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Summary

In this thesis, we discuss mathematical methods to compute families of Feynman integrals.
Central to our approach are two mathematical structures: the geometries underlying integral
families, and their associated twisted (co-)homology groups. We use the latter to derive
general relations among integrals and understand the so-called canonical form of a basis of
master integrals better. Additionally, we present the analytic computation of several integral
families: specific Lauricella integrals associated with hyperelliptic curves, the unequal-mass
kite integral family, and two-dimensional (fishnet) integrals.

We begin by reviewing the physical and mathematical background. Starting with a brief
summary of the role of Feynman integrals in perturbative quantum field theory, we introduce
key tools such as their parametric representations, their cuts, and the method of differential
equations, which relies on finding a so — called canonical basis of an integral family. Then we
introduce the mathematical background: We discuss the geometries appearing in the inte-
gral families studied in this thesis — including hyperelliptic curves and Calabi—Yau varieties
— and review the twisted (co-)homology groups, with an emphasis on the computation of
intersection and period matrices.

We conclude the first part by discussing how a matrix of cuts of Feynman integrals can be
interpreted as a period matrix of twisted (co-)homology groups. This interpretation provides
a transition into one of the central results of this thesis: We explore what can be learned
from the so-called twisted Riemann bilinear relations for the intersection and period matrices
of twisted (co-)homology groups associated to a Feynman integral family. These relations
not only explain known and provide new relations, but also enable us to gain a deeper
understanding of the canonical basis. Then we use these insights to construct canonical
differential equations for Lauricella integral families associated to genus-one and genus-two
hyperelliptic curves which serve as models for hyperelliptic maximal cuts. Next we present
the analytic computation of the unequal-mass kite integral family, which is related to two
distinct elliptic curves. A key step is the parametrisation of the five kinematic variables on
two elliptic tori, enabling the solution in terms of iterated integrals on these tori. Then we
study single-valued Feynman integrals in two spacetime dimensions. We show how these
integrals naturally are bilinear combinations — effectively, double copies — of twisted periods.
This construction is equivalent to the one of the Kéhler potential of a Calabi—Yau geometry,
which we exploit to compute the conformal fishnet integrals directly from the data of their
associated Calabi-Yau varieties.

The techniques developed here provide a conceptual bridge between the abstract math-
ematics of (twisted) periods and the analytic computation of Feynman integrals, e.g., for
scattering amplitudes.
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List of Symbols

Here, we collect the symbols that we use repeatedly throughout the thesis. Note that some of
the symbols have different meanings in different contexts. We list those with © and give all
meanings. Some symbols that are only used locally are not listed.

Symbol Meaning
(-|"] Period pairing — (4.3
[-]) Dual period pairing — (4.38))
(-] ® Inner product between de-Rham cohomology groups — &
© Bracket of QFT — only in Section |E|
[-]] Homology intersection pairing — 4.34 |
(123) Object related to (123)-sunrise or -torus of the kite integral family
(345) Object related to (345)-sunrise or -torus of the kite integral family
a; © a cycles of a hyperelliptic curve — figure |3.3
© Parameters of hypergeometric function — (4.173)) & (4.182
o © Indicials in the Frobenius method f
© Generic exponent of a factor L;(z) of the twist —(4.2)
© Data of Aomoto-Gelfand hypergeometric function - (4.163|)
AN e) Connection matrix for a vector of master integrals — (2.98|)
A Matrix of a-periods of the hyperelliptic curve —(3.35|)
A Matrix of a-quasi-periods of the hyperelliptic curve — ({3.46|)
Ap K-algebra of functions — Section [5.2.1
Ap. Ap @k K(¢)
Alex; 1) Defines generating series for iterated Eisenstein integrals — (3.158)
b; © b cycles of a hyperelliptic curve — figure |ﬁ|
© Parameters of hypergeometric functions —(4.173)) & (4.182))
© Betti number, dim [H;(X)]
B(z,2") Bidifferential — (3.200))
B(A) e-independent part of canonical connection matrix — (2.103)




Meaning

BF, % with By, the k-th Bernoulli number

B*(M, C) {n — forms w | w = dw, where @ is an (n — 1) — form }
B.(M,Z) {A, n-chain | A, = 0A5}

B"(X, V) {n — forms Ve | $ an — 1-form}

Bu(X, Ls) {twisted n — cycles 0y [y = AS ® ®|a, with AS a n + 1-cycle }
B(z) Baikov polynomial — (2.37)

Bs Basis of Eg — Section [5.2.1

B Matrix of b-periods of the hyperelliptic curve f
B Matrix of b-quasi-periods of the hyperelliptic curve — (|3.46|)
C Cohomology intersection matrix — (4.37))

c*(M,C) {n-form w | dw = 0}

Cn(M, Z) {n — chainsA, |0A, = 0}

Cu(X, L) {7 =A5 @ ®|ac | A an n — cycle and I(y ® @|,) = 0}
C"(X, Vo) {n — forms ¢ on X | Vep = 0}

ce L Classical intersection numbers — (8.43))

C; Integration contour in Baikov representation — (|2.39))
¢ exp(2mia;) — (B.20)

¢(x) cot(mz)

Cuty, ..., 1] Cut of a Feynman integral — (2.43)

compx g Comparison isomorphism — (4.124))

X5 Xigkl Conformal cross ratios — (12.87))

X(X) Euler Number

D Dimension

d Integer part of the dimension

D; Propagator of a Feynman graph/integral

D, {z|®p(z) = 0}

D_ {z |z is a pole of ®p(z) and z ¢ ¥}

DY Matrix of determinants of periods — (3.18)

dext Exterior derivative in the external coordinates

dint Exterior derivative in the internal coordinates

d ding + dexs

0, partial derivative in z — (3.2)




Symbol Meaning
ot de Rham object
0; ¢; —1—(B.20
0 Operator that sends n-chain to its boundary (including twist)
0 © Symbols for Leray co-boundaries —
© Symbolic generic exponents in regularised poles of the twist
A, Topological cycle
AL Compactified topological cycle
ARD|a Twisted cycle — (4.21))
A, Coaction-like map — (|4.154])
A(z) Factor in modular forms — ((3.147))
A Conformal weights
E Linearly independent ext. points of Feynman graph, E = ne — 1
E(\) Elliptic integral — (3.70))
E(z,y|?) Prime form — (3.198))
Eg K-algebra of generating er; — Section [5.2.1
Ex Fc®Ep
€Ly Letters of generating series for iterated integrals — ([5.91|)
eg ) Tsunogai algebra generators — (|3.161))
€ Characteristics — (3.184)
€ Dimensional regulator for Feynman integrals

Elh b k]

Iterated Eisenstein integrals — (3.152])

Ui

Metric

n(7)

Dedekind 7 function — (3.93))

M, 72

Quasi-periods of an elliptic curve — ([3.48))

2 (T) » T4 (T)

n-function — (|3.86|)

F

Second Symanzik Polynomial — ([2.24))

Fq Prefactor with conformal weight

F(X) Elliptic integral — (3.74))

Fex (2,1, q) Kronecker-Eisenstein series — (3.170))

Fe Frac(C @k Ap)

o Fy Gauss’ hypergeometric o F} function — (4.2))
F(op]Aac) Aomoto-Gelfand hypergeometric function —([{.163)




Symbol

Meaning

g Genus of a hyperelliptic curve — ([3.29))

92, g3 Coeflicients in the Weierstrass form — &

g® (z,7) g-kernels — (3.174))

Gi(7) Eisenstein series — ((3.85)

G(ai,...,a,;x) | Multiple polylogarithms — Definition

Gy Generating functional for iterated integrals — ([5.91)

Gg Generating functional for multiple poylogarithms G — (3.132))
detG(qi1,...,q,) | Gram determinant — ([2.36))

Iy Siegel modular group —

Lo(N),I'(N) Congruence subgroups — (3.139)

T (Mame ) 1)

Elliptic multiple polylogarithms — ([3.171))

T (i, w| )

Elliptic multiple polylogarithms — (3.177))

YE Euler-Mascheroni constant
H Homology intersection matrix — (4.34))
HiR (X, C) de-Rham cohomology group on X, C*(X,C)/B"(X, C)
H,(X,Z) Betti homology group on X, C,(X,Z)/Bn(X,Z)
Hir (X, Vo) C"(X,Vs)/B"(X, Vg)
H, (X, Ls) Cu(X, Ls)/Bu(X, L)
HE(X, L) Locally finite version of Hy, (X, £s) — (&.5)
H,(X_,Dy, 2@) Relative twisted homology group —
H,(X;,D_,Lg) | Dual relative twisted homology group —
H, Siegel upper half-space in C9*¢
Hx o Tuple of (co-)homologies and comparison isomorphism
I Hamiltonian density
I(ag,...an+1) Multiple polylogarithms — Definition |3.22
I(X) Vector of master integrals
L,({pip;},{m?}) | Feynman integral in momentum representation — ([2.12))
Ie 4 (€x;7) Generating series for iterated Eisenstein integrals
J j-invariant of an elliptic curve — (3.68))
J © Complex structure on a manifold
© Matrix in Feynman representation — ([2.22))
Ja Ja Yangian generator of level zero and one — (2.82)




Symbol

Meaning

K(\) Elliptic integral of first kind—
K(X) Kahler potential of a Calabi-Yau
K Some algebraic number field — Definition in |A.1
K, Kinematic space of the kite integral family —
Ky Skew-diagonal matrix of ones — ([5.99))
L Loop number of a Feynman graph
Li(z) Factor of the twist ®
l;, 0 Loop momentum
Li,(z) Classical Polylogarithm — ((3.20))
Lo, Lo Local systems — and Definition |A.3
A Lagrangian
A Ay sy Ay © Lattice in the Jacobian — (3.7))
© Set of punctures
AN © Generic external parameter
© Parameter of a hyperelliptic curve or Calabi-Yau family
Aa, b, c) Kallén function a? + b? 4+ ¢* — 2ab — 2ac — 2be
Aabe MXo, Xy, X.)
M, M, Mg Variety
M © For fishnet integrals: Number of vertices on the vertical axis
© Matrix in Feynman representation — ([2.22))
m; Internal mass in a Feynman graph
Mg Generating series for independent motivic ¢ values — (4.133))
Mg Complex moduli space of a Calabi-Yau family
M, M, Amplitude — ([2.10))
m Label for motivic object

m[f bk

Multiple modular values — ([3.155))

u

Data of a Aomoto-Gelfand hypergeometric function — (4.163|)

pup(x) Holomorphic measure on a base space B — used in eq.

n Dimension of space X on which we define twisted (co-)homology groups
N For fishnet integrals: Number of vertices on the horizontal axis

Next Number of external legs of a Feynman graph

Nint Number of internal propagators of a Feynman graph




Symbol

Meaning

Nisp Number of irreducible scalar products
Vi, V Exponents of propagators in Feynman integral
I/[i ; 7'] Kernels for iterated Eisenstein integrals — (3.151))
Vo Twisted connection — (4.3|)
) Differential operator (e.g., Picard-Fuchs operators)
Q Unique holomorphic differential of a CY
Q Normalised period matrix of a hyperelliptic curve — (3.36)
Qpx(z,1) Combination of Kronecker Eisenstein forms — (3.176|)
O(M,C) Space of n-forms on M over C
Q'(Ap) K-vector space of differential forms with coefficients in Ap
w Kéhler form — (3.94))
wa Kahler form of a fishnet graph G
w1, W Periods of holomorphic differential of an elliptic curve — (3.37))
Wn, Form in hypergeometric functions — (4.165))
w® Basis of HID(Wg)
We diﬁ‘qu) = diplog ® — (4.3))
wi(z,7) Kronecker Eisenstein forms — (3.175))
D Dimension of C'(Ag) in Section [5.2.1
Di © External momentum of a Feynman diagram
© Coefficients of differential operators p;(z) = 61;1;;—2)
P Period matrix — (4.4])
PE(N, €) Maximal cut sector in dlog basis
P Period matrix for a hyperelliptic curve
IT Period vector of a (CY) manifold M
Pexp Path-ordered exponential
0(2) Weierstrafl p-function — (3.79)
d Twist — (4.2))
© Generic form in a twisted cohomology group
o(x) Scalar field in the Lagrangian
dc(x) Conformal part of the fishnet integrals — ([2.86)
ba, E% — Fc ®x VB, p* = p*(Gr) = s fud (W)




Symbol Meaning

i(x) © Polynomials in second kind Abelian differentials — (13.45|)
© Series needed for the computation of intersection numbers — ([B.3))
L Polynomials second kind differentials — (3.53)
w (p, q)-form
w; Basis element of Vg in Section [5.2.1
@; Basis element of C*(Apg)in Section [5.2.1
q © Exponential of period, ¢ = exp(mit) — (3.87))
© Dimension of C?(Ag) in Section [5.2.1
qi(z) © Coefficients of a differential operator — (3.16|)
© Momenta in the propagators — ([2.13))
R(A ¢) Dimensional shift matrix — (2.97))
r Number of factors in the twist — (4.2))
pf Map between f alphabet and ( values
S © Physical action
© Generator of the modular group — Definition [3.25
Sa Punctured Riemann sphere
Sp(2¢,7) Symplectic group —
Sol(0) Solution space of an operator O — (3.109))
Se(x) e-sphere around point z
S Semi-simple part of a period matrix
S Scattering matrix — ([2.8))
sa(r, k) Stirling number of second kind: 3 Z?:o (k> (k—1)"
i
Sk Symmetric polynomials — e.g., in
s(x) sin(rmz)
o Permutation
¥ Hypersurfaces defined from a twist: |J;_,{z|L:(z) = 0}
Y Riemann surface family with parameters A
by Homology intersection matrix
T Generator of the modular group — Definition [3.25
T Interaction part of the scattering matrix




Symbol

Meaning

Mirror map — Definition |3.15

tﬂé’i Mirror map from fishnet graph G
Normalised period of the elliptic curve, 7 = Z—i
© Differential operator 0, = z0,
© Symbols that track boundaries — (4.109))
Hf' © Riemann © constants — Definition [3.12
© Special Jacobi-f-functions — ([3.89))
Ola, b](z|T) Jacobi-f-function — ((3.88])
e, Sectors of Feynman integral family — (2.14)
O(z,0Q) Classical Riemann © function — Definition [3.38
O [€] (z,9) Riemann © function with characteristics — ((3.184])
U First Symanzik Polynomial — ([2.23))
U\ e) Transformation matrix between bases of Feynman integrals
u Unipotent part of a period matrix
u Abel’s map — (3.44))
ui(A,€) Entries in transformation ansatz to find canonical DEQ
u§123), u£345) Functions in the definition of the sunrise punctures — ([7.21))
Number of propagators going into vertex in a fishnet theory
Vo Number of vertices of a Feynman graph
VB Space of differential forms generated by canonical differential equation
VB (Jy(w)|w € B)x — (5-95))
Wa Mirror Calabi-Yau to CY Mg
Wy Canonical first kind Abelian differential
wéﬁl Second kind Abelian differential — ([3.208|)
W32, 2 Third kind Abelian differential — (3.204))
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Chapter 1

Introduction

One of the core ideas of modern theoretical physics is to describe the world using
mathematical frameworks and to derive predictions from these frameworks that
can be tested experimentally. In turn, this pursuit has also inspired various areas
of mathematics and provided concrete applications and examples for abstract con-
structions. The interplay between physics and mathematics remains fascinating
and fruitful in a wide variety of areas. Along these lines, this thesis focuses on a
specific topic: a special class of integrals known as Feynman integrals, which arise
in Quantum Field Theory (QFT). QFT is the theoretical framework of the standard
model of particle physics, used to describe three of the four fundamental forces:
the strong, weak, and electromagnetic interactions. The fourth force, gravity, is
described within a different geometric framework — general relativity. Recently,
however, integrals such as the ones we discuss are also used to study observables
related to gravitational waves [1}5]. Additionally, these integrals appear in other
contexts, such as string theory [6, [7], which plays a minor role in this work. Here,
we extend this motivation to study Feynman integrals, explain the focus of this
thesis, and outline its structure.

QFT is a framework used and developed in modern particle physics. Much of ex-
perimental particle physics is conducted in collider experiments, such as those at the
Large Hadron Collider (LHC). In these experiments, incoming elementary particles
with high energies scatter, and the outgoing particles are measured. To learn from
these experiments, one must compare them with existing theories, which requires
accurate theoretical predictions. The central theoretical framework is the Stan-
dard Model of particle physics, which has been remarkably successful in explaining
a wide range of experimental results. The strongest of its forces is the strong
interaction. Quantum Chromodynamics (QCD) governs this force and particles
interacting with it in a self-contained way. To bridge experiment and theories, one
must compute observables within these theories. However, since these are quantum
theories, it is not possible to compute a single definitive value for an observable.
Instead, one determines the probability distribution for a certain outcome. The
probability distribution for a certain collision producing certain outgoing particles
with specific momenta and masses is the so-called scattering amplitude. A highly
successful method for computing scattering amplitudes is perturbation theory: The
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amplitude is computed as an expansion in the small coupling constants associated
with each force. The coefficient at each order can be computed from Feynman in-
tegrals. One writes down all allowed Feynman diagrams for that order and particle
content, extracts their mathematical expressions, and sums them up. Each addi-
tional term in the expansion corresponds to additional integrations over an internal
momentum and these are represented with higher loop orders in the diagrams. The
resulting integrals are known as Feynman integrals. This explains in a nutshell, how
scattering amplitudes and their fundamental building blocks, Feynman integrals,
play a central role in theoretical particle physics. Consequently, an entire research
field is dedicated to their computation. The two primary goals of these studies are
the following:

e Precision Physics. After the discovery of the Higgs boson and the so far widely
observed predictability of the Standard model of particle physics, we are in
the precision era of particle physics. The goal is now to measure the Stan-
dard Model’s parameters with high accuracy. Small discrepancies from its
predictions in experimental data could point to physics beyond the Standard
Model.

e Structures in QFT. A better understanding of the scattering amplitudes — the
objects connecting a theory to observables in the real world — is crucial for
a better understanding of the theory. Non-trivial relations between theories
have been found from studying their scattering amplitudes. An example is
the so-called double-copy formalism, which says that a wide variety of gravity
amplitudes can be built putting together building blocks of gauge theory
amplitudes (such as the ones describing the strong and electroweak forces).
Crucially, the study of Feynman integrals also revealed deep connections to
various areas of mathematics, which are interesting in their own right.

In this thesis, we are especially interested in the mathematical structures, which,
as noted earlier, also arises in integrals from other contexts. In string perturbation
theory, certain amplitudes are given by integrals over punctured Riemann spheres —
similarly to certain Feynman integrals related to tori or Riemann surfaces of genus
two. Additionally, the use of amplitudes-based techniques in the study of gravi-
tational wave observables and cosmology has revealed the appearance of integrals
that are very similar to Feynman integrals.

One of the central objectives of this thesis is to obtain a deeper understanding
how the geometries underlying Feynman integrals can be used to establish rela-
tions between them and to facilitate their analytical computation. Many Feynman
integrals — in particular ones used for phenomenological applications — are express-
ible in so-called multiple polylogarithms and in that way trivially related to the
punctured Riemann sphere. More complicated Feynman integrals — in particular
ones involving higher loop orders with massive internal momenta — have also been
found to involve periods of elliptic curves [8-10] and more recently even Calabi-Yau
(CY) varieties [3-5, [L1H28] and higher genus Riemann surfaces [27, [29-31]. While
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methods for computing these specific Feynman integrals have rapidly advanced in
recent years, open questions remain. In this thesis, we take steps toward addressing
them by studying specific integral families and identifying general patterns along
the way. In particular, we discuss an integral family related to two distinct elliptic
curves [32] 33|, functions that model maximal cuts which constitute specific limits
of hyperelliptic Feynman integrals [34] as well as a class of Feynman integrals that
are computed by single-valued versions of CY periods [35-38|. The second major
theme of this thesis is the application of twisted intersection theory for similar
purposes. Twisted intersection theory was introduced in the study of Feynman
integrals to identify linear relations [39-46]. As a natural framework for integrals
with multi-valued integrands, it can also be used to deduce further properties and
relations [6, [47-49]. Specifically, we explore the implication of a set of bilinear re-
lations between (twisted) periods, the so-called twisted Riemann bilinear relations
(TRBR) for Feynman integrals |34, 50]. The results of this discussion are closely
tied and directly applicable to the classes of integrals that we study because of their
interesting geometric properties. In that sense and a multitude of specific ways,
both objectives are intimately tied to each other. In more detail, we discuss the
following content in this thesis:

Overview of the thesis

In Chapter [2] we introduce Feynman integrals and some common techniques
and objects used in their computations. Specifically, we first review how they arise
in QFT in Section 2.1} Then, in Section we introduce different integral repre-
sentations commonly used for Feynman integrals in different contexts. One of these
contexts is the computation of so-called cuts of Feynman integrals, specific limits
that preserve important properties and we discuss them in Section 2.3] In Section
we illustrate the concepts discussed up to this point with several examples.
Finally, we discuss today’s standard method for computing Feynman integrals, the
method of differential equations, in Section [2.5]

In Chapter [3] we discuss all basic geometric notions that we need for the rest
of the thesis. Specifically, we start with a general introduction of objects related to
varieties such as their cohomology and homology group and the differential oper-
ators annihilating their periods — integrals between the cycles from the homology
group and differentials from the cohomology group. Then we discuss specific vari-
eties: Riemann surfaces and hyperelliptic curves in Section [3.2]and then Calabi-Yau
varieties in Section Our main interest are iterated integrals defined on these
varieties, as they naturally appear in Feynman integrals. In Section [3.4] we explore
these integrals, focusing on those over Riemann surfaces of varying genera. Finally,
in Section [3.5] we establish the connection to Feynman integrals by discussing how
a variety can be associated with a family of Feynman integrals, and do so with
several examples relevant for this thesis.

In Chapter [ we introduce another central mathematical framework for this
thesis: The theory of twisted (co-)homology groups and their intersection numbers.
In Section we start with a review of these concepts (computational details can

13



Introduction

also be found in Appendix . Here we distinguish between twisted cohomology
groups for differentials without additional poles and relative twisted cohomology
groups used to treat integrands that have unregulated poles. Then we briefly
mention (twisted) motivic and de Rham periods in Section 1.2l We use these
objects to review a construction of single-valued versions of twisted periods. As
a prime example of twisted periods we introduce Aomoto-Gelfand hypergeometric
functions in Section [4.3| and construct single-valued versions for several examples
of these functions. Finally, in Section 4.4 we explain, how Feynman integrals can
be interpreted as (relative) twisted periods.

In Chapter we discuss how a good understanding of the concepts from
Chapter [4] can be used to derive new relations for Feynman integrals: In Section
[5.1] we explain how one can find bilinear relations (for maximal cuts) from the
twisted Riemann bilinear relations from twisted intersection theory. In Section
we explain what else one can learn from these relations about the structure
of the intersection matrix for a Feynman integral family in canonical form, i.e.,
with a basis particularly suited for solving with the differential equation approach.
This is related to a concept of self-duality for maximal cuts and reveals interesting
connections to representation theory.

In Chapter [6] we discuss canonical differential equations for a class of functions
that form the prototype of a hyperelliptic maximal cut: Lauricella functions. In
particular, we explain how to derive a canonical basis for families of Lauricella
functions related to hyperelliptic curves of genus one and two in Section [6.1} In
particular, we also use results of Section to get a better understanding of the
new functions arising in these canonical bases. In Section [6.2] we also discuss the
modular properties of the iterated integrals we obtain as a solution for the canonical
differential equations. We find that the appearing forms are partially Siegel quasi-
modular forms.

In Chapter [7], we discuss one specific integral family, the unequal mass kite
integral family in D = 2 — 2¢ dimensions. This integral family is related to two
distinct tori and has five parameters, which makes it an interesting example for
a multi-parameter Feynman integral family related to more than one non-trivial
geometry. After introducing this integral family in Section we explain how one
can find its canonical differential equation in Section [7.2] Then, we discuss how to
express this differential equation on the two tori in Section and comment on
the choice of boundary values and the integration in Section [7.4]

In Chapter [8] we discuss Feynman integrals in two integer dimensions. These
are generally single-valued periods of some (twisted) (co-)homology groups. In that
sense, one can compute them as single valued versions of twisted periods (which are
all Aomoto-Gelfand hypergeometric functions), as we explain in Section . For
specific parameter choices these single-valued versions of periods are at the same
time special objects in the context of Calabi-Yau varieties, namely exponentials of
their Kahler potentials. These can be written in bilinears of Calabi-Yau periods,
which is analogous to the bilinear formula for single valued versions of twisted pe-
riods from twisted intersection theory. We discuss this connection in Section (8.2
and also consider its implications, including an interpretation of fishnet integrals
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as quantum volumes and special relations that one can derive in this framework.

The main part of the thesis is accompanied by a set of Appendices:

In Appendix [A] we give definitions for various mathematical concepts we use
throughout the thesis.

In Appendix We explain methods to compute intersection numbers in (rela-
tive) twisted (co-)homology groups and illustrate them with examples. Addi-
tionally, we give a proof for the e-dependence of certain intersection numbers.

In Appendix [C] we give additional relations for punctures related to the kine-
matic space of the unequal mass kite integral family of Chapter [7]

In Appendix [D] we give extended calculations that were omitted in the main
part of the thesis, in particular we give the proof of Theorem and as well
as several the Laurent expansions of basic differentials on hyperelliptic curves.

In Appendix [E] we review some relevant aspects of representation theory.
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Chapter 2

Feynman Integrals

In this chapter, we provide the physical motivation for considering the types of
integrals that are discussed in subsequent chapters.
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In Section [2.1} we focus first on Feynman integrals that appear in scattering ampli-
tudes computed in the context of particle physics. Then, we mention integrals with
similar structures that appear in gravitational wave physics, cosmology and string
theory. In Sections and we introduce all relevant definitions and ideas
related to these (Feynman) integrals — such as different integral representations
and limits — and illustrate them with several examples in Section [2.4] Finally, in
Section [2.5, we introduce the method of differential equations, a standard method
to compute Feynman integrals that we use throughout the thesis.

This chapter reviews existing literature.

Contents of this Chapter

2.1 Feynman Integrals in High Energy Physics| . . . . . .. 20
2.2 Feynman Integrals: Representations| . . . .. ... ... 26
[2.2.1  Momentum Representation| . . .. ... ......... 27
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[2.4.2  The Non-planar Crossed Box Family| . . . . . . ... .. 37
[2.4.3  Fishnet Integrals| . . . . . ... ... ... ... ..... 40
2.5 Feynman Integrals: Differential Equations| . .. .. .. 43
[2.5.1 Linear Relations Between Feynman Integrals| . . . . . . 44
[2.5.2  Difterential Equations for Feynman Integrals| . . . . . . 45
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Chapter 2

2.1 Feynman Integrals in High Energy Physics

We provide a very brief review of how Feynman integrals arise in the calculation
of observables in QFT, particularly in modern particle physics. For a more in-
depth treatment of the foundations of this topic, see the classic literature (e.g.,
[51-53]). For a modern, research-focused perspective, see e.g., [54, 5], or [§],
which specifically focuses on Feynman integrals.

Feynman Integrals in Quantum Field Theory

We begin by introducing the concept of an observable in QFT and then show how
the computation of observables relies on the computation of scattering amplitudes,
which in turn can be obtained perturbatively in the coupling constants with Feyn-
man integrals appearing in the coefficients.

Observables From Scattering Amplitudes. The fundamental object defining
a QFT is its Lagrangian density (or simply the Lagrangian) £ ({¢i(x)}, {0.¢i(x)}),
which is a function of fields ¢;(z) — depending on local coordinates afl| — and their
derivatives 0,¢;(x). Different types of fields exist and represent different types of
particles. They are distinguished by their behaviour under Lorentz transformations.
For all examples considered in this thesis, we only need scalar fields. The integral
of the Lagrangian density over space-time is the action S

5= [ 2 (o@) (0.0 (@)) . (2.1)
We denote by D the number of space-time dimensions. In general, the physical
space-time dimension is D = 4 in particle physics . However, in QFT, we generally
use dimensional regularisationﬂ, setting D = d + 2¢ with € being a small perturba-
tion from an integer space-time dimension d. The equation of motion for each field
¢; is given by the FEuler-Lagrange equation

% (5ia00) 50, -

which can be derived by requiring 65 = 0 in accordance with the principle of least
action.

0, (2.2)

Example 2.1 (¢*-theory: Lagrangian). Possibly the simplest example is the La-
grangian of a single scalar field ¢(x) with mass mf:

1 1
L = 5 (@u0(@) — o) (2.3)
Its equation of motion is given by the Klein-Gordon equation
(040, +m*) ¢(z) = 0. (2.4)
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With an additional interaction term, we obtain the Lagrangian for the so-called
¢*-theory,

1

1 2
Z =3 Oula))’ — 5

: (@),

where g is the coupling constant determining the strength of the interaction.

m2¢($’)2 g

— (2.5)

The beauty of the Lagrangian formulation lies in the fact that the Lagrangian
contains all information on a theory of fundamental forces. A particularly compact
example is the following:

Example 2.2 (QED). The Lagrangian for quantum electrodynamics (QED), the
quantum field theory of electromagnetism is:

. 1 o
gQED == gDimc + gMa:rwell + Znt = ¢ (V}/uau - m) ¢ - Z (Ful/)z - €¢7M¢Au .
(2.6)

This Lagrangian contains the electromagnetic vector potential A, (whose particles
are photons), which also defines the electromagnetic field tensor F),, = 0,A,—0,A,,
as well as a bispinor ﬁelaﬁ Y (whose particles are electrons). The coupling constant
e is equal to the electric charge of the bispinor field, i.e. the electron.

Similarly, one can construct a Lagrangian for other established theories of par-
ticle physics or extended candidate theories. A particularly relevant theory for
particle physics is QCD describing the strong interaction and QCD is itself part
of the full standard model of particle physics which describes the electro-weak and
strong interactions and all particles that interact with these forces. To test these
theories in reality, one needs to compare their predictions with experimental mea-
surements. In particle physics, parameters are measured through collider experi-
ments. The theoretical description of a certainﬂ scattering event (in a collider) is
the following: We assume that we have a set of incoming particles described by the
fields {¢i, @2, ...} in the (asymptotically) far past, where they can be considered
free, i.e. non-interacting. Similarly, consider a set of outgoing particles described
by the fields {¢} ., #>,--.} in the far future, where they are free. The probabil-

ity for this specific scattering event to happen in a certain theory containing the
involved particles is denoted by

|< c1>ut¢(2)ut"‘ |¢11n 12n>|2

In general, we work in momentum space, with the position space vectors (¢ @2 . .. .|
and |¢l @2 ...) related to momentum space vectors ,u(pP;Ps| and |ki1ks ... )i, via
a Fourier transform | In momentum space, we need to compute:

(2.7)

out<p1p2 e |k1k2>in = <p1p2 N |S|k1k2 N > (28)

This is equivalent to saying that we compute a matrix element of the limiting
unitary operator S, describing the time-evolution between in- and out-states. In
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general, the time-evolution operator takes the form S = N exp(—i77(27")) where T
is the asymptotic time and 2 the Hamiltonian density of the system. Commonly,
one splits S into

S=1+iT, (2.9)

where T captures the interactions and the limit S = 1 describes a history without
interaction, where the particles just pass each other. In a scattering process, we
are interested in the interaction part, which takes the form

(ppy ... |iT|kiky...) = (2m)*6W (Z ki — Zm) iM({k} = {p}) . (2.10)

The 6 function guarantees that the momentum of in- and outgoing particles is
conserved, and M is the scattering amplitude. The cross section and the differential
cross section, which can be measured in experiments are functions of the scattering
amplitude, appearing in the form |[M]?. Thus, the scattering amplitude is the
quantity that needs to be computed to connect to experiments.

Scattering Amplitudes From Feynman Diagrams. In general, the matrix
element of cannot simpliy be computed exactly. However, the exponential
in S can be expanded in the one or multiple coupling constants of the theory
(for simplicity we assume here that there is only one coupling constant) and then
the amplitude can be computed perturbatively. In general, the full perturbative
expansion diverges [56] and a full treatment of the amplitude must contain non-
perturbative effects. Still, considering only the first few orders of the perturbative
expansion has proven to produce valid results confirmed by experiments.

There is a systematic approach to computing the coefficients: One uses so-
called Feynman diagrams. These are graphical representations of the terms in each
coefficient, consisting of vertices connected by internal edges and attached to ex-
ternal ones. A vertex represents an interaction and is associated with the coupling
constant(s), whereas the lines connecting vertices, the so-called propagators, repre-
sent terms due to the kinematic and mass terms in the Lagrangian/Hamiltonian.
Depending on the explicit particle content, the propagators take different forms
— graphically represented by differently structured lines and formally by the dif-
ferent kinematic and mass terms of the respective particles. The precise rules for
which graphs are allowed in the given theory and which mathematical terms are
associated to them are the so-called Feynman rules and can be read off from the
Lagrangian. For more details and examples we refer to the standard literature,
e.g., [51]. The full coefficient for the coupling constant at a specific order can be
constructed by drawing all allowed Feynman diagrams with the respective order in
the couplings and then summing up their mathematical expressions. The resulting
expression can be decomposed in terms of expressions coming from scalar diagrams,
with scalar products between the external momenta serving as coefficients — this
decomposition originated from Passarino and Veltman [57]. It is a key step in re-
ducing a scattering amplitude to its simplest components. Thus, we focus here on
scalar diagrams.
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Example 2.3 (¢*-theory: Feynman Rules). Let us thus give as a first example the
Feynman rules in ¢*-theory (from example :

Scalar propagator: ® 2 o = q2—ni2+ie
External scalar: —— =1

Vertex: X = —1ig

To account for higher order propagators (¢> —m?2+ie)™", we put v—1 dots on the
propagator in the Feynman dz’agmm.ﬂ For each closed internal loop of propagators,
we introduce an internal momentum, over which we integrate. The momenta for
the internal propagators are assigned such that the overall incoming momentum s
conserved at each vertex:

_ dP¢
— [ &5
Vertex: X — momentum conservation

The integrals we obtain by imposing such rules (and specifically the integra-
tion for each loop) are called Feynman integrals. There are two types of physical
singularities that Feynman integrals in QFT typically posses: ultra-violet (UV) sin-
gularities and infra-red (IR) singularities. UV divergences occur at large momenta,
whereas IR divergences occur for low momenta or long distances. Specifically, the
latter are classified as collinear and soft divergences. Both can be regularised by
introducing dimensional regularisation, i.e., a dimension D = d — 2¢. In general,
Feynman integrals have at most regular singularities in the kinematic variables and
the scaling exponents near a singularity are linear in the space-time dimension D.
In this thesis, we discuss Feynman integrals obtained from multi-loop Feynman
graphs. To set the notation for the remainder of this thesis, let us summarise the
parameters that identify a (multi-loop) Feynman graph:

Definition 2.1 (Feynman graphs). We denote by a Feynman graph G a graph
defined by the following sets:

o Vi: the number of vertices

® Ny the number of internal edges (each attached to a vertex on either side)
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® Ny the number of external legs (or half-edges) .

This just defines the graph as a picture. To bring physics into this picture, we
assign.:

e to every external leg in ney a momentum p; € RP (or CP) |
e to every internal edge in ni,y a mass m; € R (or C) and a momentum g,
e to every verter some power of the coupling constant(s) appearing in the theory.

Note that due to momentum conservation, not all of the external momenta are
linearly independent. We denote by E the number of linearly independent external
momenta; generally E = ne — 1 in four-dimensional spacetime.

Example 2.4 (¢*-theory: Simple One-Loop Graphs). In a scalar theory, the sim-
plest one-loop graphs are:

/ Nint = 1
Tadpole —— Next = 2
Bubble — Nyt = 2

To conclude our discussion of Feynman graphs arising in QF T, let us summarise
the relevant steps for computing a scattering amplitude from these graphs:

Review: Computing a scattering amplitude from Feynman graphs

We typically compute the scattering amplitude at a specific loop order, which
corresponds to a particular order in the expansion of the coupling constant. For
the L-th loop order and n.y; external particles of a given species, the following
steps can be applied:

1. Draw all allowed Feynman graphs. This can be done with existing soft-
ware, e.g., the packages QGraf [58] (or FeynArts [59]).

2. Perform all spinor algebra to obtain a decomposition in only scalar Feyman
integrals, e.g., with the packages FORM [60-62] (or FeynCalc [63-65]).

3. Write down the mathematical expressions for all appearing Feynman
graphs and compute the Feynman integrals.

4. Put everything back together.
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The focus of the next sections is on step 3, in particular on the computation
of massive multi-loop Feynman integrals. Similar integrals also appear in other
areas of physics, such as string theory. Moreover, the application of scattering
amplitude-based techniques in gravitational wave physics and cosmology has fur-
ther highlighted the importance of understanding and precisely computing these
integrals.

String Integrals

In the following chapters, we explore how connections to specific geometries can be
leveraged to compute Feynman integrals. Such connections also exist in the context
of string integrals, leading to an overlap in technical knowledge and computational
methods between the two fields. Standard literature for string integrals is |66} 67].

String amplitudes are path integrals describing scattering between states coming
in from infinity. Whilst the trajectory of a point particle is a worldline, strings sweep
out two-dimensional worldsheets. We distinguish between open and closed strings:
a closed string forms a loop, whereas an open string has endpoints. Notably, the
graviton corresponds to an excitation of a closed string, while the gluon arises as
an excitation of an open string. Consequently, in some theories, closed strings are
associated with gravity, whereas open strings correspond to gauge theory. Any
element of a string S-matriz is associated to some two dimensional worldsheet with
insertion points from interactions. Due to physical constraints, these worldsheets
take the form of Riemann surfaces with punctures. A Riemann surface with g
handles is referred to as a genus g surface. As in QFT we can arrange a string
amplitude by loops and the number of loops corresponds to this genus. For example,
a closed string amplitude of n external strings, M,,, can be expanded as

My = MO MO 1 MO 1
9s

(2.11)

where ¢gg is the string coupling constant. In contrast to QFT, in closed string
theory there is only one integral per loop order. For open and unoriented strings
there are more possibilities. In the former case, every L-loop string integral MY
is an integral over a genus L Riemann surface: MY s an integral over a punctured
Riemann sphere, ./\/l,(ll) is an integral over a punctured torus and for higher loops,
one considers higher genus Riemann surfaces. This connects the study of string
integrals to the study of Feynman integrals associated to Riemann surfaces, many
of which can also be written order by order in € in terms of integrals over punctured
Riemann surfaces.

Additionally, closed string integrals are single-valued and connected to open
string integrals by the Kawai-Lewellen-Tye (KLT) relations [68]. In that sense, the
KLT relations are closely related to constructing single-valued versions of certain
integrals, which are also relevant for certain Feynman integrals.

Finally, let us note that a large amount of knowledge on Calabi-Yau varieties in
the Feynman integrals community, where it is used to compute Feynman integrals
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related to these varieties, is imported from the string theory literature. In super-
string theory, Calabi-Yau (CY) varieties arise as the geometry of the additional
space-time dimensions (in addition to the standard four dimensions in Minkowski
space-time).

Other Applications: Gravitational Waves and Cosmology

The success of methods and results from scattering amplitudes in particle physics
has led to their application in other areas. Here, we provide a brief, incomplete
overview of how these techniques are being applied in gravitational wave physics
and cosmology.

Gravitational Waves. The first observation of gravitational waves [69] as well
as subsequent observations [70] and the prospect of more sensitive gravitational
wave detectors |71, |72], have led to significant efforts in computing the associated
observables such as the gravitational waveform. Traditionally, these computations
have relied on numerical relativity, but in recent years scattering amplitude-based
techniques have been adopted. These involve a direct computation from appro-
priate amplitudes, different effective field theories as well as the worldline QFT
approach [73-75]. In many cases, these computations involve Feynman-like inte-
grals that can be solved with methods similar to the ones discussed later in this
thesis. For example, high-precision computations in the WQFT formalism are per-
formed with the differential equation method and by leveraging the Calabi-Yau
variety associated to the appearing integrals [4]. This provides further motivation
to better understand Feynman integrals associated with non-trivial geometries.

Cosmological Correlators. Cosmological correlators have recently also been
computed with methods developed for Feynman integrals, such as the differential
equations method |48 |76-82|. Specifically, these integrals can naturally be consid-
ered in the framework of twisted intersection theory, which has also been employed
for Feynman integrals. Additionally, notions such as cuts and a coaction are be-
ing developed for cosmological correlators [83]. Another application in cosmology,
which is closer to experimental observations, is the computation of loop integrals
in the Effective Field Theory of Large Scale-Structure for the one-loop bispectrum
analysis of the BOSS data, measuring cosmological parameters [84].

2.2 Feynman Integrals: Representations

The form of Feynman integral obtained by applying the Feynman rules in momen-
tum space to a Feynman graph is referred to as the momentum representation.
Other representations also exist and those are valuable for different applications.
In particular, we review momentum representation, Schwinger and Feynman pa-
rameter representation and Baikov representation.
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2.2.1 Momentum Representation

Let us begin by stating the form of a generic scalar multi-loop Feynman integral
in momentum representation, as one would read it off from a Feynman graph.
Similarly, one can also define a position space representation.

Definition 2.2 (Feynman Integrals in Momentum Representation). A scalar L-
loop Feynman integral with internal masses m; and external momenta p; in mo-
mentum representation is a function of the independent scalar products p; - p; of
the external momenta and the squared internal masses m?:

Lo LodPe, | T g
L({p: - p;}, {mi}) ZGLWE(MQ)”_?/ <H ; Dr> HDuj (2.12)
T‘Zl 7/7-(.2 j:l J

with propagators D; = qu + m? where

Next Negt—1

L
V= Z vj and q; = Z cirly + Z djrpr . (2.13)
7=1 r=1 r=1

Here and henceforth, we denote by ; the loop or internal momentcﬂ by L the loop
number and vg is the Fuler-Mascheroni constant. We call the entries v; of v the
propagator powers. The renormalisation scale i is introduced to make the action
dimensionless. Occasionally, we shorten I,, := L,({p; - p;j},{m?}).

In general, the physical spacetime is a four-dimensional Minkowski space, whereas
the integral in eq. is often initially considered in Euclidean space. One can
translate between these spaces with a coordinate transformation called the Wick
rotation. The integrals are labelled by v, the collection of their propagator powers.
We can interpret a specific Feynman integral as a member of a family of Feynman
integrals indexed by these propagator powers. The concept of collecting a set of
Feynman integrals into a family will be useful because it allows us to interpret this
family as a vector space and define a basis for it. Additionally, we partition such
a family into sub-families or sectors. We characterise these sectors by introducing
the object

1 >0

, 2.14
0 =<0 ( )

O, = (Ou(r1),...,0u(Vn,,)) with Ou(z) = {

the Heaviside step function. Every integral with the same value of ®, is said to
belong to the same sector. Those sectors can be (partially) ordered in a natural
way by the prescription

O, > 0, if Ou(v;) > Ou(p) for 1 < i < mypy . (2.15)

Let us illustrate these concepts with the example of the bubble integral family,
whose graph was given in Example [2.4]
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Example 2.5 (Bubble integral family). In momentum representation, the bubble
integral family with two distinct masses in D dimensions is

B ), ) = sy [

The three relevant sectors are depicted in figure 2.1,

e =(1,1) e =(1,0) e =(0,1)

mi mi m2
(= O O
mo
Figure 2.1: The bubble integral family has three master integrals, one in each
sector. The top sector contains the unequal mass bubble [left] and the other two

sectors contain tadpoles, each with one of the two masses of the full bubble integral
[middle and right].

Their graphs are called the bubble and the tadpole graphs. These serve as simple
examples for the remainder of this introductory chapter (and beyond).

Massless Feynman Integrals in D = 2 Dimensions. We comment here
specifically on massless Feynman integrals in D = 2 dimensions. The propaga-
tors of eq. (2.13)) for massless Feynman integrals take the following form:

Next—1
D; = q(u,v) (Zcﬂur+ Z d]rvr> , ¢ir,dj € {—1,0,1} . (2.17)

Here u, and v, denote generic internal and external coordinates in R?. These can
live either in position or in momentum space. In momentum space we set u, = £,
to be the loop momenta and v, to be the the external momenta p,. In any case,
we can replace the two-dimensional real vectors u, and v, by complex variables,
whose real and imaginary parts are the components of the real vectors. Explicitly,
in position space, we write

;= u]l + Zu? and \; = U} + z'v]z . (2.18)
In these coordinates eq. (2.17)) is
Dj = (=, X)|* (2.19)
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and the full integral family for a Feynman graph G takes the form

1§(A>:( 2m> /(/\dx]Adxj>ﬁ|q RN (2.20)

cr N=1

Note that this from relies on the propagators being massless. We cannot trivially
express massive propagators as squared absolute values in the same way.

2.2.2 Schwinger and Feynman Parameter Representation

Two closely connected standard representations are the Schwinger and Feynman
parameter representations. Both of these are based on the Schwinger trick and
their building blocks are the graph polynomials. The Schwinger trick relies on the
formula

i —1_—aA

= v *for A . 2.21

F(y>/daa e or A >0 and Re(v) >0 (2.21)
0

Applying it to each propagator of the form (—qj2- + m?), one finds:

_LD Min L
I, = et () / A" o r[tozy.jfl / [] 420 e~ i g (=gi+m3) |
S I T () o i
J a; >0 =1 =

The argument of the exponential function in the integrand can be expressed with
the matrices M and J:

Mint L L
i (g +md)==>> b ML +22£ J T (2.22)
j=1 r=1 s=1

These matrices define the graph polynomials:

Definition 2.3 (Graph Polynomials). The first Symanzik polynomial is

U = det(M) (2.23)
and the second Symanzik polynomial is
det(M) /-~ _
F= u(2 ) (T+7TM71) (2.24)

With these polynomials one can define the following two representations:

Definition 2.4 (Feynman Integral in Schwinger Representation). A Feynman in-
tegral in Schwinger representation is

I, = Hnils;? 5 / d"rt oy (ﬁ a'/]1> o)l 3 exp (—%) (2.25)

a; >0
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Definition 2.5 (Feynman Integral in Feynman Parameter Representation). The
Feynman parameter representation of a Feynman integral is given by

eLlevET (I/ — 2) Ning Ning - [U(a)]y_w
[y = o 2 / d"rtad [ 1 — O azfj_ '
7 T0s) 2 |1 ="

;>0 j=1 [Fa)]” 2

(2.26)

Note that by the Cheng-Wu theorem the delta distribution in the integrand can also
be replaced by a reparametrisation with any delta distribution of the form

O (R N (2.27)

j€J C{l,..nine}
As an example we consider the bubble integral of Example 2.5

Example 2.6 (The Bubble Integral in Feynman Parameter Representation). For
the bubble integral family of Example we find

2
Z aj(—q? + m?) = —(oq + )+ 2000 - p + (aym? 4+ aym3 — asp?)  (2.28)
=1

and thus
1
U(a) = g + ap and F(a) = E [(041 + as) (quf + agmé) — alazpﬂ . (2.29)

Consequently, the Feynman parameter representation of this integral famaily is
el (p— L U v=D
Lp = 62(—V2) / dOéldOég ) (1 — ] — 042) alfl_lQZQ_l% . (230)
Hj:l I'(v)) [Fla)]" =

a;>0

Massless case In the massless limit, i.e., for m3 = m3 =0, this is

I8 ({p*}.{0.0}) = %{f) (—i—) / day aF (1 = )31

(2.31)
This integral is the integral representation of a B function as in Definition for

D D
Re(;—z@),Re(;—m) > 0.

Thus, it can also be written as
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2.2.3 Baikov Representation

In Baikov representation|8, 85|, we choose the propagators themselves (and irre-
ducible scalar products) as integration variables.

Definition 2.6 (Feynman Integral in Baikov Representation). The integral of
eq. (2.12) in Baikov representation is

E+1—-D
y—LD [det G(p1, - pp)] 2
L({pi - pi}, {mi}) = "% (u)" =2 73 (nisp—L) [det C] l_fL ! (D—E—H—j) L, (2.33)

j=1 2
withP] 9In  this thesis, we
. refer to the integral
v DL-E-1 rr eq. ([2.34)) as the Baikov
I, = Hu({pi 'pj}7 {m?}> = /dnwpz [B(z)] 2 H Zg e (2-34) integral to distinguish
C s=1 from the full Feynman

integral in  Baikov
The representation that
contains the pre-factor

1 in cq. (233).
My = 5 L(L+1) + EL. (2.35)

integration variables z = (z1,...,2n,,) are linearly independent scalar products
inwvolving the loop momenta. In general, we choose ny, of these to be the propagators
zi = D; of the graph. If nig, > ning, one can either add irreducible scalar products
as additional variables or equivalently one considers a larger graph with a sufficient
number of propagators and sets the powers v; of these additional propagators to
zero. The Gram determinants are defined as

—q7 TG e 0,
detG(qi,...,qn) = det —qQ:- o b o e ;qnisp (2.36)
—Qni;p "0 —Qni;p 42 .- —q;%isp
and the Baikov polynomaial is
B(z) =detG (¢1,....0lL,p1,...,DE) - (2.37)

The determinant det C' is independent of the integration variables z; and encodes
parts of the Jacobian due to the variable transformation. We denote regions where
the ratios of Gram determinants are positive by

C. — {detg(kj7kj+17 ok, pr, >pE)
’ detg(kj+17"'akvalw";pE)

> O} (2.38)
and define the integration region as
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In dimensional regularisation the exponent of the Baikov polynomial in the in-
tegrand of eq. is non-integer and consequently the integrand is multi-valued.
The factors z;"* introduce additional branch points for non-integer v, and poles
for integer positive 5. In many higher loop cases, computing the Baikov repre-
sentation for the full integral in this way gives unnecessarily bloated expressions
which need to be simplified. In those cases, it is easier to transform the variables
loop-by-loop, viewing the remaining graph as external 86 87]@.

We give here a simple example to illustrate Baikov representation, but refer
to Section for further examples including ones where we use the loop-by-loop
approach.

Example 2.7 (Baikov Representation of Bubble Integral Family). We start with a
rather trivial one-loop example and compute the Baikov representation for the bubble
integral family of Example . It has two linearly independent scalar products, (*
and 0 - p as well as two propagators. Thus, one can choose as variables

21 =0 —m?} and z = ({ — p)*> —m3. (2.40)

The Baikov polynomial is

B (z1,2) = p*(m] + 21) — 111 (P +m?—m2+ 2 — 2)° (2.41)
and we obtain:
I ({p*}, {mi, m3}) (2.42)
D=3
- / {pQ(mf +21) — }1 (P> +mi—mj+2z — 22)2} i T

Co

In this case, the integration region C s just the region of R? where the Baikov
polynomial eq. (2.41)) is positive.

2.3 Feynman Integrals: Cuts

Different notions of cuts exist in the physics literature, and they are reviewed
concisely in [88] and we give a rather intuitive presentation here. They all have
in common that a certain set of propagators is cut and generally cutting means
replacing the propagators by some Dirac ¢ function. Here, we define a cut integral as
the original loop integral with the cut propagators put on-shell or equivalently, the
contour replaced by a contour that encircles only the poles of the cut propagators.
In momentum representation — see eq. — cutting propagators jq, ..., 7, yields
the following expression:

LD L dDe Mint 1
Cuty,,..j, [1,] = 7% ()" ™% Resp, ~0..p, =0 / =1l e
r=1 T2 ) =13
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A precise definition and an extended discussion of cuts at one loop is given in [89).
Practically, it is often easier to compute cuts in Baikov representation, where the
integration variables include the propagators themselves:

Nisp

Cuty,, . [L({pi - ps}, {mi})] ~ Res., —0..;, =0 [/ A"z [B(z)]) = ]z
¢ s=1
(2.24)

The maximal cut is obtained by cutting all physical propagators. In general, the
contour associated with a given residue is not unique, and there exist multiple
linearly independent ways to take the maximal cut. A natural approach to defining
a basis for these linearly independent maximal cuts is by considering them as
periods of twisted (co-)homology groups (or their relative versions for non-maximal
cuts). To lay the groundwork for this discussion, we first introduce the concept of
cut integrands in an intuitive way.

Graphically, the cut propagators are denoted by slashed propagators and one
can associate a Feynman rule in momentum space to them:

——f—e =275(¢*)0(q)

q

Cut propagator:

Combining this rule with the uncut Feynman rules, one can find a cut integrand.
Again, this is often most conveniently done in Baikov representation, with the
0 function §(z;) for each cut propagator D; = z;. The branch-points and poles
of the resulting integrand (in the maximal cut, we generally have only branch
points, no poles) can then be used to determine a variety. One can find a basis of
independent contours and differentials on this space and compute their integrals.
These integrals form a basis of maximal cuts and we collect them in a matrix that
we call the mazimal cut matriz.

This matrix preserves many of the (physical) properties of the full Feynman
integral family. In particular, since cut integrals are obtained from uncut ones by
taking a residue at z; = 0 for some values of 7, all linear relations for uncut integrals
also hold for cuts (with all integrals where non-existent propagators are cut set to
zero) (90, 91].

2.4 Feynman Integrals: Examples

In this section we gather a number of examples to illustrate the concepts introduced
in the previous sections. At the same time, we introduce in that way many of the
Feynman integrals that we study in subsequent chapters.
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2.4.1 The Sunrise and Kite Integral Families

In the previous sections we used the unequal mass bubble integral family as a
simple yet generic example for a one-loop graph. In fact, one can easily see that
the unequal mass bubble is the most generic two-point one-loop graph. As a natural
next step, we now consider the most general two-loop two-point graph. A two-point
graph with external momentum p and two loop-momenta /¢, /¢y has five linearly
independent irreducible scalar products:

{4%7 g%? El ' €27 f1 D, 82 p} . (245)

Thus, the most generic two-loop, two-point graph must have five internal propa-
gators and it is given by the kite graph, depicted as the upper graph in figure
and in the margin here.

Example 2.8 (The Kite Integral Family in Momentum Representation). In mo-
mentum representation, the kite integral family is

The sunrise integral
family also appears
in  other examples

throughout this thesis,

e.g., in Examples
and

dPey d%, 1
> _ (__1\|lvl, 2 e(,,2\|lv|-D 1 G4t 1
where v € 75, D is a vector of the propagators
Dy = —03 +m? — e, Dy = —(ly — p)* +m3 — e,
D3 = —(l; — y)* +m3 — ie, (2.47)
Dy = —05+mj — ie, Ds = —(; — p)* + mZ —ic.

Note that we included the factor (—1)¥! to match with the conventions in [39]. As
in (32, 92], we choose = mg. The integral family has uniform transcendentality
and all integrals (besides the trivial double-tadpoles) are finite in two dimensions.

The sunrise integral family is a sub-family of the kite integral family. In fact,
there are two ways to obtain subtopologies belonging to sunrise families from the
kite integral family. Setting v, = v5 = 0, we obtain a sunrise integral family with
propagators Dy, Dy, D3 — later denoted the (123)-sunrise — and setting vy = v, =0
we obtain a sunrise integral family with propagators D3, D4, D5 — later denoted the
(345)-sunrise. The graphs for both of these families and their relation to the kite
graph are depicted in figure 2.2]
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1 4
3 3
2 5)

Figure 2.2: The upper graph is the kite graph with five propagators to which we
associate distinct masses. Upon setting certain propagator weights to zero (or
graphically pinching the propagators) one obtains two distinct sunrise graphs.

The kite integral and its sunrise sub-topology appears most prominently in self-
energy computations at two-loops (e.g., the electron’s or photon’s self-energy) —
see e.g., , . The massive sunrise integral family is a thoroughly studied
integral family in the physics [96/{104] as well as mathematics literature [105, [106],
as it is arguably the simplest Feynman integral in whose solution elliptic integrals
appear and has been studied for a long time . We will later see how this
appearance of elliptic objects can be deduced from the maximal cut computed in
Baikov representation. Let us therefore derive the Baikov representation for the
sunrise integral family.

Example 2.9 (The Kite Integral Family in Baikov Representation). By eq. ,
the sunrise integral family has five independent irreducible scalar products. Thus
in the standard approach of computing Baikov representation, one needs to intro-
duce two additional variables besides the three propagators — for example the two
additional propagators that complete a sunrise integral family to the kite integral
family. However, we choose to use the loop-by-loop approach, where we require only
one additional mm’ableﬂ We split the diagram in two one-loop graphs as depicted
in figure and parametrise each of them separately. From the viewpoint of the
first loop with loop momentum {1, the second loop momentum ly is an external
momentum and thus the first loop can be parametrised as
dP¢, 1

_ -2 252
Zﬂ_% = Qﬁl—‘ (%) [det Q(EQ)] [det g(ﬁl,ﬁg)] d21d2’3 . (248)
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Figure 2.3: We illustrate the loop-by-loop approach for computing the Baikov
representation of the sunrise integral family. The first loop has loop momentum ¢,
and the second loop has loop momentum

The two Gram determinants contain the three irreducible scalar products (3,03, ¢; -
ly and in addition to the two variables z; and z3 we choose zy = Dy to express
them all in Baikov variables. The second loop has loop momentum (5 and the loop
momentum {1 has already been integrated out (see figure . Thus, for this loop
the internal momentum is €y and the external one is p. It is parametrised by

dPe, 1 1-D D3

= — [det G(p)]" ™2 [det G(la,p)] 2 dzadzy. (2.49)

% 2 (5
Since the Gram determinants in this expression contain the irreducible scalar prod-
ucts (3 and Uy - p, they can be expressed solely in zy and zy. Overall, we find for the
sunrise integral family in Baikov representation:

n1-%
12w} m)) = e ()P P e (o (md)) (250
4nT (571)
with the Baikov integral
L ({pi - s} {mf}) = /” Bg(z) 2y 2y Py Pdzpdzadegday (2.51)
c

©

where

-3 D—-3
2

BU(2) = [det G(£:)]" "7 [det G(£1,65)] 7 [det G(La, p)] (2.52)
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15 expressed in coordinates zi, 2o, 23, 24. We take the mazimal cut, i.e. the residues
in z1, 29, z3 around 0, finding

M [ (01 pi) (02D = [ B e (253
where
B (2) a1 mpeaso ~ 25 (21 = M) (21 = A ) (20— AD) (20 = AD)) 27 (254)
with

)‘10 = _(ml + m2)27 )‘5 = _(m3 +p)2a (255)
AT = —(mg—p)?, A = —(m1 —myp)®. (2.56)

The L-loop banana integral is the L-loop generalisation of the sunrise integral.
Its one- and two-loop versions are the bubble (Example[2.5)) and the sunrise integral.

Example 2.10 (Banana Integral Family in Momentum Representation). In mo-
mentum representation, the banana integral family is

Banana graph:

k=1

IBananas({pQ}’ {mZQ}) _ 62£7E(#2)V—D/ (H ZC;_DE/k2> (SD ( Z€> H DV
(2.57)

with
Dj = (~t;+mj). (29

This integral family has been studied extensively in the literature as an example for
integrals with Calabi-Yau varieties associated to them [16, 18,19, 22, 107).

2.4.2 The Non-planar Crossed Box Family

The non-planar crossed box family has the following form in momentum represen-
tation:

npcb 2 25’YE 2\v—D dDél dDEQ ! 1
L ({p*}, {m?}) = (1) B/ D3 [ T (2.59)
i=1 "t

Dy =l +mi —ie, Dy = —(by — p1)* +mj —ie, Dy = —({1 — p1 — p2)* +mj — ie,

D4 = —63 + mi — ’iE, D5 = —(62 — p3>2 + mg — ’iE, D6 —(61 + 82)2 + mg - iE,
D7 = —(y + by — p; — py — p3)* +m3 — ic. (2.60)

Here, we consider all external particles to be massless, i.e., p? = 0 and set D =
4 — 2¢. The integral only depends on the kinematic variables s = (p; + p2)?, t =

37

See also:

We compute the two-
dimensional and mass-
less version of these in-

tegrals in Example

Non-Planar
Crossed Box
Graph:

Pa Ps

4



See also:
We discuss how to as-
sociate geometries to
Feynman integrals in
Section |3.5| and in par-
ticular, how to as-
sociate a hyperelliptic
curve to this integral
family.

Chapter 2

(p2 + p3)? and the masses m?. This integral family appears for example in Moller
scattering and top pair production. Here, we consider the equal-mass non-planar
crossed box, which means that we set m? = m? One can define dimensionless
variables, e.g., s/m? and t/m? and set m? = 1 without loss of generality. In
[31] the varieties associated to this diagram and specifically how they depend on
the way the Baikov representation is computed are studied. We repeat here the
computation in the loop-by-loop approach. There are nine linearly independent
scalar products involving the loop momenta:

{5%,@,51 Ao, by - p1, by - pa by - p3, Ly - pryla - Do, Uy 'Ps}- (2-61)

We use as external momenta the independent set {p12 = p1 + p2, p2, p3} and split
the graph in two loops as depicted in figure [2.4]

b2

{ p3

P2
N\
4
4
é'
—(p12 + p3) —< p3 -
\‘ o —(p12 + p3)
/
P12 — D2

Figure 2.4: We illustrate the loop-by-loop approach for computing the Baikov
representation of the sunrise integral family. The first loop has loop momentum /5
and the second loop has loop momentum

Example 2.11 (Non-Planar Crossed Box: Baikov Representation). We take as

the first loop the one spanned by the propagators 4,5,6,7 and with loop momentum

Uy (represented by the lower left graph in figure . The external parameters of
this loop are pia, p3, {1 and we parametrise

dPly ~ BP(2) 2 B (2) 2 dzydzsdesdzr (2.62)

with B?pd’(z) = det G(p12,p3, £1) and B;Lpd’ = det G(p12, p3, l1,(2) . (2.63)
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The Gram determinants can be expressed in the seven propagators (denoted z1, . . .
in their role as coordinates) and an additional irreducible scalar product zg = %El -p3.
In the following, we will be less precise concerning prefactors in the external vari-
ables, as we want to highlight the integrand in the coordinates z;. The second loop
15 the one spanned by the propagators 1,2,3 and in a sense the additional one, 8
(represented by the lower right graph in figure . We parametrise:

)y 27

APty ~ BP(2) 2 B (2) 7 deydzedzydzs (2.64)

with ng(:b(z) = det G(p12, p1,p3) and BZPCb = det G(p12, p1, 3, l1) - (2.65)
From these parametrisations of both loops, we obtain for the mazximal cut:

Maz-Cut [IP*({s, t}, {m*})] (2.66)

~ ReSZjl o032 =0

4— D-5

= [ B B T B T ) da

214y 27—0

_ /2 <P2npcb>_§ (P4npcb)_§_€ : (267)
where
P2npcb = (2 — )\?pcb) (z — )\;chb) 2.68)
PP = (2 = A7) (2 = AP (2 = A7) (2 = Ag™) 2.69)
with
N s(s+t) +2y/m2st(s + t) (2.70)
)\gpcb _ _S(S + t) + 2 mQSt(S + t) (271)
2s
1
npchb e . 2 2
Al _4( s—V—dm’s+s7) | (2.72)
1
npchb - _ _
AP = 1 ( s+ vV —4m?s + 32) (2.73)
1
ApPeb — 1 (—s —V12m?2s + 32) (2.74)
1
At — 1 (=5 +vV12m2s + 5?) (2.75)

The mazimal cut of this diagram was first computed directly in momentum space

. In different geometries arising from this mazximal cut depending on
the mode of calculation were analysed.
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2.4.3 Fishnet Integrals

Finally, we introduce a class of integrals known as fishnet integrals. These integrals
derive their name from fishnet graphs. Those can be obtained by cutting a a regular
tiling of the plane along a closed curve C that intersects the edges of the tiling.
This process defines a connected graph G, consisting of the external edges—those
intersecting C—and the interior edges, which lie within the enclosed region. An
example — with a rectangular tiling — is depicted in figure In particular, we
consider the tiling in position space, where we denote the internal coordinates by
& and they are related to the momentum space coordinates by:

g (2.76)

J

The Feynman rules for massless fishnet integrals in position space are:

/e e

Each vertex denotes an integration over the D-dimensional position space (the
number of vertices in position space equals the number of loops in momentum
space).

/ c/
[
1= 1=

Figure 2.5: An illustration of how one obtains a fishnet graph by cutting along a
closed contour in a regular tiling. In this example, a 6-loop graph is cut from a
rectangular tiling, where the black graph depicts the position space representation
and the graph depicts the dual momentum space representation.

We consider vertices with 3,4 and 6 edges attached. The internal edges are
propagators and we consider theories where they are raised to some (globally con-
stant) power v. With these rules, we can associate to a fishnet graph G a Feynman
integral

o) = [ e Mg =gl (Mg =] 2™

( 1] Y]
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where o are the external position space variables. We are particularly interested
in two-dimensional massless fishnet integrals. As in eq. (2.20)), we can write these
integrals in D = 2 dimensions in complex coordinates, where they take the form:

[VG(A)N/ [deAdxHHm] [Hm] (2.79)

1,J 1,

Of particular interest are fishnet integrals exhibiting conformal symmetry in two
dimensions. That means they are invariant under the operators of the conformal
algebra, see the discussion below and specifically eq. . Conformality is ensured
by assigning appropriate propagator powers. They have to be chosen, such that at
each vertex with V' incoming propagators

V.v=D, (2.80)
which means, we let v = 5. We consider tillings with V' = 3,4,6 (i.e., propagator
powers %, %, % in D = 2) with a particular focus on square tilings V' = 4. In general,

fishnet integrals can be understood as correlation functions and in particular, for
square tilings (V = 4), they belong to the bi-scalar fishnet theory, see refs. [110,
111]. For more details on fishnet integrals in integrability, see e.g., refs. [112-115].

Symmetries of Fishnet Integrals

Conformal fishnet integrals not only exhibit symmetry under the conformal algebra
(as mentioned above) but also possess discrete symmetries. Moreover, there exist
correspondences between graphs of different valencies—these are known as the star-
triangle relations.

Yangian Symmetry. Feynman integrals are called conformal if they are annihi-
lated by the tensor product action of the Lie-algebra so(1, D+ 1). The correspond-
ing densities can be organised as level-zero generators J* — which correspond to the
original generators of g — and the level-one generators J* — which are constructed
from the level-zero ones:

J21S = J*1S = 0. (2.81)
These generators satisfy the following commutation relations:
[J2,0P] = fJe, [2,3°] = f.Je, (2.82)

where £, are the structure constants of the algebra g. The action of these gener-
ators on the external labels \; is defined as follows:

a . a Ja 1 a c . / Ta
=" Jr=3f be Y TSI I, (2.83)
j=1 j=1

j<k
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where Ji' represents a differential operator in the external variables A;. The con-
stants 5, known as evaluation parameters, characterize an external automorphism
of the Yangian algebra. Specifically, in D = 2 dimensions, the Yangian splits into
holomorphic and anti-holomorphic parts:

Y(s0(1,3)) =Y (slh(R)) @ Y(sl(R)). (2.84)
The generators J§ of Y (sly(IR)) are
P = —id} K = =20\ (N0, 0 + A;) +iA30)
L =i (NOY — 04 ) D; = —i (M), .+ 4;) (2.85)

Here, the scaling dimension A, corresponds to the conformal dimension that tells
how it transforms under dilations (scale changes), of the external leg j of the fishnet
graph. Since these generators act as differential operators, eq. leads to a set
of partial differential equations satisfied by the fishnet integrals. Complete Yangian
invariance can be inferred from invariance under the level-zero Lie algebra together
with a single additional level-one generator—for example, the level-one momentum
generator P#. Since the Yangian Y (so(1, D + 1)) contains the conformal algebra
50(1, D + 1) as a subalgebra, fishnet integrals are conformally invariant, with each
external point \; carrying a conformal weight A;. Consequently, a fishnet integral
associated with a given Feynman graph GG can be expressed as

L7 (N) = [FaN)* ¢a(x) (2.86)

where |Fg(\)|? is an algebraic function carrying the conformal weight, while ¢gx)
depends solely on conformal cross ratios such as
A5

Xijkl = Yo 1o 5 Al = )"L — A (287)
MRy J

Permutation symmetries In addition to Yangian symmetry, enforced by dif-
ferential operators, fishnet integrals also exhibit discrete symmetries under permu-
tations of the external points. In particular, for massless fishnet integrals there is
considerable freedom in these permutations. We denote by Permg the subgroup of
the permutation group of the external labels that leaves the integral invariant:

IS0 -A)=1I%(\), forall o € Permg. (2.88)

In particular, every automorphism of G induces a permutation of the external labels
A; under which the fishnet integral remains invariant and Aut(G) is a subgroup of
Permg. Unlike Yangian symmetry, which is implemented via differential operators,
permutation symmetries act by exchanging labels. However, they can still be used
to generate additional operators that annihilate the integral family: a permutation
of the external points by o € Perm¢ corresponds to a corresponding permutation
of the differential operators.

J2=0¢Jc"! and J*=oJ%0 ', (2.89)

[
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These operators define an alternative representation corresponding to a different
ordering, which also annihilates the integral. The level-zero generators remain un-
changed J2 = J* for all 0 € Permg whereas the permuted level-one operators
generally differ from the original ones. Since Yangian invariance follows from con-
formal invariance combined with the invariance under the level-one momentum
operator P*, it suffices to examine how permutations act on the latter. For a non-
trivial reordering, the differential operator P# generally differs from P#. In other
W(%r)ds, there exists a set of level-one momentum operators Perm¢ that annihilate
1.7,

P*I¢ =0, for every o € Permg . (2.90)

Star-Triangle Relations. The star-triangle relations allow us relate different
conformally-invariant integrals, in particular fishnet integrals. This allows a higher-
loop fishnet integral to be computed from a lower-loop one with modified propaga-
tor weights. In particular we can relate certain graphs in triangular (V' = 3) and
hexagonal (V = 6) tilings. For o + 3 4+ v = D, these relations allow to identify an
integration-star with a propagator-triangle,

dD§ = Xopy

/ (o1 — &)% (02 — £)*P (03— £)* (01 — 02)%" (02 — 03)% (03 — 71)%F (2.91)

g2 o3

= Xo,p4
03 o1 o1 o9

" CHINCIINGD)

_ .D/ INCRINGHINGY
Ko =T R @) (292)

where we use the notation 2’ = D/2 — x. Note that these relations do not provide
a one-to-one map between graphs from triangular and hexagonal tilings.

2.5 Feynman Integrals: Differential Equations

Currently, the standard approach for computing Feynman integrals analytically —
especially those with non-trivial underlying geometries or multiple parameters — is
the method of differential equations |116-120]. In a nutshell, this method involves
identifying a basis of so-called master integrals for a given family of Feynman
integrals and solving the differential equation that this basis satisfies. A key step
is transforming to a canonical basis of master integrals, where the solution can be
expressed algorithmically in terms of iterated integrals.
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2.5.1 Linear Relations Between Feynman Integrals

As discussed near Definition [2.2] Feynman integrals in the same dimension D with
the same set of propagators D; form a Feynman integral family, parametrised by the
values v and can be further divided into different sectors. Importantly, there exist
linear relations among different members of the same family, and in fact, the integral
family defines a vector space with a finite basis. This statement becomes precise
when considering instead of the integrals themselves, their integrands as elements
of a (relative) twisted cohomology group, as we explore in Section H In the
physics literature, linear relations between integrals of the same family manifest
as integration-by-parts (IBP) relations [121] [122], dimensional shift identities, and
symmetry-induced linear relations among Feynman graphs. We review all of these
here, with particular emphasis on the IBP relations.

IBP Relations. IBP relations can be derived from identities of the form

0 < vk )
py, 9 (v ) _
/d b ot \ DY ... D¥m 0, (2.93)

with v being a linear combination of internal and external momenta. This identity
stems from the Poincaré invariance of Feynman integrals, which requires Feynman
integrals to be invariant under a shift of the loop momentum, i.e., under ¢ — ¢+ p,
where p is a constant momentum. This invariance implies the following relation

/dDﬁf(ﬁ—i—p) = /dDﬁf(ﬁ). (2.94)

Expanding the integrand for small p gives:

/ AP0 (0 + p) = / a21 £(0) + p / dDea% (0) + O0?). (2.95)

From this expansion, it follows that all higher order terms and thus any total deriva-
tive must vanish, leading to the identity in eq. (2.93), where v* is a combination
of internal and external momenta. Based on this result, we can now derive lin-
ear relations for Feynman integrals within a family. Note that any derivative in a
combination of internal and external momenta changes the powers of the appearing
propagators and otherwise only introduces scalar products of the external momenta
in the numerators, which are in particular independent of the loop momenta. In
that sense, one obtains on the left-hand side of eq. a linear combination of
integrals from a particular family. Additionally, linear relations exist between dif-
ferent integrals within an integral family due to graph symmetries. Together, these
relations allow for a recursive determination of a basis of so-called master integrals
for the integral family. This standard recursive approach to find it is the so-called
Laporta algorithm 123, |124]. There are different publicly available packages [125(-
128] that compute the IBP reduction of a family of master integrals based on the
Laporta algorithm. For the integrals considered in this thesis we used primarily the
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Mathematica Package LiteRed [129]. However, for many computations in parti-
cle phenomenology, but also in gravitational waves physics, the decomposition of
multi-parameter Feynman integral families in terms of master integrals is still a
bottleneck and thus its improvement is an active area of research. Different frame-
works are being used, such as Grébner bases [129-136], twisted cohomology [40,
41}, |44446] and machine learning [137]. Note that as indicated in eq. ([2.15]), there is
a natural partial order for sectors of the family of Feynman integrals. We generally
sort the master integrals in a way that respects this ordering. Additionally, note
that the basis of master integrals is always finite and its dimension can be obtained
via critical point counting or equivalently an Euler characteristic [138 |139).

Dimensional Shift Relations. Linear relations also exist between Feynman
integrals of different dimensions, differing by multiples of two, known as dimensional
shift relations. They can easily be derived in Baikov representation, where the
dimension appears as an exponent of the integrand and a shift by D — D + 2
introduces an additional factor of B(z) in the integrand:

TNisp

I272({p; - p;}, {m3}) = / oz [B(z)] 2 Blz) [ (2.96)

Since B(z) is a polynomial in the z, the left hand side can be written as a linear
combination of integrals in D dimensions with shifted v,. Conceptually, these rela-
tions resemble IBP relations, as both the spacetime dimension and the propagator
exponents appear in the exponent and both classes of relations connect integrands
with different exponents. The dimension-shift relations were derived in ref. [140]
(see also ref. |141]). We denote the matrix encoding these dimensional shift rela-
tions by R(A, ) and refer to it as the dimension shift matriz:

L2 ({pi - it Ami}) = RO o) I ({pi - p}, {mi}) - (2.97)

One application of the dimension shift matrix is the following: Certain Feynman
integrals are easier to compute in specific dimensions, such as d = 2, while the
desired result is in four physical dimensions. The dimensional shift relations allow
us to translate results obtained in different dimensions.

2.5.2 Differential Equations for Feynman Integrals

Differentiating a Feynman integral with respect to an external parameter yields
a linear combination of integrals from the same family with different propagator
exponents. Any such derivative can be expressed as a linear combination of the
basis of master integrals. Specifically, for the vector I(\, €) of master integrals, this
results in a linear differential equation of the form [116-120]:

dextI(A, 8) = AN, e)I(\e) . (2.98)

Note that we use both exterior derivatives with respect to the internal and the
external variables in this paper. For that reason, we introduce a notation for
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these derivatives and their sum: dj, is the exterior derivative with respect to
the internal variables, e.g., the loop momenta, d.. is the exterior derivative with
respect to the external variables and dgy = dint + dext. Often, we just write d, if
the considered variables are obvious from the context. The connection matrix A
can be decomposed as

A(x,e) = XE: dX Ai(Ne), (2.99)

with the A;(X, €| consisting of rational functions in the external variables A and
e. Note that if we sort the master integrals in a way that respects the partial
ordering of eq. E, we obtain a matrix A that is block lower-triangular. By
construction, the matrix A is integrable, i.e., it satisfies the constraint

dA+ANA=0. (2.100)

We have considerable freedom in choosing the basis of master integrals and two
bases I’ and I can be related via a transformation matrix U(X, ¢):

I'(A,e) =U(X e)I(Ne). (2.101)
The corresponding connection matrices are related by
A'=UAU'+dUU'. (2.102)

It is natural to expect that the differential equations derived from some bases are
easier to solve than others. Indeed, there exist specific bases, known as canonical
bases, which seem to be particularly useful for solving their differential equations.
The key properties we require of a canonical basis J(, ¢) are the following:

e The connection matrix of the differential equation e-factorizes, i.e. it takes
the form A(\,¢) = ¢ - B(A) with B(A) independent of e.

e B(A) has only simple poles.

While the first condition is straightforward, the interpretation of the second is
case-dependent. The properties of the canonical differential equation be a recur-
ring theme throughout this thesis. For now, we focus on the implications of the
first property, which help us to identify a function space of iterated integrals and
ultimately lead us back to the second condition. In ref. [142], it was observed that
there exists a distinguished basis J(, €) such that

dI(X,e) = eB(A)JI(Ae) with B(A) = Y " Bjuw, (2.103)

where the w; are one-forms in A. This differential equation can formally be solved
by

J(A2) = By (A, ) Jo with B, (A, £) = Pexp (g / B) | (2.104)
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where Pexp denotes the path-ordered exponential along some path ~ from a point
Ao to a generic space in the kinematics. The integrability of the connection guar-
antees that the path-ordered exponential depends only on the homotopy class [v],
i.e. on the chosen endpoints and not the specific path. To account for the lower
boundary, the path-ordered exponential is multiplied with a boundary value Jo,
i.e. with the vector of master integrals evaluated at the point A, which needs to
be computed separately. While the entries of A(A,¢) are rational one-forms in A,
the entries of B(A) may not be rational. The transformation matrix U(A,¢) that
expresses the change of basis to the canonical one generally involve the maximal
cuts of the Feynman integrals in integer dimensions, and the latter often contain
algebraic functions of the external kinematics and /or the periods and quasi-periods
of some algebraic variety. This non-rational dependence then typically arises in the
matrix B(X). In practice one only needs the first few terms in the Laurent ex-
pansion around € = 0. The path-ordered exponential in the solution of the e-form
differential equation can easily be Laurent expanded:

J(Ae) = <1+5/B+52/B-B—|—O(53)) -Jo. (2.105)

Note that the coefficients of this expansion are iterated integrals over the matrix
B. More specifically, we can write them as iterated integrals of the one-forms w;:

Py(Ae)=1+> & Y By-BiL(w,...,w,), (2.106)
k=1

1<it,...,ig<p

where we defined the iterated integral:

L(wi, .. wn) = / iy, = / A6, fi (61) A fi, (62) -+~ e i (0)
o 0<E, < <61 <1
(2.107)

Therefore, understanding the function space of the Feynman integral in a pertur-
bative expansion reduces to understanding these iterated integrals. Since these
integrals are determined by the differential forms w;, this naturally leads us back
to the second condition imposed on the canonical basis: the requirement that the
forms have only simple poles. In many cases, this property manifests through a
decomposition the Feynman integrals in terms of multiple polylogarithms—a class
of functions defined by iterated integrals over one-forms of the type %. There are
also examples where B(A) involves modular forms [5), 22, (102104, 143-147|, the
coefficients of the Kronecker-Eisenstein series [92, [147] or periods of Calabi-Yau
varieties and integrals thereof |5, [21} 22} 24, 107]. While the existence of a canoni-
cal form for the differential equation remains conjectural, there is now substantial
evidence in its favour. In particular, in the case where the differential forms w; are
dlog-forms, there is a solid understanding of how to find the canonical basis, see,
e.g., refs. [116, 117, [148-152]. For cases where the canonical form cannot be ex-
pressed just in rational functions of the kinematic parameters A, generic algorithms
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The functions in eq. (2.108))

are:

. D-—2
EENOVIYS)

W2 (2-=D)(A1 + A2 — 1)
T 20 F (M, )
1 (D=2)(A2 — A1 — 1)
‘2T TN F(M, )
2 (D—=2)(A1 — A2 —1)
“2 T TG F (M, )

Wl (D =3)(A1 — A2 —1)

B F(A1, A2)

., (D=2 —1?)
T TN F (g, M)

2(1 4+ A1)Ae + (D — 4)A3
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or packages do not exist, but there are different proposals for generic methods |24,
34,|107], which have been employed in many examples, some of which be discuss be-
low. Here, we apply them to the simple example of the bubble, we used throughout
the chapter to illustrate the above concepts:

Example 2.12 (The Equal Mass Bubble Family: Differential Equations). We
continue with the example introduced in Ezxample [2.5. In that case an integral

reduction with LiteRed gives three master integrals, I , = (Iﬁ,[ﬁ,]ﬁ)? In
D dimensions and the dimensionless coordinate {\; = %,/\2 = %} the initial
2 2

differential equation takes the form

0 0 0 0 0 0
Ag=(0 B2 0 )dy+[0 0 0 |dx, (2.108)
al  ad  al a? ai a?

with the af; in the margin and the function F(A1, Xz)
F(A, X)) = AT+ (Do —1)2 = 2X0 (14 )\y). (2.109)

Note that in D = 2 — 2e dimensions, all except for the lower right entry are al-
ready in e-form and we choose to work in this dimension. Then with a simple
transformation of the form

10 0
Jo=U_I_  withU,=[0 1 0 (2.110)
0 0 F(A,A)

we obtain a differential equation in e-form, dJ . =eB  J . with

0 0 0
B, = 0 — S 0 (2.111)

where

(B a1 = (A1 4+ Ao — D)ArdAg — 2A h0d Ny (2.112)
o AMAay/ F(A1, A2)

(B )50 — (A = A+ D) AodA; + (A2 — A+ DA e (2.113)
o MA2y/ F(A1, A2)

2X0(1 — A1 4+ Ao)dA; + (T4 Ao — A2)(1 — Ay — Ag)d g
B = ) 2.114
( 0)3’3 A F (A1, A2) ( )

Thus, the differential equation is in € form and only contains simple poles as well
as the square-root \/F (A1, \2). Note that this square-root can be removed with an
appropriate change of coordinates, see the standard literature |§]. Let us also shortly
comment on the special functions that appear in the simplest integrals of the family
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here: The tadpoles related to the upper left-block of the differential equation. Due to
the structure of the differential equation matrix, these can only be iterated integrals

over —d/\)‘i. Additionally, note that in the equal mass limit m; = my = m with

the single dimensionless parameter X = Ay = 7’;—22, the basis reduces to two master
integrals with the initial basis being qu} = (Il%, ]ﬁ)T and the canonical differential
equation matriz reduces to

B ( y Y > X (2.115)
— 1 1 . .
o O—ar 42

In that case, there is a simple transformation of variables that rationalizes the
square-root , which s

(14 x)?
X

A=

and after this transformation, the matrix takes the form

. 0 0
X X x—1

This differential equation matriz only has simple poles at x = {0,1,00}.

This naturally raises several important questions, which we address through
various examples and the general discussion presented throughout the thesis:

e How can we systematically find the canonical differential equation?

e What can we understand about the appearing forms in the canonical differ-
ential equation and the corresponding iterated integrals?

Naturally, these questions are deeply interconnected. A systematic approach
to finding canonical differential equations depends on the specific properties we
require. These properties, in turn, serve as a means to constrain the space of iter-
ated integrals. Understanding these integrals is crucial not only for more efficient
numerical evaluations in phenomenological applications but also for gaining deeper
insight into the mathematical structures that arise in QFT.
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Chapter 3

Geometries and Special Functions
for Feynman Integrals

In this chapter, we introduce basic notions related to the geometries that we asso-
ciate to Feynman integrals throughout the thesis. Those are depicted in figure |3.1]

Riemann Sphere

Genus 1

e AN

Riemann Surface Calabi-Yau Variety

Genus g

Figure 3.1: Varieties appearing in Feynman integrals.
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First, in Section [3.1] we review objects related to varieties and in particular their
(co-)homology groups and periods. Then we examine two specific classes of vari-
eties: In Section [3.2] we focus on Riemann surface, in particular those arising from
hyperelliptic curves and in Section we briefly cover Calabi-Yau varieties. Next,
in Section [3.4] we explore the iterated integrals associated with these geometric
objects. Finally, in Section 3.5, we outline how varieties can be related to Feynman
integrals, with a particular focus on examples that appear throughout the thesis.

Sections [3.1] to [3.3] and parts of Sections [3.4] and [3.5] are reviews based on the
existing literature. The following results were obtained during the PhD and
are already published:

& The construction of Abelian differentials in terms of © functions in
Section was already presented in an appendix of , which resulted
from a collaboration with Claude Duhr and Sven Stawinski. The expres-
sions can easily be derived from the existing literature on Riemann © functions.

& The connection between conformal fishnet integrals in two dimensions and CY
varieties of Section was already presented in [35] which resulted from a col-
laboration with Claude Duhr, Florian Loebbert, Albrecht Klemm and Christoph
Nega.

Contents of this Chapter
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3.1 (Co-)Homology Groups and Periods

Let us start by introducing the basic algebro-geometric definitions that we use
throughout this chapter irrespective of the variety we consider. In particular, we
characterise a variety by its (co-)homology groups and its periods.

Cycles, Differentials and Periods

Let M be a manifold with dimension D. In general, we work with complex
manifolds and a D-dimensional complex manifold can also be expressed as a 2D-

dimensional real manifold. We choose the complex coordinates z = (z1,...,2p)
and their complex conjugates Z = (Zy, ..., Zp), where
2k = 2y + 12k and 2y = 2g, — 125, (3.1)

with 2, and 2, being the real and imaginary parts of the coordinate z;ﬂ Then,
one can define the operators

0 1 0 0 ~ 0 1 0 .0
Ok :—< —1 )andak:(?_ék:§< +1 ) (3.2)

8Zk 2 82k7r (92]” 82]@,7‘ 8zk7i

and from these the exterior derivatives
D D )
d: =) dz 0y and dz =) dz.0, (3.3)
k=1 k=1
as well as
d=d, +ds. (3.4)
Any differential on M can locally be expressed as a (p, ¢)-form
w = fo(z,2)dz;, Ao ANdz, ANdZ A--- NdZE, (3.5)

with p,q € {0,...,D}. We denote the space of n-forms by Q*(M,C) and it can
be decomposed into spaces of (p, q)-forms with p + ¢ = n denoted by Q@9 (M, C).
The full exterior derivative of eq. acts by d : Q"(M,C) — Q""1(M,C). Of
particular interest are closed and exact forms on M:

C*M,C) = {n-form w |dw = 0} (3.6)
B*(M,C) = {n-form w | w = dw, where @ is an n — 1-form}. (3.7)

Definition 3.1 (de-Rham Cohomology Group). The n-th de Rham cohomology
group of M s

ir(M,C) =C"(M,C)/B"(M,C), (3.8)

i.€., it consists of equivalence classes of closed forms modulo exact forms.
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Naturally, one can split the cohomology group into subgroups of (p, ¢)-type and
obtain a Hodge decomposition:

Hig (M, C) = @p+q:ani({l(M» C). (3.9)

In the middle cohomology, we can define an intersection form
(") : H}9 (M, C) x H39(M,C) — C, with (a, ) = / aAB. (3.10)
M

Similarly to the de-Rham cohomology groups of differentials, we consider the sin-
gular or Betti homology groups of contours. The elements of the n-th singular
homology group on M are equivalence classes of closed n-chains A taken modulo
boundaries. In particular, these n-chains are linear combinations of oriented sim-
plical subsets (i.e. one can think of them as oriented smooth submanifolds). More
specifically, we let 0 be the operator that maps the n-chain to its boundary and

e C,(M,Z) is the set of n-chains A, that fulfil 9A =0,
e B,(M,Z) is the set of n-chains A, that are boundaries, i.e. A = OA.

Definition 3.2 (Betti Homology Group). The n-th singular or Betti homology
group of the manifold is

H,(M,Z) = Cy,(M,Z)/B,(M,Z). (3.11)
Its dimension b, = dim (H,(M,Z)) is called the Betti number.
There exists a natural intersection pairing
H,(M,Z) x Hp_,(M,Z) — C, (3.12)

which computes the oriented topological intersection of cycles. We denote the
matrix of intersections between a basis of cycles by 3 in this context. The period
pairing maps tuples of Betti and de Rham (co-)cycles to complex numbers by
integration:

(A,w)H/Aw. (3.13)

These integrals are the periods of the manifold. Here, we collect these periods of
basis elements in vectors and matrices. In particular, we denote by IT a vector of the
middle cohomology basis element integrated over the basis cycles (in particular for a
CY, where the middle cohomology is one-dimensional) and by P the period matriz
that contains all basis differentials integrated against basis cycles (in particular for
hyperelliptic curves).
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Picard-Fuchs Ideals

The computation of Feynman integrals as described in Section is based on
Gauss-Manin differential equations. In general the periods defined by these inte-
grals also satisfy higher-order inhomogeneous differential equations, particularly in
the limit ¢ — 0. We discuss these differential equations facilitated by the so-called
Picard-Fuchs operators in the context of CY periods and follow the discussion in
ref. [19]. The Picard-Fuchs ideal of a CY variety (or any other algebraic variety)
is the ideal of operators O that annihilate the periods, i.e.,

OIl = 0. (3.14)

Here we review some basic notions related to Picard-Fuchs operators and their
solutions. In particular, we write the Picard-Fuchs operators in the differential
operators

0, = z0, and 0, = 20; . (3.15)

Single-Parameter Operators. A single-parameter differential operator of de-
gree deg has the form

O = Gaeg (2)02® + qaeg—1(2)03F " + -+ + qo(2) (3.16)
= (jdeg(Z)ejeg -+ ddegfl(Z)edeg_l + -+ q~0(z) s (317)

where g (2) and g;(z) are polynomials in z. The leading coeflicient gqes(2) is called

the discriminant of @ and also denoted by Disc(Q). We let p;(z) = quz()z). Note,
eg

that 0, and 0, are related by

r—1

k
Z )2"0F  or equivalently 2797 = H(Q —7). (3.18)

J=0

This relation includes the Stirling number of second kind:

P
2§ e
i=0
The singularities of a Picard-Fuchs operator can be classified into three categories:

Definition 3.3. Ordinary, reqular singular and irregular singular points

o The differential equation has an ordinary point at z = zy if the coefficient
functions p;(z) are analytic in a neighbourhood of zy for all 0 < i < deg.

e The differential equation as a regular singular point if (z — )% p;(2) is
analytic in a neighbourhood of zy for all 0 <1 < deg.

o A point that is neither an ordinary nor a reqular singular point is called a
wrreqular singular point.
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All singular points are zeroes of the discriminant.

Definition 3.4 (Fuchsian differential equation). A differential equation without
wrreqular singular points is called a Fuchsian differential equation.

To solve Fuchsian differential equations locally around a point zy, we generally
use the Frobenius method.

See also:
Review: Frobenius Method in One Variable In Example we
apply the Frobenius
method to the Legen-
dre curve family.

1. Choose a point z; and determine whether it is an ordinary or a regular
singular point. In general, we perform a coordinate transformation, such
that z5 = 0.

2. The starting point is the indicial equation
Gaeg(0)0"*® + Gaeg—1(0)a®® ™ + - + Go(0)a = 0. (3.19)

The solutions « of this equation are the indicials or local exponents near
20 — 0.

3. Make ansatze for the independent solutions of the differential equation

Of(z) =0, (3.20)
near zg = 0. There are deg independent solutions and they take the
following form:

e Ordinary: There are deg solutions «q, ..., a, to the indicial equation

eq. (3.19) and the solution space of @ near zy = 0 is spanned by

2% F;o(z) = 2% Zci’kzk for 1 <i < deg with ajp #0. (3.21)
k=0

In general, we choose the normalisation ¢; o = 1.

e Regular singular: The indicials come with some multiplicity:

{.al’ S, Oy gy Oy 0} (3.22)
|
degl deg2 degm

where deg, + deg, + - -- + deg,, = deg. A singular point, where all
indicials are equal is called a point of mazimal unipotent monodromy
or short MUM-point. One can collect the information of the singular

points zq, ..., zs in the so-called Riemann P symbol:
- -
ORI .
o) o .. af)
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Each of the distinct indicials «; comes with deg; solutions. The solu-
tions have branch cuts, which are reflected by the appearance of log
functions in the solution. Explicitly, the k-th solution with indicial
«; takes the form

k
N 1 P
Z Z (k—j)! log* N(2)Fij(2) for 0 < k < deg;_, . (3.24)

j=0

In particular, the lowest orders are:

2% F; o(2) (3.25)
2% [log(2) Fio(2) + Fi1(2)] (3.26)
o %mg?(zmp(z) +log(2) Fit(2) + Fia(2) (3.27)

4. Apply the operator O to the ansitze and solve for the F; ;(2). Generally,
we normalise by F; ;(0) = 1.

Multi-Parameter Operators Similarly, one can build Picard-Fuchs operators
in m variables from the operators 6,,,...,6, . Their solution can also be obtained
with the Frobenius method around singular points z4. For more details on the form
of the solutions and subtleties in that case, see e.g., refs. 19, 38].

3.2 Riemann Surfaces and Hyperelliptic Curves

In this chapter, we discuss Riemann surfaces, i.e. one-dimensional complex oriented
manifolds. They are distinguished by their genus g, which generally amounts to
the number of holes in the surface. We restrict the discussion to Riemann surfaces

See also:  that are hyperelliptic curves. We start by reviewing central objects related to
We discuss the special - pynerelliptic curves and specifically discuss their periods in Subsection [3.2.1 For
functions in Sections . . . .
BA3 and B2 more details, we refer to the standard literature on Riemann surfaces and their
special functions [153-157] (see also [158| [159] for recent reviews in the physics
literature). Then we focus on the genus one case, which is particularly relevant for

Feynman integrals, in Subsection [3.2.2]

3.2.1 Basics on Hyperelliptic Curves

All hyperelliptic curves are Riemann surfaces (but not all Riemann surfaces are
hyperelliptic curves).

Definition 3.5 (Riemann surface). A Riemann surface is a connected one-dimensional
complex analytic manifold or equivalently, a connected two-dimensional real mani-
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fold R with a complex structure on it, i.e. an atlas of charts to the open unit disc
such that the transition functions are holomorphic.

In particular, we consider compact Riemann surfaces:

Theorem 3.1. Any compact Riemann surface is homeomorphic to a sphere with
handles. The number of handles is called the genus of the surface.

We illustrate a Riemann surface as described in Theorem B.1] in B.2]

Figure 3.2: We can picture a Riemann surface of genus g as a sphere with g handles.

A hyperelliptic curve is defined by the polynomial equation

ng+2
' = Poyia(e) = [[ (@ =), (3.28)
i=1
where the genus g of the curve is given by
e if n, is even
=<2 g ’ 3.29
g {"T“ if 1 is odd. (3.29)
A hyperelliptic curve is referred to as even or odd, depending on whether n, is even
or 0ddE| The hyperelliptic curve in eq. (3.28]) has branch points at 2Most of the notions de-
scribed in this section
A= ()\1, RN >\n9+2>- apply similarly in both

cases, and any differ-

We typically set A\; = 0 and Ay = 1. The points (z, £y) satisfying the condition in  ences will be specifi-
eq. " fulfil cally pointed out.

(3.30)

and thus define two Riemann sheets, which can be glued together along g+1 branch
cuts. We choose these cuts as

if ng is even,

A A
[)\1, )\2], [)\3, )\4], ey [)\2971, )\29], and {[ 2g+1s 2g+2]7 (331)

[A2g+1, 00, if n, is odd.

The resulting Riemann surface Xy is topologically equivalent to a Riemann sphere
with g handles. Notably, any Riemann surface of genus two is necessarily hyper-
elliptic, meaning that restricting to hyperelliptic curves is only a limitation for
g>3.
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Canonical Cycles for a Hyperelliptic Curve

In general, the homology group H;(Xx,Z) is 2¢ dimensional. That means there
are no non-trivial cycles for the (genus zero) Riemann sphere (Section and
two cycles for the (genus one) torus (Section [3.2.2)). If we consider a punctured
Riemann surface, the number of basis cycles generally increases. In general, a
canonical basis for the homology group H; (3, Z) of a hyperelliptic curve of genus
g (without punctures) can be split into g a-cycles, denoted by a;, and g b-cycles,
denoted by b;. Here, canonical refers to the fact that the topological intersection
numbers of the cycles, as given by the intersection pairing [e|e], adopt the following
simple (symplectic) form:

a;|a] =0, [bi]b;] = 0, ai|bj] = —[bila;] = dy; - (3.32)

A canonical basis of cycles for an even hyperelliptic curve of genus ¢ is depicted
in figure 3.3, The figure looks the same for an odd hyperelliptic curve of genus g,
with Agg49 replaced by co. Note that for a punctured Riemann surface, one needs
to add cycles encircling each of the punctures.

>\29+2

by

Figure 3.3: There are 2¢g canonical cycles for an even hyperelliptic curve of genus
g. Note that the canonical cycles for an odd hyperelliptic curve of genus g can be
chosen in a very similar way, with the point Ay,4o replaced by oo.

In figure we illustrate how these cycles can be drawn on the corresponding
Riemann surface of genus ¢ depicted as a sphere with handles.

Figure 3.4: The canonical cycles on a Riemann surface of generic genus g wind
around the holes.
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Abelian Differentials and Periods on the Hyperelliptic Curve

All rational differentials on a hyperelliptic curve — in algebraic coordinates x,y or
geometric coordinate z — can be classified into three classes of so-called Abelian
differentials:

Definition 3.6 (Abelian differentials).
o Abelian differentials of the first kind are holomorphic differentials.

o Abelian differentials of the second kind are meromorphic differentials with
vanishing residues at the poles.

o Abelian differentials of the third kind are meromorphic differentials with non-
vanishing residues.

In the following paragraphs, we construct bases for these classes of differentials
using linear combinations of the simple forms:

2t dx
Yy

(3.33)

This construction is based on determining the residues of the simple differentials
via a Laurent expansion. Notably, since the Laurent series for differentials on
even and odd hyperelliptic curves differ, the construction depends on whether we
consider an even or an odd hyperelliptic curve.

Abelian Differentials of the First Kind & the Normalized Period Matrix.
As a basis for the holomorphic or first kind Abelian differentials of an (even or odd)
hyperelliptic curve, we can choose the g one-forms

2 ldx
w; = 5
Yy

1<i<g. (3.34)

The integrals of the first kind basis differentials over the a or b-cycles are the a-
and b-period matrices,

2t 2tz
Aij_/ ) B'Lj_/ > Z)jzlaag
a; Yy b; Y

J J

(3.35)

The (normalized) period matriz, is the quotient of the a- and b-period matrices:
Q=A"'B. (3.36)

This normalized period matrix is a symmetric ¢ X g matrix with positive definite
imaginary part.
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expansions of these
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Example: A Dbasis

of holomorphic differ-
entials for hyperelliptic
curves of genus zero to
two is given by the fol-
lowing sets:

Genus 0 : {}

Genus 1 : {d—x}
Yy

Genus 2 : {dl@} .
y oy

See also:

In Example we
give explicit expres-
sions for these periods
for a family of elliptic
curves in terms of ellip-
tic integrals.




Chapter 3

Example 3.1 (Period Matrix for Hyperelliptic Curves of Genus One). For an
elliptic curve, the a- and b-periods are commonly denoted as

d d
w1 = —x s Wo = _«T . (337)
a Y v Y

The normalized period matriz reduces to a single scalar, commonly denoted the
modular parameter:

%)
= —. 3.38
r=2 (3.38)

Example 3.2 (Period Matrix for Hyperelliptic Curves of Genus Two). At genus
two the a- and b-periods are 2 X 2 matrices

da da do dz
A: ( “ x(yix GQI?(Jix) ) B = ( bl:rzx bzxztlix) : (339)
Ju 55 L5 T s
The normalized period matrix allows us to define the Jacobian of the hyperel-
liptic curve:

Definition 3.7 (Jacobian variety). Let
A={2miN +QM|N,M € 77} . (3.40)
The complex torus
Jac(Xy) = C&/A (3.41)
15 called the Jacobian variety.

A Riemann surface of genus one is conformally equivalent to its Jacobian variety.
The canonical differentials wy = {wi1, ..., w4} on the Riemann surface are defined
by the normalization

i

They can be related to the basis choice of eq. (3.34]) in algebraic coordinates by
g9
w; = Z Aij Wilj - (343)
j=1

We denote by u the Abel map:

Y T T
u: Xy — Jac(Xy), u(z,y) = / wy = </ Wy, - - .,/ w1g> : (3.44)
T Yy Y
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Abelian Differentials of the Second Kind. For the Abelian differentials of
the second kind in algebraic coordinates, we choose forms

V() 5
—dz, with U(z) =Y ca’, (3.45)
Y ,
J=1

where the coefficients ¢; are such that they have poles at infinity, but their residues
vanish. To construct a basis, one must find ¢ linearly independent differentials
of this form, which we denote by wgy1,...,@s,. The construction depends on
whether the underlying hyperelliptic curve is even or odd and we use the Laurent
expansions given in Appendix[D.1] For instance, in the case of an odd hyperelliptic
curve, the differentials 292 for 4 > ¢ have a pole but no residue at co. In contrast,
for an even hyperelliptic curve, they have a residue at oo, which must be cancelled
by adding appropriate counter-terms. It is important to note that there is consid-
erable freedom in choosing the basis: clearly we can add any linear combination of
differentials of the first kind (which are holomorphic) without affecting the residue.
The integrals of the second kind differentials over the a and b cycles are the a- and
b-quasi-period matrices,

. dz U, - dz U, .
Aij_/ ‘,ET(‘,E)j Bij_/me(m)7 ih,j=1,...,g. (3.46)

J J

Let us illustrate this with some examples:
Example 3.3 (Second Kind Abelian Differentials at Genus One). At genus one,

for an odd elliptic curve, a basis of second kind differentials is given by the single
element

rdx

o (3.47)
Y
The quasi-pertods are
rdx rdz
m= [ —, n=[—:. (3.48)
a Y b Y
For an even elliptic curve of genus one, we can choose for example:
2 §1 §2> dz
-+ =) — 3.49
(- 2+2) T (3.9

where we denote by 55, the k™ elementary symmetric polynomial in the branch
points X; (including for the choice \y = 0,A\y = 1) — e.g., § = Z?’:"TQ Ni, 89 =
St AN,

i,j=1,i<j
Example 3.4 (Second Kind Abelian Differential at Genus Two). For a genus two

hyperelliptic curve we need two second kind differentials. For an odd hyperelliptic
curve, we choose:

\IJ%O(yx)dx | \Ifg’o(yx)dx 7 (3.50)
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with the polynomaials
U0 (x) = (32° — 25,27 + 5,z)  and U2°(z) = 22. (3.51)
For an even hyperelliptic curve, we choose:

dz adz U(x)de  U(x)dr  2ida

Y Y ) I (352)
Y ) ) Y Y
with the polynomaials
3 1 1 1
UP(x) =4 <$4 - Z§1z3 + 552352 — Z§3ZB> and W2(x) =2 (SB3 — §§1x2> .
(3.53)

Abelian Differentials of the Third Kind. To complete the basis of Abelian
differentials, one must include an Abelian differential of the third kind for each
puncture of a punctured Riemann surface. An even hyperelliptic curve always has
a puncture at oo, meaning that at least one third-kind differential must be added
in this case. We choose this differential to be

x9dx

Y

(3.54)

Wag+1 =

For any additional puncture at a point ¢, we add another third kind Abelian dif-
ferential of the form

d
e (3.55)
y(@ —o)
These have simple poles at (z,y) = (¢, £y.) with y. = \/P,(c) for a fixed choice of
branch.

Summary. The basis of Abelian differentials for a hyperelliptic curve of genus ¢
with punctures at the points {cy, co, ...} has the following elements:

first kind second kind third kind
T 1T 1T 1 3.56
wl,...,wg,wg+1,...,w29, WQg+1 5 ( . )
I ]
odd curve

L |
even curve

Computing the periods between these differentials and the basis cycles, we obtain

the period matrix
AB
’Pz(/wz): A B |, (3.57)

Vi * Kk %
where the upper-left blocks are the already discussed a- and b-cycle (quasi-)periods.
For an odd hyperelliptic curve with no punctures, these blocks make up the full
period matrix. The elements x are periods from (co-)cycles related to punctures,
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including the puncture at co. The entries of the (quasi-)period matrices can be
expressed in terms of Lauricella D functions. These matrices satisfy quadratic
relations, specifically the classical Riemann bilinear relations:

2

MU fe o= o

i=1

(3.58)

where w,n are one-forms and f is a primitive of w, i.e., df = w, see, e.g., [160]
for details. The integral on the right-hand side is taken over the boundary of the
fundamental domain C, which is obtained by cutting the hyperelliptic curve along
all homology cycles. This integral can be interpreted as a sum of residues on the
hyperelliptic curve. Alternatively, these relations can also be derived by considering
the limit € — 0 of the twisted Riemann bilinear relations [50].

Example 3.5 (Bilinear Relations for Odd Hyperelliptic Curve of Genus One). The
periods of Example and the quasi-periods of Example. satisfy the Legendre
relation,

(3.59)

Wity — warpy = —8mL.

Example 3.6 (Bilinear Relations for Hyperelliptic Curves of Genus Two). Choos-
ing the bases of Abelian differentials as in the examples above, one can obtain the
following simple relations, referred to as generalized Legendre relations, from the
Riemann bilinear relations [161)] (see also [160])

GBCE DGR - )
A B/)\-1 0/\4d B ~°"\-1 0/)"
More explicitly, these provide three independent quadratic relations between 2 X 2
matrices,

(3.60)

BA" — AB" =0, (3.61)
BA - AB" =0, (3.62)
BA" — AB" = 8ril . (3.63)

By taking the inverse of the above matriz equation (3.60) we find two additional
relations

(3.64)

3.2.2 Elliptic Curves and Tori

Now we discuss in some more detail the genus one case, i.e. elliptic curves or tori.
We already learned that a hyperelliptic curve is related to different objects (i.e.
the curve itself, the Jacobian variety, a double-cover of a higher genus Riemann
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surface). For the genus one case, these are particularly well-studied and we only
scratch the surface here. For some more mathematical background, we refer to the
standard literature [162] as well as different reviews in the physics literature [8,
144} |163]. In the integrals we discuss in later chapters of this thesis, elliptic curves
generally arise via their polynomial equations, i.e. as (odd) cubics

v = (2= An)(@ = M) (z = As) (3.65)
and (even) quartics
Y2 = (2 — )z — ) (z — X3) (2 — \g). (3.66)

Definition 3.8 (Elliptic Curve). More specifically, any elliptic curve can be written
as the locus of a cubic equation in P% with only one point, the base point, on the
line at oo and every elliptic curve has an equation of the form

y? =42 — gox — g3 (3.67)

written in non-homogenous coordinates x = % and y = % (where the base point in
homogenous coordinates is at [0,1,0]). This form is called the Weierstrass normal
form.

Note that despite the Weierstrass standard form being a cubic, any quartic with
distinct roots can be brought in Weierstrass form by a specific transformation and
therefore we can call both even and odd curves elliptic. At this point, we already
observe that different polynomial equations might define the same elliptic curve.
To uniquely classify the curve, one can compute the so-called j-invariant:

1728¢5

- e 3.68
gg’ —27g3 ( )

j =
Example 3.7 (Legendre form). A Weierstrass equation is in Legendre form, if it
can be written as

v =x(r—1)(z—\). (3.69)

By choosing A as a parameter and considering the moduli space of Legendre
curves, one has a simple example for a family of elliptic curves and we come back
to this example repeatedly. The (co-)homology groups for even and odd elliptic
curves were already given in Examples and [3.3] We depict the cycles again for
this specific case in figure |3.5]

Figure 3.5: The elliptic curve has two cycles, which are realised as two independent
contours wrapping the hole of the torus.
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An elliptic curve is characterised by its modular parameter 7, which is com-
puted as a ratio of the individual periods. Generally, the periods evaluate to linear
combinations of elliptic integrals. The complete elliptic integrals of the first and
second kind are defined as

! dx ! 1—Ax2
K(A):/O T ™ E()\):/O [T o)

Example 3.8 (Periods and Quasi-Periods of the Legendre Curve). For the ba-
sis choice of Example and the Legendre curves of Example labelled by the
parameter \, we find

Yde 4 Tdx 4
w =2 —=—KW\! cmdw:2/—:—K1—/\_1, 3.71
=2 [ S RO anden =2 [ - ZKO-AT). @)

m=4/AKOT) -EQT) (3.72)

Consequently, the Legendre relations of eq. (3.59) give relations between elliptic
integrals. In particular, those can be reduced to the generic relation

K(WE(1 — u) + EWK(1 — u) — KWK(1 —u) = g . (3.73)

Additionally, we use the incomplete elliptic integrals such as

\/X X
Flaresin(vX)[Y) = /0 T d | (3.74)

Yx?)(1 —x?)

The Lattice and the Torus

The periods wq,wy of an elliptic curve define a lattice
Aoy wy = W1Z @ woZ = {nywy + nawa|ny, ne € Z} . (3.75)

Often, one defines it with the normalised period 7 as:
AN, =Z®7Z ={ny +nat|ni,ny € Z}. (3.76)

We picture the lattice A,, ., in figure 3.6}
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Figure 3.6: The periods w; and wy define the lattice Ay, o, .

Then C/A,, ., is equivalent to C/ GWWQH with the group G, ., generated by
the translations

2= 24wy, 2= 2+ ws. (3.77)

In particular, one obtains

¥, =C/Ay, w, = {7z € C|lz = aw; + bwy with a,b € [0,1)}, (3.78)
which is called the fundamental parallelogram. We represent it in figure [3.6] The
basis a- and b-cycles are the boundaries of the rectangle. Topologically, one can
obtain a torus from this parallelogram by identifying opposite sides, i.e. gluing
them together.

Translating between torus and curve So far, we have discussed objects on
the elliptic curve in terms of the coordinates x,y. Alternatively, one can work on
the torus with a single complex coordinate z. We now explain how to translate
between these coordinates by first introducing the following function on the torus:

Definition 3.9 (Weierstrass’ p(z)-function).

=3+ ¥ (ervp-va)

YeAu wy—{0}

(3.79)

By definition, this function is periodic with periods wy,ws and additionally it is
even, i.e. p(—z) = p(2).

The Weierstrass’ p(z) function fulfils the following equation:

(p(2))* = 4p(2)° — g2(2) — g, (3.80)
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where
1 1
g2 =60 > i and g5 = 140 > ve (3.81)
YeAa—{0} YeA—{0}
and thus
(z,y) = (¢'(2), p(2)) (3.82)

is a point on the elliptic curve with Weierstrass normal form (3.67). In that way,
we can translate from a point z on the torus to a point (x,y) on the elliptic curve
in Weierstrass form. To define differentials on the torus, we see:

de _dp(2) _ .
= ol =dz. (3.83)

To translate in the other direction — from the curve to the torus — we use Abel’s map,
which makes the isomorphism between the elliptic curve and the torus explicitﬁ

Definition 3.10 (Abel’s map). Abel’s map is defined as

1 [*d
u:(z,+y) 25 = :tw—l A ?x mod Ny, w, - (3.84)

On the moduli space of elliptic curves At this point, we want to again
explicitly. We generally do not work with one elliptic curve, but with a moduli
space of elliptic Curvesﬂ That means, the parameter we are interested in (e.g.
physical parameters like momenta and masses) are the parameters that define the
elliptic curve, in general by combining to the branch points A;. As we also want to
vary with respect to these parameters (to compute differential equations) we have
to work with the moduli space of elliptic curves. In particular, as soon as we have
more than F > 1 parameter (that can be represented in some way by 7 through
a change of variables), we need to work with the moduli space of elliptic curves
with & marked points, commonly denoted by M; . Note that every even elliptic
curve has one marked point, so we just add E'—1 that correspond to the remaining
parameters.

Special Functions on the Torus Let us introduce some special functions on
the torus. A particularly important class of functions are Eisenstein series, which
we discuss in more detail as modular forms in Section 3.4.2]

Definition 3.11 (Eisenstein Series). We define holomorphic Eisenstein series of
SL(2,7Z) by

1
Gp(1) = Z i ) for k>4, even . (3.85)
(m,n)eZ2—{(0,0)}
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These is the standard examples for modular forms in the following paragraph.
Additionally, we define special combinations of Eisenstein series, that are modular
forms and appear in the sunrise integral family:

m(r) = [Ga(r) — QGQ(QT)];; (3.86a)
dT

Often it is useful to expand a 7-dependent quantity as a function of
q = exp(miT) (3.87)
instead of working directly with 7.

Definition 3.12 (Jacobi-f-function). In general, the Jacobi-0-function is defined
as
0[a, b)(z|7) = 6[a, b)(2, q) Z g2 it ga)(emgmh) (3.88)

n=—oo

Due to the symmetry of these functionﬁ we only need the following four 6 functions

Z% ;r( | ’)Leb](zm = and their g-expansions:
Ola,b + 2n](z|T) = oo .
e"i%0a, b) (2| 7) 01(z.q) = 0[1,1)(2,q) =2 (—=1)"¢" 2" sin((2n + 1)2) (3.89)
n=0
02(2,0) = 011,0](2,0) =23 ¢ cos((2n + 1)2) (3.90)
n=0
05(z,q) = 0[0,0](z,q) =1+ 2 Z ¢ cos(2nz) (3.91)
n=1
0u(2,q) = 0[0,1](2,q) =1+2) (~1)"¢" cos(2nz). (3.92)
n=1

Additionally, we use the following function:

Definition 3.13 (Dedekind 7 function). The Dedekind n function is defined for
T e H:

o0

ins H 2mnr q—ﬁ H(l — ). (3.93)

n=1
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3.3 Calabi-Yau Varieties

For completeness, let us start with the definition of a Calabi-Yau manifold:

Definition 3.14 (Calabi-Yau geometry). A Calabi-Yau n-fold is the quadruple
(M, w, Q) where M is a compact n-dimensional Kihler manifold (with a Kdhler
metric n and complex structure J), w is the Kdhler form and Q is a non-vanishing
holomorphic (n,0) form. The latter forms are linked by the following relation:

wn n(n—1) /Ln —
—=(=1)"2 (=] QAQ. 94
T 0 (5) e @0

Note that besides the existence of the non-trivial (n,0) form there are several
equivalent definitions for Calabi-Yau n-folds and we refer for these as well as proofs
of their equivalence to the standard literature [165, 166]. One such definition is
the vanishing of the canonical class. This condition allows us to derive an explicit
condition for a space to be Calabi-Yau: The families of Calabi-Yau n-folds we
encounter in this thesis, specifically in Chapter [§, are defined as covers of a base
space B. That means we consider a polynomial constraint y" = P(x, ) in an
n-dimensional base space B with coordinate * = (x1,...,2,). The variables A
appear in the coefficients of the polynomial and parametrise the family of n-folds.
In order for such a polynomial constraint to define a Calabi-Yau family, its degree
needs to be such that the canonical class vanishes and this condition is captured
in the so-called adjunction formula [165]. The unique holomorphic L-form of this
family is

pa(T)

T (3.95)

where pp is the holomorphic measure on B. Note that, at this point, we have al-
ready encountered and studied in detail the simplest Calabi-Yau geometries: tori.
Here, we begin by examining them explicitly as Calabi-Yau varieties and in partic-
ular use as an example the Legendre family of Example [3.7]

Example 3.9 (Legendre Elliptic Family as a Calabi-Yau Family). As discussed
i Example the basis of holomorphic differentials for an elliptic curve is one-
dimensional. In particular, the unique holomorphic (1,0) differential in coordinates
(x,y) is Q = df. From eq. we see that the volume form in the coordinate z

isw:%dz/\di.

Calabi-Yau Periods
We denote by

M= (/Q/ Q) by = dim Ha(M, Z) (3.96)
Aq Ay,
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the vector of periods that are integrals of the basis element €2 of the one-dimensional
middle cohomology Hj, (M) along the basis cycles A;. In general, we characterise
the Calabi-Yau geometry by its Picard-Fuchs ideal that annihilates the periods and
compute these with the Frobenius method as explained in Section 3.1 We illustrate
this using the Legendre curve from Example [3.10]

Example 3.10 (Picard-Fuchs Operator for Legendre Curves). For the Legendre
curves, the Picard-Fuchs operator takes the form

2
Op(N) = 62 — A (9 + %) (3.97)
5 o 1
— \2(1 _ I _ _ _
= X1 - N5 M=)~ 1A (3.98)

Now, we apply the Frobenius method to obtain the solutions of this operator, which
correspond to the periods of the Legendre family. Specifically, we compute it around
the singular point \g = 0.

1. The indicial equation is simply o®> = 0. Thus, \g = 0 is a MUM point with
indicial zero.

2. At this MUM point, we can make the following ansdtze for the two periods:

I, = ch,ﬁ\i (3.99)
=0
ML =1log(A) Y crid + ) e ih' (3.100)
1=0 =0

3. We choose the order n,q, up to which we want to determine the coefficients
and apply the operator to solve for the coefficients:

@LHL,l =0 and ©LHL,2 =0. (3101)

Choosing additinoally the normalisation c1 0 = ca0 = 1, we find:

1 9 25

01’1 = Z, 0172 = 6—4, 01’3 = %, Ce (3102)
3 15 65
- = == =— ... 3.103
C2.1 4’ C2,2 39’ C2.3 192’ ( )
We can read off from the coefficients in eq. (3.102|) that the first period is
11
HL,l :2F1 (5,5,1,)\> (3104)

with o F} being Gauss hypergeometric function as defined in eq. (4.2). This
fits with our assumption that the periods of elliptic curves should be elliptic
integrals, as

11 2
F ——1')\>:—K>\. 1
2 1(2727 ) T () (3 05)
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In this case, we started with the Picard-Fuchs operator and found its periods.
However, there are situations where we have one period of a Calabi-Yau variety and
must determine the corresponding operators to determine the remaining periods.
In general, determining the Picard-Fuchs operator from a single period Il given
in integral representation is a non-trivial task. However, in some cases, the Picard-
Fuchs ideal can be found using the following method:

Review: Finding the Picard-Fuchs Ideal

1. Obtain a series representation of Ilg .
2. Make an ansatz for the operators in the Picard-Fuchs ideal.

3. Solve for the coefficients in the ansatz by requiring that they annihilate
the initial period Ilg .

Note that confirming whether the full ideal has been found is non-trivial, as the
dimension of the homology group is not necessarily known. However, if we identify a
MUM point and obtain the expected solution structure using the Frobenius method,
this provides a strong indication.

Bilinear Relations Due to Griffiths transversalityﬂ the periods of a Calabi-Yau
n-fold satisfy relations, which take the form
0 for0<r<n

, 3.106
Cr(A)  for |k|=n ( )

IS FTIN) = [ QAdkQ = {

My

where the Ci () are rational functions in the complex structure parameters. Specif-
ically, we obtain bilinear relations, called the Hodge-Riemann bilinear relations:

II(2)"=II(z) = 0. (3.107)

Due to their origin, these relations appear in the literature with the name Griffiths
transversality relations.

Picard-Fuchs Operators

For the remainder of this chapter, we discuss properties of Picard-Fuchs operators.
We restrict the discussion here to single-parameter operators: We consider oper-
ators as in eq. (3.16|) and specifically ones in a single coordinate A, that take the
form

O =0y + a, 105" + ...+ @10y + ag, with a; € C(\) (3.108)

for some coefficients a;. We denote the n-dimensional C-vector space of its solutions
by

Sol(0) ={f(A) : C - C: Of(\) =0}. (3.109)
This solution space is spanned by the periods II;(\) of the associated Calabi-Yau

variety.
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Definition 3.15 (Mirror Map). In general, the mirror map is defined by

1 Igi(N)

t:(\) = —
z( ) 211 I—[Gf7()()\)7

=1,...,b,—1, (3.110)

where the g ;(\) exhibit a logarithmic divergence at the MUM-point and by, is the
dimension of the C'Y’s homology group .

Let us now assume, that O is a differential operator of degree L + 1 with only
regular-singular points and A\g = 0 is a MUM point. Thus, near this point the
differential equation O f(A\) = 0 admits solutions of the form

M(A) = To(A) =

o log" z + O(log" 1 (N), 2), 0<k</. (3.111)

If b,, = 2, the mirror-map is

1 IL(A)  logz

t(N) =t = — = A). 112
W =0l =55 Mo(\) 2w O (3.112)

Its exponential is a holomorphic function of A:
g(\) = ¥ = 2+ O()\?). (3.113)

We consider two Picard-Fuchs operators O and O to be equivalent, O ~ O, if there
is a function a(\) € Q(A), so that

0 =a(M\)0a (Nt with a(X) € Q()). (3.114)

In order to relate Picard-Fuchs operators related to different Feynman graphs, we
need certain operations on these operators and we define these here.

Definition 3.16 (Hadamard product). Let us consider two holomorphic functions
(at \g =0), denoted f and g, whose expansion in X\ around 0 takes the form

=) RN and g(\) =) giN. (3.115)
=0 =0

Then, their Hadamard product is defined as

(f % g)(\) ::fl dt g(AJt) = Zfzgzx\’ (3.116)

e 2mt
Based on the definition of the Hadamard product of functions, one can define the

Hadamard product of operators. Namely, let Oy and O, be the operators of minimal
degree that annihilate f and g, respectively. Then, their Hadamard product is

0 %0, = Oy, . (3.117)
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Similarly, m*™® symmetric and anti-symmetric power representations respectively
be denoted by Sym™Q and A™Q. Again, these operations are defined by operations
on the solution space.

Definition 3.17 (Symmetric Product). Sym™Q is the operator of minimal degree
that annihilates all products of m solutions of Q, i.e., it is defined by its solution
space

Sol(Sym™0) = (yi, - - - ¥in | i, € S0l(0)).. (3.118)

Definition 3.18 (Anti-Symmetric Product). Let J = (j1, ..., jm) and Ay, the set
of (YZ) m-tuples J. For a given choice, of tuples I, J we define

eglyil 9£1yim
072y, 072y,

D7 := det ' " (3.119)
einiyil 9§m'yim

with elements (W);; = y;, i,j = 0,...,n — 1 and y; € Sol(Q). We also de-
fine Dy = D§0""’m_1). The m'™ anti-symmetric power of Q is then defined as the
wrreducible operator of minimal degree with solution space

Sol(A™Q) = (DT € Apn)e - (3.120)
Finally, we introduce the statement of mirror-symmetry:

Definition 3.19 (Mirror Symmetry). Mirror symmetry states that CY L-folds
come in pairs (Mg, Wq) such that the cohomology groups H>4(Mg) and HP9(Wg)

are interchanged. Mirror symmetry exchanges the complex structures encoded in
HE=LY (M) with the Kdhler structures from HYY(Wg).

3.4 Iterated Integrals and Special Functions

In the following section we discuss iterated integrals. In particular we focus on
iterated integrals that can be expressed on Riemann surfaces or are in other ways
related to these.

3.4.1 Multiple Polylogarithms

The simplest Riemann surface is the genus zero surface, the punctured Riemann
sphere Sy = C— A, where A is the set of punctures. A basis for its homology group
H;(Sy) simply consists of a circle around each of the punctures and its de Rham
cohomology group H}(Sy) is spanned by the differentials

dz
and z a coordinate on S,. The iterated integrals over these simple differentials

are the multiple polylogarithms. The classical version of multiple polylogarithms
is defined by a series expansion:

for A; € A (3.121)
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Definition 3.20 (Classical (Multiple-)Polylogarithm Li,(x)). The classical poly-
logarithm is defined as

x k
Li, (2 / S PR =y . (3.122)

The series definition of eq. (3.122)) can also be generalised to the case with multiple
pammeter&ﬁ

. PR I
iy, (21,2 25) = > e (3.123)

0<ni<ng<---<ng 1 2 k

In the context of Feynman integrals, we want to define multiple polylogarithms
iteratively by integrating the basis differentials with simple poles of eq. (3.121]).

Definition 3.21 (Multiple Poylogarithms G). The standard convention for multi-
ple polylogarithms (MPLs) in physics is

Toodt
Glay,...,an;x) = / G(ag,...,an;t). (3.124)
0 t— aq
The recursion starts with G(;x) = 1 and the a; are constants in x. The weight of
the MPL 1is the number of integrations n. If a, = 0, the integral diverges. In that
case one reqularises it by taking the lower boundary to be one, e.g.,
1., , Tdt
G(0,...,0;z) = — log (x) since logx = - (3.125)
n! 1

The classical version of multiple polylogarithms is contained in this definition
[167]:

Lin oy (21, 2) = (=G [ 0,...,0,2.%,...,0,...,0,(z1,...,2) "}, 1

my—1 mi—1

An alternative notation that is commonly used for the class of functions spanned
by the G is the following

Definition 3.22 (Multiple Poylogarithms I). Multiple polylogarithms as commonly
used in the mathematics literature are defined as the iterated integrals

antl (g
I(ag, a1, ..., an;a41) :/ A I(ag, a1, ...,a,_1,1t). (3.126)

ag n

The functions G and I are related by
G(an, ---,a1;a041) = 1(0,a1,. .., 8y, an41) - (3.127)

We mostly use the functions G and only refer to Li and I when necessary. In any
case, multiple polylogarithms satisfy many relations. For example, the G form a
shuffle algebra, which means that we can express products of G of weight n; and
ng as sums of G of weight ny +ny. For a comprehensive review, see e.g., |168] [169).
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Multiple Zeta Values Multiple ¢ values are defined as the values of the Li
functions at z; = 1:

Definition 3.23 (MZVs). The ¢ values are

G, = Liy(1) forn > 1. (3.128)
Forny,...,n, > 1, we can also compute the multiple valueﬂ
Copomr = Lingone (Lo 1) = > k™M™ k™ (3.129)
0<ky < <ky
= (-1)"G(0,...,0,1,...,0,...,0,1,0,...,0,1;1). (3.130)
lﬁ, I ng—1 I I ny—1 I

All even values, i.e. values of the form (»,, evaluate to powers of m. More
specifically:
(27T)2nBQn
2(2n)!

The relations that hold for MPLs are translated to MZVs and conjecturally there
are no relations between MZVs of different weights.

Con = (—1)"*! (3.131)

Generating Series for MPLs One can also obtain MPLs as coefficients of the
generating series [170]

o0
Ggle; z) = E E €a,€ay - - - €ay, Gy, - . ., a9, 015 2)
w=0 ay,...,a,=0,1

which solves the Knizhnik-Zamalodchikov equation and involves the non-commuting
variables ep, e;. Note that also here we have endpoint singularities that are regu-
larised by the choices of eq. (3.125]), see [171-173].

3.4.2 Modular Forms and Iterated Eisenstein Integrals

Next we discuss iterated integrals in the modular parameter 7. In particular, we
consider ones whose kernels are modular forms. Additionally, we need the concept
of modularity to obtain a canonical basis for the kite integral family in Chapter [7]

Modular forms

Definition 3.24 (SLy(K)). Let K C C a ring. SLyo(K) is the group of matrices

(‘CL Z) (3.132)

with a,b,c,d € K and ad —bc = 1. It acts on t € KU {oo} by

t_at—l—b
ot +d

for g € SLy(K). (3.133)

7

9We say that these (
values have depth r
and weight ny+- - -+n,.,
where n; € N and n, >
2.

See also:

We briefly discuss mo-
tivic and de-Rham ver-
sions of the MPLs in
Example




Chapter 3

Definition 3.25 (Modular Group). The group SLo(Z)/{%1} is the modular group.

It is spanned by
0 —1 11
S = (1 0 > and T = (0 1) . (3.134)

Their action on the upper half-plane is given by
1
St:—g and Tt =t+1. (3.135)
They satisfy the identities

S* =1 and (ST)* =1. (3.136)

Example 3.11. In general, the normalised period T of an elliptic curve is chosen
such that it lives in H and thus its modular transformation takes the form

at+b

T gT = . 3.137
I cT +d ( )

For a point z on a torus, a modular transformation acts as
Z gz = (3.138)

ct+d’

Of particular importance are special subgroups of the modular group, namely:

Definition 3.26 (Principal Congruence Subgroups). The principle congruence sub-
groups are

To(N) = {(a Z) € SLy(Z) | c = O(modN)} (3.139)

['(N) := {(CCL Z) € SLe(Z)|b=c=0(modN) and a=d = 1(m0dN)}

for N € Z.

Definition 3.27 (Weakly Modular Functions). Let k be an integer. We say that
a function f is weakly modular of weight k if f is meromorphic on the upper half
plane H and satisfies the relation

b

f (Zfi;) = (ct+d)*F(t) for all (ﬁ d) € SLy(Z). (3.140)

Since —1 € SLy(Z), each modular function of weight k satisfies f(t) = (—=1)*f(¢),
from which it follows that all modular functions of odd weight vanish.

Definition 3.28 (Modular Form). A modular function is called modular form if it
1s holomorphic everywhere including at oo. If the function is zero at oo it is called
a cusp form.
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Modular forms of different weights are linearly independent and so

M = @psoMy, | (3.141)

where M, denotes the space of modular forms of weight k. Note that the Eisenstein
series of Definition |3.11]is a modular form and more specifically:

In fact, the Eisenstein series can be used to classify all modular forms. More
speciﬁcallym
Mo = (C, MQ = 0, M4 = G4(Z)(C, M6 = Gﬁ(Z)C (3143)
MS = G4(Z)2(C y MlO = G4(Z)G6(Z)C (3144)
Mkzu = A(Z)Mk_u D Gk(c (3145)
M2k+1 =0 for all k£ (3146)
where
A(2) = ga(2)? — 27g3(2)? (3.147)
with
(2) = (2r)* _1 + 240§: (n) exp(2mi )_ (3.148)
92(2) = 3 2 o3(n) exp(2minz .
(2) = (2r)° _1—504§: (n) exp(2ri )_ (3.149)
95(2) = 515 2 o5(n) exp(2minz .

and os(n) = > 4 @°- In the context of Feynman integrals, we also encounter the
following generalizations of modular forms{|

Definition 3.29 (Quasi-Modular Form). A quasi-modular form of quasi-modular
weight k and depth p is a function whose image under a modular transformation
takes the form

flz,7) = i(CT + d)F2 (L)Z fiz,7),

3.150
— cz+d ( )

where the functions f; are holomorphic on the upper-half plane H.

Iterated Eisenstein Integrals

The iterated integrals over KEisenstein series of Definition [3.11] are the so-called

iterated Fisenstein integrals. Those related to modular graph forms, which appear
in the expansion of closed one-loop string amplitudes [174} 175].
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Definition 3.30 (Iterated Eisenstein Integrals). More specifically, we define the
following integration kernels

v[];7] = (2mi) T F G (r)d T and v[];7] = (=2mi) "R FIG,(T)dT  (3.151)

to define the iterated integrals

g gz - e — e Je . . e J2 . e Ji .
|:k1 ko ...k477:| . V[k[’TE] V|:k2,7—2] V|:’£177-1:|
T T3 T2
100

= (2mi) "+ / G () €[ A dn (3.152)

and their complex conjugates. The two simplest example are

eltir] = (2m) ot [ anriGun) (3.153)

T

E[ill ii ;7_} _ (27Ti)2+jl+j2klk2/ deTgQGkQ (7-2)/ dTlelel (7'1)- (3.154)

T2

In discussing iterated Fisenstein integrals 8[; ; T} we denote the number of integra-

tions the modular depth of the iterated Eisenstein integral and the number Zle k;
the degree.

Any endpoint divergences due to 7, — 700 are regularised by tangential-base-
point regularisation as in [176]. Specifically:

dn, = ———77F1,

/T S

Additionally, we define the multiple modular values, which are obtained by taking
the limit 7 — 0.

Definition 3.31 (Multiple modular values).

m[f ] = / 7 G (1) dry / / G () dr / Gy (1) dry
0 Ty T3 T2
(3.155)

Intuitively, we can consider the MMV to be genus zero objects. At depth one,
they are given by (-values:

_  2miGk—1 L =0
m[]] :Z/ 7 Gi(r1) dm = i ami . |
0 2(-1) (kji(f)ﬂ!l) ]Cj+1Cj+2fk P0<js k-2

(3.156)

Beyond depth one, the multiple modular values contain additional periods such
as L-values of holomorphic cusp forms. For more details and many examples, see
[177]. In this thesis, we only consider MM Vs from a subclass that can be expressed
in Q[27i]-linear combinations of MZVs and these can be considered genus zero
objects.
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Generating Series

A generating series whose coefficients are the iterated Eisenstein integrals of Defi-

nition is [177]

Ie + (€x; 7) = Pexp [/ A(Ek;ﬁ)] : (3.157)
with
oo k:—2 1) )
Aley; T Z v[1;7] 6,(5) . (3.158)
k=4 j:() ‘]

Ies(erim) =14 > (=1)" (kl,_,l)s[gll 7] eV (3.159)
k1=4 j1=0 Ji:
oo k1—2 oo ko—2
1 -1 o
#3030 Sy e g ] e

14,1
k1=4 j1=0 ko—=4 j2=0 JieJz:

with iterated Eisenstein integrals eq. (3.152)) of modular depth > 3 in the ellipsis
and 7 derivative

O:le 1 (eg; T)dT = =l 4 (€5 7)A€ 7) (3.160)
The non-commuting variables
/) = adl (e) (3.161)

are elements of Tsunogai’s derivation algebra, which is generated by €y, €2, €4, . ..
and has been explored from various viewpoints in the mathematical literature [178-
191]. The algebra generated by these letters is not free but rather they fulfill
homogenous relations, the so-called Pollack relations [185] (186, 192]. Those arise
at higher degreeﬂ, starting from degree 14 with the relation

0= [64, 610] — 3[66, 68] . (3162)
We can also express modular transformations in the language of generating series.
Specifically, the S transformation of (3.135]) acts on I¢ 4 (ex; 7) by

S[Iey (7)) =Ty <6k; —%) = S(ex)Ug 'T(ex; T)Us - (3.163)

The integration kernels of eq. (3.151]) are transformed by the operators Ug which
are defined by their action

. , , 1] e
Ugleg)Us _ (_1)3(2m)k—2—2g J (k—j—2)

T (3.164)
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The generating series S(e) is the tangentially regulated S-cocycle

S(ex) = Pexp(/oioo A(Ek;ﬁ)> (3.165)

=le (er; 7)|r50 (3.166)
—1 S 1 (kl_ ) Qg 11—k a1 (1)
- +ZZ(_ ) ] | ( WZ) m[k‘l}elﬂ

k1=4 j1=0 1

oo ki1—2 oo ko—2 )(kz

-1 o o
) (amiyi it abibag [ 2] )

DRI

T
=4 j1=0 ky=4 jo=0 Ji-g2:

Similarly, the modular T-transformation operates on 7 by 7 — 7+1 can be calcu-
lated from

T [ Le s+ (en; 7)] = Te (3 7+1) = exp(2miN)[(eg; 7)Ur (3.167)

The operation of Ur is defined by its action on the letters

—2— .
Ut Z clit?) (3.168)
p=0 ‘
and [177, [193]
N=Ny—¢ with Np=> (k—1)BFse;. (3.169)
k=4

where BFy = % with Bj the k-th Bernoulli number.

3.4.3 Elliptic Multiple Polylogarithms

Elliptic multiple polylogarithms can be equivalently defined on both the torus and
the elliptic curve. We review their definition on the torus and refer to the literature
for their definition directly on the elliptic curve in algebraic coordinates x,y. The
integration kernels for elliptic multiple polylogarithms on the torus are built from
the so-called g-kernels arising in the Kronecker Eisenstein series.

Definition 3.32 (Kronecker-Eisenstein-series). The Kronecker-FEisenstein-series is
defined as [163, 194, |195] (following conventions of [§])

01(0, )0 (m(z +y), 1
F = § a=tgla)( 1
EK ({E, Y, q) m 0 (7TZL' q)@l Ty, q ) ZE q (3 70)

where 0} (z,7) = 0.01(z,7) and 01(z,T) is the odd Jacobi 0 function as defined in
eq. (3.89).
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The coefficients of the Kronecker Eisenstein series are the g-kernels ¢(®(z, 7),
which exhibit simple poles in z at lattice points, i.e., at z = a+b7 with a,b € Z and
b#0. For k =1, g(l)(z, 7) has a simple pole at all lattice points, including those
with b = 0. These kernels serve as the elliptic analogs of dlog forms, in the sense
that they can be used as integration kernels for elliptic multiple polylogarithms.

Definition 3.33 (Elliptic Multiple Polylogarithms on the Torus). Iterated integrals
over the g-kernels in z-space are elliptic multiple polylogarithms /&, |195-197]

f(ZiZﬁ:::Zi;w!r):/ dw’ g™ (w'—wy, T)T (22w w'| 7) (3.171)
0

If we integrate along a path in 7-space, we obtain integrals and series of the
form

M1, for0 fulT) = /fl t1) /fz ta). /fk t) (3.172a)

STy T x]a ya joka . —0i/2
B o e = I I E: na Joma ! 7 | I (ikit...+jeke)
a=1 jo=1 =1
ka=1
(3.172b)

Their convergence properties are summarised in [197]. The g-kernels transform
under SL(2,Z) as quasi-modular forms (see (3.150))

z ar+b i (27i ¢ z)7
(% artby eSS 2T ) gy 1
() = e )Y 9 (z,7) (3.173)

99z m) =1
g (z,7) = meot(nz) + 4rsin(272)¢* + O(q")

2

7r

9P (z,7) = -3 + 877 cos(272)q* + O(q*), (3.174)
g3 (z,7) = =8r%sin(272)¢® + O(q"),

4 16 4
gV(z,7) = S cos(2m2)q* + O(q) .

45 3

In Feynman integrals, the g-kernels often appear in the following combinations:

Definition 3.34 (Kronecker-Eisenstein form).

wlz,7) = (2m)2* (g<’ffl>(z, T)dz + (k — 1)g<k><z,7)2d—7;) . (3.175)

These forms are quasi-modular forms with quasi-modular weight k as defined in
Definition |3.29.
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Chapter 3

There is an alternative notion of elliptic multiple polylogarithms on the torus,
which is defined with the so-called f-kernels. Those are the coefficients of the
following generating series:

Im(z)

Im(7)

Fe(e,o0) = 2 3 @ (3176)

a>0

Qpx(z,y,q) = exp [QM'

The kernels f(™ are invariant under translations in w; and w, but they explicitly
depend on the anti-holomorphic variable z. Their iterated integrals are

[ (ahadwk;w| T) :/ dw’f(”l)(w’—wl,T)F(Zﬁjjj{éﬁ;w’|T) ) (3.177)
0

One can also define a class of elliptic multiple polylogarithms on the elliptic curve,
i.e. with kernels in the coordinates z,y and this was explicitly done in [163] 198~
200]. The definitions of kernels on the torus and on the elliptic curve can be
matched by comparing poles and residues.

3.4.4 Siegel Modular Forms and Abelian Differentials

In this section, we extend our discussion of functions and iterated integrals on
elliptic curves to higher-genus hyperelliptic curves. In particular, we introduce
Riemann © functions as a generalisation of Jacobi € functions, Siegel modular forms
as an extension of classical modular forms, and finally, we explore the concept
of hyperelliptic polylogarithms on hyperelliptic curves and surfaces. For further
details on Siegel modular forms, we refer to the classical textbook [201] (in German)
as well as the more recent reviews [202(204].

Siegel-modular Forms

In the previous section, we considered modular forms in terms of the normalised
period 7, which lives in the upper half-plane H. To generalize this concept, we
classify the space where the normalised period €2 lives and the transformations
that act on it.

Definition 3.35 (Siegel Upper Half Space and the Siegel Modular Group). The
Siegel upper half space is the spacd™|

H,={QecC: Q=" ImQ > 0}. (3.178)
The Siegel modular group I'y, is the symplectic group

r-seaz = {(5 B ez (5 B) (% DG 8- (% D))

(3.179)
Here g is some positive integer, that we generally identify with the genus.
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The Siegel modular group acts on the Siegel upper half space in the following
way:

v-Q2=(AQ+B)(CQ+D)! for v = (A B

e D)erg,ﬂeHg.

(3.180)

Now we can define the central object of this section:

Definition 3.36 (Siegel Modular Forms). A Siegel modular form of weight p —
where p : GL(g,C) — GL(V) is a finite-dimensional complex representation with
representation space V' — is a holomorphic map f :H, — V', such that

f(v-Q) =p(CRL+D)f(), (3.181)

A B
for all Q € H, and v = (C D) ely.

As in the genus-one case, where the congruence subgroups in eq. (3.26) take a
special role, we are particularly interested in functions that transform covariantly
under subgroups. To this end, we define the principle congruence subgroups of the
Siegel modular group.

Definition 3.37 (Principle Congruence Subgroup). The principle congruence sub-
group of level N € Z~q is defined as

Ty(N)={MeT,|M=1 mod N} CT,. (3.182)

A general congruence subgroup of I'y of level N is then any subgroup that con-
tains the principle congruence subgroup I'j(N), see the lecture notes [205] for some
examples.

Riemann © Functions and Constants Next, we introduce the Riemann ©-
function, which simultaneously serves as a fundamental example of a Siegel modular
form and as a key building block for the hyperelliptic multiple polylogarithms
discussed in the second part of this section. For further details, we refer to the
textbooks [153} |156, |157] and the lecture notes [164].

Definition 3.38 (Riemann © Function). The classic Riemann © function is de-
fined by the series representation

O(z,0Q) = Z exp [iwnTQn + 2m’nTz] ,

nezd

(3.183)

,2g) € C9, Q € Hy and g is a positive integer. We let €1, €y € 79
be a pair of vectors and call the matrix € =

where z = (z1, . ..
[2} the matriz of characteristics.

These characteristics are referred to as odd or even if their scalar product €’ e, is
odd or even. The © function with characteristics is then defined as

O €] (z,9) :nezzz exp [m <%+n>TQ<%+n) + 2mi (n—l—%)T <Z—I—%)} :

(3.184)
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Under translations of z by a linear function in €2, the Riemann © function
transforms as

1 1
O [€] (z+QA1+X2, Q) = exp [QWJ (§(ef)\2 —Aley) — ATz — 5)({9&)] O €] (z,9).

(3.185)

Under a parity transformation of z, the Riemann © functions obey the following
identity:

Ole](—z,Q) = (—1)"*0[€] (=, 1) . (3.186)

Under translations of the characteristics €; — €; + 2v; with vi,vy € Z9, the

Riemann © function transforms as

2 T

O [a121] (2,Q) = exp (ire]v2) © [2] (2,9). (3.187)
This allows one to restrict to €, €, € {0,1}¢ and consequently there are only 229
independent choices of (half) characteristics. For example, at genus one, there are
“Note that we the con-  four distinct characteristics and their Jacobi @ functions are listed in eq. (3.89)) EAt
ventions we use for the  genus two, there are 16 characteristics, 10 of which are even. The Riemann ©
Jacobi 0 and Riemann g, ctiong evaluated at z = 0 are called Riemann © constants and can be interpreted

© functions are dis-  p netions © €] (2) = O[€] (0,9) in 2 on H,. Note that due to eq. (3.186)), the

tinct, so they cannot ! o T - ]
be obtained from each © constants vanish for odd characteristics. Similarly, one can define derivative
other, so Ole|(z,7) # (Riemann) © constants 0,0 [€] (Q) = 0,,0 [€] (2,Q)|,_,- As an example, we list

Ole](z,7), but thereisa  helow the 10 © constants and the 6 derivative © constants for genus two.
non-trivial relation be-

tween these functions.  Fxample 3.12 (© Constants for Genus Two). The 10 Riemann © constants at
genus two associated to the 10 even characteristics are:

o[l @, e=e[]@, =[] @),
=o [, =0, =0 @),
o] @, df=e[nl@, =0 ®,
efg =0 (@) . (3.188)

The sixz derivative © constants are
oof =00 0] (@),  ask=00[M]@). ak=00["] ),
oof =00 [,  ask=o00[li]@. a=00[]®).
(3.189)

We define pge, 1 and The © constants are (classical) Siegel modular forms with weight pdet’%m for
other weights in ap- g congruence subgroup of I'; of level 2, at least up to a multiplicative complex
pendix [E} phase [206, 207]. By Thomae’s formula one can also express the parameters of the

polynomial defining a hyperelliptic curve in Riemann © functions, see e.g. [208-
210].
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(Quasi-)periods as Siegel (Quasi-)modular Forms. Let us consider a family
of hyperelliptic curves with parameters A. If we perform a closed loop in param-
eter space, the hyperelliptic curve remains the same but the integration cycles
and consequently also the periods change due to the monodromy transformation.
Specifically, the a and b-periods undergo a linear transformation and thus the pe-
riods are transformed by a constant 2g x 2¢g matrix M with integer values, the
so-called monodromy matm’ﬂ

(fé) M <ﬁz) . (3.190)

The monodromy matrix is an element of Sp(2g,7Z) as it preserves the symplectic
structure of the homology basis. The group of all transformations due to indepen-
dent closed loops forms a subgroup of Sp(2g,Z), i.e. a subgroup I' of the Siegel
modular group I'y, which is always some congruence subgroup [211]. By eq.
we find the action on the a-period matrix to be

M- A=ACQ+D) for M = (é IB)) ely, (3.191)
which shows that A is a Siegel modular form with respect to I' with weight 1® pg'}
where 1 refers to the trivial representation. Additionally, we find for the normalised
period matrix

M-Q=(AQ+B)(C+D)". (3.192)

We can also determine how the quasi-period matrix A transforms under modular
transformations. Note that the period matrix P of eq. fulfils some linear
differential equation in the parameters A and in particular this leads to a differential
equation for the a-period matrix:

0A=Q A+ Q,A, (3.193)
where R; are g x g matrices that depend on the choice of 9. Consequently, we can
express the matrix of a-quasi-periods in a-periods and their derivatives:

A=R,;A+RyA, (3.194)

where R; = —Q,;'Q; and Ry, = —Q;'. An analogous equation holds for the
b (quasi-)periods and for @ = A'B. In particular, using also the quadratic

identities (3.61) and (3.63), we can find [34]:

R, A0Q = 81i AT (3.195)
Using and the transformation behavior of A and €2, we find
M- A= ACQ+D)T + RyA0QCT . (3.196)
Inserting in this relation, we finally obtain:
M- A=ACQ+D) +8mATCT. (3.197)

Since A does not transform as a Siegel modular form but rather as the derivative of
one, we refer to it as a Siegel quasi-modular form; see [212] for a formal definition.
Furthermore, the period matrix can also be expressed in terms of Riemann O
functions using the Rosenhain formula [213].
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Abelian Differentials in Riemann © Functions

In this section, we comment on how to relate the Abelian differentials on the hy-
perelliptic curves in the algebraic coordinates (z,y) to differentials in the geometric
coordinate ZE The change of coordinates from (z,y) to the coordinate z is ob-
tained by the so-called Schottky parametrisation|216], see [154] for more details
or [159] for a recent review in the physics literature. Numerically this coordinate
change can e.g., be performed using the Myrberg algorithm [217], see for exam-
ple [218-221| for further discussions and an implementation. We will see, that all
Abelian differentials can be written in terms of first kind differentials and Riemann
O functions.

Abelian Differentials of First Kind. We already discussed how to relate the
canonical first kind differentials w,|; on the Riemann surface to the differentials co;
in (3.43]). Together with the Riemann © functions, these are the building blocks
for the second and third kind differentials.

The additional objects we require are the prime form and the bidifferential. The
prime form is defined as (see, e.g., [155, (156, 222} 223])

Ole](u(z, y), )

Bl ylft) = Ne()ne(y)

, (3.198)

where € = (€1, €;) is an odd (half-)characteristic and n¢(z) is the holomorphic
function defined by

9

Ne(z)* = w1,0:0[€)(0,9). (3.199)
i=1

We commonly shorten E(z,y) = E(x, y|Q)H The prime form is independent of

the chosen characteristic. The fundamental bi-differential is defined by, see, e.g.,

[164],

B(z,2") =d.d, log E(z,2'| Q) = d.d. log O[] (u(z, ), Q) . (3.200)

We can explicitly write this as

no_ o [O(z,2") (u(z, 2') + ce)
B(Z,Z) = (277) [ @(u(z, 2/) + Ce) -

O(z)(u(z, 2') + ce)O(Z") (u(z, ') + ce)
Ou(z, 2') + c.)?

(3.201)
where we introduced the following notation for derivatives of © functions

O(z1, ...,z (x) = Z n"wi(z1)...n"wi(z) exp [imn " Qn + 2minTz] | (3.202)

nez9

and

1
Ce=75 (Qe; + €2) . (3.203)

38
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Abelian Differentials of Third Kind. The normalised Abelian differential of
third kind with poles at 2, 25 is defined as [155]:

E(z,z) 0.E(z,z1) 0.E(z, 2)
o =dlog =2 = ( — 3.204
Walz1,22 8 E(z, z) i E(z, ) E(z, z) ( )
The normalisation here means that

/ W32,z = 0, T€S,—z W3|zy,2 = 1, T€S,— 2y W3|zy 2o = —1. (3.205)

In terms of Riemann © functions this differential is
w _ {wm(z)ai@(u(z, Zl), Q) B UJ1|¢(Z)8¢@(U(Z, 22), Q):| d (3 206)

8le1.22 O(u(z, 21), Q) O(u(z, 2), Q) '

To relate these differentials to the third kind differentials of (3.54) and (3.55)), we
just match the respective poles and residues. For the third kind differential with
pole at oo, we find

9d g 9d
S = TW31.% 2 + Z (j{ - a:) Wi - (3207)
i=1 Y%

Y Y
Here 2, and 2z are the values of the global variable related to co on the two sheets.
Abelian Differentials of Second Kind. The normalised differential of the sec-

ond kind with pole at Z of order k + 1 is given by a residue of the fundamental
bi-differential [164],

w 1 1
w2|2 = —ERGSZ/:g {mB(Z', Z/>:| s (3208)
which satisfies
j{‘ wg‘;) =0, res,—; [wg@} =0. (3.209)

In particular, we find for a finite pole z:

w _ (2m)? 9! [9@’»2')(“(272’) +ce)  O(2)(u(2,2') +c)O() (u(z,2) + o)
2z k! 0zk1

O(u(z, ') + ce) O(u(z, 2') + ce)?
(3.210)

For a pole at 0o, we obtain (focussing on an even hyperelliptic curve for definiteness)
W _ (2m)? ot 1 [@<Z>(u(z, 1/u') + c)O(1/u) (u(z, 1/u') + cc)
oo Kl Qukl g2 O(u(z,1/u') + ce)?
00z 1/u) (u(z, 1/u) + ce)}
O(u(z, 1/u") + ce)

Using these expressions, one can match the second kind differentials on the curve
and the surface again by comparing poles and residues.

dz.  (3.211)

u'=0
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3.5 Geometry And Feynman Integrals

Let us conclude the chapter by returning to the Feynman integrals we are interested
in and reviewing different approaches to associate a family of varieties with a family
of these integrals. Specifically, we focus on the integral families treated in the
remainder of the thesis.

From the Maximal Cut in Baikov Representation

As given in eq. (2.44)), a non-trivial maximal cut is generally an integral

MC = / <L:1Mf dxi) HBJV»j(;B)

after taking all residues.m In general and in particular for all examples considered
in this thesis, the exponents v; take the form v; = “7] + e with y; € Z. Thee — 0
limit of the integrand can be used to define a polynomial equation

v = 1B/ @)oo
j

(3.212)

(3.213)

and we can define a variety via this polynomial constraint in ]P’éMC. We illustrate
this with the prominent examples of this thesis and start with the sunrise integral
family:

Example 3.13 (The Sunrise’s Elliptic Curve). We reviewed the Baikov represen-
tation and subsequently the maximal cut of the unequal mass sunrise integral in
the loop-by-loop approach in Example [2.9 We gave the Baikov polynomial in the
maximal cut limit in eq. . In the limit ¢ — 0, it reduces to

1

BE(z) = ((2a = A7) (21 = A5 ) (2 — AN (za — AT)) 2

From this integrand we can define a quartic elliptic curve with the polynomial equa-
tion

(3.214)

v = (r = A7) (@ = AF) (@ = AT ) (@ = A7), (3.215)
with the branch points X7 depending on the masses and the external momentum.

This procedure relied on the integral family being considered in D = 2 — 2e.
If we considered the same integral family in three (+e) dimensions, we would not
find this curve. Similarly, we consider an integral family related to a hyperelliptic
curve with genus two.

Example 3.14 (A Hyperelliptic Curve of Genus Two from the Non-Planar Crossed
Box). We use the expressions from Ezample . In the limit € — 0, the integrand
of eq. (2.67)) defines a hyperelliptic curve of genus two via the polynomial

P = (= XPP) (= AIP) (& — AP (@ — AP — AP (@ — NP),(3.216)
as discussed in (29, |31)].
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In the two examples given here, the remaining integral of eq. after
taking all residues is one-dimensional. There also exist cases, where more than one
integration variable remains and we can associate higher dimensional manifolds to
Feynman integral families. Specifically, there are different examples of Feynman
integral families related to CYs appearing in the literature [5, |19, [20} 24, 28, |95].
At this point we make an important remark: The geometries associated with a
Feynman integral family need not necessarily arise from its top sector, as illustrated
in the example above. The varieties related to a Feynman integral family may
instead be associated with one or more of its sub-sectors. A notable example is the
kite integral family from Example [2.8 while its top sector has a trivial maximal
cut, simply corresponding to a punctured Riemann sphere, it contains two distinct
sunrise sub-sectors, each associated with a different torus, as illustrated in figure

1l

Special Case: Fishnet Integrals

We consider as a special case, the massless fishnet integrals of eq. (2.78)) in D = 2,
which take the form

0 f [T nos] T =) [ =]

i3 (2]

- / H <(17j —xk)(if;z - /\m)”> /\ <(:Ej — fk)(li’?;:l — Xm)y> '

i,3,k,l,m

As described in Section [3.3] a family of Calabi-Yau manifolds can be defined by a
polynomial equation and an ambient space. For specific parameter and dimension
choices, these data defining a CY L-fold family can be read off from the integrals
of eq. in position space representation. The integrand of eq. is defined
with coordinates & in C*. The natural compactification of this space is an L-
fold product of Pc, i.e., we choose the base space B = PLk = szl Pc;. The
polynomial equation in this space — which we can read off from the half-integrand
in holomorphic coordinates — is{]

y* = Po(x, A) = [ (@ — =) ][ — )" (3.217)

Jk.lm Y]

We consider a d.-fold covering over the base space and in particular, we often choose
a double cover d. = 2. The adjunction formula |[165] implies that for this polynomial
equation to define a CY L-fold, the parameters need to fulfill the condition

d.
d.—1

For d. = D = 2 this is equal to the condition of (2.80) — the conformal massless

fishnet integrals in two dimensions define CY L-folds. Specifically, we consider the
tilings with V' = 3,4,6 and propagator powers %, %,% respectively. The unique

Vv, (3.218)
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holomorphic differential is given in the homogeneous coordinates [x; : w;] of each
Pc by

¢
Qg(iB, A) = /\izl

— 3.219
Pe(z, AT ( )

For more subtle explanations related to this association, we refer to 35| 37, 138].

Other Approaches

As we have seen in Section the periods of a Calabi-Yau variety are determined
as the solutions of an ideal of differential operators, the Picard Fuchs ideal. Thus,
this ideal of operators also determines the Calabi-Yau family that is associated
to the integral family. One can find the Picard-Fuchs ideal for the maximal cut
from the linear differential equations it satisfies algorithmically. Another way to
obtain a family of varieties from a Feynman integral family is via the Symanzik
representation, more specifically by taking a quotient of the Symanzik polynomials
[224} |225] in the proper embedding space. One example, where this has been shown
to give the same variety as the polynomial equation defined from the maximal cut
in Baikov representation is the sunrise integral family [92]. Lastly, let us remind
again of the fact that in different contexts, the integrals take different forms and for
example in string integrals, the integration space is always a punctured Riemann
surface of genus L with L the loop number, see the discussion in Section [2.1]
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Chapter 4

Twisted and Motivic
(Co-)Homology Groups

Many of the integrals we consider in this thesis have multi-valued integrands —
most importantly Feynman integrals in dimensional regularisation and the special
hypergeometric functions with generic parameters that arise in them. As such,
one natural way to study them is as twisted periods, i.e., periods of twisted (co-
Yhomology groups, which form are (co-)homology groups with coefficients. This
viewpoint and the insights from twisted intersection theory that it allows us to
use are relevant for many results presented in this thesis. Some of them are listed
in the margin here. They require a solid understanding of the basics of twisted
intersection theory, which we provide in this chapter. In addition to twisted (co-
Yhomology groups, we will also — more briefly — introduce some results from motivic
cohomology and comment on their appearance in the context of Feynman integrals.
Additionally, the motivic framework is where the construction for single-valued
versions of twisted periods we apply stems from.
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In particular, brief reviews on twisted (co-)homology groups as well as motivic
cohomology are presented in Sections and [4.2] In the latter our focus is on con-
structing single-valued versions of periods in Subsection and on the motivic
coaction for special classes of functions in Subsection [£.2.3] We supplement these
introductions with a class of examples in Section [4.3] where we discuss Aomoto-
Gelfand hypergeometric functions. Finally, we explain in Section [4.4] how one can
interpret Feynman integrals as twisted periods. This chapter is further comple-
mented with Appendix [B] where we explain how to practically compute some of
the objects introduced throughout the chapter.

Section [4.1] and parts of Section [4.2] are reviews based on the existing literature
and resemble similar reviews in [36, 50, 226]. The following results were
obtained during the PhD and many of them are already published:

& In Section we present preliminary results on a coaction-like map,
which was obtained during a collaboration with Axel Kleinschmidt and Oliver
Schlotterer. A publication on this construction is in preparation [227].

& The discussion of (single-valued) Aomoto-Gelfand hypergeometric functions
in Sectionwas already presented in , which resulted from a collaboration
with Claude Dubhr.

& The discussion on how to interpret Feynman integrals as twisted periods
is partially taken from similar discussions in [50, [226], which resulted from
collaborations with Claude Duhr, Cathrin Semper and Sven Stawinski.
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Chapter 4

4.1 Review of Twisted (Co-)Homology Groups

In this section, we discuss the cohomology and homology groups whose period
pairings evaluate to multi-valued integrals of the form

/@(p.
”

e & is a multi-valued function — the twist — and here, we assume that the twist
takes the form

(4.1)

More specifically:

@:H@@w, (4.2)

where the L;(z) are polynomials in the variables z € X[[]and a; € C in the
most general case.

e  is a rational n-form on X. In general, we define the twist such that all
poles of ¢ appear as a zero of one of the L;(z). That might be achieved by
including factors L;(z)° in the twist.

e 7 is a closed integration contour on X. For the integral in eq. (4.1]) to be
well-defined, we attach a choice for the branch of ® to ~.

Starting from some integral of interest, the data extracted from these objects can
be used to define (relative) twisted (co-)homology groupsﬂ In particular, we de-
fine a connection and the corresponding systems of its local sections. The twisted
connection and the dual twisted connection are

= din o
Vo =dipt + we A+ and Vg = dipy — we A - with we = .

= djglog®, (4.3)
where the term with wg account for the multi-valuedness of the integrands. The
spaces these are defined on also depend on the particular integrals we want to
consider and will be specified below. Note that at this point we explicitly use
the exterior derivative with respect to the (physically) internal variables. The
distinction between the derivatives dj,; and dey is particularly relevant in this
chapter. Acting with the connection Vg on ¢ is equivalent to acting with the
exterior derivative on the full integrand ®:

dip ®
dint (CI) SD) = CI)dintSD + dint¢ A Y = @ (dint@ + q; VAN (,0) = CDV@(,O . (44)
The local Systemsﬂ defined by the twist are
Lo ={f(2)|Vaf(2z) =0} and Lo = {f(2) | Vaf(2) = 0}. (4.5)
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If &¢ has branch points, but no poles or zeroes (i.e. «; ¢ Z for all i and
oo ¢ Z), the definition of the twisted (co-)homology groups defined by the
data is straightforward and we review it in Subsection In situations relevant
for physics, we typically have additional poles in ®¢ that are not regulated by ®
— meaning they are not branch points of the twist. One can regulate these either
by working relative to some hypersurfaces — using relative twisted (co-)homology
groups — or by introducing a generic parameter and performing a limit. We review
these modes of regularisation in Section but also make some comments on how
the two approaches are equivalent for the objects we care about. Throughout this
discussion, we keep referring to the example of Euler’s S-function as well as Gauss
hypergeometric o F} function. Let us start by introducing these here to illustrate
the discussion so far.

Example 4.1 (Euler’s 8 function: An Example for a Multivalued Function). Eu-
ler’s B function is defined by

B(a,b) = /0 2711 - z) e = 11:((2)—_1;(;;)) for Re(a),Re(b) > 0. (4.6)
We define the twist
d =21 —2)" (4.7)

and the form ¢ = % such that

B(a,b) = /O . (4.8)

Example 4.2 (Gauss Hypergeometric o F function: An Example for a Multivalued
Function). The integral representation of the hypergeometric o Fy function is

2Fi(a,b, A‘l):—r(b)?((?_ 3 /0 DL (LA e (49)

and we also use its normalised version

L'b)(c—>b
o Fi(a,b,c; A7) = Mgﬂ(a,b, AT (4.10)
I'(c)
and assume that the parameters a,b,c are generic. Then we can write
o Fi(a,b,c; A7) = (—)\)a/ 0 (4.11)
7:[071]
with ® = 2°(1 — 2)°°(2 = \) ™ and ¢ = _dz (4.12)
2(1—2)

Due to the generic choice of a,b,c the function ® is multi-valued on X = P¢c —
{0,1, X\, 00} and ¢ is a single-valued and holomorphic form on X. In this example,
the connection of eq. (4.3)) is defined with

b—cz a

g e (4.13)

we = din log ® =
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4.1.1 Review: Twisted (Co-)homology

Here, we follow mostly the notion of twisted cohomology from [228-230] as com-
monly done in the physics community [39) 44]. Within the current subsection, we
restrict the exponents in the twist of eq. (4.2]) by the condition

a; ¢ 7Z  and Zai ¢ 7. (4.14)
i=0

In that case, ¢ is a single-valued, holomorphic form on the space

X =P¢ — ¥ where ¥ = O Y = O{z|Li(z) =0}. (4.15)

i=1 i=1

We call the components >3; the requlated boundaries. X needs not be the punctured
Riemann sphere, one could just as well consider twisted cohomology on other va-
rieties, as it was for example done in [6], but the examples we consider here are

covered by the choice of eq. (4.15]).

Twisted (Co-)Homology Groups and Their Pairings

One can understand twisted (co-)homology groups using what we know about stan-
dard (co-)homology groups from Section but replacing the exterior derivative
d with the connection Vg. In particular, that means that we also consider the
notions of closed (Vo = 0) and ezact (¢ = Vgp) with respect to this connection
V. Here, we elaborate the consequences of this in detail.

We are still primarily interested in integrals of the form eq. — here with the
restriction of eq. — and we work modulo differentials that vanish upon inte-
gration. Consequently, we want to work modulo exact forms and to that end define
an equivalence relation ¢ + V@[] That means, we want to consider differentials
from a twisted de-Rham cohomology group:

Definition 4.1 (Twisted de Rham Cohomology Group). The twisted version of a
de Rham cohomology group is defined as

HER (X, Vg) = CX(X, Va)/B5(X, V), (4.16)

with
CY(X,Ve) = {k — forms v on X |Vep =0}, (4.17)
B*(X,Ve) = {k — forms Vo@ | @ a k — 1-form} . (4.18)

All twisted cohomology groups we consider here are finite-dimensional and
specifically [231]:

2n

> (—1)kdim [HYg (X, Va)] = x(X), (4.19)

k=0
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where x(X) is the Euler number of the underlying space, see Definition . Prac-
tically, one can obtain the dimension of a given cohomology group HEy (X, V)
by counting the critical points of d;,; log®. For n = 1 this can be done by com-
puting the number of solutions of dj;log® = 0. For n > 1, the dimension can
be found iteratively [232]. In fact, only the middle cohomology group Hji (X, Ve)
is non-zero [231]. Thus, we only consider & = n. The elements of C"(X, V) are
called twisted co-cycles. In a similar way, we consider closed modulo exact con-
tours. That means we consider contours that are taken from equivalence classes of
so-called twisted cycles (or loaded cycles) in

Cu(X,Lo) = {y = A5 ® ®lac |Af an n —cycle and 9(y ® ®[,) =0}.  (4.20)
We denote these cycles byf]
finite
Y=A@P, =Y arA@D|a. (4.21)
A

Here, A is a compactified topological n-cycle that can be decomposed into a finite
number of simplices embedded in X — denoted by A — with coefficients apn € R.
They always come with a branch choice of ®|a (loaded onto A). Practically, this
means that every twisted cycle comes with a local choice of branch for . This
branch is taken from the local system Lg. The operation (A ® |, ) restricts both
the contour and the branch of ® to the boundary (of the contour). We denote the
space of boundaries by

B.(X, £) = {twisted n — cycles 0y |y = A% ® ®|a, with (n+ 1)-cycles AT}
(4.22)

and define the twisted homology group:

Definition 4.2 (Twisted Homology Group). The twisted version of a Betti homol-
oqy group is defined as

Hn(Xa ‘CVCI)) = CH(X7 E‘I))/BH(Xa Z@) . (423)

In some contexts, we put the twisted cycles and co-cycles into brackets, denoting
by (| the twisted co-cycle and by |v] the twisted cycle. These brackets already
hint at a vector space structure and pairings between the objects, the first of which
we define promptly:

Definition 4.3 (Period Pairing). The period pairing pairs twisted cycles and co-
cycles via integration. The periods evaluate to integrals such as the one in eq. (4.1)):

(1] Ho(X, Lo) x H3 (X, V) — C
(7]l =/<1>s0'

(4.24)

(4.25)
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Applying this pairing to basis elements ; of H, (X, Ls) and ¢; of Hiz (X, Va),
we obtain the period matrix P:

Definition 4.4 (Twisted Period Matrix). The entries of the twisted period matriz
P are

Py = {pily] = / R (4.26)

Vi

For all objects introduced up to here — specifically the twisted (co-)homology
groups and periods — one can define dua]ﬂ versions. In principleﬂ one can think of
these as elements of the twisted (co-)homology groups with the inverse twist ®~*
or equivalently, with the connection V4. Practically, the pairings that define the
dualities require that at least one of the two objects that are paired is reqularised,
since we always want to pair two elements with at least one of them being compactly
supported so that the pairings are well-defined. Implicitly, we already defined
the twisted cycles to be regularised by taking only finite linear combinations of
simplices, so the dual twisted cycles do not need to be compactly supported in our
conventions.

Definition 4.5 (Dual Twisted Homology Group). The (locally-finite) dual twisted
homology group is defined by

HY(X, Ls) = {11 = A; @ @7 | Ay locally finite, 91 = 0}/{boundaries 07},
(4.27)

with the elements 1 taking the form

locally finite

Ap@®t = Y nOed |, (4.28)
O

where the O are embeddings of simplices and b € R.

In generalﬁ7 these locally finite dual cycles are generated by a set of bounded
chambers — specifically for linear factors L;(z) — whose boundaries are the zero
loci of the factors L;(z) of the twist ®. Often, we deform the chambers, so that
they lie in X and do not intersect points lying outside of X. Their regularised
versions generate the cycles of the twisted homology group in [4.23] and they are
obtained by taking tubings around the boundaries. Note that the particular feature
of restricting with eq. allows us to take in principle the same basis choice
for the homology group and its dual, albeit one of them being regularised. In that
case, we denote both bases by the letter v;, distinguishing the contour As, from its
regularised version A~;.

Example 4.3 (Twisted Homology Bases for Twist with Only Linear Factors in
1D). We consider here as a simple example the univariate case with a twist built
from r+1 linear factors of the form L;(x) = (\; —x). The zero loci of these linear
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equations simply define a set of points ¥ = {\;|0 < i < r} that we assume to be
ordered \; < \j for i < j and real. In this situation, a basis of locally-finite dual
cycles can be chosen to be supported on r independent open intervals between these
points A\;. Two examples for natural choices of this basis are

¥i =0y, @ 75, with As, = (0,);) forj=1,....r (4.29)

Figure 4.1: The dual cycle ¥; of eq. (4.29) is supported on the interval (0, ;) as
illustrated here.

and

f]j = Aﬁj & q)_llﬁ]. with Aﬁj = (>\j—17 )\]) s fO’I’j = ]_, e, T (430)

)\3;1 )\j

Figure 4.2: The dual cycle 7; of eq. (4.30) is supported on the interval (A;_1, A;)
as illustrated here.

These choiceeﬂ are depicted with their orientations in figures and @ The
intervals are deformed into the lower half-plane so that they do not intersect the
other punctures \; that are taken out of X. This amounts to analytically continuing
the twist on the lower-half plane and is equivalent to choosing the following branch
for each factor locally:

0 fl<j<k

on the interval (Mg, A . 4.31
—1 ifk+1<j<m (o i) (4.81)

arg[L;(z)] = {

For the (non-dual) twisted cycles we need to construct the compactly supported
version AS of the topological cycles Asy. In particular, the reqularised versions of
the dual twisted cycles ; arelﬂ

S.(0
Ac = ()®‘I>
Y5 %

Se(Aj)
0;

® P

v = Aij ® O s+ (6, —€)® @|(0+e,>\j—e) - Se(Ag) -

(4.32)

Their support is depicted in figure [{.3
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Figure 4.3: The cycle v, of eq. (4.32)) is supported on a regularised version of the
interval (0, A;) as illustrated here.

The Sc(z) are oriented positively (anti-clockwise) e-circles around x and the
branches are chosen by analytically continuation along these circles, taking into
account the branch choices of eq. . The boundary of these cycles vanishes due
to the normalising factors 0;:

A

— €
0;

J

oA @@

€
A%j):a—o(co—1)+<xj—e—e>— (;—1)=0.  (4.33)

For multi-variable cases, the intervals are replaced with multi-dimensional cham-
bers and the regularisation can be obtained similarly.

In some contexts, we denote the dual twisted cycles by |7], in particular, when
they are part of a pairing. The intersection pairing between a twisted cycle ~
and a dual twisted cycle € — which we denote by [-|-] — counts the (topological)
intersections of the two cycles, taking into account their orientations as well as the
branch choices for ® and ®~! loaded onto them at each of the intersecting points.
More details on their computation are given in appendix |B| or can be found in
refs. [36, 228, 233].

Definition 4.6 (Homolog)f Intersection Matrix H). If {f1, B2,...} is a basis of
the homology group Hy (X, Le) and {1, da, ...} is a basis of a dual homology group
H, (X, Ls), the intersection matriz H for these bases has the entries

Hi; = |a;|B:] - (4.34)

Let us turn our attention to the dual differentials, i.e. the co-cycles in the dual
cohomology group. We regularise the elements of the dual twisted cohomology
group, which is:

n

ke (X, ?q)) = {compactly supported n — forms ¢ | Vg @ = 0} /{exact forms} .
(4.35)

Since in general X is not compact and the forms ¢ € H; (X, Vsg), compactified
dual co-cycles Y are necessary, so that the intersection pairing

(plx) = /X AX (4.36)

is well-defined. Note that within this pairing and in related contexts, we often
denote the dual co-cycles by |X). Due to the restriction in eq. (£.14)), we can
use a compactified version of the twisted cohomology basis for the dual twisted
cohomology basis. These compactified differentials are denoted by ., but often we
omit the label ¢ explicitely as the dual differentials are always compactiﬁedﬂ
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Definition 4.7 (Cohomology intersection matrix H). Given bases ¢; and xq,; of the
twisted cohomology and its compactified dual, we define the cohomology intersection
matriz C with entries

1

i = iy

(il X;) - (4.37)

We explain an algorithm for computing intersection numbers in Appendix [B]
Additionally, we define the dual period matrix:

Definition 4.8 (Dual Period Matrix). The dual period matriz is the matriz P with
entries

Py = ;1o :[ oo (4.38)
-

J

Thus, we have reviewed pairings between all four twisted (co-)homology groups.
Applied on bases of these spaces, the resulting matrices are all non-degenerate, i.e.
have full rank. Poincaré duality implies the isomorphisms [231]:

HiR(X, Vo) = Hy, (X, Lo) and Hig (X, Vo) = Hap (X, Ls) . (4.39)

We summarise the groups and the pairings that facilitate the dualities in figure [£.4]

¢

HSR(X) V‘I’) ¢ ? HSR,c(X7 V‘I))
{-|] Poincaré [-)
Hp (X, Lo) < > Ha(X, Ls)

(]

Figure 4.4: There are four twisted (co-)homology groups we can associate to a
space X and a twist ® and for each pair of them we can associate a pairing.

We illustrate these objects and pairings with two simple examples.

Example 4.4 (Euler 8 function: (Co-)Homology Groups and Their Bases). This
example is a continuation of example[{.1. Here, we assume that 0 < a,b < 1 are
non-integer. The (co-)homology groups defined by the twist ® of eq. on the
space X = C—{0,1,00} are one-dimensional. We choose for Hig (X, V) the basis
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dx
z(l—z) "

dual cohomology group Hig (X, 7¢). The corresponding intersection matrix is

0 = (el = (“20).

element p = We can choose the same representation for the basis of the

(4.40)

The homology group Hy(X, Le) is spanned by v = AL @ ®p,, where AS is the regu-
larised version of the interval Ay = (0,1) — with the regularisation as in eq. .
For the dual homology group we choose this interval to be the support of the single
basis element. The corresponding homology intersection matriz 1s

. exp(mia) exp(2mib) — 1
H=([7]]) = (— (exp(2mia — 1) (exp(2mib) — 1))
1 (T(1—a)(a)I(1 - b)I(b)
_%< e s ) . (4.42)

(4.41)

The pertod matrix is

P = ((¢l"]) = (B(a, b)) (4.43)

and the dual period matriz is P = Plapi——fap)-

Example 4.5 (2F) function: (Co-)homology Groups and Their Bases). We con-
tinue with the conventions of Example assuming that a,b,c,c —a ¢ Z. For
the dual homology, we choose a basis with supports A, = (X, 00) and Az, = (0,1).
These are depicted in figure [{.5

Ay

2

Figure 4.5: The basis elements 7; and 4 of the dual homology group H;(X, Lg)
are supported on the intervals (A, 00) and (0, 1).

For the homology group H,(X, Le) we choose a basis supported on, the reqularised
versions of these intervals. The homology intersection matrix is

5 esclar] escl(a — c)m] sinfer] . ) ‘

H(\) = ( 0 —% csclbr] esc|(b — )] sin|er]
(4.44)

One can choose a standard dlog basis for Hip(X, Vg):

z dz z Adz
=dl (_>:— d x2 =dl ( >: . 4.4
X e\1 2 2(1—2z) e B\ z(z = N) (4.45)
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The dual cohomology group Hig (X, V) is generated by the same basis X; = Xi.
Another basis choice is

©1 =dz and ps = zdz (4.46)

and

and py = L(l L } . (4.47)

o= L(l—;l(z—/\)} mps eyl

Explicitly, the cohomology intersection matrices are:

c

b ab

_ e 1 0 :
CX()\):< b(Ib*C) afb> and Cv()‘):< 1 Paf{fﬂﬁc) ) (4.48)

b 2—a+c (l—a+c)(2—a+tc) *

The period matrixz in the @ basis is

PHA) = ™ ONTH T (b—ca—c— 1, —¢; A7) (4.49)
PHN) = e ™ N T (14 b,a,2+ ¢ A7) (4.50)
PH(A) =™\, (b—ca—2— ¢, —1— A7) (4.51)
PH(A) = e ™A F (24 b,a,3+ ¢ A7) (4.52)

The dual period matrixz can be obtained by mapping a - —a+ 1,0 - —b—1,¢c —
—c—1 in the period matriz entries. These shifts invert the twist and adjust for the
different choice of dual basis and basis. Note that for a twist

b=~ 2+a16(1 _ Z)—%+a2€(z _ /\)_%‘*“136 (453)

that shift simply amounts to € — —e and consequently, as a function of : f’(e) =
P(—¢). We motivate why choices such as this one lead to particular intersection
matrices in Chapter@ The period matrixz in the basis x can also be expressed in hy-
pergeometric o Fy functions and we do not explicitly state it here. The corresponding
dual period matriz in the basis X can be obtained by mapping (a,b,c) — —(a,b,c).
Explicitly:

P,(a,b,c) = P, (—a,—b, —c). (4.54)
Twisted Riemann Bilinear Relations

There are completeness relations for the homology and the cohomology basis re-
spectively:

(2mi) @) (C1)ijles| =1 and [y (H 1) 5l3;] = 1. (4.55)

These completeness relations can be used to decompose period integrals in the
co-cycles or cycles respectively:

—n

(ply] = (2mi) (ples) ( i il (4.56)

Mg

J=1
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(el = (el (H™),, [ (4.57)

J=1

By inserting a completeness relation into the homology and cohomology intersec-
tion pairing one obtains the twisted Riemann bilinear relations [230]:

1 -N\T T _
(27T12')”P H') P =C, (4.58)
<2m,)nP (CYy P=H. (4.59)

Example 4.6 (2F) function: Twisted Riemann Bilinear Relations). We continue
the discussion of the hypergeometric oFy function of Examples[f.3 and [[.5. The
Riemann bilinear relations in that example are bilinear relations between hyper-
geometric o F functions. An example for such a relation obtained with the basis

eq. (AG) is:

(a—c—2)F; (1 —b1—a,l1—c; )\_1) o F1 (—b, 1—a,—c; )\_1) (4.60)
+ (a—1—1c)F (1+b,a,2—|—c;)\_1) o F1 (1 —b,1—a,l —c;)\_l)
+(1—a+b+A1+c¢))F (—b, 1—a,—c; )\’1) o F1 (—b, 1—a,—c; )\’1) =0

Note that for specific parameter choices, these relations can become quadratic. Gen-
erally, they reduce to known relations for this class of functions.

Differential Equations

Generally, the differentials in the period integrals depend on some parameters A.
In applications in physics these are the physical parameters, such as the masses and
momenta. As outlined in Section [2.5] we use differential equations with respect to
these parameters to compute Feynman integrals. The differential equations can
also be derived using the cohomology intersection numbers. The period matrix
P () and the dual period matrix P(X) as functions of the physical parameters are
the fundamental solutions of the differential equations

dei P(A) = AMNP(N), (4.61)
dexsP(A) = C(A)P(A). (4.62)

Similarly, the intersection matrix C' is the unique — up to constant prefactors —
rational solution of the differential equation [234-237]

dexiC(A) = A(A) C(A) + C(A) AN (4.63)
The connection matrix A(X) for the differential equation for a basis of differentials
; can also be computed from intersection numberﬂ:

1

A. =
bk (2mi)"

> il (Cx )™, (4.64)

1k
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with the y; being elements of some dual basis and
M = dext @i + dext log @ A ;. (4.65)
C is the intersection matrix between the two bases ¢ and x.

Example 4.7 (yF; function: Differential Equations). We continue in the conven-
tions of Examples[4.3, [{.9 and[{.6] and compute the connection matriz for the period

matriz defined with the basis ¢ of eq. (4.46)) using eq. (4.64):

l—a+b—al 2—a+c
dP?(\) = A?(\P?(\) with A = < MY g@;;g) : (4.66)
1-A A—1

dlog bases: For specific basis choices, we can deduce additional properties and
symmetries of the connection matrix. We do so specifically for so-called d log bases.
A common basis choice for the homology group are chambers bounded by the
hypersurfaces defined by the zeroes of the factors L;(z) in the twist, as discussed,
e.g., in Example[1.3 The analogous basis choice for the differentials is a d log basis.
The defining property of this basis is, that it has only dlog singularities and these
are located only on the boundaries of the hypersurfaces. While such a dlog basis
is expected to exist quite generally, explicit constructions are only known in cases
where at most one of the factors Li(z)E of the twist is a polynomial of degree larger
than one and the remaining factors define hyperplanes [40]. For instance, if ¥ is a
union of linear hyperplanes only, it is possible to choose a dlog basis of the form

Lio Li1 Lih—1)
gp;—dlog(L )/\dlog(L )/\---/\dlog(L— , (4.67)

1 192 Z.h

where I = (ig, i1, ...,in) [231]. For bases of this form, the following theorem holds
[50]:

Theorem 4.1. We consider a twisted cohomology group with twist
o =[[Lu(z)™, aeQ, (4.68)
k=1

where 11 is a formal variable, and assume that the period matriz P(A, 1) is defined
from a dlog basis as in eq. (4.67)) such that it satisfies the differential equation

dext P(Av ILL> = A()‘a M)P()‘a M) (469)
with respect to the variables X. Then the connection matriz takes the form

AN p)=puB(N). (4.70)

Moreover, it is possible to pick dlog bases such that B(A) = B(A)T is a symmetric
matrix.
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Proof. We prove the p-dependence and the symmetry separately, following the
proof already given in [50].

pu-dependence

We choose a dlog basis ¢; as specified in eq. , along with a corresponding
dual basis ¢; = [¢7].. The matrix A (A, ) can be computed in terms of intersection
numbers from eq. . Our first goal is to see that the dependence of A (X, u)
on p is as given in eq. (4.70) and we do so by analysing the u-dependence of the
intersection numbers used to compute A (A, u):

e Given that we use a dlog basis, a result from ref. [238] (see Theorem in
Appendix [B.3)) implies that
1 1
Cror ) = ——— (o ld ) = — 471
KL( 71“) (271'2)” <¢K|¢L> ,Un KL , ( )
for some rational numbers ag . Equivalently

1

where C is a constant matrix.

e In appendix we prove that for n; as in eq. (4.65)):

(2mi)"

(nrlor) = 1 arL(A), (4.73)

for some constants a;z, in p.

Thus, we find that the entries of A (A, ) as computed from eq. (4.64) are linear in
i3

A ) = nANC (4.74)
with A a matrix that is constant in L4

Symmetry
Note that it is always possible to select a dlog basis ¢; such that the matrix
C(A, p), is diagonal. If C(A, u) is not diagonal in some basis ¢, we can transform
to an orthogonal basis with entries ¢; using the Gram-Schmidt procedureﬁ:

I-1 - .
(@sl21) -1

———QyJ, yeo, M (4.75)
=1 <90J|90J>

o1 = Q1 —

and we have (@7|@;) = 0 for I # J. Let us write the change of basis from ¢; to ¢;
as

M
o1 = Z Unies (4.76)
J=1
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transforming the dual basis in the same way. A priori, the transformation matrix
U depends on A and pu. However, from eq. (4.75) we know (inductively) that the
entries of B are built from ratios of intersection numbers of the form (pr|@s). It

follows from eq. (4.71)) that these ratios, and therefore the entries of the matrix U,
are constant in g. The matrix of intersection numbers in this basis is

UC(A,e)UT = 4, UCU” = " diag(cy, ..., cum) (4.77)
with the constants c; given by
cr = (2m) ™" p" (il or) - (4.78)

The period matrix in the basis ¢; is P(X, 1) = UP(X, 1), and by construction the

dual period matrix is P(X, ) = P(X, —p). Since U is constant, the differential
equation for P (A, p) is still in p-factorised form,

dext P(A, 1) = pn UBA)U'P(A, 1) . (4.79)

At this point we can even renormalise the bases so that they are orthonormal

v =\/@ri) et @ and oy = \/(2mi) T pr e Gy (4.80)

For this basis, the intersection matrix is (¢;]1;) = ;5. Consequently, we have
constructed bases that are simultaneously orthonormal and exhibit a differential
equation in p-factorised form. Let us assume, we have chosen such bases from the
beginning. We can obtain the differential equation for the dual period matrix P
in two ways. It can be found by replacing ;1 by —pu in the differential equation for
the period matrix P:

detP(A, 1) = dextP(A, =) = =uBA)P(X, —p) = —uBN)P(A, ). (4.81)

On the other hand, since the intersection matrix C is the identity matrix in this
case, eq. (4.63)) implies that B(A)T = —B()\) and consequently

dexP(A, 1) = =B(A, 1) "P(A, 1) = —pBA) P (A, o). (4.82)
Comparing eqs. (4.81)) and (4.82)), we see that B(A)T = B(\). ]

Relations Between Periods and Dual Periods We conclude this subsection
by focusing on relations between the periods and the dual periods that are due to
the restriction of eq. before lifting this restriction in the following subsection.
If we choose the dual basis elements to be ¢; = [p;]., i.e., the compactified versions
of the basis elements, the period matrix and the dual period matrix are related by

Ej(/\a):/ ‘1)_1951‘:/ q’_l[%‘]c:/ ‘D_l%‘:/ D'y = Py(A, —ar).
o7 % :
(4.83)

[Yjle Vi
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We can always define the bases in such a way as long as the restriction of eq. (4.14])
holds, i.e., it is always possible to choose

PA a)=PA\ —a), if condition (|4.14)) holds.

We interpret this as a self-duality property of the periods. This self-duality prop-
erty is also realised on the level of the connection matrix B of eq. (4.61)):

(4.84)

B\, )P\, a) = deP(A, @) = deP(A, —a) = B(A, —a)P(X\, —a)  (4.85)

or

B(A,a) =B\, —a). (4.86)

Note that if we have additional poles that are not regulated by the twist ® in the
periods, this choice will in general not be possible and thus we also generally don’t
have the self-duality property. Note also that in the applications in this thesis,
we might not always be interested in the dependence on the full a by itself, but
instead a has entries of the form o; = & 4. In that case, we can also choose a
basis with the self-duality property

P\ e) =P\ —¢). (4.87)
In particular, the dual basis that allows for this is
pi = [% HLj(Z)_ll (4.88)
j=1 .
In this case, we find similarly to eq. , that
B(\,e) =B\, —¢). (4.89)

4.1.2 Review: Relative Twisted Cohomology

If condition does not hold, additional subtleties need to be considered: Ad-
ditional poles in the integrand need to be regulated. One way to do so is by using
relative twisted (co-)homology groups. We discuss these, mostly based on [47, |49,
229 in this subsection. An alternative way to regulate the poles is by introducing
factors into the twist, whose exponents ; we set to zero at the end of any calcula-
tion. We also comment on this regularisation and compare the two methods.

Relative Twisted (Co-)Homology Groups

Whilst the definitions for the connections in eq. and the local systems in
eq. (4.5) in spirit remain the same, the spaces we define them on need to be chosen
more carefully. From the data imposed by the integral , we define the following
hypersurfaces of branch points, poles and zeroes:

Y={z|Li(z)=0ANo; ¢ Z} U {0}, (4.90)
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D, = {z]®p(z) = 0} (4.91)
D_ ={z]|zis apole of Pp(z) and z ¢ X} . (4.92)
Additionally, we define

X, =PL—(SUD,). (4.93)

Relative Twisted Homology Groups Since D, contains the zeroes of &, we
can work relative to this set, i.e., consider cycles with boundaries on D, as closed
— we are interested in differential forms that vanish on Dy, so we can allow for
cycles with boundaries on D, and still consider them closed. Explicitly, we define
relative twisted cycles as elements of

Cu(X_,Dy, Lg) = Co(X_, Lo)/Cu(Dy, Ls) (4.94)
with
Ca(Dy, La) = Cu(X_, La)Ip, - (4.95)
Similarly, we define
Bu(X_, Dy, £o) = Bu(X_, Dy, La)/Bu(Dy, Lo) (4.96)
and the relative twisted homology group
H,(X_, Dy, £o) = Ca(X_, Dy, £o)/Ba(X_, D, Lo). (4.97)
In practice, the cycles generating this homology group are supported on

e cither regularised versions of chambers bounded by the ¥; (as for non-relative
twisted homology groups) or

e on tubings around the surfaces in D_ (as for non-twisted homology groups).

The cycles may look like they have non-vanishing boundaries, as long as these
(seeming) boundaries lie in D, , which we work relative to. The dual homology
group is defined with the inverse twist ® ! and thus the roles of poles and zeroes
are interchanged on the dual side. We define the dual relative twisted homology
group very similarly to the definition in eq. (£.97), albeit exchanging X, « X_
and Dy <> D_:

Ho(X.,D_, Ls) = Cu(Xs,D_, Lo)/Bu(X,,D_, Ls) . (4.98)

The (basis) cycles of the dual twisted homology group are allowed to end at poles
of ®p and thus the generators look like bounded chambers with the boundaries
being from X or D_. We shortly discuss the computation of homology intersection
numbers in relative twisted homologies in Appendix [B.1.2]
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Example 4.8 (»F; function: Relative Twisted Homology Group). Let us return
to the oF function of Examples and [4.8, but this time we do not take the
parameters a, b, c to be generic and instead choose a configuration that introduces
poles. More specifically, we set b, c ¢ 7 to be generic and a = 0 so that the integrand
has a pole at A. We assume 0 < 1 < X and define the spaces

Y ={0,1,00}, Dy =0 and D_ = {\}. (4.99)
Consequently
X, =CP-4{0,1,00} and X_ =CP — {0,1, A\, 00} . (4.100)

The relative twisted homology group is Hi(X_, Dy = 0, Ls) = Hy(X_, Ls). Since
the integrand has no zeroes, the surface we are working relative to vanishes and
since the integrand is not multi-valued near the point A, we choose the first basis
cycle to be supported on the e-ball around \. As a second basis element of the
homology group we choose one supported on the regularised interval (0,1):

A, = (2mi) 71 S.(A) and A, = (0,1)°. (4.101)

For the dual basis we choose cycles supported on the following intervals bounded by
points from XU D_:

Ay = (N, 00) and As, = (0,1). (4.102)

We depict both, the support of the basis and the support of the dual basis in figure

A’Yl

Ay

Figure 4.6: The basis cycles of basis cycles of eq. (4.101)) are depicted on a regu-
larized interval (0,1)¢ and a e-ball around A. The dual basis cycles of eq. (4.102)
are supported on the intervals (0,1) and (), 00).

The homology intersection matriz of these bases is

(= 0
Hr = ( 0  —3csclbr]csc[(b — c)7] sin[en] ) : (4.103)

We review how to compute this intersection matriz in Example[B.5 of Appendixz[B.
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Relative Twisted Cohomology Groups In the same way, one can define the
relative twisted cohomology group

Hig(X_,D;,Ve) =CHX_,D;,Ve)/B"(X_,D;,Vg), (4.104)
with
C"(X_,D,Ve) =CHX_,V)/C*D4, V). (4.105)

In cases where we consider integrands that have only poles but no zeroes — i.e.,
D, = @ — the relative twisted cohomology reduces to the non-relative version
presented in the previous section [229]

iy (X_, Dy, V) = Hip(X_, Vi), (4.106)

albeit defined on the space X_ = X — D_. Due to the presence of these poles, the
dual relative twisted cohomology group — which our conventions should be com-
pactly supported — looks significantly different than the dual twisted cohomology
without poles:

HER(X-H D—a v@) = CH(X-‘H D—a ?)/BH(X_,_, D—v v@) : (4107)
Its elements can be written in the form [47, |49]
@ =00+ 061(001) + -+ 012 (0U11) + ..., (4.108)

where 6 is a symbol that tracks the possible boundary terms. The sum is taken
over all (intersections of) sub-boundaries of D_. The form &;, __; (¢i,,..i,) is the
Leray coboundary [47, 49, 231] of a form ¢;, .. i, that is defined on the boundary
{3, =0} U---U{%;, = 0}. Explicitly, it can be expressed as

o
Oirronsin (Piriy) = 3| do;, AN ... dO, A Gy (4.109)
where df can be thought of as the derivative of the Heaviside # function
1, >0,
O (z) = { 0 2<0) } . (4.110)

More details on the meaning of the symbols § and 6 are given in refs. [47, 49],
where they are constructed. For one-forms, i.e., for forms in Hiz (X, ,D_, V), we
can explicitly construct a basis from forms

0]
5.(1) = 5—

zi:O

df(z — z;), for z; a pole, (4.111)

and compactifications of twisted co-cycles ¢, With ‘Tegulated’ singularities,
[¢rcg]£€l = ¢rcg H Q(Z - Zz) + Z 1/}2 d(g(Z - Zz) 9 (4112>

with ¢ee chosen as in the non-relative case and z; € D, UX. The functions v; are
the local primitives defined by V1), = ¢reg.
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Example 4.9 (5 F function: Relative Twisted Cohomology Group). We continue
the discussion of Example[f.8, focusing now on the twisted cohomology group rather
than the homology group. Since the example we consider has no zeroes in the
integrand, HyYp(X_ Dy = 0, Ve) & HL(X_, V) can be treated exactly as in the
non-relative case and consequently, we can also choose the dlog basis of eq. .'
Xri = Xi- The dual relative twisted cohomology group is Hiz (X1, {\}, V) and we
can choose for its basis the following classes of differentials

)

_(I)|z»—>)\

XB1 = Xr1 and Xpa = —0x(1) = df(z — \). (4.113)

Note that the first basis element is the same as in the non-relative or non-dual basis

and only the element X g 1s distinct due to the non-requlated pole at X. The period
matrices of these bases and the homology bases of Example arelﬂ

0 F(b)FF((j—b)
Py = c 4.114
5 _(1 - A)Cib)\b 2f1 (ba 17 1+ ¢, %) ( )
3 im(b-) g (1 _ ) DEbre—o
po= (¢ bﬂ(A,ch,b f;‘) T(—c) , (4.115)
_ein—o) () — 1)b=e\- 0

The cohomology intersection matriz is

—__¢€ 0
CR:< oo~ _1>. (4.116)
b

Regulating with Limits

As already noted, we include every pole of ®¢ in the twist, albeit possibly with an
exponent that is zero. But, we can also take that exponent to be a generic factor
d; to zero, so that we have no more unregulated poles and work with standard
twisted cohomology groups. In the end, we set the generic ¢;. This limit needs to
be taken carefully, i.e., potentially after an additional rotation, to avoid producing
degeneracies or spurious poles. A discussion of this procedure can also be found
in [239]. Instead of going into detail about this procedure, we illustrate it with an
example, the hypergeometric o F7 function of Example

Example 4.10 (2} Functions: Regulating with Limits). We consider the twist
as a function of the exponent a, with the aim of setting a — 0 in the end of the
calculation:

dla) =2°(1 —2)" (1 = X2)™ ", a#0. (4.117)

In the generic case a # 0, the condition s satisfied and we can consider
the corresponding twisted (co-)homology groups as described in Section . In
particular, in that case we can choose the twisted homology basis of Example[{.3 and
the twisted cohomology basis x of Example[{.8. In these examples, we computed
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the period and intersection matrices. We Laurent expand the intersection matrices

of eq. (B.8) and eq. (4.44) in the parameter a, finding:

_ (e tOW) 0
H(a) = ( 0 — 1L ese[br] esc[(b — ¢)n] sin[mr])

2

__c 1
cx<a>=( G- _;+J+O(Q))- (1119)
b a b

Both matrices diverge in the limit a — OE On the other hand, if we just take
the global lowest order, we obtain matrices that does not have full rank, i.e., that
cannot be the intersection matrices of non-degenerate bases. We can perform a
rotation so that the intersection matrices are non degenerate in the limit — which
is equivalent to considering the local lowest order in each entry of the matrices in
€q. H Taking the limit in that specific way, we also find intersection matrices

that are exactly the same as the ones we obtain using relative twisted (co-)homology
groups [l

(4.118)

Hp = [Un(a)H(a)] |aso with Up(a) — <8 (1)) (4.120)
Ch = [C(@)Uc(a)] |oso with Ug(a) = <(1) 2) . (4.121)

Taking the same rotation of the homology basis and the dual cohomology basis, one

can also recover the period matrices of eq. (4.114)) after the limat:
PR = [PX(CL) . UH(CL)] |a_>0 and PR = [Uc(a) . Px(a)} |a—>0 . (4122)

Thus, by taking the correct limit we can recover the same results as we obtain in the
relative framework. Taking this limit correctly (i.e., after the additional rotation
imposed by the matrices Uy, c) changes the dependence of the period matriz and the
dual period matrix on a, b, c and consequently, in general relations such as eq.
do not hold after the limat.

4.2 Review: Motivic Periods for Phycisists

In this section, we give a rather brief and conceptual review of motivic and de Rham
periods from a physicist’s perspective. In particular, we discuss the construction of
single-valued periods from de Rham periods and give some comments on iterated
Eisenstein integrals. For a more detailed introduction of motivic and de Rham
periods tailored to a physics audience, see [240, 241]. The following summary
constitutes a brief intuitive review of relevant parts of these references.

4.2.1 Motivic and de Rham Periods

As established before, we interpret periods as pairings between a contour ¢ and a
differential w by integrationﬂ:
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(wlo] :/<I>w. (4.123)

In general we take w to be an element of a (twisted)de-Rham cohomology group
H5k (X, V) and o to be an element of a (twisted ) Betti homology group Hy, 5(X, L4)
group. They are related by the Grothendieck-de Rham comparison isomorphism:

compy ¢ : Hip(X, Vo) ® C — H,5(X, L) ® C. (4.124)

The comparison isomorphism is practically computed by integration when it makes
sense, i.e., by integrals such as the one in eq. (4.123). We collect the (co-)homology
groups and their comparison isomorphism in a tuple

H=Hxo= (HypX, L), H3 (X, V), compy ) - (4.125)

Here, we think about a motivic period via its realisations that can be written as a
tuple

Hxe, 00" (4.126)

with ¢ and w representing equivalence classes of elements in H, (X, L) and
HiR (X, V) respectively. The motivic periods of Hx ¢ form a ring, which we denote
by Py and there is a homomorphism [241]

per: Py — C, [Hxo,0,w]™ — (w|o] = /(Dw (4.127)

g

called the period map. Due to this map, the notation

m

Hxo,0,w™ = (wo]" = / dw (4.128)

o

is justified, i.e., occasionally we just write motivic periods as the period integrals
they evaluate to under the period map labelled with m.

Example 4.11 (Motivic Logarithm). Let X = P —{0,00}. We consider the rela-
tive (non-twisted) (co-)homology groups Hix (X mod {1,A}) and H{(X mod {1,\}).
Choosing [1,\] € Hi(X mod {1,A}) and & € H}x(X mod {1, \}), the motivic loga-
rithm is

log™(\) = [HX,(LA),%} (4.129)

and its period map evaluates to the logarithm

A
per [log™(\)] = 1 % = log(M) . (4.130)
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Similarly, de Rham periods can be thought of via their realisations

[Hx.a,0,w]™ or here shortly (w,w)™

(4.131)

where in some sense, @ can be viewed as a representative of an element of a dual
version of the de Rham cohomology group H, 4r(X, V), also called a de Rham
homology. Thus, rather than pairing Betti and de Rham representatives, we now
consider pairings between de Rham representatives and their dual counterparts.
Unlike for the motivic periods there is no natural period map that uniquely relates
these representatives to integrals. However, one can construct a single-valued map
acting on de Rham periods, which provides a way to evaluate them as elements in
C. With this framework in place, we can turn to the motivic coaction and the con-
struction of single-valued versions of periods. These constructions are particularly
well understood for multiple polylogarithms and their constants. For these cases,
there also exist generating series from which one can read them off [170] and we
shortly review them below in order to lead up to similar constructions that are be-
ing developed for iterated Eisenstein integrals and that are presented in Subsection
4.2.0]

Example 4.12 (MZVs: Motivic and de-Rham versions). In Subsection we
introduced MPLs. There are motivic G™, (™ and de Rham versions G, (% of both,
the MPLs and the MZVs [225,241-2435]. As already mentioned, the C,, ... n,. fullfill
relations and so do their motivic versions. There is a representation of these motivic
¢™ values, in which all of these Q-relations are already inherent: the f-alphabet (243,
244]. The f-alphabet consists of non-commuting letters for 1 for k € Ny, along
with a commuting letter f5. The map pr relates MZVs to elements of the f-alphabet.

This map is an isomorphism for Q-independent (™ values, but it is not um’quﬂ. 20T his

As a normalisation condition, it is assigned to act on depth-one MZVs by

pr(Ghsr) = forga and ps(G5) = fo. (4.132)

There is a generating series for the preimages of words in f, that is, the Q-independent

multiple zeta values:

Mg‘l — i Z pil(fi ... fir)Mil . Mir

=0 i1,...,ip €2N+1

=14+ > M+ > p (i f)M M, + ..

i1 €2N+1 11,i2€2N+1

(4.133)

Inserting the motivic and de Rham versions of the MZVs appearing in the series
of eq. , one can also define motivic and de Rham versions of this generating
series that we denote by M and MY* respectively. We also use MZV series with a
different set of generators o, that replace the M,,, i.e.,

M, = My |Mw_mw = Z Z p (fir - fi)oiy 0,

7=0 i1,...,i, €2N+1

(4.134)

The genus-one zeta generators o, contain an arithmetic component z,, and a geo-
metric component 0,— 2y, -
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4.2.2 Single-valued Periods

In general, the periods we consider in this chapter are twisted periods — that is,
they are multi-valued functions in the entries of some set of parameters A. Such
functions naturally arise as Feynman integrals, correlators or string integrals. But
in many applications, the object of interest are single-valued objects — as phys-
ical observables should be in the end. A small number of examples, where the
construction of single-valued periods was explicitly used in physics include:

e amplitudes in the multi-Regge limit of ' =4 SYM built from single-valued
versions of multiple polylogarithms [246, [247],

e closed string integrals, that are single-valued versions of periods defined on
Riemann surfaces (or models thereof, as in [6]) and

e Feynman integrals in two dimensions, as we discuss in detail in Chapter
based on [35-38].

The diversity of these few examples indicates, how a good understanding of single-
valued periods can be used in physics. We review below how to associate to a
twisted period its single-valued version. This procedure is generally non-trivial and
we do not go into the details. Unless stated otherwise, we assume that we are
working with twisted (motivic or de Rham) cohomology groups on the punctured
Riemann sphere, where computations tend to be more tractable. In particular,
we do not claim that the statements and constructions discussed here extend to
(co-)homology groups defined on more complex varieties (or their moduli spaces),
such as the torus. The so-called single-valued maps is particularly well-understood
for punctured Riemann spheres; see e.g., [7, 248, 249]. It assigns to a de-Rham
period defined from equivalence classes of (dual) n-forms 7 and w a single-valued
period:

sv ([Hx,e, 7,w]™) = (27ri)—n/

Xw A conj*(v) = (—27ri)_“/ conj*(w) A, (4.135)

X

where is induced by complex conjugation as described in conj* : X — X [248].
When we explicitly include the twisﬂ, this amounts to

sv ([Hx,e, 7,w]™) = (—Qm)—n/ P2 wATD. (4.136)
X
In going back to the notation of Section we can express this a@

sv ([Hxe, 7, w]™) = (—2m1) " (w|?) (4.137)

and using the Riemann bilinear relations of eq. (4.58]) (or equivalently, inserting a
completeness relation), we find:

(=2md) " (wlP) = (=2mi) " Y (Wledleilg]le;lP)  (4.138)

1]

SV ([HX@, I), (JJ]at)
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for bases e;, €; of the twisted cohomology group and the dual group respectively.
Using eq. we can find the single-valued version of a particular de-Rham
period defined by the co-cycles 7 and w. We can also define an object that we
denote the single-valued version of the twisted period matrix for a given basif>’}

P’ =P [?716} |ou—>—a>

PV = (—2m)"P(H') P (4.139)

with a the exponents of the twist. This single-valued version of the period matrix
can only be related to a certain period matrix canonically (and uniquely) if it arises
from separated de Rham groups. For the applications in physics discussed here, it
is sufficient to know that this condition is always fulfilled when X is the punctured
Riemann sphere, i.e., whenever we work with genus zero objects, but not, when we
work with higher genus or higher dimensional objects. In those cases, there exists
a natural map, the so-called de Rham projection

& Hip(X, Ly) = HR(X, Va), (4.140)

which uniquely maps a cycle to a dual co-cycle. In that way, one can relate a period
to a de Rham period and then to a single-valued period:

/ W — M éo(r), W] —> (2mi)" /X WA G (4.141)

This single-valued period can be computed explicitly with the double-copy formula
of eq. (4.139). The matrix P®" satisfies the same holomorphic differential equa-
tion as the period matrix P. Indeed, since P is the only holomorphic factor in

eq. (4.139), we have

IP* = (9P) [Flé] las—a = AP for 0P = AP (4.142)

To confirm that the single-valued version of the period matrix that we gave in
eq. (4.139)) is actually single-valued, we observe that it behaves under a monodromy
transformation as

P — P Ma(0)M_a(8) " [P7'C] ars-a = P, (4.143)

1.e. it 1s invariant.

Example 4.13 (S function: Single-valued Version). Let us start by reviewing the
single-valued analogue of the Euler (8 function from Ezample [{.1. It admits the

integral representation:
dz Adz
R
/ 221 — 2>

581}(&17 052
An expression for 5V in terms of Gamma functions can be obtained from the period
and intersection matriz computed in Example [].]):

— P,H_'P, = (1) (e2)T(1 — ay — as) |
271 T'(c; + ao)T(1 — ag)D(1 — an)

(4.144)

B%(ar, ap) = — (4.145)

where we dropped the transposition of all matrices, because they are one-dimensional.

This was also derived in ref. (7, |248].
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Again, this map is particularly well-understood for the single-valued versions of
MPLs and MZVs. We give as an example the generating series for single-valued
versions of words in the f-alphabet of Example 4.12

Example 4.14 (MZVs: Single-Valued Versions). As a second example, we continue
the discussion of Example[{.13. In particular, we note, that the single-valued map
acts on words in the f-alphabet by shuffle products [250, |251]

su(fyf, . £) =0u0 > i fufi, S f L i i € 2N41. (4.146)
j=0

From this expression, one can also deduce the action of the single-valued map on
the generating series My:

svMo=Y " > p ' (sv(f, .. £)) M, . M, (4.147)

r=0 i1,...,ip €2N+1

=142 > M, +2 > GG Mi My, + ...

11 €2N+1 11,12 €2N+1

From this expression, we can read off the single-valued versions of independent
combinations of MZVs by taking the coefficients of the respective words in the M;,.

Similarly there exists a generating series for equivariant and single-valued ver-

sions of iterated Eisenstein integrals as defined in eq. (3.157)).

Example 4.15 (Iterated Eisenstein Integrals: Equivariant and Single-Valued Ver-
sions). FEquivariant versions of iterated Eisenstein integrals were constructed in
[252] and this construction was translated into explicit generating series in [177]:

I°Y(ex; 7) = (soM,) ! Iep; 7)T (50 M) Tg 4 (€45 7) - (4.148)
24The single-valued  This combination of Fisenstein integrals fulfils the conditior@
map of svM, and
svM, simply acts 1 . .
on the MZVs in the reev <€k§ _;) = US Hqu(ek; T)U57 Heqv(EkS T+1) = UT Heqv(€k§ T)UT (4'149)

expansion eq. (4.134)
via eq. (4.146)), and the ) ) .
series M. = M, |, .. S0 that it to transform under SL(2,Z) in the same manner as the connection

only  retains  the eq. (3.158)), without introducing any cocycles. Analogously to eq. (4.148) one derives

arithmetic — parts  of ¢ generating series for single-valued iterated Eisenstein integrals [177, 252].
the genus-one zeta

generators. sol(e:7) = (suM,) " I(eg; 7)7 (suMy) Ie 4 (e 7). (4.150)
Unlike the equivariant iterated Fisenstein integrals in eq. (4.148)), their single-valued
counterparts in eq. ({4.150) align with the general concept of single-valued periods
1252].
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4.2.3 Coactions

The general version of the motivic coaction is given by [240, 253]

Amer{olw]™ = 3 (ole]™ ® (6 [w)™,

€

(4.151)

where the e; form a basis of the de Rham cohomology group and é; is the dual
basis (i.e. the basis of the de Rham homology). To use this operation in physics,
we want to interpret both sides of the ® as (iterated) integrals, when possible.
For the motivic period, this can be done with the period map. For the de Rham
periods such an interpretation — due to the single-valued map of — only ex-
ists in the genus zero case in a well-defined way due to the de Rham projection
Different notions of the coaction map and the closely related symbol calculus have
been widely studied in the physics literature [168, (169} 250, 254-271]. In particu-
lar, the polylogarithmic case is well understood and for polylogarithmic Feynman
integrals, the coaction is used to connect and simplify their expressions, see |173]
for a review. The connection between the coaction prescriptions used by physicists
and the motivic Galois coaction studied by mathematicians [242}-244} 272-275| is
well understood for MPLs [249| [264]. We give an example for a well-understood
and simple case, the coaction of motivic MZVs in the f-alphabet.

Example 4.16 (MZVs: Coaction). We continue the discussion of Examples
and [{.14. Words in the alphabet f of motivic MZVs admit a simple expression for
their motivic coaction [242+244, |274], given by a deconcatenation formula:

T

A=) (B8, -

J=0

A (B2, )" (B )T dns. i €2NFLL (4.152)

Note that we often shorten the notation z™ = 2™ ®1 and 2° = 1Qz" to indicate by
the labels m and 0t also the position within the tensor product. From this formula,
one can deduce:
AM = MFMS*. (4.153)
Simple expressions for the coaction and single-valued version of the generating
series G also exist |170]. Beyond that, there has been significant effort to identify
a simple representation for an elliptic coaction [198], 276, [277], see e.g., [278-280] for
applications in particle physics. In particular a mathematically rigorous treatment
of the motivic coaction for the sunrise integral family has been given in [105, [264].
Nevertheless, establishing a connection between the mathematical results [105] [264]
and the coaction prescriptions proposed in the physics literature remains an open
problem. In the remainder of Subsection 4.2.3] we give some ideas in this direction
for a specific class of elliptic iterated integrals, the iterated Eisenstein integrals as
defined in eq. .
We collect qualitative expressions for the generating series of the coaction and
single-valued versions of multiple polylogarithms — which are genus zero objects —
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on the left-hand side of figure [£.7, Additionally, we review a generating series for
single-valued iterated Eisenstein integrals in eq. (4.150)), which we depict in the
lower-right corner of figure [4.7]

(Mgt)fleMthDt — AGm ________________ s AI™ ~o (Mgt)flﬂmMgtI[at

Genus 0 Genus 1

determines

(svMo) ' GT (svMp) G =svG — sy I= (svM,) ' I7 (svM,) I
analogy

Figure 4.7: The single-valued map (lower-right) and coaction (upper-right) for
the generating series of multiple polylogarithms as well as their relation is well
understood. Additionally there exists a single-valued map for the generating series
of iterated Eisenstein integrals. By analogy, we define a map A acting on the
generating series for iterated Eisenstein integrals.

Note that the generating series for single-valued iterated Eisenstein integrals is
structurally very similar to the one for single-valued MPLs. In particular, genus-
one construction can be derived from the genus-zero construction by interchanging
the roles of genus-zero and genus-one quantities as follows:

e meromorphic MPLs — by iterated Eisenstein integrals of eq. (13.152))

e non-commutative elements eg, e; — Tsunogai derivations eff )

e genus-zero zeta generators M,, — genus-one generators o,, .

This analogy is depicted by the solid horizontal arrow at the bottom of figure [£.7]
By applying the same analogy to the motivic coaction of MPLs, as indicated by
the dashed horizontal arrow in the top row of figure 4.7 we obtain the following
expression:

AGIE (s 7) = (M) T'IE (s 7)MOTE (ex; 7) - (4.154)

We denote the map defined in this way by A, to signify that it is a proposal and we
do not claim that it is equal to the motivic coaction for these objects. In particular,
a better understanding of the de-Rham periods appearing in ]I?;t . (€x; 7) is necessary
to write down the motivic coaction of these objects explicitly. Since the objects
in I¢, (ex;7) are written as iterated Eisenstein integrals labelled by ot whereas
de Rham periods are generally tuples of de Rham co-cycles and dual co-cycles,
one needs a prescription to map the dual co-cycles to cycles of iterated Eisenstein
integrals in a unique way (which involves a choice). Whilst an understanding of this
prescription has not been obtained yet, the map A, still allows for simple closed
expressions at low depth and has interesting properties. Differentiation with 7 acts
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only on the dt entry of A I™(e;; 7). Thus, the genus-zero property Ad, = (1®0,)A
naturally extends to
A0 =(1®0,)4,

for the iterated Eisenstein integrals appearing in the expansion of If , (e; 7). All
non-trivial iterated Eisenstein integrals vanish in the regularized limit 7 —
ioo and thus lim, ;o Ie 4 (ex; 7) = 1. This allows us to derive, that A, commutes
with the limit at 7 — 700. In the limit 7 — 0 — which can in principle be thought
of as a limit to genus zero — the generating series of iterated Eisenstein integrals

reduces to that of MMVs (13.165)) and
lim I 4 (€45 7) = S(ex). (4.155)
T—0

The assumption that the limit 7 +— 0 commutes with A, i.e.,

A, (llil(l) Ig ., (ex; 7')) = lli% Ap(TF (e 7)), (4.156)
is equivalent to it acting on S™ by
ALS™(ex) = (M) ™" S™ (e, ) MES™ (ey,). (4.157)

One can show, that the motivic coaction A acts on S™ in exactly that way |193],
implying that when applied to multiple modular values, A, agrees with the motivic
coaction. To verify this assertion, we inserted known multiple modular values in
the f-alphabet into S™ and computed the deconcatenation coaction for each coeffi-
cient. One can compare these to the coefficients on the right-hand side of
to confirm, that it gives the motivic coaction. We performed this check for the
following depths and weights:

Depth ‘ Weights

2 (4,4), (4,6), (6,6), (4,10), (6,8), (4,12), (6,10), (8,8)
3 (4,4,4), (4,4,6), (4,4,8), (4,4,6)

The advantage of the expression in eq. is that it allows us to practically
compute the motivic coaction of multiple modular values explicitly from the gen-
erating series. At genus zero, the coaction exhibits a particular behaviour under
discontinuities [168]: de Rham periods (on the right-hand side of the coproduct) are
only defined up to discontinuities. More generally, any de Rham period is defined
by two de Rham representatives (as in (4.131))) and thus does not know how an
integration cycle changes under a modular transformation. Instead, under a mod-
ular transformation ~, it is only sensitive to how v acts on differential forms. To
make this precise, we introduce an operation prey that acts on differentials without
affecting integration contours. Specifically, for the S- and T-transformations, we
define

preS [Y] = Ug'YUs, (4.158)
preT [Y] = Uz 'YUr, (4.159)
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where Ug and Uy are given in (3.164) and ([3.168]). Notably,
preS[A] = S[A]. (4.160)

By explicitly performing S and 7" transformations to the generating series I¢ ;. we
find, that A, interacts with modular transformations ~ by

Ay (VIg+ (er3 7)) = (v ® prey) (Aple 1 (e 7)) £ MU, MU (4.161)

The properties discussed here align with ones one would expect the motivic coaction
to have, though to explicitly compare to the latter as defined in [193], one still needs
to understand the appearing de Rham periods.

4.3 Aomoto-Gelfand Hypergeometric Functions

In Examples and as well as subsequent examples featuring these functions,
we have already encountered Euler’s  function and the hypergeometric o F} func-
tion. Those are the first two examples of Aomoto-Gelfand hypergeometric func-
tions appearing in this thesis. Aomoto-Gelfand hypergeometric functions consti-
tute a very general class of hypergeometric functions and were first introduced by
Gelfand 281}, 282] and then further studied by Aomoto 231} [283]. As these func-
tions constitute a large class of examples for twisted periods and appear frequently
in Feynman integrals as well as other physical objects, we explore them in more
detail in this section and specifically consider several examples that arise again
throughout this thesis. This section is supplemented with appendix where we
give intersection matrices of twisted (co-)homology groups that one can associate
to certain of these hypergeometric functions.

4.3.1 Definition of Aomoto-Gelfand Hypergeometric Func-
tions

We primarily define the Aomoto-Gelfand hypergeometric functiond”| via their inte-
gral representation to get an immediate connection to their twisted (co-)homology
groups [228]. We do not discuss other definitions or the general properties of
Aomoto-Gelfand hypergeometric functions in detail here, but we refer to the liter-
ature (cf., e.g., refs. [228| 231|, 281-283]).

Definition 4.9 (Aomoto-Gelfand Hypergeometric Function). An Aomoto-Gelfand

hypergeometric function of type (n + 1,7 + 1) is defined by the data (a|p|ysc),
wher

e a = (ag,...,a,) € C" and p = (pg,--., ) € Z" are r + 1 dimensional
vectors
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o and Y, s an (n+ 1) x (r + 1) matriz of parameters:

Yoo --- Yor
Yac = STl . (4.162)
Yno -+ Ynr
From this data we define:
Fla|p|lyag) :/(I)Agw = /@AG [ wn, (4.163)
r r
where
Prc = H (Y70 + Y171+ -+ + YnyT) (4.164)

5=0
and the integrand involves the holomorphic n-form in the homogenous coordinates
[0 :...: 7] on P¢

Wy = —1i7'idro/\---/\a;i/\---/\d7n, 4.165
> (-1

=0

where the hat indicates that the corresponding element has been omitted. The ra-
tional function f takes the form

£ =TT womo +yiym + -+ ) (4.166)

7=0
If u; = 0 for all i, then f = 1. We generally use the affine coordinate chart z; = :—é,
1 <@ < n in which the twist and the n-form are

Puc = H (Yoj + 11521 4+ + Ynj2n)™ and wy = /\ dz;. (4.167)
=0 =1

The data (a|p|yae) also defines twisted (co-)homology groups: We take the
twist from eq. (4.164]) and define the spacﬁ

XAG =C" - U§:1{2|’y0j + Y1571 i Ynjzn = O} . (4168)
Then we can interpret fw, as an element of Hjs (Xaq, Vac) and I' as an element of

H,(Xaq, Lac). Finally, the Aomoto-Gelfand hypergeometric functions are twisted
periods

Flolplyac) = (fwall] (4.169)
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of these groups. One consequence of this interpretation is, that we can decompose
any Aomoto-Gelfand hypergeometric functions into a basis of Aomoto-Gelfand hy-
pergeometric functions via the completeness relations of eq. (4.55)):

Flalplyag) = ¢ Crt Pac (Hzl)' h (4.170)

with
= 270) " ((fwal @) - - (f walan) (4.171)
ho= (), P TD) (4.172)

where dy is the dimension of the (co-)homology group. All information on these
functions is encoded in the period and intersection matrices. As is commonly done
in the literature, we simply refer to the Aomoto-Gelfand hypergeometric functions
as hypergeometric functions from here on.

Lauricella functions Fl(jR)

The Lauricella functions F](DR) are defined by the hypergeometric series
S i (1) - (b
Fp'(a.b,ciy) = WirirC)i o Gl i (4.173)
’ il,%;:() (i tinin! iy

where b = (by,...,bg) and y = (y1,...,yr) € CE. The Lauricella F[()R) admit the
integral representation

F(R)(abcy)zi/1 1—26“ﬁ1—y bjd—z. (4.174)
CE ['(a)l'(c—a) Jo e iz 2(1—2)

Additionally, we define the normalised version of the Lauricella functions F j(jR) by
Fp'(a,b,ciy) = fle —a,a) FyP(a,b.c;y) (4.175)

From the previous equation, we can recognise them as Aomoto-Gelfand hypergeo-
metric functions of type (2, R + 2) with

0 1 1 ... 1 )
= . 4.176
y (1 -1 -y ... —yr ( )

For R = 0, we recover Euler’s b function and for R = 1,2 we obtain the hypergeo-
metric functions of Gauss and Appell:

Bla,c) = Ff)(a,c) (4.177)
2Fl(a7 b17c; yl) = Fél)(ay bl,C; yl) ’ (4178)

Fl(a>bl,b2,0§ y17y2) = Fj(jz)(% by, by, c; y173/2) .
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We also introduce their normalized versions:

2 F1(a, b1, c;yn) = Ble—a,a)2F1(a,bi, ¢ yn), (4.179)
Fila,br,ba, c;y1,y2) = Blc —a,a) Fila,br, ba, ¢ 41, y2) - (4.180)
From the integrand in eq. (4.174]), we can read off the twist:
R
O =z"(1—2) " [J(1—y2)7%. (4.181)
j=1

In general™| we consider cases, where 0 < |al,|b;|,|c — a| < 1. If this condition
is not fulfilled, we can split the respective parameter into an integer part and a
non-integer part that is smaller than one and proceed in the same way. To get the
Lauricella function with the respective parameters, we just need to choose a form
¢ with a higher pole (regulated by the twist). Of course we can in principle also
have exponents larger than one in the twist. The Lauricella functions F ](DR) have
been discussed in detail in [253] in the framework of twisted cohomology groups.

Generalised hypergeometric ,, /), functions

The generalised hypergeometric 41 F), functions are defined by the series

= (@) - (ap)n
= 2

p)n

n

<

p+1Fp (ao,al,...,ap,bl,... (4182)

' Y

S

n=0

which converge on |y| < 1, and the b; are not allowed to be negative integers.
Additionally we assume that a; — b; ¢ Z and b; — b; ¢ Z for any i,j. For p = 1,
we recover the definition of Gauss’ hypergeometric function o F}. The generalised
hypergeometric functions admit the integral representation:

Sy, b,y by y) = b(ay, by, —a,) ! (4.183)

1
X / dtp tzpil(l — tp)bpiapilprfl(ao, ceey ap,l, bl; Ce ,bpfl, ytp)
0

p+1Fy (ag, ar, . .

(4.184)

p 1
= <H b(ai, bl — CLi)_l / dtz t?iil(l — ti)bi_ai_1> (1 — ytl e tp)_ao s (4185)
i=1 0

with 1 Fo(ag,y) = (1 —y)~%. We also define the normalised versions

p

p+1]:p (a'7 b7 y) - p-l—le (a'7 ba y) H b(aiu bz - ai)

=1
p 1
= (H/ dtit;?il(l—t,-)bi—ai*) (1—yty...t,)"".  (4.187)
i=1"0

where we set @ = (ag,a1,...,a,) and b = (by,...,b,). The zeros of the twist
are located at the hyperplanes t; = 0 and t; = 1, along with the hypersurface

(4.186)
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1—wyty...t,. For p > 1, this hypersurface is not a hyperplane, which seems to imply
that the generalised hypergeometric functions ,41F, do not directly fit into the
category of Aomoto-Gelfand hypergeometric functions. However, by introducing a

variable change ¢; = % (where zp = 1), we obtain

1—ti:% and 1—yt...t,=1— 2. (4.188)
i—1

In these new variables, the zeros of the twist appear at the hyperplanes z; = 0, z; =
zi—1, and 1—yz, = 0. Consequently, the generalised hypergeometric functions ,1 F,
are in fact Aomoto-Gelfand hypergeometric functions. The twisted (co-)homology
groups associated with the generalised ,1 F), function are explored in detail in [284]
285]. The first non-trivial instance beyond the Gauss hypergeometric function
occurs at p = 2 with the hypergeometric 3F5 function:

352 (a, by y) (4.189)
/ / tag 1 bg ag— 1ta1 1(1 o tl)bl—al—l(l o ytltg)_aodtl A dtg
— / Ztlll b2ng 1(1 -2 )blfalfl(l . y22)7a0<21 . Zz)bgfagfldzl /\ng.
Dy

The integration region is D1 = {0 < 23 < z; < 1}. From the integrand in
eq. (B.55)), we read off the twist:

O = 2172252 (1 — 2)" T (1 — yzg) (21 — 2)" (4.190)

In general, we consider cases, where the exponents in the twist are between zero and
one but as for the Lauricella function, other cases can also be treated equivalently.
We provide the period and intersection matrices for this case in Appendix[B] which
is partially based on [285].

4.3.2 Single-valued Hypergeometric Functions

The single-valued version of an Aomoto-Gelfand hypergeometric function as in
eq. (4.163)) is

F(alplyac) = / [®acl? fwn A fwn, (4.191)
I

In the remainder of this section, we construct single-valued versions of special
hypergeometric functions as bilinears in the respective class of functions — which is
possible due to the double copy formula of (4.139)).

Example 4.17 (Single-valued Lauricella functions.). The single-valued analogues
of the Lauricella Fp functions have been studied in detail in ref. [255]. They admit
the integral representation:

1 T
Fijlab cy) = 5 /C A A d7 220 D[1 — oD TT 1 = gra . (4.192)

=1
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We can express Fi)(a,b,c;y) as a bilinear combination of holomorphic Lauricella
functions by utilizing eq. (4.139). The period and intersection matrices needed for

this construction are provided in eq. (B.54)) and eq. (B.52)). Here, we specifically
present the formulas for the cases r = 1 and r = 2, which correspond to Gauss’

hypergeometric o Fy function and the Appell Fy function, respectively (see eq. (4.177)).
For the single-valued analogue of Gauss’ hypergeometric function, we find

o F1 (a, by, ¢ y) 2%2}1(% bi,c;y)oFi(a,bi,c;y) (4.193)
b —b
— E%(CC)1>291((I,Z)1,C; y)2gl(aa b17c; y) ) (4194)

where we introduced the abbreviation s(x) = sin(nx). The function o F(a, by, c;y)
is the normalised Gauss hypergeometric function introduced in eq. (4.179), and the
function 2Gy(a, by, c;y) is given by

2Gi(a, by, cy) = (=Dl F (1+a—c,1+b—c¢,2—cy) . (4.195)

This expression agrees with the one given in ref. (255]. The single-valued Appell F
given by

" —u —aS(a)s(by)s(ba)s(a —c
]:1 (a7b17b27c; 91792) = yl y2 ( )5Eb1)_’_(bz)_(c) )

(4.196)

Yyss(a— by — b
{2?1((1, b17 b27 C; 331,@2) [yllij EECL)s(bi)s(bzifl(aa b17 b27 ¢ Y, ?JQ)

1
+y7(i + €(a))(1 — 1€(by))F1 (a, 14+a—cb,1+a— by y—, %)
2 Yo

) . 1
—y5(i + €(a))(1 +i€(be)) Fi (a, l+a—cby,1+a— 0y e %) ]
1 1
fiw(Z(a+b1)+c)y121g2—a
s(a)s(a —c)
y% (eiﬂ(2a+b1) _ 6i7r(b1+20))

s(by)

(&

1 @
-Fl (a,l—i—a—c,bl,l—i-a—bz;_—,g)

Fi(a, by, by, c;y1,2)

‘ 1
+ 22~62wr(a+b1)JT.'1 (CL, 1+a-— c, bg, 1+a— bl; ) %>
Y1 Y1

—in(a—ba), a;q—a 1 7
_ 9, Ny F <a’1+a—0,b2,1+@—bl§—_7$>
s(a) s

a im(a—ba+c)
% [ Y2 €

1 yl)
F 7b7b7 ; ) —]:(7]- - 7ba]- _ba_7_
a(by) 1(a, b1, b2, ¢ y1,12) + p p— 1\, 14+a—cb,1+a—0b ]

Y2 Y2

+ Fila,1+a—c,bi,1+a—by;—, = + by < Yo, b
ls(a)S(bl)s(a — c) ‘ 1 1 2 v’ U2 ‘ (yl 1 Yo 2)
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with €(x) = cot(mz) and s(x) = sin(mx). For the construction of the analytic
continuations of the Appell Fy function necessary to evaluate this function, we
refer to ref. [280].

Example 4.18 (Single-valued Generalized Hypergeometric 4 F}, functions). . The
generalized hypergeometric ,.1F, functions has been discussed in refs. [284, |285).
In Appendiz[B.4 we give the intersection and period matrices necessary to construct
the single-valued versions of the functions with the double copy formula. This single-
valued analogue is given by the integral (we use the conventions of Section :

1 p
p1 Fo (a, byy) = (__> / day A - Aday AdZy A -+ AdT, |z,
Cp

2mi
(4.197)
p—1
> |1 _ 1‘1|2(b1_a1_1)|1 o y$p|_2a° H |xk|2(ak—bk+1)|xk . xk+1|2(bk+1—ak+1—1) 7
k=1
(4.198)
which is equal to the following sum of bilinears of ,11F, functions:
p
SV 2 sla;)s bz — a;
pi1Fy (@, biy) = [ Fpla biy)[ [] slay)slb — a,) ; ) (4.199)
i=1 ms(bi)
p P
iy b; — ap) s(b; — a;)s(b; — aj)
_ 2(1-b;) F b 25 a())s( i 0 i ] i 5
Z ’y‘ p+1 P(a’lv i y)} 7T5<bi) H 7T5(bl' — b]) )

i=1 j=Lj

where we defined

a; :(1—|—ai—b2-,1—|—a1—bi,...,l%Zi\—bi,...,lnLap—bi,l—i-ao—bi),
(4.200)
by = (L4+by—biy. o L+ bi— by L4+ b,— b, 2 — b)) (4.201)

We come back to these single-valued versions of hypergeometric functions when
discussing two dimensional Feynman integrals in Chapter [§

4.4 Feynman Integrals and Their Cuts as Twisted
Periods

We conclude this chapter by explaining explicitly how one can interpret Feynman
integrals as (relative) twisted periods. In particular, we discuss this interpretation

for Feynman integrals in Baikov representation, as defined in eq. ([2.34]) m We focus
on the Baikov integral I, of eq. (2.33) and do not take the prefactors arising in
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Baikov representation into account. Obtained in the loop-by-loop approach, these
integrals I, have the form

L ({p: - p;}, {mJQ}) = /C(ID 0, with ® = By(2z)* ... Bg(z)¥. (4.202)

with C as given in eq. (2.39)). The exponents of the twist depend on the dimension
D and in particular in dimensional regularisation, they have the form

a; = & £ with Wi €7, (4.203)
and the rational differential form is
N
oy =dz [[ 57 (4.204)
i=1

This information defines (relative) twisted cohomology groups, from which we can
construct a period matrixﬂ The product of Baikov polynomials raised to some
non-integer powers containing the dimensional regulator ¢ defines the multi-valued
twist ® and consequently a collection of bounding surfaces . Additional poles
not regulated by the twist arise due to the form ¢, and are located at the surfaces
{2 = 0}. They can be gathered in D_ as described in eq. (4.92). Assuming the set
of zeroes D, is empty, we obtain the groups H,(X_, Lq) and H3(X_, V) as well
as their duals H,(X,,D_, Lq) and H3(X,,D_, V) associated to the Feynman
integral family. In general, we need to use relative twisted (co-)homology groups —
i.e. D_ # () — for uncut Feynman integrals as not all poles of ¢, are regulated by
the twist. As discussed in Subsection [4.2] the dual forms are qualitatively differ-
ent in this situation. Though these dual Feynman integrands still carry valuable
information and have been studied [47} 49, |288]|.

Let us start by making more comments on the forms spanning the cohomology
group and repeat some properties we discussed for Feynman integrals but this
time stated in the twisted cohomology framework: First of all, the forms can be
split in different sectors. More specifically, every rational form ¢, € HY(X_, Vg)
that we consider a Feynman integrand is associated to a sector @, € {0,1}", as
defined in eq. ﬁ The sectors have a natural partial order as defined in eq.
(2.15). This partial order induces a partial order on the Feynman integrands —
as it did for the master integrals. A sector is called reducible if every twisted co-
cycle belonging to this sector can be expressed as a linear combination of co-cycles
from a lower sector. A top-sector is an irreducible sector that is maximal for the
partial ordering. We denote the irreducible sectors of the family by ©q,..., g,
and M; is the number of master integrands in the irreducible sector ®; — i.e. the
number of basis elements needed to span the top sector. Notelﬂ that the overall
number of master integrands of course must be equal to the dimension of the
twisted cohomology group Hjy (X_, V) and in principle finding the basis of master
integrands is equivalent to finding a basis for this group. Similarly, the IBP relations
are just projections of elements of the cohomology group onto this basis, which can
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be done via intersection numbers. This fact has been used to compute IBP relations
from intersection numbers [39, |40} |42} 44} 45, 239, [289]. We can always choose the
basis to only consist of integrands from irreducible sectorsﬂ

Integrating the master integrands along appropriate contours, we obtain the
master integrals. Integrating along all basis cycles, we obtain a generating set of
periods that we collect in the period matrix. Note that integrating over a basis of
cycles is equivalent to integrating over contours that encircle different poles, which
means we compute cuts as described in eq. . We now give more details of
this construction.

The full period matrix We start from the top-sector of the integral family and
denote it by @ﬂ This sector is associated with M7 independent master integrands,
which share the same propagators raised to a non-integer power. This is equivalent
to seeing that there are Mp maximal cuts with each maximal cut corresponding to
an independent contour encircling the propagators of the sector. These contours
can be identified by determining a basis of (regularised) chambers bounded by the
planes in ¥ or in other words by analysing the zeroes of the Baikov polynomials.
This is discussed in the physics literature cf., e.g., refs. [86,290-292]. If we integrate
the Mr master integrands from the sector @7 around these My contours we obtain
the M7 x My matrix of maximal cuts. Similarly, one can find the master integrands
and contours for each of the kg sectors, where kg is the number of sectors needed
to fill the full basis, and order them sector by sector:

ar(X-, Vg) = <|901,1, o PLMy e Phsds s Phs M) (4.205)
Sector 1 I top sector I
Hoy(Xo, Lo) = (Y11, s VM - Vhgdse-- ) Vi My ) - (4.206)
| I ]
Sector 1 top sector

Integrating a differential from a lower sector along a contour from a higher sector
means integrating a rational form around a pole absent in this form. Thus, these
integrals vanish. On the other hand, integrating a differential from a higher sec-
tor along a contour from a lower sector gives some twisted period that does not
necessarily vanish and which is in general a (non-maximal) cut. Consequently, if
we order the periods sector by sector in the period matrix — as indicated by eq.
— vectors associated to different sectors in the differentials automatically
are linearly independent as they have zeroes at different positions. Vectors whose
differentials are associated to the same sector are already linearly independent as
the differentials chosen from a basis. Of course this linear independence is neces-
sary for the period matrix to be non-degenerate. The preceding discussion should
illuminate the properties related to the sectors. Before we continue this discussion,
let us consider a simple example:

Example 4.19 (Bubble Integral Family: The Period Matrix). We consider again
the example of the bubble, from Example with the integral defined in[2.16 and
its sectors ©F = (1,1),03" = (1,0) and ©5 = (0,1). FEach sector has one
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master integral associated to it and we choose —]1]?1; ]11?0 and I(fl. We can write
down a period matrix for the one-loop bubble integral as follows:

ma
0 0
ma
Po=1| o Q 0 (4.207)
mq mq mq
mao m2 f:nz}

Analytic results for all the cut integrals entering the period matriz can be found in

ref. [287].

Now that we have understood, how to interpret the cuts as twisted periods
and how to construct the full period matrix from them, let us summarise some
properties of this period matrix:

1. P has full rank, because all columns (and also the rows) are linearly indepen-
dent.

2. Each column satisfies the differential equation (2.98]) for this basis of master
integrals.

3. If the master integrals and the maximal cut contours are ordered in a way
that respects the natural partial ordering on the sectors, then P is block
lower-triangular. The blocks on the diagonal are the maximal cuts for the
irreducible sectors, while the entries below the diagonal are non-maximal cuts.

4. All non-zero entries are cut Feynman integrals.

The first two properties indicate that the matrix we have just constructed is the
fundamental solution to the differential equation governing the Feynman integral
family. This is to be expected. Specifically, this implies that every solution to
eq. - can be expressed as PI,, where I, is a constant vector of boundary values.
In particular, for every vector of master integrals I™eut (evaluated on the contour
defining the uncut integral) there is a boundary vector Igncut such that Twewt —
Pigneut. As a result, each Feynman integral can be written as a linear combination
of its cuts, as stated in the Feynman tree theorem [293| 294]. The existence of
a spanning set of cuts with this property was also proposed as a conjecture in

ref. [287].

The Maximal Cuts Let us now repeat this discussion for only the maximal
cut (or the top sector). Note that, since taking the maximal cut is equivalent to
integrating around all poles, the integrals in the maximal cut all take the form@

MC (]L,({pi “pit, {m?}) ~ /(I)lz1...zN+—>OdZN+l A---ANdz,. (4.208)
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In this case, the integrand consists only of the multivalued twist and potentially
forms with poles at the branch points of the twist. Thus, D_ = () and we work with
twisted (co-)homology without requiring any regularisation. This case is important
in the next chapter. We conclude this section with another example, this time
one with a maximal cut that is associated to a twisted cohomology group with
dimension larger than one.

Example 4.20 (Unequal mass sunrise integral family: Period Matrix). As a second
example we consider the unequal-mass sunrise integral in D = 2 — 2 dimensions
as introduced in Section |2.4.1. Its integral form was given is in eq. (2.46|) and it

has four irreducible sectors:
o7 =(1,1,1), Oy =(0,1,1), O3 =(1,0,1), O©7 =(1,1,0).  (4.209)

The subsectors Oy, 3, O each have one master integral, all simply given by two-
loop tadpole integrals. The top sector, ©F has four master integrals. Equivalently
we also have four independent maximal cuts and can give a 4 X 4 matrix for the
maximal cut period matrix. Structurally, the period matriz for the unequal mass
sunrise family looks as depicted in figure [{.8.

Figure 4.8: The unequal mass sunrise integral family has seven master integrals
and four of these are in the top sector.

Here the lower right block is a 4 X 4 matriz of integrals involving the four inde-
pendent mazimal cut contours and master integrands of the top sector @7 . This
block is the mazximal cut period matriz and as promised above we discuss it sepa-
rately in detail here. We already found, that the integrand of a mazximal cut for the

134



Chapter 4

unequal mass sunrise integral takes the form given in eq. (2.54) of Example .

Now, we can extract a multivalued twist from this expression, which takes the form
1

o =2[z—M)(z—=N)(z—=A3)(z— M\ 2 °. (4.210)

Additionally, we define the space Xo = C— {0, A1, Ao, A3, Ad, oo} and we define the
twisted (co-)homology groups Hig (Xe, Ve ) and Hy(Xe, L&) as well as their duals.
We choose for the basis of Hig (Xe, Ve) the following differentials:

o, =dz, (4.211)
s = (-2 + %) dz, (4.212)
o3 =zdz, (4.213)
Oy = %, (4.214)
with s; elementary symmetric polynomials in the branch points A1, ..., \y. The dif-

ferentials o7, 5, 5 are inspired by the natural Abelian differentials of the elliptic
curve related to this integral. For the dual basis of H}j,(X, Ve) we choose

¢7 = [¢7 (PL]em0)],, i=1,....4. (4.215)
For the dual homology basis we choose cycles supported on
Ag o = [A2, Ag], (4.216)
Agy o = [Aa, Ag] (4.217)
Agae = [A1, Ao + [Ag, Ad] (4.218)
Agyo = [M4,0]. (4.219)

This basis is depicted in figure [{.9, together with the canonical cycles a and b of
the elliptic curve. Additionally, we choose the basis of the twisted homology group
to be supported on the reqularised version of the dual cycles.

®
e

Figure 4.9: We derive the twisted cycles that we choose for the basis of the sunrise’s
homology group by choosing the intervals related to the sunrise’s elliptic curve’s a
and b cycles .

The period matriz only contains Lauricella functions with five branch points and

fulfils:

Po(x,e) =Po(x,—¢). (4.220)
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e In Chapter [4] we in-
troduced the basics on
twisted (co-)homology
groups.

e In Chapter [6] we use
the insights of Section
to obtain canon-
ical differential equa-
tions for models of
hyperelliptic maximal
cuts.

Chapter 5

Twisted Riemann Bilinear
Relations and Cuts of Feynman
Integrals

This chapter builds directly on the discussion of Section [4.4] where we explored the
interpretation of (cuts of) Feynman integrals as twisted periods and explained how
one can write down a period matrix of cuts for a given Feynman integral family. In
particular, this allows us to take advantage of relations for twisted (co-)homology
groups. Here, we focus on the implications of one specific (set of) relations: the
twisted Riemann bilinear relations of eq. (4.58), as established in [230]. The first
natural question that arises in this context is the following:

Do we obtain new relations for (cuts of) Feynman integrals from the twisted
Riemann bilinear relations?
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We explore this question in Section [5.1] Despite finding that we only obtain mean-
ingful relations on the level of maximal cuts, we can leverage these in finding the
canonical differential equation for a Feynman integral family. In particular, we also
find that there is a deeper connection between the canonical basis and properties
of the intersection matrices that one can derive using the twisted Riemann bilin-
ear relations. We do so in Section [5.2] where we also understand how a notion
of self-duality for Feynman integrals arises from their properties as entries of a
twisted period matrix and explain how to practically use these insights in finding
the canonical basis.

# This chapter closely follows previously published results [50, 226], which
were obtained in collaborations with Claude Duhr, Cathrin Semper and Sven
Stawinski.
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5.1 Bilinear Relations for Feynman Integrals

In this section, we primarily put together everything we have understood about
(cuts of) Feynman integral and twisted cohomology so far to answer the question
asked in the introduction of this chapter. To contextualise our results, we start
by reviewing bilinear relations for cuts of Feynman integrals that have appeared in
the literature. In all cases, those take the form:

P\, —)"TM; (X, e)P (X, e) = My(e), (5.1)

where P(A, ) and M; (A, €) are matrices. The matrix My(e) is independent of the
kinematic variables. Specifically, P(A, ) contains (cuts of) Feynman integralsﬂ. In
particular, the following types of bilinear relations for cuts exist in the literature:

e Quadratic relations for Feynman integrals were first studied for maximal cuts
of equal-mass banana integrals with parameters p> = m? [295]. Further
discussions related to these relations can be found in [296-300].

e Maximal cuts of certain Feynman integrals evaluate to periods of Calabi-
Yau varieties in the limit ¢ — 0. These fulfill the Hodge-Riemann bilinear
relations of eq. (3.107)) as discussed in [12-16 1820} 277, [301].

e In 302, |303] quadratic relations for maximal cuts beyond the limit ¢ — 0
were observed and studied.

Throughout this section, we see how all of these relations can be derived from the
TRBRs. At a first glance, it seems that the quadratic relations in eq. and
the twisted Riemann bilinear relations in eq. take different forms: Instead
of two copies of the period matrix, the latter involve the period matrix and the
dual period matrix. Its entries are dual Feynman integrals, which are — in the fully
general case — not related to the Feynman integrals themselves in a non-trivial way
— except through the TRBRs themselves. Thus, a necessary condition for deriving
quadratic relations for Feynman integrals from the TRBRs is that the entries of the
dual period matrix P are linear combinations of those of P with ¢ — —e. Before
we extend Let us start with a simple example that already illustrates many of the
generic structures we discuss throughout this chapter.

Example 5.1 (The Massive Bubble in D = 2 — 2¢ Dimensions: TRBR). Let us
take as a simple example the one-loop bubble integral from examples and
with my = m and mo = 0. Since one propagator is massless this integral family

has only two master integrals — the massless tadpole is scaleless and thus vanishes.
The period matriz of cuts is the following sub-matriz of the one in eq. (4.207)):

mi
0
Po = my my (52)
mo mo
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Analytic expressions for the cuts in this period matriz in the region p* > m? > 0

are (cf. ref. [260]):

@ = e <F_(§n_);> ; (5.3)

_m?2)—¢ 2
o M) (1, l4+el—e %) , (5.4)

pPr(i-¢)”
—9e—1 I(1—¢)

Sl (5.5)

- = =27 () (p* — m?)
Note that the period matriz of eq. (5.2)) can be obtained from the period matriz P g
i eq. (4.114) by a specific parameter choice and a simple rotation in the homology
and cohomology bases

Po =T.PrT, (5.6)
with the parameter choiceb=1+¢, c= —¢c and \ = 77;—22 in Pg and the rotations
L F(fs) O O 2837ri51'\(1_6)2
Tc — e'yEam—Qa (ﬂ's (cot(me)+4)I'(—1—2¢) e ) and Th _ ( _W) )
0 PN 1 0

For the dual forms (and cycles) we are free to choose bases and natural choices for
dual Feynman integrands have been discussed in [47, |49]. We make a particular
choice to obtain bilinear relations between some entries. Namely we rotate the bases
from Ezample[{.8, so that the bubble’s dual period matriz is

P =T.PgT), (5.7)

O

with Pr from eq. [(1.114) and the same parameter choice as below eq. (5.6) and

5 0 1 3 e'™em?2e (1+¢)T'(g) sin(7e) 0
Th — (1 O) and TC - < WF(1+26) 25*2”’8me251“(1+8) ) :

0 T (m2—p2)2r(1+2¢)

For this basis choice the dual bubble period matrix is

5 | B _637ri5m25(1 + 5)5 m_27 1—¢e,1+2¢ Fﬂ(—s) sin(me)
T s ( {(:)}6—> 6 <p2 ) T2 | (58)

Oles—e

and in particular the diagonal entries are related to the maximal cuts by a transfor-
matimﬂ e — —e. On the other hand, the off-diagonal entries are distinct objects,
not related to linear combinations of the periods in a non-trivial way. The inter-
section matrices are

__ sin(we) sin(2me) 0
- —
C{} =T, CRTZ = < T'(e) sin(sm-:) 2I'(1+4-¢) > (59)
p?rl(1—e)T(142e)  (m2—p?)2T(1—e)(1+2¢)
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(5.10)

5 1 csc(2me) 0
H_ = T HyT), = ( 2 F(1€)2> . (5.11)

0 im T(1—2¢)

Inserting these period and intersection matrices into the TRBRs, we find two rela-
tions that are bilinear in the maximal cuts in our conventions:

O (Oese) = %, (5.12)
O (Bles—e) = 2247, (5.13)

One can use the third relation, for the off-diagonal non-trivial entry in the TRBRs

to determine:
L))

(5.14)

1 sin(2me)

(130)L2 = 5192725 <7r +p°T(1 = €)’T(1 + 2¢) sin(2me) - (Q

As expected the TRBRs can be split into two groups: one which allows us to write
the off-diagonal elements of the dual period matriz in terms of Feynman integrals,
and the other which give bilinear relations between mazimal cuts evaluated at € and
—¢ respectively.

In this example, the only relations between Feynman integrals appear on the
diagonal, whilst off-diagonal entries involve objects unrelated to Feynman integrals,
except via the twisted Riemann bilinear relations themselves. In the next section
we explore this as a general feature and identify where non-trivial relations do
appear.

5.1.1 Classification of the TRBRs for Feynman Integrals

What distinguishes the diagonal entries (or blocks) of the period matrix is that
they correspond to maximal cuts. In general, maximal cuts are defined by integrals
whose integrands have no poles that are not requlated by the Baikov polynomial
(which plays the role of the twist). We observe that this property — and, in partic-
ular, the specific form taken by the twist defined through the Baikov polynomial in
the maximal cut limit — enables us to identify non-trivial relations between Feyn-
man integrals and their duals. We interpret this as the self-duality of the maximal
cut period matrix. This feature is what allows us to extract non-trivial bilinear
relations from the TRBRs, as in Example [5.1]

All poles regulated by the twist As long as we define twisted (co-)homology
groups, so that the condition in eq. holds — which is whenever all poles of the
integrand are regulated by the twist — the self-duality condition of eq. also
holds. Then we can choose bases so that P(X, ) = P(X\, —a), with a being the
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exponents in the twist. In particular, this relation relies on choosing the same bases
for the twisted (co-)homology group and its dual — or rather regularised versions
of each otherP| In that case the TRBRs turn into relations that are bilinear in the
period matrix, albeit with one copy evaluated with o; — —ay:
1
(2mi)"

P”(CcH)" (P

ais—a;) = H, if condition (4.14]) holds. (5.15)

Maximal cuts always define twisted (co-)homology groups where all poles are regu-
lated by the twist when all residues have been taken — see, e.g., eq. . Thus,
for maximal cuts we can always choose a basis such that the TRBRs reduce to
bilinear relations in periods. Beyond that, we can actually find bases such that
instead of relating the period matrix and its dual via o; — —a; — which by itself
doesn’t have much physical meaning — we can relate them via ¢ — —e: Consider
a family of Feynman integrals and a sector ®, which we assume without loss of
generality to be of the form

©=(1,...,1,0,...,0). (5.16)
—— ——

m N—m

We consider its maximal cut, i.e. the cut in all of the first m propagators. The cut
Baikov-polynomials define a twist :

K K
@=:@]B?wa?ﬂ>=<fuma?ﬂ>u“qmo“Mhme{aiu.
k=1 k=1

(5.17)

Then — as described in Section— we define a twisted cohomology group Hl (X, V)

and choose some basis
@i = fi(Zmi1, - 2N) Aieppar dz with i = 1,..., Mg, (5.18)

where the f;(z) are rational functions in the z,,41, ..., zy. Additionally, we choose
a basis of cycles v; for Hy (X, L4) and the entries of the corresponding period matrix
are

K

e = [ e ]lBrem . (519

T k=1
For the basis of Hi (X, V) we choose
P = [(%‘L—Hfs) : (q)gao)}c : (5.20)

Since in the limit ¢ — 0, all factors of the twist have exponents & with py, an

integer, the factor ®2 ,, in eq. (5.20) is a rational function and not multi-valued.
This choice allows us to obtain the relation

p@'()\,e’:‘) = / Pi (H B;"n,c'(z>u2k+g'k€> (5.21>
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-

K K ., -1
i [ [ B (2)™ <H B?'C'(Z)Qk““) (5.22)
3 k=1 k=1

K
_ / o [ B () = Py(A ). (5.23)

Vi k=1

between the period matrix and the dual period matrix. Then, the TRBRs in
eq. (4.58) are

(2732,)h P(A, 8)T(C(/\,5)_1)TP()\, —e)=Hfe), (5.24)
or equivalently
(27:¢)h P(A,2)(H(e) ") P(A, —2)" = C(A2). (5.25)

These relations have the form anticipated in eq. . We discuss further impli-
cations of these relations for maximal cuts in the following subsection. In general
we do not obtain such relations for non-maximal cuts, but there are special cases
where they still apply: There are Feynman integral families where a sector has no
sub-sectors in the natural partial ordering. In this case, all Feynman integrals and
cuts from that sector can be expressed as linear combinations of maximal cuts,
which satisfy condition . A trivial example for this scenario is the tadpole
integral. One can also generate non-trivial examples: We begin with a Feynman
graph that has no self-loops (i.e., no banana subgraph). Each edge is then replaced
either by a banana graph with at least two loops and at most one massive propa-
gator or by a one-loop massless bubble graph. It is straightforward to verify that
such a graph has no subsectors, as contracting any propagator results in a graph
containing a detachable massless tadpole integral, which vanishes in dimensional
regularization. For these graphs, Feynman integrals without cut propagators de-
compose into linear combinations of maximal cuts, allowing the TRBRs to yield
quadratic relations. So far, we have generalized the observation we have made in
example concerning the diagonal entries of the period matrix: Namely, that
we can obtain bilinear relations for those and even for diagonal blocks that are
maximal cuts. Now we also generalize the behaviour of the off-diagonal entries.

Additional poles In general, condition (4.14]) is not satisfied for non-maximal

cuts and the Feynman integral family defines relative twisted (co-)homology groups.ﬁ
Consequently, the dual period matrix consists of dual periods that are qualitatively

distinct from the standard periods which are the Feynman integrals and cannot be

directly identified with those in a non-trivial way. But the twisted Riemann bilin-

ear relations can in principle be used to connect these distinct objects to periods

and intersection numbers:

P=_2m)"Cc’ (P H. (5.26)
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The intersection number are rational in the kinematic variables A and the inverse
of the period matrix is
(P_l)ji = (det P)_l (-1)i+j Mij s (527)

where M;; is the minor of P obtained by deleting the i** row and j™ column of P.
P is lower triangular, so its determinant is

S
det P = [ [ det P, , (5.28)
=1

where Pg, is the period matrix of maximal cut associated to the master integrals
in the sector ®;. So, dual periods can be expressed as cuts multiplied with deter-
minants of maximal cuts via the TRBRs.

Let us briefly comment on another approach to work with a generic Feynman
integral family as in eq. (4.202). The poles in its integrand arise due to the factors
z; " in eq. , that are not regulated by the twist. To address this, we include

them in the twist with exponentsﬂ 0;, which we ultimately set to zero but treat as
generic for now{’}

N N
Los({pi - p;}. {m7}) = /c [cb <H z5>] [[=7d" with & = By ... By
=1 =1
(5.29)

For simplicity, we choose d; =  Vi. This choice of regulator is equivalent to shifting
all propagators weights by v; — 1v; — §;. We include these factors with generic
exponent in an alternative twist

=23 (ﬂf)

=1

(5.30)

and consider the integral family as periods of the twisted (co-)homology groups
defined from this twist. All poles are regulated by this twist and we do not need
to use relative twisted cohomology. In particular, we can choose bases such that

P\ a,8) =P\ —a,—6) (5.31)
or even
P\ ¢,8) = P(\ —¢,—4). (5.32)
With the latter basis choice, we also find bilinear relations
1 T
P\ e,0)"(C(A6,0) ") P(X, —¢,—0) = H(s,6 :
G PR ) (O 20 ) PO = ) =HE0).  (539)

where C(A, g,d) and H(e, d) are intersection matrices for the co-cycles and cycles
with deformed propagators. Thus, we again obtain bilinear relations in the periods
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as long as the regulator remains generic. However, to recover the Feynman integral
cuts, we must take the limit. It is important to note that this procedure is non
trivial, as the result may contain poles in . We obtain quadratic relations as long
as the regulator remains generic. To recover the Feynman integrals, we must take
the limit in the correct way and as we already saw in Example [4.10] this procedure
is non-trivial:

1. If we take the limit by choosing the overall leading order terms in the matrices,
the relations in eq. hold and are bilinear in a set of integrals. But, we
generally obtain non-invertible matrices in the relations — i.e., the objects
after the limit are degenerate and not associated to an actual basis. The
entries giving bilinear relations are at most the ones associated to maximal
cuts.

2. Another alternative is to rotate the bases with a constant diagonal matrix
that has orders of ¢ on the diagonal such that the leading order term of
the intersection matrices is € (it might be 0) in every entry, as we did in
eq. (4.120) of Example [4.10] As detailed in ref. [239], this approach yields
the same results as a direct computation of the intersection matrices within a
relative framework for an appropriate choice of basis. That means, we obtain
valid objects, but at the same time the rotation needed for this has destroyed
the symmetry and again, the dual period matrix is not related to the period
matrix of cuts in a non-trivial way.

5.1.2 Bilinear Relations for Maximal Cuts

As shown in the previous subsection, the twisted Riemann bilinear relations provide
non-trivial relations for the maximal cut. We now explore these relations further,
showing that the bilinear relations in the literature discussed in the introduction
of this section are special cases of these relations.

One-Parameter Case

Ref. [302] explored canonical bases and differential equations for one-parameter
Feynman integral families, identifying quadratic relations for the maximal cut ex-
perimentally. Here, we show how these results naturally emerge from the TRBRs
and how they can be generalized. For that purpose, let us consider a family of Feyn-
man integrals depending on a single dimensionless parameter \. We denote here
by P(\, e) the matrix of maximal cuts, i.e., a matrix whose only non-zero entries
are all maximal cut blocks on the diagonal. Then we can express the conjectures
of [302] in the following way:

Conjecture 1 (pu-form). When the twist related to a matriz of maximal cuts can
be written as

O = (B™(2)) " with u € {e, % +e},, (5.34)
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there is a basis such that
dextP(/\v 5) = K- B(/\)P()‘7 8) ) (535)
where B(\)T = B()\) is a symmetric matriz.

Conjecture 2 (Quadratic Relations). The matriz P(\, €) satisfies a set of quadratic
relations:

e i = e: The fundamental solution of eq. (5.35) is a path ordered exponential
(as defined in eq. (2.104]) ):

P(\,e) =Pexp le/B()\)] . (5.36)

Since B(\) is symmetric by conjecture ||, this implies:

P\, —e)"P(\e) =1. (5.37)

o = % + e: In that case, one can still find quadratic relations of the form:

P(z,—¢)"R(x,e)P(z,¢) = H(e), (5.38)

where ﬁ(a) is independent of x, and R(x,¢e) is the dimension-shift matriz
from eq. (2.97)).

We proof these relations using our knowledge of the TRBRs.

On the p-form: Proof of Conjecture Since P (A, ¢) is block-diagonal, it is
sufficient to prove the statement for one of the diagonal blocks, i.e., the maximal
cut matrix of one sector. Since the blocks are independent, each can be treated in
the same way. Thus, we consider the period matrix Pg(\, €) of a maximal cut with
entries as in eq. . In particular, we start from the Baikov representation and
from the assumption, it can be used to derive a twist of the formﬂ

O = (B (z)) " (5.39)

where p € {g, % + e}. At this point, we make a specific choice of basis and define

the period matrix Pg8(),e) with a dlog basis as defined in eq. ([£.67). Notably,
the examples presented in ref. |[302] can be expressed in dlog bases. Then, we can
apply Theorem [4.1] and find:

dext P2\, €) = —uB(WPE(N,€),  with B\ =B()\). (5.40)

Thus, there is a basis such that Conjecture [1] is satisfied and it is the dlog basis.
The first conjecture of ref. [302] is naturally fulfilled when considering the maximal
cuts as twisted periods and just requires the existence of a d log basis. In particular,
the result is not restricted to the single-parameter case in this framework.
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Note that for u =€, eq. is already in e-form. In contrast, when u = %—I—e,
there is still a non-vanishing O(€°) contribution in the connection matrix —uB(\).
Generally, this situation appears when the family of Feynman integrals is associated
with a non-trivial geometry beyond the Riemann sphere. We observe again that,
at least on the maximal cut, the dlog basis serves as the canonical basis as long as
no geometry beyond the Riemann sphere is involved. This has also been explored
in the twisted intersection theory framework in the literature, see e.g., [47, [304}

305).

Quadratic relations for maximal cuts: Proof of Conjecture We have
already established the existence of bilinear relations derived from the TRBRs in
Section [5.1] and here we confirm their specific form as in Conjecture [2 for the two
cases [t = €, % + € in the assumption. Our argument follows the lines of ref. [302],
but in the framework of twisted intersection theory where they do not rely on being
in the single-variable case and so we perform the proof with a vector of parameters
A

Quadratic relations for © = e: In this case, the period matrix can be written as
the path-ordered differential of eq. , more specifically:

PN, e) = Up()e) Pg’%O(a) , (5.41)

where

A

(5.42)

Pp(\ e) = Pexp !5/)\ B(X)] = (Pp(A, —5)T)_1;

0

where the last step follows from the symmetry of B(X) [302] | Due to this relation,
the path-ordered exponential fulfils the bilinear relation:

]P)p()\, E)TPP(A, —6) =1. (543)
Combining this with eq. (5.41]), we find the quadratic relation
PeE(X, ) Pgt(X, —¢) = P& () P& (—¢) . (5.44)

This relation has the expected form of the Riemann bilinear relations for maximal
cuts of eq. with C(A,e) = (2mi)~™"1 and H(e) = Pg:go(a)TPlé”go(—g). That
C(A, ¢) is a normalized version of the identity matrix is in agreement with what we
find in the proof of Theorem [£.1 Whilst this specific form of the bilinear relations
relies on the choice of the dlog basis, we can derive bilinear relations in other
bases of differentials: Consider another period matrix f’e()\, ¢), which is relate do
Pl(:))g(A’ g) by

Po(X ) = U\, e)PE(N,€) . (5.45)
Then Pg(\, ) satisfies the quadratic relation
1 D > o} 0
iy Do )T (CA &) ) Po(A,e) = P& () Pis(—<) = H(e),  (5.46)
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with C(X, ¢) = (2mi) " U(A, &) (U(A, —¢))"

Quadratic relations for u = % + €. Again, we choose the period matrix of maximal

cuts ng()\, e) computed from a dlog basis so that Conjecture |1 is satisfied. Note
that shifting the exponent of the Baikov-polynomial is akin to changing the space-
time dimension D and in particular, Pg#(\,e — 1) is the fundamental solution
matrix of maximal cuts computed in D+2 dimensions, which is related to Pg#(X, )
by the dimension-shift matrix (see eq. (2.97)):

PN e —1) = R(A, e)PE(A €) . (5.47)
On the other hand, one can obtain the period matrix Plog (A,e — 1) by explicitly

changing the basis of forms: If ¢; and 7; are the cohomology and homology basis
elements used to compute PE(X, €), then

(P& (A, e — 1))Z.j = (i ly;] with ¢ = @i (B™(X)[e0) - (5.48)

In particular, these entries are related to the entries of the original dlog basis by

(PeE(he = 1)) =D (oflen) {ouhi) = Y (el lon) (PEF(N2)),. . (5.49)

Comparing eq. (5.49) to eq. (5.47), we find the following expression for the entries
of the dimensional shift matrix:

Rij(A e) = (o] 195) - (5.50)

So far we have discussed this matrix to facilitate a dimension change or equivalently
a shift in . But € appears as a term in u, the exponent of the twist. So, one can
also interpret the matrix to shift y — p—1. In particular, when viewing the period
matrix as a function Pg&*(X, ) = PS8(\, €) of 1 we know that we can choose dual
bases so that

PSS (A, 1) = PEE (A, —p1) (5.51)

Then we find that R(X\,¢) also allows us to make a basis change so that

P, —¢) = R(A, —) 'PE(N, —e — 1) (5.52)
= R(A, =) 'P&H (A, —p) (5.53)
=R(X, —) P& (A ). (5.54)

Then the TRBRs take the form
H(e) = Pe*" (A, 1) PSE (A, —p) = P, ©)"R(A, —e)PSE(A, —¢) . (5.55)
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Relations for e — 0

As discussed in Section [3.5] taking the limit & — 0 in the integrand of the maximal
cut (after taking all residues) provides insight into the geometry associated with
the Feynman integral family. We have established here that this limit generally
yields expressions where the Baikov polynomials come with integer or half-integer
exponents, see eq. . In particular, we can write the twist as

®=P(z) 7 P(2)*, (5.56)

with P(z) is a polynomial of degree 2n+1 or 2n+2 and P(2z)* vanishes for ¢ — 0.
One can define a variety from the polynomial P(z) as discussed in Section 3.5 In
the limit ¢ — 0, the period matrix should contain the periods of this variety.
More specifically: In many cases, the period matrix for the twisted cohomology
defined by @ splits into blocks that contain the periods of the variety (in the e — 0
limit) and entries that are related to punctures and do not appear in the ¢ — 0
limit. So, the TRBRs we obtain on the maximal cut should also contain quadratic
relations for the periods of the variety in the ¢ — 0 limit. Indeed, this is what
happens and the relations obtained in this limit are well-known relations for the
appearing varieties. The geometries studied in the context of Feynman integrals so
far include Riemann surfaces of genus g as well as Calabi-Yau varieties. We have
already observed that both types of varieties have natural quadratic relations: for
Riemann surfaces, these are the generalised Legendre relations eq. , while for
Calabi-Yau varieties, they arise from the Hodge-Riemann bilinear relations derived

via Griffiths transversality in eq. (3.107)).

Generalized Legendre Relations Hyperelliptic curves can arise in the maxi-
mal cut, when it is an integral of only a single variable z and P(z) is a polynomial
of degree 2n+1 or 2n+ 2 — defining an odd or even hyperelliptic curve in the e — 0
limit. Their bilinear relations are the generalized Legendre relations of eq. .

Quadratic Relations for CY Periods As already mentioned in the introduc-
tion, quadratic relations in the ¢ — 0 limit of maximal cuts related to CY varieties
have been studied in the literature and used to compute certain Feynman integral
families [19,20]. These are derived from the so-called Riemann-Hodge bilinear rela-
tions, that are commonly also denoted the Griffiths transversality relations, as they
are due to the Griffiths transversality condition. Periods of Calabi-Yau geometries
generally appear in Feynman integral families, whose Baikov-polynomial contains
a polynomial P(z) with a half-integer exponent and multiple variables 2’| The
unique holomorphic differential associated to such a CY family is €2 =

the maximal cut at ¢ — 0 contains the periods and quasi-periods of the CY family,
which fulfill the aforementioned Hodge-Riemann bilinear relations of eq. (3.106)).

In matrix form, those are

P(Ae=0XP(Ac=0)" = Z()), (5.57)
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where Z(x) is a matrix of rational functions of the kinematic variables (which
correspond to the independent moduli of the family of CY varieties), and X is (the
inverse of) the matrix of intersection numbers between generators of the middle
homology of the CY variety. In particular, the integrals in the period matrix have
the form

Pxe=0) = [ \/%f@-m'“(Z) , (5.58)

where C; is some basis cycle and f™°(z) is a polynomial. These integrals can
also be interpreted as twisted periods, even for ¢ = 0. In that case, the twist is
Sy = P(z)_%, a basis of twisted cycles and co-cycles is given by C; and ¢; =
d"z f™<(z) and a basis of dual co-cycles is 9); = [d"z fi~e(z) P~(2)] . In this
basis, the TRBRs are equivalent to the quadratic relations arising in CY geometry.
A comprehensive discussion on the relationship between TRBRs for a particular
hypergeometric function and the Riemann (in-)equality of the corresponding K3
surface can be found in ref. [228§].

5.1.3 Examples

We conclude this subsection with two examples of maximal cuts of Feynman inte-
grals related to hyperelliptic curves: the sunrise integral family and the non-planar
crossed box family.

Example 5.2 (The Sunrise Integral Family: TRBRs). We first discussed the sun-
rise integral family in Section [2.4.1 and also considered the period matrixz of its
mazximal cut in Example . Here, we fix A\ < Ay < A3 < Ay < 0 and we choose
the twisted cohomology basis of eq. and the dual basis of eq. @ , such
that the period matriz is related to the dual period matriz by e — —e, see eq. @D
These period matrices fulfill the TRBRs

1
5PN (Co(A o)) Po(X —¢) = Ho(e) (5.59)
with the intersection matrices Co and He given in eq. (B.79) and eq. (B.80)) respec-
tively. We numerically confirm that eq. (5.59) holds, using analytic continuations
of the periods. First, we expand eq. (5.59)) in € and observe that He 44(g) has a
leading term of order O(e~'). To take a finite limit, we introduce the rotation

o= (1) (5.60)

and define
Po(Ae) =Po(X,e)To(e), (5.61)
Ho = To(e)Heo(e)To(—¢). (5.62)
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After this change in the homology basis, the TRBRs of eq. (5.59) take the form:

LA ) (Colre) ) Pa(A, —¢) = Hole). (5.63)

271

This equation is finite in the limit € — 0 and we can derive from it the relation

1 e
_ — [ L o000 5.64
o (772W1 771W2) 8 8 88 é 8 88 ) ( )

where the left-hand side involves the periods and quasi-periods of the elliptic curve
i the chosen basis :

1

w = —K(\), (5.65)
wy = CiKu ), (5.66)
n = —2c, {E(A) _ ? (A)] , (5.67)

1+ A ]

Ny = 2icy {E(l —A)+ TK<1 —A) (5.68)

with A = Qe and ¢ = 5V 0 = As)(he — M), We find that eq. (5.69)
s equivalent to the Legendre relations. Consequently, at leading order in e, the
TRBRs in eq. (5.63) reduce to the Legendre relations in this basis.

Example 5.3 (The Non-planar Crossed Box Family: TRBR). We introduced the
non-planar crossed box integral family in Section[2.4.9 and discussed the hyperellip-
tic curve one can obtain from its maximal cut in eq. (3.14)). Here, we set m* = 1.

The integrand of eq. (2.67)) defines the twist

Pupen(2) = [(2 = A")(z = A7) E (2 = A7) (z = APz = A7) (2 = A" )] E

(5.69)
with the roots A\'** as given in eq. [2.70). In the limite — 0 of D ppen(2), we obtain
the polynomial of eq. (3.216). For the twisted cohomology group Hiz (X, Vipen),
where X = C —{\q,...,\¢} we choose the basis

3
eP? =dz, PP =2dz, PP =— ( ‘- 13123 + %22 - %Z> dz  (5.70)
1
Ot = —3 (23 — %22> dz, PP = 22z, (5.71)
where the sy are elementary symmetric polynomials in the branch points Ay, ... \g.

This basis is chosen, such that its differentials reduce to Abelian differentials on the
hyperelliptic curve in the e — 0 limit. In order to obtain a simple relation between
the periods and dual periods, we choose the dual basis

1

~npcb npcb .

0y :{—cpi } , i=1,...,6, 5.72
pnpcb(z) ( )
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where y* = popen(2) = (2 — A1) -+ (2 — Xg) is the defining equation for the hyper-
elliptic curve of eq. (3.216)). The intersection matrix derived from these bases is
denoted as Cnpcb()\,e). A natural choice for canonical basis cycles of a hyperellip-
tic curve is shown in Figure and from this choice, we deduce our choice for the
topological supports of the dual twisted homology group Hy (X, Enpcb).ﬂ

Alper = "2, Al = P A, (5.73)
Adper = " AT PN A, = I AT, (5.74)
A pen = TP A P A AP NG, (5.75)

For the basis of the twisted homology group Hy (X, ﬁnpcb) we choose cycles supported

on regularised versions of these intervals. In the ¢ — 0 limit, 57" and 557

correspond to the a-cycles, while %57 and 57" correspond to the b-cycles of the
hyperelliptic curve. An additional basis element is required for € # 0 and is chosen
such that the differential one-forms ®upa, @t (fori=1,...,4) integrate to zero at
e = 0, resulting in a block structure of the period matriz. The intersection matrix
corresponding to these bases is denoted by ﬂnpcb(s). Finally, we rotate the basis of

forms again, so that the leading order in the matrices agree:

Cnpcb()\; 5) == U(g)énpcb(A7 €)U<_€) ) (576>

Pnpcb<)‘a 5) - U(g)Pnpcb(A7 5) ) (577)
with U (e) = diag(1,1,1,1,¢e). In this basis, the twisted Riemann bilinear relations
are

Popen (A, €) (Hupeo (8) ™) PL (A, —) = 27i Copen(A, €) (5.78)
After expanding these relations in € isolating the order O(g°) terms, we find
BA" - AB" BA - AB 0 0 —irl 0
BAT _ABT BA _AB o |=|iw1 0 0], (5.79)
0 0 0 0 0 0

where A, B, A, B are the 2 x 2 a- and b-(quasi- )period block matrices in the period
matrixz for e = 0 eq. (3.57)). These relations are the generalisations of the Legen-
dre relations discussed in eq. (3.6). Expanding the second version of the twisted
Riemann bilinears (the version solved for H) ),

Popeb(A,€)" (Crpen( X, €)™1) " Prpen(A, =€) = 2mi Hypap (€) (5.80)

we also find the relation

T

A'B- A"B=—irl. (5.81)
5.2 The Intersection Matrix for Canonial Differ-

ential Equations

So far, we have explored the relations imposed on cuts of Feynman integrals by the
TRBRs. In proving Conjecture [2, we also observed that for ;1 = ¢ a dlog basis has

153

HSince  crossing  the
branch cut merely flips
the sign of the chosen
one-forms (for e = 0),
integrations around
these cycles reduce to
simple integrals along
(sums of) intervals.



Orthogonality con-

ditions between

canonical bases and

dual bases were also
discussed in [47, |49l

307, [308].

In the literature the
names e-factorised sys-
tems and systems in
canonical form are of-
ten used interchange-
ably.

them distinct.

Here we keep

211 the context of Feyn-
man integrals, these w;
are the letters.

Chapter 5

a differential equation in e-form, which can be considered canonical and that for
this basis choice the cohomology intersection matrix is proportional to the identity
matrix. Bases for which the intersection matrix is diagonal can be considered
orthogonal. In this section, we generalise the observation that the intersection
matrix has a specific form for canonical bases.

5.2.1 Properties of Canonical Differential Equations

We begin this section with a more detailed discussion of the properties of canonical
differential equations. Our first goal is to introduce a property closely related to
being in canonical form that is more precisely defined, enabling us to prove our
statements — we refer to this property as being in C-form. All known examples
of canonical differential equations in the literature that we are aware of have this
property. We also explore the iterated integrals appearing in C-form Feynman
integrals and in particular discuss when they are linearly independent. Additionally,
we briefly mention a self-duality property for (cuts of) Feynman integrals. This
subsection serves to define and specify the properties we connect in the following
sections.

C-Form for Differential Equations

We consider a vector J(\,¢) of master integrals whose differential equation is in
e-form, i.e. dextJ(A,€) = e B(A)J(A,€). The entries of the matrix B(X) are closed
one-forms in the coordinates A. Let K be an algebraic number field — see Definition
—and Ap a K-algebra of functions chosen so that around every point we can
find a local coordinate chart A such that the entries of B(A) take the form

dcxt

Bij(A) =Y dbik(A) with bijn(X) € Ag. (5.82)
k=1

We denote the K-vector space of differential forms with coefficients in Ag by
Q'(Ap), and the subspace of closed forms by C'(Ag) = {w € Q'(Ap)|dw = 0}.
The subspace of C'(Ap) that is generated by the entries of B(A) is generally finite
dimensional and we denote it by Vg. We denote by @y, ..., @, a basis of VBH and
we can expand the differential equation in this basis

B(A) = i B,w; (5.83)

where the B; are constant M x M matrices with entries in K. Additionally, we
define Ag. := Ap ®x K(¢) and F¢ := Frac(C ®x Ag), the field of fractions of
the complexification of the algebra Ag. We define the following property of a
differential equation to which we can attach the above objects:

Definition 5.1. An e-factorised differential equation is in C-form if

Vi N dFe = {0} (5.84)
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with F¢ defined by an algebra Ag that fulfils the following properties

o Ap s differentially closed: For all f € Ap, we have Oy, f € Ag, for all
1 <i <r (if Ag is not differentially closed, we can enlarge it by adding the
necessary derivatives).

e The field of constants of Ag 1s K,

Const(Ag) = {f €A :0)\,f =0, foralll1 <i<r} =K. (5.85)

We illustrate these definitions with a simple example: Feynman integrals which
can be brought into d log form in the kinematic parameters, i.e., where the canonical
basis can be found using only algebraic transformations. Specifically, we focus on
the example of the massive bubble integral family in D = 2 — 2¢ dimensions that

we already encountered in Examples [2.5] [2.6] and
Example 5.4 (Feynman Integrals in dlog Form — The Bubble Integral Family).

We choose K = Q[i,ﬂ,ﬂ_l].ﬁ The algebra Ag defined by the connection matriz of *We need to attach w

a canonical differential equation in dlog form is a ring of rational functions with a
prescribed set of poles to which one adjoins a finite number of rationalisable square
roots of polynomials. Because the derivative of an algebraic function is algebraic,
Ag s differentially closed. By our assumption, the letters of the canonical differ-
ential equation are dlog forms (potentially with square roots) and those generate
VB.

Let us make this more explicit with the example of the equal mass bubble integral
family. In the coordinate x, the only finite poles of the connection matriz are located
at {0,1}. Then, A is the algebra of rational functions with those poles and by
definition F& is the field of fractions of its complexification. All entries of Bi‘;
can be expanded in the letters
wi}:—x andwi}—dTXl,

X X
so these letters generate V. Next, we show that the differential equation is in
C-form: Since V_ is generated by the forms in eq. , all elements of V. have
only simple poles. On the other hand, the elements of dAFS cannot have simple
poles as they are obtained as exterior derivatives of rational forms, so they have
either no poles or higher order poles. For that reason, we find

vV, NdFE = {0}

(5.86)

(5.87)

and the differential equation is in C-form. In this case, we find that for Feynman
integrals without square roots or more complex special functions, being in C-form
simply means having only simple poles—precisely the property we want a canonical
differential equation to have.

The same criterion can be used to classify differential equations involving more
complicated special functions, such as (quasi-)modular forms. We discuss several
examples of this in the remainder of the thesis particularly for integral families
related to (hyper-)elliptic curves.
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Linear independence of iterated integrals

The integrals solving the C-form differential equation are obtained as path-ordered
exponentials over the connection matrix B(A) and thus, at each order in ¢, we
obtain iterated integrals over the basis forms w; of Vg. We want to understand,
which of these iterated integrals are linearly independent over the field F¢. By
our assumption that the differential equation for a Feynman integral family should
be integrable (explicitly expressed by the flatness condition of eq. , we ex-
pect only homotopy invariant combinations to appear. Inserting the expansion of
eq. (5.83)), we can expand the flatness condition in wedges of the basis differentials
;.

p
0=BAB=) [B,BjjmwAw;. (5.88)

ij=1

These wedge products @; A w; are elements of the vector space C*(Ag) of closed
two-forms, for which one can choose a basis ©o. Since we obtain finitely many w;
from a connection matrix B, the basis ©o is also finite dimensional and we denote
its dimension by ¢ here. Consequently, we can write the flatness condition in this
basis as

q p
> @Y ayk[Bi By =0 (5.89)
k=1 ij=1

with the coefficients a;;, defined by the decomposition w; A w; = ZZ:1 ik T,
Since ©o is a basis, we obtain the condition

p
> aik[Bi, By =0 for 1<k <gq. (5.90)

ij=1

Next we translate this condition form the forms into a condition for the iterated
integrals as defined in eq. (2.107). To do so, we interpret the iterated integrals as
coefficients in a a generating functional with non-commuting letters el,iﬁ

G[ = 1+Z Z 61711 -~~eLik Iv(wil,...,wik) . (591)

k=1 1<i1,...,ig<p

By definition, this generating functional fulfils the differential equation

p
dG] == (Z el,iwi> G] . (592)

1=1

Additionally, the letters e; satisfy the same relations as the matrices B; and specif-
ically, they satisfy the relations of eq. (5.90)), i.e.,

p
2:%M@mﬁﬂ=0, 1<k<q. (5.93)

1,j=1
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The non-commuting letters er; generate a K-algebra that we denote by Eg. Due to
the flatness of the connection as expressed in eq. a basis of Eg corresponds
to a basis of homotopy invariant iterated integrals. We can find such a basis
algorithmically [’] and denote it by Bg. The generating functional decomposed in
this basis is

Gr= Y wlw)), (5.94)

wEBB

with J,(w) denoting a combination of iterated integrals that is homotopy-invariant.
We denote the space that these integrals generate by

Ve = (J,(w) |w € Bp)x . (5.95)

Next, we show how the C-form property of a differential equation and the linear
dependence of the iterated integrals in its solution are connected.

Theorem 5.1. The following statements are equivalent:

1. The differential equation defining Ag is in C'-form, i.e ,it has the properties
listed in Definition and Vg NdFc = {0}.

2. The iterated integrals J.(w), w € By, are linearly independent over F¢.

In Appendix we repeat the proof given in [226], which closely follows the
proof for the single-variable version of the statement given in [309].

Lie Algebras for Differential Equations in C-Form

Let gg be the Lie algebra obtained as the quotient of the free Lie algebra over K
with generators er;, 1 < i < p and the Lie ideal generated by (cf. eq. (5.93))

p
Z aijk [eri, erg] , 1<k<q. (5.96)

ij=1

The quadratic algebra Eg defined below eq. ((5.93)) is the universal enveloping alge-
bra of gBH The matrices B; of eq. (5.83)) provide an N-dimensional representation
of gm,

P 9B — EHd(CN) , et Bi . (597)

Thus, to an algebra Vg we can associate a Lie-Algebra gg and the differential
equation provides a representation via the matrices B;. Note that different families
of Feynman integrals might share the same Lie-algebra but of course their canonical
differential equation is not the same, thus they provide different representations of
this Lie-algebra.
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Self-Duality

A self-duality property of Feynman integral differential equations arises as a sym-
metry of the e-form connection matrix B(A). In particular, by the definition of
ref. [310] the matrix B() is self dual if there is a constant matrix M such that
B(A) = M'B(A)M is persymmetric, i.e., it is symmetric with respect to the
anti-diagonal. This is equivalent to saying that B fulfils

B(A) = KyB(A)K,', (5.98)
with
00 ... 01
00 10
Ky=KL=Ky'=[: .7 +]. (5.99)
01 ... 00
10 00

It was observed in |21} 22 [107] that the differential equation for multi-loop equal-
mass banana integrals satisfies this property. These integrals are related to one-
parameter families of Calabi-Yau varieties, where self-duality is expected to be a
feature of the Gauss-Manin connection at € — 0. A more detailed discussion of
this property was given in [310].

5.2.2 Bases in (-Form and the Intersection Matrix

The main aim of this section is to establish a connection between properties of
the differential equation (being in C' and e-form) and the intersection matrix for
certain bases of (cuts of) Feynman integrals. The crucial result needed for this is
the following theorem of [226]:

Theorem 5.2. Consider two systems G;(X, €) in e and C-form for the same algebra
Ag and of the same dimension N. They fulfill differential equations

dext Gi( A\, €) = eBON)G;(N,e), i=1,2. (5.100)
Assume that there are matrices of full rank,
A(X e) € GL(N,Ag ® K(¢)) and H(e) € GL(N,C(e)), (5.101)
such that
Gi(Ae)(H(e) ) Go(A, ) = A(Ae). (5.102)
Then dA (X, e) = 0.

Proof. By eq. (2.104]) we know that e-form differential equations can be solved with
path ordered exponentials

G; =P (X ) Goule), (5.103)
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where the G, () are constant in KN*N. Then eq. (5.102)) takes the form

AN e) =PU(A e) (Hin(e) ) PN )T, (5.104)
with
Hiy(c) = (Gor(e) ™) H(e)Goale) ™" (5.105)

We expand A(x,¢) in g,

Aii(\€) Z b Al (5.106)

k=ko

and consider each of the coefficients AE?(A) separately as a function of A. By
our assumption, we know that Al(f)()\) € Ag C F¢. On the other hand, due to
eq. (5.104)), we know that Agf)()\) € E§ = C ®k Eg and thus takes the form

AP =3 &k T(w) (5.107)

weE By

with c” % e C and J(w) € Eg. Due to Theorem , this trivially implies, that

0= > & Jw)+ (- AP N)I(0). (5.108)
DAweBy

Since we assumed that both differential equations are in C-form, the J(w) are
linearly independent over F¢, by Theorem . Thus, c” k=0 for all w # () and

k ijk
AP = ec. (5.109)

The matrix A is constant in \. O

Towards Feynman Integrals Whilst this statement is generic for two systems
in € and C-form, we want to apply it for systems of (cuts of) Feynman integrals
(which can always be interpreted as (relative) twisted periods). In general, we aim
to compute a vector of master integrals I(A, ¢) that fulfils a differential equation of
the form deI(X, €) = A(X, 2)I(A, €), as given in eq. (2.98). One can choose a basis
of the (relative) twisted cohomology group defined by the integral family, so that:

I(Ae) = (/ <I>s0u) | (5.110)

=1,...,

where 7 is some cycle. One can also choose a basis {7;};—1. a for the twisted
homology group and define a period matrix P;(A,¢e), which satisfies the same
differential equation as I(\,¢), besides simple boundary terms. As described in
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Subsection [2.5.2] we first bring the basis in canonical form (which here we replace
with e-form and C-form) via a transformation
J(Ae) = U e)I(A ) (5.111)
(or equivalently ¢ ; = U, or P; = U Py), so that the new basis fulfils a differential
equation in e- and C-form that we denote by
dext I (N, €) = eB(A)J(A, ¢) . (5.112)
We assume here, that this transformation to C-form can be found for the given
integral family. The entries of the connection matrix B(A) define the related algebra
Ag. Similarly, we can define the respective dual objects by considering the dual
twisted cohomology group defined by the integral family. Starting with some basis
of dual master integrals I(A, e) that is defined by integrating the dual basis of co-
cycles ¢, along some dual cycle and fulfills a differential equation dexI(A &) =

A (X e)I(Ae), we assume that we can find a change of the dual basis

J(A,e) =T e)I(X,e) (5.113)
so that the new basis fulfils the ¢ and C-form differential equation
dextd (A, €) = eBA)I(X,€) . (5.114)

Differential equations and their canonical form for dual integrands were studied
in detail in [47, 49, 308]. Again, we assume that the differential equation is in
C-form and the algebra it defines is the same as the one defined by the non-dual
connection, Ag. We can also choose some basis of dual cycles %; and define a dual
twisted period matrix related to the Feynman integrals family P (X, ). From the
starting bases and the canonical bases we compute intersection matrices

1

Cr=— A @
1 (27TZ)”/XLPI Pr

1
Cr=—+ AP,
J <2m.)n/X90J P

In general, for a simple choice of initial basis (e.g. the dlog basis) the entries of the
intersection matrix Cy(, €) are rational functions of € and the kinematic parame-
ters A. Algebraic functions are generally introduced due to the transformation to
an ¢- and C-form basis. The intersection matrices are related by

(5.115)

(5.116)

C;=Ue)Cr(A ) U e)T. (5.117)

The entries of C;(X,¢) lie in Ag ® K(¢). The twisted Riemann bilinear relations
of eq. (4.58)) in the e- and C-form basis take the form

(2mi) Py (A ) (H(e) ) Py(A,e)" = Cy(Ne). (5.118)
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This relation has exactly the form that the relation required for Theorem [5.102
to be fulfilled need to have, considering that both intersection matrices necessarily
have full rank. Thus, we can conclude that

dexs Cs (A, ) = 0, (5.119)

i.e. the intersection matrix is constant in the external parameters if it is computed
from C- and e-form bases.

Theorem 5.3. The matriz C () computed from canonical (e-form and C-form)
bases can be written as a product

C,(e) = CYCy(e), (5.120)
where C§ € GL(N,K) is a constant matriz of full rank and C,(e) € GL(N,K(e))
is a matriz of full rank that commutes with B(X)T.

Proof. Using eq. (4.63), we give differential equation for the intersection matrix
C J-

dexsC (A, €) = eB(A) C;(A) +CA) BA)T . (5.121)
From eq. (5.119), we know that dexC (A, ) = 0. Thus:
B(A) C;(A) = —C;(A) BT (5.122)

Both, B(A) and B(A) can be written in the basis of Vg and we can expand the
intersection matrix in € around zero:

Cy(e) =e" Z cre” (5.123)
k=0

for some integer m. Then eq. (5.122)) is equivalent to the set of equations
Bicjr = —c;.BT, 1<i<p,k>0. (5.124)

Since for generic € the intersection matrix is non-degenerate, there must be some
specific g5 € C, such that C;(gy) has full rank. We define CY = Cj(g¢) and
C,(e) = CYC,(e). The values of ¢ for which C(¢) fails to have full rank are those
for which det C;(¢) is either zero or infinity. Since det C;(¢) is a rational function
of e, it has a discrete and finite set of zeroes and singularities. Consequently, there
exists a neighbourhood U around € = 0 such that C;(e) maintains full rank for
all e € U — {0}. The set U — {0} contains infinitely many rational numbers, from
which we can choose one to be gy. Given that C(g) € K(e)V*V it follows that
every entry of Cgy belongs to K. Then, eq. evaluated at ¢ = ¢ takes the
form

B(A) = -CyB\)T (€))7 . (5.125)
We insert this back into eq. for generic € and find:

B(A)TC,(e) = Cy(e) BT . (5.126)
Thus, we see that B(A) and C;(¢) commute. O
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Let us make some comments on what we have found in this section:

e The fact that the intersection matrix between a e-form and C-form basis
and dual basis needs to be constant confirms the observations made in the
study of dual differential equations in [47, 49]. In those cases, the canonical
dual basis that was constructed turned out to be orthogonal to the known
canonical basis in the sense that C; ~ 1.

e The assertion that the canonical basis and the canonical dual basis are or-
thogonal or related in a simple way allows one to use knowledge of one of the
two to construct the other. Additionally, the assertion that the intersection
matrix should be constant in the e- and C-form bases gives us additional re-
lations that one can use to find these bases. We comment on this specifically
within the context of the algorithm of [24], that we review in Subsection[6.1.1}
In the last step of this algorithm, one makes an ansatz for a rotation that
removes ¥ entries of the connection matrix. To solve for the entries of this
ansatz, one needs to solve the differential equations that result from the re-
quirement of e-form. But, one can also compute the intersection matrix after
this rotation-ansatz and require it to be constant. This requirement gener-
ally leads to a number of algebraic relations for the entries of the ansatz (new
functions). We confirm that this works experimentally with several examples
in Chapter [6]

Thus, practically we have two ways to make use of the results of this section:
We can interpret the constant intersection matrix as an informal check for having
obtained a canonical basiﬂ. On the other hand, we can use the assumption, that
in the correct basis the intersection matrix should be constant to determine this
basis. This is particularly useful for maximal cut families and that is because for
maximal cuts, we have the discussed self-duality property of the period matrix that
allows us to relate period matrices and dual period matrices and reduce the amount
of new objects in the TRBRs.

5.2.3 Maximal Cuts in C-Form

In SectionB.1.2lwe found that we obtain bilinear relations for maximal cuts from the
TRBRs due to their self-duality property. Here, we explore how this self-duality
property can be used to further restrict the form of the intersection matrix for
canonical bases and establish a link to the self-duality discussed in [310]. The self-
duality property of a twisted (co-)homology group implies that one can chose a dual
basis so that the connection matrix of the period matrix and its dual are related by
€ — —&, see eq. . In that case, if the basis of the twisted cohomology group
is chosen such that its differential equation is in e- and C-form, the same is true
for the dual basis and

A, N) =eB(A\) = —eB(A) = A(—¢,\). (5.127)
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A family of Feynman integrals and its dual family share the same algebra Ag, they
correspond to different representations of the same Lie algebra gg,

p(eLi) = B'1 and ﬁ(e17i) = Bi . (5128)
For any representation p of a Lie algebra, there exists a corresponding dual rep-
resentation given by p* = —p!. Two representations p; and p, are equivalent, if

there is an invertible matrix M, such that p = Mp;M~!. Thus, the represen-

tation induced by the dual C-form differential equation coincides with the dual
representation p = p* as we see using eq. 5.125@:

pler) =Bi=— (C) " BI((C) ™) = (S prle)((CHT) . (5.129)

Schur’s Lemma (see eq.(2)) in Appendix [E) characterizes key properties of irre-
ducible representations. Here, we present a version particularly suited for the
analysis of C-form differential equations [226].

Lemma 1. Let B(\) be the matriz describing an irreducible system in C-form, and
M(e) € K(e)V*N. Then B(X) and M(g) commute if and only if M(e) is a multiple
of the identity, i.e., there is a rational function f € K(e) such that M(e) = f(e)1.

Proof. We express B(A) in terms of the basis w; and expand M(¢e) as a series in ¢,

M(e) = i M. (5.130)

k=ko

Then B(A) and M(e) commute if and only if
B, M, =0, 1<i<p, k>k. (5.131)

Given that the system is assumed to be irreducible, the representation p(t;) = B;
is irreducible over C. By Schur’s lemma, any operator that commutes with an
irreducible representation of a Lie algebra over an algebraically closed field must
be a scalar multiple of the identity. Hence, we have M, = A\, 1 for some )\, € K,
which confirms the claim. m

That means that if p is irreducible, so is its dual p*. By applying Theorem [5.3
together with Schur’s lemma, we conclude that C(e) = f(¢)Cy for some rational
function f. In general, the representation associated with the C-form differential
equation of Feynman integrals is not necessarily irreducible. However, we observe
that irreducible representations arise from the diagonal blocks. Specifically, for
the e-form and C-form canonical bases of the differential equation governing the
maximal cut and its dual, equation eq. holds and leads to

B(A) = (C%)" BA)T((C) )" (5.132)

in the limit ¢ — 0. That means, in ¢ — 0, the representation is self-dual. If we
additioanlly assume that the representation is irreducible E, we can show [226):
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Theorem 5.4. If the representation of gg is both self-dual (in the above sense) and
irreducible, then we have C(g) = f() CY, where f € K(¢) is a rational function of
e and CY € GL(N,K) is either symmetric or antisymmetric.

Proof. By the version of Schur’s lemma applicable to our case, we know that C(e) =
f(e) Co. So, we just need to show the symmetry of Cy. In a self-dual system,
equation ([5.132]) must be satisfied. We interpret eq. as an equation for Cg,
which is linear in Cy. Moreover, if Cy is a solution, then CJ is also a solution.
Schur’s lemma implies that the solution is unique up to a multiplicative constant,
SO

Cl =kCy, (5.133)

for some k£ € K. Taking the transpose of this equation, we find that £ must satisfy
k? = 1, leading to the conclusion that & = £1 and consequently Cy is symmetric
or antisymmetric. O

More details on the symmetric and antisymmetric cases and when either arises
can be found in [226]. Here, we just note that in the symmetric case, we can always
change to another canonical basis so that the self-duality property of eq. from
[310] is fulfilled.
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Hyperelliptic Maximal Cuts

In this chapter, we discuss canonical differential equations for maximal cuts of hy-
perelliptic Feynman integral families, using specific families of Lauricella functions
as defined in eq. as a model. The parameters are chosen such that, in
the ¢ — 0 limit, their integrand defines the polynomial equation of a hyperelliptic
curve.
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In Section [6.1] we review a method for finding a canonical differential equation,
following and then explain how the transformation to a canonical basis can be
determined for a genus-one example, as well as for both even- and odd-genus two
cases. These considerations should naturally extend to any genus. In Section [6.2
we examine the forms that appear in the resulting differential equation.

& This chapter closely follows previously published results , which were
obtained in collaborations with Claude Duhr and Sven Stawinski.
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In this chapter, we consider families of integrals of the form
Fh(Ae) = / dea 2P (z — 1) 2t (p — A)) "2t (z = \,) 2P (6.1)

Here B; = 11 + a;e, where v is a vector of integers, a; are some rational numbers, A
takes the role of the kinematic parameters and ¢ is a generic parameter resembling
the dimensional regulator. Up to a prefactor in the A, these integrals are linear
combinations of Lauricella Fp functions. For appropriate values of v, o, and A, the
maximal cut of the non-planar crossed box in eq. (2.67]) contains only integrals of
this form with n = 4. This motivates considering the class of integrals in eq.
as a model for maximal cuts of Feynman integrals. In Example [3.14] we already
noted that the non-planar crossed box is related to a hyperelliptic curve of genus
two via the polynomial equation defined by the ¢ — 0 limit of the maximal cut’s
integrand. This argument can be extended to all integrals of the form in eq. .
Taking v; = 0 and setting € — 0, the integrand defines the polynomial equation

v =x(x—1)(z—\)...(x = \,), (6.2)

which defines a hyperelliptic curve of genus ¢ as given in eq. (3.28)). We can
also interpret the Aomoto-Gelfand hypergeometric functions eq. (6.1)) as periods of
twisted (co-)homology groups. In particular, the twist of eq. (6.1]) is:

%Jrala(x _ 1)—%+aza(x _ )\1)—%+a36 (- )\n)_%+an+25

Sy = x~ (6.3)

and it defines the twisted cohomology group Higr (X, Vo, ), the twisted homology
group H;(Xy, Lo,;) and their duals with

Xy =CP—{0,1,\,..., A, 00} (6.4)

Thus, one can compute a period matrix, its dual and the intersection matrices
associated to a specific basis for this integral family, as explained in Appendix [B]
Note also that choosing a basis of differentials for Hig (Xu, Vs, ) is equivalent to
choosing a basis of master integrals.ﬂ

6.1 DEQs for Hyperelliptic Lauricella Functions

In this first section of the chapter we focus on obtaining the canonical differential
equation.

6.1.1 Review: Algorithm

Here, we provide a partial review of the algorithm in [24]. We only cover the
steps relevant for the maximal cut while omitting detailed discussions of its full
intricacies. Instead, we focus on the key concepts needed for the discussion below,
with an emphasis on hyperelliptic Feynman integrals. For further details, we refer to
[24]. Additionally, we highlight where ideas discussed in Chapter |5/ can complement
the method.
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Step 1: Initial basis We consider a family of integrals that define the maximal
cut of a Feynman integral family. To set up the differential equation, we first choose
an initial basis of master integrals. A good choice of initial integrals significantly
simplifies the subsequent steps. It seems that selecting a basis of integrals that
satisfy the Hodge filtration of the underlying geometry is a particularly suitable
choice [8, 24, 107, 311, 312]. Practically, this requirement is often fulfilled if one
chooses as the first (set of) master integrandﬂ holomorphic ones, and then adds a
set of their derivatives with respect to the external parameters. The remaining basis
elements are completed with integrands that introduce additional poles (punctures
on the geometry). This choice of initial basis is referred to as the derivative basis.
Let us make this more clear by considering specifically maximal cuts of hyperelliptic
integrals.

Example 6.1 (Initial Basis for Hyperelliptic Maximal Cuts). In this case, the
integrand should always contain a factor similar to the one in eq. . In the
discussion below, we consider exclusively this factorﬁ Naturally, one can choose a
basis of integrands as indicated in eq. , 1.€., select g first-kind differentials, g
second-kind differentials, and any additional differentials required by extra branch
points. We find that this is not a good initial basis that simplifies the next steps.
Instead, we choose for the second kind differentials independent derivatives of the
first kind differentials. In particular, each second-kind differential can be taken
as the derivative of one of the first-kind differentials. Naturally, there is some
freedom in the choice of differentiation variables and we make a symmetric choice
by summing over all derivatives:

second kind

first kind T ! third kind
C C
Wi, ..., Wy, E O, 01 -+ - E O\, g, W™, w?, .. .. (6.5)
A A

In Feynman integrals related to Calabi-Yau varieties instead of Riemann sur-
faces, the notion of Abelian differential does not exist and one has only one holomor-
phic differential. In that case, one can build a derivative basis by also considering
higher order derivatives of the holomorphic differentials |18, |107].

Step 2: Semi-simple Rotation. The crucial step of the method is the rotation
by the inverse of aE| semi-simple part & of the period matrix at ¢ — 0. It appears
that this rotation with S™' ensures that, after correctly performing the subsequent
steps, we obtain an e-form basis that is in C-form, in contrast to simply rotating
with the inverse of the full period matrix at ¢ — 0. Note that at this stage, there
may still be hidden relations between the periods in the new differential equations
(e.g., spurious zeroes). To see that the differential equation is fully simplified, it is
necessary to also account for quadratic relations between the variety’s periods. We
discussed how these relations can be derived for any geometry using a limit of the
twisted Riemann bilinear relations in Section [£.1.21

Obtaining the canonical basis from a rotation with ™! was first advocated for
Feynman integrals related to elliptic curves in [163, 313] and was later systematised
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cohomology, and trans-
lating this into a ba-
sis of master integrals
is straightforward.

3In general, maximal
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Feynman integrals
might contain addi-
tional factors of the
form (z — &)°. These
vanish in the limit
€ — 0 but necessitate

additional  punctures
on the Riemann
surface.

See also:

Examples for genus one
and two can be found

in eq. (6.17), eq. (6.44),
and eq. (6.79).

4This involves a choice
of semi-simple and
unipotent part.




5To decouple them, one
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transformations
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and applied to various Examples of Feynman integrals associated with higher-
dimensional Calabi-Yau varieties in [24].

Example 6.2. For hyperelliptic Feynman integrals, the period matriz at ¢ — 0
generally takes the form

A B * A 0 0 1 Q «
PiA)=A B x|=(.A CyA'T 0 0 1 x| =8yUy, (6.6)
0 0 «* 0 0 1 0 0 «*

with the entries * denoting entries related to master integrands due to the additional
punctures and the (quasi-)period matrices A, A, B, B as defined in Section . Cy

15 some normalization factor.

Step 3: Rescaling with ¢ and Reordering. After the second step, generally
some entries are not yet in e-form. To integrate them out in the final step, we first
need to find a transformation that moves all such entries below the diagonal, i.e.,
we aim for a lower-triangular ¥ part in the connection matrix. In general, this is
achieved by rescaling the master integrands with functions of € and appropriately
reordering them.

Step 4: Integrating out. After step three, the non-e-form entries are in the
lower-triangular part of the connection matrix. In the final step, we aim to eliminate
these entries and obtain a C-form differential equation. To achieve this, we make
an ansatz for the final transformation, which takes the form

Ut . ]."‘U;z (67)

with the only non-zero entries of UY being undetermined functions u;(A, €) where
we have €° terms in the differential equation. To determine these, we transform
the differential equation using this ansatz and impose the condition that the re-
sulting equation must be in e-form. This requirement leads to a set of coupled
differential equationsﬂ for the u;(A,¢). In general, these differential equations can
be solved formally by integration. Initially, one has to consider these integrals as
new functions: functions that are not rational in the kinematic variables A and
the periods appearing in the differential equation. In order the result in a minimal
amount of special functions, it is useful to understand these functions explicitly and
to minimise the number of independent new functions that we do not understand
how to express in rational functions of each other, the kinematic parameters and
the periods. At the same time, we seek to obtain a differential equation in canon-
ical form, not just in e-form. We have classified the C-form of Definition as a
conjectural generalization of the canonical form and have an explicit criterion to
verify this property for maximal cuts. Specifically, if both the basis of integrands
and the dual integrands (which can be obtained directly from the integrands in
the maximal cut case) are in C-form, then the cohomology intersection matrix is
constant, see eq. (.119)). This criterion can be applied to ensure that the resulting

170



Chapter 6

differential equation is in C-form while simultaneously revealing relations among
the new functions. To achieve this, we compute the cohomology intersection matrix
of the basis after the final transformation (which still contains the undetermined
functions u;(X,€)) and impose the condition that it must remain constant in A
while being e-factorised [

This requirement provides a set of algebraic relations for the u; (A, ) in addition
to the differential equations obtained from the e-form condition. These algebraic
relations are generally simpler to solve and allow us to express a subset of the
new functions u;(, €) as rational functions of the remaining new functions, A, the
periods, and e.

6.1.2 Elliptic Hypergeometric > Fi-function

We start with an example related to an odd elliptic curve, i.e., a hyperelliptic curve
of genus one: the normalised o F) family and in particular integrals of the form

v (\e) = / Loy _ )bt _ ) -demtas (gg)
0
Twisted Cohomology: The twist is
Bppp = a2 TN (p — 1) 75 (g — N)TarE (6.9)
We start with the basis of master integrands
@}{73 =1 and 90%[73 =z. (6.10)

This choice is inspired by the canonical Abelian differentials of first kind in eq.
and second kind in eq. kind on the elliptic curve and we choose for the dual
basis the differentials ¢4 5 = ¢k 5 (®y3l-50)°. The initial intersection matrix of
the twisted cohomology group Hig (Xu1, Pm1) is

0 -2
0 — e(a1+az+a
Cgfa)l - < 2 46(1(J1ri)\8a11i)\2;;+3¢23 ) . (611)
14+2e(a1+as+a3z)  (—1+2e(a1+az+a3))(1+2e(a1+az+a3))

Elliptics: The choice eq. (6.10) correspond to an initial basis of master integrals

Ig?g(/\, ) = (]:%0’0()\), .7-—}1’0’0(/\)) The odd elliptic curve defined by the integrand
takes the form

' =x(r—1)(z— )
As discussed above, the period matrix P 3 is central to the method and we com-
pute it with the basis eq. (6.10)) of differential and the canonical a and b cycles. As

in Examples [3.1] and we denote its entries by wy,wsa, 11, 1m2. We split the period
matrix into a semi-simple and a unipotent part,

(6.12)

w1 0

)6 )
m 2\ 1)

CPys=S8SusUps = ( (6.13)
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In fact, since we only
proved one direction,
it is not clear that
the DEQ is in C-
form when the inter-
section matrix is con-
stant. But we found
that we can practically
still use this restriction.
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the intersection matrix
after the transforma-
tions, one can first
compute the intersec-
tion matrix Cg of the
initial basis and then
apply the full transfor-
mation, including the
ansatz U:

C; = U(e)CoU(—¢)T.
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Note that in this basis choice, the a-cycle (quasi-)periods are explicitly given by
the expressions in Example [3.8

Initial differential equation: This vector of master integrals satisfies the differential
equation

Iy (A 2) = dA [Ags(X, )] TP5(N 2) = dX [ARL (V) + AN I (M e).

(6.14)
with
(0) _2(,\1—1) 2>\(){—1) (1) _m;())\\il)ag a1>\+§2+a3
AWM ={_"1T 1), A= G aterts | -
2(A=1)  2(A=1) T -1 A—1
(6.15)

For evaluating the integral after obtaining the canonical form, we also need a bound-
ary value and we choose as a boundary point A = 1, where

T (% + a1 + I/1> r (1/23 -+ 8&23)

6.16
r (% + Vig3 + € 61123) (6.16)

IZI,?,(l) — (_1)V23+6a23

for Re (1 + £a1) > —3 and Re (193 + £a93) > 0. A canonical differential equation
for this family was first obtained in [144] and we rederive it with the algorithm
reviewed in Section [6.1.1]

Step 1: Derivative Basis. As a first step, we rotate the starting basis of
eq. (6.10) to a derivative basis as described in eq. (6.5). That means, we rotate
with the matrix

U(1)=< ! 0 ): ,\211,\ A2 ; (6.17)
H3 (AH,3)1,1 (AH,3)1,2 A+ 5[;)\1&(_;) )as] + ;[/{1(1)\+_a12)+a3} .
such that
f0,0,0()\)
I\ &) = UL T (A :( H ) 6.18
H,S(  €) H3 H,S( ,€) 8,\.7:%0’0()\) ( )

1 1 1 \~1L 1 1)\~ L
and Biys(\,e) = dUY, (Uys)  + Uy Aws (UY))

Step 2: Semi-simple Rotation. Since we already transformed the basis in the
first step, we also need to rotate with the transformed semi-simple part, which is

S\ = UL Saleno (6.19)

-1
and consequently the second transformation matrix is Ug?g = (83)3) . After this
rotation, the differential equation takes the form

-1 _1

B4\, e) = dU, (UT,)  + U, BY, (UF)) (6.20)
_((M)(oo) <00)2
=\oo JTle o)t e/
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Step 3: Rescaling and Reordering. In order to get rid of the €2 entry, we
rescale the entries by powers of €. The corresponding transformation matrix is

3 e 0
U, = <0 1) . (6.21)
After this transformation, the connection matrix has the form
3 3 3)\ 1 3 2 3)\ 1
Birs(\.c) = AU, (Ugy) -+ U, By, (UYh)
_( 00 >+< 0 e >
e 0 o o &

with the matrices explicitly given by

0 0
BO(\) = ( ) , 6.22
90 = (0 (6:2)
0 s
(A=1)Aw?
Bél)()\) = (_03(a1+a2+a3)w% (A—l)a1+/\a2+(l2/\—1)a3> ) (623>
i A(A=1)

where p()) is a function quadratic in the (quasi-)periods

p(A) = %ﬁ [—Awi(as + az) + 71 (A — 1)ay + Aag + (2X — 1)as)] . (6.24)

Step 4: Integrating out. We now rotate away the £ part in eq. (6.22)) and
obtain the canonical differential equation. To this end, we make the ansatz

1 0
U%,):}()‘) = (UO‘) 1> ) (6.25)
and define
Ups = Ug,)sUS,)sUg,)E',US,)B, . (626)

Here, we fix u(\) by requiring that the ensuing connection matrix
4 4 4\ 1L 4 3 4)\—1L
Bis(\e) = dURL (URL)  + UGS BE, (UR)  =eBus(\)  (6.27)
is in e-form and the intersection matrix takes the form
4 0
Cg{?g = UH73 . C§{7)3 (UTI;,S‘€_>_€> = f(E)AHg (628)

with Ay 3 a matrix that is constant in A and €. The first requirement in eq. (6.27)
implies the differential equation

du(A) + p(A\)dA =0, (6.29)
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whose formal solution is
A
Upg(A) = —/ qu(X), (6.30)
Ao

for some choice of basepoint Ag. The second requirement in eq. (6.28)) is

0 £
Ca = (¢ = 2riu()) — w(ar(A T 1) + Aag + a5(2A — 1))]) = J(©)Rus-

(2

(6.31)
One can immediately deduce, that we can choose
fle) = (6.32)
I = — .
T

and that requiring the A-dependent (2,2) entry to vanish is equivalent to requiring
that

2miu(N) — wi(a; (A — 1) + Aag +az(2A — 1)) = 0, (6.33)
which implies that
iwy
27

This solution also fulfills eq. (6.29)). We define the basis for this choice of u(\) to
be

u(A) (a1(A—1) 4+ dag +az(2A —1)). (6.34)

Jaz=Upggs 1(137)3 (6.35)
and its differential equation takes the form

€BH73(>\, 6) = dUH73 (UH73)71 + UH73 AH73 (UH73)71 (636)
(6.37)

The intersection matrix of this bases and the corresponding dual canonical basis is

Cus= K. (6.38)
17T

6.1.3 Three Parameter Lauricella Function

Next, we present our first genus two example, namely the family of integrals

1
575()\, g) = / (= 1) (x — M) (x — A)™(z — N3)*dx
0

1
Wlth o; = —5 =+ a;e + vy,
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which depends on the three parameters A = (A1, A2, A3) that we consider to be real
and ordered as A3 > Ay > Ay > 1. As our initial basis of master integrals we choose

dx xdz U0 (2)dz V2O (2)dz g
1(13,)5 = (/ —xnu5(T), _XH,5(x)7/#XHﬁ(x))&XHﬁ(x))
LY y Ly y

N
(6.39)
with v = (0,1). Here, we introduced the abbreviations

Xus(x) =M (x — 1) (x — M) (z — Ag) ™ (x — A3)®°, (6.40)
and the functions \I/fo(x) were defined in eq. (3.51)). The differentials in (6.74) also

define a basiﬂ of the twisted cohomology group with the twist ® = yg5(z)/y. We

denote the initial intersection matrix obtained from this basis by ng. Again, the
basis of differentials is inspired by the Abelian differentials of a hyperelliptic curve,
namely the one defined by the polynomial equation

v =z(x—1)(z — M) (@ — ) (2 — A3) . (6.41)

Explicitly that means that the integrands of the master integrals reduce to the
Abelian differentials for ¢ — 0. In particular, the a- and b-periods reduce to the
A and B periods in that limit. Again, we decompose the full period matrix into a
semi-simple and a unipotent part:

A B A 0 1 Q\
Pus= (4 8) = (2 smian) (o 7) = Smsttus 002

The initial differential equation is

dIs (A 2) = Ams(\ oI5V e) = [ARLN) + AN T5 (L e),  (6.43)

where d = 377 d)\;0y,. The matrix Ap (), €) consists of one-forms in these vari-
ables and the corresponding functions are rational in the .

Step 1: As a first step, we rotate the starting basis of eq. (6.10) to a derivative
basis as described in eq. ((6.5]). Specifically, we transform to a basis

dz xdx i dz 5 xdx
L= { [Ta@, [“x@). Yo [ [ Sxt@)] Yoo [ IE=CINE
v Y v Y i—1 v Y i—1 v Y
(6.44)
To transform to that basis, we rotate with the matrix
1 0 0 0
0 1 0 0
uo [ ] ) A 6.45
157\ R Rushe Rus)is (Aus)is (6.45)
(Ams)2y (Ams)ee (Ans)es (Ams)ea
with A = Alqr,—1. The differential equation after this rotation is
—1 —1
Bis(\e) = dUy) (ULL)  + UYL Aps (UYS) (6.46)
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Step 2: As for the elliptic Example, in the second step we rotate with the inverse
of the semi-simple part of the period matrix of the hyperelliptic curve, which is

84 = UYL Sslso. (6.47)
We define a new basis by
2 2) (1
ISLI,)5 = U(H,)5I(H,)57 (648)
with
2 !
ug, - (5, (649
and new the differential equation is
2 2 2) \ 1 2 1 2) \ 1
Bis(\,e) = dU; (UTs)  + U, By (U)) (6.50)
00 @ e e o 0O 0 00O
B 00 e o n e o 00 n 0 000 2
o 000 O o o o o c e ¢ 00 <
000 O e o o o e o 00
(6.51)

Step 3: In order to get rid of the €2 terms, we use the transformation matrix

e 000
@ [0 e 00
Uys = 00 1 0 (6.52)
0 0 01
We define a new basis by
3 3) (2
I7s = Ulslirs, (6.53)
and the differential equation
3 3 3)\ L 3 2 3)\ L
Birs(\.e) = dU (URS)  + UL By, (UY)) (6.54)
0 000 e o o o
0 000 e o o o
= — + . o e e €. (6.55)
e (00 e o o o

The entries of the connection matrices are:

By () = <:<O)\) 8) , (6.56)

—

6 (ATBNA ATB(N) (AT
Bizs (M) = <ATBS<A>A ATB4(>\)(A‘1)T)

where Z(A) is a 2 X 2 matrix of differential one-forms, which can schematically be
written as

(6.57)

E) = ATZ (VA - ATS, (M)A - A S50 A, (6.58)

with each Z;(A) a matrix of rational one-forms in the parameter A.
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Step 4: To remove the remaining ¥ terms we make an ansatz for the final trans-
formation that takes the form

4 _ 1 0)
Ul = <UH,5(}\) 1) (6.59)

where ug 5(A) is a 2 X 2 matrix of undetermined entries. We obtain them by requir-
ing e-form and a constant intersection matrix. For this, it is useful to decompose
uy5(A) into a symmetric and an antisymmetric part,

= (0 (). o

The differential equation imposed by requiring the differential equation to be in
e-form is

It is significantly harder to solve than the algebraic equations imposed by requiring
a constant intersection matrix. Those are obtained by first defining

UH,5 = U(Ifll,)5 Ug,)s U(1127,)5 Ug,)s (6-62)
and then computing
00 1 0
CiaA ) = UnsCi0e) Unsle ) == (| o 0 0 |+ (663
0 1 vy w3

where vy, v9,v3 are some rational combinations of the parameters A, the periods
and the unknown functions. Requiring that this matrix takes the form f(e)Aps
with A5 constant, we read off

3

fH75(8) = F (664)
and impose that the v; vanish. We find
1 2
uo‘,5(A) UU,S(A>> _ T S
(E) L) ~A7Mis04, (009

where M 275()\) is a symmetric 2 X 2 matrix of rational functions. For a; = 1 it

takes the form
1 2(89—83) 1—3,—35 )
s 2 3 1 2
M5 = 87t <1 —S51—5 451—06 ‘ (6.66)

The 55, are the k" elementary symmetric polynomials in the branch points A, A2, As.
In that way, we have used the four relations obtained from requiring a constant
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intersection matrix to fix the four symmetric parts of the new functions. The
intersection matrix now takes the simple form

0010

4 : L0001
CE‘I,)E)()‘a €)= fus(e)Ans with Ap s = sl 1000 )" (6.67)

0100

which is proportional to the exchange matrix K, after swapping the third and
fourth basis elements. The antisymmetric function is still only defined by the
differential equation

A
My 5

(—ua(;()\) ua’%(A)> = — : P, (6.68)

i.e. there is one remaining new function. For more details on the solution of
the differential equation, see [34]. This feature is different to the elliptic case we
considered in the previous example: For the odd elliptic curve we could express all
(one) entries of the ansatz as rational functions of periods and branch points A,
now we obtain one proper new function u,s, which we cannot determine by the
algebraic equations we obtain from requiring a constant intersection matrix. Of
course, we cannot exclude that there might still be some way that the function can
also be expressed in rational functions of periods and branch points, but we have
excluded some general forms in [34].

Canonical Differential Equation We define the basis after the final rotation
to be

Jis = Upslyy (6.69)

and its connection matrix is
eBus(A) (6.70)
= dUps (Uns) ™ + Uns Aps (Ups) ™ (6.71)
_ < A8, — B, M7 ;) A A8, AT )

A" (B + M?I,E:/Bl - Mi,552M§{,5 - B4Mi,5)«4 A"(B, + M?I,Lfﬁz)A_lT
(6.72)
—AflﬂzAflTMﬁ,s 0

- <Mg,5~’4_1(51 - IBQM%,E))A - AT<M%,552 + /34)A_1TM?I,5 MIIL—_‘I,sA_152A_1T

0 0
“(Cnegapamay, o)
—Mﬁ@A '8,A 1TM2,5 0
where we decomposed the matrix according to the degree in the new function M 2’5.
We investigate the properties of the functions that enter By 5(A) in more detail in

Section [6.21
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6.1.4 Four Parameter Lauricella Function
As a second genus two Example we consider the integral family
1
I’;T,ﬁ(/\7 g) = / M (z —1)%%(x — A)®(x — X)) (z — A3)*(x — A\g)*odz
0
1
with o; = —5 + a;e + Vi, (673)

which depends on the four parameters A = (A1, A2, A3, Ay) that we consider to be
real and ordered: Ay > A3 > Ay > A > 1.E| As an initial basis of master integrals
we choose

10, — (/Vx(x)d—;,Ax(x)%,/Vx(x)w,[/X(m)@;eg)dx7Lx(x)x2;I>T

(6.74)
with U2°(z) defined in eq. (3.53) and

X(x) = M (x — 1) (z — A) % (x — Ag) ™ (z — A3) "% (x — A\g)?®o°, (6.75)

The differentials in (6.74)) also define a basisﬂ of the twisted cohomology group
with the twist ®5¢ = x(z)/y. We denote the initial intersection matrix obtained
from this basis and its self-dual by Cg?G. The integrand defines the following even
hyperelliptic curve of genus two:

v =x(r —1)(z — M)z — X)) (2 — A3)(z — \y) . (6.76)

Since the hyperelliptic curve is even, it has a puncture at co. The period matrix of
this hyperelliptic curve can be decomposed into semi-simple and unipotent parts
in the following way:

4 B~ * 4 0 0 1 Q
Pus=|A B «|=|.A4 8niA'T 0 0 1
0 0 1 0 0 1 0 O

= SH,G UH76 . (677)

e

The entries x represent integrals over the additional cycle around oo that was not
present in the odd case. The initial differential equation is

AL\ 2) = Ams(X o)L e) = [AF(N) +eAl (V)] TP (N2),  (6.78)

where d = 31 d)\;dy,. The matrix Ap (), ) consists of one-forms in these vari-
ables and the corresponding functions are rational in the A.

Step 1: The first transformation — which is facilitated by the matrix Ug{,)e that

is a straightforward generalization of the matrix USL},’)5 in eq. (6.45) — leads to the
derivative basis

4

1, = ( / Zxta) / 2@ 3 o { / Zx()

1=1

4

1=1

Soon [[5)] [ PE)

8Note that this integral
family is equivalent to
the maximal cut of the
crossed box for spe-
cific choices of the )\;
as discussed in Section
242 Here we consider
the fully general ver-
sion with generic pa-
rameters \;.

9Explicitly, this basis is
given by
@i ¢ = dz,
w?{,ﬁ =xdr
e = UT°(x)de
T = U5 (x)de

e = rda
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The differential equation for this basis is

-1

-1
Bis(A ) = (dUys(X0)) (Us(Ae))  + Uls(A, e)BYs(A ) (Us(he))
(6.80)

Step 2: In the second step, we transform with the inverse of the semi-simple part
of the new period matrix at ¢ — 0,

I7s(A e) = Ui (WX ) (6.81)
. -1 -1
with Us(A) = (Sis(N) = (Ule(A 008s) (6.82)

and this change of basis leads to the new connection matrix
N -1
Birs(A€) = (AUs(N)) (Us(N) ™) + Us(NBlrs (Us(V) —, (6.83)

which takes the form

0 0 e 0 e o 0 0 o 0 000O

0O e 0 e o 0 0 o 0 000O

Bg?ﬁ(A,s): 00000 + e o o o o e+ e ¢ 0( o
00 0O0O0 e o o o o e o 0(0 o

e o o o ( e o 0 0 o 0 0000

(6.84)

The upper left 4x4 block has the same structure as the connection matrix Bg,)s()H £)
at this point. This makes sense: Those are the sectors which in both cases reduce
to a— and b—(quasi-)periods of the hyperelliptic curve in the ¢ — 0 limit. The
entries in the fifth row and column are related to the additional puncture at oo and
we obtain new structures from these.

Step 3: In order to get rid of the £ terms and bring all €° terms under the
diagonal, we perform the simple rotation

I e) = U)X e) with UR(e) = (6.85)

o OO O
S OO~ O
oo O O O
SO O O
S O = OO

After this rotation, the new connection matrix

B\ 0) = (AUR(0)) (USh(e)) + Ua(eBE (0 )(Ae) (U(0) .
(6.86)
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takes the form

0 0 00O e o o o o
0 0 00O e o o o o
Bg?ﬁ()\,g) = e o 000 + e o o o o £. (6.87)
e o o 00 e © o o o
e o o 00 e o o o o
Step 4: We make the following ansatz for the final rotation:
1 0 0 0O
0 1 0O 0O
U = usy ws2 1 00 (6.88)
Ugq Ugo Usz 1 0
us1 usz usz 0 1

with the unknown entries u; ; chosen such that the new differential equation matrix
—1 —1
Brro(A) = (dUsN)) (Uys(N)  + UnsVBigs(A.e) (Uis (V) (6:89)

factorises in €. To obtain the w;; from this condition one needs to solve eight
coupled differential equations for the eight undetermined entries. Again, it is a lot
easier to obtain a subset of the new functions by requiring that the intersection
matrix is constant. We define

Upe = Ug,)e‘ Ug,)ﬁ Ug,)(; Ug?ﬁ (6-90)
to obtain
0 0 0 0 —i=
0 0 0 — I 0
Cils = UnCWs (Upgless—.) = 0 0 - vsa Uss |
0 ' - ﬁ Vg3 Vg 4 Vg5
- 0 Us 3 Us4  Uss

(6.91)

where the entries v; ; are rational functions of the branch points \;, the periods A
and quasi-periods A and the entries u; ; of eq. . We require that Cp ¢ has
non-zero entries only on the skew-diagonal and the other entries are zero. From this
condition, we derive eight algebraic equations that can be solved for the u; ;. How-
ever, owing to the symmetry of the intersection matrix, only five of these equations
are linearly independent. We opt to determine the entries {us 1, U39, Us 2, Us 1, Us 2}
in terms of the branch points, periods, and the three remaining unknown functions
{141, u43,us3}. The intersection matrix then has the particularly elegant form

00 0 0 4

[0 00 o
Cr=——| 0 0 5 0 0 (6.92)

Vo £ 70 o0 o0

0 0 0 0

4

3
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We cannot rule out the possibility that the remaining components wuy 1, ua 3, us3
(or a subset of them) can be expressed purely in terms of the periods and branch
pointsm Regardless, they are determined by the differential equation, and given
the imposed constraints we have assume the differential equation is both in e- and
C-form.

Relation to the Non-Planar-Crossed Box Before concluding this chapter
with an analysis of the modular properties of the forms arising in the five-branch-
point case, let us briefly return to the non-planar crossed box, which originally
motivated the study of the integrals examined here and we discussed the non-planar
crossed box in Section 2.4.2l Tts maximal cut has entries of the form:

Max-Cut [LP"({pi - p;}, {mi})] = / 2 [Prh) F [P)] e

where the polynomials P'*®(z) are as defined in eq. and the branch points
are given in eq. (2.70)) and the following equations. These entries can be expressed
in the functions of eq. by making specific parameter choices. In particular,
one can write the maximal cut in twisted periods of the form

4

Fapen (8, 1,€) = AT /w_é(l' — 1)_% H($ — S\i)_%-*‘a dx
K i=1
with
5\ — /\I21Pcb . )\Tpcb’ )\ _ ()\npcb ATpCb)S\. (693)

This representation introduces distinct features compared to previous considera-
tions:

1. The integrals depend only on two parameters, s and ¢, which determine A
and the \;.

2. A prefactor A~2749) appears.

Both of these features are not obstacles. If we use the same initial basis as in
eq. but with the prefactor of the second feature incorporated and denote it

by I the resulting differential equation takes the form:

npchb?

dI(O)

npcb T

(6.94)

npcb *

- ar] -
BHs(A€) + (=2 + 4¢) 7] I
This modifies the e-dependence compared to the generic case without the prefactor.

However, we can rescale the basis by A2 and find for the rescaled vector of master
integrals the following differential equation:

O, with B (A e) = Bs(X.¢) <Z ;e ) 1.
(6.95)

dInpcb Bnpcb(A 5)1
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The additional term is already in e-form and since the identity matrix commutes
with all matrices, any transformation that renders Bg?ﬁ()\,g) canonical also does

so for Bg?6(5\,€). Additionally, writing the differential equation in the physical
variables (s,t) instead of the generic variables {A;,..., Ay} does not change the
e-structure and features of the canonical differential equation.

6.2 Modular properties of the Canonical Differ-
ential Equation

Finally, we discuss the modular properties of the canonical differential equations we
found in the first part of this chapter, specifically for the elliptic example By 3(, €)
and the genus two example By 5(\, €).

6.2.1 Modular Properties of the Connection Matrix By 3(, ¢)

One can change from variable A to the variable 7 in the differential equation
BH73()\,€) with
4 dA

= e (6.96)
or equivalently
dA(7) = %(A(T) DK (M) dr (6.97)

for our basis choice. In the variable 7 the canonical differential equation is

01 10 00
By (1) = (o 0) Wi s+ (0 1) w3+ (1 0) W3, (6.98)
where
@iy = 47 (6.99)
2
@i = KA [(1= A7) ) a1 +as + A7) as] dr (6.100)
161 - (a1 + az)? a? — asaz + ai(as +az)  (a; + as)?

3= ——K(\ 14 — 9L dr.

WhHs3 2 (A(m)7) [ A(T)3 A(T)2 A7) T
(6.101)

We can now ShOWE that this canonical differential equation is an example for a 1!Since the derivatives
differential equation in C-form with K = Q[i, r,71]. By partial fractioning the of K(A) and E(}) can

connection matrix By 3(\) we see that Ap is the differential closure of the algebra 2841 be expressed in
’ these elliptic functions

as 11 a I atio-
Q [ir*] [—1 ; (T),K(A(r)‘l),—l JEO() ™ (6.102) nal V\;’eilnczisonile§f§7
/\(T) K(/\(T)_l) the differential closure

only needs to contain
rational functions with
higher order poles in
0,1, but no new ellip-
tic functions.
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period of the elliptic
curve is not a modular
form for T'(2), but its
square is.

See also:
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cussed here and the
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tions p;, see Appendix
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More precisely, one finds that Ag corresponds to the algebra of weakly holomor-
phic quasi-modular forms associated with the congruence subgroup I'(2), with iz®
included. The above differential forms wj'q’B generate the vector space Vg. Further-
more, following the approach used in [314} 315], one can verify that VgNdFc = {0},
where F¢ = Frac(C ®k Ag), which confirms that this system is in C-form. The
general strategy relies on demonstrating the linear independence of the specific it-
erated integrals under consideration, an approach we will also employ later when
proving certain results about the C-form. Additionally, it is worth noting that the
connection matrix By 5 has only simple poles in A.

6.2.2 Modular Properties of the Connection Matrix By 5(, ¢)

As discussed in eq. , the a-period A is a Siegel modular form with weight
1® pﬂ for an appropriate congruence subgroup I' C T’y = Sp(4,Z). Since the hy-
perelliptic curves are in Rosenhain normal form, the relevant congruence subgroup
is known to lie in the principal congruence subgroup of level two ['y(2), see e.g.,
[316]. In particular, we find that A transforms as a Siegel modular form up to a
sign

A B

A— —ACQ+ D), for (C D) eIy (2), (6.103)

and consequently the square A? transforms as a Siegel modular form

Matrix eq. (6.72) Without New Function Mj

The first matrix of By 5(\, €), given in eq. (6.72)), which does not contain the new
function, consists of four blocks, all of which are Siegel modular forms of a certain
weight. These blocks correspond to representations

where GL(2, C) acts on appropriate representation spaces. Each p;; is a rank-two
tensor representation, explicitly given by (for M € GL(2,C))

pi1=pp ® pr : GL(2,C) = GL(V®V), puM)-T=MH"TM" (6.105)
p12=pp @ pp : GL(2,C) = GL(V®V), ppM)-T=M1H"TM " (6.106)
pa1 = pr @ pr : GL(2,C) = GL(V®V), pu(M)-T =MTM” (6.107)
pa2 = pr @ pp : GL(2,C) = GL(V®V), ppuM)-T=MTM !, (6.108)

where V' = C2. Since all these representations are reducible, we can further decom-
pose the Siegel modular forms into components with irreducible weights:

p11=pp @ pr =~ (Sym* @ det ') @ 1 (6.109)
p12 = pp ® pp =~ (Sym* ® det ™) @ det ™ (6.110)
pa1 = pr ® pp =~ Sym® @ det (6.111)
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paz = pr @ pp = (Sym* @ det ™) B 1, (6.112)

These decompositions can also be applied to the modular forms appearing in the
matrix of eq. (6.72)). To demonstrate this, we first introduce the local definition

B= ( IBI_IB2M%,5 /62 ) (6113)
By +Mi 58, — M 58,My 5 — B, M35 By+ My 58,/
so that the matrix in eq. (6.72)) takes the form
A'BA A'BpAY
ATBy A ATBy AT ) (6.114)

We consider in detail the (1, 1)-block and define

e (_01 (1)) (6.115)

We decompose the block into a symmetric and an antisymmetric part:
A'BjA=¢'eA B A (6.116)
11 /. - - - 1 /. ~ ~ -
= 6_1 [5 <€A_1B11A+ ATB{IA_1T€T> + 5 (EA_lBHA - ATBflA_1T6T> :| s

The first term within the square brackets transforms under the symmetric represen-
tation, up to an inverse determinant factor, whereas the second term transforms
under the trivial representation, meaning it remains modular invariant. Conse-
quently, the 2 x 2 block that appears in the canonical differential equation matrix
has been decomposed in terms of Siegel modular forms with irreducible weights, up
to a constant factor of € '. A similar analysis can be performed for the other blocks.
These observations confirm that the modular properties of the genus-one canonical
differential equation naturally extend to Siegel modularity at higher genus — at
least for the contributions without the new function.

Matrices with new function u,s(\)

Next, we also consider the other two matrices in eq. (6.70), i.e. the ones that contain
powers of u,5(A). We find that, due to thhis new function, the respective terms
cannot be interpreted as linear combinations of Siegel modular forms, irrespective
of the explicit value of u,5(A) as a function. As defined in eq. (6.68)), the matrix
M7 5 in which the new function uy5(X) appears is determined by the differential
equation

dMyp; + 2% =0, (6.117)

We assume now that Mﬁﬁ transforms in the same way as the symmetric part of the
matrix of new functions given in eq. , i.e., as a Siegel modular form of weight
p21; see (6.109). This would be necessary for Siegel modularity of the full differential
equation matrix. Applying a Siegel modular transformation to eq. as first
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proposed in [308] we obtain two constraints. These two constraints contradict each
other, i.e. they cannot be solved at the same time. Thus, unlike in the elliptic case,
the entries of the full differential equation matrix cannot be entirely interpreted as
Siegel modular forms; only certain parts of the entries exhibit this property. The
terms that disrupt the modular properties involve the new function wuy s5(A), which
explains why this issue did not arise at genus one.
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e In Section 24.1] we
introduced the kite and
sunrise integral fami-
lies.

e In Example we
discussed the sunrise’s
elliptic curve.

e In Sections B2 and
B-43]introduced all ob-
jects related to tori
that are needed for the
computations of the
kite integral family.
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The Kite Integral Family

In this chapter, we derive the canonical differential equation for the unequal-mass
kite integral family. This family is characterised by its five distinct parameters and
the two elliptic curves related to its two sunrise subtopologies.

N4
\'5/
(123)-sunrise (345)-sunrise

| |

=

(123)-torus (345)-torus

Figure 7.1: The Kite integral with its two sunrises and two tori.

These features require new ideas for the solution of the integral family. Specif-
ically, we develop a systematic approach to parametrise the kinematics on the two
tori. Finally, we express the canonical differential equation in Kronecker forms.
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In Section we give an extended discussion on the kite integral family, its master
integrals and elliptic curves. In Section[7.2)we explain the derivation of its punctures
and the canonical differential equation. In Section [7.3| we explain how to express
these differential equations on the two tori and finally we give some comments on
their integration and boundary values in Section

# This chapter closely follows previously published results [32, 33], which were
obtained in collaborations with Mathieu Giroux, Andrzej Pokraka and Yoann
Sohnle.
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7.1 The Kite Integral Family

We previously introduced the kite integral family I, in Subsection m Here, we
provide additional details necessary for its computation. Throughout this chapter,
we fix the dimension at D = 2 — 2¢. To compute the integral in another dimen-
sion with even integer part, one can use dimensional shift relations[317-319], as
explained in Section 2.5 The even dimensional case (specifically of course D = 4)
that we consider here is the one relevant for particle physics. The case of D = 3—2¢
is also relevant in certain cosmological applications , but not covered by the dis-
cussion given here. Additionally, in the following sections we choose p = mgs and
work with the dimensionless parameters

X02p2/m§7 Xl:m%/m§7 X2:m§/m§7 X4:m421/m§7 X5:m§/m§
(7.1)

which parametrise the kinematic space

K, ={X= (X, X1, X5, Xy, X;) € C°} — {Landau loci} . (7.2)

The solutions of the Landau equations for the kite integral were derived in [320]. D
These conditions ensure, that the expressions in elliptic integrals match the generic
integral expressions we give. Note also the branch choice given in eq. (7.14]).

The initial basis We use LiteRed to perform the IBP reduction of this integral
family and find a basis of master integrals. The initial basis we obtain takes the
following form

I = (111000, 110100, 101,100, 10,01,1,0, 10,01,0,1, 10,0011, : ;
511,005 12,1,1,0,05 11,2,1,0,05 11,1,2,0,0, L0,0,1,1,15 L0,0,2,1,15 L0,0,1,2,15 L0,0,1,1,25
; , , , , , , . (7.3)

L0, L1000, Lo, 101,105 ;

sty

[1.1.1.1.1)-

These basic integrals are presented diagrammatically in figures [7.2] and [7.6]
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Figure 7.2: Graphical representation of all Feynman diagrams from the basis

eq. (7.3)) that have two propagators.

ms 3
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m3

0]
0!
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mo ma

I1,11,00 I2,1,1,0,0

3 ms3
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Ii2.1,00

ma
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Figure 7.3: Graphical representation of all Feynman diagrams from the basis in

ma

1o,0,1,2,1

eq. ([7.3)) that are in the sunrises’ top sectors.

m2

Io,0,1,1,2
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my mi my

N b .
ms ma

ma

Iioia0 Iii0.0 I1,0,0,11 Io,1,0,1,1
ms ms ma
ma ms
ms ms ma
lo,1,1,0,1 I1,1,0,0,1 I1,0,1,0,1 Io,1,1,1,0

Figure 7.4: Graphical representation of all Feynman diagrams from the basis in
eq. ([7.3)) that are not the sunrises’ top sectors but have three propagators.

mi ma
mi ma
ms3 ms3
ms ma ms ma
ms

Iiia,1,0 I1,1,1,0,1 lo,1,1,1,1 T1,01,1,1

ma

mi ma

O0;

ms mo

[l.l.l).l.l

Figure 7.5: In the top line we give graphical representations of all Feynman dia-
grams from the basis in eq. that contain one sunrise as their subtopology and
have four propagators. We denote these the eyeballs. In the bottom line we give
the single diagram that has four propagators and no sunrise subtopologies.

Figure 7.6: A diagrammatic representation of the top sector of the kite integral
family, which contains only /; ;1.

192



Chapter 7

As already mentioned in Example[2.8] the kite integral has two sunrise subtopolo-
gies: One with propagators Dy, Dy and D3 that we call the (123)-sunrise and one
with propagators D3, Dy and Ds that we call the (345)-sunrise. We use the fol-
lowing colours: diagrams in green [or blue] either contain the (123)-sunrise [or
(345)-sunrise] as a subtopology or are a subtopology of the (123)-sunrise [or (345)-
sunrise]. The only exception to this colour coding is the kite (given in turquoise)
since it contains both the (123)-sunrise and (345)-sunrise as subtopologies. All
other topologies that do not contain a sunrise as a subtopology and are not a
subtopology of a sunrise are coloured . These are not associated with any of
the two elliptic curves and are polylogarithmic.

The Two Elliptic Curves As explained in Example the massive sunrise
integral is associated to an elliptic curve. Thus, there are two elliptic curves related
to the kite integral familyP|and we call them the (123)-curve and the (345)-curve. In
particular, we label all objects related to either curve by (123) or (345) respectively.
According to eq. the branch points for the two sunrise subtopologies in the
parameters X; are:

123)

VEEVER A = (V)

(123 345
)‘2 )= ) )\é )=

—( ( (7
—(1+ ( (7
M = —(1 = V/Xp)? M = —(1 - V/Xp)? (7.
”” — (VX1 — VX)) M = (VX = VX2 (7

Note that we consider the roots to be ordered: Ay < A for ¢ < j for both a €
{(123), (345)} F] We define the periods of these elhptlc curves (a € {(123),(345)})
with the standard canonical basis as in Section 2, albeit with a slightly different
normalization:

S 2 S . 1.2
_ 2/ 3 dx, _ 2K(k2) and w — 2/ 3 dx, _ 2iK(1 —k2) (7.8)

Q Q ?
Ya Cy

(073
1
Yo Cy

where

(A5 = A3 (A = AT)
(A5 = AT)(A =A%)

1
03‘25\/()@—)\?)()\4“—)\3) and 0 < k2 = <1. (79

In general, we consider the normalised period, which in this case takes is

o ws  K(1 —k2)

= = = cH. 7.10
R () (7.10)

Explicitly, we obtain for the elliptic moduli k2 of the two curves:

P 16/ Xov/X1v/ X5
U257 X2 (X 4+ X0+1) Xo+ X2+ (Xa—1) 2—8v/XovV/ X1 vV X2—2X, (Xo+1)
(7.11a)
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167/ XovV X4V X5
X2—2 (Xy+X5+1) Xo+ X7+ (X5—1) 2—8vXo vV Xuv/ X5—2X4 (X5+1)
(7.11b)

Kot = =

The two curves are each isomorphic to a complex torus 7, = C/A, defined by the
lattice A, = Z & 7,7 respectively. To translate from the coordinates (z,,y,) on

the elliptic curves to points z, on the tori, we use Abel’s map as given in Definition
3.10L In particular, for the (123) and (345)- curves they are

a 12
+ + ei[arg(xa—/\‘f)—arg(aza—)\g‘)] F( VU, ka) E

(Tay Yo) > 25 = 2K (K2) 5 for z, €R,

(7.12)
where F' is the incomplete elliptic integral of the first kind as defined in eq. (3.74])

and

a _ TN A
T r =AY A A

u (7.13)

For the expression in eq. ([7.11)) to be compatible with the integral expression for
the Abel’s map we make the branch choice

-1 z<Aforx>A\,
o —i Ay <x1 <)\G,
Yo 7P ST (7.14)
|Yal L Ay <a < A%,

i A< @ <AL

As we consider a space of five kinematic parameters, K, we also need five parame-
ters on the tori. One of them is the normalised period 7, and the remaining degrees
of freedom are accounted for by four punctures. More specifically, we do not work
on the tori themselves, but on the moduli spaces of tori with five punctures, M5,
where one of the punctures is the fixed point of the elliptic curve and the other four
are punctures z,;. A suitable choice of these punctures z,; for our computation is
one of the central problems solved in this chapter (as presented in [32]). Because
of the translation invariance on the torus, the punctures are best understood as
differences of points mapped via Abel’s map. Explicitly, we define them as:

2=z — 27 =227, (7.15)
The Initial Differential Equation We denote the differential equation that the
initial basis of eq. fulfils by

dl = A1, (7.16)

where d is the exterior derivative on K__ and the components of A are differential
one-forms on K_ . The connection matrix A fulfils the integrability condition of
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eq. (2.100) and takes the following schematic form:

> > > >
> > > >
> > > >
> > > >

(7.17)

>

I
> > >
> > >
> > >

A AAA A
A AAA A

HEENAAAA ¢

Here and in the subsequent sections we use the following colour /shape-code for the
entries related to the two sunrise subtopologies/tori: Entries related to the (123)-
sunrise are denoted by M, entries related to the (345)-sunrise are denoted by A, the
single entry that has both as a subtopology is denoted by 4 and entries related to
neither are denoted by e. All empty entries are zero.

7.2 The e-form Differential Equation

Our aim in this section is to construct a canonical basis J that fulfils a differential
equation of the form given in eq. . We start with the sunrise subtopologies,
where we use existing results [92]. Then we consider the four four-parameter eyeball
subtopologies before finally constructing the transformation for the full kite integral
family. Beyond the sunrise integral family the construction will always follow the
same scheme:

1. We insert the known transformations for the sunrise subtopologies.

2. We normalise the remaining diagonal entries by the inverse of their maximal
cuts in € — 0 to remove O(e?) entries on the diagonal.

3. We integrate out the remaining off-diagonal €° terms.

The final step is the crucial one in this construction and relies on understanding
the coordinates of the integral family on the tori.
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7.2.1 Sunrise subtopology

The massive sunrise integral family is the standard example for a Feynman inte-
gral family related to an elliptic curve and has been discussed extensively in the
literature 99, 100} [102105, 199} [308]. The two sunrise-integral families that
are contained in the basis we chose in eq. are:

T
Lii23) = (1110005 11,0100, 10,1,1,005 11,1,1,0,05 12.1,1,0,0, 11,2,1,0,05 11,1,2.0.0) (7.18)
T
Liz45) = (L0,0,1,1,05 L0,0,1,0,15 L0.0.0,1,1, Lo.0.1,1.15 o021, Lo.0,1.2.1, Lo0,1,1.2) - (7.19)

In the equal mass case, these integral families can be expressed on the moduli spaces
M7, ie., the differential equations can be written with the normalized period 7,
as its single parameter. In the multi-parameter case, the two additional parameters
of M{ 3 are given by two punctures:

: F(arcsin u(345),k(2345)>

) (123)
F ( arcsmy\/u;, -, k(2123)> (345 !
and z;~ 7 = , (7.20)

K (k) K ()
where we have dropped a 7 = 25 ~ 0 in the difference when using
and
a2 - (VX VX ) - (VR -1t (VE V) - (VE - 1)
4V/X> L 4V/X1 ’
(7.21)
4 319) _ (VX + VX)) — (VX5 —1)° L 45) _ (VXo+VX5)" = (VX —1)°
! 4V X5 C 4V X4

(123) _

(7.22)
One can also define a third puncture z§ for both curves
w2 — 128 and ol = B9 (7.23)

It is linearly dependent on the other two punctures: z§ SNEpY (123) + z (123) =1=

z§345) + zf%) + zé345). All of the punctures can be obtained in at least two ways:

1. One way to obtain an elliptic curve related to the sunrise graph is via its
second graph polynomial F,. This curve is isogenic to the one we obtain
from the maximal cuts — for details we refer to the literature, e.g., [8, [92].
The marked points can then be obtained as the intersection points of the
domain of integration in Feynman parameter space with the zero set of the
second graph polynomial. One can map these points to the marked points
on the curve obtained from the maximal cut.

2. One can obtain a marked point on the sunrise’s torus by considering one of its
eyeball super-topologies and integrating its maximal cut along the additional
coordinate of the eyeball. Certain kinematic limits then allow us to recover
the two sunrise punctures from this new punctures. We discuss this approach
in detail in Section [7.2.2]
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The canonical differential equation is then the e-form differential equation whose
entries can be written as quasi-modular forms on the respective tori. More specif-
ically, they can be written as Kronecker forms with the z®-arguments being lin-
ear combinations of the punctures z{*. There are different ways to obtain this
form. We use a known result from the literature, inserting the transformation
obtained in . In particular, we denote the canonical bases of master integrals
by J0%) = diag(e? x Lyys, UIZ)I0%) and JG9) = diag(e? x Lyyeq, UGG
respectively. Their differential equations take the form

4302 — cBUZ 30123) 4 @) — (BP9 3(345) (7.24)

The canonical differential equation for the dual sunrise integral family (in the sense
of a canonical basis for the dual relative twisted cohomology group) was derived in
308]. After a simple final rotation, this basis is orthogonal to the basis given in

92].

7.2.2 Eyeball subtopology

We move on to the first new non-trivial subtopology of the full kite family: The
eyeballs. Those are the following four families with 13 master integrals each:

IL = (11,1,00,0, 11,0,1,0,0, 10,1,1,0,0, 11.0.0,1.0, L0,0,1,1,05 11.1,1,0,0, (7.25)
I511,005 1121005 11,1,2,0,05 11.0.1,1.05 L1.1.0.0.0L0.0.11.0, [11,1,10)

L, = (111,000 11,01,005 101,100, 10.1.00.15 10,01.0,1, 11,1,1,005 (7.26)
I511,005112,1,005 11,1,2,0,05 L0.1.1.0.15 L1100 110000, [11,1,0,1) 5

T
14,3 = (10,1,1,0,0, Io,0,1,1,00 10,0,1,0,1> 10,0,0,1,15 L0,0,1,1,15 L0,0,2,1,15 L0,0,1,2,15 L0,0,1,1,2, (7.27)
fm.mu,fm,m,l,lm,ml,fuu.m,1071,1,1,1) )
T _
1474 = (]1,0,1,0,0, I6,0,1,1,0,£0,0,1,0,1> 10,0,0,1,15 L0,0,1,1,15, L0,0,2,1,15 L0,0,1,2,15, L0,0,1,1,2, (7.28)

[1,0,0,1,00 11,0,1,1,0, 11,0,0,1,1 [l.lLI.l)AhIl,O,l,l,l) .

The families I,,1,, are only associated to the (123)-torus, whereas the families
I, 5,1, 4 are only associated to the (345)-torus. The eyeball integral families satisfy
differential equations:

dly; = Ay, -1y, (7.29)
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where Ay; is a 13 x 13 submatrix of A. We focus on the (1234)-eyeball, whose
differential equation schematically takes the following form

EEEN
Aj,=|EEE @EEEN (7.30)
EEE EEEN
EEE EEER
EEEN m

Four Punctures for an Eyeball

Each of the eyeball integral families has four parameters in kinematic space and we
want to express these on the respective torus, i.e., as the moduli in their moduli
spaces M, 4. In principle, the idea is to consider the moduli space of the sunrise
integral family, that is a subtopology of the eyeball family, and systematically
introduce an additional puncture. However, we see that this approach allows us to
systematically identify all punctures. We demonstrate this in detail for the (1234)-
eyeball and then summarize the results for all eyeballs in eq. . First, let us
develop an intuitive understanding of what a natural additional puncture should
look like:

e It should emerge naturally in the canonical differential equationﬁ and, assum-
ing that the equation can be expressed in quasi-modular Kronecker forms
whose arguments contain the punctures, traces of the new puncture should
appear in the form in eq. even in kinematic coordinates. Practically,
that means the punctures should appear as incomplete elliptic integrals after
integrating out €° terms in the off-diagonal.

e For the (1234)-eyeball, it involves the kinematic parameter Xy, since expres-
sions solely in Xy, X7, Xy can already be written in terms of the sunrise’s
torus parameters.

By the first assumption, we expect that the punctures arise in the connection
matrix after we integrate out the off-diagonal entries when the diagonal has already
been brought in E-formﬂ In general, the e-form of the diagonal entries is achieved
by dividing by the ¢ — 0 limit of the respective entry’s maximal cut, i.e., by a

transformation
. ( 1 0 )
LT\ 0 MCy )

where we shortened MC,; = MC [ 11,1,0] e—0. After this transformation, we find

e-H 0 )
(E|0+€’E|1) E'IE

(7.31)

Al = ( M7 (7.32)
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with B, X, Hy, H; representing entries that are constant in €. The remaining trans-
formation to bring such a system in e-form should look like

U = <f (MC}} By) (1)) . (7.33)

In principle, one can now define the entries of [ (MCZ& . EO) as a set of new func-
tions and then potentially reduce them to a smaller set of new functions by finding
which of them are linearly dependent or can be expressed in rational functions of
known objectsf] Note that in this case we assume that we find at least one actual
new function, as we assume that we uncover a puncture. This also tells us about
the structure we expect the new function to have: It should be proportional to an
incomplete elliptic integral of the first kind, as it would naturally arise from Abel’s
map. In fact, f (MC;} . EO) for the specific problem at hand contains such a new
object:

12: dX
25" ~ / dXaMCy, = : . (7.34)
\/A(17X17X4)\//\(X0ax27x4)

where \(a,b,c) = a* + b* + ¢ — 2ab — 2ac — 2bc is the Kéllén function, A =
M X, Xp, X.) and X3 = m3/m3 = 1. The integral in eq. evaluates in an
incomplete elliptic integral of the first kind and thus takes the form of a puncture
obtained with Abel’s map as defined in eq. . In particular, we integrate
the maximal cut over X;. We motivate the choice of integration variable from the
observation that 71?3 does not “know” about m? and, consequently, X4 should be
integrated out — which agrees with the second assumption given above. Explicitly,
we obtain the puncture

(123) _ dX, 1 : 2
zy = /m 204F (arcsmw/u ,k¢7(123)) : (7.35)

with
g VEEHE - —4)(— - (7.368)
(++ )=+ D =)=~ )
o = G - E )" (7360
L) 1R X - 7360
P ) T VR X - X4' |
where

(£+4)=1+/Xo £ VX1 VX, (7.37)

The choice of branch on the right-hand side of (7.35)) is valid for 0 < k;(m) <1
and 0 < Xy < 1. Moreover, since k;,(mg) is a cross-ratio, it is manifestly invariant
under any permutation of the kinematic variables. Though, ki,(u:a) is still a distinct
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elliptic modulus and we want to write all our punctures for the eyeball on the (123)-

torus. We can rewrite eq. ((7.35)) to achieve this:

1 123) 1
K2y = ———— and o) = . (7.38)
P k(212:5) L=
Overall, we obtain using the identities from appendix [C.1}
1 F (arcsin \/uq, k2.,
% = 4 ( () —1 (7.39)

K (i)

zélQB)

and we take zfllzg) as our additional puncture. Note that due to the normalisation

of the lattice in (1,7(!?), we have the equivalence relation 241123) ~ 24(1123) 1. We
initially assumed that only one additional puncture is needed, with the sunrise
punctures and period accounting for the other three degrees of freedom. However,
we now argue that the two sunrise punctures can also be derived from the maximal
cut argument. We start by noting that

2
uilzs) _ u(2123) (1+VX1) —-Xy
(VXot+vX3)2 =Xy

From this, we immediately see that the X; — oo limit (corresponding to an in-
finitely heavy my effectively pinching the (1234)-eyeball to the (123)-sunrise) gives

(7.40)

: 123 123
lim ufl ) = u; ) = ug
X44)OO

) i o - (7.41)

The second equality is due to the symmetry of the sunrise itself. The key takeaway
from this example is that one can identify all the necessary punctures to define
the embedding of K(1234)-cyebal into Mﬁlj” simply by analysing the integral of the
corresponding maximal cut.

In the same way, we can also identify a new puncture for the (1235)-eyeball
on the (123)-torus and two punctures on the (345).torus from the (2345)- and the
(1345)-eyeball. Note that each of these new punctures gives the corresponding
sunrise punctures via the correct kinematic limits. We list all u{ functions here:

2
,(129) _,,(23) (1+vX1) - Xy L029) _ 0o (L V) — Xy
! (VXXX ° WX+ VX)) - X5
(7.42a)
4 (349) — ,,(345) (1+vX0)?— Xy 4 345) _ ,,(349) (1+vVX5)? — X,
' WX V) - X ? WX VX - X
(7.42b)

When combined with the sunrise punctures of each torus — which can be obtained
through similar limits as in ([7.41) — each torus a = (123), (345) has four linearly in-
dependent punctures, {21, 22, 24, 25 }*. This allows for a complete embedding of K
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within /\/lglég) or ./\/l?g ) by analysing the maximal cuts of all eyeball subtopologies.
The full set of punctures remains closed under specific mass permutations, which
are collected in Appendix [C.2] In the next section, we further show that these
punctures align with the double integral of the maximal cut of the kite.

The Transformation to Canonical Form

We transform the basis I, ; to canonical form step-by-step, starting with the diag-
onal blocks.

1: The (123)-Sunrise Block We start by putting the upper left 8 x 8 block that
contains the seven (123)-sunrise subtopology’s master integrals in canonical form.
Thus, the first transformation matrix has the form

Uﬁ(lli = diag(€2 X ]15><5> USL].123)7 52 X 14><4) . (743)

The new basis JS}) satisfies the gauge transformed differential equation dell) =
B{" - J{" with
477y

1 1 )1 1 1yt
B =au) (U))" + U A (U (7.44)

The remaining entries that are not in e-form are diagonal entries below the sunrise
block as well as the off-diagonal entry (Bil))lg .

2: The Diagonal Entries The remaining master integrals all have have only a
single entry in their sector and are polylogarithmic. Thus, the related diagonal en-
tries can be brought to canonical form by leading singularity renormalisation|142].
That means, we solve the homogeneous differential equations

dlogu;; = — lim (BY). — forie{10,11,12,13}, (7.45)
e— on

and multiply the i*® basis element by the solution w;;. As the fundamental solution
of the diagonal blocks (in this case diagonal entries) of the differential equation are
the maximal cuts, we effectively compute the inverse maximal cuts u;; (at € — 0)

We depict the entries of
eq. ([7.30]) after the first
transformation.  The
light entries are already
in e-form, the remain-
ing entries need to be
brought to e-form in

the subsequent steps:

or in other words, we normalise with the inverse maximal cuts at ¢ — 0[] The 7Thisis what we already

solutions are

u10,10 = V Aisa s (7.46a)

Ui1,11 = Ui2,12 = Ao24 5 <7~46b)

u13,13 = V/ Ao2a v/ A13a - (7.46¢)

The second transformation matrix takes the form

@ X9

U4,1 = diag( L., L w00, Uit,11, U12,12, U13,13) ) (7.47)
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duize = *(Bd(x,l ))1376
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1 0 0 0 0
0 MC(Li01.1.0)= 0 0 0 0
=10 0 MC(I11.01.0)= %0 0 0
0 0 0 MC(Ip1110)= 50 0
0 0 0 MC(Iy111.0) %

After this transformation, we obtain the basis in = Uffi -J fi whose differential

equation takes the form dJ 4(122 = Bﬁ -J ff with connection matrix

2 2 2)\ 1 2 1 2)\ 1
BY) =duf)- (U¥)) +UP-BY - (UP) .

(7.48)

After this transformation, only the entry (Bff) 156 is not in e-form. To remove this

)

entry, we follow the algorithm introduced in [308|, which is based on the underlying
SL(2,Z) covariance of the differential equation.

3: Removing O(c°) off-diagonal terms At this point, the differential equation
takes the form

2 2,0 2,1
B4i = Bz(u ) + 5Bi,1 )

(7.49)
and we want to remove Bfio) with the final gauge transformation. Its only non-
vanishing entry is the entry (13,6). We make an ansatz for the final transformation,
which takes the formf]

0... 0 ...0
Ug = lizx13 + with duize + (Bffl’o)> =0.
0 ... wgg ... 0 13,6
(7.50)
We decompose (B‘(Sl’(]))l?;ﬁ into terms proportional to w; and Jyw,
(BEY),,, = o(Xi,dXo) wi + p(X;,dX;) Open (7.51)

)

The one-forms o and p on K__ are invariant under modular transformations within
the congruence subgroup I'(2) of SL(2, Z) [30§]. That means we know how eq.
transforms and we can assume that du;se transforms in the same way. This is the
idea of the “modular bootstrap” approach introduced in [308]. More specifically,
the right hand side of eq. transforms like the derivative of a modular form of
weight one. Thus, u;3¢ must transform as a modular form of weight one. Explicitly,
applying a modular transformation to eq. yields

(cT(123) +d) [du13,6 + (Bi?lvo))l J +c (u1376 d7(123) + p (OoT(123)) Wl) =0. (7.52)

L |
=0

We see that the differential equation for w36 in eq. (7.52)) is easier to solve than
the original one of eq. (7.50). But, as it is a differential equation in the coordinate
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T(123), we want to solve it on the torus, i.e., we need to change to coordinates on the

(123)-torus. At this point, we need the new parameter zﬁ(tug), that we derived at the

beginning of this section. In transforming from the coordinates (Xo, X7, Xs, X4)
to the toric variables (7_(123)725123)‘725123)721(1123))
d7(123) and not on punctures dzl-(m)

transformed to

we find that p depends only on
. In particular, the kinematic differentials are

0X; A
dx; = dT 123) + Z Azl (7.53)

12?

Note that it is non-trivial to compute the partial derivatives of kinematic variables
by the torus variables directly and thus we determine them from the inverse of
the Jacobian matrix J;; = 0¢;/0X; with ¢; € {7(123), 2923), 25123), zim)}, for which
we just need to compute the partial derivatives of torus variables by kinematic
variables which is simpler. Substituting this into eq. and extracting the
d7(123) component yields

()7(123) 8XZ
= —w— § ; : 7.54
U13,6 1 9X0 <y 1% T ( )

where p = >, 1540 dX; and 0X;/07(103) = j”i“) Inserting this solution for
U136 into the ansatz eq - for the transformation, we obtain an e-form basis

for the eyeball J,; = U4 | - b % It satisfies the differential equation
-1
dJi; =eByy - Ji; where By, =UP)-BEY. (UF) (7.55)

-1
since dUSf’{ . (Uf’i) + U4 i Bflo) : (Uﬂ) = 0 by construction.
All other eyeball-subtopologies can be transformed in an analogous way.

7.2.3 Full Kite Family

Our starting point is the initial differential equation of eq. with the structure
of the connection matrix in eq. . Note the two elliptic curves are completely
decoupled from one another in all but the (30,30)-entry, i.e. the top sector of
the kite. Before we proceed with a step-by-step transformation of the differential
equation to canonical form, we shortly discuss the kinematic space on the tori.

Four Punctures on Each Torus

In Subsection |7.2.2] we explained how to derive coordinates for the kinematic space
of an eyeball subtopology on its respective torus. These coordinates always consist
of the torus period, two punctures associated to the respective sunrise subtopology
and one additional puncture. Since there are two eyeballs associated to each torus,
we have overall two such additional punctures on each torus and they are defined
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in eq. ((7.21)). That means we already have five independent coordinates on each of
the tori and we can express the kite’s full kinematic space IC__ in each of these:

ICS}QS) _ {7_<123) (123)’ ZélZS)’ Z?()lZS)’ Z£123)} 7 (756)
]C(j;m) - {T(123 24(1345), Zé345)7 Z£345)7 Zé345)} : (757)

We denote the moduli spaces defined in that way by ./\/1(123) and Mf’;"’). Since
there is a clear splitting of the entries of the differential equatlon in ones naturally
associated to the (123)-torus (the entries M in eq. (7.17))), ones naturally associated
to the (345)-torus (the entries A in eq. (7.17)) and ones naturally associated to
neither or both tori (the entries » and 4 in eq. (]7__17D) there is a natural prescription
which torus and torus coordinates to work with for each entry. Entries associated
to neither or both tori can of course be expressed on both tori equally. Besides
this practical discussion on which torus and coordinates to use, we also want to use
this paragraph to make some more comments on how one can obtain the additional
punctures. We saw that the sunrise punctures can be obtained as a limit of the
eyeball punctures — i.e., from the maximal cut of asupertopology. But of course,
there is still a topology above the eyeballs: the full kite. A natural question is
whether we could have obtained the punctures from the kite’s maximal cut — which
would be natural from the arguments we gave for our previous approach. To answer
these questions, the most natural thing to do is to integrate the maximal cut of
the kite, which takes the form MC(Ij1111) = , with respect to the variables
exclusive to one elliptic curve

_1
A01245

X; dX;
/d—ld L where i, j € {1,2} ori,j € {4,5} with i # j. (7.58)

)\01245

For example, suppose that we take : = 4 and j = 5. Then,

dX,dX 2 MC(I !
/# = /dX4 ( 1’1’1’1’0)590arctanh<Q MC(11,1717170);_1>0> )

)\01245 Xo
7.59
B /dX i MC(ILI,LLO)E»—)OI oz Q +iMC(I1,1,1,1.0)550 (759
= 4 9
Xo Q — iMC(I11,1,1,0)250

where MC(I111,10)250 = VAs14v/ X024 and
Q :X(](l —X1 +X4)+X2(X1 +X4 — 1)+X4(X1 —X4—2X5+1)

At this point, the integrand in X, is highly non-trivial: It takes the form of the
Feynman parametric representation of the sunrise integral in 2-dimensions [276].
But, we already know that we can also obtain the new punctures in the eyeball
subtopology. We can get to the subtopology by taking the X5 — oo limit. In this
limit, log(- - -) — 47 and we recover the integral up to an overall factor. This
remaining integral then gives us the new puncture from the (1234)—eyeballﬂ So
we see that we can indeed obtain the punctures also from a double integral of the
full kite, but we need to consider the structure of the tori and take a limit to the
subtopology where the new puncture would first appear.
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The Transformation to Canonical Form
As for the eyeball subtopology we obtain the transformation step by step.
1: The Sunrise Blocks As a first step, we apply the transformations to canon-

ical form for both sunrise subtopologies, i.e., for the 16 x 16 block in the upper left
corner of the connection matrix:

U = diag(e? x Lgys, ULy, ULLY €% X Liasaa) - (7.60)
Then, we define
IO = UM .T such that BY =dU®. (UO) " UM A (UM) . (7.61)
Note that at this point:
B =BMY 4 B, (7.62)

2: The Diagonal Entries Again, the next step is to bring the diagonal entries
below the 16 x 16 block in canonical form. We do so by normalising with factors
u;; that can be obtained by solving homogeneous differential equations of the form

dlogu; = —lim (BW) . (7.63)
e—0 n
as in eq. ((7.45)). In doing so, we obtain a transformation matrix of the form
U(2) = dlag (]]-1><167 1_12) s (764)
where
up = MC_1< ; ) ) ) ) ) ) )
L0, 1005 Lo, Lo, ,11,1,1.11) [y
= < 9 ) ) ) ) 'V )\1347 (765>

vV A020 Aass v/ oz, v/ Aass v Aoz vV Misav/ Mass, Aotzis)

We recall that \;j; is the Kallen function and

Ao1245 = X12X2 + X1X22 — X1 Xy — Xo X1 Xy — Xy X5 Xy — X5 X3 X + XEX5
+ XXy — Xy X5 — XoXu X5 — X1 X0 X5 — Xo Xy X5 + X§ + Xo — X1 X0
— XoXo— XuXo— X5Xo+ X1 X4+ Xo X7 X5 + Xo X5+ X X0 Xy
(7.66)

After this tran?formation we obtain tlhe basis J@ = U® . JO guch that B@ =
dU®@ . (U(Q))_ +U®.BO. (U(2))_ . The connection matrix B® still has both
an O(g°) and an O(¢) part:

B® — B0 | .B@D (7.67)
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steps:
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but B®9 is now strictly lower-triangular. Next, we transform the off-diagonal
entries to canonical form. We do so in two steps: In the first step, we remove the
€% terms of the kite-eyeball entries. At the same time, this transformation makes
the B9 part of the connection matrix integrable. After that, we remove the
remaining off-diagonal terms that are related to the sunrises and thus defined on
the tori with the same approach we used for the eyeball’s off-diagonal terms.

3: Off-diagonal Eyeball-Kite Entries In the first step, we want to find a gauge
transformation, that removes the £° terms of the (30, 25), (30, 26), (30, 27), (30, 28)
entries and enforces B30 A BGY = 0, so that the closure of BGY is guaranteed.
Given that d(B(2’0))30’i # 0 only for i = 9,13, we use the following ansatz:

0 . -
U® = I30x30 + ( (%%Xgo ) with U® = <01><247 (u3)1><47 01><2> ) (7‘68)
(U )1><30
and require that it fulfills:
du; + (B@O))?)OJ =0 for j =25,26,27,28. (7.69)
Solving these differential equations, we obtain:
(ﬁ3)1x4 _ %( Ao1245 7 Ao2154 7 Aosao1 ’ Aoss12 > ’ (7.70)
VAV do2s VsV dos VsV dos VAzav dors

where Aabcde = —Xg—XaXb+XaXd+XbXC+XbXd—|—XCXd—2XdXe+Xa—XC+Xd. Set-
ting J® = U® . J® we find B® = dU® . (U<3>)—1 L+ UGB .B®. (U(3>)—1_

4: Kite-Double-Bubble Entry The only remaining non-canonical entry that is
a rational function of the X; and does not contain periods w; and their derivatives
dow is the entry Bsgag. The component (B®9))3 59 describes how the differential
of the kite couples to the (normalised) double-bubble integral I; 101 1, which fully
decouples from both sunrises. We can gauge away its €* component by a simple
transformation that takes the form U® = T35.30 + U® where the only non-zero
component of U® is

— X2+ X1 X+ Xo Xo+ X Xo+ X5 X0—2X+ X1 Xo— X1 Xy — Xo X5+ X, X5
24/ X024V Ao1s .

U?Eg,)zg =
(7.71)

Setting J® = UW . JO) we have B® = dU®W . (U<4>)‘1 +U®W.BO). (U(4))_1.

5: Kite/Eyeball-Sunrise Entries The only non-zero entries of B are

(1234)- and (1235)-eyeball/(123)-sunrise: Béé”g) : Béé:g) , (7.72a)
(1345)- and (2345)-eyeball/(345)-sunrise: By, Bigls, (7.72Db)
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kite/(123)-sunrise: B:(:é:g) : (7.72¢)
kite/(345)-sunrise: Bé?‘):% : (7.72d)

These entries take the form

BEY = Y ot P o™ pl7 for (i,4) € {(25,9),(26,9), (30,9)} .
(7.73a)
BEY = o™ o +oen™ p7 for (i,4) € {(27,13),(28,13),(30,13)},
(7.73b)
where af? and ,05;-1) are differential one-forms in the kinematic variables X,. To

gauge away these entries, we make the ansatz UG = 139430 + U® where the only
non-zero components of U® are

~(5) 75 (5 ~(5 ~ (5 ~(5
U2(5,)9 ) U2(6,)9 ) U2(7,)13 ) U2(8,)13 ) U?Eo,)g and Uéo,)m- (7.74)
Then, requiring that
F7(5) (4,0) _
dU;; + B; ;" =0, (7.75)
ensures that B®) = dU®) . (U(S))_1 + UG .BW. (U(E’))_1 is in e-form.
4,0)

To obtain the entries to remove the kite/eyeball terms at O(c) in B4 we
solve the differential equations

AU+ BV =0 for (i,5) = (25,9, (26,9), (27,13), (28, 13). (7.76)

The entry (25,9) is the analogue of the (13,6) entry we discussed for the isolated
(1234)-eyeball subtopology and we can remove it in the same way as well as treat
the equivalent entries of the other three eyeballs similarly. That means we find the
entries:

i o 5r129) X
4 123 123 1
0t =~ TS (), o (7.77a)
(123) . aX
@ (12301 (123) i
U = =t 9X, E (;026,9 )Z 5029 (7.77b)
~ aaey OT(345) ot 0X:
1 345 345 i
0P = 0T 5 (o55), (7.77c)
) A CT) | e
4) (345) or (345) i
Ugnz = =11 TOX, E <'028’13>z' 57055) ° (7.77d)

where? = 0,1,2,4, 5 in the sums above and (pg’q)i is the dX; component of pf, .. The
derivatives of the kinematic parameters with respect to the moduli are computed
from the inverses of the Jacobians

(123) (345)
aCj (§345) aCj

X, and J,0 7 = : (7.78)

(123)
Iy = J 0X;
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where ¢ = {743, ,zfﬁg, 112435 ¢B) = {71345, 124152, :ﬁ} Note that at
this point we explicitly needed all of the punctures on each torus that we derived
before. As a consistency check, one can verify that the expressions in eq. for
the gauge transformations are numerically identical to the integrals.

X o, 3,0) X 3.0)
/0 dx; (BS )4 or /0 dx; (B )5, (7.79)

where <Bi(3-’0)> is the dX, component of BZ-(E’O). We can obtain the remaining two

entries in the ansatz for the final transformation in the same way, namely as:

) I NGES) DX,
4 123 123 7
O, =~y . S (i), s (7.80a)
- apmy O (345) X
4 345 345 %
Usohs =~ )—8X0 > (Phos), .61 - (7.80b)

Full Transformation Finally, we apply all transformations
U=Uu®.u®.u®.um, (7.81)
to obtain an e-form differential equation
dJ=eB-J with J=U-T and B=dU-U'+U-A-U' (7.82)
Both U and B are provided in a MATHEMATICA format in the ancillary file ac-

companying the paper [50].

7.3 Pullback on the Tori

After performing the transformation as detailed in the preceding sections, the dif-
ferential equation is in e-form and the e-independent part of the connection matrix
B contains only the following objects:

wy 7, w! , , , ;
1 ! 8Xo 0Xo " O7(123) OT(345)

The objects related to the tori were introduced throughout the transformation.
Whilst we could easily check, that the connection is in e-form (for example numer-
ically), we know that the canonical form should have properties that go beyond
just being e-factorised. In particular, we show that when we express the connection
matrix on the two tori, we can write every entry in quasi-modular forms as well as
the modular forms 7,7, of eq. . Then, we can show, that our result is also
in C-form, as a further example for the discussion in Section [5.2.1}

208



Chapter 7

7.3.1 Algorithmic Pullback

To determine the expansion of a given entry of B in terms of (quasi-)modular forms
we use the following bootstrap algorithm:

1. Choose which torus to express B;; on.

2. Use the modular properties of the entry B;; to establish the modular weight
of the differential forms that are allowed to appear. We assume all appearing
forms to be Kronecker-Eisenstein and modular forms.

3. Make an ansatz of Kronecker- and 7 forms with a finite set of arguments in
their z-variable. This set of arguments is determined beforehand by analysing
the pole structure (of the diagonal entries).

4. Determine the coefficients in the ansatz numericallyﬂ, assuming they lie in

Q +1Q.

Below we give details of the steps in this procedure.

1. Choosing a torus

To choose which torus to work on for a given entry, we can follow a simple rule
(that is basically already spelled out by the colour-coding in eq. ): If the
entry couples to any of the sunrises (i.e., if it belongs to either the B- or A-blocks
in the matrix in eq. (7.17)), then we consider its pullback on MS;‘B) or M%‘r})
respectively. If the entry either couples to none of the sunrises (the entries o in the
matrix in eq. (7.17)) or to both (the entry ¢ in the matrix in eq. (7.17)), it is a
dlog form and we can express it on either torus. Thus, for these entries we are in
principle free to choose which torus to work on. But, we want to avoid that objects
defined on M% ¥ and M§354 ) couple in the differential equation solution at a given
order in €. So we always choose them such that the iterated integrals are over only
one torus order by order and entry by entry.

2. Determining Forms

The modular transformation behaviour of the forms w; can be derived from the
behaviour of the g-kernels which we gave in eq. : The wy transform as a
quasi-modular form of weight k. On the other hand, we can compute the behaviour
of an entry B;; under a modular transformation — which is simple as it contains
only the building blocks from eq. whose modular transformation behaviour
we know — and determine its quasi-modular weight.

Then we assume that the entry must be a (Q+iQ)-linear combination of quasi-
modular forms of this weight and modular forms 7; of at most this weight. To make
an ansatz for this linear combination, we need to determine, which z-arguments
can appear and we do this in step three. As an example, for the modular weights,
we display here the weights of the kite row (30), commenting also on the choice of
torus:
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Quasi-modular weights of the kite row The entries in the kite row have the
following modular structure

(0 32213221dddddddddlddlddld).

(7.84)
The entries denoted by - vanish, the ones labelled by dl are dlog forms in the
kinematic variables and the ones labelled with numbers are quasi-modular forms
with the quasi-modular Weighﬂ indicated by the number. The colour indicates
which torus we pull the entry back to, with (123) and (345) as before. The dlog
entries can be pulled back on either torus and the colour indicated here corresponds
to the choice for which we give the explicit expressions in eq. . Though
other choices might be more beneficial to avoid mixing of the tori when computing
a specific € order for some entry as mentioned before.

3. All poles from the diagonal dlog terms

We observe that all poles of the matrix B can be determined by considering a
smaller subset of matrix entries, namely the diagonal entries. More specifically,
since we already know the poles appearing in the sunrise subtopologies from [92],
we just need to consider the diagonal entries By; for i € {17,...,30}. All of these
are d log forms

Ai LA

—) = dlog Aj, +...+dlog A;, —dlog Aj, —...—dlog A;, . (7.85)
Aj LA

Initially the arguments A;; are given in the kinematic coordinates X;, which we can
write in the torus coordinates 7,, z{* on the respective torus. At the same time, the
diagonal dlog forms are modular invariant objects that pull back to specific linear

combinations of w(EQI)((z, 7), often in a combination of the form

dlog (d

Q(E?((z, T) = w(EQI)((z, T) — ng){(z, 27). (7.86)
The forms wgl)((z, 7,) have the following ¢,-expansion:
0 o )
wg}){(z, 7,) = dlog % = dlogsin(mz) + O(¢?), (7.87)
N Ta

where 1(7) is the Dedekind eta function.ﬁ Thus, any linear combination of wy’s at
leading order in ¢, take the form

> wi(fi(2) ) = dlog ([[sin 75(2)) + 0(2),  (7.89)
j j

where ¢; € Q +1Q. Now, we can read off the appearing z-arguments by directly
comparing eq. ([7.85)) and eq. : Each algebraic function A; in eq. can be
expanded in ¢,. Then, expressing the leading-order terms of these expansions as
the dlog of a product of sines gives an efficient way of reading off the z-arguments
fi(z) appearing in . In the following we give examples for this procedure,
again working our way up from the sunrise subtopologies to the eyeballs and then
the full kite and we also comment on the relation of the singularities we find to the
Landau singularities in kinematic space.
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The (123)-sunrise subtopology Even thought the procedure above does not
exactly apply to the sunrise, as its top sector is elliptic, and we specifically stated
that we get the singularities of the sunrise from [92], those can also be deduced in
a very similar way, which at the same time serves as a connection to the Landau
singularities in kinematic parameters.

Instead of considering the top sector’s dlog forms as we do for the kite and
eyeball topologies, let us just consider the simple dlog forms in the diagonal con-
nection entries corresponding to the three master integrals of the (123)-sunrise that
are not in the top sector:

(Bi;:{%))11 = dlog X, (7.89)
(Bi_;%))22 = dlog X, (7.90)
(BEQ?Q”)33 = dlog X; + dlog X>. (7.91)

Noting that[™]
X, = sin2(7rz§123)) sin~? (7(z (123)

X, = sin2(7rz§123)) sin 2 (7?( (123)

)) + O(q(123)) » (7.92a)

+27
+ 25 ))+0( (123)) 5 (7.92Db)

and comparing with the general expression of eq. - we can directly read off

that the arguments 2(123), zémg), (123) +25 (123) should appear. Recalling that Z(123) _

1 - ziug) — 25123) o~ “2%) + 25123) mod A (1,-) we see that this already covers all

appearing arguments by comparing with the results of [92]. We gather the letters

in
£02) { (128) (128) z§125)+z§125)} . (7.93)

Now we interpret this result in the context of Landau singularities, keeping the dis-
cussion rather short and referring to [50] for more detail. The sub-leading Landau
singularities are given by X ;2 = 0,00. For any of these points we find 7(23) — 700
due to eq. and 21(123) — 0 due to the above discussion. Thus, we have redis-
covered the sub-leading Landau singularities from the diagonal analysis. The first
type Landau singularities of the sunrise graph are given by the set of all (£, +, +)
as defined in eq. . One can still access them by considering similar limits
of the k(2123> modulus. The analysis for the (345)-sunrise subtopology is equivalent

and one obtains
£ { (315) (315 ,(345) —|—z§34‘))} , (7.94)

The (1234)-Eyeball The independent building block — i.e., the B; ; of eq. (7.85)
— of the diagonal d log entries in the (1234)-eyeball’s differential equation below the
sunrise sector are

{Xo, Xu, N5, AELY, (7.95)

where A, = Mg (X;, X, Xp) is defined below (7.46d). Upon changing to the (123)-
torus Varlables and performing the g(,23 expansion, the leading order terms in g(;23)

ard ]
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dlog <X0|q2) = dlog <sin2 (7?2(3)) sin <7r22>> (7.96a)
sin (d§(221+zQ+z4)> sin <d§(221+zg—z4)> sin? <7r22)

sin? (7r(21+22)> sin <d§(22+z4)> sin (dg(22—24)>
(7.96D)

dlog <X4|qo> — dlogd

Y

sin? (wz(3) sin* (7122)

sin? (W(zl—i—zz)) sin? (dg(22+z4)> sin? (dg(z2—24)>

(7.96¢)
sin? <7TZ(3)> sin? <7r22> sin® 7rz4>

sin? (7r(21+22)) sin? (d§(2’2+24)> sin’ <d§(2’2—z4)> .
(7.96d)

dlog ()\024 y ) — dlogd

)l

dlog (A{g4|qo) — dlogd

From the arguments of the sin functions in these expressions we can read off all
letters for the (1234)-eyeball: [

29+ 24 29— 24 2o + 24 29 — 24

(123) _
‘C 9 ’ 9 y %1 9 y %1

(1234) — {217227 R4, 21 + 292,

} . (7.97)

Note that this set contains also the set L',(1 %), Similarly one can find the letters for

the three other eyeballs, Egijé), ﬁgizz nd £ iii))

The Kite Since only the last line (30) of the differential equation B is not in-
cluded in any of the eyeball subtopologies, the set of letters for the full kite can be
obtained as

£ = £ U L5 U {Letters from entry (30,30) on (123) — torus}, (7.98)
L05) = ﬁg’gié) U ngim U {Letters from entry (30,30) on (345) — torus}. (7.99)

a=(123),(345)

We made explicit that each entry can be expressed on either M, 5 and that
the eyeball letters all come from analysing the set of arguments
{Xo, X1, Xo, Xy, X5, Aou, M AR ALY (7.100)

The additional argument in the (30,30) entry takes the form A,,s. We find that
it introduces introduces four new Z-arguments. Overall, we find:

7 . - 7 (123)+ (123) (123) _ (123)
{£5123) }1_1:{25123)’ Z§123)7 22123)’ Zé123), Z;l23>+25123), 2 4 ’ 2 2 4 ’
(123) (123) (123) _(123) (123) (123) _(123) _(123)
(123) +2y (123) | %9 T2y +25 2] 2 7101
Zl + 2 >Z1 + 2 ) 2 ) 2 ( . a)
- (123)+ é 23) 1) 25123)_25()123) (123)+ é )_i_zilzz)_i_zéms)
Z9 +T7 Z9 + 9 ) 2 3
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25123)+ (12%)—1-24(112?)—25()123) Z§123>+Z§123)—z£123)+zé123) 25123)+Z§123)_Zi123)_2§123)}
2 ’ 2 ’ 2 ’
(345) | _(345) _(345) _(345)
5 345) (345 5) (345 5 5) %5  TZ 25 —Z
235) 4 (349 (34 _,(345) (345)  (345) (345) _ (345)
(345) +2z (345) %5 21 +25 zy =2 7 101b
Z4 2 7Z4 + 2 ) 2 9 2 9 ( . )
45 345 345 345 345 345 345
2(345) N ( )+ é ) L Zz(l )—Zé ) ( )+ é )‘I—Z{ )_+_Zé )
2 9 y ~2 9 ) 92 3
(34o)+ é345)+ (345) (340) (34g)+ (345) Z£340)+Z§34o) (345)+ (345) (340)_%340)}
2 ’ 2 ’ 2 ’

Having analysed the modular properties of each entry and found a complete set
of letters on each torus, one can make an ansatz for each entry and determine the
coefficients in Q + Q) numerically.

4. Determining the linear combination numerically

We list below the results for the (1234)-eyeball line (25) as well as the kite line
(30). The other entries can be found in the ancillary file accompanying the paper

[50].

The (1234)-eyeball pullback Ordered by modular weight, we obtain the follow-

ing expressions for the entries of B in Kronecker-Eisenstein and modular forms{' ®Note that we do not la-

Modular weight 1
By = 208 (£, 7). (7.102)

Modular weight 2

123 1 2 123 2 123 2 123 2 123
B = L o007 (2070, ) ol (60 7) — ol (25, 7)]

(7.103a)
Béélﬂ) = [ngé (E;us)’ T) B ng)( (4:23)7 T) n wg}){ (Eém), T) B w(EzI){ (55125)77)] ’
(7.103b)
Béézf) _ Qg}){ (Eém) ) 4 Q(E21)< <£(123) ) Qg}){ <£(123 ) i le){ <£é123)77_> 7
(7.103c)
123 2 123 2 12’% 2 123 2 123
Byt = O (20, 7) — o (26, 7) — o (8%, 7) + ik (267, 7).
(7.103d)
Bason =~ (£, 7) + 9 (£, 7) + o (28, 7) — ok (67, 7) .
(7.103¢)

123 2 123 2 123 2 123 2 123
Bisas = —2win (L7 27) — 2w (£577),27) — 2wk (£57) 1) — dwin (£8 1)

213

bel the 7 here, as the
choice of torus is al-
ready indicated by the
z-argument L with
a € {(123), (345)}.



See also:
In Appendix we
discuss symmetries of
the punctures.

Chapter 7

4 B2 L0% 27) + 32 (200, 7) 4 3l (£070,7) + w2 (2029, 7)

+ w(;}){ (ﬁs(al 23), ’7') + 612(7) .

The mass-permutation symmetry of the eyeball graph indicates that Bas 15 must

satisfy the relation B25718 = B25724‘m1<—>m3'

Modular weight 3
Bas o =43y (£, 7) —120 (£, 7) +120 (207, 7)

! B B (7.104)
— 40 (cgw, 7') 4w (Eé”‘”, 7') .

The kite pullback We have given the choice of torus and the corresponding
modular weight of the entries in line (30) for which we give the explicit expressions
here in eq. - We list them by modular weight again. We use the shorthand

Bi; = BV 12305 (305).

Modular weight 0

330’12( 23) _ ](31)< ([,5123), 7_) n w}(ﬂ){ <£§123)’ 7.) ’ (7.105a)
BYoid = Baoaa = wifd (£, 7) + i (687, 7). (7.105b)

Modular weight 1

B = Y WR(eF) - T el (). (7.1060)
k=8,9,12,13 ¢=6,7,10,11
By(,34{2 = Bso10, (7.106b)
Biti=g] X eR(@Pr)- T i), (7.1060)
k=8,9,10,11 £=6,7,12,13
Biows = Bao (7.106d)
B = Lol (c529,7) - 9 (£59.7) + 0 (£, ) - afh (26, 7)].
(7.106¢)
B = Lo (205 ) + 02 (6529, 7) + 02, (202, ) + o (£ 7)].
(7.1061)

123 2 123
BiE;O,lS; = QEI){ (ﬁgo )7 )

123 2 123
Bzgozg = Q,(E})< <£é )7 7')

(7.106g)

(7.

B = SO (0 r) o () + R (7)o (2],
(7.

106h)

(7.1061)
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B — Lo (217 ) + 02 (£129.7) + 0 (£, r) + 9 (2427 7)].

(7.106j)
B = (OB ( )+ (2. 7) - o (h5” ) o S
By = 1[0 (e0%.7) + (6. 7) - 0 (252 7) - 9 (€029, 7).
(7.1061)
Biyy = % Wi (55323),7) D" (ﬁ,f,”"”,r)} : (7.106m)
k=6,8,16,17 £=7,9,14,15
Béé?;g B % :km%m 17”3}1 (4:23)’ T) B le%:m 16 wg}){ <E§123)’ T)] ’ (7.106n)
B:())(1)22%7) _ % :QSEZI)(<E§ZQ% , ) 2 ( (123) : ) +QEK< (123) ’ ) ( (123) J)] :
(7.1060)
Bgf;g _ % Qg}){ (E(u&)’ ) <£ 125) > 0@ <£(125 7 ) (5(123 7727] .
p
B = 2[00 (£02, ) - 08 (£, ) - 9 (£, 7) - 2 (1, 7)]
(7.106q)

Béé?;g = _2W1(321)< <E§123), 27’> — 2w](32})< <E;123), 27’) + 6w](321)< (£é123)’ 27’) — 2w(2) (£é123>, 7')
4 20,7 4 202 (£, 7) 4 202 (2029, ) + 22 (€127, 7)
(7.106r)
(0 ) B (9, ) (£ ) —el2h (2 ) )

Modular weight 2

17 13
123 3 123 3 123
By =2 3wl (e 7)) = Yl (27 7)] (7.107a)
(=14 /=5
Bioys = Bsoo - (7.107b)

7.3.2 Comments on the Forms

The the differential equation in eq. provides another example for a differential
equation in C-form as discussed in Section [5.2.1] In principle, the arguments for
this claim rely on recognising, that the function space just consists of two copies of
the sunrises’s function space with additional letters. So, we start by discussing just
the sunrise and then consider the extension to the full kite, highlighting specific
features due to the relation to two tori.

Example 7.1 (Unequal-mass sunrise integral). We first consider the (123)-sunrise
integral and its canonical differential equation eq. (7.24) with connection matriz

215



Chapter 7

12% , following the example given in [226]. As discussed in [198, |321], Bg (123)

k
can be written in terms of Eisenstein-Kronecker forms wé& with z-arguments z =

z§123>, 25123) 2:5)123) =1- z§123> — 25123) (12%) + 2(12’%) as well as two modular forms

no (T )dT(u;) 7]4( T)d7(123) forT'o(2) and SL(2,Z). These forms span the Q[in®] vector
space V ) i.€.,

Ve = (wi(2) me(Tz). (o) [ k= 1,2,3 and Z € £5°7) + (7.108)
Similarly, the Q[ir*]-algebra of functions can be defined as
ALY = Q[in*!] ®g QM(I'o(2)) ®¢ G5, (7.109)
where
GS™ = (959" (Z,j - 1123) | m 2 0,k > 0 and Z € L5 >@ . (7.110)

Note that the algebra’s only constants are in Qlin™] and it is differentially closed.
Iterated integrals of the forms in ngs) evaluate to elliptic polylogarithms and iter-
ated integrals of modular forms. One can show that these are linearly independent
over Fu* = Frac(C ®g Ae'2)) (cf., e.g., refs. [314, 315,322, |325]), from which
it follows that Vo™ N dFL™) = {0}. So the system is in C-form.

Since the sectors that we need to express on a specific torus (l and A) decouple
from each other and only couple to themselves and the entries that can be written
on either torus (e and #), one can iteratively express the one-forms such that upon
evaluating the iterated integrals at each order in € are only elliptic polylogarithms
and integrals over modular forms related to the same torus. We can make the choice
such that there are no iterated integrals over Kronecker-Eisenstein kernels related
to different tori. Though this is a local choice and needs to be done separately for
every integral and order. This allows us to easily extend the C-form discussion to
the full kite integral family.

Example 7.2 (The Kite Integral Family in C-form). The forms appearing in the
connection matrix B of the full kite integral family are the same as the ones in
the (123) and (345) sunrise integral’s connection matrices albeit with additional Z
arguments and we can organise them in two vector spaces:

VIR = (Wl (2), (o) m(azs)) [ K = 1,28 and Z € £029) - (T.111)
VO = (wi(2), me(Taas)). () [ = 1,2,3 and Z € £57) -+ (7.112)
Additionally, we define
v, = y(123) q y(345) (7.113)
Similarly, we define the Qlin*] algebras of functions:
AU — Q[ir*!] @ QM(To(2)) ®g G2 (7.114)
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AP = Q[ir*'] ®g QM(Ty(2)) ®g G, (7.115)
where
G23) — <a§g<m>(z,j Tioz) | m>0,k>0,j=1,2 and Z € L<123>>Q (7.116)
GO = (9kg"™(Z,j - Ti35) | m > 0,k > 0j = 1,2 and Z € £<345>>Q . (7.117)
Finally, we define
A, = Q[ir™'] ® QM(Io(2)) ®g G ®g G C A1) g AB® | (7.118)
From this it follows immediately, that
f4} = Frac(C ®q Aﬁy) C F23) @ Fzas) - (7.119)
This implies, that
Vo NdF, C (VO @ VE9) N (dF 13 & dFaas)) (7.120)
and the right-hand side of this can be decomposed into:

(V(mg) o V(345)) N (dF (23 © dFaas)) = (7.121)
(V(123) N df(123)> &) <V(123) N d]:(345)> S>) (V(345) N d./—"(123)) b (V(345) N df(345)> .

The arguments of Example[7.1] still apply to the objects defined on the same torus,
as they did not rely on the specific value of the considered Z wvalues, so:

(V(m) N d]:(m:;)) = (V(345) N df(345)) = {0}. (7.122)

On the other hand, the mized-torus intersections can only contain {0}, as they are
intersections between forms in different coordinates

(V(345) N df(123)> = <V(123) N d]:(345)> = {0} (7.123)
We conclude V__NdF C {0} and since these spaces must contain 0:
V,ndF, =0 (7.124)

Due to the splitting of the two tori, we trivially find that the forms split into
ones defined on either torus. We see that in this example the e-form differential
equation we obtain is in C-form. This is what we would expect, as it can fully be
expressed in terms of multiple polylogarithms. It would be interesting to look at
an example, where we can not prevent mixing and have iterated integrals over both
tori.
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7.4 Boundary Value and Integration

In the remainder of the chapter, we provide a boundary value and comment on the
solution of the canonical differential equation we obtained. This includes check-
ing some of our results numerically but also comments on obstacles in existing
numerical implementations.

Boundary value

For the boundary value Xy € K, we choose a point in kinematic space, where all
master integrals are finite, namely:

m;=m>0 and p*— 0" V. (7.125)

In the neighbourhood of this point, our coordinates approach X; — 1 for ¢ # 0 and
Xy — 0+.|Z| In the torus variables, this means:

F(123) _ (345)

=100,
b O« Y= 245 1
z£125) _ 25125) _ 24(1340) _ ZE()MO) =3 (7.126)
‘ 1
Z£123) _ Zélzs) _ 25345) _ 25345) =5- 100 .
Explicitly, the vector of master integrals at X 0 evaluates to:
3J: 3J. 3J: 3J:
J0:€2<J17\/_ 2707_\/_ 2’\/_ 270’_\/_ 272,\/§J2707Z'\/§J2,0>7 (7127)
Ly 2 0 4 2 U 1 % <
x8 X2 x2 X3 X9

where J; = 111000 and Jy = I11100. We find that all 30 of the master integrals
in (2.46|) can be found by evaluating the following two

J1 = ]171,070,0(2 — 28, Xo) = GQWEMSFZ({:‘) (7128)
2w\ —€ i —2im\ —€ i m
J2 = [1’171’0,0<2—28;X0) = N[ <—€23 ) FE (QT) — (—6 23 ) FE <—2T> +gi| y
(7.129)
_ e?EMET(14-2¢) _ 3il2(e+1) 2
near Xo. Here, N = (—1)1+T%+€E and F€<Z) = W;JFDQF1<—2€7—E, 1 - g, e )

An explicit e-expansion of these integrals (7.128) and (7.129) is known and can be
obtained from the identity

o) (—2¢,—&;1 — g;2) = 1 + 2%Liy (7) + &° [2Li3 (z) — 4Lig; (2,1)]
+ &*[2Liy (z) — 4Lig; (2, 1) + 8Lig1,1 (#,1,1)] + O (€°) .
(7.130)
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Elliptic multiple polylogarithms

As we have already expressed the canonical differential equation in Eisenstein-
Kronecker forms, it is straightforward to integrate them to elliptic polylogarithms.
On the other hand, numerical evaluation of these functions is less straightforward
due to a lack of efficient packages. Another challenge is that similar to Feynman See also:

integrals that evaluate to MPLs, we often want to evaluate the integrals at points We define and discuss
. . elliptic polylogarithms
near or beyond the boundary of their region of convergence (see, for example, [200]). | ‘s..iion B13

For the kite master integral, this situation appears when the differential equation

is solved for finite 7 values starting from ([7.126[). Since 251123) = zém) = 25345) =

345 . : : .
zé 5) = % — 400 remain unchanged, the leading-order solution is

9
2 i 123 123 123 123 123 123 123 123
H=30ado ([0457 olr] —2 [l abty] — [a), olsy] +2 (247, 9453 )
j=6

(7.131)
13
j 123 123 123 123 123 123 123 123
+ Z Aio,n( [Qé,j,l)v Qé,z,l)} —2 [Q(z,j,l)a Qé,zz)] - I:Qé,]ﬂ)’ 9515,1)} +2 [Qé,m), 95,5,2)} )
j=10
+ ((123) ¢ (345)),
where AJ = (=1)%»H05m Q| = w, (LY, ¢ 74) and
T t1 tk—1
[wl,wg,...,wk] = /U)l (tl)/wg (tg) / Wi (tk) N (7132)
100 100 100

Any singularities due to the endpoints can be treated with tangential base point
regularisation [19, (172, |193] 324]. Once rewritten, for instance, in terms of ELi-
series (see (3.172h)) — in order to evaluate the result numerically — the expression
fails to numerically converge. This divergence naturally occurs because the solution
involves a series expansion that extends beyond its radius of convergence. In this
specific case, the issue is resolved by leveraging the quasiperiodicity of the g-kernels
in 7 (see [8, eq. (13.200)]). Moreover, such divergences do not appear in subtopolo-
gies with three or fewer propagators, as these correspond to master integrals that
do not depend on the additional punctures Zi123) = zéug) = z§345) = 25345) = %—ioo.
Specifically, we observe that the sunrise contributions, after performing the 7 inte-

grations, align with [92, eq. (106)], as expected.

Numerical checks in the soft (p?> = 0") regime To avoid this need for analytic
continuation, we choose to perform the numerical integration in the soft region,
i.e., within the limit p> = 0. We first integrate the differential equation from
to finite values of 24(1123), zél%), z§345) and 25345), for example, setting 251123) =
zélQB) z§345) = 25345) = %, while keeping everything else constant. A practical
advantage of evaluating the integral at fixed 7(1%%) = 70%) = joo is that along the

(123) (123) (315)

path 7, which follows the straight-line parametrisation z, = = 25 = = 2;" ~ =
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z§345) =t with ¢ ranging from % — 100 to %, the matrix elements take on a purely
trigonometric form, and the resulting iterated integrals combine in a non-trivial
manner to yield finite expressions. This allows for an efficient numerical evaluation
using MATHEMATICA’s NIntegrate[] function.

The mapping between the space 91 = Mﬁ{é” X Mfé‘s), which is parametrised
by the moduli spaces of the two tori, and the kinematic space K_g is not globally
invertible. One reason for this is that the mapping is not surjective: while 91 is a
10-dimensional space, K has only five dimensions. Thus, the transformation to

the tori is not an isomorphism. For example, the point

(123) _ (345)

T = = 100,
(123)  _(123) _ _(345) _ (345) 1

A =n = = =g, (7.133)
12: 12: 5 5 1

21(1123) _ Zéms) _ zf%) _ 2534() =5

which is reached after integrating along vy, does not correspond to any (complex)
point in KC_ . As a result, the numerical outcome differs from the master integrals
evaluated over K_ , instead representing their extensions to 9. This practical
limitation makes direct comparisons with software such as PySecDec [325] infeasible
for certain coordinate values in 901, including . Nevertheless, we can validate
our results by going from to points in 9 that are contained within &C_ .
By constraining ourselves to the submanifold of 9t where 7(1%%) = 703%) = joo,
we can obtain numerical values efficiently using the same method as described
earlier, namely by successively integrating along straight-line paths in 901 with

NIntegrate[]. For example, evaluating the master integrals at the specific point

‘ ‘ ‘ ( 1 ‘ ( 1
7_(125) _ 7_(545) — oo, ZEle) _ 24(1345) =, 5125) _ 25(,345) =,
4 2 (7.134)
(123) _ (345) 2 log(iv2 + \/g) (123)  (345) ilog(8 + 3\/7) .
2y =2 == - I = 29 = o )

which corresponds to X = {Xo, X1, Xo, Xy, X5} = {07,1,2,1,2} in K, yields
results that match the PySecDec predictions at both leading and sub-leading order
in . Similar consistency checks were performed successfully for multiple points
within the soft region.
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Chapter 8

Massless Feynman Integrals in 2D

In this chapter we consider massless Feynman integrals in D = 2 dimensions
expressed in complex coordinates as in eq. . The integrand is holomor-
phically separable, i.e., it can be written as a product of a holomorphic and an
anti-holomorphic form in the complex spacetime coordinates & and their complex
conjugates . Explicitly, we define the L-form

L n;
int 1
/\ : EW,A)% (8.1)
and write the two-dimensional integral of eq. (2.20)) as
_ 1\~
IS\ = (-1)"% (——) / AP 8.2
S0 = (0 (<55) [ wanze (52

For generic exponents v, the form ¢¢ is multi-valued but due to the combination
with its anti-holomorphic version in eq. , the integrals are single-valued. Con-
sequently, such Feynman integrals should be expressible in single-valued versions of
twisted periods. The functions ¢; that constitute the propagators are linear in the
complex internal spacetime variables . Thus, the varieties defined by ¢;(x,y) =0
are hyperplanes in the complex affine space C*. The Feynman integrals of eq.
are single-valued versions of Aomoto-Gelfand hypergeometric functions.
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We discuss this interpretation in detail in Section [8.1] and illustrate it with several
examples. In Section [8.2] we explain how specific two-dimensional integrals — the
conformal fishnet integrals — can be computed with tools from the study of Calabi-

Yau manifolds.

& Section is based on published results , which were obtained in

collaborations with Claude Duhr.

& Section briefly summarises previously published results , , , which
were obtained in collaborations with Claude Duhr, Florian Loebbert, Christoph

Nega and Albrecht Klemm.

Contents of this Chapter

I8.1 Single-valued Hypergeometric Functions| . .. .. ... 224
8.2 Conformal Fishnets as Kahler Potentials/ . . ... ... 229
8.2.1 Conformal Fishnets in 20 as Kahler Potentialsl . . . . . 229
[8.2.2  Fishnets as Quantum Volumes| . . . .. ... ... ... 234
8.2.3 Relations Between One-Parameter Fishnets . . . . . . . 235
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8.1 Single-valued Hypergeometric Functions

As noted above, Feynman integrals in two dimensions can be interpreted as single-
valued versions of twisted periods. More specifically, they are related to single-
valued analogues of Aomoto-Gelfand hypergeometric functions and we make this
relation explicit in Theorem first presented in [36].

Theorem 8.1. Let G be an L-loop Feynman graph with massless propagators that
defines an integral IS (X) of the form given in eq. , i D = 2 dimensions, with
non-integer propagator weights v; that satisfy ve, = — Zj vj. Then G determines
twisted de Rham (co-)homology groups and the value of the integral IS (N) is given
by the single-valued version of a twisted period of these (co-)homology groups which
is a single-valued analogue of an Aomoto-Gelfand hypergeometric function.

We start by explaining how to extract the relevant data to define the twisted
(co-)homology groups. We already explained how to associate a relative twisted
cohomology group with a Feynman integral family in Baikov representation in
Section [4.4] The approach here is different: The dimension is integer, so the multi-
valuedness does not arise from the dimensional regulator € but instead from the
non-integer (or even generic) propagator weights. Due to these, the integrand has
no unregulated poles. This choice of dimension and parameters also allows us to
simply deduce the twisted (co-)homology groups associated to the Feynman integral
directly from its momentum (or respectively position space) representation.

The two-dimensional Feynman integral of eq. is fully characterised by the
multi-valued (L, 0)-form ¢¢ defined by the graph. All factors ¢;(x) of p¢ define
hyperplanes in the affine complex space C and thus ¢g is the integrand of an
Aomoto-Gelfand hypergeometric function. We split off the multi-valued part as
the twist and write

L nj
int 1
g = g @ with o, = /\ do; and &g = _—. 8.3
A= ey (&)
Based on this data, we define
Xo=C" = J{g(z.A) =0}, (8.4)
J
and
Ve =d+dlog®q A-. (8.5)

This data defines the twisted cohomology group HY; (Xa, V) associated to IS(X)
and we can write the integral of eq. (8.2) as

50 = 0" (0 ) [ e oun. (5.6)
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This is a single-valued Aomoto-Gelfand hypergeometric function as defined in
eq. (4.191)).

Theorem implies that every Feynman integral with massless propagators of
non-integer weight in two dimensions can be expressed as a bilinear in holomor-
phic and anti-holomorphic Aomoto-Gelfand hypergeometric functions. This follows
from the double copy construction for single-valued versions of twisted periods that
was given in eq. based on |7, 248, 249|. This was observed in several special
cases before. For instance, four-point functions in conformal field theories [326] and
Feynman integrals emerging from a specific two-dimensional conformal field the-
ory [327] commonly evaluate to single-valued versions of hypergeometric functions.
In [328] specific fishnet integrals in two dimensions are expressed as single-valued
combinations of hypergeometric functions. The D-dimensional massless kite inte-
gral in position space was computed in [329] and this computation revealed that
in two dimensions, the integral is holomorphically separable. Theorem explains
all these findings from the literature and extends them. Specifically, it establishes
that holomorphic separability and single-valuedness are generic properties of Feyn-
man integrals with massless propagators in two dimensions not limited to certain
Feynman integrals in conformal field theories. This observation aligns with results
from string theory, where certain closed-string integrals evaluate to single-valued
versions of twisted periods [6, 266]. In [330] a recursion is presented that allows
one to lift such two-dimensional results to four dimensions.

Examples
We illustrate the above discussion with several examples.

Example 8.1 (Massless Banana Integrals). As a first class of ezamples we consider
massless banana integrals in two dimensions, i.e. the integrals of Example[2.10 with
m; — 0 for all i:

Ibanana,L<p) _ <_L)L/ /L\dg /\dz
v 2ni) Joa \I}77

with by =0 and {11 = p. For L =1 we find:
Lt (p) = [p|* 72 521 — v, 1 — wy) (8.8)

with Viy...,, = Vi, + ...+ v, and %V the single-valued Beta function of eq. .
Using one can express the massless one-loop banana integral as a ratio of
Gamma functz’ons.ﬂ To obtain higher-loop banana integrals, one can integrate the
loops recursively and obtains

L+1

1
jl:[l |61 — 42 57

L
[Banana,L(p) _ ’p|2L72z/1...L Hﬁsv(j — v, 1 — Vj) . (89)

j=1

All massless banana integrals in two dimensions are products of single-valued 3
functions.
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Example 8.2 (Planar One-loop Integrals in Position Space). We have already
found an expression for the one-loop bubble in two dimensions in eq. , but
one can in fact determine all one-loop massless integrals in two dimensions. We
consider graphs in position space that are given by a star with N external vertices

(see figure[S8.1)).

Y1 Y2

Figure 8.1: A star integral in position space corresponds to a one-loop integral in
momentum space.

The corresponding integrals are

1 1
Star) (y) = deo AdTy | | ——. 8.10
ary (¥) 27 o oo H |x0 — yj|* (8.10)
Note that in this case, the momentum space integrals take the same form [331).
The half-integrand

dz

N 0

saStar - - (811)
Hj'vzl(xﬂ — y;)"

resembles the integrand of a Lauricella’s Fl(jN_Q) as defined in eq. (4.174)). In order
to write the integrals in eq. (8.10) as single-valued Lauricella functions, one needs
to perform a coordinate change that generates a constant prefactor and we find:

Star) (y) = (8 12)

— SU _ _ L~ ~
= D(l 1/1,V3,...,VN,2 V127y1,...,y]v_2) ’yl y2‘2V12 5 H ‘yl —yJPVJ 5

with y; = % Thus, every one-loop integral can be expressed as a bilinear in
Lauricella ]_-l()N—z) functions via eq. (4.139). Ezamples for N = 3,4 are the triangle
and box integrals, which are expressible as single-valued hypergeometric oF) and

Appell Fy functions.
Stars, (y) = lyr — v 722 |yr — ys| 7 2 F70 (1 — w1, 3,2 — 123 d1) (8.13)
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Stary, (y) = lyr — v2* 722 [yr — sl ™2 [yr — yal 7 FY(1 = v, v, 04,2 — w125 01, G2 -

(8.14)

The single-valued versions of these functions are given in eq. and
as bilinears in the respective hypergeometric functions. As noted in Section
if Z;VZI v;j = D = 2 the integral transforms under the conformal algebra in two
Euclidean spacetime dimensions with conformal weight v; at each external point.
Then, the Lauricella F](DN_Q) functions that one initially associates to the one-loop
integral can be written as Lauricella F](DN_?’) functions. As an example for this, we
consider the five-point integral

1 do A di
Star’ (y) = —— To 2T . (8.15)

2714 3 4
e (Hi:1,2,4,5 |20 — ?JZP) ’ |20 — 3/3|g

This integral arises in the computation of conformally invariant fishnet integrals
with cubic vertices [37]. If we multiply the integral by the factor |y, — y3|§|y2 -
yg\g\m - y5|%, it becomes conformally invariant. We may then use a conformal
transformation to fix (ys, Yy, ys) = (00,0, 1), and obtain:

de’O AN di’o

Ya

Y3

1 2 2 2
Stary (y) = 5 Y1 — ys|3|y2 — ysl3|ya — ys|3 /

:’ R ;g ) | v (1,2,2, 2,u1_1,u2_1> (8.16)

(1 — ya)2(y2 — ya)*(ys — y5)* 3’3 3°3
_ V3uiug | (y1 —ys) (Y2 — y3) (ya — y5)°
2 (g1 —ya)* (Y2 — ya)*(y3 — ys)*

(yi — y4)(ys — ys) ’ (8.17)

and assume uy,us > 0.
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Example 8.3 (Ladder integrals). For a last example we consider the ladder graphs
in position space as depicted in figure[8.9

yg — 0

VL+1 V2L+1

1 Yi1—Y2

— 1 — 1y - =
Yo Y1 Y Yo —Y2

z z2 Tr—1 xy,

Figure 8.2: Ladder integrals in position space constitue an L-loop class of one-
parameter fishnet graphs.

Their integral representation is

_y2L+1 y
Lad) (Yo, y1,42) = lyo — yo| "G50 1) [y P20 (8.18)
1\ . L L
_ —2v —2v; —2Up4 s
X (‘%) /(CL (/\ dz; Adxz’) |1 —yay |70 H o Il R 1 R
=1 7=1
where we defined y = % In the one-loop case, L = 1, the ladder integral is

the three point function Stars. Comparing to eq. (4.197)), we find that the ladder

integrals in two dimensions amount to single-valued ,J3* functions and in particular

L(L

—1) 2L+t v SU
Ladﬁ(yoayb,%) =(—=1)"2 |y — f92|2(2 Lizt ’)|y|2 At Fi(a,by), (8.19)

where the a; and b; are given by:

2L L+i

ap = Vor i1 andai:L—i—i—l—Zl/j—I— Z vj fori >0, (8.20)
j=i j=L+1
2L 2L L+i—1
61:L+1—Zujandbi:L—z’+2—Zl/j+Zujf0r2'>1. (8.21)
ey j=i j=L+1

A particular type of ladder integrals, originating from conformal four-point func-
tions, was explored in ref. [328]. The two-loop ladder integral was computed in
ref. [329] under the condition yo = y; for any dimension D, and we confirm this
result specifically for D = 2. Interestingly, it was noted that in D = 2, the outcome
can be expressed as a bilinear in 3Fy functions. Our findings demonstrate that this
observation is not merely coincidental but rather a direct consequence of our general
Theorem [8.1], which, when applied to this particular graph, yields the expression:

Lad® (yy, 1) = (8.22)
5,

= —|y1 — | == Fy (15,2 — vioa, 1 — 12,3 — V1934, 2 — vaa, 1) . (8.23)

Furthermore, eq. extends the results of refs. [328,329] to ladder integrals with

an arbitrary number of loops and general propagator powers.
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8.2 Conformal Fishnets as Kahler Potentials

For the remainder of this chapter, we consider specific massless two-dimensional
Feynman integrals: The conformal fishnet integrals of Section [2.4.3] In particular,
these integrals take the form given in eq. and as discussed in the second
part of Section [3.5] their conformality allows us to associate a CY varieties to these
fishnet integrals.

8.2.1 Conformal Fishnets in 2D as Kahler Potentials

Our goal is to compute the integrals of eq. (2.20)), which can be written as

/ L1, d I dv (8.24)
v/Pal(z, A) 1/Pg(a},)\)

with Pg(a,A) the polynomial of eq. . Of course, these specific conformal
fishnet integrals are still just a special class of two-dimensional integrals as discussed
in section and thus, computing them still just means computing single-valued
versions of periods. The specific class of integrals considered here is related to
Calabi-Yau families defined by the polynomial equation in eq. . This poly-
nomial Pg(x,A) is a function of the external parameters A and the CY family is
labelled by these parameters.ﬂ Due to conformal invariance, we expect the inte-
grals to evaluate to non-trivial functions ¢(x) in cross ratios x, up to an algebraic
function Fg(A) that carries the conformal weight, as stated in eq. . This split
is not unique. We define Q¢ (x, x) to be a normalised version of the the (L, 0)-form
Q(x) of eq. — where the normalisation is chosen as in Definition 4.3. of
ref. [332] — such that Qg(x,x) only depends on the cross ratios x. The function
F(A) € Q(A) lives in an algebraic extension of Q(A) and is determined by the
chosen normalisation. Then the non-trivial part of the integral in eq. is

N4
600 = [ C0HR(F) 200 AT = KYL (s2)

where M denotes the fiber over the point x and K(x) is the K&hler potential on
the complex moduli space M, of the CY family parametrised by x. For a family
of CY L-folds parametrised by x, the single-valued function ¢(x) can be computed
as a bilinear of the periods IT(x) of the CY variety:

d(x) = (—i)" TI(x)'=II(x) . (8.26)

Here, this vector of periods II(x) is

II(x) = 2—§</FQG(:E,X),...,/F Qg(w,x)> with by, = dim[Hy (M, Z)], (8.27)

0

where the I'; label an integral basis of the middle homology Hy,(M,Z). Addition-
ally, we denote by X the integral intersection form. Note the similarity to the
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bilinear expression for the single-valued periods in eq. (4.139). Thus, to compute
the fishnet integrals of eq. (8.24)), we just need to compute the periods and the
intersection matrix and we summarise this finding in the following claim:

Claim 1: For every L-loop fishnet graph G, there exists a family of CY
L-folds Mg with a holomorphic (L, 0)-form Qg such that

I6(A) = (=)' TI, =T, (8.28)

with Tl = Fo(A)TI(x) and the PFI is generated by Aut(G) - Y (sly(R)).

Determining the PFT for a fishnet integral from the physical and graph symmetries
is a central part of using this expression to compute fishnet integrals. The periods
can be computed as solutions of this PFI, as described in Section Since the
generators of the Yangian operators annihilate the periods, they should also be
contained in the PFI of the fishnet integral family. In many cases these generators
by themselves are not sufficient to generate the full PFI. Yet, we find that we can
supplement them with additional operators to obtain the PFI in many cases: The
group Aut(G) of automorphisms of G acts on Y (sly(R)) by permuting the external
points \; and the PFT also contains these operators. Those are the ones needed to
generate the full PFI. In simpler cases, we can also find the PFI constructively from
the integral representation of one period: We make an ansatz for its generators and
then solve for their coefficients by requiring that the operators annihilate the period.
For our examples, we find that the two approaches agree, though the information
from the symmetries is invaluable for more complicated graphs. Every solution
vector IT(x) satisfies a set of quadratic relations eq. . From these relations
one can obtain the intersection matrix 3. We illustrate this approach with several
examples, particularly in the single-variable case. More examples can be found in
(37, 138].

Four-point Square (V' = 4) Fishnet Integrals

We focus on the special case, where we have V' = 4, i.e. a square tiling, and just
four external points and respectively one external cross-ratio x = x, which we
choose to be

e — ) — )
Y =) =)

(8.29)

These fishnet graphs are depicted in figure [8.3
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A2

As | M

A4

A
4

N

Figure 8.3: A generic one-parameter fishnet graph in position space with a square
tiling has four external points.

Besides the value of their external points and in particular of the associated
cross-ratio, they are characterised by the number of internal vertices on the hori-
zontal axis (denoted N here) and on the vertical axis (denoted M here). We label
objects associated to these specific fishnet graphs with the indices M, N, e.g., Py n
for the polynomial formerly denoted Pg and similarly Fis n(X), Qarnv(x), v (X)
and ¢ n(x). As indicated in eq. , we can then compute the non-trivial part
of the integral by

Sarn (x) = (=) Ty v () ST (X) (8.30)

Determining the Picard-Fuchs Ideal Here, we explain how to find the Picard-
Fuchs ideal for a one-parameter family given a single period in integral represen-
tation obtained from the graph. First, we perform a conformal transformation in
the parameter space to set Ay = 1, Ay = 0,\y = co. Then, we can identify the
cross ratio in eq. as A := A3 = x. To obtain the integral representation
of a specific period, we choose a cycle and a differential. In particular, we choose
the differential 257 5, which is the unique holomorphic differential defined from the
Feynman integral. For the cycle, we can choose an L-dimensional torus and thus
we have to compute an L-dimensional residue:
¢

conl. 1
M no(2) = j{ZQM,N —%7{ [[dzi ———. (8.31)
T T

trans. L =1 pM’N(x7 X)

Here, IADM7 ~n(z, x) denotes the polynomial after the conformal transformation that
sets the external parameters to 0,1, 00 and . This integral can be calculated as a
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Laurent series by using the Taylor expansion of a square root

11_ u i (222) (%)i o ful <1 (8.32)

1=0

on every linear factor of the polynomial f’M7 ~(x, ) separately and then computing
the residue. In this way we obtain a Taylor series representation for the period

close to A = 0:
Marvo(X) = 374 v (8.33)
i=0

3That means, we make Now we can determine the Picard Fuchs operator by constructinﬂ the operator
an ansatz for this op- @), v of minimal degree that annihilates ®; yo(x). In this case, we know, that

erator and then solve o Picard Fuchs ideal consists of a single operator..
for the coefficients by

equiring that it anni- ‘ .
L??;lgsmihe lle;io;mi:e Example 8.4 (L = 1 loop Fishnet Integral). For L = 1, we consider the graph
have determined. depicted in figure .

A1

A4

A2

8@

A3

Figure 8.4: The one-loop fishnet integral in position space is a cross and its mo-
mentum space version is a box.

The corresponding integral falls under the category of the star integrals of eq.
and we explicitly computed it as the multiple of a single-valued hypergeometric oI
function for gemeric propagator weights in eq. . For the specific parameter
choice of this section (i.e. with propagator weights % for conformality), we can
also consider the integral family as a family of Kdhler potentials of Legendre el-
liptic curves. Their periods can be expressed in terms of elliptic integrals. In

4In particular, we take  particular, if we take a mormalised versiorﬁ of the basis of example we find

A = x~! and we nor- 01 . .
malise with L IL10= %(K(X), K(1—x)7T and T = (1 O)' Then the conformally invariant part

X
takes the form [328, 335):

61100 = 5 [KOOKI— ) + KWK~ )] = 5K Imr,  (834)

and Fy1(a) = 7/v/Aadsa. Here 7 = iK(1 — x)/K(x).
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As a second class of examples, let us consider the ladder integrals, i.e., one-
parameter fishnet integrals with M =1 as depicted in figure 8.5

)\1‘ .)\3

N

Figure 8.5: Ladder integrals in position space.

Example 8.5 (Ladder Integrals). For ladder integrals, the loop number is equal to
the dimension of the CY warieties they are associated with:

In the one-parameter limit that we consider here, a ladder integral corresponds to
the hypergeometric system defined by the Picard-Fuchs operator (see also ref. [334])

1\ N+
@N = @LN = in—H —Z <92 + 5) 5 (836)
with the Riemann P-Symbol
(2 1 )
00 1
01
P=q.. : : (8.37)
0N—-1 3
-1t

This differential operator Oy has a MUM point at x = 0 and the holomorphic
solution at this MUM point is

I = 2 "= ynF (- U IO ¢ ) . 8.38
N,O(X) ;( Z) X N+14L'N 27 72a ) , L3 X ( )
We formally introduce

Ho,o(X):i(iZ) (%): 11_ . (8.39)

=0 X
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Note that by(Mi n) = N + 1 and the Hodge numbers are:
WNEEMyN) =1, k=0,...,N . (8.40)

We choose the rank N + 1 intersection matriz of My n as

s (° Kap N odd Sy = 8 ;
NZ\ Ky 0 )7 O A
2

Ky
0 ], N even,
0

2

(8.41)

From this information, we can compute the ladder integrals using eq. (8.28). Our
results agree with known results and numerical evaluations of these integrals.

For example of multi-parameter fishnet integrals and different tilings, see also
[37, 138]. Note that the tilings with 3 and 6 edges entering the vertices are related
by star-triangle relations.

8.2.2 Fishnets as Quantum Volumes

Here, we briefly summarise how to interpret the fishnet integrals expressed as mul-
tiples of the exponential of the Kéhler potential as volumes. An obstacle for this
interpretation is that we do not have a distinguished metric on M. While a point
A fixes ¢, and thus the complex structure, there is still freedom to define a Kéhler
form, and thus a metric, on M. We now demonstrate that a volume interpretation
can be achieved through mirror symmetry. As G determines a complex structure
on Mg via Qg, mirror symmetry associates a Kahler form wg € H"'(Wq) to the
mirror. By choosing the coordinates A such that M has a MUM-point at A = 0,
we obtain

wg = Ztﬂéi(z) w® (8.42)

where w® forms a basis of H'"'(Wg), and the t%(2) = Imt;(z) are determined by
the mirror map of Definition [3.15] The Kéhler form can then be used to define a
volume form w§/L! on Wg, and the classical volume of W is given by

WG
Vola(We) = / “o (5.43)
Wa :
1 C
=77 > il th(2) i (2), (8.44)

U1, ,0L

where the Cf _; are the (classical) intersection numbers of Mg, which can be

computed explicitly.

Example 8.6 (One Loop Fishnet Graph — Volume Interpretation). In the way
described here, we can interpret the one-loop fishnet integral of example as a
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normalised volume. In particular, Volay(Wh 1) = tﬂél [(2) = Immy, which corre-
1,1

sponds to the area of the fundamental parallelogram (uﬁ'th sides (1,11)) defining the
elliptic curve WGil associated with the one-loop fishnet graph. Comparing this with
eq. we find that the one-loop ladder integrals are proportional to the classical
volume of the mirror C'Y:

6110) = 5 KOO Volu(W1) (8.45)

2
The prefactor, which is proportional to I, 1 o, sets the overall scale.

The same observation holds for multi-loop (and even multi-parameter) train-
track integralsﬂ However, starting from three loops, the exponential of the Kahler
potential is no longer proportional to Voly(Wg). This is expected, as it is well
established in string theory and mirror symmetry that for L > 2, the volumes of
CY L-folds receive instanton corrections of the form e~%. These corrections are
incorporated in the quantum volume of Wg:

Claim 2: The function ¢¢(x) is determined by the quantum volume of the
mirror CY W of the graph’s CY Mg:

da(x) = Meo(x)[* Voly We) - (8.46)

One can pose the following requirements for a volume

1. It is real and positive.

2. In the limit A\; — 0 (or equivalently, in the large volume limit ¢} — o00), it
approaches the classical volume given in (8.43]).

3. It is monodromy-invariant, meaning it extends uniquely over the complex
moduli space — the distinguishing quality of the single valued version of a
period.

In (8.46), Vol (W) satisfies 1. and 2. but not 3. In the normalization e o(A) =
14 O(A), one could alternatively define ¢¢ itself as the quantum volume, fulfilling
1.-3.. Thus, we interpret ¢ as the calibrated volume, as it has all three properties.

8.2.3 Relations Between One-Parameter Fishnets

We focus here again on four-point square (V' = 4) fishnet integrals, as depicted in
figure [8.3] We briefly sketch how the properties of the associated CY families and
in particular their PFI can be used to obtain relations between these integrals. For
a detailed discussion we refer to [37].

Periods and Operators for Ladder Integrals

The ladder integral operators @; y = Oy are given in (8.36)). The holomorphic
periods annihilated by these operators take the form given in (8.38]).
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Hadamard products With the Hadamard product * defined as in (3.116)), we
see that

HN,O = Hp70 * Hprfl,O R 0 < P < N -1 s (847)

Thus, the Picard-Fuchs operators can also be constructed iteratively as Hadamard
products:

Oy =0, % Oy_p1 =0+ Oy_; =0}V 0<p<N-—1. (8.48)

Symmetric Square Every CY operator of degree 3 is equivalent to the sym-
metric square of a CY operator of degree 2 [321, 335, 336]. In that sense, we
find

0y = Sym?*(0y) . (8.49)

In particular, we can deduce from this result that the periods of the two-loop
traintracks can be written as symmetric products of the on-loop traintrack periods,
which are functions of elliptic integrals K.

Periods and Operators for One-Parameter Fishnets with M > 1

We find empirically — by computing the holomorphic periods up to (M, N) = (2,4)
and (3,3) — that

Marvo(2) = DS (2) (8.50)
where we set W := M 4+ N — 1 and — as in eq. — define
O,y (2) e iy, (2)
DMy mdet [T T G TS i)
Ml () - O, (2
(8.51)

Thus, the Picard-Fuchs operator of the CY My is the M™ exterior power of a
certain ladder operator Oy,

Oy ~ AMOy ~ AN (8.52)
This relation also shows that O,y and Oy s are equivalent:
Oun ~ A0y ~ AV MOy = ANOy ~ O, - (8.53)

This implies that two one-parameter fishnet graphs that are just rotated versions
of each other differ by a simple prefactor — as one would expect: M,y and My as
share the same periods, differing only by multiplication with an algebraic function
of x. Furthermore, this symmetry allows us to focus solely on the cases where

M < N. Finally, from eq. (8.52)) and eq. (8.53)), we deduce that
Omn ~ AMOparen-1 (8.54)

where without restriction of generality M < N.
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Intersection Matrices

We have now seen, how the Picard-Fuchs operators and periods obtained from
different one-parameter fishnet graphs can be related. The fishnet integrals them-
selves are by computed as bilinears of periods with the intersection matrix
3. Thus, in order to understand what the aforementioned relations imply for the
fishnet integrals, we also need to understand how the intersection matrices Xy n
for My n of different graphs are related. The intersection matrices of ladder in-
tegrals take the form given in (8.41)). In fact, even for M > 1, we can obtain
an object that in our applications takes the role of the intersection matrices from
intersection matrices of smaller graphs and in particular ladders:

(Sarw),, = det [Sw (1, )| = det [ (Sw), | o, - (8.55)

The derivation of this relation can be found in [37] and relies on understanding the
relations between the respective periods.

Basso-Dixon Relations

From the objects defined above, we write down the following expression:

o (X) = (=) DI(R) (Buw),, DY (0. (8.56)

We find experimentally, that for all tested cases, these expression agrees with the
one obtained directly from . Thus, we can express fishnet integrals as bilinears
of determinants of periods. On the other hand, the Basso-Dixon (BD) formula
states, that they can be expressed as determinants of ladder integrals, i.e. as
determinants of bilinears of periods. We now demonstrate how the BD formula
in D = 2 dimensions emerges from the CY geometry. In the following e,,...q,,
denotes the Levi-Civita tensor of rank M i.e., the totally antisymmetric tensor in
M indices. We compute

det (05702 6w (X)) oy cns (8.57)
1 o o
= Meal"'aklgbl“'bM [0?—(1 10?(1 1¢W(X):| ce [H)ZM 1€§<M 1¢W(X)]
=iy

= Tgal”'a]\/lgbl"'bjw [9;171HW¢1 (X) (ZW) ; eililHW,jl (X)} Xowes

X [Q;M_lnw’iM <>_<) (Zw)izvij Qf(M_lHW’jM (X>]
_ (_i)MWQ [5 02 My, (%) - - - 0% My, (‘)} (E ) (E ) X
M ar-apx w1 (X X Wiia (X W)iin W ) intine

X [€b1...bM(9il_1Hle (X) ce Gf(M_ll'IW,jM (X)} .

We have, with J = (j1,...,7um),

1171

5b1~~bM9§<1_1HVVJ1 (X) T eiM_ll_[W,jM (X) = &g det (einwd(x))lgbgMJGJ (858)
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w
= Ej1dm DS )(X)a
and similarly for the anti-holomorphic contribution. Hence,
i—1pj—1
det (92 03, ¢W(X))1§z‘,j§M
AMW2 AW) | L w
= (—i)MW D} )(X) {Mgil.,.iMsjl...jM (ZW)iljl"'(ZW)z‘MjM] Df] )(X)
AMW2 (W) (o
—i)MW? det | (), |
(=) 1 () de ( W)” iel,jed
, 2 (W) /oy (S w
()" DI (%) (Barw) 1, DY 00

(‘i)MWQ i(MN)Q(bM,N(X) .

(8.59)

(8.60)

DY (x)

To summarize, we see that we have the relation:

iy () = (=) MMV TDE et (00103 Sarin 1 (X)) oy ey - (861)
The above relation allows the fishnet integral ¢ n(x) to be expressedﬁ up to
an overall constant factor, as an M x M determinant involving the derivatives
of the ladder integral with W = M + N — 1 loops. This expression is, in fact,
identical to the BD formula for 2D fishnet integrals presented in ref. . The
only apparent differences arise from our normalization of the ladder integrals and
the specific choice of the conformal cross ratio. Equation demonstrates that
the BD formula for ¢y y(2) in two dimensions is equivalent to the assertion that
Ou.n = AMOy. However, this statement has only been explicitly verified for low
loop orders and remains conjectural in the general case. Nevertheless, since the
BD formula was independently proven in ref. , it follows that Oy n = AMOy
holds for all values of (M, N). This relation also allows to find relations for the
quantum volume of the associated CY families due to .
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Conclusion

The unifying objective of the projects presented in this thesis is to develop a
deeper understanding of the mathematical structures underlying Feynman inte-
grals. The two central classes of objects investigated throughout are the geome-
tries and twisted (co-)homology groups related to these integrals. In particular,
we are interested in the interplay between these structures. We explore this both
through general considerations and through concrete examples of integral families
that illustrate interesting key features.

We summarise here the key points of the new results presented in this thesis,
which were obtained during the time of my PhD in varying collaborations:

e The twisted Riemann bilinear relations and (cuts of) Feynman in-
tegrals [Chapter : We explored for the first time explicitly and in detail
the role of the twisted Riemann bilinear relations for cuts of Feynman in-
tegrals. This study revealed that one can always find bilinear relations for
maximal cuts of Feynman integrals from these TRBRs and that many of the
existing bilinear relations in the literature are just manifestations of these.
Additionally, we found that for a basis of differentials in e- and C-form the in-
tersection matrix becomes constant in the external parameters. This finding
constitutes as step forward in understanding generic properties of canoni-
cal bases for Feynman integrals. Additionally, it provides a tool for finding
this basis in general, which we illustrate with several specific examples, most
prominently the hyperelliptic Lauricella functions.

e Canonical bases for hyperelliptic Lauricella functions [Chapter @:
We constructed canonical differential equations for Lauricella hypergeometric
functions associated with genus-one and genus-two curves using the algorithm
of [24] supplemented with our findings on the related intersection matrices.
Additionally we analyse the resulting function space. As these Lauricella
functions serve as a general model for maximal cuts of hyperelliptic Feynman
integrals, such as the non-planar crossed box family, this result is a first step
for the analytic computation of such Feynman integrals.

e Unequal-mass kite family [Chapter : We analytically computed the

240



Chapter 9

five-parameter kite integral family in D = 2 — 2¢, which constitutes the most
generic two-point two-loop scalar integral family that one can write down. In
particular we solved the problem of how to parametrise the kinematic space
of this integral family on the two related tori by integrating over maximal
cuts. Additionally, we systematically write the connection matrix in forms
on these tori.

e (Fishnet) integrals in two dimensions [Chapter [8]: We explored how
2D Feynman integrals can be computed as single-valued versions of Aomoto-
Gelfand hypergeometric functions and in particular as double copies of hyper-
geometric functions. Additionally, we found that conformal fishnet integrals
in two dimensions, which are related to Calabi-Yau families, can be computed
from periods of these Calabi-Yau varieties. This result allows us to study fish-
net integrals with geometric tools and properties of Calabi-Yau periods.

Whilst reviewing iterated integrals on the discussed varieties, we also briefly
mentioned ongoing work on a coaction-like map for iterated Eisenstein integrals.
Together, all of these results highlight the mentioned mathematical structures (can)
play for the computation of Feynman integrals. They provide new tools for iden-
tifying relations, constructing the canonical form and finding deeper algebraic and
modular structures. This is not only relevant for high-precision particle physics,
but also for amplitudes in gravity, cosmology, and string theory. Naturally, in the
computation of real world or phenomenological observables provides a variety of
different obstacles and the computation of multi-loop massive Feynman integrals
is merely a small piece of the puzzle.

At the same time there is a variety of interesting questions building on the
results presented here.

e There are many examples for canonical bases of Feynman integrals in the
literature. In particular, we have employed the algorithm of [24] supplemented
with our results on intersection matrices for several examples. This suggests
that it should always be possible to find a canonical basis, but it would be
interesting to prove this existence and in doing so to understand the generic
properties beyond well-understood examples.

e Beyond theoretical considerations, it would be interesting use the results on
the intersection matrix to find the canonical basis for more complicated ex-
amples.

e The parametrisation of Feynman integral families on complex geometries is
non-trivial but can be crucial as we saw for the unequal mass kite integral
family. It would be interesting to see whether the ideas applied there are also
applicable for other multi-mass Feynman integral families associated to one
or more complicated geometries.

e Having understood how to find a canonical basis for a model of the non-
planar crossed box maximal cut, it would be interesting to solve the full
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integral family, using the understanding on hyperelliptic canonical bases we
developed.

Thus, connection between mathematics and physics in theoretical particle physics
and specifically the integrals appearing in this field remains an interesting area of
study. With the results presented in this thesis, we made some specific contribu-
tions to this field and hope they will be useful for future researchers.
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Appendix A

Basic Objects in Mathematics

In this appendix, we collect definitions for some basic objects in mathematics that
appear in the main part of the thesis and are assumed to be basic knowledge.

Definition A.1 (Algebraic number field). An algebraic number field K is a finite-
degree field extension of the rational numbers Q. FEvery element of K s algebraic
over Q, meaning it satisfies a non-zero polynomial equation with coefficients in Q.

Definition A.2 (Sheaf). A sheaf F on a topological space X is a functor from the
category of open sets of X (with inclusions as morphisms) to a category (typically
sets, groups, or rings), satisfying the following conditions:

1. Locality: If {U;} is an open cover of U and two sections s,t € F(U) satisfy
sly, = tlu, for alli, then s =t in F(U).

2. Gluing: If s; € F(U;) are sections over an open cover {U;} such that s; and
s; agree on overlaps U; N U;, then there exists a unique s € F(U) such that
sly, = s; for alli.

In the context of twisted (co-)homology groups, we need specific sheaves:

Definition A.3 (Local System). A sheaf F is a local system local system if it is
locally constant and finitely generated, i.e., for every x € X there is a neighbourhood
x € U such that Fy =V, for some finitely generated k-module V.. We denote the
category of local systems of X by Lock(X).

In fact, the so-called geometries we study in this thesis are in many cases actu-
ally algebraic varieties, defined by some polynomials. In the simplest (and in this
thesis most common) case that means we consider algebraic curves.

Definition A.4 (Algebraic Curve). A function f(z) defined on a domain D is
called algebraic if there exists a polynomial function P(w, z), such that P(f(z),z) =
0 for z € D. The locus

C:={(w,z) € C}P(w,z) =0} (A.1)

is called an algebraic curve. Here, we consider mostly (hyper-)elliptic curves, which
are defined on C or on PC with homogenous coordinates. In the latter case, the
polynomial of course also needs to be homogenous to have a well-defined zero set.
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Definition A.5 (Branch point). Let f : M — N be a holomorphic covering. A
point P € M is called a branch point of f if it has no neighbourhood V' such that
flv is injective. A covering without branch points is called unramified.

The number of branch points of a holomorphic covering of a compact Riemann
surface is generally finite. One can assign different notions of genus to algebraic
curves.

Definition A.6. Arithmetic Genus If d is the degree of the polynomials, the arith-
metic genus of the algebraic curve is

g= %(d—l)(d—2). (A.2)

For smooth curves the arithmetic genus equals the geometric genus.

Definition A.7 (Lattice). A subgroup U of a finite dimensional real vector space
V' is a lattice, if it is discrete and if V' /U is compact.

Definition A.8 (Euler Number). The Euler number x of a topological space X,
denoted by x(X), is a topological invariant defined as the alternating sum of the
ranks of its homology groups:
dim X
X(X) =) (~1)'dim H'(X, Q).
i=0

The Calabi-Yau manifolds we review in section [3.3|and used to compute fishnet
integrals in chapter [§ are special instances of Kahler manifolds. We will introduce
the basic objects related to these, that are used in definition of a Calabi-Yau
manifold.

We already introduced complex coordinates on a complex manifold in ((3.1]).
Here we give the basic definitions for these objects. A complex manifold can be
obtained from an even dimensional real one by attaching a complex structure,
requiring the existence of certain structures.

Definition A.9 (Almost complex manifold). An even dimensional real manifold

15 an almost complex manifold, if it has a differentiable endomorphism of tangent
bundles: J: TM — TM with J* = —1.

Definition A.10 (Hermitian metric). A hermitian metric is a positive-definite
inner product TM @ TM — C. In local coordinates, it can be written as ds®> =
Z’:J Gij(w)dz; ® dz;. The fundamental form of the metric is defined as

ij=1
For a complex manifold to be Kéahler, its metric must satisfy the Kahler condi-
tion:

Definition A.11 (Kéahler metric). An hermitian metric G;; whose fundamental
form is closed dw is called a Kdhler metricand the form w is called the Kahler
form.
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Appendix B

Computing Intersection Matrices

In this appendix, we give details on the computation of intersection numbers for
twisted (co-)homology groups in practice. In particular, in Section , we explain
basic algorithms and methods for their computation in standard cases. In Section
B.2] we give more examples and in particular ones we need throughout the main
part of the thesis. In the final section [B.3] we give a proof for the dependence of
specific intersection numbers on a parameter p appearing in the exponent of the
twist. This proof is needed for Theorem

B.1 Review: Computing Intersection Numbers

Here, we provide a review on how to practically compute intersection numbers for
twisted (co-)homology groups as introduced in [40, |41] in the physics literature.
Note that by now improvements of this algorithm for specific cases as well as
different methods to compute these intersection numbers have been developed in
the physics literature [42] 43| 234-237].

B.1.1 Twisted Cohomology Intersection Numbers

The basic algorithm for computing intersection numbers for a twisted cohomology
group, where the restriction eq. holdq| is performed iteratively over the
integration variables 39, 41, [232]. We first review the univariate case and then
explain the iterative process.

Univariate Case Let ¢ € Hiz(X, V) and pp € Hiz(X, Vg) for some twist @
in one variable and an appropriately defined space X. As given in eq. the
intersection number between these forms is an integral over the full space X. This
integral can also be expressed as a sum of residues

1
(prl@r) = i /X<PL N PR = Z Res.—p [VpPrR] (B.1)

PEPs
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where 1, is the local solution of

V<I>¢p = @r (BQ)

around z = p. Thus, a crucial part of computing the intersection number consists
of solving the differential equation eq. for 1,. Though, since 1, only appears
inside a residue in eq. we do not need a closed solution but rather a few
terms of its Laurent series are sufficient. More specifically, we makes an ansatz of
the form

max

Yo=Y Cputh, (B.3)

k=min

with z, a local coordinate at p and
min = ord, () + 1 and max = —ord,(¢r) — 1, (B.4)

where ord, denotes the lowest non-vanishing order of the expansion in p. If max <
min, the local solution 1, does not contribute to eq. (B.1]).

Example B.1 (2F;: Intersection Numbers). We consider as an example the hy-
pergeometric oy function of Examples[{.9 and[4.5. For the basis and the dual basis
we choose eq. and eq. . By expanding these forms in local coordinates,
we obtain the following lowest orders and respective minimal and maximal orders
we need to compute of the 1,:

Form | ordy | ord; | ord, | ord. P 011 X] o0
V1 0 0 0 -2 min; |1 [1]1]-1
V2 0 0 0 -3 ming | 1] 1] 1]-2
@1 -1 -1 -1 1 maxj 07010 -2
D2 -1 -1 -1 0 maxe [0 0] 0] -1

Table B.1: Lowest orders in the local expansion of the bases eq. (4.46)) and eq. (4.47))

and the corresponding values for min and max.

Most contributions to the intersection numbers vanish, which simplifies the cal-
culation.

(p1]|@1): Reading off from table we find, that miny > max; for all poles. Thus,
we immediately see:

(1]¢1) = 0. (B.5)

(pa|@2): Reading off from table we find, that ming > maxy is true only for the
pole at co. With the differential equation of eq. (B.2)) we find the series

¢£:<;>i+(( b—ctal >i+0(zgo) (B.6)

2—a+c/ 22 a—2—-c)la—c—1)/ z»
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in the local coordinate z., near co. Consequently, we obtain:
l—a+b+A1+c¢)
1l—a+c)2—a+c)

Similarly, we obtain the off-diagonal intersection numbers and overall the intersec-
tion matriv is

(palBa) = Res.—oo [V22 0] = (B.7)

0 ot
CA) = 1 l-atbtA(4e) | - (B.8)

2—a+c (l1—a+c)(2—a+c)

Multivariate Case We follow here the algorithm given in [41] based on [46]
and also refer to these sources for more details and many instructive examples.
This algorithm relies on computing the intersection numbers recursively integra-
tion variable by integration variable and the univariate intersection numbers are
obtained by the formulae already given above. In that sense, we now consider a
generic twisted cohomology group H3, (X, V) and its dual H3, (X, V). Elements
from these cohomology groups can be decomposed into components of a n — 1
dimensional space and a one-dimensional space:

dn—l
(pul =D (e VA (9} | € HiR(X, V) (B.9)
=1
dn—l
) = > A"YY A |gh,) € HiR(X, Va) (B.10)
=1

where d,,_; denotes the dimension of the subspace of the twisted cohomology group
in variables z1, ..., 2,_1. The forms egn_l), ﬁg”_l) are basis element of these (n—1)-
variable subspaces and ¢7j ;, ¢ ; are one-forms in the variable z,. We assume, that
we have already calculated the intersection numbers of the n — 1-variable subspace

and the intersection matrix with entries

n—1)1j (n—1

(Clan)ig = (e" VA" (B.11)

and compute the projection onto the (n — 1)-variable subspaces as
(@il = Corlhy"™) (Cil) (B.12)
2k = (Cil),, (& len). (B.13)

Then the recursive formula for the intersection number is
{oLler) = Z Res:,=p ( (C(nq))ij 90%) ; (B.14)
PEPn

where the functions 1/12-(") are defined as the solutions of the system of differential
equations

n (TL) n . A( n— "
0., + ¥V By = o) with B = (0, +wea) e IR (CLy),, ¢

(B.15)
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and P, is the set of poles of B(n). We refer to the literature mentioned above for
more details.

Relative Twisted Cohomology Intersection Numbers The only significant
difference when considering forms from relative twisted cohomology groups in the
framework discussed in this thesis is the appearance of the forms §(...) in the dual
forms. In the univariate case, the local intersection numbers of § forms are given
by simple residue

)
(p10.(1)) = Res., (57—) (B.16)
and the intersection numbers twisted of co-cycles that do not involve these objects
are computed exactly like in the non-relative case of eq. (B.1)):

(ol [Bresl.) = Y Res.—, () . (B.17)

The multi-variate case generalises in a similar way: The multivariate intersection
number between a twisted co-cycle ¢y in n variables and a twisted dual cocycle
that takes the form

6217---73777, (@R) = 5517---72771 (fR dzmer A e A dzn) (B-18)
is computed by the prescription
y P §
<90L‘5z1,...,zm (Pr)) = Res. o, 2n=0 | =1L |oR) - (B.19)
q)|z1,...,zmH0

The outer n — m-variate intersection number can be computed in the non-relative
framework. For further details and examples we refer to [49, 239).

B.1.2 Twisted Homology Intersection Numbers

# The review and examples presented here closely follow [8.1] is based on pub-
lished results [36], which were obtained in collaborations with Claude Duhr.

The discussion we give in the following Section is applicable for cases, where all
factors L;(z) of the twist are linear in the internal variables z, meaning the ¥; are
hyperplanes defined by linear equations and where the condition in eq. holds.
We comment on what changes if eq. does not hold and also briefly comment
on degenerate arrangements at the end of this Section. We follow the notations and
definitions introduced in Example [£.3] We aim to give a pedagogical introduction,
following [228], 231}, 233, [281, |337-345]. The following factors commonly appear in
the computation of homology intersection numbers due to analytic continuations

of the multi-valued twist:
¢; = exp(2mia;) and 9; =¢; — 1. (B.20)
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Their products are denoted by
Cik.. = €jC ... and 0 = ¢jp — 1. (B.21)

Let |yg] € Ho(X,Ls) and [§4| € HY(X, Lg) with the local systems defined by
a twist & with only linear factors. Both of these cycles can be decomposed in
embedded simplices as in egs. and eq. . The intersection number of
these cycles is

Falysl = Falvslo =Y > eadn®al, @5, 1,(A,0) (B.22)
v A0 {v}eANnO

with the sum taken over all topological intersection points v of the simplices A and
O and I,(A,0) the local topological intersection number at an intersection v:

+1 A and O intersect with positive orientation at v : ]
Iv(Av D) = - )

—1 A and O intersect with negative orientation v : ]

(m)

(B.23)

We also denote [J4|vg], the local intersection number at v. In the following, we
illustrate the computation of uni- and multivariate intersection numbers with this
formula.

Univariate intersection numbers There are three distinct configurations in
which the twisted cycle and the dual locally finite cycle can intersect. We examine
each case individually, as outlined in ref. [233].

Local intersection with agreeing branches of the twist.

Figure B.1: Ilustration of two configurations where the cycle and the dual cycle
intersect with agreeing branches of the twist near a point 0 or A;.

We consider first a local intersection at a point vo; near a puncture, where the
branches assigned to the cycle and the dual cycle agree. In this configuration, the
local intersection number is simply

[;)’/A|P)/B]v01 = :l:a7 (B24)
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with the factor = ™ from the regularisation in eq. . One such configuration is
depicted in the Toft panel of figure [B.1] with the cycle ~v; and dual cycles ¥;: The
interval A, = (0, ;) meets its regularised version Ac_ at the point vo; near the
branch pomt 0 € ¥. At this point, the twist (more spemﬁcally its factor Ly°(z))
was analytically continued for both, the twisted cycle «; and its dual ;. Thus,

kil = 5-c# e 000 (1) = . (8.25)
0 0
A second such configuration is depicted in the right panel of figure [B.1] Here, the
intersection vc is actually the only one between the locally finite dual twisted cycle
nj+1 and the twisted cycle n; (as defined in eq. ) Apart from the factor L;,
all factors of the twist agree on the intervals (A;, A\j41) and (A;_1, A;). Following
the choice in eq. , the arguments of the factor L;(z) are given by:

(B.26)

the interval (\;, A;
arg[L;(x)] = {O on the interval (A\;, Aj11),

—m on the interval (A\j_1, ;).

Since the twist is analytically continued along S¢(A;41), the argument of its factor
L;(z) picks up an extremely factor of 7 at vy on Afh,. Consequently, the branches
of the twist assigned to the two cycles agree again at vo; and we obtain:

1

> (B.27)

[Mi+115)ver =

Local intersection near a point y; ' with disagreeing branches of the twist.

If the branches of the two cycles disagree at a given point, we generally pick up
factors ¢; due to the analytic continuation of the twist. An example for this config-
uration is given in figure [B.2] where we depict the intersection between the cycles
n; and 7);_1 as defined in eq. near A;.

Figure B.2: Illustration of a configuration where the cycle and the dual cycle in-
tersect with disagreeing branches of the twist near a point A;.

The arguments of L; on the respective intervals are as given in eq. (B.26]). In
regularising the dual cycle, we additionally perform an analytic continuation of the
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twist along Sc();) through the upper half-plane, which gives an extra argument
of m at vee on Af]j for the factor L; of ®. Consequently, the twists at this point
contribute the factor

®’UCQEA%J. ¢_1|U026Anj71 = eZﬂ'iOﬁj — c] s (B28)

and overall, the local intersection number at vos is

. ¢j

[7j-11nile = D—J (B.29)

J

The latter two examples illustrate why the choice of arguments as indicated in
eq. (4.31)) is equivalent to saying that the functions are defined on the lower half-
plane: As long as we only analytically continue in the lower half-plane, we follow
the analytical continuation indicated by this choice of arguments and stay on the
same branch. If we analytically continue through the upper half-plane, we land on
different branches.

Local intersection on the interval between two points

The local intersection number at a point on the interval between two punctures \;
and \;+1, where the regularised cycle has not been analytically continued, is just
the topological intersection number +1.

We can now compute the self-intersection of v; as defined in eq. in two
ways:

Example B.2 (Self-intersection of v;). We generally deform the dual contour A,
and depending on the chosen deformation, we get different intersection points, but
we see that for the two natural deformations the overall intersection number agrees.
Deformation 1: We depict the first possible deformation in figure @

U1

Figure B.3: The self-intersection of the cycle v; as defined in eq. (4.29) with three
local intersection points vy, vo and v3 marked.

We already saw how to compute the local intersection number at each of these
local intersection points. At vy and vs, the twist is analytically continued but the
branches chosen for both the cycle and the dual cycle agrees. At vy we are far away
from the branch points. Overall, we find:

1 L 09441

Vil viloy + 55 1V5les + [F5175)0 = —— — 1 — = . B.30
[%h’y] [ ]h/]] 2 [7J| ]] 3 % 01 000,41 ( )
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Configuration 2: We depict the second configuration in figure and in this case,
there are only two local intersection points.

Figure B.4: The self-intersection of the cycle 7; as defined in eq. (4.29)) with two
local intersection points vy, v, marked.

At vy, the branches of the twist assigned to the cycle and the dual cycle agree
and at vy they don’t, as the branch assigned to the regularised cycle is continued
around S;();). Consequently, we find:

. I 00,541
Nyl = —— — 0 — 0 B.31
s 0 0; 000541 ( )

Multi-variate case In general, intersection numbers in multi-variate spaces can
be computed recursively as described in refs. [228 231}, |33§]. As in the cohomology
case, the computation relies on a recursive decomposition of the n-variable prob-
lem into lower variable computations with the univariate case being computed as
already explained above. We do not review this process in detail here but instead
just give the resulting formula [228] for the twisted cycles that are supported on
chambers bounded by hyperplanes.

As in the univariate case, keeping track of the branch choices is of particular
relevance. In diagrams, we indicate with “+” that we choose arg[L;] = 2n7 in a
given region and with “—” that we choose an uneven multiple of 7 for arg [L;] in that
region. Let vp € Hy (X, Ls) be a twisted cycle supported on the regulated chamber
Ap and yg € Hy (X, Lg) a dual twisted cycle supported on Ag. Let Xp;,,... Xp,,
be the hyperplanes meeting normally along the topological intersection of Ag and
Ap and X; N --- N3, the boundary of its interior. In general, we choose the
branches

arg[L“(g)] - =arg[L; ()] =0on Ap, (B.32)
arg[L;, (z)] = --- = arg[L ()] = —m on Ag (B.33)
and arg[szH(g)] = arg[L;,(z)] =0 on Ap. (B.34)

For this branch choice, the intersection number is [228]

[slo] = (—1) 5 R e T L

0, .. 0, ...0;
n k= 12p+1<_]1< <]k<lq J1 Ik
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The summation over the j; is taken such that we only consider j; < --- < 75 with
ApnApn (] I #0, (B.36)
Ji€J1--Jk

meaning, we are now summing over intersection planes instead of intersection
points. Note that in the two-variable case, we can simply read off the self-intersection
number from a graphical depiction of the intersecting cycles via the following simple
set of rules:

e assign to the barycentre a 1

e assign to each edge a factor Di

e assign to each vertex between two lineﬂ a factor of 50

The self-intersection number is then the sum of all these contributions assigned
to the chamber. Additionally, note that the intersection number of any other
choice of arguments, different from eq. (B.32) can be computed by attaching an
appropriate prefactor of powers of ¢; to eq. (B.35]). For the self-intersection number,
this prefactor is always one, since we change the branch in the same way for the
cycle and its dual. Thus, it is convenient to work in a homology basis where the
cycles do not intersect each other and the intersection matrix is diagonal.

D
E
+
+_
®
o
® 1
.:nl,q,
® ° !
D [ ] .:D—
L 2 @ . 4 ® =1
+7

Figure B.5: An example for a configuration of hyperplanes bounding two chambers
D and E. The upper panel depicts the configuration of hyperplanes with both
chambers and the branch choices of the L;(z) indicated by + and —. The lower
panel shows just the chamber D and put points on each crossing, boundary and
plane to indicate what they contribute to the self-intersection of the chamber la-
belled D.
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Example B.3. As an example we consider the arrangement depicted in figure[B.J.
We consider a cycle and dual cycle supported on D and E respectively and the inte-
rior of their topological intersection is just the boundary X3, which is intersected by
the hyperplanes 31 and Y. We assign to these hyperplanes the following branches
of the twist:

arg|Ln(z)] = arg[L(z)] = arg[Ls(z)] = 0 on Ap, (B.37)
arg[Ly(z)] = arg[Lo(z)] = 0 and arg|Ls(x)] = —7 on Ag. (B.38)

Then, by eq. (B.35)):

. C3 1 1) C3012
N S TR . . B.39
slo) D3( e (B.39)

Similarly, one obtains the self intersection number of vp:

ol ]—1+1+1+1+1+ L SRS SRS B JE
D T T T oy T 0 010, | 0505 | 0405 | 0504 01090304
(B.40)

As illustrated in the lower panel of figure[B.5 one can also obtain this result graph-
ically by adding up contributions from different kinds of boundaries (e, ).

Degenerate arrangements The preceding discussion excluded degenerate ar-
rangements, e.g., with vertices where more than two hyperplanes meet. We briefly
comment on these cases and give an example, but for a more detailed discussion,
we refer to the literature e.g. ref. [346].

In general, one can consider degenerate arrangements with more than two hyper-
planes meeting in a point by blowing up the degenerate vertex into an arrangement
in general position. In figure [B.6, we show how this would look for a case where m
lines meet.

Do D1

Dm+2 Dm+1

Figure B.6: An illustration of the blow-up of a vertex where m hyperplanes meet.

In that case, one can blow-up the vertex (1...m) into a hyperplane ¥, along
which a new coordinate u is introduced as depicted in the right panel of figure [B.6]
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The hyperplane 3, is loaded with Z;Zo Q;, i.e. ¢, = ¢y._nm. Then we can compute
intersection numbers of cycles supported on the chambers depicted on the right-
hand side as sums of their local intersection numbers along the hyperplane H,.

Example B.4. As an example we consider the local intersection number contribut-
ing to the self-intersection of the twisted cycle supported on Dy (of the left panel of
figure . It has a contributions from the barycentre By of D1 and from the two
vertices (u,0) and (u,1) which sum up to

1 1 1 oy 1

1
Y my — _I_ + == - — .
obolo..m = 5 S S T 30y 0w 200190

(B.41)

Relative Twisted Homology Intersection Numbers The preceding discus-
sion on computing intersection numbers between twisted cycles is in principle al-
ready sufficient to compute intersection numbers between relative twisted cycles
(at least in non-degenerate arrangements of (regularised) chambers bounded by
hyperplanes). Thus, we do not discuss this in detail but instead give an example.

Example B.5. We consider the cycles of Example [4.8 and in particular briefly
explain how to compute the homology intersection matriz of eq. . One
can clearly see from figure eq. (??) that the only non-zero intersections are self-
intersections. The intersection between v and 7, is as computed in eq. -
with appropriate exponents — for the non-relative case. Since the twist is not multi-
variate near A, the computation of the intersection number between v and o is
even stmilar: In principle it is just the topological intersection number, i.e., £1.
Taking into account the normalisation of A, in eq. (4.101)), we find:
i

Yalye] = o (B.42)

B.2 Examples (Intersection Matrices)

In this section of the appendix, we give examples for the intersection matrices whose
computation was reviewd in the previous section of the appendix. In particular,
we consider Aomoto-Gelfand hypergeometric functions as those are needed for the
computation of single-valued Feynman integrals in chapter [§

Lauricella Functions

First, we consider the Lauricella Fp functions as introduced in eq. (4.173)). For cer-
tain parameters (a, b, ¢;y) those define (r + 1)-dimensional twisted (co-)homology
groups Hig(C — 3, Vg) and H; (C — 5,, Lg) with ® as in eq. (4.181]). For simplic-
ity, we assume here that the parameters are such that all exponents in the twist
eq. are non-integer and lie between zero and one. Configurations with
non-integer exponents that are larger than one can be treated the same way by
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splitting off non-integer parts and using these for the exponents. Additionally we
denote \; = yj_l and Ao = 1. We choose the basis

r; = dlog (;) for 1 <j<r+1 (B.43)
zZ — >\ij
for Hiz (C — X,, V) and the basis
g = A% ®B|a, (B.44)

for H;(C—X,, L), where AS  denotes the regularised version of the open interval

¢ —1
A =(0,7j-1) (see eq. (4.29)) in example . Then:

F(a,b,¢;9) = (@ralma] - (B.45)

For the remainder of this section, we use the following notation:

a = (a,b,c), (B.46)
11 r

y@>_(@wnwﬁ;g_3%ﬂwuw2), (BAT)
Yk Ye Yk Yk Yk

The period matrix P,. From eq. (B.45)), we find:

(Pa),, = (@rilyea] = F5 (e 9). (B.48)
Integrating (y,.1| over another cycle 4, we obtain the period
(Po‘)lk; = <90r,1|7r,k] <B49)

=X FS) (anbr, 1+ a—c b 1= b +ay® V) (B50)
whereas integrating another co-cycle ¢, j, over 7,1 we obtain

(Pa)kl = <907"7k‘|77‘,1] = fg) (a'y b17 s 7bl€—27 bk—l + 17 bk‘v R b’r; c+ 17 y) : (B51)

In the most general case we obtain:

yl?:—l (Pa)lk = yZ—l <907",l|/77“7k] (B52)
CFS (b b+ L b, a = ey L= b+ asy D) LA,
A FY (@b, gy a — by, by b+ a;y® D) l=k.

The cohomology intersection matrix C,. The intersection matrix for the
twisted co-cycles of eq. (B.43) is

L

Q=
Q=
I
=
N

Co = o . (B.53)

Qe
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The homology intersection matrix H,. The homology intersection matrix
for the chosen basis of twisted cycles as in eq. (B.44)), is

R T ie(a)+€(c—a)) i(e(a)+i) .. i(e(a)+i)
H, — —L e _ L(+ie(@)  i(€(a)—¢br)) .. : 7
_% _;’Toaro 1(1+i¢(a)) ie (a) ¢(br))

(B.54)

where we introduced the shorthand €(x) = cot(mz). The diagonal entries of the
intersection matrix are calculated as in eq. (B.30). The off-diagonal intersection
numbers can be computed from one local intersection number each and those have
the form of either v; or vy in figure B.4. We have numerically confirmed that the
Riemann bilinear relations from eq. are satisfied for the period and intersec-
tion matrices presented in this section for » = 0,1,2. Note that to evaluate the
period matrix for the Appell F; function (r = 2) numerically, analytical continua-
tions as given in ref. [286] are necessary. We can use these matrices to express the
single-valued analogues of Lauricella’s F functions as bilinears in F( function.
For r = 1, we reproduce the results for the single-valued analogue of Gauss’ oF
function of ref. [253]. Note that ref. [253] works with a different basis of cycles
where the homology intersection matrix H, is diagonal.

115, function

We consider here the ,;1F), functions of eq. , following the discussion in
[285]. For certain parameters (a, b; y) those functions define twisted (co-)homology
groups Hiz(C — ¥, V) and H;(C — X, Lg) with ® as in eq. ([#.190). The ¥ are
defined by the twist as usual.

For p = 2, eq. (4.186|) reduces to

3}.2 a b,y (B.55)
/ / tag 1 bz az— 1ta1 1(1_t1)b17a171(1_yt1t2>7a0dt1/\dt2

— / Z¢111 b2Z§l2 1(1 . )bl—al—l(l . yZQ)_aO(Zl _ 22)b2_a2_1d2’1 A dZQ,
Dy

where the last step follows is due to the change of variables in eq. (4.188]). The
integration region D; is defined in (B.61)). From eq. (B.55) we extract the twist
O = 20177252 (1= 2)" (1 — yz) ™ (21 — 20) 72, (B.56)

where a;, b; are the non-integer parts of o, b;, and @ = (a; — b, as, by —ay, —ag, by —
as). It defines the following collection of hyperplanes:

B={n=0U{n=0}U{zn=1}U{n=y ' }U{z =2}. (B.57)
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Let X,p, = C* — X,p,. We depict a projection of X,r, in R? for y < 1 in figure
. We choose the following basis for Hig (X,r,, Va):

le VAN dZQ

= , B.58

e 22(1 — Zl)<21 - 22) ( )
ydz Adzy

= , B.59

72 (1- yZQ)(Zl - 22) ( )
ydz Adzy

(B.60)

¥3 = 21(1—21)(1 — yzp)

For the homology basis we choose cycles 7; supported on the (regularisations of)
the following chambers (see figure [B.7)):

D, = {0 <To <1 < 1}, (B61)
Dy ={y ' <y <2, <00}, (B.62)
Ds={0<z; <1,y ' <9 <00}. (B.63)
Then:
sF2(ao, a1, az, by, ba,y) = (p1|m] - (B.64)

It is obvious how to generalise these p = 2 bases for the case with a generic
p > 2. For the remainder of this discussion we use the following notation

a = (a,b), (B.65)

ak:(1+ak—bk,1+a1—bk,...,1+ap—bk,1+a0—bk), <B66)
by =(1—bpy+0by,....1 —b+br_1,1 —bp+bps1,...,1 —bp+0,,2—0y),

(B.67)

ay =(1+a—b —0ou, 1 +ar —b — 0y, 1+ ap — by — O, 1 + a0 — by — 0wr)

(B.68)

bkl = (1—bl—|—b1—5lk,...,1—bl+bl_1—6lk,1—bl+bl+1 _5lk> (B69)

"'72_bl+bk7--'71_bl+bp_6lka2_bl_26lk)‘ (B?O)

The periods matrix P,. We reproduce the period matrix for the generalized
hypergeometric function ,.1F, given in ref. [285]. The first row (i.e., integrals of
the first basis co-cycle over various cycles) and the first column (i.e., integrals of
the different basis co-cycles over the first basis cycle) of the intersection matrix are

(Pa)ll :p-i—lfp(a'v b7 y) ) (B71)
(Pa)y, = (—1)Femimttaotaa=bin)yl=bis T (a) 1, by 15y),

(Pa)pr =Yps1Fp(l+ao, 1 4ay, ..., 1 +ay, 1+0b1,...,24 by, ..., 1+ D,y).
Most generally, we obtain:

(Pa)kl :(—1)lylfbl*1761k€7iﬂ(2+a0+a1717bl7176kl)p+1fp(ak717171, bkfl,kl; y) . <B72)
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The cohomology intersection matrix C,. The intersection matrix is

b.
i-1 "‘i("‘il_bi) 0 0 0
S ) B _ bi=by
0 aotao—o0) Lli—1i21 Gr=ajtes—op 0
C,=
0 0 .. , 0 .
___b% P _ bpby
0 0 0 ag(ag—bp) Hi:l,i#? (bpfai)(a’;—bi)

(B.73)

The homology intersection matrix H,. The homology intersection matrices
for ,+1F), functions is discussed in refs. [284, [285] and we review it here. In the
case p = 1 we have the oF) function and this function was already discussed in
the context of Lauricella’s F' g ) function. Here, we derive the homology intersection
matrix for the 3 F5, function explicitly and deduce from it the generalisation to p > 2.
The case p = 2: The projection of X,r, onto R? along with a qualitative depiction
of its parallel lines intersecting the hyperplane at infinity, is shown in figure [B.7

(0,2, 00)
|
» (4, 00)

Ds Dy

>3 L ® 4 °
(0,3) (2,3) (3,4) (1,3, 00)
(2.4)
D,

Y1 ® °®

0,1,4) | (1,2)

4
>0 Yo

Figure B.7: A depiction of the hyperplanes defined by the twist of the ,1 1 F}, function
and the bounded chambers Dy, Dy, D3 that we choose to support the basis of the
corresponding homology group.

The three chambers from eq. (B.61)) that support the basis of cycles are la-
belled as Dy, Do, D3. Since these chambers do not meet, the intersection matrix is
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diagonal. Some local intersection numbers are degenerate (i.e., there exist points
where three lines meet) and to compute them we need to use eq. (B.41]). A similar
configuration was studied in ref. [338]. From these considerations, we obtain the
three non-zero elements of H:

1 1 1 1 1 0 1 0140
Ho)y=1l+—F—F b b= 0% (B.74)
07 02 04 0902 0204 01040014 0102040014
1 1 1 1 0300 1 30400200124

+— =
03 04 O0s 0304 04000 03050 01300 03040024001234
1 1 1 1 1 0 1 €30020
(Ha)33:1+_+_+_+ + + 02 _ 3V02V14 .
0p 02 03 0300 0203 000200206 0002030134

As Qoo = — > ;o @i, We have ¢o = ¢g1534. The full intersection matrix for the
hypergeometric function 3F3(ag, ai, as, by, be;y) is
_ s(bp)s(by) 0 0
4s(ay)s(ag)s(a;—by)s(ag—b2)

_ _ 5(by)s(b1 —bg)

Ha - 0 4s(ag)s(ag—>by)s(ag—by)s(ag—by) 0 )
0 0 s(by —bg)s(bg)
4s(ag)s(ag —b1)s(ag—bz)s(ag —b2)

(B.75)

with s(z) = sin(mz). We numerically verified that the intersection matrix Hg,
along with the period matrix P, and the intersection matrix C,, satisfies the
twisted Riemann bilinear relations in eq. (4.58)).

The case p > 2: Extending the result from eq. (B.74]), we obtain the following non-
zero entries of the homology intersection matrix for p > 2:

(Ha)yy = pgs al)s a—b) (B.76)
— _(—9 s5(bx-1) - $(br—1 — b;)

e ey B § S e ML

(Ha);, =0fori#k (B.78)

Unequal Mass Sunrise

With these choices for the bases of the (co-)homology groups and their duals as
given in eq. (4.211)), eq. (4.215]), and eq. (4.216)), we obtain the following expres-

sions for the intersection matrices (with = (p* m3, m3, m3)):
0 = 0 0
1 et Xa+A3+20)? A+ Ao+ Az 0
— 2_ —
Ce(iL‘, 5) = ! 038 _,\13_2){31)\32,\4 6_186 0 ) (B.79)
18¢+-6 3e 1
0 0 0 © Adedshae
itan(me) —1+ —L itan(me) 0
1 .
_ Twe  itan(me)  —itan(me) 0
Ho () itan(me) —itan(me) 2itan(me) —1+ Heﬁ (B.-80)
0 0 T dcsc(2me)
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B.3 The s-Dependence of Specific Intersection
Numbers

& The statement and proof given here were already given in [50], which resulted
from collaborations with Claude Duhr, Cathrin Semper and Sven Stawinski. We
only changed the notation and some of the wording to fit with the remainder
of the thesis.

In the remainder of this thesis, we focus specifically on cohomology intersection
numbers of dlog forms and prove that eq. fully captures the p-dependence
of the intersection between a dlog form and its derivative with respect to exterior
parameters. This result is essential for the proof of Theorem 4.1} Additionally,
we require a theorem from ref. [238], which provides a formula for the intersection
numbers of d log-forms (see eq. (4.71))). We begin by reviewing this theorem before
proceeding to the proof of eq. . The latter follows a similar structure to the
proof of eq. presented in [238]. We assume here that the twist is given by

r—+1

© =[] Li(z. 2™, (B.81)

1=0

where the L;(z, A) = 0 define hyperplanes ¥;. We assume that a dlog basis of the
cohomology group as given in eq. is chosen. We introduce some local nota-
tion for this appendix: First, we define the index sets P,, = (q1,---,Gm); Pmi1 =
(Pos - -y Pm) With pg < p; < -+ < py,, and similarly for the ¢;

(=D, if P, C Pyt

. , (B.82)
0 , if Pm §Z Pm+1 )

(P, Pry1) = {

where 1 is determined as {p,} = P41 — Pn in the case P,, C P,41. The inter-
section number between dlog forms can be computed with the following theorem
from ref. [238]:

Theorem B.1. For multi-indices

I="(io,. . in), with0 <ig<iy < - <i, <r+1,
JZ(jO”]n)’thh0§j0<jl<<]n§7"—|—1’

the intersection pairing of the corresponding dlog-forms is

(@mi)get, i I=,
5y An LR _
(pslér) = < (2mi) P if [INJ]=n, (B.83)
0, otherwise .

The exponents B; are defined by {ig,} =1 — (I NJ) and {ig,} =J — (I NJ).
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This theorem can be proven constructively, i.e. one explicitly constructs the
bases and computes the residua.

Theorem B.2. We consider a dlog-form ¢; and a covariant derivative of a dlog-
form ¢y, namely n; = (dext + dext log PA) w; defined by the multi-indices I, J.
Then, the intersection pairing between these differentials exhibits the following p-
dependence:

1
(nsler) ~ = (B.84)

We perform the proof similarly as it was done for Theorem in ref. [238] and
consider first the case n = 1.

Proof. The case n = 1. Since ¢; is a dlog-form, all steps in the proof of Theo-
rem that involve only this form remain the same. Thus, we already know its
compactly supported version as it is provided in ref. [238]. Thus, we can proceed
to the next step of the proof, at which point our argument deviates slightly. First,
we write explicitly:

r+1
(nilpry = —2mi »  Resy, (47n,) | (B.85)

p=0

where 9 is a holomorphic primitive of ¢; that has the following expansion in local
coordinates near %, [238]:

w =200 oy, (B.86)

Qp

In particular, the form n; contains the following expressions in local coordinates
near the X:

_ dext(dLjo) . dext<dLj1) . (deXtLjo) A (dLjo) (deXtle) N (dle)
dext(;DJ - +

LJO L]l L_?o L?l ’
(B.87)
r+1
dext L L;
dext log® Ay = Z% /\dlogL—?O
1=0 ! g
_ [ % (dextLjo) A (dLjo) dext Ly dLjo . .
- (sl MOE) 5ol G ) )
l#3j0

If we were to insert this form into eq. (B.85]), we would not be able to immediately
deduce the scaling with pu, as eq. still contains double poles and terms that
do not scale with p. This arises because the residue is neither 1 nor zero, unlike in
the case of logarithmic forms. While a full residue computation would ultimately
yield the same scaling, we adopt an alternative strategy that allows us to extract
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the scaling of the intersection pairing more directly. Specifically, we modify n; by
adding an exact form, rewriting it in a simpler form from which the scaling can be
easily determined. Consider the following exact form:

dext L dext L )
1 extjo extj1
e — B.&88
Xio v < Ljo Lj1 ( )
_ _deXt (dLj0> + (dextLjo> A (dLjo) _ Qjo (dextLjo) A (dLj0>
B L; L? L?
Jo Jo Jo

ALy dextL L
Zal LA tj())—(]o(—ﬁh)-

I#j0 ]0

We than have:

1 ~ ext L] jo l ext 5o . .
7~ 15+ Xj, nJ E Qg < L, L + L, L, (Jo < J1)

I#350
(B.89)

Each term in the sum in eq. (B.89) has only simple poles at the hyperplanes L£;.
Setting o; = a1, the p-dependence of the sum manifests as an overall factor of p.
Consequently, in local coordinates z” near £,, we obtain:

p
- @papcp dz L o),

pay 2P
where C), is a p-independent factor that can be determined from eq. (B.89)). Ulti-
mately, we arrive at:

r+1

(nsler) _—QWZZRGSLP (YPny) ~ (B.90)

p=0

is independent of .

The case of generic n We now outline how the previous argument can be extended
to arbitrary n. Once again, we begin with a residue computation, as all preceding
steps follow from the same compactification of the dlog form ¢ as given in ref. |238]:

(nsler) = (—=2mi)" ZReszn (Reszn_1 ( .. Res,, (&Pm) . )) : (B.91)

Here, 2! represents the local coordinates near Lp, and &P is a holomorphic prim-
itive with a leading-order term proportional to [[,.p =-. Once again, we begin by
expressing the form 7;:

n—1
L L L,
Ny = Z(—l)ldlog (L—ji> A -+ A degedlog <szj+l1) - A dlog < lj)j 1) (B.92)
1=0 "
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r+1

+ Z apdexilog Ly A @y .
=0

Furthermore, we define the exact form

X;‘ll_l =V (‘Pjojl ARERNA Cir_o.gi—1 A (dethOg sz-1 - dextlog le) A Pirdi+1 ARBRNAN gpjn—hn) .
(B.93)

where we use the fact that ¢;, ,;, are defined according to eq. (4.67). Then
Ny~ N+ ZX?H =1y (B.94)
=1

It has only simple poles in each set of local coordinates z? and exhibits an overall
scaling with p. As in the n = 1 case, the terms with double poles cancel. Thus:

_ 1
figlor) ~ o = , B.95
(71sle1) e (B.95)

]
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Appendix C

Additional Relations for Kite
Punctures

In this appendix, we give definitions and relation of elliptic integrals needed to
See also:  compute elliptic Feynman integrals and in particular the kite integral family. Ad-

We compute the kite ditionally we collect relations of the punctures defined by the kite integral family.
integral family and de-

rive the punctures dis-
cussed here in Chapter

] C.1 Elliptic Integrals

We repeat here the definition of the elliptic integrals also given in (3.70):

! dx ! 1— Ax?
K(\) = /0 NSO and E(\) = /0 dx T2

We summarise the relations we use in Chapter [7] to relate elliptic integrals with
different moduli k. For 0 < k? <1 and 0 < ¢ < 7/2, the following relations hold

(i) F(=¢,k*) = —F(¢,k?),

(ii) F(¢,k*)+F (¢, k%) = £K(k*) for 1 = +arccos (:t sin(¢)v1 — k2/+/1 — k2 sinz(gb)) ,

(iii) F (¢, k%) + F (¢, k?) =iK(1 —k*) for + = arcsin (—1/(ksin(¢))),

(iv) F(¢,1/k?*) = kF (¢,k*) for 1 = arcsin (sin(¢)/k),

(v) F(¢,1-k?) = iF (¢, k?)—iK(k?) for ¢ = arcsin (1/y/1— (1 —k?)sin%(¢)) .

Modular transformations and shifts In Chapter [7] we define the normalized
period and the punctures in elliptic integrals, namely:

K (1 —k?
T:M and z =

KR KR (G:2)

266



Chapter C

These objects transform under S-transformations as:

S()_E_ F(¢ak2) _F(wlal_k2)_K(1_k2)_F(¢271_k2)
) e F = K(1— k2) T TRA-R)

(C.3)

where 1, = arcsin (1/ 1 —k? sin2(¢)) and 1o = —arccot (ktan(ty)). Similarly,
we have for the a-cycle shift

_F(pR) | K(R) _F(4,k?)

KO3 TR T R (©4)

where 1) = arccos (— sin(¢)v/1 — k2/4/1 — k2 sin? gb)) The b-cycle shift can be
used to cast a given elliptic integral back into the range 0 < ¢ < 7/2 by writing

F(.K) iK(1—F) _F(6.K)
K(k?) K(k?) K(k?)

Y =z4T= (C.5)
where 1) = arcsin (1/ (ksin(¢))).

Example: extracting 24 ) from the maximal cut of the eyeball Integrat-
ing the maximal cut of the eyeball yields

1
>, < arcsin /g, k’d,) (C.6)

with &%,y = 1 — 1/k3. Using successively relation (iv) and (v), we find

2; (arcsin \/ug, k3) = 204k¢ 2051% [F(arcsin (ﬁ) 1— k%) B K<1 B %)} |
(C.7)

Consequently, we see that u(o3) = 1/(1 — ug) and ¢y = —icjky. Finally, plugging
in Yy = 2K(k(2123))/04, we find:

) 1 [F (arcsin Vo, k:(2123)> - 1] | ()

(arc51n\/_,k¢ K(k2 >
123

204

C.2 Relations Between the Punctures

In this appendix, we present several examples illustrating how the discrete sym-
metries of the sunrise, eyeball, and kite topologies act on the punctures and Z-
arguments. The (123)- and (345)-sunrise configurations remain invariant under the
action of the respective symmetric groups Ss({m1, ma, ms}) and S3({mg, ms, ms}).
In contrast, the (1234)-, (1235)-, (2345)-, and (1345)-eyeball diagrams exhibit sym-
metry only under specific mass exchanges: m; <> ms, mo <> Mg, Mo > Ms,
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and ms <> my, respectively. The kite topology possesses two discrete symmetries,
namely the transformations m, <> my, mo <> ms, as well as my <> ms, ma <> my. A
partial summary of how these symmetries influence the punctures and Z-arguments

is provided in table [C.1]

| Mass permutations | Puncture permutations | Z-argument permutations ||

my < mo z£123) o zélzs) £§123> o £§123)
my & ms 25123) o1 — z£123) —_(123) 55123) o _Eéms)
Mo <> M3 (123) o1 — (123) o 25123) Egl%) o _ng‘g)

| Mass permutations | Puncture permutations |

Z-argument permutations |

| momg

‘ 123)

o1 §123) — Z£123)

‘ 135123) -

123 123 123

| Mass permutations |

Puncture permutations

|

Z-argument permutations

[

ﬁgu% PN E (123) &(1123) o £é123)’
Eéms) <_>£§1025)7 £(7123) o 123

my <> Mo, My <> M 2925) <~ Zéud), 22(1125) A4 Zéud) £é123) o [’(11223)7 £9125 £%1123 :
551523) Hﬁm%) £1172% o £§172%>
F23) 7_(345)7
My & My, Ty < M %123) o 21(1345)’ Zélzs) o 2(345)’ £5123) o £§345)
Zz(lmg) N 25345)7 Zé123) o 25345)
£5123) o 55345)7 ﬁilb o 5545
+(123) <_)7_(345) E((5123) N 55%45), Eg )<_> 55?140)’
My < M, My < My 25123) o Zészﬁ) (123) o i )’ Eém) (_>£g45)7 Egms) <—>£%45),
Z£123) o 25345) Zém&) o g 5) £(123 £(34g) L(lzs _Egizls)
Eém%) <_>££(;&45)’ E%Q%) Hﬁgi%)

Table C.1: (Top) Symmetries of the sunrise /311,00 and its implications on punc-
tures and Z-arguments. (Middle) Symmetries of the eyeball I} 1 110 and its impli-
cations on punctures and Z-arguments. (Bottom) Symmetries of the kite I3 1111
and its implications on punctures and Z-arguments.
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Extended Calculations

D.1 Laurent Expansion of Differentials on a Hy-
perelliptic Curve

In this appendix we give the Laurent expansions for simple differentials on a hy-
perelliptic curve, that we need in section of the main part.

Odd Hyperelliptic Curve. Let us first examine the case of an odd hyperelliptic
curve. To expand around oo, we introduce a change of coordinates via u = x—lg The
square in this transformation is necessary because oo is a branch point of the square
root appearing in the differential. The expansion of the relevant differentials around
u = 0 is then given by

- 1dz o0 o
V(@ =) (@ = Aggr) - N:Zq:kSNJrk_gu du, (D.1)
where
o)
Sx=(-1" 2, Fl)”'%s(a) , (D.2)

oCX(N)

with the definition Sy = 1. The sum runs over all ordered integer partitions of IV,
for instance,

£(3) = {3}, {21}, {1.2}, (L., 1} (D.3)

We denote by |o| the cardinality of the ordered set o, and

s0) =[50 ) (D.4)

represents a product of symmetric polynomials in the )\iEI
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Chapter D
Even Hyperelliptic Curve. Let us now examine the case of an even hyperel-
liptic curve. In this case, the differentials

xFdx

Y

, k>g, (D.5)

have non-vanishing residues at oo. To expand around oo, we introduce the variable
transformation z = 1/u. This yields

ot da =— i S u® du (D.6)
\/(x — A1) (2= Aggy) N—gok Ak ' .

This allows us to explicitly construct linear combinations of differentials that
have only a pole of order k + 1. To this end, we define the functions ¥, as

|o|

Z > (=D)llS(0)zr 3(0):1"[5(,, (D.7)

=0 oCX(1)

Then, the differential

y —uk+1du+(9(1) (D.8)

has a pole of order k + 1 and no higher-order singularities.

Naturally, we can add any linear combination of holomorphic differentials with-
out affecting this pole structure. We will make such adjustments in a way that
simplifies the bilinear relations between (quasi-)periods, as illustrated in examples

3.1 and 3.6

D.2 Proof for the Linear Independence of Cer-
tain Iterated Integrals

& The statement and proof given here were already given in [50], which resulted
from collaborations with Claude Duhr, Cathrin Semper and Sven Stawinski. We
only changed the notation and some of the wording to fit with the remainder
of the thesis.

We repeat here the proof of theorem[5.1] It was given in [226] and closely follows
the proof for the single-variable version of the statement given in [309].

Proof. 1. = 2.: Showing that the J(w) are linearly independent over F¢ is equiva-
lent to showing that for a finite subset S C Bg and f,, € Fc:

Y fulw)=0=f,=0. (D.9)

wES
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We define Er = F¢ ® Eg, the F¢ vector space generated by the basis of Eg, and
its dual E% = Fc ®k Ej. Any dual element p* can be decomposed in a basis w*
dual to w and in particular we define the dual vector

Pt = waw* : (D.10)

weS

. Furthermore, we define a map

e, By = Fe®x Ve, p" = p'(Gr) =) ful(w). (D.11)

weS

Then, the condition in eq. is equivalent to Ker [¢g,] = {0}. Let us assume
Ker [¢g,] # {0} and let ¢* be the non-zero element of Ker [¢g,] with the smallest
leading monomial in some monomial ordering | which we denote by Im(g*) = w;.
We can write

¢ = fuey+ > fuw",  fuy #0. (D.12)

wEBB

wh<w*
Note that we must have |wy| > 0. Indeed, if |wy| = 0, then wy = 1 is the empty
word, and we have ¢g,(¢*) = fu,. Since ¢* € Ker ¢g,, this implies f,, = 0, but
then ¢* = 0, and we assumed that ¢* is not zero. So, since f,,, # 0, we can define

T ﬁq*. Using eq. (5.92) we obtain:

0=dog(q") =dq"(G) + ¢*(dG) (D.13)
=dq"(G) + ) ;i (e1;G) (D.14)
=dq"(G) + Y wiel,d'(G). (D.15)

Inserting (D.12), we find

P p P
dg* + Z wie;iq* = Z [dfww* + Z wieiiw* + Z WieI,iU’S : (D.16)
- s =t =1
i

Observe that the action of the Hermitian conjugate e; reduces the length of a
word. Specifically, for any words wy, we, we have

of s wi(wy) = wi (erywy) = 0
unless

lwi| = [eriwa| = |[wa| + 1,
which implies that

’e{iwlf = |wa| = [wy| — 1.
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Since our monomial ordering respects word length, it follows that all monomials are
smaller than wy. Since ¢* was the nonzero element in the kernel with the smallest
value of Im(q*), we must have

p
A"+ mie] ;@ =0. (D.17)

=1

Thus, for all words w (not just those in Bg), it follows that

d(§*(w)) = — Z wiel q"(w) = — Z ;" (ersw) . (D.18)

Now, assume that |w| = |wy|, so that |ej;w| = |w| + 1 > |wy]|. Since all monomials
in ¢* have length at most |wg| (as wy is the leading monomial and therefore the
largest in our ordering), we must have ¢*(er;w) = 0. Consequently, we obtain:

dg*(w) =0, for all |w| = |wp]| . (D.19)

Since wy is the shortest non-empty word, it must contain at least one letter ey
and can be written as wy = erxvo, where vy may be the empty word. Due to the
normalization of ¢, we also note that ¢*(erxvo) = q*(wo) = 1. Substituting w = vy

in eq. (D.18) yields:

P

dg*(vg) = — Zwi a; with a; = —¢" (er;vo). (D.20)
i=1

Since |er;vo| = |wo|, equation eq. (D.19))) implies that dg*(er;vo) = 0, and thus the

a; must be constants. By definition (or condition 1), the constants of Ag belong to

K, so «a; € K for all 7, meaning the right-hand side of eq. ) lies in Vg. At the

same time, by definition, ¢*(vy) € Fc, so the left-hand side of eq. (D.20)) belongs

to dFc. This implies that eq. (D.20])) must lie in dFc NV = {0}. Since the w;

form a basis of Vg, it follows that «; = 0 for all . This leads to a contradiction,

as we also know that for some i = k, ¢*(erxvo) = q*(wo) = 1.

2. = 1.: Let us assume, that there are ay,...,q, € K and f € F¢ such that

p
i=1
Again, we define a dual vector as in eq. (D.10))), in this case, we denote:
p
pp=—f1"+ ) aef;. (D.22)
i=1
Then:
p p
Pi(Gr) = —f17(Gr) + > e}, (Gr) = —f+ ) ol (). (D.23)
i=1 i=1
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Equation (D.21) implies dp}(Gr) = 0, so p}(G;) must be some constant A\. We
define

q =p; — A1". (D.24)

Then:
0=q}(Gr)=—(f+A) + Z ;L () . (D.25)

Since 1 and I, (w;) are linearly independent over F¢ by hypothesis, we must have
ap=...=a,=0 and f=-)\. (D.26)

]
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INote, that the notation
GL(g,K) for a general
linear group GL(V) im-
plies, that we have cho-
sen some basis for the
g dimensional vector
space and the group is
the group of g X g ma-
trices over K.

See also:
The Siegel modular
group, is a subgroup
Sp(2¢9,Z) c GL(g,C).
We  consider  Siegel
modular forms that
transform under cer-
tain representations of
this group in section
B44 and discuss the
appearance of such
forms in the canonical
differential  equation
for a  hyperelliptic
Feynman integral fam-
ily in section 6.2

Appendix E

Representation Theory

We repeat here the basic definition of a representation of a Lie group and then
discuss different representations for the group GL(g, C)H We will also comment on
what the role of these representations is in the context of Siegel modular forms.

Definition E.1 (Group Representation). A representation p = (p, V') of group G
on a vector space V' over a field K is a group homomorphism from G to GL(V),
the general linear group on V':

p:G— GL(V), (E.1)

such that

p(9192) = p(g1)p(g2) for all g1, g, € G .

The dimension of the representation space V' is called the dimension or degree of
the representation.

Definition E.2 (Irreducibility). A representation (p, V') is called irreducible if it is
non-zero and V' has no non-trivial subspace W, such that (p|w, W) is closed under
the group action.

We recall that a Lie algebra representation p is called reducible if there is a ma-
trix M € GL(V, C) such that MpM ™! is block upper-triangular and an irreducible
representation is one that is not reducible.

Lemma 2 (Schur’s Lemma). Let p : G — GL(V) be an irreducible representation
of a finite group G. If a matriz A commutes with p(g) for all g € G, then A = \1
for some X € C.

Irreducible Representations of GL(g, C).
& The discussion here was already given in [34], which resulted from collabo-

rations with Claude Duhr, and Sven Stawinski. We only changed the notation
and some of the wording to fit with the remainder of the thesis.
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Trivial Representation Since we are considering a general linear group, the
trivial representation is

Determinant Representation The determinant representation with index k£ is
a one-dimensional irreducible representation defined by

pacti = det’ : GL(g,C) — GL(1,C), M > (det M)* . (E.3)
A group element in this representation acts by multiplication, i.e.
(det M)* : C — C, 2+ (det M)*2. (E.4)

Siegel modular forms with weight p = det” are referred to as classical Siegel modular
forms of weight k and degree g.

Fundamental and Dual Representation The fundamental representation is
an irreducible representation of dimension g defined by:

pr : GL(g,C) — GL(g,C), M — M . (E.5)
The dual representation is an irreducible representation of dimension ¢ defined by:
pr : GL(g,C) — GL(g,C),M - (M H)T. (E.6)

Both of these representations pp(M) and pp(M) act by multiplication.

g = 2 For g = 2 the fundamental and dual representations are related. Note, that
for M € GL(2,C)
eM ) el = det(M)"'M  with €= (_01 é) , (E.7)

This implies, that
pPD = PF @ Pdet,1 - (E.8)

Symmetric Tensor Representation The symmetric tensor representations are
a class of irreducible representations of dimension g, which are defined by

psymx : GL(g,C) = GL(Sym*V), M — Sym"*(M) (E.9)

with
Sym*V = V& /S, | (E.10)

with the symmetric group S permuting the k copies of the space V', which is here
given by the representation space of the fundamental representation V' = C9. The
representation acts on tensor of rank £ as

Sym* (M) : Sym*V — Sym*V, T;, i+ My, 5 ... My, ;. T

(s

(E.11)
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2This will just be
a repetitive list of
"names, 1 learned so
much from you”. But
it in all cases, this is
just true!.

3Whenever 1 wasn’t
too lazy for my three
minute commute to
the university and

worked from home.

4 And of course also now
as a PhD student.
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Research Council. Neither the European Union nor the granting authority can be
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