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Sich zwar immer mehr und mehr in den aufregendsten und in den ungeheuerlichsten
und in den epochemachendsten Gedanken zu schulen und sich solchen einzigen für ihn
noch möglichen Gedanken mit einer noch immer größeren Entschlossenheit
vollkommen auszuliefern, sei seine tagtägliche Disziplin, aber nur immer bis zu dem
äußersten Grade vor der absoluten Verrücktheit. Geht man so weit, wie Karrer, sagt
Oehler, ist man plötzlich entschieden und absolut verrückt und mit einem Schlag
wertlos geworden. Denken und immer mehr und immer mehr mit immer größerer
Intensität und mit einer immer noch größeren Rücksichtslosigkeit und mit einem immer
noch größeren Erkenntnisfanatismus, sagt Oehler, aber nicht einen Augenblick zu weit
denken. Jeden Augenblick können wir zu weit denken, sagt Oehler, einfach zu weit
gehen in unserem Denken, sagt Oehler, und alles ist wertlos.

– Thomas Bernhard, Gehen
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Abstract

This thesis addresses the use of Nitsche’s method within the Partition of Unity Method (PUM),
and in particular within the PUMA software library developed both at Fraunhofer SCAI and at the
Institute for Numerical Simulation, which has provided the practical ground for the mathematical
developments. While the specific adaptation of Nitsche’s method to the PUM has been already
published in a paper attached to this thesis, the focus of this work lies on problems arising from
linear elasticity, with the aim of handling interface constraints for the coupling of solid and shell
models. These include not only single isotropic materials, but also laminated structures consisting
of multiple orthotropic elastic materials, which are used to simulate fiber-reinforced composites.
This work revealed the lack of efficient and robust smoothers for PUMA’s multilevel solver, which
should be able to handle anisotropic and higher-order problems. The development of such a
smoother, based on the Factorized Sparse Approximate Inverse (FSAI) preconditioner and combined
with the Chebyshev iteration, has been the subject of another paper, which is also attached to
this thesis. Additionally, the coupling of shell structures parameterized by Non-Uniform Rational
B-Splines (NURBS) required the development and implementation of projection algorithms capable
of projecting a point into a NURBS curve or surface (also retrieving the corresponding parameters).
All in all, this thesis and its attached papers involve the formulation and discretization of PDEs with
the Nitsche-based PUM, including both geometrical and analytical complications, its numerical
integration (handling all involved operations in an efficient but also rigorous manner), and finally the
iterative solution of the resulting linear systems (again with specific emphasis on efficiency), thus
encompassing all stages of the numerical solution of linear and elliptic PDEs. The developments
are accompanied by several numerical tests, which also showcase the practical work carried out for
a significant improvement of the PUMA library.
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1 Introduction

The Partition of Unity Method (from now on, PUM), which provides the basis for this thesis,
is a discretization approach for the numerical solution of partial differential equations (PDEs)
on Lipschitz domains via Galerkin methods. Galerkin methods, roughly speaking, consist on
replacing the infinite-dimensional function spaces (Sobolev spaces in particular) arising in the weak
formulation of some PDE by finite-dimensional (discrete) ones, which lead to problems with a finite
number of degrees of freedom whose solution should approximate that of the original problem, and
which can in turn be found (at least approximately) with the help of a computer.

The Finite Element Method (FEM), whose description is available in many places, is the most
popular method for the purpose of discretizing function spaces, mainly for historical reasons, but
also for its intuitive description, particularly appreciated by the engineering community. Over the
years, a myriad other methods have been proposed to overcome the FEM’s intrinsic limitations,
some of which are closer to the FEM (e.g. XFEM, GFEM, CutFEM, the Finite Cell Method), others
more distant (e.g. the Reproducing Kernel Particle Method, the hp-clouds method, the PUM). The
FEM’s main limitation is the need to construct a mesh of the problem’s domain (be it with triangles,
squares, tetrahedra or hexahedra), and then to refine it and/or coarsen it, all of which carries a
significant computational cost. So-called meshfree methods (and among them, the PUM) aim to
overcome this limitation by operating without the need for a mesh. An additional limitation of the
FEM is the discretization of higher-order problems, involving higher (than 𝐻1(Ω)) regularity of the
function spaces, which the FEM can handle, but not trivially. The PUM can however easily fulfill
such regularity requirements by definition. Another limitation is the incorporation of discontinuities
in the function space: XFEM and the PUM achieve this through so-called enrichment functions,
which are carefully introduced into the basis functions of the discrete function space.

All in all, the PUM overcomes all of the FEM’s main limitations, but needless to say, at a certain
cost: a more complicated mathematical description, and therefore a more involved computational
implementation (mainly at the integration stage), combined with the loss of “nice-to-have” FEM
properties like the nodal basis. A brief account of the PUM, including the necessary concepts for
the rest of the thesis, is given in Chapter 2.

Nitsche’s method, the second main component of this thesis, consists of a manipulation of the
Galerkin equation so that essential boundary conditions (usually embedded in the function spaces
themselves) can be imposed in a “weak” manner (i.e. approximately) through the incorporation
of additional terms. Since the solution of the discretized problem is only an approximation of the
exact solution, imposing the boundary conditions also in an approximate manner introduces no
additional issue, provided that the order of the approximation error remains unaffected.

In the standard FEM, essential boundary conditions are usually imposed at the boundary nodes,
and thus Nitsche’s method is not commonly used. In meshfree methods, and in particular in the
PUM, as already mentioned, a nodal basis is not directly available, and thus alternative approaches
have to be devised for the imposition of essential boundary conditions. Specifically for the PUM,
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1 Introduction

an algebraic approach was introduced by Schweitzer [20] which was derived as a limiting case of
Nitsche’s method. However, it has certain limitations, e.g. for interface constraints coupling two
solutions from different function spaces, or for the simultaneous enforcement of different kinds of
boundary conditions (which emerge in higher-order problems). Alternatively, Nitsche’s method
was already used in combination with the PUM in [7], where the stabilization function (the main
component of the method) was chosen simply as a constant over the whole boundary. The first
significant development for this thesis was to introduce a locally-defined stabilization function,
something which was already common in the Nitsche-FEM, and which I generalized for the PUM
in [14] (attached in Appendix C.1). The so-called flat-top property of the PUM, already stated in
[8] but never really enforced for boundary patches in our implementation, revealed itself critical for
the proper application of Nitsche’s method in non-trivial domains. A patch-aggregation approach
addressing this issue was also included in [14].

The implementation of Nitsche’s method in the PUMA library allowed us to use it in a variety of
interesting cases, in particular those involving Kirchhoff-Love plates and shells, which encompass
multiple kinds of essential boundary conditions. For this kind of problems, interfacial constraints are
also of particular interest, since real-world shell structures are composed of multiple different parts.
An additional interesting topic is the treatment of certain shell parts as 3-dimensional volumes while
coupling them to other parts considered as 2-dimensional surfaces, known as solid-shell blending.
Chapter 3 is dedicated to all this. The extension to laminated composite materials, where each ply
is modeled as a linearly orthotropic material with a given orientation, is covered in Chapter 4.

However, precisely the higher order of the 2-dimensional shell models and the laminated structure of
3-dimensional models for composite materials make the iterative solution of this kind of problems
particularly difficult. Although a multilevel solver as the one described in [6] was already available
in PUMA, only Jacobi and Gauss-Seidel preconditioners were available as smoothers, which were
of little use for these cases. For that reason, the FSAI preconditioner was implemented following
[12], with the extensions of nestedness and adaptivity. Additionally, FSAI’s smoothing performance
was improved by embedding it into a Chebyshev polynomial iteration. All this work on linear
solvers for symmetric positive definite (s.p.d.) matrices has been published in [15] (attached in
Appendix C.2) and is summarized in Chapter 5.

Finally, in Chapter 6 we present several numerical examples that put into practice some of the
concepts and developments of this thesis, followed by an overview of the whole work in Chapter 7.

For the coupling of different shell parametrizations given as non-uniform rational B-spline (NURBS)
surfaces, it was necessary to implement two algorithms for the projection of a point onto a NURBS
curve or surface. This work (especially for the surface case) required a careful assessment of the
available literature. For the interested reader, we provide detailed and systematic descriptions of
both algorithms and their components in Appendix A.

In Appendix B we describe some relevant changes to the PUMA library that have been developed
parallel to the thesis work, to make it the efficient, rigorous and clearly-written (although unfortunately
still academic) library that it is today.

Finally, Appendix C gathers the two papers that we attach to this thesis, as already mentioned.

2



2 The Partition of Unity Method

In this chapter we will present a minimal set of PUM concepts that should help understand the
background of our work. For more details, we refer to [14] (Appendix C.1) and the references
therein, in particular to Schweitzer’s seminal work [18], and also to Ziegenhagel’s thesis [22].

Definition 2.1. Let Ω ∈ R𝑑 be some open domain. We say that a set of functions {𝜑𝑖}𝑛𝑖=0 with
𝜑𝑖 : Ω̄→ R is a partition of unity over Ω if

0 ≤ 𝜑𝑖 (𝑥) ≤ 1 ∀𝑖 ∈ {0, . . . , 𝑛}, and
𝑛∑︁
𝑖=0

𝜑𝑖 (𝑥) = 1, ∀𝑥 ∈ Ω̄.

Given some Lipschitz domain Ω ∈ R𝑑 , the PUM is based on the construction of a partition of unity
{𝜑𝑖}𝑛𝑖=0 over Ω, and then of finite-dimensional function spaces of the form

𝑉PU(Ω) =
𝑛∑︁
𝑖=0

𝜑𝑖𝑉𝑖 (𝜔𝑖), 𝜔𝑖 := supp(𝜑𝑖).

In other words, the partition of unity is used to glue together so-called local spaces 𝑉𝑖 (𝜔𝑖), each of
which is assumed to be defined on the corresponding 𝜔𝑖 . We refer to the 𝜔𝑖 as patches, and to the
set C := {𝜔𝑖}𝑛𝑖=0 as a cover of Ω. Usually Ω and 𝜔𝑖 are dropped from the notation, as we will do
here, writing simply 𝑉PU =

∑𝑛
𝑖=0 𝜑𝑖𝑉𝑖 .

In order to produce computationally-tractable problems for increasing 𝑛, it is important to ensure
that each patch 𝜔𝑖 intersects with a limited number of the remaining patches. More precisely, the
method relies on covers C = {𝜔𝑖}𝑛𝑖=0 fulfilling

(2.1) 𝜆C (𝑥) := card ({𝑖 : 𝑥 ∈ 𝜔𝑖}) ≤ 𝑀, ∀𝑥 ∈ Ω̄,

for some constant 𝑀 > 0 independent of the cover size. A homogeneously refined cover for a
square domain is represented in Figure 2.1.

With respect to the local spaces𝑉𝑖 , they are usually chosen simply as polynomial spaces of degree 𝑝𝑖 ,
𝑉𝑖 = P 𝑝𝑖 (or their 𝑑-dimensional counterparts for vector problems, [P 𝑝𝑖 ]𝑑). However, a defining
characteristic of the PUM is the possibility to enrich the local spaces with any additional functions
that may be helpful for the problem at hand, i.e. to construct

𝑉𝑖 = P 𝑝𝑖 + E𝑖 .

We refer to E𝑖 as enrichment spaces and to their components as enrichment functions.
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2 The Partition of Unity Method

Figure 2.1: A homogeneously refined cover for a square domain. Each black dot corresponds to a
patch center, patch boundaries are dashed, and for illustrative purposes three patches
are colored in gray.

The regularity of any 𝑢 ∈ 𝑉PU is bounded by that of the partition of unity functions 𝜑𝑖, which
can actually be constructed to satisfy 𝜑𝑖 ∈ 𝐶𝑘 (Ω) for any predefined 𝑘 ∈ N (or simply piecewise
constant), as illustrated in [14, Section 2.2]. As a result, the PUM can naturally produce function
spaces fulfilling any continuity requirement on its derivatives.

If we denote {𝜗𝑘
𝑖
}𝑚𝑖

𝑘=1 a basis for each local space 𝑉𝑖, the evaluation of an element 𝑢 ∈ 𝑉PU can be
written as

(2.2) 𝑢(𝑥) =
𝑛∑︁
𝑖=0

𝜑𝑖 (𝑥)
𝑚𝑖∑︁
𝑘=1

𝑢̄ (𝑖,𝑘 )𝜗
𝑘
𝑖 (𝑥), 𝑥 ∈ Ω,

for a vector of coefficients 𝑢̄ = (𝑢̄ (𝑖,𝑘 ) ) ∈
∏𝑛

𝑖=0 R
𝑚𝑖 , which uniquely identifies 𝑢 ∈ 𝑉PU if the global

basis functions

(2.3)
{
𝜑𝑖𝜗

𝑘
𝑖 : 𝑖 = 0, . . . , 𝑛; 𝑘 = 1, . . . , 𝑚𝑖

}
are linearly independent. With respect to this aspect, let us introduce an important but sometimes
overlooked property of the PUM.

Definition 2.2 (Flat-top property). Let Ω ∈ R𝑑 be some open domain and {𝜑𝑖}𝑛𝑖=0 a partition of
unity over Ω. Let us denote 𝜔𝑖 = supp(𝜑𝑖). We call

𝜔𝑖,FT := 𝜔𝑖 \
𝑛⋃
𝑗=0
𝑗≠𝑖

𝜔 𝑗

the flat-top region of 𝜑𝑖 , given that 𝜑𝑖 (𝑥) = 1 for any 𝑥 ∈ 𝜔𝑖,FT.

Let 𝐶 > 0 be some positive constant. We say that {𝜑𝑖} satisfies the flat-top property with constant
𝐶 if it holds that

𝜇𝑑 (𝜔𝑖,FT) ≥ 𝐶 𝜇𝑑 (𝜔𝑖), ∀𝑖 ∈ {0, . . . , 𝑛},

where 𝜇𝑑 is the 𝑑-dimensional Lebesgue measure.
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The flat-top property was initially formulated to derive linear independence of the global basis
functions based on linear independence of the local basis functions (within their flat-top regions)
[19], for which it was a sufficient but not necessary condition. However, when working with
Nitsche’s method, it revealed itself as a necessary condition to prevent the stabilization function
from taking arbitrarily large values.

Ideally, we would like to fix some 𝐶 > 0 and produce only partitions of unity satisfying the flat-top
property with constant 𝐶. However, this is not an easy task for arbitrary domains. While one can
easily enforce the constraint for functions 𝜑𝑖 with𝜔𝑖 ∩𝜕Ω = ∅, the same cannot be said for functions
with support at the boundary. In [14, Section 2.3] we presented a post-processing transformation of
partitions of unity that, for a given 𝐶 > 0, “aggregates” each 𝜑𝑖 violating the flat-top property with
constant 𝐶 to some neighboring 𝜑 𝑗 not violating it.

Finally, let us now describe the PUM discretization of a generic classical elliptic problem, i.e.

find 𝑢 ∈ 𝑉 : 𝑎(𝑣, 𝑢) = ℓ(𝑣), ∀𝑣 ∈ 𝑉,

with 𝑎 : 𝑉 × 𝑉 → R some continuous 𝑉-elliptic bilinear form, and ℓ : 𝑉 → R some continuous
linear form. Then, the Galerkin discretization for a space 𝑉PU ⊂ 𝑉 reads simply

find 𝑢 ∈ 𝑉PU : 𝑎(𝑣, 𝑢) = ℓ(𝑣), ∀𝑣 ∈ 𝑉PU.

Relying on the basis functions (2.3), this problem can be represented by the linear system 𝐴𝑢̄ = 𝑏,
for the vector of coefficients 𝑢̄ as in (2.2), and the stiffness matrix 𝐴 and load vector 𝑏 given by

(2.4) 𝐴(𝑖,𝑘 ) , ( 𝑗 ,𝑙) = 𝑎(𝜑𝑖𝜗𝑘
𝑖 , 𝜑 𝑗𝜗

𝑙
𝑗), 𝑏 (𝑖,𝑘 ) = ℓ(𝜑𝑖𝜗𝑘

𝑖 ).

Linear systems arising from PUM discretizations thus possess a natural block structure, i.e. the
stiffness matrix 𝐴 can be seen as

𝐴 =

©­­­­­«
𝐴[0, 0] 𝐴[0, 1] · · · 𝐴[0, 𝑛]
𝐴[1, 0] 𝐴[1, 1] · · · 𝐴[1, 𝑛]
...

...
. . .

...

𝐴[𝑛, 0] 𝐴[𝑛, 1] · · · 𝐴[𝑛, 𝑛]

ª®®®®®¬
,

with each non-zero block 𝐴[𝑖, 𝑗] (such that supp(𝜑𝑖) ∩ supp(𝜑 𝑗) ≠ ∅) given by

𝐴[𝑖, 𝑗] :=

©­­­­­«
𝐴(𝑖,0) , ( 𝑗 ,0) 𝐴(𝑖,0) , ( 𝑗 ,1) · · · 𝐴(𝑖,0) , ( 𝑗 ,𝑚 𝑗 )
𝐴(𝑖,1) , ( 𝑗 ,0) 𝐴(𝑖,1) , ( 𝑗 ,1) · · · 𝐴(𝑖,1) , ( 𝑗 ,𝑚 𝑗 )

...
...

. . .
...

𝐴(𝑖,𝑚𝑖 ) , ( 𝑗 ,0) 𝐴(𝑖,𝑚𝑖 ) , ( 𝑗 ,1) · · · 𝐴(𝑖,𝑚𝑖 ) , ( 𝑗 ,𝑚 𝑗 )

ª®®®®®¬
∈ R𝑚𝑖×𝑚 𝑗 , 𝑖, 𝑗 ∈ {0, . . . , 𝑛},

and the 𝑏 vector analogously as

𝑏 =

©­­­­­«
𝑏[0]
𝑏[1]
...

𝑏[𝑛]

ª®®®®®¬
, with 𝑏[𝑖] :=

©­­­­­«
𝑏 (𝑖,0)
𝑏 (𝑖,1)
...

𝑏 (𝑖,𝑚𝑖 )

ª®®®®®¬
∈ R𝑚𝑖 , 𝑖 ∈ {0, . . . , 𝑛}.
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2 The Partition of Unity Method

The PUMA library

For a concise and practical illustration of the PUMA library, in Listing 2.1 we provide a python

script to solve the Poisson equation

find 𝑢 ∈ 𝑉PU :
∫
Ω

∇𝑢 · ∇𝑣 dΩ =

∫
Ω

𝑓 𝑣 dΩ, ∀𝑣 ∈ 𝑉PU,

in the unit square domain Ω = (0, 1)2, with r.h.s. 𝑓 (𝑥) = −6, and with Dirichlet boundary condition
𝑢(𝑥, 𝑦) = 1 + 𝑥2 + 2𝑦2 over the whole boundary.

from puma import *

# Define the domain

omega = UnitSquareDomain()

# Create the PUM space for a certain refinement level and a certain polynomial degree

V = PumSpace(omega, level=5, polynomial_degree=3)

# Define the boundary data

x = Position()

g = 1 + x[0]**2 + 2*x[1]**2

bc = DirichletConstraint(V, None, g)

# Define Poisson's problem

u = ScalarTrialFunction(V)

v = ScalarTestFunction(V)

a = inner(grad(u), grad(v)) * dx

f = -6

L = f * v * dx

# Define the discrete solution

u = ScalarFunction(V)

# Solve into u

solver = solve(a == L, u, bc)

Listing 2.1: A python script for solving a simple Poisson problem with the PUMA library.
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3 Nitsche’s method

In this section we will introduce Nitsche’s method for the equations of static linear elasticity. For a
more detailed introduction based on Poisson’s equation, we refer to our previous work [14] (included
in Appendix C.1), and for a generic mathematical formulation, we refer to the work of Benzaken et
al. [2].

3.1 Linear elasticity

Although it is an ubiquitous equation in numerical analysis, let us present the equations of static
linear elasticity. For a more mathematically-detailed description, we refer to [4]. Let Ω ∈ R𝑑

(with 𝑑 ∈ {2, 3}) be an open Lipschitz domain, Γ𝑢 ⊂ 𝜕Ω the Dirichlet boundary, which we assume
to have positive measure, i.e. 𝜇𝑑−1(Γ𝑢) > 0, and Γ𝑡 := 𝜕Ω \ Γ𝑢 the Neumann boundary. For a
displacement field u ∈

[
𝐶1(Ω̄)

]𝑑 , the infinitesimal strain tensor is 𝜺(u) := sym (∇u), and the
resulting Cauchy stress tensor follows Hooke’s law 𝝈(u) := C : 𝜺(u) with the 4th-order stiffness
tensor C ∈ R𝑑×𝑑×𝑑×𝑑 . The symmetry of the strain and stress tensors enforces the following
symmetry relationships on the stiffness tensor

(3.1) C𝑖 𝑗𝑘𝑙 = C 𝑗𝑖𝑘𝑙, C𝑖 𝑗𝑘𝑙 = C𝑘𝑙𝑖 𝑗 ,

and we additionally assume the ellipticity condition

(3.2) ∃𝐶0 > 0 :
∑︁

𝑖, 𝑗 ,𝑘,𝑙

C𝑖 𝑗𝑘𝑙𝐴𝑖 𝑗𝐴𝑘𝑙 ≥ 𝐶0
∑︁
𝑖, 𝑗

𝐴2
𝑖 𝑗 = 𝐶0 tr(𝐴2), ∀𝐴 ∈ Sym𝑑 (R),

where Sym𝑑 (R) denotes the set of real symmetric matrices of size 𝑑. The equations of linear
elasticity (in strong form) are then

(3.3)


−∇ · 𝝈(u) = f, in Ω,

u = g, on Γ𝑢,

𝝈(u)n = t, on Γ𝑡 .

where f ∈ [𝐶 (Ω)]𝑑 is the body force per unit volume, g ∈ [𝐶 (Γ𝑢)]𝑑 is the prescribed displacement
at the Dirichlet boundary, and t ∈ [𝐶 (Γ𝑡 )]𝑑 is the prescribed traction at the Neumann boundary.

For the particular case of an isotropic homogeneous material, the simplest model of linear elasticity,
the stress tensor can be written as

(3.4) 𝝈(u) = 𝜆 tr(𝜺(u)) I𝑑 + 2𝜇 𝜺(u) .
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3 Nitsche’s method

with the Lamé parameters 𝜇 > 0, 𝜆 > 0, which can be related to Young’s modulus 𝐸 > 0 and
Poisson’s ratio 𝜈 ∈

(
0, 1

2

)
as

𝜆 =
𝐸 𝜈

(1 + 𝜈) (1 − 2𝜈) , 𝜇 =
𝐸

2(1 + 𝜈) , 𝐸 =
𝜇(3𝜆 + 2𝜇)
𝜆 + 𝜇 , 𝜈 =

𝜆

2(𝜆 + 𝜇) .

To derive the weak formulation of (3.3), we first multiply the differential equation by a test function
v ∈ 𝑉 :=

[
𝐻1(Ω)

]𝑑 and integrate by parts over Ω, leading to∫
Ω

𝝈(u) : 𝜺(v) dΩ −
∫
𝜕Ω

(𝝈(u)n) · v dΓ =

∫
Ω

f · v dΩ .

Splitting the boundary integral into the Dirichlet and Neumann boundaries, and incorporating the
prescribed traction, we arrive at

(3.5)
∫
Ω

𝝈(u) : 𝜺(v) dΩ −
∫
Γ𝑢

(𝝈(u)n) · v dΓ =

∫
Ω

f · v dΩ +
∫
Γ𝑡

t · v dΓ, ∀v ∈ 𝑉.

At this point, the usual procedure is to reduce the test space to 𝑉0 := {w ∈ 𝑉 : w|Γ𝑢 = 0} and the
solution space to 𝑉𝑔 := {w ∈ 𝑉 : w|Γ𝑢 = 𝑔}, leading to the problem

find u ∈ 𝑉𝑔 : 𝑎(v, u) = ℓ(v), ∀v ∈ 𝑉0,

where

𝑎(v, u) :=
∫
Ω

𝝈(u) : 𝜺(v) dΩ , ℓ(v) :=
∫
Ω

f · v dΩ +
∫
Γ𝑡

t · v dΓ,

and the regularity of the data can be weakened to f ∈
[
𝐿2(Ω)

]𝑑 , g ∈
[
𝐿2(Γ𝑢)

]𝑑 and t ∈
[
𝐿2(Γ𝑡 )

]𝑑 .
Notably, this problem is equivalent to the minimization of the energy functional

J (w) :=
1
2
𝑎(w,w) − ℓ(w) = 1

2

∫
Ω

𝝈(w) : 𝜺(w) dΩ−
∫
Ω

f ·w dΩ−
∫
Γ𝑡

t ·w dΓ, w ∈ 𝑉𝑔 .

Furthermore, given some u𝑔 ∈ 𝑉𝑔, the problem can be reformulated as

(3.6) find u0 ∈ 𝑉0 : 𝑎(v, u0) = ℓ(v) − 𝑎(v, u𝑔), ∀v ∈ 𝑉0,

and finally setting u = u0 + u𝑔 ∈ 𝑉𝑔.

It is important to notice that the bilinear form 𝑎(·, ·) is symmetric, which follows from the symmetries
of the stiffness tensor (3.1), that it is 𝑉-continuous, and that it is also 𝑉0-coercive, which follows
from (3.2) and Korn’s inequalities. These three properties guarantee, following the Lax-Milgram
theorem, that (3.6) is well-posed and its solution is unique (see [4, Section 6.3]).

Given a discrete subspace 𝑉𝑛 ⊂ 𝑉0, the standard Galerkin discretization of Equation (3.6) is then

find u0 ∈ 𝑉𝑛 : 𝑎(v, u0) = ℓ(v) − 𝑎(v, u𝑔), ∀v ∈ 𝑉𝑛,

8



3.1 Linear elasticity

which also has a unique solution. Nitsche’s method, however, avoids embedding the boundary
condition into the function space, considering instead 𝑉𝑛 ⊂ 𝑉 as the space for the solution and the
test functions, and proceeding from (3.5) as follows. First, we add a penalty term

∫
Γ𝑢
𝛾(u− g) · v dΓ

to the equation, with a stabilization function 𝛾 ∈ 𝐿2(Γ𝑢), 𝛾 > 0, resulting in∫
Ω

𝝈(u) : 𝜺(v) dΩ+
∫
Γ𝑢

[𝛾 u · v − (𝝈(u)n) · v] dΓ =

∫
Ω

f ·v dΩ+
∫
Γ𝑡

t ·v dΓ+
∫
Γ𝑢

𝛾 g ·v dΓ ,

and then a symmetrization term
∫
Γ𝑢
(𝝈(v)n) · (g−u) dΓ to make the l.h.s. of the equation symmetric

with respect to the pair (u, v):

(3.7)
∫
Ω

𝝈(u) : 𝜺(v) dΩ +
∫
Γ𝑢

[𝛾 u · v − (𝝈(u)n) · v − (𝝈(v)n) · u] dΓ =

=

∫
Ω

f · v dΩ +
∫
Γ𝑡

t · v dΓ +
∫
Γ𝑢

g · [𝛾 v − 𝝈(v)n] dΓ .

This symmetrization term may also be multiplied by some factor 𝜃 ∈ [−1, 1), which would produce
a non-symmetric bilinear form. We will not consider this possibility here, since we actively seek
symmetry with the purpose of producing symmetric positive definite (s.p.d.) matrices.

After defining the bilinear form 𝑎𝛾 : 𝑉𝑛 × 𝑉𝑛 → R and the linear form ℓ𝛾 : 𝑉𝑛 → R respectively
from the l.h.s. and the r.h.s. of (3.7) as

𝑎𝛾 (v, u) :=
∫
Ω

𝝈(u) : 𝜺(v) dΩ +
∫
Γ𝑢

[𝛾 u · v − (𝝈(u)n) · v − (𝝈(v)n) · u] dΓ ,

ℓ𝛾 (v) :=
∫
Ω

f · v dΩ +
∫
Γ𝑡

t · v dΓ +
∫
Γ𝑢

g · [𝛾 v − 𝝈(v)n] dΓ ,

the discretization of (3.6) following Nitsche’s method can be written as

find u ∈ 𝑉𝑛 : 𝑎𝛾 (v, u) = ℓ𝛾 (v), ∀v ∈ 𝑉𝑛.

In this scenario, if 𝑎𝛾 is both continuous and coercive, then the Lax-Milgram theorem guarantees
that a solution to the problem exists and is unique. Continuity is trivial to show, and relying on
Cauchy-Schwarz’ and Young’s inequalities, it can also be shown that 𝑎𝛾 is 𝑉𝑛-coercive provided
that

(3.8) ∃𝜌 ∈ (0, 1) :
∫
Γ𝑢

𝛾−1 |𝝈(v)n|2 dΓ ≤ 𝜌2
∫
Ω

𝝈(v) : 𝜺(v) dΩ, ∀v ∈ 𝑉𝑛

(see [14, Section 3.1] for a detailed argument in the case of the Poisson equation). Note that the
finite-dimensionality of 𝑉𝑛 makes the presence of 𝜌 superfluous in the above inequality, since it is
equivalent to a strict inequality without 𝜌2. Nevertheless, we keep the 𝜌2 factor in the notation,
since that allows us to define the stabilization function 𝛾 based on a fixed value of 𝜌, independent of
the discrete function space 𝑉𝑛.
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3 Nitsche’s method

3.2 Linear elasticity with interfacial constraints

Let us now formulate the linear elasticity equations for a domain formed by two distinct components
Ω(1) ,Ω(2) ⊂ R3, both open Lipschitz domains, with Ω(1) ∩Ω(2) = ∅ and Ω̄(1) ∩ Ω̄(2) = Γ𝐼 . In this
case, the equations of linear elasticity can be written as

(3.9)



−∇ · 𝝈(u(𝑘 ) ) = f (𝑘 ) , in Ω(𝑘 ) , 𝑘 ∈ {1, 2},
u(𝑘 ) = g(𝑘 ) , on Γ

(𝑘 )
𝑢 , 𝑘 ∈ {1, 2},

𝝈(u(𝑘 ) )n = t(𝑘 ) , on Γ
(𝑘 )
𝑡 , 𝑘 ∈ {1, 2},

[[u]] = 0, on Γ𝐼 ,

[[𝝈 (u) n𝐼 ]] = 0, on Γ𝐼 .

where [[·]] represents the jump of a (vector) quantity at the interface, i.e. [[u]] := u(2) − u(1) is the
displacement jump at the interface, and n𝐼 is the normal to the interface pointing from Ω(1) to Ω(2)

(note however that both objects, the jump and the interface normal, can be simultaneously defined
in the opposite sense).

The corresponding weak formulation derived following Nitsche’s method is

2∑︁
𝑘=1

∫
Ω(𝑘)

𝝈(u(𝑘 ) ) : 𝜺(v(𝑘 ) ) dΩ

+
2∑︁

𝑘=1

∫
Γ
(𝑘)
𝑢

[
𝛾 (𝑘 ) u(𝑘 ) · v(𝑘 ) −

(
𝝈(u(𝑘 ) )n

)
· v(𝑘 ) −

(
𝝈(v(𝑘 ) )n

)
· u(𝑘 )

]
dΓ

+
∫
Γ𝐼

[{𝛾}𝛼 [[u]] · [[v]] − {𝝈(u)n𝐼 }𝛼 · [[v]] − {𝝈(v)n𝐼 }𝛼 · [[u]]] dΓ

=

2∑︁
𝑘=1

∫
Ω(𝑘)

f (𝑘 ) · v(𝑘 ) dΩ +
2∑︁

𝑘=1

∫
Γ
(𝑘)
𝑡

t(𝑘 ) · v(𝑘 ) dΓ

+
2∑︁

𝑘=1

∫
Γ
(𝑘)
𝑢

g(𝑘 ) ·
[
𝛾 (𝑘 ) v(𝑘 ) − 𝝈(v(𝑘 ) )n

]
dΓ .

where 𝛾 (𝑘 ) ∈ 𝐿2(Γ (𝑘 )𝑢 ∪ Γ𝐼 ), 𝛾 (𝑘 ) > 0, 𝑘 ∈ {1, 2}. For a given 𝛼 : Γ𝐼 → [0, 1], the averaging
operator {·}𝛼 is defined as {𝑞}𝛼 = 𝛼𝑞 (1) + (1 − 𝛼)𝑞 (2) , so that in particular

{𝝈(w)n𝐼 }𝛼 =
[
𝛼𝝈(w(1) ) + (1 − 𝛼)𝝈(w(2) )

]
n𝐼 .

For discretization spaces 𝑉 (𝑘 )𝑛 ⊂ 𝐻1(Ω(𝑘 ) ), 𝑘 ∈ {1, 2}, it can be shown (see [14, Section 3.4.2] for
a sketch in the case of the Poisson equation) that, independently of the choice of 𝛼, the bilinear
form is coercive in 𝑉 (1)𝑛 ×𝑉 (2)𝑛 provided that there exists 𝜌 ∈ (0, 1) such that∫

Γ
(𝑘)
𝑢 ∪Γ𝐼

(
𝛾 (𝑘 )

)−1
|𝝈(v)n|2 dΓ ≤ 𝜌2

∫
Ω(𝑘)

𝝈(v) : 𝜺(v) dΩ, ∀v ∈ 𝑉 (𝑘 )𝑛 , 𝑘 ∈ {1, 2},
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3.3 The Kirchhoff-Love shell model

i.e. that each 𝛾 (𝑘 ) satisfies the analogous constraint to (3.8) in its corresponding subdomain and for
the corresponding function space. Different choices of 𝛼 include the constant values 0, 0.5 and 1,
and a further definition makes use of 𝛾 (1) and 𝛾 (2) as

(3.10) 𝛼★ :=
𝛾 (2)

𝛾 (1) + 𝛾 (2)
,

so that, in particular,

{𝛾}𝛼★ =
2 𝛾 (1)𝛾 (2)

𝛾 (1) + 𝛾 (2)
,

and thus {𝛾}𝛼★ → 2 min𝑘∈{1,2} 𝛾
(𝑘 ) if max𝑘∈{1,2} 𝛾

(𝑘 ) →∞.

Note that, in order to extend the formulation to different material properties for each domain, it
suffices to replace 𝝈

(
w(𝑘 )

)
by 𝝈 (𝑘 )

(
w(𝑘 )

)
, where w(𝑘 ) may be a test or trial function.

3.3 The Kirchhoff-Love shell model

A shell is a 3-dimensional solid volume with a thickness dimension that is significantly smaller
than the other two. In our work, we will consider only shells with constant thickness, which we
can describe via a parametrization of the midsurface, i.e. an open Lipschitz domain Ξ ⊂ R2 and a
sufficiently regular physical map F : Ξ→ R3 representing the midsurface of the shell. For more
detailed derivations, we refer to [1, 3, 5, 17].

We begin by defining the covariant basis vectors a𝑖 := 𝜕𝑖F for 𝑖 ∈ {1, 2} (in other words, the
columns of ∇F ), and the contravariant basis vectors a𝑖 by the relationship a𝑖 · a 𝑗 = 𝛿

𝑖
𝑗
. With that,

we may define the unit normal vector to the midsurface as

a3 = a3 :=
a1 × a2

∥a1 × a2∥
,

and then the physical domain of the volumetric shell of thickness ℎ > 0 as

B :=
{
F (𝜉1, 𝜉2) + 𝜁 a3(𝜉1, 𝜉2) : (𝜉1, 𝜉2) ∈ Ξ, 𝜁 ∈

(
−ℎ

2
,
ℎ

2

)}
.

We denote the midsurface Ω ≡ F (Ξ). The Kirchhoff-Love shell model corresponds to a linear
elastic model in B with certain assumptions on the displacement through the thickness, which are
summarized in the ansatz

(3.11) U(x) = u(𝜉1, 𝜉2) − 𝜁 a3(𝜉1, 𝜉2) · ∇u(𝜉1, 𝜉2), x = F (𝜉1, 𝜉2) + 𝜁 a3(𝜉1, 𝜉2) ∈ B,

with u : Ξ→ R3 the displacement at the midsurface, and ∇ the surface gradient operator, which
acts on a vector field w : Ξ→ R3 as

∇w =
𝜕w
𝜕𝜉𝜆
⊗ a𝜆.
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3 Nitsche’s method

The ansatz (3.11), when introduced in the load-free energy functional of linear elasticity, and after
discarding terms of order higher than ℎ3, leads to

1
2

∫
B
𝝈(U) : 𝜺(U) dB ≈ 1

2

∫
Ω

𝐴(u) : 𝛼(u) dΩ + 1
2

∫
Ω

𝐵(u) : 𝛽(u) dΩ,

where 𝛼 and 𝛽 are, respectively, the membrane and bending strains, defined by

(3.12) 𝛼(u) := sym(𝑃 ∇u), 𝛽(u) := −sym(a3 · ∇ ∇u),

with 𝑃 = I − a3 ⊗ a3 the projector onto the midsurface’s tangent plane. 𝐴 and 𝐵 are, respectively,
the membrane and bending stresses, defined from the corresponding strains as

𝐴(u) := ℎC : 𝛼(u), 𝐵(u) :=
ℎ3

12
C : 𝛽(u),

where the stiffness tensor C is inherited from the original solid model. It is usual to incorporate the
plane stress assumption, which for isotropic linear elasticity leads to C acting on the strains as

(3.13) C : S =
𝐸

1 − 𝜈2 ((1 − 𝜈) S + 𝜈 tr(S) I) .

The thickness-related factors in the membrane and bending stresses arise respectively from

ℎ =

∫ ℎ/2

−ℎ/2
d𝜁,

ℎ3

12
=

∫ ℎ/2

−ℎ/2
𝜁2 d𝜁 .

Nitsche’s method for Kirchhoff-Love shell problems has been derived already as rigorously as
possible by Benzaken et al. [1], from whom we borrow most of the notation, and to whom we
refer for a more detailed derivation. Notably, for shell problems there are three different kinds of
essential boundary conditions (contrary to the single kind of Dirichlet boundary conditions in linear
elasticity), as revealed by the bilinear form with consistency terms:

(3.14)
∫
Ω

𝐴(u) : 𝛼(v) dΩ +
∫
Ω

𝐵(u) : 𝛽(v) dΩ

−
∫
𝜕Ω

T(u) · v dΓ −
∫
𝜕Ω

𝐵𝑛𝑛 (u)𝜃𝑛 (v) dΓ −
∑︁
𝑝∈𝜒
[[𝐵𝑛𝑡 (u)]] (v · a3)

���
𝑝
,

for t and n the boundary tangent and outside normal, and where 𝐵𝑛𝑛 (v) = n · (𝐵(v)n) and
𝐵𝑛𝑡 (v) = n · (𝐵(v)t) are the so-called bending and twisting moments, 𝜃𝑛 (v) = −(a3 · ∇v) · n is the
normal rotation, 𝜒 is the set of all corners in 𝜕Ω, and

(3.15) T(v) = 𝐴(v)n − 𝑏 (𝐵(v)n + t𝐵𝑛𝑡 (v)) +
[ (
∇ · 𝐵(v)

)
· n + (∇𝐵𝑛𝑡 (v)) · t

]
a3

is the so-called ersatz force, with 𝑏 = −∇a3 the second fundamental form, c.f. [1, (3.7)]. Note that
[[𝐵𝑛𝑡 (v)]] denotes a jump in the twisting moment, i.e. its value for t and n after the corner minus
its value for t and n before it (with an ordering given precisely by the boundary tangent t).

Thus, Nitsche’s method for the Kirchhoff-Love shell model consists in finding u ∈ 𝑉𝑛 such that

𝑎𝑆 (u, v) = ℓ𝑆 (v) ∀v ∈ 𝑉𝑛,
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3.3 The Kirchhoff-Love shell model

with the bilinear form

(3.16)

𝑎𝑆 (u, v) :=
∫
Ω

𝐴(u) : 𝛼(v) dΩ +
∫
Ω

𝐵(u) : 𝛽(v) dΩ

+
∫
Γ𝑢

[𝛾𝑢u · v − T(u) · v − T(v) · u] dΓ

+
∫
Γ𝜃

[𝛾𝜃𝜃𝑛 (u)𝜃𝑛 (v) − 𝐵𝑛𝑛 (u)𝜃𝑛 (v) − 𝐵𝑛𝑛 (v)𝜃𝑛 (u)] dΓ

+
∑︁
𝑝∈𝜒𝑢
[𝛾𝐶 (u · a3) (v · a3) − [[𝐵𝑛𝑡 (u)]] (v · a3) − [[𝐵𝑛𝑡 (v)]] (u · a3)]

���
𝑝
,

and the linear form

ℓ𝑆 (v) :=
∫
Ω

f · v dΩ +
∫
𝜕Ω\Γ𝑢

T̂ · v dΓ +
∫
𝜕Ω\Γ𝜃

𝜃𝑛 (v)𝐵̂𝑛𝑛 dΓ +
∑︁

𝑝∈𝜒\𝜒𝑢

(v · a3)Υ
���
𝑝

+
∫
Γ𝑢

û · [𝛾𝑢v − T(v)] dΓ

+
∫
Γ𝜃

𝜃𝑛 [𝛾𝜃𝜃𝑛 (v) − 𝐵𝑛𝑛 (v)] dΓ

+
∑︁
𝑝∈𝜒𝑢

𝑢̂𝑛 [𝛾𝐶 (v · a3) − [[𝐵𝑛𝑡 (v)]]]
���
𝑝
,

where Γ𝑢 is the boundary part where the displacement is constrained (to û), Γ𝜃 that where the
normal rotation is (to 𝜃𝑛), and 𝜒𝑢 the set of corners where the normal displacement is (to 𝑢̂𝑛).
Finally, T̂ is a prescribed ersatz force on 𝜕Ω \ Γ𝑢, 𝐵̂𝑛𝑛 a prescribed bending moment on 𝜕Ω \ Γ𝜃 ,
and Υ a prescribed jump of the twisting moment at each unconstrained corner.

After extracting the volume term from the bilinear form,

𝑎̂𝑆 (u, v) :=
∫
Ω

𝐴(u) : 𝛼(v) dΩ +
∫
Ω

𝐵(u) : 𝛽(v) dΩ,

the condition for coercivity of 𝑎𝑆 · 𝑉𝑛 ×𝑉𝑛 → R in this case reads

(3.17) ∃𝜌 ∈ (0, 1) :




𝛾− 1

2
𝑢 |T(v) |





2

𝐿2 (Γ𝑢 )
+





𝛾− 1
2

𝜃
𝐵𝑛𝑛 (v)





2

𝐿2 (Γ𝜃 )
+

∑︁
𝑝∈𝜒𝑢

𝛾−1
𝐶 [[𝐵𝑛𝑡 (v)]]2

≤ 𝜌2𝑎̂𝑆 (v, v), ∀v ∈ 𝑉𝑛,

which can be made independent for each stabilization function for example by bounding each
of the three terms in the l.h.s. by 𝜌2

3 𝑎̂
𝑆 (v, v). Note further that 𝛾𝑢 can be split into in-plane

(surface-tangential) and out-of-plane (surface-normal) components, each of which would exhibit a
different scaling with respect to refinement (following an analogous splitting of the ersatz force, see
[1, (3.7)]). A rough but simple alternative is to use a single stabilization function 𝛾𝑢 = 𝛾𝜃 = 𝛾𝐶 .

Remark 3.1. Note that the boundary integrals in (3.14) can be rewritten through integration by parts
to remove the corner terms, leading to

13



3 Nitsche’s method

(3.18) −
∫
𝜕Ω

T(u) · v dΓ −
∫
𝜕Ω

𝐵𝑛𝑛 (u)𝜃𝑛 (v) dΓ −
∑︁
𝑝∈𝜒
[[𝐵𝑛𝑡 (u)]] (v · a3)

���
𝑝
=

= −
∫
𝜕Ω

T̃(u) · v dΓ −
∫
𝜕Ω

𝐵𝑛𝑛 (u)𝜃𝑛 (v) dΓ −
∫
𝜕Ω

𝐵𝑛𝑡 (u)𝜃𝑡 (v) dΓ =

= −
∫
𝜕Ω

T̃(u) · v dΓ −
∫
𝜕Ω

(𝐵(u)n) · 𝜽 (v) dΓ

where 𝜽 (v) = −a3 · ∇v, with 𝜃𝑡 (v) = 𝜽 (v) · t the tangential rotation, and

T̃(u) := 𝐴(u)n − 𝑏 𝐵(u)n +
[ (
∇ · 𝐵(u)

)
· n

]
a3,

which we may call reduced ersatz force, since it is part of the original ersatz force (3.15). Note
that u and 𝜃𝑡 (u) are not independent, and any simultaneous boundary constraint on both quantities
should be consistent.

3.4 Solid-shell blending

A case of particular interest consists of coupling a Kirchhoff-Love shell with another shell considered
as a solid linear elastic body, as in the simple example of Figure 3.1. In doing so, we can use the more
expensive linear elasticity model in certain shell parts of particular interest, where the displacement
field may not satisfy the Kirchoff-Love assumptions encapsulated in the ansatz (3.11).

Figure 3.1: Cylindrical structure composed of a solid part and two shell parts.

For simplicity, let us assume that the solid-shell interface corresponds to a closed curve in the
parameter space of the shell part. Alternatively, we may assume that all shell boundaries rely on
the boundary condition formulation from Remark 3.1 (i.e. without corner terms). Let us denote
the 3-dimensional side of the interface as Γ★

𝑈
and its 2-dimensional boundary part of the shell’s

midsurface as Γ𝑈 . With the assumption of a sufficiently thin shell with a gentle curvature, we may
consider integrals over Γ★

𝑈
equivalent to integrals over Γ𝑈 × (−ℎ/2, ℎ/2) (as it is also done to derive

the volume integrals of the shell model). Then, from the boundary integrals in (3.18), we may find
the conjugate quantity to the boundary displacement through-the-thickness U := u + 𝜁 𝜽 (u), which
turns out to be

Q(u; x) = 1
ℎ

T̃(u) + 12
ℎ3 𝜁 𝐵(u)n ,

since, as it can be easily checked

−
∫
Γ𝑈

T̃(u) · v dΓ −
∫
Γ𝑈

(𝐵(u)n) · 𝜽 (v) dΓ = −
∫
Γ𝑈

∫ ℎ/2

−ℎ/2
Q(u; x) · [v + 𝜁 𝜽 (v)] d𝜁 dΓ .
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3.4 Solid-shell blending

We may couple Q(u; x) directly with the boundary traction from the solid part, i.e. 𝝈(Usolid)n, but
if we look carefully at it, we realize that the two quantities do not match physically. Indeed, if we
introduce U = u + 𝜁 𝜽 (u) in the expression for the solid traction, we find that

𝝈(U)n =
1
ℎ
𝐴(u)n + 12

ℎ3 𝜁 𝐵(u)n =: Q̂ (u; x),

which is the shell quantity that is physically equivalent to the solid boundary traction. This leaves a
lingering boundary term among the shell integrals, namely∫

Γ𝑈

∫ ℎ/2

−ℎ/2

[
Q̂ (u; x) − Q(u; x)

]
· [v + 𝜁 𝜽 (v)] d𝜁 dΓ =

=

∫
Γ𝑈

∫ ℎ/2

−ℎ/2

1
ℎ

[
𝐴(u)n − T̃(u)

]
·v d𝜁 dΓ =

∫
Γ𝑈

(
𝑏 (𝐵(u)n) −

[ (
∇ · 𝐵(u)

)
· n

]
a3

)
·v dΓ,

and thus we are forced to pick one of two unsatisfactory approaches: we either treat the above
integral as a homogeneous natural boundary condition for

[ (
∇ · 𝐵(u)

)
· n

]
a3− 𝑏 (𝐵(u)n) on Γ𝑈 , or

we simply couple Q(u; x) to the solid boundary traction, leaving no space for said natural boundary
condition. We choose the second approach.

Given that, the corresponding stabilization function 𝛾𝑈 for the penalty term∫
Γ𝑈

𝛾𝑈

∫ ℎ/2

−ℎ/2
[u + 𝜁 𝜽 (u)] · [v + 𝜁 𝜽 (v)] d𝜁 dΓ ,

with boundary moments based on Q(·; x), has to satisfy the trace inequality

∃𝜌 ∈ (0, 1) :
∫
Γ𝑈

𝛾−1
𝑈

∫ ℎ/2

−ℎ/2
|Q(v; x) |2 d𝜁 dΓ ≤ 𝜌2𝑎̂𝑆 (v, v), ∀v ∈ 𝑉𝑛,

where integration over 𝜁 yields

(3.19) ∃𝜌 ∈ (0, 1) :
∫
Γ𝑈

𝛾−1
𝑈

(
1
ℎ

��T̃(v)��2 + 12
ℎ3 |𝐵(v)n|

2
)

dΓ ≤ 𝜌2𝑎̂𝑆 (v, v), ∀v ∈ 𝑉𝑛.

Ignoring boundary conditions on both sides, the Nitsche formulation can then be written as∫
Ωsolid

𝝈(usolid) : 𝜺(vsolid) dΩ + 𝑎̂𝑆 (ushell, vshell)

+
∫
Γ★
𝑈

[𝛼𝛾solid + (1 − 𝛼)𝛾shell] [usolid − S(ushell)] · [vsolid − S(vshell)] dΓ★

−
∫
Γ★
𝑈

[𝛼𝝈(usolid)n − (1 − 𝛼)Q(ushell; x)] · [vsolid − S(vshell)] dΓ★

−
∫
Γ★
𝑈

[𝛼𝝈(vsolid)n − (1 − 𝛼)Q(vshell; x)] · [usolid − S(ushell)] dΓ★

=

∫
Ωsolid

fsolid · vsolid dΩ +
∫
Ωshell

fshell · vshell dΩ,
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3 Nitsche’s method

where we denote S(ushell) = ushell + 𝜁 𝜽 (ushell) (and analogously for test functions), and where n
is the surface normal on Γ★

𝑈
pointing from the solid to the shell part. Note that within the shell

quantities Q(·; x) we use the reverse normal. As in Section 3.2, we can pick any 𝛼 : Γ★
𝑈
→ [0, 1],

and in particular a 𝛾-averaging combination like (3.10) for 𝛾solid and 𝛾shell, i.e.

(3.20) 𝛼★ =
𝛾shell

𝛾solid + 𝛾shell
.

Note that 𝛾solid has to satisfy (3.8) for Γ★
𝑈

, while 𝛾shell inherits the role of 𝛾𝑈 in our derivations
above and thus has to satisfy (3.19).

In our practical implementation, in order to evaluate quantities pertaining to the shell part appearing
in the integrals over Γ★

𝑈
(the trial and test functions, but also 𝛾shell and the shell parametrization with

its required derivatives), for every point x ≡ (x̄, 𝜁) ∈ Γ★
𝑈
≡ Γ𝑈 × [−ℎ/2, ℎ/2] we need to retrieve

the parameter associated to x̄ in the shell parametrization. A sketch of the map between parameter
domains is provided in Figure 3.2 for the simplest case of two rectangular parameter domains. A
more complicated case with trimmed parameter domains is illustrated in Figure 3.3. Since the 𝜁
variable from the solid parametrization plays no role in this geometric coupling, we restrict our
illustration to the coupling of midsurface parametrizations (i.e. 𝜑1 denotes the parametrization of
the midsurface of the solid part).

𝜑1

𝜑−1
2 ◦ 𝜑1

𝜑2

Figure 3.2: Map between the coupled boundary parts
of two shell parametrizations. For visu-
alization purposes, the two shells are de-
picted separately in physical space, but
they are understood to coincide at the in-
terface.

𝜑1

𝜑−1
2 ◦ 𝜑1

𝜑2

Figure 3.3: Shell coupling with
trimmed parameter spaces.

Since we work exclusively with NURBS parametrizations, we have implemented the action of 𝜑−1
2

via two NURBS projection algorithms (for curves and surfaces). The details regarding this work,
which was by no means trivial, are provided in Appendix A.

16



3.5 PUM-based stabilization function

3.5 PUM-based stabilization function

After having introduced Nitsche’s method for a variety of different problems, it remains to show
how to properly use it in combination with the PUM. For this, the main ingredient is the definition
of the stabilization function, which we undertook in [14] and which we will briefly restate here.
The paper is attached in Appendix C.1.

For simplicity, let us consider the case of a single body in the regime of linear elasticity as described
in Section 3.1. We seek to construct a stabilization function 𝛾 fulfilling the trace inequality (3.8) for
v ∈ 𝑉PU =

∑𝑛
𝑗=0 𝜑 𝑗𝑉 𝑗 . For another PU {𝜓𝑖}𝑚𝑖=0, we may construct the stabilization function as

𝛾 =

𝑚∑︁
𝑖=0

𝛾(𝑖)𝜓𝑖 ,

with 𝛾(𝑖) being constant coefficients. Since 𝛾 only intervenes at the Dirichlet boundary Γ𝑢, we may
ignore basis functions whose support does not intersect Γ𝑢 (and their associated coefficients).

As shown in [14, Section 3.3] for the Poisson equation, a sufficient condition for (3.8) to hold for
this definition of 𝛾 is that 𝛾(𝑖) > 𝐶𝑖 , where each 𝐶𝑖 satisfies∫

Γ𝑢

𝜓𝑖 |𝝈(v)n|2 dΓ ≤ 𝐶𝑖

∫
Ω

𝜓𝑖𝝈(v) : 𝜺(v) dΩ, ∀v ∈ 𝑉PU.

Trivially, we can reduce the space considered for each 𝐶𝑖 to

𝑉̆𝑖 =
∑︁
𝑗∈N𝑖

𝜑 𝑗𝑉 𝑗 , N𝑖 := { 𝑗 : supp(𝜑 𝑗) ∩ supp(𝜓𝑖) ∩ Γ𝑢 ≠ ∅},

i.e. each constant 𝐶𝑖 must satisfy∫
Γ𝑢

𝜓𝑖 |𝝈(v)n|2 dΓ ≤ 𝐶𝑖

∫
Ω

𝜓𝑖𝝈(v) : 𝜺(v) dΩ, ∀v ∈ 𝑉̆𝑖 ,

which can be understood as a local generalized eigenvalue problem (gEVP) for each constant 𝐶𝑖.
The coefficients 𝛾(𝑖) may then be chosen simply as 𝛾(𝑖) = 𝛽𝐶𝑖 for some 𝛽 > 1, with 𝛽 = 2 being a
standard choice in the finite element approach. Naturally, the 𝐶𝑖 (and thus the 𝛾(𝑖) ) depend on the
function space 𝑉PU.

This formulation can be easily adapted to any trace inequality that a stabilization function may have
to satisfy, and generalizes the element-wise construction of stabilization functions that is commonly
used in the FEM.

Additionally, in [14, Section 2.3] we introduced a patch-aggregation approach designed to remove
the possibility of arbitrarily large coefficients in the stabilization functions, which may otherwise
happen for patches whose so-called flat-top region intersects with the domain in some degenerate
manner.
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3 Nitsche’s method

Remark 3.2. Computations can be simplified if we choose 𝛾’s PU to be based on the same cover as
that of 𝑉PU, i.e. 𝑛 = 𝑚 and supp(𝜓𝑖) = supp(𝜑𝑖). We could simply pick {𝜓𝑖}𝑛𝑖=0 = {𝜑𝑖}𝑛𝑖=0, but we
explicitly allow the use of a different PU because 𝛾 only needs to be piecewise-constant, and thus
the regularity requirements on its basis functions are lower than those of 𝑉PU.

Remark 3.3. In the paper we also introduced a purely local approach for the computation of
stabilization functions, which was a non-rigorous approach aimed at reducing computational cost.
Since then, we have significantly improved the efficiency of numerical integration in PUMA,
rendering this non-rigorous approach worthless. Therefore, we kindly ask the reader to ignore it.

3.6 Multilevel issues

The use of a stabilization function in Nitsche’s method, whose values forcibly depend on the
employed discretization space, does not combine well with multilevel preconditioners (as those
introduced for the PUM in [6]). Let us illustrate the case with the Poisson problem

find 𝑢 ∈ 𝑉PU : 𝑎𝛾 (𝑣, 𝑢) = ℓ𝛾 (𝑣), ∀𝑣 ∈ 𝑉PU,

with bilinear and linear forms

𝑎𝛾 (𝑣, 𝑢) :=
∫
Ω

∇𝑢 · ∇𝑣 dΩ +
∫
𝜕Ω

[𝛾𝑢𝑣 − (∇𝑢 · n)𝑣 − (∇𝑣 · n)𝑢] dΓ,

ℓ𝛾 (𝑣) =
∫
Ω

𝑓 𝑣 dΩ +
∫
𝜕Ω

(𝛾𝑣 − ∇𝑣 · n)𝑔 dΓ,

and a two-level preconditioner with coarse and fine level spaces 𝑉𝑐 and 𝑉 𝑓 , respectively. Let 𝛾 𝑓 be
a suitable stabilization function for the fine level, i.e. fulfilling the trace inequality

∃𝜌 ∈ (0, 1) :
∫
𝜕Ω

𝛾−1
𝑓 (∇𝑣 · n)

2 dΓ ≤ 𝜌2
∫
Ω

|∇𝑣 |2 dΩ, ∀𝑣 ∈ 𝑉 𝑓 ,

which makes 𝑎𝛾 𝑓
: 𝑉 𝑓 ×𝑉 𝑓 → R coercive. We then have two options to define a bilinear form for

the coarse level: by restriction of the fine-level form as

𝑎𝐺𝛾 𝑓
(𝑣, 𝑢) := 𝑎𝛾 𝑓

(𝑃𝑣, 𝑃𝑢), 𝑢, 𝑣 ∈ 𝑉𝑐

(which in matrix form is usually called the Galerkin triple product), with 𝑃 : 𝑉𝑐 → 𝑉 𝑓 the
prolongation operator, or directly from the Poisson problem as 𝑎𝛾𝑐 , with 𝛾𝑐 fulfilling

∃𝜌 ∈ (0, 1) :
∫
𝜕Ω

𝛾−1
𝑐 (∇𝑣 · n)2 dΓ ≤ 𝜌2

∫
Ω

|∇𝑣 |2 dΩ, ∀𝑣 ∈ 𝑉𝑐 .

In the first case, 𝑎𝐺𝛾 𝑓
can be guaranteed to be coercive if 𝑃 : 𝑉𝑐 ↩→ 𝑉 𝑓 , which for multilevel PUM is

however not the case, as 𝑉𝑐 ⊄ 𝑉 𝑓 in general. In the second case, the coarse-level correction 𝑢𝑐 ∈ 𝑉𝑐
for a fine-level solution 𝑢 𝑓 ∈ 𝑉 𝑓 solves

𝑎𝛾𝑐 (𝑣, 𝑢𝑐) = ℓ𝛾 𝑓
(𝑃𝑣) − 𝑎𝛾 𝑓

(𝑃𝑣, 𝑢 𝑓 ), ∀𝑣 ∈ 𝑉𝑐,
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3.6 Multilevel issues

which can be expanded to∫
Ω

∇𝑢𝑐 · ∇𝑣 dΩ −
∫
𝜕Ω

(∇𝑢𝑐 · n)𝑣 dΓ +
∫
𝜕Ω

𝑢𝑐 [𝛾𝑐𝑣 − (∇𝑣 · n)] dΓ =∫
Ω

[
(𝑃𝑣) 𝑓 − ∇𝑢 𝑓 · ∇(𝑃𝑣)

]
dΩ +

∫
𝜕Ω

(∇𝑢 𝑓 · n) (𝑃𝑣) dΓ

+
∫
𝜕Ω

(𝑔 − 𝑢 𝑓 )
[
𝛾 𝑓 (𝑃𝑣) − ∇(𝑃𝑣) · n

]
dΓ.

For an injective 𝑃, this corresponds to solving−Δ𝑢𝑐 = 𝑓 +Δ𝑢 𝑓 with boundary conditions 𝑢𝑐 = 𝑔−𝑢 𝑓 ,
which would however be affected by a mismatch between 𝛾 𝑓 and 𝛾𝑐 (unless 𝑢 𝑓 = 𝑔 at the boundary
to begin with). The fact that 𝑃 is not injective in the multilevel PUM (and thus 𝑃𝑣 ≠ 𝑣 in general)
is nevertheless independent of Nitsche’s method.

In both cases, relatively simple fixes can be conceived. In the first one, if we construct a stabilization
function 𝛾̂𝑐 fulfilling

∃𝜌 ∈ (0, 1) :
∫
𝜕Ω

𝛾̂−1
𝑐 (∇(𝑃𝑣) · n)2 dΓ ≤ 𝜌2

∫
Ω

|∇(𝑃𝑣) |2 dΩ, ∀𝑣 ∈ 𝑉𝑐,

and choose some 𝛾̂ ≥ max(𝛾 𝑓 , 𝛾̂𝑐), then 𝑎 𝛾̂ : 𝑉 𝑓 ×𝑉 𝑓 → R as well as 𝑎𝐺
𝛾̂

: 𝑉𝑐 ×𝑉𝑐 → R will both
be coercive. However, this approach is slightly impractical and cumbersome to implement in the
PUMA library, and we have not pursued it.

In the second case, we may simply replace both 𝛾 𝑓 and 𝛾𝑐 by some 𝛾̂ ≥ max(𝛾 𝑓 , 𝛾𝑐). This, however,
enforces the largest stabilization function to be used for all levels of a multilevel sequence, which
makes coarse-level operators ill-conditioned. Furthermore, usually the largest stabilization function
will be that of the finest level, and thus this approach would not be substantially different than using
Galerkin triple products to propagate the finest-level operator to all coarser levels. For this reason,
we have also not implemented this fix.

These issues will be studied in some of the examples from Chapter 6.
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4 Laminated composite materials

To leave behind the simple case of isotropic linear elasticity, we will now consider orthotropic linear
elasticity, which is commonly used to model fiber-reinforced composite materials. Additionally,
multiple layers with different material orientations can be combined in the form of laminated
composites, which provides an interesting use case for us because, by design, such laminated
composites usually possess a plate or shell structure.

4.1 Orthotropic linear elasticity

The orthotropic model of linear elasticity deviates from the isotropic case (3.4) through the
constitutive relation



𝜀00
𝜀11
𝜀22
𝜀01
𝜀12
𝜀02


=



1
𝐸0

−
𝜈10

𝐸1
−
𝜈20

𝐸2
0 0 0

−
𝜈01

𝐸0

1
𝐸1

−
𝜈21

𝐸2
0 0 0

−
𝜈02

𝐸0
−
𝜈12

𝐸1

1
𝐸2

0 0 0

0 0 0
1

2𝐺01
0 0

0 0 0 0
1

2𝐺12
0

0 0 0 0 0
1

2𝐺02





𝜎00
𝜎11
𝜎22
𝜎01
𝜎12
𝜎02


,

where the 𝐸𝛼 are Young’s moduli in each dimension, 𝐺𝛼𝛽 are the shear moduli, and 𝜈𝛼𝛽 are
Poisson’s ratios, all given with respect to some orthonormal coordinate system, and fulfilling the
symmetry relations 𝜈𝛽𝛼𝐸𝛼 = 𝜈𝛼𝛽𝐸𝛽 .

Accordingly, defining 𝛿 = 1 − 𝜈01𝜈10 − 𝜈12𝜈21 − 𝜈20𝜈02 − 2𝜈01𝜈12𝜈21, we may write



𝜎00
𝜎11
𝜎22
𝜎01
𝜎12
𝜎02


=



1 − 𝜈12𝜈21

𝛿
𝐸0

𝜈10 + 𝜈12𝜈20

𝛿
𝐸0

𝜈20 + 𝜈21𝜈10

𝛿
𝐸0 0 0 0

𝜈01 + 𝜈02𝜈21

𝛿
𝐸1

1 − 𝜈02𝜈20

𝛿
𝐸1

𝜈21 + 𝜈20𝜈01

𝛿
𝐸1 0 0 0

𝜈02 + 𝜈01𝜈12

𝛿
𝐸2

𝜈12 + 𝜈10𝜈02

𝛿
𝐸2

1 − 𝜈01𝜈10

𝛿
𝐸2 0 0 0

0 0 0 2𝐺01 0 0
0 0 0 0 2𝐺12 0
0 0 0 0 0 2𝐺02





𝜀00
𝜀11
𝜀22
𝜀01
𝜀12
𝜀02


,
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4 Laminated composite materials

To represent fiber-reinforced composite materials, we may consider a particular orthotropic model,
namely that with a single privileged direction and an isotropic material response in the plane
orthogonal to it. By identifying the privileged direction with index 0 above, this transversely-isotropic
linear elasticity model can be subsumed in the assumptions

(4.1) 𝐸1 = 𝐸2, 𝜈12 = 𝜈21, 𝜈01 = 𝜈02, 𝜈10 = 𝜈20, 𝐺01 = 𝐺02, 𝐺12 =
𝐸1

2(1 + 𝜈12)
.

4.2 Three-dimensional discretization

Drawing from the notation we used in Section 3.3, we will describe a laminated shell with 𝑛 laminae
and total thickness ℎ > 0 via a parameter domain Ξ ∈ R2 and a physical map F : Ξ→ R3 for the
midsurface, leading to the physical domain

B :=
{
F (𝜉1, 𝜉2) + 𝜁 a3(𝜉1, 𝜉2) : (𝜉1, 𝜉2) ∈ Ξ, 𝜁 ∈

(
−ℎ

2
,
ℎ

2

)}
,

but this time with a series of material interfaces through the thickness, at 𝜁-positions {𝜁𝑘}𝑛−1
𝑘=1 such

that

−ℎ
2
=: 𝜁0 < 𝜁1 < 𝜁2 < · · · < 𝜁𝑛−1 < 𝜁𝑛 :=

ℎ

2
.

The subdomain corresponding to the 𝑖-th lamina is thus

B𝑖 := {F (𝜉1, 𝜉2) + 𝜁 a3(𝜉1, 𝜉2) : (𝜉1, 𝜉2) ∈ Ξ, 𝜁 ∈ (𝜁𝑖−1, 𝜁𝑖)} , 𝑖 = 1, . . . , 𝑛,

and we additionally denote the position of its own midsurface as 𝑧𝑖 := 𝜁𝑖−1+𝜁𝑖
2 , and its thickness as

ℎ𝑖 = 𝜁𝑖 − 𝜁𝑖−1. Such a configuration is illustrated in Figure 4.1.

𝜁0
ℎ1

𝑧1

𝜁1
ℎ2

𝑧2

𝜁2
ℎ3

𝑧3

𝜁3
ℎ4

𝑧4

𝜁4

𝜉1

𝜁 𝜉2

Figure 4.1: Sketch of a laminated composite structure.
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4.2 Three-dimensional discretization

If we are to discretize the equations of linear elasticity directly on B, we need to account for the
fact that the different material properties of each lamina, together with the last interface constraint
from (3.9), imply that the solution u will not have 𝐶1 regularity at material interfaces, but only 𝐶0.
Given the nature of the problem, we do not aim to impose the interface constraints with the Nitsche
formulation of Section 3.2: the large ratio of interface area to solid volume makes it impractical, in
the sense that each lamina will only be minimally resolved through the thickness, yet it has to be
coupled to the ones directly above and below, which means that every d.o.f. would be involved in
some Nitsche interface-coupling term. For this reason, in this case we would like to incorporate
the gradient discontinuities at ply interfaces into the function space, which we will achieve by
nesting PU spaces through-the-thickness within PU spaces over the shell’s midsurface. The precise
explanation follows.

Let {𝜑̂𝑖}𝑖∈I be a PU over Ξ, and {𝜓̂ 𝑗}𝑛𝑗=0 the set of piecewise-linear hat functions defined on
(−ℎ/2, ℎ/2) such that 𝜓̂ 𝑗 (𝜁𝑘) = 𝛿 𝑗𝑘 (which also form a PU). We may trivially extend both PUs to
the parameter space of B as

𝜑𝑖 (𝜉1, 𝜉2, 𝜁) := 𝜑̂𝑖 (𝜉1, 𝜉2), 𝜓 𝑗 (𝜉1, 𝜉2, 𝜁) := 𝜓̂ 𝑗 (𝜁), (𝜉1, 𝜉2) ∈ Ξ, 𝜁 ∈
(
−ℎ

2
,
ℎ

2

)
.

For local spaces 𝑉(𝑖, 𝑗 ) defined on supp(𝜑𝑖) ∩ supp(𝜓 𝑗) for 𝑖 ∈ I, 𝑗 ∈ {0, . . . , 𝑛}, we define the PU
space

(4.2) 𝑉PU =
∑︁
𝑖∈I

𝜑𝑖

𝑛∑︁
𝑗=0
𝜓 𝑗𝑉(𝑖, 𝑗 ) =

∑︁
𝑖∈I

𝑛∑︁
𝑗=0
(𝜑𝑖𝜓 𝑗)𝑉(𝑖, 𝑗 ) .

This PUM space can be understood in two ways, given precisely by the two expressions above:

1. by seeing {𝜑𝑖}𝑖 as the PU and𝑊𝑖 =
∑𝑛

𝑗=0 𝜓 𝑗𝑉(𝑖, 𝑗 ) as the local spaces, or

2. by seeing {𝜑𝑖𝜓 𝑗}𝑖, 𝑗 as the PU, and 𝑉(𝑖, 𝑗 ) as the local spaces.

Strictly speaking, we could also see {𝜓 𝑗} 𝑗 as the PU, but that PU is fixed by the laminate structure,
and is therefore not subject to refinement.

With this construction, the PU {𝜓 𝑗}𝑛𝑗=0 contributes the necessary gradient discontinuities at the ply
interfaces. Each PU function 𝜑𝑖𝜓 𝑗 overlaps plies 𝑗 and 𝑗 + 1 (provided they exist), and has kinks at
𝜁 𝑗−1, 𝜁 𝑗 and 𝜁 𝑗+1 (also provided they exist). We support this explanation with a graphical sketch in
Figure 4.2.

Let us further note that the PU functions {𝜑𝑖𝜓 𝑗}𝑖, 𝑗 have no flat-top regions, given the nature of
the {𝜓̂ 𝑗} 𝑗 . Nevertheless, we may consider the flat-top regions of {𝜑𝑖}𝑖∈I , and define the inherited
FT-region of 𝜑𝑖𝜓 𝑗 as the intersection of its support with the FT-region of 𝜑𝑖. An equivalent
definition is the subdomain of its support overlapped at most by one other PU function (which must
be either 𝜑𝑖𝜓 𝑗+1 or 𝜑𝑖𝜓 𝑗−1, shall they exist).

Remark 4.1. The cover construction of the PUM, at least the one implemented in the PUMA library,
allows us only to generate hat functions for equidistant nodes {𝜁𝑘}𝑛𝑘=0, i.e. for the case where
all laminae have the same thickness. To handle the general case, we may also parameterize the
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4 Laminated composite materials

𝜓0

𝜓3

𝜓2
𝜓1

{𝜑𝑖}

Figure 4.2: Sketch of the PU construction for a laminated composite structure.

volume through the thickness via a continuous piecewise-linear map T : [−1, 1] →
(
− ℎ

2 ,
ℎ
2

)
, with

derivative discontinuities at the equidistant nodes

𝜏𝑘 =
2𝑘
𝑛
− 1 ∈ [−1, 1], 𝑘 = 0, . . . , 𝑛,

at which T (𝜏𝑘) = 𝜁𝑘 .

4.3 Classical Laminate Theory

When applying the Kirchhoff-Love ansatz to a laminated composite as the one described in the
previous section, the resulting reduced model has to account for the different materials and their
corresponding locations and thicknesses, and is therefore not as simple as the one discussed in
Section 3.3 for a single material. To begin with, every integral over (−ℎ/2, ℎ/2) has to be split over
laminae, yielding factors∫ 𝜁𝑖

𝜁𝑖−1

d𝜁 = ℎ𝑖 ,

∫ 𝜁𝑖

𝜁𝑖−1

𝜁 d𝜁 =
𝜁2
𝑖
− 𝜁2

𝑖−1
2

= 𝑧𝑖ℎ𝑖 ,

∫ 𝜁𝑖

𝜁𝑖−1

𝜁2 d𝜁 =
𝜁3
𝑖
− 𝜁3

𝑖−1
3

=
ℎ3
𝑖

12
+ 𝑧2

𝑖 ℎ𝑖 .

Note that, in this case, terms proportional to 𝜁 do not directly vanish when integrating over the
thickness. The Kirchhoff-Love ansatz (3.11), when introduced in the load-free energy functional of
linear elasticity, leads again to

1
2

∫
B
𝝈(U) : 𝜺(U) dB ≈ 1

2

∫
Ω

𝐴(u) : 𝛼(u) dΩ + 1
2

∫
Ω

𝐵(u) : 𝛽(u) dΩ ,

where 𝛼 and 𝛽 denote the membrane and bending strains from (3.12), but the membrane and
bending stresses are defined in this case as

(4.3)

𝐴(u) :=
𝑛∑︁
𝑖=1

ℎ𝑖C𝑖 : 𝛼(u) +
𝑛∑︁
𝑖=1

𝑧𝑖ℎ𝑖C𝑖 : 𝛽(u),

𝐵(u) :=
𝑛∑︁
𝑖=1

𝑧𝑖ℎ𝑖C𝑖 : 𝛼(u) +
𝑛∑︁
𝑖=1

(
ℎ3
𝑖

12
+ 𝑧2

𝑖 ℎ𝑖

)
C𝑖 : 𝛽(u),
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4.3 Classical Laminate Theory

with C𝑖 being the stiffness tensor for each material. To describe it, let us restrict our analysis to
the transversely-isotropic model (recall (4.1)) and operate on the coordinate system given by the
main orthotropicity direction (in the shell’s tangent plane, and denoted by index 0), the orthogonal
direction to it in the tangent plane (denoted by 1), and the surface normal direction (denoted by 2).
Note that this coordinate system is in general location-dependent, in particular for non-planar shells.
We may then write the action of the stiffness tensor onto a symmetric strain tensor, W = C : S, as

(
W00 W01
W10 W11

)
=

©­­«
𝐸0

1 − 𝜈01𝜈10
S00 + 𝜈10S11 2𝐺01S01

2𝐺01S01
𝐸1

1 − 𝜈01𝜈10
S11 + 𝜈01S00

ª®®¬ ,
which is the generalization of (3.13) and thus incorporates a plane-stress assumption. Within a
composite material, each C𝑖 may have its own parameters 𝐸0, 𝐸1, 𝜈01, 𝜈10, 𝐺01, as well as its own
orientation in the shell’s tangent plane (leading to a different meaning of the 0 and 1 directions in
physical space).

Finally, let us mention that the aggregated stresses (4.3) are usually written as

𝐴(u) = A : 𝛼(u) + B : 𝛽(u), 𝐵(u) = B : 𝛼(u) + D : 𝛽(u)

with the definitions A :=
∑𝑛

𝑖=1 ℎ𝑖C𝑖, B :=
∑𝑛

𝑖=1 𝑧𝑖ℎ𝑖C𝑖 and D :=
∑𝑛

𝑖=1

(
ℎ3
𝑖

12 + 𝑧
2
𝑖
ℎ𝑖

)
C𝑖, which is

usually referred to as the ABD-matrix of the composite laminate. We refer to [5] for more details.

Remark 4.2. For a so-called symmetric stacking sequence, meaning a laminate whose material
distribution is symmetric with respect to the thickness dimension (around 𝜁 = 0), the B matrix is
null, and thus there is no coupling between membrane and bending modes. Indeed, for every lamina
occupying an interval (𝜁𝑘−1, 𝜁𝑘), it either occupies the middle position, and thus 𝑧𝑖 = 0, or there
is another lamina from the same material and occupying the interval (𝜁𝑖−1, 𝜁𝑖) = (−𝜁𝑘 ,−𝜁𝑘−1), in
which case 𝑧𝑖ℎ𝑖 = −𝑧𝑘ℎ𝑘 and their contributions to B cancel out.

Remark 4.3. For blending solid and shell models of laminated composites, we can rely on the
developments of Section 3.4, simply considering the new definitions of the membrane and bending
stresses when constructing the boundary moment Q(u; x). The resulting Q is then a sort of
“homogenized” version that will be used through the whole thickness, incorporating contributions
from every material at each 𝜁 ∈ (−ℎ/2, ℎ/2). This is not necessarily a problem, since, after all, the
shell model itself corresponds to a homogenization through the thickness.
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5 Efficient iterative solvers

The new applications handled with the PUM in this thesis, in particular

• the higher-order Kirchhoff-Love shell problems, and

• the anisotropic discretizations of three-dimensional composite shell structures, with PU
spaces in the shape of (4.2),

revealed that the already available preconditioners in the PUMA library (merely the Jacobi and the
Gauss-Seidel iteration) were not particularly efficient or even effective for the iterative solution of
the resulting linear systems, and not even when used as smoothers of a multilevel preconditioner.
The need for an effective and efficient preconditioner was eventually fulfilled by the Factorized
Sparse Approximate Inverse (FSAI) preconditioner [10, 12].

We dedicate this chapter to briefly summarize the work we presented in [15]: the adaptive and
nested block-FSAI preconditioners, based on the block structure of matrices arising from the PUM,
and the Chebyshev iteration of the fourth kind, which may be used for smoothing instead of the
usual Richardson iteration. Our work [15] is attached in Appendix C.2.

5.1 The FSAI preconditioner

Let us succinctly introduce the idea behind the FSAI preconditioner. For an invertible matrix
𝐴 ∈ R𝑁×𝑁 and a predefined sparsity pattern P ⊂ {1, . . . , 𝑁}2, a sparse approximate inverse (SAI)
of 𝐴 based on P is some matrix 𝑀 ∈ R𝑁×𝑁 with sparsity pattern P(𝑀) := {(𝑖, 𝑗) : 𝑀𝑖 𝑗 ≠ 0} ⊂ P
which approximates 𝐴−1, usually by solving

𝑀 := arg min
P(𝑀̃ )⊂P



𝐼 − 𝑀̃𝐴


𝐹
,

with ∥·∥𝐹 the Frobenius norm, defined by ∥𝐵∥2𝐹 = tr(𝐵⊤𝐵).

With this simple process, however, the preconditioning matrix 𝑀 will in general not be symmetric
positive definite (s.p.d.), even if the original matrix 𝐴 is. The Factorized Sparse Approximate
Inverse (FSAI) preconditioner overcomes this issue by constructing the preconditioning matrix as
𝑀 = 𝐹⊤𝑆−1𝐹, with 𝐹 a lower triangular matrix with unit diagonal, and 𝑆 = diag(𝐹𝐴𝐹⊤). In the
block-structured case, 𝐹 is lower triangular with respect to such block structure, its diagonal blocks
are identity matrices, and 𝑆 is the block diagonal component of 𝐹𝐴𝐹⊤.

For a given lower triangular sparsity pattern in the block structure P (containing the diagonal), the
resulting matrix 𝐹 can be defined in a row-wise manner as

(5.1) 𝐹 [{𝑟}, P̃𝑟 ] = −𝐴[{𝑟}, P̃𝑟 ] 𝐴[P̃𝑟 , P̃𝑟 ]−1, 𝑟 ∈ {0, . . . , 𝑛},
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5 Efficient iterative solvers

where P̃𝑟 := {𝑐 : (𝑟, 𝑐) ∈ P} \ {𝑟} is the corresponding row in the sparsity pattern, without the 𝑟
index itself. By 𝐴[I,J] we denote the restriction of the (block-)matrix 𝐴 to row indices in I and
column indices in J .

The preconditioned matrix can thus be written as𝐺𝐴𝐺⊤ with𝐺 = 𝑆−1/2𝐹. A fundamental property
of the FSAI preconditioner is that the Kaporin number of the preconditioned matrix 𝛽(𝐺𝐴𝐺⊤)
is a minimizer of 𝛽(𝐺̃𝐴𝐺̃⊤) over all full-rank matrices 𝐺̃ with sparsity pattern P. The so-called
Kaporin number of an s.p.d. matrix is the ratio between the algebraic and the geometric means of
its eigenvalues, or in other words,

𝛽(𝐵) :=
tr(𝐵)

𝑁 det(𝐵)1/𝑁
, 𝐵 ∈ R𝑁×𝑁 .

One may also rely on the Kaporin number to adaptively construct a sparsity pattern for 𝐹, as initially
done by Janna et al. [11]. In [15, Section 2.1] we presented our own adaptive algorithm for the
generation of the sparsity pattern, conceived for block-structured matrices as those naturally arising
from PUM discretizations (2.4). We provide a simplified version of it in Algorithm 5.1.

Algorithm 5.1 Adaptive construction of the block-FSAI preconditioner
Input: A s.p.d. matrix 𝐴 with a block structure, and an initial lower triangular sparsity pattern
P0 ⊂ {1, . . . , 𝑛}2 on said block structure, containing all diagonal pairs of indices. The number
of adaptive steps 𝑡max ≥ 1 and a threshold parameter 𝜏 ∈ (0, 1].

1: Initialize P = P0.

2: for 𝑡 = 1, . . . , 𝑡max do
3: Compute the FSAI matrix 𝐹 based on P, according to (5.1), and 𝐻 := 𝐹𝐴.

4: for 𝑘 ∈ {1, . . . , 𝑛} do
5: Let C := {𝑐 ∈ {0, . . . , 𝑘 − 1} : 𝐻𝑘𝑐 . 0} be the set of admissible column indices.

6: if C = ∅ then continue

7: Let𝑊𝑐 := 𝐴𝑐𝑐 − 𝐴[{𝑐}, P̃𝑘] 𝐴[P̃𝑘 , P̃𝑘]−1 𝐴[P̃𝑘 , {𝑐}] for 𝑐 ∈ C, and find

𝑐★ ∈ arg min
𝑐∈C

𝜌𝑐, 𝜌𝑐 :=
det(𝑊𝑐 − 𝐻⊤𝑘𝑐𝐻

−1
𝑘𝑘
𝐻𝑘𝑐)

det(𝑊𝑐)
.

8: if 𝜌𝑐★ < 𝜏 then P ← P ∪ {(𝑘, 𝑐★)}

9: Compute the FSAI matrix 𝐹 based on the current state of P, according to (5.1).

10: return 𝐹

Our derivation is similar to the one described by Sedlacek in [21, Appendix C], but we arrive
at a different adaptive algorithm, based on exact reduction factors of Kaporin numbers. In our
work, following the available literature [13], we additionally explore the concatenation of FSAI
preconditioners in a nested manner.
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5.2 Chebyshev smoothing

We have found that our adaptive FSAI algorithm properly adapts to the anisotropy introduced
by PUM spaces like (4.2) used for the discretization of composite shell structures, as will be
indirectly shown in several examples from Chapter 6. Additionally, increasing the density of the
FSAI preconditioners (either by increasing the number of adaptive steps 𝑡max, or by nesting FSAI
preconditioners) yields efficient smoothers for higher-order problems when using a multilevel
preconditioner, such as those originally introduced for the PUM in [6] (see [15, Section 5]).

5.2 Chebyshev smoothing

In order to increase smoothing efficiency within a multilevel preconditioner, instead of the usual
Richardson iteration, we may rely on the Chebyshev iteration for concatenating smoothing steps,
and particularly on the Chebyshev iteration of the fourth kind introduced by Lottes [16].

As a polynomial iteration, the Chebyshev iteration of degree 𝑘 acts on the error 𝑒𝑘 = 𝑥 − 𝑥𝑘 as

𝑒𝑘 = 𝑝𝑘 (𝐴)𝑒0, 𝑘 ≥ 1,

where the polynomial 𝑝𝑘 must fulfill 𝑝𝑘 (0) = 1. Chebyshev polynomials (of the first kind) arise
from the minimization of the maximum of |𝑝𝑘 (𝜆) | over an interval containing the spectrum of 𝐴,
i.e. for 𝜎(𝐴) ⊂ [𝛼, 𝛽] with 𝛽 > 𝛼 > 0, they solve

min
𝑝𝑘∈P𝑘
𝑝𝑘 (0)=1

max
𝜆∈[𝛼, 𝛽 ]

|𝑝𝑘 (𝜆) |.

The fact that 𝛼 cannot be chosen as zero enforces the need for an estimate of the lowest eigenvalue
of 𝐴 or, for smoothing purposes, an estimate of the lower end of the fine spectrum. However, by
including a weight in the minimization as

min
𝑝𝑘∈P𝑘
𝑝𝑘 (0)=1

max
𝜆∈[𝛼, 𝛽 ]

𝜆1/2 |𝑝𝑘 (𝜆) |,

which concedes prevalence to the higher end of the spectrum, the solution is given by Chebyshev
polynomials of the fourth kind, and a limit argument allows the choice 𝛼 = 0. This means that
only an estimate of the largest eigenvalue of 𝐴 is needed. When performing a preconditioned
Chebyshev iteration (which we do with FSAI), we need an estimate of 𝜆max(𝑀𝐴), where 𝑀 is the
preconditioning matrix.

In [15, Section 3.1], we proposed a simpler version of the Chebyshev iteration of the fourth kind
than the one from [16], which we derived following the work of Gutknecht and Röllin [9] for the
original Chebyshev iteration. Given its simplicity, for completeness we include it again here, in
Algorithm 5.2.
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5 Efficient iterative solvers

Algorithm 5.2 Chebyshev iteration of the fourth kind
Input: A linear system 𝐴𝑥 = 𝑏 with a s.p.d. matrix 𝐴, and an equally s.p.d. preconditioner 𝑀.

An initial tentative solution 𝑥0. An upper bound on the spectrum of 𝑀𝐴, 𝛽 ≥ 𝜆max(𝑀𝐴). A
positive integer 𝑘 ≥ 1.

1: Initialize 𝑟 = 𝑏 − 𝐴𝑥0, 𝑝 = 𝑀𝑟.
2: Initialize 𝜇 = 1/3.
3: Set 𝑑 = 4𝛽−1.

4: Initialize 𝑥 = 𝑥0 + 𝑑𝜇 𝑝

5: for 𝑖 = 2, . . . , 𝑘 do
6: 𝑟 ← 𝑏 − 𝐴𝑥
7: 𝑝 ← 𝜇2 𝑝 + 𝑀𝑟
8: 𝜇← (2 − 𝜇)−1

9: 𝑥 ← 𝑥 + 𝑑𝜇 𝑝

10: return 𝑥
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6 Numerical experiments

In this section, we will gather some numerical experiments to complement those of [14] (for
Nitsche’s method) and [15] (for Chebyshev-smoothing with FSAI preconditioners). We will focus
our attention on using the multilevel solver for 3-dimensional solid models of composite materials,
to showcase how the adaptive FSAI preconditioner yields an efficient smoother, on the combination
of Nitsche’s method with multilevel preconditioners (following the discussion from Section 3.6),
and on solid-shell blending examples with both simple and composite materials.

Example 6.1. We begin by showing the effectiveness of adaptive FSAI preconditioners as smoothers
for a composite plate, discretized following the approach described in Section 4.2. In particular, we
consider the rectangular domain

Ω =

[
(−3, 3) × (−0.75, 0.75) ×

(
−ℎ

2
,
ℎ

2

)]
\
{
(𝑥, 𝑦, 𝑧) : 𝑥2 + 𝑦2 ≤ 0.1252} ,

i.e. a rectangular plate of length 6 m, width 1.5 m and thickness ℎ, with a hole of radius 0.125 m at
its center. Its thickness will be determined by the number of laminae 𝑁ℓ , which we will consider of
fixed thickness 0.006 m, and thus ℎ = 0.006𝑁ℓ m.

Each lamina will hold the same kind of transversely-isotropic material, with a varying orientation
in the 𝑥𝑦-plane. Angles will be given in degrees and understood clock-wise, with 0 corresponding
to the 𝑥-axis. A very simple stacking sequence is illustrated in Figure 6.1. The subscript 𝑠 is used to
denote a symmetric stacking sequence, which is to be understood as appending the provided angles
in the reverse order, e.g. [0, 45, 90]𝑠 is simply shorthand notation for [0, 45, 90, 90, 45, 0].

𝑥

𝑧

𝑦

Figure 6.1: Stacking sequence [0, 45].

As material properties, we will use Young’s moduli 𝐸0 = 23.8 MPa and 𝐸1 = 1.3 MPa, Poisson’s
ratios 𝜈01 = 0.32 and 𝜈12 = 0.45, and shear modulus 𝐺01 = 0.73 MPa. We will consider different
numbers of layers 𝑁ℓ , and the stacking sequences will be generated from [45, 0, -45, 90] as follows:
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𝑁ℓ Stacking sequence
6 [0,−45, 90]𝑠
8 [45, 0,−45, 90]𝑠
12 [−45, 90, 45, 0,−45, 90]𝑠
16 [45, 0,−45, 90, 45, 0,−45, 90]𝑠

As boundary conditions, we consider the left side of the plate fixed, displace the right side by
(0.04 m, 0 m, 0 m), and leave all remaining boundaries traction-free (i.e. homogeneous Neumann
conditions). We discretize the plate in the 𝑥𝑦-plane with increasingly smaller patches close to the
hole. We begin with a coarsest level made of patches with unstretched side length 0.375 m (which we
then stretch by 1.3), and for each new level we split patches intersecting {(𝑥, 𝑦, 𝑧) : 𝑥2 + 𝑦2 ≤ 0.252}
into 4, propagating this refinement to contiguous patches if necessary, so that the refinement level
difference between neighboring patches is at most 1 (see Figure 6.2). We perform 5 such refinements
to generate our multilevel sequence, and since the patches at the left and right boundaries undergo
no refinement at any step, the stabilization functions are the same at all levels. No patch aggregation
is performed, which would only affect patches intersecting the hole, at which no Dirichlet boundary
condition is enforced.

Figure 6.2: The two coarsest covers in the 𝑥𝑦-plane for the plate domain of Example 6.1.

For each local space we use bilinear polynomials in the 𝑥𝑦 variables, i.e. {1, 𝑥, 𝑦, 𝑥𝑦}. For
the multilevel preconditioner, we construct prolongations via the local-to-local transfer from [6,
Section 5.1], and rely on the assembled stiffness matrices at each level. For the FSAI smoothers,
we set the number of adaptive steps equal to 𝑁ℓ (which we denote 𝑁ℓ-adaptive FSAI). Finally, we
embed the multilevel preconditioner based on a 𝑉 (3, 3)-cycle into a CG solver, with the stopping
criterion ∥𝑟𝑛∥2 ≤ 10−15 ∥𝑟0∥2, and as initial solution for each new level we consider the prolongated
solution from the coarser level. The results for each choice of 𝑁ℓ are shown in Table 6.1 (for
Chebyshev smoothing of the fourth kind) and Table 6.2 (for Richardson smoothing). As it can be
seen, the impact of Chebyshev smoothing is quite limited, but the adaptive FSAI preconditioners
keep the number of iterations mostly level-independent.

To reveal where Chebyshev smoothing actually has a significant impact, we turn to using 8-adaptive
FSAI preconditioners for the cases 𝑁ℓ = 12, 16. This limits the effectiveness of the preconditioners
themselves, and that is where the effect of Chebyshev smoothing can be seen, as revealed by the
results that we gather in Table 6.3 and Table 6.4. It not only improves convergence, but it makes it
possible where Richardson smoothing simply does not.
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Level 𝑁ℓ

6 8 12 16
2 16 15 15 14
3 24 21 19 18
4 25 21 19 17
5 27 23 20 17
6 27 22 20 17

Table 6.1: CG iterations when using
Chebyshev smoothing with
𝑁ℓ-adaptive FSAI.

Level 𝑁ℓ

6 8 12 16
2 21 18 17 15
3 44 27 22 19
4 29 23 19 17
5 32 25 20 18
6 30 23 19 17

Table 6.2: CG iterations when using
Richardson smoothing with
𝑁ℓ-adaptive FSAI.

Level 𝑁ℓ = 12 𝑁ℓ = 16
2 26 25
3 33 30
4 24 22
5 25 22
6 24 22

Table 6.3: CG iterations when using
Chebyshev smoothing with
8-adaptive FSAI.

Level 𝑁ℓ = 12 𝑁ℓ = 16
2 70 71
3 178 311
4 280 775
5 489 >1000
6 >1000 >1000

Table 6.4: CG iterations when using
Richardson smoothing with
8-adaptive FSAI.

We can conceive one further configuration in-between Chebyshev and Richardson smoothing:
damped Richardson smoothing, with a damping factor of

𝜔 =
4
3

1
𝜆max(𝑀𝐴)

,

where𝑀𝐴 is the (FSAI-)preconditioned matrix. With this choice, one step of the damped Richardson
iteration is equivalent to one step of the Chebyshev iteration of the fourth kind. The corresponding
results are shown in Table 6.5, revealing that it is actually the damping based on 𝜆max(𝑀𝐴) that
helps keep the iteration numbers under control for increasing levels, while concatenating multiple
smoothing steps with the Chebyshev iteration (here we consider only 3) simply allows to further
reduce the number of iterations.

Level 𝑁ℓ = 12 𝑁ℓ = 16
2 39 38
3 54 50
4 37 34
5 36 33
6 31 28

Table 6.5: CG iterations when using damped
Richardson smoothing with 8-
adaptive FSAI.
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Example 6.2. For our second example, we simply transform the plate of the previous one into a
cylindrical shell. For an axis parallel to the 𝑥-axis and a curvature radius 𝑅 such that 𝜋𝑅 ≥ 1.5
m, we can easily construct a NURBS (actually a Bézier) parametrization of a cylindrical surface
of length 6 m and (curved) width 1.5 m, as in the previous example. Indeed, such a surface has
𝑢-degree 1, 𝑣-degree 2, and after defining

𝛼 =
0.75 m
𝑅

≤ 𝜋
2
, 𝑞 =

sin(𝛼)
2 sin(𝛼/2) , 𝜙 = arccos(𝑞),

𝑥 = 3 m, 𝑦̂ = 𝑅 sin(𝛼), 𝑧 = 𝑦̂ tan(𝜙),

its control points can be written as

P0,0 = (−𝑥,−𝑦̂, 0), P0,1 = (−𝑥, 0, 𝑧), P0,2 = (−𝑥, 𝑦̂, 0),
P1,0 = (𝑥,−𝑦̂, 0), P1,1 = (𝑥, 0, 𝑧), P1,2 = (𝑥, 𝑦̂, 0),

and the corresponding weights as

𝑤0,0 = 1, 𝑤0,1 = 𝑞, 𝑤0,2 = 1,
𝑤1,0 = 1, 𝑤1,1 = 𝑞, 𝑤1,2 = 1.

We finally turn the physical domain of our previous example into the parameter domain for this one,
i.e.

Ξ =

[
(−3, 3) × (−0.75, 0.75) ×

(
−ℎ

2
,
ℎ

2

)]
\
{
(𝑥, 𝑦, 𝑧) : 𝑥2 + 𝑦2 ≤ 0.1252} .

To construct the multilevel preconditioner, we proceed as in the previous example. We provide the
number of CG iterations in Table 6.6 and Table 6.7, respectively with either Chebyshev or Richardson
smoothing. In this case, we directly rely on FSAI preconditioners constructed with min(𝑁ℓ , 8)
adaptive steps, which as before reveals the impact of Chebyshev smoothing for 𝑁ℓ = 12, 16.

Level 𝑁ℓ

6 8 12 16
2 16 15 15 14
3 24 21 19 18
4 25 21 19 17
5 27 23 20 17
6 27 22 20 17

Table 6.6: CG iterations when using
Chebyshev smoothing with
min(𝑁ℓ , 8)-adaptive FSAI.

Level 𝑁ℓ

6 8 12 16
2 21 17 68 71
3 34 27 198 391
4 29 24 226 469
5 32 26 305 >1000
6 31 25 535 >1000

Table 6.7: CG iterations when using
Richardson smoothing with
min(𝑁ℓ , 8)-adaptive FSAI.

34



Example 6.3. Let us now focus our attention on the combination of Nitsche’s method with multilevel
preconditioners, which we already discussed in Section 3.6. For that matter, we pick the biharmonic
equation in the unit square domain Ω = (0, 1)2 with essential boundary conditions imposed over
the whole boundary, i.e.

Δ2𝑢 = 𝑓 in Ω,

𝑢 = 𝑔0 on 𝜕Ω,
∇𝑢 · n = 𝑔1 on 𝜕Ω.

For a discrete space 𝑉𝑛 ⊂ 𝐻2(Ω), the weak formulation following Nitsche’s method corresponds to
finding 𝑢 ∈ 𝑉𝑛 such that

𝑎𝑛 (𝑣, 𝑢) = ℓ𝑛 (𝑣), ∀𝑣 ∈ 𝑉𝑛,

with bilinear and linear forms

𝑎𝑛 (𝑣, 𝑢) =
∫
Ω

Δ𝑢Δ𝑣 dΩ +
∫
𝜕Ω

(
𝛾
(0)
𝑛 𝑢𝑣 + 𝑣∇(Δ𝑢) · n + 𝑢∇(Δ𝑣) · n

)
dΓ

+
∫
𝜕Ω

(
𝛾
(1)
𝑛 (∇𝑢 · n) (∇𝑣 · n) − Δ𝑢(∇𝑣 · n) − Δ𝑣(∇𝑢 · n)

)
dΓ,

ℓ𝑛 (𝑣) =
∫
Ω

𝑓 𝑣 dΩ +
∫
𝜕Ω

𝑔0

(
𝛾
(0)
𝑛 𝑣 + ∇(Δ𝑣) · n

)
dΓ +

∫
𝜕Ω

𝑔1

(
𝛾
(1)
𝑛 (∇𝑣 · n) − Δ𝑣

)
dΓ.

We will solve the problem for the manufactured solution

𝑢̂(𝑥, 𝑦) = cos(2𝜋𝑥) sin(2𝜋𝑦),

and we will construct the multilevel sequence of function spaces by homogeneous refinement from
level 2 (with 22 · 22 = 16 patches) up to level 7 (with 27 · 27 = 16, 384 patches), For the local spaces,
we will use local spaces of polynomials of combined degree 𝑝 = 3, i.e.

{1, 𝑥, 𝑦, 𝑥2, 𝑥𝑦, 𝑦2, 𝑥3, 𝑥2𝑦, 𝑥𝑦2, 𝑦3}.

We will explore the following cases:

• The use of coarser operators obtained via Galerkin triple products 𝐴𝑙−1 = 𝑃⊤
𝑙
𝐴𝑙𝑃𝑙 cascading

down from the solving level, or the use of coarser operators assembled at each level, with its
corresponding stabilization function(s). These are the two approaches discussed in Section 3.6
for the Poisson equation.

• The use of a single stabilization function 𝛾̂𝑛, in which case it has to satisfy the trace inequality

∃𝜌 ∈ (0, 1) :
∫
𝜕Ω

𝛾̂−1
𝑛

(
(∇(Δ𝑣) · n)2 + (Δ𝑣)2

)
dΓ ≤ 𝜌2

∫
Ω

(Δ𝑣)2 dΩ, ∀𝑣 ∈ 𝑉𝑛,
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6 Numerical experiments

instead of using the two 𝛾 (0)𝑛 and 𝛾 (1)𝑛 , with trace inequalities

∃𝜌 ∈ (0, 1) :
∫
𝜕Ω

(
𝛾
(0)
𝑛

)−1
(∇(Δ𝑣) · n)2 dΓ ≤ 𝜌2

2

∫
Ω

(Δ𝑣)2 dΩ, ∀𝑣 ∈ 𝑉𝑛,

∃𝜌 ∈ (0, 1) :
∫
𝜕Ω

(
𝛾
(1)
𝑛

)−1
(Δ𝑣)2 dΓ ≤ 𝜌2

2

∫
Ω

(Δ𝑣)2 dΩ, ∀𝑣 ∈ 𝑉𝑛.

Finally, for the multilevel preconditioners we will use 𝑉 (3, 3)-cycles with adaptive FSAI smoothers,
constructed with 7 adaptive steps, and the interlevel transfer prolongations will be constructed
following a global-to-local 𝐿2-projection approach, as described in [6, Section 5.1]. Smoothing
will be performed with the Chebyshev iteration. At each level, the initial solution will be derived
by prolongating the final solution of the previous level. In Table 6.8 we show the number of
CG iterations needed to fulfill the convergence criterion ∥𝑟 ∥2 < 10−15. As it can be seen, the
greatest effect comes from using a single stabilization function, which hinders convergence, and is
significantly amplified by the usage of assembled coarse-level operators, which rely on their own
stabilization function.

To understand the reasons behind this, it helps to visualize the different values of 𝛾 (0)𝑛 and 𝛾 (1)𝑛 in the
case of two stabilization functions, compared with the single 𝛾̂𝑛. We provide these measurements
in Table 6.9, which clearly show that 𝛾 (1)𝑛 scales linearly with the inverse of the patch radius, while
𝛾
(0)
𝑛 scales cubically with it, differing by several orders of magnitude at all levels (note that the

patch radius is divided by 2 when the level is increased by 1). Additionally, as expected also from
this difference, the choice of a single stabilization function produces 𝛾̂𝑛 ≈ 0.5𝛾 (0)𝑛 .

Level 𝑎coarse 𝑅𝐴𝑃

1 × 𝛾 2 × 𝛾 1 × 𝛾 2 × 𝛾
3 36 17 17 12
4 90 19 26 12
5 208 19 36 12
6 462 18 46 13
7 1041 18 57 15

Table 6.8: Number of multilevel-preconditioned CG iterations needed for the solution of the
biharmonic problem from Example 6.3. By 𝑎coarse we denote the generation of coarser-
level operators by assembling the corresponding form, and by 𝑅𝐴𝑃, their generation
via Galerkin triple products starting at each solving level. 𝑁 × 𝛾 denotes the use of 𝑁
stabilization functions.

Level 𝛾
(0)
𝑛 𝛾

(1)
𝑛 𝛾̂𝑛

3 1.08 · 106 2.40 · 102 5.38 · 105

4 8.55 · 106 4.80 · 102 4.27 · 106

5 6.82 · 107 9.60 · 102 3.41 · 107

6 5.45 · 108 1.92 · 103 2.72 · 108

7 4.35 · 109 3.84 · 103 2.18 · 109

Table 6.9: ∥·∥𝐿2 (𝜕Ω) /|𝜕Ω| for each stabilization function in Example 6.3.
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We note, however, that the better 𝑅𝐴𝑃 results in Table 6.8 come at the cost of denser coarse-level
operators, which are the result of using prolongation matrices based on the global-to-local 𝐿2-
projection approach, as mentioned above. To visualize this, in Table 6.10 we gather the number of
non-zero entries per row at each coarse-level operator when solving at level 7.

Level 𝑎coarse 𝑅𝐴𝑃

2 6.25 12.25
3 7.56 18.06
4 8.27 21.39
5 8.63 23.16
6 8.81 24.07

Table 6.10: Density of the coarse-level operators used for solving at level 7 generated either with
the 𝑎coarse or the 𝑅𝐴𝑃 approach, measured as the number of non-zero entries in the
matrix divided by its number of rows.

Alternatively, we could use a local-to-local 𝐿2-projection approach (see also [6, Section 5.1]), which
is less accurate, but yields coarse-level operators with the same sparsity pattern (and thus the same
density) as those that are generated through assembly (the 𝑎coarse approach). We show the number
of CG iterations for this projection approach in Table 6.11. As it can be seen, the use of these
interlevel prolongations produces level-independent iteration numbers for the 𝑎coarse approach, but
only for it, since the lower quality of the coarse-level operators in the 𝑅𝐴𝑃 approach deteriorates
multilevel convergence, leading to iteration numbers that increase with the solving level.

Level 𝑎coarse 𝑅𝐴𝑃

1 × 𝛾 2 × 𝛾 1 × 𝛾 2 × 𝛾
3 24 20 18 15
4 34 22 33 22
5 37 22 55 32
6 38 22 89 51
7 39 21 138 78

Table 6.11: Number of multilevel-preconditioned CG iterations needed for the solution of the
biharmonic problem from Example 6.3, when using the local-to-local 𝐿2-projection
approach to generate the interlevel prolongations.

Example 6.4. Let us repeat the previous example, but this time considering the circular domain
Ω = 𝐵((0.5, 0.5), 0.5) ⊂ (0, 1)2. In this case, patch aggregation is necessary to prevent the
stabilization functions from reaching arbitrarily large values at certain patches, something that was
not necessary for the unit square domain from the previous example. Additionally, the stabilization
functions are not homogeneous over the boundary, and their heterogeneity differs between refinement
levels. In Figure 6.3 we show 𝛾

(0)
𝑛 and 𝛾 (1)𝑛 for refinement levels 4 and 5.
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(a) 𝛾 (0)𝑛 for level 4. (b) 𝛾 (1)𝑛 for level 4.

(c) 𝛾 (0)𝑛 for level 5. (d) 𝛾 (1)𝑛 for level 5.

Figure 6.3: Stabilization functions for the problem of Example 6.4.

We share the number of CG iterations for each configuration in Table 6.12. Following the results
for the previous example, we use the local-to-local 𝐿2-projection to generate prolongation operators
in the 𝑎coarse case, and the global-to-local one in the 𝑅𝐴𝑃 case. Clearly, the 𝑅𝐴𝑃 approach with
two distinct stabilization functions remains the most stable one, showing also the smallest variation
with respect to its corresponding results for the unit square domain.

Level 𝑎coarse 𝑅𝐴𝑃

1 × 𝛾 2 × 𝛾 1 × 𝛾 2 × 𝛾
3 37 21 13 10
4 58 30 24 13
5 95 29 34 12
6 169 46 61 15
7 1088 57 94 18

Table 6.12: Number of multilevel-preconditioned CG iterations needed for the solution of the
biharmonic problem from Example 6.4.
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Example 6.5. For our next example, we recover the composite plate with hole from Example 6.1,
where now we will restrict the solid model to a region around the hole, modeling everything
else as a plate. Remembering that the hole had radius 𝑟 = 0.125 m, we set the solid part to
be Ωsolid = (−3𝑟, 3𝑟) ×

(
− ℎ

2 ,
ℎ
2

)
. For this solid part, we use the same refinement strategy as in

Example 6.1 and keep the finest level, while for the remaining plate, we keep the coarsest refinement
considered there. For the solid-shell coupling terms, we use 𝛾-averaging as in (3.20). Finally, we
restrict our attention to the case 𝑁ℓ = 8. An illustration of the discretization around the solid part is
provided in Figure 6.4.

Figure 6.4: Integration cells generated for the problem in Example 6.5, revealing the structure of
the covers used for the solid and plate parts.

The displacements obtained with each approach are shown in Figure 6.5, and the Von Mises stress
in Figure 6.6. As we can see, the results in both cases are practically the same, at least visually.

(a) (b)

Figure 6.5: Displacements (m) obtained for the problem from Example 6.5: (a) restricting the
solid model to a region around the hole, and (b) relying on a solid model for the whole
domain, as in Example 6.1.
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(a) (b)

Figure 6.6: Von Mises stress
√︁

1.5 tr(𝝈2) − 0.5 tr(𝝈)2 (Pa) obtained for the problem from Exam-
ple 6.5: (a) restricting the solid model to a region around the hole, and (b) relying on a
solid model for the whole domain, as in Example 6.1.

Example 6.6. For our last example, we consider a non-trivial case of solid-shell blending, this
time based on a single isotropic material. The physical structure consists of three parts: a plate
(with a hole) a cylinder, and a joint smoothly connecting the two. We illustrate it in Figure 6.7. We
consider the shell to have thickness 0.01 m, and to be made of an isotropic material with 𝐸 = 1 MPa
and 𝜈 = 0.3. As boundary conditions, we clamp the plate on its 4 sides, while we rotate the top
part of the cylinder by an angle −𝜋/15 around the 𝑥-axis, and by an angle 𝜋/20 around the 𝑦-axis
(both going through the center of the plate). Finally, we consider two scenarios: in the first one, we
model the joint as a solid body and the remaining two parts as shells, and in the second one we
model everything as a shell. The solution for the first case is shown in Figure 6.8. In all cases, we
use 𝛾-averaging for the interfacial coupling terms.

Figure 6.7: The shell structure considered for Example 6.6. The plate has sides of length 1 m and a
hole of radius 0.25 m, the cylinder has length 0.5 m and radius 0.1 m, and the radius of
the joint’s profile is 0.25 - 0.1 = 0.15 m.
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Figure 6.8: Solution for the problem from Example 6.6, with the joint part modeled as a solid,
colored by the vertical displacement 𝑢𝑧 (m).

For our discretization we refine each parameter space (a unit square (0, 1)2, with a circular hole in
the case of the plate) homogeneously, until level 4 for the cylinder, 5 for the plate, and 6 for the joint.
In the case of the solid joint, we perform no refinement with respect to the thickness dimension.
The resulting discretization for the case of three shells is shown in Figure 6.9. In all cases (for all
shells as well as for the solid joint) we use local polynomial spaces of degree 2.

Figure 6.9: Integration cells generated for the geometry from Example 6.6, with the joint modeled
as a shell, revealing the refinement level of each involved cover.
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To compare the two considered scenarios, we focus our attention on the joint part, and transform the
shell solution into a volumetric one following the Kirchhoff-Love ansatz (3.11). The two resulting
displacements are shown in Figure 6.10, where no difference can be detected by the naked eye.
In Figure 6.11 we picture the Von Mises stress, where certain differences can be observed. For a
better assessment, we show the difference between the solid and shell results in Figure 6.12, both in
absolute and relative terms. We note that the maximal difference occurs at the interface with the
plate, likely due to the mismatch between the solid and shell boundary moments that are coupled by
Nitsche’s method, while in relative terms a localized but very significant difference can be observed,
although limited to the region of lowest Von Mises stress.

(a) (b)

Figure 6.10: Displacements (m) obtained for the joint part from Example 6.6: (a) modeled as a
solid, and (b) modeled as a shell (with the solution extended through the thickness as
u + 𝜁 𝜽 (u)).

(a) (b)

Figure 6.11: Von Mises stress
√︁

1.5 tr(𝝈2) − 0.5 tr(𝝈)2 (Pa) obtained for the joint part from
Example 6.6: (a) modeled as a solid, and (b) modeled as a shell (with 𝝈 = 1

ℎ
𝐴(u) +

12
ℎ3 𝜁 𝐵(u)).
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(a) (b)

Figure 6.12: Absolute difference of the Von Mises stress results from Figure 6.11: (a) in absolute
terms (Pa), and (b) relative to the shell result.
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7 Conclusion

The achievements of this thesis and its attached papers include:

• The rigorous combination of Nitsche’s method with the PUM, relying on a stabilization
function that is not merely a constant over the whole boundary, and which can be constructed
through the solution of many local (and small) generalized eigenvalue problems, instead of a
single, big one (see Section 3.5 and Appendix C.1).

• The development of a patch-aggregation approach, which prevents Nitsche stabilization
functions from attaining arbitrarily large values for boundary patches with degenerate flat-top
regions (see also Appendix C.1).

• The derivation of a Nitsche formulation for the blending of solid and shell models, coupling
not only the displacements but also the boundary moments (even if unphysically) of both
components at the interface (see Section 3.4).

• The development of projection algorithms for a point into a NURBS curve or surface, which
allow the coupling of non-trivial shell geometries (see Appendix A.3).

• The efficient discretization of laminated composite materials with patches spanning at most
two laminae and capturing inter-material derivative discontinuities (see Section 4.2).

• The development of efficient smoothers for the multilevel solution of anisotropic and higher-
order problems, including laminated composites in either solid or shell form (see Chapter 5
and Appendix C.2).

• And finally the efficient and well-designed implementation of all of the above in the PUMA
library (see Appendix B), involving its core paunt, geco, xymath and xygeo libraries, which
itself entailed:

– Making PUMA capable of handling derivatives of order higher than 2 in a clean and
systematic manner.

– Significantly improving PUMA’s internal PDE representation, allowing the solution of
Kirchhoff-Love shell problems to take a few seconds instead of several hours.

– Redesigning PUMA’s integration pipeline to make more intelligent use of computational
resources and drastically reduce computation time.

Nevertheless, there are several issues worth mentioning. First of all, for the coupling of solid and
shell models, as mentioned in Section 3.4, a compromise has to be made with respect to the shell
boundary moments, which makes the formulation not fully rigorous. This prevents convergence to
an exact solution in general, but seems not to play a significant role in practice, since refinement
through-the-thickness is not considered, and the goal is simply to find a “better” solution than with
a single shell model.
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Secondly, it is also not clear which kind of shell geometries can accommodate laminated fiber-
reinforced composite materials. Planar shells clearly do, but they are the most trivial case of a
shell geometry. Cylindrical shells also do, but the possible directions of the fibers are reduced to 2:
the axial one and the circumference’s tangent (a so-called cross-ply laminate). Of course, this is a
limitation given by the physical process for constructing the shells, and no such limitation exists
in the mathematical model itself. Needless to say, it is the applicability to a real use case which
interests us (me at least), and not just the solution of some complicated mathematical model.

Finally, it was perhaps not worth it to implement all these new functionalities, which are aimed for
a practical and non-academic usage, into PUMA, a project which is still eminently educational.
It remains to be seen whether the thread that I leave here can be picked up by someone else, and
whether all the contributions that I made to the PUMA library can be put to some actual use. With
respect to this I am not particularly optimistic.

In any case, I consider my work presented here one of the most significant contributions to the PUMA
project, since it covers practically all aspects involved in the numerical solution of linear and elliptic
PDEs, and not only theoretically, but also taking special care with its practical implementation
(whose scope can unfortunately not be fully captured in a written document such as this, even if a
humble attempt has been made in Appendix B).
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A Computational geometry

For completeness, in this appendix I will gather the projection algorithms that I have implemented
in PUMA for the coupling of shells, either via solid-shell blending or simple shell-to-shell coupling
(which is not a part of this thesis).

Before delving into the algorithms themselves, I will introduce the minimal amount of information
necessary about Bézier parametrizations of curves and surfaces, as well as Non-Uniform Rational
B-Spline (NURBS) parametrizations.

The projection algorithms receive a point in physical space and compute its closest point in the
curve or surface (and its corresponding parameter(s)). If the original point lies already in the curve
or surface, such algorithms can be used to retrieve the parameter(s) producing that point (which is
sometimes referred to as “inverting” the curve or surface).

A.1 Bézier curves and surfaces

A Bézier parametrization of either a curve or a surface relies on the so-called Bernstein polynomial
basis, which for each dergee 𝑛 > 0 can be written as

𝐵𝑛
𝑖 (𝑡) =

(
𝑛

𝑖

)
𝑡𝑖 (1 − 𝑡)𝑛−𝑖 , 𝑖 ∈ {0, . . . , 𝑛}, 𝑡 ∈ [0, 1] .

Among the multiple properties of these polynomials, let us mention the nodal property at the
endpoints 𝐵𝑛

𝑖
(0) = 𝛿𝑖,0, 𝐵𝑛

𝑖
(1) = 𝛿𝑖,𝑛, and the partition of unity property in the definition interval,

0 ≤ 𝐵𝑛
𝑖 (𝑡) ≤ 1 ∀𝑖 ∈ {0, . . . , 𝑛}, and

𝑛∑︁
𝑖=0

𝐵𝑛
𝑖 (𝑡) = 1, ∀𝑡 ∈ [0, 1] .

Additionally, the product of two Bernstein polynomials satisfies

𝐵𝑛
𝑖 (𝑡)𝐵𝑚

𝑗 (𝑡) =
(𝑛
𝑖

) (𝑚
𝑗

)(𝑛+𝑚
𝑖+ 𝑗

) 𝐵𝑛+𝑚
𝑖+ 𝑗 (𝑡).

A Bézier curve of degree 𝑛 in R𝑑 (with 𝑑 ∈ {2, 3}) is then any curve that can be written as a linear
combination of the Bernstein polynomials of degree 𝑛, i.e.

𝐶 (𝑡) =
𝑛∑︁
𝑖=0

𝑃𝑖𝐵
𝑛
𝑖 (𝑡), 𝑡 ∈ [0, 1],

where 𝑃0, 𝑃1, . . . , 𝑃𝑛 ∈ R𝑑 are called control points.
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From the partition of unity property of the Bernstein polynomial basis, it follows that any Bézier
curve is contained in the convex hull of its control points (since every evaluation 𝐶 (𝑡) is a convex
combination of the control points).

A Bézier surface of degrees (𝑛, 𝑚) in R3, on the other hand, is any surface that can be written as

𝑆(𝑢, 𝑣) =
𝑛∑︁
𝑖=0

𝑚∑︁
𝑗=0

𝑃𝑖, 𝑗𝐵
𝑛
𝑖 (𝑢)𝐵𝑚

𝑗 (𝑣), (𝑢, 𝑣) ∈ [0, 1]2,

where, again, the 𝑃𝑖, 𝑗 ∈ R𝑑 are called control points. Since the tensor product of Bernstein
polynomials also forms a partition of unity in [0, 1]2, any Bézier surface is also contained in the
convex hull of its control points.

Additional degrees of freedom can be introduced in the form of weights, giving rise to rational
Bézier curves and surfaces. A rational Bézier curve of degree 𝑛 can be written as

𝐶 (𝑡) =
∑𝑛

𝑖=0 𝑤𝑖𝑃𝑖𝐵
𝑛
𝑖
(𝑡)∑𝑛

𝑖=0 𝑤𝑖𝐵
𝑛
𝑖
(𝑡) , 𝑡 ∈ [0, 1],

while a rational Bézier surface of degrees (𝑛, 𝑚) can be written as

𝑆(𝑢, 𝑣) =
∑𝑛

𝑖=0
∑𝑚

𝑗=0 𝑤𝑖, 𝑗𝑃𝑖, 𝑗𝐵
𝑛
𝑖
(𝑢)𝐵𝑚

𝑗
(𝑣)∑𝑛

𝑖=0
∑𝑚

𝑗=0 𝑤𝑖, 𝑗𝐵
𝑛
𝑖
(𝑢)𝐵𝑚

𝑗
(𝑣) , (𝑢, 𝑣) ∈ [0, 1]2,

with 𝑤𝑖 > 0 and 𝑤𝑖, 𝑗 > 0 being the weights in each case. In both cases, the convex hull property
with respect to the control points is conserved.

In all cases, Bézier curves and surfaces are interpolatory at the endpoints of its parameter space,
meaning 𝐶 (0) = 𝑃0 and 𝐶 (1) = 𝑃𝑛 for curves, and

𝑆(0, 0) = 𝑃0,0, 𝑆(0, 1) = 𝑃0,𝑚, 𝑆(1, 0) = 𝑃𝑛,0, 𝑆(1, 1) = 𝑃𝑛,𝑚

for surfaces. Both curves and surfaces can be defined on parameter domains other than [0, 1] and
[0, 1]2 via linear reparametrizations, i.e.

𝐶̂ (𝑡) = 𝐶
(
𝑡 − 𝑡0
𝑡1 − 𝑡0

)
, 𝑡 ∈ [𝑡0, 𝑡1],

𝑆(𝑢̂, 𝑣̂) = 𝑆
(
𝑢̂ − 𝑢0

𝑢1 − 𝑢0
,
𝑣̂ − 𝑣0

𝑣1 − 𝑣0

)
, (𝑢̂, 𝑣̂) ∈ [𝑢0, 𝑢1] × [𝑣0, 𝑣1] .

Note that both Bézier curves and surfaces can be split: a curve into two Bézier curves at any
parameter 𝑡𝑠 ∈ (𝑡0, 𝑡1), and a surface at any 𝑢𝑠 ∈ (𝑢0, 𝑢1) or 𝑣𝑠 ∈ (𝑣0, 𝑣1). The projection algorithms
to be introduced later will split a curve into 2 at its midpoint parameter 𝑡𝑠 = 𝑡0+𝑡1

2 , and analogously a
surface into 4, in this case first splitting at 𝑢𝑠 = 𝑢0+𝑢1

2 , and then at 𝑣𝑠 = 𝑣0+𝑣1
2 .

Finally, let us point out that, for a surface 𝑆, the result of fixing any of the two parameters to a bound,
i.e. 𝑆(𝑡, 0), 𝑆(𝑡, 1), 𝑆(0, 𝑡) or 𝑆(1, 𝑡), is a Bézier curve, with control points and weights taken from
the corresponding fixed dimension and bound.
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A.2 NURBS curves and surfaces

NURBS curves and surfaces are more complicated than their Bézier counterparts, since in addition
to control points and weights they allow for knots in their parameter space. We will briefly define
them for completeness, but the only necessary detail for the subsequent projection algorithms is
that they can be split into rational Bézier curves and surfaces. The projection algorithms operate on
NURBS curves and surfaces only implicitly, since they actually work with collections of Bézier
curves and surfaces.

Before introducing NURBS curves and surfaces, we first need to define B-spline basis functions
for a knot vector T = [𝑡0, 𝑡1, . . . , 𝑡𝑘] with non-decreasing entries, i.e. 𝑡𝑖 ≤ 𝑡𝑖+1. The B-spline basis
functions of degree 𝑝, 𝑁𝑖, 𝑝 (𝑡) for 𝑖 ∈ {0, . . . , 𝑘 − 𝑝 − 1}, are defined recursively as

𝑁𝑖,0(𝑡) =
{

1 if 𝑡𝑖 ≤ 𝑡 < 𝑡𝑖+1,
0 otherwise,

𝑁𝑖, 𝑝 (𝑡) =
𝑡 − 𝑡𝑖
𝑡𝑖+𝑝 − 𝑡𝑖

𝑁𝑖, 𝑝−1(𝑡) +
𝑡𝑖+𝑝+1 − 𝑡
𝑡𝑖+𝑝+1 − 𝑡𝑖+1

𝑁𝑖+1, 𝑝−1(𝑡), 𝑝 > 0.

The bounds of the knot vector [𝑡0, 𝑡𝑘] give the parameter bounds of the curve, and the existence of
at least 2 knots in the knot vector implies that 𝑘 ≥ 𝑝 + 2. If some knot is repeated 𝑠 times in the
knot vector, it is commonly referred to as a single knot with multiplicity 𝑠.

The B-spline basis functions share the nodal and partition of unity properties of the Bernstein
polynomials. In fact, the Bernstein polynomials of degree 𝑛 are themselves B-spline basis functions
of degree 𝑛 for the choice of knot vector 𝑡0 = · · · = 𝑡𝑛 = 0 and 𝑡𝑛+1 = · · · = 𝑡2𝑛+1 = 1.

Analogously as for Bézier curves and surfaces, a NURBS curve of degree 𝑝 can be written as

𝐶 (𝑡) =
∑𝑛

𝑖=0 𝑤𝑖𝑃𝑖𝑁𝑖, 𝑝 (𝑡)∑𝑛
𝑖=0 𝑤𝑖𝑁𝑖, 𝑝 (𝑡)

, 𝑡 ∈ [𝑡0, 𝑡𝑘],

while a NURBS surface of degrees (𝑝, 𝑞) can be written as

𝑆(𝑢, 𝑣) =
∑𝑛

𝑖=0
∑𝑚

𝑗=0 𝑤𝑖 𝑗𝑃𝑖 𝑗𝑁𝑖, 𝑝 (𝑢)𝑁 𝑗 ,𝑞 (𝑣)∑𝑛
𝑖=0

∑𝑚
𝑗=0 𝑤𝑖 𝑗𝑁𝑖, 𝑝 (𝑢)𝑁 𝑗 ,𝑞 (𝑣)

, (𝑢, 𝑣) ∈ [𝑢0, 𝑢𝑘] × [𝑣0, 𝑣ℓ],

in this case with 2 knot vectorsU = [𝑢0, 𝑢1, . . . , 𝑢𝑘] andV = [𝑣0, 𝑣1, . . . , 𝑣ℓ], giving rise to the
basis functions 𝑁𝑖, 𝑝 and 𝑁 𝑗 ,𝑞, respectively.

By a process known as knot insertion, a given NURBS curve can be represented on a different basis
of the same degree, but with a knot vector obtained by adding a new knot 𝑡′ ∈ [𝑡0, 𝑡𝑘]. Inserting
each unique knot until its multiplicity matches the degree 𝑝 effectively yields a split representation
of the curve within each non-trivial interval [𝑡𝑖 , 𝑡𝑖+1] with 𝑡𝑖 < 𝑡𝑖+1. Each such representation is a
Bézier curve reparametrized to the corresponding subinterval. Thus, any NURBS curve can be
represented as a list of Bézier curves, one for each non-trivial subinterval generated by its knot
vector.
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The same is true for NURBS surfaces with respect to any of its 2 dimensions, in which case the
split representation corresponds to subdivisions of the original parameter domain of the form
[𝑢𝑖 , 𝑢𝑖+1] × [𝑣 𝑗 , 𝑣 𝑗+1] with 𝑢𝑖 < 𝑢𝑖+1 and 𝑣 𝑗 < 𝑣 𝑗+1. In this case, each such representation is a
reparametrized Bézier surface.

For more details on curves and surfaces, both of NURBS and Bézier type, we refer to the monographs
[5, 9].

A.3 Projection algorithms

For projecting a point to a NURBS curve or surface, we will rely on [8] and the references therein,
among others [1, 7, 11]. Both algorithms (for curves and surfaces) operate on collections of Bézier
curves or surfaces, which are iteratively refined until a single closest point can be found within them.
A key component of both algorithms is the maintenance of a current tentative closest point 𝑄 to the
query point 𝑃 (and the corresponding distance 𝑑), which is used to discard remaining sub-curves
and sub-surfaces whenever they can be guaranteed to lie further away from 𝑃 than 𝑄, by the use of
certain cheap geometrical checks.

Let us remark that, when projecting a point to a Bézier curve or surface, the actual solution might
not be unique: multiple different points in the curve or surface may be at the same distance from the
query point. Given our use cases, in such a scenario we will be interested in retrieving any single
point. For that reason, if during the iteration we have found a point 𝑄 at a distance 𝑟, we will be
interested only on improving such solution, i.e. finding a new point 𝑄′ at a distance 𝑟 ′ < 𝑟.

A.3.1 Projection of a point onto a NURBS curve

For simplicity, let us first consider the 2-dimensional case. To begin with, we introduce the concept
of clipping hyperplanes. First of all, from the convex hull property, if all control points of a Bézier
curve lie on a given half-space of R2, then the whole curve does. As a result, for a point 𝑃 ∈ R2 and
a distance 𝑟 > 0, we can define hyperplanes such that, if all control points of a Bézier curve 𝐶 fall
on one side of them, then 𝑑 (𝐶, 𝑃) ≥ 𝑟 . These tests can be written as

(𝑄 − 𝑃) · 𝑛̂ ≥ 𝑟 for all control points 𝑄 of 𝐶,

where 𝑛̂ is the hyperplane’s normal (pointing towards the corresponding half-space).

Two such hyperplanes are illustrated in Figure A.1, those with normal directions (±1, 0). Of course,
there is an infinite number of such hyperplanes, all tangent to the ball of radius 𝑟 centered at
𝑃. Following [8], we pick a small, discrete and simple subset of them: those with normals in
{(±1, 0), (0,±1), (±1,±1)}, as illustrated in Figure A.2. This allows to reduce the inner products
(𝑄 − 𝑃) · 𝑛̂ to subtractions and additions of the components of 𝑄 − 𝑃.

For a query point 𝑃, a tentative minimal distance 𝑟 and a given Bézier curve, we can easily check
whether all its control points lie on the discarding side of any of the 8 hyperplanes. If that is the
case, then we know that the Bézier curve is at a distance larger or equal to 𝑟 from 𝑃, and thus we
may discard it.
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𝑃
𝑟

𝐻− 𝐻+

Figure A.1: Vertical hyperplanes used for clipping away 2-dimensional Bézier curves: every curve
whose control points lie all to the right of 𝐻+ or all to the left of 𝐻− (including the
hyperplane itself) is necessarily at a distance to 𝑃 greater or equal to 𝑟 .

Figure A.2: All 8 hyperplanes considered for clipping away 2-dimensional Bézier curves.

This can be trivially generalized to 3-dimensional curves, where we choose the set of 26 hyperplanes
given by the normals {(±1, 0, 0), (0,±1, 0), (0, 0,±1), (±1,±1, 0), (±1, 0,±1), (0,±1,±1), (±1,±1,±1)}.

If a Bézier curve could not be discarded by the previous half-space checks, there is a further
geometrical check that can be performed. Based also on the convex hull property and half-spaces,
we can easily check whether one of the two endpoints is the closest point to the query point 𝑃 within
the curve: at the endpoint 𝐸 (which is a control point of the curve), we place a hyperplane going
through it with normal 𝐸 − 𝑃. Note that we may assume that 𝐸 ≠ 𝑃, otherwise 𝐸 would itself be a
closest point. If all other control points of the curve lie in the half-space not containing 𝑃, then 𝐸 is
the closest point to 𝑃 in the curve. The actual condition can be written as

(𝑄 − 𝐸) · (𝐸 − 𝑃) ≥ 0

for all control points 𝑄 (excluding 𝐸 itself, but for 𝑄 = 𝐸 the condition also trivially holds). In our
previous terms, this is effectively a half-space test with normal 𝑛̂ = 𝐸−𝑃

∥𝐸−𝑃 ∥ and distance ∥𝐸 − 𝑃∥,
since the above inequality is equivalent to

(𝑄 − 𝑃) · 𝑛̂ ≥ (𝐸 − 𝑃) · 𝑛̂ = ∥𝐸 − 𝑃∥ .
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Therefore, assuming that both endpoints have already been considered, and thus 𝑟 ≤ ∥𝐸 − 𝑃∥, we
can replace the condition by a half-space test with the same normal and the current minimal distance
𝑟. By doing so, the test no longer checks whether the endpoint 𝐸 is the closest point, but (as in
the previous cases) whether the curve is further away than 𝑟 from 𝑃. We restrict this check to the
closest endpoint.

If none of the half-space checks allowed us to discard the curve, the algorithm proceeds to work
with the squared distance function ∥𝐶 (𝑡) − 𝑃∥2. If a unique minimizer in its interval domain can
be guaranteed, then a root-finding algorithm is used, otherwise the curve is split into two, and the
original curve is replaced by its two components in the pending list.

For simplicity, we assume that 𝐶 : [0, 1] ↦→ R𝑑 , otherwise a linear re-parametrization from the
original domain [𝑡0, 𝑡1] to [0, 1] is implied. Any root retrieved in the [0, 1] interval can be trivially
mapped to the original interval.

The sufficient condition for uniqueness of a minimizer of ∥𝐶 (𝑡) − 𝑃∥2 is based on the fact that it
can itself be written as a scalar Bézier function, since

∥𝐶 (𝑡) − 𝑃∥2 =





∑𝑛
𝑖=0 𝑤𝑖𝑃𝑖𝐵

𝑛
𝑖
(𝑡)∑𝑛

𝑖=0 𝑤𝑖𝐵
𝑛
𝑖
(𝑡) − 𝑃





2

=





∑𝑛
𝑖=0 𝑤𝑖 (𝑃𝑖 − 𝑃)𝐵𝑛

𝑖
(𝑡)∑𝑛

𝑖=0 𝑤𝑖𝐵
𝑛
𝑖
(𝑡)





2

and the inner product of two Bézier curves is itself a Bézier function (see e.g. [4]). In this case

𝐷 (𝑡) := ∥𝐶 (𝑡) − 𝑃∥2 =

∑2𝑛
𝑘=0 𝑤̃𝑘𝐷𝑘𝐵

2𝑛
𝑘
(𝑡)∑2𝑛

𝑘=0 𝑤̃𝑘𝐵
2𝑛
𝑘
(𝑡)

with weights

𝑤̃𝑘 =
1(2𝑛
𝑘

) min(𝑛,𝑘 )∑︁
𝑗=max(0,𝑘−𝑛)

(
𝑛

𝑗

) (
𝑛

𝑘 − 𝑗

)
𝑤 𝑗𝑤𝑘− 𝑗

and control values (i.e. scalar control points)

𝐷𝑘 =
1(2𝑛

𝑘

)
𝑤̃𝑘

min(𝑛,𝑘 )∑︁
𝑗=max(0,𝑘−𝑛)

(
𝑛

𝑗

) (
𝑛

𝑘 − 𝑗

)
𝑤 𝑗𝑤𝑘− 𝑗 (𝑃 𝑗 − 𝑃) · (𝑃𝑘− 𝑗 − 𝑃).

In the case of a non-rational curve, 𝑤̃𝑘 = 1 (as well as the original weights 𝑤 𝑗).

At this point, we can check if all control values satisfy 𝐷𝑘 ≥ 𝑟2, in which case we may discard
the curve. Otherwise, we proceed to check if 𝐷 (𝑡) has a single local minimum in [0, 1] through
its so-called hodograph, which is nothing else than its derivative 𝐷′(𝑡) in Bézier form. If 𝐶 (𝑡) is
non-rational (and thus 𝐷 (𝑡) is non-rational too), the hodograph of 𝐷 (𝑡) is trivially

𝐷′(𝑡) = 2𝑛
2𝑛−1∑︁
𝑘=0
(𝐷𝑘+1 − 𝐷𝑘)𝐵2𝑛−1

𝑘 (𝑡).
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In the rational case, we have

𝐷′(𝑡) =
(
𝑁 (𝑡)
𝑊 (𝑡)

) ′
=
𝑁 ′(𝑡)𝑊 (𝑡) − 𝑁 (𝑡)𝑊 ′(𝑡)

𝑊 (𝑡)2
,

and thus the computation is more involved. We refer to [6, 10] for the specific procedure.

To derive a sufficient condition for uniqueness of a root of 𝐷′(𝑡), we will rely on the variation
diminishing property of Bézier curves (see e.g. [5, Chapter 5]). According to this property, 𝐷′(𝑡)
cannot cross the value 0 any more times than its sequence of control values does. Therefore, a
sufficient condition for the existence of a unique root of 𝐷′(𝑡) is that its sequence of control values
crosses 0 only once (existence follows from 𝐷′(𝑡) being continuous and having different signs at
its endpoints). Under the additional condition that 𝐷′(0) < 0 < 𝐷′(1), the root is a unique local
minimum of 𝐷 (𝑡). Additionally, if all control points are nonnegative (resp. nonpositive), that means
that the first endpoint (resp. the last one) is a closest point in the curve. If the sequence crosses 0
more than once, then uniqueness of a root cannot be guaranteed, and as stated above, we split the
Bézier curve into two.

Remark A.1. For the non-rational case, our use of the (trivial) hodograph is equivalent to [1,
Property 2], whose authors do not explicitly adapt to the rational case. We believe the sufficient
condition for uniqueness from [1, Property 2] to be wrong for the rational case, since the variation
diminishing property must be applied to the hodograph (as done here).

Remark A.2. In the rational case, we may alternatively work with the scaled hodograph

𝑊 (𝑡)2𝐷′(𝑡) = 𝑁 ′(𝑡)𝑊 (𝑡) − 𝑁 (𝑡)𝑊 ′(𝑡),

which is not as expensive to compute as the actual hodograph.

Remark A.3. For a given query point 𝑃, we may instead translate the original NURBS curve by −𝑃
(which amounts to translating its control points) and find its closest point to the origin.

A formal description relying on the previous concepts is presented in Algorithm A.1.

A.3.2 Projection of a point onto a NURBS surface

The projection into a surface relies on similar geometric checks as the curve algorithm, but the
2-dimensionality of the parameter space introduces significant complications with respect to the
simple curve case. In addition to that, the curve algorithm itself is used to project into surface
boundaries when necessary.

The 26 half-space checks that were performed on the control points of 3-dimensional Bézier curves
are directly valid also for the control points of Bézier surfaces. The subsequent half-space test based
on a curve’s closest endpoint can also be directly translated to the surface case, with the obvious
caveat that in this case there are 4 endpoints to consider.

If none of these half-space checks allowed us to discard the curve, we proceed to check whether
the closest point can be guaranteed to lie on any of the 4 boundaries of the considered surface.
For simplicity, let us consider the case of 𝑆(0, 𝑣), i.e. the boundary part which results from fixing
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Algorithm A.1 Projection of a point to a NURBS curve

Input: A query point 𝑃 ∈ R𝑑 and a NURBS curve 𝐶 [𝑡0, 𝑡1] ↦→ R𝑑 with an available splitting into
Bézier components {𝐶𝑖}𝑛𝑖=0.

Output: An element 𝑡★ ∈ arg min𝑡∈[𝑡0,𝑡1 ] ∥𝐶 (𝑡) − 𝑃∥ and its corresponding point 𝑄★ = 𝐶 (𝑡★).

1: Initialize the tentative closest point 𝑄 = 𝐶 (𝑡0), i.e. 𝐶’s first control point (𝐶0’s first endpoint),
and its associated parameter 𝑡𝑄 = 𝑡0.

2: for 𝑖 = 0, . . . , 𝑛 do
3: Let 𝐸 be 𝐶𝑖’s second endpoint.
4: if ∥𝐸 − 𝑃∥ < ∥𝑄 − 𝑃∥ then 𝑄 ← 𝐸 and update 𝑡𝑄 accordingly.

5: Initialize B = {𝐶𝑖}𝑛𝑖=0 a set of Bézier curves to yet visit.

6: while B ≠ ∅ do
7: Take a curve 𝐵 from B and remove it from the set.

⊲ The two endpoints of 𝐵 have already been considered as potential closest point, so none
of them can be closer to 𝑃 than 𝑄.

8: Based on the current minimal distance ∥𝑄 − 𝑃∥, perform half-space tests on 𝐵’s control
points (8 such tests in R2, 26 in R3).

9: if any half-space test is positive then continue

10: Take the closest endpoint 𝐸 and perform one further half-space test with normal 𝐸−𝑃
∥𝐸−𝑃 ∥ .

11: if the half-space test is positive then continue

12: Compute the Bézier representation of 𝐷 (𝑡) = ∥𝐵(𝑡) − 𝑃∥2.

13: if 𝐷𝑖 ≥ ∥𝑄 − 𝑃∥2 for all control values 𝐷𝑖 of 𝐷 then continue

14: Compute the hodograph of 𝐷 (𝑡), i.e. the Bézier representation of 𝐷′(𝑡) (possibly scaled in
the rational case), keeping only the control values 𝐻𝑖 .

15: if all 𝐻𝑖 ≥ 0 or all 𝐻𝑖 ≤ 0 then continue

16: if the sequence of 𝐻𝑖 starts negative and ends positive, crossing the value 0 only once then
17: Use a root-finding algorithm to minimize ∥𝐵(𝑡) − 𝑃∥2.
18: if min ∥𝐵(𝑡) − 𝑃∥2 < ∥𝑄 − 𝑃∥2 then update 𝑄 and 𝑡𝑄
19: else
20: Split 𝐵 into two Bézier curves at its midpoint parameter, yielding a new endpoint 𝑀,

and append them to B.

21: if ∥𝑀 − 𝑃∥ < ∥𝑄 − 𝑃∥ then 𝑄 ← 𝑀 and update 𝑡𝑄 to 𝐵’s midpoint parameter

22: return 𝑡𝑄 and 𝑄
⊲ Note that we may directly return the tentative results whenever 𝑄 = 𝑃.
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the first component to its lower bound. A sufficient condition for the closest point to be on this
boundary is, following [11, Theorem 4.4], that

𝑆𝑢 (𝑢, 𝑣) · (𝑃0, 𝑗 − 𝑃) ≥ 0, ∀(𝑢, 𝑣) ∈ [0, 1]2, ∀ 𝑗 ∈ {0, . . . , 𝑚},

where {𝑃0, 𝑗}𝑚𝑗=0 are the control points of 𝑆 associated to the 𝑆(0, 𝑣) boundary part. We can fully
discretize the inequality by computing the 𝑢-hodograph of 𝑆 (that is, the Bézier representation of
𝑆𝑢 (𝑢, 𝑣)), with control points𝐻 (𝑢)

𝑘
, after which we simply need to check whether𝐻 (𝑢)

𝑘
· (𝑃0, 𝑗−𝑃) ≥ 0

for all such control points.

Note that, in the case of fixing 𝑢 to its upper bound, we need to pick the control points corresponding to
the other end, and also the inequality has to be inverted, leading us to check whether𝐻 (𝑢)

𝑘
·(𝑃𝑛, 𝑗−𝑃) ≤

0 for all involved 𝑘 and 𝑗 . The case of fixing the 𝑣-component is analogous, involving the 𝑣-
hodograph of 𝑆, its control points 𝐻 (𝑣)

𝑘
, and the surface control points 𝑃𝑖,0 or 𝑃𝑖,𝑚. Note that scaled

hodographs can be used in the rational case.

Remark A.4. In the non-rational case, these checks correspond to the ones from [8], but hodographs
are not explicitly used there, which makes the algorithm incomplete for the rational case.

If any of these tests is positive, then we may find the closest point within the corresponding
boundary part with Algorithm A.1, otherwise further tests are required to check uniqueness of a
local minimizer of 𝐷 (𝑢, 𝑣) = 0.5 ∥𝑆(𝑢, 𝑣) − 𝑃∥2 in the surface’s interior. Interior local minimizers
are characterized by

(A.1)

{
𝐷𝑢 (𝑢, 𝑣) = 𝑆𝑢 (𝑢, 𝑣) · (𝑆(𝑢, 𝑣) − 𝑃) = 0,
𝐷𝑣 (𝑢, 𝑣) = 𝑆𝑣 (𝑢, 𝑣) · (𝑆(𝑢, 𝑣) − 𝑃) = 0,

and a minimizer is unique if the tangent cones of the constraints intersect only trivially (see [3]).
We will operate with 𝑆𝑢 and 𝑆𝑣 as follows.

First of all, we replace 𝑆𝑢 and 𝑆𝑣 above by the corresponding scaled hodographs, which were used
previously and which we will denote 𝑆𝑢 and 𝑆𝑣, and then compute the Bézier representations of
𝑆𝑢 (𝑢, 𝑣) · (𝑆(𝑢, 𝑣) − 𝑃) and 𝑆𝑣 (𝑢, 𝑣) · (𝑆(𝑢, 𝑣) − 𝑃) (let us refer to them, respectively, as 𝐹 (𝑢, 𝑣)
and 𝐺 (𝑢, 𝑣)). In the rational case, we may keep only the numerator of both 𝐹 and 𝐺, which we
do by absorbing the weights into the control values by multiplication, and then ignoring them (i.e.
setting them to 1). Needless to say, none of these transformations affects the solution space of the
problem, i.e. the solutions of Equation (A.1) are the same as those of 𝐹 (𝑢, 𝑣) = 𝐺 (𝑢, 𝑣) = 0. At
this point, if either 𝐹 or 𝐺 have only one sign over [0, 1]2 (which we can check through its control
values), then the local minimizer must lie on a boundary part:

• if 𝐹 ≥ 0, then 𝐷𝑢 ≥ 0, and the minimizer must be on the {0} × [0, 1] boundary part,

• if 𝐹 ≤ 0, then 𝐷𝑢 ≤ 0, and the minimizer must be on the {1} × [0, 1] boundary part,

• if 𝐺 ≥ 0, then 𝐷𝑣 ≥ 0, and the minimizer must be on the [0, 1] × {0} boundary part,

• if 𝐺 ≤ 0, then 𝐷𝑣 ≤ 0, and the minimizer must be on the [0, 1] × {1} boundary part.

If none of that is the case, we check for a trivial intersection of the tangent cones of 𝐹 and 𝐺, i.e.

{𝛼∇𝐹 (𝑢, 𝑣) : 𝛼 ∈ R, 0 < 𝑢, 𝑣 < 1} ∩ {𝛽∇𝐹 (𝑢, 𝑣) : 𝛽 ∈ R, 0 < 𝑢, 𝑣 < 1} = {0},
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which, as indicated in [3, 8], would imply uniqueness of a solution in the interior (provided a
solution exists at all). For this, we need (once again) to compute hodographs, this time 𝐹𝑢, 𝐹𝑣 , 𝐺𝑢

and 𝐺𝑣 . We may then combine 𝐹𝑢 and 𝐹𝑣 into a single Bézier R2-function as

∇𝐹 (𝑢, 𝑣) =
(
𝐹𝑢 (𝑢, 𝑣)
𝐹𝑣 (𝑢, 𝑣)

)
,

ensuring that degrees match via degree elevation, and analogously with ∇𝐺. This allows us to
compute the tangent cone of the control points of ∇𝐹 (or ∇𝐺), which contains the tangent cone of
∇𝐹 (resp. ∇𝐺). In Figure A.3 we illustrate tangent cones and their possible intersections.

(a) (b)

(c) (d)

Figure A.3: Illustration of cones associated to sets of control points: (a) a non-trivial cone; (b) a
trivial cone; (c) two cones intersecting only at the origin; (d) two cones with non-trivial
overlap.

If the tangent cones do not intersect only at the origin, we split the surface into 4 and append the
results to the pending list, otherwise a root-finding algorithm is used. If the algorithm does not
converge, or if the result does not correspond to a local minimum (whenever the hessian matrix of
∥𝑆(𝑢, 𝑣) − 𝑃∥2 has a negative eigenvalue at it), the surface is also split into 4. If, on the other hand,
a local minimizer is found, we compare the result against the tentative projection result (and update
the latter if necessary).

Our description of the algorithm is now complete and, as before, we provide a more formal
description in Algorithm A.2.
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Algorithm A.2 Projection of a point to a NURBS surface

Input: A query point 𝑃 ∈ R3 and a NURBS surface 𝑆[𝑢0, 𝑣1] × [𝑣0, 𝑣1] ↦→ R3 with an available
splitting into Bézier components {𝑆𝑖}𝑛𝑖=0.

Output: An element (𝑢★, 𝑣★) ∈ arg min(𝑢,𝑣) ∈ [𝑢0,𝑣1 ]×[𝑣0,𝑣1 ] ∥𝑆(𝑢, 𝑣) − 𝑃∥ and its corresponding
point 𝑄★ = 𝑆(𝑢★, 𝑣★).

1: Initialize the tentative closest point 𝑄 and its associated parameters (𝑢𝑄, 𝑣𝑄) as those of the
closest endpoint of all Bézier components {𝑆𝑖}. Initialize B = {𝑆𝑖}, the set of Bézier surfaces
to yet visit.

2: while B ≠ ∅ do
3: Take a surface 𝐵 from B and remove it from the set.

⊲ The four endpoints of 𝐵 have already been considered as potential closest point, so none
of them can be closer to 𝑃 than 𝑄.

4: Based on the current minimal distance ∥𝑄 − 𝑃∥, perform 26 half-space tests on 𝐵’s control
points.

5: if any half-space test is positive then continue

6: Take the closest endpoint 𝐸 and perform one further half-space test with normal 𝐸−𝑃
∥𝐸−𝑃 ∥ .

7: if the half-space test is positive then continue

8: Compute the scaled hodographs 𝐵̃𝑢 and 𝐵̃𝑣 of 𝐵, and use their control points to check
whether the closest point of 𝐵 to 𝑃 can be guaranteed to lie in any of its 4 boundary parts.

9: if the closest point lies in two contiguous boundary parts then continue
10: if the closest point lies in a boundary part then find the closest point in it, update 𝑄 if

necessary and continue

11: With the scaled hodographs 𝐵̃𝑢 and 𝐵̃𝑣 , compute

𝐹 (𝑢, 𝑣) = 𝐵̃𝑢 (𝑢, 𝑣) · (𝐵(𝑢, 𝑣) − 𝑃), 𝐺 (𝑢, 𝑣) = 𝐵̃𝑣 (𝑢, 𝑣) · (𝐵(𝑢, 𝑣) − 𝑃)

. in Bézier form and, in the rational case, keep only their numerators.

12: if all control points of either 𝐹 or 𝐺 have the same sign then the closest point in 𝐵 lies on a
boundary part: find it, update 𝑄 if necessary and continue

13: Compute ∇𝐹 and ∇𝐺 in Bézier form (as combination of 𝑢- and 𝑣-hodographs).

14: if the tangent cones of their control points intersect only at the origin then
15: For 𝐷 (𝑢, 𝑣) = ∥𝐵(𝑢, 𝑣) − 𝑃∥2, attempt to solve 𝐷𝑢 (𝑢, 𝑣) = 𝐷𝑣 (𝑢, 𝑣) = 0.
16: if a root is found and it is a local minimizer then update 𝑄 if necessary and continue

17: Split 𝐵 into 4 Bézier patches at its midpoint parameter and append them to B. Visit the
new 5 endpoints and update 𝑄 if necessary.

18: return 𝑄 and its associated parameters.
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Projection of a point onto a trimmed NURBS surface

In practical cases, see e.g. [2], shell parts are usually not represented as simple NURBS surfaces,
but as trimmed NURBS surfaces: that means that the parameter domain is not some rectangular
domain, but a subdomain of it, with boundaries represented by NURBS curves (in the 2-dimensional
parameter space). A simple illustration is provided in Figure A.4.

𝜉1

𝜉2

Figure A.4: A trimmed NURBS domain.

For the coupling of shell parts, we are thus interested in projecting a point in physical space to a
certain boundary part of the trimmed NURBS surface. We do this first by projecting into the surface
(ignoring the trimming subdomain), and then projecting the obtained 2D parameter to the trimming
NURBS curve in parameter space associated to the target boundary part. Although in general the
combined map is not itself a projection, it allows us to map between shell boundaries, and it works
as a projection if the involved shells match exactly at their boundaries (which is however not always
the case in real-world scenarios).

Numerical experiments

To assess the accuracy and efficiency of the proposed algorithms, we will perform some tests on the
(nonrational) NURBS surface shown in Figure A.5.
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Figure A.5: Enneper surface with 4-fold symmetry, taken from https://www.craftsmanspace.com/

free-3d-models/enneper-3d-surface.html.
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A.3 Projection algorithms

First of all, we assess the accuracy of our algorithm by generating a regular grid of 100 × 100 nodes
in the rectangular parameter domain, then evaluating the surface at each node, and finally projecting
the resulting point back into the surface. In Figure A.6 we report the distances between the original
surface point 𝑞 and the projection result 𝑃(𝑞). As we can see, while most of the results fall below
10−14, a fraction of them are in the interval (10−9, 10−6). Although this is negligible in comparison
with the surface’s dimensions, it is nevertheless undesired. Still, we have not been able to figure out
the cause and whether it can be avoided.
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Figure A.6: Histogram of euclidean distance results between the original point and the projected
point for 10,000 points in the Enneper surface from Figure A.5. We have added 10−20

to all results in order to gather all “very small” values together.

Secondly, in order to assess the efficiency of our point-to-surface projection algorithm, we first
randomly generate 10,000 points from a uniform distribution in the (tight) bounding box of the
surface and project them into the surface, the results of which we show in Figure A.7a. As we can
see, most measurements fall below 1 ms (and all above 0.01 ms). As a second test, we generate
10,000 points on the surface boundary (this time not randomly, but simply by picking equidistant
points from the corresponding side of the rectangular parameter domain) and project them into the
surface. We show the new results in Figure A.7b, where again most (if not all) time measurements
fall below 1 ms.
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(a) Results for 10,000 randomly generated points in
the bounding box of the surface.
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(b) Results for 10,000 points on the boundary of the
surface.

Figure A.7: Time measurements for two projection tests into the Enneper surface from Figure A.5.
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B PUMA’s new building blocks

In this final chapter I will gather certain core aspects of the current PUMA implementation of which
I have been mainly (or even fully) responsible, and that without my intervention would likely not
exist in the library (and would perhaps not have ever existed).

B.1 Product and quotient rules

The distinctive property of the PUM is the construction of discrete function spaces as

𝑉PU =

𝑛∑︁
𝑖=0

𝜑𝑖𝑉𝑖 ,

which in particular means that basis functions arise from a combination of the PU functions 𝜑𝑖 and
the basis functions of each local space 𝑉𝑖 = span⟨𝜗𝑘

𝑖
⟩𝑚𝑖

𝑘=1 as (recalling (2.3)){
𝜑𝑖𝜗

𝑘
𝑖 : 𝑖 = 0, . . . , 𝑛; 𝑘 = 1, . . . , 𝑚𝑖

}
.

This means that, for computing derivatives of the basis functions, we have to combine those of the
𝜑𝑖 and those of the 𝜗𝑘

𝑖
through product rules. Additionally, the PU functions themselves are actually

computed from so-called Shepard weights𝑊𝑖 as

𝜑𝑖 (x) =
𝑊𝑖 (x)∑

𝑗∈N𝑖
𝑊 𝑗 (x)

, N𝑖 := { 𝑗 : supp(𝑊 𝑗) ∩ supp(𝑊𝑖) ≠ ∅}

(see e.g. [1]), which means that the derivatives of each 𝜑𝑖 have to be computed from those of𝑊𝑖

and the sum of its neighboring𝑊 𝑗 through quotient rules.

Remark B.1. Currently, PUMA is capable of handling derivatives of arbitrary order. In more
specific detail, a maximal value has to be fixed at compile time, and certain compilation bounds
of the current implementation set a hard limit of 10 (which we are nevertheless not interested in
reaching). The implementation was a joint work of Jannik Michels and me, where before only
first and second order derivatives were allowed, and it revealed the need for a flexible and generic
implementation of product and quotient rules.

Our implementation of product rules is based on the following analysis. Given two scalar functions
𝑓 : R𝑑 → R, 𝑔 : R𝑑 → R and their product 𝑝 = 𝑓 𝑔, the product rule for first-order derivatives is

𝜕𝑖𝑝 = [𝑔 𝜕𝑖 𝑓 ] + [ 𝑓 𝜕𝑖𝑔],
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for second-order derivatives,

𝜕𝑖 𝑗 𝑝 = [𝑔 𝜕𝑖 𝑗 𝑓 ] + [𝜕𝑖 𝑓 𝜕 𝑗𝑔 + 𝜕 𝑗 𝑓 𝜕𝑖𝑔] + [ 𝑓 𝜕𝑖 𝑗𝑔],

for those of third order,

𝜕𝑖 𝑗𝑘 𝑝 = [𝑔 𝜕𝑖 𝑗𝑘 𝑓 ]+[𝜕𝑖 𝑗 𝑓 𝜕𝑘𝑔+𝜕𝑖𝑘 𝑓 𝜕 𝑗𝑔+𝜕 𝑗𝑘 𝑓 𝜕𝑖𝑔]+[𝜕𝑖 𝑗𝑔 𝜕𝑘 𝑓 +𝜕𝑖𝑘𝑔 𝜕 𝑗 𝑓 +𝜕 𝑗𝑘𝑔 𝜕𝑖 𝑓 ]+[ 𝑓 𝜕𝑖 𝑗𝑘𝑔],

and so on, where 𝑖, 𝑗 , 𝑘 ∈ {1, . . . , 𝑑}. Note that the ordering of the indices is important: every
sub-tuple of indices that is transferred to derivatives of either 𝑓 or 𝑔 must respect the ordering of the
original index tuple for 𝑝. We may understand each bracketed term as a “symmetric outer product”
that we denote by the symbol ⊠ , i.e.(

𝐷1 𝑓 ⊠𝐷1𝑔
)
𝑖 𝑗
= 𝜕𝑖 𝑓 𝜕 𝑗𝑔 + 𝜕 𝑗 𝑓 𝜕𝑖𝑔

would be the symmetric outer product of the gradients of 𝑓 and 𝑔, and(
𝐷2 𝑓 ⊠𝐷1𝑔

)
𝑖 𝑗𝑘

= 𝜕𝑖 𝑗 𝑓 𝜕𝑘𝑔 + 𝜕𝑖𝑘 𝑓 𝜕 𝑗𝑔 + 𝜕 𝑗𝑘 𝑓 𝜕𝑖𝑔

would be that of the hessian of 𝑓 and the gradient of 𝑔. For a general definition, let 𝑃(𝑛, 𝑚) be the
set of all possible partitions of {1, . . . , 𝑛 + 𝑚} into 2 subsets of sizes 𝑛 and 𝑚. We then define the
symmetric outer product of two tensors A and B of order 𝑛 and 𝑚, respectively (with size 𝑑 in all
dimensions), as the tensor of order 𝑛 + 𝑚 (also with size 𝑑 in all dimensions) with entries(

A ⊠B
)
𝛼
=

∑︁
(𝑆,𝑇 ) ∈𝑃 (𝑛,𝑚)

A𝛼[𝑆 ] B𝛼[𝑇 ] , 𝛼 = (𝛼1, . . . , 𝛼𝑛+𝑚) ∈ {1, . . . , 𝑑}𝑛+𝑚,

where by 𝛼[𝑆] we understand the 𝑛-array formed by the entries of 𝛼 with indices in 𝑆 (ordered by
increasing index), and analogously for 𝛼[𝑇]. Note that |𝑃(𝑛, 𝑚) | =

(𝑛+𝑚
𝑛

)
. In these terms, we can

write the 𝑘-th order derivatives of 𝑓 𝑔 as

𝐷𝑘 ( 𝑓 𝑔) =
𝑘∑︁
𝑖=0

(
𝐷𝑖 𝑓 ⊠𝐷𝑘−𝑖𝑔

)
.

To derive the quotient rule, let us consider 𝑓 /𝑔 with 𝑔 > 0. Applying the product rule to 𝑓 = 𝑔( 𝑓 /𝑔)
yields

𝐷𝑘 𝑓 =

𝑘∑︁
𝑖=0

[
𝐷𝑖𝑔 ⊠𝐷𝑘−𝑖

(
𝑓

𝑔

)]
= 𝑔 𝐷𝑘

(
𝑓

𝑔

)
+

𝑘∑︁
𝑖=1

[
𝐷𝑖𝑔 ⊠𝐷𝑘−𝑖

(
𝑓

𝑔

)]
,

from which it follows that

𝐷𝑘

(
𝑓

𝑔

)
=

1
𝑔

[
𝐷𝑘 𝑓 −

𝑘∑︁
𝑖=1

𝐷𝑖𝑔 ⊠𝐷𝑘−𝑖
(
𝑓

𝑔

)]
.

Note that the computation of each new derivative of 𝑓 /𝑔 relies on all its lower-order derivatives,
which was not the case for the product rule.
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B.2 Vectorized integration

For many years after its original conception, the main bottleneck of any computation made with
PUMA was the integration of multilinear forms into vectors and sparse matrices (or even distributed
third order tensors, if necessary). Because of the role that numerical integration plays in any
software library dedicated to the discretization and solution of PDEs with the Galerkin method,
this was its main drawback when compared to other available simulation software. This situation
came to an end in late 2024, when I finally managed to refactor our whole integration pipeline,
leaving behind a per-quadrature-point process for a new approach in which, for each cell, the critical
operations are performed on all its quadrature points at once, through innermost loops that are
usually vectorized by the compiler. This is what we have termed vectorized integration, an idea that
Albert Ziegenhagel and Lukas Troska had already had for a while, but which I carried to completion,
and which I consider my main contribution to the PUMA library.

With the old point-wise approach, the integration process over a given set of cells for the Poisson
bilinear form

∫
Ω
∇𝑢 · ∇𝑣 dΩ for a 2-dimensional domain Ω would roughly look like the following:

for cell in integration cells do
Generate quadrature points.
for quadrature point (𝑞, 𝑤) in quadrature points do

Evaluate all basis functions supported at the cell at location 𝑞.

for matrix block 𝐴𝑖 𝑗 in blocks affected by this cell do
for local basis index ℓ ∈ {1, . . . , 𝑚 𝑗} do

Let 𝐵 (𝑢) = ∇(𝜑 𝑗𝜗
𝑗

ℓ
) be the gradient of the corresponding trial basis function.

for local basis index 𝑘 ∈ {1, . . . , 𝑚𝑖} do
Let 𝐵 (𝑣) = ∇(𝜑𝑖𝜗𝑖𝑘) be the gradient of the corresponding test basis function.

Add weighted point-wise contribution into the destination, i.e.
(𝐴𝑖 𝑗)𝑘ℓ += 𝑤

(
𝐵
(𝑢)
0 𝐵

(𝑣)
0 + 𝐵 (𝑢)1 𝐵

(𝑣)
1

)
In the vectorized setting, however, it looks like this:

for cell in integration cells do
Generate quadrature points.
Evaluate all basis functions supported at the cell at all quadrature points.

for matrix block 𝐴𝑖 𝑗 in blocks affected by this cell do
for local basis index ℓ ∈ {1, . . . , 𝑚 𝑗} do

Let 𝐵 (𝑢) = ∇(𝜑 𝑗𝜗
𝑗

ℓ
) holding values for all quadrature points.

for local basis index 𝑘 ∈ {1, . . . , 𝑚𝑖} do
Let 𝐵 (𝑣) = ∇(𝜑𝑖𝜗𝑖𝑘) also holding values for all quadrature points.

for quadrature point (𝑞, 𝑤) in quadrature points do
Add weighted contribution into the destination, i.e.
(𝐴𝑖 𝑗)𝑘ℓ += 𝑤

(
𝐵
(𝑢)
0 [𝑞]𝐵

(𝑣)
0 [𝑞] + 𝐵

(𝑢)
1 [𝑞]𝐵

(𝑣)
1 [𝑞]

)
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In particular, this means that the structures used to hold basis values (𝐵 (𝑢) and 𝐵 (𝑣) for the gradients
in our pseudocode algorithms above) now have to hold results for all quadrature points. For the
case of 2-dimensional gradients, in our old approach we would use

xymath::FixedVector<Scalar, 2>,

where xymath::FixedVector<T, D> is a vector of size D (known at compile time) holding entries of
type T, which are simply updated at every new quadrature point. In the new approach, those objects
have been replaced by

xymath::FixedVector<xymath::AlignedVector<Scalar>, 2>,

i.e. their two components are no longer scalar values, but vectors of them, since
xymath::AlignedVector<T> is simply a std::vector<T, Allocator>, with a specific allocator
designed to perform aligned memory allocation, optimizing for memory accesses within vectorized
for-loops. This is not strictly necessary (a simple std::vector<Scalar> would do the work), but it
yields slight performance benefits.

For the remaining derivatives, entries of type Scalar have analogously been replaced by
xymath::AlignedVector<Scalar>, i.e. second order derivatives are stored in objects of type

xymath::FixedMatrix<xymath::AlignedVector<Scalar>, D, D>,

and higher-order derivatives in

xymath::FixedTensor<xymath::AlignedVector<Scalar>, Sizes<D, D, D, ...>>.

The new implementation allows the innermost for-loop over a cell’s quadrature points (a reduction
which contains trivial algebraic operations like additions and products) to be vectorized by the
compiler, which allows the processor to simultaneously perform multiple steps (up to 8, depending
on the CPU). The operations involved in the basis evaluation may now also be embedded into
vectorized for-loops (as long as they are based on simple algebraic operations and contain no
branching).

Of course, the difficulty lied not in coming up with this idea, but in refactoring all the involved code,
not only in the paunt library (where it was mostly tedious) but mainly in the geco library, which we
use to automatically generate C++ code for forms, tensor fields and enrichment spaces.

Multiple other changes incorporated to PUMA in the meantime (particularly affecting the generation
of integration cells) prevent a direct comparison between the non-vectorized and the vectorized
integration approaches, but the reduction in integration times should be driven mainly by the
vectorized approach. In Table B.1, we share the integration times of the Poisson bilinear form in
the unit square domain Ω = (0, 1)2, with PUM spaces based on homogeneous refinement levels
ℓ ∈ {7, 8} (i.e. with 22ℓ patches) and local polynomial spaces of degree 𝑝 ∈ {4, 5}. The choice of
large polynomial degrees forces the need for more quadrature points per cell and thus reveals the
benefits of the new approach even more clearly. In this specific case and for the few considered
parameter combinations, we observe a reduction factor larger than 2.5.
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Case Time(s)
ℓ 𝑝 old new
7 4 2.9 1.1
7 5 6.1 2.4
8 4 11.5 4.5
8 5 24.3 8.7

Table B.1: Integration times for the Poisson bilinear form
∫
Ω
∇𝑢 · ∇𝑣 dΩ in Ω = (0, 1)2 for PUM

spaces of refinement level ℓ and local polynomial spaces of degree 𝑝, with the old
(non-vectorized) and the new (vectorized) approaches for integration. A single thread
on a single process is used for integration.

B.3 Pre-compiled tensor fields

The functionality I will refer to here has been available in PUMA for a long time, just not properly
exploited. Multilinear forms may of course contain terms independent of the basis functions, e.g.∫
Ω
𝜅 ∇𝑢 · ∇𝑣 dΩ with some 𝜅 : Ω ⊂ R2 → R. In this case, the actual definition of 𝜅 may be passed

directly to the form evaluation code, for example for the choice 𝜅(x) := 1 + ∥x∥2 we would have

for local basis index ℓ ∈ {1, . . . , 𝑚 𝑗} do
Let 𝐵 (𝑢) = ∇(𝜑 𝑗𝜗

𝑗

ℓ
) holding values for all quadrature points.

for local basis index 𝑘 ∈ {1, . . . , 𝑚𝑖} do
Let 𝐵 (𝑣) = ∇(𝜑𝑖𝜗𝑖𝑘) also holding values for all quadrature points.

for quadrature point (𝑞, 𝑤) in quadrature points do
(𝐴𝑖 𝑗)𝑘ℓ += 𝑤

(
1 + ∥𝑞∥2

) (
𝐵
(𝑢)
0 [𝑞]𝐵

(𝑣)
0 [𝑞] + 𝐵

(𝑢)
1 [𝑞]𝐵

(𝑣)
1 [𝑞]

)
Alternatively, we may embed 𝜅 into a TensorField<Point2D, Scalar>, which can be evaluated (for
all quadrature points) prior to the loops over basis indices, i.e.

Let 𝐾 be the vector of evaluations of 𝜅 at all given quadrature points.

for local basis index ℓ ∈ {1, . . . , 𝑚 𝑗} do
Let 𝐵 (𝑢) = ∇(𝜑 𝑗𝜗

𝑗

ℓ
) holding values for all quadrature points.

for local basis index 𝑘 ∈ {1, . . . , 𝑚𝑖} do
Let 𝐵 (𝑣) = ∇(𝜑𝑖𝜗𝑖𝑘) also holding values for all quadrature points.

for quadrature point (𝑞, 𝑤) in quadrature points do
(𝐴𝑖 𝑗)𝑘ℓ += 𝑤𝐾 [𝑞]

(
𝐵
(𝑢)
0 [𝑞]𝐵

(𝑣)
0 [𝑞] + 𝐵

(𝑢)
1 [𝑞]𝐵

(𝑣)
1 [𝑞]

)
The second option leads to a more efficient form integration, since the evaluation of 𝜅 does not have
to be repeated for each pair of basis indices. Additionally, the form evaluation code does not have to
know the specific shape of 𝜅, simply that it is some scalar field 𝜅 : Ω ⊂ R2 → R. This makes it
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easier to generate and compile the form evaluation code, which we do with our geco library. This
library is also used to generate the code for evaluating the scalar field 𝜅 itself. In more complicated
scenarios, with multiple tensor fields involving complicated operations and combinations with the
form (e.g. all quantities related to the shell parametrization in the Kirchhoff-Love shell model), this
amounts to a significant improvement in both compilation and integration times. Notably, we can
embed a tensor field not only within a form, but also within another tensor field.

In addition to all that, the evaluation results of tensor fields are cached with respect to the most
recent set of quadrature points, which means that, when a further evaluation is requested for the
same set of quadrature points, we can easily detect it and return the results of the first evaluation,
avoiding any recomputation. This allows us to avoid reevaluating tensor fields when visiting the
different blocks of a vector or matrix affected by a certain integration cell, and also when the
tensor field appears in multiple different forms (to be integrated in the same loop over cells). The
performance gains associated to this cached evaluation are also significant, and it took us several
years after the original introduction of TensorField<PointType, ValueType> to come up with the
idea. In this case, Lukas Troska is responsible for it.

To visualize the impact of precompiling certain form components, we may focus our attention on
the volume term from the bilinear form of the Kirchoff-Love shell model from (3.14)

(B.1)
∫
Ω

𝐴(u) : 𝛼(v) dΩ +
∫
Ω

𝐵(u) : 𝛽(v) dΩ.

In this case, the surface normal a3, the contravariant basis vectors a1 and a2, the factor ∥a1 × a2∥ for
integration over the parameter domain, and the in-plane projection 𝑃 = I − a3 ⊗ a3 lend themselves
naturally to be precompiled into separate tensor fields. We do not mention the parametrization itself
and the covariant basis vectors because their evaluation is directly implemented as a tensor field,
relying on our xygeo library. For completeness, we share a schematic version of our python class
for a shell parametrization (with precompiled tensor fields) in Listing B.1, with the class for an
isotropic Kirchhoff-Love shell model in Listing B.2. Both of them are simplified versions of the
actual code, which has been developed over the years by Jannik Michels and me.

For a cylindrical shell with homogeneously refined parameter space (0, 1)2, considering refinement
levels ℓ ∈ {5, 6} and local polynomial spaces of degree 𝑝 ∈ {2, 3}, our results, gathered in Table B.2,
reveal a 25% reduction in integration times with precompiled tensor fields.

Case Time(s)
ℓ 𝑝 no-prec prec
5 2 1.9 1.5
5 3 6.0 4.5
6 2 7.8 6.0
6 3 24.8 18.3

Table B.2: Integration times for the volume terms from the bilinear form of the Kirchhoff-Love
shell model (B.1), for a cylindrical shell parametrization and PUM spaces of refinement
level ℓ and local polynomial spaces of degree 𝑝, either with precompiled tensor fields
for certain physical quantities (prec) or without them (no-prec). A single thread on a
single process is used for integration.
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class ShellParametrization:

def __init__(self, physical_map):

J = grad(physical_map)

x = Position()

# The columns of Q are the contravariant basis vectors

self._Q = J * inv(J.T * J)

self._Q = PrecompiledTensorFieldFunction(self._Q, 2)(x)

n_S = cross(J[:,0], J[:,1])

self._surface_factor = sqrt(inner(n_S, n_S))

self._surface_factor = PrecompiledTensorFieldFunction(self._surface_factor, 2)(x)

self._n = normalized(n_S)

self._n = PrecompiledTensorFieldFunction(self._n, 2)(x)

self._P = self._Q * J.T

self._P = PrecompiledTensorFieldFunction(self._P, 2)(x)

def surface_factor(self):

return self._surface_factor

def surface_normal(self):

return self._n

def orthogonal_projection(self):

return self._P

def Q(self):

return self._Q

def dir_grad(self, f):

if f.shape().is_scalar():

return self._Q * grad(f)

elif f.shape().is_vector():

return grad(f) * self._Q.T

assert f.shape().is_matrix()

# grad(f)'s 3rd (last) dimension is contracted with self._Q's 2nd (and also last) one

return tensordot(grad(f), self._Q, [[2], [1]])

Listing B.1: A peek into the python class used to represent shell parametrizations in PUMA.
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class IsotropicKirchhoffLoveShellModel:

def __init__(self, shell_parametrization: ShellParametrization, **parameters):

self._pm = shell_parametrization

self._thickness = parameters["thickness"]

self._E = parameters["E"]

self._nu = parameters["nu"]

def membrane_strain(self, u):

return sym(self._pm.orthogonal_projection() * self._pm.dir_grad(u))

def bending_strain(self, u):

n_S = self._pm.surface_normal()

return -sym(tensordot(n_S, self._pm.dir_grad(self._pm.dir_grad(u)), [[0], [0]]))

def bending_stress(self, u):

return ((self._thickness**3) / 12.) * self.apply_stiffness_tensor(self.bending_strain(u))

def membrane_stress(self, u):

return self._thickness * self.apply_stiffness_tensor(self.membrane_strain(u))

def second_variation_of_strain_energy(self, u, v):

# Bilinear form with test function v and trial function u

svse = inner(self.membrane_stress(u), self.membrane_strain(v)) \

+ inner(self.bending_stress(u), self.bending_strain(v))

return svse * self._pm.surface_factor() * dx

def apply_stiffness_tensor(self, oper):

P = self._pm.orthogonal_projection()

D = self._E /(1. - self._nu**2)

return D * ((1. - self._nu) * oper + self._nu * tr(oper) * P)

Listing B.2: A peek into the python class used to represent the isotropic Kirchhoff-Love shell model
in PUMA.
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B.4 Function space views

Finally, the multiple ways in which basis functions have to be manipulated to properly integrate
the forms appearing in this thesis prompted the implementation of multiple new derived classes of
FunctionSpace<PointType> in paunt. Such is the case of

• ElementAggregationFunctionSpace<PointType>,

• BoundaryRestrictedFunctionSpace<PointType>,

• SubDomainRestrictedFunctionSpace<PointType>,

• MappedBoundaryFunctionSpace<PointType>,

• PeriodicFunctionSpace<PointType>,

together with the improvement of the already available

• EmbeddedFunctionSpace<SourcePointType, TargetPointType>.

Their shared characteristic is that all of them rely on some underlying function space to perform the
actual evaluations, with an outer layer of manipulations involving the element supports and/or the
basis values.

The core function space in paunt is PumSpace<PointType>, and an element aggregation space may
be wrapped around a PUM space to perform element aggregation as described in [1, Section 2.3].
Boundary-restricted function spaces (or their subdomain counterparts) are used for Nitsche
stabilization functions, while mapped-boundary function spaces allow for shell coupling (and
solid-shell blending) by transforming the supports of basis functions and evaluation locations
between the parameter domains of the involved shells (see Figure 3.2 and Figure 3.3). For solid-shell
blending, embedded function spaces allow for the treatment of the shell function space (which is
inherently two-dimensional) as a three-dimensional space by an extruded view of its parameter
domain. Finally, periodic function spaces can be used to perform shell coupling at different boundary
parts of the same parameter domain, e.g. for cylindrical or toroidal geometries.

Needless to say, not only a PumSpace<PointType> can be embedded into one of this
function spaces views, but views can also be embedded into one another, producing
some matrioska-like structures, e.g. an EmbeddedFunctionSpace<Point2D, Point3D> may
be wrapped around a MappedBoundaryFunctionSpace<Point2D>, itself wrapped around some
ElementAggregationFunctionSpace<Point2D>, finally wrapped around a PumSpace<Point2D>.
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C Attached papers

This final appendix includes the two papers [1] and [2] written in collaboration with my advisor.
The first one, attached in Appendix C.1, was briefly described in Section 3.5, and the second one,
attached in Appendix C.2, was summarized in Chapter 5. Since the latter has not yet been officially
published at the time of printing this thesis, we provide here a pre-print version of it.

While the developments for both works have been carried out exclusively by me, my advisor
contributed careful reviews and suggestions for the numerical experiments. I particularly appreciate
the suggestion that led to [2, Example 5.2], an experiment which very neatly shows how the sparsity
pattern of the FSAI preconditioner adapts to an anisotropic setting.

We considered the possibility of making a third paper out of Appendix A in case somebody would
find it helpful, but since computational geometry is not our field of expertise, we decided to keep it
as part of this thesis.
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A B S T R A C T

In this paper we develop a partition-of-unity construction of the stabilization function required
in Nitsche’s method, which can be seen as a generalization of the element-wise construction that
is widely used in finite element methods. This allows for the use of Nitsche’s method within the
Partition of Unity Method with a stabilization function that is not simply a constant over the
whole boundary. In addition to that, we introduce a patch-aggregation approach designed to
avoid arbitrarily large values of the stabilization function and the associated ill-conditioned
systems and deteriorated convergence rates. We present numerical results to validate the
proposed methods, covering Dirichlet boundary conditions, interface constraints and higher-
order problems. These results clearly show that our approach leads to optimal convergence
rates.

1. Introduction

A critical though sometimes overlooked component in the numerical discretization of PDEs is the translation of essential boundary
or interface conditions from the strong or the weak formulation to the discrete setting. The nodal assignment of Dirichlet boundary
conditions in the standard Finite Element Method (FEM) constitutes the simplest approach, but that stems from the direct availability
of nodal basis functions with the Kronecker-delta property in the FEM, and from the simplicity of the boundary condition itself.

However, it is not straightforward to generalize that simple approach for discrete function spaces that lack a nodal basis, at
least at the boundary (e.g. some meshfree methods), or in the context of more complicated boundary conditions, such as those
from higher-order problems (e.g. shell problems), those associated to complicated curved boundaries, or interface constraints
(e.g. contact with or without friction). Furthermore, these two cases are not independent: usually, those problems that give rise
to more complicated boundary conditions can typically be better approximated with modern discretization methods that lack a
nodal basis at the boundary, such as the Partition of Unity Method (PUM) [1,2].

One technique to impose essential constraints without the need for a nodal basis at the boundary is Nitsche’s method, first
introduced in [3]. This method has received significant attention in recent years, including the abstract framework formulated by
Benzaken et al. [4], as well as a rigorous derivation of the method for Kirchhoff–Love plates and shells [5], an exploration of the
stabilization function within unfitted FEM discretizations by de Prenter et al. [6], and its extension for contact problems by Chouly
et al. [7], among others.

In the context of the PUM, the usual approach to impose Dirichlet boundary conditions has been the algebraic technique described
by Schweitzer [8], based on splitting each local space into two subspaces: one to impose the boundary conditions, and the other one
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to solve the PDE (which can be seen essentially as the limit case of Nitsche’s method for an arbitrarily large stabilization function).
Nonetheless, Nitsche’s method with finite stabilization had already been used earlier by Griebel and Schweitzer [9], albeit simply
with a constant stabilization function. Due to its simplicity, this was also the original approach for Nitsche’s method within the
FEM, where nevertheless it is now common to construct a stabilization function that is constant only on every element [10,11].
This allows to adapt such function to the local properties both of the problem and of the discrete function space. In this work, we
describe the construction of a stabilization function which generalizes this FEM approach, and which can be used within the PUM
context. In addition to that, we present a patch-aggregation technique designed to avoid arbitrarily large values of the stabilization
function and ill-conditioned systems, an issue which is analogous to the one presented in [6].

The paper is organized as follows. In Section 2, we introduce the basic notions of the PUM required for the subsequent arguments,
including the construction of a so-called cover of the domain, and the patch-aggregation technique. In Section 3, we describe Nitsche’s
method in its most basic setting: the Poisson problem with Dirichlet boundary conditions only. We rely on this setting to present our
partition-of-unity construction of the stabilization function, which can nevertheless be generalized to any other Nitsche formulation.
In Section 4, we illustrate the use of Nitsche’s method in the PUM with several numerical examples considering a wide range of
applications: from second order interface problems, over shell problems, to sixth-order PDEs. We conclude the paper with a brief
discussion in Section 5.

2. The Partition of Unity Method

In this section, we briefly introduce the Flat-Top Partition of Unity Method (FT-PUM) by Griebel and Schweitzer [1,2], focusing
on those aspects that will be relevant in subsequent sections. All the functionalities that we describe here are implemented within
the PUMA software framework developed at Fraunhofer SCAI.1

2.1. Cover construction

Given some open Lipschitz domain 𝛺 ⊂ R𝑑 , the first step will be to construct an open cover of it

𝛺 = {𝜔𝑖}𝑁𝑖=1,

consisting of open sets 𝜔𝑖 (called patches) such that 𝛺̄ ⊂
⋃𝑁
𝑖=1 𝜔𝑖. In what follows, we describe a simple procedure for the construction

of open covers that we will use in this work. For a detailed description of a more general procedure, we refer to [12].
First, we take a 𝑑-dimensional bounding box of the domain

𝑄 ∶=
𝑑∏
𝑗=1

(𝑎𝑗 − 𝑟, 𝑎𝑗 + 𝑟) with 𝑟 > 0, 𝛺 ⊂ 𝑄,

𝑎𝑗 being the coordinates of its center. Now, for 𝑘 ∈ {0} ∪ N, let 𝑄 be the uniformly-refined structured decomposition of 𝑄 which
arises from splitting each interval (𝑎𝑗 − 𝑟, 𝑎𝑗 + 𝑟) into 2𝑘 elements of equal length. We will refer to 𝑘 as the discretization level. This
set is then composed of 𝑀𝑘 = 2𝑘𝑑 𝑑-dimensional boxes whose sides are of length 2ℎ = 21−𝑘𝑟, i.e.

𝑄 ∶= {𝑅𝑖}
𝑀𝑘
𝑖=1 , 𝑅𝑖 ∶=

𝑑∏
𝑙=1

(
(𝑥𝑖)𝑙 − ℎ, (𝑥𝑖)𝑙 + ℎ

)
,

where 𝑥𝑖 ∈ R𝑑 is the center of the 𝑑-dimensional box 𝑅𝑖 (with coordinates (𝑥𝑖)𝑙), as shown in Fig. 1. Note that we can also construct
a locally-refined structured decomposition of 𝑄, as shown in Fig. 2. For simplicity we will stick to uniform refinement and will come
back to the general case later. We may ignore those boxes not intersecting the domain, leading to the definition of

𝛺 ∶=
{
𝑅 ∈ 𝑄 ∶ 𝑅 ∩𝛺 ≠ ∅

}
.

At this point, we define a set 𝛺 of overlapping patches 𝜔𝑖 by stretching the boxes 𝑅𝑖 ∈ 𝛺 with some factor 𝛼 ∈ (1, 2):

𝛺 ∶=
{
𝜔 ∶= 𝑆𝛼(𝑅) ∶ 𝑅 ∈ 𝛺

}
,

where the stretching operator 𝑆𝛼 is defined as
𝑑∏
𝑙=1

(𝑐𝑙 − 𝑠, 𝑐𝑙 + 𝑠)
𝑆𝛼
←←←←←←←←←←←←←←→

𝑑∏
𝑙=1

(𝑐𝑙 − 𝛼𝑠, 𝑐𝑙 + 𝛼𝑠).

By an abuse of notation, we may write 𝛺 = {𝜔𝑖}𝑁𝑖=1 after a reindexing of the patches. The stretch factor 𝛼 controls the size of the
overlap between patches: 𝛼 > 1 implies that the overlap is non-empty, while 𝛼 < 2 guarantees that the following pointwise overlap
condition holds

∀𝑥 ∈ 𝛺 ∶ card
({
𝑖 ∶ 𝑥 ∈ 𝜔𝑖, 𝜔𝑖 ∈ 𝛺}) ≤ 2𝑑 . (1)

1 https://www.scai.fraunhofer.de/en/business-research-areas/meshfree-multiscale-methods/products/puma.html
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Fig. 1. Globally-refined structured decomposition of a bounding box 𝑄 of a domain 𝛺.

Fig. 2. Locally-refined structured decomposition of a bounding box 𝑄 of a domain 𝛺.

Fig. 3. Open cover of a domain 𝛺.

An example of such a cover can be seen in Fig. 3. In addition, we define

𝜔𝑖,FT ∶= 𝜔𝑖
\ 𝑁⋃

𝑗=1
𝑗≠𝑖
𝜔𝑗 , (2)

which we will refer to as the flat-top region (hence the FT subscript) of patch 𝜔𝑖, for reasons that will become clear later.
We say the weak flat-top property holds whenever there exists 𝐶FT > 0 such that, for any cover 𝛺,

𝜇𝑑 (𝜔𝑖,FT) ≥ 𝐶FT 𝜇𝑑 (𝜔𝑖), ∀𝜔𝑖 ∈ 𝛺 , (3)

where 𝜇𝑑 is the 𝑑-dimensional Lebesgue measure. Note that, for a cover constructed as above, it holds that
𝜇𝑑 (𝜔𝑖,FT)
𝜇𝑑 (𝜔𝑖)

≥ (2 − 𝛼
𝛼

)𝑑
> 0, ∀𝜔𝑖 ∈ 𝛺 .

Let us now refer to the more general case of locally-refined covers where, beginning with level 0, each patch might be refined to
the next level (i.e. split into 2𝑑 boxes of equal size) or not. In the resulting cover, two neighboring, unstretched patches may belong
to different levels of refinement. For the weak flat-top property to hold in these cases, we first need to impose a maximum level
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Fig. 4. Weight-generating functions  for different regularities 𝑘.

difference 𝛥𝐿 between neighboring patches, in which case it holds that

𝜇𝑑 (𝜔𝑖,FT)
𝜇𝑑 (𝜔𝑖)

≥
(
2 − (2𝛥𝐿 + 1)(𝛼 − 1)

2𝛼

)𝑑

, ∀𝜔𝑖 ∈ 𝛺 ,
which can be derived by a simple 1D argument with two segments of length 1 and one of length 2𝛥𝐿. For the right hand side of the
inequality to be positive, we need the new upper bound

𝛼 < 1 + 2
2𝛥𝐿 + 1

,

which reduces to the prior 𝛼 < 2 for uniform refinement, i.e. if 𝛥𝐿 = 0.
The weak flat-top property also prevents the stretching of patches from creating new neighborhood-relationships apart from

those coming from the unstretched patches, which in particular implies that the pointwise overlap condition (1) also holds.

2.2. Construction of a partition of unity

Having a cover 𝛺 = {𝜔𝑖}𝑁𝑖=1, the next step is the construction of a partition of unity (PU) associated to it: a finite set of Lipschitz
functions {𝜑𝑖}𝑁𝑖=1 with 𝜑𝑖 ∶R𝑑 → [0, 1], ∑𝑁

𝑖=1 𝜑𝑖 ≡ 1 in 𝛺̄, and satisfying

supp(𝜑𝑖) ⊂ 𝜔̄𝑖, ‖‖𝜑𝑖‖‖𝐿∞(R𝑑 ) ≤ 𝐶∞, ‖‖∇𝜑𝑖‖‖𝐿∞(R𝑑 ) ≤ 𝐶∇
diam(𝜔𝑖)

, ∀𝑖 = 1,… , 𝑁.

We will construct these PU functions by a localized version of Shepard’s method, as in [2,12]. This approach amounts to taking
weight functions 𝑊𝑖 ∶ R𝑑 → R≥0 with supp(𝑊𝑖) ⊂ 𝜔̄𝑖 and ∑𝑁

𝑖=1𝑊𝑖 > 0 on 𝛺̄, and then setting

𝜑𝑖(𝑥) =
𝑊𝑖(𝑥)∑𝑁
𝑗=1𝑊𝑗 (𝑥)

=
𝑊𝑖(𝑥)∑

𝑗∈𝐶𝑖 𝑊𝑗 (𝑥)
,

where 𝐶𝑖 ∶= {𝑗 ∶ 𝜔𝑗 ∩ 𝜔𝑖 ≠ ∅} is the set of indices corresponding to patches in the neighborhood of 𝜔𝑖. As a result, 𝜑𝑖 ≡ 1 on
𝜔𝑖,FT ⊂ 𝜔𝑖, which is why we call it the flat-top region of 𝜔𝑖 (see [2]).

In particular, for our previous choice of 𝜔𝑖 as 𝑑-dimensional boxes, we can construct the weight functions 𝑊𝑖 from a univariate
function  ∶ [0, 1] → R≥0 as

𝑊𝑖(𝑥) =
𝑑∏
𝑙=1


(
𝑥𝑙 − 𝑎

(𝑖)
𝑙

𝑏(𝑖)𝑙 − 𝑎(𝑖)𝑙

)
, 𝑥 = (𝑥1,… , 𝑥𝑑 ) ∈ 𝜔𝑖 =

𝑑∏
𝑙=1

(
𝑎(𝑖)𝑙 , 𝑏

(𝑖)
𝑙

)
(4)

and 0 for 𝑥 ∉ 𝜔𝑖. For a given regularity 𝑘 ≥ 0 and 𝛿 ∈ (0, 0.5), we will construct  ∈ 𝐶𝑘([0, 1]) as the B-spline function of degree
𝑝 = 2𝑘 + 1 with knots

( 0,… , 0
⏟⏟⏟
𝑝+1

, 𝛿,… , 𝛿
⏟⏟⏟

𝑝

, 1 − 𝛿,… , 1 − 𝛿
⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟

𝑝

, 1,… , 1
⏟⏟⏟
𝑝+1

)

and control points

( 0,… , 0
⏟⏟⏟
(𝑝+1)∕2

, 1,… , 1
⏟⏟⏟

2𝑝

, 0,… , 0
⏟⏟⏟
(𝑝+1)∕2

).

It then holds that 𝑊𝑖 ∈ 𝐶𝑘(R𝑑 ), and thus 𝜑𝑖 ∈ 𝐶𝑘(R𝑑 ) as well. The shape of  for different values of 𝑘 is shown in Fig. 4.
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By choosing 𝛿 = 1−𝛼−1, 𝛼 being the stretch factor of the cover, we can make the flat top region of  coincide with that of every
interior patch of a uniformly refined cover. More generally, for an interior patch, i.e. 𝜔𝑖 ∩ 𝜕𝛺 = ∅, it holds that

𝑁∑
𝑗=1

𝑊𝑗 (𝑥) = 1, ∀𝑥 ∈ 𝜔𝑖,

implying that each Shepard weight coincides with the corresponding PU function at any such point.
Finally, as a special case (which we will use later), discontinuous PU functions 𝜑𝑖 ∈ 𝐿2(𝛺) can be generated by the simple choice = 1(0,1).

2.3. Strong flat-top property and patch aggregation

We have already stated a weak flat-top property (3), but it involved the flat-top region defined in (2), which does not account
for the domain 𝛺. We may remediate that now: we say that the strong flat-top property holds if there exists 𝐶FT(𝛺) > 0 such that,
for any cover 𝛺,

𝜇𝑑 (𝜔𝑖,FT ∩𝛺)
𝜇𝑑 (𝜔𝑖)

≥ 𝐶FT(𝛺), ∀𝜔𝑖 ∈ 𝛺 .
The cover construction process defined previously can only account for the weak flat-top property through the maximum level

difference between neighboring patches 𝛥𝐿 and the stretch factor 𝛼. A rigorous enforcement of the strong property is not yet
available, but some strategies can be devised to avoid the appearance of patches for which 𝜇𝑑 (𝜔𝑖,FT ∩ 𝛺)∕𝜇𝑑 (𝜔𝑖) is very small (or
even 0).

Our procedure, which we describe in Algorithm 1, is based on the one developed by Johansson and Larson [13] in the context
of unfitted FEM discretizations. For different approaches (restricted to the FEM), we refer to [14, Section 3.4] and the references
therein.

Algorithm 1 Patch Aggregation

Input: A partition of unity {𝜑𝑖}𝑖∈ associated to a cover  = {𝜔𝑖}𝑖∈ of some open Lipschitz domain 𝛺 ⊂ R𝑑 , and a threshold
parameter 𝛿 ∈ (0, 1).

Output: An aggregated partition of unity {𝜑̃𝑖}𝑖∈ with  ⊂ .

1: Split the index set into  = large ⊍ small according to

𝑖 ∈ small ⟺ 𝜔𝑖 ∩ 𝜕𝛺 ≠ ∅ ∧
𝜇𝑑 (𝜔𝑖,FT ∩𝛺)

𝜇𝑑 (𝜔𝑖)
< 𝛿.

2: For every 𝑖 ∈ small, let

(𝑖) ∶= {𝑗 ∈ large ∶ 𝜔𝑗 ∩ 𝜔𝑖 ∩𝛺 ≠ ∅},

i.e. the neighboring indices of 𝑖 in large. Whenever (𝑖) ≠ ∅, we may define

 (𝑖) ∶= argmax
𝑗∈(𝑖) 𝜇𝑑 (𝜔𝑗 ∩ 𝜔𝑖 ∩𝛺),

as the index of the patch to which 𝜔𝑖 will be ‘‘aggregated’’.
3: Finally, let

 ∶= large ∪
{
𝑖 ∈ small ∶ (𝑖) = ∅

}
.

4: return {𝜑̃𝑖}𝑖∈ defined by

𝜑̃𝑖 ∶= 𝜑𝑖 +
∑

𝑗∈⧵
𝑖= (𝑗)

𝜑𝑗 , 𝑖 ∈  .

In step 2, we may want {𝜑̃𝑖} to maintain the same sparsity pattern as {𝜑𝑖}, which we can enforce by restricting the candidates(𝑖) to those neighboring patches 𝜔𝑗 that intersect all other neighbors of 𝜔𝑖. If the threshold parameter 𝛿 is small enough and the
cover is sufficiently refined, (𝑖) should be non-empty for every 𝑖 ∈ small, in which case  = large.

Note that the possibility of  (𝑖1) =  (𝑖2) for 𝑖1, 𝑖2 ∈ small, 𝑖1 ≠ 𝑖2, is perfectly allowed. For an illustration of these 2 steps, see
Fig. 5.

Note further that, for a PU {𝜑𝑖}𝑖∈ constructed with Shepard’s method, aggregating the 𝜑𝑖 is equivalent to aggregating the weights
𝑊𝑖, i.e.

𝜑̃𝑖 =
𝑊̃𝑖∑
𝑗∈ 𝑊̃𝑗

, 𝑊̃𝑖 ∶= 𝑊𝑖 +
∑
𝑗∈⧵
𝑖= (𝑗)

𝑊𝑗 , 𝑖 ∈  .
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Fig. 5. Patch aggregation: patches in small are colored in red. For each of them, the corresponding 𝜔 (𝑖) is colored in green, and the respective aggregation is
indicated by an arrow.

The name patch aggregation comes from the fact that

supp(𝜑̃𝑖) = supp(𝜑𝑖) ∪
⋃
𝑗∈⧵
𝑖= (𝑗)

supp(𝜑𝑗 ) = 𝜔𝑖 ∪
⋃
𝑗∈⧵
𝑖= (𝑗)

𝜔𝑗 .

2.4. PU function space

Given some PU {𝜑𝑖}𝑁𝑖=1, we can construct function spaces for a Galerkin discretization by multiplying each PU function 𝜑𝑖 with
some local approximation space 𝑉𝑖 = span⟨{𝜗𝑛𝑖 }𝑑𝑖𝑛=1⟩ defined on supp(𝜑𝑖). This yields the Partition of Unity space

𝑉 PU ∶=
𝑁∑
𝑖=1

𝜑𝑖𝑉𝑖 =
𝑁∑
𝑖=1

𝜑𝑖 span⟨{𝜗𝑛𝑖 }𝑑𝑖𝑛=1⟩ = span⟨{𝜑𝑖𝜗𝑛𝑖 ∶ 𝑛 = 1,… , 𝑑𝑖}𝑁𝑖=1⟩.

A usual choice is 𝑉𝑖 = 𝑉 𝑝𝑖 the local spaces of polynomials of order 𝑝𝑖. However, it is possible to enrich the local spaces with
special functions designed for each particular problem (e.g. singularities, crack or interface discontinuities), in which case we write
𝑉𝑖 = 𝑉 𝑝𝑖 + 𝑖. Since, as we have seen, PU functions can be constructed with any required regularity, and combined with local
polynomial spaces of any desired degree, PU spaces can be directly used for the numerical solution of PDEs of any order.

Note, however, that one of the differences with the FEM is that the resulting PUM basis functions 𝜑𝑖𝜗𝑛𝑖 are not interpolatory in
general.

3. Nitsche’s method

3.1. The Poisson problem

Nitsche’s method [3] can be described as a consistent penalty method for the weak imposition of essential boundary conditions
in Galerkin discretizations of PDEs. To illustrate it in a simple manner, let us consider the Poisson problem with Dirichlet boundary
conditions in a Lipschitz domain 𝛺 ⊂ R𝑑 with 𝑑 ∈ {2, 3},

−𝛥𝑢 = 𝑓 in 𝛺,

𝑢 = 𝑔 on 𝜕𝛺.
(5)

Given a finite-dimensional subspace 𝑉𝑁 ⊂ 𝐻1(𝛺), the original method proposed by Nitsche consists in finding 𝑢𝑁 ∈ 𝑉𝑁 such that

∫𝛺 ∇𝑢𝑁 ⋅ ∇𝑣d𝛺 − ∫𝜕𝛺
(
(∇𝑢𝑁 ⋅ 𝐧)𝑣 + (∇𝑣 ⋅ 𝐧)𝑢𝑁

)
d𝛤 + ∫𝜕𝛺 𝛾𝑁𝑢𝑁𝑣d𝛤 =

= ∫𝛺 𝑓𝑣d𝛺 − ∫𝜕𝛺(∇𝑣 ⋅ 𝐧)𝑔d𝛤 + ∫𝜕𝛺 𝛾𝑁𝑔𝑣d𝛤 , ∀𝑣 ∈ 𝑉𝑁 ,
(6)

with a stabilization function 𝛾𝑁 ∈ 𝐿2(𝜕𝛺), 𝛾𝑁 > 0. After denoting

𝑎𝑁 (𝑣,𝑤) ∶= ∫𝛺 ∇𝑣 ⋅ ∇𝑤d𝛺 − ∫𝜕𝛺 ((∇𝑤 ⋅ 𝐧)𝑣 + (∇𝑣 ⋅ 𝐧)𝑤) d𝛤 + ∫𝜕𝛺 𝛾𝑁𝑣𝑤d𝛤 ,
𝓁𝑁 (𝑣) ∶= ∫𝛺 𝑓𝑣d𝛺 − ∫𝜕𝛺(∇𝑣 ⋅ 𝐧)𝑔d𝛤 + ∫𝜕𝛺 𝛾𝑁𝑔𝑣d𝛤 ,

Problem (6) can be written as

𝑢𝑁 ∈ 𝑉𝑁 ∶ 𝑎𝑁 (𝑣, 𝑢𝑁 ) = 𝓁𝑁 (𝑣), ∀𝑣 ∈ 𝑉𝑁 . (7)
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Note that, if 𝑢 ∈ 𝐻2(𝛺) is a solution to (5), then after multiplying the Poisson equation by a test function 𝑣 ∈ 𝐻1(𝛺) and integrating
by parts,

∫𝛺 ∇𝑢 ⋅ ∇𝑣d𝛺 − ∫𝜕𝛺(∇𝑢 ⋅ 𝐧)𝑣d𝛤 = ∫𝛺 𝑓𝑣d𝛺,
which, together with the Dirichlet boundary condition, implies that

𝑎𝑁 (𝑣, 𝑢) = 𝓁𝑁 (𝑣), ∀𝑣 ∈ 𝐻1(𝛺).

This also holds, in particular, for all 𝑣 ∈ 𝑉𝑁 ⊂ 𝐻1(𝛺), from which the method is said to be consistent. As a result, as long as
Problem (7) has a solution 𝑢𝑁 ∈ 𝑉𝑁 , the Galerkin orthogonality property holds,

𝑎𝑁 (𝑣, 𝑢 − 𝑢𝑁 ) = 0, ∀𝑣 ∈ 𝑉𝑁 . (8)

Furthermore, it is well-known that Problem (7) is equivalent to

min
𝑤∈𝑉𝑁

[
∫𝛺

( 1
2
|∇𝑤|2 − 𝑓𝑤

)
d𝛺 + ∫𝜕𝛺

( 𝛾𝑁
2
(𝑤 − 𝑔) − (∇𝑤 ⋅ 𝐧)

)
(𝑤 − 𝑔)d𝛤

]
.

To study the well-posedness of Problem (7), let us first define the following energy norm (following [6])

|||𝑣|||2 ∶= ‖∇𝑣‖2
𝐿2(𝛺) +

‖‖‖‖‖
𝛾
− 1

2
𝑁 (∇𝑣 ⋅ 𝐧)

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
+
‖‖‖‖‖
𝛾

1
2
𝑁𝑣

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
. (9)

With respect to this norm, we can establish 𝑉𝑁 -coercivity and continuity of 𝑎𝑁 (⋅, ⋅) with constants that are independent of 𝛾𝑁 ,
provided that the following trace inequality holds:

∃𝜚 ∈ (0, 1) ∶
‖‖‖‖‖
𝛾
− 1

2
𝑁 ∇𝑣 ⋅ 𝐧

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
≤ 𝜚2 ‖∇𝑣‖2

𝐿2(𝛺) , ∀𝑣 ∈ 𝑉𝑁 . (10)

Indeed, the continuity result

𝑎𝑁 (𝑣, 𝑢) ≤ 2|||𝑢||||||𝑣||| ∀𝑢, 𝑣 ∈ 𝑉𝑁 ⊕𝐻2(𝛺)

holds independently of the choice of 𝛾𝑁 (see [6, Lemma 4]). Moreover, using Cauchy–Schwarz and Young’s inequalities, for any
𝜖 > 0

2∫𝜕𝛺(∇𝑣 ⋅ 𝐧)𝑣d𝛤 ≤ 2
‖‖‖‖‖
𝛾
− 1

2
𝑁 ∇(𝑣 ⋅ 𝐧)

‖‖‖‖‖𝐿2(𝜕𝛺)

‖‖‖‖‖
𝛾

1
2
𝑁𝑣

‖‖‖‖‖𝐿2(𝜕𝛺)
≤ 1
𝜖

‖‖‖‖‖
𝛾
− 1

2
𝑁 ∇(𝑣 ⋅ 𝐧)

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
+ 𝜖

‖‖‖‖‖
𝛾

1
2
𝑁𝑣

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
, ∀𝑣 ∈ 𝑉𝑁 , (11)

so that

𝑎𝑁 (𝑣, 𝑣) = ‖∇𝑣‖2
𝐿2(𝛺) − 2∫𝜕𝛺(∇𝑣 ⋅ 𝐧)𝑣d𝛤 +

‖‖‖‖‖
𝛾

1
2
𝑁𝑣

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
≥

≥ ‖∇𝑣‖2
𝐿2(𝛺) + (1 − 𝜖)

‖‖‖‖‖
𝛾

1
2
𝑁𝑣

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
− 1
𝜖

‖‖‖‖‖
𝛾
− 1

2
𝑁 (∇𝑣 ⋅ 𝐧)

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
≥

≥ (1 − 𝜖)

(
‖∇𝑣‖2

𝐿2(𝛺) +
‖‖‖‖‖
𝛾

1
2
𝑁𝑣

‖‖‖‖‖

2

𝐿2(𝜕𝛺)

)
+
(
𝜖
𝜚2

− 1
𝜖

)‖‖‖‖‖
𝛾
− 1

2
𝑁 (∇𝑣 ⋅ 𝐧)

‖‖‖‖‖

2

𝐿2(𝜕𝛺)

holds for all 𝑣 ∈ 𝑉𝑁 . Coercivity follows by choosing 𝜖 ∈ (𝜚, 1), in which case it additionally holds that
𝜖
𝜚2

− 1
𝜖
≥ 𝜖
𝜚2

− 1
𝜚
= 𝜖 − 𝜚

𝜚2
,

and the particular choice 𝜖⋆ = (𝜚 + 𝜚2)∕(1 + 𝜚2) ∈ (𝜚, 1) leads to

𝑎𝑁 (𝑣, 𝑣) ≥ 1 − 𝜚
1 + 𝜚2

|||𝑣|||2, ∀𝑣 ∈ 𝑉𝑁 .

Existence and uniqueness of a solution to Problem (7) follow then from the Lax–Milgram Theorem. Furthermore, those two results,
combined with Galerkin orthogonality (8), imply Céa’s Lemma: if 𝑢 ∈ 𝐻2(𝛺) is the solution to (5) and 𝑢𝑁 ∈ 𝑉𝑁 is the solution to
(7), then

|||𝑢 − 𝑢𝑁 ||| ≤
(
1 + 2 1 + 𝜚2

1 − 𝜚

)
inf
𝑣∈𝑉𝑁

|||𝑢 − 𝑣|||. (12)

3.2. Constant stabilization function

If 𝛾𝑁 is chosen as a constant over 𝜕𝛺, then (10) reduces to 𝛾𝑁 > 𝐶𝑁 , for a constant 𝐶𝑁 > 0 such that

‖∇𝑣 ⋅ 𝐧‖2
𝐿2(𝜕𝛺) ≤ 𝐶𝑁 ‖∇𝑣‖2

𝐿2(𝛺) , ∀𝑣 ∈ 𝑉𝑁 , (13)
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as it is well known. In this case, given some basis {𝜙𝑖} of the function space 𝑉𝑁 , 𝐶𝑁 can be determined as the largest eigenvalue of
the generalized eigenvalue problem (GEP) 𝐴𝑥 = 𝜆𝐵𝑥, with

𝐴𝑖𝑗 = ∫𝜕𝛺(∇𝜙𝑖 ⋅ 𝐧)(∇𝜙𝑗 ⋅ 𝐧)d𝛤 , 𝐵𝑖𝑗 = ∫𝛺 ∇𝜙𝑖 ⋅ ∇𝜙𝑗d𝛺,

(as done already within the PUM context by Griebel and Schweitzer [9]). If we then set 𝛾𝑁 = 𝛽𝐶𝑁 for some 𝛽 > 1, (10) holds with
𝜚 = 𝛽−1∕2. A usual choice is 𝛽 = 2.

3.3. A partition of unity construction of the stabilization function

A common alternative procedure in Nitsche-FEM methods is to use a Nitsche stabilization function that, instead of being globally
constant, is only constant on every element, with each element value determined independently (see [10,11]). In order to generalize
this approach, let {𝜓𝑘}𝑀𝑘=1 be a non-negative partition of unity of 𝛺̄ with

𝜇𝑑 (supp(𝜓𝑘) ∩𝛺) > 0 ∀𝑘 = 1,… ,𝑀,

and define 𝛾𝑁 ∶= 1∕𝜂𝑁 with

𝜂𝑁 ∶=
∑
𝑘∈

𝜓𝑘||𝜕𝛺 𝜂(𝑘)𝑁 ,  ∶=
{
𝑘 ∈ {1,… ,𝑀} ∶ 𝜇𝑑−1(supp(𝜓𝑘) ∩ 𝜕𝛺) > 0

}

and coefficients 𝜂(𝑘)𝑁 > 0. Generalizing (13), we will choose these 𝜂(𝑘)𝑁 based on constants 𝐶 (𝑘)
𝑁 > 0 which satisfy

‖‖‖‖‖
𝜓

1
2
𝑘 (∇𝑣 ⋅ 𝐧)

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
≤ 𝐶 (𝑘)

𝑁

‖‖‖‖‖
𝜓

1
2
𝑘 ∇𝑣

‖‖‖‖‖

2

𝐿2(𝛺)
, ∀𝑣 ∈ 𝑉𝑁 , 𝑘 ∈ . (14)

Indeed, given such constants, we have that

‖‖‖‖‖
𝛾
− 1

2
𝑁 (∇𝑣 ⋅ 𝐧)

‖‖‖‖‖

2

𝜕𝛺
= ∫𝜕𝛺

(∑
𝑘∈

𝜂(𝑘)𝑁 𝜓𝑘

)
(∇𝑣 ⋅ 𝐧)2d𝛤 =

∑
𝑘∈

𝜂(𝑘)𝑁
‖‖‖‖‖
𝜓

1
2
𝑘 (∇𝑣 ⋅ 𝐧)

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
≤

≤ ∑
𝑘∈

𝜂(𝑘)𝑁 𝐶 (𝑘)
𝑁

‖‖‖‖‖
𝜓

1
2
𝑘 ∇𝑣

‖‖‖‖‖

2

𝐿2(𝛺)
≤ max

𝑘∈
(
𝜂(𝑘)𝑁 𝐶 (𝑘)

𝑁

)∑
𝑗∈

‖‖‖‖‖
𝜓

1
2
𝑗 ∇𝑣

‖‖‖‖‖

2

𝐿2(𝛺)
≤ max

𝑘∈
(
𝜂(𝑘)𝑁 𝐶 (𝑘)

𝑁

)
‖∇𝑣‖2

𝐿2(𝛺) ,

so a sufficient condition for (10) to hold is 1∕𝜂(𝑘)𝑁 > 𝐶 (𝑘)
𝑁 for all 𝑘 ∈ . Additionally, from the convexity of the inverse function in

R>0 it follows that

𝛾𝑁 = 1
𝜂𝑁

= 1∑
𝑘∈ 𝜓𝑘||𝜕𝛺 𝜂(𝑘)𝑁

≤ ∑
𝑘∈

𝜓𝑘||𝜕𝛺 1
𝜂(𝑘)𝑁

,

and thus the alternative construction

𝛾𝑁 ∶=
∑
𝑘∈

𝜓𝑘||𝜕𝛺 𝛾 (𝑘)𝑁 , 𝛾 (𝑘)𝑁 ∶= 1
𝜂(𝑘)𝑁

> 𝐶 (𝑘)
𝑁

also satisfies (10).
In particular, we may choose 𝛾 (𝑘)𝑁 = 𝛽𝐶 (𝑘)

𝑁 for some 𝛽 > 1, in which case, as before, (10) holds with 𝜚 = 𝛽−1∕2 (a usual choice is
again 𝛽 = 2). In this case, the GEP having 𝐶 (𝑘)

𝑁 as largest eigenvalue is 𝐴𝑘𝑥 = 𝜆𝐵𝑘𝑥 with

𝐴𝑘𝑖𝑗 = ∫𝜕𝛺 𝜓𝑘(∇𝜙𝑖 ⋅ 𝐧)(∇𝜙𝑗 ⋅ 𝐧)d𝛤 , 𝐵𝑘𝑖𝑗 = ∫𝛺 𝜓𝑘∇𝜙𝑖 ⋅ ∇𝜙𝑗d𝛺,
where 𝑉𝑁 = span⟨{𝜙𝑖}⟩.

Note that 𝛾𝑁 inherits the regularity of the PU functions 𝜓𝑘. In general, 𝛾𝑁 (𝑥) is a convex combination of the coefficients 𝛾 (𝑘)𝑁
associated to patches 𝜔𝑘 overlapping 𝑥, i.e.

𝛾𝑁 (𝑥) ∶=
∑
𝑘∈

𝛾 (𝑘)𝑁 𝜓𝑘(𝑥), 𝑥 ∈ 𝜕𝛺,

but within any flat-top region, i.e. for 𝑥 ∈ 𝜔FT,𝑖, we have that 𝛾𝑁 (𝑥) = 𝛾 (𝑖)𝑁 . In the particular case where the {𝜓𝑘} are
piecewise-constant, 𝛾𝑁 will be piecewise-constant too.

A careful choice of the partition of unity {𝜓𝑘} can make these GEPs much smaller than the one previously considered, thus
replacing the solution of one global GEP (only for the largest eigenvalue) by that of multiple local GEPs. In addition, by allowing
the inequality (10) to be satisfied locally, the stabilization function will be better adapted to the local properties of the problem
and its approximation near the boundary (e.g. the local behavior of the elliptic operator, or the intersection of 𝜕𝛺 with the cover
used to construct 𝑉𝑁 ). On the contrary, a global stabilization constant forcibly adapts to those local properties that would lead to
the highest value of the stabilization function in the local case, possibly yielding unnecessarily large values in other parts of the
boundary.
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In the FEM, given a triangulation  = {𝑇𝑘} of 𝛺, the choice of the partition of unity associated to the triangulation 𝜓𝑘 = 𝜒𝑇𝑘
leads to a stabilization function 𝛾𝑁 that is constant on every element that intersects the Dirichlet boundary, which is the case that
we generalize. For every triangle 𝑇𝑘 intersecting the boundary, the constant 𝐶 (𝑘)

𝑁 > 0 is such that

‖∇𝑣 ⋅ 𝐧‖2
𝐿2(𝜕𝛺∩𝑇𝑘)

≤ 𝐶 (𝑘)
𝑁 ‖∇𝑣‖2

𝐿2(𝛺∩𝑇𝑘)
, ∀𝑣 ∈ 𝑉𝑁 ,

so 𝐶 (𝑘)
𝑁 can be obtained as the largest eigenvalue of the GEP 𝐴𝑘𝑥 = 𝜆𝐵𝑘𝑥 with

𝐴𝑘𝑖𝑗 = ∫𝜕𝛺∩𝑇𝑘
(∇𝜙𝑖 ⋅ 𝐧)(∇𝜙𝑗 ⋅ 𝐧)d𝛤 , 𝐵𝑘𝑖𝑗 = ∫𝛺∩𝑇𝑘

∇𝜙𝑖 ⋅ ∇𝜙𝑗d𝛺,

which involves only those basis functions 𝜙𝑖 with support at 𝑇𝑘. For a boundary-fitted triangulation, and with the assumption of
shape-regularity, the constants 𝐶 (𝑘)

𝑁 (or the global constant 𝐶𝑁 ) behave as (ℎ−1). This, together with Céa’s Lemma (12), implies
optimal convergence in the 𝐻1(𝛺)-norm [15, Chapter 2]. However, this does not hold in general for FEM methods where the mesh
is not fitted to the boundary (e.g. the fictitious domain FEM [6]).

In the PUM, for a discretization space 𝑉𝑁 =
∑𝑛
𝑖=1 𝜑𝑖𝑉𝑖 = span⟨{𝜑𝑖𝜗𝑙𝑖}⟩, the matrices for the local GEPs are

𝐴𝑘(𝑖,𝑙),(𝑗,𝑚) = ∫𝜕𝛺 𝜓𝑘(∇(𝜑𝑖𝜗
𝑙
𝑖) ⋅ 𝐧)(∇(𝜑𝑗𝜗

𝑚
𝑗 ) ⋅ 𝐧)d𝛤 ,

𝐵𝑘(𝑖,𝑙),(𝑗,𝑚) = ∫𝛺 𝜓𝑘∇(𝜑𝑖𝜗
𝑙
𝑖) ⋅ ∇(𝜑𝑗𝜗

𝑚
𝑗 )d𝛺.

(15)

Note that, if the PU {𝜑𝑖}𝑛𝑖=1 is associated to a cover 𝛺 = {𝜔𝑖}𝑛𝑖=1, we can choose {𝜓𝑘}𝑛𝑘=1 as a (non-negative) PU associated to the
same cover, in which case the matrices above involve only the basis functions coming from local spaces 𝑉𝑙 with 𝜇𝑑−1(𝜔𝑙∩𝜔𝑘∩𝜕𝛺) > 0,
including but not limited to 𝑉𝑘 itself.

Compared with the FEM case, the PUM approach produces larger local GEPs, by a factor that depends on the physical dimension
of the domain. For 2D domains, the number of boundary neighbors of a given boundary patch is usually 2, in which case the local
GEP is 3 times larger than its FEM counterpart. For 3D domains, however, boundary neighbors span over a surface and their number
is usually 8, leading to a 9 times larger GEP. Of course, there is an associated increased cost not only for solving such GEPs but
also for assembling the necessary matrices. To reduce this increased computational effort in practice, we will present a cheaper
procedure in one of the numerical examples of Section 4, evaluating the suitability of the resulting stabilization functions.

3.4. Generalizations

Some generalizations can be applied to the thus far introduced method for the construction of stabilization functions.

3.4.1. Non-symmetric methods
The first generalization corresponds to the non-symmetric variants of Nitsche’s method, resulting from multiplying the symmetry

terms in (6) with a parameter 𝜃 ∈ [−1, 1], leading to

∫𝛺 ∇𝑢𝑁 ⋅ ∇𝑣d𝛺 − ∫𝜕𝛺
(
(∇𝑢𝑁 ⋅ 𝐧)𝑣 + 𝜃(∇𝑣 ⋅ 𝐧)𝑢𝑁

)
d𝛤 + ∫𝜕𝛺 𝛾𝑁𝑢𝑁𝑣d𝛤 =

= ∫𝛺 𝑓𝑣d𝛺 − 𝜃 ∫𝜕𝛺(∇𝑣 ⋅ 𝐧)𝑔d𝛤 + ∫𝜕𝛺 𝛾𝑁𝑔𝑣d𝛤 , ∀𝑣 ∈ 𝑉𝑁 .
(16)

It can be shown that, for 𝜃 ∈ (−1, 1], the sufficient condition which generalizes (10) for existence and uniqueness of solutions is

∃𝜚 ∈ (0, 1) ∶
‖‖‖‖‖
𝛾
− 1

2
𝑁 (∇𝑣 ⋅ 𝐧)

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
≤
(

2𝜚
1 + 𝜃

)2
‖∇𝑣‖2

𝐿2(𝛺) , ∀𝑣 ∈ 𝑉𝑁 ,

so for a PU-defined Nitsche stabilization parameter we need 𝛾 (𝑘)𝑁 >
(
1+𝜃
2

)2
𝐶 (𝑘)
𝑁 , with the same trace inequalities (14). The method

with 𝜃 = −1 has a unique solution regardless of the value of 𝛾𝑁 > 0. The choice 𝛾𝑁 = 0, which corresponds to the so-called
penalty-free Nitsche method, has been explored by Schillinger et al. within the unfitted FEM [16].

3.4.2. Interface constraints
A second generalization is to consider interface constraints, and not simply Dirichlet boundary conditions.
Let us consider two non-overlapping open Lipschitz domains 𝛺0, 𝛺1 ⊂ R𝑑 , 𝛺0 ∩𝛺1 = ∅, sharing an interface 𝛤 = 𝜕𝛺0 ∩ 𝜕𝛺1 ≠ ∅.

We will impose Dirichlet boundary conditions at the rest of the boundary, denoting 𝛤𝐷𝑖 = 𝜕𝛺𝑖 ⧵ 𝛤 . Given two discrete spaces
𝑉𝑖 ⊂ 𝐻1(𝛺𝑖), 𝑖 ∈ {0, 1}, the Nitsche formulation is: find (𝑢0, 𝑢1) ∈ 𝑉0 × 𝑉1 such that

1∑
𝑖=0

(
∫𝛺𝑖 ∇𝑢𝑖 ⋅ ∇𝑣𝑖d𝛺 + ∫𝛤𝐷𝑖

(
𝛾𝑖𝑢𝑖𝑣𝑖 − (∇𝑢𝑖 ⋅ 𝐧)𝑣𝑖 − (∇𝑣𝑖 ⋅ 𝐧)𝑢𝑖

)
d𝛤

)
+

+ ∫𝛤
(
{𝛾}𝜆[[𝑢]][[𝑣]] − [[𝑣]]{∇𝑢}𝜆 ⋅ 𝐧𝛤 − [[𝑢]]{∇𝑣}𝜆 ⋅ 𝐧𝛤

)
d𝛤 =

=
1∑
𝑖=0

(
∫𝛺𝑖 𝑓𝑖𝑣𝑖d𝛺 + ∫𝛤𝐷𝑖 𝑔𝑖(𝛾𝑖𝑣𝑖 − ∇𝑣𝑖 ⋅ 𝐧)d𝛤

)
, ∀(𝑣0, 𝑣1) ∈ 𝑉0 × 𝑉1,

(17)
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with the jump [[⋅]] defined as [[𝑤]] ∶= 𝑤0 − 𝑤1, and the interface normal 𝐧𝛤 as pointing from 𝛺0 to 𝛺1 (note that it is possible to
define both objects in the opposite sense at the same time, i.e. to exchange the role of indices 0 and 1). 𝛾𝑖 ∈ 𝐿2(𝛤𝐷𝑖 ∪ 𝛤 ) are the
stabilization functions associated to each part, and given 𝜆∶𝛤 → [0, 1], 𝜆 ∈ 𝐿2(𝛤 ), the averaging operator {⋅}𝜆 is defined as

{𝑤}𝜆 ∶= 𝜆𝑤0 + (1 − 𝜆)𝑤1.

By a slight modification of (11), namely

2∫𝛤 𝛽𝑖(∇𝑣 ⋅ 𝐧𝛤 )𝑣d𝛤 ≤ 2
‖‖‖‖‖
𝛾
− 1

2
𝑖 ∇(𝑣 ⋅ 𝐧)

‖‖‖‖‖𝐿2(𝛤 )

‖‖‖‖(𝛽𝑖𝛾𝑖)
1
2 𝑣

‖‖‖‖𝐿2(𝛤 )
≤ 1
𝜖

‖‖‖‖‖
𝛾
− 1

2
𝑖 ∇(𝑣 ⋅ 𝐧)

‖‖‖‖‖

2

𝐿2(𝛤 )
+ 𝜖

‖‖‖‖(𝛽𝑖𝛾𝑖)
1
2 𝑣

‖‖‖‖
2

𝐿2(𝛤 )
, ∀𝑣 ∈ 𝑉𝑖

with 𝛽0 = 𝜆 and 𝛽1 = 1 − 𝜆, it can be shown that, independently of the choice of 𝜆, the bilinear form is coercive provided that

∃𝜚 ∈ (0, 1) ∶
‖‖‖‖‖
𝛾
− 1

2
𝑖 ∇𝑣 ⋅ 𝐧

‖‖‖‖‖

2

𝐿2(𝜕𝛺𝑖)
≤ 𝜚2 ‖∇𝑣‖2

𝐿2(𝛺𝑖)
, ∀𝑣 ∈ 𝑉𝑖, 𝑖 ∈ {0, 1},

which is simply a version of (10) for each 𝛾𝑖 with respect to its corresponding part of the domain. The energy norm with respect to
which coercivity can be shown is defined as

|||𝑣|||2 ∶=
1∑
𝑖=0

⎛
⎜⎜⎝
‖‖∇𝑣𝑖‖‖2𝐿2(𝛺𝑖)

+
‖‖‖‖‖
𝛾
− 1

2
𝑖 (∇𝑣𝑖 ⋅ 𝐧)

‖‖‖‖‖

2

𝐿2(𝜕𝛺𝑖)
+
‖‖‖‖‖
𝛾

1
2
𝑖 𝑣𝑖

‖‖‖‖‖

2

𝐿2(𝛤𝐷𝑖 )

⎞⎟⎟⎠
+
‖‖‖‖‖
{𝛾}

1
2
𝜆 [[𝑣]]

‖‖‖‖‖

2

𝐿2(𝛤 )

which does depend on the choice of 𝜆. Usual choices for this function are the constant values 𝜆 ∈ {0, 1} (unbalanced), 𝜆 ≡ 0.5
(balanced), and the 𝛾-weighted average

𝜆 =
𝛾−10

𝛾−10 + 𝛾−11

= 1
1 + 𝛾0∕𝛾1

, (18)

as proposed in [17] for cases with possibly a high contrast between 𝛾0 and 𝛾1. The 𝛾-weighted average of the stabilization functions
themselves is 2𝛾0𝛾1∕(𝛾0 + 𝛾1), which approximates to 2𝛾0 if 𝛾1 ≫ 𝛾0, and vice versa.

Of course, the Nitsche formulation (17) can be generalized to non-homogeneous jump constraints in the function value and/or
in the normal derivative, by properly adding the necessary terms to the right hand side of the equation.

3.4.3. Loaded cracks
A special case of interface is a crack in the domain of some elasticity problem. Traction-free cracks are not of interest here,

because in that case Nitsche’s method itself is not needed at the crack.
The method may still be used for the imposition of contact constraints involving both sides of a crack, or constraints on the

displacement independently on each side, e.g. in hydraulic fracturing. If a crack splits the whole domain into 2 subdomains, we can
treat it as in the previous subsection, with one function space associated to each subdomain. When that is not the case, we need
to enrich some local spaces 𝑉𝑖: those whose support overlaps the crack front (or the crack tip in 2D) with certain special functions
for the crack opening, and those completely split by the crack, with the Heaviside function 𝐻𝐶 associated to the crack itself, in this
case as

𝑉𝑖 = 𝑖 +𝐻𝐶𝑖,
where 𝐻𝐶 takes values 0 and 1 on each side of the crack, respectively.

This, however, can be also understood as splitting the 𝜑𝑖𝑉𝑖 contribution to the PU space into 2 as

𝜑𝑖𝑉𝑖 = 𝜑𝑖(𝑖 +𝐻𝐶𝑖) = 𝜑𝑖((1 −𝐻𝐶 )𝑖 +𝐻𝐶𝑖) = 𝜑−
𝑖 𝑖 + 𝜑+

𝑖 𝑖,
where 𝜑−

𝑖 = (1 −𝐻𝐶 )𝜑𝑖 and 𝜑+
𝑖 = 𝐻𝐶𝜑𝑖 are the restrictions of 𝜑𝑖 to each side of the crack. In this reinterpretation, it is possible for

either 𝜑+
𝑖 or 𝜑−

𝑖 to have a very small flat-top region, in which case an analogous patch-aggregation procedure is needed, this time
not for the original PU {𝜑𝑖} (or for the original domain cover {𝜔𝑖}), but for the split-patches and split-PU-functions generated by
the crack. Mathematically, this is no different to the patch-aggregation performed for each PU space in the case of 2 subdomains,
but in practice it presents more complications. For this reason, we have not considered cracks in our numerical examples (while
still covering the interface case).

3.4.4. Different PDEs
One more generalization consists in considering different and higher-order PDEs than simply the second-order Poisson equation.

As the abstract framework developed by Benzaken et al. in [4] shows, this always amounts to formulating the proper trace
inequalities analogous to (10) for the problem at hand and its own kind(s) of essential boundary conditions.

For a given essential boundary condition  𝑢 = 𝑔 (following the notation from [4]), the trace inequality will look like

⟨𝑣, 𝛾−1𝑁 𝑣⟩ ≤ 𝜚2𝑎(𝑣, 𝑣), ∀𝑣 ∈ 𝑉𝑁 , 𝜚 ∈ (0, 1), (19)

where 𝑎(⋅, ⋅) is the quadratic form of the corresponding minimization problem (i.e. the bilinear form of the weak formulation without
Nitsche’s method),  encodes the natural boundary condition conjugate to  , and ⟨⋅, ⋅⟩ is some inner product (in the abstract setting, a
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Fig. 6. PU function constructed from piecewise-linear 𝐶0 weights.

Fig. 7. PU function constructed from piecewise-constant discontinuous weights.

duality pairing, see [4, Remark 10]). Note that the factor 𝜚, which we include in the trace inequality, encodes the same information
as the inverse of 𝛾 ∈ (1,∞) in the generalized Cauchy–Schwarz inequality from [4, Assumption 2]. In the presence of multiple
overlapping essential boundary conditions 𝑖, a different stabilization function 𝛾𝑁,𝑖 might be used for each of them, leading to

𝐾∑
𝑖=1

⟨𝑖𝑣, 𝛾−1𝑁,𝑖𝑖𝑣⟩𝑖 ≤ 𝜚2𝑎(𝑣, 𝑣),

which we can reduce to

⟨𝑖𝑣, 𝛾−1𝑁,𝑖𝑖𝑣⟩𝑖 ≤ 1
𝐾
𝜚2𝑎(𝑣, 𝑣), 𝑖 = 1,… , 𝐾

(or with other positive weights that add up to 1, instead of simply 1∕𝐾). In order for a PU-constructed stabilization function to
satisfy (19), we need a generalization of (14), i.e.

⟨𝑣, 𝜓𝑘𝑣⟩ ≤ 𝐶 (𝑘)
𝑁 𝑎𝑘(𝑣, 𝑣), ∀𝑣 ∈ 𝑉𝑁 ,

where 𝑎𝑘(⋅, ⋅) is derived from 𝑎(⋅, ⋅) by introducing the weight 𝜓𝑘 into its integrals.

4. Numerical examples

In this section, we will perform some numerical tests for the evaluation of the previously presented PU-construction of a
stabilization function for Nitsche’s method.

We will construct our PU spaces with a stretch factor 𝛼 = 1.3 and local spaces of bilinear (𝑉𝑖 = span⟨{1, 𝑥, 𝑦}⟩) or trilinear
(𝑉𝑖 = span⟨{1, 𝑥, 𝑦, 𝑧}⟩) polynomials, unless explicitly stated otherwise. By ℎ we will refer to the side-length of the (unstretched)
patches in the cover. The PU functions will be constructed by Shepard’s method as described in Section 2.2, enforcing the required
regularity for each problem by choosing the appropriate B-Spline (see Fig. 6 for an example of 𝐶0 functions). The PU basis for the
stabilization functions will be derived from constant Shepard weights (see Fig. 7).

In all examples, essential boundary conditions will be imposed in the whole boundary. This means Dirichlet boundary conditions
for the Poisson problem, and a larger set of boundary conditions for the higher-order problems we will consider.

4.1. Poisson problem in the unit square

Let us begin this section with the simplest example: the Poisson problem on a unit square domain 𝛺 = (−1, 1)2, with the prescribed
solution 𝑢(𝑥, 𝑦) = sin(𝜋𝑥)+ sin(𝜋𝑦), that will allow us to evaluate the convergence behavior of our proposed method through uniform
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Fig. 8. Convergence plots from Example 4.1.

Fig. 9. Values of the stabilization function from Example 4.1.

refinement. In this case, we use local polynomial spaces with degrees from 1 to 6, and the resulting convergence plots can be found
in Fig. 8. Apart from the stagnation and round-off errors arising for small ℎ and large 𝑝 (due to ill-conditioning of the matrices), we
observe optimal convergence (ℎ𝑝+1) for the 𝐿2-norm, as well as (ℎ𝑝) for the 𝐻1 and energy norms. In this simple domain, the
resulting stabilization functions are constant over 𝜕𝛺, and the values are shown in Fig. 9, from which we can extract the behavior
𝛾𝑁 = (𝑝2ℎ−1).
4.2. Arbitrarily large stabilization function

The following example is based on [6, Example 5.1]. We will again solve the Poisson problem with the same solution as before,
but now replacing the fixed domain 𝛺 by the varying domain

𝛺𝜖 = (−1 − 𝜖, 1 + 𝜖)2, 𝜖 ↘ 0.

We will use a fixed background cover that produces patches at the boundary with
|𝜔FT ∩𝛺𝜖|
|𝜔FT ∩ 𝜕𝛺𝜖| = (𝜖),

to illustrate the problem that the patch-aggregation technique should address. A visualization of the domain and the cover is included
in Fig. 10.

The resulting errors in different norms with decreasing 𝜖 are shown in Fig. 11. Contrary to the results from [6], we do not observe
an increasing error in the 𝐻1(𝛺𝜖)-norm as 𝜖 → 0. The reason for this can be understood by comparing our PUM discretization space
to their FE discretization with quadrilateral elements.

First of all, as it is explained there, minimizing the energy norm of the error |||𝑢ℎ − 𝑢||| for 𝛾𝑁 ≫ 0 amounts to first minimizing‖‖‖‖‖
𝛾

1
2
𝑁 (𝑢ℎ − 𝑢)

‖‖‖‖‖𝐿2(𝜕𝛺𝜖 )
, and then minimizing ‖‖∇(𝑢ℎ − 𝑢)‖‖𝐿2(𝛺𝜖 )

in the remaining d.o.f.’s not fixed by the previous minimization. In our

PUM space, every local space 𝑉𝑖 coming from a patch intersecting the boundary (but not the corners) has 2 d.o.f.’s with support
at the boundary and 1 that is equally 0 there, which can thus be used to approximate ∇𝑢 ⋅ 𝐧. For patches intersecting the corners,
however, all 3 d.o.f.’s are fixed by the boundary condition, but the volume of their flat-top region is 𝜖2. So far this is all similar to
the FE discretization with quadrilateral elements from [6, Example 5.1]. The difference comes from the fact that FE basis functions
fixed by the boundary conditions have gradients of magnitude 𝜖−1, because they have a value of order ∼ 1 at a boundary node and
a value 0 at some neighboring interior node, which is at a distance ∼ 𝜖; this is not the case with our PUM basis functions: since
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Fig. 10. Domain and cover of Example 4.2, showing the influence of 0 < 𝜖 ≪ 1 at the boundary.

Fig. 11. Errors for the problem from Example 4.2.

Fig. 12. Value of the stabilization function and condition number of the resulting stiffness matrix from Example 4.2.

patches overlap with one another and the volume of such overlap is independent of 𝜖, the gradients of basis functions fixed by the
boundary conditions are also independent of 𝜖. This is the reason why we do not observe an increasing 𝐻1(𝛺𝜖)-error as 𝜖 → 0.

Nevertheless, the stabilization function 𝛾𝑁 (which, as in the previous example, has the same value on every patch), does grow
arbitrarily large (which is the driving force behind the increasing error in the energy norm), and as a consequence, the condition
number of the matrix also grows arbitrarily. Both values are shown in Fig. 12 with respect to 𝜖.
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Fig. 13. Domain and cover of Example 4.3, showing the influence of 0 < 𝜖 ≪ 1 at the boundary.

Fig. 14. Errors for the rounded-square problem from Example 4.3.

4.3. A rounded square domain

This example is based on [6, Example 5.4]. The underlying analytical solution is the same as in the previous two examples, but
we now choose a domain with a curved boundary. In the cited reference, the domain is 𝛺𝜖 = {(𝑥, 𝑦) ∈ R2 ∶ 𝑥8 + 𝑦8 < 1+ 𝜖} (defined
by a polynomial curve), but here we will use a slightly different one, whose boundary in the first quadrant is given by the rational
Bézier curve of degree 2 with control points {(1 + 𝜖, 0), (1 + 𝜖, 1 + 𝜖), (0, 1 + 𝜖)} and associated weights {1, 5, 1}. The whole boundary
is completed by properly rotating this curve around the origin. The domain and its cover are shown in Fig. 13.

The resulting errors are plotted in Fig. 14, where we observe similar phenomena to those from [6]. We can observe 6 intermediate
peaks in each error norm, associated to the values of 𝜖 at which 6 different sets of patches at the boundary lose their flat-top regions.
At the end, only one set of 4 patches with very small flat-top region remains, and these are responsible for the increasing error as
𝜖 → 0. In Fig. 15 we plot two measures of the error at the boundary, to illustrate the driving force of the error as 𝜖 → 0: as expected,
it is the approximation of the normal derivative which deteriorates with decreasing 𝜖, not the one of the boundary value itself.

To avoid this, we consider two approaches: first, increasing the polynomial degree of the local spaces associated to patches at
the boundary, and secondly, applying the patch aggregation approach from Section 2.3. The results for each case are shown in
Fig. 16(a) and Fig. 16(b), respectively. As it can be seen, by increasing the polynomial degree we can significantly reduce the errors
for very small 𝜖, as well as for the peaks in intermediate values. Nevertheless, patch aggregation eliminates any dependency with
𝜖 and, as a result, the graph is trivial. The 𝐿∞(𝜕𝛺𝜖)-norm of the stabilization parameter with respect to 𝜖 (with and without patch
aggregation) is shown in Fig. 17.
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Fig. 15. Boundary errors for the rounded-square problem from Example 4.3.

Fig. 16. Errors for the problem from Example 4.3.

Fig. 17. Stabilization function for the problem from Example 4.3.

4.4. Interface problem

Let us now consider an interface problem taken from [16]. Once again, it will be the Poisson problem, this time in the domain
𝛺 = (0, 1)2 with the exact solution 𝑢(𝑥, 𝑦) = [cosh(𝜋𝑦) − coth(𝜋) sinh(𝜋𝑦)] sin(𝜋𝑦). Just like there, we split the domain into two parts
with a straight line that goes through the center (0.5, 0.5) and is rotated by 𝜋∕8 (see Fig. 18(a)). The covers for each part will both be
constructed from the bounding box (0, 1)2. Instead of using the same refinement level for the two parts, we will couple a refinement
level 𝓁 for the left part with 𝓁 + 1 for the right part. One such configuration is shown in Fig. 18(b).

In Fig. 19 we show the convergence of our approach when using patch aggregation on every part and the 𝛾-based averaging (18)
(which in this case does not make a big difference, since the only source of contrast is the different discretization levels on each
side, but the patches of the right part are only half as big as those from the left side). Similarly as in Fig. 8, the graph for the energy
norm is almost identical to that of the 𝐻1-norm, and therefore not shown here. Optimal convergence is observed in all norms for
all the considered polynomial degrees, up to round-off errors.
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Fig. 18. Domain from Example 4.4, with one of the considered pairs of covers.

Fig. 19. Convergence graph for the interface problem from Example 4.4.

4.5. Shell problem

Let us now consider [5, Example 5.1], a Kirchhoff–Love plate problem on an annular domain, defined by a NURBS parametriza-
tion on 𝛯 = (0, 1)2. The exact solution is chosen as

𝐮(𝜉, 𝜂) = 𝜉
𝐚1

‖‖𝐚1‖‖
+
(
𝑒𝜉 − 1

)
𝜉 𝐚3, (𝜉, 𝜂) ∈ 𝛯̄, (20)

where 𝐚1 ≡ 𝐚1(𝜉, 𝜂) ∈ R3 is the first element of the covariant basis given by the parametrization, and 𝐚3 = (0, 0, 1) is the surface
normal. In Fig. 20 we show the physical domain 𝛺 with a cover, as well as the solution. For more details, we refer to [5] and the
repository where the authors have gathered their data.2

Contrary to what is done in the paper we take as reference, we impose the essential boundary conditions in the whole boundary,
and for simplicity we use 𝐸 = 1 (since it is only a global scaling constant). In this problem, there are 3 kinds of essential boundary
conditions: displacements, normal rotations and normal displacements at the corners. The conjugate quantity to the boundary
displacement is the ersatz force 𝐓, which can be split into in-plane and out-of-plane components, 𝐓(𝐯) = T(𝐯) + T3(𝐯)𝐚3, each one
of which leads to a different scaling in the stabilization function. Thus, we use 4 different stabilization functions, constructed from
the following trace inequalities:

‖‖‖‖‖
𝛾
− 1

2
𝐼 T(𝐯)

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
≤ 𝜌2

4
𝑎𝑆 (𝐯, 𝐯),

‖‖‖‖‖
𝛾
− 1

2
𝑂 T3(𝐯)

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
≤ 𝜌2

4
𝑎𝑆 (𝐯, 𝐯),

‖‖‖‖‖
𝛾
− 1

2
𝜃 𝐵𝑛𝑛(𝐯)

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
≤ 𝜌2

4
𝑎𝑆 (𝐯, 𝐯),

‖‖‖‖‖
𝛾
− 1

2
𝐶 [[𝐵𝑛𝑡(𝐯)]]

‖‖‖‖‖

2

𝐿2(𝜒𝐷)
≤ 𝜌2

4
𝑎𝑆 (𝐯, 𝐯),

where 𝑎𝑆 (⋅, ⋅) is the bilinear form containing the membrane and bending interior terms, 𝐵𝑛𝑛(𝐯) = 𝑛 ⋅𝐵(𝐯) ⋅ 𝑛 is the bending moment,
𝐵𝑛𝑡(𝐯) = 𝑛 ⋅𝐵(𝐯) ⋅ 𝑡 is the twisting moment, 𝜒𝐷 is the set of corners and [[𝐵𝑛𝑡(𝐯)]] is the jump in the twisting moment at a given corner.
For simplicity, we write ‖𝑞‖2

𝐿2(𝜒𝐷)
=
∑
𝐶𝑖∈𝜒𝐷 𝑞

2|𝐶𝑖 . Once again, for the specific details, we refer to [5], from which we borrow (most
of) the notation.

2 https://github.com/wdas/shell-obstacle-course
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Fig. 20. Physical domain from Example 4.5 and exact solution of the problem.

Fig. 21. Stabilization values from Example 4.5.

In Fig. 21 we show the maximum values of the different stabilization functions for each refinement level and different polynomial
degrees. As expected, we observe 𝛾𝐼 , 𝛾𝜃 ∼ (ℎ−1), 𝛾𝐶 ∼ (ℎ−2) and 𝛾𝑂 ∼ (ℎ−3). The relationship with 𝑝 is not as simple as in the
Poisson case.

In Fig. 22 we show the behavior of 4 norms of the error for several polynomial degrees. We again observe optimal convergence
rates, i.e. (ℎ𝑝+1) for the 𝐿2-norm, (ℎ𝑝) for the 𝐻1-norm, and (ℎ𝑝−1) for the 𝐻2-norm, up to round-off errors. The only suboptimal
case is that of the 𝐿2-norm for 𝑝 = 2, where we observe (ℎ2) convergence, which is however expected, following [5, Theorem 5].
In the case of the energy norm, however, we observe super-optimal convergence rates, lying somewhere between (ℎ𝑝−1) and (ℎ𝑝).
The reason for this that the bending component of the energy error, which does converge with the 𝐻2-rate, is shadowed by the
membrane component, which converges with the 𝐻1-rate, but is larger than the former. For completeness, let us state the definition
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Fig. 22. Convergence plots from Example 4.5.

of the energy norm

|||𝐯||| ∶= 𝑎𝑆 (𝐯, 𝐯) +
‖‖‖‖‖
𝛾
− 1

2
𝐼 T(𝐯)

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
+
‖‖‖‖‖
𝛾

1
2
𝐼 𝑣

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
+
‖‖‖‖‖
𝛾
− 1

2
𝑂 T3(𝐯)

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
+
‖‖‖‖‖
𝛾

1
2
𝑂 𝑣3

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
+

+
‖‖‖‖‖
𝛾
− 1

2
𝜃 𝐵𝑛𝑛(𝐯)

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
+
‖‖‖‖‖
𝛾

1
2
𝜃 𝜃𝑛(𝐯)

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
+
‖‖‖‖‖
𝛾
− 1

2
𝐶 [[𝐵𝑛𝑡(𝐯)]]

‖‖‖‖‖

2

𝐿2(𝜒𝐷)
+
‖‖‖‖‖
𝛾

1
2
𝐶 𝑣3

‖‖‖‖‖

2

𝐿2(𝜒𝐷)
.

4.6. Purely-local stabilization

Finally, let us go back to a comment made at the end of Section 3.3. As mentioned there, the local GEPs required in the PUM are
considerably larger than those from the FEM, especially in three dimensions. This is due to the fact that the local GEP for computing
the coefficient 𝛾 (𝑘)𝑁 relies not only on the local space 𝑉𝑘, but also on the local spaces associated to neighboring patches.

Nevertheless, we will compute the stabilization functions with purely local GEPs, and evaluate the suitability of the resulting
𝛾̂𝑁 . In the case of the Poisson problem, instead of the matrices from (15), we may use

𝐴̂𝑘(𝑙,𝑚) ∶= 𝐴𝑘(𝑘,𝑙),(𝑘,𝑚) = ∫𝜕𝛺 𝜓𝑘(∇(𝜑𝑘𝜗
𝑙
𝑘) ⋅ 𝐧)(∇(𝜑𝑘𝜗

𝑚
𝑘 ) ⋅ 𝐧)d𝛤 ,

𝐵̂𝑘(𝑙,𝑚) ∶= 𝐵𝑘(𝑘,𝑙),(𝑘,𝑚) = ∫𝛺 𝜓𝑘∇(𝜑𝑘𝜗
𝑙
𝑘) ⋅ ∇(𝜑𝑘𝜗

𝑚
𝑘 )d𝛺,

(21)

which amounts to a reduction of the dimension of each local GEP to the corresponding local space of the PUM.
In Fig. 23 we show the different results obtained for the Poisson problem in the unit square 𝛺 = (0, 1)2 with polynomial local

spaces of alternating degree in the 𝑦 direction. That means that half of the local spaces have degree 1 (in particular, those from
patches at the bottom), and half have degree 4 (in particular, those from patches at the top). As we can see (and as expected), the
purely-local stabilization function is never larger than the rigorously-computed stabilization function. Even more, for the patches
with degree 1, a rigorous computation yields significantly larger coefficients if they are surrounded by patches of degree 4 than if
they are surrounded by patches of degree 1.

These results, however, do not imply that the stabilization function 𝛾̂𝑁 resulting from a purely local computation is not valid.
In order to properly assess the validity of a stabilization function, we can use the trace inequality (10): given some discrete space
𝑉𝑁 ∈ 𝐻1(𝛺) and a tentative stabilization function 𝛾̂𝑁 ∈ 𝐿2(𝛺), 𝛾̂𝑁 > 0, let 𝛽 > 0 be such that

‖‖‖‖‖
𝛾̂
− 1

2
𝑁 ∇𝑣 ⋅ 𝐧

‖‖‖‖‖

2

𝐿2(𝜕𝛺)
≤ 𝛽 ‖∇𝑣‖2

𝐿2(𝛺) , ∀𝑣 ∈ 𝑉𝑁 .
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Fig. 23. Comparison of the stabilization function resulting from a purely local computation with that resulting from a rigorous computation. The discretization
level is 4 (16 patches in each dimension) and the polynomial degree of the local spaces alternates between 1 and 4 in the 𝑦 direction.

Fig. 24. Correction factors for purely-local stabilization functions in the unit square 𝛺 = (0, 1)2 with (1, 𝑝)-alternating polynomial degrees in the 𝑦 direction.

If 𝛽 < 1, then 𝛾̂𝑁 is a valid stabilization function, otherwise 𝛽𝛾̂ is, for any 𝛽 > 𝛽. We can thus interpret 𝛽, which can be computed
through a global GEP, as a minimum correction factor.

Let us now generalize the problem from Fig. 23 to different discretization levels and different polynomial degrees (instead of
simply 4): we alternate local spaces of degree 1 with local spaces of degree 𝑝 ∈ {1,… , 6} (the case 𝑝 = 1 is of course homogeneous).
The obtained correction factors are shown in Fig. 24, where we observe in all cases values smaller than 1, and limited with growing
discretization level and polynomial degree.

In what follows, we will compute the correction factors associated to purely-local stabilization functions in a variety of cases.
In each of our experiments, we will set the polynomial degrees of local spaces at the boundary at random from {𝑝, 𝑃 }. We then
produce 𝐾 different configurations (𝐾 = 100 for the first 3 problems, 𝐾 = 30 for the last 3), and gather the resulting correction
factors into a histogram. The results are shown in Fig. 25, where each experiment is designed as follows:

(a) Square: Poisson equation in the unit square 𝛺 = (0, 1)2, at discretization level 5, with 𝑝 = 1 and 𝑃 = 10.
(b) Circle: Poisson equation in the 2-dimensional ball 𝛺 = 𝐵((0.5, 0.5), 0.5), which we discretize at level 6 based on the bounding

box (0, 1)2 with, as before, 𝑝 = 1 and 𝑃 = 10. We use the patch-aggregation technique to avoid having patches with too small
or even empty flat-top region.

(c) Cube: Poisson equation in the unit cube 𝛺 = (0, 1)3, at discretization level 3, with 𝑝 = 1 and 𝑃 = 5.
(d) Shell: Kirchhoff–Love shell problem from Section 4.5, at discretization level 4, with 𝑝 = 2 and 𝑃 = 6. We compute a correction

factor associated to each one of the 4 stabilization functions, following the trace inequalities
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Fig. 25. Correction factors of the purely-local stabilization functions computed in 6 different examples.

(e) 6th-order: −𝛥3𝑢 = 𝑓 in the 2-dimensional ball 𝛺 = 𝐵((0.5, 0.5), 0.5), discretized as previously, with 𝑝 = 3 and 𝑃 = 8. The
problem has 3 different kinds of essential boundary conditions, with associated trace inequalities
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(f) 8th-order: −𝛥4𝑢 = 𝑓 in the 2-dimensional ball 𝛺 = 𝐵((0.5, 0.5), 0.5), discretized as in the previous case, with 𝑝 = 4 and 𝑃 = 8.
The problem has 4 different kinds of essential boundary conditions, with associated trace inequalities
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We observe in all cases correction factors that are either smaller than 1, or not much larger. Factors contributing to larger
correction factors are irregular intersections of the patches with the domain, and presence of higher order derivatives in the trace
inequality. In the 6th-order problem, where we combine both circumstances, we observe 𝛽0 ∈ (2, 2.5) (whose trace inequality involves
5th-order derivatives), and similar results also for 𝛽0 and 𝛽1 in the 8th-order problem.

Note that we do not consider interface problems because, as we already mentioned, the stabilization function for each side of
the interface can be computed independently, meaning that, for the purpose of computing correction factors, one interface problem
is equivalent to two simple boundary problems.

In order to reduce (or even avoid) the need for a re-scaling, we can go one step further by reducing the r.h.s. matrices 𝐵̂𝑘 from
(21) to the flat top region of the corresponding patch, i.e.

̂̂𝐵𝑘(𝑙,𝑚) = ∫𝛺∩𝜔𝑘,FT
∇𝜗𝑙𝑘 ⋅ ∇𝜗

𝑚
𝑘 d𝛺. (22)
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Fig. 26. Correction factors of the purely-local stabilization functions computed in 6 different examples, with the r.h.s. term reduced to the FT-region of each
patch as in (22).

Fig. 27. Time measurements of purely-local and rigorously computed stabilization computations, for the Poisson problem in the unit cube 𝛺 = (0, 1)3, with
homogeneous polynomial degree 1. Computations are made on a single thread, and we include the speedup of each purely-local version with respect to the
rigorous one in each case.

It is easy to see that the largest eigenvalue in this case is guaranteed to be larger or equal than the one associated to the matrices
from (21). Nevertheless, this approach is only practical as long as 𝛺 ∩ 𝜔𝑘,FT is not too small compared with 𝜔𝑘. We now replicate
the previous tests with the new r.h.s. term for the local GEPs, and show the resulting correction factors in Fig. 26. As we can see,
all values are now below 1, and in fact, below 0.5, which is the upper bound for rigorously computed stabilization functions.

As additional argument in favor of the purely-local computation, in Fig. 27 we show a time-comparison with respect to the
complete procedure, for the Poisson problem in the unit cube 𝛺 = (0, 1)3, with our initially proposed purely-local approach, and
with the FT-reduced r.h.s. matrix (which we refer to as ‘‘FT purely-local’’ approach). The reasons behind the speedup are the cheaper
assembly of the matrices in (21) with respect of those from (15) (because we consider only the corresponding local space), and the
cheaper assembly also of (22) with respect to the r.h.s. matrix from (21) (because we only integrate on flat top regions).
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5. Conclusions

We have successfully developed a local construction of the Nitsche stabilization function compatible with PUM discretization
spaces, thus avoiding the need for a constant stabilization parameter. Together with that, we have also introduced a patch
aggregation procedure within the PUM framework to avoid the appearance of patches with arbitrarily small flat-top regions, which,
as we have seen in some of our numerical examples, produce arbitrarily large coefficients for the stabilization function.

Our construction, which has been designed with the FT-PUM in mind but, as already mentioned, also encompasses the
element-wise constant stabilization function for the Nitsche-FEM, can in principle be extended to any other method relying on
partition-of-unity functions for its basis functions. The key characteristic of the method is that, given some discrete function space
𝑉 and a PU-definition of the stabilization function 𝛾𝑁 =

∑
𝑘 𝛾

(𝑘)
𝑁 𝜓𝑘, each constant coefficient 𝛾 (𝑘)𝑁 can be derived from a local GEP

involving only the basis functions from 𝑉 whose support intersects supp(𝜓𝑘).
As mentioned at the end of Section 3.3, the computational cost associated to constructing a stabilization function within the

PUM is larger than within the FEM, specially in 3D domains. However, in our numerical experiments section we have suggested
a cheaper construction of the stabilization function which, even if it cannot be guaranteed to produce solvable systems, has been
shown to do so in a variety of problems.

This work also paves the way for using Nitsche’s method in combination with the PUM in more complicated scenarios,
e.g. nonlinear problems, or shell-shell and solid-shell coupling. With respect to solid-shell coupling, the PUM offers the possibility
to discretize both components in essentially the same way, and a paper on this topic might also be published in the future.
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Abstract

In this paper, we assess the performance of adaptive and nested factorized
sparse approximate inverses as smoothers in multilevel V-cycles, when smooth-
ing is performed following the Chebyshev iteration of the fourth kind. For our
test problems, we rely on the partition of unity method to discretize the bihar-
monic and triharmonic equations in a multilevel manner. Inspired by existing
algorithms, we introduce a new adaptive algorithm for the construction of sparse
approximate inverses, based on the block structure of matrices arising in the
partition of unity method. Additionally, we also present a new (and arguably
simpler) formulation of the Chebyshev iteration of the fourth kind.

1 Introduction

The use of the Chebyshev iteration for concatenating smoothing steps in multi-
grid/multilevel iterations has been redefined by the significant work of Lottes [17],
which has allowed dispensing with the estimate of the lower end of the fine spec-
trum of the preconditioned matrix. The new Chebyshev iteration of the fourth kind
was quickly adopted in PETSc and the deal.II library [3]. In this work, we combine
this new Chebyshev iteration with underlying Factorized Sparse Approximate Inverse
(FSAI) preconditioners, as developed in recent years by Janna et al. [11, 13, 14], and
which have already been used as smoothers in multilevel approaches [12, 20]. We will
put these preconditioners into practice for a variety of problems generated with the
Partition of Unity Method (PUM) of Schweitzer and Griebel [7, 23].

The paper is organized as follows. In Section 2 we introduce the block-FSAI
preconditioner, where our focus on block matrices follows from the natural block
structure of matrices arising from the PUM. We pay special attention to developing
our own adaptive algorithm for the construction of a suitable sparsity pattern for
PUM block matrices, based on the one from [11], and also describe the possibility of
nesting FSAI preconditioners.

In Section 3 we present the Chebyshev iteration, explain its raison d’être and
delve into its use as a way to optimally concatenate smoothing steps in multilevel
iterations, paying special attention to the work of Lottes [17]. Given the simplicity
of the new Chebyshev iteration of the fourth kind (which we simplify even further),
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we choose it for our work instead of the optimized (but more involved) version also
introduced by Lottes.

In Section 4 we provide a brief description of the PUM, whose discrete function
spaces possess a natural geometric multilevel structure, as well as basis functions of
any desired regularity.

Finally, in Section 5 we present some numerical experiments to attest the effective-
ness and efficiency of the (adaptive and nested) block-FSAI preconditioners, which
we embed within a Chebyshev iteration. The PUM allows us to test our multilevel
solvers on higher-order problems such as the biharmonic and triharmonic equations,
which provide a challenging scenario, since the usual Jacobi and Gauss-Seidel itera-
tions are not particularly effective smoothers in this case, or at least not for PUM
discretizations. We note that the multilevel solution of the biharmonic equation has
already been investigated by other authors, see e.g. [25] and the references therein.

2 The FSAI preconditioner

For an invertible matrix A ∈ RN×N and some predefined sparsity pattern P ⊂
{1, . . . , N}2, a sparse approximate inverse (SAI) of A based on P is some matrix
M ∈ RN×N with sparsity pattern P(M) := {(i, j) : Mij ̸= 0} ⊂ P which approxi-
mates A−1, usually by solving

M := argmin
P(M̃)⊂P

∥I − M̃A∥F ,

with ∥·∥F the Frobenius norm, defined by ∥B∥2F = tr(B⊤B). This constitutes the
basis of the SAI preconditioner [24].

Note however that, even if the matrix A is symmetric positive definite (s.p.d.),
the resulting matrix M will not be s.p.d., and thus the preconditioned matrix will
also not be s.p.d. The Factorized Sparse Approximate Inverse (FSAI) preconditioner
overcomes this issue, and (following the construction of Janna et al. [14]) it does so
by constructing a sparse approximation G ≈ L−1 to the inverse of the (unknown)
triangular Cholesky factor L of A = LL⊤, leading to M := G⊤G ≈ L−⊤L−1 = A−1,
with the preconditioned matrix being GAG⊤.

Let us first introduce the notation that we will use for working with block-
structured matrices as those arising in the PUM.

Definition 2.1. Let n ∈ N and B := {mi}ni=1 a set of n positive integers with
N =

∑n
i=1mi. By saying that a matrix A ∈ RN×N has the block structure B, we

allow ourselves to interpret it as

A = (Aij), i, j ∈ {1, . . . , n},
Aij = (akl) ∈ Rmi×mj .

We further denote

P(A) := {(i, j) : Aij ̸= Omi×mj
} ⊂ {1, . . . , n}2

the sparsity pattern of such a matrix, and call a matrix block-diagonal if

P(A) ⊂ {(i, i) : i ∈ {1, . . . , n}}.
Finally, we denote diagB(A) the block-diagonal component of a matrix A, i.e. the
matrix with diagonal blocks Aii and Omi×mj

off-diagonal blocks.
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For any block matrix B as in Definition 2.1 and sets of indices I,J ⊂ {1, . . . , n},
we will denote B[I,J ] the restriction of B to row indices in I and column indices in
J . We may now define the block-FSAI preconditioner.

Definition 2.2. Let A be a s.p.d. matrix with block structure B := {mi}ni=1 as
in Definition 2.1. Let P ⊂ {1, . . . , n}2 be some lower triangular sparsity pattern
containing the diagonal, i.e.

(i, i) ∈ P ∀i ∈ {1, . . . , n}, and i ≥ j ∀(i, j) ∈ P, (1)

Let us denote its rows, with and without the corresponding row index, by

Pi := {j : (i, j) ∈ P}, P̃i := Pi \ {i}, i ∈ {1, . . . , n}.

We define the block-FSAI matrix for A based on P as the matrix F with block struc-
ture B, sparsity pattern P(F ) ⊂ P and non-zero block-entries given by

Fii = Imi×mi , F [{i}, P̃i] = −A[{i}, P̃i]A[P̃i, P̃i]−1, i ∈ {1, . . . , n}. (2)

The block-FSAI preconditioning matrix for A based on P is then M := F⊤S−1F ,
where S is the block-diagonal matrix (also with block structure B) given by

Sii := Aii −A[{i}, P̃i]A[P̃i, P̃i]−1A[P̃i, {i}], i ∈ {1, . . . , n}. (3)

We may also write M = G⊤G for G = S−1/2F , with the preconditioned matrix
then being GAG⊤.

Remark 2.1. From now on, unless explicitly stated otherwise, every reference to a
“lower triangular sparsity pattern” will mean also including the diagonal, i.e. a spar-
sity pattern fulfilling both conditions in (1).

Lemma 2.1. Let A be a s.p.d. matrix with block structure B and F be defined as in
(2) for some lower triangular sparsity pattern P. Let S be the block-diagonal matrix
with blocks given by (3). It holds that

diagB(FA) = S = diagB(FAF⊤),

and in particular it follows that the block-diagonal of the block-FSAI preconditioned
matrix, diagB(GAG⊤), is the identity matrix.

Proof. The first identity follows directly from (2) and (3). Indeed,

(FA)ii = F [{i}, Pi]A[Pi, {i}] = Sii, ∀i ∈ {1, . . . , n}.

The second one can also be easily checked relying on the first one and writing

(FAF⊤)ii =
(
Iii F [{i}, P̃i]

)( Aii A[{i}, P̃i]
A[P̃i, {i}] A[P̃i, P̃i]

)(
Iii

F⊤[P̃i, {i}]

)
=

=
(
Iii F [{i}, P̃i]

)(Sii
0

)
= Sii.

The final statement follows trivially for G = S−1/2F .
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Remark 2.2. For the simplest choice of a diagonal sparsity pattern

P = {(i, i) : i ∈ {1, . . . , n}},

the resulting matrix F is the identity matrix and S = diagB(A), so the block-FSAI
preconditioner reduces to a block-Jacobi preconditioner.

Let us now introduce an important concept which, as we will show, is deeply
connected to the FSAI preconditioner.

Definition 2.3. For a s.p.d. matrix B ∈ RN×N , the Kaporin number is defined as

β(B) :=
tr(B)

N det(B)1/N
,

that is, the ratio between the algebraic and the geometric means of the eigenvalues
of B.

Remark 2.3. Some trivial properties of the Kaporin number β(·) are that β(B) ≥ 1,
and that β(B) = 1 if and only if all eigenvalues of B coincide. Additionally, from this
last property it follows that, for any full-rank matrix C, β(CBC⊤) = 1 if and only if
C⊤C = αB−1 for some α > 0.

We now reproduce a result from Janna et al. [11], which will be useful for the
subsequent theorem.

Lemma 2.2. Let B ∈ RN×N be a s.p.d. matrix with block structure B. Then
β(JBJ⊤) is minimized over full-rank block-diagonal matrices J if and only if there
exists α > 0 such that (J⊤J)kk = α(Bkk)

−1.

Proof. Let D = diagB(B), so that in particular, tr(JBJ⊤) = tr(JDJ⊤) and also
tr(D−1B) = N . Since det(JBJ⊤) = det(JDJ⊤) det(D−1B), it can easily be shown
that

β(JBJ⊤) =
tr(JBJ⊤)

N det(JBJ⊤)1/N
=

tr(JDJ⊤)

N det(JDJ⊤)1/N
N

N det(D−1B)1/N
=

= β(JDJ⊤)β(D−1/2BD−1/2).

The problem has thus been reduced to minimizing β(JDJ⊤), and the claim follows
by noting that β(JDJ⊤) ≥ 1 and that the value of 1 is attained if and only if
J⊤J = αD−1 for some α > 0 (recall Remark 2.3).

We may now introduce the well-known optimality property of the FSAI precondi-
tioner with respect to the Kaporin number (see the work of Kaporin himself [16]).

Theorem 2.1 (FSAI optimality). Let A be a s.p.d. matrix with block structure B, P
be some lower triangular sparsity pattern, and F, S be the block-FSAI matrices based
on P as in Definition 2.2.

Then G := S−1/2F minimizes the Kaporin number of the preconditioned matrix
β(G̃AG̃⊤) over all full-rank matrices G̃ with sparsity pattern P.

Proof. We proceed by characterizing the minimizers of β(G̃AG̃⊤) over the considered
matrices.
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First of all, any full-rank matrix with (lower triangular) sparsity pattern P can be
written as G̃ = J(I + F̃ ), for some non-singular block-diagonal matrix J and some
(also lower triangular) F̃ having Omi×mi

as diagonal blocks (i.e. being strictly lower
triangular). As a result, and since det(I + F̃ ) = 1, we can write

β(G̃AG̃⊤) =
tr
(
J(I + F̃ )A(I + F̃⊤)J⊤

)

N [det(A) det(J⊤J)]1/N
,

where only the numerator depends on F̃ . Moreover,

tr
(
J(I + F̃ )A(I + F̃⊤)J⊤

)
=

n∑

k=0

tr
(
((I + F̃ )A(I + F̃ )⊤)kk(J

⊤J)kk
)
,

so when minimizing β(G̃AG̃⊤) with respect to F̃ , the non-zero entries in the kth row
of F̃ , i.e. F̃ [{k}, P̃k], must minimize

tr
(
((I + F̃ )A(I + F̃ )⊤)kk(J

⊤J)kk
)
= tr

(
Akk(J

⊤J)kk
)
+

+ tr
(
A[{k}, P̃k]F̃⊤[P̃k, {k}](J⊤J)kk

)
+

+ tr
(
F̃ [{k}, P̃k]A[P̃k, {k}](J⊤J)kk

)
+

+ tr
(
F̃ [{k}, P̃k]A[P̃k, P̃k]F̃⊤[P̃k, {k}](J⊤J)kk

)
,

or equivalently

2 tr
(
A[P̃k, {k}](J⊤J)kk

)
+ tr

(
F̃ [{k}, P̃k]A[P̃k, P̃k]F̃⊤[P̃k, {k}](J⊤J)kk

)
.

Differentiating the above expression with respect to F̃ [{k}, P̃k] (cf. [21, Section 2.5])
and setting the result to 0 yields

2A[P̃k, {k}](J⊤J)kk + 2A[P̃k, P̃k]F̃⊤[P̃k, {k}](J⊤J)kk = Omk×mk
,

and since (J⊤J)kk is a s.p.d. block, we arrive at

F̃ [{k}, P̃k] = −A[{k}, P̃k]A[P̃k, P̃k]−1,

which means that I + F̃ coincides with the FSAI matrix F from (2), independently
of J .

Having fixed F̃ , it remains to minimize β
(
J(FAF⊤)J⊤) with respect to J . This

last step is quite simple, since from Lemma 2.2 it follows that J⊤J = α diagB(FAF⊤)
for some α > 0, which, recalling Lemma 2.1, is fulfilled by J = S−1/2 with α = 1.

2.1 Adaptive block-FSAI

It remains to address the question about how to properly choose the triangular spar-
sity pattern P for the computation of F . The simplest case is to fix it a priori, e.g.
as the triangular pattern extracted from the original matrix A, or from some power
of it: A2, A3, etc.
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That approach, however, does not rely on the actual entries of A, but only on
its structure. A more involved approach is to adaptively construct a sparsity pattern
relying specifically on the entries of A. Following the work Janna and Ferronato
[11], we will develop an adaptive algorithm with the aim of minimizing the Kaporin
number of the preconditioned matrix, β(GAG⊤). It will rely on the following result,
also taken from [11].

Lemma 2.3. Let A ∈ RN×N be a s.p.d. matrix with block structure B = {mi}ni=1, P
be some lower triangular sparsity pattern, and F and S be the FSAI matrices based
on P as in Definition 2.2. Then, for G := S−1/2F , it holds that

β(GAG⊤) =

(
det(diagB(FAF⊤))

det(A)

)1/N

=

(∏n
i=1 det((FAF

⊤)ii)

det(A)

)1/N

.

Proof. From Lemma 2.1 it follows that tr(GAG⊤) = N , and further noting that
det(F ) = 1,

β(GAG⊤) =
tr(GAG⊤)

N det(GAG⊤)1/N
=

(
det(S)

det(A)

)1/N

=

(∏n
i=1 det((FAF

⊤)ii)

det(A)

)1/N

.

Therefore, when enlarging the kth row of the sparsity pattern, Pk, we will aim at
minimizing det((FAF⊤)kk). Let us now recall Lemma 2.1 in the form

(FA)kk = (FAF⊤)kk = Akk −A[{k}, P̃k]A[P̃k, P̃k]−1A[P̃k, {k}],

and additionally note that, by construction of F ,

(FA)[{k}, P̃k] = A[{k}, P̃k]−A[{k}, P̃k]A[P̃k, P̃k]−1A[P̃k, P̃k] ≡ 0, (4)

so that P(FA) ∩ P = {(k, k) : k ∈ {1, . . . , n}}. We now consider how

∆ = det((FAF⊤)kk)

would be affected if we were to add a single index c ∈ {0, . . . , k − 1} \ Pk to the kth
row of the sparsity pattern.

Lemma 2.4. Let A be a s.p.d. matrix with block structure B = {mi}ni=1 and F be
the FSAI matrix for a given lower triangular sparsity pattern P. Let k ∈ {1, . . . , n}
be some row index, and c ∈ {0, . . . , k − 1} \ Pk some admissible column index. If
we denote F (c) the FSAI matrix that would result from the expanded sparsity pattern
P ∪ {(k, c)}, it holds that

(F (c)AF (c)⊤)kk = (FAF⊤)kk − (FA)kcW
−1
c (FA)⊤kc,

where
Wc := Acc −A[{c}, P̃k]A[P̃k, P̃k]−1A[P̃k, {c}].

Additionally, if we denote ∆ = det((FAF⊤)kk) and ∆(c) = det((F (c)AF (c)⊤)kk), and
let H = FA, the following relationship holds

∆(c)

∆
=

det
(
Wc −H⊤

kcH
−1
kk Hkc

)

det(Wc)
.
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Proof. For the first claim, we merely describe the otherwise tedious process for arriv-
ing at the desired expression. First we write

(F (c)AF (c)⊤)kk =

= Akk −
(
Akc A[{k}, P̃k]

)( Acc A[{c}, P̃k]
A[P̃k, {c}] A[P̃k, P̃k]

)−1 (
Ack

A[P̃k, {k}]

)
,

and then we expand the inverse in terms of the Schur complement matrix Wc. The
desired expression can be obtained by properly gathering all terms, while also taking
into account that

(FA)kc = Akc −A[{k}, P̃k]A[P̃k, P̃k]−1A[P̃k, {c}] .

The result for ∆(c)/∆ follows by the relation of determinants of Schur complement
matrices with those of the original matrix, and Hkk = (FA)kk = (FAF⊤)kk.

This last result thus provides a way to compute ∆(c)/∆ without constructing the
new kth row of the matrix F (c). One further trivial consequence is that we may
ignore column indices c for which (FA)kc ≡ 0. At this point, we are able to present
our simple adaptive block-FSAI algorithm in Algorithm 1.

Compared to the algorithm from [11], ours does not use gradient descent on the
minimization target (since the problem of constructing the sparsity pattern is purely
discrete), relies only on a single threshold parameter and a single number of adaptive
steps, and does not allow backtracking by removing pairs of indices from the sparsity
pattern. Hence our claim for “simplicity”, even at the cost of flexibility. Note that,
since we add at most one new column index per row at each adaptive step, the tmax
parameter determines the maximum number of off-diagonal blocks in any row of the
resulting F .

For a similar analysis to ours above we refer to M. Sedlacek’s PhD thesis [24,
Appendix C].

2.2 Nested FSAI

Lemma 2.1 allows us to reinterpret FSAI preconditioning as applying the basis trans-
formation F , followed by a single step of the block-Jacobi iteration for the transformed
matrix FAF⊤, and finally a basis transformation back to the original space F⊤. In
other words, the action of the preconditioner F⊤S−1F can be understood as

r 7−→ v = Fr 7−→ w = diagB(FAF⊤)−1v 7−→ p = F⊤w.

This interpretation suggests one further twist: instead of the block-Jacobi step for
the FSAI-transformed matrix FAF⊤, we can apply any other (preferably s.p.d.) pre-
conditioner, and in particular, an additional step of FSAI, this one constructed for
the matrix FAF⊤ (contrary to the outer one, which is constructed simply for A). In
the literature, this has been called first recurrent FSAI [14], and recently nested FSAI
[12]. Ideally, one can concatenate any number of embeddings, i.e.

A0 := A, Ak = Fk−1Ak−1F
⊤
k−1, k = 1, . . . , nℓ,

where Fk is the FSAI matrix for Ak (based on some sparsity pattern). At the final
level nℓ, a standard block-Jacobi step is performed. The matrix M of the resulting
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Algorithm 1 Adaptive block-FSAI

Require: A s.p.d. matrix A with the block structure B = {mi}ni=0, and an initial
lower triangular sparsity pattern P0 ⊂ {1, . . . , n}2 on said block structure, con-
taining all diagonal pairs of indices. The number of adaptive steps tmax ≥ 1 and
a threshold parameter τ ∈ (0, 1].

1: Initialize P = P0.
2: Initialize R = {1, . . . , n} to be the set of row indices which may still be adapted.

3: for t = 1, . . . , tmax do
4: Compute the FSAI matrix F based on P, according to (2).

▷ This requires computing A[P̃k, P̃k]−1 for every k ∈ R, which we may
store.

5: Compute H = FA.
▷ For the last two steps, we may skip finished rows k ̸∈ R.

6: for k ∈ R do
7: Let C := {c ∈ {0, . . . , k − 1} : Hkc ̸≡ 0} be the set of admissible column

indices.
▷ From (4), C ∩ Pk = ∅, i.e. no index already in the row pattern is

admissible.

8: if C = ∅ then
9: Remove k from R and continue.

10: end if

11: Let Wc := Acc −A[{c}, P̃k]A[P̃k, P̃k]−1A[P̃k, {c}] for c ∈ C, and find

c⋆ ∈ argmin
c∈C

ρc, ρc :=
det(Wc −H⊤

kcH
−1
kk Hkc)

det(Wc)
.

▷ We may reuse A[P̃k, P̃k]−1, computed at the latest assembly of F .

12: if ρc⋆ < τ then
13: P ← P ∪ {(k, c⋆)}.
14: else
15: R ← R \ {k}.
16: end if

17: end for
18: end for

19: Compute the FSAI matrix F based on the current state of P, according to (2).
▷ As above, it is unnecessary to recompute finished rows k ̸∈ R.

return F

preconditioner can be written as

M = F̂⊤Ŝ−1F̂ , F̂ := Fnℓ
Fnℓ−1 · · ·F0, Ŝ := diagB(Anℓ

) = diagB(F̂AF̂⊤).
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Nesting thus allows us to increase the density of the preconditioning matrix M
while avoiding the computational cost of doing it with a single FSAI matrix F , which
would require a sufficiently dense sparsity pattern. A higher density of M is achieved
by combining multiple F matrices of limited density, each of which can be computed
adaptively. The cost is thus transferred to computing each triple matrix product
Ak+1 = FkAkF

⊤
k , which is required to construct the subsequent Fk+1.

3 The Chebyshev iteration

Let us now look at a completely different preconditioner, based on a polynomial
iteration. Polynomial iterations are iterative methods for the approximation of a
solution to a linear system Ax = b, such that the error ek := x− xk evolves as

ek = pk(A)e0, k ≥ 1,

where e0 is the error of the initial solution x0, and pk is some polynomial of degree k
with pk(0) = 1. This is equivalent to having

xk = x0 + qk−1(A)(b−Ax0), k ≥ 1, (5)

where pk(t) = 1 − tqk−1(t). Additionally, pk(A) controls the residual evolution, i.e.
rk = pk(A)r0, where rk = b− Axk. Under the assumption that A is a s.p.d. matrix,
we have that,

∥ek∥2
∥e0∥2

≤ max
λ∈σ(A)

|pk(λ)| ≤ max
λ∈[α, β]

|pk(λ)|,

for an interval [α, β] ⊃ σ(A). The unique solution to the minimax problem

min
pk∈Pk

pk(0)=1

max
λ∈[α, β]

|pk(λ)|, β > α > 0, (6)

where Pk is the set of polynomials of degree k, is the reparametrized and rescaled
Chebyshev polynomial of degree k

T̂k(ζ) :=

[
Tk

(
α+ β

α− β

)]−1

Tk

(
2ζ − α− β
β − α

)
, (7)

where Tk is the standard Chebyshev polynomial (of the first kind), based on the
[−1, 1] interval, and thus T̂k is reparametrized to the [α, β] interval and rescaled so
that T̂k(0) = 1. Let us introduce, in as simple a manner as possible, a minimal set of
concepts to understand the proof.

Definition 3.1. Let [a, b] ⊂ R. We say that a set of functions {gi}ni=1, gi ∈ C([a, b]),
is a Chebyshev system (or a Haar system) if every non-zero element in span⟨gi⟩ni=1

has at most n− 1 distinct roots in [a, b].

Theorem 3.1 (Chebyshev’s Alternation Theorem). Let [a, b] ⊂ R, f ∈ C([a, b]),
and {gi}ni=1, gi ∈ C([a, b]), be a Chebyshev system. Then ĝ ∈ G := span⟨gi⟩ni=1 is a
solution to the minimax problem

min
g∈G

max
t∈[a,b]

|f(t)− g(t)|,
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if and only if there exist n+ 1 points a ≤ t0 < · · · < tn ≤ b satisfying

|r(ti)| = max
t∈[a,b]

|r(t)|, i = 0, . . . , n,

r(ti) = −r(ti−1), i = 1, . . . , n,

for r(t) = f(t)− ĝ(t). The points {ti}ni=1 are called “alternation points” of r in [a, b].
Furthermore, if a minimizer exists, then it is unique.

Proof. This is a combination of the Alternation Theorem and the Unicity Theorem
in [6]. For a more recent version, we refer to [2].

Lemma 3.1. For n > 0, the Chebyshev polynomial Tn, defined in the [−1, 1] interval
by

Tn(t) = cosnθ, t = cos θ ∈ [−1, 1],
has the n+ 1 alternation points

ti = cos
iπ

n
, i = 0, . . . , n.

Proof. Trivial given the trigonometric definition. For more details, we refer to [18].

Usually, instead of for polynomials with a pointwise constraint, the minimax prop-
erty of Chebyshev polynomials is stated for monic polynomials [18, 19], which is easily
proved using the Alternation Theorem to show that a minimizer of

min
qk−1∈Pk−1

max
t∈[−1,1]

|tk − qk−1(t)|

satisfies tk−qk−1(t) ∝ Tk(t), and hence the properly rescaled Chebyshev polynomial is
the one least deviating from 0 in the L∞([−1, 1])-norm among all monic polynomials.
For the pointwise constraint pk(ξ) = 1 with ξ ∈ R, one simply needs to restate the
minimax problem as

min
qk−1∈Pk−1

max
t∈[−1,1]

|1− (t− ξ) qk−1(t)|,

which in this case introduces a caveat: in order to apply the Alternation Theorem,
{(t− ξ) ti}k−1

i=0 has to be a Chebyshev system in C([−1, 1]), which means that for any
nonzero q ∈ Pk−1, (t− ξ) q(t) may have at most k − 1 roots in [−1, 1], which holds if
and only if ξ /∈ [−1, 1]. This is the reason behind the requirement that α > 0 in (6).

Now that we have properly justified the use of Chebyshev polynomials for iterative
methods, we need to find an appropriate construction of the iteration (5). Following
the recursive rule of Chebyshev polynomials

T0(t) = 1,

T1(t) = t,

Tn+1(t) = 2t Tn(t)− Tn−1(t), n ≥ 1,

one can write the resulting linear iteration for the system Ax = b in a variety of
different ways, as thoroughly discussed by Gutknecht and Röllin [9]. Based on their
two-term iteration, we can write the Chebyshev iteration as in Algorithm 2.
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Algorithm 2 Chebyshev iteration of degree k

Require: A linear system Ax = b with a s.p.d. matrix A. An initial tentative
solution x0. An interval [α, β] ⊃ σ(A) with 0 < α < β. A positive integer k ≥ 1.

1: Rewrite [α, β] = [c− d, c+ d], i.e. set

c =
α+ β

2
, d =

β − α
2

.

2: Initialize r = b−Ax0, p = r.
3: Initialize ω = 1

c , ψ = 1
2 (dω)

2.

4: Initialize x = x0 + ω p

5: for i = 2, . . . , k do
6: r ← b−Ax
7: p← r + ψ p

8: ω ←
(
c− ψ

ω

)−1

9: ψ ←
(
dω
2

)2

10: x← x+ ω p
11: end for

return x

Additionally, the Chebyshev iteration naturally lends itself to preconditioning with
a s.p.d. matrix M , in which case the interval [α, β] should contain σ(MA) instead of
σ(A). The inclusion of preconditioning in Algorithm 2 is trivial: we simply replace r
by Mr in the initialization as well as in the update of p.

Although estimating the maximal eigenvalue of a s.p.d. matrix A (or a precondi-
tioned MA, with M also s.p.d.) is not a complicated task, the same cannot be said
about estimating its minimal eigenvalue. Therefore, techniques have been devised to
perform the Chebyshev iteration without actually estimating the minimal eigenvalue
(see e.g. the LS-Chebyshev polynomial preconditioner from [4]). This issue will also
play a role in the forthcoming subsection.

3.1 Chebyshev smoothing

The Chebyshev iteration is also a Krylov space method, but contrary to the usual
Krylov space methods (e.g. CG, GMRES), the absence of inner products in its it-
eration makes it particularly well-suited to be used not as a solver itself, but (for a
fixed, predefined number of iterations) as a preconditioner within another solver (e.g.
CG). Note that we presented Algorithm 2 already in this spirit by fixing the number
of iterations.

Furthermore, the Chebyshev iteration can be repurposed as a smoother for a
multilevel iteration by targeting only the higher end of the spectrum of MA, as
initially performed by Adams et al. [1], and later by Baker et al. [5]. This means
that, instead of relying on an interval [α, β] ⊃ σ(MA), which would require estimates
of both the maximal and minimal eigenvalues of MA, one may cover only a right-
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subinterval of σ(A), e.g. in the form of [ρ λmax(MA), λmax(MA)] for some ρ ∈ (0, 1).
In this scenario, the usual smoothing stage consisting of k repeated applications

of a preconditioner, i.e. S = (I −MA)k, also known as Richardson smoothing, can
be replaced by a single application of the M -preconditioned Chebyshev iteration of
degree k, i.e. S = pk(MA) (since it also involves k matrix-vector products with MA).

Recently, Lottes [17] has sharply reconsidered whether the minimax property (6)
satisfied by Chebyshev polynomials of the first kind is still meaningful when using
the Chebyshev iteration to concatenate smoothing steps within a multilevel iteration.
Following the splitting of the two-level error propagation leading to the Approximation
Property and the Smoothing Property (see e.g. Equation (6.1.5) from Hackbusch’s
monograph [10]), and defining the norm ∥·∥2M,A as

∥B∥2M,A := sup
∥v∥A≤1

∥Bv∥2M , ∥w∥2Q := ⟨w, w⟩Q := ⟨Qw, w⟩,

we can formulate the Smoothing Property for a smoother S = pk(MA) with respect
to this norm and bound it as

∥AS∥2M,A = sup
∥v∥A≤1

∥ASv∥2M = sup
∥v∥A≤1

∥Apk(MA)v∥2M ≤ max
λ∈σ(MA)

λpk(λ)
2, (8)

where the last step follows by writing the test vectors v in an ⟨·, ·⟩A-orthonormal
basis of eigenvectors of MA (and thus also of pk(MA)). This points us towards the
minimax problem

min
pk∈Pk

pk(0)=1

max
λ∈[α, β]

λ1/2|pk(λ)|, β > α > 0, (9)

for an interval [α, β] ⊃ σ(MA). The following lemma gives us the solution.

Lemma 3.2. Let k ≥ 1 be a positive integer. There exists δ⋆ ∈ (−1, 1) such that, for
any δ ∈ (−1, δ⋆), the minimax problem

min
pk∈Pk

pk(−1)=1

max
t∈[δ, 1]

(1 + t)1/2|pk(t)|, (10)

has a unique minimizer, which is given by

p̂k(t) =
1

2k + 1
Wk (−t) ,

where Wk is the kth-degree Chebyshev polynomial of the fourth kind. Furthermore,
this also holds for the limit case δ = −1, i.e. p̂k is also a solution to

min
pk∈Pk

pk(−1)=1

max
t∈[−1, 1]

(1 + t)1/2|pk(t)|.

Proof. Let us first note that, for Vk the kth-degree Chebyshev polynomial of the third
kind (see [18, 19]), the weighted polynomial (1+t)1/2Vk(t) has k+1 alternation points
ti = cos θi, i = 0, . . . , k with

θi =
2iπ

2i+ 1
∈ [0, π],

and in particular ti ∈ [δ⋆, 1] with

δ⋆ := min
i∈{0,...,k}

ti = − cos
π

2k + 1
> −1.
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Additionally, the Chebyshev polynomials of the third kind can be written in terms of
those of the fourth kind as Vk(t) = (−1)kWk(−t).

Now, for any δ ∈ (−1, δ⋆), the set of functions {(1 + t)3/2ti}k−1
i=0 is a Chebyshev

system in C([δ, 1]) (because the fixed root at −1 lies outside the interval), and thus
it follows from the Alternation Theorem that any minimizer q̂k−1 of

min
qk−1∈Pk−1

max
t∈[δ, 1]

(1 + t)1/2|1− (1 + t)qk−1(t)|,

equivalent to (10) by rewriting pk(t) = 1 + (1 + t)qk−1(t), is characterized by

(1 + t)1/2 [1− (1 + t)q̂k−1(t)]

having k + 1 alternation points within [δ, 1]. This is in turn equivalent to 1 − (1 +
t)q̂k−1(t) ∝ Vk(t), which means that p̂k defined by

p̂k(t) =
Vk(t)

Vk(−1)
=
Wk(−t)
Wk(1)

is the unique minimizer of (10). The first claim then follows by noting that Wk(1) =
1/(2k + 1).

Finally, since (t+1)1/2|pk(t)| is 0 at t = −1 for any pk ∈ Pk, p̂k is also the unique
minimizer for the limit case δ = −1: indeed, any other candidate p̃k would have to
attain a maximum of (t+ 1)1/2|p̃k(t)| precisely at t = −1, which implies p̃k ≡ 0, but
then it clearly would not fulfill the p̃k(−1) = 1 constraint.

Remark 3.1. Note that this limit argument was not possible for the unweighted mini-
max problem and Chebyshev polynomials of the first kind, since the endpoints of the
baseline interval [−1, 1] are alternation points of every Tk.

After a trivial reparametrization to the [0, β] interval, Lemma 3.2 allows us to
characterize the solution to (9) for α sufficiently small, and even 0, thus removing the
need for an estimate of the lower end of the fine spectrum of MA. In other words,
for β > 0, we have that

Ŵk := argmin
pk∈Pk

pk(0)=1

max
λ∈[0, β]

λ1/2|pk(λ)|, Ŵk(ζ) =
1

2k + 1
Wk

(
1− 2

β
ζ

)
. (11)

Finally, based on the recurrence relationship

W0(t) = 1,

W1(t) = 2t+ 1,

Wn+1(t) = 2tWn(t)−Wn−1(t), n ≥ 1,

the same as with Chebyshev polynomials of the first kind but with a different linear
polynomial, we can replicate the process from [9] to arrive at a two-term iteration.
For simplicity, let us ignore preconditioning in our derivation. First of all, we may
write the generic form of three-term Krylov iterations for n ≥ 0 as

rn+1 =
1

γn
(Arn − αnrn − βn−1rn−1),

xn+1 =
−1
γn

(rn + αnxn + βn−1xn−1),
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with the consistency constraint that γn = −(αn+βn−1), and understanding r−1 ≡ 0,
x−1 ≡ 0, β−1 = 0. For the polynomial iteration based on Chebyshev polynomials of
the fourth kind (11), we can write, for n ≥ 1 and with c = β/2,

Ŵn+1(t) =
1

2n+ 3
Wn+1

(
1− t

c

)
=

=
1

2n+ 3

[
2

(
1− t

c

)
Wn

(
1− t

c

)
−Wn−1

(
1− t

c

)]
=

= 2
2n+ 1

2n+ 3

(
1− t

c

)
Ŵn(t)−

2n− 1

2n+ 3
Ŵn−1(t),

which leads us to

rn+1 = 2
2n+ 1

2n+ 3
rn −

2

c

2n+ 1

2n+ 3
Arn −

2n− 1

2n+ 3
rn−1, n ≥ 1,

and thus

γn = −2n+ 3

2n+ 1

c

2
, αn = c, βn−1 = −2n− 1

2n+ 1

c

2
, n ≥ 1.

The remaining parameter values can be extracted from

r1 =
1

3
W1

(
I − 1

c
A

)
r0 = r0 −

2

3c
A r0,

from which we can infer that γ0 = − 3c
2 = −α0. At this point, following [9, Section 5],

we can derive a two-term recurrence based on the parameters

ψn =
βn
γn

= −
(
2n+ 1

2n+ 3

)2

, ωn = − 1

γn
=

2n+ 1

2n+ 3

2

c
, n ≥ 0,

as 



vn = rn − ψn−1vn−1,

xn+1 = xn + ωnvn,

rn+1 = b−Axn+1.

for n ≥ 0, understanding ψ−1 = 0 and vn−1 ≡ 0. Denoting µn = 2n+1
2n+3 for n ≥ 0 and

realizing that µn+1 = (2−µn)−1, we can finally write the (preconditioned) polynomial
iteration based on Chebyshev polynomials of the fourth kind as in Algorithm 3.

4 The Partition of Unity Method

For the experiments of this section, we will rely on the Partition of Unity Method of
Schweitzer and Griebel [7, 23]. Let us succinctly introduce it. The method relies on
sets of functions {φi}ni=1, φi : Ω̄ → R, forming a partition of unity (PU) over some
Lipschitz domain Ω ⊂ Rd, meaning that

0 ≤ φi(x) ≤ 1 ∀i ∈ {1, . . . , n}, and
n∑

i=1

φi(x) = 1, ∀x ∈ Ω̄,

which are used to generate discrete function spaces as

V PU(Ω) =

n∑

i=1

φiVi(ωi), ωi := supp(φi),
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Algorithm 3 Chebyshev iteration of the fourth kind

Require: A linear system Ax = b with a s.p.d. matrix A, and an equally s.p.d.
preconditioner M . An initial tentative solution x0. An upper bound on the
spectrum of MA, β ≥ λmax(MA). A positive integer k ≥ 1.

1: Initialize r = b−Ax0, p =Mr.
2: Initialize µ = 1/3.
3: Set d = 4β−1.

4: Initialize x = x0 + dµ p

5: for i = 2, . . . , k do
6: r ← b−Ax
7: p← µ2 p+Mr
8: µ← (2− µ)−1

9: x← x+ dµ p
10: end for

return x

where each Vi(ωi), called local space, is defined on the corresponding ωi, all of them
being “glued together” by the PU functions. Usually Ω and ωi are dropped from the
notation. The simplest choice for the local spaces Vi is to make them polynomial
spaces of degree pi (although more complicated spaces are naturally allowed), while
the PU functions φi can be constructed to satisfy φi ∈ Ck(Ω) for any predefined
k ∈ N (or be simply piecewise constant) [15]. If we denote {ϑki }mi

k=1 a basis for each
local space Vi, {

φiϑ
k
i : i = 1, . . . , n; k = 1, . . . ,mi

}

is a global basis of V PU, and thus any classical Galerkin problem of the type

u ∈ V PU : a(v, u) = ℓ(v), ∀v ∈ V PU,

can be represented by a linear system Aū = b, where u =
∑n
i=1

∑mi

k=1 ū(i,k)φiϑ
k
i and

the stiffness matrix A and load vector b are given by

A(i,k),(j,l) = a(φiϑ
k
i , φjϑ

l
j), b(i,k) = ℓ(φiϑ

k
i ).

In particular, A fits Definition 2.1 with the blocks Aij = (A(i,k),(j,l)) ∈ Rmi×mj . The
sparsity of A is achieved through a particular construction of the PU {φi}, which in
practice is constructed based on an open cover of the domain Ω,

C(Ω) = {ωi}ni=1 : Ω ⊂
n⋃

i=1

ωi, supp(φi) = ωi,

whose elements we call patches, which is based on a regular grid for a bounding box of
Ω. In Fig. 1 we show such a grid and the resulting cover for Ω = (0, 1)2 and uniform
refinement level 3 (which corresponds to 23·23 = 64 patches). A progressive refinement
of such regular grids allows us to construct a nonnested sequence of function spaces

V PU
0 ̸⊂ V PU

1 ̸⊂ · · · ̸⊂ V PU
J−1 ̸⊂ V PU

J ,
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where we can write each space as

V PU
l =

nl∑

i=1

φ
(l)
i V

(l)
i

(
ω
(l)
i

)
, ω

(l)
i := supp

(
φ
(l)
i

)
, l = 0, . . . , J.

This nonnestedness makes the prolongation operators I ll−1 : V PU
l−1 → V PU

l and the

restriction operators I l−1
l : V PU

l → V PU
l−1 nontrivial to define. Fortunately, they are

also not too difficult: we can define the prolongation operators via a global-to-local
L2-projection (see [23]), i.e.

I ll−1 : V PU
l−1 → V PU

l

u(l−1) 7→ I ll−1u
(l−1) =

nl∑

i=1

φ
(l)
i u

(l)
i

where each u
(l)
i ∈ V

(l)
i , i = 1, . . . , nl, solves

⟨u(l)i , v⟩L2
(
ω

(l)
i

) = ⟨u(l−1), v⟩
L2

(
ω

(l)
i

), ∀v ∈ V (l)
i ,

and the restriction operators can then be defined by transposition. For more details,
we refer once again to [7, 15, 23].

Figure 1: On the left, a regular grid for Ω = (0, 1)2 at discretization level 3, and on
the right, the associated open cover generated by stretching the square elements of
the grid. Each black dot corresponds to a patch center, patch support boundaries are
dashed, and the regions where multiple patches overlap are colored in gray.

4.1 Block-FSAI in the PUM framework

Let us finally mention the similarity between the block-FSAI preconditioner for the
PUM and the multilevel overlapping Schwarz (MOS) smoother introduced for the
PUM in [8]. Indeed, for a system Aū = b, we can understand the action of the FSAI
preconditioner F⊤S−1F in two stages, the first one being z̄ = S−1Fb, and the second
one ū = F⊤z̄. The first step is equivalent to solving

A[Pk,Pk]w̄ = b[Pk]

for every block-row index k and keeping only the entry from w̄ corresponding to
index k in each case, which becomes z̄k. In terms of the weak form and a PUM space
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V PU =
∑n
i=1 φiVi, this corresponds to solving the PDE in each enlarged local space

V̂k :=
∑
i∈Pk

φiVi, i.e.

w = φkwk +
∑

i∈P̃k

φiw̃i ∈ V̂k : a(w, v) = ℓ(v), ∀v ∈ V̂k,

from which we keep only wk (whose coefficients in the basis of Vk constitute z̄k). At
the second step, every z̄k contributes directly to the final corresponding entry ūk,
but also to the entries ū[P̃k] via the correction −A[P̃k, P̃k]−1A[P̃k, {k}]z̄k. This is
equivalent to setting u =

∑n
k=1 qk ∈ V PU where each qk ∈ V̂k is of the form

qk = φkwk + q̃k, q̃k ∈ Ṽk :=
∑

i∈P̃k

φiVi

(note that V̂k = φkVk + Ṽk) and solves

a(qk, v) = 0, ∀v ∈ Ṽk.

Each q̃k can thus be understood as a correction to
∑n
i=1 φiwi, which accounts for the

fact that, for every k′ ∈ P̃k, the solution step for wk′ had not considered the local
space Vk (because k > k′).

While the FSAI preconditioner allows for an adaptive construction of the enlarged
local spaces, the enlarged local spaces of the MOS smoother

Wi :=
∑

j∈Ni

φjVj , Ni := {j : ωi ∩ ωj ̸= ∅},

are based on a geometric criterion and their size is fixed a priori. This makes it
prohibitively expensive in certain scenarios, particularly in 3-dimensional problems
(note that card(Ni) = 3d for homogeneously refined covers in Rd). FSAI adaptivity,
on the contrary, allows us to control the size of the enlarged local spaces, while
also constructing them in an algebraic manner, based solely on information from the
matrix itself.

5 Numerical experiments

Let us first describe the PUM spaces that we will use in our tests. We will use PU
functions {φi} satisfying the regularity requirements of each problem, with the local
spaces Vi being formed by local polynomials of degree up to p, i.e. for Ω ⊂ R2

Vi = span⟨xayb : a, b ≥ 0, a+ b ≤ p⟩,

and for Ω ⊂ R3

Vi = span⟨xaybzc : a, b, c ≥ 0, a+ b+ c ≤ p⟩,

so that in particular dim(Vi) =
(
p+d
d

)
with Ω ⊂ Rd. In some cases, the polynomial

degree of local spaces Vi for which supp(φi)∩∂Ω ̸= ∅ will be increased to accomodate
for higher derivatives appearing in the boundary integrals. For the multilevel iteration,
we will construct the coarse operators via Galerkin products, i.e. Al−1 = RlAlPl with
Pl being the prolongation matrix from level l − 1 to level l, and Rl = P⊤

l .
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With respect to the block-FSAI preconditioners, we will restrict ourselves to
adaptively-constructed sparsity patterns, either nonnested or with 1 level of nest-
ing. In the nested case, the adaptivity parameters will be the same for the two levels.
For the adaptive algorithm, we choose the trivial tolerance parameter τ = 1, allow-
ing ourselves to modify the number of adaptive steps tmax. Additionally, as initial
pattern P0 for Algorithm 1 we will always choose the diagonal pattern.

For the Chebyshev iteration, we will estimate the maximum eigenvalue of the
FSAI-preconditioned matrices with the Lanczos algorithm [26], for an iteration num-
ber (and size of the resulting tridiagonal matrix) of 100, and we will multiply the
obtained estimate by a factor of 1.01. Furthermore, in addition to the multilevel
V (k, k)-cycle, following the work of Phillips and Fischer [22] we will also evaluate the
performance of the non-symmetric V (2k, 0)-cycle, justified by the optimality of the
polynomial smoother.

Example 5.1. To begin with, we consider the biharmonic equation on the unit square
Ω = (0, 1)2, with essential boundary conditions on the whole boundary





∆2u = f in Ω,

u = g0 on ∂Ω,

∇u · n = g1 on ∂Ω.

For a discrete space Vn ⊂ H2(Ω), and following Nitsche’s method for the weak impo-
sition of boundary conditions, the weak formulation consists in finding u ∈ Vn such
that

an(v, u) = ℓn(v), ∀v ∈ Vn,
where

an(v, u) =

∫

Ω

∆u∆v dΩ +

∫

∂Ω

(
γ(0)n uv + v∇(∆u) · n+ u∇(∆v) · n

)
dΓ+

+

∫

∂Ω

(
γ(1)n (∇u · n)(∇v · n)−∆u(∇v · n)−∆v(∇u · n)

)
dΓ,

ℓn(v) =

∫

Ω

fv dΩ +

∫

∂Ω

g0

(
γ(0)n v +∇(∆v) · n

)
dΓ+

+

∫

∂Ω

g1

(
γ(1)n (∇v · n)−∆v

)
dΓ.

(12)

The stabilization functions γ
(0)
n , γ

(1)
n depend on Vn (hence our n subscript) and have

to be “large enough” to ensure that the bilinear form is elliptic. We refer to [15] for
the actual criteria and how we enforce them in the PUM.

For this simple domain and with homogeneous refinement, each PUM space V PU
l

consists of 2l · 2l = 22l PU functions and their corresponding local spaces (recall
Fig. 1 illustrating the case of level l = 3). Since dim(Vi) =

(
pi+2
2

)
, this means that

dim(V PU
l ) =

(
p+2
2

)
22l when using the same polynomial degree p for all local spaces.

For this initial test, we construct a multilevel sequence from coarsest level 2 up
to finest level 7, and local polynomial spaces of degree 2. For patches intersecting
the boundary, we increase the degree to 3 to accomodate for third-order derivatives
in the boundary integrals. At the finest level, this yields 100, 336 degrees of freedom.
To measure the multilevel convergence rates, we consider the reference manufactured
solution

û(x, y) = cos(2πx) sin(2πy),
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and obtain the corresponding discrete solution uPU ∈ V PU with a direct solver. In
order to measure the convergence rates of the multilevel iteration, we choose an initial
iterate u(0) = uPU + e(0), where the coefficient vector of e(0) ∈ V PU is generated with
random entries in (−1, 1), and normalized so that ∥e(0)∥L2(Ω) = 1. We then measure
convergence rates for the L2(Ω) and the energy norms, which we can do with the
corresponding error coefficient vectors ē(n) = ū(n)− ūPU, the mass matrix M and the
stiffness matrix A as

ρL2 =

( ⟨Mē(n), ē(n)⟩
⟨Mē(0), ē(0)⟩

)1/(2n)

= ⟨Mē(n), ē(n)⟩1/(2n), ρA =

( ⟨Aē(n), ē(n)⟩
⟨Aē(0), ē(0)⟩

)1/(2n)

,

for a number of iterations n. We iterate until ∥e(n)∥L2(Ω) = ⟨Mē(n), ē(n)⟩1/2 < 10−8

or a maximum number of 50 iterations is reached. In our first case, we also look at
convergence rates of the residual r(n) = b − Aū(n) in the l2-vector norm, which is
equivalent to the A2 norm of the error ēn.

In Fig. 2 we provide the measured convergence rates for smoothing steps k ∈
{1, . . . , 10} and FSAI adaptive steps tmax ∈ {4, . . . , 9}, with and without a further
nested FSAI preconditioner. As we can see, all convergence rates depend similarly on
tmax and k, and thus from now on (unless explicitly stated otherwise) we will only
provide convergence rates in the energy norm, ρA.

We rely on nonnested FSAI smoothers for comparison of the V (k, k) and the
V (2k, 0) cycles, whose results we present in Fig. 3. As expected, each nonsymmetric
cycle outperforms the corresponding symmetric counterpart.

Let us further mention that, in the case of nonnested FSAI, the usual Richardson
smoothing cycles have only shown systematic proper convergence for tmax = 9. The
results for nested FSAI are presented in Fig. 4, revealing the superiority of Chebyshev
smoothing also in this case.

Finally, we measure the convergence rates when choosing local spaces of polyno-
mial degree p ∈ {3, 4, 5}. It suffices to compare the results for nonnested FSAI, which
we do in Fig. 5 for k ∈ [1, 5]. As it can be clearly seen, the convergence rates do vary
with the polynomial degree, but they decrease for increasing p (or remain similar for
p ∈ {4, 5} and tmax ≥ 5).

Example 5.2. For our second example, we introduce anisotropy in the biharmonic
equation via a fourth order tensor D ∈ R2×2×2×2 with the particular shape D = S⊗S,
for S ∈ R2×2 the s.p.d. matrix imposing a scaling with factor κ along the direction
with angle θ, i.e.

S =

(
cos θ − sin θ
sin θ cos θ

)(
κ 0
0 1

)(
cos θ sin θ
− sin θ cos θ

)
.

The anisotropic biharmonic equation then reads





SijSklu,ijkl = f in Ω,

u = g0 on ∂Ω,

∇u · (Sn) = g1 on ∂Ω,

and the bilinear and linear forms of its weak formulation following Nitsche’s method
consist in replacing ∆w by tr(S H(w)), H(·) being the hessian matrix of second order
derivatives, and ∇w ·n by ∇w ·(Sn), for w ∈ {u, v}, in the isotropic equation Eq. (12).
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Figure 2: V (k, k)-cycle convergence rates in the L2(Ω) and energy norms, as well as
the l2 norm of the residual, for Example 5.1, with local polynomial spaces of degree
p = 2 (refined to p = 3 for patches intersecting the boundary).
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Figure 3: Comparison of the (Chebyshev-smoothing) V (k, k)-cycle and V (2k, 0)-cycle
convergence rates for nonnested adaptive FSAI smoothers, for Example 5.1.
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Figure 4: Comparison of the V (k, k)-cycle convergence rates for nested adaptive FSAI
smoothers performed either with Richardson smoothing or with Chebyshev smooth-
ing, for Example 5.1.
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Figure 5: Comparison of the V (k, k)-cycle convergence rates for nonnested FSAI
smoothers, with polynomial degrees p ∈ {2, 3, 4, 5} for the local spaces in Example 5.1.
Note that, in the case p = 2, we use degree 3 for local spaces with support at the
boundary.

In this anisotropic setting, we are particularly interested in visualizing the FSAI
preconditioner adaptively generated by Algorithm 1. For that matter, we focus on
the sparsity pattern S of the preconditioning matrix F⊤S−1F in the nonnested case
(at discretization level 7 and for p = 3). For each row index k, the column indices in
the corresponding row Sk can be understood as a “FSAI neighborhood” of associated
patches in the homogeneously refined cover, Nk = {ωj : j ∈ Sk}. If we center every
Nk around the corresponding ωk and then superimpose all of them, we can visualize
the “average neighborhood” as we do in Fig. 6 for tmax = 6. As we can see, the
FSAI neighborhoods do extend, on average, along the anisotropy axis associated to
κ-scaling.

Figure 6: Average FSAI neighborhoods extracted from the rows of preconditioning
matrix F⊤S−1F with tmax = 6, at discretization level 7, for the anisotropic problem
from Example 5.2. The left image corresponds to θ = π

3 , the middle one to θ = −π6 ,
and the right one to θ = 0 (with the respective axes illustrated by dashed lines going
through the neighborhood’s center). In all three cases we use an anisotropic scaling
κ = 10.

Example 5.3. For this new example, we consider again the biharmonic equation, but
this time in the unit cube domain Ω = (0, 1)3, where the weak formulation remains
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unmodified. Given the larger size of local spaces with respect to the two-dimensional
case, we restrict tmax ≤ 4 for FSAI adaptivity and use 4 as the finest discretization
level (keeping 2 as the coarsest level). In this case, each space consists of 23l local
spaces. As reference manufactured solution we pick in this case

û(x, y, z) = cos(2πx) sin(2πy) sin(2πz).

This time we iterate until the L2(Ω) norm of the error is below 10−7 or a maximum
number of 100 iterations is reached. Given the cost of using large polynomial degrees
in a 3-dimensional setting (local spaces are of size

(
p+3
3

)
, i.e. 20 for p = 3 and 35 for

p = 4, and this size is multiplied by up to tmax for the blocks to be inverted at FSAI’s
setup stage), we provide only convergence rates for p = 2 (in Fig. 7, where as before
we refine the polynomial degree to 3 for patches intersecting the boundary) and p = 3
(in Fig. 8). The combination of discretization level 4 with polynomial degree 3 yields
81, 920 degrees of freedom. As we can observe, the results for p = 3 are below those of
p = 2 both for nested and nonnested FSAI. We remark the similar convergence rate
histories for nested FSAI with tmax = c and nonnested FSAI with tmax = 2c, pointing
at the similarity of the FSAI F matrices when they are constructed in 2 levels with
c non-zero blocks per row, or in a single level with 2c non-zero blocks per row.

Finally, in this case we choose p = 3 and nested FSAI for the comparison with
Richardson smoothing and with nonsymmetric cycles, which we provide simultane-
ously in Fig. 9. As before, we clearly observe the superiority of Chebyshev smoothing
with respect to Richardson smoothing, and of non-symmetric cycles with respect to
symmetric ones.
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k
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Figure 7: V (k, k)-cycle convergence rates for Example 5.3, with local polynomial
spaces of degree p = 2 (refined to p = 3 for patches intersecting the boundary).

Example 5.4. For our last example we further increase the order of the problem and
aim to solve the triharmonic equation





−∆3u = f in Ω,

u = g0 on ∂Ω,

∇u · n = g1 on ∂Ω,

∆u = g2 on ∂Ω.
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Figure 8: V (k, k)-cycle convergence rates for Example 5.3, with local polynomial
spaces of degree p = 3 (compare with Fig. 7 to assess the impact of p-refinement).
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Figure 9: Comparison of Richardson and Chebyshev V (k, k)-cycle, and Chebyshev
V (2k, 0)-cycle convergence rates, for Example 5.3, with nested FSAI smoothers and
local polynomial spaces of degree p = 3.
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For a discrete space Vn ⊂ H3(Ω), Nitsche’s method in this case yields a weak formu-
lation with bilinear and linear forms

an(v, u) =

∫

Ω

∇(∆u) · ∇(∆v) dΩ +

∫

∂Ω

(
γ(0)n uv − v∇(∆2u) · n− u∇(∆2v) · n

)
dΓ+

+

∫

∂Ω

(
γ(1)n (∇u · n)(∇v · n) + ∆2u(∇v · n) + ∆2v(∇u · n)

)
dΓ+

+

∫

∂Ω

(
γ(2)n ∆u∆v −∆v∇(∆u) · n−∆u∇(∆v) · n

)
dΓ,

ℓn(v) =

∫

Ω

fv dΩ +

∫

∂Ω

g0

(
γ(0)n v −∇(∆2v) · n

)
dΓ+

+

∫

∂Ω

g1

(
γ(1)n (∇v · n) + ∆2v

)
dΓ +

∫

∂Ω

g2

(
γ(2)n ∆v −∇(∆v) · n

)
dΓ.

In this case, we choose 5 as the finest discretization level, and p ∈ {4, 5} for the
local spaces (for p = 4, we refine the local spaces with support at the boundary to
p = 5). With respect to FSAI adaptivity, we restrict tmax ∈ [6, 9]. In Fig. 10, we
provide the measured convergence rates for the case p = 4, and in Fig. 11, those
for p = 5. We finally choose the p = 4 case with nested FSAI smoothers for the
comparison with nonsymmetric cycles, whose results we provide in Fig. 12, showing
once again the superiority of the V (2k, 0)-cycles. In all cases, we iterate until the
L2(Ω) norm of the error is below 10−7 or a maximum number of 100 iterations is
reached. We note that, for this problem, Richardson smoothing did not yield a
convergent cycle for any of our considered FSAI settings in the p = 4 case.
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Figure 10: V (k, k)-cycle convergence rates for Example 5.4, with local polynomial
spaces of degree p = 4 (refined to p = 5 for patches intersecting the boundary).

6 Conclusions

We have explored the flexibility of FSAI smoothers with respect to adaptivity and
nestedness, relying on PUM discretizations of the biharmonic and triharmonic equa-
tions. We have shown how their smoothing capability improves with increasing density
of the preconditioning matrix, which we achieved either by allowing more non-zero
entries per row in the adaptive algorithm, or by nesting an additional FSAI precon-
ditioner into the first one (or by a combination of both). We have shown that their
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Figure 11: V (k, k)-cycle convergence rates for Example 5.4, with local polynomial
spaces of degree p = 5 (compare with Fig. 10 to assess the impact of p-refinement).
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Figure 12: Comparison of the V (k, k) and V (2k, 0)-cycle convergence rates for Exam-
ple 5.4, with nested adaptive FSAI smoothers and local polynomial spaces of degree
p = 4 (refined to p = 5 for patches intersecting the boundary).
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effectiveness increases with the polynomial degree of the discrete space, and that the
adaptive pattern construction allows to capture anisotropies in the PDE.

We have also shown that smoothing based on the Chebyshev iteration of the fourth
kind yields better convergence rates than the usual Richardson smoothing, and, for a
limited number of smoothing steps, even allows convergence in cases where Richardson
smoothing does not. Additionally, we have confirmed that, as pointed out already in
the literature, non-symmetric V (2k, 0) cycles yield faster convergence rates than their
symmetric V (k, k) counterparts. Nevertheless, we note that when using the multilevel
iteration as a preconditioner within some iterative solver, the use of V (2k, 0) cycles
prevents the use of a standard conjugate gradient solver, which has to be replaced by
some solver accepting a non-symmetric preconditioner (e.g. BiCGStab).

With respect to our algorithms, we have introduced a simple but effective adaptive
construction for the FSAI preconditioner, for matrices with a certain block structure.
This includes the matrices arising from a PUM discretization, but could be extended
to different scenarios. Additionally, we have provided a new formulation of the Cheby-
shev iteration of the fourth kind, which in our opinion is even simpler than the one
originally given by Lottes [17]. We agree with him that this new Chebyshev iteration
deserves more wide-spread recognition in contrast to the usual Richardson smoothing,
and we hope that our work will make a contribution to that, even if a small one.
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