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Abstract

Quantum Chromodynamics is the fundamental theory of strong interactions. However, at low energies
QCD strong coupling becomes very large and perturbative techniques are no more applicable. Lattice
QCD offers an ab-initio non-perturbative method of solving QCD in this region. Since LQCD
simulations are performed on finite dimensional Euclidean lattice, the result is contaminated with
finite-volume effects. Moreover, establishing the relation between the finite-volume energy levels
obtained from simulations and the continuum physical observables is highly non-trivial.

In this thesis, methods for extraction of two-body and three-body observables from lattice data are
developed with the help of the non-relativistic effective field theory approach. The basic principles of
LQCD are outlined while also detailing the methods used for extraction of two-body parameters from
lattice data. The NREFT formalism is introduced and its application to both two-body and three-body
sector are discussed, with special focus on methods for analysis of lattice data.

A formalism, the modified Liischer equation, is developed and derived for extraction of physical
scattering parameters in the presence of short- plus long-range interaction in the two-body case based
on the modified effective-range expansion. This method allows one to analyze finite-volume energy
levels that lie in the left-hand cut region while also addressing the issue of slow convergence of
partial-wave expansion in the presence of long-range interactions.

Moreover, an efficient numerical algorithm is detailed for working with the modified Liischer
equation. Analysis of synthetic data generated from a toy model is carried out to test the accuracy of
the approach. Various numerical and technical issues are described in detail.

In the three-body sector, result from the perturbative calculation of the three-nucleon ground state
energy shift up to and including O(L_6), where L is the size of the finite-volume box, is presented.
The convergence of the calculation for physical nucleon scattering lengths is discussed. The box size
L required for convergence is very large and highly impractical.

Finally, The Lellouch-Liischer factor for K — 3 decay is evaluated numerically and its sensitivity
to the three-pion amplitude is studied. It is found that the LL factor shows negligible dependence on
the three-pion amplitude and hence one can use a rough estimate of this amplitude from ChPT instead
of extracting it from LQCD.

il






Contents

1 Introduction

2 Quantum Chromodynamics in a Finite Volume
2.1 Quantum Chromodynamics . . . . . . . . . . . ...
2.2 Path Integral Formalism . . . . . . .. ...
23 Lattice QCD . . . . . . . . e e
2.3.1 Euclidean Path Integral . . . . . . ... ... ... ... ... ........
232 Discretization . . . . . . ... oL e e e
2.3.3 Fermionson Lattice . . . ... ... ... ... .. ... .
2.3.4  Symanzik Improvement of the Action . . . . . . ... .. ... ... ....
2.3.5 [Euclidean Path Integral on Lattice . . . . . ... ... ... .........
2.4 Hadron SpectrosCopy . . . .« v ot e e e e e e e e e
24.1 Massesofstable Hadrons . . . . . . . .. ... ... ... .
242 The Liischer Equation . . . . . . ... ... .. ..
2.4.3 Symmetries in a Finite Volume . . . . . . . .. ... ... L.
2.4.4 Threshold Expansion . . . . . . . .. ... ..
2.4.5 Two-Particle Decays . . .. ... ... ... .. ... ...
2.4.6 Three-particle Sector on Lattice . . . .. ... ... ... ... .......
2.4.7 Two-Particle Sector in the Presence of Long-Range Force . . ... ... ..

3 Non-Relativistic Field Theory Approach in a Finite Volume
3.1 Non-Relativistic Effective Field Theories . . . . . . . . ... ... ... ... ....
3.2 Two-Body Sector . . . . . . . . . . e
3.2.1 Matching in the Two-Body Sector . . . . . . ... ... ... ... .....
3.2.2 Liischer Equation in the NREFT Formalism . . . . .. ... ... ... ...
3.3 Three-Body Sector . . . . . . . . ..
3.3.1 Matching in the Three-Body Sector . . . . . . .. ... ... ... .....
3.3.2  Perturbative Ground State Energy Shift in the NREFT Formulation . . . . .
3.3.3 Relativistic-Invariant Formulation of NREFT . . . . . ... ... ... ...
3.3.4 Faddeev Equation in the Particle-Dimer Picture . . . . . .. ... ... ...
3.3.5 Quantization Condition in the Three-Particle Sector . . . . . . . ... .. ..
3.3.6  Three-Particle Decay in Relativistic-Invariant Formulation of NREFT . . . .

4 Liuscher Equation with Long-Range Forces
4.1 Introduction . . . . . . . . . . . . e

10
10
10
11
13
14
15
15
16
18
21
25
26
28
29

33
33
36
36
41
43
43
48
53
65
68
69

79
80



vi

4.2 Modified Effective-Range Expansion in the Effective Field Theory Framework . . . . 82

4.2.1 Modified Effective-Range Expansion . . . ... ... ... ......... 82
42.2 NREFT Framework . . . . . . ... ... ... .. ... ... .. ...... 84
4.2.3 Non-Derivative Interactions . . . . . . . ... ... ... ... ..., 88
4.2.4  Derivative Interactions . . . . . . .. ..o 89
4.3 Modified Liischer Equation . . . . . . .. ... ... ... ... .. .. ... ... 92
4.3.1 Derivation of the Quantization Condition . . . . .. .. ... ... ..... 92
4.3.2  Calculation of the Function Hy,,, ;,,/(qg) - - -« o o o oo oo oo 94
4.3.3 Partial-Wave Mixing . . . . . . . ... L e 97
4.3.4 Exponentially Suppressed Effects . . . . . . ... ... ... ... ..... 97
4.3.5 The Case with the Short-Range Potential Only . . . . ... ... ...... 98
4.4 Comparison with the Existing Approaches . . . . . . .. ... ... .. ....... 98
4.5 Conclusions . . . . . . . L e e e e e 99

Modified Liischer Zeta-Function and the Modified Effective Range Expansion in

the Presence of a Long-Range Force 101
5.1 Introduction . . . . . . . . . L e 102
5.2 Modified Effective-Range Expansion and Modified Liischer Equation . . . . . . .. 104
5.3 Modified Liischer Zeta-Function and the Analysisof Data . . . . . .. ... ... .. 107
5.3.1 Calculation of the Zeta-Function . . . . . . . ... ... ... ........ 107
5.3.2  Analysis of the SyntheticData . . . . . . ... ... ... ... ....... 109
5.4 Modified Effective-Range Expansion in the Left-Hand Cut Region . . . . . . . . .. 112
5.4.1 Calculation of the Loop Function M,(qy) . . . . . . .. . . ... ... ... 112
5.4.2 Results of Numerical Calculations for M,(gq) . . . . . . . ... ... .... 119
5.4.3 Coulomb Interactions . . . . . . . . . ... 120
544 Modified Effective-Range Expansion Function . . . .. ... ... ... .. 121
5.5 Conclusions . . . . . ... e e 122
Finite-Volume Energy Shift of the Three-Nucleon Ground State 125
6.1 Perturbative Shift to the Ground State Energy . . . . . ... ... ... ....... 126
6.2 Conclusionsand Outlook . . . . . . .. ... .. L 128
Lellouch-Liischer Factor for the K — 37 Decays 131
7.1 Introduction . . . . . . . .. e e 132
7.2 Derivationofthe K - 3r LLFormula . . . . ... .. ... ... ... ..., 134
7.2.1 The Lagrangian in the Three-Particle Picture . . . . . ... ... ... ... 134
7.2.2 The Lagrangian in the Particle-Dimer Picture . . . . . . .. ... ... ... 136
7.2.3 Matching in the Two-Body Sector . . . . . . . .. ... ... ... ... 137
7.2.4 Matching of the Three-Body and Decay Lagrangians . . . . . ... ... .. 139
7.2.5 Reduction of the Redundant Couplings . . . .. ... ... ......... 140
7.3 Faddeev Equations and Derivation of the LL Factor . . . . ... ... ... ..... 142
7.3.1 Faddeev Equation for Particle-Dimer Amplitude . . . . ... ... ... .. 142
7.3.2 Matching of the Three-Pion Coupling . . . . . .. ... ... ... ..... 146
7.3.3 Derivationof the LL Factor . . . . ... ... ... ... ... ....... 147



7.4 Numerical Calculation of LL Factor . . . . . .. ... ... .............
7.4.1 Solution of the Faddeev Equation in the Infinite Volume . . . . .. ... ..
7.4.2  Finite-Volume Wave Function . . . . ... .. .. ... ... ........
743 TheLLFactor . ... ... . . . .. . . .. e
7.44 The Weak Hamiltonian . . . . . . . ... ... ... ... ..........
7.5 Conclusions . . . . . . . . . e e e e e

8 Summary and Outlook

A Appendix
A.l1 Calculating the Green Function . . . . . . . .. ... ... ... ... ... ...,
A2 CancellationofthePoles . . . . .. ... ... ... ... ...
A.3 Partial-Wave Contributions to the Energy Shift of a Given State . . . . . . . ... ..
A4 Integrating Outthe Dimer Fields . . . . . . .. ... ... .. ... ... .. ..
A.5 Three-Pion Amplitude in Chiral Perturbation Theory . . . .. ... ... ... ...
A.6 Leading-Order Energy Shiftofthen=1State . . . . . .. ... ... .. ... ...

Bibliography
List of Figures
List of Tables

Acknowledgements

165

169
169
172
173
176
178
179

183

207

213

215

vii






CHAPTER 1

Introduction

Quantum Chromodynamics

The birth of strong interactions can be traced back to 1911, when Rutherford [1] proposed his atomic
model consisting of a positively charged center with electrons going around this center in orbits like
planets. This positively charged center was termed as the atomic nucleus and was built with positively
charged building blocks called protons. This model hinted towards a new kind of force stronger than
the electromagnetic force capable of holding the protons together in the nucleus. The discovery of the
neutron in 1932 [2] further indicated that electrically neutral particle interacted via this new force as
well. Following this isospin was introduced as a symmetry of the strong interaction by Heisenberg [3]
to explain the approximate same masses of the proton and neutron and their similar behavior in strong
interactions. In 1935, Yukawa proposed that the nuclear force was mediated by a spinless particle,
meson [4]. Throughout the 1930s and 1940s considerable progress was made in understanding the
nuclear interactions.

In 1950s, a plethora of new particles were discovered that interacted via the strong force. These
particles were named hadrons. It seemed unlikely that all of these new particles were fundamental. In
1961-1962 using the Eightfold Way, Gell-Mann and Ne’eman were able to organize the hadrons into
groups having similar properties such as the mass [5, 6]. These groups formed representation of an
underlying approximate SU(3) symmetry. The mass splitting in the multiplets could be understood by
perturbative breaking of this symmetry leading to the Gell-Mann-Okubo formula [6, 7]. This formula
was successful in predicting masses up-to the then unknown Q™ particle, which was experimentally
discovered [8] in 1964.

The existence of quarks was postulated in 1964 by Gell-Mann [9] and Zweig [10]. They proposed
baryons to be bound states built of three quarks, whereas mesons were made up of quark and anti-quark
pairs. Quarks were postulated to be spin-1/2 particles which came in three flavors. This quark
model, however, was incompatible with the spin statistic theorem. It was pointed out by Bogolyubov,
Struminsky and Tavkhelidze [11], Han and Nambu [12] and Miyamoto [13] independently, that this
problem could be solved by introducing an additional quantum number for each flavor quark. This led
to the introduction of an additional SU(3) symmetry termed as color.

Even-though quarks cannot be directly observed, Bjorken had pointed out that the electron-proton
cross section should obey scaling laws in the deep inelastic region if the nucleons are made up of
constituent point-like particles [14]. This was experimentally confirmed by scattering experiments
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that were carried out by MIT-SLAC collaboration [15]. The spin and fractional charges of these
constituent particles were confirmed to match with that of the quarks in [16] and [17] respectively.
More elaborate models were developed, see e.g. [18], which were consistent with experiments.

Gross and Wilczek [19] and Politzer [20] independently showed that a gauge theory becomes weaker
at higher energies, i.e. obey asymptotic freedom. This was consistent with the approximate scaling
behavior observed in deep-inelastic scattering experiments. These development enabled Fritzsch,
Leutwyler and Gell-Mann to argue in favor of promoting the SU(3)-color group to a non-abelian
gauge symmetry [21], with the strong force being mediated by a gauge boson termed as gluon.
This theory became known as Quantum Chromodynamics (QCD), an essential part of the Standard
Model of particle physics as we know it today. QCD has some special characteristics which make it
fundamentally different from the electroweak theory. The degrees of freedom in QCD obey color
confinement, i.e. color-charged particles cannot be observed independently. However, since the strong
coupling constant o, becomes small at high energies, perturbative techniques can be readily applied.
A plethora of experiments provide quantitative support to QCD as a theory of strong interactions [22].

As one moves towards the infrared regime, the strength of the coupling constant increases and at
the hadronic scale perturbation theory breaks down. Hence, at lower energies alternative techniques
need to be employed to probe the strong interaction. Two such methods lie at the center of this thesis,
namely, Lattice QCD (LQCD) and Effective Field Theories (EFTs). This thesis aims to employ existing
Formalism to show how one can relate three-body decay amplitudes from LQCD to experiments.
Moreover, a formalism to extract effective-range parameters for short-range potential in the presence
of long-range potential will be derived.

Lattice Quantum Chromodynamics and Finite Volume

The birth of lattice gauge theory can be traced to formulation of gauge theory on a space-time lattice
by Kenneth Wilson in Ref. [23] in 1974. This work laid the foundation for understanding quark
confinement conceptually. The timing of this work was indeed optimal as the CRAY-1 supercomputer
was developed in 1976 and had changed the scientific computing landscape. Moreover, Monte Carlo
methods, which had been well known since the late 40°s and early 50’s with the Metropolis algorithm
being formulated in 1953 [24], become increasingly applied to spin systems in 60’s and 70’s. In 1979
Creutz, Jacobs and Rebbi in Ref. [25], Wilson in Ref. [26] showed the possibility of performing such
calculations on the computer. Furthermore, in 1981-82 hadron masses were calculated by Weingarten
[27] and Hamber and Parisi [28]. By 1980’s lattice QCD computations could be performed quickly
using supercomputers. In the last four decades, lattice QCD has progressed a great deal enhancing
understanding of the strong interactions. Nowadays, one can perform simulations with the physical
values of quark masses, sufficiently large lattice sizes and small enough lattice spacings.

Lattice QCD (LQCD) is an ab initio, non-perturbative approach that formulates QCD on a finite,
discrete Euclidean space-time grid. It employs the path integral formulation of QCD. The discretization
of space-time onto a four-dimensional hypercube of length L and lattice spacing a, serves as a natural
ultraviolet cutoff ~ 1/a. Moreover, the momenta are quantized in a finite volume which leads to finite,
but high-dimensional path integral. These integrals are impossible to evaluate analytically. Hence,
in LQCD, ensembles of field configurations are generated according to a probability distribution
ascertained by the path integral. Then correlation functions are evaluated using Monte Carlo methods.

To relate the correlators calculated in LQCD to infinite-volume QCD observables, three limits



have to be taken. These limits are namely, the continuum limit (¢ — 0), the thermodynamic limit
(L — o0) and the extrapolation to physical quark masses. Even-though performing LQCD calculations
at physical quark masses has become possible [29, 30], computational cost can be significantly reduced
by performing such calculations at higher quark masses.

An interesting problem arises when one tries to relate the correlation functions calculated on the
Euclidean space-time lattice to the scattering amplitude evaluated in the continuum. Above threshold,
the continuum scattering amplitude is complex where as the lattice correlator is purely real and hence,
establishing a relation between the two is a highly non-trivial task. In general, it is not possible to
straightforwardly extract on-shell scattering matrix elements from Euclidean correlation functions
defined in the infinite volume as they are dominated by off-shell contributions. This statement is
the well-known Maiani-Testa no-go theorem [31]. However, Liischer demonstrated in Ref. [32, 33],
that in the two-particle sector, it is possible to directly extract the scattering phase shift from the
finite-volume energy spectrum. Liischer’s method has become the go-to procedure for analysis of
lattice data in the two-body sector, with the approach being generalized to moving frames [34, 35],
non-identical particles with spin [36—38] and coupled channel interactions [39—42]. Furthermore, the
two-particle weak decay amplitude was related to the corresponding finite-volume transition matrix
elements by Liischer and Lellouch [43]. Further generalization of this method can be found in the Refs.
[35, 41, 44-46]. The inclusion of external currents was carried out in [45-52]. A more extensive list
of applications to various systems can be found in the following reviews [53, 54].

In certain physical system such as the NN system, exchange of a light particle (long-range potential)
such as the pion leads to a branch cut lying close to the threshold. This branch cut is known as the
left-hand cut or the ¢#-channel cut. Some energy levels can lie in this left-hand cut region, which
results in the K-matrix becoming complex and hence the standard Liischer approach is no more valid
[55]. Another consequence of this interaction, which is mediated by a long-range force, is the slow
convergence of the partial-wave expansion. Several proposals have been made to counter this problem
of the left-hand cut. The plane-wave basis can be used to solve the two-body Lippmann-Schwinger
equation in a finite volume and then the parameters of the effective Hamiltonian can be extracted from
fitting the resulting levels to the lattice data as shown in Refs. [56-58]. In Refs. [59, 60], the long- and
short-range part are isolated and then treated separately. In Refs. [61, 62], the D*D scattering was
studied for different quark masses using the three-body formalism. A detailed comparison between
these three approaches was carried out in Ref. [63]. Yet another alternative approach to this problem
has been developed in this research project. This approach is similar to the original Liischer equation
and is based on the use of the modified effective-range expansion derived in [64].

With most of the two-body sector well understood, efforts were made to generalize Liischer’s
method to the three-body sector. However, the three-body sector had some challenges of its own.
The first question that needed to be answered was whether the three-body finite-volume spectra is
completely determined by the S-matrix elements. This was shown to be the case in Refs. [65, 66].
Over the next few years great progress was made in developing a counterpart to Liischer’s method in
the three-body sector.

There are three different but conceptually equivalent approaches for studying the three-body sector
on lattice, namely, the Relativistic Field Theory (RFT) [67, 68], the Finite Volume Unitarity (FVU)
[69] and the Non-relativistic Field Theory (NREFT) [70, 71] approaches. The equivalence between
these approaches was shown in Refs. [71-74] under specific setups. All the three methods mentioned
involve, solving a quantization condition to fix parameters by fitting to the three-body finite-volume
spectrum. The fixed parameters can then be used to calculate infinite-volume observables.
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The RFT approach has been applied to n*n*7*-system [29, 75], 7xK- and KKn-systems [76],
whereas the FVU approach has been applied to 77" 7" -system [77], KK K-system [30], to determine
the pole position and branching ratio of a;(1260) resonance [78] and the pole position of the w meson
[79]. In Ref. [80], it was shown that both the RFT and FVU approaches exhibited good agreement for
lattice <p4—theory. A manifestly relativistic invariant formulation of the NREFT approach was derived
in Ref. [81] making it readily usable for global analysis of lattice spectra. Moreover, the RFT approach
was generalized for 2 < 3 channels [82], resonant sub-channels [83], scattering of three-pions in
different isospin-channels [84], non-degenerate scalars [85, 86], and inclusion of fermions [87].

An alternative but restrictive approach to the three-particle problem exists, that focuses on the
perturbative shift of the free three-particle energy levels. In this approach a perturbative expansion is
carried out in 1/L, where L corresponds to the box size. Different parameters can be then fixed by
calculating the energy shift up-to different orders in perturbation theory. The first attempt to calculate
the finite-volume energy shift using perturbation theory was carried out in Refs. [88-90]. The ground
state energy shift was given up to O(L™®) and O(L™7) in Refs. [91-93] and [94], respectively. The
expression for the energy shift of the ground state and first excited states were derived using threshold
expansion in the non-relativistic limit in Ref. [95] at O(L_6). Further, the threshold expansion of the
relativistic quantization condition results in the relativistic expression of the ground state energy at
the same order was shown in Ref. [96]. Finally, the relativistic corrections to the ground state and
first excited states energy level, in the NREFT framework, were calculated in Ref. [97]. Using these
results, the finite-volume ground state energy shift for three pions and three nucleons system in the
non-relativistic framework were calculated in Refs. [98] and [99], respectively. One aim of this thesis
is to present the results obtained in [99].

The three-body equivalent to the two-body Lellouch-Liischer (LL) formula was derived independently
by two groups in Refs. [100—102]. The main difference between the two-body and three-body sector
lies in the fact that in the two-body case, the LL factor is a single function whereas it is a (truncated)
matrix in three-body sector. One of the goals of the research project was to explicitly calculate the LL
factor for the decay of the kaon into three pions.

Effective Field Theory

When studying any physical system, only a limited amount of information is available. Hence, the
phenomenon of separation of scales, by virtue of which relevant degrees of freedom can be separated
from the irrelevant ones, becomes an important asset. Effective field theories (EFTs) exploit this scale
separation to provide an approximation of a underlying theory in a specific energy-regime. By utilizing
the decoupling theorem, which states that physics at low-energies (large distances) is insensitive to
the dynamics at high-energies (short distances), EFTs explicitly consider only the relevant degrees
of freedom at a given scale and encode all the short distance behavior in the parameters of the EFT.
These parameters are aptly called Low-Energy Constants (LECs). The construction of any EFT
involves writing down all possible operators using the relevant degrees of freedom that obey the
symmetries of the underlying theory. This leads to an infinite tower of operators. These operators are
then ordered according to their individual contribution using an ordering scheme known as power
counting. With this a perturbative expansion can be employed in terms of a small parameter of the
theory such as the typical momenta of particles involved, that improves as more and more operators are
considered. Lastly, the LECs appearing in the EFT are matched to physical parameters. A thorough



and instructional introduction to EFTs can be found in Ref [103].

Chiral perturbation theory (ChPT) [104-106], is one of the most well-known EFT for low-energy
hadron dynamics. It is based on the fact that massless QCD is invariant under global SU(N ;), X
SU(N )g chiral transformations, where N ; is the number of quark flavors. This global chiral symmetry
is however spontaneously broken, SU(N ), X SU(Ny)g — SU(N)y,. The observed spectrum of
hadrons show that the SU(N f) 4 axial vector symmetry is not respected by the QCD vacuum, whereas
the Vafa-Witten theorem [107] proves that the SU(N ;),, symmetry is protected. Moreover, the U(1)
axial-vector symmetry is broken due to the axial-vector anomaly. Hence, in the case of massless
quarks, eight massless pseudoscalar particles should be present according to Goldstone’s theorem
[108, 109]. These can be identified with the pseudoscalar meson octet. Note that due to the U(1) axial
anomaly the " meson is not massless and hence not a Goldstone boson. However, quarks are not
massless and hence chiral symmetry is explicitly broken. This leads to the Goldstone bosons gaining
mass in accordance with the Gell-Mann-Oakes-Renner relation [110]. Callan, Coleman, Wess and
Zumino (CCWZ) [111, 112] formulated a general effective Lagrangian grounded in group theory,
taking spontaneous symmetry breaking into account. The power counting scheme established, enables
an expansion of the observables in p/ AChpt. Here, p (= M, = 140 MeV) is the momenta of the order
of the low lying octet mesons and Aq,pyr (= 1 GeV) is the scale corresponding to the set of next heavier
hadrons.

Naive inclusion of nucleons in the CCWZ framework leads to the breakdown of counting rules.
This is because the nucleon mass is of the order of the heavy scale (A¢y,p,) and appears explicitly in the
Lagrangian. Multiple methods have been developed to impose a consistent power counting scheme in
the nucleon sector, such as the infrared regularization [113], the extended on-mass-shell scheme [114,
115] and heavy baryon ChPT [116, 117].

Since the pion mass is an input parameter in ChPT, it serves as an effective way to study the
dependence of observables on the pion mass. This property of ChPT is very useful for analysis of
LQCD data as large quark masses are used to render the finite-volume computations cheaper. Hence,
the chiral extrapolation of physical quark masses in LQCD can be studied using ChPT. To account
for non-zero lattice spacing effects certain modifications can be made to ChPT as shown in Refs.
[118—120]. The effects of finite volume were studied in Refs. [121-123]. Moreover, Lattice data can
be fit to extract parameters of ChPT Lagrangian, Ref. [124] provides a review of recent results.

Non-Relativistic Effective Field Theory

Non-relativistic effective field theory (NREFT) is a powerful tool which can be employed to describe
systems in which the typical scale of momenta is much smaller than the mass of particles involved.
This framework was developed for bound-state calculation by Caswell and Lepage in Ref. [125].
Further, Non-relativistic QCD (NRQCD) was developed by Bodwin, Braaten and Lepage in 1995
[126], where an expansion in the quark velocity was employed to include interactions involving
heavy quarks. In 1999, the NREFT framework was applied to the study of hadronic atoms by Gall,
Gasser, Lyubovitskij and Rusetsky in Ref. [127]. In Refs. [128-130] nucleon-nucleon scattering was
described using non-relativistic pionless EFTs, based on the proposal of extracting nuclear forces from
chiral Lagrangian [131, 132]. Here, the external momenta involved are way below the pion mass and
hence pions can be integrated out. Since, a closed form of the two-body scattering amplitude (summed
up to all orders) can be obtained in the NREFT framework, the LECs can be directly matched to the
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effective-range expansion parameters. Thus using NREFT to study nucleon-nucleon scattering can be
very advantageous.

This non-relativistic treatment of nucleon-nucleon scattering was further extended to the three-
nucleon and three-boson systems in Refs. [133—136] enabling the study of neutron-deutron scattering.
The volume dependence of the three-body bound state spectrum was studied in Refs. [137-140].
These developments acted as catalyst for the three-particle quantization condition being developed in
the NREFT approach.

NREFTs have become an essential tool in particle physics, enabling accurate calculations of physical
observables such as scattering length in a consistent manner while accounting for the underlying
symmetries of the Standard Model. A detailed review of NREFT framework can be found in Ref.
[141].

Outline: This thesis is aimed at developing further understanding of two-body and three-body
systems in both infinite- and finite volume using the NREFT approach. The extraction of physical
observables from lattice data in the presence of long-range interaction is addressed in the two-body
sector, while in the three-body sector already existing approaches are applied to physical systems. This
includes the application of the perturbative calculation of ground state energy shift in the three-nucleon
system and evaluation of the Lellouch-Liischer factor for kaon decay into three-pions.

The thesis is arranged as follows: Chap. 2 briefly introduces the core concepts and methods used in
LQCD, whereas Chap. 3 introduces the NREFT approach and discusses in detail the two-body and
three-body systems within this approach. In Chap. 4, an approach for extracting physical observables
from lattice data in the presence of the long-range force is detailed, giving rise to the modified Liischer
equation. Chap. 5 details the numerical implementation of approach derived in the previous chapter.
In Chap. 6, a perturbative calculation of three-nucleon ground state energy shift is carried out and
the box size for a convergent result is estimated. Finally in Chap. 7, the Lellouch-Liischer factor for
kaon decay into three-pions is evaluated numerically and the sensitivity of the calculated factor to the
three-pion amplitude is studied.



CHAPTER 2

Quantum Chromodynamics in a Finite Volume

This chapter aims to introduce the basic concepts of Quantum Chromodynamics and Lattice QCD.
After outlining the setup of LQCD, hadron spectroscopy is discussed in detail. Special emphasis is
given on the discussion relating to Liischer equation and symmetries in a finite volume. Finally, the
chapter ends with a discussion on the situation involving long- plus short-range interactions and its
consequence on the extraction of physical observables from lattice data.

2.1 Quantum Chromodynamics

Quantum Chromodynamics, as stated in the introduction is the theory of strong interaction. The
Lagrangian of QCD can be stated in a single line,

I . O [,
Locp = —;ngr[Fw,F” |+ %, (1D, = m )9, @.1)
7

where g is the flavor-independent strong coupling constant, each quark field is represented by a
Dirac-spinor ¥, having mass corresponding to m (Note: f =1,...N), F,,, is the field strength
tensor of the gluon field defined as

F,, =0,G,-0,G,+i[G,.G,]. (2.2)

with G, representing the massless gluon field. D, is the gauge-covariant derivative and it is defined
as follows:
D,=9,-iG (2.3)

-
QCD is a SU(3) gauge theory and hence each W, transforms as a vector of the fundamental

representation of the SU(3) color gauge group, whereas the gluon field transforms according to the
adjoint representation. Furthermore, the QCD Lagrangian is invariant under local SU(3) gauge
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transformations

¥r(x) = Pr(x) = UX) Y, (x),
¥,(x) =¥ p(x0) =P 0U (),
G, (x) = G(x) = UG, ()U" (x) +i (0, U)) U (x), (2.4)

where U (x) € SU(3) .
In addition to the above mentioned components, the QCD Lagrangian also includes a CP violation

term given by,
0

Lo ==—— " Tt F Fop| (2.5)
32n
and gauge-fixing terms. However, these are not relevant for this thesis.

In contrast to Quantum Electrodynamics (QED), QCD exhibits additional interesting properties.
Gluons are self-interacting, unlike photons, and hence, in addition to quark-gluon vertex, QCD also
includes triple and quartic gluon vertices. All physical observables of the theory are parameterized
in terms of the quark masses m ; and the strong coupling constant g (or equivalently ¢, = g2 /4m).
Similar to QED, to render the observables finite, these bare parameters have to be renormalized.
Renormalization procedure leads to the inclusion of an arbitrary scale y, which could lead to the
physical observables becoming scale dependent. This is however not the case as the parameters of the
theory are also scale dependent and cancel any explicit 4 dependence in the observables.

The running of the QCD coupling with the arbitrary scale u is given by the renormalization group
(RG) equation. At one-loop this is given by [142],

2
dag(p) ag (1) 11 2 ) ‘ 2.6)

F gy = Blay(w) = =Bo— —» Bo= (?Nc —3N
Here, N, = 3 is the number of color and N = 6 is the number of quark flavors. The S-function being
negative has important consequence. As y — oo, the renormalized coupling « () decreases. This
leads to asymptotic freedom in QCD at high energies. As u becomes smaller, o, becomes larger,
ultimately leading to QCD becoming non-perturbative at small energies. This phenomenon is called
color-confinement as, quarks and gluons become confined by the strong force and only color-neutral
bound states exist freely. The energy at which the coupling diverges and the non-perturbative nature of
QCD takes over is called Agcp and it can be obtained by solving the differential equation mentioned
above,

A exp ( 1 2n )
=u _ — .
b Bo ay(1)

Note that Agcp 1s not dependent on u, however it does depend on the renormalization scheme and
number of quarks present in the theory. This phenomenon of spontaneous emergence of a mass scale
via the renormalization procedure is called dimensional transmutation.

Another interesting aspect of QCD is that, the Lagrangian possesses a global flavor symmetry.
If the masses of N, quarks are the same, then the Lagrangian is invariant under SU(N,,) group
transformations, given by,

2.7

T
o, =(¥,. ..,‘PNq) , ©, - UD,, (2.8)
where U € SU(N,,).
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However, this is an approximate symmetry as the masses of the quarks are not exactly the same
in nature. As compared to the typical hadronic scale (= 1 GeV), the masses of the u and d quarks
are almost negligible. Hence, QCD exhibits approximate SU(2) symmetry known as the isospin
symmetry. Including the s quark] into the mix, the symmetry group can be extended to the SU(3)
group. Hadrons inherit this approximate symmetry from the quarks and can be classified into
multiplets of the SU(3) group as mentioned in the introduction. These symmetry arguments are not
only useful for classification of hadrons but also for predicting ratios of cross sections, ratio of masses
and scattering properties.

Moreover, QCD is invariant under global Chiral symmetry when massless quarks are considered.
The quark field can be decomposed into left-handed and right-handed components using the projection
operators Py = (1 ¥ v5)/2,

W:(qll,...,qqu)T, ¥, =PLR?. (2.9)

Here, Pk obey the following properties:

2
PR =Prr>

With this, the fermionic Lagrangian can be written in terms of ¥, as
L= ‘T’L(l’yﬂDﬂ)‘PL + P, (iyﬂD“)‘PR — B, MYy, — T MY, @.11)

Here, M = diag(m,, ..., my) represents the mass matrix for the quarks. Clearly, if M = 0O the
Lagrangian would be invariant under the following transformations,

Yk = YR =8LRYLR> With g1/ € UN) /g (2.12)

This leads to the Lagrangian being invariant under global U(N); X U(N)g symmetry. As stated above,
the masses of u,d and s quark is well below the hadronic scale and hence this symmetry is good for
N = 3. Furthermore, the left-handed and right-handed components can be combined into vector- and
axial-vector components. The axial anomaly leads to the violation of the singlet axial-vector current,
whereas the conservation of the singlet vector current leads to the conservation of baryon number
density. It can be further shown that the non-singlet axial-vector current is violated by quark masses
themselves. Hence, in QCD, SU(N); x SU(N)g is spontaneously broken to SU(N)y,, resulting in
hadrons not forming opposite parity multiplets. The remaining SU(N),, symmetry corresponds to the
flavor symmetry mentioned above. The spontaneous symmetry breaking results in N 2 _ 1 Goldstone
bosons. However, since chiral symmetry is explicitly broken due to the non-zero quark masses, the
Goldstone bosons acquire masses proportional to the quark masses. These Goldstone bosons can be
identified with the particles of the pseudoscalar meson octet, namely, pions, kaons and eta. The EFT
that treats these particle as the fundamental degree of freedom and describes their dynamics in the
low-energy regime is called chiral perturbation theory.

! The mass of the s quark is still smaller than the typical hadronic scale.
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2.2 Path Integral Formalism

An effective way to calculate the expectation values of operators in any Quantum Field Theory (QFT)
is the path integral formalism. Vacuum expectation values in QCD can be calculated as shown below,

1 _ _ ¥
<0>:E/DTD\P/DGO[W,\P,G]elSQCDW’T’G],
Z:‘/D‘PD‘T’ /DGeiSQCD[T’\P’G]. (2.13)

Here, f DY DV / DG refers to the integration over all possible field configurations, O[¥, ‘T’, G]
represents the observable made up of quarks and gluon fields and S is the QCD action. Each

possible integral configuration is weighted with the factor ¢"Saco[¥-1.G] /Z. At high energies QCD is
perturbative and hence the exponential appearing in the path integral can be expanded in the powers
of the coupling constants. However, a regularization scheme needs to be imposed to render the path
integrals well defined such as dimensional regularization.

As stated above, at low energies (the scale defined by Agcp) perturbation theory cannot be applied.
In this low-energy region one has to turn to Lattice QCD, which is a non-perturbative, ab-initio method
of studying QCD. Moreover, discretization on a finite-dimensional Euclidean lattice acts as a natural
regularization method and permits numerical techniques such as Monte Carlo methods to be applied.

2.3 Lattice QCD

The following section introduces in brief the relevant concepts of LQCD. A more detailed introduction
can be found in any Lattice QCD book (cf. e.g. [143]).

2.3.1 Euclidean Path Integral

The first step involved in defining QCD on a finite-dimensional Euclidean lattice is to analytically
continue the path integral from Minkowski space-time to Euclidean space-time via the Wick’s rotation.
This results in Eq. (2.13) taking the form,

I _ _ _
<O>E:Z—/DTD‘P/DGO[\II,IP’G]e—SE[‘Y,‘{’,G]’
E

ZE:/D‘PD‘T‘/DG ¢ SelP¥.G (2.14)

Here, S is the Euclidean QCD action. The time-independent observables can be expressed in terms
of Euclidean path integrals. Moreover, the Euclidean correlators can be analytically continued to
Minkowski space [144, 145]. The exponential appearing in the Eq. (2.14) can be interpreted as
the Boltzmann weight and hence stochastic methods can be employed to numerically evaluate such

2Sp = fd4x (?TF[F;,V(X)F”V(X) +Xr ‘?’f(x)(yﬂDy + mf)‘l‘f(x)), where all the quantities are defined in the

Euclidean space-time.

10
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A

A UW(:L') N

N

1

Figure 2.1: Euclidean Lattice with orange dots representing the lattice points with spacing a. The red arrows
represent the link fields. The Plaquette operator U,,,, (x) and the parallel transporter connecting fermion fields
are also depicted above.

integrals. Before applying stochastic methods, one has to perform discretization of the space-time
lattice. This step will be discussed in the following section.

2.3.2 Discretization

This step entails discretizing the Euclidean space-time on a 4-dimensional Lattice A, schematically
shown in Fig. 2.1, defined as

A={x,eRx,=axn, n,=0.1,.. N,-1, with g=1234}. (2.15)
Here, a is the lattice spacing between two consecutive lattice sites, which are defined by x,,. The
spatial extents of the lattice are given by L, = aN,, L, = aN, and L; = aN; and the temporal extent
is given by L, = Ly = aN,. For simplicity, L; = L, = Ly = L will be considered for rest of the
discussion. Note that the lattice spacing a can be chosen to be different for each of the space-time
directions. This discretized space-time is subjected to a boundary condition. Periodic boundary
conditions are a popular choice, i.e. x,, = x, + L with £ denoting a unit-vector which leads to the
lattice taking the shape of a 4D-torus. However this is not the only choice. A more general class of
boundary condition is known as the twisted boundary condition, where the fields on the lattice gain an
additional phase at the boundary. If this phase is equal to 1, one ends up with the periodic boundary
condition whereas if this phase is equal to —1, one ends up with the anti-periodic boundary condition
which are useful in the case of fermions on the lattice.

The quark fields, ¥, and ¥ ¢ are then placed on the lattice sites. These fields carry the same charge
and color and transform in the same way as in the continuum theory. To discretize fermions on the
lattice, the derivative has to be defined. This definition is not unique on the lattice and can be done in

11



Chapter 2 Quantum Chromodynamics in a Finite Volume

multiple ways. The following definition of the derivative is used in rest of this chapter

Ve(x+ap) —¥p(x—afp)

0, ¥y (x) = 0, (x) = 2a

(2.16)
In the infinite volume, invariance of the Lagrangian under local SU(3) color gauge group leads to
the introduction of the gauge fields. Imposing gauge invariance on the lattice is a non-trivial task. If
one naively chooses a Q(x) € SU(3) similar to the continuum theory for each lattice site, then the
bilinear ¥ (x)¥(x +a f), arising due to the derivative, is no more gauge invariant. Therefore, U, (x) is
introduced as a gauge field which transforms as follows,

U, (x) > Uj,(x) = Qx)U, ()Q(x +ap)" . (2.17)

Hence, the gauge invariance of the Lagrangian is restored. U, (x) is an element of the SU(3) group
and is called a link variable as it forms a link between two subsequent lattice sites. Note that these
link variables have orientation and can be defined for both negative and positive u directions. U, (x)
can be identified with the so-called gauge transporter or parallel transporter in the continuum. A
parallel transporter is defined as the path-ordered exponential integral of a gauge field G ,, connecting
two points along a curve. With this definition, one gets

a
U, (x) = Pexp (i /0 G(x +z0d) dz) , (2.18)
which at O(a) can be written as
U, (x) = exp (iaG ,(x)) . (2.19)
The finite-dimensional lattice path integral is then defined with the following measure,
/ DY DY / DG — / ]_[ d¥(x) d¥(x) / ]—[ dU,,(x) . (2.20)
xeA M

Note that dU represents the invariant Haar-measure of SU(3).

At the next step, the gauge invariant Euclidean action has to be constructed with the discretized
quark and gauge fields mentioned above. Only two possible building blocks exist that are invariant
under gauge transformation on the lattice. The first term is

T 0PlUY () = 0| [ v.0]¥0, (2.21)
(z,p)eC

where the operator P [U] forms a link connecting quark fields at x and y via the path C and transforms
like U, (x). Therefore the whole structure is gauge invariant. The other building block consists of a
trace of link variables taken over a closed loop / as follows,

L,[U]:Tr[ [1 Uﬂ(z)]. (2.22)

(z,pu)€l

12
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The plaquette is an example of such a structure, defined as:
U,y (x) = U, (x)U, (x + a@) U} (x + a?) U} (x) . (2.23)
The euclidean gauge action can then be written down as follows:
=-= Z D ReTr[U,, )] (2.24)
XEAN u<v

Expanding the exponential in Eq. (2.19) up to O(a) and dropping irrelevant constants, the gauge
action becomes

Z > Tr[F,, ()] +0(a®) . (2.25)

g XEN 1, v

Taking the limit a — O results in the continuum action.

2.3.3 Fermions on Lattice

To write down the fermionic action, the covariant derivative can be written in terms of the link
variables and the derivative defined in Eq. (2.16) as follows:

U, ()¥,(x +ap) - U (x - a) ¥ (x — apd)

D#‘Pf(x) — Dﬂ[U]‘I’f(x) = P (2.26)
With this, the naive fermion action can be written as
Sr=a ZZ\Pf(x)(yﬂ Al ]+mf)lpf(x). 2.27)

xXeA

Even though this action reproduces the correct continuum action up to O(az), it leads to what is
called the fermion doubling problem. Each Dirac field discretized on the lattice describes 16 identical
fermion fields, as the free fermion propagator has 15 additional poles in addition to the physical one
due to periodicity. Moreover, the Nielsen—Ninomiya theorem [146] states that the imposition of
locality, hermiticty and translational invariance on chiral fermions will necessarily lead to fermion
doubling on the lattice. Various methods exist to overcome this problem.

One of the possible ways to deal with the doublers is to add the so-called Wilson term [147] to the
action. This term breaks chiral symmetry explicitly and is given by

D, [U] = -a~D ,[U]ID

5D, [U]. (2.28)

)7
Here, r is called the Wilson parameter. This addition leads to all the unphysical doublers gaining an
additional mass of 2r/a, causing them to decouple in the continuum limit leaving behind only the
physical fermion. However, Wilson term leads to discretization effects’ of O(a).

In contrast to Wilson fermions, the method with staggered fermions [148, 149] involves placing the

3 Any discretization procedure for the Euclidean action will lead to discretization effects (proportional to some positive
power of a) which vanishes in the limit a — 0.

13
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components of the Dirac field on different lattice points. This reduces the number of fermions to 4.
Many other approaches such as the overlap fermion [150, 151] and domain-wall discretization [152,
153], which are types of Ginsparg-Wilson fermions” have been developed and are used in different
situations.

2.3.4 Symanzik Improvement of the Action

Performing the continuum limit is highly non-trivial. In the continuum one has infinite volume and no
concept of lattice spacing. On the other hand, the lattice spacing a also plays the role of UV regulator.
Hence taking the limit a going to 0 is not a simple task. The lattice spacing a has to be systematically
decreased while increasing the number of lattice points in order to ensure the volume remains constant.
Setting a to 0 implies making the number of lattice points infinite, thus in any real world lattice
simulation a should be finite. Hence, this leads to physical observables having lattice artifacts that
may start at leading order, i.e. O(a). This dependence on a is one of the sources of discretization
effect. By adding terms, that vanish in the continuum, to the action this dependence can be shifted
to higher order terms leading to a smoother limit in observables corresponding to the renormalized
quantities when considering a — 0. This procedure goes by the name of Symanzik improvement
program [155, 156]. Note that, for the full improvement of the correlator, the interpolators also need
to be improved in addition to the action.

Symanzik improvement program involves the following, first a continuum EFT of the lattice action
is considered. The terms appearing in the effective action are organized according to their mass
dimensions and then multiplied with appropriate powers of a. Then, suitable counter terms are added
such that the correction terms cancel out explicitly up to the required order in a. In case of the Wilson
lattice action one adds the Pauli term to achieve O(a) improvement [157],

S1 = Swilson *+ SZZZ‘WZ oo (W (3). (2.29)

XEN U<v

Where c,,, is called the Sheikholeslami—Wohlert coefficient whose value can be found in Refs.
[158-1601, o, = —i[¥,,¥,]1/2 and F'u,,(x) is defined as follows,

v (X) = (Q,,V(X) 0,,(x)),

Qpu (x) = m(x> +Uy () +U_y () + U, ,(x). (2.30)

The purely gauge action can also be improved up to O(az) by including the following term in the
action [161-163],

Ser = —% (/30 Z Re Tr[U,,, (x)] + 6, Z Re Tr[ ‘Xz(x)]) (2.31)

8 xeA pu<v HEYV

where U }1):2 (x) represents a 1 X 2 rectangular loop similar to the plaquette, the values of 3, and 3, are
given in Refs. [161, 164]. The improved action is then called the Liischer—Weisz gauge action.

4 Although Ginsparg-Wilson fermions break chiral symmetry explicitly, the symmetry is restored in the continuum limit
[154].

14
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2.3.5 Euclidean Path Integral on Lattice

Substituting the discretized Euclidean action in Eq. (2.14) and applying the Wick’s theorem, one gets
1
0=+ / DU(O0)p e 5cWdetD[U], Z = / DU e ScWgetDb[U] . (2.32)

Here, [1,ea [1, dU,(x) is abbreviated to DU, detD [u] is the determinant of the lattice Dirac operator
and (O). is the Wick contracted operator. A probability measure can be defined if detD [U] is positive
definite given by

1
DPU] = DU e SalUlgetp (U] . (2.33)

With this definition the path integral can be solved numerically using Monte Carlo methods. Different
gauge configurations are selected based on this probability distribution via importance sampling and
then expectation values of the operators are calculated by averaging over N such independent samples.
The expectation value is hence given by

N
(©0) = 5 > (O +ON ), (234

L

where (O)fp denotes Wick contracted operator for different gauge configurations. A popular Monte
Carlo method used in LQCD goes by the name of Hybrid Monte Carlo (HMC) [165]. It is a sampling
algorithm which couples Hamiltonian dynamics with Metropolis-Hastings algorithm [24, 166] to
investigate probability distributions.

2.4 Hadron Spectroscopy

Hadron spectroscopy refers to the extraction and study of physical properties such as masses of the
hadrons from LQCD. After having setup the Euclidean action for LQCD, interpolating operators have
to be identified that build up the necessary correlators for performing spectroscopic calculation on the
lattice. An interpolator is a functional of the lattice fields which carries the quantum numbers of the
hadronic state of interest. The typical form of a meson interpolator is given by

0y (x) =¥, () TPy (x), (2.35)

where I is some combination of gamma matrices in accordance with the symmetric properties of the
meson. For example, the interpolators for the pion fields are given by,

0 5+ (x) = d(x)ysu(x),
0~ (x) = u(x)ysd(x),

0 o(x) = %(ﬁ(x))gu(x) —d(x)ysd(x)) . (2.36)
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where g(x) and g(x) represent f = g component of ¥/ (x) and ¥ £(x) respectively. The conjugate
interpolator O (%) is defined as Ob(x), with which the meson correlators can be defined as follows:

(Op(x,9)) = (03, (x)0 () - (2.37)

Therefore, the pion correlators as given by

(O (x,)) =0+ ()0 = (¥)) »
(0= (x,5)) = (0= (x)0 1+ (¥)) ,
(0,0(x, 7)) = (0 0(x)0 0(y)) - (2.38)

Note that O LX) = OL (x) = O .- (x). After Wick’s contraction, the correlators become

(0, (x, ) = =Tr[ysD, ' (x,3)ysDy' (v.x)]
(0, (x.3))p = =Tr[ysDg' (x.3)ysD;,' (v.%)] ,

(0,0 = =5 T [ysD (5, 3)sD; (3.)]
+ 3 TelysD; (e 0| TevsD; (0]

- %Tr[ysz);l(x,x)]Tr[ySDgl(y,y)] +uod. (2.39)
Here, D;l (x,y) denotes the quark propagator for the flavor f = g. The correlators defined above
contain two types of terms. The traces that include two quark propagators represent connected
diagrams whereas traces with a single quark propagator are referred to as disconnected diagrams,
schematically shown in Fig. 2.2. Note that in the limit of exact isospin symmetry, i.e. m, = m 4, the
neutral pion correlator simplifies to the correlators of the charged pion, implying that the masses of all
the three pions will be the same. This exhibits clearly, the inheritance of symmetric properties of the
quarks to the hadrons”.

2.4.1 Masses of stable Hadrons

Out of the huge number of hadrons, only a few do not decay via the strong interaction. In the case of 3
quark flavors, the particles in the pseudoscalar octet mesons (7, K and n) and the baryon decuplet
(N,A,X,E and Q) are the only stable particles in pure QCD. The masses of such particles can be
extracted by using the two-point correlation functions described in the previous section,

Ca(1) = é 374010,,(1,%)5,,(0, 0)[0) (2.40)

Where Oy, is the appropriate interpolator for the hadron 4. The temporal extent of the lattice is
considered to be infinite for simplicity. A complete set of Hamiltonian eigenstates can be introduced

> The small difference in the masses of u and d quarks in addition to the electroweak corrections causes the mass of neutral
pion being different from that of the charged pion.
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Figure 2.2: Schematic representation of the connected diagrams and disconnected diagrams in the meson
correlator.
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Figure 2.3: Comparison between the masses of light hadron from LQCD and corresponding experimental
values, figure taken from Ref. [167]. The solid red dots represent the LQCD data whereas the horizontal lines
and bands denote the experimental values along with their decay widths. Combined statistical and systematic
error estimates are denoted by the vertical error bars. The blue circles represent the input used to set the light
quark mass, the strange quark mass and the overall scale. Different multiplets are separated by the vertical gray
lines.

in Eq. (2.40) and then translational invariance can be used to simplify the correlation function as
follows:

7 2
C,(1) = Z % e Ent (2.41)
n n

Here, the probability of a state |n) with energy E, being created by the interpolating operator O,
is given by |Zn|2 = [{010,(0, 0)|n>|2. The state with n = 0 corresponds to the stable hadron and
states with n > 0 denotes excited state. Due to the negative exponential in the equation above, the
contribution of higher excited states are suppressed and eventually dies out for large . The hadron

17



Chapter 2 Quantum Chromodynamics in a Finite Volume

mass can be determined by defining the quantity known as the effective mass,

Cp(1) )

rACE) (2.42)

Megjy () = L log (
a

For t — oo the effective mass becomes a constant and is equal to Ej,. One can then plot m.g ,,(¢) as a
function of # and perform a constant fit for large . Note that these equations are accurate only for the
temporal extent of lattice being infinite. These expressions need modification in the case of finite
periodic temporal extent (cf. e.g. Ref. [168]). Determination of the fitting interval depends on the
signal-to-noise ratio at large ¢ and contamination of the correlation function due to excited states at
small ¢.

The overlap of the interpolators with the ground state can be optimized by using smeared quark
fields instead of the simple ones defined in the previous section. Smearing is the process of averaging
the quark field over a small region of space-time which results in a more natural wave function. Several
smearing techniques have been developed such as Gaussian or Jacobi smearing technique [169-171],
APE [172], HYP [173], and stout smearing [174].

The masses of excited state, in principle could be extracted from the same correlator at smaller
time by disentangling the ground state and then performing a fit to a hypothesis function. However,
since the data is generated via Monte Carlo simulation and has errors, this could lead to unreliable
results. Multiple approaches exist in literature for extraction of excited state masses such as Bayesian
analysis, Maximum entropy method and Variational analysis (cf. e.g. Ref [143]). In the variational
approach, different interpolators for the same hadron is used to form a basis and the correlator matrix
is calculated. Then the energies of the excited states can be determined by solving the generalized
eigenvalue problem (GEVP) [175]:

C(t) un = /ln(t)c(t()) un 5
A,(1) = e Bl (1 + 0(e™2Enh), (2.43)

where C(t) is the correlator matrix and AE,, = Min(|E,, — E,,|) 12

The light hadron spectrum as obtained by the BMW collaboration [167] for Ny = 2 + 1 is shown in
Fig. 2.3. The mass of the strange quark is set to (approximately) its physical value whereas the masses
of the light quarks are extrapolated to the physical point, given by M, =~ 135 MeV. Stout averaged,
Symanzik improved gauge action along with Wilson fermions were used in the simulations.

2.4.2 The Lischer Equation

The energy levels obtained in the previous section display regular dependence on the lattice size L
and hence corresponds to continuum hadron mass in the limit L — oo [32] modulo exponentially
suppressed corrections. Moreover, the same method can be generalized to determine other quantities
involving single particle in- and out-states such as, the electromagnetic form factor of hadrons.
However, as stated in the introduction, this method fails when one considers more than one incoming
and outgoing particles, as in the case of the timelike form factor or processes involving scattering.
This is a consequence of the well-known Maiani-Testa no-go theorem [31]. The essential argument
is the fact that intermediate state with energy smaller than the required out-state can dominate the
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correlator®. Hence, a different method needs to be employed to extract scattering parameters from
lattice simulations.

The three-momentum of a free particle in a finite dimensional box of length L with periodic
boundary condition is quantized,
_ 27

P==—. withne 7. (2.44)

This leads to the spectrum being discrete with non-interacting two-particle energy levels in the rest

frame given by
E, =2M>+p?, (2.45)

where M, denotes the mass of the hadron. When interactions are turned on these free energy levels
shift. The on-shell scattering amplitude can then be extracted from the correlation functions utilizing
these discrete energy levels.

In Refs. [88, 90] it was shown that the scattering length, and hence in principle other scattering
parameters, could be extracted from the discrete spectrum of the n-boson ground state using perturbation
theory. Further in Refs [32, 33], Liischer was able to show that the infinite volume S-matrix elements
determine the two-particle finite-volume energy spectrum completely modulo exponentially suppressed
corrections. The Liischer equation or the two-body quantization condition relates the infinite volume
S-matrix elements parameterized in terms of the scattering phase shifts §;(s) to the finite-volume
energy levels E, . In the case of two identical bosons, the two-body quantization condition is given by

detof =0,
Dt = 11 Oy €L (8) = My oy (5, P),  With 5 = E* = P?, (2.46)
where the determinant is taken over the angular momentum space coordinates Im, I’m’, P is the total

momentum of the center of mass system (CMS) and E is the energy. ,,, ;,/(s,P) is defined as
follows:

- S L doa
My (5:P) = =75 Z Z o1 Cim.js.rm' 5 Zs (135 (2.47)
Y ) = 7
C R N R N oy I TGy T YL (2.48)
Im,js,I'm’" = l + J* + m s m'J\0 0 0f° '
with
LP Lq* E
a=-tt ,_Lae _E 2.49
w 1o 7 NE (2.49)

where ¢* = +/s/4 - m? is the CMS relative momentum, m is the mass of the boson and the Liischer

% Note that this statement is strictly true when L — oo, for finite L situation is different and serves an important role in the
Liischer equation.
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zeta-function is defined by

28 (1i5) = 3 Lt

re Py

Pa={re®ry=y"(n —%)’n =n . nez’}. (2.50)
Here, y;,,(p) = |p|l Y;,,(p) denotes the solid harmonics with Y;,,(p) being the regular spherical
harmonic function. The sum over the perpendicular and parallel components are taken w.r.t the CMS
momentum. Some remarks are in order. First, the ., ;,/(s,P) depends only on the geometry of
the box and is independent of the interaction. Second, validity of the Liischer equation, in the form
stated above, is restricted to the elastic scattering region only. However, it was generalized to the case
of two-particle coupled channel in Refs. [37, 39-42], extending its applicability to multi-particle
threshold. Third, in a finite volume the rotational symmetry is broken and hence different partial-waves
mix. This results in the Eq. 2.46 being non-diagonal in the angular momentum space. A cut-off has to
be imposed on the orbital angular momentum / = [_,.. Forall [ > [_,., the phase shift is assumed to
be 0.
Starting from the infinite-volume scattering amplitude finite-volume energy levels can be determined
in the following way. First, the partial-wave projected infinite-volume scattering amplitude 7;(s) is
related to scattering phase shift via unitarity as follows:

167+/s
q" coto,(s) —iq”

max?

T)(s) =

2.51)

Using the phase shift ¢, (), the Liischer equation is solved to obtain the finite-volume energy spectrum
where £ = E,,.

Proceeding in the opposite direction, the infinite-volume scattering amplitude can also be determined
from the discrete energy spectrum of the finite volume. To do this, first lattice energy spectra is
determined from LQCD. Then the Liischer equation is used to fit these energy levels in order to
determine the phase shift. Once the phase shift is determined, it can be parameterized in terms of
scattering parameters. For this, one uses the fact that the function (q*)y‘L1 cotd;(s), in the vicinity of
(q*)2 = 0, is analytic and real above threshold and can hence be expanded as follows:

(") cot§,(s) = o lrl(q;*)2 o (2.52)

a, 2
This expansion is known as the effective-range expansion (ERE) [176]. Here, the scattering parameters
a; and r, represents the scattering length and effective range respectively. The dots represent higher
order term in ( p*)2 and the parameters associated with these terms are called shape parameters. An
important point should be noted, the ERE is valid in the case of short-range interactions’ only. When
long-range interactions® are included in addition to the short-range one, the convergence of the ERE
is not very good and hence modification needs to be done. The modified effective-range function

7 These are interactions in which observables are independent (or approximately independent) of the short-range details of
the system under consideration.

8 These are interactions which act over long distances and where observables are dependent the details of the system under
consideration.
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2.4 Hadron Spectroscopy

(MERF) was developed in Ref. [64] and is briefly discussed in Sec. 2.4.7.

2.4.3 Symmetries in a Finite Volume

As stated above, rotational symmetry is broken in a finite cubic box. This leads to the Eq. (2.46) being
non-diagonal in angular momentum space. However, a finite cubic box still posses some residual
rotational symmetry which help in partial diagonalization of the Liischer equation and will be detailed
in the following paragraphs.

In the infinite volume, rotational symmetry is described by the SO(3) group. In addition to
this, space inversion is also a good symmetry and hence the total symmetry group becomes O(3)
= SO(3) ® {E, I} with I representing the space inversion elements and E is the identity element.
O(3) group has infinitely many irreducible representations (irreps) which are described by angular
momentum / and parity p as [”.

In the finite-volume rotational symmetry is partially broken down to finite-dimensional group that
leaves the lattice invariant under spacial transformations. In the case of bosons for d = (0, 0, 0),
where d is defined in Eq. 2.49, this group is called the octahedral group O, whereas for fermions
the double cover of the octahedral group 20 5, has to be considered. The O;, group consists of 48
group elements which are constructed out of 24 rotations and space inversion. The elements that
are combinations of the rotation transformations and identity element are called proper rotations
whereas the elements formed by combining rotation transformations with space inversions are called
improper rotations. The O, group forms a subgroup of the O(3) group and hence, the basis vectors
of the infinitely many irreps of the O(3) group can be expressed in terms of the basis vectors of the
irreps of the octahedral group. O, group has a total of 10 irreps, namely I" = A}, Ay, E*, Ty, T; with
dimensionality dr = 1,1,2,3,3 respectivelyg. The matrices in the irrep I is represented by

T'(g)Vge0,. (2.53)

For example, in case of the trivial representation A7, T4 =1V g € 0y,. The explicit form of Tr(g)
for all the irreps can be found in Refs. [177, 178].

As mentioned above, the basis vector of the various irreps /¥ of O(3) can be represented as a linear
combination of the basis vectors of the irreps I' of O,,. This is shown for [ < 4 in Tab. (2.1). Moreover,
the contribution of individual irreps to various angular momenta is shown in Tab. (2.2). Both of these
table make it pretty evident that different partial-waves mix in a finite volume.

Table 2.1: Decomposition of the angular momenta into the irreps of the O, group.

I” | decomposition of irreps of O,
0" A7

1* Ty

2* E*eTy

3* Aol oTy

4* ATOE T ©T;

% The superscript of the irreps represents the parity of the irrep.
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Chapter 2 Quantum Chromodynamics in a Finite Volume

Table 2.2: Contribution of the irreps of O, group to various angular momenta

I’ | Contribution to [”
AT 0%,4%,. ..
A5 3%, 6%, ..
E* 2, 4% .
Ty 1%,3%,..
Ty 2%,3%, ..

For moving frames, i.e. d # (0,0, 0), the symmetry group becomes even smaller. These smaller
groups, known as little groups, pick up those group elements of O, whose action leaves d invariant, in
other words, the little group & is defined as

g={ge0,|gd=d}. (2.54)

The little groups10 for different d with the number of elements and irreps are given in Tab. (2.3).
Further details on the irreps of these groups can be found in Refs. [36, 179].

Table 2.3: Little groups and their irreps for different d with n¢, representing the number of elements in the group

d g | ng Irreps
(0,0,a) | C4, | 8 | A;,Ay,B|,B,E
(a,a,0) | Cy, | 4 A, A,,B|,B,
(a,a,a) | C5,, | 6 AL A E

To partially diagonalize the quantization condition, it needs to be expanded in a basis of the irreps of
the group &. These basis vectors are represented by |I',, @, [) for a given irrep I" with dimensionality
dy and angular momentum /. Here, @ = 1,...,drand¢ = 1, ..., Ny with N denoting the multiplicity
of the irrep I'. Since the little groups are subgroups of the O(3) group, the irreps of these little groups
can be represented in the space spanned by the basis vectors |/, m), where [ is the orbital angular
momentum quantum number and m is the magnetic quantum number. The action of element g of &
on these basis vectors are given by

1
glmy= > 2, (ll,m'y,

(2.55)
m'=—
where ‘@;ln’m (g) are the Wigner-matrices. Moreover, a projector can be defined
r_dr r *
M, =— > (Th,(e)"g (2.56)
g geg

19 Note that in equal mass case, the above mentioned condition becomes gd = +d.
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2.4 Hadron Spectroscopy

ot

Figure 2.4: Schematic representation of the quantization condition given in Eq. (2.63). The blue line represents
the Liischer zeta-function in the S-wave, with L = 2. This function has poles at integer values of 772 which
corresponds to the free energy levels. The dashed lines represent the cotangent of the phase shift parameterized
in terms of the ERE. The yellow line represents attractive potential (@, < 0) whereas the gray line represents
repulsive potential (a, > 0). The intersection of the blue line with the dashed lines, denoted by red dots,
represents the interacting energy levels.

whose matrix elements'’ {1, m'lHEll ,m) gives the basis vector |I';, @, [) as a linear combination of
|/, m). Note, here the index p is fixed and ng, is the number of elements in the group Z. T(I;p (g) is the
matrix representation of the element g in a given irrep I'. Hence, the basis vectors of the irreps of &

are given by,
I

IU.al= > cyt |l my, (2.57)

m=-1

where the coefficient c.- m “ results from the action of H on the states |/, m). A list of these coeflicients
for some values of [ can be found in Refs. [36, 178, 179].

The operator &/ in Eq. (2.46) takes the following form in the new basis,

LI, ', a
o = ) = Y Z (ela) (e Jtimm 259

m=-—1 m =—]
This expression can be simplified using Schur’s first lemma,

r,r, ,
.Q{ , o <Ft,a l|eQ[|F a,l>:6Fr’(S /ed

la,l 't

(2.59)

' Note that the dimensionality of this matrix corresponds to the multiplicity N of the irrep I'
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Chapter 2 Quantum Chromodynamics in a Finite Volume

Figure 2.5: Two-particle finite-volume energy spectrum in a box of size L in the presence of a resonance. The
energy levels exhibit the avoided level crossing represented by the plateau at resonance energy E. Figure taken
from [180]

With this the quantization condition of Eq. (2.46) becomes

det.QfF =0, (2.60)
Ay, py = Oy Sy cOLS(8) = My, (5, P) (2.61)
1 4
r La\*( Ty
My (5P = 7 () ()l | M (5P (2.62)

m=-1 m':—l,

This partial diagonalization splits the quantization condition into separate conditions for each irrep I
and greatly reduces the dimensions of the matrices involved.

In the S-wave, for d = (0,0,0) only the A} contributes. This leads to the Liischer equation
simplifying to
cotdy(s) = %200(12 5). (2.63)
Ty
The left side of the above equation is a function of the phase shift whereas the right side of the equation
contains the Liischer-zeta function which has poles corresponding to the free energy levels. The point
of intersection of these two curves corresponds to the energy levels on the lattice for a given L. In
the absence of bound states, if the potential is attractive (a, < 0), the energy levels shift below the
free-energy levels whereas if the potential is repulsive (ay > 0), then the energy levels shift above the
free-energy levels, this is shown schematically in Fig. 2.4. Note that if bound states are present, the
energy levels corresponding to these states will shift below the bound state energy irrespective of the
sign of the scattering length.
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2.4 Hadron Spectroscopy

Another interesting situation to consider is the presence of a narrow resonance. Resonances show
up as distinct features in the scattering phase shift. This distinct behavior is also transferred to the
finite-volume energy spectrum. In the case of presence of a narrow resonance the phase shift can be
parametrized using the Breit-Wigner formula as follows,

g’ cotéy(s) = 6”—;/§(m§ —), (2.64)
mpg

where my represents the mass of the resonance. The energy levels in this case go along with the
free-energy levels as usual. However in the vicinity of v/s = mg = Eg, energy of the resonance, the
levels tend to bend away. This is schematically shown in Fig. 2.5. This special feature of the spectrum
in case of a narrow resonance is called avoided level crossing [181].

Lastly, some energy levels can lie in the middle of consecutive narrowly spaced free-energy levels
in the case of moving frames. These narrow free-energy levels are degenerate in the non-relativistic
limit and hence the energy levels pinched in between them should also vanish in the non-relativistic
limit. This was discussed briefly in Refs. [182, 183].

2.4.4 Threshold Expansion

Threshold expansion offers another useful method that can be employed to extract scattering parameters
from the ground state energy of hadrons. This method was outlined in Ref. [32] for lattice calculations.
In the following paragraphs this method will be described in brief.

The two-particle free-energy levels in a finite volume as given in Eq. (2.45) can be expanded for
large L as follows:
E,=2M,+O(L™%). (2.65)

When interactions are turned on, these levels undergo O(L_3) shifts. This enables one to employ
perturbation theory to calculate this energy shift.

As stated above, the Liischer-zeta function has poles corresponding to the free-energy levels.
However, if one subtracts the pole at 172 = 0, then rest of the function can be expanded around threshold.
This is valid even though there are more poles corresponding to other free-energy levels as the typical
separation between the interacting and non-interacting level is negligible compared to the separation
between two successive free-energy levels. Hence the Taylor-expanded zeta function for S-wave takes
the form,

1 -1
Zoo(1;s) = «/T_n(? I+ + 0(;74)) , (2.66)

where 1'% and J are numbers given by,

12 Note, the sum in the quantity / is formally UV-infinite and has to be regularized. This is done by rewriting [ as follows,
2nink

1 1 3 e 1

I= (- )+ /d‘k———.

Z 2 23 k2+p2 2
nez

2 2
nez\0 n ntu H

Here, the first term is convergent and the integral in the second term is calculated using dimensional regularization.
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Chapter 2 Quantum Chromodynamics in a Finite Volume

1
I = Z = ~ -8.9136,
neZ3\0
1
J= Z P:16.5323. (2.67)
nez’\0

Moreover, using the effective-range expansion to parametrize the phase-shift and the expansion in Eq.
(2.66), Eq. (2.63) becomes

7 = i(1 - %1 + (%)2(12 )+ 0(L‘3)) . (2.68)

With this one can write down the non-relativistic ground state energy shift as

47 4 2
AEy = —2_pp = 212 (1 L (i) (=) +0(L—3)). (2.69)
M, L M, L nlL \rL

The expression above clearly shows that the leading order correction to the ground state energy level
is of the order L™>. Both the effective range r and relativistic correction enter at O(L_(’) [91, 92, 96].
Extension of this formalism, in the context of NREFT, to the three-particle sector will be discussed in
Chap. 3

2.4.5 Two-Particle Decays

In Ref [43], Lellouch and Liischer formulated a method for studying certain type of two-particle
decay on the lattice that was based on the quantization condition approach. In general, QCD decays
can be categorized into two groups. First group includes decays that are mediated via interactions
other than the strong force'®, such as the electroweak decay of kaons K — nwr. The other group
consists of decays which are mediated by the strong interactions, such as the QCD process p — n.
The Lellouch-Liischer formalism is apt for studying decays of the first kind and establishes the
relation between infinite-volume decay matrix element and the finite-volume transition matrix element.
Application of this method to the study of K — nrr decay was carried out by the RBC and UKQCD
collaborations [184—186].

In the case of kaon decay, K — s, perturbation theory can be employed as the Fermi constant
is very small. In the following, K™ — 7" in the S-wave will be considered as this simplifies the
discussion to a great extent'*. Firstly, isospin I = 1 is not allowed for the two-pions states with [ = 0
due to Bose symmetry. Secondly, / = 0 is also not allowed because of charge conservation symmetry.
Hence, one only needs to consider the case of 1 = 2.

13 Decays mediated via some type of symmetry violation also fall in this group. for example w — 7z, which occurs in the
case of broken isospin symmetry.
14 The discussion here closely follows Refs. [103, 183]
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The infinite-volume amplitude in the above mentioned case is given by

T(K* — 7*7°) = (x* (p)7° (p,); out|H,, (0)[K* (P); in)
= Ae'92(8) (2.70)

‘H.,,, here denotes the weak interaction Hamiltonian density and 6, () corresponds to the isospin / = 2
S-wave phase shift. Note, the angular momentum index of the phase shift is dropped for notational
convenience. In the finite volume, one-kaon state can be represented as |K™*; P) having three-momenta
P. Moreover, states with quantum number of the 7 n° states can be represented by |n; P). Hence,
the finite volume equivalent of the decay amplitude can be defined with the help of the Euclidean
correlator as follows:

(Olmy (t))7p, (1)) H,, (Kp(t5))T10) How
(Ol (11)7p, (1), (12)) " (7, (12))T10) (01K (1) (K (£)) 10) 127>~

(n;P|H, |K Py, (2.71)

Here H,, is the Hamiltonian derived from the Hamiltonian density H,,. Note that, the box size L is
made implicitly large such that the energy of the states n is exactly equal to Ex = MIZ< +P? in the
absence of weak interactions. Hence,

EV=E,. (2.72)

When interactions are turned on, these energies will shift. These energy shifts can be calculated in the
perturbation theory by expanding the weak Hamiltonian in orders of the weak coupling g,,,. At the
first order,

E,=E" + (n;P|H,|K";P) + O(g>) . (2.73)

Again, in infinite volume the process 777" — K+ — n*2° contributes to the amplitude T(7*7° —

770 at O(g,,)- Writing the two-pion scattering amplitude as T = T 4+ AT, AT is given by

.2
A 2 2i6 (S) A 2 .2
AT =] '26 o P 4] — " 1 0(gh), (2.74)
P"— My 2E,(n;P|H,,|K";P)

where P represents the four-momentum of the pion pair. With this the phase shift in the presence of
the weak interaction can be defined up to first order in perturbation theory as

q AP
167sE\Y (n;PIH, |K"; P)

S5,(8) = 6,5(s) £ +0(g2). (2.75)

Further, using the fact that £, solves the Liischer equation in the presence of weak interaction, the
phase shift becomes,

5,(s,) = km—¢%(s,), cotg?(s) = —%zg’o(l; 5), (2.76)
T'yn

where k =1,2,... and s, = E,zl - P~ ¢d(sn) and 6, (s,,) can be Taylor-expanded around ¢,, = q*n(o)
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as follows:

#4(s,) = #2517 + 6 (s)Agh +0(g2),
8(5,) = 65 (s\) + 65(s\)AG, + O(g3,) 2.77)
with 5% = (E(")? - P? = M%. Aq’, can be defined as
(0)

* k * E
Ay =0, = 0, =+~ (uPIH, K" P) + O(g,,) (2.78)
dn

The phase shift in the absence of weak interaction can again be replaced with 6, ( s,&o)) =k'n- ¢d (sﬁlo))
as £ ,(LO) solves the Liischer equation in this case. Putting everything together, one ends up with the

expression

2
|A]> = @, ((n:P|H, |K*;P))*,

0) \? ,
©pp = 4””&(%) (5§(M12<) + ¢ (M12<)) : (2.79)
qn

The expression above shows that the infinite-volume decay matrix element is proportional to the
finite-volume matrix element. Here, ®;; denotes the proportionality constant and is called the
Lellouch-Liischer factor.

2.4.6 Three-particle Sector on Lattice

As stated above the Liischer equation is not valid above the three-particle threshold, however, lattice
simulation are already capable of probing this sector. Moreover, vast number of QCD resonances
decay into three particles. Hence the necessity of an approach for extraction of physical observables
from Lattice QCD even in the three-particle sector is apparent. The extension of Liischer’s approach
to the three-particle is however not a trivial task.

Perturbation theory was employed to obtain the ground state energy shift [88, 90, 91, 94, 98, 99,
187] and excited state energy shift [97] by performing an expansion in 1/L. This approach is however
not applicable when resonances or shallow bound states are considered. Chap. 6 presents the result of
such a perturbative calculation in the case of three-nucleon system. However, a quantization condition
similar to the Liischer equation, in the three-body sector which reproduces the perturbative results
while also including resonances and shallow bound state is very attractive.

Currently, there exist three alternatives, although conceptually equivalent formalism for the three-
particle quantization condition based on the fact that the three-particle S-matrix element uniquely
determines the finite-volume energy spectra [65]. These are, the Relativistic Field Theory (RFT)
[67, 68], Finite Volume Unitarity (FVU) [69] and Non-relativistic Field Theory (NREFT) [70, 71]
approach.

All the three above-mentioned approaches involve the following steps. First, the integrals appearing
in the infinite-volume three-particle scattering integral equations are replaced with finite-volume
sums. The quantization condition is then written in terms of a vanishing determinant, similar to the
Liischer equation. Next, the parameters which parameterize the two- and three-body interactions are
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determined by performing a fit to lattice energy levels via the quantization condition. Having obtained
these parameters, the infinite-volume observables can be determined by solving the integral equations
for the three-particle scattering amplitude. The quantization condition in the NREFT approach will be
discussed in more details in the next chapter.

Moreover, the three-body equivalent to the two-body Lellouch-Liischer (LL) formula was derived
independently by two groups in Refs. [100-102]. In the two-body case, the LL-factor is a single
function as shown in Eq. (2.79), whereas in the three-body case it is given by a matrix. This will also
be discussed in some detail the next chapter and a numerical calculation for the LL-factor in the case
of K — 37 will be detailed in Chap. 7.

2.4.7 Two-Particle Sector in the Presence of Long-Range Force

As stated above, Eq. (2.51) relates the two-body scattering amplitude to the phase shift below the
inelastic threshold. Utilizing unitarity one can define the K-matrix as follows

*

q
167/s

The advantage of defining the K-matrix is that it is a real-valued function both above and below
threshold when short-range interactions are considered. However, when one has to include the effects
of a lighter particle being exchanged (long-range force) in the scattering process of interest, this K/ (s)
becomes a complex-valued function due to the presence of the ¢-channel cut or the left-hand cut. A
prominent example of such a situation is the one-pion exchange (OPE) in N N-scattering.

ReT; ' (s) = cot§,(s) = K; ' (s) . (2.80)

Consider the scattering of two particles with mass M and a lighter particle with mass m being
exchanged in the #-channel. Given that m < M, the unprojected scattering amplitude 7' (s) develops a
pole at ¢ = m?, see Fig. 2.6, which translates to a pole in s at

2
s=4M? - —— 2.81)
sin” (%)
where 0" represents a fixed choice of the CMS scattering angle.

When 6" is varied from O to 7 the pole position in s changes from s = 4M 2 _m®to s = —co. Hence,
the partial-wave projected scattering amplitude 7;(s) develops a branch cut'” between s = 4M* — m*
and s = —oo, as shown in Fig. 2.6. In such cases, the effective-range expansion is no more valid as the
radius of convergence becomes very small. Hence, the ERE has to be modified in the case of presence
of short- plus long-range interactions.

A modification to ERE was first suggested in the Refs. [188, 189], in the case of Coulomb plus
nuclear potential. Following this study, many two-range potentials were investigated and modifications
were suggested (see for e.g. [190-201]). A general modified effective range function for short- plus
long-range potentials was developed by Haeringen and Kok in Ref. [64]. This MERF will be discussed
briefly in the following paragraph.

Consider a two-range potential, of the form

V(r) =V (r)+Vs(r), (2.82)

15 Note that n-light particle exchanges can lead to additional branch cuts that run for s < 4M 2 _nPm.
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Figure 2.6: (a) The analytical structure of two-particle scattering amplitude 7 (s) in the complex-s plane, for a
fixed CM scattering angle. The wavy lines represents branch cuts. 7'(s) develops a r-channel pole at ¢ = m*
below threshold in addition to the lower #-channel branch cuts coming from multi-meson exchanges. (») The
analytical structure of the partial-wave projected two-particle scattering amplitude 7;(s), with the #-channel cut
running from the 7-channel pole to infinity.

where V; (r) is the long-range potential and V(r) is the short-range potential. The potentials are
assumed to be local and rotationally invariant. In this case, the MERF can be defined as follows:

(q*)21+1
W(COM;(S) — () — i), (2.83)

KM (s) =M, (q") +
| 1\q

where ¢, (s) represents the full phase shift and o7 () represents the phase shift in the presence of the
long-range potential V; (r) only, i.e. V4(r) = 0. f;(g") is the Jost function for the long-range potential
which is defined in terms of the corresponding Jost solution f;(g", r) as follows,

* * —ilr 2l 1 . *
filg") = (g)'e™ /zﬁ}@orlﬁ(g ). (2.84)

The function M,(q") is given by,

-S4y " fila'n) .55

im r — .
27 =0 g2 fi(q)

This approach uses the fact that typically the form of the long-range potential is known explicitly
and the effects of V, (r) can be separated and included in the purely long-range functions f;(¢*) and
M;(q"). As aresult of this separation the function K IM (s) turns out to be a low-energy polynomial

M(q") = l—l,(
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and can be written in terms of the modified effective-range expansion as follows:
1 1 > g \2n
KM (5) ==+ Yo%) 2.86
M =7 Z(Q);)r”A (2.86)

where (q*)2 is of order of the light particle mass and A is of order of the heavy mass scale. Hence,
the radius of convergence of the modified effective-range expansion is larger than that of the original
effective-range expansion. Note that, in the limit V; — 0 the MREF reproduces the ERE.

A remark is in order, M;(g") is well defined if and only if r_ZIVL(r) is analytic at » = 0. This issue
was discussed in detail in Ref. [202]. In case of a potential that does not obey this criteria, M,(g") can
be defined by imposing a renormalization prescription.

In finite volume, the situation is even more non-trivial. The Liischer equation is no more valid
in the presence of short- plus long-range interaction. This is straightforward to see, if there is an
energy level that lies on the #-channel cut region, the Liischer equation will predict a real phase shift
corresponding to a real K-matrix. However, as shown above the K-matrix in such a situation is clearly
complex. The Liischer equation is rooted in following fundamental assumptions. First, the relation
R/L < 1 must be obeyed, where R is the range of the interaction, R ~ 1/m, where m is the mass
of the lightest particle in the theory. Second, polarization corrections are exponentially suppressed
(~ e L/ R and can be dropped. Third, partial-wave mixing is small and hence a truncation can be
made for [ = [;,,. All three assumptions are violated in the presence of long-range forces [56].

Different approaches have been proposed in literature to extract physical observables from lattice
in the presence of long-range forces. All of these approaches in general consider the long-range
interactions explicitly. These approaches will be briefly discussed in the following.

In the Ref. [56], the authors have proposed to solve the quantization condition in the plane-wave
basis instead of projecting on to the partial-waves. Then the plane wave basis is decomposed as a
direct sum of irreps of the corresponding cubic or little group. The Lippmann—Schwinger equation
(non-relativistic case) or Bethe—Salpeter equation (relativistic case) is solved to obtain the finite-volume
spectrum. Moreover, an effective Hamiltonian is constructed using the long-range-interaction and a
tower of operators involving contact terms and derivatives. The parameters of this Hamiltonian are
extracted from the lattice energy levels, with which one can solve integral equations in the infinite
volume to determine phase shift and other observables. The plane-wave basis was used in a study
with the aim of extracting the pole of 7...(3875)" from lattice data [57, 58].

Another approach, that modifies the two-body quantization condition was suggested by the authors
of Refs. [59, 60]. In this approach, the short- and long-range part of the potential are split into different
components. Then an auxiliary on-shell K-matrix denoted by K * is defined which encodes all the
short-range interactions. This K * is then determined from a fit to the lattice energy levels, with which
physical observables can be obtained by solving integral equations. This approach in essence is a
two-step process.

Finally, in Ref. [61], the authors proposed to write down a three-body equation to deal with the
problem of the #-channel cut. In this proposal D D" scattering was considered and it was noted that the
t-channel cut is absent in the three-body quantization condition for the D D system (D” was assumed
to be stable.). This was the case even when bound states in the D was below the elastic threshold.
A comparative study of the three formalisms mentioned above was carried out in Ref. [63], which
showed that any difference between the approaches could be removed by adjusting the short-range
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couplings.

Developing an alternative approach to the above-mentioned problem was one of the primary goals
of this research project. This Modified Liischer equation approach will be detailed in Chap. 4.
However, it may be pointed out that the result of this approach bears resemblances to the equations
derived in Refs. [59, 60], in the sense that an alternative K-matrix is defined within the Modified
Liischer equation approach as well, although this K-matrix is directly related to the physical K-matrix
via algebraic equations. Hence, the approach detailed in this thesis resembles the original Liischer
equation much closely and is a single-step formalism.
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CHAPTER 3

Non-Relativistic Field Theory Approach in a
Finite Volume

The aim of this chapter is to introduce the basic concepts of non-relativistic effective field theories,
which are used throughout this thesis.

In the case, where the masses of particles are larger than the typical three-momenta, using a
non-relativistic description proves to be advantageous. This is because the relativistic description
contains a built-in hard scale which is equal to twice the particle mass (mass gap between particles and
antiparticles). This hard scale leads to the violation of the power-counting rules in the small momenta.
However, in the non-relativistic case, antiparticles are integrated out leaving behind only particles
and conservation of particle number. This simplifies things drastically and revives the counting rules.
Moreover, if one considers a process where it is reasonable to assume that particle-antiparticle creation
and annihilation do not play a dominant role, then even if the three-momenta is of the order of the
particle masses, the antiparticles can be integrated out. An example of such a situation is the kaon
decay into three pions. It is reasonable to assume here that more than three pion intermediate states
will not play a major part in the decay amplitudel. Hence, even though the final-state pion momenta
are not very small compared to their masses, a non-relativistic description can be applied.

Using NREFTs in finite volume is beneficial as well. The two-body quantization condition can
be derived with significant less effort in a NREFT framework. The reason for this is as follows, the
irregular behavior in L, which is described by the Liischer zeta-function, originates in s-channel
bubble diagrams. In the NREFT framework the two-body scattering amplitude is given entirely by a
tower of s-channel bubbles and hence in a finite volume reproduces the irregular L behavior correctly.
Moreover, in the original Liischer approach, the diagrams which involve creation and annihilation
of particles and antiparticles lead to exponentially suppressed corrections whereas in the NREFT
approach, these regular contributions are implicitly present in the LECs.

3.1 Non-Relativistic Effective Field Theories

In a NREFT the relevant degree of freedom are only the particle fields. One can start from a relativistic
theory and use field transformation such as the Foldy-Wouthuysen transformation [203] to separate

! The kaon mass lies sufficiently below the five pion threshold.
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Chapter 3 Non-Relativistic Field Theory Approach in a Finite Volume

the particle and antiparticle fields and then integrate out the antiparticle fields from the theory leaving
behind the relevant particle fields. However, this process can be cumbersome and complicated.
Rather, one can directly write down the most general non-relativistic Lagrangian involving all possible
particle operators that obey the symmetries of the underlying theory. The fields showing up in this
non-relativistic Lagrangian will contain either creation operators or annihilation operators. The
couplings that show up in this Lagrangian, the so called LECs, can then be determined by matching to
physical observables. The process of matching of a LEC involves calculation of an observable in the
NREFT framework up to a relevant order in a given power counting scheme and then expressing the
LEC in terms of the same observable calculated in the underlying theory. A suitable power counting
scheme in a non-relativistic setup is provided by an expansion in powers of |p|/M = O(p), where M
is the mass and p is the three-momenta of the particle. Moreover, regarding the time component, the
quantity p° — M is counted as O(p?).

The NREFT Lagrangian for a scalar particle of mass M which describes interaction between even
number of particles in the final and initial state at the lowest order [103], is given by

. v?
where £, and L; represent the Lagrangian in the two-body and three-body sector respectively, the
ellipsis represents operators with higher number of fields and their derivatives and ¢ denotes a
non-relativistic field that annihilates a particle given by
K2

[ e, Ky 3.2
00 = [ S0 K =g (2

Note that this Lagrangian is symmetric under the transformation ¢ — —¢. As stated above, the fields
will either contain a creation operator or annihilation operator, hence the field ¢ is not hermitian.
Moreover, since all operators contain equal number of ¢ and q’)T fields, particle number is conserved.

Further, £; withi = 2,3, ... are defined as follows,
Li=L0+LP ., (3.3)

where the superscript represents the number of derivatives present in the operator (or the order of the
operator in the power counting scheme). In the case of two-body and three-body sector,

L7 =Cop'6"09. £, =Dos'6"6 009 G4

As mentioned above the LECs C, and D, are determined by matching to physical observables.
However the coupling that comes with the term V2 /2M is fixed by reparametrization invariance [117,
204] and is equal to 1. This results from Lorentz-invariant nature of the underlying theory and leads
to order by order recovery of relativistic dispersion law.

The non-relativistic propagator is given by

4k e—ik(x—y)

H{OIT A ()" (1)[0) = / (3.5)

QoM+ 0

34



3.1 Non-Relativistic Effective Field Theories

This propagator has only one pole in the lower half of the complex ko-plane. Hence, it vanishes for all
x < yO, since there are no poles in the upper half of the complex ko-plane. This results in vanishing
contributions from all diagrams involving particles propagating backward in time. Furthermore, closed
single-particle loops that arise when x = y also vanishes. This can be seen by first performing the K°
integral which results in a factor of im, after which the remaining integral vanishes in dimensional
regularization. These vanishing diagrams leads to a useful result in NREFT, which is, in the absence
of relativistic corrections, the form of the propagator remains unchanged to all orders in perturbation
theory. The form of the propagator will change only with the inclusion of relativistic corrections as
the pole position will change, which is given by

K=V + M =M+ — - ——+.... (3.6)

By the same arguments as above, diagrams with more loops vanish as well. An important consequence
of this is that processes involving low number of particles are not contaminated by higher particle
sectors. Hence, even though the ellipses in the Lagrangian in Eq. (3.1) denote an infinite tower of
operators at leading order, only finite number of terms contribute explicitly to a particular process at a
given order.

To construct the two-particle Lagrangian at O ( pz), one can consider the momentum space scattering
amplitude for the most general process ¢(p;) + ¢(p,) — ¢(q;) + ¢(q,) at the same order. This
is justified as the scattering amplitude is the matrix element of the Lagrangian between free states
at tree level. In the non-relativistic setup, in addition to conservation of total three-momenta
P =p, +p, = q; + q,, Lorentz symmetry reduces to rotational symmetry which leads to six invariant
quantities on which the two-particle scattering amplitude at O( pz) can depend on. These are given as
follows:

p’. ¢*. P>, pP, qP, pq. (3.7)

with relative momentum of in-coming and out-going states defined as p = (p; — p,)/2 and q =
(q; — q,)/2. The operators corresponding to pP, P and pq do not show up in the Lagrangian for
identical particles due to Bose symmetry. This can be easily seen by considering the transformation
k, & k, for k = porg. The three independent three-momenta transform ask — -k and P — P,
which renders the last three combination in Eq. (3.7) odd under this transformation. Moreover,
hermiticity requires the operators to be symmetric under the replacement p <> q. Hence the relevant
Lagrangian at this order is given by

2
L7 =0,((0'V ¢')(99) +he)+ Gy (6767 (#9) +he), (3:8)

where the Galilean invariant derivative is given by (G: (9 - ;) /2. The arrows on top of V indicates
the direction in which the derivative acts. Higher order operators can be constructed in a similar
manner.

An important remark is in order, the number of terms appearing in the Lagrangian can often be
reduced by utilizing Equation of Motion (EOM). To see this one can consider the off-shell term that
appears at O( p4) and is given by

@ gt 197 g S
Oolf—shell =(@'V ¢')(9d)—(¢'V ¢')(¢V ¢)+hec. (3.9)
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Chapter 3 Non-Relativistic Field Theory Approach in a Finite Volume

This operator takes the following form in momentum space,
-, (3.10)

which clearly vanishes when the momentum are taken on-shell, as p2 = q2 =M (PO —2M -P*/(4M )).
Now, using EOM for the scalar fields,

V2" =2M(id, + M)¢", V¢ =-2M(id, - M), (3.11)
the off-shell term in Eq. (3.9) can be reduced to a total derivative

O o = M2(i0,)7 (6" 0" 09) . (3.12)

and hence can be neglected.

3.2 Two-Body Sector

3.2.1 Matching in the Two-Body Sector

After writing down the Lagrangian, one has to determine the couplings that appear in different terms.
As mentioned above this is done by matching physical observables in the NREFT and underlying
theory. In the following section, matching is carried out in the two-particle sector. To this end the

process ¢(p,) + ¢(p,) — ¢(q,) + ¢(q,) is considered.
In the two-body sector, the NREFT Lagrangian involves the following terms

2 4

\Y% \Y%
_ 4T
LNREFT—¢(lat—M+w+8?+...)¢+£2. (3.13)

To determine the LECs, one can calculate the on-shell two-particle scattering amplitude in the NREFT
and compare it to the same quantity calculated in the underlying relativistic theory (RT). This matching
condition is given by

2

Trr (P P23 41> 9o)
TNREFT(P1,p2;q1,q2):]_I RTAF1- 12> "1 2l ’
i=1 (2w(p;)2w(q;))?

where T\ggpr and Ty represent the NREFT and RT scattering amplitude respectively and w(k) =

VM? + K°. The different normalization of the one-particle states in relativistic and non-relativistic
theory leads to the kinematic factors showing up in Eq. (3.14),

(3.14)

relativistic: {(plq) = (277)32w(p)63 (p—-q),
non-relativistic: {plq) = (2n)3(53(p -q). (3.15)

After expanding both sides of Eq. (3.14) in series of three-momenta, the LECs appearing in T\grgpr
are adjusted such that the matching condition is satisfied up to a given order’. This method allows

2 Only the polynomial part has to be matched explicitly, the non-polynomial part turns out to be the same in both the
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3.2 Two-Body Sector

one to systematically include relativistic effects order by order. Although this inclusion is possible
even at higher orders, the expressions become cumbersome and difficult to cast into an explicitly
Lorentz-invariant form. To avoid such complications one can make slight modification to the NREFT
framework to restore explicit Lorentz-covariance in the two-body sector [179, 205, 206].

To obtain an explicitly Lorentz-invariant form of the matching condition, following two steps are
taken. First, the relativistic insertions in the internal lines are summed up to all orders. This leads
to the hard scale M showing up in the propagator which leads to break down of the counting rules.
Restoring the power counting rules boils down to adopting an additional renormalization prescription
which will be discussed in a later paragraph. Second, the non-relativistic field ¢ is rescaled in order
to deal away with difference of normalization of the one-particle states in the two theories®. The
rescaling is defined as follows:

o(x) — (2w)%¢>(x) , with w=VM? - V?, (3.16)
with which the Lorentz-invariant matching condition can be written as

Txrerr (P15 P2 41> 92) = Trr (P15 P23 415 Q0) - (3.17)

Finally, summing up relativistic insertion to all orders leads to the following two-body Lagrangian
Lyggrr = ¢2w(i0, - wp+ LY + L (3.18)

where
£V =cp's'e, LD =G 0) (w,) 98- W66 (9p) +he),  (B19)

with w# = (w,iV) and the ellipses denote higher order terms.

As stated above, the explicit appearance of M in the propagator leads to breakdown of the power
counting scheme. To restore the counting rules additional prescription has to be imposed. In the
following, threshold expansion [211] is discussed with the example of the two-body loop integral in
an arbitrary frame with CM four-momentum given by P¥.

Consider the loop function

1(P) = / dPk 1
2m)Pi 4w (K)w(P - k) (w(k) — k* —ie) (w(P — k) — P* + k° — i)
d
_ / % ! — (3.20)
) dwEKwP -K)(w(k) +w(P-Kk) — P —i¢)

where d = D — 1 and P° = w(p;) + w(p,). The i€ prescription will be considered implicitly in the
rest of the discussion to ease the notation. In threshold expansion, the integrand above is Taylor
expanded in inverse powers of M and then the integral is performed in dimensional regularization after
which the result is summed up to all orders. A useful identity needed to perform the above mentioned

theories in vicinity of the elastic threshold at a given order.

3 the equivalence of S-matrix elements in the original theory and the rescaled field theory is ensured by the equivalence
theorem [207-210].
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procedure is

1 1 1 N 1 1
2w2w lwtew =P wraw +PY wr—w +PY wt—w - P
1
= (3.21)

ECRCR

where (q*)2 =s/4- M? with s = (PO)2 —P?and w* = w(P/2+K). Only terms containing polynomial
in momenta are left if the last three terms in the above identity are expanded in inverse powers of M.
These terms can be added and subtracted in Eq. (3.20) after rescaling the integration momenta by
k — k + P/2 to obtain the following form of the loop function:

dk 1
1(P) = / (2m)? 2P0(k2 B (g)2 _ (q*)z) ' 22
PO

which clearly does not have any explicit M dependence. The remaining integral can be evaluated by
splitting the integration momentum k into perpendicular and parallel components with respect to P as

follows:
kP

P
k:_k”"l'kJ_, k” :ﬁ,

3.23
P (3.23)

with which one gets

iq
87
The expression above is clearly Lorentz-invariant and is equal to the imaginary part of its counterpart in
the relativistic theory. Further more, it is important to note that the replacement (w ™ +w~ -PP—i €) PR
ind(wr+w™ — PO) is justified as only the absorptive part of the integral survives. Lastly, since the

scattering amplitude in the two-body sector is entirely given by s-channel bubble diagrams described
by I(p), the calculation of Tyggpy in threshold expansion simplifies considerably.

I(p) = (3.24)

The potential V in this case is defined through the interaction Hamiltonian H,; as follows:

Py, P2lH a1, @) = —(2m) 6% (P + Py — a1 — @)V (D1, P23 4y @) - (3.25)

For example, the potential associated with the term .550) + LEZ) is given by

V(P P24y, 9q) =4C + 4C2((P1-P2) +(q1-92) — 2M2) , (3.26)

where p; and g ; represent the on-shell four-momenta. An important point to note is that the potential
is always given by a Lorentz-invariant polynomial as can be seen in the example above.

With the potential defined, the Lippmann-Schwinger equation for the T-matrix, depicted in Fig.
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Figure 3.1: Schematic representation of the Lippmann-Schwinger equation in the NREFT with T representing
the two-particle scattering amplitude and V denoting the potential corresponding to the interaction. The second
line shows the Born series of the amplitude.

3.1, can be written as follows™:

T(Py, P2 41 %) =V(P1, P2i 4 q)+1/ 4k, 4k,
PR R TR an 2w (k) (270 2w(ky)

y (2ﬂ)d5d(P1 +p, — k| —ky)
w(k,) +w(k,) — P°

V(p;, P2 Ky, Ky)

T(ky. ky;q;,4,) - (3.27)

Moreover, the CM four-momentum is defined as P = p; + p, = g, + g, and relative four momenta
are defined as p = (p; — p,)/2 and g = (g, — q,)/2 with which the potential can be expanded in
partial-wave in the rest frame as follows:

V(PP 4q;,q) =41 Z YimPOVAPL 1A Dy (d7), (3.28)
Im

where p* and (" are the relative three-momenta boosted to the rest frame which are defined as follows:

0

. pP p
—p+P((v- D
p=p+ ((y )P2 WIPI)’
. P 0
q :q+P((y—1)(Il)—2—yv|qF|). (3.29)

Here,y = (1- vz)_l/2 and v = |P|/P0. Yim(P) = |p|lYlm(f)) denotes the solid harmonics with Y;,,, (P)
being the regular spherical harmonic function. Similarly the 7-matrix can be expanded in partial-wave
as

T(P1>P2: 41 92) =47 ) 21, T (P7] 19" D (@) - (3.30)
Im

Defining the relative three-momentum k = (k; — k,)/2, the relative three-momentum boosted to the
rest frame is defined as k. With this the partial-wave projected Lippmann-Schwinger equation can be

* The NREFT label of the T-matrix is suppressed for notational convenience

39



Chapter 3 Non-Relativistic Field Theory Approach in a Finite Volume

written as

d d

dk, d“k,
m) 2w (k) (27) 2w (ky)

o 205Dy +py — K —ky)
wiky) +w(ky) — P

T,(Ip"1, lg*) =V, (Ip"[, lq"]) +27r/ Y1 (K V(P [K7))

Y (KT (K], q7]) (3.31)

Now, the replacement

54 (p, +py ki —ky)

w(k;) +w(k,) — P° 'eHimsD(P_kl_kZ):i”(SD(P*—kT—kZ), (3.32)
1 2) — —1

can be made, as only the absorptive part contributes in dimensional regularization. Further simplifica-
tion in the CM frame results in Eq. (3.31) being written as

i(q*)2l+l

——V,(Ip*1, )T (¢, 1q]) - 3.33
1675 (p g1 (q . 1q° ) (3.33)

T,(p"Lla’D =V, (p"l, 1a°]) +

Here, s = (P*)2 = P? and (q*)2 =s/4 - M?. Therefore, the on-shell two-body T-matrix for a
particular partial-wave [ is given by

16mys(¢") "
167vs(g") V! (s) —iq"
where V,(s) = V,(¢",¢"). Note on the mass shell g° = |p*| = |q"|. The LECs can then be fixed

by matching this amplitude to its relativistic counterpart in the underlying theory. The relativistic
K-matrix can be defined via the T-matrix and is related to the phase shift via unitarity,

T)(q".q") =T)(s) = (3.34)

K(p1,P2:q1.9;) =4nm Z éllm(P*)Kzﬂp*L |q*|)27m(q*) )
Im

167+/s

(g cot;(s)

K/(q".q") = K/(s) = (3.35)

The matching condition turns out to be

The effective-range expansion can be used in the vicinity of the elastic threshold, i.e. s = 4M % where
the NREFT is applicable, in order to match the LECs appearing in V;(s) to the scattering parameters
of the underlying relativistic theory. This matching is straightforward to perform as both left-hand and
right-hand side are polynomials in the variable (¢*). In the case of s-wave,

V,(s) = 4Cy + 16C,(¢")* +. ..,

1
K;(s) = 32nagM + 16majM 5 +70 () +..., (3.37)
agM
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3.2 Two-Body Sector

the matching condition leads to

2

1
Co=8magM , C, = na%M — +71g]. (3.38)
agM

The advantage of the covariant NREFT formulation can be seen if one considers the matching condition
in both covariant and original5 formulations:

Covariant: K(p1.p2:4q1-92) = V(P1.P2:41-92) »

2
. . 1
Original: K(p1,p2:q:,9q) = l_[(zw(pi)zw(qi))ZVNREFT(pl’p2;q19 qQ) - (3.39)
i=1

In the covariant formulation both K and V are polynomials in Lorentz-invariant quantities (p.g) and s.
Therefore, the LECs present in V and the scattering parameters appearing in K can be straightforwardly
related to each other. However, in the original formulation things are a bit different. The kinematic
factor, which appears due to a difference of normalization in relativistic and non-relativistic theory,
results in the right hand side of the original formulation being a polynomial built from variables
mentioned in Eq. (3.7) respecting the symmetries of the theory. This leads to superfluous couplings
appearing in the theory which obey certain conditions. Hence, the covariant formulation automatically
eliminates the redundant couplings due to explicit Lorentz invariance.

The covariant formulation also offers advantages in a finite volume. In addition to eliminating
redundant couplings increasing the quality of the fit to the lattice energy spectrum, it also enables one
to write down a quantization condition that is valid in an arbitrary moving frame. Moving frames, in
general, cannot be treated in a non-covariant framework due to lack of explicit Lorentz invariance.

3.2.2 Luscher Equation in the NREFT Formalism

As stated in the introduction, EFTs such as NREFT are an important tool for analysis of Lattice
data. The LECs that appear in the Lagrangian of NREFT can be determined by performing a fit
to the lattice energy spectra. With the LECs determined, infinite-volume observables can then be
directly calculated using the NREFT Lagrangian. Hence, NREFT (and EFTs in general) bridge the
gap between lattice data and physical observables. Moreover, NREFT offers a simplified approach for
deriving the Liischer equation as mentioned previously. Below the two-particle quantization condition
is derived using the covariant formulation of NREFT and closely follows the derivation detailed in
[48, 103].

Before proceeding to the derivation of the Liischer equation, an important remark is in order. For
EFTs to be applicable, the lattice needs to fulfill certain criteria. For an Euclidean lattice with lattice
spacing a, spacial elongation L and temporal elongation L, obeying periodic boundary condition,
the following should be satisfied

1 1
—<Ax—, (3.40)
L a

where A represents the relevant hard scale. Since 1/L < A, the same EFT is valid in both finite and
infinite volume. This implies that the LECs which are determined by short-range physics, receive

3 The matching condition in the original NREFT formulation can be derived following the same steps mentioned above.
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Chapter 3 Non-Relativistic Field Theory Approach in a Finite Volume

exponentially suppressed contribution in 1/L. Hence, finite-volume power-law suppressed effects can
be studied without being contaminated by other lattice effects. With this condition being satisfied,
EFTs can be effectively used to perform analyses on lattice data.

In a finite volume, rotational symmetry is broken which leads to different partial-waves mixing.
Therefore, the partial-wave expansion of the finite-volume T-matrix®, denoted by T s given by

T™ (P, P4y, Q) = 47 Z Yim Py (P P2y, (QF) (3.41)
Im,I'm’

Here, the superscript is dropped on the projected T-matrix on the right-hand side for notational
convenience. Moreover, definition of the potential V remains same in both the finite and infinite
volume as it is purely determined by the EFT Lagrangian up to exponentially suppressed terms. Thus,
Eq. (3.28) remains valid.

The on-shell Lippmann-Schwinger equation in finite volume’, is then given by

Ty, (53 P) = 0110 Vi(8) + 47 3" Vi) Hypy 7 (55 P) Ty (53 P) (3.42)

lllm//
where

i Lim (K2 (K)
L\ Shin 2w (k)2w(P = k) (w(k) + w(P - k;) — P°)

Hyp o (53 P) = (3.43)

with k™ being the relative three-momentum boosted to the CM frame. Moreover, perpendicular and
parallel components of k* can be defined with respect to P as follows:
K = (v k), y=(1-v)72, (3.44)
Here, v = |P|/P" on the mass shell and k, and k, are defined in Eq. (3.23). Using the identity,
T

Var Z ij_l_l |k*|l+l _jClm,js,l/m/y;s (k*) s (3.45)
== s==Jj

yl*m(k*)yl'm' (k*) =

the identity in Eq. (3.21) and the above mentioned definition of momentum with k™ = r, H;,,, ;7,,,/ (s:P)
can be rewritten as

w4+ +1 . 1=1
(g)" i

H ’ /(S;P) = —
Im,I'm 3271_2\/5

My y e (5;P), (3.46)

® Note that since asymptotic states are not defined in a finite volume, a formal definition of 7-matrix does not exist in this
case. However, an equivalent scattering amplitude 7" which obeys the finite-volume version of the Lippmann-Schwinger
equation can be defined by calculating the relevant LQCD correlation function in the EFT framework.

" In the finite-volume, integrals are replaced with pertinent summations.
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with
(_1)1 Y B

oy
1 i d
My, (5, P) = 3/2 Z Z Wclm,js,l’m'ﬁzjs(l;s),

Y j=li-rys==i M n

Com st = (D)™ @I+ 1) (27 + (21 +1) (nli i l,) ((l) é i)) (3.47)

m

with Z}is (1; s) representing the Liischer zeta-function defined as follows:

Zh,(159)= 3 A,

repr, 711

d
Py = {reR3|r|| =y (n, —%),rL:nL,nef}, (3.48)

withd =PL/(2n) and n = ¢"L/(2x). Using the fact that the potential can be expressed in terms of
the infinite-volume phase shift and the poles of 7}, ;/,,+ (s; P) corresponds to the finite-volume energy
levels, the two-particle quantization condition can be written as

detod =0,
‘dlm,l'm' = 6ll'6mm' cot 5l(s) - ﬂlm,l'm'(s’ P). (3.49)

Note that this expression is valid for arbitrary moving frame.

The above mentioned derivation clearly shows the convenience of using the covariant NREFT
approach and its suitability for application to more complicated processes (see for e.g. [48]). In the
next section, the three-body sector will be discussed within the NREFT framework.

3.3 Three-Body Sector

3.3.1 Matching in the Three-Body Sector

The matching condition in the case of the three-body sector can be written analogous to the two-body
sector

3 +(3)
Tet (P15 P2: P33 41> 92 93)
3 RT 1> P2> P3> 41> 42> 13
TI\(IR)EFT(pl’p2’p3;q1’q2’q3) = ﬂ )

1
i=1 (2w(p;)2w(q;))?
Note that unlike the two-particle case, it is not straightforward to separate out the polynomial and
non-polynomial contribution. Moreover, the three-body sector has more sources of non-polynomial
contribution unlike the two-body sector where such terms only arise in bubble diagrams. In
the following matching will be carried out in the original NREFT formulation, hence relativistic
corrections need to be included at relevant order. Lastly, to make the notation less cumbersome and

(3.50)

easily differentiate between the non-relativistic and relativistic amplitude, the definition 7, I\(%)EFT =T;
and T,2) = M will be used.

Since the definition of the regular part of the three-particle scattering amplitude at threshold is
ambiguous, a consistent definition is needed. A simple and effective prescription in the three-body
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Figure 3.2: Most singular contribution to the three-particle revivalistic amplitude M;PI. The orange square
represents the two-particle relativistic amplitude M,.

sector was laid out in Ref. [97] based on the on-shell amplitudes only. The rest of this section will
follow this prescription closely.

One starts by considering the most singular piece of the scattering amplitude in the relativistic case,
which is given by the sum of all one-particle reducible diagrams,

Z My (P Pj3 A, )M (P, P q;, q,,)

1PI
M3 (P15 P2: P33 41, 920 G3) = Z M PP —ie

perm(ijk) perm(lmn)

, (351

where M, represents the two-particle scattering amplitude, p;,p;,p; and q;,q,,,q, denote the
in-coming and out-going three-momenta and P = p; + p; - q,, = q; +q,,, — p.- The Feynman diagram
associated with this three-particle amplitude is depicted in Fig. 3.2. Note that the summation in the
above expression account for the 9 possible permutations of the momenta.

Boosting the momenta to the CM frame, k* representing the boosted momenta with k = p, q or P,
and using the identity

1 1 1 1
= , (352
WP 2w(®) {w<P> +w (D) — w(@) — w(g,)  wP) —w(py) +w(a) +w(qm>} (322

the pole piece of the above mentioned amplitude can be defined as

My (p;. P} a5 POM, (p;. P*5q) . @)
2w(P)(w(P) + w(p;) = w(q)) = w(q,,)

MEE(py, 2. P33 A1, 00 3) = ) (3.53)

perm(ijk) perm(Imn)

Here /Wz represents the on-shell two-body scattering amplitude.
The authors of Ref. [97] showed that for a particular choice of in-coming and out-going momenta,

for example with unit vectors e, e, e,
V3ol V3ol
p, = 4ey, p, = /I(Tex - Eey) , p; = —/I(Tex + Ee ) , (3.54)
with q; = —p;, the difference between M, and M;’Ole can be expanded in Laurent series near the
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N N
AN AN
(a) (b) (c)

AR

(f)

Figure 3.3: The six diagrams that contribute to the three-particle scattering amplitude in the NREFT. The
orange squares here represents the two-particle scattering amplitude at O(pz), The navy blue circles represents
the vertices corresponding to the coupling C, the pink circle corresponds to the three-particle interactions
associated with the coupling D,. The red cross in diagram (b) corresponds to relativistic insertions p4 /(8M).

three-particle threshold as follows:
| A
Re(My(0) = M) = =MD +in M e M (3.55)

Here, Méo) denotes the threshold amplitude, the arbitrary scale appearing in the logarithm is chosen
to be M and the ellipses represent terms that vanish in the limit 4 — 0. With the threshold amplitude
defined in the relativistic case, a similar quantity needs to be defined in the non-relativistic case to
carry out the matching of the three-body coupling.

In the NREFT, with the relevant Lagrangian given by
2 4

" Vv _
Laggrr =9 (lat -M+ m W)(]H Cot' 9 090

o2 .
+C ((¢>T v ¢')(¢0) + h.c.) - Cz((¢>T¢T)V2(¢¢) + h.c.) +Dyp ¢ 0 000,  (3.56)

there are six diagrams, shown in Fig. 3.3, that contribute to the regular part of the threshold amplitude
when calculated in dimensional regularization.

The scattering amplitude from diagram (a) and (b) can be written down as,

T,(p;»P;:q,. P)T5(p;. P; q;.q,,.)
s = N SAALE] e (3.57)

where T, represents the two-body scattering amplitude in the three-particle CM frame and P =
p;+P; -4, = q; +q,, — P;. The two-body scattering amplitude can be determined using the
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Chapter 3 Non-Relativistic Field Theory Approach in a Finite Volume

Lagrangian stated above, employing dimensional regularization in the loop integral and is given by

Ty(p;» P34, P) = 4C) — 16C,Q° = C,((p; —p;)” + (g, — P)*)

2MCy M>C;
T by
where Q = p; + p, represents the two-body CM momentum, P;; = -M? + s;;/4 with s, =

(w(p,) + w(pj))2 - (p; + pj)z. Now, since w(p;) + w(p;) # w(q,) + w(P), this amplitude is not
on-shell. However, the on-shell amplitude can be defined as follows

Ty(p;pj3 9, P) =T, + 6T,

2MC? M*C}
=4C, - 16C,Q* - 2C, (p; - p;)* +i . Lp; - —2(P)*+0().  (359)
T

with 67, = —-C,((p; — pj)2 -(q, - P)Z). Similar expressions can be written down for the other
two-body scattering amplitude. With this, the finite part of the scattering amplitude of diagram (a)
and (b) can be written as

—ij =l
Ty 6T + STIT," + T3 Ty (F — 1)

(a) | (b) _ F(a+h)
7 478 — T - :
3 3 3 w(P) +w(p;) —w(q;) —w(q,,) — i€

(3.60)
perm(ijk) perm(lmn)

Here,

3

T(a+b)
’ rll 2w(p)2w(q))’?
MZ(sij)MZ(slm)

Z Z 2w(P)(w(P) +w(py) —w(q) —w(q,,) —i€)’

perm(ijk) perm(Imn)

- (w(p)w(p)w(a)w(q,,))? ‘ (3.61)

(w(pp)w(g,)w(P)w(P))?

Moreover, Tza'g represents the scattering amplitude involving particles with in-coming three-momenta
P, and pgz. The numerator and denominator of the second term in Eq. (3.60) can be expanded in
momenta, resulting in the following expression

144C; N

T\ + T ~ T\ = 288MC,C, + (3.62)
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Next, the amplitude for diagram (c) is given by

(c) _ 3 de 1
) =e4c; > > S SL
perm(ijk) perm(Imn) Qm)7im -k + > — i€
1
2

M—Q?—q&+k0+%_ie

1
) (3.63)

2
0 0 0, (pj+p;-k) .
M - p; —pj+k +——y— €

X

X

This integral is ultraviolet finite and the explicit form is not necessary, rather for a given configuration

of in-coming and out-going momenta one has

« C
ReT,” = —, 3.64
e, . (3.64)

where C is some constant.

Both diagram (d) and (e) are two-loop diagrams whose scattering amplitudes are given by

D D
d 4 d 'k d-'l 1
r? =128¢; > / D_/ 5 e
perm(ijk) perm(lmn) (271') ! (270 I'M - k" + M i€

1

X
-k)? .
M—q?—q&+ko+%—le

1 1

X
~+p;-k)’ 0, 1 _.
M—p?—p(}+k0+—(p‘+§1(4 L _ieM =D+ 5y —ie
1
x : —_ (3.65)
0 0 0 0 P;+tP; 1P — K- .

d”k d"1 1

4

¥ =25C; > / D,/ S ——
perm(ijk) perm(Imn) (Zﬂ) L (271-) IM—-k"+ M i€

1

X 2
M - q? - q?n + k% + —(q’+gj‘"/[_k) —ie
1 1
8 0 0 ;0. (B*p;-D’ 0, 1 .
1
. (3.66)

2
0 0 0 0. ;0 (p;+p;+p—k-1)

X
—ie

These integrals are ultraviolet divergent and can be calculated in dimensional regularization. This
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Chapter 3 Non-Relativistic Field Theory Approach in a Finite Volume

results in

e =
ReT{ ¥ = 2304V3CHM* (£ + — (In 5 +6)) ) = 2304V3CiM 2 + Re TY

(4n)°
4 2 4 -
ReT{" = 2304 T cim? (:z o (ln o+ 5<e>)) - —2304§C§M33’ +ReT, (3.67)
g M
where D4 )
- 1 M
@ = W) . (——F(l) 1n47r+1n—2). (3.68)
(4m)* \D -4 p
Here, 6 (@) and 6'°) are numbers given by Feynman parameter integrals (see Appendix A of Ref. [97])
g y Fey P g Y

and y is the arbitrary scale of dimensional regularization.
Finally, diagram (f) is given by
7" =36D,. (3.69)

An important remark to make here is that the coupling D, has to be ultraviolet divergent to cancel out
the divergences mentioned above. Hence, the renormalized coupling can be defined as follows:

2C0M
D, = 0

(3\/’ 4r) ()P~ 4(——F (1) - 1n47r)+D6(,u). (3.70)

Finally, with u = M chosen for convenience, the matching condition for the three-body coupling is
given by

, 144C;
36Dy(M) =288MC,C, — v T (3.71)
with T being the threshold amplitude defined by
: (a+b) (c) (d) (e)
o . T (a+ Cc o T (e
7= timRe (][] ST - T -7 (3.72)
i=1 (2W(P1)2W(q1))2
This expression can be simplified using Eq. (3.55) resulting in the following relation
MY nMic
T=33 0 (3V35 @) — 4xs'®)y. (3.73)

(2M) n

Using Egs. (3.71) and (3.73), the three-body coupling in the NREFT can be matched to the relativistic
three-particle threshold amplitude. Further the two-body coupling can be expressed in terms of the
scattering parameters. The above procedure also highlights the fact that the two-body rescattering
processes are responsible for producing the threshold singularities of the three-particle amplitude.

3.3.2 Perturbative Ground State Energy Shift in the NREFT Formulation

As mentioned previously, perturbation theory can be used to obtain the shift of the finite-volume
energy levels by performing an expansion in 1/L. This method provides an explicit formula which
can be used to extract parameters of the theory from lattice calculation in the absence of resonances.
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3.3 Three-Body Sector

In the following Rayleigh-Schrodinger perturbation theory will be used along with the non-covariant
NREFT formulation to re-derive Eq. (2.69) in a simpler and straightforward manner that allows for
generalization to three- and more particle systems. This approach was first detailed in Ref. [91] with
further modification carried out in Refs. [94, 97-99, 187]. Ref. [98] is followed closely below.

The relevant Lagrangian is given in Eq. (3.56). Note that the typical three-momenta on the lattice
is of the order 271/ L, hence each derivative suppresses the corresponding contribution to the energy
by a factor of 1/L. Therefore, the above mentioned Lagrangian is sufficient to calculate the energy
shift up to O(L_(’). Further, as the non-covariant formulation is being used, relativistic corrections
have to be included order by order.

The free energy of a state n in the finite volume is given by

1

where the discretized momenta p; = 2zn,;/L and n = {n;} withi = 0,1,..., N. Note that, in the
following CM frame is considered, i.e. Zfil p; = 0. Moreover, only the non-degenerate ground
state is considered explicitly. The same treatment can be applied to the degenerate states with slight
modifications and can be found, for example, in Refs. [97, 103].

The Hamiltonian of the system is give by
L2
H= / d*x (Hy + H;) (3.75)
-L/2
with

2

Ho= ' (- M+ )0,

oM
v s o2
H,; = —¢T(W)¢ ~Cos'0'98 - C,((6'V ¢7)(69) +he)
- Cy((¢'0")V(#9) +he.) ~ Do 84" d09, (3.76)

where ¢ and ¢T represents the free fields which can be written in terms of a Fourier series in creation
and annihilation operators as follows:

1
d(x,t) = — ) exp(—iE,t+ipx)a,,
13 Zp: P P

+ 1 +
o' (x,1) = E Z exp(iEyt — ipx)ai, . (3.77)
P

Here, E, = M + pz/ (2M) as the kinetic energy is completely given by the operator V?/(2M) and the

condition [a,, a;] = L35pq is obeyed. Further, the N-particle normalized state are represented by

1

— — T T
|p>_|pi’,."pN>_ L%Wapl"'apl\JO)a (378)
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where p = (py, ..., py) and the closure relation is given by
Z Pis- s PN)Pis - PNl =1 (3.79)
Pi--PN

Moreover, these states are eigenstates of H,

N
Hylpy = > Ep |p). (3.80)

i=1
Using the fact that the potential is determined by the interaction Hamiltonian, the Lippmann-Schwinger
equation can be written in the operator form as follows:
H;|k)<k|T|q)
E-E; ’

wITla) = Gl + Y 2 (381)
k

where T represents the T-matrix. Note that only the ground state is non-degenerate, all the other levels
are degenerate. The contribution of the unperturbed ground state, |0), can be singled out and the
above equation can be re-written as follows:

(PITlg) = (plQlg) + LAV Ia)

E-E,
Hy k) (k|Q
<p|9|q>=<p|H1|q>+Z<p| ]’EI_><Ek| N (3.82)
k+0

The pole position of the scattering matrix determines the energy shift of the level. If one sets the the
external momenta to zero, i.e. p = g = 0, then the roots of the resulting equation given by

E-E,—Q(Ey) =0, (3.83)

correspond to the poles of the scattering 7-matrix. Here, Q(EO) = (0|Q]0). This equation is called the
secular equation and has a form similar to a quantization condition. Since the energy shift £ — E; is
much smaller as compared to |E| — E;|, the quantity €(E,) can be Taylor expanded such that one gets

(o)

E - Ey=Q(Ey) + QENQ + —2Q" +O((E - Ep))., (3.84)

where E — E = Q(EO) at leading order is used. Now, using Eq. (3.82), Q(EO) can be written down
in perturbation theory as

VopVigV,
0p pO Op " pq’q0
Q(E,) = (01€10) —VOO+Z ZZ EomE By —F) T (3.85)

p;&O p#0 g#0

where V,,, = (p|H,|q). Hence, using the above expression and Eq. (3.84), the perturbative energy
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shift to the ground state energy can be written as

AE, = Voo
VvV, V
AEZZZEOP 20 ’
p#0 0~ Fp
YoV v S YorVeo 3.86
ZZ(E E)(E E) 2" (80
pF0g#0 0T 0~ Eq pz0 (Eg —E,)

The rather lengthy expression for AE, can be found in Ref. [103]. Using the explicit form of the
potential these corrections can be easily calculated. For example, in the two-body case with the above
mentioned Lagrangian,

Vog = (P1P21H,19,9)

2 2 2 p’
= { - E(CO -Ci(p"+q)) - ﬁépq O+, 44 * (3.87)

with the relative momenta k = (k; — k,)/2. With this the corrections to the two-body ground state
energy can be calculated up to O(L™%) and is given by

2 3
4
AED — ﬂag{l_“_zl ( )(1 _J)—( )(1 -31J+K)
T L

ML
2 2
L "aoro}, (3.88)

ML} L’

where the couplings in the Lagrangian are matched to the two-body scattering parameters and the
quantities / and J are defined in Eq. (2.67) and

1
K = Z = 8.40192 . (3.89)
neZ3\0

An important remark needs to be made here. When calculating the higher order corrections, for
example AFE,, divergent sums other than the ones represented by / can show up. These divergences
need to be regularized and the same regularization scheme needs to be used in both the finite and
infinite volume. In the case of AE, at O(L™°), the formally divergent sum ), 1 is present. This
can be rewritten as

neZ3\O

Z 1:—1+Zl. (3.90)

n€Z3\O nez’

As no-scale integrals vanish in dimensional regularization, the above expression just becomes equal to
—1. The expression in Eq. (3.88) agrees with Eq. (2.69) exactly up to O(L_5 ).
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Moreover, the above formula can be generalized to N-particle systems [103],

N! 4ray

AE(N) _
2N =-2)!' m1?

2 3
{1 - :—21+ (:—]‘i) (I* + (2N = 5)J) — (:—2) (P + (N -7)1J

+ (SN — 41N +63)K +8(N — 1)(20" + R")) + (4N - ) e )Z”ZOFO}

N! 64nay 6D (1)
+ = 3)'{ 2(3V3 —4m) In(uL) - . } (3.91)

For N > 3, two logarithmically divergent sums show up in the expression for ground state energy shift.
These are given by

0=
L* (2n )2(”’ g p%;o P’ (p’ +q +(p+q) )’

(3.92)
" 1%(n )2(" Y p%op P +q° +(p+q))

Now, dimensional regularization and Poisson’s summation formula can be used to tame the divergences
in these sums. This results in

_ o2a-3) 1 1 o,
e {487r2(1n('uL) 2(d—3>)+ o’ }

) 3 1 |
R = 3>{— ?\;(m(um— 2(61_3))+ (zﬂ)6R’}, (3.93)

with the renormalized quantities given by
Q" ~-102.1556, R" ~19.1869. (3.94)

The divergences that appear in the above equations are absorbed in the three-body coupling which
leads to the definition of the renormalized three-body coupling given by

4
D, = pz(d_3){ - 31\41?%03)(3‘@ —47) + Dg(ﬂ)} . (3.95)
Note, here u is the arbitrary scale of dimensional regularization. Hence, if one carries out the
renormalization of the three-body coupling in the infinite volume, the N-body ground state energy up
to O(L_6) does not contain any ultraviolet divergence. The expression in Eq. (3.91) offers a simple
and efficient way to extract parameters of a theory from lattice measurements. The result of such a
perturbative treatment of the three-nucleon system will be displayed in Chap. 6.

However, this method does have the drawback that it cannot be applied in the presence of resonances
and shallow bound states. This can be easily seen from the fact that the expression for the ground
state energy shift will converge slowly for large scattering length a,, (given that L is of reasonable
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size). Hence, a non-perturbative approach, a full fledged three-particle quantization condition, for a
more general analysis of three-body lattice data is needed. The next section will introduce necessary
framework required to achieve this.

3.3.3 Relativistic-Invariant Formulation of NREFT

A NREFT three-body quantization condition was derived in Refs. [70, 71] and it was cast into an
explicitly relativistic-invariant form in Ref. [81]. This section aims to introduce the quantization
condition in its manifestly invariant form following Ref. [81] closely.

The non-relativistic approach is very accurate when the typical momenta of particles are small
compared to their masses. However, the momenta of light particles such as the pions may not
be very small compared to their masses in typical processes of interest. In this case a relativistic-
invariant treatment might result in sizable contribution from purely kinematic effects. Moreover, the
quantization condition is a three-dimensional equation as the amplitudes entering it have to be on
the mass shell to render it useful. Hence, the quantization condition contains sums (or integrals)
over three-momenta and the fourth component is fixed on mass shell, and would benefit from being
written in a relativistic-invariant form. Furthermore, the short-range three-body force which enters
the infinite-volume Faddeev equation8 can be parameterized such that the solutions of the Faddeev
equation are invariant. However, in practice finding the explicit parametrization can be a very difficult
task. In this case, casting the equations into a relativistically invariant form can be advantageous as
the short-range three-body force term can be parameterized in terms of Lorentz-invariant quantities as
shown in Ref. [212].

All expressions can be rewritten in a covariant manner by introducing an arbitrary timelike unit
vector v¥ and considering the time evolution along the direction of this unit vector’. Lorentz-invariance
guarantees that all choices of v¥* are physically equivalent. In addition to introduction of v¥, one also
needs to be express it in terms of the momenta which describes the process of interest. This ensures
that the resulting amplitude is explicitly invariant as boosting the momenta will result in v¥* also being
boosted.

The Lagrangian given in Eq. (3.18) can be reformulated in an arbitrary frame as follows:

L=¢2w (i(vd) —w,)p+Cod ¢ ¢ +. .., (3.96)

where the arbitrary frame is defined by v ,, ¢(x) are the non-relativistic field as before, and ellipses
denote higher order terms. The differential operator is given by

w, = \/MZ +8% = (v9)?. (3.97)

The non-relativistic propagator for the free case is given by

4
HOIT(6(x)¢" (1))]0) = / %e‘”‘“‘%(k), (3.98)

8 The finite-volume quantization condition also contains the three-body short-range term.
o By setting vV = vg = (1, 0), one can regain the original NREFT expressions.
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with
1

Dk) = 2w, (k) (w, (k) — vk —i€)

(3.99)

Here, w, (k) = \/M2 + k2 + (vk)>.
Similar to the original formulation of NREFT, to calculate the two-body scattering amplitude one
has to evaluate bubble diagrams which come with the following loop integral:

I(P) = / 47k 1 (3.100)
a i(2)P 2w, (k)2w,, (P = k)(w, (k) — vk —i€e)(w,(P - k) =v(P - k) —ie) "

with the total CM momentum given by P = p, + p, = q, + ¢,. Dimensional regularization can be
used to make the above integral ultraviolet finite. However, threshold expansion has to be used in
addition, to prevent the counting rules from breaking down (see Sec. 3.2.1). In this case ones uses the
following identity

1 1 1
2w, (k) (w, (k) —vk—i€) M2 12 —ie 2w (k)(w, (k) + vk —i€)

(3.101)

The other propagator obeys a similar expression. Next, the perpendicular component of the momenta
can be defined with respect to the timelike unit vector v* as follows:

K= kM =Mk, (P—K)" = (P - k)" —vFo(P - k), (3.102)

which are small compared to M. Moreover, threshold expansion can be used in the vicinity of the
particle poles given by vk = w (k) and v(P — k) = w (P — k). The second term in the above identity
can then be expanded and is given by

2
1 1 K M vk

2w, () (wy (k) +vk—ie)  ap " an e

(3.103)

Similar expression is obeyed by the other propagator. After threshold expanding, I(P) is given by the
single term

dPk 1 B B—1
1(P) = I(P? :/ = 1
(F)=HF) i2m)? (M* - kK(M* - (P - k)% COns”mn2 n(ﬁ+1)
_ P+ B (3.104)
167

with s = P, B=0-4M 2/(s + ie))l/ % and J(P?) representing a low-energy polynomial with real
coefficients. The other terms that appear in the expression for 7(P) are of the form of low energy
polynomials which vanish in dimensional regularization. Note that the loop function / (P?) vanishes
at threshold, i.e. s = 4M? due to the renormalization prescription imposed.

The above mentioned expression is clearly Lorentz-invariant as it only depends on P?. The difference
between this expression and the expression for the loop function derived in the original NREFT, given
by J (PZ), boils down to a different choice of renormalization prescription used in the two cases.

Before moving to higher order terms, it is useful to look at the expression for the loop integral /(P)
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in a finite volume.

In a finite volume one has to replace all the three-momenta integrals with finite-volume sums and
hence the loop function is given by

1 dk 1
™(p)=— /—0
(P) L3 zk: 2mi 2w, (k)2w, (P — k)

1
X (k) — vk —ie)(wy (P —k) — (P —k) —ie)

(3.105)

Using Eq. (3.101) and adding and subtracting the real part of the loop function in the infinite volume
one gets the following expression:

fin py _ L (LN 4’k
1"™(P) =Re(I(P ))+(L3Z P/(znf)

k

x/d—k‘?[ _ 12 _ +T|, (3.106)
2rni L(M?* - k* —ie)(M* — (P = k)* — i€)

where the explicit expression for I" is not needed as it only contributes to the exponentially suppressed
term'’ and can be dropped. This results in any explicit v/ dependence dropping out. The loop function
can then be written as

1 d’k dk !
fnepy = 13 p 4o . (3.107
(P) (S)+(L32k: / (27r)3) 2mi (Mz—kz—ie)(Mz—(P—k)z_if) ( :

The k integral can be evaluated, which results in the following expression:

fin d3k w(k) + w(P — k)
1) =J(5)+ ( Z / (27)’ 2w(k)w(P "R (w(k) + w(P - k) — P?)
_ d3k w(k) + w(P - K)
=)+ Z g o PR Py 1

where the above and bottom line differ by a low-energy polynomial in three-momentum given by
Aw(EKw(P -k)(w(k) + w(P - k) + PO))_l, which leads to exponentially suppressed terms. The
difference of the sum and integral can be related to the Liischer-zeta function [213] and the loop
function can be written down as:

1
Mp)y =J(s) + ——— 273 (1;5) . (3.109)
47r3/2\/§L7/ 00

19 1 contains the other three terms that come after using the identity given in Eq. (3.101) and depends on v¥ explicitly.
After expanding the denominators in I" using Eq. (3.103) and integrating over k), it leads to low-energy polynomials.
These low-energy polynomials vanish in dimensional regularization in the infinite volume. In the finite volume, the
difference of the sum and integral results in only exponentially suppressed terms that can be neglected [81].
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Figure 3.4: Diagrammatic representation of the Dyson equation obeyed by the full dimer propagator which is
denoted by the double black lines. The free dimer propagator (o) is represented by the double dashed gray lines
while the particle propagator is represented by the single gray line. The dark red dots corresponds to vertex that
converts particle pairs into dimer and vice versa.

At the next order the following term needs to be included in the two-particle Lagrangian,

L7 = (0,8 (w9) 89 - M*0"¢ 99) +hc } (3.110)

where
wh =viw, +idt, ot =" —vHvo . (3.111)

Higher order terms can be written down in a similar manner starting from the original NREFT
Lagrangian. The matching of the LECs appearing in the Lagrangian can be done following the steps11
laid down in Sec. (3.2.1). At the end one gets the following expression for the on-shell two-body
T-matrix

167vs(g") %
1675 (q") 2 v () = L2 (9)) — g

where (q*)2 = (s/4 — M*). One can write the amplitude 7; in terms of the phase shift using unitarity
resulting in the following matching condition
w21
162Vs(V; ' (s) - %J(s)) = (¢")** cot§,(s) . (3.113)

T)(q".q") =T(s) = , (3.112)

Up to first order this expression reproduces the matching condition given in Eq. (3.38). Additional
terms appear at second order onward.

Dimer Fields at the Lowest Order

To write down a three-body quantization condition, one needs to resum all the two-particle sub
diagrams that are relevant for the three-body amplitude. To perform this, auxiliary fields can be
introduced. These axillary fields are called dimer fields [134, 214]. In the following section these
fields will be introduced at the lowest order, while the subsequent section will discuss the introduction
of dimer fields at higher order.

The lowest order Lagrangian in the three-body sector can be written as

Lagerr = 62w, (((v0) —w,) ¢ + Cod ¢ 00 + Dy ¢ ¢ 900 . (3.114)

The introduction of the dimer fields in the above case leads to simplification in the three-body sector

! Note that on mass shell, for in-coming and out-going momenta ﬁi.l = pf and q”f = qﬁl can be used, where the momenta
sH M H stion BH % ; ;
are defined by p; = v"w,(p;) + p; . Moreover, the substltut1~0n ki — k; can be done in the loop integrals as the
additional terms that arise from using the explicit expression of k;‘ vanish in dimensional regularization [81].
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3.3 Three-Body Sector

N
T p—
/N

Figure 3.5: Relation between The two-particle scattering amplitude 7' and the full dimer propagator denoted
by the double black lines. The particle propagator is represented by the single gray line and the dark red dots
denote the vertices that convert between dimer and particle-pairs.

as the two-particle interactions are then given by an infinite sum of s-channel dimer exchanges and
the particle-dimer interaction represent the three-particle interactions. The above Lagrangian can be
rewritten in terms of particle field, ¢(x), and dimer field, 7 (x) as follow:

f

(T Top +he) + hyT 7o o, (3.115)

L, = ¢T2wv(i(v6) -w, )¢+ o T T+

where o = +1 for reasons which will become clear in the following. Next, the dimer fields can be
integrated out and the generating functional can be written as

2 % o
Zd(j,j?) = / 1)¢Z)¢5";' exp {z/ d*x ((]S.I'Zwv(i(va) -—w,)¢— M +j#¢ +¢Tj)}

4o+ hyo' 9)
2
= / DD exp {z/ d*x (¢T2wv(i(va) —W,)¢ - a%’w(p*w
2
+ @qﬁ%*cﬂwm = +ﬂ¢+¢U‘)}, (3.116)

where the integrand is expanded in powers of the field and the ellipses represent terms with more than
six fields. Comparing Eq. (3.116) to the generating functional in the original theory given by

2(j.j" = / D¢DY’ exp {i / d*x (92w, ((v0) = w,) ¢ + Coo' ¢ g0

+DO¢T¢T¢*¢¢¢+J'*¢+¢U)}, (3.117)
one ends up with the following matching condition:
2 2
h
CO:—O']jTO, DoonfO. (3.118)

This matching condition highlights the significance of o. foz is always positive and hence o = +1
helps to account for the positive or negative sign of the S-wave scattering length. The dimer propagator
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Chapter 3 Non-Relativistic Field Theory Approach in a Finite Volume

resummed to all orders is given by

4
iOIT(T (x)T " ())]0) = / (‘;T;e‘”’“‘y)mp). (3.119)

The propagator D (P) obeys the Dyson-Schwinger equation (depicted in Fig. 3.4):

2
D(P) = o — %I(P)D(P), (3.120)

with /(P) defined in Eq. (3.104) representing the bubble integral. Using the result of this integral
from the previous sections one gets

1675
167\s(ofy > = 3J(s) —iq"
Now, the two-particle T-matrix can be expressed in terms of the full dimer propagator by attaching

dimer-particle vertices that convert the dimer into particle pairs, see Fig. 3.5. At leading order this
results in the following expression:

D(P) = D(P%) = (3.121)

167+/s
16nVs(ofy? = 5J(s) —iq"

T(P1.P2: 4. @) = 7o(P?) = fyD(P) f = (3.122)

Dimer Fields at the Higher Order

Higher partial-waves are accounted in the NREFT framework via higher order operators involving
derivatives acting on the fields. Hence, to include higher partial-waves in the present case, higher
order operators in the original NREFT Lagrangian need to be rewritten in the particle-dimer picture.
This can be done by including dimer fields with arbitrary spin [70, 71]. Below, the procedure for
rewriting higher order operators in the particle-dimer picture will be discussed.

At O( p4) the following two-particle operators need to be included [81],

£ = C5(0, ) w0) = M7 6") (v, ) (v 9) - M7g0)
+2C2(300,0) (0,8) (W) (7 9) = (w,) (W9) (w, ) (w”8) = M*9" 9" g

MZ
- (v, (w9) 99 +hc)). (3.123)

where the operator associated with the coefficient Cf and C‘P represent the S-wave and D-wave
contributions respectively. The P-wave contribution is absent due to Bose symmetry in the identical
particle case. With this operator the D-wave projected potential is given by

Vy(s5) = 20CP(g%)* P (cos 6) , (3.124)

where P;(cos 0) represents the Legendre polynomials with cos 8 = (t —u) /(s —4M 2) and s, t, u being
the Mandelstam variables.
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3.3 Three-Body Sector

As mentioned above, dimers with arbitrary spin can be included to account for interaction involving

higher partial-waves [71]. Hence, tensor dimer fields 7, , are introduced corresponding to the
2

..... u
angular momentum /. The dimer fields obey the following set of conditions’

V'“"‘7;1 _____ w =0, fori=1,....1. (3.125)

Moreover, they are traceless in each pair of index and symmetric under the exchange of each pair of

index. For notational convenience, 7,, =7, will be used where n; = uy, ..., 1.
) oo 1 [Se)
L,=0¢2w,(i(vd) —w,)p + IZ(; T T T + 3 lz(;(fi;janl +he.), (3.126)

where O, =0, . represents two-particle operators and o = +1. Integrating out the dimer fields,
one ends up with the following Lagrangian describing the two-particle interactions:

_ 1 %
L= —Zl: 03,0, (3.127)

The operators O , can be constructed using the explicit form of the spherical functions and can be

(g

n
expressed in terms of a series given by the function f;(s) = fl(o) + % fl(z) (s —4M 2) +..., where f,
are the coupling coefficient. In the D-wave, the lowest order two-particle operator is given by

) 3 (=
0,= 0" = [ (S (S 7,9) = (#4) (7 9))
1 A _ _
=5 =) BT, 00) - (TL) (7, 40))) (3.128)
where w/| = w# — v (vw) with the operator w* representing w* being boosted in the two-particle

CMS with respect to the unit vector v*. This implies that the on-shell total momentum of the two
particles is parallel to v*. Moreover, one has

= AW (3.129)

where A’; represents the Lorentz transformation.

Rewriting the two-particle operators in momentum space leads to simpler and compact expressions.
The total on-shell momentum of two particle can be defined as P = p; + p,, with p; being the on-shell
momenta of the particles withi = 1,2. P* can be made parallel to v by considering the following
boost:

SH Jp2 -1 P
P :AgPp: Py, A, b = — (3.130)
P2
With this one can write down,

VP =v(wP), [P’ ="P|. (3.131)

The above identities can be used to rewrite operators appearing in the Lagrangian in momentum space.

12 These conditions ensure that independent degree of freedom is equal to 2/ + 1.
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Chapter 3 Non-Relativistic Field Theory Approach in a Finite Volume

The lowest-order two-particle D-wave term in L, is then given by

~ ~ 9 3
0" (10, (a) = 16(£")($(7L7.)° - 3(P.)*(@.)). (3.132)

where O is the momentum space equivalent of O*°, p* = p* — v (vjp) with p* = (P = p5) /2.
Using the identities defined above and Lorentz-invariance, the above expression can be simplified in
the laboratory frame as follows:

0" (p)0,,,(q) = 24(£")?(¢")* Py(cos 6) . (3.133)
Using Eq. (3.124) one gets the matching condition

5 D

(K" =2cr. (3.134)

Higher partial-waves and terms with more derivative can be included in the particle-dimer picture in a
similar manner.

Next, consider the full dimer propagator,

4
77, (7T o010y = [

—iP(x—-
R PEID s (P, (3.135)

with Dnznl' (P)" being a matrix with Lorentz indices that obeys the following equation

Doy (P) = 8,0, 01 = ZH@ P (TP fy (5)D,, (P), (3.136)

where the function f;(s) enters via the particle-dimer vertex in the loop, see Fig. 3.5. The loop
function / (P2) is defined in Eq. (3.104). Now, the two-particle scattering amplitude can be related to
D, (P) by,

T(5) = ) Y (D) Ty ()Y, (@) = > Y (D) Fi()Dy 0, (P fir ()Y, () (3.137)

mny mny

where p and g are defined via Lorentz transformation given in Eq. (3.130) and

Zfi > (3.138)

m 1=0 Hyseeoopy

Moreover the function Ynz (p) is defined as follows:

Yo ) =Y () = G =MD Py (B, (3.139)

..........

.....

13 Note that D"l"[’ is diagonal in [, " space in the infinite volume but not in the finite volume.
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3.3 Three-Body Sector

2
Yuv = (3pypv - (g,uv - vyvv)p )/2.
After projecting the 7-matrix on the left side onto partial-waves and using unitarity to relate it to
the phase shift, one can write down the following matching condition

(g )

( )2l+1

167/s

The left-hand side of the above equation is a polynomial in the Lorentz-invariant quantity s with
coefficient fl(i) and the right-hand side can be expressed in terms of the scattering parameters via the
effective-range expans10n Since both the sides can be expressed in terms of a polynomlal series in
the variable (¢" ) a one-to-one correspondence between number of couplings fl s and scattering
parameters exists.

o f7 2 (s cot §;(s) . (3.140)

The Three-Body Force

After having constructed the particle-dimer Lagrangian in the two-body sector, one has to also include
a short-range three-body interaction term. One starts by first considering the process involving three
identical scalar particle, ¢(p,) + ¢(p,) + d(p3) = ¢(q;) + #(q,) + ¢(g3). In this case, the set of
Lorentz-invariant quantities are given by [212]

2 2
s=(p1+pry+p3) =(q1+9:+93)",
sii=(i+p)ts sii=(qi+q)? i,j=123,i%],
= (pi=q,)°, i.j=12.3. (3.141)
One can impose consistent power counting rules by defining the following quantities:

A=s5s-9M>, A =5, —4M>, A, =57 —4aM”. (3.142)

Here, the label i, j, k = 1,2,3 with i # j # k. The magnitude of the generic momentum p counts as
O(€) where € is a small generic parameter. Hence, the above mentioned quantities count as O(é?).
On the mass shell, these quantities obey the following identities'* [212]:

3
PEETIEYS (3.143)

where i = 1,2, 3. Since identical particles are considered here, further constraints can be imposed on
the three-body force term by utilizing Bose symmetry and time-reversal symmetry. By Bose symmetry,

14 For a general n — m process, the independent degree of freedom N, is given by N = 3(n + m) — 10 due to Poincaré
invariance.
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Chapter 3 Non-Relativistic Field Theory Approach in a Finite Volume

the three-body interaction should be invariant under the exchange of any pair of in-coming and
out-going particles, and by time-reversal symmetry, in-coming and out-going states can be exchanged.
This leads to

ik

LS

.OAL J
piep; Ao At
q; < q; @ Ay e A o

pieoq Ao A et (3.144)

where i, j, k = 1,2, 3 and in the last line 7, j = 1, 2, 3 has to be taken simultaneously. Using the fact
that the three-body force 77 at tree level is short ranged in nature and can be expanded in the quantities
A, A}, A, and 1/ while also imposing the constraints discussed above, %3 can be written down as

Ty = ap+ A+ O(eY), (3.145)

where « and «, are real coefficients due to unitarity.

The particle-dimer picture differs from the three-particle picture in the following important ways.
Since dimer and ¢ particles are not identical all partial-waves have to be considered. Moreover, dimer
fields posses spin while ¢ particles are spinless scalars. Lastly, equation of motion cannot be used to
constraint the number of independent terms appearing in the Lagrangian. Below scalar dimers will be
considered and Ref [81] will be followed closely.

The tree level particle-dimer scattering amplitude in the case of scalar dimer, assuming here dimer
fields represent unphysical auxiliary fields, depend on the following quantities:

s=(p+P)’=(q+0)’, 1=(p-9)’=(P-0), 0, =P, ;=0 (3.146)

where P and Q represents the momenta of the in-coming and out-going dimer fields respectively and p
and g represents the momenta of the in-coming and out-going particle fields respectively. Analogous
to the explicit three-particle case, the following quantities can be defined to impose consistent power
counting rules:

A=s-9M>=0(e%), A, =00, —4M> = 0()), 1=0(), (3.147)

where all transverse momenta p, count as O(€). The potential in this case, can be expanded in Taylor
series and is given by

V(s t,00,070) = ho+ hy(s = OM?) + hyt + hy (o + o) — 8M7) + O(e?) , (3.148)

where time-reversal symmetry was used. Moreover, the coeflicients h; are real due to unitarity.

All the coupling mentioned above are not independent and only couplings that contribute to the
on-shell three-particle amplitude should be considered. These couplings can then be matched to
the three-body force term given above. To obtain the three-particle on-shell amplitude from the
potential, one has to attach particle-dimer vertices and sum over all poss1ble germutatlons of in- comlng
and out-going state. The vertex is defined by the function fO(O' ) = 2) 4M? ) with

2 2 (712, at O(ez). Moreover, as any of the three-particle in the 1n1t1al or final state can be

g =0
p’
the spectator particle, the kinematic quantities have to be labeled with the spectator particle index
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3.3 Three-Body Sector

Figure 3.6: The three-particle force term expressed in terms of the short-range particle-dimer interaction. The
double dashed gray lines denote the free dimer propagator, the particle propagator is represented by the single
gray line, the dark red dots represent particle-dimer conversion vertices and the dark cyan rectangle corresponds
to the particle-dimer interaction vertex.

i, j = 1,2,3 which have to be summed over at the end. The quantities A, and 7 are then defined as
AL =P} —AM*, A, = Q7 —4M*, 1V = (p; - q;). (3.149)

These quantities obey the identities given in Eq. (3.143).
With this the three-particle amplitude is given by

3
= 3 oo Wals. i o o) fy(o)) + O(h). (3.150)
i,j=1

Using Eq. (3.145) the matching condition can be written down as

3
Fr =@y + a,A = Z fO(O';,Z)Vd(s, ', 0';72, o 2)f0(0'c]] 2. (3.151)
ij=1

This expression clearly shows that only one of the coupling %, h,, h5 is independent and any two of
these coupling can be set to zero with any loss of generality. The diagrammatic representation of this
matching condition is shown in Fig. 3.6.

An important remark is in order here. The above discussion is relevant only in the absence of
physical dimer (two-particle shallow bound state). In the presence of physical dimers, both 0'}27 and
a'; will be determined by the dimer mass squared. Thus, particle-dimer scattering amplitude can be
directly matched to effective-range parameters.

At the order considered above only S-wave contributes. At higher order in €, the scattering angle 6
can be defined as follows:

(s+ M? - 0'3)(s + M - 0'12,) - (/I(MZ, s, o'f))/l(Mz, s, 0'3))% cos 6

t—2M* =
4s

, (3.152)

where A(a, B,v) = a’ + ,82 + y2 — 2(aB + By + ya) represents the Killén-function. Hence, the
particle-dimer amplitude at tree level can be expanded in a series of finite number of Legendre
polynomial at any given order in €.

Now to include higher partial-wave, dimer fields with arbitrary spin needs to be included. To
proceed, Lorentz transformations can be used to remove redundant coupling and write down an
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Chapter 3 Non-Relativistic Field Theory Approach in a Finite Volume

- This Lorentz transformation is given by

.....

AV =yh T = AMNST (3.153)

=P

Note that, if one of the indices of 7 is zero then the transformed field 7~ becomes zero due to the
constraint given in Eq. (3.125). Moreover, the transformed field can be expanded in terms of the

dimer field components 7;,,, given by
!
_ Im
T = > Tims (3.154)
m=-1
where CL’:“ ..., are purely numerical coefficients that can be determined from the spherical functions.

With this, the potential is given by the matrix element of the interaction Hamiltonian and can be
boosted to the rest frame as follows:

’ ’ — 4 — p’; — _
(P Pi gty Hylg, Qs pt - pt) = (ATD - (ATHL AT (AT
14 1 L,
% Z Z chro k(i Um' |Hylg:Im). (3.155)

Pl Oy Ploeees
m’:—l’ m:—l

Here, (Im) and (I’m’) represents the dimer field’s angular momentum and k" for k = p, g is defined
as follows:
kM = Agkp. (3.156)

Note that, the same Lorentz transformation can be used to transform the above matrix element to the
CM frame. The partial-wave projection of (p;!’m’|H;|q; Im) is then given by
Im, ' m’ 2 2
(p;U'm’|Hlg;lm) =V, ™ (s,1,0,,0)

=4n 3 Y @om Y H 1 (A A (g5 h (4. m))” (3.157)
IM 'L

with the function y%\,, (p, m) is given by

i (Bsm) = (LM = m), ImlI MY (31 (P) - (3.158)

Here, J, M represents the total angular momentum, whereas L and L’ are the orbital angular momentum
between the out-going and in-coming particle-dimer pairs respectively. Lastly, its should be noted that

the quantity 7{;1; (A A,, A,) expanded in powers of €, is a polynomial in its arguments.

Now, the interaction Lagrangian corresponding to this matrix element can be written down as
follows:

L=4n ) Y S S T (e V.8 (A Ay M) (5 (9, ) 0) T (3.159)

Im 'm’ IM ]

where the operator A, acts on the dimer fields in the direction given by the arrow above the operator
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3.3 Three-Body Sector

Figure 3.7: Diagrammatic representation of the Faddeev equation for the particle-dimer scattering amplitude
M. The full dimer propagator is denoted by the double black lines while the particle propagator is represented
by the single gray line. The dark red dots denote particle-dimer conversion vertices whereas the dark cyan
rectangle corresponds to the particle-dimer interaction vertex.

and A acts on the particle-dimer pairs.

A few important remarks are in order. First, a more generic form of Eq. (3.157) can be written down
involving v* explicitly using an additional Lorentz transformation to the CM frame, but this expression
is cumbersome and complicated. Second, invariant quantities involving the unit vector v* need to
be included in the list of Lorentz-invariant quantities on which the tree-level amplitude can depend
on. However, since the external momentum is expressed in terms of v¥, these structures explicitly
involving v* can be neglected. Finally, in the present context the dimer fields were introduced with the
aim of simplifying the bookkeeping in order to write down the three-particle quantitation condition, in
general matching of the three-body coupling to the underlying theory is not needed. Rather, the LECs
appearing in the three-particle sector is fixed by fitting to the LQCD energy spectrum. Then these
fitted parameters are used to calculated infinite-volume physical observables. With particle-dimer
Lagrangian ready, the next section will introduce the Faddeev equations in the infinite volume.

3.3.4 Faddeev Equation in the Particle-Dimer Picture

The three-body amplitude is defined via the well-known Faddeev equations [215]. The Faddeev
equations for the particle-dimer amplitude is diagrammatically shown in Fig. 3.7. Note that, here
off-shell dimer fields need to be considered as at the end external vertices will be attached in order to
obtain the three-particle amplitude. Moreover, the case of scalar dimers will be considered first and
then the result will be generalized to dimer with spin following the steps laid down in Ref [81].

The Faddeev equation in the case of particle-dimer scattering is given by

A Pk
M(p,q) =Z(p,q) + / —(h)%: (k)Z(p, K)D((K - k)*)M(k,q), (3.160)
where
/ Yk G- / T 52~ MD0(A + K~ (k)G (k) (3.161)
(2n)*2w, (k) (2n)?

Here, the four-momenta of the external particles are denoted by p, g and the four-momenta of the
dimers are given by P = 0, = K — p and Q = 0, = K — g with K being the total momentum of the
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Chapter 3 Non-Relativistic Field Theory Approach in a Finite Volume

particle-dimer pair. Moreover, x!| = x* — v¥(vx) with x* representing an arbitrary vector.

An important point to note here is that while dimensional regularization was used in the two-body
sector, in the particle-dimer picture one has to use the cutoff regularization scheme to account for
non-perturbative treatment of the complex diagrams involved. Here, A represents this momentum
cutoff.

The Kernel Z(p, g) is defined by the tree-level particle-dimer amplitude, corresponding to the first
two diagrams in Fig. 3.7, and is given by

Z(p,q) =
fo(sp)fo(sq)

— +V,(s,t,02,02), (3.162)
2w (K= p—q)(w,(p) +w,(q) +w, (K- p—q)—vK —ie) ¢ P’Ta

where

s, =(w,(p)+w,(K-p—q)+(K-q),
sq=w, (@) +w,(K—p-q)°+(K-p)]. (3.163)

Now, the variables s, and s, can be traded off for the off-shell dimer momentum by using the relation

p

2 2
Sq =0, =5,—(K—-q)

=w, (@) +w,(K=p—q)+w,(p) —vK)(w,(q) +w,(K—p—gq)—w,(p) +vK), (3.164)

with a similar expression holding for s, — 0'3. The term in the left bracket above cancels with the

p
denominator. Now using the fact that the function f,(s) is a polynomial in the variable s — 4M % one

can replace f(s p/ q) with fo(a'lz7 / q) absorbing the difference in the regular part of the second term in
the kernel. With this the kernel becomes

Z(p,q) =
fo(O'IZ,)fo(O';)

— 4V, (s,t,02,0%), (3.165)
2w (K= p=q)(w,(p) +w,(q) +w,(K—p—q)—vK —ie) ¢ P’

where Vd(s, t 0'12,, 0'3) is the modified short-range part. Note that the appearance of v/ in the
three-body short-range part is not problematic as at the end one always relates v to K*.

Next, the three-particle on-shell amplitude can be calculated from the particle-dimer amplitude by
attaching external vertices and summing over all possible combinations of spectator particles, see
Fig. 3.8. Moreover, diagrams where only subsystems of two particles interact need to be included,
these diagrams are referred to as disconnected diagrams. Hence, the on-shell three-particle scattering
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amplitude is given by:

con

di
T3(p1, P2> 3341542 93) = T3 + T3,

3
T3dls = Z (27T)353(Pu_ - qu_)zwv(pi)T((K - pi)z) ’
i,j=1
3

75 = 3 (K = p)IM(pin g )T((K — ;). (3.166)
i,j=1

where 7((K — k)%) = fy(62)D((K — k)*) fo(op) with of = (K — k)* — 4M* was used.

An important remark needs to be made here. All expression above are manifestly Lorentz-
invariant as the vector v/ also transforms under Lorentz transformation along with the other vectors.
Hence, by expressing v¥ in terms of the external momenta all amplitudes are rendered manifestly
Lorentz-invariant.

The above expressions can be straightforwardly generalized to dimers with spin by replacing each
quantity with corresponding matrix in Lorentz space:

M_)Ml’lln/’
7 — 7

n,nl/ ’

D —D . (3.167)

ny nl;

With these replacements, the Faddeev equation becomes
Mony (P4) =2y, (P2 q)

KDy (K =k ? M,y in, (kiq) . (3.168
+ Z / (27_[) 2W (k) ”l"l”(p ) oy (( )) : l( q) ( )

nl// nl/u

The three-particle on-shell amplitude can then be defined as
d
T3(py Pz P3q1:42.93) = 13" + T35,

TSis:Z(znfﬁ(pu—qjl)z%(pi)ZY PV, (K = p)DY, (7)),
i,j:l nlnl/
3

=3 > Y (35, (K= p)?)

i’j:I Ny ey

()
X Mnl/ nl” (pl’ q]) nl" nl/// ((K QJ) ) nl/// (q ) (3 169)

where the function Yn, (p) are defined in Eq. (3.139). Moreover, p () is defined via the Lorentz
transformation in Eq. (3.130) and the i in the superscript labels the spectator particle.

As mentioned earlier, cutoff regularization has to be used to render the particle-dimer amplitude
UV finite. This leads to the coupling appearing in the particle-dimer interaction term becoming
cutoff-dependent to counter the explicit A dependence. Moreover, the momentum in the dimer
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|- M

Figure 3.8: The three-particle scattering amplitude 73 expressed in terms of the particle-dimer scattering
amplitude M. The full dimer propagator is denoted by the double black lines while the particle propagator is
represented by the single gray line. The dark red dots denote particle-dimer conversion vertices.

propagator entering the Faddeev equation runs up to the hard scale given by A. The effective-range
expansion is not a good approximation of the two-particle scattering amplitude at such high energies.
This leads to the dimer propagator developing subthreshold poles called spurious poles. For the
S-wave two-particle scattering amplitude in NREFT with ¢* = ik, the poles are at

1 F4/1-2ry/a

o

Kipz = (3.170)

Note that the effective-range expansion is used up to O((q*)z). The case where a,r, > 0 and
ag > 1y = A~! constitutes an interesting situation. Here, the pole at Kk represents a shallow bound
state (such as the deutron) and hence a stable dimer whereas the second pole at «, represents a
unphysical spurious pole. Even though the spurious pole lies far below threshold and outside the
region of applicability of the theory, these poles still need to be integrated over in the particle-dimer
integral equation. This can lead to unphysical behavior. Fortunately, these poles can be canceled out
by adjusting the renormalization prescription of the short-range three-body interactions as shown in
Refs. [216], in the infinite volume, and [217], in the finite volume.

3.3.5 Quantization Condition in the Three-Particle Sector

Similar to the infinite volume, the Faddeev equation can be written down for the particle-dimer
amplitude in the finite volume by replacing all the integrals with the pertinent sums. In the following
only the S-wave case is considered for simplicity, however for higher partial-waves one can again use
the replacement given in Eq. (7.17) and the expressions can be straightforwardly modified.

In a finite volume, the Faddeev equation is given by

Z(p, k)D™(K — )M™(k,q), (3.171)

) 1 O(A” + M = (vk)®)
M™(p.q) =Z(p.q) + I Z 2w(K)

_27n
k= L

where L is the length of the finite-volume cubic box, assuming periodic boundary condition,

k" = (w(k), k) with w(k) = VM? +Kk? and n € Z°. Note that the definition of the kernel Z(p,q)
remains the same as in infinite volume. The quantity min represents the finite-volume particle-dimer
amplitude and piin (K) is defined as follows:

1675 (fo(s))

Dﬁn(K) = — 5 ) s
q COt(SO(S) - Wzoo(l,S)

(3.172)
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-1/2
where Zgo(l; s) is the Liischer-zeta function defined in Eq. (3.48), s = Kz, v = (1 — Kz/Kg) s

(¢")* = (s/4 - M*) and d = KL/(2n).

While writing down the above expression one assumes that s > 0, for s < 0 one simply has to
carry out the following replacement Dﬁ“(K ) — D(K 2) as below the two-particle threshold these two
quantities only differ by exponentially suppressed corrections which can be neglected.

Similar to the case in the two-particle sector, the poles of the three-particle scattering amplitude
corresponds to the finite-volume energy levels. The three-particle scattering amplitude is determined
by the particle-dimer scattering amplitude and hence the poles of M™ determine the finite-volume
energy spectrum. Therefore the quantization condition takes the form of a determinant equation given
by [81]:

detod® =0,
A% (p.q) = L2w(p)5,q (D™ (K - p)) ™' = Z(p.q), (3.173)

where p, g are momenta that obey the condition A+ M - (vp)2 >0, A+ M - (vq)2 > 0. Note
that, unlike the two-particle case, here the determinant is also taken over the space of on-shell
spectator momentum (in addition to angular momentum). The quantization condition can be partially
diagonalized by projecting on the irreps of the octahedral group as shown in Ref. [177].

The three-body quantization condition given in Eq. (3.173) relates the finite-volume energy
spectrum to the infinite-volume physical observables. Considering the rest frame for simplicity, i.e.
v = vg = (1, 0), the extraction process proceeds as follows: first, the relevant terms in the NREFT
Lagrangian are identified based on the process considered and truncation is made based on power
counting arguments. This leads to the relevant Lagrangian containing only a finite number of terms.
After this step, the two-particle couplings are fixed by fitting to the finite-volume energy spectrum
obtained from LQCD calculation using the Liischer equation. These two-particle couplings can be
directly related to scattering parameters via the ERE which corresponds to physical observables.
Next, a cutoff A needs to be chosen, with which the three-body quantization condition can be used
to fix the remaining LECs to the three-particle energy spectrum obtained from LQCD. With all the
parameters successfully fitted' in the NREFT Lagrangian, the Faddeev equation can be solved in
the infinite volume using the same cutoff 1% A to calculate infinite-volume physical observables in the
three-particle sector.

3.3.6 Three-Particle Decay in Relativistic-Invariant Formulation of NREFT

After writing the Quantization condition in the three-particle sector, it is possible to move on to
studying three-particle decay on the lattice. In order to do this, an analogue of the LL-factor needs to
be derived in the three-particle sector as well. This three-body analogue of the LL-factor was derived
in the NREFT setting in Ref. [100] and in the RFT setting in Ref. [102]. The LL-factor in moving
frames was derived in the relativistic-invariant NREFT framework in Ref. [101]. The LL-factor for

15 The LECs in the infinite volume and finite volume only differ by exponentially suppressed corrections and hence can be
neglected.

16 As stated earlier, the three-particle LECs are cutoff dependent and hence the same cutoff needs to be used in both finite
and infinite volume.
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three-particle decay will be derived in the relativistic-invariant NREFT setup in this section following
Ref. [101] closely.

Before starting the derivation of the LL-factor in the three-particle case, an important issue needs
to be addressed. Typically, NREFT is applied to systems where the typical momenta of particles
denoted by p is very small compared to the mass of the lightest particle in the theory denoted by M,
i.e. p/M < 1. This is in general not true in the case of three-particle decay such as the kaon-decay.
However, if the decay amplitude can be approximated by a low-energy polynomial, the NREFT
treatment can still be applied accurately. In the case kaon decay to three pions, the real part of the decay
amplitude is measured very accurately and can be fit to a polynomial of low order in the Mandelstam
variable s; in whole region of the Dalitz plot as shown in Ref. [218]. Hence, the NREFT approach is
applicable in this case. However, it should be noted that this may not be true for every three-particle
decay and each case has to be dealt with accordingly. More generally, the NREFT approach can be
used when it is known already that the inelastic channels do not play an important role in the process
under consideration.

One starts with the particle-dimer Lagrangian derived in the previous sections and applies the
Lorentz transformation of the type given in Eq. (3.153) to write down the Lagrangian in the following
form:

Ly=¢"2w, (i(vd) —w )¢+Zo—, il lm+Z( T 0, +hc.)

L IIIPI (yJM(w m)e ) m, (A, Ad,Ad)((y]M(w m’))* ¢) o (3.174)

Im I'm’" IM LL’

where
Z (C ) #z—m AﬁllTpl Pl

Z (CTO AR AR ORI (3.175)

As stated before CL'I" u, are pure numerical coefficients that can be determined from the spherical

functions. Here, [ denotes the spin of the dimer and m = -1, .. ..
The Lorentz transformation matrix associated with the transformation above can be defined as
follows:

n.p ﬂp /.lp

AP () = ot _ VYV Yo o Yo T YoV — (VP — pH Py 3.176
ATV =g L+ (vvg) 14 (vvy) 1+(vv0) (o) = (Vv = v ) ( )

+V

The Faddeev equation for particle-dimer amplitude in this case can then be written down as follows:
Ml’m’,lm(p’ q) = Zl’m',lm (p’ q)

AN Pk )
+ —_— 7y w1 m (p, k)D //((K - k) )M " m(k’ q) s (3177)
lZm/ Q2w (k) ’ v

where My, 1,,(p, q) is the particle-dimer scattering amplitude with (/m) and (I’m’) denoting the
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spin and magnetic quantum number of the dimer in the initial and final state respectively and the dimer
propagator is denoted by D, ((K — k)?). The kernel takes the following form

47 (g e B fr () J1(5 ) Y1 (@)
2w, (K= p=q)(w,(p) +w,(q) +w, (K —p —q) —vK —i€)

+an 3 S b (pom YHEL (A A, A (w54 (a.m))” (3.178)
JM LI’

Zl’ml,lm(p’ LI) =

where

1 o o
le = —A#p(V)Apa(V,Vp)(q - k)a s qll = Eéﬂp(v)[\pa/(v’ Vq)(p - k)(l )

2
k* = KH — pH — gH, vgz(é"'k)ﬂ vgz(ﬁ'Fk)H,
5 Vs
s,=(G+k)7, s,=(p+h)7,
A=(K*=9M%), A,=(K=p)"=4M>, A, =(K-q)-4M", (3.179)

u

with £ = x* — v¥(av) + v¥'w, (x) for a general vector x* and

utu” yHyP utvP +vHuP

N (v,u) = g™~ T+ () T+ (vu) i (vu)

(vu) — (utvP —vHuP) . (3.180)

With this the three-particle quantization condition can be written down following the steps laid in the
previous section as follows:

detd® =0,
3) _ 3 fin -1
Dot 1 (P2 D) = L72w(P)opq Dy 1 (K =P) ) =2y 1 (P> 4) - (3.181)

Now, in addition to the terms mentioned in L ; one also has to include the kinetic term of the heavy
particle which is given by '
L, =h 2w (i(vd) - whh, (3.182)

where / represents the heavy particle field and wcl = \/ Mﬁ +0% — (v0)* with M ;, denoting the mass
of the heavy particle.

Moreover, one has to also consider the term describing the decay of the heavy particle into the light
particle-dimer pair. This is represented by the following term:

Lo =Vix Y 2 (16,8 (41, (W) 8) T +hic). (3.183)
Im

-1
V2 + 1
where G,;(A,) = Gl(o) + Gl(l)Ad + ... is a low-energy polynomial with Gl(i)s representing the
effective coupling in the theory”. The operator A; acts on the dimer field with its action defined

17 These couplings are assumed to be proportional to some small parameters in the underlying theory, for example the Fermi
coupling in the case of weak decays.

71
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Figure 3.9: The Two-point function G(x — y) calculated in NREFT. The particle-dimer scattering amplitude is
defined by M. The double black line represents the full dimer propagator while the single gray line represents
the particle propagator. The dark red dots correspond to the particle-dimer conversion vertices. The quantity g
is given in Eq. (3.191).

by A T}, (P) = (P2 —4M 2)T,m(P). The tree level Lagrangian given in Refs. [205, 206] can be
reproduced by integrating out the dimer fields. Finally, the full Lagrangian is given by

'£:‘£d+'£h+£G' (3184)

Two-Point Function and Matrix Element

To derive the LL-factor in the three-particle case, one starts with the two-point function

G(x-y) = 0IT(O(x)0(y))10), (3.185)

where O(x) = ¢>3(x) is a simple choice for source and sink operator. Inserting a complete set of
eigenstates of the finite-volume Hamiltonian represented by |n) leads to

Gx—y) = M1 0[00) ), (3.186)

n

where P, = 27n/L, n € Z° represents the three-momentum of the intermediate states and it is
assumed that P?, > |P| with Pg being the time component. Note that translational invariance was used
in the expression above. Performing Wick rotation'® to the Euclidean space one gets [101]

Glx—y) = Y e e Fui N 00 (0) )P, (3.187)

n

where for an arbitrary vector a* the parallel and perpendicular components are defined as follows:

ay=va, all =a" - v“a” . (3.188)

18 Defining Wick rotation in the case of a quantization axis chosen parallel to the vector v¥ is a subtle issue and can be
done by defining parallel and perpendicular components of the vectors involved and then analytically continuing to the
Euclidean space.
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Moreover, this quantity G(x — y) can also be calculated in the NREFT framework. One starts with the
expression of G(x — y) in the infinite volume in the Minkowski space, which is given by

dK, dK . )
G-y = 32/ ?Eﬁem(w)%_m MG (K), (3.189)
JT

with G(K) = G,(K) + G, (K) and

Lk, Phy |
Go(K) = _/ 2n)32w, (k;) 1) 2w, (k,)

1

X ,
2wy (K = ky = ko) (w, (ky) +w, (ky) +w, (K = ky = ky) = K| — i€)

&k, Phy | ks, Ly,

K) =4
gl( ) nlm;m”/ (27T)32Wv(k1) (27T)32Wv(k2) (27T)32Wv(k3) (Zﬂ)32Wv(k4)
y ' (K) i (K ~ k3)°)
2w, (K = ky = k3)(w, (k) +w, (k3) +w, (K = k; — k3) — K| — i€)
X &1 m 1m (k3> kg3 K)

Fi((K = k)*) (g (k)

. . (3.190)
2w, (K =y = k) (w,, (ko) +w,, (k) +w, (K = ky — ky) = K| — i€)

Here, k, k, denote the relative momenta of the particle pairs which is boosted to the CM frame of the
relevant dimers and the quantity g,/ ;,, (k3, k4; K) is defined as follows:

U’ im (k35 ka3 K) = 6516, ’2Wv(k3)53(k3,L — k4 )D(K — k3)
+ Dy (K = k3))Mpyy 1m(k3, kg) Dy (K = ky) . (3.191)

The Fig. 3.9 shows the graphical representation of G(x — y). The spectral representation can be
used to write the particle-dimer scattering amplitude in terms of the wave function (,oim (k5) and its
conjugate ¢£lm(k4), with the label n representing the eigenvalues of the Hamiltonian, as follows:

k k
M i) = 290" (—3)120”"—(164)' (3,192

The wave function introduced above obeys the homogeneous Faddeev equation which can be obtained
by substituting the above expression in the Faddeev equation and identifying the pole contributions on
both the sides. This equation is given by

k (k. q)D (K =)ot ™ (q) . 3.193
(k) = Z/ (mzw() Zom (s DY (K — )0 (g) (3.193)
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Moreover, the normalization of the wave function can be fixed by using well-known techniques, c.f.
Refs. [219, 220], and is given by

qu_ —lm d Im
1= —D;(K —
> [ Eeem AL ) A
v dq, Lk
’ ,,m,,lm/ @) 2w, (q) (272w, ()
<G DD (K )| ()| D1 K161 0 (3.194)
Ky=Py,)

Now, one also needs the analogue of the two-point function in a finite volume. Since discretization
is done in the rest frame, the integration momenta have to be boosted to the rest frame. This is done by
using

d’k, k. &K &K
Lt i L N ) (3.195)

2r)*2w, (k;) - 2n)2wk,) (212 /Pi K o /P3+Kz

Note that the volume of the box needs to be adjusted such that P?l =\M ,21 + Pi.
The two-point function in the finite volume can then be written down using Eqs. (3.191) and (3.192)
in Eq. (3.190) and integrating over K as follows:

Glr—y)= 22" 3 3 TPy ey

lm l m l// ’” l,”,m”, k|k2k3k4

M;, - K}

X

2w (k) 2w (ky) 2w (ks)2w (k)| M} + K*

wt (&) fyr (K = k3))DI (K = k)l ™ (k)
2w (K k, —k3)(w (k) +w,(k3) +w, (K —k; —k;) =P, ”)

"1

. @y " (k)DL (K = k) fi((K = kg)*) (10 (Kp))' .
2WV(K —ky —kg)(w, (ky) +w, (ky) +w, (K — ky — ky) — Pn,”)

- (3.196)

where the pole contribution at K| = P, ; with Pfl = Mﬁ and given K is singled out. Moreover,

2
K=-Yp, + K =K-vp,,. (3.197)
Yo Yo
The ellipses in the above expression denote the other single-pole contributions that appear in the
spectral decomposition of the scattering amplitude which cancel out in the rest frame. Since the
framework considered here is explicitly Lorentz-invariant this property should also be inherited to the
moving frames.
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The expression above can be analytically continued to the Euclidean space and compared to Eq.
(3.187) to extract the matrix element [{0|O(0)|n)| as follows:

A

3Var M 1 &

K0[0(0) )] = ( L > =D
Lz \/M2+K2 Im,I'm’ ki ks

o (K fy (K = k3)? )Dlmlm(K k)@l (k)

, (3.198)
2w(k1)2w(k3)2w (K -k, —k3)(w (k) +w,(ky) +w, (K —ky—k3) - n”)

where K* = ((Pn |+ VK) /v, ) and the cutoff A, is explicitly mentioned. Now, the vector v* can
be fixed along the vector K* as there is no summation in the variable K. This leads to K%' = 0.

The finite-volume analogue of the wave function also obeys the homogeneous Faddeev equation
given by
A, !
l ﬁ ll ’
SOEEDY Z Ty 2t e DD i (K= )" (@) (3.199)
llml l// ’”

and the normalization can be fixed via the following expression:

= >, Z - ()-l’"<q> D

Im,I'm’ 4

o (K = @) |0l (q)

k=P,

A
- 1 lm
+ - F"@pD™, ., (K -q)
Z ; L 2w(q)2w(k) ot

Im,'m',I"m" |1

d
dK Zl//m// " /N (q, k) ,,, ,,, l (K k)sp (k) (3200)
Ky=Pu)
Decay Matrix Element
Next, Consider the following two-point function
Gn(x) = OIT(O() T, (0))]0), (3.201)

where the current j; (2) =5 h( ) acts as the source operator for the field 4(z). Inserting a complete
set of states in the above expression and using translational invariance one gets,

Gu(x) = D e Trite ™ PnX(0]0(0) In)(nl g, (0)]0) . (3.202)

n
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Gplz) =

Figure 3.10: The two-point function G;, (x) calculated in the NREFT. The full dimer propagator is represented
by the double black lines whereas the single gray line represents the particle propagator. The dark red dot
corresponds to the particle-dimer conversion vertex and the dark blue square corresponds the sink operator

I, (0).

Again this quantity can be calculated in the NREFT in the infinite volume and is given by

Ky &Kk, _. .
I 1 —-iKyx, —-iK x
=3/ ~——<L [l 1%
Gn(x) 21 (2’ e e
-1 Lk &k &k
X47I' 1,1 2,1 3,1

A N2+ 1d 2n)*2w, (k) (27)°2w, (ky) (27)* 2w, (k3)

Im,I'm
L ilK - k)™ Y1 (K) &ty (ks ks K) ety (3) G (K = k3)?)
2w, (K = ky —ky) (w, (k) +w, (ky) + w, (K — k| — k,) — K, - i€)

, (3.203)

where G is defined below Eq. (3.183). This two-point function is shown graphically in Fig. 3.10.

The finite-volume counterpart of the above mentioned two-point function can be written down by
following the steps given in the previous section and is given by

61 =3 4n () L

12 7
i ' 1 m LT V2 LGk 240 (K ) 2w (Ko ) 2w (Ks) A/ M2 + K2
X fi((K = k2)*) 1 () D (K = key)ghy, ™ ()

2w, (K = ky = ky) (w, (k) +w, (ky) +w, (K — k| — ky) — Pn’”)

. (3.204)

where the pole contribution at K, = P, || with Pfl = M,zl for a given K is displayed explicitly.
Comparing this expression to the one in Eq. (3.202) and using Eq. (3.198), one gets

1

2 A
Sl gt = V| et 0 :
L>(n|F, (0)|0) = + 4”( ) lmz Zk:L32w(k)

,/M,21+K2 zm V2l + 1
_Im fin 2
X G (DI (K = K)gy e WG (K ~ K)?). (3.205)

The finite-volume decay matrix element is real-valued and hence the + sign gives the phase of this
quantity. Although, the choice of sign is a subtle issue and is detailed in Ref. [102], similar to Ref.
[101], in rest of this section the above mentioned matrix element will be defined with the positive sign.
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(P(k1)P(k2)D(Ks); out| J5(0)]0) =

Figure 3.11: Graphical representation of the infinite-volume decay matrix element. The full dimer propagator is
represented by the double black lines whereas the single gray line represents the particle propagator. The dark
red dot corresponds to the particle-dimer conversion vertex.

Moreover, in the infinite volume the decay matrix element is given by

(B(k) (k) (ky); outl.7, (0)]0) = 4 Z mz J= (2@ G MK =k )
X gzm,z'm’(kj, ki K)ypy (K)Gz((K -k)?). (3.206)

This decay matrix element is explicitly Lorentz-invariant and is shown in Fig. 3.11.

LL Formula in the Three-particle Sector

As stated before the quantity G;(A,) is a low-energy polynomial and can be expanded as follows:
G (M) =G +G VA +..., (3.207)

implying that at any given order in the NREFT power counting, only a finite number of couplings Gl(i)
need to be considered. For a generic small parameter € with p | = O(¢€), at O( 62"), N = (n+1)(n+2)/2
couplings Gl(i) need to be taken into account with i = 0,...,n —[/2. Note that, the operator A,
counts as 0(62) and the function z; _,,, (k) counts as O(el) where [ represents a given even angular
momentum quantum number. This number N can be further reduced based on symmetry arguments.

Consider a lattice setup ¢ with the total momentum represented by K, and box length represented
by L. One can then write down the finite-volume decay matrix element in this lattice setup after
expanding G;((K — k)z) as follows:

3 2n n-1/2 ) ) N
L(nlJ, (0)[0), = Z al"(K;, LG = Z Ar0Gq - (3.208)
=0 i=0 a=1

where the expression for q, )(K ¢+ L) can be obtained by comparing the above expression to Eq.
(3.205).
The infinite-volume decay matrix element can also be written down in a similar form and is given by

2n n— l/2

(6 (k)¢ (k) d(ks): outl T (0)10) = > 7 A (K)G)” = ZA (K)G, . (3.209)

=0 =0
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where K represents the total momentum of the three-particle system and the expression for A l(i) (K)
can be obtained by comparing the above expression to Eq. (3.206).

The dependence of the infinite-volume matrix element on the couplings Gl(i) can be removed by
making N measurements of the finite-volume decay matrix element in different lattice setups and
using Eq. (3.208), resulting in the following expression

N 3 R
(k) p(ky) p(K3); 0utl T, (0)]0) = > (@), L2 |(n].F, (0)[0)] - (3.210)
=1

Here (®;), represents the LL-factor in the three-particle case and is given by

N
(@3), = Y A (K)(@ s (3.211)
a=1
with
A (K) = (A(()O)(K) AV K) AN (K) LAY (K))
a(()o)(Kl,Ll) al" (K, L) .. aON)(Kl,Ll) oo alV (KL L)
a= : (3.212)
“”(KN,LN) al’ (Ky.Ly) ... a (Kn.Ly) .. “”(KN,LN)

and a”! being the inverse of the matrix a. Note that the lattice size L, has to be fixed such that

K’ = ,/M,Zl + K% for every £.

Similar to the two-particle case, the LL-factor in the three-particle case only depends on the
short-range interaction of the light particle. However, unlike the two-particle case, the LL-factor here
is a matrix. The process of extracting the infinite-volume decay amplitude proceeds as follows: first,
the LECs in the two-body and three-body sector are fixed by fitting to the finite-volume energy spectra
using the respective quantization conditions. With this, the amplitudes A l(l) (K) and a l(l) (K, L) can be
determined. Next, the finite-volume decay matrix element is extracted in different moving frames,
ensuring the energy level of the moving heavy particle coincides with the energy of the three-particle
eigenstate by fixing the box size as needed. Finally, the infinite-volume decay amplitude can be
calculated using the LL-factor as derived above. One of the aims of this research project was to apply
this compact formalism to the weak decay of kaon into three pions and determine the LL-factor. This
will be detailed in Chap. 7.
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CHAPTER 4

Liascher Equation with Long-Range Forces

The content of the following chapter is based on the publication

* R. Bubna, H.-W. Hammer, F. Miiller, J.-Y. Pang, A. Rusetsky and J.-J. Wu, Liischer equation
with long-range forces, JHEP 05 (2024) 168, arXiv: 2402.12985 [hep-lat]

A modified version of the Liischer equation is derived in the presence of the long-range force caused
by the exchange of a light particle. This long-range force leads to strong partial-wave mixing and the
t-channel sub-threshold singularities. The modified Liischer equation enables one to circumvent these
problems effectively. The approach detailed in the following is intrinsically linked to the so-called
modified effective-range expansion (MERE) in the infinite volume. Moreover, a detailed comparison
with the two recently proposed alternative approaches was also discussed.

In systems such as the NN system, exchange of light particles lead to the partial-wave projected
amplitude developing a r-channel cut which lies relatively close to the threshold. The original
Liischer’s method is no more applicable, as it would predict a real K-matrix in this region, where the
K-matrix is complex. Moreover, above threshold the presence of long-range interactions result in the
partial-wave expansion converging very slowly. The aim of this project was to address these issue
and provide a modified Liischer equation for extracting physical observables from lattice data in the
presence of long-range interactions. Technical considerations such as spin, relativistic kinematics or
moving frames are relegated to future publications.

To achieve the goal of modifying the Liischer equation, the long-range and short-range part of
the potential were split and then the modified effective-range expansion introduced in Ref. [64] was
used. The MERE utilizes the fact that the long-range potential is explicitly known. Furthermore, the
MERE helps to define a modified effective-range function which is a low-energy polynomial with a
larger radius of convergence than the original ERE. The project started with recasting the MERE in
the language of NREFT, following Ref. [222] closely. An important point to note here is that the
functions, corresponding to the long-range part, entering the MERE are only defined for "superregular”
potentials [202]. Potentials such as the Yukawa potential, considered here, which do not fall in the
category of superregular potential have to be modified. This modification boils down to imposing
a renormalization prescription. The choice of this renormalization prescription does not affect the
result, albeit some regularization schemes would be more numerically stable than others. Moreover,
the long-range potential is assumed to be local and spherically symmetric. These constraints on the
long-range part play an important role in the derivation of MERE. It was explicitly shown that the
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modified effective-range function is indeed a low-energy polynomial and all the effects related to the
long-range part were included in functions that do not depend on the short-range part.

At the next step, the MERE was then reformulated in a finite volume using the eigenvectors of the
long-range part of the Hamiltonian and replacing integrals with finite-volume sums. After that, a
modified quantization condition with the long-range part split off was derived. This modified equation
requires the definition of the modified Liischer function. Even though this modified function is free
of UV divergence, due to the renormalization prescription imposed on the potential, it still requires
a matching to ensure consistency with its infinite-volume counterpart. This issue was discussed in
detail both above and below threshold. The author independently checked all the formula given in
the text. Moreover, numerical tests with the long- plus short-range potential were carried out by the
author, which verified the analytical results. However, these tests were not included in the final text.

The modified Liischer function can be calculated explicitly as the long-range potential is a well-
known function whereas the parameters of short-range interaction which is encoded in the modified
effective-range function can be fit from lattice data. At the end, this approach with the modified
Liischer equation was qualitatively compared to existing approaches proposed in Refs. [56, 57, 60—62].
A complete numerical implementation of the modified Liischer equation is considered in the next
chapter.

4.1 Introduction

In recent decades, the Liischer method [33] has become a standard tool for the extraction of the
scattering phase shifts from the finite-volume energy levels, measured in lattice QCD. The method has
been generalized to the case of moving frames, particles with spin and coupled two-body channels (see
here [34-36, 39, 41, 42, 223-228] for a representative list of references). In all cases, the formalism is
based on the fundamental assumptions, namely:

* The interactions between particles are short-range. The relation R/L < 1 holds, where R is the
characteristic range of interaction and L denotes the size of the cubic box (the spatial extension
of the lattice) in which the system is placed. The quantity R is typically given by the inverse of
the lightest mass in the theory, R ~ M -

¢ Owing to the condition R/L < 1, the polarization corrections, proportional to exp(—L/R),
are strongly suppressed and can be neglected. This allows one to write down an equation
(referred to as the Liischer equation or the two-body quantization condition), which determines
the finite-volume spectrum in terms of the observables (S-matrix elements) only. The details of
the short-range interactions do not matter.

¢ Again, owing to the condition R/L < 1, the partial-wave mixing is small, and it is possible to
truncate higher partial-waves in the Liischer equation.

Obviously, the condition R/L < 1 is violated, when the scattering in the presence of the
electromagnetic interactions is considered (QCD+photons on the lattice). Moreover, at physical quark
masses the pions are rather light, which leads to problems in the study of nucleon-nucleon interactions
on the lattice. Namely, as explicitly demonstrated in the recent paper [56], the partial-wave mixing at
the physical point in the Liischer equation for the NN scattering is indeed substantial. A closely related
problem is the appearance of the so-called ¢-channel (left-hand) cut in the NN partial-wave scattering
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amplitudes, running from negative infinity till s = (2m N)2 -M 72r along the real axis in the complex
s-plane, see, e.g., [59, 60] (Here, mp, and M denote the nucleon and the pion masses, respectively.).
Since M, < m, in nature, the gap between the 7-channel cut and the right-hand unitarity cut is very
small. On the other hand, as seen in the latest studies of the NN scattering on the lattice, many energy
levels are located on the -channel cut (see, e.g., Fig. 3 in Ref. [55]). The standard Liischer approach is
obviously not applicable in this case. Note also that NN scattering is not only the physically interesting
process where these problems emerge. For example, in the description of the 7...(3875)" state the
same problem shows up in full glory. Moreover, it can be seen that the structure of the singularities is
completely different in the two cases M, < Mp+ — Mp and M, > Mp+ — Mp,, and hence reveals a
critical dependence on the values of quark masses used in the lattice calculations [58].

As a remedy to the above problems, the authors of Ref. [56] have advocated solving the quantization
condition in the three-dimensional plane-wave basis, in order to determine the parameters of the
effective chiral Lagrangian directly from the fit to the lattice energy levels." A similar method has
recently been applied to the analysis of lattice data aimed at the extraction of the 7,.(3875)" pole [57,
58].% This proposal solves the problem in principle and translates the output of lattice calculations into
the parameters of the effective Hamiltonian. The phase shifts and other infinite-volume observables
are then obtained by solving integral equations in the infinite volume. As a side remark, note
that a (conceptually) similar solution is adopted in all formulations of the three-body quantization
condition [67-71, 231], where no other approach to the problem has been found so far. However, in
the much simpler two-body case, one is tempted to look further for the alternatives (similar to the
Liischer formula) which directly express the finite-volume two-body spectrum in terms of the physical
observables.

An alternative solution, which has been suggested recently [59, 60], is based on splitting the hadron
interactions into the long-range and short-range components that are then treated separately. In this
respect, the approach described in these papers is conceptually close to the one pursued in the present
work. While a detailed comparison of all existing approaches will be given at the end of this work, we
still mention here the most important difference between Refs. [59, 60] and our approach. Namely, in
Refs. [59, 60] an auxiliary on-shell K-matrix K°® has been introduced, which has to be determined
from the fit to the lattice data. Once this is done, one should solve the integral equations, in order to
arrive at the physical amplitudes. So, it is essentially a two-step process. In our approach an analog of
this auxiliary K-matrix is introduced as well. However, its relation to the physical amplitude has an
algebraic form and there is no need to solve integral equations. From this point of view, our approach
is closer to the original Liischer single-step formalism than the approach described in Refs. [59, 60].

Note also that in Ref. [61], in the context of the study of the T,..(3875)" meson, it was proposed to
solve the problem of the #-channel cut by writing down three-body equations, even in case of a stable
D" meson. Below, we shall consider this proposal in more detail. Here we only note that, in latter
case, it is very close to the solution proposed in Refs. [56—58].

For completeness, we also note that, the two-body quantization condition (as well as the two-body
Lellouch-Liischer formula) in the presence of the Coulomb force was considered in Refs. [232-234].
In the final expressions, the Coulomb potential has been treated perturbatively in the fine structure

! Albeit all calculations in Ref. [56] have been carried out in the framework of the chiral EFT, one could choose here any
EFT that allows a controllable expansion of the scattering amplitude in some small parameter(s) in the energy region of
interest.

2 Note also that earlier the same method has been used in the continuum, namely, for the study of the energy dependence of
the NN scattering amplitude at non-physical quark masses as well [229, 230].
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constant. Such a treatment can be justified for sufficiently small values of the box size L.

The aim of the present chapter is to address the problem of the long-range force in the Liischer
equation in a general fashion and to derive a modified Liischer equation, which has a much larger
domain of applicability than the original one. To simplify life as much as possible, in the present
situation we do not consider the theories with massless particles — the inclusion of QED is relegated
to future publications. Furthermore, we ignore purely technical issues like the inclusion of spin,
relativistic kinematics or moving frames. The key observation that allows one to achieve the stated
objective is that the long-range part of the potential, which gives rise to all above problems, is usually
well known and can be expressed in terms of few parameters that can be accurately measured on the
lattice. The short-range part of potential is unknown and should be fitted to the lattice data on the
two-body energy levels by using the modified Liischer equation.

We shall see below that the method to achieve the above goal is to reformulate the so-called modified
effective-range expansion (MERE) [64] in a finite volume. To this end, in Sect. 4.2 we invest a
certain effort to relate MERE to the non-relativistic effective theory (NREFT) framework along the
lines described in Ref. [222] and discuss, in particular, the inclusion of the non-derivative couplings
which were omitted in Ref. [222]. The latter framework can be directly recast in a finite volume, as
done in Sect. 4.3, and leads to a modified quantization condition with the long-range part split off.
Section 4.4 is dedicated to the comparison of our approach to alternative ones known in the literature.
The numerical implementation of the proposed framework constitutes a separate piece of work and
will not be considered here.

4.2 Modified Effective-Range Expansion in the Effective Field Theory
Framework

4.2.1 Modified Effective-Range Expansion

In Ref. [64], van Haeringen and Kok consider a non-relativistic scattering problem for a sum of two
local, rotationally invariant potentials:

V(r) =V (r)+Vs(r). 4.1)

Here, V; (r) and V(r) denote the long-range and short-range parts of the potential, respectively. Due
to the long-range nature of the full potential, the effective-range expansion in the partial-wave with the
angular momentum ¢,
20+1 11 5
g~ cotd(g) =——+zreq + -0, 4.2)
a, 2
has a very small radius of convergence. This happens, e.g., if the effective range r, and the subsequent
coefficients (shape parameters) are unnaturally large. However, for a general long-range potential it is
also possible that the radius of convergence is zero, as in the case of a Coulomb potential.
Further, the authors define the function

20+1

KM (%) = M(q) + 1 (cot(5,(q) - op(q)) — i) - (4.3)
1£:(9)|
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4.2 Modified Effective-Range Expansion in the Effective Field Theory Framework

Here, 6,(q), 0,(q) denote, respectively, the full phase shift and the phase shift in the problem with
the long-range potential V; (r) only (i.e., setting Vs (r) = 0). Furthermore,

L\ 20+1
1 ( ig\ ., d e fe(q,r)
M =— |-= 4.4
where f,(g,r) is the Jost solution in the case V¢(r) = 0, and
¢ —itn/2
_qe 2c+1) .
felq) = 2r+ lim * f¢ (g, 7). (4.5)

The main result of Ref. [64] consists in demonstrating the fact that the quantity K, {M (qz), defined by
Eq. (4.3), is a polynomial in the variable qz, with a radius of convergence much larger than the original
version of the effective-range expansion, displayed in Eq. (4.2).

The derivation given in Ref. [64], however, has a caveat that has been briefly mentioned already
in the same paper and was discussed in more detail in Ref. [202]. Namely, the quantity M,(q) is
well-defined, if and only if the potential V; (r) is regular enough at the origin, so that r_Z‘}VL (r) stays
analytic at » = 0. The class of such potentials is termed “superregular” in Ref. [202]. The usual
Coulomb or Yukawa potentials do not belong to this class, even for S-wave scattering.

If one is dealing with potentials which are not superregular, one has to use certain convention
on top of Eq. (4.4) in order to define the quantity M,(q). This is nothing but a renormalization
prescription that has to be imposed on the ultraviolet-divergent loop containing an arbitrary number of
instantaneous “‘exchanges” corresponding to the potential V; (). A non-trivial problem consists in a
mathematically consistent formulation of the renormalization prescription, using the same language
as used in the derivation of Egs. (4.3) and (4.4). There exists a well-known exact solution of the
problem for any ¢ in case of the Coulomb interaction that is given in the textbooks, see, e.g., [235].
The solution for a general potential which is less singular than #7317 is discussed in Ref. [202] albeit
only in the case £ = 0 and, roughly speaking, boils down to a subtraction of the g-independent
(divergent) constant from M,(g). We are not, however, aware of the discussion of the case ¢ # 0 in
the literature. The term that is divergent at r — 0 can be identified in this case as well. However, its
coefficient is g-dependent, in general, and the challenge consists in showing that this coefficient is
a low-energy polynomial in q2 in the wide region determined by the heavy scale. For this reason,
here we adopt a different strategy. Namely, we truncate the partial-wave expansion ¢ < {5, from the
beginning and regularize the potential V; (r) in order to render it superregular. For example, a kind of
the Pauli-Villars regularization will perfectly do the job in case of the Yukawa potential we shall be
primarily dealing with:

ge—Mnr ge—Mnr 2 t1 ge—Mir
Vi(r) = —— - Z‘ c

(4.6)

Here, M; = n;M, where M denotes a typical heavy scale of the theory (determined, for instance, by
the inverse range in Vg(r)), whereas n; are numbers of order unity. The requirement that the first
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2€ax + 1 terms in the Laurent expansion vanish leads to the following linear system of equations:

26 naxt+1
1 = Cl N
i=1
26 naxt+1
- i
M i=1
2¢ 28ax+1
Mﬂ max max 20
W = cini . (47)

i=1

It is straightforwardly seen that the regularized potential is indeed superregular for all £ < £,,,. Note,
however, that the 2¢,,,, + 1 equations in Eq. (4.7) do not determine the n; and ¢; uniquely. The
constants n; have to be picked such that the masses M; = n;M are of order M and different from each
other. This ensures that Eq. (4.7) has a solution and no unnaturally large coefficients c; emerge.

Finally, in the splitting V(r) = V (r) + V¢(r), one could modify both V; (r) and V(r), adding and
subtracting the same string of the short-range Yukawa terms. This will render V; (r) superregular and
will not change the interpretation of V¢ (r) as a short-range potential. Hence, the above regularization
serves solely the purpose of recasting the potential into the form that obeys the requirements of
Ref. [64].

4.2.2 NREFT Framework

In the literature, there have been several attempts to reformulate the modified effective-range expansion
in the effective field theory language [222, 232, 236, 237]. We shall mainly follow the path outlined
in these papers and derive an analog of Eq. (4.3) in the effective field theory setting. In order to do
this, we recall that, in the non-relativistic effective field theory, the scattering amplitude is merely a
solution of the Lippmann-Schwinger (LS) equation with the potential determined by a matrix element
of the interaction Lagrangian between the free two-particle states. We still assume that the potential
is a sum of long-range and short-range parts, but do not assume anymore that the potential is local.
The short-range potential in momentum space is a familiar low-energy polynomial. Its partial-wave
expansion can be written in the following form

PIVsla) =47 ) Yo (BIVS (P, @)Y} (@) (4.8)
{m
Here,
o] a
Vi =(pa) Y > ciP @), b =cpe. (4.9)
a=0 b=0

Furthermore, p = |p|, p denotes a unit vector in direction of p, and Y,,,,(p) are the spherical harmonics.
Writing down explicitly the first few terms in the potential, one gets

(pIVsla) = Co° +3C°pq + Cy (P> +q*) +- - -, (4.10)
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Figure 4.1: Lippmann-Schwinger equation for the full 7 matrix (circle marked 7°) in momentum space. The
circle marked V indicates the full potential while the pair of internal solid lines represent the free two-particle
Green function G. Closed loops imply a momentum integration.

which in the position space corresponds to a sum of a §-like potential and the derivatives thereof.
The long-range potential might be taken to be the regularized Yukawa potential, corresponding to an
exchange of a light particle, see above. In any case, it is assumed to be local. Furthermore, ultraviolet
divergences will be present in the LS equation, in general. We assume that these divergences are
regularized and renormalized in a standard fashion (say, the power-divergence subtraction (PDS)
scheme, bearing the case of NN scattering in mind). Since the presence of a long-range force non-
trivially affects only the infrared behavior of the theory, it is expected that the issue of renormalization
is inessential in the present context. To simplify things, one could also merely assume that the
momentum cutoff is performed at a very large value A, and the A-dependent effective couplings are
adjusted order by order to reproduce the behavior of the S-matrix elements at low momenta.

The fully off-shell LS equation for the 7" matrix is illustrated in Fig. 4.1. The corresponding integral
equation in momentum space is given by

. &Ik V(R.KT(k q:j +ie)
T(p, q; g5 +ic) = V(p,q) +/ 3 A : (4.11)
(27) k™ —qgy—is
where the explicit expression for the two-particle Green function
. (2m)’5*(p - q)
(plGy(q5 +ie)lq) = —— . (4.12)

P —qy—ie
was used and the regularization of the momentum integration with the cutoff A is left implicit. The
partial-wave amplitudes are defined as follows:

L2 . _ A L2 . * A
T(p’ q; q0 + 18) =4n Z Yfm(p)Tf (P, q; 90 + lE)Y[m(Q) . (413)
‘m
The phase shift is related to the on-shell partial-wave amplitudes via:
4
qocotd,(qg) —iqo

T, (g0, 903 45 + i€) = T, (o) = (4.14)

Next, we split the full potential into the long- and short-range parts, V = V; + Vg, and define the
scattering amplitude 7} and the Green function G for the long-range potential only. This construction
is shown diagrammatically in Fig. 4.2. The first line gives the LS equation for 7, , while the second
line gives the expression for G; in terms of G and T; . Both quantities are needed for the NREFT
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8 8w

= -

Figure 4.2: Definition of the scattering amplitude 7} (first line) and Green function G (second line) for the
long-range interaction only. Further notation as in Fig. 4.1

- © 01 0

Figure 4.3: Diagrams for the short-range 7 matrix 7; . Note that the loop integration now involves G instead
of G. Further notation as in Fig. 4.1

@@ @@
-9 @ @

Figure 4.4: Diagrams for the full T matrix expressed through 7; and Tg. Further notation as in Fig. 4.1

formulation of the modified effective-range expansion. The explicit expressions read

Vi +VGo(gp +ie)Ty (g0 + is) ,
Go(q% +ig) + Go(q% + is)TL(q% + ia)Go(q(z) +ig). (4.15)

TL(‘]S +ig)
GL(‘]% +ig)

Moreover, we define the short-range 7" matrix 7Ty,
To(qh +i€) = Vs +VsG (b +ie)Tg(qp + is) . (4.16)

which is shown diagrammatically in Fig. 4.3. Note that the loop integration now involves G instead
of G. Using these definitions, the full 7 matrix can be expressed as

T(qy+ig) = Ty (qo +ie)
+ (1+T.(q5+i8)Golqs +ie)Ts(qg +i)(Go(qg +ie)T (qy +ie) + 1), (4.17)
which is illustrated in Fig. 4.4. This amounts to adding 7; and T dressed by 7; in all possible ways.
The above expressions are of course familiar from the theory of scattering on two potentials.

Note that we have used operator notation in Egs. (4.15, 4.16, 4.17) to keep the notation clear. The
integrations over intermediate states will only be shown explicitly in the following when required for
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clarity.

In order to simplify life further, we assume that the long-range potential is repulsive and does not
create bound states. Then, the spectral representation of the long-range Green function takes the form:

Pr Pl W )

, (4.18)
(271)3 K> - q(z) —ie

(PIG (g3 +ic)lq) = /

where wl(f) denote the eigenfunctions of the Hamiltonian H; = H, + V;, corresponding to the

eigenvalue k%, and (+) specifies outgoing/ingoing boundary conditions on the wave function. These
wave functions can be constructed with the use of the Mgller operators:

(1+Go(k* £ ig)T, (k* £ ig))|k) = Q(k* +ig)|k),
K|(1+T, (k> Fie)Go(k* Fig)) = (k|Q'(k* ig) . (4.19)

i)
W]

Now, let us consider the Born series for the quantity

(PIQT (g5 - ie) T (g5 + ie)Q(q5 +ie)|q)
- /k (Pl (3 - i)l V)l g + ) )

f : 1
e / (I (g5 — i2) Ik )k, Vg [y ) o [ ) ———— (™ [ks)
Kk ky, ks kg1 I"—qq—is

X (K3 Vs ky) (ky|Q(g5 +ie) Q) + - - (4.20)

/ = d’k, 4.21)
K ()} '

On the energy shell p2 = q2 = q%, the above expression simplifies to

where we have used the abbreviation

(PIQT (g5 — ie) T (g5 + ie)Q(qg + ie)|q)
- / WS Ik (K Vs o) (a7

kK,
_ 1
+ / <‘//;(> )|k1><k1|Vs|k2><k2|lﬁ1(+)>ﬁ <¢1(+)|k3>
K.k ks Ky, I"—qy—is
X (ks Vs k) (R lyrg™) +-- -

(4.22)
The partial-wave expansion of the asymptotic wave functions is defined as follows:
Py = > Y (DI (k, p)Yi (R) (4.23)
tm
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Furthermore,

*

(7 ko)) =70 (0P ko)) (4.24)

where o, (k) denotes the scattering phase shift in case of the long-range potential only. Now, the
partial-wave expansion of the quantity defined in Eq. (4.22) is given by

(PIQ" (g5 — i8)Ts (g5 +i8)Qqp +ie)|@) =47 D" Ve (9)e™ 7By (q0) Y} (d), (425

tm
where
L &’k Vs(p.k)B(k, q; g5 +iz)
B(p,q;q%+18)=Vs(p,q)+/ S : (4.26)
(2m) k™ —qy—is
Vs(p.q) = (i) Vsl ™). (4.27)

and B,(q,) is equal to the partial-wave amplitude B,(p, g; q(z)) on the energy shell p2 = q2 = q(z). In
analogy to Eq. (4.14), one may write

4

B(q¢) = z — . (4.28)
qo co0to,(qo) = iqg
Using Eqgs. (4.17) and (4.25), one finally gets:
5¢(q0) = 6¢(q0) — o4 (qp) - (4.29)

4.2.3 Non-Derivative Interactions

Let us first restrict ourselves to ¢ = 0 and assume that only the coupling Cgo is different from zero.
Then, the potential V is separable:

Ts(p.a) = (557 (0)) €0 (0). (4:30)

Here, (,7/((1+) (r) stands for the wave function in the coordinate space. Then, on the energy shell |q| = ¢,

the S-wave amplitude takes the form

{7 0
By(q¢) = — , 4.31)
)T -6V (g0))
where
Pk 0P 0))?
(G} (q9) = / o szq%_ia. (4.32)
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Let us now assume that the conditions of Ref. [64] are fulfilled and, namely, the long-range potential
V; is local. It is convenient to define the partial-wave expansion of the Green function in the
momentum/coordinate spaces as follows:

PIGL(g5+ie)la) = 47 ) Yo (®)GL(P.4: 0+ i)Y (@)
tm

G L(qo+ie)W) = 4w ) V(DG (r, w3 g5 +i8) Y (W) (4.33)
tm
with %,,,(z) = z'Y,,,(2). Then,
(GL (qo)) = lim GL(rowiqh +ie). (4.34)

Using the result of Appendix A.1, we can write

1

—— M,(q,) + real polynomial in q2 , (4.35)
4r(2e+ 112 0 0

(Gl (q0)) =

where M, (q,) is given by Eq. (4.4). The real polynomial can be safely dropped as it corresponds to
the choice of the renormalization prescription.

Next, we express the wave function at the origin, which appears in Eq. (4.31), through the scattering
wave function ¢y(k,r) = ¢o(k, k,r) defined in Eq. (A.3). Using

- .| ok, r) 1
¢ (0)] = lim = (4.36)
] e VAT
along with Egs. (4.28) and (4.31), we obtain
4n q9 z .
— = My+ ——— (cotoy(qg) — i) 4.37)
Co’ | folao)l®

for the S-wave phase shift. The essence of the modified effective-range expansion is now crystal clear:
it has a larger radius of convergence which is governed by the short-range potential only.

4.2.4 Derivative Interactions

Consider now the situation when the matrix element of the potential Vg is a generic low-energy
polynomial defined in Eq. (4.10). This is no more true for the potential V¢ (p, q), defined in Eq. (4.27).
Here, we wish to address the structure of the latter in more detail. The partial-wave expansion of the
Vs is given in Eq. (4.8). Convoluting this equation with the wave functions, integrals of the following
type emerge
3
Af = / (ZTI; Vem® @) Pluy”) . (4.38)
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One can now use the identity
()" = (- K +K)" = (p? - k) +a(p’ - k) TR+, (4.39)
and rewrite Eq. (4.38) as

s o (D) Pal s
Af = 1im %7, (1Y) ) —é, (; — bo)’, (K’ (K +2)* P (1) (4.40)
b=0 "’ '

Here, as in Ref. [64], it is assumed that the long-range potential V; (r) is local and spherically
symmetric. Furthermore, consider the case ¢ = 0 first. Using the Schrodinger equation, one then gets

(K> + A)wl(:)(r) = const - VL(r)zpl(:) (r) — const - VL(O);bl(:) (0), asr—0. (4.41)

In the case of a regularized Yukawa coupling, the quantity V; (0) is finite.

Acting now with the operator (k2 + A) on both sides of this equation once more, one gets a term,
containing Vz, as well as terms with the space derivatives acting on V; (r). Continuing this operation,
we get a string of terms, containing ViV V (r). Furthermore, owing to the rotational symmetry,

. _ ) Gy 6ii +PErM)Vy, even k,
Hm Vi, Vi Vi (r) = { 0 odd k.

(4.42)
One could stick to the dimensional regularization here, in which all V; are finite. Furthermore, in
the dimensional regularization, V, ~ ,uk , where u denotes the small mass scale of the long-distance
potential (the pion mass M, in case of Yukawa interactions). We remind the reader that we are dealing
here with the long-distance (infrared) problems, for which the details of the ultraviolet renormalization
should not matter.

The Kronecker §-symbols, which are present in Eq. (4.42), can be further contracted with V; - - -
acting on the wave function, turning them into the Laplacians A that can be again eliminated with the
use of the Schrodinger equation. At the end of the day, for £ = 0,

A = > (0 R (0), (4.43)
b=0

where the coefficients hg_b are expressed through V; (0) and the derivatives of the potential at the
origin. It is important to mention that the mass scale in the derivatives is set by the long-range potential
and, therefore, the expansion in the derivatives is converging fast.

Next, consider the case ¢ # 0 and restore the factor %;,,(iV) in the expression for A7. This
factor contains exactly ¢ derivatives which should be commuted through all potentials to the right.
Performing the limit r — 0, it is straightforward to ensure that

At

206 g™ lim %5, (V) ()
P r—
£ 9e(k,T)

a
2ya-byb . * 7
4an_0c(,(k) g lim i == Y, (k), (4.44)
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where
£
026+ 1
¢80 = im ¥, (i)Y, (r) = g(smm, . (4.45)
r—0 471'
Furthermore, using
fim 22k K (4.46)
r=0 T f(k)E+ DI '
one obtains
7 1 %524
Vip.q) = - (rq)" Vs(p.q),
[2¢+ DU (p) fr(9)
Vi) = Y > C (M. (4.47)

a=0 b=0

In the above expression, the couplings C‘?b are expressed through Cffb in form of the series in the small
scale y. In other words, no unnaturally large couplings emerge. This property is crucial for arguing
that the sum, given in the above equation, still represents a low-energy polynomial. To summarize,
Vg (p, q) unlike Vg (p, q), is not a low-energy polynomial. The difference is however minimal and
boils down to the Jost functions that enter the expression as a multiplicative factor.

At the next step, we carry out the partial-wave expansion in Eq. (4.26) and use the following ansatz
for the partial-wave amplitude:

1

(s DR )@ (Pa) By (p.q:q5 +is) . (4.48)
WP fo

B,(p.q;q5+ie) =

This gives
_ - K>dk K Vi(p, k)B,(k,q; ¢} +i€)
Be(p,q;q5+18)=V§(p,q)+/ 5 5 S o070 :
2n° [+ DN fr (k)| k*—qy—ie
(4.49)
Let us now define a new amplitude that obeys an integral equation with a regular kernel:
L2y _ ol
R/ (p.q:90) = Vs(p.q)
2 20 >0 N4 )
/ k=dk k Vs (P, k)R (k. g3 qp) = Vs (P> a0) R (90 43 90) (4.50)
2n (L + DUPIf (0P K - qp

These two amplitudes on the energy shell are related by

N 2 . 2
R, (q0- 905 90) + B¢ (0. 905 95 + i) R (90, 905 90)

k*dk K% 1
/ . . e — . 4.51)
277 [(20+ DUPIf (k) kP = ) —ie

_ , .
B(q0, 90 90 + i€)

X
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_ -1
Notethat R,(p, g; qé), like Vg (p, q),is alow-energy polynomial. Identifying Kéw (q(z)) = [R[ (90> 90: qg) ,
we obtain:

2
90
| (qo) P[220+ 1)1]

Finally, using Egs. (4.28) and (4.35), one arrives at the modified effective-range expansion as given in
Eq. (4.3), with K {I;VI (q(z)) being a low-energy polynomial.

-1
B,(qq) = - {K% (q0 q0) — <Gi<qo>>} : (4.52)

To summarize, using effective field theory methods, we have rederived the modified effective-range
expansion formula of Ref. [64], where the effects of the long-range interactions are separated and
included in the functions f,(q) and M, (q) that do not depend on the short-range potential V. This neat
separation is, however, based on the assumption that the long-range potential V; (r) is local. The most
important cases of the long-range force: the one-pion exchange as well as Coulomb interactions are
exactly of this type. It can be further expected that, with some effort, the method could be generalized
to the case of a finite sum V() + (AV,(r) +V,(r)2) + VV5(r)V +. ., albeit the final formula probably
takes a more complicated form (Here, the couplings in front of V,(r), V,(r), V5(r), . .. are assumed
to be of natural size.). Here, we are not pursuing this idea further. On the other hand, a generic
non-local long-range potential (say, a separable potential with a very smooth cutoff) is most likely not
amenable to this kind of treatment at all. In other words, in general, there are two mass scales present
in the potential V; — the one associated with the momentum transfer and the one associated with the
relative momentum in the CM frame, respectively. A long-range potential, in which the former scale
is small whereas the latter scale is of a natural size, can be treated with the method in a similar way as
described above.

4.3 Modified Liischer Equation

4.3.1 Derivation of the Quantization Condition

In a finite box, the Green function G L(q(z)), which enters in the equation for T (q(z)), can be expanded
in a sum over all eigenvectors of the Hamiltonian H; in a finite volume:

AL D W . 4.53)
n n~ 40

Furthermore, the finite-volume spectrum of the system is determined by the pole positions of the
full 7-matrix that can be written down in a form of a finite-volume analog of Eq. (4.17). Using the
fact that the poles of T; will eventually cancel [238] (see also Appendix A.2), it is straightforward to
conclude that the spectrum will be determined by the poles of 7. Moreover, it is easily seen that no
spurious poles emerge, since the poles that emerge in G are shifted by the short-range interaction.
Using now the basis of eigenfunctions of the Hamiltonian H; and defining the quantity

B (q3) = (W, |Ts(q0) W) (4.54)
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we get

- - 1 -
B ="+ ) Vélkﬂzakm, V2™ = Vsl - (4.55)
k k— 490

(The dependence of B on q% is suppressed hereafter). Furthermore, using the partial-wave expansion

n 1 *
Vim= 5 2, Yin @RIV (4.56)
P
we get
n \* € m
WalVslw) =41 > (VE) V5 (G @) S0 Syt Vi - (4.57)
tm,0'm’

The next steps in the derivation repeat those in the infinite volume. We use the following ansatz for
the matrix B

Bnm =4n Z (V?m)* Bt’m,{"m'(Qn’ 9m> qg)v';m’ ’ (458)

tm

and get

S 2 24
Bfm,['m' (qn’ 9m> qO) = VS (Qn’ qm)éff'émm'

47rv’g (vk,, ,,)*
— ¢ m 'm — 2
+ Z Z Vs(@n a1) ——F———=—— B’ o' (41 4> 90) - (4.59)

k ¢"m" qk qo

Define again

fm

4k (v’{f,, )

2y ot z : m

Rfm,[’m’(qn’ qma C[o) = Vs(qn, qm)(sff’émm’ + ﬁ
k [’”m" qk — qO

—C 2 5 2
X (VS (45 ‘]k)Rf”m”,f’m’(le qms90) = Vs (qn QO)Rf"m",f’m'(CIO’ Gms 510)) . (4.60)

The infinite-volume limit in this (subtracted) equation can be performed, and the quantity R,,,, ;. (P, q; q%)

tends t0 670,/ Ry (P> G5 qé) in this limit. On the mass shell, with qi = qfn = q(z) we, therefore, obtain

= 2 2
Bt’m,f'm'(qo’ 403 490) = 66O mm’ Re (405 905 90)

2 D 2
+ Z Re(q0: 90> 90)H 07 m (40) Be e o' m (40> 903 90) » (4.61)
'E,,m//
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where

i t'm <qo>—4nZ ( ’”2) ——722 W POIGL@DOY (@, (462)

90 P.q

The modified quantization condition, derived from Eq. (4.61) takes the form det &/ = 0. Using again,

-1
as in Eq. (4.52), the definition Ké”(q(z)) = [R[(qo, q0; qg)] , we arrive at the following expression
for the matrix &y, ¢:

A e m' Qo) = 800 mm K1 (40) — Hyp ¢ (0) - (4.63)

4.3.2 Calculation of the Function H,,, ,,, (4,)

Owing to our choice of the superregular long-range potential, the quantity H,,, ,,,s(q,) is free of the
ultraviolet divergences for ¢, £ "< €nax- However, one still needs a finite renormalization, in order
to ensure that the definition of the function Hy,, ,,(q,) in a finite volume is consistent with its

infinite-volume counterpart. Below, we shall consider the cases q% < 0 and q% > () separately.

Negative Energies, qﬁ <0

In the case qé < 0, a consistent definition of the loop function is given by

0 1
Hem,e'm (@0) = (Hep o (90) = Hypy 00 (40)) i 656"6mm'M€(q0) (4.64)

It should be mentioned here that the functions f,(p, r) and hence M, (p) are analytic in the upper half
of the complex p-plane.3 Consequently, M,(q,) is well-defined for negative values of q%, taking into
account the presence of the infinitesimal positive imaginary part in q%. Furthermore, using Eqs. (4.15),
(4.62) and applying the Poisson formula, one gets:

H e, (90) = Hpny g1 (90) = Hyn) 1 (00) + Hpo 1 (a0) + Hy) 1 (90) (4.65)
where
B, (g = 4 Z / (62111;3 %m(P)(e’:zL_—qg)%m’(p)’
Hin et = 423 [ (‘212‘)’ (;lﬂ‘; (efmok-ial )ff"i(p) oIl 55
HE gl = x| (i')’ (f) it ORI R R

3 Considering the Born series of the Green function G, (q%), it is easy to get convinced that M, (q) is real everywhere
below threshold.
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4.3 Modified Liischer Equation

The first term here is the standard Liischer zeta-function. In order to calculate the remaining two
terms, let us consider the LS equation for 7 ( q(z)) (a finite-volume counterpart of Eq. (4.15)). Carrying
out the partial-wave expansion

VLD = 47 ) Yo (DIVE(P. 9)Yin(d),
{m
PITL @D = 41 > Y, (DT " (p,a:40)Y} 0 (4), (4.67)
tm,l'm’
one gets
" " (p,q:q) = 6" 6™ Vi (p.q)
k dk "m” k + s k "o
+ 4n / —Vilp k)ffmf ()2 ot {0) T (pogiqh) . (4.68)
[//m/ 0 (2 ) k _qO
where
Temerm (k) + fom o (=K) = / QY (k) > e ™™ Y0 (k). (4.69)
n

The quantity f,, ,,,~ (k) is analytic in the upper half-plane of the variable k and vanishes exponentially,
when Im k — +oo. Note that £ + ¢’ is always even for identical particles.

For the following discussion, it is convenient to define Vf( P, q) for negative arguments,
Vi(p.q) = (=DVL(=p,q) = (=DV{.(p,=q) = VL.(=p. =q), (4.70)
and, hence, from Eq. (4.68) one concludes that

rimm DT (—p,giad) = (D T (b, ~q3 4)

= T —giqd) . 471

(P, 4: q5)

This means that the integration over the variable k can be extended over the whole real axis, from —oo
to +o0:

T, " (p.aiay) = 67 6™ VL(p,q)

k dk ffm f” H(k) f” ’” [ 2
+ 4n / Vi(p, k)= Lt " (p.q:q0) . 4.72)
gzn; o (27)° K - q;

Using now the fact that fy,, ,7,,~ (k) is analytic in the upper half-plane, one may shift the variables
P,q,k — p,q,k +io. The value of o is restricted by the singularities appearing in the free Green
function as well as in the potential Vf (p, q). Namely, o must fulfill the condition o < |g|, for the
free Green function to stay regular. The restriction coming from the potential does not depend on ¢,.
For instance, in case of Yukawa interaction, we have o < M /2. The quantity o should obey both
conditions. Performing the contour shift in the second and third lines of Eq. (4.66) as well, one sees
that the finite-volume corrections to Hy,, ;v (q,) are suppressed by the factor e 7k,
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Positive Energies, qﬁ >0

For q(z) > 0, the Poisson formula can not be used. The infinite-volume limit of the quantity H,, ;,,(q()
in this case implies using the principal value prescription. Furthermore, from unitarity one can
straightforwardly conclude that

(20 + 1)IN*(GY (90))

(20 + DIN*GY (900,
iqé"’“ (1+F (g9))*

N , (4.73)
AT 1 —igyRS (qor q0: 43)/ (47)
where
1 © p?dp p"RE(p.qo:qd)
Fg(q0)=7p-V-/ b4 f L2 g 0o/ (4.74)
90 0 2n P =4

Here, Ri denotes the K-matrix for the scattering on the long-range potential. Furthermore, since, by
definition, Im <Gi(q0)>p‘\,_ = 0, with the use of Eqgs. (4.3) and (4.35) one obtains, on the one hand,

q2€+1 1
Im (G (q,)) = 0 , (4.75)
4n(2+ DI | f,(q0)
and, on the other hand,
¢ ~ a0 (1+F'(gp))*
Im<GL(CIo)> = 2 25 2 2
Ar(2C+ )17 1+ qoRy (99- 905 q0) ] (47)
2
@ 1 / = p’dp p'TL(P.40:4) 476
4r((2€ + 111> gt Jo 2n* pP-gi-ie

Using now Eq. (4.19) and performing the partial-wave expansion of the on-shell function in analogy
with Eq. (A.2), we obtain:

be(qo. 1) . ® p2dp jo(pr)T} (P, q0; 40)
Lz]e(%r)"'/o p-dp Jje L 0:d0) 477

qor 2 p2 - q(z) —ie

where ¢,(g,, r) is the on-shell wave function. Performing the limit » — 0 in this equation, we get:

tim(2e+ pn 90 g LT P dp T a0 d0) (4.78)
r—=0 (q07) q0 Jo 277 pT—qp-ie

Finally, from Eq. (4.46), one concludes that Egs. (4.75) and (4.76) are consistent. This represents a
nice check of our approach.

A consistent definition of the quantity H,,, ,,(q) is given by

Hpp o (@0) = (Hppy 707 (@0) — H;om’g’m’(QO)) + 0000y ((2€ + 1)”)2<Gi(QO)>p.v. . (4.79)
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where H; emt'm :(gy) is defined by a counterpart of Eq. (4.62), with sums replaced by integrals with
the pr1n01pal -value prescription everywhere. Note also that, since the potential is superregular, no
ultraviolet divergences arise except in the free loop containing no potential exchange. There, it can be
handled, as usual, by using dimensional regularization and cancels anyway in the difference of the
finite-volume and the infinite-volume contributions.

Neglecting exponentially suppressed contributions from the long-range interactions, one could
reduce the calculation of the function H,, 7, (qy) to the solution of the system of linear equations in

the angular-momentum basis. This equation has the following form:

Hepm, o (40) = Hppy prar (0) D Hap (90000 RE (@) Her g7t (90) - (4.80)

44 7
tm,0"m

Here, Ri(qo) = 4mtano,(qq)/q, are the partial-wave on-shell K-matrices, corresponding to the
long-range potential, and

Z %(k)% )

Hy o (d0) = (4.81)

This quantity can be expressed through a linear combination of the Liischer zeta-functions. The
quantity H" ol +(go) should be taken equal to zero in this case.

Note however that neglecting exponential corrections coming from the long-range potential might
be dangerous. This is seen, for example, from the fact that, below threshold, q% < 0, the quantity
Ri(qo) develops the z-channel singularity that was mentioned earlier, whereas the exact function
Hy,,, 7y (o) 1 of course regular there. The derivation of the modified quantization condition, which
was presented above, nicely demonstrates the origin of the problem and a way to circumvent it. In
fact, the problem is handmade and is not present in Eq. (4.63). It emerges first, when one tries to
evaluate Hy,,, ;v (qo) from Eq. (4.80) and continue analytically below threshold. All this is perfectly

consistent with the discussion in the recent paper [60].

4.3.3 Partial-Wave Mixing

Above threshold, the modified zeta-function is determined from Eq. (4.80) or from the pertinent
equation in the plane-wave basis. Since V; is a long-range potential, it is expected that many partial-
waves will contribute to this expression. However, this is not a problem, since V; is a well-known
function, with parameters that are determined very precisely elsewhere (e.g., the pion mass and
the pion axial-vector coupling, in case of the one-pion exchange potential). Hence, the solution of
Eq. (4.80) does not require a fit to lattice data. On the other hand, the short-range interaction, encoded
in the function K ?’I (q(z)), is determined from the fit. One expects that the partial-wave mixing effect in
the modified Liischer equation is small, exactly because of the short-range nature of these interactions.

4.3.4 Exponentially Suppressed Effects

Up to now, we have consistently dropped the exponentially suppressed effects. However, as mentioned
already in the introduction, these effects can turn relatively large, owing to the small mass scale. In the
case of, say, NN scattering, one may indirectly estimate the size of the exponential effects, comparing
the finite-volume spectra obtained in the plane-wave basis with the solutions of the modified Liischer
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equation with the same input. A simpler method to estimate the size of the exponential effects is the
comparison of the modified Liischer functions H,, ;. (qo), calculated in the plane-wave basis and
in the angular-momentum basis. This comparison does not involve any parameters that characterize
the short-range interactions.

There is one place, however, where one already knows that the exponential effects are important.
We remind the reader that the energy levels, which lie on the ¢-channel cut, are indeed observed in
the NN system on the lattice [55]. Physical bound states cannot be present there and, hence, the
infinite-volume limit of the Liischer equation does not predict a pole in this region. The observed
poles can only emerge because of the exponential contributions.

4.3.5 The Case with the Short-Range Potential Only

The limit V; (r) — 0 is trivial. In this limit, the Jost function f; (¢) = 1, 0,(q) = 0, and Eq. (4.3)
reduces to the familiar expression

K (q%) = " cot,(q) . (4.82)

Furthermore, the modified Liischer zeta-function H,,, ,,, reduces to the conventional one, Z,, ./
and Eq. (4.63) turns into the original Liischer equation.

4.4 Comparison with the Existing Approaches

So far, several different frameworks (including the present one) have been proposed to treat the
finite-volume scattering in the presence of the long-range forces. All three approaches have one thing
in common — namely, they all treat the long-range part of the potential explicitly, without trying
to approximate it by a string of contact interactions (like in the derivation of the ordinary Liischer
equation). After that point, the paths start to diverge.

In the recent paper [60] a modified two-body quantization condition has been derived in the presence
of both the long- and short-range forces. The authors present their central result in two different
forms. Namely, Eq. (3.63) of that paper is written down in a plane wave and angular-momentum basis.
From this point of view, it bears strong resemblance with the approach of Ref. [56], however, with a
conceptual difference. Namely, all short-range interactions in Ref. [60] are summed up and enter the
quantization condition through an auxiliary on-shell K-matrix K°®. No particular parameterization of
the on-shell K-matrix K is specified. We note, however, that for any realistic application to lattice
data involving partial-wave mixing such a parameterization would be required. In contrast, the long-
and short-range interactions are treated on equal footing in Ref. [56], and the short-range K-matrix is
implicitly parameterized in terms of the effective couplings appearing in the Hamiltonian.

Furthermore, in Egs. (5.3) and (5.4) of Ref. [60] the authors recast their central result in the
angular-momentum basis. This result bears close analogy to our modified quantization condition. For
example, the quantity F' from their Eq. (5.4) is similar to our modified Liischer function H em.e'm’ (do)-
The main difference, as already noted in the introduction, is that the authors of Ref. [60] propose a
two-step procedure for the analysis of lattice data. Namely, at the first step, an auxiliary matrix K° is
determined from data. At the next step, K°° is substituted into the integral equation which is solved
to obtain the physical K-matrix. We propose to unite these two steps in one — in our approach, the
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auxiliary K-matrix is related to the physical one at the same CM energy through a simple algebraic
expression.

Last but not least, it has been recently proposed to solve the #-channel problem in the two-body
scattering by writing down three-body scattering equations [61]. In particular, the 7-channel cut
that emerges close to threshold in DD” scattering (assuming a stable D*) does not show up in the
three-body quantization condition for the D D system, even if the bound state in the D subsystem
lies below the elastic threshold. The results seems surprising at a first glance. Let us recall however
that the three-body quantization condition is written down in the space of spectator momenta. Hence,
in case of the stable D™ meson, this approach, up to the exponentially suppressed contributions should
be algebraically equivalent to the plane-wave solution proposed in Refs. [56—58]. Note however that,
in difference to the latter, the approach of Ref. [61] allows for a smooth transition to the case of an
unstable D* meson.*

To summarize, the difference between the existing approaches mainly boils down to the following
two points:

1. Technical convenience. The quantization condition can be written down in the plane-wave
basis as well as in the angular-momentum basis. Given modern computing capacities, the
difference between these two representations is not a decisive factor anymore. Despite this, we
still prefer a more compact representation in the angular-momentum basis, which reduces to
a single algebraic equation if the partial-wave mixing for the short-range interactions can be
neglected. The same statement applies to relating physical observables to quantities extracted
from the fit to lattice data. For example, in order to relate K°° to the physical K-matrix, integral
equations need to be solved [60], whereas the corresponding link in our approach is given by a
simple algebraic relation.

2. The choice of quantities extracted from lattice data. This is a more subtle issue. In an idealized
world with single-channel scattering and no partial-wave mixing, the Liischer equation just
gives the scattering phase in terms of the level energy. In realistic situations, however, one often
needs a parameterization of the K-matrix in order to solve the quantization condition. Without
any doubt, the use of an effective Hamiltonian provides such a parameterization within the range
of applicability of this particular EFT. In this case, the quantities that are extracted from data at
first hand are the couplings of the effective Hamiltonian. However, expressing the lattice energy
levels directly in terms of the physical K-matrix, in our opinion, renders the approach more
flexible: for example, one might use different EFTs (or expansions) in different energy regions
to cover a larger energy range.

4.5 Conclusions

1) In this chapter, we have derived a modified Liischer equation in the presence of both the long-
range and short-range interactions. The presence of the former leads to several (interrelated)
conceptual difficulties in the standard Liischer equation. Namely,

4 Note also that the calculation of the infinite-volume scattering amplitude in the region of the 7-channel cut has been
carried out earlier in Ref. [239]. In these calculations it was explicitly shown that the particle-dimer amplitude develops
the left-hand singularity. The method of Ref. [61] essentially stems from this observation.
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i)

1i1)

v)
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— The partial-wave expansion may converge slowly, and hence there could be a significant
admixture of the higher partial waves in the Liischer equation that complicates the analysis
of data.

— The long-range interactions lead to a #-channel cut in the scattering amplitude that moves
very close to the threshold, if the range of the interactions increases. Using lattice energy
levels that lie below the 7-channel threshold in the Liischer equation is inconsistent.

— The exponentially suppressed contributions could be still significant for not so large values
of L.

Our approach which, loosely speaking, represents a re-formulation of the modified effective-range
expansion of Ref. [64] in a finite volume, is capable to address all above challenges.

Several alternative approaches have appeared recently in the literature [56, 60, 61]. Here, a
detailed comparison to these approaches is given. We argue that our method is conceptually
closest to the original Liischer framework. It allows to directly extract the scattering phase shift
from the measured energy spectrum, if the partial-wave mixing for the short-range interactions
is negligible and if the parameters of the long-range potential (i.e., the mass and the coupling of
the pion) are known accurately for a given lattice ensemble. Hence, it should be possible to
analyze lattice data analog to the original Liischer approach once the modified Liischer function
is available.

The modified Liischer function, which incorporates the long-range interaction, is a central
ingredient of our approach. In the present chapter we consider the evaluation of this function
in great detail, paying particular attention to the issues of the ultraviolet divergences and
renormalization. Once this function, which does not depend on the unknown parameters of the
short-range force, is calculated and tabulated, the analysis of data exactly follows the standard
pattern. An explicit calculation of this function is however a rather challenging enterprise and
will be discussed in a separate publication.

Note that here we deliberately ignored all issues related with the spin of particles, moving
frames, relativistic effects, etc. All this is inessential in the context of the problems considered
here and would only blur the discussion.

It remains to be seen, whether the Coulomb interaction can be treated consistently in the
same manner, and whether the results would add something substantial to the findings of
Refs. [232-234]. Here, it should be also mentioned that, due to the removal of the zero mode
of the Coulomb field in case of periodic boundary conditions, the resulting Lagrangian is not
local anymore. This, in its turn, might cause problems in the matching of the non-relativistic
effective field theory, which is used for the derivation of the Liischer equation, to its relativistic
counterpart (see, e.g., Ref. [240]). In this context, it would be interesting to explore the
possibility of using different boundary conditions. An alternative to this would be to use the
formulation with massive protons, see, e.g. [241].

The major challenge consists in using the same method in the three-particle problem. For
instance, it remains to be seen, whether the long-range one-pion exchange force in the three-
nucleon system can be separated as neatly from the short-range interactions as done in case of
the nucleon-nucleon scattering.



CHAPTER 5

Modified Liascher Zeta-Function and the
Modified Effective Range Expansion in the
Presence of a Long-Range Force

The content of the following chapter is based on the publication

* R. Bubna, H.-W. Hammer, B.-L. Hoid, J.-Y. Pang, A. Rusetsky and J.-J. Wu, Modified Liischer
zeta-function and the modified effective range expansion in the presence of a long-range force,
JHEP 10 (2025) 197, arXiv: 2507.18399 [hep-lat]

In the following chapter an efficient numerical algorithm was proposed for the calculation of
the modified Liischer zeta-function, derived in the Chap. 4, in the presence of a long-range force.
Further, using the formalism developed in the previous chapter, synthetic data on the finite-volume
energy levels, generated in a toy model, were analyzed. It was explicitly shown that in contrast to the
standard Liischer approach, the truncation of higher partial-waves has very little effect on the final
result. Furthermore, the regularization and renormalization of the modified Liischer zeta-function was
described and discussed in detail, as well as the problems arising within the cutoff regularization were
detailed. Finally, it was also shown that one obtains modified effective-range expansion parameters of
natural size in all partial-waves while using the renormalization scheme proposed in the following
chapter.

In recent times, there has been great amount of interest in systems on lattice where long-range
force plays an important role. Two such ongoing studies are the calculation of DD spectrum and
T.".(3875) state properties. As discussed in the previous chapter, analysis of lattice data in case of any
system where long-range force plays an important role, Liischer equation is no more applicable. One
has to employ a different approach. One such approach was detailed and derived in Chap. 4. In this
project this approach, the Modified Liischer Equation, was implemented numerically while carrying
out analysis of mock data generated in a toy model. Several technical issues such as, partial-wave
mixing, renormalization of the Liischer zeta-function and exponentially suppressed corrections are
discussed in detail. For this numerical implementation only the center-of-mass frame and the A}
representation of the octahedral group were considered. Anything beyond these considerations is
relegated to further studies.

The project started with a brief overview of the formalism derived in Chap. 4. Further, the
quantization condition derived previously is rewritten in a form that makes it suitable for numerical
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calculation. This rewriting leads to only the regular part of the modified Liischer zeta-function entering
the quantization condition. Moreover, no partial-wave expansion of the long-range potential is needed
and the Lippmann-Schwinger equation is solved in the plane-wave basis in the finite volume. Jin-Yi
Pang along with the author developed a numerical routine to evaluate this regular part of the modified
Liischer function efficiently up to G-wave. The modified Liischer function was then compared to the
original Liischer function and key differences were discussed.

The toy model, considered in the project, involved a long-range Yukawa potential and a short-range
Yukawa potential. The synthetic spectrum was generated by solving the finite-volume quantization
condition for this model in the plane-wave basis and identifying the eigenvalues of the Hamiltonian
(Hamiltonian approach). The proposed approach should give a result for the energy levels which differ
from the Hamiltonian approach energy levels only by exponentially small corrections. Hence, these
energy levels were used to test the validity of the proposed approach. The modified Liischer equation
was then solved for this model, considering only S- and G-wave, and the results were compared to the
synthetic data generated. It was shown that energy levels predicted by the present approach were much
more accurate than the original Liischer’s method. Furthermore, it was shown that the partial-wave
expansion converges very fast in the case of modified Liischer equation as in some cases retaining
only the S-wave contribution was enough to reproduce the exact answer. Lastly, since the modified
Liischer equation accurately reproduced the same energy levels as in the Hamiltonian approach, it was
concluded that the exponentially suppressed corrections are indeed very small.

For fitting of parameters using the modified effective range function one also needs to calculate
the divergent loop function in the infinite volume. This loop function corresponds to a series of
bubble diagrams with increasing number of long-range interaction insertions. For a given /, there
are 2/ + 1 divergent loops. As discussed in the previous chapter this UV divergence can be dealt
with by imposing a renormalization prescription such as the Pauli-Villars or cut-off regularization.
However, these regularization schemes become numerically inconvenient at higher /. In the following
project, dimensional regularization was used to render these loops finite. An efficient method for the
calculation of the loop function in S- and G-wave were developed and discussed in detail. The author
contributed to this derivation and employed the VEGAS routine to evaluate the real and imaginary
part of the loop function in the S- and G-wave. Moreover, the limit M — 0 was considered, in which
the long-range potential considered here reduces to the Coulomb potential. The author verified that
the result for the loop function in the present approach matches to the result in literature for the
Coulomb potential up to the choice of renormalization prescription. Finally, the modified effective
range function was compared to the standard effective range function and it was shown explicitly that
the region of applicability of the modified function is greater than the standard one.

5.1 Introduction

The recent surge of interest to the two-body finite-volume quantization condition in the presence of a
long-range force [56, 57, 60—63, 221, 243-247] can be attributed, first and foremost, to the ongoing
studies of two specific problems in lattice QCD. These are the calculation of the D*D spectrum and
the properties of the T:C(3875) state [248-251], as well as to the extraction of the baryon-baryon
scattering phase shifts from the two-baryon spectrum [55, 252, 253]." At physical quark masses, both
these systems feature a long-range force that emerges from the one-pion exchange. This leads to

! For an alternative approach to the study of these systems by using HAL QCD method, see, e.g., [254-256].
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several interrelated problems in the analysis of lattice data, all stemming from the fact that the scale
that defines the effective range of interactions could become sizable as compared to the inverse of
the box size L. (For the systems in question, this scale is of order of the pion mass or even less.)
Namely, the exponentially suppressed corrections, which are usually neglected in the derivation
of the Liischer equation [33], may become relevant. Furthermore, the standard Liischer approach
relies on the truncation of higher partial-waves. However, as one knows, the convergence of the
partial-wave expansion in the presence of a long-range force is poor, and many terms have to be kept
in this expansion in order to achieve a reasonable accuracy. Last but not least, it is well known that
the partial-wave scattering amplitudes in quantum field theory develop the so-called left-hand cut in
the complex s-plane. In case of NN scattering, the beginning of this cut lies just 5 MeV below the
elastic NN threshold. In general, the width of the gap between left- and right-hand cuts is related
to the effective range of the interactions and is very small for the systems considered here. It is also
clear that, for the analysis of the energy levels which lie on or in the vicinity of the left-hand cut, the
standard Liischer method is not applicable.

In recent years, several approaches have been proposed to address the problems mentioned above.
The work done within the HAL QCD approach [254-256] is conceptually very different from the
rest and will not be considered here. Furthermore, a very straightforward approach, uses an effective
field theory based Hamiltonian and treats long- and short-range interactions on equal footing [56].
This approach parameterizes the interactions in terms of effective couplings which are, by definition,
devoid of any singularities, in contrast to the S-matrix elements. The scattering equations are then
solved directly in a finite volume, producing the finite-volume spectrum that is fitted to the data. In
order to avoid large partial-wave mixing effects and the emergence of the left-hand cut, the equations
are solved in the plane-wave basis, without resorting to the partial-wave expansion. In this way, one
also takes into account exponentially suppressed corrections, apart from those that are implicitly
included in the effective couplings and are determined by a heavy scale. At the final stage, one solves
the same equation in the infinite volume in order to determine S-matrix elements, using the values of
the couplings extracted from the fit to the lattice spectrum. We further note that the approach, where
the two-body scattering is “embedded” into the three-body problem (see, e.g., [61, 62]), is based on
similar premises. Namely, below the breakup threshold, it is equivalent to the two-body equation
written down in the plane-wave basis, where the sum is performed over the spectator three-momentum,
while, of course, these two approaches differ above the breakup threshold. An alternative approach,
using the finite-volume version of the N/D method, has also been proposed recently [244].

Another group of approaches is based on the explicit splitting of the interaction into the known
long-range and the unknown short-range parts [60, 221, 243]. In particular, here we shall concentrate
on the approach developed in Ref. [221], which uses the finite-volume generalization of the so-called
modified effective range expansion by van Haeringen and Kok [64]. Here, the long-range interaction
is treated in the plane-wave basis, whereas the partial-wave expansion for the short-range part is
still performed. This expansion is assumed to be converging well, which will be explicitly verified
below. As a result, one obtains a modified Liischer equation with a little partial-wave mixing, which
allows one to extract the scattering phase pretty much in the same way as in the standard Liischer
approach. We would like to stress that we do not plan a comparison of different approaches with the
aim of determining the best one. As far as we can see, all of them are conceptually equivalent and the
decision of which one to use should be based on mere convenience, see Ref. [63] for more discussion
on this issue.

The aim of the present chapter is to demonstrate the numerical implementation of the formalism
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developed in Ref. [221], carrying out the analysis of synthetic data generated in a toy model. In
the course of this, we shall address all issues mentioned in the beginning, namely, the size of the
exponentially suppressed corrections, partial-wave mixing, and the analysis of the data in the region of
the left-hand cut. Another important issue that we consider in the present article is the renormalization.
In particular, the modified Liischer zeta-function, which enters the modified Liischer equation, is given
by an infinite sum of diagrams corresponding to the multiple insertions of the long-range potential into
a two-particle loop. These diagrams are ultraviolet-divergent, with the degree of divergence growing
with the angular momentum of a given partial-wave. It can be seen that the cutoff regularization
becomes inconvenient in higher partial-waves, since power-law divergences force the parameters
of the effective-range expansion to be of an unnatural size. We therefore opt for the dimensional
regularization and provide an efficient numerical algorithm for the calculation of the above-mentioned
multi-loop integral in this regularization. It should be stressed that the results of these studies are
relevant beyond the applications in the analysis of the finite-volume lattice data and can be used for
the study of the few-body systems in the presence of several interactions with very different scales.

The layout of the chapter is as follows. In order to render the chapter self-contained, we review the
key formulae from Ref. [221] in Sect. 5.2. This material is essential for the understanding of the rest
of the chapter. In Sect. 5.3, we consider the calculation of the modified Liischer zeta-function and the
analysis of the (synthetic) data. Finally, in Sect. 5.4, we consider the renormalization of the modified
Liischer zeta-function in dimensional regularization and the modified effective-range expansion. To
separate the conceptual issues from unnecessary technical details, we work exclusively in the center-
of-mass frame and concentrate on the A| representation of the octahedral group. Furthermore, we
assume that the long-range part of the potential is given by a simple Yukawa interaction corresponding
to the exchange of a light particle with a mass M. Going beyond these assumptions forms the subject
of a separate investigation.

5.2 Modified Effective-Range Expansion and Modified Liischer
Equation

In the infinite volume, the two-body scattering amplitude 7 obeys the Lippmann-Schwinger equation

&k V(p, k)T (k,q:q7)
(2n)° K - g5

T(p.q:95) =V(p.q) +/ , (5.1)

where the variable q(z) is understood to have a small positive imaginary part, q(z) + i€, above threshold as
usual (g, denotes the magnitude of the relative three-momenta on shell). The potential V =V, + Vg
is given by a sum of a long- and short-range parts. The long-range part is known and local. In the
following, we assume that it is given by the Yukawa potential corresponding to the exchange of a
particle with the mass M (the pion)

4ng

. - S 5.2
M*+(p-q)° 62

Vi(p.q) =

In case of the NN scattering within the chiral effective theory, for example, in the 3PO partial-wave,
g =mM?g%/(16nF%) ~0.073 m, where m, g, ~ 1.27 and F,, ~ 92.3 MeV denote the nucleon mass,
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Figure 5.1: Perturbative expansion of the function M,(q,) defined in Eq. (5.5) in the coupling constant g.
One-pion-exchange ladders to all orders contribute to this expansion. The filled dots correspond to the insertion

of ?{’*m(p) and ?f'm' (q)

axial-vector coupling constant and the pion decay constant, respectively. We shall use this value of g
in the toy model considered below.

The short-range part is generally unknown and non-local. Its expansion in momenta takes the form
Vs(p,q) = Co" +3C1°pg + G (p* +¢%) +--- . (5.3)

Note that in the derivation of the modified effective-range expansion, it is usually assumed that
the long-range potential is superregular. In the partial-wave with angular momentum ¢ this means
that r_ngL(r) stays analytic at r — 0. The potential in Eq. (5.2) does not fulfill this condition, even
for £ = 0. One could use different types of regularizations here, e.g., Pauli-Villars regularization
as in Ref.[221], or merely a sharp cutoff. As we shall see, however, this method is numerically
inconvenient, when higher partial-waves are included. The loops with one-pion exchanges are
divergent and produce high powers of the cutoff mass. Renormalization implies that these large
polynomial contributions are included in the short-range couplings c8°. c¥, Céo ..., rendering them
to be unnaturally large. We shall therefore argue in favor of the dimensional regularization and
introduce a renormalization scheme where such large contributions are absent from the beginning.

The modified effective-range expansion for the scattering phase shift on the full potential V can be
written in the following form

20+1

q .
K¢' (45) = My (go) + ——— (cot(8,(qo) = 7 (q0)) = ). (54)
| /2 (q0)!
Here, K é” (qé) denotes the so-called modified effective range function, whereas M, (q,) is given by
» [ d’p dq
0000 pmm M(qo) = (47) / s ——= Yen(PPIG LD Y (@), (5.5)
(27)” (2n)

where ¥%,,,(p) = p'Y,, (p) and Y,,, (p) denotes the conventional spherical function. Furthermore,
G1.(qy) is the Green function for the scattering on the long-range potential only, which obeys the
following equation

@n's’(p-q) 1
<P|GL(QO)|Q> = 2 2 + 2 2
P —4qp P —qp

/ &’k
(27 Vi(p, k) (k|G (q0)lq) - (5.6)

Expanding the quantity G (g,) in perturbative series, it is seen that M,(q,) is given by the sum of
loops with zero, one, two,. . . insertions of the one-pion exchange, see Fig. 5.1. Of course, the above
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expressions do not make sense as they stand, since the integrals entering some of the expressions
diverge in the ultraviolet. Some regularization/renormalization is implicit in these expressions. Other
quantities that enter into Eq. (5.4), are the phase shift on the full potential 6,(g,), the phase shift on
the long-range potential o, (q,), and the Jost function for the long-range potential f,(g). Thus, all
quantities on the right-hand side of this equation, except ,(g,). can be evaluated from the known
potential V; prior to performing any lattice calculations. The rationale for splitting the potential into
the long- and short-range parts is manifested in the properties of K éw (q(z)). Namely, while the effective
range expansion of the conventional K-matrix, obtained without such a splitting, has a very small
radius of convergence due to the proximity of the left-hand cut, K ?/[ (q%) stays regular in the left-hand
region.

The modified Liischer equation, which is based on the same splitting, performed in a finite volume,
is given by det [.Qf(qo)] = 0, where
1
4r
In Eq. (5.7), the quantity H,, ;,(q) is defined as (cf. with Eq. (5.5))

'fom,f'm'(qo) = 6lllémm'Ktl’w(q(2)) - Hfm,f’m'(qo) . (57)

4
Hon o (00 = 75 3 Vi PHPIG LG Y (@) (5.8)
p.q

where G (q,) is given by Eq. (5.6), with the integration replaced by summation over the discrete
momenta p = 2rn/L, q =2zxn’ /L, withn,n’ € Z°.

Owing to the lack of the rotational invariance, the finite-volume quantization condition is not
diagonal in angular momentum. Partial diagonalization is achieved using the octahedral symmetry of
the cubic lattice. To this end, one defines (see, e.g., [33, 36, 179])

r ror\” Tpt’
5crp‘9{tf,z'e’(%) = Z (%T) dé’m,f'm'(qO)cgfpni’ . (5.9)

’
mm

Here, I" denotes a particular irreducible representation (irrep) of the octahedral group, and ¢, ¢’ are
indices that label different copies of the same irrep I" contained in the irreps of the rotation group
characterized by angular momenta ¢, £’ respectively. Furthermore, o, p label basis vectors in the irrep
I', and cg,‘,’: ’ cgfjn:, denote the pertinent Clebsh-Gordan coefficients. The quantization condition in a
given irrep is now given by det [.szf r (qo)] = 0. Finally, the spherical harmonics after the projection
onto the irrep I" are defined as

Y7 (p) =) om Yem(P)- (5.10)

m

Owing to the Wigner-Eckart theorem, the sum in the r.h.s. of Eq. (5.9) yields the factor 6, , with the
coefficient that does not depend on o and p. For this reason, one may fix o = p to any value in the
calculations. For this reason, and in order to avoid clutter of indices, in the following we suppress
o, p in all expressions.
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5.3 Modified Liischer Zeta-Function and the Analysis of Data

5.3.1 Calculation of the Zeta-Function

In this section we shall concentrate on the calculation of the quantity that enters the matrix .szi;, 0 (@0)
from Eq. (5.9):

Hy i = 2 2 (77 (0)) (0161007} @) (5.11)
p.q

In the infinite volume, the summation is replaced by integration, and we have

r *
tt’ e (q0) = Z (cffn) Hgm o'’ (QO)Cg' ,

’
mm

1 o \*
= an ,(Cl’rtn) Op¢" 0 mm R [Mf(‘lo)]c
mm
1
= Se¢ 0 O Re [My(qp)] - (5.12)

One further defines

I I I, 00
AHl‘f,l"fl(qO) = Hl[,t,f,(qo) bl Htf,l’{’/(qo)

1
zt’ e (@o) — 555'5n’Re [M,(q0)] - (5.13)

The matrix that enters in the quantization condition, takes the form

t{’ e (@) = 6€€’5tt’K£ (QO) tg ,'g'(QO) . (5.14)

Using Eq. (5.4) and the unitarity relation, which relates the imaginary part of M,(q,) with the Jost
function f,(q,), the matrix &/ can be finally rewritten in the following form

20+1

q
Ay (o) = ———— 6,06, c0t(8,(qp) — o (qp)) = AHy, 1 (qp) - (5.15)
’ 4| fe(qo)l ’

The advantage of this transformation consists in the fact that the quantity AH does not contain
ultraviolet divergences. Indeed, let us consider the quantity G, (g,), which enters the expression
of the matrix H. The free Green function in the finite-volume version of the Lippmann-Schwinger
equation (5.6) can be split into two parts, according to
[ #+4q (1 +q0)" (1 + 5)”“
2 2 | 2. 2t T sttt T o]t n+l - (5.16)
P -qy \p+u (p"+p) (p™+47) (p*+ )™ (p? - 47)

=G, =G,
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Here, p is an arbitrary scale, and the number of the subthreshold subtractions 7 is taken large enough
to ensure the ultraviolet convergence of all sums after the angular-momentum truncation, when G, is
replaced by G,. Furthermore, defining the scattering amplitude 7 through the Lippmann-Schwinger
equation T}, =V, + V. G T, we get

G, =G, +GT\G,+(1+G,T))G(T,G, + 1), (5.17)

:GF :Gf

where

G =G,+G,T\G. (5.18)
The infinite-volume limit in the above equations are easily performed by replacing sums by integrals.
Then, we have
4r

5 () 16,0 + 6l @)
p.q

I
AHtf’t,[’ (QO)

Pp dq o ) g
B 4”/ 2n)? (2n) ( ¢ (1’)) (PIG(q0) +GF (a))¥," (). (5.19)

The key property of this expression is that the quantity G, does not have a singular denominator in
the physical region. Consequently, G, — G;'f is suppressed by factors of exp(—pL) and can be safely

neglected.2 After dropping G, — GZ’, the remainder contains the subtracted propagator G  only and
is ultraviolet-finite both in a finite and in the infinite volume separately. In this manner, the quantity
AH can be straightforwardly evaluated using numerical methods. Ultraviolet divergences are absent.
No partial-wave expansion is involved for the long-range potential, and the Lippmann-Schwinger
equation in a finite volume is solved in a plane-wave basis.

In Fig. 5.2 we plot the modified Liischer zeta-function’ Htrl,’ ¢ (qp) (see Eq. (5.11)) vs. the standard

Liischer zeta-function obtained from HZF[ ¢ (qo) at g = 0. The angular momenta take the values

¢,¢ =0,4, and q% = E/M. The labels t,t are neglected, because multiple representations are not
present. The calculations of the modified Liischer zeta-function are done for two different values of
the parameter u. As seen from Fig. 5.2, the results are practically independent of u, which serves as a
very good check on the calculations.

The calculated modified and standard functions are very similar to each other, except for a
small horizontal shift. A difference, however, emerges in the vicinity of the lowest energy level
corresponding to the relative momentum p = (0,0,0): except in the case £ = ¢’ = 0, the standard
Liischer zeta-function does not have a pole here. However, the modified function is a solution of the
Lippmann-Schwinger type equation, where all momenta are present in the intermediate state, and
therefore it develops a pole at the energy corresponding to the lowest level. For a better visibility, the

ZA warning is in order: for certain values of the parameters, the quantities G u and G , can develop subthreshold poles that
cancel in the sum. However, one can always adjust the free parameter y, so that these poles lie far outside the region of
interest.

3 Strictly speaking, Htrf .

group-theoretical coefficients. For brevity, we shall refer to H:; Ry (g¢) as to the zeta-function as well.

/ (,/(qo) in the free case is given by a linear combination of the zeta-functions with known
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Figure 5.2: Modified Liischer zeta-function vs. standard Liischer zeta-function for two different values of
parameter u: ¢ = 10M and y = 15M. The size of the box is fixed by M L = 3. As seen, the difference between
these two values of y is not seen by a bare eye. Furthermore, the vicinity of the lowest energy level is zoomed in
the last two plots, where the modified function, unlike the standard one, has a pole.

singular behavior of the modified Liischer zeta-function in this energy region is zoomed in for the
cases ¢ =0, =4and (= ¢' = 4.

5.3.2 Analysis of the Synthetic Data
The potential of the toy model, which are used to produce the synthetic lattice data, is given by a sum

of the long- and short-range parts:

4 4ng
- B 1 — (5.20)
M"+(p-q)° Mg+(p-q)

V(p,q) =

with g¢/g = —2.74. In addition, we set the ratio m/M = 6.7. Moreover, we treat Mq/M as a free
parameter, in order to observe a smooth transition from the short-range to the long-range interaction.

First of all, note that one can easily solve the finite-volume quantization condition with the above
potential, finding the eigenvalues of the Hamiltonian in the plane-wave basis. These solutions will be

109



Chapter 5 Modified Liischer Zeta-Function and the Modified Effective Range Expansion in the
Presence of a Long-Range Force

used to test the validity of our method, since both approaches coincide up to the exponentially small
corrections. Note also that, in the Hamiltonian approach, one can mimic the truncation of higher
partial-waves in the Liischer equation. To this end, one has merely to project the input potential onto
the partial-waves and drop higher partial-waves in this projection.

As we know, one of the fundamental problems in using Liischer equation in the presence of a
long-range force consists in a slow convergence of the partial-wave expansion. In order to compare the
convergence speed in case of the standard/modified Liischer approach, we retain only S- and G-waves
in the quantization condition. The equation (5.14) then yields

1

2
D(E) - (— K (q0) - Hoo<qo>) O

(_ KAI,VI(Qo) - H44(‘10)

=0. 5.21
4r ( )

4r

Here the labels #,¢ are omitted for brevity. In case of the standard Liischer equation, K, éw (gq¢) is
replaced by K,(q,). and H,,(g,) by the expression evaluated at g = 0. If only the S-wave is taken
into account, the second term in the expression (5.21) is dropped. Calculations are done for two values
Mg/M =10 and Mg/M = 2, corresponding to the two extreme cases.

Let us start with the excited states. The solutions of the quantization condition for the first few
excited levels and for Mg/M = 10 are seen in Fig. 5.3. This plot beautifully demonstrates the
advantage of the modified quantization condition with respect to the standard one. Namely, while
taking into account the partial-waves with £ = 0,4, . . ., the solution of the standard Liischer equation
slowly converges to the exact solution. In contrast, the solution of the modified quantization condition
with the S-wave only already reproduces the exact energy level, and adding the G-wave does not
change anything — the two curves cannot be distinguished from each other.

The pattern, described above, remains practically unchanged in case of M¢/M = 2, shown in
Fig. 5.4, which describes a borderline situation with V¢ almost long-range. Now, adding the G-wave
leads to a visible effect, but still the convergence of the modified quantization condition is much better
as compared to the standard one.

Few comments are in order. First, as seen, the exponentially suppressed effects are very small,
because the solutions of the quantization condition reproduce very well the finite-volume spectrum
of the Hamiltonian in the plane-wave basis. Second, the convergence of the partial-wave expansion
is rather uneven. This can be seen better from Fig. 5.5, which shows the finite-volume spectrum of
the Hamiltonian with the full potential projected onto different partial-waves. As seen, for example,
the contribution of the G-wave to the 2nd excited state is rather small, and the higher partial-waves
contribute significantly. A qualitative discussion of this phenomenon is given in appendix A.3.
In general, as expected, the convergence becomes slower for higher partial-waves, with relative
momentum increased.

Last but not least, we would like to note that in the situation when the short-range is completely absent
(i.e., when Vg = 0), the energy levels are given by the poles of the modified Liischer zeta-function
H,; (qo). In Figs. 5.3 and 5.4, these poles are indicated by empty circles. It is seen that, even for
Mg = 10M, the effect of setting Vg = 0 is sizable. However,the S-wave contribution alone suffices
to reproduce the exact answer. This means that the partial-wave expansion in the modified Liischer
equation converges very fast indeed, and the truncation to the S-wave yields a very good approximation,
in difference to the standard approach.

The ground state is considered separately. First, note that the convergence of the partial-wave
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Figure 5.3: The solution of the quantization condition for the first few excited levels (both the standard and

modified Liischer equation). The partial-wave expansion is truncated, retaining only S-wave, or S- and G-waves.
For comparison, the eigenvalues of the Hamiltonian are shown by vertical lines: exact, projected on S, S+G
waves, only the short-range part projected on S, S+G waves. In addition, we show a solution with the long-range
potential only, i.e., Vg = 0. The values of the parameters used are Mg = 10M, ML = 3. In the title of each
plot, we indicate an unperturbed plane-wave state momentum, to which this state reduces in the absence of the

interaction.

expansion in the Hamiltonian approach is very good4, see Fig. 5.5, even for the standard case. The
solution of the quantization condition, however, shown in Fig. 5.6 presents different picture. The

modified quantization condition still provides a very accurate solution at M¢/M = 10 and a quite
accurate solution at Mg/M = 2. The standard Liischer equation, however, is completely off. The
reason for this is the proximity of the left-hand cut which leads to large exponential corrections. As
expected, these corrections are strongly suppressed in the modified quantization condition as compared

to the standard one.
In order to understand this result qualitatively, let us introduce a characteristic parameter that
determines, how far the left-hand cut is located from a given energy level. In the case of standard

# It is worth to mention that for some particular excited state, the G-wave contribution is obvious suppressed, for example,
the 2nd excited level which is around the momentum of (0, 1, 1). A detailed discussion is presented in App. A.3.
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Figure 5.4: The same as in Fig. 5.3, but for Mg = 2M.

and modified Liischer equations, the left hand starts at q% / M? = —1/4 and qé /M 2 = —M§ /1AM 2,
respectively. If one divides this quantity by the value of q(z) /M 2 corresponding to the ground state
(taken from the figure) and extracts the square root, one ends up with a ratio of momentum scales.
In the case of the standard Liischer equation, this ratio is equal to 1.1 and 1.9 for Mg = 10M and
Mg = 2M, respectively. In the modified case, this ratio becomes 11 and 3.8, respectively. This, in
our opinion, explains why the exponential corrections in the modified case are much smaller than
in the standard setting. It would be interesting to see, which value a similar parameter takes in the
analysis of data carried out in Ref. [249], since this might provide a rough estimate of the exponential

corrections which are neglected in this analysis.
5.4 Modified Effective-Range Expansion in the Left-Hand Cut Region

5.4.1 Calculation of the Loop Function M,(q,)

The function M, (q) is given by Eq. (5.5). As already mentioned, this quantity is ultraviolet-divergent.
One way to regularize this divergence is to render the long-range potential superregular, e.g., by using
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Figure 5.5: Checking the convergence of the partial-wave expansion in the energy spectrum of the Hamiltonian.
The values of the parameters used are Mg = 10M and ML = 3.
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Figure 5.6: The solution of the quantization condition (both standard and modified) for the ground state. The
values of the parameters are ML = 3 and Mg = 10M (left panel), Mg = 2M (right panel). There is no solution

of the standard quantization condition in case Mg = 10M.

the Pauli-Villars regularization or a sharp cutoff. The price to pay for using this straightforward
procedure is that the coefficients of the modified effective-range expansion if the function K, ?’I (q(z)) are
not of natural size anymore. Indeed, let A denote the (large) cutoff mass used in the regularization.
For a given ¢, the loop diverges as A**! . Since in the modified effective-range expansion this loop
enters in a combination K ?’1 (q(z)) — M,(q,), it is clear that this polynomial with large coefficients has
to be absorbed into K, é‘/[ (q%). At the practical level, the cutoff regularization becomes numerically
inconvenient for even not so large values of ¢.° For this reason, we propose to use dimensional
regularization instead, where the power divergences are absent. However, in this case, we encounter

3 1t should be mentioned that the problem of the ultraviolet divergences in the modified effective-range expansion has been
observed in the literature before, see, e.g., Ref. [257].
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another problem. Namely, the quantity G (¢q,), which enters the expression for M,(q,), contains
an infinite sum of one-pion exchange ladder diagrams (see Fig. 5.1) and is determined through the
solution of an integral equation. It is not obvious how one can use dimensional regularization to tame
divergences in the integral equation.

The key observation that allows one to solve the problem is that each consequent term in the Born
series of G (g,) has a lower index of divergence than the previous one. Therefore, only a finite
number of terms 1n the expansion dlverge One can use this property and spht G (go) into two
parts: G (qo) = G{" (q9) +Go(qo)T1" Gy (qp), and, correspondingly, My (qq) = M¢" (q0) + M;" (o),
where

G7'(q0) = (Go(q0) +Go(q0)VLGo(q0) ++--)
2042 terms
" = (Vi +ViGo(qo)Vp +-+-) +Vi.Go(go)T7"- (5:22)
242 terms

The integral equation that determines T}iin is of a Lippmann-Schwinger type and can be numerically
solved by using standard techniques. The loop integral, containing Tﬂn, is free of ultraviolet divergences.
Hence all calculations can be carried out in ¢ = 3 dimensions.

The remainder is given by the following expression:

: P &I :
M (go) = 4n / (2;)’3 (2;;3 (pa) P (5 - D)PIG (g0)la) (5.23)

In order to carry out dimensional regularization in the above expression, one should first define
Legendre polynomials P,(x) in d dimensions. This definition is not unique. However, using different
definitions reduces to adding a finite polynomial in q(z) to Mgiv(qo) and hence can be accounted for by
adjusting the renormalization prescription. Our definition is based on the use of the d-dimensional
harmonic polynomials %fg)lf (p) = Yijowig,ji-j,Pj, "+ Pj,» Which have the following properties:

. %fol[ (p) is a polynomial in the components of the vector p;

. ‘?]Lfe)lf (p) is symmetric and traceless in any pair of indices.

The examples of harmonic polynomials for £ = 0, 1, 2, 3, 4 are given below:

7O (p) = 1,
7(p) = p;.
) _ 1 5
Y ) = prj-5p
1
%3,2(17) = PiPiPk~ 5P 2(6,;Pk + 0P +0,1P)) -

. 1
Vi (D) = Pippipi= 7 PP GiyPipi+ Sip ip1+ 6P i+ S upipy + 8 upipi + Supip )

4
Ta+yd+a? (0j0k1 + i1+ 6,16 1) » (5.24)
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and so on. The coefficients Vi, can be easily read off from these expressions. Furthermore,

Ao Jiede
P Pep-@) =cg’ ), U 0%, @) (5.25)
This gives
Pop-d) = 1.

(pa)P(p-9) = (pq),
e A (T}
Pa’Ps-0) = 5 () - d+2<pq>p2q2),
(pa)*Ps(p-4) = % ((pq)4 —— (PP + mp“q4 , (5.26)

and so on. The normalization constant c( ) is chosen so that P,(1) =1foralld.

Since our calculations are restricted to the A irrep of the octahedral group for demonstration
purposes, it suffices to consider the angular momenta ¢ = 0, 4.

The Case £ =0

In this case, only the two-loop diagram Mgz (g) (the second diagram in Fig. 5.1) should be considered.
The one-loop diagram with no pion exchange can be easily evaluated in dimensional regularization
and the rest is ultraviolet-finite. The two-loop diagram in dimensional regularization is given by

| dlp dlq 1 4rg 1
MdIV = 4 /
0.2(d0) T e 20 p* -qi M*+(p-q)* ¢* - g
) / / iy alq r(3) (4m)°g (5.27)
)¢ @2n)? (x1(p* = a) + y(M®+ (p —q>2>+Xz<q2—q5>)3
where

Dy = dxydxydy (1 —x; —x, = y) . (5.28)

One can rewrite the above expression in a compact form, introducing a 2-dimensional column
0, a=1,2, where Q, = p and O, = q. Then,

" ! a*Q I'(3) (4n)°g
Mg (q0) = /0 Dy / e s, (5.29)
( Z,B QQCQBQﬁ + A)
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where
Xp+y -y 2 2
c=|" . A=yMT - (x +x))q; - 5.30
( -y +x2) y (X1 +x2)q ( )
One can now perform orthogonal transformations in order to diagonalize the matrix C. The result
looks as
1 2d 2
i a7 T3 (4n)g
Mg (q0) = /0 Dry / 2 T (5.31)
T
(201,044
a

where 1, denote the eigenvalues of the matrix C. Rescaling further the momenta Q , — /1;1 / ZQ(,,
we get:

" ! d*'Q T(3) (4m)’g det(C)"*"
Mg’z(qo) _ / gzxy/ gd ()( 71') g et( )3
’ (o) (ZQ 0 +A)
_ I'G-dg ! —d/2 yd-3
= —(4ﬂ)d_2 /O D, det(C)" AT (5.32)

We further introduce the new variables x; = pt and x, = p(1 — 1), with 0 < p, 7 < 1. Defining the
dimensionless quantity z = q%/ M? and carrying out the integration in y, we get

r3-dgm**

1
div N \d=3 2 \\-d2
M (g0) e /0 pdpdr((1 - p) - p2)*(p(1 - p) + pr(1 = 7))
_ I'3- dyg(M>* ! _\d-3 L _\\-d)2
= v /0 ds/O dt(s—2)“ 7 (s+7(1-1))
—ﬁ + UV finite, (533)

where a new integration variable s = (1 — p)/p was introduced.

As anticipated, the two-loop diagram is ultraviolet divergent. One could use, for example, MS or
MS renormalization scheme, using M (as the only available mass) as a renormalization scale. The
advantage of such a procedure consists in the fact that no large polynomials should be absorbed in
K éw (q(z)) anymore. It should be pointed, however, that using this scheme becomes more complicated for
higher values of £, even if the above statement still applies. Namely, there are more divergent diagrams
for higher ¢, and the factors (d — 3)_1 may arise either from the prefactor containing the I'-function,
or the integral over the variable s, and the separation of the all ultraviolet-divergent terms becomes
involved. We find that a simple solution to the problem is to impose a different renormalization
prescription, namely, to subtract first few terms in the Taylor expansion at threshold z = 0. In the case
we are considering, a single subtraction suffices, since the divergent term is a constant:

M (q0) = M (go) — M (0) . (5.34)
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For higher ¢, more subtractions are necessary.

The Case f =4

In the section above we have considered the case ¢ = 0 in great detail, including the discussion of the
ultraviolet regularization and the choice of the renormalization prescription. Most of the techniques,
used here, can be applied for higher values of ¢ without change. In this case, however, there are more
divergent diagrams. The N-loop diagram can be written as follows:

. 9, a0y 1 4rg (0,05)'P4(0, - Oy)
Mav - 4 1L N L WAYN) Pt YN
«n (90) ”/ e en? Q1 -¢k M*+(Q, - 0,)* ox - 45
_ [ d'Q,  d"Qy hy(0,08)* P40, - Op)
B /o 9”/ eod () pN-! ’ 6:3)

where iy = (2N — 1) (4m)Y g™ ! and

D =x,(Q1 = 45) +y1 (M +(Q, = 02)) ++++ +xy(Qx — q0) - (5.36)
Here, the Feynman parameters x;, i = 1,...,N and y,,i = 1,...,N — 1 are associated with the
Green function (Ql2 - q%)_1 and the pion propagator (M2 +(0;,-0; +1)2)_1, respectively, and
Dyy =dxy---dxydy;---dyy_16(1 —x; =+~ —xy —y; — - —yy_y). The tridiagonal matrix C
takes the following form

x|+ -y 0 o o - 0

Vi Xt yit) Y2 0 0 0
C= 0 -y, X3+y,+y; —y3 O 0 (5.37)

“YN-1
0 0 0 0 —ynv1 XN+YN-1

Let the matrix O be an orthogonal matrix that diagonalizes C: (OCOT)aﬁ = 4,045 The variable

transformation Q@ , — O Qﬁ/l;/ 2Q  transforms the denominator into
2 2
D=3 0,0,+8  A=(yi+-tyy )M = (x+ 43345 (5.38)
a

The multi-loop integral is then rewritten in the following form:

A 19 aNig det(©) Phyel) N2 N s N,
4,N(QO)—/O xy/ (27T)Nd pN-1 47 d+4 2% (d+2)(d+4) o)~

(5.39)

In order to simplify notations, we further introduce the multiindex A = (a,i) and B = (8, j). Here
a,B=1,...Nandi,j=1,2,3 label the loop momentum and the space index of the Nd-dimensional
vector Q = (@4, ,0p). We further define vg) = 010/1;1/2 and v[gN) = OIB/l;m. The terms in
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the numerator of the Feynman integral can be written in the following compact notation (K = 0, 2, 4)

_ (1) (N) (N) ,(K)
N =vi)vG v v ol 0, 04,05, O, (5.40)
where
(0) _
q)il"'i4sf1“‘j4 - 5i1i26i3i4611f2613f4 >
(2) _
(Di1~~~i4,j1---j4 - 6"11'26].1]'26"3]‘361'414 ’
4) _
i ipgiedy = Oiiy Oy iy Oiyy - (5.41)

Since the denominator of the Feynman integral depends only on the Nd-dimensional vector squared,
it is possible to average over the directions. We define

(0aQp) = a,0°TY,.
(04,04,05,05,) = @01, o,
(04,04,94,95,95,98,) a3 Q° H,(A31)A2A3BleB3 ’
(0n,04,04.04,05 05,0505

874
as Q 1 4, 0,4,8,8,8.8, - (542)

It is clear that the quantities I1 are symmetric with respect to the permutations of any of two indices.
Furthermore,

1
My = Oap.
(2) _ (1) (1) (1)
HA,A23,32 - 6A1A2HBIBZ + 6A13|HA232 + 5A132HA231 ’
(3) _ ) (2) (2)
Woaa 8,8 = 944,104 8 5,8, 944,114 8 g5, + 94,8114 a.8,8,

+ 6A132H,(422)A3BIB3 + 6A133H1(422)A3BIBZ’
Hi&i)AzA3A4BleB3B4 - 6A1A2H1(L\33)A4BlBZB3B4 + 6A1A3H1(432)A4BleB3B4

+ 6A1A4H1(432)A3BIBZB3B4 + 6A131H1(432)A3A4BZB3B4
i‘32)1431‘\431B3B4 + 6A133H1(‘\32)A3A4313234

(3)
+ Sap U A nms, (5.43)

+ 6A132H

and so on. The normalization constants a, . . ., a4 can be easily determined, taking the trace on both
sides of Eq. (5.42)

1 1 1
T uN T un@N+2) BT AN@N+2) (AN +4)°
1
- . 5.44
% = UN(dN +2)(dN +4)(dN +6) (544)
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It remains to substitute the above formulae into Eq. (5.40) and evaluate the numerator after averaging
over the directions. After the lengthy but straightforward calculations we arrive at a compact expression

- 4
M o) — /1 5 / a4 det(C)™PhycPa, (d - 1)d(d +1)(d +6) fiy O 545
4,N\10 0 Xy (27T)Nd (QZ +A)2N_1 )
where f,z denotes the matrix element of C -
Fap = D 0aydy 0p, = det(€) ' AdI(C) 1. (5.46)
Y

where Adj(C) is the adjugate of the matrix C. Carrying out the integration over Q, we finally get

N-1 _(4)

M (g = S Ca % T(Nd/2+HT(NQ2 -d/2) - 5)
VT gy @nD (Nd/2)
1
X / D, det(C) 274 (Adj(C), )" AN @22 (5.47)
0

In order to carry out integrations, it is convenient to group the variables x; and y; separately:

X = pPTy x=p(l-1)1, - xy=p(l-7)--(1-15_),
yi = (I=-p)y, yo=(=p)A=t)ty, -+ yyoy=A=-p)(1-1)---(1-ty_),
s = (1-p)/p. (5.48)

As already mentioned, the quantity Mff}'v(qo) is ultraviolet divergent. It contains a simple pole in
(d — 3) to all orders that can emerge in different places. For even values of N, the pole emerges in
['(N(2 — d/2) —5), whereas the integration over the variable s yields a finite result in dimensional
regularization, because the index of divergence is half-integer in d = 3 dimensions. For odd values
of N, the prefactor is finite, and the pole emerges from the integration over s. Integrating over the
variables 7; and ¢; does not produce any divergences. All diagrams with N > 10 are ultraviolet-finite.

Separating the poles in multi-loop diagrams is a rather involved enterprise. On the other hand,
applying the subtraction at threshold (or any other point below threshold, with a subtraction scale
of order of M) can be done straightforwardly. We shall fix our renormalization prescription by
subtracting from the multi-loop diagram the first few terms of the Taylor expansion in the variable
7= q% /M 2. The polynomial of the fourth order in z should be subtracted for N = 2, the polynomial of
the third order for N = 3, 4, the polynomial of the second order for N = 5, 6, and so on. It is clear
that this procedure does not introduce large mass scale and, hence, the coefficients of the modified
effective-range expansion in K, ?/[ (q%) will be of natural size.

5.4.2 Results of Numerical Calculations for M,(q,)

In this section we shall present the results of numerical calculations for £ = 0, 4. After subtracting the
ultraviolet divergences, the calculation over Feynman parameters in d = 3 dimensions were carried by
using the VEGAS routine [258, 259]. The Lippmann-Schwinger equation (5.22) that determines TE”
is discretized on Gaussian mesh points and solved by using matrix inversion.
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Figure 5.7: The real and imaginary parts of the function M,(q,) for £ = 0. The imaginary part is zero below
threshold. The full solution corresponds to the sum of the M?iv(qo) (up to two loops) and M}i”(qo), see
Eq. (5.22). For comparison, the perturbative result up to 7 loops is shown. The vertical lines in the left panel
correspond to the elastic threshold and the beginning of the left-hand cut.

In Fig. 5.7 the real and imaginary parts of the function M,(q,) for £ = 0 are plotted. The full solution
M,(q,) = M?iv(qo) + M?” (g) is given by a sum of two terms, where the former contains perturbative
contributions up to two loops. For comparison, we also plot the result of perturbative calculations up
to and including 7 loops. It is seen that, for a given value of the coupling g, the perturbative series
converges rapidly, so the result in 4 loops and higher becomes visually indistinguishable from the full
solution.

In Fig. 5.8 the result of the calculation in case £ = 4 is shown. Now, Mgiv(qo) contains 10 terms,
and M}i”(qo) is so small that it cannot be distinguished with a bare eye. As one sees from the figure,
the convergence is again very good and, after calculating a few loops, the full solution does not change
anymore. Note that oscillations in the real part are an artifact of the subtraction and do not have an
effect on the convergence.

Last but not least, note that only repulsive interactions are considered at present. In case of attractive
interactions, bound states can emerge in the spectrum and the Born series is no longer convergent. In
our approach, these bound state poles show up in M}'n (q0)-

5.4.3 Coulomb Interactions

In the limit M — 0, our long-range force reduces to the Coulomb force, for which the analytic solution
is known [176, 191]. In this case, we have to identify the dimensionful constant g with g = 2u,.«,
where ,. is the reduced mass and a denotes the fine structure constant. The quantity M, (q,) becomes
the function of the dimensionless variable n = au,./q,. Restricting ourselves, for simplicity, to the
case £ = 0, we get

- 1
My(q ):2a,ur{772 _ —10gn+F'(1)}. (5.49)
o Z] n(n® + 1)
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Figure 5.8: The real and imaginary parts of the function M,(q,) for ¢ = 4. The imaginary part is zero below
threshold. The perturbative expansion converges very rapidly, so that the contribution of MI;'” (gy) is invisible by
the bare eye and is not shown (see also the zoomed-in windows). The vertical lines in the left panel correspond

to the elastic threshold and the beginning of the left-hand cut.

We have checked that, in the limit M — 0, the expression in the curly brackets in Eq. (5.32) indeed
yields the term — log 77 up to an inessential constant contribution. Fixing of this contribution amounts
to setting the renormalization prescription. Higher order terms in the expansion in 7 are obtained
from the multi-loop integrals. The loops with odd N are purely imaginary and do not contribute. We
have (numerically) checked that the first few coeflicients of the expansion of M/, (g) indeed reproduce
those obtained from Eq. (5.49) with a very good precision. Thus, our expression for M,(q,) indeed

reduces to the known one from Refs. [176, 191] in the massless limit.

5.4.4 Modified Effective-Range Expansion Function

As mentioned above, the modified quantization condition allows one to extract the modified effective
range function K, é” (q%) both above and below threshold and, in particular, in the left-land cut region
where the standard Liischer approach fails. Here we wish to construct K éw (qé) in the whole energy
range and ensure that it is smooth and real everywhere, in contrast to the standard K-matrix. We carry
out calculations in the model described by the potential (5.20) and restrict ourselves, for simplicity, to

the case £ = 0.
It should be pointed out that the analytic continuation of the solution of the Lippmann-Schwinger

equation below threshold is by no means a trivial affair. As discussed, e.g., in Ref. [260], when
q% < =M, the path of momentum integration in the Lippmann-Schwinger integration, which originally
runs from O to infinity, should be deformed in order to avoid the singularities of the potential. The
left-hand cut starts higher, at q% =-M> /4. Since the analysis in the left-hand cut region is our primary
interest, we restrict the energy interval by q(z) > —M?>. Albeit, with some additional effort, the analysis

can be extended to the larger region q(z) > —M§ /4.
Another subtle issue is the definition of the effective-range expansion below threshold. The
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Figure 5.9: Real and imaginary parts (in arbitrary units) of the standard effective range function K, (q(z)) (solid
lines) vs. the real part of the modified effective range function K (I;VI (q%) (dashed line) in the S-wave (£ = 0).
The imaginary part of K ?’I (q%) is zero everywhere in the interval considered. The position of the left-hand
threshold is shown by a vertical dotted line.

definition (5.4) applies above threshold. In the interval —M 2 < q(z) < 0 we use the following definition:

47rqé€ 1

K} (q5) = My (qq) + :
@) Tolao) - T (a0)

(5.50)

where T, (q), TKL (g¢) denote the full and the long-range fully on-shell scattering amplitudes (these
amplitudes become complex in the left-hand cut region, however the difference 7, (q,) — TfL (g) stays
real). The Jost function is also real in the considered subthreshold interval and is given by

- L [epldp p >
felgy) ™ =1+ ; /O PR T7 (P ao:q0) . Ti(q0) =17 (p.qoiqp) - (5.51)
0 — 40

In Fig. 5.9 we show the modified effective range function K} (¢3) vs. the standard one K, (g3). The
difference is clearly visible. While the standard function displays a singular structure at the left-land
threshold and becomes complex below it, the modified effective range function is almost linear in the
whole interval considered. Moreover, it does not demonstrate any sign of a singular behavior even
very close to q(z) = -M? in agreement with the claim that the convergence radius of the modified
effective-range expansion is set by the short-range scale M.

5.5 Conclusions

i) In the present chapter we discussed the numerical implementation of the modified Liischer
equation, proposed in Ref. [221]. We chose to demonstrate the essential features of the
implementation, using a simple toy model: two spinless non-relativistic particles interacting
through a sum of two Yukawa potentials, having different ranges. Furthermore, the center-of-
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5.5 Conclusions

i)

iv)

V)

mass frame was chosen from the beginning, and we restricted ourselves to the case of the A}
irrep of the octahedral group only. All these are purely technical restrictions and can be easily
removed in the analysis of real lattice data.

In addition to the above, we assumed that the long-range force is perturbative and does not
create bound states/low-lying resonances alone. In contrast to the other assumptions, this one is
more restrictive and might require additional scrutiny. For the time being, we however stick to
this assumption, because it is justified for the real physical systems which are studied on the
lattice at present.

We went step by step and presented a simple but rather accurate and fast algorithm for the
calculation of the modified Liischer zeta-function shown in Fig. 5.1. This quantity is ultraviolet-
divergent as its renormalization is a non-trivial issue, especially in higher partial-waves. From
the point of numerical algorithms, a cutoff is a preferred choice. However, cutoff regularization
leads to the very large subtraction terms in higher partial-waves that affects the accuracy of
calculations. From this point of view, dimensional regularization is preferred because in this case
the subtraction terms are of natural size in all partial-waves. We derive explicit expressions for
the renormalized n-loop exchange diagrams in dimensional regularization, using a subtraction
scheme that does not produce unnaturally large polynomial contributions.

The solutions of the quantization condition (both modified and standard ones) are compared
with the exact finite-volume spectrum of the Hamiltonian, calculated in the plane-wave basis.
The results confirm all our expectations. First of all, exponential corrections are very small
for all levels except the ground state, where they are increased owing to the proximity of the
left-hand cut. Furthermore, the convergence of the partial-wave expansion is very good in the
modified case and poor in the standard case. Indeed, the standard case implies the partial-wave
expansion of the whole potential, whereas in the modified case only the short-range potential is
expanded in partial-waves, the long-range part is treated in the plane-wave basis as a whole.

If the modified Liischer zeta-function for a known long-range potential is calculated and
tabulated in advance, the analysis of lattice data proceeds exactly in the same manner as in
the case of the standard Liischer equation. The truncation in partial-waves, which involves
short-range potential only, is justified. This potentially renders the proposed approach very
convenient for the analysis of lattice data.
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CHAPTER O

Finite-Volume Energy Shift of the
Three-Nucleon Ground State

The content of the following chapter is based on the publication

* R. Bubna, F. Miiller and A. Rusetsky, Finite-volume energy shift of the three-nucleon ground
state, Phys. Rev. D 108.1 (2023) 014518, arXiv: 2304.13635 [hep-lat]

It should be noted that this project was a part of the Master’s thesis of the author and hence only results
from the project are displayed in the following chapter.

In this project non-relativistic effective field theory is used to carry out a perturbative calculation of
the three-nucleon ground state energy shift in a finite-volume cubic box of size L. The energy shift is
evaluated up to and including O(L_(’). Convergence of the resulting perturbative series is studied
numerically for the physical values of the scattering lengths.

The perturbative calculation of finite-volume energy shifts offers an simple and straightforward
method to fit lattice data. Even though it cannot be used in the presence of bound states or resonances,
it can be still applied to situations where using the full three-body quantization condition would
be an overkill. The perturbative framework was not applied to a system of three-fermions like the
three-nucleon system before. This project aimed to derive the energy shift to the ground state in the
case of three-fermions, with focus on the three-nucleon system. An important point to note here is
that, due to the large scattering length in the case of nucleons, the box size required for a convergent
series is very large and probably out of reach for the time being. However, the perturbative formula
derived within this project can be still applied to other three-fermion systems.

The project started with writing down the relevant non-relativistic Lagrangian given in Refs. [136,
261] and identifying the terms which would contribute up to and including O(L_6). Matching of
the two-body LECs appearing in the Lagrangian was carried out using the methods detailed in the
previous chapters.

For deriving the ground state energy shift it was assumed that the scattering length is of natural size
and its ratio with the box size L was very small compared to 1. With this assumption, dimensional
regularization was used to tame the UV divergence arising from divergent diagrams. Following Ref.
[97], the three-particle relativistic on-shell amplitude can be parametrized in terms of a single variable
A by making a choice of the incoming and outgoing three-momenta. Taking the limit 4 — O results
in the amplitude becoming singular, however the regular part of the threshold amplitude can still be
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obtained by subtracting singular terms in a systematic manner. With the relativistic amplitude defined,
the author evaluated the relevant six diagrams that contribute three-particle threshold amplitude in the
NREFT and hence derived the matching condition for the three-body coupling. The procedure laid
out in Refs. [91, 97, 98] were closely followed to derive the three-nucleon ground state energy shift.

With the Lagrangian set-up the interaction Hamiltonian was identified. The author along with
Fabian Miiller derived the states that are allowed in the finite volume. Symmetries of the system and
Pauli’s exclusion principle were utilized to write down all relevant states, including intermediate ones.
These states were then used to calculate the matrix element of each term appearing in the interaction
Hamiltonian. The author plugged in the matrix elements in the formula for Rayleigh-Schrodinger
perturbation theory and carried out the summation over the intermediate states to derive the three-
nucleon ground state energy shift up to and including O(L_6) . The result was independently checked
by Fabian Miiller. As discussed in the previous chapter, it was shown that the divergent term of the
three-body coupling exactly cancel out the divergence arising from the finite-volume sums. Further,
one can trade the three-body coupling for the three-particle relativistic threshold amplitude to write
down the ground state energy shift of the three-nucleon system in terms of S-matrix elements.

The physical nucleon scattering lengths were then substituted in the derived formula up to O(L_S),
as the three-particle threshold amplitude is required at the next order, to provide an estimate of L
required for the perturbative series to converge reliably. It was noted that the perturbative series
converges for very large and impractical L.

6.1 Perturbative Shift to the Ground State Energy

Using the Lagrangian given in Refs. [136, 261] and following the steps described in Secs. 3.3.1 and
3.3.2, the following energy shift to the ground state of the three-nucleon system is obtained:

3
Es = M[Maz +a)I* - (a, + a,)(5a> — 14aga, + 5a3)J |,
6
E¢ = F[_ (af + a))P + (4a} - 3dla, — 3a,a} + 4a))1J
T
3 1
- E(as + at)2(a§ — Tagza, + af)K - 4—1(a;L + 24a§at + 78a§af + 24asa? + a?)Qr

1
- E(agt + 6a’a, + 18aa’ + 6a,a; + af)Rr]

671'2 2 2 1271'2 3. 3.
+ ﬁ(as +a;) + i (a,fs + a;t,)

2
+ MH[S\/g{a‘; + 6(1?61, + 18a§at2 + 6asa? + a?}

- 7r{a‘sL + 24a’a, + 78a’a’ + 24a,a] + a?}] In (uL) + 4n5(u). (6.1)
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Here, ag , represents the NN scattering length, 7, , = r; , — 1/ (as’th) with r; , representing the
effective range in the pertinent channel, M denotes the nucleon mass and 775 () is the renormalized
three-nucleon coupling.

In the final result, the quantity n5(u) in Eg should be replaced by %3(0) through the matching
condition. The dependence on u disappears, as it should. In the above expressions, 7, J, K are the
finite quantities that arise from regularizing the above mentioned momentum sums. These are given by

1
I=) — =-891363291781...
n#0 n
1
J = 2—4 = 16.532315959 . .. ,
n#0 n
K = Z = 8.401923974433 . . . . 6.2)
n#0 Il

Q" and R" are the finite parts obtained after renormalizing the double sums over momenta using the
MS scheme. These are given by

1
)

C PP+ + (p+ g

gl g5 e

z‘lp;)p Z P +q +(p+q))

3 1
_ w—»{__ﬂ(m(m -
32r

- 3)) + (2;)6R’}. (6.4)

Numerical values of the finite quantities are given by

0" = —102.1556055.. . . ,
= 19.186903.. . . (6.5)

The calculation of these quantities is described in Refs. [91, 97, 98], where these values are taken
from. Note that the divergent term of the three-body coupling 75 is exactly the one that is needed to
cancel the divergence in the finite-volume sums. This serves as a nice check of the calculations. At
the end, one may replace 175 (1) by the threshold amplitude ./%3(0), expressing the energy shift solely in
terms of the observable S-matrix elements. In this form, the final perturbative formula is valid in case
of unnaturally large scattering lengths and very large values of L.

We find it very instructive to study the convergence of the obtained perturbative formula for different
values of L. As an input, we use the following values of the two-body scattering lengths [262]:

a, = —23.7148(43)fm,  a, = 5.4112(15)fm, (6.6)

In Fig. 6.1 we plot E;/L>, E,/L* and E5/L’ as functions of L. We do not consider E in order to
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Figure 6.1: The three-particle energy shift at different orders plotted against the box size L.

avoid blurring the discussion due to the inclusion of the three-body coupling. For comparison, in
Fig. 6.2 we plot the two-particle energy shift in the triplet and singlet channels, using formulae from,
e.g., Ref. [91]".

From the plots in Fig. 6.1 it is seen that, for L < 45 fm, E5/L5 > E4/L4 > E3/L3 . This clearly
indicates that, in this case, perturbation theory is not applicable for small L. For L above 90 fm the
ordering of the corrections to the ground state energy seems to be correct and, naively, one would
assume that perturbation theory is applicable above this value. However, the convergence is expected
to be very slow and hence, in order to achieve a decent convergence rate, one would need to go to
the very high values of L. Furthermore, comparison to Fig. 6.2 shows that the convergence in the
two-particle sector is much faster, albeit still beyond reach for the present-day lattice QCD calculations.

6.2 Conclusions and Outlook

i) Using the non-relativistic effective theory, we have derived a perturbative expansion of the
finite-volume shift of the three-nucleon ground state energy up to and including order L7® The
matching to the threshold three-nucleon amplitude has also been carried out in perturbation
theory.

ii) It is known that S-wave nucleon-nucleon scattering lengths have unnaturally large values that
affects the convergence of the standard perturbative series. As a result, the lowest-order term to
the two-body amplitude should be resummed to all orders. Despite this fact, a strict perturbative
derivation of the finite-volume shift is still valid. The difference is hidden in expressing of the
two and three-body observables through the effective couplings and does not affect the final
formula of the energy shift in terms of the observables.

! In that paper, the expressions for two identical scalars are given. However, to the order we are working, the nucleon-nucleon
Lippmann-Schwinger equation in the singlet/triplet channels looks identical to its scalar counterpart. Consequently, one
can use the formulae from Ref. [91] also here.
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Figure 6.2: The two-particle energy shift in the spin triplet and singlet channels, at different orders, against the
box size L.

iii) Numerically, at physical values of the scattering lengths, the perturbative series converges only

at unrealistically high values of L. Furthermore, the convergence in the three-particle sector is
substantially slower than in case of two nucleons.

iv) A full-fledged three-fermion quantization condition has become available recently [87]. In
our opinion, in the future, the derived perturbative expression may provide a useful testing
ground for the general framework, controlling, in particular, a consistent inclusion of the
relativistic effects for particles with spin. These effects are technically challenging in the

explicitly relativistic-invariant framework and are almost trivial in the non-relativistic setting
used here.
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CHAPTER [

Lellouch-Luscher Factor for the K — 37 Decays

The content of the following chapter is based on the publication

* J.-Y. Pang, R. Bubna, F. Miiller, A. Rusetsky and J.-J. Wu, Lellouch-Liischer factor for the K —
3r decays, JHEP 05 (2024) 269, arXiv: 2312.04391 [hep-lat]

The explicit expression for the Lellouch-Liischer (LL) factor in the case of K — 37 decays was
derived at leading order, without derivative couplings. Several important technical aspects are
addressed in details in this project, such as the proper decomposition into the isospin amplitudes, the
choice of a minimal set of effective couplings and the renormalization, as well as the algorithm for
the solution of the pertinent Faddeev equations in the infinite volume which is based on the contour
deformation method. Most importantly, the numerical results obtained in this project demonstrates
that the three-body force contributes very little to the LL factor, paving the way for the study of
K — 3r decays on the lattice.

In this project the relativistic-invariant formulation of NREFT was used to numerically evaluate
the LL factor in the case of kaon decay into three pions in different isospin channels. In the context
of NREFT and moving frames, the three-body LL factor was derived in Ref. [101]. Even though
several technical aspects are detailed in the following chapter, the main goal of this project was to
numerically evaluate the LL factor in the case of kaon decay and to identify whether the three-pion
couplings need to be known explicitly or a rough approximation of the three-pion amplitude based on
ChPT is enough for the determination of the LL factor. If the LL factor is relatively insensitive to the
three-body force, the determination of three-pion couplings from the lattice spectrum can be skipped
completely, simplifying the calculation greatly.

The most general NREFT Lagrangian for the present case was written down in both the three-particle
and particle-dimer picture. The author along with Fabian Miiller and Jin-Yi Pang carried out the
matching in both the two-body and three-body sector as well as the matching of the decay Lagrangian.
Techniques laid out in Chap. 3 was used for carrying out the matching. At this point, it is important
to ask whether irrelevant operators, that do not contribute at tree-level, contribute at higher orders.
Considering the structure of the vertex function for kaon decay and three-pion amplitude, it was shown
that these operators remain irrelevant even at higher orders.

The author derived the Faddeev equation for the particle-dimer amplitude for different isospin
channels under consideration. The amplitude in the isospin J = 2 channel turns out to be cut-off
independent without the need of a three-body force term due to negative sign of the Clebsh-Gordan
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coefficient. Moreover, due to the absence of physical dimers there exists only one three-pion amplitude
in the isospin J = 1 channel. Hence, only two independent cut-off dependent couplings need to be
matched in the three-body sector (one for J = 1 and one for J = 3). The particle-dimer amplitude at
threshold is singular at £ = 3M .. The regular part of the amplitude was read off from the result given
in Ref. [95]. With this, the expression for three-particle amplitude and corresponding wave-functions
were derived by the author.

The particle-dimer couplings were then matched to the three-pion threshold amplitude. The author
along with Jin-Yi Pang derived the three-pion threshold amplitude at tree-level in ChPT and carried
out the matching. A tree-level calculation was sufficient as the LL factor evaluated numerically shows
high insensitivity to the three-body amplitude. With all the necessary set-up completed, the LL factor
for kaon decay was derived.

The kernel of the Faddeev equation in the infinite volume contains logarithmic singularities, hence
the integration contour needs to be deformed to solve this equation. The author, Fabian Miiller and
Jin-Yi Pang independently implemented contour deformation routines for solving the Faddeev equation
in the infinite volume. Further, the finite-volume energy spectrum in rest frame and moving frames
were obtained by solving the three-body quantization condition and hence the finite-volume wave
functions were evaluated. With all the necessary pieces, the LL factor was numerically evaluated for
K — 3r decays. The value of three-body threshold amplitude, obtained from ChPT, was varied in a
wide interval to test the sensitivity of the LL factor. It was determined that the LL factor exhibited
negligible dependence on the three-particle amplitude.

7.1 Introduction

In the recent years, first results of the lattice studies of the spectrum in the three-particle systems have
started to appear. These results have been analyzed by using three different but conceptually equivalent
formalisms known as Relativistic Field Theory (RFT) [67, 68], Non-Relativistic Effective Field Theory
(NREFT) [70, 71] and Finite-Volume Unitarity (FVU) [69, 231] approaches. The references to the
activities in the field that include both formal developments as well as actual simulations on the lattice
are collected here [29, 30, 65-71, 73-75, 77,78, 81-87, 92, 95-102, 137-140, 212, 231, 264-292].
For more information on the subject, we refer the reader to the two recent reviews on the subject [72,
293].

One of the most intriguing and challenging tasks in the three-particle sector is the study of the
three-particle decays. Here, we exclusively focus on the decays which proceed via the weak or
electromagnetic forces — in other words, these particles would be absolutely stable in pure QCD. A
classic example for this kind of decays is given by K — 3. Here, one could also count the decays that
proceed via the isospin breaking (the most prominent example of this sort is given by the n — 3).
Putting differently, the 7 is stable in pure isospin-symmetric QCD, with m,, = m,, and the decay
amplitude is proportional to the quark mass difference (m, —m,,) (the higher-order terms in this small
parameter will be neglected). A completely different picture emerges where both the formation and
the decay of a particle (resonance) is caused by strong interactions which are described by the QCD
Lagrangian alone. In this case, analytic continuation into the complex plane becomes inevitable. We
shall not consider such processes in the present chapter.

The main conceptual problem in the determination of the decay amplitudes on the lattice are caused
by the presence of the final-state interactions. Since the mass of the decaying particle lies above the
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sum of the masses of the decay products, the propagators in the Feynman diagrams that describe
final-state interaction may become singular in the integration region. This, at a fixed energy, leads
to an irregular dependence of the measured matrix element on the lattice volume, rather than to the
exponentially suppressed finite-volume corrections which emerge in the observables of stable particles.
Lellouch and Liischer [43] have shown that, in case of two-particle decays, this singular behavior is
contained in a single function (the so-called LL factor), which relates the decay amplitudes in the
infinite and in a finite volume. A crucial property of this function is that it depends on the dynamics
in the final state (the two-body phase shifts, in this casel), but not on the interactions that lead to
the decay. Further development of these ideas can be found in Refs. [41, 48, 295] which include, in
particular, the generalization to the moving frames and the multi-channel decays.

An analog of the LL formula for the three-particle decays has been derived only very recently,
independently by two groups [100-102]. Albeit there is no substantial conceptual difference between the
two- and three-particle cases (for example, the functions that describe an irregular volume-dependence
also in the three-particle case depend solely on the parameters of the final-state interactions), an
algebraic structure of the final expressions is much more cumbersome and obscure. In particular, there
exists only one LL factor in the two-body decays, owing to the kinematic constraints (the magnitude
of the relative momentum in the two-body decays is fixed by energy-momentum conservation). On
the contrary, the three-body decays are characterized by an (infinite) tower of effective couplings that
describe the dependence of the decay amplitudes on different kinematical invariants. Consequently,
the LL factor is not a single function but a matrix, which should be truncated in actual calculations.

The aim of the present chapter is to consider a single physical process, the kaon decay into three
pions, and to work out the LL factor explicitly for this process in different isospin channels. In order
to achieve this goal, the NREFT approach will be used. The choice of the process was not completely
arbitrary — we believe that the three-pion decay of the kaon will likely be one of the first three-particle
decays studied using lattice QCD, not least since it is considered as one of the sources of information
about CP violation in the light quark sector (see, e.g., [296]). Moreover, we believe that, taking
into account the expected accuracy of lattice calculations at the present stage, in the beginning it
will be reasonable to truncate all interactions in the two- and three-pion sectors at the lowest order,
i.e., to consider only non-derivative couplings in the S-wave. These approximations will allow us to
put the final result in a much more compact and transparent form, suitable for a direct use by lattice
practitioners, even if the calculation of the most interesting C P-odd observables (for instance, the
asymmetry of slopes in the decays of K™ and K~ [297]) will, at the end, require the inclusion of the
higher-order derivative couplings at next-to-leading order.” Such a generalization can be however
performed in a straightforward manner, using the methods described in the present (:hapter.3 In order
not to overload the presentation with the technical details, we omit these higher-order terms in the
following.

Furthermore, there are several technical issues that were addressed only very briefly, or not addressed
at all in the previous work on the problem that was carried out within the NREFT framework. Since
the kaons can decay into different isospin channels, one has to explicitly write down the Faddeev

! In general, the LL factor receives contributions from an infinite tower of the partial-waves, see, e.g., [294].
2 For more details on the counting scheme in the effective theory, we refer to [205, 206].

3 The only (small) complication that may arise here is related to the emergent spurious poles in the two-body pion-pion
scattering amplitude that could be however removed, using the method described in Refs. [216, 217, 298].
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equations in these channels.* Moreover, as it is well known [134, 214], these Faddeev equations
need to be renormalized. A choice of a minimal set of three-body couplings that suffices to render
amplitudes cutoff-independent is rather non-trivial and will be discussed below. Moreover, we discuss
an algorithm which will be used for a numerical solution of these Faddeev equations in the infinite
volume. This algorithm is based on the deformation of the integration contour into the complex plane
and has been known for a long time in the non-relativistic scattering theory. The discussion in case of
relativistic kinematics in the literature is much more fragmented, and we shall attempt to fill this gap
in the present chapter.

The main objective here is however not of a technical nature. Namely, we shall try to find an answer
to the question, whether a prior knowledge of the exact values of the three-body couplings, which
describe short-range three-body interactions, is essential for the determination of the LL factor. If the
answer to this question were positive, it would substantially complicate the extraction of the decay
amplitudes on the lattice. Indeed, for this, one would have to first accurately extract the three-pion
couplings from the measured spectrum of three pions, which is quite a challenging task. Fortunately,
it turns out that the LL factor shows very little dependence on the three-body force. For this reason,
even a rough estimate of the three-body amplitude, based on Chiral Perturbation Theory (ChPT), will
be sufficient for an accurate calculation of the LL factor which is essentially determined through the
S-wave nrr scattering lengths alone. This, in turn, paves the way for a direct extraction of the K — 37
amplitudes in lattice QCD, circumventing, at the initial stage, the determination of the three-pion
couplings from the measured lattice spectrum.

The layout of the chapter is the following. In Sect. 7.2 we write down the most general effective
Lagrangian for the problem at hand (both in three-particle and particle-dimer picture). The matching
between these alternative descriptions has been carried out, and an explicit expression for the LL factor
in K — 3 decays is derived. In Sect. 7.3, the Faddeev equations in different isospin channels are
explicitly written down and the renormalization issues are addressed. The matching to the relativistic
amplitudes that will ultimately enable one to express the three-body couplings in the Lagrangian
through the three-body amplitudes calculated in ChPT, is discussed. In Sect. 7.4, these Faddeev
equations in the infinite volume are solved by using the contour rotation technique. Furthermore,
the finite-volume energy spectrum of the three-pion system is obtained by solving the quantization
condition and the finite-volume wave function are determined. All these are necessary ingredients
for the calculation of the LL factor. We finally check the sensitivity of the calculated LL factor to
the input values of the short-range part of the three-body threshold amplitude and find that in a wide
interval, the LL factor practically does not depend on this input. Sect. 7.5 contains our conclusions.

7.2 Derivation of the K — 3z LL Formula

7.2.1 The Lagrangian in the Three-Particle Picture

In the following, we will consider the decay of a positively charged kaon K™ into three pions, which is
induced via weak interactions. There are two decay channels: K* — 7’z°z" and K+ — n*x*n". In
order to describe the decay K — 37 within the NREFT approach, we adapt the Lagrangian given in

4 Note that, in the RFT framework, the inclusion of the different isospin channels has been considered in Ref. [102].
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[206], rewriting it in an arbitrary frame defined by the four-velocity v*:

L :Z nj3 2w, (i(vd) = w,) m + Ly + Ly (7.1)
i3

+KI2W, (i(vd) = W,) K, + L,

where w,, = \/M,Zr +0% — (vd)* and W, = \/MIZ< +0% — (vd)* and M, and M denote the masses of
pions and kaons respectively. Note that we work in the basis with physical particles, so that the triplet
of pion fields is given by 7; = (m,, mg, m_). At the leading order in the power counting the two-body
Lagrangian reads as

1 . L ] 4

L, = 3 C, ﬂéngﬂoﬂo +2C, (7T.;.7T2)7T+7T0 + ﬂlﬂgﬂ_ﬂ'o) +Cy (nlninono + h.c.)

+2C, i o +1C (ﬂ'Tﬂ'Tﬂ' ro+naian ) (7.2)
4784+ - 2 5 +0 480y _A_A_T_ ), .

while the three-body Lagrangian is given by

_ i i i\
Ly=D, (myn, +1\mg+7ln_

0
+D, (27117{ - ﬂgﬂ'g) (711#+ + 718710 + nin_) (27T+7T_ - 71'07'[0) . (7.3)
The weak kaon decays are described by the Lagrangian
Ly =G, (KI”07T07T+ + h.c.) +G, (Kin+7r+7r_ + h.c.) . (7.4)

At higher orders, all Lagrangians are amended by the terms that contain space derivatives of all fields.
A consistent power counting emerges, if one counts three-momenta as p = O(§), where § stands for a
generic small parameter.5 Again, for consistency, one should count the difference Mg —3M asa
quantity of order 5% [206]. As mentioned above, here the higher-order terms in 8, corresponding to
the derivative couplings, are not considered.

To summarize, the following couplings emerge at leading order in the three-particle picture:

* The couplings C;, i = 1,...,5, describing non-derivative pion-pion interactions in different
isospin channels. These can be expressed through the S-wave nn scattering lengths a, a, in a
standard manner, through the matching condition.

* The three-body couplings in the pion system D, D, (the three-body force). On the lattice, they
can be determined from the fit to the three-body spectrum.

* The couplings G, G, that describe the weak decays of charged kaons into three pions.

3 In the manifestly covariant framework we are using here, one has pi‘ = pt —yH (v - p) = O(9) instead.

135



Chapter 7 Lellouch-Liischer Factor for the K — 37 Decays

7.2.2 The Lagrangian in the Particle-Dimer Picture

In the particle-dimer picture, the most general Lagrangian at the leading order reads as®

L= Z nZ 2w, (i(vd) —w,) m + Z (TITITI3TII3 +L,+ L, (7.5)
I3

3 11
+ K] 2W, (i(vd) = W,) K, + L,

Here o; = £1, depending on the sign of the two-body scattering length. Furthermore, i; = -1,0,1
and I3 = -1, ..., I denote the isospin projection of the pions and isospin-/ S-wave dimer field 7,
respectively. As two pions can couple to I = 0, 1, 2, all dimers with different isospins decouple and
can be neglected. Furthermore, due to Bose-symmetry two pions can not be in an / = 1 state in
the S-wave. Therefore, at the leading order, the / = 1 dimer does not contribute, and the two-body
interaction is described by the Lagrangian

L= (1), 01, +he) . 1=0.2, (7.6)
1,

where the dimer operator is given by a sum over two pion field operators with pertinent Clebsh-Gordan
coefficients:

1 o
0113 :Z Efl<1,l3,1,l3|1,[3>ﬂ'137'(l§ (7'7)
3.0
Note also that O;, = 0 forall /3 = —1,0, 1 follows due to Bose-symmetry. Furthermore, the couplings
f; describe the decay of a dimer into two pions and can be expressed through the S-wave 77 scattering
lengths through the matching condition.

The construction of the three-body Lagrangian proceeds by defining particle-dimer operators in the
channels with a different total isospin J:

J, 1 .
Oy = X (LI 1,isl, I3y 7y Ty, (7.8)

I,i;

In the channels with the total isospin J = 2 and J = 3, there is only a single set of operators with the
dimers having I = 2. For isospin J = 1, there are two independent operators, where the dimer has
I =0 and I =2 respectively. The most general Lagrangian is thus given by:

L= (0}3“))% oy, (7.9)

J. 3 Lr

where, due to hermiticity, hy 1) h(JII’[) (Note that h(Jl’I,) are real due to the T-invariance.). In the

J =2 and J = 3 channels, there is a single coupling, héz’z) and hgz,z)’ respectively. For the channel

th,O)’ h§2,2) th,O) - hEO’Z)-

with J = 1, there are three couplings and

Finally, £, describes the weak kaon decay. Due to charge conservation, the positively charged

© More details about particle-dimer formalism can be found, e.g., in Refs. [71, 81, 101, 134, 214, 299].
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7.2 Derivation of the K — 37 LL Formula

(O e

Figure 7.1: Full dimer propagator, obtained by summing up self-energy insertions to all orders. The blue
double, gray double and black single lines denote the full dimer propagator, the free dimer propagator given
by —o; Is JIGINE and the particle propagator. The blue dots represent the insertion of the vertex converting a

dimer into particles.

kaon can only couple to the operators with J; = 1:

L= g0 (KIOI(J’” + h.c.) . (7.10)
J, I

Hence, in the particle-dimer picture, we have the following parameters in the lowest-order Lagrangian

* Two-particle-dimer couplings f;, f5. These correspond to the couplings C; in the three-particle

picture.
* Three-body force in the particle-dimer picture, described by the couplings hio’o) , hiz’z) , hiz’o),
) an 7. These correspond to the couplings D, D, in the three-particle picture.
h$*? and A Th pond to the couplings D, D, in the three-particle pi
* The weak couplings g(l’o), g(l’z), g(3’2)
particle picture.

, corresponding to the parameters G, G, in the three-

Despite the fact that the number of the couplings in different formalisms differ, these formalisms are
equivalent. This equivalence is, however, a rather subtle issue, and is discussed in the remaining part
of this section.

7.2.3 Matching in the Two-Body Sector

The couplings f; can be matched to the two-body S-wave scattering length in the / = 0 and / = 2
isospin channels. Due to isospin symmetry, the dimer propagator is diagonal in the isospin space:

a‘p
(2n)*

i(0|T[T”3(x)T;,I4(y)]|0) = 6101,1; / e P g (P (7.11)

Summing up the self-energy insertions (see Fig. 7.1), for I = 0, 2 we find

-2
_fZI —, P, (7.12)
—opfr ~ = 31(s)

S;(P?) =

where, for s > 4M,2r,

. 2 1/2
1(5)= T8 TW =15 106 2 (1 - 4M”) : (7.13)

C1ex?r o(s)+1 167 s+ie
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Chapter 7 Lellouch-Liischer Factor for the K — 37 Decays

while for I = 1 trivially §,(P?) = —o .

The two-particle scattering amplitude 7 (p,) + 7 7 (py) — 7, (p3) +m Js (p4) is obtained from
the dimer propagator by attaching the vertices that convert a dimer into a particle-pair. The isospin
I =0, 2 the amplitudes are given by:

167/s

Ty(p1, P2 P3 Pa) = f7 Si(P?) = - : ; (7.14)

16ns[~0 f; % = 37 ()] = ip(s)

2 _ 2 _ 2 _p2_ 2, 2 I
where P~ = (p; + p,)” = (p3+ py)” and s = P~ = 4(M + p~(s)). Due to unitarity,
1
167s[—op f7 2 - 57 ()] = p(s) ot (s) . (7.15)
Therefore, for I = 0, 2, the matching to the scattering length a; reads as:

o7 ff =32aM La; . (7.16)

As discussed in appendix A.4, integrating out the dimer fields at tree level merely amounts to the
replacement

The matching condition to the two-particle Lagrangian in the particle picture yields:

L _ I
Ci=—¢ (005 +207 ' 13) = —167M,, (ay +2a1).

1 _ 1
C2 = —10—2 1f22 = —167'1'M7r §a2,

1/ _ _ 1
C == (2 =05 £ ) = ~16mM, 3 (ay - ap)

6
1 _ 1

Ci=—35 (200 /5 +o3 ' 73) = —162M,, = 2ag +ay).
1

Cs =505 '} =-167nM, a,. (7.18)

This result agrees with [206].7

7 Note a different sign convention is used in Ref. [206], namely, pcotd = 1/a; +...instead of pcotd = —1/a; +.. ..
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7.2 Derivation of the K — 37 LL Formula

7.2.4 Matching of the Three-Body and Decay Lagrangians

At tree level, carrying out the the replacement (7.17) in the particle-dimer operators, one straightfor-
wardly gets:

-1
(1,0) o fo
OJ3 NG Qr,r_ - mym)7y,
-1
(1,2) o
OJ3 — VS Q2r,n_ = mym)my,
o o,
-1
3,2 oy f
Oi3 : - 22 2 £ Ty
-1
o V3
OS’Z) - _% LT
Ofl’z) — % 52_\/_ (o s + 27, 7))
5 +7s +
o3 - —O—z—fz (37r T_Ty + Moo ) (7.19)
0 \/m +/t =70 07t07t0/) - :

Furthermore, performing this replacement in the particle-dimer Lagrangian, one can identify the
couplings D, D, from Eq. (7.3):

, i . R 3
>3 (05} 0 = by (i a4l

J.J5 Lr
it o w) (o i d _
+ D, (27r+7r 710710) (71+7r+ + 7y + 7T_7Z'_) (27r+7r_ 7'[071'0) , (7.20)
with
2
D, = f—2 n>?
fo 0.0) , %0 oos ' f e 0, fz 22 35 o 2

D hy ———=h h h; 7.21
2" 12 35 L 20 (721

Using the same replacement in the Lagrangian that describes the weak decays of kaons (7.4), one
could read off the couplings G, G,:

Z g (KIOl(J’I) + h.c.) - G, (Kiﬂ+7r+7r_ + h.c.) +G, (Kiﬂ+ﬂo7r0 + h.c.) , (7.22)
J.1
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Chapter 7 Lellouch-Liischer Factor for the K — 37 Decays

Figure 7.2: Tree level contribution to the decay matrix element. Black solid lines and gray double lines
denote a particle propagator and the tree-level dimer propagator, respectively. The blue dot and the empty red
square correspond to the particle-dimer conversion vertex and the kaon initial decay coupling, respectively.
Furthermore, (@By) stands for some permutation of (123).

with

3 I
6=~ o7 0+ o g0 4

«/522 Vi

-1 3,2
%) fzg( ) -

1
W a5 fog "
Gy=——= o e - oy g (7.23)

2v5 V15 V3

As seen from the above equations (7.21) and (7.23), the number of the couplings in the particle-dimer
picture is larger than in the three-particle picture. Namely, one could argue that only two couplings in
each set hy’l,) and g(J’I ) are independent, and others can be chosen freely. Note that establishing
the number of the independent couplings is a subtle dynamical issue and is discussed in detail in
Ref. [101]. Here, we merely state that in the S-wave 7 scattering no shallow dimers exist that justifies
a naive counting presented above. To fix the freedom, we choose hgz,O) = hgz,z) = h;z,z) =0 and
g(l’z) = 3g(3’2), g(z,z) = \/§g(3’2) (The latter two conditions ensures that, at tree level, the operators
Tyor, and Ty, 7, are absent in the Lagrangian £, which describes the weak decay of a kaon into the
particle-dimer pair.).

An important question is, however, whether these redundant couplings, which are absent in the
tree-level matching, re-emerge in the loops. We shall address this question in the following section.

7.2.5 Reduction of the Redundant Couplings

Following Eq. (7.19), one can trivially define a linear combination of the operators O;:’O) and O;]’z) ,
which vanishes under the replacement (7.17). One need not display an explicit form of this linear
combination here which, together with 02’2) , forms a set of the irrelevant operators (55:‘), a=1,2.
The contribution of the irrelevant operators to the physical matrix elements at tree-level vanishes.
An orthogonal linear combination of 0(1’0) and 0(1’2) nd 0(3’2) form a set of relevant operators

O(a), a = 1,2. The question which will be addressed below can be stated as follows: do the irrelevant
operators contribute to the physical observables beyond the tree level? We shall demonstrate that this
is not the case, and the irrelevant operators can be safely dropped from the beginning.

Let us start from the decay of a kaon into three pions, and consider the following vertex function

111213

(t1,3355) = (OIT | 0425 (xy, 03, (O() <0>} 0). (7.24)
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7.2 Derivation of the K — 37 LL Formula

zg Yy
Loy Yp
Lo Yu

Figure 7.3: The tree-level contribution to the matrix element of the three-pion scattering. Black solid lines and
gray double lines denote the particle propagator and the tree-level dimer propagator, respectively. The blue
dots and the red rectangle correspond to the particle-dimer conversion vertex and the particle-dimer interaction
vertex, respectively. The labels (@8y) and (uvp) denote the permutations of (123).

where 05, denotes a three-pion operator:
0325 (), x5, 33) = 7, (), (x)7; () - (7.25)

At tree level, this vertex, shown in Fig. 7.2, vanishes, because of the Bose-symmetry of three pions in
the final state. Now, note that the same vertex appears in any loop diagram that describes the kaon
decay. It is straightforward to check that these loop diagrams vanish as well, since the tree-level vertex
does not depend on the momenta of the final pions — in other words, it does not distinguish between
the real an virtual pions. As a result, the contribution of the irrelevant operators to the pion decay
amplitude vanishes to all orders in perturbation theory.

A similar argument applies for the three-pion scattering. The tree-level contribution to the quantity

(a,b)

i1ihi3/1/2J3 (%1 %2, X33 Y15 Y2, ¥3)
iyiyi 1727, "o
:(0|T 03171-2 3()61,)62,)63)0;17{2]3 (Y1> Vas y3)T Z (OZI) (0)) (053)(0)) ] |0> (7'26)
J3

is shown in Fig. 7.3. Here, for simplicity, we assume that only one irrelevant operator appears, but the
discussion in case of two irrelevant operators follows exactly the same path. The tree-level contribution,
where each dimer line is equipped by two-particle lines prior to escaping, obviously vanishes. The
question, whether the irrelevant operators contribute in the loops reduces to the question, whether
all internal dimer lines end up in the two-pion vertex. There is only one diagram, shown in Fig. 7.4,
where this is not the case. However, the tree-level dimer propagator S;O) (x) = -0y Is* (x) is local
in position space. Hence, a closed loop over the non-relativistic pion propagator emerges, which
vanishes due to the pole structure of the latter. To summarize, the irrelevant operators contribute
neither to the kaon decay amplitudes, nor to the three-pion scattering amplitudes to all orders and,
hence, can be safely discarded from the beginning.
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Chapter 7 Lellouch-Liischer Factor for the K — 37 Decays

Lo Yu
Figure 7.4: The particle-dimer loop diagram that could potentially contribute to the six-pion amplitude. Black
solid lines and gray double lines denote a particle propagator and the tree-level dimer propagator, respectively.

The blue dots and the red rectangle correspond to the particle-dimer conversion vertex and the particle-dimer
interaction vertex, respectively.

7.3 Faddeev Equations and Derivation of the LL Factor

7.3.1 Faddeev Equation for Particle-Dimer Amplitude

We start with writing down the Faddeev equation for the particle-dimer amplitude.8 There are three
isospin channels with J = 1, 2, 3 (In the decays of charged kaons, the channel with J = 0 is excluded
due to charge conservation.). It is important to note that, due to the symmetry properties of the
three-pion wave function, the isospin channel J = 2 does not contribute to the kaon decay at the
leading order. The particle-dimer amplitude M,.;;/(p, ¢; P) in an arbitrary reference frame defined
by a unit vector v/ obeys the equation

MJ;I]’(P,LI;P) = ZJ;II'(P,q;P)

AN Pk )
+ E ————Z,.(p, ks Pty (P = k))IM . (kg P) . (7.27)
I / (27T)32Wv(k) s ! S

Here, I and I’ are the incoming and outgoing dimer isospin indices, p and g represent the on-shell
four-momenta of outgoing/incoming particles, respectively, P is the total four-momentum of the
three-pion system and k' = kK — v¥(vk) denotes the perpendicular component of any vector k¥ in
a frame defined by the unit vector v¥, see also footnote 5. Furthermore, A, denotes the ultraviolet
cutoff which is defined by:

A, d3kL ~ 4k . s ) ) . i
/ (2n)° F(k)_/ 2 0 K T mIBATH = (VRYIE(R) (7.28)

The Faddeev equation is diagrammatically illustrated in Fig. 7.5. Note that, in order to streamline the
notations, we have changed the normalization of the amplitude, according to M;.;;» — f[lM sty L
The quantity Z ;.- represents the driving term of the Faddeev equation while 7, stands for the dimer
propagator:

Crar + Hy,p (A)
2w, (P=p-=q)(w,(P=p—q)+w,(p)+w,(q) —VvP —ie) A?
7 (P=K)%) = f7S,(P-k)). (7.29)

Zyr(p.q;P) =

>

8 The Faddeev equations in the particle-dimer picture (both the non-relativistic and relativistic cases) has been considered
in detail in the following papers [71, 81, 101, 134, 214, 299].
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M - S AN
+ S M + j i M

Figure 7.5: Faddeev equation for the particle-dimer scattering amplitude. The double blue line and the solid
black line correspond to the full propagator of the dimer field the pion propagator, respectively. The blue circle
denotes the vertex, converting the dimer to particles and the red box denotes the dimer-particle contact vertex.
Isospin indices are implicit.

The explicit expression for the quantity 7;, which is directly related to the dimer propagator defined
in Eq. (7.12), can be read off from Eq. (7.14). Furthermore, c;. ;- are expressed through the
Clebsh-Gordan coeflicients and emerge after the projection onto the states with total isospin J:

1 v5 1 1

C1.00 = g’ C1.02 = C120 = ?7 Cl2 = 8 s Cp = _5, C3.0p = 1. (730)
Finally
Hygp (N = A 7 00 ft (7.31)

According to the choice hiz’o) = hiz’z) = h§2’2) = 0, only the couplings H ., and H;,, are non-zero.

Furthermore, as shown in Refs. [134, 214], if one restricts oneself only to the first term in Z Jur
and sets all H,.;;»(A) to zero, the solution of the Faddeev equation is cutoff-dependent and shows
oscillatory dependence on A. This cutoff-dependence is eliminated by adding the contribution
from H,.;;(A). The A-dependence of these couplings is such that it exactly cancels the oscillatory
behavior coming from the first term. For our case, two remarks are in order. First, as shown in
Ref. [134], since the coefficient in the isospin-two channel, ¢,,, = —%, has a negative sign, the
amplitude even without the inclusion of H,.p,(A) is cutoff-independent for all momenta p < A.
Hence, one does not need to introduce the particle-dimer contact term in the J = 2 channel altogether.
Second there are no physical dimers and hence there is only one independent three-pion amplitude
in the J = 1 channel. Consequently, in this channel, it is sufficient to match the coupling H ., only.
To summarize, as expected from the beginning, all observable three-pion amplitudes can be made
cutoff-independent by matching only two couplings H, ., and Hj.,,, albeit the original particle-dimer
Lagrangian contained four independent couplings. This statement does not hold, in general, for the
(unobservable) particle-dimer amplitudes (We remind the reader that there are no shallow bound states
in our case.).

For matching of H,.;;» (A), we need the three-particle threshold amplitude and, equivalently, the
particle-dimer threshold amplitude, which is obtained by setting p,q = 0 in the CM frame. This
amplitude is singular at £ = 3M . To get the regular part of this amplitude, we start with evaluating
the amplitude slightly below threshold, assuming that £ = 3M . — &, and consider the limit & — 0
at the end. Adding loops makes the singularity at € = 0 weaker, and evaluating the diagrams up to
two loops suffices for finding all singularities. Next, the singularities in € are isolated and subtracted
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Chapter 7 Lellouch-Liischer Factor for the K — 37 Decays

from the threshold amplitude, in order to obtain the regular part. This process is discussed in detail in
Ref. [95] in a purely non-relativistic setting. The singularities in our case are the same and can be
easily read off from Ref. [95]:

1
Cr.rr (C n dy C 7 )
M, e zmz L1 4y iy

SJ;II’ (e) =

e I//
2 e
—_ § log _— Z (CJ,II” alu CJ;INIIII aI/// CJ;I///II) . (7‘32)
T I”'I’”

In an arbitrary frame, the quantity & should be defined as € = \/? —3M ., whereas p, q are replaced
by p'\, ¢'{. By subtracting S;.; - (&) from the threshold amplitude M.;; and taking the limit & — 0,
we get the regular particle-dimer threshold amplitude.

The infinite-volume three-particle amplitude9 is related to the particle-dimer amplitude in the
following way:

3

Trar(ph Ak P = Y |06 (pas = 45081029, (p)TI (P = po))
a,B=1

+7((P= o) IMyr (Par i P (P = 4)°) | (7.33)
Here, {p} represents the set of all four-particle momenta p, with @ = 1,2, 3. The regular part of
the three-particle amplitude can be related to the regular part of the particle-dimer amplitude in an

obvious manner.
In a finite volume, the counterpart of the Faddeev equation can be written down as follows

Mi,,/(p,q;P) =ZJ;11’(P,q;P)

A
1 & 1 ) L L )
+ IEH E kg T(k)ZJ;H/ (p, k, P)T[//(P - k)MJ;I”I’(k’ q, P) s (734)

where L is the spatial extent of the box and finite-volume quantities are represented by the superscript
L. The summation is over the discrete values of momentum k = 27n/L, n € 73. The finite-volume
propagator is given by
16
) = s ’ 73
167+s[-o ;72 = 37(s)] - ——2Z74 1; 2
Vs[-o fy 5 (s)] Vily 00(159p)

where s = P? and the real part of the Chew-Mandelstam function, J(s), is defined in Eq. (7.13).

% We would like to stress here that this is not a physical amplitude. The physical states with a given full isospin J can be
built up from a pion and a dimer with a isospin / in different ways. in the quantity 7., , the full isospin J, as well as

1,1’ are fixed.
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E - = (= ]

Figure 7.6: The three-particle amplitude in terms of the particle-dimer scattering amplitude. The sum over
spectator momenta and the isospin indices are implicit.

Furthermore, the Liischer zeta-function Zg(1; q(z)) is defined as

Zoo(1343) = ——= \/_ Z = (7.36)
— 40
ihy= 20 g=Lp 2 L (s _,p d
wi =—,d=—P,gh=—|--m“| an

- 1
Pd = {r:R3|V” =Y l(l’l” - §|d|),l‘L :ni,n € Z3} .
The quantization condition, which now explicitly includes different isospin channels, is given by
det(A) =0, Arr (p,q;P) = 2W(k)L35pq511'[TIL(P - k)]_l ~Znr (p.q; P). (7.37)

The finite-volume spectrum E,, of the three-particle system is determined by the discrete solutions of
the quantization condition. The particle-dimer amplitude is factorized near the pole of the quantization
condition as follows,

. 671 ()9 (9)
MJ;II’(p’q;P) EoE = W + regular

where ¢(JY,LI) (p) is the finite-volume particle-dimer wave function and it obeys the homogeneous
equation:

A,
’ 1 \
OHOED I D i Lo ok PYTEP = 061, (). (7.38)
I k

Note that Z;.;(p, k; P) and T,L (P — k) are energy-dependent quantities and hence the wave function
is not normalized to unity but rather obeys the following normalization condition

Z Z o ()1 Lp=p)ydZ,,p(p.k;P) TH(P - k)

(n)
2w(p) dP, | 2w (k) ¢y (K
(n) 1 dTI (P P) (n)
+Z Zqﬁ“( Pty ap,, = (7.39)
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where one substitutes P, = P,, | after differentiation.

7.3.2 Matching of the Three-Pion Coupling

Below, we shall perform the matching of the particle-dimer couplings to the three-pion threshold
amplitude. These amplitudes will be evaluated at tree level in perturbation theory.10 We start from
calculating the physical three-particle amplitudes in the particle basis.'" In order to express these in
terms of particle-dimer amplitudes, one has to equip the latter by the full dimer propagators for the
outgoing legs and the vertex functions that describe the transition of a dimer into a two-pion pair, see
Eq. (7.33). The (connected part of the) threshold amplitude for the scattering of three charged pions is
straightforward to obtain, since it contains only the isospin J = 3 contribution:

T (37" — 37%) = IMy (6)15(8)°. (7.40)

Here, the factor 9 comes after summation over all permutations of the external lines. Similarly, the
connected part of the amplitude with three neutral pions is given by

12
T"M(37° - 37%) = 3M o0 () 70 (8) + —
1;00 0 \/g

12 18
+ ?M];ZZ(S)TZ(S)Z + ?M3;22(8)Tz(«9)2 . (7.41)

Ml;oz(S)To(b")Tz(S)

The amplitudes entering the above equations are defined as

Mygr(e) = My (@) (3.4 P, 1,(e) =1,((P-p)7),
p=4=(M,0), P=(3M,-¢,0). (7.42)

Furthermore, according to Eqs. (7.32) and (7.14), the expansion of M.;; (&) and 7;(&) in & takes the
following form:

crar d] 4
M. p(e) = M e 2 +6’J 4 log +MJ 4 +0(Ve),
2
7;(e) = =321M ,a, (1 +a;M e+ a%Mﬂs Bl i , (7.43)
n

where d;.;;» and e/ are coefficients that are proportional to the powers of the two-body scattering
length. Therefore, applying chiral power counting, from Eq. (7.32) it directly follows that

crr=0(1),  dypy=0M2),  epp=0My). (7.44)

10 Note that, within the RFT approach, this matching has been carried out at one loop recently [292]. Here, we restrict
ourselves to the tree-level calculations. Anyway, it will be demonstrated below that, in the LL factor we are after, there is
barely any dependence on the exact value of the threshold tree-body amplitude.

There are only two independent six-pion couplings at lowest order. This means that one can use any two linearly
independent physical amplitudes to perform the matching. We use 37% — 37" and 37° 5 320 amplitudes for this
purpose here.

11
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Taking into account the fact that the tree-level amplitude in ChPT, which will be matched to the
six-point amplitudes given in Egs. (7.40) and (7.41), is of order M ,2, (see appendix A.5), it follows that,
at the accuracy we are working, the regular part of these amplitudes (i.e., the piece that is obtained
from the amplitudes after dropping all divergent pieces in &€ and performing the limit € — 0) is given
by

Trce%nn(3ﬂ+ — 37T+) = 9M3;22f22 .

12
V5

where 7, = 327M .a;, and M .11 denotes the regular part of the particle-dimer scattering amplitude.
These amplitudes can be matched to the ones obtained from ChPT, see the appendix A.5. The result
there is given by

_ - 12 - 18
Tr(;%nn(3ﬂ'o i 37T0) = 3M1;007_'§ + M1;02f0f2 + ?Ml;zzfzz + ?

MisnTs (7.45)

18M, oM,
= T =——. (7.46)
Fy 8F,

The three-pion couplings H,.(A) and Hs,,(A) can be determined by numerically solving the
Faddeev equation, extracting the threshold particle-dimer amplitudes M, .;,» from these solutions
after subtracting the divergent pieces, and then equating the result given in Eq. (7.45), to Tf o

7.3.3 Derivation of the LL Factor

The LL factor connects the decay amplitudes between the infinite volume and a finite volume.
Therefore, in order to obtain the LL factor, we need to calculate the amplitude of K — 37 twice,
separately in the infinite volume and in a finite volume.

In the infinite volume, we calculate the decay amplitude in two steps. First, K decays into a dimer
and a spectator pion. Then, the dimer further decays into two pions. The final state at threshold can
have the total isospin J = 1, 3. Assuming, for convenience that J; = 1, we get

(7 (P2 (p)E" (P)IK*Y = Y > AR = Ty 1 7w (P ) (Ligs Liy [, (1=i)) . (7.47)
a I

with @By = (123), (231), (312). The amplitude for K* decaying into a dimer and a pion can be
expressed as

AKT =Ty g  w'e) = Z(l, (1=i,);1,i,lJ, 1>(g<“>r, + Zr,qy;,,,g(“')) . (7.48)
J 14

where the amplitude @ in the CM frame is defined as

A dq
D,y = ——— M, P, GE)T(qE), 7.49
711 (P) / 2 2w (@) 7. (PG E)Tp (Q E) (7.49)

where 7,/ (q; E) stands for /(P — ¢)*) with P* = (E,0) and ¢" = (\/Mfr +q°,q). From the
Faddeev equation for the particle-dimer scattering amplitude (7.27), the equation for the amplitude @
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can be derived:
QJ I (p) - Z / (27‘[) 2 ( ) J;[]’/(p, q’ E)T[”(q; E) (61//[’ +¢j;]”[’(q))9 (750)

Using Egs. (7.47), (7.48) and performing the projection onto the S-wave, for the charged (“c”) and the
neutral (“n”’) channels we obtain

@ (p)r’ ) (p)IK | T (X X0) o2 .

n

where we took into account the constraints g(l’z) = 3g(3’2) and g(2’2) = \/gg(3’2) already. The entries
of the matrix X are:

NG [1 + ‘1)1;00(191)] 22\(/};—15) Dy00(p1) + (py = o) + 7\2/(11;3)(1)1 20(P3)s

Xer :\/g"'o(m)‘bl;oz(m) + \/772(1?1)

70(P1)
XCO =

2
3+ Prn(py) + ‘Dzzz(Pl) +(py — p2)

1
+ ‘/_Tz(m) + ch 22(P3) + q>3 22(P3)]
3
no =~ ;2\;%)@1;20(171) +(py — p2) - Toi/];) 1+ ¢1;00(P3) 2(\/17—53)51)1 20(P3)s
27 5 4
X2 =1/ 2—0T2(p1) 5t D5 (py) - §‘D3;22(P1) +(p; — p2)
3 5 2
~ V37(p3) @00 (p3) + \/;Tz(m) 3t D5, (p3) + 5‘1’3;22(193)]- (7.52)

Note also that we denote p; = |p;|.

In a finite volume, our aim is to compute the matrix element (I'n, J|K"). Here, (I'n, J| refers to the
state on the lattice, carrying total isospin J, total momentum d (in units of 27r/L), and residing in the
irrep I, corresponding to the n-th energy level'? This matrix element can be calculated using the wave
function in a finite volume [101]:

12

o\ ()T (ks B (7.53)

A,
1 M 1
(Tn, JIK*y = — K —§
/2 3
L ) (271.(1)2 7 L K 2W(k)
Mg +|—

Here, ¢(”) (k) represents the Bethe-Salpeter wave function describing the state |I'n, J), Furthermore,

12 Here, the size of the lattice is L. This parameter should be adjusted so that the energy E, exactly equals to My . The
label n is used for different eigenvalues. In order to avoid the clutter of indices, we have opted for lumping the irrep index
I', as well as the total momentum d together with the level index »n and hope that this will not lead to a confusion.
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7.3 Faddeev Equations and Derivation of the LL Factor

k is the momentum of the spectator, and / is the isospin of the dimer, A, means that cutoff on k is

imposed in a moving system with velocity v [81]. To calculate the wave function ¢(f;) (K), we first
project the Faddeev equation onto irreps I, i.e.,

MDD 7
JII(rr) Jll(rr)

ZG 3 Z (2W )Zﬁr,), (r, )T (IM), L (s,7) (7.54)

In the projected equation, the momenta of the spectator particles are replaced by shell indices r, " and
s. We use 9, to represent the multiplicity of the shell s, while G denotes the number of elements
in the discrete symmetry group that leaves the total three-momentum of the system invariant. The
projection of 7 and Z is performed, according to the method of Ref. [177]

() =7t o(), 200 = ) (TT() Zyur(gpo(r) ko(s).  (755)
8€g

Here 71 (g) is the representation matrix and the momenta p,(r) and K (s) are the reference vectors
of the r-shell and the s-shell, respectively. Based on this, it is not difficult to deduce that the wave
function is a solution to the homogeneous equation,

84 = ZS(SL }Q(zw 20 0100, (756

The solutions of the equation should be normalized, according to [101]

szﬁ e Gy (0P ()T (8)

L3
‘2321 3¢ukﬂn(ﬂQﬂﬂn«ﬂ¢%Rﬂ—1 (7.57)
Here
0 1
Prar(r9) = 55 a2t ). Q) = 5 (T, ) (7.58)

The time-like component P is obtained from total four-momentum PH:

P =v-P=VP (7.59)

Similar to the infinite-volume case, we can define the finite-volume amplitude ®:

A
n 1
= ﬁzzw)”wlmm 72(

) " (ryf(r) . (7.60)
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Therefore, we have

12

1 M
(Tn, JIK™y = - K Z q>37,>g<“> . (7.61)
1

Finally, one obtains:

L2(Tn, 1K%Y _ (Alo Alz) g 7.62)

LY*(rn,31k%) Az Az) g™
Here, matrix element A ;; is given by

1/2
M
A, = K a“q)y;ll) , (7.63)
2
M2 2nd
(7

and the coeflicients a ;; are

ajn = 1, app = 3, asg = O, azy = 1. (764)

The decay amplitudes both in a finite and in the infinite volume are expressed through the same
couplings g(l’o) and g(3’2), see Eqgs. (7.51) and (7.62). Excluding these couplings, we obtain the LL
factor for K — 3m which, in this case, is a 2 X 2 matrix:

rtntaT|KY) _(Ler L L*(Tn, 11K*) (7.65)
(@7t |K*Y ) T \Lpy Los) \L¥2(Tn,3K7)) '
where
-1
(ILCI ILCS)z(XCO XCZ) (AIO AIZ) . (7.66)
L, Ly X0 Xm2) \Azp Az

The explicit expression for the 3-particle LL factor, given by the above formulae, represents one of the
main results of the present work.

7.4 Numerical Calculation of LL Factor

7.4.1 Solution of the Faddeev Equation in the Infinite Volume

In order to solve Eq. (7.50) in the infinite volume, we need to first study the analytic properties of the
kernel. For simplicity, we restrict ourselves to the CM system and use the notation p = |p|, ¢ = |q]
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7.4 Numerical Calculation of LL Factor

and z = cos 0, where 6 is the angle between p and q. It is straightforwardly seen that the singularity of
Z(p, q; E) is determined by the three-body on-shell condition'?,

\/1r)2+q2+21r761Z+M,2r+\/pz+M,2r+\/c12+M,2r =E, (7.67)

with —1 < z < 1. As known [80, 239, 300, 301], one can avoid these (logarithmic) singularities by
deforming the contour into the complex plane (see Fig. 7.7(a)). In our case, the contour can be chosen
as follows,

t—ip(l—e ) (1= Bmd/y (0 <t < B, ax)
- (7.68)
I (Bpax <t <A)
where the parameters are
60=05M_, c=M,, u=0.1M_, B, = p, +6. (7.69)

Here p, is the magnitude of the momentum of the spectator, for which the two-body system is exactly
at threshold. If |p| > p,, the two-body system moves below threshold. This gives

(E - w(p))* —p° < 4M, (7.70)
and
2 212
s | [E=3Ma M = 7.71
P55 | ~Mz=p. (7.71)

The solution of the equation (7.50) proceeds step by step. First, after projecting onto the S-wave, one
solves this equation with both the momenta p and g belonging to the contour C:

2d
®, (p)= Z /C — (P EVrp (@ E) (8, + @, i (9)). (1.72)

7T22W(Q) J II

The integrand is never singular on the integration contour C. This can be visualized in Fig. 7.7(a),
where the shaded area is obtained as follows. The total energy E = M is fixed. We first choose
the momentum p on the contour and plot the curve for g, obtained by the solution of Eq. (7.67) for
—1 < z < 1. Changing then p with a very small step along the contour, we arrive at a new curve.
Repeating this procedure many times, we arrive at a shaded area that does not intersect with our
integration curve. Hence, for p and ¢ both on the curve, the kernel Z never becomes singular, and the
integral equation can be straightforwardly transformed into a set of linear equations by discretizing the
integration with the use of the fixed mesh points and weights. We are ultimately interested, however, in
the amplitude <I> ( p) on the real axis, which can be obtained by analytically continuing ® sl (p),
defined by the Eq (7.72) to the real axis, whereas the argument ¢, over which the integration is
performed, still stays on the the contour C. In doing so, it is important to check that one does not hit
the singularities of the kernel Z during this analytic continuation. Below, we shall address this issue

3 In principle, the dimer propagator 7; also has singularities, but they are irrelevant to our calculation.
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in detail.
Let us define the quantity

E_Mn'z 2
po = ( . )—M,r (1.73)

It turns out that there are three different regions of p [301, 302]:

1. When p < p,, the singularities of Z(p, ¢g; E) lie just above and below the real axis,'* see

Fig. 7.7(b). Our contour does not intersect with any of these branch cuts and the integration can
be safely performed.

For py < p < p,, The branch cuts move into the complex plane and start to intersect with
the chosen contour, see Fig. 7.7(c). In order to avoid the singularities, one has to deform the
integration contour as well. The new contour, C*, consists of two parts:

Part 1: Starting from the origin, it follows the positive real axis until the beginning of the branch
cut located at the first singularity of the kernel at g = g, where ¢, is given by

_p &(p) (1_ AM;,

1/2
2 2(p) - pz) . e(p)=E-w(p). (7.74)

Q1—2 )

After reaching ¢, the contour dives to the second Riemann sheet and goes back to the origin
along the real axis. The contribution of this part to the integral is given by

o' (p)
Ji11
q1+l£ 0-ie 2d
E q aq
- (p q9E)T ”(q,E) 6 o’ +® ’” /(q)
(0+18 /1 15)27T2W() JII ( 701 )

qi d
_4q4aq I
= Z/ 271_22 ( ) ZJ;I]//(P, an) Z; I)[n(p’ q;E):lTI”(q;E)(él,,I’ + (DJ;I”I’(Q))-

(7.75)

The kernel Z; ;, projected on any partial-wave, is expressed through a logarithmic function.
Since the discontinuity is caused solely by this logarithm, we conclude that the kernel on
the second Riemann sheet, Z\" is obtained from Z by replacing the log z with log z + 2i.
Furthermore, since q; < p, the function ®(g) is known along the real axis and the integral is
completely defined.

Part 2: The second part of the path starts from the origin of the second Riemann sheet, following
path C to reach the intersection point g, with the branch cut. Returning through ¢, to the first

14 Remember that the energy E has infinitesimal positive imaginary part.
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7.4 Numerical Calculation of LL Factor

Riemann sheet, it continues along path C to reach the integration endpoint A, that is

a2 d
(2) _4q4aq AL
o =3 [ P Eep (:E) (5771 + @y (@)
Z 27r22w( ) Z,0 1 11 7T

A 2
q-dq
+ —— 7, (p,q;E)T u(q;E)(d np + D g f(q))
; -/% 27'(22w(q) Jidl I "1 T

2
qdq 5
= ——— 75 (P G E)Tp (G EN 6 + Py (g) ] (7.76)
Z'/C 27r22w(q) T J§ ( "1 LT )

The quantity Z is defined in the following way:

z ¢ .
. p-G:E), f(p,q:E) <0
Zyr(p,q;E) :{ S . (7.77)
Zyr(p-:E), f(p.q:E) 20
Here, f(p, q; E) is defined by
2 2N 2,0 2 (Req)” . (Img)’
f(p.a:E) = ((Reg) + (Img)?) +m?(d*(p) = b (p)) |- + 25|, (7.78)
d(p) b (p)
with
2 2
& & —
b(p) = M, d(p) = £ - p (7.79)
p 2mp
Finally, in the region p, < p < p,, the full amplitude is given by
@, (p)= o' (p)+@?) (p). (7.80)

J1r J1r

3. When p > p,, the branch cuts of the function Z move into the complex plane and do not
intersect with our contour C anymore,15 see Fig. 7.7(d). Therefore, it is again safe to integrate
over the initial contour.

By using the techniques described above, we can calculate the amplitudes @ .y, @y.5p, P50,
®,.5, and @5, on the real axis. These solutions are displayed in Fig. 7.9. We choose the cutoft
A = 15M,, and matched the couplings H ., and Hj.5, to the tree-level threshold amplitudes in ChPT
as described above. Varying the cutoff, but keeping the threshold amplitude fixed, it can be shown
that the three-body couplings exhibit singular behavior that resembles the log-periodic running in
the unitary limit, see Fig. 7.8. Note also that the LL factor should be cutoftf-independent that will be

51 principle, when p > p, but very close to p,, the branch cut may still intersect with the contour. Strictly speaking, for
any given p > p,, one may choose the parameter u small enough that there is no intersection. On the contrary, for any
fixed finite u, one may find an interval between p, and p, + &, when the branch cut and the contour intersect. The quantity
&’ depends on u and tends to zero at g — 0. In practical terms, it means that one is not able to determine the solution for
pElp,p+ £’] by using the method described here. The length of this interval can be however made arbitrary small
with the choice of u. This does not create problems in actual calculations, while £” turns out to be extremely small.
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P <Po
g g
T T
£ £ ——
Re(q)/My
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. Po<p<pe 2 p>pe
G i 5
E — E ——
Re(q)/My Re(q)/My
©) ()]

Figure 7.7: In panel (a), the contour and the domain of the singularity of the kernel Z is shown. It is clear that,
when both momenta are located on the deformed contour, the kernel does not become singular. In the panels
(b,c,d), the choice of the integration contour for the calculation of the amplitude ® on the real axis is displayed
for three different choices, p < pg, py < p < p,, and p > p,, respectively. In the second case, the path should
be deformed from the original one, in order to avoid the singularities of the kernel (see the discussion in the
text).

explicitly demonstrated below.

Next, in order to estimate the dependence on the kinematical variables, we shall calculate the
quantities X o, X.,, X,,o and X, ,, defined by Eq. (7.52), which enter the expression of the LL factor.
In the CM frame, the total energy is fixed to be the mass of the kaon, i.e., E = Mg = 3.54M . These
quantities depend on the momenta of outgoing pions that can be parameterized by two invariant
variables m3, = (p; + p,)* and m3; = (p, + p3)*. In Fig. 7.10, we display the Dalitz plots for the
quantities Xy, X, X,,0, X,,» that emerge in a result of such calculations.

7.4.2 Finite-Volume Wave Function

In order to calculate @ in a finite volume, we first need to adjust the lattice size L so that one has the
energy level with the energy exactly equal to the kaon mass. Solving the three-body quantization
condition in the rest frame and in the different moving frames, we obtain the energy spectrum, see
Fig. 7.11 and Fig. 7.12. For demonstration, we choose the moving frame with the total momentum
(0,0, 1) (in units of 2r/L). In the channels with the total isospin J = 1 and J = 3, respectively, the
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Figure 7.8: The running of the three-body couplings H .,y and H;.,, with respect to the cutoff A.

adjusted lattice size is given by

J=1: L=355M;"; (7.81)
J=3: L=4.09M;" (7.82)

Once the lattice size is determined, we proceed to solve the Eq. (7.56) in order to obtain the (properly
normalized) wave function in a finite volume. In its turn, this wave function will be substituted into

Eq. (7.60) to find the amplitudes CDS"[) that enter the expression of the LL factor, see Eq. (7.63).

7.4.3 The LL Factor

Putting pieces together, in this section we present the results of the calculation of the LL factor,
check its cutoff-dependence and the sensitivity to the input two-body scattering lengths and the
three-particle amplitudes. To this end, we shall carry out calculations for three different values of
the cutoff. Furthermore, the LL factor depends on the momenta of the final pions. We carry our
calculations at an arbitrary chosen point near the center of the Dalitz plot m%z = m%3 =5M 72r

The Fig. 7.13 summarizes our findings. First, Fig. 7.13(a) shows the calculated LL factor for different
values of the cutoft A = 15M,20M ., 25M .. The difference is hardly seen by a bare eye, confirming
our expectations. Next, in Fig. 7.13(b), we show the results of calculations for varying three-particle
threshold amplitudes by 300%, namely, for pairs (Tf , Té‘ ), and (T¥ £3 x Tf_( , Té( +3Xx Té( ). The cutoff
is fixed at A = 15M .. Again, the differences are small. Finally, in Fig. 7.13(c), we show the result of
variation of scattering lengths by 30% only, for the pairs (a,, a,) and (ay £ 0.3 X ay,a, + 0.3 X a,),
with the three-body input (T, Tg‘ ) and the cutoff A = 15M . fixed. Now, the changes are sizable
(despite the fact that the changes in the scattering lengths are factor 10 smaller than the changes in the
three-body amplitudes), proving that the LL factor is much more sensitive to the two-body input than
the three-body threshold amplitudes. This result constitutes the major finding of the present chapter.

It is extremely important to understand the reason of such a behavior. Naively, according to the
NREFT counting introduced in Sect. 7.2.1, the exchange term in the kernel Z and the particle-dimer
coupling count as O (6 “2) and O(1), respectively. This counting, however, is known not to be valid
non-perturbatively [134, 214]. Namely, the particle-dimer coupling should be promoted to the leading
order to cope with the singular dependence of the solutions on the cutoff. Hence, the power-counting
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Figure 7.9: The solutions of Eq. (7.50), @59, @02, P29, P1.2p and @3.5,. The blue solid line and the red
dashed line represent the real and imaginary parts, respectively. The cutoff A = 15M, was chosen.

arguments cannot directly explain a very little sensitivity of the calculated LL factor on the three-body
input. In order to study this problem in more detail, we have carried out calculations for many different
values of the cutoff A and noticed an interesting pattern: as soon as A came close to the critical
values where the particle-dimer coupling becomes critical and flips the sign, the dependence on the
three-body input grows and becomes comparable with the dependence on the values of the two-body
scattering lengths, whereas away from the critical cutoffs, the dependence on the three-body input
was negligible. On the basis of this observation one may argue that the formal promotion of the
particle-dimer coupling to the leading order is essential in the vicinity of critical cutoffs, whereas for

156



7.4 Numerical Calculation of LL Factor

other values of the cutoff the arguments based on the naive counting still apply, for what concerns the
numerical estimate of the relative size of different contributions. This observation also shows the
importance of a proper choice of cutoff in the calculations (away from singularities), albeit the results
are formally cutoff-independent.

7.4.4 The Weak Hamiltonian

Up to now, in the derivation of the LL factor, we did not concentrate on the weak input in the
K — 3n decays. In other words, the couplings G and G, are taken to be completely arbitrary. In
Nature, however, these couplings are subject to further restrictions. Namely, at the lowest order in the
Fermi-constant G, the weak decays are described by the effective weak Hamiltonian that contains
Al = 1/2 and Al = 3/2 pieces, see e.g., [303]. Assuming conservation of isospin in strong interaction,
one immediately arrives at the conclusion that the total isospin J = 3 decay amplitude should vanish
(in real world, it is strongly suppressed by one power of G or isospin-breaking parameters: the fine
structure constant @ or m, — m,,).

In order to see the consequences of this fact on the relative size of the couplings G, and G, let us
explicitly write down the vectors |/, J3) with J = 1,2,3 and J; = 1 in the three-pion space:

1, 1>(1) = % (|7r+7r07ro) - |7ro7r+7r0) — |ty + |7t ) ,
1
T
\/_

—3|7T07T a) - 3|7r+7ro7ro> + 2|7r07r+770 ) ,

OO+

|1,l)(2)= (lnnn)—|7r Y+ |n ot ),

1, 1)(3) = (CLIE3F SN ERP 3P S JRF O 2F

1
|2,1)(1)=§(7r+7r07r0 |7r0+0)+|7r7r7r)—|7r7r7r ),

12, 1>(2) =— Q2r'r'nTy - |ntn Tty — |n 't

1
13,)=— ([7"n*' 2 )+ |75n 7"+ |n ntn*
vis |
270707 + 2 7070y + 2|07 0)). (7.83)

At threshold, when momenta of all particles exactly vanish, the positions of the pions in the vectors
can be exchanged.l(’ This leads to the fact that the vectors which are antisymmetric with respect to the
exchange of any pair of pions, namely, |1, 1)(1), 12, 1)(1) and |2, 1)(2), vanish at threshold. From this,
one can immediately conclude that the J = 2 amplitude does not contribute at threshold. Furthermore,
it is straightforward to check that, at threshold, |1, 1)(2) = g 1, 1>(3). Reverting now Eq. (7.83),
expressing the physical states |7r07r07r+> and |7* 77~ ) through the eigenstates of the total isospin and

16 The threshold cannot be reached in physical decay process. However, one arrives at the same conclusion at the center of

the Dalitz plot m%z = m%3 = m%l.
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dropping the contributions from J = 2, 3, we finally arrive at a simple relation at threshold: 17
|7tn nT) = —2|7r077071+) . (7.84)

Consequently, G, = —2G, at leading order.

It should be pointed out that our result is in agreement with the explicit calculation of this decay
amplitude at next-to-leading order in ChPT [304]. As seen from Eq. (37) of that paper, our relation
exactly holds (modulo the overall sign) for the amplitudes evaluated at the center of the Dalitz
plot. Furthermore, the latest fit to the experimental data by NA48 collaboration yields the value
A, =1.925 £ 0.015 for this ratio (see Ref. [218], Egs. (3,4)), which is quite close to our value A, =2
(the overall sign is undefined in this analysis). The small deviation is due to the contribution of the
higher-order terms in the NREFT power counting. Note finally that the difference in sign is due to the
use of a particular convention for the basis states in the irreducible representations of the isospin. We
consistently use Condon-Shortley phase convention in our calculations.'®

In conclusion, we wish to point out that the additional restriction G, = —=2G does not affect our
calculations of the LL factor since the latter, by definition, does not depend on the weak interactions that
lead to the decay. The restriction simply means that only two linear combinations of L.;,L3,L,,;,L,3
will be needed in the final result.

cl>™c3>~nl>

7.5 Conclusions

Below, the results of our findings are briefly summarized:

i) We have performed an explicit calculation of the LL factor in the K — 37 decays at the leading
order. Albeit the general framework has been already set up [101, 102], an explicit numerical
implementation of this framework is still a non-trivial exercise and represents a very useful
endeavor on the way of the actual use of this framework in the analysis of the lattice QCD data.
The message that we want to convey with this article, is clear: the framework for the calculation
of the K — 37 decay amplitudes on the lattice is now ready. Moreover, higher-order terms can
be systematically included in the expressions, when the accuracy of lattice data renders this
inclusion necessary.

ii) From the problems to be addressed we would like to single out the issue of the renormalization of
the solutions of the Faddeev equations and the matching to the threshold three-pion amplitudes.
At the first glance, the number of independent couplings that are needed to render all particle-
dimer scattering amplitudes cutoff-independent, exceeds the number of three-particle threshold
amplitudes at our disposal. However, as shown, the particle-dimer amplitudes that may
(potentially) still have the singular cutoff dependence, do not contribute to the physical decay
processes and are therefore harmless.

iii) The main finding of the present chapter is the fact that the calculated LL factor has a very weak
dependence on the input three-body threshold amplitudes, even if the latter change by a factor

17 This relation directly follows from the last line in Eq. (7.83) and the symmetry of the states at threshold with respect to the
permutation of the particles 1,2,3.

18 Here it should be pointed out that in Eq. (2.7) of Ref. [305], which is consistent with [304], a convention different from
the Condon-Shortley phase convention is used for the definition of the isospin eigenstates.
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of 3 or so. This fact has a crucial importance for the future application of this framework in the
studies of kaon decays on the lattice. Namely, one may, at the first stage, avoid extracting the
three-pion coupling from lattice data and use instead the rough estimate, obtained from ChPT.
From our findings we conclude that even an error of 100% in the threshold amplitudes does
not lead to a significant effect in the calculated LL factor, provided the cutoff A is chosen away
from the critical values.
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Figure 7.10: The real and imaginary parts of the quantities X_q, X,.,, X,,o and X,,, in the m%z, m§3 -plane. The
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Figure 7.11: Finite-volume spectra of the 37 system with the total isospin J = 3. a) is obtained in the rest frame,
irrep I' = A|. b), ¢), d) show the spectra in the moving frame d = (0,0,1),d = (0,1,1) and d = (1, 1, 1),
respectively, in the irrep I' = A, (the naming scheme of the irreps from Ref. [36] is used here). To compute the

LL factor, we determine values of the lattice size L for which the invariant mass VP> = M x (denoted by the

solid black line around VP> /M, =~ 3.54). In the subfigure b), we show perturbative energy shifts at O(L_3)
(see Eq. (A.68)). These are denoted by blue dotted lines and give a clear understanding of the fine structure of
the spectrum, namely, the splitting of the unperturbed level into two levels, when the interactions are switched

on.
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Figure 7.12: The same as in Fig. 7.11, but for the total isospin J = 3.
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Figure 7.13: a) The cutoff independence of the LL factor. Here, the physical two-body scattering lengths are
used and the three-body threshold amplitudes are fixed at (7Y, 7;). The quantities L, L3, L,,; and L5 are
obtained for three different cutoff values: A = 15M,20M,25M _, represented by blue circles, brown triangles,
and green inverted triangles, respectively. In b) and c), the dependence of the LL factor on the three-pion
threshold amplitude and two-pion scattering lengths are illustrated.
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CHAPTER 8

Summary and Outlook

Quantum Chromodynamics provides one with a fundamental theory for studying strong interactions
of hadrons and other particles. However, due to the non-perturbative nature of the strong interaction
coupling constant at low energies, a non-perturbative approach needs to be employed. The most
successful and popular among these is Lattice QCD, which provides an ab-initio method for solving
QCD in this non-perturbative regime. Simulations are performed on a finite-volume lattice and
physical observables are then extracted from the energy spectra obtained from these simulations.
Over the years many formalism have been developed for extraction of observables from the lattice
data. Even though a perturbative analysis of the finite-volume energy spectrum can yield S-matrix
observables, such an approach fails to converge in the presence of bound states and resonances. Since
these are important features of the hadronic spectra, a more general approach was developed by
Liischer. This method, termed as Liischer’s approach has become the go-to approach when it comes to
extracting two-body scattering parameters from the lattice data.

However, with the increase in computation power available to lattice practitioners focus has shifted
to more complicated two-body systems. The Liischer equation is only applicable in the case of
short-range interactions due to the constraints under which the equation is derived. Recently, systems
such as the NN- and DD"- systems have come under scrutiny. These system, in addition to the
short-range interaction, involve long-range interaction due to the exchange of a light-particle. This
leads to the partial-wave projected scattering amplitude developing a t-channel or a left-hand cut
very close to the threshold. Analysis of energy levels in a finite volume in this region is not possible
with the original Liischer equation. Moreover, the presence of the long-range force results in a slow
convergence of the partial-wave expansion. All of these issues have been discussed in literature and
alternative approaches have been proposed.

One of the aims of this research project was to propose a modified Liischer equation capable of
analyzing the finite-volume energy levels in the #-channel cut region. This modified Liischer equation
was derived in Chap. 4. In the case considered here the effective-range expansion shows poor
convergence and hence the modified effective-range expansion proposed in Ref. [64] was used. The
MERE was recast into the language of NREFT both in the infinite volume and finite volume and a
modified quantization condition was derived. This modified Liischer equation contains the modified
effective-range function which is a low-energy polynomial and can be expressed via the couplings of
the short-range potential. Moreover, this quantization condition also contains the modified Liischer
function which only depends on the long-range potential. The essence of this approach lies in the fact
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that the long-range potential is a well-known function and its parameters can be fit separately. Instead,
one can separate out the effects of the long-range potential in the modified effective-range expansion
in terms of explicitly calculable functions. With this, lattice data can be used to fit the parameters of
the short-range potential.

Furthermore, this research project was also aimed at developing an efficient and accurate numerical
algorithm to evaluate the modified Liischer function and to solve the modified Liischer equation.
This numerical algorithm was detailed in Chap. 5. The modified Liischer function is divergent
and hence a renormalization prescription has to be imposed on it for numerical evaluation. Even
though, one is free to choose any prescription as the final result should be independent of such
choices, Pauli-Villars and cut-off regularization lead to numerical difficulties for higher partial-wave.
Dimensional regularization was shown to be a good choice of renormalization prescription from
a numerical point of view. Further the quantization condition was rewritten in a form suitable for
numerical evaluation. Solving the quantization condition numerically, the energy levels obtained were
verified by comparison to the exact finite-volume spectrum of the Hamiltonian. The loop function was
also evaluated in the infinite volume employing dimensional regularization and the VEGAS algorithm.
The modified effective-range function was shown to be real even below the 7-channel cut making it
applicable for extraction of scattering parameters even in this region. The two most important aspect
of this numerical implementation are as follows. First, the convergence of the partial-wave expansion
is very good in the case of the modified Liischer equation as only the short-range potential is expanded
in partial-waves. Second, exponentially suppressed corrections are small in the case of the modified
Liischer equation as the result matches very well with the finite-volume spectrum of the Hamiltonian.
One of the main assumptions in the above formalism was that the long-range potential is perturbative
and does not lead to bound states or resonances. The case where these conditions are not satisfied
need to be investigated further. Moreover, moving frames and particle with spin should be considered
in future works.

With the short-range interactions well understood in the two-body sector on lattice, a lot of progress
has also been made in the three-body sector. Even though, perturbative calculation of finite-volume
energy levels have been well known for quite some time their application was limited to the spin-zero
identical particle case. Recently, this method was applied to the three-pion system [98]. One of the aim
of this research project was to extended the application of the perturbative approach to three-fermion
system, with special focus on the three-nucleon system. This was carried out in Ref. [99] and the
results of this calculation were presented in Chap. 6. The three-nucleon ground state energy shift was
presented up to and including O(L_G). This formula provides a way for determining the three-particle
threshold amplitude by fitting to the measured ground state energy level. An important point to note
is that this formula was derived under the assumption that the scattering lengths are of natural size.
Even though, this not true in the case of physical nucleons, this method could still be applicable away
from physical quark masses where the scattering lengths might become of natural size. Moreover, the
derived formula can be applied to other three-fermion systems.

Physical nucleon scattering lengths were substituted in the derived formula (up to O(L_s)) to get a
rough estimate of box size L needed for the perturbative series to converge. The required L turns
out to be too large for practical application with the current computational power. Even though,
perturbative calculation offer a simple and effective way to fit energy level obtained on the lattice to
physical observables, the series fails to converge in case of presence of bound states or resonances.
Hence a three-body quantization condition, analogous to the Liischer equation in the two-body sector,
is needed for a more general analysis of three-body lattice data. Three such equivalent formalism have
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been developed known as RFT, NREFT and FVU approaches. Due to the presence of shallow bound
state in the case of nucleons, a full-fledged three-fermion quantization condition is highly desirable.
Such an equation was recently derived in Ref. [87] in RFT framework. A three-fermion quantization
condition should also be pursed in the NREFT framework in future works.

With rising computational power and better algorithms, the study of three-body decays has become
a real prospect on the lattice. In a finite volume, two-body decays are studied via the Lellouch-Liischer
factor. The three-body equivalent of the LL factor was recently derived in the NREFT framework in
Ref. [100], with further generalization to moving frames in Ref. [101]. One of the aim of this research
project was to apply this formalism to the decay of kaon into three-pions. This was carried out in
Chap. 7. Several technical aspect were discussed in this chapter such as contribution of different
isospin channel to this decay, minimal set of independent coupling and solving the Faddeev equation
in the infinite volume. One such important technical consideration is regarding the kernel appearing
in the Faddeev equation which contains logarithmic singularities. To solve the Faddeev equation the
integration contour has to be deformed. An efficient method suitable for numerical calculation was
discussed in detail in this chapter.

One of the most computationally expensive part of studying three-particle decay on the lattice would
be extraction of the three-particle coupling from the lattice. Hence an important part of this project
was to study the dependence of the LL factor on the three-body amplitude. After calculating the LL
factor numerically, the three-pion amplitude obtained from Chiral Perturbation Theory calculation
was varied in a wide range. It was explicitly shown that the LL factor varies negligibly with the change
of the three-pion amplitude. This leads to the important result that one does not need to extract this
three-particle amplitude from lattice simulations, rather one can simply use a rough estimate from
ChPT calculations. Hence, kaon decay into three pions can be readily studied on the lattice.

This research project has contributed in further understanding of both two-body and three-body
sector in a finite volume. In the two-body sector, the modified Liischer equation, a formalism for
extracting physical observables in the presence of long-range interaction was derived for the first
time in the NREFT framework. Further more, an efficient numerical routine was developed and
implemented for carrying out such an extraction. In the three-body sector, the three-nucleon ground
state energy shift was calculated using a perturbative approach for the first time. Lastly, the LL factor
for the decay of kaon to three pions was numerically evaluated and its dependence on the three-pion
amplitude was probed.

At the next step one should would work towards the following goals:

* Inclusion of electromagnetic interaction in the two- and three-body sector.

* Inclusion of long-range NN force in the three-nucleon quantization condition.

* Apply NREFT formalism for the study of Roper resonance (for a preliminary study see Ref.
[291]).
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APPENDIX A

Appendix

A.1 Calculating the Green Function

The Green function in the coordinate space can be expressed through the Mgller operator

3 —ipw

d
16 (a3 +io)w) = [ <2 (w10(gF + ie) oy —— (A1)
(2m) P —qy—ie

In Ref. [306], Fuda and Whiting defined the off-shell scattering wave function (cf. with Eq. (4.19)):

AU )

(rlQ(q; +ie)p) = 4n ; Vo (DI =02 Y (). (A2)
This scattering wave function obeys the equation
2
e % B @ N VL(r))‘ﬁf(qo,p, r) = (qo— p*)uc(pr), (A.3)
where
u () =2j,(2).  vi@D =),  wP @)=t (@)= v () xiux) (A4

are expressed through the spherical Bessel, Neumann and Hankel functions, respectively. The familiar
on-shell wave function is given by ¢,(p,r) = ¢,(p, p,r).
Using the expansion of the plane wave into spherical functions in Eq. (A.1), we obtain

o 2 .
d b b 1
GL (rowi g2 +ig) = 4n pdp ¢¢(q0,p:7) Je(pw) (AS)
L 0 0 (1) O+1 ¢ 2 2.
n)”  pr w pT—qp—iE
Performing the limit w — 0, one gets:
. o0 2041
G (r.0: g2 4 ie) = 4T (2)'¢! / pdp D> ¢y(q9.p.7) A6)
L340 Qe+ Q+D! o 2} pP-gi-ie '
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where

1 d2€+l

¢
. (TP
D*™*'¢, (g9, p.7) = (7) 0 320 r¢¢(qo. 7). (A7)

20+1

Note that the same definition of the operator D is used, if ¢, is replaced by an arbitrary function.

In order to perform the integral over p, we rewrite the wave function ¢, in terms of the off-shell
functions f, [306]:

¢
_ ap (q0\ fe(q0.P) = fe(qo,—P) —itn/2
¢¢(q0,p,7) = Ny (?) ip f,(q0) e Te(qo. 1)
1/ . )
+ 3 (7 felao par) = € fy(an=pon) (A8)

where f,(qo.7) = f(q9.q0, 7). Here, the function f, obeys the equation

d> L+ 1) ien
0+ P VL(r))fg(qo,p, r) = (g5 = p)e " Pwi (pr), (A9)
r r

and has the asymptotic normalization
fe(qo,por) ~€e'P",  asr— oo, (A.10)

The off-shell Jost functions are defined as

ple 72020 41)

G Amrfeaepn). (A.11)

fe(qo, ) =

and the usual Jost functions are obtained from the off-shell Jost functions according to f,(g,) =
Te(qo: 90)-

Substituting Eq. (A.8) into Eq. (A.6), it is seen that the integration can be extended from —oo to +oo,
owing to the symmetry of the integrand:

. 1 QDL inp [ pdp
G[(r,O;q2+zs) = 2rie " /
L 0 2+ DI 20+1)! e 21)}(p? - Gk - ie)
fe(ag, p)
L0 DM (o, ) - DX fr(q0.pa1) ) - (A.12)
ft’(‘IO)

Note that the factor (qo / p)[ has disappeared, since D! fr(qq,r) contains the factor qg instead of
pl, cf. Eq. (A.7).

In order to perform the integral by using Cauchy’s theorem, it is important to show that the Jost
solutions do not have singularities in the upper complex plane of the variable p. To this end, we define
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the functions

220 + 1)

g,(qp.p.7) = i+ D (pr)’ f2(qo> ps1) s
260+ 1 .
2(pr) = ﬁ(m)‘w“(prw (A.13)

Using Eq. (A.9) and the asymptotic condition, it can be shown that the function g, obeys the following
integral equation

1 © r\¢
celanror) = <= [ awooe=r) (Z) etaurvelanm) = volaoructaom)
X Vi(w)ge(gp. p,w) . (A.14)

Solving this equation iteratively, one arrives at

20(do.por) = 24 (pr) + /0 AWK, (row: o)z (pw) (A15)

An exact form of the kernel K/, is not important. It suffices to know that the kernel does not depend on
p and vanishes at w < r. Furthermore, assuming » — 0, we get

°° 2¢+1)!
filan ) =2+ [ awkOwiazpw) . 2O = —Z T Al
e ¢ 0 ¢ 07 ¢ 112026 + 1))
Acting now with the operator D** on Eq. (A.15) and taking the limit r — 0, one gets:
lim D**L £, (gq. p.r) = p*"'2,(0) + p* /0 dwR,(0,w: qo)z,(pw) . (A.17)
Again, Z,, K, are independent of p. Performing now Cauchy integrals, one gets:
*® pdp  fe(q0,P) pdp 1 [
/ I; b = 7,(0) / > + 3 / K (0, w3 q0)z¢(gow)
—eo ML p™ —qp —ie mP -4 - 0
= —5 Zf(o)+§ff(CIo)- (A.18)

Here, one has used the fact that the integral, multiplying z,(0), vanishes in the symmetric boundaries.
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Furthermore

) 20+1
PdpD +f[(q0’par)

y
rl—r>r(1) —00 27Tl pz_q%_lg
e oo
pdp q -
= Zf(o)/ ) + = / dwK,(0,w;q¢)z,(qow)
i p? - g5 - 2 Jo
dp(p22 — 202
_ zg(O)/ p(p 6]9 ) L1 lir% D £,(g0.7)
PP -qgi+ie r—
. N I Vo
= Z,(0)X,(qp) + 3 }1_r}r(1)D fe(qo.7) . (A.19)

Here, X, [(q(z)) denotes a polynomial of order ¢ in the variable q%. The coeflicients of this polynomial
are ultraviolet-divergent and can be regularized, e.g., introducing a momentum cutoff on the integration
momenta, |p| < A.

Collecting all factors together, we obtain

1 )
(GZ (q9)) = ———— = M,(q,) +real polynomial in g, (A.20)
PO g e+ 2 00 0

where M,(q,) is given by Eq. (4.4).

One more remark is in order. It should be pointed out that the final result crucially depends on the
validity of Egs. (A.18) and (A.19). Using Cauchy’s theorem straightforwardly is not allowed, since
the integrand does not vanish sufficiently fast at the infinity. The result given above corresponds to the
choice of symmetric boundary conditions —A < p < A and A — oo, which follows from extending
the initial integration area by using the fact that the integrand is even under the interchange p < —p.
The terms containing the potential are vanishing exponentially on a large semicircle in the complex
plane, and so Cauchy’s theorem can be used there without further ado.

A.2 Cancellation of the Poles

Using Eq. (4.17), it is straightforward to see that the full Green function G = Gy + GyT G, can be
espressed as

G(q0) = Gp(q0) + G (q3)Ts(q0)G 1 (q) - (A21)

Our aim is to show that the poles of G (q%) will cancel in G(q%). Note that our reasoning will be
valid both in a finite as well as in the infinite volume.

Owing to the spectral representation written down in Eq. (4.53), in the vicinity of an isolated pole
at q(z, = qi, the Green function G has the following representation:

G (q3) = M +Gp(qp) (A.22)
dn — 40
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where G| (q%) is regular at q% = q,zl. Furthermore, defining the quantity
Ts(q0) = Vs +VsGL(a0)Ts(4p) » (A23)

which is apparenly regular at q(z) = qi, we obtain

) To(aD)W, )W, Ts ()
Ts(q0) = Ts(qp) + 52520
sU0) = st0) T o T (Bl

(A.24)

It is explicitly seen that this expression does not contain a pole at q% = qi, if the matrix element in the
denominator does not accidentally vanish. Moreover, using Egs. (A.22) and (A.24) in Eq. (A.21),
after a simple algebra one obtains:

G=G,+G, TGy + (1 +2GLT§)|%-//n><lﬁ:,I(T§GL v
an =490 — WalTs(q0) W)

Again, the poles that emerge from G, have canceled in the final result.

(A.25)

A.3 Partial-Wave Contributions to the Energy Shift of a Given State

In this appendix, we give a qualitative explanation for the uneven convergence of the partial-wave
expansion, which is observed in Fig. 5.5. We shall namely argue that the pattern of the convergence in
different excited states can be understood solely on the basis of a symmetry argument.

In the beginning, let us note that the energy shifts from the unperturbed states are generally small,
so first-order perturbation theory captures the bulk of the effect. These unperturbed states represent
the finite-volume momentum eigenstates |nr) that satisfy the completeness condition

> Inyn| = 1. (A.26)

nez’

Let us now introduce the shells — sets of vectors generated from a given vector |r) by the action of
all elements of the octahedral group O,. We label these shells by index r. It is clear that the matrix
representations of O, can be realized in the linear space spanned by all vectors belonging to a given
shell. These representations are in general reducible, and can be decomposed into the different irreps.
There are seven fundamental types of shells (see, e.g. [56, 177, 307]), classified according to how
many components of the three-momentum share the same magnitude. The decomposition of the
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representations of the group O/, for these shells are given by

(0,0,0) :  Af,

(0,0,c) : Al®E ®T],

(0,b,b) : Al®E oT, T, T, ,

(0,b,¢) : Al@A@2E @Ty ®21] T, 2T, ,

(a,a,a) : Ao A, oT; &Ty,

(a,a,¢) : Al®A, ®E 0E oT] @2T] @27, ©T, ,

(a,b,c) : AlOA®A @A, ®2E" @2E @ 3Ty ©3T) @37, @37, . (A.27)

We denote the basis vectors for each irrep by [I't, @; r). Here I labels the irrep of O, « distinguishes
the basis vectors within that irrep, r labels shells and ¢ enumerates the multiplicity of the irrep I" [307].

Let us now evaluate the finite-volume energy shift of an unperturbed state |r). When the interaction
is switched on, the level splitting occurs, and the states belonging to the different irreps are shifted
differently. For a given interaction potential V, the leading-order perturbative energy shift of a state
transforming in the irrep I is obtained by diagonalization of the following matrix in the space of
indices ¢, ¢’

Ve (r) = (Tt ar|VITY ez ). (A.28)

Here « is arbitrary due to the Wigner-Eckart theorem.
Furthermore, the interaction potential can be expanded in partial-waves:

(n|Viny) = 4n Z Yem @) Ve (P p2) Yo (i), (A.29)

{m

2
where p; = fn|nil. Therefore, the matrix element in Eq. (A.28) is given by

v =S (Tharing ) Ving) i ITE @)

ny,n,¢eshell-r

= 4x ) Vepipy) . (Thair|n )Y, (i)Y, () (my|Tr a5 r) . (A30)
tm

n,n,e€shell-r

Note that since n; and n, both belong to the shell-r, p; = p, is the magnitude of the three-momentum
in the shell-r.

Next, we introduce the finite-volume partial-wave states |£, m;r), defined through projecting the
plane-wave basis onto the spherical harmonics [307]

16, m;r) = Z Vary,, (R)|n), (A31)
neshell-r
and define
Tt, a;r) = Z e, myry, (A.32)
m
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where cE,;ﬁf denotes the pertinent Clebsh-Gordan coefficient, see, e.g., Eq. (5.9). Since the transforma-

tion between |£, m; r) and |T't, a; r) is unitary, we have

D1l miry (e, msr| =) Uil s r)(Cet e r] (A.33)

m I'ta

This means that

(T)
Vzt’ (r)

4 Z V,(p.p) Z (Tt a; rln )Yy, ()Y}, (Ry) (no Tt a;r)
fm

ny,n,eshell-r

Z Ve(p, p)Tt, s r|€,msr) (€ msr|Tt a;r)

tm

Z V,(p,p) Z (I't,a; r|F’t"€,,8; r)(F’t”f,,B; riTt, a;r)
7

r"t”ﬁ
= ZVf(P,P)Z(Fl,a;rIFt"f,a;r><Ft"€,a;r|Ft’,a;r>. (A.34)
[ t//
Now let us define
Gyl (1) = D (Tt asr|T" € as r)(TE C as rITY s ). (A.35)

t

The quantity G was calculated in Ref. [307]. In order to understand the result presented in Fig. 5.5, we
restrict ourselves to the irrep I = A] and truncate the partial-wave expansion, keeping only £ = 0, 4.
In this case, the multiplicities #,’,#”" and the label of the basis vector, a, all take a single value. For
simplicity, we shall ignore these indices in the following. The leading-order energy shift then reduces
to

+ + A+ A+
AED (r) = VD (r) = G () Vo, p) + GV (Vi (pop) + -+ (A.36)
The quantity G is given by
G (r) = KATs AT ). (A37)
This quantity can be evaluated directly, resulting in

©000) : G =1, G =o,

o) : G{*V=6, GV =315,

o1 : 6" =12, G{"V =3.94,
C o a(aD (A7)

(012) : G, V=24, G,V =5.04, (A.38)
C o a(aD (A7)

(i = G =8, 6" =187,

(112) : G{" =24, G\ =788,

(123) : G{" =48, G\ =1575.

The seven cases above correspond to the seven types of the momentum shells. Relatively large G‘(‘Al)
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factors associated with the shells (001) and (111) are responsible for sizable G-wave contributions to

the first and third excited states. And, vice versa, much smaller GE‘A‘) factors for (011), (012) and
(112) shells explain, why the G-wave corrections are negligible in the second, fifth, and sixth excited
states, see Fig. 5.5.

A.4 Integrating Out the Dimer Fields

In order to integrate out the dimer fields, note that the dimer Lagrangian can be conveniently written as

L, = Z ot TL,}T”3 + Z (T;}30113 +h.c.)

LI 1L

Tt
+ Z Z T”37Ti3 h113i3;1115i§ ﬂ-iéTI/Ié

LLiy I 13,

+ Z (81131'3KIT1137T1'3 +h-C-) , (A.39)
I.1;i

where the coefficients h;;; .;/p;; and g;p; can be read off from Eq. (7.9) and Eq. (7.10) respectively —

they are linear combinations of the couplings hy’l,) and g(J’I ). Defining

= -1
TII3 = T113 + Z AII3;I/I:;BI’13’ 5 (A40)
I'n
where
+
A113;1’1§ = 0'1511’5131§ + Z T, h113i3;1'13’i; i (A41)
i, 0%
and
_ T
By, =0y, + Z 811,17 Ky s (A42)

i3

the dimer Lagrangian can be brought into a quadratic form:

;oo #t % Foo4-l
Ld - Z Z T113 AII3;I/I3, TI/I:; - Z Z B113 AII:;;I’I; BI’Ié . (A43)

LI ' 1, LL 'L

The dimer can then be integrated out in the path integral formalism in a standard way. The second
term on the right-hand side thus should be matched to the Lagrangian in the particle picture at tree
level. Noting that

-1 o 1y -1
A 13;111:; —0-1 611’61}1;_0-[ ﬂi} h[[;l;,]’[;lg 7Tl%0'1/ + ... N (A.44)
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where the ellipsis contains at least four pion fields, the second term on the right hand side of Eq. (A.43)
can be written as

Z Z B 113 i Br = Z(_O-I_l 1130113)

L1 1 1,15
+ (-o;'o] )ﬂ'T/’l T ( oy o, ’)
I 1770 MLy I Lis 'L
LL,is 1,13,
F -1
+ Z (g[]3i3K+(_0—I 0113)71'13+hc)+ 5 (A45)
1,15,i5

where the ellipsis contains at least eight pion- or two kaon fields. These terms do not contribute to the

three-body sector. We can conclude that, integrating out the dimer fields, one merely has to replace
-1

Ty, — —op Oy,

Calculating the Green function

Gt (x1,%3,%5) = OIT | 0325 ey, xy) T, (O] (0)] 10) (A46)

in the particle-dimer picture at tree level, one performs the functional integral

/Z)TZ)TT T}, (0) exp{—i/d“xjd}
ZAII II'BI L exp /d4 Z Z B II N BI”I" . (AA4T)

I 13 II/ I//

The remaining functional integration is over the pion and kaon fields. At tree level, only A 1 N7

o’, Is 10, contributes and the term containing the kaon can be dropped from B/, in the term

A, 1 804 By, in front of the exponential. Thus, one may conclude that, at tree level, the above Green
function in the particle picture corresponds to

Gt (x1,%3,%3) = OIT | 0425 (e, xy) (=0 O], ()] (0)] 100, (A.48)

such that again the replacement 7;;, — -0 'o 11, 18 justified.

Similarly, the vertex function

o t
115i,JJ
V., ?l? " ‘,13,(x1,x2,x3;y1,y2,y3) o|T lllzl}(xlaxz’x%) (Olljzh(yl’y29)73))

10203301 72 73
T, ()7 (07, (0T;,,(0)]10), (A.49)
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can be evaluated in the particle picture by integrating out the dimer fields. At tree level, this gives

15330 3 j3 . i1i5i3
V VRN ./(xl,x27x39 yls y27 y3) = <O|T 037!' (xl’x2’x3)

j/jlj/
y 031 2J3
103301203 b3

.
1> y2s )’3))
X (=070}, ()} (), (0) (=07, 10T, (OD)]10). (A50)

Note that, in both cases, we implicitly discard disconnected pieces in the Green functions, calculated
in the particle picture.

A.5 Three-Pion Amplitude in Chiral Perturbation Theory

For the matching of the particle-dimer coupling, we need to calculate the three-pion threshold
amplitude in ChPT. Here, we give only a brief sketch of this calculation, carried out at tree level,
which follows the pattern outlined in Ref. [292]. In general, there are only two types of contributions,
shown in Fig. A.1: The contact term, which emerges from the six-pion Lagrangian, Fig. A.1(a), and
the exchange term that features a single pion propagator (all possible permutations of external lines in
in- and out-states), Fig. A.1(b). We are interested in the processes 37* — 37" and 37° — 37°. The
contact contributions to these processes at threshold are given by

18M
TY . (3n" —3n%) = - F4" ,

Ve

21IM
7Y (3’ = 37%) = =% (A.51)

Ve
Symbolically, the exchange contribution can be written down as follows

TX (3 3r) = M2 2 ! M2 2 A.52
o(3n — 37) = Z 2r — n)Mz——kz 2r — 21), (A.52)

permutations T

where k denotes the four-momentum of the exchanged pion. Furthermore, the two-body amplitudes at
leading order are linear functions of the pertinent Mandelstam variables s, ¢, u and M ,2r:

as+ﬁt+’yu+5M,2r
F? '

T

MQ2r — 2r) = (A.53)

Here, a, 3, v, 0 stand for some numerical coefficients. Furthermore, one can always choose these
variables so that, say, s and ¢ depend only on the external momenta (which are, by definition, on shell).
Then, one could use the relation s + ¢ + u = 3M 72r + k* and rewrite the expression for the two-body
amplitude as

as + (Bt +)/(4M,2r —s—1) +y(k2 - M,Zr) + 6M,2r
F> '

T

MQ2n — 2n) =

(A.54)
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pi qk pi qk
pj q; P q;
Pk q; Pk qi

(a) Three-pion contact diagram (b) One-pion exchange diagram

Figure A.1: Two kinds of diagrams that contribute to the three-pion scattering amplitude at leading order in
ChPT. Diagram (b) is singular at threshold, whereas diagram (a) is finite.

The part of the amplitude that is proportional to K -M 72r will cancel with the propagator and will
contribute to the regular part of the threshold amplitude. Separating the pole terms from the non-pole
ones in all diagrams by using Eq. (A.53), in a result one gets for the regular part:

36M
Toreg(3n" — 317) = s
Ve
225M;
T reg(3n” = 37°) = -—=—% . (A.55)
8F,
Adding up these two contributions, we finally get
Yot e 1M
Tieg(3n" = 3n7) =T = =E
Ve
M
T%,(3n° - 37°) = 1Y = _F‘f . (A.56)

T

A.6 Leading-Order Energy Shift of the n = 1 State

In this appendix, we shall evaluate the energy shift of the states with the lowest energy in different
moving frames as well as in the rest frame. In particular, our aim will be to demonstrate that the level
splitting, which we observe in a result of the solution of the quantization condition, can be interpreted
with the use of the perturbation theory as well.

We start from the states with total isospin J = 1 and choose J; = 1. One can define three orthogonal
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states with these quantum numbers [98]:

|f1>_\/L1_5(2|7rJr Y2ty 4 2n )

|7T0 0_+ |ﬂ'0 + 0 |7Z'+ 0 0))

1
1) = F (CIL 3838 SDTSRP OF P A0 TP 2P oF o
£y =3 (|7r+ 0,0 |n° 7O Irt Y + ). (A.57)

We consider moving frames with the total three-momentum P = 2xd/L, whered = (0,0, 1), (1,1,0), (1,1, 1).
For these values of d, the states with the lowest energy are given by

Ipl 5 p29 p3> € {lP’ 07 O> ) |0’ P, 0> 5 |0’ 07 P>} . (ASS)
From these we construct the total wave functions of the three-pion system denoted by

|fi:P1> P2, P3) (A.59)

where the momenta p,, p, and p; are assigned to the first, second and third pion in the isospin wave
function | f;) respectively. Naively, in the non-interacting case there would be nine degenerate states

with energy
2nd
Eo=2m +|m’ +( Z ) . (A.60)

On the other hand, not all states are independent. Using Bose-symmetry we find that:

|f1;0’P’0> = |f1;P’0’0>’ |fl;0’0’P> = |fl;P’0’0>’
|f2;0’ P’0> = |f2;P’0’ 0> » |f2;0’ 0’ P> =-2 |f2;P’0’0> s
|f3;05P,0>:_|f3;P,070>9 |f3’090’P>:O

| £5:P,0,0) = —V3|£,;P,0,0) . (A.61)
Defining the states
\/_
|X;P,0, 0)———|f2,P 0,0) + — |f3>P 0,0),
\/_
Y;P,0,0) = — Ifz,P 0,0) + = |f3,P 0,0) = (A.62)

it can be seen that the lowest energy level in the frame d # 0 with J = 1 is twofold degenerate,
corresponding to the states | f;; P, 0,0) and | X; P, 0, 0).

The energy shift is calculated in the degenerate perturbation theory, where the potentials are
obtained from the non-relativistic effective field theory. Contrary to [98], here we will use the covariant
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formulation. In this setup, the normalized one-particle states are given by:
() = L7 2w ()™ af (1) 10) . (A.63)
and the creation and annihilation operators obey the commutation relation

[a;(p), al(@)] = 6;; 2w(p)L’ 6, 4 (A.64)

At the leading order, the energy shift AE({:& is given by the eigenvalues of the potential

Ve 1 ((f1:P,0,01H,|f;;P,0,0) (f;;P,0,0|H,|X;P,0,0) (A.65)
~ 31 \(X:P,0,01H,|:P,0,0) (X:P,0,0|H;|X;P,0,0)/’ '
where H; denotes the interaction Hamiltonian
H, =- / d’x L, . (A.66)

Here £, is the two-body Lagrangian in the particle picture, as in Eq. (7.2). The couplings C; are
matched to the I = 0, 2 scattering lengths a;, according to Eq. (7.16) and Eq. (7.18).

Up to O(L™>), the potential is given by:

4 (5(5ay+4ay)) 2V5(ay - a,)
= — , (A.67)
27mL? \2V5(ag - ay)  2(4ag + 5a,)
leading to an energy shift
J=1_ 2m 2 2
AE3 = F 1lay + 10a, + +/4lay +20aqa, +20a5 | (A.68)
mL

and lifting the degeneracy of the non-interacting energy level.

Note that the same result is obtained in the non-covariant approach. The only difference in the
covariant and non-covariant potentials, besides the use of different couplings C;, is the normalization
of states: instead of the factor

O, Op 4D+, (A.69)

which appears in Egs. (31) and (32) of Ref. [98] for the potentials, sandwiched between the three-pion
states that carry the momenta p,, p,, p; and q, q,, q3 respectively, in the covariant approach the
following factor emerges

-1/2
(20020 (P2 (4,)20(a,)) S, O 11,050,

1

- 4m2 5[’1‘&1 6Pj+pk,qm+qn +eee (A70)

Here the multiplicative factors 2w (k;) account for the different normalization of the one-particle states
in the relativistic and non-relativistic framework, see Eq. (A.63). For the same reason, these factors
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also arise in the matching condition in the non-covariant framework, while in the covariant matching
condition they are absent. Therefore the results after expressing everything in terms of the scattering
lengths are identical.

Next, note that, for J = 3, there is only a single state with the lowest energy. One can, for example,
choose J; = 3 and consider the state |[7" 7" 7"; P,0,0). The energy shift at the leading order can be
calculated in the non-degenerate perturbation theory and is given by

207

a, .
3mL?

- 1
AEJZ = 21 P00 H, |, 7, ;P 0,0) = (A.71)
Finally, note that for the ground state d = 0, the energy shifts corresponding to the total isospin J = 1
and J = 3 can be obtained in the non-degenerate perturbation theory again. For J/ = 1 and J; = 1, only
the state | f;; 0, 0, 0) yields the non-vanishing ground state wave function due to Bose-symmetry. The
energy shift is then given by:

4
5 (

AE S = — Saq +4a,) . (A72)

For J = 3 and J; = 3, the ground state wave function is given by |7, 7, 7,;0,0,0). At the leading
order, the energy shift of this state is equal to

L 12
AE)S = m_; a, . (A.73)
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