[RT23b, Lemma 3.2]), and we work only in two dimensions for simplicity. For later use (cf.

185



ON SURFACE ENERGIES IN SCALING LAWS FOR SINGULAR PERTURBATION PROBLEMS 25

ν

Figure 5. Illustration of regions of different Fourier mass control in the two-well
setting. Choosing λ̄ = λ̄(λ) such that the blue (dashed) and orange (dotted)
circles coincide we control the Fourier mass everywhere.

proof of Lemma 3.3 below) we provide the main estimate on a general rectangular domain
Q = (0, L) × (0, H), which in particular includes the case of the unit square.

For the reader’s convenience, we recall that the domain Q is subdivided in cells {ωj,k : j =
0, . . . , j0 + 1, k = 1, . . . , 2jN} for some N ∈ N sufficiently large, where the cells ωj,k coincide (up
to translations) with (0, ℓj) × (0, hj), where

(32) ℓj := L

N2j
, hj := (1 − θ)H

2 θj ,

for some θ ∈ (1/4, 1/2). We refer to Figure 6 for an illustration of this. One produces a
lamination (which doubles the frequency from the bottom to the top) in a reference rectangular
cell ω = (0, ℓ) × (0, h), cf. Figure 6(a). This lamination is transferred on every ωj,k via rescaling,
then obtaining the global construction by attaching all the self-similar copies together, see
Figure 6(b).

In particular for the constructed functions u ∈ W 1,∞(Ω;R2), χ ∈ BV (Ω; {A,B}) it holds
∇u ∈ BV (Ω;R2×2), ∥∇u∥L∞ ≤ C(α,Ω), ∥D∇u∥T V (Ω) ≤ C(α,Ω)(∥Dχ∥T V (Ω) + Per(Ω)).(33)
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ℓ

h

ω1 ω2 ω3 ω4

(a) Unit cell ω for the branch-
ing construction. At the top the
oscillation is twice as fast com-
pared to the bottom.

(b) Self similar refinement of the unit cell.

Figure 6. Branching construction in the unit cube.

In what follows, we now make the ν dependence explicit by considering the unit-cell construction
in more detail. The interfaces of the optimal (in the sense of scaling) construction in ω (see
[RT23b, Lemma 3.1] for details) are either given by a straight line with unit normal e1, or normal
in direction (−h, 1−α

2 ℓ)T , and thus, denoting the normal by n, in the first case it holds that
|n · ν| = |ν1| and in the second case

|n · ν| ≤ C(α)(|ν1| + ℓ

h
|ν2|).

Hence, through a scaling argument and by summing all the self-similar contributions of ωj,k, we
get for sufficiently large N ∈ N

(34)
ˆ

Q

|∇u− χ|2dx+ ϵ∥Dνχ∥T V (Q) ≤ C(α)
(

L3

N2H
+ ϵHN |ν1| + ϵLj0|ν2|

)
,

for

j0 + 1 ∼ log
(HN
L

)
.

We now turn to the case Q = Ω. Hence, for H = L = 1, after optimizing the first two terms in N ,
i.e. choosing N ∼ |ν1|−1/3ϵ−1/3, we get

ˆ

Ω
|∇u− χ|2dx+ ϵ∥Dνχ∥T V (Ω) ≤ C(α)

(
|ν1| 2

3 ϵ
2
3 + ϵ| log(|ν1|ϵ)||ν2|

)
.

Using that ϵ| log(|ν1|ϵ)||ν2| ≤ C|ν1|2/3ϵ2/3 for small ϵ < ϵ0(|ν1|), we deduce the desired upper
bound. □
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Proof of Proposition 1.1 for ν · e1 = 0. In the case of ν · e1 = 0 the argument uses that for a
simple laminate in e1 direction, we do not pay surface energy, and thus can do an infinitely fine
oscillation of the two phases. Indeed, Eϵ(u, χ) ≥ 0 is direct. To obtain a suitable upper bound on
the energy, we now choose for any N ∈ N the functions

ũN (x1) =
{

(1 − α)x1a x1 ∈ (0, α
N ),

−αx1a+ α
N a x1 ∈ [ α

N ,
1
N ),

χN (x) =
{
A x1 ∈ (0, α

N ),
B x1 ∈ [ α

N ,
1
N ),

and extend both 1
N -periodically. We fix uN ∈ W 1,∞(Ω;Rd) as

uN (x1, x
′) = ũN (x1)ψ(N dist(x′, ∂(0, 1)d−1)) + Fαx

for some bump function ψ ∈ C∞(R; [0, 1]) such that ψ(t) = 1 for t ≥ 1 and ψ(t) = 0 for t ≤ 1
2 .

Here a ∈ Rd \ {0} is given by the relation A−B = a⊗ e1. We have that χN ∈ BV (Ω; {A,B})
and uN ∈ W 1,∞(Ω;Rd) fulfils the Dirichlet data. Moreover, as ν · e1 = 0, it holds

ˆ

Ω
χN (x)∂νϕ(x)dx =

ˆ

(0,1)
χN

(
x1,

1
2

) ˆ

(0,1)d−1
div′(ϕ(x1, x

′)ν)dx′dx1 = 0

for every ϕ ∈ C1
c (Ω;R), thus ∥Dνχ∥T V (Ω) = 0. Hence, we infer that

Eϵ(uN , χN ) =
ˆ

Ω
|∇uN (x) − χN (x)|2dx ≤ C

N
.

As the functions u and χ are admissible for any N ∈ N, passing to the limit yields the optimal
energy infχ∈BVν (Ω;{A,B}) infu∈AFα

Eϵ(u, χ) = 0. □

3.2. The three-well problem of Lorent. In this section we now consider the three-well setting
due to Lorent. As outlined in Section 1.1.2, in this situation one obtains both first and second
order laminates, depending on the boundary condition.

We split the proof of Theorem 1 into several steps. We start by showing the scaling for F ∈ K1
3

for both ν · e1 ̸= 0 and ν · e1 = 0, both of which are essentially covered by Proposition 1.1. In
contrast to the argument given above, due to our specific choices of the possible boundary data,
we do not only work with one of the entries of the matrix χ−F (see the comments in Remark 3.2
below).

In a second step, we will consider F ∈ K2
3 where we can exploit the determinedness of χ22 in

terms of χ11 to obtain the scaling of second order laminates. Here as long as ν · e1 ≠ 0, we obtain
a scaling law of the order ϵ 1

2 as in the isotropic setting. If, however, ν · e1 = 0, the scaling does
not change with respect to the one for first order laminates, as we can construct an infinitely fine
simple laminate within a branching construction, without paying surface energy for the simple
laminate. This then yields the same scaling as in the two-well setting in Proposition 1.1, cf.
Figure 7.

Lemma 3.1. Under the same assumptions as in Theorem 1, let Fα = diag(α, 0) ∈ K1
3 for

α ∈ (0, 1). If ν · e1 ̸= 0 there is a constant C = C(α) > 0 and ϵ0 = ϵ0(α, |ν1|) > 0 such that

C−1|ν1| 2
3 ϵ

2
3 ≤ inf

χ∈BVν (Ω;K3)
inf

u∈AFα

Eϵ(u, χ) ≤ C|ν1| 2
3 ϵ

2
3 .

If instead ν · e1 = 0, we have

inf
χ∈BVν (Ω;K3)

inf
u∈AFα

Eϵ(u, χ) = 0.
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Proof. Upper bounds: As A1 and A2 are rank-one connected in e1 direction, we directly note
that the upper bound construction in the proof of Proposition 1.1 also yields an upper bound
construction in this setting (after an adaptation of parameters). Thus, we have

inf
χ∈BVν (Ω;K3)

inf
u∈AFα

Eϵ(u, χ) ≤
{
C(α)|ν1| 2

3 ϵ
2
3 , ν · e1 ̸= 0,

0, ν · e1 = 0.

Lower bound for ν · e1 ̸= 0: For any u ∈ AFα
, χ ∈ BVν(Ω; K3), by considering ∇u− Fα and

χ− Fα, we can reduce to the case Fα = 0 (cf. proof of Proposition 1.1). With a slight abuse of
notation, we still write u and χ for the modified functions, hence u ∈ H1

0 (Ω;R2) and χ ∈ K3 −Fα.
For the function χ11 we exploit the same ideas as in the two-well case but will make use of both
the χ11 and the χ22 components. To be more precise by Lemma 2.3 it holds
ˆ

Ω
|∇u− χ|2dx ≥

∑

k∈Z2

( |k|2 − k2
1

|k|2 |χ̂11(k)|2 + |k|2 − k2
2

|k|2 |χ̂22(k)|2
)

≥
∑

k∈Z2

|k|2 − k2
1

|k|2 |χ̂11(k)|2,

where we fix the multipliers to be equal to one in k = 0. Moreover, it holds

∥Dνχ∥T V (Ω) ≥ ∥Dνχ11∥T V (Ω),

and thus, following the ideas of Proposition 1.1, by Lemma 2.4, we deduce for λ > 1 and
µ ∈ (0, |ν1|

16 ), that

∥χ11 −m1,µ,λ(D)χ11∥2
L2 + ∥χ22 −m1,µ(D)χ22∥2

L2 ≤
∑

k /∈C1,µ,λ

|χ̂11(k)|2 +
∑

k /∈C2,µ

|χ̂22(k)|2

≤ C(µ−2 + (λϵ)−1)Eϵ(u, χ) + Cλ−1Per(Ω),

where we consider the smooth cut-off multipliers as in (23). Applying moreover Corollary 2.7
with χ22 = −4(χ11 + α)(χ11 − 1 + α), yields for λ2 = Mµλ < λ

∥χ22 −m2,µ,λ2(D)χ22∥2
L2 ≤ C(α)ψ1−γ(∥χ11 −m1,µ,λ(D)χ11∥2

L2) + 4∥χ22 −m2,µ(D)χ22∥2
L2

≤ C(α)ψ1−γ

(
(µ−2 + (λϵ)−1)Eϵ(u, χ) + λ−1Per(Ω)

)
,

with ψ1−γ(x) = max{|x|, |x|1−γ}.
In conclusion, using that 1 −m2,µ,λ2(k) ≥ 1 −m2,µ,λ(k) ≥ 0,

∥χ11 −m1,µ,λ(D)χ11∥2
L2 + ∥χ22 −m2,µ,λ(D)χ22∥2

L2

≤ Cψ1−γ

(
(µ−2 + (λϵ)−1)Eϵ(u, χ) + λ−1Per(Ω)

)
.

Applying Lemma 2.5 for both χ11 and χ22 with the frequency cut-off given by λ̄ = 4
|ν1|λ we get

∥χ11∥2
L2 + ∥χ22∥2

L2 ≤ 2∥χ11 −m1,µ,λ(D)χ11∥2
L2 + 2

∑

|k1|≤ 4
|ν1| λ

|χ̂11(k)|2+

+ 2∥χ22 −m2,µ,λ(D)χ22∥2
L2 + 2

∑

|k2|≤ 4
|ν1| λ

|χ̂22(k)|2

≤ Cψ1−γ

(
(µ−2 + (λϵ)−1)Eϵ(u, χ) + λ−1Per(Ω)

)

+ C|ν1|−2λ2Eϵ(u, χ)

≤ Cψ1−γ

(
(|ν1|−2λ2 + µ−2 + (λϵ)−1)Eϵ(u, χ) + λ−1Per(Ω)

)
.
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Fixing µ−2 ∼ |ν1|−2λ2 and λ ∼ |ν1|2/3ϵ−1/3 (which are compatible with the constrains µ < |ν1|
16

and λ̄ > 1) yields

∥χ11∥2
L2 + ∥χ22∥2

L2 ≤ Cψ1−γ

(
|ν1|− 2

3 ϵ−
2
3Eϵ(u, χ) + |ν1|− 2

3 ϵ
1
3 Per(Ω)

)
.(35)

By the fact that ∥χ11∥2
L2 + ∥χ22∥2

L2 = ∥χ∥2
L2 ≥ c > 0, we can show the desired lower bound

for ϵ < ϵ0(|ν1|, α). Indeed, we have either

C ≤ |ν1|− 2
3 ϵ−

2
3Eϵ(u, χ) + |ν1|− 2

3 ϵ
1
3 Per(Ω),

or

C
1

1−γ ≤ |ν1|− 2
3 ϵ−

2
3Eϵ(u, χ) + |ν1|− 2

3 ϵ
1
3 Per(Ω),

depending on the case distinction in ψ1−γ . In conclusion, after absorbing the perimeter term, we
arrive at

Eϵ(u, χ) ≥ 1
2 min{C,C 1

1−γ }|ν1| 2
3 ϵ

2
3 .

□

Remark 3.2. Let us comment on a technical aspect which is specific to our anisotropic surface
energies and which does not arise in this form in the isotropic setting. We observe that for
specific choices of Fα ∈ K1

3 (both in the isotropic and anisotropic settings) it may happen that χ11
vanishes. Indeed, we recall that χ ∈ K3 − Fα = {diag(−α, 0),diag(1 − α, 0),diag(1/2 − α, 1)} for
α ∈ (0, 1) and, hence, χ11 = 0 can occur for α = 1/2. For this reason, in the above proof, we
also used χ22 in the lower bound, in order to deduce a uniform lower bound in (35). To this end,
in the above argument, we used a commutator estimate already for first order laminates (while
in the isotropic setting commutators only enter for second and higher order laminates). In the
setting of [RT23b] (while also here χ11 = 0 may arise) it is not necessary to use a commutator
estimate of the form Lemma 2.6 for first order laminates, as – due to the isotropy of the surface
energy – in that article the first high frequency localization truncates the cones in all directions.
In our setting this truncation is not present due to the anisotropy of the surface energy and we,
hence, require an extra step to show the lower bound.

As an alternative argument, also in our anisotropic setting, one could have avoided an applica-
tion of the commutator estimate at the expense of using further information on the χ22 component.
Indeed, one could have restricted to a bound of the form

∥χ11∥2
L2 ≤ Cψ1−γ

(
|ν1|− 2

3 ϵ−
2
3Eϵ(u, χ) + |ν1|− 2

3 ϵ
1
3 Per(Ω)

)
,(36)

and then, in a second step, invoked information on the average of χ22. To this end, we note that
by Jensen’s inequality, it holds that

|⟨∇u⟩Ω − ⟨χ⟩Ω|2 ≤ Eel(u, χ),

where ⟨·⟩Ω denotes the average on Ω. In particular, we here use that by the imposed boundary
conditions and the fundamental theorem of calculus, ⟨∇u⟩Ω = Fα and that F22 = 0 for all F ∈ K1

3.
Hence, considering the second component we have

|{x ∈ Ω : χ(x) = A3}|2 ≤ |⟨χ22⟩Ω|2 ≤ |Fα − ⟨χ⟩Ω|2 ≤ Eel(u, χ).

In particular,

∥χ11∥2
L2 ≥ min{α2, (1 − α)2}|{x ∈ Ω : χ ̸= A3}| ≥ C(α)(|Ω| − |{x ∈ Ω : χ = A3}|)

≥ C(α)(|Ω| − Eel(u, χ) 1
2 ).
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Returning to (36) with this additional information and rearranging the inequality, one then infers
that

c ≤ ∥χ11∥2
L2 + CEel(u, χ) 1

2 ≤ Cψ1−γ

(
|ν1|− 2

3 ϵ−
2
3Eϵ(u, χ) + |ν1|− 2

3 ϵ
1
3 Per(Ω)

)
+ CEel(u, χ) 1

2 ,

which also concludes the argument after an absorption of the perimeter and additional elastic
energy terms.

Turning now to the second order laminates, we consider

F =
( 1

2 0
0 α

)
∈ K2

3

for some α ∈ (0, 1) and note that χ22 − F22 ∈ {−α, 1 − α} ̸∋ 0. Thus, we now aim to control the
Fourier mass of χ22.

Lemma 3.3. Under the same assumptions as in Theorem 1, let Fα = diag( 1
2 , α) ∈ K2

3 for
α ∈ (0, 1). If ν · e1 ̸= 0 there are constants C = C(α) > 0 and ϵ0 = ϵ0(α, |ν1|) > 0 such that for
any ϵ ∈ (0, ϵ0)

C−1|ν1| 1
2 ϵ

1
2 ≤ inf

u∈AFα

inf
χ∈BVν (Ω;K3)

Eϵ(u, χ) ≤ C|ν1| 1
2 ϵ

1
2 .

If ν · e1 = 0, we have with C = C(α) > 0 and ϵ0 = ϵ0(α, |ν2|) > 0 for all ϵ ∈ (0, ϵ0)

C−1|ν2| 2
3 ϵ

2
3 ≤ inf

u∈AFα

inf
χ∈BVν (Ω;K3)

Eϵ(u, χ) ≤ C|ν2| 2
3 ϵ

2
3 .

Again, we split the proof into two parts, first for ν · e1 ≠ 0 and the second part for ν · e1 = 0.

Proof for ν · e1 ̸= 0. Upper bound: As for the first-order branching construction, the claimed
upper scaling bound in ϵ is already known (cf. [KW16, RT23b]). We just need to focus on the
dependence of the prefactor on ν. In particular, we will follow the strategy of the proof of [RT23b,
Thm. 1.2 (ii)]. This consists in concatenating two orders of branching constructions; an outer one
between gradients A3 and diag(1/2, 0), and then replacing the regions in which ∇u ≈ diag(1/2, 0)
with an inner branched lamination between A1 and A2.

Let {ωj,k} be the (outer) first-order branching covering as in the Step 2 of the proof of
Proposition 1.1 (now with switched roles between x1 and x2 because of the structure of the wells).
In each cell ωj,k we can produce an inner branching construction (see [RT23b] for details) so that
estimate (34) applies as follows

ˆ

ωj,k

|∇u− χ|2dx+ ϵ∥Dνχ∥T V (ωj,k) ≤ C(α)
( h3

j

M2ℓj
+ ϵℓj(M |ν1| + k0|ν2|)

)
,

where M ∈ N, M ∼ (2θ)jN2 denotes the number of oscillations of the zeroth generation of this
inner branching construction (the dependence of M on j is dropped for notational simplicity) and
k0 ∼ log(N). Summing this for every k and every (outer) generation j and by also adding the
surface energy term of the outer branching construction (which comes by attaching the ωj,k-cells
together), by the relations (32) we obtain

ˆ

Ω
|∇u− χ|2dx+ ϵ∥Dνχ∥T V (Ω) ≤ C(α)

( 1
N2 + ϵ(N2 + j0)|ν1| + ϵ(k0 +N)|ν2|

)
.

Optimizing as N ∼ (ϵ|ν1|)− 1
4 we deduce the claimed upper scaling bound. Due to the construction,

the bounds from (33) still hold for u and χ.
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Lower bound: Analogously as in the previous proofs, by subtracting the boundary conditions
we can assume that u ∈ H1

0 (Ω;R2) and χ ∈ K3 − Fα. For the readers’ convenience we recall the
(truncated) cones from (21) and (22): for µ ∈ (0, |ν1|

16 ), λ > 0, j = 1, 2

Cj,µ,λ = {k ∈ Zd : |k|2 − k2
j ≤ µ2|k|2, |kj | ≤ 2

|ν1|λ}, C2,µ = {k ∈ Zd : |k|2 − k2
2 ≤ µ2|k|2}.

For the multipliers defined in (23) we infer by Lemma 2.4

∥χ11 −m1,µ,λ(D)χ11∥2
L2 + ∥χ22 −m2,µ(D)χ22∥2

L2 ≤
∑

k /∈C1,µ,λ

|χ̂11(k)|2 +
∑

k /∈C2,µ

|χ̂22(k)|2

≤ C(µ−2 + (λϵ)−1)Eϵ(u, χ) + Cλ−1Per(Ω).
Here the constant C > 0 only depends on α.

Using that χ22 = 1 −α− 4χ2
11, we deduce from an application of Corollary 2.7 with λ2 = Mµλ

for any γ ∈ (0, 1)

∥χ22 −m2,µ,λ2(D)χ22∥2
L2 ≤ C(α)ψ1−γ(∥χ11 −m1,µ,λ(D)χ11∥2

L2) + 4∥χ22 −m2,µ(D)χ22∥2
L2 ,

(37)

with ψt(x) = max{|x|t, |x|} for t > 0.
Now we use this estimate on χ22 −m2,µ,λ2(D)χ22 to improve the lower bound in comparison

to the two-well case. Using Lemma 2.5 for χ22, we get for λ̄ = 4
|ν1|λ2

∑

|k2|≤4λ2/|ν1|
|χ̂22(k)|2 ≤ C

λ2
2

|ν1|2Eel(u, χ).(38)

Thus, as in the proof of the two-well problem in Proposition 1.1, the idea is to combine (37)
and (38) to have an estimate of ∥χ22∥2

L2 in terms of the energy depending on the parameters
µ, λ2 and then to optimize in these parameters. To be precise, we have

∥χ22∥2
L2 ≤ 2

∑

k∈C2,2µ,2λ2

|χ̂22(k)|2 + 2∥χ22 −m2,µ,λ2(D)χ22∥2
L2

≤ 2
∑

|k2|≤4λ2/|ν1|
|χ̂22(k)|2 + 2∥χ22 −m2,µ,λ2(D)χ22∥2

L2 .

Thus, plugging in (37) and (38), yields with λ2 = Mµλ and a constant C = C(α) > 0

∥χ22∥2
L2 ≤ C|ν1|−2λ2

2Eel(u, χ) + Cψ1−γ(∥χ11 −m1,µ,λ(D)∥2
L2) + C∥χ22 −m2,µ(D)χ22∥2

L2

≤ C
(

|ν1|−2λ2
2Eϵ(u, χ) + ψ1−γ

(
(µ−2 + (λϵ)−1)Eϵ(u, χ) + λ−1Per(Ω)

))

≤ Cψ1−γ

(
(|ν1|−2µ2λ2 + µ−2 + (λϵ)−1)Eϵ(u, χ) + λ−1Per(Ω)

)
.

As ∥χ22∥2
L2 ≥ C min{α2, (1 − α)2} > 0, fixing µ−2 ∼ |ν1|−1λ and λ ∼ |ν1|1/2ϵ−1/2, we argue as

in the proof of Lemma 3.1, i.e. considering the two cases for ψ1−γ and carrying out an absorption
argument for the perimeter term, we arrive at

Eϵ(u, χ) ≥ 1
2 min{C,C 1

1−γ }|ν1| 1
2 ϵ

1
2 .

□

Proof for ν · e1 = 0. Upper bound: We construct a (cut-off) simple laminate of A1 and A2 within a
branching construction using A3. See Figure 7 for an illustration of a laminate within a branching
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construction. As a first-order branching construction has been already explained in the proof of
Proposition 1.1, we only give an outline of the argument.

Considering a reference cell ω = (0, h) × (0, ℓ) with 0 < ℓ < h ≤ 1, we decompose this into
further subdomains given by

ω1 = {(x1, x2) ∈ ω : x2 ∈ (0, (1 − α) ℓ2)},

ω2 = {(x1, x2) ∈ ω : x2 ∈ [(1 − α) ℓ2 , (1 − α) ℓ2 + α
ℓ

2
x1
h

)},

ω3 = {(x1, x2) ∈ ω : x2 ∈ [(1 − α) ℓ2 + α
ℓ

2
x1
h
, (1 − α)ℓ+ α

ℓ

2
x1
h

)},

ω4 = {(x1, x2) ∈ ω : x2 ∈ [(1 − α)ℓ+ α
ℓ

2
x1
h
, ℓ)}.

For r < h such that h
r ∈ N and a bump function ϕ ∈ C∞(R; [0, 1]) with ϕ(t) = 0 for t ≤ 0 and

ϕ(t) = 1 for t ≥ 1, we then define the continuous function

ũ(x1, x2) =





(
Lamr(x1)ϕ( x2

r )ϕ( (1−α) ℓ
2 −x2

r )
−αx2

)
, (x1, x2) ∈ ω1,

(
0

(1 − α)x2 − (1 − α) ℓ
2

)
, (x1, x2) ∈ ω2,

(
Lamr(x1)ϕ( x2−(1−α) ℓ

2 −α ℓ
2

x1
h

r )ϕ( (1−α)ℓ+α ℓ
2

x1
h −x2

r )
−αx2 + α ℓ

2
x1
h

)
, (x1, x2) ∈ ω3,

(
0

(1 − α)x2 − (1 − α)ℓ

)
, (x1, x2) ∈ ω4.

Here we used

Lamr(t) =
{

− 1
2 t, t ∈ [0, r

2 ),
1
2 t− r

2 , t ∈ [ r
2 , r),

and extended it r-periodically. Setting also

χ̃(x1, x2) =





(
Lam′

r(x1) 0
0 −α

)
, (x1, x2) ∈ ω1 ∪ ω3,

(
0 0
0 1 − α

)
, (x1, x2) ∈ ω2 ∪ ω4,

we can calculate the energy contribution of u(x) = ũ(x) + Fαx and χ = χ̃ + Fα. Note that
Fα = diag(1/2, α). We have

ˆ

ω

|∇u(x) − χ(x)|2dx =
ˆ

ω

|∇ũ(x) − χ̃(x)|2dx ≤ C(α)(rh+ ℓ3

h
),

where the first term is determined by the size of the cut-off areas in ω1 and ω2 (i.e., by the inner
laminate), and the second term is due to the error we make by adjusting the interfaces away
from e2 to achieve the refinement in e1 direction (i.e., the usual elastic energy originating from
branching). Moreover, as we do not penalize oscillation in the e1 direction, it holds

∥De2χ∥T V (ω) + Per(ω) = ∥De2 χ̃∥T V (ω) + Per(ω) ≤ C(α)h,
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x1

x2A1

A2

A3

Figure 7. Illustration of a laminate within a branching with boundary condition
Fα = 0. This does not depict the exact same situation as in Theorem 1 for
ν = e2, as here we only show a scalar-valued map.

and thus in total
ˆ

ω

|∇u(x) − χ(x)|2dx+ ϵ∥De2χ∥T V (ω) + ϵPer(ω) ≤ C(α)(rh+ ℓ3

h
+ ϵh).

As for any h > 0 we can choose r < ϵ the contribution of the rh term is negligible. Hence,
ˆ

ω

|∇u(x) − χ(x)|2dx+ ϵ∥De2χ∥T V (ω) + ϵPer(ω) ≤ C(α)(ℓ
3

h
+ ϵh).

This is the same energy contribution as for the standard branching construction, thus concluding
as in the proof of Proposition 1.1 (see also [RT23b, Sec. 3]), we get

inf
χ∈BVν (Ω;K3)

inf
u∈AFα

ˆ

(0,1)2
|∇u− χ|2dx+ ϵ∥De2χ∥T V ((0,1)2) ≤ C(α)ϵ 2

3 .

As it is used below in the proof of Corollary 1.5, we emphasize that the above constructed
function satisfies that u ∈ W 1,∞(Ω;R2), χ ∈ BV (Ω; K3) with

∇u ∈ BV (Ω;R2×2), ∥D∇u∥T V (Ω) ≤ C(α)(∥Dχ∥T V (Ω) + Per(Ω)),
and thus the bounds from (33) also hold in this setting.

Lower bound: Again, by considering K3 −Fα, we reduce to the case of zero boundary conditions.
In the case of ν · e1 = 0 we have ν · e2 ̸= 0, instead of the high frequency control in k1, we consider
a high frequency control in k2 for χ22. Indeed, let µ < |ν2|

16 , λ > 0, as in (25) we have

C2,µ,λ := {k ∈ Z2 : |k|2 − k2
2 ≤ µ2|k|2, |k2| ≤ 2

|ν2|λ} ⊃ {k ∈ Z2 : |k|2 − k2
1 ≤ µ2|k|2, |k · ν| ≤ λ}

and thus we can bound the Fourier mass of χ22 outside of C2,µ,λ in terms of the energy, cf.
Lemma 2.4,

∑

k /∈C2,µ,λ

|χ̂22(k)|2 ≤ C(µ−2 + (λϵ)−1)Eϵ(u, χ) + Cλ−1Per(Ω),

with a constant C = C(α) > 0. Notice that the definition of the cone is analogous to that in (21),
but different as the second direction plays the role of the first. This is not the cone given in (21)
for j = 2, as there the truncation is dependent on the parameter |ν1|, here on |ν2|. Following now
the proof of Proposition 1.1 for f = χ22 with a suitable change of coordinates, we get

Eϵ(u, χ) ≥ C|ν2| 2
3 ϵ

2
3 .

□
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34 ANGKANA RÜLAND, CAMILLO TISSOT, ANTONIO TRIBUZIO, AND CHRISTIAN ZILLINGER

With Lemmata 3.1 and 3.3 proved, we combine their estimates to deduce the desired lower
bound in Theorem 1.

Conclusion of Theorem 1. We finally combine the above discussion by rewriting the lower bound
estimate in a concise way. We notice that for ν1 = 0 there is nothing to prove as cases (i) and (ii)
are given by Lemmata 3.1 and 3.3 respectively. If ν1 ̸= 0, we choose ϵ0 to be small depending on
ν, i.e. fix ϵ0 to fulfil

|ν2| 2
3 ϵ

2
3
0 ≤ |ν1| 1

2 ϵ
1
2
0 .

With this choice, for every ϵ < ϵ0, it holds

inf
u∈AF

inf
χ∈BVν (Ω;K3)

Eϵ(u, χ) ≥ C|ν1| 1
2 ϵ

1
2 ≥ C

2

(
|ν1| 1

2 ϵ
1
2 + |ν2| 2

3 ϵ
2
3

)
.

The upper bound follows by adding the two upper bounds from Lemmata 3.1 and 3.3. □
Remark 3.4. As can be seen in the above proof of Lemma 3.3 (and later analogously in the proof
of Theorem 2), it would be possible to deduce the above scaling behaviour for ν · e1 ̸= 0 also for an
even more degenerate anisotropic surface energy of the following type

Er
surf(χ) = ∥Dν(χ : r)∥T V (Ω),

for r ∈ Rd×d such that |r| = 1 and
∥Dν(χ : r)∥T V (Ω) ≥ C(K, d, r)∥Dνχ11∥T V (Ω).

Here we denoted the Frobenius scalar product of matrices by χ : r =
∑d

i,j=1 χijrij. A sufficient
condition on r ∈ Rd×d is the following:

(Aj)11 ̸= (Ak)11 if and only if Aj : r ̸= Ak : r.
For the three-wells from K3 in (4) this translates into the condition that

r /∈ {r11 = 0} ∪ {r11 = 2r22} ∪ {r11 = −2r22}.
3.3. Higher order laminates. We next turn to the scaling behaviour of higher order laminates.
Due to the anisotropic energies, we cannot immediately invoke the argument from [RT23b]. As
an important technical novelty, we have to treat the relevant nonlinear relations between the
components of the phase indicator substantially more carefully. This is due to the fact that,
initially, our surface energy (potentially) only controls high frequencies in the k1 direction. Thus,
particularly the first step in the localization is crucial, as this will iteratively allow us the further
high frequency reduction steps in the other conical directions.

As in the setting of the three-well problem of Lorent in the previous section, the key idea is
to use that χ11 determines the other diagonal entries. In [RT23b] χ22 is written as a nonlinear
polynomial of a combination of the remaining diagonal entries χ11, χ33, . . . , χN−1,N−1. In the
case of ν = e1, if only such a relation were available, this would lead to an issue with our argument
as none of the cones in the e3, . . . , eN−1 directions is initially localized in the high frequencies
(due to our anisotropic energies). The central novel idea is to rely on additional structure: More
precisely, we will instead use that χ22 is given by a nonlinear polynomial of χ11 plus a linear one
in χ33, . . . , χN−1,N−1.

To elaborate on the strategy of the proof of Theorem 2, let us analyse the four well setting
in three dimensions in the case of ν · e1 ̸= 0 first. Let N = 4 and d = 3, and thus consider
K4 = {A1, A2, A3, A4} with

A1 =




0 0 0
0 0 0
0 0 0


 , A2 =




1 0 0
0 0 0
0 0 0


 , A3 =




1
2 0 0
0 1 0
0 0 0


 , A4 =




1
2 0 0
0 1

2 0
0 0 1


 .
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We will subsequently generalize the lower bound to the family of wells from Section 1.1.3.

Proposition 3.5. Let α ∈ (0, 1) and Fα = diag(1/2, 1/2, α) ∈ K3
4. Let ν ∈ S2 with ν · e1 ̸= 0.

There exist constants C = C(α) > 0 and ϵ0 = ϵ0(α, |ν1|) > 0 such that for any ϵ ∈ (0, ϵ0)

inf
u∈AFα

inf
χ∈BVν (Ω;K4)

Eϵ(u, χ) ≥ C|ν1| 2
5 ϵ

2
5 ,

where AFα
is given in (3).

Let us outline the strategy of proof for the derivation of the lower bound in Proposition 3.5.
To show this result, we first use the nonlinear relation for χ̃ = χ− Fα : Ω → K3 − Fα

2χ̃22 + χ̃33 = 1 − 8χ̃2
11 − α.(39)

After a first application of the first localization Lemma 2.4 with

C1,µ,λ = {k ∈ Z3 : |k|2 − k2
1 ≤ µ2|k|2, |k1| ≤ 2

|ν1|λ}, Cj,µ = {k ∈ Z3 : |k|2 − k2
j ≤ µ2|k|2},

for µ < |ν1|
16 , λ > 0 and j = 2, 3 and their smoothed out multipliers, cf. (23), we have

∥χ̃11 −m1,µ,λ(D)χ̃11∥2
L2 +

∑

j=2,3
∥χ̃jj −mj,µ(D)χ̃jj∥2

L2

≤ C(α)(µ−2 + (λϵ)−1)Eϵ(u, χ) + C(α)λ−1Per(Ω).

Using the above nonlinear relation (39), we aim to truncate C2,µ and C3,µ by means of Corol-
lary 2.7.

Proof of Proposition 3.5. Without loss of generality, by subtracting Fα, we assume Fα = 0 and
χ ∈ K4 − Fα. We observe that differently from the situation in Remark 3.4, it suffices to only
deduce a lower bound for χ33. We aim to use Corollary 2.7. After an application of the first
localization Lemma 2.4 for µ < |ν1|

16 , λ > 0 and a constant C = C(α) > 0

∥χ11 −m1,µ,λ(D)χ11∥2
L2 +

∑

j=2,3
∥χjj −mj,µ(D)χjj∥2

L2

≤ C(µ−2 + (λϵ)−1)Eϵ(u, χ) + Cλ−1Per(Ω).
(40)

To achieve the energy bound, we use Corollary 2.7 to truncate the cone corresponding to χ22,
which in turn is used to reduce the size of C3,µ even further. In detail we apply Corollary 2.7
compounded with (40) for 2χ22 + χ33 = 1 − α− 8χ2

11 and get for λ2 = Mµλ

∥χ22 −m2,µ,λ2(D)χ22∥2
L2 ≤ Cψ1−γ

(
(µ−2 + (λϵ)−1)Eϵ(u, χ) + Cλ−1Per(Ω)

)
.(41)

Here we used the truncated cone C2,µ,λ2 defined in (21) with the corresponding smooth multiplier
defined in (23).

Iterating now the comparison argument, using χ33 = 1 −α− 4χ2
22 we can improve the estimate

on the Fourier mass of χ33 in the sense that we can truncate the corresponding cone C3,µ on a
scale λ3 = Mµλ2 = M2µ2λ. Indeed, by a variant of the commutation estimate from Corollary 2.7
(see Remark 2.8) and (41)

∥χ33 −m3,µ,λ3(D)χ33∥2
L2 ≤ Cψ1−γ

(
∥χ22 −m2,µ,λ2(D)χ22∥2

L2

)
+ 4∥χ33 −m3,µ(D)χ33∥2

L2

≤ Cψ(1−γ)2

(
(µ−2 + (λϵ)−1)Eϵ(u, χ) + λ−1Per(Ω)

)
.

As above, the multiplier is of the form as in (23) for the truncated cone C3,µ,λ3 defined in (21).
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By Lemma 2.5 with λ̄ = 4λ3/|ν1| we can control the “missing” (low frequency) region and infer

∥χ33∥2
L2 ≤ 2∥χ33 −m3,µ,λ3χ33∥2

L2 + 2
∑

|k3|≤4λ3/|ν1|
|χ̂33(k)|2

≤ Cψ(1−γ)2

(
(µ−2 + (λϵ)−1)Eϵ(u, χ) + λ−1Per(Ω)

)
+ C

λ2
3

|ν1|2Eϵ(u, χ).

We now choose the parameters µ and λ3, that is, λ, in an optimal way. To be more precise, we
fix µ−1 ∼ λ3

|ν1| ∼ µ2λ
|ν1| , i.e. µ ∼ |ν1|1/3λ−1/3 and get

∥χ33∥2
L2 ≤ Cψ(1−γ)2

(
(|ν1|−2/3λ2/3 + (λϵ)−1)Eϵ(u, χ) + λ−1Per(Ω)

)
+ |ν1|−2/3λ2/3Eϵ(u, χ)

≤ Cψ(1−γ)2

(
(|ν1|−2/3λ2/3 + (λϵ)−1)Eϵ(u, χ) + λ−1Per(Ω)

)
.

Optimizing the energy contributions in λ by choosing λ ∼ |ν1|2/5ϵ−3/5 yields, after absorbing the
perimeter term,

Eϵ(u, χ) ≥ C|ν1| 2
5 ϵ

2
5 .

Here we used that ∥χ33∥2
L2 ≥ C min2{α, 1 − α} and the fact that the function ψ(1−γ)2 does not

influence the scaling behaviour, cf. the proof of Lemma 3.1. □

Proof of Theorem 2. With the previous results in hand, the remainder of the proof of Theorem 2
is exactly the same as in [RT23b] with the same modifications as above for four wells. For the
convenience of the reader we recall the main ideas. Without loss of generality, we reduce to the
case of F = 0 by considering χ − F ∈ KN − F . We first clarify the nonlinear relations. Each
component determines the following ones, that is

N−1∑

n=j+1
αkχnn = gj(χjj).

The relations are given as follows

N−1∑

n=j+1
2−n+j+1χnn = 4Fjj − 4F 2

jj −
N−1∑

n=j+1
2−n+j+1Fnn + 4χjj − 8Fjjχjj − 4χ2

jj =: gj(χjj).

The case ν · e1 ̸= 0: By Lemma 2.4 we obtain for a constant C = C(d, F ) > 0

∥χ11 −m1,µ,λ(D)χ11∥2
L2 +

d∑

j=2
∥χjj −mj,µ(D)χjj∥2

L2

≤ C(µ−2 + (λϵ)−1)Eϵ(u, χ) + Cλ−1Per(Ω).

(42)

To facilitate the reading, we recall the definition of the truncated cones Cj,µ,λ2 in (21)

Cj,µ,λ2 = {k ∈ Zd : |k|2 − k2
j ≤ µ2|k|2, |kj | ≤ 2

|ν1|λ2},

and that mj,µ,λ2(D) denote their smooth Fourier multipliers as in (23). By Corollary 2.7, in
combination with (42), we have for λ2 = Mµλ

d∑

j=2
∥χjj −mj,µ,λ2(D)χjj∥2

L2 ≤ C2dψ1−γ

(
(µ−2 + (λϵ)−1)Eϵ(u, χ) + λ−1Per(Ω)

)
.
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Here we exploited that αk ∈ [2−d, 1] for k ∈ {2, 3, . . . , d}. Then an iterative application of the
higher-order variant of Corollary 2.7 (Remark 2.8) yields, in combination with (42), after ℓ− 1
many iterations

d∑

j=ℓ

∥χjj −mj,µ,λℓ
(D)χjj∥2

L2 ≤ Cψ(1−γ)ℓ−1

(
(µ−2 + (λϵ)−1)Eϵ(u, χ) + λ−1Per(Ω)

)
,(43)

with λℓ = Mµλℓ−1 = M ℓ−1µℓ−1λ and a constant C = C(d, F, ℓ) > 0.
As we have already seen in the proof of Theorem 1 for F ∈ K1

3, it might happen, that we need
information on more than one χjj , cf. Remark 3.2. Depending on ℓ ∈ {1, . . . , N − 2} we have for
some α ∈ (0, 1), given by the boundary data,

(χℓℓ, χℓ+1,ℓ+1) ∈ {(−α, 0), (1 − α, 0), (1
2 − α, 1), (1

2 − α,
1
2)}.

In particular, (χℓℓ, χℓ+1,ℓ+1) ̸= 0. For ℓ = N − 1, we already have χN−1,N−1 ∈ {−α, 1 − α} with
α ∈ (0, 1), it holds χN−1,N−1 ̸= 0.

Thus, if N = d+ 1, setting χNN ≡ 0, we obtain that if F ∈ Kℓ
N for some ℓ ∈ {1, 2, . . . , N − 1},

then it holds (χℓℓ, χℓ+1,ℓ+1) ̸= 0. Hence, we note that the control for two diagonal components
χjj is sufficient for deducing the desired lower bound.

By (43) we have
∥χℓℓ −mℓ,µ,λℓ

(D)χℓℓ∥2
L2 + ∥χℓ+1,ℓ+1 −mℓ+1,µ,λℓ

(D)χℓ+1,ℓ+1∥2
L2

≤ Cψ(1−γ)ℓ−1

(
(µ−2 + (λϵ)−1)Eϵ(u, χ) + λ−1Per(Ω)

)
.

As in the proof of Proposition 3.5 we use Lemma 2.5 to gain control over ∥mℓ,µ,λℓ
(D)χℓℓ∥2

L2

and ∥mℓ+1,µ,λℓ
(D)χℓ+1,ℓ+1∥2

L2 . For this let λ̄ = 4λℓ/|ν1|, then

∥mℓ,µ,λℓ
(D)χℓℓ∥2

L2 + ∥mℓ+1,µ,λℓ
(D)χℓ+1,ℓ+1∥2

L2

≤
∑

|kℓ|≤4λℓ/|ν1|
|χ̂ℓℓ(k)|2 +

∑

|kℓ+1|≤4λℓ/|ν1|
|χ̂ℓ+1,ℓ+1(k)|2

≤ C
λ2

ℓ

|ν1|2Eϵ(u, χ).

These two estimates combined give
∥χℓℓ∥2

L2 + ∥χℓ+1,ℓ+1∥2
L2 ≤ 2∥χℓℓ −mℓ,µ,λℓ

(D)χℓℓ∥2
L2 + 2∥χℓ+1,ℓ+1 −mℓ+1,µ,λℓ

(D)χℓ+1,ℓ+1∥2
L2

+ 2∥mℓ,µ,λℓ
(D)χℓℓ∥2

L2 + 2∥mℓ+1,µ,λℓ
(D)χℓ+1,ℓ+1∥2

L2

= Cψ(1−γ)ℓ−1

(
(µ−2 + (λϵ)−1)Eϵ(u, χ) + λ−1Per(Ω)

)
+ C

λ2
ℓ

|ν1|2Eϵ(u, χ)

≤ Cψ(1−γ)ℓ−1

(
( λ2

ℓ

|ν1|2 + µ−2 + (λϵ)−1)Eϵ(u, χ) + λ−1Per(Ω)
)
.

Arguing as in the proof of Proposition 3.5, we optimize this in µ and λ by fixing µ ∼ |ν1|1/ℓλ−1/ℓ

and λ ∼ |ν1|2/(ℓ+2)ϵ−ℓ/(ℓ+2) (such a choice of parameters is compatible with the constraints on µ
and λ̄) and thus

∥χℓℓ∥2
L2 + ∥χℓ+1,ℓ+1∥2

L2 ≤ Cψ(1−γ)ℓ−1

(
|ν1|−2/(ℓ+2)ϵ−2/(ℓ+2)Eϵ(u, χ) + |ν1|2/(ℓ+2)ϵℓ/(ℓ+2)Per(Ω)

)
.

Using that
∥χℓℓ∥2

L2 + ∥χℓ+1,ℓ+1∥2
L2 ≥ C(F ) > 0,
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after arguing similarly as in the proof of Proposition 1.1, that is considering the two cases
for ψ(1−γ)ℓ−1 and absorbing the perimeter, we obtain with C = C(d, F, ℓ) > 0 and for ϵ <
ϵ0(d, F, ℓ, |ν1|)

Eϵ(u, χ) ≥ C|ν1| 2
ℓ+2 ϵ

2
ℓ+2 .(44)

The case ν · e1 = · · · = ν · en = 0 and ν · ek+1 ̸= 0, with 0 < n < ℓ: We argue similarly, but we
start the iterative application of Corollary 2.7 for the n+ 1 diagonal entry χn+1,n+1.

Note that due to the change of roles of the coordinate directions, the truncated cones in this
setting are given by

Cj,µ,λ = {k ∈ Zd : |k|2 − k2
j ≤ µ2|k|2, |kj | ≤ 2

|νn|λ},

i.e. the truncation depends on |νn| instead of |ν1| as above in Theorem 1 in the case ν · e1 = 0.
By Lemma 2.4, with the roles of the axes changed such that n + 1 is the first coordinate

direction, we get

∥χn+1,n+1 −mn+1,µ,λ(D)χn+1,n+1∥2
L2 +

d∑

j=2
∥χn+j,n+j −mn+j,µ(D)χn+j,n+j∥2

L2

≤ C(µ−2 + (λϵ)−1)Eϵ(χ) + Cλ−1Per(Ω).
Applying an analogous iteration of a variant of Corollary 2.7 as above, now starting at j = n+ 1
instead of j = 1, we deduce

d∑

j=ℓ−n

∥χn+j,n+j −mk+j,µ,λℓ−n
(D)χn+j,n+j∥2

L2

≤ Cψ(1−γ)ℓ−n−1

(
(µ−2 + (λϵ)−1)Eϵ(u, χ) + λ−1Per(Ω)

)
.

Concluding as above for ν · e1 ̸= 0 to get (44), while taking the off-set in the index into account,
i.e. having ℓ− n instead of ℓ, yields (where the constant can be chosen to be independent of n)

Eϵ(u, χ) ≥ C|νn+1| 2
ℓ−n+2 ϵ

2
ℓ−n+2 .

Here the scaling depends on νn+1 instead of ν1 as above in (44) as we start our arguments with
χn+1,n+1 instead of χ11 and with the corresponding high frequency control in the direction en+1.
This is due to the assumption that ν · en+1 ̸= 0.

The case ν · e1 = · · · = ν · eℓ = 0: If ν · ej = 0 for j = 1, . . . , ℓ, we consider an ℓ-th order simple
laminate of arbitrary fine oscillations, as those directions are not penalized, yielding a minimizing
sequence, with energies converging to zero. We refer to the proof of Proposition 1.1 for ν · e1 = 0
for a similar setting.

Conclusion of the proof. As above, to combine the derived estimates we choose ϵ sufficiently
small depending on ν, that is for 0 ≤ n < ℓ being the index such that νn+1 ̸= 0, νj = 0 for j ≤ n,
we fix ϵ such that for all n < j < ℓ ≤ d

|νj+1| 2
ℓ−j+2 ϵ

2
ℓ−j+2 ≤ |νn+1| 2

ℓ−n+2 ϵ
2

ℓ−n+2 ,

which is possible as 2/(ℓ− j + 2) > 2/(ℓ− n+ 2). Hence, we arrive at

|νn+1| 2
ℓ−n+2 ϵ

2
ℓ−n+2 ≥ 1

ℓ− n




ℓ−1∑

j=n

|νj+1| 2
ℓ−j+2 ϵ

2
ℓ−j+2


 ≥ 1

ℓ




ℓ−1∑

j=0
|νj+1| 2

ℓ−j+2 ϵ
2

ℓ−j+2


 ,

where we used that νj+1 = 0 for 0 ≤ j < n. □

199



ON SURFACE ENERGIES IN SCALING LAWS FOR SINGULAR PERTURBATION PROBLEMS 39

We conclude our discussion of sharp interface models by highlighting that the above arguments
also allow us to treat situations in which the set T4 is given by the Tartar square (see Section 1.4.2).
This is of particular interest as it is an instance of an extremely rigid phase transition involving
laminates of infinite order.

Remark 3.6 (On the Tartar square with anisotropic sharp interface energies). With the same
arguments as above, it is possible to generalize the scaling of the Tartar square, cf. (16), that
was derived in [RT22] to a setting involving anisotropic surface energies. To be precise, for any
F ∈ T qc

4 \ T4, ν ∈ S1 and η ∈ (0, 1
2 ) it holds

inf
u∈AF

inf
χ∈BVν ((0,1)2;T4)

ˆ

Ω
|∇u− χ|2dx+ ϵ∥Dνχ∥T V ((0,1)2) ≥ C exp(−cη| log(ϵ)| 1

2 +η),

for some constant cη > 0. Compared to the settings from above, there are no degenerate directions
for the lower scaling bound in the Tartar square. This is due to the fact, that there are no rank-one
connections present in the Tartar square and that, hence, each diagonal entry determines the
corresponding other entry uniquely. As a consequence, if ν ·e1 ̸= 0, we start by truncating the cone
in e1 direction, else we have ν · e2 ̸= 0 and thus can start by truncating the cone in e2 direction.

3.4. Proof of Theorem 4. Building on the observations from Section 2.5, we conclude the proof
of Theorem 4 analogously as in the (local) sharp interface arguments.

Proof of Theorem 4. Lower bound. We note that for t1, t2 ∈ (0, 1)
ψt1 ◦ ψt2(x) = ψt1t2(x),

and thus
ψ1−γ ◦ ψ2s = ψ(1−γ)2s.

Setting γs = 1 − 2s + 2sγ ∈ (0, 1), we combine Corollary 2.7 and Lemma 2.9 and get with a
constant C = C(d, F, s) > 0

d∑

j=2
|αj |∥χjj −mj,µ,λ(D)χjj∥2

L2 ≤ Cψ1−γ ◦ ψ2s((µ−2 + (λϵ)−1)Eϵ,s(χ))

= Cψ1−γs
((µ−2 + (λϵ)−1)Eϵ,s(χ)).

Therefore, the remainder of the proof follows as the proof of Theorem 2 also for the fractional
surface energy.

Upper bound. Thanks to an interpolation argument, we prove that we can directly exploit the
BV -regular upper bounds χ of Theorem 2. For this, we argue similarly to [BO13, Prop. 1.3] but
taking into account the anisotropy of the surface energy. Let χ ∈ BVν(Ω; KN ). We first claim
that for χ seen as a function on the torus Td it holds

∑

k∈Zd\{0}
|k · ν|2s|χ̂(k)|2 ≤ C(s)

ˆ

1
2

− 1
2

ˆ

Td

|χ(x+ hν) − χ(x)|2
|h|1+2s

dxdh+ ∥χ∥2
L2 .

Indeed, this follows from observing that by Plancherel’s theorem
ˆ

1
2

− 1
2

ˆ

Td

|χ(x+ hν) − χ(x)|2
|h|1+2s

dxdh =
ˆ

1
2

− 1
2

∑

k∈Zd

|e2πihk·ν − 1|2
|h|1+2s

|χ̂(k)|2dh,

and by noting that for k ∈ Zd with |k · ν| > 1 we have (2|k · ν|)−1 ≤ 2−1 and hence

Bν(k) := |k · ν|−2s

ˆ

1
2

− 1
2

|e2πihk·ν − 1|2
|h|1+2s

dh ≥ 8|k · ν|−2s

ˆ

1
2|k·ν|

0

sin2(πh|k · ν|)
|h|1+2s

dh ≥ C(s)−1 > 0
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for a constant C(s) independent of k. With this in hand, by monotone convergence we have
∑

k∈Zd\{0}
|k · ν|2s|χ̂(k)|2 =

∑

|k·ν|>1

|k · ν|2s|χ̂(k)|2 +
∑

|k·ν|≤1

|k · ν|2s|χ̂(k)|2

≤ C(s)
∑

|k·ν|>1

|k · ν|2sBν(k)|χ̂(k)|2 +
∑

|k·ν|≤1

|χ̂(k)|2

≤ C(s)
ˆ

1
2

− 1
2

ˆ

Td

|χ(x+ hν) − χ(x)|2
|h|1+2s

dxdh+ ∥χ∥2
L2 .

We now fix χ̃ : Rd → KN by setting

χ̃(x) :=
{
χ(x) x ∈ (−1, 2)d,

0 else.

Noting that for all x ∈ (0, 1)d and h ∈ [− 1
2 ,

1
2 ] it holds that x+ hν ∈ (−1, 2)d, by the definition

of χ̃ we infer that
∑

k∈Zd\{0}
|k · ν|2s|χ̂(k)|2 ≤ C(s)

ˆ

R

ˆ

Rd

|χ̃(x+ hν) − χ̃(x)|2
|h|1+2s

dxdh+ ∥χ∥2
L2 .

Using a slicing argument together with a Gagliardo-Nirenberg type inequality [BM18, Theorem
1] (see also [RZZ19, Theorem 2])

ˆ

R

ˆ

Rd

|χ̃(x+ hν) − χ̃(x)|2
|h|1+2s

=
ˆ

ν⊥

ˆ

R

ˆ

R

|χ̃ν
y(t+ h) − χ̃ν

y(t)|2
|h|1+2s

dhdtdy

≤ C(s, d,K)
ˆ

ν⊥
(∥χ̃ν

y∥L1(R) + ∥Dχ̃ν
y∥T V (R))2sdy.

By the uniformly compact support of the functions χ̃ on each slice and as 2s < 1, we can further
bound this by Jensen’s inequality

ˆ

ν⊥
(∥χ̃ν

y∥L1(R) + ∥Dχ̃ν
y∥T V (R))2sdy ≤ C

(ˆ

ν⊥
∥χ̃ν

y∥L1(R) + ∥Dχ̃ν
y∥T V (R)dy

) 1
2s

= C
(

∥χ̃∥L1(Rd) + ∥Dν χ̃∥T V (Rd)

) 1
2s

.

Thus, by the relation between χ and χ̃, we conclude
∑

k∈Zd\{0}
|k · ν|2s|χ̂(k)|2 ≤ C(s, d,K)(1 + Per(Ω) + ∥Dνχ∥T V (Ω))

1
2s .

In particular, this implies
Eϵ,s(χ) ≤ C(s, d,K)Eϵ(χ) + C(s, d,K)ϵ(1 + Per(Ω)).

Thus, the matching upper bounds for the sharp interface model in Theorem 2 are still applicable
which yields the desired result.

□

4. Diffuse surface energies

4.1. Diffuse to sharp interface model – the lower bound. Following the arguments of
[KK11], we show that in the continuous model, the minimal diffuse energy can be controlled by
the lower bound for the sharp interface energy. Hence, the lower scaling estimates for the sharp
interface model which had been deduced in the previous section for various anisotropic situations
also give rise to lower scaling estimates for the diffuse energy. We show this lower bound for
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any discrete set of wells and also for a more general framework covering both the gradient and
symmetrized gradient settings. Combined with the upper bounds from the next subsection, this
will lead to sharp scaling results in our model problems also for anisotropic, diffuse interface
energies.

4.1.1. The scalar-valued setting. We first show the lower bound in the scalar-valued case, and
afterwards will reduce the general vector-valued setting to the one-dimensional one by a projection
argument.

Lemma 4.1. Let p, q ∈ [1,∞) and Ω ⊂ Rd be bounded and let K = {A1, . . . , AN } ⊂ R. For
any U ∈ Lp(Ω;R) ∩ W 1,q(Ω;R), f ∈ L∞(Ω; K) there exist f̃ ∈ BV (Ω; K) and a constant
C = C(K, p, q) > 0 such that for any ϵ > 0

ˆ

Ω
|U − f |p + ϵq|∇U |qdx ≥ Cϵ∥Df̃∥T V (Ω) and |U − f | ≥ C|U − f̃ |.(45)

For q = 1, the same result holds with ∥DU∥T V (Ω) instead of ∥∇U∥L1(Ω) (on the left-hand side of
(45)), for U ∈ BV (Ω;R) instead of U ∈ W 1,1(Ω;R).

Proof. Up to relabelling, we can assume that −∞ < A1 < A2 < · · · < AN < +∞. We start by
giving the argument for the first inequality in (45). We assume for simplicity that U coincides
with its Lebesgue representative. In this case, for scalar-valued functions, the validity of the
coarea formula for Sobolev functions is known (cf. [MSZ03]). We, hence, invoke Young’s inequality
for q > 1 and the coarea formula to get
ˆ

Ω
|U − f |p + ϵq|∇U |qdx ≥ ϵ

ˆ

Ω
|U − f |

p(q−1)
q |∇U |dx = ϵ

ˆ

R

ˆ

U−1(t)∩Ω
|t− f |

p(q−1)
q dHd−1(x)dt

≥ ϵ

N−1∑

k=1

ˆ Ak+1− c
4

Ak+ c
4

ˆ

U−1(t)∩Ω
|t− f |

p(q−1)
q dHd−1(x)dt,

where in the last inequality we introduced c = min{Ak+1 −Ak : k = 1, . . . , N − 1}.
As for t ∈ (Ak + c

4 , Ak+1 − c
4 ) we have dist(t,K) ≥ c

4 , we can control |t− f(x)|
p(q−1)

q ≥ C with
a constant C = C(K, p, q) > 0. Plugging this lower bound into the above inequality yields

ˆ

Ω
|U − f |p + ϵq|∇U |qdx ≥ Cϵ

N−1∑

k=1

ˆ Ak+1− c
4

Ak+ c
4

Hd−1({x ∈ Ω : U(x) = t})dt.

For every k ∈ {1, . . . , N − 1} there is tk ∈ (Ak + c
4 , Ak+1 − c

4 ), which, without loss of generality,
we may assume to be a Lebesgue point for the function t 7→ Hd−1({x ∈ Ω : U(x) = t}), such that

ˆ Ak+1− c
4

Ak+ c
4

Hd−1({x ∈ Ω : U(x) = t})dt ≥ (Ak+1 −Ak − c

2)Hd−1({x ∈ Ω : U(x) = tk})

≥ c

2Hd−1({x ∈ Ω : U(x) = tk}).

Therefore, combined with the previous bound, we obtain
ˆ

Ω
|U − f |p + ϵq|∇U |qdx ≥ Cϵ

N−1∑

k=1
Hd−1({x ∈ Ω : U(x) = tk}).

In particular, we obtain a sequence of tk such that tk < tk+1 for all k ∈ {1, . . . , N − 2}.
The idea now is to define a new phase indicator with BV-seminorm which is exactly determined

by these measures. To this end let h : R → R be given as h(t) =
∑N

k=1 Akχ(tk−1,tk](t) ∈ K and
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with slight abuse of notation, we set t0 := −∞, tN := ∞. We define f̃ = (h ◦ U) : Ω → K, and
claim that f̃ ∈ BV (Ω; K) and that it satisfies

∥Df̃∥T V (Ω) ≤ C

N−1∑

k=1
Hd−1({x ∈ Ω : U(x) = tk}).

The claim will be shown by an approximation argument. To this end, let hj ∈ C∞(R;R) be
a mollification of h fulfilling supp(h − hj) ⊂ ⋃N−1

k=1 (tk − 1
j , tk + 1

j ), |h′
j | ≤ Cjχsupp(h−hj), and

|hj | ≤ max K. By construction, it holds that hj(t) → h(t) for every t ̸= tk, k = 1, . . . , N−1. Since
the sets {U = tk} have Hausdorff dimension d− 1, by the boundedness of Ω, and boundedness of
hj , the dominated convergence theorem implies hj ◦U → h◦U = f̃ in L1(Ω). As the BV-seminorm
is lower semicontinuous with respect to the (strong) L1 convergence, we deduce

∥Df̃∥T V (Ω) ≤ lim inf
j→∞

∥D(hj ◦ U)∥T V (Ω).

As hj is smooth, we can use the chain rule to further bound the total variation norm. Indeed,
by the coarea formula

∥D(hj ◦ U)∥T V (Ω) =
ˆ

Ω
|h′

j(U(x))||∇U(x)|dx =
ˆ

R
|h′

j(t)|Hd−1({x ∈ Ω : U(x) = t})dt

≤ Cj

N−1∑

k=1

ˆ tk+ 1
j

tk− 1
j

Hd−1({x ∈ Ω : U(x) = t})dt

→ C

2

N−1∑

k=1
Hd−1({x ∈ Ω : U(x) = tk}).

Here we used that the tk are Lebesgue points of the function t 7→ Hd−1({x ∈ Ω : U(x) = t}).
Thus, with this definition, f̃ ∈ BV (Ω; K) and also the desired upper bound from (45) follows.
If q = 1, we do not use Young’s inequality, but neglect the first term. We give the argument

for U ∈ BV (Ω;R) and note that the statement for U ∈ W 1,1(Ω;R) is also covered by this. By
the coarea formula for BV functions [AFP00, Thm 3.40]
ˆ

Ω
|U − f |pdx+ ϵ∥DU∥T V (Ω) ≥ ϵ∥DU∥T V (Ω) = ϵ

ˆ

R
∥Dχ{U>t}∥T V (Ω)dt

≥ ϵ

N−1∑

k=1

ˆ Ak+1

Ak

∥Dχ{U>t}∥T V (Ω)dt ≥ ϵ

N−1∑

k=1
|Ak+1 −Ak|∥Dχ{U>tk}∥T V (Ω),

for some tk ∈ (Ak, Ak+1). Considering the function h : R → R and f̃ = h ◦ U as above, we write
h as

h(t) = A1 +
N−1∑

k=1
(Ak+1 −Ak)χ(tk,∞)(t),

and thus it holds

f̃(x) = h ◦ U(x) = A1 +
N−1∑

k=1
(Ak+1 −Ak)χ{U>tk}(x).
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AkAk−1 Ak+1tk−1 tk

Figure 8. Picture of the two cases which arise in our proof of the second
estimate in (45). The blue hashed region depicts the first case, where f̃(x) = Ak,
the orange region the second case, in which dist(U(x),K) ≥ c

4 . The vertical
dashes are the center points between Ak−1 and Ak and Ak and Ak+1 respectively.

In particular, we have

ϵ∥Df̃∥T V (Ω) ≤ ϵ
N−1∑

k=1
|Ak+1 −Ak| ∥Dχ{U>tk}∥T V (Ω)

≤
ˆ

Ω
|U − f |pdx+ ϵ∥DU∥T V (Ω).

Now we prove the second inequality from (45). For this, let x ∈ Ω and k ∈ {1, . . . , N − 1} be
such that U(x) ∈ (Ak+Ak−1

2 , Ak+Ak+1
2 ], where we set A0 = −∞ and AN+1 = ∞. In particular,

|U(x) −Ak| = dist(U(x),K). We distinguish two cases, which are illustrated in Figure 8.
On the one hand, if U(x) ∈ (tk−1, tk], we have f̃(x) = Ak and thus |U(x) − f̃(x)| =

dist(U(x),K) ≤ |U(x) − f(x)|.
On the other hand, if U(x) /∈ (tk−1, tk], we have either

U(x) > tk > Ak + c

4 or U(x) ≤ tk−1 < Ak − c

4 ,

and hence dist(U,K) = |U(x) −Ak| > c
4 . This means that |U(x) − f(x)| ≥ c

4 and furthermore

|U(x) − f̃(x)| ≤ |U(x) − f(x)| + |f(x) − f̃(x)| ≤ |U(x) − f(x)| + diam(K) ≤ C|U(x) − f(x)|.
This concludes the proof.

□
Seeking to deduce the same scaling laws from Section 1.1 for diffuse surface energies, we also

generalize Lemma 4.1 to anisotropic surface energies:

Corollary 4.2. Let p, q ∈ [1,∞), ν ∈ Sd−1 and Ω ⊂ Rd be a bounded Lipschitz domain and let
K = {A1, . . . , AN } ⊂ R. For any U ∈ Lp(Ω;R) such that the weak directional derivative satisfies
∂νU ∈ Lq(Ω;R) and f ∈ L∞(Ω; K) there exist f̃ ∈ BVν(Ω; K) and a constant C = C(K, p, q) > 0
such that for any ϵ > 0

ˆ

Ω
|U − f |p + ϵq|∂νU |qdx ≥ Cϵ∥Dν f̃∥T V (Ω), and

ˆ

Ω
|U − f |pdx ≥ C

ˆ

Ω
|U − f̃ |pdx.

Proof. The proof uses similar methods as above, with the addition of a splitting in direction ν
and ν⊥. We start by considering U ∈ W 1,p(Rd;R). For almost every y ∈ Ων (see Section 2.2 for
the notation), we follow the arguments from the previous proof and obtain

ˆ

Ω
|U − f |p + ϵq|∂νU |qdx ≥ ϵ

ˆ

Ων

ˆ

Ων
y

|Uν
y (t) − fν

y (t)|
p(q−1)

q |(Uν
y )′(t)|dtdy

≥ Cϵ

ˆ

Ων

N−1∑

k=1
H0({s ∈ Ων

y : Uν
y (s) = tyk})dy,

where, for a.e. y ∈ Ων , tyk ∈ (Ak + c
4 , Ak+1 − c

4 ), with c defined as in the proof of Lemma 4.1.
The main difference with respect to the isotropic case, is that here we use a slicing argument,

hence in the definition of the modified phase indicator f̃ , the thresholds tyk change from slice to
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slice, giving in principle measurability issues. To avoid this, we define f̃ to be piecewise constant
in the variable y as follows.

Given δ > 0, we define Lδ := {z ∈ δZd−1 : Qδ(z) ⊂ Ων}, where Qδ(z) = (0, δ)d−1 + z, and we
use the notation Lδ = {zj}M

j=1, with M = #Lδ (the dependence on ν is omitted for the sake of
clarity of exposition). From the above estimate, by an average argument, we get

ˆ

Ω
|U − f |p + ϵq|∂νU |qdx ≥ Cϵ

M∑

j=1

ˆ

Qδ(zj)

N−1∑

k=1
H0({s ∈ Ων

y : Uν
y (s) = tyk})dy

≥ Cϵδd−1
M∑

j=1

N−1∑

k=1
H0({s ∈ Ων

yj
: Uν

yj
(s) = t

yj

k })

(46)

with yj ∈ Qδ(zj). In every cube, we now work as in the proof of Lemma 4.1, namely we define
hj =

∑N
k=1 Akχ(t

yj
k−1,t

yj
k

] and f̃ν
j := hj ◦ Uν

yj
. Notice that as U ∈ W 1,p(Rd;R) the functions f̃ν

j

are defined on the whole R. Working as in the previous proof, for every j we have

(47) ∥Df̃ν
j ∥T V (Ων

yj
) ≤ C

N−1∑

k=1
H0({s ∈ Ων

yj
: Uν

yj
(s) = t

yj

k }).

Defining

f̃(x) :=
{
f̃ν

j (t), Πν⊥x = y ∈ Qδ(zj), x = y + tν, j ∈ {1, . . . ,M}
A1 otherwise,

by slicing f̃ ∈ BVν(Ω; K) and combining (46) and (47) we get

ϵ∥Dν f̃∥T V (Ω) = ϵ

M∑

j=1
∥Dν f̃∥T V (Cδ(zj)) = ϵδd−1

M∑

j=1
∥Df̃ν

j ∥T V (Ων
yj

)

≤ C

ˆ

Ω
|U − f |p + ϵq|∂νU |qdx,

where Cδ(zj) := {x ∈ Ω : Πν⊥x ∈ Qδ(zj)}.
For U ∈ BVν(Rd;R) we can then also follow the arguments in the proof of Lemma 4.1 combined

with the methods above to show the estimate.
We now prove the estimate regarding elastic energies. Notice preliminarily that we can assume

that U ̸= f in Lp otherwise we can simply choose f̃ = U .
By definition of f̃ν

j , arguing as in the proof of Lemma 4.1 the pointwise estimate holds
|Uν

yj
(t) − f̃ν

j (t)| ≤ C dist(Uν
yj

(t),K) a.e. in R. Hence, applying the triangle inequality twice, we
may write

ˆ

Qδ(zj)

ˆ

Ων
y

|Uν
y (t) − (f̃)ν

y(t)|pdtdy

≤ 2p−1
ˆ

Qδ(zj)

ˆ

Ων
y

|Uν
y (t) − Uν

yj
(t)|pdtdy + 2p−1

ˆ

Qδ(zj)

ˆ

Ων
y

|Uν
yj

(t) − f̃ν
j (t)|pdtdy

≤ 2p

ˆ

Qδ(zj)

ˆ

Ων
y

|Uν
y (t) − Uν

yj
(t)|pdtdy + 2p−1

ˆ

Qδ(zj)

ˆ

Ων
y

distp(Uν
y (t),K)dtdy

205



ON SURFACE ENERGIES IN SCALING LAWS FOR SINGULAR PERTURBATION PROBLEMS 45

Eventually, since U ∈ W 1,p(Rd;R) by assumption, we infer
ˆ

Qδ(zj)

ˆ

Ων
y

|Uν
y (t) − Uν

yj
(t)|pdtdy =

ˆ

Qδ(zj)

ˆ

Ων
y

|U(y + tν) − U(yj + tν)|pdtdy

≤ sup
|h|≤δ

√
d−1

ˆ

Cδ(zj)∩Ωδ

|U(x) − U(x+ h)|pdx+ C

ˆ

Cδ(zj)\Ωδ

|U(x)|pdx

≤ Cδp∥∇U∥p

Lp(Ωj
δ

) + C∥U∥p
Lp(Cδ(zj)\Ωδ),

where Ωδ := {x ∈ Ω : dist(x, ∂Ω) > 2
√
d− 1δ}, and where we used the notation Ωj

δ =
(Bd−1

2δ
√

d−1(zj) × Rν) ∩ Ω which intersect a finite number of times. Gathering the two above
inequalities, and summing over j we obtain
ˆ

Ω
|U(x) − f̃(x)|pdx ≤ C

ˆ

Ω
distp(U(x),K)dx+ Cδp∥∇U∥p

Lp(Ω) + C

ˆ

Ω\Ωδ

|U(x)|pdx+ C|Ω \ Ωδ|.

Taking δ sufficiently small, the result follows for every U ∈ W 1,p(Ω;R). By an approximation
argument, let Un ∈ W 1,p(Rd;R) converge to U strongly in Lp(Ω) and ∂νUn converge to ∂νU
strongly in Lq(Ω) and let f̃n be their phase indicators (defined as above), we have that

ˆ

Ω
|U − f̃n|pdx ≤ C

ˆ

Ω
|U − Un|pdx+ C

ˆ

Ω
|Un − f̃n|pdx.

By taking n sufficiently large (and δ > 0 sufficiently small such that Cδp∥∇U∥p
Lp(Ω)+C∥U∥Lp(Ω\Ωδ)+

C|Ω \ Ωδ| < η
2 ), the result follows:

ˆ

Ω
|U − f̃n|pdx ≤ η + C

ˆ

Ω
distp(Un(x),K)dx

≤ η + C

ˆ

Ω
distp(U(x),K)dx+ C

ˆ

Ω
|U − Un|pdx ≤ 2η + C

ˆ

Ω
distp(U(x),K)dx,

after choosing η ≤
´

Ω distp(U(x),K)dx. Analogously, for n sufficiently large we get

∥Dν f̃n∥T V (Ω) ≤ C

ˆ

Ω
|Un − f |p + ϵq|∂νUn|qdx ≤ C

ˆ

Ω
|U − f |p + ϵq|∂νU |qdx+ Cη

which gives the result. □
4.1.2. The vector-valued setting. In this section, we translate the results from the previous section
to the vector-valued setting.

Proposition 4.3. Let p, q ∈ [1,∞) and Ω ⊂ Rd be bounded and let K = {A1, . . . , AN } ⊂ Rn. For
any U ∈ Lp(Ω;Rn) ∩W 1,q(Ω;Rn) and χ ∈ L∞(Ω; K) there exist χ̃ ∈ BV (Ω; K) and a constant
C = C(K, p, q) > 0 such that for any ϵ > 0

ˆ

Ω
|U − χ|p + ϵq|∇U |qdx ≥ Cϵ∥Dχ̃∥T V (Ω) and |U − χ| ≥ C|U − χ̃|.

In particular,
ˆ

Ω
|U − χ|p + ϵq|∇U |qdx ≥ C

(
ˆ

Ω
|U − χ̃|pdx+ ϵ∥Dχ̃∥T V (Ω)

)
.

Proof. The main idea is to invoke Lemma 4.1 for a suitable projection of the wells onto a
one-dimensional subspace in which there are still N distinct wells. For this we choose

ζ ∈ Sn−1 \


⋃

i ̸=j

(Ai −Aj)⊥


 ̸= ∅.
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ζ
Ak

Ak−1

Ak+1

tk−1

tk

Figure 9. Picture of the two cases to show the estimate on the elastic energy
in Proposition 4.3. The hashed region is the set in which U(x) lies within. In
particular, the blue region illustrates the first case, in which χ̃ = Ak. The orange
region illustrates the second case, in which dist(U(x),K) ≥ C. The smaller
circles denote the projections Ak−1 · ζ,Ak · ζ,Ak+1 · ζ. The thin lines are the
boundaries of the Voronoi-regions.

By this choice of ζ, we know that Ai · ζ ̸= Aj · ζ for any i, j ∈ {1, . . . , N}, i ̸= j, hence there is
a one-to-one correspondence of K′ = {A1 · ζ,A2 · ζ, . . . , AN · ζ} and K. For further use in what
follows below, we note that due to the discreteness of K and K′ we can define a Lipschitz map

h ∈ C1(R;Rn) with h(Aj · ζ) = Aj for all j ∈ {1, 2, . . . , N}.(48)
Now we project the energy onto the direction ζ in the image:

ˆ

Ω
|U − χ|p + ϵq|∇U |qdx ≥

ˆ

Ω
|U · ζ − χ · ζ|p + ϵq|∇(U · ζ)|qdx.

The functions U · ζ : Rd → R and χ · ζ : Rd → K′ are admissible for Lemma 4.1, and thus there
is f̃ ∈ BV (Ω; K′) and C = C(K, p, q) > 0 such that

ˆ

Ω
|U − χ|p + ϵq|∇U |qdx ≥ Cϵ∥Df̃∥T V (Ω), |U · ζ − χ · ζ| ≥ C|U · ζ − f̃ |.(49)

Using the determinedness of K in terms of K′, i.e. using the function h : R → Rn from (48), and
the chain rule in BV [AFP00, Thm 3.96] hence shows that χ̃ = h ◦ f̃ ∈ BV (Ω; K) and

∥Dχ̃∥T V (Ω) ≤ C(K)∥Df̃∥T V (Ω).

Combining this bound with (49) yields
ˆ

Ω
|U − χ|p + ϵq|∇U |qdx ≥ Cϵ∥Dχ̃∥T V (Ω).

The pointwise bound follows with the same argument as in the one-dimensional case. Let
x ∈ Ω and k ∈ {1, . . . , N} be such that dist(U(x),K) = |U(x) − Ak|. If χ̃(x) = Ak, it is direct
that |U(x) − χ(x)| ≥ |U(x) −Ak| = |U(x) − χ̃(x)|. If χ̃(x) ̸= Ak, also f̃(x) ̸= Ak · ζ, and we can
deduce that |U(x) · ζ −Ak · ζ| ≥ C and thus also dist(U(x),K) ≥ C and hence

|U(x) − χ̃(x)| ≤ |U(x) − χ(x)| + |χ(x) − χ̃(x)| ≤ |U(x) − χ(x)| + diam(K)
≤ |U(x) − χ(x)| + cdist(U(x),K) ≤ C|U(x) − χ(x)|.

The two cases are illustrated in Figure 9. □

Also this result can be translated to anisotropic surface energies which proves Theorem 3.
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Proof of Theorem 3. We split the energy into the r component and the remainder. By an
application of Corollary 4.2 it holds

ˆ

Ω
|U − χ|p + ϵq|∂ν(U · r)|qdx ≥

ˆ

Ω
|U · r − χ · r|p + ϵq|∂ν(U · r)|qdx

≥ C(
ˆ

Ω
|U · r − fr|pdx+ ϵ∥Dνfr∥T V (Ω)),

for some fr : Ω → {A1 · r,A2 · r, . . . , AN · r}. We now define χ̃ ∈ BVν(Ω,K) by setting χ̃ · r = fr.
To fix the part perpendicular to r, we choose Πr⊥ χ̃ = χ̃− (χ̃ · r)r as the projection of Πr⊥U onto
Πr⊥K = {A1−(A1·r)r, . . . , AN −(AN ·r)r} with the additional constraint that χ̃ = frr+Πr⊥ χ̃ ∈ K.
That is χ̃ is chosen such that

|U(x) − χ̃(x)| = min{|U(x) −Ak| : Ak · r = fr(x)}, for a.e. x ∈ Ω.
Then we have

ˆ

Ω
|U − χ|p dx ≥ c

ˆ

Ω
|U − χ̃|p dx.

Indeed, by Corollary 4.2 and the pointwise estimate in the orthogonal part we get
ˆ

Ω
|U − χ|pdx =

ˆ

Ω
|U · r − χ · r|p + |Πr⊥U − Πr⊥χ|pdx

≥
ˆ

Ω
|U · r − fr|p + distp(Πr⊥U,Πr⊥K)dx =

ˆ

Ω
|U − χ̃|pdx.

In conclusion, by Corollary 4.2, we obtain
ˆ

Ω
|U − χ|p + ϵq|∂ν(U · r)|qdx ≥ C

ˆ

Ω
|U − χ̃|p + |U · r − χ · r|p + ϵq|∂ν(U · r)|qdx

≥ C

ˆ

Ω
|U − χ̃|pdx+ Cϵ∥Dνfr∥T V (Ω)

≥ C

(
ˆ

Ω
|U − χ̃|pdx+ ϵ∥Dν(χ̃ · r)∥T V (Ω)

)
.

□
4.2. Diffuse to sharp interface model – the upper bound. Based on the estimates in
Proposition 4.3 and Theorem 3 in this section we provide a complementary upper bound. Due to
the presence of “lower order errors”, on its own, this upper bound does not show that the diffuse
and sharp interface models display the same scaling behaviour. However, with the knowledge
of known upper bounds (e.g. in our prototypical model scenarios), it implies that for all our
applications the diffuse and sharp interface models admit the same ϵ scaling.
Lemma 4.4. Let Ω = (0, 1)d, p, q ∈ [1,∞). For any U ∈ Lp(Rd;Rn) ∩BV (Rd;Rn) with U = 0
outside Ω, χ ∈ L∞(Rd;Rn) ∩BV (Rd;Rn), and ϵ > 0 there exist Uϵ ∈ C∞

0 (Ω;Rn) and a constant
C = C(∥χ∥L∞ , p, q, d) > 0 such that
ˆ

Ω
|Uϵ − χ|p + ϵq|∇Uϵ|qdx ≤ C

( ˆ

Ω
|U − χ|pdx+ ϵ(1 + max{∥U∥p−1

L∞ , ∥U∥q−1
L∞ })∥Dχ∥T V (Ω)

+ ϵmax{∥U∥p−1
L∞ , ∥U∥q−1

L∞ }(∥DU −Dχ∥T V (Rd) + Per(Ω))
)
.

Moreover, if we have curlU = 0 or curl curlU = 0 in Rd it also holds curlUϵ = 0 or curl curlUϵ = 0
in Rd, respectively.

We highlight that similar arguments would also work for more general A-free differential
inclusions as in [RRTT24].
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Proof. We split the proof into two parts, first presenting the construction of the main estimate
without adjusting the boundary conditions of the function Uϵ and then correcting for this.

Step 1: The estimate without the boundary conditions. Let us start by giving the argument
for U ∈ Lp(Rd;Rn) ∩ BV (Rd;Rn) with U = 0 outside Ω and χ ∈ L∞(Rd;Rn) ∩ BV (Rd;Rn),
but without preserving the “boundary condition”. We use this to show the full result with the
preserved boundary conditions in what follows below. We set Uϵ = U ∗ ψϵ, where ψϵ is a radially
symmetric mollifier with ψϵ(x) = ϵ−dψ(ϵ−1x),

´

Rd ψϵdx = 1, supp(ψϵ) ⊂ Bϵ(0).
First let us consider some auxiliary results. By Young’s convolution inequality, it holds for any

f ∈ Lr(Rd;Rn), 1 ≤ r ≤ ∞, that
∥∇(f ∗ ψϵ)∥Lr ≤ ∥∇ψϵ∥L1∥f∥Lr ≤ ϵ−1∥∇ψ∥L1∥f∥Lr ,(50)

where we used
ˆ

Rd

|∇ψϵ(x)|dx =
ˆ

Rd

ϵ−d−1|∇ψ(x/ϵ)|dx = ϵ−1∥∇ψ∥L1 .

Next, since U ∈ BV (Rd;Rn),
ˆ

Rd

Uϵ(x) · divϕ(x)dx =
ˆ

Rd

ˆ

Rd

U(x)ψϵ(y) · divϕ(x+ y)dydx

=
ˆ

Rd

U(x) · div(ϕ ∗ ψϵ)(x)dx ≤ ∥DU∥T V (Rd),

and thus
∥∇Uϵ∥L1 ≤ ∥DU∥T V (Rd).(51)

The same then holds for χ, and U − χ. As a last ingredient, we observe that
∥χ ∗ ψϵ − χ∥L1 ≤ Cϵ∥Dχ∥T V (Rd).(52)

With this we can prove the claim. Starting with the diffuse elastic energy, we have
ˆ

Rd

|Uϵ − χ|pdx ≤ C(p) (∥(U − χ) ∗ ψϵ∥p
Lp + ∥χ ∗ ψϵ − χ∥p

Lp)

≤ C(p)
(

∥U − χ∥p
Lp + ∥χ ∗ ψϵ − χ∥p−1

L∞ ∥χ ∗ ψϵ − χ∥L1

)

≤ C(p)
(

∥U − χ∥p
Lp + ϵ∥χ∥p−1

L∞ ∥Dχ∥T V (Rd)

)
,

where in the last step we applied (52).
For the diffuse surface energy, by (50) and (51) we obtain that

ˆ

Rd

|∇Uϵ|qdx ≤ ∥∇Uϵ∥q−1
L∞

(
∥∇(U − χ) ∗ ψϵ∥L1 + ∥∇χ ∗ ψϵ∥L1

)

≤ ϵ1−q∥∇ψ∥q−1
L1 ∥U∥q−1

L∞

(
∥DU −Dχ∥T V (Rd) + ∥Dχ∥T V (Rd)

)
.

As a consequence of the two inequalities above we obtain that
ˆ

Rd

|Uϵ − χ|p + ϵq|∇(Uϵ)|qdx ≤ C(∥χ∥L∞ , p, q)
( ˆ

Rd

|U − χ|pdx+ ϵ∥Dχ∥T V (Rd)

+ ϵ∥U∥q−1
L∞ ∥Dχ∥T V (Rd) + ϵ∥U∥q−1

L∞ ∥DU −Dχ∥T V (Rd)

)
.

(53)

Step 2: Adjusting the boundary conditions.
Now we turn to the construction preserving the exterior data, i.e. we aim to construct

Uϵ ∈ Lp(Rd;Rn) ∩W 1,q(Rd;Rn) such that Uϵ = 0 outside Ω. Let U ∈ Lp(Rd;Rn) ∩BV (Rd;Rn)
such that U = 0 outside Ω and χ ∈ L∞(Rd;Rn) ∩BV (Rd;Rn).
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By a translation we consider Ω′ = (−1/2, 1/2)d, V := U(· + 1/2(1, . . . , 1)) : Ω′ → Rn, and
χ′ := χ(· + 1/2(1, . . . , 1)) : Ω′ → Rn in the following. We fix

Ω′
ϵ := (1 − 2ϵ)Ω′ = (−1

2 + ϵ,
1
2 − ϵ)d ⊂ Ω′.

In particular, we have
dist(∂Ω′, ∂Ω′

ϵ) ≥ ϵ.

We now choose Vϵ = V (ϵ) ∗ ψϵ, where

V (ϵ)(y) = V ( 1
1 − 2ϵy), y ∈ Rd.

As V = 0 outside Ω′, we can infer Vϵ = 0 outside Ω′. We now compare the energy for Vϵ to that
of V ∗ ψϵ, which we can control with the arguments from step 1, as follows

ˆ

Ω′
|Vϵ − χ′|p + ϵq|∇Vϵ|qdy ≤ C(p, q)

(ˆ

Ω′
|V ∗ ψϵ − χ′|p + ϵq|∇(V ∗ ψϵ)|qdy

+ ∥Vϵ − V ∗ ψϵ∥p
Lp + ϵq∥∇Vϵ − ∇(V ∗ ψϵ)∥q

Lq

)
.

Hence, it remains to control
∥(V (ϵ) − V ) ∗ ψϵ∥p

Lp + ϵq∥∇(V (ϵ) − V ) ∗ ψϵ∥q
Lq ≤ ∥V (ϵ) − V ∥p

Lp + C∥V (ϵ) − V ∥q
Lq

≤ C max{∥U∥p−1
L∞ , ∥U∥q−1

L∞ }∥V (ϵ) − V ∥L1 ,

where we invoked Young’s convolution inequality and (50). Thus, using that V, V (ϵ) = 0 outside
Ω′ it holds

ˆ

Rd

|V (ϵ)(x) − V (x)|dx ≤ C

ˆ

1
1−2ϵ

1
t−ddt ∥DV ∥T V (Rd) ≤ C(1 − (1 − 2ϵ)d)∥DV ∥T V (Rd)

≤ C(d)ϵ∥DU∥T V (Rd),

and, therefore, for Uϵ(x) = Vϵ(x− 1/2(1, . . . , 1))
ˆ

Ω
|Uϵ − χ|p + ϵq|∇Uϵ|qdx ≤ C(∥χ∥L∞ , p, q, d)

(ˆ

Ω
|U − χ|pdx

+ ϵ(1 + max{∥U∥p−1
L∞ , ∥U∥q−1

L∞ })∥Dχ∥T V (Ω)

+ ϵmax{∥U∥p−1
L∞ , ∥U∥q−1

L∞ }(∥DU −Dχ∥T V (Rd) + Per(Ω))
)
.

As Uϵ is a combination of a rescaling and convolution of U , the differential constraint is preserved.
□

For completeness, we also derive an estimate of the above type for the anisotropic setting.

Corollary 4.5. Let p, q ∈ [1,∞), ν ∈ Sd−1, Ω = (0, 1)d. For any U, χ ∈ Lp(Rd;Rn) ∩
BVν(Rd;Rn), with U = 0 outside Ω and ϵ > 0 there exists Uϵ ∈ Lp(Rd;Rn) such that ∂νUϵ ∈
Lq(Rd;Rn), Uϵ = 0 outside Ω, and a constant C = C(∥χ∥L∞ , p, q, d) > 0 such that
ˆ

Ω
|Uϵ − χ|p + ϵq|∂νUϵ|qdx ≤ C

(
ˆ

Ω
|U − χ|pdx+ ϵ(1 + max{∥U∥p−1

L∞ , ∥U∥q−1
L∞ })∥Dνχ∥T V (Ω)

+ ϵmax{1, ∥U∥p−1
L∞ , ∥U∥q−1

L∞ }(∥DνU −Dνχ∥T V (Ω) + Per(Ω)
)

Moreover, if we have curlU = 0 or curl curlU = 0 in Rd it also holds curlUϵ = 0 or curl curlUϵ =
0, respectively.
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Proof. For given U ∈ Lp(Rd;Rn), we define Uϵ(x) =
´

R U(x− tν)ψϵ(t)dt with a one-dimensional
mollifier ψϵ. That is, by Uϵ we denote the function which is obtained by mollifying U in direction ν
on a scale ϵ; we omit the ν dependence in the notation. Due to the fact that (Uϵ)ν

y(t) = (Uν
y ∗ψϵ)(t),

using the notation introduced in Section 2.2, all the required estimates (50) to (52) have their
respective analogous inequalities:

∥∂νUϵ∥Lr ≤ ϵ−1∥ψ′∥L1(R)∥U∥Lr ,

∥∂νUϵ∥L1 ≤ ∥DνU∥T V (Rd),

∥Uϵ − U∥L1 ≤ Cϵ∥DνU∥T V (Rd).

Hence, the proof works as that of Lemma 4.4. In particular, the changes required to not change
the exterior data outside Ω are done by the same methods.

As the function Uϵ is essentially defined via a convolution and scaling, the differential constraint
of the form curlUϵ = 0 or curlcurlUϵ = 0 is still fulfilled in Rd. □

Remark 4.6. We want to conclude this general analysis with two remarks. First, the same
results as in Sections 4.1 and 4.2 hold if we consider periodic functions instead of prescribing the
exterior data outside of Ω. Second, we could also consider other differential constraints besides
curlU = 0 or curl curlU = 0 in Rd. In general, in Lemma 4.4 and Corollary 4.5 we can preserve
the constraint L(D)U = 0 in Rd for any linear, homogeneous, constant coefficient differential
operator L(D), e.g. we could also consider divU = 0 in Rd. The role of the divergence operator
for lower scaling bounds was discussed in [RRT23].

4.3. Applications – proof of Corollary 1.5. We now use the derived comparison results of
the diffuse and sharp interface models to show Corollary 1.5.

Proof of Corollary 1.5. Let us begin by recalling the upper bound constructions from Section 3 for
Theorem 1 for U = ∇u. We recall that, as highlighted in (33) and in the proofs of Proposition 1.1
and Theorem 1, we always have

∥DU −Dχ∥T V (Ω) ≤ C(K, F )(∥Dχ∥T V (Ω) + Per(Ω)),
∥U∥L∞ ≤ C(K, F ).

Thus, considering the functions uϵ, χϵ defined in the respective upper bound, we use Theorem 3
and Corollary 4.5 (with U = ∇uϵ, χ = χϵ) to derive the scaling bounds. Indeed, we obtain that

c inf
χ̃∈BVν (Ω;K3)

inf
u∈AF

(
ˆ

Ω
|∇u− χ̃|2dx+ ϵ∥Dν χ̃∥T V (Ω)

)

≤ inf
χ∈L2(Ω;K3)

inf
u∈AF

∂ν ∇u∈Lq(Ω;R2×2)

(
ˆ

Ω
|∇u− χ|2 + ϵq|∂ν∇u|qdx

)

≤ C

(
ˆ

Ω
|∇uϵ − χϵ|2dx+ ϵ∥Dνχϵ∥T V (Ω) + ϵPer(Ω) + ϵ∥Dν∇uϵ −Dνχϵ∥T V (Ω)

)

≤ C

(
ˆ

Ω
|∇uϵ − χϵ|2dx+ ϵ∥Dνχϵ∥T V (Ω) + ϵPer(Ω)

)
,

where C may depend on K and F . In particular, after an absorption of the perimeter term, both
the upper and lower bounds from Corollary 1.5 are proven by inserting the upper and lower
bounds for the associated sharp interface models. □

211



ON SURFACE ENERGIES IN SCALING LAWS FOR SINGULAR PERTURBATION PROBLEMS 51

5. Discrete models and anisotropic surface energies

As a final prototypical example, we complement our discussion on possible regularizations
by now considering the case of discrete models. Indeed, discrete systems prevent oscillations
at scales smaller than the grid size of the lattice. As already known in the literature (see e.g.
[CM99, Lor09]), this produces a regularization effect comparable to the addition of a singular
surface energy term in the continuous case. In our discussion, we recover these results in our
model settings. Our main focus and novelty here, however, is on the analysis of anisotropic
situations. In this context, the orientation of the lattice naturally introduces an anisotropy which
may affect the scaling depending on the geometry of K. This effect can be tracked into its
continuous counterpart. In particular, this will allow us to invoke the scaling results from the
previous sections.

5.1. Quantitative surface penalization in discrete models. In this section we consider
discrete energies in the sense that, for h ∈ (0, 1) and R ∈ SO(2), we fix a triangulation T R

h of Ω
on the scale h and assume that ∇u and χ are constant on the triangles τ ∈ T R

h . By doing this
we hence rule out – and, in particular, “penalize” – oscillations on a scale finer than h.

For this reason, in certain instances, this discrete energy can be bounded from below by
the continuous elastic energy contribution singularly perturbed by a sharp (anisotropic) surface
penalization of the form given in (2).

To observe this, we will make the energy contribution of three adjacent triangles explicit, and
note that when a change of phase occurs, the “middle” triangle T ′

h has to pay elastic energy,
giving rise to a contribution which resembles the surface energy ∥Dνχ∥T V (Ω). We recall the
notation for the lattice structures from (10), (11), the admissible deformations from (12) and the
discrete energy from (13). We begin by deducing “interior” estimates. In the subsequent result,
we will also incorporate associated boundary conditions.

In what follows, we focus on the anisotropic setting, more precisely, on the case in which we
assume that there is a compatible direction of the wells which is perpendicular to one of the sides
of the triangles. We allow for rank-one connections which are in exactly one of the directions
Re1, Re2, or R(e1 + e2) for a fixed matrix R ∈ SO(2). We note that this cannot yield a full
surface penalization for the associated continuum model but will give rise to an anisotropic surface
penalization.

Lemma 5.1. Let K = {A1, A2, . . . , AN } ⊂ R2×2. Let Th, T
′
h denote the triangles from (10).

Assume that there exists v ∈ {e1, e2, 2−1/2(e1 + e2)} such that for any Aj , Ak ∈ K with j ̸= k it
holds

(Rw) × [Aj −Ak] ̸= 0, for every w ∈ {e1, e2, 2−1/2(e1 + e2)} \ {v}.(54)

Let p ∈ [1,∞), z ∈ hZ2 and consider
Ωj := (RTh ∪RT ′

h ∪ (RTh + hRej)) +Rz,(55)

for j = 1, 2, illustrated in Figure 10. Then there is a constant C = C(K, R, p, v) > 0 such that
for any u ∈ W 1,p(Ω1 ∪ Ω2;R2) and any χ ∈ L∞(Ω1 ∪ Ω2; K) which are affine or, respectively,
constant on the triangles R(Th + z), R(T ′

h + z), R(Th + z + he1), R(Th + z + he2), it holds
ˆ

Ω1∪Ω2

|∇u− χ|pdx ≥ Ch∥DRνχ∥T V (Ω1∪Ω2),

where ν ∈ S1 is such that ν · v = 0.
Moreover, defining

Ω′
j := (RTh ∪RT ′

h ∪ (RT ′
h − hRej)) +Rz,
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z
RTh

+ Rz

x0

x1

Figure 10. Illustration of the sets in Lemma 5.1 for a rotation R by 15◦. The
set Ω1 ∪ Ω2 is filled in orange. The fixed points x0, x1 are marked in black and
their translations x0 + hej are shown in gray. The set Ω1 is highlighted with a
red border. The corresponding setting for Ω′

1 ∪ Ω′
2 is shown in blue.

for j = 1, 2, the same result holds with Ω′
j in place of Ωj.

Proof. Without loss of generality, we can assume z = 0. We also start by considering R = Id; the
general case will be reduced to this one below. We fix x0 ∈ Th and x1 ∈ T ′

h (see Figure 3). For
simplicity of exposition we prove the estimate for Ω1 ∪ Ω2 only, with the estimate on Ω′

1 ∪ Ω′
2

being completely analogous.
Step 1: The case of R = Id. We first quantify the energy contribution of a possible change of

phase in Ωj . Its main contribution concentrates on T ′
h and amounts to

ˆ

T ′
h

|∇u− χ|pdx ≥ ch2∣∣ej × (χ(x0 + hej) − χ(x1))
∣∣− 2p

ˆ

Th∪(Th+hej)
|∇u− χ|pdx,(56)

for some c = c(K, p) > 0. To prove (56), we first work on Ω1, i.e. with j = 1. The estimate for
Ω2 follows by switching the roles of the coordinates. Since u is affine on each triangle in Ω1 ∪ Ω2,
by tangential continuity along the edges of T ′

h it holds that
∂1u(x1) = ∂1u(x0 + he2), ∂2u(x1) = ∂2u(x0 + he1), ∂1u(x1) − ∂2u(x1) = ∂1u(x0) − ∂2u(x0),

and, hence,
∂1u(x1) = ∂2u(x0 + he1) + ∂1u(x0) − ∂2u(x0) = ∂1u(x0 + he2),
∂2u(x1) = ∂2u(x0 + he1) = ∂1u(x0 + he2) + ∂2u(x0) − ∂1u(x0).(57)

By exploiting the fact that A p
2 + B

p
2 ≤

√
2(A + B) p

2 for A,B ≥ 0, relation (57), by Jensen’s
inequality (in the form |A−B|p − 2p−1|B|p ≤ 2p−1|A|p), and writing χj = χej for the jth column
of χ, we obtain
ˆ

T ′
h

|∇u− χ|pdx

= h2

2
(
|∂2u(x0 + he1) + ∂1u(x0) − ∂2u(x0) − χ1(x1)|2 + |∂2u(x0 + he1) − χ2(x1)|2

) p
2

≥ h2

2
1

2p
√

2
(|∂1u(x0) − ∂2u(x0) − (χ1(x1) − χ2(x1))|p + |∂2u(x0 + he1) − χ2(x1)|p)

≥ h2

2
1

2p
√

2

(
21−p|χ1(x0) − χ1(x1) − (χ2(x0) − χ2(x1))|p + 21−p|χ2(x0 + he1) − χ2(x1)|p

− |∂1u(x0) − ∂2u(x0) − (χ1(x0) − χ2(x0))|p − |∂2u(x0 + he1) − χ2(x0 + he1)|p
)
.

213



ON SURFACE ENERGIES IN SCALING LAWS FOR SINGULAR PERTURBATION PROBLEMS 53

Let C0 = min
{

|w × (Aj − Ak)| : j ̸= k,w ∈ {e1, e2, 2−1/2 ( 1
1 )} \ {v}

}
> 0 which is strictly

positive thanks to (54). For simplicity of exposition, in the next two estimates we assume
v = 2−1/2(e1 + e2). Hence, we deduce

ˆ

T ′
h

|∇u− χ|pdx

≥ 2−2p−1h2
(

| ( 1
1 ) × (χ(x0) − χ(x1))|p + |e1 × (χ(x0 + he1) − χ(x1))|p

)

− h2

2

(
|∂1u(x0) − ∂2u(x0) − (χ1(x0) − χ2(x0))|p + |∂2u(x0 + he1) − χ2(x0 + he1)|p

)

≥ 2−2p−1h2
(

| ( 1
1 ) × (χ(x0) − χ(x1))|p + |e1 × (χ(x0 + he1) − χ(x1))|p

)

− h2

2

(
2p|∇u(x0) − χ(x0)|p + |∇u(x0 + he1) − χ(x0 + he1)|p

)

≥ 2−2p−1Cp−1
0 h2|e1 × (χ(x0 + he1) − χ(x1))| − 2p

ˆ

Th∪Th+he1

|∇u− χ|pdx.

Here, we used ( 1
1 ) × ∇u =

(−1
1
)

· ∇u = ∂2u − ∂1u to denote the tangential components for
the edges with normal ( 1

1 ), see the notation introduced in Section 1.4. This proves (56) with
c = 2−2p−1Cp−1

0 > 0 depending only on K, v, and p.
We now combine (56) with the analogous inequality with e1 and e2 switched. We thus have

ˆ

Ω1∪Ω2

|∇u− χ|pdx

≥
ˆ

Th∪(Th+he1)∪(Th+he2)
|∇u− χ|pdx+ 2−p−1

ˆ

T ′
h

|∇u− χ|pdx+ 2−p−1
ˆ

T ′
h

|∇u− χ|pdx

≥ ch22−p−1
2∑

j=1

∣∣∣ej × [χ(x0 + hej) − χ(x1)]
∣∣∣

+ (1 − 2−1 − 2−1)
ˆ

Th

|∇u− χ|pdx+ (1 − 2−1)
ˆ

(Th+he1)∪(Th+he2)
|∇u− χ|pdx

≥ c2−p−1h2
2∑

j=1

∣∣∣ej × [χ(x0 + hej) − χ(x1)]
∣∣∣.

For general v ∈ {e1, e2, 2−1/2(e1 + e2)} we follow the same arguments as above and get

ˆ

Ω1∪Ω2

|∇u− χ|pdx ≥ c2−p−1h2
( 2∑

j=1

∣∣∣ej × [χ(x0 + hej) − χ(x1)]
∣∣∣+
∣∣∣
(

1/
√

2
1/

√
2

)
× [χ(x0) − χ(x1)]

∣∣∣

−
∣∣∣v × [χ(xv) − χ(x1)]

∣∣∣
)
,

(58)

where xv = x0 if v = 2−1/2(e1 + e2), xv = x0 + hej if v = ej , such that exactly the term with v
cancels.
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To relate this expression to the desired surface energy, we note that for ν ∈ S1 such that
ν · v = 0, it follows that

∥Dνχ∥T V (Ω1∪Ω2) = h|ν · 2−1/2(e1 + e2)| |χ(x0) − χ(x1)| +
2∑

j=1
h|ν · ej | |χ(x1) − χ(x0 + hej)|

≤ Ch
(

|χ(x0) − χ(x1)| +
2∑

j=1
|χ(x1) − χ(x0 + hej)| − |χ(x1) − χ(xv)|

)
.

From (58), exploiting the boundedness of χ, we can also infer that
ˆ

Ω1∪Ω2

|∇u− χ|pdx ≥ c2−p−1 h2

diam(K)

(∣∣∣
(

1/
√

2
1/

√
2

)
× [χ(x0) − χ(x1)]

∣∣∣|χ(x0) − χ(x1)|

+
2∑

j=1

∣∣∣ej × [χ(x0 + hej) − χ(x1)]
∣∣∣|χ(x0 + hej) − χ(x1)|

−
∣∣∣v × [χ(x1) − χ(xv)]

∣∣∣|χ(x1) − χ(xv)|
)
.

Hence, gathering the two inequalities above and again by (54) for a constant C = C(K, p, v) > 0
we get
ˆ

Ω1∪Ω2

|∇u− χ|pdx ≥ Ch


h|χ(x0) − χ(x1)| +

2∑

j=1
h|χ(x0 + hej) − χ(x1)| − h|χ(x1) − χ(xv)|




≥ Ch∥Dνχ∥T V (Ω1∪Ω2).

Step 2: General rotations R ∈ SO(2). Now we turn to the general (rotated) case. For given
R ∈ SO(2), consider Ω̃j = RT Ωj = (Th ∪ T ′

h ∪ (Th + hej)) + z and the functions

ũ : Ω̃1 ∪ Ω̃2 → R2, ũ(x) = u(Rx),
χ̃ : Ω̃1 ∪ Ω̃2 → KR, χ̃(x) = χ(Rx)R.

For those functions it holds that ∇ũ(x) = ∇u(Rx)R, and thus
ˆ

Ω1∪Ω2

|∇u− χ|pdx =
ˆ

RT (Ω1∪Ω2)
|∇u(Rx) − χ(Rx)|pdx =

ˆ

Ω̃1∪Ω̃2

|∇ũ− χ̃|pdx,

∥DRνχ∥T V (Ω1∪Ω2) = ∥Dν χ̃∥T V (Ω̃1∪Ω̃2).

For the wells Aj , Ak ∈ K, j ̸= k, from (54) it holds

ej × (AjR−AkR) = (Rej) × (Aj −Ak),
(

1
1

)
× (AjR−AkR) = (R

(
1
1

)
) × (Aj −Ak).

Therefore the set K̃ = KR fulfils the compatibility conditions (54) for R = Id. Hence, the claim
follows by applying the argument for R = Id to the functions ũ, χ̃, and thus

ˆ

Ω1∪Ω2

|∇u− χ|pdx =
ˆ

Ω̃1∪Ω̃2

|∇ũ− χ̃|pdx ≥ C(K̃, p, v)h∥Dν χ̃∥T V (Ω̃1∪Ω̃2)

= C(K, R, p, v)h∥DRνχ∥T V (Ω1∪Ω2).

□

With the above auxiliary result on “interior estimates” in hand, we now cover Ω with copies
of Ω1 ∪ Ω2 to relate the discretized setting to a sharp interface model. This, together with an

215



ON SURFACE ENERGIES IN SCALING LAWS FOR SINGULAR PERTURBATION PROBLEMS 55

estimate of the energy contributions which arise at the boundary allows us to provide the proof
of Theorem 5.

Proof of Theorem 5 in the anisotropic setting. Only the proof for the anisotropic setting is given,
for the full isotropic surface penalization the arguments are analogous with the corresponding
changes for the full derivative. By possibly replacing Ω by RT Ω, in the following we assume R = Id.
The general result follows by a rotation as done in the proof of Lemma 5.1. Without loss of
generality and for brevity of exposition, we assume that v = 2− 1

2 (1, 1)T and thus ν = 2− 1
2 (−1, 1)T .

We work in multiple steps, separating the analysis in the interior of the domain and close to the
boundary.

Step 1: Estimate on the interior. We cover Ω by sets of the form Ωz
1 ∪ Ωz

2 as in (55), i.e.
Ωz

1 ∪ Ωz
2 = (Th ∪ T ′

h ∪ (Th + he1) ∪ (Th + e2)) + z,

where we now keep track of the dependence on z ∈ hZ2 in the notation. We define the discrete
set J := {z ∈ hZ2 : (Ωz

1 ∪ Ωz
2) ⊂ Ω} and the set Ωh := ∪z∈J Ωz

1 ∪ Ωz
2. The interior set Ωh ⊂ Ω

approximates Ω from the inside as h ↓ 0 and may leave an h-neighbourhood of the boundary ∂Ω
not yet covered, which will be addressed in Step 2.

As Ωz
1 ∪ Ωz

2 overlap at most six times for z ∈ J , by an application of Lemma 5.1 we obtain the
lower bound

ˆ

Ω
|∇u− χ|pdx ≥ 1

6
∑

z∈J

ˆ

(Ωz
1∪Ωz

2)∩Ω
|∇u− χ|pdx

≥
∑

z∈J
C ′h∥Dνχ∥T V (Ωz

1∪Ωz
2) ≥ C ′h∥Dνχ∥T V (Ωh),

(59)

with C ′ > 0 depending on K, v, and p.
Step 2: Boundary layer. To estimate the energy contribution of the boundary layer, we

introduce the set of boundary triangles
I := {τ ∈ Th : |τ ∩ Ω| > 0, H1(τ ∩ ∂Ω) > 0}.

For a constant σ = σ(Ω) ∈ (0, 1
2 ) which will be fixed below, we decompose the set of boundary

triangles into I = Ismall ∪ I1 ∪ I2, where

Ismall := {τ ∈ I : |τ ∩ Ω| < 1
2σh

2},
I1 := {τ ∈ I \ Ismall : |τ \ Ω| > 0},
I2 := {τ ∈ I \ Ismall : |τ \ Ω| = 0}.

The triangles in I1 and I2 have non-degenerate area inside Ω and, in particular, those in I2 have
at least one edge that has a common line segment with ∂Ω.

We will show that the energy on this boundary layer produces a contribution of order (at
least) h. To prove this, the case in which the edges of Ω are aligned with the grid necessitates
a careful treatment, since (a priori) in this case u ∈ Ap,Id

h,F could laminate with the boundary
condition without paying any energy. We thus split this analysis into two substeps, depending on
the geometry of the domain.

Step 2.1: Domains aligned with the grid. Consider first the case in which Ω is a polygon with
edges parallel to the directions of the triangulation, i.e. such that n∂Ω ∈ {±e1,±e2,±v} H1-a.e.
on ∂Ω, where n∂Ω is the outer unit normal vector to ∂Ω. Notice that there exist h0 = h0(Ω) > 0
and C0 > 0 a universal constant such that, for every edge Γ of Ω and for every h < h0 it holds

(60) #{τ ∈ I : τ̄ ∩ Γ ̸= ∅} ≥ C0
h

H1(Γ).
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Γ

σh

(a) Case 1: The distance of Γ to the (inte-
rior) edges of the triangulation is at least
σh. The boundary triangles (hashed in
purple) have uniform area inside Ω.

Γ

σh

∂Ω′

(b) Case 2: The two edges have distance
less that σh to the edges. We replace Ω
with Ω′, which is highlighted in orange
(hashed).

Figure 11. Illustration for cases 1, 2 in step 2. The interior of Ω is highlighted
in blue with its boundary segment Γ parallel to the edges of the triangles.

We now split our discussion in two cases.
Case 1: Assume that there exists an edge Γ of Ω whose distance (towards the interior of

Ω, i.e. oriented in direction −nΓ) from the lattice lines orthogonal to nΓ is larger than σh, see
Figure 11(a). In formulas, we assumed that dh(Γ) ≥ σh, where

dh(Γ) := min{t ≥ 0 : Γ − tnΓ ⊂ Lh(nΓ)}, Lh(nΓ) :=





hZ × R nΓ = ±e1,

R × hZ nΓ = ±e2,

{(t, z − t) : t ∈ R, z ∈ hZ} nΓ = ±v.
In this case

#{τ ∈ I1 : τ̄ ∩ Γ ̸= ∅} ≥ 1
2#{τ ∈ I : τ̄ ∩ Γ ̸= ∅}.

Since u ∈ Ap,Id
h,F and ∇u ≡ F outside Ω, for every τ ∈ I1 we have that u(x) = Fx on τ and hence,

using F /∈ K,
ˆ

τ∩Ω
|∇u− χ|pdx =

ˆ

τ∩Ω
|F − χ|pdx ≥ σC ′h2.

Consequently, by (60) and the estimates above, we get

(61)
ˆ

Ω
|∇u− χ|pdx ≥

∑

τ∈I1

ˆ

τ∩Ω
|∇u− χ|pdx ≥

∑

τ∈I1

σC ′h2 ≥ 1
2C

′C0σhH1(Γ).

Case 2: If case 1 does not take place, the edges of Ω have distance (towards the interior) from
the lattice lines (parallel to that edge) smaller than σh, i.e. dh(Γ) < σh. If there is one edge Γ for
which this distance is not zero, we define Ω′ ⊂ Ω as the polygon obtained by replacing Γ with the
closest lattice line orthogonal to nΓ. Notice that, u(x) = Fx also outside of Ω′. Up to repeating
this procedure a finite number of times, we obtain that all the edges of Ω′ lie on lattice lines,
depicted in Figure 11(b). With a slight abuse of notation, we still denote Ω′ as Ω, in particular
we have that I = I2.
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In this case, due to the anisotropy, there might be an energy-free phase transition between F
and K on the boundary triangles. We separate the cases in which this phase transition does not
happen (case 2(a)) with the one in which the transition takes place, case 2(b). In case 2(b) we
need global arguments to prove that the lower bound is non-degenerate.

For w ∈ {−e1,−e2, v} we introduce the set
Iw

2 := {τ ∈ I2 : Ew(τ) ⊂ ∂Ω},
where by Ew(τ) we denote the edge of τ with normal w. These are the sets of lattice triangle
touching the edges of Ω that are orthogonal to w.

Case 2(a): First let us assume that there is one edge Γ of Ω with normal w ∈ {−e1,−e2, v}
such that in the majority of triangles at this edge χ is in an incompatible well to the boundary
condition F , i.e.

#{τ ∈ Iw
2 : τ ∩ Γ ̸= ∅, w × [χ− F ] ̸= 0 on τ} ≥ C0

2hH1(Γ).

For any such triangle τ it then holds
ˆ

τ∩Ω
|∇u− χ|pdx ≥

ˆ

τ

|w × (F − χ)|pdx ≥ C ′h2.

Here we have used that, as there is a line segment in ∂τ ∩ Γ perpendicular to w, by the boundary
condition and the fact that ∇u is constant on τ , we have

w × ∇u = w × F.

This yields that
ˆ

Ω
|∇u− χ|pdx ≥ 1

2C
′C0hH1(Γ).(62)

This case can either happen, if all the wells are incompatible to F in direction w, or if χ is “badly”
chosen.

Case 2(b): We are then left to consider the case in which for every edge of Ω (orthogonal to
w) there exists (at least) one Aw compatible to F in direction w, i.e. w× (Aw −F ) = 0, and such
that χ = Aw in the majority of the boundary triangles. Hence, there exist at least two (different)
vectors w1, w2 ∈ {−e1,−e2, v}, two edges Γ1,Γ2 ⊂ ∂Ω (orthogonal to w1 and w2 respectively)
and two matrices (up to relabelling) A1, A2 ∈ K such that w1 × (F −A1) = 0, w2 × (F −A2) = 0
and

#{τ ∈ Iw1
2 : τ̄ ∩ Γ1 ̸= ∅, χ = A1 on τ} ≥ C0

2hNH1(Γ1),

#{τ ∈ Iw2
2 : τ̄ ∩ Γ2 ̸= ∅, χ = A2 on τ} ≥ C0

2hNH1(Γ2).

From the fact that F /∈ K we also infer that A1 ̸= A2. The factor 1
N here accounts for the fact

that there might be multiple possible choices of A1, A2.
As the edges of Ω lie on the lattice lines, we can cover the whole Ω by copies of Ωz

1 ∪ Ωz
2 and

its flipped version (Ω′
1)z ∪ (Ω′

2)z. Hence, by reasoning as in (59) of Step 1, we have
ˆ

Ω
|∇u− χ|pdx ≥ C ′h∥Dνχ∥T V (Ω).

We now prove that, either there exists a non-degenerate interface oriented in a direction not
orthogonal to v or we have a non-vanishing elastic energy contribution in the bulk.

As w1 ̸= w2, we can assume, without loss of generality, that w2 = −e2. Let

E :=
⋃

τ∈Th: χ≡A2 on τ

τ
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vν

SE′

ℓ

∂Ω

(a) The case
´

γin∩S
|ν · n∂E′ |dH1 ≥

ℓ/(4
√

2). The line segment relevant for
the energy contribution in (63) is high-
lighted in orange.

vν

SE′

ℓ

∂Ω
I

(b) The case
´

γin∩S
|ν · n∂E′ |dH1 < ℓ/4.

The line segment of length f(x1) in S with
direction ν is shown as the dashed line.
The set I for which we consider these line
segments is highlighted in orange.

Figure 12. The two cases for the sets S and E′ in case 2(b).

and let E′ be a connected component of E whose closure intersects Γ2 and let ℓ := H1(∂E′ ∩ Γ2).
For simplicity, assume also ∂E′ ∩ Γ2 = (0, ℓ) × {0}.

Denote γ = ∂E′ \ Γ2, which is a connected piecewise affine path. We decompose it into the
part inside Ω and the part on its boundary, that is, we write γ = γin ∪ γb := (γ \ ∂Ω) ∪ (γ ∩ ∂Ω).
Consider the stripe

S :=
{

(x1, x2) ∈ Ω : x2 > 0, ℓ4 < x1 + x2 <
3ℓ
4

}
,

and let f(x1) be the length of the segment in direction ν originating from (x1, 0) and ending on
∂Ω (but not necessarily in E′). Here, we recall that v = 2−1/2(1, 1)T and ν ·v = 0. Notice that, as
Ω is a polygonal domain and S ∩ Γ2 is well-contained in Γ2, f(x1) is bounded from below, hence
up to reducing the value of σ, σ < f(x1) < diam(Ω) for every x1 ∈ (ℓ/4, 3ℓ/4). By connectedness
of γ, we notice that

ˆ

γ∩S̄

|ν · n∂E′ |dH1 =
ˆ

γin∩S

|ν · n∂E′ |dH1 +
ˆ

γb∩S̄

|ν · n∂E′ |dH1 ≥ ℓ

2
√

2
.

Indeed, as E′ is connected γ is a continuous path from (0, 0) to (ℓ, 0) hence intersects ∂S both in
{(ℓ/4, 0) + tν : t ∈ R} and {(3ℓ/4, 0) + tν : t ∈ R}. By the choice of S, that is, ∂S ∩ Ω has normal
v, and the fact that the segment γ of ∂E′ consists of line segments with possible directions e1, e2,
and ν, γ ∩ S has to move a distance larger than ℓ/2 in the directions e1 or e2.

Since we have a control only of the interfaces inside Ω, if
ˆ

γin∩S

|ν · n∂E′ |dH1 ≥ ℓ

4
√

2
then we infer that

(63) ∥Dνχ∥T V (Ω) ≥ C

ˆ

γin∩S

|ν · n∂E′ |dH2 ≥ C1ℓ,

with C1 > 0 depending on K.
Consider now the opposite case, i.e. that

ˆ

γin∩S

|ν · n∂E′ |dH1 ≤ ℓ

4
√

2
≤ ℓ

4 .
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In this case, loosely speaking, we can prove that there is a union of stripes (contained in S and
oriented in its same direction) fully contained in E′, in which we can perform an integration
argument which provides a lower bound (see below). To be precise, let I := {x1 ∈ (ℓ/4, 3ℓ/4) :
((x1, 0) + Rν) ∩ γin = ∅} be the set of starting points on ∂S ∩ Γ2 such that the ray in direction ν
does not intersect γin. Then, with a slicing argument

ℓ

4 ≥
ˆ

γin∩S

|ν · n∂E′ |dH1

=
ˆ

3ℓ
4

ℓ
4

H0({x2 ∈ (0, f(x1)) : (x1 − x2, x2) ∈ γin, n∂E′(x1 − x2, x2) ̸= ν})dx1 ≥ ℓ

2 − |I|.

Hence, after a suitable change of variables and an application of Jensen’s inequality and the
fundamental theorem of calculus, we get

ˆ

E′
|∇u− χ|pdx ≥

ˆ

I

ˆ f(x1)

0
|∂ν ũ(x1 − x2, x2) −A2ν|pdx2dx1

≥ σ

ˆ

I

∣∣∣ 1
f(x1)

ˆ f(x1)

0
(∂νu(x1 − x2, x2) −A2ν)dx2

∣∣∣
p

dx1

= σ

ˆ

I

∣∣∣u(x1 − f(x1), f(x1)) − u(x1, 0)√
2 f(x1)

−A2ν
∣∣∣
p

dx1.

Since, by the boundary conditions, u(x1 − f(x1), f(x1)) = F (x1 − f(x1), f(x1))T , u(x1, 0) =
F (x1, 0)T , and F −A2 = a⊗ e2 for some a ∈ R2 \ {0} we infer that

(64)
ˆ

E′
|∇u− χ|pdx ≥ σ

ℓ

4 |(a⊗ e2)ν|p ≥ σC1ℓ,

up to reducing the value of C1 if needed. Gathering (63) and (64) and repeating it for all the
connected components of E we infer that also in this case

(65)
ˆ

Ω
|∇u− χ|pdx ≥ C1 min{h, σ}C0

2 H1(Γ2).

Step 2.2: Domains not aligned with the grid. Consider now a general polygonal domain not
admissible in Step 2.1, namely a polygon with an edge Γ such that

(66) min
{

|nΓ − w| : w ∈ {±e1,±e2,±v}
}

≥ σ0,

for some σ0 ∈ (0, 1
2 ) depending on the domain, see Figure 13.

Due to the misalignment with the grid there are no boundary triangles around Γ in the set I2,
namely, denoting IΓ := {τ ∈ I : τ̄ ∩ Γ ̸= ∅}, we have

IΓ = (IΓ ∩ I1) ∪ (IΓ ∩ Ismall).

We now show that, for every h < h0, #(IΓ ∩ I1) ≥ C0h
−1H1(Γ), which then leads to the desired

lower bound by arguing as in Case 1 of Step 3. By (66), consider the case 0 < |(nΓ)2| ≤ |(nΓ)1| ≤
1 − σ2

0
2 (the case with switched coordinates works analogously). Loosely speaking, Γ has “slope”

larger then 1 but is not vertical. Hence, for h sufficiently small, it intersects h−1 many vertical
lattice lines, and (as proved in the following) for each line intersected there is a non-degenerate
boundary triangle.

Indeed, let z1 ∈ hZ such that Γ ∩ ({z1} ×R),Γ ∩ ({z1 + h} ×R) ̸= ∅ and consider the rectangle
E with vertices {(z1, ζℓ)} := Γ ∩ ({z1} × R) and {(z1, ζr)} := Γ ∩ ({z1 + h} × R). Note that, as
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z1 z1 + h

ζℓ

ζr

τ0

Figure 13. In the case of an edge Γ misaligned with the triangulations, there are
always “many” triangles with a majority of the area inside Ω. The rectangle E is
highlighted in orange, with the part inside Ω in blue. The triangle τ0 ∈ IΓ ∩ I1 is
hashed in orange. For the adjacent vertical segments the corresponding triangles
in IΓ ∩ I1 are also hashed in orange.

|ζℓ − ζr| = h
∣∣ (nΓ)1

(nΓ)2

∣∣, there are at most 2
⌊∣∣ (nΓ)1

(nΓ)2

∣∣⌋+ 4 triangles intersecting E which all belong to
IΓ. Now we have

∣∣∣ (nΓ)1
(nΓ)2

∣∣∣h
2

2 = |E ∩ Ω| =
∑

τ∈IΓ
τ∩E ̸=∅

|τ ∩ Ω| ≤ |τ0 ∩ Ω|
(

2
⌊∣∣∣ (nΓ)1

(nΓ)2

∣∣∣
⌋

+ 4
)

where τ0 ∈ IΓ is such that |τ0∩Ω| ≥ |τ∩Ω| for every τ ∈ IΓ with τ∩E ≠ ∅. Since |(nΓ)2| ≤ |(nΓ)1|,
the previous inequality yields that |τ0 ∩ Ω| ≥ h2

16 . By |(nΓ)1| ≤ 1 − σ2
0

2 , Γ intersect ∪z∈hZ{z} × R
at least

⌊
h−1|(nΓ)2|H1(Γ)

⌋
≥
⌊σ2

0
2hH1(Γ)

⌋

many times. Thus, up to reducing the value of σ we have τ0 ∈ IΓ ∩I1, and repeating the argument
above, we find σ2

4 h
−1H1(Γ) many triangles in IΓ ∩ I1. Eventually, arguing as in (61) we infer

(67)
ˆ

Ω
|∇u− χ|pdx ≥ C ′C0σhH1(Γ),

here we possibly reduced the value of C0 (e.g. by multiplying it with a universal constant) if
needed.

Step 3: Conclusion. Gathering (59), (61), (62), (65) and (67) we get
ˆ

Ω
|∇u− χ|pdx ≥ 1

3

ˆ

Ω
|∇u− χ|pdx+ 1

3Ch∥DRνχ∥T V (Ωh) + 1
3σC

′′h(68)

for suitable constants C ′′, C > 0 depending on Ω, R, p, v, F , and K.
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Furthermore, since
∥DRνχ∥T V (Ω\Ωh) ≤ C(K, d,Ω)h−1Per(τ) ≤ C(K, d,Ω),

we get that
∥DRνχ∥T V (Ω) + 1 ≤ C(∥DRνχ∥T V (Ωh) + 1)

which then gives the result together with (68). □

With this we can deduce lower scaling bounds for a discrete model by using the corresponding
lower bounds for the sharp interface model, provided we do not argue on scales smaller than h.
We will comment on this in more detail below.

Remark 5.2. The proof of Theorem 5 in the isotropic setting follows the same idea as for the
anisotropic setting, hence we omit it at this point.

We expect the same result to hold in higher dimensions, where the triangulation has to be
replaced by the corresponding higher-dimensional generalization.

5.2. Applications. In this last section we apply the result of Theorem 5 to derive scaling laws
for the discretized Lorent and Tartar settings.

5.2.1. The discrete Lorent three-well problem. Consider K3 ⊂ R2×2 given in (4). For the
(anisotropic, continuous) sharp interface model the scaling is given by Theorem 1. By The-
orem 5 we expect the scaling law to carry over to the discretized model as soon as the rank-one
connection in K3 is misaligned with the triangulation T R

h . Building on these observations, we
present the proof of Corollary 1.6.

Proof of the lower bounds in Corollary 1.6. We recall that the only rank-one connection within
the wells forming the set K3 is between A1 and A2 and is given by the vector e1.

In case (i) we have, e1 ̸∈ {±Re1,±Re2,±2−1/2R(e1 +e2)}. Hence, since e1 is the only available
rank-one direction,

(Re1) × [Aj −Ak] ̸= 0, (Re2) × [Aj −Ak] ̸= 0, (R
(

1
1

)
) × [Aj −Ak] ̸= 0,

for all Aj , Ak ∈ K3, j ̸= k. As a consequence, by Theorem 5 we have
ˆ

Ω
|∇u− χ|2dx ≥ C

(
ˆ

Ω
|∇u− χ|2dx+ h∥Dχ∥T V (Ω)

)
.

The statement then follows by an application of Theorem 1.
In the second case, that is in the case that the compatible direction is in one of the “bad”

directions, we use the anisotropic version of Theorem 5. Thus, there is v ∈ {e1, e2, 2−1/2(e1 + e2)}
such that Rv = ±e1 and, hence, Rv× [A1 −A2] = 0. By Theorem 5, we get with ν ∈ S1, ν · v = 0

ˆ

Ω
|∇u− χ|2dx ≥ C

(
ˆ

Ω
|∇u− χ|2dx+ h∥DRνχ∥T V (Ω) + h

)
.

As ν · v = Rν · Rv = ±Rν · e1 = 0 it holds, without loss of generality, that Rν = e2. As a
consequence, we infer that

ˆ

Ω
|∇u− χ|2dx ≥ C

(
ˆ

Ω
|∇u− χ|2dx+ h∥De2χ∥T V (Ω) + h

)
.

The desired lower bound then follows by Theorem 1. □

We can use our upper bound constructions from Section 3 and interpolate them on the
triangulation to get matching upper bounds.
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Proof of upper bounds in Corollary 1.6. We follow the arguments of [Lor09, Chi99, CM99]. Let
us start by considering the isotropic setting.

Taking the corresponding upper bound construction u, χ from Theorem 1 with ϵ = h, we define
uh ∈ A2,R

h,F as the piecewise affine approximation of u, preserving the boundary condition. For
this it holds

ˆ

Ω
dist2(∇uh,K3)dx ≤

ˆ

Ω
|∇uh − ∇u|2dx+ Eel(u, χ).

As ∇u is bounded for each of our constructions (see (33)), we get
ˆ

Ω
dist2(∇uh,K3)dx ≤ C(K3)|{uh ̸= u}| + Eel(u, χ).

We now seek to bound the volume |{uh ̸= u}|. For this we note that, firstly, u is piecewise affine
in our constructions (but not on the triangulation), and, secondly, that when we are at least at
distance 2h from the jump set of ∇u and ∂Ω, then it holds uh = u. By this we conclude

|{uh ̸= u}| ≤ Ch(∥D(∇u)∥T V (Ω) + Per(Ω)).

Moreover, by construction of the continuous upper bound deformation we also have, see (33) and
the proof of Theorem 1,

∥D(∇u)∥T V (Ω) ≤ C(∥Dχ∥T V (Ω) + Per(Ω)).

In conclusion this yields
ˆ

Ω
dist2(∇uh,K3)dx ≤ C(Eel(u, χ) + h∥Dχ∥T V (Ω) + hPer(Ω)).

Thus, after choosing χh pointwise as the projection of ∇uh onto K3 (with an arbitrary choice
where the projection is not well-defined) the upper bound follows also in the discrete set-up.

Compared to the above isotropic argument, additional care is needed for the anisotropic setting.
If F ∈ K1

3 in the anisotropic case, the oscillation of the upper bound construction is finer than h.
Thus, an unmodified variant of the above argument would yield the trivial bound

ˆ

Ω
dist2(∇uh,K3)dx ≤ C|Ω|.

To achieve the desired upper bound which displays an h scaling behaviour, we consider a simple
laminate of A1 and A2 on a scale h with a suitable cut-off. Then, in the bulk of Ω we have
∇uh ∈ K3 due to the compatibility and as we can laminate exactly on the boundaries of triangles.
Therefore, the energy concentrates in a boundary region, and we obtain

ˆ

Ω
dist2(∇uh, χ)dx ≤ C|{dist(x, ∂Ω) ≤ 2h}| ≤ Ch.

Again choosing χh as the pointwise projection of ∇uh onto K3 yields the desired result.
For F ∈ K2

3 in the anisotropic case, we remark that the rescaled unit cells always have lengths
and heights such that ℓj , hj ≫ ϵ. In this case, we can therefore directly translate the continuous
upper bound construction (laminate within branching) by discretization. More precisely, we fix
the laminate on the scale ϵ = h and apply analogous arguments as in the isotropic setting above
which allow us to transfer the bound from the continuum to the discrete framework. □
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5.2.2. The discrete Tartar square. Last but not least, we turn to the proof of the bounds for the
Tartar square.

Proof of Corollary 1.7. Recalling that there are no rank-one connections in the Tartar square,
the proof follows from applying the isotropic version of Theorem 5 and invoking the lower scaling
result from [RT22]. □

The almost matching upper bound can be found in [Chi99].
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[BO13] Árpád Bényi and Tadahiro Oh. The Sobolev inequality on the torus revisited. Publicationes Mathe-
maticae Debrecen, 83(3):359–374, 2013.
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[RRT23] Bogdan Raiţă, Angkana Rüland, and Camillo Tissot. On scaling properties for two-state problems and

for a singularly perturbed T3 structure. Acta Applicandae Mathematicae, 184(1):5, 2023.
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[RTZ18] Angkana Rüland, Jamie M Taylor, and Christian Zillinger. Convex integration arising in the modelling
of shape-memory alloys: some remarks on rigidity, flexibility and some numerical implementations.
Journal of Nonlinear Science, pages 1–48, 2018.
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