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Abstract

The infinitesimal counterpart of a Lie group is its Lie algebra: the space of right-
invariant vector fields with their Lie bracket. As a vector space, it is isomorphic to
the tangent space to the Lie group at the unit. A Lie groupoid, which is a many-unit
generalization of a Lie group, can be similarly differentiated to its Lie algebroid. As
a vector bundle, it is the source-vertical tangent bundle restricted to the units. The
Lie bracket on the space of sections of this vector bundle is obtained analogously
by its identification with the space of right-invariant vector fields on the manifold
of arrows.

The main goal of this thesis is to give satisfactory answers to the following ques-
tions: Given a (higher) groupoid object G in a category €, what are the structures of
C and the properties of G needed for its differentiation? How does the differentiation
procedure work? What are the generalized infinitesimal objects?

The first part of the answer is to identify the categorical structures needed in the
differentiation process. I show that the ambient category has to be equipped with an
abstract tangent structure so that there is a Lie bracket of vector fields together with
some additional properties. For that, we use the categorical generalization of the
tangent functor on smooth manifolds developed by Rosicky in the 1980s. An abstract
tangent structure on a category C consists of an endofunctor 7' : € — C, together
with the natural transformations of the bundle projection, the zero section, the
fiberwise addition, the vertical lift, and the symmetric structure. Rosicky’s axioms
of a tangent structure are the minimal axioms needed to define the Lie bracket of
vector fields on an object of C.

For the second part of the answer, I introduce differentiable groupoid objects as
the analogue of Lie groupoids, as well as abstract Lie algebroids as the analogue of
Lie algebroids in the setting of tangent categories. One of the main results of this
thesis is the construction of the abstract Lie algebroid of a differentiable groupoid
object in a cartesian tangent category with a scalar multiplication by a ring object.
Examples include the differentiation of infinite-dimensional Lie groups and elastic
diffeological groupoids.

In the last part of the thesis, I propose a method of differentiation of differen-
tiable higher groupoid objects in a tangent category equipped with a compatible
Grothendieck pretopology. In 2006, Severa has argued that the L..-algebroid of a
higher Lie groupoid is given by the enriched hom in the category of simplicial su-
permanifolds from the nerve of the pair groupoid of R to the higher Lie groupoid.
I show that this idea can be rigorously implemented by a universal construction
given by a categorical end, that works in any tangent category. Dually, the higher
generalized Lie algebroid cohomology is given by a coend in differential complexes.
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Introduction

A Lie group is a group object in the category of smooth finite-dimensional manifolds.
To every Lie group we can associate its Lie algebra, given by the right-invariant
vector fields. In this sense, every group object in manifolds is differentiable. This
is not true for every groupoid object in manifolds. We have to assume that the
source (and therefore target) map is a submersion, so that we can construct its Lie
algebroid. The groupoid objects that are differentiable in this sense are the Lie
groupoids.

The category of smooth manifolds is inconvenient. Other than coproducts and
finite products, it does not have many good categorical properties, which puts it
at odds with many modern developments of mathematics that are structured and
guided by category theoretic concepts. This has motivated the development of
a plethora of convenient settings for differential geometry, which can be vaguely
defined as categories that contain smooth manifolds as a full subcategory, but have
better properties, such as having all small limits, colimits, exponential objects, etc.
The price to be paid for this convenience is that such a category is usually too large
as to allow for strong geometric results that hold for all its objects. The task is
then to identify the structure of a category and the properties of its objects that are
needed to generalize a certain differential geometric construction, in our case: the
differentiation of Lie groupoids. This can be done for a particular category, e.g. the
category of diffeological spaces, Chen spaces, Frohlicher spaces, differentiable stacks,
polyfolds, bornological spaces, etc. [[Z13,BX11,|Stall]. Better still, we can try to
identify the structure any category must have and the properties any object must
have for the construction to work. In this thesis, we ask and answer the following:

Questions. Given a (higher) groupoid object G in a category €, what are the
structures of C and the properties of G needed for its differentiation? What are the
infinitesimal objects in € that generalize (higher) Lie algebroids?

Lie groupoids and Lie algebroids

A groupoid is a small category in which every morphism is invertible. Explicitly, a
groupoid is composed of a set of objects Gy and a set of arrows G; together with the
source s : G — Gy, target t : Gy — G, multiplication m : G, XSGZ G171 — G4, unit
1: Gy — G4, and inverse i : G; — G, satisfying the usual axioms of a category.

A Lie groupoid is a groupoid internal to the category of smooth manifolds such
that the source and target maps are submersions. Lie groupoids are many-unit gen-
eralizations of Lie groups. They describe local and global symmetries of geometric
structures in more general cases [Wei96]. A large class of geometric structures can
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be described via Lie groupoids, such as representations, equivalence relations, group
actions, foliations, orbifolds, differentiable stacks, etc. [Mac05,(CASW99,[MMO3].

The theory of Lie groupoids comes together with its infinitesimal counterpart:
Lie algebroids. Being a generalization of the notion of Lie algebras, a Lie algebroid
is a vector bundle A — M together with a vector bundle map p: A — T'M, called
the anchor, and a Lie bracket [-, ] on its space of smooth sections I'(M, A), such
that the Leibniz rule

[a, f8] = fla,b] + ((poa) - )b
holds for all sections a,b € I'(M, A) and smooth functions f € C*°(M).

Differentiation of Lie groupoids

Lie groupoids can be differentiated to their Lie algebroids. We will now analyze the
differentiation procedure from a categorical point of view. Let G be a Lie groupoid.
The assumption that the source map s is a submersion is sufficient for the existence
of the domain of the groupoid multiplication

m:G1 XZZG1—>G1,
as well as for the existence of the iterated k-fold pullback

G Xa, -+ Xy G (1)

TV
k factors

for all £ > 0. While the assumption that the source is a submersion is sufficient for
the existence of these pullbacks, it is not necessary.

In the first step of the differentiation of G, we take the derivative of the multi-
plication by applying the tangent functor,

Tm : T(Gl X ao G1> — TG1 .
To obtain the multiplication of the tangent groupoid, we need an isomorphism
v:T(Gy Xg, G1) — TGy x1¢, TGy,

that is, we need the pullback of the codomain to exist and the natural map v to
have an inverse. This is the step where the assumption that s and ¢ are submersions
is necessary. The multiplication of the tangent groupoid is then defined by the
composition

mrag TG1 XTGo TG1 % T(Gl X Go G1> T_m) TG1 .

In the second step, we restrict the tangent multiplication to a right G-action on
the s-vertical tangent bundle,

Ts,0¢,

VGl = TG1 XTGO G(),

where O¢g, : Go = T'Gy is the zero section. Since s is a submersion, so is 7's, which
ensures the existence of the pullback. The right G-action

VG xp' G — VG
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is the restriction of mpg to the s-vertical tangent bundle. Since t is a submersion,
the pullback of the domain exists.

In the third step, we restrict the vertical tangent bundle VG, — G; to the
identity bisection of the groupoid,

A= GO Xay VGl .

Since the tangent bundle is a vector bundle, so is the vertical tangent bundle. This
implies that VG — (G is a submersion, so that the pullback always exists.

The Lie algebroid is constructed as the vector bundle A — G, with anchor the
restriction of Tt to A. The sections of A can be shown to be in bijection with the
right-invariant vector fields on G4, that is, the right G-equivariant sections of the
vertical tangent bundle. The Lie bracket of the sections of A is the Lie bracket of
vector fields.

The upshot is the following: For the differentiation of a Lie groupoid to its Lie
algebroid, a number of pullbacks must exist and the tangent functor must commute
with the fiber product of k& composable arrows given by (I). In smooth manifolds,
this is the case if the source map is a submersion.

Abstract tangent structures

Any category € in which we want to differentiate a groupoid must have a tangent
functor T" and some additional structure that allows us to define a Lie bracket of
vector fields. This construction is particularly difficult to generalize, because the
map X — I'(X,TX) that sends a manifold to its space of vector fields is not even
a functor.

Fortunately, this issue has been resolved by Rosicky in his seminal paper [Ros84].
He introduces the concept of abstract tangent functor as an endofunctor 7" : ¢ —
C together with the natural transformations of the bundle projection 7w : T" — 1,
zero section 0 : 1 — T, fiberwise addition of the tangent bundle + : T'x;T — T, the
exchange of the order of differentiation 7 : T2 — T2, and the vertical lift X\ : T — T2,
satisfying a number of natural axioms (Deﬁnition. A category with an abstract
tangent functor is called a tangent category. Rosicky’s axioms are the minimal
axioms needed to define the Lie bracket of vector fields on an object of €.

In the category of smooth manifolds, vector fields can be identified with the
derivations on the ring of smooth real-valued functions on the manifold. With
this identification, the Lie bracket of vector fields is defined as the commutator.
However, in other tangent categories, vector fields, which are defined as sections of
the tangent bundle, cannot be identified with derivations on the ring of functions in
general (Remark . Thus, we need the geometric approach for the definition of
the Lie bracket that only uses the tangent structure on smooth manifolds. This was
Rosicky’s observation.

The Lie bracket of two vector fields v : M — TM, x — v, and w : M —
TM, x — w, on a smooth manifold M can be defined by

(v, W], = Tw(vy) — Tar (T0(w,)) (2)

for all z € M. The fiberwise differentials of v and w are given by Tv : T,M —
T,,(TM) and Tw : T,M — T, (TM) respectively. Since Tw(v,) and Tv(w,) do

x T
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not lie in the same fiber, the canonical flip 7, is applied on the second factor in .
Moreover, the right hand side of Equation is a vertical vector in T, (T'M), that
is, it lies in the kernel of T'wy,. Identifying it with a tangent vector in T, M via
the vertical lift, we get the Lie bracket. This construction is the cornerstone of the
geometric definition of the Lie bracket in tangent categories and will be explored in
Section [3.3]

A conceptual understanding of tangent structures can be acquired by the local
coordinate description of the tangent functor 7" on Euclidean spaces. Let Eucl denote
the category with objects open subsets U C R”, for n > 0, and morphisms smooth
maps. Then, TU = U x R" and T?U = U x R" x R"® x R". This yields the following
expressions of the tangent structure in local coordinates:

mw:TU — U (u,up) — u
Op : U — TU ur— (u,0)
v TU xy TU — TU ((w,uo), (u,v0)) > (u,uo + vo)
v TU — T?U (u, ug) — (u, 0,0, up)
v T?°U — T?U (u, ug, uq, upr) — (u, uy, ug, up1) ,

where the subscripts refer to the differentiation with respect to the different vari-
ables. These expressions as well as the description of the Lie bracket in local coor-
dinates are explained in detail in Section [3.4]

Bundles

In the category of smooth manifolds, a fiber bundle is a smooth surjective map
p: A — X which is locally the projection of a product manifold to one of its factors.
This concept of bundles with local trivializations requires a generalization of open
covers, which is provided by the notion of Grothendieck pretopology. However,
already for our guiding example of diffeological spaces requiring local trivializations
is too strong. Instead, we start with the usual categorical notion of bundle as a
morphism without further conditions, in other words, an object in the overcategory
CJ| X. Then we add, step by step, the algebraic structure we need, using the unified

Terminology [3.1.1}

Terminology. Let “Wibble” be an algebraic theory. Let X be an object in a
category C such that the overcategory €] X has all finite products (i.e. pullbacks
over X). An object in €| X will be called a bundle over X. A Wibble object in
CJ X will be called a bundle of Wibbles over X.

In this thesis, “Wibble” will be one of: group, abelian group, and R-module (for
R € @ aring object). Let W — X be a bundle of Wibbles. If € has finite products,
then the pullback W, := % xx W over a point = : ¥+ — X is a Wibble object in €.
In other words, every fiber of a bundle of Wibbles is a Wibble, which justifies the
terminology. We emphasize once more, that the notion of bundle of Wibbles does
not make any assumptions on local trivializations, whatsoever. Note that in the
axioms of a tangent structure, the tangent bundle 7x : T X — X is required to be
a bundle of abelian groups for any object X € C.
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Submersions and differentiability

As we mentioned above, submersions are a class of morphisms in the category of
smooth manifolds which play an important role in the definition of a Lie groupoid
and in the differentiation to its Lie algebroid. Let us take a moment to delve deeper
into their properties. Recall that a smooth map f : M — N of manifolds is called
a submersion if:

(i) The tangent map T'f|, : T,M — Ty, N is surjective for every point x € M.
Submersions have a number of good properties, such as:
(ii) Every point x € M lies in the image of a smooth local section of f.
(iii) For every smooth map M’ — N, the pullback M xy M’ exists.

(iv) Every pullback via f commutes with the tangent functor, that is, the natural
map T'(M xy M') — TM xpy TM' is an isomorphism.

(v) The tangent map 7'f : TM — TN is a submersion.

Note that Properties (i), (ii), and (iv) are equivalent. It is tempting to state the
conditions for a groupoid object in a tangent category to be differentiable by re-
quiring the source map to have the properties of a surjective submersion. However,
Properties (ii)—(v) make use of the fact that a submersion is locally the projection
to one of the factors of a product manifold. This is proved with the implicit function
theorem, a genuinely analytic method that cannot be easily generalized. In a general
category with a tangent structure, none of the Properties (i)—(iv) implies any other
of the properties. So which properties should be the basis of our generalization?
For the existence of the pullbacks , we need Property (iii), for the first step of
the differentiation procedure we need Property (iv), and for the second step we need
(v) and (iii). So we would need morphisms that have the Properties (iii), (iv), and
(v). We are not aware of any interesting tangent category other than the category
of smooth manifolds, in which there is a known class of such morphisms.
Fortunately, the properties of a submersion are unnecessarily strong. We do not
need the pullbacks via submersions to exist universally over all other morphisms,
but only the pullbacks that appear in our construction. Neither do we need the
tangent functor to preserve all pullbacks, but only the pullback describing the
k composable arrows. For all these reasons, in the Definition [£.1.6] of differentiable
groupoid objects in tangent categories we will identify and explicitly require the
existence of the pullbacks and their properties needed in the differentiation process.

Higher set theoretic groupoids

Higher groupoid objects can be defined succinctly with simplicial methods. Let A
be the simplex category which has non-empty finite ordinals [0], [1], [2], etc.,
as objects, and order-preserving maps as morphisms. A simplicial object in a
category C is a contravariant functor X : A°? — €. Equivalently, it can be described
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by a family of objects in € together with certain face and degeneracy morphisms
satisfying the simplicial identities. A simplicial structure can be depicted by

J

X() > Xl < X2

PPN

[

~ |~

The standard simplicial m-simplex is defined by A™ = y[m] = A( _, [m]), where
y is the Yoneda embedding. Its i*® horn is the subsimplicial set A which is obtained
by removing the " face from it as well as its unique non-degenerate m-simplex. To
every groupoid G there is an associated simplicial set G,, called its nerve. Its
k-simplices are given by the pullback of the strings of £ composable arrows,
its face maps by composition by arrows, and the degeneracy maps by inserting
identities. This simplicial set satisfies horn filling conditions in all degrees and unique
horn filling conditions for degrees > 1. In fact, one uniquely recovers a groupoid
from a given simplicial set with these horn filling conditions (Remark [2.2.22)). This
suggests the following definition, originally due to [Dus75,/Gle82]. An n-groupoid
is a simplicial set G : A°® — Set such that the natural horn projection

Pmyi : Gm — G(AT") (3)
is a surjection for all m > 1 and a bijection for all m > n and 0 < ¢ < m. Here,

G 22 8et®” (A™, G) by the Yoneda lemma and G(A7") := Set®” (A", G).

Higher groupoids in a category with a Grothendieck pretopology

In an attempt to define higher groupoid objects in any category, we need to make
sense of the horn filling conditions. For that, the need of a class of morphisms
that play the role of surjective submersions in smooth manifolds becomes necessary.
Following the approach of Henriques, Zhu and Meyer, these will be given by the
covers of a Grothendieck pretopology on € [Hen08|[Zhu09,MZ15|]. The covers satisfy
the following axioms:

(i) Every isomorphism is a cover.
(ii) The composition of two covers is a cover.

(iii) If U — X is a cover and Y — X is a morphism in €, then the pullback Y x x U
exists and the projection Y xx U — Y is a cover.

We will equip € with a Grothendieck pretopology satisfying Assumption
Assumption.

(i) The category € has a terminal object * and the unique morphism U — x* is a
cover for every object U € € which is not the initial object (if it exists).

(ii) The pretopology is subcanonical, i.e. every cover is a regular epimorphism.
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Note that for the horn projection to be well-defined as a morphism in C,
the object of horns G(A!"), which is given by a certain limit, must exist in C.
This was proved in [HenO8] using the fact that A" is a collapsible simplicial set
(Corollary . In this setting, an n-groupoid object in € is a simplicial object
G : A°® — @ such that the horn projection is a cover for all m > 1 and an
isomorphism for all m > n and 0 < ¢ < m (Definition [5.1.13)). The n-groupoid
objects in the category of smooth manifolds with surjective submersions as the
covers are called Lie n-groupoids.

Differentiation of higher groupoid objects

In 2006, Severa [Sev06] proposed a method of constructing the Lo.-algebroid (given
by a differential non-negatively graded manifold) of a Lie n-groupoid G. He uses
that the inner hom in graded manifolds from the odd line R°" to a manifold M
represents the odd tangent bundle IITM of M. Severa’s main idea was that for
higher groupoids we should replace R°" by the nerve P of its pair groupoid. He
then argues that the enriched hom Hom(P, G) is represented by a differential non-
negatively graded manifold [Sev06, Prop. 9.2]. The gaps of this statement and its
proof have been worked out in detail in [LRWZ23], where the authors prove that
the representing object of Hom(P, ) is the tangent complex of G.

In this thesis, we give a categorical generalization of Severa’s idea using the
language of categorical ends. It starts with the observation that ends provide a
general method to enrich the homs in functor categories over the target category.
Using the isomorphism Ho_m(Ro‘l, M) = TITM, the enriched hom can be entirely
expressed in terms of the tangent functor on smooth manifolds. The advantages of
our approach can be summarized as follows:

e Ends are universal constructions for which there is a powerful calculus [Lor21].
e Being special limits, ends can be computed in terms of equalizers and products.

e Our end formula works in any tangent category, such as the category of elastic
diffeological spaces [Blo24a] and the bicategory of differentiable stacks (Re-

mark |3.2.12]).

This is explained in detail in Section [5.2]

Main result 1: differentiation of groupoid objects

The main result of this thesis is to give satisfactory answers to the Questions on
page[11] The first part of the answers is to identify the categorical structures needed
in the differentiation process. As already explained, the ambient category € has to
be equipped with an abstract tangent structure (Definition , so that there is
a Lie bracket of vector fields. We also have to assume that the tangent functor pre-
serves finite products. Tangent categories with this property are called cartesian
(Definition [3.2.13)). Finally, we need a generalization of the scalar multiplication
of tangent vectors by real numbers. For this, the tangent bundles TX — X have
to be equipped with the fiberwise structure of an R-module for a ring object R in
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C, satisfying some compatibility with the tangent structure. Such a module struc-
ture is called a scalar R-multiplication (Definition [3.2.19)). All these categorical
structures have been worked out in |AB].

The second part of the answers to the Questions on page is to identify the
properties of a groupoid object in € needed for its differentiation. This leads to the
first main concept of this thesis, introduced in Definition [4.1.6}

Definition. A groupoid object GG in a category € with a tangent structure will be
called differentiable if the pullbacks in the diagrams

TnGl e Gk E— Gk

| - [ TG g0, G — G
TGy Xme, TGy — TGy | - lom,aootk (4)
l - lTntk TmG1 T) TmGO

TnGl T) TnGO

GO X TGl XTGy GO — TGl XTGo GQ

l - lmloprl (5)

Go > G1

exist, and if the natural morphism
n s,t n Tms, T™t n
is an isomorphism for all n > 1, m > 2 and k£ > 0.

Here, O[go = (T"'00...0T0 0 0)g, is the iterated zero section, 0, g, =
(0Ogy, - -+, 0¢,) the diagonal zero section, and t; : Gy — Gy the morphism to the
target of the rightmost arrow of the nerve of the groupoid.

The notion of differentiability generalizes to any bundle £ — Gy with a right
G-action (Definition [£.2.11). On differentiable groupoid bundles there is a natural
notion of invariant vector fields (Definition [4.4.1)). We show in Theorem that
the set X(E)Y of invariant vector fields on E is a Lie subalgebra of X(E) = ['(E, TE).
The second main concept of this thesis is introduced in Definition [£.5.}

Definition. Let € be a cartesian tangent category with scalar R-multiplication.
An abstract Lie algebroid in € consists of a bundle of R-modules A — X, a
morphism p : A — TX of bundles of R-modules, called the anchor, and a Lie
bracket on the abelian group I'(X, A), such that

[a, fb] = fla,b] + ((poa)- f)b
pola,bl=[poa,pob]

for all sections a, b of A and all morphisms f: X — R in C.
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The main generalization is that A — Gj is no longer required to be a vector
bundle, but only a bundle of R-modules (Terminology on page , so that the sheaf
of sections of A is not a locally free C(Gy, R)-module. Therefore, the Leibniz rule
does not imply that the composition with the anchor is a homomorphism of Lie
algebras, which has to be required separately. Our main results are Theorems [4.5.7]
and [£.5.8] whose essence can be stated as follows:

Theorem A. Let G be a differentiable groupoid object in a cartesian tangent cate-
gory C with scalar R-multiplication. Then there is an abstract Lie algebroid A — Gy
with the Lie bracket of invariant vector fields on T'(Gy, A) = X(G1)°.

These results will appear in [AB25].

Main result 2: differentiation of higher groupoid objects

The second main result of this thesis is an answer to the Questions on page
in the case of higher groupoid objects. The ambient category € in this setting
has a tangent structure and a compatible Grothendieck pretopology satisfying the
Assumption on page A pretopology and a tangent structure are compatible if
the tangent functor maps covers to covers. In Definition [5.1.29] we identify the
axioms needed for a higher groupoid object in € to differentiate to its infinitesimal
counterpart. The following definition is one of the main constructions in this thesis,
which is motivated in Section [£.2.1] and introduced in Definition [5.2.6}

Definition. Let G be a differentiable n-groupoid object in € for some n > 0. The
abstract Lie n-algebroid Lie(G) of G is defined by

Lie(G) ::/H "G, . (7)

€AL 1

The end is well-defined since the iterated tangent bundle 7°*! has a natu-

ral cosimplicial structure, which we prove in Proposition [3.2.25| The end is over

the (n + 1)-truncated simplex category, which reflects the (n + 1)-coskeletality of

n-groupoid objects (Propositions [2.3.12 and [5.1.18). Our main results are Theo-
rems [5.2.8| and [5.2.17, which can be summarized as follows:

Theorem B. Let C be a category with a tangent structure and a compatible Gro-
thendieck pretopology satisfying the Assumption on page[16. Let G be a differentiable
n-groupoid object in C for somen > 0. Fizk € {0,...,n+1}. Then, the end Lie(G)
is isomorphic to the following fiber products

Lie(G) 2 TGy xq, T*G1 X, X0, T" ' G X, T"?Gria (8)
>~ TGy X3, T°G, X5, X, ™'a, X Gnin Tn+2G(AZ+1) , (9)

where for all1 < m <n+1,

Qm = (Tme)m X (Tm+1Gm—1)m+17
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and
(T™Gp)™ if 1<m<n,

Qm =
(T 2@, +2 if m=n+1.

The fiber products are with respect to the (co)face and (co)degeneracy mor-
phisms of T**! and G,. The fiber product is the result of computing the limit
corresponding to the end (7). To achieve the isomorphism from (§) to (9)), we show
in Section[5.2.4]that half of the (co)face and (co)degeneracy relations are redundant.

Motivation and applications

Broad categorical generalizations of geometric concepts like Lie groupoids and Lie
algebroids risk being solutions in search of a problem. That is, while the generaliza-
tion of a concept may be of interest in its own right, its usefulness in the originating
area, differential geometry in our case, may be limited. The concept of differentiable
groupoid objects and their abstract Lie algebroids, however, was motivated by and
provides answers to existing research questions.

In [BFW13| the symmetry structure of the initial value problem of general rela-
tivity was studied. The main result was the construction of a diffeological groupoid
whose diffeological Lie algebroid has the same bracket as the somewhat mysterious
Poisson bracket of the Gauf-Codazzi constraints for Ricci flat metrics. Without
a theory of diffeological groupoids available, the differentiation of the diffeological
groupoid of |[BFW13] was carried out in an ad-hoc manner. The results of the
present thesis can be viewed as a rigorous justification of this construction. In this
sense, this application of Theorem A existed before the actual theorem. The group-
oid in the general relativity example generalizes to the diffeological groupoids that
arise from the gauge and diffeomorphism symmetries of classical field theory.

The construction of the groupoid symmetry of general relativity from [BFW13] is
a particular case of a more general construction: reductions of action Lie groupoids
by (not necessarily normal) subgroups. Blohmann and Weinstein have computed
the Lie algebroid of this quotient groupoid in [BW24, Sec. 8.5] in the setting of
smooth finite-dimensional manifolds. With our results, this reduction can now be
carried out for diffeomorphism groups acting on sections of natural bundles.

Diffeological groupoids arise in a number of other areas, such as diffeological
integration of Lie algebroids [Vil25], the holonomy groupoid of a singular folia-
tion [AS09], and more generally, of a singular subalgebroid [Zam22]. In |AZ23],
Androulidakis and Zambon explain a differentiation procedure from holonomy-like
diffeological groupoids to singular subalgebroids, where the original goal of the au-
thors is to establish an integration method for singular subalgebroids via diffeological
groupoids.

One of the original motivations of this thesis was the application of diffeolog-
ical groupoids to geometric deformation theory. The idea is that many geometric
structures, such as Riemannian metrics or complex structures, are equipped with a
natural diffeology of smooth homotopies, so that their moduli space of structures
modulo isomorphism are presented by diffeological groupoids. Since we are now
working in the bicategory of diffeological stacks, higher categorical considerations
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come into play. In this framework, deformations can be conceptualized by smooth
paths in a diffeological stack, higher deformations by paths of paths, etc. This sug-
gests that the natural object to consider is the path co-groupoid of the diffeological
moduli stack. We posit that the infinitesimal object of these groupoids is closely
related to the differential graded Lie algebras or the L..-algebras describing the
deformation theory of these moduli. While this ambitious goal was not achieved
within the constraints of this thesis, all the relevant objects and constructions are
now rigorously defined.

Structure of the thesis

The thesis is composed of five chapters and an appendix. Here is a brief summary:

e In Chapter [I, we describe the notions of Lie groupoids and Lie algebroids as
the many-unit generalizations of Lie groups and Lie algebras. In particular,
we explain how a Lie groupoid can be differentiated to its Lie algebroid.

e The main subject of Chapter [2| is simplicial objects in categories. It starts
with recalling the simplex category with its coface and codegeneracy maps,
which models simplicial and cosimplicial objects. The examples of the stan-
dard simplicial n-simplex and its horns and boundary are described in detail.
We explain the categorical approach to define the horns and boundaries of
a simplicial object in a category using right Kan extensions. We then recall
the set theoretic horn filling conditions and higher groupoids. The chapter
concludes with a discussion on simplicial skeleta and coskeleta.

e In Chapter , we review Rosicky’s abstract tangent structures [Ros84|, which
generalize the tangent functor on the category of smooth manifolds. We metic-
ulously study bundles whose fibers have the structure of an abelian group or
an R-module, where R is a ring object in the ambient category. Extending
the ideas in |Blo24a], we introduce cartesian tangent structures with scalar
R-multiplication.

A fundamental part of this chapter is devoted to the construction of the Lie
bracket of vector fields in tangent categories. Following an idea of Rosicky, we
explain the Lie bracket construction in more detail and state the Leibniz rule.
We then prove several naturality results for the Lie bracket. Furthermore, we
show that the iterated tangent functor, by virtue of being a monad, has an
augmented cosimplicial structure. Lastly, we describe the namesake example
of tangent categories: the category of Euclidean spaces. Using a notation
on iterated local coordinates which we introduce, we revisit our proof of the
cosimplicial identities in Euclidean spaces.

e Chapter [4] is the core of this thesis, where we establish a differentiation pro-
cedure of groupoid objects to their infinitesimal counterparts in a cartesian
tangent category with scalar R-multiplication. To this end, we introduce the
notion of differentiable groupoid objects, which are groupoids that satisfy ad-
ditional conditions needed for their differentiation. On the infinitesimal level,
we define abstract Lie algebroids in tangent categories.
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To achieve the main construction, we develop the language of differentiable
G-bundles. This allows us to consider the restriction of the source-vertical
tangent bundle to the identity bisection. One of our main results states that
the sections of this bundle can be identified with invariant vector fields. Using
an elegant technical lemma, we show that the tangent structure of the ambient
category has a source-vertical restriction. It follows that invariant vector fields
are closed under the Lie bracket of vector fields. The main theorem states that
our differentiation procedure applied to a differentiable groupoid object yields
an abstract Lie algebroid. As a conclusion, a list of possible applications and
examples is outlined.

e Chapter [5| proposes a method of differentiation of higher groupoid objects
in a tangent category equipped with a compatible Grothendieck pretopology.
Mainly, we provide a categorical generalization of Severa’s idea [Sev06], which
states that the infinitesimal counterpart of a higher Lie groupoid is given by
the enriched hom from the nerve of the pair groupoid of R to the higher
Lie groupoid. We show that this idea can be rigorously implemented by a
universal construction given by a categorical end.

Computing the corresponding limit, we show that the end is given by an
iterated fiber product with respect to the simplicial structure of the higher
groupoid, and the cosimplicial structure of the iterated tangent bundle. Us-
ing the naturality of the tangent structure and the (co)simplicial identities,
we further show that half of the relations are redundant. This construction
recovers the differentiation of Lie groupoids to their Lie algebroids. Finally,
we conjecture that the higher generalized Lie algebroid cohomology is given
by a coend in differential complexes.

e The primary goal of Appendix [A]is to provide a brief exposition of category
theoretic concepts that are used in this thesis. We recall the Yoneda lemma
and its consequences. Moreover, we explain the notions of categorical ends and
Kan extensions, which are major universal constructions in category theory.
We conclude the appendix with useful categorical machinery and algebraic
objects internal to a category. The appendix also serves to fix some notation.

Conventions and Notation

Categories will be denoted by curly letters, such as A, B, C, D, etc. Given two
categories € and D, we will denote the functor category with objects functors
F : ¢ — D and morphisms natural transformations by the exponential notation
DC. The categories we consider in this thesis are all locally small, that is, the
morphisms between two objects form a set. Given objects A, B in a category C, we
will denote the set of morphisms from A to B by C(A, B). We will explicitly state
when a category is also small (for example groupoids), that is, their objects also
form a set.

If € is a category, C°P denotes its opposite category, whose objects are those
of €, and morphisms are those of C that have the domain and target swapped. By
a concrete structure on a category C we mean a faithful functor € — Set. A
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concrete category is a category with a concrete structure. A point in an object
X of a (not necessarily concrete) category € is a morphism z : * — X in €, where
* is the terminal object of C, if it exists.

The following (non exhaustive) list provides the notation for specific categories
that appear in the thesis:

category objects morphisms
Set sets functions
Top topological spaces continuous maps
Mfld smooth manifolds smooth maps
Eucl open subsets of R" (n > 0) smooth maps
Dfig diffeological spaces smooth maps
A non-empty finite ordinals order-preserving maps
sSet simplicial sets natural transformations
sMfld simplicial manifolds natural transformations
Bung | G-bundles (G a groupoid object) | G-equivariant bundle morphisms

All manifolds are finite-dimensional smooth manifolds (e.g. [Leel3| Ch. 1]). They
are Hausdorff' (unless otherwise stated) and second countable. The ring of R-valued
smooth maps on M will be denoted by C>*(M) := MfAd(M,R). Given a vector
bundle p: E — M, I'(M,E) ={a: M — E | poa = idy} denotes the space of
smooth sections of E. It is a C°°(M)-module. Given a smooth manifold M, its space
of vector fields is denoted by X(M) := I'(M,TM). Given a tuple (z1,..., Tk, ..., Tp),
the notation 7, means that z; is omitted.



Chapter 1

Lie groupoids and Lie algebroids

A groupoid is a generalization of the notion of a group, that has many units. It
is a category in which every morphism is invertible. Set theoretically, groupoids
were first introduced in 1927 by Brandt [Bra27] in his attempt to solve composition
problems involving quadratic forms. In the late 1950’s, Ehresmann introduced in-
ternal groupoids to the topological and smooth settings [Ehr59,|Ehr63], which were
later refined by Pradines [Pra66]. Lie groupoids are groupoids which are internal to
the category of smooth manifolds with the additional property that the source (and
therefore the target) map is a smooth submersion. For a more detailed historical
note on (Lie) groupoids, see [Bro87] or [Wei96].

Being generalizations of Lie groups, Lie groupoids describe local and global sym-
metries of geometric structures in more general cases, where one has internal symme-
tries with respect to its objects and external symmetries via its actions or represen-
tations [Wei96|. As such, Lie groupoids model a large class of geometric structures,
among which are representations, equivalence relations, group actions, foliations,
orbifolds, differentiable stacks, etc. For a rigorous treatment of the subject, the
reader may refer to [Mac05,CASW99,[MMO03].

The theory of Lie groupoids comes together with its infinitesimal counterpart:
Lie algebroids. Being a generalization of the notion of Lie algebras, Lie algebroids
are anchored vector bundles together with a Lie algebra structure on their space of
smooth sections satisfying some Leibniz identity. They were originally introduced
by Pradines [Pra67| and arise naturally in Poisson geometry, foliation theory, equiv-
ariant geometry and Lie theory. For the general theory of Lie algebroids and its
relation to these fields, the reader may refer to [Mac05,|(CdSW99,]MMO03,, Fer(03].

In Section [I.1, we will define the category of Lie groupoids, state their main
properties and provide fundamental examples. Lie groupoids will be the prototypical
example of differentiable groupoids in tangent categories introduced in Section [4.1]
We then recall the notion of Lie algebroids in Section and discuss the subtlety
about their morphisms. Lie algebroids will serve as the namesake example of abstract
Lie algebroids in tangent categories introduced in Section We conclude by
describing the Lie algebroid of a Lie groupoid in Section [I.3] The constructions
therein will provide the preliminaries for a generalized differentiation procedure as
discussed in Section [4.5.2
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1.1 Lie groupoids

Definition 1.1.1. A groupoid is a small category in which all morphisms are
isomorphisms.

Spelled out, a groupoid is composed of two sets G and G, called the set of
objects and the set of arrows, together with the following structure maps:

e the source s : G; — Gy, g — s(g) = sy,

e the target ¢ : G1 — Gy, g+— t(g) =t,,

e the multiplication m : G; XZ‘Z G1 — Gy, (g9,h) = m(g,h) = gh,
e the unit 1: Gy — Gy, =z — 1(x) =1,,

e the inverse i : G; — Gy, g+ i(g) =g},

such that the following diagrams commute:

(i) Conditions on s and ¢:

G1 XZZ Gl . G1 Gl Xg(t) G1 /s Gl
Prgl ls prll lt (1 . 1)
Gy ——— Gy G —— Gy

G0—1>G1 G0—1>G1 G1;>G1 G1;>G1

idGO\ g idGO\ g L N

(ii) Associativity:

0
idG1 XGOmJ/ J/m (13)

(iii) Unitality:

\ml / )
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(iv) Invertibility:

(ldG 7i) (7;7 ldG )
G % Gy w6y 9L gy

T
GO >G1< GO

1

1

Remark 1.1.2. The commutativity of the second and fourth diagrams in (1.2) is
implied by the first and third diagrams in ((1.2)) and the invertibility axiom. We keep
the diagrams in the axioms for later reference.

A groupoid G is usually depicted by G, i; Gy, an arrow g € GG by
t

Definition 1.1.3. A Lie groupoid is a groupoid internal to the category Mfld
of smooth manifolds, where the source (and therefore the target) map is a smooth
submersion.

Remark 1.1.4. In order not to exclude interesting examples from the theory of
(singular) foliations (e.g. [MMO3], Ch. 5], JAS09]), the manifold G; of arrows is not
required to be Hausdorff, whereas the manifold G of objects will be Hausdorff.

Remark 1.1.5. The requirement that the source (and hence the target) map is a
submersion in the definition of a Lie groupoid ensures that the domain G XSGI; G of
the multiplication is a smooth manifold. There is another significant reason for this
assumption, which concerns the construction of the Lie algebroid of a Lie groupoid
(Sec. . Mainly, for the differentiation of a Lie groupoid to its Lie algebroid:

(1) a number of pullbacks must exist, for which the assumption that the source
map is a submersion is sufficient;

(2) the tangent functor must commute with the nerve of the groupoid (Ex.[2.1.6)),
for which this assumption is necessary.

In Definition 4.1.6 we will introduce differentiable groupoid objects in any category,
where (1) and (2) are imposed as axioms to enable their differentiation.

Definition 1.1.6. A Lie groupoid morphism is a smooth functor.
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Spelled out, a morphism between two Lie groupoids G7; = Gy and H; = H, is
a pair of smooth maps F; : G; — H;, and Fy : Go — Hy, such that the following
diagrams

F F
Gl L Hl G1 XGO G1 R Hl XHO Hl
Go T> HO G1 7 > H1

commuteE

Remark 1.1.7. It can be easily checked that a morphism between two Lie groupoids
intertwines the unit and inverse maps (e.g. [Ainl7, Rem. 1.2.7]).

Lie groupoids together with morphisms between them form a category LieGrpd.
Given a Lie groupoid G; = Gy and an element z € Gy, the source fiber s7(x)
and the target fiber t~!(z) are closed embedded submanifolds of G; since s and
t are submersions [Leel3, Cor. 5.13]. Moreover, the inverse i : G; — G is a
diffeomorphism which exchanges the source and target fibers [Mac05|, Prop. 1.1.5].
Additionally, the unit 1 : Go — G has a retract (being a section of both the source
and target maps), so that Gy can be viewed as a closed embedded submanifold of
G1. Figure[L.1] which is inspired from [CASW99, p. 86], depicts a Lie groupoid.

i

/ /¥

Figure 1.1: A Lie groupoid G; = G

source fibers

Go  units

Example 1.1.8. Here are some of the main examples of Lie groupoids:
(i) A Lie group can be viewed as a Lie groupoid over a point G = x.

(ii) Given a smooth manifold M, there is the associated pair groupoid M x M =
M. The structure maps are given by s(x,y) = z, t(z,y) = vy, (y,2)(x,y) =
(2,2), 1, = (z,2) and (x,y)"' = (y,2) for all z,y,2 € M.

!The subscripts G and H refer to the structure maps of G and H respectively. The first diagram
is composed of two commutative squares, i.e. sy o F; = Fyosg and ty o Fy; = Fyotg.
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(iii) For a Lie groupoid G, there is the induced tangent groupoid TG; = TG.
The structure maps are given by the differentials of the structure maps of G.

(iv) A smooth action of a Lie group G on a smooth manifold M induces a Lie
groupoid structure on G x M over M. For all g,h € G and x € M, s(g,x) = z,
t(g,x) =g -z, (9,h-z)(h,x) = (gh,z), 1, = (e,z) and (g,2)* = (¢}, 9 2).
The resulting Lie groupoid is called the action groupoid and is denoted by
G x M.

Remark 1.1.9. Two Lie groupoids G and H are isomorphic if there are smooth
functors F' : G — H and F' : H — G such that F'F' = idyg and F'F = idg. An
isomorphism of Lie groupoids is often too strong. The notion of Morita equivalence
between Lie groupoids provides a notion of weak equivalence, which is crucial for
many applications. It is given by a principal G-H bibundle [MMO3] Sec. 5.4].

A such, Lie groupoids form a bicategory with 1-morphisms given by right princi-
pal bibundles and 2-morphisms given by morphisms of bibundles, i.e. biequivariant
maps. It is well-known that the bicategory of Lie groupoids is equivalent to the
bicategory of differentiable stacks. In this way, Lie groupoids present differentiable
stacks up to Morita equivalence. As we will not use this concept in this thesis, we
refer the reader to [Blo08, BX11}|dH13,/Gin13].

1.2 Lie algebroids

Definition 1.2.1. A Lie algebroid over a smooth manifold M consists of a vector
bundle A — M, a vector bundle map p : A — TM, called the anchor, and a Lie
bracket [- ;] on its space of smooth sections I'(M, A), such that

[, 0] = fla,b] + ((poa) - )b (1.6)
for all a,b € I'(M, A) and f € C>(M).

Remark 1.2.2. Equation ((1.6)) is called the Leibniz rule for Lie algebroids. Recall
that the C°°(M)-module structure of I'(M, A) is given by

(fa)(p) = f(p)a(p)

for all f € C°(M), a € I'(M,A) and p € M. The notation (po a) - f refers to the
action of the vector field p o @ on the smooth function f.

Remark 1.2.3. The anchor induces a Lie algebra morphism between the space of
sections, also denoted by

p:T(M,A) = X(M),

where X(M) := I'(M,TM) is the space of vector fields on M. This was set as an
axiom in the original definition of a Lie algebroid (e.g. [Wei96, p. 749]). Later, it
was shown that the Jacobi identity, bilinearity and antisymmetry of |-, -], and the
Leibniz rule imply that p preserves the Lie brackets. In Section we generalize
the notion of Lie algebroids in the setting of tangent categories, where it becomes
crucial to impose this as a separate axiom again (see Def. and Rem. .
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Definition 1.2.4. A morphism between two Lie algebroids A and B over the
same smooth manifold M is a vector bundle map ¢ : A — B over the identity id,,
such that the following equations hold:

(i) ppop=pa,
(i) ¢([a,a]4) = [¢(a), ¢(d)]B,
for all sections a,a’ € I'(M, A).

Remark 1.2.5. Defining morphisms between Lie algebroids over different bases is
more subtle since there is no directly induced map from the sections of A to that of
B. In [HMO0, Def. 1.3], one encounters a possible way of phrasing the compatibility
condition of the Lie brackets. However, this approach utilizes choices of decomposi-
tions of sections (where one also shows that the compatibility is independent of the
choices involved), and thus is very complicated to work with.

A more succinct way of defining general Lie algebroid morphisms starts with the
observation that Lie algebroid structures on a vector bundle A — M are in one to
one correspondence with degree 1 derivations d on the graded algebra I'(M, A®*A*)
such that d? = 0 [Vai97]. Here, A*A* — M denotes the exterior bundle of the
dual bundle of A. A Lie algebroid morphism is then defined to be a vector bundle
map ¢ : A — B such that ¢* : T'(M,A*B*) — T'(M,A*A*) is a cochain map
(see [Klal7, Sec. 2.3] for a detailed account on this, see also [Jot18| Sec. 2.1]).

Lie algebroids together with morphisms between them form a category LieAlgd.
Example 1.2.6. Some of the examples of Lie algebroids are as follows:
(i) A Lie algebra can be viewed as a Lie algebroid over a point g — .

(ii) The tangent bundle T'M of a smooth manifold M is a Lie algebroid over M,
called the tangent Lie algebroid, together with the usual Lie bracket on the
space X(M) of vector fields. The anchor is the identity on T'M.

(iii) Given an action of a Lie algebra g on a manifold M, i.e. a Lie algebra map
@ : g — X(M), one obtains a Lie algebroid g x M, called the action Lie
algebroid. The underlying vector bundle is the trivial bundle g x M — M.
The anchor is given by p(X,p) = ¢(X), for all X € g and p € M. The Lie
bracket is given by

[0, w]p = [vp, wy] + (SO(UP) : w) p + (@(wgv) 'U) lp
for all v,w € I'(M, g x M) = Mfd(M, g) and p € M.

Examples (i) and (ii) are considered to be the two extreme cases of Lie alge-
broids. In many algebraic constructions on Lie algebroids, one often recovers known
instances in these two cases. For instance, the Lie algebroid cohomology of TM — M
recovers the de Rham cohomology of M and that of g — * recovers the Chevalley-
Eilenberg cohomology of g (see [Fer03| for a concise description of Lie algebroid
cohomology, see [Mac87, Ch.IX] for details).
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1.3 The Lie algebroid of a Lie groupoid

To each Lie groupoid one can associate a Lie algebroid, which generalizes the differ-
entiation of Lie groups to Lie algebras. Recall that the Lie algebra of a Lie group G
is the tangent space to G at the identity e as a vector space. Under the identifica-
tion of T,G with the space of right-invariant vector fields on G, and using the fact
that the space of right-invariant vector fields is closed under the usual Lie bracket
of vector fields, one equips this space with a Lie bracket.

The Lie algebroid of a Lie groupoid will be defined similarly, where there are
two subtleties. The first one concerns the existence of many units in a groupoid,
which will lead to a vector bundle A — (G instead of a vector space. The second
one concerns the construction of the Lie bracket on the space I'(Gy, A) of sections.
Similar to the case of Lie groups, the Lie bracket will be defined by identifying
['(Gy, A) with the right-invariant vector fields on G;. However, we restrict the vector
fields to be tangent to the source fibers, where the right translation is well-defined.

In this thesis, we do not address the question of integrability of a Lie algebroid to
a Lie groupoid. The interested reader is invited to read [CFO03| for a detailed expo-
sition on the failure of Lie’s third theorem in the Lie groupoid case and obstructions
to integrability.

Let G be a Lie groupoid with structure maps s,t,m,1,i. We consider the sub-
bundle of the tangent bundle T'G; — G consisting of vectors tangent to the source
fibers. This is obtained by pulling back the differential T's : TGy — TGy of the
source map via the zero section:

kerT's := TG1 XTGo GQ E— TG1

l - lTs (1.7)

GO 0—> TGO
Go

Since s is a submersion, it follows that kerT's exists in the category of smooth
manifolds, and that it is a smooth subbundle of T'G;:

kerTs —— TGy
Gy

The fiber of ker T's at an element g : © — y in G} is given by ker T's|, = Ty (s7!(z)).
As a second step, we consider the restriction of ker T's to the identity bisection
of the groupoid:

A =Gy xg, kerT's —— kerT's

l . l (1.8)

Go —>1 Gl

The fibers of A are given by A, = T, (s7'(z)) for all z € G, as depicted in
Figure The anchor is defined by the restriction of the differential of the target
map to A:

p:A— kerTs — TG, S TG (1.9)
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We now proceed by defining the Lie algebra structure on I'(Gy, A).

Remark 1.3.1. Let g : x — y be an element of G;. Then, the right translation by
9

Ry : s (y) — s '(x)
h — hg,

is a diffeomorphism only of the source fibers since the multiplication map of G is
defined only on composable pairs. Similarly, the left translation by g,

Ly,: t’l(q:) — t’l(y)
h — gh,

is a diffeomorphism of the target fibers only.

Definition 1.3.2. A vector field v : G; — T'G is called s-vertical if it is tangent
to the source fibers, that is, it takes values in ker T's. The vector field v is called
right-invariant if it is s-vertical and if it is invariant under right translations, that

is (T'Rp)4 v, = vy, for all (g, h) € Gy x¢g, G-

Left-invariant vector fields can be defined similarly, by being tangent to the target
fibers and invariant under left translations. Denote the space of right-invariant
vector fields on G by X(G1)%. We equip it with a Mfld(Gy, R)-module structure via
the assignment

(fv)g == f(tg)vg
for all v € X(G1)Y and f € MAd(Go, R).

Remark 1.3.3. The assignment to each section a € T'(Gy, A), a right-invariant
vector field @ defined by

g:x—=y +— dg:=(TRy)1,a, (1.10)
defines an isomorphism of Mfld(Gy, R)-modules
['(Go, A) = X(G1)C.

The space of right-invariant vector fields is closed under the usual Lie bracket of
vector fields on GG; and hence is a Lie subalgebra of X(G;). Under the isomorphism
in (|1.10f), there is an induced Lie bracket on I'(Gg, A), uniquely determined by

— .
@] = 0,5 (111)
for all a,b € I'(Gy, A).

Theorem 1.3.4. Let G be a Lie groupoid. Then, the vector bundle A — Gy (1.8)
together with the anchor p: A — TGy (1.9) and the Lie bracket (1.11) on I'(Gy, A)
18 a Lie algebroid.

Proof. For a detailed proof of the Leibniz rule (1.6) for Lie algebroids, the reader
may refer to |[CF11], Prop. 1.24]. O
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----@ ----@ ----@ Go

Figure 1.2: The Lie algebroid of a Lie groupoid

We will now discuss the Lie functor at the level of morphisms. Let H be another
Lie groupoid and let

GlLHl

Go —— Ho
0

be a Lie groupoid morphism. Then, TF; : TGy — T H; restricts to a vector bundle

map
TF1 X1, Fo
ker T'sq ———— > kerT'sy

’ |

G1 > Hl

Fy

where we have used the definition ker T's¢ = TGy Xp¢g, Go of the kernel. Pulling
back along the identity bisections of G and H, we obtain the following commutative
diagram:

TF1 X7 Fo
ker T's¢ > ker T'sy
A / | ® . B / l
l F
G, ! s H,
Go > Ho

Fy

The left and right squares of this diagram are the Lie algebroids A = G x g, ker T's¢
and B = Hy x g, ker T'sy of G and H respectively. The map

P = FO Xr TFl XTF, Fo
is obtained via the universal property of pullbacks. In elements, it is given by

®: (z,v) — (Fo(z), (TF)1,v),
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for all x € Gy and v € ker T'sg.

The map @ is a Lie algebroid morphism. As discussed in Remark defining
morphisms of Lie algebroids is subtle and so we will not prove this statement in this
thesis (see [HM90, Thm. 1.7] for a proof using the approach of decompositions of
sections). The upshot is that there is a functor

Lie : LieGrpd — LieAlgd,

called the Lie functor which associates to each Lie groupoid its Lie algebroid, and
to each Lie groupoid morphism a Lie algebroid morphism as described above.

Example 1.3.5. Here are some of the basic examples of differentiation of Lie group-
oids into their Lie algebroids:

(i) Let G be a Lie group viewed as a Lie groupoid over a point G = *. Then, its
Lie algebroid is the Lie algebra g of GG, viewed as a Lie algebroid over a point
g = *.

(ii)) The Lie algebroid of the pair groupoid M x M = M is the tangent Lie
algebroid TM — M.

(iii) Given an action of a Lie group G on a smooth manifold M, the Lie algebroid
of the action groupoid G' x M is the action Lie algebroid g x M with respect
to the induced infinitesimal action, where g is the Lie algebra of G.

Remark 1.3.6. The choice of right-invariant vector fields in the construction of
the Lie algebroid of a Lie groupoid is arbitrary. One could have as well chosen left-
invariant vector fields and proceeded similarly. The symmetry of the construction
is given by the diffeomorphism 7% : TG, — TG .

Remark 1.3.7. The multiplication map on the tangent groupoid has the following
explicit formula
Tm|(gyh)(vg, Uh) == (TRh)g Vg + (TLg)h Up, (112)

for all composable pairs (g, h) € Gi X¢g, G1, v, € ker T's|,, and vy, € ker T't|;, (e.g.
[Mac05|, p. 6]).



Chapter 2
Simplicial objects

Simplicial objects are combinatorial models that can serve as the building blocks
of higher structures, such as higher categories. Intuitively, a simplicial object is
composed of n-simplices for each n > 0, where 0-simplices are visualized as points,
1-simplices as line segments, 2-simplices as triangles, 3-simplices as tetrahedra and
more generally n-simplices as abstract n-dimensional tetrahedra. As such, simplicial
objects generalize directed graphs, simplicial complexes from algebraic topology,
as well as categories and groupoids to the higher setting. They were originally
introduced by Eilenberg and Zilber [EZ50]. Some references for a detailed account
on the subject and its applications are [May92,|GJ99, Riell].

One of the key examples of simplicial sets, that is simplicial objects in the cat-
egory of sets with functions, is the nerve of a groupoid (or more generally, a small
category). Its O-simplices are given by the objects of the groupoid, its 1-simplices
by the arrows, its 2-simplices by pairs of composable arrows, and its n-simplices
by strings of n-composable arrows. Since the composition of arrows in a groupoid
is unique, the nerve of a groupoid further satisfies (unique) horn filling conditions,
called Kan conditions. In fact, the nerve construction allows us to identify group-
oids with simplicial sets satisfying these Kan conditions. This observation provides a
simplicial approach to the notion of (higher) groupoid objects in any category. The
reader may refer to [HenO§| and [Zhu09] as the original sources for higher groupoid
objects in categories with a Grothendieck pretopology (in [MZ15] the case of groupoid
objects is elaborated). These will be recalled in Section [5.1.1]

In this chapter we will provide the reader with the foundations of simplicial
objects and simplicial constructions for the purposes of this thesis. In Section [2.1]
we will define the categories of (co)simplicial objects. The goal of Section is
twofold. Firstly, we will state the most fundamental and geometric examples of
simplicial sets: the m-simplex as well as its horns and boundary; and generalize
them as objects in any category using right Kan extensions. Secondly, we will
describe higher set theoretic groupoids using Kan conditions. Lastly, in Section
we will elaborate on the finite data description of simplicial sets via their skeleton
and coskeleton functors, and we will discuss a possible generalization to simplicial
objects in any category.



2.1 Simplicial and cosimplicial objects 35

2.1 Simplicial and cosimplicial objects

In Section [2.1.1) we will recall the simplex category, which is the model encoding
simplicial objects through its coface and codegeneracy maps. This will lead to the
functorial as well as the geometric definition of (co)simplicial objects in Sections
and 2.1.3

2.1.1 The simplex category

Throughout this section and the rest of the thesis, let A denote the category of
non-empty finite ordinals

0] =1{0}, [M={0<1}, ..., ]={0<...<n}

with order-preserving maps as morphisms, called the simplex category. This
category has two special types of morphisms. Mainly, for all n > 1 and 0 <1 < n,
let

5" n— 1] — [n]
be the unique injective morphism forgetting ¢, called the coface maps, and for all
n>0and 0 <i<n,let

o™ [n+ 1] — [n]
be the unique surjective morphism hitting ¢ twice, called the codegeneracy maps.

These morphisms satisfy certain obvious relations, called the cosimplicial identi-
ties, given as follows:

grtlig gmd  — gntlitl g gni ifi <y (2.1)
o™ o gt g g gLt ifi <y (2.2)
oo §rtLi g o gLl ifi<y (2.3)
oot = id ifi=j,j+1 (2.4)
ot o gntli  _ gmi—lg gn-lj ifi>j+1, (2.5)

whenever they are defined.

Remark 2.1.1. Any morphism of A is finitely generated by these two kinds, i.e. it
can be expressed as a composition of finitely many coface and codegeneracy maps.

On the other hand, we will denote by A the category of all finite ordinals with
order-preserving maps as morphisms, called the augmented simplex category.
In particular, A, = A U[—1], where [—1] = & denotes the empty set. As such, A
is a full subcategory of A, , where one has an extra coface map, namely the unique
map 0% : [—1] — [0], which satisfies the cosimplicial identity forn=1=j=0,
equalizing 60 and 6.
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2.1.2 Simplicial objects

Definition 2.1.2. A simplicial object in a category C is a C-valued presheaf on
A. An augmented simplicial object in C is a C-valued presheaf on A .

In other words, a simplicial object in € is a contravariant functor

X:A® — ¢
[n] — X[n] = X,,.

Geometrically, it is composed of a family {X,, },,>0 of objects in €, where X, is called
the object of n-simplices. Furthermore, the coface and codegeneracy maps of A
yield morphisms

dpi = X(6™) : X, — X,

for alln > 1 and 0 <7 < n, called the face morphisms, and
Spi = X(0™) 1 X,, — X,

for all n > 0 and 0 < ¢ < n, called the degeneracy morphisms. By the functori-
ality of X, the face and degeneracy morphisms satisfy the relations dual to that of
A, called the simplicial identities:

dojodysrs = dnsoduris ifi< (2.6)
Sp41,i08nj =  Sp+lj+1 0 Sni ife <y (2.7)
dnt1i08n; =  Sp_1j-10dn, ife <y (2.8)
dpt1i058,; = id iti=7,7+1 (2.9)
dnt1i0Sn; = Sp—1;9dni-1 ifi>j7+1, (2.10)

whenever defined. Conversely, every simplicial object is determined uniquely in this
way by Remark [2.1.1] In many applications, it is easier to define a simplicial object
by explicitly describing the family of objects as well as the face and degeneracy
morphisms (where one needs to check the simplicial identities). For simplicity, the
first index of the face and degeneracy morphisms will be sometimes omitted and
we will write d; and s; whenever the context is clear. A simplicial object is usually
depicted by the following diagram:

Xo

PPN
g
—
AN

Definition 2.1.3. A morphism of simplicial objects in € is a natural transfor-
mation of functors.

Explicitly, given two simplicial objects X, Y : A°? — €, a morphism f: X — Y
is composed of a family of morphisms {f, : X,, = Y,},>0 in € which commute
with the face and degeneracy morphisms. Pictorially, f is given by the following
commutative diagram'}

Here, commutative means serially commutative. That is, the squares corresponding to a given
face or degeneracy morphism commute. As such, dy, ;0 f, = fan—10dn; and fr4108n,; = Sni 0 fn.
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X, — I Ly,

Simplicial objects in € together with morphisms between them form a category.
AcP

Being a functor category, it will be denoted by €2 .
Remark 2.1.4. The set of morphisms between two simplicial objects X and Y in
C is in natural bijection with the following endﬂ

CAT(X,Y) = / C(Xn,Y,).
[n]eA°P

Terminology 2.1.5. A simplicial object in the category Set of sets will be called
a simplicial set; a simplicial object in the category Mfld of smooth manifolds a
simplicial manifold, etc. We will sometimes denote the category of simplicial sets
by sSet := Set®” and the category of simplicial manifolds by sMfld := MfAdA™.

We will now give an example of a simplicial manifold coming from the nerve
construction of Lie groupoids.

Example 2.1.6. Let GG be a Lie groupoid. Its nerve NG is a simplicial manifold,
where (NG)p := Gy and (NG); := G; are the manifolds of objects and arrows
respectively, and for n > 2,

(NG)n = Gl X Go Gl XGo *** XGo Gl
n-times

is the manifold of strings of n composable arrows. The face maps d,; are given
by composing the i and (i + 1)** arrows if 0 < i < n, and by forgetting the first
or last arrow if 7 = 0 or ¢« = n respectively. The degeneracy maps s, ; insert the
identity arrow at the i*® spot. It follows from the groupoid axioms that the simplicial
identities hold.

By Example 2.1.6] we can visualize arrows and strings of composable arrows in
a Lie groupoid as line segments, triangles and (generalized) tetrahedra as opposed
to curved arrows depicted in Section [I.I] Figure 2.1 demonstrates this.

Remark 2.1.7. Example can also be worked out for usual small categories or
set theoretic groupoids, where the nerve construction gives a simplicial set.

2See Section for a recall on categorical ends; see Remark for the formula of the set of

natural transformations in terms of ends.
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———>—o
g gh ghk

Figure 2.1: Nerve of a Lie groupoid

Definition 2.1.8. A subsimplicial object of a simplicial object X in € is a sub-
presheaf of X.

Spelling out Definition [A.1.6] a subsimplicial set of a simplicial set X is a sim-
plicial set Y such that Y, C X, is a subset, d |y, = d); and s, |y, = s}, ; whenever

defined. Here, dX. and dz’i are the face maps of X and Y respéctively and sfﬂ» and

n,i
Y
s, are the degeneracy maps.

Definition 2.1.9. Let X be a simplicial set and n > 1. An n-simplex x € X, is
called degenerate if it is the image of an (n — 1)-simplex under a degeneracy map,
that is = s,_1,(y) for some y € X,,_; and 0 <i < n — 1. Otherwise, it is called
non-degenerate.

2.1.3 Cosimplicial objects

Definition 2.1.10. A cosimplicial object in a category € is a C-valued copresheaf
on A. An augmented cosimplicial object in € is a C-valued copresheaf on A .

Similar to the simplicial setting, a cosimplicial object in C is given by a covariant
functor X : A — C and is equivalently determined by a family {X,,},>0 of objects
in €, together with coface morphisms

d™ = X" X — X,
for alln > 1, 0 < i < n and codegeneracy morphisms
sV = X (0™ Xpi1 — Xy

for all n > 0, 0 < ¢ < n, satisfying the cosimplicial identities (2.1)—(2.5). A
cosimplicial object is illustrated by

X()(

v [~
[y

A morphism of two cosimplicial objects in € is a natural transformation of functors.
The category of cosimplicial objects in € will be denoted by C4.

Remark 2.1.11. The set of morphisms between two cosimplicial objects X and Y
in C is in natural bijection with the following end

CAX,Y) / C(X,n, o),
[nleA

using Remark from the Appendix.
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Example 2.1.12. In Section [3.2.5, we will show that given an abstract tangent
functor T on a category C (Def. [3.2.4)), the assignment

A, — End(C), [n]+— T
is an augmented cosimplicial object in the category of endofunctors on C.

Remark 2.1.13. The cosimplicial structure of the iterated tangent bundle will be
crucial for Definition [5.2.6, where we propose a definition of the higher Lie algebroid
of a higher Lie groupoid.

2.2 The n-simplex, horns, and boundaries

To get a better geometric intuition of simplicial objects, we will consider some of
the most basic yet significant examples of simplicial sets: the standard simplicial
n-simplex for n > 0, its outer and inner horns, and its boundary. This is the
subject of Section 2.2.1] Using right Kan extensions along the yoneda embedding
we will then describe the objects of horns and boundaries of any simplicial object in
a category in Section[2.2.2] Lastly, the aim of Section is to recall the notions of
Kan simplicial sets and higher groupoids in the set theoretic sense using horn filling
conditions.

2.2.1 The standard simplicial n-simplex

Example 2.2.1. Let y : A — s8et be the Yoneda embedding (see Sec. [A.1.2)).
(i) For all n > 0, the representable presheaf
A" = yln) = A(-, )

is a simplicial set called the standard simplicial n-simplex. Its set of
m-simplices is given by A" = A([m], [n]), and the unique non-degenerate n-
simplex by id},) € AT = A([n}, [n]) Moreover, for all m > n, the m-simplices
are degenerate.

(i) For all n > 1 and 0 < i < n, A? is the subsimplicial set of A", called its '}
horn, which is obtained by removing the i*" face from it as well as its unique
non-degenerate n-simplex. Namely, its set of non-degenerate m-simplices is

given by
A, if0<m<n-—1
(A )m = Afn\dmi(id[n]) ftm=n-1
%} ifm>n.

The horn A? is called an outer horn if i € {0,n}, and an inner horn if
0<e<n.
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(iii) For all n > 0, OA™ is the subsimplicial set of A", called its boundary, which
is obtained by removing its unique non-degenerate n-simplex. Namely, its set
of non-degenerate m-simplices is given by

AT it0<m<n
1%} ifm>n.

(aAn)m = {

Being subsimplicial sets, there are natural monomorphisms of simplicial sets
A} — A™ and OA™ — A™. At the level of m-simplices, they are given by subsets.

Figures[2.2H2.7 display the standard simplicial n-simplex, its horns and boundary
for small values of n. In Figure , the standard simplicial 2-simplex A? is colored
to highlight the fact that the unique non-degenerate 2-simplex belongs to A? and
not to its boundary. The same argument holds for the standard simplicial 3-simplex
A3 in Figure2.6, However, throughout the thesis these will not be colored in general
and it will be clear from the context whether it refers to the whole simplex or only
to the boundary. Furthermore, Figure depicts the face maps of A? in the non-
degenerate cases.

——H—o
0 1

(a) Al (b) JA!

e
—_

Figure 2.2: The simplicial 1-simplex and its boundary

(a) A2 (b) OA2

Figure 2.3: The simplicial 2-simplex and its boundary

(a) Aj (b) A7 (c) A3

Figure 2.4: The horns of A2
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Figure 2.5: The face maps of A2

1 1
0 3 0 3

(a) A3 (b) OA3

Figure 2.6: The simplicial 3-simplex and its boundary

B Ly

(a) AF (b) A3

Figure 2.7: Some horns of A3

Remark 2.2.2. There is also the notion of the standard topological n-simplex Af,,

which we do not cover in this thesis. Let Jop be the category of topological spaces
with continuous maps. The simplicial and topological simplices are related by a
functor, called the geometric realization functor | _ | : sSet — Top, where |A™] is

homeomorphic Af, ), which is in turn homeomorphic to the closed n-ball, and |0A™|
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is homeomorphic to the (n — 1)-sphere. This has vast applications in simplicial
and singular homology theory, and simplicial homotopy theory as a combinatorial
model for the standard homotopy theory of topological spaces (see [Hat02], [GJ99)
as standard sources).

2.2.2 Horns and boundaries of simplicial objects

It follows from the Yoneda lemma (Lem. [A.1.18) that the set of n-simplices of a
simplicial set X is in natural bijection with the set of morphisms A" — X of
simplicial sets, that is, there is a natural bijection of sets

sSet(A", X) = X, . (2.11)

This suggests defining the set of (n, i)-horns of X as the set of all morphisms A — X
of simplicial sets. Since A} is a simplicial object in the category of sets, the definition
of horns of simplicial objects in other categories is more subtle. For a rigorous
definition, we will use Kan extensions along the Yoneda embeddinﬂ

Remark 2.2.3. By the density theorem (Prop. |A.1.24)), there is a natural isomor-
phism

X = colim A", (2.12)
A — X

for every simplicial set X. The index category is the comma categoryﬂ y 1 X,
whose objects are natural transformations A” — X and morphisms are commutative
triangles.

Right Kan extensions along the Yoneda embedding

Let € be a category. In what follows, we will sometimes talk about limits of diagrams
in € without knowing about their actual existence. In that case, we consider the
corresponding limit in the category 8et®” of presheaves on € via the Yoneda embed-
ding, as explained in Remark [A.1.20] We address the question of representability

whenever needed.

Definition 2.2.4. Given a simplicial object X in €, define X to be the right Kan
extension of X along the opposite y°P of the Yoneda embedding.

This can be depicted by the following diagram
A X ¢

2
.
.
//
yor s
/// XZ:RaHyOp X
.

sSet®

3See Section for a review of the notion of Kan extensions.
4For a recap on comma categories, see Definition [A.1.21| and Remark [A.1.23|in the Appendix.
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Remark 2.2.5. Let S be a simplicial set. By Theorem [A.3.3, X(S) is the limit of
the diagram

Sy A% L AP X e
(2.13)

(S — A") > [n] v > Xy

Observe that S — A™ in the index category is a morphism in sSet°®. We will often
write

X(S) = lim X, (2.14)

where A™ — S is understood to run through the index category (y | S)? = S | y°P
(see Remark |[A.1.25| for the isomorphism). Being an object of (y | §)?, A" — S is

a morphism in sSet.

In the next lemma we show that if € = Set, then the functor X is representable
by X and hence recovers the usual hom functor.

Lemma 2.2.6. Let X be a simplicial set. Then, X is naturally isomorphic to yX.
Proof. For every simplicial set .S,

X(5) = lim X,

An—S
= A1%1113886‘5(A , X) (2.15)
= s8et(colim A", X) (2.16)
An—S
= sSet (5, X),

where in the first step we have used the Yoneda lemma, spelled out in Equa-
tion ([2.11]), in the second step the fact that the hom functor preserves limitﬂ, and
in the last step the density theorem, spelled out in Equation (2.12)). All the isomor-

phisms are natural in S and thus X is naturally isomorphic to y X = sSet(_, X). O

Caution 2.2.7. The limit in (2.15) is indexed by the category S| y°® = (y | S)°P,
whereas the colimit in (2.16)) is indexed by y | S. It will usually be clear from the
context what exactly the index category is.

In particular, if X is a simplicial set and S = A", it follows from Lemma [2.2.6
that

X(A") = s8et(A", X) = X,

for all n > 0. It turns out that this observation is not only true for simplicial sets,
but also for simplicial objects.

Lemma 2.2.8. Let X be a simplicial object in C. Then, )?(A”) =~ X, foralln > 0.

5The hom functor preserves limits in both of its arguments. In particular, being contravariant
in the first argument, and since limits in the opposite category are colimits in the actual category,
the hom functor takes colimits in the first argument to limits.
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Proof. By Corollary [A.1.19] the Yoneda embedding y is fully faithful. Thus, it
follows from Corollary that

X(A") = Xy[n] = X[n] = X,
for all n > 0. In the second step we have also used that y[n] = y°?[n]. O

Remark 2.2.9. If C = Set, spelling out the limit of Diagram (22.13]) in terms of equal-
izers and products using [ML98, Thm. V.2.2], one obtains that X () = sSet(S, X)
is the equalizer of

[18et(Sn, X)) /=TI 8et(Sn, Xom),

n>0 [m]—[n]

where the second product is over all morphisms [m] — [n| in A. In a similar manner,
one can compute the limit of in an arbitrary category C. If the limit does
not exist in € we view it as a presheaf on € as mentioned earlier. This approach
is sometimes used as the definition of X in the literature (see for instance [Hen08|

Sec. 2]).

Notation 2.2.10. By the previous observations, we will often denote X by X itself
if the context is clear. This is a slight abuse of notation. However, knowing that
the object of n-simplices is usually written as X,, with a subscript, this convention
is convincing. Hence, we have that X(A") = X,.

The objects of horns and boundaries

Let A? be the i® horn of A" and A" its boundary (Example [2.2.1)). Given a
simplicial object X : A°? — €, we have

X(A!)= lim X; and X(0A")= lim X,
Ak AP Ak—9A™

by using Equation (2.14]). Let A? — A™ and 0A™ — A" be the natural monomor-
phisms of simplicial sets.

Definition 2.2.11. Let X be a simplicial object in €. Then, X (A}) is called the
object of (n,i)-horns in X and the morphism

Pnyi = X(A = A") : X, — X (A]) (2.17)
is called the (n,i)-horn projection for n > 1 and 0 <i < n.

Definition 2.2.12. Let X be a simplicial object in €. Then, X (0A") is called the
object of n-boundaries in X and the morphism

G = X(OA™ — A") 1 X, — X(9A") (2.18)

is called the n-boundary projection for n > 1.
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We will usually drop the prefix (n, ) or n and just write horns, horn projections,
boundaries and boundary projections. The horn projections naturally factor through
the boundary projections as follows

(A7)

\ / (2.19)
X(9A™)

where 7, ; is induced by the monomorphism A} — JA”" of simplicial sets.

Remark 2.2.13. Let X be a simplicial set. By Lemma [2.2.6] a horn in X is a
morphism A? — X of simplicial sets, and a boundary in X is a morphism 0A"™ — X
of simplicial sets. Using the observation that X (A}) = sSet(A}, X) is in bijection
with

{(zo,.... T ... xn) |25 € Xpor; dy(wy) = dja(); 5 < ks j ok #1}, (2.20)

which is a subset of X,,_; x...x X, (n factors), the horn projection can be written
as R
pn,i = (dmo, C. pdn,h C. 7dn,n)
for allm > 1 and 0 <7 < n. It follows from the first simplicial identity, given by
Equation , that the horn projection indeed takes values in the set .
In a similar fashion, observing that X (0A™) = sSet(0A™, X) is in bijection with

{(CC(), s 7:):71) | Tj S Xn—l; dJ(CEk) = dk—l(l‘])7 j < k} )

which is a subset of X,,_1 X ... x X, 1 (n+ 1 factors), the boundary projection can
be expressed as

dn = (dn,07 oo Jdn,n)

for all n > 1.
Example 2.2.14. Let X be a simplicial set. The set of (2,0)-horns of X is in
bijection with

{(ZL’l,JIQ) | T S X17 d1’1<l’2> = d1’1($1)} C X1 X Xl .
The horn projection py g : Xo — X (A3) maps an element z € X, to (d271(x), d272(x)).
Letting x1 = da1(x) and x5 = dy2(2), it follows from the first simplicial identity ([2.6])
that dy1(22) = dy1(z1). This can be depicted by the following diagram:

1

€2

0 Ty 2

Remark 2.2.15. The expressions of the horn and boundary projections via the face
maps of the simplicial set X provide us with a geometric intuition and a tool for
explicit computations. This can also be adapted to simplicial objects in a category
with a concrete structure. For a detailed exposition on the above element-wise
descriptions of the set of horns and boundaries in a simplicial set, the reader may
refer to Section 2.1 in [Dus02], and to Sections 1.2 and 1.3 in [GJ99].
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2.2.3 The Kan condition and higher groupoids

Definition 2.2.16. A simplicial set X is called Kan if the horn projection p,,; :
X — X (A7) is a surjection for all m > 1 and 0 < i < m.

Since X, = s8et(A™, X) and X (A}") = s8et(A", X), this means that in a Kan
simplicial set X, every horn can be extended to a simplex. The horn filling condition
can be depicted by the following diagram:

A 5 X

A
s
Re
L7 3
s

Am

Remark 2.2.17. In the literature, Kan simplicial sets are sometimes called Kan
complezes (e.g. [May92, Conventions 1.6]) or fibrant simplicial sets with respect to
the standard model structure (e.g. |[GJ99, p. 11]).

Example 2.2.18. The nerve of a groupoid is a simplicial set (Remark , such
that every horn has a filler. This follows from the existence of compositions and
inverses of arrows in a groupoid. Thus, the nerve of a groupoid is a Kan simplicial
set. For a detailed proof, see [GJ99, Lemma 1.3.5]. In addition, its horns of degree
greater than 1 can be filled uniquely. That is, p,,; is a bijection for all m > 1 and
0<1<m.

This suggests the following simplicial approach to defining set theoretic higher
groupoids.

Definition 2.2.19 ([Zhu09, Def. 1.1]). Let n € NU {0} U {oco}. An n-groupoid
is a Kan simplicial set G such that p,,; : G, — G(A]") is a bijection for all m > n
and 0 <1 < m. If Gy is a point, then G is called an n-group.

Remark 2.2.20. Higher groupoids were originally called hypergroupoids by Duskin
[Dus79] and Glenn [Gle82]. However, in these original definitions, the lower horns
are not required to have fillers at all.

Definition 2.2.21. A morphism of n-groupoids is a morphism of simplicial sets,
i.e. a natural transformation.

For n € NU {0} U {oo}, n-groupoids together with morphisms between them
form a category.

Remark 2.2.22. The category of 1-groupoids is equivalent to the category of group-
oids via the nerve construction. We have already discussed in Example that
the nerve of a groupoid is a 1-groupoid. Conversely, a 1-groupoid G : A°? — Set
gives rise to a groupoid as follows. The set of objects is the set G of 0-simplices
and the set of arrows is the set Gy of 1-simplices. The face maps dy o, d11 : G1 = Gy
are the source s = d; ; and the target ¢t = d; 9. The degeneracy map soo : Go = G
is the identity bisection 1 = sg. The set of (2,1)-horns of G is given by
G(A%) = lim Gk = G1 ng; G1 .

Ak A2
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Similarly, the sets of (2,0)-horns and (2, 2)-horns of G are given by
GIN) = G xg, Gr and G(A3) = G, G

The groupoid multiplication is given by the composition of the inverse of the horn
projection and the inner face map

-

p; dso 1

s Gy —2 Gy (2.21)

. s,t
m . G1 XGO G1 =
The outer face maps are the first and second projections on the pullback G, xéﬁ G1.
That is, pr; = da o py 1 and pr, = dap © Py 1. The inverse is given by the following
composition
(idgy ,1os

)
S, G xS G

L

p

1
. 0 da,0
1 G1 G2 > G1 .

IR

The associativity of the groupoid multiplication can be proved using the (unique)
horn filling conditions of degree 2 and 3 (see a nice geometric proof in [Zhu09, p. 5]).
The other axioms of a groupoid follow from the simplicial identities. By induction,
we can prove that
~ s,t s,t
Gk:gl XGo“' XGOG£7

~
k factors

which shows that the simplicial set we started with is the nerve of the groupoid.

Remark 2.2.23. For n = 2 and G a point, there are inequivalent definitions of 2-
groups in the literature with various adjectives. In [BLO04|, the authors introduce the
notion of weak and coherent 2-groups. Henriques [Hen08, Sec. 9] provides a detailed
explanation of the relation between these coherent 2-groups and the 2-groups from
Definition [2.2.19] The comparison is originally done for the case of Lie 2-groups.
The arguments hold for the non-smooth case in a similar fashion.

Strict 2-groups are equivalently defined as strict monoidal categories such that
every morphism is invertible and every object has a strict inverse, as group objects
in the category of groupoids, as internal categories in the category of groups, and
as crossed modules (see [For02] for a review on these equivalent definitions). It
was shown in [BS76] that the category of strict 2-groups and crossed modules are
equivalent.

Defining (higher) groupoid objects in any category C is more subtle. Given a
simplicial object X : A°? — €, the main issue is that its horns

might not exist in €. Viewing them as presheaves on € is not sufficient. We need
representability, that is, the existence of the horns in C. In Section we define
a groupoid object in any category by directly asking the existence of the horns
needed to define the horn filling conditions. Moreover, in Section we adapt
the approach of Henriques, Zhu and Meyer and define higher groupoid objects in
categories equipped with a Grothendieck pretopology [Hen08,|[Zhu09,MZ15].
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2.3 Simplicial skeleta and coskeleta

In some instances, the information of a simplicial object is encoded in its simplices
up to some fixed degree. This phenomenon can be best studied via the skeleton and
coskeleton functors as recalled in Section for the case of simplicial sets. We
then describe the notion of coskeletality of simplicial sets and show that n-groupoids
are (n + 1)-coskeletal in Section . We conclude by commenting on the possible
approaches of skeleta and coskeleta in the case of simplicial objects in any category

in Section 2.3.3]

2.3.1 The skeleton and coskeleton functors

Fix n > 0 throughout the rest of this section. Let A, be the full subcategory
of A with objects [0],[1],...,[n], called the n-truncated simplex category. Let
tn * A<, — A be the natural full and faithful functor. The n-truncation functor
is the precomposition functor (see Remark

tr, == (1%P)* : Set®” — SetA<n
X — XuP,

which restricts a simplicial set to its simplices of degree up to n and forgets its
simplices of degree greater than n. Since Set is complete and cocomplete, and since
A, is small, it follows from Corollary and Remark that tr, has a left

adjoint, given by the left Kan extension
sk;, := Lan,o» : SetA<n — SetA™ ,
as well as a right adjoint, given by the right Kan extension
cosk;, := Ran,or : SetA<n — SetA™ .

Being left adjoint to a forgetful functor, sk/, is a free functor. That is, for

X € SetA%p", the simplicial set sk/, X has the same simplices as X up to degree
n, and is freely filled with degenerate simplices (coming from X,,) above degree n.
Moreover, the set of m-simplices of cosk/, X is in natural bijection with

(cosk!, X ) = sSet(A™, cosk,, X) = Set®<n(tr, A™, X,
using the Yoneda lemma and the fact that cosk/, is right adjoint to tr,,.

Definition 2.3.1. The n-skeleton and the n-coskeleton are the composite endo-
functors

sk, 1= sk, tr, : s8et —» sSet
cosk,, := cosk) tr, : sSet — sSet .
Remark 2.3.2. Section 2.2 of [Dus02| provides a more detailed and geometric

approach to these constructions by using the perspective of simplicial kernels and
element-wise descriptions, in the same spirit as Remark [2.2.13] The ideas originally
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appeared in [Dus75, Sec. 0.8], where the n-coskeleton of X is defined by successively
iterating simplicial kernels. In |Gle82] a notation of simplicial matrices is introduced,
which is a very useful technique for carrying out computations involving skeleta and
coskeleta (among other simplicial constructions). For a standard reference on skeleta
and coskeleta of simplicial sets, see Section IV.3.2 in [GJ99).

Remark 2.3.3. The following relations hold:
(i) sk, A™ = A™ for all n > m.
(ii) skp,—1 A" = 0A™ for all n > 1.
(iii) sk, A" =sk, A" foralln <m —1and 0 <i <m.
(iv) tr, A™ = tr, OA™ for all n < m.
(v) sk, sk, AF = sk, A* for all n < m and k > 0.
Lemma 2.3.4. The n-skeleton and the n-coskeleton functors form an adjunction
sk, :sSet — 1T sdet : cosk,, .
Proof. Let X and Y be simplicial sets. Then, there are natural bijections
s8et(sk, X,Y) = sSet(sk/, tr, X,Y)
> GetALh (tr, X, tr, Y)
=~ s8et (X, cosk!, tr, Y)
= s8et (X, cosk, Y),
where we have used the fact that sk/, is left adjoint to tr, and cosk/, is right adjoint
to tr,. ]
In particular, for m < n and X = A™, we get
(cosk, Y),, = sSet(A™, cosk, Y)
=~ g8et(sk, A™,Y)
= sSet(A™,Y)
> Y.
In the third step, we have used Relation (i) of Remark [2.3.3]

Lemma 2.3.5. Let X and Y be simplicial sets such that tr, X = tr,, Y. Then, there
15 a natural bijection of sets

sSet(sk, A, X) = sSet(sk, A,Y)

(2.22)

for all simplicial sets A.

Proof. Since tr,, X = tr, Y, we have that cosk, X = cosk, Y. Using the fact that
sk, is left adjoint to cosk,, (Lemma [2.3.4]), we get natural bijections

sSet(sk, A, X) = sSet(A, cosk, X)
sSet (A, cosk, Y) (2.23)
sSet(sk, A,Y)
for all A € sSet. O

12

1%
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2.3.2 Coskeletality

Definition 2.3.6. A simplicial set X is called n-coskeletal if ny : X = cosk,, X
is an isomorphism, where 7 is the unit of the adjunction tr,, - cosk/,.

By Equation (2.22)), note that the first non-identity component of 7x is given by
its degree n + 1 map X, 11 — (cosk, X),11.

Lemma 2.3.7. Let X be a simplicial set. Then, cosk, X is m-coskeletal for all
m > n.

Proof. We need to show that 7eesk, x : cosk, X — cosk,, cosk,, X is an isomorphism
for all m > n. By Equation (2.22)), we have that

(cosk, X )i = (cosk,, cosk,, X)
for all £ < m. For k > m, we have

sSet(AF, cosk,, cosk, X) = sSet

where we have used the adjunction sk,, - cosk,, (Lemma [2.3.4)) and Relation (v) of

Remark The desired isomorphism follows from the Yoneda lemma. ]

Remark 2.3.8. Similarly, when m < n, we get that cosk,, cosk, X = cosk,, X for
all simplicial sets X.

The next proposition shows that n-coskeletal simplicial sets are characterized by
the fact that morphisms into them are uniquely determined by their components
up to degree n, and equivalently by the unique existence of boundary fillers above
degree n.

Proposition 2.3.9. Let X be a simplicial set. Then, the following are equivalent:
(i) X is n-coskeletal;

(ii) the natural map
sSet(A, X) = SetA%n (tr, A, tr, X)

is a bijection for all simplicial sets A;

(111) the natural map
sSet(A™, X)) — Set®<n(tr, A™, tr, X)

1s a bijection for all m > n;
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(iv) the boundary projection
G : $Set(A™, X) — sSet(DA™, X)
1s a bijection for all m > n.

Proof. Since cosk), is right adjoint to tr,,, there is a natural bijection
sSet(A, cosk,, B) = Set®<n(tr, A, B) (2.24)

for all A € sSet and B € Set®<n. We will first show that parts (i), (i) and (iii) are
equivalent. Lastly, we will show that parts (i) and (iv) are equivalent.

For (i) = (ii), assume X is n-coskeletal, that is X = cosk, X = cosk], tr, X.
Then, substituting B by tr, X in yields the desired bijection of (ii).

The direction (ii) == (iii) trivially follows by letting A = A™. The bijection
holds for all m > 0. In particular, it holds for all m > n.

Now, assume (iii) holds. By Equation (2.22), we know that X,, = (cosk, X)..
for all m < n. For m > n, we get that

X = s8et(A™, X) = Set®<n (tr, A™, tr,, X)
=~ s8et(A™, cosk, X)
= (cosky, X)m ,
where we have used the Yoneda lemma, the assumption and . We conclude
that X is n-coskeletal. This shows part (i).
For the direction (i) = (iv), assume that X is n-coskeletal. Then,
s8et(A™, X) = s8et(A™, cosk), tr, X)
>~ SetA<n (tr, A™ tr, X)
>~ $etA5h (tr, DA™, tr, X)
>~ s8et(OA™, cosk], tr, X)
= s8et(0A™, X),

where we have used ([2.24]) and that tr, A™ = tr,, 0A™ for all m > n (Relation (iv)

from Remark [2.3.3)).
Finally, assume (iv) holds. To show that X is n-coskeletal, we will perform
induction on the simplices of cosk, X. As mentioned above, X,, = (cosk, X),, for

all m <n. For m =n+ 1, we get that

Xy & sSet(A™) X)
sSet(OA™! X)
sSet(sk, A", X)
sSet(A" | cosk, X)

(cosk, X)nt1,

1 1R

I

by the assumption of unique boundary fillers, the fact that 0A™ = sk,,_1 A™ from
Relation (ii) of Remark [2.3.3| and the adjunction sk, - cosk,, (Lemma [2.3.4)).
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In particular, this implies that tr,,; X = tr,.; cosk, X. It then follows from
Lemma for A= A""2 and Y = cosk,, X that there is a natural bijection

sSet(sk, 11 A2 X) 22 s8et(sk,4 1 A", cosk, X). (2.25)

For m = n + 2, we get by analogous arguments

1

sSet(A™? X)) 22 s8et (DA™ 2 X)

sSet(skyp1 A"2 X)
sSet(sky1 A"1? cosk, X)
sSet(A™? cosk,, 1 cosk, X)

sSet(A" 2 cosk,, X)

121 1R

12

where in the third step we have used (2.25) and in the last step Lemma [2.3.7]
Proceeding inductively, we conclude that

sSet(A™, X) = s8et(A™, cosk,, X)
for all m > n. This shows that X = cosk, X and hence part (i) holds. ]

Example 2.3.10. The nerve of a small category (Remark is 2-coskeletal.
This is essentially true by construction. An explanation of this fact may be found
in [Gle82, Sec. 2.1], where the author uses the approach of simplicial matrices.
Moreover, a rigorous proof using the notion of the fundamental category of simplicial
sets may be found in |Joy08, Cor. 1.2]. In particular, the nerve of a groupoid is 2-
coskeletal.

Remark 2.3.11. Not every simplicial set which is 2-coskeletal comes from the nerve
of a category. For instance, the inner horn A? is 2-coskeletal but not the nerve of a
category since it lacks the composition zy, as depicted by the following diagram:

Proposition 2.3.12. Fvery n-groupoid is (n + 1)-coskeletal.

Proof. Let G be an n-groupoid. To show that it is (n + 1)-coskeletal, we will use
the equivalent statement (iv) of Proposition [2.3.9, Let m > n+ 1 and 0 <1i < m.
Consider the following commutative diagram (it is Diagram ([2.19))):

G
N
G

p

Rz

» G(A)
)

OA™
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Since G is an nm-groupoid, p,,; is a bijection. Hence, r,,; is surjective and g,, is
injective. The aim is to show that ¢, is also surjective. It is sufficient to show that
Tm, has an inverse.

Observe that ¢, o p,_n}l- is a right inverse of 7, ; since ,, ;0 ¢, © p;@}i = idg( AT We
will show that it is also a left inverse of r,,;. Let o € G(OA™). Using the notation
in Remark [2.2.13] we can write

a=(go;---,9m) Wwith g; € Gy, dj(gr) = di-1(g;) (2.26)
for j < k. Then,

G © P © T () = G © D5 © T (G0, - - -, Gim)
:qup;:Z (g07"'7§\i7"'7gm)
ZQm(g>

for some g € G, such that d;(g) = g; for all j # i. Let x; := d;(g). Then,

qm(g): (907"'axi7-"79m)-

As a last step, we will show that x; = g;. Using the first simplicial identity, given
by Equation (2.6]), and the boundary condition in ([2.26)), we have that

dy(;) = dy o di(g)
— ;o dpialg)
= di(gp+1)
= dp(9:)
for all ¢ < p. Similarly,
dp(:) = dp o di(g)
=di_10 dp(Q)
= di-1(9p)
= dy(9:)
for all ¢ > p. This shows that d,(z;) = d,(g;) for all 0 < p < m — 1. Since G is an

n-groupoid and m > n + 1, the horn projection p,,_; ¢ is a bijection, so that z; and
g; are uniquely determined by a lower horn. In other words, the equalities

Pm—10 (T;) = (dl(:(:,;), . ,dm_l(xi))
= (dl(gi% e 7dm—1(gv:))
= Pm-1,0(9)

imply that x; = g;. As a conclusion, we get that

= G © Py © Tm,i (1)

We showed that 7, ; is a bijection with inverse g, o p;ﬁi . This implies that g, is
a bijection too. Since the above argument holds for all m > n+ 1, we conclude that
G is (n + 1)-coskeletal by using the equivalence (i) < (iv) of Proposition [2.3.9f [
Remark 2.3.13. It follows from Proposition|2.3.12|and the equivalence (i) < (iv) of
Proposition that n-groupoids are of homotopy n-type. That is, their homotopy

groups of degree > n are trivial. As we do not talk about homotopy groups in this
thesis, we refer the reader to standard sources, such as [GJ99].



54 2. Simplicial objects

2.3.3 Generalization to simplicial objects

In this section, we comment on a possible generalization of the skeleta and coskeleta
of simplicial sets to simplicial objects in any category €. As Goerss and Jardine
state: “Skeleta are most precisely described as Kan extensions of truncated simplicial
sets” [GJ99, Ch. V, p. 251]. However, having no assumptions of completeness and
cocompleteness on €, the n-truncation functor

o op
trs : @AY — @A<n
X — XuP

might not admit a right or left adjoint (which would be the respective right and left
Kan extensions of tr®).

One approach is to explicitly specify what the m-simplices of the n-skeleton of
a simplicial object are. We define the n-skeleton to be the endofunctor

sk® . @A — A"

which assigns to each simplicial object X in €, the simplicial object skSX which
has the same m-simplices as X for all m < n and whose simplices of degree > n are
all degenerate (coming from X,).

As mentioned, the subtlety here lies in the fact that skg might not admit a right
adjoint since for instance € is not assumed to be complete. One approach to define
the n-coskeleton functor is to use the universal property of adjoint functors. In sSet,
we have that

sSet(A™, cosk, A) = sSet(sk, A™, A)

for all n,m > 0, A € sSet, using Lemma We define the n-coskeleton to be
the endofunctor
cosk® : @A — A"

which assigns to each simplicial object X in €, the simplicial object coskg X whose
m-simplices are defined by

(coskf X) = X(sk,A™) = lim X,
m AF sk, A™
for all m > 0. Here, we have used Definition of Kan extensions of simplicial
objects along the Yoneda embedding, the Expression as a limit, and Nota-
tion [2.2.10, These objects are a priori only presheaves on €, whose representability
is not guaranteed. If m < n, we have sk, A™ = A™ by Relation (i) of Remark [2.3.3|
In this case, (coskg X)m = X(A™) = X, € C by Lemma

Remark 2.3.14. In [Zhu09|, the author overcomes this subtlety by defining the
skeleton and coskeleton functors as endofunctors on the category of simplicial pre-
sheaves on C. We use this approach in the proof of Proposition [5.1.18

For the purposes of this thesis, we give the following working definition of n-
coskeletality of simplicial objects using the equivalence (i) < (ii) from Proposi-
tion [2.3.9 This allows us to avoid the question of representability and to have a
concise definition without referring to the coskeleton functor.
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Definition 2.3.15. A simplicial object X : A°? — € is called n-coskeletal if the
natural map

CAT(A, X) — A% (1% 4, 628 X)
is a bijection for all simplicial objects A of C.

Using this definition, the (n + 1)-coskeletality of n-groupoids also holds for n-
groupoid objects in any category. This will be explained in Section

Remark 2.3.16. If the category C is complete and cocomplete, the n-truncation
functor admits a right and left adjoint, and the skeleton and coskeleton endofunctors
are defined in a similar manner as in simplicial sets. In this case, all the results in
Sections [2.3.1] and [2.3.2] can be formulated for simplicial objects in €. In particular,
the equivalent statements in Proposition hold, where the set sSet(A™, X) is
replaced by the object X(A™) = X, of € and the set sSet(0A™, X) by the object
X (OA™) = limpar_yam Xy of C.

Remark 2.3.17. In Sections V.1 and VII.1 of [GJ99, Sec. V.1], the authors impose
a (co)completeness assumption on the category €. Since one of the primary purposes
of the authors there is defining Reedy model structures on €, it is natural to ask
for the existence of small limits and colimits. In our situation, the main example
of € will be the category Mfld of smooth manifolds, which is neither complete nor
cocomplete.
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Tangent categories

One of the core concepts in differential geometry is the tangent bundle of a smooth
manifold. It is the collection of all tangent spaces at all points of the manifold.
It has vast applications in the theory of manifolds and enables one to do linear
approximations and to make sense of calculus on manifolds in general. Moreover, it
has been used to define other geometric objects, such as vector fields, Riemannian
metrics and tensor fields in general.

In the 1980s, Rosicky has identified the categorical nature of the tangent functor
on the category of smooth manifolds and its key properties [Ros84]. He has defined
an abstract tangent functor on a category € as an endofunctor 7' : € — € together
with certain natural structure maps, such as the bundle projection nx : TX — X,
the zero section Oy : X — T'X, the fiberwise addition +x : TX xxTX — TX, etc.,
for each object X in €. Rosicky’s axioms of a tangent structure are the minimal
axioms needed to define the Lie bracket of two vector fields on X.

Tangent structures have been rediscovered and further extended by Cockett and
Cruttwell |[CC14], where one of the primary interests of the authors lies in the
relationship between representable tangent structures and synthetic differential ge-
ometry. On the other hand, tangent structures have an important application in
diffeological spaces, a convenient setting for differential geometry. In his recent pa-
per |Blo24a], Blohmann shows that the left Kan extension of the tangent structure
on Euclidean spaces defines a tangent structure on so-called elastic diffeological
spaces. Examples of elastic diffeological spaces include manifolds with corners and
cusps, diffeological groups, mapping spaces between manifolds and spaces of sections
of a fiber bundldl

Our primary motivation to thoroughly explore tangent categories lies in its sig-
nificance to (higher) Lie theory. In Chapters [4] and [ we show that the structure
needed on a category € to differentiate (higher) groupoid objects in C is precisely a
cartesian tangent structure with scalar R-multiplication, where R € C is a ring ob-
ject. In fact, such tangent structures provide us with the minimal categorical setting
where one has a Cartan calculus [AB] and hence can tackle differential geometric
problems.

In fact, the original motivation of Blohmann to consider tangent structures was understanding
the tangent bundle of the space of fields, that is space of sections of a smooth fiber bundle in
Lagrangian field theory [Blo24b| BEW13]
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In the following sections, we provide the reader with the necessary background
on tangent structures needed for our purposes. In Section [3.1 we give a categorical
approach to bundles, whose fibers have the structure of an algebraic theory, yet there
is no assumption on local triviality. The goal of Section is to discuss in detail
abstract tangent functors in the sense of Rosicky and to extend the framework to
cartesian tangent structures and scalar multiplications. We then study the monad
structure of the tangent functor which induces a cosimplicial structure on its powers.

Furthermore, in Section we explain the main construction of the Lie bracket
of vector fields in a tangent category, using the ideas of Rosicky. We then state
the Leibniz rule and prove several naturality results for the Lie bracket. Lastly, the
goal of Section is to provide an intuition of tangent structures by considering
the namesake example of a tangent category: the category of Euclidean spaces.
The various computations carried out in local coordinates serve as a local model of
tangent structures.

3.1 Bundles with algebraic structure

The goal of this section is to provide a unified approach to bundles, whose fibers
have a certain algebraic structure. We will start with a general categorical definition
using the notion of an overcategory. For a recap on overcategories as a special case

of comma categories, the reader may refer to Remark [A.1.23| (i) in the Appendix.

Terminology 3.1.1. Let “Wibble” be an algebraic theory. Let X be an object in a
category € such that the overcategory €| X has all finite products (that is pullbacks
over X). An object in €| X will be called a bundle over X. A Wibble object in
CJ X will be called a bundle of Wibbles over X.

In this thesis, Wibble will mainly refer to a group, an abelian group, or an R-
module (for R € € a ring object). The assumption that € | X has all finite products
equips € | X with a symmetric monoidal structurd?] with monoidal unit given by
the terminal object idx : X — X. Hence, it makes sense to talk about Wibble
objects in € | X.

Remark 3.1.2. Assume that C has all finite products and let * be its terminal
object (product of the empty diagram). Let W — X be a bundle of Wibbles. If
x % — X is a point in X, then the pullback W, := % xx W is called the fiber
of W over z. The fiber W, is a Wibble object in C, where the structure maps are
induced by the ones on the bundle W — X. In other words, every fiber of a bundle
of Wibbles is a Wibble. This justifies Terminology [3.1.1}

Caution 3.1.3. A bundle of vector spaces over a manifold M is more general than
a vector bundle over M. This is due to the fact that the notion of bundle of Wibbles
does not make any assumptions on local trivializations.

The fibers of a bundle of Wibbles can be visualized by the following diagram:

2These categories are often called cartesian monoidal categories.
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Notation 3.1.4. The set of sections of a bundle p: A — X will be denoted by
I'X,A)={a: X - A|poa=idx}.

Definition 3.1.5. An endofunctor F': € — C preserves the fiber products of a
bundle p : A — X if the natural morphism of bundles over F'.X,

Fp,F Fp,F
Vix : F(AXEP oo xPP A) —s FAXERFP o EnFr g (3.1)
k-times k-times

is an isomorphism for all £ > 1.

In Sections [3.1.1] and [3.1.2] we will elaborate Terminology for the case of
bundles of abelian groups and bundles of R-modules, and spell out some of their
properties. Throughout the rest of the section, let € be a category with a terminal
object x. Assume that the overcategory €| X has all finite products for all objects
X € C. In particular, this implies that € = €| * has all finite products.

3.1.1 Bundles of abelian groups

Let p: A — X be a bundle of abelian groups, that is, an abelian group object in
the overcategory € | X. Spelled out, the group structure consists of the morphisms

Axxy A —F 5 A X 9% 44 A—— A

poph:zuopk/4 \A id)x \A A \A (3.2)
X X X

of the addition, the zero, and the inverse, such that the usual axioms of associa-
tivity, unitality, invertibility and commutativity hold. The commutative diagrams
corresponding to these axioms are spelled out in Definition [A.4.15 The terminal

object in €| X is the identity morphism idy : X — X.

Remark 3.1.6. The subtraction is defined by the commutative triangle

AxxA——m— A

y Xk / (3.3)

AXXA

as in any group object.
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Even though our notion of bundles does not assume any local triviality, the
bundles behave in the usual way under base changes.

Definition 3.1.7. Let p: A — X and p’ : A” — X’ be bundles of abelian groups
with additions + and +' respectively. A morphism of bundles is a commutative
diagram

A2 N

pl lp’ (3.4)

XT>X/

in the category C. It is called a morphism of bundles of abelian groups if
furthermore the diagram

Axyx A 5 N s A

i [+ (3.5)

I !
A 2 A
commutes.

As for ordinary groups, the definition implies that the zeros are intertwined, that
is, p o 0 =0 o f, where 0/ : X’ — A’ is the zero of p’ : A’ — X’. Composing this
equation with p’ on the left, we obtain p’ o p o0 = f, which shows that f is uniquely
determined by ¢. Therefore, we can denote a morphism of bundles of abelian
groups by ¢, without loss of generality.

A morphism of bundles over different base objects can be identified with
the morphism

) XXX/A/

\ / (3.6)

of objects over the same base.

Proposition 3.1.8. Let A — X be a bundle of abelian groups and ¥ — X a
morphism in C. Then the pullback pr; : Y xXx A — Y is a bundle of abelian groups
and pry 1 Y xXx A — A is a morphism of bundles of abelian groups.

Proof. Let the bundle projection be denoted by p : A — X and the morphism by
f Y — X. Since limits commute with limits, the functor
Yxy —: ClX —ClY

. 3.7
(B-LH X)— (Y X' B 25 Y) (37)

preserves products. This implies that the functor (3.7)) maps abelian groups in €| X
to abelian groups in €Y (Remark [A.4.25). This shows that the pullback bundle



60 3. Tangent categories

ffA:=Y xx A — Y is a bundle of abelian groups. The group structure is given as
follows. Consider the following commutative diagram:

y 1L, x Lo Axx A

idyl lidx l+ (38)

Y f>X< 5 A

By the commutativity of pullbacks with pullbacks, we have the following isomor-
phism for the limit of the top row,

a:Y Xy (Axy A — (Y xy Y) xx (A xx A)
——>(YXXA) Xy(YXXA).

Diagram (3.8)) induces a unique morphism from the limit of the top row to the limit
of the bottom row

+pep 1= (idy Xx+) oa~l: (Y XXA) Xy (Y XXA) — Y xx A,
such that the diagram

prg Xy pro
—_—

(YXXA)Xy(YXXA) AXXA

o [+ (3.9)

YXXA > A

pra

commutes. We conclude that pr, : Y X x A — A is a morphism of bundles of abelian
groups. O

Example 3.1.9. Assume that € has a terminal object x and let z : * — X be a
point in X. Then, the fiber A, := % X x A is an abelian group object in € = C | x.
This justifies Remark [3.1.2] where Wibble stands for an abelian group.

Proposition 3.1.10. A morphism of bundles given by (3.4)) is a morphism of bun-
dles of abelian groups if and only if the corresponding morphism given by (3.6) is a
morphism of group objects in Cl X.

Proof. First, we observe that the statement is true if X = X’ and f = id. Consider
the following commutative diagram:

A—F L u

N S

XXX/A/

By Proposition [3.1.8] the map pr, : X xx A’ — A’ is a morphism of bundles of
abelian groups over f.

Assume that the morphism (p, ) is a morphism of group objects in €| X, in
other words, a morphism of bundles of abelian groups over X. It follows that
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the composition ¢ = pr,o(p, ) is a morphism of bundles of abelian groups over
foidx =f.

Conversely, assume that ¢ is a morphism of bundles of abelian groups over f.
This implies that the left square of the following diagram

(popry, X sp)
_—

Axx A X xx (A Xy A) —— (X xx A) xx (X xx A)
+l idx X xs +’l l‘f’f*A’
A >X><X/A/ - )XXX/A,
(pv(p) ld

is commutative. The right square is the definition of +f.4,. It follows that the

outer rectangle commutes, which shows that (p, ) is a morphism of group objects
in ¢l X. O

The kernel of a morphism of bundles of abelian groups

Definition 3.1.11. Let A — X and A" — X’ be bundles of abelian groups. The
kernel of a morphism ¢ : A — A’ of bundles of abelian groups, if it exists, is the
pullback

kergp::X’xA/AM A

_
Pker ¢ ®

X' — A
where 0’ is the zero of A’ — X'.

Remark 3.1.12. If A and A’ are bundles of abelian groups over the same base X,
the definition of the kernel of ¢ is the same as the kernel of a morphism of group

objects (Definition [A.4.22]).

Proposition 3.1.13. Let ¢ : A — A’ be a morphism of the bundles of abelian
groups A — X and A" — X'. Then:

(i) The composition ker ¢ LA —5 X equips the kernel of v with the structure
of a bundle of abelian groups over X.

(11) The morphism ixe, : kerp — A is a regular monomorphisrﬂ of bundles of
abelian groups over X.

Proof. Let the bundle projections be denoted by p : A — X and p/ : A — X'.
Let f: X — X’ be the base morphism of ¢. Consider the following commutative
diagram:

kerp —— A

l l(W)

X — s XXy A — X
(ldx,O/of)
il | s
X' y Al > X/
0/ 7 p/ 7

3See Definition for the different notions of monomorphisms.
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The lower right square is a pullback. The composition of the horizontal arrows at
the bottom is the identity. The composition of the horizontal arrows in the middle
is also the identity. This shows that the horizontal rectangle at the bottom is a
pullback. It follows from the pasting lemma (Lemma that the lower left
square is a pullback. The vertical rectangle on the left is a pullback by definition
of the kernel. It follows from the pasting lemma that the upper left square is a
pullback:

kerp —— A
| - @ (3.10)

/
(idx,0'of) X xx A
By Proposition [3.1.8, the morphism X xx: A’ — X is a bundle of abelian groups
with the zero given by the bottom horizontal arrow of Diagram . Since ¢ is a
morphism of bundles of abelian groups, the right vertical arrow (p, ) is a morphism
of group objects in €] X by Proposition [3.1.10f We conclude that the kernel of ¢
is the kernel of this morphism. As is the case for any morphism of group objects
in any category, the kernel is a subgroup (Lemma . That is, the addition
+ : Axxy A — A restricts to a morphism ker ¢ X x ker¢o — kerp and the zero
0 : X — A factors through ker ¢, so that ker ¢ — X inherits the structure of a
bundle of abelian groups. This completes the proof of part (i).

Observe that the zero (idy, 0 o f) of the bundle of abelian groups X xx: A" — X
is a split, hence a regular monomorphism. Since regular monomorphisms are stable
under pullback, the top horizontal arrow of Diagram is a regular monomor-
phism (Rem. [A.4.2). By definition, it is a morphism of group objects in € | X, in
other words, a morphism of bundles of abelian groups over X. This shows part
(ii). O

Sections of bundles of abelian groups

Recall from Notation that given a bundle p : A — X, its set of sections is
denoted by I'(X, A) :={a: X - A | poa=1idx}.

Remark 3.1.14. The functor of sections

¢l X — Set

(A— X)—T(X,A) (3.11)

preserves finite products. As is the case for any functor that preserves products, it
maps abelian groups in €] X to abelian groups in Set (Remark . In other
words, the set of sections of a bundle of abelian groups has the structure of an
abelian group. Spelled out, the sum of two sections a,b : X — A of a bundle of
abelian groups A — X is defined by

a+b:=+o(a,b).

Furthermore, (3.11]) takes morphisms of group objects in €| X to group homo-
morphisms. That is, if ¢ : A — A’ is a morphism of bundles of abelian groups over
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X, then the map
oo (X, A) — (X, A)

(3.12)
a—>poa

is a group homomorphism. If ¢ is a monomorphism, then (3.12)) is injective.

3.1.2 Bundles of R-modules

Let R be a commutative ring object in the category € with addition + : Rx R — R,
zero 0 : * — R, multiplication m : R X R — R, and unit 1: * — R. Let X € € be
an object. Since the functor

C—ClX
Cr— (X x C 25 X)

preserves finite products, the ring structure on R induces a ring structure on pry :
XXR—XinClX. An (X x R — X)-module object in €] X will be called, for
short, a bundle of R-modules over X (Terminology [3.1.1]).

Spelled out, an R-module structure on a bundle of abelian groups A — X consists
of a morphism

RxA—L 5 A

po;,b\ % (3.13)
X

satisfying the usual conditions of a left action and linearity in the first and second
argument. The axioms are spelled out in Definition for any module object
over a ring in a category. In Section [3.2.3] we write the diagrams explicitly for the
case of the tangent bundle TX — X in a tangent category.

Definition 3.1.15. Let p: A — X and p’ : A’ — X’ be bundles of R-modules with
module structures x and k' respectively. A morphism of bundles of R-modules
is a morphism ¢ : A — A’ of bundles of abelian groups such that the diagram

Rx A2, pya

| | (3.14)

/
A —>90 A
commutes.

Proposition 3.1.16. Let A — X be a bundle of R-modules andY — X a morphism
in C. Then, the pullback pr; : Y xx A = Y is a bundle of R-modules and pry :
Y xx A — A is a morphism of bundles of R-modules.

Proof. Let the bundle projection be denoted by p : A — X, its module structure
by k, and the morphism by f : Y — X. It follows from Proposition that
pr; : Y xx A — Y is a bundle of abelian groups and pr, : ¥ xx A — A is a
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morphism of bundles of abelian groups. To describe the R-module structure on the
pullback f*A:=Y xx A, we consider the following diagram:

RxY 29 po x MEXP by

pbl lprQ l,f (3.15)
Y 7 y X < m A

The right square commutes by the commutative Triangle (3.13). The left square
commutes trivially. By the commutativity of pullbacks and products, we have the
following isomorphism for the limit of the top row,

a: (RXY) Xpxx (Rx A) — (Rxp R) x (Y xx A)
=S Rx (Y xx A).

Diagram (3.15)) induces a unique morphism from the limit of the top row to the
limit of the bottom row

Kpea = (Pry Xpk) oa ' i R X (Y xx A) — YV xx A,
such that the diagram

idg X pry

R x (Y xx A) Rx A
o :
YXXA > A

pra

commutes. We conclude that pry, : ¥ xx A — A is a morphism of bundles of
R-modules. ]

The kernel of a morphism of bundles of R-modules

Proposition 3.1.17. Let ¢ : A — A’ be a morphism of the bundles of R-modules
A= X and A — X'. Then:

(i) The composition ker ¢ Zke—% A — X equips the kernel of p with the structure
of a bundle of R-modules over X.

(i) The morphism ixe, : ker — A is a reqular monomorphism of bundles of
R-modules over X.

Proof. 1t follows from Proposition [3.1.13|(i) that ker p — X is a bundle of abelian
groups. Denote by x and x’ the R-module structures of A — X and A’ — X’
respectively. To describe the R-module structure on ker ¢, consider the following
diagram:

idp x0’ idp X
Rx X 2 Rx A &272 Rx A

przl l l (3.16)
y A <

X' A
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The right square is the commutative Diagram , since ¢ is, by assumption, a
morphism of bundles of R-modules. The left square commutes since ', being an
R-module structure, is linear in A’. This implies that it maps the zero to the zero.
By the commutativity of pullbacks and products, we have the following isomorphism
for the limit of the top row,

a:(RxX'") Xpxa (RX A) — (Rxg R) x (X' x4 A)
i)kaergo.

Diagram (3.16)) induces a unique morphism from the limit of the top row to the
limit of the bottom row

Kkerg 1= (pl"2 x,{/m) oa t: R x ker ¢ — ker ¢,

such that the diagram
idR Xier
R x ker ¢ LR Rx A

s | |» (3.17)

kerp —— A

Tker ¢

commutes. It follows from Proposition [3.1.13(ii) that ixer, : ker p — A is a regular
monomorphism of bundles of abelian groups over X. By using the commutativity of
Diagram (3.17)), we conclude that ixe,, is @ morphism of bundles of R-modules. [

Sections of bundles of R-modules
Remark 3.1.18. The ring object pr; : X x R — X in €] X is mapped by the
functor of sections (3.11)) to a ring, which is isomorphic by

(pry)s : T(X, X x R) — C(X, R)
a—>pryoa

(3.18)

to the ring of R-valued morphisms with addition and multiplication
frg:=+0o(f.9), fg:=mo(f.9),

for all f,g € C(X, R), with zero X — x LN R, and unit X — x LR

Remark 3.1.19. Let A — X be a bundle of R-modules with module structure
k: R x A — A. Using the isomorphism (3.18]), we see that I'(X, A) has a C(X, R)-
module structure given by

fa:=ko(f,a), (3.19)

for all f € C(X,R) and a € I'(X,A). Moreover, if ¢ : A — A’ is a morphism
of bundles of R-modules over X, then the map (3.12)) is a morphism of C(X, R)-

modules.
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3.2 Abstract tangent functors

This section provides the reader with the main categorical setting which sets the ba-
sis of the rest of the constructions in this thesis. After recalling symmetric structures
on endofunctors in Section [3.2.1] we will explore the concept of an abstract tangent
functor T according to Rosicky and his axiomatization in Section [3.2.2] Moreover,
based on the work [AB| in progress, we extend the notion of tangent structures to
encompass cartesian tangent structures and scalar multiplications in Section [3.2.3]
The goal of Section is to provide a concise proof of the monad structure of the
abstract tangent functor, as first observed by [Jub12] in the category of smooth man-
ifolds and |CC14] in general tangent categories. As an application, we observe and
prove that the monad structure on 7" induces an augmented cosimplicial structure

on T°*t! in Section 3.2.5]

3.2.1 Symmetric structures

We recall from Section that natural transformations can be composed ver-
tically, denoted by the usual composition symbol o, and horizontally, denoted by
juxtaposition. The usual composition of functors is also denoted by juxtaposition.
Let C be a category. The n-fold composition of an endofunctor F' : ¢ — € with
itself will be denoted by

F"=F...F

n-times

for all n > 1. The two horizontal compositions of a natural transformation 7 :
F? — F? and the identity natural transformation F' = idp : F' — F are given by
7F : F3 — F3 and Fr: ¥ — F3. In components,

(TF)C:TFC and (FT)C:F<7'0)
for all C € C.

Definition 3.2.1. A braiding on a functor F': € — C is a natural transformation
7: F? — F? such that

TFoFTtorF =FroTrFoFT. (3.20)

A braiding 7 on F' is called a symmetric structure on F if it further satisfies
ToT = F?

Remark 3.2.2. Using Equation (A.6) for any natural transformation a = 7 : F? —
F? (not necessarily a braiding or a symmetric structure) and 3 = F"~27 : F* — [,
we get the following equation

TF" o F"r = F"roTF" (3.21)
for all n > 2.

Equations ([3.20]) and (|3.21)) are usually called the braid relations. We illustrate
them by Figures[3.1]and[3.2l The equation 707 = F? means that 7 is an involution,
that is a natural isomorphism with inverse itself. This is depicted in Figure [3.3]
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TFoFrto7F FrortFolFT

Figure 3.1: The braid relations, part 1

) J
g r

TF?20 F%r 21 o 7F?

Figure 3.2: The braid relations, part 2
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TOT E?

Figure 3.3: Involution
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Remark 3.2.3. A symmetric structure 7 on a functor F' : € — € defines an action
of the symmetric group S, on F™. Spelled out, given an adjacent transposition
o; = (i,i+ 1) for some 1 <i < n, we define a natural isomorphism

L O T A Y (3.22)

Using the fact that the symmetric group on n elements is generated by adjacent
transpositions, subject to the braid relations and involutivity, we get that
induces a group homomorphism S,, — Aut(F™), where Aut(F™) denotes the auto-
morphism group consisting of natural isomorphisms F"™ — F™.

3.2.2 Rosicky’s axioms

In [Ros84], Rosicky introduced the notion of abstract tangent functor, which captures
the natural categorical structure of the tangent functor of manifolds that is needed
to define the Lie bracket of vector fields. Recall that the identity endofunctor on a
category C will be denoted by 1: € — €.

Definition 3.2.4 (Sec. 2 in [Ros84], Def. 2.3 in [CC14]). A tangent structure on
a category C is composed of an endofunctor 7' : € — €, called abstract tangent
functor, together with the following natural transformations:

e the bundle projection 7 : 7T — 1,
e the zero section 0:1 — T,
e the fiberwise addition +: T x7" T — T,
e the vertical lift A\ : 7" — T2,
e the symmetric structure 7: 72 — T2,
satisfying the following axioms:
(i) Fiber products: The pullbacks

TkI:TxlTxl...XlT

k-times

over m : T — 1 exist for all & > 1, are pointwise, and preserved by T

(Def. BL3).

(ii) Bundle of abelian groups: The fiberwise addition + and the zero section
0 equip 7 : T" — 1 with the structure of a bundle of abelian groups over 1.

(iii) Symmetric structure: 7 is a symmetric structure on 7' (Def. [3.2.1])). More-
over, 7 is a morphism of bundles of abelian groups. That is, the diagrams

T2 —— T2

Tx AT (3.23)
T



3.2 Abstract tangent functors 69

(vi)

and
TXTT
T2 et T, Ty

1|~
it

7, o (3.24)
T+l
T T

commute, where vy is the morphism (3.1 for A = TX ™5 X, F = T, and
k=2.

Vertical lift: )\ : T — T2 is a morphism of bundles of abelian groups over
0:1— T. That is, the diagrams

AXoA

T A o Ty, ————— T,T
™ xT +l l+T (3.25)
L= 1 T — s T?
commute. Furthermore, the diagram
T2 7?

)\l lm (3.26)

2 3
T —>T X T
commutes.

Compatibility of vertical lift and symmetric structure: The diagrams

T2 X3 T, T3

yTY | [~ (3.27)

2 2 2 . T3
T T) T T T s T
commute.
The vertical lift is a kernel: The diagram
T —2 5 T2
Fl l(ﬂ'T7Tﬂ') (328)
1 —>(070) 15

is a pointwise pullback.

Terminology 3.2.5. A category with a tangent structure will be called a tangent
category.
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We will often denote a tangent category by a pair (€,7T) or say that € has an
abstract tangent functor 7. The rest of the structure natural transformations will
be implicit and will be denoted by the same letters as in Definition throughout
the thesis, unless otherwise specified.

Remark 3.2.6. In [CC14], the authors relax the second axiom and only require
that T"— 1 is a bundle of abelian monoids, having certain applications in computer
science and combinatorics in mind. In this thesis, we will use the original axiom of
Rosicky and require that 7' — 1 is a bundle of abelian groups. The reason for our
choice is that the negatives will be crucial in the construction of the Lie bracket of
two vector fields.

Remark 3.2.7. Recall that the tangent space of a finite-dimensional vector space
at a point is canonically isomorphic to the vector space itself [Leel3, Prop. 3.13].
Thus, the tangent spaces of the fibers of a smooth vector bundle can be identified
with the fibers. This key concept has been generalized in [CC18], where the authors
develop the notion of differential bundles and fibrations in tangent categories. A
differential bundle is a bundle of abelian groups together with a compatible vertical
lift [CC18, Def. 2.3]. The vertical lift in a tangent structure and Axiom (vi) turn
the tangent bundle TX — X into a differential bundle in this sense.

However, for our purposes we need an extra structure of scalar R-multiplication
on T'X — X, for R € C a ring object. Since differential bundles have in general no
scalar multiplication and since the only differential bundle we will be working with
is the tangent bundle, we will not employ this concept in this thesis.

Notation 3.2.8. The subtraction of the bundle of abelian groups 7" — 1 will be
denoted by — : Ty, — T (Diagram (3.3))).

Remark 3.2.9. Using Equation (A.6), we get the following identities of the horizon-
tal compositions of various combinations of the natural transformations 7 : T — 1
and 0:1—1T:

mr=molnr=monTl (
00=0700=T000 (
Or =Tmo0l =007 (3.31
70 =7ToT0=0o0m. (

Using Equation (3.29)), we further get:

Trr=TrnoT?r =TroTrT (3.33)
7T =aT oT?n = T o 7T? (3.34)
ol = 7T o TnT = 7T o 7T?. (3.35)

Remark 3.2.10. The vertical lift can be extended by the additive bundle structure

to the morphism

TOXQ)\

Ny Ty T L 12 Ty 72

In components,

Ao x =Tx 0 +rx o (T0x Xo, Ax), (3.36)
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for all X € C. It was shown in [CC14, Lem. 3.10], assuming all other axioms of a
tangent structure (with negatives), that Axiom (vi) is satisfied if and only if

Ty, 225 T2
ropry l lﬁ (3.37)
is a pointwise pullback.

Example 3.2.11. The following are some examples of tangent categories:

(i) The prototypical example for tangent categories is the category of smooth
finite-dimensional manifolds with the usual tangent functor [Leel3, Ch. 3].
The local model for smooth manifolds and its tangent functor is the category
of Euclidean spaces, which is studied in detail in Section [3.4]

(ii) Diffeological spaces are concrete sheaves on the site of Euclidean spaces with
the usual open covers [Blo24al, Def. 3.4]. Elastic diffeological spaces are diffe-
ological spaces with certain elasticity axioms [Blo24a, Def. 4.1]. These axioms
ensure that the left Kan extension of the tangent structure on Euclidean spaces
defines a tangent structure on elastic diffeological spaces |[Blo24a, Thm. 4.2].

(iii) Let G be a Lie groupoid. A smooth right G-bundle is a smooth submersion
rg : E — Gy with a right G-action E ><TGEO’t G1 — E, as studied in detail in
Section [4.2 The map that sends E to the vertical tangent bundle

Trg,

VE .=TF XTGO 0 Go

with its right G-action as defined by (4.27)) is an abstract tangent functor on
the category of smooth right G-bundles with G-equivariant morphisms.

(iv) The category of abelian groups has an abstract tangent functor given by
TA=AxA

on objects and T'f := f x f on morphisms f : A — B. The fiberwise addition,
zero section, symmetric structure, and vertical lift are defined exactly as for
Euclidean spaces (Section [3.4)).

(v) A symmetric algebraic operad is a monoid object in the monoidal category
of symmetric modules |[LV12, Sec. 5.2.1]. The category of algebras over a
symmetric algebraic operad has a tangent structure [ILL24, Thm. 4.3.3], given
in terms of semi-direct products.

Remark 3.2.12. Recall from Remark that the bicategory of Lie groupoids is
equivalent to the bicategory of differentiable stacks. In other words, Lie groupoids
present differentiable stacks up to Morita equivalence. A natural question is if the
tangent structure on smooth manifolds induces a tangent structure on differentiable
stacks.
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Given a differentiable stack X presented by a Lie groupoid G; = Gy, the tangent
stack TX is the differentiable stack presented by the tangent groupoid TGy =
TGy, This is independent of the choice of the presenting groupoid G; = Gy up
to isomorphism. It follows from the naturality of the bundle projection 7 : T — 1
in smooth manifolds that the pair (7g,,7g,) forms a Lie groupoid morphism. This
induces a morphism of stacks T X — X. The other structure natural transformations
are obtained similarly from those on smooth manifolds.

However differentiable stacks form a bicategory. Hence, for a more refined ap-
proach, we have to consider the higher categorical aspects of the tangent structure.
For instance, we need to consider the question of coherence relations between the
associator and unit constraints of the bicategory on one side and the tangent struc-
ture on the other side. Generalizing the notion of abstract tangent structures to
higher categories is an interesting goal for future research.

3.2.3 Cartesian tangent categories with scalar multiplica-
tion

The fibers of the tangent bundle TM — M of a smooth manifold M have a scalar
R-multiplication
RxT,M — T,M,

for all p € M. In this section we generalize this to arbitrary tangent categories, where
the field R of real numbers is replaced by a ring object in the tangent category.
Let € be a category with finite products.

Definition 3.2.13. A tangent structure on C is called cartesian if the tangent
functor preserves finite products, that is, if the natural morphism

Xxy :T(XxY)—TXxTY (3.38)
has an inverse for all X,Y € € and if T = % for the terminal object * of C.

Definition 3.2.14 ([CC14, Def. 2.9]). Let € be a cartesian tangent category. The
partial tangent morphisms of a morphism f: X xY — Z in C are defined by

. —1

Ty f : TX x Y 250, py o7y 220, (X x v) 25 77
. —1

T(Q)fZXXTY Ox X idry TXXTYLT(XXY)LTZ,

where the index refers to the factor in the product.

R-module structure

Let R be a commutative ring object in €. Then, R: € — C, C' — R can be viewed
as the constant endofunctor. The ring structure of R equips R : € — € with the
structure of a ring in the category End(€) of endofunctors on €. As explained in
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Section [3.1.2] (where now the ambient category is End(€) and the object X is the
identity endofunctor 1), the functor

End(€) — End(C) |1
Fr— (1xF-251)
preserves finite productsﬂ This implies that the projection pr; : 1 x R — 1 has a
ring structure in End(C) | 1, inherited from that of R : € - €. A (1 x R — 1)-
module object in End(€) | 1 will be called, for short, a bundle of R-modules over 1
(Terminology [3.1.1)). In other words, a (1 x R — 1)-module structure on a bundle

S — 1 of abelian groups in End(€C) will be called, for short, an R-module structure
on S — 1.

Terminology 3.2.15. A tangent category is called a tangent category with an
R-module structure if the tangent bundle T — 1 is equipped with an R-module
structure.

Explicitly, an R-module structure on T — 1 consists of a natural morphism

kx :RxTX —TX

of bundles over X, such that the following diagrams commutd| for all X € €:

(i) Associativity:

idrp XKx

RxRxTX ——— RxTX

mXxidp Xl lﬁx

RxTX ——— TX

(ii) Unitality:

iXidTX

x*x X TX ——= RxTX
\ lﬁx
TX
(iii) Linearity in R:

Rx RxTX —Xirx . p 1y

<nXo(pr1,pr3),on(prZ,pr3)>J/ J/RX

TXXXTX+—X>TX

4The product of endofunctors F, G : € — € is given pointwise, that is, (F x G)(X) = FX x GX
for all X € C.
5These diagrams are spelled out in Definition |A.4.30[ for any module over a ring in a category.
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(iv) Linearity in T'X:

RXTX xx TX —92X3X . porx

<5Xo(pr17pr2),nXo(prl,prg)))J/ J/HX
> M

TX X)(TX

+x

Tangent-stable R-module objects

Given a point z : * — X, the fiber T, X := xx xT'X has the structure of an R-module
(Remark . Recall that the tangent space of a finite-dimensional vector space
at a point is canonically isomorphic to the vector space itself [Leel3, Prop. 3.13]. In
tangent categories, we give a special name to objects with this property:

Definition 3.2.16. Let C be a cartesian tangent category with an R-module struc-
ture. An R-module object A € € will be called tangent-stable if there is an
isomorphism

T()A >~ A
of R-modules, where 0 : x — A is the zero of A.

Proposition 3.2.17. Let C be a cartesian tangent category with an R-module struc-
ture. An R-module object A is tangent-stable if and only if its tangent bundle has a
trivialization

TA~ Ax A. (3.39)

Proof. 1t follows from a result in [AB| that the tangent bundle of any group object
(G,m,e) in C has a natural trivialization TG = G x g, where

g:=T.G=xxg"°TG.
Applying this to the underlying group structure of A, we get that

TA%JAXTOA
2 AxA.

In the last step, we have used the property that A is tangent-stable. O

Let A be a tangent-stable R-module in a cartesian tangent category. The pro-
jection onto the first factor of TA =2 A x A is the bundle projection onto the base.
The projection onto the second factor, the fiber of the bundle, will be denoted by

na:TA— A.
Hence, the isomorphism (3.39)) can be written as
(ma,ma) i TA —— AX A,

Definition 3.2.18. A commutative ring object in a cartesian tangent category will
be called tangent-stable if it is tangent-stable as module over itself.
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Scalar R-multiplication

In a tangent category, we have to require an R-module structure to be compatible
with the rest of the tangent structure in order to obtain the usual relations of a
Cartan calculus [AB].

Definition 3.2.19. Let R be a commutative ring object in a cartesian tangent
category €. An R-module structure x : R xT — T on the tangent bundle 7 : T — 1
will be called a scalar R-multiplication if R is tangent-stable and if the following
diagrams commute for all X € C:

idR XA x

RxTX RxT*X
HX\L lKATX (340)
TX — T2 X
T(l)l{X 2
TRxTX >y 1T°X
(ﬂ—R’nR) X 1dTXJ/N )I\AQ’X (341)
RxRxTX y To X

(5xo(pryprs), mxo(pry.prs))

Tioyk
RxT:X —2°% 12X
idp xTXl Trx (3.42)
R X TQX W TQX

Terminology 3.2.20. A cartesian tangent category with an R-module structure
is called a cartesian tangent category with scalar R-multiplication if the
R-module structure is a scalar R-multiplication.

Example 3.2.21. Consider the tangent structures in Example [3.2.11]

(i) The category of smooth manifolds is a cartesian tangent category with scalar
R-multiplication.

(ii) The category of elastic diffeological spaces is a cartesian tangent category.
The left Kan extension of the scalar R-multiplication on Euclidean spaces is a
scalar R-multiplication on elastic diffeological spaces [Blo24a, Thm. 4.2].

(iii) Let G be a Lie groupoid. The product of two smooth right G-bundles E
and E’ is given by the fiber product F x¢g, E' with the diagonal right G-
action (Section [4.2.2). The vertical tangent bundle satisfies V(E X, E') =
VE xqg,VE', which shows that the tangent category of G-bundles is cartesian.

Every smooth manifold M can be viewed as a G-bundle pr, : M x Gog — G
with right G-action (m,t(g))-g = (m,s(g)). A smooth map f: M — N gives
rise to the morphism f X idg, : M X Gy = N x Gy of G-bundles. This defines
a functor from the category of smooth manifolds to the category of smooth
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right G-bundles. The functor preserves finite products, which implies that the
ring object R in manifolds is mapped to a ring object R = (R x Gy — Gp) in
G-bundles. By identifying (R x Gy) X¢, £ = R x E, the R-multiplication of
vertical tangent vectors can be viewed as a scalar multiplication by the ring
object R.

(iv) By construction, the tangent category of abelian groups is cartesian. One
might guess that there is a scalar Z-multiplication. However, 7Z is not a ring
object in the category of abelian groups with the categorical product. (The
multiplication Z X Z — Z is bilinear, not linear.) To fix this, we have to use the
tensor product of Z-modules, which would require substantial generalization
of the concepts used in this thesis.

3.2.4 The abstract tangent functor as a monad

A monad in a category € is a monoid object in the strict monoidal category
(End(C), 0, 1) of endofunctors on €. In [Jub12, Theorem 2.1.1] it was proved that
the tangent functor

T : Mfld — Mfid

on the category of smooth manifolds has a monad structure with multiplication

20 T g s TM S T

and the zero section
O : M —TM,

expressed componentwise for all smooth manifolds M. It was further shown in
[Jub12, Proposition 2.1.1] that this is the unique monad structure on 7. The monad
structure on the tangent functor of smooth manifolds has vast applications in the
foliation theory of manifolds, as studied in [Jub12].

In |CC14, Proposition 3.4], this result was generalized to abstract tangent func-
tors in any category. The proof provided there makes extensive use of the symmetric
structure 7 on T'. In this section, we provide a shorter and more direct proof, where
we only use the abelian group structure on 7 : 7 — 1.

Proposition 3.2.22 ([CC14, Proposition 3.4]). Let (C,T) be a tangent category.
Then, the abstract tangent functor T : € — € together with the natural transforma-
tion p := +o (aT,Tx) : T> — T and the zero section 0 : 1 — T 1is a monad in

C.

Proof. We need to check the associativity of p and the unitality of 0, that is, we
need to show that the following diagrams of natural transformations

73 M, 2 T, 2 [TO

7| lﬂ R % % (3.43)

TQT>T
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commute. For the unitality,

poOT =+o (a1, Tw)o 0T
=+4o(rT 00T, Tmo0T)
=+4o(T,00m)
=T,

where we have used m o 0 = 1, Equation (3.31)) and the unitality axiom of the zero
section in the bundle of abelian groups 7 : 7' — 1. Using the same arguments and

Equation (3.32)) instead, we get that

poT0=+o(xT,Tn)oT0
=+o(rToT0,T7oT0)
=+o(0om,T)
=T.

For the associativity, first of all note that

mou=mo+o (nT,Tn)
=mopr,o(xT,TT) (3.44)
=monT '

=7,

using the first commutative diagram in (3.2)) (for the bundle 775 1) and Equa-
tion . Now, we calculate
poul =+o(xT,Tr)oul
=+4o (aT ouT, Tmwoul)
:—{—O(T{'O[LT wo T?m )
=+o (77T, + o (xT,Tr) o T°r)
=+o (77T, + o (T o T?m, T o T?n))
=+ o (rnT, + o (aTw, Trr))
=40 (T xy +) o (arT, nTw, T'mmr)
by using the naturality of p, Equation (3.44]), and Equations and -
Note that in the expression T' x; + in the last line, T refers to the 1dent1ty natural
transformation T — 7. On the other hand,
poTu=+o(xT,Tr)oTu
=+4o (T oTu, TmoTu)
=+4o (ponT? T(mopu))
=+o (4o (aT,Tr)onT? Trr)
=+o(+o(nTonT? TrnorT?), Trr)
=+o (+o(ral,nTr), Trr)
=+4o(+ x; T)o (nrT,nTnw, Trr)
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by using the naturality of m, Equation (3.44)), and Equations (3.34]) and (3.35)).
Lastly, using the associativity of +, we get that po puT" = poTp. [

Remark 3.2.23. In [Man12, Theorem 3.2.6], the result is proved for the tangent
bundle TX = X x X in cartesian differential categories, a notion introduced in

[BCS09).

3.2.5 The cosimplicial structure of 7!

The goal of this section is to show that the iterated tangent bundle 7! of a tangent
category € has an augmented cosimplicial structure (Def. [2.1.10]). In other words,
we will prove that the assignment

A, — End(C), [n]+—— T

is an augmented cosimplicial object in the category End(€) of endofunctors on €
(Prop. [3.2.25). For n = —1, the functor 77*! = T = 1 is the identity endofunctor
on C.

As End(C) is a functor category, the coface and codegeneracy maps will be given
by natural transformations of functors. Showing that the cosimplicial identities hold
will amount to an interplay between various vertical and horizontal compositions of
natural transformations. In Section [3.4.4] we will revisit the proof in the category
of Euclidean spaces by using local coordinates.

The following lemma is a general result about natural transformations between
specified powers of an endofunctor. The relations therein depend only on one index
k, whereas the cosimplicial identities of 7°*! will depend on three indices n,i and
j. Using this lemma, the main proof of the cosimplicial identities will be vastly
simplified.

Lemma 3.2.24. Let T : € — € be an endofunctor and letn : 1 — T and pu: T?> — T
be natural transformations. Then, the following identities hold:

nT* o Try = TFlponT* for k>0 (3.45)
pTFoTH 1y = TFuopuTHH for k>0 (3.46)
pT o Ty = TrpopuT* ! for k>0 (3.47)
nTFtoTF 2y = T lponT” fork>1. (3.48)

Proof. The identities will be obtained by the horizontal composition of two cleverly
chosen natural transformations, by using Formula (|A.6) from the Appendix.
For k£ > 0, the horizontal composition of

a:=n:1—T and f:=T": T — T

is given by
C(ﬁ — 77Tk+1 o Tkn — Tk+177 o nTk .

This shows that Equation (3.45) holds. It can be summarized by the following

diagram:
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Th+2
Similarly, for £ > 0, the horizontal composition of
a=pu:T*—T and B:=TF1 . T —T*
is given by
aff = uT* o TF 1y = TFy oy
which proves Equation . Furthermore, letting

a=p:T>—T and B:=T1y. T —T*

yields the equation
aff = uT* o TF 1y = Trpo pTk 1.
This shows that Equation (3.47)) holds. Finally, for £ > 1, the horizontal composition
of
a:=n:1—T and B:=T"2u:T" — 7!
is given by
O{B — nTk_l o Tk—2,u — Tk—lﬂ o nTk 7

which proves Equation (|3.48]). n

Let € be a category equipped with an abstract tangent functor 7. Recall from
Proposition that p =+ o (7T, Trw) : T? — T and the zero section 0: 1 — T
equip 7" with a monad structure. Taking powers of T" applied to p and 0, we get the
following natural transformations:

720
T0
TOT
17— 7 7
0T
072
e
r 2 ¢ M g LTl oy
T +—— 1% 3 T T
puT «—
wT?

The next proposition shows that these transformations equip the iterated tangent
bundle with an augmented cosimplicial structure.
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Proposition 3.2.25. Let (C,T) be a tangent category. Then, the family of endo-
functors {T™"*},>_1 together with the coface and codegeneracy transformations

dm =TT T" — T
Sn,i — Tn—iluTi . Tn+2 N Tn+1 ’

forn >0 and 0 < i <n is an augmented cosimplicial object in End(C).

Proof. We start by proving the first cosimplicial identity, given by Equation ({2.1).
By the functoriality of T', an explicit calculation shows that

dn-‘rLi . dn,j _ Tn—i+10Ti o Tn—jOTj
= T (T~ 10T 0 0T7) (3.49)
= T (TI=10 0 0TI T

and
dnHLitl o gt — =it o i
= T (0T o TI=0TY) (3.50)
= T (0T o TI70)T?

for all n > 0,7 < j. Comparing Equations (3.49) and (3.50)), and using Equa-
tion (3.45)) for the monad multiplication p, the zero section n = 0 and k = j — i, we

get Identity (2.1)).
Similarly, we calculate that
Sn,j o Sn-l-l,i — Tn_J/,LT] o Tn_i+1/,LTi
= T3 (uT? o TI=" T (3.51)
=T (T~ o TV )T

and

Sn,i o Sn+1,j+1 — Tn_Z[,LTZ o Tn—jluTj—l—l
= T (T9 T o 7+ (3.52)
— Tn—j (T]—Zlu o luTj—i—‘rl)Ti ’

for all n > 0,7 < j. Comparing Equations (3.51) and (3.52), and using Equa-
tion (3.46) for k = j — i, we get Identity (2.2) for all ¢ < j. When i = j, we
have
Tn—iluTi o Tn—i—l-l#Ti — Tn—i<lu ° T/L)Tz
=T" (o ul)T"
— Tnfl'uTl o TTL*Z‘ILLTH*I 7

where we have used the associativity of u, as expressed by the left diagram in (3.43]).
This completes the proof of Identity (2.2)).
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For the mixed identities between the coface and codegeneracy maps, we have

Sn,j o dn—f—l,i — T"_j,uTj o Tn—i-i-IOTi
= T (T’ o TI 10T (3.53)
= T3 (uT7=" o TI=H0) T
and
dn,i o sn—l,j—l — Tn—ZOTz o Tn—j,uTj—l
=T (TI0T" o uT71) (3.54)
=TT o pT9="1T7

for all n > 0,7 < j. Comparing Equations (3.53) and (3.54), and using Equa-
tion (3.47)) for k = j — i, we get Identity (2.3)).
On the other hand,
§™ o d" TV =TI T o T T
= TN T I T o 0T) (3.55)
— Tn_H_l(Ti_j_lpJ o OTi—j)Tj ’
and
dn,i—l o Sn—l,j — Tn—i—l-lOTi—l o Tn_j_lll,LTj
=TT o T2 1Y) (3.56)
_ Tn—i—‘rl(OTi—j—l o TZ—]—QM)TJ ’

for alln > 0,7 > j + 1. Comparing Equations and , and using Equa-
tion for k =1 — j, we get Identity @

Lastly, it remains to show Identity @ . Using the unitality of the zero section,
as expressed by the right diagram in @ , we have that

Sn,i o dn+1,i — Tnfl,uT’L o Tn*i+10Ti
= T" (o TO)T"
— Tn+1

and
Sn,i o dn+1,i+1 — Tn—zMTz o Tn—iOTi-i-l

=T""(uo0T)T"
— Tn+1

for all n > 0 and 0 < ¢ < n. This shows Equation (2.4]).
We conclude that the assignment [n] — T is an augmented cosimplicial object
in End(C). O

Remark 3.2.26. The proof of Proposition [3.2.25| only uses the monad structure
of T" and the relations from Lemma [3.2.24] Thus, we have shown a much more
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general result: Any monad on a category is equipped with an augmented cosimplicial
structure. In fact, one can similarly show that any monoid object in a (strict)
monoidal category has an augmented cosimplicial structure. In the case of non-
strict monoidal categories, the role of the associator and the right and left unitors
is essential.

Remark 3.2.27. It was shown in [CC14, Proposition 3.7] that 7?2 also has the
structure of a monad. This uses the symmetric structure 7 on 7T'.

3.3 The Lie bracket of vector fields

A vector field on a smooth manifold M is a section of the tangent bundle TM — M.
It can be identified with a derivation of the ring C>*°(M) = Mfd(M,R) of real-
valued smooth functions on M [Leel3, Prop. 8.15]. Since the space of derivations
on Mfld(M,R) is closed under the commutator bracket of the ambient ring of en-
domorphisms on Mfld(M,R), one can equip the space of vector fields on M with a
Lie bracket.

However, in general cartesian tangent categories with scalar R-multiplication,
vector fields on an object X may not be always identified with derivations on the
ring of R-valued morphisms on X (Remark [3.3.6). Hence, in order to generalize
the construction of the Lie bracket to the setting of tangent categories, we should
consider the less used formula of the Lie bracket: the one which only uses the tangent
structure on smooth manifolds. This was first observed by Rosicky |[Ros84].

The Lie bracket of two vector fields v : M — TM,p — v, and w : M —
TM, p— w, is defined by

[v,w], :=Tw(v,) — Ti (Tv(wp)) (3.57)

for all p € M. The fiberwise differentials of v and w are given by Tv : T,M —
T,,(TM) and Tw : T,M — T, (I'M) respectively. Since Tw(v,) and Tv(w,) do
not lie in the same fiber, the canonical flip map 7, is applied on the second factor
in (3.57). Moreover, the right hand side of Equation is a vertical vector in
Tw,(T'M), that is, it lies in the kernel of T'my,. Identifying it with a tangent vector
in T,M, we get the Lie bracket. This definition is equivalent to the commutator
definition [AMRSS, Exercise 4.2K on p. 297].

In Section we explain the generalized construction of the Lie bracket of
vector fields on objects in a tangent category, using the ideas of Rosicky. In Sec-
tion we state the Leibniz rule for the Lie bracket of vector fields in the setting
of cartesian tangent categories with scalar R-multiplication. In Section we
prove several naturality results for the Lie bracket. Sections [3.3.2] and [3.3.3] are
based on the work [AB| in progress.

3.3.1 The main construction

Definition 3.3.1. Let C be a category with a tangent structure. A vector field
on X € Cis asectionof rx : TX — X.
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The bracket of two vector fields v,w : X — TX is defined as follows. The
composition of v and Tw : TX — T?X satisfies

WTXoTwOU:wOTFXOU:wOidX (358)

:w7

by the naturality of 7. When we exchange v and w, we have myrx o Tv ow = v.
In order to be able to subtract the two terms in the fiber product 72X xpx T?X,
we have to apply the symmetric structure on 72, so that by the commutativity of
Diagram ([3.23) we obtain

mrx oTx odlvow=TayoTvow=Tidyow =idrxy ow
TX O Tx X X TX (3.59)

=w.

This shows that Twov and 7x oTvow project to the same fiber of mpx : 72X — TX,
and hence there is a unique map

(Twov,7x ocTvow): X — T?X xFEX™X T2X
We denote the subtraction of the two components by
S(v,w) := —rx o (Twov,7x o Tvow): X — T?X , (3.60)

where the minus —rx denotes the difference in the bundle of abelian groups 7mrx :
T?X — TX (Notation [3.2.8)). Similarly, observe that

TrxoTwov=T(nrxow)ov=idrxov=uv, (3.61)

and
TrxorxoTvow=mnpxoTvow=wv. (3.62)

It follows from Equations (3.61) and (3.62) that the left square in the following

diagram

X (Twowv, Tx oTvow)> T2X X;ﬂ)‘g(JTTX T2X —rx TQX
ide/ lTﬂ'X Xy TTx J/wa (3.63)
X ) s T'X X;X’WX TX ——X> TX

commutes. The commutativity of the right square follows from the naturality of the
subtraction —. We conclude that the outer rectangle of Diagram commutes.
Observe that the composition of the upper horizontal maps is §(v,w). The com-
position of the lower horizontal maps is Ox by the axiom of the inverse of a group
structure. Therefore, we have

Trx od(v,w) =0x. (3.64)

In other words, the map (v, w) takes values in the kernel of T'ry, which, by Re-
mark [3.2.10] is isomorphic to T X xx T'X. By projecting to the second factor we
thus obtain the vector field [v, w] : X — T'X. It is the unique vector field satisfying

d(v,w) = Ay x © (wa [an]) ,
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as shown in Lemma [3.3.2l The entire construction can be summarized by the fol-
lowing commutative diagram:

[v,w]

(v,w)

TwxTv

TX < X y TX x TX ——— T?X xT?X
3 o ,
Pra e S(vw) \\\\ A (Twow, 7x oTvow) idp2 x XTX
v X ey Crx o 2y i, oy 72 (3.65)
TX xxTX —— T°X +—— T°X Xpx T°X —— T*X xT*“X
| -
TxOpry Trx TTX XTTX
X — TX TX ——— TX xTX
X Arx

We see that all ingredients of the tangent structure are needed. It was announced
in [Ros84] and proved in |[CC15] with the input of Rosicky that [v,w] satisfies the
Jacobi relationf]

By Remarkm (X, TX) is equipped with the structure of an abelian group,
that is a Z-module, Where the addition is given by

v+w=+xo (v,w)

for all v,w € I'(X,TX), and the zero is given by the zero section Oy : X — TX.
From the associativity of the addition it follows that the subtraction —7x is linear

in each argument, so that d(v,w) and, therefore, the Lie bracket [v,w] is bilinear.
We conclude that I'(X,TX) is a Z-Lie algebra.

Lemma 3.3.2. The following relation
§(v,w) = Aax o (w, [v,w]) (3.66)
holds for all vector fields v,w : X — TX.

Proof. Using Equations (3.58) and (3.59) and that m o — = 7 o pr; = 7 o pry, we
have

Trx 0 d(v,w) = w. (3.67)
Moreover, we calculate that
Trx 0 Ao x = Trx © Tx © +1x © (T0x X0, Ax)
= T7TX ) +TX [e] (TOX XOX )\X)
=+xo (Tﬂ'X Xrx T?TX) ¢} (TOX X0y /\X> (368)

=+yo ((T?TX oTOX) Xx (T7TX © )‘X))
=+yo (idTX X x(0x OWX))

:prla

6 A proof for the Jacobi identity of the Lie bracket using this definition in the category of smooth
manifolds can be found in [Mac13], where the author uses double and triple vector bundles.
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where we have used Equation , Diagram 7 the naturality of +, functo-
riality, that m o 0 = 1, the commutativity of Diagram and the unitality in a
group object.
Now, let us denote the unique morphism representing the left dotted arrow in
Diagram by
(g, 00): X — TX xxTX.

It satisfies
5(1}, U)) = )\Q,X o) (Oél, 062) . (369)

By definition, the Lie bracket is given by [v, w] = pryo(ay, as) = as. Applying mrx
on both sides of Equation and using Equations and , we obtain
w = pry oy, ) = ay. Replacing a1 = w and ay = [v,w] in Equation we
get Equation (|3.66)). [

Example 3.3.3. Consider the tangent structures in Example [3.2.11}

(i) The Lie bracket of two vector fields on a smooth manifold can be defined
by Equation . As explained in the introduction of this chapter, this
equation is the core of the generalization of the bracket in the setting of tangent
categories.

(ii) In [Blo24a], Blohmann uses the ingredients of a tangent structure to define
the Lie bracket on an elastic diffeological space.

(iii) Let G be a Lie groupoid. In the tangent category of smooth G-bundles, a
vector field is a G-equivariant section v : F — V' E of the vertical tangent
bundle VE — E, that is, an invariant vector field on E (Def. [4.4.1)). The Lie
bracket is the bracket of invariant vector fields (Theorem [4.4.6).

(iv) In the tangent category of abelian groups, a vector field is given by a morphism
of abelian groups v : A — A. The bracket is given by the commutator [v, w] =
wowv—vow. In other words, the Lie algebra of vector fields on A is given by
['(A,TA) =gl(A), the Lie algebra of Z-linear maps.

3.3.2 The Leibniz rule

The Lie bracket of vector fields on a smooth manifold M satisfies the usual Leibniz
rule
v, fw] = (v- flw+ flv,w]

for all smooth maps f : M — R and vector fields v, w on M |Leel3, Prop. 8.28 (iv)].
In this section, we state that this identity holds in the setting of a cartesian tangent
category with scalar multiplication over a ring. For that, we first have to describe
the action of a vector field on a ring-valued morphism on X.

Let C be a tangent category and R € € a ring object with addition 4, zero
0, multiplication 77, and unit 1. Recall from Remark [3.1.18] that the set C(X, R)
of R-valued morphisms is equipped with a ring structure, where the addition and
multiplication are given by

f+g:=+0o(f9), fg:=mo(fg)
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for all morphisms f,g € C(X, R). The zero is given by X — % 2 R, and the unit

by X — % % R. Assume that R is tangent-stable (Def.[3.2.18)). Then we can define
an action of vector fields on R-valued morphisms by

vofi X 2 TX TR 2R (3.70)
for all v € T'(X,TX) and f € C(X, R).

Proposition 3.3.4. In a cartesian tangent category C with scalar R-multiplication,
the action (3.70)) is a representation of the Lie algebra of vector fields by derivations
on the ring of R-valued morphisms. That is,

f=wv
v,wl- f=v-(w-f)—w-(v-f)
v-(fg)=(@-flg+ flv-g).

for allv,w € T(X,TX) and f,g € C(X, R).
Proof. The detailed proof of the equations can be found in [ABJ. O

Remark 3.3.5. Some of the key ingredients of the proof of Proposition [3.3.4] are the
Definition of the action, the functoriality of T', the naturality of the tangent
structure, Relation between Ay x and 0(v, w), as well as compatibility relations
between the abelian group structures of the ring R and the bundle 7z : TR — R,
the projection ng : TR — R onto the fiber, and the natural isomorphism y g r given
in (3.38]).

Remark 3.3.6. Proposition [3.3.4shows that there is a homomorphism from the Lie
algebra of vector fields on X to the Lie algebra of derivations on the ring C(X, R),
where the Lie bracket is given by the commutator. However, this homomorphism is
generally neither injective nor surjective, so that we cannot identify vector fields on
X with derivations on the structure ring of X.

Assume now that the tangent structure has a scalar R-multiplication x. In
particular, this means that 7X — X isan (X x R — X)-module in €| X. Applying
the functor of sections, we see that I'(X,TX) is equipped with the structure of a
module over I'(X, X x R) = C(X, R), given by

fvi=rxo(f,v),
for all f € C(X,R) and v € I'(X,TX), as explained in Remark [3.1.19}

Proposition 3.3.7. In a cartesian tangent category C with scalar R-multiplication,
the Leibniz rule

[U7 fw] = (U ’ f)w + f['U, U)] (371>
holds for all vector fields v,w € T'(X,TX) and all morphisms f € C(X, R).

Proof. The detailed proof of the Leibniz rule can be found in [ABJ. O
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Remark 3.3.8. Some of the key ingredients of the proof of Proposition [3.3.7 are
the Definition of the action, the Definition of (v, w), the axioms of
the scalar multiplication (Def. , the naturality of the tangent structure and
the scalar multiplication, the expressionﬂ of T'f in terms of the partial tangent mor-
phisms T(y) f and Tia) f (Def. [3.2.14), the linearity of T(y)f in the second argument,
the associativity of + and —, the linearity of xkry in 72X, the Definition
of Ay x, that it is linear in the second argument, Relation between \g x and
d(v,w) and that Ay x is a monomorphism.

Remark highlights that all the structures and properties we have are used
in the proof of the Leibniz identity.

As is the case for any pullback, the map

C(x, R) — C(X, R)
(*—>R)»—>(X!i>*—>R)

is a ring homomorphism (Lemma|A.4.35), where !x : X — * is the unique morphism
to the terminal object. Its image is the constant R-valued morphisms on X. By
precomposing the C(X, R)-module structure of I'(X, 7X) with this ring homomor-

phism, we equip I'(X, 7X) with the structure of a C(x, R)-module (Lemma [A.4.33]).
Spelled out, the module structure is given by

rv = kyx o (rolx,v), (3.72)
for all r € C(x, R) and v € I'(X, T X).

Corollary 3.3.9. Let X be an object in a cartesian tangent category C with scalar
R-multiplication. Then the Lie bracket on T'(X,TX) is C(x, R)-bilinear.

Proof. 1t follows from the trivialization
(ma,na) : TA—— Ax A

in Proposition |3.2.17] that the following diagram

R-2.TR
!Rl - (3.73)
k

—

commutes. Since the tangent structure is cartesian, the tangent functor maps the
terminal object to the terminal object, so that the bundle projection and the zero
section of T = * are the identity. This implies that the tangent morphism of a
point r : x — R satisfies Tr = Tr o0, = Oz or. For the action of a vector field v on

"This expression can be found in [CC14, Prop. 2.10], where the authors label the partial tangent
morphisms by the objects themselves.
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a constant function, we obtain
v-(roly)=nroTroT!xow
=nrolOror oTlxow
=(0olgoroTlxou
— oy
=0,

where we have used the Definition (3.70]) of the action and Diagram (3.73]). It follows
from Proposition that [v, fw] = f[v,w] for all constant functions f. O

Corollary tell us that I'(X, TX) has the structure of a Lie algebra over the
ring C(*, R).

3.3.3 Naturality of the Lie bracket

In this section, we prove that the naturality of the Lie bracket of vector fields on
a smooth manifold (c.f. [Leel3, Prop. 8.30]) can be generalized to the setting of
tangent categories. The proofs of Propositions 8.16 and 8.30 in [Leel3| rely on
the identification of vector fields with derivations on the ring of functions on the
manifold. As explained in Remark we do not have this identification in general
tangent categories. We provide a proof which only uses the definition of the Lie
bracket as summarized in Diagram (|3.65]).

Definition 3.3.10. Let ¢ : X — Y be a morphism in a tangent category. A vector
field v on X is called p-related to a vector field v’ on Y if the diagram

X 2> TX
@l lm (3.74)
Y — TY

commutes.

Proposition 3.3.11. Let o : X — Y be a morphism in a tangent category. If two
vector fields v and w on X are p-related to vector fields v' and w' on'Y', respectively,
then:

(i) v+ w is p-related to v' + w';
(ii) [v,w] is -related to [v',w'].

Definition 3.3.12. Let ¢ : X — Y be a morphism in some category. A morphism
f: X — Ris called p-related to a morphism f’':Y — R if the diagram

X —R

f
g,l / (3.75)
Y

commutes.
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Proposition 3.3.13. Let p : X — Y be a morphism in a cartesian tangent category
with scalar R-multiplication. If v € T'(X,TX) is @-related to v € T'(Y,TY) and
f: X — R is p-related to f': Y — R, then:

(i) fuv is p-related to f'v';
(ii) v - f is -related to v" - f'.

Remark 3.3.14. The statement of part (ii) of Proposition [3.3.13]is only one di-
rection of the statement of Proposition 8.16 in [Leel3]. For the other direction, the
identification of vector fields with derivations on the ring of functions is necessary.

Corollary 3.3.15. Let ¢ : X — Y be a morphism in a cartesian tangent category
with scalar R-multiplication. Let r : x — R be a point. If v € T(X,TX) is p-related
tov e (Y, TY), then rv is p-related to rv'.

Proof of Proposition[3.3.11. For part (i), consider the following diagram:

X U rx o TX X TX

@l ngo xoTe ngo

Y m TY xyvTY — TY
The left square commutes by . The right square commutes by the naturality
of +. The composition of the upper horizontal arrows is v +w and that of the lower
horizontal arrows is v’ + w’. The commutativity of the outer rectangle implies that
v+ w is p-related to v’ + w'.

For part (ii), consider the following diagram:

(v,w) TwxTv

X —5 TX xTX —/—/5 T?°X xT?X T2X x T?X
sol ng:xT@ lTQ@XTzap lT%oxngo (3-76)
Y

—>TY><TYWT2Y><T2Y—>T2Y><T2Y

(v',w')

idTQX XTx
—

idTg v XTy

The left square and the center square commute by and the functoriality of
T. The right square commutes by the naturality of 7. It follows that the outer
rectangle commutes.

Now, consider the following diagram:

3! (Twow, TxoTvow)

X mmmmmmmm e > T?°X xpx T?X
X — T?°X xT?X

<Pl lTQApXTng T2oxp,T2¢p (3.77)

Y —— T?Y xT?Y
o g

Y - > T2Y X1y T2Y

3! (Tw'ov', Ty oTv o w’)

S
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The inner square is the commutative outer rectangle of Diagram . The left
trapezoid commutes trivially. The top and bottom trapezoids commute by the
universal property of pullbacks and products. The right trapezoid commutes by the
naturality of the inclusions ¢ and #/. The map ¢ is a monomorphism by Lemmal[A.4.6]
It follows from Lemmal[A.4.14] (i) that the outer square of Diagram (3.77) commutes.
Composing the horizontal morphisms of the outer commutative square of Dia-
gram (3.77)) with the differences —rx and —ry, we get the following diagram:

(Twowv, TxoTvow)

X » T2X xpy T?2X —5% T2X
Sol lT2¢XT¢T2LP lTZSD (378)
s T2 xpy T?Y —— T2Y

(Tw'ov', TxoTv'ow’)

The right square commutes by the naturality of —. Thus, the outer rectangle of
Diagram (|3.78)) commutes. The composition of the top horizontal morphisms is
d(v,w) and that of the bottom horizontal morphisms is §(v’, w’).

Now, consider the following diagram:

X s 3 TX Xx TX

x 2 ey
® ¢ lTZLp ToxeTe (3-79)

i V wY

S » TY xy TY

The inner square is the commutative outer rectangle of . The outer right
trapezoid commutes by the naturality of Ay. The commutativity of the upper and
lower trapezoids is explained in the construction of the bracket as summarized in
Diagram . Since monomorphisms are stable under pullbacks and the zero
section is a monomorphism, it follows from Diagram that the morphism
A2,y is a monomorphism. Thus, the outer square of Diagram commutes by
Lemma (i).

Lastly, by projecting to the second factor, we get that Ty o [v,w] = [v/,w'] o ¢.
We conclude that the bracket [v, w] is p-related to [v/, w']. O

Proof of Proposition[3.3.13. For (i) we consider the following diagram:

X Y pTx X TY

@J/ idp x Tgol J/T(p

where k denotes the scalar R-multiplication. The square on the left commutes since
f and v are p-related to f’ and v’, respectively. The square on the right commutes
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by the naturality of the scalar multiplication. It follows that the outer rectangle
commutes. The composition of the upper horizontal arrows is fv and that of the
lower horizontal arrows is fv'. We conclude that fuv is p-related to f'v'.

For (ii) we consider the following diagram:

X V5 71x YR ", R

S I P,

Y > TY s TR —— R
T§ MR

,U/

The square on the left commutes since v is p-related to v'. The square in the middle
commutes since f is p-related to f’ and T is a functor. The square on the right
commutes trivially. Thus, the outer rectangle commutes. The composition of the
upper horizontal arrows is v - f and that of the lower horizontal arrows is v" - f. We
conclude that v - f is @-related to v - f'. ]

Proof of Corollary|3.3.15 Let!x : X — % and !y : Y — % be the unique morphisms

to the terminal object. Then, the morphism f : X X% 5 Ris p-related to

1Y Yy % I R Tt follows from Proposition |3.3.13| (i) that fv is ¢-related to f'v'.
That is,

Tpo(rolx)v=(roly)v' op,

which is equivalent to
Tepokxo(roly,v)=ryo(roly,v)op.

Using the C(x, R)-module structure given by Equation (3.72), we get that Tporv =
rv’ o . This shows that rv is p-related to rv’. [l

Remark 3.3.16. Let € be a cartesian tangent category with scalar R-multiplication
and let Mode(. gy be the category of modules over C(*, R) with module homomor-
phisms. Let €= be the maximal subgroupoid of €, that is the subcategory of € with
objects the objects of € and morphisms only the isomorphisms of C. In general, the
assignment X +— I'(X,7X) is not a functor. However, restricting it to the maximal
subgroupoid of € does yield a functor

F:5 — Mod@(*ﬁ)
X — T(X,TX).
It sends an isomorphism ¢ : X — Y of € to the function Fo : I'(X,TX) —

(Y, TY), that assigns to each vector field v on X the unique vector field v" on Y such

that v and v" are p-related. It follows from Proposition (3.3.11{(i) and Corollary|3.3.15
that F'¢ is a C(x, R)-module homomorphism.
On the other hand, the product functor is given by

FxF:C5— MOde(*’R)
X — (X, TX) x T(X,TX).

It sends an isomorphism ¢ : X — Y of € to the C(*, R)-module homomorphism
NX,TX)xT'(X, TX) - T'(Y,TY) x I'(Y,TY), that assigns to each pair of vector
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fields v, w on X, the unique vector fields v/, w" on Y, such that the pairs v and v/,
and w and w’, are p-related.

It follows from Proposition [3.3.11] (ii) that the Lie bracket [-,-] : F x F' — F, with
components |-, -]y : I'(X, TX)xT'(X,TX) — ['(X, T X), is a natural transformation.
This justifies the terminology of the title of this section.

3.4 The tangent structure on Euclidean spaces

The prototypical example of tangent structures is the tangent functor of open subsets
of real finite-dimensional vector spaces. This is the local model for the tangent
functor on the category of smooth manifolds. The goal of this section is to describe
this tangent structure in local coordinates, which will provide us with a deeper
understanding of tangent structures in general. Mainly, local coordinate expressions
will be given to the tangent structure transformations in Section and to the Lie
bracket in Section [3.4.3] Lastly, by developing a notation and calculus for iterated
local coordinates, we will revisit the proof of the augmented cosimplicial structure
of the iterated tangent bundle T**! in local coordinates in Section [3.4.4]

3.4.1 Notation on local coordinates

Let Eucl be the category of Euclidean spaces, whose objects are open subsets
of R™ for n > 0 and the morphisms are smooth maps. Let

T : Eucl — Eucl
be its tangent functor, U C R™ an open subset and k& > 1. Then,
TU =U x R"
T?U =U x R" x R"* x R"
T"U = U x (R™)* !
ToU =TU xgTU =U x R" x R"
T,U =TU xy TU xy --- xy TU = U x (R")*.

k-times

In local coordinates, we will write

TU = {(u,u6)|u € U,ué ER for1 <i<n}= {(u,u%)}
T°U = {(u, ug, ui, ug, )} (3.80)

3rr _ R A R A B
T°U = {(u,uo,ul,um,uQ,UOQ,u12,u012)},

etc., where we will often omit the counting index ¢ for simplicity. In Section |3.4.4]
we introduce a useful notation for iterated local coordinates on T*U for any k > 1
using a simplicial approach.

From a geometric perspective, tangent vectors at a point u € U can be viewed
as equivalence classes of paths, where two paths passing through u are equivalent
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if they have the same derivative at « in a coordinate chart. Let Y € T(TU) be a
tangent vector to T'U represented by a smooth path

X:R—TU, s+— X;.

For every s € R, X, € TU is a tangent vector to U represented by some smooth
path

Vs R—U, tr—— () =7(t,s).

This implies that Y can be expressed as

d d d
V=—| X,=-— = ts)) .
i % i Gl )

In other words, Y can be represented by a path v : R x R — U, (t,s) — 7(¢,s)
with two parameters. Writing Y = (u, ug, u1, ug1), the subscripts 0 and 1 denote
differentiation with respect to the parameters ¢ and s respectively.

Now, let V' C R™ be another open subset and f : U — V be a smooth map. Let
(z',...,2") be a system of local coordinates on U. That is, ' : U — R is a smooth
map such that the i®® component of an element u € U is given by u' = z(u) for

each i = 1,...,n. The tangent maps of f and T'f are given by

i of*
Tf: (u,uy) — (f(u), %u())
(3.81)
i i ofe ; of ; of* . Pf .
T2 f o (u, uh, ul, b)) — (f(u), Bt 10 gt ULy 7 Yo + Wuou{ ,
where a € {1,...,m} and we have used the Einstein summation convention (c.f.

[Leel3| p.18]). Moreover, the fiber product Tof :=T'f x; T f is given by
. afe . afe
T: : ! : h—— ! e — : .
2f (u7u07U0) — (f(u)> Ot Up; Ot UO)

These notations are extensively used in [Jub12].

3.4.2 The structure maps in local coordinates

Let U C R™ be an open subset. The natural transformations from Definition [3.2.4
in the tangent structure on €ucl can be expressed in local coordinates as follows:

my:TU — U (u,ug) — u
Oy : U —TU u— (u,0)
+uy U — TU (u, ug, vo) — (u, ug + vo)
My TU — T?U (u, up) — (u,0,0,up)
o T?U — T?U (u, ug, w1, upr ) — (u, uy, Ug, Ug1 ) -
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The two natural extensions of the bundle projection to 72 are given by

(WT)U =TrU ! T°U — TU (U,U0>U1,U01) — (U,Uo)
(TW)U =Try : T°U — TU (U,UO,UhUm) L (U,Ul)'

The multiplication map of the monad 7' (Proposition [3.2.22)) can be expressed by

2 (rru, Ty ) +u X
py 2 T U ——— ThU > TU (3.82)

(u, ug, w1, ugy) —— (U, ug, uy) ——— (U, ug + uy) .
The commutativity of 72 and T is given by the following isomorphism
T(TU) — Ty(TU)
((U,Uo,vo), (U17U01,Uo1)> — ((U7U1)> (o, uo1), (Uo,vm)) .

On the other hand, T preserves the fiber products 7T,U. This can be expressed by
Isomorphism (3.1)) for k = 2:
vy T(TyU) — T2U xFroTmv 2y
((U, Ug, UO)? (Ul, Uo1, UOI)) — ((U, Up, U1, uOl)? (U, Vo, U1, UOI)) .

The extension (3.36]) of the vertical lift is given by

T0y Xoy; AU

Aoy« ThU Ty(TU) KL > T2U YT

(u, ug, uy) — ((u, 0),(u0,0),(0,u1)) — (u, 0, ug, uy) — (u,ug,0,uy).

The expressions of the natural transformations 07, T0, +71', T4+, AXT', T X, 7T and
T'7 in local coordinates can be spelled out in a similar fashion (these will appear in

the proof of Proposition |3.4.1).

Moreover, we have the natural fiberwise multiplication by real numbers

ky : RxTU — TU

(r, (u, uo)) — (u, rug) ,
whose tangent map is given by

Try : T(R x TU) — T?U

((7’, w, ug), (11, U1, u01)) — (u, Tug, U1, T1Uo + TUOL) -

Composing it with the natural isomorphism (3.38]) for X =R and Y = TU, we get

-1
XR,TU

TR x T2U y T(R x TU) Iry » T2U

((r, r1), (U, ug, U, u01)) — ((r, u, up), (11, U1, u01)) — (u, Tug, U1, T1Uy + TUoY) -



3.4 The tangent structure on Euclidean spaces 95

The partial tangent morphisms (Def. [3.2.14)) of k; are given by

—1
THU o XR,TU

y T2U

Toyky : TR x TU —222010 TR 5 T2U
((T, /rl)a (U, UO)) — ((Ta 7"1), (U, Ug, 07 0)) — (U, Tug, Oa TIUO) )

and

. —1
Or deTQU TR % TQU T”U OX]R,TU , T2U

T(Q)FLU ‘R x T2U
(7"7 (U,onulaum)) L ((7", 0)7(U7U0,U17U01)) > (u, rug, u1, o1 ) -

Proposition 3.4.1. The tangent functor T : Eucl — Eucl with the natural trans-
formations m, 0, +, X\, 7, and k is a cartesian tangent structure with scalar R-
multiplication.

Proof. The axioms of a tangent structure can be shown by direct computations in
local coordinates. The existence of the fiber products T, U, that they are pointwise
and preserved by T are trivial. So is the fact that 7y : TU — U is a bundle of
abelian groups with respect to +y and 0.

Now, we verify that 7 is a symmetric structure. First of all, the following diagram

(U Ug, U1, UQ1,
Uz, Up2, U12, U012

VN

(U Up, U2, U2, U , U, U, Uo1,
U1, Uo1, U12, Uom) Uz, U2, U2, U012)
TTU]/ ]/TTU
(U Uz, Ug, Up2, (’LL Uy, U2, U2,
U1, U2, Up1, U012 Up, Up1, U2, U012)

A

(u, ug, u, ura,
U, U2, Uot; Up12)
commutes. This shows that 7 satisfies the braid relations, given by Equation (i3.20)).
Moreover, we have that
T 0 Tur ¢ (U, U, U, Uor) > (U, ur, o, Upr) > (U, o, U1, Uor)

is the identity on T2U. We conclude that 7 is a symmetric structure on 7". Further-
more, the diagrams
(u, ug, u1, uo1) — (u, uy, uo, uo1)
Try TTU

(u,uy)
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and

(tuxTuTU)ove U

((U, U, ’Uo), (Ul, Uo1, 1101)) ’ ? ((U, Ul), (Uo, Um), (Uo, 1101))

T+Ul l+TU

(w, up + vo, u, Uor + Vo1 ) ! > (w, ur, ug + vo, Uor + Vo1)

TU

commute. This proves the commutativity of Diagrams (3.23)) and (3.24)).
Moreover, the vertical lift fits into the following commutative diagrams:

(U, UO) 'L) (u7 07 07 UO)

o o

U > (u,0)

AU X0y AU

(u7u07U0> ((u’0>’(07u0)7(07U0>>

o [ore

(u, ug + vo) — (u,0,0,up + v)

(ua ’LL0> '# (u7 07 07 UO)

] [on

(U, Oa 07 UO) 'T—)\U> <U’7 07 Oa 07 07 07 Oa u’O)

This proves the commutativity of Diagrams (3.25]) and (3.26]).

Furthermore, the compatibility of the vertical lift and the symmetric structure,
given by Diagram (3.27)), follow from the commutativity of the following diagrams:

(u, up)

A w

(u,0,0,up) = (u,0,0,u)

TAu TTU
(u7u07u17u01) 7 (u70707u07u17070)u01> ? (U,O,Ul,O,O,U(),O,UOI)

(U,Ul,UO,'LL(]l) f Py ? (U,Ul,O,O,O,O,Uo,U/OI)

To show that the vertical lift is a kernel, first of all note that the following
diagram

<u> UO) 'L) (U, Oa 07 UO)

ﬂ'Ul l(TrTU7T7TU)

u ——— (u,0,0)
(OU,OU)
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commutes. The unique map

TU M) U XU T2U
(u,ug) — (u, (u,0,0,uo))

is an isomorphism. We conclude that Diagram (3.28) is a pointwise pullback.
Lastly, it remains to check that k is a scalar R-multiplication. The tangent
functor T preserves finite products. Also, R is tangent-stable since TR = R x R.
The associativity, unitality and linearity of £ in R and T'U can be verified easily, so
that x is an R-module structure. The commutativity of the following diagrams

(7‘, (u, uo)) RSN (r, (u,0,0,uo))

wl Im

(ua TUO) '/\—U> (u707077au0>
T(I)HU
((T) rl)a (U,U0)> : ” (U,TU0,0,Tl’LLO)
(TR,MR) X idTUIg TAQ,U
((7’7 rl)a <U’7 Uo)) : ’ (U’7 TU/O,U,Tl’U,O)

(ruo(ory,prs), kuo(pry prs))

Tioyk
(7”7 (U7U07U17U01)) 2 (u, rug, uy, rugr)

idp X TU:I; /I\TU

(T7 <u7u17u07u01)) 'W (u,ul,ruo,rum)

prove that Diagrams (3.40), (3.41]) and (3.42) commute.

This concludes the proof that (Eucl, T') is a cartesian tangent category with scalar
R-multiplication. O

3.4.3 The Lie bracket in local coordinates

Let U C R™ be an open subset and let (z',...,2") be a system of local coordinates
on U. That is, ' : U — R is a smooth map such that the i** component of an
element u € U is given by u’ = x'(u) for each i = 1,...,n. In order to have a better
insight of the definition of the Lie bracket of two vector fields (Section [3.3.1)), we

will consider its expression in local coordinates. Let
v:U—TU, ur— (u,v'(u) = (2'(u),v'(u))

and
w:U—TU, u— (u,w'(u)) = (z'(v), 0 (u))

be two vector fields on U. The smooth maps v* : U — R and w* : U — R are the
respective component functions of v and w. The tangent map of w can be expressed
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: ; : ozt - ow' ,
T () — (o(u), w'(), 5 (), 5o ()

= (2" (w), w'(u), uf, aw; (w)u))
< ox )

and its composition with v by

Twov:ur—s (2'(u),v'(v)) — (x’(u), w'(u), v*(u), e (u)v](u)) :

In short, we will write

) oWt
Twov= (:L”, w', v, v’ )
oz’
R 1
Tvow:<x’, v, w', w? )
oxd

We cannot subtract the terms Twowv and Twow, since their basepoints are different.
We first have to exchange the order of differentiation of the second term, which yields

) S vt
TwoTvow = (x’, w', v, w’ >

oxd
Now we can apply the fiberwise subtraction —ry : T?U x 7y T?U — T?U and obtain

6(v,w) = =gy o (Twowv, 7y 0 Tvow)
o Ow’ Ov'
— (2w j )
(x,w,O,vaxj waxj).

The map (v, w) : U — T2U lies in the image of Ay ;r : ToU — T2U. In other words,
it takes values in the kernel of T'wy. By projecting to the second factor we obtain
the Lie bracket

—w

oxd oxd

More precisely, this provides a local coordinate proof of Equation (|3.66)):

ow' ;Ov’ ) '

(v, w] = (mi, v

5(U7 w) = /\27U © (w’ [Uv w]) .

This computation aligns with the coordinate formula for the Lie bracket of v and w
(e.g. [Leel3, Prop. 8.26]), when seen as derivations on the ring of functions on U.

3.4.4 The cosimplicial structure of 7! in local coordinates

Recall from Proposition that the iterated tangent bundle 7! has an aug-
mented cosimplicial structure. The aim of this section is to revisit the main proof
from a local coordinate perspective in the category of Euclidean spaces.

The key point is to perform induction on the powers of T applied to the mul-
tiplication 4 = + o (7T, T'7) of the monad T and the zero section 0 using local
coordinates. The proof will be some sort of proof by notation.

Notation 3.4.2. In order to avoid confusion between the zero section 0 : 1 — T as
a natural transformation and 0 as a number appearing in a local coordinate system,
we will denote the zero section by 1 throughout this section.
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Notation on iterated local coordinates

Let U C R™ be an open subset. Let A, [ [k] denote the full subcategory of the
overcategory A, | [k] with objects the order-preserving injective maps [I] < [k].
Then, for k£ > —1, the (k 4 1)-iterated tangent bundle of U has local coordinates

TU = {(u,) | o€ Ay M},

where for o : [[] < [k],

u, if [=-1
Uy =
Ug (0)-0(1) s if 0<I<k.

Remark 3.4.3. The categories A [ [k] and (OF1)°P are isomorphic, where (%!
denotes the standard (k + 1)-cube category with objects subsets of {0,...,k} and
morphisms / — J if and only if J C [. The injective map [—1] < [k] is then
trivially identified with the empty set. The cube category is for instance used to
model multiple vector bundles in [JH20)].

Under the light of Remark [3.4.3] we will often view injective maps o : [I| < [k]
as subsets of {0,...,k} of cardinality |o| = [ + 1. This is convenient since one can
employ the usual set theoretic operations, such as unions or intersections. We will
often write oy instead of o to emphasize that it is a subset of {0, ..., k}.

Example 3.4.4. For small values of k, we recover the notation introduced in Sec-

tion [3.4.1k
(i) for k= =1, U = {(uo_,)} = {(u)};
(ii) for k=0, TU = {(uo,)} = {(u,uo)};
(iii) for k =1, T?U = {(uo,)} = {(u,ug, u1, uoy)}

Notation 3.4.5. Let o, € {0,...,k} be a subset and let & < i; < ... < i,. Then,
we denote the union of oy, and {i1,...,4,} by

Oky 11y vy iy = 0 Uiy, ..., 0p}.

The coordinate tuples will be expressed by

Example 3.4.6. We get the following expressions in tuples:
(i) for k =0, i1 =1, (tgy)1 = (Uop,1) = (U1, Uo1);
(ii) for k=1, 141 = 2, (Uo, )2 = (Ug,2) = (U2, Uo2, U2, Uo12);

(iii) for k =1, 43 =2, is = 3, (Uoy )23 = (U, 2,3) = (Uas, Ugas, U123, Uo123)-
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Remark 3.4.7. If {i} is a singleton and k = i — 1, the notation oy, ¢ provides an
emphasis on the (i + 1)** order of differentiation. For instance, (u, 1) highlights the
274 order differentiation of u. In other words, we have that

(uffk) - ((u0k71)7 (ua'k—lyk)) (383>

for all £ > 0. Proceeding iteratively, we get

(u0k> - ((uao)v (u00,1)7 (UULQ)’ SR (uﬂk—l,k)) : (384)

From now on, the order of the local coordinates of TF+1U will always be given
by Equations (3.83) and (3.84]), where the extra parentheses will be removed for
simplicity. This is quite natural, since the local coordinates of T*T'U depict the
different orders of differentiation. For instance, when k = 2,

(U’Ug) = (uopual,Q) = ((U,UO,UhUm), (U27U02,U12,U012))

= (u, uo, u1, Uo1, U2, Un2, U12, Up12) -

Notation 3.4.8. Let 7,7 > 0. We will consider smooth maps of the form
a:T'U—TU
(Uo; ) > a(ug, ),
such that the differential of o can be expressed combinatorially by
Ta:THU — 77U
(uﬂi) — (Oé<u0'i71)7 O‘(uﬂiﬂ)i) .

Note that the image of « is itself of the form

O‘(umfl) = (Uijq) )

where the index &y € Ay [ [j — 1] represents a subset of {0,...,5 — 1} (Re-

mark [3.4.3)).

For our purposes, a will be either the bundle projection 7 : 7" — 1, or the monad
multiplication g = + o (77, Tnw) : T? — T, or the zero section n : 1 — T. Recall
from Notation that in this section the zero section will be denoted by 1. These
maps satisfy the assumption in Notation |3.4.8

Example 3.4.9. The differential of the zero section ny =n: U — TU, u +— (u,0)
can be expressed by

Tny : TU — T?*U
(U,UO) — (U,O, u070>7
~
n(w)  n(uw)o
and its second order differential by
T?ny : T°U — T?U
(U, Up, U, U'Ol) — (U, 0 , Uo, 07 Uy, 07 Up1, 0) .
—~

n(w) n(wo nu) n(u)or
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Example 3.4.10. More generally, for ¢ > 0, consider the zero section

0 =iy TU — T7U

(Uoy ) — (Ug, 4, 0) (3.85)

of the iterated tangent bundle T°U. Note that in the tuple (u,, ,,0), there are 2°
copies of zero. Then, its differential can be expressed by

Tn; : THU — T'2U
(uai) — (uai—l7 0 » Uoy_q,3 O) ’
—_——— ——

i (“"ifl) i (“"ifl)i
and its second order differential by
T2, TH2U — T3
(uo'i+l) — (Uo,_y, 0, Ug, 1,0, Ebai,l,iﬂ, Q, Ug, _1ii+1s Q) .

—— Y ~~ ~~
’“(“"i—l) ”i(“"ifl)i ”i(“%‘—l)iﬂ ”i<“f’i71)“+1

When ¢ = 1, we obtain:

nrv : (u, ug) — (u, g, 0,0)
TT]TU : (U, Up, U1, uOl) — (u7 Uo, 07 07 Uz, Uo1, 07 O) 9

and a similar computation for T?nry.

Example 3.4.11. The differential of the bundle projection 7y = 7 : TU — U,
(u,ug) — u can be expressed by

Try :T°U — TU
(%Uo,ul,um) — ( u o, U ),
~— =
7(u,ug)  w(u,up)1
and its second order differential by
T’ry - T3U — T?U
(%Uo,U17U01,U2,U02,U127U012> — ( u o, Uy o, Uz , U2 ) .
~— =~ =~ ~—~
m(u,uo) w(u,uo)1 w(uuo)2 w(u,u0)i2
Example 3.4.12. More generally, for ¢ > 0, the differential of the bundle projection
7 = iy 2 THU — TU
(tUg;) > (Uo,_,)
can be expressed by
Tr: T?U — T'U

(u0i+1) — ( Uo;_y 5 Uoy_q,i+1 )7
~— —

i (uf’Z) i (u"i)i-u
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and its second order differential by

T?r, : THU — THH2U

(u0i+2) — ( Ug;_y » Uoy_q,i+15 Ugi_q,i+2 uUi—1,i+1,i+2) .
~—~— —— —— — - ——
T, (Ug-i) urs (’Uzo-,b-)l_+1 Urs (uo'i)i+2 Ui (uai)i+1,i+2
When ¢ = 1, we obtain:

TTU ! (%Uo,ul,um) — (U,Uo)

Trry - (U,Uo,U17U01,U2;U02,U12;U012) — (U,U07U27U02)7
and a similar computation for T?mpy.

Notation 3.4.13. Given a subset o, = {0°,...,0'} € {0,...,k} and i > 0, we
define the set
opli] == {0 +1i,...,0' +i},

where the elements of o are shifted by 1.
Example 3.4.14. We get the following expressions in tuples:
(i) for k=0, (ugom) = (u, u;);

(ii) for k=1, (Umm) = (U, U, Uig1, Ui it1)-

Example 3.4.15. The differentials in Examples[3.4.10| and [3.4.12| can be expressed
by:

Remark 3.4.16. Many of the previous notations carry on naturally to the shifted
setting. For instance, Equation (3.83|) can be written as

(uﬂk[ﬂ) = (u%fl[i]7 uo'kfl[i]:k+i) (3'86)

for all k,4 > 0. When k =1 and i = 2, we get

(ua1[2]) = (U7 U2, U3,U23) = (u00[2]7 UUO[Q},s) .

Lemma 3.4.17. Leti,j > 0 and let o : T'U — T7U be a smooth map satisfying the
assumption in Notation . Then, the k" order differential of o can be expressed

by
Tka(u0k+i—1) = (a(u%q)fzﬁl[i]) )
for all k > 0.
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Proof. We proceed by induction on k. For k£ = 0, the index &_; is identified with
the empty set, so that the equation holds trivially. For & = 1, the result follows
from (3.4.8)), by assumption. Assume that the formula holds for k. Then,

T" a(ug,,,) = (TFa(uoy,, ), TFo(Uoy, | )iti)
= (0,1 e (il (o, ey il kri)
= ((to;_1)eui) »
using , the assumption for £ and Equation ([3.86]). O

Lemma 3.4.18. Let k > 0 and let o : U — TU be a smooth map satisfying the
assumption in Notation . Then, the components of the image (ve,,,) of

TkJrla . Tk+1U N Tk+2U

are given by

(Uﬁkﬂ) = Tk_la(uﬂkﬂ)
(vgk—hk‘) = Tk_la(uUk_Q)k‘—l
<v§k717k+1) = Tk_la(uakﬁ)k

(Vg hkr1) = T (g, )no1
Proof. First of all, the iterated local coordinates of T**2U can be expressed by
(Vepn) = (Usk; ng,k+1)
= (Vgy1s Ve 1bs Vg1 dobls Ve oy khr1) 5

by Equation . Now, consider the differential
Tl THU — THU
(g, ,) — T" a(ug, ).
Applying T, we get that T 'a(u,, ,) is mapped to
(T" a(uoy ), TF ' a(tg, ,)k-1) € TF'U, (3.87)
be Lemma . Applying T once more, we get that is mapped to
(kala(uokﬁ), Tkiloé(ugkﬂ)kfl;
T g, )k, Tk_loz(uak_Q)k_Lk) e TH2U
by Lemma |3.4.17] This finishes the proof. O

Lemma 3.4.19. Let k > 0 and let o : T?U — TU be a smooth map satisfying the
assumption in Notation . Then, the components of the image (ve,,,) of

TkJrla . Tk+3U N Tk+2U

(3.88)

are given by

(Ufk—17k7k+1) = Tkila(uak)kJrl,kJrZ .

Proof. The proof is completely analogous to that of Lemma [3.4.18| O]
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Useful formulas

We start by a brief summary of the main formulas we need for the proof in local
coordinates. Let ¢ > 0. For simplicity, we will write

i o= nriy : T'U = THU To :="Nu =1
= wpiy : TU — TU Mg =Ty =7
pi = ppiy - THU — THU Mo = pu = I

for the zero section, the bundle projection and the monad multiplication, respec-
tively.

Formula 3.4.20. For all £ > 0, the k" order differential of 7; is given by
Tkni(uo'k+i—1) = (Wi(“ai_1)§k_1[i]) :
Proof. The equation follows from Lemma |3.4.17| for a = n;. m

Formula 3.4.21. The multiplication pu; is given by

:ui(uU'iJrl) = (uU'Lfl’uo'iflyi + uUi—l,i‘Fl) .

Proof. By definition, y; = mj.y + T : T*P2U — THU, where

41 - (u02‘+1) — (uo'i> = (uUi—17 um—hi)

and
Tr; (o) — (Uoy s Uoy_1i41) 5

by Example [3.4.12, Adding the two terms yields the result, where the base point
(uy, ,) of T'U stays fixed and addition is performed elementwise. O

Example 3.4.22. For small values of i, the monad multiplication can be expressed

by:
(i) for i =0, py = mry + Ty -

(w, ug, ur, ugr) —  (u, up) + (u,uy)
(u, ug + uq)

= (u0—1au0_1,0 +u0—1,1);
(11) for i = 1, HTU = T2 + T?TTU .

U, Up, Uy, uOl) + (’LL, Ug, U2, u02)

(u, o, u1, Uot, Uz, Uz, Ur2, Uo12) +—>
(u, ug, ug + ug, ugy + Uogz)
(
(

Ugy, (U1, Uo1) + (Uz, Uoz))
uo’07 u’o’o,l + uO’O,Q) .
Formula 3.4.23. For all £ > 0, the k" order differential of y; is given by

Tkﬂi(u0k+i+1) - (Mi(u0i+1)§k—1[i+2]) .
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Proof. The equation follows from Lemma for o = p;. O
Lemma 3.4.24. Let k > 0 and let (u,,) € TF'U and (we,_,) € T*U be such that
(We,_y) = (Uo,_,) and (we,_, k—1) = (Uopy_y k-1 + Uoy_y k) Then,

n(w)k-1 = n(we-1 + n(w) .
Proof. By straightforward calculation, we get that

n(w)e-1 = (w, 0)p—1

= (w1, 0)

= (up—1 + ug, 0)
= (up-1, 0) + (ug, 0)
= n(u)p—1 +n(w),

where in the third step we have used the assumption, and in the fourth step that
addition is elementwise. O]

Corollary 3.4.25. Let the assumptions of Lemma|[3.4.24 hold. Then, the following
wdentity holds:

Tk_ln(ka—z)k—l = Tk_1n<u0k_2)k—1 + Tk_l??(“ak_2>k :
Proof. By Formula |3.4.20, we have that

" (wg, ) = (n(w)e, ) -
Hence, by Lemma [3.4.24] we get
T p(wg, )i = (M(w)g,2)
= (n(u)fk—2)k—1 + (U(U)Ek—z)k
= T 'n(tg, )1 + T 0ty o)k
where in the last step we have used Formula |3.4.20| again. [

Lemma 3.4.26. Let k > 0 and let (uq,,,) € T*U and (we,,,) € TFT?U be such
that (ka) = (uUk) and (ka,k‘-i-l) = (u0k7k+1 + uak,k‘-i-?)' Then,

(o )it = p(Uoy k1 + (U, iya -
Proof. By straightforward calculation, we get that

(W k1 = (W, wo + W1 )11
= (W1, Wo k1 + W1 kt1)
= (Ukt1 + Ukt2, Uo 1 + Uo k+2
+ Up g1 + Up r2)
= (W41, o t1 + U1 k41)
+ (U2, Uopr2 + Ut kt2)
= (tgy k1 + (o rr2 s

where in the third step we have used the assumption, and in the fourth step that
addition is elementwise. O
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Corollary 3.4.27. Let the assumptions of Lemma|[3.4.26 hold. Then, the following
wdentity holds:

Tkil/l(ka)kJrl = Tkilﬂ(uak)lﬂrl =+ Tkil:u(uﬂk)k+2 .

Proof. By Formula |3.4.23, we have that

Tk_l,u(wgk) = (N(wl)ﬁk—zm) :

Hence, by Lemma |3.4.26, we get

Tkilu(wck)iwl = (M(wl)gk—2[2])k+1
= (u(u1)§k72[2])k+1 + (u(u1)£k72[2])k+2
TN e + T e

where in the last step we have used Formula |3.4.23| again. [

Proof of Proposition [3.2.25| in local coordinates

By the argument presented in the global proof of Proposition [3.2.25] it suffices to

show that Equations (3.45)- (3.48) hold.
For Equation (3.45)), let (u,) = (u,,_,) € T*U for k > 0. Consider the following

composition:
k
() —— Thp(uy) — (TFy(u,), 0) (3.89)

where we have used the expression ([3.85)) of the zero section. On the other hand,
using the notation given by (3.4.8)), we get the following composition:

() 2 (g, 0) ——y (TFn(u,), TF(ug)y) - (3.90)

Observe that the second component vanishes since it is composed of elements of the
form wu, , which are zero in the preimage. We conclude that the compositions ((3.89)

and (3.90) are equal. This proves Equation (3.45]).
For Equation (3.46)), let (u,) = (u,,,,) € T""U and k > 0. Consider the

following composition:

TE k+1 Hk
(UU) — T IU’(UJ) — (Ufk—l’ Vg yk T Ufk—l,lﬁ-l)v (391)

where we denote the image in the middle by

- Tk+1

(vfk+1) ﬂ(ua) )

and use Formula |3.4.21] for the second map. By Lemma |3.4.19, we have that
(vg,) = T pu(ug,) (3.92)

(U§k717k> - Tk_l,u(uok)k—&—l (393)
(Ufk—l,k-‘rl) = Tk_l:u(uak)k—ﬂ . (394)
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On the other hand, using Formula [3.4.21] we get the following composition:

Hht1 Tk

(u0> —_ (ng, Ugy, k+1 +u0’k7k‘+2) —_ (Tkillj“('w{k)’ Tkil“(ka)k-i-l) s

(3.95)
where we denote the image in the middle by

(ka+1> = (ua'k7 Ugy k1 T uUk,k-i-Q) :
We use the notation given by (3.4.8) for the second map. The first component in

the image of (3.95) is equal to (3.92)) since (w¢,) = (us,). Moreover, the second

component is equal to the sum of (3.93)) and (3.94]) by Corollary [3.4.27, Thus, the
compositions (3.91)) and (3.95)) are equal. This proves Equation ([3.46|).

For Equation (3.47)), let (u,) = (uy,) € T*U for k > 0. Consider the following

composition:

TF+1y k+1 Bk
(Ug) ——= T n(uy) —— (vg,_,, Ve b + Ve k1) s (3.96)

where we denote the image in the middle by

(U£k+1) = TkJrln(uU) )
and use Formula for the second map. By Lemma |3.4.18, we have that

(ve_,) = T* 'n(uo, _,) (3.97)
(Ve k) = T (o, )ia (3.98)
(Ufk—17k+1) = Tk_1n<ucrk,2)k . (399)
On the other hand, using Formula [3.4.21} we get the following composition:
Pre— Tk _ _
(UU) 'L> (u0k727u‘7k72:k*1 + u0k72,k) '—n) (Tk ln(owz):Tk ln(kafz)kfl) )

(3.100)
where we denote the image in the middle by

(ka—l) = (uUk—27 Ugy_ k—1 T uUk—27k) .
For the second map, we again use the notation given by (3.4.8). The first component
in the image of (3.100)) is equal to (3.97)) since (w¢,_,) = (us,_,). Moreover, the
second component is equal to the sum of (3.98)) and (3.99) by Corollary |3.4.25|

Hence, the compositions (3.96)) and (3.100)) are equal. This proves Equation (3.47)).
For Equation (3.48)), let (u,) = (u,,_,) € T*U for k > 1. Consider the following

composition:
k—2
(thg) —— TE2p1(u,) = (TH2p(u,), 0) (3.101)
where we use the expression ([3.85]) of the zero section for the second map. On the

other hand, using the notation given by (3.4.8)), we get the following composition:

() 2 (uy, 0) —— (TF2(u,), T 2pu(u, )y - (3.102)

The second component of the image of (3.102)) vanishes since it is composed of (sums
of) elements of the form u,; which are zero in the preimage. We conclude that the

compositions ([3.101]) and (3.102)) are equal, and thus Equation (3.48) holds. O



Chapter 4

Differentiable groupoid objects
and their abstract Lie algebroids

A Lie groupoid can be differentiated to its Lie algebroid. As a vector bundle, it
is given by the source-vertical tangent bundle restricted to the identity bisection.
The Lie bracket on its space of sections is defined by its identification with the
right-invariant vector fields on the manifold of arrows. This procedure generalizes
the well-known differentiation of Lie groups to their Lie algebras, and is recalled in

Section [1.3]

However, many interesting examples of geometric groupoids lie outside of the
category of finite-dimensional smooth manifolds. The reason is that the category
of smooth manifolds is inconvenient. Other than coproducts and finite products, it
does not have many good categorical properties. In particular, it does not have all
pullbacks. For Lie groupoids, the assumption that the source map (and therefore
the target map) is a submersion solves all technical problems. For instance, the
pullback of a submersion along any other smooth map exists. For the tangent
functor of smooth manifolds to commute with the nerve of the Lie groupoid, the
assumption that the source map is a submersion is also necessary (Rem. .

A common approach to tackle this problem is to embed the category of smooth
manifolds in diffeological spaces, which is a convenient setting for differential geome-
try. Being a quasi-topos, it has small limits, colimits and many desirable categorical
properties |[BH11, Thm. 5.25], [Blo24a, Thm. 3.5, Prop. 3.6]. More importantly,
the category of diffeological spaces encompasses a rich class of examples of diffeo-
logical group(oid)s. This includes infinite-dimensional Lie groups, such as the dif-
feomorphism groups of (not necessarily compact) smooth manifolds and the group-
valued mapping spaces of local gauge transformations [Blo24b| Sec. 9.3], as well as
the groupoid symmetry in general relativity [BEW13,[BSW23|, reduction of action
Lie groupoids by (not necessarily normal) subgroups [BW24], Ch. 8], the holonomy
groupoid of a singular foliation [AS09,GV21AZ23]|, etc.

This motivates us to develop a differentiation procedure for a class of diffeological
groupoids having additional good properties. Indeed, Blohmann has shown that the
full subcategory of elastic diffeological spaces admits a tangent structure in the sense
of Rosicky [Blo24a]. Moreover, the axioms of a tangent structure are the minimal
axioms needed to define a Lie bracket of vector fields, as explained in Section [3.3]
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In Chapter [3| we extend the framework of Rosicky’s tangent categories to cartesian
tangent structures with scalar R-multiplication, for R a ring object in the ambient
category.

These observations pave the way to the ultimate goal of this chapter: generaliz-
ing the differentiation procedure of Lie groupoids to the setting of cartesian tangent
categories with scalar R-multiplication. Such a construction can then be directly
applied to elastic diffeological group(oid)s and to any groupoid object in a category
with a tangent structure. In this thesis, we do not address the question of integra-
bility. A recent work of Villatoro provides one approach in that direction [Vil25].

The first step in the differentiation process is to identify the properties of a group-
oid object internal to a category needed for its differentiation. This is accomplished
in Section |4.1} where we introduce the notion of differentiable groupoids. This leads
to the construction of the source-vertical tangent bundle of the groupoid object. By
restricting it to the identity bisection, we obtain a bundle A of R-modules, depicted
by the pullback .

One of the key results of this chapter is the definition of the Lie bracket on the
sections of A. It consists of two steps:

1) We introduce invariant vector fields in Section [£.4] and show that they are
closed under the Lie bracket of vector fields (Theorem [1.4.6)). The proof of this
result uses the language of (differentiable) right groupoid bundles and higher
vertical tangent bundles, which we develop in Sections and [4.3]

2) We prove that invariant vector fields can be identified with the sections of A

(Theorem [4.5.7)).

Finally, in Section we introduce abstract Lie algebroids in tangent categories,
which are generalizations of Lie algebroids in smooth manifolds. The main theorem
states that our differentiation procedure of a differentiable groupoid object yields an
abstract Lie algebroid (Theorem . We conclude by providing the reader with
an outlook of applications and examples in Section 4.6 This chapter is based on
the paper [AB25].

4.1 Differentiable groupoids

The first step towards defining differentiable groupoid objects is to state precisely
what we mean by a groupoid internal to a category €. This is the subject of Sec-
tion We then proceed with identifying the minimal axioms on a groupoid
object needed for its differentiation. In Section [£.1.2] we motivate and define the
notion of differentiability of groupoid objects in € with a tangent structure.

4.1.1 Groupoid objects

In Section [2.2.3] we explained the simplicial approach to (higher) set theoretic group-
oids. In particular, the nerve of a groupoid is a simplicial set such that every horn
has a filler, and every horn of degree > 1 has a unique filler (Example [2.2.18]). More
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generally, a simplicial set G : A°? — Set is called Kan if the horn projection
Pni Gn —> G(A]) (4.1)

is a surjection for all n > 1 and 0 < i < n (Def.[2.2.16)). It is called a 1-groupoid if, in
addition, p,; is a bijection for all n > 1 (Def. @ . By the Yoneda lemma, there is
a natural bijection G, = s8et(A", G) of sets. In (4.1)), G(AT) = s8et(A?, G) is the set
of (n,i)-horns of G and p,,; is the natural morphism induced by the monomorphism
A} — A™. Using this terminology, the nerve of a groupoid is a 1-groupoid. In fact,
the nerve construction gives an equivalence of categories between the category of
1-groupoids and the category of groupoids (Remark . In particular, every
1-groupoid gives rise to a unique groupoid up to isomorphism. We will use this
observation for the definition of groupoid objects in any category.

Before we proceed with the definition, let us recall one subtlety. As explained
in Section horns can be defined in any simplicial object in a category C by
Kan extensions along the Yoneda embedding. More precisely, we define the object
of (n,i)-horns of a simplicial object G : A°? — € by

G(A?) := (Ranyer G)(A}) (4.2)

I
<. E.
cE

(Def.[2.2.11]). Without any completeness assumptions on €, these objects are a priori
only presheaves on €. In our definition of a groupoid object, we explicitly ask for
the existence of these horns.

Definition 4.1.1. Let € be a category. A groupoid object in C is a simplicial
object G : A — € such that the horns G(A}') exist in € and the horn projections
Pn,i @ G — G(A}) are isomorphisms for all n > 1 and 0 <i < n.

Definition 4.1.2. A morphism between two groupoid objects in € is a mor-
phism of simplicial objects, i.e. a natural transformation of functors.

Groupoid objects in € together with morphisms between them form a category.
Let us recall the description of a groupoid object G in € in terms of its structure
morphisms (see Remark [2.2.22[ for the set theoretic case). G is the object of points
(objects) and G, the object of arrows. The face morphisms d; o, d1 1 : G1 — Gy are
the source s = d; ; and the target t = d; o. The degeneracy morphism sgo : Gop — G
is the identity bisection 1 = sg. The objects of (2,0)-horns, (2, 1)-horns and (2, 2)-
horns of GG are given respectively by

2\ ~v 8,8
G(Ag) = Gy xg, Gy
G(Ag) = G1 Xtél; G1 .

The groupoid multiplication is given by the composition
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The inverse is given by the composition

o

(idg, ,1os

. ) p da,0
ZIG1—>G1X22G1 \GQ Gl.

R[]

By the (unique) horn filling conditions and the simplicial identities, the usual axioms
of a groupoid hold. These are depicted by the commutativity of Diagrams ([1.1])—
(1.5). It follows by induction from the isomorphism Gy & G4 ><SG7; (G; that

~U s,t s,t
Gk:Gl XGO... XGOGl

TV
k factors

for all k£ > 2.

Remark 4.1.3. Let G : A°® — C be a simplicial object. For n = 1, the objects
of (1,0)-horns and (1,1)-horns always exist and are isomorphic to the object of
0-simplices. That is,

G(Ay) =2 Gy 2 G(A)).

Now, let G' be a groupoid object in €. Under these isomorphisms, the (1,0)-horn
projection is given by the source morphism p;o = di; = s and the (1,1)-horn
projection by the target morphism p; 1 = dy o = ¢. Since tol = idg, and sol = idg,,
we conclude that the horn projections p; o and p;; are split epimorphisms, and hence
regular epimorphismsﬂ

Remark 4.1.4. In [Hen0§], [Zhu09] and [MZ15], the authors solve the subtlety of
the existence of the horns by equipping the category with a Grothendieck pretopol-
ogy (Def. with additional good properties. A pretopology defines a class of
morphisms called covers that play the role of surjective submersions in the category
of smooth manifolds. In that case, the horn X (Al) exists as an object in C, using
the fact that A is a collapsible simplicial set (Cor. . This makes it possible
to talk about a geometric analog of the horn filling conditions of simplicial sets.
Our definition of groupoid objects works in any category without any extra
structure of a pretopology. The reader may refer to Remark for a comparison
between our definition of groupoid objects and that of [Hen08§|, [Zhu09] and [MZ15].

Remark 4.1.5. In [Lur09, Sec. 6.1.2], Lurie defines groupoid objects in € using a
similar simplicial approach. However, € is assumed to have finite limits, a condition
which we do not assume for reasons explained above. In his definition of groupoid
objects in the context of higher categories, the author requires the existence of
pullback squares, which encode both the existence of the horns and the horn filling
conditions in one step [Lur09, Def. 6.1.2.7, Prop. 6.1.2.6 (4”)]. For instance, G is
required to be isomorphic to each of the fiber products in . We do not employ
this approach since for us it is important to emphasize how these isomorphisms are
obtained via the horn projections.

1See Definition for the different notions of epimorphisms.
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4.1.2 Differentiability

One of the main goals of this chapter is to identify the minimal axioms needed on
a groupoid object in order to differentiate it to its (abstract) Lie algebroid. Let us
first fix some notation.

Notation on the iterated and diagonal zero sections
Let € be a category with a tangent structure. For an object X € C, let
o x — X (4.4)

denote the natural morphism given by iterating the zero section for n > 1. For
example, we have
O[Xn] =T"0yo0...0T0x00y.

Since T0x 00x = Orx o0x (Remark[3.2.9), there are many different ways of express-
o ._

ing this morphism. In the trivial case n = 0, we define 0y := idx. Furthermore,
let
Om,X = (Ox, R 70)() X — TmX
%,—/
m factors

denote the diagonal zero section for all m > 1.
Let G : A°? — C be a groupoid object. Denote by

ty :=topr,: Gy — Gy (4.5)

the morphism that sends the k-simplices in GG to their terminal vertex for & > 1.
In the trivial case k = 0, we define ty := idg,. Using the naturality of the (iterated
and diagonal) zero section, we obtain the relations

Tty 0 0g = 0% oty (4.6)
Tty © O, = Omgy © ti -
The main definition, its motivation and consequences

Definition 4.1.6. A groupoid object G in a category € with a tangent structure
will be called differentiable if the pullbacks in the diagrams

TnGl XTn@, Gk E— Gk

l - lo[c?i TG X1,,60 Ge — Gy,
TGy Xngy TGl — T Gy l - lom,cootk (4.8)
l - lT”tk T,,G1 — T,.Go
™Gy — ™Gy

GO Xa TGl XTGy GO — TGl XTGo GQ
l - lﬂ'Glopﬁ (49)
G() ” G1
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exist, and if the natural morphism
TGy x5 Gy) — T"Gy Xqmg = T"Gy (4.10)
is an isomorphism for all n > 1, m > 2 and k£ > 0.

Example 4.1.7. Every Lie groupoid is differentiable. In fact, every differentiable
groupoid object in the category of finite-dimensional smooth manifolds is a Lie
groupoid (see |[AB25| for a proof).

Let us now motivate Definition .1.6l Let G : A°® — € be a differentiable
groupoid. For n = 1, the outer pullback on the left of is the pullback of T's along
the zero section (4.6). The existence of this pullback makes it possible to restrict
the tangent bundle T'G; vertically with respect to the source fibers. Similarly, for
n > 2 we get higher vertical restrictions of the tangent bundle.

For m > 2, the pullback on the right of is the pullback of T,,s along
the diagonal zero section . The existence of this pullback enables us to talk
about fiber products of the vertical tangent bundle. This will be necessary when
we vertically restrict the fiberwise addition of the tangent structure. Higher vertical
tangent bundles and vertical restrictions of tangent structures are thoroughly studied
in Section in the context of right groupoid bundles.

The pullback in is needed for the definition of the abstract Lie algebroid of
G, where we consider the pullback of the vertical tangent bundle along the
identity bisection.

To understand the importance of the existence of the pullback and the isomor-
phism in (4.10]), we consider the case for n = k = 1, which states that the natural
morphism

T(Gl ng Gl) — TGy X;g?t TG,

is an isomorphism. This implies that for the simplicial object TG : A°® — €, given
by (T'G)y = TG, the object of (2,1)-horns

(TG)(A}) = TGy xpe' TGy
exists in C. Moreover, the horn projection

TG2 Ti) T(Gl Gl) —> TG1 XTS Tt TG1 s
p21

being the composition of isomorphisms, is an isomorphism. Using the isomorphism
Ti: TG, — TGy and the existence of G1 x¢ G and Gy ><"/Gt0 G in @, we conclude
that the objects of (2,0)-horns and (2,2)-horns of T'G, given respectively by

(TG)(A2) = TG, xI&* 1G4
TGo
(TG)(A3) = TGy x7¢' TGy,

exist in € too. Analogously, the respective horn projections are isomorphisms. Pro-
ceeding similarly, we conclude that T'G is a groupoid object in C.
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The structure maps of T'G are inherited from those on the groupoid G. Explicitly,
its source, target, unit and inverse morphisms are the tangent morphisms of those
of G. The multiplication of T'G is given by

TGy x3sl TGy = T(Gy x5 Gy) =2 TG, .

If £ = 2 and by applying the isomorphism (4.10) twice we get that the natural
morphism
Ts, T Ts, T
TG3 — TGy x1¢, TGy Xpeo TGy

is an isomorphism. This allows us to talk about associativity of the multiplication
of TG.

For general n > 1 and k& > 0, it follows by induction from the isomorphism (4.10]),
that the natural morphism

T"Gy, — T"Gi Xpuggy oo Xpmgn ' T"G (4.11)

TV
k factors

is an isomorphism. By similar arguments as for the case when n = 1, this implies
that T"G : A°® — @ given by (T"G), = T"Gy is a groupoid object in €. Analo-
gously, we get that T,,G : A°® — €, given by (7,,G)r = T,,G}. is a groupoid object
in C for all m > 2.

Remark 4.1.8. For the construction of the abstract Lie algebroid of a differentiable
groupoid G, we only need the existence of the pullbacks in Definition for
n =12, m > 2and k£ > 0. The reason that we ask for the existence of these
pullbacks for all n > 1 can be summarized as follows:

(1) The concepts of the higher vertical tangent bundle and the vertical restriction
of the tangent structure that we develop in Section [4.3|make sense for all n > 0
(with n = 0 being the trivial case). This enables us to talk about the functor
V1" which behaves like the powers of the vertical restriction functor V (see
Remarks [4.3.6{ and |4.3.7]).

(2) It is the first step to getting a vertical restriction endofunctor on differentiable
groupoids, and more generally an endofunctor on differentiable right group-
oid bundles (Def. . This makes it possible to obtain an honest tangent
structure on differentiable right groupoid bundles (and not just a vertical re-
striction of the tangent structure).

(3) It seems unnatural to only consider the cases for n =1 and n = 2.

4.2 Differentiable groupoid bundles

Given a groupoid object G, its source morphism s : G; — Gy is a G-bundle together
with the right groupoid multiplication. If G is differentiable, the tangent morphism
Ts: TG, — TGy is a T'G-bundle. Using the axioms of differentiability, the pasting
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lemma and universal constructions, we will show that the restriction of the tangent
bundle vertically with respect to the source fibers yields a G-bundle

VGl = TG1 X;Z[?GO G[) — Go .
In this section, we develop the language of GG-bundles, which will be the cornerstone
of proving that the Lie bracket of (right) invariant vector fields is invariant in the
setting of tangent categories (Section . This will be crucial for the definition of
the Lie bracket on the sections of the abstract Lie algebroid of G via its identification
to the invariant vector fields (Theorem [4.5.7)).

In Section [£.2.T we define the category of right G-bundles with G-equivariant
bundle morphisms. We then discuss the diagonal action of a groupoid object on
pullbacks of groupoid bundles in Section [£.2.2] Lastly, we generalize the notion
of differentiability of groupoids to groupoid bundles in a category with a tangent
structure in Section [4.2.3] This generalization allows us to make sense of (higher)
vertical tangent bundles and their fiber products.

4.2.1 Groupoid bundles and equivariant morphisms

Definition 4.2.1. Let G be a groupoid object in a category €. A right groupoid
bundle is a morphism r : E — Gy in € such that the pullbacks
E xg* Gk%Exg’;\Gl XGh e X Gl, (4.12)

TV
k factors

exist for all £ > 1, together with a morphism
B:Exg G — E,
called the right action, such that the following diagrams commute:

(i) Condition on fibers:

Exiic, —>E

GlﬁGo

(ii) Unitality:
(idg,1lor)
— 5

E E xg G

I
E

(iii) Associativity:
idg x Gom

t t
E Xgoz G2 E Xgo Gl

BXGoidGll lﬁ

Exg G ———— E
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Definition 4.2.2. Let rg : £ — Gg and rrp : F — Gq be right G-bundles. A
morphism ® : £ — F in C is called a morphism of bundles if the diagram

E—2 4 F

\/

commutes. It is called G-equivariant if the diagram

dxg,idg
Exg' Gy L F oxgt Gy
BE\L lﬂF
E = s F

commutes, where the vertical arrows are the G-actions.

Terminology 4.2.3. In this thesis we will only consider right groupoid bundles.
Hence, we will often refer to right groupoid bundles by groupoid bundles or G-
bundles, dropping the adjective right.

Given a groupoid object GG in €, G-bundles together with G-equivariant bundle
morphisms form a category, which will be denoted by Bung.

Remark 4.2.4. The pullbacks required to exist are the levels of the action
groupoid £ x GG = E. Such a condition is generally needed if the ambient category
does not have finite limits. There is a fully simplicial version of Definition |4.2.1],
which uses bisimplicial objects or higher correspondences [BKZ)].

Example 4.2.5. The identity map E := G| RN G with the right G-action g :=
sopr, : Gy th G1 — Gy is the terminal object in Bung.

Example 4.2.6. The source map G; — Gy and the right groupoid multiplication
B:=m:G ><5G§ G1 — G4 equip F := G with the structure of a G-bundle.

Restriction of a groupoid bundle

The following lemma shows that if we restrict a groupoid bundle F' to a subbundle
E — F and pull back the action along a morphism of groupoids which is an inclusion
at the level of 0-simplices, the restricted action on E takes the target fibers to the
source fibers, and inherits unitality and associativity from the ambient bundle F'.

Lemma 4.2.7. Let G and H be groupoids; let rg : E — Gqo be a bundle together
with a morphism P : E XTGEO’tG Gi1 — E; letrp : FF — Hy be an H-bundle with
action Br; let ¢ : G — H be a morphism of groupoids with simplicial components
or : G — Hy, for all k > 0; let i : E — F be a morphism such that the diagrams

E—i,F E xg, Gr 0% F sy Hy
T'El lTF ’BE\L lﬁF (413)

commute. If v and ¢g are monomorphisms, then Bg is a right G-action on E.
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Proof. For the unitality, we consider the following diagram:

(idg,lgorg)
FE > K X Go Gl

\ iX¢(jQ51/

F (ldF,lHOTF) F XHO Hl

idg l lﬁF BE

F—

FE - > B

idg

The inner square commutes since by assumption F' is a groupoid bundle, so that
the H-action on F'is unital. The right trapezoid is the commutative diagram on the
right of . The upper trapezoid commutes since ¢ is a morphism of groupoids
and by using the commutativity of the left diagram of . Spelled out,

(i X o Cbl)o(idE,lGOTE) 10idg, 101G07“E)

(
(idp oi, 1y o gpgorg)
(
(

ldFOZ 1HO7"FO’L)

ldF,]_H OTF) o1.

The left and bottom trapezoids commute trivially. Since ¢ is by assumption a
monomorphism, it follows from Lemma (i) that the outer square commutes.
This shows that (g is unital.

For the associativity, we consider the following diagram:

idE XGOmG

FE X Go Gz >y B X Go G1
\ixjmz iX¢o¢/
idp Xg,m
F xpy, Hy — 2% F xpy, Hy
BEXGgyiday BFXHOidHll lﬂp BE
F %y, H T F
4 /><¢0¢1 \ 4

E x¢, Gy 5 > B

The inner square commutes since F' is by assumption a groupoid bundle, so that
the H-action on F' is associative. The right and bottom trapezoids are both the
commutative diagram on the right of . The upper trapezoid commutes since
¢ is a morphism of groupoids and by functoriality. Spelled out,

(Z X po ¢1) e} (ldE XGomg) = (Z [0) ldE) X po (¢1 o mg)
= (idp o) Xy, (my © ¢2)
= (idp Xgomp) o (i Xg, P2) -
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The commutativity of the left trapezoid follows from the commutativity of the right
diagram of , observing that Gy = G| X, G1 and ¢2 = @1 X4, ¢1. Since i is
by assumption a monomorphism, it follows from Lemma (i) that the outer
square commutes. This shows that Sg is associative.

To show that g takes the target fibers to the source fibers of G, we consider
the following diagram:

E XGO Gl or E

\i><¢0 ¢1 /

Fxpy H —25s F

pry prQl lTF TE

H1T>H0

~ % % ~

G1 > GO

sG

~

The inner square commutes since by assumption F' is a groupoid bundle, so that the
H-action on F takes the target fibers to the source fibers of H. The right and upper
trapezoids are the commutative diagrams in . The lower trapezoid commutes
since ¢ is a morphism of groupoids. The left trapezoid commutes trivially. Since ¢
is by assumption a monomorphism, it follows from Lemma (i) that the outer
square commutes. Hence, Sg takes the target fibers to the source fibers of G.

We conclude that (g satisfies the commutative diagrams in Definition and
thus is a right G-action on E. n

4.2.2 Pullbacks and the diagonal action
Let r4 : A — Go, rg : B — Gy and ¢ : C' — Go be G-bundles with right actions
Ba, Br, and Ba. Let ¢ : A — B and ¢ : C' — B be G-equivariant bundle morphisms.
Assume that the pullbacks

(A XB C) XTGC(;oPr%tk Gk (414)
exist in € for all £ > 0. The pullback A x 5 C'is equipped with the natural morphism

TAXBcZAXBC—>G0,

which is given explicitly by 7ax,c = 74 o pr; = r¢ o pry. The condition that ¢ and
1 are G-equivariant is equivalent to the commutativity of the following diagram:

id id
Axe G~ B Gr 2 O, G
ﬁAl l B lﬁc
A s B < C
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This induces a unique morphism from the limit of the top row to the limit of the
bottom row,

BA X Bg BC : (A X Go Gl) XBXGOGl (C X Go Gl) — A XB C. (415)
The domain is isomorphic to
(A Xgy G1) XBxg 1 (C Xay G1) = (A x5 C) Xgyxg,ao (G1 X6, G1)
= (A XBC) X Go Gl,

where we have used that pullbacks commute with pullbacks and the cancellation of
pullbacks over the identity. By composing the isomorphism with (4.15)), we obtain
the diagonal action

Baxgce: AxpC xg, G — AxpC. (4.16)
Explicitly, we can express the diagonal action as
Baxpc = (BA o (pry,prs), Bc o (Prz>pfg)) : (4.17)
Lemma 4.2.8. The morphism is a right G-action on A xg C.
Proof. To prove unitality, we write idax,c = (pry, pry) and calculate
Baxgc o (idaxze,1orax,e)
= Baxpc © (Pr1, Pra, 1 0 rax o)

(BA © prlv pl"3 ﬁC’ © (pr27pr3)> © (pr17pr2a 1o TAXBC’)
(Bao (pry,1orax,e),Beo (pry, 10 rax,c))
(8

40 (pry,loryopry),Bco(pry,lorgo pr2))
Bao(ida,1or4)0pry, Bco (ide, 1 ore) o pry)
= (id4 opry,ide o pry)

- idAXBC Y

where we have used the explicit formulation (4.17)) of the diagonal action, and the
unitality of the actions S84 and S¢.
For associativity, we have

Baxgc o (idaxzc Xaym) = Baxgzc © (pry, pry, m o pry)
= (BA o (pry, pr3), Be o (pra, pr3)) o (pry, pray, m o pry)
= (ﬁA o (pry,moprs), B o (pry, mo pr3))
= (Bao (Ba Xa,idg,), B o (Be Xy ida,)) (4.18)

where we have used the diagonal action explicitly, and the associativity of 84 and
Be. On the other hand, writing Gy = G X, G1, we calculate

Baxpc © (Baxpe Xa, ida,)
= (@4 o (pry, pr3), Bc o (pry, pr3)) © (BA o (pry, pr3), Bc © (pra, Pr3), pr4)
= (Ba o (Bao (pry,prs),pry), Be o (Be o (pra, prs), pry))
= (Ba o (Ba Xa, ida,), Be o (B Xa, 1da,)) - (4.19)
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Comparing Equations (4.18) and (4.19)), we get that

5AXBC o (idAch XGgm) = 5AXBC © (ﬂAxBC XGo idel) .

This shows that 54 ¢ is associative.
To show that the target fibers are taken to the source fibers, we have that

TAxpC © BAxgc = T4 0PIy O(/BA © (prla pr3), Bc o (pr2a pr3))
=ra0 fao(pry,prs)
= s 0 pry o(pry, pry)
= S§0PpIy,

where we use that (54 is a groupoid action and so takes the target fibers to the source
fibers of G.
We conclude that Sax ¢ is a right G-action.
O

Proposition 4.2.9. Let A — B < C be G-equivariant bundle morphisms such that
the pullbacks (4.14) exist for all k > 0. Then the pullback A xg C in C with the
diagonal G-action is the pullback in the category Bung of G-bundles and equivariant
bundle morphisms.

Proof. Let the G-equivariant bundle morphisms be denoted by ¢ : A — B, and
Y : C' — B. Consider the pullback diagram

AxpgC 225 C

prll lw (4-20)
B

A ¢
in €. The diagonal action (4.17]) satisfies

pry oBax,c = pryo(Ba o (pry, prs), Bc o (pry, prs))
= Ba o (pry, pry)
= ﬁA © (prl X Go idG1) )

which shows that pr; is G-equivariant. In an analogous way, we can show that pr, is
G-equivariant. This shows that the pullback square is a commutative square
in Bung.

Let rg : E — Gy be another G-bundle with right groupoid action Bg; let f : E —
Aand g : E — C be G-equivariant bundle morphisms such that ¢ o f = 1) o g; let
(f,9) : E — AxpC be the unique morphism in € given by the universal property of
the pullback in €. It remains to show that (f, g) is a G-equivariant bundle morphism.
The bundle projections satisfy

Taxgc o (f,g) =raoprio(f,g) =raof

=TE,
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where in the last step we have used that f is a morphism of bundles. This shows
that (f,g) is a morphism of bundles. The actions satisfy

Baxyc o ((f.9) Xao1da,) = (84 o (pry, prs), Bc o (pry, prs)) o (f o pry, g o pry, pry)
(5A o(fopry,pry),Bcol(go PrhprQ))

= (fopfr,g0PBE)

= (f,

) BE ’
where we have used the explicit form (4.17) of the diagonal action and that f and
g are G-equivariant. This shows that (f, g) is G-equivariant. O

Example 4.2.10. Let A and C' be G-bundles and B the terminal G-bundle G q Go
from Example [1.2.5] Since Gy is the terminal object in Bung we have unique
morphisms of G-bundles A — G <— C. The pullback is the fiber product A x¢, C
equipped with the diagonal action.

4.2.3 Differentiability

Definition 4.2.11. Let GG be a groupoid in a category C with a tangent structure.
A G-bundle r : E — Gq in C will be called differentiable if G is differentiable, if
the pullbacks in the diagrams

T’VLE XT"GO Gk — Gk

l - lo[gi TmE X, Go Gk — Gk
T"E Xqugy TGl — TGy, l - lom,gootk (4.21)
l - lTntk TmE T) TmGO

T"E ——— T"Gy
exist, and if the natural morphism
Ung : T"(E Xg, Gx) — T"E Xpng, T" Gy, (4.22)
is an isomorphism for all n > 1, m > 2 and k£ > 0.

Example 4.2.12. For a differentiable groupoid G, the G-bundle £ = G, of Exam-
ple is differentiable.

The rest of this section is devoted to motivating the axioms in Definition
and stating their consequences.

The higher vertical tangent bundle

The condition that (4.22) is defined and is an isomorphism means that 7™ applied
to the nerve of the action groupoid F x G = E (Remark |4.2.4)) is the nerve of an
action groupoid T"E x T"G == T"E. More explicitly, T"r : T"E — T"Gy with the
action

1
Brug : T"E Xangy T"Gr —= T™(E g, G1) —2 T"E (4.23)
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is a T"G-bundle. This action can be restricted along the zero section 0[51 Gy —
T"Gq to a G-action as follows.

Applying the pasting lemma to the left diagram of , using Equation (4.6]),
and using the pasting lemma again, we obtain the natural isomorphisms

pry, 0 [ Tmr, T™ oO["]

(T"E Xqngy T"Gr) Xopng, * G = T"E Xqpag,

T 0/ 0ty

=T"E Xpugy - G (4.24)
= (T8 Xt Go) X2 G,
= VIE <22 Gy,
where
Vg .= 1 T:Go[gg Go = ker T™r (4.25)

is the higher vertical tangent bundle for 0 < n < 2. For n =0, VUE = E. For
n =1, we will write VE = VIUE. Consider the following diagram:

(n]
n n OG
T'E Xqugr TGy — T"Gy +—— G,

By l l " l (4.26)

" ——— TG <— Go
Go

The left square commutes because frng is a groupoid action. The right square
commutes due to the naturality of the iterated zero section. The diagram induces
a morphism from the limit of the top row to the limit of the bottom row. By
precomposing it with the isomorphism (4.24]), we obtain a morphism

By g Vg Xa, G1 — vinE (4.27)
that equips VI"E — G with a right G-action (Proposition [4.3.1)).

Fiber products of the vertical tangent bundle

Since the tangent functor commutes with the nerve of the action groupoid and since
limits commute with limits, so do its fiber products,

To(E Xgo Gr) =2 T E X1,,60 TGl -
This implies that T,,r : T,,F — T,,Gy is a T,,G-bundle with the action
Bro it TmE %1, o TnG1 — T (E xgy G1) —=225 T, E . (4.28)
The T,,G-action can be restricted along the diagonal zero section
Om.cy : G — T,,,Gh

to a G-action as follows.
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The pullback on the right side of (4.21) for m = 2 is naturally isomorphic to

ToE X1y6, G 2 TE X700, 7% "™ Gy
~ T, x;jgf“’o Go x5 Gy
~(TE xgTE) X TGox g, TGo (Go X¢y Go) X G
> (TE Xr1a, Go) XExg,co (TE X716, Go) X6, G,
(VE x5 VE) Xg, G
= WVE x¢g, Gy,

(4.29)

I

where we have used the pasting lemma, the definition of 75, that pullbacks commute
with pullbacks, the definition of the vertical tangent bundle, and finally the notation

VoE:=VE Xg...xpVE (4.30)

vV
m factors

for the fiber products of the vertical tangent bundle. Here, the morphism VE — E
is given by the composition

™

VE =TFE x7¢, Go —— TE —25 E . (4.31)

It is straightforward to generalize the isomorphism (4.29)) to an isomorphism
TmE X T Go Gk = VmE X Go Gk (432)

for all m > 2 and k£ > 0. Consider the diagram:

0
T’m 7T7nt pr m,G
T,,E <ot 1,60 —2— T,,G) +—2— G,

Prne| les l (4.33)

T..E > TnGo <— G
Om,GO

Tmr

where the left square commutes because (B, g is a groupoid action and the right
square commutes due to the naturality of the diagonal zero section. The diagram
induces a morphism from the limit of the top row to the limit of the bottom row.
By the pasting lemma and the isomorphism for k = 1, the limit of the top
row is isomorphic to

TmE X T Go TmGl X T, G1 G1 = VmE X Go G1 .

On the other hand, by the isomorphism (4.32)) for £ = 0, the limit of the bottom

row is isomorphic to
ThnE X1,6, Go = Vi B Xg, Go =V, E.
Thus, we obtain a morphism
By, g Vi E Xg, Gi — Vi, (4.34)

that equips the bundle V,,F — G with a right G-action (Proposition 4.3.2)).
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Summary of the purpose of the axioms of Definition [4.2.11

1. The isomorphism (4.22) is needed so that by differentiating the action of a G-
bundle F — G we obtain a T"G-action on T"E — T"Gy and a T,,G-action
on T,,E — T,,G,.

2. The existence of the pullback T"E X pn¢, G is needed so that the 7" G-action on
T"FE restricts to a G-action on the higher vertical tangent bundle VIME — G,.

3. The existence of the pullback 7}, E X1, ¢, Gk is needed so that the 7,,G-action
on 1), F restricts to a G-action on the fiber product V,,F — Gy of the vertical
tangent bundle.

4.3 Higher vertical tangent functors

In order to achieve our ultimate goal of proving that the Lie bracket of invariant
vector fields is invariant (Section, we will prove that each step of the construction
of the Lie bracket of vector fields is invariant. As explained in Section [3.3.1] this
involves all the structure natural transformations of the tangent category.

We will start by showing that the assignment to a differentiable G-bundle its
higher vertical tangent bundle (and the fiber products of its vertical tangent bundle)
is functorial. This is explained in Section [4.3.1] Then, we prove a fundamental
technical lemma, which states that natural transformations between different powers
and fiber products of T can be vertically restricted, under the assumption that the
zero section is preserved. This is accomplished in Section 4.3.2]

Using this powerful tool, we prove that the tangent structure and its R-module
structure admit vertical restrictions in Sections [.3.4] and [4.3.5] respectively. More-
over, Section [4.3.3| provides a method of vertical prolongation of G-equivariant bun-
dles morphisms. As a consequence, we show that the vertically restricted vertical
lift is a pointwise pullback. These results will play a crucial role in showing that
each step of the Lie bracket construction is invariant (Theorem [4.4.6).

4.3.1 Functoriality

The goal of this section is to show that the assignments E +— VE and E + V,,E
define functors from differentiable G-bundles to G-bundles.

Proposition 4.3.1. If a G-bundle E — G| is differentiable, then the higher vertical
tangent bundle VIE — Gy defined in ([{.25)) together with the action (&.27)) is a G-
bundle.

Proof. Consider the pullback diagram that defines the higher vertical tangent bun-
dle,

VIE = T"E xpng, Gy — T"E

| lm (4.35)

Gy —— TGy
G
0
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Let us denote the top horizontal arrow, which is the projection onto the first factor,
by
iy - VIVE — TTE .

Since O[g}) is a split monomorphism, it is a fortiori a strong monomorphism. Since

strong monomorphisms are preserved by pullbacks, iy is a strong monomorphism
(Rem. [A.4.2)). Moreover, the iterated zero sections O[C?I]c . G — TG, define a
morphism G — T"G of groupoids.

By definition of the groupoid actions on 7"E and VI"E, the diagram

; [n]
i fnlm X [n] O
vinlg O[G] Gy

VIE xq, Gy ———— T"E Xqng, T"G4

Bv[nlEl lngE (4.36)
Vg s TNE

virlg

commutes. It now follows from Lemma [4.2.7] that 5y is a right G-action. m

Proposition 4.3.2. If a G-bundle E — Gy is differentiable, then the fiber prod-
ucts of the vertical tangent bundle V,,E — Gq defined in (4.30) together with the

action (4.34)) is a G-bundle.
Proof. The proof is analogous to the proof of Proposition 4.3.1 n
Remark 4.3.3. The right G-action (4.34) is precisely the diagonal action (|4.16]).

Proposition 4.3.4. Let £ — Gy and F — Go be G-bundles and ® : E — F a
G-equivariant bundle morphism. If E and F are differentiable, then the morphism

T"® XT"GO idGO

VIE = T"E X ne, Go T"F Xqng, Go = VIF | (4.37)
which we will denote by VI®, is a G-equivariant bundle morphism.

Proof. Since by definition V™M@ is the identity on Gy, it is a morphism of bundles
over Gy. For the equivariance, we consider the following diagram:

Vrlex g, id

V[n]E XGo G1 > V[n]F XGo Gl

\/[n]E XO[CT;(]) 0G1 iy [nlp XO[C?(]) OC/
Tn‘@XTnGOid
—

TE XTnGo TnGl TF XTnGo TnGl
By nlg 6T"EJ/ J//BT"F By g <4'38)

TE s y TOF




126 4. Differentiable groupoid objects and their abstract Lie algebroids

Spelling out the actions fSrng and Sr-p as given in (4.23)), we get that the inner
square is the outer rectangle of the following diagram

an)XT"Goid

™ XTnGo TnGl TF XTnGo TnGl
Vllk leﬁ
T (®x ¢ id)
T"(E x¢, G1) s T(F xg, Gy)

T”,BE\L lTnﬂF

TE s sy T"F

which commutes since ® is G-equivariant and 7™ is a functor.

The left and right trapezoids are both the commutative diagram (4.36). The
bottom trapezoid commutes since iy and iy mp are projections onto the first
factor and since V" ® is, by definition, 7"® on the first factor. The commutativity
of the top trapezoid follows from the commutativity of the bottom trapezoid and
the functoriality of the pullback along the zero sections. Explicitly,

(T”(I) XTnGq ld) o (iV[”]E XO[C?(]) O[GT«LD = (T”(I) o iV[”]E) ><0[£(]J <1d OO[(?D

(iV["]F o V[n](I)) XO[g] (0[51 o 1d) (439)
0

(ivir X 061) © (VTP xg, id).
0

The morphism iy @mp is a monomorphism, as was shown in the proof of Proposi-
tion [4.3.1] Tt follows from Lemma|A.4.14] (i) that the outer square commutes, which

is the condition of equivariance. O

Proposition 4.3.5. Let E — Gy and F — Gy be G-bundles and ® : E — F a
G-equivariant bundle morphism. If E and F are differentiable, then the morphism

Viu® = V® xg ... xo VO : Vo F — V, F, (4.40)

~
m factors

is a G-equivariant bundle morphism, where we write V® = VI,

Proof. Firstly, consider the following diagram:

VE Y2, TR TP, |

| e s

VR TF

The right square commutes by the naturality of w. The left square is the commuta-
tive bottom trapezoid of Diagram (4.38|) with iyg = iynE. Using , we conclude
that the map is well-defined.

The rest of the proof is analogous to the proof of Proposition [4.3.4] O
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Remark 4.3.6. Let Bundif denote the full subcategory of differentiable G-bundles
in Bung. Propositions 4.3.4{ and [4.3.5| show that the higher vertical tangent bundle
and the fiber product of the vertical tangent bundle are functors

vy Budeiff — Bung .
For n = 0, the functor V% which forgets the differentiability axioms, will be denoted
by 1.

Remark 4.3.7. If we apply the vertical tangent functor twice and if the category
C has all pullbacks, we obtain an object

VEE 2 V(TE xpg, Go) £ T(TE x7a, Go) X716, Go .

In general, the limit on the right hand side does not exist. This means that VE
is generally not differentiable. Only if we assume the existence of this limit and
that the tangent functor commutes with the pullback defining VE, we obtain the
isomorphism

V?E = T?E xq26, xTGy Xrg, Go = VPIE.

However, we will not make the assumptions for this isomorphism to exist. As it
turns out, it is not needed for the main results of this thesis. In all relevant aspects,
the operators V" behave like the powers of the vertical tangent functor, as we will
show in the following sections.

4.3.2 Vertical restriction of natural transformations

In this section, we present a powerful technical tool which will be essential in showing
that the tangent structure can be vertically restricted.

Lemma 4.3.8. Let o : T" — T™ be a natural transformation for some n,m > 0;
let G be a differentiable groupoid. If

ax o 0[;} = 0[;(”]
for X = Gy and X = G, then there is a unique natural transformation o : VI —

VIl of functors Bund — Bung such that

Vg a_39> Vimg
iV[”]El liv[m]E (4.41)
commutes for all differentiable G-bundles E.

Proof. Let r : E — G be a differentiable G-bundle. Consider the following diagram:

[n]
n OG
T"E Iy TGy 22— Gy

aEl laGO lid(;o

TE T—mr> TmGO (T GO
0,
0
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The left square commutes by the naturality of a. The right square commutes by
assumption. Hence, the diagram induces a unique map from the limit of the top
row to the limit of the bottom row

g = ap Xag, idg, : VINE — VIME

such that Diagram (4.41]) and the diagram

Vg — %t yimg

NS

commute. This shows that o, is a bundle morphism. To show that o is G-
equivariant, we consider the following diagram:

, .
aEXGold

Vg X Go G > VImE XGo Gy

: (n] ; [m]
\[H]E Xolg(]) Ocy iy imlpg Xo[g;;] OC/
—>

Xa
T"E Xpngy TGy — "% P s TG
By inig ,BT"EJ/ J/BTmE By img (4'42)

F > TE

ap

iy nlg ZWX

Vg s VImE
oy

The inner square is the outer rectangle of the following diagram:

apX aGO

T'E XTnGo TnGl TE Xrm@G, rm Gl
V;'lll% %ly;hll
T"(E X Go Gl) G > Tm(E X Go Gl)

TF > TE

oF

The bottom square commutes by the naturality of «, the upper square by Lem-
ma [A.4.11] We conclude that the outer rectangle, and thus, the inner square of
Diagram is commutative.

The right and left trapezoids of are both the commutative diagram (4.36|).
The lower trapezoid is Diagram (4.41)), which we have already shown to commute.
The commutativity of the top trapezoid follows from the commutativity of the bot-
tom trapezoid, the assumption that ax o 0[ "= O[m] for both X = Gy and X = Gy,
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and from the functoriality of the pullback along the zero sections. The explicit
calculation is analogous to that in (4.39).

The morphism #y/(m is @ monomorphism, as was shown in the proof of Proposi-
tion [4.3.1] It follows from Lemma (i) that the outer square commutes, which
is the condition of equivariance.

Since « is a natural transformation and pullbacks are natural, o/ := ap Xag, idg,
is natural in £ € Bundf. O

Lemma 4.3.9. Let o :T,, = T,,, B: T, = T™, v:T" — T, be natural transfor-
mations for some n,m > 0; let G be a differentiable groupoid. If

Qax © On,X = 0m,X7 BX o On,X = 0[)?] y  Yx © O[)T(L] = Om,X;

for X = Gg and X = G4, then there are unique natural transformations o : V,, —
Vo, BV, = VIPL 4o VIS VL of functors Bundt — Bung such that

V.E "t V. B V,E 25, ying viig 5, v B
iVnEl liVmE iVnEl liv[m]E lv[n]El l’iva (443)
T, F 5 T.E T.F —— TME ™ —— T, F
BE YE

commute for all differentiable G-bundles E.
Proof. The proof is analogous to the proof of Lemma [4.3.8] n

Lemma 4.3.10. Let o : T — T™ and f: T™ — T' be natural transformations for
somen,m,l >0 and~y := Boa : T™ — T' their composition; let G be a differentiable
groupoid. If

Qx O O[;] — O[)’;ﬂ , 5 o O[W] 0[1]

for X = Gy and X = G, then vx o ol = O[)l( for X = Gy and X = G, and
the wertical restrictions o = VI — viml g yiml 5 il ~ -yl VI from
Lemmal[{.3.8 satisfy ' = B’ o .

The statement also holds, mutatis mutandis, for natural transformations of type
T, —T,, T, —=>T" and T" — T,,.

Proof. We have
yx 0 0% = Bx oax o 0% = Bx 0 0% = 0,

which implies that  has a vertical restriction. By Lemma 4.3.8, we have the com-
mutative diagram

Vg 2, yimp e, yig

iv[nJEl liv[m]E fva

TE ——— T"E ——— T'E
U
YE

This shows that 53 0a); is the vertical restriction of 5. Since the vertical restriction
is unique, it follows that 8% o a/y = v} for all £ € Bundf.
The proof of the statements for natural transformatlons of type T}, — T, T,, —

T, and T" — T,, is analogous. O
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4.3.3 Vertical prolongation of equivariant bundle morphisms

Recall that V¥ : Bundf — Bung is a functor (Rem. . Given differentiable
G-bundles E and F, a G-equivariant bundle morphism ® : £ — V[F can in general
not be extended to V@ : VHE — VI*HE - The reason is that VIEF might not
be differentiable (Rem. , and so we cannot simply apply the functor VI to
the morphism ®. The following proposition solves this subtlety by introducing the
notion by vertical prolongation using a universal construction.

Proposition 4.3.11. Let E and F be differentiable G-bundles and ® : E — VIIF
a G-equivariant bundle morphism. Then for every k > 1 there is a unique G-
equivariant bundle morphism ®¥ : VIWE — VIR - colled the k-th vertical pro-
longation of ®, such that

Vg ol , Vit
iv[k]El liv[n-‘rk]p <444)

T"E ——— T"Vp ——— Tt p
T ® TF ZV[”]F

commutes.

Proof. Let
U= T* e 0 TF® 0 iy

denote the composition of the counterclockwise arrows of Diagram . Let rg :
E — Gy, rp : F — Gy, rywg : VIFE — G, and Ty[k] VIR - Go denote the
bundle projections. Then

T e o U =T rp o Tkiv[an oT*® o ly g
=TT 0yt 0 B) 0 g
= T’“(O[Gi O Ty g © @) 0 iy
= Tk(()[gi 0 Tg) O iy
= Tk(][gi o TkT’E Oy kg
= T%0% 0 0% o 7y
= 0™ o ry g,

where we have used the pullback squares defining VI"F and V*E and that ® is a
bundle morphism. It follows from the universal property of the pullback defining
VIrtkE that there is a unique morphism ®* such that

TvIkE

Vit 5 Gy

liV[n_HC]F lo[é@;’k]

Tn+kF SN Tn+kG
Trtkyp 0
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commutes. In particular, we have that ®* is a bundle morphism. It remains to
show that it is G-equivariant.

Let ¢ 1= iypyp 0 @, so that iymemp 0 PF = T* 0 4y, Consider the following
diagram:

. [n]
B id by n]p X0 Ocy
E xg, Gy ——2% L yE xg G ——— s TF Xpag, TG
E y VIR : s T"F
@ tvinlg

The left square commutes since @ is, by assumption, G-equivariant. The right square
is the commutative diagram (4.36[). The composition of the lower horizontal arrows
is 1 and that of the upper horizontal arrows is

(iv[n]F Xog(]) O[CTJLD o ((I) X Go idGl) = (iV[”]F o (I)) XO[Gn(]) qu

=1 XO[C?(]) 0[51,

by functoriality.

Applying the functor T* to Diagram (4.45)) and stacking it with the commutative
square obtained via the natural universal morphisms to the pullbacks, we get the
following commutative diagram:

TRYX ot THOG)
T OGO 1 & k
THE gy THGY ———— TP F g, TG
—1 |~ o 1
I/k,ll— Tk (wXO[n] 021) —ll/k,l
G
THE %6, G1) s THT"F Xgng, T"GH) (4.46)
TkBEl lTkﬂTnF
TkE = N Tn+kF

By definition, the composition of the left vertical arrows is the T*G-action Sy and
that of the right vertical arrows is the 7" "*G-action Bpn+rp. Thus, the outer square
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of Diagram (4.46) is the inner square in the following diagram:

&kl x o id
VIHE xq, Gy 0 sy VIR 0, Gy
: [k] . [n+k]
\"ME XO[CI;] OGl e Xogﬁk] Ocl/
0 0
Tk¢ka0[éL] T’“O[g}
TkE XTkGO TkGl —O> Tn+kF XTn+kGO Tn+kG1
5V[k]E BTICEJ/ J/,BTn+kF BV[7L+I€]F
TFE > Ttk
Tk
A’E ivm
VIKE s Vintklp
Pkl

The bottom and top trapezoids commute by the definition of ®*¥! and the functo-
riality of pullbacks. The left and right trapezoids commute by the definition of the
G-actions on the vertical bundles (Diagram (4.36])). Since iy mixp is a monomor-
phism, it follows from Lemma (i) that the outer square commutes, which
shows that ®*¥! is G-equivariant. m

It is a consequence of Lemmas [4.3.8 and |4.3.9| that vertical prolongations also
exist for vertically restricted natural transformations.

Lemma 4.3.12. Let o : T™ — T™ be a natural transformation for some n,m > 0;
let G be a differentiable groupoid. Assume that

ax o0 = 0"

for X = Gy and X = G4, and let o/ : VI — VI be the unique natural transforma-
tion from Lemmal|4.53.8 Then, there exists a unique natural transformation

O/[k] . V[n-l—k] N V[m-i—k]’

called the k-th vertical prolongation of o, such that

/[k]
Vg ZE o, yimiEg
iv[n+k]El liv[mM]E (4'47>

Tn+kE k_} Tm—i—kE
T afR

commutes for all differentiable G-bundles E.

Proof. The natural transformation T%a : T"F — T™** is given componentwise by
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(TFa)x = T*ax for all X € €. It satisfies

(T"a)x o O[THH Trax o O[XnJrk]
= T ax o T*0Y
= Tk(OéX e} OA[;(L]>

_ O[)T(VLJrk]

for X = Gy and X = G;. It then follows from Lemma that there is a unique
natural transformation o/* := (T*q)’ : V'K — VIm+k guch that Diagram (4.47)
commutes. OJ

4.3.4 Vertical restriction of the tangent structure

The next proposition is one of the main results of this thesis, where we show that
the natural transformations of the tangent structure on € can be restricted to the
(higher) vertical tangent bundles and their fiber products. It is a consequence of
Lemma [£.3.8

Proposition 4.3.13. Let G be a differentiable groupoid in a tangent category C.
Let 1 : Bundf — Bung denote the inclusion. There are natural transformations

Vs L0 1=V, VeV, VRS VRNV o VR and
Ny 0 Vo — VI of functors Bundf — Bung such that the following diagrams

+l
VE " g p_—"0 ,yg VoE —— VE
\ / \ / e l
VE
E
, , N (4.48)
vRE P viRE VE B yig VB 22 VB
iV[z]El liV[Q]E iVEl liV[Q]E iVQE‘l liv[Q]E
TQE T—E> TQE TE )\—E> TQE TQE )\—E> T2E

commute in C for all differentiable G-bundles E.

Proof. We will show that the assumption ax o 0[;} = 0[)?} of Lemma is satisfied
for the natural transformations v = 7,0, 7, A (with the right choice of n and m)
of the tangent structure for all X € C, so in particular for X = G, and X = G;.
Similarly, we will show that the assumptions ax 00y x = Ox and Bx 00y x = O[f(] of
Lemma“hold fora=4+:Ty, —>Tand =Xy : T — T2

Since 0 is a section of 7w, we have that m1x o0x = idx = — 0¥ v - For the zero section,
we have

0x 00 =0y oidy = 0x.



134 4. Differentiable groupoid objects and their abstract Lie algebroids

By Definition of tangent structures, 7 is a morphism of bundles of abelian
groups, so that it maps the zero section to the zero section,

mx 002 = 74 0 TOx 0 0x = Opx 0 0x = 0. (4.49)

Similarly, A is a morphism of bundles of abelian groups over 0 : 1 — T', so that it
maps the zero section to the zero section,

/\XoOXZOTXOOXZO[)Z(]. (450)
The natural transformation v = + is an abelian group structure, so that
+x© (Ox,OX) = OX .

By Definition (3.36)) of the vertical lift, Equation (4.50)), that the addition of zero

and zero is zero, and Equation (4.49), we get that

Aax 0(0x,0x) =7x0o+4rx o (T0x Xo, Ax)o (0x,0x)
=7x0+rx 0 (T0x 00x,Ax 00x)

= 7x 0 +rx 0 (0F,0%)

= Tx O 0[)2(]

=02,

The proof now follows from Lemma for « = 7,0, 7, A and from Lemma [4.3.9
for « = 4+ and g = \s,. n

Remark 4.3.14. By Definition (3.3€]), the extension Ay of the vertical lift is given
by the composition Ay := 70 (+7) o (T0 x¢ A). It is natural to ask why its verti-
cal restriction )\, is not defined similarly by composing the corresponding vertical
restrictions. The reason is that VE is generally not differentiable as described in
Remark 4.3.70 Thus, the pullback VoVE = V2E xyp V2E does not generally exist
and so the addition +{5 : VoVE — V?FE is not well-defined. Proposition
shows that this issue can be completely overcome by providing us with a direct and
universal way of defining M.

The next proposition shows that Aj is still a vertical lift, where the notion of
vertical prolongation from Proposition becomes crucial.

Proposition 4.3.15. The diagram

v, 22yl
”’°Pf1l l’“[” (4.51)

1 — V

is a pointwise pullback in Bung, where 7' is the 1st vertical prolongation of 7.
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Proof. Let rp : F — Gy be a differentiable G-bundle. Consider the following dia-
gram:

i
Ao B

VoF s VERE

&E g

T,E 225, T2F
O Pry TEO prll lTﬂ-E 7r;Lll (452)

E— TFE
O

NE id IVE NE

E > VE

0%

The commutativity of the upper, lower and left trapezoids follows from the cor-
responding commutative diagrams in . The right trapezoid is the commuta-
tive diagram (4.47) with o = m and £k = 1. The inner square is the commuta-
tive square evaluated at £ € C. Since tyg is a monomorphism, we get, by
Lemma (i), that the outer square is a commutative square in Bung.

Now, consider the following diagram:

E -, TE ™ T2p

TEl lTTE lTQTE

0 T
Go i) TG(] (i T2G0

idT TOGO TO[GQL

Go > Go < Go

id id

The upper left square commutes by the naturality of 0 and the upper right square
commutes by the naturality of m and the functoriality of 7. The lower right square
commutes since TmroT000=T(r00)o0=T100 = 0. The commutativity of the
lower left square is trivial. It follows from the commutativity of pullbacks that
(E XTE T2E> XGOXTGOTZGO (GO X Go Go) = (E X Go Go) XTEXTGOGO (TZE XT12G, Go) .
(4.53)
Using the fact that Diagram (3.37)) is a pointwise pullback, we know that
E XTE T2E = T2E and GO X TGy T2G0 = TQGO .
We conclude that the left hand side of (4.53)) is isomorphic to
ThE Xn,6, Go = VoE X, Go
=WE,
where we have used the isomorphism in (4.29) for £ = 0 and cancellation of pullbacks
along the identity.
On the other hand, the right hand side of (#.53) is isomorphic to E xyz VIZE.
We conclude that (4.53]) induces the isomorphism
VoF = E xy VEE

in €. Lastly, it follows from Proposition that this is the pullback in the category
Bung. O
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4.3.5 Vertical restriction of the module structure

Let E be a differentiable G-bundle and R a ring object of the tangent category C.
Then,
T’VEOpI'2SRX VE-)GO

is a G-bundle with right G-action given by
idp Xpyg : RXVE X, Gy — R x VE.

Let Kk : R xT — T be an R-module structure on 7 : T — 1. It is a natural
transformation with components kx : R x TX — TX for all X € € (Section [3.2.3).
We will show that k restricts to a G-equivariant R-module structure on «’ : V' — 1.

Proposition 4.3.16. Let G be a differentiable groupoid in a tangent category C
with an R-module structure k : R x T — T. Then there is a natural transformation
k' i RxV =V of functors Bund — Bung, such that

RxVE —"25 VE
idR XiVEl liVE (454>
commutes in C for all differentiable G-bundles E.
Proof. Let r : E — (G be a differentiable G-bundle. Consider the following diagram:

i T id
RxTE 92T o TGy €22%% 1y Gy

El lnco lprQ (4.55)

TE T> TG() (T G()
r 0

The left square commutes by the naturality of k. The right square commutes since
the scalar multiplication is linear in 7', which implies that it maps the zero section
to the zero section. By the commutativity of pullbacks and products, we have the
following isomorphism for the limit of the top row,

¢ (RXTE) Xpxra, (R % Go) — (R xz R) X (TE Xr¢, Go)
—~3 RxVE.
Diagram (4.55)) induces a unique map
Ky = (mE X ke pr2) op ' RxVE — VE, (4.56)

such that Diagram (4.54]) and the diagram

RxVE "2 vE

idp X TVE\L lTVE

RXGQp—rQ>GQ
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commute. This shows that x/; is a morphism of bundles over Gj.

Next, we show that & is right TG-equivariant. From Lemma [A.4.11{with F(_) =
R x T(_) and G =T we obtain the following commutative square:

REXG()Gl

R x T(E X Go Gl) > T(E X Go G1>

| l

(R x TE) X pxrcy (R x TGy) ———— TE x7¢, TG

HEX,;GO KRGy
For the domain of the bottom horizontal arrow, we have the isomorphism

¥ (RXTE) Xpxra, (Rx TGy) — (R xg R) x (TE x7¢, TGy)
=3 RXTE xr¢, TGy,

so that we obtain the commutative square

HEXGOGl

R x T(E X Go G1> > T(E XGo Gl)
idR Xulyll lyl’l (457)
RxTE XTaGy TGl > T'E XTaGo TG1

4
(NEXNGO KGl) 01#71

Expressing 1 explicitly in terms of projections, we can write the morphism repre-
sented by the bottom arrow as

f= (Kp Xxg, KG,) © !

= (/QE o (prh pr2)7 KRg, © (prh pr3>) .

It can be viewed as the diagonal R-module structure or as the R-module structure of
the pullback of R-modules. By the assumption that F is differentiable, the vertical
arrows of (4.57) are isomorphisms, so that we obtain the commutative diagram

R xTE xp¢, TG, —*— TE xr¢, TG,

. -1 -1
idgr Xul,ll lyl,l

RXT(E Xg, G1) — T(F Xg, G1)

HEXGOGI
idR XTﬁEl lTBE ﬁTE

RxTE » TE

KRE

idr XBrE

which shows that the R-module structure and the T'G-action on T'FE commute. This
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diagram is the inner square of the following diagram:

/ .
Kg ><G01dG1

R x VE x¢, Gy » VE X¢, G1

Nﬂ]g XIVE XOGO OGI VE XQGO Og/

R X TE x7¢, TGy, —— TE xr¢, TG,

idr XBve idp XBTEl lBTE Bvi (458)
RxTE S TE
4 4><WE ZVX 4
R xVE - > VE
ke

The right and left trapezoids of (4.58) commute by the commutativity of Dia-
gram ([4.36]). The lower trapezoid is Diagram (4.54]), which we have already shown
to commute. The top trapezoid commutes since

K O (idR XIVE X0g, OGl)

(ke o (pry,pra), K, © (pry, pry)) o (idg Xive Xog, Oa,)

(HE o (idg Xivg) © (pry, Pry), kg, © (idr x0g,) o (pry, pr3))
= ( ivp © Kg) © (Pry, Pry), (Og, © pry) o (pry, pr3))

(

(ivg o HE o (pry, pry), (O, © pr3))

where we have used the commutativity of the bottom trapezoid, that x preserves
the zero section, and the functoriality of pullbacks. Since the morphism iyg is a
monomorphism, it follows from Lemma (i) that the outer square commutes,
which shows that ' is G-equivariant. Moreover, since x is a natural transformation
and pullbacks are natural, x/; := (mE Xk prQ) 0 ¢~1is natural in £ € Bundf. O

Remark 4.3.17. The R-module structure 'y of VE — E defined in (4.56) is the
same module structure described in the proof of Proposition for  =Tr and
ker ¢ = VE.

Corollary 4.3.18. The natural transformation 7' : V. — 1 with neutral element
0 : 1 — V and addition +' : Vo — V is a bundle of abelian groups over 1. If
the tangent category € has an R-module structure, then © :'V — 1 is a bundle of
R-modules.

Proof. Let r : E — G, be a differentiable G-bundle. Then, Tr : TE — TGy is a
morphism of bundles of abelian groups by the naturality of the tangent structure.

It follows from Proposition |3.1.13(i) that its kernel VE = T'E X TT OGO G, together
with the vertical restriction of the bundle projection

. VE Y2, TE 2, ||
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has the structure of a bundle of abelian groups. As explained in the proof of Propo-
sition the group structure is given by the vertical restrictions +% of the
addition +p and 0% of the zero section 0.

The R-module structure is given by the unique map r';, as defined in Equa-

tion (4.56) in the proof of Proposition [4.3.16] O

Remark 4.3.19. The commutative diagrams of associativity, unitality, and lin-
earity of the R-module structure x restrict to commutative diagrams at the level
of the vertical tangent bundle. This can be shown by similar arguments using
Lemma (i). It follows that the natural morphism k% : R x VE — VE is an
R-module structure on 7%, : VE — FE for all differentiable G-bundles E.

4.4 The Lie bracket of invariant vector fields

The goal of this section is to state and prove one of the main results of this thesis:
invariant vector fields are closed under the Lie bracket. We will first introduce
vertical and invariant vector fields on differentiable G-bundles in the context of
tangent categories in Section [4.4.1] After having all the ingredients ready, we state
and prove the main theorem in Section [4.4.2]

4.4.1 Invariant vector fields on groupoid bundles

Definition 4.4.1. Let E be a differentiable G-bundle in a category € with a tangent
structure. A vector field v : E — TF is called vertical if it factors through
ive : VE — TE, that is, if there is a (necessarily unique) morphism v’ : £ — VE

such that
VE
% f”‘ (4.59)

E —— TE

commutes. The vector field v is called invariant if it is vertical and if ¢v" is G-
equivariant.

Remark 4.4.2. Since the groupoid bundles that we consider in this thesis are all
right groupoid bundles (Terminology, we do not include the adjective right in
the definition of invariant vector fields. In the category of smooth manifolds, these
are precisely the usual right-invariant vector fields (vector fields that are invariant
under all right translations). As a standard reference, see for instance |Leel3|, Equa-
tion (8.12)] for the identity satisfied by left invariant vector fields.

Lemma 4.4.3. The vertical lift v' of a vertical vector field v is a section of 7, :

VE — F.

Proof. Using the first commutative triangle in (4.48]), we have that

mpov =mgoiypov =mpov=idg .
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Moreover, v’ is a bundle morphism since
rg =rgoidg =rgpomgowv
:TEOWEOiVEOU/
=7g, 0 Trgoiyg ot
=7, © 0g, 0 TyE 0 V'
= idg, oryg o v’
=rypov,

where rg : F — Gg and ryg : VE — G, are the bundle projections. In the

calculation, we have used the naturality of 7, the commutative square defining the
pullback VE and that mo 0 = 1. O

Definition 4.4.4. Let FE be a G-bundle with right G-action g in a category C; let
R be an object of €. A morphism f: E — R in C is called invariant if the diagram

E xg, Gy 25 E

prll lf

commutes.
We will denote by
X(E)Y := {v € I'(E,TE) | v is invariant} (4.60)
the set of invariant vector fields on E and by
C(E,R)® :={f € C(E,R) | f is invariant}

the set of invariant morphisms from E to R. If R has a ring structure, then

C(E,R)“ C C(E,R) is a subring.

Proposition 4.4.5. Let E be a differentiable G-bundle in a tangent category € with
an R-module structure. Then, the set X(E)¢ of invariant vector fields on E is a

C(E, R)¢-submodule of T(E,TE).

Proof. Let v,w : E — TFE be invariant vector fields with vertical lifts v, v’ : E —
VE, that is, v = iyg o v’ and w = iyg ow’. The addition of the vector fields and the
addition of their lifts are defined by

v+ w=+go (v,w)
V4w =40 (v, W),

Consider the following diagram:
V,E —E 5 VE

(V linE liVE

E o) > To B T sy TE




4.4 The Lie bracket of invariant vector fields 141

The left triangle commutes by Diagram . The right square is the third com-
mutative diagram of . The commutativity of the outer pentagon shows that
v+ w' is the vertical lift of v + w. The morphisms v" and w’ are G-equivariant by
assumption. The sum + is G-equivariant by Proposition . We conclude that
the composition v/ + w' =+ o (v/,w’) is G-equivariant, which shows that v + w is
invariant.

Composing a vector field with the inverse tp : TE — TFE of the addition +g
yields the inverse with respect to the addition of vector fields, that is,

v+ (tgov) =+go(v,Lgov)
:+EO(1dTE XELE)OATEO’U
=0gomgow

:OE>

where Arg : TE — TE X gTFE is the diagonal morphism in €| E. Since txo0x = 0x
for all objects X in €, so in particular for X = Gy and X = Gy, it follows from
Lemma that the inverse has a G-equivariant vertical restriction i : VE — VE
such that the diagram

VE —£ ., VE

iVEl ll VE

TE —— TE

commutes. This implies that ¢}; 0 v’ is a G-equivariant vertical lift of ¢ o v, so that
g o v is invariant. By Proposition [4.3.13] the zero vector field O : E — TE is
invariant with vertical lift 0%;. We conclude that X(E) is an abelian subgroup of
I(E,TE).

Now, let f : E — R be an invariant morphism in €. The C(E, R)“-module
structure on I'(E, T'E) is given by

fv=rgpo(f,v).

Consider the following diagram:

RxVE —"  vE

V lidR XIVE J/iVE

where k%, is the natural map from Proposition [4.3.16, The left triangle com-
mutes since v is, by assumption, vertical. The right square is the commutative
diagram ({4.54]). The commutativity of the outer pentagon shows that

fo' = kg o (f,v)

is the vertical lift of fv. The morphism ', is G-equivariant by Proposition |4.3.16]
By assumption, the morphism f is invariant and the morphism v’ is G-equivariant.
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This implies that (f,v) is G-equivariant. We conclude that fv' = ky o (f,0') is
G-equivariant, which shows that fuv is invariant.

We have shown that X(E)“ C T'(E,TFE) is an abelian subgroup that is closed
under the C(E, R)%-module structure. O

4.4.2 Invariant vector fields are closed under the Lie bracket

Theorem 4.4.6. Let E be a differentiable G-bundle in a tangent category C. Then,
the set X(E)Y of invariant vector fields on E is a Lie subalgebra of T'(E, TE).

In the proof of Proposition we have shown that X(E)¢ C T'(E,TE) is an
abelian subgroup. The rest of this section is devoted to the proof of Theorem [4.4.6]
where we show that (vertical) invariant vector fields are closed under the Lie bracket.

Proof that the Lie bracket of vertical vector fields is vertical

Let v and w be vertical, but not necessarily invariant vector fields with verti-
cal lifts v/, w’ : E — VE. Let 6(v,w) : E — T?FE be the morphism defined
in Equation (3.60). In a first step, we will show that 0(v,w) factors through
iy 1 VIPE — T?E. That is, we want to show that there is a morphism §'(v/, w'),
such that

6/(1)/711)/) lZV[Q]E (461)

commutes.
Let rg : E — Gy and ryg : VE — G denote the bundle projections. Firstly, we
have that

TTEOU:TTEOiVEOU/
=0g, oryp ot (4.62)
=0g,0TE
by the commutative square defining the pullback VE and since v' is a bundle map
(Lemma [4.4.3). For é(v,w) we have the relation
T?rpod(v,w) =T*rgo—rgo(Twowv,7poTvow)
= —16, o (T?*rg X7y T?rg) o (Tw o v, 7z 0 Tv o w)

= —7G, © T?rg o Tw OU,T27’E otgoTvow)

(
= —76, © (T2’)"EOTU}OU,TGO o T?rg oTvow)
= —716,° (T0g, 0o Trgov, 7, ©T0g, 0 Trg ow)
(

= T TGy o TOGO o OGO org, TGO o TOGO o OGO o TE)
= —16, 0 (03, 015,08 0 7

:0[02]()OTE7
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where we have used the Definition (3.60]) of é(v, w), the naturality of the subtraction
—x, the naturality of 7x, Equation (4.62) twice, Equation (4.49), and finally that
the subtraction of zero by zero is zero, as is the case for any group object.

Using this relation, we conclude from the universal property of the pullback
defining VE, that there is a unique morphism &’(v/,w’), such that

E g

Sol 3 (o )

commutes. Consider the relation

ivE © W}g] 0§ (v, w') =Trgoiyegod (v, w)
=T7god(v,w)
= OE

. /
:ZVEOOEv

where we have used the relation defining the vertical prolongation of 7%, the Rela-

tion (4.61) defining ¢'(v/,w’), and Equation (3.64). Since iyg is a monomorphism,
it follows that

e § (W w) =0,

We can summarize the situation in the following commutative diagram:

VE RTINS (4.63)

.o rl - lﬂlm
E°Pry E

E—— > VE
OE

idg

We have shown in Proposition that the bottom right square is a pullback.
The unique dashed arrow exists due to the universal property of the pullback. It
remains to show that its projection onto the second factor of V5 F, which we will
denote by [v/,w'], is the vertical lift of [v,w]. For this, we consider the following
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diagram:

id idl liV[Q]E ivyE ive (4.64)

The inner square is the commutative triangle . The right trapezoid is the last
commutative square in . The commutativity of the upper and lower trapezoids
is explained in the construction of the bracket as summarized in Diagrams and
(4.63). The left trapezoid commutes trivially. Since monomorphisms are stable un-
der pullbacks and the zero section is a monomorphism, it follows from Diagram (|3.37)
that the map Ao g is a monomorphism. Thus, the left outer square commutes by
Lemma (i). The right square commutes by the naturality of the projection.
From the commutativity of the outer rectangle it follows that

ivg o [v',w'] = [v,w] = [ivp o v, ivp o w']. (4.65)

This shows that [v,w] is vertical.

Proof that the Lie bracket of invariant vector fields is invariant

Assume now that the vertical lifts v/, w’ : E — VE are G-equivariant. Consider the
following diagram:

B s, G —29N g Gy 0N g
BE\L lﬁw lﬁva
) > y VE — y VIR (4.66)
id liVE l’iVD]E
E - > TE - » T°E

The upper left square commutes since v’ is G-equivariant. The lower left square com-
mutes because v’ is the vertical lift of v. The upper and lower right squares commute
by Proposition 4.3.11] where w'lY! : VE — VPIE is the first vertical prolongation of
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w’. We conclude that the outer square commutes, so that we obtain

Twovo B =iyeg o Byeg o (WM ov) xg, idg,)
= ﬂTQE o (iV[Q]E XO[GQ]O 0[02]1) ¢} ((wl[l] o U/) X Go idGl)

= ﬁTQE ¢} ((iv[z]E o w/[ﬂ o U’) XO[GQL 02]1)

= Brap o (Twov) X2 0c)

(4.67)

where we have used the Diagram (4.36]) defining the vertical G-action, the functori-
ality of pullbacks, and the bottom rectangle of Diagram (4.66|). The diagram

TE Xt T
T2E Xpeg, TG —— 2% T2F g, TG
BTQEl lgTzE (4.68)
T2F - s T2F

is the inner commutative square of (4.42)) for « = 7. Similarly, for the subtraction
a = —:Ty, — T, we obtain the commutative diagram

(TQE X120, TQGI) XTEXTGOTGI (TQE X120, T2G1) i} TQTE X1y TGo T2TG1

l*TE X—TGO —TGq

B2 X Proe T2E g2, TGy
==
T,TE — . T2
(4.69)

where the isomorphism is a simple reordering of the factors since pullbacks commute

with pullbacks. Using (4.67) with v and w swapped and (4.68]), we get

TpoTvowo g =Tgo Brego ((TU o w) Xogl Og]l)
0

= Br2p o (TE X6, TGI)O((TU ow) Xo[ég Og]l) (4.70)

= Br2go ((TE oTvow) XOIG?L Og]l) ;

where in the last step we have used that 7 takes the zero section to the zero section
as expressed by Equation (4.49)).
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Now we can subtract (4.67) and (4.70]), which yields

5(U,w) O/BE
= _TEO(TwOU, TEOTvow)oBE
= —rpo(Twovofg, TRoTvowo fg)
= —rpo{frepo (Twov) X o2 0[52;]1), Br2p o ((tpoTvow) X2 Og]l)}
0 0
= —rp o (Br2p Xpyp, Breg) o (Twov) X2 0[627‘]17 (tg 0o Twow) X2 O[G2]1)
0 0
= Br2g o (—rE X —ra, —76G,) © ((Tw ov, T o Tvow) ><<0[2] 0[2]) (0211»0[02}1))
Go

Ggy’

where we have used Equations (3.60)), (4.67)), (4.70), Diagram (4.69), and that the
subtraction of zero by zero is zero. This relation means that the inner square of the
following diagram commutes:

8 (v w') x gy id

E xg, Gy y VEE x ¢, G

. : [2]
\ Zv[2]E><0[2] OC/
Go
[2]
(5(1},11)) X0[2] OGI

EXgy Gy ———" 5 T?E xqag, T*Gy

Be ﬂEJ/ J/ﬁTQE By 2lg

E » T°E

d(v,w)

, 112
E o VEE

The left trapezoid commutes trivially. The bottom trapezoid commutes by .
The top trapezoid commutes by and the functoriality of pullbacks. The right
trapezoid commutes by . Since iy 2 is a monomorphism, it follows from
Lemma (i) that the outer square commutes, which shows that ¢'(v/,w’) is
G-equivariant.

By Proposition , the pullback square in Diagram is a pullback in the
category Bung of G-bundles and G-equivariant bundle morphisms. Since ¢'(v', w’)
is a G-equivariant bundle morphism, it follows by the universal property of the
pullback that the morphism ¢ : F — V4, E depicted by the dashed arrow in is
G-equivariant. Since pry : Vo — VE is also G-equivariant, so is the composition
[V, w'] = pryop. We conclude that [v/, w'] is G-equivariant, which shows that [v, w]
is invariant.

We have shown that the abelian subgroup X(E)¢ C I'(E,TE) is closed under
the Lie bracket, which finishes the proof of Theorem [£.4.6] O
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4.5 The abstract Lie algebroid of a differentiable
groupoid

This section is the core of this chapter, where we describe the construction of the
infinitesimal counterpart of a differentiable groupoid object. The first step is to
generalize the notion of Lie algebroids in the category of smooth manifolds to the
setting of tangent categories. This is the goal of Section [4.5.1] In Section we
show the steps of the differentiation procedure, and finally state and prove the main
theorems of this chapter.

4.5.1 Abstract Lie algebroids in a tangent category

Definition 4.5.1. Let C be a cartesian tangent category with scalar R-multiplica-
tion. An abstract Lie algebroid in € consists of a bundle of R-modules A — X,
a morphism p : A — T'X of bundles of R-modules, called the anchor, and a Lie
bracket [- ;-] on the abelian group I'(X, A), such that

[a, fb] = fla,b]+ ((poa)- f)b (4.71)
pola,bl=[poa,pobd (4.72)

for all sections a, b of A and all morphisms f: X — R in C.

Remark 4.5.2. Recall that the C(X, R)-module structure fa is defined by (3.19).
Moreover, the action of vector fields on R-valued morphisms is defined by (3.70]).
Equation is the Leibniz rule for Lie algebroids. By an analogous argument
as in Corollary [3.3.9, we have that the Lie bracket on I'(X, A) is €(x, R)-linear.
Observe that C(x, R) is a ring in sets that can generally not be identified with the
ring object R in C. In the category of manifolds where R = R, we retrieve the usual
R-linearity of the Lie bracket.

Remark 4.5.3. In the definition of a usual Lie algebroid (Def. [1.2.1)), the condition
that p is a morphism of Lie algebras is redundant, since it can be proved using
the Jacobi identity, bilinearity and antisymmetry of the Lie bracket, and the Leibniz
rule (Rem. [1.2.3)). However, this proof relies on the identification of vector fields as
derivations of the ring of functions on X and the definition of the Lie bracket as
the commutator’] In our case, vector fields are sections of the tangent bundle and
the Lie bracket is defined by Diagram . In the smooth manifold setting, these

coincide.

Example 4.5.4. Lie algebroids are abstract Lie algebroids in the category of smooth
manifolds.

Remark 4.5.5. In [BM19], Burke and MacAdam introduce the notion of involution
algebroids as generalizations of Lie algebroids in tangent categories. The underlying
bundles of the involution algebroids are differential bundles (see Remark [3.2.7).
This presents a crucial difference to the abstract Lie algebroids that we introduce in

2A detailed proof can be found in |Ain17, Remark 1.3.2].
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Definition 4.5.1} where the underlying bundle is a bundle of R-modules. Another key
difference is that in an involution algebroid, the Lie bracket of sections is replaced
with an involution instead. As our goal is to generalize the differentiation of Lie
groupoids to their Lie algebroids by the identification of the sections with invariant
vector fields, we need a Lie algebra structure on the sections of the abstract Lie
algebroids.

4.5.2 The differentiation procedure

Let G be a groupoid in a tangent category €. The source bundle s : G; — G is
equipped with the right G-action given by groupoid multiplication. If G is differen-
tiable in the sense of Definition [1.1.6] then this bundle is differentiable in the sense
of Definition [£.2.11] Its vertical tangent bundle will be denoted by

Ts,0q TVGq
VG =TGy Xpg, ° Go — Gj.

It follows from Proposition [4.3.1]that VG, equipped with the right G-action defined
in for n = 1, is a G-bundle. Recall from Definition that a vector field
v : G7 = TGy is called invariant if it factors through a morphism ¢ : G; — VG,
that is G-equivariant with respect to the right G-actions.

Proposition 4.5.6. Let G be a differentiable groupoid in a cartesian tangent cat-
egory C with scalar R-multiplication k : R x T — T. Then, the set X(G1)¢ of
invariant vector fields is naturally a C(Go, R)-module with the addition of vector
fields and the module structure

fv = (t*f)v = kg, o (t*f,v) (4.73)
for all v € X(G1)¢ and f € C(Gy, R).

Proof. Tt follows from Proposition that X(G1)¢ is a €(G4, R)“-submodule of
['(G1,TGy). The pullback

t*: €(Gy, R) — C(G1, R)
fr— fot,
is a ring homomorphism by Lemma [A.4.35| Its image is the ring C(Gy, R)¢ of

invariant morphisms by Axiom (1.1)) of groupoids. Then, the assignment fv = (t*f)v
equips X(G1)% with a (G, R)-module structure by Lemma [A.4.33| O

In the Definition of differentiable groupoids, we have assumed that the
pullback (4.9)) exists, which can be written as the restriction of the vertical bundle
to the identity bisection:

A =Gy xg, VG, —45 VG
pAl J er,Gl (4.74)

GOﬁGl
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The vertical tangent bundle 75 : VG — G is a bundle of R-modules by Corol-
lary [4.3.18 It follows from Proposition [3.1.16| that ps : A — Gg is a bundle of

R-modules. The composition

i (%en

o AL VG, TG, 5% TGy, (4.75)
is a morphism of bundles of R-modules, since all three arrows are. Indeed, 74 and
iy, are morphisms of bundles of R-modules by Propositions (3.1.16| and [3.1.17(ii)

respectively. So is the map Tt by the naturality of the tangent structure.

Theorem 4.5.7. Let G be a differentiable groupoid in a cartesian tangent category
C with scalar R-multiplication. Let A — Gy be as defined in (4.74)). Then there is a
natural isomorphism of C(Gy, R)-modules

¢ D(Go, A) — X(Gy)C .

Theorem 4.5.8. Let G be a differentiable groupoid in a cartesian tangent category
C with scalar R-multiplication. Then the bundle A — Gq defined in , with the
anchor p : A — TGq defined in and the Lie bracket of invariant vector fields
on X(G1)Y 2 T(Gy, A) is an abstract Lie algebroid.

The rest of this section is devoted to the proofs of Theorems |4.5.7] and 4.5.8]

Proof of Theorem

Let I'(G1,VG1)Y denote the set of G-equivariant sections of mg, - VG1 — G1. By
the definition of invariant vector fields, the map

(’ivgl)* : F(Gl, VG1>G — :X:(Gl)G (4 76)
v —iyg, 0 '
is surjective. Since iy, is a monomorphism, the map (4.76|) is also injective. By
Proposition X(G1)% has a C(Gy, R)-module structure given by (4.73]). Simi-
larly, I'(G1, VG1)% has a €(Gy, R)-module structure as follows. Let f : Gy — R be
a morphism in € and let v' : G; — VG, be a G-equivariant section. Consider the
composition
oG S Reve, S va, .
The morphism kg, is G-equivariant by Proposition [4.3.16, By assumption, the
section v’ is also G-equivariant. Moreover, the morphism t*f is invariant by the
commutative diagram on the right of (1.1). This implies that fv’ = kg o(t*f,v") is G-
equivariant. It follows from the R-linearity of iy ¢,, as expressed by Diagram (4.54)),
that

(ive, )« (fv") = iveg, o kg, o (t7f,v')
= Rg, © (ldR XiVG1) o (t*f> U/)
= kg, © (t*fv Gy © Ul)

= f((ive,)(v'))
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We conclude that is an isomorphism of C(Gy, R)-modules. It remains to
show that there is an isomorphism of C(Gy, R)-modules between I'(Gy, A) and
(G, VG)C.

Let a be a section of A. Consider the following morphism:

(aot,idg,) iaxgyida rvGy it Bva
QZ)/(CL) : G1 ! 0o 1 VGl Xa VGl G1 —

In formulas,

Axiata VG .

¢/<a) = ﬁVGl © (ZA cao ta idGl) : (477>

First, we show that ¢'(a) is a section of the vertical tangent bundle by a straight-
forward calculation,

T, 0 ¢'(a) = mg, © Py, o (iacaot,idg,)

= T, Oy, © Pve, © (tacaot,idg,)

= TG, © Bra, © (ive, Xog, 0,) 0 (iacaot,idg,)

=mo (mg, X6, Ta,) © (ivea, X0g, 0g,) o (iacaot,idg,)

(e, o tva,) Xa, idg,) 0 (ia0aot,idg,)

:mo(ﬂ-G oigqoaot, 1dG1)
=mo(lopsoaot,idg,)
:mo(lot idg,)

= ICIG1 s

where we have used Equation (4.77)), the first diagram in (4.48)), Diagram (4.36)),
the inner square of (4.42) (for g, given by the group multiplication m and « = ),

the functoriality of pullbacks, that m o 0 = 1, Diagram (4.74)), that a is a section of
4 A — Gy, and the unitality axiom ({1.4)).
To show the G-equivariance of ¢'(a), we consider the following diagram:

m
Gl X Go G1 > G1
(t,idcl)XGOidgl = = (t,idcl)
id,t iday XGom id
G() Xa Gl X Go Gl G() XGO G
aXGOidGQ aXGOidgl
V ida Xgym v 4.78
AXGO G1 XGo G1 > AXGO G1 ( )
iAXGOidG2 iAXGOidgl
v idvcl XGOm v
VGl X Go G1 X Go G1 VG1 X Go Gl
Bvay Xagiday Bvay
VGl X Go G1 ” VGI

Bva,
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The commutativity of the top square follows from the pasting law of pullbacks and
by the right diagram in (|1.1)). The second square commutes due to the functoriality
of the fiber product,
(a X Go idGl) o (idGO Xgom) = (a o idGo) X Go (idGl om)

= (idg oa) Xg, (moidg,)

= <1dA XGOTTL) o (CL X Go idGz) .
The commutativity of the third square follows from an analogous argument, where
we replace a with 4. The commutativity of the bottom square expresses the associa-
tivity of the right action By, . It follows that the outer rectangle of Diagram (4.78|)
commutes. The composition of the right vertical arrows is ¢’(a). The composition
of the left vertical arrows is ¢'(a) X ¢, idg,. This shows that ¢'(a) is G-equivariant.

So far, we have constructed a map
¢ :T(Go, A) — (G4, VG1)C .

Next, we construct a map in the opposite direction. Given a section v’ € I'(G1, VGy),
we get a section of A by restriction to the identity bisection. More precisely, there
is a unique morphism ¢’(v’) : Gy — A, such that
iao)(v)y=2v"0ol. (4.79)
It follows from this equation that
paoy/(v)=solopaod/(v')
= so7r'G1 oigo0d (V)
=somg ov' ol
=sol
=idg,,
where we have used that s o1 = idg,, Diagram (4.74)), and that v" is a section of
T, : VG1 — Gy It follows that ¢'(v') is a section of p4 : A — Gy. By restricting
to the G-equivariant sections, we obtain a map
Y T(Gh, VG)E — T'(Go, A).
In the next step, we will show that ¢’ and ¢’ are mutually inverse. We have
¢ (a)ol=Pyg o (iacaot idg)ol
= Pvg, © (iaca,l)
=1i500a,
where we have used the defining Equation (4.77) for ¢'(a), that t o1 = idg,, and

that the right action is unital. Comparing this equation with (4.79)) for v' = ¢'(a),
we conclude that a = ¢(¢/(a)). Conversely,

¢ (V') = Bra, o (ia 0/ (V) o t,ide,)
= Pve, © (v' olot, idGl)
= 6VG1 © (U/ XGo idGl) © (1 © tuid(h)
=v' omo (lot,idg,)

/
:”U’
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where we have used (4.77)), (4.79), that v’ is G-equivariant and Diagram (1.4). We

conclude that ¢’ and v’ are inverse to each other.
Finally, we show that the map v’ is C(Gg, R)-linear. Denote by k4 : Rx A — A
the R-module structure on A. For f € C(Gy, R) and v' € ['(Gy, VG1) we have that

iano f'(v) =ig0ky0 (fa W(UI))
= kg, o (idg xia) o (f,9/(v))

:Hélo

(
= i, ©
:/4,;'Glo (fot,v’)ol
= i, ©
(W01,

where we have used the definition of the module structure on I'(Gy, A), the R-
linearity of the inclusion i4, Equation (4.79), that ¢t o 1 = idg, and the module
structure on I'(G1, VG4)“. Comparing this equation with (4.79), we conclude
that
((Ef)) = f' (W),

which shows that ¢ is €(Gy, R)-linear. It follows from Lemma[A.4.36| that its inverse
¢ is also C(Gy, R)-linear.

Composing ¢ with Isomorphism (4.76)), we obtain the isomorphism of C(Gy, R)-
modules

¢ = (ive,)« 0 ¢ : T(Go, A) — X(G1), (4.80)
which concludes the proof. O]
Proof of Theorem [4.5.8

It follows from Theorem that the Lie bracket of vector fields on G restricts to
a Lie bracket on the abelian group X(G1)¢ of invariant vector fields. Let a and b be
sections of A — Gy; let ¢(a) and ¢(b) be the corresponding invariant vector fields
given by Isomorphism (4.80). The Lie bracket [a, b] is defined by

¢([a,0]) = [¢(a), 6(D)]. (4.81)

The target map t of the groupoid is invariant under the right G-multiplication, as
given in the right of Diagram ((1.1)). This implies that 7't is invariant under the right
T'G-action, so that the bottom square of the following diagram

Bva,

VG, X Go G, VG,

ivGy Xog, V6, ey
2 <4

TG1 X TGy TG1 T TG1
. 1
pry Tt

2 2

TGl T) TGO



4.5 The abstract Lie algebroid of a differentiable groupoid 153

commutes. The top square commutes by the definition of the G-action on the
vertical tangent bundle (Diagram for n =1 and F = G;). It follows that the
outer square is equivalent, so that we obtain the relation

Ttoiyeg, © Byg, =Ttoiyg, opry . (4.82)
To prove Equation (4.72]), we first calculate that

Tto¢(a) =Ttoiyg, o ¢'(a)
=Ttoiyg, o Pyg, o (iacaot, idg,)
=Ttoiyg, opryo(igoaot,idg,) (4.83)
=Ttoiyg, 0ig0ao0t
—(poa)ot,

where we have used the Isomorphism (4.80)), Equations (4.77) and (4.82)), and the
defining Equation (4.75) of the anchor. This shows that the vector field ¢(a) on G,

is t-related to the vector field p o a on Gy. It follows from Proposition |3.3.11| that
[p(a), p(b)] is t-related to [p o a, po b, so that

pola,blot=Ttog(a,b]) =Tto[p(a),4(b)]
=[poa,pobd]ot,

where we have used (4.83) for the section [a,b] and Equation (4.81)). Since ¢ is an
epimorphism, we can cancel ¢ on both sides of this equation, which yields Equa-

tion (4.72).

Let f € C(Gy, R). By definition, the function t*f : G; — R is t-related to
f: Gy — R. From (4.83]), we know that the vector field ¢(a) on G is t-related to
the vector field poa on Gy. It follows from Proposition (ii) that the function
¢(a) - (t*f) is t-related to (poa) - f, that is,

¢(a) - (t°f) = ((poa)- f) ot
—#((poa)- ).

To prove the Leibniz rule, we calculate

(4.84)

)+ (t°f)[p(a), ¢(b)]
=o(((poa)- £)b) + (t°f)8([a, b])
=¢(((poa)- f)b+ fla,b]),

where we have used Equation (4.81)), the C(Gy, R)-linearity of ¢, Proposition [3.3.7]

Equation (4.84]), and the C(Gy, R)-linearity of ¢ again. By Theorem ¢ is an
isomorphism, so that we can cancel ¢ on both sides of the equation, which yields

Equation (4.71)). O]
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4.6 Outlook: applications and examples

The goal of this section is to highlight possible applications and to state classes of ex-
amples of the differentiation procedure developed in this chapter. The computation
of explicit examples consists of three steps:

(1) Identify a cartesian tangent category € with scalar R-multiplication, where
R € C is a ring object.

(2) Identify a differentiable groupoid object in C.
(3) Apply the differentiation procedure of Section step by step.
By Theorem this yields an abstract Lie algebroid in the tangent category.

Lie groupoids

The prototypical cartesian tangent category is the category of finite-dimensional
smooth manifolds with the usual scalar R-multiplication (Ex. [3.2.21). The differ-
entiable groupoid objects in the category of smooth manifolds coincide with Lie
groupoids (Ex. . Our generalized differentiation procedure recovers the usual
construction of the Lie algebroid of a Lie groupoid (Sec. .

Elastic diffeological groups

The category of elastic diffeological spaces is a cartesian tangent category with scalar
R-multiplication given by the left Kan extension of the scalar R-multiplication on
Euclidean spaces (Ex. . We will first consider examples of elastic diffeological
groups, where the base space is a point.

e Diffeomorphism groups: Given a smooth (not necessarily compact) man-
ifold, its group Diff (M) of diffecomorphisms is not a finite-dimensional Lie
group. It is commonly viewed as an infinite-dimensional Lie group, in the
sense that it is locally modeled on compactly supported vector fields [KM97].
Diff (M) can alternatively be viewed as a diffeological space equipped with the
functional diffeology [Blo24a, Ex. 3.8(e)]. Since Diff(M) is an elastic diffeo-
logical group [Blo24a, Ex. 5.4], we can differentiate it using our method.

It is well-known that the Lie algebra of the diffeomorphism group of a compact
smooth manifold viewed as a Fréchet Lie group is given by its space of vector
fields with the (opposite) Lie bracket. While our construction recovers this
result, it has the following advantages:

1) Our approach is based entirely on universal categorical constructions,
sidestepping all technicalities of functional analysis and Fréchet mani-
folds.

2) As a consequence of 1), our construction applies without modification to
the diffeomorphism group of a non-compact manifold. We posit that its
Lie algebra is the Lie algebra of all vector fields, without conditions on
their support or behavior at infinity [BM].
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The reader may refer to [KM97] for the applications of differential calculus
in infinite-dimensional manifolds, which are modeled by ¢*-open subsets of
convenient vector spaces, to infinite-dimensional Lie theory. For a survey on
Lie theory of Lie groups modeled on locally convex spaces, as well as for a
detailed historical note on infinite-dimensional Lie theory, see [Nee06|.

¢ Gauge transformations: Given a smooth manifold M and a Lie group G
with Lie algebra g, the diffeological mapping space Dflg(M, G) is elastic with
tangent space

TDfig(M, G) = Dg(M, TG)
= Dfig(M,G x g),

where we have used [Blo24a) Cor. 5.12]. For a recap on diffeological mapping
spaces, see [Blo24a, Ex. 3.8(e)]. This has numerous applications in the set-
ting of gauge theory [Blo24b, Sec. 9.3], where the fields are connections on a
principal G-bundle P — M. Here, Dfig(M, ) is the symmetry group of local
gauge transformations. Its Lie algebra is Dfig(M, g).

¢ Bisection groups of Lie groups: The last two classes of examples belong
to a larger class: bisection groups of Lie groupoids. A bisection of a Lie
groupoid G = Gy is a section o : Gy — G of the source map s such that
too : Gy — Gy is a diffeomorphism. The set of bisections on a Lie groupoid has
a natural group structure, and is denoted by Bis(G) (e.g. [Mac05, Prop. 1.4.2]).

Given a smooth manifold M, its diffeomorphism group is the bisection group
of the pair groupoid M x M = M (Ex.[1.1.§ (ii)). For a Lie group G, the
symmetry group Dflg(M, G) of global sections of the trivial principal G-bundle
over M is the bisection group of the trivial Lie group bundld’] G x M — M.

It is known that the Lie algebra of the bisection group Bis(G) of a Lie groupoid
G with compact base is isomorphic to the Lie algebra of sections of the Lie
algebroid of G. In [SW15], the authors compute the Lie algebra of Bis(G) by
using sophisticated machinery from functional analysis [Mil84,Nee06|, where
Bis(G) has a natural locally convex Lie group structure. Another approach is
given in [CASW99, Sec. 15], where the authors differentiate Bis(G) using paths,
choosing a splitting of the tangent bundle over GGy. This can, for instance, be
done with a Riemannian metric. The heuristic approach of [CdSW99] is in
essence diffeological.

As explained for the case of diffeomorphism groups, the advantage of our ap-
proach is that it does not involve choices of norms or metrics, but only universal
constructions, so that it encompasses the case when M is not compact. We
conjecture that bisection groups of Lie groupoids are elastic and that their Lie
algebras are the Lie algebras of sections of the Lie algebroid.

3A Lie group bundle is a Lie groupoid where the source and target maps coincide. In this
case, the source (or target) fibers have the structure of a Lie group. As such, a Lie group bundle
can be viewed as a family of Lie groups smoothly parametrized by the objects of the Lie groupoid.
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Elastic diffeological groupoids

We now present classes of possible applications of elastic diffeological groupoids,
where the base is not necessarily a point. We start with action groupoids induced
by actions of elastic diffeological groups on elastic diffeological spaces. Concrete
examples of such action groupoids appear naturally in classical field theory.

e Actions of diffeomorphism groups: Consider the natural action of the
diffeomorphism group Diff (M) of a smooth manifold M on the sections of a
natural fiber bundld’] p : I — M. As we have seen above, Diff (M) is elastic.
Moreover, I'(M, F') is elastic [Blo24al, Cor. 5.12] with tangent space

TT(M, F) 2 T'(M,VF),

where VF' = kerTp = TF xgﬁ’f M M is the vertical tangent bundle. The
induced action diffeological groupoid

Diff(M) x T'(M, F) = (M, F)

is elastic, which follows from the fact that the finite product of elastic spaces
is elastic |Blo24al, Prop. 4.9]. This observation has applications in Lagrangian
field theory |[Blo24b].

e Actions of gauge transformations: Similarly, given a principal G-bundle
P — M and an open subset U C M, the diffeological mapping space Dflg(U, )
acts on the diffeological space of local sections I'(U, P). This yields a sheaf of
elastic diffeological groupoids

Dfig(U,G) x (U, P) = T(U, P).

By differentiation, we obtain a sheaf of abstract Lie algebroids in diffeological
spaces.

¢ Elastic diffeological action groupoids: The last two classes of examples
belong to a larger class: diffeological action groupoids. An action of an elastic
diffeological group G on an elastic diffeological space M induces an action
diffeological groupoid G x M = M (similar to Example (iv) in the
diffeological setting). As mentioned above, since the finite product of elastic
spaces is elastic [Blo24al, Prop. 4.9], this action groupoid is elastic.

e Groupoid symmetry of general relativity:

In [BFW13|, the authors embarked on a project to understand the symmetry
structure of the initial value problem of general relativity [BW24,BSW23|. The
main result was the construction of a diffeological groupoid whose diffeolog-
ical Lie algebroid has the same bracket as the somewhat mysterious Poisson

4In a natural bundle, the diffeomorphisms between open subsets of the base lift functorially to
diffeomorphisms between local sections (e.g. [Blo24bl Rem. 8.3.13]). Examples of natural bundles
include the (co)tangent bundle of a manifold, tensor bundles, and finite order jet bundles. For an
exhaustive characterization see [ET79]. Taking sections of these bundles we obtain vector fields,
differential forms, Riemannian metrics, etc.
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bracket of the Gaul-Codazzi constraints for Ricci flat metrics. Without a
theory of diffeological groupoids available, the differentiation of the diffeolog-
ical groupoid of [BFW13] was carried out in an ad-hoc manner. The reason
why this worked is that the authors had constructed a differentiable groupoid
object in the tangent category of elastic diffeological spaces.

¢ Reduction of action Lie groupoids by subgroups:

The construction of the groupoid symmetry of general relativity from [BFW13]
is a particular case of a more general construction: reductions of action Lie
groupoids by subgroups.

Let ¢ : G — Diff (M) be a smooth Lie group action on a smooth manifold.
Let H C G be a closed (not necessarily normal) Lie subgroup, such that ¢|g
is free and proper. There is a unique Lie groupoid structure on H \ G xg M
over M/H, where H\G xyg M = (G x M)/(H x H) with respect to the action
given by (h1,ha) - (g,m) = (highy ", ¢n,(m)). For the notation and statement
of the main proposition, see [BW24|, Sec. 8.1]. In particular, when H is not
normal, this reduction is not an action Lie groupoid. Blohmann and Weinstein
have computed the Lie algebroid of this quotient groupoid in [BW24, Sec. 8.5]
in the setting of smooth finite-dimensional manifolds.

To see how this construction applies to the example in general relativity, the
reader may refer to [BW24] Ex. 8.13].

Diffeological integration of Lie algebroids

It is known that Lie’s third theorem fails in the setting of Lie groupoids and Lie
algebroids [CF03|. In [Vil25], Villatoro addresses the question of integrability of
Lie algebroids via diffeological groupoids. In his construction, he introduces a class
of diffeological spaces, called quasi-étale diffeological spaces (QUED), which are
locally quotients of smooth manifolds by a well-behaved equivalence relation. He
then defines a Lie functor from singular Lie groupoids (groupoid objects in QUED
with source and target QUED-submersions, and the space of objects given by a
smooth manifold) to Lie algebroids.

The crucial part of the integration procedure in [Vil25] is to show that the
Weinstein groupoid IT;(A) = M of a Lie algebroid A — M (e.g. [CFO03, Sec. 2])
is a singular Lie groupoid. In an attempt to compare Villatoro’s construction to
ours, there is one subtlety. The Weinstein groupoid (at least of a non-transitive
Lie algebroid) does not seem to be elastic and so its differentiation by our methods
seems to be more involved.

Holonomy groupoids of singular foliations

The question of diffeological integrability has been also considered in the context
of holonomy groupoids. Associated to a singular foliation, there is a diffeological
groupoid, called its holonomy groupoid [AS09, Def. 3.5]. More generally, associated
to a singular subalgebroid of an integrable Lie algebroid, there is a holonomy group-
oid |[Zam22|. (The relation between the two is that the singular subalgebroids of
A =TM are precisely the singular foliations on M [Zam22| Ex. 1.2]).
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In |AZ23], Androulidakis and Zambon propose an integration method for sin-
gular subalgebroids via diffeological groupoids. In the first step of establishing the
differentiation procedure, the authors consider a certain class of diffeological group-
oids, which behave like the holonomy groupoid of a singular subalgebroid. These
diffeological spaces have a smooth manifold as their space of objects, and come to-
gether with a morphism to a Lie groupoid, satisfying additional properties. Using
families of global bisections, the authors differentiate such a holonomy-like diffeo-
logical groupoid to a singular subalgebroid |[AZ23, Thm. 3.2].

Under the assumptions on the diffeological groupoids in |[AZ23], the tangent
structure on smooth manifolds is sufficient and the question of a rigorous definition
of tangent spaces to diffeological spaces can be circumvented. In an attempt to
compare their construction to our differentiation procedure in the tangent category
of elastic diffeological spaces, the following questions arise: are holonomy groupoids
of singular foliations (or more generally of singular subalgebroids) elastic? What
are the minimal conditions making them elastic? Providing satisfactory answers to
these questions would be an interesting future work.

Moduli spaces and geometric deformation theory

The core of deformation theory lies in the study of moduli spaces of structures of
a certain type, such as the multiplication map of an algebra, a complex structure,
or a Riemannian metric, modulo isomorphisms. Deformations of a structure X are
smooth paths € — X, in the corresponding moduli space M through X = Xj.
Differentiating it at € = 0 yields an infinitesimal deformation

4 x
dE e=0

However, owing to the fact that moduli spaces might admit singularities and do not
come with a natural smooth structure, the differentiation often requires a derived
approach in which the tangent space is replaced with a differential complex.

It is a well-known conjecture that deformation problems are governed by differ-
ential graded Lie algebras (dglLa) or L.-algebras via Maurer-Cartan elements. Pro-
totypical examples are the deformation theory of associative algebras (Hochschild
cohomology) [Ger64], Lie algebras (Chevalley-Eilenberg cohomology) [NR67], and
complex structures (Kodaira-Spencer cohomology) [Kod05]. This conjecture is rig-
orously proved by Lurie |[Lurll] and independently Pridham [Pril0] using the lan-
guage of higher category theory. However, as promising as this sounds, constructing
a computable model of the dglLa controlling a specific deformation problem turns
out to be very difficult. As Kontsevich states: “It is an ‘art’ to discover these objects
for a general deformation theory” [Kon94, p. 6].

For instance, it is surprising that, while there is consensus that the deformation
complex of a Lie group is given by its group cohomology with values in the adjoint
representation on its Lie algebra, the Lie brackets of a dglLa- or L..-structure are
not known. More generally, Crainic, Mestre and Struchiner have constructed a
deformation complex controlling deformations of Lie groupoids [CMS20]. It is still
an open question what the compatible Lie bracket on this complex is.
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One approach to tackle the issue of singularities in the moduli space M is by
equipping it with a diffeology, where one can talk about smooth parametrizations.
In fact, the moduli spaces of the structures mentioned above admit a natural func-
tional diffeology. Geometrically, M can then be viewed as a stack presented by a
diffeological groupoid G¢. The infinitesimal deformation theory of X should then
be given by the fiber of TM (Rem. at X, presented by the abstract Lie
algebroid of G . To make these heuristic ideas rigorous, many questions arise, such
as:

1) How to generalize tangent structures in higher categorical settings, so that
the bicategory of diffeological stacks is equipped with a tangent structure (see

Remark |3.2.12))7

2) Are the diffeological groupoids G corresponding to a moduli space M, viewed
as a stack, elastic?

My ultimate goal is to use this methodology to describe the deformation theory of
geometric structures, such as Lie groupoids.



Chapter 5

Differentiation of higher groupoid
objects

Higher groupoids are simplicial sets together with certain horn filling conditions,
called Kan conditions. Historically, the notion of higher set theoretic groupoids
dates back to Duskin [Dus79,|Dus02], Glenn |Gle82|, and Getzler |Get09]. These
notions were recalled in Section [2.2.3] This simplicial approach has been further
employed by Henriques [Hen08] and Zhu [Zhu09] who introduced higher Lie group-
oids as simplicial manifolds that satisfy a geometric analog of the Kan conditions of
simplicial sets. More generally, the authors in [Hen08] and [Zhu09] have introduced
higher groupoid objects in any category equipped with a Grothendieck pretopology.

In 2006, Severa has proposed a method of differentiation of higher Lie group-
oids [Sev06]. In his construction, he has extensively used the odd line R as an
infinitesimal model. Severa has argued that the Lo-algebroid of a higher Lie group-
oid is given by the inner hom in the category of simplicial supermanifolds from the
nerve of the pair groupoid of R to the higher Lie groupoid. The resulting Le-
algebroid is a priori only a presheaf in graded manifolds. In his PhD thesis, Li has
proposed a combinatorial solution to the representability problem [Lil4]. In a re-
cent work by Li, Ryvkin, Wessel and Zhu, Severa’s construction has been rigorously
formulated and proved |[LRWZ23|, filling in the gaps of the proof in |Lil4]. The
authors have shown that the presheaf describing the infinitesimal counterpart of the
higher Lie groupoid is representable by its tangent complex.

In this chapter, we give a categorical generalization of Severa’s approach using
the language of ends. The first advantage of our construction is that it (only) makes
use of the tangent structure of the category of smooth manifolds. Hence, not only it
generalizes the differentiation process of usual Lie groupoids to the higher case, but
also it gives a method of differentiating higher groupoid objects to their infinitesimal
counterparts in any tangent category in the sense of Rosicky (Def. . The
second advantage is the fact that categorical ends are universal constructions, being
special kinds of limits. Moreover, they support a rich calculus of computational and
deduction rules |Lor21|. Thus, our construction gives both conceptual understanding
of the differentiation procedure and allows us to perform explicit computations.

To achieve our goal of differentiating higher groupoid objects, the first step is
to precisely state what we mean by a higher groupoid object, as well as identify
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the conditions needed for its differentiation. This will be covered in Section [B.1l
The differentiation procedure via categorical ends and the computation of the corre-
sponding limit will be described in Section [5.2] We then comment on how to recover
the well-known differentiation of Lie groupoids in Section [5.3] Lastly, we comment
on a possible generalization of the notion of higher Lie algebroids in the category
of smooth manifolds to the setting of tangent categories in Section [5.4 We also
make a conjecture about the higher Lie algebroid structure of the categorical end
formulation of the infinitesimal counterpart of the higher groupoid object.

5.1 Differentiable higher groupoids

The main goal of this section is to describe the global geometric objects that we
will differentiate: differentiable higher groupoids. We first define an n-groupoid
object in a category equipped with a Grothendieck pretopology, using the approach
of Henriques [HenO8] and Zhu [Zhu09]. These notions are recalled in Section [5.1.1]
In Section we illustrate the (n + 1)-coskeletality of an n-groupoid object,
and describe its higher multiplications and degeneracies in the n + 1 level under
concreteness assumptions. This is a generalization of the descriptions in [Dus02]
and |[Zhu09| for the cases of n = 0,1 and 2. Lastly, in Section we identify the
axioms on an n-groupoid object needed for its differentiation in a tangent category
equipped with a compatible Grothendieck pretopology.

5.1.1 Higher groupoids in categories with a pretopology

Higher set theoretic groupoids are simplicial sets that satisfy certain horn filling
conditions. More precisely, an n-groupoid is a simplicial set G : A°® — Set such
that the horn projection
Pmi t G — G(A]") (5.1)
<

is a surjection for all m > 1 and a bijection for all m > n and 0 < ¢ m
(Def. [2.2.19)). By the Yoneda lemma, there is a natural bijection G,, = s8et(A™, G)
of sets. In (5.1)), G(A) = s8et(A*,G) is the set of (m,i)-horns of G and py,; is
the natural morphism induced by the monomorphism A — A™. These notions
are recalled in Section [2.2] For the case n = 1, the nerve construction induces an
equivalence of categories between the category of 1-groupoids and the category of

groupoids (Remark [2.2.22)).

Singleton Grothendieck pretopology

In an attempt to define higher groupoid objects in any category, there are two
subtleties:

(1) As described in Section [2.2.2] horns can be defined in any simplicial object in
a category C by Kan extensions along the Yoneda embedding. Explicitly, the
object of (m,i)-horns of a simplicial object X : A°® — € is defined by

X(A") := (Ranyer X)(A]") = Jim X (5.2)
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(Def. [2.2.11)). Without any completeness assumptions on €, these objects are
a priori only presheaves on C. In Definition of groupoid objects in €, we
explicitly require the existence of these horns in C.

(2) In order to make sense of the non-unique horn filling conditions, we need a
class of morphisms that play the role of surjective submersions in the category
of smooth manifolds. Following the approach of Henriques and Zhu, these will
be given by the covers of a Grothendieck pretopology on € [Hen08Zhu09]. The
properties of the pretopology will then guarantee the existence of the horns in

C (Cor. [5.1.10).

A singleton Grothendieck pretopology on C is given by a class of morphisms,
called covers, subject to the following axioms (Def. |A.1.9)):

(i) Every isomorphism is a cover.
(ii) The composition of two covers is a cover.

(iii) If U — X is a cover and Y — X is a morphism in C, then the pullback Y x x U
exists and the projection Y xx U — Y is a cover.

Remark 5.1.1. If € has coproducts, a singleton Grothendieck pretopology coincides

with a Grothendieck pretopology (see Def. and Rem. [A.1.10]). Since we will
only need singletons as covers, we do not make the assumption that € has coproducts.

Terminology 5.1.2. In the rest of this chapter, we will just write a Grothendieck
pretopology or a pretopology to mean a singleton Grothendieck pretopology.

A pretopology on C is subcanonical if every cover is a regular epimorphism
(Def. 7 that is, if every cover is a coequalizer of some parallel pair of mor-
phisms.

We will equip € with a Grothendieck pretopology satisfying the following as-
sumption.

Assumption 5.1.3.

(i) The category € has a terminal object * and the unique morphism U — * is a
cover for every object U € € which is not the initial object (if it exists).

(ii) The pretopology is subcanonical.

These are Assumptions 2.1 from [Zhu09], except that we exclude the initial
object in part (i). The reason is that in many situations the unique morphism

& — * is not a cover, such as in Set with any subcanonical pretopology as explained
in [MZ15, p. 1913].

Remark 5.1.4. A category equipped with a Grothendieck pretopology satisfying
Assumption has all finite products. This follows from Axiom (iii) of the pre-
topology and the assumption that the unique morphism to the terminal object is a
cover.
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Example 5.1.5. Consider the category Mfld of smooth manifolds with smooth
maps. The covers given by surjective submersions equip Mfld with a Grothendieck
pretopology satisfying Assumption [5.1.3]

Example 5.1.6. Diffeological spaces are concrete sheaves on the site of Euclidean
spaces with the usual open covers |[Blo24a, Def. 3.4]. They form a category Dflg with
morphisms of the underlying presheaves. Subductions are the strong epimorphisms
(Def. in Dflg [Blo24a, Term. 3.7]. The covers given by subductions equip Dflg
with a Grothendieck pretopology satisfying Assumption [5.1.3. This follows from
the many convenient properties of diffeological spaces [BH11, Thm. 5.25], [Blo24a,
Thm. 3.5, Prop. 3.6].

Collapsible simplicial sets and existence of the horns

Definition 5.1.7. A filtration of a simplicial set S is a sequence of monomorphisms
AP=858' »  58F=g9 (5.3)
of simplicial sets for some k£ > 1.

Definition 5.1.8. A simplicial set S is called collapsible if it admits a filtra-
tion of simplicial sets, where for each 1 < ¢ < k, there exist some n; > 1,
0 < ji; < ny, and a morphism f; : AJ* — S*~! of simplicial sets, such that S* is the
pushout in sSet of the diagram

S22 ST T n AT ¢ AT

T J T (5.4)

Si—l - A;llz
Geometrically, the pushout means that each S comes from the preceding
one by filling a horn. Note that is computed objectwise, being a colimit in a
functor category.
Recall that the object of (m,i)-horns of a simplicial object X : A°? — € is given
by Equation . This definition applies to any simplicial set S (see Def. and

Rem. [2.2.4). Explicitly,

X(S) := (Ranyer X)(5) = AI;IBSX,C.

Using the properties of collapsible simplicial sets, the next lemma gives a sufficient
condition for the existence of these limits in €. It is another formulation of [Hen08§|,
Lem. 2.4].

Lemma 5.1.9. Let S be a collapsible subsimplicial set of A™ for some n > 1. Let
X be a simplicial object in a category C equipped with a pretopology, such that the
object X (AT') exists in € and the horn projection

is a cover for all0 <m <n and 0 < j <m. Then, X(S) ezists in C.
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Proof. Since S is a collapsible subsimplicial set of A", it admits a filtration
A=5" 585t - . 68 =9

such that for all 1 < i < k, there exist 1 < n; < n, 0 < j; < n;, and a morphism
fi o A — 57! making Diagram a pushout square. We will proceed by
induction on i and show that X (S?) is an object of € for all 0 < i < k.

For i = 0, it follows from Lemma that X (5% = X (A% = X, € €. Assume
now that X (S*1) € € for some 0 < i < k. Consider the following diagram:

X (Am)
lpni,ji (5.5)

1—1 ng
X(5) =G X (A7)

By assumption and since n; < n, we have that X (A’") € € and p,, ;, is a cover. Using
Axiom (iii) of a Grothendieck pretopology, we get that the pullback of Diagram ({5.5))
exists. By the universal property of pullbacks and by the pushout square ((5.4)), we

conclude that the pullback of Diagram (5.5]) is isomorphic to X (S?). Thus, X (S?)
exists in C. In particular, for i = k, we get that X (S*) = X (S) exists in €. O

Corollary 5.1.10. Letn > 1. Let X be a simplicial object in a category € equipped
with a pretopology, such that the object X (AT') exists in C and the horn projection

Pt Xm — X(A;»”)

is a cover for all 0 < m < n and 0 < j < m. Then, X(A') ezists in C for all
0<1<n.

Proof. For n = 1, the objects of (1,0)-horns and (1, 1)-horns always exist and are
isomorphic to the object of O-simplices. That is,

X(A)) = Xy =2 X(A)).

For n > 2, since the horns A} are collapsible subsimplicial sets of A", the result
follows from Lemma [5.1.91 L

The Kan conditions and n-groupoids

We will now generalize the notion of Kan simplicial sets from Definition [2.2.16[to the
setting of categories with a pretopology. It gives a geometric analog of the horn filling
conditions. The following definition is another formulation of [Hen08, Def. 2.3].

Definition 5.1.11. Let € be a category equipped with a pretopology satisfying
Assumption A simplicial object X in € is called Kan if the horn projection
P @ Xm — X (A") is a cover for all m > 1 and 0 <i < m.

Remark 5.1.12. The nerve of a Lie groupoid (see Example is a Kan simplicial
manifold since the horn projections are surjective submersions. In fact, more is true:
All horns of degree > 1 can be filled uniquely, that is p,, ; is a diffeomorphism for all
m > 1 and 0 < i < m (similar to Example . This observation motivates the
next definition, which generalizes Definition [2.2.19| of higher set theoretic groupoids.
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Definition 5.1.13 ([Zhu09, Def. 1.3]). Let C be a category equipped with a pre-
topology satisfying Assumption and let n € NU {0} U {oc}. An n-groupoid
object in € is a Kan simplicial object G in € such that p,,; : G, = G(A}") is an
isomorphism for all m > n and 0 < ¢ < m. If Gy is the terminal object %, then G is
called an n-group object.

Definition 5.1.14. A morphism of n-groupoid objects in € is a morphism of
simplicial objects, i.e. a natural transformation.

For n € NU {0} U {o0}, n-groupoid objects together with morphisms between
them form a category.

Remark 5.1.15. Let € be a category equipped with a pretopology satisfying As-
sumption [5.1.3] A 1-groupoid object in € is a groupoid object in € in the sense of
Definition [4.1.1] since the existence of the horns follows from Corollary [5.1.10] The
converse only holds if we add the assumption that the horn projections p; o and p; ;
are covers. Note that if G is a groupoid object in € in the sense of Definition [4.1.1]
we have that p; o and p;; are regular epimorphisms (Remark . However, this
does not in general imply that they are covers.

Terminology 5.1.16. Lie n-group(oid)s are n-group(oid) objects in the category
of smooth manifolds with the pretopology given by surjective submersions. The
comparison between the various notions of 2-groups in Remark holds for the
case of Lie 2-groups. For the equivalence of the category of strict Lie 2-groups and
the category of Lie crossed modules, see [BL04, Sec. 8.4].

5.1.2 Coskeletality, higher multiplications and degeneracies

In this section we will show that the data of an n-groupoid object is given by its
first n 4+ 1 levels. We will assume that the functor of points

|_]:C — Set

Cr— |C]:=C(x,C) (5.6)

is faithful, so that it equips € with a concrete structure. In the last part, we will
give explicit formulas for the face and degeneracy morphisms in the (n + 1)-level.

Coskeletality

Every set theoretic n-groupoid G is (n+1)-coskeletal (Prop.[2.3.12)). In this section,
we show that this also holds for n-groupoid objects in categories with a pretopology.
To prove the statement, we will use Definition [2.3.15] which states that a simplicial
object X : A°®? — C is n-coskeletal if the natural map

CAT (A, X) — 2% (128 A, tr® X)

is a bijection for all simplicial objects A of C. Here, tr¢ : CA™" — CA%n s the
n-truncation functor, which restricts a simplicial object to its simplices of degree up
to n and forgets its simplices of degree greater than n (see Section for details).
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Remark 5.1.17. The reason why we use Definition [2.3.15| of n-coskeletality is ex-
plained in Section [2.3.3 Under no assumptions of completeness in the ambient
category, the coskeleton functor is defined only in presheaves. In this case, Defini-
tion[2.3.6) that X = cosk,, X does not make sense to the nose, but only in presheaves.
The equivalence of (i) and (ii) in Proposition justifies this definition, which is
sufficient for our purposes.

Proposition 5.1.18. Let C be a category equipped with a pretopology satisfying
Assumption . Every n-groupoid object in C is (n + 1)-coskeletal.

Proof. Let G : A®® — € be an n-groupoid object and A : A” — € a simplicial
object. Denote by € := 8et®” the category of presheaves on € and let y : € — € be
the Yoneda embedding. Consider the following simplicial presheaves:

G:A® S, —2s ¢
A:A® A, L, ¢,

Since y is full and faithful, we have the following natural bijections

CAT(A,G) = CA™(A, Q)

. S (5.7)
CALh (trf A s, G) = (G (s A el G).

Furthermore, since € has a concrete structure and since Cis complete and cocom-
plete, it follows from the proof of Proposition [2.3.12] that

~

A e
~
G = cosk, G,

where COSkS 41 GA™ 5 @A™ s the coskeleton endofunctor (see also Rem. [2.3.14
and [Zhu09, Prop. 2.15]). By the equivalence of (i) and (ii) in Proposition [2.3.9 we
have a natural bijection

CAT(A,G) = A%i(nnl, A, 0l B) (5.8)
(see Remark [2.3.16). Using (5.7) and (5.8), we conclude that there is a natural
bijection o

GAOP <A7 G) = GASH-H (trSJrl Av trSJrl G) )
which shows that G is (n + 1)-coskeletal. O

Remark 5.1.19. The geometric interpretation of the previous proposition is that
n-groupoid objects can be completely described by the first n + 1 levels together
with some additional data, which are given by the Kan conditions. When n = 1, the
extra data is given by the inverse and the associative multiplication of the groupoid.
The case for n = 2 is rigorously treated in [Zhu09, Sec. 2.3], where Zhu proves that
a 2-truncated simplicial object together with so-called associative 3-multiplications
is equivalent to the data of a 2-groupoid object via a generalized nerve construction.
The reader may refer to [Dus02] for a detailed exposition in the set theoretic setting
for n =10,1 and 2.
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Let G be an n-groupoid object in € for some n > 0. We will now describe the
(n+ 1)-level of G explicitly. We shall denote the face and degeneracy morphisms of
G by d,; for m > 1,0 <7 < m and s,,; for m >0, 0 <7 < m. As a simplicial
object, GG is depicted by

d2,0

y] dl,O %’\
Go ; > G1 < ; G2
di1 <d—
2,2

Let £ € {0,...,n+ 1} be fixed.

Remark 5.1.20. Since we assume that € has a concrete structure, the horn pro-
jections of GG can be expressed in components as described in Remark [2.2.13, For
instance, the (n + 1, k)-horn projection can be written as

Prntig t Gry1r — G(AZH)

g'—><907"'7/g\k7"'agn+1)7

where g; := d,,414(g) for all 0 < i < mn+ 1. Since G is an n-groupoid object, ppi1x
is an isomorphism. Hence, we will usually identify g with its horn projection and

write g = (go, -+ Gks - - - » Gnt1)-

The higher multiplications

For all 0 <4 < n+ 1, consider the composition
~ Pl k d
n+1, n+1,i
dpy1 G(AZ“) ——— Gpy1 —— Gy,

which we also call the face morphisms. It is easy to observe that

dn-‘,—l,i = e
pr; iti>k.

Example 5.1.21. Let n=1and k =1. If i =1, (22,1 = da opz_& is the groupoid
multiplication

p

-

2, da1
— G — G
=" 2 ' (5.9)

(g, h) > gh.

Here, s = d;; is the source and t = d; is the target of the groupoid. If ¢ = 0, the

m: G(A}) =Gy g Gy

morphism dy o = pr; is the projection onto the first factor:
Pa1

d
t 2,0
pry G1 Xgo G1 ?) G2 — Gl

(g,h) > g.
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It can be depicted by:

0 2 0 gh 2 2

Similarly, if ¢ = 2, we get that @,2 = pr, is the projection onto the second fac-
tor. These constructions are recalled from Remark [2.2.22] where we explain the
equivalence of groupoids and 1-groupoids through the nerve construction.

The fact that the inner face morphism 672,1 is the multiplication of the groupoid
suggests the following definition.

Definition 5.1.22. The (n + 1, k)-multiplication of the n-groupoid object G in
C is the morphism N
Myt = Apy1 . G(AZ“) — G,

Remark 5.1.23. Often we will just write m = my,41 = my41 and call it the
multiplication of G if it is clear from the context what k is. Note however that there
are n + 2 choices of such multiplication morphisms for an n-groupoid. When n = 1,
G has a unique degree 2 inner horn G(A?) and hence the multiplication m = my 1, as
given in (5.9), is canonical. In this case, the other two non-standard multiplications
are given by mag : (g,h) — gh™' and may : (g,h) — g~ *h. For higher groupoid
objects however, there is no natural choice of an inner horn.

Example 5.1.24. Let n = 2 and k = 0. Then, the (3,0)-multiplication of the
2-groupoid object G is given by

1
P30

3,
o

ds,o
G3 > G2

~

m370 : G(Ag)

(91,92, 93) ————— 916293,

where g = (g1, 92, g3) is such that g, := ds;(g) € G2 for i = 1,2,3. The multiplication
can be depicted by:

1 1 2
o 2 - ‘2 B ﬁ
0 3 0 3 1 3

Remark 5.1.25. The (unique) Kan conditions of degree n+ 1 and n+ 2 allow us to
rigorously formulate and prove that the (n + 1, k)-multiplication of the n-groupoid
G is associative. This is spelled out for the case n = 2 in [Zhu09 Prop.-Def. 2.16]
for the multiplications ms, ms 1, ms2 and ms 3.
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The degeneracy morphisms
For all 0 <4 < n, consider the composition

~ . Sn,i Pn+1,k n+1
S 1 G 25 Gy 2225, GATHY

which we also call the degeneracy morphisms. The next lemma gives a useful descrip-
tion of these morphisms in terms of the components of the horn. For simplicity, the
composition symbol as well as the first index in the face and degeneracy morphisms
are omitted.

Lemma 5.1.26. The following equations hold:

((Si—ldOa RN Si—ldi—la ld, ld, Sidi—i-la cee Si/dk\_l, ceey Sidn) Zf’& <k,

Si =< (sk—1do, ..., Sp—1d_1, id, spdii1, .., spdy) ifi=k,

\(3171d07 ---,@c, ooy Sicadiog, id, id, sidiya, Sidn) ifi >k,
(5.10)

whenever defined.

Proof. The result follows by the fact that p,41% = (dpt10,- - - ,gnJrLk, ooy pt1nt1)
(Remark [2.2.13)) and the simplicial identities. ]

Remark 5.1.27. Let us analyze Equation (5.10). If ¢ < k, then the (i + 1) and
(1 4 2) slots of s; are the identity morphisms. Moreover, the (k 4 1)-component is
omitted. This implies that if i = k — 1, the (k 4 1)-component coincides with the
second identity map, which is omitted. In this case, only one identity component
appears in the equation. The situation for ¢ > k is analogous.

Example 5.1.28. Let n =1 and k£ = 1. If ¢ = 0, the morphism $; ¢ is given by the
composition

~ $1,0 P21
$1,0 Gl — G2 T G1 ng Gl = G(A%)

g > (ga 13(9)) .
It can be depicted by:

Since s = dy 1 is the source and 1 = sy is the unit of the groupoid, we have
s1,0 = (idey, So00dr1)

as expected. Similarly, if 7 = 2, we get that
g1,1 = (80,0 o dl,o, idGl) .

For n = 2, we recover the explicit formulations of the degeneracy morphisms
$2.0, S2,1 and sy2 as described in [Zhu09, Sec. 2.3].
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5.1.3 Differentiability

In this section, we identify the axioms needed for a higher groupoid object to dif-
ferentiate to its infinitesimal counterpart. We will give a tentative definition of the
notion of differentiability and explain the motives of our axioms.

The setting is a category C with a tangent structure (Def. and a Grothen-
dieck pretopology satisfying Assumption [5.1.3] We say that the tangent structure
and the Grothendieck pretopology are compatible if the abstract tangent functor
T maps covers to covers.

Definition 5.1.29. Let n € NU {0} U {oo}. Let € be a category equipped with
a tangent structure and a compatible Grothendieck pretopology satisfying Assump-
tion 5.1.3l An n-groupoid object G in € will be called differentiable if:

(i) for all p > 1, the natural morphism

T (G(AT)) = TP(A}L% Gl> — lim T7G, = (I"G)(A)  (5.1)

is a cover for all m > 1 and an isomorphism for all m > n and 0 < i < m;
(i) the end
/ TG, . (5.12)
[mleA

op
<n+1

exists in C.

Let us motivate this definition. It is a consequence of condition (i) that the
simplicial object (TPG)[l] = TPG, is an n-groupoid object in € for all p > 1. Let us
explain this for p = 1. The horn projectionsﬂ pﬂGZ = (TG)(A" - A™) of TG factor
through the tangent morphism of the horn projections p,,; of G as follows:

TG
pm,i

- (TG)(A)

Tpm / (5.13)

T(GAM)

Since G is an n-groupoid object, the horn projection p,,; is a cover for all m > 1
and an isomorphism for all m > n. Since T" maps covers to covers, we get that T'p,, ;
is a cover for all m > 1. Moreover, by the functoriality of 7', we have that T'p,, ;
is an isomorphism for all m > n. Using the condition that is a cover for all
m > 1 and the axioms of the pretopology, we obtain that the horn projection p%ﬁ,
being a composition of covers, is a cover for all m > 1. Lastly, using the condition
that is an isomorphism for all m > n, we get that pfﬁ, being a composition
of isomorphisms, is an isomorphism for all m > n. This concludes that T'G is an
n-groupoid object in €.

Remark 5.1.30. The existence of the horns (T7G)(A}") follows from the fact that
the horns A" are collapsible (Cor. [5.1.10)).
IFor a recall on the objects of horns and the horn projections, see Definition
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Notation 5.1.31. If G is a differentiable n-groupoid object, we will often omit the
extra parenthesis and write TP?G(A7") = TP(G(A")) = (TPG)(A]") for all p > 1,
m >n, and 0 < i < m. This is justified by condition (i) of Definition [5.1.29, This
will appear in the component expression of the horn projection in Remark
and in the last box (5.28)) of the computation of the end.

The motivation for condition (ii) of Definition will become clear in the
coming sections. For now, it may look like a very strong unexpected condition. In
Section [5.2.2] we will generalize an idea of Severa and define the infinitesimal coun-
terpart of a differentiable n-groupoid by the categorical end ([5.12)) (see Def. ,
where we also use the (n + 1)-coskeletality of G (Prop. . The existence of the
end turns out to be equivalent to the requirement that certain fiber products
of the cosimplicial iterated tangent functor applied to the simplicial structure of G
exist (Theorems [5.2.8 and [5.2.17)).

Remark 5.1.32. Let GG be a 1-groupoid object in a category € equipped with a
Grothendieck pretopology satisfying Assumption|5.1.3] Then G is a groupoid object
in € in the sense of Definition [£.1.1} If € has a tangent structure compatible with
the pretopology, the differentiability of G in the sense of Definition [5.1.29| implies
its differentiability in the sense of Definition [4.1.6]

Note that in Definition making no assumption whatsoever of a pretopol-
ogy on the ambient category, we have identified and explicitly spelled out all the
pullbacks that we require to exist for the construction of the abstract Lie algebroid
of a differentiable groupoid. If € has a pretopology, the existence of some of the
pullbacks in Definition 4.1.6|already follows from the axioms of the pretopology. For
instance, the vertical tangent bundle VG, := TG, xifgg% G exists since s is a cover
and 7" maps covers to covers.

The converse is more subtle already at the level of groupoid objects without the
differentiability conditions. This is explained in Remark [5.1.15]

Remark 5.1.33. Every Lie n-groupoid is a differentiable n-groupoid object in the
category of smooth finite-dimensional manifolds, with covers the surjective submer-
sions and with the usual tangent structure. Note that in this case, the pretopology
and the tangent structure are compatible since T maps surjective submersions to
surjective submersions.

5.2 The differentiation procedure

This section is the core of this chapter, where we describe a method of differentiation
of higher groupoid objects to their infinitesimal counterparts. In Section [5.2.1} we
will explain the ideas of Severa that he used to construct the Lo.-algebroid of a higher
Lie groupoid [Sev06]. Generalizing these ideas, we will give a categorical formulation
of the abstract higher Lie algebroid of a differentiable higher groupoid object in a
category with a tangent structure and a Grothendieck pretopology. In Section [5.2.2
we state the main definition in terms of categorical ends, and in Section [5.2.3| we
compute its corresponding limit. Using the simplicial identities, the naturality of
the tangent structure, and concreteness assumptions, we show in Section that
half of the relations encoded by this limit are redundant.
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5.2.1 Motivation: Severa’s idea

In 2006, Severa has proposed a method of differentiating higher Lie groupoids, given
by Kan simplicial manifolds, to higher Lie algebroids, given by differential graded
manifolds [Sev06]. In order to explain Severa’s ideas, we need the notion of the odd
line RO as an infinitesimal model. In the literature, this object is sometimes called

a superpoint (e.g. [HKST11]), or a fat point (e.g. [LRWZ23]).

The odd line, the odd tangent bundle, and the de Rham complex

In the same way smooth manifolds locally look like a finite-dimensional vector space,
graded manifolds locally look like a graded vector space. If the grading is given by
the group Z,, we get the concept of supermanifolds. The main idea lies in the
fact that supermanifolds are endowed with both commuting and anti-commuting
coordinate functions, called even and odd coordinates respectively.

Explicitly, a (p, ¢)-supermanifold M consists of a p-dimensional smooth mani-
fold M, called its core, and a structure sheaf Oy of Zs-graded commutative algebras
on M, where for all open subsets U C M, Oy (U) = MAd(U,R)®S(0*, ..., 07). Here,
S, ...,07) denotes the free graded symmetric algebra generated by odd coordi-
nates 6. Tt follows that 0?07 = —@70° and thus (0)> = 0 for all 1 < 4,5 < gq.
Note that a smooth manifold can be viewed as a supermanifold with only even
coordinates.

Remark 5.2.1. In general, a sign convention on an abelian group G is given by
a group homomorphism G — Z,. Elements of G whose image is 0 are called even,
and those with image 1 are called odd. In graded geometry, G is commonly taken
to be Z, Zs or 7 X Zs. In the case when G = Z,, the sign convention is naturally
given by the identity map.

A morphism ¢ : M — N of supermanifolds is given by a smooth map
¢ : M — N on the cores and a natural transformation ¢* : Ox — ©,.0y of sheaves
on N, where ¢,y is the direct image sheaf that assigns to each open subset VVC N,
0.0 (V') := O (95_1(‘/)). We denote the category of supermanifolds by SMfld.

Remark 5.2.2. Supergeometry was originally motivated by the discovery of su-
persymmetry in physics in the early 1970s [WZ74], which plays an essential role in
the study of elementary particles, bosons and fermions. For a detailed and rigor-
ous treatment of the subject, the reader may refer to [Lei80, Ber87, Man97] as the
classical sources, as well as [Var04, CCF11] as more recent ones.

For us, the first interesting example is the odd line R%'. It is the supermanifold
with core the point space R® = x and the ring of functions Opon the algebra of dual
numbers. That is, its structure sheaf is given by

Opon (%) 2 S(0) 2R & 0R,

where 6 denotes the odd generator of RO/,
The second interesting example for our purposes is the odd tangent bundle
of a smooth manifold M. It is the supermanifold IIT'M with core M, where the
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structure sheaf Oprys is given by the sheaf 2 of differential forms on M. Spelled
out, for all open subsets U C M,

Onrar (U) = T(U, AT*M|y) = QU) .

Remark 5.2.3. The odd tangent bundle is a particular case of a more general
construction. To every smooth vector bundle £ — M there is an associated su-
permanifold ITE with core M and structure sheaf given by Opg(U) :=T'(U, AE*|y)
for each U C M open. The notation comes from the parity reversing endofunctor
IT on Zs-graded vector spaces. Moreover, Batchelor’s theorem states that for any
supermanifold M with core M, there exists a vector bundle E over M such that
there is a (non-canonical) isomorphism I1E = M [Bat79,Bat85]. However, there are
many more morphisms in supermanifolds than the ones coming from morphisms of
vector bundles, so that we do not obtain an equivalence of categories. One may
refer to [Var04, Sec. 4.2] for a detailed explanation or [Lei80, Ex. 2.1.3.(c)] for an
example.

Given a (super)manifold M, it is folklore in the history of supermanifolds that
the inner hom from ROM to M is represented by the odd tangent bundle of M
[Kon03}|SK03,[Sev06|, that is,

Hom (R, M) = TITM .

By the universal property of the inner hom, this means that there is a natural
bijection

SMAd(X x R, M) = SMAd(X, TIT M)
for all X € SMfld (see [HKST11], Prop. 3.1] for a rigorous proof). By induction, we
get that for all k € N,

Hom ((R°M)*, M) = (TIT)*M . (5.14)

Furthermore, there is a natural right action of the graded ring End(R°) :=
Hom (R, R%") on Hom(R!, M). This action is equivalent to the structure of
a differential complex on the sheaf Q(M) of differential forms on M, that is, to
its Z-grading and to the de Rham differential. Further details can be found in
[Kon03, SK03,Sev06, HKST11].

Remark 5.2.4. In the smooth setting, a common approach to model higher Lie
algebroids are differential (non-negatively) graded manifolds [SZ17] (also see Re-
mark for the case of Lie algebroids). Thus, the above mentioned right action
of End(R%") on Hom(R%!, M) is crucial for the description of the L..-structure of
the infinitesimal counterpart of the higher Lie groupoid.

The pair groupoid of the odd line

Severa’s main idea suggests replacing R%! by the nerve P of the pair groupoi
associated to R, Spelled out, the supermanifold of m-simplices is given by
Pm — ROH N ROH — (R0|1)m+1

g

(m 4+ 1)-times

2See part (ii) of Example for the notion of the pair groupoid in the category of smooth
manifolds, and Example for the nerve construction.
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for all m > 0. The simplicial supermanifold P is then depicted by
ROI E ROIL 5 RO g ROIL » RO  ROIL
pE—
where the face morphisms are given by
i - (ROt (ROILym
oy, 0m) —> (B0, ..., 0, .., Or)

for all m > 1, 0 <7 < m, and the degeneracy morphisms by

S (Ro\l)erl N (RO|1)m+2
(90,...,(9m) — (00,...,0i,9i,...,9m>

for all m > 0, 0 <7 < m. Here, 0; denotes different copies of the odd variable of
RO,

From inner homs to categorical ends

Severa has argued that the infinitesimal counterpart of a higher Lie groupoid G :
AP — Mfld is given by the enriched hom from P to G, where G is viewed as a sim-
plicial supermanifold. An element of SMﬂdAop(P, () is depicted by a commutative
diagramﬂ of the form

RO x RO x RO 5 3,
ROL x ROL — él

A A

vivy VN

R — 5 Gy

Using the language of functor of points, he defines the 1-jet of G by the enriched
hom from P to G, given by the presheaf

Hom(P,G) : N — SMAd*”™ (N x P,G)

on the category of supermanifolds. In fact, this definition does not use the Kan con-
ditions on G and makes sense for any simplicial manifold. Severa’s representability
theorem [Sev06, Prop. 9.2] claims that under some truncation conditions, the 1-
jet of the higher Lie groupoid G is representable and the representing object is a
differential non-negatively graded manifold.

3Here, commutative means serially commutative. That is, the squares corresponding to a given
face or degeneracy morphism commute.
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Remark 5.2.5. The proof provided in [Sev06] lacks many details and has se-
rious gaps. In his PhD thesis, Li has tried to overcome many of them [Lil4].
However, Lemma 8.34 in [Lil4] contains a mistake. Filling the gaps of [Sev06]
and [Lil4], Severa’s representability theorem has been rigorously formulated and
proved in |[LRWZ23|. The authors have shown that the 1-jet of the higher Lie
groupoid G is represented by its tangent complex [LRWZ23, Thm. 3.3].

In the forthcoming section, we shall give a categorical generalization of Severa’s
idea using the language of ends. It starts with the observation that ends provide a

general framework to concisely formulate (enriched) homs in functor categories (see
Remark [A.2.4)). As such, if G is a Lie n-groupoid, there is a natural bijection

SMfd*™ (P, G) = / SMfd (RO G,)

[m]GA%pn+1

using Remark and the fact that G is (n + 1)-coskeletal (Proposition [5.1.18)).
Thus, the enriched hom from P to G may be defined as

Hom(P,G) := / Hom ((R"")"™*!, G,

[m] GA%pn 1

op
€A§n+l

o /[ | (Tr)™a,,, (5.15)

where the isomorphism follows from . The end is independent of the
infinitesimal model R%" and only contains the tangent functor T in the category of
smooth manifolds.

The motivation described above can be summarized by the following diagram:

nrM = Hom R M)
enrichment of
functor [Kel05) [Sevoo) simplicial
categories - manifold
Lie(G) = / Hom ((R"Y)™*', G,)
[m]eAop

5.2.2 The higher Lie algebroid as a categorical end

The goal of this section is to give a categorical generalization of Severa’s ideas from
the previous section. Using the language of ends, we will explain a differentiation
method of higher groupoid objects. The reader may refer to Section for details
on categorical ends and their main properties needed for our purposes. Let C be
a category with a tangent structure and a compatible Grothendieck pretopology
satisfying Assumption [5.1.3
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Definition 5.2.6. Let G be a differentiable n-groupoid object in € for some n > 0.
The abstract Lie n-algebroid Lie(G) of G is defined by

Lie(GQ) := / "G, . (5.16)
[m]

op
EA§n+1

Let us spell out Definition in more detail. Recall that 7**! has the following
(augmented) cosimplicial structure (Prop. [3.2.25): The coface and codegeneracy
transformations are given by

d™ =TT T — T (5.17)
Sm,z’ — TmleuTz . Tm+2 N Tm+1 7 :
form > 0and 0 <7 < m. Here, 0 : 1 — T is the zero section of the tangent structure
and p := + o (7T, Tr) : T*> — T is the monad multiplication (Prop. [3.2.22).

Let G be a differentiable n-groupoid object in C for some n > 0. Denote its
face and degeneracy morphisms by d,,,; and s,,;. Also, let §™* and o™ denote the

coface and codegeneracy maps of the simplex category A, and d,,; and o,,; the
corresponding maps in AP (see Sec. [2.1.1]). The end ([5.16) is the end of the functor

TG, : (A%an)Op x A%, —C

n

([m]’ [l]) N Tm+1Gl ) (518)

It maps the morphism
(6™, 01y) = ([m =11, [1]) — ([m], [ - 1])

in the domain category to the morphism T™G; — T™"G,_; in € given by the

diagonal of
T™d; ;

TG TG
(TmiOTi)cll \ l(TmioT")cl1 (5.19)

forall 1 <m,l <n+1,0<i<mand0<j <]l Similarly, the functor (5.18)
maps the morphism

(0™, o1) = ([m + 1], [1]) — ([m], [ +1])

in the domain category to the morphism T™"G; — T™ G, in € given by the
diagonal of

2 T s 2
g, L pmieg

(TmiuTi)cll \ l(T””‘uT")cl+1 (5.20)

m—+1 m—+1
T Gl W T Gl+1
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The commutativity of Diagram follows from the naturality of 0, that of
Diagram from the naturality of u. It is easy to spell out the other commu-
tative diagrams which are obtained as the images of different combinations of the
(co)face and (co)degeneracy maps. This is sufficient to describe the functor
since any morphism of A is finitely generated by its coface and codegeneracy maps

(Rem. [2.1.1]).

Remark 5.2.7. Note that we have not yet defined what general abstract Lie n-
algebroids in tangent categories are. In Definition [5.2.6) we define the abstract
Lie n-algebroid of a differentiable n-groupoid as an end, which a priori is only an
object of C. In Section 5.4 we will make a conjecture about the higher Lie algebroid
structure on this object.

5.2.3 Computing the limit

Ends are universal constructions in category theory. They can be expressed as the
limit of a particular diagram indexed by the subdivision category. This is explained
in detail in Section [A.2.2) In the case of the end ([5.16)), the limit can be greatly
simplified.

Theorem 5.2.8. Let C be a category with a tangent structure and a compatible
Grothendieck pretopology satisfying Assumption[5.1.3. Let G be a differentiable n-
groupoid object in C for some n > 0. Then, the end Lie(G) is isomorphic to the
fiber product

Lle(G> = TG() X1 T2G1 XQs " XQui1 Tn+2Gn+1 s (521)
where for alll1 <m <n+1,
Qm = (T"Gp)™ x (TG )™

and where the fiber product is with respect to the (co)face and (co)degeneracy mor-
phisms of T*** and G,:

((Tmsm—l,j)ogjgm—h (Tm_iOTi)Gm,l,ogigm)

TGy > Qm

((Tm‘j_luTj)Gm,OSjgmfl, (Tm+1dmi)0§i§m)

T™"HQa,, y Q-

Remark 5.2.9. Before we proceed with the proof of this theorem, let us analyze
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the fiber product (5.21)) for n = 1. It is the limit of the following diagram:

TG,
TG, o TG,
(TO)GO W,O
TGy TG, T2G, — 0 g, Tt psq, (5.22)
(0T, A,l
2 2
%G, e T°G,

3G,

In other words, it is the fiber product of the objects TGy, TG4 and T3G5 in blue
over the objects

Ql = TG1 X (T2G0)2
Qs = (T°G)? x (T°GL)?
in black. Moreover, the fiber product is with respect to the (co)face morphisms

depicted in purple and the (co)degeneracy morphisms depicted in orange (see Equa-
tion (5.17) for the cosimplicial structure of 7).

Proof of Theorem[5.2.8. By definition, Lie(G) is the end of the functor
S:=T""G,: (AZ

op op
Sn+1) B Aén-i-l 5 e’

as explained in (5.18). We will use Proposition to compute the limit corre-
sponding to the end of this functor. For that, we first need to describe the subdivision
category J% of J := AZ . Tts objects are composed of the following set of symbols

{ImP [0<m<n+13u{8,;, op 1, | 1<m<n+1}
and its non-identity morphisms are given by

{Im]¥ =05, [m =1 u{m—1% = o}, + [m*}.

7j
As explained in Remark it is sufficient to consider the generating morphisms
of the simplex category to compute the limit of the associated functor S% : J8 — €.
At the level of objects, S% maps
m]* —  S(im],[m]) = TG,
5T§n,i — S([m]a [m — 1]) =T""Gpy
A — S([m—1],[m]) =T"G,,.

m—1,j5
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It maps the morphisms [m]® — 6§n7i —[m—1)% and [m — 1) — O'?n_l’j  [m]® of 78
to the morphisms
8([ml6m.:) s (5 fm—1])
™4, ————2 TG, TG
(5.23)
TG ™G, TG,
of € respectively, where
S([m], 6ms) = T 'y
5(5"“, [m —1]) = (T"'0T")q,,_,
S([ y Om—1, = TmSm 1,5

)
o

(T W),

foralll1<m<n+1,0<i<mand0<j<m—1. Using Proposition [A.2.5] we
have that
Lie(G) = 1im(S%: * — @),

which is the limit of successive diagrams of the form

Tm+1 Gm—l

™G, : aaten (5.24)

Tm—i—le_1

for all 1 < m < n+ 1. This follows from the morphisms ([5.23)) in the image of S*.
We conclude that Lie(G) is the fiber product expressed in (5.21)). O

The relations in components

For the rest of this chapter, we assume that € has a concrete structure given by the
functor of points (5.6). Theorem and its proof suggest that the elements of
Lie(G) are given by tuples

(..., 2" € TGox - x TG
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satisfying certain relations. We will denote the (co)face relations, that is the
relations obtained from the limit of

SY([ml* — 6y, ¢ [m — 1)

by an’i foralll1 <m <n+1and 0 < i < m. These are depicted in purple in
Diagram ((5.24). The (co)degeneracy relations, that is the ones obtained from
the limit of

S¥([m — 1] = o),y ; < [m]°)
will be denoted by Ri@—u foralll1 < m<n+1and 0 < j < m — 1. These are
depicted in orange in Diagram ([5.24]).

Terminology 5.2.10. Let m € {1,...,n+1}. The set of relations R, ; and R, _, ;
will be called the box m of the fiber product ((5.21)). It is depicted by Diagram (5.24)).

Spelled out, the relations in box m are given by

Ry ;o (T"70T)g,, ., (™) = T dp (2™1)

Ry i T sy (2™) = (T uTY)g,, (™)

(5.25)

for all z™ € T™@G,,,—; and 2™t € T™1@G,,,.

Remark 5.2.11. In box m, there are m+1 (co)face relations and m (co)degeneracy
relations.

The higher multiplication in the last box

Now, let k € {0,...,n+ 1} be fixed. Since we assume that € is a concrete category,
we will employ the component notation from Remark [2.2.13] Also, we will use the
notations introduced in Section (1.2

Remark 5.2.12. Since G is differentiable, TG is an n-groupoid object in € for all
m > 1 (see Definition [5.1.29 and its consequences). Its (n + 1, k)-horn projection
factors as follows:

TG = s (T™G)(ATHY)
= = (5.26)

TP,k

™ (G(AF))

where ppy1x @ Gngr 5 G(A}) is the horn projection of G. In components, the
horn projection can be expressed as

TGy — TG(AM)

: (5.27)
u+— (uO,...,Uk7~'7un+1>’

where u; 1= T™d,41,(u) for all 0 < i < n+ 1. Here, we have used the component
description of the object (T™G)(A}™) of horns and Notation to omit the
extra parenthesis. We shall similarly identify w with its horn projection and write
U= (U, .-, Uk, -, Unsr1), as done for the n-groupoid G in Remark .
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Recall from Section [5.1.2| that Elvn+1,i = dyi14 Op;-il-Lk C G(AYT) — G, is the
(i + 1)-projection if ¢ < k and the i-projection if i > k. Let

m = dpsrp : GATH) — G,

be the (n + 1, k)-multiplication of G (Def. [5.1.22)). Moreover, the degeneracy mor-
phisms s, ; = Pnt1k 0 Snyj 1 G — G(AZ“) are described by Lemma [5.1.26[

Using Isomorphism ([5.27)), the face morphisms d,,11;, and the degeneracy mor-
phisms s, ;, we can replace box n + 1 (this is Diagram ([5.24) for m = n + 1) by the
following new diagram

Tn+2 Gn

T"HG(AZH)

™G, s TH2Q, < Tn+2G<AZ+1) (5.28)

T 2m,

k41 .
(™ k+ ()Tk)G’n

TG

Tn+2Gn
Explicitly, let 2"t € TG, and

n+2 /o on42 T2 n+2 n+2 n+2 n41
" = (") € TG =2TTTG(AT)

with 2772 := T"*2d,, ., ; (2"*2) for all 0 < i < n + 1 (see Rem. |5.2.12)). Using these

component expressions, the (co)face relations R% 41, In box n + 1 are equivalent to
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the relations

Pry (27F2) = 2t iti <k,
ﬁgﬂ’i : (Tn—i+10Ti)Gn ($n+1) = { T2 (27F2) ifi=k, (5.29)
pr; (z"2) = 27> ifi>k.

Similarly, the (co)degeneracy relations R;, ; in box n+1 are equivalent to the relations
Ri,j : Tn+1”§n,j (xn+1) — (Tnij/LTj)G(AZ“) (anrQ) ’ (530>

where the right hand side has the following component expression

—

(@ uT), (@), ., (T, (@), o (T ), (@) (5:31)
by using Remark [5.2.12] and the following lemma.

Lemma 5.2.13. For all u € T?G,, .1, the following equation

—

/J/G(Az-ﬂ)(U(], ey Uy ey Upg1) = (,ugn(uo), oo ey, (ug), ,,an(unH))
holds, where u; := T?d, 1 :(u) for all 0 <i<n+1.
Proof. Using Isomorphism (5.27)) for m = 2, we let u = (ug,...,U,...,Ups1) €

TGy & T*G(A}TY), where u; := T%d, 41 :(u). Let v := pug, ., (u), By the natural-
ity of u, the following diagram

TGy —— TG
T2pn+l,kJ/% %J/Tpn-&-l,k
TzG(AZ_H) MG(AZH) TG(AZ_H)
commutes, which implies that
,U/G(AZJrl)(U(), e Uy ey Up1) = (Vs e ey Uy e v oy Una1) -

We have for all 0 <i <n+1,

v; = Tdpi1, (v)
=Tdny1;0 pig, ., (1)
= MG, © T2dn+1,i (u)
= pa, (u:)

by using the naturality of ;1 once more. O
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5.2.4 Redundancy of relations

The aim of this section is to prove that half of the relations given in ([5.25)) are
redundant. The next lemma shows that the (co)face relations in box m and the
(co)degeneracy relations in box m — 1 imply the (co)face relations in box m — 1.

Lemma 5.2.14. Let m € {2,...,n+ 1}. Assume that Relations R , and Ry o

hold for all 0 < i < m and 0 < j < m — 2. Then, Relation R,‘ifl,p’ holds for all
0<p<m-—1.

Proof. Since we assume that C has a concrete structure, we will prove the result
with elements. Let

l,m—l c Tm—le_2
" e Tme_l

e TG,

As a first step, we will show that the Relations R? . and R? induce some

m,t m—2,j
equations, which will then be used to prove that Rﬁl_Lp holds.
For all 0 < j <m — 2, applying T 'd,,,_1; to Relation R, _, ; yields

T 1o T Vspgy (a1 = T oy j o (T 20T ), (2™) .

The left hand side of this equation is the identity by using the simplicial identity ([2.9)
and the functoriality of T". Thus, we get that

= Tm_ldm_Lj o (Tm_j_QpJTj)Gm_1 (™) (5.32)

s
m—2,m—2>

for all 0 < j < m — 2. Similarly, by applying 7" 'd,,_1,,_1 to Relation R
we get that
2" =T Y g 0 (WT™ g, (™). (5.33)

Moreover, for all 0 < p < m — 1, by applying 7" *d,, 1, to Relation Rfmp, we
have

Ty 10 (T™POTP)g,, , (™) =T dyy 10 T,y (2™

m—1

. m+1 m—+1 m-+1
=T""dp1p 0 T dppyr (2"77)

=T""d, 1,0 (T PH0TP g, (2™),
(5.34)

where in the second step we have used the simplicial identity (2.6) and the functo-
riality of 7', and in the last step Relation R‘fmp 1. Similarly, applying T d,;, 1 -1
to Relation Rg%m yields

Tyt 10 (0T)g,,, (™) = T dyy 1 n1 0 (TOT™ Ng,,_, (™), (5.35)

m—1

d
where we have used Ry, ,,, ;.
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As a second step, we show that Relation RY holds. For all 0 <p <m — 2,

m—1,p

(T™P7101P) ¢, (2™71)

m—2
= (TP 0T7)¢,,_, © T dpry o (T™PulP)c,,_, (z™)

=T"dy-1p o (T"770T")g,,_, o (T""ul")g,,, («™)

m-1
=T"dp 1, o (TP 2uTP g, o (T"POTP)g, , (z™)

= (T™ P 2uT* g, , o T™ 4, o (T"P0TP)g,, , (2™)

= (TP Mg,y 0 T 1y o (TP7H0T7 g, , (2™)
= T"dp 1, o (T™ P 2uTP ), | o (T™ P07 g, , (2™)
=T"dp—1, (™),

where we have consecutively used Equation (5.32)) for j = p, the naturality of
0, the cosimplicial identity (2.3)) for 7! (this is spelled out by Equations ([3.53)

and (3.54) forn =m—1,i=pand j = p+ 1), the naturality of u, Equation ([5.34)),
the naturality of p once more, and finally the unitality of 0 with respect to u, as

expressed by the right of Diagram (3.43). This proves an_lyp forall0 <p<m-—2.

By using a similar sequence of arguments, and Equations (5.33)) and (5.35)), it
can be shown that Relation R4 holds too. O

m—1,m—1

Corollary 5.2.15. Assume that Relations éﬁﬂﬂ» and R,y ; hold for all 0 < i <
n+1and0 <75 <n—1. Then, Relation wa holds for all 0 < p < n.

Proof. With the component expression of elements in TG, = T””G(AZH),

the (co)face relations R¢_, ; are equivalent to éfl 414> as described in (5.29). The
result then follows from Lemma [5.2.14 O

We now show that the (co)face relations in box n + 1 and the (co)degeneracy
relations in box n imply the (co)degeneracy relations in box n + 1.

Lemma 5.2.16. Assume that Relations EZJrM and R; hold for all 0 <i <n+1

~ n—1,7
and 0 < j <n —1. Then, Relation Rfl’p holds for all 0 < p < n.

Proof. Since we assume that C has a concrete structure, we will prove the result
with elements. Let

2" e T"G,_1
1 1
2" e @G,

n+2 (o 42 Tnt2 n+2 n+2 ~ A2 n+1
"= (g, ) € TG = TTTG(ALT),

where z't? := T"*2d,, 1 ; (2"+2) for all 0 < i < n + 1 (see Rem. [5.2.12).



5.2 The differentiation procedure 185

Our aim is to show that Relation ﬁfl’p, as described in ([5.30)), holds, by using the

formula of the degeneracy morphisms from Lemma [5.1.26] Explicitly, we will show
that the components of the right hand side and the left hand side of Relation R; ,
are equal.

Let p < k. Then, for all 0 <7 < p — 1, the ™ component of 773, , (z") is
given by

T (sp_1p10dyi) (x"T) =T s, 1, 1 0T d,,,; (™)
= T"Hsn_l,p_l o (T" 0T g, _, (™)
= (T" 0T, 0 T"sp 1,1 (™)
= (T"'0T") g, o (T PuT? g, (2™
= (T" Pul?)q, o (T" 10T g, (™),

where we have used Lemma , the functoriality of T', Relation Ry ; (which holds
by Corollary , the naturality of 0, Relation R}, , ; from the assumptions,
and finally the cosimplicial identity for T**1 (this is spelled out by Equa-
tions and for j = p).

On the other hand, the i"" component of (T""?uT?) AP (z"*2) is given by
(T PpT")g, (27?) = (T PuT")g, 0 pryyy (2"7)
— (Tn_p,UTp)Gn o (Tn—i-i-lOTi)Gn (xn—i-l)

for all 0 < 7 < p — 1, where we have used Expression and Relation ﬁg 14
given in .

We conclude that the ith components of the right hand side and the left hand
side of Relation R}, , are equal for all 0 < <p—1.

It follows from Lemma[5.1.26] that the (p+1) and (p+2) slots of T"*'5,, , (z™*)
are the identity morphisms, where we assume without loss of generality that p # k—1
(see Remark [5.1.27). By a similar argument as above, the (p + 1) component of
(T PUTP) gan+ry (z"*2) is given by

(T" P puTP)e, (%) = (T Ppl®)g, o (" PH0TP)g, (2"11) = 2™,

p

and its (p + 2) component by
TP uT?)q, (xpf) = (T PuT?)q, o (T POTP g, (a™F) = 2™ *
( 1% Gn (Tpp1 M Gn Gn )

where we have used Expression ([5.31)), Relation }N%Z 414 and the unitality of 0 with
respect to p, as expressed by the right of Diagram (3.43]).
This shows that the (p 4+ 1) and (p + 2) components of the right hand side and

the left hand side of Relation R; , are equal too.
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Lastly, the remaining components of 73, , (z"™!), namely the (p+ 3) compo-
nent up to the (n + 1) component, are given by

T sy 1p0dyy) (2" =T s, 0T, ; (2"F)
=T, 1,0 (T" 0T, _, (")
= (T"0T") g, o T"sp_1, (2"
— (TanOTz)Gn o (Tn*pfllqu)Gn (l.nJrl)
= (T" PuTP)g, o (T 0T g, (2")

forallie {p+1,..., k/—\l, ...,n}, by using Lemma , the functoriality of T,
Relation Rfm (which holds by Corollary , the naturality of 0, Relation R;,_, ,
from the assumptions, and finally the cosimplicial identity for T*! (this is
spelled out by Equations and for j = p and i replaced by i + 1).
On the other hand, the remaining components of ("7 uT?) 5 yn+1) (2"?), mainly
the (p + 3) component up to the (n + 1) component, are given by
(T PuT?)q, (x?”) = (T" PuT?)g, o (T 0T g, (™)

~

forall j € {p+2,...,k,...,n+ 1}. Letting j =i+ 1 we get the desired equality.
As a conclusion, we have shown that all the components of the right hand side

and the left hand side of Relation R}, , are equal. This was done for the case p < k.

The proof for £ < p < n is analogous. O

Lemmas [5.2.14| and [5.2.16| imply that the (co)face relations in box n + 1 and
the (co)degeneracy relations in boxes 1 to n yield all the other relations. This is
summarized by the following theorem, which is a reduced form of Theorem [5.2.§]

Theorem 5.2.17. Let C be a category with a tangent structure and a compatible
Grothendieck pretopology satisfying Assumption [5.1.3. Assume that the functor of
points equip C with a concrete structure. Let G be a differentiable n-groupoid object
in C for some n > 0. Then, the end Lie(G) is isomorphic to the fiber product

Lle(G) = TGO Xél T2G1 X@g s Xén Tn+1Gn X@n+1 T"+2G(AZ+1) ’

where
N (TG )™ if 1<m<n,

Qm =
(TG, if m=nt1,

and where the fiber product is with respect to

((Tmsm—l,j)osJ'Sm—1> ~
> Qm
((Tm_j_lﬂTj)Gm,ogjgm—l) ~

THaG,, > Qum

TGy
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forall1 <m <mn, and

((Tn_H_lOTi)Gn, 0§'L§n+1>

» Q1

((pri+1)0§i<k7Tn+2m’(pri)k<i§n+1) ~

Tr2G(APT > Qnat -
Proof. The result follows from Theorem 8 Diagram (/5.28 - Lemmam Corol—
lary [5.2.15] and Lemma [5.2.16]
Example 5.2.18. Let n =1 and k = 1. Then, Lie(G) is the fiber product
TGo X6, T*G1 X (136,38 T G(A}),

Tn+1 Gn

which is the limit of the following diagram:

TG,

V \

TG, TG, TG, — 4, 3G, T T3G(A?)

N/

T3G,

where m is the groupoid multiplication. This shows that half of the arrows in
Diagram are redundant. However, this does not mean that the redundant
relations can be fully ignored. As it will be clear in Section [5.3.2] the (co)face
relations Rii,o and R‘f,l will be crucial in the description of the symmetric version of
the Lie algebroid of the Lie groupoid G.

5.3 Example: Differentiation of Lie groupoids

In this section, we show that in the case of a Lie groupoid, the end construction yields
the symmetric version of its usual Lie algebroid. For the end construction, which
is (co)simplicial in nature, a Lie groupoid will be given by its nerve, which is a Lie
1-groupoid (Terminology . Recall that the category of Lie groupoids and the
category of Lie 1-groupoids are equivalent (Remark . Also recall that every
Lie 1-groupoid is a differentiable 1-groupoid object in the category Mfld of smooth
finite-dimensional manifolds with the usual tangent structure and the pretopology
given by surjective submersions (Remark . Hence, our differentiation method
is applicable.

In Section [5.3.1 we will spell out the end formula, as well as the (co)face and
(co)degeneracy relations it induces for Lie groupoids. We proceed by computations
in local coordinates in Section [5.3.2] where the Lie algebroid of a Lie groupoid is
recovered.
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5.3.1 The end construction

Let G : A°® — Mfld, [m] — G,, be (the nerve of) a Lie groupoid. The face maps
of G will be denoted by

dmﬂ‘ : Gm — Gm,1

for m > 1, 0 < ¢ < m, and the degeneracy maps by

Smyi Gm — Gm+1

form > 0,0 <i<m. Let py; : Go =N G(A?) be the horn projections for j =0, 1, 2.
Let us recall how we obtain the structure maps of the Lie groupoid, as explained in
detail in Remark 2.2.22] The source map is given by s = dy, the target map by
t = di, the unit by 1 = s¢, and the groupoid multiplication by

-

1 ¢ P, da1
m:d2,12G1 XEOGI >G2 >G1.

o

The outer face maps are the first and second projections of the pullback G x 2’; G, =
G(A?). That is, dgg = do © p;% =pr; and dog = da © p;% = pry,. These maps are
spelled out in Example [5.1.21} Finally, the inverse is given by

d2,0

o

(idg, ,1os) p

iZGl Gl ng Gl GQ ‘Gl.

IR &1

Recall that

GmgGl XGo """ XG’UGl
m factors

is the string of m-composable arrows for all m > 2.
Our goal is to spell out the end from Definition for the case of the Lie
groupoid G. Let

Lie(G) = / "G, (5.36)
[m]6A0<p2

be the end of the functor

T*HG, : (AD)™ x A%, — Mild

(Im], [1]) — TG (5.37)

This is the functor (5.18) for n = 1 and € = Mfld. As explained in Section [5.2.2} it
is well-defined because of the cosimplicial structure of the iterated tangent bundle

T**t! (Prop.|3.2.25). The functor (5.37) is illustrated by the following Commutativeﬁ

4Commutativity here means serial commutativity, that is, the squares corresponding to a par-
ticular face or degeneracy map commute.
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diagram:

T3ds,0

- T3d1,0
D EEE—
3Gy ——— T3G, 3G,
Er— T3d
T‘sdg‘z 1,1
(T20)q, (0T%) g,
T2d .
2,0 T2d,
D EEE—
TGy ———— TG4 3G,
T2d
T2d2,2 11
(TO)CZ (OT)GO
Td
2,0 Tdy o
—_—>
TGy ——— TGy TGy
—_——>
Td
Tds 5 b

The horizontal arrows depict the simplicial structure of GG, the vertical arrows the
cosimplicial structure of the iterated tangent bundle. By Theorem [5.2.8 the end
of Diagram is given by the fiber product of the blue objects TGy, T?G, and
T3G,5 with respect to the (co)face maps, depicted in purple, and the (co)degeneracy
maps, depicted in orange. Explicitly,

Lie(G) 2 TGy xq, T*G1 xq, T*G4, (5.39)

where

Ql = TGl X (T2G0)2
QQ = (TQGQ)Q X (T3G1)3 .

The fiber product (5.39)) is the limit of Diagram ([5.22)). As explained in the last part
of Section |5.2.3] box 2 of this diagram can be replaced by Diagram (5.28)) for n = 1,
by using the corresponding arrows obtained by the (pre)composition with the horn

projection poq : G = G(A?%). As such, the end of Diagram (5.38)) or, equivalently,
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the fiber product (5.39) is the limit of the following diagram:

TG,

T2GO (T?°0)¢, T2G<A%> pry
(TU)G/ y
TGy TG, yled e L T°G(A})
T2G, s T2G(A?)
T3G,
(5.40)

where T%G(A?) is given by any of the isomorphic objects T%(G(A?)) = (T3G)(A?) =

3 T35, T3t 3
T Gl XT3GO T G]_.

The relations in components

Following the notation introduced in Section [5.2.3, we will now express the relations
induced by the fiber product (5.39)) in components. Let

xr € TGQ
y € T°Gy
Z = (Zo, /Z\l, 22) S T3G2 = TSG(A%) ,

where z; = T%dy;(z) for i = 0,1,2 (see Rem. [5.2.12)). The relations are given by

Rg,o : (T20)01 (y) =pr; (2) = 2

Rly: (T0)g, () =T (y)  Rig: T%%i0(y) = TWeus (2)
Ryp: T1(2) = iy (y) R . (T0T)g, (y) =TPm(z)  (5.41)
R . (0D)a, (@) =T%(y)  Ri,: T%11(y) = (WT)eue) (2)

Rg,Q  (0T%)¢, (y) = pra(2) = 22

The relations on the left column depict box 1 and those on the right column depict
box 2. Recall that the superscript d denotes the (co)face relations and the superscript
s the (co)degeneracy ones. These are Relations ([5.25)), (5.29) and (5.30)).
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Remark 5.3.1. It follows from Example|5.1.28 and Expression ([5.31)) that Relations
R1 o and R1 1 can be rewritten as

(y, T?s00 0 T?di1 (y)) = (Twe, (20), (T, (22))
(T%s00 0 T?d1g (y),y) = (uT)e, (20), (1T, (22))

respectively.

5.3.2 Computations in local coordinates

The tangent structure on the category of smooth finite-dimensional manifolds is
locally modeled by the tangent structure on Euclidean spaces. The aim of this
section is to compute the relations in box 1 and 2 in local coordinates, where we use
the descriptions from Section [3.4]

Notation 5.3.2. Let U C R" and V' C R™ be open subsets. Let f: U — V be a
smooth map. Consider the local coordinate expressions of the tangent maps

i ore
Tf: (u,uy) — (f(u), %uo)
: : : afai afzz ) afa 2fa Py
T2f:(u,u0,u1,u01)r—>(f( ), or Ovazul’al 01+818j 0])7

as described in (3.81)). For conciseness, we will use the following notation:

af“ i
Df(UO) al‘l Uy
Df(ul) afl
afa 82]&1 i
D2f<U01) a i 01 + ax axjuoujl

Put together, we get the expression

T?f : (u,up, up, ugy) — (f(u),Df(uo),Df(ul),DQf(um)),

where we omit the index ¢ for simplicity. This is in the same spirit as Notation [3.4.8].
Higher order tangent maps are expressed combinatorially in the same manner.

Remark 5.3.3. Corollary[5.2.15(and Lemmal5.2.16|state that if Relations figp, Egvl,

ﬁgz and Rg , hold, we automatically obtain Relations R‘f}o, R‘f}l, ]A%Jio and ﬁil. This
can be summarized by Theorem [5.2.17, which states that there is an isomorphism

Lle(G) = TGO X716, T2G1 X(T3G1)3 TgG(A%) .

This is the limit of the diagram illustrated in Example [5.2.18 Under this obser-
vation, the first step is to spell out Relations Rj, and Rgz for i = 0,1,2. It will
afterwards become clear that the redundant relations R1,0 and RLI are crucial in
the description of the symmetric version of the Lie algebroid of G.
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Using the local coordinate expressions in (3.80)), we let

r = (u,ug) € TGy
y = (v,v0,v1,001) € T?Gy
Z = (207/2\1,22) € TBGQ,

where we have used the identification T°Gy = T3G(A?) = TG4 x?ig?gt T3G4, so

that pry(z) = 29 and pry(2) = 2. Here, z; = T3dy;(2) for i = 0,1,2. We will write
20 = (w, wo, Wy, Wor, Wa, Wog, Wiz, Wor2) € T°Gh
2 = (W', W, Wy, Wy, Wh, Wy, Wiy, Woyz) € TGl
By Notation [5.3.2] the tangent map of the identity bisection is given by
T1: (u,up) — (Lu, D1(ug)) .
Moreover, the monad multiplication is given by
ta, (v, v, v1,v01) —> (v, V9 + V1),
as explained in (3.82). Thus, Relation R§ o 1s equivalent to
v=1, (5.42)
vo +v1 = D1(up) . (5.43)

Similarly, the third order differential of the groupoid multiplication is given in
local coordinates by

T?m : (20, 22) — (m(w,w"), Dm(wo, w)), Dm(wy, w}), D*m(wor, wy, ),
D (ws, wh), D*m(woz, wyz), D*m(wia, wiy), D*m(wons, w612)) :

Furthermore, the different combinations of the zero section and twice the tangent
functor can be expressed by

(T20>G1 : (Ua Vo, V1, UOI) — (UJ 07 Vo, 07 (%D 07 Vo1, O)
(TOT)Gl . (U, Vo, V1, ’Uol) — (U, Vo, 0, O, V1, Vo1, 0, O)
(0T%), : (v,v0,v1,v01) — (v, vg, V1, V01, 0,0,0,0).

Hence, Relation Eg’o is equivalent to

w="v W = V1
Wy = 0 Wo2 = 0
w1 = Yo W12 = Vo1
wo; =0 wor2 =0,

and Relation RY, to
w =v wy =0
/ /

wy = Vg Wyy = 0

wi = vy wi, =0
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Since half of the coordinates of 29 and z are zero, the coordinate relations resulting
from Relation Rg{l are greatly simplified. They are given by

(5.44)

Dm(0,vy) = g (5.45)
Dm(vg,v1) =0 (5.46)
D*m(0,vp1) =0 (5.47)
Dm(vy,0) = vy (5.48)
D?*m(0,0) = vy (5.49)

) (5.50)

)

D?*m(0,0) =0. (5.51

Let us now discuss these relations. By plugging Equation (5.42)) into (5.44)), we get
that m(1,,1,) = 1,, which is redundant. Equation (5.49) implies that vy; = 0. It

follows that Equations (5.47) and (5.50) hold trivially. Similarly, Equation ([5.51)) is
redundant.

Remark 5.3.4. Even though Relations R{ 1o and Rll do not contribute in the
Computatlon of the end (Rem. |5.3.3} E the relations they induce show that Equa-
tions and (5.48)) are redundant. Let us spell out these relations. We have the
following expressions in local coordinates
T%t : (v,v0,v1,V01) — (tU,Dt(vo) Dt(vl),D2t(001))
T?s : (v, v, v1,v01) — (SU,DS Vo) Ds(vl),Dzs(vm))
(T())Go : (U’UU) (
(OT>G0 : (uvuo) (

u, 0, up, 0)
u, ug,0,0) .

Hence, Relations Rio and Ril are equivalent to

t,=u Sy = U
Dt(vg) =0 Ds(vg) = ug (5.52)
Dt(v1) = ug Ds(v1) =0 (5.53)

D?t(vg;) = 0 D?s(vg1) = 0.

Now, using Expression ((1.12]) of the multiplication of the tangent groupoid in terms
of right and left translations, we get that

Dm(O, ’Uo) = DRlu (0) + DLIU (Uo)
=0 + Vo
=1

This shows that Equation ([5.45)) is redundant. An analogous calculation shows that
Equation (|5.48]) is redundant.

As a conclusion, the interesting equations induced by Relation }N%g’l which carry
new information are given by
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Remark 5.3.5. The Equation Dm/(vg,v;) = 0 implies that
Ds(vy) = Ds o Dm(vg,v1) = Ds(0) =0

and
Dt(vy) = Dt o Dm(vg,v1) = Dt(0) = 0.

These equalities also appear in the relations (5.52) and (5.53)) induced by R{, and
Ril 1 .

Remark 5.3.6. The following equations are equivalent:
(i) Dm(vg,v1) = 0;
(i) vo = Di(vy).

This can be best understood geometrically. Let

(g, h) R — G1 XGo G1
t— (gtaht)

be a smooth path representing the tangent vector (vo,vi) € Ti1,.1,)(G1 Xg, G1) =
TluGl XT.Go TIuGl- Here, (g(],ho) = <1u, 1u) and

d

a o (gt; h/t) - (U()?Ul) .

Then, t — m(g, hy) is a path in G through m(go, ho) = m(1,, 1,) = 1, and where

d

m(gt, ht) = Dm <£

d

gt %

dt

ht) = Dm(Uo, Ul) .
t=0

t=0 t=0

This implies that the equation Dm(vg,v1) = 0 is equivalent to the path m(g;, h;)
being constantly equal to m(go, ho) = 1,, which is equivalent to g; and h; being
inverse to each other, i.e. g; = i(h;). Differentiating at t = 0, we get

d
Vo = —

dt

d

gt:E

uM:D(%

Remark 5.3.7. Plugging in Dt(v,) = Ds(vg) = up from (5.52)) and ((5.53)) in Equa-
tion ([5.43]), we get that

vo +v1 = D1(ug) = D1 o Ds(vg) = D1 o Dt(vy). (5.54)

hﬁJ:DMJ

t=0 t=0

Also note that if (one of) the equivalent statements in Remark hold, then
vo +v1 = D1 o Ds(vg) holds. This implies that Equation ([5.43)) is redundant.
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Relationship to the usual Lie algebroid of G

Let us summarize the minimal coordinate relations that describe the end in the
case of the Lie groupoid G. The base point is given by u € G or, equivalently, by
1, € G1. The main relation that yields the data of the Lie algebroid is

Dm(vg,v1) =0,
where vy and v, are tangent vectors to Gy at the unit 1,,. By Remark|5.3.5| it implies
that vy is tangent to the target fiber at 1,, and v; tangent to the source fiber at 1,,.

It follows from Theorem [5.2.17| that the end is given in local coordinates by

Lie(G) 2 {(z,y,2) € TGy x T*Gy x T*G | R}, and R, hold for i = 0,1,2}
= {(u,vp,v1) € Gy x T1,G1 x T1,G1 | Dm(vg,v1) = 0}.

Having made no choice between the source-vertical and the target-vertical tangent
directions, we can view this expression as the source-target symmetric version of the
Lie algebroid of G. This can be visualized by the following picture:

u) source fibers

o
i
/N

Figure 5.1: The symmetric version of the Lie algebroid of GG

units

The symmetry is described by the inverse map, that is, by the equivalent con-
dition vy = Di(vy), as explained in Remark [5.3.6, Making the choice of the source-
vertical tangent direction, we recover the non-symmetric version of the Lie algebroid

A= {(u,v1) € Gy x T1,G1 | Ds(v1) = 0} ZkerT's x¢, Go,

with anchor p: A — TGy, (u,v1) — Dt(vy). The relationship between the symmet-
ric and non-symmetric versions follows from Remarks [5.3.5 and [5.3.6; The map

Lie(G) — A
(ua Vo, Ul) — (U, Ul)

is an isomorphism of vector bundles with inverse (u, v1) — (u, Di(v1),v1). By Equa-
tion (5.54)), the assignment Lie(G) — T'G1, (u, vy, v1) — v + v; makes the following
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diagram

Lie(G) —— A

)

TG1 (T TG[)

commute. By identifying TGy with its image under 7’1, we obtain an isomorphism
of anchored vector bundles.

Our next goal in this project is to carefully examine the Lie bracket or the
differential of the Lie algebroid cohomology on A in terms of the end formula. The
observations in the Lie groupoid case will serve as a guideline to derive the higher
Lie brackets or the differential describing the higher Lie algebroid cohomology for
n > 1. This is outlined in the next section.

5.4 Outlook: the higher Lie algebroid structure
of Lie(G)

Vaintrob |Vai97] has shown that the Lie algebroid structures on a given vector
bundle A — M are in one-to-one correspondence with degree 1 differentials on the
graded algebra I'(M, AA*) (see Remark [L.2.5)). This observation can be formulated
succinctly in the language of graded geometry, which has led to the description
of higher Lie algebroids in terms of differential (non-negatively) graded manifolds
[SZ17, BP13|Vor10, Sev06].

Recall that an N-graded manifold M consists of a smooth manifold M, called
its core, and a structure sheaf Oy of N-graded commutative C*°(M)-algebras, lo-
cally freely generated by elements of strictly positive degree [Meh06,|Fail7,|Jot18].
A differential N-graded manifold is an N-graded manifold M equipped with a
degree 1 derivation @) on the sheaf Oy such that [@Q, Q] = 0 (the bracket is given by
the graded commutator), also called a homological vector field on M. Differential
N-graded manifolds are often called NQ-manifolds in the literature. In the graded
geometry language, the Lie algebroid structures on a vector bundle A — M are in
one-to-one correspondence with homological vector fields on the degree one graded
manifold A[1], which has core M and sheaf of functions O (U) = I'(U, AA*) for
all U C M open.

From a geometric perspective, Sheng and Zhu have introduced the notion of split
Lie n-algebroids, which are graded vector bundles equipped with an anchor and
higher brackets satisfying higher Jacobi relations and the Leibniz identity [SZ17,
Def. 2.1]. Bonavolonta and Poncin have shown that the category of split Lie n-
algebroids and the category of split NQ-manifolds of degree n (graded manifolds
coming from a graded vector bundle) are equivalent [BP13, Theorems 2 and 3].

In Section [5.2.2] we have defined the abstract Lie n-algebroid of a differentiable
n-groupoid object GG in a category € with a tangent structure and a compatible
pretopology. Definition in terms of an end is a priori only an object of C.
In order to fully capture the higher abstract Lie algebroid structure of Lie(G), the
following questions arise:
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Questions 5.4.1.

(i) What are the structures needed on the category € so that there is a well-defined
extension of the notion of (split) Lie n-algebroids in €7 How are (split) Lie
n-algebroids precisely defined in C7

— Algebraic approach: develop differential graded geometry in €. In this
case, the minimal structure € should have is a Grothendieck pretopology
so that it makes sense to talk about open covers and sheaves.

— Geometric approach: generalize graded vector bundles to graded bundles
of R-modules, define the anchor and investigate the higher Lie brackets.
In this case, the minimal structure on € is a cartesian tangent structure
with scalar R-multiplication, where R € € is a ring object.

(ii) Given the necessary structure on € and a well-defined definition of a higher
abstract Lie algebroid in €, how can we describe the abstract Lie n-algebroid
structure of the end Lie(G)?

(iii) Is the end construction homotopy invariant? In order to tackle this question,
we need a model structure on the ambient category. Since our objects and
the end construction are (co)simplicial in nature, one approach is to employ
Reedy model structures, which are model structures commonly used for functor
categories |GJ99).

Geometrization of graded manifolds

In |[JH24], Heuer and Jotz propose a geometrization of N-graded manifolds. Gener-
alizing the results in [Jot18] for the degree 2 case, the authors show that the category
of N-graded manifolds of degree n is equivalent to the category of (signed) symmetric
n-fold vector bundles. For the n = 2 case, Jotz has further shown that Li-Bland’s
correspondence of Lie 2-algebroids and VB-Courant algebroids is an equivalence of
categories |[LB12], [Jot19]. This can be viewed as a geometrization of the homolog-
ical vector fields on an N-graded manifold of degree 2 in terms of linear Courant
algebroid structures.

A possible geometrization of the homological vector fields on an N-graded mani-
fold of degree n in terms of structures on the corresponding symmetric n-fold vector
bundle opens a new perspective of future work. The presence of a (signed) symmetry
in the equivalence of categories in |JH24] seems tightly connected to the relations
induced by our categorical end formula. Lastly, we conjecture that there is a close re-
lationship between Lie(G) and the core of the multiple vector bundle [JH20, Sec. 2.4]
corresponding to the N-graded manifold describing Lie(G). This conjecture builds
upon the observation that the core of the LA-groupoid

TGl &) Gl

TGO T> G(]
0
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for a Lie groupoid G is given by the Lie algebroid of G. A natural question we
are interested in is a possible generalization of this approach to categories with a
tangent structure.

The tangent complex

Using the ideas of Severa [Sev06], the authors in [LRWZ23] have proved by explicit
combinatorial computation that the Lie m-algebroid of a Lie n-groupoid is repre-

sented by the underlying graded vector bundle of its tangent complex [LRWZ23,
Thm. 3.3

ker T'p1 |G, [1] @ - .. @ ker T'py 0|, (1], (5.55)

where for all 1 < j < n, kerTp,olg, := kerT'p;, X@; Gy is the restriction of the
kernel of the tangent map of the horn projection to Gy via (compositions of) the
degeneracy maps. The notation [j] indicates the degrees of the graded vector bundle.
This is the model of the tangent complex given in [CZ23| Def. 2.8]. The tangent
complex is invariant up to weak equivalence under Morita equivalence of higher Lie
groupoids described in terms of hypercovers |[CZ23| Cor. 2.28], [Zhu09, Sec. 2].

Note that for n = 1, the tangent complex recovers the usual Lie algebroid of
the Lie groupoid, where the non-trivial differential of the complex is the anchor
map [CZ23, Ex. 2.12]. As such, the differential of the tangent complex is different
than the differential of the Lie algebroid cohomology. For the description of the
differential of the (higher) Lie algebroid cohomology, the key observation is that
there is a natural right action of the graded ring End(R%!') := Hom(R°! RO
on IITM = Hom(R", M), and that this action is equivalent to the structure of a
differential complex on the sheaf Q(M) of differential forms on the manifold M, that
is, to its Z-grading and to the de Rham differential [Kon03,[SK03}/Sev06,[HKST11].
This is recalled in Section [5.2.1} In future work, the authors of [LRWZ23] aim to
compute the higher Lie brackets using this approach, where a choice of a connection
and splitting is necessary.

In the geometric approach to Questions m (i), the goal would be to first
describe Lie(G) as a graded bundle of R-modules. We observe that the (co)face
and (co)degeneracy relations Ry, ; and R, ; our end formula induces (see (5.25))
look very similar to the description of the tangent complex as a limit in [LRWZ23,
Sec. 3.1]. Thus, we conjecture that in the category of smooth manifolds, our con-
struction recovers the tangent complex of the Lie n-groupoid G. Moreover, the
definition of the tangent complex naturally generalizes to a general category C with
a tangent structure and a compatible pretopology. In this case, we aim to similarly
show that Lie(G) is the (symmetric version) of the tangent complex of G.

The higher Lie algebroid as a coend in differential complexes

In the algebraic approach to Questions [5.4.1] (i), the goal would be to understand
the sheaf of functions on Lie(G) and the homological vector field. Using the fact
that O(IITM) = Onrp (M) = Q(M) is the cochain complex of differential forms on
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the manifold M, we propose to consider the differential complex
[m]GA%pn+1
O(Lie(G)) := / O((IIT)"'G,,) -

The idea behind this definition is to describe the differential forms on a multiple vec-
tor bundle V' as graded symmetric maps from fiber products of the tangent functor
applied to V' into a ring object R. The formulation in terms of the coend is moti-
vated by the fact that mapping out of an object is contravariant. By construction,
O(Lie(G)) is a differential graded algebra. We conjecture the following statements:

(i) If G is a Lie 1-groupoid, O(Lie(G)) is the complex of its Lie algebroid coho-
mology, that is,
O(Lie(G)) = ['(Go, AAY)
where A is the Lie algebroid of G.

(ii) The assignment G — O(Lie(G)) is homotopy invariant, that is, a hypercover
G — H of Kan simplicial manifolds induces a quasi-isomorphism O (Lie(H)) —
O (Lie(G)).

In future work, we aim to make these heuristic ideas rigorous, provide satisfactory
answers to Questions [5.4.1| and prove the conjectures mentioned in this section.



Appendix A

Category theoretic notions

The goal of this appendix is to recall some of the concepts and universal constructions
in category theory, that will be essential to this thesis; and to fix some notation.
Mainly, we will discuss the Yoneda embedding in Section [A.T] categorical ends in
Section and Kan extensions in Section [A.3] Lastly, in Section [A.4] we will
explain useful categorical tools involving pullbacks and monomorphisms, as well as
recall the notions of group, ring and module objects in any category.

The reader is assumed to have some background in basic category theory, such
as categories, functors, natural transformations, limits and colimits. The categories
that we consider in this thesis are all locally small. It will be clear from the context
if they are also small. A comprehensive exposition of the subject can be found
in [ML98| and [Riel6]. Throughout the coming sections, let A, B, €, and D be
categories.

A.1 The Yoneda embedding

A presheaf is called representable by an object C' € € if it is naturally isomorphic
to the contravariant hom functor into the object C'. The Yoneda embedding assigns
to each object in C the associated representable presheaf. In this way, any category
can be embedded fully and faithfully into its category of presheaves. This is a
consequence of the well-known Yoneda lemma, due to Nobuo Yoneda [ML98| p. 76].
Together with its applications, it is considered to be one of the most fundamental
results in category theory.

Presheaves which behave well with respect to covers are called sheaves. In Sec-
tion we will recall the notion of presheaves and sheaves, and in Section
we will state the Yoneda lemma and highlight one of its important consequences:
the density theorem.

A.1.1 Presheaves and sheaves
Presheaves and representability

Definition A.1.1. A D-valued presheaf on the category C is a contravariant func-
tor F: CP — D.
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Whenever the codomain category of a presheaf is clear from the context, we will
drop the prefix D-valued.

Definition A.1.2. A morphism between two D-valued presheaves F' and G
on C is a natural transformation of functors.

D-valued presheaves on € together with morphisms between them form a cate-

gory. Being a functor category, it will be denoted by D",

Example A.1.3. Some of the main examples of presheaves are as follows:

(i) Let X be a topological space and denote by Open(X) the category of open
subsets of X whose morphisms are given by inclusions. Then, a presheaf on
Open(X) coincides with the usual notion of a presheaf on X. An example
of this is the assignment to each open subset U C X, the ring Jop(U,R)
of continuous real-valued functions on U. Here, Jop denotes the category of
topological spaces with continuous maps.

(ii) Let M be a smooth manifold. Then, assigning to each open subset U C M, the
ring C*(U) = MAd(U, R) of real-valued smooth functions on U, and the ring
QU) =T(U,AT*M) of differential forms on U, are presheaves on Open(M).
Here, Mfld denotes the category of smooth manifolds with smooth maps.

(iii) Let ¥ — M be a smooth vector bundle. Then, I'(_, £'), which assigns to
each open subset U of M the C*°(U)-module I'(U, E) of smooth sections, is a
presheaf on Open(M).

Example A.1.4. Let C be an object of € and denote by Set the category of sets
with functions. The hom functor
C(,C): CP — Set
A— C(A,0),
which assigns to each morphism f: A — B in € its pullback
[ :e(B,C) — C(A,C)
gr—gof,
is a Set-valued presheaf on C.

Definition A.1.5. A Set-valued presheaf F' on € is representable if it is naturally
isomorphic to €(_, (') for some representing object C € C.

Definition A.1.6. A subpresheaf of a presheaf FF € D" is a subobject of F' in
the category D" of presheaves.

In other words, a subpresheaf is given by a monomorphism (see Definition
i:G — Fin D®". Spelled out, G is a D-valued presheaf on € such that i : GC' —
FC is a monomorphism, and is natural in C' € C. If D = Set, a subpresheaf of F'is
a presheaf GG such that for all C' € €, GC' C FC is a subset, and for each morphism
f :C'— Cin G, Gf = (Ff)|GC’-

Remark A.1.7. In fact, subobjects of objects in a category are defined as equiva-
lence classes of monomorphisms. The reader may refer to [ML9IS8, Sec. V.7] for more
details on subobjects.
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Grothendieck pretopology and sheaves

Presheaves which behave well with respect to so-called covers or covering families
are called sheaves. We will first recall the concept of abstract covers in a category,
which generalizes the prototypical case of open covers of topological spaces.

Definition A.1.8. A Grothendieck pretopology on € is given by a class of
families of morphisms {U; — U} of €, called covers, subject to the following axioms:

(i) Every isomorphism {V = U} is a cover.
(ii) If {U; — U} and {U;; — U;} are covers, then so is {U;; — U; — U}.
(iii) If {U; — U} is a cover and V' — U is a morphism of €, then the pullback
V xy U; exists and {V xy U; — V} is a cover.

The original definition of a pretopology dates back to Artin, Grothendieck and
Verdier [AGV72, p. 221, Déf. 1.3]. Some definitions assume that € has pullbacks
and thus the existence condition in (iii) is eliminated (e.g. [MLM92, Def. II1.2.2]).
In some definitions in the literature covers are given by singleton sets with the same
axioms (e.g. [HenO8| Def. 2.1], [Zhu09, Def. 1.2]). This will be of special importance
in the definition of higher groupoid objects in Section

Definition A.1.9. A singleton Grothendieck pretopology on C is a Grothen-
dieck pretopology, where the covers are given by singleton sets.

Remark A.1.10. If C has all coproducts, we recover Definition by declaring
{U; — U} to be a cover if IL,U; — U is a cover in the sense of Definition |[A.1.9]

Example A.1.11. The following are basic examples of Grothendieck pretopologies:

(i) Let X be a topological space and Open(X) the category of open subsets of X
whose morphisms are given by inclusions. Then, the usual open covers equip
Open(X) with a Grothendieck pretopology.

(ii) The category of sets with surjections as the covers.

(iii) The category of topological spaces with covers the surjective local homeomor-
phisms.

(iv) The category of smooth manifolds with covers the surjective submersions.

Remark A.1.12. The covers in parts (ii), (iii) and (iv) of Example[A.1.11|are given
by singleton sets.

Definition A.1.13. Let € be equipped with a Grothendieck pretopology. A pre-
sheaf F': C°? — D is called a sheaf if the diagram

F(U) — HF(Ui) — HF(UZ- xy Uj) (A1)

is an equalizer for every object U € € and cover {U; — U}. A morphism of
sheaves is a morphism of the underlying presheaves.
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Example A.1.14. Parts (i), (ii) and (iii) of Example are all sheaves.

Remark A.1.15. If € = Open(X) for a topological space X, then the pullback
U; xy Uj = U; N Uj is the intersection and one recovers the usual notion of sheaves
on X (see [MLMO92, Sec. II.1]). In this case, the equalizer diagram can be
geometrically interpreted as a gluing condition of the local sections, i.e. the elements
of F(U), along their restricted values at the intersections U; N Uj;.

Definition A.1.16. A (singleton) Grothendieck pretopology on € is subcanonical
if every cover is a regular epimorphism (Def. |A.4.3]).

Remark A.1.17. A Grothendieck pretopology is subcanonical if and only if all
representable presheaves are sheaves [MZ15, Def. and Lem. 2.2].

All the definitions and constructions for (pre)sheaves can be similarly formulated
in the setting of co(pre)sheaves, which we omit in this appendix to avoid repetitions.

A.1.2 The Yoneda lemma and the density theorem
The Yoneda embedding and the Yoneda lemma

The goal of this section is to recall that any category can be embedded into its
category of presheaves fully and faithfully. Let

y: € — Set®™”
be the functor which assigns to each object C' € € the representable presheaf
yC :=C(-,C),
and to each morphism f : C' — C’ in € the natural transformation
yf :yC — yC" with components (yf)a:g+— fog
for all A € C.

Lemma A.1.18 (Yoneda lemma, [MLIS8, p. 61]). Given a presheaf F' : C° — Set
and an object C' € C, there is a natural bijection of sets

8et®” (yO, F) =2 FC'.
Corollary A.1.19 (]MLI8, p. 61]). The functor y is full and faithful.

The functor y is called the Yoneda embedding, a terminology justified by
Corollary [A.1.19, More details on the Yoneda lemma can be found in |[ML9S|
Sec. I11.2].

Remark A.1.20. Since Set is (co)complete, and (co)limits in functor categories are
computed objectwise, the category Set®” is also (co)complete. Thus, the Yoneda
embedding is a useful tool to consider (co)limits in any category without even know-
ing their existence, by considering the corresponding (co)limits in its category of
presheaves. However, this does not tackle the problem of representability.
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Comma categories and the density theorem

As a consequence of the Yoneda lemma, we get that any presheaf is a colimit of
representable presheaves. In order to rigorously state that, we first need to describe
the index category. For that, we need the notion of comma categories.

Definition A.1.21. Let ' : A — C and G : B — C be functors. The comma
category F' | G is the category with objects triples (A, B, h), where A is an object
of A, B is an object of B, and h : FA — GB is a morphism in €. The morphisms
(A,B,h) — (A’, B', ') are given by morphisms a: A - A" in A and f: B — B’ in
B, such that the diagram

FA Loy pa

s

/
commutes.

Remark A.1.22. There are canonical forgetful functors ¢4 : ¥/ | G — A and
5 F i/ G — B.

Remark A.1.23. A number of well-known concepts are special cases of comma
categories. The following cases will be important in this thesis:

(i) Let C' be an object of €. The overcategory € | C' is the comma category
ide | C, where C is viewed as the constant functor * — € that sends the
unique object x to C'. Here, x refers to the category with one object and the
identity morphism. Explicitly, the objects of € | C' are given by arrows A — C
in €, and the morphisms are commutative triangles

A—F—— A

NS

Similarly, the undercategory C' | € is the comma category C | ide.

(ii) Let [1] be the interval category composed of two objects 0 and 1 and one
non-identity morphism 0 — 1. The arrow category is the functor category
C, whose objects are morphisms Ay — A; in €, and whose morphisms are
commutative squares

A0—>B0

L

A1—>B1

There is an isomorphism of categories G 22 ide | ide. Hence, comma cate-
gories also generalize arrow categories.
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(iii) Let F : € — Set be a presheaf. Its category of elementdl| el(F) is the
category whose objects are pairs (C,z), with C' an object of € and = an
element of the set FC. A morphism (C,z) — (C’,2') is given by a morphism
a:C — (" in € such that (Fa)(2') = .

On the other hand, consider the comma category y | F', where F' is viewed
as the constant functor * — 8et®”, described in part (i) of this remark. The
objects are pairs (C,h), where C is an object of € and h : yC — F is a
natural transformation. A morphism (C,h) — (C’, ') is given by a morphism
a: C — C" in C such that the triangle

yC S LN yC’

N

commutes. By the Yoneda lemma, it can be shown that there is an isomor-
phism of categories el(F) = y | F. We will often denote the objects of y | F’
by natural transformations yC' — F.

Proposition A.1.24 (Density theorem, [MLM92, Prop. 1.5.1]). Any presheaf F :
CP — Set is isomorphic to the colimit of the following functor

yl F—% 5 e 2Ly 8et™

~

(yC — F) —— C' > yC

where qe is the forgetful functor from Remark[A.1.23,
The colimit described in Proposition will be often written as

F = colimyC'.

yC—F
For the name density and for more details the reader may refer to [ML9g|, Sec. X.6].

Remark A.1.25. Given two functors F' : A — C and G : B — €, the categories
(F | G)® and G°° | F°P are isomorphic. Here, F°? : A°® — C°P denotes the
canonical opposite functor induced by F'.

A.2 Categorical ends

Ends are universal constructions in category theory, which are associated to functors
of two variables, contravariant in the first argument and covariant in the second one.
They are special cases of so-called dinatural transformations, which are extensions
to the notion of naturality. Originally, they are due to Yoneda in his study on Ext
functors in homological algebra [Yon60]. The dual notion of ends is called coends.

!This can be regarded as a special case of a more general construction, called the Grothendieck
construction, where Set is replaced by the category Cat of small categories with functors (e.g.
[Tho79l Def. 1.1], [MLM92, Sec. 1.5]).
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It turns out that the uses of (co)ends are numerous. On one hand, they charac-
terize many constructions in different fields of mathematics, such as tensor products
of modules over a ring, geometric realization of simplicial sets, etc. [ML98|, Sec. IX.6].
On the other hand, (co)ends are special kinds of (co)limits and support a calculus
provided by a rich set of computational and deduction rules. As such, they provide
a computational approach to category theory.

The goal of Section is to introduce the notion of ends and give some
important examples. In Section [A.2.2] we will explore the computation of ends as
limits. For a general introduction to ends, the reader may refer to [ML98, Sec. IX.5].
A comprehensive treatment on (co)end calculus can be found in a recent book by
Loregian |Lor21|.

A.2.1 Definition and examples

We will sometimes denote the identity morphism on an object C' in the category €
by C =id¢ : C — C. For example, in Diagram (A.2)) below, S(B, f) = S(idg, f)
and S<f7 C) = S(fvldC)

Definition A.2.1. An end of a functor S : € x € — D is an object E of D
together with a family of morphisms {wc B — S(C, C)}Cee in D such that for
every morphism f : B — C in C, the following diagram

E—*2 _ S(B,B)
wcl lS(B’ P (A.2)

commutes and such that F is a universal such object.

The universality condition means that if ' € D is another object and if {w’c :
E' — S(C, C)} is a family of morphisms in D, such that for all morphisms f : B —
C'in € the equation S(B, f) o wz = S(f,C) o w; holds, then there exists a unique
morphism h : B/ — E in D such that we o h = w, for all C' € C. Being a universal
object, the end E of a functor S as above is unique up to a unique isomorphism. It

is usually denoted byf
E = / S(C,0),
cee

where the reference to the category € may be dropped if it is clear from the context.

Example A.2.2. Consider the arrow category G as recalled in Remark [A.1.23|(ii).

Let A = {4y % A} and B = {B, LA B;} be objects of G, Then, the set of
morphisms from A to B is given by the following pullback

(A, B) = €(Ao, Bo) x¢iu 5y C(AL, By,

2The integral notation is due to Yoneda in his introduction of the notion of ends in homological
algebra [Yon60].
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whose elements are commutative squares

AQL)BO

o L

Ay 7 By

Here, the pullback by a and the pushforward by b are given by a*g; = ¢; o a and
b.go = bo gg. On the other hand, consider the hom functor

S:=CA_,B_):[1]°" x [1] — Set

(2,]) — S(Z,j) = @(A“ Bj), (A3)

where for the unique morphism f : 0 — 1 in the interval category [1], we have
S(idy, f) = b, and S(f,id;) = a*. Then, the pullback diagram

el (A, B) S C(Ap, Bo)

| I

G(Al, Bl) T> G(Ao, Bl)

gives the end of S, where the universality follows from the universality of the pull-
back. That is,
cl(4, B) = / C(A;, By).
1€[1]
The previous example is a special case of the following more general statement,

which expresses the set of natural transformations between two functors in terms of
an end.

Remark A.2.3 (|Lor21, Thm. 1.4.1]). Given two functors F,G : € — D, there is a
natural bijection of sets

DYF,G) = / D(FC,GO).
cee
In this thesis, the functor categories we are primarily interested in are of the
form CA™, where A is the simplex category. The objects in this functor category
are called simplicial objects. In Section [2.1, we give an introduction to the simplex
category and (co)simplicial objects.

Remark A.2.4. One of the main applications of Remark [A.2.3]is to define enriched
homs of functor categories. Heuristically, if D is enriched over a symmetric monoidal
category V, then the functor category D is also enriched over V by defining

DE(F,G) = / D(FC, GO,
cee
for all functors F, G : € — D. Here, the end on the right hand side might not always
exist. In our applications, it will always exist for specific choices of the functors F
and G. In Chapter 2 of [Kel05], the reader may find a detailed exposition on this
matter.
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A.2.2 Ends as limits

The goal of this section is to show that ends are limits of certain diagrams. We will
first describe the index category. Given a category C, the subdivision category
C% of @ has objects the symbols C*% and f* for every object C' € € and for every
morphism f in €. The morphisms of ©% are given by the identity morphisms and
for each morphism f : B — C in €, two morphisms B¥ — f% < (C%. The only
well-defined composition of morphisms in €% is the one with identity morphisms.
Hence, % is a category by construction.

Given a functor S : € x € — D, we construct the functor S% : €% — D as
follows. For each object C' € € and morphism f: B — C'in C,

S8 8 — S(C,0)
fi— S(B,C).

Moreover, S% maps identity morphisms to identity morphisms and

s S(f.C
(B.f) (,0)

w&+ﬁe0%ﬁ%(a33) S(B,C) aac».
Proposition A.2.5 ([ML98, Prop. IX.5.1]). Let S : C® x € — D be a functor.

Then,
/ S(C,C) = lim(S%: €% — D),
c

where C% is the subdivision category of C and S¥ is the functor described above.

In fact, every limit can also be viewed as an end [ML9S8| Prop. 1X.5.3]. Coends,
the dual notion of ends, can be similarly regarded as special colimits. Since ends are
special limits and the hom functor preserves limits, we get the following corollary.

Corollary A.2.6 ([Lor21, Cor. 1.2.8]). For every functor S : C® x € — D and
object D € D, there is a natural bijection of sets

D(&Lﬂ@@)%LDWﬁmﬁ»

Corollary states one of the many computational rules provided by ends.
In [Lor21|, the author presents a meticulous study of such rules, which provide con-
ceptual arguments, such as deduction rules, as opposed to element-wise arguments,
to prove categorical results.

Remark A.2.7. If { f;} is a finite generating set of the morphisms of a small category
C, then we will consider the full subcategory €8 of the subdivision category C¥ of
@, whose objects are given by the symbols C* for each object C' € €, and by the
symbols f? corresponding to the generators. In this case, the limits of S% with
indexing categories C% and €9 are isomorphic. For simplicity, we will also call G the
subdivision category of € and denote it by €% too.

For our purposes, this will be particularly important for the simplex category A
whose morphisms are finitely generated by its coface and codegeneracy maps (see

Section and the proof of Theorem [5.2.8]).
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We end this section by considering Example again and computing the
corresponding limit.

Example A.2.8. The subdivision category of the interval category [1] = {0 EN 1}
has objects 0, 13, %, (idy)® and (id;)®. Its non-identity morphisms are given by

08 = f5 1%, 0% = (id))* « 0% and 1% — (idy)® « 1%,

Let A= {4, % A} and B = {B, KN B} be objects of G, where a = A(f) and
b= B(f). Consider the functor S := C(A _, B _) given in (A.3). We can construct
the associated functor S% : [1]% — Set as follows:

S8 0% — S5(0,0) = C(Ag, By)
15— S(1,1) = C(Ay, By)
i 5(0,1) = €(Ay, By)
(ido)* = S(0,0) = €(Ay, By)
(idy)¥ — S(1,1) = C(Ay, By).
On the other hand, S* maps all morphisms to identity functions except the following:
(0 = fi = 19— (€(Ao, Bo) 5 €(Ao, By) «*— €(41, By)) ,

where we have used that S(id, f) = b, and S(f,id;) = a*, as explained in Exam-
ple|A.2.2l By Proposition [A.2.5| the end of S is isomorphic to the limit of S¥, that

1S
/ C(A;, B) = lim(S® : [1]° — Set)
1€[1]

= G(A(), B()) Xl&f@iBl) G(Al, Bl)
—=cl(A,B).

A.3 Kan extensions

Kan extensions generalize the idea of extending a function defined on a subset to the
whole set. From a categorical perspective, given a subcategory A of B and a functor
F : A — C, they address the question of extending F' to a functor R : B — C in
a natural and universal way. However, sometimes such extensions do not exist on
the nose, but are only conceptualized as an approximation to an extension, given
by a universal natural transformation. They are considered to be one of the most
significant universal constructions in category theory. As Mac Lane states: “The
notion of Kan extensions subsumes all the other fundamental concepts of category
theory” [MLI8, Sec. X.7].

We will start by recalling the horizontal and vertical compositions of natural
transformations in Section [A.3.1] Then, we will give a brief introduction to right
Kan extensions in Section Left Kan extensions are defined similarly. We will
conclude with some results about pointwise Kan extensions in Section [A.3.3] that
are needed in this thesis. The reader may refer to [ML98, Ch. X] or [Riel6, Ch. 6]
for more details.
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A.3.1 Compositions of natural transformations

Let F,F/' : B — € and G,G" : A — B be functors and let « : FF — F’ and
B : G — G’ be natural transformations. The composition of G and F' will be denoted
by juxtaposition F'G : A — €. The horizontal composition of o and g will also
be denoted by juxtaposition aff : FG — F'G’. It is the natural transformation with
components (af3) 4 given by the diagonal of the following commutative diagram

FGA —PY o para

aGAJ/ w J/aG/A (A4)

FIGA ———— F'G'A
F'(Ba)

for all A € A. We will use the notation F' for the identity natural transformation
idp : F' — F. Hence, we have the identities

(Fﬁ)A = F(ﬂA) and (OéG)A = QG4 - (A5)

Now, let "' : B — € be another functor and o' : F' — F” a natural transformation.
The vertical composition of o and ¢ is the natural transformation o/o«v : F — F”
with components (¢’ o a)p = oz 0 ap for all B € B. The vertical composition is
precisely the composition in the functor category C®. The strict monoidal category
of endofunctors on € will be denoted by End(€) and the identity endofunctor by
1: € — €. Using Diagram and Equation (A.F), the horizontal composition of
«a and  can be written as the following vertical compositions

af =aG oF3=FfoaG. (A.6)

Figures and illustrate the horizontal and vertical compositions of natural
transformations.

FG

F/G/

Figure A.1: Horizontal composition of natural transformations
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F
m
F/ e O{,O «
B > C
CYI
N
Fll

Figure A.2: Vertical composition of natural transformations

A.3.2 Right Kan extensions

Definition A.3.1. Let K : A — B and F : A — C be functors. A right Kan
extension of F' along K is a functor R : B — €, together with a universal natural
transformation o : RK — F.

Explicitly, being universal means that if S : B — C is a functor and g : SK —
F' is a natural transformation, then there exists a unique natural transformation
o : S — R such that 8 = ao oK. Here, 0K is the horizontal composition of o
with the identity natural transformation on K, given by Equation (A.5). Being a
universal object, the right Kan extension R of F' along K as above is unique up to
a unique natural isomorphism. It is usually written as R = Rang F' and depicted
by the following (in general non-commutative) diagram

A L: C

Kl o/ (A7)
/// RanK F

s
s

B

Under certain conditions this diagram commutes up to natural isomorphism (see
Corollary |A.3.7).

Remark A.3.2. Given a functor K : A — B, consider the precomposition functor
K*:C% — et

which maps a functor S : B — € to the composition SK : A — C, and a natural
transformation « : S — S’ to the horizontal composition oK : SK — S'K. If
Rang F' exists for all functors F': A — €, then the functor

Rang : @4 — €%
F—— Rang F',
which maps a natural transformation £ — F” in C* to the unique natural transfor-

mation Rang F' — Rang F” obtained by the universality of Rang F”, is right adjoint
to K*.

Left Kan extensions are defined analogously. In that case, one may show that
the left Kan extension functor Lang along K, if it exists, is left adjoint to K*.
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A.3.3 Pointwise Kan extensions

In what follows, let K : A — B be a functor. In many situations, not all functors
from A to € have right Kan extensions along K and hence Rang as a right adjoint
to K* does not in general exist. However, individual right Kan extensions for given
functors may still exist and may be rightfully considered. The following theorem
states that if some special limits exist in C, then right Kan extensions can be viewed
as pointwise limits.

Theorem A.3.3 ([ML98, Thm. X.3.1]). Let F : A — C be a functor and assume
that for all B € B, the limit RB of the diagram

BlK —*,sA4-Lts¢
(B— KA) —— A+—— FA

exists in C with limiting cone X\. Then,

(i) the right Kan extension of F along K exists and is pointwise, i.e. for all
B e B,
(Rang F')(B) = RB = limAFA, (A.8)

B—K

and for all maps f : B — B' in B, (Rang F')(f) is the unique map
Rf:RB — RB'
that commutes with the limiting cones;

(ii) for each A € A and letting B := KA, the assignment
ay = )\idKA :RKA— FA

defines the universal natural transformation o : RK — F of Rang F.

In the statement of Theorem [A.3.3] B | K is the comma category where B is
viewed as the constant functor * — B (see Def. [A.1.21| and Rem. [A.1.23). The
functor gy is the forgetful functor (see Rem. [A.1.22)).

Remark A.3.4. In the literature, pointwise Kan extensions have a formal definition
in terms of preservation by representable presheaves. It can be proved that the
definition is equivalent to computing Kan extensions pointwise as a limit in €, as
given by Equation in the case of right Kan extensions [ML98, Thm. X.5.3]. A
detailed exposition on this is given in [Riel6} Sec. 6.3].

Corollary A.3.5 ([ML98, Cor. X.3.2]). Assume that A is small and C is complete.
Then, every functor F : A — € has a right Kan extension along K and it is
pointwise.

Remark A.3.6. In particular, it follows from Corollary that if A is small
and C is complete, the functor K* has a right adjoint Rany given by the right Kan

extension along K (see Rem. |A.3.2)).
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Corollary A.3.7 (I[ML98, Cor. X.3.3]). Let the assumptions of Theorem[A.3.5 hold
and let K be fully faithful. Then, the universal natural transformation o : RK — F
associated to R = Rang F' is a natural isomorphism.

Corollary implies that Diagram (A.7) commutes up to natural isomor-
phism, and thus right Kan extensions define actual extensions up to natural isomor-
phism under the given assumptions.

Remark A.3.8. As mentioned earlier, all the above results have dual formulations
for left Kan extensions. In this setting, one would for instance encounter pointwise
left Kan extensions given by pointwise colimits under suitable assumptions. For
additional reading, Chapter 6 of |Riel6] covers both right and left Kan extensions
in full detail.

A.4 Useful categorical tools

In this section we summarize the main categorical tools that we extensively use in
Chapters[3|and [4] We start by recalling the notions of monomorphisms and epimor-
phisms with their different adjectives in Section [A.4.1} The goal of Section is
to fix some notation involving pullbacks and universal morphisms, and to state the
well-known pasting lemma, which gives a cancellation law for pullbacks. We proceed
with Section where we show an easy yet powerful tool to prove the commuta-
tivity of a given diagram that is included in another commutative diagram. Finally,
in Section we recall the notions of (abelian) group objects, ring objects and
module objects over them, as well as prove some useful results for the purposes of
this thesis. Throughout the rest of this section, whenever we talk about certain
limits in the category €, we assume their existence.

A.4.1 Monomorphisms and epimorphisms

Monomorphisms and epimorphisms are categorical generalizations of injections and
surjections respectively. In this section, we state the main definitions and proper-
ties of different kinds of monomorphisms and epimorphisms. The reader may refer

to [Kel69], [Bor94, Sec. 1.7, 1.8, 4.3] and [MLIS8, Sec. 1.5] for proofs, details and
examples.

Definition A.4.1. A morphism f: A — B in C is called

(i) a monomorphism if it satisfies the left-cancellation rule, that is, for all mor-
phisms ¢q, g2 : X — A, the equality f o g = f o go implies g1 = ¢».

(ii) a split monomorphism if it has a retract, that is, if there is a morphism
g: B — Ain € such that go f =id4.

(iii) aregular monomorphism if it is the equalizer of some parallel pair of arrows
B=Y.
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(iv) a strong monomorphism if it is a monomorphism that has the right lifting
property with respect to epimorphisms (Def. [A.4.3)), that is, given a commu-
tative square

X — A

gl a!lf//z lf
Y —— B

such that ¢g is an epimorphism, there exists a unique morphism h : Y — A
such that the inner triangles commute.

Remark A.4.2. The following statements hold:
(i) Split and regular monomorphisms are, in particular, monomorphisms.

(ii) Any split monomorphism is a regular monomorphism (it is the equalizer of
fogandidg).

(iii) Any regular monomorphism is a strong monomorphism (it follows from the
universal property of equalizers).

(iv) Monomorphisms, regular monomorphisms and strong monomorphisms are sta-

ble under pullback?|
Definition A.4.3. A morphism g: B — A in C is called

(i) an epimorphism if it satisfies the right-cancellation rule, that is, for all mor-
phisms fi, fo : A =Y, the equality f; o g = fy 0 g implies f; = fs.

(ii) a split epimorphism if it has a section, that is, if there is a morphism
f:A— Bin Csuch that go f =idy4.

(iii) a regular epimorphism if it is the coequalizer of some parallel pair of arrows
X = B.

(iv) a strong epimorphism if it is an epimorphism that has the left lifting prop-
erty with respect to monomorphisms, that is, given a commutative square

B— X

A
! -
gl 3.]}// lf

A——Y

such that f is a monomorphism, there exists a unique morphism h: A — X
such that the inner triangles commute.

Remark A.4.4. The following statements hold:

(i) Split and regular epimorphisms are, in particular, epimorphisms.

3Tt is in general true that morphisms with the right lifting property with respect to a class of
morphisms are stable under pullback.
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(ii) Any split epimorphism is a regular epimorphism (it is the coequalizer of f o g
and id B).

(iii) Any regular epimorphism is a strong epimorphism [Kel69, Prop. 3.1].

(iv) Epimorphisms, regular epimorphisms and strong epimorphisms are stable un-
der pushout [Kel69, Prop. 5.2].

Remark A.4.5. The relationship between isomorphisms, monomorphisms and epi-
morphisms can be described as follows:

(i) Every isomorphism is a monomorphism and an epimorphism.

(ii) A morphism that is both a monomorphism and a split epimorphism is an
isomorphism.

(iii) A morphism that is both a split monomorphism and an epimorphism is an
isomorphism.

Lemma A.4.6. Let f,g: A — B be morphisms in C. Then, the natural morphism
AxT9 A — Ax Ais a monomorphism.

Proof. The pullback of f x ¢ along the diagonal morphism Ag : B — B x B
is isomorphic to A xgg A. By definition, Ap has a retract pry : B x B — B
and hence is a split monomorphism. In particular, Ag is a monomorphism. Since
monomorphisms are stable under pullbacks, we get that A xgg A— AxAisa
monomorphism. O

A.4.2 Pullbacks and the pasting lemma
Fiber products of morphisms

Let A:J —C i¢+— A;and B : J = C, i« — B; be two diagrams indexed by a
small category J. Let f : A — B be a natural transformation with components
{fi : A; = Bi}ies. Then, by the universal property of limits, we obtain a unique
morphism in € denoted by

lim f; : lim A; — lim B;

i€d i€d i€d

making all diagrams induced by the limiting cones commute.

Notation A.4.7. If T = {0 & 2 <& 1} so that diagrams indexed by J are pullback
diagrams, f is given by a commutative diagram

A, A(p) v Ay < Alq) A,
fol le lfl
Bo —5g Be b B

The induced unique morphism between the pullbacks will be denoted by

fo xg fr s Ag x4 4@ A, s By x5 PO By (A.9)

2
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It makes the following squares

pr pr.
A() (—1140 XA2A1 —2> A1

fol fo><f2f1l lf1

B() (TBQ XBQB]. p—r2> Bl

commute. If By = Ay and fo = ida, : Ay — As, the morphism (A.9)) will be often
written as
Jo X4, f1: Ao Xa, A1 — By Xa, By .

Commutativity of pullbacks with pullbacks

Let A:IxJ — C, (4,7) — Aj; be a diagram in € indexed by the product of two
small categories J and J. Then, by the commutativity of limits, we have that

(3,7) €I%3 1€ jEJ j€J i€l

In particular, if J = J = {0 — 2 < 1}, the functor A is given by the commutative
diagram
Agp — Az «——— An

I

Agy — Agy —— Ay
|
Ajg —— Ap +—— Ap

and the commutativity of pullbacks is given by the following isomorphism

(Aoo X ags Ao1) X (Ao x Ay, Ar) (Ar0 X4y, A11)

g (AOO XA20 Alo) X(AOQXA22A12) (AU]. XA21 All) .

The parenthesis notation of morphisms

Let A, B and X be objects of C and let f: X — A and g : X — B be morphisms
in €. Then, the unique morphism induced by the universal property of the product
A x B will be denoted by (f,g) : X — A x B. It makes the following diagram

X

! TN

3!
3

A AXB 5 B

commute. By uniqueness, we have the following equality

(f,9) = (f xg)oAx,

where Ax : X — X x X is the diagonal morphism in C.
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Remark A.4.8. A special case of this is when we consider two morphisms in the
overcategory €| C, given by the commutative diagram:

X
/lhx
A a>C<B B

Then, the unique morphism (f, g) induced by the universal property of the pullback
A xg’ﬁ B makes the following diagram

(A.10)

commutative. Note that products in the overcategory €| C are pullbacks over C.
By uniqueness, we have the following equality

(fvg) = (f Xcg)OAX7
where Ax : X — X X X is the diagonal morphism in €| C.
Caution A.4.9. We use the same notation (f, g) for the unique morphism from X
to the product A x B or to the pullback A xo B. It will be clear from the context

whether we are in the category € or C| C.

Lemma A.4.10. Consider the following commutative diagram:

X
/lhx
A a>0<6 B
| Twl T

Let k : Y — X be a morphism in C and let (f,g) : X — A X¢ B be the unique
morphism from Diagram (A.10). Then, the following equations hold:

(i) (frg)ok=(fok,gok),
(i) (o xc¥)o(f,g) = (po f,hog).

Proof. The desired equalities follow from the universal property of pullbacks. O
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Lemma A.4.11. Let F,G : C — D be functors and o : F — G a natural transfor-
mation. Let A — C' < B be a pullback diagram in C such that FA — FC < FB
and GA — GC + GB are pullback diagrams in D. Then, the following diagram

YAx B

F(A x¢ B) G(A x¢ B)

(F pr17FPr2)l l(G pry, G'pry)

FA chFB — > GA chGB
aAXaCOZB

commutes, where pry : Axc B — A and pry : A X B — B are the projections onto
the first and second factor respectively.

Proof. Using Lemma and the naturality of o, we get that

(A Xop ap) o (Fpry, Fpry) = (aq 0 Fpry, ago Fpry)
= (Gprl oaAXcB? GprQ O&AXcB)
= (Gpry, Gpry) 0 axyB -
]

Notation A.4.12. Using the associativity of pullbacks, we will denote the limit of
the diagram

A-—Lspel oty pet E
by
AxEICXIE B = (A x5 C) 5Pk B A s 9P (0 xRy

The notation for more than two iterated pullbacks will be analogous.
Similarly, any nested parentheses of morphisms can be removed. In other words,
given morphisms f; : A — B; in €[ C for i = 1,...,n, we will write

(Froees f) = (((fl,fg),fg),...,fn> ‘A—3 B, X¢---X¢ B, .

The pasting lemma

Pullbacks satisfy the cancellation law with respect to the identity morphism. This
is a result of the pasting lemma:

Lemma A.4.13 ([MLOS8, Exercise 8, p. 72]). Consider the following commutative
diagram:
A——YxwZ 57
J
Lol

X f>Y g>W

where the right square is a pullback. Then, the left square is a pullback if and only
if the outer rectangle is a pullback.

Proof. The result follows from the universal property of pullbacks. O
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Explicitly, we get that
X xPWY <Gt 2= X <P (Y <G 2) =2 X x5 7,

ic k"r
’fxg,h ZXI Z,k“r (’fxg,h Z) ><pI‘27 N]rxg,hok?‘r’

where we have used the associativity of pullbacks (Not.|A.4.12)).

A.4.3 Outer and inner squares

The following lemma provides a simple outer-inner technique of proving the com-
mutativity of some diagrams. It is easy to state and to prove, yet it has vast
applications. The proof of commutativity for numerous diagrams in Chapter [4] is
based on this lemma.

Lemma A.4.14. Consider the following diagram.:

@
LQ\
R
YR
=
>

Assume that the four trapezoids commute.

(i) If the inner square commutes and 6 is a monomorphism, then the outer square
commutes.

(i) If the outer square commutes and « is an epimorphism, then the inner square
commautes.

Proof. From the commutativity of the right and the top trapezoids it follows that

dohof=hofBof

A1l
:hlof,OOé. ( )

Similarly, from the commutativity of the left and the bottom trapezoids it follows
that

5okog:k'0fyog (AIQ)

=kogoa.

We first prove (i). By assumption, the inner square commutes, that is, h' o f' =

k' o ¢'. Comparing Equations (A.11)) and (A.12)), we get that
dohof=4dokog.
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Since, by assumption, § is a monomorphism, it follows that ho f = k o g. In other
words, the outer square commutes.
For part (ii), we assume that the outer square commutes, that is, ho f = ko g.

Again, comparing Equations (A.11)) and (A.12), we get that
hofloa=kogoa.

Since « is assumed to be an epimorphism, it follows that A’ o f’ = k' o ¢/, which
means that the inner square commutes. O

A.4.4 Group, ring and module objects

Assume that the category € has finite products. Denote its terminal object by % and
the unique morphism from an object C' € € to the terminal object by !¢ : C' — .

Abelian group objects

Definition A.4.15. An abelian group object in C is an object G € C together
with morphisms + : G x G — G, called the addition, 0 : x — G, called the zero,
and i : G — G, called the inverse, such that the following diagrams commute:

(i) Associativity:

GxGxG -t axa

—+ X idgl l+

EEEE—
GxG——s G
(ii) Unitality:

% X G OXidG % idG x0

GxG G X %
G

(iii) Invertibility:

(iv) Commutativity:

GxG—P2P) oo

N1

In the last diagram, (pr,, pr;) denotes the canonical flip of the product.
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Remark A.4.16. In the definition of an abelian group object, we only need to
require right unitality and right invertibility. The left unitality and left invertibility
are implied by the commutativity of the addition (or the other way around). How-
ever, we keep the whole diagrams of unitality and invertibility in the definition for
later reference.

Remark A.4.17. The inverse is a property rather than a structure. The existence
of the inverse can be formulated in terms of the existence of the pullback of the
diagram 2y G2 G xG. Hence, we will usually only write the addition and
zero of a group structure.

Definition A.4.18. A morphism between two abelian group objects G and
H is a morphism ¢ : G — H in € such that the following diagram

GxG 2% gxH

+a |

G———H
commutes, where 4+ and +y denote the additions of G and H respectively.

Abelian group objects in € together with morphisms between them form a cat-
egory. There is also the notion of non-abelian group objects, where the diagram
encoding the commutativity of the addition is dropped in Definition [A.4.15 In the
rest of the section, group objects will refer to abelian group objects, although most
of the statements also hold for non-abelian group objects.

Remark A.4.19. A morphism ¢ : G — H of abelian group objects intertwines
the zeros and the inverses. Explicitly, ¢ o 0¢ = 0y and ¢ o ig = iy o ¢, where the
subscripts refer to the structure maps of the respective groups.

Example A.4.20. Groups are group objects in the category Set of sets with func-
tions; topological groups are group objects in the category Top of topological spaces
with continuous maps; Lie groups are group objects in the category Mfld of smooth
manifolds with smooth maps.

Definition A.4.21. A subgroup of an abelian group object G in € is a subobject
of G in the category of abelian group objects in C.

In other words, it is given by (an equivalence class of) a monomorphism K — G
in the category of abelian group objects in €. Spelled out, a subgroup of (G, +¢, 0¢)
is an abelian group object (K, +x,O0x) together with a monomorphism j : K — G
in € such that the following diagram

KxK 295 agxG

x| |+
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commutes since j is a morphism of group objects. By Remark we get similar
diagrams with the zeros and inverses of G and K. In Set, subgroups are usual
subgroups; in Jop, they are topological subgroups; in Mfld, they are Lie subgroups.
In these categories (and analogously in categories with a concrete structure), the
group structure of K is the restriction of the group structure of G to K.

Definition A.4.22. The kernel of a morphism ¢ : G — H of abelian group objects
is the pullback

kerp:= x xg G —— G

l . lg, (A.13)

x ——— H
Om
in the category C.

Lemma A.4.23. The kernel of a morphism ¢ : G — H of abelian group objects is
a subgroup of G.

Proof. Let K := ker¢p = % Xy GG and denote the second projection of the pull-
back by jk : K — G. The first projection is given by the unique mor-
phism !x : K — % to the terminal object. Since Oy is a monomorphism, and since
monomorphisms are stable under pullback (e.g. [ML98| Lemma, p. 122]), we get
that jx is a monomorphism. It remains to show that K has a group structure such
that ji is a morphism of group objects. Consider the following diagram

. (A.14)

The right square commutes since ¢ is a morphism of group objects. The left square
commutes by the commutativity of Diagram (A.13]) and functoriality. The commuta-
tivity of the triangle in the bottom follows from the unitality of 05 and functoriality.
Indeed,
“+g o (OH X OH) =+4pgo (OH X ldH) o (ld* X OH)

= pry o (id, x Op)

=0g opry,
where pry @ * X * Z % and prh : ok x H = H are the projections onto the second
factors. Hence, by the universal property of pullbacks, there exists a unique map

+KZKXK—>K,



A .4 Useful categorical tools 223

such that the upper triangle and the utmost left part of Diagram (A.14]) commute.
That is,

Jk 0 +K = +c o (Jrk X Jk)- (A.15)

To show the associativity of +, consider the following diagram:

KxKxK e X s K x K
WKXjK jxxy
GxGxG Xt gyq
+ e Xidg +G><idgl l‘f‘G +K
G x G — G
~ AK k ~
K x K >y K
+x

The inner square commutes by the associativity of +5. The commutativity of
the four outer trapezoids follows from Equation (A.15) and functoriality. Using
Lemma [A.4.74] we get that the outer square commutes. This shows that +x is
associative.

Next, consider the diagram

X

(A.16)

Q

J
_K>

id« 0

<—

K
*

Since ¢ is a morphism of group objects, we have that ¢ o 0 = Og. Thus, by
the universal property of pullbacks, there is a unique map Ox : * — K such that
Jjik ©0x = 0g. The unitality of O follows by a similar argument as the associativity
Of —|— K-

Similarly, there is an inverse ix : K — K satisfying the invertibility condition.
As a conclusion, (K, 4+, Ox) is a group object in € such that Equation holds.
This implies that jx : K — G is a monomorphism of group objects and so the kernel
of ¢ is a subgroup of G. O

Definition A.4.24. A functor F' : ¢ — D preserves finite products if the
natural morphism

Sx

|
—
O

Xxy  : F(XXY)— FX XFY
has an inverse for all X,Y € € and if F'x = x.

Remark A.4.25. A finite-product preserving functor F' : € — D maps abelian
group objects in € to abelian group objects in D. Spelled out, if (G, +,0,7) is an
abelian group object in G, F'G is an abelian group object in D with addition

PG x FG 255 P(G x G) 255 Fa@,

zero F'0: x — FG, and inverse Fi : FG — FG.
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Ring objects

A. Category theoretic notions

Definition A.4.26. A ring object in C is an abelian group object (R, +,0) of C
together with morphisms m : R x R — R, called the multiplication, and 1: x — R,

called the unit, such that the following diagrams commute:

(i) Associativity:

idRXm

Rx Rx R Rx R

m X ide lm

RxR———— R

(ii) Unitality:

ldR x1

Rx R +——— Xk

\\\\Jdg////

+><idR

].><1dR

* X R

(iii) Right distributivity:

RxRxR R xR

(mo(prl,pr3),mo(prz,prg)))J/ J/m

RXR%R

(iv) Left distributivity:

RxRx R4t py R

(mo(prl,prz),mo(prl,pr3)>J/ J/m

RxR——— R

Remark A.4.27. We define ring objects to have a unit. These are sometimes called
unital ring objects, since there is also the notion of non-unital ring objects. Since
the ring objects we consider in this thesis are all unital, we include the unit in the

definition and drop the adjective unital.

Definition A.4.28. A morphism between two ring objects R and R’ is a
morphism ¢ : R — R’ of abelian group objects in €, such that the following diagrams

RxR—5 RRx R « —L v R
le lmR/ \
RT> R/

commute.

Ring objects in € together with morphisms between them form a category.

Remark A.4.29. A functor that preserves finite products maps ring objects to ring
objects. This can be spelled out analogously to Remark



A .4 Useful categorical tools 225

Module objects

Definition A.4.30. Let (R, +, 0,7, 1) be a ring object in €. An R-module object
in € is an abelian group object (M, +,0) in € together with a morphism x : Rx M —
M, called the action, such that the following diagrams commute:

(i) Associativity:

idp XK

RxRx M Rx M

mX id]wl J/Ii

RxM ——— 5 M
(i) Unitality:

1><1d1\4

* X Rx M

\ l

+ xidm
—_—

(iii) Linearity in R:

RxRxM Rx M

(no(prl,prg), mo(prQ,pr3)>J/ J/n

MxMﬁM

(iv) Linearity in M:

idR X +
_—

RxMxM Rx M

(no(prl,prQ), no(prl,pr3)>J/ J/ﬁ

MxM-——— M

Remark A.4.31. Linearity in R, expressed by (iii), implies that the action by
0 : % — R is zero, that is, the diagram

(A)Xidjw

x* X M Rx M
Prll l’ﬁ
* ————— M

is commutative. Similarly, linearity in M, expressed by (iv), implies that the action
sends zero to zero, that is, the diagram

idr X0
Rx*x —2 s Rx M

-
* 5 M

commutes.
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Definition A.4.32. A morphism between two R-module objects M and M’
is a morphism ¢ : M — M’ of abelian group objects in € such that the following
diagram

Rx M -2y o\

I

/
M BT — M
commutes, where xk and k' are the actions of R on M and M’ respectively.

Given a ring object R in €, R-module objects in € together with morphisms
between them form a category.

Lemma A.4.33. Let ¢ : R — R be a morphism of ring objects in C. Let M
be an R-module object in C with action k : R x M — M. Then, the morphism

/

K =kKo(pxidy): R X M — M equips M with the structure of an R'-module.

Proof. Denote by + the addition of M; denote the ring structures by (R, F,0,m,1
and (R’ L0, 1 ). We need to show that the diagrams in Definition
commute for the R'-action " on M.

For the associativity, consider the following diagram:

idR/ XK'

R xR x M s R'x M
Rx Rx M 2525 R M
’V?Z’XidM mxidMl lﬁj Py
RxM —— M
4 %ﬂ[ ‘m +
R x M s M

K/I

The inner square commutes by the associativity of the R-action x on M. The right
and bottom trapezoids commute by the definition of x’. The left trapezoid commutes
since ¢ is a morphism of rings. Moreover,

(o x idpr) o (idr xK") = (poidg) x (idps o k')
= (idro ) x (ko (¢ X idp))
= (idg xXkK) o (¢ X ¢ x idy),
using functoriality and the definition of x’. This shows that the upper trapezoid
commutes. It follows by Lemma |A.4.14] (i) that the outer square commutes. We

conclude that ' is associative.
For the unitality, we calculate

K o (1 x idy) = ko (¢ x idy) o (17 x idyy)
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by using the definition of ’, functoriality, that ¢ takes the unit to the unit and the
unitality of x.

For linearity in R’ consider the following diagram:

R xR xM + xidu s R x M
w idps (724 ld]\/
Rx Rx M =X, poong
(K3:K53) (K13, 523)l lﬁ K/
MxM———— M

4 idar X idpas idar 4

M x M m s M

where ki = Ko (pr;, pr;) and j; = K’ o (pry, pry) for 1 <4 < j < 3. The inner square
commutes by the linearity of x in R. The right and left trapezoids commute by
the definition of x’. The bottom trapezoid commutes trivially. The upper trapezoid
commutes since ¢, being a morphism of rings, is a priori a morphism of abelian
groups. Using Lemma (i), we get that the outer square commutes and hence
the action ' is R'-linear.

Lastly, the proof of linearity in M is analogous. We conclude that &’ equips the
R-module object M with the structure of an R’-module. O

Remark A.4.34. Given a ring object (R, +, 0, 1) in € and an object A of C, the
set C(A, R) of R-valued morphisms has the structure of a ring with addition and
multiplication

frg="+0(f9), fg=mo(fyg),
for all f,g € C(A, R), with zero A NN R, and unit A M LR

Lemma A.4.35. Let (R, +,0,1m,1) be a ring object in C and o : B — A a morphism
in €. Then, the pullback

a* :C(A,R) — C(B,R)
fr—foa

1s a morphism of rings.
Proof. Let f,g: A — R be morphisms in C. Then,

o (f+9)=(f+g)oa
+o(f,g9)ca
=+o(foa,goa)
=(foa)+(goa)
=a'f+a'g,
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which shows that a* is a morphism of groups. Similarly, we have that

a’(fg) = (fg)oa
=mo(f,g)oa
=mo(foa,goa)
=(foa)(gea)
= (a"f)(a"g).

Lastly, the unit of C(A, R) is mapped to the unit of C(B, R) since

~ ~ ~

a*(loly)=1lolyoa=10olp.
This concludes the proof that a* is a morphism of rings. O

Lemma A.4.36. Let R € C be a ring object and let M, N € € be R-module objects.
Let f : M — N and g : N — M be inverse morphisms in C, i.e. f og = idy and
go f=idy. If f is a morphism of R-modules, then so is g.

Proof. Denote by +,, and +y the additions of M and N; denote by ks and xy the
actions of R on M and N respectively. Then,

fotuo(gxg)=+no(fxf)o(gxg)
=+nxo((fog) x(fog))
=4y o (idy xidy)
=+nN,

where we have used that f is a morphism of abelian groups, functoriality and the
assumption f o g = idy. Composing both sides with ¢ and using the assumption
go f =idys, we get that
tuo(gxg)=gotn.
This shows that ¢ is a morphism of abelian groups.
For the equivariance with respect to the R-actions, we similarly get that

foryo(idg xg) =kyo(idg X [f)o (idg xg)

= KN © (<ldROIdR) X (f ) g))

= KN © (ldR X ldN)

= KN,
where we have used that f is a morphism of R-modules, functoriality and the as-
sumption f o g = idy. Composing both sides with ¢ and using the assumption
go f =idy, we get that

Ky o (idgp Xg) =goky.

It follows that g is also a morphism of R-modules. O
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